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Abstract

W. D. Munn proved that a finite dimensional representation of an inverse semigroup
is equivalent to a x-representation if and only if it is bounded. The first goal of this
thesis will be to give new analytic proof that every finite dimensional representation
of a compact inverse semigroup is equivalent to a x-representation.

The second goal is to parameterize all finite dimensional irreducible represen-
tations of a compact inverse semigroup in terms of maximal subgroups and order
theoretic properties of the idempotent set. As a consequence, we obtain a new and
simpler proof of the following theorem of Shneperman: a compact inverse semigroup
has enough finite dimensional irreducible representations to separate points if and
only if its idempotent set is totally disconnected.

Our last theorem is the following: every norm continuous irreducible x-representation

of a compact inverse semigroup on a Hilbert space is finite dimensional.

il



Résumé

W.D. Munn a démontré que une représentation de dimension finie d’un inverse demi-
groupe est équivalente a la x-représentation si et seulement si la représentation est
bornée. Notre premier but dans cette these est de donner une démonstration analy-
tique. On va prouver que toute représentation de dimension finie est équivalente a
une *-représentation.

Le deuxieme but est de donner une paramétrisation de toutes les représentations
irréductibles de dimension finies d’un inverse demi-groupe compact, en utilisant les
sous groupes maximaux et les propriétés de l'ordre défini sur I’ensemble des idempo-
tents. Par conséquent, on obtient une preuve simple et nouvelle du théoreme suivant:
un inverse demi-groupe compact a suffisamment de représentations irréductibles de
dimension finie pour séparer les points si et seulement si ’ensemble des idempotent
est totalement déconnecté.

Notre dernier théoreme est le suivant: toute x-représentation irréductible avec la
norme continues d’un inverse demi-groupe compact sur un espace de Hilbert est de

dimension finie.
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Introduction

Inverse semigroups provide an abstract characterization of partial one-to-one trans-
formations from a set to itself. A partial transformation of a set X is a function from
A to B, where A and B are subsets of X. The set of all partial bijections form an
inverse monoid denoted by 7(X).

f © f_l = 1range(f) .f_l © f - ]-dom(f)'

Thus an inverse monoid S is a monoid such that for all x € S there exists a unique
x* such that z*xax* = 2z* and zz*xr = x. Mark Lawson in his book [11] (Inverse
Semigroups: The Theory of Partial Symmetries) gives a very good introduction to
the subject.

A pseudogroup is an example of an inverse semigroup. Pseudogroups were de-
fined to develop a Galois theory for differential equations. Roughly speaking a pseu-
dogroup is just a collection of partial homeomorphisms between the open subsets of
a topological space which is closed under composition and inversion.

We can define a restricted product between the elements of an inverse semigroup
as follows: s -t exists if and only if s*s = tt*. An inverse semigroup S with its
restricted product form a groupoid; we are going to denote this groupoid by Gg. The
category of inverse semigroups and homomorphisms is isomorphic to the category of
inductive groupoids and inductive functors. An inductive groupoid G is a groupoid

with a partial order defined on G with the following axioms:

o v < yimplies 27! <y~ L.
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o If xr <y and u < v then xu < yv whenever the product is defined.

e If e < d(z), then there exists a unique element (x|e) such that (z]e) < x and

d(z|e) = e.
e The set of identities forms a meet semilattice.

The following is an example of tiling inverse semigroup. Let I' be a tiling of R™.
A doubly-pointed pattern is a triple (pg, P, p1) where p; and p, are two distinguished
tiles from the pattern P. We say (p2, P,p1) ~ (g2, @, q1) if and only if there exists a
translation 7 of R"™ such that 7(P) = @, 7(p1) = ¢: and 7(p2) = g2. Let S(I') be the
set of all doubly pointed pattern classes and zero with the following binary operation
[p2, P, p1][q2, Q, 1] = [11(p2), 71 (P) U T9(Q), 72(q1)] where 7 and 7 are translations of
R™ such that 71 (P) and 72(Q) are patterns and 71(p1) = 72(¢g2). If 7 and 7 do not
exist, then the product defined to be 0. Tiling inverse semigroups are examples of
0-E-unitary inverse semigroup. From such semigroup we can construct a topological
groupoid and then C*—algebra to study a particle moving in a solid which is modeled
by tilings. The theory of tiling semigroup was first defined by Johannes Kellendonk
in [10].

In this thesis, we want to develop a theory of compact inverse semigroups. A
compact inverse monoid is an inverse monoid with a compact Hausdorff topology such
that the multiplication and inversion maps are continuous. The following are some

examples of compact inverse semigroups.

e Let G be a compact group. A rook matrix over G is an n X n matrix over GU{0}
with at most one nonzero entry in each column and row. The semigroup R, (G)

of rook matrices over (G is a compact inverse monoid.

e The product of the semilattice ([0, 1], min) and the circle group T (a compact

Clifford inverse monoid).
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A semidirect product F x G of a compact semilattice and a compact group G.

-1

(e,9)x (¢',g') = (e(g - ¢),9¢') and the inverse (e,9)" = (g7 -e,97).

Let L/K be an algebraic field extension. Then the set of all isomorphisms
between subfields of L which contain K and fix the elements of K pointwise

form an inverse Galois monoid.

Let G be a profinite group. A subset X in G is a coset if and only if X X !X = X
and X ' X X! = X~1 Theset K(G) ={X | X is a closed coset} is an inverse
monoid with respect to the following product X - Y = the smallest closed coset
containing X and Y. In fact if G = lim G; then K(G) = lim K(G;) where G; is
finite.

Let G be a compact group acting continuously on a compact Hausdorff space
X. The set of all nonempty closed subsets of X denoted by K(X) is a compact
space with Vietoris topology. We can extend this action to a continuous on
K(X). The semidirect product K(X) x G is a compact inverse semigroup,

where K (X) is made a semilattice via union.

In the same setting as the previous example, the semigroup of all partial homeo-
morphisms of X between open subsets which extend to the acting of an element

of G is a compact inverse monoid.

Our main example is the following: Let GG be a compact group acting continu-
ously on a compact space X. Set K(X) to be the set of all non-empty closed
subsets of X. Take a quotient of the semidirect product of K(X) x G by equiv-
alence relation (A,g) = (B,h) if and only if A = B, g7'A = h™'B and the
mapping ¢~ (X \ A) — (X \ A) given by a — ga is the same as the map
h~'(X \ B) — (X \ B) given by b — gb see the example 1.6.2 (2) for more
details.
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W. D. Munn proved in his paper [12] that a finite dimensional representation of
an inverse semigroup is equivalent to a x-representation if and only if it is bounded.
We will give in this thesis a new analytic proof, which is a new proof of an old and more
general result of Munn which states that is every finite dimensional representation
of a compact inverse semigroup is equivalent to a *-representation. In fact, suppose
that we have a finite dimensional representation 7 of a compact inverse semigroup S.
Since 7(.S) has only finitely many idempotents, we can construct a Haar system on the
underling groupoid of the inverse semigroup m(S). Using the latter system and the
Mobius function we will be able to show that we can turn this representation into a
*-representation. The Mobius function plays crucial role in semigroup representation
theory see [24] and [25].

In chapter three, we prove our main result (new): we will parameterize all finite
dimensional irreducible representations of a compact inverse semigroup in terms of
maximal subgroups and order theoretic proprieties of the idempotent set. As a con-
sequence, we obtain a new and simpler proof of the following theorem of Shneperman
[21]: a compact inverse semigroup has enough finite dimensional irreducible represen-
tations to separate points if and only if its idempotent set is totally disconnected. The
representation theory of discrete inverse semigroups was developed in many papers
by Steinberg in [26] and Exel [3]. The third chapter of Clifford and Preston’s book
2] (representation theory of finite semigroup) inspired our approach.

We end by proving that any norm continuous irreducible x-representation of a

compact inverse semigroup on a Hilbert space is finite dimensional.



Chapter 1

Preliminaries

1.1 Inverse semigroup theory

In this chapter, we will give some basic results and facts about the theory of inverse
semigroups. Inverse semigroups were first defined independently by Wagner in 1952
[27] and Gordon Preston in 1954 [14]. We are interested in inverse semigroups because

they give a nice abstract characterization of partial symmetries; see [11].

1.1.1 Inverse semigroups

A semigroup S is a set together with an associative binary operation on S. An element
e € S is called an idempotent if ee = e. We denote the set of idempotents by E(5).
If a semigroup S contains an identity 1 (i.e., 1s = s1 = s for all s € S), then S is

called a monoid.

Definition 1.1.1 Let S be a semigroup. Then S is an inverse semigroup if and
only if, for every element s € S, there exists unique s* € S such that ss*s = s and

S8 =S

The following theorem yields an alternative approach to inverse semigroups.
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Theorem 1.1.2 Let S be a semigroup. Then S is an inverse semigroup if only if

1. S is reqular. This means that for every element a € S there is an element b € S,

called an inverse of a, satisfying a = aba and b = bab.
2. The idempotents of S commute.

In particular the idempotents of an inverse semigroup form a subsemigroup. A group
can be identified as a very special inverse semigroup as the following proposition

shows.

Proposition 1.1.3 An inverse semigroup is a group if and only if it has a unique

tdempotent element.

Example 1.1.4 Let Ix be the set of all the partial injective functions from X to
itself. Every partial injective function has a unique partial inversion. Iy with the
natural way to compose partial functions is an inverse monoid. The identity here
is 1y and the elements 14, where A C X are the idempotent elements that are not

identities.

Now, we will give some properties of inverse semigroups that can be found in

[11] (Proposition 1.4.1 and Lemma 1.4.2).

Proposition 1.1.5 Let S be an inverse semigroup.

~

. For any s € S, both s*s and ss* are idempotents and s(s*s) = s and (ss*)s = s.

2. (s*)*=s foralls € S.

Co

. For any idempotent e € S and any s € S, the element s*es is an idempotent.

BN

. If e is an wdempotent in S, then e* = e.

5. (81...8,) =55 ...8 forall s1,...,8, € S withn > 2.
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6. For every idempotent e and element s, there exists an idempotent f such that

es=sf.

7. For every idempotent e and element s, there exists an idempotent f such that

se = fs.

1.1.2 The natural partial order

We define the natural partial order on arbitrary inverse semigroup S. Let s,t € S.
Define

s<t < s=te

for some idempotent e.

For example, the partial order on Ix (the set of all partial bijections between X
and itself) is via restriction. The natural partial order on a group is equality. Indeed,
let f,h be in Ix such that f < h <= ho lgym) = f where f* o f = 1iom(y) is the
domain of a function f.

The following results are in [11] (Lemma 1.4.6, Proposition 1.4.7 and Proposition

1.4.8)

Lemma 1.1.6 Let S be an inverse semigroup. Then the following are equivalent:

1. s <t.

2. s = ft for some idempotent f.

3. s* < t*.
4. s = ss*t.
5. s =1ts*s.

Definition 1.1.7 A non-empty subset I of a partially ordered set (P, <) is an ideal;
if the following conditions hold:



1. Preliminaries 9

1. For every x in I, y < x implies that y is in I. (I is a lower set or downset.)

2. For every x,y in I, there is some element z in I, such that v < z and y < z.

(I is a directed set.)

The dual notion to that of ideal is filter.

Definition 1.1.8 A non-empty subset F' of a partially ordered set (P, <) is a filter
iof the following conditions hold:

1. For every x in F', y > x implies that y is in F. (F is a upper set.)

2. For every x,y in F, there is some element z in F', such that x > z and y > z.

(F is a codirected set.)

In the presence of a semilattice structure, ideals and filters admit simpler de-

scriptions.

Proposition 1.1.9 Let E be a poset.

1. If E is a join semilattice with identity, then a subset I C E is an ideal if and

only if is a lower set and closed under finite joins.

2. If E is a meet semilattice with identity, then a subset I C E is an filter if and

only if is an upper set and closed under finite meets.
Definition 1.1.10 Let E be a poset.

1. The smallest ideal that contains a giwen element p is a principal ideal. The

principal ideal p* generated by p is the set p* = {x € E | x < p}.

2. Similarly, we can define a principal filter as a smallest filter that contains an

element p. The principal filter p* generated by p is the set p' = {x € E | x > p}.

Proposition 1.1.11 Let S be an inverse semigroup.
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1. The relation < s a partial order on S.

2. For idempotents e, f € S, we have thate < f <= e=-ef = fe.
3. If s <t and u < v, then su < tv.

4. If s <t, then s*s < t*t and ss* < tt*.

5. E(S) is a lower set of S.

Notice that inverse semigroup homomorphisms preserve order.
Proposition 1.1.12 Let S be any semigroup. Define a relation < on E(S) by
e<f < e=ef = fe.

Then < is a partial order on E(S). If S is an inverse semigroup, then (E(S), <) is

a meet semilattice.

Now, similar to what is done in the group case, Cayley’s theorem, which states
that every group G is isomorphic to a subgroup of the symmetric group on G, we

have the following theorem for inverse semigroups.

Theorem 1.1.13 (The Wagner-Preston representation theorem) Let S be an
inverse semigroup. Then there is a set X and an injective homomorphism 6 : S —

Ix.

One can take X = S.

1.2 Groupoids and Green’s relations

1.2.1 Groupoids

To give the definition of groupoid, we will start by defining a category.
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Definition 1.2.1 A category 4 consists of two sets:
e The class of objects denoted by 4°.
e The class of arrows denoted by 4.

e Two mappings from the set of arrows to the set of objects, called source and
target, denoted respectively by d and r. One writes an arrow f : A — B such

that d(f) = A and r(f) = B.

e The arrows f and g are composable maps if r(f) = d(g) (we write 3gf). The

composition of f: A — B and g : B — C is written as go f or gf.

e There is a map id which assigns to each object A in 4° an identity arrow

idy : A — A. Such that these two axioms hold:
o If f: A—> B an arrow then fidy = f and idgf = f.

e I[ff:A— B,g: B— C and h : C — D are arrows in 4 then (hg)f =
h(gf)-

A category is small if the arrows and objects are sets. In this thesis, all the categories

are assumed small.

Definition 1.2.2 A groupoid is a category 4 such that for every element x € ¢

1

there exists = such that xz™' = r(z) and 7'z = d(z).

1

Remark 1.2.3 We can prove that x= is unique. We can also view a groupoid as a

set with a partially defined multiplication for which the usual proprieties of a group

hold whenever they make sense.

Notation 1.2.4 Let ¢ be a groupoid.

e Y the set of identities;
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e Let e, f be identities.

—9={re9|r(x)=c}=r"({e}),
~ Y. ={re¥|dx)=c}=d ' ({e}),
~9r={rec¥9|r(x)=candd(z)=f} =r""({e}) Nd" ({f}).

o 42 ={(r,y) €94 x 4 such that r(y) = d(z)}

e Let X be a topological space. Then C(X) is the ring of continuous complex-

valued functions on X.

Definition 1.2.5 A topological groupoid consist of a groupoid ¢4 and a topology T
compatible with the groupoid structure, i.e., the maps

1

m:9>—9 (zv,y) —ayandi: ¥4 — % x — " are continuous

Proposition 1.2.6 Let & be a topological groupoid. Then

1

1. The map i : x —> x~" 18 a homeomorphism;

2. The maps r and d are continuous.
3. If 4 is Hausdorff, 4° is closed in 9;
4. If 9° is Hausdorff, 4* is closed in 9 x 94 ;

5. 4% is both a subspace of 4 and a quotient of 4 (by the map r or d); the induced

topology and the quotient topology coincide.

Here, we will give an example of compact groupoid inside M, (C). But before that

let us define linear isometry and partial isometry.

Definition 1.2.7 Given two normed vector spaces V- and W, a linear isometry is a

linear map f :V — W that preserves the norms:

L) = vl
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for all v in V. Linear isometries are distance-preserving maps in the above sense.

They are global isometries if and only if they are surjective.

Definition 1.2.8 A partial isometry W is a linear map between Hilbert spaces H
and K such that the restriction of W to the orthogonal complement of its kernel is an
1sometry. We call the orthogonal complement of the kernel of W the initial subspace

of W, and the range of W 1is called the final subspace of W.

01
For example, Let A = : C?2 — C?. Then A is a partial isometry with

00
initial subspace {0} & C and final subspace C & {0}.

Example 1.2.9 The set of all partial isometries in M,,(C) forms a compact groupoid
AB if A*A = BB*

with a partial product defined as follows: A - B =
undefined else.

Definition 1.2.10 A connected component of a groupoid & is a maximal subgroupoid

€ C 9 such that for every elements e # f € €° there exists s € € with ss™! = e and

sTls = f.

Remark 1.2.11 Notice that the connected component is in the algebraic sense, not

the topological sense.

In an inverse semigroup, we can define a restricted product between elements as
follows:

Jds -t <= ss* =1t"t

Proposition 1.2.12 Fvery inverse semigroup S is a groupoid with respect to its re-
stricted product. (We call this groupoid the underlying groupoid 9s of S.) Moreover,

49 = E(S) and the inverse of an element s € 92 is the element s* € S.



1. Preliminaries 14

The following definition is a variant of the definition of left Haar system for
locally compact groupoids. But instead of locally compact groupoids, we use compact

groupoids, and so we want to consider probability measures.

Definition 1.2.13 A (normalized) left Haar system for a compact groupoid is a fam-
ily {p}ecqo of reqular (probability) Borel measures on each compact Hausdorff space

¢ such that the following three conditions are satisfied:

1. The support of each u¢ is the whole 4°.
2. For any f € C(¥) the function,
94" — C

er— [ f(x)du(x)

Qe
is continuous; (Continuity condition)
3. For anyx € 9 and f € C(9),
fla2)da® () = [ fly) du"(y).
@d(x) @r(z)

(Invariance condition)

In the literature, many definitions of left Haar system have been given (see Seda in
[18] and [19] and Westman [28] and [29]). The definition that we mentioned above was
adopted by Renault in [15]. A left Haar system in a groupoid ¢ allows us to construct
the regular representation of ¢. Moreover, the resulting C*-algebras of ¢ have been
studied by Renault in [15]; the continuity condition was crucial. The definition given
above for left Haar system was adopted by Seda in [20]. This definition is the best
possible and the continuity condition cannot be replaced by anything weaker.

Haar systems do not exist in general. It is of course the continuity condition which
can fail. The existence of a left Haar system requires some topological conditions.

The following counterexample was given by Seda [20].
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Counterexample 1.2.14 Let X = [0,1] denote the closed unit interval in the
r—axis and let T denote the unit circle in the yz—plane in R®. Then M = [0,1] x T
is a compact inverse monoid if we consider the interval [0,1] as a semilattice with
min and 7" as a group in the usual way; M is an example of Clifford inverse monoid
see [11]. Let G be the subinverse monoid {(z,t) € M | > 3 =t = 1}. Then the
underlying topological groupoid of G has no left Haar system since the image of a
small open ball at (%, —1) by r or d is not open. By the Proposition below 1.2.15, G

does not have a left Haar system.

The following Proposition is given in Paterson’s book [13].

Proposition 1.2.15 Let G be a locally compact (compact) groupoid with a left Haar

system. Then the maps r,d are open maps from G to G°.

In this thesis, we do not need the continuity condition. More work has been done

by Peter Hahn in the second countable case [6].

1.2.2 Green’s relations on inverse semigroups

Green’s relations constitute a fundamental tool in semigroup theory: they characterize

the elements of a semigroup in terms of the principal ideals [5].

Definition 1.2.16 Let S be an inverse semigroup.
1. s Zt if and only if ss* = tt* if and only if sS =15.
2. s Lt if and only if s*s = t*t if and only if Ss = St.

3. Put 4 = #NL. This is an equivalence relation. Elements which are -

related begin and end at the same idempotent of the underlying groupoid.
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4. s D tif and only if s and t are in the same connected component of underlying
groupoid; i.e., there exists a € S such thatt £ a % s (equivalently, there exists
a € S such thatt Z a L s)

5.8 Z tif and only if SsS = StS if and only if s s <t andt 2t < s for
some §',t' € S. (For the proof see Lawson’s book [11] page 88.)

6. s < gy tif and only if SsS C StS.

1.3 Compact semigroups

Definition 1.3.1 We define a compact semigroup to be a semigroup S equipped with
a compact (Hausdorff) topology such that the map S x S — S given by (x,y) — zy

1S continuous.

Our next Definitions 1.3.2 and 1.3.6 and also Propositions 1.3.3 and 1.3.5 can
be found in Rhodes and Steinberg’s book [16] and Hofmann’s book [8]. They show
that Green’s relations are closed in a compact semigroup, and prove the stability
of Green’s relations. Then we can deduce that the relations ¢ and Z coincide in

compact semigroups.

Definition 1.3.2 (Closed equivalence relation) An equivalence relation R on a topo-

logical space X s said to be closed if R is a closed subspace of X x X.

Proposition 1.3.3 Let S be a compact semigroup. Then each of Green’s relations is

closed.

Next, it is proved in [16] that compact semigroups are stable.
Definition 1.3.4 A semigroup S is said to be stable if

st f s <= stHs andalso x5 g s <= x5ZL s
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where s and x are in S.

Proposition 1.3.5 In a stable semigroup, Green’s relations ¢ and 2 coincide.

A proof of the following can be found in [16].

Proposition 1.3.6 Compact semigroups are stable and so Green’s relations Z and

9 coincide in a compact semigroup.

Lemma 1.3.7 Let S be a compact inverse semigroup. If e < f and e # f then
e=f.

Proof: Observe that e < f implies that e = fe = ef. Then f # e = fe and
so by the stability (Proposition 1.3.6), f #Z fe = e = f = ex for some x € S. So

e=ecf =eex=cx=f. |

We will mostly be interested in compact inverse monoids.

1.4 Algebraic lattices and domains
The order structure of a compact inverse monoid will play a key role in this thesis.

Definition 1.4.1 Let L be a complete lattice. Then k € L is a compact element if
and only if for every subset X of L such that k < \/ X there exists F' C X finite such
that k < \/ F. We denote the set of compact elements by # (L)

Remark 1.4.2 The set % (L) is closed under finite joins.

Proposition 1.4.3 Let L be a complete lattice. Then k € L is a compact element if
and only if whenever D is a directed subset of L such that k < \/ D, then k < d for

some d € D.
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Proof: Suppose that whenever D is a directed subset of L such that k& < \/ D,
then k& < d for some d € D. Let X be any subset of L such that £ <\/ X. Let .# be
the set of all finite joins of elements of X. Then \/ . # =\/ X, s0 k <\/ #. But #
is directed so k < d for some d € %, but d =/ F for some F C X.

Now suppose that k is a compact element. Then for any directed set D such
that £ < \/ D there exist finite subset F' of D such that k¥ <\/ F. Thus there exists
an element d € D such that \/ F' < d because D is directed. Thus k < \/ F < d for

some d € D. |

Motivated by this proposition, we can define in general a compact element in a poset

as follows:

Definition 1.4.4 Let P be a poset. Then x € P is a compact element if and only if
whenever D is a directed subset of P such that x < \/ D (and so in particular \/ D

exists) then x < d for some d € D.

For a poset P in general, we continue to use £ (P) for the compact elements of P.

Definition 1.4.5 A complete lattice L is called an algebraic lattice if each of its

elements can be written as a join of compact elements.

Example 1.4.6

e Let X be aset. (2%,U,N) is an algebraic lattice, and ¢ (2%) is the set of finite
subsets of X.

e Let GG be a group, the set L of normal subgroups of G with C is an algebraic
lattice; # (L) = {{z1, 12, ..., 2,)% | 1,79, ..., 7, € G}

Definition 1.4.7 A closure operator on a poset P is a map c: P — P such that

1. ¢ is order preserving
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2. x < c(x) for every x € P
3. 2 =c.

Moreover a closure operator is called continuous if it preserves directed joins, i.e., if

D is directed ¢(\/ D) = \/ ¢(D)

Lemma 1.4.8 L is an algebraic lattice if and only if there exists a continuous closure
operator ¢ : 2% — 2% with ¢(2X) ~ L for some set X. Moreover, # (L) is the image

of finite subsets of 2% under c.

Proof:  Let us denote by Id(.# (L)) the set of all ideals of #(L). Suppose that

L is an algebraic lattice. Then

c: 27— 270

A ﬂ I
Teld(# (L))
ACI

is a continuous closure operator. Indeed, we prove

ﬂ I={be X (L)|3a,ay,...,ap € Awithb<a;VayV...Va,}

Ierd(# (L))
ACI

We need to prove the isomorphism: ¢(2% (")) = Id(.# (L)) ~ L. Let us define

the two maps.

a:Id(# (L) — L v: L — Id(# (L))
I—\/1 (N (L)
The details are completely straightforward. |

Example 1.4.9 Let G be a group and L = sub(G) be the lattice of subgroups.
Then

c: 26 396
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X — (X)

is a continuous closure operator, moreover J# (L) is equal to the set of all finitely

generated subgroups.

Lemma 1.4.10 Let E be a join semilattice with identity. Then Id(E) is an algebraic
lattice and

Id(E) ~ homy(FE,2)

where 2 = {0,1} is a join semilattice with order 0 < 1 and ¢ € homy(F,2) means
that ¢(0) =0 and p(z Vy) = p(x) V p(y). Here homy(E,2) is a lattice with reverse

of the pointwise ordering.

Proof: Define

a: Id(E) — hom,(E,2)

IHXIC

1 ifxégl
where [¢ is the complement of I in Id(F) and xc(z) =

0 xel.

Conversely, define

B :homy(F,2) — Id(E)
¢ = ker(¢) = ¢7(0).

One checks that o and 3 are inverses. |

Corollary 1.4.11 Let L be an algebraic lattice. Then

L ~ Id(# (L)) ~ hom, (J# (L), 2).
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Definition 1.4.12 Let (S, <) be a poset. Then S is an algebraic domain if and only
if

1. S admats directed joins.

2. ¥x e S, ztNH(S) is directed.

3. x =\ (ztn(9)).

Algebraic lattices are algebraic domains.

1.5 Compact semilattices

In this section we assume all semilattices are meet semilattices with identity unless
we specify they are join semilattices with identity. The following well known results

about partially ordered spaces can be found in [4] and in Johnstone’s book [9].

Lemma 1.5.1 Let X be a topological space equipped with a partial order <. The

following conditions are equivalent:
1. The set {(z,y) |z <y} is closed in X x X.

2. Given any two points x,y of X with x £y, we can find disjoint (not necessarily
open) neighbourhoods U,V of x,y such that U is an upper set and V is lower

set.

A topological poset satisfying the conditions of the Lemma 1.5.1 will be called order-
Hausdorffor a pospace. Clearly, any order-Hausdorff space is Hausdorff. The following
Proposition and Corollary are taken from Peter T. Johnstone’s book [9] page 271.

Lemma 1.5.2 Let X be pospace. If K is a compact subset of X. Then KV is closed.

In particular, for every € X where X is pospace the sets 2" and 3+ are closed in X.
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Corollary 1.5.3 Let X be a compact pospace, and x,y € X with v £ y. Then there
exist disjoint open neighbourhoods U,V of x,y respectively such that U is upper and

V' is lower.

Theorem 1.5.4 Let X be a compact pospace. Then the sets of the form UNV |, where

U is an open upper set and V is an open lower set, form a base for the topology on

X.

Theorem 1.5.5 (Monotone Convergence Theorem) Let X be a compact pospace.

Then

1. Any directed set D C X, considered as a net in X, converges to a (unique)

limit, which is a least upper bound for D in X, (i.e., imD =\/ D).

2. Similarly, any codirected D C X converges to its greatest lower bound in X,

(i.e., imD = A\D).

Proof: = We will prove (1); (2) is dual. Suppose z is a limit point of D = {z,}.
We fix ag. Then z, > 4, for all « large enough. Since z] is closed, thus z > z,,.
Since ay is arbitrary therefore x > z, for all a. Suppose y is also an upper bound for
D. Then y* is closed and contains the net D = {z,}. Hence z € y*, that is x < .
Therefore, = \/{z,}, the least upper bound. Since any limit point is equal to the
join of the net D, therefore there is a unique limit point. But X is compact, this

implies that the net converges to x = lim D =/ D. i

Definition 1.5.6 A complete lattice is called meet continuous if

x/\\/D: \/(x/\d)

deD

for any directed set D.
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Not all complete lattices are meet continuous.

Counterexample 1.5.7 Let L =]0, 1[2U{(0,0)}U{(1,1)} be the subset of the square
[0,1]2. Then L is complete lattice but is not meet continuous. Consider D =
{31x]0,1[ with supD = (1,1), if © = (3,1), then we have zsupD = z, but
supxD = (3,3) # .

Proposition 1.5.8 If E' is a compact semilattice, then E is a compact pospace.

Proof: Let E be a compact semilattice. Then the set {(a,b) | a < b} is the

equalizer of the multiplication and the projection to the first coordinate. |
From this we shall obtain that E is a complete lattice.

Corollary 1.5.9 Let E be a compact semilattice with identity. Then E is a complete

lattice which is meet continuous.

Proof:  Since E is a semilattice with identity therefore £ has an empty meet. The
pairwise meet is the product and any codirected set has a meet (by the monotone
convergence theorem). Thus E has all meets. Since the multiplication is continuous

therefore E is meet continuous using the monotone convergence again. i
The following theorem is taken from [9] page 274.

Theorem 1.5.10 Let E be a compact semilattice. Then a downset is closed if and

only if it is closed under directed joins.

Proposition 1.5.11 Let E be a compact semilattice and e € E. Then e € JH (FE) if

and only if €' is clopen if and only if €' is open.

Proof: Suppose that €' is clopen and let D be a directed set such that e < \/ D =
lim D. So lim D € e' which is open, so there exists d € D such that d € e, thus

e < d. Therefore e is compact.
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Conversely, e' is closed by the Lemma 1.5.2. To prove the complement of e' is
closed, we first observe that lower sets are closed if and only if they are closed under
directed joins. Solet D C E\ e! = e/ be a directed set, and suppose that \/ D ¢ e;
then e < \/ D which implies by compactness of e that there exists d € D such that

e < d, contradiction. |

Notation 1.5.12

e Let E be a topological semilattice with identity. Then homr,, (£, {0,1}) is the
set of all continuous monoid homomorphisms where {0, 1} is a semilattice with

the discrete topology.

e Let E be a complete semilattice. Then homyp,:(E, {0,1}) is the set of all map-

ping which preserve all meets and directed joins.

The following theorem is taken from “A Compendium of Continuous Lattices” [4].

Theorem 1.5.13 Let E be a compact semilattice with identity. Then
home, (£, {0,1}) = homy, (£, {0,1})

and they are join semilattices with respect to the reverse of the pointwise ordering.

(i.e, pointwise ordering means f < g <= f(x) < g(x) for all x).

Let us denote E = homre, (£, {0,1}) = homp,.¢(E, {0,1}). The following is well

known:

Theorem 1.5.14 E ~ ¢ (E).

Proof: If o : E — {0,1}, then Ap '(1) € #(F). And if e € J(E), then
Xet € homTop(E7 {07 1}) |
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Definition 1.5.15 A profinite semilattice is a topological semilattice that is isomor-

phic to the inverse limit of an inverse system of discrete finite semillatices.

The following theorem is proved in [9].

Theorem 1.5.16 A compact semilattice E is totally disconnected if and only if it is
profinite.

As a corollary, one has Hofmann’s duality for 0-dimensional semilattices [7].

Corollary 1.5.17 Let E be a compact semilattice. Then E separates the points of
E (i.e., if e, f € E there exists p € E such that w(e) # o(f)) if and only if E is an
algebraic lattice if and only if E is totally disconnected.

1.6 Compact inverse monoids
In this section, we will introduce some facts about compact inverse monoids.

Definition 1.6.1 A compact inverse monoid (semigroup) is an inverse monoid (semi-
group) S with a compact Hausdorff topology such that the multiplication and inversion

are continuous.

1.6.1 Examples of compact inverse semigroups
First we provide trivial examples.
1. Compact groups.
2. Compact semilattices such as [0, 1] equipped with the min operation..

3. Closed subsemigroups of (T'U{0})* with the product topology where T' = {z €
C||z| =1}.

Here we will give more examples of compact inverse semigroups.
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Example 1.6.2

1. Let G be a compact group, let E' be a compact lattice, and suppose that Gx E —
FE'is a continuous action. Define S = Fx G = E x G with the following product:

(eag)(fv h) = (6 ’ (gf)vgh)

and the inverse
(e.9)" = (97e.g7").
Thus the semidirect product S = F x G is a compact inverse semigroup. Define

a congruence = on S as follows:
(e,9) = (f,h) <= e=fand g le=h""f.

We claim = is closed. Suppose (e, g) Z (f, h).

Case 1: If e # f, then there exist U,V disjoint neighbourhoods of e, f respec-
tively such that (U x G) x (V' x @) is a neighbourhood of ((e, g), (f, h)) which

does not intersect the congruence.

Case 2: Suppose that g7le # h™'f. Let W, Z be disjoint neighbourhoods of
g te, b7 f respectively. Then there exist neighbourhoods U of (e, g) and V of
(f,h) such that if (¢/,¢') € U then (¢')"'¢’ € W and for (f’,h') in V then
(f)"'h € Z. Then U x V is a neighbourhood of ((e, g), (f, h)) such that U x V'

misses the congruence.

2. Let X # () be a compact space. Denote by K(X) the set of nonempty closed
subsets of X, that is,

K(X):={0#Y C X |Y is closed}
Define the Vietoris topology on K(X) as follows. Let v = {Uy,Us,...,U,} be

a finite family of open sets. Let us denote by I' the set of all finite families of

open sets.
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A basis for the topology consists of

N () ={Y e K(X)|Y C | Uiand Y NU; #  for all i}

U;evy
It is known that K(X) is a compact Hausdorff space and the union is continuous
in this topology and so (K (X),U) is a compact semilattice see [9].

Let us verify that

a: K(X)x K(X) — K(X)
(A,B)— AUB

is continuous. Indeed, let A, B € K(X) and V() be an open neighbourhood
of AU B where v = {U;,Us,....,U,}. Put vy ={U €y | ANU £ 0} v ={U €
v | UN B # (0}. Therefore, V(1) is an open neighbourhood of A and V'(7,)
is an open neighbourhood of B. Moreover, a(V (7)) X V(7)) C V(1 U y2).
Indeed, let (C, D) € V(1) x V(y2). Thus C' C Uy, U and D C Uy, U. So
CUD CJy. Moreover, if U € v then U € ~; for some i € {1,2}. So either
CNU or DNU is not empty. Thus the map « is continuous.

Consider Z = {4 () | v € I'} the basis of the Vietoris topology on K(X).
Remark 1.6.3 The mapping

jiX — K(X)

xz— {z}
defines a topological embedding of X in K (X).

Proof: Clearly j is one-to-one. The mapping j is open. If U C X is open,
put v = {U}. Then j(U) = j(X)NV(y). i

Now, we want to prove some basic properties about the Vietoris topology. Let
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f : X — Y be a continuous map. Define f, : K(X) — K(Y). Let v =
{U,...,U,} where Uy, ..., U, are open subsets in Y. N(v)={Z CY | Z C
Uv,e, Ui and ZNU; # 0 for all i}. Let f~'(vy) = {f~'(U1),..., f~'(Un)}. Then
JSHN(M) = N 0).

Indeed, if A € f7'(N(y)) then f(A) C Uy, Ui and f(A) N U; # 0 for all i.
TMmA@;fﬂoﬂA)gf*(Um@UO::Uw@f*aﬁ)Smwjﬁﬂﬂlk#&
there exists a € A such that f(a) € U;. Thus a € AN f~1(U;). Therefore
AeN(FR))

Suppose A € N(f~*(y)). Then A C <UU1.@ f_l(U,-)> and AN f71(U;) #
0 for all i So f(4) € f (Upe, F0)) = Une, f o S0 € Uuye, Us
fA)NU; D fF(AN fFYU)) # 0, since AN f~1(U;) # 0. So f(A) € N(v).
Therefore A € f71(N(7)).

Therefore K is a functor from compact Hausdorff spaces to compact Hausdorff

semilattices.
Lemma 1.6.4 If X|Y are compact spaces then the map

0 K(X)x K(Y) — K(X xY)

(A,B)— AX B
1S continuous.

Proof:  Let A x B € N(v), where v = {Uy,...,U,}, be a neighbourhood of
A x B. Then UUiew Ui = U,e;(Va x W,) where V,, and W, are open in X and
Y respectively. There exist ar, ..., a., such that A x B C |J~,(Va, x Wa,) by
compactness. Let V = J", V,, and W = J*; W,,. Then ACV and BC W
where V' and W are open. Moreover, V- x W C | J;;.., U; and (A x B)NU; # 0
for all i. Choose (a;,b;) € (A x B)NU;. Then there exist L; and M; open in X
and Y respectively such that a; € L; CV and b; € M; CW and L; x M; C U;.
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The claim is that if 4 = {V,Ly,..., Ly} and 7o = {W, My,..., M,,} then
N(v1) x N(72) contains (A, B) and maps into N(vy). Indeed, A C V then
ANV # @ and a; € AN L; for all i. So A € N(v;). Similarly B €
N(y). If (C,D) € N(m1) x N(y2) then C x D € V. x W € Uy, Ui and
(C x DYN(L; x M;) # @ and L; x M; C U;. So (C x D) NU; # () implies
C x D € N(v). Thus ¢ is continuous. i

Lemma 1.6.5 Let G be a topological group and X a topological space. Every

continuous action of G on X is extendible to an action of G on K(X).

Proof: Let f: G x X — X be the action. We have the following compo-

sition of continuous maps

G x K(X) 25 K(G) x K(X) -2 K(G x X) “Y k(x).

The composition sends (g, A) to gA = {ga | a € A}. i

We let K'(X) = K(X) U {0} where () is an isolated point then K'(X) is a
compact semilattice. Then G acts continuously on K (X) by lemma 1.6.5 and
hence on K’'(X) where gf) = () for all ¢ € G. Thus we can form the compact
inverse monoid K'(X) x G. Define

@ZK’(X)NG—)[X

(C,9) = Lx\c)og

where we view g as a permutation of X. So Iix\¢cyog: 9 (X \C) — X\ C
maps x to gz. The image I(G, X)) of ¢ consists of all restriction of the elements
of G to the open subsets of X (or all homeomorphisms between open subsets

of X that are restrictions of actions of elements of G). We endow I(G, X) with
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the quotient topology from ¢. To show I(G, X) is a compact inverse monoid,

we just need to check the congruence defined below is closed.
(C.9) = (D,h) <= ¢(C,g) =¢(D,h).

Indeed, assume that (C, g) #Z (D, h). We find neighbourhoods A and B of (C, g)
and (D, h) respectively such that A x B does not intersect =. Set U = X \ C
and V = X\ D.

Case 1: If C' # D. Take disjoint neighbourhoods N; and N, of C; D in K'(X).
Then A = N; x G and B = Ny x G do the job.

Case 2: If g71C # h™'D. Let N;, N, be a disjoint open neighbourhoods of
g~ 'C,h™'D in K’(X). Then there exist neighbourhoods A, B of (C,g), (D, h)
respectively such that the action takes A into N; and B into N,. Then A and
B work.

Case 3: C = D and ¢~ 'C = h™'D but there exists z € ¢~ 'U = h™'V such that
gr # hzx. Choose disjoint neighbourhoods Ny, Ny of gz, ha respectively. There
exist neighbourhoods My, My of g and h respectively such that M;z C N; by

continuity of the action. The set
W={Y eK'(X)[zgY}=N(y)u{l}

where v = {X — {x}} is open in K'(X). Since z € g~ 'U implies that x & g~'C
and similarly x & h™'D, there exist (by the continuity of the action of G
on K'(X)) neighbourhoods Ly, Ly of g, h respectively and Ry, Ry of C = D
in K'(X) such that ¢ € L;,C" € Ry that implies that (¢)~!C’ € W and
h' € Ly, D' € Ry implies that (h/)™*D" € W. Let A = Ry x (L N M,;) and
B =Ry x (LyNMs). So (C,g9) € Aand (D,h) € B. If (C",¢') € A, then

(a) z & (¢)"*C" implies that x € (¢/)" (X \ C")

(b) ¢’z € Ny since ¢’ € M.
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It (D', }') € B, then

(a) = & ()~'D’" implies that z € (k)1 (X \ D)

(b) Wz € N,
Thus ¢(C", g') # (D', ).

Remark 1.6.6 For a compact space X, K(X) is algebraic if and only if X
admits a basis consisting of compact open (clopen) sets (that is, X is totally

disconnected).

3. K'({0,1}*) x Isom ({0, 1}*) is a compact inverse monoid (actually this is profi-
nite). So is I(Isom({0,1}*),{0,1}*).

4. Let G be compact group; K'(G) x G is a compact inverse monoid.

5. Let G be a compact group. A rook matriz over G is an n X n matrix over GU{0}
with at most one nonzero entry in each column and row. The semigroup R, (G)
of rook matrices over GG is a compact inverse monoid. Rook monoids are defined
later in the definition 3.2.1. We will show in the proposition 3.2.3 that the rook
matrices R, (G) form a compact inverse monoid. A profinite inverse monoid
is an inverse limit of finite inverse monoids; it is thus a totally disconnected

compact inverse monoid.

6. The Galois inverse monoid is an example of compact inverse monoid. Simi-
larly to what is done for Galois groups, the Galois theory of field extensions
of infinite degree gives rise naturally to Galois inverse monoids that are profi-
nite. Specifically, if K/k is a field extension, we consider the inverse monoid
InvGal(K/k) consisting of all field isomorphisms from ¢ : L — L’ where L

and L’ are subextensions of K, and also o keeps all elements of k fixed.
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This inverse monoid is a profinite inverse monoid with respect to the Krull
topology. A basis is given by sets of the form B(c) where ¢ : L — L' is an
isomorphism with [L : k] and [L' : k| finite and B(c) = {7 € InvGal(K/k) |

7 > o} This definition is equivalent to the following definition:

This inverse monoid is the inverse limit of the finite inverse semigroups InvGal(F/k),

where F' ranges over all intermediate fields such that F'/k is a finite extension.

The resulting collection of open sets forms a topology on InvGal(K/k) called
the Krull topology, and InvGal(K/k) is a profinite inverse monoid under the
Krull topology. Note that Gal(K/k) is the group of units of InvGal(K/k).

7. Let G be a profinite group.
A subset X in G is a coset iff XX !X =X and X 'XX 1 =X"1

The set K(G) = {X | X is a closed coset} is an inverse monoid with respect to
the following product X - Y = the smallest closed coset containing X and Y.
In fact if G = lim G; then K(G) = @K(Gl) where G is finite.

8. Every compact inverse semigroup with finitely many idempotents is a closed
subsemigroup of a finite direct product inverse semigroups of the form R, (G)

with G a compact group via the Schiitzenberger representation.

9. Every compact inverse semigroup with totally disconnected semillatice of idem-
potents is a closed subsemigroup of direct products of inverse semigroups of the
form R,(G) with G a compact group. This will follow from results that we

prove later.
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1.6.2 Properties of compact inverse semigroups

Proposition 1.6.7 If S is a compact semigroup which is algebraically an inverse

semigroup, then the inverse map S — S

*

S+ S

s continuous, i.e., S is a compact inverse semigroup.

Proof:  Let {z,} be a net in S which converges to x € S. We need to prove that
x} converges to x*. Let {:L‘Z]} be a convergent subnet, say it converges to s. Then
rsr = lim .:Eajxgjxaj = limz,; = z. Similarly, sts = s and thus s = z*. So any

convergent subnet of {x}} converges to z*. Therefore, by compactness ¥, — x*. 1

In a manner similar to that of Proposition 1.5.8, we can prove the following more

general result.

Proposition 1.6.8 If S is a compact inverse monoid, then (S,<) is a compact

pospace. Also E(S) is a compact semilattice (with identity).

Proof: Let s,t be in S. We have s < t <= ss*t = s. Therefore the set
{(s,t) € S x S| s <t} is the equalizer of the projection to the first coordinate and

the continuous map S x S — S
(s,t) — ss™t.

Thus the relation < is closed. Observe that the two maps

r:S—29 d:S—S
S+ ss" s+ s's
are continuous and also E(S) = r(S5) = d(S), thus E(S) is compact. i

In the following proposition we show that if a _#-class contains a compact idem-

potent element then it follows that all its idempotents are compact.
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Proposition 1.6.9 Let S be a compact inverse monoid and e, f € E = E(S). If
e € X (E) such that f 7 e then f € #(E).

Proof: Since S is compact, then e # f implies e Z f. Therefore, there exists
s € S such that s*s = e and ss* = f, and so f = ses*. Now let D be a directed
set in E(S) such that f = ses* < \/D. Then e = s*ses*s = s*fs < s*(\/ D)s =
s*lim Ds = lim s*Ds = \/ s*Ds. Since s*Ds is directed, there exists d € D such that

e < s*ds and so [ = ses* < ss*dss* < d. Thus f € #(F). |
We define a _#-class J to be order compact if it contains a compact element.

Notation 1.6.10 Let S be a compact inverse semigroup and let J be a ¢ -class.

o Jt={seS|SJSZLSsS}={seS|J Ly s}tisanideal in S and is closed if
and only if J is order compact, in which case it is clopen. (by Theorem 1.6.11

below).
o JI={s€S5|SJSC SsS}.
e Define J° = SJS/(Jt N SJS); this is in bijection with J U {0}.
e Moreover, S/J" is in bijection with JT U {0}.
Theorem 1.6.11 Let S be a compact inverse monoid. Let J be a _# -class. Then
J1 is clopen if and only if J contains a compact idempotent e.

Proof: Let e be a compact idempotent element in .J. First we prove J' is closed.
Let {sa}acp € J T converge to s for some directed set D. Therefore for every o € D
we have e < 5 s, thus e = hqs4tq for some hy,t, € S. Without loss of generality,
we can assume that h, and ¢, converge to h and t by passing to the subnet. Then

e = hst which implies that e < , s, therefore JT is closed.
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Now we will prove that J' is open. Observe that JT ={se S|e <, s} ={s €
Sle<y ss*} =rHE(J")). So it suffices to prove that E(J') is open in E(S).
Then using the fact that the map r : S — E(S) is a continuous map, we deduce that
J' is open. Now e € SfS if and only if there exists u € E(S) such that e 2 u < f;
thus

E(JY) = {feES) | ueES) eZu<f}
= | {feE©S) | usf

u € E(S)
u D e

= |J "

u € E(S)
uDe

Since e & u, Proposition 1.6.9 implies that u is a compact element. By Proposi-
tion 1.5.11, u' is open in E(S). Thus E(J") is open in E(S).

Conversely, suppose that the complement of J in S is closed and let e € E(J).
We will prove that the complement of e’ in E(S) is closed, therefore e is compact.

Let (24)4ep be a net in the complement of e in E(S) converging to z. Suppose
that x € e!. Then e < z, which implies that e = ex = re. But exy < e since x4 & el.
Thus exq < s e. By Lemma Lemma 1.3.7, we cannot have exy # e. Therefore,
exy < y e which implies that exy ¢ J'. But (exq) converges to ex = e, so using the
fact that the complement of JT is closed implies that e is in the complement of JT

which is a contradiction. i
The following proposition is a consequence of the Monotone Convergence Theorem.

Proposition 1.6.12 Let S be a compact inverse monoid. If D C S is directed, then
\/ D ezists and lim D = \/ D (viewed as a net). Moreover, s-\/ D = \/(s- D) and

(VD)-s=V(D-s).
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Proposition 1.6.13 Let S be a compact inverse semigroup. Then we have the fol-

lowing properties:

1.

All the ¢ -classes are closed.
Let J be a #-class. Then E(J) = J N E(S) is closed hence compact.

Let e € E(S) be a compact element. Then E(J.) = {f € E(S) | SeS = SfS}

18 finite.

Let e be an idempotent element in a ¢ -class J.. Then eSen J. = G¢ where

Gé={s eS| ss*=e=s"s} is the mazimal subgroup at e.

Proof:

1.

Let J be a _Z-class; the claim is that J is closed. Indeed, let (sxep) € J a
net converging to s, where D is a directed set. Let j € J. Then Ss,S = S5,
therefore there exists uy, vy, v and v} in S such that uys vy = j and ujvy = s,.
By compactness and subnet convergence we can assume that (uy) converges
to u, (u}) converges to u/, (v)) converges to v and (v}) converges to v’. So,
usv = limuysyvy, = j and v'jv" = limu)jv} = lim s, = s which implies that

SsS =555, thus s € J.

. J and E(S) are closed so consequently F(J) is compact.

. We proved in the Proposition 1.6.9 that all the elements of E(J,.) are compact.

We have E(J,) C U e'. Thus E(J,) C elUelU...Ue! for some n € N. Let
ecE(Je)
f € E(J.). Then f > e; for some i € {1,2,...,n} which implies f = e; because

the idempotents of any ¢ class are not comparable by Lemma 1.3.7.

Let x € eSe and ¢ _# e. Then ex = x ¢ e. By the stability of the compact
inverse semigroup S, we conclude that © = ex Z e. Trivially, G¢ C eSeN J,.

Similarly .2 e. Therefore z ¢ e. Thus z € G¢.
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The rest of the proposition shows that the property of an element of S being compact
is controlled by the idempotents.

Proposition 1.6.14 Let S be a compact inverse monoid, then x € J# (S) if and only
if xa* € H(E(S)), if and only if a*x € H (E(S)).

Proof: We will prove the first if and only if statement; the second is trivial.
Suppose that x is compact. Let D C E(S) be a directed set such that zz* < \/ D.
Then zz*x < (\/ D)z = \/ Dz implies there exists d € D such that z < dz = zz* <
dxx* < d. Thus xz* is compact.

Conversely, let D C S be a directed set such that < \/ D. This means that
x < \/d. Then r(z) <r(\ d) = V r(d) by the continuity of r. Hence there exists

deD deD deD
d; € D such that zz* < r(dy) = didj. Then z = zz*x < didj(\/ D) = d,, since
dy <'\/ D implies dydj(\/ D) = dy. Thus zx is compact. i

It follows that JZ°(S) is a full subgroupoid of the underlying groupoid ¥s. It also

follows that an idempotent is compact in S if and only if it is compact in E(S).

Theorem 1.6.15 Let S be a compact inverse monoid. Then the following conditions

are equivalent:
1. (S, <) is an algebraic domain,
2. E(S) is an algebraic lattice,
3. E(S) is a compact totally disconnected semilattice.

Proof: Since F(S) is a compact semilattice, it is a complete lattice. Suppose
that (9, <) is an algebraic domain. Let e € E(S). Then e = \/ (et N (S)) =
V (er N A (E(S))), thus E(S) is an algebraic lattice. Now suppose that E(S) is
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algebraic and prove that (S, <) is an algebraic domain. We have to prove the following

conditions hold
1. S admits directed joins.
2. For all s € S the set st N .#Z(9) is directed.
3. s =\ (s*NJ(S)) for all s € S.

By the compactness of S, the first condition is true. Let x;, 25 € st N #(S) which
implies that z; < s, 29 < s and 7,29 € #(S). Thus by the Proposition 1.6.14
ray, woxy € A (E(S)). Put a = xy2 V xgzy € A (E(S)). Note that a < r(s) =
ss*. The element as is compact because r(as) = a which is compact. And also
as > xixis = x; and as > x9x5s = x9. Thus the second condition holds. We

have \/ (st N #'(S)) < s. Observe that ss* € E(S), thus there exists a directed set

C C X (E(Y)) such that \/ ¢ = ss* (and so in particular, each ¢ < ss*). We have
ceC

\/cs: (\/c)s:ss*s:s.
ceC ceC

Also ¢s € s¥ N (S) because (cs)(cs)* = c. Therefore \/ (s* N (S)) = s.
The equivalence of (2) and (3) is the Corollary 1.5.17. i

1.7 Compact groups

This section contains a summary of some of the necessary facts about the representa-
tion theory of compact groups. Recall that C'(G) is the space of continuous functions

G — C.
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Definition 1.7.1 Let G be a compact group. A Borel measure p on G is called left
invariant if u(gB) = pu(B) for all g € G and B C G a Borel set. It is called a Haar

measure if it is a reqular Borel measure with support G.

Theorem 1.7.2 (Existence and Uniqueness Theorem of Haar measure) For
each compact group G there exists a Haar measure which is unique up to a positive
scalar multiple. In particular there is a unique Haar probability measure called a

normalized Haar measure.

Remark 1.7.3
e In this thesis Haar measure will always mean normalized Haar measure.
e Haar measure is also right invariant for compact groups.

Let # be a complex Banach space, we denote by GI(7) the group of continuous
isomorphisms of .7 onto itself. A representation w of a compact group G in 7 is a

homomorphism

m: G — GI(IH)
for which all maps
G —
g m(g)v

are continuous for each v € 5. Equivalently, 7 : G — GI(.) is continuous in the
strong operator topology.

A representation 7 of a group G in J# defines an action

m:G X — H

(9,v) = m(g)v

It can be proved that this action is jointly continuous, see [17].
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A unitary operator is a bounded linear operator U : ¢ — ¢ on a Hilbert
space ¢ satisfying U*U = UU* = I where U* is the adjoint of U, and I : 7 —
is the identity operator. This property is equivalent to the following:

1. The range of U is dense, and

2. U preserves the inner product (— | —) on the Hilbert space, i.e., for all vectors

x and y in the Hilbert space,

(Uz | Uy) = (x| y).

To see this, notice that U preserves the inner product implies U is an isometry (thus,
a bounded linear operator). The fact that U has dense range ensures it has a bounded
inverse U~'. Tt is clear that U~! = U*.

We say that the representation 7 is unitary when 7 is a Hilbert space and each
operator 7(g) is unitary operator (thus each 7(g) must be isometric and surjective).

Thus 7 is unitary when 7 is a Hilbert space and

m(g) =n(g) " =m(g7") (9 €G)

The representation 7 of G is said to be irreducible when # and {0} are distinct

and are the only two invariant subspaces under all operators 7(g) where g € G.

Proposition 1.7.4 Let 7 be a unitary representation of G in the Hilbert space ¢ .
If 74 is an invariant subspace of & (with respect to all operators w(g), g € G), then
the orthogonal 565 = H+- of 4 is also invariant.

Proof:  Let v € J4, then all 7(g)v are also orthogonal to 7. Indeed, Vx € 74
we have (z | w(g)v) = (n(9)° | v) = (n(g ™) | v) = 0. '



Chapter 2

Complete reducibility

In this chapter, we will prove our first result about the representation theory of com-
pact inverse monoids (complete reducibility). We will show that any finite dimensional
representation of a compact inverse semigroup is completely reducible. This can also
be deduced from a result of Munn. We denote by M, (C) the semigroup of n x n
matrices over C. Our first observation is that any semilattice in M, (C) has at most
2™ elements. We are going to prove this statement in steps.

Step 1: Any idempotent matrix is diagonalizable. Indeed, let A be any idempo-
tent matrix. Thus A% = A, which implies that A(A—1I,) = 0. Therefore, the minimal
polynomial P(X) of A divides the polynomial X (X — 1) and hence the only possible
cases for P(X) are:

e P(X)=X,50A=0
e P(X)=X —1 implies that A =1,

o P(X)=X(X-1).

Thus A is similar to diagonal matrix because the minimal polynomial is a prod-

uct of distinct linear factors.

41
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Step 2: We will prove that, if S C M, (C) is a commutative semigroup and A is
a matrix in M, (C) commuting with each element of S, then each eigenspace of A is
S-invariant.
Proof: Let 47, be an eigenspace of the matrix A. Let B be a matrix in S. We
will prove that B - 6, C J4. Let x be an element of 4.

A(Bzx) = B(Az) = B(Az) = A\Bzx

Thus Bx € 74 |

Step 3: We will show that any commutative semigroup S of diagonalizable
matrices in M, (C) is conjugate to a semigroup of diagonal matrices (i.e., is simulta-
neously diagonalizable).

Proof: When n = 1, all the matrices are scalar, so there is nothing to prove.
Suppose that the assumption is true for all k¥ < n. The case where all the matrices in
S are scalar is trivial. Let A be in S such that A is not scalar. Then A has at least
two distinct eigenvalues, hence two distinct eigenspaces. By Step 2, the eigenspaces
are invariant subspaces of C" with respect to all matrices in the semigroup S. Thus
the eigenspaces of A are S-invariant, so by induction, all the restrictions are simul-

taneously diagonalizable. As the sum of the eigenspaces of A is C" the result follows. §

Step 4: The diagonal idempotent matrices only have {0,1} entries; there are

thus 2" of them.

Step 5: Conclude that any semilattice in M, (C) has at most 2" elements. We
proved in Step 1 that any idempotent matrix is diagonalizable and by Step 3 any
commutative semigroup of diagonalizable matrices is simultaneously diagonalizable.

Therefore any semilattice in M,,(C) is conjugate to a semilattice of diagonal matrices
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and thus the semilattice has at most 2" elements.

Remark 2.0.5 Consider the interval [0, 1] as a semilattice with respect to min. This
semilattice has no non-trivial continuous representations in finite dimensions. Sup-
pose that we have a continuous representation in finite dimension ¢ : [0,1] — M,,(C).

Then ¢([0,1]) is connected and finite. Thus it has one element.

2.1 Haar system for groupoids with finitely many
identities

Definition 2.1.1 A compact groupoid s a topological groupoid which is compact and

Hausdorff as a topological space.

Let & be a compact groupoid with finitely many identities. We can define a (left)
Haar system on such a groupoid as follows: Let e be in 4% and let us denote by C,
the connected component of e and C? C C, the set of identities in C,. Now for each
e # f € C? choose g, € C, such that 7(g.s) = f and d(ges) = e. Usually, when
e = f we choose g.. = e.

Define a measure on Borel subsets B of ¢¢ as follows
(& 1 e
n (B) = |CO| Z Ve (Bfge,f) (211)
¢l fecy?

where v, is the (normalized) Haar measure on the compact group ¢ and BNYf = BS.
Remark 2.1.2

Lr'({e}) = | | 9 and &f =r'({e}) nd ™ ({f}).
fec?

2. Since 95 = r~'({e}) N d~"({f}) therefore 45 is clopen, so Bfg. is a Borel
subset of ¥°.
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Lemma 2.1.3 Let ¥ be a compact groupoid. If ge .y : ¢ — [ and v, and vy are Haar

measures associated to the isotropy groups 4° and gf respectively, then
1. v.(C) =vy (ge,nge_’}) where C' is a Borel subset of 9°.
2. Ve(Cge,r) = vf(gesC) where C is a Borel subset of 9.

Proof:

1. We need to show that vy (geyf(-)g;}) is a normalized Haar measure on the
group ¥¢. Let C be a Borel subset of ¢¥°. If h € ¢¥¢ then vy (ge,th'g;}) =
Vg (g& fhg;} e, sC ge_}) = vy (g& fC'g;}) establishing left invariance. Trivially
Vs (ge,f%eg;}) = yf(gf) = 1. By the uniqueness of Haar measure, we have
ve(C) = vy (g&ng;}) for all Borel sets C' C ¢¢.

2. Since C' C ¥%, then Cg.; C 97, therefore v.(Cges) = vy (geijge,fg;}) =
Vs (9e,sC) by (1).

The following Lemma is used to show that the measure 7° defined on ¢f is

independent of the choices of the g, ¢.
Lemma 2.1.4 If B is a Borel subset of 9F and ge s, hey: e — [ then
Ve(Bge.f) = Ve(Bhe f).

Proof: By Lemma2.1.3, v.(Bge.f) = Vf(gesB) = Vf(he,fg;}(g@fB)) = v¢(hesB) =
I/e(BheJ). I

We can deduce the following Corollary showing that the measure (2.1.1) well-
defined (that is, it is independent of the choices made).
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Corollary 2.1.5 Let & be a compact groupoid with finitely many identities. Then
the measure n° defined in (2.1.1) is independent of the choice of gey. That is, if
he,s € Ce are such that r(he,) = f and d(hes) = e then
& 1 e
n°(B) = [co] Z Ve (Bfhe,y) -
¢l recy?

Now we can define a measure on all Borel subsets of ¢4¢ as follows:

1
€ fec?

Equality results from Lemma 2.1.3 and Corollary 2.1.5.

Proposition 2.1.6 Let 4 be a compact groupoid with finitely many identities. Then
the family of measures {n°}eeqo defined in (2.1.2) is a normalized left Haar system

on the groupoid 4.

Proof: We verify the three properties.

1. The support of the measure 7 is by definition:
Supp(n®) = {x € ¥° | VN, neighbourhood of x, n°(N,) > 0}.

First suppose that v.(N.) = 0 for some neighbourhood of e in ¥°. Since the

group ¥° is compact, there exist gi,¢o, ..., g, elements of 4° such that ¥°¢ =

Ne

UgiNe. Therefore v,(95) < Zye(giNe) = 0, since v(g;N.) = ve(N,) where
i=1 =1
v, is the Haar measure on the group ¢°¢. This is a contradiction.

In general, let NV, be neighbourhood of some element z in ¥¢. Therefore r(z) =

e.
1
ne(Nm) = W Z Ve ((Na; ﬂgf) gaf)
€l fecy?
then v, ((Nm ﬂ%f) geﬁf) > 0 because (Nm N %]?) ge,f is a neighbourhood of e.

Therefore n°(NV,) > 0.
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2. For any f € C(¥), the function f°:%° — C, where f%(e) = [,. f dy° belongs
to C(%Y), because ¥ is finite.

3. Let B C 99*) be a Borel set. Then we will show that n%®)(B) = n"@ (2B).

First, we will prove the following:

d(z) _ (@)
Vi(x) <Bf 9d<w>,f> = Vi(a) ((:BB)f 9r(x>,f>-

From Lemma 2.1.3 and Corollary 2.1.5 we can deduce that

d(z) d(z) -
Vi(x) (Bf gd(x),f) = Vp(a) (IBf 9d(x),fT 1) -

Now, xij(I) = ($B);(I) and put hy(z).f = Gag),r2 ", thus

d(z r(x —
V() (Bf( )9d<z>,f) = Vi) ((xB)f( ) Gagw) 5 1)
= V) <(:EB)7J;(:::) hT(x%f)

= Vp(a) ((wB);(w) g,n(,;”) using Lemma 2.1.3.

Moreover, we have \Cg(x)\ = ’CS@)’ because x connects these two identities. So,
n"@(B) = 0] > Vaw (Bf( )gd(:v),f)
A rech

1 (T
= > Vi@ ((l‘B)f()gr(xxf)

Dually, we can define a right Haar system in any groupoid. Before giving some

proprieties of Haar systems, we give the following definition.

Definition 2.1.7 A left Haar system {\°}.cqo in a groupoid &4 is right invariant if
for every B C 4 Borel and x € 47 we have \°(B) = \*(Bx).
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Proposition 2.1.8 Let & be a compact groupoid with finitely many identities which
admits {\°}ecqo as left Haar system and let g.; € 9/ .

1. Lete, f bein CY, then 4¢ = gf via the map x — geyf:l:g;}. And also

X(B) _ N (ges(B)g. ;)
@) ()

vo(B) = = vs (9e.s(B)g. })

where B is a Borel subset of 9¢ and also v. and vy are the normalized Haar

measures on 94° and gff respectively. Moreover, if \¢(9°) = N <%ff>, then

fge(—) = )\lfgf (ge,f(—)ge’}) and if B is Borel subset of 9§ then \°(Bg.ys) =
€ f 7

A (ge,fB) .

2. If v € 9 then the left invariance condition is equivalent to \"®) (B) = \4®)(z71 B)
where B C 9@

3. The system {A¢}eego is a right Haar system for the groupoid 4, where \.(B) =
\¢(B™Y) for every B a Borel subset of 4.

4. A normalized {\°}ecqo left Haar system is a right invariant if and only if

1
\e(9°) = ] for all e € 4°.

Proof:
1. It is a general fact that if « : G — H is continuous homomorphism of compact

groups, then Ay = A\g o a~! where A\¢ and Ay are a Haar measure on G and H

respectively. Therefore v¢(ge, r(—) ge_}) = 1,. Thus we need to prove that

- M (ger(—)gop)
6(_ - \f (%f) !

is Haar measure on ¢°. Indeed, let z € ¥° and let B be a Borel subset of

@¢. Then M (ge, fxB ge_}c) = \° (B ge_}) by applying a left invariance of the Haar
system. But \° (Bge_}) =\ (gey fBge_’ch) by left invariance of the system. Thus
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B is a left invariant measure. Clearly 3(¢4°) = 1. And also the support of the

measure (3 is ¢°. Indeed, let U be an open subset of ¢¢ then

pU)

_ M(9esUg)
M (@)

since g U ge_]lc is an open subset of gjf and also %f is an open subset of 4/. For

the last equality let B C ¢f, then

X (Bg.,) = v\ (Bge )X (95) = v/ (904(Bye)gc) N (9]) = N (9.1B).

2. It is trivial.

3. Let x € ¢4 then

4. Suppose that {A}.cqo is right

have

1
R[]

Therefore \°(4°)

invariant. Then for any choice of g.; € 4/ we

= X(@)
= > X(ges)

fec?

= D X%

fec?

= |G| X(4).

1
Conversely, suppose that \*(¥4°) = for all e € 9°. Therefore A/ (%f ) =

|C2]

e
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A(9¢) for every e, f € CP. Suppose that B is Borel subset of ¢f. Then we
have

A (Bge.s) = N (ge,sB) = \° (B)

using (1). Therefore {\°}.cqo is right invariant.

Similar to the construction of the left Haar system defined in (2.1.2), we can form

a right Haar system on a compact groupoid with finitely many identities as follows:

e = 0| Z Ve hfer 0| Z l/f B hfe (213)

ecC?

Remark 2.1.9

1. The two constructions are related (i.e., n.(B) = n°(B~!) for every B a Borel
set in G.).

2. Notice that n¢(¥4°) = nf(g]f) for every e, f € C?, which means that {n®}.cqo is

right invariant.

In general, a left Haar system need not be right invariant. Indeed, let 4 be the

following groupoid.

(1,1) (2,2)

()Y w»y ()

17 =2
1)

Define A\' = 26(1,1) + 20(1,2) and A? = 16(2,1) + 28(2,2). Then {A'; A} is a (normalized)

left Haar system but is not right invariant.

Remark 2.1.10 The space of normalized left Haar systems is in bijection with the

product [ Z(C°) where £(X) is the set of regular Borel measures on X.

C connected
component
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Theorem 2.1.11 In a compact groupoid with finitely many identities, there exists a
unique normalized left Haar system that is also right invariant, namely the measure
defined in (2.1.2).

Proof: Let B C ¥ C |_| 97 be Borel, where e € G0 assume {\}oeqo is a left

fec?
Haar system which is right invariant. Then

X(B) = Z N(B$ge,r) by right invariance of {\}.cqo0.
fec?

= Z Ve(B$ge,f) | A°(97) because Bfg.; C ¢4 and Proposition 2.1.8(1).
fece

= 1°(B) |G| A*(%).
= 7°B) by Proposition 2.1.8(4).

Dually, the normalized right Haar system that is also left invariant measure is
unique. (that is, the measure defined in (2.1.3) is the unique right normalized Haar

system that is also left invariant.)

2.2 Solomon’s Theorem

In this section, all the theorems are taken from the book, “Incidence Algebras” [23].
Let E be a finite semilattice and K any commutative ring with unit. Define the
incidence algebra I(E,K) = {f : ExE — K | f(z,y) = 0ifz £ y}, with

operations given by

(f+a)(z,y) = flz,y)+g(x,y),

(f- 9y = D fl@2)9(zy)

z<z<y

(Tf)($ay) = 7 f(xvy)
for f,g € I(E,K) withr € K and x,y,z € E. Then I(F, K) is a K-algebra.
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The function 0 € I(E, K) is given by

1 ifrx=uy;
6(z,y) =
0 otherwise .

One can prove that ¢ is the identity of the K-algebra I(F, K).
Next, let x € I(E, K) be defined by

1 ifxr<uy;
x(z,y) = '
0 otherwise .

Note that there exists k& such that x* = 0 namely, if k is larger then the length
of the longest strict chain in . Let ¢ = § + x which we call the zeta function of E.
Note that

(r'=0—x+X>-xX"+....

which is well defined since x is nilpotent. Normally (! is denoted by u and called
the Mobius function of E.

Notation 2.2.1

1. We denote by K* the set of all functions £ — K with pointwise multiplication

and addition.
2. If f € E, then 6y : E — K where

1 ife=f;
0 ife#f.

or(e) =

Theorem 2.2.2 [Solomon]|: Let E be finite semilattice. Then for any commutative
ring with unit K, one has KE = K¥ where KFE is the semigroup algebra of E over
K. More explicitly

V: KE — K¥
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6’—>X6L:Zé‘f

f<e

s an isomorphism with inverse given by

For more details, see Solomon [22].

Corollary 2.2.3 Let E be finite semilattice. If m: E — M, (C) is a representation
of E. Then 7' : E — M, (C) given by 7'(e) = Zw(f)u(f, e) satisfies

f<e
ey =4 " Z_f o
0 ife#¢e

i.e., {m'(e) | e € E} is an orthogonal set of idempotents.

Proof: Let 7 : £ — M,(C) be a representation of £. We can extend this
representation to 7 : CE' — M,,(C) by sending ) ace — > a.m(e). Then

7T/2E—>CE7J)—71>(CELM”((C)

by sending
e 0o > fulfie) = Y m(fu(fe).

f<e f<e

We have

6665 -

m'(e) ife=¢e

0 otherwise.
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2.3 Complete reducibility

The definition that we will give for a representation of compact groupoid is a special
case of the more general way of defining a representation of compact and locally
compact groupoids; see Massoud [1]. There, Massoud defined a representation using
a bundle of Hilbert spaces; he showed that irreducible representations have finite
dimensional fibres. He proved the Schur’s lemma, the Gelfand-Raikov theorem and

the Peter-Weyl theorem in this context.

Definition 2.3.1 A representation m of a compact groupoid ¢4 on a Banach space

A is a map w: Y — B(IH) such that

m(g)m(h) if d(g) = r(h);

0 otherwise.

m(gh) =
and for which all maps

G —
g — m(g)v

are continuous with v € .

Equivalently, 7 : 9 — B(J) is continuous in the strong operator topology.

The representation 7 is non-degenerate if w(g)v = 0 for some v € V and all
g € 9 then v =0 (i.e., Span(m(¥)v) # {0} for all 0 # v € V) which is equivalent to
m(e)v =0 for all e € ¥° implies that v = 0.

A representation 7 satisfying 7(g)* = w(g™') is called a x-representation.

Lemma 2.3.2 Let 4 be a compact groupoid. If m : 4 — M, (C) = End,(V) is a

non-degenerate representation, then:

1. The set U ={e € 9° | w(e) # 0} is finite.
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2. The image 7(U) consists of orthogonal idempotents summing to 1.

Proof:  If e # f then w(e)n(f) = 0, therefore 7(e) and 7 (f) are idempotent and
orthogonal. But M, (C) does not have any infinite orthogonal sets of idempotents.
So U is finite. If v € V = C" the claim is that

Z m(e)v = v.

ecU

Let w = U—Zﬂ(e)v. Then if f € 4° either f ¢ U and so 7(f)w = 0-w = 0 or
ecU

f e U and n(f)w = 7(f)v — n(f)v = 0 using orthogonality. So 7 (f)w = 0 for all

f € 9°, which implies w = 0 by non-degeneracy. So Z m(e) = 1. |
ecU

Retaining the notation of the Lemma above we have:

Corollary 2.3.3 Let 4 be a compact groupoid. Let w : 9 — M,(C) = End, (V) be
a finite dimensional non-degenerate representation of 4, where V' is a complex vector
space of dimension n. Then:

1. The space V. =C" = Pr(e)V.

ecU

2. Let V., =m(e)V and g : e — f. Then

(a) w(g)(Ve) = Vy.

(b) if v # e then w(g)(Vy) = 0. In particular ker(m(g)) = @ V..
eFxelU

3. For every h € 4 we have:

W(h_l) Vet — Vamy s inverse to m(h): Vay — Ve

Proof:  The first part follows from lemma 2.3.2. We have 7(e) = m(¢g~)7(g) and

w(g9) = 7m(g)w(e), therefore kerm(g) = kerm(e) = @ V, using the fact that the
eFxelU

idempotents are orthogonal. Now 7(f) = 7(g9)7(¢~') and 7(g) = n(f)m(g) which
implies Im(7(g)) = Im(n(f)) = V;. Therefore n(g)V. C Im(n(g)) = V;. Now,
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if v €V, then v = w(f)v = 7(9)(w(¢g~)v) and by the above for ¢g=' we have
Im(7(g~')) = Im(n(e)) = V.. Thus w(g)V. = Vy. Finally, n(h~*h) = 7(d(h)),
7(hh™1) = w(r(h)) and if e € 4° then 7(e)|y, = 1y,. Thus 3 holds. 1

Proposition 2.3.4 Let ¢ be a compact groupoid. Let 7w : 9 — M, (C) = End,(V)
be a finite dimensional non-degenerate representation of &, where V is a complex
vector space of dimension n. Let U = {e € 4° | w(e) # 0}. Then, for each e € U,
there exists a positive definite hermitian form ¢. on V. for which every g : e — f
the map ©(g) : Vo — Vy is an isometry, consequently, the sum QEBUqﬁe 1S a positive
definite hermitian form on V such that m is a x-representation.

Proof: We may assume that the groupoid has finitely many idempotents by
Lemma 2.3.2. Indeed, if g € ¢4 then 7(g) = 0 implies m(¢g71g) = 0. So ¥’ = {g €
4 | 7(g) # 0} = d'(U) is compact with finitely many idempotents and it suffices to
consider 4. Suppose that V' is equipped with some positive definite hermitian form

(—,—). Since the maps ¢ — 7(¢g~")v are continuous, the maps
g— (g lalgHw) vweV

will be also continuous. The left Haar system enables us to define the form ¢ (v, w)

(for w and v in V;) via

o.tv.w) = [ (alg ™o (g )

It is clear that ¢, defines a positive definite Hermitian form on V,, since (— | —)

is positive definite and integration of a positive function is positive. And for all

e € U, (V,¢.) are complex vector spaces with positive definite Hermitian forms ¢,

and moreover the ¢ = ?Ugbe is a positive definite form on V = & V., making the
e

ecU
collection of subspaces {V.} orthogonal. Finally, invariance of ¢ comes from the Haar
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system. Let v = Y _0ve, W =Y g0 we With ve,w. € V. and let h : & — y. We
need to show that ¢(m(h)v, w) = ¢(v, 7(h~)w) But
o(r(h)o,w) = @(m(h)ve, w) = G(w(h)vz, wy)
= [ nl ey |y ) d

= [ 7 ) e | (0 ) ) 4

= (m(z Y, | w(z"Ha(h Hw,) dA* by invariance

= O(Vg, 7T<h_1)wy)
(v, (R wy)
(v, 7(h"Hw).

I |
S o

So m is equivalent to a x-representation. |

Let 27 be a complex Banach space. Then a representation m of a topological

inverse semigroup S in ¢ is a homomorphism
78 — B(J)
for which all maps

S — A
s+ 7(s)v

are continuous with v € 2.
Equivalently, 7 : S — B(%) is continuous in the strong operator topology.
We say that the representation 7 is x-representation when 7 is a Hilbert space
and
m(s)" =m(s") (seS)
In this case 7(s) is a partial isometry.
We say that a representation is non-degenerate if w(e)v = 0 for all e € E(S)

implies v = 0. Or equivalently 7(s)v = 0 for all s € S implies v = 0.
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Definition 2.3.5 Let 7 : S — M, (C) be a non-degenerate representation of an

wmwverse semigroup S with finitely many idempotents. Define

Y5 — M,(C)
S > Z m(se)u(e,s1s).

e<s—ls
Lemma 2.3.6 Let ©’ be the map defined in the Definition 2.3.5. Then
m'(s) = Z m(es)u(e,ss7h).
e<ss—1

Proof: Using the following order isomorphism,

(ss_l)¢ — (3_13)¢

e—s "es

Proposition 2.3.7 If 7 : S — M, (C) is a non-degenerate representation of an in-
verse semigroup S with finitely many idempotents, and let ' be as in Definition 2.3.5.
Then 7' is a non-degenerate representation and
m(s)= Y w(se)= Y 7(fs) (2.3.1)
e<s—1ls f<ss—1

Proof: The equation (2.3.1) is true by the M&bius inversion theorem [23] page

34. Let us prove that 7’ is a non-degenerate representation.
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First, we will prove this useful result: 7'(s) = 7(s)7'(s7's) = 7'(ss )7 (s).

'(s) = Z m(se)u(e,s's)

e<s—1ls

= Z m(s)m(s se)ule, s7's)

e<s—1ls

= 7(s) Z m(s ' se)ule, s71s)

e<sls
= m(s)n'(s7ts).
Dually, we can prove the other equality.
By Solomon’s theorem 7T|lgso is a representation of 4. Let ¢ and s be two elements
of the groupoid %5 such that the product ts is defined which means that ss=! = t~'¢,
then

)
t)7r’(t 1t)7r( ) by Solomon’s theorem

If t7'¢ # ss~! then 7/(t)7'(s) = w(t)n’ (t~'t)7'(ss71)w(s) = 0, again by Solomon’s
theorem.
Let s, — s. Then s;'s, = s7!s for a large enough since |F(S)| < oo. So
without loss of generality we may assume that s;'s, = s~!s for all a. Then
7' (8q)V = Z m(sqe)p(e, s s)v — Z m(se)ule, s 's)v = 7'(s)v
e<s—ls e<s—ls
Now we need to prove the non-degeneracy of «’. Suppose that 7’(g)v = 0 for all

g € 95 and some v € V = C". Therefore m(s)v = 0 for all s € S by (2.3.1) which
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implies that v = 0. |

Proposition 2.3.8 Let 7 : S — M,,(C) be a non-degenerate representation of an

inverse semigroup S with finitely many idempotents. and let ©' be as in the Defini-

tion 2.3.5. Then
7 1s ax -representation if and only if T is a * -representation
i.e., T(s)* =7(s7!) <= 7'(s)* =7'(s7!) for all s

Proof: Suppose that 7' is a x-representation. Then 7(s™!) = Z m'(s7'e) =

Y w((es) )= D (es) =m(s)".

e<ss—1 e<ss—1
Now suppose that 7 is a x-representation, then

m(sh = Z m(s~te)ule,ss7h)

e<ss—1

= > wlles) Mnle,ssT)

e<ss—1

= Z m(es) u(e,ss™ )

e<ss—1
= 7'(s)".

Now, we have reached the main theorem.

Theorem 2.3.9 If S is a compact inverse semigroup and 7 : S — M,(C) is non-

degenerate representation then m is equivalent to a * -representation.

Proof: Put T'= 7(S), so T is an inverse semigroup with finitely many idempo-
tents because T' C M,,(C). Thus without loss of generality, we may assume that S has

finitely many idempotents and 7 is an inclusion by replacing S by 7. We conclude
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7' is equivalent to a *-representation by Proposition 2.3.4 and so 7 is equivalent to

x-representation by Proposition 2.3.8 i

A finite-dimensional representation of a compact inverse monoid S is a continuous
homomorphism of S into the monoid of n x n complex matrices for some n. From

the preceding theorem, we deduce the following.

Corollary 2.3.10 FEvery finite-dimensional representation of a compact inverse semi-

group is completely reducible (i.e., direct sum of irreducible ones.)

This could be deduced as special case of Munn’s paper [12] but our proof is more

direct and analytic and avoids Schur’s result.

Remark 2.3.11 If 7 : S — B(J7) is a non-degenerate representation of S on a
Hilbert space, it is equivalent to a *-representation if |7 (E£(S))| < oo by an adaptation

of the preceding argument.



Chapter 3

Irreducible representations of

compact inverse monoids

In this chapter, we are going to prove our new result which is the main result of the

thesis.

3.1 A parametrization of the irreducible represen-
tations

In this section, we will prove one direction of our main theorem 3.2.24. Starting with
irreducible representation of a compact inverse semigroup and finding the maximal
subgroups G at e which parameterize the irreducible representation of the compact

inverse semigroup.

Definition 3.1.1 Let S be semigroup. Define Idc(S) to be the set of all closed ideals
n S.

Theorem 3.1.2 Let S be a compact inverse monoid and let
p: S — M,(C)

61
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be an irreducible representation of S. Define D := {I € Idc(S) | o(I) # 0}. Then

1. D has a minimal element I.

2. If I' is any ideal (not necessarily closed) such that (I') # 0, then I C I’ that
is, I is the unique minimal with ¢(I) # 0.

3. I =S8eS for some e € E(S).

4. e is minimal in E(S) with ¢(e) # 0.

5. The Z-class J. is order compact.

6. p(JF) =0, where JT ={s € S| SeS ¢ SsS}

7. If V. =C", then g — ©(g)|se)v is an irreducible representation of the mazimal
subgroup at e.

Proof:

1. Let {I,}acs be a chain of closed ideals in D with respect to reverse inclusion.
Let K = ¢~ (E(p(S))\{0}). Thus K is closed, because E(p(S))\{0} is a finite
point set in a Hausdorff space, and is thus closed.
For every o € J there exists x € I, such that p(z) # 0. Now I, N K # 0,
since za* € I, N K because p(x) # 0 <= ¢(xz*) # 0. Since every finite
intersection of these sets ﬂ I, N K # () and the fact that S is compact

a€Jfinite
then & := ﬂ I,NK #0, and so (,c; Ia € D. Zorn’s Lemma implies that D
aeJ

has minimal elements.

2. Let I be a minimal ideal in D and I’ be any ideal such that ¢(I’) # 0. Take

V = C". Then Span(¢(I')V) # 0 and is S-invariant, since I’ is an ideal,
thus Span(¢(I")V) = V. Therefore Span(¢(1 - I')V) = Span(o()V) # 0. So
o(l-I')#0and [ -I' C 1. There exists s € I - I with ¢(s) # 0 hence SsS C
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I-1I'C 1, but SsS is closed, therefore SsS =1. Thus I =1-I'CInNnIl' CTI.
Sol ClT.

3. Let s € I such that ¢(s) # 0, then SsS = Sss*S = Ss*sS C I and ¢(SsS) # 0,
s0 58S = Sss*S = Ss*sS = I by minimality of I. Let e = ss*.

4. Suppose there exists f € E(S) such that ¢(f) # 0 and f < e. Minimality of
SeS implies that SfS = SeS and hence f = e by Lemma 1.3.7.

5. To show that e is compact, it suffices to prove that ¢! is clopen in E(S). To do
that we show e = o~ (p(e)") N E(S) where p(e)! is taken inside of p(E(S)).
Then since p(E(S)) is finite it follows that ¢! (¢(e)?) is clopen in S. Thus
we need to prove the equality e’ = ¢~ (p(e)") N E(S). For that, let f € e
which implies that e < f thus p(e) < ¢(f) therefore ¢(f) € ¢(e)'. Conversely,
suppose that f € o™ !(p(e)") N E(s). Then ¢(fe) = o(f)p(e) = ¢(e) # 0 and
we know that fe < e, which implies that fe = e by minimality of e. Thus

feel

6. We have that JI is an ideal. Suppose that o(J) # 0 which implies that
SeS =1 C JI by (2), a contradiction because e € JI. Therefore ¢(J) = 0.

7. Let us denote the maximal subgroup at e by G¢. Let

v : G¢ — End(p(e)V)

g — ©(9)]pev

be the restriction of ¢ to the maximal subgroup G¢. We claim this restriction
is irreducible. Suppose that there exists an invariant subspace 0 # W C p(e)V.
So Span(p(S)W) = V because ¢ is irreducible, thus Span(p(Se)W) = V|
hence p(e)V = Span(p(eSe)W). In a compact inverse semigroup we have

eSeNJ, = G¢ using the Proposition 1.6.13 (4). So by minimality of SeS, we get



3. Irreducible representations of compact inverse monoids 64

that p(eSe\GS) = 0, so p(eSe) = p(G¢), therefore ¢(e)V = Span(p(eSe)W) =
Span(p(GSHW) = W.

3.2 Construction of irreducible representations from
group representations

In this section, we will prove the other direction of our main theorem 3.2.24. Given a
compact inverse semigroup S, let e be a compact element; take the maximal subgroup
G, at e. From an irreducible representation of GG, we will construct an irreducible

representation of the compact inverse semigroup S.

Definition 3.2.1 Let G be a group. A rook matriz over G is an n X n matriz over
G U {0} with at most one nonzero entry in each column and row. Rook matrices are

also called monomial matrices or weighted permutation matrices.
Notation 3.2.2

e We will denote the set of all rook matrices over G' by R, (G).

e C'M,(G), column monomial matrices; is the set of all n xn matrices over GU{0}

with at most one nonzero entry in each column.

e RM,(G), row monomial matrices; is the set of all n x n matrices over G U {0}

with at most one nonzero entry in each row.

Proposition 3.2.3 The semigroup R,(G), consisting of n X n rook matrices over a

compact group G together with matriz multiplication, is a compact inverse monoid.
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Proof: The inverse of any matrix M = (a;;) is given by M* = (a};) where
i} al ifa#0
a =
0 otherwise.

We claim that MM*M = M. Indeed, (MM*M); ; = Zai7ka2‘,kal,j There is at most
k)l
one term 7y so that a;;, # 0. Then we need k = iy,l = 7 for the above to not be 0

since we have rook matrices. Thus
iy ;0 aq5  if 1 exists

0 else

Now we need j = ip to not have a; ; = 0. Therefore

(MM*M)” _ ama;"jai’j =aqa;; ifig=17
0 else
So MM*M = M Similarly M*MM* = M*.

To define a topology, give G U {0} the topology of G with {0} as an isolated
point. This is a compact inverse monoid. Now R,(G) C (G U {0})" with product
topology.

Clearly R, (G) is closed subspace of (GU{0})"" and multiplication is continuous. i

Example 3.2.4 In the inverse semigroup R3(G), let

0 g O
M=1h 00
0 0 0

where g, h are in G
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So the inverse of the above matrix is

0 At o
M =1 g¢' 0 0
0 0 0

Remark 3.2.5 The elements of R,(G) are known as rook matrices because the lo-
cations of the nonzero elements correspond to positions of a set of mutually non-

attacking rooks on a checkerboard of size n.

Example 3.2.6 Let G be a group and let I be a set. Then the Brandt inverse
semigroup Br(G) is defined as follows:

Bi(G) ={(i,9,j) | i,j € I,g € G} U{0}.
The product is given by

(i,99',¢) iftj=k

0 otherwise

(i,9,5) (k. g, 0) =

and 0 is a multiplicative zero.

If the set I is finite, we are going to denote the Brandt inverse semigroup by
B, (G) where n = |I|. We can see the elements of B,(G) as n x n rook matrices.

Indeed, define first the matrix
Ei,j - [el,k]an

such that

1 ifi=land j=k
€Lk =
0 otherwise

The map

(1,9,7) «— 9Ei;
is an isomorphism of B, (G) with a subsemigroup of R, (G). Observe that if G is
compact, then B, (G) is closed subsemigroup of R,,(G)
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Let S be a topological semigroup, then a left translation of S is a continuous
map A : S — S satisfying the following condition: A(st) = A(s)t. We will denote
the set of all left translations of S by LT(S). Right translation p is defined dually,
i.e., it is a continuous map p : S — S such that p(st) = sp(t). The set of all right
translations is denoted by RT'(S). A left translation A\ and a right translation p are
said to be linked if s(\(t)) = (p(s))t, for all s,t € S. The collection of all pairs (X; p)
of linked left and right translations is a semigroup (S) called the translational hull

of S. Multiplication is given by

()\1;[)1)()\2;02) = (>\1)\2;02,01)-

Example 3.2.7 For example, if s € S define a left translation \s(¢) = st and a right
translation p,(t) = ts. These two translations are linked because of the associativity

of the semigroup.

Remark 3.2.8 One can consider LT'(S) and RT'(S) with the compact open topology
and hence Q(S) is a topological semigroup (in fact a topological monoid). However

for the case of interest in this thesis we define a topology more directly.

Lemma 3.2.9 LT (B,(G)) is isomorphic to CM,(G).

Proof: Let M € CM,(G) then define

At 2 Ba(G) — Ba(G)
A Ay(A) = MA.

This map is well defined. Indeed, MA € B,(G). If A =0 then MA =0 € B,(G).
Suppose that A = [a; j|nxn # 0, therefore there exists unique a;, j, # 0 and all @; ; = 0
for (i, j) # (o, jo). Suppose that M = [b; ;]. If M A & B,,(G), then there exists i1 # io
such that b;, ;,ai,,j, 7 0 and b;, ;@i j, 7 0, which implies that b;, ;, # 0 and b;, ;, # 0
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this is a contradiction, because M € C'M,(G) which means that M has at most one
nonzero entry in each column.
Anr is left translation since the multiplication of matrices is associative.
Conversely, suppose that A : B, (G) — B,(G) is a left translation. First note
that A(0) = A(0-0) = A(0) - 0 = 0. Then

A(Eij) = MEiiEij) = MEii)Eij = giEreEiy. (*)
where g; is an element in G and A(E;;) = g:Ej 0.
o case 1: A(E;;) =0, therefore A\(E; ;) =0 for all j € {1,2,...,n}.
e case 2: (i implies A(E; ;) =0 for all j € {1,2,...,n}.
e case 3: (¢ =1 implies that A\(E; ;) = g;Ey; for all j € {1,2,...,n}.
Now define a partial function o : {1,2,...,n} — {1,2,...,n} by

k if A(Ez,z) = giEk:,Z, g; € G
undefined if A\(E;;) =0

o(i) =

Note if A(E;;) # 0, then (*) implies that ¢ = ¢, thus A(E;;) = ¢;FEs(),:- Put

)

M = Z ngg(kLk c CMTL(G)

kedom(o)

Claim: )\(gEl’]) = M(gEZ’]>

.

gigEa(i),iEi,j if i € dOIl’l(O')

M(9Eij) = Y (9Boyi)(9Eij) =
kedom (o) 0 if i & dom(o).

\
(

Gi9E,q),; ifi€ dom(o)

0 if 1 ¢ dom(o)
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On the other hand,

4
gigEg(i),iEiJ' if i € dOHl(O')
MNoEi;) = MNEii(9Ei ;) = MEii)(gEi ;) =4
10 if i ¢ dom(o)
4

Gi9Es),; if i € dom(o)

0 if i ¢ dom(o)

\

Therefore, A = \j;.
We have to show that M # M’ then Ay # A\yyv. Indeed, suppose that M = [b; ;]
and M' = [ ;]. Then there exists i, jo such that by, j, # b, then [MEj, iy =

bio,jo 7& bgo,jo - [M/Ejo,io]io,i()' Thus MEjo,io 7£ M/Ejo,io = /\M(Ejo,io) 7é /\M’(Ejo,io) =
A #F A i

Dually, we can prove the following lemma.

Lemma 3.2.10 RT(B,(Q)) is isomorphic to RM,(G).

Now we characterize Q(B,(G)).
Proposition 3.2.11 If M € CM,,(G) and N € RM,(G), then
(M, N) are linked if and only if M = Nand hence they are rook matrices.

Proof: Suppose that M = [m; lnxn and N = [n;;]nxn are linked. Thus
E;;(MEy,) = (Ei;N)Ey, for all E;; and Ei, in B,(G). Therefore E; ;(MEy,) =
mj'kEi’g == (Ei’jN)Ekj = angEi’g. So mir = Njk for all j, k. Thus M = N. The other

direction is trivial. |
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Corollary 3.2.12 Q(B,(G)) is isomorphic to R,(G). And if (A\;p) € Q(BL(Q)),

then associated rook matriz is equal to

doOAMEY = Y 9B

{iIA(E;,5)#0} jedom(o)

where g; € G and o is a partial bijection.

Thus if G is compact, we topologize (B, (G)) to be homeomorphic to R, (G).

Definition 3.2.13 Let S be a compact inverse semigroup and I closed ideal of S.
Define S/I = S/=; where

a=bsa=0b or abel
Note that =y is a closed congruence on S.

Remark 3.2.14
1. S/I is a compact inverse semigroup with the quotient topology.

2. S/I is in bijection with (S \ I) U {0} where the class of I corresponds to 0.

Multiplication is defined by

ss' ss' &1

0 elsewhere.

3. The map

TS — S/I

s+ [s]

is a continuous onto homomorphism.
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Let T be a semigroup and [ be an ideal of 7. Then there is a homomorphism

Wy, - T — Q([g)

L= (/\t |I()7 Pt |Io)

Proposition 3.2.15 Let S be a compact inverse semigroup and J be an order com-

pact Z -class. Then JO = JU {0} is a compact inverse semigroup and 0 is isolated.

Proof: We have J¥ is clopen when J is order compact, which implies J* N SJS
is closed in S.JS. Therefore J° is a compact inverse semigroup. The 0 is the class of

JT N SJS which is clopen. Thus {0} is clopen. i
We recall here that order compact _#-classes have finitely many idempotents.

Proposition 3.2.16 Let J be an order compact ¢ -class, and let G be the mazimal
group at some idempotent e in J, and denote by n the number of idempotents in J.

Then B,(G) =2 J° as topological inverse semigroups.

Proof: Since J is order compact, |F(J)| < oco. Choose for each f € J° an
idempotent element, an element py € J such that p; : e — f, that is pjp; = e and
psp; = f. Define o : J® — B,(G) by a(0) = 0 and a(h) = (hh*, p}j,-hpp-n, h*h).

e prh
k ht
hh*

The map « is continuous because the maps h — hh*, h +— h*h and f +— p; are
continuous. The map « is an isomorphism. First, we prove that it is an homo-
morphism. Let h and k be in J. If hk = 0, we have h*h # kk*, which implies
a(h)a(k) = (hh*, pyhppen, B*R) (KK, Dips hpkei, K*k) = 0 = a(hk). If hk # 0, we
have h*h = kk*, which implies

a(hk) = (RkK*R*, phpen hkDgenene, K*h*hk)
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= (hh*, p} - hkpgsr, K*k)
On the other hand,
a(h)a(k) = (hh", phpshpnsn, K" h) (KK, pry-hprer, k)
(RB*, php DR n Dy KDt K )
= (AR, Php B kpre, K7K)
(R, py e R hkpgs, k* k)
(R, py s hkprsk, K*k)

We define the inverse as a~(f’, gf) = Pygp}- i

We continue to fix J an order compact _#-class. Put n = [E(J)| and let G be
a maximal subgroup around an idempotent element of J. So, now take S/J%. It
is a semigroup with unique minimal ideal J° Thus S/J* acts by left translations
on J° via left multiplication and also on the right by right multiplication. These
translations are linked by the associativity of the semigroup, giving a homomorphism

w:S/Jt — Q(J°). So we have the following commutative diagram:

J o B.(G)

/

S/ Jt @ Q(J0) = R, (G)

PYJ

S

where @ : J° — B,(G) is the continuous isomorphism from Proposition 3.2.16.
(Commutativity of the diagram is essentially in the proof of step 1 of Theorem 3.2.20
below.) Then by the Corollary 3.2.12, we can conclude that

QOJS—>Rn(G>
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S Z a(s - ej)

{e;eE(J)|se;eJ}

is a homomorphism where « is as defined in the proof of the Proposition 3.2.16.

Lemma 3.2.17 The map @; defined above is continuous.

Proof: Define I(s) = {e; € E(J) | se; € J} for s € S. Let s, be a net in
S converging to s. By continuity of a and multiplication it suffices to prove that
I(s,) = I(s) for a large enough. Fix e; € E(J). If se; ¢ J then se; € J&. But J*
is open. So s,e; € JT for a large enough, which implies that s,e; € J for a large
enough. So e; ¢ I(s) implies that e; ¢ I(s,) for o large enough.

Suppose now that e; € I(S). Then se; € J C JT which is open. Therefore
Sqa€j € JT for « large enough. But sa€j < y €; which implies that s.e; € J for «
large enough. Therefore e; € I(s) implies that e; € I(s,) for a large enough. Since
|E(J)] < oo, thus I(s) = I(s,) for a large enough. i

Definition 3.2.18 The tensor product or Kronecker product of two matrices A =

(a;j) and B = (b; ;) is defined as follows

Abyy Abyy ... Abyy,
A® B = (Ab;) = : :
Ab,, Abns ... Ab,,
Retaining the notations as above we have the following. Let p be a representation

of G. Thus p: G — M,,,(C). Define p: R, (G) — M,,,,(C) by the following:
If A= (a;j) € R,(G), then p(A) = (p(a;;)) where p(0) = 0 (the m x m zero matrix).
Note that p(gE; ;) = p(g) ® E; ;. Clearly the representation p is continuous. Observe
that if two representations are equivalent p ~ ¢ then p ~ gg Indeed, suppose that
p ~ ¢ then there exists a matrix T € M,,(C) such that Tp(g)T~' = ¢(g) where
g € G. Therefore for all A € R,(G) (T ® L)p(A)NT ® I,)~* = $(A).
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The following theorem is called the Burnside theorem. We are going to use it to

prove the theorem 3.2.20.

Theorem 3.2.19 Let G be a group and ¢ : G — M,,(C) be a representation. Then
@ 1is an irreducible representation if and only if Span(¢(G)) = M, (C).

Recall that J is an order compact _Z-class and G; is maximal subgroup.
Theorem 3.2.20 If p: G — M,,(C) is an irreducible representation, then
pops:S— My,(C)

18 an 1rreducible representation.

Proof:

Step 1: We will show that B, (G) = ¢,(J) U{0}. Indeed, let h € J then

psh)= D> alh-e).
{e;€E(J)|heje]}

Since idempotents in a J-class are incomparable and (he;)*(he;) = e;h*he; < h*h,
it follows that {e; € E(J) | he; € J} = {h*h}. Therefore ¢;(h) = a(h) which is a
bijection of J° with B, (G).

Step 2: We will prove that pjp, () is an irreducible representation. Indeed, we

have p(gF; ;) = p(g9) ® E; j. Moreover

Span  (p(g9) ® Ei;) = Span {Spanp(g) © Ei;}
QEG 7;7.7'6{172"' 7n} gEG
17]6{172 7n}
= Span (M,(C)® E;,) by the Burnside thm for G.
27]6{172 7n}
= M,n(C)

Again by the Burnside Theorem p)p, () is an irreducible representation.
Step 3: We conclude that no nontrivial subspace of C™ is invariant under the

action of elements of J. Thus the representation p o ¢ is irreducible. i
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Now suppose that we have an irreducible representation of a compact inverse
monoid ¢ : S — My(C). Let e be a minimal idempotent that does not map to 0
(using Theorem 3.1.2 the idempotent e exists and is unique up to _#-equivalence)
and set J = J..

Our goal is to show that ¢ is constructed as in Theorem 3.2.20 for a unique
compact _#-class J and representation p of the maximal subgroup G. The following

diagram commutes by Theorem 3.1.2 (6).

S/Jt
From the diagram it follows that p determines p. We first need to prove that p;
uniquely determines p.

Let us prove the following proposition.

Proposition 3.2.21 Let S be a semigroup and I C S an ideal. Suppose that ¢ :
S — M,(C) is an irreducible representation of S such that ¢(I) # 0. Then s is

wrreducible and uniquely determines .

Proof: We have Span(p(/)) is an ideal in Span(¢(S)). But Span(¢(I)) C
Span(p(S)) = M, (C) by Burnside theorem. Since M,,(C) is simple, we have Span(y(1)) =
M, (C). Thus I, € Span(¢(I)) which implies that I,, = Zcigo(xi) where ¢; € C,

ieF
x; € I and F is finite set of indices. If s € S then ¢(s) = p(s)l, = ZCW(S%)- Thus
i€
@1 is uniquely determines ¢. i

Since p(J*) = 0 then J° = J U {0} is an ideal in S/J*. We have p(e) # 0
which implies that p(.J%) # 0. Thus pjo is irreducible and determines p uniquely and

therefore ¢ as well.
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Let G be a maximal subgroup around an idempotent element of J. It remains

to prove pjq is irreducible and determines p);.

Proposition 3.2.22 Let G be a compact group. Let p : B,(G) — M(C) be an
irreducible representation of B,(G) such that p(0) = 0. Then

1. The representation
p: G — End(p(E11)C") = p(E11)Mi(C)p(Er )
g plgEry)
15 irreducible.

2. If p1 and ps are two irreducible representation of B, (G) such that py ~ py. Then

p1~ P2.
Proof:
1. We have
p(E1)Mp(C)p(Ery) = p(E11) Span(p(Ba(G)))p(Er)

= Span(p(E11)p(Bn(G))p(Er1))
= Span(p(G))

by Burnside theorem p is irreducible.

2. Suppose that pg ~ p;, this implies that there exists T € M (C) such that
Tpo(9Ei )T~ = pi(gEi ). Thus pi(g) = p1(9Er1) = Tpo(gEr )T~ = Tpo(g)T ™

With the same notation, we have the following.
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Proposition 3.2.23 Let G be a compact group. There is a bijection between the
collections of representations of G and of B,(G) (sending 0 to 0) preserving direct

sums and hence irreducibility, i.e., p is determined by p up to equivalence.

Proof: Let p : B,(G) — M(C) with p(0) = 0 and non-degenerate. By an
argument analogous to Lemma 2.3.2 for groupoids, we have [, = Z p(E;;). Let
i=1

V=CFand V, = p(E;;)V. Then V=V, ® V,...®V, as the p(E;;) are orthogonal.
We have

Ei; i=]
EiiEj; =
0 else.
Note that dim(V;) = dim(V,) = ... = dim(V},), since p(Ej;;) : Vi — V; with inverse

p(E; ;) : V; — V; since

EijEji = Eis, EjiBi; = Ejj;.
Let m = dim(V;). Then k = nm. Choose a basis B for V. Then p(E;,)B = B; is
basis for V; and p(E11)B = B. So

B =BUp(Ey)BU...Up(E,1)B=BUByU...UB,

is a basis for V.
Define 7 to be the extension of 7 to B,,(G) where we use the basis B for V| =
p(Ey 1)V to make p a matrix representation. i.e,
9Ei; — plg) ® Ey
The claim is p ~ p. We show that p is p in the basis Z. We have p(gE; ;) in A

basis is p(gE; ;) (Vi) = 0 if j # k since E; jEy, = 0. Also p(gE;;)(V;) = Vi. A typical
element of p(E;1)B is p(Ej1)v where v € B.

p(gEi;)p(Ej1)v = p(Ei1)p(gE11)p(Er ) p(Ejq)(v)
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— (Ei)p(gE1)(v) because p(Er)p(Ej)(v) = p(Er)v = v

= p(Ei1)p(g)v.
Therefore
p(Ej1)B
0 0 0
p(9E;;) = 0 ... p(g) ... 0 p(E;i1)B
0 0 0
Thus p(gEi;) = plg) ® Ei;. i

Fix a maximal subgroup G; for every [J-class.

Theorem 3.2.24 (Main theorem (new)) LetS be a compact inverse monoid. There
s a bijection between finite dimensional irreducible representations of S and pairs
(J,¢) where J is an order compact 7 -class and ¢ is an irreducible representation of

the mazimal subgroup of J.

Proof: In the Theorem 3.1.2 we proved that for every finite dimensional irre-
ducible representation of a compact inverse semigroup ¢ there exists a minimum
compact element e. Therefore we have a unique J-class J. such that the restriction
of ¢ to the maximal subgroup G, is irreducible. Moreover given a J-class J, and ¢
an irreducible representation of maximal subgroup G; we were able to construct a
unique (up to equivalence) finite dimensional representation irreducible of the com-

pact inverse semigroup S. |

Example 3.2.25 Let S = R,(G) and I = B,(G). Let ¢ : G — M(C) then define
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©: B,(G) — M;,(C)

9B ;= (gl ;) = ¢(9) ® Eij € My(C) @ My,(C) = My, (C).

Note
I, 0 0 0 0 0 0 0 0
P(Ev)+. . Ap(Enn)=| 0 . 0|+l 0 I, 0 |+. 4+ 0 0 0 |=1Im
0 0 0 0 ... 0 0 I

By Proposition 3.2.21 ¢ has exactly one extension to R,(G). Then the extension is
given by
(9.5 = [e(9:5)]

where ¢(0) = 0.

3.3 The radical of a compact inverse monoid.

Let S be a compact inverse semigroup and s,¢ two elements in S. We define the
radical of S to be the congruence [rad(S)] given by s = t mod rad(S) if and only if

©(s) = p(t) for any finite dimensional irreducible representation .

Theorem 3.3.1 (New) Let S be a compact inverse semigroup and s,t two elements

in S. Then s =t mod rad(S) if and only if s* N #(S) =t N2 (S).

Proof:  Suppose that st N2 (S) = ¢+ N (S) for some s and ¢ in S. Let 7 be a
finite dimensional irreducible representation of S. Therefore there exist J, an order
compact J-class, and ¢ : G — My(C) is an irreducible representation of the maximal
subgroup G of J. The set E(J) = {ey,..., ey} of idempotents of J is finite. Assume

G is the maximal subgroup at e;. Then 7 : S — My,,(C) up to equivalence is defined
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as follows, choose p; € J so that pip; = ey, p;p; = e;. Let s € S. If se; € J, define
o(i) = j where e; = se;s*. Then
m(s) = Z 0Py, 1)5Pi) @ Eg(iyi- (*)
{i|se;€T}
If we index the rows and columns by E(J) and write P, for P;, then the equation (*)
applied to s and ¢ becomes.

7T<S) = Z Sp(p;x*xpm*x) ® E:m:*,x*x

{zeJ|z<s}

= D ¢WhtDers) ® Busra

{zeJlz<t}
= 7(t)
since J C A (S).

Now suppose that stN.#(S) # t*N#(S). Then without loss of generality there
exists k < t a compact element and k & st N #(S). The J-class J of k is compact.
Let E(J) = {e1,eq,...,en} and retain the notation above. We have two cases:

Case 1: Suppose that there exists k # h € st N 7 (S) such that h*h = k*k = e and
hh* = kk* = f.

h
— f

k

By the Peter-Weyl theorem there exists an irreducible representation ¢ of the maximal
subgroup G such that o(p}, i hpi) # 0P, ;)kpi). Thus we can separate s and ¢ by
the finite dimensional irreducible representation 7 of S defined as in (*).
Case 2: Suppose that there exists no h € s+ N ' (S) such that h*h = k*k = ¢
and hh* = kk* = f. Let ¢ be the trivial representation of G then
T(s)= > In® Eupepea
{zeJ|z<s}

and

W(t) = Z ]m & Exm*,x*w

{zeJ|z<t}
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and these are different because for s we have the term I,, ® E, but for ¢ there is no

term [, @ Ef. |

Theorem 3.3.2 Let S be a compact inverse semigroup. Then the following are equiv-

alent.
1. S has enough finite dimensional representations to separate points.
2. [rad(9)] is the trivial congruence.
3. S is an algebraic domain.
4. E(S) is an algebraic lattice.
5. E(S) is totally disconnected.

Proof:  We proved in the Theorem 1.6.15 the equivalence between (3), (4) and (5).
Now, suppose that S has enough representations finite dimensional to separate points.
By the compactness of S the first condition holds (S admits directed joins). And also
the second condition holds (Vs € S+ N ¢ (9) is directed). Now, Let s € S. Put
t =\ stN#(S). Suppose that t < s, therefore (N (S)) C (st N #(S)). But
t=\sNnA(S) thus (s*NoF(S)) C (t+N#(S)), which implies that (stN.2(S)) =
(t+ N (S)). Therefore s = t. i

The equivalence of (1) and (5) is Shneperman’s Theorem see [21].

Corollary 3.3.3 (Shneperman’s Theorem) A compact inverse monoid S has enough
finite dimensional irreducible representations to separate points if and only if E(S) is

totally disconnected.
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3.4 Norm continuous irreducible *-representations
are finite dimensional

In this section, we will prove that any norm continuous irreducible *-representation
of a compact inverse semigroup on a Hilbert space is finite dimensional. This result

is similar to the following theorem for compact groups see [17].

Theorem 3.4.1 Any irreducible representation of a compact group is finite dimen-

stonal.

The key idea, as in the finite dimensional case, is to find a primitive idempotent.

Definition 3.4.2 If S is an inverse semigroup, then a primitive idempotent is a

minimal nonzero idempotent.

Lemma 3.4.3 Let S be a compact inverse semigroup and suppose that e is a primitive

tdempotent. Then e is compact.

Proof: Suppose e < \/,.pd where D is a directed set of idempotents. Since
multiplication commutes with directed joins in a compact semilattice, we obtain
e < \/deD ed. But ed < e so by primitivity ed = e or ed = 0. If ed = 0 all
d € D, we would get e < 0, a contradiction. So ed = e some d € D, that is, e < d

some d € D. |

Lemma 3.4.4 Let e be an idempotent bounded operator on a Hilbert space 7. Then

Im(e) is weak*-closed.

Proof: Suppose {v,}aep 18 a net converging to v in the weak™ topology with
the v, in Im(e). So ev, = v, for all n. Let w be any vector in .. Then

(ev | wy = (v | e*w) = lim(v, | e*w) = lim{ev, | w) = lim{v, | w) = (v | w).
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Thus ev = v. |

Proposition 3.4.5 Let f : E — B(J) be a norm continuous *-representation of
a compact semilattice on a Hilbert space. Then f(FE) contains a minimal nonzero

tdempotent.

Proof: If 0 ¢ f(E), then the minimum of f(£) will do. Otherwise, we use Zorn’s
lemma. Let D be a descending chain of nonzero idempotents of f(£). Then if we
view D as a net, it converges to its meet e. We need to show that e # 0.

Let A be the norm-closed subalgebra of B(#) spanned by f(F). Then A is a
commutative C*-algebra and so is isomorphic to C.(X) where X is the spectrum of
A. Now a projection on X must be the characteristic function of a compact open
set and the ordering translates into inclusion. So a descending chain D of nonzero
idempotents in f(F) corresponds in C.(X) to the characteristic functions of a de-
scending chain of non-empty compact open subspaces {U, }acp. Since convergence
in C.(X) is uniform convergence, it follows that e is the characteristic function of
the non-empty subset NyepU,. This proves that meet of each descending chain of

nonzero idempotents of f(E) is nonzero. |

Theorem 3.4.6 FEvery norm continuous irreducible x-representation of a compact

inverse semigroup on a Hilbert space is finite dimensional.

Proof: Let f : S — B(J) be a norm continuous irreducible *-representation .
Then f(E(S)) is nonzero and compact. By the above proposition, f(E(S)) contains
a minimal nonzero idempotent e and this idempotent is compact. Now the same
argument as the finite dimensional case shows that we obtain an irreducible represen-

tation G, — B(es#) (where G, is maximal subgroup at e) by restricting. By the
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theorem for groups 3.4.1, it follows that e is finite dimensional. If J is the _#-class
of e, then the same argument as the finite dimensional case shows that € FEB() f,
which is a finite dimensional (since F/(.J) is finite) and hence closed, is invariant under

S. Thus H = @ ey [ is finite dimensional. i



Conclusion

The existence of a left regular representation is one of the main goals of my future
work. First, we will define a new measure on compact inverse semigroups in order to
define a left regular representation. Let S be a locally compact inverse semigroup.
A P-V-invariant measure on S is a Borel o measure on S with global support such
that o(sB) = o(B) for every Borel subset of s*sS. The existence of this measure
relies on the existence of a Haar system (in the sense of Seda [19]). Then define a left

translation by

m(s) : L*(S,0) — L*(S,0)
f(l') = f(S*x)Xss*S

This agrees with the usual definition when S is discrete and o is counting measure.

Some other ideas for future work.

e Let S be a compact inverse monoid with totally disconnected idempotent set.
Gg = #(S) is the set of order compact elements which is a topological groupoid.
We want to show

Rep(S) ~ Rep(Gy).
e The existence of P-V-invariant measure of a locally compact inverse monoid.

e Defining characters of a compact inverse semigroup and generalize theorems

from group case to inverse semigroup.

85
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e Give a parametrization of finite dimensional irreducible representations of lo-

cally compact inverse semigroups.

e Prove or disprove: every irreducible x-representation of compact inverse semi-

group is is finite-dimensional.
e Prove the P-theorem for discrete inverse semigroup.

e Given an action of a semigroup 7" on an inverse semigroup .S, show that

C*(S % T) = C*(S) T

e Recover the topology on S from Gg = . (.5).
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