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Abstract

Modelling in cardiac electrophysiology results in a complex system of partial dif-
ferential equations (PDE) describing the propagation of the electrical wave in the
heart muscle coupled with a highly nonlinear system of ordinary differential equa-
tions (ODE) describing the ionic activity in the cardiac cells. This system forms
the widely accepted bidomain model or its slightly simpler version, the monodomain
model. To a large extent, the stiffness of the whole model depends on the choice of
the ionic model, which varies in terms of complexity and realism. These simulations
require accurate and, depending on the ionic model used, possibly very stable nu-
merical methods. At this time, solving these models numerically requires CPU time
of around one day per heartbeat. Therefore, it is necessary to use the most efficient
method for these simulations.

This research focuses on the comparison and analysis of several time-stepping
methods: explicit or semi-implicit, operator splitting, deferred correction and Rush-
Larsen methods. The goal is to find the optimal method for the ionic model used. For
our analysis, we used the monodomain model but our results apply to the bidomain
model as well. We compare the methods for three ionic models of varying complexity
and stiffness: the Mitchell-Schaeffer models with only 2 variables, the more realistic
Beeler-Reuter model with 8 variables, and the stiff and very complex ten Tuscher-
Noble-Noble-Panfilov (TNNP) models with 17 variables. For each method, we derived

absolute stability criteria of the spatially discretized monodomain model and verified
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that the theoretical critical time steps obtained closely match the ones in numerical
experiments. Convergence tests were also conducted to verify that the numerical
methods achieve an optimal order of convergence on the model variables and derived
quantities (such as speed of the wave, depolarization time), and this in spite of the
local non-differentiability of some of the ionic models. We looked at the efficiency of
the different methods by comparing computational times for similar accuracy. Con-
clusions are drawn on the methods to be used to solve the monodomain model based
on the model stiffness and complexity, measured respectively by the most negative
eigenvalue of the model’s Jacobian and the number of variables, and based on strict

stability and accuracy criteria.



Résumé

La modélisation en électrophysiologie cardiaque résulte en un systeme complexe
d’équations aux dérivées partielles (EDP) décrivant la propagation d’une onde
électrique dans le muscle cardiaque couplé a un systeme fortement non-linéaire
d’équations différentielles ordinaires (EDO) décrivant I’activité ionique dans les cel-
lules cardiaques. Ce systeme constitue un modele largement accepté, le modele bido-
maine, ou sous une version un peu plus simple, le modele monodomaine. Dans
une large mesure, la raideur du modele dépend du choix du modele ionique, qui
varie en termes de complexité et réalisme. Ces simulations nécessitent des méthodes
numériques précises et, selon le modele ionique utilisé, possiblement tres stables. A
ce moment, la résolution numérique de ces modeles nécessite des temps de calcul
d’environ un jour par battement de cceur. Par conséquent, il est nécessaire d’utiliser
les méthodes les plus efficaces pour ces simulations.

Cette recherche se concentre sur la comparaison et l’analyse de plusieurs
méthodes itératives en temps: méthodes explicites ou semi-implicites, a pas frac-
tionné, de correction différée et de type exponentielle. Le but est de trouver la
méthode optimale pour le modele ionique utilisé. Pour notre analyse, nous avons
utilisé le modele monodomaine mais nos résultats s’appliquent aussi au modele bido-
maine. Nous comparons les méthodes pour trois modeles ioniques de complexité
et de raideur variable: le modele Mitchell-Schaeffer avec seulement deux variables,

le modele Beeler-Reuter, plus réaliste, avec huit variables, et le modele ten Tuscher-

v
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Noble-Noble-Panfilov (TNNP), tres complexe et raide, avec 17 variables. Pour chaque
méthode, nous avons trouvé des criteres de stabilité absolue pour le modele mon-
odomaine discrétisé en espace et vérifié que les pas de temps critiques théoriques
correspondent a ceux obtenus dans les expériences numériques. Des tests de conver-
gence ont également été menés pour vérifier que les méthodes numériques atteignent
leur ordre optimal de convergence sur les variables du modele et les autres valeurs
dérivés (tels que la vitesse de 'onde, le temps de dépolarisation), et ce en dépit
de la non-différentiabilité locale de certains des modeles ioniques. Nous avons ex-
aminé efficacité des différentes méthodes en comparant les temps de calcul pour
une précision similaire. Des conclusions sont tirées sur les méthodes a utiliser pour
résoudre le modele monodomaine, basées sur la rigidité et la complexité du modele,
mesurée respectivement par la valeur propre la plus négative du jacobien du modele

et par rapport a des criteres de stabilité et de précision strictes.
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Introduction

The modelling of the electrical activity of the heart offers an interesting perspective
on the understanding of cardiac pathologies and its treatments. This subject has
great potential in biomedical sciences, as experiments on living hearts require consid-
erable resources. Hence, realistically simulating the behaviour of the heart reduces
the necessity for these kinds of experiments. Considering that heart diseases are a
leading cause of death in Western countries [5], modelling in cardiac electrophysiology
has the potential to significantly impact society. Also, this area has achieved great
strides in the past few years, because of improved models, calculation methods and
computer power [41(739).

The mono- and bi- domain models allow for an adequate modelling of the electrical
activity in the heart tissue [17,34]. These models form a complex system of partial
differential equations (PDE) that are coupled with a system of ordinary differential
equations (ODE) describing the ionic activity in cardiac cells. At this time, solving
these models numerically takes a computational time of around one day per heart-
beat.

The ODE systems describing ionic activity vary in terms of complexity depending
on how realistic one wants the simulation to be. These ionic models, coupled with
the mono- or bi- domain model, require discretization in space and time. This thesis
focuses on possible types of time-stepping methods: explicit, semi-implicit, operator

splitting, exponential and deferred correction methods. The monodomain model is a
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standard reaction-diffusion equation and solving the diffusion part of the model explic-
itly results in severe stability constraints on the time-step. Therefore, the use of semi-
implicit or implicit methods is viewed as crucial by most authors [8}/18,36]. To achieve
this, operator splitting methods have been considered by some authors [13,29,34,37].
Alternatively, an exponential method called the Rush-Larsen (RL) method was cre-
ated specifically to solve the ODEs resulting from the ionic activity of excitable cells,
and it has very stable solutions [28]. This method is very popular and several other
variations have been considered, including high-order RL methods [22,24,|33].

The different time-stepping methods have been thoroughly studied for non-coupled
ionic models [30,31], i.e. only at the cell level, and relatively little at the level of the
heart tissue. To date, no research in cardiac electrophysiology has compared a larger
number of methods as thoroughly for coupled models. In addition, first-order numer-
ical methods such as Euler’s method are still widely used in this field of research due
to their easy implementation [25]. We seek to show these are very inefficient com-
pared to high-order methods. Furthermore, we will consider a general ionic model
for stability analysis, allowing other researchers to use these results for the model
of their choice. Earlier studies are specific to an ionic model, which is limiting in a
research area where models are constantly evolving. Thus, this research will provide

a summary of the various methods that had not yet been compared.

The goal of this thesis is to find optimal methods for the ionic model used. In
the first chapter, we will start by choosing a number of ionic models that cover the
range of complexity, stiffness and realism for these types of models.

In the second chapter, we will then list a number of viable numerical methods for the
monodomain model. The different methods will be studied with theoretical analysis
and numerical tests in the later chapters.

In the third chapter, different stability analysis studies will be conducted for each

numerical method. It will be necessary to establish a technique to study the stability
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of the numerical methods for the monodomain model in an ODE setting. To ease
the comparison from one model to another, a general ionic model will be studied.
This analysis will be compared with the numerically observed critical time-step of
the different methods.

Then, in the fourth chapter, a convergence test will be performed to check whether
the methods of high order exhibit the correct rate of convergence when used to solve
the more complex ionic models. The accuracy of the studied methods will then be
compared with respect to their accuracy, relative to the size of the time-step and the

computational time.



Chapter 1

Models in Cardiac
Electrophysiology

In physiology, an action potential (AP) is a short-lasting electrochemical phenomena
in which the transmembrane potential of a cell rapidly rises and falls (depolarization
and repolarization). At the organ level, this consists of the propagation of a potential
wave. We call excitable cells, those that have the ability to transmit action potentials
(e.g. cardiac cells, smooth and skeletal muscle cells, secretory cells and neurons). The
AP is the result of a transfer of ions into and out of the cell through ion channels in
the membrane. To initiate an AP, an electrical stimulus is applied to a cell to trigger
a change in the transmembrane potential. If the change is too small, the potential
returns almost immediately to its resting value once the applied current is removed.
But a larger depolarization, to a certain potential threshold, causes the cell to enter
the process of an AP.

In the case of the cardiac AP, this results in a wave of depolarization that propagates
though the myocardium, resulting in the contraction of the heart which pumps the

blood through the body. We now describe the different phases of a typical ventricular

AP (see Figure [1.1]).
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Phase 1.

Phase II.

Phase III.

Phase IV.

Upstroke phase (fast depolarization): The transmembrane potential is
initially at its resting state (Vs = —85mV), but the partial depolar-
ization from the external stimulus opens the sodium channels and Na™
ions flood into the cell. This further increases the depolarization such

that the cell is now positively charged (V4. =~ 40mV).

Excited phase (plateau): Over a slow time scale, potassium channels
open, and K7 ions flood out of the cell. For a time, Na' ions are still
flooding in, counterbalancing the outflow of K* ions. The transembrane

potential falls but very slowly, resulting in a plateau of the cell potential.

Downstroke phase (repolarization): The outward potassium current even-
tually overwhelms the inward sodium current, repolarizing the cell, which
closes the sodium channels even more. The cell potential may undershoot

its equilibrium value, the cell becoming hyperpolarised.

Recovery phase: Slowly the potassium channels close and the cell returns

to its equilibrium state where it can be excited again.

For more information on the cardiac action potential see [3.|17,34].

i

111

v

Figure 1.1: The transmembrane potential versus time with the four main

phases of the cardiac AP. This is the typical shape of a ventricular AP.

(Figure taken from [27])
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1.1 Modelling the ionic activity in cells

We present three ionic models that will be used in our numerical test cases. There
exist many different models used to describe the ionic activity in cardiac cells. These
vary in terms of complexity and stiffness and so we chose to study models that cover
the whole spectrum. The first one is a simple model which can be easily understood
analytically (e.g. equilibrium points, nullclines, asymptotic solutions, etc.) and is
very efficient for numerical simulations. The next two are physiological models which

are not easily understood analytically and require more stable numerical methods.

1.1.1 Phenomenological Models

The Mitchell-Schaeffer (MS) model is a two-variable model proposed in [23]. In spite
of its very low complexity, this model still accurately represents the main character-

istics of the action potential. The original MS model reads:

E = f(u) U)7
9 (1.1.1)
E - g(ua 'U),
where u is the transmembrane potential, v is a gating variable,
1 1
u,v) = ——ovu-(u—1)— u, an 1.
f(u,v) (u—1) d (1.1.2)
Tin Tout

L (1 —wv) foru < ugqe,
g(u,v) = ™" ! (1.1.3)

1 for u > ugae,

Tclose

with 7, = 0.3 ms, 7oy = 6 mS, Topen, = 120 mS, Tyose = 150 ms and ugee = 0.13.

These values of the parameters are proposed in [23].

1.1.2 Physiological Models

A large number of ionic models were developed to represent physiological processes

occurring during the action potential. They are written in the following form, where
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u is the transmembrane potential, v is the vector of gating variables and X is the

vector of ionic concentrations.

(O X

gf}i_ " ’V>7' 1.1.4
g}t(:fi(u,vi), i=1,..,m, (1.1.4)
\E:g(u,X,v),

for t € (0,7] and with initial conditions u(0) = u°, v(0) = v" and X(0) = X°.
The function [ is a source/sink term. In general, the f;’s in (1.1.4)) are defined with
Hodgkin-Huxley type equations [15]:

Vi oo (1) — v;

To, (1)

filu,vi) = (1.1.5)

where v; o, is a steady state value for v; and 7,, is a time constant, both specific to
the ionic model and the gating variable. The steady state values and time constants
are dependent on the trans-membrane potential u, whose dependence is usually de-
termined through voltage-clamp experiments [17]. The source/sink term is defined
as

1

[<t7qu> V) = C_([app(t> - [i0n<u> X, V))a

where (), is the membrane capacity, I, is the applied stimulation current, and I,

is the sum of all ionic currents across the cell membrane. The function g is specific

to the ionic model.

The Beeler-Reuter model

One of the ionic models used as part of this research is the Beeler-Reuter (BR)
model [2]. For this model, there are six gating variables v;, denoted x, m, h, j, d
and f, and one concentration [Cal;, the intracellular calcium concentration. For each
gating variable,

1 )= Qi (u)
o) M el = e )

T'Ui(u) =
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Table 1.1: Constants for the rate functions of the BR model

Rate | C) Cy | C3 |Cy|Cs| Co | Cy
a, | 0.0005| 0083 | 50 | 0 | 0 | 0.057 | 1
B, |0.0013|-0.06 | 20 | 0| 0 | -0.04 | 1
. 0 0 | 47 | -1 47| 01 | -1
B | 40 |-0056| 72 | 00| 0 |0
ap | 0126 | 025 | 77 o0 0 |0
Bn | 17 0 |225| 0|0 |-0082] 1
a; | 0055 | 025 | 78 | 0| 0| -02 |1
B | 03 0 | 32|00 -01 |1
ag | 0.095 | -0.01 | -5 | 0| 0 |-0072] 1
Ba | 007 |-0017| 44 | 0 | 0| 005 | 1
a; | 0.012 [-0.008| 28 | 0| 0| 015 | 1
By 0.0065| -0.02 | 30 | 0| 0| -02 |1

where «, § are rate functions defined as

B 01602(u+03) + 04(u+ 05)
a(u) - eCo(u+Cs) 4 C- ’

for each gating variable. The rate constants C;, i = 1,...,7, are defined in Table [I.1]
The function g in (1.1.4]) for the calcium concentration is

g(u,v,[Ca];) = 1077 x I, + 0.07(1077 — [Cal;). (1.1.6)

The source term includes four different ionic currents: an initial fast inward current
carried primarily by sodium, Iy,; a secondary or slow inward current, [, carried
mainly but not exclusively by calcium ions; an outward potassium current designated

Ix; and an outward current designated I,. They are defined as follows:

4 <60.04(u+85) o 1) w23
0.08(u+53) 4 £0.04(u+53) + 0'21 — o 0.04(ut23) |

Ii(u) = 0.35 | - (1.1.7)
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e0-04(u+T77) _

I (u,z) = 0.8z (1.1.8)

60.04(u+35) ’
[Na(uvma ha]) = (gNamShj ‘I’gNaC)(U — ENa)a (119)

where gno, = 4mScm™2 (S refers to Siemens), gnac = 0.003mScm™2, and Ey, =

50mV, and

Is(u,d, f7 [Ca]l) :gsdf(u_Es([Ca]i))7 (1110)
where g, = 0.009mS cm~2 and
E,([Cal;) = —82.3 — 13.0287 In[Cal;. (1.1.11)

En. and Ej are the reversal potentials for the corresponding ionic currents.

The ten Tuscher-Noble-Noble-Panfilov Model

A more complex ionic model used in this thesis is the TNNP model from [35]. There
exist different versions of this model for different types of cells, and here we consider
the epicardial cells. This version is the stiffest of the original TNNP models. This
model has seventeen variables, including twelve gating variables and four concentra-

tions. It also has 15 different ionic currents. We present the details of this model in

Appendix [A]

1.2 Modelling the Heart Tissue

After modelling the electrical activity at the cell level, we now extend our models
to the organ level. A good model to describe the electrical activity in the muscle
tissue is the widely accepted bidomain model [38]. This continuum-based model uses
volume averaging, i.e. the individual cells are not modelled, but instead the models
introduced in Section are modified to represent local averages of cardiac cells
around any location z in the heart. In the bidomain model, the tissue is divided into
two superimposed domains representing the intracellular and the extracellular media.

See |17,134] for more details on this model.
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1.2.1 The Monodomain Model

The bidomain model is a system of coupled degenerate parabolic equations diffi-
cult to solve and analyze. We will consider instead the simpler monodomain model.
Assuming equal anisotropy ratio of the extra- and intra-cellular conductances, i.e.
AM; = M., the system of the bidomain model is reduced to a scalar equation, for the

spatial propagation of the transmembrane potential u, namely

A ou
2V (MVu) = gy S 1.2.1

where M, is the intracellular conductivity tensor and y is the cellular membrane area
per unit volume of cardiac tissue. The monodomain model is a standard reaction-
diffusion equation as opposed to the bidomain model which is a system of two coupled
degenerate reaction-diffusion equations. However, the monodomain model does not
accurately represent all the features of anisotropic propagation, but this model is

realistic enough and much cheaper to solve for many practical applications.

1.2.2 The Coupled Model

For our test cases, we consider the monodomain model with constant conductivities,

noted o, = Ao;, coupled with a general ionic cell model. The model then reads as:

ou 1 A o;
E = C_m <—Iz‘on(u,V,X) + H—)\;Au) s (122)
Gvi .
5 filu,v;) fori=1,..p, (1.2.3)
0X
= X 1.2.4
=XV, (12.0)

where o; is the intracellular conductivity, u is the transmembrane potential, v is the
vector of gating variables and X is the vector of ionic concentrations. We will denote
f and g as the vectors of f;’s and g¢;’s, respectively. The initial conditions of the

problem are given by

u(z,0) = ug(x), v(z,0)=vo(z), X(z,0)=Xo(x), € (1.2.5)
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for some functions ug, vy and Xy, and spatial domain €2. In our case, we choose these
functions as the resting values for each variable, given in Appendix Bl We impose
homogeneous Neumann boundary conditions, i.e. Vu-n = 0 on 0. This amounts

to having no current flowing out of the heart.

1.2.3 Nondimensionalization

We nondimensionalize the coupled model ((1.2.2)-(|1.2.4]) as in [27]. This will help with
the theoretical analysis in the later sections. We define the following non-dimensional

variables and corresponding scales:
u="V,u+ Vs where V,, =V, — Viest
t=1tT, r=2xL,
X, = szf(l + X, where X, = X+t —X;, fori=1,..q,

where Vi00, Viest and V,, are the maximum, resting value and characteristic poten-
tials, respectively. T is the characteristic time and L is the characteristic length. X",
X, and X, are the maximum, minimum and characteristic concentrations, respec-
tively. The values for the nondimensionalization scales are given for the MS model in
Appendix Bl For numerical simulations, we use the standard BR and TNNP models
without nondimensionalization.

We obtain the following equations after nondimensionalization

% = —Tipn(@i, v, X) 4+ oA,
% = f(a, v, X),
% = g(1,v,X),
where o = HL/\UZ-T/XCmLQ,
Tion (@, v, X) = Llion(Vmﬂ + Viests v, [X 1 X1 + X1 oy Xom X + X,17),

Cm Vm
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£, v,X) = TE (Vi + Viest, V. [X1 X1 + X7, oo, Xgn Xy + X, 15,

T . 8
Gi(,v,X) = rgi(vma+west,v, (X1 X1+ X7, oo, Xgm X+ X, ]7), fori=1,..,q.

For simplicity, we drop the tilde in all variables and functions. Our nondimensional-

ized problem is then: Find u, v and X solution of

% - _]ion(u7 V7 X—) + O'AU, (126)
g—‘t’ = f(u,v,X), (1.2.7)
0X
ot g(u, v, X). (1.2.8)

In some cases, it is simpler to denote v as the vector of v;’s and X;’s, and f as

the vector of f;’s and g;’s. Equations ([1.2.6)-(1.2.8) become:

ou
— =1 A 1.2.
315 zon(ua V) +o u, ( 9)
ov

5 = f(u,v). (1.2.10)



Chapter 2

Numerical Methods

The goal of this chapter is to introduce the different numerical methods studied in

the rest of this thesis.

2.1 Concepts and Definitions

This section is a summary of necessary information for the analysis of numerical
methods for ODEs, found in [11}12,|16}[20,21]. For this section we consider the

following initial value problem: Find y = y(t) solution of

dy
—-=1Ity), teloT), (2.1.1)
y(0) = yo.

Theorem 2.1.1. 20/ Let f(t,y) where f : RxR™ — R™, be defined and continuous
for all (t,y) in the region D = [0,T] x R™, and let there exist a constant L such that

1f(ty) — f&y)I < Ly — vl (2.1.2)

holds for every (t,y), (t,y*) € D. Then for any yo € R™, there ezists a unique solution
y of the problem , where y = y(t) is continuous and differentiable with respect
tot for all (t,y) € D.

13
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The requirement is also known as a Lipschitz condition and L as a Lips-
chitz constant.
For solving , we will introduce numerical methods to find an approximate so-
lution at a discrete set of nodes, denoted ¢, = nAt for n = 0,1,..., N, = T/At. The
parameter At is called the time-step and will be taken as constant. We let y™ denote
an approximation to the solution y(t,) of at t, and we want to produce a
sequence {y"} approximating the solution of on the discrete set of points {t,}.
Such a sequence constitutes a numerical solution of the problem.
A numerical method is a difference equation involving a number of consecutive ap-
proximations 4"/ for j = 0,1,...,k, from which we can sequentially compute the
sequence {y"|n = 0,1, ..., Ny}. If k£ = 0, the method is called a one-step method while
if k > 0, the method is called a multistep or (k+1)-step method. A (k+1)-step method
requires k + 1 starting values before the sequence {y"} can be computed. Finding
such additional starting values usually requires an appropriate one-step method, but
some multistep methods are self-starting and do not require another method. This
will be discussed at the end of this chapter.

Almost all of the methods introduced in this chapter can be written in the form

k k
"= ey ALY bif(tagy" ), >k, (2.1.3)
=0

j=—1
where the coefficients ag, ..., ax,b_1,bg, ..., b, are constants and k£ > 0. Assuming
lag| + |bk| # 0, it is a (k + 1)-step method. If b_; = 0, the method is said to be
explicit, while if b_; # 0, it is said to be implicit. The function f(¢,y) can be written
as f(t,y) = g(t,y) + h(t,y). If the method takes g explicitly and h implicitly, it is
said to be semi-implicit (IMEX, implicit-explicit).

We consider the numerical solution of the initial value problem given by the
general method with appropriate k£ + 1 starting values «,, that is the solution
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given by

Y = oy A bif (b "), n 2k, (2.1.4)

y'=a,, n=0,1,.. k.
Definition 2.1.2. The method defined in is said to be convergent if, for all

initial value problems satisfying the hypotheses of Theorem |2.1.1|, we have that

max ||y(t,) —y"|| =0 as At — 0.

0<n< Ny

Such convergence is not easily proven from the definition and thus we will need
to define some conditions under which a method is convergent. One such condition is
that it has to be a sufficiently accurate representation of the differential system. As
a measure of accuracy, we define the local truncation error by

k k

To(y) = y(tn) = | > aytn—g) + AL D> bif(tajiy(tn—y)) | , (2.1.5)

j=0 Jj==1
for n > k. Some authors define the local truncation error by the function 7,(y) =

T (y).

Definition 2.1.3. The method is said to be consistent if, for all initial value
problems satisfying the hypotheses of Theorem (2.1.1

T(At) = X |7 (y)] = 0 as At — 0. (2.1.6)

A method is said of order p if T7(At) = O(AtP). If a method satisfies the con-
sistency condition , then it has the appropriate accuracy necessary for conver-
gence. However, consistency alone is not sufficient. Stability is required.

When considering the stability of the problem , we can perturb both the func-
tion f and initial condition o and study how sensitive the solution is to such pertur-

bations. The perturbation (4(t),dp) and the perturbed solution z(t) are defined by
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the perturbed initial value problem

dz
== [ty +0@), teoT], (2.1.7)
y(0) = yo + do.

A numerical method applied to introduces errors due to discretization or
round-off, and these errors could be interpreted as perturbations to the problem
(2.1.4). The perturbation {(6™,n = 0,1,...N;} and the perturbed solution {z",n =
0,1,...N¢} of are defined by the perturbed difference system

Zn+1 = Z?:O (ljZnij + At (Z?:—l bjf(tn—jy anj> + 5n+1> , n > k?7
2=, +95, n=01,.. k.
Definition 2.1.4. Let {6",n = 0,1,..N,;} and {§™*,n = 0,1,...N,;} be any two per-
turbations of and let {z",n = 0,1,..N;} and {z"*,n = 0,1,...N;} be the

resulting perturbed solutions. Then if there exist constants S and Aty such that, for

all At € (0, Aty],

|2 — 2" < Se for 0 <n < Ny whenever |[|§" —0""|| <€ for0<n< N,

(2.1.9)
we say that the method 15 zero-stable.
The stability of (2.1.3)) is also linked to the roots of the polynomial
k
p(Q) = ¢ =Y a . (2.1.10)
=0

Definition 2.1.5. The method 1s said to satisfy the root condition if all roots
of p(¢) have modulus less than or equal to unity, and those of modulus unity are

simple.

Theorem 2.1.6. [20] A method of the form satisfying the root condition is

zero-stable.
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Theorem 2.1.7. |20/ The necessary and sufficient conditions for the method

to be convergent is that it be both consistent and zero-stable.

We now introduce another important notion for the stability of numerical meth-
ods which will be used in Chapter[3] Zero-stability is defined for very small time-steps,
i.e. At — 0, and so does not consider the impact of the function f(¢,y) on the stabil-
ity of the method. In fact, it only considers the problem 3’ = 0. We need a definition
of stability that gives a condition on the largest possible size of the time-step used,

depending on the function f(¢,y). We first consider the following initial value problem

dy

_:)\ya

dt (2.1.11)
y(0) =1,

the famous Dahlquist test equation. For one-step methods of the form (2.1.3]), we can
always find a function R(z) such that the method applied to (2.1.11)) may be written
as

Yyt = R(2)y", (2.1.12)
where z = At A. For the Euler’s method, we have R(z) =1+ z.

Definition 2.1.8. The function R(z) is called the stability function of the method.
It can be interpreted as the numerical solution after one step for the Dahlquist test

equation. The set

S={z€C;|R(2)| <1} (2.1.13)

1s called the stability domain or stability region or region of absolute stability of the

method, and the method is said to be absolutely stable.

Definition 2.1.9. A method, whose stability domain satisfies
S D C ={z Re(z) <0},

1s called A-stable.
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We now define these concepts in the case of multi-step methods. We consider a
general (k+1)-step method of the form (2.1.3)) applied to the Dahlquist test equation

and rewrite it in this form:
(1 —2b_)y"™ ™ + (ag — 2b)y™ + ... + (ap — 2bp)y" " =0, z=At X  (2.1.14)

Equation (2.1.14)) is solved using Lagrange’s method found in [11]. We set 3/ = ¢J

and divide by ("* to obtain the characteristic equation
(1 — 2b_1)¢"™ + (ag — 2bo)C* + ... + (ay, — zby,) = 0. (2.1.15)

The difference equation ([2.1.14]) has stable solutions (for arbitrary starting values) iff
all the roots of ([2.1.15) have modulus less than or equal to unity and multiple roots

must have modulus strictly smaller than 1.
Definition 2.1.10. The set

all roots (j(z) of (2.1.19) satisfy |(;(2)] <1,
S={zeC; ’ (AR ! (2.1.16)

multiple roots satisfy |(;(z)| < 1

1s the stability domain or stability region or region of absolute stability of the method.
We have A-stability if S D C~.

This concept of absolute stability can be extended beyond the scalar case. Con-

sider a linear system
dy
dt

where A is a constant m x m matrix. For simplicity, we suppose that A is diago-

Ay, (2.1.17)

nalizable, which means it has a set of m linearly independent eigenvectors v, such
that Av, = A\,v, for p = 1,...,m, where )\, are the corresponding eigenvalues. Let
P = vy, ..., v] be the matrix of eigenvectors and D = diag(Ay, ..., \) be the diagonal

matrix of eigenvalues, then

A=PDP™' and D= P 'AP
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Let u(t) = P~y(t). We can rewrite (2.1.17) as

du
— = Du. 2.1.18
This is a diagonal system of equations that we decouple into m independent scalar
equations of the form

du

d_tp = \u,, forp=1,.m, (2.1.19)

where u, are the components of w. A linear multistep method of the form
applied to can also be decoupled in the same way. For the overall method
to be stable, each of the scalar problems must be stable, and this requires At\, to
be in the stability region of the method for p = 1,...,m. This can be rewritten as a
condition on the spectral radius of the matrix A, p(A).

The concept of absolute stability does not directly apply to nonlinear systems. As

in [12], we will consider a linearized approximation of the nonlinear system.

dy
= =ty (2.1.20)

Let ¢(t) be a smooth solution of (2.1.20]). We linearize f around ¢(t) as follows

Y1) = ft,o(t) + 5t e()) () — (1) + Oy — 2l (2.1.21)
We let u(t) = y(t) — p(t) to obtain

u'(t) = %(t’ p()u(t) + O(|[ull*) = J(#)u(t) + O(||ull*), (2.1.22)

where J(t) is the Jacobian matrix of the system. As an approximation, we consider
the Jacobian to be constant and drop O(]|u||?) to obtain the linear system

du_

— = Ju. 2.1.23
o = Ju (2.1.23)

The stability analysis that we presented for linear systems can now be used on this

linearized approximation.
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Stiffness

The stiffness of an initial value problem arises when solving it numerically. When a
problem is stiff, the main restriction on the time-step used for the numerical method
is due to its stability rather than for accuracy requirements. In the case of a nonlin-
ear system of ODEs, the eigenvalues of the Jacobian determine the stability of the
problem. In this thesis, we will say that a system of ODEs is "stiff” if it has an
eigenvalue with a large negative real part, thus requiring a very small At for At to
be in the stability region of the numerical method used. This differs from the usual
definition which uses the stiffness ratio [20]. Stiff problems tend to be solved using
implicit methods because of their large stability region. The BR and TNNP models
are considered stiff, but not the MS model.

2.2 Space discretization

The problem (|1.2.6))-(/1.2.8) has derivatives with respect to time and space and thus
requires both spatial and temporal discretization. Depending on the spatial dimension

of the problem, we consider the following methods of spatial discretization.

2.2.1 Finite difference method

We consider the 1D version of the problem —. We consider evenly spaced
grid points o, ...,xy covering our spatial domain [0, L], with h = L/N, z; = jh
for each j = 0,1,..., N. We denote U = [Uy, ..., Un|T =~ [u(zo,t),...,u(zyn, t)], V =
Vo, oo, VT = [0(20, 1), ..., v(zy, 1)]T, where v(z,t) = [vi(z,1), ..., v(z,t)]" and X =
[Xo, ooy Xn]T =~ [X (20, 1), ..., X (zn,1)]T, where X (z,t) = [X:1(z,t),..., X (z,t)]". The

second derivative in space is approximated as:

d*U; U —2U; + Uiy .
T 2 fori=1,...N —1. (2.2.1)
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Discretizing in space, our model becomes

U, = —I(U,V,X) + AU, (2.2.2)
Vi=F(U,V,X), (2.2.3)
X, = G(U,V,X), (2.2.4)

where I, F' and G are the vectors of I;,,, f and g evaluated at the solution at each

spatial node. A is the (N + 1) x (N + 1) diffusion matrix defined as

-1 1 0 0
1 -2 1
A=710 0
-2 1
I 0 0 1 —1_

This matrix is derived from (2.2.1) using homogeneous Neumann boundary condi-
tions, i.e. Z—Z(O,t) = %(L,t) = 0. Indeed, using forward difference at x = 0 we get
% = 0 and using backward difference at ©+ = L, % = (0, which we both
multiply by o/h before introducing these in the matrix A. This gives Uy = U; and
Un_1=Upn.

2.2.2 Finite element method

We also consider the 2D version of the problem — using the finite ele-
ment method [6]. Here, we assume that our spatial domain € can be covered by
a regular mesh .7}, of triangles of maximum diameter h, with N + 1 nodes, noted
xg, ...,xy. We denote V}, as the space of continuous linear finite elements on .7}, [26]
and consider the usual basis of hat function ®2,...,®"% corresponding to each node

X, ..., TN, respectively. We again suppose homogeneous Neumann boundary condi-

tions for u on 9Q. We set u"(t) = Z;V:o U;@h, ol (t) = Zj.vzo Vi ;" fori=1,..,pand
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th(t) - Z;V:() X%J(I);Z for ¢ = 1, .. q.
The variational formulation of the problem reads as: Find (u”, v, X") € €([0, T}, V},)PT4+!

solution of

/ udldr = — / Lion(u", v, X" O dx — / oVu"Voldr, (2.2.5)
Q Q Q
/vz7t®?d$:/fk(uh,vh,Xh)(I)?da:, for k=1,..p, (2.2.6)
0 Q
/Xl}fté?dﬁz/gl(uh,vh,Xh)(I)?dx, fori=1,...q, (2.2.7)
Q Q

for all ¢« = 0,..., N. The integrals involving nonlinear functions are not easily com-

puted, therefore we approximate them using nonlinear mass-lumping, i.e.
N
/ Lign (u, 0", XM O dz ~ / > Lion(U;, V5, X;) @0 @l dr,
Q O °
7=0

and similarly for the integrals in (2.2.6[)-(2.2.7)). We then rewrite (2.2.5)-(2.2.7) under

matrix form:

MU, = —MI(U,V,X) + AU (2.2.8)
MV, = MF(U,V, X), (2.2.9)
MX, = MG(U,V, X), (2.2.10)

where U, V, X, I, F and G are defined as in Section [2.2.1] A is the stiffness matrix
obtained by integrating by parts the second order term, M is the mass matrix such

that M;; = fQ @?@?dx, or its approriate modification to handle the vectorial variables

V and X.

2.3 Time discretization

We consider a variety of explicit, semi-implicit and implicit methods of first to third-

order, using a constant time-step At, for the time discretization. When solving
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reaction-diffusion equations as the monodomain model, some authors suggest using
semi-implicit methods [8,24,34]. Implicit methods are usually too expensive for many
ionic models and as we will see in the next section, explicit methods have additional
stability restrictions.

Let us introduce the notation for the fully discretized version of the problem

(1.2.6)-(1.2.8). We denote
U" = [U, ... UR]" = [u(wo, ty), ... u(zn,, ta)] 7

V=V s Vilos oes V;th]T ~ [01(T0,t0)s oy Up(T0, ), ooy (T, , 20)] T and

n __ n n
X —_— [X170’ '.'7Xq,07‘

XD 2 (X (o, ), o Xg(0, ), s Xg(@ny, )]
We define the methods for the finite difference method. Defining the methods for the
finite element method only requires adding the mass matrix M to the left-hand-side
of the equations and in front of the I, F' and G.

For most methods, the gating variables and concentrations are treated the same
way. Therefore, if the following schemes do not have X and G, it is implied they are

included in V' and F, respectively. We first briefly present all the numerical schemes

and cover their details afterwards.

2.3.1 First order methods

(i) Forward Euler (FE):

UnJrl —_yn
— = (U™, V") + AU",
At 2.3.1
Vn+1 —_yn ( o )
e A AN )
o= P v
(ii) Forward-Backward Euler (FBE):
n+l _ 17n
U U e vy 4 AU,
At 2.3.2
Vn+1 —yn ( U )
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(iii) Rush-Larsen (c_y =0, ¢ = 1, ¢; = 0) with Forward-Backward Euler (RL-FBE):

Un+1 _ Un
T — _[(Un7 Vn’Xn) + AU?’L—‘,—l?
VnJrl _ Y/
ZTtVZ = B(a A (VI +bY), i=1,...,p, (2.3.3)
Xn+1 _ Xn
© - n n o xn
At G(U ’V ) )7

where @, a' and 0 are given below.

2.3.2 Second order methods

(i) Second order semi-implicit backward differentiation (SBDF2):

3rn n lyrn—
Syl _ g 4 Lyt

= 2[(U™, V") 4+ [(U" 1, vl + AU™ T,

At
2.34
%Vn+1 — V" %anl . . ( )
=2FU", V") = FU" -, V" ).
At
(ii) Strang Splitting with Crank-Nicolson and Runge-Kutta 4 (CN-RK4):
Un U* U**
Here we denote Y = Y = and Y™ =
Step 1
y*—y" 1
———— = - (K1 + 2K, + 2K;3 + K. 2.3.
AL o (B 201 + 2K + Ky), (2.3.5)
where
—I1(Y"™) K« —I(Y" + &LK)
1= ; =
F(Y™) F(Y™ 4+ 5LK))
—I(Y" + 8K, —I(Y"+ 5K,
Kg _ ( 4 2) , K4 _ ( 2 3)
F(Y" + 2LK,) F(Y™ + 8LK3)
Step 2
u=-U* 1
— = ;AU +U"). 2.3.6
Step 3
Yn+1 Ve 1
————— = = (K{ +2K] + 2K; + KJ), (2.3.7)

At/2 6
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where
—I(Y* —I(Y* 4 ALK
oo [T | D)
F(Y™) FP(Y™ + §LKY)

ES

*

—I(Y* + 8LK3) —I(Y* + £LK3)
9 4 —
F(Y* + 2LKy) F(Y* + 2LK3)

(ili) Strang Splitting with Crank-Nicolson and Runge-Kutta 2 (CN-RK2):

Here we denote Y = LY = and Y™ =
Step 1
Y*—y"
— X =K 2.3.8
At/2 2 (2:3.8)
where K5 is defined as in Step 1 of the CN-RK4 splitting scheme.
Step 2
u=-U* 1
— = ;AU +U"). 2.3.9
Step 3
YnJrl . Y**
——— = K 2.3.10
At/2 > ( )

where K3 is defined as in Step 3 of the CN-RK4 splitting scheme.
(iv) Second Order Rush-Larsen (c_; = 0, ¢g = 2, ¢; = —3) with Crank-Nicolson
Adam-Bashforth (RL-CNAB):

n+l _ 71n 1 1
U U _ —g[(U”,Vn,Xn> + §I(Un—1jvnfl’Xn71> + _A(Un+1 + Un)7

At 2
yrtl _yn L el L
S = (@ AN @V T, =1,
X xn 3 1
— n noxYny _ Z n—1 n—1 Xn—l
A7 GG VXY = SGUTTL VT ),

(2.3.11)

where ®,a' and 0 are given below.
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2.3.3 Third order methods

(i) Third Order Deferred Correction (DC3):

Here we denote YY" = and Y," = ‘
vn \VAG

)

The initial values for the

algorithm are Y = Yy, Y =0 and Y3 = 0.

.

mln+1 [(Ybn)’ Tlln+1 F(Yn)
U(;H_l B UO 1 1 V”H‘l ‘/0 1
for n > 0 s =it + AU T = nlg™*,
dUn+1 (Un+1 Ug)/At, dvn+1 (VnJrl ‘/On)/At’
(2.3.12)
(
dQUn+1 (dUnJrl dUg)l)/At, ml?f — F(Y'On + At}/‘l’n71>7
up—upt 1 ml} — mly
— AU — — 2 n+1 [t S
—Ar Uj 5 Uy™ + A 5
dup = (Up — U3~ ) /A,
for n Z 1 1 ( 1 0 )/
P2V = (azv"+1 —dVP) /AL, nlr = F(YE + A,
Vi — Vln_l nl} — nlf
_ d2 n+1
At Yo At

avit = (V" - Vo"*l)/Afy
\

(2.3.13)
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U = (dUp — dUPY) /At BUMT = (Ui — d2UR) /At

iy~ = F(YP 4 AP APY),

Upt -Up? 1 mly ™" —mily ™
At 6 At? ’

forn > 2 RV = (dVy — dVPTY) AL BV = (VT — V) A,

U +

1
= AUy~ — SUp +

nl;—l _ F(Ybn_l + At}/ln_l + AtQY'Qn—2)7

‘/anl o ‘/11172 1 nlgfl o nl?ffl
At 6 At? ’

Yn—l — Y'On—l =+ AtY'ln—l =+ At2}/2n—1.

1
— _§d2‘/1n+ d3‘/0n_|_

(2.3.14)

We now make comments and explain some details for the methods above.
Euler’s Methods
Euler’s method is a very well known basic time-stepping method. We solve our system
using the explicit Forward Euler’s method but we can choose to take the diffusion
term implicitly to get the semi-implit Forward-Backward Euler’s method. As we will
see in the next chapter, solving the diffusion part explicitly causes the stability con-

dition for the time-step to depend on the spatial discretization.

Second Order Semi-Implicit Backward Differentiation

This multistep method usually denoted SBDF is a semi-implicit version of the back-
ward differentiation formula (BDF) and is also known as extrapolated Gear. It has
been studied in the case of time-dependent PDEs in [1] and for the bidomain model
in [§]. As for the Forward-Backward Euler’s method, the terms are taken explicitly

other than the diffusion term.

The Rush Larsen Method

A very popular method for solving physiological models is the first-order scheme pro-
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posed by Rush and Larsen [28]. For simplicity we will introduce the method for the

following scalar initial value problem,

dy
- = fty) =alt,y)y +b(ty), teT] (2.3.15)
y(0) = y°.

In general, there are different ways of choosing a and b, depending on the ionic model
used. The idea behind the method is to recognize that by assuming that a and b are
constant, the solution of (2.3.15)) after a time increment of At is a simple exponential

of the form:

mAw:&“<f+9)—é. (2.3.16)
a a

We then utilize to construct an iterative scheme by taking the obtained
solution as the initial condition for the next time-step, updating the values of @ and b
at each iteration. The proposed numerical scheme for the solution of is given
by

n " b
a a (2.3.17)

y(0) =y’
where a™ and 0" are defined as a" = a(t,,y") and b" = b(t,,y"), respectively.
This original Rush-Larsen scheme is only first-order accurate. Fortunately, Perego and
Veneziani [24] introduced a way to increase the accuracy of the scheme, by taking a
and b at time bt s

Y+l = yn 4 AtCD(a’”%At)(a”Jr%y” + bn+%)’ n=20,..Ny,
(2.3.18)

where
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a""z and b"*2 are approximations of a(t, 1) and b(t, 1) taken as

A"z = c_a" 4 cpa” + ™, BT = e b bbb, n=1, ..., N,
az = c_1a* + (co+ ¢1)a’, b: = c_1b' 4 (co + ¢1)b°,
(2.3.19)
where c_1, ¢g and ¢, are coefficients to be determined.
For the problem —, we want to apply the Rush-Larsen Method only on
the gating variables. We need to write the function f in as fi(u,v,X) =
a;(u)v; + b;(u). It is necessary that the ionic model used has f; depending only on u

and v;, which is the case for most models. For the BR and TNNP models, we have:

-1 N ) = Vi o0 (1)
O R A

a;(u) =

The concentration ODEs are solved using an explicit method: Forward Euler for the
first-order method, and Adams-Bashforth 2 for the second-order method. The trans-
membrane PDE is solved using semi-implicit methods: Forward-Backward Euler for
the first-order method and Crank-Nicolson with Adams-Bashforth 2 for the second-

order method.

Operator Splitting

Operator splitting is a useful technique when solving coupled systems of PDEs. It
involves splitting complex equation systems into smaller parts that are easier to solve,
for example splitting the reaction and diffusion parts in a reaction-diffusion equation.

For simplicity we will introduce our method for the following initial value problem,

dy

— = (L1 + Lo)y,

a =) (2.3.20)
y(0) = wo,

where L; and L, are operators acting on y. Choosing a small time-step At, an

approximate solution of the problem at time t = At can be computed in two steps:
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Step 1: Solving the problem

% = L1u7
dt (2.3.21)
u(0) = yo,
for t € [0, At].
Step 2: Solving the problem
dv
T L2v7
dt (2.3.22)
v(0) = u(At),

for t € [0, At] using as initial condition for v the solution obtained in the first step.The
approximation of y(At) is the solution from step two, v(At).

This method is called Godunov splitting and is first-order accurate in the time-step
At ]9,34]. We can modify this method to obtain a second-order accurate method
consisting of these three steps:

Step 1: Solving the problem

% = L1u7
dt (2.3.23)
u(0) = 4°,
for t € [0, At/2].
Step 2: Solving the problem
d
_U = L2U7
dt (2.3.24)

v(0) = u(At/2),
for ¢t € [0, At].

Step 3: Solving the problem

— = Lqu,
a7 (2.3.25)

u(A/2) = v(At),
for t € [At/2, At]. The approximation of y(At) is the solution from step three, u(At).

This method is called Strang splitting [32,34]. For the studied problem, L, repre-

sents the discretized diffusion term and L, the functions from the ionic model. For
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our Strang splitting scheme, we use explicit Runge-Kutta (RK) methods for Steps 1
and 3, and the implicit Crank-Nicolson (CN) method for Step 2. This results in a
semi-implicit method.

Remark. To reduce the computational cost of this Strang splitting method, Step 3
can be combined with the Step 1 of the next time-step. Instead of computing two
half steps of RK, one could compute one RK step. To preserve the second order, the
last time-step would have to end with a half step of RK. This would reduce the num-
ber of times the ionic functions are computed but it would also change the stability

condition.

Deferred Correction

Deferred (or defect) correction methods |19] can be constructed for any order k. Con-
sidering the problem , we want to construct an approximation of y at time ¢,
by summing successive corrections. The approximation of order k for this method is
constructed as y" = y§ + Aty + At?y7 + ...+ AtFy? + O(AtF ) where the corrections
Yy, ---, Yy are computed one after the other. In our case we will use Forward-Backward
Euler steps for the corrections. This method has been used in the case of Navier-
Stokes equations in [10] and has not yet been tested for the monodomain or bidomain
models. The method proposed above is a semi-implicit third-order deferred correction
scheme for the monodomain model. Using only the first two correction steps written

above is possible and gives a second-order approximation of the solution.

First Iteration for Multi-Step Methods

Note that for multi-step methods, we need to initiate the first iteration using a one-
step method. In fact, these methods require the value of the solution at the two
previous time-steps, which are not available at time ¢t = ¢; = At. We only have the
initial value of the solution at time t,. A solution to this problem is to take Y1 = Y©

for the first iteration, which changes the multi-step method into a one-step method.
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However, this does not generally ensure that the method remains consistent. For the
considered schemes, we have such problems for the SBDF2 method. For the first step,

this strategy gives the following scheme which is non-consistent:

syl 30

2 A252 _ —I(UO,VO,X()) +AU1,
3yl 3y0
2 2 = F 0 n XO

At (U 7V ) )7

3x1 _3x0
2 2 — 0 0 XO )
=G VLX)

Instead, we need to use a one-step method, such as FBE, for the first time-step. As for
the RL-CNAB method, by taking Y ~! = Y, we end up with the RL-FBE method.
In some programs, it might not be simple to change the time-stepping method for
the first iteration of the method. This was the case in the Fortran code that we used
to make 2D simulations. When using the finite element method, the first equation of

(2.3.4) for the SBDF2 method would then be written as:

1
(gM — AtA) Urtt =M (QU" - QU”‘l + At(=2I(Y™) + I(Y”‘l))> ., (2.3.26)
where M is the mass matrix and A is the stiffness matrix. The left-hand-size matrix
multiplying U™ is computed at the beginning of the program. It is not simple to
replace the first iteration of SBDF2 by FBE because the first equation of (2.3.2)) is
written as

(M — AtA) U™ = M (U™ + AtI(Y™)). (2.3.27)

We see that the left-hand-side matrix is different, and then one must find a one-
step method using the same left-hand-side matrix. To do so, we used the following

f-scheme:

@M - AtA) Uttt =M (gU" + AtI(Y")) + %AU”, (2.3.28)

which is consistent but does not require a recalculation of the left-hand-side matrix.

Furthermore, the choice of the method used for the first iteration is important when
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considering the order of convergence of the method. We know that first-order methods
are locally of second-order, and that second-order methods are locally of third-order.
Therefore, if we take a first-order method for the first iteration of our second-order
time-stepping scheme, we conserve the order of convergence. The same idea applies
to higher order methods: third-order methods only require a second-order scheme for
the first time-step. Note that the DC3 method is self-starting, so it does not require

another method for the first time-step.



Chapter 3
Stability Analysis

In this chapter, we find stability conditions for the numerical methods introduced in

the last chapter.

3.1 Energy method

In this section, the stability analysis will be done in a PDE setting, where we use
the energy method to find an upper bound on the time-step At needed for stability.
Though the derivation is very similar to what was done in [8] for the FitzHugh-
Nagumo model coupled with the bidomain model, we present the derivation of stabil-
ity estimates with the energy method to explain the stability conditions of numerical
methods in the case of a general ionic model coupled with the monodomain model.
We wish to demonstrate that our numerical solutions are stable, i.e. they remain
bounded for sufficiently small values of the time-step At, and to determine the con-
ditions on this time-step. We consider the stability of the problem (1.2.9)-(1.2.10).
Lipschitz Condition

We suppose that I;,, and f; satisfy the following Lipschitz condition

[Mion (u, V)| < Li[lullo + [Ivllo],

34
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1fiCu, V)| < Ly

ullo + |[vllo] fori=1,...,p+gq,

1/2
where Ly, Ly, > 0 and ||v|o = ( ?:17 ijﬂg) . Functions Iy, and f; used in some

ionic models are locally Lipschitz and as solutions remain bounded practically (we
mean in computations), we can identify constants L; and Ly, for these estimates to
provide useful information on stability.

We consider the the variational formulation of the problem: Find (u,v) € C*(0,T; V)

such that

Q

/ w ®"dr = — / Lion(u, v)®"dx — / oVuVed"dr, (3.1.1)
Q Q

/ v oldr = / fi(u, v)olde, fori=1,...,p+q, (3.1.2)
Q 0
for all ®" b, ... @h € Vi, where V, is the space of P, linear continuous finite

elements.

3.1.1 Forward Euler

We apply the FE time-stepping method to the problem (3.1.1)-(3.1.2)) and take ®" =

u™ and ¢l = v for each i as test functions. We obtain

unJrl —
/ (— + Lion(u™, V”)) u"Mdr + / oVu"Vu"dr = 0,
Q At Q

n+l _ ,n
/ (% — f(u”,v")) v"dr = 0.
Q

We can bound below the diffusive term
/ oVu'Vu"ldr = o (/ Vit de — / (Vu"+1 - Vun) Vu"“da:)
Q Q Q
2 o (|un+1ﬁ o |un+1 - un‘1|un+l|1) 7
where |.|; is the H' semi-norm. Using the identity

2(an+1 . an)an—H — (an+1>2 + (an-i-l . an)? . (an)2’
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we write

™ G+l = w15 =l 15 + v HIE + v = v lIg = v 15

+ 2Ato|u" ] = 2Ato [u T — uy [t

< 2/ (u”+1 - u”) u"dx 4+ 2At/
Q

Q

p+q

p+q

= —2At/Q[ion(u”,vn)u”“d:c—l—ZAtZ/in(u”,v”)v;”lda:
i=1
From an inverse inequality in [6, Th. 3.2.6. on p.140] we get:
Ju" T — ") < %Hu"Jrl —u"|o. (3.1.3)
Using our Lipschitz condition, Holder’s inequality and Young’s inequality, we have
- /Q Lign(w", v )u™ dae < Ly[lu”[lo + [[v"[lo] e [lo
< L [ + I + 51

A similar result is obtained for the terms in f;. Using Young’s inequality and the

inverse inequality (3.1.3]) , we have

2
2 1 = ) 2 288 ol = - Ot - ]
S
2 %2
> At(20 — 8)|[u™ 2 - Ata—ﬁﬂu"“ — "2,
S

Putting all this together, we obtain:

¢’ 1 2 12 112
o I = I+ e ) <

™[5 + [V 1I6 + AtCy[u" G + AtCol v | + AtCs|u™|[§ + AtCyllv" |5,  (3.1.4)

||u”+1||3 + <1 — At

1=1,....,p+q

all terms on the left-hand side of the inequality are positive, we restrict s and At so
2 2

that s < 20 and 1 — At >0, i.e.
sh?

where C; = 2L;, Co =2 max Lfi) and Oy = Cy = L; + > "7 L. To make sure

2 2
At < h*s 2h

S 2 < % (315)

oVu"Vu"tdr + 2 Z/ (of ! — o) P dx
i=1 79
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We sum the inequality (3.1.4) for n going from 0 to m — 1, where m is an integer
between 1 and V;. Let k = 20—s, C' = max{C1, Cy}, and K = max{C,+Cs5, Co+C4}.
We have the following result:

m—1
(1= AtO)[[lu™ 5+ Iv™[17] +AthIU"\1 < 5+ VOIS + ALK Y (™13 + (v 1)
n=1 n=0

(3.1.6)
We choose At < 1/C and apply the discrete Gronwall lemma to (3.1.6) to obtain

(O VIR (31)

By combining (3.1.6) and - we write

n|2 2112
<
nggxm{nu I3+ Iv2IRY < <

ZN\U i< HuoHo+HV°H )+ —— max{[[u"[[g + [v" 5}

Let us extend the numerical solutions at discrete time ¢, to functions v and v
that are piecewise constant in time such that u(nAt) = u", v(nAt) = v" for
n = 0,...,N;. If the conditions imposed on At are met, v and v remain stable
in the spaces L>®(0,T; L*(Q2)) N L*(0,T; H'(Q)) and L>(0,T; L*(2)), respectively.
These conditions are At < 1/C, with C' = O(max{L;, L¢}) and condition (3.1.5)),

where Ly = max Ly,. Condition (3.1.5) is similar to the usual stability condition
1=1,..., »+q

for FE applied to the heat equation.

Discussions on Forward Euler method’s stability conditions
An estimate was found for the constant ¢ in [8]. In the 1D case, we get € > 2v/3.
The condition (3.1.5) becomes:

h2

At < —
60

3.1.2 Second Order Semi-Implicit Backward Differentiation

We apply the SBDF2 time-stepping method to the problem (3.1.1)-(3.1.2)) and take

dh = "+ and ¢l = v for each i as test functions. We obtain
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3 n+1l _ Ay™ n—1
/ ( Y L @L(u"") Iion<u”—1,v”‘1>>) W da / oV dy = 0,
Q 2At Q

2At
Using the identity

3 '(H-l . 4 n Tl—l
/ < . SN (fiun, v - fi(unl,V"1>>> vitlde =0 fori=1,...,p+q.
Q

(6" — 8a™ + 24" 1)a" ! =(a"T)? + (2" — a™)? + (Gpa™t)?
(@) = 2 =
where d4a" ! = o™t — 24" 4 ™!, we obtain
lu™ G+ 12u™ = u™fg — [lu”]l5 — 12u™ = u" G + [V
H12v" T =g — VUG + 4Ato | R
SALC|u [ + AtCo||v" T[S + AtCs[|u” (|5 + AtCy]|v"[[5

+ AtCs|u |G + AtCel v 1[5,

where Oy = 12L;, Cy = 12L;, C3 = Cy = 4(L; + Y277 L;) and C5 = Cs =
2(L;+ 3P40 Ly,). Summing the inequality for n from 0 to m — 1, we get ™! and v~
values that we will take equal to u® and v, respectively. As we have discussed in the
previous chapter, this does not result in a consistent method for the first iteration.
However, this makes the stability argument simpler but the conclusion remains valid

for the consistent method. Taking C' = max{C},Cs} and K = max{C; + C3 +
2C5,Cy 4+ Cy + 2Cs}, we get:

(1= AtO)[[u™|[5 + V™[] + 4At0 > fu"[}
n=1

m—1
< 2[5 + IVOI15) + ALK~ ([lumllg + v 15)- (3.1.8)

n=0

Choosing At such that At < 1/C and applying the discrete Gronwall Lemma to
(13.1.8) we get:

2
max{[lu" g+ [[v'[g} < (1[5 + VO lig)e™/ =26, (3.1.9)

n=1,...,N, 1 - AtC
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By combining (3.1.8)) and (3.1.9) we have
Ny
1 TK i i
> At < 5 116 + 1v°116) + = max{[[u”[I§ + [v" 15} (3.1.10)
— o o n
Therefore the discrete functions v and v remain stable in the spaces L>(0,T; L?(£2))N
L*(0,T; H(Q)) and L>(0,T; L*(Q)), respectively, with the condition that At < 1/C
holds. C depends on Cy and Cy, with C; = O(L;) and Cy = O(Ly), then C =

O(maX{L[, Lf})

For many ionic models that are locally Lipschitz, Lipschitz constants valid on the
bounded region holding the solution are not easily identified and we must find an
upper bound for them. As we will see in Section [3.3] the given condition on At is
too restrictive and far from the actual numerically observed condition on stability. In
the case of the FitzHugh-Nagumo model, we can find a better bound than the one
derived from the Lipschitz condition and thus obtain a better bound on At [§].

3.2 Absolute stability

In this section, the stability analysis will be done using the concept of absolute sta-
bility for ODE solvers. We will linearize our PDE and then consider the linear ODE
system given by the linearized problem semi-discretized in space. We will find the sta-
bility region of each method for the linearized problem. The largest possible time-step

At for which AAt is in the stability region is called the critical time-step.

3.2.1 Forward Euler

Consider the general ionic model coupled with the monodomain model that we have

nondimensionalized in Chapter [1|in equations ((1.2.9))-(1.2.10]):

ou

i —Lion(u, v) + 0 Au, (3.2.1)
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ov
i f(u,v), (3.2.2)

We linearize around some constant state (u, V) that will be determined later. Equa-

tions (3.2.1)) and (3.2.2) become

0 a[ion ~ ~ a[ion ~ ~
a—? =~ 5, (U, V)u — En (@, v)v + ocAu, (3.2.3)
0 of of
a_: = (@, V) + 5 (@, V), (3.2.4)
For the sake of the stability analysis, we consider evenly spaced grid points ..., x_1,zg, 1, . ..
covering the real line with z;; = jh for each j € Z. Wedenote U = [...,U_y, Uy, Uy, .. .| ~
[u(r_g, ), u(zo, t), u(zy,t),.. JTand V =[... . V1, Vo, Vp,.. . ]T ~

[ v(x_q,t),v(z0, t), v(z1, 1), .. .]7, where v(z,t) = [vi(z,1), ..., vprq(z, t)]" . Putting
(3.2.3) and (3.2.4) together we obtain

a[ion _a[ion Uj+1 - QUJ + Uj,1

of ———(a,V) (@ V)| |U;
d 1Y _ Fn P o h? . (3.2.5)
dt 1y, Aawy  Zaw | |v 0
J @u ) av Y J
o o 2
for each j € Z. We set U;(t) = U,(t)e™" and V;(t) = V,,(t)e™?", for all w € |0, %],
as is usually done for von Neumann stability analysis. Then
iwh __ —iwh
i o U, e 2+e U,
Vi Vi 0,

where J is the Jacobian matrix evaluated at (@, v) as in (3.2.5)). If we now discretize
in time and apply the FE scheme on (3.2.6]), it becomes

7 2 —2
ven ] fonlY 0 o] [Pt
— —=J +o h : (3.2.7)
anJrl 14 At 174 0
—
i 2 —2
grt| o vr]  [o2h =201 [y
= + AL | J + h : (3.2.8)
e e Ve 0 of |V&
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Denoting A, the diffusion matrix occuring in the last term on the right-hand-side,

Uzt U
— (I +At(J + A)) . (3.2.9)
v v

We define the stability function R(At, h,w) = I + At(J + A,). For stability we need
that the spectral radius p(R(At, h,w)) < 1. This is implied by having p(At(J+A,)) <
2. Indeed, looking at the eigenvalues of the Jacobian for the different ionic mod-
els [22] and the eigenvalues of the diffusion matrix, we see that the spectral radius
depends on the most negative eigenvalue of J+ A,,. The condition for stability is then
At < =2/ X\pin, where A, is the most negative eigenvalue of J + A,. Because this
eigenvalue depends on w, we will consider the wave number w that makes this inequal-
ity most restrictive, i.e. w = m/h, a fact that can be verified numerically. Therefore
our critical time-step for the stability of the FE method is At},., = —2/Amin, Where

Amin 1S the minimum eigenvalue of

a[ion(~ ~) 4o a[ion(~ ~)

— U,v) —— — ,

Juge W v (3.2.10)
™Y Y

To determine A,,;,,, we calculate numerically the solution of the problem on a fine grid.
We then evaluate the matrix J+ A, at each node of our domain, and for each of these
matrices, we calculate their eigenvalues. We choose the most negative eigenvalue as
our A,;,. The constant state (@, v) is then chosen as the numerical solution evaluated
at this node. The most negative eigenvalue typically appears during the resting state
of the solution, but for some models, the stimulation current can sometimes make it
more negative. The theoretical critical time-steps are shown in Table for the BR
model, Table for the MS model and in Table for the TNNP model. We can

see that with small values of h, the critical time-step is proportional to h%.
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Numerical verification for the choice of w

2
7]9 p<R(At;€kheo’ hv w)) <

1 for J evaluated at any node of the discretized domain. Therefore the stability

We can verify numerically that for different choices of w € |0,

condition At < —2/\,,;, is sufficient, at least from numerical verifications.

3.2.2 Forward-Backward Euler

Following the same approach, we write the FBE scheme as:

Un+1 Un 1 Un n+1
=Y == Y +A | (3.2.11)
VJL—H v At v V{;H—l
<~
n+1 Un
(I-AtA,) | “ | =T+At)) |~ (3.2.12)
vy v
Un+1 Ur
Yol =T - AtA) T T+ AL | (3.2.13)
Vi v
We have the stability function R(At, h,w) = (I — AtA,)~ (I + AtJ). For stability we
2
need p(R(At, h,w)) < 1. This stability condition depends on w € [0, %] and therefore
we look for the value of w which is more restrictive for the stability. One can easil)lf
2 h—2\"
see that the matrix (I — AtA,)~! is diagonal with value {1 — Ata%)

in the first position and 1 on the rest of the diagonal. This value is always in the
interval (0, 1]. The most restrictive case for stability is when this value is 1, i.e. when
w = 0. This can be verified numerically. The condition for stability then becomes
p(I+AtJ) < 1. Therefore, similarly to the FE method, our critical time-step for FBE
is Atf.. = —2/Amin, Wwhere A\, is the most negative eigenvalue of J. As explained
for the previous method, we calculate J at each node of a fine grid and we choose
its most negative eigenvalue as our \,,;,. The constant state (@, v) is then chosen as
the numerical solution evaluated at that node. The critical time-steps for the BR,

MS and TNNP models are shown in Tables [3.2] 3.5 and respectively. On coarse
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meshes, FE and FBE are expected to be stable for the same time-step At, but as the
grid is refined, FE’s stability deteriorates while FBE’s remains unchanged. In fact,
the diffusion term taken implicitly in the FBE method makes the critical time-step
independent from the grid size h.

Remark. We can look at the problem ({3.2.1))-(3.2.2)) by linearizing it after the spatial

discretization. Discretizing in space on a finite interval and linearizing we have:

(5] Uy Uy

vi vi vt

v? Jo 0 -+ 0 v? v?
o | : 0 J, . : :
g = ‘ +A , (3.2.14)
ot P Do o? P

U2 i 0 0 JN_ U2 Uz

Ui | Ui | VN |

where A is a discrete diffusion matrix and for each ¢ = 0,... N, J; is the Jacobian

matrix at the node z;, i.e.

a[ZO’n( ) a[wn( )

- Uz, Vi Ui, V;

B By Bl
au 1y Vi aV iy Vi

Denoting Y as the solution vector, then A is such that the components of AY are

Ujp1 — 2U,; i

o litl Uj + Ujy
2

otherwise.

. ) ou;
for j =1,...,N — 1, at the position corresponding to —= and 0

ot
Applying the Forward-Backward Euler scheme to (3.2.14]), we obtain
Y = (I — AtA) Y (I + AtT)Y™, (3.2.15)

where Y™ and Y"*! are the solution vectors at time t,, and t,,; and J is the block

diagonal matrix of the Jacobians. For stability, we need p(R(At,J)) < 1, where
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R(At, J) = (I — AtA)™'(I + AtJ). We will only consider a sufficient condition for
[ stability, i.e. ||[R(At,J)|| < 1. This condition is sufficient but not necessary as
for all induced norms, p(R) < ||R||. It is easy to see that the matrix A is negative
semidefinite and therefore —AtA is positive semidefinite. Using the fact that I and
—AtA are both symmetric and positive semidefinite, it can then be shown that

(I — AtA)7Y| < 1 for any At > 0. Therefore a sufficient condition for stability in
the [*°-norm is

11+ At < 1. (3.2.16)

Because J is a block diagonal matrix, (3.2.16)) is equivalent to
I+ AtJilloo <1, Vi=1,...N. (3.2.17)

Dropping the ¢ for simplicity, we then need, for each row j of our matrix:

p+1
L+ ALT, + A > [T <1 (3.2.18)
k=1,k#]

If J;; > 0, then any At > 0 is not a solution. Therefore, we need our model to have
Jj; < 0. If At < —1/J;;, then (3.2.18) becomes

p+1

L+ ALT + A > [T <1 (3.2.19)
k=1,k#j
=
p+1
Tig <= > il (3.2.20)
k=1,k+j
For At > —1/J;; we have
p+1
— 1= AT+ A Y Tl <1 (3.2.21)
k=1,k#j
=
2

< (3.2.22)
Zp“ e
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which is equivalent to

At < 2/|1Ji o (3.2.23)

Hence a sufficient condition for stability for the Forward-Backward Euler scheme is

that At < . We also need our model to satisfy J;; < 0 and (3.2.20

The critical time-step given by this analysis ensures stability in the [*°-norm as op-
posed to the L? stability obtained above with the Fourier transform, but it is usually
too restrictive. In the case of the Beeler-Reuter model, this critical time-step is about
5000 times smaller than its actual numerical value. Therefore, we will only consider

the analysis using the Fourier transform and eigenvalues.

3.2.3 Strang splitting

We use the technique presented above to look at the stability of the Strang splitting
scheme. Let us start with the CN-RK4 method.

Step 1:
v v ! 1 Ky + 2K+ 2K3 + Ky) (3.2.24
vi| || ) m T gt AR 220
where _
Uy
Kl = J
Vi
Uy At
Ko=J — K
vrl o 4
U; At
Kg - J —K2
vr| 4
Uy At
K,=J + —Kj
vrl o 2
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Replacing the K; into (|3.2.25)), we obtain

- At At/2)? At/2)3 At/2)4 s
:(I+—J+—< [2] o (B2 s /)J“) ., (3.2.25)
v: 2 2 6 24 \%
Step 2:
Usr U; 1 1 Uy 1 Uusr
_ — =ZA, +—A, , (3.2.26)
<~
U:;* 1 —1 1 U:)
= (I - =AtA, “AtA, + 1 : (3.2.27)
Step 3:
ur+t At At/2)? At/2)? At/2)* e
:(I+—J+( /)J2+( /)J3+( /)J4) (3.2.28)

Combining (3.2.25)), (3.2.27)) and (3.2.28) we obtain

[n+l 2 3 4 -1
R <I LAy B (B2 4 (A12) J4> <I — %AtAw>

Vil 2 2 6 24
1 At At/2)? At/2)3 At/2)* Uz
Lngag 1) (14 80y 4 BU2E o (AURP 5 (AL2)7
2 2 2 6 24 v

(3.2.29)

We have the stability function

A At/2)? At/2)3 At/2)4 1 -1
R(At,h,w)=([+7tj+( t2/>J2+( t6/>J3+( ZR J4) (I—§AtAw)

i AL (A2 ()
(éAtAw—f—[) ([+7J+ 9 J + 6 J +TJ .

2
For stability we need p(R(At, h,w)) < 1. This condition depends on w € |0, %] and

therefore we take the value of w which is the most restrictive for stability. As for the
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Forward-Backward Euler scheme, we take w = 0. A necessary condition for absolute

stability is then given by

p(([—i—%]—i—%(ﬂ—i-%(ﬁ—l-%(ﬂ) ) <1. (3.2.30)

If this matrix is diagonalizable, the eigenvalues of the polynomial of a matrix are equal

to the values of the polynomial evaluated at the eigenvalues of the orignal matrix,

(13.2.30) becomes

(1 + AtX;/2+

<1, (3.2.31)

(AEA;/2)2 (AtN/2)®  (AtA/2))°
> 6 u >

for all eigenvalue \; of J. As seen with the previous methods, and with the contour
of the stability region shown in Figure the most restrictive eigenvalue will be
the most negative. Using this most negative eigenvalue and solving using Newton’s
method we obtain the critical time-step shown in Tables and [3.7 As we did
for FBE, we can verify numerically that our stability condition p(R(At},.,, h,w)) <1

is satisfied for all other choices of w € [0, 7]

Using the same technique, we look at the CN-RK2 method.

Step 1:
U At At/2)? U;
— (1 +—J+ uﬁ) : (3.2.32)
Vi 2 2 \&
Step 2:
e 1 e Us
_ (I - _AtAw) <_At,4w n I) . (3.2.33)
Step 3:
untt At At/2)? s
= (I + —J+ uﬂ) : (3.2.34)
VZ-H 2 2 VZ;*



3. Stability Analysis 48

Strang Splitting

N

o

Figure 3.1: Stability regions of CN-RK4 (red) and CN-RK2 (green)

Combining ((3.2.32)), (3.2.33]) and (3.2.34) we obtain

[+l 2 -1
¢ = <J + gJ + (A1/2) J2) (I — 1Az&Aw> (lAtAw + I)
\ 2 2 2 2

A At/2)? u;
(1 + 2ty + uﬂ) . (3.2.35)
2 2 vr

w

For stability we need p(R(At,h,w)) < 1. Again taking w = 0 because it is the

most restrictive wave number for stability, and using the same argument, the stability

(1 + At /2 + %)2

for all eigenvalue A; of J. Similarly, we solve for the contour and get the critical
time-step At} in Table [3.2] for the BR model, in Table [3.5] for the MS model and
in Table [3.7] for the TNNP model. The stability region is the interior of the contour

condition becomes

<1, (3.2.36)

shown in Figure 3.1} This region in contained in the stability region for the CN-RK4
method.
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3.2.4 Second order semi-implicit backward differentiation

Following the approach used previously, we write the SBDF2 scheme as:

3 |Ust Uzl 1S 1 us| (us Uzt
= -2 + - —=J|2 — + A,
2 Vu:z-i-l V‘:L 2 Vojl_l At VL:L thz—l VJL—H
. v’
For simplicity, we denote Y7 = | “| for all j € Z. Equation (3.2.37) becomes
Vi
3 n+1 n 1 n—1
(51 — ALY — (2 +2ALD)Y" 4+ (51 + AtJ)Y" T =0. (3.2.38)

As done for the previous semi-implicit methods, we take w = 0. We will later justify
numerically that this value is the most restrictive for the stability of this method.
Equation (|3.2.38)) becomes

1
gynﬂ — (21 +2At)Y" + (51 + AtJ)Y" = 0. (3.2.39)

Equation ([3.2.39) is solved similarly to the Lagrange’s method found in [11]. We set
Y7 = /W, where W is an eigenvector of .J with eigenvalue A. We divide by ¢"~! and

obtain the following equation

1
;@W — (21 +2ALT)CW + (5T + ALIW = 0. (3.2.40)

;gQ — (24 2AtNC + (% + AtA) = 0. (3.2.41)

Equation (3.2.39)) has stable solutions iff for any eigenvalue A, all roots of (3.2.41|)sat-
isfy |(;(AA?)| < 1, and additional multiple roots must satisfy |(;(AAt)| < 1 [12]. The

stability region of the method is defined as

all roots (j(p) of (B.2.41)) satisfy |¢;(p)] <1,
S={pecC; ’ ’ (3.2.42)

multiple roots satisfy |(;(p)| <1
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Figure 3.2: Stability Region of the SBDF2 method

For stability of our method we need p = AtA € S for all eigenvalues A of J. Solving
for (3.2.41)), we get that our method is stable if
-3 1
_ FC+20 -5
1—2C
for |¢| < 1. We can take ( = € for 0 < # < 27 to find the contour of the stability
region. Hence, the contour of the stability region is
- 220 4 9¢i0 — L
1 —2¢e®

The contour of the stability region is shown in Figure [3.2] As seen with the previous
methods, the most restrictive eigenvalue will be the most negative. Considering only
real eigenvalues, we then need —4/3 < AAt < 0 for stability. The critical time-step is
then At} = _—4 and its value is shown in Table for the BR model, in Table

for the MS model and in Table for the TNNP model.

Justification for the choice of w
We want to verify numerically that for different choices of w we still have a stable

solution when using Aty .. We rewrite equation (3.2.38) such that we have a one-step
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method
yntl (%] — Aw)*1(21+ 2AtJ) (%I - Aw)*l(—%l — AtJ) yn
Yyn» I 0 yn-1
(3.2.43)
Let
3T — A) N2l +2AtT) (31 — A) " N(—iI — AtJ
Ry - | BT A7 ) (1= A (=3 - A)

I 0

be the stability function for the SBDF2 method. The stability condition is p(R(At, h,w)) <
2

1. We can numerically verify that for different choices of w € [0, %], p(R(At},.,, hyw)) <

1 for J evaluated at any node of the discretized domain. Therefore the stability con-

dition At < —4/3 A\, is sufficient, at least from numerical verification.

3.2.5 Rush-Larsen

We now look at the stability of the RL-FBE and the RL-CNAB schemes. These
differ from the methods previously studied in that the differential equations for the
gating variables are solved using a different method than for the membrane potential
and the concentrations. The major advantage of using Rush-Larsen methods is to
be able to use large time-steps compared to more classical methods. In fact, it
can be shown that in the case of most problems in electrophysiology, the region of
stability of RL methods of the form covers the entire negative half plane [24],
i.e. A-stability. The stability of the scheme then depends on the methods used to
solve the differential equations for the membrane potential and the concentrations.
The following discussion on the stability of the Rush-Larsen methods uses heuristic
arguments that provide critical time-steps relatively close to those in numerical tests,
but this derivation cannot yet be formalized.

Let us first study the unconditional stability of the Rush-Larsen (RL) method using
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a scalar problem. The RL method is used for solving problems of the following form

dy

o = Yy +0(y), (3.2.44)
which gives
n+1 ah n bn bn
Yy =e Yt — | = —, (3.2.45)
a” am

where a™ = a(y™) and 0" = b(y").

To study the absolute-stability of this scheme we consider the following problem:

LAY 3.2.46
o = ( )

where A = A\, + A\, < 0. Here, A\, represents the a(y) in equation (3.2.44)), and Ay is
a linearization of b(y), i.e. 0™ ~ \y". Equation (3.2.45)) becomes:

A A
Yt = et (] 4 " T —by". (3.2.47)
Aa Aa
The stability condition for this scheme is:
b b
1< 1+ 2 ) -2 <1 3.2.48
<o (14 ) - 1< (3.2.49
Knowing that A\, = XA — \,, we get
A A A
o< MM < 24
A Y (3.2.49)
: A . .
Assuming A\, < 0, we get x > (), which gives us
Aa
1-2+< Bt < 1, (3.2.50)

Because \, < 0, the right inequality is always satisfied. If A, < A/2 then the left
inequality is also always satisfied. Therefore, assuming A\, < A/2, the method is
unconditionally stable. Otherwise, if we have A\, > A\/2, we apply the In function to
(3.2.50) and from the left inequality we obtain the following stability condition for
At

1 A
At< —In(1-2-2). 251
t_)\an< )\) (3.2.51)
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In the case of problems in cardiac electrophysiology, we have A < 0, A\, < 0 and

)\b >0 l24].

Rush-Larsen with Forward-Backward Euler

We now look at the stability of the system. In this case, we use a different scheme
for the differential equations of the gating variables and the concentrations. There-
fore, we look at the problem in the form —. As done previously, we
linearize around some constant state (i, v, X) = Y and take the Fourier transform.
We apply the scheme to the linearized problem. The scheme is identical to

Forward-Backward Euler for the membrane potential and concentrations.

Ug
2coswh — 2 OLion =~ OlLion OLion <

1— Un—i—l = UM+ At | Zton _ Ylion _ Ytion n
X5
(3.2.52)

Us;

dg - dg - Og -

XM = X 4 Al {_g %8yy %8 } a 3.2.53
cr=xzear By By B v (3253)

Xn

w

The ODESs for the gating variables are solved with the first order Rush-Larsen method.
As opposed to previously studied methods, it is not a linear multistep method. To
facilitate the absolute stability analysis and because the Rush-Larsen method is A-
stable, we will consider an A-stable one-step linear method for V', which can be

written as

Vit = R(AL W)V, (3.2.54)

where p(R(At,w)) <1, for any At > 0. We then consider the most restrictive case of
p(R(At,w)) = 1. This is the case when R(At,w)) = I, which is equivalent to setting

Vit =y, (3.2.55)
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As for the previous semi-implicit methods, we take w = 0 because it is the choice that

is most restrictive for stability. Combining (3.2.52))-(3.2.55]), we have

Y™ = (I 4+ AtJp)Y™, (3.2.56)
Where N aIz'on (Y/) N a[ion (f/—) . alz‘(m ( Y )
ou ov 0X
JrL = 0 0 0 : (3.2.57)
By By By

As we did before for the Euler methods, the stability condition for this scheme is
At < —2/A\pin, where A, is the most negative eigenvalue of Jgr. The critical time-
step, At},., = —2/Amin is shown in Table for the BR model and in Table for
the TNNP model.

Similarly, for the RL-CNAB method, we get from the stability analysis of the Adams
Bashforth method, At},., = —1/Anin-

3.2.6 Deferred Correction

Due to the more complex nature of the third order deferred correction scheme, we
cannot easily find a stability condition using absolute stability analysis. However,
the numerically observed critical time-step is very close to the one from the Forward-

Backward Euler method.

3.3 Numerical results

In this section, we compare the critical time-steps obtained through our absolute
stability analysis of from the previous section to those observed numerically in the
case of the BR, MS and TNNP models.

The numerical results in the 1D case were obtained with the 1D problem —
. We use a spatial domain of length 100 cm, discretized by equally spaced
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nodes x; = ih, h = 1/N or its equivalent for the nondimensionalized MS model. We
used a final time T" of 400 ms for the BR model, 350 ms for the MS model and 300 ms
for the TNNP model. The values of the parameters for the monodomain model are
shown in Tables [B.1] [B.2] and [B.3]in Appendix [B] The initial values for the different
variables at time ¢ = 0 are the resting values shown in Tables B.4] and [B.5] The

applied current stimulation is the C*® function given by

0 1 . 1 if 0 <z <1,
) exp(l——)exp( — )

0 otherwise.
(3.3.1)

I

app

All simulations for the 1D case were made with MATLAB.

We also tested the stability of the BR model in the 2D case using an implementation
of the methods written in Fortran90 called SIMCA. |I| For the 2D simulations, we
used a lem X lem square domain discretized with 3432 grid points and a final time
T of 16 ms. The applied current stimulation is given in SIMCA and is a C! function
of x and t consisting of a modified cosine on a chosen subset of grid points and zero

elsewhere. It is given by

1+ cos(mr) 1 + cos
50— 2(7r) i 2(”7) fo<r<1,0<r<l,
Lopp(x,t) = (3.3.2)
0 otherwise,
where r = |x — Xg|/ro with xo the point at the center of a circular simulation zone
and rg, the radius of this zone. Similarly, 7 = (¢ — ty)/70 sets a stimulation interval
in time starting at t =ty with duration 7.
For each method, the theoretical critical time-step At} is determined by the sta-

bility conditions from the previous section and the most negative eigenvalue of the

Jacobian of the ionic model used, \,,;,, which is calculated on the domain as explained

LCharles Pierre, Université de Pau et des Pays de I’Adour, Laboratoires de Mathématiques et de
leurs Applications
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in the previous section. The numerically observed critical time-step At* is the largest
possible time-step for which the numerical solution remains bounded. When using
a relatively large time-step with the more stable Rush-Larsen methods, the solution
remains bounded but its shape degenerates and does not represent the real shape of
the wave. Therefore, for the RL methods the value of At* is taken as the largest

possible time-step for which the potential wave does not degenerate.

Remark: Computing the Jacobian for discontinuous models.

The functions I, F' and G of the BR model are all continuous and differentiable with
respect to each variable. We thus found the Jacobian analytically and evaluated it
numerically. Other ionic models have discontinuities which prevent us from defining
a Jacobian for those points. To avoid deriving expressions on both sides of the dis-
continuities, we decided to approximate the Jacobian numerically, for e.g. by using
MATLAB’s numjac function. For example, several functions in the ODEs for the gat-
ing variables in the TNNP model have discontinuities at © = —40 and the function
in the ODE of the gating variable of the MS model has a discontinuity at u = wgqze.
These are null sets of the phase space and in general we will not observe these dis-
continuities when approximating the Jacobian or solving the differential equations
numerically. However, if we approximate the Jacobian at the discontinuity point or
close enough to be below the tolerance for numjac, we obtain extremely large eigen-
values. These discontinuities might become a problem for extremely small time-steps
because it becomes more likely to have values of v very close to the singularities. This

has not been a problem for our simulations.

3.3.1 Beeler-Reuter

The most negative eigenvalue of the Jacobian for the Beeler-Reuter model is A,,;, =

—81.782. For this model, this value can be obtained by evaluating the Jacobian at
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the resting values found in Table [B.4l Note that one can find the most negative
eigenvalues of the Jacobian of 37 different ionic models in [30] and |22]. The authors
obtained a value of -82.0 for the BR model. The theoretical critical time-steps for
methods studied above are shown in Table [3.2| and the numerically observed critical
time-steps in Table for the 1D case and in Table for the 2D case. We can
see that for all methods except the RL methods, the critical time-steps obtained
numerically are very close to those obtained through absolute stability analysis. In
the case of the RL methods, the critical time-steps are similar for RL-FBE, but At*
is approximately half of Aty for RL-CNAB. This is likely a consequence of our
stability analysis using heuristic arguments.

For the Strang splitting methods, we observe smaller At* in 2D compared to their 1D
equivalent. Otherwise, the analysis done in the last section for the 1D monodomain
model seems to apply for the semi-implicit methods in the 2D case. Due to the more
complex nature of the Finite Element method for higher dimensions, the analysis of
explicit methods such as FE will depend on the meshing technique used.

We observe that the critical time-steps of the FE and FBE methods are initially the
same for h = 0.0625, but as h gets smaller FE becomes less stable with a critical
time-step of order h2. This indicates that the use of explicit methods to solve the BR
model is only justifiable for very coarse meshes.

The RL methods are the most stable of all the methods studied. The RL-CNAB has
a At* more than three times larger than the one of the next most stable method,
CN-RK4. This method has a At* slightly larger than the one for CN-RK2, which
reflects the fact that the stability region of CN-RK2 is included in the stability region
of CN-RK4. The At* for the SBDF2 method is three to four times smaller than the
ones for the Strang splitting methods and 50% smaller than the one for FBE. These
relations between the At* of the linear multistep methods, i.e. excluding the RL
methods, are the same for all the ionic models used.

As mentioned in the last section, the critical time-step for the DC3 method is very
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close to the value for FBE: it is slightly smaller.

Table 3.1: Size of At* for the numerical methods used with BR model

Methods h=0.062500 | h=0.031250 | h=0.015625
224 Order SBDF 0.016 848 0.016 848 0.016 848
Strang Splitting (CN-RK4) 0.071 480 0.071 480 0.071 480
Strang Splitting (CN-RK2) 0.050 289 0.050 289 0.050 289
Forward Euler 0.025373 0.020 094 0.005063 9
Forward-Backward Euler 0.025 373 0.025373 0.025373
RL-CNAB 0.23529 0.23529 0.23529
RL-FBE >0.800 00 >0.800 00 >0.800 00
DC3 0.024 465 0.024 465 0.024 465

Table 3.2: Size of At} for the numerical methods used with BR model

Methods h=0.062500 | h=0.031250 | h=0.015625
27 Order SBDF 0.016 304 0.016 304 0.016 304
Strang Splitting (CN-RK4) 0.068 115 0.068 115 0.068 115
Strang Splitting (CN-RK2) 0.048911 0.048911 0.048911
Forward Euler 0.024 455 0.020 238 0.005 066 2
Forward-Backward Euler 0.024 455 0.024 455 0.024 455
RL-CNAB 0.423 42 0.423 42 0.423 42
RL-FBE 0.846 83 0.846 83 0.846 83

3.3.2 Mitchell-Schaeffer

For the MS model, the most negative eigenvalue obtained is \,,;, =

—2.6651. The

theoretical critical time-steps for the methods studied are shown in Table 3.5/ and the
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Table 3.3: Size of At* for the numerical methods used with BR model in 2D

Methods At*

214 Order SBDF 0.016 131
Strang Splitting (CN-RK4) || 0.059 566
Strang Splitting (CN-RK2) || 0.044 933

Forward-Backward Euler || 0.024 242
RL-CNAB 0.200 00

numerically observed critical time-steps in Table We can see that for all methods
At* is very close to At} .

Because the MS model is not very stiff, we see the stability of the FE method depends
on the size of h even for relatively large values. This indicates the necessity for taking
the diffusion implicitly when solving less stiff models such as the MS model.

We also observe that the CN-RK4 method requires a slightly smaller time-step than
At} This is most likely resulting from the oscillations caused by the use of the
Crank-Nicolson method [36]. These oscillations can be observed for large time-steps
for both Strang splitting methods.

For the MS model, the Strang splitting methods are the most stable of all the methods
studied. They have a At* three to four times larger than for the SBDF2 method.

The DC3 and FBE methods have the same numerically observed critical time-step.

3.3.3 ten Tuscher-Noble-Noble-Panfilov

For the TNNP model, the most negative eigenvalue obtained is A, = —1191.7.
The value given in [30] and [22] is -1170. The theoretical critical time-steps for the
methods studied are shown in Table and the numerically observed critical time-
steps in Table 3.7 As for the BR model, we can see that for all methods except

the RL methods, the critical time-steps obtained numerically are very close to those
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Table 3.4: Size of At* for the numerical methods used with MS model

Methods h=1 h=0.50000 | h=0.250 00
224 Order SBDF 0.52632 | 0.526 32 0.526 32
Strang Splitting (CN-RK4) || 1.8519 1.8519 1.8519
Strang Splitting (CN-RK2) || 1.5217 1.5217 1.5217
Forward Euler 0.12270 | 0.035874 | 0.0089405
Forward-Backward Euler 0.76923 | 0.76923 0.769 23

Table 3.5: Size of At} for the numerical methods used with MS model

Methods h=1 h=0.50000 | h=0.250 00
224 Order SBDF 0.50029 | 0.50029 0.500 29
Strang Splitting (CN-RK4) || 2.0902 2.0902 2.0902
Strang Splitting (CN-RK2) || 1.5009 1.5009 1.5009
Forward Euler 0.11179 | 0.033672 | 0.0088728
Forward-Backward Euler 0.75043 | 0.75043 0.75043
DC3 0.75043 | 0.75043 0.75043

obtained through absolute stability analysis. In the case of the RL methods, At* is
approximately half of At} for RL-CNAB and two thirds for RL-FBE.

For the Forward Euler scheme, At* is the same for h = 0.0625,0.03125,0.015625. For
smaller values of h, we begin to see a dependence of At* on h?, as shown in Table
[3.8. These results indicate that for very stiff models such as the TNNP model, the
use of fully explicit methods could still be acceptable, except on finer spatial meshes.
The RL methods are the most stable of all the methods studied. The RL-CNAB has
a At* almost twenty times larger than the next most stable method, CN-RKA4.

As for the BR model, the DC3 method has a At* slightly smaller than the one for
FBE.
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Table 3.6: Size of At* for the numerical methods used with TNNP model

Methods h=0.062500 | h=0.031250 | h=0.015625
224 Order SBDF 0.0011348 | 0.0011348 | 0.0011348
Strang Splitting (CN-RK4) || 0.0048362 | 0.0048362 | 0.0048362
Strang Splitting (CN-RK2) || 0.0034562 | 0.0034562 | 0.0034562
Forward Euler 0.0017044 | 0.0017044 | 0.0017044
Forward-Backward Euler 0.0017044 | 0.0017044 | 0.0017044
RL-CNAB 0.091 380 0.091 380 0.091 380
RL-FBE >0.600 00 >0.600 00 >0.600 00
DC3 0.0016869 | 0.0016869 | 0.0016869

Table 3.7: Size of At;,,, for the numerical methods used with TNNP model

Methods h=0.062500 | h=0.031250 | h=0.015625
274 Order SBDF 0.0011189 | 0.0011189 | 0.0011189
Strang Splitting (CN-RK4) || 0.0046746 | 0.0046746 | 0.0046746
Strang Splitting (CN-RK2) || 0.0033566 | 0.0033566 | 0.0033566
Forward Euler 0.0016783 | 0.0016783 | 0.0016783
Forward-Backward Euler 0.0016783 | 0.0016783 | 0.0016783
RL-CNAB 0.206 12 0.206 12 0.206 12
RL-FBE 0.41223 0.41223 0.41223

As expected from the analysis of the last sections, for all ionic models, only the
fully explicit Forward Euler’s method has a critical time-step depending on the size
of h. Indeed, as h gets smaller we see that At* is eventually proportional to h2.
Looking at the Jacobian for large h, we see that the minimum eigenvalue comes from
the gating variables. For the FE method, it then requires small values of A for the

eigenvalue coming from the second derivative term in the PDE for the transmembrane
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Table 3.8: Size of At* for the Forward Euler’s method with TNNP model

h At* At
0.015625 | 0.0017044 | 0.0016783
0.0078125 || 0.0012677 | 0.0012669

0.00390625 || 0.00031682 | 0.000316 76

potential to become the most negative. This leads to the conclusion that for very stiff
models such as the TNNP model, taking the diffusion implicitly is only necessary for
very fine meshes.

For all models, the semi-implicit method which requires the smallest time-step is the

SBDF2 method.

3.3.4 Energy method

We will now find the critical time-steps from the stability conditions obtained for
the FE and SBDF2 methods in Section [3.1] As we have mentionned, the stability
conditions from that section are too restrictive. We will show this for the MS model.
The nondimensionalization parameter of the MS model is 0 = 3.4585. We take the
max(L;, Ly) as the spectral radius of the Jacobian. For FE, the first condition gives
a critical time-step Aty,., = 1/C = —1/A\pni, = 0.37522. This condition is not
dependent on h and the obtained critical time-step is half of the value of At* for the
semi-implicit FBE.

The second condition for FE gives us a critical time-step At} ,» = h?/60. These
values, compared to the numerically observed values, are shown in Table At o
is approximately a third of the values observed numerically.

For the SBDF2 method, we obtain At}, ., = 1/C = —1/12\,,;, = 0.031268. It

is 16 times smaller than the value observed numerically.
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Table 3.9: Size of At* for the FE method with MS model

h At At

1 || 012270 | 0.048191
0.5 | 0.035874 | 0.012048
0.25 | 0.0089405 | 0.0030119




Chapter 4

Accuracy of the numerical methods

In this chapter, we investigate the accuracy of the different time-stepping methods
when solving the monodomain model coupled with the three ionic models studied.
We start by conducting a convergence test for each method to verify if they have
the correct rate of convergence. We will also compare the accuracy of the methods
relative to the size of the time-step used. Afterwards, we will compare the accuracy

of the methods relative to the computational time needed to run the simulations.

4.1 Convergence Tests

In Chapter 2, we defined the order of a numerical method using the error between
the exact and numerical solutions. Let y and ya; be, respectively, the exact and
numerical solutions obtained using the time-step At of the problem . Then if
maxo<n<n; ||Y(tn) —yac(tn)|| = O(AtP), the method is said of order p. In our case, we
will look at the order of the error at the final time T, ||y(T) — ya:(T)||, which bounds
below the numerical error over time steps. As is the case for the problem studied, the
analytical solution y is not always available. A good substitute for the convergence

test is to calculate a solution using a very small time-step, which we call a reference

64
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solution.

The convergence of the different methods will now be investigated. We intend to
study the convergence of time-stepping methods on a given spatial mesh. We split
the error in space and time given that their order may not be the same and study

the error in time only. We have
lw = wpacll < |lu—unl] + [lun, — unael| = O(R” + At), (4.1.1)

where u is the exact solution for the transmembrane potential, u is the solution of
the problem semi-discretized in space and uj a; is the solution of the fully discretized
problem. Because we want to study the convergence of the time-stepping methods,
we will only consider the error between the solutions of the semi-discretized and fully

discretized problems. We test convergence with respect to the following errors:

er2 = [Junar(T) — un(T)| 2, (4.1.2)
e = lupat(T) — up(T)| g, (4.1.3)
ec = |cnar — cnl, (4.1.4)
eq = |Thar — Thl, (4.1.5)

where u;, is a semi-discretized reference solution for the transmembrane potential,
which is calculated using a very small time-step. The norms used are discrete ap-
proximations of the L*(Q2) norm and H'({2) seminorm using Simpson’s rule. The
solutions uy, o¢ are calculated with the same spatial mesh and at the same final time
T as the reference solution, but using larger values for At. We denote by c; ¢ the
wave velocity and Th, a¢ the depolarization time, i.e. the time at which a given point
of the domain reaches a super-threshold value of the transmembrane potential. ¢y,
and Th are the wave velocity and depolarization time of the reference solution wuy,.

The wave velocity is defined by ¢ = (x5 — 21)/(Ty — T') where T is the time when
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the depolarization front of the potential wave first passes through a chosen node x;
and Ty when it passes through a second chosen node x,. The wave front passes
through a point z; during the time-step from ¢, to t,.1 = t, + At if u(z;, t,) < @, but
(s, tpy1) > G for some chosen value @ on the wave front. For a better approximation
of T and Ty, we use linear interpolation and define

u — u(x;, ty,)

T, =t, + At .
T @ trt) — wl(an t)

Assuming that an error is proportional to At®, the estimated convergence rate is

calculated with

o, — log(ler/ea])
log(Aty/Aty)’

where At; and Aty are consecutive time-steps in a sequence of decreasing time-steps,

(4.1.6)

and e; and ey are the corresponding errors. All solutions are calculated using the
same stimulation current and constants from Section [3.3] The largest At used for
each method is taken close to the critical time-step found in the previous chapter,
except for the RL methods where we use a starting time-step similar to the other
methods, that is when the RL methods start to show their asymptotic behaviour.

The order of convergence in the L? norm and H' seminorm are expected to be the
same because the numerical solutions uj o¢ are in the same finite-dimensional space

and thus the equivalence of norms applies.

4.1.1 Beeler-Reuter with 1D monodomain

The reference solution w; for the BR model is computed using SBDF2 on a domain of
length 100 e¢m discretized in space with 1600 nodes and computed at time T" = 400 ms
with At = 1/125000ms. The plot of the reference solution is shown in Figure To
determine ¢ and T, we take 4 = —30mV, x1 = 20cm and x5 = 50 cm. When testing

for the DC3 method, SBDF2 did not give a reference solution accurate enough for
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assessing the third order of converence therefore we used DC3 instead of SBDF2 to
calculate a reference solution with At = 1/75000ms. The results of the convergence
tests for the 1D BR model are shown in Tables to [4.8] For each table, the first
column is a sequence of time-steps in ms of decreasing size. The next columns are
the errors as defined in —, followed by their respective observed rate of
convergence as defined in . In each Table, we indicate in red the asymptotic
zone of the approximate rates of convergence, i.e. when the rate of convergence is
very close to the order of convergence of the method. We observe that T and ¢ have
larger asymptotic zones than the errors in L? norm and H! seminorm and that ey»

has a larger asymptotic zone than eg1.

For the 1D BR model, all of the methods studied showed their expected asymp-
totic order of convergence. For the first order methods, we can observe that for the
same At, FE is almost twice as accurate as its semi-implicit version, FBE, and both
methods are significantly more accurate than RL-FBE. It takes very small values of
At for RL-FBE to reach order of convergence one.

For the second-order methods, we can observe that for the same At, CN-RK4 is about
ten times more accurate than CN-RK2, which in turn is about two times more accu-
rate than SBDF2. This last method is two times more accurate than RL-CNAB. For
the DC3 method, it takes very small values of At before it exhibits its correct order
of convergence. Even for At = 1/5120, the error is still larger than what we would
obtain by using a second-order method.

In the case of the BR model, all methods studied converge as expected.
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Figure 4.1: Reference solution for the membrane potential at time 7" =

400 ms for the BR model in 1D plotted as a function of = € [0, 100].

Table 4.1: Errors for FE with BR model at fixed h = 1/16

At €12 Qg2 egt QU €e Qe €4 Oy

1/40 | 57.7 - 221 - 1.17e—3 - 4.83e—1 -
1/80 | 50.0 | 0.207 | 215 | 0.0417 | 9.69e—4 | 0.271 | 3.72e—1 | 0.379

1/160 | 28.8 | 0.796 | 170 | 0.336 | 4.89e—4 | 0.987 | 1.87e—1 | 0.991

1/320 | 15.3 | 0.916 | 109 | 0.643 | 2.46e—4 | 0.994 | 9.38e—2 | 0.995

1/640 | 7.79 | 0.970 | 58.3 | 0.900 | 1.23e—4 | 0.997 | 4.70e—2 | 0.998

1/1280 | 3.85 | 1.02 | 29.4 | 0.989 | 6.16e—5 | 0.998 | 2.35e—2 | 0.999

1/2560 | 1.94 | 0.993 | 15.6 | 0.918 | 3.08e—5 | 0.999 | 1.18e—2 | 0.999
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Table 4.2: Errors for FBE with BR model at fixed h = 1/16

At

er2 | o2 | em am ec Q. e a;
1/40 | 103 - 225 - —3.15e—3 - 1.22 -
1/80 | 80.3 | 0.360 | 225 | —0.00152 | —2.01e—3 | 0.652 | 7.56e—1 | 0.693
1/160 | 51.6 | 0.637 | 215 | 0.0672 | —1.02e—3 | 0.976 | 3.83e—1 | 0.982
1/320 | 29.9 | 0.788 | 173 0.310 —5.15e—4 | 0.988 | 1.93e—1 | 0.991
1/640 | 15.9 | 0.908 | 112 0.627 —2.58e—4 | 0.994 | 9.66e—2 | 0.995

1/1280 | 8.15 | 0.967 | 61.2 0.875 —1.29e—4 | 0.997 | 4.84e—2 | 0.998

1/2560 | 4.03 | 1.02 | 30.7 0.998 —6.48e—5 | 0.998 | 2.42e—2 | 0.999

Table 4.3: Errors for RL-FBE with BR model at fixed h = 1/16

At er2 | a2 | em o e Qe ef a;
1/30 | 231 - 220 - —1.54e—2 - 6.10 -
1/60 | 164 | 0.499 | 221 | —0.008 51 | —7.91e—3 | 0.961 3.03 1.01
1/120 | 117 | 0.486 | 223 | —0.0139 | —4.01e—3 | 0.980 1.51 1.00
1/240 | 80.5 | 0.536 | 225 | —0.00980 | —2.02e—3 | 0.990 | 7.53e—1 | 1.00
1/480 | 51.3 | 0.650 | 215 | 0.0675 | —1.0le—3 | 0.995 | 3.76e—1 | 1.00
1/960 | 29.5 | 0.797 | 172 0.319 —5.08e—4 | 0.997 | 1.88e—1 | 1.00
1/1920 | 15.7 | 0.915 | 111 0.636 —2.54e—4 | 0.999 | 9.39e—2 | 1.00
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Table 4.4: Errors for SBDF2 with BR model at fixed h = 1/16

At er2 Qe et Qg Eec Qe e g
1/60 34.9 - 187 - 6.27e—4 - | —2.15e—-1 | -
1/120 1.83 4.25 | 14.8 | 3.66 | —2.93e—5 | 4.42 | 1.10e—2 | 4.29
1/240 0.458 | 2.00 | 3.84 | 1.95| —7.24e—6 | 2.02 | 2.7le—3 | 2.02
1/480 0.114 | 2.00 | 0.966 | 1.99 | —1.80e—6 | 2.01 | 6.72e—4 | 2.01
1/960 | 0.0285 | 2.00 | 0.241 | 2.00 | —4.48e—7 | 2.00 | 1.68e—4 | 2.00

1/1920 | 0.00711 | 2.00 | 0.0603 | 2.00 | —1.12e—7 | 2.00 | 4.18e—5 | 2.00
1/3840 | 0.00177 | 2.00 | 0.0150 | 2.00 | —2.79e—8 | 2.00 | 1.04e—5 | 2.00
Table 4.5: Errors for RL-CNAB with BR model at fixed h = 1/16
At er2 ar2 | e o e Qo es ap
1/30 70.8 - 225 - —1.63e—3 | - |6.08e—1| -
1/60 2477 | 152 | 154 | 0.545 | —4.15e—4 | 1.98 | 1.54e—1 | 1.98

1/120 6.52 | 1.92 | 48.5 | 1.67 | —1.04e—4 | 1.99 | 3.86e—2 | 2.00

1/240 1.63 | 2.00 | 13.2 | 1.88 | —=2.6le—5 | 2.00 | 9.65e—3 | 2.00

1/480 | 0.412 | 1.99 | 3.45 | 1.94 | —6.52e—6 | 2.00 | 2.41e—3 | 2.00

1/960 | 0.103 | 2.00 | 0.872 | 1.98 | —1.63e—6 | 2.00 | 6.03e—4 | 2.00

1/1920 | 0.0258 | 2.00 | 0.219 | 2.00 | —4.08e—7 | 2.00 | 1.51e—4 | 2.00




4. Accuracy of the numerical methods

Table 4.6: Errors for CN-RK4 with BR model at fixed h = 1/16

At erz2 Q2 et ot € Qe e Qp

1/15 4.70 - 35.0 - —7.59%—5 | - 2.59%—-2 | -

1/30 1.50 1.65 | 12.1 | 1.54 | —2.41le—5 | 1.66 | 8.30e—3 | 1.64
1/60 0392 | 1.94] 324 | 190 | —6.24e—6 | 1.95 | 2.14e—3 | 1.96
1/120 | 0.0989 | 1.99 | 0.823 | 1.98 | —1.57e—6 | 1.99 | 5.39e—4 | 1.99
1/240 | 0.0248 | 2.00 | 0.207 | 1.99 | —3.93e—7 | 2.00 | 1.35e—4 | 2.00
1/480 | 0.00620 | 2.00 | 0.0517 | 2.00 | —9.81e—8 | 2.00 | 3.38e—5 | 2.00
1/960 | 0.00155 | 2.00 | 0.0129 | 2.00 | —2.45e—8 | 2.00 | 8.44e—6 | 2.00

Table 4.7: Errors for CN-RK2 with BR model at fixed h = 1/16

At er2 Q2 el Qg Ec Q. e Q.

1/20 30.2 - 173 - d.5le—4 - —1.54e—1 -

1/40 6.84 2141 509 | 1.77 | —=1.10e—4 | 2.33 | 3.96e—2 | 1.96

1/80 1.59 2101 129 | 1.98 | =2.55e—5 | 2.10 | 9.23e—3 | 2.10

1/160 0.388 | 2.03 | 3.25 | 199 | —6.17e—6 | 2.05 | 2.23e—3 | 2.05

1/320 | 0.0958 | 2.02 | 0.807 | 2.01 | —1.52e—6 | 2.02 | 5.49e—4 | 2.02

1/640 | 0.0238 | 2.01 | 0.201 | 2.01 | =3.76e—7 | 2.01 | 1.36e—4 | 2.01

1/1280 | 0.00592 | 2.01 | 0.0500 | 2.01 | —=9.37e—8 | 2.01 | 3.39e—5 | 2.01
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Table 4.8: Errors for DC3 with BR model at fixed h = 1/16

At er? a2 emt Qg €c Qe e g
1/80 68.3 - 219 - —1.62e—3 - 2.43e—1 -
1/160 34.3 | 0.992 180 0.285 | —5.81le—4 | 1.48 | 5.69e—2 | 2.10
1/320 12.0 1.52 83.6 1.11 | —1.54e—4 | 1.91 | 1.01le—2 | 2.49
1/640 2.89 2.05 20.7 2.01 | —2.99e—5 | 2.37 | 1.50e—3 | 2.75

1/1280 | 0.535 | 2.43 4.02 2.37 | —4.66e—6 | 2.68 | 2.03e—4 | 2.88
1/2560 | 0.0811 | 2.72 | 0.615 | 2.71 | —6.47e—7 | 2.85 | 2.64e—5 | 2.94
1/5120 | 0.0111 | 2.87 | 0.0843 | 2.87 | —8.49e—8 | 2.93 | 3.35e—6 | 2.98
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4.1.2 Mitchell-Schaeffer with 1D monodomain

The reference solution for the MS model is computed using SBDF2 on a domain
of length 800 discretized in space with 800 nodes and computed at time 350 with
At = 7/60000. The plot of the reference solution is shown in Figure 4.2l To deter-
mine ¢ and 7', we take @ = 0.5, 1 = 50 and 22 = 80.For the convergence of the DC3
method, we used the same method instead of SBDF2 to calculate a reference solution
with At = 7/60000. The results of the convergence tests for the 1D MS model are
shown in Tables [4.9] to [£.14]

For the MS model, all methods studied showed their expected asymptotic order of
convergence, but the Strang splitting methods lose their order when At gets smaller.
This could be caused by the discontinuities in the ionic model. For the first order
methods, we can observe that for the same At, FBE is slightly more accurate than
its fully explicit version, FE.

For second-order methods, we can observe that for the same At, CN-RK4 is almost
ten times more accurate than CN-RK2, which in turn is about twenty times more
accurate than SBDF2. For the DC3 method, it takes very small values of At before
it exhibits its correct order of convergence. Even for At = 7/6144, its error is still
larger than what we would obtain by using a good second-order method.

In the case of the MS model, the rate of convergence of the Strang-splitting de-
teriorates for smaller values of At. The other methods exhibit the correct rate of

convergence.
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Figure 4.2: Reference solution for the membrane potential at time T =

350 ms for the MS model in 1D plotted as a function of = € [0, 800].

Table 4.9: Errors for FE with MS model at fixed h = 1

At er2 o2 e o Ce o, eq Q.
7/96 3.19 - 0.439 - —4.13e—2 - 6.70 -
7/192 | 1.97 | 0.692 | 0.403 | 0.122 | —2.09e—2 | 0.980 3.36 0.995
7/384 | 1.09 | 0.851| 0.281 | 0.519 | —1.05e—2 | 0.990 1.68 0.997
7/768 | 0.567 | 0.950 | 0.158 | 0.836 | —5.29e—3 | 0.995 | 8.42e—1 | 0.999

7/1536 | 0.286 | 0.985 | 0.0813 | 0.954 | —2.65e—3 | 0.997 | 4.21e—1 | 0.999
7/3072 | 0.144 | 0.996 | 0.0410 | 0.988 | —1.33e—3 | 0.999 | 2.11e—1 | 1.000
7/6144 | 0.0719 | 0.998 | 0.0205 | 0.997 | —6.63e—4 | 0.999 | 1.05e—1 | 0.999
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Table 4.10: Errors for FBE with MS model at fixed h =1
At er? o2 et Qg e Qe eq Qg
7/24 | 5.81 0.436 - —1.16e—1 - 1.98el -
7/48 | 4.10 | 0.502 | 0.437 | —0.00201 | —6.24e—2 | 0.895 | 1.03el | 0.937
7/96 | 2.72 | 0.591 | 0.432 0.0162 | —3.24e—2 | 0.943 5.29 0.966
7/192 | 1.64 | 0.735 | 0.368 0.230 —1.66e—2 | 0.970 2.68 0.981
7/384 | 0.886 | 0.884 | 0.236 0.639 —8.38e—3 | 0.984 1.35 0.990
7/768 | 0.455 | 0.961 | 0.128 0.883 —4.21e—3 | 0.993 | 6.76e—1 | 0.995
7/1536 | 0.230 | 0.987 | 0.0656 0.966 —2.11e—3 | 0.994 | 3.39e—1 | 0.997
Table 4.11: Errors for SBDF2 with MS model at fixed h =1
At er2 o2 et o e Qo e a;
7/24 3.42 - 0.441 - —4.6le—2 | - 7.52 -
7/48 1.26 1.44 0.314 0.489 | —1.23e—2 | 1.90 1.97 1.93
7/96 0.335 | 1.91 | 0.0950 1.72 | =3.09¢—3 | 1.99 | 4.93e—1 | 2.00
7/192 | 0.0837 | 2.00 | 0.0239 1.99 | =7.77e—4 | 1.99 | 1.23e—1 | 2.01
7/384 | 0.0206 | 2.02 | 0.00591 | 2.02 | —1.92e—4 | 2.02 | 3.02e—2 | 2.02
7/768 | 0.00511 | 2.02 | 0.00146 | 2.01 | —4.87e—5 | 1.98 | 7.49e—3 | 2.01
7/1536 | 0.00134 | 1.94 | 0.000382 | 1.94 | —1.21e—5 | 2.01 | 1.96e—3 | 1.94
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Table 4.12: Errors for CN-RK4 with MS model at fixed h =1

At er? Q2 eqt o e Qe eq g
7/12 | 1.30e—1 - 3.46e—2 - —1.27e—3 - 1.77e—1 -
7/24 | 4.11e—=2 | 1.66 | 1.11e—2 | 1.64 | —4.0le—4 | 1.67 | 5.76e—2 | 1.62
7/48 | 1.04e—2 | 1.98 | 2.82¢e—3 | 1.98 | —1.05e—4 | 1.93 | 1.48e—2 | 1.96
7/96 | 2.55e—3 | 2.03 | 7.00e—4 | 2.01 | —2.32e—5 | 2.18 | 3.63e—3 | 2.03
7/192 | 7.80e—4 | 1.71 | 2.14e—4 | 1.71 | —6.50e—6 | 1.83 | 1.07e—3 | 1.75
7/384 | 2.56e—4 | 1.61 | 7.0le—5 | 1.61 | —1.53e—6 | 2.09 | 3.54e—4 | 1.60
7/768 | 1.20e—4 | 1.10 | 3.19e—5 | 1.14 | 3.04e—7 | 2.33 | 1.62e—4 | 1.13

Table 4.13: Errors for CN-RK2 with MS model at fixed h = 1

At er2 o2 e o e Qe eq a;
7/12 | 6.38e—1 - 1.73e—1 - —6.01e—3 - 9.38e—1 -
7/24 | 1.78e—1 | 1.84 | 5.00e—2 | 1.79 | —1.64e—3 | 1.87 | 2.59e—1 | 1.86
7/48 | 4.59e—2 | 1.96 | 1.29e—2 | 1.95 | —4.22e—4 | 1.96 | 6.68e—2 | 1.96
7/96 | 1.16e—2 | 1.98 | 3.26e—3 | 1.98 | —1.05e—4 | 2.01 | 1.70e—2 | 1.97
7/192 | 3.08e—3 | 1.92 | 8.69e—4 | 1.91 | —2.83e—5 | 1.89 | 4.39e—3 | 1.96
7/384 | 8.29e—4 | 1.89 | 2.33e—4 | 1.90 | —5.58e—6 | 2.34 | 1.23e—3 | 1.83
7/768 | 2.78¢—4 | 1.58 | 7.75e—5 | 1.58 | —1.04de—6 | 2.42 | 4.25e—4 | 1.54
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Table 4.14: Errors for DC3 with MS model at fixed h =1
At erz Q2 et o € o e o
7/24 5.41 - 4.27e—1 - —1.16e—1 - 1.72e1 -
7/48 3.57 0.599 | 4.32e—1 | —0.0155 | —6.08e—2 | 0.928 8.01 1.10
7/96 1.97 0.860 | 3.98e—1 | 0.117 | —2.84e—2 | 1.10 3.24 1.30
7/192 | 7.57e—1 | 1.38 | 2.05e—1 | 0.958 | —1.07e—2 | 1.41 1.06 1.61
7/384 | 1.98e—1 | 1.93 | 5.65e—2 1.86 —2.93e—3 | 1.87 | 2.60e—1 | 2.03
7/768 | 3.8le—2 | 2.38 | 1.09e—2 2.37 —5.79e—4 | 2.34 | 4.83e—2 | 2.43
7/1536 | 6.00e—3 | 2.67 | 1.72e—3 2.67 —9.18e—5 | 2.66 | 7.46e—3 | 2.69
7/3072 | 8.34e—4 | 2.85 | 2.39e—4 2.85 —1.26e—5 | 2.86 | 1.03e—3 | 2.86
7/6144 | 1.13e—4 | 2.88 | 3.25e—5 2.88 —1.69e—6 | 2.90 | 1.39e—4 | 2.89
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4.1.3 ten Tuscher-Noble-Noble-Panfilov with 1D monodomain

Due to the complexity and stability requirements of the TNNP model, we study the
convergence of the methods on a smaller spatial domain. The domain will be too
small for the whole wave to develop, but still includes the depolarization wavefront.
The reference solution is computed using SBDF2 on a domain of length 5cm dis-
cretized in space with 160 nodes and computed at time 12 ms with At = 6e — 7. The
reference solution is shown in Figure . To determine ¢ and T, we take & = —30mV,
r1 = lem and x5 = 2.5cm. For the convergence of the DC3 method, we used the
same method instead of SBDF2 to calculate a reference solution with At = 7.5e — 7.
The results of the convergence tests for the 1D TNNP model are shown in Tables
to [4.22]

For the TNNP model, all methods studied showed their expected asymptotic order
of convergence, but the convergence of the RL-CNAB and DC3 methods is erratic
when At gets very small. The solution obtained with the RL-CNAB method first
converges to the reference solution obtained with SBDF2 then the convergence stag-
nates when At gets very small. The L? error between the solutions seems to stabilize
around ez2 = 0.00115, which is less than 0.0012% of the reference solution’s L? norm.
The DC3 method shows similar trends with third order convergence that deteriorates
when At gets very small. This is likely due to the difficulty of computing a reference
solution at such small level of errors. Another reason for these strange behaviors with
very small time-steps might be caused by the discontinuities in the right-hand-side
of the ODEs for the TNNP model. For a small time-step, it is more likely that the
numerical solution falls close to a discontinuity at some of the grid points. Before its
order of convergence deteriorates, the DC3 method is actually more accurate than
the second-order methods.

It is important to note that the TNNP model is very stiff and that is why we use
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very small time-steps for the convergence tests. In practice, it is not relevant to have
errors as small as those obtained for the smallest time-steps used for the modelling
error is then larger then the numerical error.

For the first order methods, we can observe that for the same At, FE is slightly more
accurate than its semi-implicit version, FBE, and both methods are more than twice
as accurate as RL-FBE.

For second-order methods, the At used are not the same, but one can easily see that
for the same At, CN-RK4 is almost two times more accurate than CN-RK2, which in
turn is about two times more accurate than SBDF2. This last method is about two

times more accurate than RIL-CNAB.

40

-100

Figure 4.3: Reference solution for the membrane potential at time 7" = 12 ms

for the TNNP model in 1D plotted as a function of x € [0, 5].
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Table 4.15: Errors for FE with TNNP model at fixed h = 1/32

At er? o2 e | o e Qe eq g
1/600 1.18 - 14.0 - | —4.89¢e—4 - 4.21e—3 -
1/1200 | 0.592 | 0.997 | 7.02 | 1.00 | —2.45e—4 | 0.997 | 2.11e—3 | 0.999
1/2400 | 0.296 | 0.999 | 3.51 | 1.00 | —1.23e—4 | 0.998 | 1.05e—3 | 1.000
1/4800 | 0.148 | 1.000 | 1.75 | 1.00 | —6.13e—5 | 0.999 | 5.27e—4 | 1.000
1/9600 | 0.0741 | 1.000 | 0.875 | 1.00 | —3.07e—5 | 1.000 | 2.63e—4 | 1.000

1/19200 | 0.0370 | 1.000 | 0.437 | 1.00 | —1.53e—5 | 1.000 | 1.32e—4 | 1.000
1/38400 | 0.0185 | 1.00 | 0.219 | 1.00 | =7.67e—6 | 1.00 | 6.58¢—5 | 1.00
Table 4.16: Errors for FBE with TNNP model at fixed h = 1/32

At er2 o2 e o e o, e ol

1/600 1.23 - 15.4 - —5.34e—4 - 4.16e—3 -
1/1200 | 0.620 | 0.992 | 7.75 | 0.993 | —2.68e—4 | 0.993 | 2.08e—3 | 0.997
1/2400 | 0.311 | 0.997 | 3.88 | 0.999 | —1.34e—4 | 0.996 | 1.04e—3 | 0.999
1/4800 | 0.156 | 0.998 | 1.94 | 1.00 | —6.73e—5 | 0.998 | 5.22e—4 | 0.999
1/9600 | 0.0778 | 0.999 | 0.969 | 1.00 | —3.37e—5 | 0.999 | 2.61e—4 | 1.000
1/19200 | 0.0389 | 1.000 | 0.484 | 1.00 | —1.68e—5 | 0.999 | 1.31e—4 | 1.000
1/38400 | 0.0195 | 1.00 | 0.242 | 1.00 | —8.42e—6 | 1.000 | 6.53e—5 | 1.000
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Table 4.17: Errors for RL-FBE with TNNP model at fixed h = 1/32

At erz ar2 | ega | am €e Qe eq g
1/300 5.42 - 62.8 - —2.48e—3 - 1.41e—2 -
1/600 275 | 0.978 | 33.0 | 0.929 | —1.25e—3 | 0.987 | 7.09e—3 | 0.996
1/1200 | 1.39 | 0.986 | 16.8 | 0.969 | —6.29e—4 | 0.994 | 3.55e—3 | 0.998
1/2400 | 0.697 | 0.995 | 8.46 | 0.994 | —3.15e—4 | 0.997 | 1.78e—3 | 0.999
1/4800 | 0.349 | 0.999 | 4.23 | 1.00 | —1.58e—4 | 0.999 | 8.88¢—4 | 1.00
1/9600 | 0.174 | 1.00 | 2.11 | 1.00 | =7.87e—=5| 1.00 | 4.44e—4 | 1.00

1/19200 | 0.0871 | 1.00 | 1.05 | 1.00 | —3.93e—5 | 1.00 | 2.22e—4 | 1.00

Table 4.18: Errors for SBDF2 with TNNP model at fixed h = 1/32

At er2 o2 e o e o e Qi
1/900 | 4.73e—3 - 5.31le—2 - —1.92e—6 - 1.99e—5 -
1/1800 | 1.17e—3 | 2.02 | 1.31e—2 | 2.02 | —4.74e—7 | 2.02 | 4.92e—6 | 2.01
1/3600 | 2.94e—4 | 1.99 | 3.30e—3 | 1.98 | —1.23e—7 | 1.94 | 1.18e—6 | 2.06
1/7200 | 7.66e—5 | 1.94 | 8.56e—4 | 1.95 | —3.36e—8 | 1.87 | 2.95e—7 | 2.00

1/14400 | 1.97e—5 | 1.96 | 2.22e—4 | 1.95 —9%—9 1.90 | 7.16e—8 | 2.04
1/28800 | 3.68e—6 | 2.42 | 4.19e—5 | 2.40 | —8.60e—10 | 3.39 | 2.07e—8 | 1.79
1/57600 | 9.03e—7 | 2.02 | 9.41e—6 | 2.15 | —1.94e—11 | 547 | 4e—9 | 2.36
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Table 4.19: Errors for RL-CNAB with TNNP model at fixed h = 1/32

At er? o2 eml Qg e Qe eq Qg
3/640 0.152 - 1.78 - —6.68e—5 - 4.44e—4 -
3/1280 | 0.0381 1.99 0.447 2.00 —1.67e—5 2.00 1.10e—4 2.01
3/2560 | 0.00946 2.01 0.110 2.02 —4.07e—6 2.03 2.73e—5 2.02
3/5120 | 0.00249 1.92 0.0260 2.08 —9.13e—7 | 2.16 6.45e—6 2.08

3/10240 | 0.00121 1.04 0.004 79 2.44 —1.12e—7 3.03 1.12e—6 2.53

3/20480 | 0.00114 | 0.0826 | 0.00116 2.04 9.41e—8 0.246 | —2.42e—7 | 2.21

3/40960 | 0.00115 | —0.0147 | 0.00224 | —0.941 | 1.42e—7 | —0.593 | —5.98¢—7 | —1.31
Table 4.20: Errors for CN-RK4 with TNNP model at fixed h = 1/32

At erz2 o2 e o e QL eq Qg

3/640 | 1.71e—2 - 1.77e—1 - —8.47e—6 - 2.92e—6 -
3/1280 | 4.27e—3 | 2.00 | 4.43e—2 | 2.00 | —2.09e—6 | 2.02 | 5.90e—8 5.63
3/2560 | 1.07e—3 | 2.00 | 1.11le—2 | 2.00 | —5.40e—7 | 1.95 | 2.43e—7 | —2.04
3/5120 | 2.75e—4 | 1.96 | 2.88¢—3 | 1.94 | —1.44e—7 | 1.91 | 1.38e—7 | 0.821
3/10240 | 7.60e—5 | 1.86 | 7.91e—4 | 1.86 | —4.05e—8 | 1.83 | 3.37e—8 | 2.03
3/20480 | 1.81e—5 | 2.07 | 1.82e—4 | 2.12 | —8.28e—9 | 2.29 8e—9 2.08
3/40960 | 4.53e—6 | 2.00 | 5.07e—5 | 1.84 | —2.84e—9 | 1.55 | —1.75e—9 | 2.20
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Table 4.21: Errors for CN-RK2 with TNNP model at fixed h = 1/32

At er? Q2 eqt o e Qe eq Qg
1/300 | 1.23e—2 - 1.31le—1 - —6.11e—6 - 7.26e—6 -
1/600 | 3.09e—3 | 2.00 | 3.27e—2 | 2.00 | —1.53e—6 | 2.00 | 1.77e—6 | 2.04
1/1200 | 7.74e—4 | 2.00 | 8.24e—3 | 1.99 | —=3.76e—7 | 2.02 | 5.13e—7 | 1.79
1/2400 | 1.96e—4 | 1.98 | 2.07e—3 | 1.99 | —9.49e—8 | 1.99 | 1.00e—7 | 2.35
1/4800 | 4.81e—5 | 2.02 | 5.02e—4 | 2.04 | —2.53e—8 | 1.91 | 6.82e—9 | 3.88
1/9600 | 1.0le—5 | 2.25 | 1.08e—4 | 2.21 | —4.70e—9 | 2.43 | 4.72e—9 | 0.530
1/19200 | 1.64e—6 | 2.63 | 1.60e—5 | 2.76 | —1.09e—9 | 2.10 | 7.60e—10 | 2.64
Table 4.22: Errors for DC3 with TNNP model at fixed h = 1/32
At er2 o2 et o e Qo ef i
1/600 | 3.96e—3 - 4.5le—2 - —1.05e—6 - —2.99e—7 -
1/1200 | 5.13e—4 2.95 5.90e—3 | 2.93 | —1.45e—7 2.85 | =1.74e—7 | 0.783
1/2400 | 6.59e—5 | 2.96 | 7.53e—4 | 2.97 | —2.41e—8 | 2.59 | —8.69¢—8 | 0.998
1/4800 | 8.50e—6 2.95 8.94e—5 | 3.08 —3e—9 3.00 | —3.05e—8 | 1.51
1/9600 | 3.98e—7 | 4.42 | 9.86e—6 | 3.18 | —6.65e—12 | 8.82 | —6.90e—9 | 2.14
1/19200 | 5.22e—7 | —0.390 | 7.74e—6 | 0.349 | 2.82e—10 | —5.41 | 4.31e—10 | 4.00
1/38400 | 4.03e—7 | 0.373 | 5.69e—6 | 0.443 | 1.94e—10 | 0.542 4e—9 —3.21




4. Accuracy of the numerical methods 84

4.1.4 Beeler-Reuter with 2D monodomain

In the 2D case, the reference solution is computed using SBDF2 on a lem x lem
square domain discretized with an unstructured mesh of 3432 points (roughly of size
59 x 59) and computed at time T' = 16 ms with At = 5.98¢—6. The reference solution
is shown in Figure [4.4 The results of the convergence tests for the 2D BR model are
shown in Tables to . We present errors and convergence rates in L? norm
and H! seminorm only; wave velocity and depolarization time were not considered.
We also only considered a subset of the methods studied in the 1D case.

As for the 1D BR model, all of the methods studied showed their expected asymp-
totic order of convergence for the 2D case. For the same At, CN-RK4 is about five
times more accurate than CN-RK2, which in turn is almost four times more accurate
than SBDF2. This last method and RL-CNAB have approximately the same accu-
racy. The first-order FBE method is significantly less accurate than the higher-order

methods.

Figure 4.4: Reference solution for the membrane potential at time 7" = 16 ms

for the BR model in 2D plotted as a function of = € [0, 1] x [0, 1].
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Table 4.23: Errors for FBE with BR model in 2D

At

€12

ar2

(&5 288

i

1.23 x 1072

1.59

9.35 x 10!

6.13 x 1073

8.04 x 107!

0.980

4.75 x 10!

0.977

3.06 x 1073

4.04 x 1071

0.991

2.39 x 10

0.991

1.53 x 1073

2.03 x 1071

0.996

1.20 x 10*

0.996

7.66 x 1074

1.02 x 107¢

0.998

6.00

0.998

3.83 x 1074

5.08 x 1072

0.999

3.00

0.999

1.91 x 10~

2.54 x 1072

0.999

1.50

1.000

Table 4.24: Errors for SBDF2 with BR model in 2D

At

€12

2

(55258

apgl

1.23 x 1072

5.02 x 1072

2.78

6.13 x 1073

1.27 x 1072

1.99

6.98 x 107!

1.99

3.06 x 1073

3.18 x 1073

1.99

1.75 x 1071

2.00

1.53 x 1073

7.95 x 1074

2.00

4.38 x 1072

2.00

7.66 x 1074

1.99 x 1074

2.00

1.10 x 1072

2.00

3.83 x 1074

4.99 x 107°

2.00

2.74 x 1073

2.00

1.91 x 1074

1.22 x 107°

2.03

6.78 x 1074

2.02
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Table 4.25: Errors for RL-CNAB with BR model in 2D

At

€12

g2

(5221

(0% 221

4.89 x 1072

7.47 x 1071

4.15 x 10!

2.45 x 1072

1.90 x 107*

1.98

1.05 x 101

1.98

1.22 x 1072

4.77 x 1072

1.99

2.64

1.99

6.12 x 1073

1.19 x 1072

2.00

6.61 x 1071

2.00

3.06 x 1073

2.99 x 1073

2.00

1.65 x 107!

2.00

1.53 x 1073

747 x 1074

2.00

4.13 x 1072

2.00

7.65 x 1074

1.87 x 1074

2.00

1.03 x 1072

2.00

Table 4.26: Errors for CN-RK2 with BR model in 2D

At

€r2

2

(55258

apgl

2.45 x 1072

5.81 x 1072

2.98

1.23 x 1072

1.32 x 1072

2.14

6.73 x 1071

2.15

6.13 x 1073

3.15 x 1073

2.06

1.60 x 107!

2.07

3.06 x 1073

771 x 1074

2.03

3.92 x 1072

2.03

1.53 x 1073

1.91 x 1074

2.02

9.68 x 1073

2.02

7.66 x 1074

4.74 x 107°

2.01

2.41 x 1073

2.01

3.83 x 1074

1.18 x 107°

2.00

6.00 x 10~*

2.00
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Table 4.27: Errors for CN-RK4 with BR model in 2D

At

€r2

2

(55258

(075281

4.89 x 1072

4.98 x 1072

3.90

2.45 x 1072

1.20 x 1072

2.05

9.56 x 1071

2.03

1.22 x 1072

2.98 x 1073

2.01

2.38 x 1071

2.00

6.12 x 1073

7.32 x 1074

2.00

5.95 x 1072

2.00

3.06 x 1073

1.80 x 1074

2.00

1.49 x 1072

2.00

1.53 x 1073

5.64 x 107

2.00

3.72 x 1073

2.00

7.65 x 1074

1.14 x 10~°

2.00

9.30 x 10~*

2.00
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4.2 CPU performance of the numerical methods

In the last sections, we compared the accuracy of the methods for a fixed number of
time-steps. However, this does not take into account the difference of computational
cost for an iteration depending on the method used.

We now compare the accuracy of the different numerical methods studied with re-
spect to the computational time of the simulation. We use the same spatial domain
and spatial discretization as for the convergence tests. 2D simulations were run on an
HP Z420 Worksation with 4 Intel Xeon 2.80 GHz processors and 7.7 GB of RAM and
1D simulations were run on an ALTENWARE X51-R2 with a Intel Core i7-4770 3.40
GHz processor and 7.89 GB of RAM. The L? norm and H! seminorm for the different
reference solutions are, respectively, 519.6 and 155.1 for the 1D BR model, 19.00 and
0.3154 for the 1D MS model, 96.26 and 201.8 for the 1D TNNP model, 61.77 and
655.1 for the 2D BR model. For each model, we choose a target value of the L? error
on the numerical solution, e;2, and for each method, we find the time-step needed to
achieve this level of accuracy and the computational time of the simulation. Results
are shown for the different methods in Tables 1.2 to [4.321 Each table contains the
L? error, ez, close enough to the chosen target error, with its corresponding H' er-
ror, ex1, and size of the time-step At, the total CPU time of the simulation and the
average CPU time per iteration. We indicate in the title of each table the relative

size of the error e;2 with respect to the L? norm of the reference solution.

For the 1D BR model, we see that the most efficient method is the SBDF2 method.
It is almost twice as fast as the next most efficient method, CN-RK4, which is itself
faster than the CN-RK2 method. For each time-step of the SBDF2 method, we only
have to compute the functions of the ionic model once, as opposed to a time-step for
the Strang-splitting methods where we compute them four or eight times for CN-RK2
and CN-RK4, respectively. As for the DC3 method, the functions are computed only
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three times per time-step, but it takes small values of At for the method to reach
a higher rate of convergence. We observe that our third-order method, DC3, is not
efficient compared to the second-order methods. Indeed, it takes more than twenty
times more CPU time to compute the solution than the SBDF2 method for the cho-
sen error. By choosing very small errors, we expect the DC3 method to eventually
surpass the second-order methods. At the chosen error er2, the DC3 method has not
yet entered its asymptotic zone.

We only tested the computational time of the FBE method at 5% L? error because
it would take extremely small time-steps to reach the level of error that we chose for
the other methods. It is clear that for 0.5% error, the FBE method is not efficient
compared to high-order methods.

The computational time per time-step of the SBDF2 method is only slightly higher
than for the FBE method and thus there is no advantage in terms of efficiency to
using the first-order method. One time-step of CN-RK4 is two times more costly
than for CN-RK2, which is almost four times more costly than the SBDF2 method.
This is directly related to the number of computations of the ionic functions. One
time-step of DC3 is more than three times the cost of an SBDF2 time-step, which
also relates to the computation of the ionic functions, but there is additional cost
due to the more complex nature of the DC3 method. These relations extend to the
different models studied. Even though the RL-CNAB also only has one computation
of the ionic functions per time-step, the use of the exponential function makes an
iteration for this method slightly more expensive than for the SBDF2 method. This
impact is lessened in the case of the TNNP model because the computation of the

ionic functions takes up most of the computational cost, due to the large number of

variables in the TNNP model.

For the 1D MS model, we choose a slightly smaller relative error because the com-

putational times are smaller and if they are too small than we have issues with their
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Table 4.28: CPU time of the numerical methods for the BR model in 1D for
0.5% L? error

Method er? et At CPU time (s) | CPU/time-step (ms)
SBDF?2 2.590 | 18.67 | 0.01000 69.58 1.739
RL-CNAB | 2.604 | 18.74 | 0.005 333 173.9 2.318
CN-RK4 2.594 | 18.53 | 0.04545 114.3 12.99
CN-RK2 | 2,591 | 18.63 | 0.01600 159.9 6.396
FBE 25.97 | 153.0 | 0.002 694 248.2 1.672
DC3 2.606 | 18.76 | 0.001493 1637 6.106

repeatability. We still choose an error small enough for most methods to be in their
asymptotic zones. We see that the most efficient method is the CN-RK4 method,
followed closely by the CN-RK2 method. The CN-RK4 method is almost twice as ef-
ficient as the SBDF2 method. The RL-CNAB follows slightly after. We observe that
our third-order method, DC3, is not efficient compared to the second-order methods.
Indeed, it takes almost eight times more CPU time to compute the solution than the
SBDF2 method for the chosen error.

We only tested the computational time of the FBE method at 1% L? error because
it would take extremely small time-steps to reach the error we chose for the other
methods. It is easy to figure that for 0.1% error, the FBE method is not efficient

compared to high-order methods.

For the 1D TNNP model, most methods require very small time-steps to have
stable solutions. Therefore the relative error is very small compared to those of the
previous models. We see that the most efficient method is, as for BR, the SBDF2

method. For 0.005% L? error, it is nearly two times faster than the next most efficient
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Table 4.29: CPU time of the numerical methods for the MS model in 1D for
0.1% L? error

Method er? et At CPU time (s) | CPU/time-step (ms)
SBDF2 | 0.01898 | 0.005431 | 0.01728 D.772 0.2850
CN-RK4 | 0.01884 | 0.005091 | 0.1971 3.276 1.845
CN-RK2 | 0.01894 | 0.005329 | 0.092 72 3.572 0.9463
FBE 0.1897 | 0.05432 | 0.003 763 25.37 0.2728
DC3 0.01903 | 0.005461 | 0.006 972 44.66 0.8897

second-order method, RL-CNAB, more than twice as fast as the CN-RK2 method,
and three times faster than the CN-RK4 method. Because the convergence of the
RL-CNAB method stagnates (see Table and the DC3 method is slow to reach
its correct rate of convergence, there is no value of e;2 for which both methods are
in their asymptotic zone. This is why we need two tables with different values of L?
relative error, one to compare with RL-CNAB and one with DC3. We observe that
the DC3 method is actually the second most efficient method for the lower 0.001%
L? error.

We only tested the computational time of the FBE method at 0.05% L? error because
it would take extremely small time-steps to reach the error we chose for the other
methods. Because of the stability restraints of the other methods, only the RL-CNAB
can have an error as high as 0.05%. It would be easy to show that when RL-CNAB
is in its asymptotic zone, it is more efficient than FBE. It is also easy to figure that

for 0.005% error, the FBE method is not efficient compared to high-order methods.

For the 2D case with the BR model, we chose a smaller relative error because the

simulations were faster due to the smaller domain and the fact that the computational
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Table 4.30: CPU time of the numerical methods for the TNNP model in 1D

for 0.005% L? error

Method er? et At CPU time (s) | CPU/time-step (ms)
SBDF2 0.004 800 | 0.053 86 0.001116 6.178 0.5747
RL-CNAB | 0.004802 | 0.05467 | 0.000834 5 10.78 0.7496
CN-RK4 | 0.004785 | 0.04952 | 0.002487 20.79 4.310
CN-RK2 | 0.004797 | 0.05084 | 0.002078 12.54 2.172
FBE 0.04796 | 0.5968 | 6.417 x 107° 106.8 0.5710

Table 4.31: CPU time of the numerical methods for the TNNP model in 1D

for 0.001% L? error

Method ez eyt At CPU time (s) | CPU/time-step (ms)
SBDF2 | 0.0009587 | 0.01075 | 0.0005024 14.40 0.6028
CN-RK4 | 0.0009587 | 0.009969 | 0.001091 47.58 4.325
CN-RK2 | 0.0009605 | 0.01018 | 0.0009281 29.75 2.301
DC3 0.0009616 | 0.01099 | 0.001026 25.51 2.180

code is written in Fortran instead of MATLAB as in 1D. If the CPU times were too

small, we had issues with their repeatability. As opposed to 1D case, the most efficient
method for the 2D BR model is not the SBDF2 method, but rather the CN-RK4
method, as shown in Table [£.32] Tt is a bit more efficient than the CN-RK2, which
in turn is more efficient than the SBDF2 method. The RL-CNAB is more than four
times slower than the CN-RK4 method. As usual, the FBE method is not efficient.

The difference in the performance of the methods between the 1D and 2D cases is most

likely due to the difference in the programming language for the computational codes.

We used MATLAB in the 1D case and because the MATLAB language is a weakly

typed interpreted programming language, it tends to work better with shorter, easily
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implemented methods, such as SBDF2. On the other hand, we use the strongly

typed compiled programming language Fortran90, which does perform well in the

case of longer codes. However, the SIMCA Fortran90 implementation used for the

2D simulations is written in a way that impacts the computational cost per iteration

because additional information is calculated at each iteration. The SBDF2 and RL-

CNAB methods do require more iterations than the Strang splitting methods.

Table 4.32: CPU time of the numerical methods for the BR model in 2D for
0.008% L? error

Method er? et At CPU time (s) | CPU/time-step (ms)
SBDF?2 0.005012 | 0.2762 | 0.003 850 15.86 3.816
RL-CNAB | 0.005001 | 0.2771 | 0.001985 47.79 5.929
CN-RK4 0.005002 | 0.3975 | 0.01579 10.88 10.74
CN-RK2 | 0.005008 | 0.2550 | 0.007678 12.90 6.189
FBE 0.05030 | 2.971 | 0.0003750 150.4 3.526




Chapter 5

Conclusion and Future Work

In this thesis, we investigated the impact of ionic model complexity and stiffness on
finding an efficient numerical solution through a variety of time-stepping methods.
The most simple model that we tested is the MS model. Its stiffness is low and hence
there is no need for very stable methods to be used. The most accurate method to
solve this problem is Strang splitting using Runge-Kutta methods (RK2 or RK4) to
solve the ionic model and the reaction part of the monodomain model, and Crank-
Nicholson for the diffusion part of the monodomain model. Due to the nature of
operator splitting methods, they become less competitive when solving more complex
models. Indeed, for each time-step, we do two RK substeps which for the second or-
der RK method implies computing the ionic currents four times, and for the original
fourth order RK, eight times. As the models get more complex and realistic, com-
puting the ionic currents takes up most of the computational cost of the algorithms.
Therefore, multi-step methods such as SBDF2 become more efficient with respect to
computational time when solving more complex models because the ionic currents are
only computed once per time-step. For the Beeler-Reuter model, both the SBDF2
and the Strang splitting methods are the most efficient. The easier implementation

of the SBDF2 scheme makes it faster with interpreted languages such as MATLAB.

94
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For the TNNP model, the SBDF2 method outclasses the Strang splitting methods
in terms of efficiency. The third-order DC3 method was the most efficient only in
the case of extremely accurate solutions. In practice, simulations do not require this
much accuracy as the balance between modelling and numerical error allows for a
lower level of numerical accuracy.

If the goal is not to have extremely high accuracy but rather smaller computational
times, the stability of the methods is the important factor. The stiffness of the more
complex models call for more stable methods, such as Rush-Larsen type methods.
As we have seen in Chapter [3] these are almost unconditionally stable. However, in
Chapter |4, we saw that they are less accurate than other semi-implicit methods such
as SBDF2 or Strang splitting methods. For the stiffer models such as TNNP, a lower
level of accuracy is not available with the less stable SBDF2 and Strang splitting
methods, because even at the largest possible time-step necessary for stability, the

errors are extremely low.

Future Work

As we have seen in Chapter [3] the stability analysis that we did for the 1D mon-
odomain model for the semi-implicit methods corresponds to the numerical results
obtained for the 2D case. Although it is expected the results also extend to the 3D
case, numerical tests could be performed to verify this.

The monodomain model is usually realistic enough for many practical applications.
However, in some cases the use of the bidomain model is needed. Results obtained
for the monodomain model usually extend to the bidomain model, but this is not
generally easily shown. One could try to extend the theoretical analysis on the sta-
bility of the time-stepping methods to the bidomain model. This would then need to
be supported by additional numerical tests.

The computational cost for realistic simulations in cardiac electrophysiology can be

enormous. Most of our simulations were done in the 1D case, and in the 2D case
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we had a very simple square domain. Solving the mono- or bi- domain models on
realistic heart geometries requires the use of more advanced techniques such as the
use of preconditionners, mesh adaptation, parallel computing, etc. The impact of the
time-stepping method on the required linear system solver has not been thoroughly
researched. The implementation of these techniques is not usually an easy task,
therefore researchers tend to favor simpler time-stepping methods, often of first-order
accuracy in time, if they lead to simpler or no solution of linear systems (e.g. with
Although we covered many of the popular time-stepping methods used in cardiac
electrophysiology, there are several more to be tested. There exist other variations of
the Rush-Larsen method, different choices for the methods used in the substeps of the
Strang splitting method, and other semi-implicit methods. We hope that our method-
ology for analyzing the stability of time-stepping schemes can be easily extended to

most of these methods.



Appendix A

ten Tuscher-Noble-Noble-Panfilov

model

Here we give the details for the TNNP model for epicardial cells [35]. This model has
twelve gating variables, denoted m, h, j, d, f, fca, T, S, Ts, X1, T2 and g, and four

ionic concentrations: Ca;, Na;, K; and Cag.. The source term is given by
Iion = INa + IKI + ]to + ]Kr + ]Ks + ]CaL + INaCa + INaK + IpCa + IpK + IbCa + ]bNa-

Here are the rate constants, steady-state values and time constants for the different

gating variables:

1 1
Moo = (1 + (-56:86-1)/9.03)2 QO = 11 e(—60-u)/5
0.1 0.1
5m - u u— 2 Tm — X 6
1+ 6( +35)/5 1+ 6( 50),/200 m mMPm
1 0 if u> —40
heo = Qp =

ut71.55)/7.432 ‘
(1 4 e(ut71.55)/7.43) 0.057¢~(u+80)/6.8  Gtherwise

0.77
By = 0.13(1 + e~ (u+1066)/1L.1)

2.7¢0079u 1 3 1 % 10°e0-3485¢  gtherwise

if u> —40 1

ap + By

Th =

97
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0.6e0-057u '
; 1 8 — 1 + o 0-1(ut10.66) if u > —40
Joo = 1+ e(u+71.55)/7.43)2 J = 0.02424.¢—0-01052u .
1+ o—0-1378(u+40.10) otherwise
0 if u > —40
Q= (—25428 % 104e0-2444u _ 5 948 x 10—66—0.04391u) (U + 3778) . ‘
1 + ¢0-311(u+79.23) otherwise
! 1
VTt b = oS
_ 1.4 0.95 14
%= T ermam T b= T
1
’dem Ta = @afq + Va
f . 2 .
T 1 o(wt20)/7 _ “(ut2r)?/240 , L
1 4+ e(v+20)/7 Tf = 1125e + EcE=nIT + 80
1 0.1

Yes = 1 (Cay/0.000325)8

0.2

Vica = 1 + ¢(Cai—0.00075)/0.0008

TfCa = 2 ms

0 iffCaoo>fCa

1 otherwise

and v > —60mV

7, = 9.5 (uH40)?/1800 4 g

T, = 85¢(uH45)/320

1,100
O, =
s /1 1 e(—10-u)/6

Te, = Oz, Pa.

450
X = 7 + e(=45—u)/10

5

1+ e(u720)/5

+3

foCa = 1 + ¢(Cai—0.0005)/0.0001

_ afCa + /BfCa + /nya + 023

1.46
dfCa _ kaaoo - fCa
dt TfCa

1
oo =7 T o(20-u)/6

1

%0 T T w2005
1
oo = T eo-wyu

1
ﬁxszm

1
xrlm:m

6
By = 1 + e(u+30)/11.5
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1
Txrl = axrl/erl $T2OO = 1 _'_ e(l)+88)/24
_ 3 B 1.12
Qzpy = 1 4+ e(=60—u)/20 ﬁ”ﬂ 1 + e(u=60)/20
1
if Ca; < 0.00035
1+ Ca;%/0.00035¢ -
Tx'rZ = a$r26$r2 < 1 .
5 otherwise
1+ Ca;°/0.0003516
dg _ 190 —9
Ty = 21mS dt 7

" 0 ifge>9g and u>—-60mV

1 otherwise

The concentrations are defined as follows:

CaiBqu

Coipue =
e Cai + Kbufc’

dcaitotal . [CaL + IbCa + ]pCa - 2INaCa

dt 2V F

where Cajota 1S the sum of Cajyyse and Ca.

Ca,, Buf,,

Casrbufsr = 5. 1
’
Casr + Kbufsr

dcasrtotal VC
= _Iea ]u - Ire
dt VSR( leak 1T Lup 1)

where Cagrora 1S the sum of Caghusey and Cag,.

dNa;j _ Ina + IoNa + 3INak + 3INaca

= + Ileak - Iup + Ireb

dt Vel ’
dK; B _IKl + Lo + Ixr + Ixs — 2INak + IpK + Ltim —
dt B VcF
dCai dcasr

Note that one can retrieve pm and 7 using the chain-rule.

are defined using the following:

RT X,
Ex = —logy for X =Na'™, KT, Ca?"
z i

Lax

The ionic currents
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Ko + pKNaNao
K; + prnaNaj

RT1
F

Ex

s

V F?2 Ca;e2VF/RT _ ().341Ca,
Icar, = Gearndf foad % 2

RT e2VF/RT _ |

[Ks = GKSQ:g(V - EKS)

1K,
Iy = Gxa 57331(100<V - EK)

30-0002(u—FEx +100) 4 (0.1(u—Ex~10)
Br1 =

1+ e—0.5(u—Ex)

VF/RTNg3Ca, — e

]Na = GNam?’hj(V — ENa)

Ito = GtOTS(V — EK)

[ Ko
IKr = GKr awrleZ(V - EK)

B 0.1
K1 = 1+ £0-06(u—Ex —200)

ax1 + Bk
K1

TKloo =

~DVF/RTN 3Caa

[NaCa = kNaCa K3

+ Nao?) (Knca + Cag) (1 + kg eV "DVE/RT)

mNai
I _p KONai
Nl T TN K 4 Konk) (Nay + Kywa) (1 + 0.124560LVE/RT 4 (,0353¢~VF/RT)
. Cai V- EK
[pCa - Gpcam Ix: = pKl + e(25-u)/5.98

]pCa - GbNa(V - ENa)

Ileak = ‘/leak(Casr - Cai)

7 Cag>
r = aI‘ _—
o 52, + Cag,

rel

Iyca = Ghca(V — Eca)

vmaxup

Ly = ——wp
P 1 —I—Kgp/CaiZ

2 + Crel) dg

The different values for our simulations of the TNNP model can be found in Table

[A.1] They have been taken from CellML at http://models.cellml.org/exposure/
c7f7ced1e002d9f0af1b56b15a873736/tentusscher_noble_noble_panfilov_2004_

b.cellml/view.


http://models.cellml.org/exposure/c7f7ced1e002d9f0af1b56b15a873736/tentusscher_noble_noble_panfilov_2004_b.cellml/view
http://models.cellml.org/exposure/c7f7ced1e002d9f0af1b56b15a873736/tentusscher_noble_noble_panfilov_2004_b.cellml/view
http://models.cellml.org/exposure/c7f7ced1e002d9f0af1b56b15a873736/tentusscher_noble_noble_panfilov_2004_b.cellml/view
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Table A.1: TNNP model paramters

Parameter Value Unit
R 8,314.472 | mJK 'mol™!
T 310 K
o 96,485.3415 | Asmol™!
Ve 0.016404 mm?
Vsr 0.001094 mm?
Na, 140 mM
Ca, 2 mM
K, 5.4 mM
GNa 14.838 SmF~!
Gx1 5.405 SmF~!
Gio 0.294 SmF—!
Gkr 0.096 SmF~!
Gxks 0.245 SmF—!
Pxna 0.03 -
Gk 1.75 x 107* | cm?®pFs™!
GeaL 1000 AF-!
y 0.35 -
Kunca 1.38 mM
KmNai 87.5 mM

Parameter Value Unit
Ksat 0.1 -

o 2.5 -
Prax 1.362 AF-!
Kmx 1 mM
KiNa 40 mM
Gox 0.0146 | SmF-!
Goca 0.825 SmF-!
Kpca 0.0005 mM
GiNa 29x107* | SmF!
Gyea 5.92x107* | SmF~!
Vinaxup 5.92 x 107* | mMms !
Kup 2.5 % 1074 mM

Grel 0.016464 mM

brel 0.25 mMm

Crel 0.008232 | mMms™!
Vieak 8 x 107° ms~!
Buf, 0.15 mM
Kpufe 0.001 mM
Buf,, 10 mM
Kpufsr 0.3 mM




Appendix B

Model Parameters and Resting

Values

Here we list the parameters used for the monodomain model simulations and the
resting values used as initial conditions for each ionic model. The same parameters
have been used for the BR and TNNP models, shown in Table for the 1D case
and in Table for the 2D case. A nondimensionalized version of the MS model [27]
has been used and the parameters are shown in Table The resting values for
the BR and TNNP models are specified in Tables and [B.5] respectively. For the

nondimensionalized MS model, we use u = 0 and v = 0.99 for the resting values.

Table B.1: Parameters for the 1D monodomain model

Parameter | Value Unit
% 500 cm~!

Ch 1 pFem—2

o; 17.41 | mScm™!

O 39.06 | mScm™!
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Table B.2: Parameters for the 2D monodomain model

Table B.3: Parameters for the nondimensionalization of the 1D MS mon-

odomain model

Parameter | Value Unit
% 1000 em !

Cn 1 pF cm =2

ol 1.741 | mScem™!

ol 3.906 | mScm™!

o 0.1934 | mScm™!

ot 1.970 | mScm™!

Parameter | Value Unit
X 2 x 10° m !
C, 0.01 Fm2
o; 1.741 | mSm™!
Oe 3.906 | mSm™!
L 0.0001 m
0.001 s
Vin 0.125 \Y
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Table B.4: Resting Values for the BR model

Variable Value Unit
u —0.8457375612 x 10? | mV

T 0.5628650555 x 1072 | -

m 0.1098196872 x 107! | -

h 0.9877211755 .

J 0.9748381390 -

d 0.2070724663 x 1072 | -

f 0.999 9813339 .
[Ca]; | 0.1782007216 x 107¢ | mMm
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Table B.5: Resting Values for the TNNP model

Variable Value Unit
u —86.424 mV
m 0.133 x 1072 -
h 0.776 -
J 0.776 -
d 0.193 x 1074 -
f 1.00 -
Jca 1.00 -
r 0.00 -
S 1.00 -
T 0.297 x 1072 -
Tyl 0.00 -
Ty 0.485 -
g 1.00 -

Nay 11.212 mMm
K 137.614 mMm
Ca; 0.445 x 107* | mm
Cag, 0.513 mM
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