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Abstract

We study the spectrum of the vector boundary value problem
<

1]

y" + AR(x)y
y(a) = y(b)

0

0
’ a

&
. . . - N . - . -
where R{x) is a real continuous n by n symmetric matrix function and, in

particular, discuss the existence of two infinite sequences of eigenvalues.
We also present two aéymﬁtotic formulae for the distribution functions of the
. ' .

positive and negative eigenvalues when R{x) belongs~to two different ¥

classes of matrices.



1. Introduction

]
Ebr the scalar boundary value problem ' N o
y' + ar{x)y = 0 42 < o
. | S L (1.1)
. yla).= y(b) = 0 B dx |

there exisfs positive and negative sequences_ of eigehva]u;s which have the
Timit points +~ and -« when the continuous function r(x} changes sign
in (a,b), (cf., [61). 1In fact the meré condition thdt r(x) > 0 and r(R) <0
on two intervals of positive Lebesgue measu;e in (a?b) guarantees Ehe above
existence result, (cf., £61). /Under a similar hypothesis, itiwil1 be proved

in Chapter 3 that for the vector boundary value problem

1]
(e}

y" + AR(x)y : (1.2)

"

y(a) = y(b} = 0. ' (1.3).

where R(x)} is a real continuous n by n symmetric matrix, there exisf positive
and negative sequences of eigenvalues with Timit points +e and -, Qur
proof is based on a paper of two-parameter eigenvalue problems by Paul Binding
and Patrick J. Browne, [1]. In Chapter 3 we consider the'Eyo:parameter

vector ‘boundary value problem
-y" o+ A1R(x)y + AZIy =0 ‘ ‘ (1.4)

with boundaty conditions (1.3) and then we give a detailed study of the
geometric behaviour of the functions A;(A]) for i = 0,1,2,..., in the

A]Az-p1ane.

™~
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By a solution y of, (1.2) [(1.4)] we mean a vector valued function such
that y, y' are abso1ute1y‘continuous‘on a,bl, y" ¢ ﬁién)[a,bl and which satisfies.
the differential equation (1.2) [(1.4)].

The other major result that we present in this work is as follows:

‘In 57 I.C. Gohberg and M.G. Krein show that the number of eigenvalues n(s)

in the closed,interval [0,s]for the problem (1.2) with the boundary conditions
h)

{1.3) satisfies the asymptotic formula

b
1 28l o 1p g (R())dx (1.5)
5+ Vs Ta - :

[

when R(x) is of positive type. Here AH(R(X)) is the sum of the sqdare roots

of the moduli of all the eigenvalues ofs #he square matrix R(x) and n(s) is

called the distribution function of eigenvalues. In Cﬁapter 4 we extend

this result to two different classes of matrices and show that when R(x)
"changes sign" in (a,b) the distribution function of the.positiye eigenvalues

n;{s) of the problem (7.2) and (7.3) satisfies the asymptotic formula

-~
Pt

nls) 4 b o
Tim =~ Ay (R, () )dx . - (1.6}
S0 {E T oa _
Here R, (x) = §[|R(x)| + R(x)1. This asymptotic formyla (7.6) agrees with the

result (1.5) of 1.C. Gohberg and M.G. Krein since R(x) = R;(x) and all the
ejgenvalues of the boundary vaiue:probIem are positive when R(x) is non
negative definite on (a,b). A ‘formula similar to (1.6) holds for the
negative eigenvalues of the same problem. The distribution function of the
negative eigenvalues n_(s) of the problem (7.2) and (1.3) satisfies the‘

asymptotic. formula



where R_(x) = 5L |R(x)] - R(x)1.
"It is interesting to bbserve in this context,that the distribution v
function N (s) of the positive eigenvalues of the scalar boundary value problem

-,

(1.1) satisfies the asymptotic formula

. N(s)
1im
50 /5

b
[ Ve 1) dx,
a

3 |—

where Qﬁx) = hax(O,r(x)). This is a direct result from [7]!
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2. Definitions and preliminary results
J

2.1. Matrix notation

\{%i‘
Ordinary matrix notation is used throughout: in particular, matrices

o

of one column are called veetors. For a vector y = (yu), {0 = 1,...,n) the

PR 2 2 2.
norm ||y|], is given by (y] + y5 + ... + y7)
n

'.'Rn is the usual linear

vector space of ordered n-tuples of real nuﬁbers. “Only real va]uéd matrices
are considered. The n by n 1dentitmmm3trix is denoted‘by In, or merely I when
.there is no ambiguity, while 0 is the zéro matrix regardless of dimension. For
A an m by n matrix fhe n-by m matrix obtained by interchanging rows and

columns of A is denoted by At, and called the transpose of A. A square

matrix A/= haB , (a,B = ],...,n)_is said to be symmetric if A = At. The

real symmetric n by n matrix A is said to be positive (non‘négative)

Mefinite if ytAy >0 (ytAy >:0) for all nonzero vectors y belonging to Rn.

If A is an n by n matrix, then the supremum of {||Ay||R Dy R, ||y|lR < 1}
is called the norm of A and denoted by vlal. -Moreover ?or a given symmegric
matrix the symbol |&| will denote the non negative definite cymmetric square
boot matrix of‘Ag, and A_, A_ will denote the corresponding A; = L[ IA|+A],

A_ = 3[|A]-AD. It is true (see, e.g., Riesz-Nagy [11, Section 108), that

A, and A_ are non negative definite symmetric matrices such that A_ > A and

A > -A . The notation A > B (A > B) is used to signify that A and B are
symmetric matrices of the same dimensions, and A-B is a non negative (positive)

¢

definite square matrix. A matrix function A(t) = (t) , (a=1,...,m,

AaB
B8 =1,...,n) is called continuous, integrable, etc., when each element AaB
possesses the specified property. If A(t) is (Lebesgue) integrabie on [a,bl, -

hereafter this compact interval is denoted by Q,-then [ A(t)dt denotes the
Q .
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matrix of integrals of the respective elements of A(t).
We deﬁote by £(Q) the selt of all n by n matrix functions that are
continuous on Q.
< 2(Q) is the Hilbert space consisting of all eguivalence classes of

real valued measurable functions f(x) on Q that satisfy

£112 (o = [ (x| Pdx< =
|| sz(Q)_ él (x)]"dx

The inner product inZ,(Q) is defined by

f.g - f d (f,9 < £,(Q)).
( 9%{2(Q) [ f(x)g(x)dx (f.g < £,(0))

' Q
n”// (n)

L 2 (Q) is the Hilbert space consisting of all n dimensional vector

functions f(x) = (fa(x)), (@=1,...,n), x ¢ Q, with real valued measurable

coordinates fa(x) (o = 1,...,h).such that

612y = [ 1160012 <o
Egn%m Qo1 °

\
The inner product 1'n,‘£g(Q) is defined in a natural way by the formula

(f,9= LM @),

]
—
o~
fa]

Q
—
>
o
-4
=]
———
>
Lo
0.
>

ot
(f’gztén)(q) = é g-(x)f(x)dx

The Hilbert spaceé(,én)(Q) is considered throughout this work and therefore

it is of particular importance. We will writeﬁﬂ(n)(Q) = H for simplicity.

2
N (nxn)

> (QxQ) is the Hilbert space. consisting of matrix functions

Alx,t) = Aue(x',t) , (@, = 1,...,n) with elements measurable on QxQ such
that '
IIJD\Hz(nxn). =[] E IAOt.B(X’t)|2dth <w o,
£ (axQ) 9 Q o<1



in which the inner product of two elements A(x,t) and B(x,t) is defined by

the formula

(A,B) =[] E Ade(x,t)BaB(x,t)dxdt.
B

£ ™™0xq) Q 0 o1

2.2. A Sturm-Liouville operator

4

In this section we consider a vector Sturm-Licuville operator T defined by
Ty = -y" on H. T is not défined on the whole space H, but only on the
setD(T), where '

D(T) = {y ¢ H: y, y' are absolutely continuous on [a,b],

y" ¢ H and y(a) = y(b) = 0}.

Some known results forﬁfz(Q) can be extended to show that H is separable
andP(T) is dense in H. Hence T is said to be densely defined on H.
Here, our objective is fo examine some properties of the operator T.

But we need some definitions before we start this investigation.

Definition 2.2.1. Let T be a densely defined linear operator on a Hilbert

space H. Let D(T*) be the set of v  H for which there is an z ¢ H with
(Tp,v) = (u,z) for all u belong to the domain D(T) of T. For each such

v € D(T*}, we define T*v = z. T* is called the\qdjoint of T.

Definition 2.2.2. A densely defined operator T on a Hilbert space H is

called symmetric if (Tu,v) = (u,Tv) for all u,v ¢ D(T). : ¥
s

Definition 2.2.3. T is called seilf.adjoint if T is symmetric and D(T) = D{T*).




Now the following theorem is an easy result, (cf., 117, section 11@3_

Theorem 2.2.4. The Sturm-Liouville operator Ty = -y" is self adjoint

on H.

~

Definition 2.2.5. A symmetric operator T for which there exists a real

constant « such that (Ty,y).> a{y,y) for all y ¢ D(T) is said to be -
bounded below. In particular if (Ty,y) > 0 for all y e D(T) then T is

said to be positive.
Next we prove the

"Theorem 2.2.6. The Sturm-Liouville operator Ty = -y" is positive on H.

Proof. (Ty.y)y = (-y"(t),y(t))dt

=T

Il
o

S~
——
ct
—
e
——
o+
—
—
jnS
[

> 0 for all ye (T), y Z 0.

(y'(t),y'(£))dt = 0 implies that y'(t} = O a.e. and hence

-
o
-3
I =

constant. Thus y(t) = 0 since y{a) = O.

Definition 2.2;7. The resolvent set of T is the set p(T) of all X such

that the range of AI-T is dense in the Banach space X and AI-T has a
continuous inverse. For X ¢ p(T) the operator (AI—T)'] is called the
resolvent operator. The spectrwm of T is the set o(T) of all scalar values

not in p(T).



Definition 2.2.8. Let X and Y be two Banach spaces and let T:X + Y be a

linear operator. T is said to be compact if T(S) lies in a compact subset

of ¥, where $ = {x ¢ X: |[x]| < 1}.

Definition 2.2.9. Let T be a linear operator on a Hilbert space H. ~_Then

T has a compact resolvent if there is a A, in the resolvent p(T} for which
-1 . ' '
(A, I-T)"" is compact. N

We need a few more results before the next theorem.

Corollary 2.2,10. A = 0 is not an eigenvalue of the operator Ty

It
1
~

Proof. If A = 0 is an eigenvalue, then Ty = 0 and hence (Ty,y) = 0. But

this implies y = O from theorem 2.2.6.

Corollary 2.2.11. T is an invertible operator.

N

Proof. Since Ty = 0 implies y = O the corollary is proved,

Theorem 2.2.12. T has a compact resolvent.

J 1

‘Since A = 0 is not an eigenvalue of T it suffices to show that T~

is a compact operator. But in order to do this we need to construct a

matriz Green's function.

2.3. A matrix Green's function

It is assumed that g matrix Green's function-possesses similar properties

as in the scalar case([2],Chapter 5.14.1). Therefore a matrix Green's

C-



function G(x,E) is a function of x and a parameter £, (a < £ < b), satisfying

three conditions.

(i) G(x,E), considered as a function of x, satisfies the differential

equation

" =10 (c)

T

at all points of the interval (a,b) except at the point x = E.
(ii) G{x,E) satisfies (as a function of x) both boundary conditions
Y(a) = Y(b) = O (b). i

(1i1) 6{x,£) is everywhere continuous for a < x < b. But its derivative
Gx(x,E) with respect to x is continuous only for a < x < & and

£ <x<b,andat x=¢
GX(E+O’£) - GX(EJ'OsE) = 'I (c)-

A basis for the solution space of equation (a) is {I,xI}. Therefpre,

({141,page 130),

A(g) + xB(E) a<x<g
G(x,E) = l - (d)

C(g) + xD(g) E < xa< b,

Here A{£), B(£), C(£) and D{£) are four unknown n by n matrix functions of &,
which can be determined from the boundary conditions (bJ,.the continuity

condition G(£+0,£) = G(&-0,£) and (c).
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Applying these three conditions in (d) we find

Alg) + aB(g) = 0
c(g) + bD(g) = 0
A(E) + EB(E) - C(E) - ED(E)
D{(£) - B(E)

0

-1.
{
Solving the above four matrix equations for A, B, C and D we have

A(E) = -a 2Z6) |
(b-a)
B(g) = {&=E)
(b-a)
c(g) = b &2k g
(b-a)
o(e)=-(E=ak 1
(b-a)
Therefore ' )
ikéliﬁi—)-.Ifg(x,a)l _ a<x<g
6(x.c) = (b-a)
b-x){&=a) | = g(x,e)1 £ <x<b.
(b-a)

Lemma 2.3.1. The integral operator K defined by

[+ R @ b

(Ky)(£) = ?(x,i)y(x)dx for y ¢ H

is the inverse operator of T.



.

b b _

Proof. Let z(£) = (Ky)(E) = [ G{x,&)y{x)dx
a

b
= ? ﬁ!:iliﬁ:él.y(x)dx + fo (b-x)(£-a y{x)dx.
a = (b-a) £ (b-a)

So that z(a) = z{b) = 0. '
Therefore z = Ky satisfies the boundary conditions. By successive differentiation

we see that

So that TKy = y.

Moreover (KTy}(&)

i
ot i

G{x,E){Ty) (x)dx

g{x,&)y" (x)dx

[}
L
o

£-0 E+0 E+0
= - [ glxE)y"(x)dx - [ g(x,&)y"(x}dx - [ g(x,E)y"(x)dx.
a _ £-0 - E-0

Now
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0 £-0

(x,E)y"(x)dx = g(x,E)y* () 1570 = [ g, (x,E)y" (x)dx
. a

£

[ 4
£-0 g0, &0

g(:Ely ()27 - g, GE(X) 77 + [ g, (x.E)y(x)dx
- d

£-0
g(£-0,E)y" (£-0) - g, (£-0,8)y(£-0) + [ g, (x,E)y(x)dx,
: a : ’

e

).

using the properties of G{X,

Similarly .
b .
[ 9lx,8)y" (x)dx = ~g(£+0,£)y" (£+0) + g (E+0,E)y(£+0)
£+0
b
+£{0 9., (x:E}y(x)dx,
and , '
£+0
S atxe)y (ax = glxely (Il - 9, ey Il
£+0 '
+ 5!0 9, %E)y(x)dx.
Therefore
b
(KTy}(g) = - [ QXX(X,E)y(x)dx : . .p
d
b b t
= - i 9,y (%:E)y1 (x)dx, ..o, £ g, (x:E)y, (x)dx)

= (y](g),...,yn(ﬁ))t, (see Appendix B),
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Thus KTy = v and K is the fnverse operator of T.
The proof of Theorem 2.2.12 is immediate from the following 1emma.\

Lemma 2.3.2. The integral operator defined by

.J rb ,\
(1719)(8) = [ 60x,E)y(x)dx for y < H
d

is compact.

Proof. G(x,E} = gq(x,E)I belongs todlénxn)(QxQ) since

bbn n bb
[J 1 1 9 (xE)8 pdx dE = n [ [ g"(x,E)dxdE
a a B=1 o=1 aa
2
. - ib-a
90

Hence G is Hilbert-Schmidt and so the lemma follows by Theorem A.1.



3. Properties of the spectrum

3.1. A discrete spectrum

In this chapter attention will be made to the spectrum of the vector

boundary value problem

Ty = 'AR(x)y

: (3.1)
y(a) = y(b) =0

under the following assumptions on Rﬂx).

H1 R(x) = RaB(X) , (0, B=1,...,n), is a real symmetric matrix
| <
belonging to ¥(Q). :

e

.HZO There exist at least two nonempty intervals in (a,b) such that
Lo .
R(x) > O on one interval and R(x) < 0 on the other.

e

1

Generai]y a Sturm-Liouville boundary value problem is equivalent to a

'Fredho1m integral equation of the second kind which incorporates the

appropriate boundary conditions and some properties of the spectrum of
differential operaéor can be studied more effectively through the corresponding

1ntegra1 operator.

Lemma 3.1.1. The boundary value problem (3.1) is equivalent to the integral

equation

B(EIR(E)y(E)dE, (5.2)

o — T

- y{x) =2

which is a homogeneous Fredholm equation of the second kind.
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\\ ?
Proof. From Lemma 2.3.1. y = KTy and then y = K(XRy) since Ty = ARy.
i.e;, y = AKRy. Now the equation (3.2) follows from the definition of the
integral operator K. ' ‘D |

o

Lemma 3.1.2. The integral ope}ator M defined by" _

(My)(x) = [ G(t,x)R(t)y(t)dt for J ¢ H

=

is compact. .

)
~

Proof. It is eﬁough to show that the matrix kernel M(t,x) = G(t,x)R(t)
is Hilbert-Schmidt or belongs toiﬂénxn)(QxQ). Then the lemma follows od
from Theorem A.1.

Let MaB(t) = g(t,x)RaB(t) fét a,8 = 1,...,n. Then

|2dtdx

S —
o —

» bb
(t,x)|"dtdx = [ |
a a

w13

IMOLB

n -
B é lg(t,x)R g(t)

(639 |

‘ - ¢ -
2 2

fa(t,x)] |RaB(t)] dtdy

| A
—

—

o o
g |9(t,X)12|RaB(t)|2dtdx

i}
o~
mr~13

LD

n 2 b 2
y  max |R B(t)| [ |a(t,x}{7dt dx
a,f=1 t<q a _

| A
o

[ A
Q=T

2 2 D 7
n“ max max[RaB(t)l [ ]a(t,x)|“dtdx
a,B teQ a -, :

|g(t,x)| 2dtdx

QS T

2 2 0
n“ max max]RaB(t)1 f
a,f tcQ a
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bb , 2 _
since [ [ |g(t,x)|2dtdx = LE&%l and max max|RaB(t)|2 is finite as the R g
aa o,B teQ

are "‘continuous on.Q.
The integral equation (3.2) can be written as My = ny, where p = %.

As we mentioned before, the objective in this chapter is to study the"
Ca,

spectrum of the problem (3.1). So we now present the first theorem in

this context.
[}

Theorem 3.1.3. Thé'spectrum of the boundary value problem (3.2) is a

L]

discrete set having no 1imit points except perhaps X = i=, Further, any

nonzero A belonging to the spectrum is an eigenvalue of finite multiplicity.

Proof. “"This follows from the Riesz-Schauder theorem (see, Appendix A)

since Mris a compact operator,

Theorem 3.1.4. A1l the eigenvalues of the boundary value problem (3.1)
{

are real.
]

Proof. Aséume the nonzero complex number A = o + 98 {x,B real) is an
eigenvalue of (3.1) and y ( # 0) is the corresponding eigenvector. For

this vector y,

o y" = ~(a+ig)Ry and  y(a) = y(b) = 0.
Then ¥ = -Ta ¥ TBJRy = ~(a - iB)Ry. Taking the inner product with y in H,

(7)== - B)Y,RP). (*)
- Now (v,5") = [ (" (0) "y (x)dx
) ¥ a
b
= )y 1P - T R Y 0w
, d

-(y',y') and this is real.
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Equating the imaginary parts of (*),
0 = B(y,RY)

.since (y,RY) is real. Therefore ejther 8 = 0 or (y,Ry) = 0. 'But (y,Ry) =0
implies {y,¥") = -(y',¥') = 0 from (*). Then y'(x) = 0 a.e. and so
. y(x) = constant after the integration. Thus y = 0 since y{a) = 0. Hence

B ='O and soX is real.

3.2. Existence theorem

A proof of the existence of an infinite sequence of eigenvalues for
a Sturm-Liouville boundary va]ug prob]ém is very important in the theory
of ordinary differential equations. 1In the scalar case this is proved
([67,Chapter 10.61) by using Sturm's oscillation theorems. But it is not
possible to extend the same method to the vector boundary value problem (3.1).
Thus some other methed has to be developed to solve this problem.

A result of two parameter eigenvalue problems by Paul Binding and

Patrick J. Browne, [1], is the major motivation for our study in this section.

Consider the self adjoint eigenvalue problem

wlA)y =0 for y < H,
4 “ .
w(d) =T + A]R(x) + AZI .
with Ty = -y",®(T) is as in section 2.2 and R{x} satisfies HI, H2O.

A= (A],Az) is a vector.



18

We notice that T and R{x) are self adjoint operators on the separable
Hilbert space H, T is bounded below and has compact resolvent. Therefore
results in [1] are applicable for the above eigenvalue problem m(l)& = 0.

Define
U= {uecH: Jlully =11

a veetor v(u) = {(Ru,u},1) for u c U, and sets K, C by

K={x: v(u).x >0 forall u e U},

¢ ={x: v(u). » > o for some o > 0, for all u < U},

Also define sets P', Z', N' as those sets of A for which o' (A)°-- the ith
eigenvalue of w(}) according to multiplicity -- is positive, zero or
negative respectively, (i = 0,1,2,...). Here,

p1(5) =max{min{(m(5)u,u)]ueUnm(T);(u,yi)=0]|yjeH,1§j§j}.
We a]sogdefine

01(§) = suh‘ inf  {s(A)u,u), i=0,1,2,0..,
: E ucEnU -

for A « R2. Here E denotes an i-dimensional subspace of H and

S(2) = AR(x) + Al

2

Lemma 3.2.1. The cone K contains the nonempty cone K' given by

K' = {X ¢ RZ: M o> 0, 2, > sup v[R_(x)]AT;

- xcQ

A 20, Ay > -sup VIR (x) ).
xe(Q

Lemma 3.2.2. C # ¢.
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'Y

Lemma 3.2.3. (i) If ¢'(A) > O then there exists a number o, > O so that

ad ¢ P! for allud > 4.

2 (ii) If 01(1) < 0 then there exists a number 8, > 0 so that

BA ¢ N for all B > By-

Lemma 3.2.4. N n Aj # ¢ for j= 1,2,3,4 and i = 0,1,2,..: where A. 1is

J
the interior of the jth quadrant of the ) plane.

Lemma 3.2.5. For each integer i > 0 there is a unique continuous function
A;:R + R such that p1(l],A;(A1)) = (0. Moreover there is a vector

i
2

y1 ¢ UndD(T) which satisfies w(AT,;\;()\]))y1 =0 and'Z1 is the graph of A

and is a continuous curve in the A-plane.

The graph of Zo (Fig. 1) can be drawn by using the following lTemma.

Lemma 3.2.6. (i) P°# @
’ (ii) P® is convex
(i11) 0 # ¢
(iv) 7°=9p% = an°
C(v) POz K.

h

Also we have for higher order eigenvalues of w(})

Lemma 3.2.7. (i) 7 ¢ g
(1i) ' =9p'n N’
Git) pile o1, it e W
(iv) Zi form a countable sequence of curves with no finite

accumulation.

{v) Each ZT crosses each ray R ,A at most once.
R +—



\_/

Figure 1.
Figure 2.




21

The results in lemma 3.2.7. are illustrated in figure 2. It shows

that each A; vanishes precisely two times for positive and negative values
of A _ R

Thus in the eigenvalue problem

-y + MR(x)y + X1y = 0,

-
Az = 0 for a countable number of positive and negative values of A],

with no finite accumulation point.

Hence we proved the f0110w;hg existence theorem,

Theorem 3.2.8. When R(x) satisfies H1 and He the Sturm-Liouville vector
boundary value problem (3.1) has two countable sequences of real eigenvalues

whose only limit points are += gnd -«

Proof of lemma 3.2.1.

v(u).X = A](Ru,u) + A

b b e
= A uRudx + / utudx.
1 2
a a
Now when Ay > 0 and A, > sup V[R_(x)IA,
& xc ()
b t b t
v(u).A > 2y [ uRudx + sup VIR _(x) 1A, [ u”udx
a %c( a
b t
=N J uTTR(x) + sup v[R_(x)1Ijudx
a xcQ
>0 for all u ¢ U, since R(x) + sup vIR_(x}1I > 0

yaal]

on Q.
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Now consider those A; < 0 for which A, > -sup VIR, (x)1A;. Then
xeQ
5t
¥(u).A > A7 [ u'[R(x) - sup VIR, (x)I1Tudx
a xe(

>0 for all u ¢ U, since R(x) - sup iR (x)1I < 0
x€Q
ﬁ

on Q.
We also notice that sup V(R (x)] > 0 and sup v[R (x)1 > 0. For,
, xe( xeQ :

sup VIR, (x)1 = 0 implies VIR, (x)) = 0 for x < Q and then R, (x) =0 a.e.
xcQ

This contradicts the assumption Hz . A similar argument is valid for the

sup VIR _{x)1.
xecQ

Proof of lemma 3.2.2.

b
Consider A = (0,1). Then v(u).x = 0. [ u%Rudx + 1 =1 for all u « U,

) a
Thus C # 4.

When R(x) < O on an interval E of the real line we can find a compact
interval E° < E such that R(x) < -8I on E® for some § > 0. For, R{x) < 0
implies all eigenvalues mi(x), (1 = 1,...,n), of R(x) are negative on E and
given interval E there exist a compact interval E® such that E° € E. Now
the‘confinuous functions wi(x) achieve their maximum values on compact

interval E° and max wi(x) < 0 for each i. Find some § > 0 such that
X c¢EQ

max max mi(x) < -8 < 0. Then max max mi(x) + 8 < 0 so that mi(x) +8& <0
i xcEO i x<EO -

for each i on E°. Thus R(x) + 81 < 0 on E® since mi(x) +38, (i=1,...,n),

are the eigenvalues of R{x) + &8I.
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Remark. It can also be shown that for a symmetric matrix R(x) which is
positive definite on the compacf interval E° ghefe is a positive constant’

k such that kI < R(x) for x ¢ E°, (see, e.g.,[10],problem F.1.6) .

Proof of Lemma 3.2.3. ([1], Theorem 5.4).

Proof of emma 3.2.4.

-Here we prove N n A1 # ¢. Similar proofs can be given for N n Aj # 8

when j = 2,3 and 4,

. . F,
From Lemma 3.2.3. (ii) N' o i\1 # gifo’ (A}, < O for some A ¢ Ay

So it suffices to give a A ¢ Ay such that a'(A) < 0.
Assuming uj(ﬁ;x) denote the ejgenvectors of 03(5) for j = 1,2,...,i-1

.

we can rewrite the definition of o'(}) as

01(5) = inf (S(A)u,U5
uel

(u,uj(A;X))=0

3=1,2,50 054

Suppose 01(1)_3 0 for all ) « A1. Then (s(A)u,u) > 0 for all A ¢ A

-

‘and  for all u < U such that (u,uj(i;x)) =0, ]j-= 1,2,:..,1-1:

) = _ oyt e .
Let uj(ggx) (uj](i,x),...,ujn(gjx)) for j = 1,...,i-1 and R(x) < 0

on the interval £E < Q. Then thereexists some comBg;t/?nterva1 E® < E such

]

that R{x) g -8I on E® for some § > 0.
s . ] 0 o . '
uj « H implies Ujp € jZZ(Q) and then Usy € gfz(E ) for j =.1,...,i-1 and
k=1,...,n. Now first consider the set of functions
U1](A;X), u2](k;x),..., Ui_]](x), i.e. first components of the vectors
us(Asx) for j = 1,...,i-1, on;CZ(EO). Using the Gramm-Schmidt orthogonali-
zation process find hy(A;x)e aCZ(EO) so that (hi‘uj1lgz(50) = 0 for
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i=1,2,...,i-1. Here (h1’uj1%£2(E0) = fo h](§3x)uj1(§3x)dx. Similarly

E
find h (1;x) so that (hk’”jkxez(EO) = 0 for each k = 2,...,n and j

We normalize h(A;x) = (h1(l;x),...,hn(l;x))t in:ﬂz(Eo) so that

(h,h) =1,
o, (EO)
Now define

. hk(i;x) X € EO
g, (A3x) = {

0 . elsewhere
Then g(A3x) = (g1(§3x),...,gn(§3x))t ¢ U since

b ¢
(g.9)y = [ 9 (Asx)g(Asx)dx
5 |

f ht(ljx)h(gjx)dx
£0

= (h,h)cfz(Eo) = 1.

Further

b

_ t

(g’uj)—'gguj

7 P 1

= g U, = g u., = h o u.
2 ki1 KK Sy g TR oy fo KK
b

= i h,U-) o}
KT k Jk£2(E)

=0 for each j = 1,...,1-1.

Now fix A = (1, §/2). Then A< Aq.

1,...

,i-1.
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(s(1)2,9) = (R(x)g,q) + 6/2

it

b4
[ g (x)R(x)g(x)dx + /2
da

But { g'Rg = [ nirn
a EO

| A
1
[«
—
=

-8 , since R(x) < -81 on E°.

Thus (s{A}g,g) < -8 + §/2 = -6/2 < 0 for g ¢ U. This contradicts the fact

that (s{A)}u,u) > 0 for all u ¢ U and therefore 01(3) < 0 for some A € A].

Proof of Lemma 3.2.5. ([1], Section 6).

Proof of Lemma 3.2.6. (i) (013, Theorem 3:4.(b)),
o

‘ (ii) (C11, Lemma 3.1), \3

(11, Corollary 3.5.),
(iv) (C11, Theorem 3.6.),
(

[11, Lemma 4.1.). :

Proof of Lemma 3.2.7. (i) (013, Theorem 5.5.),

(ii), (iii), {(iv) and (v) (011, Lemma 6.1.).

—
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4. An asymptotic formula for.the distribution function of the spectrum

In this chapter we obtain an asymptotic formula for the distribution
function n+(s) of positive eigenvalues of the boundary value problem (3.1)
when, R(x) belongs to two different classes of matriceé. Indeed, as we
mentioned before, our results extend those of 1.C. Gohberg and M.G. Krein
[57. | |

Distribution function of eigenvalues for the problem (3.1) is denoted
by n(s). Then n(s) = n+(s) + n_(s), where n+(s) is the number of eigenvalues
in (0,s) while n_{s) is the number of'eigenvalues.in [-s,0). Sinc? we are
interested here only in n_(s) and henceférth n,{s) will be denoted by n(s)

for simplicity. -

Lemma 4.1. When R{x) is a diagonal matrim,AO ig an eigenvalue of the
boundary value probilem (3.1) if and only if it is an eigenvalue of some

scalar boundary value problem

i -i —_
\E t+ A R‘i'i(x)‘y'i =0

(4.1),
T

. 1 .
..aN. T.oe., Ao = X for some i.

—
il
-
-

Proof. Suppose AO is an eigenvalue of the problem (3.7). Then the eigenvector

¥ is nonzero and thus

i ¥ A Ryixly; = 0
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for some i, so that (4‘1)i has a non-trivial solution with-ho =", Thus
A is an eigenvalue of the scalar problem (4.1) .

For the converse assume A' = Ao is an eigenvalue of the scalar probiem

(4'1)i for some i. Then

i ARyi(xdyy = 0

Setting y(x) = (0 0 ... yi(x) ... 0 we see that

Thus AO is an eigenvalue of (3.1).

The following corollary about the spectrum is now immediate.

o0

n . TR
Corollary 4.2. The spectrum of (3.1) 76 U U ,A%, where {A;}mzl ig the

i=1 m=-cw
m#0

18 the sequence of negative

Lo . i
sequence of positive eigenvalues and {?\_m}::;:-l

eigenvalues of the problem (4‘1)i'

.

These countable sets of positive and negative eigenvalues ére now
arranged so that each is repeated_a number of times equal to its multiplicity
and each in order of non decreasing numerical value. We denote these two
new sequences by

P
Ula Moo Hasee

and -

Ula UZ) U3:---
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This is said to be the complete sequence (see Gohberg and Krein [51) -

of eigenvalues for the problem (3.1). It is easy to see that

o n ==} o) n. o .
U = U U and U o= A
m=l i=] m=1] M m=l " i=1 me1 M

Let us denote the distribution function for the positive eigenvalues of

. . n .
the scalar problem (4.1), by N'{s) and ) N'(s) by N(s).
=1 1=n

In view of the above relation between {u;};z] and {A1}?:? we have the

m
following lemma. =1

Lemma 4.3. N(s) = n(s).

Lemma 4.4. When Rii(x) changes sign finitely many times in the interval
Q
i b &
CTimit N(s) . l—f /R?i(x) dx,
5o /5 T a

+
where Rii(x) = max(O,Rii(x)).
Proof. Consider the scalar boundary value problem

.y!iI + URﬁ(x)yi =0

It is known (see [7]) that this problem has a sequence of positive eigenvalues

2 K b :
L. .oLom . _ -/R+ d
{u -1 such that ];T;t ;E = ;?-, where K, = £ i1 (x) dx.



‘ . o :
. Now consider some arbitrary sequence {xm}m=1 so that x, =+ @ as m > =,

Then we can find some integer k(m) and a constant M such that

0 < ].Jk(m)_.-l i Xm _<_ Uk(m) for m> M. (*)
This implies that

NV O my-) < W ) < ¢

| A

Uk(m))

or k(m)-1 < Ni(x ) < k(m) . {**)

Ni(x ) . 7

kﬁm)—] < — m. . kim) for m > M.

2 - x2 - .“2
Mk (m) m k(m)-1
B |
K. K. ) N (x ) K.
But Timit Eéml:l = L and limit —éml———-— —L from [7]. Thus limit % m_. 1.
2
[TH- ].Jk(m) i) . e Uk( ) 1 kis ' . [ masd Xm T

Since {xm}m=1 is arbitrary, this result is true for every sequence

= o ) 5
{xm}m=.I such that x_.> = as m- . Then by definition Timit™—-=—.
’ L}

SRS

Now we are ready to present a major result.

Theorem 4.5. When R(X) is diagonal and satisfies H1 and H2, the distribution
 function n(s) of positive eigenvalues of the problem (3.1) satisfies the
asymptotic formula |

limit nis) . 1
sH /s T

(x))dx

Q=T
:U

z + (4.2)

A similan fjoumula holds fon the negative eigenvalues. (sece p. 3).
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" Here

b

- . N
H2, . For each Rii(x) there exists a decomposition (a,b) = LJ(

(i) (
0 (s NI )
such that R (x) > 0 on (a{!), 5(1)) and & (x) < 0 on (al1), b))

‘ .
for some two integers k and £ , 1 s k,% <N

Proof of Theorem 4.5. From the Lemma 4.4 for €ach i, (i = 1,2,...,n),

YV

i b .
Timit MLs) . 1-j (x) dx. Thus
S0 /§ T oa Bt
n i ’ n b
limit Z N (s) . ¥ lf fR:i(X) dx
g+ i=1 /5 . i=1T n a
" b on
- L1 3 ARL(x) dx
T a i=] )
On the other hand
no,i
timit § AAS) o qipig Ms)
g0 (=] /E G=reo /ST
= timie sl
§o0 /5

Since R(x) .is diagonat, R:i(x) are the eigenvalues of the matrix R+(x).

n
Therefore A;( (x)) ) /R:i(x) and the theorem 1is proved.
=t .

. We introduce a special class of matrices called functionally commutative
matrices. An n by n matrix A(t) for t ¢ E, where E is some nonempty set

of real values, is said to be functionally commutative in case
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A(t)A(s) - A(s)Agi) = 0 for af1 t,s e E (see Freedman [3]).

Corollary 4.6. When R(X) is functionally commitative and satisfies HI
and H2, the distribution function n(s) of positive eigenvalues of the

A _
problem (3.1) satisfies the asymptotic formula (4.2).

Proof. Since R(x) is symmetric and functionally commutative, we have

R(x) = PI(x)P]
— N
(see, £31, theorem 8) . Now make the transformation y = ? y in

with a constant matrix P and a diagonal matrix J(x),

(3.1). ¢* Then (3.1) is eduiva]ent to

}“ + AJ(x)?

n
o

y(a) = y(b) =0 »

S0 th;¥:€he distribution function n(s) satisfies

b
Tim ML - 1y Ay (. (x))
s /s oma

by Theorii 4.5 Since R+(x) = PJ+(x)PT] the eigenvalues of R _(x) and

q%(xl'are equal and nonnegative. Thus A%(J+(x)) = A%(R+(x)).

Remark. Since every constant square matrix is functicnally commutative

-

the corollary 4.6 is true for any n\hy n constant symmetric matrix R.

[

In the remaining part of thf&’thesis, we. obtain the same asymptotic
formula with R(x) belonging to another class of matrices. We consider all

n by n matrices which have the property H2,. Here

,\ IR
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sz, For a piecewiser continuous symmetric matrix
function R(x) such that both R.(x) and R_(x} are not
identically 0, the square root matrix |R| of R2 is positive

definite on the compact interval Q.

Once again we study the spectral properties of two parameter eigenvalue

. problems. The self adjoint eigenvalue problem
m+(1)y=0,y ¢ H'

"is considered with w,(A) =T+ ATR+ﬁ;) + AZR_(x). We refer to [11 and section
3.2 for notation used hereafter. ' |

The cone K = {A: v(u).x > 0 for all u-c U} is the first quadrant of
A]Az-p]ane and C = {}:-v(u).A > a for some o« > 0 for all u < U} is nonempty

when the assumption #2, is made on R(x). For, the vector X = (1,1) < C™-

since
b, b
v(u).x = [ uR {x)udx + [ u"R_(x)udx

a a
b ‘

= f ut]R|udx
a

2k forallu cU,

_where k >0 is such that |R] > kI on the compact interval Q (see,

remark , section 3.2).

Thus the lemmas 3.2.5, 3.2.6 and 3.2.7 are true also in this case. The

curves of the continuous functions A; are shown in the figure 3.
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In view of figure 3 we state and prove the following lemma.

Lemma 4.7. The ith eigenvalue of the pfoblem (38.1) is given by the inter-
section point of curve %% and line AI =-R2 while the ith eigenvalue of

the problem

¥+ R (x)y = 0
(4.3)

is given by the intersection point of Z° and A?

n
<

-

Proof. Let the intersection point of Z' and A, = -Az be (—li,Ai) for

1
A > 0. Then p'(=X;,3;) = 0 and w,(-A;,A;)y = O for some y « U n(T).

i.e. Ty = LR (x)y + AR _(x)y

-y" - IR (x) - R_(x)Ty

-y" - }\iR(X)}'

and y{a) = y(b) = 0. Thus A; s an eigenvalue of the problem (3.1).

If there is an eigenvalue vy such that Ai <y < Ai_] of (3.1) then
" y" + YR(x)y = 0 for some y « UnD(T). i.e., -y" =~ yR(x)y + yR_(x)y = O
cor Ty - ;R+(x)y + yR_(x}y = 0. Thus m+(-y,y)y = 0. But this implies zero
is an“eigenvalue of w, (-Y,v) and (-v,y) belongs to some Zk. Hence there
must be a curQe which passes through this point. Sincé there is no curve
zK between 2 and 2! there cannot be an eigenvalue y between A gnd FRE
Thus Ai is the ith positive eigenvalue of the problem (3.1).
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Similarly it can be shown that ny is the ith eigenvalue for the problem

(4.3) and M is given by the intersection point of 7' and AI axis.

Corollary 4.8. Timit Ay = M
_ oen

0
Proof. Since the Z' all asymptotically resemble the two boundary rays of

3K, (see [11), i.e., A1 and A2 axes in this case,we see that Am v as

m= =,

The following corollary is now an immediate result concerning nis) --

the distribution function of eigenvalues of the problem (4.3).

N .
Corollary 4.9, Timit n(s) . Timit %_il » provided this limit exists.
. I~

s+ 5 S

" b
Lemma 4.10. Timit M(8L < 1y Ay (R (x) }dx.
g0 /5 Ta °

Proof. Proof is in 3 steps.

Step 1. Consider the boundary value problem

n
o

y' + R (x)y
(4.4)

where R(x) = R+(x) + gl for some £ > 0. Llet un(e) denote the eigenvalues
and ne(s) denotes the distribution functions of eigenvalues of the problem

(4.4). Re(x) is a symmetric positive definite matrix in the interval Q

and hence by Sturm-Liouville theory,un(e)lis real and un(e) > 0 for every

(x)

n. Moreover if e 40 as m - «, un(em) < “n(€m+]) since Rem(x) 2'R6m+1

(see Appendix C). Thus since Re(x) > R(x), we have un(a) < W,- Therefore
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1imit un(em) exists for each n. Moreover since
Mmoo

b 2
[y (x)]“dx
. a
un(em ) = max min B
. E YeEn'j I‘th_l_(X)_y + Em
a

by the minmax principle

b
|
limit u (e ) = max mjn 2
/

a

meo E yeEnU

Hn

i.e., un(e) = u, as e 0" for each n. But this implies that ne(s) =

as ¢ O+_for s ¢ (0,=). {

' 5
Step 2. Let mj(x) (3 = 1,...,n) be the eigenvalues of the matrix R+(x)
Then wj(x)_z 0 on @ for each j. Let fm(x) = ijix§+em then

'];Tlt fm(x) = ij(xj for x ¢ Q. Mpreover Ifm(x)l = /mj(x)+em_5 /mj(x)+e1

and /mj(x)+ €y 1s integrable since mj(x)'is integrable (see [91) for each j.

b b
Then Timit [ f (x)dx = limit [ Vi {x]¥e_ dx
M a4 M+ g J m

b
/ /wjlxi dx by Lebesgue's dominated
a

-

convergence theorem for each j. Therefore

b n b n
Hmit [ ] Vi (xJre dx = [ ]V (x) dx
e a j=1 Y a j=1 9

or
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b b
Timit [ AL(R_(x))dx = [ A_(R,(x))dx since
ex0t a3 2 © a &V

wj(x) +e, {j= 1,.7/,n) are the eigenvalues of RE(x).,

Step 3. From I.C. Gohberg and M.G. Krein, ([5], Chapter VI.7), we have

i

n_(s)}
Timit —

s+ /s

b
= l-f A (R_{x))dx for each € > 0.
ra ¢ °

From this thére follows the lemma.
We now present \ﬁe final theorem.

Tﬁeorem 4,11, When R(X) satisfies H22 the distribution funetion n(s)

of positive eigenvalues of the problgm (3.1) satisifes the asymptotic

formula (4.2).

‘ n 1
Proof. From Lemma 4.70 limit n(s) exists and equalsto — AL(R+(x))dx.
rroov _ - 5

s Y5

Qb —— O

. \
Now using corollary 4.9, we have limit ns) . Timit E—(E-l-and hence we have
S+ /g 50 5

proved the theorem. *

Remark. In the results of I.C. Gohberg and M.G. Krein [5], there appears

some additional factor 4. But it must be corrected as 1. .

- ‘1',.
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7.

| Appendix A<

Compact operators

The following two theorems are in connection with compact operators

on a Hilbert space:

Theorem A.1. ([41, II1.9)

The operator A defined by

(AF)(x) = | AGx,t)F(t)dt for fe 2 M (@)
i

is compact if A{x,t)e Jgénxn)(QXQ)-

Theorem A.2. (Riesz-Schauder theorem -- [8], Theorem VI.15)
Let A be a compact operator on.ié")(Q), then o(A) is a discrete set having

no limit points except perhaps A = 0. Further, any nonzero X ¢ o(A) is an

eigenvalue of finite multiplicity.
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Appendix B

Some properties of Green's functions

For the Green's function

(b-t)(x-a)/(b-a) a<x<t
g(x,t) = { '
{(b-x){t-a)/(b-a) t<x<b

—gx*(x,t) = §(x-t).

Where §(x-t) is the Dirac delta function and has the following propefties

(cf. [13], Chapter 1.1)

0 if t ¢ (a,b)
1 if t ¢ (a,b)

If u(x) is a continuous function

{ 0 . ifte (a,b)
u(t) if t ¢ (a,b)

u(x)8(x-t)dx =

o

Thus for a continuous function u{x)

b
-] g, (x,thu(x}dx = u(t).

. a
Direct.ihtegration shows that

b b )
[ ] latx,t))2dxdt = {b=a)”
aa- 90
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Appendix C -

The Courant minimax principle . . *

For the Sturm-Liouville boundary value problem (<4.4) the quotient

defined by

ly'(X)lzdx

R Ay) = for y ¢ H

thé(X)ydx

- o — o

is calied the Rayleigh quotient.

Let C(U'I’UZ" . .,un_1) denote the minimum value of the Rayleigh quotient

J@E(y) subject to the n-1 constraints . Y
b £ .
/ ui(x)y(x)dx = 0 for i = 1,2,...,n-1,
a

where‘u],uz,...,un_] are any given n-1 vector functions from the U. Then
the nth eigenvalue un(E:) of (4.4) is equal to the maximwn value of the
expressioﬁ C(u1 sUs s ,un_]) over all possible vector functions
u],uz,...,un_] in the U. This result is often referred to as_Courant's

minimax principle ([ 2], Chapter 6.1.4).

b ]
[ 1y (x)]2dx N
let =~ B _(y) =5

-
m Ithe_G(X)ydx
a m
b 2
[ 1y () [“dx
. _a
and L EmH(y) =5 :
£y R, (x)ydx
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Then un(;m) < “n(Em+1) for all n = 1,2,3,.. if the Rayleigh quotients

satisfy the condition

(C121, Chapter 7.6).

for all vector functions y ¢ U,
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