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ABSTRACT

In a communication system if an (n,k) error-correcting block
code is used, then at the receiver the incoming secfuence is only
meaningful when considered in blocks of length n. Hence one of the
tasks of the receiver is to partition the incoming sequence into blocks
of length n where each blockl corresponds to the transmitted one
which caused it. However due to noise in the system, this partitioning
process will sometimes be done incorrectly, in which case a slip

(or synchronization) error is said to have occurred.

A code which can correct both additive and slip errors is called

a synchronizable error correcting code.

The purpose of the thesis is to present a class of synchronizable
error correcting codes. The following result has been established.
Let V be on (n,k) cyclic code which can simultaneously correct one burst X
of length S or less always occurring in the first 25.p1aces, a burst of
length S or less always occurring in the last 25 places and a third error
€ (k) occurring elseqghere. Let V' be the shortened (n' = n-25,k-25-1),
k = 25+1, code obtained from V and consisting of only those words
which start with a 1. Then V'is on €(x) synchronizable error correcting
code capable of correcting the simultaneous occurrence of €(x) additive

errors and S slip errors. Modifications of this Theorem will also be

i)resented. The results obtained will then be applied to existing error-

correcting codes.
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CHAPTER 1

INTRODUCTION

1.1, Coding For Error Control

In communications we are dealing with the problem of
transmitting information from a point A to a point B.

For example A could be the memory unit and B the arith-
metic unit in a modern digital computer. At the other end
of the spectrum, A could be a weather satellite orbiting
the earth and B a receiving ground station. What lies
betwéen A and B need not be the conventional type of channel
we usually imagine but could be a storage device. This
latter type of system is common in instrumentation where
information is often recorded on magnetic tape and later
retrieved from the tape ‘and processed. We have the same
situation in data centers where the information is stored

on magnetic tape or discs.

Since the advent of the digital computer, digital techni-
ques have become very popular. Because the computer
processes information in a digital form it scems logical
to record and even transmit information in such a form. A
system which transmits information.in a digital format is
termed a "digital data transmission system". A typical

system of this form is shown in figure 1.



source inary channel channe binary
SOURCE to to or to to DESTINATION
———|binary [channel{{storage|> |binary [>|destination >
encodey] |encoder| |device ldecoder decoder
FIGURE 1

In this thesis we will be concerned solely with this type

of system.

In Figure 1, the'source to binary encoder' converts the
source signal (e.g. a voltage or current function) into
a binary sequence (i.e. a sequence of zeros and ones) .

Next the 'binary to channel encoder' converts this binaxy Q!!!

sequence into a form adaptable to the channel. This last
step is usually called "modulation". For example a 0
could be transmitted as a pulse of frequency f, and a
*1l' as a pulse of frequencyfl#f@ This in a sense would
correspond to freﬁﬁency modulation in conventional radio
transmission. Various other methods are used such as

amplitude modulation, phase modulation, etc...

In such a system, if we transmit a '0' or a '1l' then we
expect to receive a '0' or a 'l' respectively. Occasional-

ly, due to noise in the channel (or recording failures in




the 'case of a storage device), a transmitted 0 will be
incorrectly interpreted as a 1 and vice-versa. If one
wants to minimize such incorrect decisions thea the first
sﬁep might be to improve the channel. This, however, is
limited and in some cases we have no access to.the channel.
If further reliability is required, then we can use error-
correcting codes. Such high reliability is often required
in cases where retransmission is impossiﬁle (weather
satelite) or where errors cause further errors such as

computation in a digital computer.

A digital data transmission system using error-correcting codes

would then be as in Figure 2.

R
source binary [binary
SOURCE to to to _
————>—— binary {>binary —>{ channel |—>
encoder error control encoder ]
channel
. or
storage
device
binary binary channel
DESTINATION to erxor ‘to P
“~| destination{¢{corrector i< binary <
decoder , decoder

e

=

Figure 2-



The basic idea is very simple, We take a set of k
message digits which we wish to transmit, annex to them
r check digits, and transmit thé éntire n;r+k digits.
Assuming that the channel noise changes sufficiently few
of these transmitted digits, the r check digits may
provide enough information to the receiver to enable it
to detect and correct the errors. It is clear that these
r check digits cannot be chosen arbitrarily but they

must be a function of the k information digits.

One of the first error correcting code to come along is
tﬁe so called parity check code. For example if we wish

to transmit the k-tuple (al as .. ay) where aj=0 or 1,

then we would transmit (aj; a8y .. ax a,; ) where the check
bit ak+1:i§1ai sum modulo 2. This is equivalent to making
ak+i:0 if the number of non-zero information bits is even
and ak+l"l in the other case. Hence this type of code

can detect all error patterns of odd weight. At this point
we will make a few definitions which will facilitate the

remaining discussion.

DEFINITION 1.1.Z.

If (a4 ay oo a,) and (b, ., b,) are two binary n-tuples

then their modulo-2 sum is a third n-tuple (cl..cn) where



cj=a;+b; and + 0 stands for modulo 2 addition defined

by; 121=0, 100=061=), 000=0.

DEFINITION 1.1.2.

Let V=(a1...an) be a binary n-tuple. The weight of v,
denoted W(V), is the number of non-zero coeficients in

V. -e.g. W{v=(0110101) }=4.

DBEFINITION l.1.3.

If V) ang V, are two binary n-tuples, the Hamming [4]

distance between them is W(V3) where V3=VI@V2‘

—

EXAMPLE 1,1.1.

If Vi=(1011011) , Vo=(0111010) then the Hamming distance

between V; and V, is 3 since V3=(1100001) and W(v3)=3.

If we transmit an n~-tuple %=(al...an) over a noisy channel
and we receive R=(bl...bn) then it follows that the
coefficients of V which have been changed by noise are the

non-zero coefficients of E=VaR.

DEFINITION j,1.i.

If we transmit V=(al...an) and receive R:{bl...bn) then

the error vector is EzRa&V,



Hence it follows that if we know what error has occured
during transmission then we know the transmitted code

’ .
word as;

'=R ¢E

The addition of a-parity check to the k information bits
will enable the decoder to detecf all errors of odd weight
- (or even weight if ak+l:(é§ai)+1, but cannot correct such
errors. In 1950 Hamming ?9] developed a class of single
error correcting (SEC), double error detecting codes.

He also developed a relation between the error correcting
capability of a code and the concept of Hamming distance
between code words. More specifically if V is a code,
then V‘can correct all error patterns of weight e or less
if and only if the Hamming distance between any two code
words is d or more where

d=2e+l, 1.1.1.

The SEC Hamming codes fall into the class of lincar codes

which we define as:

DEFINITION 1.1.5,

Let H be an r by n matrix whose entries arc ntg orl's,

The set V of all n-tuplesv satisfying.

T
Hv =0 | 1.1.2,




is a linear code. vT stands for the tr§nspose of v and H

is called the parity check matrix for V.
We also have,

DEFINITION 1.1.6.

"If V is a linear code with parity check matrix H, then for
any binary n-tuple w
Hw? is called the

syndrome of w.

If all the éolumns of H are distinct and non-zero then the

code associated with H is a SEC Hamming code [1,3] . In

general if all sets of 2t or less columns of H form a

Yinearly independent sef, then V is a t error correcting
code [}] .

Associated with the H matrix is a k by n matrix G called
the generator matrix of the code E,2,3Z] . Since a linear
code V is a vector space over GF(2)={0,1} then we can say
that the rows of G form a basis for V[i,2,3,§] . If we
‘wish to transmit a k information vector I then we would
first multiply it by G to obtain the corresponding code
word -

V=1G 1.1.3.



Hence a linear code has 2k code words or has dimension
k over GF(2). The generator matrix G can be obtained

from H[L] . ,

The SEC Hamming codes are obviously easy to construct

and can also be decoded in an easy fashion. A systematic
technique for the construction of t-error correcting codes
was not given until 1959, this is to say almost ten years
after Hamming's paper. A class of codes which can correct
all error patterns of weight t or less (or t or less
random errors) was developed_independeﬁtly by Hocquenghem
[9] in 1959 and by Bose and Chaudhuri [10] in 1960. This
class is a subset of the class of cyclic codes. The class

of cyclic codes is a subset of the class of linear codes.

DEFINITION 131,1,7.

If V is a linear code and if whenever (al,. an)e v,
(an 84 .. ay.j) also belongs to V then V is a cyclic
code. (aj a..,. an—l) is the right cyclic shift of

(@ ..a }. This definition is the same for non-binary

codes [1,2:[ .

-

When sneaking about cyclic codes it ig more convenient
to use polynomials instead of n-tuples. This is done
by associating the polynomial ao+81X+--.-+an_1xn"l
with the n-tuvle (ao, al,....an_l). It has heam shown
1] that with every binary (n,k) cvelic ccde there is

associated a uniaue nolynomial G(x) of depree n-it - sich
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that G(x) Ixn-i. Every word in the code can be expressed as

C(x) G(x) where C(x) is a polynomial of degree k-1 or less. The
polynomial G(x) is called the generator polyhiomial of the code.

An important class of cyclic codes are the BCH (Bose-Chaudhuri--
Hocquenghem) cyclic codes, The error correcting capability of the
BCH cyclic codes is specified by the roots of the generator polynomial
G(x). The construction of such codes is given in Peterson [ (7.

The generator matrix of an (n,k) cyclic code generated by G(x) is
G(x)
XG(x)

2 ' !

,_xk lox) J . \

Moreover the parity check matrix is given as

given by

G =

[ me)* "
H= ! '
' '
o g |
where G(x)H(x) = x"-1 and (f(x))* = xnf( l/x) where n is the degree of f(x).

In 1961 W.W. Peterson [ 1, 13] provided a deccoding procedure for the
BCH cvodcs. This break-through made the BCH codes very attractive
from an implementation point of view. The BCH codes are very

efficient for the correction of random errors. However in certain applica-

tions other type of errors predominate. One such type of error are the so
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called burst errorsAwhich we define as

DEFINITION 1.2.8,

An error of the form,

(oo——--—lai2 aj3 e aiL—l 100 - 0) aiE:O or 1,

‘is called a burst of length L starting in position i;.

This type of error is common in telephone and recording
systems. An efficient class of Burst-Error-Correcting cyclic

codes are the 7 - Fire codes. These are also

generated by a particular polynomial [EB,I,%].

In the above discussion we started with linear codes. An

even larger class of error-correcting codes are the group

codes.

DEFINITION 1.1.9,

A code V whose elements form a group [i6,17,§] undex

addition is called a group code. . .

In the case where the elements of V are binary n-tuples
a group code is a linear code [ﬂ . In this thesis since
we will be mainly concerned with binary codes we will use

the term group codes instead of linear codces.

-
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We terminate this section with one last’ definition which

will be used later.

" DEFINITION 1.1.10.

Let V be a group code of length n. Let GF(2)M denote the
'~group of all n-tuples under modulo 2 addition. Then V
is a subgroup of GF(2)® and a coset of V in GF(2)" is

defined for every w GF(2)" as

L owiV = {whv|veys |
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CHAPTER 2

SYNCHRONTI ZAT ION

2.1. The Problem of Synchronization

When transmitting digital data over a channel, the receiver

must be kept in synchronism with the transmitter. 1In other

words; the receiver has to know when a message starts and
when it ends. For example in an English text we encounter
such symbols as , . ; : and so on. In a sense we could
say that these symbols are used to maintain synchronism
between the reader and the writer. If‘in an English text
we were to remove such symbols then the new text could
have many different meanings. To confuse the issue

further we could remove the spaces between words.

To indicate the importance of proper synchronization bet-
ween the receiver and the transmitter we note that in
teletype communication for example, 53 out of every 153
msec of message space is alloted =~ for synchronization
purposes. It is also evident that Morse was aware of this
problem since in the design of his code he allowed for

times of open line between words and sentences. In most

data channels, such as thcse linking computer users and

a central computer in a time sharing system, as much as

30% of the channel capacity is—being used for synchroniza-

tion purposes.

N
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In systems where coding is used for error control we
have 'a similar problem. 'In this latter,situation; when
we wish to transmit k information symbols, we anex to
these r redundancy symbols according to some predetermined
rule, and then transmit the total kir symbols. This

type of coding is commonly known as block coding[1] .
-Inherent in block coding is the fact that an incoming
sequence of digits is only meaningful when considered as
a sequence of blocks of digits, each block corresponding
to some transmitted word. It is perhaps worthwhile men-
tioning that not all coding schemes are of this form. For
example in sequential coding [?g] information symbols are
coded individually or one by one instead of k by k. 1In

this type of coding scheme the problem of synchronization

is not so acute.

We now turn to a more specific formulation of synchroniza-
tion. Suppose we have a code V of length n and transmit
words from V over a channel. At the receiver, the incoming
sequence has to be appropriately partitioned into blocks,
each block corresponding to the transmitted word which
causcd it. Siﬁce all words have the same length, the pro-
-blem of appropriate partitioning becomes one of finding

the correct start of a code word in a stream of 2n digits.

If in a received sequence,

pA)
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XIxeaooroo-.o.o.' 20‘1010.

4
we pick x, or x, as the start of a code word, where
, 1-L i+R
in reality it is ¥;j+ then in either case a synch (syn-
chronization) error has occured. In the first case we
refer to the synch error as a loss of L bits or a slip
to the left of L bits. The second case is called a gain
of R bits or a slip to the right by R bits. Note that

in 2.2.1 the first symbol arriving at the receiver is

Xi. Both situations are shown in Figure 3.

correct code word
XX... x' .... : L) o e e e e« o 0
e [l Xirr an:] *iren?

v L

misframed word, slip to the right P

correct code word

XX.-- ’ x. o e 0 } P X. ¢ s 0
172 { i-IL [}i e Xi-Irn 1+;]

\

misframed word, slip to the left

FIGURE 3

In the above description of slip it becomes apparent,

after some thought, that we have to establish upper lkounds
on the value of L and R. This is clarified by the follo-

wing consideration; 1let A,B, and C be any three code
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words each of length n. Consider the sequence A,B,C

which is,

8,840 a bib,... bnc‘lc,z.“ . 2.1.2.

I from 2.2.2. we choose the sequence,

an__i+1 e e 0 anbibz... bn"i ’ 2.1.3.

then this can be interpreted in two ways. Expression 2.1, 3,
can either be considered as a left slip of i bits in B

or a right slip of n-i biés in A. It is natural to say

that if i<n-i, then the first case is more probable and

if n-i<i, then the latter case is more probable.

The next thing is, what do we do when n-i =i ? This last

. - .- .
{ situation will only occur when n is even. 50 we make the ' ‘
1 i j

following restrictions:

1) If n is odd then L,Rsnfi . 2.1.4,

2) If n'is even then L<n/2, R<n/2. 2.1.5.

Having established the above bounds on L and R the pro-

blem of slip becomes well defined.

2.2, Mathematical Formulation of Slip

The power of analysis in science and engineering is sclf-
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evident. One could say that mathematics is to the
physiéal scientist what the microscope is to the biological
scientist. An interesting thing in thi; cdﬁtext is that
iﬁ many cases a physical problem can be formulated in more
than one way. In such cases, the different formulations
may reveal different aspects of the same problem and

even poiﬁt to different solutions. The criterion for
judging the value of ahy one solution, at least in Engi-

neering, should be its practical implications.

So far two mainanalytical' techniques have been used to study [
the problem of synchronization. In one case the matrix
representation of a code is used. This technique is Q!!
applicable to all linear codes. The other tcchniqué uses

the fact that a cyclic code can be represented by a poly-

nomial G(x). This last method is more spccific and

consequently more simple. The matrix technique was ceve-

loped by J. J. Stiffler in 1965 Ei]. The polynomial

technique was developed by S. Y. Tong in 1963(22]and Levy[39]. Along
this line we should also mengion Barker [?@ who was the

first person to investigate the problem of slip as such..

In this thesis the polynomial formulaticn of slip will

be used. Nevertheless, for the sake of completness, the

matrix technique will be briefly described.
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A. Matrix Technique

Let V be a linear code with generator matrix G and parity
check matrix H. The elements of V form a vector space

. over GF(2)={0,1} . The rows of G are linearly indepen-
dent and span V, this is to say, the rows of G form a
basis for V. G is a kxn matrix and H is an (n-k)xn
matrix and GHT=0. For the analysis of slip it is more
convenient to usc GT, the transpose of G, instead of G.
In this latter situation we consider the elements of V

N as nxi vectors and any such vector V can be expresses as

v=GT x 2.2.1.

where X is a kxl column vector.

Let A, B and C be any three code words from V with;_
a-6*x, , B=6¢"x, c=¢Tx, .

: : TyTeT which i

Consider now the sequence A*B'C~ which is

alaZ"' anblbz ¢ e 0 bnclcz o 0 0 Cna 2-2.2.

Let BT be the word which we wish to decode from 2.2,2., If

instead of BT we select

”

an~L+l e o @ anbl b2 * & 0 bn—L
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then a slip of L bits to the left has taken place. Simi-

larly if instead of BT we pick

bR+l e o 9 bXIC.lC.2 LN N ] C'R - 2.2.4.

dthen a right slip of R bits has occured. 1In 2.2.3. and

¢ )
2.3,4., L and R are bounded as discussed earlier.

Let us now partition 6T into G, and G, as

where: a) Gx is an (n-L)xK matrix for a left slip;and

b) Gl is an (RxK) matrix for a right slip.

With this convention it follows that 2.2.3. and 2.2.4.

can be expressed as:

. G >’<
(an—L"-l oo e ar)l)lb2 o o 0 bn'—L) — X 2.6 .

o] [X]1 2.z2.17.

and

[
og
0
0
o
V!i
Il
«Q

where the subscript L refers to partitioning a) and the

subscript R refers to partitioning b).
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Expressions 2.2.6. and 2.2.7. are the mathematical for-
mulations of left and riéht slip we seek. For an appli-
cation of this technique to the study of slip in cyclic codes

see Stiffler [21] and Tavares and Fukada [-2_3.] .

B. Polynomial Technique

Let V be a code of length n. 1In this section we use the
polynomial representation of a code word. Let A(x), B(x),
and C(x) be any three code words from V and consider the

sequence A(x), B(x), C(x), which is,

Assume that B(x) is the word which we wish to decode from

2.3.8. If instead of B(x) we pick.

then a slip to the left of L bits has occured.
Expression 2.2.9. can be rewritten as:
n-L-1 L n-L | n—f]
L T e e
X E)o+b1x+' ' bn-—L-—lX tX E)n"Lx 1 bn--lX :

L~-1 I, — n-L n-1
LN ] x -‘— e 9
+E‘n-—L+ qn-1X _] + |_b X bn_lx _] 2.2.10.

This last expression becomes, upon combining the first
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twvo terms,

L -
X B‘X)+E1-L oa ) X ]+x pF et by x“]z.z.n.

Now since all expressions are considered modulo X"y3

and since X" modulo XP41 is 1, we have

. L . L-1
X" B(x) 4 l__(—an-L’Lbn-L? +(_bn-L+l+an-L+l)x+ .. (an__1+bn_l)x_:]

-

2.2.12;
For the purpose of analysis we replace the second term
in 2,2.12, by.a general polynomial'L&(x) of degree L-1
or less. Hence we have
L
X" B(x) -I—I_]L (x) . : 2.2.13.‘

Expression 2.2.13. is more general than 2.2.12. and hence
results obtained using 2.2,13. will certainly be appli-

cable to 2.2.12.
On the other hand, if from 2.2.8. we pick

n n
bR+bR4_l X+ .. b, X+ cCX+ ..cC X 2.2.14,

‘then a right slip of R bits has taken place.

Polynomial 2.2.14. can be rewritten as;

R-T

R B+l “fI’ R [
X- b Y P b x '{'x b b X+o . b X
* [%R ﬁ- Rf1 n-1 otBy

R-1
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XR"l_] 2.2,15

n-R . - =R¢
X epte x L. ocp xR FSo| bgtbyX .. by

] & [ L3 ’
Combining the first two expressions we have,

R-17, 5 . .
R-1% I+ XR[bo biX .. bR_le,ll 2.2.20

XBOO+X[C. C.X .. C
0 1
where X" has been dropped for the same reason as in the
case of a left slip. Finally we combine the last two

' terms in 2.2.20 to get

=R_,_ . =R | R-—l] 2.2.21
. 4o . .

XB(X) +X [ (byrC ) +(bAC )X ., (b, +Cp )X

Once again we replace the last term in 2.2.21 by a general

polynomial Up(X) of degree R-1 or less. This subtitution

gives the desired form as:

2.2,22 l

R B(x) + RRUR(X).

Expressions 2.2,13 and 2.2.22 represent. the situations of

a left and a right slip respectively. These expressions

do not allow for additive errors. The next thing we would
like to do is to derive expressions analogous to 2.2.13 and

2.2.22 for the more general case when additive errors are

present.

Let V be a code which can correct all error pattecrns belonging

to a class E. In other words E is the set of all error patterns

which can be corrected by V. For example if V is a random
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e-error correcting code, then E is the set of all n-tuples
of weight e or less. Suppose now we transmit three words
A(X), B(X) and C(X) from V over a noisy channel which
introduces errors from E. At the receiver the sequence will
be |
at(x), Bl(x), clx), 2.2.23

' whers  AL(X)=A(X)+E (X)
BL (X)=B (X)+E, (X) 2.2.94
ch (x)=c (x)+E, (X) | ,

and Ei(X) eE for i=1,2 and 3. Now once more we wish to select

from 2.2.23 the word BL(X). At this point there is no use

going through the same analysis as before if we make a few Q!.l
trivial observations. Let us first consider the casec of a

left slip. In expression 2.2.11, the only term coming from

A(X) is T, (X)=a ..+an__1XL"l . In this case the only

n-L
difference is that A(X) is corrupted by El(x). The worst

that could happen is that El(Xf 5e éomplctely contained in
Ty (X), in which case TL(X) becomes TL(X)+E1(X). In 2.2,23
B(X) becomes B(X)+EZ(X). Assuming Ei(x) is picked up with

TL(X), 2.2.11 becomes,

-1
XL (B (X)4Ty (X)) + Ty, (XH-EL (004X [b .. bnulk ] 2.2.25
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If we now drop X® and combine T, (X) with b L
no—

Al

we have

XPB ()4 Up, (0 + B () + %PE, (%) | 2.3.26

Now since UL(X) is a general polynomial anyway we can

incorporate Ei(X) into it since Ei(x) is at most of degree

L-1. Hence we have
X (x) + ug (X) + By (X) 2.3.27
Qhere xL multiplying EZ(X) is dropped.
The same arguments provide us with
xR B(X)+-RU(X) + E, (X) 2.3.28

for a right slip of R'bits in B(X) and where additive crrors

are present.

. At this point we have a complete description of slip both

in the presence . and absence of additive errors. We collect

these expressions in the form of a Table.

CASE LEFT SLIP OF RIGHT SLIP OF
: L BITS R DITS
-P . -R
NOISELESS xLB(x)4~UL(x) X B(X) + X U (X)
-R =R
NOISY xLB(x)+uL(x)+E(x) X B(X)+X U (X)+E(X)

l]]i?‘.a]‘_l!.'} 20 j . 3 .
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’

In chapter 3 a short survey. is made of tirxe existing
schemes to correct slip errors. In chapter 4 a new solution
to the problem of synchronization of cyclic codes is presented.
Lastly in chapter 5 some concluding remarks are made about

the different schemes presented in the previous chapters.

N.B. Part of the results in chapter 4 have been presented

elsewhere [38].
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CHAPTER 3

SOME EXISTING TECHNIQUES

’

3.1. Brief Survey

In the past, a variety of methods for the minimization of
incorrect decisions due to slip errors have been investi-
gated. One of two drawbacks is almost invariably associated
with these techniques. In some cases the technique is

such that it makes poor use of the channel capacity. In
other cases, the technique is only effiéient in the absence
of additive errors. An ideal tecﬁnique then would be one
which makes good use of the channel capacity and which is
able to correct both slip and additive errors. In this

work we are mainly concerned with the desiqgn of

"synchronizable error correcting codes", that is to say,
codes which can handle both slip and additive errors {2¢] .
Since there already exists some classes of codes which are
both easily implemented and decodable, then it would seem
logical to direct our efforts to the modificatiorn of such
codes in order to use them for the corrcction of slip in the
Predominant among this class of codes

presence of noise.

are the BCH codes . which are efficient at the corrcction

of random errors. Unfortunately, as will be scen later,

cyclic codes are highly vulnerable to synchronization errors.
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A large proportion of the recent literature on Synchroniza-
tion is about the modification ofcyclic codes jp order to
make them synchronizable [22, 23,_26, 27] . Some work has
also been done on the synchronization of Fire Codes [27].

We will now indicate a few of the techniques which have
been developed so far. This survey is not at all complete
and for a more exhaustive survey see Tavares [27] or
Caldwell [28] . 1In the remaining discussion we will agsume
binary codes though many of the arguments are valid for non-

binary codes.

If V is a binary code and we transmit words from V over a
channel then the first attempt to synchronize this code
would be to introduce a so called synchroni;inq symbol. This
third symbol would then be used to separate code words. The
introduction of a third symbol increases the complexity of
the'terminal equipmeht and hence from a practical point of
view the methoa becomes less attractive. An even oreater
objection is that in the case where the channel is noisy,
which is by far more realistic, the synch symbol may bLecome
indistinguishable from the binary symbols used in the code

words. When this occurs incorrect decisions are bound to

be made.

_As an alternative té the above technique, a birary seqguence

P of length a is used instecad of a new symhol [24]. During



-26-

transmission the prefix Sequence P is placed at the begin~-
ning of each code word. Let A and B be any two code words,

4

each of length n with
A= “ee B= e
(ala2 an) ’ (blb2 bn) and

let P=-(plp2 ces p“) . Then if we wish fo transmit AB, we

would instead transmit PA PB. This last sequence would be

PP, «.. pogala2 oo anplp2 .o p‘x.blb2 e bn . 3.1.1.
The sequence P is chosen in sgch a way that any sequence of
& digits (except P itself) chosen from 3.1.1. will differ
from P in at»least one position. Once more if additive
errors are admitted then some sequences other than P will
in some cases be identical with P. In such cases a slip
error will not be detected. The above two techniques of

course are applicable to any binary code.

We now briefly discuss the concept of comma-free codes
D1,29,23,27,22]. Let V be a binary group code with words
of length n. Choose from V any three code words A,B and C

and form the sequence, o

aa ...abb ...bcc ...c . ' 3.1.2.
) ) niz n 1 2 n

Assume that the code word to be decoded from 3,1.2, jis B. If

instead of B we pick,

a o ...abb cl-b . ? 3.1.3.
n-i+t1 ni 2
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then a left slip of i bits has occured. If the channel

is noiseless, and if it so happens .that the n-tuple iﬁ
3.1.3. is not a code word, then we will detect the slip
errxor. On the other hand, if 3.1.3. belongs to the code,
and siﬁce the channel is noiseless, the syndrome'of 3.1.3.
will be zero. Hence we will incorrectly assume that 3.1.3.
is the word which was transmitted. For example if V is a

binary cyclic code and if A=B, then 3.1.3. becomes

bn—i+l"' bnb’b2 .o bn-i ' . 3.1.4,
which is a code word. In fact 3.1.4. is nothing else but

a cyclic shift of B. Hence cyclic codes are‘vulnerable to
slip because of their cyclic nature. It will be seen later
that the vulnerability of cyclic codes toAélip errors is

even more pronounced in the presence of noise.

If from 3.1.2. we had chosen,

s o0 C ¢ o o
bi+! bncl )

c, 3.1.5.
i

then a right slip of i bits has taken place. The same

arguments as above hold for this case.

DEFINITION 3.1.1.

If V is a binary code and if sequences 3.1.3. and 3.1.5, are

not ‘code words of V for all i,
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and for all code words A,B, and C, then V has comma-free

freedom r. Again r is limited to n/2 as previously discussed.

It follows immediately from this definition that in the
absence of additive errors a cocde V having comma~-free

freedom r will detect all slips not exceeding r.

DEFINITICON 3.1.2.

A code V of length n having comma-free freedon n/2 is said

to be comma-frece.

A coce as defined by DEFINITION 3.1.1. is also called a

code with a prefix property of dearee r.

N

J. J. Stiffler [21] was the firgt to discover the fact that
certain cosets of a binary cyclic code V exhibit prefiy
properties. This icea was further investigated by Torg [22]
in 1966 and later by Tavares [23,27}] in 1962. This latter
technicue is referred to as the 'Coset Code Technique'.

This will be discussed in further detail in scction 3.2.

Tong and Tavares are the first ones to provice coset codes which

can correct both slip and additive errors simultanecusly.

A class of svnchrenizable crror correctina: cedes
having a decodina procecdure was proviced by Lose ard Calcwell

261 in 1967. Treir tcchnicue is specifically tailered for
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use with the BCH codes. This technique will be discussed
in greater detail in the next sections.

We could at this point describe other methods of dealing
with synchronization, lowever since our main interest lies

in the synchronization of cyclic codes this will not be donc.

Vle now turn to a description of the coset technique.

3.2. COSET TECHNINUE

e subdivide this section into two parts. In the first
part we will assume the Noiseless case where additive errors
are not'allowed. In the second we will relax this condition
by allowing tte¢ presence of additive noise. First let us

discuss the ceneral philosophy behind the coset technique.

Let V be a binary code of length n and let Q, (X),0,(X) and

Qa(X) be any tlree code words from V. Let us now transmit
the sequence

0,(X), 0,(X), 0,(X) . 3.2.1.

Assume ve wish to piclk ngx). In general, cdue to slip

roise we will, instead of 0, (X)), pick

R (X) = X"0, (X) + U, (X) - o 3.2.2.

R R
1 k] 2

A
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according as the slip error is to the left or to the right
respectively. If before transmission ve were to add to

each word a fix vector C(X) then 3.2.2. and 3.2.3. would

become
Ry (X)=X [oz(x) cx) +u, (x> | 3.2.4.
and R (x) X [o (X)+C(X)+ uR(X) 3.2.5.

Now upon reception of an n-tuple we add once more C(X) to
it before decoding. Obviously if trere ié no slip error
then the second addition of C(X) will cancel the first C(X)
added. On the other hand, if a slip error as occured then
hopefully the process‘of adding C(X) before and after trans-

mission will yield an error pattern. Mathematically we have

after addition of € (X)
! _ D L
P.I (X)4+C(X) = X0, (X) + C(X)[|+x +UL(X) 3.2.6,

L et
and R (X)+C(X) =X 0, (X) + CoxL+ X I+ U, (x) 3.2.7. "‘

If in 3.2.6. and 3.2.7. L=R=0 then as expected we have

R' (X)+C(X)=0. (X)=R' (X)4+C(X) , 3.2.8.
L 2 R

or we have the transmitted word Qz(X).

The problem now is to design a polynomial C(X) such that

expressions 3.2.6, and 3.2.7. are not code words for all

values of L and R

1<LyR <€, g 3.2.9.
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LIf we have such a polynomial, then our technique will detect

all slips not exceeding S.

NOISELESS CASE

4

The purpose of this section is té state, pro&e and discuss

certain theorems on the cosets of binary cyclic codes. The
purpose of this section is not to give all existina theorems
on coset codes. For a good collection of such theorems sce
Tavares [27] . The few theorems given will hopefully indi-

cate the type of proof which is encountered in this area.

Let V be a binary cyclic code of length n and with cenerator

polynomial G(X). Let d be the minimun distance of V where

’

d=2t+1. : 3.2.1¢C.
Hence V is a t-random error correcting code. If we let
E be the collection of all n-tuple of weight t or less, tten
a necessary and sufficient codition for V to correct all
patterns from E is that the residue of all patterns belongina
to E be distinct and non-zero. Furthermore a polynomial of
degree n-1 or less belongs to V if and only if its resicus

modulo G(X) is zero. One codition on G(X) for V to be cvclic

is that
¥xi=c(x) p (), 3.2.11.

or ¢(X) divides X™+1[1] . The residue of a polynomial ¥ (X)

modulo G(X) will be denoted by {W(X)}.

Pefore proceedino to theorems on coset codes we will first

~
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establish a few lemmas which will be used at a later time.

LEMMA 3.2.1.

Let W, (X), W, (X), ... Wﬁ(x) be a collection of m polynomials

each of degree n-1 or less. Then

m m .

Ew,x}= Hw, )} - 3.2.12.
=] 1=1

e rm

PROOE: By the division algorithmn for polynomials, we know
that the polynomial Wi(X) can be uniquely written as
W; (X)= 0 (X)G(X) + x5 (X)  deg r; (X)<deq G(X) 3.2.13.

where Q (X) is called the quotient, r (X) the remainder and

deg means the"degree of" .

Hence from 3.2.13. we have that

m m m
JIW, (X)=6(X) 20, (X)+, Zr. (X). _ 3.2.14.
1=11 . 1=11 i=11
m
Now in 3.2.14. the degree ofizfi(x) is less than deg G(X)
m = m

vhich means that,Zfl(X) is indeed the resicdue °fi§Vi(X)-
i= =
modulo C(X). This follows from the unicueness of represen-

tation stated in the division Algorithmn. Eoguation 3.2.14.

is equivalent to 3.2.12.
QED
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LEMMA 3.2.2.

is - .
If V,an e random error correcting group code then an n-tuple

W(X) does not belong to V if
0<.W(W(X)) <d=2e+l. . 3.2.15,

PROOF: Since V is a group code,:then the minimum distance
of V is the minimum weight of V. By the minimum weight of
V we mean W(V(X)) vhere V(X) is the non-zero word of V which
has the least number of non-zero coeficients. This has to
be so since the distance between  (0,0,0, ... 0) and any
code word W(X) is W(W(X)) and V is closed under addition.
Therefore since the miﬁimum distance is d tken the minimum

weight is d.

QED

LEMMA 3.2.3.

Let V be an (n,k) binary cyclic code aenerated by a polynomial

G(X) of deéree n-k. Then no burst of lencth n-k or less

belongs to V.

PROOF: Because G (X) generates a cyclic code of length n,

then
XM 1=6G(X) H(X) 3.2.16.

or CG(X) divides Xn+l.

~

Mow let r(X) be a burst of length n-k or less. Startinc in
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in position j+l. Then
r(x) = xJr_(x) 3.2.17.

where r, (X) has degree less than n-k. Since G(X) divides
X™1, X does not divide G(X), otherwise X would divide X1
wvhich is impossible. Therefore XJ and G(X) are relativcly
prime. If we assume that G(X) divides r (X) then

since G(X) and X are relatively prime G(X) must divide
ry,(X). Now since the degree of r,(X) is less than tfe deqree.
of G(X) this last conclusion is imbossible. Therefore r(¥)

does not belong to the code.
nED

The first theorem we state is due to Tavares (2771 ..

THEOREM 3.2,1.

Given any (n, k) binary cyclic code, there exists a coset
code which can determine both the magnitude and direction

of any slip not excceding (n-k-2)/2.

PROOF: Recall from Table 2.3.1. that in the noiseless case,
the expressions for left and right slip are respectively:
RL(X)ZXLW(X) + U (X) | 3.2.18.

=R =F
and Rp(X) =% W(X) + X Up(X). 3.2.19,




«35-
The words of the coset code are of the form’

W(X) +C(X) for W(X) belonging to Vv and

where C(X) is the coset leader.

u

’

Transmitting words from the coset code and adding C(X) to
the received sequence we have

]
Ry, (X)=X"[W (X)+C (x)] + € (X)+Ty, (%)  3.2.20.

1 -R . ~R
and R (X)=X [W(x)+c(x)]+c(x) + X Uy, (). 3.2.21.

In order for the coset code to,do what is stated in the theorem

it must

1) Distinguish between two left slips, say L, and L, with
L,#L, and 1<L,, L,<S,

2) Distinguish between two right slips, say R, and R,
with R;#R, and 1<R,, R,<S,

3) Distinguish between a left and a right slip, say of

values L and R, 1<L,R<S.

Statements 1, 2, and 3 can be stated mathematically as:

1) {xLiwl (xH-xL‘c(x)+c(x)+'uL ()} {xP2y () 4x2e (x)+C (%)
. l |
+ ULg(X)}
for all  1<n,, L,<S , L;#L, and any two code words
W, (X) and V,(X). Using Lemma 3.2.:1. and the fact that V is

cyclic, the last expression is equivalently written as:

{ xPy ¥2y cxy+u, (x) UL;(X)};QO} .
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Finally assuming L,>L, we can incorporate UL (X) into
. . |

U  (X) to obtain
L2

{ (xLi + xT2) C(X”Uném} = {0}. 3.2.22.

2) {x !

e =R R -
wo(X)XC(X) F C(X)+X URm(x)};z{x 2wz(x)+xR"c(x)
-R - .
+C(X)+X U (X))
2 .
for all 1<R;, R,<S R#R, and for any two code words ¥, (X)

and ¥, (X).

Once more this last expression can be simplified to =

Ra2-R) .
{ (14X ) C(X)+'UR (x)}# {0} 3.2.23,

. 2
assuming R,>R,.

. ..R - -
3) {wal(x)+UL(x)+ch(xr+C(X)};é{x wz(xr»xRﬂﬁ(xykac(erC(X)}

for all 1<L,R<S and any two code words ¥, (X) and v, (X).
Reducing the expression we have:

{x2R) ey, (X)) £ {0) 3.2.24.

where
L+R
UL+R(X)=:UR(X)+X UL(X) 3.2.25.
or a general polynomial of degree L+P-1 or less.

Ve now claim that if
C(X)== 1+xn-1 3.2.26.

then 1, 2, and 3 will be satisfied.

r

1) Upon substitutino for C(X) tre Left Iand Side (LHS) of

3.2.22. bhecomes

&
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'{xLikaz+er'L+xLz“‘IJLz(X)}

using the fact that x"~L x-1,

Now since L,>L, we can collect XPI; xLi-t apg xLe—? with

UIm(X) to obtain

L _
{x 2+UL2(X)] . ; 3.2.27.

To make sure that 3.2.27. is not zero we use Lemma 3.2.2.

First W [XLainz(X)] is never zero because X“? never over-

lapes with ULZ(X) and L > 1.

Secondly we note that XLi+UL2(X) is a burst of length at
most S+1 when L,=S. Then if we insist that

- S5+1 < n-k
or S < n-k-t . 3.2.28.

then by Lemma 2.2.3. XL£4U£ (X) is never a code word or
2

3.2.27 is satisfied.

2) If we analyse this case using the same arguments as in
case 1 we obtain the same bound on S has given in 3,2.28.

Therefore we omit its analysis and pass to case 3.

3) Substituting for C(X) in the L.H.S. of 3.2.24 we obtain:

(xR R-Log ()

L+R
Combining 1, XL+R'lwith qL+R(X) we_have

{xL+Ryxn-1,TU (X))} . ' : 3.2.29.
L+R
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R

L+ n-1 ‘ | -
Now W(X + X 4+ UL-#R(X» is never zero since Xn 1 is never
. L+R
cancelled neither by X or UL+R(X)' Secondly the expression
n-1 LR

X"+ X4 UL (X) is & burst of length 2542 at most and if

we insist that

2512 < n-k
or - 8s{n-k-2)/2 3. 2. 30.
then by Lemma 3. 2. 3., Xn-1+ XL+R+ U, . (X) is never a code

L+R

word or 2.2.29. is never zero.
Since (n-k-2)/2 < n~k-1i we have that

S=(n-k-2)/2
QED

It is worthwhile to collect, in a tabular form, the salient expressions
developed in the above proof. These expressions are applicable ‘

to any coset code of a binary cyclic code with coset leader C(X).

Task to be performed condition to be satisfied
by the Coset Code by the Coset Leader C(X)

L
Differentiate between any two {(X 1+XLZ) C(X) +UL (X}*—_{O}
left slips L, and L 2

1 2’
L2> X ISLl,LZ. = S.
Differentiate between any ' -R
two right slips R1 and RZ’ &HXRZ l)C(X)+UR (xﬂ%{o}
R2>R1, 1£R1R2.<_S. 2

Differentiate between a left

. L+ ~

and a right slip of magnitude {(HX R) C(X)+ U :}:*;{O
L . L+R J

L and R,1=sL,RxS

TABLE 2.2.1,
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In Theorem 3.2.1. we are essentially using the additive
error correcting capability of the code V to correct slip
errors. In the more general case when we wish to correct
both addltlve and slip errors we use part of tbe additive
error correcting capability of the original code to correct
slip errors. Another alternative is to make a trade-off
between the transmission rate of V and the slip error cor-

recting capability. We define the transmission rate of an

(n,k) code as the ratio k/n. So what we are essentially

saying is that we could conceptually start with a code V
having transmission rate R, construct from V a new code V!
(essentially a.subcode) having transmission rate R!<R such
that V! has the same additive error correcting capability
as V but can also correct slip errors (for gxample the
technique of Section 3.3.). 1In any case if we wish to use
an error correcting code V to correct also slip errors then

. 3 . ] ‘
a price will have to be paid somewherc; either a lowering

- of the additive error correcting capability of V or a lowering

of the transmission rate of V or both. Whichever is used

will depend on the applicationlin mind.

Another point worth discussing is the ease of decodability
of a code. From.an implementation point of view it is
always desirable té have a code which has an easy decoding
algorithmn. Though not universal, a code having an easy
decoding algorithmn usually has a lower transmission rate,
everything else being equal.. The ideal case of course is

to have a code with as high a transmission rate as pessible

* Unless some cosets are not used for the correction of additive
errors.
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and as easy a decoding procedure as possible.

As mentioned carlier, the coset code obtained in Theorem 3,2.1.
can determine both the magnitude and diréction of any slip
error not exceeding (n-k-2)/2. This means that when such

a code is used in a practical system the decoder or correcc-

tor can correct the slip error in the next frame following

the one in which the slip is detected. This of course is

EIEE B Ep SOt SRR TRt Vo TR R
B K s R e o

TR

S

SR

TS
it

not the only way to correct slip errors. We could for

example use a code which can only determine the direction
or sign of the slip error. 1In this case the decoder would
have to go through a search process before correct synchro-

nization is regained.

A plausible search process or algorithmn using such a code

could be the following:

STEP 1. Let B=S=zmaximum slip expected

STEP 2. Pick an n-tuple from the ingoming sequence and
' compute the direction of slip.

STEP 3. If it is left go to STEP 4, if it is right go to
STEP 5, if it is zero go to STEP 6.

STEP 4. lLet B=B-1, shift to the right by B places and go
to STEP 2,

STEP 5. Let B=B-1l, shift to the left by B places and go
to STEP 2.

STEP 6. Correct synchronization is obtained, go to STEP 1.

With this system a certain number of slip errors have to be

tolerated before corrcct synch is regained. oOn the other

hand it places less of a demand on the cipability of V. ¥tten

~
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only the direction of slip is required the bound on S can

be raised to (n-k-1)/2.

An alternative to this last technigue is to go through the
search process using the word in which tﬁe.slip is detected,
the previous and.the following word. Using this approach

we do pot let any errors go by uncorrected. Tﬁis system
however requires a large memory to store the incoming sequence
while the.decoder is finding the slip error somewhere up

the line.

It is immediate from the above remarks that a code which

can determine both the magnitude and direction of slip

.15 more desirable from an implementation point of view. For
a more detai;ed discussion of these . - ideas see Tavares

[27]..

Our next theorem is also due to Tavares and Fukada*. We do

not give the proof.

THEOREM 3.2.2.

No coset of any (n,k) cyclic code, for which 2k>n, can dis-

tinguish between right and left slip whenever slip exceeds

(n-k-1)/2.
NOISY CASE

In this scection we limit ourselves to one theorem. This

theorem, in its final version, is due to Tavares and Fukadat,

* Theorem 2.5. in reference [27].
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THEOREM 3.2.3.

Given an (n,k) binary cyclic code with mi%imum disﬁance d,
there exists a coset code which can correct both e or less
additive errors and S or less slip errors even when they
occur simultaneously in each received n-tuple. Furthermore
S is giveh by

s=MIN [ (a-de-3)/2, (n-e-2)/2(e+8)] . 3.2.31.

We will not prove this theorem in its details. For a proof
see Tavares [27]. The coset leader which will satisfy the i

conditions stated in the theorem is

C(x)=xn-14§ xi(25+1) 3.2.32.
- i=0

The coset code will:

N

l. differentiate between a left slip and an additive error,
2. distinguish between a right slip and an additive error,
3. distinguish between two left slips Ll and L2 where

1<L ,L <S and L =L ,

— 12— 12
4. distinguish between two right slips Rl and R2 where

l<R ,R <S and RzR ,

-1 2= Y 2

5. distinguish between a right and a. left slip.

A tabulation of results using Theorem 3.2.3, is given in Table

3.201- "
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LEGEND TO TABLE 3 . 2 L) l L] : .

go;umn 1. (n,k,t) of the parent code V.

Coluﬁn 2, d=2t+l is' the minimum distante of V.

Column 3., k/n is the transmission rate of V.

Column 4, e is tﬁe additive error correcting capability

of the coset code according to Theorem 3.2.3.

Column 5. S is the maximum slip error correcting capability
given by relation 3.2.31.

3.3. Bose Caldwell Technicue

This section is an account of Bose and Caldwell's paper

entitled "Synchronizable-Error-Correcting-Codes", see reference

Let V be a (n,k) BCH code (as described in chapter 1) gene-
rated by G(X) and with minimum distance d. Then G(X) divides

XLl or

XN-]1 =c(X) H(X). 3.3.1.

Let vy be a root of H(X). Y not a root of G(X), with

minimum polynomial m(X). m(X) is'the monic irrecducible
polynomial of leést degree which has Y as a root. The.coefi—
cients of M (X) are in GF(q) and'n=qn1 For a discussion of
these concepts see Peterson [1] chapter VI. The degree of

m(X) will be m where ml divides mt. Also sincey is a root
1

+ Theorem 11 page 128 of reference [17].
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of H(X) then m(X) divides H(X) [}]. Lastly let the order

of Y be n‘ where nl divides n.

Let V* be the subcode of V generated by a(x).G(X). V* is
the cyclic code made up of all polynomials of V which are
divisible by m(X) G(X). It is an (n,k*) cyclic code where
k#zk—ml. Any word w*(x)i(wow,..g_g of V* satisfies the
equation
w* (x) [HT, H'f]zo 3.3.2.
where H is the parity check matrix of V and

B=0y, v v | 3.3.3.

Our objective is to construct a code which can correct SL
left slips or SR right slips and the simultaneous occurence

of e additive errors where

S*=SL+SR< n‘> 1. 3.3.‘;0
Encoding Procedure

Let C(X)=(C, C; ... Cp-;) be a fixed non-null (or non-zero)

word of V which does not belong to V*, If we wish to transmit

a word w* (X)=(w, ... g_l) from V* we would transmit instead
= * - 303.5.
by (X)__wa(x)4 Ca(x) |
et (W)= .. 3.3.6.
where wa(X)_ wn—SL wn_snH wn—l wow gR_!
i (‘ }-’:C C onn'c C Cli'OC_ COC‘...
and 2?15 C s Chesgr T S T n-1
L L
3.3.7.
s -1
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Hence we are transmitting words from a code T which as
k : .
% words of length n =n+ =K*=K-m_,

q g g SL+SR and Ka K*=K m, T is an

’

(na,ka) code.

DECODING PROCEDUPRE

Let the additive error per code word be

ea(X)zfn-:S.L. fn_leoeloo- en_l JOI]"’ISR-l. 3-3.8-

STEP 1. Pick from the incoming sequence an n, tuple and drop

the first Sy, and last SR symbols. The truncated word has

length n.

Case (i) If there are no slip errors then the truncated word

will be

Y(X) = (w0, .0, ) +(CC, ... Cn_z'i"(eoel.. e ) 3.3.9.

= wa (X) + C(X) +€(X). 3.3.10.

Case (ii) If there is a left slip of L$SL places then

the truncated word will be

w w W

Y(X):z(“’n—L et 0T R L n-1 o0 1 wn—L~1

¢ o0 c ’ C
et Cner n-1 n-L-t

+(Sr-pee.. Syt €,8, +oo en~L-l)
Y(X)-’-‘-XL W* (X) + XLC(X) + e"(X) | 3.3.11.

-
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Case (iii) If there is a right slip of R_f_sR places then the

truncated word will be
Y(X)=(uwg eov Wy, W0, .. p_, )

". ® o0 ® o
(CR Cn—1 Cocl CR-I)

tleg eooe S S e Tp

-R -R s
Y(X)=X WH(X)+X cC(x)+4)" 3.3.12.

4

STEP I1I We form the additive error syndrome

Y(x) HT=e' (X)HT in case (i), 3.3.13.
v(X) H=e" (X)HT in case (ii), 3.3.14.
y(x) HT=e™ (X)HT in case (iii), 3.3.15.

If we assume that

wle, (X)] < (a-1)/2 3.3.16.

then all additive errors will be correctable. In other

words e'(X), e"(X) and e'!!(¥) are all correctable by V.

STEP TIT The received truncated word Y(X) is now corrected.

Ve thus obtain

Z(X)= w* (X)+C(X) in case (i) 3.3.17.
7 (X) = XPw* (X)+XEC(X) in case (ii) 3.3.18.
Z(X).—_inw*(x)u?Rc(x) in case (iii) ©3.3.19.

STEP IV We now form the slip-error syndrome

z2(x) H,". ~3.3.20.
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This computation is

T T ;

Z(X)H1 = (.'J(X)H1 in case (i), 3. 3. 21,
T _L_,_..T . ° '

Z(X)H1 = X C(X)Hl in case (i,i), 3. 3. 22.
T -R

Z(X)H1 = X C(X)HIT in case (iii), 3.3, 23.

Since V* is also cyclic by our method of construction.

Recalling from 3. 3. 3, that

H1= [l Y yz yn-l_]

we have
-1

T 2 n
C(X)Hl =C + Cly+ Czy + ... Cn;-lY =8 , 3. 3. 24.

0

wheré 5 is an element of GF(qm) which we know since we know C{ X)

xLC(X)H1T=yI.‘5 3. 3. 25, ‘

X-RC(X)Hi TRy o 1R 3. 3. 26.

d H..
and H,

Again,

and

Since yn':ynl,

Step V Divide the slip-error syndrome obtained in IV by the

known element & to obtain

1 " in case (i),
L . .
Y in case (ii),
n-R in case (iii),
. - -R> S_. Hence if the
Now since SL+SR< n1 then nl SR> SL or nl L

answer to step V is 1, we conclude that no slip error has occured.
Secondly if the answer is yp‘ and p>SL then we conclude that a richt
slip of magnitude n,-p has occurred. Lastly if the answer is yp"

and p<S_ then a left slip of magnitucjc p has occurred.
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By applying a reverse shift to Z(X) and adding C(X) to it we obtain
the code word w(x) from V#*,

Therefore Vis a((glfl_/Z), S*) synchronizable error correctine code.

EXAMPLE:

Let V be the (15,7) BCH code renerated by
7

C-(X)=1+X4+X 6-i-X ' +X8.

4
Now 15=2 "~1 and the roots of ((X) belong to the Calois Field

4 4
GF(2") generated by 14X+X . For a tabulation of the elements of
4
CF(2") see Peterson[1]. The roots of G(X) are:
2 3. '
o, 2,007, x?, o8, 8, %, 2
wherec is a primitive root of ‘;+X+X4. Vis a 2 additive error

correcting code.

Let us assume we wi.shed to correct 1 left and 1 right slip error or
S#=]141=2. Hence we must choose an element from GF(24) who se
order n is larger than 2. The elements 0(5 and‘()(7 both satisfy
this condition. In order to minimize the redundancy we cwoose
that element which has a minimal function of least degree. In this
case we choose y=0C5 whose minimal function is

f(X)='"'l"+X+X2. ,

Hence the subcode V*is generated by

2 4 .5 .8 10
G¥X)=G(X) {(X) = 1+X+X +X +X +X +X .

V* is a (15, 5) code with minimum distance 7.

We now compute H and Hl.

10 0 X
H-—
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(=N =]
N Ry SR
O =,

R - - R~
L PR S
o

it

OOO;—-C,_,'_.O
QOOHoHHH
H OO C -
ey oy e

prcceediny the word is 1.

Y(X)= (100001000111001),

°°°'l-‘°°°p_.
,-iooooo...o
O romo

[

’_:OOO
oo

[y
'—‘._.
| -

We pick C(X)=(1 0001011100000 0)andlet us choose
from V* the word G¥X)(14X+X°) or wi{X){1 00001 1101100 10)

Now C (X)=(01000101110000001)
a

and w¥X)= (01000011101100101).
a

The transmitted word is

t(x)=w*(x)+ca(x)=(06000110011100100),'
a a

Lete (x)= (1600001000000 0O0O0O0), therefore the
a

corrupted vectoris{1 0 0 0010001110010 0).

Step 1. Assume a slip to the left by 1 bit and assume that the bit

Hence the truncated word is

.
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Step1l  Compute Y(X) HT and find the corre sponding additive error

ea(x).

! /’
Step 111 The received truncated vector after correction is

Z(X)=(00,0001100111001).

Step 1V Compute the slip error syndrome

T,
Z(X) H
which is (1000)=g®

Step V  Divide the slip syndrome by c(y) =

10
cfy) =6=X .

. 5
Therefore 0(15/0(10= (XS = 1 The order of X is 3=n1 Now

=1 SL"l and hence we conclude that a left slip of magnitude u=1

has occurred, which is correct,

Finally

wa(x)=x"IZ(X)+c(x)=(1oooo1110110010).

END OF EXAMPLE!

The transmission rate of V¥*is
k /n =({k-m, /n+S%) k/n 3. 3. 27.
a' a 1 ‘

Note that the Bose~Caldwell technique does not alter the add tive

eérror correcting capability of the code. On the other hand the trans-

mission rate of V¥ is less than that of V as given in 3, 3, 27 This

illustrates the co ncept discussed in section 3. 2.

We now gve a Table of results using the Bose-Caldwel] technique.
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LEGEND TO TABLE 3, 3,1, .

Column 1, (n,k,t) of the parent code V‘ t.is the ,aciditive error
correcting capability of V,
Column 2, G(X) is the generator polynonnal of V. If G(X)= Z c.X1

i=0 !

then the entry is E C 2' base 8.
i=o

Column 3, k/n is the transmission rate of V.,

Column 4. vy is a root of H(X) where Xn-1=G(X)H(X), y not a root of G(X).
*

Column 5, n  is the order of y, Recal that S Snl.

1
Column 6, m_ is the degree of the miiimal function of vy.

1
Column 7, f(x) is the minimal function of v,
Column 8, G3*(x) is the generator polynomial of V¥, Itis given up to
the (127,92, 5) code.

Column 9, (na,ka, t, S*) of V*/ na=n+S*, k =k~ ml,S SL+SR

Column 10, ka/na is the transmission rate of V¥
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CHAPTER 4

4,1, Introduction ' ,

We have seen in Chapter 3 two techniques which enable cyclic’

codes to correct both additive and slip errors. The coset

technique uses some of the additive error correcting capabi-

lity of the parent code V to correct slip errors. In other

words if the parent code V is a t-random error correcting

code then there exists @ coset codewhich can correct e<t random

errors and s slip errors. A decoding algorithmn is not pro-
~vided for the coset codes. Nevertheless the results on coset

codes are important for at least two reasons.

1. It is possible thot later on o decoding algorithmn

will be found for these codes.

2. They provide o yardstick to evaluate the performance ..

of other synchronizable error correcting codes.

The results on coset codes in Chapter 3 were derived for

binary cyclic codes. There exist however a variety of results

on the cosetsof non-binary cyclic codes [?7].

The Bose-Caldwell technique derived in Chapter 3 section 3 is
specifically tailored for BCH code:i It is applicable to
binary as well as non-binary BCH codes. More importantly it
has a relatively simple decoding algorithmn. The Bose and

Caldwell technique does not alter the «dditive error correcting

capability of the parent code V. The added feature of slip

The technique has been generalized by Weldon [35] .
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error correcting capability is counterbalanced by a degradation

in the transmission rate. ’

In this Chapter we will construct a class of synchronizable
error correcting codes which are both easily encoded . and
which have an extremely easy decoding procedure. The syn-
chronizable error-correcting code obtained will have a lower
transmission rate and a lower additive error correcting capa-
bility than the parent code. This latter technique is applicable
to any claoss of cyclic codes having certain properties which

will be described in the next section.

;
f
!
‘I
i

In section 4.2. we will derive a method of constructing a
class of synchronizable error-correcting codes. Also an

example will be given as to how the technique is applied. In

section 4.3. a modified version of the technique described in
section 4.2, will be described along with an example. Lastly

a table of results similar to table 3.3.1. will be given.

4.2. Noiseless Case

As a motivating exercise let us devise a method of correcting
slip errors in the absence of noise. Our first attempt to

solve this- problem will lead to a very inefficient hut
enlightening solution.

Let us first recall the expressions for slip errors in the

absence of noise. From table 2.3.1. they are

xLB(x)+u (X) | C 4.2.1.
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for a left slip of L places and

-R -R , .

X B(X)+X Up (X) o 4.2.2.
for a right slip of R places.
Furthermore,

L-1
UL(X)=(un_L+bn_L)+(an_L+]+bn_L+1)X PR (un_]+bn_])x

and U (X)=(bgreg)+(by+ey)X + oot (bg_q4Ce_q )R] 4.2.4.

Where A(X)=00+0]X+ oo e un_lxn-1
B(X)zbo-}-b]x-i- LI Y bn_'lxn-1

C(X)=cgteqgXe oov c X"

“and the sequence is A(X), B(X), c(X).

Now if we were to make
UL(X)=UR(X)=O for all 1<L, R%<S

then expressions 4.2.1. and 4.2.2. would become

i

xLB(x) 4.2.5.

-R
and X B(X) 4.2.6.

respectively., Our next problem would be to extract the value

of L from 4.2.5. ond the value of R from 4.2.6. . One
possibility is to choose only those B(X) from the parent
code V such that the first coefficient in 4.2.5. has pewer L
and such that the first coefficient in 4.2.6. has power -R.

In other words we would choose a special subset of the parent

code. We formally state the complete result in -the form of

4.2.3.
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a Theorem.

THEOREM 4.2.1.

Let V be an (n,k) binary cyclic code. Then for every intege¥
S®(k-1)/2 there exists a subset H of V which can correct all

slip errors not exceeding S.

Proof: Let H be the subset of V consisting of all code words
which start with exactly S 0's and which end:- with at least

S O's. For example a typical word of H would be
000 oo 0]AS+]AS+2 .An_s_]oo e e Oo' 4.2.7-

It is immediate that if we transmit words from H thenIJL(X)

and UR(X) will be identically zero.

Furthermore since all words of H have a 1 in the S+1 position‘
then in 4.2.5. and 4.2.6. the first non-zero coefficient will )
have power S+L or S-R respectively.

The decoding procedure would be as follows:
STEP 1. Pick an n-tuple from the incoming sequence

STEP 2. Locate the first non-zero coefficient in the received

n-tuple and call its power «.
STEP 3. If x< S then a right slip of mognitude S-x has taken
place. If x» Sthen a left slip of magnitude a-S has

taken place. Finally if x=S then no slip has taken

~

place.

Since 1<L, R€S  the above algorithmn will always work.



-58-

Since the shortest code word in V has length n-k+1 (Lemma 3.2.3.)
then the maximum value of S is (n-(n-k+1)) /2. The number of

words in H is 2k—25-1 or the transmission rate of H is
k=25-1 = k - 2541 | 4.2.8.
.n n n
QED

The above procedure is inefficient since it does not make use
of the error correcting capability of the parent code V. On j

the other hand the decoding procedure is extremely simple.

Our next step in attempting to solve the problem of slip is to

use the additive error correcting capability of the parent

code V.

THEOREM 4.2.2.

Let V be an (n,k) binary cyclic code which can correct any
burst of length S] or less occuring in the first 251 places
and another burst of length S1 or less always occuring in the
last 251 places. Let V‘ be the shortenéd (n‘,k]) version of V
and consisting of only those words which start with a 1, where
n1=n-251 and k‘:k-ZS]—l. Then if we use V1 for transmission

and V for decoding, and provided a certain decoding Algorithmn

is followed, V1 can correct all slip errors not exceeding S .

As before S‘ is upper bounded by (k=1)/2.

Proof: Since the proof is tied up with the decoding algorithmn

we present it first.
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DECODING PROCEDURE

2

Step 1. Pick an n] tuple Y(X) from the incoming sequence

Step 2. Multiply Y(X) by Xsl. This is equivalent to

shifting to the right by Sl in a shift register of length

n. The length being n since we use V for decoding.

‘Step 3. Decode XSIY(X) using the existing decoding procedure
for V. Call the corrected vector R(X). |

Step 4. Locate the first non-zero coefficient of R(X) {
proceeding from the left and call its corresponding power (. ;
Step 5. IfaX>S] then a left slip of magnitude(X—S] has

.occu;ed. If X<S! then a right slip of sl places has

occured. Finally if ®=S1 no slip has occured.

X
Step 6. Multiply R(X) by #x. Then X R(X) is the transmitted

'n1-tup1e.

»

If we transmit words from vl then our expressions for slip

are the some has 2.3.11. and 2.3.20. except that n becomes
nl. Rewriting these we have
]
L L-1 n L-1

XB(X) +[a 9 *9,1_q X I +x" [oa g+ -ee bligX ]
; ' i 402.9'
3 for a left slip and
}; "'R —R ' R,_] nl_R . R-]
é X B(X) + X [qo+01X+...qR_]X ] + %»‘ [°b+clx+"°R-1x ]
| for a right slip. 4.2.10.
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Flow Chairt For The Decoding Algorithm

Described on Page 59

Pick an incoming

n-tuple and store it

in a register of lengthn.

Shift contents of
register s' places to

the right,

Additive error

correcting circuit.

Shift contents of the
register containing

the corrected sequence
to the left unitl a 1
appears in the left

most flip-flop.
f

Contents of this last
register is the trans-

mitted sequence.
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In this case since we are decoding using V, Xn;:l modulo Xn+1.

4

If we define

L-1 ,
BL"‘(X):dn]_L'.‘.ooOn]-]x 4.2.1].
_ L-1 |
Ble(x)“an_L+ooobn1-]x 4.2012.
R-1
BR,I(X)=°0+OIX+..‘°R—]XR ] 4.2.]3.
X)=c +c cee -
BR'Z( )=¢, [ Xbeac, X 4.2.14,
then 4.2.9. and 4.2,10. become
L nl
X B(X) + BL'](X) + X BLIZ(X) 4.2.15.
-R -R 1.R
and  X'B(X) + X B_ .(X) + X" B, (X) | 4.2.16.
R,1 R-2

If we now follow our décoding a;gorithmn we have in Step 1

Y(x)=xB(X) + B (%) + x"IBL'Z(x)

-R -R nl-R .
or Y(X)=X B(X) + X By ,(X) + X B, ,(X) according as
R’] Rl2
the slip is to the left or to the right respectively.

In Step 2 we will have
xS v(x) = xU*STB(x) + X381 (X) + X" VB L(X)  4.2.17

.'- 1_ . 1 - )
or XS1Y(X) - xS RB(X) + XS RBR,](X) + )(n +5 RBR,Z(X) 4,2.18.

In Step 3 we decode XS]Y(X). In the case of a left slip we

observe that: )
1) XL+S]B(X) is a word of V since V is cyclic.

2) XS]BL j(X) is a burst of length 81 or less and occuring
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in the first 251 places.

3) Xn+slBL'2(X) is a burst of length s! or less occurring
in the last 251 plac;s. This last statement is true since
the maximum power of Xn]+siBL’2(X) is nl+251-1 which is,

by our choice of n]f less than n.
- gl
Therefore X° Y(X) is correctable by V.

In the case where a right slip has occured we observe that:
1) XSI'RB(X) is a word of V. . o ;
2) Xs1'RBR’](X) is a burst of length s! or less occurring t
in the first 25' places. This is true since SlzR.
3) Xn]+S]'RBR'2(X) is a burst of length s! or less occurring

]
in the last ?.S1 places. i

1 o
Hence once more XS Y(X) is correctable by V. Having estcblishe .
that XSIY(X) is correctable by V provided OsL,RSS] we go N

"
to Step 4. ‘

1
After correcting xS Y(X) we have
1
R(X) = x*3 'B(X)

or R(X)
1 -
it startswithal. Secondly since X-*5'B(X) and X° “RB(X) do

XSI_RB(X). Now since B(X) belongs to V]

not overflow modulo X"+1 or their degree does not exceed

n-1, it follows that the first non-zero coefficient of R(X) is

L+S] in the case of a left slip and SI—R in the case of a
right slip. Calling this power X it follows that
L= X-S'
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1

and R= §$'LX

In Step 5 we multiply R(X) by X% to obtain
B(X) in both cases.

Therefore we have shown that if V] is used for transmission

and V for decoding the V.I can correct all slips not exceeding
s! where Sl=(n-nl)/2.
QED

In Theorem 4.2.2. we have used a hypothetical code V which

has the property that it can correct a burst of length S]

or less aolways occurring in the first and last 25l places. ‘aﬁ
{

If such a code can be constructed then the technique of !
: i
Theorem 4.2.2. is efficient and easy to ¥
decode. In any case it is always possible to treat the burst

errors as random errors and use for V a BCH code, instead of V.

COROLLARY 4.2.1.

If in Theorem 4.2.2. we use for V a t-random error correcting

cyclic code, such as the BCH codes then V1 can correct S]

or less slip errors where

s1< (d-1)/4. | 4.2.19.

Furthermore d=2t+1.

The two bursts in Theorem 4.2.2. are now treated as

1

Ay
5y
4
&
1
Wy
4k,
AA
o

Proof:

o random error of weight 25 or less. Therefore

25'¢ d-1
2
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or sl< (d-1)/4

QED

EXAMPLE 4.2.1.

In Corallory 4.2.1. let V be the (15,7,2) code generated by

6(X)=1+x*4x84x74x8, (see Table 3.3.1.)
Since d=5, S1 is bounded by 1 according to inequality 4.2.19.

Therefore choose S‘:l which implies that n1=15-2=13. There-

AV A

fore V! is a (13,4,0,1) code.

1

Let us choose from V' the words

G(X)(1+X+X4) =1+X+X5+X6+X8+X9+X]°+X11+X

and  5ex) (14x3) 1axSaxtaxCaxBax x0T,

12 v

Consider the incoming sequence

1100011011111, 100110101111]0.

Step 1.
brackets, or

Y0 =LaxextaxBax7axTex 0ax Lax

Pick from the sequence the term between square

12

Step 2.

xy (x) =x+x2+x5+xC4x8ax 1 0ex ! Lox 13

12+X

Step 3.
Decode XY(X) to find the error pattern
e(x)=X

R(x)=Xy(x)+x=x2+x5+x6+x8+x‘°+x"+x12+x‘3.

Step 4.
The first non-zero coefficient of R(X) has power
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Step 5.
Since =21 then a left shi_ft of vdlue Q-Sl=2-l=1

has occurred.
Step 6.
X -2
M;ltiply R(X) by X =X to obtain
X R(X)= 14x3axtx8axBaxex105x o6 (x) (14x3)

or the desired code word.

END OF EXAMPLE

In the decoding algorithm given in Theorem 4.2.2, Step 3
invloves going through the existing decoding procedure of

V for additive errors. What we are essentially doing is
treating the bursts introduced by the slib error as additive q!!
errors. This step, of course, can be very involved as, for
example, the decoding procedure for BCH codes has given by
Peterson[13]. We can easily modify our decoding technique

in such a way that we can use Fire codes instead of BCH

codes. This will lead to a more efficient code since Fire

codes are specifically designed to correct burst errors.

Furthermore if we introduce on extra constraint an S

Step 3 can be done in one step.

Theorem 4.2.3.

Let V be an (n, k) cyclic code which can correct one

1

burst of length 351 always occurring in the first 45  places.

Let V] be the shortened (n‘,k]) version of V and consisting
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of only those words of V which start with 1. Then if V‘|
is used for transmission and V for decoding and provided :
a certain decoding algorithm is used, V] can correct all

slips not exceeding S‘. Furthermore nl=n-251 and klzk-2$1—lz 0.

Proof: As in the proof of Theorem 4,2.2. we start with

the decoding algorithm.

DECODING PROCEDURE

Step 1. Pick from the incoming sequence an n‘-tuple Y(X).

Step 2. Multiply Y(X) by x351. This is equivalent to

shifting to the right by 351 places in a shift register of .
length n. \

el
Step 3. Decode X3S Y(X) using the existing decoding procedure

of V. Call the corrected vector R](X).
-2s1 )
Step 4. Multiply R'(X) by X™2° and call it R(X).

"Step 5. Locate the first non-zero coefficient in R(X) and

call its corresponding power X.

Step 6. If 0()51 then a left slip of 0(-51 places as occurred.
If éBu then a right slip of S‘JX places has occurred. Final-
ly if’d:S] then no slip has taken place.

Step 7. Multiply R(X) by X4x to obtain the transmitted word.
As can be seen this decoding algorithm is identical with that

of Theorem 4.2.2. except for steps 2,3, and 4.

After step 2 we will have, after a slight modification of
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expressions, 3.2.17. and 3.2.18. :
1 1 1 1,1
x35'v(x)= x35"*g(x) + x33'8, ,(X) 4 X125 45 B ()
! [

1 1_ 1. 1 1,¢1 .
orx3S Y(S): X?S RB(X) + x35 RBR l(x) + X" +25'4S -RBR 2(X)
' ’

according as the slip is to the left or to the right respec-
tively. |
Now replacing n1+251 by n and realizing that X" modulo X"+1

is one, expressions 4.2.20. ond 4.2.21. become

1 1 |
x33'y(x)= x35 kg (x) + xSV B .(x) + x2's, . (X)
L, 2% L,
and 1 1 1R 1
x35'y(x)= x35'Re(x) + x5 R, ,(x) + x¥ Ry (0
’ ' ¢
respectively.

In 4.2.22. we note that:
1
1) x33 *Lg(x) is a word of V,
1 1
2) XSl B, ,(X) + x23'p (X) is a burst of length 35 or
L,2 L,1

less clways occurring in the first 45! places.

In 4.2.23. we also note that:
1
1) X3S -R is a code word of V,

1
2) xS _RBR 2(X) + XSSLRBR ](X),is a burst of length as !
1 [4

always occurring in the first 4S° places.

1
Therefore x33 Y(X) is decodable by V.
In Step 3 after correction we will have
1
R‘(X): x3$ +LB(X)
or R1(X)= Xas]'RB(X).

402.20. '

4.2.21,

IRV

4.2.22. °

4.2.23.°”
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2s1

In Step 4 after multiplication by X~ we have

R(X)= x5'*Lp(x) ,
1 _
or R(X)= x> R B(x).
From this point on the situation is identical to Theorem
4.2.2, Hence V1 does indeed correct all slips not exceeding

s!,

QED

This trivial modification of Theorem 4.2.2. therefore allows i
us to use Fire codes in @ very elegant way. For an exposé ‘

of Fire codes see Peterson [1] Chapter 10.

COROLLARY 4.2.2.

In Theorem 4.2.3. let V be an (n,k) Fire code generated by
6(X), a polynomial of degree n-k, which can correct any

burst of length b or less. Then V1 can correct all slips

not exceeding S1 where
51 =[b/3]* 4.2.240

Furthermore if 451$n-k then Step 3 can be done in one step.

Proof: Since in Theorem 4.2.3., V has to correct a burst of

g length 3S1 then it is immediate that 3S1$b or

3

: s'< b/3.

Secondly if 4S]s n-k and since the burst always occurs in the

first 4s! places then the decoding procedure will take only

Ty .

b
* [ /3] = q where b=3q + r and 0s r < 3.
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one step. Actually the error pattern of Step 3 in the decoding
procedure of Theorem 4.2.3. will simply be the remainder of
Xss]Y(X) modulo G(X). This is a property of Fire codes. For
details see Peterson [1] Chapter 2 and referenée [32].

QED

EXAMPLE 4.2.2.

Let V be the Fire code generated by G(X)= (1+X+X2+X +X4)

(1+X ) = 14X4X 24 x5+x64x7.

This is a (15,8) binary cyclic code which can correct any

burst of length 4 or less.
By 4.2.24. S' is bounded by b/3=4/3=11/4 and k!=8-2-1=5.
Hence n]=n-251=15-2=13 and k]=9-2—1=5. Let us choose from

L two words ' ‘

G(X)(1+X2+X5) =14+X+X +X4+X7+X +X +X10 x114x12

G(X)(1+X4) 14X 4+X 24 4+X6+X10+X11 12,

\

and

Consider the incoming sequence

1 [101100111111,1] 1101010001110.

Step 1. Pick from the sequence the polynomial between the

square brackets. Therefore
Y(X)= 142+ 3+X6+X7+X8+X9+X]O+X”+X12

1
as1_ 3

Step 2. Multiplying by X gives,

X3y (X)= x3+x5+x6+x9+x‘°+x“+x +X

‘ and since n= 'I5,+x]5
: 3

X3y (X)= 14X

14 15

13 +X

+X

=1 or
13 14"
5+X 9 1 .12 4

6 +X+X +X +X +X +X

+X +X
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Step 3. Decode X3Y(X). Since 4S]=4 n-k= 7 we can do this
in one step. Dividing X3Y(X) by G(X) we obtain as remainder
1+X2, which is the error pattern. Adding 14x2 to'XsY(X) we
obtdin‘

RT(X)= x24x 12 13,414

+X6+X9+X]0+X]]+X +X .
-251 =x-2

3+X5

we have

10+X11+x12

Step 4. Multiplying R (X) by X

9

x=2R Y (x) =R (x) = 1+X+XS4xbex74xBexax

Step 5. The first non-zero coefficient in R(X) has power

X=0. '
Step 6. Since(X<51=1, we conclude that o right slip of

s1x=1-0=1 place has occurred.

Step 7. Multiplying R(X) by X4x=l we havé the transmitted

code word

G(X) 14x24x3 S14X4X 34 x4ex” +x8ex24x104x 12

1]+X

This completes the Example.

4.2.1. we started with a (15,7,2) BCH code and
4,0,1) code which could correct 1 slip
L in this case is 4/13=.308.

In Example
we constructed a (13,

error. The transmission rate of V

In Example 4.2.2. we started with-a (15,8) Fire code which

can correct a single burst of length 3. From this Fire

code we constructed a (13,5) code which could correct 1

. s 1. . .
slip error. The transmission rate of V' in this case is

5/13=.385. What is even more important than the transmission

rate is the fact that in Example 4.2.2. we could correct the
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additive error in one step. On the other hand in Example
4.2.1. we would have to go through the rggular decoding
procedure for BCH codes. This striking feature is of course

expected since Fire codes are burst error correcting codes.

We have started with a very naive idea in Theorem 4.2.1.

and by slight modifications we have been able to arrive at

some important results. We are able at this point to modify

our idea once more. In Theorem 4.2.2. we used a shortened

version of the parent code V for transmission. This shor-

tening process is identical with shortening the information

k-tuple to a kl—tuple where k‘:k—251-1. This latter process

is equivalent to making the last 251 information symbols “!!!

identically zero. The 1 comes in because the words must h
start with a 1. If the information k-tuple has its last 25"

" symbols identically zero then the corresponding n-tuple will

also have its last 251 symbols equal to zero. So what we

do in Theorem 4.2.2, is to drop the last 251 zeros in the

code words before transmission. However if we transmit the

zeros we obtain a slightly different result.

Theorem 4.2.4.

: Let V be an (n,k) binary cyclic code which can correct a
: single burst of length S1 or less always occurring in the

first 25! places. Then there exists a subset of V, say V],

which can correct all slip errors not exceeding S1 provided

a certain decoding procedure is followed. Again S is
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bounded by (k-1)/2.
Proof: The decoding algorithm is the same as given in

Theorem 4.2.2. remembering that X" modulo X™+1 is 1.

The subset V1 is made up of all code words of V which start

with a 1 and terminate with 251 or more zeros.
The expressions for slip are the same as in 4.2.18. except
that n] is replaced by n. Furthermore X" is replaced by 1.

Therefore we have

1 1 1 1
xSTy(x)= xS *B(x) + x> B ;(X) + x3'B, ,(X)
1 1_ 1. 1.
and  XS'Y(0)= x5 RB(X) + x> By (X) + X3 Rp. L (X).
: R,1 R,2
These can be rewritten as
1 1 1
xS'y(x)= x5 *ta(x)+ x> U (X)
1 1_
and  x3TY ()= x5 RBOX)+ x> Rug (x)
~ where UL(X)= BL'1(X) + BL,Z(X)
and UR(X)= BR'1(X) + BR'Z(X)
1
It is immediate that XS Y(X) is correctable by V.
Therefore in Step 3 the corrected n-tuple is

1
xS +LB(X)

or - XS‘-R 3(X) according as the slip is to the left

or to the right respectively.
Now since B(X) bélongs to V], its maximum degree is n-2$1-1

or as in Theorem 4.2.2. the first non-zero coefficient term

4.2.25.

N



"in Step 4 has power S1+L or SI-R. As in Theorem 4.2.2., the
technique always works. The only difference in this case is
that the parent code has only to correct one burst instead

of 2. On the other hand the transmission rate in this case

is lower.

QED

There are as before two immediate Corallories to Theorem 4.2.9.

T IMTT A

COROLLARY 4.2.3.

If in Theorem 4.2.9. V is an (n,k,t) binary cyclic code then

V]can correct all slip errors not exceeding S.| where

s1g (d-1)/2 | 4.2.26.

Ond d=2t+]c ‘
b

Proof: A burst of length 5! can be considered as a randonm I

error of weight S] or less.

QED

COROLLARY 4.2.4.

If in Theorem 4.2.5. V is an (n,k) cyclic burst error
correcting code capable of correcting @ single burst of length

b, then V1 can correct all slips not exceeding S] where

L 4.2.27.

S < b.
Furthermore if 2S]$ n-k the degree of the generator polynomial

of V, then Step 3 in the algorithm given in Theorem 4.2.2.
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takes only one step.:

Proof: Same as for Corollary 4.2.2.

QED

EXAMPLE 4.2.3.

In Corollary 4.2.4. let V be the Fire code generated by

G6(X)= 1+X+X2+X5+X6+X7. V can correct any burst of

length 3 or less or b=3. Furthermore n=15 and k=8.

In this case since 51$b=3, we can correct three slip errors.

since k-1 = 7/2 we are all right. Hence k'=k-25'-1=8-7=1 or

there are only two words in the code. Since this would be a

trivial example let us make 51;2. In this case k1=8—5=3.

Choose from V1,
G(Xx) (1+X+X3)= 1ex%ex % 4x

4+X +X +X8+X9

10

and G(X) (1+X ) = 14X4X 3+
and consider the sequence
10[0010000110000,11]0111101100000.

Pick from the sequence the term between the square

Steg.l.

brackets or

Y(x)= x24x74x 8,x13,x14

1 .
Multiply Y(X) by XS =X2 to obtain

Step 2.
16
x2y(x)= x4exTex104x124x
or X2y (X) = Jexsxex24x10
15+8 8

since X =X .



2 _ ,
Step 3. Decode X Y(X)! Since Sl=2<n-k=7 we can do this in one step.
2 . .
Dividing X Y(X) by G(X) we obtain X as the¢ remainder, After

correction,

2 . 1+X4+X9+Xlo

R(X)=X2Y(X) + X
Step 4. The first non-zero term in R(X) kas power a=0.

Step 5. Since a=0 S1 =2 we conclude that a right slip of magnitude

Sl- a = 2~0=2.

Step 6. Multiplying R(X) by X" %=1 we have the transmitted word

1+X4+X9+Xlo,

The example is completed.

We now give two Tables of results obtained using the theory developed

in this section,




1 | 2 | 3 la|l 5| 6| 7 8
COR: 4,2.1.|COR. 4.2.3.
(n, X, t) G(X) /i st |l [id/atfin, 0 fid/at
(15,11,1) 23 .734] 1 , s, 8) | .533
(15,7, 2) T ca67] 1 | @3,4)].308| (05,4 ] . 267
2 (15, 2)] .133 .
(31, 21, 2) 3551 .| .e27|1 | (2,18] .620 (3,18)] .580
| 2 (31,16] . 516
(31,16, 3) 107,657, | .s17 |1 (29,13) . 448)(31 13L,. 420
2 ' (3,11) |. 355
3 (31,9) |. 290
(127,92, 5) 6247300 | .725 |1 | (125,89)) 712 | (127,89 . 700
31467 2 | (123, 87)|. 706| (127,87)]. 685
3 (127,85)| . 670
' 4 (127,83)]. 653
5 (127,81) | . 636
(127, 64,10) 505 | 1| (25 61)]. 488[(127,61) | . 480
2 | (123,59)]. 480
3| (12,57) . 470
4| (19,55)].462
5 | (17,53 . 453 .
ol - " laz7, 43)y. 339
(255,163, 12) 640 | 1| (25310] .632(25510)|. 627
6 | (243,150) . 617| (255150 . 589
2|0 " | (255138) . 541
TABLE 4.2.1.
J
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Column

Column

Column
Column

Column

Column

Column

Column

’

1. The»purent code V. t is the additive error cor-

recting capability of V.

G(X) is the generator polynomial of the BCH code.
G(X) tabulated as explained in Table 3. 3.1.

k/n is the transmission rate of V.
S1 is the slip error correcting capability of V.

(nl,k]) of V1 has given in Corollary 4.2.1. 'Thqt

is to say n1=n-251 and k1=n-251-1. The slash

indicates that V] does not exist or 5! (d-1)/4

as given by 4.2.19.

kl/n‘ is the transmission rate of V1 as given in
Column 5.

(n],k]) of V1 has given by Corolloryl4.2.3. That

is to say n1=n, k]=k-2$1-1. The entries stop

wvhen S‘:(d-])/2 as given by 4.2.26.

k’/n] is the transmission rate of V1 as given in

Column 7.

‘w
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1 2 3 4 5 6 7 8 9
_COR}, 4.2.2.| COR. 4.2.4.
10 | b cepass)|k/n s L hidd folihy i/t
2,3 4%) g
(15, 8) . 4 (‘+X;X X7+X)|.535)1 | (13,5) (15,5) |.333
(1) 2 (15,3) |.200
2 4. 6
(21, 8) 6 (1+X-_;-X X +X )| . 3801 | (19,5)].263]|(21,5) |.238
(14X) 2 | a7, 3] .176 |(21,3) |.143
(56, 39) o |ex3ixtx’ L6972 (54,361 .667)(56, 36) |. 643
xex®) 2 |(52,34) . 655|(56, 34) |. 608
3 [(50, 32) . 640 [(56,32) |. 572
4 (56,30) |. 536
9 (56,20) |.358
55, 22 12 foexZex3ex®
(55, 22) (X KX L4001 [53,19)]. 359 |55,19) . 346
+XON 14X .
4 lee7,13) . 277|(55,13) |. 237

TABLE 4. 2. 2.
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LEGEND TO TABLE 4.2.2,

2’

Column 1. (n,k) of the parent Fire Code V.
Column 2. b the burst error correcting capability of V.
Column 3. G(X) is the generator polynomial of V.

Column 4. k/n is the transmission rate of V.

Column 5. S1 is the slip error.

Column 6. (n],kl) of the code V1 has given in Corollary 4,2.2,

That is to say n1=n-251 and k1=k-251—l.

Column 7. k]/n] is the transmission rate of V] given in

Column 6.

Column 8. (n1,k1) of V1 as given by Corollary 4,2.4, That

is to say n1=n and klzk-251—1.

1 . .
Column 9. kl/n] is the transmission rate of V' as given 1in

Column 8.

4.3. NOISY CASE

The noiseless case discussed earlier can be sasily extended

to the noisy case. The expressions for slip are not much

different, as was seen in Chapter 3 section 2. We start

by giving the central theorem of this chapter.
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THEOREM 4.2.5.

"Let V be an (n,k) binary cyclic code whicﬁ can correct a
burst of length S1 or less always occurring in the first

1

25" places, a second burst of length S1 or less always

occurring in the last 251 places, and a third error E(X)
occurring in between., The error E(X) belongs to a class of
errors E which need not be defined for the moment. Let V1

be the shortened (n1,k1) version of V, consiéting of only

those words which start with a 1. Then if V1 is used for
transmission and V for decoding, and provided a certain deco-
ding olgorifhm'is followed, V‘I is an E(X) synchronizable Q!!
error correcting code provided the slip does not exceed S A
and where the odditive error per word is E(X). Furthermore

s! is bounded by (k-1)/2 and n'=n-25, el ok-2s'-1.

Proof: The decoding algorithm is identical with the one
given in Theorem 4.2,2,
If an additive error E(X) is allowed to corrupt each code

word transmitted, then the expressions for left and right

slip become 1
L n )
X B(X) + BL’1(X) + X Ble(x) + E;(X) 4.2.28
é and -R -R n1-R
: X B(X) + X BR'](X) + X BR,2(X) + E5(X) 4.2.29

respectively and where Ei(X) belongs to E.
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Let us now follow through the decoding algorithm given in

Theorem 4.2.2. but using our new set of equations.

] .
In Step 2 after multiplication by Xs we will have;
1 1 1 | 1.1
xS v(x) = x° tB(x) + x° (x) + X" B X4
A L, L,2
!
X~ Ey(X) 4,2.30.
1 1 1.
or xS v(x) = x° “RB(X) + X° ‘RBR NOR
’
List st | 4.2.31.

xRy (x) + X" E_(X).
y v
Assuming that XS E](X) and Xs E2(X)'belong to E, we note that

4,2.30. and 4.2.31. are both correctable by V provided

A
0<L,R 551. After correction we will have
1
S]-R

Since 4.2.32 and 4.2.33 are identical with the expressions

obtained in Step 3 of Theorem 4.2.2. all the arguments used

there apply equally well here. Hence we have completed the

proof of our Theorem.
QED

We should perhaps mention that in Theorem 4.2.5. V need not

be a random error correcting code, It is in fact a lot more

general fhan this. It is felt that if o random error correc-

ting code is Osed then the technique will be less efficient.
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However if E(X) is a random error and if the slip error is
small compared to the additive error then a purely random

error correcting code becomes efficient. In the limit when

the slip error is only 1, the bursts introduced by the slip
error each become of length 1 or less. In this case the two
brusts can be considered as a random error of weight 2 or less.’
Some work has been done on multiple burst error correcting
éodes. The work done so far does not give a class of codes

for which there exists a decoding procedure. For example see

the two papers by Stone [ﬁ3,34] .

As applied to random error correcting codes we have,

COROLLARY 4.2.4.

In Theorem 4.2.5. if V is a t random error correcting cyclic

6ode, and if E is the class of random errors of weight e or less,

where e <t then V1 is a‘synchronizable e single .digit error

1
correcting code provided the slip does not exceed S . Further-

more, s! < (d-2e-1)/4 4,2.34,

Preof: In Theorem 4.2.5., we now consider the two bursts

of length S1 or less ags a random error. Hence this will be

o random error of weight 25! or less. Furthermore E(X) is now

an additive error of weight e or less. Hence altogether theerror




has weight 251+e or less. 'Hence since V is now a t random
error correcting code, we must have 25 4o <(d- 1)/2 where

d=2t+].

Equivalently, Sl € (d-2e-1)/4.

QED

EXAMPLE 4.2.4.

Let V in Corollary 4.2.4. be the (31,14, 3) BCH code genérated by

2 5 .7 .,8.,9,10 xl1+X15

G(X)=1+X+X +X3+X +X +X X +X

According to 4.2.24.

S1$ (d-2e-1)/4 , hence if we choose e=1, S'| <& 7-3/4=1,

Therefore V1 will be a (29,13,1,1) code.

Choose from -V1 the words

21,22 23 2
W, (x)=6(x) (16241 2) = T4xex’4 19k 20 P2 B

11 13 1
_and W (X) G(X) (1+X13) -1+X+X2+X3+X5+X7+X8+X9+X]0+X +X T4X 4

+X16+X]8+ 20+ 21 22 x23 x24 28

28 .
Let the additive error in W, (X) be X°° and in WZ(X) be 1 and

consider the sequence w](x)+x ' W (X)+1: or
1[]00100000000010000111110001(1 0]111010111110110101011111000)].

In this example we will work out the case of a left and a right

slip.



A. Right Slip.

Pick the sequence contained in the square brackets, that is

to say:

3+X13+X]8+X19+X20+X21+X22+X26+X27.

1
Step 2. We multiply Y(X) by Xs =X to obtain

22
4+X14+X19+X20+X2]+X +X23+X27+X28.

Y(X)=1+X

Y(X)=X+X
Step 3. We decode XY(X) using the procedure for decoding BCH
code for V. Doing this we obtain the error pattern

£(X) = 1. Correcting XY(X) we have
R(x)=xv(x)+1=1+X+x4+x‘4+x‘9+x2°+x2‘+x22+x23+x27+x28.
Step 4. The first non-zero coefficient of R(X) has power

X=0. ' “

Step 5. Since 0(=O<S1=1 we conclude that a right slip of

magnitude S1JX=1-0=1 has occurred.
Step 6. Multiplying'R(X) by qu=l we have the transmitted word:
23 27 .28
w(X)= 1+X+x4+x14+x‘9+x2°+x2'+x22+x x4 4x°,

B. Left Slip

Step 1. Pick from the sequence the expression containgd

within the round brackets. Therefore we have
12 .14 15 19 21
Y(X)= pax2axaxtaxC a1 Qe ax 2ax Tax P ax 7 ax

+X22+X23+X24+X25

sl ,
Step 2. Multiplying Y(X) by X =X we obtain
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XY(X)= X+X3+X4+X X HXT4X X 4 +X T4+X+

+X22+X23+X24+X25+X26

5.7 .9 ,10 .11 x12+x13 15 16 x18+x20

Step 3. Decoding XY(X) we obtain

E(X)= X+X2+X30 from which we obtain

R(x)=xv(x)+E(x)=x2+x3+x4+x5+x7+x9+x‘°,+x]1+x‘2+x‘3+x‘5+x16

+Xi8+X20+X22+X23+X24+X25+X26+X30.
Step 4. The first non-zero coefficient in R(X) has power (X=2.
Step 5. Since (=2 )S‘:l, we conclude that a left slip of

mognitude O(-S]= 2-1=1 places has occurred.

Step 6. Multiplying R(X) by X"":X-2 we have the transmitted

code word
w2(x)=x‘2R(x)=1+X+x2+x3+x5+x7+x8+x9+x‘°+x‘’+x13+x‘4+x16
+X]8+X20+X2]+X22+X23+X24+X28. ' ‘

This completes the example.

Since it is probably easier to construct a code which can correct

1 burst and an error E(X) than it is to construct a code

capable of correcting 2 bursts and a third error E(X) we

state a modification of Theorem 4.2.5. This next Theorem is

analogous to Theorem 4.2.3. in the noiseless case.

Theorem 4.2.6.

”

Let V be an (n,k) binary cyclic code which can correct a

burst of length 351 always occurring in the first 451 places




-85-

and an error E(X) occurring somewhere else. E(X).belongs to
a class of errors E which need not be defined for now. Let
V1 be the shortened (n],k]) version of V and consisting of
only those words starting with a 1. Then if Vlis vsed for
transmission and V for decoding vl is an E(X) synchronizable
error correcting code provided the slip is no larger than

S1 and provided a certain decoding algorithm is followed.
Furthermore n'=n-25' and k'=k-25'-1 where s1 < (k-1)/2.
E;ggj: The decoding algorithm is the same as the one given

in Theorem 4.2.3.

Step 1. In this case the equations will be
1
v(x)= xtB(X) + X" B, ,(X) + B ,(X) +E (x) 4.2.34.
L,2 L] 1
or  Y(X)= x-RB(X) + xRBy LX) + X] -Rg_,(X) + Ey(X) 4.2.35.
. RI] ) R12

according as the slip is to the left or to the right respecti-

vely and Ei(X) belongs to E i=1,2.
1
Step 2. After multiplication by X35 we will have

1 1 1 1 3s]
35 v(x)= x-*3% B(X)+ X35 * g ,(X)+ X8, ()¢ X7 B (X)
4 ?

and ¢ 1 1 1560,s1 R
x35 y(x)= x35 R (x)+ x5 “Rg 00+ X" +25°45 -Rg . L (X)
’ ’

1
+ X3% E,(X).

Replacing n1+251 by n and x" by 1 we have ] ]
! ! ! 25 3s
X35 v(x)= x-+33 B(X)+ xS B () X7 B (X)X E(X)
’ !
and - 4.2.36.

1 1 ‘ 1 1 1
; ; s1_R 3s
%35 y(x)= x¥5 Rg(x)+ 35 -Rg (x)+ X° “RB, ,(X)+ X7 Ey(X).
R,1 R, 2 2

4,2.37.
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1 ‘ .
Assuming that X3S Ei(X) i=1,2 belongs to E, we realize that

4.2.36. and 4.2.37. are both correctable by V. After correc-

tion we have

1 |
R1(x)= x-*3% B(X) 4.2.38.

and 1
R‘(X): x33 ’RB(x) _ 4.2.39.

Since these last two equations are indentical with those

in Step 3 of Theorem 4.2.3. the proof follows.

QED

If E is a class of burst errors and if we make the restriction
that an additive and a slip error do not occur simultaneously Q!!

in a code word then a Fire code can be used to realize Theorem

4.2.6. Since a Fire code can be made to correct any burst of

length b and simultaneously detect any burst of length d,
then if a slip and an additive error occur simultaneously ve

could ask for retransmission. If we wish to use a random

error correcting code then Theorem 4.2.5. is more efficiently

implemented.

Our last Theorem in this section is one analogous to Theorem

4.2.9. in the noiseless case.

Theorem 4.2.7.

Let V be a binary cyeclic code which can correct a single burst
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of length Sl or less always occurring in the first 2§

places and an error E(X) occurring elsewhére. E(X) belongs
to a class E of additive errors which need not be defined

for now. Let V1 be the subset of V consisting on only those
words which start with a1 and terminate with 251 or more
zeros. Then if V1 is used for transmission and V for deco-
Vl can correct all slip errors not exceeding S‘ and the

ding,

simultoneous occurence of an additive error E(X) per transmitted word,

rtain decoding algorithm is followed.

1

provided a ce
Finally, v? - is an (n,k‘) code with k'=k-25'-1.

Proof: The decoding procedure is the some one as used in

Theo.rem 4.2.2. , ‘

T S T s e - 2
S R o, e A e L et
SR, % 3 S S G =8 2
TR SR IR o i g £
S SR I TR R ST

Step 1. In this situation since n‘:n and X"=1,
X" 4.2.40.
Y(X)=X"B(X) + BL'](X)+ BL'Z(X) + E](X)
or
b -R —R "R
i Y(X)=X""B(X) + X BRI](X) + X BR’Z(X) + Eyp(X) 4.2.41.
according as the slip is to the left or to the right respectively.

1

S .
Step 2. After multiplication by X° and labelling UL(X)=BLhin

+ Ble(x) Oné'UR(X)= UR,I(X) + UR,2(X) we have

S1 L+S1 S1 S]
X° Y(x)= X B(X) + X UL(X) + X E](X) 4,2.42,

: " 1 1 §!
! x> Y(X)= x> 'RB(x) + x> RUR(X) + X Ez(x) . 4,2.43.
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Step 3. Observing that 4.2.42. and 4.2.43. are both correctable
' 1 , .
by V, provided 0<L,RSS' and x® E,(X) belongs to E for i=1,2,

RS PN i)

we have after correction
L+S1 |
R(X)= X B(X) 4,2.44,

s'-R
or R(X)= x5 R B(X) 4.2.45.

T ST O TR, m-}é’fﬂ:—x":m: e

e

Bl
)

ooy
i

(%
I

Since these last two expressions are identical with those
obtained in Step 3 of theorem 4,2.4., the proof follows.

QED

CORQLLORY 4.2.5.

In Theorem 4.2.7. if V is a t random error correcting binary Q!!!

cyclic code and if E is o class of random errors of weight e

or less, then V1 is éapoble of correcting all slip errors not

. 1 .
exceeding S and the simultaneous occurrence of e random errors

per code word, where v

e #S' s t | 4.2.46.
and s! & (k-1)/2.
Proof: Since the burst.introduced by the slip error is now

considered as a random error of weight s! or less and E(X) is

a random error of weight e or less, the total error has weight

e+S1 or less. Since V is a t random error correcting code it

follows that we hust have
e+s1 & (d-1)/2 =t
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or | s‘ < (d-2e-1)/2.
, QED

EXAMPLE 4.2.5.

In Corollary 4.2.5. let V be -the (31,21,2) BCH code generated

5 8 .9 ,10

by 6(x)= 16x3004xCaxCax”4x ",

If we let e=1 then
s1¢ (d-2e-1)/2 = (5-2-1)/2 =1.

Therefore V1 is an (31,18,1,1) code.
1

Choose from V

W00 =6(x) (1+x164x17) =14x

+X20+X21+X23+X24+X27

3..,5 .6

+X7+X +X8+X9+X

10+Xj6+x17+x19

WZ(X)=G(x)(1+x1‘) =1+x3+x5+x6+x8+x9+x‘°+x1‘+x‘4+x16+x‘7

+X19+X20+X21.

Let the error in N](X) be x30 and in WZ(X) be Xls. Consider

the sequence N](X) + X30, N2(X) + X15

1[9010110111ooooo11o111o11001oo(1,1] 001011011110011110111

, which is

00000000)0,

A, Left Slip

" pick the sequence within the round brackets or

Step 1. .
Y(X)=1+X+X4+X6+X7+X9+X10+X]1+X12+X]5+X16+x17+x18+x20+x21+x22
7

Step 2. Multiplying Y(X) by x> =X we have

2 .5 .,7.,8.,10 ]]+X12+X]3+X16+X17+X18+X19;X21+X22

XY (X)=X+X“+X"+X" +X " +X +X

+X23
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Step.3. Decoding XY(X) we obtain X+X17 as our error pattern.

Correcting XY(X) we obtain

R(X)=X+x17+XY(X)=X2+X5+X7+X8+X10+X1]+X12+X]3+X]6+X

2‘+X22+X23.

18+x19

+X

Step 4. The first non-zero coefficient in R(X) has power X=2.

Step 5.

tude O(-Sl=2-l has occurred.

Since (X=2 >S]=1 we conclude that a left slip of magni-

Step 6. Multiplying R(X) by x~% we obtain the transmitted word

x'zk(x)=w2(x)=1+x3+x5+x6+x3+x9+x1°fx‘1+x14+x]6+x‘7+x19+x2°+x21.

B. Right Slip ‘
Step 1. Pick the sequence within the square brackets, or ‘

Y(X)=X2+X4+X5+X7+X8+X9+X15+X16+X]8+X19+X20+X22+X23+X26+X29

+X30

1
Step 2. Multiplying Y(X) by x> =X we have

2
Y(X)=X3+X5+X6+X8+X9+X10+X16+X]7+X19+X20+X21+X 3, x24,x27 x30,

0 has the errors hence the

“a;eﬁﬁ\_m«suxsw s @'ﬂ,’l"% T D e e gt e ‘__‘_ R .
o R R R R R R A R eI R R AR  raiGet

Step 3. Decoding XY(X) we obtain X3

corrected sequence is

T

. 16 9,20 .

! xv(x)+x3°=R(x)=1+x3+x5+x6+x8+x9+x‘°+x o1 7ax124x20.x%!

: X232t

] The first non-zero.coeffiéient in R(X) has power X=0.

; Step 4.

Step 5. Since‘a=0<51=1 we conclude that a right slip of
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magnitude Sl-«=1-0=1 has occurred.
Step 6. Multiplyiné R(X) by x%.1 we obtained the transmitted

code word

3+X5+X6+X8+X9+X10+X16+X]7+X]9+X20+X2]+X23

R(x)=w](x)=1+x

+X24+X27.

QED
Comparing examples 4.2.4. and 4.2.5. we notice that for this
purticulor situation anyway, Corollary 4.2.5. leads to a more
efficient code than Corollary 4,2.4, In example 4,2,5, wve have
a (31,18,1,1) code with a transmission rate of .580 while in

example 4.2.4. we arrived at a (29,13,1,1) code with transmission

rate .495.
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CHAPTER 5

CONCLUSIONS

’

In Chapter 3 we have described two mojor techniques to syn-
chronize binary cylic codes. The main reason why we limit

our attention to binary cyclic codes is because there exists

o class of t-random error correcting binary cyclic codes for which there
exists a decoding procedure. These are of course the BCH

codes. In section 3,2, we have presented some theorems on

the coset technique. The main theorem in this section
“being Theorem 3.2.3. in which the code developed can Handle N‘
both additive and slip errors. Unfortunately there does not \
exist ot the present time a decoding procedure for the coset
codes. By a decoding procedure ve eiclude the possibility of
storing all the possible residues and then using ¢ search pro-
,éedure at the decoder. Nevertheless the results on coset codes
yardstick to measure the performance of

provide us with a good

other synchronizable-error-correcting codes. It is hoped that

a decoding procedure will be developed for these codes. This

in itself might be @ good subject for a futdre‘Muster's Thesis.

The importance of coset codes is not to be overlooked because

we do not have a decoding procedure. This would be the same

as scratching the BCH codes before Peterson discovered with a
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decoding algorithmn for them. Nevertheless, hopeful as we

might be, we have to take the decoding problem into consideration
when comparing the performance af the coset technique with the
other two techniques discussed. However the coset technique is
easily encoded once we have the appropriate coset leader

c(X). Furthermore it does not alter the length of the parent

code V.

In section 3.3. we discussed the Bose-Caldwell technique of
dealing with slip errors in the presence of additive errors.

The idea there is to construct a special cyclic subcode V of <§‘
the parent code V. Each code word of V * has an extre root

which is not a root of the words of V which do not belong to

V* ., This extra rooty is used to generate a slip syndrome from

which the slip can be computed. The order nl of y has to be

larger than S +SR where SL is the maximum slip to the left, and

L

is the maximum slip to the right. The words of V have to be

SR
lengthened by SL+SR symbols and a

fixdvector C (X) is added to

them before transmission. In other words if the words of V

the words transmitted have length n+SL+SR. The
1

have length n,

dimension of V*is k-m] where k is the dimension of V and m' is

the degree of the minimal function of y. Hence when designing
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the subcode V *we must try to pick an element Y which has a
minimal function of least degree in'order’to minimize the
redundancy introduced. In cases where the order of the Galois
Field is a prime all elements have the same order. In such
situations we do not have ﬁuch flexibility in the choice of v.
In such cases we might end up with an inefficient procedure.

When comparing the pexrformance of different synchronizable-

error-correcting codes, the comparision is only meaningful when

comparing codes of the same length. This is so since the pro- q

bability of having e random errors in n]7n symbols is most
probably larger than the probability of having e errors in n
symbols. For example when describing the Bo%e-Coldwell tepﬁnique
in section 4.3. we assumed that no more that t:(d-l)/2 errors

occur in a length of n+SL+SR. Hence when comparing the Bose-

Caldwell technique with the coset technique and with the method

developed in Chapter 4 we must use an equivalent additive error.

To be more specific we will consider e errors in a length

nl>n to be equivalent to nqe errors in a length n. Obviously

n

since n_e is not generally an integer. Never-
n , .

theless this fact should be kept in mind. The Bose-Caldwell

this is awkward
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technique is designed to be_used with BCH codes. It is of
~course not limited to binary codes. Thislast remark however
does not carry that much weight since in most procfical systems

we are dealing with binary digits more than anything else. The

feature which makes the Bose-Caldwell technique attractive is

that it has a rather straightforward decoding procedure. Another

point to mention is that the amount of left slip need not be

equal to the amount of right slip. This feature might be useful

in systems with o preferred direction of slip.

In Chapter 4 we described a nevw approach to the problem of

N

synchronization. Firstly we developed a series of Theorems

for the Noiseless case. For this particular situation it wos

seen that Fire codes are more efficient. The theorem which

illustrates the basic philosophy of this chapter is Theorem 4,2.2,

xistence of a binary cyclic

= (memwﬂmw&mmw R psienh B

For this theoremwe presupposed the e

code with the property that it can correct the simultaneous

occurence of two bursts each of length s! or less. This new

approach to the problem raises the question as to how to construct

such codes. This probiem was not'declt with in this thesis.

However it is hoped that someone might investigate this problem.
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It was then shown that a slight modification of the decoding

procedure of Theorem 4.2.2. allows us to vée a parent code V

which need only correct a single burst of length.SS].

The central theorem of Chapter 4 is Theorem 4,2.5. Iﬁ this
theorem we presupposethe existence of a binary cyclic code
which can correct two bursts each of length s! or less and an
additive error g(X). In any case @ t-random error correcting
code can always be used instead where B(X) is a random additive
error of weight e or less. This porticuiar case is covered
" in Corallory 4.2.4. However 1f the amount of slip sl is
small compared with the additive erxor e then random error
correcting codes become efficient. Since in this case ve
.shorfened the code to nlz=n-2S), we also have to consider an
équivalent additive error as in the case of BCH codes. A
slight modification of theorem 4.2.5. is presented as Theorem
4.2.7. 1In this latter situation the length of the code is not
altered. This allows us to vuse @ parent code V which need
only be capable of correcting 1 burst of length 5 or less

and an additive error g(X). However the transmission rate

of this latter code is less than the code of Theorem 4.2.5.



Neveftheless when applied to random error correcting codes this
last Theorem does in most cases lead to o’more efficient code
(see table 5.1.3.). The beauty about this technique is that

+ it has an ;xtremely easy decoding procedure. Furtherﬁore it
can be applied to any binary cyclic code with the prescribed
properties. 1f we are forced to use random error correcting
codes then we need not use BCH codes. Any efficient random

error correcting binary cyclic code will do.

It is difficult to compare the performance of the three
techniques described. Many factors have to be kept in mind

such as ease of decodability, flexibility in the choice of . Q!!l

e and s and finally the transmission rate or the efficiency of

the code chosen. Nevertheless we give - tablesof results which

.may be used to evaluate the performance of the different

techniques.
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i Tl s e s L e Tolao] n lels
| Theo, 3.2.3 ! Cor.4.2.4 I Cor. 42.5
(n.k.t) k/n e i} (n,k) ) ' s 1‘ k/n (n',k') ! s kl/nl '(n,—];') -!S“!k'/lzl'
(127,85,6) 670 |1 l(127,85) |3 |. 670 [(123,80) | 2 .650 [(127,74) | 5 |.582
2 " O L 123,80) | 2 |.650 J(127,76) | 4 [.598
3 " oq" 125,82) | 1 |. 655 [(127,78) [ 3 |.614
4 125,82) | 1 |. 655 [(127,80) [ 2 |.630
5 127,85) | 0 |. 670 [{127,82) | 1 |.645
, 6 (127,85) | 0 |.670
(255,191, 8) 150 |1 (255, 191)] 5 |. 750 [(249, 184) 3 . 740 (255, 176} 7 . 690
2 " 3 | v [k249, 184)| 3 |.740 [{255,178)] 6 . 698
3 " i | v |kzs1, 186) 2 |. 742 [(255,180} 5 .706
1 4 " o | v l2s1,186) 2 |. 742 [(255,182) 4 713
5 253, 188) 1 |. 744 (255, 184)| 3 |.722
6 253, 188) 1 |. 744 |(255,186)| 2 |.730
7 (255, 191)] 0 |. 750 [(255, 188) 1 .738
5 8 (255,191)] 0 |.750
? (255,163, 12) 640 |1 [k255,163)| 9 |. 640 [(245, 152) 5 .62 1(255,140)[11].550
8 2 " 7 (245, 152) 5 |. 62 (255, 142)[10 | . 557
9 3 " 5 (247, 154) 4 623 (255, 144)| 9 | . 565
0 4 " 3 (247, 154)] 4 |. 623 (255, 146)| 8 |.573
{ 5 " { (249, 156) 3 |. 627 (255, 148;| 7 | . 580
2 1. " 0 . ‘ .
3 . . . . .
4 10 (253, 160)| 1 |.633 |(255,158)} 2 . 620
5 11 (255, 163)| 0 |. 640 {255, 160)| 1 |.628
6 12 (255, 163)| O | . 640
'g (127,22,23) EVERE! L127“22) 201,173 - . -
9 2 18] v lto7, 1) ]10100935 -
0 3 15| v l(107,1) {10.00935
1 1 i
3 9 4 (" (113, 7) 7 1.062 -
34 - -1 -
35 . .
36 21 (125,19) | 1 |- 149 (127,17) |2 |. 134
37 22 0 (127,19) {1 |.150
38 23 0 {127,22) |0 |.173
TABLE 5.1




Legend to Table 5.1

Column 1.
Column 2.
Column 3.

Column 4.

Columns 5,6 and 7.

Columns 8,9 and 10.

Columns 11,12,13.

99:

’
(n,k,t) of the parent code
d is the minimum distance of the parent code.
k/n is the transmission rate of the parent code.

e is the additive error correcting capacity of

the synchronizable codes.

Refer to Theorem 3.2.3 due to TavaresandFukada,
s is the magnitude of the slip.

Refer to Corollary 4.2.4.

Refer to Corollary 4.2.5.
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Legend to Table 5.2 °

Column 1. e is the number of additive errors.
Célumn 2. s is the magnitude of the slip.
Column 3. (n,k,t) of the parent code.

Column 4. (n', k') of the modified code.
Column 5. - k'/n' is the trangmission rate of the

synchronizable code.

All other columns are self explanatory.
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