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Abstract 

The triboelectrification of particles by contact or frictional charging is known to be an operational 

challenge in the polyolefin industry. Particularly in polyethylene production, gas-solid fluidized 

bed reactors are known to be susceptible to electrostatic charging due to the rigorous mixing of 

polyethylene and catalyst particles in a dry environment. The presence of charged particles coupled 

with a highly exothermic polymerization reaction results in sheet formation on the reactor walls. 

This behaviour can decrease reactor performance and obstruct the system, consequently forcing a 

shutdown for reactor maintenance. The generation of electrostatic charge in fluidized beds has 

been widely studied throughout the years; however, limited attention has been paid to the 

simulation and modeling of this phenomenon. Since it is difficult to accurately quantify the charge 

generation in industrial fluidized beds, developing an electrostatic model based on material 

properties would considerably aid in providing insight on this occurrence and its effects. A 

computational fluid dynamics (CFD) model that incorporates this electrostatic model can then be 

used as a predictive tool in research and development. Simulating electrostatic charging in gas-

solid fluidized beds would be a cost-effective alternative to running experiments on them, 

especially for industrial-scale test runs.  

In this thesis, an electrostatic charging model was developed to be used in conjunction with an 

Euler-Euler Two-Fluid CFD model to simulate triboelectrification and its effects in gas-solid 

flows. The electrostatic model was first established for mono-dispersed gas-particle flows and was 

validated using past experimental findings of particle charging for gas-solid fluidization runs. With 

the goal of providing a realistic representation of gas-solid fluidization of polyethylene resins with 

a wide particle-size distribution, the electrostatic model was extended to consider bi-dispersed 

particulate flow systems. Simulation results using this model show the prediction of bipolar 

charging when the particles have different sizes, even though they are made of the same material. 

This phenomenon is analyzed and is shown to be driven by the electric field produced by the 

charge accumulated on the particles. Experimental studies of particle-wall and particle-particle 

contact charging were performed to investigate the electrostatic and mechanical parameters that 

are crucial for modeling the magnitude and direction of charge transfer in gas-solid flow systems. 

Particle-wall contact charging due to single and repeated collisions were tested with various 

particles, including commercial linear low-density polyethylene, to determine their rates of 
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charging as well as their charge saturation limits when colliding with a metal surface. Plotting the 

charge saturation value of the particles against their respective surface areas revealed a linear trend 

which could be used to calculate the charge saturation of the particle for a given particle size. 

Additional particle-wall charging studies include the effect of initial charge, collision frequency, 

particle type, impact angle, impact velocity and the presence of impurities on particle charging. To 

study particle-particle contact charging, a novel apparatus was designed, built, and tested to 

determine the magnitude and direction of charge transfer due to the individual particle-particle 

collisions of insulator particles. This apparatus was the first of its kind, and it ensured that the 

measured charge transfer for each experimental trial was solely due to the binary collision between 

the particles. It was observed that the direction of charge transfer in identical particle collisions is 

not dictated by the net initial charges of the particles, but the localized charge difference at the 

particles’ contacting surface. Moreover, particle-particle collisions of nylon particles of varying 

sizes confirmed the bipolar charging phenomena, where the direction of charging was dictated by 

the relative size of the colliding particles. These findings, among others, contradict the charge 

transfer behavior predicted by electrostatic charging models currently proposed for particle-

particle collisions. As such, it was concluded that an empirically accurate charge transfer model 

needs to be established to simulate the electrostatic charging of particles in poly-dispersed gas-

solid flow systems. 
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Résumé 

La triboélectrification des particules par mise en charge, soit par contact ou par friction, est connue 

comme un défi opérationnel dans l'industrie des polyoléfines. En particulier dans la production de 

polyéthylène, les réacteurs à lit fluidisé gaz-solide sont sensibles à une mise en charge 

électrostatique en raison du mélange rigoureux de polyéthylène et de particules de catalyseur dans 

l’environnement sec du réacteur. La présence de particules chargées, combinées avec une réaction 

de polymérisation hautement exothermique, résulte en la formation d'une couche de particules sur 

les parois du réacteur. Ce phénomène peut diminuer la performance du réacteur et obstruer le 

système, forçant par conséquent un arrêt pour l’entretien du réacteur. La génération de charge 

électrostatique dans les lits fluidisés a été largement étudiée au fil des années. Cependant, une 

attention limitée a été accordée à la simulation et à la modélisation de la génération de charges 

électrostatiques dans les lits fluidisés gaz-solide. Puisqu'il est difficile de quantifier avec précision 

la génération de charge dans les lits fluidisés industriels, le développement d'un modèle 

électrostatique basé sur les propriétés des matériaux aiderait considérablement à fournir des 

informations sur ce phénomène et ses effets. Un modèle de mécanique des fluides numérique 

(MFN) qui incorpore ce modèle électrostatique peut ensuite être utilisé comme outil prédictif en 

recherche et développement. La simulation de la mise en charge électrostatique dans des lits 

fluidisés gaz-solide serait une alternative rentable à la réalisation d'expériences, en particulier pour 

les essais à l'échelle industrielle. 

Un modèle pour la mise en charge électrostatique a été développé pour être utilisé en conjonction 

avec un modèle MFN Euler-Euler à deux fluides pour simuler la triboélectrification et ses effets 

dans les écoulements gaz-solide. Le modèle électrostatique a été d’abord développé pour des 

écoulements de particules monodispersés dans un gaz et a été validé à l'aide des résultats 

expérimentaux antérieurs de la mise en charge de particules lors des essais de fluidisation gaz-

solide. Dans le but de fournir une représentation réaliste de la fluidisation gaz-solide des résines 

de polyéthylène ayant une large distribution granulométrique, le modèle électrostatique a été 

étendu pour prendre en considération des systèmes d'écoulement de particules bi-dispersées. Les 

résultats de simulation obtenus en utilisant ce modèle prédisent une mise en charge bipolaire 

lorsque les particules ont des tailles différentes, même si elles sont constituées du même matériau. 

Ce phénomène a été analysé et il a été démontré qu'il est généré par le champ électrique produit 
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par la charge qui est accumulée sur les particules. Des études expérimentales de la mise en charge 

par contacts particule-paroi et particule-particule ont été effectuées pour étudier les paramètres 

électrostatiques et mécaniques qui sont importants pour modéliser la grandeur et la direction du 

transfert de charge dans les systèmes à écoulement gaz-solide. La mise en charge par contact 

particule-paroi due à des collisions uniques et répétées a été testée avec diverses particules, y 

compris du polyéthylène linéaire commercial à basse densité, pour déterminer leurs taux de charge 

ainsi que leurs limites de saturation de charge lors d'une collision avec une surface métallique.  

Une représentation graphique de la valeur de saturation de charge des particules par rapport à leurs 

surfaces respectives a révélé une tendance linéaire qui pourrait être utilisée pour calculer la 

saturation de charge de la particule pour une taille de particule donnée. Des études supplémentaires 

sur la mise en charge par contact particule-paroi ont établi l'effet de la charge initiale, la fréquence 

de collision, le type de particule, l'angle d'impact, la vitesse d'impact et la présence d'impuretés sur 

la mise en charge des particules. Pour étudier la mise en charge par contact particule-particule, un 

nouvel appareil a été conçu, construit et testé pour déterminer la grandeur et la direction du 

transfert de charge lors des collisions particule-particule individuelles de particules isolantes. Cet 

appareil était le premier du genre et garantissait que le transfert de charge mesuré pour chaque 

essai expérimental était uniquement dû à la collision binaire entre les particules. Il a été observé 

que la direction du transfert de charge dans des collisions de particules identiques n’est pas dictée 

par les charges initiales nettes des particules, mais par la différence de charge localisée à la surface 

de contact des particules. De plus, les collisions particule-particule de particules de nylon de 

différentes tailles ont confirmé les phénomènes de mise en charge bipolaire, où la direction du 

transfert de charge était dictée par la taille relative des particules en collision. Ces résultats, entre 

autres, contredisent le comportement de transfert de charge prédit par les modèles de mise en 

charge électrostatique actuellement proposés pour les collisions particule-particule. En tant que 

tel, un modèle de transfert de charge empiriquement précis doit être établi pour simuler la mise en 

charge électrostatique de particules dans des systèmes d'écoulement gaz-solide poly-dispersé. 
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Chapter 1  

Introduction 

When a gas or liquid vertically flows through a bed of solid particles at a sufficient flow velocity, 

the solid particles start exhibiting fluid-like behaviour. This is known as fluidization, and it occurs 

when the drag force exerted by the fluid counteracts the weight of the solid particles [1]. 

Fluidization has been an influential technological innovation in the chemical and petrochemical 

process industry. Gas-solid fluidized beds have been developed for a large variety of industrial 

applications, including polymerization, fluid catalytic cracking, combustion, mixing, coating and 

drying. One of the modern applications of gas-solid fluidized beds is the catalytic polymerization 

of ethylene gas to produce polyethylene. While the process has many advantages in terms of 

productivity, the solid particles in this flow system can face problems with electrostatic charge 

generation due to particle-particle and particle-wall interactions. Electrostatic effects on gas-solid 

fluidized beds have been investigated since its first application in 1942 with catalytic cracking [1], 

and since then many electrostatic measurement techniques have been developed for their study 

[2]. These investigations have led to concentrated efforts in reducing the electrostatic charge 

generation and in turn the wall fouling in fluidized beds [3,4]. As a part of this on-going effort, 

Computational Fluid Dynamic (CFD) simulation and modeling studies have gained recent 

attention to investigate the electrostatic charging in gas-solid fluidized beds. Through the 

collaborative efforts between two research groups at the University of Ottawa and Iowa State 

University, a CFD model was developed to simulate the effect of fixed particle charges on 

laboratory-scale fluidization experiments [5]. As a continuation of this effort, the objective of this 

thesis is to develop and implement an electrostatic charging model that simulates charge transfer 

due to particle-particle and particle-wall interactions. This would allow the particles’ charge to be 

updated over time, thereby providing a more realistic simulation of the fluidized bed.  

1.1. Principles of Electrostatics 

Electrostatics is the study of charge accumulation in solids and liquids. While electrostatics can be 

a nuisance for everyday life, research on this topic led to the rapid development of industrial 

applications such as electrostatic powder coating and electrostatic photocopying [6]. In 

electrostatics, a neutral object can become either positively or negatively charged by losing or 
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gaining electrons. Two charged particles share an attraction if oppositely charged, or a repulsion 

if similarly charge. The magnitude of this attraction/repulsion, or the electrostatic force between 

them, can be described using Coulomb’s law: 

𝐹𝑞 =
1

4𝜋𝜀0𝜀𝑟

𝑞1𝑞2

𝑟2
 1-1 

𝐹𝑞 is the electrostatic force; 𝜀0 is the permittivity of a vacuum; 𝜀𝑟 is the relative permittivity of the 

medium (such as air); 𝑟 is the distance between two point sources (which in this case are two 

particles); and 𝑞1 and 𝑞2 are the charges on the two point sources. Equation 1-1 considers only two 

charges; the force acting on a charge due to multiple surrounding charges is simply the summation 

of the individual forces acting between the charge and each surrounding charge. The electric field 

(𝐸) generated due to the electrostatic force is defined as electrostatic force per unit charge. As 

such, the magnitude of the electric field due to a point charge 𝑞 can be calculated as: 

𝐸 =
𝑞

4𝜋𝜀0𝜀𝑟𝑟2
 1-2 

1.1.1. Charge Generation in Insulators 

Electrostatic charging can usually be classified into contact charging and frictional charging, as 

shown in Figure 1-1. In contact charging, two surfaces can exchange some of their charge due to 

the difference in surface energies. Frictional charging is very similar, except it involves an 

extended surface contact due to sliding or rolling. Due to their similarity, both charging methods 

are grouped together as triboelectric charging [7].  

 

Figure 1-1: Triboelectric charging by contact (top) and friction (bottom). 
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Charging can also occur without any actual contact between the two objects, with a mechanism 

known as induction charging. When an already charged object comes near another uncharged 

conductive object, its electric field makes the uncharged object become polarized by shifting all 

the electrons to one side of the object. This is known as image charging since the charged particle 

leaves an oppositely charged “image” on the surface of the uncharged object (Figure 1-2). If the 

uncharged object is initially grounded, it will be left with a net charge if the ground is removed. In 

theory, induction charging can only happen with conductive materials since they have mobile 

electrons. Thus, the charge separation shown in Figure 1-2 should not occur for insulators; the 

electrons would be immobile and grounding cannot occur [6]. However, recent studies have shown 

that this mechanism is possible even for non-conductive materials, provided the two materials are 

close to each other for an extended period of time [8]. 

 

Figure 1-2: Charging by induction, generating a positive charge on a metal object. 

The concepts of charging are well-studied and understood for conductive materials because of 

their low resistivity to current flow, which allows the transfer (and generation) of charge. 

Insulators, however, are more difficult to study since they have low charge mobility. This limits 

the triboelectric charging to localised surfaces of an object, usually in the microscopic range. This 

localised charging nature of insulators makes it very difficult to predict the electrostatic effects on 

non-spherical particles, such as polymers [9]. 

Extensive studies have been performed on the triboelectric charging tendencies of many materials 

by comparing their charge polarities [6,10–12]. These findings are usually arranged as a 

triboelectric series, where the materials with the highest tendency to become positively charged 

are placed on top, and the materials with the highest tendency to become negatively charged are 

placed on the bottom. The series is also analogous to the work functions of conductors, which is 

an inherent material property describing the amount of thermodynamic work required to eject an 

electron from the material surface to a neutral point in vacuum near the surface. A material with a 
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higher work function has a higher probability of holding electrons at its surface. The difference in 

work functions between two contacting metal objects is well known to be the driving force for 

electron transfer from one surface to another. The flow of electrons across the contacting interface 

occurs until equilibrium is reached [13], and the contact potential difference, 𝑉𝐶, can be determined 

as follows: 

𝑉𝐶 =
(𝜙1 − 𝜙2)

𝑒
 1-3 

where 𝜙1 and 𝜙2 are the work functions of the two metals/conductors, and 𝑒 is the elementary 

charge. A visual representation of this equation is shown in Figure 1-3. 

 

Figure 1-3: Electron potential energy for metal-metal contacts [7]. 

While this work function model should not be applicable for metal-insulator or insulator-insulator 

contacts due to the lack of “free electrons” in insulators, clear evidence of electron transfer in such 

contacts have been experimentally observed [14,15]. Thus, it was possible to determine the 

“effective” work function for polymers, shown in Table 1-1 via  metal-polymer contacts [16]. 

Table 1-1: Work functions of various polymers [16]. 

Material Work Function (eV) 

Polyethylene 5.24 ± 0.24 

Polyethylene (var.) 6.04 ± 0.47 

Polytetrafluoroethylene 6.71 ± 0.26 

Polypropylene 5.43 ± 0.16 

Nylon 6/6 4.08 ± 0.06 
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In order to explain this charge transfer due to metal-insulator contacts, the surface state model has 

been proposed where it is assumed that the available energy levels of electrons are only on the 

surface as opposed to the bulk of the object [17]. As such, an insulator metal contact, and similarly 

an insulator-insulator contact, would result in electrons moving from the filled surface states of 

one material to the empty surface states of the other. This means the driving force for electron 

transfer is still the difference in work functions of the two contacting surfaces. The surface of 

insulators can be composed of positively or negatively charged nanoscopic regions, where the 

surface charge in a specific region is much larger than the net charge of the insulator [18]. This 

mosaic nature of surface charge has been observed in contact electrification experiments as shown 

in Figure 1-4, where a polycarbonate (PC) surface obtained a net negative charge after contacting 

a polydimethylsiloxane (PDMS) surface. Another possible explanation for electron transfer with 

insulator contact is the presence of impurities including side groups, surface impurities and ends 

of molecular chains. This conclusion was made based on a study where pure samples of crystalline 

insulators showed no charging when contacted by metals [19]. Impurities or surface/chemical 

defects on a material surface can therefore alter its effective work function, which would result in 

a range of values for any given material based on its production process. 

 

Figure 1-4: 2D and 3D Potential maps of a PC surface contact-charged by a PDMS surface [18]. 

1.1.2. Charge Transfer Modeling 

The electrostatic charging tendencies of various materials have been extensively studied in bench-

scale insulator-metal contact experiments [20–25]. In addition to effective work function 

differences, other factors were found to be involved in charge transfer include impact velocity and 
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angle, initial charge, particle size, temperature, and relative humidity [7]. The effects of varying 

operating conditions have only been analyzed qualitatively thus far, whereas the material 

properties and collision characteristics have been incorporated into charge transfer models to 

estimate the rate of charge transfer per collision or contact duration. One widely utilized charge 

transfer model is the condenser (or capacitor) model, which assumes that the contact area between 

two surfaces, 𝑆𝑐, can be regarded as a capacitor. It uses the effective work function difference, 𝑉𝑐, 

as the fixed driving force for the magnitude and direction of charge transfer on one particle [26]: 

 ∆𝑞 = 𝑘𝑐

𝜀0𝜀𝑟

𝑧𝑐
𝑉𝑐 (1 −

𝑞𝑖

𝑞∞
) 𝑆𝑐 1-4 

Here, 𝑘𝑐 is the charging efficiency, 𝜀0 is the absolute permittivity, 𝜀𝑟 is the relative permittivity of 

the medium, 𝑧𝑐 is the critical gap, 𝑞𝑖 is the particle’s initial charge, and 𝑞∞ the charge saturation 

point or the maximum charge a particle can hold. This model as well as other proposed charging 

models will be reviewed in Chapter 7. Charging models were found to provide a reasonable 

description of electrostatic charge transfer in insulator-metal contacts. However, this is only 

possible if one could identify the effective work functions and charge saturation points of the 

concerned materials through bench-scale charge transfer experiments. 

Unlike insulator-metal contact charging, the charging behaviour of insulator-insulator collisions is 

still poorly understood, especially for the case of collisions in granular flows. Lacks and Shinbrot 

(2019) reviewed the complexity of triboelectric charging in granular materials, which sometimes 

even defied our qualitative understanding of electrostatics [27]. This means that while the 

condenser model could be utilized to model particle-particle collisions of different materials, 

additional model considerations are needed for collisions between particles made of the same 

material, as further highlighted in Chapter 6. As such, particle-particle contact charging 

experiments must be performed to develop an empirical charging model that better represents the 

inter-particle charging behaviour of granular insulators. Charge transfer experiments for particle-

particle collisions were performed with bulk particle systems which highlighted the segregation of 

charge based on particle size [28–31]. However, individual particle-particle collision experiments 

have not been explored, which are necessary to identify the material or electrostatic properties 

responsible for the complex particle-particle charging behaviours discussed in-depth in Chapter 7. 
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1.2. Electrostatic Charging in Gas-Solid Fluidized Beds 

Electrostatic charge generation is an inherent and economically detrimental issue in gas-solid 

fluidized beds, particularly in the production of polyethylene. Triboelectric charging in fluidized 

beds occurs due to the continuous particle-wall and particle-particle contacts during the 

fluidization process. In the case of the polyethylene reactors, polyethylene and catalyst particles 

can become highly charged very quickly, which results in them adhering to the reactor wall. As 

the adhered particles accumulate, the poor circulation of these particles and the highly exothermic 

reaction on the catalyst surface causes localised temperature spikes that melts the polyethylene 

particles into large sheets. Such sheets can be up to a 1 cm thick, over 50 cm wide and up to 1.5 m 

long [3]. They are found to form at approximately half the diameter of the fluidizing column above 

the distributor plate, where the drag forces along the column wall are at a minimum, and are also 

found to droop off the dome of the reactor [32]. These sheets can break off the reactor walls and 

obstruct the distributor plate, forcing a reactor shut-down even within a few hours of operation for 

clean-up [3]. The downtime due to the clean-up can result in significant economical loss due to 

reduced production. The reactor shut-down may take up to 30 days or even more depending on the 

severity of the sheeting. To put in perspective the magnitude of missed revenue due to such a 

lengthy reactor shut-down, a rudimentary cost analysis was considered. A single polymerization 

reactor can have a production capacity of at least 600,000 tons per year [33]. In 2011, when the 

polyethylene market (specifically LLDPE, or linear low-density polyethylene) was quite weak, the 

profit margin for producing and selling LLDPE was reported to be 374 USD per ton [34]. A 30-

day reactor shutdown could therefore result in at least 18,700,000 USD in missed profits. 

Extensive studies have been performed to understand the cause of wall fouling in gas-solid 

fluidized beds. This has lead to the development of various charge measurement techniques [35–

37] as well as methods for controlling the electrostatic charge and its effects in the fluidized bed 

[4,38,39]. Current measurement techniques employed in labs as well as the industry use either 

electrostatic probes or Faraday cups (Figure 1-5). Electrostatic probes are widely used in industry 

as a means of measuring the charge at specific points in gas-solid fluidization columns. When a 

charged object is brought in close proximity to an electrostatic probe, the object can induce an 

image charge of itself on the probe. This induced signal is measured using an electrometer as an 

electric potential, current, or charge. In order to detect the onset of wall sheeting on the 

polyethylene reactor described earlier, electrostatic probes are inserted into the column at locations 
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which are prone to sheet formation [4]. However, this method of charge detection is still unreliable 

since the probe measurements can be distorted by contacts between the probe and the particles, 

and even due to particle accumulation on the probe itself. 

Faraday cups are used to measure the net charge of objects that are placed inside it. They consist 

of two metal cups which are electrically isolated from each other with an insulative material. The 

outer cup is grounded to shield the inner cup from any external electric field, and by connecting 

the inner cup to an electrometer the charge of any object that interacts with it can be measured [6]. 

Faraday cup measurement techniques can be used to measure the bulk net charge of sampled 

particles in gas-solid fluidized beds. While the net charge measurements are generally reliable, it 

is difficult to measure the charge of the fluidizing particles in real-time. Sampling ports would 

only provide a local measurement, which may not reflect the overall charging within the entire 

bed. Faraday cup measurement techniques are thus better suited for use in experimental studies. 

 

Figure 1-5: (a) Electrostatic probe measurement technique, (b) Faraday cup measurement 

technique. 

There are currently two main methods used in the industry to control electrostatic charging: coating 

the inner column wall with polymer films [3,4], and injecting the charged bed with an inert, charge 

neutralizing additive (e.g. positive charging agent into a negatively charged bed) [35]. While both 

methods have helped combat sheeting on the reactor walls, they have their disadvantages. The 

coating method requires intermittent reactor shut-downs to reapply the film, whereas the injection 

method does not actually stop sheeting from happening as it is a reactionary measure; the additive 

required is dependent on the electrostatic state of the bed. 
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1.2.1. Effect of Operating Parameters on Electrostatics 

The operating parameters of a fluidized bed system, such as the fluidizing gas velocity, particle 

size, temperature, pressure, and relative humidity, can affect the amount of charge generation in 

the bed. The fluidizing gas velocity has a significant effect on the degree of charge generation in 

a fluidized bed, as it directly correlates with the rate of particle-wall and particle-particle 

interactions [40,41]. It was observed that the bubbling flow regime generated the most amount of 

particle charge in the fluidized bed, as the rising bubbles induced particle mixing [32,38]. As such, 

larger bubble sizes and rising velocities, which comes with increasing fluidizing gas velocities, 

induce more particle mixing and thereby increase the amount of charge measured in the bed [41–

43]. This aligns with the finding that, with increasing gas velocity, a maximum degree of bed 

electrification is reached at the onset of the slug-flow regime, after which, the degree of 

electrification starts to decline [44]. However, recent studies have shown that increasing the 

fluidizing gas velocity all the way to the turbulent flow regime significantly increases charging in 

a bed of polyethylene particles compared to a bubbling flow regime [45]. Apart from the increased 

frequency of particle-wall impacts in the turbulent flow regime, the lack of bubbles to induce 

particle-particle collisions is compensated by the increased entrainment rate of fine particles. These 

entrained fines tended to charge negatively, and so their entrainment left the bulk of the bed in a 

net positive charge and resulted in increased wall fouling [45]. 

Particle sizes as well as particle size distributions have been studied to understand their impact on 

fluidized bed electrification. In mono-sized particle systems, i.e. systems with a very narrow 

particle size distribution, it was observed that an increase in particle size directly correlated to an 

increase in charge generated in the fluidized bed [41,46,47]. However, in polymerization fluidized 

bed reactors the fluidizing particles generally have a large size distribution, which leads to a 

phenomenon known as bipolar charging. This occurs when particles of the same material, but 

different sizes, become oppositely charged during fluidization [8]. In a charged particle separation 

study performed by this research group on fluidized polyethylene particles, narrow particle size 

ranges which charged predominantly in one direction still exhibited some bipolar charging [48]. 

The mechanism to describe bipolar charging is unclear, since the studies on poly-sized particle 

systems have shown conflicting results; some noted that the smaller particles charged negatively 

and the larger particles charged positively [8,49,50], while others have reported the opposite 
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[37,43,51]. Nonetheless, this phenomenon is an important factor in the positive-negative particle 

charge layering on the column wall.  

Temperature studies have shown that electrostatic charges in the bed decreased when increasing 

the temperature from 25°C to up to 75°C [52,53]. This is in agreement with single particle charging 

experiments where the particle consistently measured less charge at higher temperatures [54]. The 

effects of pressure on charging is more difficult to assess in a fluidized bed while controlling the 

other parameters since pressurizing has a complex impact on the hydrodynamics of the bed [43]. 

Nonetheless, pressure controlled experiments have shown that there is an increase in charge 

generation with increasing pressures from 100 to 800 kPa [52], which justifiably leads to an 

increase in wall fouling in pressurized (up to 2500 kPa) fluidized beds [55,56]. Finally, single 

particle impact experiments with a control on the relative humidity have shown that the amount of 

charge generated is reduced with increasing relative humidity, regardless of the particle 

temperature [54]. This direct correlation was not observed in a study with glass beads fluidized in 

an acrylic column which showed a reduction in charging after a certain relative humidity [41]. In 

agreement to this study, another fluidization study on humidity effects using polyethylene in a 

stainless steel column showed that, at the bubbling flow regime, the degree of wall fouling only 

started to reduce after a relative humidity of 60% [57]. 

1.3. Modeling & Simulation of Gas-Solid Fluidized Beds 

With the continuous advances in computing technology, CFD modeling has become essential in 

the systematic investigation and development of fluid flow processes [58]. CFD simulations are 

an excellent tool for analyzing fluid flows in industrial processes, since the alternative would be 

to perform all the necessary testing in pilot-scale systems, driving up costs and greatly increasing 

the time needed for scale-up. Industrial fluidized beds tend to be very large units, their size being 

of the order of cubic meters. However, the vital particle-particle and fluid-particle interactions in 

these devices occur at scales of the order of millimeters or smaller. It is therefore clear that a 

multiscale approach must be developed, based on the required level of detail [59]. 

There are two ways to describe the dynamics of the phases in a system: Eulerian models that 

describe the phases as continua, using conservation equations; and Lagrangian models, which 

describe the phases as a collection of discrete particles that obey Newton’s Second Law of Motion. 
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When modeling gas-solid fluidized beds, the solid and gas phases are considered separately, and 

so the available coupled-system models can be classified based on all the possible combinations 

of these two models. Table 1-2 lists the widely recognized models used for simulating gas-solid 

fluidized beds. 

Table 1-2: Various models for simulating gas-solid fluidized beds [59]. 

Model Name Gas Phase Solid Phase 

1. Two-Fluid Model Eulerian Eulerian 

2. Unresolved Discrete Particle Model Eulerian (unresolved) Lagrangian 

3. Resolved Discrete Particle Model Eulerian (resolved) Lagrangian 

A visual representation of the models is shown in Figure 1-6. The two-fluid model (TFM) is an 

Euler-Euler (EE) method that uses the continuum description for both the solid and gas phases; for 

each phase a continuity equation and a momentum equation need to be solved. The fluid-dynamic 

properties of the granular phase are usually determined by means of closures obtained from the 

kinetic theory of granular flow. Since the model is constituted by a set of coupled partial 

differential equations, its solution is typically obtained with numerical methods, particularly the 

finite volume method, to guarantee conservation of the transported quantities [60]. 

 

Figure 1-6: Visual representation of the models listed in Table 1-2 [59]. 
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While TFM models the particle-particle or particle-gas interactions in terms of momentum transfer 

between both phases, the Discrete Particle Models (DPM) describe the solid phase as actual 

particles. The solid phase is solved using Newton’s Second Law of Motion, where the interaction 

with the continuous gas phase is dependent on the size of the particles with respect to the Eulerian 

grid. In the Unresolved Discrete Particle Model (UDPM), also known as the discrete element 

model (DEM), the grid is at least 10 times larger than the particles. In terms of the gas-particle 

interactions, this reduces the particles to point sources and momentum sinks and gas-solid 

interaction correlations similar to the TFM method is needed [59]. In the Resolved Discrete 

Particle Model (RDPM), also known as the direct numerical simulation (DNS) model, the grid is 

at least 10 times smaller than the particles, allowing the calculation of the flow between the 

particles. No correlations are required in this case since the gas-particle interactions are handled 

by boundary conditions at the solid particle surfaces. The modeling of gas-solid fluidized beds is 

currently most developed for TFM [61,62], UDPM [63,64] and RDPM [65]. 

1.3.1. Electrostatic Modeling 

Electrostatic effects in gas-solid flow have been studied using both Euler-Lagrange and Euler-

Euler models. The effect of electrostatic charge on particle elutriation was investigated using an 

Euler-Lagrange model with a fixed charge input [66]. The study showed that electrostatic charges 

on particles suppressed or even eliminated particle elutriation due to the agglomeration caused by 

electrostatic attraction. An Euler-Lagrange model was developed to study the effect of electrostatic 

forces between mono-charged and bipolar charged particles on fluidization hydrodynamics [67]. 

Mono-charged particles showed a decrease in bubble sizes and increase in bed voidage, which is 

in good agreement with experimental results [64], whereas bipolar charged particles exhibited the 

same hydrodynamics as a neutral bed. An Euler-Euler model was developed to investigate the 

influence of electrostatic charges on bubbles in freely-bubbling fluidized beds with charged mono-

sized glass beads [68]. The simulation results predicted that electrostatic charges decrease bubble 

size and influence the bubble spatial distribution as well as the time-average solid velocities. 

Another Euler-Euler model was developed for a pilot-scale gas-solid fluidized bed that 

incorporated electrostatic effects [69]. Using a fixed charge-to-mass ratio for particles obtained 

from experimental results of this research group [51], the model reproduced trends in particle 

segregation, entrainment and wall fouling, as shown in Figure 1-7, due to electrostatic charges as 
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seen in the fluidized bed experiments [5]. All these simulation studies used a fixed charge value to 

study the electrostatic interactions in gas-solid fluidized beds. 

 

Figure 1-7: Comparison of wall-fouling observed in a) experiments and b) simulation [51,69]. 

To simulate the transient case for these systems, which is necessary for the model’s development 

as a predictive tool, a charge transfer model is needed to update the electrostatic charge in the 

system upon any particle-particle and particle-wall contacts. Several studies have implemented the 

widely accepted condenser model for charge transfer into Euler-Lagrange simulations of particle-

particle and particle-wall interactions [70–73]. However, these CFD models are only 

computationally feasible for millimeter-scale domains and cannot be used to simulate industrial-

scale or even laboratory-scale gas-solid fluidized beds. As such the charge transfer model needs to 

be incorporated into the less computationally intensive Euler-Euler model.  

1.4. Thesis Objective 

The overall objective for this study was to develop an Euler-Euler CFD model to study the 

electrostatic charging of industrial-scale gas-solid fluidized beds, with particular interest in the 

polyethylene production process. Such a model could also be used as a predictive tool in any 

application of gas-solid flows, including pneumatic conveying and duct flow systems. The primary 

challenge of developing this Eulerian model is that the charge transfer model currently used in 

numerical studies is tailored for discrete particles; the charge is transferred only between two 

 

a) 

Mean volume 

fraction 
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distinct particles at a time. Since Eulerian models do not have a discrete particle phase, a solution 

is needed to determine the change in the volume-averaged particle charge densities over time 

within every cell of the simulation domain. Moreover, many charge transfer studies over the years 

have reported that the charging model currently used in CFD simulations cannot accurately predict 

the observed particle charging behaviours in gas-solid flows, particularly for particle-particle 

collisions [27]. The charge transfer model thus needs to be modified and validated using 

fundamental particle-wall and particle-particle contact charging experiments. Once confirmed, it 

can be implemented into the Euler-Euler CFD model to study the electrostatic charging of 

industrial-scale gas-solid fluidized beds. Thus, the specific objectives of this study were to: 

1. Develop an electrostatic charging model compatible with Euler-Euler Two-Fluid CFD 

models for gas-solid flow systems.  

a. Determine a solution using the existing charge transfer model to determine the 

change in volume-averaged particle charge densities over time in an Eulerian 

context.  

b. Validate the CFD model by simulating laboratory-scale fluidization experiments 

and evaluating the predicted degree of charging and bed behaviour. 

2. Develop novel apparatus designs and perform bench-scale particle collision experiments 

to observe the charging behaviour of insulative particles in various collision scenarios. 

a. Perform single and repeated particle-wall collision experiments to validate the 

particle-wall charge transfer model and extract the necessary input parameters for 

simulation.  

b. Perform single particle-particle collision experiments to confirm whether the 

charge transfer model currently used in CFD simulations is acceptable for 

predicting experimentally observed inter-particle charging behaviour.  

1.5. Thesis Outline 

The thesis is divided into eight chapters, where six chapters are prepared in manuscript form for 

publication in refereed journals. These chapters describe the experimental studies and model 

development process in chronological order. A publication relevant to the research is also included 

in Appendix A, and additional supporting information is presented in Appendix B.  



15 

The second chapter presents the Euler-Euler CFD model developed to consider electrostatic 

charging and its effects on bed hydrodynamics for mono-dispersed, or single-sized, particles. 

Provided with the input parameters from experiments, such as charge saturation values for particles 

of varying sizes, the model was validated using past laboratory-scaled fluidization studies on the 

charging and wall fouling behaviour of polyethylene resins sieved into narrow particle-size 

distributions. This chapter is a manuscript published in Chemical Engineering Science (Ray M, 

Chowdhury F, Sowinski A, Mehrani P, Passalacqua A. An Euler-Euler model for mono-dispersed 

gas-particle flows incorporating electrostatic charging due to particle-wall and particle-particle 

collisions. Chem Eng Sci. 2019; 197:327-344).  

The third chapter describes the single and repeated particle-wall collision experiments performed 

to validate the particle-wall charging model and extract input parameters needed to perform the 

abovementioned CFD studies. This chapter is a manuscript published in Journal of Electrostatics 

(Chowdhury F, Sowinski A, Ray M, Passalacqua A, Mehrani P. Charge generation and saturation 

on polymer particles due to single and repeated particle-metal contacts. J Electrostat. 2018; 91:9-

15). 

The fourth chapter describes a novel particle-particle collision apparatus designed and tested to 

perform particle-particle charging experiments. This apparatus was the first of its kind and allowed 

the analysis of particle charging behaviour due to individual particle collisions. This chapter is a 

manuscript published in Powder Technology (Chowdhury F, Elchamaa B, Ray M, Sowinski A, 

Passalacqua A, Mehrani P. Apparatus design for measuring electrostatic charge transfer due to 

particle-particle collisions. Powder Technol. 2020; 361:860-866). This work was motivated by 

the simulation results observed in the Eulerian model for mono-dispersed particles, which 

highlighted the importance of developing an empirical particle-particle charging model. The study 

was performed in parallel to the continued development of the electrostatic model to also consider 

bi-dispersed particle flows (i.e., two particle phases of varying sizes). As presented in Appendix 

A, this developed model is discussed in a manuscript published in Physics of Fluids (Ray M, 

Chowdhury F, Sowinski A, Mehrani P, Passalacqua A. Eulerian modeling of charge transport in 

bi-disperse particulate flows due to triboelectrification. Phys Fluids. 2020; 32(2):023302). 

The fifth chapter presents the continued development of the particle-particle collision apparatus, 

with particular improvements to the particle release mechanism. Charge transfer observations are 
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discussed based on various particle collision scenarios, including collisions between different-

sized particles made of the same material. The results are further evaluated with respect to the 

initial charge, impact velocity and angle for each collision trial. This chapter is a manuscript 

published in Powder Technology (Chowdhury F, Ray M, Passalacqua A, Mehrani P, Sowinski A. 

Electrostatic charging due to individual particle-particle collisions. Powder Technol. 2021; 

381:352-365). Images of the apparatus is presented in Appendix B. 

The sixth chapter describes the evaluation of the particle-particle charge transfer model currently 

proposed in CFD simulations as it is used to predict the charge transfer behaviour observed in 

different particle collision scenarios based on work function differences, initial charges, and 

effective contact areas. It highlights the major discrepancies in the direction of charge transfer 

between the modeled and measured results, confirming the necessity for developing a more 

accurate particle-particle charging model. This chapter is a manuscript under review for 

publication in the Journal of Electrostatics (Chowdhury F, Ray M, Passalacqua A, Mehrani P, 

Sowinski A. Evaluating the electrostatic charge transfer model for particle-particle interactions. 

J Electrostat. Manuscript ID: ELSTAT-S-21-00078). 

The seventh chapter provides an overview of the research progress made over the years, and 

particularly during the timeline of this research, on the modelling of electrostatic charging in gas-

solid flows. The review highlights the different charging behaviours observed due to varying 

impact conditions and solids surface properties that need to be included in the model, such as 

bipolar charging in same material collisions. The Euler-Lagrange and Euler-Euler electrostatic 

models developed by multiple research groups are also discussed, providing insights on factors 

such as simulation setup and input parameters to consider for the simulation while highlighting 

shortcomings that need to be addressed. This chapter is a manuscript under review for publication 

in Powder Technology (Chowdhury F, Ray M, Sowinski A, Mehrani P, Passalacqua A. A review 

on the modeling of electrostatic charging in gas-solid flows, Powder Technol. Manuscript ID: 

POWTEC-D-20-03376R1). 

The final chapter, chapter eight, presents the overall conclusions of this research and provides 

recommendations for future work on experimental studies as well as model development for 

electrostatic charging.  
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Abstract 

A computational model for the prediction of triboelectric charging in gas-solid fluidized beds is 

developed in the context of the Euler-Euler two-fluid model with kinetic theory closures for the 

description of the particulate phase. Sub-model for charge transfer due to particle-wall collisions 

is obtained consistently with the boundary conditions of Johnson and Jackson (1987) [1], and 

assuming the model of Matsusaka et al. (2000) [2] for charge transfer during a single collision. 

Similarly, a sub-model for charge diffusion due to particle-particle collisions is developed based 

on the kinetic theory of granular flow of Jenkins and Savage (1983) [3], and the aforementioned 

charging model. The Eulerian charging model is then coupled to the two-fluid model, with kinetic 

theory closures which are available in the OpenFOAM® computational toolbox for fluid dynamics. 

The model is tested to simulate the effect of polyethylene particle size (362, 462, 550 μm) in the 

electrification process, and is validated against past experimental findings.  The order of magnitude 

of charge densities in different regions of the bed, predicted by the model, was coherent with the 

experimental results. The model also predicted that particles larger than 425 μm would not stick 

to the column wall, which acceptably agreed with the experimental observation that particles larger 

than 600 μm did not adhere to the wall surface. 
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2.1. Introduction 

Gas-solid fluidized beds have been employed in a variety of industrial applications including 

polymerization, fluid catalytic cracking, mixing, coating and drying, to name just a few. One of 

the applications of gas-solid fluidized beds is the catalytic polymerization of ethylene gas to 

produce polyethylene [4]. An operational challenge faced in such processes is the generation of 

electrostatic charges, which is an inherent issue in gas-solid fluidized beds. Charging in fluidized 

beds occur due to particle-particle and particle-wall contact charging, a phenomenon known as 

triboelectrification [5–7]. In polymerization reactors for polyethylene production, the polymer or 

catalyst particles used in these fluidized bed reactors can, once charged, adhere to the reactor wall. 

As the adhered particles accumulate, the highly exothermic reaction causes localized temperature 

spikes that melt the particles into large sheets. The sheets can detach from the reactor walls and 

obstruct the distributor plate after only a few hours of operation, forcing a reactor shut-down for 

clean-up operations.  

A widely adopted approach to investigate the hydrodynamics in fluidized beds [8–12] is the Euler-

Euler two-fluid model [13–16] with kinetic theory closures for the disperse granular phase 

[3,10,17–21]. Compared to Euler-Lagrange models [22–28], the Euler-Euler model allows to 

lower the cost of simulations, particularly for large-scale systems operating with dense particle-

laden flow. However, the incorporation of models to predict triboelectric charging in models for 

computational fluid dynamics only started recently. Hassani et al. (2013) [29] developed an Euler-

Lagrange model to study the effect of electrostatic forces between mono-charged and bipolar-

charged particles on the hydrodynamics of fluidization. Mono-charged particles showed a decrease 

in bubble sizes and an increase in bed voidage, which was in agreement with experimental results 

[30]; in the case of bipolar-charged particles, the net charge, which was essentially neutral, 

governed the hydrodynamics of the system. Yang et al. (2016) [28] investigated the effect of 

electrostatic charge on particle elutriation using an Euler-Lagrange model with a fixed charge 

input. Jalalinejad et al. (2015) [31] investigated the influence of electrostatic charges on bubbles 

in freely-bubbling fluidized beds using an Euler-Euler model with charged mono-sized glass 

beads. Rokkam et al. (2010, 2010, 2013) [32–34] developed an Euler-Euler model for a pilot-scale 

gas-solid fluidized bed to study the effect of electrostatics. Using a fixed charge-to-mass ratio for 

particles obtained from experimental results from Sowinski et al. (2010) [35], the model 

reproduced trends in particle segregation and entrainment due to electrostatic charges as seen in 
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the fluidized bed experiments results [34]. All the simulations studies performed by Rokkam et al. 

used a fixed charge value to study electrostatic interactions in gas-solid fluidized beds. For a more 

realistic representation of these systems, however, a model accounting for charge generation and 

transport is needed to describe the triboelectric charge generation due to collisions between a 

particle and a solid wall, and with other particles. 

Matsuyama and Yamamoto (2006) [36] proposed a contact charging model called the charge 

relaxation model. The model suggests that the separation process of two contacting bodies, rather 

than the contact itself, dictates the amount of charging experienced by the two bodies. Ireland 

(2010) [37] proposed a model that considers contact time, velocity, and mode of contact (i.e. 

bouncing, sliding, and rolling) as the main contributors to the particle-wall charging mechanism. 

Matsusaka et al. (2010) [38] proposed that the contact region between a particle and a wall can be 

regarded as a capacitor, and so a short contact time is sufficient to experience charge transfer. 

According to their model, repeated particle-wall contacts cause the particle to reach a maximum 

charge value, after which no more charge is acquired. This value is indicated as saturation charge 

of the particle. This model [38], known as the condenser model, while not fundamentally justified, 

is commonly used to calculate particle-wall charge transfer, due to its agreement with experimental 

results. Korevaar et al. (2014) [24] proposed a model for contact charging based on the condenser 

model for pneumatically conveyed powders in an Euler-Lagrange CFD-DEM framework. Their 

reported simulation results revealed the significant influence of particle-wall interactions on both 

the spatial distribution of powder in the duct and the acquired charge of the particles [24]. Pei et 

al. (2013, 2015, 2016) [39–41] performed several studies to analyze contact electrification and 

electrostatic interactions in an Euler-Lagrange model. Charge generation was determined using 

the condenser model, the numerical results of which agreed with the experimental work by 

Matsusaka et al. (2000) [2]. Based on their results, charge transfer is proportional to the maximum 

contact area, and repeated contacts result in charge accumulation up to a maximum point [39], 

corresponding to the saturation charge mentioned above. Simulations showed that particles of 

different material properties can acquire charges of opposite polarity and form agglomerates, 

which can result in de-fluidization at low superficial gas velocities [40]. A study on long-range 

electrostatic interactions in this model implied that even long-range contributions are necessary 

for accurate modeling of charged particle systems [41]. 
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Laurentie et al. (2013) [42] proposed a charge transfer model inspired by the charge relaxation 

model, and incorporated it into a CFD-DEM approach. In this model, charge transfer occurs based 

on the difference between the effective work functions of the contacting objects [42]. The model 

suggests that the charge transfer is not only dependent on the effective work function of the two 

contacting bodies, but also on the total electric field, i.e. both short-range and long-range, acting 

on the contact point. Values for the effective work function needs to be calibrated based on 

experimental data to perform an accurate simulation of charge transfer. Kolehmainen et al. (2016a, 

2016b) [43,44] used the charge transfer model of [42] in their Euler-Lagrange model for 

laboratory-scale vibrated granular beds and fluidized beds. Their study [43,44] revealed that bed 

height oscillations in small fluidized beds of mono-charged particles decreases with increasing 

charge due to the lateral segregation of particles. Simulations with a small work function difference 

resulted in minor electrostatic charge effects on the hydrodynamics of the fluidized bed. The 

average charge saturated at a value much lower than expected based on the work function 

difference [44]. 

As reviewed above, Euler-Lagrange models have been developed to study electrostatic charging 

and its effects in laboratory-scaled systems. The objective of this work is to develop a 

triboelectrification model to simulate industrial-scale gas-solid fluidized bed reactors. To this 

purpose, an Euler-Euler model for gas-particle flows, incorporating electrostatic charging due to 

particle-particle and particle-wall contacts is formulated in this work. As a first step towards the 

formulation of a general Euler-Euler model, this effort focuses on mono-disperse particles. 

Closures for charge generation and transport due to particle-particle collisions are found in 

accordance to the kinetic theory of Jenkins and Savage (1983) and Lun et al. (1984) [3,45]. Charge 

generation due to collisions of particles with a solid wall is described by means of a boundary 

condition obtained following the work of Johnson and Jackson (1987) [1]. A similar derivation 

was performed by [46], who adapted the self-diffusion coefficient found by [47] for heat transfer 

to the self-diffusion of charge. The computational model is implemented into the open-source 

software for computational fluid dynamics OpenFOAM® [48], and validated against experimental 

results [35]. 
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2.2. Multiphase hydrodynamic model 

The two-fluid model approach [13–15,49] is used to describe the gas-particle flow considered in 

this work. Since species transport and chemical reactions are neglected, and both the fluid and 

particulate phase are considered to be incompressible and isothermal, only continuity and 

momentum equations for each phase are solved. 

The continuity equation for the generic phase   is 

 
𝜕

𝜕𝑡
(𝛼𝜑𝜌𝜑) + ∇ ⋅ (𝛼𝜑𝜌𝜑𝐔𝜑) = 0, 2-1 

where 


  is the phase fraction, 


  is the thermodynamic density of the phase, and 


U  is the phase 

velocity. 

The phase momentum equation for the fluid phase is  

 
𝜕

𝜕𝑡
(𝛼g𝜌g𝐔g) + ∇ ⋅ (𝛼g𝜌g𝐔g⨂𝐔g) = ∇ ⋅ 𝛕g − 𝛼g∇𝑝 + 𝛼g𝜌g𝐠 + 𝐌sg, 2-2 

and for the particle phase is 

 
𝜕

𝜕𝑡
(𝛼s𝜌s𝐔s) + ∇ ⋅ (𝛼s𝜌s𝐔s⨂𝐔s) = ∇ ⋅ 𝛕s − 𝛼s∇𝑝 − ∇𝑝𝑠 + 𝛼s𝜌s𝐠 + 𝐌gs + 𝐅𝑞 , 2-3 

where 𝛕𝜑  is the phase stress tensor, p is the shared pressure, 𝑝𝑠  is the particle pressure, g the 

gravitational acceleration vector, 𝐌sg = −𝐌gs is the momentum exchange term, and 𝐅𝑞  is the 

electrostatic force. 

The stress tensor for the generic phase 𝜑 is 

 𝜏𝜑 = 𝛼𝜑𝜇𝜑(∇𝐔𝜑 + ∇T𝐔𝜑) + 𝛼𝜑 (𝜆𝜑 −
2

3
𝜇𝜑) (∇ ⋅ 𝐔𝜑)𝐈, 2-4 

in which 𝜆𝜑  is the phase bulk viscosity, 𝜇𝜑 the phase shear viscosity and I the unit stress tensor. 

Since the focus of the present work is on gas-particle flows involving highly inertial particles, only 

the drag force is considered in the momentum exchange term, because it is dominant compared to 

lift and virtual mass. As a consequence, it is assumed that  
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 𝐌gs = 𝐾d(𝐔s − 𝐔g),  2-5 

being 𝐾𝑑 the drag function model. 

The particulate phase is described according to the kinetic theory of granular flows [10,45,50,51]. 

According to this approach, the phase pressure, shear viscosity and bulk viscosity of the particulate 

phase are expressed as a function of the granular energy Θs, determined by solving the transport 

equation: 

 

3

2
[

𝜕

𝜕𝑡
(𝛼s𝜌sΘs) + ∇ ⋅ (𝛼s𝜌sΘs𝐔s)]

= (𝛕s − 𝑝s𝐈 ): ∇𝐔s + ∇ ⋅ (𝜅Θs
∇Θs) − 𝛾Θs

+ 𝐽gs . 

2-6 

The particle phase pressure is calculated as the sum of the kinetic and collisional contributions pkt, 

provided by the kinetic theory model [45], and the frictional pressure 𝑝𝑓𝑟  [1,52,53]: 

 𝑝s = 𝑝kt + 𝑝fr, 2-7 

where [45]  

 𝑝kt = 𝛼s𝜌sΘs + 2𝛼s
2𝜌sΘs𝑔0(1 + 𝑒s), 2-8 

and [54] 

 𝑔0(𝛼s) = [1 − (
𝛼s

𝛼s,max
)

1
3

]

−1

. 2-9 

The frictional pressure is modeled following [1]:  

 𝑝fr = 0.05
(𝛼𝑠 − 𝛼𝑠,fr,min)

2

(𝛼𝑠,max − 𝛼f)
5 . 2-10 

In analogy to the particle pressure, the particle viscosity is given by the sum of the contributions 

obtained from the kinetic theory (kinetic + collisional) and the frictional contribution [1] 

 𝜇s = 𝜇kt + 𝜇fr, 2-11 
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where [10] 

 𝜇𝑘𝑡 =
4

5
𝛼s

2𝜌s𝑑p𝑔0(1 + 𝑒s)√
Θs

𝜋
+

10𝜌s𝑑p√𝜋Θs

96 𝑔0(1 + 𝑒s)
[1 +

4

5
(1 + 𝑒s)𝛼s𝑔0]

2

, 2-12 

and [52] 

 𝜇fr = 𝑝fr

√2 sin 𝜙fr

2√𝐒s: 𝐒s

, 2-13 

in which 𝜙fr is the angle of internal friction, and 𝐒s is the deformation rate tensor of the particle 

phase. 

The particle phase bulk viscosity is given by the equation [10,45] 

 𝜆𝑠 =
4

3
𝛼s

2𝜌s𝑑p𝑔0(1 + 𝑒s)√
Θs

𝜋
. 2-14 

The conductivity and the dissipation rate of the granular energy are modeled according to 

Gidaspow (1994) [10]: 

 𝜅Θs
=

150𝜌𝑠𝑑p√𝜋Θ𝑠

384 𝑔0(1 + 𝑒𝑠)
[1 +

6

5
𝛼𝑠𝑔0(1 + 𝑒𝑠)]

2

+ 2𝛼𝑠
2𝜌𝑠𝑑p𝑔0(1 + 𝑒𝑠)√

Θs

𝜋
, 2-15 

 
𝛾Θs

= 3𝛼s
2𝜌s𝑔0(1 − 𝑒s

2)Θs [
4

𝑑p

√
Θs

𝜋
− ∇ ⋅ 𝐔s]. 

2-16 

The rate of change of granular energy due to the interaction between the fluid and particle phases 

is also described according to Gidaspow (1994) [10]: 

 𝐽gs = −3𝐾dΘs. 2-17 

Different kinetic theory formulations could be selected [10,55,56]. The formulation summarized 

above [3] was chosen because it is considered adequate for the flow conditions of interest in 
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bubbling fluidized beds, and has been widely tested in these applications, showing satisfactory 

results for what concerns the prediction of hydrodynamic parameters [10–12,57]. 

2.3. Electrostatic model 

The force acting on a particle carrying a charge q  due to electromagnetic effects is given by the 

definition of Lorentz's force:  

 𝐅𝑞 = 𝑞(𝐄 + 𝐜 × 𝐁), 2-18 

where E and B are, respectively, the electric field and the magnetic field in which the particle is 

moving with velocity c. Observing that the velocities of particles in gas-particle flows are 

moderate, the contribution of the magnetic field to Lorentz's force is neglected [32,33], leading to 

𝐅𝑞 = 𝑞𝐄. 

The electric field can be found introducing the electric displacement: 

 𝐃 = 𝜀0𝐄 + 𝐏, 2-19 

where 𝜀0  is the permittivity of the vacuum, and P is the induced polarization, which can be 

expressed as: 

 𝐏 = 𝜀0𝜒𝑒𝐄, 2-20 

with 𝜒𝑒 the electric susceptibility of the medium. More conveniently, the electric displacement 

field can be rewritten as:  

 𝐃 = 𝜀0𝜀𝑟𝐄, 2-21 

in which 𝜀𝑟 represents the relative electric permittivity of the medium, with 𝜀𝑟 = 1 + 𝜒𝑒 . 

According to Gauss' law, 

 ∇ ⋅ 𝐃 = 𝜌𝑞 , 2-22 

where 𝜌𝑞 is the charge density (amount of charge per unit of total volume). 

Introducing the electric potential 𝜑𝐸, which is related to the electric field by 
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 𝐄 = −∇𝜑𝐸 , 2-23 

Eq. 2-22 yields: 

 ∇ ⋅ (𝜀0𝜀𝑚∇𝜑𝐸) = 𝜌𝑞 , 2-24 

in which 𝜀𝑚 is the relative permittivity of the multiphase mixture. 

Focusing on the case of mono-disperse particles leads to 𝜌𝑞 = 𝛼𝑠𝑞, and to 

 𝐅𝑞 = −𝑞𝛼s∇𝜑𝐸 . 2-25 

The charge density of the particle phase 𝑞 depends on position and time, since particles may 

acquire or dissipate charge when impacting walls or other particles [58]. Only the charging 

processes due to particle-particle and particle-wall collisions are considered in this work. 

2.3.1. Transport equation for particle charge 

A transport equation for the particle charge can be obtained following [3], and observing that the 

charge carried by a solid particle and the particle velocity are correlated. Under this assumption, 

the following evolution equation for the mean particle charge density 〈𝑞〉 is obtained: 

 
𝜕

𝜕𝑡
(𝛼s𝜌s〈𝑞〉) + ∇ ⋅ (𝛼s𝜌s〈𝐜𝑞〉) = 𝑚𝑝ℂ(𝑞) 2-26 

or 

 
𝜕

𝜕𝑡
(𝛼s𝜌s〈𝑞〉) + ∇ ⋅ (𝛼s𝜌s〈𝑞〉𝐔s) + ∇ ⋅ (𝛼s𝜌s〈𝐂𝑞′〉) = 𝑚𝑝ℂ(𝑞) 2-27 

where ℂ(𝑞) is the mean collisional rate of change of particle charge due to binary collisions 

between particles, and 〈𝐂𝑞′〉 is the expected value of the charge-velocity covariance. It is worth 

remembering at this point that the following derivation accounts for particle charging due to 

contact between two particles. The effect of enduring contact and of collisions among more than 

two particles is neglected. Eq. 2-27 can be solved once a boundary condition describing the 

evolution of particle charge due to particle-wall interactions (Sec. 2.3.3 and 2.3.7), and expressions 

for ℂ(𝑞) (Sec. 2.3.4) and 〈𝐂𝑞′〉 (Sec. 2.3.5) are specified. 
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2.3.2. Particle number density function 

The one particle number density function (NDF) is assumed to have the following form 

 𝑓𝑝 =
𝑁

(2𝜋Θ𝑠)3/2√2𝜋𝑄2
exp [−

1

2
(

𝐶2

Θ𝑠
+

𝑞′2

𝑄2
)], 2-28 

where a Maxwellian and a Gaussian distribution have been assumed for the particle velocity and 

charge respectively such that 𝑁  is the number of particles per unit volume and Θs  is the 

uncorrelated particle fluctuating energy (granular temperature) [3,10,19], defined as 

 Θs =
1

3
〈𝐂2〉, 2-29 

and 𝑄2 is the variance of charge expressed as 

 𝑄2 = 〈𝑞′𝑞′〉 = 〈𝑞′2〉. 2-30 

𝐂 and 𝑞′ are defined as follows in the above equations and in the rest of the paper 

 𝐜 = 𝐔s + 𝐂 2-31 

 𝑞 = 〈𝑞〉 + 𝑞′, 2-32 

where 𝐜 is the particle velocity, 𝐔s  is the mean particle velocity, 𝐂 is the particle fluctuation 

velocity, 𝑞  is the particle charge, and 𝑞′  is the fluctuation of charge. The charge-velocity 

covariance 〈𝐂𝑞′〉 is defined as 

 〈𝐂𝑞′〉 = ∫ ∫ (𝐜 − 𝐔s)(𝑞 − 〈𝑞〉)𝑓𝑝

ℝ

dq

ℝ3

d𝐜 = ∫ ∫ 𝐂𝑞′

ℝ

𝑓𝑝dq

ℝ3

d𝐜, 2-33 

and is assumed to be a constant while evaluating integrals such that 

 𝐂1𝑞′1 = 𝐂2𝑞′2 = 〈𝐂𝑞′〉 2-34 

On the other hand, the fluctuations of velocity of particle 1 and that of charge of particle 2 are 

assumed to be uncorrelated, and vice versa. On assuming that this is true over every dimension of 

space and time, it implies 

 𝐂1𝑞′2 = 𝐂2𝑞′1 = 0. 2-35 
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2.3.3. Rate of change of particle charge due to particle-wall collisions 

The flux of 〈𝑞〉 due to collisions of a particle with a wall is given by the integral [17,18] 

 

ℂ𝑤(𝑞) = −𝑔0 ∫ (𝑞′ − 𝑞)𝑓(𝐜)(𝐜 ⋅ 𝐧)d𝐜
𝐜⋅𝐧<𝟎

= −𝑔0 ∫
d𝑞

d𝐧𝑐,𝑤
𝑓(𝐜)(𝐜 ⋅ 𝐧)d𝐜

𝐜⋅𝐧<𝟎

, 

2-36 

where 𝐧 is the wall-normal unit vector, and 𝑔0 is a function that accounts for the presence of other 

particles (Eq. 2-9).Following Matsusaka et al. (2000) and Matsusaka and Masuda (2003) [2,58], 

the change of charge during the collision of a particle with a wall, accounting for the effect of 

repeated collisions, can be calculated as 

 
d𝑞

d𝐧𝑐,𝑤
= −𝑘𝑐𝜀0𝜀𝑟 [

𝑉𝑐

𝑧0
(1 −

𝑞

𝑞∞
) + 𝐄𝑞 ⋅ 𝐧] 𝑆, 2-37 

where 𝑉𝑐 is the difference of the work functions of the two impacting surfaces, 𝑘𝑐 is the charging 

efficiency, 𝜀𝑟 is the relative electrical permittivity of the gaseous medium, z0 is the critical gap, 𝑞 

is the particle charge, 𝑞∞ is the particle saturation charge, 𝐄𝑞 the electric potential at the contact 

point, and S is the contact area. 

The contact area is computed according to the Hertzian theory as 

 𝑆 = 1.364𝑑p
2𝑣4 5⁄ [𝜌s

1 − 𝜈

𝐸
]

2 5⁄

= 𝑘𝑠,𝑤𝑣4 5⁄ ,  2-38 

where 𝜈  and 𝐸  are, respectively, the Poisson ratio and the Young’s modulus of the material 

forming the particle, and 𝜈 is the magnitude of the wall-normal component of the particle velocity. 

Since the objective of the present work is to develop a boundary condition for electrostatic 

charging to be paired to the partial slip conditions of Johnson and Jackson (1987) [1], we assume 

a Maxwellian velocity distribution for the particle velocity as described by Eq. 2-28. 

The integral in Eq. 2-36 can be calculated by observing that the norm of the particle velocity in 

the wall-normal direction is 

 𝑣 = 𝐜 ⋅ 𝐧 . 2-39 
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By choosing a frame of reference in spherical coordinates with the x axis aligned with the particle 

slip velocity at the wall, and the 𝑧 axis perpendicular to the wall surface (parallel to 𝐧) [17], the 

following identity is obtained [1,17]: 

 {

𝐶𝑥 = 𝐶 sin 𝜙 cos 𝜃 
𝐶𝑦 = 𝐶 sin 𝜙 sin 𝜃 

𝐶𝑧 = 𝐶 cos 𝜙          
. 2-40 

Since the Jacobian of the transformation from Cartesian to spherical coordinates is 𝐽 = 𝐶2 sin 𝜙, 

and observing that 

 𝐮 ⋅ 𝐧 = 0, 2-41 

because the wall is impenetrable, leads to 

 𝐜 ⋅ 𝐧 = (𝐂 + 𝐮) ⋅ 𝐧 = 𝐂 ⋅ 𝐧. 2-42 

The following expression for the flux of charge due to collisions with the wall is ultimately 

obtained: 

 

ℂ𝑤(𝑞) = 𝑔0𝑘𝑐𝑘𝑠,𝑤𝜀0𝜀𝑟 ∫ ∫ ∫ 𝑓(𝐶)𝐶
19
5 sin 𝜙 cos

9
5 𝜙d𝐶d𝜃d𝜙

+∞

0

𝜋

−𝜋

𝜋
2

0

=
5

7
𝑔0𝑁

1

2
1

10√𝜋
Γ (

12

5
) Θs

9
10𝑘𝑐𝑘𝑠,𝑤𝜀0𝜀𝑟 [

𝑉𝑐

𝑧0
(1 −

𝑞

𝑞∞
) + 𝐄𝑞 ⋅ 𝐧]. 

2-43 

2.3.4. Rate of change of particle charge due to particle-particle collisions 

The rate of change of charge of a particle ℂ(𝑞), identified by the index 1, due to a binary collision 

with another particle, identified by the index 2 is found from the collision integral [3,50]: 

 ℂ(𝑞) = ∫ ∫ ∫ (𝑞1
′ − 𝑞1)𝑓(2)𝑑p

2(𝐜12 ⋅ 𝐤)d𝑞1d𝑞2d𝐜1d𝐜2d𝐤
ℝ2ℝ6𝐜12⋅𝐤>0

, 2-44 

in which 𝑞1  and 𝑞1
′  are the charge densities before and after collisions of particle 1, 𝐫𝑖  is the 

position vector of particle 𝑖, ci is the velocity of particle 𝑖, 𝐜12 = 𝐜1 − 𝐜2 is the particle relative 

velocity vector, and 𝐤 is the unit vector directed from the center of the first particle to the center 
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of the second particle at contact [3]. Following the same procedure explained in Jenkins and 

Savage (1963) [3], and expanding the pair velocity-charge number density function as  

 
𝑓(2)(𝐜1, 𝐫1, 𝑞1, 𝐜2, 𝐫2 + 𝑑p𝐧p, 𝑞2)

= 𝑓(2)(𝐜1, 𝐫1, 𝑞1, 𝐜2, 𝐫2, 𝑞2) + 𝑑p𝐧p ⋅ ∇𝑓(2)(𝐜1, 𝐫1, 𝑞1, 𝐜2, 𝐫2, 𝑞2), 
2-45 

the integral of Eq. 2-44 can be rewritten as 

 ℂ(𝑞) = 𝜒𝑞 − ∇ ∙ 𝛉𝑞 , 2-46 

where 

 𝜒𝑞 =
dp

2

2
∫ ∫ ∫(𝑞′2 + 𝑞′1 − 𝑞2 − 𝑞1) × (𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤 2-47 

and 

 𝛉𝑞 =
dp

3

2
∫ ∫ ∫ 𝐤(𝑞′

1
− 𝑞1)(𝐜12 ∙ 𝐤) 𝑓2d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

ℝ2ℝ6𝐜12∙𝐤>0

. 2-48 

The pair distribution function is then rewritten as the product of the marginal distributions [3,50] 

 

𝑓2 = 𝑔0𝑓𝑝(𝐜1, 𝑞1, 𝐫1)𝑓𝑝(𝐜2, 𝑞2, 𝐫2) = 𝑔0𝑓𝑝1𝑓𝑝2

=
𝑔0𝑁2

(2𝜋Θ𝑠)32𝜋𝑄2
exp [−

1

2
(

𝐶1
2 + 𝐶2

2

Θ𝑠
+

𝑞′1
2 + 𝑞′2

2

𝑄2
)]. 

2-49 

In the case of mono-disperse particles, the source term 𝜒𝑞 in Eq. 2-47 is null because particles are 

identical, and the total charge belonging to a single phase during a collision is conserved. 

Consequently, only the integral in Eq. 2-48 needs to be calculated. 

The difference 𝑞1
′ − 𝑞1 can be calculated, as: 

 𝑞′
1

− 𝑞1 =
𝑑𝑞1

𝑑𝑛𝑐
= {𝐾1(𝑞2 − 𝑞1) + 𝐾2(𝐄𝑞 ∙ 𝐤)}(𝐜12 ∙ 𝐤)4 5⁄ , 2-50 

where 
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 𝐾1 =
𝑘𝑐𝑘𝑠

𝜋𝑑𝑝
2

, 2-51 

and 

 𝐾2 = 𝑘𝑐𝑘𝑠𝜀0𝜀𝑟 , 2-52 

with 

 𝑘𝑠 = 0.783𝑑p
2 (𝜌s

1 − 𝜈

𝐸
)

2 5⁄

, 2-53 

based on the Hertzian theory of contact deformation between two identical particles. 

Eq. 2-50 which describes the rate of charge exchange between two particles, is based on the 

theoretical model of Schein et al. (1992) [59] which is similar to Matsusaka’s model given by Eq. 

2-37 but has no work function dependency since charge exchange takes place between surfaces 

made of identical materials. The effective electric field between the two surfaces is the 

superposition of the electric field due to the overall distribution of charge in the bed and the 

localized field imposed by difference in the charge densities of the two surfaces. This model has 

already been used in previous modelling attempts of [42] and [46].  

To include the contribution to particle-particle charging due to difference of particle charge 

densities, 𝑓2 must be expanded to include the finite particle-size effect. Thus following the same 

procedure as [3] and including spatial derivatives up to first order, we have 

 

𝑓2 = 𝑔0𝑓𝑝1𝑓𝑝2 (1 +
dp

2
(𝐤 ∙ ∇) ln

𝑓𝑝2

𝑓𝑝1
)

=
𝑔0𝑁2

(2𝜋Θ𝑠)32𝜋𝑄2
exp [−

1

2
(

𝐶1
2 + 𝐶2

2

Θ𝑠
+

𝑞′
1
2

+ 𝑞′
2
2

𝑄2
)]

× [1 +
dp

2
(

1

2𝑄4
𝑞12(𝑞2 + 𝑞1)(𝐤 ∙ ∇〈𝑞′𝑞′〉) −

𝑞12

𝑄2
(𝐤 ∙ ∇〈𝑞〉)

+
1

2𝜃𝑠
2

(𝐜12 ∙ (𝐜2 + 𝐜1))(𝐤 ∙ ∇Θ𝑠) −
1

𝜃𝑠
𝐜12 ∙ (𝐤 ∙ ∇𝐔s))]. 

2-54 

Based on the assumptions described above, the term 𝛉𝑞 of Eq. 2-48 then becomes (see Appendix) 
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𝛉𝑞 = 𝑔0𝛼s𝑁 × [(
60

19
29 5⁄ Γ (

19

10
)

1

√𝜋
𝐾1Θ𝑠

2/5) 〈𝐂𝑞′〉

+ (
5

9
29 5⁄ Γ (

12

5
)

1

√𝜋
𝐾2Θ𝑠

9/10) 𝐄𝑞

+ (
5

21
29 5⁄ Γ (

12

5
)

1

√𝜋
𝐾1Θ𝑠

9/10dp) (
〈𝑞〉

〈𝑞′𝑞′〉
∇〈𝑞′𝑞′〉 − ∇〈𝑞〉)]. 

2-55 

The charge transport equation, Eq. 2-18, can then be written as 

 
𝜕

𝜕𝑡
(𝛼s𝜌s〈𝑞〉) + ∇ ⋅ (𝛼s𝜌s〈𝑞〉𝐔s) + ∇ ⋅ 𝐪𝑞 = 0, 2-56 

where 

 

𝐪𝑞 = 𝑔0𝛼s
2𝜌s [(

1

𝑔0𝛼s
+

60

19
29 5⁄ Γ (

19

10
)

1

√𝜋
𝐾1Θ𝑠

2
5) 〈𝐂𝑞′〉

+ (
5

9
29 5⁄ Γ (

12

5
)

1

√𝜋
𝐾2Θ𝑠

9
10) 𝐄𝑞

+ (
5

21
29 5⁄ Γ (

12

5
)

1

√𝜋
𝐾1Θ𝑠

9
10dp) (

〈𝑞〉

〈𝑞′𝑞′〉
∇〈𝑞′𝑞′〉 − ∇〈𝑞〉)]. 

2-57 

2.3.5. Derivation of charge-velocity covariance 

To derive an expression for 〈𝐂𝑞′〉, which is responsible for self-diffusion, we investigate the 

transport equation of 〈𝐜𝑞〉 given by [46] 

 
𝜕

𝜕𝑡
(𝛼s𝜌s〈𝐜𝑞〉) + ∇ ⋅ (𝛼s𝜌s〈𝐜𝐜𝑞〉) = 𝑚𝑝ℂ(𝐜𝑞) + 𝛼s𝜌s 〈

∂𝐜𝑞

∂𝐜

d𝐜

dt
〉 + 𝛼s𝜌s 〈

∂𝐜𝑞

∂𝑞

dq

dt
〉, 2-58 

which simplifies to (see Appendix) 

 
𝜕

𝜕𝑡
(𝛼s𝜌s〈𝐜𝑞〉) + ∇ ⋅ (𝛼s𝜌s〈𝐜𝐜𝑞〉) = 𝑚𝑝ℂ(𝐜𝑞) + 𝛼s𝜌s 〈𝑞

𝐅

𝑚𝑝

〉. 2-59 

If the following assumptions are made in this context: 

1. 〈𝐜𝑞〉 is a quasi-steady variable, 

2. 〈𝐂𝐂𝑞′〉 = 0 

3. Divergence of terms containing 𝐔s is negligible 

4. Gradients of 𝛼s, 𝜌s, 〈𝐂𝐂〉 are considered negligible compared to gradients of 〈𝑞〉, 
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then we obtain (see Appendix) 

 𝑚𝑝ℂ(𝐜𝑞) = 𝛼s𝜌sΘ𝑠∇〈𝑞〉 − 𝛼s𝜌s 〈𝑞
𝐅

𝑚𝑝

〉, 2-60 

where 

 𝑚𝑝ℂ(𝐜𝑞) = 𝑚𝑝(𝛘𝐜𝑞 − ∇ ∙ θ𝐜𝑞). 2-61 

Evaluating the collision integrals for 𝛘𝐜𝑞 and θ𝐜𝑞 (see Appendix) and substituting the same in Eq. 2-60 

gives 

 

〈𝐂𝑞′〉 = −
1

(1 + 𝑒)√𝜋Θ𝑠 +

× [(
1

2
(1 + 𝑒) +

𝜋

6𝑔0𝛼s
) 𝑑𝑝Θ𝑠∇〈𝑞〉 −

𝜋𝑑𝑝

6𝑔0𝛼s

〈
𝐅

𝑚𝑝

〉 〈𝑞〉

+ (
5

57
−

23

264
(1 + 𝑒)) 219 5⁄ Γ (

29

10
) √𝜋𝐾2Θ𝑠

7 5⁄ 𝐄𝑞]. 

2-62 

2.3.6. Derivation of expression for the charge variance 

Here we use the same approach that was used for derivation of 〈𝐂𝑞′〉 in the previous section. We 

first consider the transport equation for charge variance, which is given by 

 

𝜕

𝜕𝑡
(𝛼s𝜌s〈𝑞′𝑞′〉) + ∇ ⋅ (𝛼s𝜌s〈𝐜𝑞′𝑞′〉)

= 𝑚𝑝ℂ(𝑞′𝑞′) + 𝛼s𝜌s 〈
∂𝑞′𝑞′

∂𝐜

d𝐜

dt
〉 + 𝛼s𝜌s 〈

∂𝑞′𝑞′

∂𝑞

dq

dt
〉. 

2-63 

In addition to the assumptions used in Section 2.3.5, we also assume the following 

1. 〈𝑞′𝑞′〉 is a quasi-steady variable, 

2. 〈𝐂𝑞′𝑞′〉 = 0 

3. 〈𝑞′𝑞′〉 is not a function of particle velocity 𝐜 

This implies that 

 ℂ(𝑞′𝑞′) = 𝜒𝑞′𝑞′ − ∇ ∙ 𝛉𝑞′𝑞′ = 0 2-64 
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Evaluating the collision integrals for 𝜒𝑞′𝑞′ and 𝛉𝑞′𝑞′ (see Appendix) and substituting the same in Eq. 

2-64 gives 

 

〈𝑞′𝑞′〉 =
1

5
9 223 5⁄ Γ (

14
5

) √𝜋𝐾1
2Θ𝑠

13 10⁄
−

5
7 219 5⁄ Γ (

12
5

) √𝜋𝐾1Θ𝑠
9 10⁄

× {(
13

35
213 5⁄ Γ (

14

5
) √𝜋𝐾2

2Θ𝑠
13 10⁄

|𝐄𝑞|
2

)

+ [(
5

23
223 5⁄ Γ (

23

10
) √𝜋𝐾1𝐾2Θ𝑠

4 5⁄ )

− (
5

57
219 5⁄ Γ (

29

10
) √𝜋𝐾2Θ𝑠

2 5⁄ )] (𝐄𝑞 ∙ 〈𝐂𝑞′〉)} 

2-65 

It should be noted here that in deriving expressions for 〈𝐂𝑞′〉 and 〈𝑞′𝑞′〉, the effect of the finite size 

of the particles has been ignored while considering the two-particle PDF 𝑓2. Thus Eq. 2-49 has 

been used instead of Eq. 2-54 for the integrals in this section and section 2.3.5. 

2.3.7.  Wall boundary condition for particle charge density 

A boundary condition for the particle charge 𝑞𝑤 can be obtained by writing a differential balance 

equation for the particle charge exchanged at the wall, similar to what was done in [1,17,18] for 

particle momentum and fluctuating energy, leading to 

 −𝐪𝑞 ⋅ 𝐧 = ℂ𝑤(𝑞𝑤). 2-66 

This condition is more easily suited for the incorporation into two-fluid models if ℂ𝑤(𝑞)  is 

rewritten in terms of the particle volume fraction. Substituting 𝑁 = 𝛼/𝑉𝑝, being 𝑉𝑝 the particle 

volume, into Eq. 2-43 and then in Eq. 2-66, we obtain 

 

−𝐪𝑞 ⋅ 𝐧 = ℂw(𝑞𝑤)

= 𝑔0𝛼s

𝑘𝑐𝑘𝑠,𝑤𝜀0𝜀𝑟

𝑑p
3 (

15

7

1

2
21
10𝜋3 2⁄

Γ (
12

5
)) Θs

9
10 [

𝑉𝑐

𝑧0
(1 −

𝑞𝑤

𝑞∞
) + 𝐄𝑞 ⋅ 𝐧], 

2-67 

which gives the required boundary condition 
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 𝑞𝑤 = 𝑞∞ [1 +
𝑧0

𝑉𝑐𝑘𝑤
(𝐄𝑞 + 𝐪𝑞) ⋅ 𝐧], 

 
2-68 

where 

 𝑘𝑤 = 𝑔0𝛼s

𝑘𝑐𝑘𝑠,𝑤𝜀0𝜀𝑟

𝑑p
3 (

15

7

1

221/10𝜋3 2⁄
Γ (

12

5
)) Θs

9/10
. 2-69 

2.4. Model implementation 

The model presented above was implemented in the computational code for fluid dynamics 

OpenFOAM® 6.x by adding it to the reactingTwoPhaseEulerFoam solver. The solver implements 

the two-fluid model and solves the momentum and continuity equations for the two phases as well 

as the granular energy transport (Figure 2-1). The algorithm used to discretize the hydrodynamic 

equations is based on the work of [60], who developed the partial elimination algorithm for the 

decoupling of momentum equations in iterative solvers. The reactingTwoPhaseEulerFoam solver 

uses an iterative approach, hybrid of the SIMPLE [61] and PISO methods [62]. The advection term 

in continuity equation for the granular phase was discretized using the MULES (Multidimensional 

Universal Limiter for Explicit Solution) implemented in OpenFOAM [63]. The treatment of the 

particle pressure is analogous to the one described in [64]. The pressure is treated by separating 

the hydrostatic contribution, as shown in [65]. The equation for charge transport was implemented 

as a transport equation in the solver, and was solved at the end of the iteration loop, in order to 

have a converged velocity flux in the equation.  Thereafter, the Poisson equation, Eq. 2-24, was 

used to calculate the electric potential used to determine the electrostatic force on the particle 

phase.   The electrostatic force term is discretized as a momentum flux term, and incorporated in 

the solution of the pressure equation, rather than directly treating it as a source term in the 

momentum equation for the granular phase. This procedure, detailed in [64,66], is adopted to 

stabilize the numerical solution when the electrostatic force term becomes large. The linear system 

originating from the discretization of the Poisson equation was solved with a conjugate gradient 

approach, while the linear system corresponding to the transport equation for charge was solved 

with a stabilized bi-conjugate gradient approach. A geometric-algebraic multi-grid method was 

chosen to solve the linear system for the pressure equation. 
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Figure 2-1: Computational model framework. 

2.5. Simulation and validation 

2.5.1. Description of the test case 

The experimental results of [67,68] have been compared to those obtained from the simulations 

for validation purposes. The experimental setup in their study is shown in Figure 2-2. The fluidized 

bed in their tests was a grounded cylindrical carbon steel column, with a diameter of 0.1 m and a 

height of 1.27 m. The column was fluidized with air, which entered the column at the bottom 

through a knife gate valve. The column was initially filled with linear low-density polyethylene 

particles up to a height of 0.4 m. The bed was fluidized for 60 minutes, during which fine particles 

were elutriated to the top Faraday cup. Upon the completion of fluidization, the knife gate valve 

was opened, and the particles were allowed to drop into the bottom Faraday cup. However, not all 

the particles fell; a fraction of them remained attached to the column wall. When the column was 

tapped, most of the particles which had not fallen (loosely bound), dropped and were collected in 

a separate Faraday cup. A small number of particles (tightly bound) still held on to the wall and 

could be only removed by scraping. The loosely bound particles are expected to have charge 

density values lower than the equilibrium ones. It is also assumed that the tightly bound particles 

are close to or are at saturation levels. 
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Figure 2-2: Schematic of the experimental setup [67] (and a snapshot of the bed simulation). 

The material properties of the particles [67] required for the hydrodynamic and electrostatic model 

are provided in Table 2-1. The experimental fluidization velocities and particle charge-to-mass 

ratio 𝑞/𝑚 , values are summarized in Table 2-2. The initial charge density varied randomly 

between experiments of different particle sizes, however this is not expected to produce significant 

difference in the final outcome. 

Table 2-1: Material properties of polyethylene particles. 

Mass density 
Young’s 

modulus 

Poisson’s 

ratio 
Angle of repose 

Relative 

permittivity 
Work function 

(kg/m3) (MPa) - (deg) - (eV) 

935 150 0.5 30 2.25 5.3 

0.1 m 

1.27 m 
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Table 2-2: Experiment operating conditions and measured particles charge densities. 

Size 

Range 

Average 

size 

Minimum 

fluidization 

velocity Umf 

Experimental 

fluidization 

velocity (1.5Umf) 

Initial 

〈𝑞/𝑚〉 
Loosely 

bound 〈𝑞/𝑚〉 
Dropped 

〈𝑞/𝑚〉 

(μm) (μm) (m/s) (m/s) (μC/kg) (μC/kg) (μC/kg) 

300-425 362 0.0813 0.1220 -0.1 -38 -1.1 

425-500 462 0.1420 0.2130 -0.6 -30 -2.0 

500-600 550 0.1431 0.2147 -0.4 -30 -0.8 

600-710 655 0.1960 0.2940 -0.7 -20 -3.0 

710-1000 855 0.252 0.3780 -0.1 -30 -2.6 

 

The fluidization velocities (1.5 Umf) listed in Table 2-2 are used as input parameters in the 

simulation (Table 2-3) for the different particle sizes. Experiments conducted by Chowdhury et al. 

(2018) [69] showed that the equilibrium (saturation) charge density 𝑞/𝐴 was independent of the 

size of the particle. This advocates for the hypothesis that the electric charge is mostly confined to 

surface states of the insulator. The saturation 𝑞/𝐴 of the particles in Sowinski’s experiments were 

not measured and have been assumed to have the same values as those seen in [69], which had a 

mean of -7 μC/m2. This serves as an important input for assigning 𝑞∞  (Eq. 2-68) used in the 

simulations (Table 2-3). The initial 𝑞/𝑚 is selected as the lower limit in Table 2-2, corresponding 

to which an initial 𝑞/𝑉  (Table 2-3) value is assigned to the particle phase. This is not significant 

for the simulations as it was found that the steady state was independent of the initial charge 

conditions. The value of z0 is not exactly defined, however it is expected to of the order of 10 – 

100 nm [70,71]. In our simulations, we assume it to be the higher limit of 100 nm, although this 

has to be verified through experimentation. The value of 𝑉𝑐  is calculated from work function 

potential values of 4.4 V and 5.3 V for the column wall (carbon steel) [72] and polyethylene [67] 

respectively. 
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Table 2-3: Charge generation model parameters 

Particle 

size 

Saturated 

𝑞∞ 𝐴⁄  

Saturated 

𝑞∞ 𝑉⁄  
Initial  

𝑞 𝑉⁄  
Vc z0 

𝑘𝑐 

(Experiment) 

𝑘𝑐 
(Simulation) 

(μm) (μC/m2) (C/ m3) (C/ m3) (V) (nm) - - 

362 -7 -0.1159 −1 ⋅ 10−4 0.9 100 5.6 ⋅ 109 4.0 ⋅ 1011 

462 -7 -0.0908 −1 ⋅ 10−4 0.9 100 5.6 ⋅ 109 4.0 ⋅ 1011 

550 -7 -0.0764 −1 ⋅ 10−4 0.9 100 5.6 ⋅ 109 4.0 ⋅ 1011 

655 -7 -0.0641 −1 ⋅ 10−4 0.9 100 5.6 ⋅ 109 4.0 ⋅ 1011 

855 -7 -0.0491 −1 ⋅ 10−4 0.9 100 5.6 ⋅ 109 4.0 ⋅ 1011 

 

The value of 𝑘𝑐 which determines the rate of charge diffusion was found out to be 5.6 ⋅ 109 (Table 

2-3), independent of the particle size, based on the measurements of [69] and the particle material 

properties (Table 2-1). However, simulations using this value exhibited strong dominance of self-

diffusion, which led to excessive bed charging (as compared to experiments), accompanied by 

very high electric potential and field strength. To undermine the effect of self-diffusion, 𝑘𝑐 had to 

be significantly increased to a value of 4.0 ⋅ 1011 for obtaining reasonable results.  Computation 

was done for a simulation time of 10 s, which allowed steady state to be obtained well within this 

period. This further proves that the rate of diffusion predicted by the simulation is much higher as 

compared to experiments where a steady state of charge was only observed after a period of 15 

minutes or more [73] for the fluidization regime considered, which is why the value of 𝑘𝑐 had to 

be increased by a similar order of magnitude. 

2.5.2. Numerical setup 

A two-dimensional hexahedral grid, shown in Figure 2-3, is used in the simulations. While the 

flow in the fluidized bed is intrinsically three-dimensional, we have chosen to perform two-

dimensional simulations to demonstrate the application of the model developed in this work, while 

limiting the computational cost. Several studies demonstrated that the use of two-dimensional 

simulations is suitable for parametric studies in fluidized bed systems [8,10–12,57,74–76], even if 

some limitations for what concerns the prediction of the bed expansion and of the bubble dynamics, 
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as discussed in [77,78].  Validation of the proposed model on three-dimensional calculations is left 

to future work. 

The computational domain considered in the simulations was divided into two blocks in the 

vertical direction. The lower block, which accounted for 60% of the column height from the 

bottom, was decomposed into cells of uniform height such that 80% of the total number of cells 

were accommodated in this block. The upper block accounted for the remaining column height 

and cells. This ensured that the hydrodynamics of bubbling which is confined to the lower block 

was sufficiently resolved. The particle bed seldom reached the upper block and hence didn’t 

require much resolution. The number of cell divisions in the vertical direction was fixed at 500, as 

this was found to predict consistent bubbles over time. In the horizontal direction, a graded grid 

refinement was applied to accurately capture the wall boundary layer. For this, 20% of the cells 

were assigned to a layer of 10 mm width at each of the two walls, such that the ratio of the widths 

of the narrowest and widest cells in this layer was 1:5 (Figure 2-3). For spatial convergence, the 

total number of cell divisions in the horizontal direction was varied, as explained in section 2.5.3.1. 

 

Figure 2-3: Two-dimensional grid layout: (left) across the bed width (with upper and lower 

blocks), (right) grid grading near the right wall 

The transient simulation was performed using the backward Euler time integration scheme. The 

time step was adaptive to ensure that the maximum Courant flow number (CFL) is below 0.4. The 

time step was also restricted to a maximum value of 50 μs, as this provided improved stability 

when the regions at high particle concentration, where the electrostatic force is particularly intense, 



45 

formed. In cases of higher inlet air velocities, solution convergence was better with even smaller 

timesteps (the minimum value used as ceiling for the time stem was 25 μs). These restrictions on 

the integration time-step were imposed because simulations were stable during the transient, when 

particle charge was accumulating, but presented some stability problem when the local value of 

the electrostatic force was very intense. This stability problem is due to the fact that such a large 

force term needs to be counterbalanced by the particle pressure, in order to maintain the maximum 

packing limit of the granular phase. The strong non-linearity of the particle pressure, which 

drastically changes in nearly packed regions, as a consequence of small changes in particle volume 

fraction, is responsible for the observed numerical instabilities, which could be addressed only 

imposing a restriction on the time-step. A second-order scheme [79] was employed for spatial 

discretization, while gradients were calculated using the second-order least-squares method. A 

tolerance level of  1 ⋅ 10−4 and 1 ⋅ 10−6 was prescribed for the convergence criteria for pressure 

(and velocity) and volume fraction, respectively. The boundary conditions for the simulation are 

listed in Table 2-4. A restitution coefficient of 0.8, a specularity coefficient of 0.6 and a friction 

coefficient of 0.25 were assigned as the parameters for the Johnson and Jackson (1987) [1] particle 

slip boundary condition. The inlet air velocity has the same value as in Table 2-2 for each case. 

The thermal condition was isothermal with a fixed temperature of 300 K. 

Table 2-4: Simulation boundary conditions 

Variable Inlet Outlet Walls 

𝛼s 0 Inlet Outlet ∇𝛼s ∙ 𝐧 = 0 

Θs 1 ⋅ 10−4 m2/s2 ∇Θs ∙ 𝐧 = 0 Johnson and Jackson [1] 

𝐔s No slip ∇𝐔s ∙ 𝐧 = 0 Johnson and Jackson [1] 

𝐔g 𝐔g = 𝑈
𝐧

|𝐧|
 ∇𝐔g ∙ 𝐧 = 0 No slip 

𝑝𝑔 ∇𝑝𝑔 ∙ 𝐧 = 0 1 ⋅ 105 Pa ∇𝑝𝑔 ∙ 𝐧 = 0 

𝑞 ∇𝑞 ∙ 𝐧 = 0 ∇𝑞 ∙ 𝐧 = 0 Charge BC (Eq. 2-68) 

𝜑𝐸 ∇𝜑𝐸 ∙ 𝐧 = 0 ∇𝜑𝐸 ∙ 𝐧 = 0 0 V 
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2.5.3. Results 

2.5.3.1. Grid convergence 

To ensure grid-independence of the results, the computational domain was decomposed as per the 

discussion in Section 2.5.2. The total number of cell divisions in the horizontal direction (along 

the bed width) was varied from 60 to 160 in increments of 20, and the results are compared in 

Figure 2-4. For all the cases, the initial and boundary conditions corresponding to the 362 μm case 

(Table 2-2,Table 2-3) were used. The simulation was run up to 10 s and all the properties were 

time-averaged over the period between 4-10 s, when steady state was reached. Figure 2-4(a) 

indicates insignificant deviation in the coefficient of variance (COV), with electric potential as the 

exception. The deviation is calculated considering the values obtained in the most refined grid as 

the base. Figure 2-4(b) also shows that the deviation in maximum electric potential and total charge 

in the bed reduces with increased refinement. For satisfactory accuracy therefore, at least 140 cells 

would be required along the bed width, and hence 160 cells have been used for the rest of the 

simulations discussed in this paper. The total charge (Figure 2-4(b)) is calculated as per Eq. 2-70, 

which is the volume fraction weighted total charge in the system. This is not the true charge that 

would be measured in experiments, since the simulation is carried out in a two-dimensional 

domain, and the  

 𝑄𝑡𝑜𝑡𝑎𝑙 = ∫ 𝛼𝑞𝑑𝕍 = ∑ 𝛼𝑖𝑞𝑖𝕍𝑖 2-70 

 

Figure 2-4: Plots illustrating grid convergence through comparison of deviation of (a) coefficient 

of variance, (b) maximum electric potential and total charge in the bed, w.r.t. the most refined grid. 
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2.5.3.2. Simulation Results 

Using the grid decomposition and simulation settings described in the previous sections, the 

computation was allowed to run up to 10 s. The compiled code was executed using 16 parallel 

MPI processes and entailed a computation time of approximately 15-30 hours for each case, 

depending on the minimum time step. To check whether the system has reached steady state or 

not, the total bed charge was monitored (Figure 2-5), and it only seemed to fluctuate about some 

mean value after the initial 4s, for all cases. This therefore signified a steady state of electrification. 

However, it should be noted that a steady layer of particles on the wall was observed only after 

about 15 minutes of fluidization in experiments [73] and thus the results presented here are 

accelerated versions of the actual process. This difference may be due to the value of the selected 

parameters of the charging model, particularly the charging efficiency, but also to the fact that 

charge transport due to diffusion could be accelerated compared to the experiments. These aspects 

should be further investigated in future studies by performing a sensitivity analysis of the model 

to its parameters, and by considering the impact of the assumptions made in the derivation of the 

model, particularly those in Sec. 2.3.5 and 2.3.6 which led to the proposed formulation of the 

charge-velocity covariance and the charge variance. Figure 2-6 shows a snapshot of the particle 

volume fraction and velocity, and of the electric field properties for the particles of 362 μm 

diameter, at 10 s. 

  

Figure 2-5: Evolution of total bed charge. 
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Figure 2-6: Contour plots of (a) particle volume fraction, (b) electric potential, (c) electric field 

strength, and (d) vertical component of particle phase velocity, at T = 10s. 

As in the experiments, the particles in the bed were then allowed to settle by changing the inlet 

boundary conditions as per Table 2-5. All the boundary conditions at the inlet are simply changed 

to those at the wall, thus accounting for contact with the distributor plate. Figure 2-7 shows how 

the volume fraction changes as the particles settle, which become stationary after T = 12s. To 

compare experimental observations, the charge distribution and force field is now analyzed. 

Table 2-5: Simulation boundary conditions 

Variable Inlet (fluidization) Inlet (settling) 

𝛼s 0 ∇𝛼s ∙ 𝐧 = 0 

Θs 1 ⋅ 10−4 m2/s2 Johnson and Jackson [1] 

𝐔s No slip Johnson and Jackson [1] 

𝐔g 𝐔g = 𝑈
𝐧

|𝐧|
 𝐔g = 𝟎 

𝑝𝑔 ∇𝑝𝑔 ∙ 𝐧 = 0 ∇𝑝𝑔 ∙ 𝐧 = 0 

𝑞 ∇𝑞 ∙ 𝐧 = 0 Charge BC (Eq. 2-68) 

𝜑𝐸 ∇𝜑𝐸 ∙ 𝐧 = 0 0 V 

 

    

(a) (b) (c) (d) 



49 

 

Figure 2-7: Contour plots of particle volume fraction as the particles settle. 

First, we investigate the electric potential in the bed and look for signs of air ionization 

(breakdown). Figure 2-8 (a, b) show the electric potential profiles in relation to the Paschen’s 

curve, which is explained in the context of the charged bed as follows. The Paschen’s breakdown 

voltage signifies the minimum potential difference between two electrodes (or surfaces in this 

case) required for ionization of air and is a function of their separation distance. Since the wall is 

grounded, the electric potential at any location is the difference in potential between a charged 

particle at that location and the wall. This potential difference must be greater than the potential 

difference between any two particles at any location, since the gradient of potential (or the electric 

field strength) is maximum at the wall. Hence, the electric potential at any point can be implied as 

the maximum potential difference with any other point in the column. Thus, the Paschen’s curve 

at STP has been plotted as a function of distance from the wall and if it envelopes the electric 

potential curve within its limits, it can be concluded there are no two points in the bed between 

which breakdown would occur. The profiles in Figure 2-8 (a, b) represent the maximum potential 

encountered at a given x-position (location along the bed width) at any height. Interestingly, in 

Figure 2-8 (b), the electric potential near the left wall for the 462 μm case crosses over the 

Paschen’s curve, which points to increased probability of breakdown in this region. This difference 

is small, and its effect is assumed to be negligible. However, air ionization may need to be modeled 

to account for such occurrences in the future. 
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Figure 2-8: Variation of electric potential across (a) the bed width, and (b) near the left wall. 

The variation of particle charge in the settled bed is shown in Figure 2-9, which similar to the 

electric potential (Figure 2-8) is the highest magnitude of charge for a given x-location (for all y-

values). Figure 2-9(a, b) show the variation across the whole bed width, but with different ranges 

of magnitude, while Figure 2-9(c, d) highlight the steep gradients near the wall. To validate the 

usefulness of the model in predicting the formation of a layer of particles that stick to the wall 

surface, the simulation results are compared to those of the experiments [68] as illustrated in Figure 

2-10. Ideally, the bed should have been allowed to drain out and the properties of the particles 

sticking to the wall after draining should have been analyzed. Such a simulation leads to the 

volume fraction becoming very low (tending to zero) due to the nature of the two-fluid model, 

which is not expected physically based on the charge density and the corresponding force field 

magnitudes. Hence the properties were approximately determined through analysis of the fields in 

the settled bed. Figure 2-10(a) shows the thickness of the particle layer on the wall, for each of the 

cases. To find the thickness, we had to determine if a particle placed in a location on the wall or a 

certain distance away from it would have enough electrostatic force acting on it such that friction 

could resist dropping due to gravity. For this, the average force acting over the width of a particle 

is calculated, and this is carried out by imagining the particle being placed a given distance away 

from the wall, and averaging the force profile across its width. The distance beyond which this 

force is lower than the threshold is assumed to be the wall layer thickness at that bed height, since 

beyond this any particle will have an increased probability of falling off.  
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Figure 2-9: Variation of particle charge density across the bed: (a) full bed width and entire range 

of magnitude, (b) full bed width with one order lower magnitude (c) up to 1 mm from the left wall, 

(d) between 1 mm and 5 mm from the left wall. 

The threshold electrostatic force density was found to be 16000 N/m3 base on Eq. 2-71 for an 

angle of repose of 30 degrees (Table 2-1). Using this threshold value, it was seen that the thickness 

(Figure 2-10 (a)) was not uniform along the bed axis. The maximum thickness was also not 

correlated to the particle size. However, with increasing diameter, a trend of decreasing tendency 

of sticking is observed. This corroborates to the experimental results as seen in Figure 2-10 (b) 

which shows that for 655 μm and 855 μm sizes, the fraction of particles on the wall is low. We 

observe higher percentages of particles on the wall for the other diameters in the simulation 

although these values are lower than those seen in the experiments. We also determined the average 

𝑞/𝑚 ratio on the wall layer and this seemed to be coherent with the lab tests Figure 2-10 (c). The 

same is done for the remaining particles (bulk) in the bed, and the 𝑞/𝑚 ratios correspond closely 
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to the experimental values for sizes up to 550 μm (Figure 2-10 (d)). For the two largest sizes, there 

is a significant deviation, which can be caused due to several reasons. Sowinski had mentioned 

that some of the highly charged loosely bound particles fall off and causes an increase in the 

average dropped particle charge measurement [67]. 

 𝐹𝑚𝑖𝑛 =
𝑀𝑔

𝜇
=

𝑀𝑔

tan 𝜃
 2-71 

 

Figure 2-10: (a) Particle layer thickness on the wall as a function of height for different diameters; 

Comparison of (a) mass percentage of particles sticking to the wall (loosely and tightly bound 

represent experimental results), (b) q/m ratio of wall particles in the simulation and loosely bound 

particles in the experiments, and (c) q/m ratio of bulk particles in the simulation and dropped 

particles in the experiments. 
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2.6. Conclusion 

A model describing contact charging due to collisions of particles with a solid wall was derived, 

consistent with the boundary conditions developed for the hydrodynamic model by Johnson and 

Jackson (1987) [1], and using the charging model of Matsusaka et al. (2000) [2]. A charge diffusion 

model for mono-disperse particles, based on the collisional theory of Jenkins and Savage (1983) 

[3] and on the charge transfer model of Matsusaka et al. (2000) [2], was developed and tested in 

this work. Charge and velocity were assumed to be correlated and an expression for the 

corresponding covariance was derived, which had a significant contribution to the diffusion rate. 

Employing these in conjunction with the Eulerian two-fluid model, the phenomenon of 

electrification in a fluidized bed of polyethylene particles was simulated with emphasis on the 

effect of particle size. The dimensions of the bed, fluidization parameters and particle size groups 

used in the simulation were the same as that used in the experiments [67,68], whose results were 

used for the model validation. 

Based on the simulation results and observations, the process of electrification in the fluidized bed 

can be explicated as such. The initial uniform bed charge produces an electric field which is linear. 

The wall flux boundary condition imposes a steep gradient at the wall, which initiates charge 

diffusion into the fluidized bed. During fluidization, gradients of granular temperature and particle 

charge density diffuse the charge and cause an increase in the total bed charge as well as the 

potential energy of the system. This results in an increase of the electric field strength, while the 

gradient of charge density at the wall boundary fluctuates. The latter contributes to further 

diffusion while the former acts as a resistance to this process. This continues until a dynamic 

equilibrium is reached.  

After steady state of total charge and electrical potential were observed, the bed was allowed to 

settle down and the properties at this state were analyzed. The electric potential in the bed was 

within the envelope of Panchen’s curve for all cases except 462 μm, although no significant 

occurrence of ionization was expected based on the values. The average electrostatic force acting 

on a particle at different locations was calculated to determine the expected value of the wall layer 

thickness. The propensity of particles to stick on the wall was shown to attenuate with increasing 

size. This was confirmed by the same trend in the mass percentage of wall particles, which was 

consistent with laboratory observations. The 𝑞/𝑚 ratio of the wall particles in the simulation was 
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close to the corresponding values for the loosely bound particles in the experiments, although some 

differences were obtained when comparing the same between bulk particles in the simulation and 

dropped particles in the experiments, particularly for particle diameters 655 μm and 855 μm. 

The steady state for all cases was achieved in 4 s, whereas it is expected to take at least 15 minutes 

based on experiments [73]. This large discrepancy may be attributed to the electrostatic parameters 

and also on the rate of self-diffusion which seems to overestimate the diffusion process. These 

need to be separately and thoroughly investigated. The experimental results also suggested 

variation in particle sticking and charge density magnitudes, when different fluidization velocities 

and wall materials were used [35,67]. These will be analyzed and discussed in future work. 

Appendix - Derivation of the interparticle collisional rate of change of charge 

Details of the derivation of the collisional rate of change of charge of a solid particle due to 

collisions with another particle are reported in this appendix for the interested reader. 

Charge transport equation 

The charge transport equation which needs to be solved is given as  

 
𝜕

𝜕𝑡
(𝛼s𝜌s〈𝑞〉) + ∇ ⋅ (𝛼s𝜌s〈𝑞〉𝐔s) + ∇ ⋅ (𝛼s𝜌s〈𝐂𝑞′〉) = 𝑚𝑝ℂ(𝑞) 2-72 

To evaluate terms in the transport equation, we need to evaluate the associated collision integrals, 

for which we employ the assumptions described in sections (2.3.1-2.3.6). In all these integrals 

𝐂1𝑞′1, 𝐂2𝑞′2, 𝐂1𝑞′2 and 𝐂2𝑞′1 are treated as independent variables. Henceforth, it should be noted 

that 

𝐜12 = 𝐜2 − 𝐜1 = 𝐂2 − 𝐂1 

and 

𝑞12 = 𝑞2 − 𝑞1 = 𝑞′
2

− 𝑞′1 

 The following expression is also useful for evaluation of the integrals 
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〈𝑞12𝐜12〉 = 〈(𝑞2 − 𝑞1)(𝐜2 − 𝐜1)〉 = 〈(𝑞′

2
− 𝑞′1)(𝐂2 − 𝐂1)〉

= 〈𝐂1𝑞′1 + 𝐂2𝑞′2 − 𝐂1𝑞′
2

− 𝐂1𝑞′2〉 = 2〈𝐂𝑞′〉 
2-73 

Derivation of expression for 〈𝑪𝑞′〉 

For this we consider the transport equation for 〈𝐜𝑞〉 which is 

 
𝜕

𝜕𝑡
(𝛼s𝜌s〈𝐜𝑞〉) + ∇ ⋅ (𝛼s𝜌s〈𝐜𝐜𝑞〉) = 𝑚𝑝ℂ(𝐜𝑞) + 𝛼s𝜌s 〈

∂𝐜𝑞

∂𝐜

d𝐜

dt
〉 + 𝛼s𝜌s 〈

∂𝐜𝑞

∂𝑞

dq

dt
〉, 2-74 

simplifying to (since no charge is generated in the volume) 

 
𝜕

𝜕𝑡
(𝛼s𝜌s〈𝐜𝑞〉) + ∇ ⋅ (𝛼s𝜌s〈𝐜𝐜𝑞〉) = 𝑚𝑝ℂ(𝐜𝑞) + 𝛼s𝜌s 〈𝑞

𝐅

𝑚𝑝

〉. 2-75 

If we consider 〈𝐜𝑞〉 as a quasi-steady variable, we have 

 ∇ ⋅ (𝛼s𝜌s〈𝐜𝐜𝑞〉) = 𝑚𝑝ℂ(𝐜𝑞) + 𝛼s𝜌s 〈𝑞
𝐅

𝑚𝑝

〉 2-76 

and also note that 

 ∇ ⋅ (𝛼s𝜌s〈𝐜𝐜𝑞〉) = ∇ ⋅ (𝛼s𝜌s𝐔s〈𝐜𝑞〉) + ∇ ⋅ (𝛼s𝜌s〈𝐂𝐜𝑞〉). 2-77 

Treating divergence of terms containing 𝐔s as negligible and neglecting the correlation between 

fluctuation velocity and charge variance 〈𝐂𝐂𝑞′〉 gives 

 ∇ ⋅ (𝛼s𝜌s〈𝐜𝐜𝑞〉) = ∇ ⋅ (𝛼s𝜌s〈𝐂𝐜𝑞〉) = ∇ ⋅ (𝛼s𝜌s〈𝑞〉〈𝐂𝐂〉). 2-78 

Also, if gradients of 𝛼s, 𝜌s, 〈𝐂𝐂〉 are considered negligible compared to gradients of 〈𝑞〉, we get 

 ∇ ⋅ (𝛼s𝜌s〈𝐜𝐜𝑞〉) = 𝛼s𝜌sΘ𝑠∇〈𝑞〉. 2-79 

Hence, the transport equation for 〈𝐜𝑞〉 reduces to 

 𝑚𝑝ℂ(𝐜𝑞) = 𝛼s𝜌sΘ𝑠∇〈𝑞〉 − 𝛼s𝜌s 〈𝑞
𝐅

𝑚𝑝

〉. 2-80 
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Evaluation of collisional diffusion of 𝒄𝑞 

 𝑚𝑝ℂ(𝐜𝑞) = 𝑚𝑝(𝛘𝐜𝑞 − ∇ ∙ θ𝐜𝑞) 2-81 

such that 

 
𝛘𝐜𝑞 =

dp
2

2
∫ ∫ ∫ ((𝐜𝑞)′2 + (𝐜𝑞)′1 − (𝐜𝑞)2 − (𝐜𝑞)1)

ℝ2ℝ6𝐜12∙𝐤>0

× (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤 

2-82 

and 

 θ𝐜𝑞 =
dp

3

2
∫ ∫ ∫ 𝐤((𝐜𝑞)′1 − (𝐜𝑞)1)(𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤, 2-83 

where 

(𝐜𝑞)′1 − (𝐜𝑞)1 = 𝑞1

𝑑𝐜1

𝑑𝑛𝑐
+ 𝐜1

𝑑𝑞1

𝑑𝑛𝑐
+

𝑑𝑞1

𝑑𝑛𝑐

𝑑𝐜1

𝑑𝑛𝑐
 

and 

(𝐜𝑞)′2 − (𝐜𝑞)2 = 𝑞2

𝑑𝐜2

𝑑𝑛𝑐
+ 𝐜2

𝑑𝑞2

𝑑𝑛𝑐
+

𝑑𝑞2

𝑑𝑛𝑐

𝑑𝐜2

𝑑𝑛𝑐
 

with 

𝑑𝐜1

𝑑𝑛𝑐
= −

𝑑𝐜2

𝑑𝑛𝑐
=

1

2
(1 + 𝑒)(𝐜12 ∙ 𝐤)𝐤 

and  

𝑑𝑞1

𝑑𝑛𝑐
= −

𝑑𝑞2

𝑑𝑛𝑐
= [𝐾1(𝑞2 − 𝑞1) + 𝐾2(𝐄𝑞 ∙ 𝐤)](𝐜12 ∙ 𝐤)4 5⁄  
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Evaluation of 𝝌𝒄𝑞 

 

𝐼𝛘𝐜𝑞,1
=

dp
2

2
∫ ∫ ∫ (𝑞1

𝑑𝐜1

𝑑𝑛𝑐
+ 𝑞2

𝑑𝐜2

𝑑𝑛𝑐
) (𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

=
dp

2

2
∫ ∫ ∫ (−

1

2
(1 + 𝑒)𝑞12

(𝐜12 ∙ 𝐤)𝐤)

ℝ2ℝ6𝐜12∙𝐤>0

× (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤 = −𝑔0𝑁2dp
2

(1 + 𝑒)√𝜋Θ𝑠〈𝐂𝑞′〉 

2-84 

 

𝐼𝛘𝐜𝑞,2
=

dp
2

2
∫ ∫ ∫ (𝐜1

𝑑𝑞1

𝑑𝑛𝑐
+ 𝐜2

𝑑𝑞2

𝑑𝑛𝑐
) (𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

=
dp

2

2
∫ ∫ ∫ (−𝐾1𝑞12𝐜12 − 𝐾2(𝐄𝑞 ∙ 𝐤)𝐜12)(𝐜12 ∙ 𝐤)4 5⁄

ℝ2ℝ6𝐜12∙𝐤>0

× (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

= −𝑔0𝑁2dp
2

× [(
5

7
214 5⁄ Γ (

12

5
) √𝜋𝐾1Θ𝑠

9 10⁄ 〈𝐂𝑞′〉)

+ (
5

57
219 5⁄ Γ (

29

10
) √𝜋𝐾2Θ𝑠

7 5⁄ 𝐄𝑞)] 

2-85 

 

𝐼𝛘𝐜𝑞,3
=

dp
2

2
∫ ∫ ∫ (

𝑑𝑞1

𝑑𝑛𝑐

𝑑𝐜1

𝑑𝑛𝑐
+

𝑑𝑞2

𝑑𝑛𝑐

𝑑𝐜2

𝑑𝑛𝑐
) (𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

=
dp

2

2
∫ ∫ ∫ (1 + 𝑒) (𝐾1𝑞12 + 𝐾2(𝐄𝑞 ∙ 𝐤)) (𝐜12 ∙ 𝐤)9 5⁄

ℝ2ℝ6𝐜12∙𝐤>0

× (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

= 𝑔0𝑁2dp
2(1 + 𝑒)

× [(
5

12
214 5⁄ Γ (

12

5
) √𝜋𝐾1Θ𝑠

9 10⁄ 〈𝐂𝑞′〉)

+ (
23

264
219 5⁄ Γ (

29

10
) √𝜋𝐾2Θ𝑠

7 5⁄ 𝐄𝑞)] 

2-86 

Therefore, 



58 

 

𝛘𝐜𝑞 = −𝑔0𝑁2dp
2 × {[(1 + 𝑒)√𝜋Θ𝑠

+ (
5

7
−

5

12
(1 + 𝑒)) 214 5⁄ Γ (

12

5
) √𝜋𝐾1Θ𝑠

9 10⁄
] 〈𝐂𝑞′〉

+ (
5

57
−

23

264
(1 + 𝑒)) 219 5⁄ Γ (

29

10
) √𝜋𝐾2Θ𝑠

7 5⁄ 𝐄𝑞} 

2-87 

Evaluation of 𝜃𝒄𝑞 

 

𝐼θ𝐜𝑞,1 =
dp

3

2
∫ ∫ ∫ 𝐤 (𝑞1

𝑑𝐜1

𝑑𝑛𝑐
) (𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

=
dp

3

2
∫ ∫ ∫ 𝐤 (

1

2
(1 + 𝑒)𝑞1

(𝐜12 ∙ 𝐤)𝐤)

ℝ2ℝ6𝐜12∙𝐤>0

× (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤 =
1

2
𝑔0𝑁2dp

3
(1 + 𝑒)〈𝑞〉Θ𝑠I 

2-88 

 

 

𝐼θ𝐜𝑞,2 =
dp

3

2
∫ ∫ ∫ 𝐤 (𝐜1

𝑑𝑞1

𝑑𝑛𝑐
) (𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d

=
dp

3

2
∫ ∫ ∫ 𝐤 (𝐜1 (𝐾1𝑞12 + 𝐾2(𝐄𝑞 ∙ 𝐤)) (𝐜12 ∙ 𝐤)4 5⁄ )

ℝ2ℝ6𝐜12∙𝐤>0

× (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

= 𝑔0𝑁2dp
3

× [(
5

12
214 5⁄ Γ (

12

5
) √𝜋𝐾1Θ𝑠

9 10⁄ 〈𝐂𝑞′〉)

+ (
5

108
214 5⁄ Γ (

12

5
) √𝜋𝐾2Θ𝑠

7 5⁄ 𝐄𝑞)] 𝐔s 

2-89 
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𝐼θ𝐜𝑞,3 =
dp

3

2
∫ ∫ ∫ 𝐤 (

𝑑𝑞1

𝑑𝑛𝑐

𝑑𝐜1

𝑑𝑛𝑐
) (𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

=
dp

3

2
∫ ∫ ∫ 𝐤 (

1

2
(1 + 𝑒) (𝐾1𝑞12 + 𝐾2(𝐄𝑞 ∙ 𝐤)) (𝐜12 ∙ 𝐤)9 5⁄ 𝐤)

ℝ2ℝ6𝐜12∙𝐤>0

× (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤 = 0 

 

2-90 

Hence,  

 

θ𝐜𝑞 = 𝑔0𝑁2dp
3

{
1

2
(1 + 𝑒)〈𝑞〉Θ𝑠I

+ [(
5

12
214 5⁄ Γ (

12

5
) √𝜋𝐾1Θ𝑠

9 10⁄ 〈𝐂𝑞′〉)

+ (
5

108
214 5⁄ Γ (

12

5
) √𝜋𝐾2Θ𝑠

7 5⁄ 𝐄𝑞)] 𝐔s}. 

2-91 

Again, ignoring divergence of terms containing 𝐔s, we arrive at the following expression for the 

charge-velocity covariance: 

 

〈𝐂𝑞′〉 = −
1

(1 + 𝑒)√𝜋Θ𝑠 +

× [(
1

2
(1 + 𝑒) +

𝜋

6𝑔0𝛼s
) 𝑑𝑝Θ𝑠∇〈𝑞〉 −

𝜋𝑑𝑝

6𝑔0𝛼s

〈
𝐅

𝑚𝑝

〉 〈𝑞〉

+ (
5

57
−

23

264
(1 + 𝑒)) 219 5⁄ Γ (

29

10
) √𝜋𝐾2Θ𝑠

7 5⁄ 𝐄𝑞]. 

(2-92 

Derivation of expression for charge variance  

The transport equation of charge variance is given by 

 

𝜕

𝜕𝑡
(𝛼s𝜌s〈𝑞′𝑞′〉) + ∇ ⋅ (𝛼s𝜌s〈𝐜𝑞′𝑞′〉)

= 𝑚𝑝ℂ(𝑞′𝑞′) + +𝛼s𝜌s 〈
∂𝑞′𝑞′

∂𝐜

d𝐜

dt
〉 + 𝛼s𝜌s 〈

∂𝑞′𝑞′

∂𝑞

dq

dt
〉. 

2-93 
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If it is assumed that 𝑞′𝑞′ is not a function of 𝐜 and that 〈𝑞′𝑞′〉 is a quasi-steady variable, we get 

 ∇ ⋅ (𝛼s𝜌s〈𝐜𝑞′𝑞′〉) = 𝑚𝑝ℂ(𝑞′𝑞′) 2-94 

and also note that 

 ∇ ⋅ (𝛼s𝜌s〈𝐜𝑞′𝑞′〉) = ∇ ⋅ (𝛼s𝜌s𝐔s〈𝑞′𝑞′〉) + ∇ ⋅ (𝛼s𝜌s〈𝐂𝑞′𝑞′〉). 2-95 

Here we assume that 𝐂 and 𝑞′𝑞′ are uncorrelated and we also neglect the divergence of terms 

containing 𝐔s as before. Thus, it is simply arrived at 

 ℂ(𝑞′𝑞′) = 𝜒𝑞′𝑞′ − ∇ ∙ 𝛉𝑞′𝑞′ = 0, 2-96 

where 

 
𝜒𝑞′𝑞′ =

dp
2

2
∫ ∫ ∫ ((𝑞′𝑞′)′2 + (𝑞′𝑞′)′1 − (𝑞′𝑞′)2 − (𝑞′𝑞′)1)

ℝ2ℝ6𝐜12∙𝐤>0

× (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤 

2-97 

and 

 𝛉𝑞′𝑞′ =
dp

3

2
∫ ∫ ∫ 𝐤((𝑞′𝑞′)′1 − (𝑞′𝑞′)1)(𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤, 2-98 

with 

(𝑞′𝑞′)′1 − (𝑞′𝑞′)1 = 2𝑞′
1

𝑑𝑞1

𝑑𝑛𝑐
+ (

𝑑𝑞1

𝑑𝑛𝑐
)

2

, 

(𝑞′𝑞′)′2 − (𝑞′𝑞′)2 = 2𝑞′
2

𝑑𝑞2

𝑑𝑛𝑐
+ (

𝑑𝑞2

𝑑𝑛𝑐
)

2

 

and 

(𝑞′𝑞′)′2 + (𝑞′𝑞′)′1 − (𝑞′𝑞′)2 − (𝑞′𝑞′)1 = −2𝑞12

𝑑𝑞1

𝑑𝑛𝑐
+ 2 (

𝑑𝑞1

𝑑𝑛𝑐
)

2
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Evaluation of 𝜒𝑞′𝑞′ 

 

𝐼𝜒
𝑞′𝑞′,1

=
dp

2

2
∫ ∫ ∫ (−2𝑞12

𝑑𝑞1

𝑑𝑛𝑐
) (𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

=
dp

2

2
∫ ∫ ∫ (−2𝑞12 (𝐾1𝑞12 + 𝐾2(𝐄𝑞 ∙ 𝐤)) (𝐜12 ∙ 𝐤)4 5⁄ )

ℝ2ℝ6𝐜12∙𝐤>0

× (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

= −𝑔0𝑁2dp
2

× [(
5

7
219 5⁄ Γ (

12

5
) √𝜋𝐾1Θ𝑠

9 10⁄ 〈𝑞′𝑞′〉)

+ (
5

57
219 5⁄ Γ (

29

10
) √𝜋𝐾2Θ𝑠

2 5⁄
(𝐄𝑞 ∙ 〈𝐂𝑞′〉))] 

2-99 

 

𝐼𝜒
𝑞′𝑞′,2

=
dp

2

2
∫ ∫ ∫ 2 (

𝑑𝑞1

𝑑𝑛𝑐
)

2

(𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

=
dp

2

2
∫ ∫ ∫ (𝐾1

2𝑞12
2 + 𝐾2

2
(𝐄𝑞 ∙ 𝐤)

2

ℝ2ℝ6𝐜12∙𝐤>0

+ 2𝐾1𝐾2𝑞12(𝐄𝑞 ∙ 𝐤)) (𝐜12 ∙ 𝐤)8 5⁄ × (𝐜12 ∙ 𝐤)𝑓2 d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

= 𝑔0𝑁2dp
2

× [
5

9
223 5⁄ Γ (

14

5
) √𝜋𝐾1

2Θ𝑠

13 10⁄
〈𝑞′𝑞′〉

+
13

35
213 5⁄ Γ (

14

5
) √𝜋𝐾2

2Θ𝑠

13 10⁄
|𝐄𝑞|

2

+
5

23
223 5⁄ Γ (

23

10
) √𝜋𝐾1𝐾2Θ𝑠

4 5⁄
(𝐄𝑞 ∙ 〈𝐂𝑞′〉)] 

2-100 

 

 
𝛉𝑞′𝑞′ =

dp
3

2
∫ ∫ ∫ 𝐤 (2𝑞′1

𝑑𝑞1

𝑑𝑛𝑐
+ (

𝑑𝑞1

𝑑𝑛𝑐
)

2

) × (𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

= 0 

2-101 
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Therefore, 

 𝜒𝑞′𝑞′ = 0 2-102 

Which gives us the expression for 〈𝑞′𝑞′〉 as 
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Evaluation of collisional diffusion of 𝑞 

 ℂ(𝑞) = −∇ ∙ 𝛉𝑞 + 𝜒𝑞 , 2-104 

where  

 

 

𝜒𝑞 =
dp

2

2
∫ ∫ ∫ (𝑞′2 + 𝑞′1 − 𝑞2 − 𝑞1)(𝐜12 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞1d𝑞2d𝐜1d𝐜2d𝐤 = 0 
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and 

 𝛉𝑞 =
dp

3

2
∫ ∫ ∫ 𝐤(𝑞′

1
− 𝑞1)(𝐜12 ∙ 𝐤) 𝑓2d𝑞1d𝑞2d𝐜1d𝐜2d𝐤

ℝ2ℝ6𝐜12∙𝐤>0

. 2-106 

The 2-particle PDF is given by 

 𝑓2 = 𝑔0𝑓𝑝1𝑓𝑝2 (1 +
dp

2
(𝐤 ∙ ∇) ln

𝑓𝑝2

𝑓𝑝1
), 2-107 
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where the effect of finite particle size has been included since it will allow for diffusion due to 

difference in particle charge as per the model of [59] given by Eq. 2-50. 

 

(𝐤 ∙ ∇) ln
𝑓𝑝2

𝑓𝑝1
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1

2𝑄4
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(𝐤 ∙ ∇〈𝑞〉)

+
1

2𝜃𝑠
2

(𝐜12 ∙ (𝐜2 + 𝐜1))(𝐤 ∙ ∇Θ𝑠) −
1

𝜃𝑠
𝐜12 ∙ (𝐤 ∙ ∇𝐔s), 
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and as previously assumed, if the gradients of 𝜃𝑠 and 𝐔s are neglected, we have 

 (𝐤 ∙ ∇) ln
𝑓𝑝2

𝑓𝑝1
=

1

2𝑄4
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𝑞12

𝑄2
(𝐤 ∙ ∇〈𝑞〉). 2-109 

Therefore, 
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and the charge transport equation finally becomes 
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Abstract 

The development of an electrostatic model for particle-wall contact charging requires a good 

understanding of the charge generation mechanism for insulative particles. Single and repeated-

contact experiments were performed with various particles, including commercial linear low-

density polyethylene, to determine their rates of charging as well as their charge saturation limits. 

Plotting the charge saturation value of the particles against their respective surface areas revealed 

a linear trend which could be used to calculate the charge saturation of the particle for a given 

particle size. Additional studies include the effect of initial charge, collision frequency, particle 

type and impurities on particle charging. 
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3.1. Introduction 

The triboelectrification of particles, via contact or frictional charging, is known to be an operational 

hindrance in some gas-solid fluidized bed reactors in the polyolefin industry. Polyethylene resins 

and catalyst particles are particularly prone to charge generation due to the particle-particle and 

particle-reactor wall collisions that occur during the fluidization process [1,2]. The large frequency 

of such collisions results in highly charged polyethylene and catalyst particles that adhere to the 

reactor wall. As the adhered particles accumulate, the continuous and highly exothermic 

polymerization reaction causes local temperature spikes on the wall, leading to the formation of 

large sheets of melted particles that can break off and obstruct the gas flow. It has been reported 

that in such cases the reactors might operate for only a few hours before they must be shut down 

for clean-up [3]. The generation of electrostatic charge in fluidized beds has been widely studied 

throughout the years; however, limited attention has been paid to the simulation and modeling of 

electrostatic charge generation in gas-solid fluidized beds. Since it is difficult to accurately 

quantify the charge generation in industrial fluidized beds, an electrostatic model based on 

fundamental material properties would considerably aid in providing insight on this occurrence 

and its effects. 

The successful development of an electrostatic model for polymer charging first requires a good 

understanding of the charging mechanism for such insulative particles. Although the 

triboelectrification of various types of particles has been studied and reviewed for many years [4–

6], the variability in the reported charging results has made it difficult to establish  the effect of 

different factors on the charge transfer process. Some of these factors include the physical, 

chemical and electrical properties of the particle, as well as environmental conditions [6]. Thus, 

charging experiments are necessary to evaluate these factors for any given particle type; and in 

turn, they can help obtain input parameters for the charging model in order to realistically simulate 

the rate of charging of the given particles, along with their charging limits.  

In the present work, single particle contact charging tests were performed to determine the rate of 

charging as well as the charge saturation limit of various polymer particles due to collisions with 

a metal surface. Most importantly, various sizes of linear low-density polyethylene (LLDPE) resin, 

received directly from a commercial gas-solid fluidized bed reactor, were tested to obtain some 

insight in their charging tendencies in relation to their surface areas. These results can help in the 
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validation process for the electrostatic model being developed to simulate charging in industrial-

scale fluidized bed reactors. 

3.2. Theory 

Extensive studies have been performed on the triboelectric charging tendencies of many materials 

by comparing their charge polarities [7–10]. The difference in work function has been determined 

to be the driving force for triboelectric charging even for insulators despite their lack of free 

electrons [11]. This allowed the development of  “effective” work functions for polymers via 

metal-polymer contacts [12]. In order to explain the charge transfer due to metal-insulator contacts, 

the surface state model has been proposed where it is assumed that the available energy levels of 

electrons are only on the surface as opposed to the bulk of the object [13]. As such, electrons can 

move from the filled surface states of one material to the empty surface states of the other. It should 

be noted that the surface of insulators can be composed of positively or negatively charged 

nanoscopic regions, where the surface charge in a specific region is much larger than the net charge 

of the insulator [14]. Insulator charging can also be caused by the presence of impurities including 

side groups, surface impurities and ends of molecular chains, based on a study where pure samples 

of crystalline insulators showed no charging when contacted by metals [5]. Material transfer due 

to attrition can also emulate charge transfer, since the transferred material may be the charge carrier 

[5].  

Many studies have been reported which observed the charging tendencies of insulative particles, 

ranging from single particle contacts with a metal plate [15–19] to bulk particle flow in pneumatic 

conveying [20–24] or fluidized beds [25–29]. Other than the work function difference of the 

colliding surfaces, some factors that can affect the rate of charge generation on an insulative 

particle contacting a metal wall include impact velocity and angle, particle size, temperature, 

relative humidity, and initial charge [6]. Kittaka et al. (1979) developed a method to measure the 

charging tendencies of powders in a pneumatic conveying system [24]. In their work, both the 

charge saturation limit and the initial rate of charge generation were reported to be dependent on 

the transport speed and pipe material. The increase in particle charging with increasing flow 

velocity, which implies a larger impact velocity, was also observed in several experiments using 

fluidized bed systems [27,30,31].  
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Watanabe et al. (2006) reported that, based on their single particle charging experiments, the 

amount of charge generated by a single particle-wall contact can be zero for a specific initial 

charge, independent of the impact velocity [32]. This implied that a charge limit exists for any 

given particle, where the particle no longer gains any charge regardless of the number of collisions 

or the impact velocity.  

In fluidized beds with mono-sized particles, i.e. systems with a very narrow particle size 

distribution, it was observed that an increase in particle size directly correlated to an increase in 

charge generated in the fluidized bed [27,33,34]. This observation could be connected to the 

surface state theory; a larger surface area provides more available electron sites. The particle size 

should therefore affect both the rate of charge generation from a single wall contact, as well as the 

maximum amount of charge the particle can hold. A single-particle contact charging study on 

polymer particles of the same type but different sizes could help confirm the relationship between 

surface area and charging rate as well as charge saturation. 

The phenomenon of charge saturation is consistently observed by other researchers [19,35–37] 

and is a key input parameter for most electrostatic charging models. Currently, the charge 

saturation limit of a particle of a specific material and size can only be determined experimentally. 

As such, to simulate the charging behaviour of polymers in a fluidized bed system due to particle-

reactor wall collisions, it is necessary to perform particle collision experiments using those 

polymers to determine their charge saturation and rate of charging. By determining the charge 

saturation limit of the particles at varying sizes, it may be possible to obtain an equation that can 

estimate the charge saturation as a function of surface area.  

3.2.1. Numerical model for particle-wall contact charging 

Every time a collision occurs between a solid particle and a metal wall, the existing charge on the 

particle should change by a specified value due to charge generation. A charge limit must also be 

implemented to ensure that the particles do not constantly increase in charge every time a collision 

with the wall occurs. Matsusaka et al. (2000) proposed a charge generation model for particle 

charging by repeated wall contacts [35]. According to their model, the change in particle charge 

per collision with a wall is given by the following equation:  
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𝑑𝑞

𝑑𝑛
= 𝑘𝑐

𝜀𝑟𝜀0𝑆

𝑧0

(𝑉𝑐 − 𝑘𝑒𝑞) −
𝑘𝑟

𝑓
𝑞 3-1 

The contact area, S, can be approximated using the Hertzian deformation pattern [17]: 

𝑆 = 1.364𝑘2/5 𝜌𝑝
2/5

𝑑𝑝
2𝑣𝑝,𝑖

4/5
 3-2 

𝑘 =
1 − 𝑣2

𝐸
 3-3 

For dielectric materials such as rubber or plastic, the effects of charge relaxation in the proposed 

model is negligible (kr ≈ 0). Thus, the rate of charge generation per collision can be determined by 

the following simplified equation: 

𝑑𝑞

𝑑𝑛
= C (1 −

𝑞

𝑞∞
) 3-4 

C =
𝑉𝑐𝑘𝑐𝜀𝑟𝜀0𝑆

𝑧0
 3-5 

𝑞∞ =
𝑉𝑐

𝑘𝑒
 3-6 

Here, q∞ is the particle saturated charge, and C is an interaction coefficient that is based on the 

electrostatic relationship between the wall and the particle as well as the impact velocity. If the 

impact velocity is controlled, Eq. 3-4 can be used to find the charge saturation and the interaction 

coefficient using experimental data of charge generated with increasing number of collisions.  

3.3. Material and methods 

Contact charging experiments were performed with three types of polymer particles: spherical 

polytetrafluorethylene (PTFE) and spherical high-density polyethylene (HDPE) supplied by 

McMaster Carr (USA), and a commercially produced LLDPE resin. The LLDPE particles were 

first sieved to a narrow size range, after which a few particles were selected with sizes ranging 

between 1.2 to 3.6 mm. Table 3-1 lists the average diameter and surface area of the selected 

particles, and an image of all the particles is shown in Figure 3-1.  
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Table 3-1: Average diameter and surface area of tested LLDPE resins. 

Material Particle # Avg. Diameter (mm) Surface Area (mm2) 

LLDPE 1 1.24 4.8 

2 2.12 14.1 

3 2.48 19.3 

4 2.98 27.9 

5 3.35 35.2 

6 3.57 40.0 

PTFE 1 2.38 17.8 

2 3.18 31.8 

HDPE 1 3.18 31.8 

 

Figure 3-1: Array of particles used for the charge generation experiments. 

Two types of particle-metal collision experiments were performed for this study: single contact 

with a metal plate and repeated contacts in a metal container. The single contact experiments were 

performed with hundreds of PTFE and HDPE particles. Each respective set of these particles had 

nearly identical particles sizes and mass, and so each particle was used only once to minimize the 

risk of contaminants, such as dust or other impurities, affecting the charge generation results.  

PTFE is known to have a higher work function than HDPE [12], and the larger PTFE particle is 

expected to generate more charge from a single contact. Thus, obtaining these two results from the 

particle-metal single contact experiments would confirm the efficacy of the charge measurement 

technique.  

Repeated particle-wall contact experiments were performed with all the particle types to determine 

the amount of charge generated in each of them over a controlled number of collisions. Unlike the 

PTFE and HDPE particles, the selected LLDPE resins were reused for all the repeated contact 

experiments. As such, since the presence of impurities may severely affect the charging rate of the 

particles, great care was needed during particle handling to minimize the particles’ interaction with 
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possible contaminants. A comparison on the charge saturation values of the three particle types 

will provide some insight on the work function of the commercial LLDPE resin relative to the 

other particles. 

Figure 3-2 depicts the experimental apparatus used for single particle-metal plate contact 

experiments. A single particle was dropped through Faraday Cup 1, which rested on a polyethylene 

board attached to a height-adjustable bar. The particle would then contact an aluminum plate 

attached to a rotating clamp, which can be adjusted to obtain the desired contact angle. Faraday 

Cup 2 was placed on the floor on top of an insulated mat. Two Keithley 6514 Electrometers were 

used to measure the charge in the Faraday cups. The data collection process was programmed into 

LabView, which was used to continuously retrieve charge values from both cups for the duration 

of each run. 

 

Figure 3-2: Apparatus for single particle contact tests. 
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For repeated contact charging tests, the contact plate was replaced by a cubic (3.5 cm) stainless-

steel container to capture the falling particle after its initial charge measurement from Faraday Cup 

1. Once retrieved, the container was closed and shaken vigorously to induce rapid particle-wall 

collisions for a set duration, after which the particle was dropped into Faraday Cup 2 for the final 

charge measurement. A charge neutralizer (MEB Shockless Static Neutralizing Bar, 5 mA) was 

used before every repeated collision test for the LLDPE particles to ensure their charges were as 

close to neutral as possible. A benefit of the charge neutralizer is that the initial charge is already 

known to be within a small range of values close to zero; so, only one Faraday Cup is required to 

measure the final charge. For PTFE and HDPE particles, however, the neutralizer was not used in 

order to study the effect of initial charge on the rate of charge generation.  

The number of wall collisions experienced by each particle can be estimated by tracking the shake 

frequency of the container. It can be assumed that, on average, two particle-wall collisions occur 

in every shake sequence. Tracking the number of collisions experienced by the particle is vital for 

the success of this study, as it is directly related to the charge generation rate of the particle. As 

such, performing the shake manually, while susceptible to human error, was deemed the most 

reliable option for ensuring the appropriate number of collisions have occurred. It should be noted 

that the contact angle and velocity is expected to slightly vary for each collision in the repeated 

contact experiments. Thus, each test case was performed at least 10 times to ensure the observed 

effect of repeated collisions on particle charge is reproducible. 

3.4. Results and discussion 

3.4.1. Effect of initial charge 

It has been well established that the charging trend for particle-wall contacts is a decreasing 

exponential function [38]. Watanabe et al. have also reported that a linear relationship exists 

between impact charge and initial charge of a particle [32]. This implies that a particle with a 

known charge trend should stay on the same path when starting at any given initial charge. 

Repeated particle-wall collision experiments performed with PTFE particles were organized based 

on their measured initial charge to observe this idea. Figure 3-3 shows the percent change in 

charge, (𝑞𝑓 − 𝑞𝑖)/𝑞𝑖, due to varying numbers of particle-wall collisions experienced by 3.18 mm 
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PTFE particles as a function of their initial charge. Results are shown for a range of tests between 

10 to 240 collisions.  

It was observed that the percent change in charge decreased with increasing initial charge. While 

the higher collision number cases expectedly had relatively higher percent change, the number of 

collisions experienced by the particles ultimately carried little weight for particles with high initial 

charge. The characteristic charging line held true; less charge generation was observed the closer 

the particle was to the charge equilibrium point. This property creates a need to control the initial 

charge of the particles when attempting to identify their charging rate at specific impact velocities 

and operating conditions. Always starting from a reference charge, or at least from a narrow range 

of low charges obtained by charge neutralization, would help expedite this process. 

  

Figure 3-3: Effect of initial charge on the % change in charge of 3.18 mm PTFE spheres due to 

varying numbers of wall collisions. 

3.4.2. Effect of collision frequency 

Collision frequency was considered in this study as it is connected to the phenomenon of charge 

relaxation; at a sufficiently low collision frequency the rate of charge release may be greater than 

the rate of charge accumulation on a particle [16]. Generally, charge relaxation is considered 

negligible for dielectric materials such as rubber or other insulators. However, an observable 

decrease in charge was reported by Matsusaka et al. at lower collision frequencies in their repeated 
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impact experiments with a rubber ball [35]. As such, the effect of collision frequency on particle 

charge was briefly considered by performing repeated particle-wall collision experiments with 

LDPE resin #4.  

For this study, it should be noted that a similar impact velocity had to be maintained while changing 

the shake frequency. It was deemed feasible to comfortably perform and maintain 4 shaking 

sequences in one second. The charge generation values can then be compared with performing 1 

shaking sequence per second so long as they are performed with the same amount of force. The 

number of collisions from both shake frequency cases were aligned and presented in Figure 3-4. 

The error bars in this figure represent one standard deviation. Based on these results, the amount 

of charge generated in both cases were very similar up to 80 collisions. After this point, however, 

a lower collision frequency resulted in noticeably less charge generation. This implies that, over 

time, charge relaxation may become a contributing factor for the tested LLDPE resin, at least for 

those in the 3 mm or greater particle size range. Considering Eq. 3-1, this would mean the charge 

relaxation constant, kr, is not negligible for this resin. Thus, it is necessary in this work to maintain 

a large enough collision frequency through vigorous shaking to minimize the effects of charge 

relaxation. It should be noted that since charge relaxation becomes negligible at sufficiently high 

collision frequencies, it would certainly not be a concern in fluidized bed systems.  

 

Figure 3-4: Effect of collisional frequency on the repeated particle-metal charging of LLDPE #4.  
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3.4.3. Effect of particle type 

It is well established that the difference in work functions between two contacting objects is the 

driving force for electron transfer from one surface to another. The effective work function of any 

given material is unique, as it is dependent on the electrostatic and surface properties of the 

insulator. Thus, a range of work function values for common insulative materials, including 

polyethylene and PTFE, have been reported from various experimental studies [10]. PTFE has 

been consistently reported to be more electronegative than polyethylene [12]. This was also 

confirmed in this study, as shown in Figure 3-5 which presents the charge generated due to a single 

plate collision on same-sized HDPE and PTFE particles. The error bars in this figure is based on 

the measurement error of the electrometer. According to the numerical model, specifically Eq. 3-6, 

the work function of a material has a direct influence on the charge saturation limit.  

 

Figure 3-5: Charge generated on HDPE and PTFE particles by a single plate collision. 

Figure 3-6 compares the average charge saturation values of the same-sized spherical particles as 

well as two of the LLDPE resins, #4 and #5. The error bars here represent one standard deviation. 

These two resins were selected for the comparison as they are the closest in size to the 3.18 mm 

HDPE and PTFE particles; one of them is slightly smaller while the other is slightly larger. It was 

observed that the 3.18 mm HDPE particle charged more than both LLDPE particles, which implies 

the size difference between HDPE and the larger LLDPE was not significant enough relative to 

other material properties. It is also known that HDPE tends to have a higher Young’s Modulus 
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than LLDPE, and according to Eq. 3-3 in the numerical model, this means HDPE should charge 

less than LLDPE if all other properties were equal. Therefore, it can be concluded that the work 

function for LLDPE is lower than HDPE. 

 

Figure 3-6: Average saturated charge for various particle types. 

3.4.4. Effect of particle size 

Single contact charging tests were first performed with PTFE at two different sizes; by normalizing 

for the surface area, as shown in Figure 3-7, it was observed that the charge generation readings 

strongly overlapped for the two particle sizes. The amount of charge generated a single contact is 

thus directly proportional to the surface area of the particle. Repeated contact experiments of the 

LLDPE resins have shown similar results; Figure 3-8 shows the average measured charge per 

surface area of the LLDPE resins. Each particle consistently generated more charge than those that 

were a smaller size, and normalizing the data for surface area resulted in overlapping of the charge 

values. The spread of the normalized charge values increased with increasing number of collisions, 

though the averaged charge values of each resin at any given number of collisions fell within one 

standard deviation for almost every resin.  
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Figure 3-7: Charge generated by 2.38 and 3.18 mm PTFE spheres after a single metal collision 

normalized by surface area.  

 

Figure 3-8: Average charge normalized by surface area of various sizes of LLDPE resins with 

increasing number of particle-wall collisions. 

Plotting the average measured charge saturation value of the LLDPE particles against their 

respective surface areas, as shown in Figure 3-9, revealed a linear trend with an R2 value of 0.98. 

It could therefore be used to calculate the charge saturation point of the LLDPE resins that fall 

within the surface area range tested in this study. 
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Figure 3-9: Average charge saturation of LLDPE resins with increasing surface area. 

3.4.5. Application of the numerical model 

For all cases, the charge generated over increasing number of collisions clearly followed the 

decreasing exponential form, which was the expected charging trend of particles experiencing 

repeated particle-wall collisions. The numerical model developed for particle-wall charging is 

therefore applicable for simulating the charge generation experienced by LLDPE resin in the given 

size range. Starting from an initial charge of zero, Eq. 3-4 was used with a guessed 𝐶 and 𝑞∞ to 

update the particle charge after every collision. Figure 3-10 presents the fitted numerical solution 

to the experimental data for the resins’ average particle charge at increasing number of collisions. 

The error bars represent one standard deviation. The fitting criteria to obtain the optimal 𝐶 and 𝑞∞ 

values for the model was the minimization of the sum of errors between measured and the 

numerical data points. Table 3-2 summarizes the numerically parameters that provided the best fit 

to the experimental data for each LLDPE particle. A concern for the numerical model presented 

in this work is that the charge saturation values, which was provided for each case, should not be 

affected by particle size according to Eq. 3-6; only the interaction coefficient should be affected. 

However, the effect of particle size is clearly apparent from these experiments. In order to reflect 

the increase in charge saturation in proportion to the surface area, Eq. 3-6 must be modified in the 

future to consider the linear equation obtained from Figure 3-9. Overall, the model was successful 

in reproducing the charging trend observed in the experiments. 
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Figure 3-10 Fitting the numerical model to the experimental data for particle charging of various 

sizes of LLDPE resins due to repeated wall collisions. 

Table 3-2: Summary of numerical model parameters and error compared to the experimental data. 

Particle 
Surface 

Area (mm2) 

Numerical 

q∞ (nC) 

Interaction 

Coefficient (nC) 

Maximum  

Error 

Sum of  

Errors 

LLDPE #1 4.8 -0.028 -6.28E-04 0.29 0.49 

LLDPE #2 14.1 -0.088 -1.55E-03 0.38 0.67 

LLDPE #3 19.3 -0.154 -1.77E-03 0.03 0.04 

LLDPE #4 27.9 -0.210 -2.10E-03 0.27 0.57 

LLDPE #5 35.2 -0.246 -2.65E-03 0.29 0.62 

LLDPE #6 40.0 -0.321 -3.14E-03 0.38 0.60 

3.4.6. Effect of impurities (experimental observation) 

Contamination is a major concern when it comes to any fundamental material, chemical, or 

electrostatic study. In the case of identifying the charge saturation values of LLDPE resins, any 

impurity that interacts with the particles would certainly skew the charge generation results. Figure 

3-11 shows the discrepancies noted in an experimental run performed in the preliminary stage of 

this work. These results should only be considered qualitatively since the contamination was not 

quantified. 
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Figure 3-11: Effect of dust contamination on the charge of LLDPE #4 after 120 and 180 collisions. 

The LLDPE particle used in this case was suspected to be contaminated with dust present in the 

laboratory, which was visually observed by the discoloration of the particle and an increase in 

dullness. As expected, there was an immediate change in the saturation charge for this particle. It 

was imperative that the particles used for such charge generation experiments are handled with 

care. Particularly in this study, the LLDPE resin must be tested in the same condition as they were 

obtained from the commercial reactor to ensure the findings are relevant. As such, it was desired 

for the LLDPE resin to have as minimal interaction with any form of contaminant or chemical as 

possible, especially since the same LLDPE resins were repeatedly used to record the charge 

generation over increasing number of collisions.  To reduce the risk of dust contamination, the lab 

area was thoroughly cleaned prior to the experimental runs and a great deal of care was exercised 

to contain the particles in a clean manner after each run. Finally, test runs were regularly performed 

for different number of collisions to ensure the charge results for the LLDPE resins did not change 

over time. Following these precautions, the resins were deemed sufficiently uncontaminated 

throughout the study. 

3.5. Conclusions 

In summation, the mechanism for particle-wall charging of single insulative particles was analyzed 
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performed with spherical HDPE and PTFE particles contacting an aluminum plate, showed that 

particles with a larger effective work function consistently generated more charge. The amount of 

charge generated from a single wall contact was directly proportional to the surface area of the 

contacting particle. The repeated-contact experiments confirmed that the saturation charge limit 

also increased with the effective work function, and the surface area proportionality held true for 

all tested cases. A study on the effect of initial particle charge showed that particles closer to the 

saturation point will not charge beyond this point regardless of the number of particle-wall 

collisions they experience. Moreover, a particle with a known charge trend will follow the same 

path when starting at any initial charge. 

LLDPE particles of various size were tested for their charge generation rate as well as their charge 

saturation limit. The charging results obtained from these experiments will aid in the simulation 

of electrostatic charging in commercial polyethylene gas-solid fluidized beds. These particles 

exhibited the decreasing exponential charging trend expected for charge generation due to particle-

wall contacts. As such, the numerical model for particle-wall contact charging was successfully 

fitted to the experimental data. A lower saturated charge was found when a lower collision 

frequency was tested, implying that this LLDPE resin may be susceptible to charge relaxation. The 

charge generated by each LLDPE particle was consistently in proportion to its respective surface 

area, giving a linear trend with an R2 value of 0.98. Dust contamination was confirmed to have a 

detrimental effect on the charging results, and so appropriate particle handling must be considered 

when performing such fundamental experiments. 
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Abstract 

A novel apparatus was designed, built and tested to study the magnitude and direction of charge 

transfer in particle-particle collisions of insulator particles. This design ensured that the measured 

change in the charge of each particle was solely due to the binary collision between the particles. 

The collisions were confirmed by monitoring the particle trajectories using a high frame-rate 

camera coupled with particle-tracking software. This apparatus can aid in understanding the charge 

transfer mechanisms behind particle-particle charge transfer, leading to the development of an 

electrostatic model to simulate particle-particle contact charging in gas-solid flows. Upon 

preliminary testing of this apparatus with 3.18 mm diameter polytetrafluoroethylene (PTFE) 

particles, it was confirmed that triboelectrification solely due to the particle-particle collision can 

be observed. It was found that, if the particles carry low charges relative to their charge saturation 

point, their initial charge before collision does not dictate the direction of charge transfer.  
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4.1. Introduction 

The triboelectrification of insulators by contact or frictional charging is known to be an operational 

challenge in the polyolefin industry. Particularly in polyethylene production, gas-solid fluidized 

bed reactors are known to be susceptible to electrostatic charging due to the rigorous mixing of 

polyethylene and catalyst particles in a dry environment [1,2]. This charging phenomenon coupled 

with a highly exothermic polymerization reaction results in sheet formation on the reactor walls, 

which can eventually break off and occlude the reactor [3]. A variety of studies have been 

performed throughout the years to understand the particle charging tendencies within gas-solid 

fluidized beds, and to combat the operational challenges caused by triboelectrification [4–7]. 

However, the quantification of electrostatic charge generation during fluidization is still a key 

challenge. An alternative option to developing measurement techniques is the simulation and 

modeling of electrostatic charge generation in these industrial gas-solid fluidized beds, which can 

provide some insight on its occurrence as well as its effects.  

The development of an electrostatic model for the charging of particles during gas-solid 

fluidization requires a fundamental understanding of their charging tendencies due to contacts with 

the column wall as well as between particles. The numerous studies and reviews on the 

triboelectrification of insulators due to particle-wall collisions have highlighted their charging 

behaviours, leading to the development of particle-wall charging models [8–11]. These charging 

models have already been applied in simulations of electrostatic charge generation in gas-solid 

flows [12,13]. However, particle-particle collisional charging has received limited attention due to 

the difficulty in performing consistent experimental studies on isolated particle-particle contacts. 

Understanding the charging tendencies between particles of varying physical and chemical 

properties is necessary for the particle-particle charging component of the electrostatic charging 

model for gas-solid flow simulations. As such, a novel collisional charging apparatus was designed 

and tested in this work, to observe the isolated charge transfer between two colliding insulators 

and take a step towards the development of a particle-particle charging model. 

4.2. Theory 

In the past, studies on electrostatic charging revolved around ranking materials in a triboelectric 

series, based on their relative tendency to become negatively charged [14,15]. Through this 

process, it was determined that the difference in work functions between two materials, including 



91 

insulators despite not having free electrons, was the driving force for triboelectric charging through 

electron transfer [16]. Other proposed causes of charge transfer for insulators include the transfer 

of surface impurities, ions or some of the material itself due to attrition [17,18]. While the 

dominating factor for charge transfer is still debatable, recent studies have shown that the evolution 

over time of the surface charge density of an inorganic solid was consistent with the electron 

thermionic emission model, implying that electron transfer is the dominant process for 

triboelectrification [19]. To explain the phenomenon of electron transfer with insulators, the 

surface state model was proposed where electrons can be trapped on surface sites of any insulator 

[20,21]. As such, a trapped electron on a high energy surface state of one material can transfer to 

an empty, low energy surface state of another. In agreement with this model, a study showed that 

the surface of insulators can be composed of both positively and negatively charged nanoscopic 

regions, so that the surface charge in specific regions may be larger than the net charge of the entire 

object [22].  

A wide range of studies have observed the electrostatic charging tendencies of insulators due to 

particle-wall collisions, from bench-scale insulator-metal contacts [23–26] to pilot-scale 

pneumatic conveying [27–30] and fluidization of powders [31–35]. In addition to work function 

differences, other reported factors that can affect the rate of electrostatic charging include impact 

velocity and angle, particle size, temperature, relative humidity and initial charge [10]. The 

culmination of these studies gave rise to many charging models to determine ∆𝑞, the generated 

charge from a single collision. These models can be summarized as 

∆𝑞 = 𝐶 (1 −
𝑞𝑖

𝑞∞
) 4-1 

where 𝑞𝑖 is the initial charge of the particle, 𝑞∞ is the maximum amount of charge a particle can 

hold (i.e. charge saturation point), and 𝐶  is a parameter dependent on the various proposed 

relationships modeled between the particle and the contacting surface [36]. 

While charging models have been developed and applied in simulations for charge generation due 

to particle-wall contacts [13,37], some challenges arise when considering their application for 

particle-particle contacts. Primarily, grounded metal surfaces provide a consistent source of 

electrons to be transferred to the particle surface; this is not true in the case of insulator-insulator 

contacts. Moreover, models focusing on the difference in work functions as the driving force do 
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not apply when considering identical materials. Apodaca et al. [38] have concluded that random 

microscopic fluctuations in surface compositions can translate into macroscopic effects for contact 

electrification, making it difficult to predict which direction charging would occur for identical 

materials. 

Several studies have been performed focussing on triboelectrification due to particle-particle 

collisions. Forward et al. [41] performed granular mixing (particle-particle collisions only) at low 

vacuum conditions, where they observed that binary mixtures of particles produced more charging 

than single-component systems. The triboelectrification of multi-particulate systems normally 

results in the generation of a bipolar charge distribution, where particles may become both 

positively and negatively charged [39]. This effect has been commonly observed and reported even 

in the pharmaceutical industry, with respect to both metered dose and dry powder inhalers [40].  

Bilici et al. [42] studied the particle size effect on the charging of particles colliding in a fountain-

like granular flow, where they found that the larger particles primarily charged positively and the 

smaller particles charged negatively. However, contradictory findings have been found in 

fluidization studies, where larger particles had negative charge while smaller particles charged 

positively [5]. In order to develop a particle-particle charging model, single particle-particle 

collisional experiments are therefore necessary to determine the specific factors and particle 

properties to predict the direction and magnitude of charge transfer between insulators and 

identical materials. 

Studies performing single contact charging experiments, where one particle was dropped onto a 

particle resting on a plate, have shown that the magnitude of charge transfer that occurs between 

identical particles is dependent on the relative particle size and collision velocity [43,44]. 

However, particle-particle contact charging experiments between two isolated particles have yet 

to be studied successfully. The objective of this work is to design an apparatus that can perform 

isolated particle-particle collisions to study the charging tendencies of two colliding particles of 

similar or different materials, particle sizes, or initial charges. The findings from this setup can 

help in understanding the fundamental charging behaviours of particles in gas-solid flows, which 

can then be implemented into simulation models. 
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4.3. Design and Methodology 

The design focus for this apparatus, shown in Figure 4-1, is to mitigate all external influence on 

the charge of the colliding particles, ensuring that the direction and magnitude of charge transfer 

is solely due to the particle-particle collision. The collisions are induced by using gas flow jets, 

which force the free-falling particles towards each other.  

 

Figure 4-1: Particle-particle collision apparatus. The arrows depict the particles’ pathway as they 

are released during a collision trial. 

The apparatus uses four Faraday cages individually connected to four electrometers (Keithley 

6514), to separately measure the charges on the two particles before and after their collision. Every 

run is monitored by a high frame-rate camera (Sony RX100 V), which records the particles’ 

collision and subsequent drop into the bottom Faraday cages. The enclosure of the system, made 

of polyethylene with a clear acrylic front cover, isolates the particles from any external effects 

while also allowing the monitoring of the particle trajectories using the high-speed camera. 
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4.3.1. Apparatus Design 

The apparatus can be broken down into six sections. In the first section, the two particles are placed 

on a modified tight-clearance stainless steel hinge, which acts as the particle holder as well as the 

release mechanism, as shown in Figure 4-2. Two indents on the surface of the hinge ensure that 

the particles are placed at the exact same position for every run. Upon releasing the mechanism, 

both particles simultaneously fall straight down and into the second section of the apparatus. Here, 

the particles free-fall into their respective Faraday cages, where their initial charges are 

independently measured. The top Faraday cages were built each using two hollow copper tubes 

placed one inside the other (the outer cup is 0.15 m tall with a 0.08 m outer diameter). They are 

held in place by grooves on the top surface of the enclosure (third section). The trap-door mount 

can be adjusted vertically to modify the drop height of the particles, to vary the free-fall velocity 

and/or the trajectory of the particles before and after impact. The metallic particle holder and 

release mechanism was grounded to mitigate the signal noise it generated on the charge 

measurement reading when it swung open, with the added benefit of mitigating any effect on the 

trajectory of the free-falling particles due to electrostatic forces. 

 

Figure 4-2: Side and top view of the particle holder and release mechanism. 

The particles exit the top Faraday cages straight into the insulative enclosure, identified as the third 

section. The enclosure was constructed using high-density polyethylene sheets, with a removable 

acrylic front cover. In the fourth section within the enclosure, the free-falling particles pass through 

an under-mounted acrylic cylinder (0.1 m tall, 0.15 m diameter), which acts as a wind-box. The 

wind-box has lateral ports on two sides to house the gas nozzles – 0.0127 m (1/2”) diameter 

stainless steel tubing – used to push the particles towards each other. A free-fall zone below the 

wind-box gives the particles enough time to collide and rebound off each other. The airflow rate 

in the nozzles was controlled using a mass flow controller in LabVIEW. This allowed the tuning 

of the particle trajectories and improved the frequency of successful collisions. While a single 

nozzle on each side of the wind-box was sufficient, the column can also house multiple nozzles in 
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series for an increased effect on the trajectory, if necessary. The fifth section is the particle-particle 

collision zone following the wind-box. This open space needed to be long enough to give the 

particles time to collide and then rebound off each other. Finally, the last section is where the 

rebounded particles fall into separate Faraday cages for their final charge measurements. Given 

the element of randomness in the particle rebound trajectories, the bottom Faraday cages were 

fabricated using wide and deep copper cups (0.3 x 0.2 x 0.2 m for each outer cup) to ensure the 

particles can be captured and contained. The total height of the apparatus, from the particle holder 

to the base of the bottom Faraday cages, is approximately 0.8 m. 

A successful collision trial requires the particles to fall straight through the mount and top Faraday 

cages, collide with each other below the wind-box, and then rebound into the two separate bottom 

Faraday cages. This could be challenging given the element of randomness currently present for 

the particles’ trajectories, particularly due to any turbulence in the wind-box. As such, a large 

number of collision trials could be required to obtain statistically significant results. However, 

many runs can be performed quickly using this apparatus, which can compensate for cases of low 

collision rates. Moreover, this apparatus design allows the adjustment of the particle mount height 

and gas injection velocity. This can aid in maximizing the frequency of successful collisions, 

especially when testing particles of varying sizes and densities, and can also lead to testing 

different impact velocities and angles.   

4.3.2. Particle Collision Detection and Tracking 

Each experimental run was video-recorded using a Sony RX100 V digital camera at 920 frames 

per second. This was necessary to confirm if an elastic collision has occurred, and if the particles 

then dropped directly into their respective Faraday cages after the collision. Figure 4-3 showcases 

the video snapshots of two particles experiencing an elastic collision. 

 

Figure 4-3: Snapshots from a particle-particle collision video, taken at 0.21 s intervals. 
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The recordings have shown that collisions can occur at varying angles, and in some cases the 

particles may simply miss each other. As such, a successful collision is identified by the sudden 

change in the trajectory of the two particles upon collision. This change in trajectory can be 

observed by applying a particle tracking method, using LabVIEW Vision, to build composite 

images of the falling particles, as shown in Figure 4-4. Developing such composite images also 

allows the calculation of the colliding particles’ falling velocity, and in turn their impact velocity, 

for future studies. 

 

Figure 4-4: Composite image of two particles undergoing an elastic collision. 

4.3.3. Charge Measurement Technique 

All four Keithley 6514 electrometers in this apparatus were controlled and monitored in 

LabVIEW. It was programmed to simultaneously measure the charge in the four Faraday cages 

for the duration of a single run, using a buffered reading rate of 100 Hz. This reading rate was 

selected to provide a fast measuring speed, ensuring that the maximum particle charge measured 
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in each Faraday cage reflects the actual charge of the particle, while also minimizing the signal 

noise. 

For each run, the baseline for the charge measurement was adjusted to 0 nC. The electrometers’ 

noise readings can also be accounted for since they are periodic in nature and their amplitudes are 

negligible relative to the particle charge values. The charge signals obtained from each Faraday 

cage can be analyzed to determine the particles’ charges before and after their collision. It should 

be noted that every coulomb reading by the electrometer has a measurement accuracy of “± 

(Value*0.4% + 50 fC)”. This reading error is truncated when finding the charge difference (final 

– initial) on a particle and should be considered when analyzing the amount of charge transferred 

from one particle to the other. A sample set of charge readings for one particle, detected by 

electrometers connected to a top and bottom Faraday cage, is shown in Figure 4-5. The reading 

from the top Faraday cage corresponds to the particle’s initial charge, which can be characterized 

as an impulse as the particle passes through the cage. After the collision, the particle falls into and 

remains in the bottom Faraday cage, hence the particle’s final charge is seen as a step-change. 

 

Figure 4-5: Charge readings of one particle dropping through its top Faraday cage before the 

particle-particle collision, and then landing in its bottom Faraday cage after the collision.  
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The apparatus was designed to limit any external effects on the colliding particles between the 

initial and final charge measurements. The only interaction the particles experience during a trial, 

other than their collision, is with the dry building air used inside the wind-box. It should be noted 

that electrometer calibration tests were performed to correct for any measurement error between 

the paired electrometers. It was confirmed during these calibration tests that the dry air did not 

have a noticeable effect on the charge of the particles. That is, the charge on the particles measured 

by the top Faraday cages were the same as those measured by the bottom Faraday cages.  

4.4. Results and Discussion 

Spherical polytetrafluoroethylene (PTFE) particles (3.18 ± 0.05 mm diameter), purchased from 

McMaster-Carr, were used to test the apparatus design. These particles are ideal for initial testing 

because PTFE is a highly electronegative material and can gain a significant amount of negative 

charge from metal contacts and general particle-handling. As such, combining their 

electronegativity and size, each of these particles can have a measurable initial charge and 

subsequently a measurable magnitude of charge transfer upon collision. Dry building air (relative 

humidity (RH) = ~0%, T = 22 °C) was used in the wind-box, and collisions were observed when 

the air was fed at 150 SLPM per nozzle. The experiments were performed in an ambient laboratory, 

where the temperature was controlled at 24 °C and the RH ranged from 43 to 49%. While this 

variance in the RH did not have a noticeable impact on the current results, it may be beneficial in 

future works to modify the apparatus to allow collisions under vacuum conditions.  

The results from 70 collision trials are presented and discussed. In all trials, the initial charges of 

the particles were never the same value, and it was impossible to predict which of the two particles 

was more negatively charged prior to the experiment. As such, to simplify the analysis of the 

charge transfer between the two colliding particles in each trial, the paired particles were labeled 

based on their initial charges relative to each other, as shown in Figure 4-6. For example, in one 

trial where the initial charges of the paired particles were -0.06 and -0.03 nC, the particle with the 

greater negative charge, -0.06 nC, was labeled as Relatively Negative (RN) Particle whereas its 

paired particle, with a charge of -0.03 nC, was labeled as Relatively Positive (RP) Particle.  
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Figure 4-6: Initial charge comparison of paired particles measured for all trials. 

Figure 4-7 compares the difference in charge between two particles before and after their 

collisions. In most cases, it was found that a particle-particle collision resulted in a small amount 

of charge transfer, since the difference in the particles’ initial charge (before collision) was close 

to the same as the difference in the particles’ final charge (after collision). This was expected since 

the effective work function difference between the two identical particles should be very close to 

zero – the primary driving force for charge transfer between the two particles would be their 

difference in initial charges. 

 

Figure 4-7: Comparing the charge differences between two particles before and after their 

collision. 
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It is expected for two objects of varying charges to move towards charge equilibrium upon 

collision, i.e. their difference in charge after collision should be lower than their initial charge 

difference. However, it is evident in Figure 4-7 that this was generally not the case; the particles 

tended to charge such that their charge difference grew greater after their collision. This 

phenomenon could be explained using the surface state model [20]. While the overall charge on 

one particle might be more negative than the other, the particle’s localized charge at the point of 

impact might be more positive. As a result, the more negatively charged particle can end up gaining 

negative charge from the collision event. The tested PTFE particles were previously studied and 

their saturation charge value was determined to be approximately -0.65 nC [11]. It was shown in 

Figure 6 that the initial charges of the tested particles were significantly lower than their saturation 

point, which suggests that their low charges have a low impact on the direction of charge transfer. 

Upon further analysis of these collision trials, 2 distinct charge transfer scenarios were found: 

conventional charging, where the colliding particles charge oppositely; and anomalous charging, 

where the colliding particles both charged in the same direction. 

4.4.1. Conventional Charge Transfer 

Conventionally, a collision between two surfaces causes charge transfer from one surface to the 

other. It was therefore expected from these particle-particle collisions that one particle to charge 

in the negative direction while the other charges oppositely in the positive direction. Moreover, if 

the charge transfer was solely due to the particle-particle collision, then the change in charge for 

both particles should be the same magnitude. Overall, 41 collision trials exhibited conventional 

charge transfer. However, taking the coulomb reading errors into account for each trial, it was 

found that 15 trials exhibited near-perfect collisional charge transfer. These ideal charge transfer 

trials are shown in Figure 4-8, sorted by the magnitude of the net change in charge of the paired 

particles.  
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Figure 4-8: Ideal charge transfer trials where (a) the collided particles exhibited conventional 

charging with near-perfect collisional charge transfer; (b) the charge transfer trials were sorted by 

increasing discrepancy in the charging of the paired particles.  

The remaining conventional charging trials, that exhibited charge transfer discrepancies beyond 

the truncated reading accuracy of the electrometers, are shown as imbalanced charging trials in 

Figure 4-9. It was observed that the imbalances in the charge transfer trials were more pronounced 

for larger charge transfers. At the same time, the larger charge transfers did not strictly correlate 

with greater initial charges, as shown in Figure 4-10. This suggests that the particles’ initial charges 

were not the driving force for the significantly larger changes in charge. Finally, it was observed 

that the net charge generated after the particle-particle collision was negative in 31 of the 
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conventional charge transfer trials. As mentioned above, it was confirmed through calibration tests 

that the change in charge for the particles in this apparatus was expected to be solely due to the 

particle-particle collisional charge transfer. The current findings, however, suggest otherwise. 

Thus, it is possible that an unknown charging mechanism, in addition to particle-particle contact 

charging, is generating negative charge on the particles. 

 

Figure 4-9: Imbalanced charge transfer trials where (a) the collided particles exhibited a charge 

transfer discrepancy beyond the truncated reading accuracy of the electrometers; (b) the trials were 

sorted by increasing net change in charge. 
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Figure 4-10: The effect of each particle’s initial particle charge on its change in charge after 

experiencing a particle-particle collision. 

4.4.2. Anomalous Charging 

In addition to the imbalanced charge transfers observed in the conventional charging trials, 29 

collision trials have experienced anomalous charging where both particles charged in the same 

direction. These trials are listed in Figure 11, sorted by the degree of negative charging experienced 

by the RN Particle. Anomalous charging behaviour has been observed and reported in contact 

experiments using inorganic materials, but were concluded to not occur in carbon-based materials 

such as polyethylene and PTFE [45]. It is therefore unclear why a significant portion of the 

collision trials experienced anomalous charging, though it is possible that this behavior is an 

extension of the observed conventional yet imbalanced charging trials. In both cases, the net charge 

generated after the particle-particle collisions tended to be negative. Given the relatively low 

charging magnitudes observed in the anomalous cases, it is possible that typical conventional 

charge transfers experienced by the colliding particles were overshadowed by the additional 

negative charging experienced by the particles. 
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Figure 11: Anomalous charge transfer trials where the collided particles experienced charging in 

the same direction. 

4.5. Conclusions and Future Work 

In conclusion, an apparatus to study the direction and magnitude of charge transfer between two 

colliding particles was designed and built. This design ensured that the measured change in each 

particle’s charge was solely due to the particle-particle interactions between the two colliding 

particles. The collisions were confirmed by monitoring the particle trajectories using a high frame-

rate camera coupled with particle-tracking software. Upon performing preliminary tests on this 

apparatus with PTFE particles, it was confirmed that triboelectrification solely due to the particle-

particle collision can be observed. However, additional charge generation was also observed in 

most collision trials, indicating that an unknown charging mechanism could also play a role in the 

particle-particle interaction. In some cases, this mechanism could overshadow the particle-particle 

charge transfer, possibly leading to the numerous anomalous charging trials observed. Further 

collision trials, particularly with highly charged particles, may shed some light on this charge-

transfer behaviour. In most cases, the initial charge of the colliding particles did not dictate the 

direction of charge transfer, which held true even for the ideal charge transfer cases. Future work 

for this study involves testing with highly charged particles; to explore the cause of the additional 

charging observed in many cases, and to confirm if initial charges closer to the particles’ charge 

saturation point have an impact on the direction of charge transfer. Finally, the apparatus must be 

used to test the charge transfer between polyethylene particles of varying sizes, to work towards 
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the objective of developing a particle-particle charging model for simulating electrostatic effects 

of polydisperse particles in gas-solid fluidized beds. 
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Abstract 

The charge transferred between individual particles of varying materials (aluminum, PTFE and 

nylon) and sizes (3.2 – 4.8 mm) was investigated using a particle collision apparatus. The collisions 

were video-recorded and analyzed via a Particle Tracking Velocimetry software to determine the 

particles’ impact velocities and angles. Glancing impacts were found to have a notable effect on 

charge transfer. Different-material collisions exhibited expected directions of charge transfer. 

Same-sized nylon collisions revealed that their charge transfer amplified the difference in the 

particles’ initial charges in most cases. Different-sized nylon collisions suggested that size-

dependent bipolar charging occurs in individual particle-particle collisions. However, the charging 

magnitude and direction did not correlate with their size differences, and so additional particle 

collision experiments with other material types and sizes are needed. This work should be 

considered as a steppingstone for future researchers to explore particle-particle charge transfer in 

their respective systems, and develop empirical particle charging models. 
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5.1. Introduction 

Electrostatic charging is a seemingly simple phenomenon where an insulator gains or loses charge 

after colliding with another surface. However, progress has been slow in understanding even the 

most fundamental aspects of charge transfer [1]. This is partly because charge transfer is extremely 

sensitive to the properties and conditions of the contacting surfaces and their environments. For 

example, Masuda et al. (1976) discussed how charge transfer between insulators could increase 

drastically by simply introducing an impurity on their surface [2]. This behavior was convincingly 

demonstrated by Horn et al. (1993), who observed enhanced contact electrification between two 

silica surfaces when one was coated with a single chemisorbed monolayer [3]. More recently, 

Heinert et al. (2020) saw that even ambient fields can contribute to induction charging [4], 

suggesting that any changes to the lab environment or operation of the charging experiments could 

lead to unreproducible results. In addition to its sensitivity, charge transfer occurs due to a complex 

combination of competing contact charging mechanisms. Despite being heavily debated over the 

years, it remains unclear which charging mechanism dominates in triboelectrification: electron 

transfer [5,6], ion transfer [7,8], or material transfer [9,10]. Lacks and Shinbrot (2019) provided 

extensive details on the observed complexity in triboelectric charging, which, in some cases, even 

defied our qualitative understanding of the subject [11]. Due to the described complexity in 

possible charge transfer mechanisms, the electrostatic charging behaviour for a given system can 

only be understood by performing experiments relevant to that environment. One of these poorly 

understood charging behaviours is the bipolar charging of insulators observed in gas-solid flow 

systems. Numerous studies have shown that bipolar charging is prevalent in particle flow systems 

with a wide particle-sized distribution. It has been widely established that smaller particles in 

granular systems tend to charge negatively [12–14], although contrary findings have also been 

reported for specific polymers in fluidization studies [15,16]. In industrial applications such as 

fluidized bed reactors for polymer production, one must consider interactions between the 

produced polymer, catalysts, antistatic agents and any impurities present during the fluidization 

process. This complex mixture of particles of varying sizes could certainly alter the charging 

behavior than what is observed in simpler granular systems. Ultimately, the direction of charging 

between different-sized insulators is dependent on the properties of the colliding materials, and 

particularly the dominant charged species involved. It is unclear whether bipolar charging is a 

consequence of particle interactions in bulk flow, or if it is also prevalent in individual collisions. 
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Bipolar charging behaviour must therefore be studied at a fundamental level; to determine the 

direction of charge transfer between individual particle-particle collisions of different-sized 

insulators. 

5.1.1. Particle-Particle Charging Experiments 

In an effort to study the charging behaviour between insulative particles, several researchers have 

developed experimental procedures to observe particle-particle collisions and measure their 

change in charge. Xie et al. (2013) performed particle contact experiments where one particle was 

dropped onto a resting particle of the same or larger size [17]. These collisions of homogeneous 

particles, which ranged between 2 and 20 mm in size, revealed that the maximum magnitude of 

charge transfer occurred when the diameter ratio between the two particles was 0.6. While the 

charge on the smaller, free-falling particles was not measured, it could be deduced that these 

particles gained negative charge equal to the magnitude of positive charge measured for the larger 

particle. Bilici et al. (2014) developed an integrated fluidized bed and electrostatic separator 

system to induce and characterize particle charging solely due to interparticle interactions [18]. 

Their tests using a bidisperse mixture of soda lime glass particles showed that the smaller particles 

charged negatively, whereas the larger particles charged positively. In addition, the charge 

segregation for one particle size was strongest when its collisions were mostly with particles of 

the other size [18]. Waitukaitis et al. (2014) further confirmed this size-dependent charging 

behavior, where smaller particles charged negatively, by tracking individual grains falling and 

colliding in an electric field [19]. Konopka et al. (2020) performed same-material particle-particle 

collisions by shaking 0.8 mm to 1 mm polyethylene resin in a metal container coated with a 

monolayer of the same particle [20]. They observed bipolar charging on the particles, which took 

significantly longer to reach charge saturation than their cases of particle-metal collisions. The 

dependency on particle size for the bipolar charging was not considered in their study.  

Our contribution to studying particle-particle charge transfer was through the development of a 

novel collisional charging apparatus [21]. In this apparatus, particle-particle collisions were 

performed using airflow to push two free-falling particles towards each other, and both particles’ 

charges were individually measured before and after the collision. This charging technique 

successfully isolated the charge transfer between two particles, opening the possibility of 

observing the charging behaviours in various types of particle-particle collisions. It should be 
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noted that Kline et al. (2020) also recently developed an apparatus to measure individual particle 

charging due to repeated contacts between acoustically levitated sub-millimetre grains [22]. Using 

a very precise charge measurement technique, they measured charge transfers of approximately 

0.5 fC per collision between two chemically identical polyethylene particles. The scale of these 

charge transfer measurements is significantly lower than what was measured in our initial 

experiments, where 3.2 mm polytetrafluoroethylene particles experienced charge transfers of 

approximately 2 pC. [21]. The greater charge transfer in our previous work could be attributed to 

larger particle sizes and impact velocities, and especially the difference in material type. Thus, to 

further investigate the effect of various properties involved in collisional charge transfer, particles 

of varying materials and sizes were collided together in an updated version of our particle-particle 

charging apparatus. The results presented in this work are part of the continued effort to observe 

and analyze fundamental particle-particle charging behaviours, which would ultimately aid in the 

development of electrostatic charging models for use in gas-solid flow simulations.  

5.2. Design & Methodology 

The original design of the particle-particle collision apparatus and the applied charge measurement 

techniques were presented in Chowdhury et al. (2020) [21]. While the schematic remained the 

same, an updated apparatus was built, which improved the success rate of the collision trials and 

allowed the collision of different-sized particles. The experimental procedure is reiterated here, 

with references to the sections listed on the schematic visualized in Chowdhury et al. (2020) [21]. 

The updates to the original design are also discussed in detail.  

5.2.1. Apparatus Design 

Each collision trial was initiated by loading two particles into the particle holder and release 

mechanism (section 1), pictured in Figure 5-1. This was a removable 0.0127 m (½ inch) thick 

aluminum plate, under-mounted with two sliding trapdoors, activated using pull-type solenoid 

actuators. Multiple plates were fabricated with two holes drilled to match the size of the particles. 

The plates were easily substituted to ensure that the particles of varying sizes were always resting 

at the same position for each trial before their release. While all the presented collision trials were 

dropped simultaneously, having two independent trapdoors allowed the option to perform a 

staggered particle drop when needed. 
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Figure 5-1: Bottom view of the particle holder and release mechanism, showcasing the two sliding 

trapdoors. 

Upon activating the trapdoors, the particles were dropped through two open-ended Faraday cages 

to obtain their individual initial charges (section 2). These Faraday cages were built using two 

hollow copper tubes, one placed inside the other, and were held in place by grooves on the top 

surface of the enclosure. The outer tubes (0.15 m, 0.08 m outer diameter) were grounded while the 

inner tubes were connected to two separate Keithley 6514 electrometers. Once the free-falling 

particles entered the enclosure (section 3), they passed through an under-mounted acrylic wind-

box (0.1 × 0.085 × 0.085 m). Here, the particles were pushed towards each other using air jets fed 

through two lateral 0.0127 m (½ inch) nozzles (section 4). The particle-particle collision zone 

below the wind-box (section 5) gave the particles enough time to collide and rebound off each 

other. A 960 FPS camera (Sony RX100 V) was focused on this zone to record the particles’ 

movements and confirm if a collision took place. If a collision occurred, the rebounding particles 

fell into their respective bottom Faraday cages, where their final charges were measured by two 

additional Keithley 6514 electrometers (section 6). These Faraday cages were fabricated as copper 

cups (0.3 × 0.2 × 0.15 m for each outer cup), which were deep enough to capture the particles and 

wide enough to account for varying particle rebound trajectories.  

All four electrometers used in this apparatus were controlled and monitored in LabVIEW. They 

were programmed to simultaneously detect charge signals for the duration of a single run, using a 

buffered reading rate of 100 Hz. The initial and final charges for each particle are used to calculate 
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their change in charge, ∆𝑄, due to the particle-particle collision. The initial charge of the particles 

could be minimized using a charge neutralizer, although it is logistically not possible to obtain a 

completely neutral initial charge due to general particle handling as well as particle-metal 

interactions with the particle-holder. The particle charging data were deemed usable for each 

collision trial when the net change in charge, ∆𝑄𝑛𝑒𝑡, for the two particles were sufficiently close 

to zero. Since these calculations require charge readings from four different electrometers, precise 

and accurate charge measurements were vital to minimize the truncated measurement errors. The 

charge measurement and signal analysis was discussed in detail in Chowdhury et al. (2020) [21]. 

The airflow rate in the nozzles was controlled using a mass flow controller in LabVIEW, which in 

turn provided control over the particle trajectories. The airflow rate was tested between 80 and 175 

SLPM on each nozzle to identify the ideal conditions for collisions which may change depending 

on the size and density of the particles. It was found that 125 SLPM provided successful collisions 

for all tested combinations of particle types and sizes. 

The most notable improvement to the original design was the sliding trapdoor mechanism, which 

automated the simultaneous release of both particles and greatly reduced the effect of electrostatic 

forces on their starting trajectories. Moreover, implementing the solenoid actuator made it possible 

to activate the trapdoor through LabVIEW, thus synchronizing the particles’ release with the 

buffered reading of the electrometers. This not only streamlined the process of repeating collision 

trials but also simplified the post-processing of the charge measurement readings. Minor 

modifications include a reduced spacing between the two particles at the start and a longer collision 

zone to allow the particles ample time to rebound and fall into their separate Faraday cages. These 

changes to the design significantly increased the rate of successful collisions. 

5.2.2. Collision Detection & Particle Tracking 

The turbulence in the wind-box due to continuous gas injection, coupled with the electric field 

effect from the particles’ initial charges, introduced an element of randomness to every collision 

trial. A slow-motion recording of each trial was, therefore, necessary to confirm if the particles 

collided and then dropped directly into separate Faraday cages. Moreover, since every particle 

interaction is unique, recording each trial also provided the opportunity to group the collisions 

based on their mode of contact. Figure 5-2 showcases the video snapshots of three collision 

scenarios: a clean, direct collision where the particles were at the same height at the moment of 
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impact; an angled collision where one particle was slightly below the other; and a tangential 

collision where the particles grazed each other.  

 

Figure 5-2: Video frames of three sample collision trials: direct contact, angled contact, and 

tangential contact. 

Particularly for tangential collisions, the contact was confirmed by checking if there was a sudden 

change in the particle trajectories after their supposed impact. The trajectories were determined 

using PTVResearch [23], a particle tracking velocimetry (PTV) program built for MATLAB. Once 

the two particles were identified in a video through image analysis techniques such as binarization 

and thresholding, the program determined the pixel coordinates of the particle centers in each 

frame. Plotting these coordinates made it possible to visualize the particles’ trajectories before and 

after their collision, and in turn determine the particles’ impact angle and velocity [24].  
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5.2.2.1. Impact Velocity & Impact Angle 

The series of coordinates obtained through PTV was used to obtain the velocity vectors of both 

particles before and after their collision. Given that each collision was unique, the impact angle 

and, in turn, the normal component of the impact velocity was drastically different for each trial. 

This was an important factor to consider when analyzing the charge transfer data, since normal 

velocity, 𝑢𝑁, is an independent parameter in charge transfer models [25,26]. Therefore, it may be 

beneficial to analyze the charge transfer data for each collision trial as a function of the normal 

velocity. More specifically, the Hertzian theory of contact deformation is used in charge transfer 

models to determine the effective contact area (𝑆𝑐) of colliding surfaces as a function of 𝑢𝑁 [27]:  

𝑆𝑐 = 𝑘𝑠𝑢𝑁
4/5

 5-1 

Here, 𝑘𝑠 is 5-14. The resting particle is selected as such based on their relative mass, such that 

𝑚2 ≥ 𝑚1. Both particles are then rotated about the origin until the velocity of the approaching 

particle only exists in the x-direction. 

 

Figure 5-3: Procedure for identifying the normal velocity at the point of impact: (a) Original 

Coordinates: Determine the particles’ cell-center coordinates as well as their velocities before 

collision. (b) Shifted Coordinates: Shift the coordinates of both particles and adjust the frame of 

reference such that the larger particle is at rest at the point of origin. (c) Rotated Coordinates: 

Rotate the particles about the origin until the moving particle horizontally approaches the resting 

particle. 

This procedure simplifies the geometry of the system such that the velocity of the approaching 

particle represents the rotated impact velocity, 𝑢𝑖𝑚𝑝𝑎𝑐𝑡
∗ , and the impact angle, 𝜙, can be easily 

calculated: 
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sin𝜙 =
𝑏

𝑟1 + 𝑟2
 5-2 

The impact parameter, 𝑏, is the vertical distance between the two particle centers and provides a 

numerical description of the modes of contact shown in Figure 5-2. For example, if 𝑏 = 0 then a 

perfectly direct collision took place between the particles. As the value of 𝑏 increases, the mode 

of contact becomes more angled in nature. Finally, a tangential contact occurs when 𝑏 ≅ (𝑟1 + 𝑟2), 

and after this point it is implied that the collision did not occur. The normal velocity at the point 

of impact is determined using the impact angle 𝜙 and the modified velocity vector: 

𝑢𝑁 = 𝑢𝑖𝑚𝑝𝑎𝑐𝑡
∗ 𝑐𝑜𝑠𝜙 5-3 

Although it is not considered in current charge transfer models, the tangential velocities may also 

be worth investigating for their contribution to charge transfer in particle-particle collisions: 

𝑢𝑇 = 𝑢𝑖𝑚𝑝𝑎𝑐𝑡
∗ 𝑠𝑖𝑛𝜙 5-4 

5.2.3. Materials and Operating Conditions 

The particle-particle charging apparatus was used to perform a matrix of collision experiments 

with varying particle types and sizes. The experiments were performed primarily using smooth, 

spherical particles purchased from McMaster-Carr (USA). The tested materials, which ranged 

between 1.6 and 4.8 mm in size, included polytetrafluoroethylene (PTFE), nylon 6/6, aluminum, 

high-density polyethylene (HDPE), and polypropylene (PP). Particle-particle collisions were also 

attempted using linear low-density polyethylene (LLDPE) resins, which were previously used for 

repeated particle-metal contact experiments [29].  

At the end of every set of collision trials, the tested particles were first rinsed with water to remove 

any large dust particles or impurities they may have picked up after their collision trial. They were 

then thoroughly cleaned with 60% ethanol solution, followed by a second round of water rinsing. 

The particles were then blow-dried for at least 24 hours before storage or reuse. The relative 

humidity (RH) of the lab environment typically ranged between 50-55%. However, dried 

compressed air was injected into the wind-box during the collision trials; it was assumed that the 

continuous flow of the ~0% RH compressed air would mitigate humidity effects on electrostatic 

charging. Nonetheless, the particles likely contained water molecules on their surface, which is 
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known to be a possible contributor to charge transfer [30,31]. As such, it may be worthwhile in 

future experiments to heat-dry the particles, rather than simply blow dry in ambient conditions, 

and then perform the collision trials in a humidity-controlled environment. 

While collisions were observed for almost all tested combinations of particle types and sizes, the 

primary challenge was attaining a measurable value of particle-particle charge transfer. It should 

be noted that every Coulombic reading by Keithley 6514 electrometers has a measurement 

accuracy of “± (𝑉𝑎𝑙𝑢𝑒 ∗ 0.4%) + 0.05 𝑝𝐶”, and the reading error is truncated when measuring 

the change in charge, ∆𝑄, for a particle before and after the collision. This means if the truncated 

reading error for ∆𝑄 is greater than the value itself, then the charge measurement cannot be trusted. 

This situation occurred for all trials involving particle sizes smaller than 3.2 mm. Moreover, the 

majority of the same material collision trials, including both same-sized and different-sized 

collisions, did not exhibit significant charge transfer relative to their reading accuracy and so their 

charge measurements are not reported. This was expected behaviour based on the particle charging 

results from Kline et al. (2020) [22], who found that submillimetre polyethylene particles charged 

an order lower than what is measurable with our electrometer. Ultimately, measurable charge 

transfer data was successfully obtained for same-sized PTFE-PTFE, PTFE-aluminum, PTFE-

nylon, and nylon-nylon collisions. Charge transfers between different-sized nylon particles were 

also detected for combinations of 3.2, 4.0, and 4.8 mm nylon. The material properties of all 

successfully tested particles, along with the tested airflow rates, are summarized in Table 5-1. 

Table 5-1: Densities, sizes, and airflow rates used for all successfully tested particles. 

Particle Type 
Particle Density 

(kg/m3) 

Particle Size  

(mm) 

Airflow Rate 

(SLPM) 

Polytetrafluoroethylene (PTFE) 2130 3.2  100, 125, 150 

Nylon 6/6 1135 3.2, 4.0, 4.8 100, 125, 150, 175 

2017 Aluminum 2790 3.2 125 

High-density polyethylene (HDPE) 970 3.2 125 

5.2.4. Particle Charging in Airflow 

If the collision trials ever exhibited a discrepancy in charge transfer beyond the truncated reading 

accuracy, then an external source must have contributed to the particles’ charging. This was a 

concern that emerged from the charge transfer data for PTFE-PTFE collisions, where a significant 

number of cases experienced imbalanced and anomalous charge transfer [21]. The design of this 
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apparatus relied heavily on the notion that non-ionized airflow does not affect particle charging. 

However, provided that the colliding particles did not touch any other surface during the run, it 

could be reasoned that the airflow was responsible for this discrepancy. This was confirmed by 

dropping single PTFE particles through the apparatus with and without the airflow. The charge 

measurements were related to the particles’ initial charges (Qi), with an example shown in Figure 

5-4 for 3.2 mm PTFE particles.  

 

Figure 5-4: Change in particle charge as a function of initial charge for single 3.2 mm PTFE 

particles dropped with and without airflow. 

In general, high initial charges (|𝑄𝑖| > 200 𝑝𝐶) resulted in truncated measurement errors that 

would overshadow the actual charge transfer magnitudes observed from the collision trials (i.e. 

larger error bars with increasing initial charges). Although collisions were already rare at high 

initial charges, the measurement error gave another reason to avoid such trials. Thus, only lower 

initial charges (|𝑄𝑖| < 200 𝑝𝐶) should be considered in the collision trials. Within this range, it 

was clear that PTFE did not generate charge when dropped without airflow. On the other hand, 

charge generation was observed in a few cases with airflow. This explains the cases of anomalous 

charging behaviour observed in the previous study [21], and confirms that PTFE cannot be reliably 

used for further experiments with this apparatus.  
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Since PTFE tended to charge negatively when interacting with the non-ionized airflow, its highly 

electronegative nature is the likely source for its electrostatic instability. Thus, less electronegative 

polymers such as HDPE and nylon 6/6 were selected as potential particles for the collision 

experiments. As shown in Figure 5-5, HDPE and nylon particles experienced much lower charge 

generation from the airflow interactions. Particularly for nylon, the airflow effect was minimized 

when |𝑄𝑖| < 100 𝑝𝐶 . It should be noted that nylon appeared to generate positive charge at 

relatively higher initial charges, which suggests that the mechanism for the airflow-induced 

charging behaviour is affected by the electronegativity of the particle. 

 

Figure 5-5: Change in particle charge as a function of initial charge for single HDPE and Nylon 

particles dropped with airflow. 

The effect of airflow on charge transfer was an unexpected finding from this work, and a lot of 

focus was placed on addressing this observation as part of the development process for the 

collisional charging apparatus. As presented, it was clear that increasing particle charges and the 

presence of a sufficiently strong airflow resulted in particle charging due to gas-particle 

interactions. It should also be noted that this charging behaviour persisted with different sources 

for the airflow, including extra-dry air and nitrogen from pressurized cylinders. One possible cause 

for the particle charging could be due to the particles interacting with atmospheric aerosols, which 

are typically present in standard laboratories. These aerosols can be rigorously disturbed within 

the wind-box of the apparatus, and subsequently settle onto the particle if they have a sufficiently 
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large surface charge. Although the charging effects of airflow was minimized for this work, the 

phenomenon should be explored in more detail in the future. 

5.2.5. Reproducibility of Charge Measurements 

For the success of this apparatus, the charge transfer results for such fundamental experiments 

needed to be reproducible over multiple days. Thus, any cause for significant changes in the 

charging behaviour had to be identified and addressed. As such, all the collision trials were 

performed the same way, and the lab environment remained unchanged over the multiple days the 

experiments were performed. This also included maintaining the condition of the tested particles, 

which could be different based on the production batch, storage conditions, and cleaning procedure 

for when they are reused in collision trials. The importance of performing this procedure is 

showcased in Figure 5-6, which compares the magnitude of charging observed on Nylon particles 

in each consecutive day. Nylon particles were washed at the end of each day and were reused after 

at least 24 hours of drying. In Day 1, the nylon particles were used directly from storage; they were 

previously used for similar collision experiments and then washed and kept sealed in storage for 

several months. It was observed that the consecutive days of collision experiments (Day 2 and 3) 

exhibited lower degrees of charging than in Day 1, suggesting that the cleaning process removed 

dust particles or other impurities, or they modified the surface morphology or chemistry of the 

particles. On Day 4, a new batch of nylon particles was purchased and tested without washing and 

subsequently washed, dried, and reused in Day 5. These newer particles exhibited similar charging 

magnitudes before and after washing (Day 4 and 5) and were also comparable to the older particles 

after washing (Day 2 and 3).  

These findings showcase the importance of ensuring that no impurities are present on the particles 

when studying fundamental charge transfer behaviours. It also means that for any electrostatic 

charging experiments performed to analyze particles from an industrial application, the particles 

must be kept in the exact same conditions as when they are used. Any variances in the operating 

conditions, surface morphology, or presence of impurities could drastically change the charging 

behaviour.  
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Figure 5-6: Charge transferred to 4.0 mm particles in 4.0 mm-3.2 mm nylon collision trials over 

multiple days. The particles were washed and blow-dried for at least 24 hours prior to their use in 

each day. Notes: particles were used directly from storage and not pre-washed in Day 1. Newly 

purchased batch of non-washed particles were used in Day 4, which were then washed, dried, and 

reused for Day 5. 

5.3. Results & Discussion 

Charge transfer data will be presented for same-sized PTFE-aluminum, PTFE-nylon, and nylon-

nylon collisions; and different-sized nylon collisions using combinations of 3.2, 4.0, and 4.8 mm 

nylon. The effects of initial particle charge, impact velocity and impact angle will be discussed for 

several of these cases. 

5.3.1. Different-Material Collisions 

Polytetrafluoroethylene (PTFE) has been identified as a highly electronegative insulator across 

many documented triboelectric series for metals and insulators [32]. This means that PTFE 

particles should consistently gain negative charge after colliding with metals and electropositive 

insulators such as nylon. As such, PTFE particles were used to test the performance and validity 

of the particle-particle charging apparatus. Particle-particle collisions of PTFE with aluminum and 

nylon were performed, and, as shown in Figure 5-7, the particles consistently transferred charge 

in the expected direction. When comparing their charge transfer magnitudes, it was observed that 

the PTFE-nylon collisions, on average, transferred more charge than PTFE-Aluminum. This 

behaviour was also expected, since according to the triboelectric series, the work-function 

difference between PTFE and nylon is greater than that between PTFE and aluminum [32]. Finally, 
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near-perfect charge transfer between the particles was observed for most collision trials, implying 

that particle-particle charge transfer was successfully isolated from any other external sources of 

charge in this apparatus. The charge transfer results from these particle-particle collisions have 

confirmed the validity of the apparatus. Thus, it can be used to measure the charge transfer between 

identical particles as well as particles of varying sizes. 

 

Figure 5-7: Charge transfer measurements for each particle in PTFE-Aluminum (left) and PTFE-

Nylon (right) collision trials. (a) Change in charge, ∆Q, where PTFE-Nylon collisions exhibited 

greater charge transfer than PTFE-Aluminum collisions. (b) A net change in charge, ∆𝑄𝑛𝑒𝑡, close 

to zero implies near-perfect charge transfer between particles with negligible external influences. 

The error bars represent the truncated measurement errors from each electrometer. 

5.3.1.1. Comparing particle-particle and particle-plate charge transfer 

The PTFE-aluminum particle collision trials were compared to our previous findings of PTFE 

colliding with an inclined aluminum plate [29]. The particle-plate contact charging apparatus was 

set up in a similar manner to the particle-particle collision apparatus. The PTFE particles were 

dropped through an open-ended Faraday cage to obtain their initial charge. They then contacted 

an angled aluminum plate before bouncing into a second Faraday cage to obtain their final charge. 

By adjusting the drop height and the angle of the plate, the charge generated from the particle-

plate contacts could be determined at varying impact velocities and angles. Particle-plate collisions 

were therefore performed with two drop heights, 62 and 81 cm, and for the latter case, the plate 
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was rotated such that the particle dropped onto it at an angle of 30, 45, and 60° off the normal. 

Figure 5-8 shows the average impact charge measurements, ∆𝑄, from the PTFE-aluminum plate 

collisions grouped based on their set impact angles and velocities.  

 

Figure 5-8: The average charge transferred to 3.2 mm PTFE particles after colliding with an 

inclined aluminum plate. The charge measurements are grouped by the particles’ impact velocities 

and angles, which are defined as shown in the inset.  

The particle-wall collisions show a very strong overlap in the charging data for all collision 

scenarios. This was expected since the small difference in drop height resulted in a minor 

difference in impact velocities. Nonetheless, the effect of impact velocity was still noticeable in 

these experiments; the charge transferred to PTFE, on average, increased with increasing impact 

velocity. The angle of impact also had a clear effect on the average charge transfer, where a larger 

impact angle or a more tangential impact resulted in increased charge transfer. To compare these 

findings to the particle-particle collisions of PTFE and aluminum, Figure 5-9 shows the impact 

charge of PTFE-aluminum particle collision trials in relation to their respective impact velocity 

and angle.  
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Figure 5-9: Effect of impact angle and velocity on charge transfer to PTFE due to PTFE-aluminum 

particle collisions. The PTFE’s impact angle, 𝜙, and velocity, 𝑢, are defined as shown in the inset. 

Although the sample size of PTFE-aluminum collisions was small, especially when considering 

the variation in charge data observed in the particle-wall collisions, the effect of impact velocity 

and angle was already noticeable. The charge transferred to PTFE appeared to increase with 

increasing impact angle and velocity, similar to the behaviour seen in the particle-wall collision 

trials. This behaviour agrees with previous studies in particle-plate contact charging, where it was 

suggested that the dominant charge transfer mechanism in such cases was due to sliding and, more 

significantly, rolling contact [28,33]. However, most charge transfer models used in gas-solid flow 

simulations only consider the normal velocity to determine the degree of charge transfer, and the 

effect of tangential velocity is often neglected. 

While the effects of impact angle and velocity on charge transfer were consistent between particle-

wall and particle-particle collisions, there was still a major difference between the magnitudes of 

charging measured in both contact types. Charge transfer magnitudes from the PTFE-aluminum 

plate collisions were consistently measured at a factor of 10 higher than the particle-particle 

collisions. While this was partly due to the difference in the average impact velocities between 

both cases, a lower degree of charging due to particle-particle contacts was expected since the rate 

of charging from such collisions is significantly lower than charging due to particle-wall collisions 

[20]. However, it was worth investigating whether current charge transfer models reflect the same 
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difference in the degree of charge transfer between particle-wall and particle-particle collisions. In 

both cases, a spherical PTFE particle contacted an aluminum surface at varying velocities and 

angles. The primary difference, besides the aluminum surface being a spherical particle as opposed 

to a flat surface, was that the particle was not grounded during the trial. Nonetheless, the electric 

field effect from the minuscule initial charge on the aluminum particle should not affect the degree 

of electrostatic charging. Looking at Eq. 5-1, the constants based on the surface properties can be 

determined for both the particle-wall and particle-particle cases [26,34]: 

𝑘𝑠,𝑤 = 𝜋𝑑2 (
5𝜋

128
𝜌

(1 − 𝑣2)

𝐸
 )

2 5⁄

 5-5 

𝑘𝑠,𝑝 = 𝜋 [
15√2

32

𝑚1𝑚2

𝑚1 + 𝑚2
(

1 − 𝑣1
2

𝐸1
+

1 − 𝑣2
2

𝐸2
)]

2/5

(
𝑑1𝑑2

𝑑1 + 𝑑2
)

4/5

 5-6 

Here, 𝑑 is the particle diameter, 𝜌 is the particle density, 𝑚 is the particle mass, 𝑣 is the Poisson 

ratio, and 𝐸 is the Young’s Modulus. Applying Eqns. 5-1, 5-5, and 5-6 for PTFE and aluminum, 

and accounting for the fact that the normal velocities in the particle-wall collisions were 

approximately four times larger than the particle-particle collisions, the models predict that 

charging due to particle-wall collisions should be approximately 3.75 times larger than the particle-

particle collisions. However, after normalizing the experimental data by the surface area of contact 

using the same equations, charge transfer magnitudes from the PTFE-aluminum plate collisions 

were roughly five times larger than the particle-particle collisions. Thus, this numerical model 

could be deemed sufficient in approximating the degree of charging for a single collision. 

However, in gas-solid flows where an innumerable number of particle-particle collisions take 

place, this is certainly a notable discrepancy. As such, determining the effective contact area based 

solely on the normal component of the impact velocity would not be sufficient in describing the 

magnitudes of charge transfer for both particle-wall and particle-particle collisions. 

5.3.2. Same-Material Collisions 

Same-sized (3.2 mm) PTFE-PTFE collisional charging results were published along with the 

original design of the apparatus in Chowdhury et al. (2020) [21]. It was found that if the particles 

initially carry low levels of charge (|𝑄𝑖| < 200 𝑝𝐶), their initial charge before collision did not 

dictate the direction of charge transfer. In fact, most collision trials resulted in an amplification of 
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the initial charges, i.e. the particle with a relatively negative charge became more negative. It was 

then hypothesized that a larger difference in initial charge could drive the charge direction towards 

equilibrium, where the particle with a relatively negative charge became more positive. Thus, 

collision trials using PTFE at high particle charges were performed to test this possibility. 

However, two problems arose when attempting these collision trials. First, if the particles were 

beyond a certain threshold of initial charge (|𝑄𝑖| > 600 𝑝𝐶), the strong electrostatic forces on the 

particles severely hindered their simultaneous release from the particle holder. Secondly, 

additional charge generation was detected on PTFE-PTFE collision trials as we had previously 

reported in Chowdhury et al. (2020) [21], which resulted in imbalanced or anomalous charge 

transfer measurements. While the mechanism for this charge generation is still unclear, the 

anomaly was identified to be an isolated interaction between moderate to highly charged PTFE 

particles and the airflow, as discussed earlier. Thus, PTFE was deemed unreliable for further 

collision trials and was replaced with nylon as the primary focus for particle-particle collisions. It 

should be noted that the nylon particles were also limited to low initial charges (|𝑄𝑖| < 100 𝑝𝐶), 

since they were quite susceptible to electrostatic forces due to their lower densities. However, their 

particle charges were far more stable than PTFE in this apparatus, especially for particle sizes 

greater than 3.2 mm.  

5.3.2.1. Same-Sized Collisions 

Figure 5-10 presents samples of same-sized nylon-nylon collisions performed using two sizes – 

3.2 mm and 4.0 mm. For each collision trial, the particles’ polarities relative to each other were 

identified and compared to the direction of charge transfer. Various airflow rates were tested to 

find the ideal conditions for a collision to take place. As expected, higher flowrates were needed 

to push the larger particles towards each other, with 3.2 mm nylon collisions colliding the most at 

100 SLPM whereas 4.0 mm particles needed at least 125 SLPM. The charge measurements in 

almost all collision trials did not indicate charge transfer discrepancies beyond the truncated 

reading accuracy of the electrometers. This was very unlike the charge readings recorded for 

PTFE-PTFE collisions, where more than half the collision trials exhibited imbalanced and even 

anomalous charge transfer behaviours [21]. Collisions between 4.0 mm nylon particles generally 

exhibited greater charge transfers compared to the 3.2 mm collision trials. This was expected since 

a larger particle diameter allows a larger contacting area for charge transfer to occur. However, the 
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scale of charging for both cases strongly overlapped at 125 SLPM, which is likely due to the impact 

velocities being proportionally lower for 4.0 mm nylon than for 3.2 mm nylon at the same flowrate. 

 

Figure 5-10: Sample of charge transfer measurements for nylon particles undergoing same-sized 

particle-particle collisions, using 3.2 mm (left) and 4.0 mm (right) nylon. The error bars represent 

the truncated measurement errors from each electrometer. Charge data is presented for two airflow 

rates for each set of collision trials. (a) Change in charge was higher in 4.0 mm nylon collisions 

than in 3.2 mm nylon collisions. (b) The net change in charge shows mostly negligible 

discrepancies in the charging of the paired particles.  

For the 3.2 mm nylon trials, it was observed that the particles with relatively negative polarities 

charged more negatively after the collision in most cases. On the other hand, charge transfer in the 

4.0 mm collision trials appeared to be more random and not related to the particles’ relative 

polarity. Since charge transfer can only occur in the contacted area between two insulator particles, 

the direction of charge transfer is likely dictated by the localized charge difference at their 

contacting surfaces. This should result in random charging directions in both collision scenarios, 

especially since the tested particles only carried low initial charges. However, 3.2 mm nylon 

collisions clearly favored charge amplification as opposed to equilibrium charging, akin to the 

previously tested PTFE collisions [21]. This charge amplification behaviour could be explained 

by the iterative dipole amplification model [35]. The electric field generated by the net initial 
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charges could induce a dipole moment as the particles approach each other. Upon contact, the 

charges from the dipole moment closest to the colliding surfaces will get fully or partially 

neutralized, thereby amplifying the initial charges of the particles upon separation [11]. While this 

model is in good agreement with the results shown for 3.2 mm nylon collisions, it needs to be 

further explored by performing same-sized collisions with larger particle sizes and, if possible, 

higher net initial charges. 

5.3.2.2. Different-Sized Collisions 

Measurable charge transfer values were obtained using combinations of 3.2, 4.0, and 4.8 mm 

spherical nylon 6,6 particles. The ideal airflow rate for successful collisions, determined through 

trial and error, was 125 SLPM for all combinations. Nonetheless, the flow rate was adjusted, 

whenever possible, to obtain charge transfer readings at varying impact velocities. It should be 

noted that because of the turbulence in the wind-box, a fixed airflow rate did not provide consistent 

particle trajectories and impact velocities. Figure 5-11 presents a sample of collision trials where 

3.2 mm nylon collided with 4.0 and 4.8 mm nylon, and Figure 5-12 presents the same for 4.0-4.8 

mm collisions. Almost all collision trials did not indicate charge transfer discrepancies beyond the 

truncated reading accuracy of the electrometers; near-perfect charge transfer occurred even when 

different-sized particles collided. In all three collision scenarios, the initial relative polarities of the 

particles did not affect the direction of charge transfer. For collision trials involving 3.2 mm nylon 

colliding with 4.0 and 4.8 mm nylon, the smaller particle consistently charged negatively after 

colliding with the other two larger particles. However, this was not the case for the 4.0-4.8 mm 

collisions, where the smaller particle (4.0 mm) charged positively in most cases. To add to this 

conflicting charging behaviour, it was found that the smaller particle in 4.0-4.8 collisions charged 

negatively only when they experienced a tangential collision. The mode of contact did not 

influence the charge direction for the other collision scenarios. Nonetheless, the experiments 

confirmed that bipolar charging could occur with individual different-sized particle collisions, 

which suggests that particle size differences fundamentally play a role in collisional charging of 

otherwise identical particles.  



129 

 

Figure 5-11: Sample particle-particle charge transfer measurements of 3.2-4.0 mm nylon collisions 

with the flowrates set at 100 and 125 SLPM (left), and 3.2-4.8 mm nylon collisions at 125 SLPM 

(right). The error bars represent the truncated measurement errors from each electrometer. Note 

the difference in the scale of the two plots. (a) Change in charge on 3.2 mm nylon was greater 

when colliding with 4.0 mm nylon than with 4.8 mm nylon. (b) The net change in charge 

highlighted the minor to negligible discrepancies in the charging of the paired particles.  

 

Figure 5-12: Sample Particle-particle charge transfer measurements due to collisions between 4.0 

mm and 4.8 mm nylon. The error bars represent the truncated measurement errors from each 

electrometer. (a) 4.0 mm nylon charged positively in most collisions, contrary to previous charging 

direction based on particle size. Negative charging of the smaller particle was only observed for 

tangential contacts. (b) Near-perfect charge transfer observed for most collision trials.  
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5.3.2.3. Effect of Initial Charge Difference 

One of the factors that should have intuitively dictated charge transfer in same-material collisions 

was the initial difference in particle charges, where a greater initial difference should result in a 

stronger drive for charge transfer towards equilibrium. Although the charge transfer results 

presented for same-sized particle collisions introduced the notion of charge amplification, an 

increased driving force for charge separation is still possible with increasing differences in initial 

charge [36]. The direction and magnitude of charge transfer was therefore closely examined based 

on the initial particle charges in all collision trials. To simplify the comparison between all the 

different-sized particle collision scenarios, the charge transfer observed in every collision trial was 

compared to the net surface charge densities of the particles prior to their collision, ∆𝜎𝑖: 

∆𝜎𝑖 =
𝑄𝑖,1

𝜋𝑑1
2 −

𝑄𝑖,2

𝜋𝑑2
2 5-7 

A positive value for ∆𝜎𝑖 implies that particle 1 has a relatively positive surface charge density 

compared to particle 2, and thence should gain negative charge after the collision. Likewise, a 

negative value for ∆𝜎𝑖  suggests particle 1 should gain positive charge. However, the opposite 

would be true for both cases if the charge amplification model is the dominant charging 

mechanism. Figure 5-13 presents the charge transferred to 3.2 mm nylon particles after colliding 

with 3.2, 4.0 and 4.8 mm nylon as a function of ∆𝜎𝑖, whereas Figure 5-14 presents the same for 

4.0 mm nylon particles. The initial surface charge density, 𝜎𝑖, of each reference particle is also 

color-mapped in both figures.  

 

Figure 5-13: Change in particle charge on 3.2 mm nylon after colliding with 3.2, 4.0 and 4.8 mm 

nylon as a function of the colliding particles’ net initial surface charge densities, ∆𝜎𝑖. The initial 

surface charge density 𝜎𝑖 of the reference particle is also color-mapped for each collision trial. 
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Figure 5-14: Change in particle charge on 4.0 mm nylon after colliding with 3.2, 4.0 and 4.8 mm 

nylon as a function of the colliding particles’ net initial surface charge densities, ∆𝜎𝑖. The initial 

surface charge density 𝜎𝑖 of the reference particle is also color-mapped for each collision trial. 

These figures also reconfirmed that same-sized particle collisions exhibited both conventional 

charge transfer and charge amplification for 4.0 mm nylon particles, and primarily charge 

amplification for 3.2 mm nylon. It was also evident that the initial surface charge densities did not 

affect the direction of charge transfer in different-sized nylon collisions. More specifically, 3.2 

mm nylon particles consistently charged negatively regardless of their relative polarity when 

colliding with 4.0 and 4.8 mm nylon, thereby confirming that the bipolar charging behaviour is 

strictly connected to the difference in particle sizes. Although 4.0 mm nylon mostly charged 

positively in both different-sized collision scenarios, there are some cases in the 4.0-4.8 mm 

collision trials where the 4.0 mm nylon particles charged negatively. This discrepancy in the 

direction of charge transfer did not appear to be affected by the difference in initial surface charge 

densities, suggesting that the charging behaviour was influenced by other factors such as particle 

size difference, impact angle or impact velocity.  

It should be noted that the magnitude of charge transfer was generally not affected by the net initial 

surface charge densities, i.e. the range of charge transfer values did not correlate with increasing 

separation of charge densities. This behaviour can be explained by the non-uniform distribution of 

charge on the particle surfaces, resulting in a large variance in the degree of charge transfer 

regardless of the initial charges. The particles’ localized charge at the contact area should then 

dictate the direction of charge transfer especially when the particles have low surface charge 

concentrations. This would explain the supposed charge amplification observed in same-sized 



132 

collisions. On the other hand, the electric field generated from a sufficiently large net surface 

charge between the particles should promote conventional charge transfer in particle-particle 

collisions. However, the effect of highly pre-charged particles could not be studied in these 

experiments, as it was found that the particles with a greater magnitude of initial charge 

consequently had a higher measurement error. Given the low range of the measured charge 

transfer, this limits the reliability of the measurements to collision trials with initial charge 

densities less than approximately 3 pC/mm2. As such, charge transfers for highly pre-charged 

particles could not be reliably tested in these particle-particle collision experiments. 

5.3.2.4. Effect of Impact Velocity & Angle 

Another factor that dictates the degree of collisional charge transfer is the force of impact between 

the two particles. A stronger collision should result in greater charge transfers since the induced 

elastic deformation of the particles would expose more of their surfaces for charge transfer. One 

possibility for the lower charge transfers observed with larger particle sizes could be that the larger 

particles experienced relatively weaker collisions at a given flowrate. Considering Eq. 5-1, weaker 

particle-particle collisions would reduce the effective contact area between the two particles, 

reducing the charge transfer. In addition to weaker collisions, the angle of impact could play a role. 

When two different-sized particles are resting in the particle holder, their centers will be off-set 

from each other by ∆𝑟 . Since the particles were always released simultaneously, an angled 

collision is more likely to occur with increasing particle-size differences. In turn, the collision 

would become more tangential, which could affect the overall charging of the particles.  

The combination of the element of randomness introduced by the wind-box and the vertical off-

set in different-sized particle combinations resulted in a small range of uncontrolled impact 

velocities and angles. Given the complex charge transfer observations discussed above, the 

collision trials were further analyzed based on these two parameters. The charge transferred to 3.2 

mm nylon in all of its collision trials were compared to their respective impact velocities and 

angles, as shown in Figure 5-15. The same is shown for 4.0 mm particles in Figure 5-16. The 

impact velocities were found to range between 0.6 m/s and 2.3 m/s, and the impact angles ranged 

from 0° (direct collision) and 90° (tangential collision). The impact velocities strongly overlapped 

for all collision scenarios, though on average the collisions with smaller particles had slightly 

higher impact velocities. Most of the collisions occurred at impact angles less than ~35°. For cases 
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with impact angles above ~50°, the particles experienced a glancing contact and continued to move 

in the same direction, albeit with modified trajectories.  

 

Figure 5-15: Change in particle charge on 3.2 mm nylon after colliding with 3.2, 4.0 and 4.8 mm 

nylon as functions of impact velocity and angle.  

 

Figure 5-16: Change in particle charge on 4.0 mm nylon after colliding with 3.2, 4.0 and 4.8 mm 

nylon as functions of impact velocity and angle. 

Overall, the charge transfer magnitudes did not have a clear trend in terms of their impact velocity. 

A spread in the degree of charge transfer was expected given the complex interactions of initial 

charges, mode of contact, and availability of high-energy sites in the colliding surfaces. With all 

these parameters possibly affecting the magnitude and direction of charging, the small range of 

impact velocities may not have a significant influence on the charge transfer. One notable 

observation made from these collision trials was that high degrees of charge transfer were possible 

through tangential collisions. The greatest charge transfer generally occurred when the impact 

velocity had contributions from both the normal and tangential velocity components. It should also 
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be noted from Figure 5-16 that some of the tangential collisions in 4.0-4.8 mm nylon trials resulted 

in negative charging of 4.0 particles. This charging behaviour should not be ignored since their 

charge transfer was measured at magnitudes comparable to the rest of the 4.0-4.8 mm collision 

trials. Once again, tangential contacts had a significant influence in particle-particle charging, and 

thus their contribution needs to be considered in charge transfer models. 

5.3.3. Summary of Particle-Particle Charge Transfer 

Figure 5-17 summarizes the results of all the particle-particle collision scenarios, where the charge 

transfer data is averaged for each collision scenario and presented in terms of the amount of 

elementary charge transferred per contact area (as calculated using Eq. 5-1). Given the strong 

overlap in the confidence intervals in all collision scenarios, it is difficult to evaluate how the 

different collision scenarios affected the charge transfer magnitudes. The low statistical confidence 

is first attributed to the fact that individual particle-particle collisions do not exhibit strong charge 

transfers, at least relative to particle-wall collisions as presented above. Secondly, the particles 

exhibited a wide range of charge transfer magnitudes at any given initial charge difference, impact 

velocity and angle. This is likely due to the non-uniform distribution of the already low initial 

surface charge densities. As such, it may still be worth comparing the average charge transfer 

magnitudes for each collision scenario. On average, the PTFE-aluminum collisions resulted in 

lower charging than the PTFE-nylon collisions of the same particle size. As mentioned, this 

coincides with the materials’ work function differences between each other. Amongst the same-

material collision scenarios, 4.0-4.0 mm nylon collisions on average exhibited higher charge 

transfers than the 3.2-3.2 mm collisions, even after normalizing for contact area. 4.0-3.2 mm nylon 

collisions exhibited the highest charge transfer, while 4.8-3.2 mm collisions exhibited the lowest 

– slightly lower than the charging observed in 3.2-3.2 mm collisions. At first glance 4.8-4.0 mm 

nylon collisions may appear to have the lowest average charge transfer, but one should consider 

that this is the only collision scenario with a significant number of collision trials that experienced 

charge transfers in both directions.  
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Figure 5-17: Average charge transferred per contact area for all particle-particle collision 

scenarios, where n is the number of collision trials tested for every scenario. The data points in 

each set were determined by grouping the particles based on their material type and particle size 

and averaging their charge transfer values. For the identical particle-particle collision scenarios, 

the particles from each trial were instead grouped based on their charge transfer direction. 

Although the range of charge transfer measurements in all collision trials resulted in low statistical 

confidence in terms of the magnitude of charge, most collision scenarios with varying material 

type or particle size showcased a strong statistical confidence in terms of the direction of charge 

transfer. However, it remains unclear why varying the particle size had an effect on the nylon 

particles’ direction and magnitude of charge transfer, and why this effect did not correspond with 

increasing particle sizes. Particularly for 4.8-4.0 mm nylon collisions, it was unexpected to find 

that the larger particle mostly charged negatively unlike the rest of the cases. One possible reason 

for this behaviour could be that the particles acquired slight variances in their surface chemistry 

during the production process, which would dictate the direction of charge transfer. For a clearer 

picture of the bipolar charging behaviour, additional particle collision experiments should be 

performed with other material types and sizes, preferably using particles produced in a single batch 

with a wide particle-size distribution.  
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5.4. Conclusions 

An updated version of the particle-particle contact charging apparatus was used to obtain charge 

transfer measurements for a matrix of particle collisions. The apparatus was extensively tested to 

ensure that reliable charge transfer measurements were obtained. For example, the airflow used in 

the wind-box was found sometimes to influence the charge generated on PTFE particles but had a 

negligible effect on HDPE and nylon 6/6 particles when used with sufficiently low initial charges 

(|𝑄𝑖| < 100 𝑝𝐶) . Moreover, the charge transfer data was reproducible as long as the tested 

particles were washed before their reuse, which provided similar results as colliding a fresh batch 

of particles. All collision trials were recorded using a slow-motion camera and analyzed via PTV 

to determine each particle pair’s impact velocity and angle. The video analysis identified the mode 

of contact experienced by the particles, be it a direct, angled, or tangential collision. 

Measurable charge transfer was observed and presented for same-sized PTFE-aluminum, PTFE-

nylon, and nylon-nylon collisions, as well as different-sized nylon collisions. The different-

material collisions confirmed that the apparatus provided reasonable results; PTFE particles 

consistently charged negatively when colliding with aluminum and nylon particles. Near-perfect 

charge transfer was observed for almost all collision trials, where the charge gained on one particle 

was equal to the charge lost by the other. The PTFE-nylon collisions also exchanged more charge 

than the PTFE-aluminum collisions, which agrees with all three materials’ relative ranking in the 

triboelectric series.  

The charge transfer magnitudes in PTFE-aluminum particle-particle collisions, accounting for 

effective contact areas calculated using the normal impact velocities, were roughly 5 times lower 

than those measured in past PTFE-aluminum particle-plate collisions. This factor is slightly larger 

than what current charge transfer models account for, likely due to the exclusion of the tangential 

component. This is confirmed by the fact that the impact angle for each collision was found to be 

directly proportional to the degree of charge transfer in both particle-particle and particle-plate 

collisions. These findings suggest that the tangential component of the impact velocity needs to be 

included in current charge transfer models for all collision types. Currently, most particle charging 

models developed for gas-solid flows only consider the normal component of the impact velocity 

[26,37,38]. Given these experimental results, the tangential component of all collisions should also 

be considered when simulating electrostatic charging. 
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Same-sized nylon particle collisions using 3.2 mm and 4.0 mm particles revealed that the 

transferred charge did not always move towards equilibrium, but instead causes an increased 

separation of particle charges. Particularly for 3.2 mm collisions, the particles’ difference in initial 

charges was amplified in almost all collision trials. This suggests that the charge transfer in 

identical particle collisions may be caused by the neutralization of the induced dipole moments 

between the colliding particles. However, given the low initial charges of the tested particles, this 

charging behaviour could also be attributed to the non-uniform distribution of charge on the 

particle surfaces. For different-sized nylon collision trials, the charge transfer direction was 

independent of the particles’ initial charges and consistently favored one particle size over another. 

Based on the magnitudes and direction of charging, it appeared that the nylon particles’ apparent 

electronegativities did not correlate with their particle sizes. Additional particle collision 

experiments, with other material types and sizes, are therefore necessary in understanding the 

connection between particle size and charge direction. Ultimately, this work is a steppingstone for 

future researchers to explore particle-particle charge transfer in their respective systems, and to 

develop empirically accurate particle-particle charging models.  
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Abstract 

The particle-particle charging model currently used in computational studies of gas-solid flows 

was evaluated on its ability to predict the electrostatic charge transfer in individual particle 

collisions measured in atmospheric conditions. Three particle-particle collision scenarios were 

analyzed: different material particle collisions (3.2 mm PTFE-aluminum and PTFE-nylon), same 

material and same sized particle collisions (3.2 mm and 4.0 mm nylon), and same material and 

different sized particle collisions (4.0-3.2 mm and 4.0-4.8 mm nylon). Although the work function 

difference term in the model should have a dominating effect on both the magnitude and direction 

of charge transfer, the experiments showed similar magnitudes even for same-material collisions. 

Thus, preliminary collision experiments are necessary to obtain the appropriate charging efficiency 

term and to identify the non-zero work function difference that could exist due to the presence of 

impurities or chemical defects present on particle surfaces. While the model correctly predicted 

the direction of charge transfer in different-material collisions, it was unable to capture the 

charging behaviours observed in same-material particle collisions, such as charge amplification 

and size-dependent bipolar charging. The question remains as to how to incorporate these 

mechanisms into the particle-particle charging model to better represent the charging behaviours 

in real systems, especially those with dense granular flows.  
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6.1. Introduction 

Electrostatic charging is known to be prevalent in many gas-solid flow systems. The large 

frequency of particle-wall and particle-particle collisions in such systems can lead to highly 

charged granular flows, which in turn can cause operational challenges such as wall fouling and 

particle agglomeration. In some scenarios, such as flow in grain silos, it can even lead to hazardous 

spark discharges and dust explosions. As such, the electrostatic charging behaviour of insulative 

powders has been extensively studied over the years in various gas-solid flow systems, such as 

fluidized beds [1] and pneumatic conveying systems [2,3]. As a part of this research effort, 

computational fluid dynamic (CFD) simulations of gas-solid flows have also been performed that 

consider the effect of electrostatic charging [4–7].  

The charge transfer models implemented into CFD models can be broken down into two 

components: particle-wall charge transfer and particle-particle charge transfer. Particle-wall 

charging behaviour was extensively studied in numerous bench-scale experimental studies [8–14], 

and a charge transfer model, named the condenser model [9], was confirmed to provide a 

reasonable representation of particle-wall charging behaviour. Variations of the condenser model 

were therefore implemented into the abovementioned CFD studies to simulate charging due to 

both particle-wall and particle-particle collisions. However, particle-particle charging observed in 

bulk particle systems [15–18], and more recently in individual particle collisions [19–21], showed 

complex particle-particle charging mechanisms such as charge amplification [22,23] and size-

dependent bipolar charging [24–26], which are not represented in the condenser model.  

The particle-particle charging model requires further development to accurately represent the 

phenomenon in CFD studies of gas-solid flows. The first crucial step for this is to achieve good 

agreement between the measured and modelled charge transfer values for isolated particle 

collisions. In an earlier work, we conducted individual particle-particle collision experiments using 

particles of varying sizes and materials and observed their charging behaviour [27]. As such, the 

aim of this work is to use the charge transfer data from these experiments to evaluate the particle-

particle charging model. Along with the material and electrostatic properties of the relevant 

particles, the particles’ initial charge and impact velocity will also be used in the model as unique 

input parameters for every collision trial. 
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6.1.1. Particle-particle charge transfer model 

The change in particle charge due to a particle-particle collision is expressed as follows [28]: 

where 𝑘𝑐 is the charging efficiency, 𝜀0 is the permittivity of vacuum, 𝜀𝑟 is the relative permittivity 

of the medium, 𝑉𝑐  is the work function difference between the particle and the wall, 𝑧0 is the 

critical gap for electron transfer, 𝑄𝑖 is the particle’s charge prior to collision, 𝑬𝒄 is the electric field 

acting on the collision point, and 𝑆𝑝 is the contact area between the two particles. The particle-

particle charge transfer model assumes that each of the particles will exchange an equal amount of 

charge during the collision. Moreover, the particle charges are assumed to be equally distributed 

over the particle surface, hence their normalization over surface area. The total contact area is 

estimated using the Hertzian theory of contact deformation between two spherical particles [29]: 

𝑆𝑃 = 1.76 [
𝑚1𝑚2

𝑚1 + 𝑚2
(
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2
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2
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)]
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[
 𝑑1𝑑2
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where 𝑑𝑖, 𝑚𝑖, 𝜈𝑖, and 𝐸𝑖 are the particles’ diameter, density, Poisson ratio and Young’s Modulus, 

and 𝑣𝑁 is the normal component of the impact velocity.  

The proposed particle-particle charge transfer model does not consider the tangential component 

of the impact velocity, which would contribute to sliding or rolling contact between the particles. 

Past studies on sliding and rolling contact charging have shown that, between the two modes of 

contact, rolling contact exposes a much larger contacting surface area leading to significantly 

greater charge transfer between the surfaces [10,30]. The additional contact area due to rolling can 

be estimated as follows [31]: 

𝑆𝑅 = 2𝑣𝑇∆𝑡𝑐√𝑆𝑃 𝜋⁄  6-3 

where 𝑣𝑇 is the tangential component of the impact velocity, ∆𝑡𝑐 is the duration of the contact, and 

𝑆𝑃 is the contact area calculated in Eq. 6-2. The duration of the contact can also be obtained from 

Hertzian theory: 

∆𝑡𝑐 = 2.93 [
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Considering both the normal and tangential impact velocities, the total contact area should 

therefore be the summation of Eqns. 6-2 and 6-3. 

𝑆𝑐 = 𝑆𝑃 + 𝑆𝑅 6-5 

where 𝑆𝑐 is the total contact area, including both the normal and tangential components of the 

impact velocity. This modification for the total contact area calculation was evaluated in this study. 

6.2. Model Evaluation  

In an earlier work we designed a particle-particle collision apparatus such that the measured charge 

transfer between two particles was solely due to their collision [20]. This apparatus was used to 

test collisions between particles of varying material types and sizes [27]. In this work, each tested 

collision scenario will be assessed using the charge transfer model to confirm whether the 

predicted charging behavior agrees with the measured charge transfer data. The material and 

electrostatic properties of the tested particles were obtained from literature [32] and are listed in 

Table 6-1. Since each particle-particle collision occurred in an electrostatically isolated 

environment, with no other particles present in the system, the electric field term in the model was 

set to zero. The critical gap value, 𝑧0, is typically argued to range between 1.0 and 100 nm [33], 

and in this study a value of 1 nm used. The selected value will only have an impact on collisions 

between surfaces with different effective work functions. Ultimately, the charge efficiency term 

𝑘𝑐  was used to set the modeled charge transfer values in the same magnitude range as the 

experimental data. Charge transfer behavior between two surfaces can vary immensely due to 

differences in the surface chemistry, particle shape, surface roughness, or even environmental 

conditions such as relative humidity, temperature, and the medium in which the collision took 

place (i.e., in air, nitrogen, vacuum, etc.). Thus, preliminary triboelectrification experiments will 

always be necessary to identify the appropriate value for 𝑘𝑐 for any given system to account for 

variations brought about by the complex interaction between possible charge transfer mechanisms. 

In this work, the 𝑘𝑐 of every collision data set was selected to minimize the sum of squares of the 

error between the measured and modelled charge magnitudes of every collision trial. 



144 

Table 6-1: Particle properties and model parameters used in the charge transfer model. 

Particle Type 
Particle Size 

(mm) 

Particle Mass  

(mg) 

Poisson 

Ratio 

(-) 

Young’s 

Modulus 

(GPa) 

Work 

Function 

(eV) 

Polytetrafluoroethylene (PTFE) 3.2 36.8 0.46 0.599 4.26 

Aluminum-2017 alloy 3.2 47.2 0.33 72.4 4.20 

Nylon-6/6 3.2, 4.0, 4.8 19.0, 37.2, 63.5 0.40 3.72 4.08 

Model Parameter 
𝜺𝟎    

(pC/V∙mm) 

𝜺𝒓  

(-) 

𝒛𝟎  

(nm) 

𝑬𝒄 

(V/mm) 

𝒌𝒄  

(-) 

Value 0.008855 1.0006 1.0 0 varies 

6.2.1. Rolling contact area 

To analyze the inclusion of the rolling contact area (Eq. 6-3) in the model, the total contact area 

was calculated both with and without the effect of particle rolling between PTFE and nylon spheres 

of the same particle size (3.2 mm diameter). This was one of the tested cases in the particle-particle 

collision experiments referenced in this study [27]. It was observed in that work that increasing 

contact angles, resulting in a lower normal impact velocity, did not notably affect the degree of 

charge transfer. In some cases, a tangential or glancing impact resulted in greater charge transfer 

than head-on collisions [27]. Figure 6-1 shows the calculated contact area for these particle-particle 

collisions plotted as a function of impact velocity at varying contact angles. It is evident that the 

calculated contact area due to rolling has a strong impact on the total contact area between 

particles. In fact, angled collisions could result in a greater total contact area than head-on 

collisions beyond a certain impact velocity. This threshold velocity value would differ based on 

the size and material properties of the colliding particles. In the experimental trials for PTFE-nylon 

collisions, the maximum observed impact velocity was approximately 1.5 m/s, which according to 

Figure 6-1, resulted in similar total contact areas for 0, 30, and 45° collisions. These findings 

suggest that the rolling contact area should be included in the particle-particle charge transfer 

model, and thus will be considered in the following applications of the model for individual 

particle-particle collisions. 
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Figure 6-1: Contact area in particle-particle collisions as a function of impact velocity at varying 

contact angles. The dashed lines represent the total contact area when including particle rolling. 

6.2.2. Different-material, same-sized particle collisions 

The first collision scenario from the experimental work was the charge transfer between PTFE 

spheres individually colliding with aluminum and nylon 6/6 spheres [27]. All the particles in these 

collision trials were the same size at 3.2 mm diameter. Given the identical particle size and the 

absence of any other particle at the time of the collision, the charge transfer model for this scenario 

can be simplified to 

The degree of charge transfer to PTFE in each collision trial, ∆𝑄, was predicted with this model 

using the particles’ measured initial charges, their measured impact velocity and angle, and finally 

the material and electrostatic properties listed in Table 6-1 [32]. The effective work function 

difference is assumed to be a constant for a given collision scenario. The value for 𝑘𝑐 was set to 

0.188 and 0.061 for the 3.2 mm same-sized PTFE-aluminum and PTFE-nylon particle collisions, 

respectively. To observe the charging trend predicted by the model for different material collisions, 

a surface area plot was created for PTFE-nylon collisions using Eq. 6-6, as shown in Figure 6-2.  

𝑑𝑄1

𝑑𝒏𝑐
= −

𝑑𝑄2

𝑑𝒏𝑐
= 𝑘𝑐 [

𝜀0𝜀𝑟

𝑧0
𝑉𝑐 +

𝑄𝑖,2 − 𝑄𝑖,1

𝜋𝑑2
] 𝑆𝑐 6-6 
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Figure 6-2: Surface plot of the charge transferred, ∆𝑄, as a function of the contact area, 𝑆𝑐, and the 

difference in initial charges, ∆𝑄𝑖, as described in Eq. 6-6 and using input parameters based on 3.2 

mm same-sized PTFE-nylon collisions. 

It is evident from the surface plot that the degree of charging did not change with the net initial 

charge; the effective work function difference had a dominant effect on the direction of charge 

transfer, and the magnitude of charging was directly proportional to the contact area. Figure 6-3 

was plotted to compare the actual charge transfer measurements from each collision trial to the 

predicted values from Eq. 6-6, using the initial charge difference, impact angle, and impact velocity 

as input parameters. In the experiments, PTFE was measured to gain negative charge from the 

particle-particle collisions. This was predicted by the charge transfer model due to PTFE having a 

greater work function value than both aluminum and nylon. In addition, the model shows that 

PTFE-nylon collisions are expected to transfer more charge than PTFE-aluminum collisions since 

the work function difference for the former is greater than in the latter. Although the experimental 

findings showed a range of overlapping charge transfer values for both collision scenarios, PTFE-

nylon did exhibit higher charge transfer magnitudes than PTFE-aluminum. In comparison, the 

predicted charge transfer data points were static relative to the range of measured data. 



147 

 

Figure 6-3: Comparing the experimentally measured change in charge for PTFE, ∆𝑄𝑃𝑇𝐹𝐸, with 

that calculated using the charge transfer model. 𝑘𝑐 values of 0.188 and 0.061 were used for PTFE-

Aluminum (blue) and PTFE-nylon (red) collisions, respectively, to minimize their residual 

standard errors visualized along the 45 degree line. 

As mentioned above, the consistency in the predicted values is due to the dominating effect of the 

work function difference term in the model. However, the work function alone did not dictate the 

degree of charging in the experiments, and so other factors need to be identified and emphasized 

in the model that could cause this range of charge transfer. Figure 6-4 presents the same charge 

transfer data in terms of the colliding particles’ initial charge difference. The observed range of 

initial charge differences had a negligible influence on the charge transfer between different 

materials for both the modelled and measured results. However, as shown in Figure 6-5, the model 

predicts that a greater surface area of contact yields higher charge transfers which was not 

consistently observed for the measured data. The residuals between the modelled and measured 

data were generally lower for PTFE-aluminum collisions than for PTFE-nylon collisions, which 

was likely due to electron mobility on the metal surface. This suggests that the non-uniform 

distribution of charge on an insulator surface may have caused the range of charge transfer 

magnitudes in the experimental results. It would explain why a larger contact area did not always 

result in greater charge transfer in the experiments. Thus, the assumption of a uniform charge 

distribution on the particles may need to be reconsidered. 
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Figure 6-4: The effect of the initial charge difference, ∆𝑄𝑖, on the measured and modelled charge 

data for PTFE in (a) PTFE-Aluminum and (b) PTFE-Nylon collisions. The residual plots highlight 

the discrepancies between the measured and modelled data for each (c) PTFE-Aluminum and (d) 

PTFE-Nylon collision trial. 

 

Figure 6-5: The effect of the surface area of contact, 𝑆𝑐, on the measured and modelled charge data 

for PTFE in (a) PTFE-Aluminum and (b) PTFE-Nylon collisions. The residual plots highlight the 

discrepancies between the measured and modelled data for each (c) PTFE-Aluminum and (d) 

PTFE-Nylon collision trial. 
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6.2.3. Same-material, same-sized particle collisions 

The second scenario is the charge transfer between particles of identical material and size. Two 

cases were tested for this scenario using nylon-6/6 spheres with particle sizes of 3.2 mm and 4.0 

mm diameter. The work function difference between identical materials should be zero, and as the 

collision trials were still isolated the particles are not influenced by any additional electric fields. 

The model suggests that the sole driving force for charge transfer in this scenario is the difference 

in initial particle charges: 

The charging efficiency values used in the model for the 3.2 mm and 4.0 mm same-sized nylon 

particle collisions were 13.08 and 25.01, respectively. According to Eq. 6-7, charge transfer will 

always tend towards thermal equilibrium such that the particle with the relatively more negative 

initial charge will charge positively, and vice versa. This behaviour is illustrated in the surface plot 

shown in Figure 6-6, which used input parameters for 3.2 mm same-sized nylon particle collisions. 

 

Figure 6-6: Surface plot of the charge transferred, ∆𝑄, as a function of the contact area, 𝑆𝑐, and the 

difference in initial charges, ∆𝑄𝑖, as described in Eq. (7) and using input parameters based on 3.2 

mm same-sized nylon particle collisions. 

𝑑𝑄1

𝑑𝒏𝑐
= −

𝑑𝑄2

𝑑𝒏𝑐
= 𝑘𝑐 [

𝑄𝑖,2 − 𝑄𝑖,1

𝜋𝑑2
] 𝑆𝑐 6-7 
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To confirm whether this behaviour held true in the experimental results, Figure 6-7 compares the 

predicted and actual charge transfer to the particles with a relatively more negative initial charge. 

As expected, the model consistently showed positive charging for these particles. However, 

experimental results show the opposite is true in almost all cases for 3.2-3.2 mm nylon collisions 

and in roughly half of the 4.0-4.0 mm collisions; the initial particle charge differences can become 

amplified after a collision.  

 

Figure 6-7: Comparing the experimentally measured charge transferred to nylon particles with a 

relatively negative initial charge with that calculated using the charge transfer model. While the 

model predicted positive charging for particles with a relatively negative initial charge, 

experimental data showed both positive and negative charging. Focusing on the magnitude of 

charge transfer instead of its direction, 𝑘𝑐 values of 0.188 and 0.061 were respectively used for the 

3.2 mm (blue) and 4.0 mm (red) same-sized nylon particle collisions to minimize their absolute 

residual standard errors. 

The charge transfer predicted by the model tended to be much lower than what was measured. At 

the same time, the model also predicted higher charge transfers when the actual measurements 

were closest to zero. It should be noted that the charging efficiencies used for these collision trials 

are a factor of 100-1000 times greater than what was used for the different material collision trials, 

further illustrating how much the work function term dominates in the charge transfer model. 

Figure 6-8 explores this behaviour by looking at the effect of initial charge, which is presented in 

logarithmic scale to provide a clearer comparison of the modelled and measured data. It was 
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expectedly observed that the model predicted greater charge transfer with a greater difference in 

initial charge, which was not reflected in experiments. The discrepancy could be due to the 

abovementioned non-uniform distribution of charge; the charge differences localized to the 

contacting area would have the strongest effect on the magnitude of charge transfer.  

 

Figure 6-8: The effect of the initial charge difference, ∆𝑄𝑖, on the measured and modelled charge 

data for nylon particles with a relatively negative initial charge in (a) 3.2 mm and (b) 4.0 mm same-

sized nylon particle collisions. Presented in logarithmic scale. The residual plots highlight the 

significant discrepancies between the measured and modelled data for each (c) 3.2 mm and (d) 4.0 

mm collision trial. 

Although the experimental results from these same-material collisions showed a lower maximum 

charge transfer magnitude, the values were still of the same scale as the different-material 

collisions. This does not align with the charging efficiencies needed to fit the model with the 

experimental data, suggesting that other influential factors were not considered in the model. For 

example, the work function term may not be exactly zero for the same-material collisions due to 

the presence of impurities or chemical and structural defects on real particles. This could explain 

why, as seen in Figure 6-9, the experimental results for 3.2-3.2 mm nylon collisions showed higher 

charge transfer magnitudes with larger contact areas, whereas the model predicted very little 

charge transfer for the same collisions due to the low initial charge differences on those particles 
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(Figure 6-8). This affirms the need to perform triboelectric studies on all studied particles to 

observe their charging behaviours and determine their appropriate modeling parameters prior to 

their simulation. 

 

Figure 6-9: The effect of the surface area of contact, 𝑆𝑐, on the measured and modelled charge data 

for nylon particles with a relatively negative initial charge in (a) 3.2 mm and (b) 4.0 mm same-

sized nylon particle collisions. The residual plots highlight the significant discrepancies between 

the measured and modelled data for each (c) 3.2 mm and (d) 4.0 mm collision trial. 

6.2.4. Same-material, different-sized collisions 

The final examined scenario is the charge transfer between chemically identical nylon-6/6 particles 

but with different particle sizes. More specifically, 4.0 mm nylon particles were collided with 3.2 

and 4.8 mm nylon particles. Again, the work function difference should be zero since the particles 

remain chemically identical and the electric field term is zero since the particle collision is isolated:  

The charging efficiency was set to 64.33 for the 4.0-3.2 mm nylon collisions, and 46.98 for the 

4.0-4.8 mm nylon collisions. Similar to Eq. 6-7, charge transfer using Eq. 6-8 will always tend 

towards electrical equilibrium, except the magnitude and direction of charge transfer is now 

𝑑𝑄1

𝑑𝒏𝑐
= −

𝑑𝑄2

𝑑𝒏𝑐
= 𝑘𝑐 [

𝑄𝑖,2

𝜋𝑑2
2 −

𝑄𝑖,1

𝜋𝑑1
2] 𝑆𝑐 6-8 
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dependent on the initial surface charge densities, 𝜎𝑖. This behaviour is showcased in the surface 

plot shown in Figure 6-10, which used input parameters for 4.0-3.2 mm nylon collisions. 

 

Figure 6-10: Surface plot of the charge transferred, ∆𝑄, as a function of the contact area, 𝑆𝑐, and 

the difference in initial surface charge densities, ∆𝜎𝑖 , as described in Eq. 6-8 and using input 

parameters based on 4.0-3.2 mm nylon collisions. 

The primary finding from the experimental results of different-size collisions was that the direction 

of charge transfer was strongly influenced by particle size. Considering only the surface charge 

densities, a possible contributor to this size-dependent bipolar charging behaviour is that, provided 

with a sufficiently large difference in particle size, the larger particle can have a greater net charge 

but a lower charge density. This would allow for the accumulation of either positive or negative 

charge on the larger particle leading to bipolar charging behaviour, though eventually an 

equilibrium would be reached between the two surface charge densities. However, as shown in 

Figure 6-11, there are major disagreements between the model and the experimental results for the 

direction of charge transfer. 4.0 mm nylon particles charged positively in the majority of its 

collisions with both the smaller and larger particle sizes, whereas the model predicted primarily 

negative charging for 4.0 mm nylon in both collision scenarios.  
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Figure 6-11: Comparing the experimentally measured charge transferred to 4.0 mm nylon particles 

with that calculated using the charge transfer model. The model generally predicted charge transfer 

in the opposite direction of the experimental data. Focusing on the magnitude of charge transfer 

instead of its direction, 𝑘𝑐 values of 64.33 and 46.98 were respectively used for the 4.0-4.8 mm 

(blue) and 4.0-3.2 mm (red) nylon collisions to minimize their reflected residual standard errors. 

Figure 6-12 further shows that the 4.0 mm nylon particles had a greater negative charge density 

than their colliding counterparts in most collision trials. The measured data presented positive 

charging for these trials whereas the model predicted negative charging. For the few cases where 

the 4.0 mm nylon particles had a greater positive charge, the experiments still exhibited positive 

charging which agreed with the model trends. Although the direction of charge transfer is largely 

not in agreement between the measured and modelled data, there is at least good agreement 

between the magnitudes of charge transfer. This was more clearly observed in Figure 6-13, where 

the wide range of charge transfer magnitudes for the measured and modelled data somewhat 

mirrored each other about the x-axis. Thus, size-dependent bipolar charging behaviour which is 

evident in the experiments is not properly considered in the particle-particle charging model, 

though the factors that affect the actual magnitude of charge transfer may not need significant 

adjustments.  
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Figure 6-12: The effect of the difference in initial surface charge density, ∆𝜎𝑖, on the measured 

and modelled charge data for 4.0 mm nylon particles in (a) 4.0-4.8 mm and (b) 4.0-3.2 mm nylon 

collisions. The residual plots highlight the significant discrepancies between the measured and 

modelled data for each (c) 4.0-4.8 mm and (d) 4.0-3.2 mm collision trial.  

 
Figure 6-13: The effect of the surface area of contact, 𝑆𝑐, on the measured and modelled charge 

data for 4.0 mm nylon particles in (a) 4.0-4.8 mm and (b) 4.0-3.2 mm same-sized nylon particle 

collisions. The residual plots highlight the significant discrepancies between the measured and 

modelled data for each (c) 4.0-4.8 mm and (d) 4.0-3.2 mm collision trial. 
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6.3. Conclusion 

The particle-particle charge transfer model currently used in gas-solid flow simulation studies [7] 

was tested to confirm its ability to predict the charging transfer behaviour observed in recent 

individual particle-particle collisions experiments [27]. Three distinct collision scenarios were 

considered: collisions between same-sized particles made of different materials, collisions between 

particles of the same material and size, and collisions between particles of the same material but 

different sizes. The magnitude and direction of charge transfer in these collision scenarios were 

analyzed based on the particles’ work function differences, initial charges, and the contact area 

calculated using both the normal and tangential components of the observed impact velocity. It 

should be noted that this evaluation was performed using a single source of individual particle-

particle collisions that provided all the necessary input parameters for the model. As such, the 

charging behaviours, and the model itself, should be re-evaluated in the future as additional studies 

are performed by other researchers. 

The particle-particle charge transfer model was found to be most effective when considering 

collisions between particles of different materials. In this scenario, the work function difference 

between the colliding particles dictates the magnitude and direction of charge transfer, with a 

negligible influence from the initial particle charges. However, experimental studies of PTFE-

aluminum and PTFE-nylon collisions showed that each collision could result in a range of charge 

transfer magnitudes regardless of their initial particle charges and contact areas. This behaviour 

may be attributed to the non-uniform distribution of charge on the surface of insulator particles. 

Nonetheless, the model can be used to simulate the charging in multi-component granular mixtures 

if a probability density function for the charge transferred per contact area is experimentally 

determined for the desired different-material collisions. 

For isolated same-material collisions, the work function and electric field terms in the particle-

particle charging model are negligible. As such, the charge transfer direction is only dictated by 

the difference in surface charge densities, and the particles were expected to equilibrate their 

charges. However, the experimental results of same-sized nylon particle collisions showed the 

prevalence of charge amplification behaviour that cannot be predicted by this model. Moreover, 

an influence must exist beyond the difference in surface charge densities to emulate the size-

dependent bipolar charging behaviour observed by many researchers. According to previous 
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studies on particle-particle charging, collisions between different-sized particles of the same 

material generally led to the larger particle charging positively and the smaller particle charging 

negatively [34]. However, the charging results of different-sized nylon collisions discussed here 

show that this is not necessarily true for all cases [27]. It is insufficient to simply assume that the 

direction of charge transfer is dictated by particle size; the size of a particle should not be directly 

related to the material’s electronegativity. Thus, additional factors need to be considered in the 

model, such as a non-zero work function difference due to the presence of impurities or 

chemical/surface defects. In addition, if a non-uniform charge distribution is assumed on the 

particle surfaces, then the charged species on the particles not involved in the charge transfer could 

induce an electric field at the contact point, thereby influencing the degree and direction of 

charging.  

Ultimately, the current particle-particle charging model does not sufficiently consider collisions 

between particles made of the same material, and especially not particles of the same material and 

varying sizes. Beyond these limitations, the model could accurately predict charge transfer 

assuming the exact work function difference and initial charges on the contacting surfaces is 

known. These parameters are impractical to determine in real systems, especially those with dense 

granular flows. Thus, the question remains as to how the complex particle-particle charging 

behaviours observed in experimental studies can be better, and more practically, represented by a 

particle-particle charging model. 
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Abstract 

Triboelectrification and its underlying mechanisms have been studied over several decades to 

provide us with deterministic tools which can predict the occurrence of such phenomenon. This 

has also produced many charge transfer models that have been validated by some experiments and 

contradicted by others. However, certain trends have emerged which provide insight for a general 

charge evolution model. Variations produced by impact conditions and solids surface properties 

have been discussed in greater detail in recent years and their effects need to be modeled as well. 

Of particular interest is the occurrence of bipolar charging in insulative particle systems. While 

models can predict such behavior with suitable work function differences, justifying this for 

particles of the same material is not obvious. Aside from discrete models, simulation setup and 

parameters used have also significant impact on outcomes. These factors and their implications 

are reviewed in this paper while highlighting shortcomings that need to be addressed. 
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7.1. Introduction 

In gas-solid flow systems, particles can gain electrostatic charge through particle-wall and particle-

particle collisions. This phenomenon, known as triboelectrification, has proven to be beneficial in 

some applications, such as powder coating [1] and electro-spraying [2]. However, it was also 

confirmed to be detrimental for several industrial processes. For example, in polyethylene 

production the generation of electrostatic charge in fluidized bed reactors has been identified as 

the cause for wall sheeting events [3], which can disrupt production by forcing frequent reactor 

shutdowns. In the pharmaceutical industry, uncontrolled electrostatic charging was found to 

impede the homogenous blending of active pharmaceutical ingredients [4], resulting in the 

production of lower quality drugs. In powder handling processes, such as the pneumatic conveying 

of coal, poor control of triboelectrification could result in dust explosions due to electrostatic 

discharge [5]. The electrostatic charging of particles is inherent in all gas-solid flow systems, and 

not addressing it may lead to undesired, and sometimes unexpected, consequences. 

With the goal of mitigating the effects of triboelectrification in industrial processes, researchers 

have conducted experimental studies for decades. Mehrani, Murtomaa and Lacks (2017) [6] 

compiled a comprehensive review of works pertaining to electrostatic charge buildup and its 

effects in gas-solid fluidized beds, including fundamentals of triboelectrification and charge 

measurement methods. Kaialy (2016) [7] published a review on electrostatic charging and its 

effects in pharmaceutical processes, specifically on material properties and operating conditions 

associated with inhalation powder production and usage. Klinzing (2018) [8] discussed the state 

of research on pneumatic conveying, which included insights on electrostatics. All these reviews 

have shown that electrostatic charging is dependent on the complex interaction between many 

material and operational properties. Extensive parametric studies are therefore key in identifying 

the dominant charging mechanisms for a given system, which may not always be feasible to 

perform experimentally. As such, numerical models of electrostatic charging in gas-particle flows 

can help bridge these knowledge gaps in experimental studies. If developed carefully, these models 

can also be a cost-effective alternative to performing electrostatic charging experiments, especially 

when testing large-scale systems such as gas-solid fluidized bed reactors. 

This review paper will discuss some of the recent findings by researchers, experimentalists, and 

modelers, with the objective of recognizing key aspects that need to be addressed before using 



162 

existing electrostatic models for prediction purposes. This paper is not an exhaustive list of issues 

that need to be addressed but connects certain relevant findings of previous works to highlight 

shortcomings that should be remedied in mathematical models.  

7.2. Charge transfer mechanisms and models 

Electrostatic charge transfer can occur when any two material surfaces contact each other. This 

seemingly simple phenomenon has been observed for centuries [9], but progress in understanding 

the mechanisms behind this process has been slow despite being extensively studied even in 

modern times. The greatest challenge in studying electrostatic charging is the fact that contact 

charging experiments can be unpredictable [10], possibly due to competing and unstable dynamic 

processes involved in any given contact charging event. Currently, the competing mechanisms for 

triboelectric charging include electron transfer, ion transfer, and material transfer. Studies have 

shown that the magnitude and direction of charge transfer in these mechanisms are affected by 

many different factors: electrostatic properties such as electronegativity and charge saturation; 

material properties such as elasticity, morphology and particle size; operating conditions such as 

temperature and relative humidity; or even the electric field acting on the surfaces before contact 

[11]. Considering these and many other factors, one can see the challenge in characterizing the 

charging behaviors observed in gas-solid flow systems where millions of particles of varying 

surface properties and other physical characteristics can experience charging through an 

inconceivable number of particle-wall and particle-particle collisions. Nonetheless, all these 

experimental studies over the years have led to ever-evolving proposals of charge transfer models. 

While it may be impossible to accurately predict the exact charge transferred in individual 

interactions, developing numerical models based on observed charging behaviors in gas-solid 

flows can provide an approximate description of the expected average behavior observed over a 

substantial number of encounters. 

In the most simplified form, the amount of charge transferred to a particle on impact with flat, 

metal surfaces, can be determined as follows [12]: 

∆𝑞 = 𝑐 (1 −
𝑞𝑖

𝑞∞
) 7-1 
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Here, 𝑞𝑖  is the particle charge before collision and 𝑞∞  is the saturated charge value, i.e., the 

maximum charge the particle can accumulate for a given plate material and surrounding 

conditions. Here the effect of any electric field due to surrounding particles and external sources 

is ignored. Eq. 7-1 represents the averaged behavior based on several observations reported in 

literature [13–18]. These researchers have proposed various charging mechanisms between the 

particle and the contacting surface, which manifests as the coefficient 𝑐 in Eq. 7-1 and is discussed 

further in the succeeding sections. Variations on 𝑐 adapted by some researchers are listed in Table 

7-1. These model variations all depict the same charge generation behavior: the total charge per 

particle grows towards an equilibrium value with an exponentially decaying growth rate. The 

primary difference between these models lies on the how the charge saturation point is defined. 

For example, the charge saturation density or the saturation charge is predetermined in all 

equations except the one of [13] where it is indirectly calculated in the ratio 
𝜀0

𝑧𝜏
. 

Table 7-1: Various proposed relationships for the general charge transfer equation. 

Relationship Reference 

𝑐 = 𝜎∞𝐴𝑚𝑎𝑥(𝑣𝑛) [12] 

𝑐 =
𝜀0

𝑧𝜏
𝐴𝑚𝑎𝑥(𝑣𝑛) [13] 

𝑐 = 𝑎𝑞∞; 

𝑑𝑞

𝑑𝑡
= 𝑎(𝑞∞ − 𝑞𝑖) 

[14] 

 

7.2.1. Condenser model 

One of the widely proposed and tested charge transfer models for metal-metal or metal-insulator 

collisions is the condenser (or capacitor) model [17]. This model assumes that electron transfer is 

the chief mode of charge exchange and it was proposed that the contact region between a particle 

and a flat surface can be regarded as a capacitor, as shown in Figure 7-1 [19]. The initial condenser 

model was conceptualized by Cheng and Soo (1970) [20] while determination of the condenser 

capacitance from the contact area and the cut-off distance was provided by Cole et. al. (1969) [21]. 

The model was extended to include the effect of image charge and pre-charge as well [21,22]. The 

model of Matsusaka et. al. (2000) [17] considers these effects as well and shows how the charge 
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evolution equation reaches the form of Eq. 7-1, which corroborates exceptionally well with their 

experimental findings. 

 

Figure 7-1: Condenser model schematic (Adapted from [19]). 

The amount of charge transferred to the particle per collision event, 
𝑑𝑞

𝑑𝑛
, is given by [17]:   

𝑑𝑞

𝑑𝑛
= 𝑘𝑐𝐶𝑉 7-2 

where 𝑘𝑐 is the charging efficiency, 𝐶 is the capacitance between the two surfaces and 𝑉 is the 

total potential difference, which includes the effects of work function difference (𝑉𝑐), image (𝑉𝑖𝑚) 

and space charges (𝑉𝑠𝑝), and any external field (𝑉𝑒𝑥): 

𝑉 = 𝑉𝑐 − 𝑉𝑖𝑚 − 𝑉𝑠𝑝 + 𝑉𝑒𝑥 7-3 

The electric potential due to image charge is determined from the charge of the particle in 

consideration, whereas the potential due to spatial charge considers all the surrounding particles. 

The capacitance 𝐶 is defined as: 

𝐶 =
𝐴𝜀0𝜀𝑟

𝑧𝑐
 7-4 

where 𝐴 is the maximum area of contact between the interacting objects, 𝜀0𝜀𝑟 is the permittivity 

of the medium in between the two surfaces and 𝑧𝑐 is the electric cut-off distance. Thus Eq. 7-2 

becomes 

𝑑𝑞

𝑑𝑛
= 𝑘𝑐

𝐴𝜀0𝜀𝑟

𝑧𝑐
(𝑉𝑐 − 𝑉𝑖𝑚 − 𝑉𝑠𝑝 + 𝑉𝑒𝑥) 7-5 
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In this model, repeated collisions will result in increasing particle charge, until a maximum charge 

value (saturation charge) is reached [17]. As the particle charge increases, 𝑉𝑖𝑚 also increases and 

counteracts the influence of 𝑉𝑐. In the absence of spatial charge and external electric field, the 

charging process will stop when 𝑉𝑐 = 𝑉𝑖𝑚  and hence 𝑉 = 0  in Eq. 7-3. Thus, the number of 

impacts it requires to reach equilibrium is dependent on 𝑘𝑐 and 𝐶. 𝑉𝑖𝑚 is given by the following 

equation if it is assumed that the charge is uniformly distributed on the surface of the particle and 

if polarization by the particle material is neglected: 

𝑉𝑖𝑚 =
𝑞

4𝜋𝜀0𝜀𝑟𝑑𝑝
2

𝑧𝑐 7-6 

Hence, in the absence of other particles and electric fields, the particle can acquire a maximum 

charge: 

𝑞∞ = 4𝜋𝜀0𝜀𝑟𝑑𝑝
2

𝑉𝑐

𝑧𝑐
 7-7 

In these equations, 𝑑𝑝 is the particle diameter. After inserting Eq.’s 7-6 and 7-7 in Eq. 7-5 and 

rearranging the terms, it can be seen that the latter attains the same form as Eq. 7-1, with 𝑐 given 

by: 

𝑐 = 𝑘𝑐

𝐴𝜀0𝜀𝑟

𝑧𝑐
𝑉𝑐 7-8 

Before moving on to discussion of other charging models, parameters which affect the condenser 

model will be summarized as these are relevant to other models as well. 

7.2.1.1. Effective work function difference 

The work function difference between two surfaces is used in the condenser model to predict the 

equilibrium charge, since it is assumed that the charge transfer takes place due to movement of 

electrons. However, electron transfer between insulator materials is theoretically unlikely due to 

the large energy gap between the electron-filled valence band on one surface and the empty 

conduction band on the other. As such, the electron transfer may only occur if intermediate energy 

states exist between the valence and conduction bands [6]. These states could be present due to 

structural and chemical defects on the contacting surfaces, which would be prevalent in granular 
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materials. Moreover, it is possible that the charge carrying species involved in the 

triboelectrification include loosely-bound ions on the surfaces [23], or even patches of the surfaces 

themselves [24]. This would explain why charge transfer can take place between seemingly 

identical surfaces or particles [25]. Such findings cannot be explained with a simple work function 

concept in the same way it can be attributed to pure substances. Thus, for a realistic simulation of 

electrostatic charging in a given system, the “effective” work function differences between the 

colliding materials need to be established through experimentation at the desired operating 

conditions (temperature, pressure, and humidity).  

7.2.1.2. Critical gap 

The critical gap (or the capacitive gap), 𝑧𝑐, in between the two separating surfaces is determined 

by the distance across which electron (or charged species) transfer can take place. This was initially 

assumed to be the gap (about 1 nm) across which quantum tunneling can occur [26–28]. The 

reasoning for this choice was opined to be the rapid increase in resistivity to electron transfer 

beyond this distance. This is true in vacuum, but not when a medium is present. In initial studies, 

the tunneling threshold was used to explain observed saturation charge values [26]. However, 

discrepancies were found, and it was suggested that the critical gap could also depend on the 

surface roughness of the two surfaces [29]. To this date, no clear consensus has been arrived at for 

the appropriate value for the critical gap. For modelling purposes, researchers have assumed values 

ranging from the tunneling threshold to distances several orders higher. These are sometimes based 

on values derived from experiments and in others they are chosen to predict reasonable equilibrium 

charge magnitudes [30–33].  

7.2.1.3. Saturation charge 

In triboelectrification experiments by Matsuyama and Yamamoto (1995) [34], it was noted that 

the saturated charge on an insulator did not vary if the metal surface was changed. As such, they 

argued that there is no strong correlation between work function difference and the saturation 

charge magnitude, and that the latter was limited by the breakdown potential of the surrounding 

medium. The maximum theoretical charge, in C, on a spherical particle based on Gauss’ law and 

the electric breakdown potential of air (8.854 × 10−12 F/m) is [35]: 
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|𝑞|𝑚𝑎𝑥 = 2.64 × 10−5(𝜋𝑑𝑝
2) (

3𝜀𝑟

2 + 𝜀𝑟
). 7-9 

This value was found to be greater than the average charge density measured on the surface of 

insulators, thus agreeing with the concept of breakdown being the restricting factor. If surfaces 

were perfectly smooth and homogeneous (chemically and physically), then all materials might 

have the same limiting theoretical charge in a given atmosphere. However, any variation in the 

surface would cause a deviation from this limit.  

Given the uncertainties behind both the saturation charge and the critical gap discussed above, it 

is prudent to not rely on the condenser model to predict the saturation charge by means of Eq. 7-7, 

but use the experimental values for a given combination of particle and wall material. These can 

be used as parameters in Eq. 7-1 for simulation models. Variations in saturated surface charge 

density due to difference in sizes, as well as other statistical variations should be noted as well, for 

usage in more advanced models in the coming years. 

7.2.1.4. Surface area of contact  

The surface area of impact is used to find the area over which charge transfer will take place in all 

insulator charging models, and for calculating the contact capacitance in the condenser model. 

This seems reasonable if charge remains localized within a thin layer on the surface. Based on the 

Hertzian theory of impact deformation [36], the maximum area of contact is proportional to the 

normal component of the impact velocity raised to power of 4/5. Thus, the charge transfer rate per 

collision could be expected to follow this proportionality if the surface charge confinement 

assumption is correct. This correlation has indeed been established with the charge transfer rate 

per collision in experiments [17]. However, the true area of contact will be different from the 

predicted maximum surface area since the model does not account for surface projections, or 

surface roughness. Surface roughness of the colliding surfaces was proven to be a relevant material 

property for charge generation in experimental studies [37–39]. Specifically, Yao et al. (2017) [40] 

found that there exists a critical roughness value that maximizes the charge generated upon contact. 

Since the charging average behavior follows the proportionality discussed above despite not 

considering surface roughness, one option to incorporate its effect would be to multiply the 

computed contact area with an experimentally determined surface roughness factor (which could 

be a function of the roughness). 



168 

If sliding or rolling is considered, which could be present for any collision event, then the total 

contact area in an impact event is expected to be larger than that of a normal impact. It was found 

through experimentation that the tangential velocity has a non-linear effect on the degree of particle 

charging for any given collision [41]. The charge generated by collisions steadily increased with 

respect to the impact angle up to 60o, after which a sharp decrease in charging was observed. This 

sudden drop in charging was attributed to the fact that at the critical collision angles the contact 

mode changes from rolling to sliding. In fact, dropping powders down an inclined plane is a 

common method used by researchers for measuring electrostatic charge generation [42,43], and so 

are likely to experience rolling or sliding contact as the primary cause for charge transfer. 

In their computational model, Korevaar et. al. (2014) [12] have assumed that a spherical particle 

with non-zero tangential velocity slides on the surface after impact and the additional area over 

which charge is transferred is the product of the contact patch area, the tangential velocity 

component and the duration of contact. In a different study, Ireland (2010) [44,45] also proposed 

a charging model for such continuous contacts based on his own experimental findings: 

𝜏
𝑑𝑞

𝑑𝑡𝑐
= (𝑞𝑖 − 𝑞∞)[𝐴𝑐

𝑠(1 − 𝜙𝑟) + 𝐴𝑐
𝑟𝜙𝑟] 7-10 

where 𝜏 is the characteristic time of the charging process based on the condenser model; 𝐴𝑐
𝑠 and 

𝐴𝑐
𝑟 are the total contacted area of the particle surface over the collision time interval, 𝑡𝑐, due to 

sliding and rolling, respectively; and 𝜙𝑟 is the roll fraction.  

The particle dynamics of rolling and sliding; however, are often neglected when modeling gas-

solid flows due to computational limitations in simulating such behaviors, especially in dense 

flows. Instead, it is assumed that modeling parameters can be tuned to account for the charge 

generation due to sliding or rolling. As such, this charging model has not yet been implemented in 

Computational Fluid Dynamics (CFD) models. If it is possible to find reproducible correlations 

between impact angle and charge transfer rate through experimentation, then those correlations 

must be used to formulate an empirical model for CFD simulations. 

7.2.1.5. Effect of the electric field 

The direction and magnitude of charge transfer depends on the local electric field at the point of 

separation [46]. This includes the contributions due to the charge on the separating surfaces as well 
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as those of any charge present in the system and any external field applied. The first is obvious 

and the second is encountered in most gas-solid flow applications. In single-particle experiments, 

only the first contribution is considered, and thus several triboelectrification equations only model 

the difference in charge and preclude any discrete electric field term. However, in a multi-particle 

system and especially in dense gas-solid flow applications, the short and long-range contributions 

of spatial charge contribute to the local electric field must be included. This implies that the 

presence of charged particles or an external field will alter the saturation charge. In systems where 

external fields are not present, it can be expected that the saturation charge magnitude will be lesser 

than the theoretical maximum. In simulations one could therefore predict that if a particle or region 

reaches the maximum theoretical charge before the entire system reaches thermodynamic 

equilibrium, further electrification of the system could lead to lowering of the particle or regional 

charge and hence the evolution of local charge may not be monotonic (total system charge may 

still evolve monotonically). Most recent computational models incorporating electrostatic 

charging have included the electric field term. 

7.2.2. Ion transfer and material transfer models 

The condenser model was derived with the assumption that electrons are the carrier species for 

collisional charging. However, it is believed through experimental studies that electron transfer is 

not energetically plausible for charging in organic, insulative materials. Instead, charge transfer in 

such materials is attributed to the presence of moisture and mobile ions [47,48]. In addition, the 

effects of material transfer and mechanochemistry on particle charging cannot be ignored [24,49]. 

Despite the clear evidence for ion and material transfer, there is currently a lack of numerical 

models based on these mechanisms that would be useful for simulating the dynamic charging 

behavior seen in gas-solid flows. 

The net charge on two surfaces after a collision event can be related to the number of ionic 

functional groups present on one surface as well as the number of ions transferred between 

surfaces, as described in the schematic shown in Figure 7-2 [23]. 
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Figure 7-2: Ion transfer mechanism (Adapted from [23]). 

Assuming a uniform distribution of charge on each surface, the number of transferred ions, 𝑛, 

required to achieve thermal equilibrium after a collision event can be estimated as follows: 

𝑛

𝑁 − 𝑛
= exp (−

𝑛𝑑𝑒2

𝜀0𝑘𝑇
) 7-11 

Here, 𝑁 is the number of ionic functional groups present on one surface. The exponential term 

describes the electrostatic work required to transfer 𝑛 ions between the two surfaces at a distance 

𝑑 and temperature 𝑇, where 𝑒 is the magnitude of charge on a single ion, 𝜀0 is the permittivity of 

the vacuum, 𝑘  is the Boltzmann constant [23]. In cases where a specific functional group or 

dissociated ion is expected to be the dominant charge transfer species, it may be necessary to 

develop a charge transfer model with the specific mechanism in mind. In the context of contact 

charging between small toner particles and large carrier beads in electrophotography, Diaz and 

Denzel-Alexander (1992) [50] proposed an ionic transfer model to study the presence of known 

mobile ions. They expressed the equilibrium charge acquired by a bead particle after colliding with 

𝑛 toner particles as follows:  

𝑞𝑏 = 𝑛 𝑧 𝐹 [
𝑎𝑏𝐾

𝑎𝑡 + 𝑎𝑏𝐾
] Γ𝑎𝑡 7-12 

Here, 𝑎𝑏  and 𝑎𝑡  are the surface areas of the bead and toner particles, Γ  is the surface ion 

concentration of the salt present in the toner powder, 𝑧 is the valency of the ion, 𝐹 is the Faraday 

constant, and 𝐾 is the equilibrium distribution of ions between the toner particles and the bead.  
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To implement these ion-transfer models into CFD models for gas-solid flows, one must now 

consider the presence of mobile ions and how they are dynamically distributed per collision event, 

which may be challenging when their presence is otherwise not expected or relevant to the studied 

system. Nonetheless, if the equilibrium charge density can be reliably predicted based on Eq. 7-12 

and if charge evolution follows an average growth rate predicted by Eq. 7-2, then these can be 

used in conjunction in computational models for dense flows. 

7.2.3. Particle-particle charge transfer model 

One commonly used charge transfer model between two colliding particles, i and j, is as follows 

[30]: 

∆𝑞 =
𝐴𝜀0𝜀𝑟

𝑧𝑐
 (𝑉𝑐 − 𝐸𝑖𝑗 ∙

𝐝𝑖𝑗

‖𝐝𝑖𝑗‖
𝑧𝑐) 7-13 

This model is based on what was proposed by Schein et. al. (1992) [51] assuming high density of 

surface charge carriers. Here, 𝐝ij is the relative position vector of the centers of the two contacting 

particles, and 𝐸𝑖𝑗 is the electric field acting at the point of contact. The definition of the other 

quantities in this equation is the same as that in Eq. 7-5. In this form, when the work function 

difference of identical particles is zero, the charge transfer between such particles is entirely 

dependent on the electric field at the impact point. This electric field term accounts for the initial 

charges on both contacting particles as well from the surrounding particles and other external 

sources. Thus, Eq. 7-13 is identical to Eq. 7-5 since the electric potentials due to charge distribution 

and external sources are taken care of by the electric field term. Eq. 7-13 has been used in CFD-

DEM studies [12,33,52–54] and also for developing closure equations in Eulerian models [55–59]. 

Eq. 7-14 assumes that the duration of contact is long enough so that the contact patch reaches 

thermodynamic equilibrium. However, if the amount of transferred charge is a small fraction of 

the equilibrium requirement, then one should recourse to the first inter-particle charge transfer 

model of Soo et. al. [20], which is a modified version of Eq. 7-13: 

∆𝑞 =
𝐴𝜀0𝜀𝑟

𝑧𝑐
 (𝑉𝑐 − 𝐸𝑖𝑗 ∙

𝐝𝑖𝑗

‖𝐝𝑖𝑗‖
𝑧𝑐) ℎ∆𝑡. 7-14 
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Here ℎ is a function of the conductance of the particles and the characteristic charge transfer 

lengths, and ∆𝑡 is the duration of contact calculated using the Hertzian theory [36]. 

7.2.3.1. Dipole amplification mechanism 

The particle charging model described in Eq. 7-13 suggests that for the same material, the contact 

patch will tend to neutralize the charge on the two surfaces. However, experimental studies with 

identical material collisions have shown that this might not always be the case. Chowdhury et al. 

(2020) [25] measured the charge transferred between two same-sized chemically identical PTFE 

particles, using a particle-particle collision apparatus, and found that the charge difference between 

the colliding particles usually increased after their collision. This behavior may be attributed to the 

fact that the charge on insulators is not uniformly distributed, and so the net charge transferred 

could be unpredictable especially at low charges. Alternatively, Shinbrot et al. (2008) [60] 

proposed the dipole amplification model to explain this charging behavior. As shown in Figure 

7-3, the electric field generated between two approaching particles induces dipole moments of 

opposite polarities for each particle. The dipoles are fully or partially neutralized upon the 

particles’ collision, thereby amplifying the actual initial charges and further strengthening the 

electric field between the particles upon separation. The dipole amplification model was confirmed 

through experimental studies [61,62], and provides a possible explanation for bipolar charging 

between particles made up of the same material. Thus, the particle-particle charge transfer model 

needs further development to also consider this phenomenon.  

 

Figure 7-3: Dipole amplification model (adapted from [11]). 
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7.2.4. Charge relaxation model 

Electrons can jump across larger gaps when the electric field strength exceeds the breakdown 

threshold of the surrounding medium. Breakdown can also occur in the bulk of the material of the 

separating surfaces (under common circumstances, their dielectric strength is usually higher than 

that of the surrounding medium) [34]. Thus, the largest distance across which charge transfer can 

take place is not a fixed value but varies with the material, the fluid medium, and the local electric 

field strength. This theory was suggested by Matsuyama and Yamamoto (1997) [63] in their 

charge relaxation model. 

The model suggests that after a collision, some of the transferred charge may be dissipated during 

the separation process [64]. Figure 7-4 shows the mechanism for this model, which applies the 

Paschen curve to calculate the air breakdown potential between a wall and a particle as a function 

of pressure of air and distance between them. If the charge transferred to the particle is high enough 

to make the potential curve intersect the Paschen curve, then some of the charge will dissipate after 

a certain separation distance due to dielectric breakdown. This dissipation will continue till the 

potential curve of the particle follows the Paschen curve tangentially. Thereafter, as the potential 

curve diverges from the Paschen curve on further separation, a residual charge will remain on the 

surface. Therefore, the maximum surface charge density a particle can sustain is dictated by the 

dielectric breakdown of the surrounding medium, although it may be determined by the breakdown 

threshold of the particle material if it is lower. Obviously, if the potential curve of the particle 

surface after separation remains below the Paschen curve at any distance, then ionization is not 

expected. 

In their experiments, Matsuyama and Yamamoto (1995) [34] observed that the magnitude of 

equilibrium charge on polymer particles did not change for different metal targets. However, the 

equilibrium charge declined with increasing dielectric constant of the polymer material, likely due 

to varying degrees of polarization by the polymer. These observations augment the argument made 

in favor of charge relaxation, which would not be present in vacuum. This also explains why the 

condenser model fails to predict the equilibrium charge in atmospheric conditions. 
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Figure 7-4: Mechanism of charge relaxation during separation (adapted from [19]). 

The concept of charge relaxation has been used for CFD-DEM simulations by previous researchers 

[12,15]. In both of these works, it was assumed that the contact patch acquires saturation (or 

equilibrium) charge during the first impact. This can happen if the saturation charge in vacuum is 

much larger than that in ambient conditions and if the charge transferred during the contact 

duration is large enough to cause gaseous breakdown. Korevaar et. al. (2014) [12] have shown that 

under these assumptions, the charge relaxation model converges to that described by Eq. 7-1. As 

has been mentioned in Table 7-1, the charge transferred in a single collision in their model is 

proportional to the saturation charge density 𝜎𝑠𝑎𝑡 (which is assumed to be a constant) and the area 

𝐴𝑐
∗  over which charge transfer takes place: 

∆𝑞 = 𝜎𝑠𝑎𝑡𝐴𝑐
∗  7-15 

𝐴𝑐
∗  is calculated as follows: 

𝐴𝑐
∗ = 𝛼𝐴ℎ𝑒𝑟𝑡𝑧 (1 −

𝐴𝑡𝑜𝑡𝑎𝑙𝐶ℎ𝑎𝑟𝑔𝑒𝑑𝐴𝑟𝑒𝑎𝑂𝑓𝑃𝑎𝑟𝑡𝑖𝑐𝑙𝑒

𝐴𝑡𝑜𝑡𝑎𝑙𝐴𝑟𝑒𝑎𝑂𝑓𝑃𝑎𝑟𝑡𝑖𝑐𝑙𝑒
), 7-16 

where that the term in bracket approximates the fraction of the area which is uncharged. This is an 

oversimplified first order approximation since this is possible only for a uniformly charged sphere. 

However, ensemble averaging using a non-uniform charged sphere would lead to the same 
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expression. 𝐴ℎ𝑒𝑟𝑡𝑧 is the contact area determined from the Hertzian model as has been discussed 

previously and 𝛼 accounts for additional contact due to rolling and sliding [12]. Since 𝜎𝑠𝑎𝑡 is a 

constant, Eqns. 7-15 and combine to give Eq. 7-16, which has the same form as Eq. 7-1 with 𝑐 =

𝛼𝐴ℎ𝑒𝑟𝑡𝑧. 

∆𝑞 = 𝛼𝐴ℎ𝑒𝑟𝑡𝑧 (1 −
𝑞𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒

𝑞∞
) 7-17 

This model equation is simplistic and has the advantage that it only requires knowledge of the 

saturation charge density and the charging rate, both of which can be obtained experimentally. 

Thus, no guesswork is needed for deciding on the parameters of the condenser model. The other 

advantage is that the underlying charge carrier need not be confirmed for every material or system 

if charge relaxation determines the saturation charge. 

7.3. Gas-solid flow models with electrostatic effects 

Computational Fluid Dynamics (CFD) models have been developed over the years to simulate 

gas-solid flow systems, as summarized in reviews for CFD studies in fluidized beds [65] and 

pneumatic conveying systems [66]. However, CFD model development specific to charge transfer 

is a relatively newer avenue of research. Most of the work in this regard has been done using the 

Computational Fluid Dynamics-Discrete Element Method (CFD-DEM) method which treats the 

gas and solid phases as Eulerian and Lagrangian phases, respectively [12,33,52–54]. Recently, the 

Two-Fluid Model (TFM), which describes the behavior of the solid phase as a Eulerian phase, has 

gained traction due to lower computational costs [55–59]. The gas phase in both these schemes is 

described by the mass and momentum transport equations: 

𝜕

𝜕𝑡
(𝛼𝑔𝜌𝑔) + ∇ ∙ (𝛼𝑔𝜌𝑔𝐔𝑔) = 0 7-18 

𝜕

𝜕𝑡
(𝛼𝑔𝜌𝑔𝐔𝑔) + ∇ ∙ (𝛼𝑔𝜌𝑔𝐔𝑔 ⊗ 𝐔𝑔) = ∇ ∙ 𝜏𝑔 − 𝛼𝑔∇𝑝 + 𝛼𝑔𝜌𝑔𝐠 + 𝐌𝑠𝑔 7-19 

where 𝛼𝑔 , 𝜌𝑔 , 𝐔𝑔 , and 𝜏𝑔  are the phase fraction, thermodynamic density, velocity vector, and 

stress tensor of the gas phase, respectively; 𝐠 is the gravitational acceleration vector, 𝑝 is the 

shared pressure [67], and 𝐌𝑠𝑔 is the momentum exchange term between the solid and gas phase. 
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This description is typical for hydrodynamic models of gas-solid flows and remains unaltered with 

the inclusion of electrostatic effects. 

7.3.1. CFD-DEM 

In CFD-DEM methods, the translational and rotational motions of each individual particle in the 

solid phase is determined using Newton’s second law of motion: 

𝑚𝑝

𝑑𝐔𝑝

𝑑𝑡
= 𝐅𝑔 + 𝐅∇𝑝 + 𝐅𝐷 + 𝐅𝐶 + 𝐅𝑒𝑙 7-20 

𝐼
𝑑𝝎𝑝

𝑑𝑡
= 𝐓 7-21 

where 𝑚𝑝, 𝐔p, 𝐼, and 𝝎𝑝 are the particle’s mass, velocity, moment of inertia, and angular velocity, 

respectively. 𝐓 is the torque acting on the particle due to translational and rotational moments, and 

the series of 𝐅 terms represent the forces acting on the particle due to gravitational, pressure 

gradients, drag, collisional, and electrostatic forces.  

Assuming a uniform distribution of charge on the surface of every particle, and a negligible 

magnetic field strength in gas-solid flow systems, the electrostatic force acting on a particle 𝑖 due 

to its electric interaction with its surrounding particles is governed by Coulomb’s law as follows: 

𝐅𝑒𝑙,𝑖 = ∑ 𝐅𝑒𝑙,𝑖𝑗

𝑗≠𝑖

= ∑
𝑞𝑖𝑞𝑗

4𝜋𝜀r𝜀0‖𝐫𝑖𝑗‖
2

 𝐫𝑖𝑗

‖𝐫𝑖𝑗‖
𝑗≠𝑖

 7-22 

where 𝐅𝑒𝑙,𝑖𝑗 is the electrostatic force from particle 𝑖 having charge 𝑞𝑖 to particle 𝑗 having charge 

𝑞𝑗, 𝐫ij is the vector joining the two particle centers and ‖𝐫𝑖𝑗‖ is its magnitude. The electrostatic 

force can also be expressed in terms of the electric field acting on the particle, 𝐄𝑖, and the gradient 

of the electric potential, 𝜑𝑖, with respect to the position of particle 𝑖: 

∇ ∙ (𝜀0𝜀𝑚∇𝜑) = 𝜌𝑞 7-23 

𝐅𝑒𝑙,𝑖 = 𝑞𝑖𝐄𝑖 = −𝑞𝑖∇𝑖𝜑𝑖 7-24 

While Eq. 7-22 can be used to compute the exact electrostatic force acting on a given particle due 

to every other particle (pair-wise approach), it becomes exceedingly expensive if a large number 

of particles are involved since the cost scales as O(N2). A compact support or cutoff distance can 

be used to reduce computational cost [14,52,68], but this leads to underestimation of the long-
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range interactions producing erroneous results. To remedy this shortcoming, hybrid approaches 

are used. One method is to divide the domain into cells and use Eq. 7-22 assuming that the total 

charge of all the particles in the cell is located at its centroid. This is done to compute contributions 

of particles from outside a cutoff distance while those inside are treated individually [69]. 

Alternatively, the Poisson equation (7-23) can be solved for the electric potential field after 

approximating the volumetric charge density 𝜌𝑞 (total charge/total volume) in each cell/element 

and applying relevant boundary conditions. The advantage of this approach is that curved 

boundaries and image charging at conducting walls are handled conveniently [70]. Eqn. 7-24 is 

then used to calculate the electrostatic force due to charge outside the cutoff distance while those 

within are treated pair-wise. If the cutoff distance is larger than the cell size, then any duplicate 

contributions should be subtracted [70]. The computational cost for both of these hybrid 

approaches scale as O(NM), where M is the number of cells [70]. As M<N, this reduces simulation 

cost considerably. 

The benefit of using CFD-DEM is that charge transfer to a solid particle can be computed by 

directly using the experimental charging models. Pei et al. (2016) [33] used their 2D CFD-DEM 

model to study electrostatic charging in small-scale fluidized bed (5x35 mm conductive column, 

2500 insulative particles of 100 μm diameter and varying work functions) and found that the 

particle system became more charged with increasing superficial gas velocities (25-100 m/s). 

Moreover, particle collisions of different materials/work functions resulted in binary charge and 

formed agglomerates. Kolehmainen et al. (2017) [53] also implemented charge transfer into their 

3D slugging fluidized bed simulation (3 mm diameter and 96 mm height conductive column, 

38,410 polyethylene particles of 150 μm diameter), and observed bimodal charge distributions, 

particle fouling, and reduced bed height oscillations with increasing work function differences 

between the wall and the particles. This is an important consideration in any gas-solid flow system, 

since multi-component systems or even the presence of impurities could have a large impact in the 

charge generation rate. Simulating the gas-solid flow system with a single “pure” component 

should result in much lower charging rates than what is observed experimentally. Korevaar et al. 

(2014) [12] performed CFD-DEM channel flow simulations (2x2x20 mm conductive column, 

100,000 insulative particles of 60 μm diameter) and included a charge generation model. They 

showed that image charges induced onto the channel walls have a profound effect on the spatial 
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distribution of particles, and subsequently their degree of triboelectrification. Sufficiently charged 

particles are unable to escape the attraction of the image charges, and consequently experience 

charging due to repeated wall collisions. For dense particle loads, the interaction between a particle 

and the image charges of other particles should also be included [12]. Grosshans and Papalexandris 

(2017) [54] performed direct numerical simulations of charging in particle-laden turbulent channel 

flows. In their study, it was observed that both particle charging and migration from the walls was 

strongly promoted by increasing particle loadings as well as increasing particle Stokes numbers, 

𝑆𝑡𝑘. For example, when 𝑆𝑡𝑘 = 2, a low particle loading (40,000 particles) resulted in charge build-

up at the walls but limited charge transport into the bulk of channel due to low particle migration. 

On the other hand, a large particle loading (400,000 particles) allowed the charge to migrate away 

from the walls due to inter-particle charge diffusion [54].   

7.3.2. Two-fluid models 

While CFD-DEM modeling is well established to estimate the electrostatic forces and its effects 

in small-scale gas-solid flow systems, their resource cost prohibits usage in industrial scale 

systems. As such, Two-Fluid Models (TFM) have been developed to model large-scale, poly-

dispersed gas-solid flows. The solid phase transport equations in TFM are described in a similar 

fashion to the gas phase, with the addition of the particle pressure 𝑝𝑠 and the electrostatic force 

term 𝑭𝑒𝑙 [71]: 

𝜕

𝜕𝑡
(𝛼𝑠𝜌𝑠) + ∇ ∙ (𝛼𝑠𝜌𝑠𝐔𝑠) = 0 7-25 

𝜕

𝜕𝑡
(𝛼𝑠𝜌𝑠𝐔𝑠) + ∇ ∙ (𝛼𝑠𝜌𝑠𝐔𝑠 ⊗ 𝐔𝑠) = ∇ ∙ 𝜏𝑠 − 𝛼𝑠∇𝑝 − ∇𝑝𝑠 + 𝛼𝑠𝜌𝑠𝐠 − 𝐌𝑠𝑔 + 𝐅𝑒𝑙 7-26 

The solid-phase properties such as the particle pressure and viscosity, which are needed to 

calculate the stress tensor, are determined using the kinetic theory of granular flow [72–74]. The 

electrostatic force is now determined using Eq. 7-23 with the electric potential determined from 

the Poisson equation (Eq. 7-24). 

TFM schemes cannot be used to predict the charge of each individual particle, but the averaged 

charge over a cell volume. Thus, the rate of charge transfer between elements/volumes is 

determined using the charge transport equation [72]:  
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𝜕

𝜕𝑡
(𝛼𝑠𝜌𝑠〈𝑞〉) + ∇ ∙ (𝛼𝑠𝜌𝑠〈𝐜𝑞〉) = 𝑚𝑠ℂ(𝑞) 7-27 

where 〈𝑞〉 is the mean particle charge density, and ℂ(𝑞) is the mean collisional rate of change of 

particle charge due to binary inter-particle collisions [56], which is obtained from the solution of 

collision integrals as explained by Ray et. al. (2019, 2020) [56,58]. Expressions for ℂ(𝑞) were also 

derived by other researchers for monodisperse [55,59] and bidisperse cases [75]. The second term 

on the left-hand side of Eq. 7-27 includes the contribution due to advection as well as self- (kinetic) 

diffusion, which was derived by making assumptions on higher order moments [55,56,58,59]. This 

term was shown to be significant in dilute flows [59] and was also required to predict the wall 

fouling thickness and charge magnitudes seen in experiments [56].  

Ray et al. (2019) [56] performed 2D TFM simulations of a mono-dispersed gas-solid fluidized bed 

(0.1x1.27 m conductive column) using an established electrostatic charge transfer model and 

compared the results to past experimental findings by Sowinski et al. (2015) [76] of a pilot-scale 

polyethylene fluidized bed. Their model predicted that larger particles have lower proclivity of 

wall fouling and that polyethylene particles larger than 1 mm would not stick to the wall. Their 

simulations also validated the order of magnitude of charge in different regions of the bed (at the 

wall and away from it). For wall fouling to occur, the electrostatic force that drives a particle 

towards the wall must produce enough frictional resistance to counteract the influence of other 

forces (gravitational, drag, inter-particle friction) acting on it. With this in mind, simulations can 

be used to predict the time needed for enough charge to build up in the system when wall fouling 

starts occurring. Other works [55,57–59,75] have used idealized nondimensional domains to 

illustrate possibilities of their models but have not been utilized to validate or predict experimental 

observations. 

Although TFM is considerably cheaper than DEM methods and can simulate large scale models 

much more efficiently, there are several limitations which need to be considered. In scenarios with 

wall fouling, the current TFM stress models are numerically unstable and unreliable to simulate 

stationary particle layers. Also, in polydisperse cases, there is a limit to how many separate size 

bins can be simulated. Each of these bins need their individual transport equations for charge, 

mass, and momentum. A single transport equation for every physical property which considers a 

continuous size distribution would be ideal, although this would be extremely cumbersome to 
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model. In this regard, DEM is convenient since every particle can have different individual 

properties. This is essential when modeling bipolar charge diffusion or considering interaction 

between particles of opposite charge. The latter cannot be simulated in a single cell/element using 

TFM. Knowledge of charge variance and inclusion of agglomeration and breakage kernels can 

assist but uncertainties will still persist. 

7.4. Considerations for future electrostatic models 

Significant progress was made in recent years for modelling charge transfer between insulators, 

which proved beneficial in their application in gas-solid flow simulations. Nonetheless, the 

complex nature of triboelectrification is still being studied, and the current charging models must 

evolve as new discoveries are made. As such, this section will explore charging behaviors and 

relevant parameters that may need to be added to improve the current electrostatic models for gas-

solid flow simulations.   

7.4.1. Finite duration of contact during impacts 

Eulerian and Lagrangian models used for simulating triboelectrification assume that the duration 

of contact between particles is infinitesimally small. Thus, impulse exchange is instantaneous and 

is dependent on the incident relative velocity vector and the coefficient of restitution. The impact 

dynamics are then dictated by normal reaction forces and there is no dependence on the body force 

or cohesive forces at the point of contact. Recently, Klahn et. al. (2020) [77] have shown that 

electrostatic and van der Waals forces alter the impact dynamics and lead to agglomeration of 

particles and layering on a wall surface. Depending on the net impulse that is exchanged, the 

particles may undergo anything between a perfectly elastic to a perfectly inelastic collision as has 

been displayed in Figure 7-5. The first series of snapshots (Figure 7-5) at the top show the collision 

outcome between two perfectly elastic particles but with a substantial magnitude of van der Waals 

force. This is similar to the last (bottom) case where cohesive forces are absent but the partly 

inelastic nature of contact leads to similar result. The case in the middle shows the effect of 

combining both cohesive interaction and inelastic impact (0<e<1) which leads to a perfectly 

inelastic outcome. Replacing the van der Waals force with electrostatic forces will have similar 

implications if the latter is attractive. If the particles electrically repulse each other, it will lead to 

other intriguing outcomes, where the particles may not make contact at all.  Hence, this work has 



181 

shown that resolving the contact dynamics and following its temporal evolution is crucial to allow 

large interparticle forces to manifest. 

  

Figure 7-5: Variation in collision outcome with coefficient of restitution [77]. 

Particularly important in fluidized beds is the kinetic behavior of particles near the wall of the 

fluidization column with a high enough charge to stick and initiate wall layer formation. These 

particles are expected to have no granular energy which lends stability to the static layer, as shown 

in Figure 7-6. In recent simulations [32,56], this was not possible because the particles did not 

come to a complete rest in any situation. To understand the implications of this shortcoming, one 

could imagine throwing a highly magnetized disk (𝑒 < 1) at a ferromagnetic wall. Without body 

forces contributing to the net impulse change during contact, the disk would bounce off the wall, 

get attracted to it again and keep repeating this process with decaying impact velocity, but will 

never be fully stationary. 

 

Figure 7-6: Residual particle velocity at the wall of a fluidized bed with relative humidity [32] 
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In Eulerian simulations, a charged static layer should not have any granular energy. This layer 

should not be charged further by the wall since no diffusion (since there is no granular energy) or 

advection is present. In the two-fluid model implementations used in Ray et al. (2019) [56], a 

stationary wall acts as a sink of granular energy, but it does not dissipate it completely. The 

surrounding gas and solid phases will act as sources of this energy and thus the layer will have 

intermittent contact with the wall and a certain residual velocity will always remain. This was also 

observed in the CFD-DEM model implementation used by Sippola et al. (2018) [32], as shown in 

Figure 7-7. This can be remedied if the momentum and kinetic energy fluxes at the boundaries 

consider finite duration of contact and include the body force in determining the total change of 

impulse. 

 

Figure 7-7: Temporal variation of residual velocity at the wall (simulation results for different 

relative humidity) [32] 

The finite duration of contact can be calculated using the Hertzian model, which approximates it 

to be a function of the normal component of incident velocity. The collision integrals can then be 

evaluated in a manner similar to what was done for deriving charge diffusion coefficients [55,56]. 

This is an essential step that needs closure before researchers proceed with more simulations and 

predictions. One may be tempted to parameterize the value of e as a function of the relative body 

force to reproduce agreeable results. However, its utility would be limited, and a general 

interaction model as discussed above would be more beneficial. 
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7.4.2. Nonuniform surface charge density  

The charge on an insulator surface is not distributed uniformly even in the absence of external 

polarization (like conductors). Baytekin et al. (2011) [24] showed that while an insulative surface 

can have a net positive or net negative charge, it supports a random mosaic of oppositely charged 

nanoscopic regions. Even when the total charge is near saturation, the insulator cannot be expected 

to possess a uniform surface charge density due to physical and chemical inhomogeneities 

discussed earlier. Thus, for a neutral particle, only the patch that comes in contact may gain or lose 

charge. Then, when this particle undergoes a second impact, a different region may make contact 

and exchange charge. Alternatively, the same patch, which was charged during the first impact, 

may also be in partial contact with the surface and may gain or lose charge to some degree. Based 

on these assumptions,  Grosshans et al. (2017)  [78] suggested a model where the particle surface 

was divided into a number of discrete subregions. Each of the subregions could then reach the 

same saturation charge density. This model was used to explain the scatter observed in 

experimental results by Matsuyama and Yamamoto (1995) [79], where it was shown how the non-

uniform model could lead to more variation in charge transferred in second and successive impacts 

(Figure 7-8). 

 

Figure 7-8: Non-uniform charge transfer as a function of initial charge (The open circles are 

experimental results of Matsuyama and Yamamoto [79], and the solid circles are simulation 

predictions by Grosshans et al.  [78]). 

The model by Grosshans et al.  [78] was then used to demonstrate the non-monotonic rate of charge 

transfer in successive impacts between a PTFE particle and a brass plate. They found that if the 

number of discrete regions was greater than 100, then the particles reached the same asymptotic 
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saturated charge limit of the uniform charging model (Figure 7-9(a)). However, during successive 

impacts, the charge transfer rate was not uniform. There are quite a few impacts where no charge 

was transferred at all (Figure 7-9(b)). 

  

Figure 7-9: Evolution of particle charge due to non-uniform charging (copied from [78]). 

In realistic situations in dense fluidized beds, there are several hundred collisions every second 

which would diminish the non-uniformity of the surface charge. Thus, the mean charging rate may 

be expected to be similar to that derived from the uniform surface charge assumption. In Eulerian 

models, the averaged quantities are derived from the interaction of hundreds/thousands of 

particles. Here also the large number of collisions would imply that even if the order of particle 

charge is less than saturation, the averaged behavior of an element/volume would be similar to if 

all the particles had uniform charge. CFD-DEM simulations of small-scale systems could verify 

these conjectures. 

In pneumatic conveying, the dense flow assumptions would not be valid since the particles may 

not encounter many collisions and their charge may be significantly lower than saturation even at 

the outlet(s). Here the use of CFD-DEM models in conjunction with the non-uniform surface 

charge model could be required to simulate the entire system. In such scenarios, the rotational 

motion of the particles must also be considered as it could dictate the charge distribution on the 

particle surface and the rotational momentum itself may be governed by the dipole moment of the 

particles. 
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7.4.3. Bipolar charging of granular materials 

Granular materials involved in gas-solid flows can range between being complex multi-component 

mixtures, which is the case in many fluidized bed reactors, to being single-component materials of 

similar structures and sizes generally used in controlled experimental studies. Bipolar charging is 

possible in all granular materials due to differences in chemical compositions, physical and 

dielectric properties, and presence of impurities. Numerous triboelectrification studies have also 

shown that the direction of charge transfer is directly affected by differences in particle size 

[48,80–83]. It is unclear whether the effect of particle size is related to the dipole amplification 

mechanism discussed above. Especially in gas-solid flow systems with particles of a single 

material composition, the electric field effect alone cannot explain the observed size-dependent 

bipolar charging behavior [84]. Most of these studies have shown that, for a variety of granular 

materials, the smaller particles in a single-component system charge negatively while the larger 

particles charge positively. Although the net charge in the system would remain close to neutral, 

the segregation of particle charge based on particle-size can have a strong impact in gas-solid 

flows. Particularly in gas-solid fluidized beds, fine particles can leave the system through 

elutriation, which would alter the net charge left behind in the bed. Thus, bipolar charging due to 

particle-size differences must be considered in future model implementations.  

It should be noted that the direction of charge transfer is not consistent with respect to the size 

difference for all granular materials. For example, when performing fluidization tests with the 

same metallic column on two different commercial polyethylene resins, Sowinski et al. (2010) 

[76] reported that the fines of one type of polyethylene resin had acquired a positive charge, 

whereas Song et al. (2017) [85] found the fines of the other acquired negative charge. Hence, the 

factors that would affect the direction and magnitude of charging based on particle-size differences 

need to be determined experimentally for any given granular material.  

To implement the effect of particle-size distribution on charging, one option is to use a probability 

density function (PDF) of the particle charge measured through experiments. A PDF can be created 

following any kind of particle charging process by using an electrostatic separator to collect 

particles of different polarities and charge magnitudes into a series of Faraday cages. Provided that 

the charge data of the granular material was collected at the appropriate operating conditions, the 

PDF would help account for all the unknown factors that would influence bipolar charging in the 
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specified system. As an example, Konopka et. al. (2020) [86] created PDFs using an electrostatic 

separator to present the charge distribution of polyethylene particles from their particle-particle 

collision experiments, as shown in Figure 7-10. They found that the particles had heterogenous 

tribocharging properties which promoted bipolar charging, though it was not confirmed whether 

the behavior was affected by differences in particle size. Salama et al. (2013) [87] also used an 

electrostatic separator and reported a bipolar charge distribution on the polyethylene particles that 

fouled their fluidized bed column wall. This observation led to the theory of formation of layers 

of alternating polarity on the wall [88]. The sizes of the particles collected in each Faraday cage 

after the separator was also measured, but no consistent difference was found between them. If 

some correlation would have been observed here, then a conclusive comment on the dependence 

on particle size could have been made. In any case, it could at least be said that in a fluidized bed, 

particles of similar sizes can possess charges of opposite polarity although there could be a size 

dependence for outcomes of discrete collisions. 

 

Figure 7-10: Temporal evolution of charge in a box coated with PE particles (copied from [86]). 

7.4.3.1. Bipolar charging in simulations 

In fluidized beds the column wall acts as a source for charging the particles. As the particles gain 

charge, the electric potential grows inside the bed and counteracts the further diffusion of charge. 

Steady state should be attained when the electric current due to gradient of charge and gradient of 

electric potential balance each other. This is summarized by Eq. 7-28 which is obtained by 

assuming steady-state conditions with no advective transport of charge in a general monodisperse 

scenario. However, at any location during fluidization, charge is continually being exchanged and 
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some amount of advection (time-averaged advection may be constant) is always present with the 

exception at the wall if a stable static layer forms. This will cause oscillations in charge at any 

location. In a region of small gradient of charge, a sudden large oscillation of electric field can 

even change the polarity for a certain period. 

𝐾𝑞∇2𝑞 + 𝐾𝑒∇2𝑉 ≈ 0 7-28 

In their CFD-DEM simulations, Kolehmainen et. al. (2017) [31] and Sippola et. al. (2018) [32] 

have discussed some observations caused by the long-range interaction of the electric field. In their 

simulations with monodisperse particles, they found that some amount of bipolar charging is 

always present. This tendency varies with the equilibrium charge-to-mass ratio (Figure 7-11) as 

well as the charging acceleration factor (Figure 7-12). The former can lead to high electric fields 

in certain regions producing temporal and spatial oscillations of charge while the latter may 

produce fluctuations at rates faster than the relaxation time of the system. The acceleration factor 

was used, not for predicting the actual rate of evolution of bed charge, but to reduce the simulation 

time consumed to reach equilibrium [31,32]. If this factor is reduced to that which mimics the 

actual electrification rate in the fluidized bed, the volume of regions in the bed or the fraction of 

particles having opposite polarity may diminish and become negligible, even for high charge-to-

mass ratios. This attenuation is illustrated in Figure 7-12. 

 

Figure 7-11: Distribution of charge for different equilibrium charge-to-mass ratios [31] (a charging 

acceleration factor of 12.86 was used). 
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Figure 7-12: Distribution of charge for different equilibrium charge-to-mass ratios a) e/g = 8, b) 

e/g = 4, and charging acceleration factors a [32]. 

In our earlier work in this area we observed bipolar charging in 1-D non-hydrodynamic bidisperse 

simulations [58]. This occurred, whenever the two particle sizes were different regardless of the 

relative volume fraction. This was explained using Eq. 7-29 which is an analogous version of Eq. 

7-30, but for bidisperse case. Here the gradients of charge of both the particle phases, where each 

phase represent a particle size, as well as the electric potential are competing. Depending on the 

final solution of this equation, one of the charge gradients can be large enough in magnitude so 

that at a certain location there is a reversal of polarity. If the Poisson equation is used, Eq. 7-29 

can be written as Eq. 7-30. Here the phase having the larger diffusion coefficient will lead the 

electrification process, but it will produce a steeper gradient for the other phase and can reverse its 

polarity. This is shown in Figure 7-13, where both the phases are of the same material but different 

sizes and hence different saturation charge. Near the wall region, both phases (Figure 7-13(a)) 

have the same polarity as that of the net charge (volume averaged charge) in the bed (Figure 

7-13(b)). However, there is crossover of polarity for phase 2 (Figure 7-13(c)). This was also seen 

when the volume fraction was varied  [58]. 

𝐾𝑞𝑖∇
2𝑞𝑖 + 𝐾𝑞𝑗∇2𝑞𝑖 + 𝐾𝑒∇2𝑉 ≈ 0 7-29 

𝐾𝑞𝑖𝛻
2𝑞𝑖 + 𝐾𝑞𝑗𝛻2𝑞𝑖 ≈ 𝐾𝑒𝑞(𝛼𝑖𝑞𝑖 + 𝛼𝑗𝑞𝑗) 7-30 
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The result of a laboratory scale simulation would be different especially since the hydrodynamics 

would be playing a role as well. The inter-particle charging model itself could be inaccurate but 

the overall model could still summarize to a form similar to Eqs. 7-29 and 7-30 and the same 

mathematical arguments would hold. Using this model, no bipolarity was observed when same 

properties were used for both the phases, thus emulating a monodisperse case. Thus, the 

acceleration factor along with the hydrodynamics was invoking bipolarity in the monodisperse 

cases discussed before. 

 

Figure 7-13: Bipolar charging when diameter ratio is varied (volume fraction = 0.3 for both particle 

phases) [58]. 

7.4.4. Operating conditions of gas-solid flow systems 

The hydrodynamics of a gas-solid flow system both affects and is affected by triboelectrification. 

Particularly in gas-solid fluidization, maintaining the hydrodynamics in the fluidized bed is an 

important aspect of the process where rigorous mixing is generally desired. The inter-particle and 
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particle-wall collisions brought about by the particle mixing could result in electrostatic charging, 

and in turn the bed hydrodynamics may change due to agglomeration, wall fouling, and even due 

to changes in gas bubble behavior [89,90]. Parameters such as temperature, pressure, moisture 

content (or relative humidity), gas velocity and particle size distribution are known to have 

significant effects on fluidized bed hydrodynamics, which in turn impacts electrostatic charging 

[6,91–93]. At the same time, particle size and impact velocity are already considered in charging 

models, while parameters such as moisture content and temperature are currently not considered 

even though they are known to directly affect charge transfer between insulators [19]. The 

operating conditions and factors that impact both the hydrodynamics and triboelectrification in 

gas-solid flow systems should either be explicitly included in the charge transfer models or 

assumed to be sufficiently handled by the hydrodynamic models. For example, the relative 

humidity in a gas-solid fluidized bed is usually not included as a parameter in CFD models, even 

though it is known to have a complex relationship with particle charging as well as bed 

hydrodynamics [32,94]. If the relative humidity can vary in the gas-solid flow system, then its 

impact on the degree of triboelectrification should be considered in both the charging and the 

hydrodynamic model. 

7.5. Summary and Outlook 

Charging models are the most important components in the development of CFD models for 

simulating triboelectrification of insulative materials. The mechanisms explaining these models 

have undergone substantial deliberations and modifications over the last several decades which 

started in favor of electron transfer but is currently inclined more towards ion transfer. The 

charging behavior of insulative particles; however, follows a general trend with exponentially 

decaying growth rate tending to an asymptotic value known as the saturation charge. The saturation 

value which was initially thought to be dependent on the effective work function difference, is 

currently said to be dictated by the dielectric properties of the surrounding medium and/or that of 

the particle material. The surface area of contact is currently estimated using the Hertzian impact 

model and considers the physical properties of the colliding materials and the normal component 

of the impact velocity. However, this estimation needs to be corrected to also consider colliding 

materials’ surface roughness as well as the tangential component of the impact velocity, which is 

connected to sliding and/or rolling contacts. 
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CFD-DEM models which are most used for simulations of triboelectrification in gas-solid flow 

systems have considerably evolved to estimate the electric field and electrostatic forces with 

improved accuracy and efficiency and have also incorporated sustained contact of particles with 

walls and other particles. The latter is particularly significant in wall fouling simulations where 

particles can become stationary and form agglomerates with other particles. CFD-DEM models 

treat the fluid as a continuous phase and the particle phase as a Lagrangian phase. These 

simulations are computationally expensive for particle systems in industrial systems and for 

simulating small laboratory systems for longer durations. Hence, most of the results reported using 

this method have been generated using large charge acceleration factors which reduce the 

equilibration time by two or three orders.  

Eulerian models can model much larger systems with fewer resources and are currently gaining 

interest due to this reason. Some researchers have derived Eulerian transport equations for both 

monodisperse and bi-disperse particle systems and have used these to predict experimental results 

as well. Like CFD-DEM simulations, sustained contact needs to be modeled at least for particle-

wall interactions for obtaining stable wall fouling results. Continued development of Eulerian 

models is needed to simulate bi-disperse and poly-disperse gas-solid flows to predict the charging 

behavior in complex, multi-component industrial-scale systems. 

The models for electrostatic charging in gas-solid flows has evolved over the years. Nonetheless, 

as highlighted in this review, there are many aspects that need further investigation for both 

electrostatic charging and its implementation into CFD models. For example, operating conditions 

such as temperature, pressure, and moisture content are crucial factors that impact both the 

hydrodynamics and triboelectrification in gas-solid flow systems. These factors will need to be 

considered in charging as well as hydrodynamic models. Finite duration of impact and sustained 

contact should be modeled in all triboelectric simulations if wall fouling and particle 

agglomeration are to be accurately predicted and their effect on bed hydrodynamics is to be 

observed. The need for monitoring the exact charge distribution on a particle depends on the 

application and may be essential in dilute flows with small residence times. Effort needs to be 

exerted particularly in finding suitable expressions for modeling bipolar charging between 

particles made of the same material since it has been observed in all kinds of systems and scenarios. 

In this regard, the dipole amplification mechanism has given one of the possibilities for explaining 
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this phenomenon, although it remains unclear whether it plays a direct role in the size-dependent 

bipolar charging behavior observed in granular materials. 
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Chapter 8  

Conclusions and Recommendations 

The triboelectrification of solids in gas-solid flow systems is an on-going concern in many 

industrial processes. Researchers in both academia and industry are driven to reduce its negative 

impacts on the productivity and safety of their systems. This interest has led to meaningful 

discoveries on charge transfer behaviours which have yet to be fully defined in quantifiable forms. 

As computing technologies continue to improve, CFD simulations have become an excellent 

predictive tool for analyzing industrial-scale gas-solid flow systems, and a cost-effective 

alternative to performing preliminary pilot-scale studies. As such, for the benefit of the 

electrostatics research community and invested industrial partners, experimental investigations 

into the triboelectrification of solids was a necessary next step to develop an accurate electrostatic 

charge transfer model and then implement it into CFD models of gas-solid flows. This thesis 

presented the beginnings, significant progress, and outlook on this on-going research interest, 

providing a steppingstone for the complete development of an Euler-Euler two-fluid model for 

electrostatic charging in poly-dispersed gas-solid flows. 

8.1. Conclusions 

A charge transport model was developed to include the phenomenon of triboelectrification in an 

Euler-Euler two-fluid model for mono-disperse particles. This model incorporated a particle-wall 

charging component which was derived based on boundary conditions developed for the 

hydrodynamic model [1]. The particle-particle charging component was represented through a 

charge diffusion model for mono-disperse particles, based on the collisional theory of rapid 

particle flows [2]. Both these components used the condenser model to determine the degree of 

charge transfer [3]. An expression for the charge-velocity covariance was also derived to consider 

the effect of self-diffusion in the charge transport model, which had a significant contribution to 

the charge diffusion rate. Employing the charge transport model in conjunction with the Eulerian 

two-fluid model, the electrostatic charging and wall fouling behaviour of a gas-solid fluidized bed 

of polyethylene particles was simulated with emphasis on the effect of particle size. The 

dimensions of the bed (1.27 m height, 0.1 m diameter), fluidization parameters (1.5 Umf, 

atmospheric conditions), and the range of averaged particle sizes (362 – 855 μm) used in the 
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simulation were the same as that used in past experiments [4], whose results were used for the 

model validation.  

Based on the simulation results, the wall flux boundary condition imposes a steep gradient at the 

wall, which initiates charge diffusion into the fluidized bed. During fluidization, gradients of 

granular temperature and particle charge density diffuse the charge and cause an increase in the 

total bed charge as well as the potential energy of the system. This resulted in an increase of the 

electric field strength which acts as a resistance to the charge diffusion into the bed, eventually 

leading to a dynamic equilibrium for charging. At the end of the fluidization, the simulated charge-

to-mass ratios of the wall particles were in good agreement with the corresponding values for the 

wall-fouling particles in the experiments. Moreover, the degree of wall fouling diminished with 

increasing particles, which was also consistent with the experiments. However, the thickness of 

the wall fouling was notably lower in the simulations for all tested cases, likely caused by the 

unipolar charging of the fluidized bed as opposed to the bipolar charging behaviour usually 

observed in experiments due to particle size differences. As such, the electrostatic model was 

extended to consider bi-dispersed particulate flow systems. 1-D simulation results using this model 

predicted bipolar charging behaviour when the particles had different sizes, even though they were 

made of the same material (Appendix A ). This phenomenon was driven by the net electric field 

produced by the charges accumulating on the particles.  

To confirm the validity of the charge transfer model for use in the CFD model, experimental 

studies were performed for both particle-wall and particle-particle collisions. The mechanism for 

particle-wall charging of single insulative particles was analyzed and tested with single-contact 

and repeated-contact experiments. The single-contact experiments, performed with spherical 

HDPE and PTFE particles contacting an aluminum plate, showed that particles with a larger 

effective work function consistently generated more charge. The amount of charge generated from 

a single wall contact was also directly proportional to the surface area of the contacting particle. 

The repeated-contact experiments confirmed that the saturation charge limit also increased with 

the effective work function, and the surface area proportionality held true for all tested cases, 

including the charge saturation points for commercial LLDPE resins. A study on the effect of 

initial particle charge showed that particles closer to the saturation point will not charge beyond 

this point regardless of the number of particle-wall collisions they experience. Moreover, a particle 
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with a known charging trend will follow the same path when starting at any initial charge. These 

observations confirmed the viability of the condenser model to predict charge generation in gas-

solid fluidized beds due to particle-wall collisions and provided a means to obtain the charge 

saturation values of polyethylene resins as a function of particle size. 

For the case of particle-particle charging, a novel apparatus was designed and built to study the 

direction and magnitude of charge transfer between two colliding particles. This bench-scale 

experiment was the first of its kind, and the apparatus design ensured that the measured change in 

each particle’s charge was solely due to the particle-particle interactions between the two colliding 

particles. The collisions were confirmed by monitoring the particle trajectories using a high frame-

rate camera. Coupled with a particle-tracking velocimetry program, each collision video was 

analyzed to determine the particles’ mode of contact (direct, angled, or tangential), and 

subsequently their impact angles and velocities. Measurable and near-perfect charge transfer, 

where the charge gained on one particle was equal to the charge lost by the other, was observed 

for same-sized PTFE-aluminum, PTFE-nylon, PTFE-PTFE and nylon-nylon collisions, as well as 

different-sized nylon collisions. The charge transfer magnitudes in PTFE-aluminum particle-

particle collisions, after accounting for the effective contact areas calculated using the normal 

impact velocities, were roughly 5 times lower than those measured in the abovementioned PTFE-

aluminum particle-wall collisions. Moreover, the impact angle for each collision was found to be 

directly proportional to the degree of charge transfer in both particle-particle and particle-plate 

collisions. These findings suggested that the tangential component of the impact velocity should 

also be included in current charge transfer models for all collision types.  

The different-material collisions further confirmed the viability of the apparatus, as PTFE particles 

consistently charged negatively when colliding with aluminum and nylon particles. The PTFE-

nylon collisions also exchanged more charge than the PTFE-aluminum collisions, which agreed 

with their expected directions of charge transfer based on the particles’ effective work functions. 

Same-sized particle collisions using 3.2 mm PTFE, 3.2 mm nylon, and 4.0 mm nylon particles 

revealed that the transferred charge did not always move towards equilibrium, but instead caused 

an increased separation of particle charges. Particularly for 3.2 mm collisions, the particles’ 

difference in initial charges was amplified in almost all collision trials. The charge transfer in 

identical particle collisions may therefore be caused by the neutralization of the induced dipole 
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moments between the colliding particles. However, given the low initial charges of the tested 

particles, this charging behaviour could also be attributed to the non-uniform distribution of charge 

on the particle surfaces. For different-sized nylon collision trials, the charge transfer direction was 

independent of the particles’ initial charges and consistently favored one particle size over another. 

Thus, the size-dependent bipolar charging behaviour was not only due to the electric field acting 

on the particles, as was observed in the abovementioned bi-disperse simulations, but also caused 

by individual particle-particle collisions. 

The experimental data from the particle-particle collisions such as the initial charges, impact 

velocities, and impact angles were used as input parameters for the charging model. These modeled 

charge transfer values were compared to the measured charge data for various collision scenarios. 

This investigation highlighted the missing components in the charging model that needs to be 

determined particularly for particle-particle collisions. Specifically, the model must consider a 

size-dependent bipolar charging mechanism, a charge amplification mechanism for identical 

particles, and a non-uniform distribution of the initial particle charges. 

8.2. Recommendations for Future Work 

The electrostatics and CFD modeling research communities have been quite active in recent years 

respectively to investigate the electrostatic charging behaviour between insulative particles and to 

develop electrostatic models for both Euler-Lagrange and Euler-Euler simulation studies. Coupled 

with the insights and the expertise in these research areas gained over the years, recent 

advancements in charge transfer studies were carefully reviewed and discussed in this thesis. As 

such, the following recommendations are proposed for the future work of this project as well as 

the overall research of electrostatic modeling of gas-solid flows: 

1. Continue improving the design of the particle-particle collision apparatus and continue 

performing experiments with the goal of developing an empirical particle-particle charging 

model. Some recommendations to attain this goal are as follows: 

a. Design for higher impact velocities to obtain a greater range of values for a better 

analysis of its effect on charge transfer. This would involve either using stronger 

air flows in the current system or modifying the dropping mechanism entirely. 
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b. Utilize a more precise measurement technique to determine the degree of particle-

particle charging in smaller particles, and especially in polyethylene resins which 

were not measurable using the current system. Moreover, any improvements on the 

design to allow a wider range of initial particle charges to be tested would be 

valuable for the empirical model. 

c. Consider the effect of the laboratory environment on particle charging, especially 

the charging phenomenon observed with airflow. An isolated system in a controlled 

clean room could eliminate factors such as humidity and air particulates that may 

have affected the measured charge transfer data. An automated particle feeding 

system could also streamline the experimental procedure, and limit the potential 

inconsistencies brought about by manual interactions with the particles.  

2. Continue the development on the Euler-Euler two-fluid model to achieve the ultimate goal 

of performing industrial-scale simulations studies of electrostatic charging in dense, poly-

dispersed gas-solid fluidized beds. Also, address the shortcomings of the charge transfer 

model, the simulation setup and input parameters recently highlighted by researchers in 

electrostatics and CFD modeling communities. The specific objectives are: 

a. Identify a suitable method to consider charge amplification between identical 

particles, the bipolar charging behaviour between particles of different sizes, and 

the non-uniform charge distribution on particle surfaces and its effect on charge 

transfer. A possible solution to consider these factors is to determine the probability 

density functions for charge on bulk powders, correlated with their size, obtained 

at various times. This data can help identify the bipolarity and dispersion of charge 

regardless of the particle-size distribution the number of components in the mixture. 

b. Modify the charge transfer models to incorporate the abovementioned empirical 

charging model, and implement the developed bidisperse charge transport equation 

into the Eulerian model and validate it using simulations of laboratory-scale 

fluidized beds. 

c. Expand the bidisperse equation to the polydisperse case, which would allow the 

simulation of both wide particle-size distributions and multicomponent systems. 
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Abstract 

A Eulerian model to describe the behavior of electrically charged particles, which considers charge 

separation and transfer between particles of two separate species, is developed using the kinetic 

theory of granular flows (KTGF). A transport equation for the charge of each particle species is 

obtained, incorporating the effect of the charge-velocity correlation. Closures for the collisional 

diffusion of charge and for the charge-velocity covariance are obtained. The developed model is 

applied to steady-state simulations in a one-dimensional domain with no advection, neglecting 

momentum transport and assuming a constant granular temperature for the solid species. While 

this is only a preliminary test of the model, which will require further validation, the results show 

the prediction of bipolar charging when the particles have different sizes, even though they are 

made of the same material. This phenomenon is analyzed and is shown to be driven by the electric 

field produced by the charge accumulated on the particles.  
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A.1. Introduction 

An ongoing challenge encountered in several practical processes such as gas-solid fluidization, 

mixing, drying and coating of non-conductive granular materials as well as in several reactive 

processed such as polymerization is the generation of electrostatic charges, which can greatly 

hinder the process productivity and may pose safety risks. Electrostatic charging occurs in gas-

solid fluidized beds due to particle-particle and particle-wall contacts, also known as 

triboelectrification [1–3]. Specifically, in polyethylene production, where ethylene gas is used to 

produce polyethylene via catalytic polymerization in a gas-solid fluidized bed reactor [4], 

triboelectrification results in highly charged polymer and catalyst particles to adhere to the reactor 

walls. The adhered particles quickly melt and fuse together due to the heat released by the 

exothermic polymerization reaction, leading to the formation of large sheets that can ultimately 

force reactor shutdowns for clean-up operations [5]. 

Numerous experimental studies were performed in the past to understand the effects of 

electrostatic charge on gas-solid fluidized beds [6,7], including wall fouling tendencies [8–10] and 

changes in bubble and bed behaviors [11–13]. However, modeling work on electrostatic charge 

generation and its effects in gas-particle flows has only recently seen substantial progress. Hassani 

et al. (2013) developed a Euler-Lagrange model to study the effect of electrostatic forces on the 

hydrodynamics of fluidization, and found that mono-charged particles resulted in smaller bubble 

sizes and greater bed voidage, which was in agreement with experimental results found by Bokkers 

et al. (2004). In addition, bipolar charges resulted in a neutral net charge governing the 

hydrodynamics of the system. Yang et al. (2016) also investigated the effect of electrostatic charge 

using a Euler-Lagrange model with non-varying charge, but specifically on particle elutriation. 

Jalalinejad et al. (2015) used a Euler-Euler model to study the influence of electrostatic charge of 

mono-sized glass beads on bubble behavior in freely bubbling fluidized beds. Recently, Grosshans 

and Papalexandris (2017) used fully resolved Direct Numerical Simulation (DNS) to study charge 

diffusion of particles in turbulent channel flow. Rokkam et al. (2010a; 2010b) developed a Euler-

Euler model for a pilot-scale gas-solid fluidized bed to study the electrostatic effect of particles 

with fixed charges. Using simulation conditions based on the experimental investigation by 

Sowinski et al. (2010), the model was able to reproduce similar trends in particle segregation and 
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entrainment due to the electrostatic forces in the fluidized bed [22]. These simulations precluded 

charge transfer between particles and between particles and wall, thus neglecting collisional 

diffusion of charge. Kinetic diffusion was also neglected in their work. For a more realistic 

representation of these systems, a model accounting for charge separation is needed to describe 

the triboelectric charge transfer due to collisions, some of which were proposed in the literature, 

as summarized below. 

Schein et al. (1992) suggested a charging model, based on the surface state theory, where the 

charge exchanged between two surfaces per unit area of contact is such to neutralize the work 

function difference. Matsuyama and Yamamoto (1995, 2006) proposed the charge relaxation 

model, which suggests that the charge transfer between two colliding bodies is completed after 

their separation. This is based on the assumption that when the two particles separate, charge flows 

back in the direction opposite to when the particles were in contact, and is determined by the 

Paschen curve. Ireland (2010) put forward a particle-wall charging model that considers contact 

time, velocity, and the mode of contact (i.e. bouncing, sliding, and rolling), as these determine the 

quantity of charge transferred in each collision. Matsusaka and Masuda (2003), whose work is 

based on previous literature [28,29], adopted the condenser model, which suggests that the contact 

region between two bodies can be regarded as a capacitor. Thus, a short contact time is sufficient 

to experience charge transfer. The maximum area of the capacitor in such collisions depends on 

the impact velocity according to the Hertzian theory [30]. Under this model, repeated particle-wall 

contacts cause the particle to reach a maximum charge value, known as saturation charge [31]. 

Korevaar et al. (2014) proposed a contact charging model based on the condenser model for 

pneumatically conveyed powders in a Euler-Lagrange CFD-DEM framework. Their simulations 

revealed the significant influence of particle-wall interactions on both the spatial distribution of 

powder in the duct and the acquired charge of the particles [32]. Pei et al. (2016, 2015, 2013) also 

performed several CFD-DEM studies using the condenser model. They observed that particles of 

different material properties can acquire charges of opposite polarity and form agglomerates, 

which can result in de-fluidization at low superficial gas velocities [34]. Moreover, their study on 

long-range electrostatic interactions implied that even long-range electric field contributions are 

necessary for accurate modeling of charged particle systems [35]. Laurentie et al. (2013) 

incorporated in their DEM implementation the charging model of Schein et al. (1992), at the high 
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density limit of surface state theory, which is similar to the particle-particle charging model of Soo 

(1971). The model assumed that the charge transfer is not only dependent on the effective work 

function of the two contacting bodies, but also on the total electric field acting at the contact point 

[36]. Similar to the model of Matsusaka et al. (2000) , they used the Hertzian model [30] to compute 

the maximum area of contact at collision.  The charge transfer model of Laurentie et al. (2013) 

was adopted by Kolehmainen et al. (2016) for the CFD-DEM simulation of laboratory-scale 

vibrated granular beds and fluidized beds. These studies revealed that bed height oscillations in 

small fluidized beds of mono-charged particles decreases with increasing charge due to the lateral 

segregation of particles. The average charge in their cases also reached an equilibrium state at a 

value much lower than expected based on the work function difference [38].  

As reviewed above, Euler-Lagrange models have gained some traction for simulating 

triboelectrification and its effects in laboratory-scaled gas-solid flows. However, very few works 

have been published modeling charge generation in gas-solid flows using a Euler-Euler framework 

[39,40]. A monodisperse Euler-Euler model was formulated and used for simulation of a lab-scale 

fluidized bed of polyethylene particles by Ray et al. (2019). In their work, charge transfer due to 

particle-wall collisions was modeled assuming the mechanism of charge separation as described 

by the model of Matsusaka et al. (2000) and formulating a boundary condition for charge transfer 

at walls compatible with the boundary conditions for the velocity and the granular temperature of 

Johnson and Jackson (1987). Similarly, charge diffusion due to particle-particle collisions was 

accounted for based on the kinetic theory of granular flow of Jenkins and Savage (1983), and the 

charging model of [36]. This Euler-Euler model was validated against the experimental results of 

a pilot-scale fluidized bed study [9], by comparing the charge density and mass fraction of particles 

adhering to the wall. In these experiments, a wide particle size distribution was present which was 

narrowed in some of the tests by sieving.  In practical scenarios, a broad size distribution is to be 

expected and hence a polydisperse model is necessary. As a step in the direction of accounting for 

polydispersity, a Eulerian bi-disperse model is developed in this work. The discrete charging 

models of Matsusaka et al. (2000) and Laurentie et al. (2013), which already accounted for the 

effect of different particle sizes and work functions, were used in the formulation of the Eulerian-

Eulerian model proposed in this work. Kinetic-theory based closure for the transport of particle 

charge due to particle-particle collisions were derived based on the kinetic theory of Jenkins and 

Mancini (1987) for bi-disperse granular systems. The model for particle-wall charging of Ray et 
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al. (2019) was adopted. One-dimensional simulations of polyethylene particles were performed 

without considering any mean motion of the particles. The diameter and volume fraction of the 

two species were varied relative to each other, and it was found that the larger particle species 

exhibited a bipolar behavior. 

A.2. Electrostatic model 

The electrostatic force on a particle having a charge q , as per the definition of Lorentz force, is: 

 𝐅𝑞 = 𝑞(𝐄 + 𝐯 × 𝐁), A-1 

where E is the electric field and B the magnetic field at the location where the particle is moving 

with a velocity 𝐯. The contribution of the latter can be neglected in the context of gas-particle 

flows due to the low particle velocities (much smaller than the speed of light) under consideration, 

and also due to negligible magnetic field strength induced by the low magnitude of electric current 

and rate of electric field fluctuations. Thus, 

 𝐅𝑞 = 𝑞𝐄, A-2 

where 

 𝐄 = −∇𝜑𝐸 , A-3 

in which 𝜑𝐸 is the electric potential, solution of the Poisson equation: 

∇ ⋅ (𝜀0𝜀𝑚∇𝜑𝐸) = 𝜌𝑞 , A-4 

where 𝜀𝑚 is the relative permittivity of the mixture and  𝜌𝑞 is the volumetric charge density, which 

for a mixture is given by 

𝜌𝑞 = ∑ 𝑁𝑖𝑞𝑖

𝑛

𝑖

, A-5 

with 𝑞𝑖 the mean charge of a single particle and 𝑁𝑖 the number density of species i. Gas-particle 

flow is not simulated in this work and therefore the effect of advection (including the effect of 𝐅𝑞) 

is not considered. The spatial distribution of the electric field still must be determined for 
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estimating charge diffusion as will be discussed in the next few sections. The spatial charge 

distribution is then used to compute the volumetric charge density from Eq. A-5, needed to solve 

Eq. A-4. Thus, a coupled system of partial differential equations needs to be solved as shown in 

the following sections. 

A.2.1. Particle charging model 

A.2.1.1. Particle-wall charging 

The quantity of charge exchanged between a particle and a wall, can be calculated according to 

the observations of Matsusaka et al., (2000), and Matsusaka and Masuda (2003):  

 
𝑑𝑞𝑖

𝑑𝑛𝑐,𝑤
= −𝑘𝑐𝜀0𝜀𝑟 [

𝑉𝑐

𝑧0
(1 −

𝑞𝑤,𝑖

𝑞∞,i
) + 𝐄 ⋅ 𝐧] 𝑆𝑖, A-6 

where 𝑉𝑐 is the difference of the work functions of the wall and the particle, 𝑘𝑐 is the charging 

efficiency, 𝜀𝑟 is the relative electrical permittivity of the fluid medium, 𝑧0 is the critical gap for 

electron transfer, 𝑞𝑤,𝑖  is the particle charge, 𝑞∞,i is the particle saturation charge, 𝐧 is the wall 

normal unit vector, and 𝑆𝑖  is the maximum contact area during impact deformation between a 

spherical particle and a rigid wall. The latter is computed according to the Hertzian theory [30] as: 

 𝑆𝑖 = [
𝜋

2
(

5√2𝜋

32
)

2/5

di
2 (𝜌

1 − 𝜈

𝐸
)

2/5

] 𝑣4 5⁄ = 𝑘𝑠,𝑤,𝑖𝑣
4 5⁄ , A-7 

where 𝜈, 𝜌 and 𝐸 are the Poisson ratio, density and the Young’s modulus of the particle material, 

and 𝑣 is the wall-normal component of the particle velocity. This model for particle-wall charging 

has been used in monodisperse simulations by Kolehmainen et al. (2018) and Ray et al. (2019), 

and it is adopted in this manuscript for each particle species. 

A.2.1.2. Inter-particle charging 

Schein et al. (1992) proposed a model to describe the exchange of charge during a collision of two 

particles based on the assumption that each of the particles will exchange an equal amount of 

charge during the collision. This model, which has been used in the previous works of Laurentie 

et al. (2013), Kolehmainen et al. (2018) and Ray et al. (2019), leads, for the case of two particle 

species i and j to the following expression for the rate of change of particle charge with the number 

of collisions: 
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(
𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

= − (
𝑑𝑞𝑗

𝑑𝑛𝑐
)

𝑏

= [𝐾𝑣
𝑏𝜙𝑖𝑗 − 𝐾𝑖

𝑏𝑞𝑖 + 𝐾𝑗
𝑏𝑞𝑗 + 𝐾𝑒𝑞

𝑏 (𝐄 ∙ 𝐤)](𝐜ij ∙ 𝐤)
4 5⁄

, A-8 

with  

𝐾𝑣
𝑏 =

𝑘𝑐𝑘𝑠
𝑏𝜀0𝜀𝑟

𝑧0
, 

A-9 

𝐾𝑖
𝑏 =

𝑘𝑐𝑘𝑠
𝑏

𝜋𝑑𝑖
2 , 

A-10 

𝐾𝑗
𝑏 =

𝑘𝑐𝑘𝑠
𝑏

𝜋𝑑𝑗
2 , 

A-11 

𝐾𝑒𝑞
𝑏 = 𝑘𝑐𝑘𝑠

𝑏𝜀0𝜀𝑟 , A-12 

and 

𝑘𝑠
𝑏 = 𝜋𝑅𝑜 (

15

8

𝑚𝑖𝑚𝑗

𝑚𝑖 + 𝑚𝑗

1 − 𝜈

𝐸√𝑅𝑜

)

2/5

. 
A-13 

The result in Eq. A-14 is based on the Hertzian theory of contact deformation between two 

spherical particles [30] of the same material but different sizes, where 

𝑅𝑜 =
𝑑𝑖𝑑𝑗

2(𝑑𝑖 + 𝑑𝑗)
. A-14 

The term 𝜙𝑖𝑗 in Eq. A-8 is the work function difference between materials of the two species, 𝑑𝑖 

and 𝑑𝑗 are the particle diameters of species i and j, respectively, 𝑚i, 𝑚𝑗 are the particle masses, 

and (𝐜ij ∙ 𝐤) is the component of relative velocity along the line joining the centers of the two 

colliding particles, and 𝐤 is the unit vector along that direction. The superscript b in the equations 

above corresponds to collisions between unlike particles. Since we also need to include the effect 

of the collisions between like particles, we have: 

(
𝑑𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

= − (
𝑑𝑞𝑖2

𝑑𝑛𝑐
)

𝑚

= [𝐾𝑖
𝑚(𝑞𝑖2 − 𝑞𝑖1) + 𝐾𝑒𝑞

𝑚(𝐄 ∙ 𝐤)](𝐜𝑖12 ∙ 𝐤)4 5⁄ , A-15 

with  
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𝐾𝑖
𝑚 =

𝑘𝑐𝑘𝑠
𝑚

𝜋𝑑𝑖
2 , 

A-16 

𝐾𝑒𝑞
𝑚 = 𝑘𝑐𝑘𝑠

𝑚𝜀0𝜀𝑟 , A-17 

and  

𝑘𝑠
𝑚 =

𝜋

4
(

5𝜋

16
)

2/5

di
2 (𝜌

1 − 𝜈

𝐸
)

2/5

, 
A-18 

which is derived from Eq. A-13.  

It is worth mentioning at this point that charge could also dissipate through charge decay [31], 

where particles lose charge over a period of time to the surrounding medium and reach an 

equilibrium. Due to this decay, rubber particles were shown to reach a lower saturation level when 

there was an interval of more than 10 s between consecutive collisions [31]. In a bubbling fluidized 

bed of 400 μm polyethylene particles, the time between collisions was shown to be less than 100 

ms, and thus charge decay is ignored in this paper. 

A.2.2. Particle charge transport 

The transport equation for particle charge can be developed following the work of Jenkins and 

Savage (1983) and Jenkins and Mancini (1987) by additionally considering particle charge and 

particle velocity may be correlated. Thus the mean charge of the particle species 𝑖, 𝑞𝑖 , varies 

according to the equation: 

 
𝜕

𝜕𝑡
(𝑁i〈𝑞𝑖〉) + ∇ ⋅ (𝑁i〈𝐜𝑖𝑞𝑖〉) = ℂ𝑖𝑖(𝑞𝑖) + ℂ𝑖𝑗(𝑞𝑖), A-19 

which can be rewritten as: 

 
𝜕

𝜕𝑡
(𝑁i〈𝑞𝑖〉) + ∇ ⋅ (𝑁i〈𝑞𝑖〉𝐔) + ∇ ⋅ (𝑁i〈𝐂𝑖𝑞𝑖

′〉)  = ℂ𝑖𝑖(𝑞𝑖) + ℂ𝑖𝑗(𝑞𝑖), A-20 

because 

𝐜𝑖 = 𝐔 + 𝐂𝑖, A-21 

with the barycentric velocity 𝐔 given by 
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 𝐔 =
𝑚𝑖𝑁i〈𝐜𝑖〉 + 𝑚𝑗𝑁j〈𝐜𝑗〉

𝑚𝑖𝑁i + 𝑚𝑗𝑁j
, A-22 

where 𝑁i, 𝑁j are the species number densities, and 𝐜𝑖 , 𝐜𝑗  are the i and j particle velocities. The 

remainder symbols in the previous equations are defined as follows: ℂ𝑖𝑖(𝑞𝑖) and ℂ𝑖𝑗(𝑞𝑖) are the 

collisional rate of change of 𝑞𝑖 for collisions with particles of the same species 𝑖 and with the other 

species 𝑗, respectively, while 〈𝐂𝑖𝑞𝑖′〉 is the expected value of the charge-velocity covariance. Also  

𝑞𝑖 = 〈𝑞𝑖〉 + 𝑞𝑖
′. A-23 

 

A.2.3. Number density function 

The single-particle number density function (NDF) 𝑓𝑖(𝑡, 𝐱, 𝐜𝑖, 𝑞𝑖) is defined in this work so that it 

has the same moments as a Maxwellian distribution for velocity and of a Gaussian distribution for 

charge: 

𝐔i = ∫ ∫ 𝐜𝑖𝑓𝑖

ℝ

d𝑞𝑖

ℝ3

d𝐜𝑖 , 

A-24 

𝑇𝑖I̿ = (𝑇 + 𝜃𝑖)I̿ = 𝑚𝑖 ∫ ∫ 𝐂𝑖𝐂𝑖𝑓𝑖

ℝℝ3

d𝑞𝑖d𝐜𝒊, 

A-25 

𝑇 =
𝑁i𝑇𝑖 + 𝑁𝑗𝑇𝑗

𝑁i + 𝑁𝑗
, 

A-26 

〈𝑞𝑖〉 = ∫ ∫ 𝑞𝑖𝑓𝑖

ℝ

d𝑞𝑖

ℝ3

d𝐜𝒊, 

A-27 

〈𝑞𝑖′
2〉 = ∫ ∫ 𝑞𝑖′

2𝑓𝑖

ℝ

d𝑞𝑖

ℝ3

d𝐜𝒊. 

A-28 

  

Here 𝐔i, 𝑇𝑖, 〈𝑞𝑖〉 and 〈𝑞𝑖′
2〉 are the expected values of the velocity, granular temperature, charge 

and charge variance of particle i. 𝑇  is the number-averaged mixture granular temperature. 

Additionally, the charge-velocity covariance 〈𝐂𝑖𝑞𝑖′〉 is defined as follows: 
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〈𝐂𝑖𝑞𝑖′〉 = ∫ ∫ 𝐂𝑖𝑞𝑖′𝑓𝑖

ℝ

d𝑞𝑖

ℝ3

d𝐜𝒊. 

 

A-29 

It should be noted from hereon that the velocity fluctuations of particle 1 and charge fluctuations 

of particle 2 in a particle pair are not correlated, and vice versa, irrespective of whether both the 

particles are of the same species or different species. This implies that 

〈𝐂𝑖𝑞′𝑗〉 = 〈𝐂𝑗𝑞′𝑖〉 = 0. A-30 

Variables of particles of one species are also assumed to be independent and uncorrelated with 

variables of the other species, i.e.: 

〈𝑀𝑖
𝑎𝑀𝑗

𝑏〉 = 〈𝑀𝑖
𝑎〉〈𝑀𝑗

𝑏〉, A-31 

where 𝑀𝑖
𝑎  and 𝑀𝑗

𝑏  are, respectively, the moments of order 𝑎  and 𝑏  of quantities belonging to 

species 𝑖 and species 𝑗. Thus, the two-particle PDF 𝑓2 is such that the joint moments are products 

of the moments of the individual NDFs. In concise form, 

𝑓2 = 𝑔𝑖𝑗𝑓𝑖𝑓𝑗 , A-32 

where 𝑔𝑖𝑗 is the radial distribution function. 

A.2.4. Rate of charge diffusion due to particle-particle collisions 

The average rate of change of the mean particle charge due to inter-particle collisions between two 

species is evaluated from the collision integrals [43,44]: 

 ℂ𝑖𝑗(𝑞𝑖) = 𝜒𝑞𝑖

𝑏 − ∇ ∙ 𝛉𝑞𝑖

𝑏 , A-33 

where 

 𝜒𝑞𝑖

𝑏 = d𝑖𝑗
2 ∫ ∫ ∫ (

𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

(𝐜𝑖𝑗 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞𝑖d𝑞𝑗d𝐜𝑖d𝐜𝑗d𝐤, A-34 

and 

 𝛉𝑞𝑖

𝑏 =
d𝑖𝑗

3

2
∫ ∫ ∫ (

𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

(𝐜𝑖𝑗 ∙ 𝐤)𝐤𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞𝑖d𝑞𝑗d𝐜𝑖d𝐜𝑗d𝐤, A-35 
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in which d𝑖𝑗 = (𝑑𝑖 + 𝑑𝑗)/2 is the average diameter of the two colliding particles. 

It should be noted that in the discussion presented in the following sections to obtain closures for 

the collision integrals, only binary collisions are considered, while the effect of collisions involving 

more than two particles and of enduring particle contact are ignored. Determining these integrals 

requires the substitution of the inter-particle charging model from the previous section. To such 

purpose, we use the modified one-particle PDFs which are obtained through Taylor series 

expansion about the mid-point between the centers of the two colliding particles [42] as follows: 

𝑓𝑖
𝑒 = 𝑓𝑖 [1 −

d𝑖𝑗

2
(𝐤 ∙ ∇) ln 𝑓𝑖 + ⋯ ], 

A-36 

𝑓𝑗
𝑒 = 𝑓𝑗 [1 +

d𝑖𝑗

2
(𝐤 ∙ ∇) ln 𝑓𝑗 + ⋯ ]. 

A-37 

Including the effect of a finite particle size in this manner allows the effect of the collisional 

diffusion flux due to the gradient of charge to be incorporated in the model closure. Based on these 

considerations, the modified two-particle PDF becomes [42,43]: 

𝑓2 = 𝑔𝑖𝑗𝑓𝑖
𝑒𝑓𝑗

𝑒 = 𝑔𝑖𝑗𝑓𝑖𝑓𝑗 [1 +
dij

2
(𝐤 ∙ ∇) ln

𝑓𝑗

𝑓𝑖
+ ⋯ ], A-38 

where 

(𝐤 ∙ ∇) ln
𝑓𝑗

𝑓𝑖
=

𝑞′𝑗
2

2〈𝑞′𝑗
2

〉2
(𝐤 ∙ ∇〈𝑞′𝑗

2
〉) −

𝑞′
𝑖

2

2〈𝑞′
𝑖
2〉2

(𝐤 ∙ ∇〈𝑞′
𝑖

2〉) −
𝑞′

𝑗

〈𝑞′
𝑗

2〉
(𝐤 ∙ ∇〈𝑞𝑗〉)

+
𝑞′

𝑖

〈𝑞′
𝑖
2〉

(𝐤 ∙ ∇〈𝑞𝑖〉) + ⋯, 

A-39 

where terms involving gradients of granular temperatures and phase volume fractions, and 

divergence of the barycentric velocity were neglected, consistently with what done in the rest of 

this work. This is justified observing that the gradient of species charge is a few orders of 

magnitude higher than the neglected terms, particularly near the wall region [40], which majorly 

contributes for charge transport in dense granular flows such as those encountered in the systems 

of interest to the applications mentioned in the introduction. Specifically, this assumption is valid 

for charging of insulator particles because of their low permittivity. It will be shown in the 

Appendix that such assumptions allow a convenient form of the charge-velocity covariance to be 

formulated as well.  
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The radial distribution function 𝑔𝑖𝑗 in Eq. A-38 is given [43] as:  

𝑔𝑖𝑗 =
1

1 − 2𝛼𝑖𝑗
+

3didj

dij

𝜀

(1 − 2𝛼𝑖𝑗)
2 + 2 (

didj

dij
)

2
𝜀2

(1 − 2𝛼𝑖𝑗)
3, A-40 

where 𝛼𝑖𝑗 is the average volume fraction of the two species and: 

𝜀 =
2

3
𝜋(𝑁idi

2 + 𝑁jdj
2). A-41 

Similarly, 

𝑔𝑖𝑖 =
1

1 − 2𝛼𝑖𝑗
+ 3di

𝜀

(1 − 2𝛼𝑖𝑗)
2 + 2di

2
𝜀2

(1 − 2𝛼𝑖𝑗)
3. A-42 

A.2.5. Derivation of charge-velocity covariance 〈𝑪𝒊𝒒𝒊′〉 

The closure term for the charge-velocity covariance can be obtained by considering the transport 

equation for 〈𝐜𝒊𝑞𝒊〉 as follows: 

𝜕

𝜕𝑡
(𝑁𝑖〈𝐜𝒊𝑞𝒊〉) + ∇ ⋅ (𝑁𝑖〈𝐜𝒊𝐜𝒊𝑞𝒊〉)

= ℂ𝑖𝑖(𝐜𝒊𝑞𝒊) + ℂ𝑖𝑗(𝐜𝒊𝑞𝒊) + 𝑁𝑖 〈
∂𝐜𝒊𝑞𝒊

∂𝐜𝒊

d𝐜𝒊

dt
〉 + 𝑁𝑖 〈

∂𝐜𝒊𝑞𝒊

∂𝑞𝒊

d𝑞𝒊

dt
〉, 

A-43 

which, if we ignore all time derivatives, reduces to 

∇ ⋅ (𝑁𝑖〈𝐜𝒊𝐜𝒊𝑞𝒊〉) = ℂ𝑖𝑖(𝐜𝒊𝑞𝒊) + ℂ𝑖𝑗(𝐜𝒊𝑞𝒊). (8-1) 

Treating the divergence of terms containing 𝐔 and gradients of 𝛼i, 𝜌i, 𝑇𝑖 as negligible compared to 

gradients of 〈𝑞𝒊〉 , and also considering the particle temperature and charge variance to be 

uncorrelated gives: 

∇ ⋅ (𝑁𝑖〈𝐜𝒊𝐜𝒊𝑞𝒊〉) = ∇ ⋅ (𝑁𝑖𝐔〈𝐜𝒊𝑞𝒊〉) + ∇ ⋅ (𝑁𝑖〈𝐂𝑖𝐜𝒊𝑞𝒊〉)

= ∇ ⋅ (𝑁𝑖〈𝑞𝒊〉〈𝐂𝑖𝐂𝑖〉) = 𝑁𝑖

𝑇𝑖

𝑚𝑖
∇〈𝑞𝒊〉. 

A-44 

Hence, we have: 

ℂ𝑖𝑖(𝐜𝒊𝑞𝒊) + ℂ𝑖𝑗(𝐜𝒊𝑞𝒊) = 𝑁𝑖

𝑇𝑖

𝑚𝑖
∇〈𝑞𝒊〉. (8-2) 

Evaluating the integrals A-29, we obtain: 
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〈𝐂𝑖𝑞𝑖′〉 =
−𝑇𝑖∇〈𝑞𝒊〉

{𝑚𝑖𝑔𝑖𝑗𝑁𝑗dij
2𝑀𝑗(1 + 𝑒) [(

4𝜋𝑚𝑖𝑗𝑇
𝑚𝑖𝑚𝑗

)

1
2

(1 −
𝜃𝑖 + 𝜃𝑗

𝑇
) 

⁄

+
3

√2
(

𝜋

𝑚𝑖𝑗𝑇𝑚𝑖𝑚𝑗
)

1
2

(𝑚𝑖𝜃𝑖 + 𝑚𝑗𝜃𝑗)

+ 2√2𝜋 (
𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

3
2 1

𝑇2
(𝑚𝑖𝑀𝑗

2𝜃𝑖 + 𝑚𝑗𝑀𝑖
2𝜃𝑗)]

+
1

2
𝑚𝑖𝑔𝑖𝑖𝑁𝑖d𝑖

2(1 + 𝑒) (
4𝜋𝑇𝑖

𝑚𝑖
)

1
2

} 

 

A-45 

where 

𝑚𝑖𝑗 = 𝑚𝑖 + 𝑚𝑗 , A-46 

𝑀𝑖 =
𝑚𝑖

𝑚𝑖𝑗
, A-47 

and 

𝑀𝑗 =
𝑚𝑗

𝑚𝑖𝑗
. A-48 

A.2.6. Charge transport equation with wall boundary conditions 

Evaluating the collision integrals (Eqns. A-34 and A-35) gives us the following form for the charge 

transport equation: 

 
𝜕

𝜕𝑡
(𝑁i〈𝑞𝑖〉) + ∇ ⋅ (𝑁i〈𝑞𝑖〉𝐔) = 𝑁𝑐(𝑞𝑖) − ∇ ⋅ 𝐪𝑖 A-49 

where the non-advective charge flux is: 
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𝐪𝑖 = 𝑁𝑖〈𝐂𝑖𝑞𝑖′〉 − 2
9

10√𝜋𝑔𝑖𝑖𝑁𝑖
2di

3Γ (
2

5
) (

2𝑇𝑖

𝑚𝑖
)

9
10

(
7

90
𝐾𝑒𝑞

𝑚∇𝜑𝐸 +
19

180
𝐾𝑖

𝑚di∇〈𝑞𝑖〉)

− 2
9

10√𝜋𝑔𝑖𝑗𝑁𝑖𝑁𝑗dij
3Γ (

2

5
) (

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

9
10

{𝐾𝑒𝑞
𝑏 ∇𝜑𝐸 [

7

90
(1 −

𝜃𝑖 + 𝜃𝑗

𝑇
)

+
7

60
(

𝑚𝑖𝜃𝑖 + 𝑚𝑗𝜃𝑗

𝑚𝑖𝑗𝑇
) +

14

75
(

𝑚𝑖𝑀𝑗
2𝜃𝑖 + 𝑚𝑗𝑀𝑖

2𝜃𝑗

𝑇2
)]

+
19

360
(𝐾𝑖

𝑏∇〈𝑞𝑖〉 + 𝐾𝑗
𝑏∇〈𝑞𝑗〉)dij}, 

A-50 

and 

𝑁𝑐(𝑞𝑖) = 2
9

10√𝜋𝑔𝑖𝑗𝑁𝑖𝑁𝑗dij
2Γ (

2

5
) (

𝑚𝑖𝑗

𝑚𝑖𝑚𝑗
𝑇)

9
10

× {(−𝐾𝑖
𝑏〈𝑞𝑖〉 + 𝐾𝑗

𝑏〈𝑞𝑗〉) [
56

95
(1 −

𝜃𝑖 + 𝜃𝑗

𝑇
) +

32

95
(

𝑚𝑖𝜃𝑖 + 𝑚𝑗𝜃𝑗

𝑚𝑖𝑗𝑇
)

+
672

475
(

𝑚𝑖𝑗(𝑚𝑖𝑀𝑗
2𝜃𝑖 + 𝑚𝑗𝑀𝑖

2𝜃𝑗)

𝑚𝑖𝑚𝑗𝑇
)]

+
56

95
(

𝑚𝑖𝑗

𝑚𝑖𝑚𝑗
𝑇)

−4
5⁄

(𝐾𝑖
𝑏〈𝐂𝑖𝑞𝑖′〉 − 𝐾𝑗

𝑏〈𝐂𝑗𝑞𝑗′〉) ∙ (𝐯𝑖 − 𝐯𝑗)

+
56

95
(−𝑀𝑖𝐾𝑖

𝑏〈𝐂𝑖𝑞𝑖′〉 + 𝑀𝑗𝐾𝑗
𝑏〈𝐂𝑗𝑞𝑗′〉) (

𝑀𝑖𝐯𝑖 + 𝑀𝑗𝐯𝑗

𝑇
)}, 

A-51 

with  

𝐯𝑖 = 𝐔𝑖 − 𝐔 A-52 

and 

𝐯𝑗 = 𝐔𝑗 − 𝐔. A-53 

Eq. A-51 is a second-order partial differential equation involving 〈𝑞𝑖〉 , 〈𝑞𝑗〉  and 𝜑𝐸 . The 

corresponding charge transport equation for 〈𝑞𝑗〉 can be obtained by replacing i with j and j with i 

in equations A-51-A-53. These two transport equations along with the Poisson equation for the 

electric potential (Eq. A-4) define the entire electrostatic model. The wall is assumed to be either 
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grounded or insulated, resulting in 𝜑𝐸 = 0 or ∇𝜑𝐸 = 0, respectively. The wall boundary condition 

for 〈𝑞𝑖〉 is the same reported in Ray et al. (2019) and is given by 

𝑞𝑤,𝑖 = 𝑞∞,i [1 +
𝑧0

𝑉𝑐,𝑖
(𝐄 +

𝐪𝑖,𝑤𝑎𝑙𝑙

𝑘𝑤,𝑖
) ⋅ 𝐧], A-54 

where 

𝑘𝑤,𝑖 =
12

35√𝜋
2

9
10𝑔𝑖𝑖𝑁𝑖Γ (

2

5
) (

𝑇𝑖

𝑚𝑖
)

9
10

𝑘𝑐𝑘𝑠,𝑤,𝑖𝜀0𝜀𝑟 . A-55 

 

and 𝐪𝑖,𝑤𝑎𝑙𝑙 is the non-advective diffusion flux at the wall from Eq. A-52. Boundary conditions can 

be obtained for 〈𝑞𝑗〉 by replacing i with j in Eqns. A-56 and A-57. 

A.3. Simulation results and discussion 

A simple 1-D domain representing the width of the fluidized bed was chosen for solving the 

equations at steady state, in order to simply show what might be expected when the electrostatic 

model would be coupled with the hydrodynamic model. The coupled steady-state PDEs are solved 

in Wolfram Mathematica 12.0 using the automatic integrator NDSolve [45], which adapts the 

choice of the integrator to address the stiffness of the set of PDEs. This approach is particularly 

required in the charge diffusion of insulating particles since steep gradients are expected near the 

wall boundary. To resolve these large gradients, a high accuracy in the calculations is required, 

consequently the working precision (number of digits maintained during the calculation) was set 

to 50. Allowing Mathematica to automatically choose the precision causes it to use the lowest 

precision of the specified parameters, which maybe insufficient for determining converged 

solutions. 

The one-dimensional domain has a width of 0.1 m, which is the same as was used in the 

monodisperse simulations [40], and the phases have no mean velocity.  The saturation charge 

density varies inversely with the particle diameter as per the findings of Chowdhury et al. (2018). 

The material properties of both the particle species are shown in Table A-1. Even though the 

hydrodynamics are not simulated, an arbitrary value of the granular temperature was required to 

perform the calculations. A uniform value of 3 ⋅ 10−12 kg-m2/s2 based on bubbling fluidization 
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simulations of 362 μm particles [40], was assigned to both particle species. The charging efficiency 

also needed specification and although this has not been validated against transient charge 

diffusion, a value of 1 ⋅ 1010 (a value of 4 ⋅ 1011 was used in Ray et al. (2019)) was used to obtain 

a reasonable thickness of the particle layer at the wall without imposing too much difficulty on the 

numerical method in resolving steep gradients. This was beneficial as a large set of converged 

solutions could be obtained in the parametric study through iteration without user intervention. 

The work function Vc  has a magnitude of −0.9 eV, as in Ray et al. (2019). 

Table A-1: Material properties and parameter values. 

Mass 

density 

Young’s 

modulus 

Poisson’s 

ratio 

Coefficient of 

restitution 

Relative 

permittivity 
Vc z0 𝑘𝑐 

(kg/m3) (MPa) - - - (eV) (nm)  

935 150 0.5 0.8 2.25 -0.9 1.0 1 ⋅ 1010 

In this article, we have studied the effect of the variation of the relative diameters of the two particle 

species and their volume fractions. Some commonalities for the simulation parameters are 

mentioned here first. The diameter of particles of species 1 particle is fixed at 400 μm, while that 

of species 2 is varied. The total volume fraction of the two particle species is always 0.6, or in 

other words the void fraction is held constant at 0.4. The variation of maximum electric potential 

and average particle charge density with diameter ratio and volume fraction is shown as surface 

plots in Figure . The average charge density is the volume averaged charge density of both the 

particle species. 
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Figure A-1: Variation of a) maximum electric potential and b) average particle charge density, 

with phase volume fraction and diameter ratio (color represents the magnitude of the quantity 

reported on the vertical axis). 

In Figure A-1, the axes corresponding to a diameter ratio of 1.0 and volume fraction of species 1 

of 0.6 represent monodisperse scenarios with only species 1 being present, and therefore no 

variation is seen along these axes. The maximum electric potential has at least one inflection point 

with increasing volume fraction of species 2 for constant diameter ratios (Figure A-1a). Along 

lines of constant volume fraction, it has no, one or more inflection points as the particle diameter 

ratio changes. The average particle charge density also shows similar variation along lines of 

constant volume fraction (Figure A-1b). For constant diameter ratios, a monotonically decreasing 

trend is observed with increasing volume fraction of species 2. These variations are also seen in 

Figure A-2 and Figure A-3, where the profiles of electrostatic variables are shown along the x-

direction near the wall region (boundary layer) up to 0.01 m. Figure A-2 illustrates results for fixed 

volume fractions (α1 = 0.3, α2 = 0.3) and varying diameter ratio of the two species, while Figure 

A-3 does the same for fixed sizes (d1 = 400 μm, d2 = 800 μm) and varying volume fraction. 

(a) (b) 
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Figure A-2: Comparison of profiles of a) species 1 particle charge density, b) species 2 particle 

charge density, c) average charge density and d) electric potential near the wall region, when the 

diameter of species 2 particles is varied. 

At the wall, the phase charge density is saturated, and it decreases away from the wall for both 

species (Figure A-2a-b,  Figure A-3a-b). With increasing diameter ratio, the gradient gets 

shallower for species 1 and steeper for species 2 (Figure A-2a-b). As a result, the polarity of species 

2 particles changes after a certain distance from the wall (when diameters are different) (Figure 

A-2b). The distance at which this happens gets shorter with increasing diameter ratio. This shows 

the capability of the model of predicting bipolar charging even without any work function 

difference between species. Even though the charge of species 2 is high in magnitude, it is 

neutralized by a similar magnitude of opposite charge of species 1, resulting in negligible average 
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charge density away from the wall region (Figure A-2c). The average charge density is smaller at 

every point in the x-direction for a higher diameter ratio (Figure A-2c), which explains the trend 

in Figure b. The maximum electric potential has a minimum somewhere in between d2 = 800 μm 

and d2 = 1200 μm (Figure A-2d), which was also seen in Figure A-1a. Moreover, the potential is 

either lower or higher at every location along the x-axis when comparing profiles of any of the 

diameter ratios (Figure A-2d). 

 

Figure A-3: Comparison of profiles of a) species 1 particle charge density, b) species 2 particle 

charge density, c) average charge density and d) electric potential near the wall region, when the 

phase volume fractions are varied. 
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When the particle diameters are kept fixed (d1 = 400 μm, d2 = 800 μm) and the volume fractions 

are varied maintaining α1 + α2 = 0.6, the simulations predict that gradients of both species charge 

densities gets steeper as the volume fraction of species 1 (smaller diameter) is increased (Figure 

A-3a-b). Bipolar charging is again observed, and the distance from the wall, where the polarity 

reverses gets shorter with increasing α1 (Figure A-3b), due to steeper gradients. The average charge 

density at the wall (Figure A-3c) is more with larger α1, since the saturation charge density of 

species 1 is higher. The maximum electric potential showed an inflection between α1 = 0.1 and α1 

= 0.3 (Figure A-3d), as was seen in Figure a as well. 

A.3.1. Bipolar charging 

Bipolar charging is observed in the simulations presented in this work when the diameters of the 

two species are not the same, even for small volume fractions of one of the species. Bipolar 

charging of powders made of the same material has been reported in previous literature [47–50] 

among others. In most cases, the smaller particles tended to have negative average charge while 

the larger ones acquired positive average charge. Previous works have tried to explain this in terms 

of particle-size correction of the work function and effective capacitance of the colliding particles 

as well as the dependence of surface roughness and shape [51] on particle size. The former two 

impose a negligible effect while the last one could be assumed to be not system independent [51]. 

Lacks et. al. [52,53] explained the preferential negative charging of smaller particles with their 

trapped electron model, which assumes that electrons are transferred from higher energy states on 

one particle to lower energy states on the other particle. Since smaller particles have less surface 

area, they are assumed to possess lower number of high energy electrons that could be transferred 

to the larger particles in comparison to the number of high energy electrons that can be supplied 

by the larger particles to the smaller ones. This was proposed to be causing bipolar charging, with 

smaller particles ending up with negative polarity. However, it was also mentioned that it is 

possible for a redistribution of electrons between lower energy levels of the two colliding particles 

as well reversal of electron transfer due to the electric field produced by the surface charges, both 

of which could negate the bipolar intensity [52]. Furthermore, their model fails to explain the 

positive charging of smaller particles in experiments [48] 

The trends of electrification (Figure A-1 and Figure A-3) are neither monotonic nor obvious and 

do not naturally explain bipolar charging. To further understand this, we needed to see how the 
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diffusivity is varying at different diameter ratios and volume fractions. For the parameters used in 

this work, it was seen that Eq. A-51 could be approximately written, for the two species, as  

 𝐷𝑞𝑖∇
2〈𝑞𝑖〉 + 𝐷𝜑𝑖∇

2𝜑𝐸 + ⋯ = 0 A-56 

and  

𝐷𝑞𝑗∇2〈𝑞𝑗〉 + 𝐷𝜑𝑗∇2𝜑𝐸 + ⋯ = 0, A-57 

where the other terms are neglected due to their much lower orders of magnitude. Therefore, these 

can be rewritten as 

∇2〈𝑞𝑖〉 +
𝐷𝜑𝑖

𝐷𝑞𝑖
∇2𝜑𝐸 = 0 A-58 

and 

∇2〈𝑞𝑗〉 +
𝐷𝜑𝑗

𝐷𝑞𝑗
∇2𝜑𝐸 = 0. A-59 

The diffusivity ratio 
𝐷𝜑𝑖

𝐷𝑞𝑖
 dictates the relative slopes of 〈𝑞𝑖〉 and 𝜑𝐸. A higher diffusivity ratio will 

lead to steeper charge density profiles, and the same argument holds between 
𝐷𝜑𝑗

𝐷𝑞𝑗
 and 〈𝑞𝑗〉 as well. 

This implies that bipolar charging in these simulations is being driven by the electric field that 

develops due to the evolution of particle charge.  The possibility of an external field driving bipolar 

charging had been discussed before [51] but it did not explicitly mention the role of the inherent 

electric field produced by the charge accumulated in the bed. The diffusivity ratios have been 

plotted as a function of the phase volume fraction and diameter ratios in Figure A-4. The ratio  

𝐷𝜑𝑖/𝐷𝑞𝑖  decreases monotonically (Figure A-4a) with increasing volume fraction of species 2 as 

well diameter ratio. Thus, ∇〈𝑞𝑖〉  is also expected to have lowering of magnitude and is confirmed 

by Figure A-1a and Figure A-2a, where 〈𝑞𝑖〉 falls off less rapidly from the wall. The diffusivity 

ratio of species 2 𝐷𝜑𝑗/𝐷𝑞𝑗   diminishes monotonically (Figure A-4b) with increasing volume 

fraction of species 2 and similarly ∇〈𝑞𝑗〉 is expected to be lower. This effect is asserted in Figure 

A-3b. With increasing diameter ratio however, an inflection is obtained between d2/d1 = 2.0 and 

d2/d1 = 3.0. This is not affirmed at first glance from Figure A-2b, since the magnitude of charge 

seems to be reducing with higher ratios. A close inspection (Figure A-2b) shows that the magnitude 

of ∇〈𝑞𝑗〉 is indeed higher at the wall for d2/d1 = 2.0 than the other ratios. The illusion of an overall 
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monotonic reduction manifests from the lower charge density at the wall for larger diameters 

(Figure A-2b), since the saturation density is inversely proportional to the diameter. 

 

Figure A-4: Variation of diffusivity ratio of a) species 1 and b) species 2, with phase volume 

fraction and diameter ratio (color represents the magnitude of the quantity reported on vertical 

axis). 

The variations in the slopes of 〈𝑞𝑖〉 and 〈𝑞𝑗〉 lead to bipolar charging as seen in the plots. Physically 

however, this would mean that particles of the two species will tend to move in opposite directions 

under the influence of the electrostatic force, given by Eq. A-2, unless the electric field is null at 

that location. This is verified in Figure A-5 (b, d), where large forces act on particles of species 2 

in certain regions. Since the magnitude of species 2 charge is greater for higher diameter ratios and 

species 1 volume fractions, the same is seen for the electrostatic force as well. For every scenario, 

species 1 particles experience an electrostatic force only towards the wall, which is the same as 

was seen in monodisperse simulations. This would be balanced by the kinetic and, if accounted by 

the model, by frictional normal stress acting away from the wall for particles on that boundary. In 

bubbling fluidized beds, the pressure from the center of the bed is insufficient to do so and thus 

the particles of species 2 would be expected to be transported to the center of the bed. Thus, either 

of the following or both may be expected. Firstly, some particles of species 2 may acquire positive 

charge and migrate to form a region that is predominantly positively charged near the center of the 

bed. Secondly, particles of both species may acquire such an amount of charge to have no electric 

field in regions having opposite polarities for the two species. Given the findings of this paper, it 

(a) (b) 
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would be very interesting to see the results when the hydrodynamic model is coupled, which will 

provide a more reliable validation of the capability of the model of predicting bipolar charging. 

 

Figure A-5: Comparison of electrostatic force profiles of a) species 1 and b) species 2 particles 

when diameter ratio is varied, and of c) species 1 and d) species 2 particles when volume fraction 

is varied. 

A.4. Conclusion 

A Eulerian model for charge separation and transport in bi-disperse hard spheres has been obtained 

in this work. The discrete charging models [23,31] were adopted to describe the evolution of the 

particle charge due to individual collisions, similarly to what done by Ray et al. (2019). Closures 

for the inter-particle charge transport were obtained based on the kinetic theory of Jenkins and 

Mancini (1987). The effect of charge-velocity covariance on charge transport was considered. The 

behavior of the resulting transport equations was investigated through a parametric study in a one-
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dimensional problem representing the width of an experimental fluidization column. In this case, 

the species had no mean velocity and hydrodynamics was not simulated, but a uniform granular 

temperature was assumed for both particle species. The same material properties were assigned to 

the two species, while the size and volume fractions were treated as the varying parameters. 

Bipolar charging was predicted when the two species had different sized particles, for any volume 

fraction. This was mainly attributed to the differences of diffusivity ratio of the two species. The 

smaller particles had the same polarity in every case and in all regions of the domain, whereas the 

larger particles exhibited opposite polarity. However, investigation of the electrostatic force acting 

on the larger particles showed that this would lead to the movement of these particles towards the 

center of the bed and would therefore yield a spatial charge distribution different from that shown 

in this paper. Demonstrative prediction thus necessitates coupling of the bi-disperse hydrodynamic 

model and execution of full-scale simulations, which will be performed in future work. It is 

interesting to note that even though the surface state theory-based model of Schein et al. (1992) 

does not predict bipolar charging in the absence of work function difference or an externally 

applied electric field, the model in conjunction with the charge transport (A-51, A-53) and Poisson 

(A-4) equations shows that it is possible. The bipolar charging phenomenon predicted by the 

simulations was being driven by the resultant electric field due to the charge on the particles. The 

results indicate that the polarity of the particles is dependent on the expected polarity of a 

monodisperse particle phase, which is determined by the work function difference between the 

particle and wall material. If the particle material tends to charge positively, then the smaller 

particles are expected to have the same polarity and the larger particles could charge negatively, 

and vice versa. This could be a possible explanation in some cases as to why smaller particles do 

not always end up charging negatively or positively, and the same idea holds for the larger 

particles. 

Appendix - Derivation of the charge transport equation 

The transport of solid particle charge due to collisional and kinetic diffusion is explained here in 

greater detail. The charge transport equation for particle species i was given by 

𝜕

𝜕𝑡
(𝑁i〈𝑞𝑖〉) + ∇ ⋅ (𝑁i〈𝑞𝑖〉𝐔) + ∇ ⋅ (𝑁i〈𝐂𝑖𝑞𝑖

′〉) = ℂ𝑖𝑖(𝑞𝑖) + ℂ𝑖𝑗(𝑞𝑖). A-60 
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Here ℂ𝑖𝑖(𝑞𝑖) and ℂ𝑖𝑗(𝑞𝑖) are the collision integrals corresponding to collisions with particles of 

the same species 𝑖  and with the other species 𝑗 , respectively. The following formula for the 

expected value of products of central moments was used frequently in the evaluation of such 

integrals: 

〈𝑎𝑖𝑎𝑗𝑎𝑘𝑎𝑙〉 = 〈𝑎𝑖𝑎𝑗〉〈𝑎𝑘𝑎𝑙〉 + 〈𝑎𝑖𝑎𝑘〉〈𝑎𝑗𝑎𝑙〉 + 〈𝑎𝑖𝑎𝑙〉〈𝑎𝑗𝑎𝑘〉. A-61 

Here 𝑎𝑖, 𝑎𝑗, 𝑎𝑘, 𝑎𝑙 can be individual variables raised to real powers or even constant values (e.g. 

substitute 1 for one of a variable if there are less than 4 variables). If a pair, 𝑎𝑖, 𝑎𝑗 is such that 𝑎𝑖 

and 𝑎𝑗  are independent of each other, then the expected value is simply the product of the 

individual moments, i.e. 

〈𝑎𝑖𝑎𝑗〉 = 〈𝑎𝑖〉〈𝑎𝑗〉. A-62 

However, if they are correlated, then there is the additional covariance term:  

〈𝑎𝑖𝑎𝑗〉 = 〈𝑎𝑖〉〈𝑎𝑗〉 + 〈𝑎′𝑖𝑎′𝑗〉. A-63 

Derivation of 〈C𝑖𝑞𝑖′〉 

Based on the assumptions of sections A.2.5, the transport equation for 〈𝐂𝑖𝑞𝑖′〉 reduced to (Eq. 

(8-2)) 

ℂ𝑖𝑖(𝐜𝒊𝑞𝒊) + ℂ𝑖𝑗(𝐜𝒊𝑞𝒊) = 𝑁𝑖

𝑇𝑖

𝑚𝑖
∇〈𝑞𝒊〉, A-64 

where 

ℂ𝑖𝑗(𝐜𝒊𝑞𝒊) = 𝛘𝐜𝑞
𝑏 − ∇ ∙ θ̿𝐜𝑞

𝑏 , A-65 

with 

𝛘𝐜𝑞
𝑏 = dij

2 ∫ ∫ ∫ (
𝑑𝐜𝒊𝑞𝒊

𝑑𝑛𝑐
)

𝑏

(𝐜𝑖𝑗 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞𝑖d𝑞𝑗d𝐜𝑖d𝐜𝑗d𝐤, A-66 

and 

θ̿𝐜𝑞
𝑏 =

dij
3

2
∫ ∫ ∫ (

𝑑𝐜𝒊𝑞𝒊

𝑑𝑛𝑐
)

𝑏

(𝐜𝑖𝑗 ∙ 𝐤)𝐤𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞𝑖d𝑞𝑗d𝐜𝑖d𝐜𝑗d𝐤. A-67 

Here 
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(
𝑑𝐜𝒊𝑞𝒊

𝑑𝑛𝑐
)

𝑏

= 𝑞𝑖 (
𝑑𝐜𝑖

𝑑𝑛𝑐
)

𝑏

+ 𝐜𝑖 (
𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

+ (
𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

(
𝑑𝐜𝑖

𝑑𝑛𝑐
)

𝑏

, A-68 

 

(
𝑑𝐜𝑖

𝑑𝑛𝑐
)

𝑏

= − (
𝑑𝐜𝑗

𝑑𝑛𝑐
)

𝑏

=
1

2
(1 + 𝑒)(𝐜𝑖𝑗 ∙ 𝐤)𝐤, A-69 

and 

(
𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

= − (
𝑑𝑞𝑗

𝑑𝑛𝑐
)

𝑏

= [𝐾𝑣
𝑏∅𝑖𝑗 − 𝐾𝑖

𝑏𝑞𝑖 + 𝐾𝑗
𝑏𝑞𝑗 + 𝐾𝑒𝑞

𝑏 (𝐄 ∙ 𝐤)](𝐜ij ∙ 𝐤)
4 5⁄

. A-70 

Now 

ℂ𝑖𝑖(𝐜𝒊𝑞𝒊) = 𝛘𝐜𝑞
𝑚 − ∇ ∙ θ𝐜𝑞,

𝑚  A-71 

with 

𝛘𝐜𝑞
𝑚 =

dii
2

2
∫ ∫ ∫ [(

𝑑𝐜𝑖1𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

+ (
𝑑𝐜𝑖2𝑞𝑖2

𝑑𝑛𝑐
)

𝑚

] (𝐜𝑖12 ∙ 𝐤)𝑓2d𝑞𝑖1d𝑞𝑖2d𝐜𝑖1d𝐜𝑖2d𝐤

ℝ2ℝ6𝐜12∙𝐤>0

 A-72 

and 

θ𝐜𝑞
𝑚 =

dii
3

2
∫ ∫ ∫ (

𝑑𝐜𝑖1𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

× (𝐜𝑖𝑗 ∙ 𝐤)𝐤𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞𝑖1d𝑞𝑖2d𝐜𝑖1d𝐜𝑖2d𝐤, A-73 

where 

(
𝑑𝐜𝑖1𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

= 𝑞𝑖1 (
𝑑𝐜𝑖1

𝑑𝑛𝑐
)

𝑚

+ 𝐜𝑖1 (
𝑑𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

+ (
𝑑𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

(
𝑑𝐜𝑖1

𝑑𝑛𝑐
)

𝑚

, A-74 

 

(
𝑑𝐜𝑖2𝑞𝑖2

𝑑𝑛𝑐
)

𝑚

= 𝑞𝑖2 (
𝑑𝐜𝑖2

𝑑𝑛𝑐
)

𝑚

+ 𝐜𝑖1 (
𝑑𝑞𝑖2

𝑑𝑛𝑐
)

𝑚

+ (
𝑑𝑞𝑖2

𝑑𝑛𝑐
)

𝑚

(
𝑑𝐜𝑖2

𝑑𝑛𝑐
)

𝑚

, A-75 

 

(
𝑑𝐜𝑖1

𝑑𝑛𝑐
)

𝑚

= − (
𝑑𝐜𝑖2

𝑑𝑛𝑐
)

𝑚

=
1

2
(1 + 𝑒)(𝐜𝑖12 ∙ 𝐤)𝐤, A-76 

and 
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(
𝑑𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

= − (
𝑑𝑞𝑖2

𝑑𝑛𝑐
)

𝑚

= [𝐾𝑖
𝑚(𝑞𝑖2 − 𝑞𝑖1) + 𝐾𝑒𝑞

𝑚(𝐄 ∙ 𝐤)](𝐜𝑖12 ∙ 𝐤)4 5⁄ . A-77 

For practical applications: 

〈𝐜𝑖 (
𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

〉 ≪ 〈𝑞𝑖 (
𝑑𝐜𝑖

𝑑𝑛𝑐
)

𝑏

〉 

 

A-78 

and 

〈𝐜𝑖1 (
𝑑𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

〉 ≪ 〈𝑞𝑖1 (
𝑑𝐜𝑖1

𝑑𝑛𝑐
)

𝑚

〉. A-79 

The order of magnitude of 𝑑𝐜𝑖/𝑑𝑛𝑐 is same as that of 𝐜𝑖, while that of 𝑑𝑞𝑖/𝑑𝑛𝑐  is at least two 

orders lower than 𝑞𝑖 as per Eqns. A-70 and A-77 and experimental values of 𝑘𝑐 [46]. This justifies 

the arguments of Eqns. A-78 and A-79. 

Hence terms containing (
𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

 and (
𝑑𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

are neglected. Therefore: 

(
𝑑𝐜𝒊𝑞𝒊

𝑑𝑛𝑐
)

𝑏

≈ 𝑞𝑖 (
𝑑𝐜𝑖

𝑑𝑛𝑐
)

𝑏

, A-80 

(
𝑑𝐜𝑖1𝑞𝑖1

𝑑𝑛𝑐
)

𝑚

≈ 𝑞𝑖1 (
𝑑𝐜𝑖1

𝑑𝑛𝑐
)

𝑚

, 
A-81 

(
𝑑𝐜𝑖2𝑞𝑖2

𝑑𝑛𝑐
)

𝑚

≈ 𝑞𝑖2 (
𝑑𝐜𝑖2

𝑑𝑛𝑐
)

𝑚

. 
A-82 

Using the assumptions of Section A.2.3 and the two-particle PDF given by Eqns. A-32 and A-40, 

such that only source term contributions are included and collisional fluxes are neglected, the 

associated integrals yield:  
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ℂ𝑖𝑗(𝐜𝒊𝑞𝒊) = 𝛘𝐜𝑞
𝑏 = 𝑔𝑖𝑗𝑁𝑖𝑁𝑗dij

2𝑀𝑗(1 + 𝑒) [√2𝜋 (
2𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

1
2

(1 −
𝜃𝑖 + 𝜃𝑗

𝑇
)

+
3

√2
√𝜋 (

1

𝑚𝑖𝑗𝑇𝑚𝑖𝑚𝑗
)

1
2

(𝑚𝑖𝜃𝑖 + 𝑚𝑗𝜃𝑗)

+ 2√2𝜋 (
𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

3
2 1

𝑇2
(𝑚𝑖𝑀𝑗

2𝜃𝑖 + 𝑚𝑗𝑀𝑖
2𝜃𝑗)], 

 

A-83 

and 

ℂ𝑖𝑖(𝐜𝒊𝑞𝒊) = 𝛘𝐜𝑞
𝑚 = 𝑔𝑖𝑖𝑁𝑖

2di
2

1

2
(1 + 𝑒)√2𝜋 (

2𝑇𝑖

𝑚𝑖
)

1
2

. A-84 

 

Note that 𝛘𝐜𝑞
𝑚  could have been obtained from 𝛘𝐜𝑞

𝑏  by replacing terms having subscript j with i and 

then simplifying algebraically. In the preceding section, terms with superscript b and m correspond 

to encounters between particles of different species and of the same phase respectively.  

Collisional diffusion of 〈𝑞𝑖〉 

To solve Eq. A-60, we also need to evaluate the integral 

ℂ𝑖𝑗(𝑞𝑖) = 𝜒𝑞𝑖

𝑏 − ∇ ∙ 𝛉𝑞𝑖

𝑏 , A-85 

where 

𝜒𝑞𝑖

𝑏 = dij
2 ∫ ∫ ∫ (

𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

(𝐜𝑖𝑗 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞𝑖d𝑞𝑗d𝐜𝑖d𝐜𝑗d𝐤, 

 

A-86 

and 

𝛉𝑞𝑖

𝑏 =
dij

3

2
∫ ∫ ∫ (

𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

(𝐜𝑖𝑗 ∙ 𝐤)𝐤𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞𝑖d𝑞𝑗d𝐜𝑖d𝐜𝑗d𝐤. A-87 

Using the two-particle PDF given by Eqns. A-38-A-40, results in: 
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𝜒𝑞𝑖

𝑏 = 2
9

10√𝜋𝑔𝑖𝑗𝑁𝑖𝑁𝑗dij
2Γ (

2

5
) (

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

9
10

{(−𝐾𝑖
𝑏〈𝑞𝑖〉 + 𝐾𝑗

𝑏〈𝑞𝑗〉) [
56

95
(1 −

𝜃𝑖 + 𝜃𝑗

𝑇
)

+
32

95
(

𝑚𝑖𝜃𝑖 + 𝑚𝑗𝜃𝑗

𝑚𝑖𝑗𝑇
) +

672

475
(

𝑚𝑖𝑗(𝑚𝑖𝑀𝑗
2𝜃𝑖 + 𝑚𝑗𝑀𝑖

2𝜃𝑗)

𝑚𝑖𝑚𝑗𝑇
)]

+
56

95
(𝐾𝑖

𝑏〈𝐂𝑖𝑞𝑖′〉 − 𝐾𝑗
𝑏〈𝐂𝑗𝑞𝑗′〉) ∙ (𝐯𝑖 − 𝐯𝑗) (

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

−4
5⁄

+
56

95
(−𝑀𝑖𝐾𝑖

𝑏〈𝐂𝑖𝑞𝑖′〉 + 𝑀𝑗𝐾𝑗
𝑏〈𝐂𝑗𝑞𝑗′〉) ∙ (

𝑀𝑖𝐯𝑖 + 𝑀𝑗𝐯𝑗

𝑇
) + 𝐾𝑒𝑞

𝑏 𝐄𝑞

∙
Γ (

2
5

)

Γ (
9

10)
[

6

5√2
(𝐯𝑖 − 𝐯𝑗) (

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

−1
2⁄

+
7

180
∇ ln

〈𝑞′
𝑗

2〉

〈𝑞′
𝑖

2〉
dij]}, 

A-88 

and 

𝛉𝑞𝑖

𝑏 = 2
9

10√𝜋𝑔𝑖𝑗𝑁𝑖𝑁𝑗dij
3Γ (

2

5
) (

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

9
10

{𝐾𝑒𝑞
𝑏 𝐄 [

7

90
(1 −

𝜃𝑖 + 𝜃𝑗

𝑇
)

+
7

60
(

𝑚𝑖𝜃𝑖 + 𝑚𝑗𝜃𝑗

𝑚𝑖𝑗𝑇
) +

14

75
(

𝑚𝑖𝑀𝑗
2𝜃𝑖 + 𝑚𝑗𝑀𝑖

2𝜃𝑗

𝑇2
)]

+
19

720
∇ ln

〈𝑞′
𝑗

2〉

〈𝑞′
𝑖
2〉

(−𝐾𝑖
𝑏〈𝑞𝑖〉 + 𝐾𝑗

𝑏〈𝑞𝑗〉)dij

+
19

360
(𝐾𝑖

𝑏∇〈𝑞𝑖〉 + 𝐾𝑗
𝑏∇〈𝑞𝑗〉)dij}. 

 

A-89 

If we replace the terms having subscript j with subscript i and perform algebraic simplification, we 

arrive at the following expressions for the same species collisions: 

𝜒𝑞𝑖

𝑚 = 0 A-90 

and 

𝛉𝑞𝑖

𝑚 = 2
9

10√𝜋𝑔𝑖𝑖𝑁𝑖
2di

3Γ (
2

5
) (

2𝑇𝑖

𝑚𝑖
)

9
10

(
7

90
𝐾𝑒𝑞

𝑚𝐄 +
19

180
𝐾𝑖

𝑚∇〈𝑞𝑖〉di). A-91 

Deriving expression for charge variance 〈𝑞′𝑖
2

〉 
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Equations A-88 and A-89 can only be solved if the charge variance distribution is known. Thus, 

the species 𝑖 (and species 𝑗) charge variance transport given by: 

𝜕

𝜕𝑡
(𝑁𝑖〈𝑞′𝑖

2
〉) + ∇ ⋅ (𝑁𝑖〈𝐜𝑖𝑞′

𝑖

2〉)

= ℂ𝑖𝑖(𝑞′
𝑖

2
) + ℂ𝑖𝑗(𝑞′

𝑖

2
) + 𝑁𝑖 〈

∂𝑞′
𝑖

2

∂𝐜𝑖

d𝐜𝑖

dt
〉 + 𝑁𝑖 〈

∂𝑞′
𝑖

2

∂𝑞𝑖

d𝑞𝑖

dt
〉, 

A-92 

needs to be solved as well. If we assume that 𝑞′𝑖
2
 is not dependent on 𝐜𝑖 and that 〈𝑞′𝑖

2
〉 is a quasi-

steady variable, we get: 

∇ ⋅ (𝑁𝑖〈𝐜𝑖𝑞
′
𝑖

2〉) = ℂ𝑖𝑖(𝑞′
𝑖

2
) + ℂ𝑖𝑗(𝑞′

𝑖

2
), 

 
A-93 

and 

∇ ⋅ (𝑁𝑖〈𝐜𝑖𝑞′
𝑖

2〉) = ∇ ⋅ (𝑁𝑖𝐔〈𝑞′
𝑖

2〉) + ∇ ⋅ (𝑁𝑖〈𝐂𝑖𝑞
′
𝑖

2〉). A-94 

We further assume that 𝐂𝑖 and 𝑞′𝑖
2
 are uncorrelated and neglect divergence of terms having 𝐔 as 

before. Thus, all we are left with is: 

ℂ𝑖𝑖(𝑞′𝑖
2

) + ℂ𝑖𝑗(𝑞′𝑖
2

) = 0, A-95 

where 

ℂ𝑖𝑗(𝑞′𝑖
2

) = 𝜒𝑞′𝑖
2

𝑏 − ∇ ∙ 𝛉
𝑞′

𝑖
2

𝑏 , A-96 

such that 

𝜒𝑞′𝑖
2

𝑏 = dij
2 ∫ ∫ ∫ (

𝑑𝑞′𝑖
2

𝑑𝑛𝑐
)

𝑏

(𝐜𝑖𝑗 ∙ 𝐤)𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞𝑖d𝑞𝑗d𝐜𝑖d𝐜𝑗d𝐤, A-97 

and 

𝛉𝑞′𝑖
2

𝑏 =
dij

3

2
∫ ∫ ∫ (

𝑑𝑞′𝑖
2

𝑑𝑛𝑐
)

𝑏

(𝐜𝑖𝑗 ∙ 𝐤)𝐤𝑓2

ℝ2ℝ6𝐜12∙𝐤>0

d𝑞𝑖d𝑞𝑗d𝐜𝑖d𝐜𝑗d𝐤, A-98 

where 
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(
𝑑𝑞′𝑖

2

𝑑𝑛𝑐
)

𝑏

= 2𝑞′𝑖 (
𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

+ [(
𝑑𝑞𝑖

𝑑𝑛𝑐
)

𝑏

]

2

. A-99 

As previously assumed in Eqns. A-78-A-82, we ignore (
𝑑𝑞𝑖

𝑑𝑛𝑐
)

2𝑏

 and using the 2-particle PDF given 

by Eqns. A-38-A-40, the two integrals A-97 and A-98 give us: 

𝜒
𝑞′

𝑖
2

𝑏 = 2
9

10√𝜋𝑔𝑖𝑗𝑁𝑖𝑁𝑗dij
2Γ (

2

5
) (

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

9
10

{−𝐾𝑖
𝑏〈𝑞′

𝑖

2〉 [
56

95
(1 −

𝜃𝑖 + 𝜃𝑗

𝑇
)

+
32

95
(

𝑚𝑖𝜃𝑖 + 𝑚𝑗𝜃𝑗

𝑚𝑖𝑗𝑇
) +

672

475
(

𝑚𝑖𝑗(𝑚𝑖𝑀𝑗
2𝜃𝑖 + 𝑚𝑗𝑀𝑖

2𝜃𝑗)

𝑚𝑖𝑚𝑗𝑇
)]

+
56

95
〈𝐂𝑖𝑞𝑖′〉 [(

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

−4
5⁄

(𝐯𝑖 − 𝐯𝑗)(𝐾𝑖
𝑏〈𝑞𝑖〉 − 𝐾𝑗

𝑏〈𝑞𝑗〉)

− (
𝑀𝑖𝐯𝑖 + 𝑀𝑗𝐯𝑗

𝑇
) (𝑀𝑖𝐾𝑖

𝑏〈𝑞𝑖〉 + 𝑀𝑗𝐾𝑗
𝑏〈𝑞𝑗〉)] +

7

90
𝐾𝑒𝑞

𝑏 𝐄 ∙ ∇〈𝑞𝑖〉dij}, 

A-100 

and 

𝛉𝑞′𝑖
2

𝑏 =
19

360
2

9
10√𝜋𝑔𝑖𝑗𝑁𝑖𝑁𝑗dij

4Γ (
2

5
) (

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

9
10

[(−𝐾𝑖
𝑏〈𝑞𝑖〉 + 𝐾𝑗

𝑏〈𝑞𝑗〉)∇〈𝑞𝑖〉

+
3

2
𝐾𝑖

𝑏∇〈𝑞′
𝑖

2〉 −
𝐾𝑖

𝑏

2
〈𝑞′

𝑖

2〉∇ ln 〈𝑞′
𝑗

2〉]. 

A-101 

If we again substitute terms having subscript j with subscript i and simplify, we arrive at the 

following expressions for the monodisperse collisions: 

𝜒𝑞′𝑖
2

𝑚 = 𝑔𝑖𝑖𝑁𝑖
2di

2 × 2
9

10√𝜋Γ (
2

5
) (

2𝑇𝑖

𝑚𝑖
)

9
10

[−
56

95
𝐾𝑖

𝑚〈𝑞′
𝑖

2〉 +
7

90
di𝐾𝑒𝑞

𝑚𝐄 ∙ ∇〈𝑞𝑖〉] A-102 

and 

𝛉𝑞′𝑖
2

𝑚 =
19

360
𝑔𝑖𝑖𝑁𝑖

2di
42

9
10√𝜋Γ (

2

5
) (

2𝑇𝑖

𝑚𝑖
)

9
10

𝐾𝑖
𝑚∇〈𝑞′

𝑖

2〉. A-103 

Without simplifying to exact terms, we can see that 〈𝑞′
𝑖

2〉 is composed as: 
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〈𝑞′
𝑖

2〉 = 𝐴∇〈𝑞𝑖〉 + 𝐵∇〈𝑞𝑖〉 ∙ ∇𝑉𝑞 + 𝐶∇2〈𝑞𝑖〉 + 𝐷∇2〈𝑞′
𝑖

2〉 + 𝐸∇2 〈𝑞′
𝑗

2〉, A-104 

where the coefficients 𝐴, 𝐵, 𝐶, 𝐷, 𝐸  are composed of constants and variables. The transport 

equation for 〈𝑞𝑖〉 includes terms involving 〈𝑞′
𝑖

2〉 such as ∇2〈𝑞′
𝑖

2〉, ∇2 〈𝑞′
𝑗

2〉, ∇〈𝑞′
𝑖

2〉 ∙ ∇𝑉𝑞  and 

∇〈𝑞′
𝑖

2〉 ∙ ∇𝑉𝑞 which can be ignored if we do not include any term having an order higher than 

∇2〈𝑞𝑖〉 or ∇2〈𝑞𝑗〉. Thus, 𝜒𝑞𝑖

𝑏  and 𝛉𝑞𝑖

𝑏  can be rewritten to not include any contribution from charge 

variances  〈𝑞′
𝑖

2〉 or 〈𝑞′
𝑗

2〉 as 

𝜒𝑞𝑖

𝑏 = 2
9

10√𝜋𝑔𝑖𝑗𝑁𝑖𝑁𝑗dij
2Γ (

2

5
) (

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

9
10

{(−𝐾𝑖
𝑏〈𝑞𝑖〉 + 𝐾𝑗

𝑏〈𝑞𝑗〉) [
56

95
(1 −

𝜃𝑖 + 𝜃𝑗

𝑇
)

+
32

95
(

𝑚𝑖𝜃𝑖 + 𝑚𝑗𝜃𝑗

𝑚𝑖𝑗𝑇
) +

672

475
(

𝑚𝑖𝑗(𝑚𝑖𝑀𝑗
2𝜃𝑖 + 𝑚𝑗𝑀𝑖

2𝜃𝑗)

𝑚𝑖𝑚𝑗𝑇
)]

+
56

95
(

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

−4
5⁄

(𝐾𝑖
𝑏〈𝐂𝑖𝑞𝑖′〉 − 𝐾𝑗

𝑏〈𝐂𝑗𝑞𝑗′〉) ∙ (𝐯𝑖 − 𝐯𝑗)

+
56

95
(−𝑀𝑖𝐾𝑖

𝑏〈𝐂𝑖𝑞𝑖′〉 + 𝑀𝑗𝐾𝑗
𝑏〈𝐂𝑗𝑞𝑗′〉) ∙ (

𝑀𝑖𝐯𝑖 + 𝑀𝑗𝐯𝑗

𝑇
)} 

A-105 

and 

𝛉𝑞𝑖

𝑏 = 2
9

10√𝜋𝑔𝑖𝑗𝑁𝑖𝑁𝑗dij
3Γ (

2

5
) (

𝑚𝑖𝑗𝑇

𝑚𝑖𝑚𝑗
)

9
10

{𝐾𝑒𝑞
𝑏 𝐄 [

7

90
(1 −

𝜃𝑖 + 𝜃𝑗

𝑇
)

+
7

60
(

𝑚𝑖𝜃𝑖 + 𝑚𝑗𝜃𝑗

𝑚𝑖𝑗𝑇
) +

14

75
(

𝑚𝑖𝑀𝑗
2𝜃𝑖 + 𝑚𝑗𝑀𝑖

2𝜃𝑗

𝑇2
)]

+
19

360
dij(𝐾𝑖

𝑏∇〈𝑞𝑖〉 + 𝐾𝑗
𝑏∇〈𝑞𝑗〉)}, 

A-106 

thus, rendering the charge variance equations (A-92-A-103) redundant. 

References 

[1] J. Cross, Electrostatics: Principles, Problems and Applications, Adam Hilger, Bristol, 1987. 

[2] P. Mehrani, H.T. Bi, J.R. Grace, Electrostatic charge generation in gas–solid fluidized beds, 
Journal of Electrostatics. 63 (2005) 165–173.  

[3] Z.L. Wang, A.C. Wang, On the origin of contact-electrification, Materials Today. (2019).  



236 

[4] D. Kunii, O. Levenspiel, Fluidization Engineering., Second, Butterworth-Heinemann, 
Newton, USA, 1991. 

[5] G. Hendrickson, Electrostatics and gas phase fluidized bed polymerization reactor wall 
sheeting, Chemical Engineering Science. 61 (2006) 1041–1064.  

[6] F. Fotovat, X.T. Bi, J.R. Grace, Electrostatics in gas-solid fluidized beds: A review, Chemical 
Engineering Science. 173 (2017) 303–334.  

[7] P. Mehrani, M. Murtomaa, D.J. Lacks, An overview of advances in understanding electrostatic 
charge buildup in gas-solid fluidized beds, Journal of Electrostatics. 87 (2017) 64–78.  

[8] R.O. Hagerty, M.E. Muhle, A.K. Agapiou, C.-T.I. Kuo, M.G. Goode, F.D. Hussein, R.B. 
Pannell, J.F. Szul, Method for Controlling Sheeting in Gas Phase Reactors, 2005/0148742 A1, 
2011. 

[9] A. Sowinski, A. Mayne, P. Mehrani, Effect of fluidizing particle size on electrostatic charge 
generation and reactor wall fouling in gas–solid fluidized beds, Chemical Engineering Science. 
71 (2012) 552–563.  

[10] A. Giffin, P. Mehrani, Effect of gas relative humidity on reactor wall fouling generated due to 
bed electrification in gas-solid fluidized beds, Powder Technology. 235 (2013) 368–375.  

[11] J.R. Mountain, M.K. Mazumder, R.A. Sims, D.L. Wankum, T. Chasser, P.H. Pettit, 
Triboelectric charging of polymer powders in fluidization and transport processes, IEEE 
Transactions on Industry Applications. 37 (2001) 778–784.  

[12] W.O. Moughrabiah, J.R. Grace, X.T. Bi, Effects of Pressure, Temperature, and Gas Velocity 
on Electrostatics in Gas−Solid Fluidized Beds, Industrial & Engineering Chemistry Research. 
48 (2009) 320–325. 

[13] K. Dong, Q. Zhang, Z. Huang, Z. Liao, J. Wang, Y. Yang, F. Wang, Experimental 
Investigation of Electrostatic Effect on Particle Motions in Gas-Solid Fluidized Beds, 
American Institute of Chemical Engineers AIChE. 61 (2015) 3628–3638.  

[14] M.A. Hassani, R. Zarghami, H.R. Norouzi, N. Mostoufi, Numerical investigation of effect of 
electrostatic forces on the hydrodynamics of gas–solid fluidized beds, Powder Technology. 
246 (2013) 16–25.  

[15] G.A. Bokkers, M. van Sint Annaland, J.A.M. Kuipers, Mixing and segregation in a bidisperse 
gas–solid fluidised bed: a numerical and experimental study, Powder Technology. 140 (2004) 
176–186.  

[16] Y. Yang, C. Zi, Z. Huang, J. Wang, M. Lungu, Z. Liao, Y. Yang, H. Su, CFD-DEM 
investigation of particle elutriation with electrostatic effects in gas-solid fluidized beds, Powder 
Technology. 308 (2016) 422–433.  

[17] F. Jalalinejad, X.T. Bi, J.R. Grace, Effect of electrostatics on freely-bubbling beds of mono-
sized particles, International Journal of Multiphase Flow. 70 (2015) 104–112.  



237 

[18] H. Grosshans, M.V. Papalexandris, Direct numerical simulation of triboelectric charging in 
particle-laden turbulent channel flows, Journal of Fluid Mechanics. 818 (2017) 465–491.  

[19] R.G. Rokkam, R.O. Fox, M.E. Muhle, CFD Modeling of Electrostatic Forces in Gas-Solid 
Fluidized Beds, The Journal of Computational Multiphase Flows. 2 (2010) 189–205.  

[20] R.G. Rokkam, R.O. Fox, M.E. Muhle, Computational fluid dynamics and electrostatic 
modeling of polymerization fluidized-bed reactors, Powder Technology. 203 (2010) 109–124.  

[21] A. Sowinski, L. Miller, P. Mehrani, Investigation of electrostatic charge distribution in gas–
solid fluidized beds, Chemical Engineering Science. 65 (2010) 2771–2781.  

[22] R.G. Rokkam,  a. Sowinski, R.O. Fox, P. Mehrani, M.E. Muhle, Computational and 
experimental study of electrostatics in gas-solid polymerization fluidized beds, Chemical 
Engineering Science. 92 (2013) 146–156. 

[23] L.B. Schein, M. LaHa, D. Novotny, Theory of insulator charging, Physics Letters A. 167 (1992) 
79–83. 

[24] T. Matsuyama, H. Yamamoto, Charge relaxation process dominates contact charging of a 
particle in atmospheric conditions, Journal of Physics D: Applied Physics. 28 (1995) 2418–
2423. 

[25] T. Matsuyama, H. Yamamoto, Impact charging of particulate materials, Chemical Engineering 
Science. 61 (2006) 2230–2238.  

[26] P.M. Ireland, Triboelectrification of particulate flows on surfaces: Part II—Mechanisms and 
models, Powder Technology. 198 (2010) 189–198.  

[27] S. Matsusaka, H. Masuda, Electrostatics of particles, Advanced Powder Technology. 14 (2003) 
143–166.  

[28] W. John, G. Reischl, W. Devor, Charge transfer to metal surfaces from bouncing aerosol 
particles, Journal of Aerosol Science. 11 (1980) 115–138.  

[29] H. Masuda, T. Komatsu, K. Iinoya, The static electrification of particles in gas-solids pipe 
flow, AIChE Journal. 22 (1976) 558–564. 

[30] Timoshenko, Theory of elasticity, McGraw-Hill, 1987. 

[31] S. Matsusaka, M. Ghadiri, H. Masuda, Electrification of an elastic sphere by repeated impacts 
on a metal plate, Journal of Physics D: Applied Physics. 33 (2000) 2311–2319.  

[32] M.W. Korevaar, J.T. Padding, M.A. Van der Hoef, J.A.M. Kuipers, Integrated DEM-CFD 
modeling of the contact charging of pneumatically conveyed powders, Powder Technology. 
258 (2014) 144–156.  

[33] C. Pei, C.Y. Wu, D. England, S. Byard, H. Berchtold, M. Adams, Numerical analysis of contact 
electrification using DEM-CFD, Powder Technology. 248 (2013) 34–43.  



238 

[34] C. Pei, C.-Y. Wu, D. England, S. Byard, H. Berchtold, M. Adams, DEM-CFD Modeling of 
Particle Systems with Long-Range Electrostatic Interactions, American Institute of Chemical 
Engineers Journal. 61 (2015) 1792–1803.  

[35] C. Pei, C.-Y. Wu, M. Adams, DEM-CFD analysis of contact electrification and electrostatic 
interactions during fluidization, Powder Technology. In submiss (2016) 208–217.  

[36] J.C.C. Laurentie, P. Traoré, L. Dascalescu, Discrete element modeling of triboelectric charging 
of insulating materials in vibrated granular beds, Journal of Electrostatics. 71 (2013) 951–957.  

[37] S.L. Soo, Dynamics of charged suspensions, in: G.M. Hidy, J.R. Brock (Eds.), Topics in 
Current Aerosol Research, Pergamon, 1971: p. 61.  

[38] J. Kolehmainen, A. Ozel, C.M. Boyce, S. Sundaresan, A hybrid approach to computing 
electrostatic forces in fluidized beds of charged particles, AIChE Journal. 62 (2016) 2282–
2295.  

[39] J. Kolehmainen, A. Ozel, S. Sundaresan, Eulerian modelling of gas–solid flows with 
triboelectric charging, Journal of Fluid Mechanics. 848 (2018) 340–369.  

[40] M. Ray, F. Chowdhury, A. Sowinski, P. Mehrani, A. Passalacqua, An Euler-Euler model for 
mono-dispersed gas-particle flows incorporating electrostatic charging due to particle-wall and 
particle-particle collisions, Chemical Engineering Science. 197 (2019) 327–344.  

[41] P.C. Johnson, R. Jackson, Frictional-collisional constitutive relations for granular materials, 
with application to plane shearing, Journal of Fluid Mechanics. 176 (1987) 67–93.  

[42] J.T. Jenkins, S.B. Savage, A theory for the rapid flow of identical, smooth, nearly elastic, 
spherical particles, Journal of Fluid Mechanics. 130 (1983) 187–202. 

[43] J.T. Jenkins, F. Mancini, Balance Laws and Constitutive Relations for Plane Flows of a Dense, 
Binary Mixture of Smooth, Nearly Elastic, Circular Disks, J. Appl. Mech. 54 (1987) 27–34.  

[44] S. Chapman, T.G. Cowling, The mathematical theory of non-uniform gases, 2nd ed., 
Cambridge University Press, Cambridge, {U.K.}, 1961. 

[45] Mathematica, Advanced Numerical Differential Equation Solving in the Wolfram Language—
Wolfram Language Documentation, (2019). 
https://reference.wolfram.com/language/tutorial/NDSolveOverview.html. 

[46] F. Chowdhury, A. Sowinski, M. Ray, A. Passalacqua, P. Mehrani, Charge generation and 
saturation on polymer particles due to single and repeated particle-metal contacts, Journal of 
Electrostatics. 91 (2018) 9–15. 

[47] Huiliang Zhao, G.S.P. Castle, I.I. Inculet, A.G. Bailey, Bipolar charging of poly-disperse 
polymer powders in fluidized beds, IEEE Transactions on Industry Applications. 39 (2003) 
612–618. 



239 

[48] F. Sharmene Ali, M. Adnan Ali, R. Ayesha Ali, I.I. Inculet, Minority charge separation in falling 
particles with bipolar charge, Journal of Electrostatics. 45 (1998) 139–155.  

[49] S. Trigwell, N. Grable, C.U. Yurteri, R. Sharma, M.K. Mazumder, Effects of surface properties 
on the tribocharging characteristics of polymer powder as applied to industrial processes, 
IEEE Transactions on Industry Applications. 39 (2003) 79–86.  

[50] H. Zhao, G.S.P. Castle, I.I. Inculet, The measurement of bipolar charge in polydisperse 
powders using a vertical array of Faraday pail sensors, Journal of Electrostatics. 55 (2002) 261–
278. 

[51] D.J. Lacks, R.M. Sankaran, Contact electrification of insulating materials, J. Phys. D: Appl. 
Phys. 44 (2011) 453001. 

[52] N. Duff, D.J. Lacks, Particle dynamics simulations of triboelectric charging in granular 
insulator systems, Journal of Electrostatics. 66 (2008) 51–57.  

[53] D.J. Lacks, A. Levandovsky, Effect of particle size distribution on the polarity of triboelectric 
charging in granular insulator systems, Journal of Electrostatics. 65 (2007) 107–112.  

 

  



240 

Appendix B   

Supplemental Apparatus Images 

 

 

Figure B-1: Particle-wall collision apparatus. 
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Figure B-2: Particle-particle collision apparatus. 
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Figure B-3: Particle release mechanism; a knife gate controlled by a solenoid actuator. 

 


