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Abstract

In this dissertation, we are interested in the dynamics of spatially distributed pop-

ulations. In particular, we focus on persistence conditions and minimal traveling

periodic wave speeds for stage-structured populations in heterogeneous landscapes.

The model includes structured populations of two age groups, juveniles and adults,

in patchy landscapes.

First, we present a stage-structured population model, where we divide the population

into pre-reproductive and reproductive stages. We assume that all parameters of the

two age groups are piecewise constant functions in space. We derive explicit formulas

for population persistence in a single-patch landscape and in heterogeneous habitats.

We find the critical size of a single patch surrounded by a non-lethal matrix habitat.

We derive the dispersion relation for the juveniles-adults model in homogeneous and

heterogeneous landscapes. We illustrate our results by comparing the structured

population model with an appropriately scaled unstructured model. We find that

a long pre-reproductive state typically increases habitat requirements for persistence

and decreases spatial spread rates, but we also identify scenarios in which a population

with intermediate maturation rate spreads fastest. We apply sensitivity and elasticity

formulas to the critical size of a single-patch landscape and to the minimal traveling

wave speed in a homogeneous landscape.

Secondly, we use asymptotic techniques to find an explicit formula for the traveling

periodic wave speed and to calculate the spread rates for structured populations in

heterogeneous landscapes. We illustrate the power of the homogenization method
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Abstract iii

by comparing the dispersion relation and the resulting minimal wave speeds for the

approximation and the exact expression. We find an excellent agreement between

the fully heterogeneous speed and the homogenized speed, even though the landscape

period is on the same order as the diffusion coefficients and not as small as the formal

derivation requires. We also generalize this work to the case of structured populations

of n age groups.

Lastly, we use a finite difference method to explore the numerical solutions for the

juveniles-adults model. We compare numerical solutions to analytic solutions and

explore population dynamics in non-linear models, where the numerical solution for

the time-dependent problem converges to a steady state. We apply our theory to

study various aspects of marine protected areas (MPAs). We develop a model of

two age groups, juveniles and adults, in which only adults can be harvested and

only outside MPAs, and recruitment is density dependent and local inside MPAs and

fishing grounds. We include diffusion coefficients in density matching conditions at

interfaces between MPAs and fishing grounds, and examine the effect of fish mobility

and bias movement on yield and fish abundance. We find that when the bias towards

MPAs is strong or the difference in diffusion coefficients is large enough, the relative

density of adults inside versus outside MPAs increases with adult mobility. This

observation agrees with findings from empirical studies.
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1. Introduction

This thesis investigates several aspects of the dynamics of biological populations via

mathematical models. More specifically, the biological questions motivating this work

arise in conservation ecology and invasion biology. In conservation ecology, one asks

for conditions under which a population can persist locally in a given area. Invasion

biology aims to quantify the rate at which a species spreads spatially in a given

landscape. In this thesis, we choose reaction-diffusion equations as the mathematical

modeling framework to investigate these questions theoretically.

1.1. Modeling Background

Whether a biological population can persist and spread in a given landscape depends

on the interplay of population dynamics (growth, reproduction and death), individ-

ual movement through the landscape, and landscape characteristics (favorable and

unfavorable conditions). Hence, mathematical models need to take these processes

into account.

If individuals in a population are identical, we speak of an unstructured population.

Typically, individuals differ in various respects (e.g. size, age, sex, ...), which we call

stages. If these stages are taken into account, we speak of a structured popula-

tion. Similarly, if the landscape is identical everywhere, we speak of a homogeneous

landscape. If landscape conditions change in space, we say that the landscape is

heterogeneous.

1
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One fundamental insight in spatial ecology is that a population needs a certain amount

of space to persist. This is most easily understood with the example of a plant

population with wind-dispersal seed on an island. If the island is small, then most

of seeds will fall into the surrounding water and will be lost from the population.

Consequently, the population will die out. If the island is large, then sufficiently

many seeds will land and germinate on the island so that the population can grow

and persist. The minimal patch size is the threshold between these two cases.

The problem of assigning the minimal patch size of a bounded domain surrounded by

a hostile landscape that allows a diffusing population to persist was originally studied

by Skellam [82] and Kierstead and Slobodkin [42]. This critical patch size has many

ecological applications, for example, designing marine reserves [50, 59] and assigning

harvesting rates.

Populations that can persist are expected to spread through time in the spatial en-

vironment. This spread occurs according to different biological scenarios. One of

these scenarios is the point release scenario, in which the population is introduced

locally and spreads in all directions. An example of this scenario is the spread of

emerald ash borer (Agrilus planipennis), an invasive forest insect, which was identi-

fied in 2002 as the cause of extensive ash decline and mortality in Detroit, Michigan,

and has since killed millions of ash trees in the United States and Canada (Siegert

et al. [80]). Another spread scenario is the traveling front scenario, in which the

population is already settled over a large region and moves forward into a new area.

For example, Aedes aegypti and Aedes albopictus mosquitoes move northward rapidly

with global warming (Shope [79]). Much of the research on traveling waves focused on

minimal wave speeds for unstructured populations. For example, Fisher [23] derived

the minimal traveling wave speed for unstructured populations in homogeneous land-

scapes, while Aronson and Weinberger [3] and Novick-Cohen and Segel [67] studied

the traveling wave speed in unbounded homogeneous landscapes, and Shigesada et

al. [77] and Maciel and Lutscher [55] considered traveling wave speeds in unbounded
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heterogeneous landscapes.

Ecologically, individuals differ in their vital rates and dispersal abilities. These dif-

ferences are related to age, size, or developmental stages (Neubert and Caswell [65]).

In addition, empirical studies show that adults in some species do not move (for ex-

ample, reef fish have sedentary adults; White [89]), while juveniles in other species

stay with their parents (details about juveniles movement of urban peregrines can be

found in the book of Drewitt [20]). From this perspective, there was a necessity to

study persistence conditions and traveling wave speeds for structured populations.

From this point of view, Gurtin and MacCamey [32] considered continuous age-

structured populations. They derived the critical patch size of a limited environment

according to three different scenarios of age dependence. For discrete-time structured

population models, Lui [52] was the first one who studied the wave speed for these

populations. Later, Neubert and Caswell [65] used integrodifference equations to

study how the wave speed depends on population parameters.

In this dissertation, we are interested in the dynamics of spatially distributed popu-

lations. In particular, we focus on persistence conditions and minimal traveling wave

speeds for age-structured populations in heterogeneous landscapes. The model in-

cludes structured populations of juveniles and adults in patchy landscapes, and our

work builds mainly on the work of Maciel and Lutscher [55] and the work of Shigesada

et al. [77]. In the next section, we present the mathematical background of persis-

tence conditions and traveling waves for both structured and unstructured population

models.

1.2. Mathematical Background

In this section, we present some of the mathematical models mentioned in the previous

section and explain some of the techniques used to study them. We also present some

of the classical results that will serve as comparison for the results obtained in this
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thesis. This section is divided into two parts, one for unstructured populations and

one for structured populations.

1.2.1. Unstructured Populations in Homogeneous Landscapes

For an unstructured population, the basic reaction diffusion equation is

∂u(t, x)
∂t

= D
∂2u(t, x)
∂x2 + F (u) , (1.2.1)

where u(t, x) is the density function at time t ≥ 0 and location x ∈ Ω ⊂ R,

D > 0 is the diffusion coefficient that measures the movement of individuals, and

F (u) is the population growth function. For example, the logistic growth function is

F (u) = ru
(
1− u

K

)
.

Skellam [82] and Kierstead and Slobodkin [42] considered equation (1.2.1) with lo-

gistic growth function in a single ‘good patch’, Ω =
(
−L
2 ,

L
2

)
, with hostile boundary

conditions

u
(
t,
L

2

)
= u

(
t,
−L
2

)
= 0. (1.2.2)

After linearizing equation (1.2.1) about u = 0 and assuming an exponential solution

u (t, x) = eλtU (x), the corresponding eigenvalue problem of equation (1.2.1) can be

written as follows

λU (x) = D
d2U (x)
dx2 + rU (x) . (1.2.3)

Note that equation (1.2.3) with boundary conditions (1.2.2) has infinitely many eigen-

values [51], λ1 > λ2 > · · · > −∞. The largest of these eigenvalues has an eigenfunc-

tion that is of one sign. This eigenvalue is known as the dominant eigenvalue. Since

we will be only interested in this dominant eigenvalue, we will simply call it λ = λ1.

The reason why we are interested in it is that it determines the stability of the zero

solution. If λ > 0, then u = 0 is unstable and the population will persist, while if

λ < 0, then u = 0 is stable and the population will go extinct. Hence, λ = 0 assigns



1.2 Mathematical Background 5

the persistence boundary. Substituting λ = 0 into (1.2.3) and solving the character-

istic equation Dp2 + r = 0 with hostile boundary conditions gives the critical patch

size formula

L∗ = π

√
D

r
. (1.2.4)

Fisher [23] used equation (1.2.1) with logistic growth function to find the traveling

wave speed. A traveling wave is a solution of the form u(t, x) = U (z), where z =

x − Ct, and C is the speed of the traveling wave front. Since ∂
∂t
u = −CU ′, and

∂
∂x
u = U ′, Fisher could write equation (1.2.1) as an ordinary differential equation

D
d2U

dz2 + C
dU

dz
+ F (U) = 0.

After linearizing the last equation about U = 0, the characteristic equation will be

of the form Dp2 + Cp + r = 0. For a monotone wave front one needs real solutions

for this equation. We have real roots only if C2 ≥ 4rD. Since Fisher searched for

the speed of a traveling wave, he wrote the formula of the minimum traveling wave

speed as

C∗ = 2
√
rD. (1.2.5)

Traveling waves are studied in many contexts, for example to explain the spread of

epidemic diseases, pest species, and dispersal of seeds, see Kolmogorov et al. [44],

Aronson and Weinberger [3], and Novick-Cohen and Segel [67].

1.2.2. Unstructured Populations in Heterogeneous Landscapes

An early landmark paper in the investigation of population dynamics in heterogeneous

landscapes is the work of Shigesada et al. [77]. They considered a logistic growth

function in a periodically varying, piecewise constant landscape of two patch types:

a ‘favorable patch’ and an ‘unfavorable patch’ (see Figure 1.1). Their model has the
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following differential equations

∂u1(t, x)
∂t

= D1
∂2u1(t, x)
∂x2 + (r1 − µ1u1(t, x))u1(t, x), x ∈ (0, L1) + LZ, (1.2.6)

and

∂u2(t, x)
∂t

= D2
∂2u2(t, x)
∂x2 + (r2 − µ2u2(t, x))u2(t, x), x ∈ (−L2, 0) + LZ, (1.2.7)

where L = L1 + L2 is the period, Di > 0 are the diffusion coefficients, ri are the

growth rates, µi are the coefficients of intraspecific competition, and ui (t, x) are the

population density functions at time t and location x in patch i.

L1 L2

L

x

r(x)

Figure 1.1.: Spatial pattern of a patchy landscape (periodically varying) with favor-
able patch size, L1, and unfavorable patch size, L2. The dashed line represents the
interface between the two patches.

A favorable patch is characterized by r1 > 0 whereas an unfavorable patch has

r2 < 0. At x = xn = nL, Shigesada et al. [77] used the interface conditions

u1(t, x+
n ) = u2(t, x−n ), (1.2.8)

D1
∂u1

∂x
(t, x+

n ) = D2
∂u2

∂x
(t, x−n ), (1.2.9)
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while at x = xn = L1 + nL, the matching conditions are changed to

u1(t, x−n ) = u2(t, x+
n ), (1.2.10)

D1
∂u1

∂x
(t, x−n ) = D2

∂u2

∂x
(t, x+

n ). (1.2.11)

They nondimensionalized the equations as follows: T = r1t, X =
√

r1
D1
x, Ui = µi

r1
ui,

D = D2
D1
, r = r2

r1
, S1 =

√
r1
D1
L1, and S2 =

√
r1
D1
L2. Consequently, (1.2.6) and (1.2.7)

are changed to

∂U1 (T,X)
∂T

= ∂2U1 (T,X)
∂X2 + U1 (T,X) (1− U1 (T,X)) , X ∈ (0, S1) , (1.2.12)

∂U2 (T,X)
∂T

= D
∂2U2 (T,X)

∂X2 + U2 (T,X) (r − U2 (T,X)) , X ∈ (−S2, 0) . (1.2.13)

We begin by determining conditions for population persistence. Linearizing equations

(1.2.12) and (1.2.13) about U = 0 gives

∂U1

∂T
= ∂2U1

∂X2 + U1 (in favorable patches), (1.2.14)

∂U2

∂T
= D

∂2U2

∂X2 + rU2 (in unfavorable patches). (1.2.15)

Assuming exponential solutions Ui (T,X) = eλTVi (X) (i = 1, 2), we get the ordinary

differential equations

d2V1 (X)
dX2 + (1− λ)V1 (X) = 0 (in favorable patches), (1.2.16)

d2V2 (X)
dX2 + (r − λ)

D
V2 (X) = 0 (in unfavorable patches), (1.2.17)

with corresponding solutions

V1 (X) = A cos
(√

1− λX
)

+B sin
(√

1− λX
)
,
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V2 (X) = A′ cosh
√−r + λ

D
X

+B′ sinh
√−r + λ

D
X

 .
We need to find conditions on A, A′, B, B′ for these solutions to satisfy the matching

conditions. By applying the conditions (1.2.8) and (1.2.9) at X = S1
2 , we get

V1

(
S1

2

−)
= V2

(
−S2

2

+)
, (1.2.18)

dV1

dX

(
S1

2

−)
= D

dV2

dX

(
−S2

2

+)
. (1.2.19)

Since the solutions of (1.2.16) and (1.2.17) are symmetric, we conclude B = B′ = 0

and the matching conditions (1.2.18) , (1.2.19) give a linear system of two equations

for A and A′. A non-trivial solution for this linear system exists if the determinant

of the coefficient matrix equals zero. This condition leads to

√
1− λ tan

(√
1− λS1

2

)
=
√

(−r + λ)D tanh
√(−r + λ)

D

S2

2

 . (1.2.20)

The persistence boundary is given by setting λ = 0 in (1.2.20) .

If S2 → ∞, where we have a favorable patch surrounded by a non-lethal matrix

habitat, then the critical length of the favorable patch will be S∗1 = 2 arctan
(√
−rD

)
.

1.2.3. Spread in Heterogeneous Landscapes

Shigesada et al. [77] also studied traveling periodic waves in heterogeneous landscapes.

They defined the function U (T,X) as U1 on good patches and as U2 on bad patches.

Then they described the condition for a traveling periodic wave front as follows: for

a certain time T ∗, the value of U at T + T ∗ and at X + L is the same as the

value of U at time T and location X. This property is described by the equations:

U (T,X) = U (T + T ∗, X + L) forX > 0 and U (T,X)→ 0 as X →∞. To satisfy

these conditions, they proposed that Ui (T,X) is given by a product of two functions,
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fi and gi as

Ui (T,X) = fi (Z) gi (X) , Z = X − CT, (C = L/T ∗) , (1.2.21)

where fi (Z) and gi (X) satisfy fi (Z) → 0 as Z → ∞ and gi (X) = gi (X + L) .

C is called the speed of the traveling periodic wave.

By substituting the ansatz in (1.2.21) into (1.2.14) and (1.2.15), they concluded that

fi (z) = e−sz, s > 0, and wrote the differential equations for g1 and g2 as

g′′1 − 2sg′1 +
(
s2 − Cs+ 1

)
g1 = 0,

g′′2 − 2sg′2 +
(
s2 + r − Cs

D

)
g2 = 0.

By solving the last two equations, we get

g1(X) = esX [A cosh (q1X) +B sinh (q1X)] ,

g2(X) = esX [A′ cosh (q2X) +B′ sinh (q2X)] ,

where q1 =
√
Cs− 1 and q2 =

√
Cs−r
D

. They applied the interface conditions at

X = 0 and X = S1

g1
(
0+
)

= g2
(
0−
)
, g1

(
S−1
)

= g2
(
−S+

2

)
, (1.2.22)

g′1
(
0+
)
− sg1

(
0+
)

= D
(
g′2
(
0−
)
− sg2

(
0−
))
, (1.2.23)

and

g′1
(
S−1
)
− sg1

(
S−1
)

= D
(
g′2
(
−S+

2

)
− sg2

(
−S+

2

))
. (1.2.24)

The interface conditions (1.2.22)-(1.2.24) produce a system of four linear equations

for the constants A, A′, B, B′ above. By equating the determinant of the coefficient
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matrix for this linear system to zero, they got the dispersion relation

cosh s(S1 + S2) = cosh q1S1 cosh q2S2 + q2
1 + (Dq2)2

2Dq1q2
sinh q1S1 sinh q2S2, (1.2.25)

in which the traveling wave speed C is defined implicitly in terms of the wave shape

parameter s and the coefficients q1, q2.

1.2.4. Deriving Interface Conditions from Random Walks

Maciel and Lutscher [55] re-visited the work of Shigesada et al. [77] but with different

matching conditions at the interfaces. They chose a logistic growth function for the

reaction diffusion equation. Hence, the density function ui on patch type i satisfies

∂ui
∂t

= Di
∂2ui
∂x2 + ui (ri − µiui) .

Similarly, as in [77] they assumed that the landscape contains infinitely many patches
and is periodically alternating. To derive interface conditions, they took the position
x = 0 as the interface between two different patch types, patch type I (x > 0) and
patch type II (x < 0). Inside patch type i individuals may jump a distance ∆xi
to the right or to the left with equal probability pi

2 in a time step ∆t. At the
interface, individuals may move to the patch type I with probability α1 and to patch
type II with probability α2. An individual can stay at the interface with probability
1−α1−α2. They wrote three master equations for the probability density functions
u (t,−∆x2), u (t, 0), and u (t,∆x1)

∆x2u (t+ ∆t,−∆x2) = p2
2 ∆x2u (t,−2∆x2) + (1− p2) ∆x2u (t,−∆x2) + α2∆x0u (t, 0) ,

∆x0u (t+ ∆t, 0) = p2
2 ∆x2u (t,−∆x2) + p1

2 ∆x1u (t,∆x1) + (1− α1 − α2) ∆x0u (t, 0) ,

∆x1u (t+ ∆t,∆x1) = p1
2 ∆x1u (t, 2∆x1) + (1− p1) ∆x2u (t,∆x1) + α1∆x0u (t, 0) ,
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where ∆x1 and ∆x2 are the step sizes in patch type I and patch type II, respectively.

By expanding the terms on the left-hand sides of the master equations in Taylor series

of ∆t and terms containing 2∆x1 and 2∆x2 in series of ∆x1 and ∆x2, and by

doing some algebra with taking the limits as ∆x1, ∆x2, and ∆t tend to 0, they

reached the interface condition

α1p2 lim
∆xi→0

(
∆x2

∆x1

)
u
(
t, 0−

)
= α2p1u

(
t, 0+

)
. (1.2.26)

(1.2.26) generates different interface conditions according to the following scenarios

1. If the probability of moving from the interface to patch i equals the probability

of moving inside the patch i, and the step sizes are equal in the two patches,

then

u1
(
t, 0+

)
= u2

(
t, 0−

)
. (1.2.27)

2. If the probability of moving from the interface to patch i is independent of

the movement probability inside the patch i, step sizes are different in the two

patches, and movement rates in the two patches are equal, then

u1
(
t, 0+

)
= α

1− α

√
D2

D1
u2
(
t, 0−

)
, (1.2.28)

where α is the probability of moving from the interface to patch type I.

3. If the probability of moving from the interface to patch i is independent of the

movement probability inside the patch i, step sizes are equal in the two patches

and movement rates in the two patches are different, they reached the interface

condition

u1
(
t, 0+

)
= α

1− α
D2

D1
u2
(
t, 0−

)
, (1.2.29)
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where

Di = pi lim
∆xi, ∆t→0

(∆xi)2

∆t .

They also derived continuity of flux interface condition at x = 0

D1
∂u1

∂x

(
t, 0+

)
= D2

∂u2

∂x

(
t, 0−

)
. (1.2.30)

To derive population persistence conditions, they assumed a positive growth rate in

a ‘favorable patch’ and a negative growth rate in an ‘unfavorable patch’. Then they

nondimensionalized the quantities as in [77].

Redoing the same analysis as Shigesada et al. [77], but with the modified interface

conditions, Maciel and Lutscher found the persistence boundary as

k tan
(
S1

2

)
=
√
−rD tanh

√−r
D

S2

2

 , (1.2.31)

where k is the parameter that measures the discontinuity in density at the interface

as it appears in equations (1.2.27)-(1.2.29). If we let S2 → ∞ in equation (1.2.31),

then we get the critical patch size formula S∗1 = 2 arctan
(√

−rD
k

)
.

They also studied the minimal speed of traveling periodic waves by following the same

procedure in [77]. The new interface matching conditions result in

g1
(
0+
)

= kg2
(
0−
)
, g1

(
S−1
)

= kg2
(
−S+

2

)
.

They got the dispersion relation

cosh (s (S1 + S2)) = cosh (q1S1) cosh (q2S2) + q2
1k

2 + q2
2D

2

2Dq1q2k
sinh (q1S1) sinh (q2S2) .

(1.2.32)
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1.2.5. Structured Populations in Homogeneous Landscapes

So far, we presented the mathematical background for unstructured populations but

populations can be classified as structured populations according to age, size, stage,

etc.

Gurtin and MacCamey [32], considered continuous, age-structured populations. They

described age stage by a, and wrote ρ (a, t, x) to represent the population density of

age a at time t and location x, p (t, x) =
´∞

0 ρ (a, t, x) da to represent the spatial

density, µ (p) and β (p) to represent death and birth rates, respectively, and D for

the diffusion term. They derived reaction diffusion equations which appear in their

model by using the balance law

∂ρ (a, t, x)
∂a

+ ∂ρ (a, t, x)
∂t

+ d (a, t, x) = −∂q (a, t, x)
∂x

, (1.2.33)

and the birth law

ρ (0, t, x) = B (t, x) =
ˆ ∞

0
β (a, p (t, x)) ρ (a, t, x) da, (1.2.34)

where

d (a, t, x) = µ (a, p (t, x)) ρ (a, t, x) and q (a, t, x) = −D∂ρ (a, t, x)
∂x

(1.2.35)

represent loss due to death and flux of population by spatial diffusion, respectively.

They assumed ρ (a, t, x)→ 0 as a→∞.

They assumed constant birth and death rates, with hostile boundary conditions

p (t, 0) = p (t, L) = 0. They found the critical patch size according to three different

forms of age dependence

1. If β (a, p) = β and µ (a, p) = µ, the equation above can be reduced to the
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reaction diffusion equation

pt + (µ− β) p = Dpxx, (1.2.36)

which yields the critical patch size L∗ = π
√

D
β−µ .

2. If β (a, p) = βe−αa, α > 0 and µ (a, p) = µ, the equations can be reduced to

the reaction diffusion equations

pt + µp− βC = Dpxx, (1.2.37)

Ct + [µ+ α− β]C = DCxx, (1.2.38)

where C (t, x) =
´∞

0 e−αaρ (a, t, x) da. Then the critical patch size formula is

L∗ = π
√

D
β−µ−α .

3. If β (a, p) = β (ae−αa), α > 0 and µ (a, p) = µ, the equations can be reduced

to the reaction diffusion equations

pt + µp− βG = Dpxx, (1.2.39)

Ct + [µ+ α]C − βG = DCxx, (1.2.40)

Gt + [µ+ α]G− C = DGxx, (1.2.41)

where G (t, x) =
´∞

0 ae−αaρ (a, t, x) da. Then the critical patch size will be

L∗ = π
√

D√
β−µ−α

.

To get the reaction diffusion equation (1.2.36), we integrate (1.2.33) with respect to

a

ˆ ∞
0

∂ρ (a, t, x)
∂a

da+
ˆ ∞

0

∂ρ (a, t, x)
∂t

da+
ˆ ∞

0
d (a, t, x) da = −

ˆ ∞
0

∂q (a, t, x)
∂x

da.
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Since ρ (a, t, x)→ 0 as a→∞ and by using (1.2.34, 1.2.35), we get

−βp+ pt + µp = Dpxx,

which is the reaction diffusion equation in (1.2.36). One can derive equations (1.2.37)

and (1.2.38) by integrating both (1.2.33) and its multiplication by e−αa with respect

to a. In mathematical notation, we have

ˆ ∞
0

∂ρ (a, t, x)
∂a

da+
ˆ ∞

0

∂ρ (a, t, x)
∂t

da+
ˆ ∞

0
d (a, t, x) da = −

ˆ ∞
0

∂q (a, t, x)
∂x

da,

which is equivalent to

pt + µp− βC = Dpxx.

Likewise,

ˆ ∞
0

e−αa
(
∂ρ (a, t, x)

∂a
+ ∂ρ (a, t, x)

∂t
+ d (a, t, x)

)
da = −

ˆ ∞
0

e−αa
∂q (a, t, x)

∂x
da,

implies

Ct + [µ+ α− β]C = DCxx.

Similarly, we get (1.2.39), (1.2.40) and (1.2.41) by integrating (1.2.33) and its multi-

plications by e−αa and by ae−αa with respect to a.

Continuous age-structured population models were also used by Bocharov and Hadeler

[5]. They derived delay equations for the model of structured populations and dis-

cussed how the system can be affected by the initial data, and how the parameters

of delay equations can be defined in terms of mortality and fertility rates. Fang et

al. [22] also used continuous age-structured population models to calculate the spread-

ing speed for Asian Clams. They showed that the invasion speed for Asian Clams

coincides with the minimal speed of traveling wave front.

For discrete-time structured populations, Caswell andWerner [9] considered the popu-
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lation of teasel (Dipsacus sylvestris). They defined seven stages for this plant: Seeds,

Dormant seeds (year 1), Dormant seeds (year 2), Small rosettes, Medium rosettes,

Large rosettes, and Flowering plants. According to Caswell [8], the non-spatial model

for discrete-time, structured populations of m stages can be written as follows

~u (t+ 1) = B (~u (t)) ~u (t) ,

where ~u = [u1, u2, . . . , um]T , and bij is the production rate of stage i individuals

by stage j individuals.

One can introduce movement in space into the matrix model via dispersal kernels and

obtains the integrodifference equation for a structured population of m stages

n(x, t+ 1) =
ˆ ∞
−∞

[k(x, y) ◦Bn(y)]n(y, t)dy, (1.2.42)

where ni is the population density in the ith stage, kij(x, y) is the probability

density function for an individual to move from location y to location x given that

it makes the transition from stage j at time t to stage i at time t+ 1. Bn(y) is the

population projection matrix at location y; bij is the per capita production of stage

i individuals at time t+1 by stage j individuals at time t, and the symbol ‘◦’ refers

to the Hadamard product of pointwise matrix multiplication (Horn and Johnson [39]).

Lui [52, 53] used (1.2.42) to prove the existence of an asymptotic spreading speed and

of traveling waves. He showed that the minimal traveling wave speed and the asymp-

totic spreading speed are identical in homogeneous landscapes. Later, Neubert and

Caswell [65] used integrodifference equations to study how the wave speed depends

on population parameters. They considered the wave speed formula for discrete-time

structured populations as appears in [52]

C (s) = 1
s

ln (ρ1 (s)) ,
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where ρ1 (s) is the dominant eigenvalue of the matrix H (s) = B◦M (s), B is the ma-

trix of vital rates at low population densities (Bn evaluated at n = 0), M (s) is the

matrix of moment generating functions of dispersal kernels; mij(s) =
´∞
−∞ kij(z)eszdz,

and s is the wave shape parameter. Then they used the minimal traveling wave speed

formula, C∗ = min
s>0

[
1
s

ln (ρ1 (s))
]
, to study sensitivity and elasticity of the invasion

speed for teasel (Dispacus sylvestris) and Calathea ovandensis to demographic pa-

rameters.

1.3. Glossary of the Most Important Terms

In this section, we summarize the most important concepts that will show up later in

more detail in this dissertation.

Persistence [38]

The population is said to persist in an environment if it has a positive per capita

growth rate at low density.

Critical Patch Size [82]

The habitat size, below which the population will go extinct and above which the

population will persist.

Traveling Wave [77]

For the reaction-diffusion equation (1.2.1), a solution of the form u (t, x) = U (x− Ct)

is called a traveling wave solution, and C is called the traveling wave speed.

Minimal Traveling Wave Speed [64]

A value Ĉ is called the minimum traveling wave speed if there exists a positive

traveling wave solution for all C ≥ Ĉ and none for C < Ĉ.

Traveling Periodic Wave Solution [77]

If L denotes the periodicity of the environmental variation, then a solution u (t, x)

is called a traveling periodic wave solution if there exists a time T ∗ such that, for all

x ∈ R and t > 0, u (t, x) = u (t+ T ∗, x+ L) and u (t, x)→ 0 as x→∞.
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Asymptotic Spreading Speed [3]

The population is said to spread with asymptotic speed C∗ if an observer who travels

at some speed C > C∗ will eventually be ahead of the population whereas an observer

who travels at speed C < C∗ will eventually be surrounded by the population.

Dispersion Relation [77]

The implicit relation between the traveling wave speed C and the wave shape pa-

rameter s.

1.4. Model Formulation

We develop our theory here using a two-stage model where individuals are classified

as either non-reproductive juveniles or as reproductive adults. This distinction is

the simplest meaningful extension of the common unstructured modeling approach.

We model spatial movement by using the ecological diffusion formulation for random

movement in heterogeneous habitats (Turchin [87]), and restrict population dynamics

to three linear processes, reproduction, maturation and mortality. Hence, our model

has the differential equations

∂u(t, x)
∂t

= ∂2 (Du(x)u(t, x))
∂x2 + r(x)v(t, x)− (m(x) + µu(x)) u(t, x), (1.4.1)

and
∂v(t, x)
∂t

= ∂2 (Dv(x)v(t, x))
∂x2 + m(x)u(t, x)− µv(x)v(t, x), (1.4.2)

where u (t, x) and v (t, x) are the density functions at time t and location x for

juveniles and adults, respectively, Du(x) and Dv(x) are the diffusion coefficients,

r(x) is the reproduction rate, m(x) is the maturation rate, and µu,v(x) are the

respective death rates.

This model requires a large amount of empirical data to estimate population param-

eters at different spatial locations. Instead, we follow the view of previous authors
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[77, 55, 64, 17, 56]. In this view, the landscape consists of different patches; within

each patch all population parameters are constant, between patches, they differ. For

simplicity, we assume that there are only two types of patches: ‘good’ where the pop-

ulation can grow locally and ‘bad’ where the population goes extinct locally. With

only two types of patches, we denote the values of the density and parameter func-

tions by indices, i.e. we write ui (t, x) for the density of juveniles on patch type i

(with i = 1, 2) and ri for the value of r(x) of a patch of type i, and similarly for all

other densities and parameters. At the interfaces between two patch types where the

parameter functions are discontinuous, we impose matching conditions of the form

(1.2.29) and (1.2.30) for both densities.

1.5. Outline of the Thesis

In this thesis, we study in detail persistence conditions and traveling periodic waves

of the model (1.4.1) and (1.4.2).

In Chapter 2, we use the Routh-Hurwitz criterion for stability to find the persistence

condition for the non-spatial model. We also derive persistence conditions in homo-

geneous and heterogeneous landscapes. We then use analytic techniques to find the

critical size of a single good patch surrounded by an infinite bad patch. We use the

explicit expression for the critical size of a single patch to obtain formulas for the

sensitivity and elasticity of L∗ to population parameters.

In Chapter 3, we derive the dispersion relation for the juveniles-adults model in

patchy landscapes. We then generalize the work of Fisher [23] to the spread speed

of structured populations in homogeneous landscapes. We also apply sensitivity and

elasticity formulas to the spread speed in a homogeneous landscape. We illustrate

how the biased movement of one age group affects population persistence and spread.

Finally, we discuss the importance of maturation rate in our model.

In Chapter 4, we consider structured populations with a sessile, i.e. immobile, age-
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group. We derive persistence conditions in a single patch and in a heterogeneous

habitat. We also derive the dispersion relation in patchy landscapes and find an

explicit formula for the traveling wave speed in homogeneous landscapes.

In Chapter 5, we use asymptotic techniques to find the wave speed and the spread

speed for structured populations in heterogeneous habitats. We write the density

functions of juveniles and adults in a series expansion in some small parameter ε,

and we solve the resulting differential equations of order ε0, ε1 and ε2. We find

an explicit formula for the traveling periodic wave speed for structured populations

in heterogeneous landscapes. We illustrate the power of the homogenization method

by comparing the dispersion relation and the resulting minimal wave speeds for the

approximation and the exact expression. We also generalize this work to structured

populations of n age groups.

In Chapter 6, we explore numerical solutions for the juveniles-adults model. In a

single-patch landscape, we compare the numerical solution to the analytic solution

for the linear model and explore how the numerical solution behaves in non-linear

models. We also use numerical techniques to track the front location for different age

groups and compare it with the location of theoretical speed for the juveniles-adults

model.

In Chapter 7, we apply our model to study some aspects of population dynamics and

harvesting in a marine setting. A good patch will correspond to a marine protected

area whereas fishing will be allowed in a bad patch. We will study numerically how

the movement behavior of individuals will affect population abundance and harvesting

yield.



2. Persistence Conditions for the

Juveniles-Adults Model

In this chapter, we study various aspects of persistence conditions of the model (1.4.1)

and (1.4.2). We begin with the non-spatial model, then we study the model on a single

suitable patch with various boundary conditions, and finally we consider the model

on a periodic landscape consisting of alternating suitable and unsuitable patches.

2.1. Persistence Condition for the Non-Spatial Model

We begin with the persistence conditions for the non-spatial population dynamics of

the model (1.4.1) and (1.4.2). Setting diffusion terms in equations (1.4.1) and (1.4.2)

equal to zero, we have the following ordinary differential equations

d

dt
u = rv − (m + µu) u, (2.1.1)

d

dt
v = mu − µvv. (2.1.2)

For the purpose of this thesis, we say that the population can persist if the zero

state of the linear system is unstable. We discuss population persistence in nonlinear

models in Chapter 8. Since the system (2.1.1, 2.1.2) is linear, we obtain the stability

conditions from analyzing the eigenvalues of the Jacobian matrix

21
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J =

− (m + µu) r

m −µv

 .
The eigenvalues of J are given by the characteristic equation λ2−tr (J )λ+det (J ) = 0,

which is equivalent to λ2 + (m + µv + µu)λ+ (mµv + µvµu − rm) = 0.

According to Routh-Hurwitz [45], the zero state is unstable if tr (J ) > 0 or det (J ) < 0.

In terms of population parameters, these conditions are

− (m + µv + µu) > 0 or (mµv + µvµu − rm) < 0.

Since (m + µv + µu) > 0, we get the persistence condition for non-spatial juveniles-

adults model as mµv + µvµu − rm < 0, which is equivalent to

r > µv

(
1 + µu

m

)
. (2.1.3)

We summarize these calculations in the following proposition.

Proposition 2.1.1. If r > µv
(
1 + µu

m

)
, then the equilibrium at the origin of (2.1.1)

and (2.1.2) is unstable.

The proposition states that the growth rate r must not only exceed the death rate

of the adults µv but also account for juvenile mortality. As 1/m is the mean time

to maturation, the term µu/m measures the mortality of juveniles before becoming

adults. From now on, we define a patch to be ‘good’ if (2.1.3) holds and ‘bad’ when

the reverse inequality holds.
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2.2. Persistence Conditions in a Single-Patch

Landscape

In this section we derive the persistence condition for the juveniles-adults model in

a single-patch landscape. We consider equations (1.4.1) and (1.4.2) on a patch of

length L. Without loss of generality, we choose the patch to be the interval [0,L] . In

the simplest and classical case, we impose hostile boundary conditions

u (t, 0) = u (t,L) = 0, and v(t, 0) = v (t,L)= 0. (2.2.1)

Ecologically, the boundary conditions in (2.2.1) mean that individuals who leave this

patch will not return.

Like in the previous section, we determine persistence conditions by studying the

stability of the zero state of our model. Since equations (1.4.1) and (1.4.2) are linear,

we look for exponential solutions of the form

u(t, x)

v(t, x)

 = eλt

U(x)

V (x)

 .
The corresponding eigenvalue problem of equations (1.4.1) and (1.4.2) can be written

as the following system of ordinary differential equations

λU (x) = DuUxx(x)− (m + µu)U (x) + rV (x), (2.2.2)

λV (x) = DvVxx(x) + m U (x)− µvV (x). (2.2.3)

From equation (2.2.2) we get

V (x) = DuUxx(x)− (m + µu + λ)U (x)
−r . (2.2.4)
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Substituting V (x) and Vxx(x) into (2.2.3), we get

Dv

r

[
Du

d4U (x)
dx4 − B Uxx(x)

]
−m U (x)− (µv + λ)

r [DuUxx(x)− B U (x)] = 0, (2.2.5)

where B = m + µu + λ.

Sorting by derivatives of U , we get the following ordinary differential equation for the

function U (x)

d4U (x)
dx4 − [Dv B + (µv + λ)Du]

DvDu
Uxx(x)− [r m − (µv + λ)B]

DvDu
U (x) = 0, (2.2.6)

with boundary conditions

U (0) = U (L) = 0, and Uxx (0) = Uxx (L) = 0.

The linear differential equation (2.2.6) has a bi-quadratic characteristic equation

z4 − az2 − b = 0, (2.2.7)

with coefficients

a = Dv B + (µv + λ)Du

DvDu
, b = r m − (µv + λ)B

DvDu
.

Equation (2.2.7) has the four roots

z = ±

√√√√a ± (a2 + 4b) 1
2

2 . (2.2.8)

We are interested in the case where λ = 0 because it assigns the boundary between

extinction and persistence regions. If λ = 0, then a > 0, while the sign of the

parameter b still has two possibilities. We consider the case b > 0 here; at the end of

this section we discuss the other case.
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If b > 0, then a + (a2 + 4b) 1
2 > 0 and a − (a2 + 4b)

1
2 < 0. Therefore (2.2.8) has two

real roots and two pure imaginary roots. The two real roots have the same magnitude

with different signs, the same property holds for the imaginary roots.

Therefore,

U (x) = C cosh (z1x) +G sinh (z1x) +H cos (z2x) + F sin (z2x) , (2.2.9)

where

z1 =

√√√√a + (a2 + 4b) 1
2

2 , and z2 =

√√√√(a2 + 4b)
1
2 − a

2 . (2.2.10)

Applying the boundary condition U (0) = 0 to equation (2.2.9), we get C +H = 0.

Also, the boundary condition Uxx (0) = 0 gives Cz2
1 −Hz2

2 = 0. As a consequence,

we get C = H = 0. From the boundary condition U (L) = 0, we have

G sinh (z1L) + F sin (z2L) = 0. (2.2.11)

Finally, the boundary condition Uxx (L) = 0 implies

Gz2
1 sinh (z1L)− Fz2

2 sin (z2L) = 0. (2.2.12)

We conclude that G = 0 and reach the persistence condition for a single-patch

landscape as sin (z2L) = 0. We summarize the calculations as follows.

Proposition 2.2.1. The persistence boundary for the juveniles-adults model in a

single-patch landscape is

sin (z2L) = 0. (2.2.13)

Accordingly, the minimal patch-size is given by

L∗ = π

z2
, (2.2.14)
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with z2 as in (2.2.10).

We illustrate how the critical patch size depends on model parameters. We notice

that the critical patch size decreases with the reproduction rate (Figure 2.1(a)) and

with maturation rate (Figure 2.1(b)). We investigated the relationship with all other

parameters (Du, Dv, µu and µv) and found that the critical patch size increases with

each of them (plots not shown).

persistence

extinction

0 5 10 15 20 25
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2.0
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r

L

(a)
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extinction

0 2 4 6 8
2
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5

6

m

L

(b)

Figure 2.1.: Critical patch size for the juveniles-adults model in a single-patch land-
scape (2.2.13): (a) as a function of reproduction rate r ; (b) as a function of mat-
uration rate m. Parameters are as follows unless otherwise noted: r = 6, m = 5,
µu = µv = 1, and Dv= Du = 2.

Remark 2.2.2. If b in equation (2.2.7) is a negative number, and a > 0, then by fol-

lowing the same steps that we presented in this section one can derive the persistence

condition for a single-patch landscape as

sinh (Lz1) sinh (Lz2) = 0. (2.2.15)

The last equation cannot hold unless L = 0. So, there is no need to consider this

case. We can understand this result by the following ecological explanation. Since
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b < 0, then by Proposition 2.1.1, this single-patch will be a ‘bad patch’, which means

that the population will go extinct in this single-patch landscape. And so, there is no

persistence condition in a single-patch landscape under the assumption b < 0.

2.3. Persistence Conditions in a Periodically Varying

Landscape

We assume that the landscape has infinitely many patches of two types, periodically

alternating (see Figure 1.1): ‘good patches’ and ‘bad patches’. We use L1 and L2 to

represent the good patch size and the bad patch size, respectively. And so, L = L1+L2

represents the spatial period. Hence we study model (1.4.1), (1.4.2) with piecewise

constant, periodic coefficients. We need to characterize the behavior of individuals

at the interface between two patch types. We assume that no individuals are created

or lost as they cross from one patch type into another. This assumption translates

into the population fluxes being continuous at the interface. On the other hand, we

allow individuals to have a preference for one or the other patch type. The derivation

in Section 1.2.1 and in [55, 69] then shows that the population density across an

interface need not be continuous.

For the sake of the argument, let us assume that x = 0 is an interface between a

good patch to the right (i.e. x > 0) and a bad patch to the left (i.e. x < 0). Later,

we shall use the same formulation for any interface location. Let us further denote

by α ∈ (0, 1) the probability that an individual at the interface will move into the

good patch. Then the density matching conditions for juveniles at x = 0 (according

to (1.2.29)) are given by

u1
(
t, 0+

)
= αu

1− αu
Du2

Du1

u2
(
t, 0−

)
, (2.3.1)
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and
∂u1

∂x

(
t, 0+

)
= Du2

Du1

∂u2

∂x

(
t, 0−

)
, (2.3.2)

and similarly for adults (see also (2.3.12) and (2.3.15)). A value of α = 0.5 indicates

no preference whereas a value of α = 1 indicates the strongest preference for the

good patch type. We will abbreviate the dimensionless parameter combination in

(2.3.1) and write

ku = αu
1− αu

Du2

Du1

, (2.3.3)

and similarly for kv.

We now derive a persistence condition for the juveniles-adults model in the periodic

landscape for the general case in which diffusion coefficients in (1.4.1) and (1.4.2) are

positive. To make use of the symmetric in the model, it turns out to be helpful to

choose the good patches as
(
−L1

2 , L1
2

)
+LZ and the bad patches as

(
−L1

2 , L1
2

)
+LZ.

Hence, the interfaces will be at L1
2 +LZ and L1

2 +LZ. We follow the same procedure

in Section 2.2 to reach the following periodic system of ordinary differential equations

for the eigenvalue problem

0 = d4U1

dx4 −
(Dv1 (m1 + µu1 + λ) + (µv1 + λ)Du1)

Du1Dv1

d2U1

dx2

− (r1m1 − (m1 + µu1 + λ) (µv1 + λ))
Du1Dv1

U1, x ∈
(−L1

2 ,
L1

2

)
+ LZ, (2.3.4)

and

0 = d4U2

dx4 −
(Dv2 (m2 + µu2 + λ) + (µv2 + λ)Du2)

Du2Dv2

d2U2

dx2

− (r2m2 − (m2 + µu2 + λ) (µv2 + λ))
Du2Dv2

U2, x ∈
(
L1

2 , L− L1

2

)
+ LZ. (2.3.5)

Since the landscape is periodically varying and we are looking for periodic solutions

of the same period, we can restrict the analysis to one good patch and one bad patch.
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Solutions are symmetric in the intervals
(
−L1

2 , L1
2

)
and

(
L1
2 , L−

L1
2

)
(see Figure 2.2).

Therefore, we can equivalently study the solutions on the intervals
(
0, L1

2

)
and

(
L1
2 ,

L
2

)
with no-flux boundary conditions in the original variables, see (2.3.10) and (2.3.11)

below.

0
- L1

2

L1

2

L

2
L -

L1

2

Figure 2.2.: Illustration of the solution of (2.3.4) and (2.3.5) in a good patch located
at
(
−L1

2 , L1
2

)
and in a bad patch situated at

(
L1
2 , L−

L1
2

)
.

The linear differential equation (2.3.4) has a bi-quadratic characteristic equation

z4 − az2 − b = 0, (2.3.6)

where

a = Dv1 (m1 + µu1 + λ) + (µv1 + λ)Du1

Du1Dv1

, b = r1m1 − (m1 + µu1 + λ) (µv1 + λ)
Du1Dv1

.

The roots of (2.3.6) are

z = ±

√√√√a± (a2 + 4b)
1
2

2 .

We are interested in the case in which λ = 0 because it assigns the boundary between

extinction and persistence regions. When λ = 0, we have a > 0. The sign of the

parameter b changes according to the patch type: in good patches we have b > 0

while in bad patches we have b < 0 (see Proposition 2.1.1).
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If b > 0, then a+ (a2 + 4b)
1
2 > 0 and a− (a2 + 4b)

1
2 < 0. Thus, the roots of (2.3.6)

are two real roots and two pure imaginary roots. The two real roots have the same

magnitude with different signs, the same property holds for the imaginary roots.

The eigenfunction U1 is given by

U1(x) = B1 cosh(z1x) + C1 sinh(z1x) +G1 cos(z2x) +H1 sin(z2x), (2.3.7)

where z1 =

√√√√a+ (a2 + 4b)
1
2

2 , z2 =

√√√√−a+ (a2 + 4b)
1
2

2 .

Similarly, the linear differential equation (2.3.5) has the following bi-quadratic char-

acteristic equation

(z′)4 − a′ (z′)2 − b′ = 0, (2.3.8)

where

a′ = Dv2 (m2 + µu2 + λ) + (µv2 + λ)Du2

Du2Dv2

, b′ = r2m2 − (m2 + µu2 + λ) (µv2 + λ)
Du2Dv2

.

The roots then of (2.3.8) are

z′ = ±

√√√√√a′ ±
(
(a′)2 + 4b′

) 1
2

2 .

If b′ < 0, then a′ +
(
(a′)2 + 4b′

) 1
2 > 0 and a′ −

(
(a′)2 + 4b′

) 1
2 > 0.

We can use the invariance of the equations under the reflection at x = L/2 to write

the eigenfunction U2 as

U2(x) =
B2 cosh

(
z3

(
L

2 − x
))

+ C2 sinh
(
z3

(
L

2 − x
))

+G2 cosh
(
z4

(
L

2 − x
))

+H2 sinh
(
z4

(
L

2 − x
)), (2.3.9)
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where

z3 =

√√√√√a′ +
(
(a′)2 + 4b′

) 1
2

2 , z4 =

√√√√√a′ −
(
(a′)2 + 4b′

) 1
2

2 .

Since solutions are symmetric in
(
−L1

2 , L1
2

)
and

(
L1
2 , L−

L1
2

)
, we have the following

boundary conditions

U ′1(0) = V ′1(0) = 0, (2.3.10)

and

U ′2

(
L

2

)
= V ′2

(
L

2

)
= 0. (2.3.11)

We use the following relations when we apply the boundary and interface conditions

Vi(x) = Dui
U ′′i (x)− (mi + µui

+ λ)Ui(x)
−ri

, i = 1, 2.

From (2.3.10), we have z1C1 + z2H1 = 0 and (z1)3C1 − (z2)3H1 = 0. As a conse-

quence, we get C1 = 0 = H1. Similarly, the boundary conditions in (2.3.11) produce

−z3C2 − z4H2 = 0 and − (z3)3C2 − (z4)3H2 = 0, which implies C2 = 0 = H2.

Hence, the eigenfunctions U1(x), U2(x) become as follows

U1(x) = B1 cosh (z1x) +G1 cos (z2x) , x ∈
(

0, L1

2

)
,

U2(x) = B2 cosh
(
z3

(
L

2 − x
))

+G2 cosh
(
z4

(
L

2 − x
))

, x ∈
(
L1

2 ,
L

2

)
.

The next step is to apply the interface conditions

u1

(
t,
L−1
2

)
= kuu2

(
t,
L+

1
2

)
, (2.3.12)

Du1

∂u1

∂x

(
t,
L−1
2

)
= Du2

∂u2

∂x

(
t,
L+

1
2

)
, (2.3.13)
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v1

(
t,
L−1
2

)
= kvv2

(
t,
L+

1
2

)
, (2.3.14)

and

Dv1

∂v1

∂x

(
t,
L−1
2

)
= Dv2

∂v2

∂x

(
t,
L+

1
2

)
. (2.3.15)

Here, ku, kv denote the parameters that measure the discontinuity in density at the

interface for juveniles and adults, respectively, as they appear in equations (1.2.27)−

(1.2.29) .

Applying the interface conditions (2.3.12)-(2.3.15), we get

0 = B1 cosh
(
z1L1

2

)
+G1 cos

(
z2L1

2

)
− kuB2 cosh

(
z3L2

2

)
− kuG2 cosh

(
z4L2

2

)
,

(2.3.16)

0 = B1 cosh
(
z1L1

2

) (
rDu1 (z1)2 − rA

)
+B2 cosh

(
z3L2

2

) (
kvB − kvDu2 (z3)2

)
−G1 cos

(
z2L1

2

) (
rDu1 (z2)2 + rA

)
+G2 cosh

(
z4L2

2

) (
kvB − kvDu2 (z4)2

)
,

(2.3.17)

0 = z1B1 sinh
(
z1L1

2

)
−z2G1 sin

(
z2L1

2

)
+Duz3B2 sinh

(
z3L2

2

)
+Duz4G2 sinh

(
z4L2

2

)
,

(2.3.18)

0 = B1 sinh
(
z1L1

2

) (
rDu1 (z1)3 − rAz1

)
+B2Dv sinh

(
z3L2

2

) (
Du2 (z3)3 +Bz3

)
+G1 sin

(
z2L1

2

) (
rDu1 (z2)3 + rAz2

)
+G2Dv sinh

(
z4L2

2

) (
Du2 (z4)3 +Bz4

)
,

(2.3.19)

where A = (m1 + µu1) and B = (m2 + µu2) . This is a linear system of equations for

B1,2, G1,2. We write the coefficient matrix of (2.3.16)-(2.3.19) as follows
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W
=

                                  

co
sh
( z 1L

1
2
)

co
s( z 2

L
1

2
)

−
k

u
co

sh
( z 3L

2
2
)

−
k

u
co

sh
( z 4L

2
2
)

z 1
sin

h
( z 1L

1
2
)

−
z 2

sin
( z 2L

1
2
)

D
u
z 3

sin
h
( z 3L

2
2
)

D
u
z 4

sin
h
( z 4L

2
2
)

r
( D

u
1

(z
1)

2
−
A
) co

sh
( z 1L

1
2
)

r
( −D

u
1

(z
2)

2
−
A
) co

s( z 2
L

1
2
) −

k
v

( D
u

2
(z

3)
2
−
B
) co

sh
( z 3L

2
2
) k

v

( −D
u

2
(z

4)
2

+
B
) co

sh
( z 4L

2
2
)

r
( D

u
1

(z
1)

3
−
z 1
A
) sin

h
( z 1L

1
2
) r

( D
u

1
(z

2)
3

+
z 2
A
) sin

( z 2L
1

2
) D

v

( D
u

2
(z

3)
3
−
z 3
B
) sin

h
( z 3L

2
2
) D

v

( D
u

2
(z

4)
3
−
z 4
B
) sin

h
( z 4L

2
2
)                                  
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The determinant is given by

det W = Dvz3z2
(
Du2(z3)2 −B

) (
Bkv − Akur +Du1kur(z1)2 +Du2kv(z4)2

)
× sin

(
z2L1

2

)
cosh

(
z4L2

2

)
cosh

(
z1L1

2

)
sinh

(
z3L2

2

)
−Dvz3z4

(
−B +Du2(z3)2

)
Du2r

(
z2

1 + z2
2

)
× cosh

(
z1L1

2

)
cos

(
z2L1

2

)
sinh

(
z4L2

2

)
sinh

(
z3L2

2

)
+Durz3z2

(
A+Du1(z2)2

) (
Bkv − Akur +Du1kurz

2
1 −Du2kvz

2
4

)
× cosh

(
z1L1

2

)
cosh

(
z4L2

2

)
sin

(
z2L1

2

)
sinh

(
z3L2

2

)
+ rz1z2

(
A+Du1z

2
2

)
(Du2kvku)

(
z2

3 − z2
4

)
× sinh

(
z1L1

2

)
cosh

(
z3L2

2

)
cosh

(
z4L2

2

)
sin

(
z2L1

2

)
+ rz2z4

(
A+Du1z

2
2

)
Du

(
−Bkv + Akur −Du1kurz

2
1 +Du2kvz

2
3

)
× sin

(
z2L1

2

)
cosh

(
z3L2

2

)
cosh

(
z1L1

2

)
sinh

(
z4L2

2

)
− z1z3

(
−B +Du2z

2
3

)
Dv

(
−Bkv + Akur +Du1kurz

2
2 +Du2kvz

2
4

)
× cos

(
z2L1

2

)
sinh

(
z1L1

2

)
cosh

(
z4L2

2

)
sinh

(
z3L2

2

)
+Dvz4z1

(
−B +Du2z

2
4

) (
−Bkv + Akur +Du1kurz

2
2 +Du2kvz

2
3

)
× sinh

(
z4L2

2

)
cos

(
z2L1

2

)
cosh

(
z3L2

2

)
sinh

(
z1L1

2

)
−Dvz4z2

(
−B +Du2z

2
4

) (
Bkv − Akur +Du1kurz

2
1 −Du2kvz

2
3

)
× sinh

(
z4L2

2

)
cosh

(
z1L1

2

)
cosh

(
z3L2

2

)
sin

(
z2L1

2

)
+Dvz4z3

(
−B +Du2z

2
4

)
Du2r

(
z2

1 + z2
2

)
× sinh

(
z4L2

2

)
cos

(
z2L1

2

)
cosh

(
z1L1

2

)
sinh

(
z3L2

2

)
− rz2z1Du2kvku

(
−A+Du1z

2
1

) (
−z2

3 + z2
4

)
× sinh

(
z1L1

2

)
cosh

(
z4L2

2

)
cosh

(
z3L2

2
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sin

(
z2L1

2

)
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− rz1z4
(
−A+Du1z

2
1

)
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(
−Bkv + Akur +Du1kurz

2
2 +Du2kvz

2
3

)
× sinh

(
z1L1

2

)
cos

(
z2L1

2

)
cosh

(
z3L2

2

)
sinh

(
z4L2

2

)
− rz1z3

(
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2
1
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(
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2
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(
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2
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cos

(
z2L1

2

)
cosh

(
z4L2

2

)
sinh

(
z3L2

2

)
,

where Du = Du2
Du1

, Dv = Dv2
Dv1

, r = r2
r1 , A = (m1 + µu1) and B = (m2 + µu2) .

A linear system has a nontrivial solution if the determinant of the coefficient matrix

equals zero. By equating the previous determinant to zero and dividing the whole

equation by

cosh
(
z1L1

2

)
cos

(
z2L1

2

)
cosh

(
z3L2

2

)
cosh

(
z4L2

2

)
,

we reach the persistence condition for the juveniles-adults model

0 = z3z2
(
−BDv + ADur +Du2z

2
2r +DvDu2z

2
3

)
×
(
Bkv − Akur +Du1kurz

2
1 −Du2kvz

2
4

)
tan

(
z2L1

2

)
tanh

(
z3L2

2

)
+ z4z3 (Du2)2Dvr
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z2

1 + z2
2

) (
z2

4 − z2
3

)
tanh

(
z4L2

2

)
tanh

(
z3L2

2

)
+ z1z2rDu1Du2kvku
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z2

2 + z2
1

) (
z2

3 − z2
4

)
tanh
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2
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tan
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z2L1

2

)
+ z1z4
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−rDu2z

2
1 + rADu −DvB +DvDu2z

2
4

)
×
(
Akur −Bkv +Du1kurz

2
2 +Du2kvz

2
3

)
tanh

(
z1L1

2

)
tanh

(
z4L2

2

)
+ z1z3

(
rDu2z

2
1 − ADur +DvB −DvDu2z

2
3

)
×
(
−Bkv + Akur +Du1kurz

2
2 +Du2kvz

2
4

)
tanh

(
z1L1

2

)
tanh

(
z3L2

2

)
− z2z4

(
−BDv +DvDu2z

2
4 + rADu + rDu2z

2
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)
×
(
Bkv − Akur +Du1kurz

2
1 −Du2kvz

2
3

)
tan

(
z2L1

2

)
tanh

(
z4L2

2

)
. (2.3.20)

Proposition 2.3.1. The persistence boundary for the juveniles-adults model on a
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periodic landscape is given by the relation in (2.3.20).

We illustrate how population persistence depends on model parameters. In Figure 2.3,

we notice that the critical good patch size increases with the bad patch size. Figure 2.4

shows that the critical good patch size decreases with both reproduction and matu-

ration rates in good patches.

Remark 2.3.2. In deriving persistence conditions we assumed that a2+4b is a positive

real number. To prove this assumption, assume first a2 + 4b = 0. Hence,

[Dv1 (m1 + µu1 + λ) + (µv1 + λ)Du1 ]2

(Dv1Du1)2 = 4 [(m1 + µu1 + λ) (µv1 + λ)− r1m1]
Dv1Du1

.

Simplifying the last equation, we get

(Dv1)2 (m1 + µu1 + λ)2 + (Du1)2 (µv1 + λ)2 − 4Dv1Du1r1m1

= 4Dv1Du1 (m1 + µu1 + λ) (µv1 + λ) + 2Du1Dv1 (µv1 + λ) (m1 + µu1 + λ) ,

which is equivalent to

(Dv1)2 (m1 + µu1 + λ)2 + (Du1)2 (µv1 + λ)2 − 2Du1Dv1 (µv1 + λ) (m1 + µu1 + λ)

= −4Dv1Du1r1m1.

Therefore

(Dv1 (m1 + µu1 + λ)−Du1 (µv1 + λ))2 = −4Dv1Du1r1m1.

The left hand side and the right hand side of the last equation have opposite signs,

which is a contradiction. Thus, a2 + 4b 6= 0. By following the same argument it can

be shown that a2 + 4b ≮ 0. This proves that a2 + 4b is always a positive number.
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Figure 2.3.: Persistence boundary according to (2.3.20) for the juveniles-adults
model in a patchy landscape as a function of ‘bad patch’ size L2 and ‘good patch’
size L1. Parameters are as follows unless otherwise noted: r1 = 2, r2 = 0.2, µu2 =
2 = µv2 , Du1 = 1 = Dv1 , Dv2 = 2 = Du2 , µu1 = µv1 = 1, m1 = 5, m2 = 1, and
αu = αv = 0.5.
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Figure 2.4.: Persistence boundary according to (2.3.20) for the juveniles-adults
model in a patchy landscape: (a) as a function of reproduction rate in ‘good patches’
r1 and ‘good patch’ size L1; (b) as a function of maturation rate in ‘good patches’
m1 and ‘good patch’ size L1. Parameters are as follows unless otherwise noted:
L2 = 2, r1 = 2, r2 = 0.2, µu2 = 2 = µv2 , Du1 = 1 = Dv1 , Dv2 = 2 = Du2 , µu1 =
µv1 = 1, m1 = 5, m2 = 1, and αu = αv = 0.5.
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2.4. Single-Patch Landscapes Via Patchy Landscapes

In Sections 2.2 and 2.3, we derived persistence conditions for both single-patch land-

scapes and patchy landscapes. Here, we derive the former as a limit of the latter. We

use the behavior of juveniles and adults at the interface. If αu = αv � 1, we expect

juveniles and adults to move to the bad patch when they reach an interface and not

return to the good patch. This is equivalent to a single-patch landscape with hostile

boundary conditions. Analytically, taking the limit for (2.3.20) as αu, αv → 0, gives

the condition

cos
(
L1

2 z2

)
cosh

(
L1

2 z1

)
sinh

(
L2

2 z3

)
sinh

(
L2

2 z4

)
= 0, (2.4.1)

which holds only if cos
(
L1
2 z2

)
= 0. This implies the critical patch size for a single-

patch landscape

L∗1 = π

z2
, (2.4.2)

which is the same as (2.2.14). The other case that produces a single-patch landscape

is the case with very large mortality parameters in the bad patches. Ecologically,

when mortality becomes very large in bad patches, all individuals who leave the good

patches will not be able to survive. Hence, the environment will be consisting of one

good patch surrounded by a completely hostile bad patch. Mathematically, we get

the same formulas in (2.4.1) and (2.4.2) when we take the limit of (2.3.20) as µu2 ,

µv2 →∞.

Illustrations also confirm the above conclusions: Figure 2.5(a) and (b) explain how

L∗ behaves when we have very small habitat preference and very large mortality in

bad patches.
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Figure 2.5.: The critical good patch size L∗1: (a) as a function of preference to the
good patch; (b) as a function of mortality coefficients in the bad patch. Dashed
curves correspond to the persistence condition in (2.3.20), while the solid curves
refer to persistence condition in a single-patch landscape (2.2.13). Parameters are
as follows unless otherwise noted: Du1 = Dv1 = 1, Du2 = Dv2 = 2, r1 = 2, r1 = 0.2,
µu1 = µv1 = 1, µu2 = µv2 = 2, m1 = 5, m2 = 1, L2 = 2, and αu = αv = 0.5.

2.5. The Critical Size of a Single Patch Surrounded by

a Non-Lethal Matrix Habitat

In Section 2.2, we derived the minimal patch size, L∗, that allows a structured pop-

ulation to persist in a single patch with hostile boundary. In this section, we derive

an implicit formula for the critical size of a single good patch surrounded by an un-

bounded bad patch on either side, this situation can be visualized by Figure 1.1 with

L2 =∞. In this case, the critical size depends on discontinuity parameters ku and kv.

As in Section 2.3, we set λ = 0 and find the eigenfunctions to be of the form

U1(x) = B1 cosh(z1x) + C1 sinh(z1x) +G1 cos(z2x) +H1 sin(z2x),

x ∈
(
−L
2 ,

L
2

)
.
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U2(x) = B2 cosh (z3x) + C2 sinh (z3x) +G2 cosh (z4x) +H2 sinh (z4x) ,
L
2 < x or x < −L

2 .

Since solutions are bounded in patch type II, U2 (x) will be of the form

U2(x) = Be−z3|x| +He−z4|x|,
L

2 < x or x <
−L
2 . (2.5.1)

But U1 (x) is symmetric around x = 0, which implies that C1 = H1 = 0. Hence, we

write U1 (x) as follows

U1(x) = B1 cosh(z1x) +G1 cos(z2x), x ∈
(

0, L2

)
. (2.5.2)

We need to apply the following conditions at the interface x = L
2

U1

(
L

2

−)
= kuU2

(
L

2

+)
, V1

(
L

2

−)
= kvV2

(
L

2

+)
, (2.5.3)

U ′1

(
L

2

−)
= DuU

′
2

(
L

2

+)
, V ′1

(
L

2

−)
= DvV

′
2

(
L

2

+)
. (2.5.4)

The eigenfunctions Vi are defined as follows

Vi(x) = Dui
U ′′i (x)− (mi + µui

)Ui(x)
−ri

, i = 1, 2. (2.5.5)

Applying interface conditions (2.5.3)− (2.5.4) gives the following linear equations

B1 cosh
(
z1
L

2

)
+G1 cos

(
z2
L

2

)
= ku

(
Be−z3

L
2 +He−z4

L
2
)
, (2.5.6)

B1z1 sinh
(
z1
L

2

)
−G1z2 sin

(
z2
L

2

)
= Du

(
−Bz3e

−z3
L
2 −Hz4e

−z4
L
2
)
, (2.5.7)
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rDu1z
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2 + kvDu2z

2
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− rα cos
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2
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)
,

(2.5.8)

and

0 = B1

(
rDu1z

3
1 sinh

(
z1
L

2

)
− rαz1 sinh

(
z1
L

2

))
−B

(
βDvz3e

−z3
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2 −DvDu2z

3
3e
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2
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+G1
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2 −DvDu2z

3
4e
−z4

L
2
)
,

(2.5.9)

where α = m1 + µu1 , β = m2 + µu2 , r = r2
r1
, and Dv = Dv2

Dv1
. We then write the

coefficient matrix for the linear system (2.5.6)-(2.5.9) and equate the determinant to

zero to get the persistence condition for the juveniles-adults model in a single good

patch surrounded by a non-lethal matrix habitat

0 = z3z2
(
−βDv + αDur +Du2z

2
2r +DvDu2z

2
3

)
×
(
βkv − αkur +Du1kurz
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2
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4

)
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(
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)
tanh

(
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)
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2
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)
×
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2
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2
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)
− z2z4

(
−βDv +DvDu2z
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2
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. (2.5.10)
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Proposition 2.5.1. The critical size of a single good patch surrounded by a non-lethal

matrix habitat is given implicitly by the relation in (2.5.10).

Remark 2.5.2. One can derive the relation (2.5.10) from the persistence condition

for the juveniles-adults model (2.3.20) , which we have seen in Section 2.3, by taking

the limit for (2.3.20) as the bad patch size L2 tends to infinity. The numerical com-

parison in Figure 2.6 shows that the critical size for a good patch according to (2.3.20)

increases to the critical size of a single good patch surrounded by a non-lethal matrix

habitat (2.5.10).
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Figure 2.6.: Minimal good patch size in a patchy periodic landscape as a function
of minimal bad patch size. The dashed curve corresponds to the structured popu-
lations persistence condition (2.3.20), while the solid curve represents the critical
size of a single good patch surrounded by a non-lethal matrix habitat (2.5.10). Pa-
rameters are as follows: r1 = 2, r2 = 0.2, µu2 = 2 = µv2 , Du1 = 1 = Dv1 , Dv2 =
2 = Du2 , µu1 = µv1 = 1, m1 = 5, m2 = 1, and αu = αv = 0.5.

2.6. Sensitivity and Elasticity for the Critical Patch

Size in a Single-Patch Landscape

Elasticity and sensitivity are used to measure how the change in one variable affects a

result of interest, for example the critical patch size, L∗.We use the following formulas



2.6 Sensitivity and Elasticity for the Critical Patch Size in a Single-Patch
Landscape 43

of sensitivity and elasticity as mentioned in [65]

Sensitivity of L∗ to the variable b = ∂L∗

∂b
, (2.6.1)

Elasticity of L∗ to the variable b = b

L∗
∂L∗

∂b
. (2.6.2)

While sensitivity measures the absolute change in L∗ that can be attributed to the

variable b [21], elasticity measures the proportional change [19].

In this section, we study sensitivity and elasticity of the critical patch size in a single-

patch landscape to population parameters. In Section 2.2, we have found the following

critical patch size formula for structured populations of juveniles and adults living in

a single-patch landscape

L∗ = π

z2
,

where

z2 =

√√√√(a2 + 4b)
1
2 − a

2 ,

a = Dv (m + µu) + Duµv

DvDu
, and b = r m − µv (m+ µu)

DvDu
.

The sensitivities are given as follows

∂L∗

∂r
= − mπ

2DuDv (z2)3√a2 + 4b
, (2.6.3)

∂L∗

∂m
= − π

4 (z2)3

−1
Du

+
4(r−µv)
DuDv

+ 2a
Du

2
√
a2 + 4b

 , (2.6.4)

∂L∗

∂Du

= − π

4 (z2)3

 −µv
DuDv

+ a

Du

+
aµv

DuDv
− a2

Du
− 2b

Du√
a2 + 4b

 , (2.6.5)

∂L∗

∂Dv

= − π

4 (z2)3

−m+ µu
DuDv

+ a

Dv

+
a(µu+m)
DuDv

− a2

Dv
− 2b

Dv√
a2 + 4b

 , (2.6.6)
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∂L∗

∂µu
= − π

4 (z2)3

−1
Du

+
−2µv

DuDv
+ a

Du√
a2 + 4b

 , (2.6.7)

and
∂L∗

∂µv
= − π

4 (z2)3

−1
Dv

+
−2(m+µu)
DuDv

+ a
Dv√

a2 + 4b

 . (2.6.8)

Table 2.1.: Sensitivity and Elasticity of the minimal patch size L∗ to population
parameters

Population Parameter Sensitivity Value Elasticity Value
reproduction rate (r) −0.23047 −0.494162
maturation rate (m) −0.114276 −0.204187

juveniles diffusion term (Du) 0.204547 0.146193
adults diffusion term (Dv) 0.495031 0.353807

juveniles mortality term (µu) 0.162287 0.057995
adults mortality term (µv) 0.392757 0.140355

We present the sensitivities and elasticities for our chosen default parameter values

in Table 2.1. In Figure 2.1, we saw that L∗ decreases with r and m and increases

with all other parameters. Accordingly, the sensitivity of L∗ with respect to m, r is

negative but it is positive with respect to all other parameters. The sensitivity of

L∗ with respect to Dv is higher than with respect to Du. While the actual numbers

in the table change with parameter values, we expect the sign pattern to persist

independently of parameter values.



3. Traveling Periodic Waves for the

Juveniles-Adults Model

In the previous chapter, we studied conditions for a population to persist in a given

landscape. If a population is introduced locally and if it can persist, then we expect

it to spread spatially. The question of spatial spread in ecological models is related

to questions of alien species invasion. It is typically studied through the analysis of

traveling wave patterns. In this chapter, we derive and study the dispersion relation

that gives us the minimal speed of a traveling periodic wave (TPW) for the linear

system [77]. In many cases, this minimal speed is also the so-called spreading speed,

i.e., the speed at which a locally introduced population spreads in the non-linear

equation [88, 92]. For brevity, we will use the term ‘spread speed’ interchangeably

with minimal speed of a TPW.

3.1. Minimal Speed of Traveling Periodic Waves

In this section, we derive the dispersion relation for the juveniles-adults model in a

heterogeneous environment. We assume that the landscape consists of infinitely many

patches of two types, periodically alternating ‘good patches’ and ‘bad patches’. We

use L1, L2 to represent the size of the good patch and the bad patch, respectively.

Hence, L = L1 + L2 represents the spatial period.

To find the minimal traveling wave speed, we seek traveling periodic waves of the

45
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form

u(t, x) = f(z)g(x), v(t, x) =
∼
f(z)∼g(x); z = x− Ct, (3.1.1)

where the velocity C can be written as C = L/t∗ and t∗ is the time required for

traveling one spatial period [77]. We are looking for rightward traveling waves and

therefore require f(z),
∼
f(z) → 0 as z → ∞. Since we seek periodic solutions, we

require g(x) = g (x+ L) and ∼
g(x) = ∼

g (x+ L).

By substituting (3.1.1) into (1.4.1) and (1.4.2), we conclude that f ′/f, f ′′/f,
∼
f
′
/
∼
f

and
∼
f
′′
/
∼
f should be constants. Hence, we write f(z) = Ae−sz,

∼
f(z) = Be−sz,

u (t, x) = e−szg (x) and v (t, x) = e−sz
∼
g (x) (s > 0) . (3.1.2)

We write g = g1,2 and ∼g = ∼
g1,2 on good and bad patches, respectively.

With the ansatz in (3.1.2), the equation in (1.4.1) becomes

sCe−s(x−Ct)g1(x) = Du1

(
f ′′1 (z)g1(x) + f1(z)g′′1(x) + 2f ′1(z)g′1(x)

)
+ r1

∼
f1(z)∼g1(x)− (m1 + µu1) f1(z)g1(x), (3.1.3)

which is equivalent to

sCg1(x) = Du1

(
s2g1(x) + g′′1(x)− 2sg′1(x)

)
+ r1

∼
g1(x)− (m1 + µu1) g1(x). (3.1.4)

Similarly, (1.4.2) becomes

sC
∼
g1(x) = Dv1

(
s2∼g1(x) + ∼

g
′′
1 (x)− 2s∼g ′1(x)

)
+m1g1(x)− µv1

∼
g1(x). (3.1.5)

From (3.1.4), we write ∼g1(x) explicitly as follows

∼
g1(x) = −Du1g

′′
1(x) + 2sDu1g

′
1(x) + (sC +m1 + µu1 − s2Du1) g1(x)

r1
. (3.1.6)



3.1 Minimal Speed of Traveling Periodic Waves 47

We then substitute ∼g1(x), ∼g ′1(x) and ∼
g
′′
1 (x) into (3.1.5) to get

0 = −Dv1Du1g
(4)
1 (x) + 4sDv1Du1g

(3)
1 (x) +

(
Du1α +Dv1β − 4s2Du1Dv1

)
g′′1(x)

+ g′1(x) (−2sDu1α− 2sDv1β) + g1(x) (r1m1 − αβ) , (3.1.7)

where α = (sC + µv1 − s2Dv1) and β = (sC +m1 + µu1 − s2Du1).

We then divide (3.1.7) by (−Dv1Du1) to get

0 = g
(4)
1 (x)− 4sg(3)

1 (x)−
(
α

Dv1

+ β

Du1

− 4s2
)
g′′1(x)

+
(

2sα
Dv1

+ 2sβ
Du1

)
g′1(x)− (r1m1 − αβ)

Dv1Du1

g1(x). (3.1.8)

We need to find conditions for this equation to have non-trivial solutions. First, we

write the characteristic equation for (3.1.8) as

z4 − 4sz3 −
(
α

Dv1

+ β

Du1

− 4s2
)
z2 +

(
2sα
Dv1

+ 2sβ
Du1

)
z − (r1m1 − αβ)

Dv1Du1

= 0.

This has the following roots

z = s± 1√
2Du1Dv1

√
Dv1(m1 + sC + µu1) +Du1(sC + µv1)±∆1, (3.1.9)

where ∆1 =
√

[Dv1(m1 + sC + µu1)−Du1(sC + µv1)]2 + 4Du1Dv1r1m1.

The form of the solution of the differential equation (3.1.8) depends on the sign of

the quantity

Dv1(m1 + sC + µu1) +Du1(sC + µv1)−∆1. (3.1.10)

If the sign of (3.1.10) is negative, then

Dv1(m1 + sC + µu1) +Du1(sC + µv1) < ∆1. (3.1.11)
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The left hand side of (3.1.11) is positive, therefore squaring the last inequality gives

D2
v1(m1 + sC + µu1)2 +D2

u1(sC + µv1)2 + 2Du1Dv1(m1 + sC + µu1)(sC + µv1)

< D2
v1(m1 + sC + µu1)2 − 2Du1Dv1(m1 + sC + µu1)(sC + µv1)

+D2
u1(sC + µv1)2 + 4Du1Dv1r1m1,

which is equivalent to the inequality

(sC)2 + sC(m1 + µu1 + µv1) + µu1µv1 +m1µv1 − r1m1 < 0.

We made the ansatz assuming s, C > 0 and therefore we get

0 < sC <
−(m1 + µu1 + µv1) +

√
(m1 + µu1 + µv1)2 − 4(µu1µv1 +m1µv1 − r1m1)

2 .

Therefore, the sign of (3.1.10) is negative if and only if

C <
−(m1 + µu1 + µv1) +

√
(m1 + µu1 + µv1)2 − 4(µu1µv1 +m1µv1 − r1m1)

2s .

(3.1.12)

Similarly, the sign of (3.1.10) is positive if and only if

C >
−(m1 + µu1 + µv1) +

√
(m1 + µu1 + µv1)2 − 4(µu1µv1 +m1µv1 − r1m1)

2s .

(3.1.13)

Before we continue, we note that the exact same procedure applied to the equation

in bad patches leads to the differential equation for g2(x) as

g
(4)
2 (x)− 4sg(3)

2 (x)−
(
γ

Dv2

+ δ

Du2

− 4s2
)
g′′2(x) +

(
2sγ
Dv2

+ 2sδ
Du2

)
g′2(x)

− (r2m2 − γδ)
Dv2Du2

g2(x) = 0, (3.1.14)
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where γ = (sC + µv2 − s2Dv2) and δ = (sC +m2 + µu2 − s2Du2).

The condition in (3.1.12) can be written in terms of the reproduction rate r1 as

follows: the sign of (3.1.10) is negative if and only if

r1 >
(m1 + sC + µu1) (sC + µv1)

m1
. (3.1.15)

In bad patches, and according to Proposition 2.1.1, we have

r2 <
µv2 (m2 + µu2)

m2
<

(m2 + sC + µu2) (sC + µv2)
m2

.

Therefore, solutions of the differential equation (3.1.14) will be of the form

g2(x) = esx [A′ cosh (z3x) +B′ sinh (z3x) +G′ cosh (z4x) +H ′ sinh (z4x)] ,

where

z3 = 1√
2Du2Dv2

√
Dv2(m2 + sC + µu2) +Du2(sC + µv2)−∆2,

z4 = 1√
2Du2Dv2

√
Dv2(m2 + sC + µu2) +Du2(sC + µv2) + ∆2,

and

∆2 =
√

[Dv2(m2 + sC + µu2)−Du2(sC + µv2)]2 + 4Du2Dv2r2m2.

In good patches, we have the two different cases

• Case A: r1 >
(m1+sC+µu1)(sC+µv1)

m1
.

• Case B: r1 <
(m1+sC+µu1)(sC+µv1)

m1
.

To study the minimal speed of traveling periodic waves for the juveniles-adults model

in a heterogeneous landscape, we present the calculations for Case A here and supply

the corresponding calculations for Case B in Appendix B.
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Since the function g is assumed to be periodic, it is sufficient to consider only one

good patch and one bad patch.

If condition (3.1.15) holds, we can write the solution of the differential equation (3.1.8)

as

g1(x) = esx [A cos (z1x) +B sin (z1x) +G cosh (z2x) +H sinh (z2x)] ,

where

z1 = 1√
2Du1Dv1

√
−Dv1(m1 + sC + µu1)−Du1(sC + µv1) + ∆1,

z2 = 1√
2Du1Dv1

√
Dv1(m1 + sC + µu1) +Du1(sC + µv1) + ∆1,

and

∆1 =
√

[Dv1(m1 + sC + µu1)−Du1(sC + µv1)]2 + 4Du1Dv1r1m1.

To find a nontrivial solution for the functions g1 and g2, we need to obtain relations

to determine the coefficients A, B, G, H, A′, B′, G′ and H ′. We apply the following

interface conditions at x = 0 and x = L1

g1
(
0+
)

= kug2
(
0−
)
, g1

(
L−1
)

= kug2
(
−L+

2

)
, (3.1.16)

g′1
(
0+
)
− sg1

(
0+
)

= Du

[
g′2
(
0−
)
− sg2

(
0−
)]
, (3.1.17)

g′1
(
L−1
)
− sg1

(
L−1
)

= Du

[
g′2
(
−L+

2

)
− sg2

(
−L+

2

)]
, (3.1.18)

∼
g1

(
0+
)

= kv
∼
g2

(
0−
)
,

∼
g1

(
L−1
)

= kv
∼
g2

(
−L+

2

)
, (3.1.19)

∼
g
′
1

(
0+
)
− s∼g1

(
0+
)

= Dv

[∼
g
′
2

(
0−
)
− s∼g2

(
0−
)]
, (3.1.20)

and
∼
g
′
1

(
L−1
)
− s∼g1

(
L−1
)

= Dv

[∼
g
′
2

(
−L+

2

)
− s∼g2

(
−L+

2

)]
. (3.1.21)

The interface conditions (3.1.16)-(3.1.21) produce the following system of linear equa-
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tions for our coefficients:

A+G = ku (A′ +G′) , z1B + z2H = Du (z3B
′ + z4H

′) , (3.1.22)

es(L1+L2) [A cos (z1L1) +B sin (z1L1) +G cosh (z2L1) +H sinh (z2L1)] =

ku [A′ cosh (z3L2)−B′ sinh (z3L2) +G′ cosh (z4L2)−H ′ sinh (z4L2)] , (3.1.23)

0 = A
[
Du1z

2
1 cos (z1L1) +Du1s

2 cos (z1L1) + β cos (z1L1)
]
res(L1+L2)

+B
[
Du1z

2
1 sin (z1L1) +Du1s

2 sin (z1L1) + β sin (z1L1)
]
res(L1+L2)

+G
[
−Du1z

2
2 cosh (z2L1) +Du1s

2 cosh (z2L1) + β cosh (z2L1)
]
res(L1+L2)

+H
[
−Du1z

2
2 sinh (z2L1) +Du1s

2 sinh (z2L1) + β sinh (z2L1)
]
res(L1+L2)

+ A′
[
Du2z

2
3 cosh (z3L2)−Du2s

2 cosh (z3L2)− δ cosh (z3L2)
]
kv

+B′
[
−Du2z

2
3 sinh (z3L2) +Du2s

2 sinh (z3L2) + δ sinh (z3L2)
]
kv

+G′
[
Du2z

2
4 cosh (z4L2)−Du2s

2 cosh (z4L2)− δ cosh (z4L2)
]
kv

+H ′
[
−Du2z

2
4 sinh (z4L2) +Du2s

2 sinh (z4L2) + δ sinh (z4L2)
]
, (3.1.24)

es(L1+L2) [−z1A sin (z1L1) + z1B cos (z1L1) + z2G sinh (z2L1) + z2H cosh (z2L1)] =

Du [−z3A
′ sinh (z3L2) + z3B

′ cosh (z3L2)− z4G
′ sinh (z4L2) + z4H

′ cosh (z4L2)] ,

(3.1.25)

0 = A
[
Du1s

2 +Du1z
2
1 + β

]
r +G

[
Du1s

2 −Du1z
2
2 + β

]
r

+ A′
[
−Du2s

2 +Du2z
2
3 − δ

]
kv +G′

[
−Du2s

2 +Du2z
2
4 − δ

]
kv, (3.1.26)
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0 = B
[
Du1z

3
1 +Du1s

2z1 + βz1
]
r +H

[
−Du1z

3
2 +Du1s

2z2 + βz2
]
r

+B′
[
Du2z

3
3 −Du2s

2z3 − δz3
]
Dv +H ′

[
Du2z

3
4 −Du2s

2z4 − δz4
]
Dv, (3.1.27)

and

0 = A
[
−Du1s

2z1 sin (z1L1)−Du1z
3
1 sin (z1L1)− βz1 sin (z1L1)

]
res(L1+L2)

+B
[
Du1s

2z1 cos (z1L1) +Du1z
3
1 cos (z1L1) + βz1 cos (z1L1)

]
res(L1+L2)

+G
[
Du1s

2z2 sinh (z2L1)−Du1z
3
2 sinh (z2L1) + βz2 sinh (z2L1)

]
res(L1+L2)

+H
[
Du1s

2z2 cosh (z2L1)−Du1z
3
2 cosh (z2L1) + βz2 cosh (z2L1)

]
res(L1+L2)

+ A′
[
Du2s

2z3 sinh (z3L2)−Du2z
3
3 sinh (z3L2) + δz3 sinh (z3L2)

]
Dv

+B′
[
−Du2s

2z3 cosh (z3L2) +Du2z
3
3 cosh (z3L2)− δz3 cosh (z3L2)

]
Dv

+G′
[
Du2s

2z4 sinh (z4L2)−Du2z
3
4 sinh (z4L2) + δz4 sinh (z4L2)

]
Dv

+H ′
[
−Du2s

2z4 cosh (z4L2) +Du2z
3
4 cosh (z4L2)− δz4 cosh (z4L2)

]
Dv. (3.1.28)

We write the coefficient matrix of the linear system (3.1.22)-(3.1.28) as

V =

V1 V2

V3 V4

 ,
where

V1 =



1 0 1 0

0 z1 0 z2

−z1e
sL sin(z1L1) z1e

sL cos(z1L1) z2e
sL sinh(z2L1) z2e

sL cosh(z2L1)

esL cos(z1L1) esL sin(z1L1) esL cosh(z2L1) esL sinh(z2L1)



,
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V2 =



−ku 0 −ku 0

0 −Duz3 0 −Duz4

Duz3 sinh(z3L2) −Duz3 cosh(z3L2) Duz4 sinh(z4L2) −Duz4 cosh(z4L2)

−ku cosh(z3L2) ku sinh(z3L2) −ku cosh(z4L2) ku sinh(z4L2)



,

V3 =



W 0 Y 0

WesL cos(z1L1) WesL sin(z1L1) Y esL cosh(z2L1) Y esL sinh(z2L1)

0 Wz1 0 Y z2

−Wz1e
sL sin(z1L1) Wz1e

sL cos(z1L1) Y z3e
sL sinh(z2L1) Y z2e

sL cosh(z2L1)



,

V4 =



Mkv 0 Nkv 0

Mkv cosh(z3L2) −Mkv sinh(z3L2) Nkv cosh(z4L2) −Nkv sinh(z4L2)

0 MDvz3 0 NDvz4

−MDvz3 sinh(z3L2) MDvz3 cosh(z3L2) −NDvz4 sinh(z4L2) NDvz4 cosh(z4L2)



,
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with

W = r
(
Du1s

2 +Du1z
2
1 + β

)
, Y = r

(
Du1s

2 −Du1z
2
2 + β

)
, (3.1.29)

M = −Du2s
2 +Du2z

2
3 − δ, N = −Du2s

2 +Du2z
2
4 − δ, (3.1.30)

L = L1 + L2, Du = Du2

Du1

, Dv = Dv2

Dv1

, and r = r2

r1
.

A nontrivial solution of g1, g2 exists only if the determinant of V is zero. This

condition gives us the dispersion relation between decay rate s and speed C of a

traveling periodic wave. We calculated this determinant with Mathematica, but the

expression is too large and cumbersome to be displayed here. However, we will use it

to illustrate how the minimal speed of traveling periodic waves depends on parameters.

We summarize our results as follows.

Proposition 3.1.1. The dispersion relation C = C (s) for a traveling periodic wave

is given implicitly by setting the determinant of the coefficient matrix V equal to zero.

In Figure 3.1, we plot the wave speed C(s) as a function of wave shape parameter s.

The plots shows that C is continuous and C (s) → ∞ as s → 0+ and as s → ∞,

which ensures the existence of the minimum wave speed, C∗.

In Figure 3.2(a), we plot the spread speed C∗ = min
s>0

C (s), as a function of bad patch

size, L2, for different values of good patch size, L1. Similarly, in Figure 3.2(b), we plot

the spread speed as a function of good patch size for different values of bad patch

size. As expected, the plot indicates that the speed decreases with bad patch size and

increases with good patch size. Ecologically, increasing L2 increases loss rates, and so

decreases the spread speed, while increasing L1 increases reproduction rates, which

increases population speed. The points where C∗ = 0 correspond to the critical sizes

for good and bad patches with regards to population persistence from Chapter 2.
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Figure 3.1.: Traveling periodic wave speed C (s) for the juveniles-adults model in
a patchy landscape as functions of wave shape parameter, s. Parameters are as
follows L1 = L2 = 1, r1 = 7, r2 = 0.2, Du1 = Dv1 = 0.5, Du2 = Dv2 = 0.5, µu1 =
µv1 = 1, µu2 = µv2 = 2, m1 = m2 = 1, and αu = αv = 0.5.
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Figure 3.2.: Minimal traveling periodic wave speed C∗ for the juveniles-adults model
in a heterogeneous landscape: (a) as a function of bad patch size, L2, for different
values of good patch size, L1; (b) as a function of good patch size, L1, for different
values of bad patch size, L2. Parameters are as follows r1 = 7, r2 = 0.2, Du1 =
Dv1 = 0.5, Du2 = Dv2 = 0.5, µu1 = µv1 = 1, µu2 = µv2 = 2, m1 = m2 = 1, and
αu = αv = 0.5.

Remark 3.1.2. For the plots in Figures 3.1 and 3.2, we used the formulas of Case
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A and Case B (see Appendix B). In Case A, g1 consists of hyperbolic and trigono-

metric functions whereas in Case B, there are only hyperbolic functions. To switch

between these two in the numerical computations, we use the hyperbolic-trigonometric

formulas as in [73].

3.2. Wave Speed in a Homogeneous Landscape

In this section, we find the wave speed for the special case where the environment is

homogeneous, i.e. L2 = 0. By following the procedure that we used in Section 3.1 and

by substituting L2 = 0 into equations (3.1.22)-(3.1.28), we get

detV = (W − Y )2 (M −N)2
(
1 + e2sL1 − 2esL1 cos (L1z1)

)
×
(
1 + e2sL1 − 2esL1 cosh (L1z2)

)
, (3.2.1)

where W, Y, M, and N are as defined in (3.1.29) and (3.1.30) . Since we search for

a positive solution, we set the determinant of the matrix V equal to zero and factor

the expression to obtain

(
z2

1 + z2
2

)2 (
z2

3 − z2
4

)2 (
1 + e2sL1 − 2esL1 cos (L1z1)

) (
1 + e2sL1 − 2esL1 cosh (L1z2)

)
= 0.

Since (z1)2 + (z2)2 6= 0 and z3 6= z4, the last condition becomes

(
1 + e2sL1 − 2esL1 cos (L1z1)

) (
1 + e2sL1 − 2esL1 cosh (L1z2)

)
= 0.

Dividing by 2esL1 gives (cosh (sL1)− cos (L1z1))(cosh (sL1)− cosh (L1z2)) = 0. Since

L1 has to be positive, we obtain the condition cosh (sL1) − cosh (L1z2) = 0, or
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equivalently, s = z2. This condition generates the dispersion relation

s = 1√
2Du1Dv1

√
Dv1(m1 + sC + µu1) +Du1(sC + µv1) + ∆1, (3.2.2)

where

∆1 =
√

[Dv1(m1 + sC + µu1)−Du1(sC + µv1)]2 + 4Du1Dv1r1m1.

We can write the wave speed C explicitly as a function of wave shape parameter s.

We square equation (3.2.2) and multiply both sides by 2Du1Dv1 to get

0 = 2s2Du1Dv1 −Dv1 (m1 + sC + µu1)−Du1 (sC + µv1)

−
√

[Dv1 (m1 + sC + µu1)−Du1 (sC + µv1)]2 + 4Du1Dv1r1m1. (3.2.3)

Squaring (3.2.3) again and simplifying the expression produce the following equation

0 = 4s4D2
u1D

2
v1 − 4s2Du1Dv1 (Dv1 (m1 + sC + µu1) +Du1 (sC + µv1))

+ 4Du1Dv1 (m1 + sC + µu1) (sC + µv1)− 4Du1Dv1r1m1. (3.2.4)

We then rewrite (3.2.4) as the quadratic equation

0 = C2 + C
(
µv1 + µu1 +m1

s
− sDu1 − sDv1

)
+ s2Du1Dv1 −Dv1m1 −Dv1µu1 −Du1µv1 + m1µv1 + µu1µv1 − r1m1

s2 . (3.2.5)

Accordingly, we obtain the two roots

C = 1
2s
(
−m1 − µu1 − µv1 +Du1s

2 +Dv1s
2 ±∆

)
, (3.2.6)

where ∆ =
√

4r1m1 + (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)2.
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To obtain the spread speed C∗ = min
s>0

[C(s)], we need the minimum to exist. We show

that the expression in (3.2.6) with ‘+’ has a global minimum whereas the expression

with ‘−’ does not. To prove this claim, we show that the limit of (3.2.6) with ‘+’,

goes to infinity as s→ 0+ and as s→∞.

lim
s→0+

1
2s
(
−m1 − µu1 − µv1 +Du1s

2 +Dv1s
2 + ∆

)
=
(
−m1 − µu1 − µv1 +

√
4r1m1 + (−m1 − µu1 + µv1)2

)
lim
s→0+

( 1
2s

)
. (3.2.7)

From Proposition 2.1.1, we have r1 >
1
m1

(m1 + µu1) (µv1) . Consequently,

(
−m1 − µu1 − µv1 +

√
4r1m1 + (−m1 − µu1 + µv1)2

)
>
(
−m1 − µu1 − µv1 +

√
4µv1 (m1 + µu1) + (−m1 − µu1 + µv1)2

)
=
(
−m1 − µu1 − µv1 +

√
(m1 + µu1 + µv1)2

)
= 0.

This proves that the limit of (3.2.6) with ‘+’ goes to infinity as s→ 0+. Similarly,

lim
s→∞

1
2s
(
−m1 − µu1 − µv1 +Du1s

2 +Dv1s
2 + ∆

)
= lim

s→∞

s

2

(
−m1 − µu1 − µv1

s2 +Du1 +Dv1 + ∆
s2

)

=
(
Du1 +Dv1 +

√
(Du1 −Dv1)2

)
lim
s→∞

(
s

2

)
= (Du1 +Dv1+ | Du1 −Dv1 |) lim

s→∞

(
s

2

)
.

The previous expression implies that the limit of (3.2.6) with ‘+’ goes to infinity when

s→∞.

Since the expression is continuous on (0,∞) and approaches infinity at either end, it

must have a global minimum.
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Similar calculations show that

lim
s→0+

1
2s
(
−m1 − µu1 − µv1 +Du1s

2 +Dv1s
2 −∆

)
= −∞, (3.2.8)

and

lim
s→∞

1
2s
(
−m1 − µu1 − µv1 +Du1s

2 +Dv1s
2 −∆

)
=∞. (3.2.9)

Hence, there is no global extremum for this case.

Proposition 3.2.1. The dispersion relation for the homogeneous landscape is given

explicitly by

C (s) = 1
2s
(
−m1 − µu1 − µv1 +Du1s

2 +Dv1s
2 + ∆

)
, (3.2.10)

where

∆ =
√

4r1m1 + (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)2. (3.2.11)

We can not obtain an explicit expression for the minimum value C∗ but we compute

it numerically. In Figure 3.3, we plot the wave speed C(s) as a function of wave shape

parameter s. The minimum wave speed C∗ = 2 occurs at s∗ = 1.

To see how population parameters affect the spreading speed in a homogeneous land-

scape, we illustrate the relations between the spreading speed C∗ and the population

parameters m1, r1, Du1 , Dv1 , µu1 and µv1 . While the spread speed in a homogeneous

landscape increases with r1 (Figure 3.4), m1, Du1 and Dv1 (plots not shown) it de-

creases with µu1 (Figure 3.5) and µv1 (plot not shown).
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Figure 3.3.: Traveling periodic wave speed, C(s), for the juveniles-adults model
in a homogeneous landscape (3.2.10) as a function of wave shape parameter s.
Parameters are as follows r1 = 6, Du1 = Dv1 = 1, µu1 = µv1 = 1, and m1 = 1.
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Figure 3.4.: Spreading speed in a
homogeneous landscape (3.2.10) as
a function of reproduction rate, r1.
Parameters are as follows Du1 =
Dv1 = 1, µu1 = µv1 = 1, and
m1 = 1.
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Figure 3.5.: Spreading speed in a ho-
mogeneous landscape (3.2.10) as a
function of mortality coefficient for
juveniles, µu1 . Parameters are as fol-
lows Du1 = Dv1 = 1, µv1 = 1,
m1 = 1, and r1 = 6.
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3.3. Sensitivity and Elasticity for Minimal Traveling

Wave Speed in a homogeneous Landscape

We apply the sensitivity and elasticity formulas from Section 2.6 to the explicit ex-

pression of C∗ in (3.2.10). If p is any of the model parameters, we can differentiate

the expression

C∗ (p) = min
s>0

C (s, p) = C (s∗ (p) , p) (3.3.1)

according to the chain rule and obtain

∂C∗

∂p
=
(
∂C

∂s
.
∂s

∂p

)
+ ∂C

∂p
= ∂C

∂p
. (3.3.2)

The last equality holds since all derivatives are evaluated at s = s∗, where ∂C
∂s

= 0.

The sensitivities are then given as follows with s = s∗

∂C∗

∂r1
= m1

s
√

4r1m1 + (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)2
, (3.3.3)

∂C∗

∂m1
= −1

2s + 4r1 − 2 (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)
4s
√

4r1m1 + (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)2
, (3.3.4)

∂C∗

∂Du1

= s

2 + s (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)
2
√

4r1m1 + (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)2
, (3.3.5)

∂C∗

∂Dv1

= s

2 −
s (Du1s

2 −m1 −Dv1s
2 − µu1 + µv1)

2
√

4r1m1 + (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)2
, (3.3.6)

∂C∗

∂µu1

= −1
2s −

(Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)
2s
√

4r1m1 + (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)2
, (3.3.7)

and

∂C∗

∂µv1

= −1
2s + (Du1s

2 −m1 −Dv1s
2 − µu1 + µv1)

2s
√

4r1m1 + (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)2
. (3.3.8)
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By using sensitivity and elasticity formulas and by using the partial derivatives (3.3.3)-

(3.3.8), we get the numerical values of sensitivity and elasticity of C∗ to our default

parameters in Table 3.1. As expected from illustrations in Section 3.2, C∗ decreases

with mortality parameters and increases with all other parameters.

Table 3.1.: Sensitivity and Elasticity of the spread speed C∗ to population parame-
ters

Population Parameter Sensitivity Value Elasticity Value
reproduction rate in patch type I (r1) 0.2 0.6
maturation rate in patch type I (m1) 0.8 0.4

juveniles diffusion term in patch type I (Du1) 0.4 0.2
adults diffusion term in patch type I (Dv1) 0.6 0.3

juveniles mortality term in patch type I (µu1) −0.4 -0.2
adults mortality term in patch type I (µv1) −0.6 -0.3

The numerical values in Table 3.1 show that the minimal traveling wave speed C∗ is

most sensitive to maturation rate and most elastic to reproduction rate.

3.4. Effects of Habitat Preference

Individuals usually prefer moving to good patches over moving to bad patches because

of abundant resources (Levy and Stiles [48]; Prange et al. [71]) and low risks (Samelius

et al. [75]; Creel et al. [16]; Mao et al. [57]). This mechanism increases the chance of

the population to persist but not necessarily to spread [55]. In structured population

models, we have habitat preference parameters for juveniles and adults, therefore,

we have the chance to illustrate how the biased movement of one age group affects

population persistence and spread.
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Figure 3.6.: Persistence conditions for the juveniles-adults model in heterogeneous
landscapes (2.3.20) as a function of good patch size L1 and bad patch size L2 for
juveniles habitat preference αu = 0.5 (solid curve), αu = 0.25 (dashed curve) and
αu = 0.75 (dash-dot curve). Default parameters are as follows: r1 = 2, r2 = 0.2,
µu1 = µv1 = 1, µu2 = µv2 = 2, Du1 = Dv1 = 2, Du2 = Dv2 = 1, m1 = 5, and m2 = 1.

In Figure 3.6, we plot the good patch size as a function of bad patch size for different

juveniles habitat preference. As expected, the chance of the population to persist

increases with juveniles habitat preference. Similarly, as adults habitat preference

increases, we expect more adults to transfer from bad patches to good patches, which

increases the chance of the population to persist.

To see how population spread can be affected by habitat preference, we plot the min-

imal traveling wave speed for the juveniles-adults model as a function of reproduction

rate in the good patch for different juveniles habitat preference (Figure 3.7). As ex-

pected, the plot indicates that juveniles preference to the good patch increases the

population spread.
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Figure 3.7.: : Minimal traveling wave speed for the juveniles-adults model in patchy
landscapes as a function of reproduction rate in the good patch for different juve-
niles habitat preference αu = 0.4 (dotted), αu = 0.25 (dashed) or the default value
αu = 0.5 (dash-dot). The other default parameters are αv = 0.5, as well as r1 = 7,
r2 = 0.2, L1 = 1, L2 = 1, Du1 = Dv1 = 0.5, Du2 = Dv2 = 0.5, µu1 = µv1 = 1,
µu2 = µv2 = 2, and m1 = m2 = 1.

The dependence of the traveling wave speed on the preference parameters αu,v is

more complicated and differs significantly from the case of unstructured populations,

see Figure 3.8. When both age groups have the same preference for good patches

(dotted curve), then the speed is a hump-shaped function: when preference for good

patches is weak, individuals remain in bad patches and the population declines or

spreads only slowly. When preference for good patches is very strong, individuals do

not leave good patches so that the population spreads only slowly or not at all. This

behavior is the same as in the unstructured model [55].

If, however, only one of the two age groups shows habitat preference whereas the

other is neutral then the speed does not necessarily decrease to zero as preference

approaches unity (dashed and dash-dot curve in Figure 3.8). In fact, the two curves

indicate that the speed increases over almost the entire range of habitat preference.

Details will depend on parameters chosen. There is, however, an intuitive biological

explanation for the observed pattern: A population with two stages could rely on
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only one stage for dispersal while reducing dispersal loss by high habitat preference

in the other stage. In fact, many marine species have sessile adult populations and

disperse only through the larval stage.
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Figure 3.8.: Minimal traveling wave speed for the juveniles-adults model in patchy
landscapes as a function of juveniles habitat preference, αu, (dashed curve), habitat
preference for adults, αv, (dot-dash curve), and equal habitat preference of both,
αu = αv, (dotted curve). Parameters are L1 = 1 = L2, r1 = 7, r2 = 0.2, Du1 =
Dv1 = 0.5, Du2 = Dv2 = 0.5, µu1 = µv1 = 1, µu2 = µv2 = 2, and m1 = m2 = 1.
Default habitat preference parameters are αu = αv = 0.5.

3.5. The Importance of Maturation Rate

We illustrate our results about persistence conditions and spread rates by focusing

on the effect of the maturation rate. Specifically, we answer the question of when

a simple, unstructured population model is sufficient and when the more complex,

structured model that we studied here is required. Since the unstructured model

assumes that individuals can reproduce immediately after being born, we expect that

our model reduces to the unstructured model in the limit of high maturation rates.

Recall the non-spatial model

u̇ = rv − (m + µu) u, v̇ = mu − µvv, (3.5.1)
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and the persistence condition r > µv
(
1 + µu

m

)
from Proposition 2.1.1. In the extreme

case when m → 0, the persistence condition will be violated. Juveniles die before

they mature, and the population declines. On the other hand, when m → ∞, the

persistence condition reduces to r > µv. The juveniles stage is so short that juvenile

mortality becomes irrelevant.

In the limit of large m, we have m+ µu ≈ m so that we can add the equations for u

and v and get d
dt

(u+ v) ≈ (r − µv) v. Dividing the equation for u by m, we find

u̇

m
= rv

m
−
(

1 + µu
m

)
u, (3.5.2)

so that in the limit for largem, we find u ≈ 0. Hence, in the limit of largem, we obtain

the unstructured (linear) model v̇ = (r − µv) v, which we will use for comparison

with our structured model.

We begin with comparing the minimal domain size for the structured model (2.2.14)

with the unstructured Skellam model [82]:

∂v

∂t
= Dv

∂2v

∂x2 + (r − µv) v. (3.5.3)

Taking the limit m→∞ in formula (2.2.14) gives

lim
m→∞

L∗ = lim
m→∞

π

z2
= π

√
Dv

r − µv
,

which is exactly the formula derived by Skellam [82].

In Figure 3.9, we plot the critical patch size for structured populations in a single-

patch landscape as a function of maturation rate. The plot indicates that when the

maturation rate decreases, the minimal patch size increases. As individuals spend

more time in the juvenile stage, they risk mortality and loss from the domain by

moving across the hostile boundary. The combined effect is a larger area requirement

for persistence. The critical size of the structured population decreases to the critical
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size for the unstructured population, which was derived by Skellam [82], as maturation

increases.
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Figure 3.9.: Minimal patch size in a single-patch landscape as a function of mat-
uration coefficients. The dashed curve corresponds to the structured population
formula (2.2.14), while the solid curve indicate the value from Skellam’s formula
L∗ = π

√
D
r
. Parameters are as follows: µu = µv = 1, Du = Dv = 2, and r = 6.

For a heterogeneous landscape consisting of two periodically alternating patch types,

we compare our results for the structured population from Proposition 2.3.1 to the re-

sults for the unstructured population; see Equation (10) in [55]. The implicit formula

from Proposition 2.3.1 cannot simply be reduced by letting m→∞. The numerical

comparison in Figure 3.10 shows that the critical size for a good patch according to

(2.3.20) decreases to the critical size for the unstructured population.

For a comparison of the spreading speed between the structured and unstructured

population, we begin with the homogeneous landscape. We find the limit as m→∞

by rationalizing the numerator of the dispersion relation (3.2.10) to get

lim
m→∞

1
2s
(
Du1s

2 +Dv1s
2 −m1 − µu1 − µv1 + ∆

)
= lim

m→∞

1
2s
−4 (m1 −Du1s

2 + µu1) (Dv1s
2 − µv1)− 4r1m1

Du1s
2 +Dv1s

2 −m1 − µu1 − µv1 −∆ , (3.5.4)
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Figure 3.10.: Minimal size of good patches in a patchy periodic landscape as a
function of maturation coefficient. The dashed curve corresponds to the structured
populations persistence condition (2.3.20), while the solid curve indicates the value
for the unstructured population (Equation (10) in [55]). Parameters are as follows:
Dv1 = Du1 = 1, Dv2 = Du2 = 2, µu1 = µv1 = 1, µv2 = µu2 = 2, L2 = 2,
αu = αv = 0.5, r1 = 2, and r2 = 0.2.

where ∆ =
√

4r1m1 + (Du1s
2 −m1 −Dv1s

2 − µu1 + µv1)2. Dividing numerator and

denominator in (3.5.4) by m1, we can evaluate the limit when m1 →∞, as

lim
m1→∞

C (s) = r1 − µv1

s
+ sDv1 . (3.5.5)

The minimum value of (3.5.5) occurs at s =
√

r1−µv1
Dv1

and is given by

C∗ = 2
√
Dv1 (r1 − µv1). (3.5.6)

The expression in (3.5.6) is exactly the spread speed for the unstructured population

in (3.5.3) in a homogeneous landscape that was derived by Fisher [23].

Figure 3.11 shows that the spread speed for a structured population in a homogeneous

landscape is lower than the spread speed for the corresponding unstructured popula-

tion. This result could be expected because in structured populations some juveniles
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die before they reproduce so that the overall population proceeds more slowly.

0 20 40 60 80 100
0

1

2

3

4

5

6

m

C
*

Figure 3.11.: Spread speed in a homogeneous landscape as a function of the matu-
ration coefficient. The dashed curve corresponds to the spread speed for structured
populations in homogeneous landscapes (3.2.10), while the solid curve represents
Fisher’s speed for the unstructured population model, C∗ = 2

√
Dr. Parameters

are as follows: Dv1 = Du1 = 1, µu1 = µv1 = 1, and r1 = 5.

So far, we only observed a monotone relationship between the quantity of interest

and the maturation rate. For the critical patch size, a monotone relationship seems

intuitive since longer maturation times imply higher loss rates either through death or

through dispersal. In the context of spread rates, however, dispersal plays an ambiva-

lent role: it increases loss when individuals move into bad patches, but it also increases

spread rate since individuals move further (or faster). To obtain a high spread rate,

a population needs to grow well and move far. A structured population can divide

these two tasks between the different stages. For example, adults could have a high

preference for good patches and thereby ensure high growth rate, while juveniles could

have a high dispersal rate, thereby ensuring fast propagation. Figure 3.12 shows that

such a combination of parameters can indeed lead to spread rates at intermediate

maturation rates being higher than at high maturation rates. The two curves are

based on the implicit relation for the structured population (dashed) in Proposition
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3.1.1 and on the corresponding dispersion relation (equation A32 in [55]) for the

corresponding unstructured population (solid).

0 20 40 60 80 100 120 140
0.0

0.5

1.0

1.5

2.0

m

C
*

Figure 3.12.: Spread speed in a heterogeneous landscape as a function of the mat-
uration coefficient. The dashed curve corresponds to the structured populations,
while the solid curve refers to unstructured population. Parameters are as follows:
L1 = L2 = 1, r1 = 2.8, r2 = 0.2, Du1 = Dv1 = 0.6, µu1 = µv1 = 0.9, µu2 = µv2 = 1,
Du2 = 16, Dv2 = 1, αu = 0.162, and αv = 0.756.

Both analysis and illustrations show that results from the two models will not be the

same unless the maturation coefficient is very large. Most actual species, however,

have highly structured life cycles with reproductive rates and dispersal ability differ-

ing significantly between different stages. For example, Blanding’s turtle which is a

Canadian species at risk (Paterson et al. [70]) has a very long pre-reproductive stage

(14-20 years) [15, 13], which has implications for the management of the species. And

so, it is expected that data from structured population models about persistence and

spread for this species will be more accurate than those from unstructured population

models.



4. Structured Populations With a

Sessile Age-Group

In Chapters 2 and 3, we assumed that individuals of all age groups are mobile.

We studied in detail the persistence conditions and the traveling periodic waves for

these populations in periodically varying landscapes. Many organisms, however, have

a life cycle with a sessile age-group. For example, reef fish have sedentary adults

(White [89]) whereas urban peregrines have immobile juveniles (Drewitt [20]). These

scenarios are represented by setting the diffusion coefficients for the non-moving age

group to zero. It is tempting to simply set the corresponding diffusion coefficient in

the formulas in the previous chapters to zero. However, since the diffusion coefficient

appears in the highest order derivative, the problem is a singular perturbation, and

it is not clear that we obtain the correct result. In addition, some of the expressions

are so complicated that it is not easy to see what the results would be. Instead, we

illustrate how the calculations in Chapters 2 and 3 carry over, and sometimes simplify

significantly in that case.

71
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4.1. Persistence Conditions in a Single-Patch

Landscape

We only present the calculations for the case of sessile adults here and supply the

corresponding calculations for the sessile juveniles case in Appendix C. Hence, on a

single good patch, we have the following differential equations

∂

∂t
u(t, x) = Du

∂2u(t, x)
∂x2 + rv(t, x)− (m + µu) u(t, x), x ∈ (0,L) , (4.1.1)

∂

∂t
v(t, x) = mu(t, x)− µvv(t, x), x ∈ (0,L) , (4.1.2)

with hostile boundary conditions

u (t, 0) = u(t,L) = 0, and v(t, 0) = v(t,L) = 0, (4.1.3)

where L is the length of the patch.

The corresponding eigenvalue problem to determine stability of the trivial solution is

λU (x) = DuUxx(x)− (m + µu)U (x) + rV (x), (4.1.4)

λV (x) = m U (x)− µvV (x). (4.1.5)

We use (4.1.5) to write an explicit formula for V (x) and substitute it into (4.1.4) to

get the second order equation

d2U (x)
dx2 = 1

Du

(
λ− rm

λ+ µv
+m+ µu

)
U (x) , x ∈ (0,L) . (4.1.6)

The solution of the differential equation (4.1.6) depends mainly on the sign of the the

quantity
(
λ− rm

λ+µv
+m+ µu

)
. Since we are interested in the persistence conditions,

we set λ = 0. Since we are considering a good patch, we conclude from Proposition
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2.1.1 that
(
− rm

µv
+m+ µu

)
< 0. Then solutions of (4.1.6) can be written in the form

U (x) = A cos (q1x) +B sin (q1x) , (4.1.7)

where

q1 =

√√√√ 1
Du

(
rm

µv
−m− µu

)
.

Applying the boundary condition u (t, 0) = 0 to equation (4.1.7), we get A = 0. The

other boundary condition u (t, L) = 0 requires

sin (q1L) = 0. (4.1.8)

Proposition 4.1.1. The critical patch size formula of model (4.1.1, 4.1.2) with hostile

boundary is given by

L∗ = π

√√√√ Du
rm
µv
−m− µu

. (4.1.9)

Remark 4.1.2. In comparison with the corresponding result in formula (2.2.14), it

turns out that the critical patch size in the case of sessile adults does indeed arise

from the formula where both age groups are mobile by setting Dv1 equal to zero.

4.2. Persistence Conditions in Periodically Varying

Landscapes

As in Section 2.3, we assume that the landscape contains infinitely many patches

of two types, periodically alternating: ‘good patches’ and ‘bad patches’. We use L1

and L2 to represent the good and bad patch size, respectively, and L = L1 + L2 to

represent the spatial period.

Since adult diffusion coefficients in both patches are equal to zero, we write the
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periodic system of differential equations in good and bad patches as follows



∂u1(t,x)
∂t

= Du1
∂2u1(t,x)
∂x2 + r1v1 (t, x)− (m1 + µu1)u1 (t, x) ,

∂v1(t,x)
∂t

= m1u1 (t, x)− µv1v1 (t, x) ,

x ∈
(
−L1

2 , L1
2

)
+ LZ, t ≥ 0,

(4.2.1)

and 

∂u2(t,x)
∂t

= Du2
∂2u2(t,x)
∂x2 + r2v2 (t, x)− (m2 + µu2)u2 (t, x) ,

∂v2(t,x)
∂t

= m2u2 (t, x)− µv2v2 (t, x) ,

x ∈
(
L1
2 , L−

L1
2

)
+ LZ, t ≥ 0.

(4.2.2)

We look for exponential solutions in time which lead us to the following eigenvalue

problem for (4.2.1)

λU1 (x) = Du1

d2U (x)
dx2 + r1V1 (x)− (m1 + µu1)U1 (x) , (4.2.3)

λV1 (x) = m1U1 (x)− µv1V1 (x) . (4.2.4)

We use (4.2.4) to write an explicit formula for V1 (x) and substitute it into (4.2.3) to

get the ordinary differential equation

d2U1 (x)
dx2 = 1

Du1

(
λ− r1m1

λ+ µv1

+m1 + µu1

)
U1 (x) , x ∈

(−L1

2 ,
L1

2

)
+ LZ. (4.2.5)

Applying the same procedure to (4.2.2), produces the periodic differential equation

d2U2 (x)
dx2 = 1

Du2

(
λ− r2m2

λ+ µv2

+m2 + µu2

)
U2 (x) , x ∈

(
L1

2 , L− L1

2

)
+ LZ.

(4.2.6)

Since the landscape is periodically varying and the differential equations (4.2.5),

(4.2.6) are symmetric with respect to x 7→ −x, it is enough to consider the inter-

val
(
0, L2

)
if we are looking for symmetric solutions.
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We set λ = 0 and note that, according to Proposition 2.1.1, the sign of the quantity(
− rimi

µvi
+mi + µui

)
is negative in the good patch and positive in the bad patch. If

we assume that patch I where x ∈
(
−L1

2 , L1
2

)
is the good patch, and patch II where

x ∈
(
L1
2 , L−

L1
2

)
is the bad patch, then the solution for the differential equations

(4.2.5) and (4.2.6) will be respectively as follows

U1 (x) = A cos (q1x) +B sin (q2x) , x ∈
(−L1

2 ,
L1

2

)
, (4.2.7)

U2 (x) = A′ cosh
(
q2

(
L

2 − x
))

+B′ sinh
(
q2

(
L

2 − x
))

, x ∈
(
L1

2 , L− L1

2

)
,

(4.2.8)

where

q1 =

√√√√ 1
Du1

(
r1m1

µv1

−m1 − µu1

)
, q2 =

√√√√ 1
Du2

(
−r2m2

µv2

+m2 + µu2

)
. (4.2.9)

By symmetry on the unbounded domain, we have the boundary conditions

∂u1

∂x
(t, 0) = 0, ∂u2

∂x

(
t,
L

2

)
= 0. (4.2.10)

Applying these boundary conditions implies that B = B′ = 0.

At the interface x = L1
2 we have the matching conditions

u1

(
t,
L+

1
2

)
= kuu2

(
t,
L−1
2

)
, (4.2.11)

and
∂u1

∂x

(
t,
L+

1
2

)
= Du

∂u2

∂x

(
t,
L−1
2

)
, (4.2.12)

where ku is the parameter that measures the discontinuity in juveniles density at the

interface.
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Applying the interface conditions (4.2.11) and (4.2.12), gives the linear equations

A cos
(
q1
L1

2

)
− A′ku cosh

(
q2
L2

2

)
= 0, (4.2.13)

and

Aq1 sin
(
q1
L1

2

)
− A′q2Du sinh

(
q2
L2

2

)
= 0, (4.2.14)

where Du = Du2
Du1

. We write the coefficient matrix for this linear system as follows

W =


cos

(
q1

L1
2

)
−ku cosh

(
q2

L2
2

)

q1 sin
(
q1

L1
2

)
−q2Du sinh

(
q2

L2
2

)

 . (4.2.15)

A non-trivial solution for a system of linear equations exists if the determinant of the

coefficient matrix of this system is equal to zero.

Proposition 4.2.1. The persistence boundary of model ( 4.2.1, 4.2.2) with interface

conditions ( 4.2.11, 4.2.12) is given implicitly by

Duq2 tanh
(
q2
L2

2

)
= kuq1 tan

(
q1
L1

2

)
, (4.2.16)

where qi are defined in (4.2.9).

We compare the critical patch size L∗1, from (4.2.16) with the limiting case of very

low mobility in the general formula (2.3.20). We observe that, as the diffusion rates

for adults in (2.3.20) approach zero, the critical good patch size approaches that

of formula (4.2.16). When adults are mobile, larger good patches are required for

population persistence since mobile adults may leave good patches and enter bad

patches (see Figure 4.1). As adults preference for good habitat increases, the size

requirement for good patches decreases.
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Figure 4.1.: Minimal good patch size for a structured population of juveniles and
adults, L∗1, as a function of adults diffusion rate (Dv1 = Dv2) according to (2.3.20).
The three curves correspond to adults habitat preference αv = 0.45 (dotted), αv =
0.5 (dashed), and αv = 0.55 (dash-dot). The solid line represents the critical good
patch size in the case of sessile adults according to (4.2.16). Other parameters
are as follows: L2 = 1, r1 = 2, r2 = 0.2, Du1 = 1, Du2 = 2, µu1 = µv1 = 1,
µu2 = µv2 = 2, m1 = 5, m2 = 1, and αu = 0.5.

4.3. The Critical Size of a Single Patch Surrounded by

a Non-Lethal Matrix Habitat

In this section, we find the persistence condition for the juveniles-adults model with

sessile adult stage on a single ‘good patch’ surrounded by an infinite ‘bad patch’. In

the previous section we reached the following differential equations in patch type I

and patch type II

d2U1 (x)
dx2 = 1

Du1

(
λ− r1m1

λ+ µv1

+m1 + µu1

)
U1 (x) , x ∈

(−L
2 ,

L

2

)
, (4.3.1)

d2U2 (x)
dx2 = 1

Du2

(
λ− r2m2

λ+ µv2

+m2 + µu2

)
U2 (x) , x >

L

2 or x <
−L
2 . (4.3.2)
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Consequently, the solution of the differential equations (4.3.2, 4.3.1) will be respec-

tively as follows

U1 (x) = A cos (q1x) +B sin (q1x) , (4.3.3)

and

U2 (x) = A′e−q2|x| +B′eq2|x|, (4.3.4)

where q1 and q2 are as defined in (4.2.9). Since we require solutions to be bounded

in patch type II, we conclude that B′ = 0.

We apply continuity of flux at the interface x = −L
2 , to get

Du1U
′
1

(
−L2

+)
= Du2U

′
2

(
−L2

−)

= q2Du2A
′e−q2

L
2

= q2Du2U2

(
−L2

−)

= q2Du2

ku
U1

(
−L2

+)
. (4.3.5)

Similarly, applying continuity of flux at the other interface, x = L
2 , gives

Du1U
′
1

(
L

2

−)
= −q2Du2

ku
U1

(
L

2

−)
. (4.3.6)

Hence, applying the boundary conditions (4.3.5, 4.3.6), produces the linear equations

A
[
q2Du

ku
cos

(
q1
L

2

)
− q1 sin

(
q1
L

2

)]
+B

[
q1 cos

(
q1
L

2

)
+ q2Du

ku
sin

(
q1
L

2

)]
= 0,

(4.3.7)

A
[
q1 sin

(
q1
L

2

)
− q2Du

ku
cos

(
q1
L

2

)]
+B

[
q1 cos

(
q1
L

2

)
+ q2Du

ku
sin

(
q1
L

2

)]
= 0.

(4.3.8)
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We write the coefficient matrix of the linear system (4.3.7, 4.3.8) as

W =


q2Du

ku
cos

(
q1

L
2

)
− q1 sin

(
q1

L
2

)
q1 cos

(
q1

L
2

)
+ q2Du

ku
sin

(
q1

L
2

)

q1 sin
(
q1

L
2

)
− q2Du

ku
cos

(
q1

L
2

)
q1 cos

(
q1

L
2

)
+ q2Du

ku
sin

(
q1

L
2

)

 . (4.3.9)

To obtain a nontrivial solution for the linear system (4.3.7, 4.3.8), we equate the

determinant of the coefficient matrix to zero

tan2
(
q1
L

2

)
+
q2

1 −
(
Duq2
ku

)2

q1q2
Du

ku

tan
(
q1
L

2

)
− 1 = 0. (4.3.10)

The last equation has two solutions

tan
(
q1
L

2

)
= q2Du

q1ku
or tan

(
q1
L

2

)
= − q1ku

q2Du

. (4.3.11)

If tan
(
q1

L
2

)
= − q1ku

q2Du
, then the second boundary condition (4.3.6) produces the

equation (
q1A+ Duq2

ku
B
)

tan
(
q1
L

2

)
= Duq2

ku
A− q1B. (4.3.12)

We then replace tan
(
q1

L
2

)
by

(
− q1ku

q2Du

)
in (4.3.12) to get

(
q1A+ Duq2

ku
B
)(
− q1ku
q2Du

)
= Duq2

ku
A− q1B. (4.3.13)

Or equivalently,
(
Duq2
ku

+ q2
1ku

q2Du

)
A = 0. Since

(
Duq2
ku

+ q2
1ku

q2Du

)
is different from zero, we

conclude A = 0. As a result, the eigenfunction in the good patch becomes

U1 (x) = B sin (q1x) , x ∈
(−L

2 ,
L

2

)
. (4.3.14)

But sin (q1x) changes sign at x = 0, and this contradicts the symmetry of solutions
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in the good patch. Therefore, (4.3.10) should have the solution

tan
(
q1
L

2

)
= q2Du

q1ku
. (4.3.15)

Proposition 4.3.1. The critical patch size formula of a single patch surrounded by

a non-lethal matrix habitat is given by

L∗ = 2
q1

arctan
(
q2Du

q1ku

)
, (4.3.16)

where q1 and q2 are defined in (4.2.9).

4.4. Minimal Speed of Traveling Waves

In this section, we find the dispersion relation to obtain the minimal traveling periodic

wave speed for the juveniles-adults model with sessile adult stage. For a TPW of speed

C > 0 to the right, we make the same ansatz as in Section 3.1 with z = x− Ct and

find the same form, namely

u1 (t, x) = e−szg1 (x) , (4.4.1)

and

v1 (t, x) = e−sz
∼
g1 (x) . (4.4.2)

Substituting the expressions in (4.4.1, 4.4.2) into equations (4.1.1, 4.1.2) on good

patches, we obtain the system

sCg1 (x) = Du1

(
s2g1 (x) + g′′1 (x)− 2sg′1 (x)

)
+ r1

∼
g1 (x)− (m1 + µu1) g1 (x) . (4.4.3)

sC
∼
g1 (x) = m1g1 (x)− µv1

∼
g1 (x) . (4.4.4)
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We use (4.4.4) to write an explicit formula for ∼g1 (x) and substitute it into (4.4.3) to

get the differential equation

sCg1 (x) = Du1

(
s2g1 (x) + g′′1 (x)− 2sg′1 (x)

)
+ r1m1

sC + µv1

g1 (x)− (m1 + µu1) g1 (x) .

We sort the last equation by derivatives of g1 (x) to get

g′′1 (x)− 2sg′1 (x) + 1
Du1

(
Du1s

2 + r1m1

sC + µv1

−m1 − µu1 − sC
)
g1 (x) = 0. (4.4.5)

The linear differential equation (4.4.5) has the quadratic characteristic equation

z2 − 2sz + 1
Du1

(
Du1s

2 + r1m1

sC + µv1

−m1 − µu1 − sC
)

= 0, (4.4.6)

which has the two roots

z = s± 1√
Du1

√
m1 + sC + µu1 −

r1m1

sC + µv1

. (4.4.7)

The same procedure applied on bad patches gives the the differential equation

g′′2 (x)− 2sg′2 (x) + 1
Du2

(
Du2s

2 + r2m2

sC + µv2

−m2 − µu2 − sC
)
g2 (x) = 0, (4.4.8)

The form of the solution of the differential equation (4.4.5) depends on the sign of

the quantity

m1 + sC + µu1 −
r1m1

sC + µv1

. (4.4.9)

The expression is negative if and only if

r1 >
(m1 + sC + µu1) (sC + µv1)

m1
. (4.4.10)
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In bad patches, according to Proposition 2.1.1 and since s, C > 0, we have the

inequality

r2 <
µv2 (m2 + µu2)

m2
<

(m2 + sC + µu2) (sC + µv2)
m2

. (4.4.11)

Therefore, solutions of the differential equation (4.4.8) will be of the form

g2 (x) = esx [A′ cosh (q2x) +B′ sinh (q2x)] , (4.4.12)

where q2 = 1√
Du2

√
m2 + sC + µu2 − r2m2

sC+µv2
.

In good patches, we have to distinguish cases, depending on whether (4.4.10) holds

or not. If it holds, we can write the solution of (4.4.5) as

g1 (x) = esx [A cosh (q1x) +B sinh (q1x)] , (4.4.13)

where q1 = 1√
Du1

√
m1 + sC + µu1 − r1m1

sC+µv1
. If the reverse inequality holds, we can

use hyperbolic-trigonometric formulas to convert between the two; see e.g. [77].

Equations (4.4.12) and (4.4.13) have four constants. To find their values, we use the

interface conditions at x = 0 and x = L1

g1
(
0+
)

= kug2
(
0−
)
, g1

(
L−1
)

= kug2
(
−L+

2

)
, (4.4.14)

g′1
(
0+
)
− sg1

(
0+
)

= Du

[
g′2
(
0−
)
− sg2

(
0−
)]
, (4.4.15)

and

g′1
(
L−1
)
− sg1

(
L−1
)

= Du

[
g′2
(
−L+

2

)
− sg2

(
−L+

2

)]
. (4.4.16)

The interface conditions (4.4.14)-(4.4.16) produce the following system of linear equa-

tions

A = kuA
′, Bq1 = B′Duq2, (4.4.17)

AesL cosh (q1L1) +BesL sinh (q1L1) = A′ku cosh (q2L2)−B′ku sinh (q2L2) , (4.4.18)
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and

Aq1e
sL sinh (q1L1) +Bq1e

sL cosh (q1L1) = −A′q2Du sinh (q2L2) +B′q2Du cosh (q2L2) .

(4.4.19)

The corresponding coefficient matrix of the linear system (4.4.17)-(4.4.19) turns out

to be

W =



1 0 −ku 0

esL cosh (q1L1) esL sinh (q1L1) −ku cosh (q2L2) ku sinh (q2L2)

0 q1 0 −Duq2

q1e
sL sinh (q1L1) q1e

sL cosh (q1L1) q2Du sinh (q2L2) −q2Du cosh (q2L2)



.

The linear system of equations has a nontrivial solution if and only if the determinant

of the coefficient matrix for this system is zero.

Proposition 4.4.1. The dispersion relation for a TPW in a periodic alternating

landscape and with sessile adult stage is given implicitly by

cosh (sL) = cosh (q1L1) cosh (q2L2) + (kuq1)2 + (Duq2)2

2Dukuq1q2
sinh (q1L1) sinh (q2L2) .

(4.4.20)

We compare the minimal TPW speed calculated here with the minimal speed for the

structured population from Proposition 3.1.1 in the limit of vanishing adult dispersal.

Figure 4.2 shows that when adult mobility decreases to zero, the spread speed will

approach the one from (4.4.20). Increasing adult mobility can decrease the population

spread rate. This decrease indicates that the loss of individuals due to movement into

bad patches has a strong negative impact; stronger than the positive impact that
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could be expected from having adults move and contribute to spread. If adults have

a strong enough preference for good patches, then the population spread rate can

eventually be higher with mobile than with sessile adults (dotted line in Figure 4.2).

But when adult preference for good patches is low, increased adult dispersal can slow

the invasion and eventually bring it to a halt. In this case, too many adults enter the

bad patches and die there before they make it to the next nearest good patch.
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Figure 4.2.: Minimal traveling wave speed for a structured population of two age
groups (see Proposition 3.1.1) as a function of adult mobility (Dv1 = Dv2) with
adult habitat preference at αv = 0.55 (dotted), αv = 0.5 (dash-dot), and αv = 0.45
(dashed). The straight line represents the minimal traveling wave speed with sessile
adults according to (4.4.20). The remaining parameter values are L1 = L2 = 1,
r1 = 7, r2 = 0.2, Du1 = 0.5, Du2 = 1, µu1 = µv1 = 1, µu2 = µv2 = 2, m1 = m2 = 1
and αu = 0.5.

4.5. Wave Speed in a homogeneous Landscape

In this section, we find the wave speed formula for the juveniles-adults model with

sessile adult stage in a homogeneous landscape. By substituting L2 = 0 into the

dispersion relation (4.4.20), we get

cosh (sL1) = cosh (q1L1) , (4.5.1)
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which is equivalent to

s = 1√
Du1

√
m1 + sC + µu1 −

r1m1

sC + µv1

. (4.5.2)

We can find an explicit expression for the wave speed C as a function of wave shape

parameter s. Firstly, we square equation (4.5.2) and multiply both sides by Du1 to

get

s2Du1 = m1 + sC + µu1 −
r1m1

sC + µv1

. (4.5.3)

We then multiply (4.5.3) by (sC + µv1) to reach

r1m1 = m1sC+s2C2 +µu1sC−s3Du1C+m1µv1 +sµv1C+µu1µv1−s2Du1µv1 . (4.5.4)

We rewrite (4.5.4) as a quadratic equation in C

C2 + C
(
m1 + µu1 + µv1

s
− sDu1

)
+ m1µv1 + µu1µv1 − r1m1

s2 −Du1µv1 = 0. (4.5.5)

The two roots of equation (4.5.5) are

1
2s

(
−m1 − µu1 − µv1 +Du1s

2 ±
√

4r1m1 + (Du1s
2 −m1 − µu1 + µv1)2

)
. (4.5.6)

Since the population spread speed is the minimum value of the wave speed over all

positive values for s, the wave speed formula will be the root that has a minimum

value. By following the same procedure that we used in Section 3.2, we conclude that

the root

1
2s

(
−m1 − µu1 − µv1 +Du1s

2 +
√

4r1m1 + (Du1s
2 −m1 − µu1 + µv1)2

)
, (4.5.7)

has a minimum value over s > 0, while the other root does not.
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Proposition 4.5.1. The wave speed formula for the juveniles-adults model with ses-

sile adult stage in a homogeneous landscape is given explicitly by

C (s) = 1
2s

(
−m1 − µu1 − µv1 +Du1s

2 +
√

4r1m1 + (Du1s
2 −m1 − µu1 + µv1)2

)
.

(4.5.8)

Remark 4.5.2. The corresponding calculations for the case of sessile juveniles are

written in Appendix C.



5. Spread Speed for Structured

Populations by Homogenization

Techniques

Homogenization is a technique that can proficiently accommodate small-scale vari-

ation in environmental heterogeneity for large-scale movement patterns (Yurk [90]).

This process is an efficient tool to predict large-scale dispersal for populations with

individuals moving differently in different habitat types.

Homogenization techniques have been applied to partial differential equations with

Fickian diffusion terms (Othmer [68]) and with ecological diffusion (see Garlick et

al. [26, 25]) in order to determine the impact of small-scale habitat variation on large-

scale movement, and to explore the asymptotic spread speed. Yurk and Cobbold [91]

used homogenization techniques to find the wave speed for unstructured populations

in periodically varying landscapes, with the same interface matching conditions as

those considered here.

In this chapter, we extend the approach by Yurk and Cobbold [91] to the juveniles-

adults model. We then compare numerically the speed of homogenized equations and

the dispersion relation for the juveniles-adults model in a heterogeneous landscape.

We also generalize this work to structured populations of n age groups.

87
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5.1. Homogenizing the Environment

As in Section 2.3, we denote by L1 and L2, the length of good and bad patches,

respectively, and byL = L1 + L2 the period of the landscape. Without loss of

generality, we pick a good patch to be located at (0, L1) and all other good patches

L-periodic from thereon. Accordingly, bad patches are are located at (−L2, 0) and

L-periodic from thereon. Hence, in patch j we have the differential equations

∂uj (t, x)
∂t

= Duj

∂2uj (t, x)
∂x2 + fj (uj, vj) , (5.1.1)

and
∂vj (t, x)

∂t
= Dvj

∂2vj (t, x)
∂x2 + f̃j (uj, vj) , (5.1.2)

where x ∈ (xj−1, xj) , j = 0, ±1, ±2, . . . ,

fj (uj, vj) = rjvj (t, x)−
(
µuj

+mj

)
uj (t, x) , (5.1.3)

and

f̃j (uj, vj) = mjuj (t, x)− µvj
vj (t, x) . (5.1.4)

The interface conditions are

Dui+1

∂ui+1

∂x

(
t, x+

i

)
= Dui

∂ui
∂x

(
t, x−i

)
, (5.1.5)

ui+1
(
t, x+

i

)
= kui

ui
(
t, x−i

)
, (5.1.6)

Dvi+1

∂vi+1

∂x

(
t, x+

i

)
= Dvi

∂vi
∂x

(
t, x−i

)
, (5.1.7)

and

vi+1
(
t, x+

i

)
= kvi

vi
(
t, x−i

)
, (5.1.8)
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where

kui
=


1
ku

if i is odd,

ku if i is even,
and kvi

=


1
kv

if i is odd,

kv if i is even.
(5.1.9)

Here, ku and kv denote the parameters that measure the discontinuity in density at

the interface for juveniles and adults, respectively, see (2.3.3). We choose the period

ε = L = L1 + L2 � 1 as our small scale and introduce y = x
ε
as a new variable. We

assume that diffusion terms and the growth functions vary according to the variable

y inside all patches, and the density functions of juveniles and adults depend on both

scales x and y. We write the diffusion terms Du (y) as Du1 , Du2 on good and bad

patches, respectively, and similarly for Dv (y). Accordingly, we write (5.1.1) with

ecological diffusion as

∂u (t, x, y)
∂t

= ∂2

∂x2 (Du (y)u (t, x, y)) + fi (u, v) (5.1.10)

and similarly for (5.1.2). Consequently, the differential equations in (5.1.1) and (5.1.2)

become

∂u (t, x, y)
∂t

=
[
∂2

∂x2 + 2
ε

∂2

∂x∂y
+ 1
ε2
∂2

∂y2

]
(Du (y)u (t, x, y)) + fi (u, v) , (5.1.11)

and

∂v (t, x, y)
∂t

=
[
∂2

∂x2 + 2
ε

∂2

∂x∂y
+ 1
ε2
∂2

∂y2

]
(Dv (y) v (t, x, y)) + f̃i (u, v) . (5.1.12)

Similarly, the interface conditions (5.1.5)-(5.1.8) will change to

Dui+1

[
∂

∂x
+ 1
ε

∂

∂y

]
u
(
t, x, y+

i

)
= Dui

[
∂

∂x
+ 1
ε

∂

∂y

]
u
(
t, x, y−i

)
, (5.1.13)

u
(
t, x, y+

i

)
= kui

u
(
t, x, y−i

)
, (5.1.14)
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Dvi+1

[
∂

∂x
+ 1
ε

∂

∂y

]
v
(
t, x, y+

i

)
= Dvi

[
∂

∂x
+ 1
ε

∂

∂y

]
v
(
t, x, y−i

)
, (5.1.15)

and

v
(
t, x, y+

i

)
= kvi

v
(
t, x, y−i

)
. (5.1.16)

We then expand the density functions in formal power series in ε, i.e.

u (t, x, y) = u0 (t, x, y) + εu1 (t, x, y) + ε2u2 (t, x, y) + . . . , (5.1.17)

and

v (t, x, y) = v0 (t, x, y) + εv1 (t, x, y) + ε2v2 (t, x, y) + . . . . (5.1.18)

We insert the ansatz from (5.1.17) into (5.1.11), to get

∂

∂t

(
u0 + εu1 + ε2u2 + . . .

)
=
(
∂

∂x
+ 1
ε

∂

∂y

)
×[(

∂

∂x
+ 1
ε

∂

∂y

)(
Du (y)

(
u0 + εu1 + ε2u2 + . . .

))]
+ fi (u, v) , (5.1.19)

and similarly for v. We then multiply (5.1.19) by ε2 and sort the resulting terms by

the order of ε.

5.2. Equation of Order (ε0)

We refer to (5.1.19) to write the equation of order (ε0) as

∂2 (Du (y)u0 (t, x, y))
∂y2 = 0. (5.2.1)

This is equivalent to the differential equation

Dui

∂2u0 (t, x, y)
∂y2 = 0, for y ∈ (yi−1, yi) , i = 0, ±1, ±2, . . . , (5.2.2)
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with interface conditions

Dui+1

∂

∂y
u0
(
t, x, y+

i

)
= Dui

∂

∂y
u0
(
t, x, y−i

)
, (5.2.3)

and

u0
(
t, x, y+

i

)
= kui

u0
(
t, x, y−i

)
. (5.2.4)

We write the integral
´ y

0
∂2(Du(s)u0(t,x,s))

∂y2 ds as

ˆ y

yi−1

Dui

∂2u0 (t, x, s)
∂y2 ds+

i−1∑
j=1

ˆ yj

yj−1

Duj

∂2u0 (t, x, s)
∂y2 ds, (5.2.5)

where y ∈ (yi−1, yi) for some i ∈ Z, and integrate (5.2.1) to get

0 = Dui

∂u0 (t, x, y)
∂y

−
∂u0

(
t, x, y+

i−1

)
∂y


+

i−1∑
j=1

Duj

∂u0
(
t, x, y−j

)
∂y

−
∂u0

(
t, x, y+

j−1

)
∂y

 . (5.2.6)

We then use the interface condition (5.2.3) to simplify (5.2.6) and obtain

Dui

∂u0 (t, x, y)
∂y

= Du1

∂u0
(
t, x, y+

0

)
∂y

, (5.2.7)

or equivalently,
∂u0 (t, x, y)

∂y
= Du1

Du (y)
∂u0

(
t, x, y+

0

)
∂y

. (5.2.8)

Define hi and h̃i as follows

hi =


1, if i is odd,

ku, if i is even,
and h̃i =


1, if i is odd,

kv, if i is even.
(5.2.9)
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Let h (y) = hi; yi−1 < y < yi, and write the integral
´ y

0
∂
∂y

[h (s)u0 (t, x, s)] ds as

ˆ y

yj−1

hj
∂u0 (t, x, s)

∂y
ds+

j−1∑
i=1

ˆ yi

yi−1

hi
∂u0 (t, x, s)

∂y
ds

= hj
[
u0 (t, x, y)− u0

(
t, x, y+

j−1

)]
+

j−1∑
i=1

hi
[
u0
(
t, x, y−i

)
− u0

(
t, x, y+

i−1

)]
. (5.2.10)

Using the definition of hi and the interface condition (5.2.4), we get

ˆ y

0

∂

∂y
[h (s)u0 (t, x, s)] ds = hju0 (t, x, y)− h1u0

(
t, x, y+

0

)
. (5.2.11)

Multiply (5.2.8) by h (y) and integrate the resulting equation to obtain

ˆ y

0

∂

∂y
[h (s)u0 (t, x, s)] ds = Du1

∂

∂y
u0
(
t, x, y+

0

)ˆ y

0

h (s)
Du (s)ds. (5.2.12)

We then write the integral
´ y

0
h(s)
Du(s)ds as

ˆ y

yj−1

h (s)
Du (s)ds+

j−1∑
i=1

ˆ yi

yi−1

h (s)
Du (s)ds

= hj
Duj

(y − yj−1) +
j−1∑
i=1

hi
Dui

(yi − yi−1)

= hj
Duj

(y − yj−1) + 1
Du1

(y1 − y0) + ku
Du2

(y2 − y1) + 1
Du1

(y3 − y2)

+ ku
Du2

(y4 − y3) + . . .+ hj−1

Duj−1

(yj−1 − yj−2) . (5.2.13)

We recall that L1, L2 represent the good and the bad patch size, respectively. Hence,´ y
0

h(s)
Du(s)ds in (5.2.13) can be written as

hj
Duj

(y − yj−1)+ L1

LDu1

+ kuL2

LDu2

+ L1

LDu1

+ kuL2

LDu2

+ . . .+ hj−1

Duj−1

(yj−1 − yj−2) . (5.2.14)
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We consider the two cases for j: odd and even. If j is odd, then (5.2.14) becomes

ˆ y

0

h (s)
Du (s)ds = 1

Du1

(y − yj−1) + j − 1
2

L1

LDu1

+ j − 1
2

kuL2

LDu2

. (5.2.15)

Since j is odd and y = x
L
, we get yj−1 = xj−1

L
=
(
j−1

2

)
L1
L

+
(
j−1

2

)
L2
L

=
(
j−1

2

)
. We

replace
(
j−1

2

)
by yj−1 in (5.2.15) and write

´ y
0

h(s)
Du(s)ds as

1
Du1

(y − yj−1) + yj−1

L

[
L1

Du1

+ kuL2

Du2

]

= y

Du1

+ yj−1

L

[
L1

Du1

+ kuL2

Du2

− L

Du1

]

= (y − yj−1) 1
L

[
L

Du1

− L1

Du1

− kuL2

Du2

]
+ y

Du1

− y

L

[
L

Du1

− L1

Du1

− kuL2

Du2

]

= y

L

[
L1

Du1

+ kuL2

Du2

]
+ (y − yj−1)

L

[
L

Du1

− L1

Du1

− kuL2

Du2

]
. (5.2.16)

Hence, if j is odd, then

ˆ y

0

h (s)
Du (s)ds = y

L

[
L1

Du1

+ kuL2

Du2

]
+ (y − yj−1)

L

[
L

Du1

− L1

Du1

− kuL2

Du2

]
. (5.2.17)

If j is even, then (5.2.14) becomes

ˆ y

0

h (s)
Du (s)ds = ku

Du2

(y − yj−1) + j

2
L1

LDu1

+ j

2
kuL2

LDu2

− kuL2

Du2L
, (5.2.18)

and yj−1 = j
2
L1
L

+ j
2
L2
L
− L2

L
. We then rewrite

´ y
0

h(s)
Du(s)ds in (5.2.18) as

ku
Du2

(y − yj−1) +
(
yj−1 + L2

L

)
L1

LDu1

+
(
yj−1 + L2

L

)
kuL2

LDu2

− kuL2

Du2L

= ku
Du2

(y − yj−1) + L1

L

yj−1

Du1

+ L1L2

L2Du1

+ yj−1
kuL2

LDu2

+ ku (L2)2

L2Du2

− kuL2

Du2L

= ku
Du2

y + yj−1

L

[
L1

Du1

+ kuL2

Du2

− kuL

Du2

]
+ L1L2Du2 − kuDu1L1L2

L2Du1Du2

. (5.2.19)
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Since j is even, we write yj−1 = yj− L2
L

and y−yj−1 = y−yj + L2
L
. Hence, replacing

yj−1 in (5.2.19) by yj − L2
L

gives

ˆ y

0

h (s)
Du (s)ds = ku

Du2

y + yj
L

[
L1

Du1

+ kuL2

Du2

− kuL

Du2

]

= (yj − y)
L

[
L1

Du1

+ kuL2

Du2

− kuL

Du2

]
+ ku
Du2

y + y

L

[
L1

Du1

+ kuL2

Du2

− kuL

Du2

]

= y

L

[
L1

Du1

+ kuL2

Du2

]
+ (yj − y)

L

[
L1

Du1

+ kuL2

Du2

− kuL

Du2

]
. (5.2.20)

We conclude that if j is even, then

ˆ y

0

h (s)
Du (s)ds = y

L

[
L1

Du1

+ kuL2

Du2

]
+ (yj − y)

L

[
L1

Du1

+ kuL2

Du2

− kuL

Du2

]
. (5.2.21)

Define ∆ (y) as follows

∆ (y) =


(y−yi−1)L2

L
, for i odd,

(yi−y)L1
L

, for i even.
(5.2.22)

We use the definition of ∆ (y) and (5.2.17, 5.2.21) to write
´ y

0
h(s)
Du(s)ds as

ˆ y

0

h (s)
Du (s)ds = y

L

[
L1

Du1

+ kuL2

Du2

]
+ ∆ (y)

[
1
Du1

− ku
Du2

]
. (5.2.23)

Recall equations (5.2.11, 5.2.12)

ˆ y

0

∂

∂y
[h (s)u0 (t, x, s)] ds = hju0 (t, x, y)− h1u0

(
t, x, y+

0

)
,

and ˆ y

0

∂

∂y
[h (s)u0 (t, x, s)] ds = Du1

∂

∂y
u0
(
t, x, y+

0

)ˆ y

0

h (s)
Du (s)ds.
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We then substitute (5.2.23) into (5.2.12), and apply (5.2.11) to get

u0 (t, x, y) =
h1u0

(
t, x, y+

0

)
h (y)

+ Du1

h (y)
∂

∂y
u0
(
t, x, y+

0

) [ y
L

(
L1

Du1

+ kuL2

Du2

)
+ ∆ (y)

(
1
Du1

− ku
Du2

)]
.

We need u0 (t, x, y) to be bounded as y →∞. Hence, ∂
∂y
u0
(
t, x, y+

0

)
= 0, so that

u0 (t, x, y) = g1 (t, x)
h (y) , where g1 (t, x) = h1u0

(
t, x, y+

0

)
. (5.2.24)

Remark 5.2.1. By applying the same procedure to (5.1.12), we find that the lowest-

order term of v is given by

v0 (t, x, y) = g2 (t, x)
h̃ (y)

, where g2 (t, x) = h̃1v0
(
t, x, y+

0

)
. (5.2.25)

5.3. Equation of Order (ε1)

We refer again to (5.1.19) and write the equation of order (ε1)

2 ∂2

∂x∂y
[Du (y)u0 (t, x, y)] + ∂2

∂y2 [Du (y)u1 (t, x, y)] = 0, (5.3.1)

where yi−1 < y < yi and i = 0, ±1, ±2, . . . . This is equivalent to the differential

equation

Dui

(
2 ∂2

∂x∂y
u0 (t, x, y) + ∂2

∂y2u1 (t, x, y)
)

= 0, (5.3.2)

with interface conditions

Dui+1

(
∂u0

∂x
+ ∂u1

∂y

)(
t, x, y+

i

)
= Dui

(
∂u0

∂x
+ ∂u1

∂y

)(
t, x, y−i

)
, (5.3.3)



5.3 Equation of Order (ε1) 96

and

u1
(
t, x, y+

i

)
= kui

u1
(
t, x, y−i

)
, (5.3.4)

where i = 0, ±1, ±2, . . . .

Since h (y) is constant inside each patch, we conclude from (5.2.24) that ∂u0
∂y

= 0.

Hence, equation (5.3.2) becomes

Dui

∂2

∂y2u1 (t, x, y) = 0, for yi−1 < y < yi and i = 0, ±1, ±2, . . . . (5.3.5)

We then write the integral
´ y

0
∂2

∂y2 [Du (s)u1 (t, x, s)] ds as

ˆ y

yj−1

Duj

∂2

∂y2u1 (t, x, s) ds+
j−1∑
i=1

ˆ y

yj−1

Dui

∂2

∂y2u1 (t, x, s) ds, (5.3.6)

where yj−1 < y < yj. According to equation (5.3.5),
´ y

0
∂2

∂y2 [Du (s)u1 (t, x, s)] ds = 0.

Consequently, (5.3.6) becomes

0 = Duj

[
∂

∂y
u1 (t, x, y)− ∂

∂y
u1
(
t, x, y+

j−1

)]
+
j−1∑
i=1

[
∂

∂y
u1
(
t, x, y−i

)
− ∂

∂y
u1
(
t, x, y+

i−1

)]
.

(5.3.7)

Since ∂
∂y
u0 (t, x, y) = 0 and y = x

ε
, we conclude that ∂

∂x
u0 (t, x, y) = 0 for all

y ∈ (yi−1, yi) , i = 0, ±1, ±2, . . . . We then write (5.3.7) as

0 = Duj

[(
∂

∂y
u1 + ∂

∂x
u0

)
(t, x, y)−

(
∂

∂y
u1 + ∂

∂x
u0

)(
t, x, y+

j−1

)]

+
j−1∑
i=1

Dui

[(
∂

∂y
u1 + ∂

∂x
u0

)(
t, x, y−i

)
−
(
∂

∂y
u1 + ∂

∂x
u0

)(
t, x, y+

i−1

)]
. (5.3.8)

Applying the interface condition (5.3.3) to equation (5.3.8), gives

∂

∂y
u1 (t, x, y) = Du1

Du (y)

(
∂

∂y
u1 + ∂

∂y
u0

)(
t, x, y+

0

)
− ∂

∂y
u1 (t, x, y) . (5.3.9)
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We write the integral
´ y

0
∂
∂y

[h (s)u1 (t, x, s)] ds as

ˆ y

yj−1

hj
∂u1 (t, x, s)

∂y
ds+

j−1∑
i=1

ˆ yi

yi−1

hi
∂u1 (t, x, s)

∂y
ds

= hj
[
u1 (t, x, y)− u1

(
t, x, y+

j−1

)]
+

j−1∑
i=1

hi
[
u1
(
t, x, y−i

)
− u1

(
t, x, y+

i−1

)]
. (5.3.10)

By using the definition of hi and the condition (5.3.4), equation (5.3.10) becomes

ˆ y

0

∂

∂y
[h (s)u1 (t, x, s)] ds = hju1 (t, x, y)− h1u1

(
t, x, y+

0

)
. (5.3.11)

We multiply (5.3.9) by h (y) and integrate to get

ˆ y

0

∂

∂y
[h (s)u1 (t, x, s)] ds = Du1

(
∂u1

∂y
+ ∂u0

∂y

)(
t, x, y+

0

) ˆ y

0

h (s)
Du (s)ds

−
ˆ y

0
h (s) ∂

∂x
u0 (t, x, s) ds. (5.3.12)

Applying (5.2.23) and (5.2.24) to the last equation gives

ˆ y

0

∂

∂y
[h (s)u1 (t, x, s)] ds = −y ∂

∂x
g1 (t, x) +Du1

(
∂u1

∂y
+ ∂u0

∂y

)(
t, x, y+

0

)
×[

y

L

(
L1

Du1

+ kuL2

Du2

)
+ ∆ (y)

(
1
Du1

− ku
Du2

)]
. (5.3.13)

Since the left hand sides in (5.3.11) and (5.3.13) are equal, we get

u1 (t, x, y) = Du1

h (y)

(
∂u1

∂y
+ ∂u0

∂y

)(
t, x, y+

0

) [ y
L

(
L1

Du1

+ kuL2

Du2

)
+ ∆ (y)

(
1
Du1

− ku
Du2

)]

− y

h (y)
∂

∂x
g1 (t, x) + h1

h (y)u1
(
t, x, y+

0

)
. (5.3.14)
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We need u1 (t, x, y) to be bounded as y →∞. Applying this to (5.3.14) gives

∂

∂x
g1 (t, x) = lim

y→∞

Du1

y

(
∂u1

∂y
+ ∂u0

∂y

)(
t, x, y+

0

)
×[

y

L

(
L1

Du1

+ kuL2

Du2

)
+ ∆ (y)

(
1
Du1

− ku
Du2

)]
. (5.3.15)

By using the definition of ∆ (y) , we conclude that lim
y→∞

∆ (y) = 0. Hence, (5.3.15)

can be written as

∂

∂x
g1 (t, x) = Du1

L

(
∂u1

∂y
+ ∂u0

∂y

)(
t, x, y+

0

) [ L1

Du1

+ kuL2

Du2

]
. (5.3.16)

Lastly, we substitute (5.3.16) into (5.3.14) to get

u1 (t, x, y) = a1 (t, x)
h (y) + ∆ (y) a2 (t, x)

h (y) , (5.3.17)

where

a1 (t, x) = h1u1
(
t, x, y+

0

)
, (5.3.18)

and

a2 (t, x) = Du1

(
1
Du1

− ku
Du2

)(
∂u1

∂y
+ ∂u0

∂y

)(
t, x, y+

0

)
. (5.3.19)

5.4. Equation of Order (ε2)

We refer to (5.1.19) and write the equation of order (ε2)

∂

∂t
u0 (t, x, y) = Dui

[
∂2

∂y2u2 (t, x, y) + 2 ∂2

∂x∂y
u1 (t, x, y) + ∂2

∂x2u0 (t, x, y)
]

+ fi (u0, v0) ,

(5.4.1)

where yi−1 < y < yi and i = 0, ±1, ±2, . . . , with interface conditions

Dui+1

[
∂u2

∂y
+ ∂u1

∂x

] (
t, x, y+

i

)
= Dui

[
∂u2

∂y
+ ∂u1

∂x

] (
t, x, y−i

)
(5.4.2)
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and

u2
(
t, x, y+

i

)
= kui

u2
(
t, x, y−i

)
. (5.4.3)

Consider the integral

ˆ y

0

[
∂2

∂y2 (Du (s)u2 (t, x, s)) + ∂2

∂x∂y
(Du (s)u1 (t, x, s))

]
ds

= Duj

[(
∂u2

∂y
+ ∂u1

∂x

)
(t, x, y)−

(
∂u2

∂y
+ ∂u1

∂x

)(
t, x, y+

j−1

)]

+
j−1∑
i=1

Dui

[(
∂u2

∂y
+ ∂u1

∂x

)(
t, x, y−i

)
−
(
∂u2

∂y
+ ∂u1

∂x

)(
t, x, y+

i−1

)]
. (5.4.4)

Applying the interface condition (5.4.2) to equation (5.4.4), we get

ˆ y

0

[
∂2

∂y2 (Du (s)u2 (t, x, s)) + ∂2

∂x∂y
(Du (s)u1 (t, x, s))

]
ds

= Duj

(
∂u2

∂y
+ ∂u1

∂x

)
(t, x, y)−Du1

(
∂u2

∂y
+ ∂u1

∂x

)(
t, x, y+

0

)
. (5.4.5)

On the other hand, equation (5.4.1) is equivalent to

∂2

∂y2 (Du (y)u2 (t, x, y)) + ∂2

∂x∂y
(Du (y)u1 (t, x, y)) = ∂

∂t
u0 (t, x, y)

− ∂2

∂x∂y
(Du (y)u1 (t, x, y))− ∂2

∂x2 (Du (y)u0 (t, x, y))− fi (u0, v0) . (5.4.6)

In equation (5.4.6), we replace u0 (t, x, y) and u1 (t, x, y) by their values in (5.2.24,

5.3.17), and integrate the resulting equation to get

ˆ y

0

[
∂2

∂y2 (Du (s)u2 (t, x, s)) + ∂2

∂x∂y
(Du (s)u1 (t, x, s))

]
ds

= ∂

∂t
g1 (t, x)

ˆ y

0

ds

h (s) −
∂

∂x
a2 (t, x)

ˆ y

0

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds

− ∂2

∂x2 g1 (t, x)
ˆ y

0

Du (s)
h (s) ds−

ˆ y

0
fi

(
g1 (t, x)
h (s) ,

g2 (t, x)
h̃ (s)

)
ds. (5.4.7)



5.4 Equation of Order (ε2) 100

We write the first integral on the right hand side of (5.4.7) as follows

ˆ y

0

ds

h (s) =
ˆ y

yj−1

ds

h (s) +
j−1∑
i=1

ˆ yi

yi−1

ds

h (s) = 1
hj

(y − yj−1) +
j−1∑
i=1

1
hi

(yi − yi−1) . (5.4.8)

If j is odd, then (5.4.8) becomes

ˆ y

0

ds

h (s) = (y − yj−1) + L1

L
+ 1
ku

L2

L
+ . . .+ 1

ku

L2

L

= (y − yj−1) + j − 1
2

L1

L
+ j − 1

2
L2

kuL
. (5.4.9)

Since j is odd, we write yj−1 as yj−1 = j−1
2

L1
L

+ j−1
2

L2
L

= j−1
2 . As a result, equation

(5.4.9) becomes

ˆ y

0

ds

h (s) = (y − yj−1) + yj−1
L1

L
+ yj−1

1
ku

L2

L

= y + yj−1
L2

L

[−L
L2

+ L1

L2
+ 1
ku

]
= y + yj−1

L2

L

[ 1
ku
− 1

]
= (y − yj−1) L2

L

[
1− 1

ku

]
+ y − yL2

L

[
1− 1

ku

]

= y

L1 + L2
ku

L

+ L2

L
(y − yj−1)

[
1− 1

ku

]
. (5.4.10)

If j is even, then we write
´ y

0
ds
h(s) as

ˆ y

yj−1

ds

h (s) +
j−1∑
i=1

ˆ yi

yi−1

ds

h (s) = (y − yj−1)
ku

+ y1 − y0

1 + y2 − y1

ku
+ . . .+ yj−1 − yj−2

1 .

(5.4.11)

Since j is even, the last integral can be written as

ˆ y

0

ds

h (s) = (y − yj−1)
ku

+ j

2
L1

L
+ j

2
L2

kuL
− L2

kuL
. (5.4.12)
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We use the formulas: yj = j
2 and yj−1 = yj − L2

L
to write (5.4.12) as

ˆ y

0

ds

h (s) = y

ku
− yj
ku

+ L2

kuL
+ yj

L1

L
+ yj

L2

kuL
− L2

kuL

= y

ku
+ yj

L1

L

[
1 + L2

L1ku
− L

L1ku

]
= (yj − y)L1

L

(
1− 1

ku

)
+ y

( 1
ku

+ L1

L

(
1− 1

ku

))
= y

L

(
L1 + L2

ku

)
+ (yj − y)L1

L

(
1− 1

ku

)
. (5.4.13)

By looking at the results in (5.4.10) and (5.4.13), we conclude

ˆ y

0

ds

h (s) = y

L

(
L1 + L2

ku

)
+ ∆ (y)

(
1− 1

ku

)
. (5.4.14)

We then consider the second integral on the right hand side of (5.4.7)

ˆ y

0

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds

=
ˆ y

yj−1

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds+

j−1∑
i=1

ˆ yi

yi−1

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds

=
Duj

hj
(∆ (y)−∆ (yj−1)) +

j−1∑
i=1

Dui

hi
(∆ (yi)−∆ (yi−1)) . (5.4.15)

If j is odd, then (5.4.15) becomes

ˆ y

0

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds = (y − yj−1) Du1L2

L
+ (y1 − y0) Du1L2

L
− (y2 − y1) Du2L1

kuL

+ . . .− (yj−1 − yj−2) Du2L1

kuL
. (5.4.16)

Since j is odd, we use the formula yj−1 = j−1
2 to write (5.4.16) as follows

ˆ y

0

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds = Du1 (y − yj−1) L2

L
+Du1

j − 1
2

L1L2

L2 −
Du2

ku

j − 1
2

L1L2

L2
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= Du1

L2

L
y −Du1

L2

L
yj−1 +Du1

L1L2

L2 yj−1 −
Du2

ku

L1L2

L2 yj−1

= Du1

L2

L
y − yj−1

L2

L

[
Du1 −

Du1L1

L
+ Du2

ku

L1

L

]
= −yL2

L2

(
Du1L2 + Du2L1

ku

)
+ (y − yj−1) L2

L2

[
Du1L2 + Du2L1

ku

]
+ Du1L2

L
y

= yL1L2

L2

(
Du1 −

Du2

ku

)
+ (y − yj−1)L2

L

Du1L2 + L1Du2
ku

L

 . (5.4.17)

Similarly, if j is even, then

ˆ y

0

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds

=
ˆ y

yj−1

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds+

j−1∑
i=1

ˆ yi

yi−1

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds

=
Duj

hj
(∆ (y)−∆ (yj−1)) +

j−1∑
i=1

Dui

hi
(∆ (yi)−∆ (yi−1)) . (5.4.18)

Since j is even and yj−1 = yj − L2
L
, we write the R.H.S. in (5.4.18) as

Du2

ku

L1

L
(yj−1 − y) +Du1

L1L2

L2 −
Du2

ku

L1L2

L2 + . . .+Du1

L1L2

L2

= Du2

ku

L1

L
(yj−1 − y) + j

2Du1

L1L2

L2 −
j

2
Du2

ku

L1L2

L2 + Du2

ku

L1L2

L2

= Du2

ku

L1

L

(
yj −

L2

L
− y

)
+ yjDu1

L1L2

L2 − yj
Du2

ku

L1L2

L2 + Du2

ku

L1L2

L2

= yj
Du2

ku

L1

L
− yDu2

ku

L1

L
+ yjDu1

L1L2

L2 − yj
Du2

ku

L1L2

L2

= yj
L1

L

[
Du2

ku
+Du1

L2

L
− Du2

ku

L2

L

]
− yDu2

ku

L1

L

= yj
L1

L

[
Du2L1

kuL
+Du1

L2

L

]
− yDu2

ku

L1

L

= (yj − y) L1

L2

[
Du2L1

ku
+Du1L2

]
− yDu2

ku

L1

L
+ y

L1

L

[
Du2L1

ku
+Du1L2

]
= y

L1L2

L2

[
Du1 −

Du2

ku

]
+ (yj − y) L1

L2

[
Du2L1

ku
+Du1L2

]
. (5.4.19)
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Hence, if j is even, then

ˆ y

0

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds = y

L1L2

L2

[
Du1 −

Du2

ku

]
+ (yj − y) L1

L2

[
Du2L1

ku
+Du1L2

]
.

(5.4.20)

We conclude from (5.4.17) and (5.4.20) that the second integral in the right hand side

of (5.4.7) can be written as

ˆ y

0

∂

∂y

(
Du (s) ∆ (s)

h (s)

)
ds = y

L1L2

L2

[
Du1 −

Du2

ku

]
+ ∆ (y)

 Du2L1
ku

+Du1L2

L

 .
(5.4.21)

We then consider the third integral in the right hand side of (5.4.7). As before, we

study the two cases for j: odd and even. If j is odd, then

ˆ y

0

Du (s)
h (s) ds =

Duj

hj
(y − yj−1) +

j−1∑
i=1

Dui

hi
(yi − yi−1)

= Du1 (y − yj−1) + Du1L1

L
+ Du2L2

kuL
+ . . .+ Du2L2

kuL

= Du1 (y − yj−1) + yj−1
Du1L1

L
+ yj−1

Du2L2

kuL

= Du1y −
yj−1L2

L

[
LDu1

L2
− L1Du1

L2
− Du2

ku

]
= (y − yj−1)L2

L

[
Du1 −

Du2

ku

]
+ y

[
Du1 −

L2

L

(
Du1 −

Du2

ku

)]
= y

L

[
Du1L1 + Du2L2

ku

]
+ (y − yj−1)L2

L

[
Du1 −

Du2

ku

]
. (5.4.22)

Using the definition of ∆ (y) in (5.2.22), we write (5.4.22) as

ˆ y

0

Du (s)
h (s) ds = y

L

[
Du1L1 + Du2L2

ku

]
+ ∆ (y)

[
Du1 −

Du2

ku

]
. (5.4.23)
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For j even, we have

ˆ y

0

Du (s)
h (s) ds = Du2

ku
(y − yj−1) + Du1L1

L
+ Du2L2

kuL
+ . . .+ Du1L1

L

= Du2

ku
(y − yj−1) + yj

Du1L1

L
+ yj

Du2L2

kuL
− Du2L2

kuL

= Du2

ku

(
y − yj + L2

L

)
+ yj

Du1L1

L
+ yj

Du2L2

kuL
− Du2L2

kuL

= y
Du2

ku
− yj

Du2

ku
+ yj

Du1L1

L
+ yj

Du2L2

kuL

= y
Du2

ku
− yj

[
Du2L1

kuL
− Du1L1

L

]
= y

L

[
Du1L1 + Du2L2

ku

]
+ (yj − y)L1

L

[
Du1 −

Du2

ku

]
. (5.4.24)

Using the definition of ∆ (y) in (5.2.22) with (5.4.24) and (5.4.23), we write the third

integral on the right hand side of (5.4.7) as

ˆ y

0

Du (s)
h (s) ds = y

L

[
Du1L1 + Du2L2

ku

]
+ ∆ (y)

[
Du1 −

Du2

ku

]
. (5.4.25)

We then consider the last integral on the right hand side of (5.4.7)

ˆ y

0
fj

(
g1 (t, x)
h (s) ,

g2 (t, x)
h̃ (s)

)
ds

=
ˆ y

yj−1

fj

(
g1 (t, x)
h (s) ,

g2 (t, x)
h̃ (s)

)
ds+

j−1∑
i=1

ˆ yi

yi−1

fi

(
g1 (t, x)
h (s) ,

g2 (t, x)
h̃ (s)

)
ds

= fj

(
g1 (t, x)
hj

,
g2 (t, x)
h̃j

)
(y − yj−1) +

j−1∑
i=1

fi

(
g1 (t, x)
hi

,
g2 (t, x)
h̃i

)
(yi − yi−1) ,

(5.4.26)

where

fi (u, v) =


f1 (u, v) , if i is odd,

f2 (u, v) , if i is even.
(5.4.27)
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If j is odd, then (5.4.26) becomes

= f1 (g1, g2) (y − yj−1) + (yj−1) f1 (g1, g2) L1

L
+ (yj−1) f2

(
g1

ku
,
g2

kv

)
L2

L

= (y) f1 (g1, g2)− yj−1
L2

L

[
L

L2
f1 (g1, g2)− L1

L2
f1 (g1, g2)− f2

(
g1

ku
,
g2

kv

)]
= f1 (g1, g2) y + (y − yj−1) L2

L

[
f1 (g1, g2)− f2

(
g1

ku
,
g2

kv

)]
− yL2

L

[
f1 (g1, g2)− f2

(
g1

ku
,
g2

kv

)]
= y

L

[
L1f1 (g1, g2) + L2f2

(
g1

ku
,
g2

kv

)]
+ (y − yj−1) L2

L

[
f1 (g1, g2)− f2

(
g1

ku
,
g2

kv

)]
.

(5.4.28)

Similarly, if j is even, then we write (5.4.26) as follows

= f2

(
g1

ku
,
g2

kv

)
(y − yj−1) + (yj) f1 (g1, g2) L1

L
+ (yj − 1) f2

(
g1

ku
,
g2

kv

)
L2

L

= (y) f2

(
g1

ku
,
g2

kv

)
− (yj) f2

(
g1

ku
,
g2

kv

)
+ (yj) f1 (g1, g2) L1

L
+ (yj) f2

(
g1

ku
,
g2

kv

)
L2

L

= (y) f2

(
g1

ku
,
g2

kv

)
− yj
L

[
f2

(
g1

ku
,
g2

kv

)
L− f1 (g1, g2)L1 − f2

(
g1

ku
,
g2

kv

)
L2

]
= (y) f2

(
g1

ku
,
g2

kv

)
− (yj)

L1

L

[
f2

(
g1

ku
,
g2

kv

)
− f1 (g1, g2)

]
= y

L

[
L1f1 (g1, g2) + L2f2

(
g1

ku
,
g2

kv

)]
+ (yj − y) L1

L

[
f1 (g1, g2)− f2

(
g1

ku
,
g2

kv

)]
.

(5.4.29)

Using (5.4.28) and (5.4.29), we write the last integral on the right hand side of (5.4.7)

as follows

ˆ y

0
fj

(
g1 (t, x)
h (s) ,

g2 (t, x)
h̃ (s)

)
ds = y

L1f1 (g1, g2) + L2f2
(
g1
ku
, g2
kv

)
L


+ ∆ (y)

[
f1 (g1, g2)− f2

(
g1

ku
,
g2

kv

)]
. (5.4.30)
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Substitute (5.4.14), (5.4.21), (5.4.25) and (5.4.30) into (5.4.7) and use (5.4.5) to get

0 = ∂

∂t
g1 (t, x)

[
y

L

(
L1 + L2

ku

)
+ ∆ (y)

(
1− 1

ku

)]

− ∂

∂x
a2 (t, x)

yL1L2

L2

(
Du1 −

Du2

ku

)
+ ∆ (y)

Du1L2 + L1Du2
ku

L


− ∂2

∂x2 g1 (t, x)
[
y

L

(
Du1L1 + Du2L2

ku

)
+ ∆ (y)

(
Du1 −

Du2

ku

)]

−

y
(
L1f1 (g1, g2) + L2f2

(
g1
ku
, g2
kv

))
L

+ ∆ (y)
(
f1 (g1, g2)− f2

(
g1

ku
,
g2

kv

))
−Du (y)

(
∂u2

∂y
+ ∂u1

∂x

)
(t, x, y) +Du1

(
∂u2

∂y
+ ∂u1

∂x

)(
t, x, y+

0

)
. (5.4.31)

Rewrite (5.4.31) as the following differential equation

∂

∂y
u2 (t, x, y) = y

Du (y)

L1 + L2
ku

L

 ∂

∂t
g1 (t, x)− L1L2

L2

(
Du1 −

Du2

ku

)
∂

∂x
a2 (t, x)


− y

Du (y)

[
1
L

(
Du1L1 + Du2L2

ku

)
∂2

∂x2 g1 (t, x)
]

− y

Du (y)

L1f1 (g1, g2) + L2f2
(
g1
ku
, g2
kv

)
L


+ ∆ (y)
Du (y)

(1− 1
ku

)
∂

∂t
g1 (t, x)−

Du1L2 + L1Du2
k

L

 ∂

∂x
a2 (t, x)


− ∆ (y)
Du (y)

[(
Du1 −

Du2

ku

)
∂

∂x
a2 (t, x) + f1 (g1, g2)− f2

(
g1

ku
,
g2

kv

)]

+ Du1

Du (y)

(
∂u2

∂y
+ ∂u1

∂x

)(
t, x, y+

0

)
− ∂u1

∂x
(t, x, y) . (5.4.32)

We then multiply (5.4.32) by h (y) and integrate both sides of the resulting equation.

For the left hand side, we follow the same procedure which we used in deriving (5.2.11).

The result will be

ˆ y

0

∂

∂y
(h (s)u2 (t, x, s)) ds = h (y)u2 (t, x, y)− h1u2

(
t, x, y+

0

)
. (5.4.33)
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We need u2 (t, x, y) to be bounded as y → ∞. Hence, multiplying the right hand

side of (5.4.32) by h (y) and integrating the result, produces the condition

0 =
L1 + L2

ku

L

 ∂

∂t
g1 (t, x)− L1L2

L2

(
Du1 −

Du2

ku

)
∂

∂x
a2 (t, x)

− 1
L

(
Du1L1 + Du2L2

ku

)
∂2

∂x2 g1 (t, x)−
L1f1 (g1, g2) + L2f2

(
g1
ku
, g2
kv

)
L

. (5.4.34)

We then use (5.3.16) and (5.3.19) to write a2 (t, x) explicitly as

a2 (t, x) = L

(
1
Du1

− ku
Du2

)(
L1

Du1

+ kuL2

Du2

)−1
∂

∂x
g1 (t, x) . (5.4.35)

Substituting this expression for a2 (t, x) into (5.4.34) yields

L1 + L2
ku

L

 ∂g1

∂t
= L1L2

L

(
Du1 −

Du2

ku

)( 1
Du1

− ku
Du2

)(
L1

Du1

+ kuL2

Du2

)−1
∂2g1

∂x2

+
Du1L1 + Du2L2

ku

L

 ∂2g1

∂x2 +
L1f1 (g1, g2) + L2f2

(
g1
ku
, g2
kv

)
L

. (5.4.36)

Equation (5.4.36) is equivalent to the differential equation

∂g1

∂t
= L1L2(

L1 + L2
ku

) (
L1
Du1

+ kuL2
Du2

) (1− Du1ku
Du2

− Du2

kuDu1

+ 1
)
∂2g1

∂x2

+
Du1L1 + Du2L2

ku

L1 + L2
ku

 ∂2g1

∂x2 +
L1f1 (g1, g2) + L2f2

(
g1
ku
, g2
kv

)
L1 + L2

ku

 . (5.4.37)

By simplifying (5.4.37), we reach the reaction diffusion equation

∂g1

∂t
= (L1 + L2)2(

L1 + L2
ku

) (
L1
Du1

+ kuL2
Du2

) ∂2g1

∂x2 +
L1f1 (g1, g2) + L2f2

(
g1
ku
, g2
kv

)
L1 + L2

ku

 , (5.4.38)
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where

f1 (g1, g2) = r1g2 − (µu1 +m1) g1, (5.4.39)

and

f2

(
g1

ku
,
g2

kv

)
= r2

kv
g2 −

(µu2 +m2)
ku

g1. (5.4.40)

Equation (5.4.38) can be written in the simpler form

∂g1

∂t
= 〈D〉H

(
L̂
)2 ∂2g1

∂x2 + 〈f〉A, (5.4.41)

where

〈D〉H =
 L1 + L2

ku

L1
Du1

+ kuL2
Du2

 , L̂ =
L1 + L2

L1 + L2
ku

 ,
and

〈f〉A =
L1f1 (g1, g2) + L2f2

(
g1
ku
, g2
kv

)
L1 + L2

ku

=
L1r1g2 + L2r2

g2
kv
− L1 (µu1 +m1) g1 − L2

ku
(µu2 +m2) g1

L1 + L2
ku

=

(
L1r1 + L2r2

kv

)
g2 −

(
L1 (µu1 +m1) + L2

ku
(µu2 +m2)

)
g1

L1 + L2
ku

.

Similarly, we write the reaction diffusion equation for g2 (t, x) as

∂g2

∂t
= 〈D̃〉H

(̂̃
L
)2 ∂2g1

∂x2 + 〈f̃〉A, (5.4.42)

where

〈D̃〉H =
 L1 + L2

kv

L1
Dv1

+ kvL2
Dv2

 , ̂̃
L =

L1 + L2

L1 + L2
kv

 ,
and

〈f̃〉A =

(
L1m1 + L2m2

ku

)
g1 −

(
L1µv1 + L2µv2

kv

)
g2

L1 + L2
kv

.
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Equations (5.4.41) and (5.4.42) form a closed system of reaction diffusion equations.

In the following section, we calculate the spreading speed that results from this ho-

mogenized system.

5.5. Wave Speed Formula from Homogenization

In this section, we use equations (5.4.41) and (5.4.42), which we got from homog-

enization, to write the wave speed and the spread speed formulas for structured

populations of two age groups. Then, we compare numerically the spread speed from

the homogenization technique with the spread speed from the dispersion relation for

juveniles-adults model in the periodic landscape.

Firstly, we write equations (5.4.41) and (5.4.42) in the simple form

∂gi
∂t

= di
∂2gi
∂x2 + Fi (g1, g2) , i = 1, 2, (5.5.1)

where d1 = 〈D〉H
(
L̂
)2
, d2 = 〈D̃〉H

(̂̃
L
)2
, F1 = 〈f〉A, and F2 = 〈f̃〉A.

We are now going to apply the formalism from Weinberger et al. [88] to the system

(5.4.41, 5.4.42). According to Weinberger et al. [88], we need to form the matrix Cs
with the auxiliary variable s as follows

Cs = diag
(
d1s

2, d2s
2
)

+ F′ (0) , (5.5.2)

where F′ (0) is the Jacobian matrix. Consequently, the coefficient matrix Cs for

structured populations of two age groups will be

Cs =

s
2〈D〉H

(
L̂
)2
− a b

c s2〈D̃〉H
(̂̃
L
)2
− d

 , (5.5.3)
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where

a =
L1 (µu1 +m1) + L2

ku
(µu2 +m2)

L1 + L2
ku

, b =
L1r1 + L2r2

kv

L1 + L2
ku

,

c =
L1m1 + L2m2

ku

L1 + L2
kv

, and d =
L1µv1 + L2µv2

kv

L1 + L2
kv

.

The off-diagonal entries of Cs are non-negative, so we can use the wave speed formula

for cooperative systems as mentioned in Weinberger et al. [88]

C (s) =
[
λ1 (s)
s

]
, s > 0, (5.5.4)

where λ1 (s) is the principal eigenvalue of the diagonal blocks of the matrix Cs.

Proposition 5.5.1. [88] The minimal traveling wave speed for structured populations

of two age groups by homogenization techniques is given by

C∗ = min
s>0

[
λ1 (s)
s

]
, (5.5.5)

where λ1 (s) is the dominant eigenvalue of the coefficient matrix Cs in (5.5.3).

Finally, we compare the wave speed from the homogenization technique (5.5.4), with

the wave speed that we got from the dispersion relation of juveniles-adults model (see

Section 3.1). In Figure 5.1, we plot the wave speed curves for both homogenization

technique and dispersion relation. The two curves are close to each other and the

difference between the minimum wave speeds for the two curves is very small. In

Figure 5.2(a), we plot the spread speed as a function of diffusion coefficients in the

bad patches. The difference between the spread speeds becomes very small as we

increase the values of diffusion coefficients in bad patches. Also, in Figure 5.2(b), we

plot the spread speed as a function of the good patch size. We see that the spread

speeds from the two different techniques are very close to each other even for large

values of the good patch size.
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Figure 5.1.: Comparing the dispersion relation from the homogenization formula
(5.5.4) (dashed curve) and the exact formula from Proposition 3.1.1 (solid). The
two curves are virtually indistinguishable. Parameters are as follows: L1 = L2 =
0.5, r1 = 2.8, r2 = 0.2, Du1 = Dv1 = 0.6, Du2 = Dv2 = 2, µu1 = µv1 = 0.9,
µu2 = µv2 = 1, m1 = m2 = 1, and αu = αv = 0.35388.
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Figure 5.2.: Spread speed for the juveniles-adults model: (a) as a function of dif-
fusion coefficients in bad patches; (b) as a function of good patch size. The solid
curves corresponds to the homogenization formula (5.5.5), while the triangles refer
to the spread speeds from the exact expression in Proposition 3.1.1. Parameters
are as follows: L1 = L2 = 0.5, r1 = 2.8, r2 = 0.2, Du1 = Dv1 = 0.6, Du2 = Dv2 = 2,
µu1 = µv1 = 0.9, µu2 = µv2 = 1, m1 = m2 = 1, and αu = αv = 0.35388.

In all cases, we find an excellent agreement between the fully heterogeneous speed
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(from Proposition 3.1.1) and the homogenized speed (from Formula (5.5.5)), even

though the landscape period is on the same order as the diffusion coefficients and not

as small as the formal derivation requires.

Remark 5.5.2. The two expressions that we calculated for the dispersion relation

in equation (3.2.10) correspond to the dominant and the sub-dominant eigenvalues of

the coefficient matrix Cs above.

5.6. Wave Speed Formula for Structured Populations

of n Stages

In this section, we generalize the homogenization technique to structured populations

of n-age groups in order to find an approximation to the wave speed and the spread

speed formulas in heterogeneous landscapes.

We consider a structured population of n age groups in a periodically alternating

landscape of good and bad patches of length L1 and L2, respectively. Hence, in

patch m we have the differential equations

∂

∂t
uj,i (t, x) = Duj,i

∂2

∂x2uj,i (t, x) + fj,i (u1,i, u2,i, . . . , un,i) , (5.6.1)

where uj,i (t, x) is the density function at time t and location x for the jth age group

in patch type i, x ∈ (xm−1, xm) , j = 1, 2, . . . , n, i = 1, 2, and m = 0, ±1, ±2, . . . .

We have interface conditions

Duj,i+1

∂

∂x
uj,i+1

(
t, x+

i

)
= Duj,i

∂

∂x
uj,i

(
t, x−i

)
, (5.6.2)

and

uj,i+1
(
t, x+

i

)
= kuj,i

uj,i
(
t, x−i

)
, (5.6.3)
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where

kuj,i
=


1
kuj

for odd i,

kuj
for even i,

(5.6.4)

and

Duj,i
=


Duj,1 if i is odd,

Duj,2 if i is even.
(5.6.5)

We choose the period ε = L = L1 + L2 � 1 as our small scale and introduce y = x
ε

as a new variable. We assume that diffusion terms and the growth functions vary

according to the variable y inside all patches, and the density functions for all age

groups depend on both scales x and y. Then we write the density functions as

functions of the large and small scale variables and expand in a formal power series

in ε; i.e.

uj (t, x, y) = u
(0)
j + εu

(1)
j + ε2u

(2)
j + . . . . (5.6.6)

By substituting this assumption into the differential equation (5.6.1) and applying

the homogenization technique, we get the differential equations

∂

∂t
gj (t, x) = 〈Dj〉H

(
L̂j
)2 ∂2

∂x2 gj (t, x) + 〈fj〉A, j = 1, 2, . . . , n, (5.6.7)

where

〈Dj〉H =

 L1 + L2
kuj

L1
Duj,1

+ kujL2

Duj,2

 , L̂j =
 L1 + L2

L1 + L2
kuj

 ,
and

〈fj〉A =
L1fj,1 (g1, g2, . . . , gn) + L2fj,2

(
g1
ku1
, g2
ku2
, . . . , gn

kun

)
L1 + L2

kuj

.

Equation (5.6.7) can be written in the simple form

∂

∂t
gj (t, x) = dj

∂2

∂x2 gj (t, x) + Fj (g1, g2, . . . , gn) , j = 1, 2, . . . , n. (5.6.8)
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The coefficient matrix Cs for the system (5.6.8) is

Cs = diag
(
d1s

2, d2s
2, . . . , dns

2
)

+ F′ (0) , (5.6.9)

where F′ (0) is the Jacobian matrix. Consequently, the wave speed and the spread

speed formulas for structured populations of n-age groups are

C (s) =
[
λ1 (s)
s

]
, s > 0, (5.6.10)

C∗ = min
s>0

[
λ1 (s)
s

]
, (5.6.11)

where λ1 (s) is the principal eigenvalue of the diagonal blocks of the matrix Cs.



6. Numerical Aspects

In Chapters 2, 3 and 4, we used analytic techniques to study persistence and spread

for the juveniles-adults model. We reached explicit formulas for persistence conditions

and dispersion relations in homogeneous and heterogeneous landscapes according to

different scenarios of juvenile and adult movement. In Chapter 5, we used homoge-

nization techniques to derive the asymptotic speed for the juveniles-adults model and

compared it with the minimal traveling wave speed from analytic techniques.

In this chapter, we use a finite-difference method to explore numerical solutions for the

juveniles-adults model. We compare the numerical solution to the analytic solution

and we apply it to population dynamics with nonlinear growth functions, which we

study in detail in Chapter 7.

Finite-difference schemes for reaction-diffusion equations are well developed. We will

not present details for the basic schemes nor study convergence properties. The major

aspect that we focus on are the interface conditions. We provide evidence that our

numerical implementation of these conditions produces the correct results, so that we

can apply them to study nonlinear population dynamics models in the next chapter.

6.1. Numerical Solutions in a Single-Patch Landscape

We start numerical solutions with the simplest case where the environment consists of

a single good patch with the differential equations (1.4.1, 1.4.2) and hostile boundary

conditions in (2.2.1). We use a finite-difference method and we consider the forward-

115
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time central-space scheme (see Strikwerda [85]) to write the partial derivatives in

reaction-diffusion equations as follows

∂

∂t
u = u (n+ 1, k)− u (n, k)

∆t , at a grid point (k, n) ,

and

∂2

∂x2u = u (n, k + 1)− 2u (n, k) + u (n, k − 1)
(∆x)2 , at a grid point (k, n) ,

where∆x, ∆t represent the step sizes for space and time, respectively. This dis-

cretization gives us a time-stepping method for the vector u (·, k) that represents the

density u at the spatial grid points k = 1, . . . , N.

We chose ∆t and ∆x such that they satisfy the stability condition of the numerical

scheme, see Strikwerda [85]. At the same time, in order to ensure that the numerical

solution is smooth enough, we tested several values for ∆x, and chose the optimal

one.

We chose the eigenfunctions corresponding to the dominant eigenvalue as initial con-

ditions for the density functions u and v. At the boundary points, the density u (·, 1)

and u (·, N) is set to zero in each time step. The iteration is implemented as for-loop

in Matlab, please see Listing D.1 in Appendix D for details.

In Figure 6.1(a), we plot the numerical solution and compare it to the analytic solu-

tion, which we got in Chapter 2. Assuming the single patch to be a ‘good patch’, we

can expect both juveniles and adults to grow through time (Figure 6.1(b)).

Numerical techniques can also be used to find numerical solutions for more compli-

cated models, for example, models with nonlinear growth functions. We find the

numerical solution for the juveniles-adults model with nonlinear reproduction term,

see Chapter 7 for a more detailed explanation of this growth function, and mixed
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boundary conditions in a single-patch landscape

∂

∂t
u (t, x) = Du

∂2

∂x2u (t, x) + rv (t, x)
1 + u (t, x) + v (t, x) − (m+ µu)u (t, x) , (6.1.1)

∂

∂t
v (t, x) = Dv

∂2

∂x2v (t, x) +mu (t, x)− µvv (t, x) , (6.1.2)

∂

∂x
u (t, 0) = u (t,L) = 0, and ∂

∂x v(t, 0) = v (t,L)= 0. (6.1.3)

The boundary condition ∂
∂x
u (t, 0) = 0 is implemented by setting u (·, 1) = u (·, 2)

in each time step.

(a) (b)

Figure 6.1.: Output of the program in Listing D.1. The left panel shows the nu-
merical solution (red circles) and the analytic solution (blue curve) for juveniles
in a single-patch landscape at time t = 0.5. The right panel shows how the ju-
veniles density function grows through time. Parameter values are: L = π

0.872 ,
r = 6, m = 5, µu = µv = 1, Du = Dv = 0.001, ∆x = L

50 , ∆t = 1
2400 and

number of grid points = 50. Initial conditions are: u (0, x) = sin (0.872x) and
v (0, x) = 1.420128 sin (0.872x) .

Figure 6.2 shows that the solution grows from small initial conditions and seems to

approach a steady state as t → ∞. We will study the shape of steady states in

Chapter 7.
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The carrying capacities for juveniles and adults can be computed by equating the

growth functions to zero

rv

1 + u+ v
− (m+ µu)u = 0, (6.1.4)

mu− µvv = 0, (6.1.5)

and solving the resulting equations (6.1.4, 6.1.5) for u and v to get

v∗ =
(

rm

µv (m+ µu)
− 1

)(
m

m+ µv

)
, (6.1.6)

and

u∗ =
(

rm

µv (m+ µu)
− 1

)(
m

m+ µv

)(
µv
m

)
. (6.1.7)

Figure 6.2.: Numerical solution for the nonlinear juveniles-adults model (6.1.1, 6.1.2)
with mixed boundary conditions (6.1.3) in a single-patch landscape. Parameter
values are: L = π

2(0.872) , r = 6, m = 5, µu = µv = 1, Du = Dv = 0.1, ∆x =
L
50 , ∆t = 1

2400 and number of grid points = 50. Initial conditions are: u (0, x) =
0.1 cos (0.872x) and v (0, x) = 0.1(1.420128) cos (0.872x) .
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6.2. Heterogeneous Landscapes

To find numerical solutions for the juveniles-adults model in a heterogeneous land-

scape, we first derive finite-difference expressions for the interface conditions. We

consider a landscape of two patches
[
0, L1

2

]
and

[
L1
2 ,

L1+L2
2

]
with no-flux at x = 0

and x = L1+L2
2 and interface conditions at x = L1

2 given by (2.3.12) and (2.3.15)

We assume that the number of nodes in the good and bad patch are np1 and np2 ,

respectively. We also assume that ∆x and ∆t represent spatial and time step sizes.

We write the interface conditions in (2.3.12) as finite differences as follows

0 = u

(
t+ ∆t, L1

2 −
∆x
2

)
− kuu

(
t+ ∆t, L1

2 + ∆x
2

)
, (6.2.1)

0 =Du1

(
u

(
t+ ∆t, L1

2 −
∆x
2

)
− u

(
t+ ∆t, L1

2 −
∆x
2 −∆x

))

−Du2

(
u

(
t+ ∆t, L1

2 + ∆x
2 + ∆x

)
− u

(
t+ ∆t, L1

2 + ∆x
2

))
. (6.2.2)

We use np1 grid points on the interval
[
0, L1

2

]
, then we have

(
L1
2 −

∆x
2 = np1

)
and(

L1
2 + ∆x

2 = np1 + 1
)
. Hence, solving the linear system of (6.2.1) and (6.2.2) produces

u (t+ ∆t, np1) = Du1u (t+ ∆t, np1 − 1) +Du2u (t+ ∆t, np1 + 2)
Du1 + Du2

ku

,

and

u (t+ ∆t, np1 + 1) = Du1u (t+ ∆t, np1 − 1) +Du2u (t+ ∆t, np1 + 2)
ku
(
Du1 + Du2

ku

) .

Similarly, the interface conditions in (2.3.15) are equivalent to the conditions

v (t+ ∆t, np1) = Dv1v (t+ ∆t, np1 − 1) +Dv2v (t+ ∆t, np1 + 2)
Dv1 + Dv2

kv

,
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and

v (t+ ∆t, np1 + 1) = Dv1v (t+ ∆t, np1 − 1) +Dv2v (t+ ∆t, np1 + 2)
kv
(
Dv1 + Dv2

kv

) .

We use these conditions to simulate numerical solutions for the juveniles-adults model

with linear reaction terms (Figure 6.3).

(a) (b)

Figure 6.3.: Numerical solution for the linear juveniles-adults model (1.4.1, 1.4.2)
with interface conditions (2.3.12, 2.3.15) in a heterogeneous landscape according to
Listing D.2. Parameter values are: L1 = 4, L2 = 1, r1 = 6, r2 = 0.2, m1 = 1 = m2,
µu1 = µv1 = 1, µu2 = µv2 = 2, Du1 = Dv1 = 2, Du2 = Dv2 = 3, αu = αv = 0.5,
∆x = 0.05, ∆t = 3.96× 10−4, np1 = 80 and np2 = 20.

When we include nonlinear reproduction or nonlinear reproduction and mortality

functions, we see that the numerical solution approaches a steady state, see Figure 6.4.

We will study qualitative aspects of such steady-state solutions in more detail in

Chapter 7.

Numerical simulations can also be used to study minimal speed of traveling periodic

waves in heterogeneous landscapes. To do this, we consider a habitat of twenty

patches (to allow the population to spread over the landscape through time) and

we assume that adults produce juveniles non-linearly as in (6.1.1) (to keep solutions

bounded).
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Numerically, we find the furthest forward location where the density of adults exceeds

0.03, and we consider this location to be the front location. The movement of this

front location over time is plotted in Figure 6.5, and compared with the location of

theoretical speed for the juveniles-adults model in a heterogeneous landscape (see

Section 3.1). The plot shows that the simulated speed is slightly slower than the

theoretical speed and that the front moves faster in good patches than in bad patches.

(a) (b)

Figure 6.4.: Numerical solution for the nonlinear juveniles-adults model in a het-
erogeneous landscape: (a) with nonlinear reproduction function r

1+u+v ; (b) with
nonlinear reproduction and mortality functions r

1+u+v and µ (u+ v). Parameters
values are: L1 = 4, L2 = 1, r1 = 6, r2 = 0.2, m1 = 1 = m2, µu1 = µv1 = 1,
µu2 = µv2 = 2, Du1 = Dv1 = 2, Du2 = Dv2 = 3, αu = αv = 0.5, ∆x = 0.05,
∆t = 3.96× 10−4, np1 = 80 and np2 = 20.

To explore numerical solutions for the juveniles-adults model in a homogeneous land-

scape, we modify the program in Listing D.2 to fit homogeneous landscapes by equat-

ing population parameters in the two different patches.

Numerical simulations show how the population grows and spreads through time

(Figure 6.6(a)), and track the front location for different age groups (Figure 6.6(b)).
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Figure 6.5.: Front location for the juveniles-adults model in a heterogeneous land-
scape. Parameters values are: L1 = 4, L2 = 1, r1 = 6, r2 = 0.2, m1 = 1 = m2,
µu1 = µv1 = 1, µu2 = µv2 = 2, Du1 = Dv1 = 2, Du2 = Dv2 = 3, αu = αv = 0.5,
∆x = 0.1, ∆t = 1.95× 10−3, np1 = 40 and np2 = 10.

(a) (b)

Figure 6.6.: Numerical simulations for the juveniles-adults model in a homogeneous
landscape. Parameters values are: L1 = L2 = 2, r1 = r2 = 6, m1 = m2 = 1,
µu1 = µv1 = 1, µu2 = µv2 = 1, Du1 = Dv1 = 1, Du2 = Dv2 = 1, ∆x = 0.02,
∆t = 1.9× 10−4 and np1 = np2 = 100.



7. Applications to Marine Reserves

Many studies show that overfishing has reduced marine fish stocks (Hutchings [40] and

Scheffer et al. [76]) and destroyed habitats (Bohnsack [6] and Felicia and Williams

[12]). Hence, there is a necessity to manage fisheries due to their ecological and

economic importance. Marine reserves (or marine protected-areas (MPAs)) are an

effective tool to restore habitats and to protect over-harvested stocks (Mosquera et

al. [63] and Gell and Roberts [27]). MPAs have two fundamental benefits: they

increase the density of harvested species (Hilborn et al. [37]), and increase yield

outside MPAs when the fishery is already overexploited (Roberts et al. [74] and Gerber

et al. [28]). Specifically, their benefits include increases in the diversity, biomass,

body size, and reproductive capacity of many species within their boundaries (Lester

et al. [47]). Furthermore, MPAs support fishing grounds through the export of eggs,

larvae, and adults (Harrison et al. [33] and Almany et al. [1]).

In this chapter, we apply the model and theory presented in the previous chapters to

study how the movement behavior of fish inside and outside a MPA as well as at the

interface between a MPA and a fishing ground may affect sustainability and yield of

the fishery.

Langebrake et al. [46] studied the dynamics of an unstructured population in MPAs

and adjacent fishing grounds. Their model is described by the differential equation

∂

∂t
n (t, x) = ∂

∂x

(
D (x) ∂

∂x
n (t, x)

)
+R− µ (x)n (t, x) , (7.0.1)

123
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where n (t, x) is the density of fish at time t and position x and R is a positive constant

that describes recruitment. They model an infinite coastline with MPAs located at

(−l + 2k, l + 2k) and surrounded by fishing grounds situated at (−1 + 2k,−l + 2k)

and (l + 2k, 1 + 2k), where 0 < l < 1 and k ∈ Z. Diffusion and mortality depend on

the type of environment. For example, fish are dying of natural causes only inside

MPAs while additional fish are harvested in fishing grounds. Thus, the harvesting

rate, h, is defined as the difference of mortality rates inside and outside MPAs. The

two processes are defined as the following piecewise constant, positive functions

D (x) =


D1, x ∈ (−l + 2k, l + 2k) ,

D2, x ∈ (−1 + 2k,−l + 2k) ∪ (l + 2k, 1 + 2k) ,
(7.0.2)

and

µ (x) =


µ1, x ∈ (−l + 2k, l + 2k) ,

µ2 = µ1 + h, x ∈ (−1 + 2k,−l + 2k) ∪ (l + 2k, 1 + 2k) .
(7.0.3)

At interfaces between MPAs and fishing grounds, the following matching conditions

are applied

(1 + ξ)n
(
t, (l + 2k)−

)
= (1− ξ)n

(
t, (l + 2k)+

)
, (7.0.4)

(1− ξ)n
(
t, (−l + 2k)−

)
= (1 + ξ)n

(
t, (−l + 2k)+

)
, (7.0.5)

D1
∂

∂x
n
(
t, (l + 2k)−

)
= D2

∂

∂x
n
(
t, (l + 2k)+

)
, (7.0.6)

and

D2
∂

∂x
n
(
t, (−l + 2k)−

)
= D1

∂

∂x
n
(
t, (−l + 2k)+

)
, (7.0.7)

where 1+ξ
2 and 1−ξ

2 represent the probabilities to move from an interface to MPA

or to fishing ground, respectively, and ξ takes a value in (−1, 1). Comparing these
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conditions to interface conditions in Section 2.3, we observe that Langebrake et al. did

not include the diffusion coefficients in the density matching conditions (7.0.4) and

(7.0.5). Later, we show that diffusion coefficients play a key role in determining the

number of fish inside and outside MPAs.

Langebrake et al. [46] considered a periodically varying landscape and restricted their

search to symmetric solutions with respect to x = 0. Hence, they simplified the

problem to one period, [−1, 1] , and proved the existence and uniqueness of a positive

steady-state solution for (7.0.1) with Neumann boundary conditions and interface

conditions (7.0.4)-(7.0.7). They used this steady state solution, N(x), to examine the

effect of fish mobility and bias movement on the following quantities.

1. Fishing grounds abundance:

A0 [N ] =
ˆ 1

l

N (x) dx, (7.0.8)

which is the density of fish in fishing grounds at steady state.

2. Yield:

Y [N ] =
ˆ 1

l

hN (x) dx, (7.0.9)

the number of fish caught in fishing grounds per unit of time at steady state.

3. Total abundance:

A [N ] =
ˆ 1

0
N (x) dx, (7.0.10)

the total number of fish in both MPA and fishing ground at steady state.

4. The log ratio:

L [N ] = ln
 1

l

´ l
0 N (x) dx

1
1−l

´ 1
l
N (x) dx

 , (7.0.11)

the ratio of the average abundance of fish in MPA and fishing ground evaluated

at steady state.
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We point here to two fundamental results from their work

• If the movement on the boundaries of MPA is unbiased (ξ = 0), then increasing

fish mobility increases abundance in fishing ground and yield, and decreases

total abundance and log ratio.

• When the movement is strongly biased towards MPA
(
−1 < ξ < −µ2−µ1

µ2+µ1

)
, the

monotonicity of the four measures (as functions of fish mobility) is reversed,

i.e., increasing fish mobility decreases abundance in fishing grounds and yield,

and increases total abundance and log ratio.

Langebrake et al. [46] suggested that population structure might be important, but

they did not include it in their model. They also assumed that recruitment is constant

and independent of population size, which contradicts the fact that total reproduction

in most species, including marine species declines as population density increases

[2, 30].

Previous studies showed that fisheries prefer to catch large-bodied fish (Shin et al. [78],

Millar [61], Tsikliras and Polymeros [86]). Size and age are usually well correlated

in fish (Ramakrishna [72]). Different age groups however, have different movement

rates (Gruss et al. [31]) and movement behavior at interfaces between MPAs and

fishing grounds varies according to fish age (Chapman and Kramer [10]). For these

reasons, we extend the work of Langebrake et al. [46] to a structured population

model of juveniles and adults and test how these factors affect Langebrake’s results.

Specifically, our model includes

• Only adults can be harvested and only outside MPAs.

• Recruitment is density-dependent and local.

• Diffusion coefficients are included in density matching conditions at interfaces

between MPAs and fishing areas.
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We use numerical solutions to visualize the effect of model parameters on the steady

state. Then we evaluate the relationship between the four key quantities and model

parameters.

7.1. The Model

As in Chapters 2 and 3, we consider a structured population of two age groups: non-

reproductive juveniles and reproductive adults. We use u (t) and v (t) to represent

the density functions for juveniles and adults, respectively, at time t.

The non-spatial dynamics can then be described by reproduction, maturation and

mortality (natural and harvesting) processes. Any one of these processes could be

nonlinear. For example, reproduction typically declines as population density in-

creases in most species, including marine species [2, 30]. Neubert and Caswell [66]

studied the effect of non-linear density-dependent vital rates on population dynam-

ics for structured populations of two stages in a discrete-time system. Our model

is a continuous-time analogue to theirs. We choose the reproduction process to be

density-dependent and decreasing with population levels. Hence we replace the con-

stant birth rate r with the function r
1+ρ(u+v) , where r > 0 is the maximum rate at

which adults produce juveniles and ρ > 0 represents the coefficient of intraspecific

competition. By using the non-dimensionalized variables ũ = ρu and ṽ = ρv and

removing tilde symbols, we write the non-spatial model for reproduction, maturation

and mortality as

u̇ = rv

1 + u+ v
− (m+ µu)u, (7.1.1)

and

v̇ = mu− µvv, (7.1.2)

where r is the maximum reproduction rate, m is the maturation rate, and µu,v are

the mortality parameters.
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To include space into our model, we use x to represent the spatial location in a

one-dimensional domain and u (t, x), v (t, x) to represent the density functions for

juveniles and adults at time t and location x. We model spatial movement by a

diffusion process, which is derived from random movement in heterogeneous habitats

(see Section 1.2 and [87]). We consider a periodically varying landscape of two types of

patches: ‘good patches’, which represent MPAs, and ‘bad patches’, which correspond

to fishing grounds. We denote by L1 and L2 the lengths of marine reserves and fishing

grounds, respectively, and by L = L1 +L2 the period of the landscape. Without loss

of generality, we choose a marine reserve to be located at
(
−L1

2 , L1
2

)
and all other

marine reserves L-periodic from thereon. Accordingly, fishing areas are located at(
L1
2 , L−

L1
2

)
and L-periodic from this location.

Since the landscape contains only two types of patches, we use indices to distinguish

between density and parameter functions in different patches. For example, we write

ui (t, x) for the density of juveniles on patch type i (with i = 1, 2), and similarly for

all other densities and parameters. The spatial model then consists of the following

differential equations

∂
∂t
u1 (t, x) = Du1

∂2

∂x2u1 (t, x) + r1v1(t,x)
1+u1(t,x)+v1(t,x) − (m1 + µu1)u1 (t, x) ,

x ∈
(
−L1

2 , L1
2

)
+ LZ, (7.1.3)

∂
∂t
v1 (t, x) = Dv1

∂2

∂x2v1 (t, x) +m1u1 (t, x)− µv1v1 (t, x) ,

x ∈
(
−L1

2 , L1
2

)
+ LZ, (7.1.4)

∂
∂t
u2 (t, x) = Du2

∂2

∂x2u2 (t, x) + r2v2(t,x)
1+u2(t,x)+v2(t,x) − (m2 + µu2)u2 (t, x) ,

x ∈
(
L1
2 , L−

L1
2

)
+ LZ, (7.1.5)
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and

∂
∂t
v2 (t, x) = Dv2

∂2

∂x2v2 (t, x) +m2u2 (t, x)− (µv2 + h) v2 (t, x) ,

x ∈
(
L1
2 , L−

L1
2

)
+ LZ, (7.1.6)

where h represents the harvesting rate. At an interface between an MPA and a fishing

ground, if we denote by αu ∈ (0, 1) the probability that a juvenile moves from this

interface to the MPA, then we have the following matching conditions for juveniles

at x = xn = L1
2 + nL

u1
(
t, x−n

)
= kuu2

(
t, x+

n

)
, (7.1.7)

Du1

∂

∂x
u1
(
t, x−n

)
= Du2

∂

∂x
u2
(
t, x+

n

)
, (7.1.8)

which describe continuity of flux and discontinuity in density functions. At x = xn =

L− L1
2 + nL, we apply the following matching conditions

u2
(
t, x−n

)
= 1
ku
u1
(
t, x+

n

)
, (7.1.9)

Du2

∂

∂x
u2
(
t, x−n

)
= Du1

∂

∂x
u1
(
t, x+

n

)
, (7.1.10)

where ku = αu

1−αu

Du2
Du1

. Corresponding interface conditions hold for adults with param-

eters αv and kv defined analogously.

In order to define and study the corresponding quantities (yield, fish abundance, total

abundance and fish log ratio) from [46] for structured population models, we use

U (x) and V (x) to represent a positive steady-state solution for juveniles and adults,

respectively. Because the landscape is L-periodic, we expect steady-state solutions

to be L-periodic as well. By the symmetry of the diffusion process, a steady-state

solution should also be symmetric with respect to x 7→ −x. Therefore, we can

equivalently study steady-state solutions on half of a period, namely the intervals
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(
0, L1

2

)
and

(
L1
2 ,

L
2

)
with the boundary conditions

dU1

dx
(0) = dV1

dx
(0) = dU2

dx

(
L

2

)
= dV2

dx

(
L

2

)
= 0. (7.1.11)

There are no explicit expressions for the steady state solutions U and V . Instead, we

solve (7.1.3)-(7.1.6) numerically to obtain the steady state. In the following section,

we study how the steady-state profile depends on population parameters and harvest-

ing rate. In Section 7.3, we define the quantities: adults yield (Y ), adults abundance

(A0), total adults abundance (A), and adults log ratio (R) to explore how these quan-

tities are affected by harvesting and adults mobility. In Section 7.3.2, we study the

behavior of the quantities Y, A0, A, and R as adults mobility increases and adults

have a strong preference to marine reserves over fishing grounds. In the final section,

we study the model in which diffusion coefficients for juveniles and adults in fish-

ing grounds, and adults habitat preference are functions of harvesting rate (Section

7.3.3).

7.2. Numerical Analysis of Steady-State Solutions

Steady state solutions (Ui (x) and Vi (x)) are functions that are independent of time,

non-negative, continuous and satisfy the following differential equations

0 = Du1

d2

dx2U1 (x) + r1V1 (x)
1 + U1 (x) + V1 (x) − (m1 + µu1)U1 (x) , x ∈

(
0, L1

2

)

0 = Dv1

d2

dx2V1 (x) +m1U1 (x)− µv1V1 (x) , x ∈
(

0, L1

2

)

0 = Du2

d2

dx2U2 (x) + r2V2 (x)
1 + U2 (x) + V2 (x) − (m2 + µu2)U2 (x) , x ∈

(
L1

2 ,
L

2

)
and

0 = Dv2

d2

dx2V2 (x) +m2U2 (x)− (µv2 + h)V2 (x) , x ∈
(
L1

2 ,
L

2

)
,
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with interface conditions

U1

(
L−1
2

)
= kuU2

(
L+

1
2

)
, V1

(
L−1
2

)
= kvV2

(
L+

1
2

)
,

Du1

dU1

dx

(
L−1
2

)
= Du2

dU2

dx

(
L+

1
2

)
,

Dv1

dV1

dx

(
L−1
2

)
= Dv2

dV2

dx

(
L+

1
2

)
,

and boundary conditions

dU1

dx
(0) = dV1

dx
(0) = dU2

dx

(
L

2

)
= dV2

dx

(
L

2

)
= 0.

The system in (7.1.3)-(7.1.6) constitutes a monotone system. Therefore, if the zero

state is unstable, solutions converge to a positive steady state (Smith [83]). We used

this fact to find the steady-state numerically. We solved the time-dependent problem

(7.1.3)-(7.1.6) until the difference between two subsequent time steps was less than

some threshold (see Listing D.3). In Section 2.3, we studied in detail the stability

conditions of the zero state. The linear stability condition according to (2.2.13), gives

a minimal patch-size formula, L∗, for a single-patch landscape with hostile boundary

conditions. We choose L1 > L∗, where L1 is the MPA width, and solve for steady

state for increasing values of h in fishing grounds (Figure 7.1). The plot shows jumps

in juveniles and adults densities at the interface (x = 2). These jumps are defined

and measured by discontinuity parameters ku and kv. The monotonicity of densities

at the steady-state differs according to their values at the endpoints of the spatial

period. When the ratio of density at the left endpoint to the right endpoint is larger

than the discontinuity parameter, the density is piecewise decreasing, and vice versa.

The plots also indicate that overfishing collapses stocks of juveniles and adults in

fishing grounds and reduces densities in marine reserves.
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(a) h = 0.3 (b) h = 1.5

(c) h = 5 (d) h = 10

Figure 7.1.: Steady-state solutions for juveniles (dashed) and adults (solid) in MPAs
(0 < x < 2) and fishing grounds (2 < x < 8) for different values of fishing rates (h).
Parameter values are: r1 = r2 = 6, m1 = m2 = 6, µu1 = µv1 = µu2 = µv2 = 0.25,
Du1 = Dv1 = 1, Du2 = Dv2 = 2, ku = αu

1−αu

Du2
Du1

, kv = αv

1−αv

Dv2
Dv1

, and αv = αu = 0.5.

7.3. Qualitative Analysis of the Steady-State Solution

We now study how the quantities of interest to fisheries management depend on model

parameters. We begin by defining the four indicators from Langebrake et al. [46] in

our context. In our age-structured model, these quantities will be in terms of adults
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density only.

1. Adults yield is given by

Y =
ˆ L

2

L1
2

hV (x) dx, (7.3.1)

where h represents the fishing rate and V (x) is the steady state solution for

adults. Adults yield is the number of mature fish caught in the fishing areas

per unit of time, at steady state.

2. Adults abundance

A0 =
ˆ L

2

L1
2

V (x) dx, (7.3.2)

represents the total amount of adults in the fishing grounds at steady state.

3. Total adults abundance

A =
ˆ L

2

0
V (x) dx, (7.3.3)

is the total number of adults in MPAs and fishing grounds combined at steady

state.

4. Adults log ratio

R = ln

 1
L1

´ L1
2

0 V (x) dx
1
L2

´ L
2

L1
2
V (x) dx

 , (7.3.4)

represents the natural logarithm of the ratio of average adults abundance in

MPAs and fishing grounds, at steady state.

7.3.1. Effects of Harvesting

In Figure 7.2, we explore how the quantities Y, A0, A, and R are affected by har-

vesting. Adults yield shows a unique maximum at some intermediate harvesting rate

(Figure 7.2(a)), as is common in many such situations. A low harvesting rate gives

a low yield, whereas a high harvesting rate leads to a low steady-state density (see
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Figure 7.1), which in turn gives a low yield. As expected, abundance in fishing areas

and total abundance are both decreasing with harvesting (Figure 7.2(b) and (c)).

(a) (b)

(c) (d)

Figure 7.2.: Effect of harvesting on adults yield (Y ), adults abundance (A0), total
adults abundance (A) and adults log ratio (R). The three curves correspond to
three different movement scenarios: Dvi

= 0.5Dui
(dash-dot), Dvi

= Dui
(dashed)

and Dvi
= 2Dui

(solid). Other parameter values are: L1 = 4, L2 = 12, r1 = r2 = 6,
m1 = m2 = 5, µu1 = µv1 = µu2 = µv2 = 0.25, Du1 = 1, Du2 = 2 and αu = αv = 0.5.

It turns out that when adults have a higher movement rate than juveniles, adults

abundance in fishing areas is higher (Figure 7.2(b)) but adults total density is lower
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(Figure 7.2(c)). The higher movement rate pushes adults from the MPA into the

fishing grounds where they will be harvested and yield increases (Figure 7.2(a)). As

adult abundance inside and outside the MPA decreases with harvesting, the log ratio

increases (Figure 7.2(d)). Hence, the relative decrease in abundance inside the MPA

is smaller than outside.

In Figure 7.2, we kept the movement rate for each age-group piecewise constant across

the habitat. In reality, we expect fish to adjust their movement behavior to local

habitat conditions. For example, fishing can lead to habitat degradation (e.g. bottom

trawling) or increased stress levels (e.g. noise). Hence, we explore how our four in-

dicator quantities change as the ratio of adults movement rates inside and outside

the MPA changes. We choose Dv1 = D and fix the ratio β = Dv1
Dv2

. The results

are displayed in Figure 7.3. Adults yield and abundance in fishing grounds increase

with adults movement (Figure 7.3(a) and (b)), whereas total abundance and log ratio

decrease (Figure 7.3(c) and (d)).

Since we assumed that adults have no habitat preference toward MPA (αv = 0.5), the

effect of the parameter β on the four quantities will be interpreted in terms of adults

diffusion coefficients, Dv1 and Dv2 . If β > 1, then adults move faster in MPAs than

in fishing grounds, which allows more adults to be in fishing areas and explains the

order of the curves in Figure 7.3. When Dv1 < Dv2 (β < 1), we expect more adults

in MPAs than in fishing grounds and this explains why the dash-dot curves are below

the dashed curves in Figure 7.3(a) and (b).

Langebrake et al. [46] considered the previous scenario with their unstructured popu-

lation model. In this scenario, they assumed that the population density is continuous

at the interface. They obtained similar plots to those in Figure 7.3, but the order

of the three curves in each plot is reversed, i.e. while higher β increases yield in our

model it decreased yield in [46]. To explain this difference, we consider the disconti-

nuity parameter at the interface kv = αv

1−αv

Dv2
Dv1

. If kv = 1 (as Langebrake et al. [46]
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assumed in their first case) and β = Dv1
Dv2

> 1, then adults habitat preference to MPA

(αv) must be larger than 0.5. This pushes more fish to cross the interface towards

the MPA, which explains the curves order in the work of Langebrake et al. [46]. A

similar argument can be used to explain the other case where β < 1.

(a) (b)

(c) (d)

Figure 7.3.: Effect of adults movement on yield, adults abundance, total adults
abundance and adults log ratio. The three curves correspond to different values
of the ratio β = Dv1

Dv2
. β = 1 (dashed), β = 0.5 (dash-dot) and β = 1.5 (solid).

Other parameter values are: L1 = 4, L2 = 12, r1 = r2 = 6, m1 = m2 = 5,
µu1 = µv1 = µu2 = µv2 = 0.25, Du1 = 1, Du2 = 2, αu = αv = 0.5 and h = 1.
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7.3.2. Biased Movement

So far, we considered unbiased movement for both juveniles and adults. In Figure 7.3(d)

we found that the relative densities of adults inside versus outside MPAs decreases

as adult mobility increased. This result contradicts findings from empirical studies.

For example, Claudet et al. [11] compared the relative densities inside versus outside

Mediterranean MPAs for species with different adult mobility. They found that as

adult mobility increased, the relative densities inside MPAs increased or stayed con-

stant. Claudet et al. [11] suggested that a bias in movement toward MPAs is the

main reason for this unexpected result. We can explore this hypothesis in our model.

We study the behavior of the quantities Y , A, A0 and R as adult mobility increases

and adults exhibit preference toward MPAs, i.e. αv > 0.5. We assume that juveniles

have no habitat preference (αu = 0.5).

To explain the relation between bias value and monotonicity of the four indicators,

we point here to the work of Langebrake et al. [46] in which they classified the bias

according to the critical value ξ∗ = −µ2−µ1
µ2+µ1

.

1. If ξ∗ < ξ < 0, then the bias toward MPA is weak and their steady state solution

N (x) is decreasing.

2. If 0 < ξ < ξ∗, the bias movement towards MPA is strong and their steady state

solution N (x) is increasing.

They obtained the critical value ξ∗ by looking for piecewise constant solutions N (x).

It is worth mentioning that Langebrake et al. [46] considered only one scenario for

density matching conditions from the work of Ovaskanian and Cornell [69], in which

diffusion coefficients are equal everywhere. However, fish mobility is not necessar-

ily similar inside and outside MPAs, and diffusion coefficients appear with habitat

preference parameters in density matching conditions, see (7.1.7)-(7.1.10). By includ-

ing differential movement into the model and interface conditions, we expect to find
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a similar critical value for the existence of a piecewise constant function but with

respect to the diffusion rates.

When the solution at the steady state is piecewise constant, we have the following

equations inside MPAs

r1V1

1 + U1 + V1
− (m1 + µu1)U1 = 0, (7.3.5)

m1U1 − µv1V1 = 0. (7.3.6)

We then solve (7.3.5) and (7.3.6) to get

V1 =
(

r1m1

µv1 (m1 + µu1) − 1
)(

m1

m1 + µv1

)
and U1 = µv1

m1
V1. (7.3.7)

Similarly, in fishing grounds we have the following solutions

V2 =
(

r2m2

(h+ µv2) (m2 + µu2) − 1
)(

m2

m2 + h+ µv2

)
, (7.3.8)

U2 =
(
µv2 + h

m2

)
V2. (7.3.9)

At an interface, we have the matching condition

U1 = kuU2 = ku

(
µv2 + h

m2

)
V2. (7.3.10)

From (7.3.7), we get

U1 = µv1

m1
V1 = kv

(
µv1

m1

)
V2. (7.3.11)

And so, steady state solutions are piecewise constant if and only if

αu
1− αu

Du2

Du1

(
µv2 + h

m2

)
= αv

1− αv
Dv2

Dv1

(
µv1

m1

)
. (7.3.12)
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We use (7.3.12) to calculate the critical value of adults habitat preference, α∗v, at

which the steady state solution is a piecewise constant function. According to the

default parameters in Figure 7.4, α∗v = 5
6 . We use this critical value to explore how

the four indicators are affected by adults mobility as the bias towards MPA changes.

(a) (b)

(c) (d)

Figure 7.4.: Effect of adults movement on adults yield, adults abundance, total
adults abundance and adults log ratio. The three curves correspond to different
values of adults habitat preference rate, αv. αv = 0.9 (solid), α∗v = 5

6 ≈ 0.83
(dashed) and αv = 0.75 (dash-dot). Other parameter values are: L1 = 4, L2 = 12,
r1 = r2 = 2.9, m1 = m2 = 5, µu1 = µv1 = µu2 = µv2 = 0.25, Du1 = 1, Du2 = 2,
αu = 0.5, β = Dv1

Dv2
= 0.5 and h = 1.
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Figure 7.4 indicates that when adults move to MPAs with low bias, the monotonicity

properties of yield, adults abundance, total adults abundance and adults log ratio are

similar to the features in Figure 7.3 but when the bias is strong, the monotonicity of

the four indicators is reversed. Hence, with respect to movement bias, we obtain the

same qualitative results as Langebrake et al. [46].

(a) (b)

(c) (d)

Figure 7.5.: Effect of adults movement on adults yield, adults abundance, total
adults abundance and adults log ratio. The three curves correspond to different
values of the constant β = Dv1

Dv2
. β = 1

9.5 (solid), β = 1
7.5 (dashed) and β = 1

5 (dash-
dot). Other parameter values are: L1 = 4, L2 = 12, r1 = r2 = 5.2, m1 = m2 = 5,
µu1 = µv1 = µu2 = µv2 = 0.25, Du1 = 5, Du2 = 7.5, αu = 0.5, αv = 0.5 and h = 1.
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The latter case agrees with the empirical results of Claudet et al. [11] that the relative

density of adults inside versus outside MPAs (when the bias is strong) increases as

adults mobility increases (Figure 7.4(d)).

We point out here that Langebrake et al. [46] did not include diffusion coefficients in

the interface conditions when they derived the critical bias value ξ∗ = −µ2−µ1
µ2+µ1

. Hence,

they explained the ‘paradox’ by the strong movement bias only. In our model, the

condition (7.3.12) not only explains the ‘paradox’ by choosing the habitat preference

parameter large enough (as Langebrake et al. did) but also finds another resolution for

the ‘paradox’ via a difference in diffusion coefficients. We use the condition (7.3.12) to

explore the effect of adult mobility on monotonicity properties of the four indicators.

More specifically, if we fix all other parameters, then (7.3.12) gives a critical value β∗

for the existence of piecewise constant functions. In Figure 7.5, we plot each indicator

as a function of adult mobility for different values of the constant β = Dv1
Dv2

. The plot

shows that when the ratio of adult movement
(
Dv2
Dv1

)
is smaller than the critical value

calculated from (7.3.12), the monotonicity properties of yield, adults abundance, total

adults abundance and adults log ratio are similar to the features in Figure 7.3 but

when the ratio exceeds the critical value, the monotonicity of the four indicators is

reversed. This observation provides another explanation for the empirical results in

[11] (the relative densities inside MPAs increases as adult mobility increases).

7.3.3. Fishing-Dependent Model

Habitat characteristics such as degradation or noise levels arguably depend on the

intensity of harvesting. Consequently, the behavioral response of fish to harvesting

could depend on harvesting levels. We use our model to explore how harvesting-

dependent movement affects yield and abundance. Hence, to make matters more re-

alistic, we assume that diffusion coefficients for juveniles and adults in fishing grounds,

and adults habitat preference parameter depend on fishing intensity. More specifi-
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cally, we assume that movement rates outside MPAs and preference for MPA increase

as harvesting increases.

For simplicity, we consider the following relations for adults habitat preference and

diffusion coefficients in fishing areas

αv (h) = 1− e−sh

2 , h ≥ 0, (7.3.13)

and

Dv2 (h) = Dmax − (Dmax −Dv1) e−s̃h, h ≥ 0, (7.3.14)

for some parameters s, s̃ > 0 and Dmax > Dv1 . Without fishing (h = 0), fish move at

the same rate inside and outside MPAs, and adults have no habitat preference. As

fishing activities increase, fish mobility in fishing grounds and adults preference to

MPAs increase as well.

In Figure 7.6, we explore how our four indicators are affected by harvesting-dependent

movement. We consider three scenarios: (i) only habitat preference depends on har-

vesting intensity (s > 0, s̃ = 0); (ii) only movement rates depend on harvesting

intensity (s = 0, s̃ > 0); and (iii) both processes depend on harvesting intensity

(s, s̃ > 0). We did not include the curves of the null model (s = 0, s̃ = 0) be-

cause they cannot be distinguished from the curves in scenario (ii) (dashed curves in

Figure 7.6). It turns out that for low harvesting rates, the four indicators are more

sensitive to adults movement than to adults habitat preference. When adults prefer

moving towards MPAs (scenario (i)), we expect more fish will be available in MPAs.

This decreases yield and abundance in fishing areas (Figure 7.6(a) and (b)), and in-

creases the log ratio and total abundance (Figure 7.6(c) and (d)). If adults mobility

in fishing areas is high and biased towards MPAs (scenario (iii)), more adults reach

the interfaces between MPAs and fishing areas and most of them will move towards

MPAs. As a result, the solid curves are pushed down to the bottom in Figure 7.6(a)
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and (b), and pushed up to the top in Figure 7.6(c) and (d).

(a) (b)

(c) (d)

Figure 7.6.: Effect of harvesting on adults yield, adults abundance, total adults
abundance and adults log ratio. The three curves correspond to three different
scenarios: (i) only habitat preference depends on harvesting intensity. We set
αv (h) = 1 − e−0.1h

2 and Dv2 (h) = 2 (dash-dot); (ii) only movement rates depend
on harvesting intensity. We set αv (h) = 0.5 and Dv2 (h) = 2 − e−h (dashed); and
(iii) both processes depend on harvesting intensity. We set αv (h) = 1 − e−0.1h

2
and Dv2 (h) = 2 − e−h (solid). Default parameter values are: L1 = 4, L2 = 12,
r1 = r2 = 6, m1 = m2 = 5, µu1 = µv1 = µu2 = µv2 = 0.25, Du1 = Dv1 = 1,
Du2 = Dv2 and αu = 0.5.

In this chapter, we extended the work of Langebrake et al. [46] to a structured popu-
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lation model of juveniles and adults. In our model, recruitment is density dependent

and local inside MPAs and fishing grounds, and diffusion coefficients are included

in the density matching conditions at interfaces between MPAs and fishing areas.

We used numerical solutions at the steady state to explore the relationship between

the four key indicators and model parameters. When fish movement is unbiased, our

results are similar to Langebrake’s and inconsistent with findings from empirical stud-

ies. To solve this ‘paradox’, we derived a condition for piecewise constant steady-state

solutions. This condition not only explained the ‘paradox’ by choosing the habitat

preference large enough (as Langebrake et al. did) but also found another resolu-

tion for the ‘paradox’ via a difference in diffusion coefficients. Finally, we suggested

a more realistic model (fishing-dependent model). We used this model to explore

how our four indicators are affected by harvesting-dependent movement. It turns out

that when harvesting rates are low, the four indicators are more sensitive to adults

movement than to adults habitat preference. As fishing activities become intense,

the biased movement towards MPAs becomes more influential, and the monotonicity

properties for some indicators are changed.

Clearly, movements rates and fish behavior at interfaces between MPAs and fishing

grounds are of the most influential processes on the four indicators. Hence, one of

the future challenges is to study the effect of juveniles biased movement on yield and

abundance. Another interesting challenge is to study empirically fish movement be-

havior at interfaces as was done in terrestrial system [24] and estimate movement bias

towards MPAs. The other is to consider several other density-dependent processes

(maturation or death) and to study the effect of these nonlinear processes on the four

indicators. The most challenging mathematical task is to prove the existence of the

steady-state solution for our model in a patchy landscape with discontinuous densities

at interfaces.



8. Summary and Discussion

In this dissertation, we considered a structured population model of two age groups:

juveniles and adults. We derived persistence conditions and dispersion relations in ho-

mogeneous and heterogeneous landscapes. We also applied the model and numerical

simulations to a problem in fisheries.

The problems of population persistence and spatial spread rates are fundamental to

spatial ecology. Their study through the framework of reaction-diffusion equations

has not only generated a number of important ecological insights but also some deep

mathematical results. The work on spatial spread phenomena started with Fisher [23]

and Kolmogorov et al. [44], who calculated the minimal traveling wave speed, proved

the existence of traveling waves and convergence from certain initial conditions to

a traveling wave. Aronson and Weinberger [3] introduced the notion of ‘asymptotic

spreading speed’ and thereby inspired a large body of literature on the topic.

The ‘minimal patch-size problem’ was formulated and studied by Skellam [82] and

Kierstead and Slobodkin [42] and has since been extended to more complicated mod-

els and applied to reserve design [7]. The two cases, an unbounded homogeneous

landscape and a single bounded patch, are extremes. Shigesada et al. [77] studied

a combination of the two scenarios, where a landscape consists of infinitely many

patches of different quality, that alternate periodically. In this case, both questions

arise: how much ‘good’ landscape is required for persistence and how fast would a

population spread in a ‘traveling periodic wave’? The model by Shigesada et al. [77]

was refined by Maciel and Lutscher to include individual movement behavior and

145
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patch preference at habitat edges [55].

All of these studies and many follow-up works modeled a spatially structured but

physiologically unstructured population. Most actual species, however, have highly

structured life cycles where individuals at different life stages have different vital

rates [34, 18, 81] and different movement behavior [4, 84]. For example, Blanding’s

turtle, which is a Canadian species at risk [70], has a very long pre-reproductive stage

(14−20 years) [15, 14], which has implications for the management of the species [13].

Similarly, dispersal ability and behavior can change significantly between different

life stages. For example, many marine invertebrates have sessile adult stages where

individuals are immobile, and also many reef fish have sedentary adults [89]. In some

species, different life stages have different habitat preferences. For example, juveniles

of western rock lobster (Panulirus Cygnus), choose limestone reef habitat (< 10m

from the shore), while adults prefer offshore water habitat (30− 150m) [29].

Non-spatial structured population models have a long history in theory and appli-

cation, as matrix models with discrete stages in discrete time [8] and as integral

equations with continuous stage distribution in continuous time [60]. Somewhat in

between are models of discrete stages in continuous time. These models gain math-

ematical tractability in exchange for the simplifying assumption that stage duration

is exponentially distributed. Spatially structured versions of matrix models were for-

mulated and studied quite intensively as integrodifference equations on homogeneous

landscapes [65, 52, 54]. Similarly, spatial models for physiologically structured pop-

ulations were studied in a reaction-diffusion setting [32, 35, 36]. A few recent works

establish some more abstract mathematical properties of these kinds of models in

heterogeneous landscapes [49], but more concrete and detailed studies on how the

dynamics of structured populations in heterogeneous landscapes differ from those of

unstructured populations have not been conducted.

With this work, we provided a framework for a structured population of two stages:

a pre-reproductive juvenile stage and a reproductive adult stage. We studied in
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detail persistence conditions and traveling periodic waves in homogeneous and het-

erogeneous environments, and we took into account various movement behaviors of

juveniles and adults. In Chapter 2, we presented the model of a structured popula-

tion with two age groups: juveniles and adults. We assumed all the parameters to

be piecewise constant functions. We used the Routh-Hurwitz criterion for stability

to write the persistence condition for the non-spatial model. Then we considered a

single-patch landscape with hostile boundary conditions, we used the corresponding

eigenvalue problem to derive the persistence condition. For heterogeneous landscapes,

we followed the approaches by Shigesada et al. [77] and Maciel and Lutscher [55]. We

wrote the eigenvalue problem, then we used boundary conditions and interface con-

ditions to derive the population persistence condition. We then considered the case

where we have a single good patch surrounded by an infinite bad patch. We used

analytic techniques to find the critical size of the good patch. We used the explicit

expression for the critical size of a single patch to obtain formulas for the sensitiv-

ity and elasticity of L∗ with respect to population parameters. We found that the

critical size of a single-patch landscape, L∗, is mostly sensitive and elastic to adult

diffusion term Dv (see Table 2.1).

In Chapter 3, we investigated traveling periodic waves for structured populations.

First, we followed the approaches by Shigesada et al. [77] and Maciel and Lutscher [55]

to find the dispersion relation for the juveniles-adults model in patchy landscapes. We

then generalized the work of Fisher [23] to the spread speed of structured populations

in homogeneous landscapes. We also applied sensitivity and elasticity formulas to

the spread speed of the juveniles-adults model in homogeneous landscapes. We found

that C∗ is most sensitive to the maturation rate and most elastic to the reproduction

rate (see Table 3.1). We illustrated how the biased movement of one age group affects

population persistence and spread. Illustrations showed that when both age groups

have very high preference for good patches, the population spreads only slowly or

not at all but if only one of the two age groups shows habitat preference whereas the



Summary and Discussion 148

other is neutral, then the speed does not decrease to zero as preference approaches

unity (see Figure 3.8). Finally, we used the maturation rate to answer the question

of when a simple, unstructured population model is sufficient and when the more

complex structured model that we studied is required.

In Chapter 4, we considered structured populations with a sessile age-group. This

model applies to many marine invertebrates (White [89]) and some bird species

(Drewit [20]). We represented this scenario by setting the diffusion coefficients for

the non-moving age group to zero. We derived explicit formulas for the minimal

patch-size surrounded by a hostile landscape, and for the traveling wave speed in a

homogeneous habitat. In heterogeneous landscapes, we derived implicit formulas for

persistence conditions and the dispersion relation of a traveling periodic wave. It

turned out that persistence conditions and spread rates for the case of sessile adults

do indeed arise from the corresponding formulas where both age groups are mobile

by setting adult diffusion coefficients equal to zero.

In Chapter 5, we used asymptotic techniques to find the wave speed and the spread

speed for structured populations in heterogeneous landscapes. We illustrated the

power of the homogenization method by comparing the dispersion relation and the

resulting minimal wave speeds for the approximation and the exact expression. We

found an excellent agreement between the fully heterogeneous speed and the homoge-

nized speed, even though the landscape period was on the same order as the diffusion

coefficients and not as small as the formal derivation requires. We also generalized

this work to the case of structured populations of n age groups.

In Chapter 6, we explored numerical solutions for the juveniles-adults model in ho-

mogeneous and heterogeneous habitats. We used the finite difference method with a

forward-time central-space scheme to implement the partial derivatives. In a single-

patch landscape, we compared the numerical solution to the analytic solution for the

linear model and we explored how the numerical solution behaves in non-linear mod-

els. In heterogeneous landscapes, we derived the interface conditions following the
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same finite difference approach and used them in numerical solutions for both linear

and nonlinear models. We used numerical techniques to track the front location for

different age groups and compared it with the location obtained by the theoretical

speed for the juveniles-adults model in heterogeneous landscapes. We observed that

the front moves faster in good patches and slower in bad patches. Numerical simula-

tions also showed that the scheme does not capture the actual speed but is slightly

slower.

In Chapter 7, we studied an application of our model to harvesting in the context

of marine reserves. We developed the model of Langebrake et al. [46] by including

diffusion coefficients in density matching conditions at interfaces between MPAs and

fishing grounds. We examined the effect of fish mobility and bias movement on yield

and fish abundance. We found that when the bias towards MPAs is strong or the

difference in diffusion coefficients is large enough, the relative density of adults inside

versus outside MPAs increases with adult mobility. This agrees with findings from

empirical studies.

In Chapters 2, 3 and 4, we considered only the linear model for population growth,

death, and maturation. This model is only valid when densities are reasonably low;

at high density, we expect nonlinear effects to arise. However, the linear model still

provides us with most of the important information regarding persistence and spread

rates, as long as the population does not experience an Allee effect. A population

experiences a (strong) Alee effect if it cannot grow below a certain density. In that

case, the zero state is stable and the linearization at zero dos not give any information

about population persistence, see [45] and references therein.

The stage structure ensures that the system is cooperative so that the spreading speed

of a nonlinear model (without Allee effect) in a homogeneous landscape is defined by

the linearization at zero [52, 92]. Hence, the speed formulas in those cases give the

asymptotic spreading speed. Extending the spreading speed theory to our model

in a patchy landscape with discontinuous densities at interfaces remains one of the
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analytical challenges. The other is to prove the existence of a positive steady-state

solution for our model in a patchy landscape with discontinuous densities at interfaces.

Kinezaki et al. [43] extended the model of Shigesada et al. [77] to a two-dimensional

situation. They used n (t, x, y) to represent the density function at time t and spatial

coordinate (x, y), and ϕ to indicate the direction of the two-dimensional traveling

periodic wave
(
0 ≤ ϕ ≤ π

2

)
. By using the ansatz n (t, x, y) = e−szg (x) , where g

is a periodic function and z = x cosϕ + y sinϕ − ct, they studied the TPW and

derived the dispersion relation for unstructured population models in a periodically

alternating environment. Their work can be extended to the juveniles-adults model

in a two-dimensional space even when densities at interfaces are discontinuous.

On the applied level, Chapter 7 showed that movements rates and fish behavior

at interfaces between MPAs and fishing grounds are the most influential processes

with respect to the four indicators. Hence, one of the future challenges is to study

empirically fish movement behavior at interfaces as was done in terrestrial system [24]

and estimate movement bias towards MPAs. The other is to consider more density-

dependent processes (maturation or death) and to study the effect of these nonlinear

processes on the four indicators.

Another interesting, but possibly more challenging task, is to explore population

dynamics for gender-structured population models. Iannelli et al. [41], presented

different forms of marriage functions (functions to predict the number of marriages

that will occur during a unit of time between males in particular age categories and

females in particular age categories [58]). In a homogeneous environment, a model

for the spread of a sex-structured population in discrete time was studied by Miller

et al. [62]. Most of marriage functions are nonlinear, hence, numerical simulations

will be a first step to study population dynamics for these models.



A. List of Variables, Parameters and

Quantities

Variables

∆x Spatial step size

∆t Time step

T Nondimensionalized time variable

X Nondimensionalized spatial variable

u (t, x) Juveniles density function at time t and location x

v (t, x) Adults density function at time t and location x

U (x) The steady-state solution (or the eigenfunction symbol) for juveniles

V (x) The steady-state solution (or the eigenfunction symbol) for adults

t Time variable

x Spatial variable

y Large scale variable
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Parameters

α Probability of moving from interface to patch type I

pi

2 Probability of moving one step size to the right or to the left in patch

type i

S1 Nondimensionalized favorable patch size

S2 Nondimensionalized unfavorable patch size

S Nondimensionalized spatial period

s Traveling wave shape parameter

L1 Good patch size

L2 Bad patch size

L Spatial period

Du Juveniles diffusion coefficient

Dv Adults diffusion coefficient

r Reproduction rate

m Maturation coefficient for juveniles

µu Mortality parameter for juveniles

µv Adults mortality parameter

ku Discontinuity parameter for juveniles density function at the interface

kv Discontinuity parameter for adults density function at the interface

h Adults harvesting rate in fishing grounds
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Quantities

t∗ The time required for traveling one spatial period

C∗ Asymptotic spread speed

L∗ Critical patch size for a single patch landscape

C (s) Traveling wave speed

〈D〉H Harmonic mean for diffusion coefficients

〈f〉A Arithmetic mean for growth functions

Y Adults yield

A0 Adults abundance

A Total adults abundance

R Adults log ratio

f (u) Population growth function

Cs Coefficient matrix for a system of reaction diffusion equations for cooper-

ative species

λ1 (s) Principal eigenvalue of diagonal blocks of of the matrix Cs

MPA Marine protected area



B. Dispersion Relation for the

Juveniles-Adults Model (Case B)

In this appendix, we give the details of the calculation of Case B from Section 3.1.

If

r1 <
(m1 + sC + µu1) (sC + µv1)

m1
, (B.0.1)

then we rite the solution of the differential equation

0 =g(4)
1 (x)− 4sg(3)

1 (x)−
(
α

Dv1

+ β

Du1

− 4s2
)
g′′1(x)

+
(

2sα
Dv1

+ 2sβ
Du1

)
g′1(x)− (r1m1 − αβ)

Dv1Du1

g1(x). (B.0.2)

as

g1(x) = esx [A cosh (z1x) +B sinh (z1x) +G cosh (z2x) +H sinh (z2x)] ,

where

z1 = 1√
2Du1Dv1

√
Dv1(m1 + sC + µu1) +Du1(sC + µv1)−∆1,

z2 = 1√
2Du1Dv1

√
Dv1(m1 + sC + µu1) +Du1(sC + µv1) + ∆1,

and

∆1 =
√

[Dv1(m1 + sC + µu1)−Du1(sC + µv1)]2 + 4Du1Dv1r1m1.
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The solution of (3.1.14) in the bad patches remains as we have seen before

g2(x) = esx [A′ cosh (z3x) +B′ sinh (z3x) +G′ cosh (z4x) +H ′ sinh (z4x)] ,

where

z3 = 1√
2Du2Dv2

√
Dv2(m2 + sC + µu2) +Du2(sC + µv2)−∆2,

z4 = 1√
2Du2Dv2

√
Dv2(m2 + sC + µu2) +Du2(sC + µv2) + ∆2,

and

∆2 =
√

[Dv2(m2 + sC + µu2)−Du2(sC + µv2)]2 + 4Du2Dv2r2m2.

To find a nontrivial solution for the function g1 and g2, we need to obtain relations

to determine the coefficients A, B, G, H, A′, B′, G′, and H ′. We apply the

following interface conditions at x = 0 and x = L1

g1
(
0+
)

= kug2
(
0−
)
, g1

(
L−1
)

= kug2
(
−L+

2

)
, (B.0.3)

g′1
(
0+
)
− sg1

(
0+
)

= Du

[
g′2
(
0−
)
− sg2

(
0−
)]
, (B.0.4)

g′1
(
L−1
)
− sg1

(
L−1
)

= Du

[
g′2
(
−L+

2

)
− sg2

(
−L+

2

)]
, (B.0.5)

∼
g1
(
0+
)

= kv
∼
g2
(
0−
)
,

∼
g1
(
L−1
)

= kv
∼
g2
(
−L+

2

)
, (B.0.6)

∼′
g1
(
0+
)
− s∼g1

(
0+
)

= Dv

[
∼′
g2
(
0−
)
− s∼g2

(
0−
)]
, (B.0.7)

and
∼′
g1
(
L−1
)
− s∼g1

(
L−1
)

= Dv

[
∼′
g2
(
−L+

2

)
− s∼g2

(
−L+

2

)]
. (B.0.8)

The interface conditions (B.0.3)-(B.0.8) produce the following system of linear equa-
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tions for our coefficients:

A+G = ku (A′ +G′) , z1B + z2H = Du (z3B
′ + z4H

′) , (B.0.9)

es(L1+L2) [A cosh (z1L1) +B sinh (z1L1) +G cosh (z2L1) +H sinh (z2L1)] =

ku [A′ cosh (z3L2)−B′ sinh (z3L2) +G′ cosh (z4L2)−H ′ sinh (z4L2)] , (B.0.10)

es(L1+L2) [z1A sinh (z1L1) + z1B cosh (z1L1) + z2G sinh (z2L1) + z2H cosh (z2L1)] =

Du [−z3A
′ sinh (z3L2) + z3B

′ cosh (z3L2)− z4G
′ sinh (z4L2) + z4H

′ cosh (z4L2)] .

(B.0.11)

0 =A
[
Du1s

2 +Du1z
2
1 + β

]
r +G

[
Du1s

2 −Du1z
2
2 + β

]
r

+ A′
[
−Du2s

2 +Du2z
2
3 − δ

]
kv +G′

[
−Du2s

2 +Du2z
2
4 − δ

]
kv, (B.0.12)

0 =A
[
Du1z

2
1 cosh (z1L1) +Du1s

2 cosh (z1L1) + β cosh (z1L1)
]
res(L1+L2)

+B
[
Du1z

2
1 sinh (z1L1) +Du1s

2 sinh (z1L1) + β sinh (z1L1)
]
res(L1+L2)

+G
[
−Du1z

2
2 cosh (z2L1) +Du1s

2 cosh (z2L1) + β cosh (z2L1)
]
res(L1+L2)

+H
[
−Du1z

2
2 sinh (z2L1) +Du1s

2 sinh (z2L1) + β sinh (z2L1)
]
res(L1+L2)

+ A′
[
Du2z

2
3 cosh (z3L2)−Du2s

2 cosh (z3L2)− δ cosh (z3L2)
]
kv

+B′
[
−Du2z

2
3 sinh (z3L2) +Du2s

2 sinh (z3L2) + δ sinh (z3L2)
]
kv

+G′
[
Du2z

2
4 cosh (z4L2)−Du2s

2 cosh (z4L2)− δ cosh (z4L2)
]
kv

+H ′
[
−Du2z

2
4 sinh (z4L2) +Du2s

2 sinh (z4L2) + δ sinh (z4L2)
]
, (B.0.13)
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0 =B
[
Du1z

3
1 +Du1s

2z1 + βz1
]
r +H

[
−Du1z

3
2 +Du1s

2z2 + βz2
]
r

+B′
[
Du2z

3
3 −Du2s

2z3 − δz3
]
Dv +H ′

[
Du2z

3
4 −Du2s

2z4 − δz4
]
Dv, (B.0.14)

and

0 =A
[
Du1s

2z1 sinh (z1L1) +Du1z
3
1 sinh (z1L1) + βz1 sinh (z1L1)

]
res(L1+L2)

+B
[
Du1s

2z1 cosh (z1L1) +Du1z
3
1 cosh (z1L1) + βz1 cosh (z1L1)

]
res(L1+L2)

+G
[
Du1s

2z2 sinh (z2L1)−Du1z
3
2 sinh (z2L1) + βz2 sinh (z2L1)

]
res(L1+L2)

+H
[
Du1s

2z2 cosh (z2L1)−Du1z
3
2 cosh (z2L1) + βz2 cosh (z2L1)

]
res(L1+L2)

+ A′
[
Du2s

2z3 sinh (z3L2)−Du2z
3
3 sinh (z3L2) + δz3 sinh (z3L2)

]
Dv

+B′
[
−Du2s

2z3 cosh (z3L2) +Du2z
3
3 cosh (z3L2)− δz3 cosh (z3L2)

]
Dv

+G′
[
Du2s

2z4 sinh (z4L2)−Du2z
3
4 sinh (z4L2) + δz4 sinh (z4L2)

]
Dv

+H ′
[
−Du2s

2z4 cosh (z4L2) +Du2z
3
4 cosh (z4L2)− δz4 cosh (z4L2)

]
Dv. (B.0.15)

We write the coefficient matrix of the linear system (B.0.9)-(B.0.15) as

V =

V1 V2

V3 V4

 ,
where

V1 =



1 0 1 0

0 z1 0 z2

z1e
sL sinh(z1L1) z1e

sL cosh(z1L1) z2e
sL sinh(z2L1) z2e

sL cosh(z2L1)

esL cosh(z1L1) esL sinh(z1L1) esL cosh(z2L1) esL sinh(z2L1)



,
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V2 =



−ku 0 −ku 0

0 −Duz3 0 −Duz4

Duz3 sinh(z3L2) −Duz3 cosh(z3L2) Duz4 sinh(z4L2) −Duz4 cosh(z4L2)

−ku cosh(z3L2) ku sinh(z3L2) −ku cosh(z4L2) ku sinh(z4L2)



,

V3 =



W 0 Y 0

WesL cosh(z1L1) WesL sinh(z1L1) Y esL cosh(z2L1) Y esL sinh(z2L1)

0 Wz1 0 Y z2

Wz1e
sL sinh(z1L1) Wz1e

sL cosh(z1L1) Y z3e
sL sinh(z2L1) Y z2e

sL cosh(z2L1)



,

V4 =



Mkv 0 Nkv 0

Mkv cosh(z3L2) −Mkv sinh(z3L2) Nkv cosh(z4L2) −Nkv sinh(z4L2)

0 MDvz3 0 NDvz4

−MDvz3 sinh(z3L2) MDvz3 cosh(z3L2) −NDvz4 sinh(z4L2) NDvz4 cosh(z4L2)



,
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with

W = r
(
Du1s

2 −Du1z
2
1 + β

)
, Y = r

(
Du1s

2 −Du1z
2
2 + β

)
, (B.0.16)

M = −Du2s
2 +Du2z

2
3 − δ, N = −Du2s

2 +Du2z
2
4 − δ, (B.0.17)

L = L1 + L2, Du = Du2

Du1

, Dv = Dv2

Dv1

, and r = r2

r1
.

A nontrivial solution of g1, g2, exists only if the determinant of V is zero. This

condition gives us the dispersion relation between decay rate s and speed C of a

traveling periodic wave.



C. Structured Populations With

Sessile Juveniles

C.1. Persistence Conditions in a Single-Patch

Landscape

On a single good patch, we have the following differential equations

∂

∂t
u(t, x) = rv(t, x)− (m + µu) u(t, x), x ∈ (0,L) , (C.1.1)

∂

∂t
v(t, x) = Dv

∂2v(t, x)
∂x2 + mu(t, x)− µvv(t, x), x ∈ (0,L) , (C.1.2)

with hostile boundary conditions

u (t, 0) = u(t,L) = 0, and v(t, 0) = v(t,L) = 0. (C.1.3)

The corresponding eigenvalue problem to determine the stability of the trivial solution

is

λU (x) =rV (x)− (m + µu)U (x), (C.1.4)

λV (x) = DvVxx(x) + m U (x)− µvV (x). (C.1.5)

160
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We use (C.1.4) to write an explicit formula for U (x) and substitute it into equation

(C.1.5) to get the second-order equation

d2V (x)
dx2 = 1

Dv

(
λ− rm

λ+m+ µu
+ µv

)
V (x) , x ∈ (0,L) . (C.1.6)

The solution of the differential equation (C.1.6) depends mainly on the sign of the

quantity
(
λ− rm

λ+m+µu
+ µv

)
. Since we are interested in the persistence conditions,

we set λ = 0. Since we are considering a good patch, we conclude from Proposition

2.1.1 that
(
− rm
m+µu

+ µv
)
< 0. Then solutions of (C.1.6) can be written in the form

V (x) = A cos (q1x) +B sin (q1x) , (C.1.7)

where q1 =
√

1
Dv

(
rm

m+µu
− µv

)
.

Applying the boundary condition v (t, 0) = 0 to equation (C.1.7) , we get A = 0. The

other boundary condition v (t, L) = 0 requires

sin (q1L) = 0. (C.1.8)

Proposition C.1.1. The critical patch size formula of model (C.1.1, C.1.2) with

hostile boundary is given by

L∗ = π

√√√√ Dv
rm

m+µu
− µv

. (C.1.9)

C.2. Persistence Conditions in Periodically Varying

Landscapes

We assume that the landscape contains infinitely many patches of two types, period-

ically alternating: good and bad patches. We use L1 and L2 to represent the good
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and bad patch size, respectively, and L = L1 + L2 represents the spatial period.

Since juvenile diffusion coefficients in both batches are equal to zero, we write the

periodic system of differential equations in good and bad patches as follows



∂u1(t,x)
∂t

= r1v1 (t, x)− (m1 + µu1)u1 (t, x) ,
∂v1(t,x)
∂t

= Dv1
∂2v1(t,x)
∂x2 +m1u1 (t, x)− µv1v1 (t, x) ,

x ∈
(
−L1

2 , L1
2

)
+ LZ, t ≥ 0.

(C.2.1)

and 

∂u2(t,x)
∂t

= r2v2 (t, x)− (m2 + µu2)u2 (t, x) ,
∂v2(t,x)
∂t

= Dv2
∂2v2(t,x)
∂x2 +m2u2 (t, x)− µv2v2 (t, x) ,

x ∈
(
L1
2 , L−

L1
2

)
+ LZ, t ≥ 0.

(C.2.2)

We look for exponential solutions in time which lead us to the following eigenvalue

problem for (C.2.1)

λU1 (x) = r1V1 (x)− (m1 + µu1)U1 (x) , (C.2.3)

λV1 (x) = Dv1

d2V (x)
dx2 +m1U1 (x)− µv1V1 (x) . (C.2.4)

We use (C.2.3) to write an explicit formula for U1 (x) and substitute it into (C.2.4)

to get the ordinary differential equation

d2V1 (x)
dx2 = 1

Dv1

(
λ− r1m1

λ+m1 + µu1

+ µv1

)
V1 (x) , x ∈

(−L1

2 ,
L1

2

)
+ LZ. (C.2.5)

Applying the same procedure to (C.2.2), gives the following differential equation

d2V2 (x)
dx2 = 1

Dv2

(
λ− r2m2

λ+m2 + µu2

+ µv2

)
V2 (x) , x ∈

(
L1

2 , L− L1

2

)
+ LZ.

(C.2.6)

Since the landscape is periodically varying and the differential equations (C.2.5),
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(C.2.6) are symmetric with respect to x 7→ −x, it is enough to consider the interval(
0, L2

)
if we are looking for symmetric solutions.

We set λ = 0 and note that, according to Proposition 2.1.1, the sign of the quantity(
− rimi

mi+µui
+ µvi

)
is negative in the good patch and positive in the bad patch. If

we assume that patch I where x ∈
(
−L1

2 , L1
2

)
is the good patch, and patch II where

x ∈
(
L1
2 , L−

L1
2

)
is the bad patch, then the solution for the differential equations

(C.2.5) and (C.2.6) will be respectively as follows

V1 (x) = A cos (q1x) +B sin (q2x) , x ∈
(−L1

2 ,
L1

2

)
, (C.2.7)

V2 (x) = A′ cosh
(
q2

(
L

2 − x
))

+B′ sinh
(
q2

(
L

2 − x
))

, x ∈
(
L1

2 , L− L1

2

)
,

(C.2.8)

where

q1 =

√√√√ 1
Dv1

(
r1m1

m1 + µu1

− µv1

)
, q2 =

√√√√ 1
Dv2

(
− r2m2

m2 + µu2

+ µv2

)
. (C.2.9)

By symmetry on the unbounded domain, we have the boundary conditions

∂v1

∂x
(t, 0) = 0, ∂v2

∂x
(t, 0) = 0. (C.2.10)

Applying these boundary conditions implies that B = B′ = 0.

At the interface x = L1
2 we have the matching conditions

v1

(
t,
L+

1
2

)
= kvv2

(
t,
L−1
2

)
, (C.2.11)

and
∂v1

∂x

(
t,
L+

1
2

)
= Dv

∂v2

∂x

(
t,
L−1
2

)
, (C.2.12)

where kv is the parameter that measures the discontinuity in adults density at the
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interface.

Applying the interface conditions (C.2.11) and (C.2.12), gives the linear equations

A cos
(
q1
L1

2

)
− A′kv cosh

(
q2
L2

2

)
= 0, (C.2.13)

and

Aq1 sin
(
q1
L1

2

)
− A′q2Dv sinh

(
q2
L2

2

)
= 0, (C.2.14)

where Dv = Dv2
Dv1

. We write the coefficient matrix for the previous linear system as

follows

W =


cos

(
q1

L1
2

)
−kv cosh

(
q2

L2
2

)

q1 sin
(
q1

L1
2

)
−q2Dv sinh

(
q2

L2
2

)

 . (C.2.15)

A non-trivial solution for a system of linear equations is exist if the determinant of

the coefficient matrix of this system is equal to zero.

Proposition C.2.1. The persistence boundary of model (C.2.1, C.2.2) with interface

conditions (C.2.11, C.2.12) is given implicitly by

Dvq2 tanh
(
q2
L2

2

)
= kvq1 tan

(
q1
L1

2

)
, (C.2.16)

where qi are defined in (C.2.9).

C.3. The Critical Size of a Single Patch Surrounded

by a Non-Lethal Matrix Habitat

In this section, we find the persistence condition for the juveniles-adults model with

sessile juvenile stage in a single ‘good patch’ surrounded by an infinite ‘bad patch’.

In the previous section we reached the following differential equations in patch type
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I and patch type II

d2V1 (x)
dx2 = 1

Dv1

(
λ− r1m1

λ+m1 + µu1

+ µv1

)
V1 (x) , x ∈

(−L
2 ,

L

2

)
, (C.3.1)

d2V2 (x)
dx2 = 1

Dv2

(
λ− r2m2

λ+m2 + µu2

+ µv2

)
V2 (x) , x >

L

2 or x <
−L
2 . (C.3.2)

Consequently, the solution of the differential equations (C.3.1, C.3.2) will be respec-

tively as follows

V1 (x) = A cos (q1x) +B sin (q1x) , x ∈
(−L

2 ,
L

2

)
, (C.3.3)

and

V2 (x) = A′e−q2|x| +B′eq2|x|, x >
L

2 or x <
−L
2 , (C.3.4)

where q1 and q2 are as defined in (C.2.9). Since we require solutions to be bounded

in patch type II, we conclude that B′ = 0.

We apply continuity of flux at the interface x = −L
2 , to get

Dv1V
′

1

(
−L2

+)
=Dv2V

′
2

(
−L2

−)

=q2Dv2A
′e−q2

L
2

=q2Dv2V2

(
−L2

−)

=q2Dv2

kv
V1

(
−L2

+)
. (C.3.5)

Similarly, applying continuity of flux at the other interface x = L
2 , gives

Dv1V
′

1

(
L

2

−)
= −q2Dv2

kv
V1

(
L

2

−)
. (C.3.6)
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Applying the boundary conditions (C.3.5) and (C.3.6) produces the linear equations

A
[
q2Dv

kv
cos

(
q1
L

2

)
− q1 sin

(
q1
L

2

)]
+B

[
q1 cos

(
q1
L

2

)
+ q2Dv

kv
sin

(
q1
L

2

)]
= 0,

(C.3.7)

A
[
q1 sin

(
q1
L

2

)
− q2Dv

kv
cos

(
q1
L

2

)]
+B

[
q1 cos

(
q1
L

2

)
+ q2Dv

kv
sin

(
q1
L

2

)]
= 0.

(C.3.8)

We write the coefficient matrix for the linear system of (C.3.7, C.3.8) as

W =


q2Dv

kv
cos

(
q1

L
2

)
− q1 sin

(
q1

L
2

)
q1 cos

(
q1

L
2

)
+ q2Dv

kv
sin

(
q1

L
2

)

q1 sin
(
q1

L
2

)
− q2Dv

kv
cos

(
q1

L
2

)
q1 cos

(
q1

L
2

)
+ q2Dv

kv
sin

(
q1

L
2

)

 . (C.3.9)

To obtain a nontrivial solution for the linear system (C.3.7, C.3.8), we equate the

determinant of the coefficient matrix to zero

tan2
(
q1
L

2

)
+
q2

1 −
(
Dvq2
kv

)2

q1q2
Dv

kv

tan
(
q1
L

2

)
− 1 = 0. (C.3.10)

The last equation has two solutions

tan
(
q1
L

2

)
= q2Dv

q1kv
or tan

(
q1
L

2

)
= − q1kv

q2Dv

. (C.3.11)

If tan
(
q1

L
2

)
= − q1kv

q2Dv
, then the second boundary condition (C.3.6) gives the equation

(
q1A+ Dvq2

kv
B
)

tan
(
q1
L

2

)
= Dvq2

kv
A− q1B. (C.3.12)

We then replace tan
(
q1

L
2

)
by

(
− q1kv

q2Dv

)
in equation (C.3.12) to get

(
q1A+ Dvq2

kv
B
)(
− q1kv
q2Dv

)
= Dvq2

kv
A− q1B. (C.3.13)
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Or equivalently,
(
Dvq2
kv

+ q2
1kv

q2Dv

)
A = 0. Since

(
Dvq2
kv

+ q2
1kv

q2Dv

)
is different from zero, we

conclude A = 0. As a result, the eigenfunction in the good patch becomes

V1 (x) = B sin (q1x) , x ∈
(−L

2 ,
L

2

)
. (C.3.14)

But sin (q1x) changes sign at x = 0, and this contradicts the symmetry of solutions

in the good patch. Therefore, (C.3.10) should have the solution

tan
(
q1
L

2

)
= q2Dv

q1kv
. (C.3.15)

Proposition C.3.1. The critical patch size formula of a single patch surrounded by

a non-lethal matrix habitat is given by

L∗ = 2
q1

arctan
(
q2Dv

q1kv

)
, (C.3.16)

where qi are defined in (C.2.9).

C.4. Minimal Speed of Traveling Waves

As in Section 4.4, we write the density functions u1 (t, x) and v1 (t, x) as follows

u1 (t, x) = e−szg1 (x) , (C.4.1)

and

v1 (t, x) = e−sz
∼
g1(x). (C.4.2)

Substituting the expressions in (C.4.1, C.4.2) into equations (C.1.1, C.1.2) on good

patches, we obtain the system

sC
∼
g1(x) = Dv1

(
s2∼g1(x) + ∼

g
′′
1 (x)− 2s∼g ′1(x)

)
+m1g1 (x)− µv1

∼
g1(x). (C.4.3)
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g1 (x) = r1

sC +m1 + µu1

∼
g1(x). (C.4.4)

We then substitute g1 (x) into equation (C.4.3) to get

sC
∼
g1(x) = Dv1

(
s2∼g1(x) + ∼

g
′′
1 (x)− 2s∼g ′1(x)

)
+ r1m1

sC +m1 + µu1

∼
g1(x)− µv1

∼
g1(x).

We sort the last equation by derivatives of ∼g1(x) to get

∼
g
′′
1 (x)− 2s∼g ′1(x) + 1

Dv1

(
Dv1s

2 + r1m1

sC +m1 + µu1

− µv1 − sC
)
∼
g1(x) = 0. (C.4.5)

The linear differential equation (C.4.5) has the quadratic characteristic equation

z2 − 2sz + 1
Dv1

(
Dv1s

2 + r1m1

sC +m1 + µu1

− µv1 − sC
)

= 0, (C.4.6)

which has the two roots

z = s± 1√
Dv1

√
sC + µv1 −

r1m1

sC +m1 + µu1

. (C.4.7)

The same procedure applied on bad patches gives the differential equation

∼
g
′′
2 (x)− 2s∼g ′2(x) + 1

Dv2

(
Dv2s

2 + r2m2

sC +m2 + µu2

− µv2 − sC
)
∼
g2(x) = 0, (C.4.8)

The form of the solution of the differential equation (C.4.5) depends on the sign of

the quantity

sC + µv1 −
r1m1

sC +m1 + µu1

. (C.4.9)

The expression is negative if and only if

r1 >
(m1 + sC + µu1) (sC + µv1)

m1
. (C.4.10)
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In bad patches, according to Proposition 2.1.1 and since s, C > 0, we have the

inequality

r2 <
µv2 (m2 + µu2)

m2
<

(m2 + sC + µu2) (sC + µv2)
m2

. (C.4.11)

Therefore, solutions of the differential equation (C.4.8) will be of the form

∼
g2(x) = esx [A′ cosh (q2x) +B′ sinh (q2x)] , (C.4.12)

where q2 = 1√
Dv2

√
sC + µv2 − r2m2

sC+m2+µu2
.

In good patches, we have to distinguish cases, depending on whether (C.4.10) holds

or not. If it holds, we can write the solution of (C.4.5) as

∼
g1(x) = esx [A cosh (q1x) +B sinh (q1x)] , (C.4.13)

where q1 = 1√
Dv1

√
sC + µv1 − r1m1

sC+m1+µu1
. If the reverse inequality holds, we can use

hyperbolic-trigonometric formulas to convert between the two.

Equations (C.4.12) and (C.4.13) have four constants. To find their values, we use the

interface conditions at x = 0 and x = L1

∼
g1

(
0+
)

= kv
∼
g2

(
0−
)
,

∼
g1

(
L−1
)

= kv
∼
g2

(
−L+

2

)
, (C.4.14)

∼
g
′
1

(
0+
)
− s∼g1

(
0+
)

= Du

[∼
g
′
2

(
0−
)
− s∼g2

(
0−
)]
, (C.4.15)

and
∼
g
′
1

(
L−1
)
− s∼g1

(
L−1
)

= Du

[∼
g
′
2

(
−L+

2

)
− s∼g2

(
−L+

2

)]
. (C.4.16)

The interface conditions (C.4.14)-(C.4.16) produce the following linear equations

A = kvA
′, Bq1 = B′Dvq2, (C.4.17)

AesL cosh (q1L1) +BesL sinh (q1L1) = A′kv cosh (q2L2)−B′kv sinh (q2L2) , (C.4.18)
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and

Aq1e
sL sinh (q1L1) +Bq1e

sL cosh (q1L1) = −A′q2Dv sinh (q2L2) +B′q2Dv cosh (q2L2) .

(C.4.19)

We write the coefficient matrix of the linear system (C.4.17)-(C.4.19) as

V =



1 0 −kv 0

esL cosh (q1L1) esL sinh (q1L1) −kv cosh (q2L2) kv sinh (q2L2)

0 q1 0 −Dvq2

q1e
sL sinh (q1L1) q1e

sL cosh (q1L1) q2Dv sinh (q2L2) −q2Dv cosh (q2L2)



.

The linear system of equations has a nontrivial solution if and only if the determinant

of the coefficient matrix for this system is zero.

Proposition C.4.1. The dispersion relation for a TPW in a periodic alternating

landscape and with sessile juvenile stage is given implicitly by

cosh (sL) = cosh (q1L1) cosh (q2L2) + (kvq1)2 + (Dvq2)2

2Dvkvq1q2
sinh (q1L1) sinh (q2L2) .

(C.4.20)

C.5. Wave Speed in a Homogeneous Landscape

By substituting L2 = 0 into the dispersion relation (C.4.20), we get

cosh (sL1) = cosh (q1L1) . (C.5.1)



C.5 Wave Speed in a Homogeneous Landscape 171

Which is equivalent to

s = 1√
Dv1

√
sC + µv1 −

r1m1

sC +m1 + µu1

. (C.5.2)

We can find an explicit expression for the wave speed C as a function of wave shape

parameter s. Firstly, we square equation (C.5.2) and multiply both sides by Dv1 to

get

s2Dv1 = sC + µv1 −
r1m1

sC +m1 + µu1

. (C.5.3)

We then multiply (C.5.3) by (sC +m1 + µu1) to reach

r1m1 = m1sC+s2C2+µv1sC−s3Dv1C+m1µv1 +sµu1C+µu1µv1−s2Dv1µu1−s2Dv1m1.

(C.5.4)

We rewrite (C.5.4) as a quadratic equation in C

C2 + C
(
m1 + µu1 + µv1

s
− sDv1

)
+ m1µv1 + µu1µv1 − r1m1

s2 −Dv1µu1 −Dv1m1 = 0.

(C.5.5)

The two roots of equation (C.5.5) are

1
2s

(
−m1 − µu1 − µv1 +Dv1s

2 ±
√

4r1m1 + (µv1 −Dv1s
2 −m1 − µu1)2

)
. (C.5.6)

By following the same procedure which we used in sec. 3.2, we conclude that the root

1
2s

(
−m1 − µu1 − µv1 +Dv1s

2 +
√

4r1m1 + (µv1 −Dv1s
2 −m1 − µu1)2

)
, (C.5.7)

has a minimum value over s > 0, while the other root does not.

Proposition C.5.1. The wave speed formula for the juveniles-adults model with ses-
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sile juvenile stage in a homogeneous landscape is given explicitly by

C (s) = 1
2s

(
−m1 − µu1 − µv1 +Dv1s

2 +
√

4r1m1 + (µv1 −Dv1s
2 −m1 − µu1)2

)
.

(C.5.8)



D. Matlab Codes

Listing D.1: Matlab program to generate Figure 6.1.
% Parameters needed to solve the equations within the explicit

method

L =( pi /0.872) ; % Length of a single -patch

T =1; % Final time

r = 6; % reproduction rate

m = 5; % maturation coefficient

meu_u = 1; % mortality parameters for juveniles

meu_v = 1; % mortality parameter fot adults

maxk = 2400; % Number of time steps

dt = T/maxk; % Time step size

n = 50; % Number of space steps

dx = L/n; % Spatial step size

diffus = 0.001; % Diffusion terms for juveniles and adults

b = 2* diffus *dt/(dx*dx); % Stability parameter (b=<1)

% Initial conditions

for i = 1:n+1

x(i)=(i -1)*dx;

u(i ,1)=sin (0.872* x(i));

v(i ,1) =1.420128* sin (0.872* x(i));

end

% Boundary conditions at x=0 and x=L

for k=1: maxk +1

u(1,k) = 0; % u(t ,0) =0

173
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u(n+1,k) = 0; % u(t,L)=0

v(1,k) = 0; % v(t ,0) =0

v(n+1,k)=0; % v(t,L)=0

time(k) = (k -1)*dt;

end

% Implementation of the explicit method

for k=1: maxk % Time Loop

for i=2:n; % Space Loop for juveniles and adults

u(i,k+1) = u(i,k)*( -6*dt -b+1)+u(i+1,k) *(0.5* b)+u(i-1,k) *(0.5* b)+6*

dt*v(i,k);

v(i,k+1) = v(i,k)*(-dt -b+1)+v(i+1,k) *(0.5* b)+v(i-1,k) *(0.5* b)+5* dt*

u(i,k);

end

end

exact= exp (2.52*(1200/2400) )*sin (0.872* x);

figure (1)

plot(x,exact ,’b-’,’LineWidth ’ ,1.5)

hold on;

plot(x,u(: ,1201) ,’ro’)

xlabel (’Space (x)’,’fontsize ’ ,14,’fontweight ’,’bold ’)

ylabel (’Juveniles density function u(t,x)’,’fontsize ’ ,14,’

fontweight ’,’bold ’)

xlim ([0 L]); ylim ([0 4])

% 3-D graph for juveniles density function

figure (2)

mesh(x,time ,u’)

xlabel (’x’,’fontsize ’ ,14,’fontweight ’,’bold ’)

ylabel (’t’,’fontsize ’ ,14,’fontweight ’,’bold ’)

zlabel (’u(t,x)’,’fontsize ’ ,14,’fontweight ’,’bold ’)

Listing D.2: Matlab program to generate Figure 6.3.
% Population parameters
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L1 =4; L2 =5; T =1.5; r1 = 6; r2 =0.2; m1 = 1; m2 =1; meu_u1 = 1;

meu_v1 = 1; meu_u2 = 2; meu_v2 = 2; Du1 =2; Dv1 =2; Du2 =3; Dv2 =3;

alpha_u =0.5; alpha_v =0.5; ku=( alpha_u /(1- alpha_u ))*Du2/Du1; kv=(

alpha_v /(1- alpha_v ))*Dv2/Dv1;

% discretization

dx =0.05; x1 =0: dx:L1; np1= length (x1); x2=L1:dx:L2; np2= length (x2);

dt=min(dx*dx /(2.1* Du1),dx*dx /(2.1* Du2));

% diffusion matrix for simple forward explicit three -point

scheme

A1=-2* eye(np1); A2=-2* eye(np2);

for k=1: np1 -1

A1(k,k+1) =1; A1(k+1,k)=1;

end

for k=1: np2 -1

A2(k,k+1) =1; A2(k+1,k)=1;

end

% Initial conditions

uinit=zeros (1, np1+np2); vinit=zeros (1, np1+np2);

k1 =1:1: np1; k2=np1 +1:1: np1+np2;

uinit(k1)=0.1 ; vinit(k1)=0.1 ; uinit(k2)=(1/ ku)*0.1; vinit(k2)=(1/

kv)*0.1;

U=uinit ’; % transpose from row to column vectors

V=vinit ’; % transpose from row to column vectors

for n=1:3

for t=1:T/(3* dt) % time loop

% reaction - diffusion equations

U(1: np1) =U(1: np1)+ Du1*dt/(dx*dx)*A1*U(1: np1) -(m1+ meu_u1 )*dt*U(1:

np1)+r1*dt*V(1: np1);

V(1: np1) = V(1: np1)+Dv1*dt/(dx*dx)*A1*V(1: np1)+m1*dt*U(1: np1)-

meu_v1 *dt*V(1: np1);

U(np1 +1: np1+np2) = U(np1 +1: np1+np2)+Du2*dt/(dx*dx)*A2*U(np1 +1: np1+

np2) -(m2+ meu_u2 )*dt*U(np1 +1: np1+np2)+r2*dt*V(np1 +1: np1+np2);
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V(np1 +1: np1+np2) = V(np1 +1: np1+np2)+Dv2*dt/(dx*dx)*A2*V(np1 +1: np1+

np2)+m2*dt*U(np1 +1: np1+np2)-meu_v2 *dt*V(np1 +1: np1+np2);

% boundary conditions

U(1)=U(2); U(end)=U(end -1); V(1)=V(2); V(end)=V(end -1);

% interface conditions

U(np1)=(1/( Du1+Du2/ku))*( Du1*U(np1 -1)+Du2*U(np1 +2));

U(np1 +1) =(1/ ku)*(1/( Du1+Du2/ku))*( Du1*U(np1 -1)+Du2*U(np1 +2));

V(np1)=(1/( Dv1+Dv2/kv))*( Dv1*V(np1 -1)+Dv2*V(np1 +2));

V(np1 +1) =(1/ kv)*(1/( Dv1+Dv2/kv))*( Dv1*V(np1 -1)+Dv2*V(np1 +2));

end

figure (1)

plot(x1 , U(1: np1),’LineWidth ’ ,1.3, x2 ,U(np1 +1: np1+np2), ’LineWidth ’

,1.3)

xlabel (’Space (x)’,’fontsize ’ ,14,’fontweight ’,’bold ’)

ylabel (’Juveniles density function u(t,x)’,’fontsize ’ ,14,’

fontweight ’,’bold ’)

hold all

figure (2)

plot(x1 , V(1: np1),’LineWidth ’ ,1.3, x2 ,V(np1 +1: np1+np2), ’LineWidth ’

,1.3)

xlabel (’Space (x)’,’fontsize ’ ,14,’fontweight ’,’bold ’)

ylabel (’Adults density function v(t,x)’,’fontsize ’ ,14,’fontweight ’,

’bold ’)

hold all

end

Listing D.3: Matlab program to generate Figure 7.1.
% Population parameters

L1 =2; L2 =8; T =1; r1 = 6; r2 =6; m1 = 5; m2 =5; meu_u1 = 0.25;

meu_v1 = 0.25; meu_u2 = 0.25; meu_v2 = 0.25; Du1 =1; Dv1 =1; Du2 =2;

Dv2 =2; alpha_u =0.5; alpha_v =0.5; ku=( alpha_u /(1- alpha_u ))*Du2/

Du1; kv=( alpha_v /(1- alpha_v ))*Dv2/Dv1; h=0.1; % harvesting rate

% discretization
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dx =0.05; x1 =0: dx:L1; np1= length (x1); x2=L1:dx:L2; np2= length (x2);

dt=min(dx*dx /(2.1* Du1),dx*dx /(2.1* Du2)); time =0: dt:T;

% diffusion matrix for simple forward explicit three -point scheme

A1=-2* eye(np1); A2=-2* eye(np2);

for k=1: np1 -1

A1(k,k+1) =1; A1(k+1,k)=1;

end

for k=1: np2 -1

A2(k,k+1) =1; A2(k+1,k)=1;

end

% Initial conditions

uinit=zeros (1, np1+np2); vinit=zeros (1, np1+np2);

k1 =1:1: np1; k2=np1 +1:1: np1+np2;

uinit(k1)=0.1 ; vinit(k1)=0.1 ;

uinit(k2)=(1/ ku)*0.1; vinit(k2)=(1/ kv)*0.1;

U=uinit ’; % transpose from row to column vectors

V=vinit ’; % transpose from row to column vectors

W=zeros(size(V(np1 +1: np1+np2)));

% test of steady state

while max(abs(W-V(np1 +1: np1+np2))) >0.000001

W=V(np1 +1: np1+np2);

for t=1:T/dt % time loop

% reaction - diffusion equations

U(1: np1) = U(1: np1)+ Du1*dt/(dx*dx)*A1*U(1: np1) -(m1+ meu_u1 )*dt*U

(1: np1)+r1*dt*(V ./(1+( U+V)))(1: np1);

V(1: np1) = V(1: np1)+Dv1*dt/(dx*dx)*A1*V(1: np1)+m1*dt*U(1: np1)-

meu_v1 *dt*V(1: np1);

U(np1 +1: np1+np2) = U(np1 +1: np1+np2)+Du2*dt/(dx*dx)*A2*U(np1 +1: np1+

np2) -m2*dt*U(np1 +1: np1+np2) -( meu_u2 )*dt*U(np1 +1: np1+np2)+r2*dt*(

V ./(1+( U+V)))(np1 +1: np1+np2);

V(np1 +1: np1+np2) = V(np1 +1: np1+np2)+Dv2*dt/(dx*dx)*A2*V(np1 +1: np1+

np2)+m2*dt*U(np1 +1: np1+np2) -(h+ meu_v2 )*dt*V(np1 +1: np1+np2);

% boundary conditions
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U(1)=U(2); U(end)=U(end -1); V(1)=V(2); V(end)=V(end -1);

% interface conditions

U(np1)=(1/( Du1+Du2/ku))*( Du1*U(np1 -1)+Du2*U(np1 +2));

U(np1 +1) =(1/ ku)*(1/( Du1+Du2/ku))*( Du1*U(np1 -1)+Du2*U(np1 +2));

V(np1)=(1/( Dv1+Dv2/kv))*( Dv1*V(np1 -1)+Dv2*V(np1 +2));

V(np1 +1) =(1/ kv)*(1/( Dv1+Dv2/kv))*( Dv1*V(np1 -1)+Dv2*V(np1 +2));

end

end

figure (1)

plot(x1 , V(1: np1),’r’,’LineWidth ’ ,1.3, x2 ,V(np1 +1: np1+np2), ’b’,’

LineWidth ’ ,1.3)

hold on

plot(x1 , U(1: np1),’--r’,’LineWidth ’ ,1.3, x2 ,U(np1 +1: np1+np2), ’--b’

,’LineWidth ’ ,1.3)

xlabel (’Space (x)’,’fontsize ’ ,14,’fontweight ’,’bold ’)

ylabel (’ Density function ’,’fontsize ’ ,14,’fontweight ’,’bold ’)

Listing D.4: Matlab program to generate Figure 7.2.
% Population parameters

L1 =2; L2 =8; T =1; r1 = 6; r2 =6; m1 = 5; m2 =5; meu_u1 = 0.25;

meu_v1 = 0.25; meu_u2 = 0.25; meu_v2 = 0.25; Du1 =1; Du2 =2;

alpha_u =0.5; alpha_v =0.5; ku=( alpha_u /(1- alpha_u ))*Du2/Du1; D

=[0.5 ;1;2];

% discretization

dx =0.05* sqrt (2); x1 =0: dx:L1; np1= length (x1); x2=L1:dx:L2; np2=

length (x2);

for m=1:3

Dv1=D(m)*Du1; Dv2=D(m)*Du2;

kv=( alpha_v /(1- alpha_v ))*Dv2/Dv1;

dt=min(dx*dx /(4.2* Du1),dx*dx /(4.2* Du2));

% diffusion matrix for simple forward explicit three -point scheme

A1=-2* eye(np1); A2=-2* eye(np2);

for k=1: np1 -1
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A1(k,k+1) =1; A1(k+1,k)=1;

end

for k=1: np2 -1

A2(k,k+1) =1; A2(k+1,k)=1;

end

linS ={’-.’,’--’,’-’};

for n =1:101

% Initial conditions

uinit=zeros (1, np1+np2); vinit=zeros (1, np1+np2);

k1 =1:1: np1; k2=np1 +1:1: np1+np2;

uinit(k1)=0.1 ; vinit(k1)=0.1 ; uinit(k2)=(1/ ku)*0.1; vinit(k2)=(1/

kv)*0.1;

U=uinit ’; V=vinit ’; % transpose from row to column vectors

W=zeros(size(V(np1 +1: np1+np2)));

h(n)=(n -1) /10; % fishing rate

% test of steady state

while max(abs(W-V(np1 +1: np1+np2))) >0.000001

W=V(np1 +1: np1+np2);

for t=1:T/(dt) % time loop

% reaction - diffusion equations

U(1: np1) =U(1: np1)+ Du1*dt/(dx*dx)*A1*U(1: np1) -(m1+ meu_u1 )*dt*U(1:

np1)+r1*dt*(V ./(1+( U+V)))(1: np1);

V(1: np1) = V(1: np1)+Dv1*dt/(dx*dx)*A1*V(1: np1)+m1*dt*U(1: np1)-

meu_v1 *dt*V(1: np1);

U(np1 +1: np1+np2) = U(np1 +1: np1+np2)+Du2*dt/(dx*dx)*A2*U(np1 +1: np1+

np2) -m2*dt*U(np1 +1: np1+np2) -( meu_u2 )*dt*U(np1 +1: np1+np2)+r2*dt*(

V ./(1+( U+V)))(np1 +1: np1+np2);

V(np1 +1: np1+np2) = V(np1 +1: np1+np2)+Dv2*dt/(dx*dx)*A2*V(np1 +1: np1+

np2)+m2*dt*U(np1 +1: np1+np2) -(h(n)+ meu_v2 )*dt*V(np1 +1: np1+np2);

% boundary conditions

U(1)=U(2); U(end)=U(end -1); V(1)=V(2); V(end)=V(end -1);

% interface conditions

U(np1)=(1/( Du1+Du2/ku))*( Du1*U(np1 -1)+Du2*U(np1 +2));
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U(np1 +1) =(1/ ku)*(1/( Du1+Du2/ku))*( Du1*U(np1 -1)+Du2*U(np1 +2));

V(np1)=(1/( Dv1+Dv2/kv))*( Dv1*V(np1 -1)+Dv2*V(np1 +2));

V(np1 +1) =(1/ kv)*(1/( Dv1+Dv2/kv))*( Dv1*V(np1 -1)+Dv2*V(np1 +2));

end

end

yield(n)=dx*sum(h(n)*V(np1 +1: np1+np2));

abundance (n)=dx*sum(V(np1 +1: np1+np2));

tabundance (n)=dx*sum(V(1: np1+np2));

logratio (n)=log (((L2 -L1)/L1)*sum(V(1: np1))/sum(V(np1 +1: np1+np2)));

end

figure (1)

plot(h,yield ,’LineWidth ’ ,1.2,’linestyle ’,linS{m})

xlabel (’Harvesting rate ’,’fontsize ’ ,14,’fontweight ’,’bold ’)

ylabel (’Adults yield ’,’fontsize ’ ,14,’fontweight ’,’bold ’)

hold all

figure (2)

plot(h, nthroot (abundance ,20) ,’LineWidth ’ ,1.2,’linestyle ’,linS{m})

xlabel (’Harvesting rate ’,’fontsize ’ ,14,’fontweight ’,’bold ’)

ylabel (’( Adults abundance ) ^{0.05} ’,’fontsize ’ ,14,’fontweight ’,’bold

’)

hold all

figure (3)

plot(h,log( tabundance ),’LineWidth ’ ,1.2,’linestyle ’,linS{m})

xlabel (’Harvesting rate ’,’fontsize ’ ,14,’fontweight ’,’bold ’)

ylabel (’log(Total adults abundance )’,’fontsize ’ ,14,’fontweight ’,’

bold ’)

hold all

figure (4)

plot(h,logratio ,’LineWidth ’ ,1.2,’linestyle ’,linS{m})

xlabel (’Harvesting rate ’,’fontsize ’ ,14,’fontweight ’,’bold ’)

ylabel (’Adults log ratio ’,’fontsize ’ ,14,’fontweight ’,’bold ’)

hold all

end
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