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Abstract

Variable-step variable-order 3-stage Hermite-Birkhoff (HB) methods HB(p)3 of order
p = 5 to 15 are constructed for solving nonstiff differential equations. Forcing a Taylor
expansion of the numerical solution to agree with an expansion of the true solution
leads to multistep and Runge-Kutta type order conditions which are reorganized
into linear confluent Vandermonde-type systems of HB type. Fast algorithms are
developed for solving these systems in O(p?) operations to obtain HB interpolation
polynomials in terms of generalized Lagrange basis functions. The order and stepsize
of these methods are controlled by four local error estimators. These methods, when
programmed in Matlab, are superior to Matlab’s ode113 in solving several problems
often used to test higher order ODE solvers on the basis of the number of steps, CPU
time, and maximum global error. On the other hand, HB(5-15)3 are programmed
in object-oriented C++ and the Dormand-Prince 13-stage nested Runge-Kutta pair
DP(8,7)13M are programmed in C. DP(8,7) is found to use less CPU time, have
smaller maximum global error but require a larger number of function evaluations
than HB(5-15)3. However, for expensive equations, such as the Cubicwave, HB(5-
15)3 is superior. In the C++ program, array and matrix are considered to be new
objects. Algorithms, testing programs and new objects are structured separately as
header files.
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Chapter 1

Introduction

1.1 Literature Review and Motivation

From extensive computational experience accumulated over the years in solving or-
dinary differential equations (ODEs), it has been observed that the key to achieve
high efficiency in predictor-corrector algorithms is the capacity to vary automatically
not only the stepsize but also the order and hence the stepnumber of the employed
methods. Algorithms with such a capacity are known as variable-step, variable-order
(VSVO) algorithms.

There is a large variety of VSVO methods designed to solve nonstiff and stiff sys-
tems of first-order ODEs. This introduction intends to put some perspective among
the several approaches and methods. Gear advocated a quasi-constant stepsize im-
plementation in DIFSUB [23]. This software works with a constant stepsize until a
change of stepsize is necessary or clearly advantageous. Then a continuous extension
is used to get approximations to the solution at previous points in an equally spaced
mesh to modify the stepsize, because constant mesh spacing is very efficient and sim-
ple to implement when solving stiff problems. Finally, in some methods, the actual
mesh size is chosen by the code as done in Matlab’s ode113. 0de113 method is equiv-
alent to a (Predictor-Evaluation-Corrector-Evaluation) PECE Adams formula while
the DIFSUB and DASSL are equivalent to Adams—Moulton formulas. In this thesis

a fully variable stepsize method is implemented where the actual mesh are chosen by
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the code as for a PECE Adams formula.

A fundamental issue in the implementation of a method is the choice of the for-
mula used and how they are implemented. A Lagrangian formulation is often used to
compute the coefficients of a method efficiently. Pros and cons about different formu-
lations are discussed by Gear for the Nordsieck form [37], Krogh for modified divided
differences [28], and Brayton et al. [6] for Lagrangian form. The Lagrangian form has
the virtue of simplicity. It should be pointed out that the CPU time and the number
of iterations depends on the order of the formula. Krogh [28] was concerned about
the effects of roundoffs under stringent tolerances, which is a central concern of this
thesis, and he concluded that the use of divided differences is a good way to minimize
the effect of roundoffs. Working with this form does involve manipulation of vectors
of the size equal to the number of equations. These manipulations can be largely
vectorized nowadays. Sofroniou and Spaletta [44] have carefully used vector opera-
tions to develop extrapolation solvers that might be used to achieve extraordinary
accuracies in Mathematica.

The code DVDQ [29] and ode113 [42, 2] implement Adams-Bashforth-Moulton
multistep methods in PECE modes. On the other hand, DIFSUB and DASSL imple-
ment Adams—Moulton formulas. Although these codes predict with Adams—Bashforth
formulas, they iterate to completion so that, in principle, it does not matter what pre-
dictor was used. Extrapolation is another method to achieve high accuracy. Deufthard
[15] is responsible for drawing attention to the value of this approach, but the codes
of [25, Section I1.9] are probably responsible for spreading its use. Indeed, NDSolve of
Mathematica is based on those codes. Hairer et al. [25] consider extrapolation to be
the best way of solving problems very accurately. It is the reason that extrapolation
is used in Mathematica—they want to provide users with the accuracy they require.
Extrapolation can be viewed as a variable-order Runge-Kuttta scheme. Following an
important comparison of Enright and Hull [19] on fixed order Runge-Kutta codes and
extrapolation codes, Shampine and Baca [40] argue that RK of a fixed order (7,8) pair
is more efficient than exti‘apolation at accuracies common in scientific computation.
Finally, Taylor series can be very attractive in VSVO implementation. It has been

an excellent choice in astronomical calculations [3]. For general introduction one can
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read the work of Corliss and Chang [13]. Lastly, an interpolant [18, 12] for approxi-
mating the solution between mesh points deserve important consideration depending
on the global smoothness desired. It is worth remarking that a fundamental element
in the development of the Matlab ODE Suite was to provide solvers with an event
location facility. An event occurs when the value of a function of dependent variables
or their derivatives increases and decreases through a given level. Indeed, this is the
main reason why the Suite does not contain an extrapolation code nor a high order
Runge—Kutta pair. In retrospect, one should acknowledge that Fehlberg’s (7,8) pair
is the one that drew attention to the value of high order RK pair.

General linear methods for solving nonstiff systems of first-order ordinary differ-

ential equations of the form

V= (), y(xo) =10, (1)
can be seen as multistep methods with off-step points or Runge—Kutta methods with
backstep points. General linear methods, like multistep methods, use information
prior to the last step, and, like Runge-Kutta methods, they use derivative evaluations
at points partway through the current step. The link between the two types of
methods is that values at off-step points are obtained by means of predictors which
use values at previous points. It has been noted in [9] that general linear methods
incorporate function evaluations at off-step points in order to reduce the number of
backsteps without lowering the order. It was found experimentally that increasing the
number of backstep points is more efficient in increasing the accuracy of HB methods
than increasing the number of off-step points. It was also found that increased speed
is generally achieved by higher order HB methods.

HB methods of order 9, 10 and 11 have been studied in [32]. An efficient HB
Obrechkoff 3-stage 6-step method of order 14 using (d/dzx) f(z,y(z)) has been studied
in [33]. Three and four stage HBO methods are found in [36, 45] and [34], respectively.

In order to solve relatively expensive nonstiff ordinary differential equations, we
will formulate a new 3-stage variable-step variable-order (VSVO) general linear meth-

ods of order p = 5,6, . .., 15 which use the values y,,, yn—1 and f,_;for 7 =0,1,...,p—
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4 and program the algorithm in the interpreter language Matlab and an object-
oriented language C++. Since these methods use Hermite-Birkhoff (HB) interpola-
tion polynomials, they will be called HB(p)3 methods and the family of such methods
will be designated by HB(5-15)3. We deal here only with algorithms for nonstiff initial

value problems.

1.2 Thesis Objective

The dbjectives of this thesis are:

e To formulate algorithms for the HB(p)3 method for non-stiff ordinary differen-

tial equations;

e To fully derive the order condition for the HB(p)3 method based on the formu-
lation of the algorithm;

e To program the algorithm using the Matlab and C++ programming languages;

e To compare the performance of the proposed algorithm HB(p)3 with ODE113
in Matlab and with DP(8,7)13M in C++.

1.3 Thesis Organization

In Chapter 2 we will present the background and a review of the literature on numeri-
cal methods. In Chapter 3, we will introduce a new family of general HB(p)3 methods
of order p = 5,6,...,15. Order conditions are listed in Section 3.2. In Section 3.3
general HB(p)3 are represented in terms of Vandermonde-type systems. In Section 3.4
elementary matrices are constructed symbolically as functions of the parameters of
the methods in view of factoring the coefficient matrices of Vandermonde-type sys-
tems. In Section 3.5 a family of particular variable-step HB(5-15)3 is defined by
fixing the off-step points. Fast solutions of Vandermonde-type systems are considered
in Section 3.6. The implementation of HB(5-15)3 and numerical results are found in

Chapter 4. Section 4.1 considers the regions of absolute stability and principal local
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truncation coefficients of constant step HB(5-15)3. Section 4.2 deals with the step
and order control. Numerical testing of HB(5-15)3 programmed in Matlab and C++
is done in Sections 4.3—4.4, respectively, according to three criteria. Section 4.5 briefly
describe the C++ program used for the testing. Appendix A lists the algorithms.
Appendix B describes the Matlab programming for Matlab users.

The comparison of the performance is made between HB(5-15)3 and ODE113 in
Matlab, and between HB(5-15)3 and DP(8,7) in C++. The performance of HB(5-
15)3 and DP(8,7)13M is compared on several problems often used to test higher order
ODE solvers in [35].

1.4 Thesis Contribution

The contribution of this thesis includes the following items:

e The derivation of the order conditions from the formulation of the algorithm
for the HB(5-15)3 method;

e The implementation of HB(5-15)3 in Matlab and C++, and DP(8,7) in C++,
including the regions of absolute stability, principal error terms, step control

and order control;

e A comparison of the numerical results between HB(5-15)3 and ODE113 in Mat-
lab, and HB(5-15)3 and DP(8,7) in C++;

e The writing up of a 4509-line C++ programming code for HB(5-15) (available

on demand and in www.site.uottawa.ca/ remi/YILIprogram).


http://www.site.uottawa.ca/~remi/YILIprogram

Chapter 2

Background and Notation

2.1 Numerical Methods

In this section, different concepts related to differential equations will be briefly re-
viewed. First-order systems are fundamental because higher-order systems can be
reduced to first-order systems and since most computer programs solves first order
systems. The general solution and particular solution of linear systems with con-
stant coeflicients will also be illustrated. Furthermore, I will give the formula for the
Lagrange interpolating polynomials.
First-Order Systems

First-order system of ordinary differential equations can be written in vector form
as ¥y = f(z,y), where y = [y, 9% ..., 4™F and f = [F* f%,..., ™% If each f*
(t=1,2,...,m) depends on y!,7?%,...,y™, the system is coupled.

Before trying to solve a differential equation numerically, we need to know that
the solution exists and is unique. This is provided by the following theorem.

If f(z,y) is continuous in x € R and Lipschitz continuous in y € R™ in a region
D = [a,b] x R™, that is, | f(z,y) — f(z,y")|| < Llly — y*| for every (z,y) and (z,y")
in D, then there exists a unique solution y(z) of the system.

If f(z,y) is differentiable with respect to y, then it is Lipschitz continuous in v,
since we have f(z,y) — f(z,v*) = J(z,{)(y — ¥*), where J(z,() is the Jacobian of f
with respect to y. Here (;, is on the line segment from (z,y) to (z,y*) and the ith
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row of the Jacobian is evaluated at ; (see [31, p. 6]).

The general solution of such system of m equations contains rm arbitrary constants.
A unique solution is obtained if we impose m initial conditions. Then the system
together with these conditions constitutes an initial value problem. The system in

vector form is denoted by v/ = f(z,y), y(a) = n, where n = [n%,n?,...,n™T.

High-order Systems

When we seek the numerical solutions of a gth-order initial value equation, it is
standard to reduce it to a system of first-order equation.

Following Lambert’s notation [31, p. 7], which is needed in the program used in
this thesis, a gth-order m-dimensional system of ordinary differential equations in the

form of
¥ @ = o(z,y@,yM,...,.y @) (2)

can be written as a first-order system of dimension gm by the following substitutions:

Yimy  (=99)
=Y (=y)

Y, = Y:]l-l (= ’y(q_l))

to get the system of first-order equations:

Y] =Y
Y, =Ys
Yq_1,2= Y:Z

Y, =z, Y1,Ys...,Y,).

The initial value problem (2) together with the initial conditions y™ = n,,; for

r=0,1,...,9 — 1 can thus be written in the form

Y' = F(z,Y), Y(a) = x,



CHAPTER 2. BACKGROUND AND NOTATION 11

where x 1= [n1,72, ..., ng)"
Linear Systems with Constant Coefficients

A first-order system ' = f(z,y) is said to be linear and non-homogeneous with
constant coefficients if f(x,y) = Ay + ¢(z), where A is a constant m x m matrix.

The general solution (in complex form) of such a system is

m

y(@) = ke e, +1h(x),
t=1

where A\: € R or C and ¢; € R™ or C'™ are eigenvalues and eigenvectors or generalized
eigenvectors of A, respectively, x: are arbitrary constants, and (z) is a particular
solution.

In the stability analysis of numerical methods for ODE’s, we need to consider
the solutions of finite difference equations. A k-th order system of linear difference

equations with constant coeflicients is of the form

k
Z%‘ynﬂ':@n, n=mnp,no+1,...,
j=1

where v; are scalar constants. The solution of such a system is a sequence ¥, of

vectors. In particular, if 71 is a zero of multiplicity u of the characteristic equation

k
Z VJ'TJ' =0,
=1

then . .
Yo =D 1y + D+ Y,
Jj=1 t=p+1
where dy; and d; are arbitrary vectors and 1, is a particular solution.

The difference equation associated with a numerical method for ODE’s is obtained
by applying this method to the test equation ¢’ = e**. The stability of this method
requires that the roots of the characteristic equation all have moduli smaller or equal
to 1 and multiple zeros have moduli strictly smaller than one. This is called the “root

condition”. This condition plays a central role in the stability of ODE solvers.
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Although there are many examples where exact solutions are known, the instances
where we can find an exact solution are very limited. It is necessary to resort to either

approximate or numerical solutions.

The Lagrange interpolation formula

There exists a unique polynomial of degree at most ¢, I,(z), which interpolates
q + 1 distinct date points (z,—j, Fr—j), 7 = 0,1,...,¢q. We are interested in the
representation of a polynomial I, () to compute I,41(z) from I,(z) easily.

An easy interpolation formula uses the Lagrange basis

q

T — Tp—ij
Ly = ] —=,

i=0,i5 Tp—j — Tp—i

where L, ;(z) is a polynomial in z of degree ¢, such that

1, ifi=j, |
Lq,j(.’lfn__i) = = 172)...,(].
0, otherwise,
The Lagrange interpolation polynomial I,(z) can be written in the form

q

Ii(z) = Z Lgj(z)Fnj.

=0

The Lagrange formula is simple, but it suffers from a serious disadvantage. When

we need to add a further data point (2,41, F5,—4—1), with ¢ replaced by g+ 1, we get

an expression for I,41(x), but there is no easy way we can generate Igiq(x) directly
from I,(z).

In this thesis, a generalized form of Lagrange interpolation polynomials is used.

More details will be presented in Section 3.6.2

2.2 Multistep Methods

Linear k-step methods are of the form

k k
E :a'jyn+j =h E :ﬁjfn+j>
j=0 j=0
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where «; and [; are constants subject to the conditions ax = 1 and |ag| + Go] # 0.

Adams multistep methods are of the form

k
Yn+k — Yntk—1 = hZﬁjan-
=0
Adams methods of order 1 to 13 or 14 are frequently used; beyond order 14, they lack
stability. The region of absolute stability shrinks as the order increases. Since the
accuracy limits the stepsize at low order, the low order multistep methods are often
replaced by predictor-corrector methods with larger regions of absolute stability.

The algorithm of multistep methods starts with the one-step pair for a given
tolerance with no additional starting values required. The stepsize and order are
allowed to change. This ends up with the order building up rapidly over the initial
few steps.

Simple error estimators are needed to monitor the stepsize and order of VSVO
multistep methods. Given that the order is accepted, let Ej 11 denote the norm of
the local error estimate at x,1, where k is the order of the method and let 7 be a
user-defined tolerance. If .11 < 7, the step is be accepted. Otherwise the step will

be redone with a smaller step size. Other predictors will monitor the order.

2.3 Runge—Kutta Methods

The technique for deriving Runge—Kutta Methods consists in matching the Taylor
expansion of 4,41 with the Taylor expansion of the exact solution y(z,11)-
The 3-stage explicit Runge-Kutta Method is of the form:

Yntl = Yn + h(blkl + b2k2 + b3k3);
k1 = f(xn; yn)a
ko = f(z, + hca, yn + hegks),
kg f(xn + ]"LCg, Yn, + ]?/(131]91 + ]?,(132](32).

(3)

I

Il

where the usual simplifying assumptions ¢; = Ej a;; are used; Thus asz; = ¢z — ass.
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The Taylor expansion of y(z,41) is
1., 1
Y(Zpy1) = y(z,) + Af + 5 h°F + G R} (Ff,+ G) + O(h%), (4)

where the elementary differentials F and G are F' = fo + ki1 fy and G = for + 2k1 foy +
k? fuy, also denoted by {f} and {f?} in the context of Butcher’s rooted trees [31,
p. 153-154, 166].

We denote by 4,41 the value of y at z,,,1 generated by the Runge-Kutta method.
In order to use the local truncation error y(Zn4+1) —¥ni1 = Tpt1, we need an expansion

for yp,41 similar to (4). Expanding the k; given by (3), we have k; = f and
1
k2 = f + hc2(fm + klfy) + 5 ]742622(fmm + Zklfmy + klzfyy) + O(hs> (5)
We rewrite ks in the form

ko= f 4+ heoF 4 i h2cy?G 4 O(R?). (6)

If we substitute the expansion for k; and k, into k3 and expand, we obtain
k3 = f + ]l{csfm + [(63 — a32>l€1 + aggkg]fy}
1
+ 5 712{032fm + 2c3((ca — as2)k1 + asako) foy + [(ca — as2)kr + a32/€2]2fyy}

+ O(R?)
1

= f+ hcsF + h*(c2a32F fy + 5

c3’G) + O(R®). (7)
On substituting (6) and (7) into (3) and using the localizing assumption, which stip-
ulates that past values are exact, we obtain the following expansion for y,,1:
Ynt1 = Y(Tn) + R(by + bo + b3) f + A*(baca + bscs) F
1
+ 5 h? [2bgc2a32ny + (b2022 + bgng)G] + O(h4) (8)

Then we need to match the expansions of (4) and (8).
One-Stage.
When we set by = by = 0, (3) is a one-stage method. Then (8) reduces to

@1-}-1 = y(xn) + ]lblf + O(h4)
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Matching with (4) yields b; = 1, then T,,.; = O(h®). There exists only one explicit
one-stage Runge-Kutta method of order 1, namely Euler’s Rule.
Two-Stage.

When we set b3 = 0, we have a two-stage method and (8) becomes
~ 1
Ynt1 = y(xn) + h(bl + bg)f -+ thbQCQF -+ 5 h3b2622G -+ O(h4>

If we match the coefficients of this expression with those of (4), we have by 4- by = 1
and bscy = 1/2. The result is a Runge-Kutta method of order 2.

Because the two equations contains three unknowns, there exists a one-parameter
family of solutions of explicit two-stage Runge-Kutta methods of order 2. No member
of this family can achieve order higher than 2.

Three-Stage. We can achieve order 3 if we satisfy the following order conditions:

by + by +b3=1,
1
bacy + bscz; = =,
2

2 2 1 ()
baco” + bzcs” = P
1
b3a32c2 = 6

That results from matching (4) and (8) up to O(h*). Since those four equations have
six unknowns, there exists a two-parameter family of solutions. No member of this
family can achieve order higher than three.

The four elementary differentials of order four, defined in Table 1,

{FPH A 2 Aof Y, s f s,

are used in the formulation of the principal error term in RK3.

2.4 The colon *“:” notation

The colon “” notation will be used to specify a column or row of a matrix. If

A € R™" then A(k,:) designates the kth row,

A(ka :) = [a'kla A2y - - 7a'kn]-
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The kth column is specified by

A(L k) =

Ak

If the integers p, ¢, and r satisfy 1 <p < g<mnand 1 <r <m, then
A(r,p:q) = [Grp, ..., ang] € R*(a-p+1),
Similarly, if 1 <p<g<mand 1 <c¢ < n, then
Qpe
Alp:q,c)= : € RT P+
Qye

This notation is extended to designate a rectangular part of a matrix A as A(p : ¢,7 :
s) from row p to row ¢ and column r to column s.
The colon notation is extensively used in numerical literature. See [24, pages 7-8

and 19]. It is also systematically used in Matlab.



Chapter 3

VSVO HB(5-15)3

In this chapter, following [35] we construct general and particular variable-step HB(p)3

of variable order p, and fast algorithms for solving Vandermonde-type matrices.

3.1 General Variable Step HB(p)3 of Order p

The following terminology will be useful. An HB(p)3 method is said to be a general
variable-step HB method if its backstep and off-step points are variable parameters.
If the off-step points are fixed, the method is said to be a particular variable-step
method. If the stepsize is constant, and hence the backsteps and off-steps are fixed
parameters, the method is said to be a constant-step method.

A general 3-stage HB(p)3 of order p = 5,6,...,15 requires the following four
formulas to perform the integration step from z,, to z,41, where, for simplicity, the
offstep point ¢; = 0 is used in the summations.

A ‘Hermite-Birkhoff polynomial of degree p — 2 is used as predictor P, to obtain

Yntco to order p— 27

p—4
Yntcg = Q20Yn + QA21Yn—1 + hn—}-l <a21fn + Z 52jfn—j> . (10)

Jj=1

A Hermite—Birkhoff polynomial of degree p — 1 is used as predictor P3 to obtain

17
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g l 1 Vv
Xn-(p-4) *a-1 *n *ntcy *ntl
- x”"‘ﬂ = xn+c3
Figure 1: The (p — 3) backstep and 3 offstep points.
Yntcs tO order p — 2,
p—4
Yntca = A30Yn + x31Yn—1 + h"TL+1 (Z a3]fn+c_7 + Z /63]f'n—.7> . : (11)
7=1 ij=1

A Hermite-Birkhoff polynomial of degree p is used as integration formula IF to

obtain y,41 to order p:

p—A4
Yntl = CoYn + Q1Yn—1 + Mg (Z bj fn+c, + Zﬁ]f”f]) . (12)

i=1 =1
An Adams-Moulton corrector of order p — 2 is used as P4 to control the stepsize,

Nys, and obtain 4,1 to order p — 2,

p—4
yn+1 = Yn + hn+1 (a41fn + a43fn+1 + Z/g‘ljfn-—]) . (13>

7j=1
For the 3-stage (p — 3)-step methods (that is, a 3-stage Runge-Kutta method
combined with a (p — 3)-step method of order p) considered in this thesis (see Fig. 1),
the off-step points satisfy the following Runge-Kutta type simplifying conditions:

ci=Y ay+Bi(l), =23, (14)
where
p
Bi(j5) = szl]' +Z[ﬁw "‘3“)1, j=1,2,...,p, i=2,3. (15)
! - !
and
1
;= — L — Tpp1— Py 1 =2,3,...,k+1. 16
Uz hn+1( +1 J hn+1 ; 7 (16)

In the sequel, 7; will be frequently used without explicit reference to (16). The
strategy of the 3-stage Runge-Kutta Methods is applied on P2, P3, IF and P4 to

specify the coefficients.
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3.2 Order Conditions for HB(p)3

By subtracting the Taylor series of the numerical solution y; produced by the formulae
of HB(5-15)3 from the Taylor series of the true solution y(zo + h), we obtain a series

whose first few terms can be written as follows:
y(.’Eo + h) — Y1 = h (]. - [bl + bg + b3 + Bl(l>]> f

+ h? {21' [bacs + bscs + 31(2)]} {f}
+ A? {% - (i b; [i ajc; + B;(2)

e {% - (bz SN SN >)}{f2}

+ B, (3)> } {2f}2

4 {i_' _ Z b Z_: a; li ajrcr + B;(2) | + Bi(3). + Bl(4>} {sf}s (17
= L= Le
h‘*{%_:b Zam o7 + Bil3) +Bl(4)}{2f}z
+ At x3x {—— — < z:bcz [Zamcj + B;(2) +Bl(4)) } {3}
+ Rt {% - [Zz bgf + Bi(4) }{f3}+...,
where s is the number of stages and f, {f}, {2f}2, ..., are elementary differentials

defined in [8], [25] and [31]. The elementary differentials used in this thesis are listed
in Tables 1-4.

In other words, by forcing a Taylor expansion of the numerical solution produced
by the formulae of HB(5-15)3 to agree with an expansion of the true solution, we
obtain Runge—Kutta-type order conditions that must be satisfied by general HB(p)3
methods of order p = 5,...,15. (see [8]). These order conditions can be obtained

from (17) (or, see [8], with added backstep expression).
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Next, we impose the following simplifying assumptions:

1
dag=1, i=2.3, (18)
j=0

= 1 i=2,3
Z a,ijc;? + k'Bz(k + 1) = o C,i-c+1, T (19)
= k+1 k=0,1,2,...,p—3.

Because of these simplifying assumptions, all RK-type order conditions associated
with elementary differentials of order r = 1,2,...,p — 1 are equivalent to the order

condition ,

S b+ (r— 1)1Ba(r) = ;1; (20)

i=1
associated with the elementary differentials f for » = 1 and {f"~'} otherwise. We
note that for the simplifying assumption (20), the predictors are of order at least
p — 2. Thus we obtain the following multistep- and RK-type order conditions that
must be satisfied by the general HB(p)3 method of order p=5,...,15:

ia’«i = 1, (21)

=0
2 1

bick + k!By(E+1) = ——, k=0,1,...,p—1, 22
; ¢; +k!Bi(k+1) P P (22)
3 1—1 CQ—Q 1
> b Z“ijerBi(P—l) +B1(p)=;!'7 (23)
=2 7j=1

where the backstep parts, B;(7), are defined by

_ .. M1 _
B(j) = o' +Z@ TS J=Looptl (24)
Similar order conditions have been used in [9] where Butcher has derived general
linear methods analogous to RK3.

Equations (22) and (23) are derived by induction on the order p. First, setting
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p = 3 in equation (22) and (23), we have the four conditions:

b1 + b + b3 = 1,
1

baca + bzcs = 3

1

bgng + 63632 = -,
3

1

bsasaco = 6’

which are the order conditions (9) of RK3. Thus the order condition is true for p = 3,
since there is no backstep in this case.

Suppose that the order conditions of HB(p)3 of order p, for p > 3, are of the form:

3
waf + KBk +1) =

2 T k=0l (25)
3 i—1 C?;_2 1
;bi [;aijerBi(p—l) +Bilp) = . (26)
where the backstep parts, B;(j), are defined by
. n S, |
Bl(]):alﬁ‘f‘;ﬂi(j_l)!, j=1,...,p+ 1 (27)

Since all predictors are of order at least p — 2, a method of order p + 1 cannot have
more than the four additional order conditions listed in (28) to (31). Other order
conditions associated with elementary differentials of order (p + 1) are equivalent to
these four order conditions; otherwise, the Runge-Kutta method of order four would
have more than four order conditions.

The four order conditions associated with the four elementary differentials of order
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p+ 1 are:
: 1 .
; bicd + p!Bi(p+1) = p——-——-+ o) (28)
3 i—1 "))
Ci &k 1
3 [i—1 '_1 .
. e . _
2" _;a” (-1 +B’(p)J PR = (30)
3 " i—1 j=1 o2
’ g s 0 —1 i B 1) = .
;b = @i [;aﬂk(p_ 2)] + B;(p ):l + B (p)J + Bi(p + ) o 1)! (31)

Order conditions similar to the above four conditions have been used in [10] where
Butcher derived methods which are analogous to RK4. The four elementary differen-
tials of order (p + 1),

U U B 57

are used for the principal error term of HB(p)3. More details will be presented in
Section 4.1.

We consider now the case where the order of all the predictors is increased to at
least (p — 1). Equation (29) is then equivalent to equation (28) while equation (31)
is equivalent to equation (30). In other words, if HB(p + 1) satisfies (28) and (30),
then (29) and (31) follow as well, respectively.

Hence, the order conditions (22)—(23) and (28)—(31) will be satisfied if the following

order conditions are satisfied:

3
1
ok - =
;b,cz Bk +1) =7, k=01....p (32)
3 i—1 Cz?——l 1
. -——‘7 . =
2|2 ooy B0 | + Bl ) =y )

Hence, the order conditions (22) and (23) are proved.
We consider an example of deriving order conditions for HB(p)3 of order p = 4 to

6. By forcing a Taylor expansion of the numerical solution produced by the formulae
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of HB of order 6 to agree with an expansion of the true solution, we obtain Runge—
Kutta-type order conditions that must be satisfied by the general HB(6) method of
order 6 with predictors of order at least 1. Since the assumption on the order of
the predictors is that of the Runge-Kutta method, this HB(6) is simply an RK6
method with backstep expressions. These order conditions correspond to elementary
differentials listed in Table 1, where (i) is the order of elementary differentials F,
a(3), B(3) and ~(i) defined in [8].

Consider now the case where the orders of predictors P2 and P3 are increased to at
least 2. This implies that the order conditions listed in Table 1 are not independent.
The order conditions corresponding to 2 = 3, 5, 7, 9, 11, 13, 15, 16, 18, 20, 22, 24,
25, 27, 29, 31, 32, 33, 35, 36 are equivalent to the order conditions corresponding to
1=4,6,8,10,12, 14,17, 17, 19, 21, 23, 26, 26, 28, 30, 34, 34, 34, 37, 37, respectively,
and hence can be discarded. The resulting elementary differentials of order 1 to 6
for HB with predictors of order at least 2 are listed in Table 2. In this table, the
elementary differentials corresponding to ¢ = 1,2,...,8 can be used to write down
the order conditions for HB(4)3.

Consider now the case where the order of predictors P2 and P3 are increased to at
least 3. This implies that some order conditions listed in table 2 are not independent.
The order conditions corresponding to 7 = 6, 10, 14, 19, 23, 28, 34 are equivalent to
the order conditions corresponding to ¢ = 8, 12, 17, 21, 26, 30, 37, respectively; hence
these can be discarded. The resulting elementary differentials of orders 1 to 6 for HB
with predictors of order at least 3 are listed in Table 3. In this table, the elementary
differentials corresponding to ¢ = 1,2,...,17 can be used to write down the order
conditions for HB(5)3.

Consider now the case where the order of predictors P2 and P3 are increased to at
least 4. This implies that some order conditions listed in table 3 are not independent.
The order conditions corresponding to ¢ = 12, 21, 30 are equivalent to the order
conditions corresponding to ¢ = 17, 26, 37, respectively; hence these can be discarded.
The resulting elementary differentials of order 1 to 6 for HB with predictors of order
at least 4 are listed in Table 4. These elementary differentials can be used to write
down the order conditions for HB(6)3.
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Table 1: Elementary differentials of order 1 to 6 for HB with predictors of order > 1.

i r(i) F® ¢°(3) ol) B ()
1 1 f Sbi 1 1 1

2 2 {f} Zi bic; 1 1 2

3 3 {2f}2 Zij biaijcj 1 2 6
4 3 {*} > bic? 1 1 3

5 4 {sf}s ik DiGijaskCk 1 6 24
6 4 {Zfz}Z Zij biaijc;f 1 3 12
74 {3} 25 biciagje; 3 6 8
8 4 {7*} > bic 1 1 4
9 5 {af}4 Zz’jkl biaijaikarc 1 24 120
10 5 {3f2}3 Zijk biaijajkci 1 12 60
11 5 {2{f}f}2 Zijk biaijCjajka 3 24 40
12 5 {2f3}2 Zij biaijC? 1 4 20
13 5 {aftaf} Zijk biciasjajrck 4 24 30
14 5 {{fz}f} Zij bic'iaijcjz 4 12 15
15 5 {{f}z} Zz bi(zj aijcj)2 3 12 20
16 5 {{f}fg} Z—L’j bicgaz’jcj 6 12 10
17 5 {4} > bich 1 1 5
18 6 {sf}s Zijklm bi Q5 kKA Cm 1 120 720
19 6 {4F?}4 ik DiGijQkaRICT 1 60 360
20 6 {({f}f}s Zijkl b;Q3505,CLAKICE 3 120 240
21 6 {33}s ik DiGija5xC, 1 20 120
22 6 {g{gf}gf}g Zijkl biaijCjajkalel 4 120 180
23 6 {2’} > ik bidijciasnc 4 60 90
24 6 {o{fP} S biaii (3, ajrc)’ 360 120
25 6 {{f}/*) > ik biaijciagrck 6 60 60
26 6 {2f4}2 Zij biaijczl' 1 5 30
27 6 {{af}af} > ik DiciGijazkarc 5 120 144
28 6 {{2f*}af} ik biciaija ey 5 60 T2
29 6 {{f}f}f} Zijk; bicias;C;a5kCh 15 120 48
30 6 {{f3 3} Eij biciaijcgf 5 20 24
31 6 {{af}Ar}} Zz bz(Z]k aijajkck)(zj aijcj) 10 120 72
2. 6 {fPHM LS04 (S a5¢) 10 60 36
33 6 {{of}2f%} ik DiCR G5k Cr 10 60 36
34 6 {7 S, bickaiic 10 30 18
3/ 6 {{f¥’f} Sibici(3; asjci)? 15 60 24
36 6 {1/ S ik Diciaic 10 20 12
37 6 {75} S bk 1 1 6
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Table 2: Elementary differentials of order 1 to 6 for HB with predictors of order > 2.

1 r@)  FY ¢°(i) a@®) BG) ()
11 f > 1 1 1
2 2 {f} Z, bic; 1 1 2
4 3 {77} > bic? 1 1 3
6 4 {2f2}2 Zij bia/ijC? 1 3 12
& 4 {f°} > bic} 1 1 4
105 {3f2}3 Zijk biaijajkc?c 1 12 60
125 {2f°}2 > 55 biagcl 1 4 20
14 5 {{r*} 7} Zi]' biciaij0§ 4 12 15
175 {f*} Yo, bict 1 1 5
19 6 {4f2}4 Zijkl bia'ija'jka'klclz 1 60 360
21 6 {sf’ts  Ypbagagey 1 20 120
23 6 {2{fz}f}2 Zijk biaijcjajkc,zc 4 60 90
26 6 {2f4}2 Zij biafijcsl' 1 5 30
28 6 {{2f2}2f} Zm bicia/ija/jkci 5 60 72
30 6 {{fg}f} Zij biciaijcg 5 20 24
34 6  {{fAf7r  Xbcdagg 10 30 18
37 6 {5} o bics 1 1 6

Table 3: Elementary differentials of order 1 to 6 for HB with predictors of order > 3.

i (@) FY ¢°(4) a(m) B@E) @)
11 7 S b 1 1 1
4 3 {f*} > bic? 1 1 3
8 4 {3 S, bict 1 1 4
12 5  {2f°} > biaic 1 4 20
75 {fY ket 1 15
21 6 {3f3}3 Zi]’k biaija,jkcz 1 20 120
26 6 {2f4}2 Zij b,,;(lijC? 1 5 30
30 6 {{f3}f} Zij biciaijc§ 5 20 24
37 6 {f%} S bt 1 1 6
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Table 4: Elementary differentials of order 1 to 6 for HB with predictors of order > 4.

i r(1) FY ¢°() o) BE) ()
T 1 7 S0 1 1 1
2 2 {f} b 11 2
4 3 {fz} Zi bicf 1 1 3
8 4 {f} k& 1 1 4
17 5 {fY Subkét 1 1 5
26 6 {2f4}2 zij b,;aijC? 1 5 30
37 6 {ff} Sybkdd 1 1 6

3.3 Vandermonde-type Formulation of HB(p)3

In this section, the equations for the integration formula and the predictors are derived
from their assumed forms (10)—(13) and their Taylor expansions. Moreover, the
purpose of this section is not to derive a practical algorithm to solve these equations
in terms of all the parameters since the ¢; appear nonlinearly. Later, for particular
variable-step HB(p) methods, the ¢; will be fixed and a flow chart outlining the order

in which the parameters are obtained will be given in section 3.5.

3.3.1 Integration formula IF

To find the IF coefficients which satisfy the order condition (22), we consider the

(p + 1)-vector of reordered coefficients of the integration formula IF in (12),

ul = [a/0> bl) b27 b3>/617 [32; s 7ﬂp——4) a’l]Ty

which is the solution of the confluent Vandermonde-type system of order conditions
(21) and (22):
Myl =1t (34)
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where ) )
10 0 0 0 0 1

01 1 1 1 1 i

2

00 o C3 2 Np-—-3 %%

M=\, & & = A (35)

2l 2! 21 2! 3l

O O cp—- c;sa—-1 ng_1 o np:; 212,_
L @11 G-I (-1 e-1)! p!

and r! = r;(1: p+ 1) has components
r(@) =1/G-1), i=1,2...,p+L

The leading error term of IF, which is the first deleted coefficient in the Taylor

expansion of yny1, iS

TIPH ch cs 77'+1 1
+ by—= 4 by — + . REFIPFL
O I I ;ﬁ’ p! (p+ 1)1 | it
3.3.2 Predictor Py
The (p — 1)-vector of reordered coefficients of predictor P, in (10),
2 T
u- = [a’zo, a9, a1, Poa, - - - ;52,;9—4, 0421] )
is the solution of the system of order conditions (19):
M?*u? = r?, (36)
where ~ -
10 0 0 1
01 1 1 72
00 Tp—3 %T
M? = 2 3 (37)
0 0 %T T %213 %
B s M
|00 g5y = =]
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and 72 = r5(1: p — 1) has components
ra(i) =51 /(i — 1), i=1,2,...,p— 1

A truncated Taylor expansion of the right-hand side of (10) about z,, gives

p+1

Z So (j)]lvj;,ﬂyv(zj)
=0

with coefficients

. . . c ‘
52(]):]\42(]‘|‘1,1,-..,p——1)U2=7"2(]+1):372", J 20717"'7p—27
M, T
52(3):a21j_7+2ﬂ21(j :L_-_Hl)') j:p—lapap""l
! p— !

We note that P, is of order p — 2 since it satisfies the order conditions

1
E Qg; = 1,

7=0

S()=46/5,  j=1,...,p—2

and its leading error term is

-1
Cg } p— (p—l)‘

3.3.3 Predictor P;
The p-vector of reordered coefficients of predictor P3 in (11),
u® = (w30, a31, a3, P31, Bs2, - - -, Bap—as 31",
is the solution of the system of order conditions (18) and (19) with ¢ = 3, and (23):

M3u® = o3, (38)
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where -
[10 0 0 0 1
2
00 ¢ m Mg =

M3: 0 0 é Q?Z 7’2—3 ﬁ (39)

21 21 2! 3!

&2 b n§Z§ mt

L0 0 G5 o o e o

The first p — 1 components of r® =r;(1 : p) are
rs(i) = &/ (G — 1), i=1,2,...,p—1,

and the pth component is

1) = - | 5~ buaSalo = 1) - Bito)|.

A truncated Taylor expansion of the right-hand side of (11) about z,, gives

p+1

Z S3 h’11+1y'r(i7)

with coeflicients

d
S3(J)=M3(.7+1717 p)“‘ "“73(.7+1) ,7_? .7_0717' 7p"—27
= 77
53(])—0631;7 +a3252(3—1)+2ﬂ31 'fll)p J=p—Lpp+1
i=1 ’

3.3.4 Step control predictor Py

The (p — 2)-vector of reordered coefficients of P4 in (13),

ut = [G41, 43, Ba1, Baz, - - - ,,34,p—4]T,
is the solution of the system of order conditions:

M*u* = r?, (40)
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where _ .
1 1 1 1
C3 79 PN np_g
2 2 2
M=|O o R . B (41)
0 g3 = o3
|V B poan @3 |

and 7* = ry(1 : p — 2) has components
ra()) =1/8!, i=1,2,...,p—2.

The solutions uf, £ = 1,2,3,4, form generalized Lagrange basis functions for

representing the HB interpolation polynomials.

3.4 Symbolic Construction of Elementary Matri-

ces

Consider the matrices
M* e Rmexme =12 3,4, (42)

of the Vandermonde-type systems (34), (36), (38), and (40), where
m=p+1, me=p—1 mg=p, my=p-—2, (43)

and p is the order of the method.

The purpose of this section is to construct symbolically elementary lower and
upper bidiagonal matrices as functions of the parameters of HP(p). These functions
will be used in Subsection 3.4.1 to factor each M*, £ = 1,2, 3, into a diagonal+last-
column matrix, W¥, which will be further diagonalized by a Gaussian elimination.
This decomposition will lead to a fast solution of the systems M‘u® = r¢ in O(p?)
operations.

Since the Vandermonde-type matrices M* can be decomposed into the product of
a diagonal matrix containing reciprocals of factorials and a confluent Vandermonde

matrix, the factorizations used in this thesis hold following the approach of Bjorck
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and Pereyra [5], Krogh [28], Galimberti and Pereyra [21] and Bjérck and Elfving
[4]. Pivoting is not needed in this decomposition because of the special structure
of Vandermonde-type matrices. The competitiveness of HB(p)3 of order p comes
from the surprisingly stable fast solution of ill-conditioned Vandermonde-type linear
systems in O(p?) operations (see [24, p. 187]) by taking the special structure of these
systems into account, in contrast with Gaussian elimination with pivoting in O(p?)
operations, which requires more storage, is slower and, at times, leads to unstable

solutions when the stepsize is very small.

3.4.1 Construction of lower bidiagonal matrices

We first describe the zeroing process of a general vector & = [z1, T2, . . ., Tm|? with no

zero elements. The lower bidiagonal matrix

Ix—1 O 0 0
0 1 0 0

Lk B 0 1 —Tk+1 0 (44)

defined by the multipliers

=t = L(,d),  i=k+1,k+2,...,m, (45)
T4
zeros the last (m — k) components, Zgy1, ..., Zm, of . This zeroing process will be

applied recursively on M* as follows.

For k = 3,4,...,my—1, left multiplying Tf = L¢_, - -- LiLYM* by L% zeros the last
(m; — k) components of the kth column of T¢. Thus we obtain the upper triangular
matrix

LM =Lf - LELEM* (46)
in (m, — 3) matrix operations. We note that L* does not change the first two rows of
M*.

Process 1 At the kth step, starting with k = 3,
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o MUY = [f [f ... LEM* is an upper triangular matriz in columns 1 to

k—1.

o The multipliers in L%, are obtained from M**=V(k41,...,my, k) since M*(i, k) #
0fori=k+1,k+2,...,my.

Algorithm 1 in Appendix A describes this process.

3.4.2 Construction of upper bidiagonal matrices

For each matrix L*M*, £ = 1,2,3, we construct recursively upper bidiagonal matri-
ces Us,Uj,... U, _, such that the upper triangular matrix U* = UsU;--- UL, _,
transforms Lf*M* into a matrix W¢ = L!M*U* with nonzero diagonal elements,
W¢(i,4) #0,i=1,2,...,m,, nonzero W*(1 : my,my;) # 0 in the last column and zero
elsewhere. We call such a matrix a “diagonal+last-column” matrix.

We describe the zeroing process of the upper bidiagonal matrix Uf on the two-row

matrix

LAMAUEUS - U (k- k+1,1:my)
- 1 1 1 m
_ Yk,1 Yk k—1 Yke,my ‘ (47)
Ye+1,1 0 Ye+1,k—1 Yk+1,k Ye+1,k+1  °° Yk+1me—1 Yet+1my,

The divisors
k—1
g, = ; ; :
te(t) — pae(i — k + 1)
where ue(k) = M*(3,k), define the upper bidiagonal matrix

=Uf(3,4), i=k+1,k+2,...,m—1, (48)

-Ik—l 0o .- 0
0 1 —orn 0

0 Ok4+1 —Ok42

3
I

(49)

Omy—~2 ~—Omy—1

[RN e]

0 Omy—1
0 0 1
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Right-multiplying (47) by Ui zeros the 1’s in position k,...,m, — 1 in the first row

and puts 1’s in position £+ 1,...,m, — 1 in the second row:

LEMAULUS - Uf_JURk  k+ 1,1 my)

_ Yk o Ukk—1 1 o --- 0 Ykym, (50)

Y11 *0 Yelk—1 Yrtik 1 o0 1 Yegim,

Thus, U* = ULUS - -Ufu_z transforms the upper triangular matrix L°M? into the

7

diagonal+last-column matrix

Wt = L*M'ULU; - - UL,y (51)
in (m, — 3) steps.
Process 2 At the kth step, starting with k = 2,

o MUY = LEAMAULUL---Ut_, is o diagonal+last-column matriz in rows 1 to
k—1.

e The divisors in Uf are obtained from M**=D(k+1,k+1: my) since M**=V (k+
1) = M D(k+1,5-1)#£0, j=k+1,k+2,...,m¢— 1.

Algorithm 2 in Appendix A describes this process.

3.5 Particular Variable-step HB(p)3

The general HB(p)3 methods obtained in Chapter 4 contain one free coefficient, c,,
and depends on h,41 and the previous nodes, Zn, Zn-1,. . ., Tn—(p—4), Which determine
N2y« -+, Mp—3 in (16).

For simplicity and to reduce computation, only one intermediary point, ¢, is
introduced while ¢; = 0 and ¢3 = 1 are taken at the ends of the interval of integration,
thus reducing the cost per step in the implementation of a particular variable-step
HB(p)3, for p = 5,6,...,15. After some numerical experimentation on the choice of
¢y, the following three coefficients were chosen as

2
C1 = 0, Co — :—3', C3z = 1. (52)
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We also denote this family of particular HB(p)3 by HB(5-15)3.
The remaining of this thesis is concerned with the family of particular variable-step
HB(p)3 with coefficients ¢; given in (52).

The procedure to advance integration from z,, to .1 is as follows.

(a) The order p is obtained by the procedure of Chapter 4. Then, the stepsize,
Tunt1, is obtained by formula (57) of Section 4.2 with k = p — 1, that will be

given below.
(b) The numbers 72, ..., Np—4, defined in (16), are calculated.

(¢) The coeflicients of integration formula IF, predictors P, P; and step control

predictor P4 are obtained successively as solutions of systems (34), (36), (38)
and (40).

(d) The values Yntc,, Yntess Ynt1, and Pn41 are obtained by formulas (10)—(13).

(e) The step is accepted if |yp11 —Jna1| is smaller than the chosen tolerance and the
program goes to (a) with n replaced by n + 1. Otherwise the program returns

to (a) with the same order p and the smaller stepsize 0.7 f,41.

3.6 Fast Solution of Vandemonde-type Systems

Symbolic software can be conveniently used to construct the elementary matrix func-
tions Lt and Uf, £ = 1,2, 3, only once as functions of n;, for j=2,3,...,p—3. Sym-
bolic Algorithms 1 and 2 in Appendix A do this only once to produce diagonal+last-
column matrices in O(m?®) operations. These elementary matrix functions are perma-
nently incorporated in, and used by the fast C++ Algorithms 3 and 4, in Appendix A,
to solve systems (34), (36), (38) and (40) at each integration step in O(m?) operations.

3.6.1 Solution of M‘u*=1r% ¢=1,2,3

We let

my=p+1, mog=p—1, mz=p, ’I’I’L4:p-—2,
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as defined in (43).

First, the elimination procedure of subsection 3.4.1 is applied to M* to construct

my X my lower bidiagonal matrices L¢) k = 3,...,m, — 1, with multipliers
+1—k
Tz:%m)—:_.[xi(%,z), z=k—|—1,k—|—2,,me (53)

The matrix L = L%, _; - -- L{L§ transforms the coefficient matrix M* into the upper
triangular matrix L*M?* of the form (46).
Second, the elimination procedure of subsection 3.4.2 is used to construct Mg X My
upper bidiagonal matrices Uf, k = 2,...,m; — 2, with multipliers
k—1

MG ME Ry Ok =k LE42, me— 1 (54)

o)

The right-product of the Uf will transform L*M?* into a diagonal+last-column matrix
W* of the form (51).
¢

Finally, a factored Gaussian elimination, Lf,, ;L

vyys diagonalizes W¥* as follows.

First, W¥(mg, my) is set to 1 by the diagonal matrix LY, :
Li,G)=1,  i=1,...,m—1,

wa (M, myg) = 1/W¥(my, my).

Then the non-diagonal entries in the last column of L%, W* are zeroed by the unit

diagonal+last-column matrix L}

me+1 Whose last column has top m, — 1 entries

Ly (L me — 1,my) — (LE, WH(L: mg — 1,my).
This procedure transforms M?* into the diagonal matrix

L __ 1#8 J4 14 Lrrlrié £
D" = Lm¢+1Lm¢ °e L3M U2U3 ° 'Um¢—27

where ‘
D(i,i) =1, i=1,2,3,my,
and
; — 2)! .
D (i,i) = (i—2) i=4,5,.. my—1.

[—M~(3,3)] [-M*(3,4)] - - [-M*(3,i — 1)]’
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Thus we have the following factorization of M* into the product of elementary ma-

trices:
M* = (Lt Lt - L) Dt (UtUE - UL, o),
and the solution is
ue = UQZUg e l—]erg—Z(Dé)_lLfng—i-lLfng to Lg Té) (55)

where fast computation goes from right to left.

Procedure (55) is implemented in Algorithm 3 in Appendix A in O(m2) operations.
The input is M = M5 m=mg r=1% Ly = L, k=3,4,...,my — 1; Uy, = U},
k=2,3,...,my;—2; and D = D*. The output is u = u’;

3.6.2 Solution of M4u* = r*

The algorithm to solve the system M*u* = r* in O(m3) operations is similar to the
algorithm for the primal system of [5, p. 896] and is described in Algorithm 4 in
Appendix A. The input is M = M*, m = my; r = r* and the output is u = u*.

Remark 1 Formulae (10)—(13) can be put in matriz form. For instance, (12) can be
written as
Yn+1 = F 1’LL1.

where

Fl'= [’yn, Pt fos Bntt fres, Png1 fates, P fae1, g1 fa—a, - - - >hn+1fn—(p—4),yn—1],
and
ul = (@10, 11, b12, b13, 11, 1z, - - - 7/81,p—4;a11]T7
It is interesting to note the three decomposition forms of the system Fu:
F(UD™Lr) (generalized Lagrange interpolation),
(FUD™YLr (Krogh’s modified divided differences),
(FUD 'L)r (Nordsieck’s formulation).

The first form is used in this thesis, the second form for Vandermonde systems is
found in [28], and the third form is found in [37].



Chapter 4

Implementation and Numerical
Results

4.1 Regions of Absolute Stability and Principal

Error Term

To obtain the regions of absolute stability, &, of these methods, we apply predictors
P,, P; and integration formula IF of each method, with constant h, to the linear test
equation

¥y =Xy, =L

This gives the difference equation and the corresponding characteristic equation

p—3 p—3
Y VY =0, > =0, (56)
“j=0 =0

respectively, where p — 3 is the number of steps of the method. A complex number
Al is in R if the p — 3 roots of the characteristic equation satisfy the root condition
Irs] < 1 and the multiple roots satisfy |r,| < 1. The method used in [35] to find R is
similar to the one used for k-step multistep methods (see [25, pp. 256-257]).

The upper part of the regions of absolute stability, R, of HB(5-15)3 are shown in
grey in Fig. 2 taken from [35]. The region R is symmetric with respect to the real

axis.

37
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Figure 2:

Regions of absolute stability, R, of HB(5-15)3.
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Table 5: For given order p, the table lists the abscissa of absolute stability, o, and
the norm ||PLTC]||, for HB(p)3 and ABM(p,p — 1), respectively.

a [PLTCll2

p | HB(p)3 | ABM(p,p—1) | HB(p)3 | ABM(p,p — 1)
5 | —1.30 —1.40 1.31e-02 |  1.04e-01
6 | —1.14 ~1.03 7.85e-03 |  9.56e-02
7 | —1.03 —0.78 5.37¢-03 |  8.89e-02
8 | —0.96 —0.60 3.97¢-03 |  8.37e-02
9 | —0.94 —0.44 3.09e-03 |  7.94e-02
10 | —0.91 ~0.33 24903 |  7.58e-02
11| —0.79 —0.26 2.06e-03 |  7.28¢-02
12 | —0.69 —0.21 1.75¢-03 | 7.01e-02
13| —0.60 —0.06 1.50e-03 |  6.78e-02
14| —0.52 1.31e-03

15| —0.45 1.16e-03

Let ABM(p,p — 1) denote the ABM method with predictor of order p — 1 and
corrector of order p in PECE mode [41, p. 135-140]. The intervals of absolute stability
(e, 0) of HB(p)3 and ABM(p,p — 1) are listed in the left part of Table 5. It is seen
that HB methods have larger intervals of absolute stability than ABM methods of
comparable order.

The principal error term of HB(5-15)3 is of the form

S {fPY + Sap {2} + G {ofP o+ Ga {afP s | T

where {fP}, {{f?7*}f},{ofP "}z, {3fP*}3 are elementary differentials defined in [§],
[30] and [25]. The principal local truncation coefficients (PLTC), d1,d2,d3 and 4, of
the principal error term are listed in Table 6. The norms ||PLTC||; for HB(5-15)3
and ABM methods of order p = 5, ..., 13 are listed in the right part of Table 5. It
is observed that the norm ||PLTC||, for HB methods are between 3% to 12% of the
norm ||PLTC|2 for ABM methods of comparable order.
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Table 6: For each order p, the table lists the principal local truncation coefficients for

HB(5-15)3.
¥y 51 52 53 54
5 122167958642 1759218604442 63281244764 23456248059221
593736279000119 949978046398679 61509369910607 | 2533274790395869
6 59 322 4688352 8854480
873180 3492720 11418240917 1597004107
7 85471927 __ 707023 468962 3854824
3076068117697 1303219439 2354249605 1015639297
8 2354423 587270 189737 3686879
179914245043 1673247147 1753207927 1313789481
9 336355 ___ 68883 948607 2708477
49883522711 283875427 15000368616 1240785068
10 179086 1873166 232193 1604661
48448766529 10637173139 5984151746 911571649
11 116718 172071 244227 1821263
55190680283 1297436831 9931242032 1248757818
12 62473 136176 235381 4230511
50220577404 1323940543 14807436217 3428202290
13 170880 686019 172405 5242881
230209966259 8397578576 16640440694 4937467859
14 123146 613889 300125 2397797
278016455347 9276690181 44620746959 2588362967
15 53849 448503 82308 778718
207525400761 8228865958 19247139919 952540877

40
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4.2 Controlling Stepsize and Order

A variant of the procedure described in [41] is used to control the stepsize and order
of our VSVO HB methods.

e The program computes the maximum norm

E= ”yn+1 - §n+1,q“oo>

where Y41 is the value obtained by the integration formula IF of order p and
Unt+lq = Yn+1 is the value obtained by the step control predictor Py of order
q = p— 2. In other word, the numerical solution is obtained from the the lower

order estimator.

o The stepsize h,; is obtained by the formula (see [26]):

toler 1/x
hpt1 = min {hmax,ﬂhn <—(£:§£> ;4hn} ) (57)

where hmax is the largest admissible step determined by the user or, by default,
by the software, tolerance is chosen by the user, k =p— 1 and = 0.811is a

conservative safety factor.

e The coefficients of integration formula IF, predictors P2, P3 and step control
predictor P, are obtained successively as solutions of the linear systems (34),
(36), (38) and (40).

e The step to x,,1 is accepted if E < tolerance, else it is rejected and the program

returns to the previous step with smaller step 0.7 Ay, 1.

e If the step to x,.1 is successful, besides P4, three other Adams—Moulton step

control predictors,

p—2
§n+1,p = Yn T h/n+1 (‘len + a43fn+cg + Zﬂ‘ljfn—j) ) (58)

=1
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of order p = g+ 1 and q—2 are used to produce the three values Y11, used to
control the order and stepsize by means of the following three maximum norms:
Ei1 = [Ynt1 = Ynsrg#1lloos Bz = [¥nt1 — Tnr1g-2llcos

which estimate the local error at z,41 had the step to z,41 been taken at orders
q=£ 1 and g — 2, respectively. These three quantities are formed with E so that
much of the order and stepsize selection can be done by using the following

rules. The lowest satisfactory order is used. Thus, the order is lowered if
E1 <min{E,E;;} or E>max{E_;,E ,}.
The order is raised only if the following stronger conditions,
Ey <E <max{E_;,E_.},
are satisfied. Otherwise, the same order is kept.
e When the order g of P4 is 13, E,; is not available; Thus, the order is lowered if

E Z max{E_l, E_z}‘

e When ¢ = 3, the order is raised only if

B, <E.

e After selecting the order to be used, x and E are reassigned according to the
selected order. For example, if the order is to be lowered in the next step,
Knt1 = Kkp — 1 and E = E_;. The stepsize h,41 is then controlled by formula
(57).

4.3 HB(5-15)3 against 0DE113 in Matlab

We list below standard test problems for ODE solvers. Many of these problems have
been used to test HB(5-15)3. In this section, we report on the numerical performance
of HB(5-15)3 (programmed in Matlab) and Matlab’s ode113 on most of the starred
problems. In the next section, we report on the numerical performance of HB(5-15)3

and DP(8,7) (both programmed in C++) on four of the starred problems.
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*CUBICWAVE (CUBIC) Nonlinear wave equation in deep water [7].

*BRUSSELATOR (BRUS) This reaction-diffusion partial differential equation is
to be solved by the method of lines!. Thus the equation is transformed into a

system of ordinary differential equations. [25, p. 248-249].

ARENSTOREF’S ORBITS (AREN) Equations for the restricted three-body prob-
lem [25, p. 129-130].

THE PLETADES (PLEI) A celestial mechanics problem for seven stars in the plane
[25, p. 245-246].

RESTRICTED 3-BODY PROBLEM (R-3-BODY) Equations of motion of a re-
stricted three-body problem [41, p. 246-247].

EULER’S EQUATION (EULER) Equations of motion for a rigid body without
external force [41, p. 242-243].

The DETEST problems are divided into the following five classes, each containing

five equations and are scaled so that zo = 0 and zy = 20.
SINGLE EQUATIONS:

A3 y' = —ycosz, y(0)=1 (An oscillatory problem).
SMALL SYSTEMS:

B1 The growth of two conflicting populations [14, p. 102].
B4 The integral surface of a torus [16, p. 9].

ORBIT EQUATIONS:

*D1 Two-body problem with eccentricity ¢ = 0.1.

1For a first-order partial differential equation (PDE), the method of lines discovers a line along
which the PDE becomes an ordinary differential equation (ODE). Once the ODE is found, it can
be solved along the this line and transformed into a solution for the original PDE. If the line is a
characteristic line or characteristic, the method is called method of characteristics.
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D2 As in D1 except with eccentricity ¢ = 0.3.
D3 As in D1 except with eccentricity € = 0.5.
D4 As in D1 except with eccentricity ¢ = 0.7.
*D5 As in D1 except with eccentricity € = 0.9.
HIGHER ORDER EQUATIONS:

E1 Derived from Bessel’s equation of order 1/2 with origin shifted one unit to the
left [14, p. 4, 69].

E2 Derived from Van der Pol’s equation [14, p. 358, 531].

CPU time, the number of function evaluations and the maximum global error are
compared on the above starred problems to test HB(5-15)3 as a VSVO solver on
problems which require many function evaluations. Usually large stepsizes can be
used to solve easier problems with fewer function evaluations. HB(5-15)3 wins on
expensive problems. That is why we construct it.

The three starting values for HB(5-15)3 were obtained by Dormand—Prince pair
DP(5,4)7TM (see [17]) with initial stepsize, k1, chosen by a method similar to steps
(a) and (b) of [25, p. 169]. ,

Computations were performed on a System with a dual 1.66 GHz Laptop 2 GB
DDR2 running under Windows Vista Home Premium and Matlab Version 6.5. Algo-
rithms 3 and 4 were written in C and made into system-dependent Matlab mex files

for speed.

4.3.1 CPU time against maximum global error

As a first comparison, the Maximum Global Error (MGE) has been plotted for the
methods treated here. MGE is taken to be max,{|yn+1 — ¥(tn+1)|oo} Of the difference
between the numerical and the reference solution at every integration step. The

reference solution is obtained by means of DP(8.7) at stringent tolerance. In Figs. 3
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to 5 the horizontal axis is total CPU time (CPU) in seconds for a given tolerance and

the vertical axis is
logy, (|MGED . (59)

4.3.2 CPU percentage efficiency gain of HB(5-15)3 against
odell3

The CPU percentage efficiency gain (CPU PEG) is defined by formula (cf. Sharp
[43]),

2; CPUsis 1] , (60)
>-; CPUy;

where CPU,;; and CPU,;; are the CPU time of methods 1 and 2, respectively,
associated with problem ¢, and j = —log,o (|MGE|). For each problem ¢, the CPU
time is the execution time of 600 runs and we divide the execution time by 600 to
obtain the CPU time for each run.

The CPU PEG for the problems considered in this thesis is listed in Table 7.

(CPU PEG); = 100 [

Table 7: CPU percentage efficiency gain (CPU PEG) of HB(5-15)3 over ode113 for
the listed problems.

Harder problems | CPU PEG | Harder problems | CPU PEG
Arenstorf 67% D1 37%
Brusselator - 36% D2 41%
Euler 26% D3 52%
Pleiades 57% D4 82%
Restricted 3 body 47% D5 ' 49%
B1 43% E2 58%
Easier problems Easier problems

A3 31% E1 41%
B4 19%

It is seen from Figs. 3, 4, 5 and Table 7 that the new VSVO HB(5-15)3 compare
favorably with Matlab’s ode113 on the basis of the MGE Efficiency Curves against
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Figure 3: CPU time in seconds (horizontal axis) versus log;, ((MGE|) (vertical axis)
for Arenstorf, Brusselator, Euler, Pleiades, restricted three-body and Bl in Matlab.
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Figure 4: CPU time in seconds (horizontal axis) versus log;, ((MGE|) (vertical axis)

for D1 to D5 and E2 in Matlab.



CHAPTER 4. IMPLEMENTATION AND NUMERICAL RESULTS 48

-2

-6

—
'S

006 008 01l 012 014 0.16

14
0.06 008 01 012 014 0.16

HB(5-15)3 o, ode113 i

Figure 5: CPU time in seconds (horizontal axis) versus log,, ((MGE|) (vertical axis)
for A3, B4 and E1 in Matlab.
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the CPU time for the problems in hand. Figure 5 illustrate the fact that the behavior
of ODE solvers is highly problem dependent (see [25], page 253).

4.3.3 Maximum global error against tolerance

Table 8 lists several numerical results related to the step control for the problems in
hand on the time interval [0, ¢;] with set tolerance (TOL), namely, CPU time (CPU),
number of function evaluations (NFE ), the number of failed attempts (REJ)? and
the maximum global error (MGE) of HB(5-15)3 and ode113.

For equivalent MGE, the boldface data in Table 8 show that HB(5-15)3 uses less
CPU time and fewer function evaluations than ode113 for tolerances 107% and 10~1°,
respectively. It is seen that HB(5-15)3 controls better the stepsize for given tolerance
and maximum global error than ode113 even though the step control is problem
dependent.

Consider the example of problem AREN in Table 8. The MGEs of the two al-
gorithms are considered the same, when the MGE of HB(5-15)3 is 3.2e-06 and the
MGE of odel13 is 3.3e-06. The NFE of HB(5-15)3 is 1203 and of odel13 is 1637.
Thus HB(5-15)3 takes less NFE for the same MGE than odel13. The CPU time of
HB(5-15)3 is 0.16 while the CPU time of 0odel13 is 0.24. In other words, HB(5-15)3
takes less CPU time than odell3 for the same MGE.

4.4 HB(5-15)3 against DP(8,7) in C++

In this section, the numerical performance of HB(5-15)3 and DP(8,7) in C++ is
compared on two harder problems: the Brusselator and the Cubicwave, and on two
easier problems: the DETEST two-body problems D1 and D5 [26].

2Softwares, for example, Matlab, usually have the option to find the number of failed attempts,
that is, the number of steps for which the local error exceeded the tolerance [26].
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Table 8: For each problem, time interval [0,%;] and tolerance (T'OL), the table lists
the CPU time in seconds (CPU), number of function evaluations (NFE), number of
failed attempts (REJ) and maximum global error (MGE) for the HB(5-15)3 method
in the left column and the ode113 in the right column, respectively.

HB(5-15)3 and odel13
Problem | TOL CPU NFE REJ MGE
BRUS [107%™ | 273 257 702 736 2 5.5e-05  2.6e-04
t;=75 {107%7 | 5.34 3.69 | 1500 1021 | 2 6.8e-09 1.5¢-05
10719 | 989 9.84 | 3018 2419 | 0 1.0e-12  2.2e-10
EULR [107%%] 012 0.09] 708 485 | 11 3.0e-05  2.9e-03
107°7 | 0.16 0.15 | 1203 921 | 0O 1.8e-09 4.0e-06
tp~522 (1071 | 023 0.24 | 2001 1637 | 0 7.60-13  8.9e-11
AREN [107% ] 015 0.15| 615 491 [11 20| 1.1e-02 2.2¢-01
10~°7 | 0.18 0.18 | 1161 927 | 4 18] 3.2e-06 2.3e-03
tp~17.1 [ 107 | 027 0.27 | 1917 1637 | 0 18| 2.7¢-10 3.3e-06
R3p 107% [ 012 0.11] 630 51311 20| 1.1e-03 4.2¢00
10797 | 0.18 0.18| 1176 959 | 3 18| 1.6e-06 8.0e-03
ty~6.19 | 10719 0.25 0.27 | 1941 1632 21| 7.9e-09 4.0e-06
PLEI [107% ] 037 031| 984 765 22 | 1.8e-03  5.0e-01
10797 | 0.57 0.53 | 1734 1428 23 | 1.3e-06  7.2e-04
ty = 107 | 0.90 0.85 | 2886 2408 23 | 2.3e-10 1.1e-06
B1 107% | 0.09 0.09| 459 377 12 | 1.3e-05 5.3e-03
107°7 1 0.13 0.11| 834 686 11 | 2.6e-08 3.1e-05
tp=20 |1071°| 0.19 0.19 | 1374 1208 11 | 2.3e-11  2.3e-08
E2 107% ] 010 0.11] 576 448 15 | 5.1e-06  6.0e-04
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Figure 6: CPU time in seconds (horizontal axis) versus log;, (|IMGE]) (vertical axis)
for D1, D5, Brusselator and Cubicwave.

4.4.1 CPU time against maximum global error

In Fig. 6, the CPU time in seconds (horizontal axis) is plotted against the common
logarithm of the Maximum Global Error (MGE) (vertical axis),

logyo (IMGEJ), (61)

for four problems. By comparing the two curves for the Cubicwave in Fig. 6, HB(5-
15)3 wins for such an expensive problem since the curve for HB(5-15)3 lies to the
left of the one for DP(8,7). However, DP(8,7) works better than HB(5-15)3 for easy
problems such as D1 and D5, because in HB(5-15) many coeflicients are calculated
and the stepsizes have to be changed. Thus, HB(5-15) takes more CPU time than
DP(8,7). At small MGE, which corresponds to stringent tolerance, HB(5-15)3 is
better than DP(8,7) for the Brusselator.

Table 9 lists several numerical results related to the step control for the problems
in hand on the time interval [0,%;] with set tolerance (TOL), namely, CPU time
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Table 9: For each problem, time interval [0,¢;] and tolerance (TOL), the table lists
CPU time (CPU), number of function evaluations (NFE), number of failed attempts
(REJ) and maximum global error (MGE) for the HB(5-15)3 methods in the left
column and the DP(8,7) in the right column, respectively in C++.

HB(5-15)3 and DP(8,7)

Problem TOL CPU NFE REJ MGE
BRUS 107%4 | 7.8e-02  1.6e-02 969 1066 | 8 2| 1.4e-04 3.6e-04
10797 | 1.1e-01 1.6e-02 | 1806 2769 | 5 0| 4.6e-08 2.6e-08
if=175 10710} 14e01 6.3e-02 | 3021 8749 | 3 0] 7.0e-12 7.2e-13
CUBIC 1079% | 2.7e+00 2.9e+00 | 3702 6604 | 19 0| 4.7e-03 4.8e-02
10797 | 5.4e+00 8.5e+00 | 7101 18889 | 1 0| 4.0e-06 3.8¢-06
t; =1000000 | 107 | 9.6e+00 2.4e+01 | 12027 54327 | 0 0| 1.6e-09 2.4e-10
D1 107% [ 7.8e-02  1.6e-02 231 3511 2 0] 1.4e-04 3.6e-04
10797 | 1.1e-01  1.6e-02 399 8971 0 0| 4.6e-08 2.6e-08
tr =20 10719 | 14e-01 6.3e02| 657 2652| 0 0| 7.0e-12 2.0e-13
D5 107% | 1.6e-01  4.7e-02 888 1638 | 15 36 | 4.0e-03 1.8e-01
10797 | 2.8¢-01 7.9e-02 | 1620 2444 | 3 15 | 4.4e-07 6.4e-05
ty =20 1071 | 4.1e-01 1.7e-01 | 2655 6552 | 0 0| 1.4e-09 1.8e-09

(CPU), number of function evaluations (NFE ), number of failed attempts (REJ)
and maximum global error (MGE) of HB(5-15)3 and DP(8,7). These results agree

with the curves in Fig. 6.

4.4.2 CPU percentage efficiency gain of HB(5-15)3 against
DP(8,7)

Table 10 lists the CPU PEG for the four problems considered in this section. The
CPU PEG is positive for Cubicwave, so HB(5-15)3 wins for this expensive equation.
However, CPU PEG is negative for problem D1, D5 and Brusselator, i.e. DP(8,7) is
better than HB(5-15)3 in these cases.
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Table 10: CPU percentage efficiency gain (CPU PEG) of HB(5-15)3 over DP(8,7)
for the listed problems in C+-+.

Problem | CPU PEG
D1 -75%
D5 -54%
Brusselator -43%
Cubicwave 144%

4.5 The C++ Program

The structure of the C++ program for HB(5-15)3 is briefly described in this section.
The listing of my 4509-line C++ program is available on demand.

The main part of HB(5-15)3 is programmed in HB515main.h. It consists of two
parts: DP5isteps.h and HB515mainsub.h. DP5isteps.h does the initial step whereas
HB515mainsub.h calculates four coeflicients: the IF coeflicient by HB5151F, the P2
coefficient by HB515P2, the P3 coefficient by HB515P3, and the coefficient of four local
error estimators to control the stepsize and order by HB515P4. The C++ program
for HB(5-15)3 will process from the top down to the bottom following the flow chart
shown in Fig. 7.

The main program main.cpp will call problem.h which consists of four testing

problems:
e HB515D1.h,
e HB515D5.h,
¢ HB515cubw.h,
¢ HB515brus.h,

When a testing problem is selected, the main method of HB(5-15)3 starts. The C++
program for HB(5-15)3 uses the most fundamental and important characteristic of

the C++ programming language, that is, it is object-oriented. By using objects, the
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main.cpp

v

problem.h

Y

HB515D1.h
HB515D5.h
HB515cubw.h
HB515brus.h

HB515main.h
(DP&7.h)

v

DPSisteps.h does 12 time steps

HB515mainsub.h executes
HB515IF to compute the coefficients of IF
HB515P2 to compute the coefficients of P2
HB515P3 to computes coefficients of P3
HB515P4 to compute the coefficients /
of the 4 local error estimators to control
step size and order

\ 4
sett=1t+h

n+1

Figure 7: Chart of function calls and subroutines
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program has a good structure and it is easy to understand as well. Memory release
and template are two other points that I will explain in detail in the following.

First of all, objects are necessary in the C++ program of HB(5-15)3 because there
are many array and matrix operations and C++ does not have a build-in type for
matrix at all. The new objects, array and matriz, are created for easy operation.
They will be called and take operations in the same way as simple type variables.

Secondly, I have to use the memory release technique of C++. Matrix is im-
plemented by using a two-dimensional array as data structure. In order to make
the matrix class applicable to various dimensions, it is necessary to use memory dy-
namic allocation and de-allocation. In this way, one can dynamically allocate and
de-allocate memory by using the C++ operators new and delete to avoid consuming
vast amounts of virtual memory and destroying performance through page swapping.

Thirdly, I make use of templates in the program. Templates are very useful when
implementing generic constructs which can be used with any arbitrary type. C+-+
templates provide a way to re-use source code as opposed to inheritance which provide
a way to re-use object code. Matrix can be used in other data types and objects. In
this C++ program, most data types are “double” (precision) in the matrix. However,
for the sake of re-usability, flexibility and compatibility, the design of the template is
necessary.

One deficiency in the object-oriented C-++ program for HB(5-15)3 is that the
structure design requires more operations and takes more CPU time to establish
arrays and matrices as can be seen by comparing the CPU time used by the non-
object-oriented program in [35]. Improve performance of the C++ program is a future

research project.
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Conclusion

A family of variable-step variable-order 3-stage Hermite—Birkhoff (HB) methods of
orders 5 to 15 was constructed by solving generalized confluent Vandermonde sys-
tems containing Runge-Kutta type order conditions. The order and stepsize of these
methods are controlled by four local error estimators.

These methods, in their vectorized Lagrange form, were tested on the Brusselator,
Euler’s equation, Arenstorf’s orbits, the restricted three-body problem, the Pleiades,
and the following nonstiff DETEST problems: an oscillatory problem A3, two-body
problems D1-D5, the growth problem Bl of two conflicting populations, the integral
surface of a torus B4, Bessel’s equation of order 1/2 with the origin shifted one unit to
the left E1, and Van der Pol’s equation E2 with ¢ = 1. The new methods were found
generally to have larger regions of absolute stability, lower global error, use less CPU
time and fewer function evaluations for the problems in hand than Matlab’s ode113.

HB(5-15)3 was also tested against DP(8,7) on D1, D5, the Brusselator, and the
Cubicwave. HB(5-15)3, which is aimed at solving expensive equations such as Cu-
bicwave, uses less CPU time and requires fewer function evaluations than DP(8,7).
However, DP(8,7) works better on easy problems such as D1, D5, and on the Brus-
selator at relaxed tolerance.

The HB(5-15)3 method has been written in object-oriented C++ and tested on
typical problems.

o6



Appendix A
Algorithms

Algorithm 1 This algorithm constructs lower bidiagonal matrices Ly (ap-

plied to IF, P, and P3) as functions of cz, ¢z and n;, 7 =2,3,...,p— 3.
For k = 3: m — 1, do the following iteration:
For i =m: —1:k+ 1, do the following two steps:
Step (1) Lg(4,4) == —M*(i — 1,k)/M*(i, k).
Step (2) For j =k : m, compute:
M (i, 7) .= M*(Gi — 1,5) + M*(4,5) Ly, (i, 5).

Algorithm 2 This algorithm constructs upper bidiagonal matrices Uy, (ap-

plied to IF, P, and P3) as functions of cs, c; and n;, j =2,3,...,p— 3.

For k = 2:m — 2, do the following iteration:

For j=m—1:—1:k+1, do the following two steps:
Step (1) Uk(j,5) = L/[M¥(k +1,5) — M*(k + 1,5 — 1)},
Step (2) fori=k: j, compute



APPENDIX A. ALGORITHMS 58

Algorithm 3 This algorithm solves the systems for IF, Py and P3 in O(m?)

operations

Given [m2,73,...,Mp—3] and r = r(1 : m), the following algorithm overwrites r

with the solution u = u(1: m) of the system Mwu = r.
Step (1) The following iteration overwrites r = r(1: m)
with L,—1Ly,_o-- - Lar:
for k= 3,4,...,m — 1, compute
r() =7 —1) 4+ r(5)Le(4,1), i=m,m—1,...,k+1
Step (2) First put
G(1:m):=M(1:m,m).

We obtain the coefficients of the last two row transformations, L,, and L, 1,

by means of the recursion:
for k= 3,4,...,m — 1, compute
G(1) :== G(z — 1) + G(3) Ly (3, 1), i=m,m—1,...,k+1
Step (3) The following computation overwrites the newly obtained r with

L1 Ly
r(m) = r(m)/G(m),

and for k=m —1,m —2,...,1, compute
r(k) :=r(k) — G(k)r(m).
Step (4) The following iteration overwrites r = r(1 : m)
with UsUs « - - Upy o D7t
r(2) :=1r(1)/D(1,1), i=12,...,m.
For k=m—2,m—3,...,2, compute

r(i) = r@@)Ux(s, 1), i=k+1,k+2,....,m—1,
r(@) =r()—r(E+1), i=kk+1,...,m—2.
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Algorithm 4 This algorithm solves the system for the step control pre-
dictor P, in O(m?) operations

Given (2,73, ..., Mp—3] and r = r(1 : m), the following algorithm overwrites r with

the solution u = u(1 : m) of the system Mu = r.

Step (1) for k= 2,3,...,m — 1, compute

i+ 1—k

r(1) =r({E—-1)— r(z)m—)—,

t=mm—1,...,k+ 1.

Step (2) compute

r(i) = r(3), i=1,2.

N o ofs [—M4(27 2)] [——M4(2a 3)] c [_M4(27i - 1)]
T(Z) T T(Z) (Z _ 1)' )
Fork=m-—1m-—2,...,1, compute

O =R D G-k D)

r@) =70) —rG+1), i=kk+1,...,m—1

i=3,4,...,m.

t=k+1,k+2,...,m,



Appendix B

Matlab Programming

Algorithm 3 which solves systems IF, P, and P3 were programmed as subroutines in
C, say, IFsub, P2sub and, P3sub

Algorithm 4 which solves the P, system was programmed in C as subroutines in
C, say, P4sub. “

A calling program in C, say, IFP which calls IFsub, P2sub, P3sub and, P4sub was
compiled together with the four subroutines above by the Matlab mex command into
mex files, say, IFP.macmex.

Af runtime, the data of differential equations were input. Then, IFP.macmex was
called and run to calculate the values of the coefficients of IF, Py, P; and P4 at each
integration step until completion of the integration.

As an option, CPU time and NFE of function f(z,y) in (1) at the runtime of
Algorithms 3 and 4 can be recorded.

As another option, MGE can also be run. Matlab’s 0ode113 can be run with
appropriate tolerance for comparison with HB(p)3.

The elementary matrices L¢ and Uf, £ = 1,2, 3,4, are constructed by Algorithms 1
and 2 as functions of n;, for 7 = 2,3,...,p — 3. These algorithms are not needed at
runtime since these matrix functions are already implemented in the four subroutines
IFsub, P2sub, P3sub and, P4sub which are compiled together with the calling program

into Matlab mex file IFP.nacmex.
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