ABSTRACT

The problem to be considered in this work is the simul-
taneous development of velocity and temperature profiles for
a Newtonian fluid, in laminar flow in the entrance region,
of a circular tube. The physical properties, i.e. thermal
conductivity and viscosity are assumed to be a linear func-
tions of temperature. A variational formulation based on
the concept of local potential is first applied to transform
the two fundamental coupled nonlinear partial differential
equations into two tractable ordinary differential equations.
The equations are then solved by the analog/hybrid computer.
Consequently, momentum boundary layer thickness, thermal
boundary layer thickness, local and average Nusselt numbers,
and local and average friction factors are determined for
the flow. The study has yielded information concerning
flow performance as well as information on the sensitivity
of thermal conductivity and viscosity to the Nusselt number
and friction factor. A S/360 CSMP (Continuous System Model-
ling Program) approach in solving the problem is also
discussed. Wherever possible, the accuracy of this study
is demonstrated by comparing the calculated results with the
corresponding available solutions in the literature. Close
agreement has been obtained in all the cases. The results
show that the variable properties have substantial influence

on the flow performance.
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viscosity coefficient
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analog-to-digital converters
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potentiometer coefficient
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specific heat at constant pressure
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initial condition mode
thermal conductivity
amplification

entrance length

logic signals

local Nusselt number

average Nusselt number



OoP

Pr
o

Y*

. o~ix-

. operate. mode

pressure
potentiometer, set by servometer
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heat flux
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High gain dc amplifier
e, = —Key (X > 10°%)
Summer - inverter

= - +
e, (e) ez)

Grounded Potentiometer

e, = ¢ e
0 < c <1
Integrator
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€ €0
L
S+
g—» R f0
I [ g
S 0

Comparator
When e, + ep> 0, L is TRUE

When e; + ep2< 0, L is FALSE

D/A Switch

When L is TRUE, e; and e, are

. connected

When L is FALSE, e; is grounded

Relay or Functional Switch

When st is TRUE, e; and e, .are
connected

When S~ is TRUE, e; and eé are
connected

Logic Inverter

When L is TRUE, T is FALSE
and vice versa

AND GATE

When L; and L, are TRUE, L is
TRUE,
otherwise L is FALSE
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CHAPTER 1
INTRODUCTION

A duct of circular cross section has wide engineering
applications and its fully developed flow cases have been
the subject of many analytical and experimental studies. In
contrast veryfew studieson laminarflow and heat transfer in
the entrance region of a circular tube can be found in the
literature. However, the situation existing in a tube entry
is significant in many engineering problems which involve
tubes and ducts with small length to diameter ratios. Such
is the case in the inlet passages of jet. engines, short tube
heat exchangers, tubes of radiators, intercoolers and passage-

ways in wind tunnels.

When a fluid flows steadily through a tube, the flow
pattern in the region immediately downstream of the entrance
to the tube depends in great degree on the distance from the
tube entrance. After this distance.has become sufficiently
great, the variation in flow pattern vanishes, the velocity
profile remains unaltered, and the friction coefficient is
independent of the distance from the inlet. In addition to
this, if a fluid flowing adiabatically into a duct or channel,
. enters a region having a wall temperature different from

that of the fluid, thermal entrance effects are also present.



This temperature distribution takes various forms depending

on the boundary conditions and past history of the fluid.

Unfortunately, most of the work conducted so far assumed
constant properties for cases having Pr<1l. In this study,
the effects of variable viscosity and thermal conductivity
on the laminar flow in the entrance region of a circular
tube with Pr,>1 are investigated by assuming a constant wall

temperature.

The study involves tﬁe &erivation of two coupled
differential equations by applying the variational formula-
tion to the basic equations of the flow. These equations
arc then solved by the analog/hybrid computer and by CSMP
(Continuous System Modelling Program). The various quanti-
‘ties to be determined include momentum and thermal boundary
layer thicknesses, local and average Nusselt numbers, and
local and average friction factors. Wherever possible,
comparison is made between the results obtained from this
work and those available from the literéture, i.e. constant

properties case.
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CHAPTER 2

LITERATURE SURVEY

Until recently, analytical studies of laminar forced-
convection flow in circular and nonc1rcu1ar ducts have been

concerned primarily with three groups of problems.

The first group dealt with the development of the
velocity profile in.the entrance region of a duct with no
heat transfer. The fluid is assumed to enter the duct at a
uniform velocity. As the fluid moves down the duct, a
boundary layer begins forming at the entrance and grows on
the ‘wall surface due to the fact that the fluid immediately
adjacent to the wall has a velocity of zero. The fully
developed velocity profile exists when the two edges of the

boundary layer coincide.

The second group was concerned with the flow in which
the velocity profile of the fluid is already fuily developed
but enters a section of duct having a wall temperature
different from the temperature of the entering fluid. This

is the problem of a purely thermal entrance region.

Finally, the third group was concerned with the so-
called fully developed problems in which the heat transfer

and friction parameters do not change along the length of



-4-

the duct. The results can be applied to long ducts. TFor
obvious reasons, the nature of laminar flow and heat trans-
fer under the fully developed condition has been studied

extensively by many investigators over the last few decades.

Only recently has some attention been given to the case
of simultaneous development of velocity and temperature
profiles in the entrance region of circular ducts. Under-
standing of the flow characteristics and heat transfer in
this region is of practical importance és these configurations
are the most widely occurring; Ip technical applications,
one is often more concerned with the development of the
hydrodynamic and thermal boundary layers together, rather

than merely the thermal boundary layer alone.

All of the published solutions for laminar flow heat
transfer in a tube are based on the idealization of either
a fully established velocity profile, or a uniform velocity
profile. When oils are the primary fluid, assumption of a
fully established parabolic velocity profile, even though
both velocity and temperature are uniform at the tuBe en-
trance, does not lead to a significant error because the
velocity profile is established much more rapidly than the
temperature profile. In contrast, for very low Prandtl
number fluids, such as the liquid metals, the temperature

profile develops much faster than the velocity profile.
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However, when fluids with intermediate Prandtl numbers are
used, no such flow idealization yields an adequate description
of the velocity distribution that exists within a circular

tube.

One of the earliest analytical studies on the combined
entry length problem of laminar flow and heat transfer in a
circular tube appears to be that of Kayscl)*. He obtained
a numerical solution for Prandtl number of 0.71, employing
Langhaar's velocity profiles(z). In this case, the radial
component of velocity was neglected. He reported the reia-

fionship for the local and mean Nusselt numbers for the three

different boundary conditions.

Ulrichson and Schmitz(s)”refined the work of Kays by
including the radial component of velocity in the entrance .
region. The values of the axial component of velocity were
taken from the work of Langhaar(z) and those of radial com-
ponents of velocity were obtained from the equation of
continuity and Langhaar profiles. The main aim of Ulrichson

and Schmitz was to study the effect of this refinement and

¢ Numbers in the parenthesis designate the references at

the end of the thesis.
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their calculations had shown a significant decrease in the
calculated local Nusselt number in the entrance region from

that obtained by Kays.

R. Manohar(4) solved the nonlinear equations of laminar
flow of a viscous incompressible fluid in the entrance
region of a circular tube by a numerical method to
obtain the velocity of flow in this region. This velocity
distribution was used in solving the energy equation numer-
ically to obtain temperature profiles under constant wall
temperature and also under constant heat flux at the wall.
The local Nusselt number was calculated and compared with

those given by other researchers for Prandtl number of 0.7.
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CHAPTER 3
ANALYTICAL STUDIES

PHYSICAL MODEL

The physical model selected for a study of the

development of the velocity and temperature profiles in

the entrance region of a circular tube is the following:

1.

A steady laminar flow exists at all points along

the tube.

The flow is of an incompressible fluid and the fluid
properties are constant except for the viscosity and
the thermal conductivity which are linear functions

of temperature.

The velocity and temperature profiles are uniform
across the entrance section, and the hydrodynamic
and thermal boundary layer thicknesses are zero at

the entrance section.

The wall temperature is uniform, which differs from

the entering fluid temperature.

The flow in the region outside the boundary layer is

a potential flow.

There exists velocity and thermal boundary layers
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of definite thickness.
7. Natural convection effects are not considered.

8. The usual boundary layer conceptions -
Bu ., duavav
ay 9z = 9z ' 3y

3 .dp and
9z = dz

—a—T>>£

ay 9z
will be applied and also, it is assumed that the
viscous dissipation is negligible as compared

with heat conduction.

The effect of viscosity in the entrance region of a
circular tube is confined primarily to the fluid layers near
the wall, although in actual practice small effects exist
éverywhere in the flow. It will be assumed in this analysis
that viscosity plays a role only in a definite region adja-
cent to the wall, called the velocity boundary layer A.

The development_of the boundary layer in the laminar entry
region of a tube is complicated by the fact that, as the
layer thickness increases, the frictionless core of the
flow outside the boundary layer undergoes a contraction in
Cross sectional area and is, therefore, accelerated. The
increasing core velocity produces a pressure gradient along

the pipe and this in turn affects the growth of the boundary
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layer. Thus there is a definite interaction between the

boundary layer flow and the potential flow.

The principal effects of heat transfer will be felt
by the fluid layers close to the walls, although small
effects will exist everywhere. The assumption is made that
the effects of the heat transfer play a role only in a def-
inite region adjacent to the wall called the thermal boundary

layer A The fluid outside the thermal boundary layer will

£
be uninfluenced by the heat transfer and will therefore have
a uniform temperature identical to the value at the entrance
of a tube. In this analysis, only the case where the momen-
tum boundary layer is greater than the thermal boundary
layer is considered; hence, the region of interest of heat

transfer is between the duct entrance and the point where

the momentum boundary layers meet.

3.2 BASIC EQUATIONS

In cylindrical coordinates, let r denote the radial
direction while z denotes the axial coordinate. The veloc-
ities correéponding to these coordinates are v and u re-
spectively. For the case of incompressible laminar fluid
flow, the equations of conservations of mass, momentum and
energy(s) with variable physical pfoperties for the
cylindrical coordinates could be expressed in the following

form:

- S
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Continuity:

8_u+1_3__(rv)=0 . (1)
0z T 9r

Momentum:

A T TR Y wmr 2 ) -2 (g
ot 9z or T or or 9z

Energy:

pC 91+11?l+v8_'r_ =l_a.._. K(T)rﬂ (3)

p ot 9z orT T 9T or

For the potential flow, using the expression,
ou '
0z p 92 :

Eq. (2) can be written as

' Ju
o .a_u +1u 3_11 + v _3_11 = .]; L u(T)r_ ?B. + puc_c (5)
ot 9z T T or ar 9z

Although the problem under study is a steady-state
case, one must nevertheless retain the time-dependent
character of the equations when using a variational tech-

nique as can be seen clearly by the following section.

3.3 VARIATIONAL FORMULATION OF PROBLEM

The solution of the basic Eﬁs. (1), (3), (5), in the
developing region is essentially one of finding the velocity
and temperature distribution. However, even though these

" equations can be greatly simplified, they are still extremely
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difficult if not impossible to solve because of the non-
linearities involved in the equations. The variational
technique can, however, be used to transform these equations

into a more tractable form.

An important formulation'of the variational principle
in thermoscience was derived by Glansdorff et a1(6) based on
minimum entropy production; HoweVer; the formulation is
only applicable to a rather narrow class of systems. The
restrictions are of such nature that most problems of
engineering interest are excluded. Later, Glansdorff and
Prigpgine(7) removed the resfrictions by modifying the formu-
lation using the concept of local potential-generalized

entropy production.

In order to construct a local potential for the prob-

lem for use in the variational method, a technique used in

references (8,9,10) is followed. Upon multiplying Eq. (1)
by _ a(v) > Eq. (5) by 3u and Eq. (3) by 3T and adding
(2) 3t it : at

the resultant expressions, one obtains

: du oT \?
° (at) P (ar)

- pududu, . duay U lL(u(T)r au))
ot 23z at ar ot \r 9

_E.__avz .Eg-o-l.a_(rv) +pC ua_T..l'I.‘
293t \8z 1 or P 3t az
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*DCpVaT-a— =8 (K(T) rﬁaT)

- ot ar T 3T at Jr
. . z. L au '
‘£ "—("T - e Bu —£<0 (6)
2 3t\j at 9z

The arguments of the variational techniques require the

specification of function ¢ as follows:

¢ = ff’yr dr dz < 0 7
S

where s is the area of interest in the z - r plane which is
bounded by a curve enclosing s. The integrand ¥ can be

rearranged in the form

‘]l—:a_ pu2 .3_u)+l§_(pruv__)_.1_ ((T)réﬂﬂ)
92z ot T 3r T 6T \ aT at

_pua_u(a_u_+ (rv))-pu—( )
ot \3z r Jr |
_puva_(a_u‘)+ulla_(a_\a) |
at \or 2 a3t \ur '

2 . : :
_Ra_v- ,ﬂ‘l.-o-.]_'g—(rv) ~l-pCl,1-a;r-ﬂ L

p 1
9z T 3T 9z 9t

du !
2 3t \or at © 3z (8) :

Combining Eqs. (7), (8) and using Gauss theorem, one obtains |

. 2
¢ = //_ ou? a_ (a_“.) - puv L(a_u) + B(T) (a_u_)
A ot \9z at \ar 2 or

@ |
~ |



_p.il_li(_%2+ 13 (w)) _.e;axi<_ay_ Ll (m)

2 9t 3z r °r 2 ot )4 r or
vopcu AT oy AL AT k(M) 2 (ATY
dz dt dr 9t 2 9t \or
au
- P du u —S< )r dr dz
ot 9z
i/f ouz M rdr — L ouv (1 )y g, + RO 3u 3u dz
ot T ot T ar ot
c
+ 1 T (T) 3T 3T rdz) <0 (9)
T ot or

Near the stationary state, the concept of local poténtial

gives
2 (o} 2
¢ = _3____ - puo 211__ — puovo a_u + P__(_ll (a_u.)
ot oz or 2 ar
s
2 2 0 (o}
- b (u + Vv ><.ai_ + .]; 3_. (rvo)) + pC uoT ____BT
2 0z T OT p 9z
3T®  kO(T) /3T o duc
+ pC vOoT + K <——) - pu, — U r dr dz
p or 2 or 9z
9 o? 0.0 o} ou°
+ — ou® wur dr — pu v ur dz + u (T) — urdz
9t ar
c

o)
KO(T)EI— rdz |< 0
or - (10)

+
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Therefqre the local potential is

. , | g
E=/:/—w° 8_U_puovo_a_1_1+___u('r)<_3£2
9z ar 2 ar
s .

- % (u? + v?) (323 + 12 (rv9§

9z . T dr

0 0 0
+ ocuoT AT 4 o yor T2, k(D) (g)z

P 32 p ar 2 T
o dug
- pu, —u r dr dz
3z
2 93, ©
i/r pu° urdr — puovourdz + uo(T) 2 urdz
ar
c
0 aT° . '
+ k (T)T — rdz (11)
or ‘

with subsidiary conditions

U0=U
vO = v
° =T

The line integral portion of Eq. (11) can be simpli-
fied by using the boundary conditions. In this study, the
area of interest is bounded by the lines z =0, z = &,

T =7 r=1_ — A.
o’ 0 4
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The boundary conditions for the problem are -

u

v

and

f-O at r=r

o
=0 at r-.ro..
=u, at'r-ro—A

- U at z =0

- T at T =17
= T at r-r'—A

w= T at z =0

Therefore, the contribution stemming from the line integral

is

ro_ 4 2 0 ‘z
Eline -/ (pu° ur)z_zdr + (pu‘° ur)z_odr
T, T - A
+ / o(—puovour)r_r Adz '+f2(—pu°v°ur)r_r dz
1— o . [o]

+ [0 LOT?..EB.) d
f( (T) )r_r_A{(u()ar ur-=roz

L

/'0 d fz TP dz
T T 3T T z + o
(»c (T) )r=r°-A 4 (K (T) - ?)r_ro (12)

L
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Imposing the boundary conditions, one obtains

. r — A .
0 02 02 .
0
. 0
+ f %(pu°V°u) ot v<°{£'} T dz
0 =Ty~ “Vr fr=r Y
(13)
By using Eqs. (1) and (13), Eq. (11) can be reduced to
2 o] 2 O
E = j67~ — pu® 2 yOy0 W, E_LIl{EE }+ oc_u°r 2L
S 92 T 2 T p 9z
0o 0 2 auo ’
+ pC VOT oT + K (T) {31}— pug —Lu r dr dz
P ar 2 ar’) 9z
r —A
/0 02 02 q
+ . ;(pu ur)z=l — (pu ur)z=0 § T (14)
o) v
Or
E = jof F (r, z, u, u,, Up, T, Tz’ Tr) T dr dz
S
r —A .
o) 02 0?2
+ / ’(pu ur) ,_, - (pu ur)z=0$ dr (14a)
To
Where
2 0 2 0
F=— pu’ qu _ pu’v® u, u (@ {ég} + pC_u°T T
9z T 2 or 9z
0
o} 2 ou
+ oC_ VvOT AT , « (1) {EI} - Oug —<u
p ar 2 o 9z

(14b)
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In qrder to prove that Eq. (14) is the local potential
of the problem, one takes the variation of local potential E

(Eq. (14a)) with respect to u and T, which gives

(éﬁ) =0 : (15)
Su/ u '

sT/ T
Eq. (15) can be written as
F 3 (@E_)_la_(r.§£>=o (a7
ou 9z auz r 9T ou.. '
au® 2
—PU £ % (—pu®) - L3 - ourv® + 0(m)r =0
0z 9z T or T

(18)

Using the subsidiary conditions

(o]
u = u

vo = v, Eq. (18) becomes

Ju
— pu < + é——- (puz) + -:!'- -a——- (purv)
€3z 9z r or
13 u(T)ra—u = 0
T OTr or
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After rearranging the terms, the above equations gives

. . - | | 50t
pu B_U + pv .a_u.. == .1‘. .Zi._. {u 311} + pu -—.—C
9z or r or € oz
which is the momentum boundary layer equation in the
z direction. .

Similarly from Eq. (16) it can be shown as

pC {u.a_z+v.§l} =.];.a_{r|<(T) 3_T}
P ) r oOr or

which is the energy boundary layer equation. Thus it has
been shown that Eq. (14) is the local potential of the

problem.

To determine the momentum and thermal boundary layers,
the method of partial integration is used and the following
velocity and temperature distributions are assumed:

Velocity Profile:

r —r}%2 (r -r
€ _ —% ° £+ 23 o for r >r > 1 —A (19)
o =" =70
u A A
Temperature Profile:
T—T T —T  q(T,T 8 .
w_ 2 _° 2z forr >T>rT —At > v —A
T —T A 2 °c—- -0 ©
o w t t
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with the following boundary conditions

At r =T, u=0
T=T
w
At r =71 —A u=u
o C
Mo
ot
At T = ro—At T = To
T _ o
ar

In order to determine the relation between the core and
entrance velocities, mass balance may be applied to a portion
of the entrance section between z = 0 (the inlet) and an

arbitrary cross section z to give

ro—A rs
puom*o2 = fpuandr + [puZwrdr (21)
© rO—A

Substituting Eq. (19) in above, it yields

uc 1

(22)

“1

1_.2__A+l -
3 r, 6 T,

For Simplicity, the viscosity and thermal conductivity
are chosen as linear functions of temperature.
i.e.

U .1+ A0 (23)
|
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K. -1+ Bg (24)
Ko
Where
T -T
g = o)
T —T
w

o (25)

In the above expressions, a positive A and negative
B indicate cooling -of the fluid, while a negative A and a

positive B indicate heating of the fluid.

Substituting these expressions for velocity, tempera-
ture, viscosit& and conductivity into Eq. (14),vthe foliowing
two coupled equations are obtained. (The rather tedious
calculations involved in making this step are given in the

Appendix A).

21, 1239 ¢
10 640

{1 s_ 3_§ _E_iy*A*} {1 _ 2 e 1 A*z}
lr (10 Prg 3 6

3_ 21 yalys o L oystyean® o Loyrlyaae’o 21 YiA*;\*}
128 20 10 256
2 pAx 1 ax ax
. 3 2
_ )3 3 21 yapxt = 0 (26)
- |
L2 s 4 Lo 256



2 3 3)
3 5 2 2 5 3
‘A . . 2 . - . .
+ 1 3 49 A* A* — 17 A* A*}
1 — 2 p% 4 L px 5040 1260
' 3
3 A* _ _1_ A*I.S*
3 2
.3 3 ; 187 4% 13 & — 0
2 252
1 — 2% 4L A*zz 10080
3 6 (27

Y*

2%

A*

M =

&* =4

w =

dRe
0

defined as



-23-

which gives
W= 2 A* A%

. 2 .
and X = 3 Y* Y#*
Eqs. (26) and (27) reduce to

xw (D1 — D2 vYx — D3 /W ¥X)

. (Cl - C2 W }f) {1 _ 2 YW+ 1 w}
Pr 3 .6

0.
— WX ‘D4 , C3/w — C4 w
1 -2 m+dy (28)
3 6
2/ 2/
3 3 3
E6+A{é /)?——6—x 1y -2 mx P x}
2 5 3 5 2
_ [ ES —E4 AW L, Bl /W —E2w + E3 w /W
o 2
1 -2 ety {1—3/ﬁ+lw} (29)
3 6 3 6
where
c1 - 21,1239y
10 640
cz =28
10
C3 = —L
256
c4 = —L



o =24 -

D] = —"
128
D2 = 1
60
D3 = L.
30
D4 = 21
512
El = 13
756

E2 = 0.014778

E3 — 187
60480
10080
E5 = 17
2520
E6 = 2
3
with
A* = VW (30)
3
A% = /W VX (31)

The range of solution is from 0 < A* < 1.
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3.4  NUSSELT NUMBER

Once momentum and thermal boundary layer thicknesses
are known, the local and average Nusselt numbers can be

found eas ily‘.

_An expression for the local Nusselt number, Nu, is
obtained by equating the heat transfer rate per unit area
and time; q; as determined by the difference between the
wall temperature and the mean fluid temperature with q as

determined by the temperature gradient at the wall. The

former expression for q is
qQ =h ('I’_,,J - To) - (32)
The latter expression for q is

- (9T
< -f
Wlar

or

~-T,) (33)

Therefore, by equating Eqs. (32) and (33) and by solving for

Nu, the following result is obtained

3 Xo ‘
_Tm) -_——(TO—TN)

W 2 A,

Cwtama e am b
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or
' . K
h o = 3w
2 At
where
o =.Tm -_ Tm
mopr 7
0 w
or
2h Ty _301+B)
*
Ko em'At
Therefore
N = 20B) (34)

To calculate the mean fluid temperature, Tm and hence

Gm, the following procedure is adopted

T

T
J. O Tur dr (35)

f ©uradr
3 —'T r—r(ikr—r ZT—T* rdr
: +

T T “o{ T}Tz‘ t A

.f -r)? r —T
o Ue {— 0 + 2 rdr

m =

A A

After integration and introducing the non-dimensional quantities

one obtains
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'} 3 3 2
l_iA§+_1_A’t" +.,_1A§..—l/x;__
2 140 A*% 12 A*% 24 A*%? 5 A%
T —T +L A*2 ._. .1.. A*}
g = M _ 12 '3
" To_Tw . .
tl + ._1. A*zi _ _]_-, A%
2 12 3
(36)

The mean Nusselt number Nu is the local Nusselt number aver-

aged over the tube length. Hence,
7%

*

m___s(lua)j’_ dz

z* 6n A% (37)
o : _

3.5 FRICTION FACTOR

The local friction coefficient is defined as

-2 uw .3._11
£ = g (38)
pu’
or
f _ 4 Mo Ye
A p ug

Using Eq. (22) and rearranging the terms, one obtains

fReO - 8¢ A)
2
A*{l _2oax e Ll } (39)
3 6
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The average friction coefficient is found from the following

expression
: -
?Re0 -1 f Re  dz*
z* (40)
0
or ‘
fRe = M 1 dz#*
(o] z% . A 1 _ —2‘ AR & l A*Z} _
0 { 6 (41)

While chdosihg viscosity coefficieht A énd.thermal
conductivity coefficient B;_it must be kept in mind that, in
general, for incompressible fluids, the thermal conductivity
is slightly dependent on temperature and the viscosity is

always decreasing with temperature.

The computer solutions of Eqs; (28) and (29) are dis-
cussed in the next chapter. The calculations and plotting
of the quantities defined by Egs. (30), (31), (34), (35),
(36), (37), (39), and (40) are also discussed in the next

chapter.
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CHAPTER 4
MECHANICS OF COMPUTER SOLUTIONS

Once the complete definition of the problem, based on
the model chosen for study, has been achieved, the next step
in the study is consideration as to how the equations are to

be solved.

The Eqs. (28) and (29) will be solved first, on an
analog/hybrid computer and secondly on a digital computer,
using a digital-analog simulafor. It would be worthwhile
to give a brief description of the computers and the tech-

niques used before the equations are solved.

4.1 THE ANALOG/HYBRID COMPUTER SOLUTION OF THE PROBLEM

As its name suggests, the Hybrid Computer derives its
existence from the union of dissimilar elements. These
heterogenébusparts are a digital computer and an analog

| computer. In ordef to function, however, the system has a
third essential component; namely, the interface hardware

which permits the effective communication .between the two

computing domains.

In order to acquire insight into the computing role
of the hybrid computer, it is of value to examine briefly

some of the characteristics of the two constituent computing

machines.
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4.1.1 THE ANALOG coMpuTER(11)

are:

Some of the noteworthy features of the analog computer

Dependent variables within the machine treated in

continuous form.

Accuracy limited by the quality of the computer com-

ponents, and rarely better than 0.01%.

Parallel operation with all computational elements

operating simultaneously.

Ability to perform efficiently such operations as
multiplications, division, addition, integration, and
non-linear function generations; on'the other hand,
very limited ability to make logical decisions, store

numerical data, and handle nonnumeric information.

Programming techniques which consist. largely of
substituting analog computing elements for correspond-

ing elements in a physical s&stem under simulation.

Provision to experiment by adjusting coefficient
settings on the computer, thereby gaining direct

insight into the system operation.



4.1.2 THE DIGITAL compuTgr(1l)

The following attributes are commonly associated with

digital computer system:

1 .

Handling of dependent variables, and indeed all data

within the computer, in discretized form.

Serial operation, i.e., only one or a limited number

of operations being carried out at one time.

Accuracy relatively independent of the quality of
system components and determined primarily by the
number of bits contained in memory registers and by
the specific numerical techniqué selected for a

specific problem.

Solution times relatively long and determined by the

complexity of a problem.

Ability to reduce errors inherent in the computer
solution by increasing the length of time required

to obtain the solution on the computer.

Ability to perform a limited number of arithmetic
operations including particularly addition and multi-
plication; more complex operations such as integration
and differentiation must be performed by approximate

technique.

A
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7. Facility for memorizing numerical and nonnumerical

data indefinitely.
8. 'Facility to perform logic operations and decisions
utilizing numerical as well as nonnumeric data.

4.2  THE HYBRID compuTegr(11716)

Hybrid computer techniques inevitably represent an
effort to combine in one computer system, some of the
characteristics normally associated with analog systems and
some of the characteristics associated with digital computer
systems. It should be appreciated, however, that the extent
to which this objective is realized in practice is intimately
dependent on the‘nature of the problem under consideration.
For the problems within an appropriate class, the hybrid
computer provides'é powerful, and indeea.indispensable,

computationalvaid.

In any genuine hybrid problem; the comﬁutational
task is divided between the two computers. This division
should always be made in a manner which takes the most ad-
vantage of the computing power inherent in the system. The
following are, at present, the chief motivations for inter-

connecting digital and analog computers:

1. To combine the speed of an analog computer with the



-34-

accuracy of digital computer.

2. To permit the use of system hardware in a digital
simulation.
3. To increase the flexibility of an analog simulation

by using digital memory and control.

4. To increase the speed of a digital computation by

utilizing analog subroutines.

5. To permit the processing of incoming data which are

partially discrete and pérfially continuous.

s .
Besides, the various areas of application which are

well suited to hybrid computer investigation are:

1. Simulation of complex dynamic systems.

2. System optimization.

3. Random processes.

4. Solution of partial differential equations.

At the present time, virtually all hybrid computers
employ so-called nstand alone" analog and digital computers
which can funcfion independently as well as in the inter-
connected mode. The ways in which analog and digital computer

installations can be used together can be classified into
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two broad categories:

1. Unilateral operation in which information flows across
the interface between the amnalog and the digital

sections in only one direction.

2. Bilateral operation in which the flow across this

interface is in both directions.

The computer used for the solution of the problem at
hand is an EAI-690 hybrid computer, located in the Analysis
Laboratofy, National Research Council, Ottawa, and is shown
in Fig.(2). The two coupled Eqs. (28) and (29) are solved
on analog coiputer while all other computations are performed
by the digital conputer; hence the hybrid system is used in

an unilateral fashion.

4.3 THE ANALOG PROGRAM

The magnitude and time scaled circuit of the problem
at hand is shown on Figs. (3), (3-a) amd (3-b).
A discussion of the standard procedure used can

be found in references(17’18). t=1000z* represents the
relationship between the computer independent variable t

and the problem independent variable z*.

The solution of thermal boundary layer equation

(Eq.(29)) involves a division whose result is imitially

R
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infinity. To prevent this requires use of logic hardware
which disconnects the division circuit in the neighbourhood
of z* = 0. This is achieved by disconhecting the numergtor
input to the divider; during the interval [0; Ag), with the
D/A switch SO64; which i§ controlled thropgh the comparator
C 099. The output logic signal L1 of C 099 changes from
FALSE to TRUE at A* = Ag, thereby reconnecting the numerator
input to the divider. During the interval (0, A*) the out-
put of amplifier A105 must remain at zero in order to satisfy
the physical model of the problem (i.e., a small unheated
1epgth‘is assumed). This is achieved by disconnecting the
input to integrator A105 by D/A switch S069 during the
interval (0, A;) which is also being controlled by the logic
signal L1 from the comparator C 101. The value of the un-
heated length'zg, corresponding to Ag = 0,001 is found to
be 1;0»§_ld_°. In this unheated region 0 < z* < 2%,

A% =0 (i.e., x =0).

A negative or positive value of A is achieved by the
use of relay R19 which switches between two alternate
circuits. When the logic input to relay R19 is TRUE, the
value of A is positive and for FALSE lpgic'input, A is
negative. Here the position of relay is controlled manually
by push buttons, on the control panel, which supply the
‘appropriate logic input signal. During an automated run,

the relay can also be set or reset by the digital computer.
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The region of interest for the variable w is from
zero to its maximum value of one, (1.0;; O.E.A* < 1) and
also variable x must never be.kreatef than one because of the
assumptions used when derivip§ the equations (i.e., 0 < Y*
2 1). To prevent any of these variables from becoming
_greater than one, a logic circuit consisting of comparators
C004 and C049, a synthesized OR gate and the ORH (OVER RIDE
HOLD) input is made. When either w or x becomes greater
than one, their respective comparators output change from
FALSE to TRUBi with which the input to ORH changes from
FALSE to TRUE, and the analog computer is put in the HOLD
mode. This freezes the solution of problem at that point

and thus prevents the computer from overloading.

Anplifier A030 as shown in Fig. (3-a) is used to
produce a time sweep which is required when plotting results
and computing the average value of Nusselt number and

friction factor.

4.4 UTILIZATION OF HYTRAN OPERATIONS INTERPRETER(19)
Hytran Operaticas Interpreter (HOI) language has been
created specifically for the preparation, setup, and execu-
tion of analog or hybrid computations. The process of
cbmputation using HOI takes the form of a dialogue between

the operator and the system. Operations are initialized
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by loading the system program into memory. The system
accepts the input from cards, paper tape, cartridge tape,

magnetié tape disk, or the teletype keyboard.

An important function of HOI is to proGide a method
of performing a digital computer check of the analog progfam.
The check-out procedure is a two phase o%eratién; the first
being checking out the analog circuit diagram and then, once

" its validity has been established, checking out the wiring

on the actual analog computer.

The first phase of this procedure is an entirely
digital operation and requires'no interaction with an actual
computer. This phase of the check-out is conducted in the

OFF-LINE mode.

In order to check the actual computer wiring, it is
obviously necessary to interact with the analog computer.

This is achieved by entering the ON-LINE execution mode.

In order to expedite editing and documenting of the
HOI program, all information required for setup and check-out
is written, using standard "Part and Step" numbers that
correspond to the component being set or checked by that

statement.



4.4.1 OFF-LINE CHECK

Block diagram of the OFF-LINE check is shown in
Table (2).

The purpose of the OFF-LINE check is to insure that
the analog computer connection diagram,where the components
are assigned to perform the appropriate mathematical func-
tions, truly represents the original set of equations given
in the problem statement. In the off-line mode, the vari-
ables names which refer to analog components, are treated
_as digital variables. The whole HOI program- is executed as
a conventional digital program and the cohpﬁted values are
stored in core. When the computer is set in the VERIFY mode
as shown in (5) of the block diagram, all subseqﬁent equa-
tions are modified to compare the #alue of the quantity
defined on the left side of the calculated value from the

expression on the right. If the absolute'value of the
| difference exceeds the specified tolerance, an error message
will result. The error message will indicate the part and
step number of thé—gfatement, name and quantity of the left
side, value as computed, and the value read from the vari-
able 1ist. When the OFF-LINE check is completed with no
error message, then the analog computer diagram and the HOI

program which represents the diagram are in good agreement.
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4.4.2 ON-LINE CHECK

Block diagram of the ON-LINE check is shown in Table
(3).

The initialization and execution of the basic ON-
LINE setup and check-out of the analog program operation is
performed by the statements in Part 2 of HOI program. The
actual operation of the analog computing components is
checked against the program as specified by the computer
diagram or the original problem statement. The on-line/
verify mode isolates any faults in either the patching or
defective analog computef component. When on-line check is
completed with no error messages, then the analog computer
has been patched correctly according to the analog.diagram.
When many nonlinear components are used in a circuit loop as
in the present problem, error messages may still be pro-

duced due to a loss of accuracy in these loops.

4.5  AUTOMATED PROGRAM OPERATION(20»21)

To eliminate manual interference of the operation of
the problem, the program can be automated. Though this
program could be written in HOI, Fortran is chosen here
because it performs at relatively high speed and can allocate

_more core area when storing data.

This step involves the writing of a Fortran program
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whiqh cqntrqls the analgg program, reads results from the
analog computer through the interface, and then calculates
the local and average values of the Nusselt numbers and
friction factors by a digital computer. The program written
to execute the present problem is shown on Table (45. A
block diagram of the first part of the program is shown -

on Table 5.

4.6 'CONTINUOUS SYSTEM MODELLING PROGRAM (CSMP)

The IBM S/360 Continuous System Modelling Program
utilizes an application oriented,.input-lénguage, designed
for system-simulation work. The progfam providesAan appli-
cation-oriented language that allows these problems to be
prepared directly and simply from either a block diagram
representation or a set of ordinary differential equations.
The program includes a basic'set_of‘funétional blocks with
which the components of a continuous system may be repre-
sented, and accepts application-oriented statements for
defining the connections between these functional blocks.
S/360 CSMP also accepts FORTRAN statements, thereby allowing
the user to readily handle nonlinear and time variant

problems of considerable complexity.

. 4.6.1 STRUCTURE OF THE MODEL

“The procedural technique for using the CSMP program
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involves the use of three operational segments known as
Initial, Dynamic and Terminal which describe the computa-
tions to be performed before, during, and after each

simulation run.

INITIAL

This segment is intended exclusively for computation
of'initiél condition values and those parameters that the
user preférs to express in terms of more basic parameters.
Computations are made once and only at the start of the
simulation run. The use of this segment is optional and
depends on the problem housekeeping needs of the program |

user.

DYNAMIC

| The Dynamic segment is nbrmally the mo§t extensive

in the model. It includes the complete description of the
system dynamics, together with any other computations desired
during the run. Functionally, the Dyndmic segment is anal-
ogous to the block diagram representation or to the ordinary
differential equation representation of system dynamics.

Data statements can be intermixed in this segment as auto-
matic sorting takes place during program translation. This

segment is alsd called a parallel processing segment.
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TERMINAL

The Terminal segment is used for those computations
desired after completion of each run and it begins when
TIME = FINTIM and the execution is procedural fathe; than

parallel. The use of Terminal segment is optional.

A1l the aspects regarding the use of S/360 CSMP in

‘obtaining a solution of a problem are described in the.

literature(22’23).

4.6.2 S/360 CSMP SOLUTION OF THE PROBLEM

A S/360 CSMP program to solve Eqs. (28) and (29).is
rather straightforward to implement. Basically, the only
functional blocks required are two integrators, a compara-
tor and a switching function. On Table (6), a program to
obtain momentum and thermal boundary layer thicknesses, local
Nusselt number and local friction factor for different
combinations of values of viscosity coefficient A and
conductivity coefficient B, for Prandtl number 5 is given.
All the values of the constants that are‘required for
solving the équations are calculated in the Initial segment.
The statement representing the differential equations are

located in the Dynamic segment.
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To prevent division by zero at initial conditions,
the COMPARATOR function L = COMPAR (P, 0.001) — 0.5, which
determines the switching point; and the INSW function
XDOT = INSW (L, 0.0, X1/WW) are provided. When the value
of P becomes greater than 0.001, the comparator output
becomes HIGH and the value of XDOT is determined from the
relation XDOT = X1/WW; otherwise XDOT is equal to zero.
These two functional blocks serve a similar function as the
D/A switches and comparator in the analog computer circuit.
In order to compare the S/360 CSMP results with the ones
obtained from hybrid computer, the same switching point as
taken in the hybrid computer solution is used. An execution-
al statement FINISH is used to terminate the run when any
one of the variable w and x becomes equal tc one. Typical

CSMP output plots are shown in Figs. (19 ~ 46).
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" EHAPTER S
DISCUSSIONS AND RESULTS

5.1 HEAT TRANSFER AND FLUID DYNAMICS RESULTS

A number of runs were obtained for the combination
of various parameters. A comparison for constant properties
case (i.e. A=0.0, B=0.0) between the results obtained by
the variational method, CSMP and those obtained by the
integral method and the one available 'in the literature is
shown in Figs. (47), (48) and (49). The figures show a
very close agreement in all the cases. Table (7) shows the
comparison of hydrodynamic entrance length obtained from
the present analysis with the others available in the

literature.

For the case of variable properties, there are no
suitable solutions available in literature for comparison.
However, the results from this study agree qualitatively
with the work for flow through a pipe by Yang(26), flow
over a flat plate by Su(27), and flow between parallel

plates by Dumouchelczs).

From the results shown graphically on Figs. (4~49),
the following observations can be made for the flow in the

entrance region of a circular tube:
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I For constant Pr_ and B.

1. The entrance length, based on momentum boundary
layer thickness, increases with decreasing viscosity

coefficient A.

2. There is a small increase in the local Nusselt
number for all z*, as the viscosity coefficient A
decreases. A similar behaviour is observed for the
average Nusgelt'number but its value is higher than
the local value fof all z*. This is due to the fact
that positive A indicates cooling of liquid in the
flow, thus corresponding increase in viscosity near
the wall slows down the flow, results in a lower heat

transfer relative to the constant properties case.

3, There is a large decrease in the value of the local
friction factor for all z* as the viscosity coefficient
A decreases. A similar behaviour is observed for the.
average friction factor but its value is always
larger than the local value for all z* due to the

similar reason as above.

IT For constant Pr, and A.

The local and average Nusselt numbers increase with

the increase in B while the effect on the local and average
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friction factor is negligible for all z*.

I11I For constant A and B.

The effect on the local and average friction factors
with the change of Prandtl number is negligible for all z%
while the local and average values of Nusselt numbefs

increase as the Prandtl number increases for all z*.

The variational method used in this analysis provides
é means of Hetermining effects of variable physical proper-
ties on the flow of the fluid in the entrance'regioh of a
ciréular tube. The results frOm this study indicate that
‘the effects of thermal conductivity and viscosity variation
on the laminar flow of fluid in the circular tube are slight
to moderate for heat transfer and more severe for wall
friction. To engineers accustomed to working with constant
property analysis, the results can be surprising and they
show thét the constant prbperty idealizatidn méy lead to
either dangerous oOT conservative désign) depending on the

application.

It is believed that the results can be improved by
assuming a modified velocity and temperature profiles and

using more realistic expressions of viscosity and thermal

conductivity.
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5.2 USE OF COMPUTER TECHNIQUE

Among the methods used for the solution of the present
problems, it is clear that CSMP provides the easiest method
for solving ordinary nonlinear differential equations. For
a person with little knowledge of Fortran and analog com-
puters, it can be learned quickly and it prevents the user
from going into the details of numerical methods involved

for solving nonlinear differential equations. .

On the other hand,'learning the techniques and use
of analog/hybrid computer requires much more time, but its
advantage over CSMP becomes more evident when one simulates
a physical system involving various parameters instead of
just solving diffcrential_cquations. With’the use of display
unit, one can immediately study the effects of changing the
problem parameters and can have a greater feel of the system

under simulation.

In conclusion, the $/360 CSMP is best suited for
problems with small number of parameters, whereas analog/
hybrid solution is best suited for solving complex simulation

problems involving large number of parameters.
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12,017
12,018
12.C19
12,028
12,021
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TABLE 1. THE HOI PROGRAM

"APPLICATION OF A HYBRID COMPUTER TECHNIQUE"
“AND VARIATIONAL METHOD TO SOLVE THE FLOW IN"
“THE ENTRANCE REGION OF & CIRCULAR TUBE WITH"
“VARIABLE PHYSICAL PROPERTIES"
"OFF LINE CHECK":
@NA, XMODE: NORMALs
"ESTABLISH VARIABLES"™ 123 133
“"COMPUTE THEORETICAL VALUES"
213 223 23 31:
"OFF LINE CHECK OF DESIGN"
0.C0001, VERIFYs 323 33::
Z“OFF LINE CHECK COMPLETE™ ¢

"ON LINE CHECK":

@WA, XMODE: NORMALs

"SET UP CONSOLE"680, CONSOLE: 1, USE:s 1, CONSOLE;
"SET POTS"@SP, MODE; 21: €PC, MODE: |
"CHECK POTS"™ C0.0C02, VERIFY: 21t "POTS OK? & MALT:
“VERLFY CONNECTIONS™C.C205, VERIFY; @ST, MODE:
31y 323 333 2 o o

0,005, VERIFY;

"GO FOR STATIC CHECK"22: 23

"STATIC CHECK COMPLETE"

NORMAL3 HALT:
3.

"RUN PHASE"

@WA, XMODE: NORMAL:

PR=2,5 *

@SP, M 21.0253 21,0227 GPC, M: HALT:

"PARAMETERS®
PR=2.5

A=C,0

B=C.
C1:2.14(1239,0/64C,0)*B
C2:=0,3%B
C3:=7.,07256.C
C4:=7.0/7512.C
D1=7.07128,.C
D2:=1,0/6C.C
D3=1,8/3C.C
D4a=21,.,0/512,0
E1=13,0/756,C
E2=0,014778
E3“187. /6”48u.v
£4:-49,0/71008C.C
ES:I?.C/ZSZ0.0
E6=2.0/3.C
"INITIAL CONDITIONS®
Ww=C.25

0,027



13,8C1
13.\:\4
13,00
13,084
13,805
13,086
13,807
15,008
13,839
13,01C
13,811
13,012
13,813
13,014
3,015
13,016

21,001
21,CC3
21.01¢C
21.C12
21,313
21,015
21,816
21.022
21.,C25
21,221
21,030
21,032
21,835
21,241

51.052

21,855
21,857
21,061
21,063
21,065
21,066
21.067
21.37C
21,072
214,873
21,875
21.,C76
21,078
21,088
21.C8l
21,083
21,18l
214185

22,001
22,002
22 .CC3

‘SL‘

“DIFFERENTIAL EQUATIONS"

P =SQR(W)

Q=X1(1.0/3.0), Q1=Q12

R =WxP ’

R1=P*Q

Sz140=(2,0/3.C0)%P+(1,0/68,0)%W

S1:=512

Ml =(E5-E4%P) /S

M2 =(El *P =E2%W+E3%R ) /S|

NS :l .5*@"1 02*Q1+(l .3/5 .C)*X'3.4*P*Ql+3 .S*P*X
M4=((C1-C2%R1)%S) /PR .
ME =(C3%xP=-C 4%VW) /S

M7=D1=-D2%Q ~D3%R |

WDOT=(EG+A%M3) /(M1 +M2)

XDOT=(M4~ WDOT*X*(D4+M6))/(M7*W)

P<C.uul ? XDOT=C,C X%

"POT SETTlNGS"
1CC03=W
1CC10=2,C/3.C
1CC12=1,8/6,C
1C013:=5,0%El
ICC15:=ES§
1CC16:=0,C1
1CC22=Ct /PR
1CC25=C2 /PR
1CC27=A
1CC38=0,CC
1C032:=25,0%E2
1CC35:=0,2
1CC41=25,0%E3. .
1CC52:=C,
1CC55:=C,15
1CC57=0.4
1CC61=D4
1CC63=N3
1CC65=D2
1CC66:=D!
1CC67:=C,
1CC7C=C,01
1CC72:=C,
1CC73:=CA4
1CCT75:=E5
ICC76:=E4
1CC78=C3
1CC8C=C,12
1CC81:=0.5
1c083=1,0/3.0
1C181:=0,00C

1C1085=X

"DERIVATIVES THEORETICAL INPUTS"
1DCCC=-WDOT/1CCC
I1D125z-XD0OT/1C0C




23,001
23,002
23,003
23,004
23,009
23,01C
23.,C12
23.C14
23,815
23.C16
23,018
23,320
23.021
23.C22
23,023
23.224
- 23.028

»'23.032

23,033
23,034
23,837
23,038
23,040
23,04l
23,043
23,045
23,045
25,048
23,849
23,853
23,855
23,056
23,058
23,061
25,062
23,063
23,C64
23,066
23,068
253,069
23.C7C
23,0174
23,0176
23.078
23,083
23,085
23,088
23,097
23,185
23,106
253,118
23,111
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" THEORETICAL AMPLIFIERS OUTPUT"
1ACCC =W

1A003=«P

I1ACC4:==-W

14C09:zP

1A01C=

1A012=0,2%P/S

1AC14=-5

1AC15:=C,2%P /S|
1A216=WDOT* (M!+}2)

1A0 18z~ WDOT*X*(D4+M6)/!C
1AC20 =A% M

1A021=-M4

1AC22 =XDOT*WxM7
1AC23=z-X%xWDOT/1ICC
1AC24:=X%WDOT/1CC
14028==R1 %S
18032=2(=1,0)%X1(2,8/3.0)
lA"SS’-C.ud*W/Sl
1A034:=X1(2.,0/3.C
1AC37=0,04%W/S1

lA“SS- C.C4%R/S1
JACAO=-M2

14041 = u.u4*R/Sl

1AC43=-R |

14C45=Ml+M

I1AQ4AG==M] -2
1AC48=-WDOT/ICC
1AC49=WDOT/1CC

1A853==9

18055:=P%Q12

1AC56:=M3

14058=-C,2%P /S

14061 =10 ,C%(D4+ME)
1AC62==1C,Cx(D4+M6)
14063 =~-M6
1A064=(XDOT*W/1C0) *((SGN(P=-C,C0C1)+1)/2)
1ACG6=MT
1A068==-XDOT*xW/1C
lACGS:-(XDOT/lCCC)*((SGN(P uolv[)+l)/2)
1A070=-117

1AC74=XDOT 71CC0

1AC 76 =ES5-E4%P

1A073=-Mi
1A083==-P%xX
1A085=R 1

1A088=~P*Q 12
1A097=WDOT*Xx (D4+M6) /10
1A105:=X

1A106=M8%S

1A110=-X%

1A111:=Q
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31.001 "POT OUTPUT"
31,003 IPCC3=1CCC3%(~1)
31,010 IPC1C=1CCI0%1ACCY
31.012 IP012=21CC12%1ACC
31,013 IPC13=1CC13%1AC15
31,015 IPC15=1CCI5%(=1)
31,016 IPG16=1CC16%1AC1S
31,022 IP022=1CC22%1ACIC
31,025 IP025=1CC25%1AC28
31,027 IP027=1CC2 7% 1AC56
31,032 IPC32=1CC32%1A033
31,035 IPC35=1C035%1A0C
31.04] IPOA41 =1CCA1%x1ACA)
31,052 IPC52:z1C052%1A048
31,855 IPC55=1CC55%1AC53
31,057 IPC57=1CC5 718855
31,061 IPCE1=ICCE1*(=1)
31,063 . 1PC63=1CC63%1ACES
31,065 IP065:1CC65%1a11 1
31,066 IPC66=1CC66%(~1)
31.067 IPC6T=1CCET*1A264
31,878 IPO70=1C070%1A022
31,072 IPCT72:1CCT2%1ACE9
31,873 IP273=1C073%1ACCC
31,875 IPC75=1CC 75%(-1)
31,076 IPC76=1CCT6%1A0CY
31,078 IP278=1CC78%1ACC
31,080 IP280=1CCBO*1AC3A
31,08l IPO81=1C081%1A083
31,083 1PO83=1CC83*1A110
3.101 IP1CI=1CICIxC(=1)
31,185 IP105=1C185%(=1)
32,001 "DERIVATIVE CONNECTIONS™
32,002 1D3C0=1PC52

32,105 IDICS=1C*1PCT2
33.001 “AMPLIFIER CONNECTIONS™
33,002 1AC0C=~1PCC3

33,00 IAGC3z=1%(180081,5)
33,004 1ACC4=-1ACCO
33,209 1a009=-1A003
33,010 1AC10=10-1PO1C-1PC12
33,012 1AC122-1AC58
33,014 18C14=-1AC10
33,015 1AC15=1AC12/1AC1C
33,016 IAC16=-1PC15-1A02C
33,018 1AC18==1AC24%1ACE]
33,020 1AC20=-1PC27
33,021 1AC21 =-1PC25-1PC22
33.002 . 1A022:z-1AC21-10%1A097
33,023 1A0232-14105%1AC49
33.024 jAC2A4=~1AC23

33,028 1A028=-18085%1AC1C



33,832
33,033
33,837
353,038
33,840
33,84l
33,043
33,845
33.C46
33,048
33.C49
33,853
33,855
353,856
33,058
33,361
33,062
33,063
33,064
33,066
33,068
33,069
33,017C
33.074
33,078

33,078

33,083
33,885
33,088
33,097
33,185
33,106
33,118
33.111
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1A332=~1%(1A11112)
1AC33=~1%(1AC1212)
1A037=-1AC33

1AC38==1A037*]ACCH

IAC40=~|PC41-1PC32-1PC13

1A041=-1A038
1AC43==1A111%]ACC
14C45=-1A04C-1ACT8
1AC46=-1AC45
1A848=-1PC16/1A4C45
1a049:=-1ACA48

1A053==1%(1A1351(1/3))

1AC55:=-1AC88

14056=-1C%x(1PC55+1P280)-1PC57-1PC83~1PCSI

1AC58=-1PC35/1AC1C

JACE1 =~ 10%(IPC61+1A263)

1A062=-1AC61
1A063=-1A106/1AC10

1AC64==-(1aC68/72+14068% ((SGN(P~
1AC66=~1PC66-1P365-1PC63

1AC68=~1PC7C/1ACES

1A089:==(1A074/2+1ACT4%x((SGN(P-C,C2

1A070=-1AC66
1ACT74=|PC67/1A0C2

1AC7§==-1PCT75=~1PCT76

1AC7R=~18C76/1AC1C
1a883=-1ACC9%18 135
1AC85:--1AC43
1AC88=-1AC85%1A1 ]
1AC97=-14C18
1A105==1P1C5

1A1C6=-1PC73-1PC178

1A11C==1A1C5
1A111=-1AC53

ac1)/2)))

1)72)))



(1)

(2)

(3)

(4)

(5)

(6)
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TABLE 2. EXECUTION OF OFF-LINE CHECK

Set HOI in NO-ANALOG and NORMAL modes.

,

Define values for analog program comstants,
parameters, initial conditions and values in
equations by executing parts 12 and 13.

4

Compute potentiometer coefficients by executing.
Part 21.

L 4

By executing Parts 22, 23 and 31, compute static
values for all analog components from the orig-
inal equations using the values defined in (2)
and (3). :

A

Set HOI in VERIFY mode with tolerance of t=0.00001.

L i

By executing Parts 32 and 33, determine for each
component its expected output based on the cal-
culated static check outputs of components which
are specified as inputs to this component on the
analog interconnection diagram. Then compare this
expected output to the calculated theoretical

output from (4).
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TABLE 3. EXECUTION OF ON-LINE CHECK

Set HOI in WITH ANALOG and NORMAL modes.

\

Set Analog computer in the SET POT mode and set
potentiometer coefficient by executing Part 21.

A

Set analog computer in POT. COEFFICIENT mode
and HOI in verify mode with tolerance of
t = 0.00002.

Y

Verify actual potentiometer setting against
desired coefficient by executing Part 21.

b

Set analog computer in the STATIC TEST mode and
HOI in VERIFY mode with tolerance of t = 0.0005.

o

By executing Parts 31, 32 and 33, compare each
component actual output with the calculated value
based upon the actual outputs of components which
are specified as inputs to this component on the
analog interconnection diagram.

«

Set HOI in VERIFY mode with tolerance of t = 0.005.

A

By executing Parts 22 and 23, compare each compo-
nent actual output with the theoretical output.
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TABLE 4. THE FORTRAN PROGRAM

DIMENSION CH(3),ZZ(628),TBL(ECC) ,RR(ECC),THM(ECC

REAL MBL (6CC

LOGICAL ISL

LOGICAL LSL

INIALIZE LINKAGE

CALL QSHYINCIERR,68C)

TYPE |

ACCEPT 2,A,B

FORMAT(S"H ENTER VALUES OF A,B*',/)
FORMAT(2FIC. T

SET ANALOG AND LOG1C MODES
CALL QSSECN(IERR) -

CALL QSRUN(CIERR)

CALL QWPR(A4HPC27,A ,IERR)
START SOLUTION AND SAMPLING
CALL QSICC(IERR)

CALL QsDhLY(1CC

CALL QSOP(IERR) .

CALL QRSLL(!,ISL,IERR)
CALL QRSLL(}I,ISL,IERR)
IF(.NOT. ISL)GO TO 3 '
ZZ(1)=0,C

N=l

READ ANALOG TO DIGITAL CONVERTERS
CALL QRBADR(CH,1,3,1ERR)
N=N+1 '
ZZ (N =CH(D)

MBL(N) =CH(2)

TBL(N) =CH(3)

TEST FOR MBL=1l

CALL QRCPL(4,LSL,IERR)
IFC(LSL)YGO TO 6 -

TEST FOR TIMING ERROR

CALL QRSLL(1,ISL,IERR)
IFCISLYGO TO 22

NEXT PULSE

CALL QRSLL(!,ISL,IERR)
IFC(,NOT.ISLIGO TO 5

GO TO 4

PRINTING OF MBL AND TBL

DO 7 J=2,N

Z:=ZZ(J)

R=MBL(J)

WRITE(6,8)Z,R
FORMAT(2F12,4)

PRINT TBL VS Z

DO 9 J=2,N

YATAARD)

R=TBL(J) -

WRITE(6,1C)Z,R
FORMAT(ZFIZ 4)

PRINTING OF LOCAL AND AVERAGE NUSSELT NUMBER
J=2 '
Z=2Z(J)
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THM(J) =(C,5-(3.,2/140,0) *(TBL (J) #%4) /(MBL(J) *x2)+(1.C/12,C)
Cx CTBL (J)*%3) /MBL ()4 (1 .8/24,8) % (T3L (J)*%3) /(MBL () %%2)
C=Cl,0/5.0)%(TBL(J)*%2) /MBL(I+(1,8/12,0)%(M3L(J)**2)
C-C1 4C/3C)%MBL(I))/(C,5+(1,C/i2,8)%(MBL(J)**2)~(1,8/3,0)*M3L(J))

PAGE 2

14
15

R=C3.,0%(1,04+8))/(THM(J)*TBL ()

RR(J)=R

WRITE(S,11)Z R ,THM(D)

FORMAT(3IF12,.4)

LOCAL NUSSELT NUM3ER VS Z

DO 12 J=3,N

[ATAARD . .

THM(J):(0.5-(3.3/140.0)*(TBL(d)**d)/(MBL(J)**2)+(l.0/12.3)
C*(TBL(J)**S)/MBL(J)+(!.0/24.3)*(TBL(J)**3)/(MBL(J)**Z)
C-(l.0/5.0)*(TBL(J)**2)/MBL(J)+(l.S/lZ.C)*(MBL(J)**Z)
C-(l.C/S.O)*MBL(J))/(O.5+(l.O/lZ.S)*(MBL(J)**Z)-(!.0/5.0)*M3L(J))

R=¢3,0%(1,0+3))/(THM(J) =xTBL(J))

RR(J) =R ’

WRITE(6,13)Z,R,THM(D)

FORMAT(3F12,.4) :

INTEGRATE BY TRAPEZOIDAL RULE

TREPEZ =C.C

K=N-1|

DO 14 J=2,K

Z:=22CJ+1)

TREPEZ =TREPEZ+2 5% (RR(II+RR(J+1)I*(ZZ(J+1)-2Z(J))

P=22ZCJ41)=22(2)

R =TREPEZ/P

WRITE(6,15)Z,R,TREPEZ

FORMAT(3F12.4) :

PR;NTING OF LOCAL AND AVERAGE FRICTION FACTOR*REYNOLD NUMBER

J=

2=27¢J)

R= .O*(I.CfA)/(MBL(J)*(I.0-(2.0/3.0)*MBL(J)+(1.C/G.C)*MBL(J)*
CMBL(J)))

RR(J) =R

WRITE(6,16)Z,R

FORMAT(2F12.4)

PLOT LoOCAL FRICTION FACTOR*REYNOLD NUMBER VS Z

DO 17 J=3,N

A YAAR)) )
R:g,e*(1.0+A)/(MBL(J)*(l.c-(z.cls.e)*MBL(J)+(l.C/G.C)*MBL(J)*
CMBL(J)))

RR(J) =R

WRITE(6,18)Z,R

FORMAT(2F12.4)

INTEGRATE BY TRAPEZOIDAL RULE

TREP =C.C

K=N-!

DO 19 J=2,K



19

o]
-

22
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Z272CJ+1) .
TREP =TREP+2.5% (RRCIIHRR (J+ 1) I (ZZCJ+1)=22(I))
Qz2Z(J+1)=22(2)
R =TREP /Q
WRI1TE(§,28)Z R ,TREP
FORMAT(3F12,4)
GO TO 21
WRITE(6,23)
EORMAT(ZCH TIMING ERROR®)
ND
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TABLE 5. BLOCK DIAGRAM OF FORTRAN PROGRAM

Initialize Linkage

A
Enter Values of A and B

Y

A

Set Analog and Logic Modes
Normal Sec, Logic Run

A

Set Pot. 27 Equal to A

\

Set A/C in IC Mode

100 msec Delay

A

Set A/C in OP Mode

Read Sense Line 1
v

Read Sense Line 1

N=1 I Yes o SL TRUET>NC
Read Channels 1,2,3 of ADC Read SL 1 -
y No

N =N+ 1 imi
y Error

T
MBL(N) =
TBLEN%‘=CH(3) Read SL 1

. 3
Printing Yes
Routine

No
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TABLE 6. THE S/360 CSMP PROGRAM

#23+CONTTNUDIS SYSTEM MONEL ING PROGRAM ®:#¥

*E*PRARLEM INPUT STATEMENT Cxdex

TITLF
RENAMF
DAFAM
INTTTAL

NYMAMIC

BEAT TRANSFER TN THE FENTRANCE REGION DF A TUBE
TIMF =7
PR=G {1y, A=0,0y, A=N,{

C1=2e 140 1229, 1/€47:,0) B
F2=( (3%3
CR=T7aV/25€."
Co=7e"/512: 9
Cl=T7e2/ 12867
ne=1, SN AT

N2z 17/ 2%. 1
Na=21,0/512.0
£1=17, S A oY PR
To=", 114778
E3=1RT /60427 9
F4=4G, l‘J/](“‘Q’). 0
EE=1T7,0/2827, 0
Ee=2.0/ 3"

(2 IR SRR LA 5

QX2 4(1,0/2,7)

C1=G%*2

R=W#*D

R)=F«Q . .

210 P20 )/3a0 )04+ (1 o1 /6001 HU

g1=S¥+?

M= (FS—F&4¥P)/S

Moz (Fl¥ P=F2%W+E3*R)/S] .
Wam ], Br0m 1, 2#0 14(1a 0/ 30 0) % %= 00 4HPRQLED, 5XPEX
WEET = (56 ¢A#N )/ (M) 4M2)

W=INTGR LI eN,WDOT)

L=COMDAR (P, (1" 1 )=0,5
Ma=((C1=CP%P1) %51/ PR

ME=(CAEP=CatW) /S

MT=[1-D2%0=N2"2 1

X1 = ( M4 ~WDNT X% (D4+V6 ) )/ MT

V\“:‘NSH( L y].o qu)

XTCT=TNSW(Lyie Ry X1/WHW)

X=TNTHRL (oD § ¥ LOT)

ZTNSW(L 9oy P) _
$ty;$&zaaﬂ,1.5,(n.ﬁ-(300/14e.o)#(a1**4v/(PP**2)+(1.0/12.0& ceo

. s ) : - ¥{R1¥x2}/ oo
2 Yook R po+(1..5/24.(r)>f--(R1**3)/(PP"*Z? (1o0/560 )X (R] °
;f)i](1°(“)/:2°{")*(_0Oi"-*'2)"( 1.0,30’1)*,"{), /(5‘105{-(1.0/12‘(\,)*(PP eeo
w2 )=(1 aN/2:01#PP))

L]=CCMDAQ(R1,$.Pﬁ1)—ﬁ05

s lsa s b IR e



TINER
FINISH
METHND
pRTIOLT
LAREL
pPeTPLY
LABEL
PRTIPLT
LABSL
PRTPLT
LAREL
NN
cTnp
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oP= INSW(L 191eMaR1)

N[l=INSN(L1,Gﬁ.013.9*(1.+B)/(THM*RR))
FRFN=INSN(Lgé”a“'soﬁ*(l.0+A)/(PP*(lo—(ZoIB.)*PP+(lo/6o) eco
${pD¥2) 1} 1))
F]hTYN=3.ﬂéyDFLT=“.ﬁﬂﬂUI,OUTBEL=OoOQl
W=le Gy X=1e0

TS FX

p

MOMENTUM BROUNDARY LAYER

1

THFQMAL RCUNCARY LAY ER

MUL

LECAL NUSSELT NUMBER

FREN
LACAL FRICTIAN FACTOR¥REYNOLD NUMRER




iii)
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" TABLE 7. HYDRODYNAMIC ENTRANCE LENGTH

Tﬁeory

Schiller

Shapiro, Siegel, Kline(24)
Modified Cubic Profile
Modified Pohlhausen Profile
Presenthsfudy

Variational Method (analog/hybrid)

. Integral Methodczs)

CSMP

0.0288

0.0300
0.0296

0.0316
0.0290
0.0299
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THICKNESS

FOR Prgy =

5.0

U A*
————— A*;
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0.9}
0.8
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" APPENDIX A
DERIVATION OF COUPLED EQUATIONS
" 'WITH VARIATIONAL TECHNIQUE

Rewriting the Eq, (14) and dropping the last term in

the line integral which is not subject to variation

%2 (aT)+ (M @ : ., pC u°T 3T°
2 r) P 3z

2 .
Om amO 0 : 0.0 n,; o 3u’
pC. v T 3T _pu 3u puv 3u _pu, - cU
MR %~ 0 O~ °%%

. L | | %
rdrdz + | (pu ur) dr _ :;
To - z=t . eeees(A-1)
Since | | | ]
‘u_ (r o 1) 2 T,—T

it follows that

e 1) 2 - -r) 2 -
u - ZucAj(I.o T) _ T, r} . du_ {_ (r,-T) .2 ToT
U a® a2y %z A2 A

N

and

au - 2u

T T 1
T c ( | K)
From the continuity equation

du 19 (rv)= 0
ztT T
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0
1 2 u A 1 (r .-—r)‘“ _~ 3
B AR TR
A? 3 2
Cat {L {(r‘?_r)#— o (fo’)
AZ 4 3

(r.0) T, o
L3 CE e e

Also‘it is assumed

3
T—Tw _ % r -T _ % (ro—r)
T—T 3
ow At At
and so
r —T (r--1)?3
T (To—Tw) {é o 1o T,
2 A 7 AS
t t
3T 3 (To—Tw) { 1 (ro—'r)2
SE R
and
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Also
M(T)= 1, (1 * A8)
k(T)= Ko(l-*Be)

Substituting all the above exﬁressions into Eq.

one obtains

r —T (r —r)?3
E=// 1 {KO—KOB 33 o 1o _1§
7 2 Ag 7 o3

(A-1)

3 —_
+1 Yu —qu{ 3 7o T 1 (ro—r) _ } 4 ot
-2- '2- AO 7 03 AZ

t At
2
C (r -r) s ToT (T_-T )§3 T,
+ PColc 3 0 % o Tw {__
2
A° A° bt
At+

- -2- 3 7 2
A , 0
t Ay
o}
T Ao3 4 3
3
L (O T
2 3 2
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3 (‘T'O—Tw) { 3 Ty ™™ 1 (ry=1) .}4. Tw}
2 A 2 3
t At
2
7 (1,71 (-~ (™) |
x° 0?3
t At
N
pCp u. 1y 1 {(ro_.'r) _ fg (r,—T) 3}
2 T Ao2 4 3
3
2 { (I‘o-—r) . r_o (ro_r)?}i
A° 3 2
T _—T (r -r) T T )
T -T)f3 0 1 0 T } 3(T -T,
3( ° 0 {7 5, 2 - Y7 °
A1‘.
e Iy
i 3 }
o 0
A‘t At
2 -1 \2 r —r 21 ~T
T —T A o
_ Dué{ _( o ") 2 2 } 2 uCA{ -
A02 AO A3 AZ
2 2
u (r ~r)?2 T T (ro——r)
- pu = {— : v 2 } {"
C 9z 02 0 A2
A A
—r)?2 T _—T
— (r ) + 0o :—L- 2 u Ao — J'_._..
~ pu, " —f c i
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A° 3 2 A2 A
. -t 2 — . 4
~ ou {'_ (r,~1) . 5 To r} 1 du_ ¢ 4 ](ro )
¢ 0? 0 o21
A A T 02 A
T ‘ .
~ ;— (r 1) }
(r.-r)® r
+ 33 {— ° =2 (x r)z}% 2 u {ro—r 1}
A 3 ° - =
A2 A
du?® (r —r)2 T _—T
- puz — U, 0 + 2 =2 r dr dz
Y A2 A
T~ A; (ro--r)2 r —T (ro—--r)2
+ ou? {— + -
¢ 0? 0 § %
T, A A A?
r T
+ 2 . i rdr - eeeen (A-2)

Taking variation of E (Eq. (A-2)) with respect to Ay, one

obtains

T
T _—T (r —1)°
K._K B é._ﬂ__ 1o -~ 1} (T =T )2
2 2 ,o? o
T

bl@




_ . (r—r)2 s § o 2
+-9-pCuC— 2 + 2 =2 (T ~T )
4 P 0? 0 °
. A A
— ’ 3 Y3 . _ — 3
~ T,T 04 (r,~1) ol § T, , (r_-r)
2 t 4 t 2 4
° AS A A
t t t t

A° 3 2
" 2 . — 3
9t -1)? {_ 1 . (ro-1) }{..r T (ry1) }
4 o 0 o} 2 4
Ay Ae At Ay

(r ~1)° r-r . (ryr)’
2 (T, T,) ;— .o — " z 3" + 84, rdrdz
4 o] o] 2 4
A A A
t 't t t
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There is no longer any need to distinguish between
the varied At and unvaried Az versions of thermal boundary
layer thickness. Dropping the superscripts and integrating

between the limits r  to r —A , one obtains

e = (e rory2 {3120 _ 3B
o' 0 w ) _} 2
5 320 A 35 A
0 t t

. - . A A ; T
+ pC_ u_ A, (T =T )2 {— 3t , 4ty 2y t 3 _2}
p ct o w L ggaz 354 35 %% 16 A

. A3 2 2
+ pC_ u A (To—Tw)z,{ 3 A aby 4 A
160 A® 105 A% 105 © A®
A
+.-§-r _E}
32 © A%
3 2 2
—cmﬂqf{iﬁ_Lﬁerﬁ
g 9z °o 320 A2 105 A 105 °© A2
3 B¢ 8. dz e (A-D)
+ —=~ T ——} t '
32 °b

Since 6E must vanish for all GAt,therefore

lK K
0 {§_+ 177 B} , - 3p._0 by
35 C
pcp 5 320 oC,,
AY . A3 Ag 3 A% .
+ u {—_}-_}-At+_i_}-t+__2_ro_At___ro__ At
¢ 0 42 35 A 35 O A2 16 ° A



| 256 " 60 30
1'—-2-A*""l-A*2
3
R e N
2560

Similarly, taking the variation of E (Eq. (A-2)) with respect

to A, one obtains

r —r (r =x)% T _-r
+ 2 0 } A SA +{ 0 -2 } sh
A® A® A*
2 2
T _-T r —T
-2 pu2 _-—auc {— ( 0 ) + 0 }
2 .
{ (ro—r) _ r T } 5
A3 A?




2 px — L pxpn .
_ )3 3 - 21 v« A*-—'--l Y*uA* _iy*“A*a
- . i 2 256 60 30
1 — 2 A% % = p%
3 6
: 5 3
R N L T N (A-6)
- 2560 '

Similarly, taking the variation of E (Eq. (A-2)) with respect

to A, one obtains

C Ao?. AO A'*
Y _—T (r —r)? r —r
+ 20 } A SA +{ ° -2 } A
A3 A3 AZ
, du (ro—r)2 r —r, 2
9 au? S f_ . 2 }
2 o 2 (O
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Ad A?
\ = 2 _ ) ey b
~ 2 pu? Me1 _(rOr) +2(r°r) __l{_(f_o__r_)._
*e 32 T - 0?2 o 0?2
A A A 4
T, ' . 2 { (ro—r)3 r, 2}
- — (r _-T) + e+ — (r_-T)
3 © } A° 3 2 ©

(r_~r)
{_ 2 —9% " 4 -—1-} dA
A3 A2

ou® (r —r)? 7T _-r 3
_Zpuo___c_u{ 0 - 2= §A |r dr dz
C 9z Cc A3 AZ

T,—h (r —r)? T T 2

+ 2 pudl - 2 +
c o2 o
T A A
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- As before, there is no longer any need to distinguish
between the varied A and unvaried A° versions of the momen-
tum boundary layer thickness. By using the fact that

SA _ d(sa) , the term involving GA ‘on the right hand side of
dz

Eq. (A-7) can be written as
‘ A —A 2 l 2 2. |
0 3 (r -r) T _~T (r -r) T _—T
I = — 2 pu,_ {_ ~0 " 4+ 2.0 } {. 0 _._o }
' A? ) A A® A?
(o] T 0 : : .

r dr dz 3% (64) i ‘ i (A-8)

Integration by parts yields

Tom 4 (ro—r)2 T T
I =-2 T

A A S
0

(r -r)%? 1 _-r

’ 0 -2 §A T dr
A® A?
.2 T O_ Ad (ro__r.) 2 ro_r 2

+ 2 =) pul - + 2
. dz ¢ A? A

°"

(r -r)? r_-r
0 -2 SA v dr dz eeees (A-9)
A® A?

The first term cancels the contribution of the line integral

of Eq. (A-T7).




-122-

Finally, drqpping the superscript and integrating from

r, to ro—A, Eq. (A-7) becomes

2 D S A2 A3 AY
w#O-%u?ﬁ_w@,léi_li+6_£
0 3 A* A5 a2 2 A% 35 A"
2 3
Lo {3t 1%
A% 2 A 5 A? 3 A3
T T u |
+ Dué p AL 4 21 + pu? _ ATy e 12
105 21 A C 3z 140 35 ©
- 2 9L . } T
— puc _.._E. _.._4_7_ A+ .—]’—gro + pué A — 83 + 43 __o_,
52 420 105 1260 315 A
2 du 2 ou T
+ puc-—-—g- ..éé—l-.A._ 74 ro puc__.g. _.é_-l-__ sA dz
oz 2520 315 oz 6
..... (A-10)
Since 6E must vanish for all 6&A, therefore
Az A Ay A AZ
.%r__A A .g._l_.];_;t_ .._6..t +ro _§._§.+§.__t_
3 0 5 A2 2 A% 35 A* 2 A 5 A?
3
1k
3 A3

©.u . . su
o+ = {‘_ig_ A2 A — 2T ¢ A A}+ 1 _¢ {_l§1 A3 13 A2} =0
vV 1260 315 v 9z 2520 63
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Introducing thg non-dimensional quantities and substituting

, ou .
for u. and ¢ one obtains
b

%'A[A*[EY* Sl +_6.Y*“]_§.Y*+9Y*f”'_.1.y*?].

5 2 35 2 5 3
12wy Lot 50400 1260 |
3 6
Z. A* — ,l_ A% A* ‘ )
3 ' 2
+ 2 - 3 — [ 187 px° . A3 ps ] —0 ..n.. (A-12)

[1 2wl A*A] 10080 . 252
3 6 |

According to assumption of Ay < A, Eqs. (A-6) and
(A-12) can be simplified by neglecfing the higher order terms

s 5
Y* and Y* and giving:

- 2
_2_1_'_1239]3] 1 3 B_ yx px [1—2-A*+1A*}
| 10 640 Pro 10 Pro 3 6
+ -v_ 21 2 e *2 * _}_ N o* *2 +__3‘; *30* *3 __;_:_l._ 2 *o ]
Tgs Y* Y* O o Y* YRA® T g YR YRAR T ogge YRATA
2 px L px A% .
; 3 2
_[ 3 3 ] 21 ywpax =0 e (A-13)
" . Ak
1 - 2 pn 1 px 256



5 7 2 2 5 3
2 e : .
. 1 [ 49 4x? e 17 s A,,]
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APPENDIX B

THE INTEGRAL METHOD FOR THE FLOW WITH CONSTANT PROPERTIES

The problem of laminar flow heat transfer in a
circular tube with simultaneously developing- velocity and.
temperature profiles has been studied by many investiga-'
tors 1, 3, 4, 29); All of them used various numerical
~ methods to solve thé-momentum and energy'differential
equations which are lengthy and require a large computa-
tional time. The integral method is very simple to use
and within the knowledge of the author, no one has used
the integral method fqr solving the laminar flow heat
transfer problem in a circular duct. The method yields

a simple expression for predicting the momentum and thermal

boundary layer thicknesses in a circular tube.

MOMENTUM INTEGRAL EQUATION

Momentum equation in momentum.integral form can be
written by considering a control volume as shown in Fig. (1).
If the net force on the control volume is equated to the
outgoing flux of momentum, one obtains the equation:

A
2 2
—dp 92 - lTw mddz = df mpu? (d-2y)dy + d[pE (d-24) u,. :l

4 o) 4
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By the use of Eq. (4) and using T, = p[ég] , the Eq.
oyl y=0
(B-1) reduces to the form
o _ N ‘ L A
ou : : 1.2
dz r, Layly=0 rg dz 0 ué . ©

N [[ : L 2]
=l == u (B-2)
c
dz ro]

All of the terms in this equation can then be evaluated by

the use of the Eq. (19), which after rearranging the terms

~gives
| " | |
16z =f P, (1 — 2P, —2P3) , Ps * Pe| p» gpw
o P Py
. (B-3)
where
P, = — 2,1 A%
3
2
p, = 16 p» — 11 px
15 15

16 _ 22

P5=—2+2A*
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Eq. (B»S) is a transcendental equation in A* and can
be solved by using any one of the iterative schemes available.
Interval Halving Technique was used in the present study to

solve qu (3-3) for'A*:

ENERGY ‘INTEGRAL EQUATION

The heat flow equation for the thermal boundary layer
in a tube can be'obtained from Fig. (1). Energy flows into
the differential annulus by convection and by conduction
through plane 1 and leaves through plane 2. In addition to
the energy, there is a radial flow of energy (heat) from the
tube surface by conduction and a radial flow By convection
at'At. No radial heat flow due to témperature_gradient
tpkes place 8t.At becguse the tgmperature‘gradient is, by
definition of thé}mal boundary layer, zero at the edge of
the thermal boundary layer. NgglectingAthe axial conduction

térm, and equating the heat energy entering the annulus to

heat leaving gives

. . - ;
t
- -y) d
2 7 rq,dz | c{_/; Cptou 2m (ry-Y) )’]

A .
t
— o e & 00 B-4
-Cptoc{/; puZﬂ(roy)dy] (B-4)
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which after algebraic manipulation reduces to

i * .. e . .. .
2% _ EzOAt """" 1 11 ﬁE 1 5 s 1 fz_
2 M [ — 2 x4 1 A’i 15 72 A% 36 °© 140 A*
6

Eq. (B-5) is the energy integral equation which is used to
calculate A% for known value of A* from Eq. (B-3) by any
iterative method. Newton-Raphson method was used in the

present study to solve the above equation.
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