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SUMMARY

At ﬁresent, the finite element method has the power to solve

a very wide variety of problems described by quite different

differential equations. When viewed from a finite element
standpoint, -~ all eqgquilibrium problems encountered in
geotechnical engineering, whether involviné solids or

fluids, merge to the same form of equation.

This study #&eals with the coding of some of the most
common geotechnical problems, | Qith emphasis on the
refinement of existing numerical ,algorithﬁs in order to
overcome fundamental difficulties usually met in such
analysés.

Chapter 1 depicts the objectives of the present study
while the general ‘ovérview of the different problems
imblemented with . reference to governing differential
- equations and programming structure is pr;sented in the

second Chapter "Preliminaries".
A
'Solving the Laplace's ecquation finds plentiful

application in the areas of seepage and ground wé;er flow.
. . _

Chapter 3 treats the steady flow problem and describes a new

- algorithm employed to shift the nodes in an unconfined flow

analysis." Its performance 1is then illustrated through

examples.



Chapter 4 leads off with problems of tran5ient nature and
deals with the implementation of the uncoupled consolidation

theory. The development of -a computer code with results

3

obtained are then presented.

Chapter 5 1is concernéd wiéh‘- stress analysis in a
continuumn. Material non—liﬁearity is included with an
intfoduction‘to the basic equations and their diScfetizétion
in finite elements. . A brief review of failure criteria and
their inclusion in elasto-plastitié&i.m@dels is theﬁ done.
 However emphasis is laid on the actual-refinements on the
numerical algorithms used in the development of a computér
'cOde. The testihg is done on several lexamples and results
are discﬁssed.

In 9hapter 6, the coupliné bétween solid aﬁd fluid.phasés
is +treated as an amalgamation of the respective' phase
formulations presented in Ch;pters 3 and 5. The numerical
difficulties and @rrors usually encountered in this complei
analysié are presentea énd thef; remedy proposed. Further
extensicn 'is done to the more realistic elasto-plasti¢
goupled -theory to embrace the genefalized Burland and‘linear—
élastic perfectly plastic models. Their .résponsés are
subsequently examined; .

Any finite élement ‘pfogram ‘usuaily needs ’suppqrting
ﬁrogr;ms for a comprehensi&e analysis of the nﬁmerical
résults. Chapter 7 describes the stgﬁcture and progr;mming )
organization with flowéﬁarté involved in writing such

programs.



Finally , Chapter 8 finishes up with the general
conclusions. Details of all relevant subroutines developed

in this research are éttached in Appendices A, B, C, D.
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GLOSSARY OF SYMBOLS
vectorial components of the gradient of a
stress function =

Henkel's pore pressure parameters-
Generalized Burland model coefficients

current body forces

..'F:C YEF
(=3
EG:C Y'EG

d

di =1 dc
g

£

cohesion

coefficients

noedal displacement vector
plastic multiplier

* function

: "equivalent load vector at the nodes
equivalent flow vector at the nod;s
size of the yield and bounding surfaces

"ﬁurrent and initial heéd pfessure functions
current and iniﬁial nodal head pressures
indices | ‘

) N
hardening parameter
retiprocal of the plastic modulus’
small Lagrange séain component

mass

degree of a funétion, ratio of ellipse's
semi-axes
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Ccs
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unit gradient to F and G functions
sinks and sources

total and effective mean stress tensors
(P T %k /3)

equivalent preconsolidation pressure
flow vector

deviatoric, stress invariant

= = 3
(g = /3 I,2 = (% sij_si.)- )

Generilized Burland model coeff1c1ent
reduction factor

shape functions

deviatoric stress compenents of the Cauchy
stress tensor

time i}
traction force

displacement function

current and initial specific volumes

specific volume at p' = 1 KPa on the
swelling and virgin lines

current fluid velocity function
%"smoothed" nodal velocity

spatial coLFdinate ’
geometrical height

plastic modulus

plastic.modulus, B-matrix

: Big Element

coupling matrix

constitutive matrix faor a state of the
material, where o stands for elasticity,
plasticity or elasto-plasticity

Critical State
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CPU

DEE

"FE

FEM

NCsS

oCs

]

Central Processing Unit

D-matrix in TERCON, éamping matrix
Dynamic Big Element |

Young's modulus

potential function

Finite Element

Finite Element Method

shear modulus, yield.function

lst stress invariant of the Cauchy stress
tensor (I;7 = Fyy)

2nd stress invariant‘of the deviatoric
stress tensor (J, = 1/2 Si3 S1j)

3rd stress invariant of the déviatqric
stress tensor (J3 = det (Sij))

permeability tensor B
normalized plastic modulus
stiffness matrix of the solid phase for
@ state of the material, where o stands
for elasticity, plasticity or elasto-
plasticity :
small Lagrange strain tensor

¥
sleope of the linear yield (failure)

function in a p vs. g diagram, smoothing
matrix :

slopes in the Generilized Burland model,
smoothing submatrices

g-intercept of the linear yield
(failure) function in a p vs.g diagram

Normally Consclidated State
OverConsolidated State

Permeability matrix

hydraulic "stiffness" matrix in TERCON
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n

“no<S H

and SEEP

. failure surface

: shape matrix

Cauchy stress tensor
curtent yelume
material eoo;dinates

coordinates of the centre of the
Generalized Burland model

specifi¢ weight of the £luid.
space diagonal vector
Kfonecker'delta

homologous vectors to the small Lagrange
strain tensor

trace of the small Lagrange strain
tensor (e I )

deviatoric invariant associated with the

small Lagrange straln tensor

o = (3 ey e ) ). o i

S

stress 1nvar1ant, ‘similar to Lode's angle,
associated with -Cauchy stress tensor

( 8 = é_arc sin (- 3/3 J4/3, 312y )

: parameter in 9 Wllson tlme marchlng -scheme

Lame's constant slope of v1rg1n line in a
Vv vs. ln p dlagram )

Poisson's ratioc
local coordinates

current, initial-and excess pore pressure
functions - :

current, initial and excess nodal pore
pressures -

current density

total and effective Cauchy stress tensor
components

- ¥ -



s, s' " ° " . homologous vectors to the total and"
- : - effective Cauchy stress tensor

5 A : friction angle - . , Lt

"X | ' ::slope of the swelllng llne in a-v vs.
) 1n p space

y/ , . ' . : residual forces
'.Fi N ' - : function
o : s : current volume . R '

T . . : . surface

Matrices are denoted by Uppercase Latin characters and arrays
by lowercase Latin characters with a wave sign below.




BMATX (NSTRE, NEVAB)

.

CARTD (NDIME, NNODE) .

CESTIF(27,27)
CMATX(18,9)

'COOBI (NPOIN, NDIME)

COORD (NPOIN, NDIME)
DMATX
DTIME

~ DVOLU
EHIST(MTOTG, 10)
ELOAD (MELEM, MEVAB )

"ESTIE(MEVAB,MEVARB)

FIXED(IPOSN)

HEAD (MTOTV)

H2

"IOPT

»

.element Strain matrix at any point

DICTIONARY OF SOME PROGRAM VARIABLES

"-\___._/

within the element

Cartesian shape function derivatives

,assoclated with nodes of current.

element

coupled element stiffness matrix

- -coupling matrix

‘coordinates of a Big Element nodal

points
coordinates of nodal points
elastic constitutive magrix

time interval adopted

an infinitesimal element of veoclume at

a Gauss point

array containinq the stress history at
each Gauss peoint for the Critical State
model -

nodal force fqr each element

common element stiffness matrix .

- prescribed displacement or pore

pressure values, transferred from- PRESC
array in FRONT

vector of total head at Gauss points

height of downstream water level in
unconfined flow analysis

option forfthe type of mesh to .be
generated

IOPT= 1 standard
2 transition type
3 transformed triangles
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LNOBI (NELEM, NNODE ) ’

LOCES ( MDUMM)
MATNO ( NELEM)

MDUMM

MELEM

MEVAB

"MPOIN

MTOTV

ND.IME

. ]

NDMN

NDOWN

NDYN
NELEM
NEVAB
NGAUS
NN
NNODE
NPOIN

NPRCP

NSPEC

NTIPE

Big element nocde numbers llsted for
each BE

array of nodes on freé\surjace

material set numbers for edch element

maximum number of dummy coordlnates in
dynamlc mesh generatlon

maximum number of elements _&n the
structure '

Y

maximum number of variables per element

® . : . .
maximum nodal points in the structure

maxXimum number of Gauss points in the
structure

number of coordinate components required
to define each nodal point

total number cf domains or BE

.

number of downstream nodes in uncontlned
flow analysis A

total number of dynamic domains or DBE

total number of elements in the structure \

number of wvariables per element
number of Gauss rule aaopted
starting node number of a BE

number of nodes per element

total nodal points in the structure

number of material parameters required
to define the characteristics of' a
material
NPROP = 9 in ESEPA

13 TEPSA

number of special BE (encountered
when an internal free surface is
treated in steady unconfined flow)E

parameter defining type of transition
element pattern to be generated

-~
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NVEIX

NXL

. NYL

PRESC(IVFIX, IDOFEN)

PROPS (NMATS:, NPROP)
PSTIF(MEVAB,MEVAB)

SHAPE (NNODE )
“SLOPE

SMATX(8,4)
STRIN(ISTRE, KGAUS)
STRND (MPOIN, 4)
STRSG( ISTR1, KGAUS)

TIMEX
VELCN(MPOIN, 4)

VELG (KGAUS, 2) '
XM, ¥M

XTIME

”

total number of-boundary points‘at
which one or more degree of freedom
are restrained

number of subdivision in X direction
number pf subdivision in Y direction

-
indicates that the IDOEFN .th. degree J/)
of freedom of the IVFIX th. boundary
node has a prescribed value provided
the corresponding value of IFRE(IVFIX,
IDOFN) = 1 .

material properties for each element set

- element hydraulic "stiffness" matrix

shape functions associated with each
node of the current element sample

downstream slope in unconfined flow
analysis

"Smoothing" matrix
initial stresses at each Gauss peint
equivalent stresses at the nodes

current Gauss point stresses

discretizing parameter in time
marching scheme

fluid velocity component at nodal
poeints.

fluid wvelocity component at Gauss
points - . .
external nodal coordlnates of BE

time step ratio or subd1v151on
parameter in time marching scheme
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Chapter I

INTRODUCTION

1.1 GENERAL

The analysis of a asaturated' solil usually comprises the
determination of ﬁhe pore pressure distribution associaEed
_with a pre-existing regime of steady flow and the
calculation of the sgzesses'produced by the application of a
set of external forces.

For soils of low permeability, e.g. clayé, the loading
process causes a build up of excess pore pressures which
dissipate with time thus giving origin to the so-called
consolidation process. Though the basiq equaticns governing
the different prablems are well established, befy few
analytical sclutions are mnowadays available for a rigorous
investigation of real geotecﬁnical structures.

Iﬁ fact, the classical mathematical tools can solve the
governing differential equations only for idéal soils wiﬁh
simple boundary conditions. That is why, until'recént Years,
geotechniqal engineers. were forced to develop simplified
approaches which unfortunately provéd'to be only applicablg
fo very specific practicallsituations.

Nowadays the‘advent of powerful numerical techniques and

computer facilities has greaktly enhanced the rigorous



solution of these equations so that the last few years héve
witnessed a substantial amount of work in the development of
engineerind-oriented.computer codes. condurrently, several
résearchers have di;;ctéd considerable efforts téwards
producing more-concise and fealisfic'constitﬁtive equations
since numericalltechniques offer the possibility of sclving
highly non~linear differential.equations. ‘

In shorf, the  rapid éxbansion of both ﬁomputer and
numefical facilities has had tremendéus iﬁpetus to Vthe
solutioﬂ of pfoblems in enginegring\science ahd inexorébly
has opeped a new era in %palysis and design.

1.2 (PROBLEM STATEMENT '

Amoﬁ <£he different numerical techniques noQadays available, .
tﬁ;{p(ffﬁqis'thé most flexible and commonly used.method in
th éolution of.geotechnical engineering problems. _ .

Because of the evolutionafy natﬁre of'this technique; a
number of ready availlable codes have -be;ome increasingly.
inefficient and unwidely. In the meantime, “theoretical
studies have pinpointed a number of - fundaméntal flaws
inherent in many popular computer cédgs, so that itfﬁés,been‘
found ‘necessary to devise newlhalgofithms in order to
increase both efficiency and reliability of F.E. prografs.

For example, in the afhalysis of unconfiﬁed flow, the
usual algerithms are oftén.ﬂcﬁmbeféome and conseguently

costly. On-the other hand, the numerical implementatién of



elasto-ﬁlaétic probléms is ugually prone to iﬁaccuraciés in
"the determination of speéific' quantities needed for a ,f
correct stress analysis.. Turniﬁg to the consolidation
problem, ai'number of programs treatipg the _ﬁwo common
tﬁeories (uncoupled and coupled) are av;ilable. While,.thel
-imélehentation of ﬁhe uncoupled theory has ‘been, so far,
exclusively restricted to 1-D cases, recent studies have

cleafly revealed the numerical problems encountered in the

usual way of implementing the coupled theory.

1.3 OBJECTIVE AND SCOPE OF STUDY

The goal of this research is to implement consistently in
F.E.-thelfollowing geotechnical problems:

1. Seepage undér stgady'conditions for both conﬁined aﬁd
ﬁnconfined . flow under .anisotropic permeability
.tondiﬁiénsu ‘ |

2. :Elésto-plastic analysis - of a highly = permeable
saﬁurated medium.

3. Uncoupled 'hon-lineaf‘ éonsélidéfionl in a._soil wifh
ahisbtropic pe;meability. | o | |

4. Coupled -elasto-plastic consolidatiﬁn in a soil with‘
anisotropig pérmeabilit?. | |

Pléstic defé;matioﬁs' are. described b? both. lineér'

perfectly 'plastié models ‘aﬁd gengréii;ed Cam—clay quel
{Fusco, 1985). The first gréuﬁ 5f models comprises the

classical failure criteria of Tresca, von Mises, Mchr-
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Coulomb and Drucke;;Prager, while the generalized Cam-clay

model, incorporatingf both the Mdh;-Coulomb. and Drucker-

- Prager f&lure criteria, leads to the concept of Critical

State Soil'Mechanics.
. The F.E. implementation ants to c¢onsistently treat the-
2D and axisymmetrié casés by employing . the isoparametric .

elements. Since all probléms'treated'deal‘with symmetric

‘stiffness matrices, the solution process is carried out by

the powerful "Front Solver" to  cut down. computational
effort. Moreover, ‘emphasis is made on the improvement of

numerical algorithms to rempdy some of the inaccuracies

‘common to many available F.E. codes.

This thesis is not intended to stand alone, but rather to
be the numerical counterpart of a Ph.D thesis (Fusco 1985).
Thus,. for a comprehensive description of the underlying

theory and derivations for this thesis, the reader is

directed to the above cited reference.



Chapter II

., . - PRELIMINARIES

2.1 INTRODUCTIONi
/4;;%stress analysis 'in soils is very similar in eoncept to
that\\of any other énqineefing material wunless saturated
conditions are met. In this case ‘the fclas§ical Cauchy's
‘equations of equilibrium fail to adequately determine the
state of stress iﬁ the medium: -
- lIn a sétufatea soil, .the stresses producea .bQ the
.application of é set of external load are transferred'partiy
to the soil sgeléton and partly gorthe fluid. For highly
impermeable soils; an excess. pore pressure.is set up with
respect tonthe initial hydrostatic‘cohditidns.

To take into account the role of thelfluid component in a
2-phase medium, it is then necessary to have reéourse,to the
principle’ of effective stress, in conjﬁnction with the
continuity-of mass. “

In Sect. 2.2, s presented a .brief review of the
equations goﬁerninq\the diffefent aspects involved in the
analysis of a satﬁrated ﬁediumh Because of the’complexity

~of these equations, few analytical solutions are available,

as underlined in Sect. 2.3. Consequently this explains the

increasing interest engaged in the development of computer



codes toward a genéral solution of the gbove—mentioned
problem. The basic principles of the F.E.M. are thereby
explained in Sect. 2.4.

#

'2.2 BRIEF REVIEW

The equilibrium in a solid can be generally described by
either the Cauchy's equilibrium eqﬁétions (Cauchy 1827) or
the principle of virtual work (Castigliano 1879).

Se— b

oo
Y0y =0 (2.1)
ox i .
J
¢ = - + . - R
IQ % 5 6sij dQ ff t,*6u, dT : jQ prb, +bu, dQ (2.2)

where o is the Cauchy stress tensor, b the body forces, .p
the density, t the boundary traction forces, u the

<
displacements, Q the domain of interest and ' the contour of

the boundary.
The solution of the above .egquations- requires the
determination of ‘the constitutive law relating stress and

strain and generally written as:

g = Crg (2.3)
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where C is a second order tensor desc}ibing the material
. A
property.
In.a saturated medium, the pore pressure participates in

the equilibrium of the system and, in the assumption of an

inviscid fluid, 1its contribution c¢an be mathematically

expressed by the principle of  effective stress (after

Terzaghi, 1943).

o, =ag', - & ) .4a)
1] ij ijn. (2.4a)
where
] = ] + ] -
g S, g' (e} (2.4b)
and )
0 e '
T=7n + 7 (2.4c)
! ) e =
9 9'1. m, =w, and 1 are the initial and current

effective stresses, the initial, excess and current pore
pressures respectively.
The substitution of the above eguations into either Eg.

2.1 or 2.2 clearly indicates that the solution of the
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v

equilibrium inveolves the determination of two addi*tional
. . 0 e ‘
field variables 7 and =
To evaluate these two field variables, it is necessary to
consider the law of conservation of mass, in this case,
extended to a 2-phase medium. From the works of Green and
Nadghi (1965), it is poésible to probe that the continuity

equation, applied to. an incompressible fluid in the

assumption of small deformation, takes the following form:

dav
div X d = — 2.5
v grad h It ‘ { a)
whére
e
T L
h= z + e ho + L (2.5b)
f Yf - -
and
o]
T
h°= (Z +'Y_) (Z.SC)
f

¥ is the fluid permeability matrix, h the total head, £y the
volumetric change, Kf the fluid unit weight and z the

elevation of the geometrical point under considératiqn.



For soils at rest (zero volumetric change and excess pore
pressure}, the continuity equation is reduced to the well-

known Laplace's equation which describes laminar flow under

steady conditions:

div K grad h =0 - 2.6)
\‘,
\ ‘ ’

If from the above condition of equilibrium ”a set of.
additional forces is applied, then excess pore pressures are
built up and" the soil undergoes volumetric changes wifh
time. Under. this condition, assuming known the initial
distribution of total fluid head h ., Egq. 2;5a can be

rewritten as:

Tte de . »
div K grad(—) = —Y¥ (2.7)
Y dt.

= .

Rendul%gr1936, assumed that during the dissipation‘of the
excess pore pressure ve, the total stress does not change
with time. It is then possible to deduce <that the variati;n

of éffectivé normal pressure Ap', is. equal to that of the
"excess pore preséure, ar®. Since under the hypothesis of

.small deformation, 4ap can be expressed in terms of the

. . . e .
change in volumetric strain Aev, Ar~ results in:



. an° = Bp' = Bese - (2.8a)

where B is the bulk modulus and may, under the hypothesis of

linear- elastiﬁity and small deformation, assume . the

"following formé:

- 1-D o E(l"'\’)
SN SIS YS Y (2-8b)
2-D - E(l-v)
. 2T+ (1-29) (2.8¢)
Axisymmetry - E
R D) (2.8d)

The substitution of the above equation into Eg. 2.7 leads
to the parabolic differential equation governing the

unceupled theory of consolidation.

e
div K grad — = L ;@ (2.9)
Y B
£
o
T



Its solution describes the consolidation process, once
the initial excess pore pressures are known. For instance,
these can be calculated in terms of the variation of the

total stress‘invariants Ap and Ag, as  proposed by Henkel

(1960).

m° = a Ap + b Aq : (2.10)

- F

where a and b are pdre pressure parameters. .

The uncoupled theory, though the. most popular approach
adopted in \engiﬁeering practice to describe the
consolidation process, suffers two major shortcomings.
Firstly it requires the determination of idi&ial excess pore
pressures by means of a semi-empirical formula and secondly
it does not take into accdun; solid-fluid interaction, the
key-point to the consolidation process. N

Bi@t (194la), 1instead, <clearly pointed out that a
rigorous solutién of the consolidation process requires the
simultaneous solution of the Cauchy's eqﬁiiibrium and the
continuity equations, Table 2.1. This approach is referred

as the coupled consoclidation theory.



TABLE 2.1

‘ Eield equations of Coupled Consolidation procblem in the

L

hypothesis of Linear%zed Elasticit%z

P
Cauchy's equation of eqﬁflibrium

3 equations

60;. ans .
- =0 (2.11)
0X, ij ax
LN i J j -
Generalized Hooke's law
6 equations
o
'o= + 2.12
Uij A 1kk 6ij 2p lij '( i2)
- A and p are the Lamé coefficients
Strain-Displacement relationship
6 ecuations s
_ bui du
N N T | 2.13
L=z Geot sy (2.13)
J Rt
e . :
1 Continuity eq. 1 *K,. wn,., =u (2.14)

16 equations, for 6 effective stresses, 6 strains, 3 displacements and
1l excess pore pressure. :



2.3 ANALYTICAL SOQPTIONS

2.3.1 ‘Seepage ~

The ﬁathemétical solution of laggnar flow described by the
Laplace's equation can only be generally oB;ained for
homogenequs, isotropic media in confined flow situations
with simple boundary conditions.

A pémprehensive description of these solutions is given
by Harr (1962), and Aravin and Numerov (1965).

Instead, it is - freguently met in . Qeoteéhnicél
éngineeriﬁg, the so-called "unconfined" élow which -
neceséitates'the finding of a "free" surface not known a
priori. In this situation engineers havg always relied upon
graphical construction ~methods {Casagrande, 1940 and
. Cedergren, 1967} . On the other . hand, some analytical
soluﬁions for specific cases have been'proposed, { Shankin
léé?,_Nelson and Skornyakov l?@é, and Peolubarinova-Kochina,

1962), but are usually inconvenient to'use:

2.3.2 Uncoupled Consolidation Theory

_Closed-form, solutions of Eq. 2.9 are unfortﬁnately

restrié%ed to"1-D situaticns in an homogeneous; isotfop;c

medium. Some examples of these scolutions have been faund by

Taylor {1948) and Carslaw and Jaeger  {1959), while

simplified splutions were probgsed,by Rendulic (1936) zand
’ .

Terzaghi (1943), under the ideal assumptions previously

mentioned.



2.3.3 Coupled Consolidation Theory

Analy;ical solutions of Bio?'s eqdations (&able 2.1)“are
rare and only exist in ideal.cases; As a result, solutions
are"usually restricﬁéd. to the case of a flexible-—footing
load on a homogeneous, 1isotropic and linear.elastic’ semi-
infinite medium. These solutions have béen'pﬁblisped by Biot
(l941b,c),‘Mandel (1957), Josselin de Joung (1957), Mcnamee
and Gibson (1960a,b)‘and Cryer -(1963). ‘

[

2.4 THE FINITE ELEMENT METHOD - .

The finite element method is a technique for transforming
partial diiferéntial equationé into a set c¢f algebraic
ecuations.' This is accomplished by discretizing the clecsed
and bounded domain over which the egquations are defined into
a number of finite sﬁbdomains known as Finite Elements.
Along the edges of the eleménts, are defined a number of
"Nodal" points . Within each element, the field variable
u(g,tL is_approkimated ;y means of a shape function}whose

order is determined by the number of element nodal points.

u(x,t) = s(x) u(t) (2.15)

. I
where u(t) contains the discrete values of u at the nodes.

There éxist many types of shape functions, but the ones

hased on the iscoparametric concept, (Ergatoudis et al. 1968)



havé by now established their suéeriority. .In these types
of elements the function is mapped-into a local system whose
normaiized‘coordinates (&, mn, c)'vary.between -1 and 1. This
mapping technique.allows the use of the Gaussian quadgéture'
formula for integration over the glement; fegardless' its
geometrical cqjglexity in the real coordinate system.
'Generally, by .means o¢f shape functions and mathematical
procedures based on the variational principle, different
kinds of differential equation can be convenien£ly
discretized inte a set of algebraic %quations as foliows:

7

£(t) (2.16a)

- Mi(e) + Dult) + Ku(t) =
where in general
w
B T
M = IQ m S~ S dQ (2.16b)
) L]
' T
D= /[ ds s d% (2.16¢)
2 .
«<
T
K = jQ B" C BdQ _ (2.164)
——r, 5 -

.



£(e) =[5 ade+ [ st b dr, (2.16e)
2
] " s = [s,] (2.16¢f)
%
B = . 2.186
[si,J] R (2.189)

[=]

and m, d, a, b and C are dependeﬁt on the specific problem
being analysed. The matrices S and B contain the shape
function coefficients and their derivatives respectively.

The integration terms belonging to matrices M, D and K
may be performed by the Gaussian quadrature formula if
isoparametric elements are used. In general,f calling f(§)
any of the previously reported integrands, the numerical
calculation canbe performed as follows:

-

n n n

[Lf(x)yda= £ & T W W W f(£,p,§) dec J (2.17)
R =1 j=1 k=1 L 3 K TTEEIRD ,

where wi, wj and Wk are the weighting factors, J the

Jacobian matrix and n the number of Gauss sampling points.



W

To perform this ’integration, a number of standard
numerical operations must be done and detailed explanations
can be found in a wide range of publications and computer

codes.

The discretization in time, instead, can bé done by using

numerous methods. For instance, in the absence of any second
derivative with respect of time (ﬁ(t)zo), the B8-Wilson
scheme appears to be the most general. The variable u(f) can

be expressed as:

vou(t) = (1-8) u _, tou ' (2.18)

where u and u_ are the values of u at times t - and t
~n-1 ~n n-1 n

respectively for t € [tz _,,

assume for the discretization of different types .of

t . The various values 8 can

nl

functions are given in Table 2.2.

As a result, discretizing Eq 2.16a leads to the following

set of algebraic iinear equations:

K u =f (2.19)

where Rn incorporates all the matrices dependent on wo. and
. - -~ .

gn-l represents the array of known variables.

b,



At this stage, the soluticn of Eg. 2.19 determines the.
’

current nodal walues of the field vériable un at time tn‘

Several techniques are available for the sclution of the

system of equations 2.19. In the particular case the matrix-

Kn is symmetric, the frontal solution (Irons, 1970) proves
to be the most convenient method to use. In fact it combines

both efficiency in solution time and economy irn storage.

TABLE 2.2

Different time discretization parameters

1

function type g-value
. g ‘ _l
linear . B = 7
~ parabolic o . - 6 =-%-
logafithmic _ é -1 + 1l 1
(Sandhu 1968) B At In(l+At)
A logarithmic _ QL;?l +_l___ 1 -
(Hwang et al. 1971) . T T, 2n(1+to)
, o T T .
e ' “n-1

—



2.5 STRUCTURE OF TYPICAL FINITE ELEMENT PROGRAMS DEVELOFED

Each finite eiement program 1is generally - structured into
four faifferent stages; of calculétions which are:
initialization, pre—éolution, solutibn and post-solution
(see Fig. 2.1).

In the initialization stage; the geometry and material
parameters are entered 1in Subroutine INPUT wheréas the

_setting up of the working variables is done by a number of

subroutines, -

The pre-sclution stage normally includes the built up of -

the initial "load" wvecter 50 and the calculation of the

stiffness matrix En by means of Subroutines LOADPS and

STIFFP respectively.
| Ih'.the‘ next _sfage ‘of thg‘ program, assembly of each
element "stiffness? and "locad" ié performed and subsequent
solution of the current unknown .is ﬁerformed in Subroutine
FRONT. | |
Séme problems require -the calculatiqn of additional
-quantities on the basis of the current solution. This' takes
place 1in the post-solution stage thch aiéo includes the

printout of all the requésted results in Subroutine CQUTPUT.

Finally, time ‘dependentf_and/or non-linear aﬁalyées 

require an iterative process over the last three stages in

a

" accordance to Fig.,Z.l:

The main differences. between the wvarious F.E. prog;éms

however. lie in the setf?ng up of the working parameters and

&



the eventual elaboration of results in thé post-solution
stage. These usua}ly depend on the mathematical formulation
of the problem curfehtiy undef study. Turning to routineé
commonly  employed, Subroutines INPUT d OUTPUT‘are rather
trivial whgfeés'LbADPS, STIFFP and FRONT ale quite standard.
It is clear fhat; for various préblems he integrands in
Eqgs. 2.165,c,d.ére different but only few modifications are
requireﬁ té‘ adapt the cérréspoﬁdiﬁgi subroufines to the
‘current needs._ : — |

In this research:four.mastér F.E pﬁograms together with
three supporting programs have been'deQeLoped. This has led
to the'writing'of';odes”eéchrcoﬁprisiné of épprpximately
3000 staﬁements énd it ﬁs ;llusorj-to review tﬁ:ough éll the
programming details. As a result, only primary subroutines
are :explained -ih ébntrast. to others which are eithe#
standafd'ér trivial in tﬁei; explanatiqn:‘

In writind the Aifferent.prdgrams developed in the next.
chapters, the structural 6rganization‘ of © the standard
subroutines éuch as LOADPS,.STIFFP aﬁ& ERO&T wéfe adapted
ﬁroﬁ "the program, -PﬁANET, pubiished by Cwen and Hinton
(1980). The proérams were rﬁn on an AMDAHL 47Q'Va machine at

the University of Ottawa.



Intcialisation

s¢tT up vorkiog
vartables

—_—— e - =
E 1
pommmnm e b e g |
] ]
| | |
1 L LOADPS ] 1 I
! : f :
Pre-9nlugion ! |
1 1
1
- ' STIFY? T ! ,
i t =
' build up : i
! stiffrnassen ! ! '
! | ! !
e et —— e - |
1 | '
T a-l
FRONT | 3y
inlutilan s50lve equation 3
sysceam '
: f
."'““"'“L""’““‘ J
'
! Elabarace ' : f
! currant o '
) solution P ! ’
' f 1
Past-soluclon N : !
H 1o !
| L oO0TPOT l ! i
H 1 |
S, '
- o o =
ol G
Fig. 2.1 Flowchart of a typical F.E. program developed o



Chapter III

SEEPAGE ANALYSIS

3.1 INTRODUCTION

The basic governing equation describing steady flow is ‘the
well-known Laplace's equation as discussed in the previous
chapteF.

Past experience has shoWn that the solution of the
confined flow by F.E. does not pose any particular problem
since the domain of calculation is known together with a set
of weli defined boundary cenditions. In return, the analysis
of the uncenfined flow is not that straiqhtforward' and
-Q;quires an iterative.process to locate the positicn of a
phréatic or free surface neot Known a priofi. ‘

" Two different procedures, herein distinguished as the
E&nventional‘ and residual methods, are available. The
copventional method <consists of solving the Laplace's
equation assuming a'trial free surface which is ultimately
checked to satisfy the imposed boundary conditions. If
these are not respected, then the free surface is ﬁpdated
for the next iteration wuntil- convergence is achieved.
Normﬁlly, the trial free surface 1is assumed to be an

impermeable boundary and the corresponding computed pore

pressures are yerified to satisfy the nullity condition.

-



-

This -approach has been adopted by several authors such as
Taylor and Brown (1967), Finn (1967), Newmann and
Witherspoon (1970).

The second method was apparently introduced by Desail
{(1976) in which the necessity of updating the entire mesh is
avoided. In this method, once a trial solution is found for
a giveﬁ set of boundary qonditions, the trial free surface
is located by the nodal péints satisfying #° = 0. This
surface is subsequently adjusted and corrected by using the
so;called residual approach.

Both approaches have advantaées and disadvantages, but
the former is considered to have more generality. However,
Finn and‘Varogld (1976j pointed out that wusual algorithms
employed in the first method were unable to control the
relative size of the elements dﬁring an iteration, which
resulted in numerical diffiéﬁlties. They proposed to update
the entire mesh for the location of the free surface by
acting on each individual node, which reveals to be rather
costly. \Fusco (1985), has therefore suggested a new
algorlthﬂ\yhlch updates omly reglons of space by the use of
an efficient mesh generator. Furthermore, a speciatl
"smoothing" technigue has been incorporated in order to

calculate the velocity at the nodes.

“\ @

?



3.2 F.E. DISCRETIZATION OF SEEPAGE EQUATIONS
The F.E. discretization of the Laplace's eguation 1is

obtained by approximating the main field wvariable, ho’ by

u

means of converdent shape functions.
h = s h (3.1)

bo is the array containing the discrete value of the total
head at the nddgs.

The equivalent syétenl of equations describing seepage,
Eq. 3.2a, can be derived in several ways but the Galerkin's
method of weighted residuals proves to be the most

convenient cne.

P hy=g (3.2a)
where
T .
P= /B KBdQ (3.2b)
Q
and
_ - T
g = - {f ps,.dR+ [§ s, dT} (3.2c)
9]



The possible sinks and sources P witlrin the system, as
well as flow conditions g are integrated in the equivalent
flow vector g.'

The B-matrix and ‘the permeability tens@r K which

¢onstitute the hydraulic "stiffness" P are given as:

asi
B = [5— (3.2d)
j l L}
K = [Kij] ‘- : (3.2e)

U%ually the perméability coefficients can be . at bést
determined aloﬁq.their principal directions. However, for a
coordinate system not cqinciding with the ©principal
directibn;'of flow, Fig. 3.1, a transformation is necessary,

namely:’

K ="A" K A . (3.3a)
/“'//

i
where K is the principal permeability tensor and A the

1 )

transformation matrix.

ANEN
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In the common case of 2-D flow, this matrix simplifies

to:

K 0
K = 011 K ) (3.3b)
22
v cosf - -sint
A= (3.3c)
sige : cosB

Furthermore, when parabolic isoparametric elements are
employed, the integration of the first term of Eg. 3.2¢ can
be reformulated in terms of local coeordinate £ for Gaussian

quadrature calculations, Fig. 3.2.

A~
- I .2, ,By.2,1/2 ..
Jpamsydr=J0) q si[(.a;) + (%) 171° ag (3.4a)
(ﬁﬁ ~__ \ -
. \ SN
since N
T = [(dx)° + (dy)?)t/? (3.4ab)

and

- 26 -
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Fig.
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X

3.1 Element with principal directions of permeability

different from X and Y axes

Fig. 3.2 Imposed flow conditions across boundarv



3.3 CALCULATION OF THE VELOCITY

Once the nodal total heads are determined from the solution

of Eg. 3.2a, the fluid velocity may be evaluated through

Darcy's law:

~o

v = — K grad h,= K B hy (3.5)

-~

ey

where v is thé fluid velocity array.

Analoéous to the theoretical stﬁdy performed by Barlow
(iQ?S).the above exﬁression giv;; the exact-solutions only
at the Gauss integration points.‘ Instead, engineers are
cften interested in calculating the velocity at the nodes.
Inspired by previous works (Hinton and Campbell 1974, Hintbn
et al. 1975 and, Reed 1982), a numerical technique for
extrapolating the exact wvalue of  the  velocity at Gauss
integration points to the nodal loéations hés been herein
elaborated.

In the assumption of discretiéin the total head function
hO by means of 4-or-8-node isoparametric elements, the
resultant velgcity may be either constant or linear within
the element: In both cases, therefore, the values of
velocity at any'point inside the element beléng to a plane

. which also contains the exact wvalues at the Gauss

integration points.



Similarly to Reed (1982), the interpolating function for

velocity is assumed to take the following form:
= + 13 3.
V(E,T}) C]. ng + CBT} + C457'| B ( 6)

The coefficients ci,ucz, ¢y and c, may be determined by

replacing into Eg. 3.6 the values. of the velocity obtained

from Eg. 3.5 and the corresponding Gauss integration point

locations (&, n).

X(i) = Ml/g(i) (3.7a)

S (i) (3.7b)

where v(i) is the ith.” component of the velocity at the

Gauss integration point, Ml is a 4 x 4 matrix whose
compeonents are given in Table 3.1, and E(i) tﬁg array of
coefficients.

" The nodal wvalues v therefcre, can be readily

(1)’

calculated since the coefficients c

(1)

are Xnown, in fact



v -1

t
J
where M is a 8 x 4 matrix whose coefficients are reported in

Table 3.1.

For nodal points in commeon with m adjoining elements, the

velocity is evaluated as a mean of the contribution-of each

element, Fig. 3.3.

m
x
eglz(i)e
¥y T | (3.9)

..

T~ ..

Fig. 3.3 Smoothing velocities over 4 adjoining elements

iy T Ry T M Yy 7 oMo, (3.8)
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TABLE 3.1

i

" Smoothing variables for 8-node isoparametric elements with

2x2 "Gauss integration scheme -

\\
1 -f _*f_ f2
1 f _—f —f2
. . 2
Ml = 1 f -f- f
1 -f f —f2
1 -1 1 -1] -1
1 =1 - 0 a
1 -1 -1 1 24d
1 0 -1 0 a
1 -1 1
= — —_ —_ MoN = - —
M2 A 1 1 1 i _.12‘{1 > 1
(“3:,; ..
[\‘ l 1 O [ 0 !\‘.;,\ b
i,
. 1 1 1 1 2e
’ 1 0o 1 0 b
1
_l 0 0 01 5
- L
where
_'1+/3 _1=-v3 . . 2+Y3
- 2 ’ b = 7 3 d = > H e

- 31 -

2a -
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2d

e
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3:4 ALGORITEM

. The solutign of the confinea flow does not eniail an? majoxr
-difﬁiculty as previously discussed .in Sect. 3.2. On the
other hand, in the, analysis ‘of the unconfined  flowd 'an

iterative process.is required to locate the freé éurface‘ahd
the “hydraulic "stiffnesges” are recalculaked aﬁ each
iteration since the geoﬁetry is changing.

As previously reported, most Qf the known algorithms in
tﬁe conventional methods are uﬁhble to keep a well graded
distribution of élement.s during the iterétionsl Also, the
methéd proposed®by Finn and Varoglu (1976) appears to be
very costly since all the nodes of thg domain have to be
updated.

The .alternative method imﬁlemented in this present work
is based on tﬁe definition of large zones of homoqeneous

materials by means of isoparametric_elements denoted as Big

. Elements (BE). A number of those BE found below the free

surface are made active and termed as Dynamic¢ Big Elements
(DBE) in contrast to the remaining inactive BE, Fig. 3.4.
The BE are further discret}zed into a number of sub:;Iementé
specified by the user. This is acéomplished by the use of an
eéficiehﬁ automatic mesh generation proéram.

The pfime advantage of this method.is that after the
first dteration in which both BE and DBE héve been

discretized, only part of the entire mesh, i.e. exclusively

the DBE, lare revised. In this situation, the updating



2

process is restricﬁed to the nodal coordinates of the DBE

-and the use of the automatic mesh generation guarantees a

+ -

good distribution of gLements -thfoughouﬁ the' mesh. In
'addi;ioﬁ,‘thelSQE-element'"sﬁifﬁﬁessgs" of the BE, which aré
geﬁe&ally in éreatet numper-than the DéE, are kept unaltered!
thus‘ feéulting 'ih. a consideraﬁie save in compﬁtér time.
-Hehce; due to the sSimplicity of this apﬁroach,_coﬁplicateé

ge0me£rié5'caﬂ be tfeated; for example the analysis of flow

across two different vertical layers, is easily tackled as
: - -

shown 'in . Fig. 3.4, in which the free surface is
"discontinuous" (part B-E).
However, the major problem’ at this point is the

establishment of an adequate law for updating the DBE nodes.

3.4.1 Method of shifting DBE nodes

. In thé present F.E.  implementation, two basic typés of
updating procedures have been considered. The first one is
concerned with the movement o% the DBE nocdes, with the only
constraint of respecting the geometrical boundaries of ﬁhe
regions. The second.type of movément has been elaborated to
cope with the presence of a seepage surface within the
medium® .

In the first procedure, the nodes on the free surface are
allowed to move only along the lateral edges of thé DBE.
This generally aliows to respect both, geometry and material

properties constraints. The nodes move such that the



— 5

N

d on the free

[y

condition of zero pore pressure is satisfie ‘

surface.. The mid vertical 'side nodes are consequently

-updated in order to ensure a qood distribution of sub-
1 .

elements, Fig; 3.5. When the top edge hodési Beloﬁg to a
physical boundary, théy are obvioﬁsly'#ofced to move along
it, Fig. 3.6. ._ -

A seepage Surfage narmally intfoduces_a special aigérithm
forfi£s siMuiaﬁion-énd conéequeﬁtly\lqcai mgdificationé of
the previous procedure are 'reduired to éibg rise ;o' the '
second type of node movement.. Fér'.convenienbe ’and ‘easy
presentafioh of fundamental ideas ‘af the - pro&edure;
reﬁerencé‘is madeJﬁo‘Fig. 3.7. The\DBE ére numbered iq.a_
sequence sucﬁjthatrthe cnes found beléw thé free surface are
cdnsideped asf the first six DBE, the nodes on the ffee
sufﬁace-are updatea accoraing to the first procedﬁfe. Then
the %op nodes of "DBE 7, 8'a;d 9 are-adjustéd foilbwiné a
geometiical regression léw.:hl orde;‘to éuaranteef a smooth

i

transition. ;
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. . direction of movement
of DBE nodes

A

A

Fig. 3.5 Movement of nodes at boundary between 2 different

materials

mma- Llnitial position

updated position

physical boundary

{downstream slope
of a dam)

Fig. 3.6 Movement'along a physical boundary

(downstream slope of a dam)
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3.5 QVERALL STRUCTURE OQF SEEP

The implementation of thé' seepage aﬁalysis was performed
adopting a modular approach and is ilidstrated in the
flowchart in Fig. 3.8.

After presetting the array dimensions and introducing tﬁe
‘geometrical data ' in Subroutines DIMEN andl INPUT
respectively, the equivalent flow g is calculated according
to Eg. 3.2¢c in Subroutiﬁe LOADPS. Because of an "eventual
iterative process, a number of arrays are initialized in
Subroutine INITIA.

The element hydraulic "stiffnesses" are then calculated
in -Subroutine STIFFP according to Eg. 3.25 after which the
current solution is searched in Subroutine ERONT. For
confined {fleow, the computaticn ends by the calci&ation of
the velocity at Gauss integration points and at the nodes.
These are done in Subroutines GAUVEL - and NCODVEL
respectively.

_In the <c¢ase of unconfined flow, convergence of the
iteratgve process is checked in Subroutine CONVER by
verifying that all the total heads on the top nodes of the
DBE ‘are equal to  their correspénding elevation. If
convergence 1s reached, then the velocities at ,e Gauss
integration énd nocdal pecints are calculated.

.

Instead, in the ev?nt convergence 1is not vyet achleved,
f | ’ :
the fxee, surface iis moved and the dynamic region

\ “
subsequently updated ' in Subroutines MOVE and MESHGEN

&



respectively. Finally, the appropriate head fixities for

the new sub-element nodal points are adjusted where.

necesséry in Subroutine HEDEQK. At this point, the program
is.ready to undertake a new soclution.

Whenever the computations are complete, the numerical
results are printgd in Subroutine OQUTPUT.

The only subroutines which sﬁ%w soﬁe distinction with
respect to the others are MOVE, MESHGEN, HEEDFIX and NODVEL.
The others are either trivial or require minor changes with
respect to available standard subroutines. It is for these
reasons that the additional suproutines are explained in
Appendix A, -with the exception of MESHGEN, which is instead

-

presented in Chapter 7.
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3.6 NUMERICAL EXAMPLES

*

The first numerical example which typifies steady confined

seepage is illustrated in Fig. 3.9a showing an impervious ,.</

sheet-pile wall driven into a  porous isotropic soil//f?r\
ﬁoundatiap. The heads at the upétream and dgwnstream_gj es
were assumed to 'be cénstant and equal to gaf‘and 2
respectively and +the flow occurred only thgqugh the
foundation soil. |

Fig. 3.9b shows the plot of the wvelocity field as
computed f;oﬁ the analysis.. The_proéram consumed only 3.5
CPU thus'éhowing its efficiéncy. Unfortunately no Elosed‘
form solution was available for comparison of results so
thaf tyey can only be appfeciated Qualitatively.

The second example considered wgs. unconfined seepaée

L8

through a homogenecus dam with vertical upstream and
. pe

downstream faces for which .[analytical solutions exist,

(Polubariﬁova-Kochina, 1962). With reference to Fig. 3.10a,

the starting free surface was gssumed to bg hqrizontal. The

analysis required 14 iterations and 3.3 éPU to cgﬁverQe\to

the true phreatic surface. Fig. 3.10b illustrates the

corresponding velocity field. "

e
An exit head Hc of 1.44 was computed and complete
agreement was found with the available analytical sclution. t
This comparison 1is very favourable to the present finite
e

el'ement analysis. Also, cases of flow through an aniéotropic

homogeneocus rébtangular dam (Kx =O.1Ky and Kx =lOKy) were



investigated showWing no apparent problems in computation
{see Figs. 3.11 and 3.12).

Finglly the program .was applied. to the more. general case
of flow through a clay-core eagfh dam shown in Figs. 3.13.
In this problém both the upstream and downstream boundaries
had specified constént heads. The bott§m of the foundation
was considered impervioﬁs with water seeping through the
pervioué dam and its foundation. In the iterative
procedure, an initial location of the free surface was
estimated as shown in Fig. 3.13a and 35.7 CPU were spent
during 8 cyales of iteration to coﬁverge to the correct free
surface. The first iteration which comprises the
compﬁtation of all the element‘stiffnesses consumed 7.3 CPU
while the subsequent cycles only 3.7 CPU, showing a saving
of about 50 % of the total time.

It is further noticed that the final mesh has preserved a
uniform mesh distribution, a prereéuisite for obtaining
accurate results. Finally Fig. 3.£3b shows the distributicn

cf velocity .in the dam and its fbundation_
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3.7 CONCLUSTON

The new algorithm implemented for solving Laplace's eguation

over fixed and varying regiops of definition c¢an be
considered very efficient and vreliable. The fundamental
difficuk&ies inherent in such ngmerical solution have been
overcome by the‘combined use of an effective mesh generater
and a strateqgy for updating the working mesh. | P

The results from the unconfined- flow analyses weg%
compared wifh closed form solutions whenever possible. It
was found thaé ih the case of seepage through a homogeneous
recténgular dam, the ®omputed results completely agreed with
the analytical solﬁtidnu (Polubarinova-Kochina, 1862).
Similar- results and accuracy were provided by the present
program in the more complicated case of flow in a clay-core
foundation dam, which introduceé. an internal seepage
surface.. Else, no. particular npmérical problems were
encountered when treating anisotropic flow.

As regard computer processing time and solution
convergence, the algorithm proved to be vefy economical
requiring only a few cycles of iteration for-the location of
the free surface. This‘aspect of SEEP may have a positive
implication for, the analysis of more compiicated_ and
p{actical qases..

Another featuré of the program'lies in its capability of
calculating the velocity '0f flow at the hodal points besides

i
at the Gauss integration points. This is gquite often more



useful in é practiéal flow analysis. The adaptatioen of the
. "smoothing" techﬁique to the seepage problem has proved to
be successful as reveal the results on nodal velocities..
Also, .SEEP is a prelude for the problgms éuch as the
uncoupled consolidatioﬁ'and effective stress analysis. coming
in the next_chapters. In tﬁis latter case, SEEP provides the
nodal values of pore pressures taken as input hydraulic

-

loads for an effective stress analysis.

Finally, it is considered that the application of SEEP to
the practical case of a geotechnical problem seems to pose

no major diffficulty.



Chapter iV

UNCOUPLED CONSOLIDATION THEORY

4.1 INTRCDUCTION

The uncoupled consolidation_'theory leads to ‘a parabolic
differential equation similar to the one governing Aeat
cenduction problems.

In spite of thé fact that a number of ;finite element
prégrams have been implemented for the numerical analysis cf
the latter problem, very few have been elaborated for tﬁe‘
uncoupled consolidation analysis. &mong them, Désai -and ’
Johnson (1972) solved the 1-D problem for la&ered soiis
employing linear and parabolic 1-D elements. The analysis in
this case required high computation time and accuracy‘was
not always achieved, most probably due to the algorithm and
the solution technique therein employéd.

G;oda and Nova (1982) appafently extended to ‘2—D.:the
previoué works of Desai and Johnson but unfortunately, no
‘detailed information on the type of element and on the
results obtained could be found. .”“\‘

In this research, a new F.E. code for analysing the

current problem in 2-D and axi§§ﬁmetric conditions has been
j

implemented on the basis of thé< novel algorithm recently

formulated by Fusco (1985). o



2

- 4.2 FINITE ELEMENT DISCRETIZATION OF UNCOUPLED CONSOQOLIDATICN

EQUATIONS - o )

The basic , F.E. equation . governing' the  uncoupled

. consolidation theory, as preViouély reported, is

- e
div K grad 2— =
Tg

L se
B -

—

together with the-fqllbwing boﬁndary conditions:

ne(t) ?‘Ee(t)‘ on ‘F .

L ‘ — :
R L

£

n is the normal to the boundary fz.
The' field variable 1°

appropriate shape function as follows:

1S

is discretized -by means of an

N



e 2

e . . o~ ) : L
where 7~ contains the discrete .nodal values of the excess

pore pressures. !

o N -

The straightforward Galerkin's method of weighted

residuals apﬁ;ied to. Eg. 4.1 leads to the following set of

equations:

P+ D nf=g (4.6a)
where P and g are respectively the same hydraulic .
"stiffpess" matrix -and equivalent flow vector previously
defined in Chapter 3. The D-matrix is instead defined as:

At this point- it was propoéed to discretize the tine

domain by the 8-Wilson method which can be conveniently
expressed as:_
e e ‘ e e e
= = = + 4

T 3] Eh‘+ (1 e)gn—l 8 An T (4.7)
dn ® ant

= -1 (£.8)
dt At



Substitutfng-the above expressions into Eg. 4.6a and re- °

arranging the terms leads to the following set of linear

eguations:

where

_— e= "
P AEn 'A&n
T = (8P +
L

bg! = (86g + gm_l) - P

At

(4.9a)

(4:9}3)

é : . (4.9¢)

Onte the excess pore pressure is determined from solution

of Eg. 4.
for that
where

Sa, the associated fluid velocity may .be calculated

time increment by:

= = - "1!.
g;wn K grad h KBh (47 10a)
1%/
a
T
h =h + — (4.10b)
~T1 ~0 Ye



u-

with ho as the initial total head.

P

4.3 STRUCTURE‘QE TERCON (TERZAGHI CONSOLIDATION)

A tomputer program, TERCON has been written in order to
-1mp1ement the uncoupled consolldatlon Fig. 4.1 illustrates
'the correspondlng flOWChart

- The'uncoupled consolldation theory governed’hy Eq. 24.6a
1ntroduces a second matrlx D to’be 1ntegrated beeides‘the
'_hydraullc stlffness matrlx P defined- 1n Chapter 3. Also,
matrlx P and array Aq need'to ‘be updated at every time

step From the flowchart it can- be seen that due to the

. modular approach of programmlng, a number. of subroutines

'belonglng to the program SEEP are employed Th S eventually‘.

. '\_\‘

requlres only some occasiohal modlflcatlons to be done.

" The variables associated w1th, dynamic dlmensioniné-.'

process are bpreset, in: Subroutlne DIMEN..:The',input data

-deflnlng the mesh boundary condltlons materlal propertles.
and tlme marchlng scheme Darameters are then 1ntroduced ‘in

Subroutlne INPUT Subroutlne LOADPS reads the prescrlbed‘

NCH

boundary flow condltlons and 1s in: common to- SEEP. Sinceithe

- process is 1terat;ve, some arrays need to be initialized for:

"aocumulation ‘of data. This is -done' in Subroutlne ZERO

Subroutine STIFFP differs from  its counterpart in SEEP, in -
\ .

so far &ds. a new matrlx b has to be 1ntegrated The time step
hlnterval is oredlcted by Subroutine TMARCH before the matrix

P and array Ag' are updated in Subroutine INCREM.

4



«

The fluid velocity is - finally calculated according to

Egs. 4.10 in Subroutine\ VELSEE which slightly differs from

the Subroutine GAUVEL -3 SEEP. In fact, one a@ditional
-

) s
statement performing. the . uﬁ;jin Eq. 4.10b, to take into
account the initial total hea has to be added, -

%

At sélected time steps, the nuﬁeric;i results are Qrinted
in SubrdutinehOUTﬁﬂT.'Finally Subroutine CONVER monitors the
number of nodes ghich have completed the dissipation
process.

Under _the 'hypothesis of constant Bulk modulus and
coefficient of permeability, matrices P and D are calculaﬁed

enly at the beginnind of fhe first time ingrement. However,
f&} sake of .generality. those matrices ‘caﬁr be. updated ih'
Subroutine STIFEP.

éﬁbroutinéé'TMﬁRCﬁ‘aya’fNCREM are explained ih'detgiis in
Appendix  B"éince“Ehey are .the -bhlyi completely néﬁ
suﬁroufinés fntréduch in, thié _pnograﬁﬁ_ I§” f§ct._the-rtime

,étepping can be .done accordinq to four different schemes.

LT

One can march 'in the time space by means of .condtant
.intervals in a Logarithmic scale with 8 either fixed or

function of time as follow:

= ._- ’ ’ al
Atn. t- (?xp { 1) ' (-.lla).



Atn = loge (tn/tn_l) _(4.11b)

ty = tg * Atn (4.11c)

8 > 1/2 constant with time c{#2.11d)
L

The above eduations constitute the fi_r.st two optidns in
Subroutine TMARCH. The third.optidn_consists in dividing the
time domain into a  number 'of big intervals w;.ich are
s__‘ubse_c_{uently ‘sﬁbc.ii';ricvied into finer intervals. The scheme
prOposéa by Sandhu (1977) is given in Table 4.1. Finally the
'las"c optién permits the. use of a linear constant time

{

“interval.

\J
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aa

TAELE 4.1

L. ) v
Decompesition of the time domain (after Sandhu et al.

Steps At time domain
10 0.0 . T 0. 0.1
© 10 0.1 | 0.1, 1.1
10 1.0. 1.1, 11.1
9 10.0 11.1 , 10l.1
10 100.0 . 101.1 , 1l101l.1
8 1000.0x 1101.1 , 9101.1
~
;)
’/ 1 "
- 5% o
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4.4 NUMERICAL EXAMPLES.

' To ﬁllpstratg the veréatility and accuracy of TERCON, scome

simple éxamples' were . analysed ’ iﬁ the cases of 1-D,

axisymmetry and 2-D conditiens. The " corresponding mesh

" layouts a?eléhown in Figs. 4.2a,b,c. e

The numerical examples were carried out in. the assumption

-~

‘of linear  elasticity 'with constant bulk modulus during
computatioﬁ (see Egs. 2.8). Table 4.2 qipmmarizes the
material parémefers " as  well as  the corresponding

coefficients of- consolidation C,  used throughout the

—

numerical analysis. . As regards'time\a?%Fretization, 8 was
. . ',H‘ .

assumed to be constént' while \thf//fime inverval was

‘determined by Eg. 4.1la. - \ ’

“ i
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“TABLE 4.2 A ' 1
. . » ) . - ) :

. ’ ’ : .
Material parameters and coefficients oﬂ,cénsolidatibn\Cv

for .TE'R%N' : C
Material properties' °
%
Young's modulus ) E = -~ 10,000
Poisson ratio - v ' = 0.0 ’ . .
Permeability coefficient 'Kx:Kyz K - 4.0 E-06
Unit weight of fluid Yf = 1.0
' . . Coefficient of’consolidat_ion‘cv ’ ”\‘
. ‘ \*Q“-
1-D consglidatdion : .
A . .
Cvl - . g E (1-v)
‘ Ve (1-v) (1-2v)
.-
2-D consclidation ’
€, = 26K -E@WEK ; ¢ = E (1-v)
. . . * Lo 7
e Y o
axisymmetfic consolidation o ; ) |
\
C _ . ’K - E (1-v) K
v3 - - - - __;_—__—‘
Ye B Y:
> N
. Time coefficient T
. v
2
T = C_t/H
“ v . "_'

—
o

where H is the drainage path. For the semi-infinite medium H is equal

to the 'half width .of the footing. \
L : ,
- 58 -~ ' - ‘ T
Ly
- . N - - ' I o g“‘?
A A

g., \_/ : .



t

. SUDIITPUOD
ST13awwiAsSTxe 103 1noke] Ysal

™

NDI123¥)CF X
oot cg ! 0071

qz "4

300N

SInRITY 0¢

ANE

s

N

JDYNIYYQ 33HJ

~
-

SNOTAHIAGH

kY
A

T

sz

NOT123¥10 1

=
000

T

ootz

814 -

..

\
K

SUOTITPUOD (-]

s
™
o3 IN0ABRY Ysay BR7L'%hH
NOfLD3Y
. 0o o-.-o an.ho Q om...-o IB_O
- SNOTA¥ISNT s1c0% 841 sxm313 O
ke g =N .
7 <
..ﬂlllr.l
9]
_ |
b |
o
- 3 k)
%
| |
o4 4 ¢ 4 4
EERE . S

TP

T

00
HO1123¥10 4

‘HTM

%

11 e ]

ot



|

Wrrff . h
18de] 931TuTJur-Twas Yoy Inoke] ysay 2% *8B14
. . . NOLL1DIH1a X :
[o1s} +.m oo -N \ oo.ﬁm oo.ﬁ_ oo.o__ oo.v~_ co.w_ ao.ﬂ_ i oo.ua cn_..,v':[<@.._~r\\flmal.hc
- ~ VB TWNEILD .
i S$IUON OCY SINTIIT 6L SN0 LANISHI T ~vf
i o T
‘ . . /’
5 : 0 u+_
. , ) Q £
e T2 a|~ d
\ -
N - o] + * *Q |
JOYNIYYHO I3H4 . v
‘ 5
ﬁnﬂ% . 1 [ R
F—m 5 e S
, .Aﬂi
. \
\
N
N
» . ! /l\\v

~



-

4.4.1 1-D consolidation

Eig. 4.3a_éhgws the simplest case that TERCON can analyse.
A soil sample closed both at its bottom and lateral surfaces

with the only freeidrainiﬁg boundary as its top surface was
. ' -

considered. The flow regime is thereby illustrated at a

pafticular time during the.dissipation process.
With reference to Figs. 4.3b,c which show respectively

the isochrones at selected times and the pore pressure

histories at points P and Q, complete agreement is obtained

'w%gh the  analytical solution of Taylor (1948). It is also

worth fq mention that in accordance toA theoretical
exﬁégtationgr identical resul£s were recovered in the
axisymmetric case subjected to the véry same Eoundary
poﬁdit;ons as in 1-D. - Both analyses reguired = 38.1 CPU.
The first time stép which cgmprised'the calculatien of the
maﬁrices'Pland D, Egs. 4.éa,b, consumed 1.46 CPU while only

C.86 CPU were needed for subsegquent steps.
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B

the numerical solution'due_to rather lengthy expansions of

4.4.2 Axisymmetric consolidation

TheAéxample considered is a cylindrical seil sample draining
on -all 1ts outer' surfaces from an 1initial excess .pore
pressure of 100.0. The relevant =~ hydraulic boundary -

conditions are given in Fig. 4&.2b. (/fr
The F.E results were compared:- wit  the analytical

-

solution of Carslaw and Jaeger (1959), .and were found tc- be
'in very close agreement as Fig. 4.4a shows (the analytical
‘values are in between parentheses). It was infact observed

i

- : - . \
that the analytical .computation demanded much more time th%n

Bessel functions invelved in.’
.Einally.fiqs.'é.éb,c,g illustrate the progression of the

fluid flow at different stages of consolidation.

~
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4.4.3 Sand dréin simulation

One very interest%ng application&of TERCbN is tﬁé analysis
of the performance of a vertical sandl drain +in a soil

specimen. The mesh ﬁséd_is-shown’in Eié. 4.2a with its left
lateral surface convertéd inte the éxis of symmetry and a

free draining boundary.

Two cases were examined; namely isotropic and anisotropic
soil permeabilities. Figs. 4..5a and” 4.6a illustrate
different flow patterns inside the soill,sample when
considering anisotropy in permeabilities. In fact if the
horizontal permeability is higher than the wvertical ene,
flow ﬁﬁggs to be more radial fhroughout the saﬁplei

Furthermore, it can be observed from the isochrones and pore
pressure histories at points P and Q in Figs. _4.5b,c‘and.
o8 ‘

4.6b,c that the rate of conselidation is" . faster in

anisotreopic conditions.
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4.4.4 Uncoupled Consolidation in. a semi-infinite laver

The practical case of consclidation in a semi-infinite layer

v

due to a uniform strip load was analysed. The mesh layout
e

with the relevant boundary conditions, and profiles are

shown in Fig. 4.Z2c. Sandhu's time space decomposition:was

‘used witﬁ'variable 8. The glecbal "stiffness"> matrix had to
be updated only at the beginning of each big time interval-
Fig 4.7a illustrates the directions of flow at a stage of

consolidation, while the exceéss pore pressure isochrones

drawn a® chosen sections are given in Figs. 4.7b to &.7e.

The initial excess pore pressure distribution, a
prerequisite | for ~ the = analysis of .the uncoupled
consolidation, was calcullated by Henkehﬁs_formula. In this

case of small deformation and perfectly ngtrcpié'cohdition,;

the pore pressure parameters "a" and "b" are respectively 1

and 0. The stress invariants involved in thée calculation of~

excess pore pressures were obtained by an elastic stress

S . .

analysis under the loading conditions illustrated in Fig.
' w’

4.2c. :

L

In contrast to the 1D consolidation approach which

-

B

crudely assumes a -constant excess pore pressure egual in
L] . . o X .

magnifude to the applied load, the presént ~2-D analysis,

predicts a slower dissipation process. In fact, 90% degree

. . : > :
of consolidation -were reached at t=763 in 1-D conditions or

LY

o

- C . @ L - e _
at a .time factor of 0.42 in a 2-Df situation. With reference

to Fig. 4.7b, it is found that the dissipation is much

slower in 2-D conditions.

/\ | _ 63 - - e
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The far right end(fluid velocities are unexpectedly high due to boundary

conditicons.
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4.5 CONCLUSION i 4

The results within- the ;frameWOrk of one-dimensional and
éxisymmetric consolidation when compéred with analytical
sélutioﬁs were in excellent agreement. Howevér, it has to be
mentioned that.the.time stepping scheme employed was rather
costly since the "stiffneés" matrix had to be updated at
each time step due to a variable 9 t and 8 . ©On the other
hand equally -good results were obgained when using option 3
but in this case the computational time was drastically cut
down. It was 'fbund that the proper choice of thek time
increment and the 8-value are both determinant factors fof
a;hieving ndnfcscillétory and acéurate results. As.a rule of
thumb at. least '60“£ime stéps' over the, entire . period dg
conéolidation were ‘;heédéd. to- ‘achieve good results.
Furthermore, making 6 variable?with time, as Sandhu‘(l977)
proposed; improved the'stability of the solution.

.'The treatment ~of. 2=-D consolidation showed that the
simplificat;ons.made in 1-D might br;ng;a certain degree of
error. - The two cases of one- and two-dimensional -uncoupled
coﬁsoiidatioﬁ were compared and observations revealed a
slower fafe of dissipatiqn in th; formef'case.wln contlusion
it'may be said that as far as the numerical implem%ptation
“is concerned, TERCQNI is able to corréctiy solve the
governing equationé of the uncoupiéd cénsolidatién the?ry.
However, the exteﬂt to which it can be applied in practice

is questionable since it does not take into .account solid-

flg}d interaction.

-



Chapter V

) ELASTO-PLASTICITY

5.1 INTRODUCTION

This chapter is concerned with the stress analysis of a
fully satufated, highly permeable soil. A; a result, fhe
calculations are carried out in terms of effeﬁtive stresses.
ﬁﬁring the past fifteen years, in an attempt to describe
the complicated'yield and flow 'properties of geotechnical
materials, several models have been: published but their
validity and application are stili to be qﬂéstioned.

Though thecoretically attractive, the mecdels lead to non-

linear relationships which reguire special F.E. solution-

algorithms as for instance reported by Zienkiewicz and Pandg

1971, or Argyris et al. 1972,

The theoretical developmenté will not be aftempted, nor
will their wvalidity be discussed, this not being the main
cbjective. Inséead, the actual numeric¢al response to the
ggneral boundary value problem will be examined.

Implementation of these models in a F.E. program is by
itself a challengiﬁg task since a number of details have yet

to be solved for a correct numerical analysis.



Two main classes of elasto-plastic models have been
considered, namely: ’ | _/)

1. Elastic perfectly plastic model in which the “limit
state can be described by either von Mises, Tresca,
Mohr-Coulomb or Drucker-Prager failure criterion.

2. Generalized Burland model (EUéCO, 1985) which is an
extension of the-modified Cam¥clay model.

Although the first class of elasto-plastic models may not
adegquately simulate a humber of" the soil ske;gﬁon-features,
on the other. hand numerical solutions may eventually be
checked against the theoretical expectations of ihe Limit
ﬁnalysis theory.

These models, therefore, once implemented correctly,
.ensure a good foundation for later extension to the more
elaborate Qeneraiized Burland medel.

Ih a.firsé stage an account of the different available
fail;fe ‘criteria, along with <their incorporation in.both
lineaf elastic perfectly plastic and cap ﬁodéls is
presented. |

In order to implement these models, a Srief review of
.previous works in numerical algorithms pointing out . the

pertinent details is done.

Finally the last part of this chapﬁer highlights the

refinements brought in the solution procedures for a better
accuracy and -efficiency. The numerical results are then

herein presented and discussed.

£
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‘ /
5.2 BASIC EQUATIONS IN ELASTO-PLASTICITY

‘Because strains depend upon the_entire loading hisﬁory of
the_ material, plasticr stress-st:éin relationships are
commonly-given in incremental_form.

It is common to assume strain incremehts to be divisible

into elastic and plastic components, so that:

de = de. + de¥ | - (5.1)

In the hypothesis ‘of linear elasticity, the elastic
strain is related to the stress by the well-known

generalized Hooke's law (after Hooke 1678). =
e e ~1. - -
de® = [c%) " dg, (5.2)

where C% is 'the elastic éonséitutive métrix, which for an
isotropic material contains only two indepequnt barameﬁers,
the Young's modulus E and the Poisson ratio v.

Instead, the relationship between plastic stfain and

-stress, in the case -of small deformation, 1is based on the

early mathematical formulations of Melan {1938).

deP’= dt 5= .  (5.3a)
. %

g2
| A



where

= 3 G _ .= i;g : if'dGO >0 (5.3b)
dl = 0 | 1f dG_ <0  (5.3¢c)
| dGO='%éhdg | / o (5.3d)
A =-% (5.3e)

rd

where F and ' G are.respectively thé plastic potential and.
yield functions.v‘ | . |

By considering all the above.expressiéns, it is possible
to prove that the elasto-plastic constitntive equation takes
up“'tﬂe following form (see Yamada et al’ 1968, br;

Zienkiewicz et al.-1969).

do =C®P de = [eS-cP] de. (5.4a)

-~

- 76 -



where c * ¢ : ,
' Pa——E "6 (5.4b)
‘I'_.
A S SG ZOF
= eo— : = ec_" .
and cp=C EUE ; e C- e - (5.4¢)

H Diaé product

When the plastic .potential function F coincides with the

yield function &G, the material is said to follow an
[
associated flow rule.

According to Drucker (1951), a stable work hardening ’

material fbllows an associated flew rule and reguires the

potential function F to be convex.

In the particular case when the potential function is:

also gquasi-isotropic, i.e. the function F may be
equivalently deécribed by the  stress invariants
Il’ J2 and J3, the gradient YGF may be, expressed as the sum

—~

of thrgﬁ individual components as.follow:

<]
Ty
1]

F=ac + QQCZ + i3°j (5.5)

where \ .
R ‘
\\\ i N
. 3 ' : T
a, = = 6,. = {1,1,1,0,0,0} =& (5.6)
~1 3g 1] | | ~

)



BRI A (5.7)
3 3p oI,
5J;/2 5 arl/?, s
. g = — (5.8)
~2 3 1/2 :
asiJ askk 2J2
%7 ?52 B tgi?z'gz (5-39)
. a3, J,'" 28 |
21, 6 :
) 3 8583y day 6
7 ey - I = - =1, (5.10)
sij askk asiJ o
RS
k .

- . -

(53283375237 (5135237335150 (815593755253)

31, | | |

R (51153375130 (5128137811530 (50 1D)

i3 | g _

- symmetric ‘ (511522-512) J

/3
¢y = = =573 o , (5.12)
2J2 cos30 06
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coefficients SR and €5 depend on the particulér choice

.of the potential function and will be explicited in the

~
following sections.

Furthermore, it is interesting to underline that the last
three components of the vector a, in Eg. 5.8 have been

changed and are half those reported by several other

'authors.

S.3 FINITE ELEMENT FORMULATION OF ELASTO-PLASTICITY

There are many approaches for reducing the differential
eqﬁations of equilibrium ;nto a suitable form for a finite
élement analysis. Fdr.instance} the-variétiona; formulation
(Gurtin, 1964), the Galerkin's method of weightéd residuals -
(Finlayson, 1972), or the principle of virtual work deén,
1982) are equivalently emplpyed.

Apparently ﬁhe most immediate derivation 1is ‘achieved
through the principle of virtual work whose basic equation’
is r.eported in"Eq. 5.13. (Castigliano 1875).

-

According to the principle of effecti%é/;;ress (Terzaghi,

1943), the total stress may be decomposed the way shown in
'Eq. 5.14. In 'the assumption  that displacement, and

" consequently .strain, can’ be abprbximated according to Egs.

5.15 and 5.16, .the starting equation 5.13 reduces 1its

discretized form, Eg. 5.17a.



Principle of wvirtual work

IQ Se*ea(r) dQ - fQ Su* +b dQ - jl, 8d*et(t)"dl = 0 (5.13)
e ™ ~ ~ . t ~ -~ .

Principle of effective stress

[4

a(t) = g'(e) + gl - B[w(r) + m_]

(5.14)
Finite element discretization
0% = Sed (5.15a)
' Bu* = §e8d g (5.15b)
. g* = Bed% _ (5.16a)
ek = BeSd* (5.16b)



@

[ BT g'(tyaa - ¢ 15(t) = £'(t)
Tor dQ+ ¢ 1°
c =/ %) * sTan
Q

~

£o) = [sTear+ o sTp a0
t

tensor

tensor

tensor

vector
vector
vector

vector

L}

of

of

of

of

of

of

of

the total stress

(5.16¢)

(5.17a)

(5.17by

(5.17¢)

(5.17\@1)

the effective stress at instant t.

the pre-existing effective stress

boundary traction forces changing with\time

viftuél internal displacements

virtual nodal displacements
associated virtual strains

- Bi‘—



o —

- domain of interest

‘FE ~ boundary along'which.tractioh forces act

S i; 'shape function métrix for displéceﬁent discretization

S '~ shape function matrix for pore pfessure dis;retiiation"
B Lstrain—displacement matrix |

a (1,1,1,0,0,0)

Eo(t)- vector of initial poré‘pfessures at time t

Ee(t) vector qf excess pore pressures at time t

g(t) loading vector

3

Since equilibrium has to be respected at sany stagd®, Eq.

5.17a may-be alternatively rewritten in incremental form.

[ 8t Ac'(t) dQ - C ArS(r) = AF'(t) (5.18)
Q < .

For highly permeable saturated media the excess pore

. e e - . .
pressure 7 and A7~ are equal to zero and the .process is

time independent.

Finally, by means of Egs. 5.4a and 5.16 the equilibrium

k\l_ 'may " be represented by the following system' of linear -

/

equations:

k%P ad = of (5.19a)



_ where K°P, the'elaéto-piastic stiffness matrix, is defined

'as

k%P = [ 8- c®Ppan (5.19b)

c®P = ¢® - cP: . Yy (5.19¢)

'c® and Cp'haven'een previously defined in Sect..5.2.

5.4 FAILURE CRITERIA

It 1is known that materials reach failure ‘at a certain
threshold wvalue after which no further load ‘can  be

sustained.

-

* Thelenvelopé of all possible states of stress producing
faiiure'describes a surface in the stress space.

Couloﬁb (1776) was apparently the first to suggest a
efiterion for the definition of failure. He proposed that
failure takes place’ when the shear stress t reaches a
critical wvalue that depends on‘iﬂe internal friction angle ¢

and the "~normal stress G provided the latter is a

compressive stress.

T=c + Gn tan¢ (5.20)

Vo



where the coefficient c¢ is known as the cohesion and is a

material constant.
"For puré cohesive materials ¢ = 0, Egq.- 5.20 thus

\_gimplifies into
T=c . (5.21)

which' is known as . the Tresca failure criterioﬁ {(Tresca,
- 18§8)\
‘ Mohr (1882) interp;eted the Coulomb criterion in terms of
. principal stréssgs and the ge;metrical répresentation of the
complete; Mohr-Coulomb failure surface in. the principal
_stress space, 1s shown in Fig. 5.la. This pyramidal surface
ﬁé symmetrie abéut the space diagonal and-the normal ‘section
at any- point is an irregui;r hgxégon, Fig. 5.1b. |
For  pure cohesive material,‘the failure surface {(Tresca)
changes into alprism whose norma; section'at‘any point is a
regular hggagon, Fig. 5.1b. . .
A convenient numerical representation of the Mohr-Coulomb

failure surface was given by Nayak and Zienkiewicz (1972) in

terms of stress invariants.

sing 1/2
13 2

I (Coso —-SinmP sindy o4 (5.22)
3 .



where I1 and J2 are respectively the first stress invariant

‘and the second deviatoric stress invariant. The parameter 8

is defined as

' J
. o § =3 arc sin &5 ) (523
- ‘ 2

-1/6< 6 < m/6 (refer to Fig. 5.1b)

J3 is the third stress invariant.

~

‘\\\,/;*—;'Z
The 3-D stress ‘representation of the Tresca yield
criterion can be easily obtained by setting ¢ = O.
1/2 .
JZ/ cosb = ¢ - - (5.24)
u ' . .

. Von _Mises~ (1928) tried to alleviate the mathematical

b

difficulties assoéiated with the determination of the "angle

8 in'Eq. 5.24, replacing the hexagonal prism by an inscribed

- circular cylihder,.Figl_S.lb. Thus, the von Mises failure

criterion can be obtained by setting 8 = 30° in Eg. 5.24.
. et
Mt

J = . (5.25)
25 o |
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_A'éenefalized form' of Egq. 5.25 was further proposed by
Drﬁbker and Prager (1552), EqQ. 5.26. In this case the yield
surface in 'the ﬁfincipal Stress space is a right circular.
" cone wh&ée(axis of‘ ;evolﬁﬁion is the diagonal spaée (Fig.

5.1a).

1/2 L
a I, + B I, 2k .. } (5.26)

In order to make the cone coincide with the -outer or
inner apeéxes of the Mohr-Collomb hexagon-at any section, the

above parameters a, B arid k should assume the following

values:

‘a . Sino

5.27)
3 { )
depending én 8,
- /3 _ ‘
a =“.-7? (1 % sing) (5.28)
k = ¢ cosd t f5l29)



It then follows that any linear failure criteria may be

generally expressed by:

g+ Mp =N | (5.30)

where p ié/the mean pressure (negative for compression), g
the devaitoric stress, and M ‘and -N strength parameters

defined in Table 5.1. . , | , s

)



Drucker-Prager ¢ > 0

g =g =a,

[ von Misaes

Cross section of
octahedral plane

Mom-Caglomb ¢ >0

5.la Linear yield surfaces in principal stréss space

- ] Drucker-2rayger

a linear yield fuanction onto rtha



» ]
TABLE 5.1

Failure criteria ccefficients

U

Type | N ' M
o
i

P ‘

Tresca 1 __%c__._ 0
' ¥3 cos B
von Mises . 2c - : 0
Mohr-Coulomb 3¢ cos~® - o 3 sin ¢
: Y3cosB - sin® sing Y3 cos@® - sinb sing
_ 6e cosd -' L 6 sin ¢-
_«Drucker,Prager. 3 < sing - - 3 - sing

Fi



Fig.

5.

2

[

Hardening of

a plastic isotropic linear funection
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5.5 ELASTO-PLASTIC MODELS

It is ofteﬂ‘assumed that, for some types of materials, yield

‘can be 'approximated by 1linear functions like those

describing the failure criteria reported in Sect. 5.4..
As plastic deformation develops, the yield function G
expands and eventually coincides with Q at failure, Fig.

5.2. The law of variation of G is usually assumed to be
. = " \_’ to.
controlled by a single parameter k, and is represented by

Egs. 5.31a and 5.31b for cohesive and frictionless materials

- respectively. -

G=q-M(d=-p)=0,  M=Mk)  (5.31a)
‘r‘\i
G =g§-N=0 , N = N(k), " (5.31b)

where d is the intercept with thg/p}aﬁis.

There are two alternative ways to determine the plastic
modul;s A. Hill (1956) postulated ‘the hardeniné.parameter k
to be  ecual to'the total plastic work. Some other authors
' o

related k to the plastic deviatoric strain.

Apparently, these ‘means - of ‘determining A 1is only

restricted to isotropic functions. However, Zfor perfectly

plastic materials with associated flow rule; where F always



©incides with G, the plastic modulus A reduces to zero
regardless the assumption on Fhe Hhardening parameter k
(Fusco, 1985). In fact, since do in this case cannot leave
the failure surface Q, it can be at most taﬁéent to the
surface G=Q. and. Hence orthogonal to the gradient EGG.
_Consequently-as dGS = Y;G;'dg, A 1s also equal to zero f;om
Eg. 5.3b.

For eiastic perfectly plastic‘materials the vazues of M
and N coinéidg with those reported "in Table 5.1. Under this
;oﬂditiqn,{jt is possibleﬂto prove that the coefficients c-,
Cy., Cg, asudefined in Egs. 5.7, 5.9.and 5.12; are.equalato
those ;eﬁorted in Table 5.2.

At the corners of Tresca and Mohr-Couloﬁb vield surfaces;
i.e. B8 = +30°, the flow vector a cgnnot be uniquely deffﬁed
(refer_to ekpressions of.gi and <5 in Table 5.2). Therefore
a smooth surface is substituted. for all values of [8ls 29°.
Inlthis region, thg'yield functions are evaluated explicitly
Qith 8 =30°; giving a circular sgrface ovef.é sm&ll"arc.
1

This procedure results in the altérnative_ekpressions'of c

and <, reported ih Table 5.3. .



TABLE 5.2

Constants definihé flow vector in a- form. suitable for

numerical'analysis (linear elasto-plastic models)

Mohr~
Coulonb .

Drucker—
Prager

\

sind

sind

- 93°

cose[(1+tgecg3e)f

Sin¢(tg38—tg8)]

Y3

' |5 a- sin¢)

b

-cz' e
. : v¥3 sin$ »
‘Tresca 2cosB[1l+tgbtgl o] T o330
. . 2
Von Mises /3 o /f"“l

7/3 §in&+cos® sing

232 cos 38



»Roundiﬁg off the yieldAsurfaCe corners E

for 01> 29°

TABLE 5.3.

vield -
criterioh 1 _ .c2_ ?3

Tresca 0 .73 0
.Mohr—CoulomB-.}? ) S§n¢ fﬁi% (i F éin@j o -



- 5.6 CAP MODELS

‘Most soils uhdergo plastic .deformation even under
'hydrostatic'loéding‘conditions: According to Roscoe et al.
(196éf, the soil at failure is not subjected to any further
chanée in wvolume. Parry (1956—and 1960), and Bishop (1966)

ﬂérified experimentally fhat the yield surface is of the
. e

A

Mohr-Coulemb type.

These observations lead to the following deductions:

1. The yie}d surfﬁggkis of convex shape and intersects
thé.hydrostatic axis.

2. The fai;ure, or Critical State, is represented by the
Mohr—Coulomb surfacé. '

‘3. The gradient.of the potential functidn lies .on the
deviatoric plane, i1.e the plastic volume change 1is
eqﬁél to zera (dag = 0, in the hypothesis of small
deformatibﬁ.

it  ‘follows that . the previous linear yield functions

cannot adeguately represent the scil plastic deformation.

5.6.1 Cam-ciay models

Drucker et al. (1957, 1961, 1966) suggested that the soil

-might be modelled as an elasto-plastic hardening material

.whosgf vield surface has convex end caps which upon

successive loading, does not reach the failure surface.
Roscoe . el Ial. 1958, pG}suing the early £findings of

Rendulic (1936), Hvorslev (1937) and Terzaghi (1943),
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postulated the existence of a critical state and a "State
Boundary Surface". Subsequent works -of Roscoe . and

e

Péorooshab, Calladine and'Roéboe, Schofield and Thura;gajah,
all in 1963 led to the_ establishment ofv a stress—étrain.
theory of clay known nowadays as the Cam-clay model.

Finally Roscoe and Burland (1968) proposed a new form of

the yield function representing an elliptical shape when

mapped in. the p-g diagram (see Fig. 5.3).

2 -
F=p +% - pp =0 (5.32)
: 2 e ST
M .o ‘
: &
where p, the mean pressure 1is taken as positive for

compression and Po is the yalue.of » at the intersectioﬁ of
the current yield surface with the p-axis. ’

The above equation was derived £rom an hypothesis on
plastic work dissipation (Burland 1965).

Since ﬁhen, several alternative interpretations of the
model have been proposed‘(Zieﬁkiewicz and Naylor, 1971; Mroz
et. al. 1978; Naylor -aﬂa Pande, 1981), but the basic

assumptions on the plastic deformation have always been

kept. These are:

1. The plastic deformation occurs according to an

associated flow rule in the normally  consolidated

state.



-~

2. The variation of plastié specific volume between the

f
two next surfaces depends only on the variation of

the effective pressure.pe and specific volume ¥.

(5.33)

» and- - x are respectively the slope of the normal

LY
‘

consolidation and overceonsolidation lines.

5.6.2 Determination of the plastic modulus A

It can be ‘proved the wvalidity of the following egquation

L

-relating the plastic volumetric change te¢ the mean pressure

p and the plastic medulus a. -~

'dzg ) S _ (5.34)

Since the yield function. G depends on the " hardening

parameter k, the plastic modulus A can 'be alternatively

exXpressed as:

s = o %4k OF sy
deP op Ok deP op ' .
\' v :
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. . .
The fact that the -hardening parameter 'k «can be

assimilated to P, a more general form to express A using -

Eqs. 5.33 and 5.35 is given by:

pA=-X _eoF e o6 OF (5.36)

oY

' Fig. 5.3 Mapping of Burland's yield surface in p vs. g diag;aa



J

5.6.3 Generalized Burland mddel

The Burland quel; or modified ‘Cam-clay model, in its
o;iginal form assumed‘a Drucker-Préger faiiure surface with
vertex at the origi? of the stress space.

The yield fund%ign fepré;ented by the ellipse given by

Eg. 5.32 has been generalized and expanded according to many

- aspects (Fusco 19853). Firstly, the yield -functicn has been

~ alternatively expressed in terms of new geometrical

parameters like a«, B defining the centre- of the ellipse, h

. - - v ) . ) - r
the major semi-axis and n the ratio of the semi-axes.
. ’ LJ . .

-
‘

F=(p+p’+L-n’=0 (5.37)

o ~ (5.38)

28

n =M _ (5.39)

Then, the Mohr-Coulomb failure criterion, together with |

non-zero cohesion have been combined to give more generality

to the original model.
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v
The inclueién of the Mphr-Coulqmb failufe surface in this
modélﬁcan be justified by the experimental findings of Perry
(1956, 1960) and Bishop (1966).
The carreependiﬁg equet%oﬁs ere eummarized_in~Table 5.4
.shewing the 'intfodhetion. of new pa;ameters and their

[

dependence on the angle 8. The graphicai regresepﬁation of

-the yield function ma?ping in a p-g diagram is illustrated -

in . Fig. 5.4. Subéequentlj; the plastic modulus A 'is
-formulated by means of the new generaiized function.

1£ is ob&iouslf possible to recover £hé originel
equations of Burland model by setting <:‘= 0 and 6‘= 30? ih

the equations found in Table 5.4. .
a

‘However, it is noticed that the case « # 0, when the

ellipse is no more_symmetrib about the p-axis, has not yet a
physical meaning, and has been introduced just for the sake

cf mathematical completeness. - \

The coefﬁicients Cyv cz and c3 needeé\Jx;-calculate the
flow vector a are accordingly derived and reported in Table

5.5.
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Fig. 3.4 Mapping of the Generalized Burland yield surface in p
- vs., q diagram - ce

.-
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. e TARLE 5.4 .

Generalized Burland model
yield function

. 2 7 . ‘
Fa(p+p)° + %ﬂ-hz =0 - ' . © o (5.40a)
,- . n ’ . . ’ . ) N .-
WI’.IEI'E
a=ah; B=bh-d, ' - - (5.40b)
.‘ . n . .
T e ST O T T B A ) e300 (5.40¢)
M- M, |
= 1 2 . = 21'1 7
a .n(M ) i D T (5 40d)
, 17 2
N, - e ~
d =—=¢ ctgd ' .1=1, 2 (5.40e)
M .
i :
3 sin¢i - ’ .
M, = — 1=1, 2 (5.40f)
¥3 cosd - sinﬁ sing
, 1
=, 2= 1/2 . | ,
h= 2% (b -ac) . B Vo %0 (5.40g)
a’ L
\ P
ho= S =0 . (5.40Rh)
2b



T =12+ (%)2 -1 o ' | ' : (5.401)
- . . 1 4
[T Y . .. . r -
R R e - e L (5.403) .
, n ' e ‘
— .'_2 o . ’ ' '
. c o= ﬂ§.+ (p = d) (5.40%)
n 4 '
: -[;, E gtress im{a,rian't asséci}ated with the‘cuz_'rent stress
. - + N )
Pa B‘ h . | o -
plastic modulus A
- ¥(hog) OF OF | \ '
. A }\_x ah ap . (S.&la)
where
¢ cotd(M, + M)
g = % < 12 (5.41b)
1+b (M, + M. +2n)
1 2
op . .
& L2G@nh-%) (5.41d)
. ape
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TABLE 5.5

Constants deflnlng flow vector in a form
'sultable for numerlcal analyszs (Generalized

Burland model)‘

coupling yield

~eriterion . | ¢q _C2 Cq
: 2 o2v3 ~ f Za)? | 9
-Gen.Burland - 5{Q+BJ . T (gma) (1HQ) | q3 7 caé T8
: (MohrfCOulomb) . n :
; L "2v3
Gen.Burland Z (ptg) g——-(q~a) . 0 .
(Drucker— 3 n
Prager) N '
for 181> Zf
‘ : 2 23 '
Gen.Burland T (p+8) . -——{q-a) 0
n
where
M, O M, 3 Y3 sin® - cosb sing -
M, M, i V3 cosB - sind sing, q
M, = £ sind o = in Table 5.4

i 3%sinf °’



5;7.NUME§ICAL ALGORITHMS iﬂ ELASfO-PLASTICITY

Various algbrfthmé are .available for the solut;on 6f non-
.lipear proﬁléms'and detailed treatment of the methods may be

found. in. a wide range of 'publications (Armen et al. 1972,
" Oden 1972, Afgyris et-ral. 1972, Desai :and Abel 1972,
Tillersgﬁ et ai. 1973, and Zienkiewicz 1§?7)._.

'fn an elagto-@léstic analysis, the étiffness matrix is
stress.dependent and not unique function of displacement. As
a-result,'the chéice-of the soiution procedure is basically
restricted fo the sé-called "Pure Incremental Procedure" and

to the "Initial Load Methéds“.

“

The. "Pure Inéremental _frqcedureﬁ is  a piedeﬁise
" linearization of the non-linear force-deformation curve as
shown in Fig. 5.5. This process, besides being
computétionally costly, does not guarantee accuracy anﬁ‘may
not conve;qe for s&ftening matériélst
The "Initial Load 'Method" .is comprised of two basic
approaches namely the ”Iﬁitial Strain" and "Initial Stress"
'ﬁethods.’ |
The "Initial Strain" method (see Fig. 5.6), essentially
consists "in finding' the additional piastic stress field
which equilibrates the mobilized stress fieid calcﬁlatediin
linear elasticity (Desai and Abel -1972). It is to be noted’
.that. this method is manifestly inadequate for states of

stress at failure, when the plastic modulus A becomes zero..

- 105 -



-

Instead the "Initial Stress" method hés "proved to be
qeneral;y‘,applidable and the main points are thereby

.illustrated in Fig.'5.7‘“

e

o Ki
7
aﬁ .
fi
fn
[
- - gl 3 ’ g -
A_ 3 o
. dn L
-+—
+ Figure 5.5: Pure Incremental Procedure
‘v
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©5.7.1 Initial Stress Method

- In contrast to the "Initial Strain” method, the "Initial

‘Stress" ‘method searches for a stress field compatible with a

given strain field, and the main steps involved in the
solution'propess are summarized in Tabie 5.6.

In the first place,.during,a lQéd increment, a purely
élastic problem is solved determining an increment of
displaqement Ago.o For‘that.current Aéo; the corresponding
strain and consequehtly:th? compatible stress field cn(i-l)
are calculéted in steps 2 to 6.

The load gﬁ(i-l)’ eqﬁivalent to the balanced stress field
fn(i-1)" is then determined as in-step 7. However, this load
wiil not be in general equal to the applied load fn due to
the non-linearity of the problem. Acéordingly_a residual
ioad A?n(i)

At the second stage of computation, this residual load is

is calculated as in step 8.

K redistributed and balanced by means of an iterative process

-~

deScribéd By steps 9 and steps 2 to 8.

During the next balancing cycle, the stiffness matrix can

.be either kept constant, Initial Stiffness Method "Ism"
(Zienkiewicz - et al. 1969), or be wupdated, Tangential

‘Stiffness Method "TSM" (Owen and Hinton 1981) as illustrated

in Eigs. 5.8a,b. The TSM requires few iterations at the
expense of high computational cost due to the recalculation

of the stiffness matrix.
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On the other hand in the ISM, the amount of calculations
at every iteration is less, but more iterations are negdad
for cohveﬁgeﬁce. ' : _ -

The selectigﬁ of the method depends on the nature of the
problem ba?ng analysed.

For materials exhibiting softening behaviour, the TSM
cannot Eé employed‘since, by updating the atiffness, soﬁe
diagonal terﬁs become negative thus ill—conditiqping the
';saiution process. .

‘1In order to calculate the mobilized stress increment for
Ehe current sarain increment;"ﬁgi shown in step &, two
different procedufes a;e available:“ Zienkiewicz et al.
(1969) calculated the mobilized élastic stress ihcrement A§j
as the eqﬁilibrating stress due to the mobilized ‘elastic
stress-increment Aoe, Eqa. 5.42.

ﬁermann et al. (1983) instead, assumed the elasto leStiC
matrix C p to vary according to a 8- Wilson interpolation

scheme between the tWo next steps.

. = [BCEP + (1- €P 14T, X
ATJ'J [CJ ( e)cJ_.l];_m , (5.43)

This approach might give better accuracy but has the

drawback of requlrlng the pre%yptlon of the elasto- plastlc

matrix ng
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!

‘TABLE 5.6 ' !
Summary of steps followed irtthe Initial
| Stress Method

o

During a particular load Increment of

1. Calculate ?%e'increment'in displacement Ad = (K )—lAf
~n{o) n-1
by solving
2. Compute corresponding strain increment AEn(é) = B.Agn(o)
as
3. Calculate the current stress lével in g =g +CeAE
& ~n ~n—~1 n(o)
" the assumption of linear elasticity = 8,1 T 4g"

4. Check if thé current stress lies inside the yield surface in which
case, En is the actual stress mobilized in the continuum

(structuré)_and is in equilibrium with the current level of applied
forces £ .
n

If instead 9 falls outside the yield surface, plasticity

develops and find the actual stress mobilized for the current dis-

placement. d =d +4d , in other words proceed to step 5. m
~n ~n—-1 "~
5. Differentiate the stress Increment Age=r Agé+(l -'r)Age
contained inside the yield surface - =r Age+s Agé
from the offset one. .
gn(o) =g + ragt
~n-1 ~

r: reduction factor

La(i-1)" Eﬂ(of"j:l

-1 8

6. Compute the compatible stress 2

_ =
with the current displacement _
{or strain increment AE) . Agj mobilized stress increment

defined in "Eg. 5.42
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7. CoéPin'th?-eguivalent load to ‘fn(i—l) = é B Gn(i-lldg
the o stress ’ .
~n, .
8. Calculdte the residual load A £ -

yet to be balanced

' , -1
9. Ca{culate tﬁe additional ‘ Agn(i) K Y1
displacement for the - '
residual load
Go to Step 2
X - A}
Balance of excess$ stresses
— o A= e RN S
835 = &% (4l .gp) 5 = 47 874 ) (5.42a)
where <
—€ _ 5 A.€ . 5 ~@ _ A8 .
dl = EEEzggi_ ’ ; (5.42¢)
A+ Co ZE i |
thus: .
= " CO8P. AR, 5.424d
53 CiE 4%; { )

m: imposed number of balanciﬁ% cycles for a better calculation
of act . -
J

I3
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5.7.2 Reduction factor

An important aspect of the elasto-plastic ané&ysis concerns
the calculatioﬁ. of ,the reduction factor r. In previous
publications (Zienkiewicz 1972b, Owen and Hinton 1980), it
was determined by simple ratio. calculations.

Unfortunately this only holds for simple stress paths
such as the conventiocnal triaxial locading path and may’lead

toc erroneous answers in a more general context.

5.8 EFFECTIVE STRESS ELASTO-PLASTIC ANALYSITS | /

The underl&ing formulation ' of the elaéto—élastic
implementation in ESEPA is bésed on Eg.'5.18, whiéh takes
into account the-buoyant effect of ,the pore pressures-in an
effective'sﬁress analysis. |

As far as constltutEVe relatlonshlps are concerned, the
models described earlier have been consistently implemented,
the- main objective being focussed.on the generalized Burland
which{provides the possibility to follow softening behaviour

of materials.

In contrast +to what is cenventionally incorporated in
o

-«

elasto-plastic prég:ams (Zienkiewicz 1970, Owen and Hintonl

1980), a better evaluation of the reduction factor r along

with a more correct calculation of the flow vector as. Eq.

5.8 are herein performed.



/

5.8.1 Structure of ESEPA (Effective Stress Elasto-Plastic
: Analysis)

The flow chart_in.Fig. 5.9 illuétratgs'the overall structure
of ESEPA.

In saturated“éoils, the buoyént effect of the initial
pore pressurés along with  the pre-éxisting stresé
distribution, are taken into consideration by SuBroutine
) LoAD, through calculation of the equivalent nodal forces
given in Eg. 5.17a. .

The initial position of the vyield surface,, a ﬁeasurébe
the preconsolidation pressure at each Gauss integration
peint, is calculated in Subroutine PREVOS on the'basis of
the informaEion supplied 5y the user.

The appropriate applied lecad increment is then computed
inSubroutine INCREM. In order to identify the different
alternatives in the solutionﬂalgorifhm e.g. ISM or TSM or a
combinaticon of both, an indicator is set up in Subroutine
ALGOR. | :

The elasto-plastic stiffness matgixxﬁiven iﬁ Eg. S.igb.is
calculated in Subroutine STIEFEP, before\;he solution proceég

in Subroutine FRONT can start.

Subroutine RESIDU is the main core of the program, wheré.ﬁﬁ'

elasto-piastic equilibrium is \pérfofmed and 1its functions
‘will be discussediin detail in the next séctiph&.

The reSiduél forces ¢ aré& calculated.in Subfoutiné CONVER
-according ﬁo step 8 in Table 5.6, The conveféence ié thén
- monitored by verifying if the nofm of the residual forces;
as calculated in Eg. 5.44, is less than a given tolerance.
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2 Lot
()
i=1

N
£
%100 < & - (5.44)
N s
L (E)
1 .

i=

where N denotes the' total number of nodes and r - the

iteration number.

Finally the converged displacements, reactions and

stresses are printed for each load increment in Subroutine

OUTPUT.
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5.8.2 Subroutine RESIDU. (RESIDUal)

The function of this subroutine is to evaluate the nodal
for;es stafically equivalent to the stress field satisfying
”elas£0r§lastic‘cdnditions, accordinq to the "Initial Stress"t
method‘discussed in Sect. 5.7.1.

Fig. 5.10 illustrates the_;ubprogram structure while the
spécific sﬁbroutine listing can be found in Appéndix cC.

TQO main loops, one on the'number 0f elements and the
other on thé number of‘_integration points. per element,
review the mobilized stresses at all Gauss integration

points.

At each Gauss integration point, the current stress di

(n)

is thereby determined after having calculated the
incremental displacement _Agn and strain Ac in linear
elasticity.

Subroutine PLASTC checks if the stress 3, lies inside

(n}
or outside the current yield surface.

If g
~i(n

) exceeds the elastic limit, then the intersection
of the current stress increment Age with the vyield surface
is determined in Subroutine FAGIOR through a reduction

factor r. Subsequently the actual level of stress g.

1(3)

is
computed in Subroutine ELPLAS according te Egs. 5.42.

For the case of linear elastic perfectly plastic models,
the drift of the balanced stress Ei(j) is brought back on
_the yield surface by means of Subroutine BaCK (refer to

Sect. 5.8.5).
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equivalent nodal forces.
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5.8.3 Subroutine PLASTC (PLASTiCity)

This‘subrouting determines at each Gauss,integratish point
if the stregs point g  lies iA;ide.of'dﬁtside the current
yield surface. The flowchart is reported in Fig. '5.11r
whereas ppogrqﬁming details are found in Appendix C.
Plastiqity can be detected by evaluating the location of
the initial stress %1 and the ipcremented one gnlre%ative
to the pre-existing yield surface (preconsolidation). This
is accomp;ished by verifying the sign of the cufrent yield
function evaluated for the stresses %

-1 and En'

a) Linear elastic perfectly plastic models

i

F=q+Mp=-N=20 (S.45a)

b) Generalized Burland model

M, N, &, B, 4 and h are parameters previously defined and are

characteristics of the previous vield surface.

- 120 -



If the %tress’ Sy is located outside thel p?e—exiSting
" yield .surface the redﬁction factor r is aecordingly
calculated in order to determine the amount of excess stress
which has yet to'be balanced.

Finally the number o¢£f balancing cycles geeded‘ in the
'stress reduction process is determined through an empirical

relationship given by

ESCUR
MSTEP = % CoNsTaNT . {5.46)
DENOM - .
PREYS . if PREYS # O
DENOM =
SIGYS ' PREYS = 0

ESCUR gives .2 measure of the excess stress, while PREYS and
SIGYS are measures related to the pre-existing and current

vield surfaces respectively.

n
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5.8.4 Calculation of reduction factor r

The procedure consists of. scaling the stress increment

vector on the yield surface by means of a reduction factor r

-

 ,:35 fOLLOWS}, -

, g=g+r1do . _ (5.47a)
[
0<r <t - (5.47b)
G(g + rdg,(&) =0 . (5.48)
~

:A.éimilar appréachrwas-adbpted by Siriwardane et al. (1983)

_ for some isotropic' functions, and later extended\to~qﬁasi¥

. isotropic fynctions by Fusco (1985). S

"be expressed) after some mathematical manipulation, in terms

of those of ¢g and do as reported in Table 5.7. 7
/_‘\\/

Subseqﬁent'substitutioﬁ_of the reduced invariants in the
- ' . .
yield function, as shown in Table 5.8, permits a solution of

+
the reduction factor r. For isotropic vyield functions, r is
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calculated by trividl solution of a quadratic equationJQf
the type reported in the previous table, while for gquasi-
isotropic yieid functions the solution requiréé an iterative
process such as the "bisection" method. The reduced
invariants are then checked to yerify theryield fundtfbn at
every successive valué of r. Iﬁ this case.‘the solution
always <contains some degree of error which may be
artificially eliminated” By eventually bringing back the-
reduced stress on the yield surface. ' |
rTherefore in this program, the search of r is perforhed
"within a certain accuracy in Subroutine BISECT _which 1is

explained in details in the next section.
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TABLE 5.7

~

Determination of the reduction factor

= + .;_ = < [
Gij" rdoij Sij S5 3 rdsij

o il

ol

H

11740

alj

+ rdI1

1 — 2 ;
= = + +
> sij Sij J2 2r 2 r sz .

— 2 - 3
= +
det(?ij) J3 +rY TTWH+ T 'QJS

where - ' -

E

F=2(523ds ds., .+

1

= +s5. + +
5 sy 98 ¥5, s, dsyadsgg) + s)0ds ) + s 4ds, 4+ 5,4ds,,

A+B-C ' v

11522933 * S11%33¢

= 2(s

] * R
S99 t 855845485, . “

+ S+
125138893 F 5155,3d8 4 F 5 45,4ds, )

»

2 2 2
= 2(81155315,,513d513¥8335,,ds, ) + (5;4ds) %8 4ds, s ,dsq,)
D+E-F

= Sllds 2ds dsllds + s, .ds

229833 T S99 33 t 833484844

+
2(sy,ds,4d8,3 + 5;,d5,4ds, 5 + 5)4ds,qds, ;)

ds,.ds, .+ 2

1195237513%95229%137%12

= 125 -

2 2
ds yqds) ) )¥(sy ds7yaFs,,ds 7 4¥5,4ds
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‘\~ . B v
\‘ /
-

2D problem

—— -

T]
[o]
a ]

1
Z =7 (s))ds)] *+ 89005,y * sq3dsqq) + 5,,ds,,
A = 8118y5dSq4 + 5),845d5,, + 132533d511
3 =0
=2 ds, . + 52 ds,. -
T 45339129812 T 5129923

D = sy)dspgdsyg + 559ds) 1 dsyy + s54ds,,ds,,

E=20

F =2 d d + s d :
$129%33%%12 7 %3398 1,
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TABLE 5.8

Solution example of the reduction factor

p=s-=ptrdp ;
- _ =1/2 _ = 2, .1
q = /3(.}2 = (J2+2r2+rdJ2)
. J..
B = & aresin (- 333 )
3 2
5 3/2
2

Linear yield function

o

N
d =y=cctg o

/2

\

Generalized Burland

2
1) F=q+Mp-N=0 2) Fa(_5+;3)2+_(.3_:_.2_c.r_).__h2=0
' n
.
2 ' A
3) r'aA+2r B+ C=20
Type A B ¢ C
™~
Linear, M#0 dq* P dp? 32 - M dp(Mp-N) o -mp)”
2, do” s "2 5 2
Burland, a=0 dp + —35 —E-+ dp(p+3) (ptBRY" + ﬂf - h
n n . ' ’ n
"
I

-.127




5.8.5 Subroutines ELPLAS (ELasto-PLAStic) and BACK

«

In Subroutine ELPLAS, the stress. is balapnced stepwise in

‘

order to reduce inevitable numerical errors.
At each step. the yield function is updatedr and may
. \ - . ‘
. .
contract or expand depending mainly on the val&é\$ﬁ{ the

plagﬁiC'modulus A.

: 'eii‘ln contrast to the linear elastic perfectly plastic

models, the yield function in themgeneralized Burland model
and the plastic modulus A may vary.

The value-'of A is controlled by the determination of the
specific volume during stepwise balancfng. Since the strain
increment ‘is considered to be constant during_therbalancing

!

process, the specific volume is found as follow:

: ; )

k
Y, =V __+ I Av. 1 <k <m (5.49a)
n(j) no o < . ‘
Lo
- \\ t

where : A -

V. o=1l+71 A,V (5.49b)
no n(j) n-l1 T
: Wl

‘ — s ‘A v —

7w e YD (5.49¢)
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n(q) = (Bepy + ey, + Be33) sy (5.49d)

For linear elastic perfectly plastic models, the equilibrium
performed bytthe only use- of Eqs. 5.42 may result in an
undesired drift of the final stress point from the failure
surface,.this due to the magﬁitude of the load increment,
Fig. 5.12. Several methods have. been proposed in order to
.remédy this shortcoming (Krieg et al. 1977, Schreyer et al?®
19%9,»Owen and Hinton 1980).

Herein, it was chosen to relax the drifted stress along
its‘deviatoric component on the yield surfaée. In that case
it is possikle to prove that; by decomposing tﬁe stress into
mean and deviatoric parts, the reduction factor r can bpe
obtained by simple ratioc of the deviatp;ic stress jzlto Jé,_

1

provided that the mean pressure p and the angle . 8 are kept
fixed, Fig. 5.13.

pD = p'Dl ; eD =_ eDl ) (S'SQa).

. _ J ‘
R . = (33)1/2 .~ (5.50b)



‘where 32 is the second stress invariant associated with
pdint D' which satisfies the yield function at mean pressure

py, and angle 8, and J, is the value of the second invariant

‘associated with point D.

&

- 130 -



< 7 Y
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5.9 NUMERICAL EXAMPLES
To demonstrate the capabilities of ESEPA, the basic elasto-

plastic features were First tried out in the simple case of

the triaxial test.

~ The cne-element mesh together with-the impoée@,ﬁﬁhnddb‘
conditions are shown in Fig..S.lé. In the presef% exa
an isotropic starting st;ess of 0. = .0y =0, = -10 .00 was
applied. The additional input parameters such as material
qproperties are reported in Table 5.9 and were consistently
used thrduqhout the entire numerical énaiysis undertaken in

this chapter and Chapter 6. .

——

Fig. 5.14 One-element mesh layout
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TABLE 5.9

."Material properties used in' stress and consolidation
e
analyses

[ N ’

-~

N -
‘Elastic parameters:

E = 10 000 . v=20

L

Failure parameters:

von Mises and Tresca

a) N = 94.8680, M=20 W ¢ = 47.4341, 4 =0

b) N =.lob , M = 0 f# =5 , $= é
Egr Drucker-Prager ggé Mohr—Coulomb (
N =10, . M=1 o | c = 4.7434, 4 = 25.3769

" Generalized Burland Parameters:

A= 0.2 x = 0.02 . Vv =2

Permeability \\ '
K =4 x 10'6/

rs
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5.9.1 Linear elastic perfectly plastic failure criteria

Figures 5.1%a and 5.16a illustrate the numerica%/?results

obtained for the four common failure criéeria in

axisymmetric conditions. They are in complete agreement with
the theory. In fact, the stress-strain curves revealed®a
linearly increasing section in the domaip of 'recoverablé
strains and a pefgectly f£lat plateau at failure. The Tresca
and von Mises failure criteria coincided in both loading and
. unloading regimes however Mohr-Cbulomb and Drucker-Prager

criteria do not. In fact, as expected 'upon unloading, the

Mohr-Coulomb failure criterion. gives é lower yield stress

than the Drucker-Prager criterion. Turning te figures 5.15b

<and 5.18b, . unrealistically ~ high plastic volumetric
e%pansions are predictéd especially for Mphr—Coulon&? and
iDrucker—Praqer failure criteria.

.;;n“plane'strain conditions, the material responses were
g;ﬁﬁd to berquite different. Thelstress-strain curves either
showed a flat plateau at failure (Tresca and Mohr;Coulomb)
or éontinued Eo increase (Drucker-PragQr and won Mises) as
illﬁsfrated in‘F;gs. 5.17 and 5.18.

To . account . for these basic post-yield behaviours
exhibiﬁed' by the ﬁwo above sets of failure criteria,
‘reference is made to the geometricgl”represéntatign of their
'reSpective failure surfaces. In fact the limiting deviatoric
stress g is function 'o0of the angle 8 for both Mohr-Coulomb
énd Tresca faiiure criteria but not £for the Drucker—Prage;
andA§on Mises criteria. |

”
-



At first 8 remains constant and equal to 30° until the
stress point touches the failure surface. As further
displacement is imposed, 8 changes and the second stress o,

perpendicular to the plane 1is no longer equal to zero.

Considering elasto-plastic equilibrium, the mobilized

vertical stress 9 reaCHés .a stable wvalue although g

decreases. This accounts for the flat part of the stress-

thréin curﬁes for both Mohr-Coulomb and’ Tresca failure

criteria. On the other hand,.for Drucker-Prager and von Mises
criteri;, the variation ok B8 dqeé not influence g so tﬁat 9
keeps "on incgeasing. It is worth mentioning that, though
the above resulés may appéar evident énd_ trivial, they
confirm .the accuracy and feliability of ESEPA.

'The performance of EéEPA was néxt'tested by comparing
numefical resultsr fouﬂa in the literature, Desai ' and
Siriwardane (1983). Eig. 5.19:§hows the stgess-st:éin curve

obtained by the above author for a one-element mesh loaded

in plane~strain conditions assuming a Drucker-Prager failure

criterion. Plastic strains were first mobilized at a stress

level of 1000 psi and failure ultimately occurred at 1732

’psi, in agreement with.the results obtained by Davidson and_

Chen (1974). In contrast to these resulté, ESEPA shows that

for 'Mohp-Codlomb failure criterion blastic ”stfains 'fifst

appgér at 1732 psi. where thé cu;ﬁe-becomeé pe;féctly flat as

. . . \ .
thepretically expected. _Instgadf\the Drucker-Prager failure

A

e . > IS I
criterion clrve continuously increases after the.onset of

. yield.
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5.9.2 Generalized Burland model

The capabilities of the program were demonstrated in the
sophiggacaﬁed generalized Burland model, hegein coupled with
a Mohr-Coulomb limiéinq surféce.

Good agreement wag‘obtained between tﬁe present analysis-
and the available numerical results found in the literature
when the model was reduced td .the original Burland medel
(see Fig. 5.20). The analysis was then extended to the caée
of an overconsolidated clay Qith a DMohr-Coulomb limiting
failure surface. Thé characteristic softening behaviour in a
highly overconéolidated state as well as dilation effects
were simulated as shown in Fig. 5.21.

It is also interesting to notice that the model responsag'
- with Mohr-Coulomb and Drucker-?raéer limiting surfaces
coincided in the loading parf of thg ;tress—gtrain cugve for
nermally consolidated states but differed in the_unloéding,
part. This is due to the different wvalues M and N take in
both compression and extension for the Mohr-Coulomb  limiting

surface (refer to Fig. 5.4).
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"5.9.3 _Influence of the type of algorithm -

= - _
The numericdl results were quite dependent on the algorithm
'adopted (TSM or ISM). as ‘well as on the convergence
tolerance. ..

With reference to Fig. 5.22 Ehe' ISM normally gives a
hiéher_ response when compared wi;h the VTSM. Nonetheless,
under reduced convergence tolerance g, the former tends to
the TSM with ﬁuch more computational effort. These facts

LY

were revea%ed‘irrespective of imposing stress or strain to
the structure.
However one shortcoming of the afppealing TSM is that it

cannot c¢ope wlith cases involving strain softening as

reported in Sect. 5.7.1.
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5.9.4 Semi-infinite medium

The analysis refers to the Eoundar& value problem. of a
uniform smooth and flexible strip ioad-rgsting on a semi-
iﬁfinite hediumi Figﬂ 5i23'illustrates fhe-mgéh.layout with
the boﬁndary and loading' doﬁditions' while fthe' material
properties can be found in Table '5.9 és"p;evﬁously
mentioned.

Before proceeding to the solution ogﬁxﬁQé problem in
elasto—plastiqi%y, the - equivalent linéar eiaétic case wﬁ%
first tackled. At the same time the suitability of the mesh '
as well as the éfficiency of the "smoo_th,in'c‘;'.1 technique wé?quj
inféstigated by cqnf;onting cohputed results with analytical
values given by Poulos énd Davis'(;974).

The corresponding displacemeﬁt and stress fields are
illustrated in Figs. 5.24a,b respectively. With reference
to” Eigs. 5.24c,e the computed' stressés .at. the ‘Gauss
integration péfnts agree.c}osely with fhe analytical ones;
so are the ”smqothed" stresses at the nodes, Figs. 5.24d,f£.
It has to be emphasized that the cérréctness of the
calculated nodal stresses depends on‘the dedgree of'aécuracy
the Gauss integration point values are determined.

rThe transition to the more realistic‘non—liheaf analysis
‘waé fhen‘done in the case ;g a.weiqhtless material. iThe

colmputed ultimate loads. found in Tresca and Mohr;Coulome
- . ) . . X pl \
failure criteria, Figs. 5.25 sand 5.26 coincide with the

theoretical wvalues given by the Limit Analysis (Chen, 1975).



Cn the. other hand the.ultimage.loadg tha;ned:by assuming
von Miées and DruckerfPrager failuge criteria were found to
be higher than the Tresca and Mohr-Couldmb counterparts.
This caﬁ be explaiped in the light of‘thevprevious ?esulté
obtainéd‘in the simple‘oné-element mesh tests.

The next step was to include the body weight in the form
of initial in-situ stresses under isotropic conditions (
.6x = o, T 9, =:tx§=#LO). The unit weight wa# taken to be
20. KN/m3. As‘from Figs. 5.27 and "5.28, the ultimate loads
are found to be subétantially higher than those obtained in
- the absence of body weight, but these wvalues still do not
reach the theoretical Limit Analysis value of 376 KPa. for
the MohrFCoulomb_failure'criterion. Finally the comparison
of the two failﬁre cfiteria in Fig. 5.29 confirm the
generally higher.,ultimate load predicted by the Drucker-
Prager failure criterion.

Numericai(résults for the general boundary vélue problem
were confronted with those published by Siriwardane and
Desa;, 1983.‘Eigufe 5.30a refers to the load-displacement
curve obfained by the authors ‘while Fig.ws.BOb illustrates
the presenE anal?gis. ’ B ‘ |

Turning to the generalized Burland model, the initial in-
_situ.stresses were set up in similar way as befoféi while
the Critical State'pérameters were defined in a normally

consclidated stat&.(pe = po). In this case, care had to be

taken - in the choice of algorithm. Both the TSM and ISM were

.
-

N




‘adopted and the analysis showed that the TSM could ndt

adequately follow the load-displacement ;history of the
o i

material sihce some points in the medium undergo "softening"

thus ill-conditioning the solution process. Figs. 5.31 and

5.32 show the model responses for "Critical™ Mohr-Coulomb

wand Drucker-Prager materials respectively. Notice that the

ISM curve tends towards the TSM curve in'both'CaseS'when
imposing a restrictive convergence tolerance e.
It was found that the generaliZzed Burland model predicts

a. -fwuch lower ultimate 1load for the same . mobilized

_ displacements compared #ith the -linear elastic perfecfiy

plostic models. The difference in failure mode is thought to .
be responsible for this phenomenon. _With reference to Figs.
5.33 and 5.34 host of the displacements aﬂ@_ mobilized
beneath the foundation. for the generalized Buflanq model
while +the conventional linear elastie porfectly plastic
model predictc'a more uniform spreading of disclacement in
the mcdium. Dué to che concentratio; of dicplacemeﬁts in a
particular réqion of the mcdium the generai}zed Buriand
model may account for a "localized" mode of failure. The.
linear elastic perfectly plastlc modcl on the other‘ﬂgnd,
predicts a "generalizéd" mode of failure.

Finally to conclude it is worth mentiening that the
proce551ng of the generallzed Burland meodel requlred much
more computatlonal time than the conventional linear elastlc.
perfectIy plastic model (867 CPU compared with 264 CPU for a

63-element mesh made up of 222 nodes).

-
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Semi-infinite plasqic}medium: load displacement curves
for weighted Mohr-Coulomb and Drucker-Prager materials
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5.10 CONCLUSION

The four failure criteria used in the -eiastic perfectly

plastic model préduced ‘excellent results in triaxial

conditions. Thofough “agreement with - the theoreticalT

expectation was obtained.  On the other hand, under plane
strain conditions equally good resulps'were'achieVed with

regards to the lelt Analy51s values. It was found that the

‘.’.|

\

\
Coulofb type of materlal rather than a von Mlses or Drucker-

- Prager type whlch qlve unreallsblcally high ultimate loads

Th independance of the’ llmlt.dev1ator1c stress g on the

fon Mises and Drucker-Prager failure criteria may

"account /for this fact. Also it is at any rate a finding of

importance that the post-yield responses of von Mises and

Drucker-Prager materials are .fun@amentailf‘ different in

plane strain conditions. -

On the other hand, the plasticity model based on the

.Critical State concept were in close agreement with previous

results in the tr1ax1al condition. It was aiso possible to
point out that the numFrﬂcal results given by thlS model
highly depended on <the choseq‘algorithm (TSM or . ISM). The
TSM generaily" failed to adequatély- follow the load-
. a . :
d;splaQQment h;Story in a strain softening material. This

-

shortcdminq can be remedied by using the ISM with -a

restrictive convergence tolerance of 0.1. It is obvious

that much more computational effort -has to be put in but in

<

Limit Analy51s rather corresponds to a Tfesca or Mohr—'



_ returﬁ the complete load—displacemént history -ca§  bé' at
least followed. Iﬂ that sense it is thought that room may be
avai;able for the development of a much mofe efficient
élgorithm such as the sophisticated accelerétion mgthods.

Turning to the boundary value proglem,_a fundamentally
different failure mode was oﬁseryed pased on the results in
this ;tﬁdy. The generalizéd © Burland model gave a
concentfated'mobilization of displacements in a region below
the foundation.'As'a résult a much lower ultimate load was
obtained {h compariSbn, with the linear elastic ,perfeétLy
plastic model which spread uniformi& the displaceménts

. ~ ‘
“throughout the medium. The MothCpulomb limiting surface was

used in both casesi

However, it is found that thecgengtél;zed Burlénd model
works better in axisymmetric'situatioﬂs Singe it has begn
ériginally deﬁéloped assuming these particuiar_conditions.

As concern the plane strain and the boundary value problem

further research may be neeﬁpd for final conclusion on the

suitability - of the model - through_ experimental
‘'investigations.
W
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: Chapter VI

COUPLED.ELASTO—PLASTIC CONSOLIDATION ANALYSIS

6.1 INTRODUCTION

The first F;E. fofmulation "was published by Sandhu and
dglson”in 1969. On_the basis of the works of Gurtin (1964),
and Ni;keli and Sackmann (1960), the authors postulated a
va;iaﬁional formulation of the coupled probleh in terms Ef
displacemént and pore pressure. ' S

Yékéo et al.5(1971), Hwang et ail (1971), and Valliappan
and .Lee (1974)-‘fcllqwed tﬁe works of Sandhu But uZea
d;fférent -~ space and temporal discretizations, while
Ghaboussi and ~Wilson (19?3) extended  the study to
 com§ressibie fluids.

Hwang et al. (1972), instead, were able to derive <the
4 . :

F.E. formulation by applying directly Galerkin's method of

weighted residuals. ?

-
-

During recent years, several attempts were done to extend

the . analysis to the hon-linear behaviour of the soil

skeleton and fluid flow in wiew of obtainiﬁq. realistic

answers. -

[H
-

'ASoméuinvestigators have considered non-linear elasticity
. : ) : : Al +
{Lewis et al. 1376) or plasticity (Siriwardane and Desal

h

1881, Belkeziz and Magnan 1982, Chang and Duncan 1983), but

vet some flaws remaln to be solved.
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Reed in 1984,:_pointedw 6ut the numerical errors ‘that
ineviéably arise in the coupled consolidation analysis, even
under the simple assuhption of iinear elaspicity, if special
precautions are not taken. Consequentiy, he proposed a
"smoothing” technique which 1leads to | ﬁoge. accurate

F ]

calculation of the field ,variablesf' In addition, as

discussed in éhe previous chépter, the\Enalysis of elasto--
plastic models is not well established. “

This chapter is therefore devoted to the develépment of a
coupled scolid-fluid anaiysis F.E.. cdmputer code, TEPSA
(Total Elasto-Plastic Stress Analysis). The érogram; on one
hand, tgkes full advantaée of ESEPA in which the elés;o—ﬂ
plastié& models have been’ pk@ve;fested gnd, on the; other
hand, eﬁploys a "smocthing" _teéhnéque t? cﬁpe with the
incom?ng numerical difficulties. The ﬁnderlying numerical

formulation is based on the works. of Fusco (1985) and 1is

herein reported in the next sections.

k]
t

6.2 BASIC FINITE ELEMENT EQUATIONS

Thus far in previohs chapters, analysés of solids and fluids

have been considered separétely: As regards the solid phase,

> the numerical formulation of the principle of virtual work,

i .

" Eq. 5.18, was found to take the form of:

(BT ag'(t) 42 - ¢ ax°(t) = Af'(t) 7 (5.1)
o 3 |
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The use of a constitutive law for the soil skeleton,
written in incremental form as in Eg. 5.4a, therefore leads

to the F.E. equation:

ge ] K*Pad(e) = ¢ an(c) = af* (e) . (6.2)

A quick glance at Eg. 6.2 reveals that there are two
prinéipal.pnknowns to be determined; namely-ﬁhe incremental

displacement Ag(t)‘land_ e€XCess pore pressure Ee(t)- The

adBitional set of eguations caniﬁe found, following Biot's

suggestion, from the continuity eqﬁation for safurated
media:
=2 de
div K grad — = (6.3)
Q.. - Ye -dt ' _

.wheredev/dtis the rate of change of volume.

a . e _

. . ' - ‘
Consistently with the previous chapters,. the excess pore
preséure 7°  and displacement d are  then -reépectively

5&iscreti;éd by two. different shape functions 'S and §
according to Egs. 5.15a and 5.16¢.
N \\\

The use of Galérkin's methog‘of weighted residuals yields

the following E.E. equation:



— ! da(t) - E ge(t) = g(t) | (6.4)
o~ Ye -

where f’,amﬂ g are respectively the hydraulic 'stiffness'

2 9 " .

matrix and the flow vector defined in Egs. 3.2b and 3.2c.
Similar to TERCON, the ~time ‘' domain is discretized

according to the 6-Wilson scheme resulting in:

A
'e e ) ‘e[l- e .oe
= -+ —_ Vo=
I 8 LN (1 G)Enjﬂ 8 Agn +'En-l o (6.5)
J -
¢ T
- Q ”’I . - /
- 7 A /’/—_\\//
i\ // .
. Ag’n .
. ’ d =5 . (6.6)
£ . AN
. . \ ¢
' ad - ap ar® =2 '; ©(6.7)
~n ~n En )

. “ .
where the subscripts n-1 and n correspond to the previous

and current times respectively.

~Subsequeﬁt replacement of Egs. 6.5, 6.6 and 6.7 into 6.4

‘leads to the following F.E. eguation.

'.vZ\ (6.8a)
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bl 48

S

where '

g = 95t - (6.85)
Tg
At e | ’
LI + ot ‘
égn {6 A&n En-l) + Yf P Eh—l {6.8c)

Finally, the coupling of th¥ solid phase, Eq. 6.2, with
that of the fluid phasé, Eg. 618, results in a composite

matrix equation which has to be sclved at each time step.

1
#

K°F ¢ Ad Af ’
~n A'Jn v,
¢ ) = < . (6.9)
_~T _ e ;
i C o P_ fﬁn Agn
d “~ o

6.3 NUMERICAL ERRORS

Past  experience has rev?aled considerable  numerical
difficulties when implementdng the coupled consolidation

theory. This arises due to the g}scretization 1n space and

- time of two field wvariables described by functions of

different orders. Consequently the “choice of the type of
element and time integration scheme are of prime importance

for the correct solution of the problem.

Fl

ol



6£.3.1 Type of Element, Spatial discretization

(Abqordiﬁg to the tﬁeory of small ‘deformation, stress is

. propéftional to the derivative of displacement. This
” S -

requires the stress function to be ocne order lower than the

displacement function.

This theoretical consideration prbbably led Sandhu (1968)

to approximate the digplacement d by a pafabolic shape
functiqn.and excess pore pressure 7° by a linear one. As a
result, he ihtr;aucegjia "composite" triangular element
denoted by 63, having gispla?ement degrees of freedom at all
6 nodes bﬁt pore pressure dégrée_of freedom only at theué
corner nocdes. ) a ) : ‘ ’

Another method consists of represenéiné displacement in
terms of an 8-node quadrilateral and pore pressure at the &
corner node’s thereby the notation 84:

Sandhu et al. (1977) undertook an interesting analysié orn .
the performance of these types of elements by comparing
"composite" elements (types 63 . and 84, Eig? 6.1b) with
”stanéard" ones (types 66 and 88, Fig. 6.la) on the basis bf
@nalytical results for 1-D elastiq consolidation.

. It was found that "séandar@” elemenﬁé give. better
estimates of settlemerits but are prone to oscillatery errors

./ . B
of pore pressures in space. In return composite elements

produce errors 1in pore préssqref'which tend to wvanish 1in
) o P .

<

&

‘ . - .
time. ~ : : S i

)

7%



Those types of errors led Cividini et al. (1982, 1983) to
develqgﬁthe so-c&fledjéompatible element. Though they were
- able to obtﬁin interesting results, this new type of element
has the dfawbackﬂ of respecting compatibility o¢f the
displacement field only in an average standpoint.

Moreo&er, an alternative and very appealing approach_was
proposed by Reed (1982, -1984) who applied the so-called
"smoothing™ technique. The basic premise of Reed's analysis
is that‘the pore pressure distribution produced by an 8-node
"isoparametric element gives the exact 'sqlution at the 4
Gauss points. Consequently the correct pore pressures at the

nodes may be extrapolated from a plané defined by a bi-

L
quadratic ihterpolating function satisfying all fou: exact
Gauss point pore pressure values.

The smoothed (correct) pore pressures at the nodes are
'expféssed in terms of the initial (inexact) ones as shown in
Egs. 6.1Ca and’ 6.in. In -this. way accuracy may be
- simultaneously achieved'for pore pressure and displacement
so that the adaptation of the® "smoothing" -technique forms
the basis of the F.E. computer code developed in this

research.

=M (6.10a)
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where

{6.10b)
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o A
"6.3.2 Time integration

Ancother determ;nanﬁ factor in the achievement.of accurate
results is the proper choice of time domain discretization.

Alternati&e wa?s to define the 8-values which éovern the
‘time discretization scheme wefe previousiy propéged by
numeroug autgons, but their performances are still subjecﬁ
to investigatdion. . -

Sandhu et al. (1977) propogéd .to use a logarithmic
variation of éisplacement with time, which apparently gave
gopd results. A comprehen51ve table of values of 8 accordlng
to different schemes was given in Table 2.2. |

Moreover,-' Sandhu observed that the logarithmic'
interpolation scheme proposed by Hwang et al. 1871, had the.
drawback of belng costly 51nce the global matrix in Eq 6.9
iwas evaluated at every time step. Instead, he proposed 'to
divide the timé domaln into a number of constanthintervals;
so’ that the global'matrix does pot need to be recalculated
within a sub-interval. .

The present developed - F.E. computer code ;ontéins, as in
TERCON, the options of imposing thé 8-value, or rather

calculating it according td Sandhu's suggestion.

6.3.3 Ill-conditioning of the global stiffness matrix

The relative orders of magnitude of ‘the elements. of- the ’
elasto-plastic submatrix kEP {mainly :depéndent on the

Young's modulus E of the soil). and those of the hvdraulic

L= 169 -



"stiffness";matrix P (which has the soil permeability ag_a
factor) ﬁay'ill-condition the.ﬁatrix preventing thé sblution
of Egq. 6.9.

This discrepgncy is eradicated by lumping the submatrice;
“with a weighting factor w as proposéd by Reed (1982},

resulting in:

k&P ~uC Au Af’
~M ~n
Am =
6.11
—wCT —asz oLl wag' ( .)
W n
and
AE' = Af + C ARS o (8.12)
- ~T1 ~T1 ~T1

6.3,4 Load history

. It is a common practice, in engineering, to apply‘load to
the secil gradually_ cver a relatively 'short timé. to aﬁd
theréafter maintéin._if . constant. Fiq. 6.2a shows the
simplest forﬁ of such a loadinq which is‘initially applied
steadil? @ith‘ggme. More'complex lpading histories\are met
during the cdﬁstruqtion of embankments which _proéééés in
lifts (Eig..6l25); Ciearly,.depénQEnﬁﬁan‘;he~magﬁitud;s‘of_
t, and the pérmeability,of the soil, a ‘certain dissipation
of excess pore pressure w;il hévefbchrred b? ?img to and
.
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dissipation is of interest as well as the subsequent

behaviour with time (Smith, 1978).

LOAD
4
"
1.0 +
| .
]
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1
| e
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]
|
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A | -
l -
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Fig. 6.2a Simple load histdry
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]
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6.4 TEPSA (TOTAL ELASTO-PLASTIC STRESS ANALYSIS)

The numerical implementation of the coupled consolidationr‘
theory 1is carried out in TEPSAﬁ by means ofi the basic
“iofmulatipn reperted in Eqg. '6.11, so as to eliminate the
discfepancies caused by the difference in order; of
magnitude between the constituént submatrices K°P and P.

In order to achieve accuraéy both in displacements and
pore pressures Reed's ”swoothing" technique, as previously
prgsented, is ﬁerein employed. As regard _constitutive
_felationships, TEPSA.fully incorporates all the featureé of
‘ESEPA‘for a coffect elasto-plastic énalysis.- In addition,
'TEPSA permits the simulation of thé loading history during

\
construction.

]

Fiﬁally, computinq diffiéulﬁies are overcome by grouping
all unknqwﬁs ile. disp;acements d -and pore pressures ﬂe'for
each node next to each other and subsequéntly réarranging
the..rows and Golumns of " the coefficients of the mafrix
accordingly, Egqs. 6.13. This procedure advantageously suits
the frontal solution'subroutine used in the program, in view

of achieving high efficiency.

6.4.1 Structure of Z§E§é

The incorporétibn of all the previously ménffoned featﬁres
in TEPSA involveé- some adaptations from ESEPA and the
computaticon sequence is illustrated in the'flowchar? in'Eig:
6:3; The main prpgram is made up éf three‘loops nested on

\ | .

o’
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leading increments, time marching -steps and finally residual
4

load balancing increments.

Since the permeability is considered constanf, the
eQaluation of the matriées P and C, together with that of
the load vectors. £ "and g as established in Egs. 5.17d and
3.2c are performed only once in Subroutine LOADPS.

Turning to  the time marching‘-SCheﬁe, At can be
differently calculated accdrding‘l to the options in
Subroutine TMARCH, as has been described in,TERCON._

In Subroutine CLOAD the equivalent ~load Ag'n is
'calculatgd according to Eg. 6.8¢ and then assembled with.Agn
to build up the right hand side of Eq. 6.11.

Subroutine ALGOR, monitors the eventual change of time

increment and the update of the stiffness matrix k®P . thus

'/ R s

.deciding the reassembly of the composite stiffness matrix.

~

. As in ESEPA, Subroutine STIFFP calculates the elasto-
'plastic- stiffness. matrix K®P Subsequent assembly of the
submaﬁnges C and P is done in Subroutine ASSEMN, resuiting
in the composite stiffness matrix in Eq. 6.13a.

The - determination of displacement Agn and excess pore
pressure Aﬁi during a time iﬁ%rement is done in two stages:

Firstly the system'oﬁleégations 6.13a is'solved subjected
to the assigned fixity of éhe probiem.uﬂder consideration.
‘The resulting excess .pore  p;essures -Agi ‘are then
subsequently corréqted in éubroutine SMOOT& aécordinq to

Egs. 6.10.
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After having "smoothed" 'Age L+ the displacements ad

compafible with the correéted eXcess pore pressures are then
found This is done by/solv1ng the system of equatlons 6 13a
with the smoothed"’ excess pore pressures as specified
fixities. _ ' | 4
‘Subroutine SPLIT separates displacements from excess pofe
_ pressuresland equivalent flows from forces accordiﬁg to;Eqs.
6.11 and‘ 6.12. It also calcﬁlates “the effective
"equivalent"l load which ‘should be carried by the soil
skeleton for the cﬁrrent value of excess pore pressure,

3

namelyfﬂ

The equivalent load carried by the soil skeleton f%; the
current displacements is calculated similarlf as in ESEPA by.
means of Subroutine RESIDU. |

éubroutine COﬁVERl caléulates thé residual.loadiﬂ¢'.and
eventually checks if ;n addltzbnal re51dual load- balanc12q

#//’EEEZatlon is neeaed. ' CONVERZ monitors the deqree bf
consolidation before passing on to the _hext t1me lncrement
and ultimately to the next leoad 1ncrement.

Finally, ﬁhe displacements, pbreu pressures,.'flows,'
reactions and effective stresses are'priﬁted in Sub:outiﬁg

‘OuUTPUT.
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The majority of the sﬁbroutines utilized are in common
with the previous programé with slight modifications brought
in, and only the additional Subroutines ALGOR, ASSEM, CLOAD,
SMOOTH, SPLIT are described +in -details in gppéﬁdrx D.
Moreo&er, Subroutine FRONT was -slightly adapted and the

"resulting changes are discussed in section D.1
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6.5 NUMERICAL EXAMPLES

"In order to have a thorough grasp of both the théorétical
and physical significances of the coupled consolidation
theory, the numerical analysis covered a large range of
examples; starting from the simple 1-D condition in
elésticity and -extending to the more éompli;ated 2-D
situation in elasto-plasticity. Once more the meshes
relevant to this currgnt analysis, the time marching scheme-
and the material properties were kept ﬁhe same, with respect

to the ones reported in previous chapters (see Fig.

4.2a,b,c; 5.23 and Table 5.9)

6.5.1 Coupled elastic consolidation

l-Dimensional conditions

TEPSA was tested ;n so far as aﬁalytical. ;olutions were
. available from theory. In fact under 1-Drconditions, the
F.E.M analysis could be confronted with the closed férm
- solutien proposed by Taylér (1948), since couplid and.

uncoupled theories coincide. Figs. 6.4a,b .show compdrisons

for -the surface\ settlement evolution and excess pore
pressure dissipation wéth time between the present analysis
and Taylor's solution. It was found that both pore pressurks
and displacements were simulkaneously accurate in contrast

to the numerical oscillations cited by Sandhu et al. (1977).

When the mesh was used under unchanged boundary conditions,

A .
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but with axisymmét;ic‘consideratiéns in the calculations,.
the same numerical results were recovered since this case
still exhibits 1-D features according to both the

geometrical and hydréulic standpoints. = = "

Axisymmetric ‘conditions

For the conventional~triax}al sample test which isiéllowed
to deform laterally as shown in Fig. 6.5, two cases were
studied always assuming an ‘initial isotropic

preconsolidation pressure of I00. In one case a-uniform_lbad

© = 135 was instantaneously 'épplied and thereafter left
constanf. The other case ‘;ompfised th imposition. of a
uniform surface disp;acement constaﬁt ~throughout the
consolidatien pfocess. The imposed displacement was of the
order of 0.018 equal to initial displacement thaiﬁed’in the
first case when a loaﬁ was applied.

In the current situation, no analytical solution is
available to check the numerical responses but it can be

proved that the initial stresses and excess pore pressures

can be determined by the following expressions:

Ap' =0 Ap = -m ‘ (6.14a)

AG =0 -« &  Ag' = ﬂ_e . - (6.14b)
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= - = - | (6.14c)

where 'gz and. ér afe respectively the wvertical gnd radial
strésse;. |
 Tﬁe - above simple relationships were’ straightforward
derived from equilibrium considerations and }rqm the‘fact
that Ap' = 0 at t=0 (incoﬁpressible fluid). At infinite'
Atime, all the exdess pore pressures are considered‘totally-'
. dissipated such that stresses can be very easily éalculated.:
Fig. '6.bBa illdstrateél the displaceménﬁ field evolution
during consolidation in the case of applied’ loa&i It' is
interesting to notice that the sample initially.(tﬁi:E;OG)
deforms lateral;y and with time the -vertical surface
retreats to its original position. In fact wﬁen v ¥0.0 and
under dry conditions no lateral deformations take place in
elasticity. Fig. 6.6b shows the surface settleﬁent evolution
with time. The computed results shown in Figs. 6.6c to 6.6h,
in so far as-initial and ultimate values are éoncefned,
completely agree with the theoretical values found in Téble

\

6.1.. '

A well known feature of the coupled theory is that the
excess'pdre preséﬁre 7 continues to incréase well before
the dissipation process starts. Figs. 6.6c¢c,d illustrafe this
phéhomenon commonly known as'fhe Méndel-Cryer effect.Abn Fhe

other hand, the -uncoupled theory, as previously. seen,

predicts - a monoktonié¢ decrease. In comparison with this
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latter theory, tﬁe dissipation 1is fastér -in the coupled
analysis since tﬁe completion of surface displacement i's
reached at t=60 against 300.in the former .case.

Figs. 6.7 ,instead,'ﬁhow'the sémp;e-response under an
imposed surface displacement. It was, again péssible to
tbeo;eticalLy determine and recover the stress values found
in Table ‘6.1._-' Notice that the normalization of the
parameters was done "with. respect tor an initial total
'verfiéal stréss of 135. As seen froﬁiFig. 6L§c, it.is.not .
surprising to have a relatively cénsﬁéht effective-vertical
étress fhroughout thé cgpsolida%ion ‘process since thé
surfagg displacements are kept constant. The ‘résulting
stress paths during bonsolidétiqn are'thereby_shown iﬁ_Eigs.'
6.6i and 6.7qg. _ |
Both analyses required only 156 C;U for 40-element mesh

made up of 149 nodes. ) T

z

-

2-Dimensionél analysis. (smooth flexible footing resting on

a semi-infinite layer) -

-

The finite element mesh and draiﬁage boundary conditions
adopfed in thisigxample are..shown in -Fig. 4:2c; the strip
load was assumed to be equal to 10. |

In contras£ to the uncoupled analysis, this preéeﬁt
analysis allowed to follow the stress field-evelution during

consolidation. Figs. 6.8a,b,c,d show respectively the

displacement <field, the surfiace settlement evolution. with



time, .and the fluid velocity ;and sfress - fields. The
dissipation pattern of the excess pore pressuges afe shown
in Figs. §;8e to 6.8q, from which it is possible tq
determine the initial éxcess\ pore pressure (undrained)
distribution without any a priori assumption. Thé delayed
" development of the maximﬁm eXxcess pore pressure ‘in Fig. 6.8e
highlights once more the well-known Mandel-Cryer effect; It
.is noted that this was not detected in the uncpﬁpled theory.

The total required CPU was 149 for the above analysis.

(-]

Smooth flexible footing resting on a semi-infinite medium

Fig. 5f23 shows the finite element mesh used and_the lqad
applied was éssumed to be 10 6nce more.i

‘'The present analysis was compared with the Riot's elastic
solution (194lb)ﬁ The,predfcted Sﬁrfédé settlement deviates
frém'the énalyticél solution by an error of *2% up €06 a tiﬁe
factor of 100, Fig' &.9a. Afte;A this_ time ‘the ;qrfent
ana}ysis §Hows-a trend to‘conéerge'toward the theorgtical,
expégted'valued(0.0037025). Biot}s sqiution, on .the pther‘
‘hand, gives A steep piunge without any asympthtic behavi?ur:
. It has to be_empﬂasiiéd that Biot previously détermiped his
solution‘by'means éf”lenqthy eXxpansions of ;eries‘within
some degree of érror.~The general trend of an increase. in
excess pore.pressqre“(Fig. 6.9b) Jas oEsérV@j at a‘point.
distant a/2 below the centre - line of ﬁhe féotingﬁ Figs.
6.9d,e show aiternating signs of ' the .effective 'étreés
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ya;iépién whicﬁ may expléﬁn the chanéé in displa;éméntffield
patterns illustrated in Fig.‘ 6.9c at ‘different times of
&onsolidation | | |

The tlme Span was extended to 66 steps adoptlng option 3°

for the marchlng schemé (see Table Bl), and -the complete

analy51s requlred 487 CPU
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TABLE 6.1

-
'

Theoretical values of stresses and pore préssures-at initial

1 <

and infinite ‘times

Stress ' Load imposed ' Displacement imposed
Ratio t =0 t = _t=0. L t=w
e I - .
T g 1 : 1 : .
- ) S | -0
Q : ]

' - ' .
e _2 -1 S22t L2
- 3 3 3
- Q

'
A(51' 1 o 1
e 3 0 3 0
Q T

| .
e 3
Po
Lol 3 3 3 2
e
n

o
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6.5.2 Elasto—PlaéticaConsolidatioh '
The ﬁergdrmauce' of TﬁPSA’ in égasto plast1c1ty ‘was
| demonStrated in the analySis of . )trlaXlal test’ sample
lsotroplcally preconsolldated at 100. Under these condltlons
‘1t was pOSSlble to theoretlcally evaluate the 1n1t1a; stress
h values within the concept of elasto plast1c1ty
| Flg 6 10 1llustrates the graphlcal representatlon of the
1n1t1al condltlons for both the linear’ elastic perfectly
'plastlc and Crltlcal- State’ numerical-:model ‘r.sponSES:ﬁ
Startlng from an initial 1sotrop1c condltlon stress boint‘
AP; a stress 1ncrement provokes the point to move to p01nt A
elong a llue at 'slope of 3"vert1cal to 1 horizontal
(triaxial line). Accordlng to the structure of the program_‘
the‘“updrained"'solutlou (th.Q)llS fMrst obtalned assuming
elestic.skeleton behaviour.'Iu,thisiinstance'the variat;onu
of mean oressureu due, to the load applied is exclusively:

carried by the fluid phese, i.e ap= an°. and op'- = 0.0. Thus

-

the;resultant-effective.stress‘poiut is iocated.at Al
- Iu the current eﬁample‘under study; Al iies-above'tbe
yield surface  so that elasto plastlc deformatlons are. deemed.
.to occur. Assuming the materlal to behave llnearly elastlc
.perfectly plastlc the stress point is. coosequently reducedr
on the surface at p01nt B"where elasto- plastlc balanc1ng-"
_takes place. This process requires the effectlve stress

- .

point to stay. on the failure surface, When’load.is imposed ’

z

o the sample, the point B' -subsequently moves to D' to -

2205 - L e



_7Sétis}§”“stress Heqﬁilibrium. On the other hand when

'displaCEments are,prescribed, B'-moves to a different point

=t sﬁch that the céiculated‘ elasto-plastic &isplacements

jbaiance with the impésed ones.

A similar procedure is 'fﬁllowed for thée generalized
'Burlénd-ﬁodelj The stress.point A' is first bfouéh£ down oﬁ
the failure . surface at’ poiﬁt_ ? where élaétovplastic
deformations ‘start to éccﬁr. After the balance of the

calculgted elasto-plastic displacements with the imposed

' ones, point P finally moves to point E'.

It is, intéresting to mention that the linear elastic

perfecﬂiy plastic model predicts a smaller excess peore

" pressure’ than the one calculated in elasticity. On the other

hand, the situatioh is reversed for the generalized Burland

‘model, . which igads‘dx: a higher walue. Another important

distinction between the two models is the way plasticity is

T\ﬁﬁi -interprétedﬂ In the linear elastic perfectly plastic model,

N

,. .\-

when stresses are imposed, the major redistribution of

plastic deformations is - done at the start of the

‘.“consoLidation'("uﬁdraiﬁéd" state ; t=0). The safety factor

- is at its minimum. With time" the subsequent effective stress

-
!

”path“_stays”‘inside the surface, in other words, in the
Lelastic fegion and both settlement and safety factor

iﬁcreése:_In the generalized Burland model, elasto~plastic

-"deformétioné occur all the time during consolidation since

_the yield sﬁrféce evolves with the effective stress point.
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In the following two examples, a displacement (d=0.018)
equal to the one applied in the elastic case was imposed to
the same c¢ylindrical samplé, but in theAassumption Qf”the
two‘models. The" mesh used and boundary conditions are given
én Fig. 6.5 whereas material properties are found in Table
5.9  The material was considered to -be  welghtless and
isotropically preconsolidated at a pressure of 100f A
normally'cohsplidated state was assumed in the generalized
Burland modéi. |

Figs. 6.11 and 6.12 show the computed.stress and pore
préssure histdries in the‘linea; elastic pérfectly plastic
and generalized Burland models respecﬁively. The essential
parameteré ware notmal}zed with ‘respect to Q taken as the
initial total axial ‘stress and eqﬁal“to 114. Therinitial
éxcess pore pressﬁfé\was 33 cémpared to a wvalue 45 in the
ahalogous elastic caééf”ﬂpr the generalized Burlana‘model
the initial axial ;ofaixﬁtfess and pore pressure.aere 52.2
and 36.6 respectiéely;:if was found that the latter model
'consumedl(551 CPU) more than ‘twice the cbmputational time

taken by the linear elastic perfectly plastic counterpart

(215 CPU).

-

Two-dimensional analysis - Smooth, flexible footing resting

on a semi-infinite medium

Fig. 5.23 shows. the mesh.'layoué. ‘The unit weight. of the

material was assumed to, be 20.0 whereas a. hydrostatic

-~207 -



-

distribution of initial 'pqré pressures was considered
(Kf—? 10).

As it would be expected from the.linear elastic'perfec;ly'
plastic model the most danqerous_coﬂditions are met at the
time of load applicatiqn since 'mUEh bigger ©plastic
deformations occur at that particular instant. In . the
current investigation, failure ¢ occurred at a load
applicatién of 105. - |

-

Cn the other hana, more intgresting results were ocbtained
fo¥ the generalized Burland model, as Figs. 6.1é:illustraté.
The mechanism- of of plasficity can be readily explained in
this case. The action of the poré pressure initially causes
the effegtive stress‘point to¢%ove close ﬁb‘the surface,
thus limiting the amount of plastic deformation. With time
as consolidation proceeds, higher effective stresses are
mobilized betwegh the constituent skeleton grains,'induciﬁq
larger displacements te occur. At ﬁhe,same time, the maximum
,excess' pore pfessure‘ appear some instant after the
application of the load. The‘aﬁove'consideratioﬁs account’
for the delay failure obtained in the present case shown in
Eiés. 6.13a,b. Also}‘tﬁrniﬁg to the resulting displacement
field (Fig. 6.13c), most of the movements are mobilized in a
confined zone below ‘the féo;ing, as confirmed by the
previous effective stress‘analysis in Chapter 5.

Finally, compufer—wise the generalized Burlénd model

required 1539 CPU for the analysis of a 63-element mesh made

up of 222 nodes.
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6.6 CONCLUSION o ;
The "standard" 8-node isoparametric finite elements together
with’ a "smoothing" technique 4ds introduced by Reed (4983)
and a semi—variabiep time stepping such as Sandhu's
discretization have been J succeésfully used in the
implementation of the: coupled solid-fluid interaction
problem. Th¢ "smoothing” of pxrcess pore pressures definitely
eradicat's -Ehe oscillations and inaccuracies _reported by
Sandhu (19%7). While the present analysi; produces far more’
léccurate results in theé determination of both pore pressure
and displacement, it is at any rate worth to emphasize that
the adopted algorithm has proved -its efficiency and
reliability.in the fundamental elastic case.

The available <closed form solutions in elasticity,
obtained by either transform  techniqgues or  series
expansions, wefe'ﬁlosely reproduceé by the F.E computations
in both 1-D and 2-D situations. In axial symmetry, the
numerical responses coincided with the theoreti;al
expections. However,. it was found that the computed
horizontal displacements follow a peculiar' trend i?' the
eléstic case study. The maximum lateral disﬁlacements are
obtained at t=0 ("undrained" state);mi.e when no dissipétion
of fluid has vyet started. With %ime, as consolidation
proceeds tﬂese displacgments tend to retreat <towards the

original vertical boundary position. This phenomenon’ can be

-readily explained by the fact that.the variation of elastic



more rapid ‘dissipation of excess pore pressure  when

lateral strain dsx remains negative during consclidation.

Moreover, the coupled elastic consolidation analysis gives a

confronted with the uncoupled approach (see Fig. 6.14Y
Wﬁbnlconsidering non-linear or elasto-plastic behaviour
of the skeleton interesting findings were revealed. It was
found that the type of plasticity model used hadj an
important ipplication in the settlement ana pore pressure
behaviour. Hence, 1if a medium follows the linear glastic
perfectly piastic model, the excess pore pressurelpg?dicted
are smaller than the elaStic one. The generalized Burland
modei contrasted with the former model by giving a higher

excess pore pressure and thus lower effective stresses. It

is noted that despite lower effective stresses, much large;
displacements are obtained in comparison with the elastic
: -
case due.tq the non-linear nature of the analysis.
Thg two plaséicity models, perfe&tly plast;c and
generalized B;riand models, provided different behaviours~in
the consolidation process, In fact the .elaétic perfectly

N .
plastic model predicts an unsafe situation at the beginning

of consolidation and an increase in safety facto¥-with time.

On the other hand, it appears that the generalized Burland

model can adequately characterize the behaviour of a soft

clay. The state of the material qﬁy well be safe at the
. o . ’ .

beginning but as the excess pore presstre dissipates,

failure may suddenly occur. This deléy failure“phenomenon

.was observed in the present numerical study.
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It“is felt that the computation described in this_chgpter
has a potential value in the analysis of .pracfical
geotechnical problems, althcugh ifurther " studies imay be
needed to improve the efficiency of the coupléd elasto-

N
plastic analysis with the generalized Burlaﬁ&\ﬂpéel.
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Chapter VII .

PRE- AND POST~ SUPPORT PROGRAMS

7.1 INTRODUCTION

- Although the finite element method is both -powerful\ and
’ o

flexibkble, it requires extensive input data and produces as

well a lot of numerical output. As such, the manual entering

of the nodal coordinates and element topology is cumbersome,
tedydus and.error-pfdne. In addition, the final results need
tg-'be processed for a comprehensive analysis of the
numerical' cutput.

Afterl~the geometrical input data,  the mesh has to be
plotted, for 'ﬁreview, thué saving time with‘ respect to

abortive runs. It is therefore worthwhile to ‘process and

represent graphically the  £fimal results. For. .. these
purposes, three peripheral programs nagely MESHGEN
(MESHGENeration), ELABO (ELABOration) and FEMPLOT

{ FEMPLOTting) were developed and implemented.

The use of MESHGEN is two-fold; firstly it el;minates the
drudgery of entering the inﬁut data manually and secondly it
generates autematically the mesh in the analysis of the
unconfined flow .in SEEP. ELABO processes the final reﬁplté

from the different .main programs and sets up the plotting

arrays for FEMPLOT.



lé’

‘disk files, the main F.E. programs may intercommunicate, so

.po;e pressure calculated in SEEP can be used as initial

t
.

In.adaition, ELABO establishes the liaison between ESEPA

and TERCON since it may also compute the excess pore

pressure according to Henkel's formula from the Stress

'calculaied by ESEPA.

The interconnection between the F.E. <codes and their -
linkage with the peripheral programs are shown in Fig. 7.1.

As:illustrated, with appropriate definition of storinq

-

4

that they may also be run sequentially. As a result, the
‘ : ’ )

values for a latfer stress analysis performed by ‘either'
ESEPA‘O; TEPSA. Fﬁrthermorg, ESEPA. calculates the initial
stress distribution to be used in TEPSA.l

In the remainder of this ghaptgr the tyree peripheral
progfams are described. Herein, emphasis is laid cnly upon

the prdgramming structure since the resulting implementation

is either highly machine facility dependent or trivial. -

.q'

7.2 MESHGENERATION

During the past few years, a sigrificant ndmpér of automatic

mesh generation codes have been Jbvised. Unfortunately, most
. R . - \ /4 N
of the available  programs are gquite” specialized and are -

usually of considerable complexity.

For this purpose, it was considered most practical to

develop an efficient and flexible automatic mesh generation-:

program, MESHGEN, for parabolic 8-node isgparametric
—7 elements. .
}Z/”_"“ - 227 -



7.2.1 Procedure.

Herein, a semi-automatic approach 18 adopted, in which a

glven coarse mesh mdde. up of so called Big Elements, BE, is

]

further subd1v1ded into finer’ elements by MESHGEN, Flg 7.2,

"Each' BE is flrst numbered in an anticlockwise. fashion

starting from any corner node and subsequently ‘fefined
according to 3 different types of suh&ivisions sho#n in*Eig.
7.3. BAssociated with the first type is the subdivision of
the BE -into a number of 8-ngae isoparametrio elements

following the specified degrees of- finerness in 'x, and vy

directions. However, account is taken at this stage to

accommodate the transition:  from ‘finely to.coarsely meshed

reglons by further development of the. flrst type Finally,

the thlrd type has been lmplemented to cope w1th 51tuatlons

where boundaries -contain sharp corners, In this case, the BE

is defined by a 6-node isoparametric triangular element.

The basic conoept-of mesh generating ls‘the establishment

o

of a certain regular subdivision in the local reference

system ( ,, n) of ‘the element, to be subsequently mapped

onto the real configuration.

A.comprehensive description of this technigque is covered

© by CHEUNG, 1979. As a matter of fact, the mesh generation

routine for the flrst type of subd1v151on isg ba51cally that
published by the same author whilst the two other types,

instead, requ1red a careful and tedious adaptation.



P

In addition, the individual BE had to be assembled "node-

wise" and "coordinate-wise" in order to generate the entire

-mesh. The structure of the program, as such, is essentially

made up of 3 impertant phéses, Fig. " 7.4, Firstly, the
elements are generated in Subroutine GENTRE and then
transferred to the global array in Subroutine COPY. Since

the nodes are defined more than once along common boundaries

.of adjacent BE, it is necessary to reorder the generated

' nodes by Subroutine REDEF. Finally, the coordinates and

element node definitions are printed in Subroutine OUTPUT.

Whén MESHGEN was coupled with the analysis of unconfined’

-f;ow,_ it was found necessary to introduce an additional

Subroutine DUMMY. In fact, the coordinates of the BE next to
the last dynamic domain (Chépter 2) are stored in temporary

arrays, for later recovery. ‘This is done to eliminate

.inherent disorders caused during mesh generation. The next

BE is then generated till the whole domain is built up.
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—_Oe contour of BE.

f

—e— generated elements

"

Fig. 7.2 Representation of a structure by BE.
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7.3 ELABORATION

The F.E. technique, as previously describeds lgadS'to the
calculation éf displacements at the nodes and stresses at
the Gauss integration points. A comprehensive analysis,
instead, requires the field variables to be computed at the
very same geometrical point. Also, in the analysis of a

saturated medium, it is usually desirablg to determine the

_regime of flow.

Following these aspects, ELABO permits the calculation of
displacements, stfis%és, pore pressures and fluid velocities
at bpth nodal and Gauss integration points. In addition, the
program_fdmputes the déformed Edhfiqpration, the principal

stress direcpiéns as well as the safety factor at the

*

considered point.
In particular, the nodal stresses are obtained from the

-«
values at Gauss integration points by means of the same

4

smoothing technique used in SEEP for the calculation of the

nodal fiuid velcocities.

On the other hand, adequate use of shape functlons leads .

" to the determination of displacements and/iore pfessufes at

Gauss integration points as follows:

5 » - e

£(g,m) = si(i,n)'fi - (7;1),
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'wh?re £..n are the local coordinates of the .Gauss point, "

while f. is the discrete value of any field variable at the”

i
nodal point 1i.
As regard hydraulic variables, the velocities at GCauss

integratidn points are computed in a similar fashion as in

& SEEP, namely: ® ‘ : ///
‘ . y
.{4‘
7 o
v = — Kesgrad h (7.2)
n° '
where h=h +— ) o (7.3)
. o Y - .
v - f _

The conversion to nodal velocities is subgequentiy
-performed according to‘ the now familiar "smoothing"
technidue. |
l'_The safety facter against plastic'yield is herein defined
as the  ratio of the current octahedral stress to the

limiting wvalue calculated on the failure surface for. the

same angle 6 and mean pressure.p, rig. 7.5.

.Limiting T .. 7
S_F — OCt - (7-4)

Current T
oct
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{ . Einally the principal stress directions are determined

rding to the following equations:

. : 2 .
oi'+ o (ox - o) 2 '
' . S A S SR A
“max _ 2 + 4 + Txy {7.5)
2
c + ag (ax - o)
= _glx ¥ .
o o i * Ty (7:8)
1 -1 2 Tx - -
= = —x < 7.7
@ == tan = (o5 ) 9, ¢ 9, ( )
. X y.
o«
- ° ' > )
a a + 90° | ' Gx oy (7.8)

where -« is thet angle which the maximum Principal stress
Wi

makes with the wvertical. -
With reference.to the flowchéﬁt of ELABO in Fig. 7.6, the
' main control parameters, prograﬁ optioﬁs and data are first

read in Subroutine INPUT and then echoed in OUTPUT1. In.

e

order to analyéé the deformation field, the original necdal
o5 A .

o™

coordinates are incremented by the corresponding factored

- 236 .-
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displacements and subsequently stored in diék files for
plotting purposes. This is perffrmed in Subroutine DEFORM.

The safety faétor against plastic xielq and the principal
stress directions at each discrete Gauss.integration point
are determined in Subroutines’ FACTS@ and . STANGL
respectivély. Subroutine SMOOTH, calculatg the nodal
Stresses on the basis ofﬂthe Gaussian point values.

For a comprehensive graphical representation of F.E.
results, it i;- qually desirable to plot field wvariables
along given profiles. For .th&t purpose, Subroutipe PROF
selects the nodal points and corresponding field variables
to pe plot£ed.

When elaborating fesults cﬁming' from a coupled solid-
fluid analysis, the fluid ;vélocities are calculated in
Subroutine HYDRO and stored in files. Subroutine OUTPUT
prints out the elaborated data. .

It is to be noticed that the elaboration process is

repeated for each time step and /or load increment.
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Fig. 7.6 Flowchart ELABO
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7.4 FEMPLOT /
FEMPLOT produces the ' graphical representation"of the

numerical results calculated by apy_éf the four main F.E.

‘programs which have been eventually processed by ELABO.

The items to be plotted depend on the class of problem
being analysed and maf be Erbken down under the folloWing

headings:

1. Stress analysis of highly_permeablé soils (ESEPA}.

This requires the representation of the initial and
‘deformed meshes, the principal stresses,athe safety
factors and the displacement field.

2. Seepage analysis and uncoupled consolidation (SEEP

and TERCON).

In this case, besides the initial énd defo;mgd
meshes, the hydraulic components msuch as head
pressﬁres, pore pressures and velocities at eitﬁer
Gauss integration or necdal points have to be

represented.

3. _Coupled conscolidation (TEPSA).

Herein, all the field variables pertaining to the two

previous headings need to be graphically represented.

As previously mentioned, the FEM analysis 1involves
encrmous amount of output which, due to economical reasons’

and for a comprehensive representation, necessitates the

- 240 -~ ,
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selection of particular time or load steps for plotting. In
this regard, iﬁ was necessary to suit these specific needs
by writing a plotting program éince no -compatible software
was availéble. In féct, these -types of programs involve:
- graphical functions highly dependentf on _the' machine
facilities, and only fhe structural organization. is

important to be reported.

7.4.1 Program structure

The class of problem being analysed is monitored by the

indicator ITYPE, namely:- P
"ITYPE = 1 ESEPA )
2 SEEP or TERCON
3 TEPSA

The selected plots within each chosen increment (time or

lcad) are indicated by the following arrays:

-

ICHOSE(IINCS) = 'IPICK containing the chosen increment
"IPICK".
IPLOT(IINCS, IGRAF) = IOPT containing the selected plots

per increment "IOPT".

whére: .
IINCS = 1, NINCS

NINCS is ‘the total number of time or load increments
to be plotted.

IGRAF = mesh plotting

principal stresses
safety factor
displacement vectors
velocity at Gauss points
velocity at nodal pOlntS
head pressures

pore pressures

OOk LR
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Finally the ’indicator 'IFLAG permits the choice of

plotting the initial and deformed meshes at each_incfement

4in the following way:

d IFLAG = 1 only initial mesh

2 current deformed.mesh.
3 initial and current deformed mesh
The flowchart in Fig. 7.7 illustrates the progress .of
.calculation in EEMPEOTi The main data and options are .read
in MAINPT, after which a loop on the desired total humber of
plots starts. The number 'of locops 1is controlled by the
variable NPLOTS which can take diffe}ent.values depending on

IFLAG, as follbw:‘

- NPLOTS = 1 if IFLAG

NINCS if IFLAG = 2
NINCS +1 if IFLAG = 3
At "each time or lcad increment, all the nécessary

~information is Selected according to contrél variables IFLAé

and IPLOT .in Subroutine PICK. This information is then

printed owt in Subroutine OUTPUT for coﬁtrol. Subroutine
§

MESHPL then draws the deformed or undeformed mesh according

to IOPT and IPLOT.

In the next section Sf-the program the indicator, ITYPE,
determines the kind of wvariables to be .piotted in the
context of the class of problem being éhalysed. I0PT
‘controls the items to be plotted. -

ihe program,'in short, consists of a series of routines

whose functiens are tc plet and select data from disk fﬁles.

Detailed description of these features is given in the next

sections and probably deserves careful attention.
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7.4.2 Subroutine PICK .

With reference +to Fig. 7.8, the main_,functidn of the
subroutine 'is to transfer ail information, pertaining to a
selected time or load increment, from disk files fo the
appropriate plotting arrays. Since the infﬁrmation is stored
sequentially oh these disk files, it is necessary to scan
them until the desired set of record length is found.-

The c¢rucial point in this subroutine 1is, therefore, the
determination of the starting position of the pointer,
IBEGIN, from which the scanning process must start. Te plot
only the initial mesﬁ, IFLA¢=1, this merély neéeséitates thé‘
transfer of the undeformed coordinates to thebcorresponding
plotting arrays. In any other cases (IFLAG > 1), IBEGIN is
set accordgng to the positifn of "the last bicked step and

tﬁg procedure is self-explained in Fig. 7.8.

7.4.3 Plotting subroutine

The actual graphical representation of the F.E. results
comprises two basic functions namely the drawing -cf arrows

for wvectorial gquantities, and the ‘printing of numerical

valuese# for -scalar quantities, at selected geometrical
points. In this context, vectorial gquantities such as
velocities, displacements and principal stresses are

commonly represénted by arrows in both magnitude and
direction, while scalar values head pressure, pore .pressure
and safety factor are simply illustrated by their numerical

values. . N
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The structure of FEMPLOT is built in such a way that the
- A

principal stresses, displacements and velocities at either
° o .

Gauss points or nodes are’plotted by the same Subroutine
STVEDI (STress VElocity DIsplacement). On the other hand,
thé plotting of safety factors, head and pore pressures 1is

, :
performed by the common Subroutine SEPLOT.

However, both subroutines are structured in similar way,

Fig. 7.9. In fact, the section common to both of them deals.

with the framing of the plotting s?rface, thé writigg of the
~title, thé drawing of the'boundaﬁies andlthe selection of
“the pbints to be p&ottéd. These are done seguentially by
Subroutines FRAME, TITLE, BPLOT and CHOOSE.

The difference between the two subroutines only lies in

the final part where either an arrow or a\number has to be |

plotted. . .
As previously mentioned, the number of points to be

plotted in the analysis may also inhibit the clarity of the

- . , . )
graphical‘® representation. It is therefore necessary to

select only. a few of them feor convenience. This 1is

performed in Subroutine CHOOSE.

o

This subroutine has the option to choose either from the

total number of nodal or Gauss integration points. The

structure in both cases 1s the .same, the aim being to |

construct an array contalning all' the selected points,
namely:
KCHGAS (ICHGAS) = chosen Gauss peint

~or
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where: -

KCHNOD (ICHNOéi/;/Chosen nodal peoint
t

ICHGAS varies from 1 to NCHGAS
NCHGAS is-the total, number (gf selected Gauss points
3 ~

or NCHNOD runs from 1 to NCENOD' . -
NCHNOD ' is tpe total number of selected nodes.

The selection of the Gauss point {or node) is
accomplished by -specifying for each element (or node), the

number of points to be plotted by means of the following

array:
LPLOC (IFLEM) .= NCOPT
where
NCOPT ; = 0 no Gauss point tQ{be plotted
: . 1 only 1 Gauss point o =--> 4 integration
4 all four Gauss points =--> peints
5 five Gauss points --> 9 integration
6 only mid-Gauss poigts -——> points

&

Similarly, the nodal point gelecticn is specified
as follows: -

LPLO(INCDES) NCOPT .

-

where . v '
NCOPT . = O discard the current 'INODE'
: > 1 keep the current 'INODE'

The -actual construction of array LPLO(I) is controlled by
the combination of two indicators IOCH and NCHA, Fig. 7.10a.

If both IOCH and NCHA are equal to =zero NCOPT is set by
ta N .‘J_ —
defaul% to 4 or 5 according to the Gaussiaq;inteqra;ion
. [ )
scheme. Instead, if ICCH =,0 and NCHA equal to the number of

changes per element to be made, the program requires the
specifi;ation of the actual element, IELEM, and the option

-

code, NCOPT, to be used.
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In the case JOCH = 1, the array LPLO(IELEM) is first
initialized fo zero. Then on tﬁe basis of the number of
desired changes, NCHA, the element and .option code afe
introduced so that the array LPLO (IELEM) may be rectified.
Notice that the ﬁombination; IOCE= 0 and NCHA= 0, is most
suitable wheh few modifications ére needed since thé array
LPLO(I} is mostl; constructed 5y default. -

As ;égards the selection of nodal points, the procedure
is similar to that just described and mereiy inveolves the
substitution of wvariable IELEM by INCDE. The Stfucﬁdfe is

“ .
illustrated in Fig. 7.10b.
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{><\ Chapter VIII

GENERAL CONCLUSIONS %

From the gumerical investigations performed, one can
conclude that the four finite element programs have'proved
their efficiency and- reliébility "since the constituent
algorithms brovided very ﬁhfd results.

Concerning the analysis of a saturateé medium,. it was
seen the true coupled performance inllinear elasticity of a
composite continuum in which twé phases ig;ergct Wwith no a
priori assumption necessary on fhe determination of initial
pore pressures. On the other hand, the uncoupled apprcach
led to good resulﬁs as well, to the exXtent to which it was
found applicable. It- was in fact obsérved ‘that the
dissipation processes were distinctlin the two app;oaches.
Despite the coupled anaiysis leads to a faster rate of

-

consolidation, it is thought that the uncoupled thecory may

- . Q

" economically lead to a tentative first answer to a practical

problem.
However/ the assumption of linear. elastic behaviour of
the skeleton ' is known to be too oversimplifield and

consequently elasto-plasticity was replaced. The
. : .

-

constitutive relationships pertaining toc the linear elastic

perfectly plastic and the generalized Burland models were

»
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tested 4and critically compared with the theory‘ whenever
oY
_pbssible. For example in plane strain conditions the linear

elastic perfectly plastic model predicted an ultimate load.

in close agreement with the one given by the Limit analysis.
Moreover, the generalized Burland moé%l behaved well in
axf%fmmetric conditions but apparently predi;ted“ low
wltimate values in the plane strain beundary value problem.
It.can be nonetheless observéd that thif model méy suit well
the behaviour of soff cfay. Concerniné convergence of the
so%ution scheme, it is. however felt that fugther work 1is
needed towards the development of a more réfined'@lgo:ithm.
‘Finally the qogsidération of elastb-plastic behaviour of
the skeleton in- ?he coupled problém led to interegting
results. The two models were confronted'and result; revealed
different pore pressure responges to total stress changés.
From 5bservations of computed results,.it was found that the
generglized éurland medel, by suitiqélbery.well soft.clays*

2 . ol , : .
detect de%ay failures, common in.these materials.

i

could

The incorporation of non-linear behaviour of the skeleton

_in the coupled theory surely leads to a more comprehehsive

study of the consolidation process but still a lot has to be

done to understand the mechanisms involved in the generation

of pore pressures and as well as their dissipation. . .
bl N
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Appendix A

SEEP SUBROUTINES

A.l SUBROUTINE MOVE

A local numbering system of each DBE has bggn adopted. -

Fig. Al Local numbering of DBE-

)

e [3
The free surface is updated by revising only top nodes 5

7

/  ‘and 4 because node 3 is in/ commorf with the ad]acent\DBE. In
- \ < ;

o . .\ .
order to keep a good asperity ratio and, uniform distq{tion
| ] A .

A

of éleméhts‘inSide the DBE, nodes 2 and 6 are always kept as

midapéints during the updagting process; on the other hand

L



nodes 7,

special DBE,

3.

Step

30

35

39

18

29

38

52

8 and 1 are Kkept fixed except in the case of

when a regressive update 1s done (see Fig.

[0

P f

Rewind disk file 3 prior to reading
preliminary pavrameters:

NDMN number of domains describing the entire mesh
NDYN - number of Dynamic Big Elements DBE T
NSPEC number of Special DBE

Read identification parameters IOPT, NN,

NUMAT, NXL, -NYL, -NTIPE relative to each DBE

{for further details refer to mesh generation
chapter). Transfer DBE coordinates stored in 2-D
array COOBI, into 1-D arrays XM, ¥M.

Consider the special case of the last DBE.

. Define the DBE boundaries by means of the slopes

of the -segments.

! .
Update the first two top ncdes (5 and 4) of DBE. -
LOCES is an array containing the node numbers of
all nodes found on free surface.

Compute the difference, DELTA, between the
computed total head and the elevation.
Subsecquently determine the new pesition by moving
on the DBE segment lines. In the case of the

last DBE, the nodes move along the slope . of the
phys}dal boundary (example downstream slope).

In the case of special DBE, the tor nodes are
moved by a distance defined by a gecmetric
regression law of ratio 1/2 as shown in Fig. 3.7.

The mid-side nodes (2 and 6) are aécordingly
adjusted. -

Transfer updated coordinates back to 2-D array
COOBI. ' ' ‘
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c ' : ‘ =
Cc

0001 SUBROUTINE MOVE{COOBI,HEAD, LOCFS, LNOBI, MDUMM, MELEM,MPOILN,

MTOTV, NDMN, NDYN, SLOPE)
C*»#******ﬁ*%hﬁ»#**ﬂ***#*****ﬂ***ﬂ*9*******#»%%******ﬂﬁ*******ﬂ*ﬁ***#ﬂ**

C
C THIS SUBROUTINE UPDATES THE NODES BELONGING TO THE FREE SURFACE
o AT EACH ITERATIQN.
C*N--N-ﬂﬂ**********%%*********ﬂu*ﬂ**«**ﬂN»*N'h****‘OHHHO*ﬂﬂf‘****ﬁ*#*ﬁ*%**%ﬁ******
oooz IMPLICIT REAL™8 (A=-H,0-Z) ' .
0003 DIMENS ION COOBI(MPOIN,2), HEAD{MTOTV}, LNOBI (MELEM, ),
LOCFS{MDUMM}, TANGT(2), YM(8),XM(8)
000n "REWIND 3 ‘
c
v C*##READ INFORMATION ON TAPE DISK
) c
0005 READ(3) NDMN,NDYN,NSPEC )
0006 T NDOM=NDYN-NSPEC .
0007 NDO1=NDOM~1 _ .
0008 ~, NDO2=NDOM+1 . ..
0009 NSP1=NSPEC+1
0010 DO 1000 IDMN=1,NDYN
c . _
0011, READ(3) 10PT,NN, NUMAT, NXL,NYL,NTIPE
0012 NNOB1=8 '
0013 [F{IOPT.EQ.3) ¥NOB!=6 -
C
CH###*SET UP SUBDOMAIN QgDAL CPORDINATES
C .
0014 . DO 10 INOBI=1,NNOBI
0015 \ NLOCA=LNOBI [ IDMN, INOBI)
. D016 XM{ INOB | )=COOB| [ NLOCA, 1)
0017 YM{ 1NOB| }=COOBI (NLOCA, 2)
0018, 10 CONT IHUE
0019 [F(SLOPE.NE.O.0.AKD. IDMN.EQ.NDOM) GO TO 20

c
C###DEFINE THE BOUNDARIES OF THE SUBDOMAIN
c

] Q020 TANGT(I]!*XM(3) “XM{V) I/ (YM(3)- YM{1})})
© 0021 TANGT(2)=(XM{4}=-XM{8))/(YM{&)-YM(8))
[ .
C***ENTER LOOP TO CHANQE NODE COORDINATES ON FREE SURFACE
. C _ .
0022 DO 30 LLOOP= 1,2
Q023 «tNODE=1LOOP+2
o024 . IF{IDMN,.GT.NDOZ2) GO TO 35
0025 | GASH=2%( |DMN+1) -1 LOOP
0026 lF(IDMN.GE.NSP1.AND.NSPEC.NE.O) IGASH=2”(IDMN+1}-ILODP+1
0027 - IF(IDMN.EQ.NDOE.AND.ILOOP.EQ‘1) | GASH=2%*(HSPEC+1)
onz2s ) I F{ IDMN, EQ.NDO2, AND, |LOOP.EQ.2) GO TO 35
0029 NLOCA=LOCFS( I GASH)
. —
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-+ 0030

001
0032
0033
0034

0035
0036
0037

6038
0039

0040
0041
oou2-
0043
oouL

oous
0046
0047
o0u8 -
00ug-

!

0050
0051
0052

"

-

DELTA=HEAD({NLOCA)-YM( INODE) )
|F(SLOPE.NE.O.0.AND. IDMN, EQ. NDO1) TANGT( | LOOP}=SLOPE
XM{ INODE )=XM( INODE ) +DEL.TA*TANGT{ | LOOP),

“TYM{ INODE }=HEAD( NLOCA) : .

GO TO 30

c

CH#*UPDATE NODES FOR SPECIAL SUBDOMAINS

c

35 DELTA=DELTA/2,
XM( |NODE )=XM( | NODE ) +DELTA*TANGT( | LQOP)
YM( INODE )=YM( | NODE )+DELTA .
C .
30 CONTINUE X -

IF{SLOPE.NE.0.0.AND.IDMN.Eb.NDO1} XM(Q):(XH(B)*XH(3J)/2.

c
CHY*UPDATE MID SIDE NODES
c : .

XML2)=(XM{3)+xM(1)) /2
YM(2)=(YM(3)+YM(1))/2
GO TO 40
20 XM{L4)s(XM(5)+XM{3))/2.
YM{U4}={YM({5)+¥YM(3))/2
c

" C**#SET BACK SUBDOMAIN NODAL COORDINATES
c

40 DO 50 INOBI=1,NNOB!
NLOGA=LNOB! ( I DMN, INOB )
COOB 1 (NLOCA, 1)=XM( | NOBI )
CODB | { NLOCA, 2 )=YN{ INO&1 ) :
50 CONTINUE -
C
1000 CONTINUE
RETURN
END



L

A.2 SUBROUTINE HEDFIXl
After the update of the ffee surfage, some of the bouﬁdary;
nodes have 5een iﬁevitablx upset so that the fixity array
needs to be corrected.

In this sﬁbroutine, the nearesafnode-ﬁo the downstream

: \
water level is located and made to ¢oincide as shown below.

The followind cemputer statements are self—explanatory.

movement of

~ \\\\\ifepage point
b
~

~
)

.Hz , \. H2

\i .

Fig. A2 Movement of éeepage point

-
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0001
0002
0003

0004
0005

0006,

0007
0008
0009
0010

0011

0012
0013
007y

0015
0016
0017
0018
0019
0020

‘0021,
0022
0023 .

o024
0025
0026

og27

of28 _

c
c
’ SUBROUT INE HEDF [ X(COORD, H2,MPO [N, MVF | X, NDOFN, NDOWN, NOF | X,

. NVF X, PRESC) .
AR S MW S0 33 HEH RN 0T 4 30 0 S 30 BH H

c

. C ADJUST THE DOWNSTREAM NODE AND HEAD FIXITY BEFORE EACH ITERATIGN
Pt :

CHHHAE SR 10 I RS S 0 M T M 10 B0 1 1B B A0 B 3 B 3 b e
IMPLICIT REAL*8(A-H,0-2Z)
DIMENSION COORD{MPOIN,2),NOFIX{MVFIX), PRESC[MVFIX, NDOFN)

c
CH*#*PRESCRIBE GEOMETRICAL HEIGHT AS HEAD
c
JDOWN=NVFIX—NDOHN;} .
DO 10 IVFIX=JDOWN, NV I X '
NLOCA=NOF I X{ iIVFIX)
|F(H2.GT.COORD{NLOCA,2)31C0 TO 20
PRESC{ IVFIX, 1)=COORD(NLOGA, 2} . ;
10 CONTINUE . .
RETURN
c . -
CH***NODES BELOW DOWNSTREAM WATER LEVEL
c .

20 CONTINUE
CH##| OCATE NEAREST NODE TO.W.LEVEL AND MAKE |T COINCIDE
C . .

AVFII=IVFIX
NLOCT1=NOF IX(IVFIT1}

TANGT={COORD({NLOC1, 1)-COORD(NLOCA, 1)}/
(COORD(NLOC1, 2)-COORD{NLOCA,2))
y/2.

IMOD | =NLOCA
JDOWN= I VFIX
VF(H2.LE.TEST) GO TO 30
IMOD | =NLOCT
JDOWN= [ VF [ 1

30 CONT yNUE . .
COORD(IMODI,1)=C00RD{NLOCA,§H+(H24COORD]NLOCA,?)}*TANGT
COORD( IMOD1, 2 j=H2 - -

‘TEST=(COORD(NLOC1,2}+COORD(NLOCA,?)

o

c
C*##PRESCRIBE DOWNSTREAM HEAD TO ALL NODES BELOWrW.LEVEL
c .

DO 40 JVFIX=JDOWN, NVFIX -
PRESC({JVFIX, 1)=H2 . .
40 CONTINUE T,
C LR
RETURN : )
END
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A.3 SUBROUTINE GAUSVEL (GAUSSIAN VELOCITIES)

of this subroutine is to calculate the fluid

velocity components at the Gauss integration points.

Step

12

1 oy

11

26

5

-

Rewind disk file 12 prior to reading stored data.
Loop over the elemefits to read the cartesian
derivatives CARTD of shape functions at Gauss
integration points.

ON ON N '

1 ‘ 2 : N
‘a—x—(g;ﬂ), _a';c'—((‘;:n) L R -67— (E,T])
" 2N ON ON

1 2 8
a_y__(g)n)) ?(5,1']) L _a-y_ (E_uﬂ)

Compute the components of velocity at Gauss

- integration peintd® by means of Darcy's law.

hydraulic gradient _ ?Ni ; .
ij(ﬁ,n) = axj (E,m) -0,

‘

£ = K., i, . -
Vi(s,n) = %430 P

- . ) - ‘
(£.n) Local coordinates of Gauss integration
points. ' . s

“4

-
-

Y
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H : - : ) 4
The cartesian derivatives of shape functions are not
rigorously defined at the element nodes i.e. on i1t5 boundary
because of discontinuity in derivatives. In return they are

completely defined inside the element.

a0

0001 SUBRQUTINE GAUVEL(COORD,HEAD,LNODS,MATNO,HELEM,MMATS,MPO]N,
‘ . MTOTG,MTOTV,NDIME, NELEM, NGAUS NNODE, NPOIN,
NPROP PROPS VELCG)

Cﬂ'ﬂﬂ'*ﬂ*ﬁ*****ﬂ'*“ﬁ***ﬁ*ﬂﬂﬁ*ﬂ**ﬂﬂ*ﬂ-*ﬂ#*ﬂ*ﬂ* LEL AL LA AL LSl Ll LRl AL LA L bt d

c
c CALCULATE THE VELOCITY COMPONENTS AT EACH GAUSSIAN POINT
C»*»*»u*nnn*»***«»#**»***n**n»*nuan»ﬂ***n*»«»*»ﬁ»***n*w*n*«»»*n*»ﬁ*;»***
0002 IMPLICIT REAL*8 (A-H,0-Z)
0003 DIMENSION CARTD{2,9),COORD{MPOIN,2},HEAD{MTOTV]},

LHODS(MELEM, 9), MATNO{NELEM), ?ROPS(MMATS,HPROP),SHAPE(Q},

. VELCG(HMTOTG, )

0004 "REWIND 12
c
C*##LOOP OVER EACH ELEMENT
C ]
0005 } xGaub=0
0006 DO 40 IELEM=1,NELEM
0007 . LPROP=MATNO( | ELEM} ,
c
C###START LOOP OVER EVERY GAUSSIAN POINT "
C .
0008 .D0 50 1GAUS=1,NGAUS .
0009 DO 50 JGAUS=1,NGAUS -
0010 KGAUS=KGAUS+1 )
c
CH##CALL BACK CARTESIAN DERIVATIVES OF SHAPE FUNCTIONS AT G.P
C
0011 READ(12) .CARTD
A c .
CH#*CALCULATE THE HYDRAULIC GRADIENTS AND VELOC!T|ES.
c
0012 DO 60 IDIME=1,NDIME
0013 HYDGD=0. 0
0014 DG 70 |=1,NNODE . R
0015 MNODE=1ABS(LNODS({ 1 ELEM, 1}) -
0016 .. 70 HYDGD=HYDAD+CARTD( IDIME, | ] *HEAD( MNODE )
0017 60 VELCG(KGAUS, IDIME)==PROPS( LPROP, I DIME ) *HYDGD
0018 VELCG({ KGAUS, 3 )=DSQRT(VELCG{ KGAUS, 1) **2+VELCG[ KGAUS, 2} %%2)
0019 IF {DABS{VELCG(KGAUS,1)).LE.Q.1E~3) GO TO 80 Q¥
0020 VELCG({ KGAUS, 4 ) =DATAN({ VELCG( KGAUS, 2 ) /VELCG( KGAUS, 1) ) #57 . 298 Xy951
002 GO 10 50 “
0022 80 VELCG(KCAUS,4}=0.0
0023 : 50 CONTINUE
0028 . L0 CONTIiNUE
0025 RETURN
0026 END



) A.%}SUBROUTINE NODVEL (NODAL VELOCITY)

This subroutine calc¢ulates the fluid velocity components at:

-

the nodes 'on the basis of Gauss point values using the

"smoothing" technique.

Step

4 Evaluate square root 3

5 -.40 Set up "smoothing" matrix SMATX according to

¥ © ° .matrigx M in Table 3.1: ;
41 - 42 Comﬁute the number of Gauss integration points,
: NGAUZ, per element and initialize counter KGAUS.-

43 - 50 Loop over all elements in order to initialize the
counter, ICQUN, and nodal vglqcity, VELCN.

51 Loop over total number of elements NELEM.

52 Loop over each "INODE" of current element g .

53 * Establish the "local" definition of'the current
node by méans of array LNODS.. '

54 . Increment counter ICOUN to determine the number of .~
common nodes.

55 Determine the global Gauss%%oint number KGAUS. .

56 Loop over each dimension "IDIME", for each Gauss
integraticn point KGAUS. i

57 - 60 Compute the "smoothed" nodal velocity according to

61 End the fOOp on elements.

62 - 70 Average the "smoothed" nodal velocities to take

into account common nodes. This gives a globally
"smoothed" configuration. Also, calculate the
modulus and. ;he angle which the veloc1uy vector

“makes wixh the X-axis. .
"~ A @ @ ' V. J: o



0001

0002
0003

0004

0005
0006
coo7
0008

0009
0010
col11
0012

0013
0014
0035

g6

0017
0018
0019
0020

0021
o022
0023
o024

0025
0026
0027
0028

0029
0030
0031
0032

0033

c
c
SUBROUTINE NODVEL( IGOUN, LNODS, MELEM, MPOIN, MTOTG, ND IME, NELEM,

“ , NGAUS, NNODE, NPOIN, VELCG, VELCN)
CHHHA B IR SR B I IS IS IR 14T g S e i
1

¢ .
c SMOOTHS THE NODAL VELOCITIES FROM THE GAUSSIAN VALUES

Y LA S bt
IMPLICIT REAL¥*8(A-H,0-2Z}
DIMENSION ICOUN{MPOIN), LNODS{MELEM, K NNODE), SMATX(8, U},
. VELCN{MPOIN, &), VELCG{MTOTG, 4)
ROQOT3=1.73205080757 .

c
CH## SET UP SMATX

c .
CON1P=(1.+RO0OT3}/2.
CONIM=(1.-RO0OT3)/2.
CON2P=(2,+R0O0T3)/2.
CON2M={2.-R0OOT3,)/2. '

C

- SMATX(1,1)= =0.5
SMATX( 1,2 )=CON2M
SMATX(1,3)= =0.5
SMATX( 1,4 )=CON2P

c
SMATX (2, 1)=CON1P/2. .
SMATX(2,2)=CONIM/2.

SMATX(2, 3)=CONIM/2.
SMATX({2,4)=CON1P/2, . )

c .
SMATX{ 3, 1)=CON2P
SMATX(3,2)==0.5
SMATX( 3,3 )=CON2M

c SMATX(3,4)=-0.5
SMATX( U4, 1}=CONTP/2.
SMATX(U,2)=CONIP/2,
SMATX(4,3)=CONIM/2,
SMATX( U4, 4 }=CONTM/2.

C ~ .
SMATX(5,1)= -0.5
SMATX(5, 2 )=CON2P
SMATX(5,3)= =-0.5

c SMATX(5, 4t }=CON2M
SMATX({ &, 1)=CONIM/2,

 SMATX{6,2)=CON1P/2,
SMATX(6,3)=CON1P/2.
SMATX({ 6,4 }=CONIM/2,

SMATX(7, 1)=CON2M
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0034 SMATX(7,2)=-0.5
0035 SMATX({7,3)=CON2P *
0036 SMATX{T,4)==-0.5"
C
-, 0037 SMATX(8, 1 )=CONIM/2.
0038 : SMATX(8,2=CONIM/2, )
0039 SMATX(8,3)=CONTP/2, \
0040 SMATX{8,U4)=CON1P/2.
c
0041 NGAU2=NGAUS*NCAUS
. 00y2 > KGAUS=0
c . .
CH##|NITIALISE SOME VARIABLES
[
ooL3 DO 10 JELEM=1,NELEM ) -
00ky DO 10 INODE=1,NNODE
oous NLOCA= | ABS{LNODS(|ELEM, iNODE)) .
0046 1COUN({NLOCA =0 )
oou7 DO 20 IDIME=1,KDIME
oousg VELCN{NLOCA, IDIME}=0.0
004g 20 CONTINUE
0050 10 CONTINUE
a Cc
CH###[ OOP OVER ELEMENTS
c -
0051 DO 100 JELEM=1,NELEM
Q052 DO 100 INODE=1,NNODE
0053 NLOCA=1ABS{ LNODS( IELEM, 1NODE) )
0054 1COUN({ NLOCA Y= COUN{ NLOCA)+1
0055 - KGAUS=( | ELEM=1)*NGAU2
0056 DO 110 IDIME=1,NDIME
0057 DO 110 IGAUS=1,NGAU2 '
0058 | GASH=KGAUS+ | CAUS .
0059 ) VELCN{NLOCA, IDIME)=VELCN({ NLOCA, IDIME )+SMATX({ I NODE, 1GAUS)*
. VELCG{ IGASH, IDIME)
0060 110 CONTINUE
0061 100 CONTINUE
‘ v )
CH##AVERAGE THE COMMON HODAL SMOOTHED VALUES
c
0062 DO 125 I[POIN=1,NPOIN
0063 - : DO 120 IDIME=1,NDIME
0064 120 VELCN( IPOIN, IDIME)=VELCN({ | POIN, IDIME}/ICOUN('POIN)
c .
0065 VELCN{ I POIN,3)=0DSQRT[VELCN[ LPOIN, 1 )*#2+VELCN{ I POIN, 2 )**2)
0066 VELCN{ I POIN, 4)=0.0
0067 IF (DABS{YELCN(IPOIN,1)).GT.0.1E-3)

_VELCN([ i POIN, i )=DATAN(VELCN{ 1POIN, 2)/VELCN{ 1 POIN, 1) )%#57.29577951
0068 125 CONTINUE
0069 : RETURN
0070, END
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‘Appendix B
TERCON 'SUBROUTINES

[

B.1 SUBROUTINE INCREM (INCREMENT) : , a

The role of this subroutine 1is to update the stiffness
& -
matrix and the load array at the:beginning of each time step

before entering the frontal solution process. The new matrix

P and array Ag are updated as prescribed by Egs: 4.9b and

4.9¢c.
P=0P+M
. X
v . _ e
AE =8 A%n * Enel .p Tn-1

It is to be noted that Ag is completely defined at time t
since ‘both the law of variation of flow represented by Ag

. . o
and Tn-1" and the previous excess pore pressure 1

are
n-1
known. ' gﬁi-_
Step
& =5 Rewind disk f;les 1, 3. and 10 prior to reading
of stored data.
7 -9 Set load array ELOAD to zero before defining

the Updated one.
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10,

11
13
17

18

12

16

25

Enter the loop over elements.

Read from disk file 3 and 10 EPSTF and CMATX
matrices relative to the current element.

Compute the updated matrix P represented by
variable RPSTIF¥ according to Eg. 4.9b.

Store matrix PSTIF for the current element on
disk file 1 immediately.

Evaluate the load array according to Eg. 4.9c
and store in array ELOAD.
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0001 SUBROUT INE [INCREM(CMATX;DTIME, ELOAD,EPSTF,EXSPR, FIXED,
. LNODS, MELEM, MEVAB, MPOIN, MTOTV, MVF I X, NDOFN,
NELEM, NEVAB, NNODE, NOFI1X,NTOTV,KVFIX,

PRESC, PSTIF,RLOAD, TIMEX, TLOAD)
cn**»*u*»»***aw**n*ﬂ*«*ﬂ»#w*n»**»**u*»u***u«ﬁ**«*«»*n***n*ﬂ»w*****u*u***

Cf** UPDATES THE STIFFNESS MATRIX AND THE -APPLIED LOAD

Cﬂ'“*ﬂ*******ﬂ*ﬂ**”ﬂﬂﬂﬂ*ﬂﬂ*ﬂ*ﬂ‘****ﬁﬂ*******ﬂ“***;ﬂ******ﬁ**ﬂ**ﬂﬂﬂﬂ*““*****
0002 IMPLICIT REAL¥8 (A~H,0-Z)
0003 DIMENS!ON CMATX(MEVAB, MEVAB), ELOAD{ MELEM, MEVAB),
. EPSTF(MEVAB,MEVAB]), EXSPR{MPOIN}, FIXED{MTOTV},
. LNODS(MELEM. 9], NOF 1X( MVF | X), PRESC(MVF IX, NDOFN),
PSTIF(MEVAB, MEVAB), RLOAD(MELEM, MEVAB ),
TLOAD{MELEM, MEVAB)

. ) c
. 0o0o4u REWIND 1 "
0005 ‘ REWIND 3
0006 REWIND 10 .
c
cH## SET ELOAD ARRAY TO ZERO
. C
Q007 DO 10 1ELEM=1,HELEM
0008 ) DO 10 |EVAB=1,NEVAB
0009 © 10 ELOAD( IELEM, IEVAB)=0.0 :
c . -
CH## EVALUATE PSTIF FOR EACH ELEMENT :
c -
0010 ' DO-4O ELEM=1,KNELEM
0011 READ({3) EPSTF - . i '
0012 . READ{ 10) CMATX '
0013 DO 20 INODE=1, NNODE
0014 DO 20 JNODE=1,NNODE
0015 N PSTIF({ INODE, JNODE) TIMEX*EPSTF(INODE JNODE Y+
) CMATX( | NODE, JNODE)/DTIME
0016 . .20 CONTINUE - )
c
C###% COPY PSTIF IN TAPE 1
C
0017 WRITE[1) PSTIF
0018 DO 30 1EVAB=1, NNODE
0019 DG 35 INODE=1,NNODE
0020 NLOCA= | ABS{ LNODS{ I ELEM, 1NODE)} :
0021 35 ELOAD( |ELEM, |EVAB)=ELOAD( | ELEM, IEVAB)+EPSTF({ | EVAB, INODE)
. : *EXSPR{NLOCA) A’
o022 ELOAD{ | ELEM, | EVAB)=RLOAD( | ELEM, | EVAB)-ELOAD{ | ELEM,.1EVAB)
0023 TLOAD{ | ELEM, 1 EVAB)Y=ELQAD{ | ELEM, | EVAB)
o024y 30 CONTINUE
0025 4O CONTINUE
C .
c### |NTERPRET FIXITY DATA IN VECTOR FORM
c
0026 DO 50 1TOTV=1,NTOTYV
o027 50 FIXED(!TOTV}=0.0.
c
o028 DO 60 IVFPIX=1,NVFIX _
0029 NLOCA={NOF IX( IVF1X)-1)*NDOFN
0030 DO 60 IDOFN=1,NDOF
0031 NGASH=NLOCA+|DOFN
0032 FIXED{NGASH)=PRESC({ IVFIX, | DOFN) -
0033 60 CONTINUE
003y - RETURN
0035 END
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B.2 SUBROUTINE TMARCH (TIME MARCH)

This subroutine calculates the time increment according to -

four different schemes. The evailab;e'optidns are summarized

in Table B.1.

Step
4 - Do not calculate the time increment At for the
first time step (ISTEP=1) or for option 4
(constant time stepping). Co
5 "Branch" to the three other different time
marching schemes according to Table Bl
6 = 7 For IOPT= 1, calculate the time interval by
st = (ef- 1)t _, in terms of the previous
time. However, do not update the 8-parameter
H(TIMEX&. ' ’
8 =10 For IOPT; 2, calculate the time interval t as
above and update the 8- parameter by means of
: Sandhu s logarlthmlc interpolation (Table B.1)
11 : . Set KSF1 = 2, reference value for the computation
of time steps. '
12 N .~ Determine the size of the sub-interval by
‘ variable INTER (number of time steps in
the sub-interval).
13 : Define parameter 1dent1fy1ng ‘sub- 1nterval so
‘ far reached.
‘14 - 18 Test if fime interval At needs to be changed
when shifting to next sub-interval.
19 - 20 Update At and ©-parameter according to Table B.1
21 - 22 Print current value of time.inc:ement and 8-value.
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. 0001

o002
0003
0004

0005
0006

0007

o008
0009
0010
g0
go12
0013
0014
0015
0016
0017
0018
0019
0020
0021
0022

0023 .
_oo2u

a0

SUBROUT INE TMARCH(DTIME, GAMAW,HEIGH, ICOUN, | FLAG, IOPTS, IST%P
MMATS, NPROP, PROPS, TIMEX, TTIME, XTIHE)

: Cﬂ**-ﬂﬂ*-N'ﬂ'ﬂ-***‘ﬂ****N-ﬂ****ﬂ»ﬂ******”ﬁ*ﬂ***ﬁ*ﬁ******“*ﬂ*** b N

c .
CH#H#THI| S SUBROUTINE CHOOSES THE TIME MARCHING SCHEME
c

C**ﬂ****ﬂ*ﬁﬁ*l%****ﬁﬂ%***ﬂﬁ*****ﬁ*ﬂﬂ**»**ﬂ****ﬂﬂ**ﬂﬂﬂﬂ**ﬂﬂ*** R
© IMPLICIT REAL%S {A-H,0-2Z)
DIMENSION PROPS(MMATS NPROP)

IF{ISTEP.EQ.1.0R. IOPTS,.£Q. 4} RETURN e
GO TO (1,2,3),10PTS

7 DTIME=TTIME*(2,718282##XT{ME-1.0)
RETURN

2 DTIME=TTIME* (2. 718282*#XT IME-1.0Y
TIMEX=1.0+1.0/DTIME-1.0/DLOG( 1+DTIME)
RETURN

3 KSF1=2
INTER=XTIME
ITEST=( (! STEP-KSF1)/INTER)*INTER
|F{ISTEP.EQ.KSF1}. GO TO- 10
ISTEP1=]STEP=KSF1
IF{ITEST.EQ. 1STEP1) GO TO 10
RETURN

10 ITEST=ITEST/INTER
DTIME=0.1#10.0** | TEST/XTIME
TIMEX=1.0+1.0/DTIME~1. 0/0L00(1+0T|Mﬁ)
WRITE(6,905) OTIME, TIMEX

‘905 FORMAT({' DTIME,TIMEX',2E15.6)

RETURN '
END
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TABLE B1

Options for time domain discretization

;92? time interval - B-parameter
At i
—

1 ’Atn= (ef - 1) LY 8 constant with time
logarithmic '
variation of r = log, (tn]—loge(tn_l) .8 = 0.5 trapezium rule
At and linear £ -t + At 8 = 2/3 bptimum value
temporal inter- n - n-1 '
polaticn -

2
logarithmic
variétion of ‘'same as above 8 =1+1 - _‘1
At and 8-value

logE (1+Atn)

decomposition
into time sub-
interval according

to Sandhu (1977)

Ve

P
e

—

- see Table 4.1

same as above

constant time step

At and B-parameter

"as imposed by user

as 1lmposed by user
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Appendix C

ESEPA SUBROUTINES

C.1 SUBROUTINE ALGOR (ALGORITHM)

In ESEPA, as previously mentioned, the stiffness matrix can
eieher be kept constant or be updated depending on the
user's choice. The type of scheme 1is iStroddced< in the
program through the soclution barameter NALQO. The main
funczaon of this subroutine 'therefore is to control the
solution process according to the value NALGO.

The subroutine sets the value of the indicator KRESL to
either 1 or.2 according to NALGO, and the current velue of
the iteration and increment. A Q;lue of KRESL = 1 indicates
that the stiffnesses are to be reformulated and consequently
a full sysfem of simultaneous equaﬁions_must be subsequently
solved. If KRESL = 2 the stiffnessee are not to be redefined
and therefore only solution of the equation needs to be
undertaken. This results in a considerable - saving in’
computer time with equation resolutlon redulrlng only 20 A

of time needed for complete analy51s
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0001

0002
0003
0004
0005
0006

0007

0008
0009
co10
001
0012
0013
0014
0015

o
c

SUBROUTINE ALGOR(FIXED, | INCS, | ITER, KRESL,

MTOTY, NALGO, NTOTV, KUNLD)

(G R et e

c

n

C
CH###% THIS SUBROUTINE SETS EQUATION RESOLUTION INDEX, KRESL

C**#***********ﬂ*#* ?****%***ﬂ**ﬂ*******ﬂ“ﬁ****#ﬁ*#”“**”“* LR L2 2. L X L ¥ XN
IMPLICIT REAL*B(A-H,0-Z)
DIMENSION FIXED(MTOTY)

KRESL=2

1 F{NALGO,
I F{NALGO.
I F{NALGD,
IF{NALGO,
| F{NALGQ.
IF{1ITER.

EQ
EQ
EQ
EQ
£Q
EQ

-1.AND. | INCS,EQ. 1.AND. I 1TER.EQ. 1) KRESL=1
.2} KRESL=1 :

+3.AND, { I ITER.EQ.1.0R.KUNLD.EQ71)) KRESL=1
+L.AND.1INCS.EQ.1.AND, I ITER.EQ. 1) KRESL=1
+4.AND. {1 ITER.EQ.2.0R. KUNLD.EQ. 1)) KRESL=1
.1) RETURN .

00 100 ITOTY = 1,NTOTV
FIXED{ 1TOTV)=0.0

100 CONTINUE
RETURN
END
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. C.2 SUBROUTINE RESIDU (RESIDUAL STRESS)

The role of this subroutine is to evaluate the nodal £forces

statically egquivalent to the stress field in elaste-plastic

conditions by means of the "Initial Stress" method. Detailed

explanations were reported in Sect. 5.8.2.

0001

ogoz2
0003

0004

0005
0006
. 0Qo7
‘ 0oos

0009
0010
0011

0012
0013
0014

0015
0016
0017
0018
0019
0020
0021

0022

a0

SUBROUTINE RESIDU{ASDIS,COORD,EHIST,ELOAD,EPSIV, | ITER, LNODS,
. MATNO, MELEM, MMATS, MPOIN,MTOTG, MTOTV,NCRIT, NDOFN,
NELEM, NEVAB, NGAUS, NMATS, NNODE, NPROP, NSTR1,NSTRE,

NTYPE, POSGP, PROPS, STRSG,WEIGP, VSTOT, KUNLD)
C**********%*ﬂ****ﬂﬂ******ﬂ*ﬂ**ﬂ****ﬂ****#%**ﬂﬂﬁ********ﬂ**ﬂ*#*****ﬁ*#

c
CH### THIS SUBROUTINE REDUCES THE STRESSES 7O THE YIELD SURFACE AND
C EVALUATES THE EQUIVALENT NODAL FORCES

C*****ﬂ'***-Nrﬁ**#******ﬂﬂ*ﬁ***ﬂ***ﬂ**ﬁ*****N-***ﬂ-*****#********#*ﬂ*ﬂ**#**

IMPLICIT REAL®8(A-H,0~2Z)

DIMENS1ON ASDIS{MTOTV), AVECT(4),BMATX(4, 18),CARTD(2, 9},

. COORD(MPOIN, 2}, DEVIA{&4),DERIV(2,9),DESIG(4),

. DMATX( 4, 4), DVECT( L), EHIST{MTOTG, 10), ELCOD(2,9),

. ELDIS(2,9), ELOAD(MELEM, 18}, EPSIV(MTOTG),GPCOD{2,9),
. LNODS(MELEM, 9), POSGP{4), PRESG({4), PROPS{MMATS, NPRQP)
DIMENSION SGTOT(4), SHAPE{9), SIGMA{4), STRAN(4), STRSG{4,MTOTG),

. MATNO( MELEM), WE1GP( &)
ROOT3=1.73205080757
TWOP |=6.283185308

KGAUS=0

KUNLD=0
c .
cH## | 00P OVER ELEMENTS
c

DO 1000 [ELEM=1,NELEM
D0 10 IEVAB=1,HNEVAB ‘ :
10 ELOAD{ IELEM, IEVAB) 0.0 o

C*** READ "ELEMENT PARAMETEBS AND BUILD UP THE ELASTIC MATRIX

LPROP= MATNO(IELEM)
THICK=PROPS{ LPROP; 3}
CALL MODPS( DMATX, LPROP MMATS, NPROP,’NTYPE, PROPS )

<

c

CH## COMPUTE COORDINATE AND INCREMENTAL DISPLACEMENTS OF THE
c ELEMENT NODAL POINTS . :

C -
DO 20 INODE =1,NRODE -
LNODE= | ABS( LNODS{ | ELEM, I NODE ) }
NPOSN=( LNODE-1)*NDOFN
DO 20 [DOFN=1,NDQFN
NPOSN=NPOSH+1
ELCOD( i DOFN, I NODE }=GOORD { LNODE, | DOFR)
20 ELD1S({ IDOFN, I NODE)=ASDIS{NPOSN)
c

C### EVALUATE STRESSES AT GAUSSIAN PTS AND CALCULATE THE EQUIVALENT
C NODAL FORCES
c

KGASP=0
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0023
0024
0025
0026
go27
0028

0629
0030

o003
og3z
0033
0034
0035

0036

0037
0038
0039
0040

oou1

oou2

oou3

0oLy

ooLs
00L&
oouv
ooLs

0049

0050
0051
0052

0053
0054
0055
0056
0057
0058

0059
0060
0061
0062
0063
0064

Do 100 I1GA é/l NGAUS
DO 100 3GAUS=1, NGAUS

£X1SP=POSGP( | GAUS) _ N '
ETASP=POSGP(JGAUS )/ , - . .
KGAUS=KGAUS+] E . . .. .
KGASP=KGASP+1 . _ g : , )
c : :
C### EVALUATE FAOM THE CALCULATED STRAIN THE STRESS INCREMENT, -
c THE |NVARLANTS ASSUMING L1NEAR: ELASTIC RESPONSE
G .
CALL SFR2(DER1V, ETASP, EX|SP, NNODE, SHAPE) :
CALL JACOB2(CARTD, DER IV, DJACB, ELCOD, GFCOD, 1 ELEM, KGASP,

. NNODE, SHAPE)
OVvOLU= DJACB*HEIGP(ICAUS)*HEIGP(JGAUS)
{F(NTYPE.EQ.3) DVOLU=DVYOLU*TWOPRI*GPCOD( 1, KGASP} ' *
T, IF(THICK.NE.0.0) DVOLU=DVOLU*THICK
CALL BMATPS(BMATX,CARTD, NNODE, SHAPE, GPCOD, NTYPE, KGASP)
CALL LINEAR(CARTD, DEPSV DMATX, ELDIS, LPROP, MMATS, NDOFN, NNODE, NPROP,

NSTRE, NTYPE PROPS, STRAN, DESIG KGASP, GPCOD SHAPE)
EPSIV(KGAUS) EPSIV(KGAUS)+DEPSV

c
CH*#* FYALUATE THE TOTAL STRESS SIGMA
C .

DO 30 ISTR1=1,NSTR1

PRESG({ ISTR1)=STR5G( ISTR1, KGAUS )" -
30 SIGMA(ISTR1)-PRESG(ISTR1)+DESIG(ISTRT

VSTOT=EHIST( KGAUS,5)

C N
CH#% CHECK |F PLASTICITY HAS OCCURED AND EVENTBALLY CALCULATE y;'
Cc THE RESIDUAL STRESSES

C

CALL PLASTC[DEPSY,DESIG, DVSPE - EH[ST ESCUR 11 TER, KGAUS,
. KUNLD, LPROP,MMATS, MSTEP, MTOTG, NCRI T, NMATS,
. NPROP,NSTR1, PRESG, PROPS SGTOT, SIGHA
. STRES, VSTOT, YIELD)

EHIST{ KGAUS, 7)=ESCUR ) -
IF{ESCUR.LE.Q.OR.KUNLD.EQ.1) GO TO 50

c - o ST
CH##* CONSIDER THE ELASTO~PLASTIC -EQUILIBRIUM
c

CALL ELPLAS{DESIG,DVSPE, EHIST, KGAUS, LPROP, MMATS,

. MSTEP,MTOTG, NCR T, NPROP, NSTRE, NSTR1, NTYPE, -

: PRESG, PROPS, SGTOT, VSTOT, Y IELD] - :

DO 4O ISTR1=1,NSTR1

STRSG( i STR1, KGAUS)=SGTOT( ISTR1)

40 CONTINUE

GO TG 70 .
C »
C**% CONSIDER STRESS PATH FOUND INSIDE YIELD SURFAGE
c

-~

50 DO 60 1STR1=1,NSTR1 S i . R

STRSG( I STR1, KGAUS)=STRSG({ I STR1, KGAUS)+DESIG(ISTR1)
60 CONTINUE )
EHIST( KGAUS,5)=(1. +DEPSV)*EHIST(KGAUS 5) . . : : .
c
C### CALCULATE THE EQUIVALENT NODAL FORCES AND ASSOCIATE WITH THE -
C ELEMENT NODES -
c .
70 MGASH=0 . : {
DO 90 INODE=1, NNODE - .o *
DO 80 IDOFN=1,NDOFN S
MGASH=MGASH+1 e
DO 80 ISTRE=1,NSTRE
ELOAD{ | ELEM,MGASH)=ELOAD( | ELEM, MGASH)+BMATX(ISTRE MGASH ) *
.STRSG{ I STRE, KGAUS } *DVOLU -
80 CONTINUE : '
90 CONTINUE
100 CONT|NUE
1000 CONTINUE
RETURN
END



C.3 SUBROUTINE SETCO (SET COEEFICIENT)

It is coﬁvenient to convert into coefficients -repetitive
groups of calculations, once and for all at the beginning of
the program, before any major computation starts.

Following this line of thought, Subroutine SETdO has beén
written in oxrder to transfer all th coefficienés to the
afray of inatgrial property éROPS; The balance lof excess
stressés involves many calculation loops énd‘by adopting the
. proposed strategy, ' computer timq; may'.be ~in some sense

reduced. _,. -

The contents of PROPS are presented in Table C1 for

clarity. _ .

Step. '

a Evaluate squate root of 3

5 ] . Loop over total-number of materials, NMATS.

6' - g8 . SéF up cochesion c, internal»friction angles
¢a and &b-ln radians. _ {“

9 - 15 Consequently compute Cos .. Sin ¢_, Sin ¢,
c Cos¢a and transfer values to
PROPS(LPROP, 14), PROPS(LPROP,15),
PROPS(LPROP,16)£ PROPS(LPROP, 17) »
respectively . for later use. o

16 - 22 + Define parameters N, My, M; and'n for Drucker- .
Prager limiting surface gqcording to Tables 5.4.
For Mohr-Coulomb limiting surface calculate
n/(My * Ms) and transfer to PROPS(LPROP,8) and
PROPS (LPROP, 1B) respectively for later. use.

26 - 39 For Drucker-Prager~limiting surface calgoulate a,b,d,

g, 4 as given in Table 5.4 and transfer to PROPS
{LPROP, 18) to PROPS(LPROP,22) for latter use.
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TABLE C1

Property and stress history allocations
~
PROPERTY ALLOCATION.
PROPS (NUMAT, 1)/ Young's modulus, . E
........ .... 2) Poisson rat;o B ‘ '{,
....... . 3) thickness ' ‘ ot
............ 4) density \\f’///(/ ) P
............ 5) vyield stress o | | oy
.......... . B) Friction angle in comp:ession;. ¢a
............ 7) Eriction angle in extension ¢b
............ 8) Semi-axes ratio  ' 4 n
e 9) Slope of normal copsolid;tion line A
St e e 10) .Slope of”ovérconsolidation lipe‘ X
e 11) permeability in x direction Kx
............ 12) e Y e Ky TEPSA
............ 13y L Z e Ké
e 14) ‘éin &
............ 15) cgs ¢
e e 161 sin!&b
............. 17) 2¢c or 2c cos ¢ .
ceiee.....1. 18) ACOEF.. ° j ) a ; T
............ 19) BCOEF | L b
. _ . .
e 20) DCOEF o d :
o .o....l..00 21y ookt g
P . 22) ABAR s
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'EHIST (KGAUS,

.............
.............

..............

STRESS HISTORY ALLOCATION.

1)

p-cocrdinate of ellipse centre

major semi-axis of ellipse

effective pressure or major axis

of ellipse

specific volume

hardening parameter

Escursion (measure of ekcess.
stress beyond yield)

Indicator for determining region
where stress point is found (over
consolidated/normally consolidated)

Indicator for change of region.

IOVCO

277

l critical state reached
from N.C. region.

2 critical state reached
from super-consolidated
region.

ESCUR

ICRIT

IOVCO



0001

0002

0003

ooohL

0005
0006
0007
0008

000%
0010
0011
0g12
0013
0014
0015
0016

0017
0018
0019
0020
0021
0022

0023
0024
0025

o026

0027
0028
0029
0030
oo
0032

0033
0034

0035
0036
Q037
0038

0039
QoLO

0041

C
c . .
SUBROUT INE SETCO({MMATS, NCRET, NMATS, NPROP, PROPS)

CHH AT AR T I A B M 1030 30 1 0 0 99 19 30 3000 96 0
c .

C SET COEFFICIENT OF THE BURLAND ELLIPSE FOR LATER USE
c

E)

CH BN ST H BRI 64 00 00 S 11 H B B 3 9 009
IMPLICIT REAL*B(A-H,0-2)
DIMENSION PROPS{MMATS, NPROPY)
C B
CH*#*L00OP OVER ALL DIFFERENT MATERIAL
c

ROOT3=1.73205080757

D0 10 LPROP=1,NMATS : *
COHES=PROPS(LPROP,5) ’
PHIRA=PROPS(LPROP,6)/57.29577951

PHiIRB=PROPS({LPROP,7)/57.29577951

SINPH=DSIN{ PHIRA) ) ,
COSPH=DCOS{ PHIRA] .

SINPB=DSIN{ PHIRB)

PROPS(LPROP, 14)=SINPH

PROPS[ LPROP, 15)=COSPH

PROPS(LPROP, 16)=SINPB

TF(NCRIT.EQ.1.0R.NCRIT.EQ.2) PROPS{LPROP,17)=2,*COHES
[F{NCRIT.EQ.3.0R,NCRIT,.EQ.4) PROPS{LPROP, 17)=COHES*COSPH

DENOM=(3.0-SINPH)/2.0
CINTE=3.,0"*COSPH*COHES/DENOM
FINC1=3,0"*SINPH/DENOM
DENOM=(3.0-SINPB)/2.0
FINC2=3.0*SINPB/DENOM

RAT I0O=PROPS{LPROP, 8)

c

1

IF(NCRIT.EQ.2.0R.NCRIT.EQ.U4) GO TO 20

- PROPS({LPROP, 8 )=RATI0/( FiNC1+F INC2)
PROPS({ LPROP, 18 )=F INC1~-F I NC2
GO TO 10 o . . .

c . c

CH*#RESERVED FOR BURLAND W!TH DRUKER-PRAGER

C

20 RATI2=RATIO%RATIO

ACOEF=RATIO*{ FINC1-FINC2}/
BCOEF=2.0*RATI0/({ FINCI1+FIN
DCOEF=CINTE/FINCT
GCOEF=DCOEF/({1.0+BCOEF )
ABARR=BCOEF*BCOEF+ACOEF*ACOEF/RAT 12-1.0

F

{ FINC1+FINC2)
cz2) .

PROPS(LPROP,8) =RATIO
PROPS(LPROP, 18) =ACOEF

PROPS( LPROP,19) =BCOEF
PROPS( LPROP, 20 )=DCOEF
PROPS(LPROP, 21 )}=GCOEF
PROPS{ LPROP,22)=ABARR

10 CONTINUE

RETURN
END
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C.4 SUBROUTINE PREVOS (PREVIQUS STRESS)

This

subroutine reads ﬁhe initial stresses go and the

initial position of the yield surface.

Step

10 -

35

14

25

34

Rewind disk file ©

Evaluate 2

Read the type of initial stresses to be read.
ISOPT = 1 for nodal stresses, ISOPT = 1 for .
Gaussian stresses. ’

Alsc read the disk file ITAPE where initial
stresses are to be read. :

Set ITAPE equal to 5 as card reader by default.
Read -the nodal stresses 05, oy Ug and 1°_ for

I ’

all points of the structure if ISOPT = pkitd

) . : . ) [a]
Else, read the initial stresses co, oo, g%, , Txy at
z .

all the Gauss integration points.x

Read EHIST at each Gauss integration point:

'EHIST describes the previous stress-history

of the material (i.e its yield function)
of each Gauss integratiocn point.

EHIST (KGAUS, 1).

o
n ( . . , 2)- B .
" (KGAUS, 3). h
" {KGAUS, 4). %
" (KGAUS, '5). b

KGAUS: current 1ntegratlon point.

Initialize the counter KGAUS which ranges from
1 to NGAUS * NGAUS * NELEM, the total number
of Gauss points.

Enter the loop over each element in the structure
and identify the material property of the current

_element

Identify the thickness of the element and store
the current element ccordinates in array ELCOD
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68

43 - 49

50 - 51

52 - 56

57 - 59

60

61 -67
69

for convenient use later on.

Set KGASP to ZERO. KGASP ranges fromnl to NGAUS.
Then enter the loop on Gauss points and identify
the coordinates E, n of the current point.

Evaluate the shape, functions S and their

derivatives °%%; , 984 at current Gauss point
9E an
as well as the Jacobian matrix and cartesian
derivatives 2s, aSi or 3s; , 3s,
% 3y ST 3z

Transform the initial stress at nedes into
values at Gauss points.

Compute DVOLU = df. According to the type of

problem (axisymmetric plane strain or plane
stress.) : :

Call Subroutine BMATPS for the evaluation c¢f the
strain-displacement matrix B.

Integrate the initial stresses to give the
equivalent nodal load TLOAD.

End the loops on Gauss point and elements.
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0001 SUBROUTINE PREVOS(COORD, EHIST, LNODS, MATNO, MELEM, MEVAB, MMATS,
. MPOIN,MTOTC, NDIME, NOOFHN, NELEM, NEVAB, NCAUS,
NNODE, NPROP,NSTR1,NSTRE, NTYPE, POSGP, PROPS,

STRND, STRIN, TLOAD, HEIGP)

C**h#ﬁ*****ﬂ'ﬂ'OH‘*ﬂ'ﬂ'**ﬁ***ﬂﬁ'***ﬂ'**ﬁ*ﬂﬂ******ﬂ#**#****-ﬁ*ﬂ*ﬁ*ﬂ'ﬁﬂ'%*ﬂ'ﬂ»ﬂ'**ﬂ*ﬂ'

c
. CH### READS THE INITIAL STRESSES
- C

C************ﬂ#ﬂﬂ***“ﬂ***ﬂ'**'»***ﬂ'***********************ﬂ*ﬂ*ﬂ**ﬂ******
0002 IMPLICIT REAL*8{A-H,0-Z) . '
0003 DIMENSION BMATX{4,18),CARTD(2,9),COORD(MPOIN,2),DERIV(2,9]),

. . EHIST(MTOTG, 10), ELCOD(2,9),GPCOD(2,9), LNODS(MELEM, 9),
MATNO(MELEM), PROPS{MMATS, NPROP), POSGP(4),
SHAPE(9), STRIN{&,MTOTG), STRND{MPOIN, &),
TLOAD{MELEM, MEVAB),WEIGP(UL Y

0004 "~ "REWIND 9
0005 TWOPI=6.283185308

o] ‘ : . .

. CH## 1SOPT=1 ,NODAL STRESSES, 1S0PT=0 GAUSSIAN STRESSES

C .
0006 - READ(5,900} 1S0PT, ITAPE
0007 900 FORMAT(215})
0008 IF{1TAPE.EQ.0) ITAPE=5
0009 IF{ISOPT.EQ.0}) GO TO 20

C.

C### READ THE INITIAL NODAL STRESSES

c
0010 DO 10 IPOIN=1,NPOIN
0011 READ{ | TAPE, 901) (STRND(IPOI STR1), ISTR1=1,NSTR1)
0012 10 WRITE{6,901} (STRND{IPOIN, 1), 15TR1=1,NSTR1)
0013 901 FORMAT(4E15.6) ‘

c
0014 GO TO 25

C

C### READ THE INITIAL STRESSES

. C .

0019 20 WRITE(6,905) .
0016 905 FORMAT(//2X, cAuss PT.',"' X-STRESS',' Y-STRESS',' XY-STRESS',.
. ' Z-STRESS',/)
0017 "KGAUS=0
0018 . 0O 100 ELEM=1,NELEM
0019 ' DO 100 1GAUS=1, NGAUS
0020 . DO 100 JGAUS=1, NGAUS
0021 - KGAUS=KGAUS+
0022 READ( ITAPE,910) KELGS,{STRIN(ISTR1,KGAUS), ISTRI1=1,NSTR1}
o023 WRITE{6,910)} KELGS, (STRIN{ISTR1,KGAUS),ISTR1=1,NSTR1}
0024 100 CONTINUE
002% 910 FORMAT{15,2X,BE14.6)

c .
CH## READ THE STRESS HISTORY : 1= ALPHA, 2= BETAS, 3= HAPAR, u= PE.

“n



0026
0027
0028
0029
0030

0031

go32
0033
003L

0035
- 0036
0037
0038
0039
0040
.oou

oon2 .

0043

004l
0045
ooL6”
oou7v
oous
0049

0050

0051

0052

0053
0054
0055

0056

0057
00658
0059
0060

0061
0062
0063
0064
0065
0066

0067
0068
0069
0070
oo

25

105

200
c

C##* ENTER LOOP FOR AREA NUMER|CAL
C . .

CHna
C

c
CH*#% CALCULATE GAUSSIAN STRESSES
¢ .

120

5

c

KGALS=0

DO 105 JELEM=1,NELEM
DO 105 I1GAUS=1,NGAUS

DO 105 JGAUS=

KGAUSSKGAYS+1

READ( ITAPE,910) KELGS, (EHIST({KGAUS,
’ EHIST(KGAUS 5)

1,NGAUS

| PROP)Y, | PROP=1, 3},

'EHIST(KGAUS 4)= EH!ST(KGAUS 2)+EHIST( KGAUS, 3}
WRITE(6,910} KELGS (EHIST{KGAUS, | PROP), | PROP=T, 5)

CONTINUE
KGAUS=0

DO 1000 |ELEM=1,NELEM

LPROP=MATNO{ |

ELEM)

THICK=PROPS{ LPROP, 3)

DO 200 INODE =1,NNODE
ELEM, INODE)

LNODE=LNODS( !

DO 200 IDIME=

1,NDIME

ELCOD(IDIME,]NODE)=COORD(LNODE,IDIMEj

KGASP=0

DQ 270 IGAUS=
DO 270 JGAUS=

KGASP=KGASP+1
KGAUS=KGAUS+1

1,NGAUS
1,NGAUS

EX1SP=POSGP( I GAUS)
ETASP=POSGP(JGAUS)

INTEGRATION

EVALUATE THE SHAPE FUNCTIONS AT THE SAMPLING POINTS,
ELEMENTAL VOLUME AND CARTESIAN DERIVATIVES

CALL SFRZ2(DERIV, ETASP EX)SP, NNODE, SHAPE)
CALL JACOBZ(CARTD, DERIV DJACB ELCOD GPCQD,

NNODE , SHAPE )
|F( ISOPT.EQ.0) GO TO 3%

DO 120 ISTR1=1,NSTR1

B0 120 INODE=

LNODE=LNODS( |

1, NNODE

ELEM, INODE)
STRIN(KGAUS, 1STR1 }=STRIN{ KGAUS,

STRND{ LNODE, |NQDE)

DVOLU=DJACB*WE IGP( | GAUS ) *WE I GP[ JGAUS)
IF{NTYPE.EQ.3) DVOLU=DVOLU*TWOPI*GPCOD{1,KGASP)
IF{THICK.NE.O.0) DVOLU=DVOLU*THICK

1

1 ELEM, KGASP,

ISTR1)+SHAPE( INODE)*

CALL BMATPS({BMATX,CARTD, NNOGE, SHAPE,GPCOD,NTYPE, KGASP)

C### CALCULATE THE EQUIVALENT NODAL FORbES DUE TO INITIAL STRESSES
c . . .

160

150
270
1000

MGASH=0

DO 150 INQDE=
DO 160 IDOFH=

MGASH=MGASH+1

DO 160 |ISTRE=
.STRIN{ ISTRE, KGAUS ) *DvOLU

1, NNODE

1, NDOFN
1,NSTRE

TLOAD( | ELEM, MGASH )=TLOAD{ | ELEM, MCASH } +BMATX( | STRE,MGASH }*

CONTINUE
CONT INUE
CONTINUE "
RETURN
END
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c.5 SUBROUTINE PORMTX (PORE MATRIX) .
'This. sﬁbrputine gvaluateg_ the C-matrix’ as given in "Eqg.
5:l7c. This.iattgr mafrix when.poSt;multiplied by the arféf
“of pore pressures, represents the load contribution of the

~ fluid phases, in the effective stress analysis.

Step
a - 7 Set up the Kronecker array @ namea as DELTA.
g8 Calculate the strain-displacement matrix B at the
- currént Gauss integration point by means of the
standard 3Subroutine BMATPS.
e - 12 - First calculate the preduct B * @, then multiply

by the shape function before integration over
- DVOLU (Eg. 5.17c); DVOLU takes different forms
according to the conditions of plane stress, .

plane strain and axial symmetry.
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0001 .

0002
0003

0004 -

0005
0006
coo7

0008

000%
0010

0011
0012

0013
001G
0015

0016
0017

c
c

SUBROUTINE PORMTX(CARTOD,CMATX, DVOLU, GPCOD, KGASP,MMATS, R
NEVAB, NNODE NSTRE, NTYPE SHAPE)

C***%***#**H*ﬂ*ﬁ***ﬂ***ﬂ*****ﬂ***ﬂ***ﬂ*ﬂ**ﬂ****#*****************ﬁ*ﬂﬂ*ﬁ*

c
CHHH#
c

EVALUATES THE CMATRIX

C**ﬂ-ﬂ'k****#**ﬂﬂ'ﬂ'***ﬂ****ﬂ'********#ﬂﬂ***ﬁ*ﬂ**ﬂ'**ﬁ'***h**************ﬁ**ﬂ'ﬁﬁ

CH##

Cﬂﬂ-*

c

20
C

30
c

10
c .

IMPLICIT REAL™8(A~H,0-2Z)

DIMENSION BTM(18),BMATX(4,18),CARTD(2,9),CHMATX(18,9),DELTA(4),

GPCOD(2,9), SHAPE(9)
SET UP MDELTA MATRIX

DELTA(1
DELTA{2
DELTA{3
DELTA{L

et S e

EVALUATE BTH MATRIX AT GAUSSIAN POINT
CALL BMATPS[BMATX, CARTD, NNODE, SHAPE, GPCOD, NTYPE, KGASP) .

c .
, CH## EVALUATE CHMATX
c

DO 10 1EVAB=1,NEVAB.
BTM( |EVAB)=0.0

DO 20 ISTRE=1,NSTRE
BTM( | EVAB)=BTM( | EVAB)}+BMATX({ I STRE, | EVAB)*DELTA({ I STRE)

DO 30 INODE=1,NNODE

CMATX( | EVAB, | NODE )=CMATX( | EVAB, | NODE }+BTM{ | EVAB)*SHAPE( 1NODE ) *

ovoLu
CONTINUE

RETURN
END



c.6 SUBROUTINE PLASTC (PLASTIC)

The role of this subroutiné_is to determine the intersection

+

of the stress vector with the yield surface.

Step

11
12
13
12 -
17 -
21 -

24

25

33

16

20

23

32

Establish the function

2
£ = [(prp)? + (9T 1/
4 0

for later evaluation at different stress points.

Set working yield function coefficients a, B, h, n
as defined earlier. \\

'Establisﬁ'square root of 3 and set REDUC to one

(r = 1).

Calculate the invariants p, g, 0 associated with
previous stress point Tnel”

Calculate the semi-axes ratio n, function of 6,
for Mohr-Couleomb limiting surface.

~

P

Compute function £ defined in step 4 at stress
point gi 1"

Repeat the calculations in stepé 11-13 at current
stress point g -

Check if the current Gauss point was previously
elastic. If yield had already occured go to 10.

If the Gauss point was previously elastic, check
to see if it has yielded during this iteration.

For the Gauss point which is still elastic during
the curren@‘iteration,-go back to calling

subroutine.

If the Gauss point is yielding, call Subroutine
FACTOR to calculate reduction factor r.

Check to see if a Gauss point which had previously
vielded is undergoing unloading. If yes, return to
calling subroutine.

Otherwise set r= 0.
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34

37

41

az-

46

48

Jé

40

45

47

Calculate the number of balancing steps MSTEP.
Truncate MSTEP to 500 in case it issgreater.

Define RFACT as (1-REDUC)

e
Evaluate g =90 .+ 4y~ and store in array SGTOT

and calculate s/m 23° and store in ‘array DESIG.

Compute the current specific volume and
according to

]

— N .
vy (1 rdsv) Vi

1

(1-1) dev!v = g dev-vi_l

dv (=1

Go back to calling subréutine for the first
iteration of balancing process.
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0001

oooz
0003

0004

0005
0006
0007
0008
0009
0010

0011
0012

0013
0014
0015

00186

0017
0018
0019
0020
o021
ooz2
0023
o024

0025

an

] e

SUBROUT INE PLASTC(DEPSV,DESIG,DVSPE,EHIST, ESCUR, | ITER, KGAUS,

. KUKLD, LPROP, MMATS ,MSTEP,MTOTG,NCRIT, NMATS,
NPROP,NSTR1, PRESG, PROPS, SGTOT SIGMA,
STRES, VSTOT, YIELD)

C***************ﬂ*ﬂ%********ﬁ*ﬂ****ﬂ**H***“#*****ﬂﬂ***ﬂ***********ﬁ*****

C
C

c**ﬁ

CALCULATES THE REDUCTION FACTOR

-C***********ﬂ****ﬂﬂ******“*##***ﬂ**“#***ﬂ**ﬂ%**ﬂ“***********ﬁ*ﬂ*****ﬁ***

IMPLICIT REAL*B({A-H,0~Z)

DIMENSION DESIG(4), EHIST{MTOTG, 10}, PREDV( 4},

. _PRESG[4), PROPS{MMATS, NPROP), S1GDV(4), SIGMA(M),.

SGTOT(4)

" FUNCT( PMEAN, STEFF, ALPHA, BETAS,RATI0)=D RT{ ( PMEAN+BETAS ) ##2+
((1.73205080757#STEFF-ALPHA)/RATIO)*%2)

" ALPHA=EH | ST{ KGAUS, 1)

BETAS=EH|ST(KGAUS,2)

PREYS=EH | ST{KGAUS, 3)

RAT | 0=PROPS({ LPROP,8)

ROOT3=1.73205080757

REDUC=1.0

CALCULATE THE EhUIVALENT PRESSURE FOR PREVIOUS & CURRENT STRESS.

CALL INVAR({PREDV,LPROP,MMATS, NCRIT,NPROP, PROPS,
. PRESF, PRESG, THETA, PREMN, PREJ2, PREJ3,YIELD}
IF(NCRIT.EQ.3)
.CALL POTEN{ALPHA, PREBE,DEFEH, EFFST, HARDS, HPARA, 3, KGAUS,
. LPROP,MMATS,NCRIT, NPROP, PROPS, PREQU, PREMN
. PRESF, THETA, VSTOT)
EFFST=FUNCT(PREMN,PRESF,ALPHA,BETAS,RATlO)

CALL INVAR(SIGDV, LPROP,MMATS, NCRIT,NPROP, PROPS,
. SIGSF, SIGMA, THETA,S1GMN, S1GJ2,51GJ3,YIELD)
IF(NCRIT,.EQ.3)
.CALL POTEN{ALPHA,BETAS,DEFEH, SIGYS,HARDS, HPARA, 3, KGAUS,
. LPROP,MMATS, NCRIT, NPROP, PROPS, SIGQU SIGMN

. SIGSF, THETA, VSTOT)

SIGYS=FUNCT(SIGMN SIGSF ALPHA,BETAS,RATIO)

ESPRE=EFFST-PREYS
DESPR=DABS| ESPRE}
|F{DESPR.LT.1.E-5) ESPRE=0.0
iF(ESPRE.GE.O.) GO TO 10
ESCUR=51GYS-PREYS
DESCU=DABS( ESCUR)
'F{(DESCU.LT.1.E-5) ESCUR=0.0
IF{ESCUR.LE.O.} RETURN

]

CALL FACTOR({DESIG, EHIST,KGAUS, LPROP,MMATS, MTOTG, NCRIT, NPROP,
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0026

0027
0028
0029
0030
0031
0032

0033

0034
0035
0036

0037

0038
0039
o040
oo4s

oo4z2
pou3
004y
0045

0046
0047

oous’

ooug

0050
0051

- -

PREDV, PREMN, PREJ2, PREJ3, PROPS, REDUC)

GO TO 30
- Cc
10 ESCUR=SIGYS-EFFST
DESCU=DABS{ ESCUR)
FF(DESCU.LT.1.E~5} ESCUR=0.0
IF(ESCUR.GT.0,) GO TO 20
KUNLD=1
RETURN , : N
C

20. REDUC=0.0

c .
C### REDUCE THE STRESS ON THE YIELD SURFACE
C .

c .

30 DENOM=PREYS ’ ~ '
IF(DENCM,EQ.O0.) DENOM=SI1GYS T
MSTEP=ESCUR*6.0/DENOM+6
IF{MSTEP.LT.500) GO 70 35
WRITE({6,905) KGAUS

_ 905 FORMAT(3X,' MSTEP AT GAUSS PT ', 15," TRUNCATED_TO 500';/)
MSTEP=500 ’ .
35 RFACT=1.-REDUC )
c
DO 40 ISTRI=1,NSTR1 . .
SGTOT( ISTR1)=PRESG( ISTR1)+REDUCHDESIG( 15TR1) -
?PDESIG{ ISTR1)=RFACT*DESIG{ iSTR1) -
b0 CONTINUE
c
VSTOT=( 1.+REDUC*DEPSV )*EH| ST{ KGAUS,5) .
DVSPE=RFACT#DEPSV*EHIST{ KGAUS, 5) - -
ILF{1ITER.GT.1) RETURN .o
c . ’
EHIST( KGAUS, 9)=1
cccccocccceee
C

CH##* EHIST(..,9) CONTROLS UPDATING ELLIPSE'S PARAMETER I[N SUB. POTENTIAL
c "TO BE STUDIED... FEB.6 85

o] TMEAN==(SGTOT(1)+SGTOT(2)+SGTOT(4))/3.
c TESTC=TMEAN-EHIST( KGAUS, 2)
o IF{TESTC.LE.0.0) EHIST{KGCAUS,9)=2
ccceceececceee -
RETURN
END
P
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'C 7 SUBROUTINE POTEN (POTENTIAL FUNCTION)

__The yleld surface composed of "a Mohr-Coulmﬁa or Drucker-
Prager surface comblned with a Cam clay cap has to be
updated ‘during the process of plastic deformation.

This subreoutine, thesefore, calculates the ellipse that
saéisfies, for a 'given limiting surface (Mohr-Coulomb or
Drucker-Pfaqer), the current stress point (b,q) in a p-gq
‘plot, Fig. 5.4. Also, the plastic modulus A is caiculated.as

S i

‘in Egs. 5.41. It is noted that all pertaining equations are

o

reported in Table 5.4.

Step

4 Compute square root of 3. . -

5 - 12 : Recover from array PROPS constant parameters n,
b, d, g, a prior to calculation of the ellipse for
DruckerePrager-limitiag surface.

14 - 17 - Recover from array PROPS cohesicn ¢, sin ¢_, cos é

: and sin oy - ¢, and ¢, are the internal friction
angle in compression and extension respectively
" for Mohr-Coulomb 1imiting surface
18 - 22 Calculate slopes M, and M, of the Mohr-Ceoulomb
L limiting lines, Eg. 5.40.f in”Table 5.4.
23 - Calculate the ratio. n of the elllpse semi-axes
B : as- in Eg. 5.40c. .

. - . . -7 \\

24 7 Return to the calling program if ITEST = 3, in

: " which case only the ratio n is being calculated. -

25 - 30 " Define parameters a, b, d, g, 4 as in Table 5.4

: - for Mohr-Coulomb limiting surface. '
31 - 32 calculate invariant a fromiﬁhe second deviatoric
' invariant J, as /3.} , and b.
33 ~, Calculate the plastic medulus A in case ITEST =

e
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34

35

44

48

50

52

- 43

- &7

- 49

- 58

0001

0002
0003
0004
0005

0006
0007
0008
0009
0010
0011
0012
0013

0014
0015
0016
0017

0018
0019
o020
0021
o022

0023
0024
0025
0026
go2v
0028
0029
0030

Compute €

Calculate
5.40g and

In case h
print out

Calculate

according to Eg. 5.40k.

the major semi-axis h according to Egq.
5.40h following the value of a.

is negative, stop the calculation and
the Gauss point at which this occurs.

accordingly the coordinates o« and 8§ of

the ellipse, Eg. 5.40 b

Return to

the call program if ITEST= Q, i.e. only

the ellipse parameters need to be calculated.

Cafculate
5.41.

OO

the plastic modulus A according to Eqg.

4

SUBROUTINE POTEN{ALPHA,BETAS, DEFEH, EMEAN, HARDS, HPARA, | TEST, KGAUS,

L

LPROP,MMATS,NCRIT,NPROP, PROPS, QINVA, SMEAN,
STEFF, THETA VSTOT)

. _.C***********#*****ﬁ**#“*****ﬂ****“*”******%*“*****ﬂ“**ﬂ*#ﬁ##-ﬂ-*ﬂ*ﬂ* HAHHHH

CALCULATES THE ASSOCIATED,ﬁLLIPSE PARAMETERS

ITEST=1 CALCULATE ELLIPSE PARAMETERS AND HARDENING PARAMETER
ITEST=2 CALCULATE HARDENING PARAMETER ONLY
ITEST=3 CALCULATE RAT!IO ONLY

c
c
c
c ITEST=0 CALCULATE ELLIPSE PARAMETERS ONLY
c
c
c
c

HH U B S T R B e

IMPLICIT REAL*8(A-H,0-2Z) :
DIMENSION PROPS{MMATS, NPROP)
ROOT3=1.73205080757 -
IF(NCRIT.EQ.3)G0O TO 10

c
C### READ DIRECTLY THE ELLIPSE COEFICIENT WICH ARE CONSTNT R DRUKER-PRAG
c

RAT |0=PROPS( LPROP, &)
RATI2=RATIQ*RATIO

ACOEF=PROPS( LPROP, 18)
BCGOEF=PROPS(LPROP, 19}
DCOEF=PROPS({ LPROP, 20}
GCOEF=PROPS({LPROP,21)
ABARR= PROPS(LPROP 22)

GO TO 20
c

CH#% RESERVED ONLY FOR MOHR COULOMB Tt
c h

i

10 COHES=PROPS({LPROP,5)
S|INPH=PROPS( LPROP, 14
COSPH= PROPS(LPROP,15) . r
SINPB=PROPS{LPROP,16) ’

DENOM= POOTS“DCOS(THETA)-SINPH*DSIN(THETA)'

CINTE=3.0*COSPH*COHES/DENOM
FINC1=3,0"SINPH/DENOM 7
DENOM=ROOT3*DCOS{ THETA)=SINPB*DSIN{ THETA)
FINC2=3.0%#S{NPB/DENOM

RATIO=PROPS{LPROP,B8)*(2. “FINC1-PROPS(LPROP 18) )
VF{ITEST.EQ.3}) RETURN )
RATIZ2=RATIO*RATIO

ACOEF=RATIO*( FINCI=-FINC2)/
BCOEF=2,0%*RATIO/( FINCI+FIN

[F IN 1+FINC2)
ce)

DCOEF=CINTE/FINC1
GCOEF=DCOEF/(1.0+BCOEF)

ABARR=8COEF“BCOEF+ACOEF*ACOEF/RATI2-1.0
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0031
0032

0033

003
0035
0036
0037
0038
0039
0040
0041
00u2
0043
0041
0045
004&

oou7

.oo4s
0049
0050

0051
o052
0053
0054
0035
0056

0057
0058

G

CH*#% [N COMMON FOR BOTH LIMITING SURFACE
c
20 QINVA=ROOT3I#STEFF
BBARR=0 | NVA*ACOEF /RAT | 2= ( SMEAN-DCOEF ) *BCOEF
C
. IF{ITEST.EQ.2) GO TO 40
c
CBARR=Q | NVA*QINVA/RAT | 2+ SMEAN-DCOEF ) *{ SMEAN-DCOEF )
ABSOL=DABS{ ABARR)
BBSOL=DABS(BBARR)
| F(ABSOL.LE.1.0E-5.AND,BBSOL.GT. 1.0E-5)HPARA=CBARR/ ( 2*BBARR)
1F(ABSOL.LE.1.0E-5.AND.BBSOL. LE.1.0E-5)HPARA=0.0
[F{ABSOL.LE.1.0E-5) GO TO 30
HPAR1=( BBARR-DSQRT [ BBARR*BBARR~ABARR*CBARR) ) /ABARR
HPAR2=({ BBARR+DSQRT{ BBARR*BBARR-ABARR*CBARR) ) /ABARR
HPARA=HPAR1
"IF{HPARA.LT.Q. JHPARA=HPAR2
IF(HPARA,GT.0.)GC TO 30
WRITE{6,900) HPAR1,HPARZ2, KGAUS
900 FORMAT(3X, 'IMPOSSIBLE ELLIPSE :HPARA < 0. 0’ /,
. ~ THPAR1=",E15.6, 3X, THPAR2=',E15.6,3X, 'GAUSSIAN POINT',15,/)
STOP
30 ALPHA=ACOEF*HPARA
BETAS=BCOEF*HPARA-DCOEF
IF(ITEST.EQ.0) GO TO 50
C
c###* SET WP THE HARDENING PARAMETER AT FIRST- e
c
40 CONTINUE -
HLAMD=PROPS( LPROP, 9)
CHA | S=PROPS[ LPROP, 10)
DEFEH=2.*( ABARR*HPARA~BBARR) —
DEFPI=2.%{ SMEAN+BETAS) /” ~——
HARDS=( HPARA~GCOEF ) *DEFEH*DEFP I #VSTOT/ ( HUAMD-CHALS)
c . .
50 RETURN
END
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C.8 SUBROUTINE FACTOR.

This subroutine calculates the reduction factor r.

-

Step

4 ~Evaluate the increments dsij,dll, dJd, . d Jq qu,tbh“\\
the stress increment do,, by calling Subroutine
INVAR. 1]

5 . Calculate coefficient Z according to Table 5.7..

& - 8 Set up ALPHA BETA and HPARA which represent the
elllpse Darameters

9 - 10 Distinguish between the two failure criteria namely
Mohr-Coulomb and Drucker-Prager, as well as the
case ¢ = 0. (ellipse is symmetric about the p-axis).

11 - 16 Compute coefficients Y, Z, W as given im Table 5.7.

%‘ : )

18 In the event of "quasi- isotroplc function like
the Mohr-Coulomb limiting surface, or when a is
different from zero solve for r- factor
iteratively by using the bisection method

4 (Subroutine BISECT).
19 - 20 For Drucker-Prager limiting surface or in the

simple case a = Q, solve trivially for r using
Eg. 3 in Table 578, '

D



0001

oooz2
0003

cooL
0005

0006
0007
0008
0009
001Q

0011

0012
0013

0014
0015
0016

0017
0018

Q019

- 0020
noz21

C
c

SUBROUTINE FACTOR(DESIG,EHIST, KGAUS, LPROP, MMATS,MTOTG,
NCRIT,NPROP, PREDV, PREMN, PREJ2, PREJ3, PROPS, REDUC)
Cﬁ#*ﬁ***ﬁ****ﬁ*ﬂﬁ%ﬂ*ﬂ**ﬁ*#****ﬁ*ﬂ*ﬂ***»ﬁ**ﬁ*****ﬂ*ﬂ***ﬂ*ﬂ******n******w*
c

c CALCULATES THE REDUCT!ON FACTOR TO BE APPLIED TO DSIGMA IN ORDER TO
c HAVE THE TOTAL S3TRESS ON.THE SURFACE
c -

Cﬁ****“%*********##**% HHAHAE AR R

IMPLICIT "REAL*B8(A-H,0-2)

DIMENSION DESDV(L), DESIG(&) EHIST(MTOTG 10), PREDV(hL),
. PROPS(MMATS NPROP}

c
CH#% SET UP CONSTANT
c
CALL INVAR({ DESDY, LPROP, MMATS,NCRIT, NPROP, PROPS,
. : DESSF,DESIG, THETA, DESMN, DESJ2,DESJ 3, YIELD}

ZCOJ2=PREDV{ 3 }*DESDVT 3 )+0. 5*(PREDV(I)*DESDV(1)+PREDV(2}*DESDV(2)
+PREDV(Q)*DESDV L)

-

ALPHA=EH1ST(KGAUS, 1}
BETAS=EHIST{KGAUS, 2)
‘HPARA=EHI ST KGAUS, 3)
YF(ALPHA.EG.0.AND.NCRIT.EQ.4) GO TO 3~
IF(NCRIT.EQ.4) GO TO 2

ACOJ3=PREDV(1)#PREDV({Z}*DESDV{ 4 )+PREDV( 1)*PREDV(4)*DESDV{2)

. +PREDV( 2 )*PREDV( L )*DESDV( 1)

CCOJ3=2.0*PREDV{u)*PREDV(3)“DESDV(3)+PR£DV(3]“PREDV(3)*DESDV{Q)

DCOJ3=PREDV(1)*DESDOV( 2 ) *DESDV( 4 )+PREDV({2)*DESDV( 1) *DESDV( 4 )+
PREDV( 4 )*DESDV({1)*DESDV(2)

FCOJ3=2. 0*(PREDV(3)*DESDV(4)*DESDV(3))+PREDV(H)*DESDV(3)*DESDV(3)

¥YCOJ3I=ACOJ3I+CCOJ 3 .

WC0J3=DCOJ3I+FCOJ3

LPROP, MMATS RIT,NPROP, PREMN, PREJZ2, PREJZ, PROPS,

2 CALL BISECT[ALPHA, BETASTRESMN DESJ2,DESJ3, DIFLF, HPARA,
. REDUC, WCOJ3 JYEOJ 3 ZCOJ2)

"RETURN
c _
C##% BURLAND FOR ALPHA EQ 0. huo DRUCKER-PRAGER
C

3 CALL\SOLVE(BETAS DESJ2,DESMN,HPARA, LPROP, MMATS NPROP
PREMN, PREJ2, PROPS, REDUC, ZCOJ2, KGAUS)
RETURN

END
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C.9 SUBROUTINE SOLVE

This subroutine calculates the reduction factor r in the

case the equations reduce to ‘the sclution of a quadratic

equation whose coefficients A, B, C are reported in Table

5.8. The following computer statements are self-explanatory. .

0001

0602
0003

0004

0005
0006
Qgov
0008
0009

0010
0011
0012
0013
0014
0015
0016
0017
0018
0019
0020
Qo217
~go22
0023
oozu

C
c

-

SUBROUTINE SOLVE({BETAS,DESJ2, DESMN,HPARA, LPROP, MMATS,
NPROP, PREMN, PREJ2, PROPS, REDUC, 2ZC0J2, KGAUS)

4+
C%***ﬂ**ﬁ**#*****ﬂ***ﬂﬁ”*ﬂ**ﬂ-»*ﬂ-***ﬂ-*“*%**Hﬂ*#*“*ﬂ*ﬁ**********ﬂ*ﬂﬁﬂ*ﬂ***

c
C
C

FINDS REDUC WHENEVER [S AVAILABLE A CLOSED FORM SOLUTION

CHH AR H A1 HE A B P o S I 1 T 4 0

c

 IMPLICIT REAL*8(A-H,0-Z)

DIMENSION PROPS{MMATS, NPROP)

CH**BURLAND IN THE HPS: DRUCKER-PRAGER & ALPHA=0.0
c

500

910
10

RATIO=PROPS( LPROP,8)

RAT I 2=RATIO*RATIQ

PREB2=( PREMN+BETAS}*({ PREMN+BETAS)
ACOEF=DESMN*DESMN+3, *DESJ2/RATI2
BCOEF=DESMN*( PREMN+BETAS)+3,QO*ZCOJ2/RATI2
CCOEF=PREBZ~HPARA*HPARA+3,0*PREJ2/RAT 2

D1 SCR=BCOEF*BCOEF-ACOEF *CCOEF

IF(DISCR.GT.0.0) GO TO 5

WRITE(6,900) KGAUS

FORMAT( 3X, 'NEGATIVE DISCRIMINANT AT GAUSS PT',15)
STOP :
REDUT=(-BCOEF+DSQRT{ BCOEF*BCOEF-ACOEF *CCOEF ) ) /ACOEF
DRED1=DABS(REDU1)

I F(DREDT.LT.0.00001) REDU1=0.0

IF(REDU1,GE.0.OR, REDU1.LE.1.) GO TO 10

WRITE(6,910) REDU1

FORMAT(3X,E15.6, ' ***NEGATIVE REDUGTION FACTOR, CHECK PROG')
STOP

REDUC=REDU1

RETURN &

END



C.10 SdﬁROUTINE BISECT

This subroutine finds the solution of the equation F(x) = 0
by- means of the bisection method. The functi&n F(x) has to
be continuous over a given interval for the iterative
process to gon&erge. A

« The function to be solved isithe yield function F given

by Eqs. 1 and 2 in Table 5.8 where as the interval of study
is [0, 1]. . ; | '

At each step the le?éth of the interval is }eauced by a
factor 2. Generally eachfstep pro@uceé one more accurate
decimal point of the root r of F(p,g,©) = 0. Theréfore, the
solution can be performed to any desired accuracy provided
the fuﬁgéion is continuous, ‘this at the expense of the
'amount of calculations.

For steeply changing funetions, the bisection process may
lead to oscillatory results, thus requiring a larée number
of iterations for convergence. To curtail this problem, the
number of iterations is restricted to 30 whereas the size of
the current bisected interval is limited to 0.0001.

The accuracy of the root is ;ontrollea by RCONV which is
equal to 0.1 in the subroutine. In fact thé accuracy in
finding the root i.e. the reduction factor r need not to be

great because Subroutine BACK c¢an refine the solution by

2 bringing the "drifted" stress on the yield surface.

-

kY
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10

12
14
17
21

27

28

29
3o

33

L]

Set up the convergence criterion RCONV _
and define the solution interval.

Evaluate the vield function F at one extremity
RLEET as TOLLE by calling Subroutine VERIF.

Compare TOLLE with RCONV

If TOLLE is less than RCONV, keep RLEFT as
solution and return to calling subprogram.

Instead, evaluate the yield function F at RIGHT,
the other extremity. . : '

Keep RIGHT as solution and return to calling
subpregram if TOLLE .is less than RCONV.

Else, check for the sign of the product F(RIGHT)#*
F(LEET) to locate.the interval for the next
bisection. -

Establi;h a counter to determine the number of
iterations and restrict it to 30 at most.

Compute the difference DIFRL between the two
extremities of the interval.

Biéect the interval.

Stop the bisection process if DIFRL is less than
0.0001. L :

Evaluate the yield function F. at the point of
bisection and compare with RCONV.

Maintain the bisection process until-convergence
is achieved i.e. F(HALPL) < RCONV. : ‘

‘Call solution as REDUC and return to calling

subprogram.



0001

0002
0003
oooy’
0005
0006
0007

0008
0009
0010
0011,

0012

0013
0014
0015
0016
0017
on18
- 0019
.0020

0021
0022
0023

0024

© 0025

0026
o027
0028 |
0029
0030

0031
0032,

0033
0034
0035
0036
0037
0038
0039 .
ooLo

o041
oou2
o043

o0

<

SUBROUTINE BISECT{ALPHA,BETAS,DESMN, DESJ2,DESJ3,DIFLF,HPARA,

LPROP,MMATS, NCRIT,NPROP, PREMN, PREJ2, PREJ3, PROPS,
REDUC,WCOJ3,YCOJ3, ZCOJ2)

C“*ﬂﬁ-********N**H#****#************ﬁ'*#ﬂ-******ﬂ-ﬂ*#*******ﬂ***ﬂ*ﬂ***#*****

c
C

SOLVES THE EQUATION USING THE BISECTION METHOD

C*Q****%*ﬁ-****#‘H***H%*#***ﬂﬂ*“ﬂ***ﬂ********'N'N-****'H'N-ﬂ'*****ﬂ**ﬂ**#ﬂﬂﬂ*“**ﬂ

10

20

IMPLICIT REAL*8(A-H,0-2)
DIMENSI|ON PROPS(MMATS NPROP.)
RCONVY=0. 1.

RLEFT=0.0

RIGHT=1.0

CALL VERIF(ALPHA,BETAS,DESMN,DESJ2,DESJ3, DIFLF,HPARA,

LPROP,MMATS,NCRIT, NPROP, PREMN, PREJ2, PREJ3, PROPS,
RLEFT,WCOJ3,Y¥C0J3,2C0J2)

" TOLLE=DABS(DIFLF)

I F(TOLLE.GT.RCONV)GO TO 10 ol
REDUC=RLEFT va
RETURN ' R

CALL VERIF{ALPHA,BETAS, DESMN, DESJ2, DESJ3, DI FRG, HPARA,

" LPROP,MMATS,NCRIT, NPROP, PREMN, PREJ2, PREJ3, PROPS,
RIGHT,WC0J3,YC0J3,ZC0J2)

" TOLLE=DABS{DIFRG)

{F{TOLLE.GT.RCONV)GO TO 20
REDUC=RIGHT

RETURN

SIGRT=DIFLF*DIFRG
IF(SIGRT.LT.0.) GO TC 10
REDUC=0.0

RETURN

c
CH##] Q0P OVER BY TRIAL AND ERROR
c

30
4o

950

45

50

100

1COUN=0

1COUN=1COUN+1
I|F{ICOUN.LE.30) GO TO L5
WRITE(6,950)

FORMAT(3X, lNUMBER OF ITERATION EXCEEDED N BISECT',/,

. 3%, 'TRY TO CHANGE THE LOAD INCREMENT',/)

STOP :

D1 FRL=DABS(RIGHT-RLEFT} T

HALPH={ RIGHT+RLEFT) /2.
IF{DIFRL.LT.0.0001} GO TO 100

CALL VER!F(ALPHA,BETAS,DESMN,DESJ2,DESJ3, DI FHA, HPARA,

LPROP,MMATS, NCRIT,NPROP, PREMN, PREJ2, PREJ3, PROPS,
HALPH, WCOJ3,YCOJ3,ZC0J2)

" TOLLE=DABS{O!FHA)

IF(TOLLE.LE.RCORV) GO TO 100

SIGRT=D! FRG*D I FHA
IF(SIGRT.GE.0.) GO TO"50
RLEFT=HALPH

DIFLF=01FHA

GO TO 40

RIGHT=HALPH

DIFRG=DIFHA

GO TO 40

REDUC=HALPH

RETURN
END
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C.11 SUBROUTINE VERIF (VERIEY)
This sUbroutine'evaluetes the yield function F, given P, q.

8, in other words,' checks .if the trial reduction factor

gives a stress state satiéfying the 'yield surface.

Step -
4 ' Evaluate éqﬁefe'root-S
5 - 9 - Establlsh the w0rk1ng parameters ¢, n, sin ¢a'
cos ¢ sln ¢b
10 - 13 'Compute the reduoed invariante-ﬁ, ﬁf
14 'Dlstlnqulsh between Mohr- Coulomb and Drucker-
" Prager llmltlng surface,
15 - 20 : .gheck for the value of J2- If 32 is éero, set
: 6=0, or else calculate G as given-in Table 5.8.
21 - 22 Truncate the valde of sin 30° to 1 to av01d
numerical instabilities.
23 - 28 Calculate M, and'n according to Table 5,5._
29 -~ 32 Compute the value of the yield functlon F as in

Eg. 2 in Table 5.8
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- 0001

gQoQ2
0003
0004
0005
0006
0007
0008
0009
Q010
g0
0012
0013
0014

0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025
0026
0027
00286

0029
0030
0031

0032
0033

oo

SUBROUTINE VERIF{ALPHA,6BETAS,DESMN,DESJ2,DESJI, DIFFE HPARA,
. LPROP, MMATS, NCRIT, NPROP, PREMN, PREJ2, PREJ 3, PROPS,
REDUC WCOJ3,YC0J3, ZCOJ?)

Cﬂ'H'*'H**'ﬂ'**'ﬂ'ﬂ'*H*F**'H‘**ﬂ'**ﬂ****#********ﬂ‘****ﬂﬁ*ﬂ#****ﬂ e
c _
c THIS SUBROUTINE CHECKS IF THE TRIAL REDUCTION SATISFIES THE
c BOUNDARY SURFACE.
g#ﬂ*ﬂﬂﬂ***ﬂ*ﬂ***ﬁ ***N**ﬂ*#H*ﬂ*ﬂ*ﬂ**##.ﬂ*ﬁ****ﬁ*ﬂ* b RN
IMPLICIT REAL*8(A-H,0-Z) _ .
DIMENSION PROPS{MMATS,NPROP)
ROOT3=1,7320580757
COHES=PROPS{ LPROP,5)
RAT | 0=PROPS{ LPROP,8)
SINPH=PROPS( LPROP, 14)
COSPH=PROPS{LPROP, 15}
SINP8=PROPS(LPROP, 16} .
REDC2=REDUC*REDUC
BARMN= PREMN+REDUC*DESHN
BARJ2=( PREJ2+42. O*REDUC*ZCOJ2+REDC2”DESJ2)
BARSF=DSQRT(BARJ2)
IF(NCRIT.EQ.4) GO TQ 10
C .
C*##PART RESERVED FOR MOHMR-COULOMB ,CALCULATES THETA
c

. a

1F{BARJ2,EQ.0.0) GO TO 20
BARJ3=PREJI+REDUCH*YCOJ3+REDC2*WCOJ3+REDCZ*REDUCHDESJ 3
SINT3=-3,0%ROOT3I*BARJ3/ (2. O*BARJ2*BARSF)
GO TOQ 30
20 SINT3=0.0
30 CONTINUE -
IF{SINT3.LT.-1.0}SINT3=-1,0
IF[SINT3.GT.1.0) SINT3=1,0
THETA=DARSIN(SINT3}/3.0
SINTE=DSIN( THETA)
COSTE=DCOS{ THETA}
DENOM=ROOT3*COSTE=-SINPH#SNTE
FINC]=3.0"*SINPH/DENOM
RATIﬁ;PROPS(LPROP,B)*(2.“FINC1-PROPS(LPROP,18))

c
C###CHECK [F THE REDUCED STRESS LIES ON THE SURFACE

c
10 FIRTE=BARMN+BETAS
SECTE={ROOT3I*BARSF-ALPHA)/RAT IO
c
DIFFE=F IRTE*F IRTE+SECTE#SECTE- HPARA*HPAHA
RETURN
END
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C.12 SUBROUTINE ELPLAS (ELASTO-PLASTIC)

The role of this subroutine is to reduce the stress stepwise

on the yield surface.

Step

4 Establish square root 3

5 - 8 Set up working parameters a, g , h., ITEST. ITEST
checks 1f the these parameters need to be up-
dated when calling Subroutine POTEN.

3 - 10 Determine the number of stress components NSTRS

. according to the type of problem.
11 - 12 - Loop over stress reduction steps.
i3 Calculate the stress invariants I,, J,, J, a
. 10 J20 Y3 8t

stress point to be reduced. - \ N

14 o Calculate the specific volume v at current
balancing step according to Eg. 5.49a.

16 - 17 ' Compute flow vector a =.VGF.

18 - 22 Compute dl according to eguation 5.42c. and
store in DLAMB.

23 - 29 Compute « +-E_A0e- dlc (refer to Egs. 5.42)

~n=1 m T~ ~F

and store in SGTOT.

30 End the loop over stress reduction Steps to
finally give the stress point D.

OPTION _Bring back stress-point D on yield surface for
linear elastic perfectly plastic model.

31 - 38 Calculate the updated esllipse parameters
assocliated with balanced stress proint to follow
the hardening or softening process.

]

- 30C -



T

.0omm

ooz
0003

o004
c00%
0006
0007
0008
0009
0010

Qo011 .

0012
0013

0014
0015

0016
0017

-po18
0019
0020
0021
ooz2
0023
oo24
0025
0026
ooz27
o028
0029

0030

2031
oo32

0033
0034
0035
0036
G037
0038

0039
oc40

ao

-

SUBROUT INE ELPLAS{DESIG,DVSPE, EHIST, KGAUS, LPROP, MMATS,
. MSTEP,MTOTGNCRIT, NPROP, NSTRE, NSTR1,NTYPE,
PRESG, PROPS, SGTOT, VSTOT, YIELD)

c*******ﬂ*#***********ﬂﬂ**ﬁ***ﬂ#******ﬁ**ﬂ****ﬁ*ﬁ***ﬂ****ﬂ*****ﬂ********

c
- C
c
c
c
c

REDUCES THE STRESS STEPWISE ON THE SURFACE
"

C.STATE REACHED FROM SUPER C.REGION (EHIST(KGAUS,9)=2)
C.STATE REACHED FROM N.CONSOL.REGION (EHIST{KGAUS,9)=1)

*****ﬂﬁ*ﬁ%*%**ﬂ****ﬂ***ﬂ*ﬂ*ﬁ**“****n*****ﬂ*****ﬂ**********#***ﬂ**ﬂﬂ**H*

IMPLICIT REAL*8(A-H,0-Z) ;
DIMENSION AVECT(4),DESIG(4),DEVIA(4),DVECT{H),
EHIST(MTOTG, 10}, PREDV( 4}, PRESG( 4 ), PROPS{ MMATS, KPROP ),

) SGTOT{4), SIGMA{ L), STRES(L)
ROOT3=1.73205080757

ALPHA=EH I ST KGAUS, 1)

BETAS=EHIST(KGAUS, 2)

HPARA=EH | ST{ KGAUS, 3)

ITEST=EHI ST{ KCAUS, 9)

HSTRS=NSTRE

IF(NTYPE.EQ.2) NSTRS=NSTR1

c .
CH## INSIDE CRITICAL SURFACE

c

C
c

9]

c
c
C

O

30

40

ASTEP=MSTEP
DO 1000 1STEP=1,MSTEP

© CALL INVAR({DEV A, LPROP, MMATS, NCRI T, NPROP, PROPS, STEFF, SGTOT,

THETA, SMEAN, VARJ2,VARJ3,YIELD)
VSTOT=VSTOT+DVSPE/ASTEP

CALL POTEN(ALPHA,BETAS,DEFEH, EMEAN, HARDS, HPARA, | TEST, KGAUS,
. LPROP, MMATS, NCRIT, NPROP, PROPS, QINVA, SMEAN,
. STEFF, THETA, VSTOT)

CALL YIELDF{ALPHA,AVECT,BETAS,DEVIA, LPROP,MMATS, NCRIT, NPROP,
. NSTR1, PROPS, SMEAN, STEFF, THETA, VARJZ, KGAUS)

CALL FLOWPL{AVECT,ABETA, DVECT, HARDS, LPROP,NPRQP, NTYPE,
) PROPS, MMATS, NSTR1}
AGASH=0.0
DO 30 |STRI=1,NSTR1

AGASH=AGASH+AVECT{ ISTR1)*DESIG( ISTR1)/ASTEP
DLAMD=AGASH*ABETA -

1F(DLAMD,LT.0.0) DLAMD=0.0

BGASH=0.0

DO 40 ISTRS=1,NSTRS

PRESG({ ISTRS)=SGTOT{ ISTRS)
BCASH=BGASH+AVECT{ I STRS)#SGTOT( I STRS)

STRES([ ISTRS)=DESIG{ ISTRS)/ASTEP-DLAMD*DVECT( | STRS}
SGTOT( ISTRS)=SGTOT( ISTRS}+STRES( L STRS)

CONT I NUE

1000 CONTINUE

Cﬂﬁ****ﬂﬂ#***ﬁ***ﬁ*****ﬁﬂ*ﬂ***ﬂ******ﬂ*ﬂ*ﬁﬂ****ﬁ*H**#***“***ﬂ**ﬁ****ﬁh**

IN CASE OF FIXING THE BOUNDARY SURFACE, AFTER BALACING FORCES IT IS
C MNECESSARY TO BRING BACK THE STRESS ON THE BOUNDARY SURFACE

CH##% BRING BACK 'TO THE SURFACE THE ALMOST BALANCED STRESS

IF{EHIST(KGAUS,9).EQ.2. )
_CALL BACK({ALPHA, BETAS, HPARA, KGAUS, LPROP, MMATS,
. " NCRIT,NPROP, NSTR1, PROPS, SGTOT)

C1000 CONTINUE

~C

RETURN

C****%H**ﬁ*ﬂ**ﬁ****H***ﬂ%#****ﬂ%*****ﬂﬂ**ﬂ*%***N*ﬁ****“***ﬂ**"***%*****%

C### UPDATE ELLIPSE PARAMETER TO THE LAST BALANCED STRESS POINT

c

CALL INVAR[DEV1A,LPROP,MMATS,NCRIT,NPROP, PROPS,STEFF, SGTQT,
THETA, SMEAN, VARJ2, VARJ3,Y1ELD)

“cALL POTEN{ALPHA,BETAS, DEFEH, EFFST,HARDS, HPARA, ITEST, KGAUS,

LPROP,MMATS, NCRIT,NPROP, PROPS, Q) NVA, SMEAN,

. STEFRggRHETA, VSTOT)

EHIST(KGAUS, 1)=ACPHA

EH1ST[ KGAUS, 2)=8ETAS

EHIST{ KGAUS, 3 )=HPARA

EHIST({ KGAUS, U )=EFFST,, )
EHIST{KGAUS, 5 }=vsTOT"

EHIST{KGAUS, 6 J=HARDS

RETURN

“END.
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C.13 SUBROUTINE BACK

- This subroutine has 2 functions. It can elther bring back

the .drifted stress- on the vield surface at the end of”the,

stress balancing process or reflne the solutlon calculated

by Subroutine BISECT

Step

4

5 -9
10

11 - 15
19 - 22
23 -24
25 - 28

Establish sSquare root 3 ’ L I

'Set up worklng parameters c, n, sin ¢a,-cos ¢;,

sin ¢
Calculate the mean stress Il and deV1ator1c

stress J, at considered stress p01nt by calllng v
Subroutine INVAR. - < 2

-

Calculate slope M, and ratio n as deflned
previously for Mohr-Coulomb ‘limiting surface

Calculate value of q which satisfies- glven yleld
surface, given the value of the mean pressure D
and associated parameters

Calculate the reduction factor r which would -
bring back the stress point on the surface.

Compute the stress compoenents o 9+ 9,

¢ !

X
assoc1ated to final reduced stress DOlnt

«r.
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00071

0002
0003
000k"
'0005
+ 0006
© 0007
0008
. 0009

0010
oon

0012
0013
0014

0015
0016
0017
0018
0019

0020.

0021
0022
0023
0024

0025
0026
0027

0028

. c . ’ )
- C### CAILCULATE Q{J2)} FOR GIVEN SURFACE AND P11
c o :

SUBROUTINE BACK(ALPHA BETAS, HPARA KGAUS, LPROP, MMATS,
NCRIT, NPROP NSTR1, PROPS SGTOT)

C*#********ﬂ*ﬂ'*******ﬁ*******ﬁ***ﬂ*****#*“#*#ﬂ-*********M*“**K*H*ﬂ******ﬁ

C..

. C

- BRING BACK THE STRESS POINT ON THE SURFACE

C***ﬁ**ﬁ*'N'*-h*#*******ﬂ*-N**#*#N*****#********ﬂ******#**ﬂﬂ BT W

IMPLICIT REAL*8(A-H,0-2)

DIMENSION AVECT(4),DEVIA(L), PROPS(MMATS, NPROP), SGTOT( 4V
ROOT3=1.73205080757
COHES=PROPS{ LPROP, 5)
RAT | 0=PROPS{ LPROP. & )
SINPH=PROPS(LPROP. 14 )
COSPH=PROPS({ LPROP, 15)
SINPB=PROPS(LPROP, 16)

CALL INVAR(DEVIA, LPROP MMATS, NCRIT NPROP, PROPS

STEFF, SGTOT, THETA SMEAN, VARJ2, VARJ3 YIELD)
IF (NCRIT ‘EQ.4) GO TO 10

C*”*RESERVED ONLY FOR MOHR COULOMB

.

c.
10
- .20

30

DENOM =ROOT3#DCOS({ THETA) ~SINPH*DSIN( THETA)
FINCI1=3.0%*SINPH/DENOM .

RAT|0=PROPS(LLPROP, 8 )#{ 2. 0*F INC1-PROPS( LPROP, 18) )
GO- TO 20 '

-CONTINUE

FINC1=6.*SINPH/(3, -SINPH) .
CONTINUE ' /
RAHPA=RAT | O*HPARA . ' . -

SMBET=SMEAN+BETAS

-QUTOT=ROQT3I*STEFF

QUCRI=ALPHA+DSQRT [ RAHPA*RAHPA-SMBET#SMBET }.

REDUC= QUCRI/QUTOT
CONTINUE

c .
C### BRING BACK THE STRESS POINT ON THE SURFACE

Cc

SGTOT(1)=REDUC*DEV | A( 1) +SMEAN

. SGTOT(2)=REDUCHDEV I A(2)+SMEAN

SGTOT(4)=REDUCHDEVIA( 4 )+SMEAN -
RETURN
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Appendix D

TEPSA SUBROUTINES o

D.1 SUBRCUTINE FRONT
The solutién of all previously described E;E. programs were
performed by means of the subroutine FRONT published by OWEN
and HINTON in 1980. In~”the current F.E. implementation of
the coupled problem, this subroutine had to Be slightly
amended. °

In fact the frontal technique is pe§f9rmed in two stages.

The first stage comprises a pe-uliar procedufe to assemble

andtreduce the stiffness ma’ # this stagé, the element
stiffness components & ated and stored in a way
depending on the ‘ assigneqd to . the‘ problem. The
second stage in: .dertakes the dctual solution of the
problem.

For iterative solutions involwving constant stiffness
matrices and nodal fgxities, the first stage can ‘be
performed only once since the assembled and reduced glcbal
stiffness matrices remain unchanged. |

In the present coupled analysis, the élgorithm adoﬁted in
?EPSA requires, aF each iteration, fﬁice.the solution of Eg.
6.13a with different nodal fixities. This implies that at

each solution the assembled and reduced global stiffness



matrices are different and have thérefore to be stored in
distinct disk files for later recovery. Subroutine FRONT

was therefore modified to suit the algorithm, thus leading

to considerate saving of computer time.

D.2 SUBROUTINE ALGCOR (ALGORITHM)

As in ESEPA, this:ssub¥butine controls both tﬁé reformulation
of the cbmposite stiffness matrix and the solgtion process.
Herein, the reformulation depends on the update of the
constituent submatrix K®F and time parameter 8. Therefore,
an indicator, kSTIF, contréls the recalculation of the
element stiffness KEP, while KDTIM indicates the change of
parameter 6. Ffﬁally, according to KSTIF and KDTIM, a third
indicator, KRESL, monitors the reconstruction of the
composite stiffness matrix, as well as the reformulation of
the sclution process.

The value of KSTIF is detéLmined according to the
" solution parameter, NALGO, in the same fashion as KRESL in

or
..

ESEPA.
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C
c
200 i SUBROUTINE ALGOR{CFIXED, FIXED, | INCS, | ITER, ISTEP,KDTIM, KRESL,
KSTIF,MCTOTY, NALGO, NCHEK, NCTOTV HUNLD)

C#ﬂ*“**ﬂ*****H*******H*%#ﬂﬂ%***%*********ﬂﬂ***ﬂ*****#***#*ﬁ*****ﬂ*****

c
CH##*% " THIS SUBROUTINE SETS EQUATION RESOLUTION INDEX, KRESL

o

C**ﬂﬁﬂﬂ*ﬂMHﬂ*****H***ﬂ**ﬂ*ﬂ»ﬁ%*ﬁ****ﬂ*%****ﬁﬂﬂ***%ﬁ*n*ﬂ*ﬁ*#*#»##**ﬂﬁ**
ooz - IMPLICIT REAL*B({A-H,0-Z) -
0003 DIMENSION CFIXED({MCTOTV), FIXED(MCTOTV)
0004 KRESL=2
0005 7 KSTIF=2

C DOUBT ON KUNLD. )
Q006 IF(ISTEP. GT.1.AND.NCHEK. EQ.0.AND, KUNLD.EQ.0)GO TO 10

C

C### DECIDE IF REDEFINE STIFFNESS

C
Q007 1 F(NALGO.EQ. 1, AND. I INCS.EQ.1.AND, II1TER.EQ.1) KSTIF=1
0008 1 F{NALGO.EQ.2) KSTIF=i
Q009 . IF(NALGO.EQ.3.AND. (! ITER,E£Q.1.0R. KUNLD.EQ.1}} KSTIF=1

. C '
‘ C.DOUBTS ON ISTEP | IF(NALGO=4.AND.{IITER.LE.2.0R.KUNLD.EQ.7)}KSTIF=1

0010 1F{NALGO.EQ.4 AND. i INCS.EQ.1.AND. I ITER.EQ. 1} "KSTIF=1
0011 IF[NALGO.EQ.4.AND.{ I ITER,£EQ.2.0R.KUNLD.EQ. 1)) KSTIE=1

c

C### DECIDE IF ASSEMBLE A NEW TOTAL STIFFNESS AND SOLVE

. c
0012 10 IF(KDTIM.EQ.1.0R.KSTIF.EQ.1)KRESL=1
0013 IF{IITER.EQ.1.AND, ISTEP.EQ. 1} RETURN
00y . DO 100 ICTOTY = 1,NCTOTV
001% FIXED({ ICTOTV)=0.0
0016 CFIXED{ICTOTV)=0.0
0017 100 CONTINUE
0018 ) * RETURN
0019 ' END .
-
.
+*
i/
/
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D.3 SUBR;;%iNE'CLOAD

This subroutine builds up the R.H.S of Eg. 6.11. Two load
arrays CELOAD and CTLOAD are built in parallel, one

containing the load yet to be balanced and the other one the

total load applied.

Step '
4 Rewind disk file 12 prior to reading the coupling
' submatrix CMATX and hydraulic stiffness EPSTE.
-5 Loop over elements:

6 Read from disk file 12 coupling submatrix CMATX
and hydraulic "stiffhness" submatrix EPSTE.

7 ‘ Loop over each "INODE" of current element.

8 Loop over each degree of freedom of the current
"INODE". . - ’

9 - 10 Establish the "local" and "global'" positions,
IEVAB and ICEVB, of the "displacement" degree
of freedom.

11 - 14 Increment the lcad arrays ELOAD and TCLOAD by
the external load WLOAD in steps following the
imposed load history.

15 Transfer the "local" load array ELOAD to the

S "global" array CELOAD.

16 Compute the effective "equivalent" leoad which is
carried out by the soil skeleton for the current
value of excess pore pressure according to Eg. 6.12
and store inte the global array CTLOAD.

17 End loop over dégrees of freedom.

18 Establish the location of the "pore pressure”
degree of freedom. -

19 - 23 Compute the hydraulic load centribution according

: - to Egq. 3.2c.

24 - 25 Store hydraulic load contribution lumped with the
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26

27

0001

oooe
0003

naoy
0005
0006
oub7
0008
009
goi10
0011

0012
0013
001y
0015

Nn16
ooy

068

0019
0020
o021
Qo222
o023
0024
nngs
0026
ao27
o028
0029

"l-l‘
¥
welghting factor w in global lecad arrays CELOAD
and CTLOAD.

End the loop over the number of nodes.

End the loop over elements.

SUBROUTINE CLOAD(CELCAD,CTLOAD, DT IME, ELDAD, EXPWP, FCLOAD, I STEP,
. KSF, LNODS, MCEVAB, MELEM, MEVAB ,MPOIN, NCDOFN,
NCHEK NDOFN NELEM NNODE TLOAD, WLOAD WLUHP]

C»****h»*ﬁ***»*****«****«*»**ﬂ»*»«*»»ﬁnnﬁu»*»*»«»ﬂ*»n»»»*»»**«*n«n*»n**ﬁ
c
C#** |NITIALISES AND REDUCES CELOAD & CTLOAD

Cﬁ*ﬂ'*****H**************ﬁkﬁNﬂﬂ**ﬂ**ﬁ**ﬂ**ﬁﬁﬂ*ﬂﬁ*******N**Hﬁ**ﬁ*h********
IMPLICIT REAL*8(A-H,0-Z) -
DIMENSION CELOAD(MELEM, MCEVAB),CMATX( 18,9 ), CTLOAD(MELEM, MCEVAB),

. ELOAD({MELEM, MEVAB), EPSTT(9,9) . EXPWP{MPOIN)
FCLOAD(MELEM, MEVAB), LNODS(MELEM,9),

. TLOAD{MELEM, MEVAB), WLOAD( HELEM, MEVAB)

REWIND 12

DO THOO JELEM=1,NELEM

READ({ 12} CMATX,EPSTF

DO 10 INODE=1, NNODE

DG 20 IDOFH=1,NDOFN

IEVAB=( I NODE~1)*NDOFN+IDOFN

[CEVB=( INODE=-1) ¥NCDOFN+ | DOFN

IF(NCHEK.GT.0.0R.ISTEP.GT.KSF) GO TO 30

c .
CH*HCALCULATE & SMCOTH THE LOAD DUE TO EXTERNAL MATERIAL FORCES
b "
ELOAD( IELEM, IEVAB)=ELOAD{ |ELEH, | EVAB ) +WLOAD( | ELEM, 1EVAB)/KST
TLOAD( IELEM, IEVAB)=TLOAD( | ELEM, | EVAB ) +WLOAD( |ELEM, FEVAB)/KSF
3O CONTINUE
CELOAD{ |ELEM, ICEVB)=ELOAD( | ELEM; 1EVAB)
c . '
C**#ADD THE CONTRIBUTION OF THE FLUID PART
C
CTLOAD({ | ELEM, ICEVB)=TLOAD( IELEM, IEVAB)-FCLOAD({ IELEM, IEVAB)
20 CONTINUE

c .
CH+#CONSTRUCT THE SECOND PART OF THE LOAD ARRAY
o
ISPARE=ICEVB+1
GCLOAD=0.0
DO 40 JNODE=1,NNODE -
LOCA=1ABS{ LNODS{ 1ELEM, JNODE) )
GCLOAD=GCLOAD+EPSTF( | NODE, JNODE ) *EXPWP( LOCA}
40 CONTINUE
CELOAD{ | ELEM, | SPARE }=GCLOAD*DT IME*WLUMP
CTLOAD({ FELEM, I SPARE)=GCLOAD*DT IME*WLUMP
10 COMTINUE -
1000 CONTINUE
RETURN
END
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D.4 SUBROUTINE ASSEM (ASSEMBLE)

The role of this subroutine is to build up the composite
stiffness matrix from its constituent submatrices K?p, P and

C the way illustrated in Eg. 6.13a.

Step -

4 - 6 Rewind disk files 1, 11, 12 ‘on which the element
"composite" matrices K®P, C and P are stored.

7 Loop over elements.

g - 9 FRead from disk file 11 and 12 ESTIF, CMATX
and EPSTF representing respectively K®P, ¢
and P submatrices.

10 Loop over each 'INODE' of current element.

11 Loop over each degree of freedom of the current

: node "INODE" ‘L

12 - 13- Establish the "local" and "global" row positions,
IEVAB and ICEVB, for the "displacement" degree of
freedom.

14 Loop  over each "INODE" of current element.

15 _ Loop over each degree of freedom of the;current
node "INODE".

16 - 17 Establish the "local" and "global" column
positions, JEVAB and ICEVB for the "displacement"

- degree of freedom.

18 - 19 Transfer corresponding element stiffness component
ESTIF(IEVAB,JEVAB) to its "global" location.

20 - 21 Establish the "global" column position of the

' "oore pressure" degree of freedom and transfer

the corresponding coupling submatrix component
CMATX( IEVAB, JNCDE) .

22 -~ 23 End the loop on "JNODE" and degree of freedom.

24 Establish the "global" row position of the ”poré
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25

.26

27

28

29
30

31

33
35

38

32

34

pressure” degree of freedoﬁ.
Loopiover'"INODE".,

Loop over each degree of freedom of the current
node "JNODE”

.Establlsh the column p051t10n of JEVAB of the
in the element submatrlx

Establish the global" column position JCEVB of
the "dlSplacement" degree of freedom.

Transfer correspondlng coupllng matrix component,
CMATX(JEVAB INODE) to its global locatlon ’

_ End the loop on degrees of freedom _ s

Establlsh the global" column position of the
"pore pressure" degree ‘of freedom and transfer

'the corresponding hydraulic "stiffness" component

to its "global" location.

End the loops on columns and rows i.e. "INODE"

and "INODE".

Store the element "global" stiffness matrix on
disk file 1

End the loop on elements.
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= 0001

0002
0003
0004
0005
0006

0007

0008
0009

0010
0011
0012

0013

0014
o015
o016
0017
0018
0019
0020
o021
0022

0023

0024
0025
0026
0027
00238
0029
0030

0031
0032

0033
0034
0035
0036

0037
0038

c

SUBROUTINE ASSEM(CESTIF,DTIME,ESTIF, NNODE, NDOFN, NCDQFN, NELEM,
T IMEX, WLUMP)

' CH'ﬂ-***ﬂ*****ﬂ*ﬁ****ﬁﬂﬂﬂﬁﬁﬂ****ﬂ **ﬁ***ﬁ**ﬂ-*#***Hﬂﬂ****%***********ﬁ*ﬂ“**ﬂ

EECEE

Cuhs ASSEMBLES ESTIF,CMATX AND EPSTF MATRICES AS EECEE

c

CCPCC

CH***********#****#**”** k*******%ﬂ*ﬂﬁﬂH’ﬁ*ﬁﬂﬁ#****ﬁ****#***ﬂ**ﬂ'**ﬁﬁﬂﬂﬂ***

IMPLICIT REAL*8 (A-H,0-2)

DIMENSION CESTIF(27, 27),CMATX(1B 9),ESTIF(18,18),EPSTF(9,9])
REWIND 1

REWIND 11

REWIND 12

C### LOOP OVER ELEMNTS

C
¢
c
¢
40
30
20
C
60
c
50
10
1000

DO 1000 ITELEM=1,NELEM
READ(11) ESTIF
READ(12) CMATX, EPSTF

DO 10 [INGDE=1, NNODE
0O 20 IDOFN=1,NDOFN
TEVAB={ INODE-1)*NDOFN+IDOFN
1CEVB=( INODE-1)"*NCDOFN+DOFN

0O 30 JNODE=1,NNODE

DO 40 JDOFN=1,NDOFN

JEVAB={ JNODE-1)*NDOFN+JDOFN

JCEVB={ JNQDE-1)*NCDOFN+JDOFN .o
CESTIF({ ICEVB,JCEVB)=ESTIF{ 1 EVAB, JEVAB) '
CONTINUE

KSPARE=JCEVB+1

CESTIF( ICEVB, KSPARE )=-CMATX{ | EVAB, JNODE ) #WLUMP
CONT I NUE

CONTINUE

I SPARE= | CEVB+1 ’ .
DO 50 JNODE=1,NNODE

DO &0 JDOFN=1,NDOFN

JEVAB=(JNODE-1)*NDOFN+JDOFN
JCEVB=(JNQODE-1)*NCDOFN+JDOFN

CESTIF(ISPARE, JCEVE)=-CMATX{JEVAB, INODE ) *WLUMP
CONTINUE

JSPARE=JCEVB+]

CESTIF{ ISPARE, JSPARE)=-EPSTF{ INODE, JNODE)*DTIME*TIMEX
HHLUMPH*W LUMP

CONTINUE T
CONT INUE
WRITE(1) CESTIF
CONT.I NUE

RETURN
END



~

D.5 SUBROUTINE SMOOTH

After the first -call of Subroutine EFRONT, the accgmulated
d&splacements and excess pore .presshreé, stored inl the
"global" afraleTDISP, are incofreét. In oréer to suit with
the cumuiative structure af FRONT, the;é values are set back
to their original ones, by subtracting the corresponding_
displacement and excess pore pressure increments. found
current time interval, before <calling Subroutine FRONT a

second time. The "smoothing" process is then carried out

according to Egs. 6.10.

Step.

5 ‘Store components of "smoothing" matrix € in form
of data declaration.

6 Loop over total number of nodal points.

7 - 8 Initialize array SMPWP ccntaining the "smoothed"
pore pressures.

9 Loop over each degree of freedom.

10 Establish the position of the "displacement"

_degree of freedem in the "global" array.
T~ .

11 Subtract the increment of displacement found
during the current time interval from the
accumulated displacements CTDISP.

12 Establish the position of the "pore pressure"
degree of freedom in the "global" array.

13 - Store the actual excess pore pressure to be
"smoothed" in array EXPWP.

i4 Subtract the increment of ‘excess pore pressure

' found during the current time interval from the
accumulated excess pore pressure CTDISP.

15 End the loop on total number cf nodal points.
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16
17
18
20

24

25

L

19

30

30

Loop over elements.
Loop over each "INCDE" of each element.

Locate the nodes in common and increment the array
SMPWP (NLOCA,2) by 1 each time.

Loop over nodes and perform the matrix -
multiplication M#*7T for each element.

End the loop on elements.
Calculate an average "smoothed" wvalue for nodes
in common, then store all "smoothed" excess pore

pressures into array CFIXED as assigned fixities
for the second call of FRONT.
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“0001 SUBROUT INE SMOOTH({CASDIS,CFIXED,CTDISP, EXPWP, | FFIX, LNODS,
. MELEM, MCTQTY, MPOIN, NELEM, NCOOFN, NDOFN,
NNODE, NPO N, SMPWP, ICFF IX)

CH*****“*ﬁ**ﬂ******ﬂ**ﬂ*ﬂ*ﬁM**********Hﬂﬂ“N*ﬂ***ﬂ*****h*******ﬂﬁ*##*****

C
CH#*#* SMOOTHS THE PORE PRESSURES ASSUMING LINEAR VARIATICN
C . .
Ch**wﬂ*ﬁh»N*ﬂnw*ﬂw*ﬁ#ﬁ*hﬂﬂ*#*»***ﬁ**ﬂﬂ#ﬂ**ﬂﬂﬁﬁ*ﬁﬂ**N**ﬁ*****hﬁﬁ***ﬁ**ﬁ*ﬂ
0002 IMPLICIT REAL*8({A-H,0-2Z)
0003 REAL*Y C .
0004 DIMENSION C(8,8),CASDIS{MCTOTV}, CFIXED{MCTOTV),CTDISP{MCTOTV),
i EXPWP{MPOIN]), | FFIXA{MCTOTV), LNODS(MELEM, 9],
A . SMPWP{MPOIN,2), ICFFIX{MCTOTY)
0005 DATA C/
. 2., 0.,=-2.,=1., 0,,-1.,-2., 0.,
4., 4., 4., 2., 0,, 0., 0., 2.,
-2., 0., 2., 0.,-2.,-1., 0.,-%.,
0., 2., 4., 4., 4.,.2,, 0., 0.,
0.,=1.,=2., 0.,. 2., 0.,=2.,=-1.,
0., 0., 0., 2., 4., U4., 4., 2.,
-2.,=1., 0.,-1.,-2., 0., 2., 0.,
h., 2., 0., 0., 0., 2., 4., L./
C
; C##* SET BACK DISPL.TO THE PREVIOUS TIME STEP & EXTRACT THE NEW XSPWP
c ‘
D006 DO 10 IPOIN=1,NPOIN
3O07 SHPWP{ IPOIN, 1)=0,0
0008 . SMPWP{ IPOIN,2)=0.0
ovos - DO 20 IDOFN=1,HDOFN
VU 10 ICTOTV={ I POIN-1)*NCDOFN+IDOFN
0011 © 20 CTDISP(ICTOTV)=CTDISP(ICTOTV)-CASDIS(ICTOTY)
ogi2 ISPARE=ICTOTV+]
0013 EXPWP{ IPOIN)= =CASDIS{ | SPARE)
0014 CTDISP(ISPARE) CTDISP{ | SPARE)- CASDIS(ISPARE}
0015 10 CONTINUE
C
C*#% | OOP OVER THE ELEMENTS
c
0016 DO 1000 1ELEM=1,NELEM
0017 ' DO 30 INODE=1,RNODE
oU18 NLOCA= | ABS{ LNODS( | ELEM, INODE))
voto SMPWP({NLOCA, 2 )=SMPWP{ NLOCA, 2 ) +1
0620 ' DO 30 JHODE=1, NNODE
0021 : NPOS|=I1ABS{LNODS{ | ELEM, JNODE})
0022 SMPWP(HLOCA, 1)=SMPWP({ NLOCA, 1}+C{ | NODE, SNODE }#*EXPWP(NPOS 1 )
no23 30 CONTINUE
0024 1000 CONTINUE
C

C#*#* AVERAGE THE COMMON VALUES AND LOAD THE NEW FI1XED XSPWP

c ) : \\

nnzs - DO H4O IPOIN=T1,NPOIN g
nnz2é S JFLIPOIN.LE,3) GO TO Lo . . f
noz7 NLUCA=(IPOIN—1)*NCDOFN+NCDDFN

o028 . IF{EFFIX{NLOCA). L1)GC TO 4

0029 CFIXED(NLOCA)‘SHPHP[IPOIN 1]/(5"SHPHP(IPOIN 2])

0on3ao 4O CONTINUE

0031 RETURN

0032 . END



D.6 SUBROUTINE SPLIT

The role of thissubroutine is to extract fluid variables

from skeleton counterparts for compatibility with the
/

structure of Subroutine RESIDU when, calculating the

unbalanced load.

Step )

3 Rewind disk file 12 prior to reading coupling

. matrix CMATX. ' :
5 Initialize Eounter ISTOP which determines the
: number of negative excess pore pressure.

6 - Locp over the total number of nodal points.J

7 . Loop over each degree of freedom.

8 - 9 Establish the "local" and "global" positiop of
the "displacement" degree of freedom.

10 - 11 Store increments and accumulated displacements
in arrays ASDIS and TDISP respectively.

12 End the loop on .the number of degrees of-freedqm.

13 Establish the "global" position of the "pore
pressure" degree of freedom.

14 Convert the excess pore pressure to the real
value by multiplying by weighting factor W.

15, Increment counter ISTOP by one whenever the
excess pore pressure 1s negative.

16 End the gloop over total number of nodal points.

17 Loop over elements.

18 Read from disk file 12 the coupling matrix CMATX
and the hydraulic "stiffness" EPSTF.

19 /q;;;>bqgr each "INODE" of current element.

,/’//,F‘

1n I ODE”‘-
\\ ’-

kY
& .

A -

315 -

Lwmop o&er each degree of freedom of the current



21

23

28

29

30-

22

27

Establish the "local" and "global" position
of the "displacement" degree of freedomn.

Calculate the hydraulic load contribution according
to Eg. 3.2c. a

Calculate the effective "equivalent" load which
should be carried by the skeleton for the current
exXcess pore pressure. - o

e

End the loop on degrees of freedom.

End the loop on elements.

o
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0001

0002
0003

aooy
0005

0006
0007

o008
0no9
0010
0011
002

-0013
0014
0015
0016

0017
0018
0019
0020
0021
0022

onz3
nn2y
0025
‘0026

an27
0028
W 0nn29
0030

SUBROUTINE SPLIT(ASDIS CASDIS,CELOAD,CTLOAD,CTD ISR, EXPWP,

. ’ FCLOAD, 1STOP, LNODS, HCEVAB MCTOTV MELEH
MEVAB, MPCQIN, MTOTV NCDOFN NCEVAB NCTOTV NDOFHN,
NELEM, NNODE,NPOLN,NTOTV, TDISP, TLOAD WLUMP}

CM**#**‘H*ﬂ*****ﬁ*ﬂﬁ*****#**ﬁ********ﬁ*ﬁ*****ﬁ*****ﬂ*****#*ﬂ*#ﬂ*****ﬂ-****

Cc
CH## SPLITS THE RESULTS OF FRONT- INTO HYDRAULIC & MATER!AL COMPONENTS

C»*«ﬁ*»*****»»»*#h*ﬂ**#ﬂ**ﬁ*»»*ﬂ*ﬂﬁ******»«*****u***#ﬁ*»ﬂ*»»****#»*****»
AMPLICIT REAL®8(A-H,0-Z)

DIMENSION ASDIS(MTOTV) CASDIS{MCTOTY), CELOAD{MELEM, MCEVAB),

. CHMATX(18,9),CTLOAD{MELEM, HCEVAB) CTDISP(MCTOTV),
EPSTF(9,9),EXPWP{MPOIN}, FCLOAD(MELEM MEVAB),
LNODS(MELEM 2),TDISP{MTOTV},

. TLOAD(MELEM MEVAB)
REWIND 12
1STOP=0 - ) e

c

CHe® SPLIT. DISPLACEMENT FROM EXCESS PORE WATER PRESSURE
c

DO 10 1POIN= 1,NPOIN

D0 20 (DOFN=1,NDOFN -

I TOTV=( POTIN=1)*NDOFN+IDOFN
ICTOTY={ | POIN-T }*NCDOFN+[DOFN
ASDIS( ITOTV]=CASDIS( 1CTOTY)
TOISP{ ITOTV)=CTDISP{ ICTOTV} . -
20 CONTINUE
c
| SPARE= ICTOTV+1 | .
EXPWP{ | POIN)=CTDISP{ 1SPARE ) #WLUMP
LF(EXPWPL IPOIN).LT.0) ISTOP=1STOP+1
10/ CONTINUE
c :

CH##*| SPLIT FORCE FROM HEAD
C B

DO 30 IELEM=1,NELEM

READ{ 12] CMATX,EPSTF

DO 30 INODE=1, NNODE

_DD 80 LDOFN=1,NDOFN

| EVAB={ | NODE-1)#NDOFN+1DOFN

| CEVAB= (INODE-I)”NCDOFN+!DOFN

«
CH*#TAKE OFF FROM TOTAL LOAD THE FEUID PART CONTRIBUTION
¢
FCLOAD( | ELEM, IEVA8)~0\ - mn,/ -
DC 50 JNODE=1,NNODE
LOCA= | ABS( LNODS( 1ELEM, JNODE ) ) ,
FCLOAD( [ELEM, | EVAB)=FCLOAD( | ELEM, | EVAB}+CMATX( | EVAB, JNODE ) ¥
. .. EXPHPIRQCA)
50 CONTiNUE
TLOAD( IELEM, |EVAB}=CTLOAD( | ELEM, TGEVAB ) +FCLOAD( | ELEM, | EVAB)
L0 CONTINUE -
30 CONTINUE
RETURN
END

N

L3
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