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ABSTRACT

Spontaneous parametric down-conversion (SPDC) is one of the most important sources
of entangled photons in quantum optics and underpins a wide range of applications in
quantum communication, quantum imaging, quantum sensing, and photonic quantum in-
formation processing. In this nonlinear optical process, a pump photon is converted into a
pair of lower-energy photons that exhibit strong correlations in multiple degrees of freedom.
While the generation of photon pairs is governed by energy and momentum conservation,
the resulting biphoton state possesses a rich spatial structure whose properties are de-
termined by the interplay among the pump field, the nonlinear medium, and subsequent
propagation. This thesis investigates the spatial properties of entangled photon pairs gen-
erated through SPDC, focusing on the evolution of their correlations in the near field and
on the behavior of orbital-angular-momentum (OAM) entangled states under tight focus-
ing conditions. A common theme throughout this work is the examination of physical
effects that emerge when the full biphoton wavefunction is retained rather than reduced
through the simplifying approximations often employed in theoretical treatments. The
principal contribution of this thesis concerns the near-field propagation of SPDC photon
pairs. The spatial correlations of SPDC-generated photons are commonly analyzed within
the thin-crystal approximation, where the biphoton wavefunction is assumed to factorize
into independent functions of the sum and difference coordinates. We demonstrate that
birefringence-induced transverse walk-off breaks this factorization and introduces an intrin-
sic coupling between these coordinates. More importantly, this coupling survives free-space
propagation and remains observable even for crystals that nominally satisfy the thin-crystal
condition. As a result, the joint spatial correlations develop a characteristic tapering near
the crystal image plane that cannot be captured by conventional factorized models. Numer-
ical simulations and experimental measurements are found to be in excellent agreement,
revealing a previously overlooked feature of SPDC and providing a more complete de-
scription of photon-pair generation and propagation in birefringent nonlinear media. The
second part of the thesis explores the propagation of OAM-entangled photon pairs beyond
the paraxial regime. While OAM correlations are typically studied under weak-focusing
conditions, many emerging quantum technologies require structured quantum states to be
manipulated in highly confined optical systems. We show that tight focusing modifies the
OAM correlation spectrum, leading to a broadening of the accessible mode distribution.
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This broadening exhibits distinct transverse and longitudinal characteristics and arises
from the emergence of nonparaxial field components absent in conventional scalar descrip-
tions. These results provide new insight into the behavior of structured quantum light in
strongly focused optical fields and establish a framework for understanding OAM entan-
glement beyond the paraxial approximation. Together, the results presented in this thesis
reveal previously unexplored aspects of the structure and propagation of entangled photon
pairs. By moving beyond widely used approximations, this work uncovers physical effects
that influence the generation, evolution, and measurement of spatially entangled states,
with implications for quantum imaging, high-dimensional quantum communication, and
the broader development of structured-light-based quantum technologies.
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INTRODUCTION

In 1873, James Clerk Maxwell published his work, “A Treatise on Electricity and Mag-
netism”, which unified our understanding of electricity and magnetism into a single theo-
retical framework now known as Classical Electrodynamics. From then until the onset of
the 20th century, Maxwell’s Electromagnetic Theory, along with Newton’s Mechanics, was
thought to describe all of physical reality. However, in the early 20th century, problems
such as the ultraviolet catastrophe, the photoelectric effect, and the need to explain the
gross structure of atoms led to the discovery of a new type of physics we call Quantum
Mechanics, which showed that energy comes in indivisible chunks called quanta [1, 2, 3].
This was spectacularly successful in explaining the structure of atoms and in predicting
the discrete frequencies at which atoms and molecules absorb and emit light. One of the
most fortuitous concepts of quantum theory is that of the photon, which was coined by
Albert Einstein in his 1905 account of the photoelectric effect [2], although it had previ-
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1.1. ELECTROMAGNETISM IN DIELECTRIC MEDIA

ously been indirectly considered by Max Planck. Today, our understanding of the photon
and light-matter interactions has matured significantly since the early 20th century and is
foundational to the development of some of the most important technologies of our time,
such as the laser. Our modern understanding of what a photon is only vaguely resembles
Einstein’s conception. Today, photons are widely used in quantum optics, information
theory, and quantum computing. Of great importance is entanglement - an intrinsically
quantum mechanical phenomenon. For a composite system to be entangled with respect
to some system property, the measurements made on one subsystem cannot be made inde-
pendently of the measurements performed on the other subsystem. Back in 1935, Albert
Einstein, along with Boris Podolski and Nathan Rosen, invoked an entanglement-based
argument to claim that quantum mechanics was an incomplete theory [4]. This famous
work, known as the EPR paradox, sparked extensive discussion about the compatibility of
local-realistic hidden-variable models with quantum mechanics. Today, entanglement is no
longer relegated to mere thought experiments or fundamental tests of quantum theory; it
has found abundant applications in information processing, communications, computing,
cryptography, and imaging over the last 30 years. In this chapter, we will develop the
relevant concepts from electromagnetic theory and quantum mechanics that we will need
in order to understand the research that has been performed for this thesis. This thesis is
about the propagation of biphoton pairs produced via Spontaneous Parametric Downcon-
version (SPDC), the evolution of near-field spatial correlations, and the tight focusing of
biphoton pairs with Orbital Angular Momentum (OAM).

1.1 ELECTROMAGNETISM IN DIELECTRIC MEDIA

The behavior of electromagnetic fields is governed by Maxwell’s equations, a set of four
coupled partial differential equations that relate the electric field E and magnetic field B
to their sources, namely charge p and current J distributions. Together with appropriate

boundary conditions, these equations provide a complete description of the generation,
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propagation, and interaction of electromagnetic fields in both free space and materials.
For a dielectric medium characterized by permittivity €, permeability u, charge density p,

and current density J, Maxwell’s equations can be written as [5]

V-D=p (1.1)
V.B=0 (1.2)
0B
oD
VXH—J—FE. (1.4)

Maxwell’s equations in matter are accompanied by constitutive relations D = ¢E = ¢E+P
and B = pH = pug(H + M), where P, and M are the material electric and magnetic
polarizations, respectively. In a linear, homogeneous and isotropic dielectric in which there
are no free charges and currents, we can easily show that the electric and magnetic fields

solve the linear wave equation

1 0’°E o*P
VE-Goe g (15)
1 0°B

1 _ 1
Ve and v = 7,

inside a material with permittivity of €, and permeability of i respectively. Many dielectric

where ¢ = are the speed of electromagnetic waves in vacuum and
materials, including those studied in this thesis, are not magnetic therefore the magnetic
permeability is equal to the permeability of free space hence p = pg. These two vector
wave equations describe the propagation of transverse electromagnetic waves — recall that
E and B are divergence-free. In practice, we need not solve both wave equations; we may
only solve the electric field E and then integrate equation (1.3) to obtain the magnetic
field. We see that in dielectric matter, the second time derivative of the polarization takes

the place of a source term driving electromagnetic waves in the material.
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The polarization term can be written as the sum of a linear and non-linear term, such

as P = PF 4+ PNL. In anisotropic materials such as most crystals, the linear polarization

. e . . 1 1
term is expressed in Einstein summation notation as PF = EOXZ('j)Ej where ng)

tensor called the dielectric susceptibility tensor. This implies that the direction of material

is a rank-2

polarization is in general not collinear with the electric field. The material response in
linear polarization is essentially that of a coherently driven harmonic oscillator generating
light at the driving frequency. The end result is that light propagating in a linear material
preserves its frequency but propagates through the material at a slower speed than light
in vacuum. When the material is homogeneous and isotropic, the susceptibility tensor

PN is responsible for the

becomes a scalar quantity. The non-linear polarization term
generation of new optical frequencies. The non-linear polarization term is acquired when
decomposing the electric polarization into a power series and collect together the higher
order terms. Therefore the non-linear polarization term, PV, is written in Einstein sum-

mation notation in the following form,

PN = eoxg,)ijEk + 60X5?1)€1EjEkEl T (17)
S,)C is the second order non-linear susceptibility tensor which is a third-rank

tensor and similarly XSI)d is a fourth-rank tensor representing the third-order non-linear

Here y

susceptibility. The expansion continues into higher order terms following the same pattern.
Second order non-linear optical processes are the concern of this thesis, and governs well
understood optical phenomena such as sum frequency generation and parametric down-
conversion [6]. Non-linear polarization in ordinary circumstances is negligible since non-
linear polarization responses require strong fields that can only be produced from powerful

lasers in order to be observed.

The linear wave equation has been extensively studied, and in optics, it is standard
to suppose a solution of the form E(r,t) = E(r)e ! where E(r) is some complex field
amplitude. It should be noted that the use of a complex representation of the electric

field is only a convenient mathematical abstraction. An electric field is a physical quantity,
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1.1. ELECTROMAGNETISM IN DIELECTRIC MEDIA

therefore it is a real-valued vector function. Thus, the physical field itself is obtained by
adding the complex conjugate to E(r,t) and dividing the expression by 2, or by simply
keeping in ones mind that when the computations are over we take the real part of the
electric field as this is the physically meaningful quantity. Substituting this into (1.5), we

arrive at the Helmholtz equation
V2E(r) + k*E(r) = 0, (1.8)

where k = nw/c is the wavevector. The Helmholtz equation can be solved by taking a trans-
verse Fourier transform and solving the simplified equation for the longitudinal coordinate

z. Carrying out this simple procedure, we arrive at the angular spectrum representation of
the field,

E(z,y,2 // dky dley B(ky, k,, 0) e (VEHH)= (1.9)

Here, E(k,, k,,0) is the pupil field. The Helmholtz equation is an elliptic partial differen-
tial equation whose solutions have also been extensively studied. In optics, we typically
generate waves that propagate in a specific direction, say, the positive z direction, and
with a small divergence angle, such as laser beams. These fields can be given the following
tentative solution E(r) = A(r) ¢**. When substituted back into (1.8), we get,

0?A 82A L O0A  O?A

a 624'22]{2%—’—@:0.
Now we invoke the slowly varying envelope approximation (SVEA), which means that on
the order of approximately a wavelength [22| is really small, and that means |%27§| is even
smaller, and we can just forget about it altogether. Our final result is called the parazial
wave equation,

82A 82A 0A

There are several famous families of solutions to the paraxial wave equation. Hermite-

Gaussian (HG) and Laguerre-Gaussian (LG) beams are two classes of solutions in Cartesian
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1.1. ELECTROMAGNETISM IN DIELECTRIC MEDIA

and cylindrical coordinates, respectively. These are solutions to (1.10) that maintain a con-
stant transverse profile, apart from scaling, in the beam as the beam propagates. Each set
of solutions is obtainable by solving (1.10) by separation of variables in various coordinate
systems. The Hermite-Gaussian beam is obtained through separable solutions in Cartesian
coordinates, the fundamental solution of which corresponds to the Gaussian beam. The

family of Hermite-Gauss beams is given by

E,.(r,y,2) =E,n WO)G,L ( V2z ) G, ( V2y ) (1.11)

W(z W(z) W(z)

(2* + )

X exp <—2kzz — ik R(2)

+i(n+m+ 1)((2)) ,

where G, (u) = Hn(u)eé and H,,(u) is the n'® Hermite polynomial and E,, ,, are coefficients
chosen so that the beam is properly normalized. We have other beam parameters such as
W (z), which is the transverse beam width at some distance z, R(z) is the wavefront
radius of curvature and ((z) is the Guoy phase, which represents the extra phase the
beam accumulates upon propagation as a result of the change in the wavefront radius of

curvature. These parameters have the following forms,

W, = 2% (1.12)
T
2
W(z) = Woy |1+ ; (1.13)
0

R(z) =2 (1 + Z—2> (1.14)

(1.15)
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The fundamental mode of the HG beam is found by setting n = m = 0, which yields

the famous Gaussian beam solution

Eoo(, 9, 2) = oo {%} exp{%—;—)éﬁ)} exp{—ik‘z _ ik% + z'g(z)}. (1.16)

The Gaussian beam has a circular intensity cross-section, making it ideal for industrial
uses such as laser materials processing [7]. Another famous set of solutions can be found

by separating variables in cylindrical coordinates (p, 8, ¢),

v () ) B ()

2

X exp (—ikz - Zk2]§(z) + il +1i(2p + |l|+1)<(z)) ,

where p and /¢ are radial and azimuthal indices that are positive integers and integer
numbers, respectively. The Laguerre-Gauss beams are particularly important since they
carry orbital angular momentum (OAM) with topological charge ¢ (each photon carries
OAM of h¢ along propagation direction). LG beams are typically produced in the lab
by phase encoding and intensity masking [8] as well as exciting different modes in a laser
cavity [9]. There has been a great deal of interest in the OAM of the LG beams, and
they have found applications in micromachining, optical trapping, communications and
metrology [10, 11]. In addition to carrying OAM, Laguerre-Gaussian modes exhibit radial
phase discontinuities characterized by the radial index p, giving rise to p + 1 intensity

maxima in the transverse plane.
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Figure 1.1: Transverse intensity and phase profiles obtained from numerical simulations for a
Gaussian beam, an HGs5 3(x, y) mode, and an LGz 4(p, ¢) mode. Intensities are normalized to their
peak values, whereas phases are encoded using a hue color map covering the interval [—, 7].
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1.2. VECTOR VORTEX BEAMS AND ORBITAL ANGULAR MOMENTUM

1.2  VECTOR VORTEX BEAMS AND ORBITAL ANGULAR MO-

MENTUM

An important class of optical beams are Vector Vortex Beams (VVB). These are beams
whose transverse cross-sections contains points where the phase is undefined. These points
are called phase singularities. In the neighborhood of a phase singularity the phase changes
as an integer multiple of 2. Hence along a closed curve containing the phase singularity
the phase changes as 27¢ where ¢ is the topological charge of the singularity. The theory
of vortices in optical fields was pioneered by Nye and Berry in their seminal 1974 work
[12]. However, it wasn’t until 1992 that a method was discovered to convert higher-order
Hermite-Gauss modes into Laguerre-Gauss modes with the use of two cylindrical lenses
by introducing Guoy phase shifts along the horizontal and vertical directions [13]. Today
there are many ways that vortex beams are generated in the lab, including but not limited
to spiral phase plates, g-plates, spatial light modulators, computer generated holograms
along with phase and intensity masking techniques [8, 14, 15]. Vortex beams have helical
phase-fronts as they propagate, induced by mathematical terms of the sorts €¥?, and this
structure gives rise to a wave-vector that has an azimuthal component. This induces a he-
lical transport of energy as the beam propagates, as opposed to the rectilinear propagation
of electromagnetic energy in a plane wave. This transport of energy is directly associated
with the orbital angular momentum of the beam [16, 17]. This is to be distinguished from
the transport of spin angular momentum by circularly polarized light, which arises from the
intrinsic spin of a photon, the OAM arises from the spatial structure of the optical field it-
self. Vector vortex beams not only transport OAM but acquire intricate three-dimensional
polarization structures and topologies such as a Mébius strip [18]. It is for these reasons
that vector beams transporting OAM have generated significant interest in their applica-
tion to structured light and have been at the center of major technological advancements
in recent decades. The ability of OAM beams to transfer angular momentum to matter has

also made them an important tool in optical manipulation of microscopic and nanoscopic
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particles. When particles interact with an OAM beam, orbital angular momentum is trans-
ferred from the optical field to the particle producing a controllable torque. This has been
widely exploited in optical tweezers where OAM beams can trap and induce a controlled
rotation in a microparticle driving the development of micromachines [19]. OAM beams
have also generated significant interest in information and communications science. This
is due to the fact that a large number of orthogonal OAM modes enable the implemen-
tation of high-dimensional encoding schemes capable of increasing information capacity in
both classical and quantum information protocols for free space optical communications
[20]. Moreover, OAM beams have been massively influential in fiber optics communications
where mode division multiplexing techniques have allowed for high-capacity transmission

of optical information [21].

In microscopy OAM beams have been transformative in allowing scientists to investi-
gate materials at scales on the order of a wavelength. Super-resolution with OAM beams is
achieved in stimulated emission depletion microscopy (STED), which uses the ring-shaped
intensity profile of a Laguerre-Gauss beam to suppress fluorescence. This selective suppres-
sion of fluorescence allows for imaging at resolutions beyond the diffraction limit and even
single molecule localization [22]. Beyond STED microscopy, OAM beams have found ap-
plications in phase-contrast and structured illumination microscopy [14]. Other commonly
used types of vector vortex beam are the radially and azimuthally polarized “donut” modes
which can be focused beyond the limits imposed by scalar diffraction and produce strong
longitudinal fields in the focal region. The unique polarization structures in vector vortex
beams gives them complex focusing properties such as mode-mixing, and when quantum
effects are important, spin-orbit coupling. These properties have made structured light
imperative in nano-scale imaging, plasmonics, and near-field microscopy where enhanced

spatial resolution and precisely controlled light-matter interactions are essential.
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Figure 1.2: Three optical vortices in a triangular distribution along with the phase distribution.
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1.3 INTRODUCTORY QUANTUM THEORY

1.3.1  HISTORICAL BACKGROUND

Quantum mechanics describes the behavior of microscopic particles that compose material
systems. Its success in describing our microscopic world, and the second technological
revolution that it has ushered in, surely makes quantum theory the crowning intellectual
achievement of the 20" century - if not of all time. Quantum mechanics is rather (in)famous
for the plethora of counter-intuitive predictions that have puzzled many a student and
scientist alike. This understanding of the world was arrived at, not because anybody
would have really imagined that this is the way the world ought to be, but because they
were forced to by experimental observations. Common retellings of the history of quantum
mechanics begin with the story of Max Planck’s resolution of the blackbody problem in
1900. For a perfectly absorbing body, classical electromagnetic theory predicts that the

total energy radiated by the body when integrated over all frequencies is infinite, which is
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1.3. INTRODUCTORY QUANTUM THEORY

impossible. Max Planck solved the problem by imagining that the body was composed of
many identical oscillators that can only exist in a discrete set of energies, and he derived
the famous Planck spectrum [1]. Then, in 1905, Albert Einstein was working at a Swiss
patent office when he began to write his musings on why different metals emit electrons
at different minimum frequencies - the photoelectric effect. In this work, Einstein drew
inspiration from Planck and introduced the concept of the photon; however, the term
“photon” was not introduced until later. Einstein imagined light waves as composed of
indivisible corpuscles of energy, where the energy of each photon is determined by its
frequency and given by E = hv, where h is Planck’s constant and v is the frequency.
His successful account of the photoelectric effect by his photon hypothesis secured him
the 1921 Nobel prize. In that same year, Einstein also performed work on the theory
of Brownian motion. He provided a method for computing Avogadro’s number and thus
paved the way to compute the masses of atoms and molecules, thereby eradicating any
remaining doubt about their existence in the physics community [23]. In 1913, Niels Bohr
proposed a model of the atom based on the previous work of Ernest Rutherford, in which
he described atoms as composed of a positively charged nucleus with electrons in classical
orbits, which are permitted to “jump” between orbits by the absorption or emission of
a photon. Bohr’s model successfully predicted the gross structure of the hydrogen atom
[3]. Then, in 1924, Louis de Broglie was inspired by Einstein’s work and hypothesized that
material particles such as electrons could also behave as waves [24]. The existence of matter
waves was confirmed by the Davisson-Germer experiments, which showed that electrons
undergo diffraction when scattered off a nickel crystal. In 1925, Werner Heisenberg -
in collaboration with Max Born and Pascual Jordan - established the matrix mechanics
formalism of quantum mechanics; however, it was met with much controversy at the time.
The following year, in 1926, Erwin Schrodinger established the wave mechanics formalism
and introduced the Schrédinger equation [25], which governs the time evolution of quantum

mechanical systems.
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1.3. INTRODUCTORY QUANTUM THEORY

1.3.2  HILBERT SPACE AND QUANTUM STATES

In quantum mechanics, the principal mathematical objects of study are Hilbert spaces
and the linear transformations defined on them. What is a Hilbert space? A Hilbert
space is a vector space equipped with an inner product such that the metric induced by
the inner product makes our vector space into a complete metric space, which essentially
means we can do calculus on it. We identify elements of a Hilbert space using Dirac’s
Bra-Ket notation; therefore, a vector in Hilbert space is written as a “ket” like |¢) € H.
All finite-dimensional inner-product spaces are Hilbert spaces [26]. Infinite-dimensional
spaces are not necessarily Hilbert spaces. An import class of Hilbert spaces are called
separable, meaning that the space has an orthonormal set of vectors, S, where the span of
S is dense in H - implying that a vector in H is either in the span of S or is at worst the
limit of a sequence of vectors in the span of S [27]. This is the best we can do to equip
an infinite-dimensional space with a basis. In quantum mechanics, dynamical variables
such as position and momentum are represented by linear operators in Hilbert space.
This is a significant mathematical departure from classical mechanics, where observables
are real functions parametrized with respect to time. Since experimental measurements
return real values, the operators representing observables in quantum mechanics are self-
adjoint, where the operator eigenvalues correspond to the possible results of a measurement,
and their eigenvectors correspond to the resulting state the system is found in. Also,
operators in Hilbert space in general do not commute with one another. This gives rise to
another uniquely quantum feature, observable incompatibility. This refers to the inability
to simultaneously specify two observables precisely. An important space of operators is
the space of trace-class operators from the Hilbert space into itself, which we will call
T(H). A trace-class operator is an operator upon which the trace can be defined. Not all
operators in a separable Hilbert space are trace-class, since the series they generate may
not converge. This technicality does not arise in finite dimensions, hence all operators are
trace-class in a finite-dimensional Hilbert space. Moreover, trace-class operators possess

the desirable property that they are compact operators, and therefore permit the Singular
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1.3. INTRODUCTORY QUANTUM THEORY

Value Decomposition and Schmidt Decomposition, the latter of which is frequently used

to examine entanglement in bipartite systems [28, 29].

We identify a quantum state on a Hilbert space (H) with a positive operator of unit

trace. Hence, the state space for a quantum system is
SH):={peT(H)|Tr(p)=1 and (@|pl) >0 forall ¢ € H},

where, T'r(.) stands for the trace.

The density operators, p, are used to describe two kinds of quantum state: pure states
and mized states. Pure states are identified with projection operators written in the
form p = |¢) (¢| where |¢p) € H is a unit vector. Geometrically speaking, the pure states
correspond to the extremal points of the state space S(H). Pure states contain the maximal
amount of information for a given system [28, 30]. Mixed states, on the other hand, are
a statistical mixture of projection operators which may be written as p = 3, p; [¢;) (¢;]
where the p; represents the probability of the system being in state |¢0;). Mixed states
may not possess complete information about a system since not every density operator
corresponds to a projection onto some unit vectors. In order to quantify how mixed or
pure a state is, we have the purity which is calculated by taking Purity(p) := Tr(p?) [31].
For a density operator representing a quantum state in a Hilbert space of dimension d < oo,
we have the following inequality

ST <1,
where a purity of 1 implies that the density operator is in a pure state and a purity of
1/d means that the state is maximally mized [32]. It is interesting to note as well that
any mixed state on some Hilbert space can be expressed as a pure state in a larger Hilbert
space [31]. Mixed states can be generated by a preparation of a quantum state into a pure
state that is randomly selected from some ensemble of projection operators. They can also

be generated from pure states of a composite system by averaging over the results of the
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other system component [28]. Tt is interesting to note that given some density operator,
p, the decomposition into a sum of projection operators is not unique. In fact, there are

infinitely many decompositions available to some given density operator.

1.3.3  BIPARTITE SYSTEMS AND ENTANGLEMENT

Suppose we have a quantum system composed of subsystems A and B. The Hilbert spaces
for the subsystems are denoted by H,4, Hg and the total Hilbert space for the composite
system is constructed by taking the tensor product H = Hy ® Hg. A quantum state
|W) € H is called separable if it can be written in the form |¥) = |1)4) ® |¢p) for some pair
of vectors |14) € Ha and |¢p) € Hp. Otherwise, it is called entangled. 1t is not difficult
to come up with examples of entangled pure states, such as the spin states of entangled

electrons )

V2

where |1) and ||) represent the electron’s spin up and down states, respectively.

(’T?\L) - H/a T>) € CZ ® (C27

For a quantum state to become entangled with respect to some degree of freedom, we
mean that the measurements of system A cannot be made independently of those on sys-
tem B. As mentioned at the start of this thesis, the EPR paper in 1935 attempted to use
entanglement to argue that quantum mechanics was an incomplete theory, which led to
extensive research into local hidden-variable models [4]. In 1964, John Bell derived statisti-
cal inequalities comparing hidden-variable models with quantum mechanics, known as the
Bell inequalities [33]. The violation of Bell’s inequalities shows that quantum theory, as we
know it, holds and cannot be described by local hidden variables. However, today, entan-
glement isn’t just relegated to fundamental tests of quantum theory; it’s also extensively
exploited as a resource in quantum information processing, imaging, and communications.
For example, the quantum superdense coding protocol uses maximally entangled pairs
to transmit two classical bits of information in a single use of a quantum channel. An

important mathematical question is the identification of entanglement for a given pure
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state in a bipartite system. The most common way of answering this is with the Schmidt

decomposition, where any vector having Schmidt rank greater than 1 is entangled.

To determine whether a mixed state is entangled is a much more subtle problem. For
pure states given by a projection operator pap = |Vap) (¥ap| the density operator is
trivially separable whenever |1 45) is separable. For a general bipartite density operator
pap, the state is separable if and only if it can be written as a convex combination of
tensor products of density operators on H4 and Hg. In other words a density operator
is separable if there exists {pa}r, C S(Ha) and {pp}r, C S(Hp) so that the bipartite

state pap can be written as [29],

k
PAB = Zpi (Pa, ® pB,) -

=1

1.3.4 THE QUANTUM HARMONIC OSCILLATOR

The quantum harmonic oscillator is probably the most important system in all of quantum
mechanics, and it is worth reviewing this system as it leads us to the quantization of the
electromagnetic field. We follow the treatment as presented in [34]. Consider the following

single-particle Hamiltonian

A2 2,2
. D mwe

H=—+ , 1.18

2m 2 ( )

and recall the canonical commutation relation [%,p] = ih. Here, m is the mass of the

particle, w is the oscillation frequency of the harmonic oscillator, and x and p are the
particle position and momentum, respectively. We can then build the ladder operators

along with their commutator,

A A

Q= %@H%), at = o (E—i—), [a,a'] = 1. (1.19)
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Then the Hamiltonian can be written as,

H=hw'a+ 2). (1.20)

Define the number operator, N = a'a. The eigenstates of the Hamiltonian are the
eigenstates of the number operator. The number operator is self-adjoint, so there exist
orthonormal eigenvectors with real eigenvalues [26]. We will write these eigenvectors as
In), where N |n) = n|n). The number operator does not commute with the raising and
lowering operators,

[N,a] = —a, [N,af]=al. (1.21)

We now easily see that the eigenvalues of the Hamiltonian are E,, = hw(n + %), nezZr.
Using (1.20), we can easily see that the effect of G and a' is to decrease or increase the

eigenvalue of the number operator by one,
Naln) = (n—1aln), Nal|n) = (n+1)al|n),

hence the term ladder operators. Relations (13-15) are sufficient to solve the problem
entirely, and this representation is referred to as the number state representation. To
determine the corresponding wavefunctions substitute y = /%= z to transform the ladder

operators to

1 d d
o' =—(y—-), and a=

1
vy NCRART
Applying the lowering operator to the ground state, we have,

. 1 d 2
0= ah(y) = E(y - d—y)%(y) —> o(y) = Coe™¥ /. (1.22)
where Cj is the normalization constant. Then we generate the n'* state by applying
the raising operator, a', to the ground state wavefunction n-times. Observing that the

raising operator is just the Rodrigues formula for the Hermite Polynomials and knowing
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the following orthogonality relation,

We now arrive at the normalized wavefunctions,

1 2
Un(y) = \/mHn(y)efy 2y = %x (1.23)

1.3.5 THE QUANTIZATION OF THE ELECTROMAGNETIC FIELD

Now that we’ve discussed the quantum harmonic oscillator, we can move on to the quanti-
zation of free radiation. For this section, we will suppose we are in free space with no free
currents or charges, and our analysis follows the treatments as presented in [30, 35]. The
electric and magnetic fields expressed in Maxwell’s equations can be written in terms of
scalar and vector potentials, which we will write as ¢ and A, respectively. The magnetic

field can be expressed in terms of a vector potential, A, as B =V X A. The electric field

aA
at

choose the Coulomb gauge by enforcing V- A = 0, and substituting our E and substituting

can be expressed in terms of the scalar and vector potential as E = —V¢ — If we

these relations into Maxwell’s equations, we get,

1 0’A
2

V3¢ = 0. (1.25)

To quantize the electromagnetic field, it is useful to consider a quantization cavity. So
we imagine a large rectangular cavity with side length L that is much larger than the
wavelengths contained within it. We solve (1.24) by supposing that A has time harmonic

solutions and demand that the spatial distribution satisfy periodic boundary conditions.
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The corresponding solutions are plane-wave solutions of the form

, , 2
A — Z ek7S[AOez(k-r—wt) + Age—z(k-rfwt)]’ k = %(nm Ny, nz), (1.26)
k,s

where the sum is over all wave-vectors and polarization. We now compute the total energy

in the fields over the volume V/,

1 1
H = 5/ (60|E|2—|—M—|B|2> av = zeovzngk,sA;S. (1.27)
Vv 0 k,s

Where the latter portion of this final equation closely resembles the harmonic oscillator
Hamiltonian in the number state representation, where our coefficients Ag and Ag™ take
the place of the raising and lowering operators. Along that train of thought, we arrive at

the quantized field expressions by,

1 1
Ay, = ————(WiXks + 1Prs);, Axs = ———— (WpXks + 1Pks)- 1.28
k, ka\/eo_V( Xk, Pk,) k, ka\/eo_V( kXK, Pk,) ( )
Substituting (1.27) into (1.26) gives,
1
H =5 Lok, o) (1.20)

Which we identify as a sum of harmonic oscillator Hamiltonians from the previous sec-
tion, where the sums take place over all wave-vectors and polarizations. The quantization
now occurs by identifying the position and momentum variables with their hermitian op-
erators by pk s — Pk,s and Xy s — Xi 5. The position and momentum operators satisfy the
canonical commutation relation and therefore the corresponding quantized vector poten-
tial satisfies the commutation relations for raising and lowering operators in 1.19. We then

arrive at the quantized Hamiltonian for a multi-mode field,
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. P 1
H = hwk E (Ak,sAik{,s + 5) . (130)
k,s

The quantized electromagnetic field corresponds to a set of harmonic oscillator Hamil-
tonians, and therefore we identify the quanta of the electromagnetic field, photons, with
quantum harmonic oscillators. We may lastly make use of Maxwell’s equations one final

time to arrive at the expressions for the electric and magnetic field operators,

E=i) wew[Ar. ) 4 Ap emilored)] (1.31)
k,s
B=" D wi(k X e [Ag e ®TTH) — A emitlormed)], (1.32)
C el
k,s

Here, ey, is the unit vector for each wavevector k, and s is the polarization state which

can take two values due to the transversality of the electric and magnetic fields.

1.3.6 THE INTERACTION PICTURE

In the quantum mechanical formalism, there are three main “pictures” to describe the
time evolution of a system. The first is the Schrodinger picture, in which time evolution
is incorporated directly into the state vector. Second is the Heisenberg picture, which
keeps state vectors fixed in time and instead incorporates time evolution into observables.
Lastly, there is the interaction picture, which is a sort of hybrid between the Schrodinger
and Heisenberg pictures that is used extensively in the modeling of the interaction of light
and matter. Suppose we have a Hamiltonian H = Hy+ H;, where Hy is a free Hamiltonian
whose solutions are known, and H; is a Hamiltonian describing the interaction between
two systems. In the interaction picture, the time evolution of the observables is determined

by the free Hamiltonian, and the time evolution of the state vectors is determined by the
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interaction Hamiltonian in the following way:

]—A{} _ eiﬁot/hﬁlefiﬁot/h (133)
o, t -
i |1g; o H|0,1), (1.34)

we will use the interaction picture in our discussion of the state generated by Spontaneous

Parametric Downconversion (SPDC), which is to follow in a later section.

1.3.7 THE WINGER FUNCTION FORMALISM

In 1932, Eugene Wigner derived the Wigner transform, which is an integral operator from
the state space of density matrices into functions on phase space [36]. For a single particle

whose state is described by the density operator p, the Wigner function is given by,

1> ) Z.
W(x,p) = ﬁ/ <x + %‘ p ’x - %> ePy/hdy. (1.35)

The Wigner function attempts to emulate the phase space probability distribution
familiar from classical statistical mechanics. The Wigner function W (z,p) is called a
quasiprobability distribution since the Wigner function may not necessarily be positive
definite. In these circumstances, the Wigner function itself cannot be interpreted as a
probability distribution on phase space. The failure of positive definiteness is not a bug
but a feature of the Wigner function, for its failure signals to us that we have a non-
classical state of light. It is also the case that when the density operator, p, is a pure
state, the marginals of the Wigner function do give positive definite distributions that are
genuine probability density functions, and therefore the expectation values calculated by

the Wigner function correspond to those calculated from the ordinary quantum formalism.
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1.3.8  SPONTANEOUS PARAMETRIC DOWN-CONVERSION

Spontaneous Parametric Down-Conversion (SPDC) is a second-order nonlinear light-matter
interaction in which a high-frequency photon is absorbed by a crystal, which then emits two
lower-frequency photons while satisfying conservation of energy and momentum. SPDC
is vaguely similar to difference frequency generation, but there are important differences.
Difference frequency generation is a deterministic process, whereas the down-conversion of
SPDC photons is random, and highly inefficient at that; in a Beta-Barium Borate (BBO)
crystal only about one in every million photons is down-converted [37]. SPDC is an intrin-
sically quantum mechanical phenomenon, and it is the primary way that entangled photons
are generated in quantum optics laboratories [38]. In our work, we generated SPDC pho-
tons in a BBO crystal. A BBO crystal is a negative uniaxial crystal. This means it has one
symmetry axis called the optic axis, which has an index of refraction n,, and an extraor-
dinary axis with an index of refraction n.. The use of the term negative uniazial crystal,
which means that the ordinary index of refraction n, is greater than the extraordinary
index n.. Satisfying conservation of momentum implies the phase-matching condition,
ne(2ws) = ny(ws) in type I SPDC. SPDC can only be generated in a non-centrosymmetric
crystal, since second-order non-linear phenomena are only possible in crystals lacking a
center of symmetry [6]. In the literature, there are two main types of SPDC that are
referred to: first, type I, SPDC converts an extraordinary polarized pump photon into
two ordinary polarized signal and idler photons (e — o + o), and secondly, type II which
converts the extraordinary pump photon into an ordinary and extraordinary signal and
idler photon (e — e + 0). As previously mentioned, SPDC serves as our primary source of
entangled photons, and it has been shown to exhibit entanglement across many different
degrees of freedom, depending on the experimenter’s intent. We may have polarization
entanglement, such as in type-1I SPDC, which has been frequently deployed in many Bell
test experiments. SPDC photons have shown that spatial entanglement is also desirable
to harness for information processing due to the large Hilbert space in continuous variable

systems. We may also produce even more exotic types of entanglement depending on the
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properties of the pump beam, for example, a BBO crystal pumped with an LG beam can
produce entanglement in OAM. Entanglement produced through the SPDC process has
been shown to be conserved for HG-pumped crystals, along with OAM entanglement in
LG-pumped crystals [39, 40]. SPDC has found practical application in quantum key distri-
bution, where entanglement can be exploited in order to securely exchange a cryptographic
key between two communicating partners, quantum imaging protocols like ghost imaging,
and in quantum computations [41]. This thesis is concerned only with the type I SPDC
process. A rough derivation of the two-photon state based on the works of [37, 42, 43] will

now be presented. The interaction Hamiltonian for a x? process is

ma/mx%m@@@ﬁ@mm (1.36)

where we will write out the field operators as sums over k-space as
Ef(r,t) Z dLse’i(ks'r’wSt)
ks
and we describe the classical pump beam in the angular spectrum representation

Ep(r, t) X / / dkpldwp Ep(ka_’ wp)ei(kp-rprt).

This all gives us the following interaction Hamiltonian

Hi(r,t) = / dr / dk,| / duw,

9 At At i(—ks—ki+kp)r i(ws+w;—wp)t
X Y E as,ks@i,kiEp(ka-’wp)e p)Te )t

k57ki

(1.37)

When the transverse dimensions of the crystal are large with respect to the beam spot

size, the integration over the transverse spatial coordinates can be taken to infinity, giving
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us

L
/dr ei(—Ks—Kitkp)T / dz 0(—ks) — ki1 + ka)e_"(kSZJ“kiz_kpz)z
0

sm(AkL/z)] |

— —k — k. k —iAkL/2

where Ak = (ks, +k;,) — k., and L is the length of the BBO crystal. The integration over
transverse wave-vectors for the pump enforces k,; +k;; =k, . This implies conservation

of transverse momentum. The interaction Hamiltonian becomes,

)ei(ws—l—wi—wp)te—iAkLﬂ {Sin(AkLﬂ)}

Hy(t) o /OO dw, Z &;ksdzkiEp(ksL + ki, wp (AKL/2)

ks:ki

From the interaction picture, we know that the time evolution of the system is deter-

mined by the interaction Hamiltonian, which, to first order, can be approximated as

Ut)=1- %/dt’ H(t)

. L » sin(AkL/2)
“1g [ e 3l i Bl s )0 e Eial

Since the SPDC process is inefficient, the time between down-conversions is long hence
the time integration is extended over infinity. Lastly, integrating over the pump frequency,
wy, satisfies conservation of photon energy by enforcing w, = ws + w;. Our time evolved

state is generated by |4 (t)) = U(t) |0, 0;) which gives the biphoton wavefunction

an {M} (1.38)

¢<k87 kl) - Z Ep(kSL + kiLawp - ws + wi)e_Z 2 (Al{,’L/Q)

ks »ki

In much of the quantum optics literature, it is customary to approximate the phase-

matching contribution containing the Ak term with a Gaussian curve in order to make
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analytic theoretical calculations tractable. That is an acceptable approximation to make
when using thin BBO crystals since the propagation distances within the crystal are small
enough that birefringence doesn’t cause too many difficulties. However, there has been
little research into the new physics that is introduced by taking the full wavefunction into

account. This problem will be the primary focus of the article to follow in this thesis.

Figure 1.3: Characteristic single-ring emission pattern observed in type-I spontaneous paramet-
ric down-conversion (SPDC). The conical emission of signal and idler photons, determined by
momentum and energy conservation together with the crystal phase-matching conditions, pro-
duces a circular intensity distribution in the far field. Photon pairs are generated at opposite
points on the ring, exhibiting strong spatial and momentum correlations. Image courtesy of the
SQO Group.
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SPDC STATE PROPAGATION AND
ENTANGLEMENT CORRELATIONS IN THE
NEAR-FIELD

The findings reported in this chapter are based on the publication “Imaging Walk-Off-Driven
Distortions in EPR Photon-Pair Correlations” by C. Howard, R. Ghobadi, N. Dehghan,
A. D’Errico, and E. Karimi, Optics Express 34, in press (2026).
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Here, we begin the discussion of the first article presented in this thesis. Sponta-
neous parametric downconversion (SPDC), as previously mentioned, has been extensively
utilized in quantum optics laboratories in the last 30 years. However, almost all of the
works presented involve macroscopic propagation distances, where the biphotons propa-
gate paraxially. The exact biphoton wavefunction produced by SPDC is generally difficult
to evaluate analytically due to the complexity of the phase-matching function. Conse-
quently, it is common to approximate the biphoton state using a double-Gaussian model,
which preserves the essential correlation structure while allowing for analytical treatment.

In transverse momentum space, the biphoton wavefunction is expressed as

V(pnp) =\ 2 exp [ Alpy + 0~ B, — pi)] 2.)

where p, and p; denote the transverse momenta of the signal and idler photons, respectively.
The parameters A and B characterize the widths of the sum and difference momentum
coordinates and therefore determine the degree of position and momentum correlations

exhibited by the photon pair.

As we can see, this wavefunction cannot be written in the form ¥ (ps, p;) = ¢1(ps)d2(p;)
and therefore the wavefunction is entangled in momentum space. Approximations of this
sort allow one to separate the wavefunction into a sum and a difference of momentum
coordinates, allowing analytic calculations of the state Wigner function, the state Schmidt
decomposition, and the modelling of the state propagation. Moreover, the double-Gaussian
approximation holds best for the far-field propagation distances typical in quantum op-
tics experiments. Beginning to push forward from the Gaussian approximation scheme,
works have also been presented where the wavefunction is approximated with a double-sinc
function [44]. However, this neglects the coupling between the sum-coordinates and the
phase-matching contribution. Even though the double-Gaussian approximation is math-
ematically convenient, essential physics is lost, in particular the coupling between the
sum-difference coordinates and the phase-matching conditions in the biphoton state. To

capture a full picture of how spatial correlations evolve, one must take full account of the
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bi-photon wavefunction. Little research to date has attempted to take into account the
full biphoton wavefunction and examine the new effects introduced, and this is the focus
of the coming article. There are many practical scenarios where the separability of sum
and difference coordinates breaks down. For example, this occurs in: propagation through
large crystals (L ~ 5mm), diffraction through out-of-focus elements, propagation through
turbulent media (important in the implementation of free-space quantum-optical commu-
nication), or in tight-focusing regimes where it is invalid to describe photon propagation

with the paraxial wave equation.

Photon pairs generated through type-I SPDC exhibit strong correlations in their trans-
verse spatial degrees of freedom as a direct consequence of energy and momentum conser-
vation during the nonlinear interaction. These spatial correlations give rise to continuous-
variable entanglement, making SPDC one of the most versatile sources for quantum in-
formation processing, quantum imaging, and quantum communication. Unlike discrete
two-level systems, spatial variables provide access to an effectively infinite-dimensional
Hilbert space, enabling the encoding and manipulation of large amounts of quantum in-
formation. For biphoton states whose wavefunction factorizes in the sum and difference
coordinates, the propagation dynamics of spatial entanglement are well understood. At
the output face of the nonlinear crystal, the entanglement is primarily manifested through
strong position correlations between the signal and idler photons. As photons propagate
through free space, diffraction modifies the biphoton wavefunction, thereby causing the ob-
servable correlations to evolve. In particular, the entanglement does not remain confined
to the intensity distribution but is progressively transferred into the phase structure of the
joint state. At intermediate propagation distances, the intensity correlations can appear
significantly weakened, leading to the impression that the entanglement has been reduced
or even lost. However, this is not the case. The quantum state remains fully entangled
throughout propagation, with the entanglement encoded in phase-sensitive correlations
that are not directly visible in intensity measurements alone. Upon further propagation

toward the far field, the phase structure is converted back into measurable spatial cor-
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Figure 2.1: The simulated wavefunction is ¥ (ps, p;) = @e—A(ps+pi)2_B(ps—pi)2’ with A = 30
and B = 3. Strong spatial correlations are observed at the crystal output plane. As the photons
propagate, the observable intensity correlations weaken and become nearly absent at z = 6k,
where entanglement is predominantly encoded in the biphoton wavefunction’s phase. At longer
propagation distances, i.e. z = 10k, the correlations re-emerge in the intensity distribution,
demonstrating the transfer of observable entanglement signatures between the amplitude and
phase.

relations. As a result, the initially strong position correlations re-emerge as momentum
anti-correlations, consistent with the Fourier-transform relationship between the near- and
far-field planes [45]. The apparent disappearance and reappearance of correlations, there-
fore, reflect not a loss of entanglement, but rather a redistribution of quantum correlations
among different degrees of freedom of the biphoton state. The total amount of entan-
glement remains invariant under free-space propagation, while its manifestation evolves
continuously as the joint quantum state undergoes unitary evolution. This entanglement
migration between amplitude and phase degrees of freedom provides a striking example
of how the physical signature of quantum correlations depends on the measurement basis

and propagation geometry.

In our experiment, we demonstrate that accounting for the full biphoton wavefunction

29



reveals novel spatial correlations that have not been captured to date. Those novel cor-
relations arise from the z-bias introduced by the full biphoton wavefunction, producing a
wedge-shaped correlation that grows larger as the biphotons separate. To get a better idea
of how this all works, let’s briefly examine the full-biphoton wavefunction for non-collinear
type I SPDC. The full wavefunction is [37]

2.2
Po(py,p-) = exp{me*} exp{—i(Bp” + tpi . — 1)} sinc{(Bp” +tp,. — 1)}, (2:2)

where the constants ¢ and [ represent the transverse and longitudinal walk-off, respec-
tively, with g = ﬁ where 7, is the effective refractive index of the pump beam inside
the crystal, and sinc(.) is the sinc function. As we know, SPDC is inherently probabilistic,
with photon pairs being generated at random locations throughout the nonlinear crystal.
In birefringent media such as BBO, the extraordinary pump beam experiences transverse
walk-off as it propagates, causing photon pairs generated at different depths within the
crystal to emerge from laterally displaced positions. Rather than originating from a sin-
gle SPDC cone, the detected state can therefore be viewed as the coherent superposition
of many slightly shifted emission cones. As these contributions propagate and overlap,
they modify the observed spatial correlations, leading to distortions that become increas-
ingly apparent away from the crystal plane. Understanding how these walk-off-induced
effects influence the spatial structure of entangled photon pairs is important both from a
fundamental and practical perspective. In particular, we are interested in how the cor-
relations evolve for different pump-field geometries, including structured beams carrying
orbital angular momentum (OAM). In the conventional Gaussian description of SPDC, an
OAM pump generates photon pairs that are entangled in OAM while preserving angular
momentum conservation. The corresponding coincidence distribution exhibits the familiar
doughnut-shaped structure associated with OAM-carrying fields. An important question is
whether the additional correlations introduced by birefringence and propagation can reveal
otherwise inaccessible information about the biphoton state and potentially provide new

routes toward quantum state reconstruction.
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Below, we investigate the propagation of spatially entangled photon pairs generated
through SPDC beyond the assumptions commonly employed in standard theoretical treat-
ments. Much of the existing understanding of spatial entanglement in SPDC relies on the
thin-crystal approximation, in which the biphoton wavefunction is assumed to factor into
independent functions of the sum and difference coordinates. While this approximation
has proven highly successful, it neglects the subtle coupling introduced by birefringence-
induced transverse walk-off. We show that these effects remain observable even in crystals
that nominally satisfy the thin-crystal condition. Through a combination of theoretical
analysis, numerical simulations, and experimental measurements, we demonstrate that free-
space propagation reveals a previously overlooked coupling between the sum and difference
degrees of freedom of the biphoton state. This coupling manifests itself as a characteristic
asymmetry in the measured spatial correlations that cannot be captured by conventional
factorized models. Beyond providing a more complete description of SPDC, the results pre-
sented here highlight the importance of accounting for propagation and birefringence effects
when reconstructing, characterizing, and exploiting high-dimensional entangled states for

quantum imaging, communication, and information processing.
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Abstract: Spontaneous parametric down-conversion is the primary source of position-correlated
and momentum-anti-correlated photon pairs that form the canonical Einstein—Podolsky—Rosen
(EPR) state. Their transverse spatial correlations are usually analyzed within the thin-crystal
approximation, where the two-photon wavefunction is assumed to factorize into independent
functions of the sum and difference coordinates. In practice, however, birefringence-induced
transverse walk-off breaks this factorization and couples these degrees of freedom. Here, we
show that this coupling persists even for nominally thin crystals once the free-space propagation
of the joint spatial intensity is taken into account. This sum-difference coordinate coupling leads
to a distinctive tapering of the transverse correlations near the crystal image plane — an effect that
standard factorized models cannot capture. Numerical simulations and experimental data clearly
confirm this novel behavior. Our findings provide a more complete description of photon-pair
generation in birefringent nonlinear media and clarify fundamental limits on spatially resolved
quantum imaging and spatial-mode quantum information processing with EPR states.
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1. Introduction

Spontaneous parametric down-conversion (SPDC) is the most widely used source of entangled
photon pairs and has enabled seminal demonstrations of quantum interference [1], entanglement
generation [2—-4], Einstein—Podolsky—Rosen (EPR) correlations [5], and quantum steering [6]. By
providing controllable, high-purity single photons and well-characterized entangled states, SPDC
has transformed quantum entanglement from a foundational concept into a practical resource for
quantum communication [7,8], imaging [9,10], and photonic quantum information processing
[11]. In this sense, SPDC serves as a versatile bridge between fundamental quantum optics and
scalable photonic technologies [12].

The theoretical description of SPDC commonly relies on the thin-crystal approximation, in
which the biphoton amplitude factorizes into contributions depending on the sum and difference of
the transverse coordinates. This separation effectively decouples the pump-envelope function from
the phase-matching response and underpins a wide range of analyses, including phase-retrieval
and state-reconstruction protocols [13,14], orbital angular momentum (OAM) conservation
and engineering [15], and entanglement migration between spatial degrees of freedom [16].
When both the pump and phase-matching functions are further approximated as Gaussians,
compact analytical expressions become available for quantifying spatial entanglement through
the Schmidt number [17-20] and experimentally accessible estimators such as the Fedorov
ratio and EPR variances [1,21,22]. These approximations are well justified in the thin-crystal,
small-transverse-walk-off regime, where the phase-matching bandwidth is broad, the pump profile
largely determines the joint spatial structure, and non-Gaussian distortions remain negligible.

Free-space propagation, however, can substantially modify how spatial entanglement is
distributed among the available degrees of freedom [16,23-26]. More recently, propagation has
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also been exploited as a diagnostic tool to reveal otherwise inaccessible phase information of
the biphoton wavefunction and to enable its reconstruction [14]. Building on this perspective,
we show here that free-space propagation can likewise expose birefringence induced transverse
walk-off effects through a coupling of the transverse sum and difference coordinates. Walk-
off effects [27,28] are well known in Type II crystals [29] and have been studied also in the
context of thick Type-I crystals [30]. Remarkably, the coupling between sum and difference
coordinates can become observable and non-negligible under appropriate conditions, even for
relatively thin nonlinear crystals (L ~ 1 mm). Specifically, we demonstrate that the resulting
non-separability leads to an asymmetric and propagation-dependent broadening of the transverse
spatial correlations. We further show that this effect is enhanced when the crystal is pumped
with structured light, which amplifies the imprint of walk-off on the joint spatial correlations. We
support these findings with heuristic arguments, numerical simulations, and direct experimental
observations, and discuss their implications for accurately reconstructing and interpreting the
spatial states of biphotons.

2. Theory

We consider a uniaxial nonlinear crystal slab of thickness L, whose optic axis is cut at an angle 6
with respect to the propagation direction z of the pump beam. The two-photon wavefunction
in the transverse-momentum representation, evaluated at the output face of the crystal (z = L),
can be written as the product of a pump-envelope contribution and a phase-matching term. We
assume a Gaussian pump profile of the form e™"iP/4 where w, denotes the pump waist at the
crystal plane and p. = (p, + p;)/ V2, with ps and p; the transverse momenta of the signal and
idler photons, respectively.

The phase-matching function has the general form e~ LA:/2 sinc(LAp, /2), where the longitudi-
nal momentum mismatch Ap, can be expressed in terms of the transverse momentum variables.
This leads to the biphoton wavefunction [23]

Do(ps, p-) = e WP iR Hpx=)
’ (D
x sinc(Bp? + Pix—1),

where 8 = L/(4n,k,), with 17, an effective refractive index (see Supplement 1 and Ref. [23]).
The parameters ¢ and / represent the transverse and longitudinal walk-off terms, respectively.
The longitudinal walk-off arises from the different group velocities of the pump and the down-
converted photons, while the transverse walk-off — which is central to this work — originates
from the anomalous refraction of the pump beam inside the birefringent crystal, here assumed to
be extraordinarily polarized.

A key point is that finite transverse walk-off introduces an explicit dependence of the phase-
matching function on the sum coordinate p, . In the absence of this contribution, the phase
matching would depend solely on p_, and the biphoton wavefunction would factorize in the
sum—difference representation as ®@o(p+,p-) = A,(p+) ¥(p-). This separability is a common
assumption and is often taken to be valid in the thin-crystal limit [23]. Only a few works
have explicitly addressed the effects of transverse walk-off. In Ref. [31], transverse walk-
off was incorporated by approximating the phase-matching function as sinc(8p? + tp4.,) ~
sinc(Bp?) sinc(tp, ). For relatively thick crystals (L = 5 mm), this approach was shown to
accurately describe far-field two-photon correlations, while failing in the near field. Importantly,
this approximation, however, restores separability between the sum and difference coordinates.
In contrast, we show that the intrinsic coupling between p. and p_ can play a significant role
even for relatively thin crystals (L ~ 1 mm), where it manifests as pronounced asymmetries in
the spatial correlations.
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We begin with an intuitive picture that illustrates how coupling in the phase-matching term
arises. As sketched in Fig. 1-(a), the extraordinary pump undergoes transverse walk-off inside
the crystal, drifting sideways along the optic-axis direction. As a result, photon pairs generated
at different longitudinal positions exit the crystal from laterally displaced launch points. Upon
free-space propagation to the detection plane, these depth-dependent displacements overlap to
form an asymmetric envelope. On the walk-off side, photon pairs generated later in the crystal
accumulate into a sharp, tapered edge, whereas on the opposite side, pairs created earlier or near
the middle of the crystal spread out more broadly, giving rise to the observed wedge-shaped
correlations.

0.0 bl
X, (mm) -05

Coincidences (norm.)
|

2=0.75cm

Fig. 1. Birefringence-induced transverse walk-off effects. (a) Schematic illustration of
birefringence-induced transverse walk-off in a nonlinear crystal. A pump beam (purple) with
a polarization state along extraordinary axes of the crystal undergoes anomalous refraction,
causing its centroid to drift laterally along the optic-axis direction as it propagates through
the crystal. Consequently, photon pairs, labeled by their wavefunctions ,, and generated
within a voxel of thickness d¢, emerge from laterally displaced locations, leading to a
position-dependent width Ax_ of the transverse anti-correlations. HF denotes a high-pass
spatial filter. (b) Anti-correlation width Ax_ as a function of propagation distance z and sum
coordinate x,. The inset shows the normalized ratio Ax_(z, x4+ )/Ax—(z, x4+ = 0), highlighting
that the dependence on x. is strongest near the crystal image plane. (c) Simulations of the
x-correlations at different propagation distances obtained from Eq. (9).

This behavior can be understood through a simple heuristic argument. The width of the
transverse anti-correlation, Ax_(z), measured at a propagation distance z from the crystal, depends
on both the initial position width Ax_(0) and the momentum width Ap_(0) evaluated at the crystal
plane. For free-space propagation, this dependence follows directly from the ABCD law of
geometrical optics, which, expressed in terms of the sum and difference transverse variables
X; = (X, £X;)/ V2, reads [32]

X+ (2) B 1 z/k\[x+(0)

, (2)
p=+(2) 0 1 /\p+(0)
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where k = k; = k; denotes the signal and idler wavenumbers. From this relation, the propagation
of the anti-correlation width can be written as

Ax_(z) = \/ [Ax_(0)]* + (z/k)*[Ap-(0)]*. (©)

To estimate Ap_(0), we examine the phase-matching kernel sinc(8p? +1p. 1), which explicitly
couples the even p? term to a linear bias in the sum momentum p, . Approximating the momentum
width by the location of the first zero of the sinc function yields Ap_(0) = 24/(7 + 1 — tp+ )/ B.
Substituting this into Eq. (3) gives

A (@) = A IAe O + Er s 4
—(2) = 4/[Ax-(0)] +@(ﬂ+ — P4 )- 4

Using Eq. (2), the sum momentum can be related to the sum coordinate through p,, =
k[x+(z) — x4+(0)]/z. Estimating x4 (0) ~ w, /2 leads to the final expression

2 —
Ax_(z,x4) = wg, |1 + ZT (7r +1- tkﬁ), (%)
Zeff <

where wy = Ax_(0) and zefr = kVBwg /2.

In the Gaussian-approximation limit, where walk-off is neglected (+ = 0, / = 0) and
VB ~ wg, this expression reduces to the familiar divergence law of Gaussian beams, wg(z) =
we 1+ (z/ Zef)?. Finite transverse walk-off introduces an additional correction to the squared
anti-correlation width that depends explicitly on the sum coordinate x,. and grows linearly with
propagation distance z to first order, as illustrated in Fig. 1-(b). This correction is responsible for
the characteristic wedge-shaped spatial correlations observed experimentally. At large propaga-
tion distances, the usual (z/z.)? term dominates, rendering the walk-off-induced asymmetry less
pronounced. This is evident in the inset of Fig. 1-(b), where we plot the normalized difference
(Ax_p— Ax_ 4=0)/(Ax_ s + Ax_ 4=0), showing that the effect of finite transverse walk-off is strongest
near the crystal image plane. We emphasize that this treatment is qualitative in nature, as it does
not fully account for the detailed propagation effects arising from the sinc-shaped phase-matching
function.

A first numerical approach, outlined in Supplement 1, is based on evaluating the Wigner
function associated with Eq. (1). This approach is limited by the computational power required
to evaluate a function of 8 coordinates (the positions and momenta of the idler and signal photons
along x and y). However, qualitative results can be obtained by neglecting the y-dependence
(Supplement 1 Fig. 1).

To make the comparison with the experiment more quantitative and account for the y
dependence, we model the finite crystal as a coherent sum of thin longitudinal emitters. The
crystal is subdivided into M slices of thickness d{ = L/M (voxels), and each slice emits a
Gaussian biphoton amplitude satisfying the thin-crystal approximation. The total biphoton
wavefunction is obtained by the superposition of the biphoton states generated from each voxel

M
Do(r;, ry) = Z Yn(ri, 1), (©)
n=1

where n refers to the n™ volume element of the crystal. We can now resort to the double Gaussian
approximation since, within each voxel, the thin crystal approximation is well satisfied. The
walk-off is accounted for by introducing a lateral displacement xp, in the pump contribution,
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which depends on the position within the crystal: xo, = ond{, with o = t/L being the transverse
walk-off angle. The bi-photon state emitted from the 2" volume element is thus
22 2

pirs xE4yE

(44240 2

Un(rirg)=e % e te v, )

where the phase matching width is w_ ~ 4/8d{/L. It is important to note that, in order to use
the paraxial approximation, we are constrained to use a number of voxels M such that w_ > ,,.
The wavefunctions at a distance z can now be analytically calculated from standard Gaussian
beam results, in particular introducing the g-parameters ¢.(z) = z + inwi /4, and the notation
q+n = q+(z — nd{) — note that the propagation along the sum and difference coordinates is
dictated by the pump wavelength [14] —. The propagated voxel wavefunction is

1
Un(ri X5, 7) = ———
q

+nq-n

¢ T (e 20 093] =i (G2 0%) ®)
where the dependence on z is encoded in the g parameters.

We calculate the x-correlations as C(x4,x_,z) := f |@o(x;, ¥5, 2)|>dy, dy_. After writing the
square modulus explicitly and solving the Gaussian integrals along y.., we finally obtain

eié (m—n)

Clxy,x_,2) " " PR
; [(qu,m - q+,n)(q;,r71 - q—,)z)q+,rlq—,)zq+.m‘1{m]1/2

ik 2x0.n)% 2om) (1 1
_%((X++ (),) _ (X++ X0, ) +(_ _)xz)]’

- _
9+.n 9+m

(©))

X exp

*

q4-n  4-m

where ¢ is the phase mismatch between pump and SPDC accumulated in the crystal. Figure 1-c
shows the simulations according to Eq. (9) where we choose parameters close to our experiment:
wy = 0.2 mm, L = 1.68 mm — the length was corrected by the crystal’s tilt —, d = L/6,
w_ = 6 um, 4, = 405 nm.

3. Experiment

We experimentally verified the predicted effects of transverse walk-off by measuring the evolution
of spatial correlations in SPDC generated from a 1-mm-thick type-I BBO crystal pumped by
a pulsed 405-nm laser. The pump beam was focused onto the crystal, with a measured waist
of approximately 0.2 mm at the crystal plane, which satisfies the thin crystal approximation,
i.e. L/zzg =~ 3 x 1073. The experimental setup is schematically shown in Fig. 2-(a). After
the crystal, an imaging system with 4X magnification was used to measure near-field spatial
correlations using an event-based camera (Tpx3Cam) [33,34]. Signal and idler photons were
spatially separated, with 50% probability, so as to impinge on two distinct regions of the camera
sensor. This separation was achieved using a half-wave plate rotated by 22.5° followed by two
polarizing beam splitters, arranged such that both photons propagate over equal optical path
lengths (see Ref. [14] for further details).

Spatial correlations were recorded at different propagation distances z, referenced to the image
plane of the crystal (z = 0). The z = 0 position was identified as the plane where the two-photon
spatial correlations were the sharpest. The rapid acquisition time and data analysis allows to
observe these correlations in real time —with updates on the correlation patterns every few
seconds— thus allowing us to precisely identify the source plane with an uncertainty of the order
of the crystal’s thickness. Measurements were performed for propagation distances ranging from
z = 0to 15 mm in steps of 2.5 mm. The experimentally reconstructed spatial correlations clearly
reveal the characteristic wedge-shaped structure predicted by our model (see Fig. 2-(b)), which
is particularly pronounced at intermediate propagation distances. Overall, the experimental
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z=0.cm Coincidences (norm.)
e 7=0.25¢cm 0 = 1
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¢ z=0.75cm

z=1.25cm

Fig. 2. Experimental results. (a) Schematic of the experimental setup. BBO: 1-mm-thick
type-I B-barium borate crystal; HF: high-pass filter; L: lens; HWP: half-wave plate; PBS:
polarizing beamsplitter; M: mirror. (b) Experimentally reconstructed transverse spatial
correlations along the x coordinate. (c,d) Detailed analysis of transverse walk-off effects,
highlighting the dependence of the correlation width on the sum coordinate x,. The
one-dimensional cuts show best fits of the coincidence distributions for fixed values of
x; — X, sampled in steps of 233 um, illustrating how the spatial correlations evolve along this
direction due to transverse walk-off. (f) Same one-dimensional analysis as in (d,e), shown
for all measured propagation planes. When stacked together, these reconstructed profiles
map out the free-space propagation of the phase-matching function.

observations are in good agreement with the numerical simulations as certified by the evaluation
of the Similarity S between theory and experiment. The similarity is defined as S = Ve.t, where
e (t) are vectors obtained by normalizing and flattening the experimental (theoretical) results.
We obtain S = 0.75, 0.8, 0.96, 0.97, 0.95, 0.97, and 0.96.

A more detailed analysis of selected cases is presented in Fig. 2-(d) and (e), corresponding to
propagation distances of z = 5 mm and z = 7.5 mm, respectively. The colored curves represent
fits to one-dimensional sections of the coincidence distributions taken along lines defined by
X; = —X; +c, where c is a variable offset parameter. The fits were performed using a sinc?(Ax* — B)
functional form, with A and B as fitting parameters. Although this expression does not provide an
exact analytical description of the phase-matching function at intermediate propagation planes, it
serves as an effective phenomenological model (see Supplement 1 Fig. 2), as it can reproduce both
Gaussian-like and double-lobed profiles. In Fig. 2-(d), the progressive broadening of the fitted
sections with increasing c—corresponding to a transition from the purple to the red curves—directly
reflects the influence of transverse walk-off. In Fig. 2-(e), one can additionally observe the
emergence of a pronounced double-lobed structure for larger values of c¢. This evolution closely
resembles the free-space propagation of the phase-matching function in the absence of transverse
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walk-off (1 = 0), an analogy that becomes more evident when comparing measurements taken at
different propagation planes, as shown in Fig. 2-(f).

Transverse walk-off effects become even more apparent when the crystal is illuminated with
structured pump beams. As a representative example, we consider a pump beam carrying
an azimuthal phase factor ¢/’®, corresponding to an orbital angular momentum (OAM) of ¢h
per photon. Figure 3-(a) shows the measured spatial correlations at a propagation distance of
20 mm from the crystal image plane, where a distinctly triangular structure emerges in the
x-correlations. In the absence of transverse walk-off, the pump spatial profile can be reconstructed
by post-selecting on correlated photon pairs [14]. This is possible because the separability of the
biphoton wavefunction in the sum and difference coordinates allows the pump and phase-matching
contributions to be independently extracted from coincidence measurements. When transverse
walk-off is non-negligible, however, information about the pump profile is not lost; instead, it
becomes intrinsically coupled to the phase-matching function. Consequently, post-selection on
spatially correlated events defined by x; = x; + ¢ yields results that depend explicitly on the chosen
value of ¢, as illustrated in Fig. 3-(b). In all cases, the characteristic doughnut-shaped intensity
profile associated with OAM beams remains visible, but it acquires a pronounced asymmetry
due to its convolution with the phase-matching response. This example also illustrates how the
walk-off leads to violations of OAM conservation, as highlighted in a recent work [35].

a | b
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Fig. 3. Transverse walk-off effects with OAM pumping. (a) Measured transverse spatial
correlations at a propagation distance of z = 20 mm when the crystal is pumped with a
beam carrying orbital angular momentum ¢ = 6. Transverse walk-off effects are particularly
evident in the x-correlations, where they introduce pronounced asymmetries. (b) Coincidence
images obtained by post-selecting on spatially correlated photon pairs satisfying x; = x; + c.
In the absence of transverse walk-off, this procedure would directly reconstruct the pump
intensity profile. When a walk-off is present, however, the reconstructed intensity becomes
dependent on the post-selection condition, as highlighted in the insets. The rectangular bars
indicate the different values of ¢ used for post-selection. The lower figures in panel (b) show
the simulations obtained from Eq. (11).

The experimental results in Fig. 3-(b) can be calculated in light of the theory developed in the
previous section. For a structured pump, the voxel wavefunctions should be modified as

1

e—iﬁ(xiﬂ%) (10)

s

Un(ri, T5,2) = Pu(x:+2X0,, 4> 2)

—n
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where P, is the pump amplitude propagated to the plane z starting from the n-th voxel. The
measured correlation images can be calculated from

Le(r =%,y = 30) = ), [@oxi = x, + €3 = ys + ¢, )1, (11)

where @ is calculated from Eq. (6), and the sum over ¢’ is equivalent to consider that no
post-selection is applied in the y-coordinates. For the simulations in Fig. 3-b we described the
pump wavefunction as an Hypergeometric-Gaussian mode [36] P(x,y,z) = HyGG_ ;) ((x,y,2)
carrying OAM ¢ = 6. The post-selection dependent asymmetry that we observed experimentally
is well reproduced by this model. Deviations from the experiment are likely due to the low
resolution of the acquired images, which are effectively convolved with the pixel size. In the
Supplement 1 Figure S3, we show the comparison between experiment and theory, where a
Gaussian filter is applied to the theoretical results.

4. Conclusions

In conclusion, we have shown that transverse walk-off induces an intrinsic coupling between
the pump and phase-matching contributions, leading to asymmetric and propagation dependent
modulations of the joint position-space coincidence distribution. The resulting wedge-shaped
spatial correlations constitute a previously unexplored effect that must be taken into account
in quantum imaging and state-reconstruction experiments that rely on propagation-dependent
measurements. Although transverse walk-off can degrade the direct interpretation of spatial
correlations, our results demonstrate that a careful analysis based on coincidence post-selection
can still be used to retrieve meaningful information about the constituent functions of the
two-photon state. An interesting direction for future work is the investigation of these effects
in the high-gain parametric down-conversion regime, where multimode dynamics may further
enhance or modify the observed behavior.

More broadly, the approach presented here can be generalized to other scenarios in which the
separability of the biphoton wavefunction in sum and difference coordinates breaks down during
propagation [31,37,38]. Relevant examples include diffraction through out-of-focus objects,
propagation through turbulent or scattering media [39,40], and tight-focusing regimes where the
paraxial approximation is no longer valid [41]. In these contexts, propagation-induced coupling
between spatial degrees of freedom may provide both challenges and new opportunities for
controlling and exploiting high-dimensional quantum correlations.
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IMAGING WALK-OFF--DRIVEN DISTORTIONS IN EPR PHOTON-PAIR
CORRELATIONS: SUPPLEMENTAL DOCUMENT

S1. DEPENDENCE OF BIPHOTON WAVEFUNCTION PARAMETERS ON
REFRACTIVE INDICES AND CRYSTAL ORIENTATION

The parameters t, 1 and 77, in Eq. (1) can be expressed in terms of refractive indices and the

crystal orientation 0 as:
t = L(n%-n3)sin 6 cos 6
- 2n2(6) >
_ Ll e
L= 2 T ey

n?(8) = n3sin6? + nZ cos 62 ,ﬁz% (S1)

where n, and n, are the ordinary and extraordinary refractive indices, respectively, at the pump
wavelength. In what follows, we focus on frequency degenerate SPDC, wherein the signal and
idler have identical frequencies; the results extend straightforwardly to the non-degenerate
regime.

S2. WIGNER FUNCTION APPROACH

The first approach is based on calculating the Wigner function of the biphoton state, defined as

W(xy.x_;py, D)
= ff —d q+dq_ ei(x+q++x—Q—)
(2m)*
q+ q- N q+ q-
X @ (P+ t5r- +7) X @y (P+ —5P- —7)

Under the linear transformation in Eq. 2 the free-space evolution of the Wigner function takes
a particularly simple form

W (2,02 (@) = Wexs £25,p)

We used this result to propagate the Wigner function through free space. Specifically, we first
calculate the initial Wigner function corresponding to the biphoton state in Eq.1 using the
parameters w, = 50, = 1,t = 4.0, and 1 = 3.0. The propagation is implemented by
transforming the phase-space axes and interpolating the Wigner function onto the new
coordinate grid. By integrating W (p;(2), ps(2), x;(2), x5(2)) over the momentum variables
(pi(2),ps(2)), we obtain the position-space marginal probability distribution, which is
proportional to the experimentally measured spatial correlations at distance z.

% The resulting transverse spatial correlations for several propagation planes are shown in Fig.
S2. The simulations reveal the characteristic emergence of a right-diagonal lobe, whose broader
end is aligned along the line x; = x; which becomes increasingly pronounced with
propagation distance.

The numerical computation of the Wigner function for the biphoton state is performed in
Python using the NumPy and Matplotlib libraries. In order to compute the Wigner function we
take the Fourier Transform of the argument ®(p - po/2) ®* (p + po/2) with respect to po.
Therefore, to model the propagation of the biphoton Wigner function, we numerically compute
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the Wigner function using iterated Fast Fourier Transforms. We now present an outline of the
program's construction.

Pick a real number P > 0 and consider the set S = (-P, P) x (-P, P) € R x R. The real number
P should be large enough so that the support of O(p - po/2) ®* (p + po/2) is contained in S. We
then construct a uniform partition P of the set S into N x N cells. We then sample the midpoint
of each of the cells in P to get the set of sampled momentum space coordinates s = {(psn, pim)
=(-P + P(1+2n)/N, -P + P(1+2m)/N) : n, m =0, ..., N - 1}.

Then for each fixed p,, ,, = (Dsn,Pim) € S, we compute the Fast Fourier Transform to get
W (xg, X, Do Dim) = FFT {Q®@nm — Do/2) @ * (Ppm + Do/2)}. The numerical Wigner
function is then constructed by taking the set of all such W (xg, x;, Psn, Pim) - Hence the
numerical Wigner function is the set W(x,, x;,ps,0;)) = {W(Xs, Xi, Dony Pim) * LM =
0,...N — 1}.

We realize the propagation of our Wigner function through a passive transformation of the
position and momentum axes. Finally, we obtain our propagated position marginal distribution
by numerically integrating over the momentum space variables (ps, p;).

In our simulations, the momentum space {po : po = (p_so, p_io)} is discretized into an M x
M grid centered about the origin where M = 124. The position space, {x : x = (x, x;)}, which
corresponds to the Fourier plane, will also be discretized into an M x M grid by the Fast Fourier
Transform. The momentum space, {p : p = (ps, p;)} is discretized into an N x N grid where
N = 1.5 M = 186. The propagation parameter, , is allowed to take on the following set of
values {0.0, 0.25, 0.5, 0.75, 1.0, 1.25, 1.50}.

We observe that for = 0, which corresponds to the position marginal at the exit face of the
crystal, we see very tight correlations along the main diagonal. In the case for zero transverse
walk-off (t = 0) we see that as we propagate the transverse plane, the position marginal
transitions from being dominant along the correlation diagonal to becoming dominant along
the anti-correlation diagonal.

In the simulations with non-zero transverse walk-off (t = 4.0) and longitudinal walk-off (1
= 3.0), we observe the characteristic formation of a diagonal pointing lobe. As the propagation
distance increases, we observe fictitious fringes that are simple artifacts of a lack of resolution
in the position and momentum spaces. These fringes are ruled out by the 4D theory presented
in the main.

On the other hand, in the simulations with walk-off, we see that upon propagation, our
position marginal distribution obtains a lobe shape whose wide end is directed along the
correlation diagonal x; = x,. This means initially, we are nearly certain to detect the two
photons having the same position, which makes sense since photons are generated from the
same pump photon at a specific location within the BBO crystal. Then, upon propagation, we
observe the transverse walk-off as it becomes more likely to detect the two photons farther apart
from one another.

S3. SUPPLEMENTARY FIGURES
Figure S1 shows the results of the x-correlations based on the Wigner function approach.

Figure S2 compares the experimental data with the corresponding best fits that are shown in
Fig. 2-(c)-(e) for all propagation planes and transverse sections considered.
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Figure S3 compares the experimental correlation images with the OAM-carrying pump and the
theory with an applied Gaussian filter (with width=10 pixels in Fourier space).

Xi

7=0.25cm

7=0.5cm

Fig. S1. Evolution of spatial correlations according to Wigner function propagation.

Fig. S2. Fits of sections of measured correlation patterns. Full comparison between
experimental data (black circles) and best fits (red plots) that was shown in Fig. 2-(c)-(e) for all
propagation planes and sections considered. The R? correlation coefficient varies between
95% and 99%.
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Fig. S3. Results from Figure 3-(b) with a Gaussian filter applied on the theoretical results
(bottom row) to simulate the effect of the limited camera resolution.
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NONPARAXIAL EVOLUTION OF
OAM-ENTANGLED PHOTON PAIRS

Diffraction is one of the most fundamental phenomena associated with wave propagation.
It describes the tendency of a wave to deviate from straight-line motion when it encoun-
ters an obstacle or passes through an aperture. First systematically studied by Francesco
Maria Grimaldi in the seventeenth century. Diffraction later became a cornerstone of wave
optics and provided compelling evidence for the wave nature of light. Studies by Huygens,
Young, and Fresnel established diffraction as a fundamental mechanism underlying light
focusing and image formation. Today, diffraction underlies many of the most important
processes in optics, including light focusing and image formation. In many optical systems,
light propagation can be accurately described within the paraxial approximation, which

assumes that rays propagate at small angles relative to the optical axis, see paraxial wave
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equation approximation in chapter 1. This approximation is sufficient for a wide range of
laboratory and everyday applications. However, a complete description of light propagation
requires solutions of the full Helmholtz equation. Such solutions were introduced earlier
through the angular spectrum representation of the electromagnetic field and became par-
ticularly important for strongly focused beams and large propagation angles. The study
of non-paraxial light has led to significant advances across modern optics. Notable exam-
ples include near-field optical microscopy, where non-paraxial fields enable imaging and
characterization of materials with subwavelength resolution, providing access to physical
processes at atomic and molecular scales. Understanding the behavior of tightly focused
light is therefore essential in many areas of contemporary photonics and optical engineer-
ing. To determine the electromagnetic field in the focal region of a high numerical aperture
(NA) objective, one must solve Maxwell’s equations subject to the appropriate boundary
conditions at the interface between the lens and the surrounding medium. The first rigor-
ous treatment of this problem was developed by Richards and Wolf in their seminal 1959
work on electromagnetic diffraction through an aplanatic optical system [46, 47]. Their

formalism remains the foundation for describing tightly focused electromagnetic fields.

To derive the electric field in the focus of a large numerical aperture (NA) system we
start from the angular spectrum representation, which relates the Fourier transform of the
focal field to the field at some distance z. What we need to do is establish a relationship
between the Fourier-transformed field in the focal region and the Fourier-transformed field
over the lens. This is accomplished by evaluating the angular spectrum representation
integral at a point at infinity by the method of stationary phase which when carried out
yields,

i femiks

, 1
E(z,y,z2) = o // TEin(k‘a;’ky)el(kx$+kyyikzz)k_dkxdky‘ (3.1)

Where TE;,(k;, k,) is the linear transformation representing the refraction of incom-
ing rays on the focusing objective. Then we make a change of variables into cylindrical

coordinates where (z,y,2) — (p, ¢, 2) and convert the integration into k-space spherical
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coordinates,

ky = ksinf cos ¢ (3.2)
k, = ksinfsin ¢ (3.3)
k, = kcos®, (3.4)

where ¢ € [0,27] and 0 € [0, o] where o = arcsin(%) is the maximum polar angle of the
lens. This change of variables can be seen by examining Figure 3.1 and 3.2 where a ray
traveling along the optic axis is refracted radially towards the origin. Putting these results

together and we arrive at the Richards-Wolf integral of tight-focusing,

—ifk o r2m . I
E(p,¢,2) = —227{ 6_’fk/ / TEi, (6, ¢) etz cosOtikpsinfcos(0=0) oiny g dey dp. (3.5)
o Jo

Lastly we must establish the ray transfer matrix T that governs the refraction of the
incoming beam on the focusing objective. Consider a cylindrical vector beam propagating
along the positive-z axis toward a spherical lens. We describe the transverse field using
the cylindrical basis vectors {, qg} and assume that the incident beam completely fills the
entrance pupil of the lens. Prior to refraction, the rays propagate parallel to the optical
axis. Upon passing through a lens of focal length f, they are redirected toward the focal
point located at z = 0. The azimuthal basis vector gg remains invariant since it is always
tangent to the surface of the spherical lens. The radial basis vector is mapped into the
polar tangent vector on the spherical lens. For a ray entering the lens at a radial distance
h from the optical axis, the geometry of the aplanatic system yields h = fsin#, where 6
is the convergence angle of the refracted ray. If the incident beam possesses a transverse

electric field distribution E;,, the action of the lens can be described by a transfer matrix
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that accounts for the refraction and polarization transformation of the field [48, 49, 50],

cos ) cos? ¢ + sin® ¢

—sin f cos ¢

Then the output beam is E. (0, ¢) = TE;, (0, ¢).

(cosf — 1)sin¢cos¢ sinf cos ¢
T = Vcosh |(cosf — 1)singpcosd cosBsin® ¢+ cos? ¢ sinfsin ¢

(3.6)

sin # sin ¢ cos 6

There is an immediate remark

that must be made. Our incoming beam is paraxial in its propagation, and therefore the

incoming waves are transverse electromagnetic waves.

However, the transformed wave

produced by refraction from an aplanatic objective produces a longitudinal component as

well. The acquisition of the longitudinal component signifies our departure from paraxial

propagation and reveals the mechanism by how light can be focused beyond the scalar

diffraction limit - by acquiring a longitudinal component, the beam spot size w can be

compressed to diameters that are comparable with the waves’ wavelength, i.e. w ~ \.

I, X
P, o8 P
O, o)
I z
A B Y
“{ o %
(@] V4
P, : ,

Figure 3.1: Diagram of the focusing of light
from a spherical lens. The beam fills entirely
the lens and rays traveling along the optic axis,
shifted by a distance h from the optic axis satis-
fies the condition h = fsinf and are refracted
radially towards the point z = 0. Adapted
from reference [49].

Figure 3.2: Diagram of the k-space of the
beam when refracted by the lens and the
geometry of going from k-space Cartesian
coordinates to k-space spherical coordinates.
Adapted from reference [48].

Having established the formalism for tightly focused fields, we now turn our attention



to the focusing of Laguerre-Gaussian beams. Consider an xz-polarized Laguerre-Gaussian
beam that completely fills the aperture of a spherical lens and whose waist is sufficiently
large that the lens lies within the beam’s depth of focus. Under these conditions, the field

distribution over the lens can be expressed in spherical coordinates as [51]

LCos(6, ) o < sin 0 > ' exp{ <— sin’ 9) } exp(ild). (3.7)

sin «v sin” o

Here, we consider the lowest radial index of the LG mode, p = 0.

The x-polarization of the beam selects the first column of the matrix T. The Richards-

Wolf integral then becomes,

o o o cos 6 cos? ¢ + sin? ¢
> / / LGo.(¢,0)e™ 50 1, (kpsin 6)e™ =) sin 0v/cos 0 | (cos§ — 1) sin ¢ cos ¢ | dpdd),
n=—oc0 0 0 —sin 6 cos ¢

(3.8)

where J,(.) denotes the Bessel function of the first kind of order n.

We will determine the OAM selection rules for tight-focusing (i.e., the values of n for

which the integral is non-zero), as established in [22]. Observe that,

2
/ =M cos? pdgp = n=1 (3.9)
0

0, otherwise
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2
/ lsin? pdp =, n=1 (3.10)
0

0, otherwise

o + 1 p=1+2
/ =% sin ¢ cos ¢ dp = 20 (3.11)
0

0, otherwise

o ™, n=1+1
/ e=m9 cos pdep = . (3.12)
0

0, otherwise

There are a few remarks that should be made: firstly, for an OAM state |¢), we get non-
conservation of OAM. This arises from coupling to the photon’s spin degree of freedom,

which will be examined more closely in the discussion to follow.

Having established the formalism describing the tight focusing of optical fields and
explored the behavior of beams carrying spin and orbital angular momentum, we now turn
our attention to the quantum regime. In particular, we investigate how tight focusing
affects the spatial and angular-momentum properties of photon pairs generated via SPDC.
As discussed in the previous chapters, SPDC is one of the most widely used sources of
entangled photons, producing pairs whose spatial, momentum, polarization, and angular-
momentum degrees of freedom exhibit strong quantum correlations. Since tight focusing
is known to modify the structure of classical optical modes by introducing non-paraxial

effects and coupling between different field components, it is natural to ask how these
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effects manifest themselves in correlated quantum states of light.

As a starting point, we consider the simplest and most commonly encountered con-
figuration: a type I nonlinear BBO crystal pumped by a Gaussian beam. Under these
conditions, the generated two-photon state can be expressed in terms of the transverse
momentum correlations of the signal and idler photons. Neglecting the radial modes, the

resulting biphoton state takes the following form

W) = > Cil)|-0) (3.13)

l=—00

which is

U(di, ¢s) = i Cye'Ps e (3.14)

f=—0c0

in the real-space representation, i.e. (r;,rs|¢), . C; are the probability amplitudes of the
OAM mode pairs. These coefficients are symmetric with respect to the sign of the orbital
angular momentum, such that Cy, = C_y, and their distribution is determined by the pump

and phase-matching properties of the SPDC process.

To understand how OAM is modified by tight focusing, it is useful to recall that the
corresponding selection rules are determined entirely by the azimuthal structure of the
field. In the present case, these rules emerge directly from the azimuthal integrals appear-
ing in equations (3.9)—(3.12), which govern the coupling between the incoming and focused
OAM modes. As discussed above for classical fields, the allowed mode transformations are
dictated by angular-momentum conservation encoded in these integrals. The extension of
this analysis to the biphoton state follows naturally. Since the Richards-Wolf formalism
describes the action of a lens through a linear optical transformation, the focusing process
acts independently on each photon of the pair. Mathematically, the focusing operation
can therefore be represented as the tensor product of two single-photon integral opera-

tors. Consequently, the selection rules governing the tightly focused biphoton state are
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inherited directly from the corresponding single-photon transformations. This property
greatly simplifies the analysis. Rather than evaluating a two-photon Richards—Wolf inte-
gral from first principles, one may first determine the tightly focused modes associated with
each individual photon and then construct the focused biphoton state through their tensor
product. The resulting two-photon field retains the quantum correlations established dur-
ing the SPDC process, while simultaneously incorporating the non-paraxial mode mixing

introduced by tight focusing. Accordingly, the focused biphoton state can be written as
(RW1 @ RW. ) (ln), @ [i6a),) = (RW [vn),) © (RW [12),), (3.15)

where RW indicates the action of tight focusing, given by the Richards-Wolf integral of the
equation (3.8).

Now, our focused field for a single beam gives a vector field; therefore, the tensor

product of two tightly-focused fields yields a rank-2 tensor field of the following form,

. o ¢mac ¢my wmz
(RWl |1/J1>s) ® (RW? |¢2>z) = wyac wyy 2/}yz : (316)
wz:r: wzy wzz

The square modulus of each entry gives the probability of detecting the two photons
with either transverse or longitudinal polarization. For example, the entry v, would give
you the probability of detecting the signal photon with x-polarization and the idler photon

with y-polarization. From our work on the single beam tight-focusing we know that we

have,
oies |y Z AL gittrades (3.17)
As
e—i&pi — Z B(A—if)ei(—f-‘rAi)% (318)
A
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where A = ¢ —n € {0,+1,+2}, depending on whether we are dealing with transverse or
longitudinal integrals. So, we have my, = ¢ + Ay, and m; = —¢ + A,;, which gives the sum
ms+m; = Ag+A;. We may now write the total OAM selection rules for the tight focusing
of a biphoton state,

ms +m; € {0,£2, £4} — Transverse selection rule
ms + m; € {£1, £3} — Transverse-longitudinal selection rule

ms +m; € {0, £2} — Longitudinal selection rule

Observe that in the initial state, the total OAM is J = > ¢ = 0, but after tight-focusing,
the total OAM is non-zero again due to photon spin-orbit coupling. Moreover, since the
initial state is a superposition of anti-correlated states, the tight-focusing of each of those
modes couples them to “nearby” modes. To make this notion of “nearness” of modes a
bit more precise, consider two modes given with indices (—/¢,¢), and (—¢ — A, ¢+ A) with
A > 4. Then the tightly focused fields of those two product states share no modes in

common. This conclusion is pretty straightforward from The Great Lattice in figure 3.3.

The resulting broadening of the OAM spectrum in both the transverse and longitudinal
components is a particularly intriguing consequence of tight focusing. Beyond its funda-
mental significance, this effect may have important implications for quantum imaging and
quantum microscopy, where photon pairs are increasingly employed as probes of the spatial
structure of unknown phase objects. In such applications, high numerical aperture systems
are often required to achieve enhanced resolution, making non-paraxial effects unavoidable.
Understanding how tight focusing alters the spatial and angular-momentum correlations
of biphotons is therefore essential for accurately describing and exploiting these systems.
It should be emphasized that the present analysis focuses primarily on OAM correlations
and therefore captures only part of the underlying physics. As discussed in the previous
chapter, the spatial structure of the SPDC state is considerably richer. Even for a Gaussian
pump and within the thin crystal approximation, the generated biphoton state is generally

correlated in both the azimuthal and radial degrees of freedom, as described by its Schmidt
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OAM Lattice for an Initial State |/, —/)

Transitions Induced by Tight Focusing

= Symbol key
Initial state: |l, —/) (black dot at (I, 1)) ]
@ Initial state |, 1)
=24 O =] O = O QO  Transverse-transverse (17)
(-2, -1+2) (I=1,=1+2) (I, -1+2) (I+1, =1+2) (142, -1+2) 8, & € {0,42)
|:| Transverse—longitudinal
(TL or LT)
=4l 4 =] P4 (=] x [ one A € {0, £2},
@=2,=1+l) | @=1, =11 A, —1+1) (A+1, -1+1) (A+2, -1+1) diisce @ EAZL
g X Longitudina-Hongitudinal (LL)
g A, A; € {1}
s —1 1 (3 L] o L O 2
= (=25 =) =1, -l (t, =) (+1, =1 W2, =D
=~ Total OAM shift m, + m;
g O 0 (TTorll)
(A +4;=0)
== o ] X jral X i1l Wt o
(=2t =1=1j {i=1.=l=1) (@=t=il) (T, =1=1) @ 25 =1=1) AT
O +1 TL/LD
(A + A; = £1)
P @ el O i) § O +3 (TL/LT)
(1-2,-1-2) (I-1,-1-2) ,-1-2) (41, =1=2) (1+2,-1-2) (A, + 4 = £3)
T T T T T o i4 (TT)
-2 -1 l [+1 [+2 (A + 4 = £4)
m, (Signal OAM) J

From the initial anti—correlated state |/, -/}, tight focusing couples to all output pairs
(mu mi) = (l * Ass o A[)

where Ag, A; are determined by the polarization components of the focused fields:
e Transverse (T): A € {0,£2}
« Longitudinal (L): A € {£1}

Figure 3.3: The Great Lattice depicts the possible OAM states that an SPDC photon pair may
transition to, along with their indicated polarizations.
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decomposition (it also possesses some non-negligible walk-off). The OAM basis considered
here corresponds to the special case in which only the azimuthal structure is retained, while

the radial mode index is neglected.

A more complete treatment of tight focusing must therefore include Laguerre-Gaussian
modes with non-zero radial indices p. In this extended description, the lens not only
induces coupling between neighboring OAM states through spin-orbit interactions, but
may also generate coupling between radial modes. Such coupling is expected to depend on
the detailed phase structure of the field, including the number and location of radial phase
discontinuities, as well as on the numerical aperture of the focusing system. Consequently,
tight focusing may reshape the biphoton state simultaneously in its azimuthal and radial
degrees of freedom, leading to a much richer mode structure than that revealed by OAM
correlations alone. Exploring these radial-mode effects remains an important direction for
future work. A comprehensive understanding of the interplay between radial and azimuthal
correlations in the non-paraxial regime could provide new insights into the structure of
entangled photon pairs and may ultimately enable new approaches to high-dimensional

quantum imaging, microscopy, and information processing.
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CONCLUSION

In this thesis, we investigated the propagation and transformation of biphoton states gen-
erated through spontaneous parametric down-conversion (SPDC) in two distinct physical
regimes. Our goal was to develop a deeper understanding of the spatial structure of entan-
gled photon pairs and to explore how this structure evolves under propagation and strong
optical manipulation. Together, these studies contribute to a broader effort to understand
how quantum correlations behave in realistic optical systems and how they may be ex-
ploited in future imaging and microscopy applications. In Chapter 2, we examined the
complete biphoton wavefunction generated by non-collinear type-1 SPDC. Rather than re-
lying on the double-Gaussian approximation that is frequently employed in the literature,
we analyzed the full spatial structure of the biphoton state and its evolution during prop-
agation. This approach revealed a variety of spatial correlations that are absent in simpli-

fied Gaussian models. Particular attention was devoted to the near-field regime, where the
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structure of biphoton correlations remains comparatively less explored than their far-field
counterparts. Our analysis demonstrated that the near-field biphoton wavefunction con-
tains a rich set of propagation-dependent features that encode information about the quan-
tum state. These correlations evolve nontrivially as photons propagate and can provide
valuable information for quantum state reconstruction. Furthermore, they play an impor-
tant role in understanding diffraction and imaging through out-of-focus optical systems,
where propagation effects cannot be neglected. These results highlight the importance
of considering the full biphoton wavefunction when describing realistic quantum imaging
scenarios and establish a framework for future investigations of propagation-dependent

quantum measurements.

In Chapter 3, we moved beyond the paraxial approximation and investigated the be-
havior of structured quantum states in the non-paraxial regime. We first developed the
formalism describing the tight focusing of vector optical fields and then extended this
framework to biphoton states carrying orbital angular momentum (OAM). By applying
the Richards-Wolf formalism to OAM-entangled photon pairs, we showed that tight focus-
ing introduces spin-orbit interactions that fundamentally modify the angular momentum
structure of the biphoton state. One of the central results of this work is the emergence of
OAM selection rules associated with spin-to-orbit conversion. While the total OAM of the
initial biphoton state may vanish, the focusing process couples spin and orbital angular
momentum, broadening the distribution of OAM modes in the focal region. To describe
these transitions, we introduced a geometric representation in the form of an OAM lattice,
which provides an intuitive visualization of the allowed mode couplings and their relation-
ships. This framework reveals how initially distinct OAM modes become interconnected
through focusing-induced spin-orbit interactions and offers a powerful tool for understand-
ing mode transformations in complex quantum optical systems. The resulting broadening
of the OAM spectrum in both the transverse and longitudinal components is particularly
significant. From a fundamental perspective, it demonstrates that tightly focused quantum
fields cannot be fully understood within a paraxial description. From a practical perspec-

tive, these effects may play an important role in future quantum imaging and microscopy
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platforms, where high numerical aperture systems are essential for achieving high spatial
resolution. In such systems, non-paraxial effects are not merely corrections but rather
an intrinsic part of the imaging process. Consequently, understanding how tight focusing
reshapes the spatial and angular momentum correlations of biphotons becomes crucial for

accurately describing and exploiting these quantum states.

It is important to emphasize that the present treatment of tightly focused biphotons
focused primarily on their OAM correlations. While this provides valuable insight into the
role of spin-orbit coupling, it captures only part of the underlying structure of the SPDC
state. Even under Gaussian pumping and within the thin-crystal approximation, SPDC
generates correlations in both the azimuthal and radial degrees of freedom, as naturally
described by the Schmidt decomposition of the biphoton wavefunction. The analysis pre-
sented in this thesis effectively corresponds to the special case in which the radial mode

index is neglected, and only the azimuthal structure is retained.

A natural extension of this work is therefore to investigate the tight focusing of biphoton
states expressed in the complete Laguerre-Gaussian basis, including modes with nonzero
radial index p. In such a description, the focusing process may induce not only coupling
between neighboring OAM states but also coupling between radial modes. Since radial
modes are associated with the phase and intensity structure of the field in the transverse
direction, their transformation is expected to depend sensitively on the optical system’s
numerical aperture and the detailed phase profile of the incoming field. The resulting
interplay between radial and azimuthal correlations may generate a considerably richer

entanglement structure than that revealed by OAM correlations alone.

The implications of these findings extend beyond the study of structured photons them-
selves. As quantum imaging techniques continue to mature, there is increasing interest in
extending them from macroscopic imaging into the microscopic and nanoscopic regimes.
Such a transition requires the integration of several areas of modern optics, including struc-
tured light, vectorial focusing, spin-orbit photonics, near-field optics, and high-dimensional

quantum entanglement. The results presented in this thesis provide a theoretical founda-
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tion for this direction by clarifying how biphoton correlations evolve both during propaga-
tion and under strong focusing conditions. Several important questions naturally emerge
from this work. For example, can entangled photons provide advantages over coherent il-
lumination in scanning near-field optical microscopy? How are biphoton correlations mod-
ified by interaction with nanoscale scatterers or complex nanophotonic structures? Does
spin-orbit conversion become enhanced or altered during such interactions? How is the
OAM spectrum redistributed when an entangled photon pair encounters a subwavelength
object? More broadly, can spin-orbit entanglement be harnessed to extract information

that is inaccessible through classical illumination schemes?

Answering these questions will require a detailed understanding of the interplay between
spatial correlations, spin-orbit coupling, and light-matter interactions at the nanoscale.
The theoretical framework developed throughout this thesis represents a first step toward
that goal. By combining a detailed description of the full biphoton wavefunction with
a non-paraxial treatment of structured quantum states, this work opens new avenues for
studying quantum light in regimes where diffraction, focusing, and entanglement become
inseparable. As quantum technologies continue to advance, the ability to engineer and ma-
nipulate increasingly complex photonic states will become ever more important. The rich
structure revealed here suggests that entangled photons possess untapped resources that
remain largely unexplored, particularly in strongly focused and near-field environments.
Exploring these resources may ultimately lead to new forms of quantum microscopy, en-
hanced imaging techniques, and novel methods for probing matter at the smallest scales.
The path forward is challenging, but the opportunities are equally compelling, and the fu-

ture of structured quantum light in microscopic imaging remains exceptionally promising.
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