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ARSTRATE

Az srkitrory patriz E is szid to be gymmetrized by

.

*Hhe gymmeivic metriz & I e product A = B s syumetric.

5

I2 suck z cpzmetrizing melbriz E S knous Iy e B =
BaYFiE ¥ ithe eigenvslue provlem (B -~ 7iJE = O becomes
{4 - PRIZ = § where {i& - P8} is syzzBiric.

Iz thiz thesis om sxtensien of Phe Zayleigh Guotient
iterstion is used %o solve the symmetwic problem when K is

O PN o~ me

Loy Enis eXlenszon ©f whne

resi. 4126 in case 5 is nes
Yzyleigh wotient iteration is =modified siightly %o determine

the oY AL w2 53&%3 5.2‘ ey ﬁz;.!a 258 gearg&}_ﬁes end o = TOTES

o

CORTETEOnce o Inouvn sazcnvaiuese.

_ The metbhod of mininized iterstions is used to construct
syrmetrizing volrices. For when this method is sprlied $o an
arbitrary vesl nm x a =airix B 1t roduces s tridisgonzl
satriz ¥ whick is similer o ¥ and is & direct sus of
nen-gerogatory zairices. 41sc produced is s non-singrlsy
disgonal matrix D which gymmetriges ¥V and the esigenvalune
rrobliem becomez {5V - 2H)E = 0 .

Finece it is ouch casier 0 apply the method of
inimizesd Iteraticms ¢ o Hessenberg matrixz, orthogonal
transforzations are used o yeduce the originzl =madriz o
Zessenberg form before the method of minisized iteradicns

is appliecd.
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EE RAYLEISH (TUTINEY ITERATION

fd

This chepter is ceneersed mainly with %he sel~
aticn of ithe Jdetermimsanisl egussion
{lellecses |IE-ZFIl =0
forﬁze r eigenvslues of the & X 3 metrix 2. Ike method
af ssiution %o be considered iz an itersiive procedurs
involving the use of the Iayleliszh uotient.

I% is cssused ihet the meiriv F heds X disNance
eigenvziues Tys Tps eos 3 Ty =né glse thet ¥ is ncn~der~
CEatOTys 1.8 1f & TSSS Ts e 1< iz, hes nuitiplic-
ity = then #, comsidered s a linesr transforastion,
jesves =zn = dicensionel subspsee T inveriant and T is
spanned by au eigenvecior Eci—i and -1 pripeipsl veoilors
;91 s ses 3 Ty which gatisfy the following relatioss:

(¥ - 2'13}3%1 = &

{1-2}ococ¢

jed

¥ e . E}F . % £ £ 3 T e I

{-.,.. rﬁi}ﬁé = ‘é"} 3 =B a f@ = E‘-ri.
secociated with ¢ zinple et r, is & one éiprnsiongl
invariant subspace Spoaned by an eigenvector ”’i which

setisfies the £irst Teiation i {2.2]}.

Senersl Higenvalne IFroblen

cpe methed for Setersining ithe rocts of ¥ is tke
semerziized Eayleish uotient iteration which iz Jeseoribed
end ansiyses by ootrowski [3]. The iteration is oarriec
gut sg £oilows:

. »
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it is Xnown thet, for ap sybitrsry 2 x BOR~GET-
ogatory =atrix %, there exisis an n paravester fanily of
non-singalsy symmelrie matrices which symmetirize ¥ [2].
Asgune Low ket & symmetrizing matrix & for the
matrizr £ $n (1.3} i3 Enown. let 4 = 5%. Them {1.1) cam
e wristten
-l

{1.{3)03050 li;’ é - I‘II
gnd the reizticans (1.2} bepome

- fnd
Pad

2 BlF. = B, 1€ € mel 4 3= &

where {i - r,;3} is sy=setric. In this cese the iterstion
deseridbed in {1.3} can be simplified in the foliowing way.
Choose I, so that IjiX, # O and choose ¥, = 33%. Thes it

) . -2 -
follows thst ¢, . = Aj*lg for J = 8y 1y Zysee o She form-

“del
ulae of {l.3} boeome
=3
W, = ATAX. = w. . {';:3-
3 __%___g = 7 ..g...a.}.
Pt X4,
i i3

ard thus the volaaiaa of @aéy onge limesr systex is reguired
&t ench siep of the iterztion.

aAnotber extension of the Hsyleigh - Zobhn metkhod,
wkich is analysed by Orendall [3] 2ns ostrowski [4], has
second order cczzveram o sipple .z’sets\ and first orser
convergence 1o muitirple rcots. Foregver, in the non-der-
Ogziory case iV lends iitself to modificsticns by which orpe
¢zn overcsone e proviesm of recan?ergeacevto'rsats srevicusly

mlmeas o0 2, 2 ETT e % 2 3 et
avomizned. iz meithed will e refesred $to a8 the exdensed
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Zsyleigh - Zehm method. The wethed and the modifications
for overcvoning the proltlex of reconvergence sre deseribed
in ke next seciion. The discussion in the next ssction
reguires the following relaticns azong the elgeavectors,
princinsl vectors, &nd the zatricss 4 2nd 3.
| T simplify the Iollowisg it is essumed that =
bzs x-1 simple roois Typ eve 3 Fp o with aseocisied eizen-
VeCtors E;s oes 5 53 88 = root T, of multiriicity
n~kel with sssocisted eigemvector &, and princigel vectors
Fregs =+- ¢ iy These vootors satisfy the relations

(2 - rB)2, =@ 1¢3¢<k
(1e8)sense

{3 = :k?;}i}j = 3.3?3__1 kel < j 23 , E, = 5.

Yasiag the syumetyry of & and 5, snd {1.8) it fellcws that,

for i # jang 1 €4y § ¢ k,

5345, - TEIBE, = 0 = s%am; - rylem.
Zherufore
{1.9)eesee SiEE. =0 for i#j,121i, 5%k
similarily |
}:?{a - ) = ©
3 = Ek4ly, eee o : > £y = Iy
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1 4% <EY L, K4l S§S 1
e =

EX{s - B.B)F ®reE
which,; upon settings J = Red; E42y s 5 2 in suagession,
Fields |

lnll}toosa FrEw =0 }-. € 3 £ 2""’3- S z43 sj £ 2

’}Wé~ '
From {2.8) 2% Zsllisws thot

=y Lo

Yy W gl e ~ e - < % . - Z & & -~
{ 3 *EF. = BT BT, o +3 £ <n. k £3% ¢
.3-'12.. axs = 1-«@‘} —‘ i 5a3 X4 A 5 H. X o Rl
2, = &
®

BiaBFy =@ E £3<an2
;*223'; = O ESJs<=n3
{1e33)encee { o : |
PrgnBEs =0  E S3smenl
- :
3&‘2 1?31'3,; = & i=k

The meiriz ¥ = (3; e.e 3B Fray ove 35} is nop-singular.

{leldleaces 1 o

iz the as?% geaerel case where there is nore than
one muitiple root ke sigenvector snd the set of grimaipsl
Teciors associated witk cach xuliiizlics rovt satisly relations
iiZe (3310} %o {i.iéjs Foreover ihe invarisat subspace
aesgeicted wiih each root iz Z-orthogornsl %o the invariant

B ey o e o o g e O N : I R -
SRUBEECES cESOCiates Filh &Il e OILED TOOTS. L& gemeTai-

izotion of (1.3} azd {1.ii}.



{1e25}eeses { ChOZSe = veotor B and ax srbitrary number ¥, &nd
appiy the recureicon relztions

3.

e = E,.;E“"? = o ?:E <

P e S == Wlie? v |
e i
13BEy Ty

kaaeeeeaiwls o F = 1y 29 Gs aes o

The vecsor & is the key to myeventing convergenece
t5 known roois. The syster (4 - wS)X = BR bms & unique
solution X when w is mot =n eigenvelue. X cas de writien

X
I= A e *é_x G
=1 S 9 jakal ¥3s

43ls6 & can be writitsn

p <3

z2 = Z-l Sads 2.1 B.Zce
=1 537 yhen 553
gzing (1.5} {1.31), and {1.14]) i% can be shown that
{1.1&}:000& "‘A = -rxf{' - t’*} 1 £33 Skal o

3‘%1333 ﬂﬁi!}g {1.%}, {3.:15}; sngd {lcl&} it foligws that
(2‘;31?}0-.:: @a = s.:.:/izk - V} .
veimg {1.28), {1.11}s {1.13}, an¢ {1.14) the remsizning co-
efficients can be showa 0 e

Spa3 “z

-

cﬁ"l = "y 2

izé:ﬁa}tacae
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The Heyleigs Guotient il is now oxanimst In twe
perticulzr coses whioh indicate i%s genersl properties.
In ke csse B=5 ; E=Z i8&Fe i3 & SiIEsie FESE '-=1:::*£.‘;t£-e
eigenveelor EZ &nd & Te6% T, of ovea muitipiicity with ske
eligzenvestor 32 end prineirel veciors }“3. 1‘-’#, and ?‘5. iet
Kigaafﬁsgmsaﬁarfasﬁeeﬁwmms. Then
using (18] to {1.14) it can be shown that

2 A yer
xaX = Tyoikyy + Tp[2(eyes ¢ ©34)805 ¢ {20505 + 35
r 2cyeq¥ygobiss] ¢ (20305 ¢ oy + 2ogegEag ¢ o5Eys
xax = ofey; + [2legeg ¢ 050,)8p5 ¢ (2egeq + efigy + 2oyngkyg
2.
+ e5kss ]
if the Teyisiph Gotient is ;‘a‘* in the forz

“U:'LWQ?

ol AE%
then using (.16} 1t is ees=iiy secem that if £ 8, # 0 and if
is sufficiently close io Pye Ty = gﬁ-& = g4 then ‘“’3 =

¥ia
T ¥ o{e®) wkich imsfcstes thet the convermgence %o simple

%a io A caenksd avdsow. T the Rewlelish Spaticomt Is et
- s - - . oy T NG —— g




. - N TLY oy ¥ER

= Tz g

=ry e (r; 01'2331&11 + (20505 + cé}ggé + Zeéeﬁ-r e‘g-
2 11 +[2lepog + o308 + (26505 ¢ FIRyg » 2"4"5 45

then wsing {1.17) and {(1.18) it foliows that if g # § and

ifwg.zissufficieatlgclme%rﬁ, rh-wé‘,ae,thezz

¥y =Ty -ze. 33528,35#§m&9pmm&%1ﬁ55

cclisapposr Trom the Sayleigh wmotient amd b i = =ife

&

Ezssaséa@ Mtré-—rzﬁ{mstaa%} i» which case there

iz no coavergence. Therefore, iz gemerel, if thls methed is
$¢ converge to & root Ty of even =ultiplicity and with princi-
&l vectors ?k@»l’ ens g 3?& then the vector E muet have &

conponent in the éirection of at lenst one of the veeciors
Pj. Bekel ¢ J £ n . Hoyeover, the cenvergence is of first

order Ené the fzclor ¢ {defined im Def. (1.4}) dopends om
the rerresentation of the principel vectors ik .
in the case n=b; k=2 the o0t Py is oF 068 suitipli~

city. 4Largunents like those in the preceding csse lead to
the foilowing comciusiznz. I 8 # O then the convergenee

iscffmsfemrﬁthéa%.zfséaﬁ,ss-#%}thenthe
convergenee s agnin ol fizst order bt & =2 o Ifséesssa,

>
Sz # O then the convergence nups 40 second order. If S, =

8y = 5 = O then the zethed dees st couverge 1o Toe Therciore,
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in general, if thiz method io to converze o & reol rkef
odd oultiplieity end with principal veclors P .y soe s E*‘B

shen 1@ veolor & =ust have = component in the &2 tiom of

aﬁl&astcaaefﬁzem%m?g,mk £ < B« The con-
2

vergence is iu gosaeral of Dizst orvdesy wiik ¢ depemiing o=
the represenistion of he priacissl veglors ia BR. Ihe con~

vergence is of segens oxdsw 3f F_ ., is veprescnted A8 & Emd

o -

——y—
<the ?é’ B4k < § < 1, sre not resrésented.

2

To prevent convergeace to kmown roots it i neccts-
szry %o remove certain components froc the wector XH. it a
simﬁxemtzi iam'mmmmtsgiamm
ection of the eigemvector 3, zust be removed from R. if &
zultiplie root T with aigenvector é?k gnd princlizsi vectors

?ﬁ*m_z, ses ,E}zmmmmc@mtsséinméir-
ecticn of the mrincipsl veetors}?é,mre% £33 <n =nd

{101&;}0:-.: = m‘gﬂ-}; L=2 .ﬂ;k

secordingiy s the multinlicity in even aor o044, musti be
if E‘iis‘ the eicenvector assccisted with & simple

2805 rifzhea the gonponenst c. of % in the girection of E, 3=
0. = e
"‘“ k?ﬁ?ﬁg
s 4
apd ¢,3; can be removed from K. Simdlerily the compoments

= F.d y £ e . . ] : B e T I
in the dlrzeetions $f e IDimeizasl VeoUsITo Fgz eee s Z, esx
-



be removes. For

-
3y
R e
o, =~,;3§f}
- Koy,

b3

w“anmbemaméxmatosh&gm%z;?-cﬁ?a.

Shen the component o ; of &y iz the direction ¥, _sten be

yemsvedy foz

P -
‘k&‘g‘é’l
S, 3 = ¥ ¢

Froceeding in this way the eomponents Cps Cp 23 sos 3 Of
ean be removed from EH. |

Y¥hen & simple root is found using this iterztion
the eigenvector is alss celeunlzted and so it is & simple
matter to remove from R its compoment in the airection of
this eigen*:ecta:.' if, ss this iteration is eerried out,
the zeguence wéapsears ¢ de converginzg snd at the ssme

tire k" 3 becomes arbitrarily ss2il them it can be cone
¢cluded that w, is converging to z multiple root. The
zmultipiicity of the root caz be deterzdmed, as in [3] ,
by soiving sdditional linesr systems

B e Tt %Y3 {k} - »"-,{k"}-)
(& - vy ;8)73 Sl

£
for k=1, Yo/ = = X5 5 ¥ = 2,3, ... until the first system,
3

Zor walch a-ﬁ?ég} s0es ot begome arvitrerily smell; is

found. 3If this occurz at ko= I then the muldiziicity of

s - E o HT LW T i, e ‘ - - -«;k - P v o ™
VRS TOOS IS Sel. Horcover i1he veslors *:é } o the £ina3



L

. = -

vaine of j ere just itde primeipel veciors. Thic =elhed &6
based on ithe relations {3.7}. {1.16). erd (1.14). BEervieg
ouvtained the oigenveotsr and principsl vectors asscocizted
with the multizle m&, 2 ¢an be zodifies %o reduce the
poasivility of vecomvergexce io this multipic root.

In the following chapters ¢ cethod of reducimg
| = 2X| = ¢ ¢0 |2 = 25| = 8 iz described. Horeover 4 zmd
S ars of zuok = form theis the syatsm {4 - WBIE = BER ie

eesily soivesd and the cuadratic forms in the Rayleizh

fnatiant owe anad “;‘? sunluntad.
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HETRUD OF HIRDOZES ITERATIONS

The method of minizized iteraticms is a method By
whichk an =rbitrary o X & Batriz can be transforsed by simi-
iarity %o 2 tridisgonzi matrix. & metvix {333} is tridisgonzl
uaiézﬁmxmim;mmt |2 « 3| > 3. %Be el-
ements a‘ﬁ compyicse the mein diagonal, the elements aﬁ.,i@l
the wapper codisgonal, znd the slemenis 35 ¢ the lower
CORLRZORE. '
| Fhe ianczos® algorithm [6] for carryimg out the sethod

of mininizod iterntiens iz dageribed in this chenier. .”.Zealing
and w‘-recm procsdures aze alzo gs.vam Cages in wlaieﬁ

the algorithm Iypaks Jown are classified amd pmeéms for
dealins witk esch cage sre detailed.

anezost ilsoriths
vhe zlgoritks sppliied to an @ X = matrix 4 is as foliovws:

{2.1}eneee { Choose en arditrary row veoter 2, and an arki-
irary columm veclor 5y i soth vectsrs of oxder
n) with the yroperty i,0, # O. Comstruct o
sequence of row veclors {:ﬁi}?z 2né & secuence

52 column veotors { }3" i wrewe the veotors

&3_ and w,; are sirvesdy defimed amd the remaining

— sane gt o ol smarn e Py oes Lo
FECTSOTS aTc comstTustes Zrom the moanwelnn

! Lorzuise




Zo corstruct Ri ol ané ﬁi "y cnooz=e coefficisnts

ars v 20 Thag
Bi4 it

Bia3®5 = Q’} s ¢
Eéﬁi + = o

\{i.e. so thet the two sequences are biorthogonzl).
It is clear that the vectors RE. ané &1 such that
zélel # O can slwaye e cheosen tut the gquesticn of vhether
the tvo secuences can alweys de comstructed (i.e. the algor-
ithm ean be complieted) remains. It is answered in pert by
the following thsorem.
Theorsn {Za.Z):
lonezos? aigorithn, spplied to 2 medrix 3, ean
be compicted if ezch peir of vecltors :‘i and ﬁi constructed
&as%egwmﬂsﬁiai#ﬁ 2 2 £ 4 % B
Froof:
The proof is by induction. Ascuming thal H,.

cos 3 :*g snd ‘1"’2.* sen 3 ﬁk Zove been constTucted and Wﬁg Sy

< 3%

Qlll

#3231 £33 ¢ t%makéaaévék,l £ E , defined oy
= (2,800/{58,8.) and vy = Eﬁéﬁﬁk}f&&éﬁé}

existe Homeoe ::.E_. an £, .. oZn he consirueted and
uZe F~2y g5



CoEoiiss EEY. 5’1%:
The cosfficients Uy . and Vi are
By = {Eiﬁﬁéff{Réﬁﬁ} iaimi}j{“f’i 144=3
=
31 < iaé.aai?/{,ﬁieé} {88, )/(2; 30 5} ? < i-ié,‘ 7
¢ Z23icn
i<i-l
Procs:

The formuls Bgy = {‘siggzg/{ﬁécg } 4is obtsined
by imposing the biorthogonslity conditisns om gi s ZIDEYE-
fore vy, = (ﬁi%i}/{%{ii}. &%so

_ i~
= (2 + & Va0 /229505

= (ByB /Ry 304.,)
pecanse of the biorthogonslity conditions previomely imposed
R 31. i& simiiar argusent chows t}satnijm@for 3 < i-1.
Similer srsuzents spply o f.-.

Gorol 7 L2313

B Wmmmtfarmei,léié
E, = 3%1 53. 3 wirich togeiber with the biorthogonzliity conditisons
S

iezd to ihe contradicticm I ‘3 = 6. Simiiar aypusents erply
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o C. Ihe Borthogomslity conditions imply B 0 = O emd
einee O is non-singular K ., = 0. Sinilar srgusents yleld

[ e Js

oo

gorollisry {33:
| 2AE™ = U o tridisgonal matwiz snd CUIAC = ¥
& tridisgonol metréx. slse ¥ = -,
| Froof: {
%o illustrate this let @ = 4. Using corolleries
{1} an3 {2} the formuime for comstructing the sequences of

vectors can be rouritten

Bgh & By ¢ upRy aCy = Gy + V3%
Bph = g & Booly 6321‘?'1 AT, ='@3+v22624 V1505
Bgh = 2, + uﬁﬁ‘,’ + Ugoity | 4l = Cp # VgaGy 4 ¥a3Cs
ﬁéﬁ =g < aﬁﬁé‘ + 343?53 éG4 =8 % vééiﬁé + ?3433.
therefore Ri = UH and AC = OV where
G, 1 6 0 vy, W, © O |
L i Y | 1 Yoo Vg o
Tl wgp w2 [ B
K O mgz gy | e e 1w
since 2 end C =re mom-simguler 24¥ - = U ame €7iaC = Y.
From eorollary {3} @y g 3 = Vg5 ; 80 vy, = Vy.- There-

- £
fore ¥ = U7

$he problen ¢f ComShHErscy. 1.2. of ﬁi{:‘i = oo
surring as the zlgoriths is keinmg carried oul, still rempins

and wiil Teo considicered lailer in ihlis ohsypler.
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In practice it is ,famé thet if n is iarge iben round
off errors increase to ihe point where the biorthogomelity
of the two sequences is not preserved [7]. ae s result
corolisry (i) of theores {2.Z) =re in effect pon-gezre and
the originel matrix is mot being tramsformed 3¢ a tridiagonal
matriz. 5$his sroblem can be overcome in the following way.
For eack i in turm, 2 < & € n, compate the coefficients
racuired to comstruet the veclors &, and C;. Assunme that
the biorthogonsiity conditions are satisfied by sreviously
{coroilary {1} of theorez {2.2}}. Hext censtrict the veclors
?‘imaiinmwlmgmthmmctmhy.m
of the folicwing forsmulzes

o 3wl . o _ ,, _
8 (eorrected) = 3y - 2 _{ﬁ%maﬁﬂ R
{203}..0t‘ .
o 1-& F - [ .

In effecet these formulae sabtract frem 5. améd O those com-
ponents which are disturbing ihe bpiorisocgonality. Ikhese
eorroctad vectsrs sme then msoed to continue the slgorithm.
Ssaling:

Iz prectice there is z tondency for the elements of
£, end €y %o incresse in meenitude ac i increases frem 1 %o
5. Ifn is lszge it is decirable %o contrsl ihe magmitude
cf the clemenis. Ehiscanbe&eaehyscanageaehmwane

ey S R
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seale fagtor. [3] and [§] + i.e. rerlace the formulse in
{2.1} with the following:

1
By ie1iay = Rt - .-ié-‘f- % 553

(214}0000. z s < R
V561,141 = 484 - 3&1 ¥ 45505
@mﬁi’iﬁa&ﬁv&ﬁ,&m the Bon~Sers 5¢ale 25050TS.

In iz oooe thooyom (2.2) 22313 halids hut with the fal.

lowing coreiliariss.

avmmn T A svnar £2 8 %
N el e R i W el -

The cgeflicients By 3 znd "’31 are
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2 £ 4% ¢8n
i = 3i-1
@ 34icn
3«13
: = {70 L= .o -..:f'é’.'szﬁ,i‘%'

VPN ENS T4 RS
' 2<¢< i sn
3=i-1
© 3 iscn
; j < i3
gore 2}z
{4s beforej
Gorplilare {3*)
Kﬂr‘g‘ﬁ-'l =0 anc g-lg{: =T where J znd ¥ &

Tmm aluon  smmonen
s

‘ e e D oy e, e e £
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8 Vg3 Vi

g G gy Bge
4132 1f the seale Inolors &re SROSCR S8 By g3 T Vi34 for
1 <3 <=3, then ¥ = 57,

in the Fmmminder of the thesis lsnezep® gigariths
with scaling will e comsia
Zreakdown of the Alsowxithe

She problem of Segemeracy is sonsidered in [7] eme
[8]» =he sigorithe can e carried out im ihe ueusl way uRtil
thiz degermeracy memifests itesl? throuzh ithe occsurrence of
g0, = Ge
Iheozen (2.5):

. If in appiyise iznezos' slzoxithe o & medrix

By BCy # O for 1 3 € k-1 emd 2.0, o O then the slgorithn
can be carwied out a2z fer 2o the comsiruction of %) and T.

A

Sopellazy (1):
The coefficientz 2, . ansd Vigr for 1 €% £ kel
zre $he ssme ps fhose in corellswry (1%} of theorss (2.2} with
& veplaced Y Ze-l.
Comalliary {232
otk sotc of vectoTs Bag eee 3 By oy EmC

Uga see 9 Sy 5 SPe linearly Independent.

Sozoilery {53z

The formuise of ithe &IzOriihn ¢can v rewritten
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B1h = Wyal, ¢ Byel,
Bph = Ugpplip + Baply ¢ BBy

-
»

Hpez® = B 8 $ % nafen Y8 3 5 0% o

iCs = Voulo ¥ Taal

4 2ivz T *izv:

A, = V0. ¢ ¥__C_ ¢ 7 &
., €2 2" iy
&
»

A0y T Y 2e1% Y Vi1, 2-3%e1 T V-2, 235k

The wvanishing of Ekgk prevents the continustlion of
chéi and ﬁk"i gcanndt be determined. Fodificstionz of the
glgoriths, iike ithose in [?] and [&], 8% the point of break-
dsmmzmhemﬁémd. The prodny? B, G, can vanish
for one of tke Lour foliswuing ressons:

{El}!'.t‘ ﬁk = Q, gk # o

{32}#&&0* ﬂk # G.’ 3k =5

{53}0&00» Z‘ik = gg % = D

{&}os‘-c Ex i‘ ;ﬁg gk é ﬁ, %ﬁk = g
Doing the termimelogzy of [30], {31} sne {32} are mnilatews
Srozkdowns, (53} So o bilaterzi bresidswa, cnd (B4) is a2
desdend bLresRdcwl.
Foddficastion in Sase {31}

If {B3) occurs then & veotoT

ronerties

i& cposenr wWiIlh e

o
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%~ & [eferegeys,
iz such a vector. mmwmmwﬁwmmﬁa
usasl woy witk E, replselsg B, and the following is sasily

T

zw ig.@z*
If for sech pair of voctors B, and €;, ¥l < 1 <

Eisifﬁmmmzm&az@ﬁmmm esrried through

o completion.

@m}}&z £312:
The remaining coefficients are

u s = { (Fas /(Fe) i=3=xX
{ﬁzﬁ‘ﬁi}f €g§.{:§.} EvX £ 8= 5 ¢n
Ty pEm3 {g‘kak ‘“‘k-is}i ik, J=i-1
Yxs3, Rﬁ".&%&. w?l"jg'” % L= kls =il
?2 iﬂliﬁigi}/tﬁ. - _,3'} 42 23 € By 5 = i=1
k{} E <31 fny § 4i-t
and
?33 = { @égk}l{fﬁ gg} i=3ek
(2g80,3/(8,0,) k4l £i= 3 <z
¢ 1=k, =3l
\ f}?" pre > ™
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{
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Coxpllaypy (2.7

the metrices & = (&) cer B ae BDF ana
G = (el ces 633 are nan-singnlar. 4&lso By = ezﬁ. = €.
gorolinyy {(3i:

%E> = § and CT2AC = V where U ané V are tri-
. disgonsl metrieces. In this csse ¥ £ U°.

Froof:

To illastrate this let B = 4 ané ¥ = 3. Then
msing corcllery {3) of theorem (2.5) and corollaries (1)
ené {2} of this theorem we csa write

Bjh = By Ry ¥ By A0y = T ¢ 130
BA = 0+ Uyl v unk &Gy = Fgolz ¥ F5tp * Vil
Ta = %sa * 333 * Unoe 40y = vg5Cy ¢ V3zly ¢
Bgh= T 2 n&z‘% & a‘ﬁ’é’s A2, = O 47,0, ¢+ V5483
sherefore 24 = DR and &5 = CV where
N P s (V23 Vam © O]
Ugy Hpy O © Vo3 Vo2 O €
i= ¢ o=
O Bgp Uzz Uy ¢ Y3z V33 Vs
o G Baz Ry & 152 Vaz Vag

Sines & ond G ore nen-simsular BAE T = o amd & a0 = Y.

& - - - » N
¥ £ ©° pocsucs of the zero iz the uppey cvdfagomel of T ==
ke pone—gero sesle fzefor ¥ s in 4he lower codlisgenzl GF Ye



I {82} WM&W:% is choser witk the
Froperties
5 £ ©

{20?}000.0 I
BB =0 1¢2€ik-1

E-1 v
g PO Y o
.’3;.; - £ LR&‘E#’{:&@&} Gy

is suck 3 vecltor. mﬁ@nmummﬁﬁmmm
umalwmth’ézmglaciﬂgikaaéiﬁ is essiiy rroven that
theoren (2.8) kolds but with the following corcllaries.
oOro 1% )z

The remaining coefficienis axe

“‘ij = § {Ekkgk}/{ﬁkﬁk} is 3=k
{aiss:i}/{aiei} ¥+l £i=j<nm

vk*lgkcgkiiekq&}f {Ekag} $ = k9l, J = 2~1

vy s 3 (RsCI18; 365 3] 2 <t em §=22

angd Lo k ¢ £ £n, )&%
Vig = { (8,85, W55 i=3=k
gai&ci}/igiﬁi} Xel £ i=j<=xn

Sy 3 1 8 T (B 3T
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The matrices 2 = {E?,}“: ens Ez}

€
"

L
{23 see Uy eee G, ) zre aon-singulor.

-3,

545t = B ard CTIAC = ¥ wheve §
tTidisscnal matrices. In dhis esse T A 'f?
_:s.-ﬂ Bno O & | Te-ﬁ
o [T e 25 @ A
= =
L )
& £ Bem Ryy 1]

odifieation in Cose {53)

If {83) cceurs then vectore : "k ard T,

the properties

5 £ °
{211&}.:000 %‘i’{:‘k = @

] ;) £ x-1

B G = €
eI 2o e WY PN L AP AR

2oz Iev X o any

sem @

Since -‘»’31 o

there exists & set of n~E+l ©

%
s 5, suen thed B “"”é

n =g for &k <

G,a

¢ 5,
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39 e B

w
-

b

4 b
i

Qﬁb
H-

2,3
37

1
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b
el
4
{
3
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ans

AZEO ,334‘1 = ﬁ*‘ *'1 = Oo

; and Y are

snd o n=4e B=3
V15 G e |
Y22 Y2z ©

O V33 ¥

g V53 74 é.

&, are chozen with
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O forsome i, 1 235 ¢ kel

z proccdure of trizi ==s erwov [?J i

following eorciiaries.
gerslilary {1°%°}:
The reoaining coefficienis ave

vy = { (GG ES,)

8BS

&

ord

e

W

{288, (848,
o
Viu1 x e T VG

vl o] \ Y4 ¢ S
Vs ,5-1 g0 M (B 1% )

i
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w
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T S ftax.m

o e Ve YRe Wi et
Eu e ] LWL EN % %
gl . A 7.

trerefore 3B; # O for

4, k <3i < m. The vector X* ic suitadle as

Iz practice the veslors o&xn Lo choésen

ri#hm, 3‘ ] mewened 2T

igser choosiog 5, aad T, the 2lge

- o

1Toven thad sgein thoeoren {2.8) helds Dud Witk the

i=j=k
B2l ¢4 = <&
i= ks J= i=3
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#
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Wv
In

i

fl
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d T 4&ms
s 3= Fal
. .« -
o g & d=i
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usual way witk %’k ea¢ ¥, repleciag &, and Cp. It is



gopallsrw {2%73:

, o Y - T
The =zatyices E = {3‘:{" wes ﬁg soa z»:i}“ and

¢ = (5, see T eee C,) ove momesinguisr. &lse R . = &1, = 0.

gozolisry (3**2:
=3

BEE™F = G oand O A0 = T where T ané ¥ &re

tridiagonsl matrices. Im this case ¥ = U- if the scale

=y .- st fern=4, k=3

Fombmea e ARoREN : e - R
2y %y & O] Y33 Y3z ¥ O

B ¥y ¢ 09 | Y23 Y22 9 0 ©
8 0 By Uy ¢ T Va3 Vi
G o %—3 '{g

&4
it
datf
"

e 14 gz Ygg
Zreskdowns of type (53} result in tridiagol
T zné ¥ which ave direct sumes of matrvices. This is advania~
geous in findiamz eigenvsluss for 1% reduces $tte prodien to
tuet of finding the efgenvaiues of satrices wnick are o5
emslley direngion than the originmel.

Ean'X > ]
for hf}l@ ﬁmawémw

%p to row only = single occurrezce of ape ef {3li,
(=2} or £33} hos besn comsidcred. In soch of the thwee cases
the poosibility of modifying ihe algorithe does not depend
on the memm@e of {23}, {827 or {33} a% sc=e precoding
sizge. Thus in carTying eut the igorizEwm uniizderal s34
Bilotersl DresEiowns ZOY SopeaT in any order znd with any

-V ve——m——

- =

Lroguency and the algorithm with sprropTicte modificaticne
csn be comnletod. srovides (34} does 2ot ccour. SWresvVer

& pair of tvidicgonal matrices otk siniler o 4 cE2n De
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constrwossd. Ihe ooefficients o the TEshHT hend side of
the foroulee (Z.4) =re giver by eorolisry.{1') of iiecoren
{2.2} frvom the sfenine of the aigaridtm uniil 4he firet
bresksown. Af¢eyr & breazdown of tyre (1), {32} or (33} the
voefficients ere giver bz corvollory £1), {27) or {3**'] ro=-

spectively. of theorem {2.8}. but only zs fer 23 the mext

If ne bresikinums or bilateral breakdowns only secer
then e zair of iridiasgonsl meirices comotructed are con-
nactad by the nrorperiy that azeh is the Transpoese of 2he

other, provided of conrse thei the sesis fzelors By jel

O% W

and Vyp1,4 ST° ehenen ogusi thwenshsut ohs slgoriti=.
2 .

Hodificmtion iw Sesze (B4}

If £34) cecurs thers sppears 3o be 2o giternative
mt to resiart the sigorithn with different starting vectors
Ei'l and 33 a» restart the algorithe at 2 poiat where & bdreak-

gown of type {81}, {R2) or {£3) has occeurred. That there
exist sterting vectors for whick {34} wiil never cecenr

iz chown iz £ . Iz proctice, hZowever, ihe neousl procedure
iz %o choose srbitrary starting vectors. Thus the posceidilidy
ef & deadend breskdown scourring rescins. If It &ges ocowr
the slzorithu must be rostarted. |

L3 vmwan g m e &0

TR e KA ok 6 o AT

Sy iy IR
s

Zathodn of continuins the nlgoriiths 3o dossmerate
caoes have boen etneidereds. Scme of the ceusse of degeneracy

ewe mow describod.
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If te veciors 3:.», “13.., see 3 ‘{1‘3‘” s X < ng

sre lineorly dependent Shem {51} eor (33) must ccowr. If
the vectors O;p A0y eve ﬁ%ﬁi, E <z, gre linesyly de-

DS e

pengent m {82} oz {53} zust occur.
ProGi

Seppose R, ., hos besn constraucted without (21)

or {3} occurring. I% is eagiiy seen from the recursion
Porsulse {2.4) thet B,y 38 = linear combineticn of

= ~ <K o =

n.z; % T .:a.l.& - Tnerefors aszg- e 5 Seay zre mwzy

kel .
dependent. et X, = £ L. for any i, 3 ¢4 € k, leads
, - S =1 a3

*‘é~

4y the contradiciion uiﬁi = U. Therefore .. = L 33:2

%pe1 # 0 lezds to the contradiction B, .0, # 0 for at
least one iy 1 £ i £ ke Therefore Breg = O Zete {31} o>

{E3} occurs.

& = £ 2 oo b 3 ;
A 3 - s — mg'nm’ a;w Qﬁs . -:

Froois
S - 2T gy ety S iy emapg .
A-ooing dOT0EstSTT. the degyee m $f the winimol
=aZomamisi af 2 Iz l2ozs fhem on the ovdesr of A, et I {_x} e

™ 3 “ v Fo* - ,' D % p SR ey o g AW :
gxg 2,5{4} = & = 24, Eencce the condiftinms ol she
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The praceding theorss sB6 COTOIlaTy indscnte thad

i - pizn

segeneracy depenie ox: the matrix A 2nd o the B

g

veetors . and g‘i"
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CHAFTER 2

CALODILATION OF STRREDRITING HaiaICes

A

Synpetrizine meiricas wore definsd in gdefinition
1.5} of shopter 1. It will now be shown that the method
of sinimized iterctions described im chapler 2 can be used

o construci outh EFESOWISiNE B3P0

The method of m=inipized iteretions when spplied 1o

ot — — K, ¥ f43 £
s Lot L oS ;M-u n t'gi&iﬁs:ﬁm.l metyiges © gnd %

both siniiaxr O & i3s0 presducesd are & seguence of o POW

vecters { Bylent & secmemes of © columa vectors {2:4 . e
tuo seguences ere dicrthogonal Z.e. giﬁj = & for i # 3.
They slso heve the properiy 31‘31"&' Thes R =% a
non-singuiar diagonsl metriz, where & = (B] see ﬁﬁ}?
apid ¢ = {Cy »es G,)s Zovoover RA = L% eng AT = €V,

Therefore {Sellesser AT = T ® B¥

if in carTying ous %e%&aaf%&m&e&@f
minimiced iteraticns no bresikicwms oogur then V = ’55':',,
{cozeliaxy (3°) of theorem {2.2}¢, 3m woich case {3.12
yieids 5¥ = ¥°D. Thus the method of minimized iteratione
oroguees & tridisgonal metriz ¥ agd 2 S8izponal malxdz T
which sysmetrizes V. In Serim o the elcments of Y and I

snp matoices ¥, D, and OF ave. im the case n=4 {theorea



230 wES O o
3% 236
Yo BpAly  Wpgiizls e
‘= Bzl 5%
S V32 Egls Uil
%553 3%
o o Vgz ’ﬁéﬁzé
| 4%
5= 2552
2505
Eéﬁé
[ z,a0, 8,856, o o |
s o |722%2%2 R0z Va3fs%s ¢
¢ T T o BT A
7] 4] véb.i’i&eé ﬁé*fﬁé |

whick is syzmetric when the scale factors Uy j.; 388 Vig s

are chosen oguzle

if in carrying out the 2igoriihc brezkéowne of tyre
{53} only ocour then ¥ = 5%, {coroilary {3''} of thecrem
' £2.8}}, in whick case {3.1) yields IV = vip, f.e. O sgrmetre
smes Y. In terms of the eiczents of ¥ and D the patrices ¥,
D, end IF are in the case n = 4 (ihedzems {2.5} and {2.8}

with sorolleries (1'%}, {2'%}, amd (37}
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B8 238
Vo3 ;a?fg G &
= 2%
a & Tpils  BgeRCy
:,;3%5 ';ﬁ“:’:’:
@ ° Y3 R, 40,
10y i
5= 5%
| 7,
i 2,8,
[ ByA0; R0 o ¢ |
N g ¢
L& o Bty U0y
¢ © Va354Cy BNy

"l 3 : - y e oy o ) rﬁ e ¥ B, i B Y P e te -
which is syrmeisic ¥acn e BESlg I8¢w0TE Us 3.3 FER Viog o5

sre egusl.

4is wsp mendioned iz shopter Z breakdowns of type (53)
resuit in 2 reduciion of the problen $o that of finding the
reote of severzl szeller Zatrices.

12 in cervying out the sigoritim = breakdown of type
{31) occurs then ¥ £ %=, {compliary (3} of tkeovem {2.8}}.
Sowsver in terms of the clements of ¥ and T the mstusices

" el . - by 4
¥, 2, ond D7 owe dm ks ssse n = & {theorems {2.5]) and
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{2.8) with corsllaries (1}, {2}, and (3]}

a0 wmaf 0 0
2% %
'&'33 32&32 o &
c = Ezﬁ,a
° T S T’
85 B30
“ S I i
- %% |
ESY ]
5= "%z
5%
ety
280 BBl ° ¢ |
oo |t % 5 °
° v5E503  EsAf3; UGy
a e o vé?!gﬁﬁ& 34;%84 i

uhich wonld be symmetzrie 4T {3‘;”323 were egual G ,..9%‘332.

mmmwissmﬂmwazm:ﬁwzﬁtﬁeaz;m@-
dimeonel. If k breckdowns of type (B1) ocour then the sy=
smetry of DY iz spoiled by k zero elemeanls in the upper
codisgonale

If in coyrying ouwt toe sigorishs & broskdcun of
sype {32} cocurs thex ¥ # ::*’, {corellary (3%} of theorsm
£2.8%, Zowewer. in terms ¢f ke elczenis of V et B, the
m%%s,ﬁ,a:sﬁd&‘weiﬁmma~4‘“ zons £2.5}
and (2.8)
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witk ocorollaries {1}, (2%}, ans fS”}}'M

t
"

o

s

afd
#

BaC  ByR0 8
248y 535y
o3 E 8BS, BaaBaly
2% 22%
g o 548,
-&fﬁ
Bg%s
o & v §3
%% |
CEL
555
| Rl
Egdly %y 55505 4
o386 EpaC, B372C3
© ¢ gy
& & ?43§$@ £

&

e——

g

<

LTSI

z 4.’&34

—

whick would be symmetric if (7)., were equel o {B¥igye

The syuzetry is spoilsdé by s zero elemeni in Uhe iswer o0~

diagonsl. If k breskdcwns of type {22} cecur then ihe
syemedry ©f IV is spoliled by &k zeve eiements inn the lower

cogiagzonal. .

3% is ixteresiing 40 nmote 2iso ket o 2inGe

EA = UE pnd AC = 07, in $hwse cases inshick V=3

W



R vt g
= 5 o=
- o wogn - EA "x.'." e ko

slsc aince E&aﬁ,amﬁmm:ﬁ,

{?,’%“zﬁ = (6% = (5%t = 2707
sherafore 23~ syzeetwizes the zadrix 2.

it hos been shown thet the methoed of =Inisdised
Sterstions oroduces a nmaltriz SV vhick in some c2ses is
meemmmmmz. Toth he
syzmetrie ond almest symmetric metrices will prove useful
in e solution of the eiszenvalue prodlem. For tiis
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2ne work involved im appliying iemezos® algoTiid:
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she secuence of coluRR FESlOTS {si§ -
ool
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enzarves that E‘i is orthogonsl o 2ll the preceding © 3 vectors
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- ri|

sysmeiric or not, then E is

T2 thewa awe no zerss in the lower eodizgomel

of § then sccordins to the corcilary of theersm {4.387 E

is non~-deross

LOTT -

2t lenct one zero irm the lower codizgonsl &F H.

rme in the case in which =

‘ﬂa ,.r-,cu e Yo m

sz
tridizcomzel
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o e s alaie
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oD &

oyzmetric mairicos.

ayriied o each

SNT COSe.
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PVt ”.." e
A

ﬁan

gireot
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sun of JoR-E

sherefore if ¥ is derogaiory there is

is syzmeiric znd der-

TS exiended Epyieigh - %
£ tke smziler noa-deregalory

if the originsl maltyiz ¥ is

synoetTie

s nmot reguired in fincing
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fanezes® Algoriinc

In chapler 4 the sppifeaiicn oF Iznezos' sigeriths

%5 o Hossenbersg satvix £ is dessribed. This sigopiithm
produces & tridicgomal metrix ¥ which is simflar Lo I 2né
e disgons: matriz D such thet ¥ is gymmetric or almost
syzmetric in the following sense:
(Se27}esees 3F (BFly 5 ¢ F (DF; 5., them ome
of the sbove pair i 2870.

1£ bv is eyemetric then occording to the corsilsry
of theorsm {,é;‘iia} Y is the direct sum of one ¢r mWore
zon-dsroszstory metrices. Ench of the aon-derozatory sub-
mstrices in |3V - v = & cen be sclved for ifs eigenvalues
by the extended Xzyieigh - Zobs method.

if oV i aimost syssetvic, the eigenvalmes of &
are the rTooss of |DF - r3| = O tut the extended Zsyleigh -
Zokn method mt be apriisd to this since 2V is nod

srEmetric. 8% F = {gigi = OV - o aad et F, sSenot®

the 1'%tk principel minor of F. It is ensily shown By iz~
Suction thaot, since P iz tridisgonsi,

<

For ezch noir of olemendc in DY whick have 4he zroneTiy

{3.27) are soy replace the nON-2STOC gicment of the poir by
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zere and Seacie the resuliing =z2izix 37 7 . Then
2¢ -~ ¥3|=|57 - o8| =m8 ¥ i3 syzsetric. FOTEOVETr,
;e 4he giTect sum of nonederogatory +ridingenl symmetric

s ame omft the extended Hsyleigh - Eobno iterztion can

solpticn of Ja ==l =9

The oxtended Beyleigh - Kokl iterzticn is deseribed
in oReuUeE L. DOWSTOD, SOR2 Parther roemarks should be made
concerning it. Whexn staz-tmg +he solution of l& - r%l = O
ihe FEOLOT 2e Sopozring in the riznt hapd side vecsor R in
{1.i5), should heve & componsnt 2= +ne cgirection of each
eiz mgester sssecinted with & simple root end & component
in t=e direction of at lezsi one of the principsl veciors
2g t 23 £n where t is defined by {1.19j, for each
invariont subspace asspedated with 2 sultiple root. Iz
practice cue can only ekpose X & srvitrariiy, say
2= {3y ess s 1}>. ¥itk the finding of each ract the vector
% is mocified %0 preventl reconvergence to this root. Iel
= denote the modified Re. IT mEY hmeppen thel et sorme stege
%t = ¢ pesore &3l the rools are found. Zhic indicates
tnat not 211 the invarisnt subspaces were rem-esenteﬁ iz
the origimal Z. Iz this case & ey 5 should be chosen
which, when modifiel 0 srevent convergence &o known TO0LS,
is momezZeTos 1% BEy 2186 hagpen snat for one or more in-

e

m’-:e&t SuhEoRteS, sesscinted with 2 multiple root, oniy

the eigeavecicrs oY srincipal wectors ¥ 3 suck that J<E

t

-
2

o B Ee=]
“mu?

Thie stete of sffatre will nanifest

BTE TELICSER
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s¢se1f when R'IRRY = & aficr 21l tho other eigemveiues

howe Deen found and & hes been modified zocordingiye.

This is & rTesult of 4ke orthogoaslity conditlicme deserived
in 12.30) ang (2,13}, In this ecose & new & wust e chosen
which, wher modified fo prevent convergence to Inown rooils,
does pot hove the progeriy E,ﬁ%, = Te

he ecuatica |4 - 3| = 0 =sy well have peirs
of complex roots. ITo find theses compiex ipitial estizaltss
cmot be mode oF & cOmpics saght homd side shnsen. This Qan
be done when, Witk & Tesl righi bend sides the method does
GOT COIVETZLs

is ws converzes %o an eigenvzlue ke ratrix

(& - *@3&%} zey become exzctly singeler, im wkich ceEse &n

eigenvelne hes been found. ?his $s discovered when Sne

o3 {5 - W, 535 = 5R 3 :

tries to soive A= aezj 3‘*‘3-&1 for ;‘;2_&. Is ihis

cese the vector X, from which w. Was forped czn be taken
oF &

G ’ = o%F P Vo ... o
ac the eigenvector or (& -~ w8k, = 0 esa be solved
for ke cigemvector. 4 good eliminstion procedurs for
solving the tridisgopsl sysiezm {4 - wiE}Eg oy = 58 when

- > - -

ine mairir is mearly simguisr is cescriseh by vidkiascoz [‘é -,»] .

s Seseribed in chepler 1, if X ZX, becomes

4]

i< - - P - - 5 Y . ; - “
e mitizie. &8 ¥, COAVSIEES & 7 ‘*3.::3 Lecomes incereasingly

LA
i

s - > i A b g ; A E ey
simguicy and the elememis of X, becone larger. Tous WO

determines in praciice if¥ $he o0t IS ealiizic ke

L]
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cuadératic form 8335 » wrere 3; &8 Z; suitsbly sonicds
= -~

’»h

X
<

znould be tesied. sé micht be obtoimed by scaliang e
£irst elexent of 33 or the largest elezment o 3:5 £ 1.

%6 determipe the rnitiplicity of = root the =4dlisic oozl

3
'3 - 3 » wg{ﬁ} ? o o . &
ove moived for X m 1,2,0, 8IC., 3 X5 0 mntil the fizse
, IS -
system for which 1,575 does not beccme arvitrarily
emsll is found. Ihis bilimcar form sheuls b computsad

only sfter %, emd 4%} nsve besm scaled. Iote ihet the

-

L
, 4 _— ) -
systen (3 - wg..l ‘hié} = f% j commot ¢ solved By sl
imination as can the system (4 - wey }?j = BR gince
shoce arguments whieh show taet X 3 is 2 geod spproximeiion
o the eigenvector sleo show that ~§1’ will be © geod

approrinetion t0 toe eigenvector. The sysiess

(& - w 1;’5 ‘;‘.}*} = z;’;‘?‘i} should be solved by setting

s,
Yy

the first & compoments 9L ¥ %k 2c zere snd solving for

the rencinins components by recursicn. Ihe juetification
for this is ibe fect thet the ek priacsipal veCior z52008-
cted with & multipie rosnt is ZeTd in the first k componenics.

snis com be seem by examieing the £oli° lowing egustion which
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233 = T8 Z1p

Eo3 837 = ¥Bg
% %, T, Z, Genote ibe eigenvector and the first amd gecond
princizel vectors respectively, Iet E {z} demste W& 1'%
prineisel mincr of tke shove éoterminant. It Zcilows thal
;:sléz*} = By = rhy |

i’ézig) = (82 - rhé}?‘tﬁ - 3;:_2
2

R S S - Vxe  f > - w5 fr‘; -
Rgtr} = {&3«7 ?2333:;2;& «239«}‘\ #

sineerisamtefmﬁ;}icityﬁ'

(r} = E%{r} = i&; {r; = €

Goins this fact it is @a3y ¢ show that the solumiiems of
the felliowing cystems
{4 - 28)2 =0
{6 - 2B)T = BX
=3 4

are | - .
Bir) ) |7
}: - 3.9 - o &
B P B
. sil=) | iz
'i f—q g’ - b 2 war
832 Z12%23
ESREE -
&= §9 @g
o’\,: &
o2 23_]
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ZEST EESEITS

in ihis chopter resulls obiained in twe dest ccses
of low order. for wkich the examct eigemvalues are Enown, are
ceserivedl Alzp, come of the difficuities epcountered with

otner tont cases sre briefly discussed.

Tegt Szse Y

B o oA S - B < 2 47 e e
ITEa $oiz ¥ voo Sokem frasm [9] zné the exact

3 -2 -26 53 49
¥= |-1 1 11 =264 -20
2 -2z =17 3® RN
-3 3 26 -56 -46

S e

Louseholderts trzasformations sronsformed ¥ 4o the uvpper

LZessenberg matrix |
T54.6000 41.2859  2.6673  3.5196 2.8286 |
—6.7958 <3.0855 -43.5022 108.2612 -51.1624
2.40731 -5.5854  2.8291
3083 -.3536 6396
B -2.3452  2.0000C |

+c & decimsl places. The zethod of minimiged iterstions with

&

L

L4

i\

&
W\
W

v o -~
sterting vectors 1y = {3, ees 3 1} 2nd §,; = {15 Oy eno s ¥J

ané sc2lc faciors chosen S0 E;S: T 3 31 preduced the f0liou~

_ P - .-
ing Symmevric SFidiasonad SeTrIX



19 .2&‘2 “"§ oﬁé‘ %4
-§ L3 6@6“0 -i 01%45 2 :5{}55

a= 2.8655 2.0350 —.7827
- 7827 ~2.2774  +9351

i 9591 L3386
to 4 Gecimal places, end the follsowing diagonsi setris

- .y

1
B= i
-3
1

rhe eztended Raylelgh -~ ronhg method with siarting rigbt
hene vector R = il esc 3 1}g wae apriied o (& - B}

and the following resulils were ohtatneds

Z6. | Imitisl Esiimate E0e X Computed
of Eigenvsiue Tterations | Eigenvalue
i Fe 8 1.00CC
2 - & 2.5860
3 S & 506000
& Se 8 8.8000
S e i S 3200

The computed eigenvalues were 2311 eopyeel to &t least 1%
2igits when o word lengt: of 312 aigite was used.
2est Jzse 2

This metrix

~i12 26 -12 & =7
-2 g -2 =1 =B
s = | 14 26 -4 38 -3
6 =314 & =4 5
52 =8 12 -3& 3
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hao the exsct eigenvelues =i, ©p 2s 2, 3 Horeover i is
derogasory.ia tkis cass

10,0050 3.8023  2.6189 -5.1570 -23.5127 |

28.8%28 -B.83533 5.3313 -18.4911 -27.9225

«« 6625 1.8333 2.5566 21.7226

00000 ~-eG379 «13.8333

-.0157 13579

Ac wasp ezpected in this derogatory ©83%, & sepo appesred in

33
#

the fover COGLaSORRL A Ge o5 s=tuel fleating zoint
computation the {§,3) eisacnt of E w28 found % be of the
order of 10717 when = word lemgth of 16 digits was uBeed.
Refore sppliying the method of mininized iterations Shis

element was sei to zerc. Ihe followipg zimost SyEmetIAC
tridiagonel &nd diagzopal mairices wWeTre abtained.
T 38.8228 -37.400% B
~37.4006  35.0252 <0364
A= -2064 5.3823 -14.1244
e «1.,0600 &
o ~ -o0157 2.0800
i
2= 3
i
- 2__

moe %0 the zers in e lcwerm&a@nalazgﬁhamwwa
pnilzterel breskaésum =S tmot meimt in the & veotors and
e

#his rzrocuced & 2¢r0 in ahe same position in A Sinee ¥

and Bencs & are dgzegetory 2 nreckéosn in the E vecsors



GG

was expecied glso. The vechor ;'f:% @34 mod venish mi its
. ) 2

elements vere of the gzder of 16712 wnen the word length

was 18 digits S0 it was considered %G bo zerv. IEEsS

o 2%
Eray é-. Bee

sroduced the zero im the upper SneiRg

eizenvalnes of ihe syeten {4 — T3} are umchanged i the
{37&.} znd {544) elements of & are sot %o zeros. When Bhis
is done the pyroblen of Fimding e eigenvaiuss iz split imdo
sket af findine the eigenvalues of 2 523 ané two 1zl
gystexs. IThereiore tke sigenvalues ~i &nd 2 were shezined
ez thin point. They were found accurately to 12 digits.
ohne extended Hayieigh - Echn nethod when eppited to the
remsining 3 x 3 sysiem gave the following resulte:

So. | Imitiel Bstimate | Hos of uamwtea
of Bigervzive Itexraticns mﬁ"‘”?&..ﬂe
- 4 Se & 3.5000
2 Be . | 4 ©.0000
3 Se i 2.9060

The second root found was nol szenticelliy zerc wut of ke
opaer of 2077 vhen the word length wes 12 digits. The

ather $wo ToOts were &85 aceorate o those in 4ot CoEC i.

Senclusicn

The Divet tost 2 sooe socis 0 indicate thel if the
gigenvaliues are sinple and welld geparated tee meTho warEs
wnll, Hovever if ke omiginel zmatriz ¥ is Serogzatory then,
in preectice, & eIy cmall glement mpresys in e igwer
coddegonsl of £ ong enve & vootor in the method oF minimized
sterntions is very szail. Tmis erectes e problem o€

=

K, o g 3 o hr e S - N
deaiging if an clement oFf vector &S SmEil eRUugh 3G o8
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congidered zeTo. . This problsm might be randisd by choosing
s nunber e. baset on experience with test eaces. and considers
ing clements whose nerme zre less than ¢ W0 Le 2ertas

imgther probien which avises snd vhick Is not b~
countered im the previcus tuwo iest eases 43 the foiiowing.
sher (& - r3; has & zulitiple root and ¥y is cenverging %o

- _
this root thea X;Rﬁz hesomes very smail amd simee It is
=w

& oum of mmzbaws of ordinsry size the seailer it becomes
the fewer siznificent digits it comtains mnill e point

3o meoshead hevand whish it is impossidie to improve the
egtizase ':3 » iz problsm ai‘_mt be overcome Iy comguling

i

Zsx. sng possibly eves I, %o higher precision. smother
%3 | ¥ 3 |

rroblen which oofurs sirmltensonsly with ithe preceding
protles is that of determining the multiplicity of = root.
Sheopotisslly one ssolves the sAastional syotems desecrided

in chepter 1 until the firet is foumd for which et ol
L4

dces not become arbitravily smzile HeTe some rRie

5ot be chosen for deciding when I.3vE/ is not small.

I+ sopesws that the sethod will work well in those
cases in which the eigenveiunes e simple sad well spacede.
Ir thooe cases in which the eigenveiues a2¥e =nidisie e
wonseholder srznsfcrsations sng the method of minimized
igerations shouid Lo sowricd QUT VeIF scchrntely to prevent
multizie eigepvelues IXrch arpearing 28 3early sguel cigen-
voiuec. LI in aégiticn higher seseision is used &% ieass

sir gome perdc of ihe extended Rerleigk - Lohn mothod is



-

meihod may £lsp work zoasonably well when the original 3o

setriz hae =ulftizic Sigenmvalues.

4
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