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This thcsxs presents an ecenomic modcl bas&.d on’ thc !
_Cychcal Growth:’ Theory developed by Keyncs Phgllxps Bcrgstrorn |
(KPB) ({1, 2) Thc KPB model has been momﬁed by 1abu11nb s
L certam cconormc factors as the control varrablcs By introducing ?

rcahstu,: cqnstram’_cs on the cont‘rol- variables and a .sﬁitb._ble per-
'formandé cfiterion-aﬁd applying Pontryééin*s Maximﬁm’Principle
‘ (!3), optimal cbntrol laws have been derived. N‘umeri’cal results’
. ‘are obta.lned using the Dav1don Fletcher Powell mcthod (3,6, ll)jw1th
I‘tbonacm Sealch téchnique (7, 8 11, 16).
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The econom;c.standlng ofa country can be mcasurod
by scveral econox]ruc standards. Among-thc nost meortant
conSLdercd are L‘he sta.ndard oflwmg. per capita consumption, ..
ﬂuctuaflon of thc; pnce level and eﬁaloyment level. Thug it b
“is 1mportant to dcvelop a r@hsuc ecpnonnc model mcorporatmg

alk those I'actoz:s 'so that 1t can be uscd for the purpose of pre-'_

dzc;tlon and regulatlon of natxonal economic trcnds. o -
f

ThlS thesus prescnts a nat:onal economic modcl based dn
_the Cycllcal Growth Theory dcveloped by Kcyncs Phllllps ang
Bergstrpm 2) Thc model appears to be moro realistic Lhan those
uscd in the past (4 15) because of 1ts mzlus{on of 1ntr1nsxc feedback

{
ant economlc vanables .

; mechamsm tha_t oxxsts between the rele

.
'

Howcver the 0r1g1na.1 KPB Moc[cl is not sultable for clchct

’ apphcatmn of opt1mal control theory. The refore the KPB. model

has been modlﬁcd by labeling certa.m economic factors such as
'"Marg,mal Propen51ty to Save" "Employment Ratlo" and- 'Price Factor
as ‘'a vanable pos1t1ve multiple of average! umt -production-cost" -
.as thc control vanables and lntroducmg reahst.lc constralnts on these .

‘ v'a.rlables.' The .optlmal‘ control law’s have been cierwed by applying .‘ o

. - Pontryaginls Maximum Principle ( 1'3:}- The optimality problem is’

AT ey e

then' cduc,c.d to a two- pomt boundary value problem (TPBVP)

1

Numerical results are obtalned asing the Davidon-~ l"lctcher Powell -
method—"with Fibonacci Search technique. . . '
In Chapter I a brief review of the 'i’undament'al results of  «

QL S - O TR PR

' "Pontryagm et al’{13)'are pres*ented for reference. _/,’.--"
| ] T
g 1In Chapter II, an &conomic model based on the Cychca.l

T

L




F P NS TN W NI TS A

TR AR S N U e B

’ Mammum Prmmplc: and transversahty c,ondltmn (13) opttn:x,al’ control

- I"I'etchcr Powell (3,6, 11) is used along W1th I‘Lbohs,tccx Search

‘-arlsmg Irom the Optlm‘lllty condxtwns gwcn in Chapter II. Acpmplete "

ﬂ,ow chart showmg the detalled computer program used in ';olvmg thc
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Growth Th(,ory ’devcl.oped by Keyncs Phllhps -Bengstrom. (2) 1s

-

-revmewcd Th1s model xs then modlﬁed. sultably- to 1ncorporat<_ S o
va;'iablcs that cou}d be consuierc:d as cOntrol Param’cters . : .__', y
In the last SGCthH of. thxs chapter two ;,ypeg, of Ophmal control _fg::- ‘ :
problems are l.'ormula-ted and bY a~PPllca‘L10n of PontrYagm's : ‘f/' - A 1

Polu:Les are dc.rwed S - I R .
, L : Lo . -~ -, . .
/ . ‘ .

o

‘In Chapter I 1terat1vc method developed by Dav1don-

-

techmque (;7 8, 11 16) to solve thc Lwo pOlnt%oundary Value prob],ems

problcm along WLLh numerical results are preqentc,d

LA brief dlSCllSSlOI‘l of the results is prESented in the
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' j ‘. - Iﬂ thlS sectlon we w111 state w1thout proof the Ma.xin'x,um Lt e

wmplc and the Transversalrty Com:htmn of Pontryagm et. al —
i (¥3) These . resulLs are used m Cha.pter 11 to dcrwc necessary

RIS

. ”condxtmnsaf&r -cfptxmahty Hf-an- econormc syst_prn. e

v, “ D ) ‘.I w l'c_ B : ,‘ . l * "/'-.\. . ‘ ,,'F N _‘ ' . \‘ . ";:.‘-l_ .
R S o .-'BASIC},ASS'UMPTIONS,_: L A - - N

. T Ry " . ’. oot ' .
g c_, I . » N
. 3 . 2 -

is assumed that thc oontrc;l system is descrxbed _by a2 T

-. . \
ALl ’ LI
© -, system o}(chffcrentlal e‘quaﬁons AP Ty ’
S L . . Cor - .
o l . DR . . 'r . . N , -t
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‘ In vcctr‘).r'f m - ; i N :
’ [qr i * ! \ ' v | T
.d * N
» I(x,ua)ee ) (i.1.:2)
. o ,' L% ——— .
. " 1 . ] T .
wh (£ry ey 0, LN "
; - 3 l s t ,._ ‘1 . ‘ ' C
X=X i o *{ ) 15 Lhe state Vector and u ‘(ui uz, , ur) '
is thc Fontrol vecto:r The functlona f are :defmed for-x E Elﬁ and b .
) l'or i € U where U" is lhe conEroJ. reglon qwhlch may be any sut\ ' .
"' in some n- d1mensmnal Euchdeangpacc En It is éﬂso assgmed . :
. e . ‘-—-t'-' D L ' _ N v
¥ g . a . ,1 ' 'v e . 2 ' , , L . i R B
K - that '5':; I o(x_,i ,x&, . ,Vxn,u);. L., j=12..5n .‘.Lrs._qo-ntmugu‘s on & s
' . R ' . ¢ ' o .
CoL - practmal pro'blcms thelcontrdl Fegion u is- u,gually a '\
g, . \Uh o ‘ ,
B clos‘cd boutided set in " "representing constraints on-control efl'orts.
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~

..',.- ' whcre it is assxlmed that f (x u) satlsﬁes thE‘: same cgﬁstlons

o as the functlons f (xau),). = 1,2, -4, ML

. Lo [ - . i S i
BN < T . ’ . ""-} . i 't " * ' .. . o - : » -1

oo - ~ . . L R - . ! . . - (- ’-l . . o "‘.‘ t
T S

(1.2) TORMULATION OF THEOPTIMAL CONTROL PROBLEM . - - |

’ - - N : o »
i EE ' . .° . .

. " Let ‘U denote the sﬂetb‘f‘a‘l'l'—--'bdunde'd mea.surable functions 07 U]

Sy . oo on - 4 '
défined on I = [ t‘ -4 ] to E such that for, each u G‘U alt) & u_

a~e. . The set’ U' is the cla-ss of admissible’ controlg — \;‘"-—‘f—.” -

-The ﬁ{n'ct;ona,l' to be minirn'izeg is J_ J‘t I (x u)dt, .

— R

-

v

p.’ +

[

T N

Déﬁnc' a new pha.se co- brdinzite x° = fo(x u) By adJommg

the new co—-ordmate we obtam the '(n+1) dlmcnsmnal phasc space E ' o

' Then equatlon (1.1. 2) takes “t.he form.

- .., - "y - ’
- d - _ = 4 T T ° &%
) ‘ | -d—x = {{x,u} where wc: (’F'_'xﬂ_xz’“'

1
-
»

(1,3) STA"I‘EMENT OF THE FUNDAMENTAL PROBLEM.

\ In the (n:l-_a dlmenszonal phase space E 1 the pom‘t e .
;0 = (o,xo) and the lu_l_e T A { :«.c:.,xl) Y (; E} is given, .The 1"1n(:.‘.._1‘r .
< ds paralle'i to the X axis, passing through the pomt (0.x ). Among -
the admissible controls u = u(t); having the property that the corres-

pondmg solution x (t) of equatzon (1.2.1) \uth initial cond1t1ons : ' _ |

X(t = ;:-‘ mtersects T, find one whose pomt ca-f mtersectmn w1th -n'
o "o

" . has _fhe" smallest co-ordinate . " ﬂ . L - -

B a

T4
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'The solutlon to f-hlS problem\_g, gwen by the Ma*clmum ' )
: Prmcxple of Pontryagm These results are given -below. , .
¢ o . L . : ) _ - “oo
(1.4) - THE'MAXIMUM PR;;NCIP‘LE“'- R I ) S B
" S, . ‘_;‘__.._ 3_,. — [T N
) ““' — Wc con51der the followmg funcAn I-L known a.s the - - -
I-Iannltoma.n) o _ ', - ' e ) '
- . . . .. i ) n | s .l
‘ H.o = (y,.5x0) = T g £ (x,y)
l",. : l o .’ oa=o Q. ' ? : R Co
‘ ,whlelrc.: o= (l];on v '1»’- : .'.wn)_,tl..s an auxiliq:\ry_ ' vector fgr_{ctign., o
satisfying fhe dilferential equaition ) b = '?
B .. o n” e N
———— ! = - . . A R .
at B¢ azz‘o‘ 'a‘c A P (to4:))
o;‘ . | ‘ \ . 7 .
The-.above s'ystems (1.2. 1) and ( 1‘ 4. i) may bé fewritten
'thh the adid. of th1s functxon H in thc forrn of the I'ollo\g:ﬂg systems:
" of coupled dlfferentlal equatmns : " _ ' “a
. dx.l -- . BH . . , . ‘ _' ' 1 " !
SR = 1=0,1, ..., n_ e (1.4.2) - A
' . dt a Wl W N - -
-“ ' o ' ,‘ ‘ . ' ' o _ h : ) . - .:‘
a  dy, : _ \
1 aH . - .. ‘ e
el =L 1_0,1,:...,}“ coNTe43)
CoL ax , . o . L
| s f - T )
¥ A . With th1s preparatlon we present ‘the’ Maximbm Principle v
©of Pontryagm in the Iollowmg theorern _ ‘ . '
‘ !. . . ] . 4 ' - ‘,.'
. .1 - . ‘J‘ Q
" THEOQOREM 1.4.1. (Maxxmum Pr1nc1p1e Pontryagin et al, (.13) ; e
O .o 'I‘h 8, pp 81) o /
S - \ F
_ Let u(t), t e tox ti’ be an admis 51ble control such that Fa
. s .
the correspondmg tra_]ectory x (t) {1.4. 2) whlch s rts[at the: pomt / s
‘ ‘ e b - . . . . ! » ‘.‘ "' ’ C

LA




,

i e

it

: correspondmg to’ the functlons u(t) and x(t) ¢

interval -
. o

Lo VHLy () %(), ult)

b

. o .‘_ P . . . .
xb. is defined on the interval t . and passes

i pesat

at ti'm'e £ <t =t
°t) e

-dt time. t through a’ point on 'the"{l‘ine 11-

|
t) bn: opt1ma1 it is necessanyfthert’fﬁére exxst a nonzel\:o absolutely
i
(‘il'(t)n 1“:')1"": n(t)) ) '
(1.4. 3) such that T

In order that u(t) and

-

I
t;cmt;rmous vector ﬁmctfwn ¥ (t).=

-y {1y 'I‘he functlon H(q[ (t), -x(t), u) of the varlable u ey

t verywherc in the, !

‘aﬂ:tainsp itsj'\a.mrnum at thc point 1 = u(t) alm
2

I

1':1“. -,'. o ) 'ep‘
S M (s (), x(t(? S |

———

" where M(ﬁf??ngx I?I?uhx a) . - L . N

»

§

" the I-iamiltonian functio'n'p

\ u € - C
G ‘ . U N . /
; (2) at the terminal tirr;.é_ ty the relations

'-‘l ._ I. ‘( B i 7. . -l.
oy @ti) 50 M(ﬁ,(t');-x(t ) = 0 ', (1.4’.5)'

are satlsﬁed. Furthermore if g (t) /x(t), and uf t) '-‘..atxsfy systems '

(1 4.2), (1.4, 3) ant%condxtlon (1), the time runctlons Y (L) and
M(y (t), x(t)) are constant

Thus (1. 4.5 may bc verlﬁed at’ any lee t,

t °)\

et . b a‘; .
: " For the time %t'mal case, ° '~(x,u) = _1,"a'nd we consider

to - t < .ti- and not Just at t

-

In(x uj, where ¢ is a n'-dimensional

- ._+r

v (Vi

vector

»

V‘))

Smce, v, 'is constant the -

(i‘.cg. qr 2 Herc we con;n:fer

n-dimensional phase spdce only

Hamiltonian systemi becomes )
= - : \ ’

A
s 2

(1.4:4) .

v
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. T b
e i _4-’ ’ : )
) *, ".; - 72-' . | ~
) _ ‘ o )
, S . | . ;
. _—. o= i = v '
N a'—a 6w _1‘ 1."2' vers B (1.4.6) |
o e N ° ’ . T
Ldt ﬁ;i Coaext ! 1—'1’2’-"",' n T ﬂ“".‘l"?)‘ E '
. L “a \ . . . .
Thg necessary condition for time -optimality is given *
. . -1 I g - ) . L
sbelow . . _ . oo e : -

. R 4 - . .

' THEQREM 1.4.2 (Rontryagin et al (13); Th 2, pp 20-21)

Il

) Let u(t), tO <t < 't‘.l , be aﬁ a_dmi.s‘si'ble centroi 'whi‘c?'n g
'transfers the*phase pomt from xo to X and l\et'x(t-)', t E@to,‘t1 J | _
be the corre.s?oedxng -trajector);i 1.4.6) so \tha?.x(t- ) =X x(t )'= x.,l-.. - g\
In order that ht) and x (t) be time - optnnalm. is necessary that there exlst "y
,a nonzero contmuous v:actor functlon q, (t) = (,y (t), ¥ 2(t'), cei, (t)) -

correspond} ng to u(t) and x(t) such that

. 1) forallt L ; t s th ‘the function H( q,(u) t), t})gL/7

the varlable u E U attams s\ma.mrnum at the pomt u = u(t) :

iee H(y (t);."'x"(t). u(t)) = My (':t-),)cit))”;_ R O s N
(2). at the te'rmﬁha]': ty " the relation - - .
;M(\Iﬁ (Atl) '?:(tl,)) = 0 ‘ | (1'.?\9)
g . - . . i

is satisﬁcd Furthermore i .y (t), x(t}, and u(t) satlsfy systems
(i 4. 6) (1.4.7) and condxtﬁn (1), the t1me functmn\M(v (t); %x(t))

is constant Thus (1 4.9} may be verified\at any time t G [ t ,.' 1]

andnotJustat ti' L ' ‘ 8

"
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sa.'c1sﬁes the’ conditions of Theorem 1.4.1 and ‘the transversahty

(1 5) TI—IE TRANSVERSALITY CONDITION’

9

Lct so-' and s.1 ‘be a pair of fixed (smooth) mani folds

. n
in R and .suppose x._ € s and X, €8 be certam-pougts and

1

‘To ‘and 'I‘ the tangent pla.nes of 5 and S which pass thi‘ough

A
thesc-;;poi,nts,. The planes_ To and- Ti- are in E” and havé dimen-
sions- . r ‘?and ‘rl rgspective]:f. I_,et' ﬁ(t), xit)' L to< t. = t1~ 1
o . oo " S e T '
be the solutmn of the optimal control problem w1th fixed end points

X, and x and let y(t) bea vector whose existence is assurcd

1,
by theorem 1. 4 1. The vector (t) satLSﬁes the transvcrsahty

. condltlon at thc rxght hand end pomts of the trajectory x(t) -

(i.e X[t )) if the vector - q;(t ) = ( ‘y (t ), “’at )"""'wn(' 1)_9 |

is orthogonal to T

1"
The transvcrsahty cond1t1on mgmﬁeb that (¢ (f. )y e) = 0.
I - ‘
for cvery vectbr . 1§ = (o A ey ) belongmg (or parallel)
to T Su’mlar transversallty condltzon holds true at the 1eft hand end

1

. point, that is (¢ (to), g) = 0 for all g€ TO

 THEOREM 15. 1 __A(Transl\rersality m)

Let u{t), 't -O st st be an admissible control which
transfers the phase poifit frofn st)me position x €.5, to the p051t10n
x1.,€ Sl' and,],et x(t) be the corresponding tra._]ectory (startmg at the

point 'x ' = (0" x 7))° . In order that u(t) and x(t) yielld- the .soluti_on' of

_the opt1ma1 tontrol problem w1th variable end-pomts it is neces sary,

that there exist 2 nonzero contmuou's vector functmn ¥ (t), ‘which

cond1t1ons at both the end-pomts of the traJectory x(t) .
; h p ‘

.o

’

'f';., .

i
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OPTIMAL.CONTROL OF AN ,ECONOMIC SYSTEM®
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In th1s Chapter a na.’clonal economie model ‘based on  the

_ Cychcal Growth Theory developed by Keynes, Ph1llips ancl

-Bergstrom {1,2) 1is preseMed Due to mclusmn of mtrmsm feed -
" back mechamsms that ex1st between the rolevant econemic varlables, .

this model appears to be rmore reahst1c than those used in the past - I

(4,11). However the.original KPB- model is. not suitable Ior dircct -

f-l - appllcatlon of optu‘nal control theory Th.erefore the model here o

has’ been modified by 1a.be11ng the "margmal propen51ty £d saven;

"empioymont ratio® and #the pnce level as a (va.nable) multlple-

- of unit - production - cosf".‘ as the control vafiables_.

(2. i) THE ECONOMIC MODEL
In this’ sectior_l we present the econoinic rflo_ciel-'hased on the.

'Cyclical Growth Theory (2, p'53) LT - - ".}
'The model is descrlbed by the followmg system of non-hnea.r' ‘

dlrferentlal e‘quauons : .
-
. ~dt :
- dK PY - WL, - o :
—_— o Klog.{— _ —e- ‘ . g -
q T BKloesd 1+g)RPK} . _ - g
dy BY - WLe - ..
s < =2 . .
oV dt _Y£C+BKlog((1+)RPK} 1
dW- ,_ . Le
' at .- ?\W.l,:-log. (hS ) +.aW |
) M
! - gg . L - d ' -
| oa = 6 R log ( M, .) : :
dM e - Lsg
ar_s,: 6 Mg log (L—e) ' . IRV . . s
Md'— I“.YF' R™V S . ' . *
D - - ) | - ' oo T

P = BW Le_/ Y oo . _ . e
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where a,.8 , y’,fh,,‘l 8., 8, T, p- B g, a and v’ are p(;SLtlve
+ «constants. The state of the systern (at any tlme) isg deseri

yeotor_ x é__ (C K Y, W, R, M) where CQ_ '.capxta

- the :éla.tio'n ,

- 10 -

2
' ooy ‘ ¢

y the | |
consump'tion K .A amoﬁnt of fixed capit

; Y .A gross nat1onal

productxon (GNP) W_ﬁ wage r R A 'mterest rate ’ M A

supltly of money s M ,=A
r, "

Los

a.1 demand for money and P /\ PI‘ICE level

(?g)- MODEL OF _ECONOMIG SYSTEM INCLUDING CONTROLS °

L P " o ’ . . )
As statcd earher the orig'inal KPB model is not, suitable

for direct appllcatlon of optlrnal control theory. Therefo're it has . =~

_ " been mod1ﬁed by labelmg "Marg?nal Propens1ty to Save" Employ- o
ment Ratio and Pl‘lCC Index as a “varlable mutliple of unlt-productlon o lt‘
cost" as the’ control varia es T T e '

foane entrel URe AR S

It appears reasonable to assume that the econormc systcm o !
descrlbed abové can be controll d through approprl‘ate choice of .

L
such variablés as s - uthe’ Margmal Propensxty. to Savet¥, L_e -
. I- -.‘ . - K '. - . . - s .
the employment ratie® and P - ¥ the price level". Since choice-of

"saving factor s determines the proportional 'Imvesti'nen_t.‘throogh

1 o= sY . ."'(2.2.1)- ,

N ,‘ ‘l . . L o > ) 'ju':f

we will choose s “denoted as u,, as one of u’{e oontrol -variables.

The’ second controL vanable will be chosen as the employment rat1o. .
- ' (2.2.2)
L )

. ' ‘ s . T . o

112'=

-

¥

“where Ls is the actual supply oflabor'proportiona.'i to the .population

growth and -'L ',is the labourremployed. . Furthermore since price is
L WL , : N ‘
related to u'nit production cost ( €_ ) we will consider the factor

- . .
"y o . . .Y . . . ) -
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r .

| k that v
For : 1”

r ' number w, < 1. For the control var:.able uz' it-is clear that B !

, | ‘0 S\uz

2

. whefe w;‘ 2 { ahd ©, canibe equal or f.ess than 2.

THE SYSTEM MODEL WITH CONTROLS | : R

< 1.

1
< 1

i " w. can be ‘chosen to satxsfy the mequahty w '.z' u i wnhwa > 95.
Slrrnlarly to llrm.t proﬁt margins and ﬂuctuathn of prlce levels

it may ba, demde& te put an upper hrmt-on u3 " for\bﬂcample m3, <.u

BfSystem equatlon S, ), denoted as u3 “also as one of the ofher ¢
control v:arlables In‘_thls situation, .
. wL,oo-
. WP oA ‘u3 ( Y ) o L N (2"_2'."3)
1 ’ ‘ " with ¢ 1
j ] é w1 ug-j ' .
: THE CONTROL WITH CONSTRAINTS B f ‘ A
. ; e , \ : . . ; T s (.J[
l\‘ Theéz_ontrol vector u p (\i'l. uz, u )has natural constramts ‘
Obvmusly u, 2 0- and to aklow for posxtwe mvestmcnt it is requxred

Thus 0 < Uy o< @ for any preass1gned positive
L_ .

t

However to limit unemploymcnt ©-5%. , -for examplc

2 2

< W

3773

. - - [

The e

conormg model in the medified form 1ncorporatmg thc

control varlables {2.2.1), (2 2.2) and (2 2.3) as descnbed above i's glven

by the followmg system of nonhnear differential equatlons :

(rac.

dt /

K

dt,
dy¥
dt

dW

dt

dR .
dt ~

- (g )Y N
aClog {~—c—=} A e

u3'1) Y ' ’ 2 ) .

BK1°g (T RuwE ) At -
(uy-1) Y LTl ;

"y {C + 8K log | Y. Y S
I ‘ . o
“ ' 4 i
AW log '(_‘l.l;'a){-f- aw _ : AL |
. ry , ! . - , 5 . :
5 Rlog ( M“RV) . , i) . o
eMslog( ) ; : A E ' f
: “‘ — e ;
J._ ’ L o ﬂ
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In the following .secti,on two kinds of Optimal ‘co‘nti-ol problem"-are

formulated the ﬁxed tirme Optlmal control p.roblem a\i the time

optn‘nal ¢ontrol problem I L o '

-~ o

(2. 3) FIXED TIME OPTIM_AL CONTROL PROBLEM

\-

The prospemty ofa. coun-try can be roughly measured by

the stg ndard of hvmg and-hence by its per cap1ta comsumptlon levzl.

Thus a desu'a.ble tefminal state of the gconatnic system S _ Mmay be

" described by th-e_ manifold, . L ‘_
Mlﬂ{Ct)'C K(t)“ 1.Yt)—Y W[tl}>0 R(t)>0
£, M,‘(t);.'o' c'EG. g I
s 1 ] ’ :

A ~
e I .
\. Where t1 is the prescribed terminal time, and Ci,'/l{‘\.a.nd
. . . ‘\
Yl are the desired targets. ’ . -
Now the problem is :" subject to the dynamic constraint S

and assummg, i’or‘;szmphmty. -that uz, us. atl'e».ﬁx'ed, find a control -

pohcy u.1 over the plan. perlod [0,¢t ] that will transfer the system S

|Y ‘ ‘
Wu, L~ Wu, L : o

(u3 v - Y s) is the excess re\}enue over the cost 6f

‘prc')duction-.

PApplylng Pontryagm's'Maxlmum Pr1nc1p1e and the transversahty \ ,
' condltxon (theorem 1. 4. 1pp 5-7 , theorem 1 5 Lp 8 | '

i

.,frorn the present state x ‘A (C(o) K(o), '3'((0), (o),_'R(b) / 0))
. to the desn-ed mamfold M1 and minimize the cost functmnal - v
oL By Wu,L . | | o '
_yu)._% ,fo {3 fug-1)]at - .(2.3. 1.) ,
Wu,L. . . _ . . _
"where ( ) is the cost per unit production and the iht'egrarjg
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the Hamiltonian function H is given by

H i ) ﬂpl

C . WaL - by
; -H:-]’——?—-—»u-l]-{-{uClO{,( c )]g.! .

: . "’ - . JY
: e T ey .

log (_—_——(Hg)R T K )} ¢2+ {_y[C+BKlog (f'i o) R'

eyt - ey
LR Mo (7 my Mgt (e M log (=) y

t,\nj' ) S MRV T e

- 0 : N . L4 :

) Ma,xim’izingpthé Hamiltonian H we obtain the 'form &f.the
a ) ; ‘3 N : . " . ~ EECIN ) . V - ,:‘-_.
control variables. C - .

T L VT TP
1
-“i

&

It i's easily ver-iﬁed that the control :,

e T A S Gy R S e T

o | ap=t - E*{p (5] 108 (1 - w,)) LTy e (2i3.2) .
FA - A
! o .. where | b]__' .:,- 2 (1 Slgnw(a ¢1C)) and w: (‘3 £ ¢Z’ Cee e .‘y 6)

' o 1s the solutmn\bf the adjoint. systern S .o o o

e Lt

mm e Ty i v

Ta T Bt Yy) [‘1 - log

aCyy +w3 ' éRﬁr5:_ Wu,L / :
—— : - - K ______— - . ~_. - . . a
” SNy mTyB (- )-, ‘ 22 (

r | dy, < A AL
I —_—— ")L. ‘j’ 10g(u ) - a" 1
; L 4 2

A die Lt Y - M
5 2 3 : TY
- —— - 1 + . 1

g Vig &L

dyg- SRy NG .
1t = . : Ms + oA 11'[6 ‘108 (uz) ‘,— !

\.\ ] ', L o

rf-‘-r—-r-rr-—-—r—
r
-



T M Tes STy

TR AN, KT AT T N T, e T i e e T

AL TS STTRTC . T T R e e

e | v ' A W
¥ “ ’ |
By applymg the transversallty condxtlon we obtam the-’
cnd cond1t10ns that must be satis ﬁed by the ad_;omt systcm St R j.:, _:‘
 Th ditions a t) = =7, ) =
. ese condi 5 i rer _¢ g ) Zi’ “'Z(t ), .2 w‘.3(t1); . 23., .
g (t ) = 0, - I (t ) = 0. a_nd V()(t ) = 0 L . s ‘ o \
. . .. sp : ' ¢
.k Wh‘t‘Ere the vcctor Z .A (Z1 ZZ' ,2‘3. 0,0,0) is not Ldenucally zcr(')
‘ .‘ ; ‘ T Subst1tut10n of the expressxon 2. 3 2) for the c:ontrol u, R .
" into the system S and the adJomt s stcm%/:‘ gives rise to the followmg
two-point’boundary va.].uc problern TPBVP} L . : o -
_ 1 A {- ) N
N A ‘ :
; T aC/flog [1- (1 - Exp. (1og L. {1-8ign {(a ¢ CHN]
s S )
¢ .-"/- : ' . L . ¥
R +-,1og<-—-)} | T
R : ° - '... N - . - 7 1 " i .'
.' Ak BK y (u3 i)Y L .
d dt & [(1+g)Ru K ‘.} . R
< P --nY‘-. S - L
a = Y {CHBKloe ‘.WK“,‘}}- . R
- o : ‘ ' NS
dW ' . . ) - . .
- ?\IW,;:].og.(uz) + aW  _ N . v c e
. d.R . 7 Y 9 bt - .
C | & = ceRleg () et
- . - MRV L . SR
s _ ~ \'
, - L] -
.dMS - o ‘ _1_ . * .
! o 6M_log (‘i..p_ ) ~ o CoL e
with the boundary condltlons : o ‘ 2
C(0) = G K(0) = K_, (0) = Y_, W(0) =W _, R(0) )z M <0) :
>
: - . -r . é) g
v . \ C(Fi)zci’ K.:(‘tl) =K1’ Yi S !
and , | ‘ o“l | ’
¢ ‘ - - .~ . . .
. i _ Q.- 7 .
- - - " 2 ? ".f-/
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T - ) -~
b 2 P . B
e & ; . SN . L )
[ . A .
-
\ '
-
f . S
’ - 15 d . 4 .

log(l-wi)

. -
SR dt .~ ﬂw1[“"[1"53“ (1 EXP( — {1 ngn( ayy c))))) I
| - | : . ) ' o ¢.-7 X &
r 3 . . | + log(——-)]} YW3 : ‘._ (—'\f/-\

- "-“

[ 38

- d wz, -,,j o ' ( 3-1) Y . ' ' '. s

dye
> *113
dt |

i

uC¢

Y .\33

o,

L .Y

-BK(

wzw by

)*u

L

5R‘I'E-S V’f“a 8

(u,-1)
[

e «d ly4 C -Qv_' I '. ’ 'll L
B Era e DL TIWEETRS

¥ o L T TP ToLE
. . . jd‘ ¢5xl-.- , wz_j,\,,& ~ i) . 3 -
* L — = |BK('—-—3)-'6¢'10g(' Y )+ BNy AN
-] dt R - 5 8, . Y o .,'5~ : 3
. ST - 49, i S & ' t . " -9
i ; ’ gw() | 6R¢ : | . B ’
& J . ) .—;{{_‘ ,: '-R}I—:_ “ + 6¢'610% (ua) ' 4‘- o “ S [y ". .
T e T e T s ‘
“With béﬁﬁdari}.conditioné . -~ .
RS ; =, ¥ tt ) = , BT ,.: ‘o . ! o
| by lty) =007 glEy) =20 g lEp = 0 ¢
' B L e . bt o : .
- c.e . . R oo e . -
The. op1 u’nahty problem now reduces to solv'mg the a{ovc TPBVP
b
It is clear that we have s1\m initjal condltlons and s1x tc.rmmal ondlthns .

‘Clearly this problem can not be $olved by usual methods of mtegratmn -
of d1g.‘erent1a1 equatlons ‘ The problem 1s so‘lveq] by usmg the Dav1don- .
I‘letcher Powell method along Wlth the . Flbonacm Search t.gchnlque

*

whlch is presented in Chapter fII . ‘7 .

_ e . . / . . % . .
_— ‘ R ) - . . - e
. . N . . a9 - .

: 3 - R E .
~ - . . i S " . K .
. e . . . » .
- - oo : - S - . " oo
) . . . . . v - .
. - . s . . < g
s D : :
r fo
5 R B
r - e N
© t (
M s :
: *
L) ) H -
] -~ .

—rt N ‘ ) B T . . B : to-
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e MME OPTIMAL CONTROL PROwr m T
(244) TIME OPTIMAL CONTROL PROBLEM . . [

It is oﬂ:en req‘ulred to ac};ueve a speq)lﬁ,ed economlc °cargct.'

‘ '1&1 -ho shortest posszble tm'[: Thxs is known as the tune 0pt1ma1

.

cofjtrol problem as d1scus'§ed .in thi's sectxon e e
s 3 e ufhe,desired terrainal ,s‘tatg_. of thc 'e&.bnonlié"systgzm ""-S,
deslcribed by the manifold, -~ . ‘ . R ' R EE
M \ N L : - 'G:' . .
B : .. . i ¢ *._. -:,':zs A . % ot 2
- Mys “(C(E) =Cy, Kit) =K TY(E) =Y /5 Wik ) > 0
.o . AR e
o | T E L Y - " or
S e RE)EREME) > 03¢ B ,
, = . ' . : o )
be given o) T e
L : -

: :" The pfbblém i's: SubJect to’ the dynamxc coh&tramt S,

chopse policies of "Marg1€1a1 Propcnssty to Savc" "employmeht ratlo"

ahd pmc\e m[ex' consxdered as the control‘vector uj_A (1.11 uy, Uy

that w111 transl‘cr the system S from f?lle Limtlal sta.te x _A (C )K 'Y,

u,)

. _ o o
W R .M ) toadesﬁred state x e M _A {Ct ) : Cq, Kt )-11(?
O ‘ o, SQ + 1 . 1 1 - . -L
Rt ')_:Yl, wu " > 0; R(a) R, * M. (’c Y50 } in thc shortest
‘ 1 o ' ' . u‘ e L '
pos Slble t1n‘u9 That‘is m1mmme thé'codl' Iunctlonal, J = J' 1 c[t .
PR ) 4 e .
Agam applymg Pontlyagln's cMa:hmum Prmc1ple and the ‘
: 2‘ tra.nsvc.rsahty coradltlon we ob’cam ¢_he nedessary condatmns of .
’_Optlmallf,y. oL S
. - - ) ;. - . s A ‘ - L
The Hamiltohian HH givén by _ C
. 3 ' -ul)Y ' ()Y SR
- "H = —1+ {uC log(—'c—)1¢1+[a,}{log (_ﬂw_‘“!)Ru K)] '
- ————— RN w
- f{vE/C+BKlog ((1+g)Ru K) Y]}w [h Log(u,)ta } q4
. Yo . - .
f. ’ ’ A 2
+- {5Rlog(MsRv)},¢5+ {QM log("’“‘"‘)’]q,6 . ) Lo
.5 8. ) . x) LR
S L : — 7 T
e " ¢ " v ’ ) '.
- L] - _’(
. S
) ) a.\ . s B _\..'.p 4 ‘




e Maxunwmg the Hamnltoman with respeet to the contro)
T ve?ttor (u u‘2 u ) we obtaln the form of the controls These . -

are. gwen bclow o o ) N _ _
AR . a .-

u,. :,'. 1 -'Exp.(l-al‘ll_o‘g (1'-91)") L . _,-‘(2,4,"1.)

v,_f. RS S Exp, (_bz‘log (w,)) L (2.4.2)
Lt . L1 X K ) F . ( - -
’ and‘:,l ' -
‘ o S lf’ L o B o . . .
) w, = T — . , (2.4.3) ‘

.. 9 I - '
L= Exp{by log (1~ ——)+bslog(l-—)) J '
: 3 T 3 [

n

. L
[1—.Si.gn'(a¢-(:).], : - - ‘ﬁ‘

[1-—S1gn()\u4 e‘pM.-)},

- wherd,

o
1l

{l-SLgn(B¢2K+YBw3K)}-', _ '. = . ‘ K

. . '__ i .
> ‘ b3. = ( 3. {1 *ngn(s ,yz-K+ ) } : } :

Lol _angi" o= (¢1, IYEREE ‘5-6) is tl'erl'ution of the é.djoirﬁt s'ystem.'S".,' o .

Al-w )Y

o Ee M\U"l"g.“—'—-el’.l"w [
.rl o o, d . . ' 'a'- : . . -. - - . .i
. Y . (ug -7 / L

: . Y2 ’ ) e q - N !
. e it B (4, +‘y¢3). 1-log.( (Trg) R u, K )} .. F -
|

4. : ) : . - e : SR

LS g dey oG gty BSRys B

| o Yy Y = g
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CHAPTER III

AN ITERATIVE-ME'fI-IOD AND COMPUTATIONAL RESULTS
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(3.1) THE ITERATION STEPS = ..

£ ' s
- !I.“ 1‘ . ;
% N 20 -
. -, . ' [ ‘ \ ( l‘\;‘i ‘
JINTRODUCTION ~ * ¢ Ao
- Fof the fixed time'pr'oblem consisting of. the two- -point

¥’

bourndary value problem (PP 14.15), the iterative method consxsts

of choosmg an initial value for the vector v{o) = ._n,;) and integria-.

ting t:he d1fferef1t1a.1 equa.txons (systems S - aund S’) forwai‘d yielding

a solutlon x{t, U ), g(t v )on 0 £t < T as a function of U

The desu'ed terminal LOﬂdlthﬂS are achxeved by rmm_mwmg a

ternrinal error le!'lCthl'l through an 1terat1ve procedure " This

‘procedure, i i's deslgned to find L‘!;' that yields a minimum to-the

' teri'ninal error criterion to be gi‘ven'in the iterative steps. For

the t1me optlmal (_OntI‘Ol problem (pp. 1,8 18) 4, in add1t;on to choos1.ng

o [

1!!0, it is.also necessary to choose:a terrmnal time T as the
initial guess: Fmally the desired termifal condition is achieved °

by mmlmlzmg a termmal errar crntenon by’ appropmate choice

of T and u'ro. ‘This is done through an iterative procedure as

-

given below., =~ s '

The iterative scheme consists of two loops one being
the major and the-other an infher loop We denote by K the K th
stage of 1terat10n in the main loop and by N the Nth step of

iteration in the inner loop. =~ . . o _ l
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P.3.3.1: THE FIXED TIME OPTIMAL CONTROL PROBLEM _

EXAMPLE 1

Initial state L. x 8 {c =0.4, K_ = 0.1, Y =0.43, W_

‘Desired final state : X, CM " {c - 0.40L, K. =0.5, Y

Time - S N

g AT, e e g

A AN T
B

CaY LA AR A i B L

il
—
.O
.

o= 0. 21x10 \\M =1.0}

il
o -
N
wn

t B

. ‘ - . 0 ‘ '~ ]
. ; E W1 > 0, Ri- >0, Ms > 0 3
T'he control constraint : L w, = . 02 (ﬁ = ..95, u_=1.,5

i

rassumed fixed ) -

o - o ' o . o - ) ‘ "0
‘L’O.A(‘L‘ N ey M E(¥) No. of ¢t (end conditions - ) ‘
‘ T Iterations after 6 iterations) (gfiter 6 iterations)

——
ATY L -0.%045 x 10 o

L Z0,9974 x 10°

. ‘-': - ! ‘ ‘ . -5
0.1 %1072 : 6.190789::1& 6+ . 0.1745 : i.735<81,x10 |

-1 v

, | s
0.1 x10 , ) o 0.2463 x 10

- . - ' | -2
0.3x 107" _ ' © -0.1745 x 10
Lo ) 3
0. Ux 107 - -0.1781 x 10
. 2
The Cost : 5.996782 x 10
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- 'EXAMPLE. 2 3
: - . 0o o o

In thlis example, 30% marginal propensity to save, 3% I

' bt . _
unemployment and ‘LS = Lo e where L = 0.1 x 103 and
. s . . . . : P ’ . 0 . ) .

-,.b =0.2 are consh

v

Inital state . x-d [C =04, K =01, Y =043, W =1.0,
_ ‘ o o o o !

0.2t x 107, M_ =1.0] L

i
P
!

3 ;’
1]

Desired final state: x € M, ‘& [C =0.40¢, K = 0.5, Y = &.45, W, >0,

T T
.

R, >0, Ms.i>_0}' .
The control constraint 1« = 0.3 (1_12 = 0.97, ug = .5

R
~

e

v .

assumed fixed)

S

Time : ro,51 . -

.0 o . o ' "o : ' o .0
,It‘.lz,....,lllé) E{v) No. of “ ¢ (énd conditions E(v) .
' " iterations after9iterations) fafter 9 iterations)

. _ - : ‘ ) 3 .. j 3 ’

. 0.1x10 . 3 . , . -0.6904. x 10 o S :
L “2 . ' 7 ' . L 3. h ' ' ' !T
. 0.2 x40 g . -0.1463 x 10 - b

. _Z : o - * 6 - L . 4 . '6 B4

0.1 x 10 : {.683797x10 9 70,2913 x 107 F -6.723392 x 10 :

o : - S . .10 ‘
i - 0.1 x 10 : —01;6898::{0

A R WL R SRR e B A TR S S A A e
L=p
[¢]
>
—
(=3

0.3x10° " 20,1570 x 1077

: -3 oa | - ' -10
S0t xt0TTh 0.2491 x 10

. The cost : 0.1065553 x {0 oy
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P 3.3.2 :_J'HE TIME OPTIMAL CONTROL PROBLEM : o E

. EXAPLE |

Initial state "+ x b {C =0.4,K =0.1, ¥ =0.43, W =1s0, -~ * 7
) . : o= o | o o o) o
R :0.21x10_1, M =1,07)
o 5 ,
- °
. Desired final state :  x, ¢ Mi"a [C,=0.402, K =0.52, Y = 0.45
: ' . - A 1 s . - -
W, >0, R;=0.014 , M >0} .
{ i ) S
The _c0ntrol constraints : - ‘ ui =02, ""’2 = .95,' JB =1,2 o
N . . o E , e
" and h)3 = 1.5 .
o d o '.o

v 8 v £ ¢ PRIRRE \Uﬁ)\‘ E( \'Jb) .,.._NQ,...._QL_]‘.‘ wo(end conditions E( wo) _ '
' ' ' Iterations after 5iterations) {after 5iterations)

¥

or7t ;T ' -0.6297 % 107

0. 29 . -0."4607 x 10" 3
2.2 < 0,3767508 5 0.7128 1.157586x 10™> ;
20.62'% 107 S 0.8101 x 107° %
0.73% 105 - - . . 0.1157 « 10? i

: : ) . .. -2
-2.0 : T : 0.3419 x 10

The optimal time : - 6.183914
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©. UEXAMPLE'2, .. .. Toe 7.
: | " In this-example, 30% marginal propensity to sdve, 3%
e \ I 3 ¢
' unemployment and I,,s = -Loe where .L°= 0.1 x 10" and b=-0.2
. : '_are‘t:pr:sidered. ; , —
itial stat G4, K 0.1, Y. < 0.43, W =1.0,
' . Initial sta e‘ - ’\oé—{co 4, .Ko"_‘O. 1, YO 0. 43, ‘WO 1. 0_,
. A o P . - _1-' [ ' . .
: R . R =0,24x10 , M =1.0% "
/. n N ° B S0 S i

Desired flnal.a_a"tate Tx

= LT
o T T g Ry

-

1€_¥1é“%C1=0-402n’-K.1f 0-;56._ 'Yl > o‘s Wl

>61

b
[
n

"t Y o
. .- s e ' ’
The constrol gbastraints ©

o T

il

<

H
-

l.."'. f

/

:
o

w

n
y—
wn
L4

. LI o
$ o ' o] * i

+ No. of - ¥. (end tonditions °,

) o : : iterations,

. . . N LY

' Py
.'l.| \
s
L2 o
LY
>0, —

E(°).

-after 12 iterations)(after 12 iteratio

\

— 3
0.8238 x 10

. -0.1656 "

0.5' 1 -Lﬁ‘_"‘_,:\
- ' P o
T i TN 10 T
0.1 x }0 2.914052x10 i2 .-0..2107':{ 10

¢ . o . Co . ) .
e 0.4235x 10 ~ . °

. 7. b - .—2- -

-0,2238'x 10 .,

0.2322,x 107°

':-/ .

3. 41502 %0y >

s




A
-“!‘S;’;{
o

L ST
i - 3

. .

-t

LT A YR DT

N

-

e

s

ps
s

o -
7 pes s o

NEEN Eﬂﬂ

Tle JERTS AN R




oty

i

Y- v DA

: . ot it SR g A = i
. ' - h P .- H
o 0 by e
i M ) v
. ; QruveLy
naeoas A e
: -2-“. l'—};'.‘ﬂ.;
i . A edirep .

- oy L

R




- 45 = \

> ) [

DISCUSSIONS-AND éoNcLUSION‘ S

© An CCO'nOmlL model based on thc Cychcal Growth Thcory
] *

devcloped by Keynes-thllhps Bergstrom (KPB) (1,2) with the -
——-\me}usmn_o{ Mar g—mal——]lropeniz tywtoé;ave——,'—- LI ployxx1cnt_Ratac,_

'
and "Pnce I‘dctor" ag the Control variables has been presented.

- -

In the prob_lems of optilmiy‘r.at‘ion.of national economic .

systemn two tyi:'es" of problem arise naturally.

Fixed plan pe‘rio'd. : For a fixed plan-'i)eriod thé objcctivc
is to z:chleve a spec1f1eduec&nomlc goal and at the same time
m1m‘m1ze excessive “rise of profit . " This is achieved b}{
opt1ma1 choice of an mvestmcn‘c policy over ‘the" plan pcmod under

-_the Constraints of fixed employment ratio and p\d(,e index (umt_
cost of production).. Tl,m;is’is a fiﬁebd time prob_l'em a'nd Has been
; coxl'x.silderéd-in CHapter 3 .exarqples l, 2 pp 33 - - 38",

a L

:fVe;.ri'akb'le plan period : In thc case of dcvelopmg countries,
the initial standard of living .(eg pcr. capita consumptmn, wage rate
etc) may be below 5ubs1stance level or near subsistance level.

-In such a s1tuat1on it is des1rab1§to raide-the standard of 11vmg in:
‘as short a time as possible within the limit . of available r esources.'
'8“ -This is to be achieved by approprla&ﬁchmce of investment rate,

emﬁloyment level and price level wit approprlatc constramts This

gtves rise to a standard ttmd opt1ma1 control problt,m;,

Applying Pontryagin's Maximum Principle (13), optimal

a e
control taws have been.derived. _The optimality pr.oblcm is then

- -

4

S
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reduced toa two-pomt boundary value ‘problem and has been solved

by usmg Davxdon - Fletcher - POWell met‘nod (3, 6, 1]) along w1th "
F1bonacc1 Search techmque (7 8 11, 16) . k.

The £med time result md1c:a.tes a pos1t1vz_ mvestment

Cp et o b e

‘throughout the p].an permd under the constramts “of fi fued emoloument
rat1o and prlce index. The desired terrmnal state is achxevcd cven
‘.when the’ upper 11m1t for the’ "M'a.rgmal Propen.SLty to Save" is fncd
at 30%. ‘ ' |
Tho resylt of time optnmal problem indicates that the de51rcd
" terminal state is achieved with a combination of unemployment |

| “initially, full employmen‘(at the later stages and pos1t1ve 1nvcstmcnt

_thr oughout

Y e s R

For futurc sugges’tlon, it would be interesting.to cons1der
further advanced mult1 sector models ﬁtch include formgn trades, f1sca1
'pohcy and technical progress etc.. Also the computatmnal method

has to. be further 1mproved to save. heavy computatlonal cost

l

L4
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