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The theory of functions of a real variasble consists in part of

definitions of the properties of functions which map the resl line

into itself. Included among these properties are the usual well
known properties such as continuity, integrability, differentiability ;
etc, as well as properties not usuaelly possessed by the functions met
with in the other branches of Science,

The theory is also concerned with the various charecterizations
of each of these properties and with the relationships that exist
among these properties. Each characterization of a property gives a
criterion for determining whether a function possesses this property.

The theory is further concerned with the classification of
functions according to the properties they possess. The criteria
obtained from the characterization of the properties are used in the
clagsification of functions,

The class of continuous functions is perhaps the most important
class in Pure and Applied Mathemaetics. In this thesis we are interested
in the study of the generalisations of continuity. One is generally
interested in knowing whet happens if a function satisfies éome wveaker
condition, than the conditions of continuity.

In the literature there are many 'weakened! forms of continuity
e.g. upper and lower semi-continuity, approximate continulty and many
others, Here in this thesis we discuss & weakened form of continulty

nemely almost continuity of a real function f£(x), and show that the




clasgses of almost continuous, approximately continuous, and continuous
functions form a descending chain.

The thesis is divided into four chapters. The first chapter deals
with the definitions of the concepts used in the development of this
work, In the second chapter we give some definitions of continuity
and show how the definition of semi~continuity can be obtained by
weakening the condition in the definition of continuity. The third
chapter deals with another important generalisation, namely approximate
continuity, which was first introduced by Denjoy in 1915. In the fourth
chapter we discuss a new generalisation of continuity namely almost
continuity, end prove & characterization theorem for the same. Finally,

we show the relation between approximate continuous and almost continuous

functions,
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Chapter I

DEFINITIONS

In this chapter we define all the notions, used in the develop~-

ment of this thesis.

Definition

Definition

Definition

Definition

Definition

Definition

Definition

Definition

Definition

l.1:

l.3:

loks

L.5:

1.6:

1083

1.9:

- Let R be the set of all real numbers, and let

e, b € R with a < b, then any set I = {xeR|a< x < b}

is known as an open interval,

A set G R is said to be open, 1f for each peG

there is an open interval I such that pelc=G.

ILet x€R, A subset N of R is known as a neighbour-
hood of x, if there is an open set G such that
x€GCN.,

Let O be an open set in R and x0. The set {0 - {x}}

is known as a partial or deleted neighbourhood of x.

Let S be any set in R, The coﬁglement of S relative
to R, denoted by C(S), consists of all real numbers
xeR such that x&S.

The set C = {xeR|a < x < b} vhere &, be R with a< b,

is said to be a closed intervsal.

A set PCR is said to be a closed set if C(P) is en
open set,
let Y be & subset of R, A subset U' of Y is sald

to be open relastive to Y, if and only if U' = UNY,

for some open subset U of R,
Let X be a subset of R. A subset C' of X is sald

to be closed relative to X if and only if C' = C/]X,
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where C is some closed subset of R.

Definition 1.,10: - Iet G be any subset of R, then a point X, is

Definition 1l.11:

Definition 1,12:

Definition 1.13:

Definition 1l.1lh:

fiemarks -

Definition 1.15:

called a limit point of G, if every deleted neigh-
bourhood of X, contains at least one point of the

set G.

- Iet P be any set, the set of all limit points of P

is said to be & derived set and is denoted by P*.

~ Let SCR be any set, then S{/S' is known as the

closure of the set S, and is denoted by s,

~ If xeE ond x &8 not & limit point of E, then x is

knovn as an isolated point of E,
ILet f(x) be a real function defined by £ : R + R

where for each xeR f(x) = y, yeR.

~ Let £ t R+ R. The subset PfCZR»x R, which consists

of all ordered pairs of the form (x, f(x)), is called
the graph of f ¢ R + R.

Let A and B be sets conteined in R, Giveﬁ aset I

of A x B there 15 a function £ ¢ A + B such that T

is the graph of £ 3+ A + B, if for each xeA, there is
one and only cne element of the form (x,y)el. The

function .f is defined by y = £(x).

- A set, which is either finite or has a one to one

correspondence between its elements and the set of

all positive integers, is called a countable set,

Definition 1,163 = A function f such thet the domain of £ is the set

~ of positive integers is called a seguence., Ve may

indicate such a sequence by writing xl x2 x3 .. xn .
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where x, = £(n) and n is a positive integer.

Definition 1,17: - A sequence {an} of real numbers is sald to converge

Defini{tion 1.18:

Definition 1.19:¢

Definition 1.20:

Definition 1l.21:

Definition 1,22:

to & real number I, es n tends to infinity if and only
if for each € > 0 there exists an integer N > 0 such

that | a =L | <€ for all n > N, I is called the

limit of the sequence.

« If ACR and there exists a k € R such that for all

a € Ay & < k then k is called an upper bound of A,

= 1If no member of A i1s greater than k, and at least

one member of A is greater than k - € where ¢ > 0
and arbitirarye then k is known as the least upper

bound of A, and we write Sup (A) = k.,
(Supremum)

If SCR and there exists an m € R such that for every
s €8, s>m, then m is called a lower bound of S.

If no member of § is less than m and at least one
member of the set S is less then m + €, where € > 0
and erbitrary, then m is known.as the greatest lower

bound of the set S, and we write Inf (S) = m.
(Infimum)

The limit superior of a sequence‘{xn} of real

nunbers is the right most limit point of the sequence.

It is designeted lim Sup x, or simply 1lim Sup xn.
noe

The limit inferior of a aequence'{xn} of real numbers
is the left most limit point of the sequence, and is

designated lim Inf x, or simply 1im Inf X e
: n¥e




Definition 1,233 -~

Definition 1.24: -

Definition 1l.25: =~

Definition 1,263 =~

Definition 1,27: -

Definition 1,28t -

Let a real-valued function y = £(x) be defined

on Re Then the limit inferior of f(x) at x = a,

denoted by lim inf £(x), is the greatest lower
xra

bound of the limits inferior of {f(xn)} over all
sequences {x_} which have the limit ea.

The limit superior of f(x) at x = a, denoted by

1im sup f(x), is the least upper bound of the
x-+a,

lim sup {f(xn)} for all sequences {xn} converging

to a,

Let X be eny set, A family (R, of subsets of X
is said to be a ring of sets if the following condi-
tions are satisfied.

(a) For each A, Be R , AUB e®R

(v) For each A, Be (R , A-lﬁe()z

Let ]2 be e ring of sets and R' = {xeR | 0 < x < + =)
vhere R is the set of real numbers. Then a mapping
of (R into R’ is called a set-function.

A set function Aris sald to be additive if for each
A, BeR with ANB = ¢ , u(AUB) = u(A) + u(B).

A set-function p is salid to be countably additive

if, for each sequence {Ar;} (n>1) of subsets of (R
~“ (-]

with AMA =¢ forn$m w(\U A)= § un)

n o Cm 1 B ney m




Definition 1.29: ~ A set function/u defined on (R is said to be a

neagure i1 the following conditions are satisfled.
() 0 <u(p) <+
(v) u(¢) =0

{(c) v 13 countably additive.

Definition 1,30: - Let R denote the real line and A a subset of R.

Definition 1.31: ~

Definition 1.32: ~

(-]
Let A(A) = inf ) (b - a ) for all sequences of
n=1

palr-wise disjoint open intervals (an,bn) such that

ac (R, b )s Then the set function A is ap
n=1

outer measure on the ring of all subsets of R.

Let R denote the real line and (R the ring of all
subsets of R. A subset A of R is said to be A=
measurable if for each T ¢ 52‘,

A(T) = alrna) + A(TNc(a)).

The outer measure )\ is a measure on the ring of all
A-messurable subsets of R and is known as the

Lebesque measure.




Chapter II

In this chapter, f(x) denotes a real function defined by

£ ¢ R + R where R denotes the set of all real numbers, such that for

each xR, f(x) = y, yeR. We first give the definition of continuity

§ at a point in several forms.

Definition 2.1:

Definition 2.2:

Definition 2.3:

Definition 2,4:

Proof;: =~

- If £ is & real number, then f(x) is seid to be

continuous at & if for a given € > 0 there exists

a §_ > 0 such that | £(x) - £(£)|<c whenever

|x - gl< s,

- £(x) is sald to be continuous at £ if for every

convergent sequence {xn} whose limit is &, {f(xn)}

converges and lim f(xn) = £(§).
ne

- f(x) is said to be continuous at §{ if for each €> 0

there is a neighbourhood ¥ of £, such that for every

x e Ny |£(x) ~ £(£)]| < e

- f(x) is saild to be continuous at £ if for every open

set G containing f£(£) there is an open set H containe

ing £ such that for every x € H, £(x) € G.

These four definitions are equivalent. It is easy to see that
definitions 2.1, 2.3, and 2.b4 are equivalent. We only prove the equi-
valence of definitions 2.1 and 2.2.

Proposition 2,1: -~ Definitions 2.1 and 2.2 are equivalent.

Suppose that the function £(x) is continuous at EeR
according to definitions 2.1, let {xn} be a conver-

gent sequence whose limit is £, Iet € > O be given
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and suppose § > O is such that if | x = £ | < & then
| £(x) - £(&) | < €. There is an N such that i1f n > N

then | x =& |< &, and so | f(xn) - £(g) | < €. Hence
lin f(xn) = f(E), and so £f(x) is continuous at £ accor-

ding to definition 2.2,

Suppose that £(x) is not continuous at § accor-
ding to definition 2.,1. Then there is a k > 0 such
that for every & > O there is an x with | x = § | < &
and | £(x) - £(§) | 2 k. Now there is an x, such that
| x; =& | <1end] £(x,) - £(£)] > k. Then there

is an x, such that | X, = & | < min {] x, - € | % ]

and | f{x,) - £(£) | > k. Continuing in this way, we
obtain a sequence {xn} which converges fo £, such that
| f(xn) - £(8) | 2 k for every n, Hence, f£(x) is not

continuous at § according to definition 2.2, It foll=-
ows that if f(x) is continuous at £ according to defini-
tion 2.2, then it is continuous at £ according to defini-
tion 2.1,

Definition 2.5: - f(x) is seid to be continuous on R if it is continuous
at every point of R.

Now we define the continuity of a function £(x) relative to a set

EcR as follows.

Definition 2.,6: - A function £(x) defined on the real line R is said to be
continuous at a € R relative to a set ECR if for every

€ > 0 there exists a § > 0 such that if x ¢ E and
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i | x=a | <& then | £(x) = £(a) | < €.
Cefinition 2.7: -~ f£(x) is said to be continucus on R relative to E

if it is continuous at every point of R relastive to

the set k.
We now prove the following theorem, in order to illustrate the
relative concepts involved,
Theorem 2.,1: - A function f(x), defined on a set McR, is continuous
on M relative to M if and only if, for every real

nunber p, the sets E, = {x | £(x) > p} and

E, = {x | £f(x) < p} are open relative to M.

Proof: - Suppose f(x) is continuous on M relative to M. Let
o« € M be such that £(a) > p. Then there is an € > 0
such that f(a) -~ € > p. Since f(x) is continuous at
a relative to M, there is a § > 0 such that ifxe M
and | x ~ a | <& then | £(x) =~ £{a) | < €, Hence
there is a nelghbourhood N of a such that for every
x e NOIM, £f(x) > £f(a) = € > p. Thus the set E, is open
relative to M, Similerly it cen be shown that E2 is
open relative to M.

Conversely, suppose that El and E2 are open rela-

tive to M, for every p. Iet o € M, and let € > 0O,
Then since E, = {x | £(x) > £f(a) = €} 1s open relative

to M, there is & neighbourhood R, of a such that for

1

each x ¢ NI(\M. f(x) > £f{a) -~ €, Moreover, since

; E, = {x | £(x) < £(a) + q}is open relative to M, there

is a neighbourhood N, of a such that for each x ¢ Naf\M,

2




£(x) < f(a) + €« Let N = Nlr)na. Clearly N is a

neighbourhood of o, and for each x ¢ N[I M,

£la) - & < £{x) < £{a) + € 1.e. | £(x) « £(a) | < €.

Hence f(x) is continuous on M relative to M.
Corollaryt = f(x) is continuous on M relative to M if and only 1if,

for every k the sets El = {x | £(x) > k} and
E, = {x | £(x) < k} are closed relative to M.

An important generalization of continuity will now be obteined
by dropping part of the demand imposed upon a function by the defini-
tion of continuity. The condition of continuity of & function f(x), at
a point o, namely that, if € > O be any given number, an open interval
(a = 6, & + 6) exists such that, for any point x € (a ~ &, a + §),
|£(x) = £(a) | < €5 this inequality cen be divided into two separate
conditions, namely f£{x) < f(a) + ¢ and £(x) > f(a) - €. It is quite
possible that, at a point x, one of these conditions may be satisfied
and not the other. This consideration gives rise to the definition of
a notion called semi-continuity.

Definition 2,8: = A function £(x) is said to be upper semi-continuous

at a € R, if corresponding to every arbitrarily chosen
positive number e, there exists a 6 > 0 such that for
allxe (e =68, a + &), £(x) < £{a) + €,

Similarly if an open neighbourhood of the point a

can be determined for each € > 0 such that £{x) > £(a) - ¢,

then f(x) is sald to be lower seml-continuous at a.

et o v e o
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|
% Example: - Define a function f(x) as follows:
0 1fx%0
;: 2(x) =
‘ c>0ifx=0
; It is easily seen that f(x) is not continuous, but
£(x) is upper semi~continuous.
Similarly
0 ifx$o
fx) =
~cifx=0 ¢>0
| Then f(x) is lower semi-coatinuous at x = 0, but not
continuous.
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Chapter III

In this chapter we shall discuss approximate continuity of a
real function f(x). The notion was first introduced by 'Denjoy' in
Bulletin de la société mathématique de France Vol. XLIII (1915) p. 165.
The concept of approximate continuity depends upon the notion of metriec
density. We shall introduce the concept of "“interval function", and
"relative measure" in order to define metric density.

Definition 3.1: ~ Iet I be any open or closed interval. An interval
function u{I) is a correspondence which associates a
real number with every interval I.

Definition 3.2: - An intervael function u{I) is said to be non decreasing
if ICF then u(I) < u(F) and non increasing if whenever
I<F then u(I) > u(F),

Definition 3.3: - An interval function u(I) is said to be bounded, if
there is a real number M > 0 such that, for every I,
| w(T) | <M.

Here we shall only consider the bounded intefval functions. Ivery
bounded interval function has two associated point functions nemely upper
and lower point functions denoted by u(x) and u(x) respectively. We shall
explain the notation used in the definition of point functions.

For example:

sup {u(1) | x ¢ I, AM(I) < 1/n} signifies the least upper
bound of the set of values of u(I) for all I, containing x, and that have
Iebesgue meesure less thun 1/n, n > 0 integer, vhere A denotes the Lebesgue

measure.
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Now consider:

;;(x) = gup {w(I) | x ¢ I, A(I) < 1/n},

and

- p (x) = inf {u(1)|x € T, A(I) < 1/n} for all integer n > O

The sequence'{:;(x)} is a non increasing bounded sequence, hence by
the fundamental theorem of bounded sequences it converges, To show that

{;;(x)} is a non increasing sequence, we note that the set of intervals I,

containing x, of measure less than 1/n + 1 is & subset of those vwhose
measure is less than 1/n so that

M yp () = sup {u(I) | xe I, A(I) <1/n+1} <
sup {u(1) | xe I, MI) < 1/n} = ;;(x)
Similarly it can be shown that {Hn(x)} is a non decreasing bounded

sequence, and hence converges.
Definition 3.4: = If u(I) is a bounded interval function, then its upper
and lower point functions are given respectively by,

u(x) = Ua ¥ (x) = ln [sup {(u(D)|x e I, A(I) < 1/n}]
n+o n-e

p(x) = Lm p (x) = Um [inf {u(I}|x e I, MI) < 1/n}]
e nee

Now we define the concept of relative measure of a set S in an
interval I.
Definition 3.5: = If S is & A-nmeasurable set and I is any open interval,

the relative measure of S in I is given by the number

A{SNTI
AMI ‘
Remarkt = We. observe that the relative measure is an interval

jroeme
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function such that

0 M

If the relative measure of S in I is designated by u(I), then
the associated point functions nemely wu(x), and p(x), are respective-
ly called the upper and lower metrlc density of S at x.

We give these definitions in detail. ILet S be a A-measureble set

end x a real number. TFor every positive integer n, let

;;(x) = gup {Aﬁ%%%%l | xe I, A(I) < 1/n},

and

p(x) = inf {A‘%{%L | xe I, A(I) < 1/n};
and let

x) = nl-i.f: v (x),
and

(x) = m p _(x).
pix n+2 p(x

Definition 3.61 - The numbers u(x) end p(x) are called the upper metric
density end lower metrlc density of 5 at x respectively.
If u(x) = p(x) the metric density of S at x is said to
exist and the number u(x) = u(x) = p(x) is. called the
metric density of S at x. (5]
The metric density of & set need not exist as is shown by the follo-
wing exauple.

Uxample l: - Iet S be a closed interval [%-. 1), For every posi-

tive integer n, the relative measure of S in the inter-

e S




—

A(1/2 - 1/n, 1/2 + 1/n
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my (22 L2 .
val {5 - 203 + n) is glven by

ala/2, 110 (/2 = 1/, 1/2 + 1/n)}
AM1/2 - /02, 1/2 + 1/n)

All/2, 1/2 + 1/n) o n
\1/2 - 1/n%, 1/2 + 1) " *1

The relative measure of S in the interval (1/2 - 1/a,

1/2 + 1/n2) is glven by

A[1/2, 1]0(3/2 = 1/n, 3/2 + L/n7)}_ _ 1
2) n+1l

It follows that the upper metric density of S at 1/2 is equal to 1,

and the lower metric density of S at 1/2 is equal to O. Hence the metric

density of S at 1/2 does not exist.

Example 28 =

et 5 = C’) (1/2 + 1/n, 3/2 + 1/n + l/n2). Now it is
n=1

easily seen that the relative measure of S is positive
in every open interval containing the point 1/2, and the

metric density of S at 1/2 exists and is equal to O.

Proposition 3.11 - If S is any A-measurable set and the metric density of

Proof: -

S exists at & point x, then the metric density of C(S)
exists at x and the sum of the two metric §ensitiea is
equal to l.

Iet I be any open interval containing the point x since
S is measurable,

MsNI) + A(c(8)NI) = A(I) so that

AMsn1) . Ale(s)NI
-t oMt

Dwamoawes SRS 8 e
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The proposition is rnow immediste consequence of the
definition.

Proposition 3.2: - Fvery open ret S has metric density unity at e point
x € B,

Proof: = Since S 1s an open set, for every X e S there exists
an open interval I such that x € IS, Now the relaw

tive measure of 5§ in I is given by,

AlsniI AT :
-137371-= i%i%.z l. Hence the result follows by

teking the sup and then limit,

Definition 3.7: ~ A set G is sald to be metrlcally dense at a point p,
[p may or may not belong to G] if every interval con-
taining p, contains a subset of G which has the measure
asrester than zero,

Remark: - We observe that the point x at vhich a set G is metri-
c¢ally dense must belong to G'. |

Now we define the approximate continuity of a real function i(x) as

follows.

Definition 3.8t - A real functlion £(x) is said to be approximately conti-
nuous at a ¢ R if for every € > 0 the set
E={x]| xeR, | £f{x) -~ £{a) | < €} has metric density
unity at a. [ 5]

Proposition 3,3t - A continuous function f£(x) is approximately continuous,
but the converse is not true.

Proof: = Let £(x) be continuous at @ € R« Then for a given £ > 0
the set N = {x | x ¢ R, | £(x) - £(a) | < c} is open,

and a € N,
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Hence the metric density of N at o is unity by the
previous proposition.. s
For the converse, consider the following example.

For each positive integer n, consider the intervals of

the form (T}_l' . %—)c[o,l] . Now from each such inter-

val remove s subinterval Sn of the length

1,1 1 1
-‘(_" )= ’n=l|2,3oooc.oto
n'n n+1l n2(n+1)

let S denote the union of all the intervals so removed,
and let
lifxeS
£(x) = { ;
0 if x € ¢(S)
By symmetry we can define the function in the interval
[-1,0]. It is easily seen that f(x) is not continuous
et x = 0, we show thet f(x) is approximately continuocus
at x = 0,
Let § > 0 be any real number such that § <1, and
let I, = (=8, 8) be a neighbourhood of O. There
exists a positive integer m, such that 1/m < §, and for
alln >m

-]
U s c1
n==mn

8

Now the relative measure of the set C(S) in I 8 is given

by the number,

M1 Nc(s))
Az 5 ]
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o0

Mz Nc(s) Mzg = Usp)
Clearly lixn sup ——m-T- = lim sup Y EM)
é

§+0

A(I)-A(Ub)

o
n=m
= lim sup , since I, and (/S are
§40 AEN) § g B
o«
A-measurable, and u SnC‘IG
n=m
o0
AMUs))

§+0

ButA(US)=2 {

' n=m
= lim sup <l - W
5

» Since Sn's are disjoint,

n=m n=mn2(n+l)
(Us,)
A 8 .
8 n=m n“(n + 1)
o=
Since L < m __T_r“,}.!fn’ PR —
§="" MIg - n=mn2(n+l)
.
S O]
n=m ‘

AN Us)

Nowa.sﬁ-vo,m-rwthereforelim—%??—s—no

Mz (lels))
Hence lim sup --—ﬂ-I—T—- l, Similarly it can bve

Mz Nce(s))
shown that the lim inf -“.ﬂ'f_r— l. Thus the

&ro
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metric density of the set C(S) at O exists and is
equal to unity. Now given € > 0, the set
N={xe[~1, 1] | £(x) < e }Dc(s).

Therefore the metric density of N is unity at 0.

This proves that f(x) is approximately continuous at 0.
The necessary and sufficient condition that a function
f(x) should be approximately continuous at the point «
is that it should be continuous, at a, relatively to

8 set of points G which has the metric density unity

at a. [_5_]

Proof: Sufficiency: - Suppose f(x) is continuous at o with respect to

G vhich has metric density unity at the point a., Then
for a glven € > 0 there exists a § > 0 such that for each
xe(a=6,a+8)NG | £(x) = £(a) | <. Ifs? <3§
then I,
of a. Now the relative measure of (a - 8§, a + §)/)1G in

= (o = 6%, u + 8') is an open neighbourhood

16' is given by,

MIg (o =8, a+8)NG) A(I;006)
Y69 Y 6799 I

Since G has metric density unity at o,

M1gNG) M1g 0 6)

lim sup YT = 1im inf SEyT = 1,
§'+o Mg §t+o Mg

Hence the set (a = &, a + 8)/1 G has metric density unity

. at 4, This proves that f(x) is approximately continuous.

Necessity:

~ Suppose that for each € > 0 the set

6 (a) =fx | x ¢ R, | £(x) = £(a) | < ¢ } has metric




density unity at a. Let{sn} be a sequence of decreasing
values of ¢ that converges to zero. Now for each e, &

number Gn < Gn- can be determined such that

1

A{Gen(a){)(a -850+ Sn)} > 26n(1 - sn), because f(x)

is approximately continuous ato . The numbers 6n mey ,

6
if necessary, be so altered that —%il < %- s for every
n n

value of n.

let F =
n

{Gen(a)f1(a +ES a0 # Gn)}L){Gen(a)f1(c -8 =€ o

then F  C G (ct)(;(}e (a) for allm > 1.
n+m n

Clearly G, («) = Fn\)(Gen(a)ﬂI6 ¢ )y where

n n+l n
Ip ¢ = (a - 8 41600 & * s +len).
n+l™n
Therefore
Me, (@) € MF) + M6 (NI ),
n n n+l™n
or
MF ) 2 Ma (o)) = Mo, (NTg )
n n n+l n
or
> 26n(1 - ;n) - 26n+1en
or

> 25n(1 - cn) ~ 2§ ¢ since 841 © 5,

> 26n(l - 2en).

)L,

-



l,_...........,.,,,.{ ot vas

mrias A(F - 2z ).
mrias A(F)) > 28 (1 - 2¢ )

-]
Let ¢ = | J F_» then the set G has metric density
n=l

unity at a, since A(Fn) > 26n(l - 2en). Let (xm}mnl

be & monotonic sequence converging to a, and such

that ell of them are points of G. Clearly each x,

. -]
belongs to k) Fh tor some n. Let that n be denoted
=1

by n . We then have | f(xm) - £(a) | < €, 3 NOV as
m

m+ @, n, + o gand €y + 0 therefore the sequence
m

'{f(xm)} converges to £(a). Hence f(x) is continuous

relative to G; also G has metric density unity at a.
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Chapter IV

In this chapter along with the properties of certain sets, the
concept of almost continuity will be described and a characterization

theorem for the same will be proved.

Definition s.1: -~ A set S is said to be dense in a set M if SOM, '

Definition L4.2: ~ A set E is said to be non-dense in R, if for each ;
open interval IR there is & subinterval F<I such
that FNE = ¢,

Definition 4.3t -~ A set S is said to be of the first category if it is i
a countable union of non-dense sets.

Definition U.4: - A set M, which is not of the first category is known
as a set of the second category.

Definition 4.5: - A set § which is complementary to a set of the first
category is known as a residual set,

The distinction between sets of the first and second categories was
first introduced by Baire, in Annali de math. Vol. VII (1899) P. 65.
Examplest - 1) Every finite set is a non-dense set .

2) Let Pi» Ppy Pgs o v o P.» » « » be & counteble set

of points in (a,b). The finite sets (Pl), (Pl’ Pos P3)

« o s e (Pl’ Pos o o o Pn). e o s » 4 Bre ﬁon-dense, end
form a countable union. Hence form a set of the first
category. Clearly the remaining points of (a,b) form

a residual set.

3) The set of all real numbers, is a set of the second

category.
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Now we will discuss the existence of o non-dense set, and a set

of the first category with the help of & binary relation ¥ between

open sets and points on the real line. { 1]

Definition 4.6: - Iet I be any open set end x be a point on the real

line, then the symbol IK x shall mean that the open

set I has a relation R to the point x.

Definition 4.7: ~ The relation R is said to be closed, if the relation-

Lemma 4,1: =

Proof: -

ships IR x_  and dm x — x imply IR x.
n e B

If [ is a closed relation, then the set
(a) NR x for each neighbourhocd N of x, end
M=) x a partial neighbourhood Np of x exists
such that

(v) Npr (1oe MR x 18 false.)

is a non-dense set.

Since { is a closed relation and Np}( x, there exists

no sequence of points {xn} such that lm x = x and
. n-e

Np[{ x for every n. Hence a neighbourhood N of x
exists such that prf'y for each y € N, In particular
n ;{ Z for each Z € N{I N. Since N, is a neighbourhood

of Z, it follows that no Z € M. Thus every neighbour
hood of & point x € M contains an open set which is
completely free from the points of M. Hence M is a

non-dense set.,

Now let y = f(x) be any given real function defined for every point

x € R, We define a relation [ as follows, where r, < r, are

Yl)Tg_




real numbers.,

Definition 4.8: - If x € R, and ICR is any open set, then I H,’f
i T

lema 4,2: -

Proof: -

Lemma 4,3: =

if any only if there exists {xn}:=l ¢ I, such that

lmx = x, ln f(xn) exists, and r, < lim f(xn) 21,

The relation Hv v is a closed relation
(PREY
Suppose that 1im x = x and I BY . x" for each n.
is "2

Then for every n, there exists a sequence {x:}sm = 1,2 ¢ @

of points of I such that lim x® = X lim £(x]) exists
e m m

and ry £ lin f(x;) S Tpe

Now in view of the preceding relations, we may select

a sequence {yn}:=l from {x;}such thet 1im y = x and
n-o

< lim inﬁf(yn) < lim sugf(yn) 2 Ty

1 2

From {yn} we cen select a subsequence {xn} such that

lim £(x ) exists. Then ﬁﬁ x =xandry <ln fx)<r,

Ir RY‘ 4 is a closed relation, then for every real

function f(x), and for every pair of real numbers

Ty < r, the set
(1) N R’_ x , Tor every neighbourhood N of x
R FY Y
M. ,. =9Yx€eR and
T1 T2
(2) N X, for some partial nelgh=-
P o
bourhood Np of x
is a non-dense set, and M = U M is & set of

T. T
rl,rae Q 1”2
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the first category.

Proofs - By Lemme. b,1, ¥ is a non-dense set, Since r., r
Tye¥p i* 2

! vary over the rationals, M is equal to the countable

union of non-dense sets, Hence M is a set of the: first

3; category. !
Now we define the concept of almost continuity of a real function

f(x) and relate its properties in terms of the sets discussed above.

i Definition 4.9: - A real function f£(x) is said to be glmost continuous

et o € R, if for every ¢ > 0 there is a 6§ > 0 such that

the set of points x, for which | £(x) - f(a)| < e forms

! a dense set in (¢ = 6, a + §)., Symbolically we can

! write as f'l(f(u) ~c , f(a) + €)Ia - 5§, a + §)
Definition 4.10: -~ A function f£(x) is said to be almost continucus on R
i if it is almost comtinuous at each point of R.
Proposition 4.1t ~ Every continuous function is almost continuous but

the converse is not true.
Proof: = Let £(x) be continuous at a € R

=» for a given € > 0 there exists Ge> 0 such that

| £(x) = f(a) | <c for | x=a | <6

= (f{a) - €, £(a) + e)Dfa = §, a + &)

= £7(2(a) - €, £{a) + €)D(a = §, o + &)

=1 Ye(a) - e, 2(a) + €)D(a = 6, a + 6)

: Hence f(x) is almost continuous at a € R.
For the converse consider the following example., Define

; f(x) as follows:




Proof: -

Theorem W,1: -

Proof: -
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1 if x is rational
f{x) =
0 if x is irrational
ilow for each € > 0, {1 - €, 1 + €) is a neighbour-

hood of 1, consider f-l(l -€, 1l+e), if € < 1 then

f_l(l - €, 1+ ¢€) is the set of all rationals. llence

f"l(l - €, 1L+ €)DR,

flov if € > 1 then f_l(l - €, 1 + €) is the whole real
line and ROR. Hence f(x) is almost continuous at x € R.
Clearly f(x) is not continuous.

A set M of isolated points is e set of the first cate-
50Ty o

Since cach p € M is an isolated point, no p can be a
limit point of elements in M, lence there exists

rationals r , s_ such that r_ < p < s_, and (r_, s_)
Y P P P P P

contains no other elements of M,
Therefore we have a one to one correspondence
between the points p and a subset of rationals. Hence

¥ = {Up is o countable union of non-dense sets., There-
peM

fore M is a set of the first category.

The set of points x on the real line at whiﬁh a real
function f(x) is almost continuous forms o residual set.
On the other hand, given a residual set S a function £(x)
exists which is almost continuous on the points of S. [1]
Consider the graph of the function f(x). ‘The points of

the graph of f(x), arc either isolated points or not.




and £ is not almost continuous at p, are also isolated

The isolated points of the graph form a countable
set, therefore the points p on the real line whose

corresponding points of the graph are isolated points

points hence form a countable set. Therefore by the

previous Lemma the set of points, at which f is not al-
most continuous, and the corresponding points on the %
graph sre isolated points, is a set of the first category.
Consequently it is sufficient to prove that the points i

p € R for which P' = (p, £(p)) is a limit point of the

graph of f(x), but f(x) is not almost continuous at p,
form a set of the first category.

Since f(x) is not almost continuous at p, for some
€ > 0 and for every § > O the set M = {alae(p = 8, p + §),
| £(q) - £{p) | < € } 1s not dense in (p ~ &, p + 8)e
Let us denote (p = &, p + 8) by ﬁ, a neighbourhood of p.
Since M is not dense in N, an open interval ICN exists,
for every neighbourhood of p, such thet I is completely
free from points of M and | £(q) - £(p) | > € for all

g€ I. Since § is arbitrary a partial neighbourhood NP

of p exists such that | £(p) - £(q) | > € holds for all

qE€ Np. Now let r, be & rational number between f£(p) - €
and £(p), and r, & rationel number between f(p) and

f(p) + €. Then it follows from the inequality

| £(q) = £(p) | 2 € for all q ¢ N, that the set

E={(af(q) | ae N, } vhich is e subset of the graph
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of £, has no point (p, y) as & limit with ry &Y LTy

Hence Np J;f/ p (i.e. [Vbjgr b is felse). On the

Yi, ¥y [PR 4
other hand, P' is a limit point of the graph, hence it
is a limit point of every neighbourhood N', where N is
a neighbourhood of P. Therefore N' has (p, 2), with

r, <z <r,as alimt point. Hence by Lemma 4.3, p

1l 2

is a point of non-dense set Mi v agsociated with the
12

closed relation _E{ ¢« Since r., r_  vary over

T, Ty 1* "2

rationals, M = is a gset of the first

rl,reeQ Mrl,r2
category. Hence the points p at which f(x) is not al-
most continuous belongs to a set of the first category.
Therefore the points at which f{x) is almost continuous
form a residual set.

For the converse, let E be the set of the first
category complementary to the given residual set S.

Then we can write E = E{ En vhere each En is 8 non~ -
dense set, and Ek(]Em = ¢ k + m.

Now define f(x) as follows:

1

a if ern
£(x) =

2 if x e S,

Now it is easy to see that f(x) is almost continuous

at S

besipad
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A function f(x) is almost continuous at a point a € R
if and only if it is continuous with respect to a set G
which is dense in a neighbourhood Ua. of «.

Let £(x) be continuous at o with respect to G which is

dense in some neighbourhood of «, say Uu.

Since f(x) is continuous with respect to G, for a given
€ > 0 there exists 5c > 0 such that for all

x ela =8, a +38)NG,

£(x) e (f(a) = €, £(a) + €),

or (f{a) =€, fla) +& )£ { (a = 6, a + §)NGF

= £ H£(a) - €, £(a) + €)D(a = &, a + §)G

= £H1(a) - e, (o) + )D(a

8y a + 8)AGNU,.

= f-l(f(a) - g, £(a) + €)D(a

5§, a + a)ncnua

Since G is dense in Ua’ it follows that

GN(a = 6, a + ﬂnUa:) (a0 = 8§, a + G)f\Ua.

Therefore £-(£(a) - €, #(a) + €)D(a = &, o + §)U_
which is a neighbourhood of a. Hence f(x) is almost
continuous at a.

Next suppose that f(x) is almost continuous at a € R.

Censider the set G (a) = {x ¢ R||£(x) = £(a)] < l/n}

for each positive integer n. Now for each integer n > O

there exists a § > O such that Gn(a)D(a -6+ §.)s
because f£(x) is almost continuous at a. We can choose

{Gn};xl to be & decressing sequence of positive numbers

TS
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converging to zero, such that for any positive integer

m, (¢ - § s @+ Gm)C;(a -8 0+ Gn), for m > n.

Let ¥ (a) = Gn(a)/]{(a #8100t Gn)L/(a -8 ,0 -8 )k

n+l

Since Gn(a) is dense in (a - Gn,a + Gn), so 1is En(a)
in (a + § a10% * 5n)L)(a -6 - 6n+l) for each n.,

Hence G = W) En is dense in
n>1

L} (a0 + 6n+l’a + Gn)k)(a - én,a - 6n+l)
n>1

(a0 + 61)U(a - 8. a). TFrom this it follows that

G is dense in (o - 6,0 + 61) which is a neighbourhood

1

of a.

Now let {xm} be an lncreasing or decreasing sequence

in G such thet x + a. Since G = L/,En and E 's are
n>1

decreasing, there exists a pogitive integer mn such that

x € Em (¢)e If m increases so does m as is quite clear.
n

Thus x € G (a¢) by the definition of En's(a), i.e.
n

| £(x) - £(a) | <=, This shows that £(x ) + r{a)
n

as m + o, This completes the proof.

w—




i T

Now in the following theorem we show that the class of almost conti-

nuous functions is larger than the class of approximately continuous

functions.

Theorem k.3t -

Proofs -

If £(x) is approximately continuous then f(x) is almost
continuous but the converse is not true.

Since f(x) is approximately continuous at a € R this
implies that £(x) is continuous at a € R with respect

to a set G which has a metrin density unity at the point

o, We have to show that the set G is dense in some neighw

bourhood of a. If not, then for each § > 0,I,N1G = {a}
where 16 is a nelghbourhood of a, This implies that
A(IG(\G) = 0 which is a contradiction, because f£(x) is
approximately continuous at a. Hence there exists a §
such that G is dense in I;. Therefore f(x) is almost
continuous at ¢ € R, For the converse, consider the
following exsmple:
"1 if x is rational

£(x) = { .

0 if x is irrational
Clearly f(x) is almost continuous with respect to ratio-

nals, but f(x) is not epproximately continuous, because

the get of rationals has a measure zero.

Thus combining the results of Proposition 3.3, 4.l and above theorem

ve observe that, the following is true,

Almost Conbimuous Funelions
A*Hh(#x. Conk. Funediow
Con‘k. FUV\bt{o\-.;
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