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Abstract

This thesis focuses on the problem of survival analysis of data subject to generalized
censoring by an arbitrary adapted random set. We consider the problem of estima-
tion of both the cumulative hazard and the distribution function. A problem with
observability of certain events needed to construct the Nelson-Aalen estimator for the
cumulative hazard is resolved by introducing a new model based on a more general
type of random set. Under the framework of this censoring scheme, we reconstruct
the Nelson-Aalen estimator and propose three different estimators for the distribu-
tion function: the first two come from a reverse probability equation and the last is
a path-dependent estimator. Functional central limit theorems are proven for each
of these estimators which, coupled with bootstrapping methods, allow us to explore
some applications, like tests for independence of the components in the bivariate
case, a test of hazard rate order and copula estimation. The novelty of this work is
twofold: first, the techniques developed may be applied not only to distributions on
Euclidean spaces, but also to distributions on more general metric spaces, and second,
the generalized censoring mechanism subsumes and extends the usual models used in

multivariate survival analyis.
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Chapter 1

Introduction

1.1 Origin and Motivation

The kind of problems we are set to face in this work are, in essence, those that
survival analysis is usually concerned with. We are given a random sample coming
from a multivariate distribution F', the observations have been censored in some way
or another, and our goal is to construct different estimators of relevant functions,
such as the integrated hazard or F itself.

This topic has been explored by several different authors who have put forward
their own estimators, each with key advantages and some drawbacks. Most of them,
however, concern themselves with only a particular censoring scheme, thus limiting
the application of the estimators to very specific problems and data sets. This is
one of the main motivations for the present thesis: we want to build a mathematical
structure that can handle very general types of censoring mechanisms, since this
would enable us to greétly expand the range of problems where our estimators would
be of use.

A first step in this direction can be found in [11], where Ivanoff and Merzbach de-
fined the censoring mechanism in a set-indexed framework by introducing the concept

of a stopping set, a random set with a particular kind of measurability. The stopping
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sets acted as windows, since we could observe the data points only through them, and
they allowed Ivanoff and Merzbach to consider more sophisticated censoring schemes
than the usual multivariate generalizations of right-censoring; however, the stopping
sets were still restricted to certain shapes.

The theory of stopping sets was expanded by Ivanoff and Merzbach to more
general random sets called anti-clouds in [12]. That name conveys both the authors’
source of inspiration and the role those sets would play in the survival analysis context:
as they explain in that paper, the authors were thinking of the example of aerial
photography, where pictures are taken from high in the air and clouds may interfere
with the observation of whatever the subject of interest is. Anti-clouds, then, are the
complement of the clouds: the regions where we can actually observe the data points.
The difference between the stopping sets and the anti-clouds is, quite simply, that
anti-clouds have virtually no restrictions in the shape they can take; obviously, this
makes for much more realistic censoring schemes.

Once armed with the stopping set and the anti-cloud concepts, Ivanoff and
Merzbach went after the estimation of the cumulative hazard function. The mea-
surability requirement imposed on these random sets allowed them to use the theory
of set-indexed martingales —previously developed by themselves in [9}- to produce a
set-indexed Nelson-Aalen estimator for the cumulative hazard. In the case of censor-
ing by stopping sets, they were able to prove consistency and asymptotic unbiasedness
for their estimate, as well as asymptotic normality of its finite-dimensional distribu-
tions. The Nelson-Aalen estimator in the presence of censoring by clouds was more
challenging, due to the geometric nature of the clouds; nevertheless, they showed the
estimator to be consistent and asymptotically unbiased.

That story did not have an altogether happy ending. Aside from the lack of a
functional central limit theorem for the estimator, there was a considerable problem in
the anti-cloud case. Even though the mathematical structure and the technical details

were all done correctly and presented no faults, it turns out that, when it comes to
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constructing the Nelson-Aalen estimator at a time ¢, a very important process would
not be observable given the available information at ¢ under the most common data
structures. In practice, this would render the estimator unusable most of the time.
We are now at the point where this thesis was born. Our first goal was to
somehow amend this problem and produce a working estimator for the cumulative
hazard, while still preserving the censoring model of Ivanoff and Merzbach. It happens
that the root of the observability problem lies in the measurability requirement of the
anti-clouds. By asking for a slightly different measurability condition, it was possible
for us to achieve our objective. We call the new kind of random set that came from
this modification a *-anti-cloud. If the complements of these sets, the *-clouds, act
as the censoring in the survival model, then we are able to construct a Nelson-Aalen
estimate that can actually be observed. It is also possible to transition from the anti-
cloud model to the *-anti-cloud structure, so that we can calculate the cumulative
hazard estimate when working under the first model. The price we pay is a likely loss

of previously uncensored data that will need to be discarded.

1.2 Previous Work on the Subject

In one—dimehsion, the study of the survival function S(t) := P(Y > t) or, equivalently,
the distribution function F(t) = 1 — S(t), is intimately tied to that of the hazard
function, h(t) := —S'(t)/S(t). It is a well-known fact that the hazard completely
determines the distribution of ¥ because of the relation S(t) = exp(—H(t)), where
H(t) = fot h(s)ds is the cumulative (or integrated) hazard function (See, for example
[1]). Therefore, the estimation of the cumulative hazard is a very desirable road to
obtain, in tﬁrn, an estimate of the survival function. Under censoring, the Nelson-
Aalen and the Kaplan-Meier estimators are widely used to estimate the cumulative
hazard and survival functions, respectively.

Unfortunately, in higher dimensions the relationship between the survival and

the hazard functions is not as straightforward. In two dimensions, for example, the
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survival funqtion is determined by the hazard and both marginal distributions. Even
more, in this case F(t) # 1 — S(t). For a good exposition of the representation of a
bivariate survival function S in terms of the hazard and the marginals, we refer the
reader to [8] or [14]. Some authors elect to stay with the hazard-based approach made
possible by the aforementioned representation. Usually, one-dimensional Kaplan-
Meier estimates are used for the marginal survival functions; what will change is the
way the hazard is estimated. As Kalbfleisch and Prentice explain in [14], the simplest
of this type éf estimators is due to Bickel, who uses the ratio of the number of failure
points that were uncensored in both components at (¢1, ;) to the number of pairs at
risk at that point. The Dabrowska estimator and the Prentice-Cai estimator represent
attempts at improving this approach, by considering not only the ratio of the number
of double failure times to the at-risk set, but also the ratio of the number of failures
on one coordinate when the other is still alive to the at-risk set.

Under univariate censoring, where both components of a bivariate random vari-
able Y = (Y¥1,Y3) are independently censored by the same single censoring variable
C and we observe (Y;; A G, Iy;;<cy) for j = 1,2, Lin and Ying (See [16]) opted out
of the hazard route and suggested the estimate of the survival function at a point

(t1,t2) given by
Z?:l I{Yh/\CiZtthQ/\CiZtQ}
nG(t1 A t2)

bl

where G is the Kaplan-Meier estimator of the survival function G of the censoring
times; this was motivated by the representation of the survival function S(t,t5) =
PYi ANC > t1,Ya AC > t3)/G(t1 Ats). Hougaard, however, does not recommend
this estimate because it sometimes leads to negative masses at certain points, and in
some cases it places mass on censoring points (See [8]).

Yet another approach was explored by Campbell and Fdldes in [5]. Back to the
usual bivariate censoring, where (Y;1, Y;s) are independently censored by (Cj1, Cis) and
we are allowed to observe (Y;; ACy, Iv;,<cy;y) for i = 1,...,n, j = 1,2, they proposed

a path-dependent estimator for the survival function based on the relation S(t1,t5) =
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S(t1,0)P(Ys > t5]Y: > t1). In essence, they projected vertically all points to the left of
t1, regardless of their second component, to the line Y5 = 0 and calculated the Kaplan-
Meier estimate of S(t1,0) using the sample (Y;; A Ci1, I{y;; <c,i3); then, they projected
horizontally all remaining points under ¢ and to the right of ¢; to the line Y; = ¢y,
and calculated the Kaplan-Meier estimator with the sample (Yi2 A Ci2, I{y;,<ci,)) for
which Y;; AC;; > t1. Finally, their estimator is the product of those two Kaplan-Meier
estimators. By reversing their process, projecting the points to the line Y; = 0, they
arrive at another estimator. Later, Tsai and Crowley generalized the idea of projecting
points onto a path and then work with one-dimensional data in [21], although they did
it in the context of univariate censoring. They managed to show that their proposed
estimator for the survival function has the smallest variance among all path-dependent
estimators. The path they took to any point (¢1,%2) is the one that follows a diagonal
straight line from (0, 0) to (t1 Ato, t1Ate) and then a straight line from (¢1 Ate, t1 Aty) to
(t1,t2). A weak point of both the Campbell-Féldes and the Tsai-Crowley estimators
however, lies in that they may not actually be genuine survival functions: they may
allow points with negative mass.

In [3] Burke focused, unlike the previously mentioned authors, on estimation
of the distribution function F. Considering the usual bivariate model with right

censoring in each coordinate, his idea is to put to use the relation

Flt, 1) = / = / (G5, 52} 1B (51, 82). (1.2.1)

where G is the survival function of the censoring variables and F is the subdistribution

of the uncensored times:

F(y,,y2) = P(V1 < y1,Ya < o, Iivi<cn} = Iivaccy = 1)-
He then proceeds to estimate that subdistribution empirically, while estimating G via
either of the two Campbell-Foldes estimators. His estimators do satisfy the mono-

tonicity requirements of a distribution. Recently, Lu and Burke expanded this idea
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in [17] to include the estimation of linear functionals of the distribution, this time in
the presence of univariate censoring.

Lastly, Pons proposed a martingale-based estimator of the cumulative hazard of
two right-censored survival times in [18], which she then used to produce a test for
independence of the two survival times by comparing it to the product of the usual
one-dimensional Nelson-Aalen estimates of both marginal cumulative hazards.

As we can already see from this sample of available estimators, the focus has
been bestowed on many aspects, but the issue of actually exploring more general
versions of censoring has been largely ignored. Also absent from the literature is the
consideration of more abstract spaces, moving beyond the usual Euclidean spaces.
Our goal is to employ Ivanoff and Merzbach’s framework to cover these unexplored
areas, to provide some sort of unifying language for many different kinds of censoring
by showing that this general censoring structure encompasses some of the previously
mentioned estimators as particular cases, and also to come up with new estimators
that possess desirable qualities, such as consistency and proper monotonic behavior
in the case of the distribution function F'. We are also extremely interested in proving
functional central limit theorems for our estimators, since this property would yield
estimators for many functionals of F' or of the cumulative hazard H by the continuous

mapping theorem.

1.3 Overview

We start off by outlining the general setting in which we will be developing our survival
model. Chapter 2 is devoted to the basic definitions of the spaces, filtrations and
processes employed throughout this thesis. As we have mentioned, this framework is
essentially the same that Ivanoff and Merzbach presented in [12], which in turn relied
heavily on [9] and [11]. As an example, we elected to stay within the confines of the

unit square for ease of exposition, but note that these ideas can be expanded to the
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whole plane; even more, we could consider locally compact complete separable metric
spaces by .emulating Definition 2.1 in [12].

Chapter 3 takes a look at the stopping set and anti-cloud structures of Ivanoff
and Merzbach as a preamble to the formal definition of the *-anti-cloud model. What
follows is a discussion of the properties of these new random sets, including a stopping
theorem; most of the properties are shared with the anti-cloud sets, although we
do find a difference in the stopping theorem, where we will lose adaptedness of the
stopped process as a consequence of the new measurability condition for x-anti-clouds.

With the fundamental concepts in place, we turn our focus to the study of the
survival model. In Chapter 4 we build the Nelson-Aalen estimator of the cumula-
tive hazard under censoring by *-clouds, correcting the observability problem of the
clouds model. We also expand on the asymptotic results of [12], as we are able to
prove a functional central limit theorem for our estimator by means of Hadamard-
differentiability and the functional Delta-Method. We also give the covariance struc-
ture for the estimator, and we show it to be consistent and asymptotically unbiased.
Next, we consider some applications for the Nelson-Aalen estimator. Following in
the footsteps of Pons in [18], we give a test of independence for the components of
Y = (Y1,Y;) under three different types of data structure, all within the framework
of the x-anti-clouds, by comparing our estimate of the joint cumulative hazard to
the product of the marginal Nelson-Aalen estimators. We use a bootstrap approach
to apply our test and also come up with confidence bands for the difference of the
Nelson-Aalen estimator and the product of the two marginal estimators. The boot-
strap is proven to be valid by noting that the classes of functions needed to construct
the estimator are all Donsker classes, in which case the Delta-Method in its bootstrap
variant guarantees the convergence of the necessary processes. We also develop a test
of hazard rate order given two different samples with a common censoring mechanism,
as well as an estimate for the hazard of a copula. The chapter ends with an example,

where we apply the previous results to FGM copulas.
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Chapters 5 and 6 focus on estirhation of the distribution function F'. We do not
use a hazard-based approach for this purpose because, as we remarked before, the
relationship between the hazard and the distribution function outside of the comfort
of one-dimensional Euclidean space is not straightforward, if it exists at all. For
Chapter 5, we borrow the reverse probability approach of Burke in [3]. We consider
two different cases: ‘observable’ censoring and ‘ordered’ censoring. The former means
that each censoring set is completely observable, as it would be, for example, in aerial
photography, where we could actually see the shape of the cloud that obscures a part
of the data; the latter refers to a situation such that the censoring set takes its values
in an increasing class of lower layers. An example of ordered censoring could appear
in radar readings, where the observable regions are concentric circles or semicircles
that increase in size as their radius expands. Univariate censoring also falls in this

category. In both cases, we start with the relation

u(A) = / (P(t € &) f(d), (1.3.1)

where A is a Borel set, p is the distribution of the data points Y;, £ represents the
uncensored region and j is the subdistribution of the uncensored observations, ie.,
fa(A) = P(Y € An¢). Equation (1.3.1) is a generalization of (1.2.1). We estimate the
subdistribution empirically in both the observable and the ordered censoring schemes,
while P(t € &) is estimated differently for each case. In the presence of observable
censoring, we can use its empirical counterpart; in the ordered case, the basic idea is
to project both the censoring and the data points into a strictly increasing map going
from [0,1] to the class of lower layers, and then use the resulting one-dimensional
data to arrive at an estimate. We can prove that both estimators of the distribution
function follow functional central limit theorems, we give the asymptotic variance of
each, and we use them to construct tests of independence and estimates for the copula
associated to the distribution.

The estimators of Chapter 5 are easy to construct, but the specific censoring

required is a drawback, as is the fact that they are not dynamic estimators. In
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Chapter 6 we aim to arrive at an estimator of F' that incorporates more general
censoring schemes and that is dynamic (in the sense that it only uses data available
at the time it is calculated, instead of needing the whole data set). Under the structure
we provide in this Chapter, we can even consider more general spaces for our random
variables to take their values in. We project data points into a path —a continuous
and strictly increasing map— as well as the censoring to reduce the problem to one
dimension, which leads us to path dependent estimators of both the distribution
and the survival function, depending on the way we project those points. Survival
estimation in this case is a generalization of Tsai and Crowley’s approach in [21], but
our focus lies in the estimation of the distribution function. Of course, there are many
ways of choosing a path, so we study in detail the case of ordered censoring, where it is
actually possible to choose a unique optimal path —that is, a path that generates more
uncensored points than any other. In this particular scheme, we can find a dynamic
estimator that discards no uncensored observations, follows a functional central limit
theorem and is a measure that only puts mass on the observations and on some sup’s
of observations. It is also possible to use this estimator in tests of independence and
copula estimation.

Finally, the Appendix gives a brief overview of the Nelson-Aalen and Kaplan-

Meier estimators for right-censored univariate data.



Chap-ter 2

Framework and definitions

This work is motivated by the censoring model presented in [12]. We attempt to
modify that mechanism in order to avoid certain ’observability’ issues that arose in
the construction of the Nelson-Aalen estimator for the integrated hazard function.
This will lead us to a new type of random set that will be introduced in Chapter
3; in Chapter 4 we will explain more precisely how these new random sets help us
eliminate such problems. Before that however, we must present the general setting

in which these ideas will be developed.

2.1 The Set-up

The framework we will be using is very similar to that used in [9], [11] and [12], except
for some details. Let T be a compact complete separable metric space and A a finite
measure on B, the Borel sets of T. A simple example is T' = [0, 1], and we will return
to this space in several sections of this thesis. Preserving the notation in [12], if D
is an arbitrary class of sets, then D(u) (respectively, D(cu)) will denote the class of
finite (respectively, countable) unions of sets from D. For D an arbitrary subset of T,
let Tp be a countable dense subset of D. We will use ‘C’ to indicate strict inclusion;
moreover, D denotes the closure and D° denotes the interior of D. All processes will

be indexed by sets belonging to an indexing collection A:

10
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Definition 2.1.1 A nonempty class A of compact, connected subsets of T is called

an indexing collection if it satisfies the following:
1.0, TeA andfor Ac A, A°#Aif A#0D orT.

2. A is closed under arbitrary intersections and if A, B € A are nonempty, then
ANB is nonempty. Denote O = Naca azpA. If (A;) is an increasing sequence
n A, then U;A; € A.

3. The o-algebra generated by A, o(A) = B.

4. Separability from above:
There exists an increasing sequence of countable subclasses A,
= {A}, AZ,..} of A closed under intersections and satisfying 0,0 € A,(u).

As well, there exists a sequence of functions g, : A — A,(u) such that

(a) gn  preserves arbitrary intersections and finite unions (i.e.
gn(NacwA) = Nacagn(A) for any A’ C A, and if UL, A; = UL A7,
then UL, gn(A:) = U;T.L—_lgn(A;‘));

(b) for each A A, AC (g.(A))°,
(c) gn(A) € gn(A) if n > m,
(d) for each A€ A, A=nN,g.(4),

(e) if A,A" € A then for every m, go(A) NA € A, and if A’ € A, then
g(A)NA € A,.

(f) gn(0) =0 Vn.
Definition 2.1.2 Fort € T, define the following sets:
o The ‘past’ oft: Ax = NAseca, tea -

o The ‘future’ of t: By = NB°gea, t¢B -
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E;

Ay

0 1

Figure 2.1: The past and the future of a point ¢ in [0, 1]2.

We assume that E; is closed.

Lemma 2.1.3 There is a partial order induced on T' by the indexing collection A:

s <t if and only if A; C A;.

Proof: This result was stated in [12]; we will carry out the proof. It’s clear that
A, C A, Vt € T, and that A, C A;, A; C A, implies A; C A, for s,t,u € T. Now,
from 3 in Definition 2.1.1 it follows that s £ ¢ if and only if A, £ A;. Plus, s € E; if
and only if t € Ag; indeed,

tc A, ote AVAec A:s5€ A

SseEA=>tc AVAe A
Ste A= s5€c AVAC A
@SEEP

Hence A; N Ey = {t}. Now, suppose A, C A; and A; C A,. The first inclusion
implies that s € A;, and so t € E,. But the second inclusion says that ¢t € A, and so
t € A, N E,, which implies that £ = s and hence A, = A;. O
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The previous lemma allows us to write A, = {s:s <t} and By = {s:s>t}. In
terms of this partial order, (' is the minimal element of T

The following definitions can be found in [12], but we’re going to reproduce them
here for clarity of exposition. We define C to be the class of all subsets of T" of the
form

C=A\B, Ac A, Be Aq).

C is closed under intersections and any set in C(u) may be expressed as a finite disjoint
union of sets in C; in other words, C is a semi-algebra. Suppose that B = UX_ | A4; €
A(u). If A; € Uj1;A; for each i, then we say that this representation is extremal. If
C=A\B, Ac A, B <€ A(u), then the representation of C is called extremal if that
of B is. Without loss of generality it will always be assumed that all representations
of sets in .A(u) and C are extremal.

For each Ay, let C*(Ax) denote the left-neighbourhoods of Ag: that is, all nonempty
sets of the form C' = A\ Ugeu, agar A A € Ag. It’s clear that C*(Ay) partitions
T, and as observed in [11], the sequence (C*(Ax))x is a dissecting system for T'. If
t € T, let Ci(t) be the set in C*(A;) containing t. The class of finite unions of left-
neighbourhoods of A, is denoted by C*(Ax)(u), and the class of countable unions will
be denoted by C*(Ax)(cu).

Example 2.1.4 As an example of the type of structure we will be using, consider
T = [0,1]2. Then the class A = {[0,t] : t € T} satisfies the conditions of Definition
2.1.1, and C(u) consists of all finite unions of disjoint rectangles of the form (s, ¢t] for
s,tefT.

For T = [0,1)> and A € T, A will be called a lower layer if [0,t] C A, Vt € A.
The class A = {A C T : A is a lower layer} is also an indexing collection. In both
cases we have that A; = [0,¢] and F; = [t, 1], and both indexing collections induce

the usual partial order in [0, 1]%.
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It is important to note that we can define other indexing collections that induce
different partial orders. Example 2.4 in [11] illustrates this point.
We will require some extra assumptions. The first one is about the structure of

C, while the second one is concerned with the sub-semilattices Ay:

Assumption 2.1.5 If C € C, then there exist sets Dy,..., Dy, € A such that C =
A\UT, D; is an extremal representation, and if A" € A, AANC = 0, then A’ C U, D;.

This is called a maximal representation of C.

Assumption 2.1.6 For each C € C*(Ay), there exists a point to- € T such that
CCEy_,and

lim sup supd(tc-,t) =0,
K% ceCl(Ay) €€

where d 1s the metric on T'. Moreover, to- can be chosen so that to- € 0C.

The point to- acts as a lower bound on the points in C: to- <t Vi € C. For
example, if A = {[0,¢] : t € T} and C = (¢,¢], then tc- = t. As observed in [12],
Assumption 2.1.6 implies that

lim <sup dz‘am(Ck(t))> =0,

k—oo \ teT
where ‘diam(-)’ denotes the diameter of a set.

Let (2, F, P) be any complete probability space.

Definition 2.1.7 A filtration indezed by A is a class of complete sub-o-fields of F,
{Fa:Ae€ A} such that

e fACB, then Fa C FpVA,Be€ A.
e Fra, = [V F 4, for any decreasing sequence (A;) in A (Monotone outer-continuity).

We continue to follow the definitions in [12]. If B € A(u), then F = \/ yc 4 4cp Fa.
The o-algebras {F% : B € A(u)} are complete and increasing, but they may not be

monotone outer-continuous. To avoid this problem, we can define 75 = [, fon( B)



2.1. THE SET-UP 15

for B € A(u). Next, for C € C(u) \ A, let Go = (Ngeq ancxeFa and Go =
VBeA(u)’ Bno—p F B, and for A € A, A # 0, define G4 = G}, = Fy. It was noted
in [9] that G¢ C G¢, and that {Qg)} is a decreasing family of o-fields: if C C (',
then gg‘? - g(c*). Finally, if C = A\ B is a maximal representation of C, then

Gt = Fp. This was shown in [9].

Definition 2.1.8 The following definitions can be found in [12]:

o A (A -indexed) stochastic process X = {X,4 : A € A} is a collection of random
variables indexed by A, and is said to be adapted if X4 is F o-measurable for

every A e A.
e X is said to be integrable if E[| X4 |] < oo VA € A.

e A process X : A — R is increasing if for every w € €, the function X (w)
can be extended to a finitely additive function on C satisfying X¢ (w) = 0 and
Xc(w) = 0, YC € C, and such that X.(w) is monotone outer-continuous (i.e.
if (Ap) is a decreasing sequence of sets in A(u) such that N, A, € A(u), then
lim, X4, (w) = Xn,4,(w)). (It is clear that any trajectory of an increasing
process can be extended to a o-finite measure on B. Note that an increasing

process is not necessarily adapted.)

e An integrable process M = {Mu, A € A} is called a strong martingale if it is
adapted and for any C € C, E[Mc¢|Gg) = 0. If the process M is not adapted, it

will be called a pseudo-strong martingale.

e A process X is called a - compensator of the process X if it is increasing and

the difference X — X is a pseudo-strong martingale.

Before moving on to the next Chapter dealing with adapted random sets, we

should note that although we are restricting ourselves to a compact set T, all of the
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definitions ahd developments throughout this work can easily be expanded to a locally

compact space using the structure of domains found in Definition 2.1 of [12].



Chapter 3

The Censoring Mechanism

In this Chapter we develop the random sets that will represent the censoring in our
survival model. We start by recalling the definitions of stopping sets and anti-clouds
given by Ivanoff and Merzbach, and then we define the concept of x-anti-cloud. The
rest of the Chapter is concerned with the mathematical properties of these random

sets.

3.1 Clouds and *-clouds

We are going to start by giving the definition of a stopping set, a notion that was

first introduced in [9].

Definition 3.1.1 £ : Q — A(u) is a stopping set with respect to a filtration F if for
any A€ A {w: ACEW)} € Fy, and {w: 0 =E&Ww)} € Fy.

As noted in [12], there is a simple but important equivalence to the above defi-
nition of a stopping set, which will make possible to extend this concept to a class of

random sets taking their values in B.

Lemma 3.1.2 £ : Q — A(u) is a stopping set if and only if for anyt € T, {w: t €
6((“))} € ‘FAt‘

17
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Proof: Suppose that ¢ is a stopping set. Then

{w:tef(w)}={w: A CEw)} € Fa,.
On the other hand, suppose {w : t € £(w)} € Fa, Vt € T. Using the fact that T is
separable, we have that

{w:ACEW)=(Hw:tetWw}=[{w:tegw)}e \ Fa C Fa,

teA teTy teTy

where T4 denotes a countable dense subset of A. O

Recall that a closed set D is a domain if D = D°. As in [12], let K be the
class of domains D in T such that A(0D) = 0, where )\ is the measure defined at the
beginning of Section 2.1, and let £ be the class of open sets that are complements of

sets in K.

Definition 3.1.3 A random set n : @ — B is an adapted random set if for any
teT, {w:ten(w)} € Fa,.

e An adapted random set p taking its values in L is a cloud.
e An adapted random set & taking its values in K is an anti-cloud.

The concept of anti-cloud was introduced by Ivanoff and Merzbach in [12] as a
generalization of a stopping set. Now we are going to define a new kind of random set,

analogous to the previous ones; but before doing that, we need another assumption.

Assumption 3.1.4 Define D, = ES. Then D; € A(u) ¥V t € T. Also, if (t,) is a
sequence such thatt < t, Vn and t, — t, then Dy =) Dy,.

This is crucial to some later developments, since Ey = T\ D; and so we will have
that Ey € C. We may interpret E; as the ‘strict’ future of £, and we shall define the
‘wide’ history of ¢ to be F{ := Ggo = Fp,. We will also need this to deal with some
right-continuity results in some of the theorems that follow, especially in the proof of

Lemma 3.1.13.
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Remark 3.1.5 We observe that if C € C and if C C E?, then F; C G, since the
o-algebras {G} are decreasing. On the other hand, if t € C and C = A\ B is
a maximal representation of C, then B(1Ey = 0 and so G¢ = Fg C Fp, = F;.
Indeed, if s € B()E;, then we would have s > t and s € B, which would imply
that ¢t € B, contradicting the assumption that ¢t € C. So B C (E?)¢ = D; and hence
G C 7.

Now we are in position to define the x-sets:

Definition 3.1.6 £ : Q — A(u) is a *-stopping set if for anyt € T, {w : t € §(w)} €
F.

e A random setn: Q0 — B is a x-adapted random set if for anyt € T, {w: ¢t €
n(w)} € 7.
e A x-adapted random set p taking its values in L is a *-cloud.

e A x-adapted random set & taking its values in K is an *-anti-cloud.

As with adapted random sets and anti-clouds (cf. Ivanoff and Merzbach, [12]),
we have that finite intersections and unions of x-adapted random sets are x-adapted
random sets, and if 7 is a *-adapted random set and B € B, then n N B is also a
x-adapted random set. Also, *-anti-clouds are not generally closed under intersection,
since the intersection of domains may not be a domain. The same happens with AN¢

for £ a *-anti-cloud and A € A.

Lemma 3.1.7 Let & be a x-anti-cloud. For any B € IC, the following are in F:
e {w:BC (W)}
o {w:é(w) < B}

o {w:¢(w) =B}
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Proof: The 'proof goes through exactly as in Lemma 3.4 in [12]. O

Now we will focus on the measurability of X gne(w) := X anew)(w) as a map from
(Q,F,P) to R, where X is an additive A-indexed process and £ is a *-anti-cloud.
For that, we need to define certain sets that approximate £ in some sense. This was

done first in [12]:
Definition 3.1.8 Let & be a x-anti-cloud.
o & € CHAy)(u) is defined by:

&= U <

CeCt(Ag), TNEAD

o & € CH Ax)(u) is defined by:

o gr(&) € CHAL)(u) is defined by:

9(§) = U C.
(Ax),

Cect tc—€t

We have that & C €° C £ C &, but & and & are not *-adapted random sets.
For this reason we need gx(£); we will prove that it is a x-adapted random set. The

next lemma will clarify how each of these sets approximates &.
Lemma 3.1.9 If ¢ is a x-anti-cloud, then

1 &=L

2. €=U, &

8. €2 C liminfy gx(§) C limsup; gx(§) C €.
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Proof: The proof is exactly the same as the one for Lemma 3.7 in [12], since these
properties are of a geometric nature and hence don’t depend on the *-anti-cloud ob-

servability. O

The following theorem and its corollaries were proven in [12] for anti-clouds.
We give the statements for *-anti-clouds; the proofs are identical to their anti-cloud

counterparts.

Theorem 3.1.10 Let X be an increasing process (or the difference of two increasing
processes) on A and suppose that § is a x-anti-cloud. Then for any A € A, both X s,

and X anse are random variables.

Corollary 3.1.11 Let X be an increasing process on A and suppose that & is a *-

anti-cloud. If P(Xae = 0) = 1, then for A€ A, Xgn¢ = limg Xgng, ¢) @.5.
Corollary 3.1.12 Let £ be a *-anti-cloud.
1. If B € C*(Ax)(cu), then both {w: B =& (w)} and {w: B = & (w)} are in F.
2. If K 1is a compact set, then {w : {(w) N K # 0} € F.

The next Lemma is analogous to Lemma 3.11 in [12] for anti-clouds, but the

proof needs some modifications.

Lemma 3.1.13 1. If £ is a *-anti-cloud, then gix(€) is a *-adapted random set
taking its values in C*(Ax)(u).

2. If € is a *-adapted random set taking its values in C*(Ax)(u) and
0,8] ={(w,t) e xT:te(w}

then
@8= | Fex¢
CeCt(Ag)
where Fo € G§.
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Proof: 1. Adaptedness is a simple consequence of the definition of gx(§):
{w:t € gl§Ww)} ={w: Ci(t) € g(é(w))}

= {w oy — € {f(w)} € f:

Cr(t)~

using the fact that Ci(t) C E; - and both parts of Remark 3.1.5.
K (t

< g,ék(t) C Fi

2. Note that for C € C*(Ay),
Fo={w:CCéw)}={w:te(w)}eF;

for every t € C. Let (t,) € C be a monotone decreasing sequence converging to to-.

The existence of such a sequence is guaranteed because to- € OC. Then we have that
Fe €(\Fi, =()Fpw = Foup, = Fp, =Fi_ S G,
n n
where the second equality follows from monotone outer-continuity of the o-fields
{Fp,,} and the third comes from Assumption 3.1.4. O
Now we deal with the filtered process Xf1 = X¢na when Xpe = 0 as.

Theorem 3.1.14 Let £ be a x-anti-cloud and X =Y — W, where Y and W are

increasing processes such that Yse = Wae = 0 a.s.

1. If X is a (pseudo)-strong martingale, then X* is a pseudo-strong martingale.
2. X¢ will not generally be adapted, even if X is.
Proof:

1. We have to verify the pseudo-strong martingale property: for any C € C,

E[X5 | G5 =o. (3.1.1)
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Suppose that C € C*(A,)(u) for some n. Noting that if D € C*(Ax), Fp = {D €

9:(€)} = I, _e ¢, then by part 2 of Lemma 3.1.13, for k > n,

X#® = N Iy e g Xpnc (3.1.2)
DECZ(A]C)

If X satisfies the pseudo-strong martingale property, then

E[xZ® | ge) = Z E Iy, c ¢Xpnc | G

DeCt(Ay)

= Z E [E[I{tp—e aXpne | Genp) | g*c]
DECZ(A]C)

= Y Elly, caEXonc | 9onnl | 6]
DGCZ(A]C)

=0,

since {tp- € £} € F; _ € 9D € Gonp- Now, by additivity, Xé’“(é) —¢ X& a.s., and
since X is the difference of increasing processes, we have that
E[X%| G5 = E[lim X&) | g5] = lim B[X2® | g5 = 0.
k—o0 k—oo
Next, consider a general set C € C. If C = A\ B is its maximal representation,
define C, = gx(A) \ gr(B). Using additivity of the process and outer-continuity of
the gk, we have that X5 = limg_ e Xék. Now, since Cy € C¢(Ay)(u), the first part of
the proof says that E [Xék | G¢,] = 0. Then, since we have G, C Gg, ,
E[X¢ | G¢) = Ellim X¢, | Ggl = lim E[X¢, | Go) =
= lim B |B[X, |95]19z] =0,
where the second equality follows by uniform integrability, a consequence of X being

the difference of increasing processes.

2. For Ae A, D € C{(A,) and AN D # 0, we have that

{tp- € £} €Gp L Fa,

so X* may not be adapted even if X is. O



Chapter 4

Estimating the Cumulative Hazard

Function

The goal of this Chapter is to develop a Nelson-Aalen estimator for the cumulative
(or integrated) hazard function in a general survival model, in which the data points
are elements of the set T' and are observable only on a *-anti-cloud. Since the results
that we have gotten so far for the x-adapted random sets closely resemble those found
in [12] for adapted random sets, it is to be expected that most of the developments

in Section 4 of [12] will hold, with some appropriate changes.

4.1 The Survival Model and the Estimator H™

The model we will use is the same as the one in [11] and [12]. Assume that (2, F, P)
is a complete probability space. Let Y : {2 — T be a T-valued random variable, and
w(B) = P{Y € B} its distribution function. The survival function associated with
Y is S(t) = p(E:). We assume that p is absolutely continuous with respect to A (A
as in Chapter 2) and denote by ;' the Radon-Nikodym derivative of p with respect
to A on the Borel sets of T'. Finally, we will assume throughout this section that the
indexing collection is A = {A; : t € T'}.

24
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Definition 4.1.1 e Fort €T, the hazard function of Y is h where

h(t) = -’%

If S(t) =0, h(t) is defined to be zero.
e The integrated hazard function of Y is H where
Hy = / h(u)A(du) for any A € A.
A

Let N = {Na, A € A} = {I{yea}, A € A} be the single jump process associated
with Y and F¥ = {F%, A € A(u)} its minimal filtration: F% = o{Np : B €
A, B C A} U {P,}, where Py is the class of P-null sets. This filtration is in fact
outer-continuous, as was proved in [10]. N is increasing, and it was proved in [11]

that it has a *-compensator:

Proposition 4.1.2 ([11], Proposition 2.9) The process N defined by

Ni= /A i W B u(du) = /A A ) = /A Ly emyh(u)A(du)

is a x-compensator of the process N with respect to its minimal filtration, where

Ay (w) == Ay(w) .

Suppose we have a T-valued random variable Y whose associated single jump
process NV is adapted to a filtration F and an F-*-cloud p with corresponding *-anti-
cloud £ = p°. The filtered jump process N¢ := Ityeceny corresponds to observing
occurrences of Y only on the complement of the *-cloud; then we can say that N has

been filtered by the *-cloud p.

Example 4.1.3 This example shows that our framework includes the usual bivariate
censoring model, as presented in [18]. Let Y = (¥1,Y3) € [0, 1]2 be a two-dimensional
failure time on a probability space (£2, F, P), and suppose that F satisfies F. }/ C F
for every t € [0,1]%. Let t = (t1,%2) € [0, 1)2, .7-'%11) = V., Ftrta)> .7-',23) = V. Fitr,ta)s
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and let 7 = (71, 72) be a two-dimensional censoring time, where 7; is an F @_stopping
time for ¢ = 1, 2.

Suppose we can observe Y A7 = (Y1 A71,Y2 A7) and Ijy,<r), ¢ = 1,2. Now
we can express everything in terms of sets, letting A; = [0,t], and £ = [0,7]. £ is a

*-stopping set, since

{tee}={({ti,ts) €0, m] x[0,m)} ={h <m}N{ta <m} e FD @ FP C Fr.

2

Finally, the counting process of censored times is

N(t) = N&, = Iy arctvicn vasm} = Iiveang O

In what follows, if £ : Q — K, let F* denote the minimal (A-indexed) filtration

with respect to which £ is a *-anti-cloud.

Definition 4.1.4 Let Y be a T-valued random variable and let F*¥ be the minimal
filtration generated by its associated jump process N. Let F be a filtration such that
FY C FaVA € Au) and let € be an F-x-anti-cloud. £ is

1. weakly independent of Y if the x-compensator of N with respect to F is the same

as the %-compensator with respect to F ;
2. independent of Y if F¥ is independent of F* and Fno = F4 V F, VA€ A.

Lemma 4.1.5 Suppose that £ is a x-anti-cloud, thatY and & are weakly independent
and that the filtration F satisfies Fa = F4 V .7-'?4, VA € A. If N is the single-jump
process associated with Y, then (N — N)¢ is a pseudo-strong (F-)martingale.

Proof: This follows from Theorem 3.1.14. U
Now we are able to define the Nelson-Aalen estimator of the integrated hazard

function using filtered data. We will use the same definitions as in [12].
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Henceforth, we assume that we have a sequence of i.i.d. T-valued random vari-
ables (Y;) with the same distribution as Y, as well as a sequence (§;) of *-anti-clouds

independent of the Ys. Define the following processes:
N,Exn) = Zn:I{YiGA}’
i=1
Zn(t) = anf{meEt}I{te&}’ (4.1.1)
i=1
NP = [ Ziohoxa,
N(n)i = Zn:I{YiGAﬁ'Ei}'
i=1

By independence and Lemma 4.1.5, AR is a *-compensator for N (")g, and the

process

M® = N _ / Z(t)h(t)A(dt) (4.1.2)
is a pseudo-strong martingale with respect to F, the minimal filtration generated by

the sequences (Y;) and (&;). Since
N™(dt) = Z,(8)R(£)A(dE) + M (dt),

regarding M (™ as noise, we come to a set-indexed version of the Nelson-Aalen esti-

mator for H4:

. n N (gt
ap - [ v gm (4.13)
A Zn(t) .
{¢:YieANg;}
Define
In(t) = I{Zn(t)>0}
and

AP = / Jn(t)R()A(dE).
A
Trivially, ~51n) = Hy if P(J,(t) =1Vt € A) =1. We observe that since E; is closed,
N®*(dt) > 0 only if J,(t) = 1. Thus,

N - Jn(2)
g™ _ g / n L M™ (dt).
A A A Zn(t) ( )
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Proposition 4.1.6 H™ — H™ 45 g pseudo-strong martingale.

Proof: We have that

N - ] (t)
(n) _ g — [ 2P\ pr(n)
H H /Zn(t) MM (dt),

so we must show that for every C € C and F € GF,

/ / M<n> ,dt)P(dw) = 0.

28

(4.1.4)

We note that o) is a finite linear combination of random variables of the form

Zn (1)

n

[T @),

1

where a;(t) = 1 — Ityemey or Iiyepey and 04(t) = Ijsee,y or 1 — Igyee,y. Therefore,

(4.1.4) will hold if

//CHaz ()bs(t)M™ (w, dt) P(dw) = 0

for every C € C and F € Gg.
From part 3 of Lemma 3.1.9, we have that

Litecoy < liminf Tuegu 0y < Hmsup fegu(eoy < Tieqy

Using part 2 of Lemma 3.1.13,

{(w,t):teg(&} = U Fyp X Cip,

C,n€CE(Ag)

where Fy, € G5, ,» 80

limkinf Itege(eny = limkinf Z I pxCin
Ci,n€CE(A)

and

limksup Iiegucy = lim sup Z IFk,hXCk,h'

Ck,hECZ(Ak)

(4.1.5)

(4.1.6)

(4.1.7)
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Now we are going to show that

{wt):Yiw eEY={J | GrnxCipn (4.1.8)

k CinreCt(Ag)
where Gy € Gg,,. Consider {Y; € Ef}; by definition Ef = gy 4ca4- By
separability from above, t ¢ A if and only if there exists k£ such that ¢ & gx(A), and
S

Efo( U A).

k \AcAgtgA

This union is increasing in k, since the classes A are increasing. By definition of a
left-neighborhood, if t € C = D\ U e, pga A’ € C(Ai), then
vie | Ar={vie |J A4}eg
A€ A tg A A€ A, DZA/

From this (4.1.8) follows. Now, since the sets (C. ) are disjoint, for each (w,t) we

have that

I{YteEf} = I{Uk Uck hECZ(Ak) Gk,hxck,h} = h)?l Z IGk,hXCk’h' (419)
' Ck,hGCZ(Ak)

Combining (4.1.6), (4.1.7) and (4.1.9), and taking (4.1.5) into account, it follows
that -Z‘Z% is a finite linear combination of random variables Wi (t), ..., W,,(t) where
0 < W;(t) <1 for each j, 0 < W;(t) — Vj(t) < Iesey for a random variable Vj(t),

and there exist events Hyp € g’g,k . such that

Wj(w,t) > limsup > I, xcpn(w)t) (4.1.10)
ko0 Cr,n€CH(Ag)

> liminf > Iggxcin(w:t) (4.1.11)
Cr,n€CE(Ag)

> Vi(w,t). (4.1.12)

So all we need now is to show that

/ / W;(w, t)M™(w, dt)P(dw) = 0, (4.1.13)
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where F € GF; we may assume that C € C¥(Ay)(u) for every k without any loss of
generality, since we may suitably augment A;. In order to do this, note that u is

absolutely continuous with respect to A and £ takes its values in K to get both

0< / / (W; — V;)dN™*gp < / / Ijteoey dN™ 4P
FJC
= / / AN™EJp
¢

(n)e] 0

0< / / (W, — V;)dN"dP < / / IiscoedN™dP
FJC FrJC
= / / dN™dp
3£

< E[N ]—0

//Wj dN<n>fdP=//vj AN 4P,
/ / W; dN™dp = / / v, dN™qp

Now we can use (4.1.10)-(4.1.12) to get

IA

and

hence the equalities

/ / W; dN™ 4P > / / lim sup It yx G, AN™ AP

FJC O k=oo o hecf(A)
> / / lim inf Tt yxcp nAN™*dP

¢ e CkhECZ(Ak)

> / / V; dN™ 4P,
FJC
as well as

//Wj dTV_(n)dP > //hmsup IHk,hxck’hdY\/—(n)dP

FJC C k—oo ChECE(Ak)
> / / lim inf Thy e NV dP

C, hECZ(Ak)

> //de_ﬁ("dP,
FJC
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which justify the calculations

//W]- AN™Egp — khm Z //IHchkthn)EdP
FlJc -

Ck hECZ
= hm / / NP
Ck hECe A Hk rNF C)c hﬂC
— T n)5
= klim / Cr., ,aP
Hk rNF

Cr,neCt -Ak) Cr,nCC

and

r(n) . ()
/F/CWj dN"dP = lim > //IHkhxckth dP

Ck hECZ
. —(n
= lim N™dap
k—co HyanF JC nc
Cy hecz A ) k,h k.h
= kl:m / ch N
Hy yNF

C)c hECZ Ak) Ck hCC

But then we have that

//Wde(")dP = //W AN™44P — //W dN™dp
FJC

: n 3 _(n)
= k;l.im / )Ckh NCk,h)dP
Ch h€CH( Ak> CrpcC ¥ e, h“F
= lim / M® 4p
k—o0 Z Hk hﬁF Ck

Ci,n€CE(Ax), Cp nCC
= 0’

where the last equality follows since {G¢} is a decreasing family and so Hy, N F €
G¢, , whenever Cpp, € C. This proves (4.1.13), and the proof of the proposition is
complete. O

So far, we have been able to develop a censoring mechanism based on the new
random sets called x-anti-clouds. Our work has led us to an estimator for the inte-

grated hazard function under that type of censoring, but so far we haven’t explained
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the reasons for wanting to switch from the anti-cloud model presented in [12] to our

model. We will address this point right now.

Example 4.1.7 Ideally, we would like to have all the information regarding the
events in F; at time {. Unfortunately, this is generally not possible in practice,
and we have to settle for somewhat more limited information. Specifically, if £ is a

fully observable anti-cloud, we can only observe
He = o{ltveaneys L{seey : AC Dy, s € D} C Fy.

We need the event I{ycg,1Ites) to be observable in order to construct the es-
timator for the integrated hazard function. But the problem is that Ityep, 1 Ijrcey is
not H;-measurable, and so the estimator cannot be used. Indeed, suppose t € £ and
Dinge # P. IfY is not observed in D;N¢, it is impossible to know whether Y € D;N¢°
or Y € E;. This situation is illustrated in Figure 4.1.

To correct this, we can define £*(w) = {t: D; N &%(w) = @}. £* is a x-anti-cloud,

since

{teg}={Ding =0} ={DCe}=[{segt= (V{setemCF

SEDt SGTDt

recalling that T, stands for a countable dense subset of D;. Figure 4.2 pictures the
x-anti-cloud &* corresponding to the anti-cloud £ in Figure 4.1.

Now consider Iyep,} {tcex}. We have that if ¢t € £*, then D, C &, and so

{YeE}In{teg} = {YeD}n{tee}
= {YeD:n&n{te&}eH.

This means that I{yep,}l(tce+} is Hi-measurable and hence observable, and now we
are able to calculate the estimator.
Of course, there are instances where it is not possible to observe Ittegy whenever

the observation Y happens before time ¢; in other words, when the anti-cloud is not
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Figure 4.1: The observability problem: we don’t know whether Y € E,.

E*

Figure 4.2: The resulting *-anti-cloud &*.

33
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fully observable and Y € A;. In this case, the information available up to time ¢

consists of

H; = U{I{YeAﬂﬁ]wI{segﬁEg,} : AC Dy, s€ D} C F3;

nevertheless, we can still observe the event Iryeg,}I{;c¢<): indeed, using the fact that
{Y eE} = ﬂseTBt{S € E$ }, we have that
{veE}n{tegt = ) {seEn{se¢})
sGTBt

= [(({s€eEsn&eH,.

SGTBt

Example 4.1.8 We now consider a generalization of Example 4.1.3. Again, let ¥ =
(Y1,Y2) € [0,1]* be a two-dimensional failure time on a probability space (€2, F, P),
t = (t1,t3) € [0,1]2 with FY C F, for every t € [0,1]? and .7-'8) as in Example 4.1.3
for i = 1,2; but instead of having a single two-dimensional censoring time, we will
consider a finite sequence of F (i)—stopping times 0 = < vy <M < < ... <

Tin; < Vip, for 4 =1,2. Let s = (s1,52) and u = (u1,u2) and suppose we can observe

H; = {I{K‘ési,ﬂGU?;l[mj,wj]}’ I{YiG(Vij,m,j+1),m,j+1ﬁui} 8,u € Ay 1=1,2}

An illustration of this kind of situation can be seen in Figure 4.3. This situation could
arise in a laboratory, where test animals are under continuous observation during the
day, but not at night.

Let & = {UjZ,[mj, vi5] X UjZ; [mj, 125]}. We have that

eet = 1t e Umpmd < Ul o)
= {1 € U 771]>V13 pn{t e U[n2]’1/2]]}

= U{tl € [mj,vi5]}) N U{tz € [m25, v25]})

c fﬁi FQ S F,
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Figﬁre 4.3: We can observe the failure times in the unshaded area.

so £* is a x-anti-cloud. Then Iyeg,}[{tcer) can be observed and we get our estimator

for the integrated hazard function. O

4.2 Asymptotic Behavior of H™)

In this Section, we will assume that T = [0, 1]2. Our objective is to prove a functional
central limit theorem for the T-indexed process U™ := \/ﬁ(f[g) — Hy,). In order to
do this, we are going to employ a general form of the Delta-Method, which in turn is
based on the concept of Hadamard differentiability. The following definition is taken
from [22].

Definition 4.2.1 Let D and E be normed spaces. A map ¢ : Dy € D — E s
Hadamard-differentiable at 8 € Dy if there is a continuous linear map ¢p : D — E

such that
¢(9 + tnhn) — ¢(0)
in

— ¢p(h) (4.2.1)

as m — oo for all converging sequences t, — 0 and hy, — h such that § + t,h, € Dy

for every n.
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If we require in our previous definition that every h, — h has h € D, for some
set D, C D, then the map is called Hadamard-differentiable tangentially to D,. The

derivative need then be defined on D, only.

For the rest of the thesis we will make extensive use of the following spaces. If X
is an arbitrary set, then the Banach space [*°(X) is the set of all functions f : X - R
that are bounded uniformly and equipped with the norm || f|| = sup, |f(z)|. Further-
more, D[0,1]? is the Banach space of all functions f : [0,1]> — R continuous from
the upper right quadrant and with limits from the other quadrants, equipped with
the uniform norm. Finally, BV},[0,1]> denotes the space of all functions in D0, 1]?
with total variation bounded by M. Products of these spaces will always be equipped

with a product norm.

The next Lemma will be very helpful in the proof of the functional central limit
theorem. It is very similar to Lemma 3.9.17 in [22], the difference being that we are
working on two-dimensional spaces and that we are considering functions in a larger

space. The proof is also similar to its counterpart in [22].

Lemma 4.2.2 For each fized M, the maps ¢ : 1°°[0,1]2 x BVy[0,1]> — R and
1 12000, 1]2 x BVa[0, 1) — D0, 1,
#(A,B)= | AdB, (A B)t)= | AdB (4.2.2)
(0,1] 0.1
are Hadamard-differentiable tangentially to C[0, 1]2x D[0, 1]? at each (A, B) in1>®[0,1]2x
BV [0,1)? such that [ |dA| < oo, and the derivatives are given by

Suslerd) = [Ads+ [adB,  wyp0n0) = [

Adp + / adB,
(0,¢] 0,4]

where [ AdB is defined via the two-dimensional integration by parts formula found in

Theorem 8.8. of [7].
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Proof: Let oy — « and 8, — 3, where (8;),8 € D[0,1)?, a € C[0,1]? and (o) €
[°°{0,1]%. Define A; = A+ toy and B, = B + t0;, and we consider only perturbations
such that (A;, B;) is contained in the given domain. Using (4.2.1), we have that

fAtdBt; J AdB — /Adﬁt - /atdB = /atd(Bt — B)
_ / od(B, — B)
+ /(at — a)d(B, - B).

Since A is of bounded variation, the derivative map is continuous with respect
to the uniform norm, so we only need to show that the last expression converges to

zero. For the last term, we have that
| (@ - (B~ B < 2M v~ o], 0,

since a; — . As for the first term, we are assuming that o € C[0,1]?, so there
exists k € N such that o varies less that € on each block m;; = (52, %] x (L3, &] for
i,5 = 1,...2%. Let @ be the discretization that is constant and equal to a(fk-, 5%) on
the block ;;. Then we have

2k ok

| [adB~B) < 2Mla-alg+ 3D laly; — B)(my)|

=1 j=1

+ la(D[(B: — B)(1)],

where (B; — B)(m;;) denotes the increment of B, — B over the block ;;; that is,

(Be= Bm) = (Be=B)(gz55) = (Be = Bz )
S

The first term can be made arbitrarily small by the choice of €, while the second term
is bounded by (4 -2% + 1) ||B; — B||, l|@|l., and hence converges to zero as t — 0 for

every fixed partition.
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The proof for 1 is the same as that for ¢, since the same bounds still work uni-

formly for all ¢ € [0, 1]°. O

Now that we have the definition of Hadamard differentiability and its refinement,

we can take a look at the Delta-Method. Its proof can be found in [22].

Theorem 4.2.3 (Delta — Method)

Let D and E be normed spaces. Let ¢ : Dy € D — E be Hadamard-differentiable
at 0 tangentially to D,. Let X, : 0, — Dy be maps with ro(X, — 0) = X for some
sequence of constants r, — 00, where X is separable and takes its values in D,. Then

T((Xn) — 8(0)) = ¢p(X).

Note that the Delta-Method only requires that ¢ be differentiable at the single

point 4, a fact that will be crucial for our purposes.

Before moving on to the central limit theorem, we have to make some assumptions

that will allow us to apply the Delta-Method to our processes.

Assumption 4.2.4 For alls,t € T, P(s € £) — P(s,t € £) < K |s — t|, where K is

a constant and |-| denotes the Euclidean norm.

Assumption 4.2.5 P(t € £) is continuous int € T and there exists € > 0 such that
P(te€)>ce for everyt €T.

Assumption 4.2.6 The survival function S satisfies a Lipschitz condition of order

1.

Theorem 4.2.7 Under Assumptions 4.2.4, 4.2.5 and 4.2.6, ﬁ(Zn() —E(Z,() =
A and ﬁ(N(”)i_ — E(N(”)i.)) = I', where A and T are tight Gaussian processes on
C[0,1]* and D[0,1]? respectively. Moreover, U™ = G in [0, 7]? for every T such
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that S(1) > 0, where G is a mean-zero Gaussian process such that fort € T,

= _dlw) Au)
=  Jiog SW)P(ueg) /[O,t] SwpPuecepfV €AY €0).

The first term in Gy is defined by integration by parts.

Again, this Theorem is very similar to Example 3.9.19 in [22]. One of the differ-
ences, obviously, is that we are working on two dimensions instead of one. Another
resides in our censoring mechanism and the information we are provided with; a con-

sequence of this is that Z,, the survivor function process, will not be in D0, 1]%, the

space that plays the role of D[0,1] in our model.

Proof: Let Wy = Iycg,) and V; = I;ce3. Note that Assumption 4.2.4 implies that

E |V, — V| < C|t— s|, where C is some constant, since
EV; = Vil = Elljeey — Iiseqy| = P(t €§,5 € £) + P(s €&, t € £°).
Then we have that

Elltyverylueey — Iiver seeyl)
= E[E(W.V; — W))W, W]

I

EVi = V| Wy = W, = 1| P(W, = W, = 1)

+ EViW,=1,W,=0P(W,=1,W,=0)
+ E[V|W,=0,W, =1]P(W, =0,W, =1)
< Clt—s|S(sVt)+ Pt €&)(SE) — S(s Vi)
+ P(s€€)(S(s) — S(s Vi)

< K'ft—sf,

where the first inequality follows from the independence of the processes V and W
and the observation at the beginning of this proof; the second is a consequence of

Assumption 4.2.6. But by a nearly identical argument to that in Example 2.11.14 in
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[22] -we use two-dimensional blocks instead of closed intervals- this implies that the

sequence of processes defined by
1 k(3
\—/—ﬁ[; Iviemy gy —nS@E)P(t € §)] = \/—[Z n(t) — E(Zn(1))]

converges in distribution to a tight Gaussian process A on [*°[0,1]2. In fact, the
limiting process is continuous, but we will show this in the Lemma following this
proof. Moreover, since the &;’s are i.i.d., we also have that the sequence of processes

defined by
1 n
Jrl freancy —nP(Y € 4,V €6)

converges in distribution to another tight Gaussian process I' on D[0, 1]2. This follows
simply from the CLT for empirical processes, since we are working with a subdistri-

bution. This means that

%Kzn(-),zvm)i) — (E(Za()), E(N®™S )] = (A,T)

on [*°[0, 1]? x D[0,1]?, where (A,T) is a Gaussian process on C[0, 1)2 x D[0, 1)2.
Recalling (4.1.3), we note that the estimator depends on the pair (Z=, %n)e)
through the maps
(4,B) — (.B) — [ 4B, (123)
It is a consequence of Lemma 4.2.2 that the map 4.2.3 is Hadamard-differentiable tan-
gentially to C[0, 1]> x D0, 1]* on a domain of the type {(A, B) : [ |[dB| < M, A > €}
for given M and € > 0, at every point (A, B) such that 1/A is of bounded variation.
Whenever ¢ is restricted to an interval [0, 7] such that S() > 0, the pair (Z=, M:i)
is contained in this domain with probability tending to 1 for M > 1 and e sufficiently

small. The derivative map is given by

(@8)— [(/a)is- [(a/4%)aB

Let my = v/, X, = (&, N(’” ), 0 = (S@P(t € &),P(Y € A,Y € ¢)) and X =
(A,T'). Now we can apply the Delta-Method to conclude that

UM = n(H™, — Ha) =G,
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where

- _Ew Au)
7 Joa B@Pu e d /[0,] SwPlacepd Y €AY g

is again Gaussian. As in Lemma 4.2.2, the first term in the limiting process has to

be defined by integration by parts, since I' may not be of bounded variation.

The covariance structure for G will be given later in this section. EI

Following the notation in [11], let D, (t) := n"Y2[Z,(t) — E(Z,(t))] and C,(t) :=
VNG, — B(NO,)]

Lemma 4.2.8 Under the same conditions as Theorem 4.2.7, the sequence of pro-
cesses %[Zn(t) — E(Z,(t))] converges in distribution in [°[0,1]? to a tight Gaussian

process A taking its values on C[0, 1]2.

Proof: The convergence in distribution of D,(-) to a tight Gaussian process has
already been shown in the proof of Theorem 4.2.7. It remains to show that the
limiting process is continuous.

From Assumptions 4.2.4, 4.2.5 and 4.2.6, we have that

E|D,(s) — Dno(t)]* = S(s)P(s€ &)+ SEt)P(t € €)~2S(sVt)P(s,t € &)

~[S(s)P(s € §) = SA)P(t € &)

= [S(s)P(s€&)—S(sVt)P(s,t € &)+ [SE)P(t € &)
—S(sVt)P(s,t € §)] — [S(s)P(s € §) — S()P(t € &))?

= [5(s) = S(sV)P(s€ &) +[S(t) — S(s V)Pt €¢)
+S(sVt)[P(s € &) — P(s,t € &)]
+S(s VE)[P(t € &) — P(s,t € &)]
—[S(s)P(s € §) = S(t)P(t € €))*

K1 |S - t|
K
(In|s —¢[)?’

(A

IA
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whenever |s —t| < 1. Then Condition (1.15) of Theorem 1.4 in [2] is satisfied for
a=1land0<n < 1, which implies that A € C[0,1]* (See discussion in p. 20 of [2]

for an extension of that Theorem to multidimensional Euclidean spaces). d

The next proposition and its corollary are identical to their counterparts in [12]
(Proposition 4.6 and Corollary 4.7). Again, since the only change is that we are
working with x-anti-clouds instead of anti-clouds and we don’t make use of the new
observability requirements, the proofs given in [12] are still valid and hence will not

be included.
Proposition 4.2.9 For C,D € C,
Cov (M$), M) = / S()P(t € E)hE)N(dt) (4.2.4)
cnb
(Es N Ey)
" //(CD) N E)P(s, t € Oh()h(DA(ds)A(dD),
where

(C,D) = {(c,d)eCxD:ce A5NES}
= {(c,d) e CxD:de AN E°).

Corollary 4 2.10 Let g be a continuous function on T. Then [ g(t)M™(dt) is a
pseudo—strong martingale and for C,D € C,

B [/cw92(t)5<t> (t € Oh(e)A(d)
/ /( p(Es N Ey)P(s,t € E)h(s)h(t)A(ds)A(dL)| .
CD)

Now that we have Proposition 4.2.9 and Corollary 4.2.10, we are in position to

give the covariance structure for the limiting process in Theorem 4.2.7.
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Lemma 4.2.11 The covariance structure for the process G in Theorem 4.2.7 is given,

for C,D € C, by

Cov(Ge,Gp) = /C nD(S(t)P(t € ONTA(HA(dY) (4.2.6)
E N Et)P(s,t €§)
//(CD )P(s € §)P(t € g)h(s)h(t)A(ds)A(dt)-

Proof: For any A € A,

M® dt

VAR = 1) = Vi [ M

_/ n_ M® (dt)

T Ja Za(t) vn

_ n_ 1 M™(dt)

-/ (Z ® s<t>P<te§>> 7 (4.27)

MM (dt)
+ /S OPGed ~Un (4.2.8)

We can show that (4.2.7) converges in probability to 0 with exactly the same

argument used in the proof of Theorem 5.1 in [11], where it was shown that the
term (25) converges to 0 in probability. In fact, in [11] it was assumed the existence
of an appropriate function space where the sequence (D,(:)) defined by D,(t) :=
n~Y%(Z,(t) — E[Z,(t)]) converges. In our case though, we don’t need to make this
assumption since we have already shown the convergence of this sequence under As-
sumptions 4.2.4 and 4.2.6. Then we have that the only term that contributes to the
covariance is (4.2.8), and so by applying Corollary 4.2.10 we get that the covariance
structure is given by (4.2.6). O

Remark 4.2.12 In the proof of Lemma 4.2.11 we wrote

o (n _ n 1 MM (dt)
VR —Hy) = /(Z (t) <>P<teg>) NG

- M™)(dt)
/S Piteg) n

with the first term in the right-hand side converging to 0 in probability. This equality

actually gives us the central limit theorem for the finite-dimensional distributions of
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V/n(H®™ — H), since the second term in the right-hand side is the normalized sum of n
i.i.d. processes, as noted in [11]. This comes up short of giving us the functional CLT
though, because we would still have to prove tightness -and that calculation is not
very pleasant at all. It is for this reason that we believe the use of the Delta-Method

is a more elegant approach to this particular problem.

To complete the discussion about the Nelson-Aalen estimator, we will establish
its asymptotic unbiasedness and its consistency as an estimator of the integrated
hazard over a more general class of sets. For the rest of this Section, let A denote the
lower layers in [0, 1] (See Example 2.1.4). We will need some additional definitions,

as well as the following assumption.

Assumption 4.2.13 For every A€ A, P(A C &) > 0. Additionally,

limsup P(t € (9€)°) = 0. (4.2.9)

€=0 teT
As it was done in Section 4 of [12], recall Definition 3.1.8 to define

7 (t) = Z Itviepy ! {tegly

i=1

Z'rli_(t) = ZI{mGEt}I{teﬁi_:k}’

i=1

and note that

ZX () < Za(t) < Z2F(2). (4.2:10)

Define D*¥*, D*¥~ in an analogous way to D,, only replacing Z, by Z*¥*, Z*¥~ respec-
tively. These two sequences converge weakly to tight Gaussian processes in [*°[0, 1)?
taking their values on C|0,1]® by the same arguments as those used in the proof of
Lemma 4.2.8.

The proofs for the following uniform law of large numbers, as well as for the
Theorems stating the asymptotic unbiasedness and consistency of the Nelson-Aalen
estimator, are essentially the same as those for Lemma 4.9 and Theorems 4.8 and

4.10 in [12], and so they will be omitted.
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Lemma 4.2.14 For A € A,

sup Znlt) _ S(t)P(te&)| —p0
tcA m

as n — OQ.

Theorem 4.2.15 Let A € A. If P(A C &) > 0, then ﬁ,&n) is an asymptotically

unbiased estimator of H4.

Theorem 4.2.16 Let A ¢ A. Under Assumptions 4.2.4, 4.2.5, 4.2.6 and 4.2.18,

f[ﬁn) is a consistent estimator of Hy.

4.3 Applications

For all our applications, we will assume that 7' = [0, 1]°.

Test of Independence

We now concern ourselves with the construction of a test of independence of
the components (Y1, Ys) of the random vector Y € T. We will follow closely the
development of the ideas presented in [18].

As noted in [11] and [18], when Y] and Y; are independent, the cumulative hazard
is the product of the marginal hazards. Therefore, we have to be able to estimate the
marginal hazards in order to obtain a test of independence. Assumptions 4.2.4, 4.2.5
and 4.2.6 will hold throughout this section. We will consider three different types of

data structure that can arise in a given experiment.

e Model 1: Assume we have a sequence of i.i.d T-valued random variables
(Y:) = (Y14 Ys;) with the same distribution as Y, and a sequence (&) of *-anti-
clouds independent of the Y;s. Let F be the filtration F = F* v F¢, and define the
filtrations FU, F® by FU =\, Fry sy and FO =\, Fy 1) for any (t1,85) € T.
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Ko d oo e BT

K1

Figure 4.4: The stopping times «; and 5
For each 17, let
k1 = sup{t;: (t1,0) € &}
kes = sup{ty: (0,t2) € &},

see Figure 4.4; note that «;; is an f(l)—stopping time: for any ¢; € [0, 1],

(ke <t} = {t1 <r13}° = {(t1,0) €} € Fly 0 = = FY.

Similarly, we can show that k9, is an F (2)-stopping time; then §;; := [0, x;,] are
x-anti-clouds with respect to F W) for j = 1,2. Taken separately, the Y} ; are censored

on the intervals £, := (k;4,1] for j =1,2,i=1,2,....

e Model 2: Recall Example 4.1.8, illustrated in Figure 4.3. We have a sequence
of i.i.d. T-valued random variables (Y;) = (Y1, Y2,;) with the same distribution as Y’
on a probability space (£, F, P). The filtration .7-" is such that F, ¥ C F, for every

t = (t1,t2) €[0,1)%, and we let .7:51) Vi, Fiernt) Fia = Vi, Fitr,te) We also have a
sequence of F ) _stopping times 0 = (') < 1/(1) < nj(é) < VJ(.?) <. 77(') < VJ(:B , for

i=1,2...and j=1,2. If welet s = (31,32), u = (u1, u2), we can observe

I

{{Y“<s] €Uy S0 wS1l (Y€ o8 1) 05 ka1 <ug}

H: = 18,u € Ay j = 1,2},
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K1 Ko

Figure 4.5: Model 3.

where i = 1,2,... We showed in Example 4.1.8 that if we define the set & =
Ut 1[771k,ulk] X Uk_ [n2k,u2k]} then & is a *-anti-cloud with respect to Fi, 4,
fore=1,2,....

e Model 3: Suppose now that we have a sequence of ii.d. T-valued random
variables (Y;) = (Y1, Y2,) with the same distribution as Y, as well as a sequence of
i.id. [0, 1]-valued random variables k1; < kg; for 4 = 1,2,.... Define the filtration
Fib® = U{I{nl,<s1},f{nz,<s1} : 51 < t1}, and let Fgy ) = .7-'1;1 1) V Fe™, as well
as .7-"(1) Vi, Fitrte), F t2 =V, Fiane) Let pii= {(t1,t2) : k14 < t1 < Koy, b1 <
ty < t1+c} represent the censored region, where ¢ denotes a constant. Then it’s easy
to see that pz is a sequence of *-clouds, since the x;; are stopping times. This kind
of data structure can arise when, for example, Y; is the time of start of pregnancy
and Y, is the time of onset of tuberculosis. At x, it is found that the test used for
diagnosing tuberculosis is dangerous for a pregnant woman, so once the pregnancy
starts it becomes impossible to diagnose that disease for the next nine months. At
time k9 though, a new test becomes available and the tuberculosis times are no longer
censored. Seé Figure 4.5.

In this case, we would censor the pairs (Y], Y2,) on the extended region £¢ =
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K1 K2

Figure 4.6: The region p*.

pr = {(t1,t2) : K1i < 1 < Koy, 01 < g < Koi+ct U {(t1,t2) 1 t1 < K1y, K1s <
ty < Ko+ ¢} in order to be able to observe the indicators Iye Et}I{tegg‘} needed to
obtain the Nelson-Aalen estimator, as illustrated in Figure 4.6. Note that p} is also a
sequence of x-clouds, since all the endpoints of the intervals in the definition of each

p; are stopping times with respect to both F gl and F 32; hence
{(t1,t2) € PjY € FL, @ F3, S Fi NV Fo = Flova)

Taken separately, Y; is not censored at all, since it is always possible to deter-
mine whether the individual is pregnant or not, but Y, is censored on the interval

(I‘Ll,i, Ko i+ C).

In each of these three models, we end up with the same type of one and two-
dimensional structure: the pair (Y1,Y2) is filtered on an F-*-cloud, and each Y; is
filtered by an F?-x-cloud §7, a union of random open intervals with endpoints that
are F/-stopping times for 5 = 1,2. We would like to note that in classical one-
dimensional problems, the intervals are usually taken to be left-open and right-closed
in order to ensure predictability; but since we are assuming that P(Ys = 0) = 1,
the endpoints of the intervals can actually be ignored. In fact, that assumption can

be weakened in models 1 and 2 by using the predictable sets UZ’:I(nJ(Q, V](.fc)] in one
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dimension and the sets | J,~ 1(7782, v ®) % Uz (ngk, U2k) ] in two dimensions, which also

have some predictability properties.
Now we are in position to define the analogous one-dimensional processes

n
nEl
Nl) (tl) = ZI{Yl,iStl}I{Yl,iefl,i}

i=1

n
&
NQn) (t2) = ZI{Y2,iSt2}I{Y2,i€E2,i}

i=1

Zn,l(tl) = ZI{YuZh}I{hE&,i}

i=1

Zn,2(t2) = ZI{Yz,iZt2}I{t2EE2,i}’

i=1
as well as the processes Cy ;(t;) = n“l/Q[NJ(n)Ej (t5) — E(N}n)gj (¢,))] and D, ;(t;) =
Y2 Z, i(t;) — E(Zy ;(t;))] for j = 1,2. We will also make use of the one-dimensional

analogues of the process M™:

MO0 = NP = [ Zagludhuridn), 51,2

The cumulative marginal hazards are estimated by
&; '
. N™¥ (du,
A1) :/ M, =192
ot Znity)

see also Appendix.

Lemma 4.3.1 n'2(A™ — H,A™ — H, A — Hy) = (G,G1,G,) in the space
100, 7% x 1[0, 1] % 1°°[0, 2] for every T = (11,72) such that S(1) > 0, where the

vector (G, Gy, Ga) is jointly Gaussian with continuous sample paths.

Proof: We start very similarly to the proof of Lemma 4.1 in [18]. We already saw in
the proof of Theorem 4.2.7 that (D, C,) converges to (A,T’) on {*°[0,1]* x DJ0, 1]°.
We also know that (D, ;, Cn ;) converges to a joint Gaussian process (A;,I';),j = 1,2,
on [*°[0,1] x D|0, 1], since the same arguments for the convergence of (D,, C,) still

apply. Therefore, the joint sequence (D, Dp 1, Dya, Cp, Cpi,Cr2) is tight in the
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product of topologies of the space ([0, 1]? x (1*°[0, 1])% x D[0,1]? x (D[0, 1])%. This,
coupled with the fact that its finite-dimensional distributions converge to those of a
Gaussian process with continuous sample paths, give the convergence of the sequence.

Next, note that both the estimators for the cumulative marginal hazards depend

(&5

. Zn i N
on the pairs (=&, 2

), 7 = 1,2, through the map (4.2.3), where the integral is
defined on R instead of R2. Using the same arguments as in Theorem 4.2.7,we can
show that nl_/Q(fIJ(n) — H;) = G, in D0, ;] for every 7; such that S;(;) > 0, where
G, are mean-zero Gaussian processes for j = 1,2. As a consequence of this fact and

the joint convergence of (Dyp, Dp 1, Dn2, Cn, Cr1, Cn2), we get the desired result. O

As was the case in [18], in order to make our test of independence between
(Y1:) and (Ya;), 2= 1,2, ..., we will take the difference between the two-dimensional
Nelson-Aalen estimator and the estimator under the hypothesis of independence.
Define V,, := nV/2(H®™ — A™AM™) on [0, 7], where 7 = (71,7). We could calculate
the variance of V,,, but as Pons remarked in [19], its practical estimation is not easy
and therefore not very useful. That is why we prefer to use a bootstrap test based on
V.., and our efforts will now turn towards that goal.

We shall use the Delta-Method for the bootstrap, and for that we need to make
sure that the classes of functions needed are Donsker classes. Let Xi,..., X, be a
sample of random elements in a measurable space (X,.4) with distribution P, let G be
a collection of measurable functions g : X — R and let P, be the empirical measure
of the X;, which induces a map from G to R defined by P,g :=n""3 "  ¢(X;). The
following definition is taken from [22]:

Definition 4.3.2 A Donsker class is a class G for which Gy, := /n(P, — P) = G in
1°(G), where the limit G is a tight Borel measurable element in 1°°(G).

Ivanoff and Merzbach observed in [12] that an anti-cloud is measurable as a
random closed set as a consequence of part 2 of their Corollary 3.10; we still have

an identical result in Corollary 3.1.12 for x-anti-clouds, so these random sets are also
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measurable in the same sense. Now assume that we can see the pair (V;,&;). Then
we can take (Y}, &;) to be the random elements X; in the previous definition. Let P
be the joint distribution of the pair (Y;,¢&;), let P, denote its empirical measure, P,
the bootstrap empirical distribution and G,, the bootstrap empirical process defined
by Gy := /n(P, — P,). For a more complete description of these elements, as well as
for the exact statement of the Delta-Method for bootstrap in probability -which we
will use a few lines ahead- refer to Chapters 3.6 and 3.9 of [22], respectively.

Recalling that 7' = [0,1]%, let G! = {g! : t € T} and G? = {g} : t € T} be
defined, respectively, by g} (i, &) = Irvemleey and g7 (Y, &) = Ivieagliviees-
Then both G! and G? are Donsker classes, since both were shown to be convergent in
distribution to tight Gaussian limits on {*°[0, 1] in the proof of Theorem 4.2.7. We can
apply Theorem 2.10.6 in [22] to find that the pair (G!, G?) is also a Donsker class, since
each one is uniformly bounded. In fact, we could have concluded so without using
that result, since we showed in the proof of Theorem 4.2.7 that ﬁ[(Zn(-), N (")i.) -
(E(Z4(-), E(N™5 )] = (A,T) on I®[0,1]2 x D0, 1]2, where (A,T) is a Gaussian
process on C[0,1]2 x D[0, 1]?, which in our current notation means that G, converges
in distribution when it is indexed by (G, G?). It is also clear that G and G2 have finite
envelope functions -that is, for each G7, j = 1,2, there exists a function that bounds
g(z) for every z and every g € G?, j = 1,2-, because both classes are comprised
exclusively of indicator functions. Hence by Theorem 3.6.1 in [22], the conditions
(3.9.9) of [22] are met. Furthermore, we have shown that the map (4.2.3) is Hadamard-
differentiable tangentially to C[0,1]*> x D0, 1]? on a certain domain. Then we only
need to apply Theorem 3.9.11 in [22], the Delta-Method for bootstrap in probability,
to get the conditional convergence given (Y;,&;) of the bootstrapped Nelson-Aalen
estimator. Similar arguments lead to the same conclusion for the one-dimensional
bootstrapped Nelson-Aalen estimators.

The above is summarized in the next Lemma, which is an analogue of Lemma

4.3.1 for the bootstrapped estimators.
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Lemma 4.3.3 Assume we can observe the pairs (Y;,&) for i = 1,2,..., and let
(f’i, 5}) denote the bootstrap sample. Then if H™, I:Il(n), I:I2(n) represent the bootstrapped
versions of the joint and marginal Nelson-Aalen estimators, we have that n'/ 2(I:I (n) —
2 g™ —H™ ™ — ™M) converges conditionally given (Y;,&;) to the Gaussian
process (G, G1,Gq) of Lemma 4.5.1.

Now that we have seen that the bootstrapping is working correctly under the
assumption of complete observability of the pairs (Y;,€;), we note that the boot-
strapped version of the statistics only involve the product of indicator functions
¢ = Ivieanliviesy and 1y = Liviep)l{tee;). However, we can drop the assump-
tion of complete observability, since those indicators can still be constructed because
the events involved are observable under the usual data structure. Therefore, we can
in fact bootstrap directly from the observed values g¢;, r; and come up with the same
estimators.

We can deduce from Lemma 4.3.1 that
(A (1), 85) — A (0) B (82) — (H (b1, t2) — Hy(t1) Ha(t))])

converges in distribution to a mean-zero Gaussian process; indeed, following the proof

of Proposition 4.2 in [18], we can rewrite V, = n'/2(H®™ — A™AM™) as

Vo = n?(HE™ — H) —n2(H™ — H)AP — n2(HM — Hy)H,
+ n'2(H - HiH,),

hence

2 (A~ AVASY ~ (H - HyH)) = V(B - H)
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which converges weakly to G — HyG1 — H1Ga. If we can completely observe (Y;,&;),

we can construct H™, I:Ifn), ﬁén) and Lemma 4.3.3 would guarantee us that
sup |n'2[H™ (ty, ta) — B (61)HY™ (t2) — (H™ (t1,2) — f:-’fn)(tl)ﬁén)(tz))]‘ (4.3.1)

converges in distribution to the sup of the absolute value of that same Gaussian
process. Then we can bootstrap from (g;,7;) jointly and find ¢, so that (1 — a)100%
of the absolute values of (4.3.1) fall below c,, which would give us (1—«)100% uniform
confidence bands for the difference H — Hy H,.

Finally, for our test of independence H, : H = H,H, vs. H, : H # H,H,, note
that under the null hypothesis, P (sup |V, (¢1,t2)| < ca) & 1 — . Therefore, we reject
H, if supn'/? |H™ (t;,8) — B™ () B (1) > ca.

Test of Hazard Rate Order

Let X31,...,X, and Y1, ...,Y,, be independent random samples from the distri-
butions F' and G respectively, and suppose that there is a common censoring mecha-
nism in the form of a sequence of independent *-clouds. We are interested in testing
whether the distributions are equal on a particular set or, more generally, on a suitable
class of sets, against the alternative that there is a difference in the hazard rates.

We start with the case where we look at the hazards on a fixed set A. The null
hypothesis is H, : F' = G, and we can test it either against a single-sided alternative
such as H{ < H§, or the double-sided alternative HY # HS. Tests using a one-
sided alternative leads us to tests of hazard rate order such as H, : F' = G vs.
H; : hf < h® on A, since this alternative would imply HY < HS. It is natural
to consider the difference between the Nelson-Aalen estimators HF and HE of the

integrated hazards, so we would like to use the test statistic

N nm Fr(n)F Fr(m)G
Wy ):VW(HE‘) — a5 >,
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where N = n + m.

We still have that both U = /n(APF — HE) and UV = /m(A{C - HY)
converge to independent mean-zero Gaussian limits U and U$ respectively. This
can be shown by applying the map ¢ in Theorem 4.2.2 to the pair (—1l ﬂ’_) and

repeating the calculations found in the proof of Theorem 4.2.7. We can write

W = [RUPF - LS s U (1 - )

Under the null hypothesis of equality of the cumulative hazards on the set A, and

™) o VTZAUE — VAUS.

The limit variable has the same distribution as UL under the null hypothesis. Then
we have a tést of asymptotic level a for a two-sided alternative if we reject the nuil
hypothesis whenever W/(lN)
inf {t : P(|U F l >1) < a}. A test with a one-sided alternative would be handled

> w™ where we choose w™¥) such that w™ — wF =

similarly; we just have to remove the absolute values.

We can also consider testing for the hazard rate over a whole class, as long as
it is Donsker in order to preserve the Gaussian limits. An example would be to take
the class of fectangles F={A,=[0,z]: z € [0,1]?}. All the previous remarks about

W) are still valid, but now we have to take a look at sup, W(N)‘ and sup, W(N)

the test statistics, as well as choosing w™ — w¥ = inf {t : P(sup, |U£z| >t) < a}
and w®) — wF = inf {t : P(sup, U fz >t) < a} for two-sided and one-sided alterna-
tives, respectively.

Assuming we can fully observe the pairs (X;,&;), (¥5,&) for i = 1,...,n and
j=1,...,m, we determine the appropriate value for w™) by bootstrapping from the
pooled sample S™) = (X,£&1), ..., (Xn, &), (Y1,€0), ..., (Y, &), where we choose
any of these observations with probability 1/N, as was done in Section 3.7.2 in [22].
Define J = AF + (1 — \)G, and note that under the null hypothesis, H/ = H¥. We
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assign the first n elements from the resampling to F', and the rest to G. Let HMNF

and H™V)C be the Nelson-Aalen estimators for the pooled sample assigned to F and

G respectively, and H®™) the estimator for the complete pooled sample. Set

W — ENTP_ ( FONF _ H(m,N)G) .

But note that by Hadamard-differentiability and Theorem 3.7.6 in [22], we know that
Jn (ﬁ(mN)F - ﬁ(N)) = U{ and v/m (ﬁ(mmc . EﬂN)) = U{, where U{ and Uy
are independent mean-zero Gaussian processes with covariance as defined in Lemma,
4.2.11, with S equal to the survival function of J and h = J'/(survival of J). Then if

we let Ay = n/N,
WA — /alT =) (HF = 7Y - vy (Hn008 — 0

which converges in distribution to v/1 — AU{ — v/AUy, also a Gaussian process equal

in distribution to U;j. Then, as remarked in Section 3.7.2 of [22], we can use
Wy = inf {t :PWW >4 < a}

as critical values for a one-sided test, and
Wy = inf {t CP(IWW] > 1) < a}

for the two-sided test.

Once again, as we did following the statement of Lemma 4.3.3, we can see that the
bootstrapped version of our test statistic only uses the functions q; = Itx,ca,} {x:ee:)
ri = Iixiebgylteay, € = Iivseand{v;e;y and ;= Iiv,eEIeesy; then we can safely
drop the assumption of complete observability, given that even without it we can still
construct the appropriate estimators. Now we can say that the test can be performed
by bootstrapping directly from the recorded values g;, 73, g, 7; and following the pro-

cedure described above.
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The Hazard of a Copula

Suppose we have a sequence (X;,Y;) of i.i.d. Dbivariate random vectors with
continuous distribution J and continuous, strictly increasing marginals F' and G. Let
Flop = 0{(X3,Y3) 1 Xi < 5,Y; < 1}, and let F be a filtration such that i,y © Fsp)
for every (s,t) € [0,1]%. Moreover, define F) = \/, Foy and F& = \/, Froy.
As usual, each pair (X;,Y;) will be censored by an F-#-cloud &F. Let C(p,q) =
J(F~Y(p), G(q)), the copula function for J, and let C be the survival function for
the copula: C(p,q) =1—p—q+ C(p,q). A quick calculation for the hazard of the
copula, denoted h¢(p, q), shows that

22 o ,
he(p, ) :Q%Q%Q
=/ (F(p), G™(q))
1-p—qg+C(p,q)
J(F'(p),G"(9))
(1-p—gq+Clp,9)f(F(p)g(G(q))

where f, g and ;7 are the densities of F', G and J, respectively. Then, integrating the

hazard and using the change of variables s = F~1(u), t = G~!(v), we get

H¢p,q) = /Oq/ophc(u,v)dudv
_ /4 /P J(F (), G (v) dude
o Jo (I—u—v+C(uv)f(F(u)g(G(v))

O i(s,4)
_gﬂ A 1—F@—G@+J@ﬂwﬂ
H(F(p),G7(q))- (4.3.2)

In other words, calculating the cumulative hazard of the copula at (p,q) is the
same as calculating the cumulative hazard of the original distribution at the point
(F~1(p),G"'(q)). We would like to estimate the cumulative hazard of the copula,
and the equation above seems to suggest that we could do so by looking at the
Nelson-Aalen estimator for the distribution J and replacing (F~(p),G7!(q)) with
the quantiles of the respective Kaplan-Meier estimates of the marginals F' and G (See

Section IV.3.1 in [1}).
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Now, suppose for a moment that F' and G are known. Define the pseudo-
observations (X7,Y;*) := (F(X;), G(Y;)), so that the distribution for (X},Y*) is the
copula C. The observable region then becomes ¢* = {(F(X;), G(Y2)) : (X;,Y:) € €},
and the new filtration is F*(p,q) = F(F~!(p), G"'(g)). Using Equation (4.1.3), we

have

H™e(p, q) = > (Za(X:,Y) ™ (4.3.3)
{i:(X} Y, <(p.9),(X} Y, )etl}

But note that
Ziuv) = Y I yneBo e
=1

= Z I{(Xi,Yi)EE(F—l(u),g—l(v))}I{(F‘l(u)»G‘l(v))EEi}

i=1

= Zny(F 7 (u), G (v)),

(4.33) = > (Za(X:, Vo)

(XY <SP (), G (@)X Y e6s)
= H™W(F(p),G(q)),

and hence we have an empirical analogue of (4.3.2).

As we can see from the previous equation, the next step is to estimate the
quantiles F~! and G~!. We will do so by taking the appropriate quantiles of the
Kaplan-Meier estimators F, G of F and G respectively (See Appendix); then our
estimator will be H™(F~1,G1), where F~(p) = inf{s : F(s) > p} and G~1(q)
is defined in a similar manner. It is interesting to note that A(fﬁ——l(p)’é—l (@) is still a

s-anti-cloud: indeed, since F(s) and G(t) are adapted to F*(s) and F2(t) respectively,

(5,t) € Aprya-1(q) = {3 < F_I(P)} N {t < é_l(Q)}
= {F(u) < p, Vu<s}ﬂ{é(v) < q, Vv<t}

€ FIVFIC Fly.
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An immediate consequence of this is that our estimator still maintains a pseudo-
strong martingale structure. Moreover, under Assumptions 4.2.4, 4.2.5 and 4.2.6, the

composition map

(Zny N®E Zo 1 N 7, NP

H®™ o (F~1,G7Y) (4.3.4)

is Hadamard-differentiable tangentially to C[0, 1]2 x BVj,[0, 1]2 x (C[0, 1] x BVj[0, 1})?
on a domain analogous to map (4.2.3): the maps ¢; and ¢3 are Hadamard-differentiable
as a consequence of Theorem 4.2.7, ¢,’s Hadamard differentiability comes from Lemma
3.9.30 in [22], and ¢4 and ¢5 are Hadamard-differentiable by Example 3.9.24 and
Lemma. 3.9.25, respectively, in [22] again. This means that the process v/n(H™°— H )
converges in [*®[0,1]> to a Gaussian limit for every (7,73) such that

S(F~Y(n),G Ym)) = C(n, ) > 0.

An example: The FGM copula

We can apply the previous results to Farlie-Gumbel-Morgenstern (FGM) copulas.
Suppose Cj, and C, are two FGM copulas with parameters 6;, and 6, respectively,
and we are interested in testing H, : C;, = Cj, vs. H; : C;; < Cy,. For FGM
copulas, this is equivalent to testing H! : 85, = 6,, vs. H| : 85, < 6,,. This test can
be performed by ’translating’ these conditions to those of a test of hazard rate order:
we look for a specific set A under which 8, < 6, is equivalent to A1 < h®%2, and
then we can apply the results of the previous sections.

The FGM copula is defined by Cy(u,v) = uv + fuv(l — u)(1 — v). Straight-

forward calculations yield Cy(u,v) = (1 — u)(1 — v) + fuv(1l — u)(1 — v), as well as
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226 — 14 6(1 — 2u)(1 — 2v). Then A% < h®% becomes

14 65,(1 - 2u)(1 — 20) 1465, (1 - 2u)(1 — 20)
1-uw)(1—-v)+0juv(l—-uw)(1l-v) (1—-u)(l—-v)+0puw(l—u)(l-v)

Multiplying both sides by (1 — u)(1 — v) gives us

14051 = 2u)(1 —2v) < 14 65,(1 —2u)(1 — 2v)
1+ 65uv 14 05uv

which in turn is equivalent to
(05, — 05 )uv < (05, — 01,)(1 — 2u)(1 — 2v)

after cross-multiplying and rearranging terms. Under the alternative hypothesis 6, <

0;,, the previous inequality becomes
wo < (1 —2u)(1 — 2v),

and finally
1—-2u—2v+ 3uv > 0.

This means that, under Hj : 65, < 6, we have hC7% (u,v) — A7 (u,v) > 0 for every
(u,v) lying in the set A = {(u,v): 1 —~2u—2v + 3uv > 0}. Let N = n + m. Since
L4 (hC2 — hOn)dX = HS - th, according to our previous results the appropriate
test statistic is WISN) = \/—%’ﬁ (I:L(;n)CJ2 — I:Iff)CJ1

if 85, > 0;,. The Hadamard-differentiability of Ain)CJ follows from an application of

), which would get large on the set A

the composition map (4.3.4) using NXL)& in this case.

We need to consider two different cases for calculating the critical values for our
test. If, from the standpoint of the experiment being performed, it is reasonable
to think the marginals from the two distributions are similar, fhen we will assume
they are equal and so we proceed with the bootstrapping as indicated in the Test
of Hazard Rate Order subsection. Under H,, we know that WISN) converges to a

. e .. C .
mean-zero Gaussian limit U,”*, and our test of level o would reject H, whenever

Wi = /IR EO - B9 > 4y, where tiy = inf {t P > ¢) < a}. On


http://9j.il

4.3. APPLICATIONS 60

the other hand, it may well be that we can’t possibly make the assumption that the
marginals are equal in a given experiment. Then we can no longer pool the samples
and treat them as one big sample as we did before.

If this is the case, then we will start by bootstrapping each sample separately.

Let [':'i’ﬁln)CJ1 and ﬁim)ch denote the bootstrapped Nelson-Aalen estimators. Now let

i = [T (7 o - o),

which can be rewritten as

(Vo — %) = [T (o - B

Assuming that - — A as n,m — o0, the last expression converges conditionally
given the original samples to \/XUEJ2 — 41— )\UfjlL by Lemma 4.3.3, where Ufjl
G _ ngl) and

\/'r—n(lﬁfj(;n)cv2 — ngz) respectively. Under the null hypothesis, this limit has the same

and Ugh are the independent mean-zero Gaussian limits of \/ﬁ(ﬁin)

e s . C . . .
distribution as U,”. Then we have a test of asymptotic level « if we reject the null

hypothesis whenever Wf(lN) > Wy, m, Where 1, , = inf {t . P (Wf(ln’m) >t) < a}.
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Chapter 5

Estimating the Distribution

Function

As in Chapter 4, let Y be a T-valued random variable with distribution u(B) =
P{Y € B}. Consider a sequence of i.i.d. T-valued random variables (Y;) with the
same distribution as Y, as well as an i.i.d. sequence of anti-clouds (§;) independent of
the (Y;). We will turn away from the martingale-based approach of the past Chapters;
this time we take inspiration in the main idea behind [3]. The motivation for exploring
this new angle comes from the fact that, in order to avoid observability problems in
the construction of the martingale estimators, we had to omit many fully observed
data points when we transitioned from anti-clouds to *-anti-clouds. The advantage
of the approach in this Chapter is that it allows us to consider such points for our

estimators.

5.1 Observable Censoring

The objective of this Section is to construct an estimator for the distribution function
i under the assumption that the clouds are completely observed. This condition
would be met, for example, when we deal with aerial photography -as it was mentioned

in Section 6 of [11]-; there we can actually see the shape of the obscured region.

61
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Another exainple would be the medical scenario of Chapter 4, where we had times of
start of pregnancy and times of onset of tuberculosis. In that case, we knew exactly
what the censoring region would be, as it was dictated by the length of a pregnancy.

Let fi(A) denote the subdistribution function of the uncensored observations,

defined by

i(4) = P(Y € Ang) = [ P(te oula)

From this equality we deduce that i(dt) = P(t € £)u(dt), and so we can write

(A) = /A ﬁﬁ(dt) (5.1.1)

This generalizes the equation used by Burke as the basis for his estimators of the

distribution function in [3]. We will use the same approach, although we estimate the
necessary quantities in a different way.

Equation (5.1.1) suggests that in order to estimate u, we need to come up with

estimators for P(t € ¢) and fi(4). Let g™(A) = 137 Itv,eane;) and Pte¢) =

n

LS Iitee;) be those estimators, and notice that ™ (A) = %Nﬁln)g. It will be
convenient in what follows to use the notation K,(t) = nP,(t € ¢). With these
estimators at hand, we are in position to define our estimator for the distribution

function as follows:

WO = [ g i@ =1 S (Ao (512)

n
(Vi€ AN}

In order to consider the asymptotic behavior of 4™, we will need the following

Lemma, and for the remainder of this Section we assume T' = [0, 1]2.

Lemma 5.1.1 Under Assumptions 4.2.4 and 4.2.5, the sequence of processes
ﬁ[Kn(t) — E(K,(t))] converges in distribution in [°°[0, 1]? to a tight Gaussian process
A taking its values on C[0,1]?.

Proof: This Lemma is the analogue of Lemma 4.2.8 for the process K, so the

proofs are essentially the same, except that in this case the survival function is not
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involved and so the argument becomes simpler. We showed in Theorem 4.2.7 that
Assumption 4.2.4 implies E|I{see} — I{sey] < C'|t — |, where C is some constant, and
we saw that this particular condition implies the convergence in distribution of the
process ﬁ[Kn(t) —~ E(K,(t))] to a tight Gaussian process A on [*[0, 1]?. It remains
to show that the limiting process is continuous.

Let

Bn(t) = —=[Ka(t) — E(Ka(t))]. (5.1.3)

We have, for a constant C, that

E|Bn(s) = Ba(t)]? = P(s€&)+ P(te€é)—2P(s,t €€
—[P(s€ &) - Pt &)
= [P(s€&)— P(s,t€ &)+ [P(t€§) — P(s,t €8]
~[P(s € &) - P(teg)?

< [P(s€&)—P(s,t &)+ [Pte&) — P(s,t €&
S Cl|S~—t|

S S

= (Infs—t[)*’

whenever |s —¢t| < 1. Then Condition (1.15) of Theorem 1.4 in [2] is satisfied for
a = land 0 <7 < 1, which implies that A € C[0,1]>. (As we mentioned in the proof
of Lemma 4.2.8, see the discussion on p. 20 of [2] for an extension of Theorem 1.4 to

multidimensional Euclidean spaces) U

The estimator (™ is monotone nondecreasing in the usual partial order, as we
can clearly deduce from the right-hand term in (5.1.2). We can show, in a very
similar way to the proof of Theorem 4.10 in [12], that it is a consistent estimator of
the distribution function under certain conditions.

Recalling Definition 3.1.8, define

KA (1) = Z I{tegzk},
=1
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Ky (8) = Lueer,y
i=1

and notice that

K (1) < K,(t) < KM (). (5.1.4)

Define B+, B¥~ in an analogous way to (5.1.3), only replacing K, by Kkt K*-
respectively. These two sequences converge weakly to tight Gaussian processes in
1°°[0, 1)? taking their values on C[0,1]* by the same arguments as those used in the
proof of Lemma 5.1.1.

This is enough to prove a uniform law of large numbers for K, which will be
essential to prove the consistency of 4. Let A denote the class of lower layers of

0, 1.

Lemma 5.1.2 For Ac A,

sup M-P(tef) —p0

teA n

as n — oQ.

Proof: The proof mirrors that of Lemma 4.9 in [12], but again, as the survival
function is nowhere to be seen, the argument is simplified a bit. We just need to
replace Z,, Zk+, Zk= D+ D¥= in [12] by K,,, K+, K*¥—, Bk BE—| respectively, omit

S(t) in every instance, and the proof goes through intact. O

Theorem 5.1.3 Let A € A. Under Assumptions 4.2.4, 4.2.5, 4.2.6 and /.2.18,

™ (A) is a consistent estimator of u(A).

Proof: Note that if A = A, for some t € T, consistency is a simple consequence of
Theorem 5.1.4. This proof extends the result for more general sets.

Let A € A. We can write

) AY — L amygn — L yme
4™ () /A TG / O
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- / u(dt) = / S()h(HA(d)

Then, with Z,, M™ as in (4.1.1), (4.1.2) respectively,
AW - ) = [ 7 - [ s

- n/,cl(Kn(t)/n <te§>>N(n ()

1 1
+ }Z/AP(teg)N( ()

- / SR
A

_ 1 11 .
n/A(Kn(t)/TL P(te§)>N (dt) (5.1.5)

1 n
L Anp(t M) (5.1.6)

Zn(t) 1
+ /A (————S(t)P(tE&)) Pl cg) WA (5:17)

n

as well as

But note that

= n 1
(5.1.5) = —Zl{mem&} (Kn(K) -~ P(Yie f))

1
= Uanhboorl
and
Zn(t) 1
(5 17) < ile_'lg) n —S(t)P(tEf) Amh(t))\(dt),

so (5.1.5) and (5.1.7) converge to 0 in probability as n — oo by Lemma 5.1.2 and
Lemma 4.2.14, respectively.

Finally, consider (5.1.6). Let g,(t) = (nP(t € £))"L. Then g, is continuous by
Assumption 4.2.5, and by Corollary 4.2.10,

(o] = 3

1(Es N Ey)P(s,t € £)R(s)h(t)
N //(AA) e R CORCD

E
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as n — oo. Hence (5.1.6) converges in probability to 0 as n — oo and the proof is

complete. J

As was the case with the Nelson-Aalen estimator, we can prove a functional cen-
tral limit theorem for the process o™ = V(™ (A)—u(A)) under similar conditions
to those of Theorem 4.2.7, where A; = [0,¢] for t € T

Theorem 5.1.4 Under Assumptions 4.2.4 and 4.2.5, c™ = Q in 1[0, 1], where

Q is a mean-zero Gaussian process such that fort € T,

B dl(u) Au) "
Q= /[O,t] P(ueg) /[0,] P(ue S)N(d &

and where I' and A are the processes defined in Theorem 4.2.7 and Lemma 5.1.1

respectively. The first integral is defined via integration by parts.

Proof: From the proof of Theorem 4.2.7 we know that the process ﬁ[NXL)E —
E(Nx)g)] = T, where I' is a Gaussian process on D[0, 1]2. Moreover, Lemma 5.1.1
gives us the convergence in distribution of ﬁ [K.(t) — E(K,(t))] to a tight continuous
Gaussian process A on ([0, 1]2. Then we have that

(K (), N0, ) = (BUE()), BV )] = (AT)

on [0, 1]*> x D[0, 1}2, where (A, T) is a Gaussian process on C[0, 1]? x D[0, 1]%. Note
that 4™ depends on the pair (%“, LV%_).E) through the composition map (4.2.3), and
we also know by Lemma 4.2.2 that this map is Hadamard-differentiable tangentially
to C[0, 1> x D[0,1]? on a domain of the type {(4, B) : [ [dB| < M, A > ¢} for given
M and € > 0, at every point (A, B) such that 1/A is of bounded variation. The

Ky N™*
Kn NO

pair (£, is contained in this domain with probability tending to 1 for M > 1

and ¢ sufficiently small. Finally, apply the Delta-Method to conclude that o™ =
V(™M (A) — u(A)) = Q., where

_ dl'(u) A(u)
Q= /[] Plucd /[o,t] Pluc gyl € Ane)
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) A
0. Plu€g) /[o,t] (Plu €

~ ) [ AW
- /[o,t] Pueg§) JogqPue 5)#(d )

is again Gaussian. As in Lemma 4.2.2, the first term in the limiting process has to

be defined by integration by parts, since I' may not be of bounded variation. O

Remark 5.1.5 Given the way we have set up our estimator for the distribution

function, it is entirely possible that for small n, 4™ (A4;) gives a value greater than

1. If we are interested in demanding that our estimator behave like a distribution

function even for such sample sizes, we could opt for a scaled version of (™. Define
M (Ay)

2™ (A,y)’

and note that Theorem 5.1.3 implies that ,&(")(A(l,l)) —p (Aq,)) = 1. Then the

ﬂ(n)(At) =

new estimator /i("™ preserves all the properties of 4™, with the added bonus of being

properly scaled.

The computation of the asymptotic variance of our estimate, as well as the
covariance structure for the limiting Gaussian process @, will be harder than that of
the covariance of the process G (see Lemma 4.2.11). Before attempting to perform
such calculations, we will rewrite the process Uén) = /n(a™(A) — n(Ay)) in a way
that better suits our purposes. We have that, for t € T,

o™ = V(™ (A) — p(As)

</A 13’(31_65“ n(ds) = /A M(ds)>

1 2 -
YT (Vitlfin(ds) — (ds))) (5.1.8)

b2
1 7 .

f
B

I
F

B
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we will deal with (5.1.8) and (5.1.9) separately. First,

1 1 2 -
(5.18) = /At (Pn(s <o Phe §)> (x/'ﬁ[un(dS) - u(dS)])

) | e (Vilin(ds) — i(as)])

\/ﬁ<P(s 65)—ﬁ’n(s EE)) . 3
_ /A G corGeD (fin(ds) - i(ds)) ~ (5.1.10)

1 2 -
T / Py (Vlis) ~ i), (5.1.11)
while
1 - 1 .
(5.1.9) = v/n </At Pie g)u( ) — /A Pl c E)“( )>
Va(Plse&)—Pulscg))
= / - fi(ds
Ay P.(s€&)P(s€€)
Vi (Plse&)—Pu(s€g))
_ /A | P E i(ds) (5.1.12)
ﬁ(P(SEE)—Pn(SEE)) P(s € €) )
+ /At P E (Pn(s i 1) fi(ds). (5.1.13)
But notice that (5.1.10) —p 0 by the exact same reasoning as equation (29) in [11],
while
. P(s € 1 -
(0109) < g VAP € = A< Ol apl 2 = (o )
which converges to 0 in probability since
P(s€¢§) B P _
Séﬁ'ﬁ’n(s €¢) 1= ssélft Plsc&) = Fuls Q‘félﬁ P.(se€é€) PO

by Lemma. 5.1.2. These two facts, along with the relations (™ (A) = %NJ(:)E, K, (t) =
nP,(t € £) and equation (5.1.1), yield

o™ = (5.1.11) + (5.1.12) + 0,(1)
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n

- i[5 ety )] o 209
= 5™ 4 0,(D). (5.1.15)

Therefore, since the process ort(n) is asymptotically equivalent to a sum of i.i.d. random

variables, the usual CLT gives us that the asymptotic variance of the estimate 4™ (A;)

is equal to the variance of G\,

Remark 5.1.6 Care must be taken to distinguish between the expressions P(Y € &)
and P(Y € £|Y); in fact, we have

P(Y cg) = /T P(Y € Y = 8)u(ds) = /T P(s € £)u(ds).

Theorem 5.1.7 Let t € T. The asymptotic variance of the estimator ,&(”)(At) is
given by

1 P(s,u€ &)
[ g - / [ i s gpdeuld)

Proof: The groundwork for the proof was laid in the discussion that preceded Remark
5.1.6. Since the asymptotic variance of ;i(™(A;) is equal to the variance of 6t("), and

recalling that both the Y;’s and the &;’s are i.i.d., we have

v | 723 (e -, meely (ds)ﬂ

I{YeAt}I{Yef} I{sea} ]
= Var|——"212—>7 — —— _(ds)| . 5.1.16
{ PY e€ly) o, Plse g)“( ) ( )

Avar (41 ()(At)) =

The expected value of the expression inside the brackets in (5.1.16) is equal to zero;

indeed, conditioning on Y gives us
Iyea {veg) / Iiseg) ]
El——F77F—— ————u(ds
[ P cey)  Ju Plse HH%)

_ Lyeany fvesy Iiseey )}
g [E ( ST - [ redgmany
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- B[l ptveqn) - [ FE )
= P(Y € 4) — ul4)
= (.
Therefore, we have that
o0 - 5| (gl - [ plstie) |
- #[o{ (k- ) 1}
—~ E:FQ(I%ZAE}V)P(YQIY)]
R
; [ ( /A | Atpsf{geg}f{“f}e §)mds)u(du)w)]
= [ Feegre -2 | miden [ Treeg )]
; /A / Sesg“eje gy pds)uld)
= / "_s"é"?) (ds)—2/At (ule ) /A P]gs(;u:@g)u (ds)pu(cu)
N / / 36‘1“656 s ()

"/ seé

This completes the proof.

p(ds)p(du).

/At /At P(s esgu eufe €)

Theorem 5.1.8 Let s,t € T. The covariance structure for the limiting process Q in

Theorem 5.1.4 is given by

COV(Qt) Qs)

/Am Pue& puldu) = /A/

P(u,v € &)
Plue&)Plveg)

p(dv)u(du). (5.1.17)
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Proof: This proof is, as expected, very similar to the proof of Theorem 5.1.7. Again,
note that Equation (5.1.15) gives us

Cov(Q:, Qs) = Cov(~(n), &)
Iivieane) / Tuess) >
= E — ———u(du
[\/— ( PY;edlYy) JiPlucd)” i)
Iivieaone;) / Tivee; )
T — ———(dv .(5.1.18
\/_Z( P, a,) o, Pocg ™)) G119
Since the Y;’s and the &;’s are i.i.d., we get that

Ityea,nacmney Iyeane / Iyeey
1. = F > d
(5.1.18) [P?(Y &) P(Y e &) J,, Ploe 9H )

Ityeane Tueey Tuweey ]
pres [ regrant [ [, presmmeghn)

From here on, we proceed exactly as in the proof of Theorem 5.1.7: we condition on

Y and reduce terms in the same way until we arrive at (5.1.17). O

Remark 5.1.9 It is possible to use Equation (5.1.14) and the usual multivariate
CLT to prove the convergence of the finite-dimensional distributions of ogn); however,
as was pointed out in Remark 4.2.12, the matter of tightness would still need to be
addressed if we wanted a functional CLT. The Delta-Method, fortunately, allows us

to bypass the rather messy calculations needed to prove tightness.

With the asymptotic properties of our estimator firmly established, we can now
focus on some applications, starting with an alternative to the test of independence

presented in the previous Chapter.

Test of Independence and Confidence Bands
In Chapter 4 we constructed a test of independence for the components (Y1, Y5)
of a random vector Y'; we based it on the process V,, = n'/2(H®™ — ™ AM™) to take

advantage of the fact that when the components are independent, the joint cumulative
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hazard is the product of the marginal cumulative hazards. The same is true for the
joint distribution p of the random vector and the marginal distributions p,, o of its
components: if Y7 and Y, are independent, then p = ujue, and so we would like to
use our estimator 3™ to develop another independence test.

For ease of notation, let 4™ (A;) = ™ (t1,t,) for any t = (¢1,t5) € T. Define
the process U™ = n/2(a™ — p{™ p{™), where 4{™ () = 4™ (t1,1) and A(t,) =
4™ (1,ty) are the estimators of the marginals y; and pp respectively. Note that
sometimes the data structure makes it possible to use an estimate that employs more
data points for the marginals; for example, the pregnancy/tuberculosis case allows
us to estimate the marginal distribution of the pregnancy times via the empirical
distribution, since those observations aren’t censored at all. However, 4{™ and 4™
work on all cases. We are not overly concerned with the calculation of the variance
of U™, as was the case with the variance of V,; rather, we want to proceed with a
bootstrap test.

For (t,t2) € T, let Qf, := Q1) and Q2 := Q(1,4;), and so we have by Theorem
5.1.4 that n*/2(2{™ — 41) = Q' and n/2(3{™ — p3) = Q2. Then, since

U = a2 — 0 57)
= 2@ — ) — A — )ag?
(5" — o)+ (1 — pap),

we have that

a2 (3 = GO — (n— mp)) = 20 - )
= A = w) (B ~ o)
— (@ — )
- (Y — g,
which converges weakly to @ — po@' — 11Q?, a mean-zero Gaussian process.

Now, as we did in the previous test of independence, suppose we can completely

observe the pairs (Y;,¢;). Recall the class of functions G* = {g? : t € T}, where
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@2 (V;, &) = IvieanIvicey, and define G* = {g3 : t € T}, where g}(Y;, &) := Ijezy)-
The proof of Theorem 5.1.4 showed that, as a pair, (G, G*) is a Donsker class. More-
over, both classes have finite envelope functions since they only include indicator
functions. We also know that the composition map (4.2.3) is Hadamard-differentiable
tangentially to C[0,1]* x BVj[0,1]* on a certain domain, so we can apply Theorem
3.9.11 in [22] to get the conditional convergence given (V;,&;) of the bootstrapped
estimator to the same Gaussian process @ — Q' — 11Q>.

At this point we observe again that our estimators depend only on the indica-
tors p; = Igyeesy and ¢ = Ity,ea{{viess)> 50 We can in fact bootstrap directly from
the observed values p; and g; and obtain the same estimators, which allows us to
drop the assumption of complete observability. Therefore, if L), ;),S"), p,g’” denote

the bootstrapped versions of the joint and marginal estimators of the distribution,

respectively, we have that

() 20 (11, 1) — V(1) () — (B (b1, t2) — 27 ()57 (12))]] (5.1.19)

converges conditionally in outer probability to the sup of the absolute value of the
Gaussian process @ — ueQ' — 1 Q? on [0,1}%. Then we can bootstrap from (p;, ¢;)
jointly and find ¢, so that (1 —a)100% of the absolute values of (5.1.19) fall below c,,
which would give us (1—a)100% uniform confidence bands for the difference p— pi ps.

For a test of independence H, : p = pype vs. Hy : o # pipio, note that un-
der the null hypothesis, P (sup |U,(t1,%2)| < ca) &~ 1 — a. Therefore, we reject H, if
sup n'/? ,&(“).(tl,tg) — i ()M (t2)| > ca. Note that the test is consistent: under

Hj, the test statistic sup;<(; 1y U (") converges to oo in probability.

Copula Estimation

Consider a sequence (X;,Y;) of i.i.d. bivariate random vectors with continuous
distribution F' and marginals Fy, F5, and suppose that each pair (X;,Y;) is censored
by a cloud &. Let C(p, q) = F(Fy (p), F5;'(q)) denote the copula associated with F.

In Chapter 4 we discussed an estimator for the cumulative hazard of the copula, which
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was based on the bivariate Nelson-Aalen estimator and the Kaplan-Meier estimates
of the marginals. We can also use our estimator 2™ to construct an estimate of the
copula itself.

Define C™ (p,q) = 4™ (@™ (p), 4 (q)), where 4{™~ and i~ denote the
quantiles of the marginal estimators ﬂﬁ”) and ﬂ(Qn) respectively. C® is the desired
estimator fof the copula, and note that it depends only on the pair (K,, N(™%).

Moreover, the composition map

(K, N D

s p

2 (@, 4, Y

£ (@, p7, )
L A @E, )

is Hadamard-differentiable tangentially to C|[0, 1]2x BVj/[0, 1]?> on a domain analogous
to map (4.2.3): the map ¢, was shown to be Hadamard-differentiable in the proof
of Theorem 5.1.4, ¢, is also Hadamard-differentiable because of the definition of /l&n)
and ﬂén), and ¢3 and ¢, are Hadamard-differentiable by Example 3.9.24 and Lemma
3.9.25, respectively, in [22]. Then, the Delta-Method guarantees that the process
W, := /n(C™ () = C(-)) converges in 1[0, 1]% to a mean-zero Gaussian limit W,
All the remarks concerning bootstrapping for the statistic U™ in the test of
independence are still valid in this case: like 4™, C™ depends only on (K,, N™°%)
through a Hadamard-differentiable composition, so Theorem 3.9.11 in [22] guarantees
the conditional convergence given (Y;,&;) of the bootstrapped estimator to the same

Gaussian limit W.

5.2 Ordered Censoring

Now we turn our attention to a different kind of scenario. Our approach will still be

based in the reverse probability principles that have been applied throughout Section
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5.1, yet we will be introducing a twist that in some ways foreshadows the ideas of
Chapter 6.

Let Y : Q — [0,1]? be a random variable with distribution u(B) = P{Y €
B}, and let S denote an increasing class of lower layers. Furthermore, assume that
£(8S) = 0 for all S € S. Suppose we have a sequence of i.i.d. random variables (Y;)
with the same distribution as Y, as well as a sequence of anti-clouds §; : 0 — S, where
each Y; is censored by £¢. By suitably augmenting S if necessary, we can assume that
there exists a strictly increasing map « : [0,1] — S, continuous in the Hausdorff
metric, such that a(0) = (0,0) and (1) = [0, 1]* (For subsets C' and D of a metric
space, the Hausdorff distance is defined as

h(C,D) = supd(z,D) V supd(z,C)).
zeC zeD

This kind of setup can be found, for example, in radar readings, where the ob-
served region is a quarter circle that increases as the radius expands. Another example
is the univariate censoring setup of Lu and Burke in [17] (See Figure 5.1). In con-
trast with the situation presented in Section 5.1, here we don’t need to be able to see
the shape of the unobscured regions, since we know the class of shapes beforehand;
however, now we fully observe & only if Y; ¢ ;. It is our intention to estimate the
distribution function y using (5.1.2), but instead of taking P, (¢t € £) = Iy Tieeeny
as an estimate of P(t € ), we want to transform our two-dimensional observations
into a one-dimensional set of data, and then use conventional one-dimensional meth-
ods to produce the desired estimator. This will be done via the map «, which will
parametrize both the censoring and the jump points.

Let £* = a~!(&;) and consider the map & : [0,1]2 — [0,1] defined by &(t) :=
inf{u : ¢t € a(u)}. Note that {&(t) < £} & {t € a(£2)} & {t € &}; in particular,
{a(Y:) < &2} < {Y; € &}, so in fact the ‘artificial’ jump points &(Y;) are uncensored
by & whenever the ‘real’ jump points Y; are observable, and viceversa. Now, let’s
switch the roles of &(Y;) and £* and consider the former as the censoring variable and

the latter as the variable of interest. Denote the survival function of {* by S¢a. Then
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Figure 5.1: Univariate censoring, an example of ordered censoring.

we have P(t € €) = P(G&(t) < €*) = Seo(@(t)), so an estimate of this survival function
will give us the estimate of P(t € €) that we desire; since the £*’s are unidimensional

random variables, we elect to use the Kaplan-Meier estimate (See Appendix), given

by

An Iiee<aviyy
)<p

€AY ;‘L=1 I {&5na(y;)zes}
Let
POt € £) = 50 (a() (5.2.1)

denote the estimate of P(t € ). We can plug (5.2.1) into Equation (5.1.2) to obtain
the estimator

W = [ i@ == Y (P@m)T. (522)

A SéZ) (a(t)) " tiYieane)

In [17}, Lu and Burke consider a class of estimators for linear functionals of a two-
dimensional distribution under univariate censoring; it is based on the same reverse
probability relation, first presented in [3], that we have exploited in this Chapter. One
of their resulting estimates for the distribution function can be viewed as a particular
case of ours, where the anti-clouds are rectangles of the form [0, p] x [0, p|] for p > 0.

The next step is to consider the asymptotic behavior of ,EL((I").
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Theorem 5.2.1 Let o be the process defined by o3 (-) = VR (A = p(A)).
Under Assumption 4.2.5, o8 = A in 1[0, 7)? for 7 such that P(€*A&(Y) > 7) > 0,

where A is a mean-zero Gaussian process.

Proof: The proof, as expected, is very similar to that of Theorem 5.1.4. Define the

one-dimensional processes

n
€C¥
NOT () = > Igeepier<army)

i=1

n
Z5 ) = Y Ieonlp<amy-

i=1

Consider the composition map

7§ N®© Nt fm N
n’ n ' n €0
. (n)®
N Sé?:)’N )
n
1 Nt
Eol
dfin
/S‘(nT; _—_uan), (5.2.3)
€&

where HY denotes the Nelson-Aalen estimate (See Appendix) for the cumulative
hazard function of the £’s. The first map of the composition is Hadamard differen-
tiable on a domain of the type {(A, B,C): [|dB| < M, A > €1} for given M; and
€1 > 0, at every point (A, B, C) such that 1/A is of bounded variation; the second map
is Hadamard differentiable as long as [ [dI:IéZ)| < M, for some constant M,, while
the last two maps taken together are actually map (4.2.3), which we already know is
Hadamard differentiable on a domain of the type {(A, B): [|dB] < M3, A > 63} for
given M; and €3 > 0, at every point (A, B) such that 1/A is of bounded variation.
By taking p € [0,7] for 7 such that P(¢* A &(Y) > 7) > 0, (Zg,ﬂ%ﬁ—a—, #)

is contained in the first domain with probability tending to 1 for M; > 1 and ¢
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sufficiently small. On the other hand, it’s also enough to take p € [0, 7] for 7 such

g
probability tending to 1 for Mz > 1 and e; sufficiently small: indeed, since Z§~ is

that P(£* > 7) > 0 to ensure that (S’ () —A—’(nl)g-) is contained in the last domain with

decreasing, we have that inf,<, Z&(p) = Z§ (1) - o0, so condition 4.1.10 in [1] is
satisfied, which in turn implies that sup,, |,§é2) (p) — Sea(p)] £, 0. From this point,
apply the Delta-Method to get the conclusion. O

Let
Li(p) := E(IiyeanIp<any)

and

? 1 o Ivean I eay p<am
Fup) = £ 3 Tean Iiceo Tipsatyy.
" Sga (a(Ys))

The following Lemma will allow us to give the asymptotic variance of our estimator.

Lemma 5.2.2 Under the Conditions of Theorem 5.2.1, L(p) is continuous in p for
fized t. Moreover, with probability one,

sup |Li(p) — Le(p)| = o(1) (5.2.4)

0<p<r

fort € T such that &(t) < 7, with 7 as in Theorem 5.2.1.

Proof: By definition, L,(p,) — L(p) for any decreasing sequence such that p, | p.

Let (p,) be an increasing sequence such that p, T p. We can write

Li(p) = E(Ityea Ip<ar)y) = P(Y € A\ a(p)) = u(As) — u(A: N a(p)).

Note that, because of the continuity of the map a, we have p(A; N a(p,)) — u(A:N
U, (pn)) as n — oo; moreover, a(p) \ U, a(pr) S 6(a(p)), so

Li(pn) — Le(p) = wp(A:Nafp)) — m(A: N a(pn))
— (A Na(p)) — p(A: N Una(pn))
< w(And(a@) =0
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as n — oco. Hence L;(p) is continuous in p.
The proof for the second assertion is based on the same idea Lu and Burke
employed to prove Theorem 3 of [17]; ours is made easier by the continuity of L;(p).

Fix t such that &(t) < 7, and let

Py [ Le<awy =
H= ], Setay

with £, defined as in the beginning of Section 5.1. Note that we can write

A 1 i IYz tIY1 1.[ a(Y; I alu o)
Lap) = 2 3 Mo loear lpeaoy _ [ Tocow g g
n At

= 5P@m) S (a(w))
Letting
- Lp<au) Tp<atu)
d(p,u) = —/—=— and ¢q(p,u) = ——==,
P = 30 aw) P = Seoa(u)
we have that
A Iipeaquy (Ser(@w)) — S (G(w))
sup |4(p,u) —q(p,u)| = sup T -
p&(u) <7 p&(u)<T Sta’ (G(u))Sex((u))
Sea(@(u)) — S (a
< s 5(((;('?)) ¢ ~(a(u)) — (1)
awsr| Sga (G(u))Sea(@(u))

with probability 1, since Si is continuous, Sea(7) > 0 and supp<T[S(n)( -) -
Sea(p)] — 0 almost surely (see [4], [17]). Therefore, |L:(p) — Li(p)| = o(1) with
probability 1. On the other hand, the Strong Law of Large Numbers gives us
L.(p) — Ly(p) with probability 1, and so L;(p) — L(p) with probability 1.

To prove uniform convergence, we start by noting that L;(p) is monotone non-
increasing in p. For each positive integer [, we choose a partition 0 = py; <
Poi_14,-- -, P21 < p1y = T such that p;; is the smallest p that satisfies L.(p) = Lt(O)%

For a given € > 0, fix [ such that Ly(pjy1,) — Li(pjy) = L:(0)3 < e. Moreover,
fix n large enough so that |Ly(p;;) — Li(p;;)] < € for j = 1,2,...2% this is made
possible because of pointwise convergence shown above. For any p < 7, we have that
pis1; < p < pj; for some j = 1,2,...2". Then I:t(pj,l) < ﬁt(p) < I:t(pj_,_l,l) because

L, is monotone non-increasing in p.
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Using these facts, we can say that

A

Lu(p) — Le(p) < Li(pjs1a) — Le(p) < Li(pjs1) — Le() + € < Le(pja1y) — Le(psy) + €,

as well as

A

Li(p) — Le(p) = Le(pj0) = Le(p) > Le(pjg) — Le(p) — € > Lu(pp) — Le(pjrra) — €,
whence

“(L;(pj+1,l) — Le(pja) + €) < Le(p) — Le(p) < Li(pjsrs) — Lulpig) + &
therefore,

|f/t(P) — Li(p)| < Li(pjr1) — Le(pjp) + € < 2e.

This is true for every p < 7. Since € was chosen arbitrarily, we can conclude that

SUPg<p<r |IAJt(P) — Li(p)| = o(1). O

Theorem 5.2.3 Let G(t) < 7. Let Hee denote the cumulative hazard function of the
£2’s and assume it is continuous. The asymptotic variance of the estimator [L&")(At)

is given by

LyeanIiyes &) L¥(s)
Var{ P(Y €¢]Y) } - /0 Pl na(Y) S ) e (o)

Proof: We will closely follow the martingale techniques used in the proofs of Theo-

rems 1 and 2 in [17]. For i =1,2... and p € [0, 1], let

Ea
Ni (p) = Ige<pplieg<ami)s
[e] [e] p
M @) = NW) - [ grseassadHe(s), (52.5)
0

as well as Jn(p) = Ifpemaxi(eana(vy))}- Define

1 Ivieag Ivieey

(M) (4} .= =
S = Py eavy
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and note that for any t € T we can write our estimator (5.2.2) as

1 & Lviean] 15~ Tviean ivies,
OV () - = {(vieAd} {Yie&s} _ ° {acd:)_(Yick}
0= =00 S ee) T n 0w

Denoting u(t) := wu(A:), we break down the asymptotic variance of interest in the

i=1

following way:

Avar{n(a{(t) — u(t))} = Avar{y/n(2(t) — 6™ () + V(6™ () — u(?))}. (5.2.6)
Recalling that P(t € §) = Sea(a(t)),
\/ﬁ(A(")( t) — 6™ (1))

Iviea ey Tvieanfiviesny
S (&(vy) Se=(@(Y3))

2
_ Z I{YeAz}I{Y,EEz SE" (&(YZ)) - gg(:) (&(Yz))
30 Sea (G(Y))
f{m}f{m 1 S (=) Jalp) Chey dM; (D)
Z{ (n) / p<a(y) Stx(p) Zfza(p)/ n }

_ / J I{YLGAt}I{YzG&}I{P<a(Y)} S(=) _m dM; (p)
S(")( (Y2) Sea(p)  Z5(p)

- 0 s§:><p> N e
- /  Si(p) ZS“(p)de 2

_ __1_ a(?) Lt(p) £ .
- \/ﬁg o PEnazp i BTl

the third equality comes from [17] (see also [20], p.301), while the last is a consequence

of Lemma 5.2.2, the large sample properties of the one-dimensional Kaplan-Meier
estimate and the fact that n/Z8" (p) — 1/P(€* A &(Y) > p) ass.
Now, forany p<7,t €T, let

£ = A0 - o) = 7 S { B - i}

and

&(t) L o
(n) +( 3
o
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Note that 8 = /r(a (t) — 0 (2)) — 0,(1), so we have
(5.2.6) = Avar{ B + B} = Avar{B8} + Avar {85} + 2 lim E(S5 8%, (5.2.7)

since all terms can be expressed as the sum of i.i.d. random variables. The first term

on the right-hand side of (5.2.7) is straightforward:
Avar{8%} = Avar Z <I{Y ealree) ,u(t))
V& \ P(Y; € &IY)
_ 1 IivieanIvies)
= nAvar{izzl PY, € £1Y))
_ I{YeAt}I{YEG
= Var{ P €g)Y) | (5.2.8)

For the second, note that ﬁt(; ) is a local martingale, so

Avar{83"} = lim B(5*) = lim E((8§")).
From (5.2.5) we see that

N D
<Mf (P)> = /0 Iieona(vi)>sydHea(s)

by applying formula 11.4.2 in [1], and so

() = - [0 L) ggnarze)
2 n<Jo P2xnalYy)>s)

Jj=1

0
/0 P nal) s S)dHfa(S) a.s.

= Avar{} (5.2.9)

dHea(s)

by uniform integrability.
For the last term on the right-hand side of (5.2.7) we have

EBY83)

— _1_ n &(t) t() I{YiGAt}I{Yiefi} o
= nE {zzzl/o PrnaY)>s) [p(yi € &[Y:) —u(t)} dM; (s)
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_ &) Ly(s) LyeanIpreg o
B { PE*A&(Y) 2 s) [P(Yeﬂy) “(t)] dM” )}

0
&) (S) I{YEAt}I{YEE} dea( )}

- E{ PERG(Y)2s) P €dlY)

- E{ ™ P /\a((S)) =9 Iﬁ}?é[g{?? {av" (o) - I““Ad(‘”)?”dHf“(s)}}
) E{ I{YEAt}IE;Eee}gT;%&(Y = e ALév((iZ) > s)dH&a(s)}

- _ /O a(t) E { I{YeAt}f{s(S}f;(Ye)}j }(})’ €& IY)} I ALi((S}),) = S>dH§a(3)

. /0 * T i((iz 75y (9} (5.2.10)

the fifth equality comes from the fact that {£* < &(Y)} < {Y ¢ £} and so dN « (s)
cancels when multiplied by Ityc¢, while the next-to-last is a consequence of Fubini’s
Theorem and conditioning on Y.

Finally, substitute (5.2.8), (5.2.9) and (5.2.10) in (5.2.7) to get

a(t) 2 s
Avar{ (D (0) = )} = Var { e - [T g

O

In [17], Lu and Burke were able to find a consistent estimator of Avar(y/nad” (t))
at a fixed point ¢, and they used it to arrive at confidence bounds for the bivariate
distribution function p(t). We take a different approach for our examples and appli-
cations, since we will be making use of the functional Theorem 5.2.1. Then we will
apply the bootstrapping methods presented in previous sections to find critical values

for our test statistic.
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Alternative Test of Independence and Copula Estimation

We can set up a test of independence by substituting the estimate 2™ with ,u
in the test of Section 5.1. Then the process used to define the test statistic becomes
U = n2(ps ") ,u(ani,ua 5). Care must be taken here, however, since we cannot use
ﬂg") (t1) = aéM (t1,1) and ,U,a72(t2) = (1,t,) as estimates of the marginals y; and
s tespectively. The reason for this is that the estimate [Lg) is only valid on [0, 7]?,
whereas i didn’t have that restriction. We could get a different estimate for the
marginals, for example, when the data structure is as in [17): a sequence of i.i.d. ran-
dom vectors (U, Vi), ..., (Uy, V,) subjected to univariate right-censoring by the ran-
dom variables C1, .. ., Cy, rendering the observations (U; ACi, ViACy, Iy,<ciyy Iivicciy)
for 1 = 1,...,n. There, it is possible to use the one-dimensional Kaplan-Meier esti-
mates for both marginals.

If the new marginal estimates ;zf,j}i, ;15,”; converge weakly to mean-zero Gaussian
processes Al and A? —which is the case if our data structure allows us to use the
one-dimensional Kaplan-Meier estimators—, we can use the same arguments used in
the previous test, with Theorem 5.2.1 replacing Theorem 5.1.4, to conclude that

nl/2 (,u( r) ,u,(]ni /,Lg% (1 — py m)) converges weakly to the mean-zero Gaussian pro-
cess A — Al — puyA?, with A as in Theorem 5.2.1.

As for bootstrapping, there are more factors to consider, although the principles

remain the same. With the T-indexed processes

nsa B n n
NO“((t) = Zf{sfsam}f{f;rsa(m}=Zf{t¢&}f{n¢&}

i=1 i=1
Z8 @) = Y Ieesawylawsaoan = Y lueer lawsara)
i=1 i=1

in mind, define both G* = {gf : t € T}, G° = {g} : t € T}, where g}(V;,&) =
Igeeyliaw<avy and g2 (i, &) = Iugeylivige,), and recall the class of functions

= {g? : t € T}, where g2(Y;, &) := Iiviea,} I(vice,}- Taken together, (G4,G%,G?) is a
Donsker class; indeed, the classes G* and G° are Donsker since they each converge to a

Gaussian limit (See Example 3.9.19 in [22]), while it was shown in the proof of Theo-
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rem 4.2.7 that G? is also a Donsker class. These classes have finite envelope functions
because they include indicator functions only. Again, if we have a data structure akin
to Lu and Burke’s that allows us to obtain the one-dimensional Kaplan-Meier esti-
mates of the marginals, we also have to consider the classes comprised by functions of
the type Iis<oplin<uy Lnscolmewy, Twealwisny and Lvicopdvise), Where
t = (t1,t2). However, all theses classes taken together are still jointly Donsker since
they converge to Gaussian limits (again, see Example 3.9.19 in [22]) and come from
i.i.d. random vectors.

Assuming complete observability of the pairs (Y;,&;) for a moment, we note that
the composition map (5.2.3) is Hadamard-differentiable on the domain described in
the proof of Theorem 5.2.1, so we again apply Theorem 3.9.11 in [22] to get the
conditional convergence given (Y;,&;) of the bootstrapped estimator to the Gaussian
process A — paAl — A%, Of course, as in previous instances, we can remove the
assumption of complete observability because our estimate ,ua) depends only on the
indicators ¢ = Ivieatl{viess)s i = leg ltaw=zavy and si = Ipgenlvigey, so we
can in fact bootstrap directly from the observed values g;, r; and s;. The bootstrapped
versions of the marginals are constructed similarly by using Efron’s procedure ([6];
this is also discussed briefly in [1], p.322-323). Therefore, if i ,,ugq, ,ua2 denote
the bootstrapped version of the joint and marginal estimators of the distribution,

respectively, we have that

?ﬁnWWMm>ﬁ%mMm<m%@>@%m%»]wmn
a(t)<r

converges conditionally in outer probability to the sup of the absolute value of the
Gaussian process A — s A' — A% Then we can bootstrap from (g;, 74, 8;) jointly
and find ¢, so that (1 —a)100% of the absolute values of (5.2.11) fall below ¢,, which
would give us (1 — @)100% uniform confidence bands for the difference p — pi1 jus.
For a test of independence H, : p = uipz vs. H, : i # w19, note that under

")(tl,tg)‘ < ca) ~ 1 — a. Therefore, we reject H, if
supn'/2 | (1, t2) — ATL(E)ASHER)| > o
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Similarly, we can give an alternative to the estimate given in the previous Section

for the copula C(p,q) = F(Fy*(p), F5*(q)), for (p, q) such that a(Fy(p), Fy(g) <

7, simply by replacing A, u(n and u(n with our new estimates —again, as long
as we can construct Kaplan-Meier type estimates for the marginals. For example,

in Lu and Burke’s scheme, & = [0,C;]?, and the resulting estimate C’( ") (p,q) =
e n (m)C  A(m)C
fxn)(ﬂ(n) (p), Maz “(q)) depends only on (_Zf»__ Nt NeE NPT MY Zng an)

n?'® n ' n ' n ? *"n ) n

with Nj(n) » Zn,j as defined in (4.3.1) for j = 1,2. The composition map

(:“gl)v /-A‘g? ) /ién%)

) ?

o o C C
Zg N®E N(n)ﬁ Nl(n) Nz(n) Zn1 Zns &
n’ n  n n n 'n’' n

¢ n AlMV}— A
2 8, )

¢ n nj— ~
B )

is Hadamard-differentiable on a domain analogous to map (5.2.3): the map ¢5 is
Hadamard-differentiable because of the proof of Theorem 5.2.1 and Example 3.9.19
in [22], while ¢35 and ¢, are Hadamard-differentiable by Example 3.9.24 and Lemma
3.9.25, respectively, in [22]. Then, the Delta-Method states that the process W =
VR(C () =C(-)) converges in 10, 7] to a mean-zero Gaussian limit W. The boot-
strap works as in the case of the test of independence, since o depends only on

76 NmES ymé NS Nz oz, . )
e e e through a Hadamard-differentiable com-

position, so Theorem 3.9.11 in [22] guarantees the conditional convergence given

(Y;,&;) of the bootstrapped estimator to the same Gaussian limit W.



Chapter 6

Path-dependent Estimators of the

Distribution Function

The preceeding Chapter yielded two estimators of the distribution function of a ran-
dom sample under some types of censorings. We are now interested in further ex-
ploring this topic; however, we want to move in a different direction that will address
some limitations inherent to the structures considered in Chapter 5.

A disadvantage of the reverse probability estimators (5.1.2) and (5.2.2) lies in
the specific censoring mechanism they demand, which restricts their applicability.
Furthermore, even though their construction is simple, they require the entire data
set; in other words, the information up to time ¢ is insufficient for them to produce
an estimate at that point.

It is our intention to construct an estimator under more general data structures,
both in terms of the censoring mechanisms being considered, as well as the very space
in which the data points lie. We would also like our estimator to be dynamic, meaning
that we would only need the information up to the point where the distribution
function is being estimated. Our approach will be based on the transformation of the
original data set into one-dimensional data via a map that we call a low, or path; this

is similar to the techniques we employed in Section 5.2, as we noted at the beginning

87
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of that Section.

6.1 Path-dependent Estimators of 1 — F' and S

For this Chapter, we will consider a complete separable metric space (T, d). Recall
that a complete distributive lattice is a partially ordered set B such that every subset

of B has a sup and an inf, and for u, s,t € B,
uV(sAt)={(uVs)A(uVit)and uA(sVt)=(uAs)V (uAt).
We will be working under Assumptions 2.1-2.4 found in [13], which are the following;:

Assumption 6.1.1 (/13/, Assumption 2.1) T is endowed with a partial order ‘<’ for

which T is a complete distributive lattice

In particular, T' contains a minimum element denoted by 0, as well as a maximum
denoted by 1.
Recall from Definition 2.1.2 that for any ¢t € T', A; = {s € T': s < t} denotes the

strict past of such point, and E; = {s € T': s > t} represents its future.

Assumption 6.1.2 (/18/, Assumption 2.2) For every t € T, both A; and E; are
d-closed.

Assumption 6.1.3 ({13, Assumption 2.8) The partial order onT is sufficiently rich
that there exists an increasing sequence of finite sublattices T,, of T each containing
0 and 1, such that for anyt € T, t # 0, 1, each open neighborhood of t contains
points t',t" € UT, distinct from t such that t' <t < t". Each open neighborhood of
0 (respectively, 1) contains a point t' € UT, distinct from O (respectively, 1). The
elements of Tn can be thought of as the dyadics of order n.

Assumption 6.1.4 ([18], Assumption 2.4)

1. Foru,s,t €T, d(s Au,t Au) < d(s,t) and d(s V u,t Vu) < d(s,t).
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2. The sublattices T,, of Assumption 6.1.8 can be chosen so that

limsupd(¢,tf) =0 and limsupd(t,t;) =0,
" oteT " oteT

+ . / - e— /
’whe’f’e tn — /\tleTn,tStlt and tn e theTn,t/Stt .

Let Y be a T-valued random variable with continuous distribution function F'.
Furthermore, let Yi,...,Y, be a random sample from that distribution, and for the
time being we will assume that there is no censoring involved. As was done in [13],
define a flow v on T as a continuous strictly increasing map from [0, 1] to T, and for
any point t € T, we will say that t € v < «y(u) =t for some u € [0, 1]. Throughout
this Chapter, we use the terms ‘flow’ and ‘path’ interchangeably. It is pointed out
in [13] that Assumptions 6.1.3 and 6.1.4 imply that, given any finite totally ordered
subset tg < t; < ... < t, of T, there exists a flow ¥ connecting tg, t1, ..., t,; in other

words, t; €y for i =0,1,...,n.
Definition 6.1.5 Given any flow -y connecting 0 to 1, let Y and Y be defined by

Y = inf{Y <t}

tey

Y7 :=sup{t <Y}

tey
We can think of Y7 and Y as two different projections of the random variable Y
along the flow y: Y is the smallest point on -y such that Y < Y7, while Y represents
the greatest point on -y such that ¥ > Y. These projections are illustrated in Figures
6.1 and 6.2, respectively. We will focus first on Y, which will be the basis for our
estimation of the distribution F.
Let 7} .= ~~1(Y;") for i = 1,...,n, and suppose y(u) =t for u € [0,1]. An easy

calculation of the distribution function F of these one-dimensional random variables
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Figure 6.1: Y;, Y.".
yields

P(r} <u) = P(y(r]) < 7v(w)
= P € Ayw)
= PYie Ayw)
= F(y(u)),

hence F(u) = F(vy(u)) = F(t). The first equality comes from the fact that v is
strictly increasing, while the second and the third are consequences of the definitions
of 7,/ and Y7, respectively. This means that if we somehow manage to estimate F(u),
we will automatically have an estimate of F'(t), the original distribution function
evaluated at the point v(u) = t. The interesting part is that 77,...,7J are one-
dimensional, so their distribution can be estimated using the classical one-dimensional
methods, as outlined in the Appendix.

Define the processes

ZYw) =D Tprswy = D Lyrsqwy = ZIWA%(u)}’
i=1 i=1 i=1
and

NYw) = Tray = Y Loy = D Ivieaya)-
=1 1=1 =1
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Figure 6.2: Y;, V7.

Then it is well-known (see, for example, Section II.1 of [1}) that N (u) — A)(u) is a
one-dimensional martingale with respect to F7(u), the minimal filtration generated

by 77, ..., 7Y, where
1 y Iin

AX(w) = /0 Z0(u) - ii—%’ (6.1.1)

and that the Nelson-Aalen estimator of the integrated hazard H”(u) = — In(1—F"(u))
= —In(l—F(t)) is

~ u dN’y(’U) i I{T7<u}
Y — n — i = .
= [ 7 2 73(7)

Similarly, the Kaplan-Meier estimate for the one-dimensional survival function
1 — F7(u) is given by
n I~
{7 <u}
1 - === 1.2
(- %) o1

i=1
which also serves as an estimate of 1 — F(t), since 1 — F'(u) = 1 — F(y(u)) =
1 — F(t). This estimate is, as expected, equal to the empirical distribution evaluated

on (Ayw)¢ = (A)¢, a fact that becomes clear when we rewrite (6.1.2) in the original

space T' as

n

Livieay
(6.1.2) = 1 — . (6.1.3)
Il 2 i1 Ivygas 3

i=1
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It is important to note that the estimate does not depend on +y: if we select another
flow, the order of the terms in the right-hand side of (6.1.3) might change, but the
product will stay the same.

If we use the projection Y, we can arrive at an estimator for the survival function
S(t) = P(Y > t) in a similar way. Define 7 := 4y~ }(¥;") for i = 1,...,n, and as

before, suppose that y(u) = ¢ for u € [0,1]. The survival function for 77 is given by

P >u) = P(H(T")>(u))
= P(Y] € Eyw)
= P(Y; € Eyy)

= S(v(u))

(
= S(1).

Now, since 77 is unidimensional, we can write P(77 > u) = 1 — P(7" < u) = S(t),
and rearranging terms we get F7(u) = 1 — S(t). This is in contrast to the results
we previously got by using the projection Y7, namely that F(u) = F(t); hence an
estimate for F¥(u) results in an estimate of 1 — S(¢). Again, the advantage is that
we can use one-dimensional methods for the estimation of this function.

Before we continue though, we have to note that because of the very nature of
the projectiohs Y,", we will now require a slightly different data structure. When we
were working with Y7, the only thing we had to know about the original observations
Y; was whether or not they belonged to the strict past of the point ¢, and therefore
we could use the minimal filtration F(t) = o{l{y,<;},2 € A:}. By contrast, in the
case of Y7 we have to be able to know whether the observations ¥; lie somewhere in
the future of ¢. Therefore, the filtration F*(t) = o{Ijy,<s},2 € Dy} for i =1,...,n
fits our requirements.

Now we can proceed as before by defining the usual processes

n n n
=Y Lrsg =D Ty = D Ivier,
=1 =1 =1
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i=1

Ny =Y ey =9 Igrcnwy = 2 Ingme b
=1 =1

and by noting that N)(u) — AJ(u) is a one-dimensional martingale with respect to

F(u), the minimal filtration generated by 7/, ...,7,, where
- v dF(v)
V() = V() » ————t . 6.1.4
Rw - [ ) 1T (6.1.4)

The Nelson-Aalen estimator of —In(1 — F7(u)) is given by

v VY ~ I 7, <u
0o Zalv) &7

but since we know that F7(u) = 1 — S(t), (6.1.5) actually provides an estimate for
—In(S(t)). Finally, the Kaplan-Meier estimate for 1 — F7(u) = S(t) is

ﬁ (1 - %Ej%) , (6.1.6)

=1

which again agrees with intuition: (6.1.6) is equal to

ﬁ . Ivigeg, )
251 Itviemyny

i=1

so this is simply the empirical distribution evaluated on E,x) = E;. As was the case

with (6.1.3), the above estimate is independent of the choice of flow.

Remark 6.1.6 We mentioned that N(u) — AZ(u) is a one-dimensional martingale
with respect to F7(u); in other words, that A} (-) is the compensator for the process
N(-) given the information in F(:). Fortunately, the compensator doesn’t change if
we substitute F7(-) by the larger filtration 7 (u) := F(y(u)) = 0{lfv,<z}, 2 < v(u)}.
Indeed, we have that

E(N7(u+h) — N(w)|F(u))

= E(Z I{u<7‘?£u+h}|P(u))
_ PO+ R) - F(y(w)
D O )

=1
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We can use an identical argument to show that the compensator (6.1.4) also doesn’t
change when we replace 7, (u) by " (u) := F*(y(u)). This is going to be very useful
as we introduce censoring, since we will be able to build anti-clouds into 7”7 and

x-anti-clouds into F".

The Censored Model

The next step is to incorporate censoring into the model. Let F be a filtration
such that F¥ C F, and consider a flow y on T Let &,...,&, be a sequence of F-anti-
clouds weakly independent of Y3, ..., Y,, and suppose that for each i, Y; is observable
only inside &;. Because of the observability issues noted in Chapter 4 —which provided
the motivation for the *-sets—, we will not be able to use all the observations inside
the anti-clouds to construct our estimators; nevertheless, depending on whether we
pursue an estimate of 1 — F' or the survival function S, the “usable” observations
will vary. Obviously, the data structure will also play a very important role in this
matter, as will the choice of ~.

For the moment though, we will put aside our concerns regarding observability;
we feel it is best to focus first on how to project both the data points Y; and the
anti-clouds &; on the flow in order to construct the full one-dimensional model. With
the overall picture taken care of, we can then elaborate on the specific regions where
“usable” observations lie as we treat different types of data structure.

First, we will discuss the estimation of 1— F'. Suppose v(u) = t for some u € [0, 1].
Using Definition 6.1.5, we can obtain Y{,..., Y)Y from our original observations, and
letting 7,7 1= v"1(Y)") for i = 1,...,n, we get 17,...,7). We project the censoring
on the flow by defining £ := {u € [0,1] : y(u) € &} for i = 1,...,n. The sets & are

F-anti-clouds, since

{ue &} ={r(u) €&} € F(v(w) = F'(u).

Define
n
ZTZ(U) = Z I{T{’Zu, uel]'}
i=1
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and N
NY(u) =D Iir<u ey
i=1

Then, recalling that F7(u) = F(y(u)), the one-dimensional Nelson-Aalen esti-

mator

/ “dNY(v) z”: Ly <u, 7 ey
o Za(v) Zn (1)

i=1
gives us an estimate of —In(1 — F(y(u))) = —In(1 — F(t)). Similarly, the Kaplan-
Meier estimate for the one-dimensional survival function 1 — F7(u),
ﬁ (1 . I{—é‘i—i}) (6.1.7)
paie Zn(r]) )’
provides us with an estimate of 1 — F(y(u)) = 1 — F(¢).
As is to be expected, the construction of the estimate for the survival function
S follows along the same lines. In this case, suppose the &;’s are *-anti-clouds with
respect to F; we already know from Chapter 4 that we can’t use the anti-clouds for
estimating S. We project the observations Y7, ..., Y, on the flow vy via Definition 6.1.5
to arrive at Y{',..., Y7, and then use the equation 7' := v~ 1(¥)") for i = 1,...,n
to get 7/,...,7.]. The projection for the censoring, on the other hand, remains
& ={uel0,1] :v(u) € &} for i = 1,...,n. The projection of these *-anti-clouds

are anti-clouds with respect to F’, since

{ue gt ={r1(u) €&} € F(r(v)) = F(u).

The processes Z) and N, become

Z3(u) = Lz su ueelys
g=1

n
NY(w) =D Izr<u mreerys
i=1
and keeping in mind that F7(u) = 1 — S(y(u)) = 1 — S(t),

/“ ng(v) _ zn: [{fggu, 7]}
o Zn(v) Zn (7))

i=1
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Figure 6.3: Y is recorded as a failure in the flow ~yy; it is censored in ;.

and

n I =Y o g7
H 1 — {7 _Su, T EeE] })
Z (7))

i=1

are the estimates for — In(1— F(u)) = —In(S(t)) and 1 — F(u) = S(t), respectively.
As we mentioned before, the choice of estimating 1 — F or S will have an im-
pact on the number of observations that can be used to construct our estimates. In
addition, the choice of v can also affect the number of uncensored observations; an
example of this can be found in Figure 6.3. At this point, we will consider four dif-
ferent types of data structure and determine how this choice affects the information

available to us. In each scenario, assume -y denotes a given flow.

e Scenario 1: Suppose we are given a sequence of i.i.d. T-valued random variables (Y;),
as well as a sequence (&;) of F-anti-clouds independent of the Y;’s, where F = F¥ v F¢;
we also assume that for each i, Y; is only observable inside £;. For an illustration, see
Figure 6.4.

If we want to estimate 1 — F', we are interested in determining whether or not any
observation has actually happened before t € T', and so we do not need to discard as
much information as when we estimated the cumulative hazard in Chapter 4; there,

we had to be able to assert, for any observable ¢, if Y was strictly in the future of such
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éc

Figure 6.4: Scenario 1.

é’P

Figure 6.5: The anti-cloud £P.

point. This relaxed standard leads us to define the sets & :=={t € T : A, N & = P}
for i = 1,...,n, which are still F-anti-clouds, since {t € &'} = {A; N¢&F = 0} € F(2)
for any £ € T. We can take a look at one such set in Figure 6.5. As we did before,
let F7(u) := F(y(u)). The projections of these sets are given by & := {u € [0,1] :
y(u) € &} for i =1,...,n, which are anti-clouds with respect to F7.

In case we want to construct an estimate for the survival function S, we are
forced to discard a lot of information, since the question now becomes the position

of the observations with respect to the strict future of ¢ or, equivalently, the ex-
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é’*

Figure 6.6: The x-anti-cloud £*.

tended past of ¢t. Therefore, we have to define the sets & := {t € T : D, N¢& =
@} for 1+ = 1,...,n, depicted in Figure 6.6, which we showed in Chapter 4 are
x-anti-clouds; in other words, {t € ¢} € F*(t), where F*(t) = o{l,<v;},t < z}.
Let F7(u) := F*(v(x)). The projections of these *-anti-clouds will be the F”-anti-
clouds &) :=={u € 0,1} : y(u) €&} fori=1,...,n

e Scenario 2: Recall the data structure found in Example 4.1.8. Let (Y;) = (Y15, Y2,1)
be a sequence of i.i.d. [0, 1]*-valued random variables. Assume there exists a filtration
F such that Y C F, for every t = (t1,t3) € [0,1)%, and define fg) = Vi, Fltr,t2)

fg) V., Fir,t)- We are given a finite sequence of F U)_stopping times 0 = 17()

VJ(-? < 17§2) < VJ(-;) <...< 775'73]. < anj fori=1,2,...and j = 1,2. We can observe

=17 n; I :
t {m,ésj,yj,ieuk L R e oS 1) ps k1 Sus}

H 18,u € Ay g = 1,2},

where s = (s1,52) and u = (ug,up). It is easy to see that & = {{U;L,; [17&),1/1(2] X
i [1782, VZk ]} is an anti-cloud with respect to F for i = 1,2, .... A graphic example
of this situation is found in Figure 6.7.

In this particular case we can use all the information contained in the anti-clouds
to construct both estimates, because as soon as we emerge from the censored regions,

we are able to determine the location of the observations with respect to that point in
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Figure 6.7: Scenario 2. The unshaded areas represent the anti-cloud &.

time; in other words, the data structure allows us to know whether any given obser-
vation lies in A;, D; or E; for any t € &;. Hence, the projections of these anti-clouds
on the flow «y are defined by &} := {u € [0,1] : v(u) € &} for i = 1,...,n in both the
estimates of 1 — F and S. Again, if we define F7(u) := F(vy(u)) = F(t1,t,), the sets

¢} are F7-anti-clouds.

e Scenario 3: Recall the medical example of Chapter 4, where we had times of start
of pregnancy and times of onset of tuberculosis (See Figure 6.8). Consider a sequence
of iid. [0,1]*-valued random variables (V;) = (Y;;,Y3;) and a sequence ii.d. [0,1]-
valued random variables k;; < g, for ¢ = 1,2,.... The relevant filtrations are
2 = 0{ Iy c<orps Timaaon) 51 < t1h Flem) = Flonen VI, FO =V, Flom
and ]-'g) =V, Ftz,12)- We noted in Chapter 4 that if we let p; := {(t1,t2) : K15 <
t1 < Kgi, t1 <ty < t1-+c} represent the censored regions, where c denotes a constant,
then (p;) is a sequence of clouds with respect to F. It was also mentioned that taken
separately, the Y7 ;’s are not censored at all, but the Y5 ;’s are censored on the intervals

(K14, K24+ C).
For an estimate of S, we have to discard the information lying in the extended

regions p: = {(tl,tz) PR < 1 < K24 1 < iy < Ko, +C} U {(tl,tz) <
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K1 ]

Figure 6.8: Scenario 3.

Rl ]

Figure 6.9: The extended region p*.

K14, K14 < t2 < Ka;+ ¢}, which we showed in Chapter 4 to be *-clouds with respect
to F. For an illustration, refer to Figure 6.9. Then the projections of the x-anti-clouds
(p¥)¢ on the flow are defined by & := {u € [0,1] : y(u) € (p})°} fori = 1,2,....

For the estimate for 1 — F', we are able to determine whether or not Y; is in
the past of any point ¢ in the complement of the region g} = {(¢1,%2) : kK1: < 1 <
Koy, K1i <ta <tp+chU{(t,t2) : Koy < t1, K14 < b2 < Ka; + ¢} (see Figure 6.10),

and so we make use of all the information outside pf. It’s easy to show that pf are
K3 K3

clouds with respect to F, and therefore the projections of the censoring on the flow
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X
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Figure 6.10: The region pf.

are given by & := {u € [0,1] : v(u) € (¥f)°} for i =1,2,....

e Scenario 4: Consider two sequences of i.i.d. T-valued random variables (Y;) and
(C;) independent of each other, and let & := A¢, be the uncensored region. Suppose
we are allowed to observe Ay, N¢&;, i =1,2,....

We first address the estimation of 1 — F'. Here, a point Y; will be considered at
risk at time ¢ whenever both ¢ € §; and Y; € A, or, equivalently, if ¢t € & N Dy,; see
Figure 6.11. If Y; is no longer considered at risk at y(u) = ¢, we would either have
t € Dy ort € & In caset € Dy —which would mean Y; is a failure time-, then
Yie A, C §Z, this indicates that we may only count a jump in our estimate when Y;
is fully observed.

In the case of the estimate for the survival function S, Y; will now be considered
at risk at ¢ only if ¢t € & N Ay,. If Y; is no longer at risk at vy(u) = ¢, then we
know that either ¢t € A§, or t € &. If t € Af,, then Y; € Dy; however, this doesn’t
imply that Y; € &;, since we only have that A, C &;. Hence, partial observations may
actually be counted as jumps, which was a shortcoming of the Tsai-Crowley estimator.
However, we can build a mechanism that allows us to differentiate between censored

observations and actual failure times.
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Figure 6.11: Only observations inside £ will be counted as jump points.
Let F(t) = o{I(s<cy}, I{s<vi), t < s}, and F'(u) := F(y(u)). Define 77 := inf{u :

v(u) € A%} and 7Y = inf{u : y(u) € £°}; both are stopping times with respect to

F7, since
{77 <} = {7(v) € AV} = {7(v) € Av}° € F(v(v)) = F'(v)

and
{1 <v}={y(v) € £} = {7(v) € £}° € F(y(v)) = F'(v).

We are able to observe £ := 77 A 17", which is also an F”-stopping time:

<o} = (&>
= {F'0n > )
= {7 >vpn{n" >}

= {F <o}U{n" <v} e F(v).

We also know that {¢Y = 77} € F¢, where Fev = {A € F7 : AN{¢" < v} € F'(v)
V v € [0,1]}; see, for example [15]. We will then count a jump whenever {7 = 77},
since we have a failure time only when the path exited Ay. It is worth mentioning
that the classical right censoring scheme (see, for example, [3] or [5]) is a special case

of this Scenario; an illustration is provided in Figure 6.12.
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§NAy

Figure 6.12: Partial observations such as ¥ may be counted as jump points.
6.2 Optimal Paths

At this point, we would like to address the way in which we choose a path. Ideally,
as it was mentioned in [21], we want to pick a path that maximizes the number of
uncensored projection points. The existence of an optimal path —that is, a path that
generates more uncensored projection points than any other— is not guaranteed for
the more general censoring models; however, there are some data structures that allow
us to choose such a path. Before we go any further though, it would be prudent to

define formally what we mean by an optimal path.

Definition 6.2.1 A path vy joining the origin 0 to t € T is called optimal for £ if and
only if there exists u € [0,1] such that Aywy = A; NE. The path v is jointly optimal
for &, ..., &, if and only if it is optimal for each &, i =1,...,n.

Note that, if 7y is an optimal path, the one-dimensional points 7;' will be observed
uncensored whenever the actual jump points Y; are; indeed, a point Y is observed
before t only if Y € A; N & But since v is optimal, this means that there exists
u € [0,1] such that A, N & = A, so by the definition of 77 it follows that 77 < w.
On the other hand, since A, N§ = A, (), we have that v(u) € £, hence u € £ and

so 77 € £7. Therefore, since a jointly optimal path will pick up every available jump
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point before ¢, it generates the maximum number of uncensored projection points
possible.

The definition above points us towards the kind of data structure that will ac-
commodate a jointly optimal path. The fact that the path is strictly increasing, plus
the condition that it has to be optimal for each of the censoring sets, suggests that
the anti-clouds have to be increasing in some sort of way. We will take a look at one
such model.

In what follows, we will assume that T = [0, 1)2. Suppose we have a sequence of
ii.d. T-valued random variables (Y;), as well as a sequence of anti-clouds (§;) of the
form & = [0, C;]%, where each C; is a [0, 1]-valued random variable with continuous
distribution; as usual, Y; is censored by &f for each ¢. This setup amounts to bivariate
data under univariate censoring, and if we let S = {[0,u)? : u € [0,1]}, it can be
regarded as a particular case of the ordered censoring scheme of Section 5.2. In [21],
Tsai and Crowley arrived at an estimate for the survival function of the (¥;)’s at a
point (1, ;) by considering a path 7 and then using their analogue of the projections
Y (see Definition 6.1.5). Moreover, they concluded that in this model, the path
that creates the most uncensored projection points among all nondecreasing paths is
the one that follows a straight line from (0,0) to (t; A ty,%) A ty) and a straight line
from (t; Atg, 1 At) to (t1,t2). One problem with their estimate, as they themselves
noted in [21], is that it is not a genuine survival function. Our objective is to avoid
this undesirable property by estimating 1 — F(¢) instead of the survival function.
We intend to show that their path has the property of being jointly optimal for this
model, and that our estimate of 1 — F(t), based on the projections Y;’ and given
by (6.1.7), gives either negative mass or no mass at all to every point in T'; in other
words, our estimate of F' is a measure. Furthermore, as we pointed out in Scenario
4, no mass is given to censoring times.

We want to look at the weights given by our estimate of 1 — F(¢) to each observa-

tion (Y;), and the key to do that comes from a property of the usual one-dimensional
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Kaplan-Meier estimate; therefore, we will step away from our analysis of the structure
described above in order to have a quick look at the classic one-dimensional survival
setup under right-censoring. Suppose we have sequences of ii.d. [0, 1]-valued ran-
dom variables (X;) and (T;), where the (X;)’s are failure times and the (T;)’s act as
censoring variables; we are able to observe X; AT; and I;x,<7y for 2 = 1,2,.... Let
SX ST denote the survival functions of (X;) and (T;) respectively, and let $X, 57 be
their respective Kaplan-Meier estimates:

SA;)L{(’U,) _ H (1 B Z I{XiSTi} > ,

n
#XAT<u j=1 {X AT, 2 X T}

ST (1)) — _ 1-— I{XiSTz'}
STwy=[[ (1 = )

7
2 XA AT <u j=1 I{Xj/\n 2XiAT:}

Then we have that
5% ()57 (w)

- I <1 _ lixismy I (1 1 -Ixemy
XN <u Z

n n
=1 I{Xj/\TjZX,;/\T;‘} L X AT <u §=1 I{Xj/\TjZXi/\Ti}

- H 1 — 1
XA T <u 2?21 I{XjATJ'ZXiAﬂ}

n
. H ZJ:] I{Xj/\Tj?_Xi/\Ti} - 1
- n
#XGAT<u Zj=1 I{Xjf\Tj 2XinTi}

n
1 .
= n E I{X.L/\Tz >u} )
=1

in other words,
SfX (u) _ Z?:l I{Xi/\Ti>u} .
" nSy ()

Equation (6.2.1) shows clearly that the weight given by the Kaplan-Meier estimate

(6.2.1)

SX to any failure time X is going to be —1/n8T(X). Note that 87(X) depends on
the number of X;’s and T’s found before Tx, where T'x := max{T; : T; < X}, the
more X;’s and T}’s inside [0, Tx], the smaller the value of 5T(X). On the other hand,

it does not depend on the number of observations X; lying inside [Tx, X], since the
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Kaplan-Meier estimate only changes once we record a “success”: for ,SA’Z , that means
observing a Tj.

Back to our two-dimensional model under univariate censoring, consider a map
a:[0,1] = S, and for any ¢t € T, let of : [0,1] — SN A, be its truncated version:
of(p) = a(p) N A;. It’s easy to see that vy, Tsai and Crowley’s recommended path, is
jointly optimal for our sequence of anti-clouds, by noting that af(p) = Ay for some

€ [0,1]. Tt remains to show that, under this kind of path, the estimator (6.1.7)
gives no positive mass at any point in 7.

Suppressing dependence on « for a moment, let S¥7(u) = S¥(u) denote the
estimator (6.1.7), and let n] = sup{u : u € £'}. Note that we can write
Ay - T cu, rreeny
o = I1(1-"572)

=1

_ ﬁ( . I{T7€§7}I{T7An7<u} )

i=1 J =1 I{T]/\'l] >7YAn]}

_ B Iryeeny
= ] (1 S ) (6.2.2)

. I Y Y Y Y
i AnY <u j=1 Arj Anj 2 Anl}

If we reverse the roles of the observations Y; and the censoring in the same way as we
did in Chapter 5, we can come up with $57(u) = S§(u), the Kaplan-Meier estimate

for the one dimensional survival function of the censoring variables 7,

SE(w) = H( o s lar<y )

el _7 1I{n}’2m7 ny <77}

= ﬁ( - I{”7<TW}I{T”\TIZ<U}>

i=1 Ey 1 I {j Anj =7 An}

- 1 (1—2711_[{””“” ) (6.2.3)

. I Y Am”?Y Y AnY
) An <u =1 A7 Anj 2! An}

Then it is easy to see that

Z?:l I{'r? Ang >u}

(6.1.7) = 5Y (u) = : (6.2.4)
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a result that was expected, given (6.2.1) and the fact that we reduced our two-
dimensional data to a set of one-dimensional observations.

It is important to recall that in one-dimension, the weight at any single point u
given by the usual Kaplan-Meier estimate is calculated by substracting the value of
the estimate ‘just before’ that point from the actual value at w. Since (6.1.7) provides
an estimate of the bivariate distribution F(t) —or rather, of 1— F(t)—, the weight that
it assigns to a point ¢ = (t;,%9) € T has to be computed by the usual two-dimensional
formula 1 — F(t) — (1= F(t,t2)) — (1 = F(t1,t3)) + (1~ F(t], t3)), where 7 denotes
a number arbitrarily close to, but strictly smaller than ¢;, j = 1,2; in other words,
we will assume that ¢~ = (¢1,¢3) is chosen so that there are no Y;’s or Cy’s in the set
@\ {t}.

Consider the mass given by S to any ‘observation’ 77. This mass will depend on
the number of 7}’s and 7;'’s that came before n),, where 1), := max{n] : n; < 77};
just as important, it does not depend on the number of 7;’s between 7}, and 7.

Now we calculate the weight given to 77 by the estimate (6.1.7). Let Y = (Y}, Y2)
be the actual observation that generated 77. We need to compute the values of the
estimate at Y, Y- = (Y,Y), Y = (Y[7,Y2) and Y?¢ = (Y1,Y;). Let v, o be
the paths that pass through Y and Y~ = (¥]7,Y;), respectively. Because of the
last observation in the previous paragraph, the denominator in Equation (6.2.4) is
nSé(77) for each of the four points being considered. However, the numerator is equal
to the number of ‘observations’ still at risk; in the case of Y, we have removed 77 from
that set, while we still consider 77 to be at risk for the rest of the points. Therefore,
the weight given to 77 will be —1 /HSS(T7) This implies that for any jump point Y
and t > Y such that > 77, Lyicog\o,y)y = 0, the family of pathwise estimators give
weight —1/nS5%(77) to the point ¥, and mass 0 to .

On the other hand, there could be some points where there are no observations
and yet the estimate assigns some mass; namely, on points of the form Y V Y}, where

Y} is any observation such that Yi ¢ Ey U Ay, but Y] < Y". The reason is that, as
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we previously remarked, the weight generated by Y on S’g depends on the number of
7,’s inside [0,7n),]. If both Y and Y} are inside the same censoring set, there won’t be
any change in S’Sl, since that number hasn’t changed; however, if there is a censoring
set £ such that Yj, € £ and Y ¢ £ —which in turn would mean v *(Y))) =7 <" < 77
because of the optimality of the path -, the ‘observation’ 7, would now be in [0, n),],
thereby affecting the weight given by S'ﬁ Now, the final question is raised: is this
‘artificial’ weight negative, as it should be?

To answer that question, we take a look at one such scenario. Let Y, Y} and £ be
as described in the paragraph above. Consider the points W = (W, W,) :=Y VY,
WO = (W, W), W) = (W, W) and WE) = (W, W,"), and let v, y— be
the paths that pass through W and W) respectively. In order to further complicate
the notation, suppose that Y lies above the diagonal ¢; = ¢5, and that the number
of observations still at risk just after W is n — j. Then M, the mass given by the
estimate (6.1.7) to the point W =Y VY, is

M = SY(GF W)+ 8Y (vt (wm-y)
—SY (v W=y — §Y (G W)

- n—j " n—j+2
n- g(fygl(va)) n-. g(VJE(W(‘)W—))
. n—j+1 _ n—j+1
n- SE(TIWaIN-))  n. (4 (WEIw))
_ n-—j n—j+2
n- SR W) n- SE(V (W Em-))
_ n—73+1 B n—j+1
n- SE(yEWEN-)) e SE(TH (W)

1 1
7 + —
n- SO W) n- SE I (W)

1 1 1 .

n \ Sy 5’5(7&}(_)) ,
we get the second equality by applying Equation (6.2.4), the third equality comes
from the fact that S5(vy L (WI-=)) = S5(v7 2 (WE-)) and Sé(vgL(WEIW)) =
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SE(vo (W) ~because in both cases no new observations have occurred inside the
regions that could change the value of S'ﬁ—, and the last one is obtained simply by
defining 7y =G (W) and 7, == ¥ (W(=)v=), Now it is easy to see that the
weight M is negative; indeed, since 3% is a decreasing function and Ty < T, We

have that $5(m) < 5’3(73&?——)

), hence = L—> = %—. All other scenarios can be
n (') n(TW(_))

handled similarly, so we have proven that our estimate gives no positive mass at any

point in 7.

Functional Central Limit Theorem

The next topic in our discussion of this particular model is the existence of a
functional central limit theorem for the estimator (6.1.7). It is worth mentioning that
a CLT exists for this estimator at a fixed point v from the usual one-dimensional
theory, but we are interested in the more general functional result. We are going to
assume throughout this section that both the distribution of the failure times and
that of the censoring variables are continuous with bounded derivatives; this will
ensure that the limiting Gaussian processes are continuous. There are two obstacles
that we need to overcome in order to prove such a result: first, we have to be able to
express (6.1.7) in terms of the original observations Y; and the anti-clouds &; = [0, C;)?
at any two-dimensional point (s,t); the second is that after doing this, we will run
into trouble while trying to write the Nelson-Aalen estimator corresponding to the
Kaplan-Meier estimator of the Y;’s as an integral, where the integrand is the inverse
of the at-risk process and the integrator is an empirical process of a subdistribution.
This particular detail is crucial to us, because for us to use the functional Delta-
Method we need a Hadamard-differentiable mapping from those two processes to the
Kaplan-Meier estimator.

Our solution to these inconveniences consists of once again exploiting the relation
(6.2.4). Note that the path 7 passes through —and terminates at— ¢ € [0, 1]2. There-

fore, the Kaplan-Meier estimate of the survival function of C in the denominator of
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(6.2.4) only uses the information inside A;, and so it actually depends on ¢ even though
the notation does not reflect this fact. We intend to show that the Kaplan-Meier esti-
mates for the survival function of the censoring variables C; follow a functional central
limit theorem on D0, 1]2. This, coupled with the fact that the numerator in (6.2.4)
is simply a sum of i.i.d. random variables, implies the same result for our estimator
(6.1.7): simply note that the map (A, B) — (A/B) is Hadamard-differentiable on a
domain of the type {(A,B) : A< M,B > ¢} for e > 0. If P(u € £”) > ¢ for every
u, the pair (>0 I{TJAUZM},S’,E(u)) is contained in this domain with probability
tending to 1 for M > 1 and sufficiently small e.

We now consider the Kaplan-Meier estimator of the survival function of C, as
evaluated at a point (s,t). Because of symmetry, we only consider points (s,t) above
the diagonal, so the optimal path is a diagonal from (0, 0) to (s, s), and then a vertical
line from (s,s) to (s,1). Let Z; = C - Iy ¢e,y and Wi = Y] - Iiy,ee,3- Fix s and treat
the variables C; as if they were the observations. Then we would know that C; is not
at risk at (s,p) if 0 < Z; < por (0,0) < W; < (s Ap,p); therefore, the at-risk process
for this kind of path can be written as

n

1
Roa(s:p) = =3 (1= oczian) (1 = Looj<wicsnom) -

i=1

This process is centered by its expected value

-rl(s,p) = E[Rn1(s,p)]
= 1-Pl0< Z<p]—P[0,0) <W < (s Ap,p)],

where the last equality comes from the fact that we always have either Z7 = 0 or
W = 0. Likewise, for points below the diagonal we would fix ¢t and obtain the

analogous process

n

1
Baa(pt) == (1~ Tocz<n) (1~ Loo<wi<ano}) »

i=1
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as well as
ra(p,t) = E[Rna(p,t)]
= 1-P[0< Z<p]- P[(0,0) < W < (p,pAt).
Let
GC(p Z Toczi<py = Z Lto<ci<ptviges}
z—l 1—1

the empirical distribution of the “uncensored” Cy’s. Then E[G(p)] := G¢(p) =
P[0 < Z < p|. It is easy to see that the classes of functions G = {gs; : s,t € [0, 1]},
Hy o= {hl, st €[0,1]} and Hy := {hZ, : 5,¢ € [0, 1]}, where gs4(z,y) = 1~ {ocz<y},
hso(@,y) = 1= Ii0,0)<y<(sntey and h2 (3, y) = 1=I0,0)<y<(ssnn) for z € Ry, y € R,
and their products are actually VC-classes (see [22], Section 2.6), since each of those
functions consists of either an indicator of a 1-dimensional cell or a 2-dimensional
rectangle; hence they are also Donsker (again, refer to Section 2.6.2 in [22]). Therefore,
if we restrict our attention to a set [0, 7] such that r;(s, t) > 0 for every (s,t) € [0, 7]?,

1= 1,2, we have that
\/E(Rn,l(sap) - 'rl('svp)a Rn,Z(pat) - TZ(pa t)a Gg(p) - Gc(p))
= (Q"(s,p), Q" (p, 1), Q°(p))

in D[0,7]? x D[0,7]* x D[0, 7], where Q™, Q™ and Q° are all mean-zero continuous
Gaussian processes. That restriction is required in order for the composition
4), G ( )

,GS<~))
( )

), o
( |
- (/ Rt 0 | a8
[
(
S,

(R'n,l )

—

Hpy(, )Hfz( ))
[ —drg (s, ]Hl—dHC ])
< 5722("'))

O (8, ) <ty + SSo(8, ) Isney = Sy (s, 1),
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where fI stands for the usual product integral, to be Hadamard-differentiable tan-
gentially to C[0,7]% x C[0,7]? X D[0, 7] on a certain domain; then we will have the
functional CLT. This, however, is not as straightforward as in previous cases: we now
have processes depending on two parameters, so we have to tread carefully. Note
that we have switched from 5'57 to the notation Sgﬂ- now that the paths have been
specified.

We first consider the integration part of the composition. Let A € D0, 1]?,
B € BVy[0,1)?, as well as @ € C[0,1]? and B € D[0,1]2. We will keep s fixed, and
define (A, B)(s,p) = J7 A(s,u)B(s,du). We now show that the derivative of the
map 1) is given by

P P
W 5l B)(5,p) = / A(s,w)B(s, du) + / (s, w) B(s, du).
0 0
Let oy, B; € D[0,1]? such that both

sup [|e(s, u) — a(s,u)| =0, sup||Bi(s,u) — B(s,u)| — O (6.2.5)

s,u s,U

as t — 0. Write A, = A+ toy and B, = B + t3;. We also need that [ |A(s,dp)| < oo
for every s. We use the same approach found in the proof of Lemma 3.9.17 in [22].

We have that

| [ B~ [ s, 0BG, )| ~ vl (0859
~ ¢ /O " (s, u)Buls, du)
= [ s, (B ~ B)s, )
_ /O  a(s,u)(Bs — B)(s, du) + fo ’ (o = a)(s,u)(Be — B) (s, du). (6.2.6)

Since A(s,-) is of bounded variation for every s, the derivative map is continuous
with respect to the uniform norm, and so ¥4 g(c, B:) — ¥y g(c, B) ast — 0. Hence,
it suffices to show that (6.2.6) converges to 0. Together, the condition in (6.2.5) and
the fact that B(s, ) € BVi[0,1]2 for all s € [0,1] imply that the second term on the
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right converges to zero as ¢ — 0. On the other hand, note that for any arbitrary € we
canfindagrid0=ps<p1 <...<pp=1land 0 =55 < s; <...< s, =1 such that
sup{|a(u) — a(v)| P U,V € (Si-1,8i) X (pj-1,p;]} < €. But since we are holding s fixed,
we are basically only looking at lines, just as in Lemma 3.9.17 in [22]; moreover, the
same partition can be used for every s, so we are able to take supremums over s and
p at the same time. The rest of the proof of Lemma 3.9.17 in [22] follows from here
without problems.

Next, we consider the differentiability of the product integral in two parameters.
Our proof follows closely that of Lemma 3.9.30 in [22]. Consider A € D[0,1]? such
that A(s,-) is of bounded variation for every s, and define A,(t) := A(s,t). Let

S(A) (s, t) =[] _ _ (1+dA,w) = ¢(A)s(2).

0<u<t
Write A, = A + t,an, where a, — a € D[0,1]2 and ¢, — 0. We would like to show
that

hence it is enough to show that

( ]cb(A)s(O,U)cb(An)s(u, t)(am)s(du) — ( ]<15(A)s(0,U)¢(A)s(u,t]as(du)
0.t 0,t
uniformly in both s and ¢. For s fixed, we know by Lemma 3.9.30 in [22] that

the convergence in t is uniform. Additionally, if A(s,-) is decreasing and A(-,0) is
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bounded, then we have that ¢(A)(t) < sup, exp{A4s(0)}, so ¢ is uniformly bounded
in both s and ¢; by the Duhamel equation, & is also uniformly continuous in both
components, and then the product integrals &(An) converge uniformly to their limit
q%(A) by another application of the Duhamel equation. From here, the proof of Lemma
3.9.30 found in [22] follows. Note that the requirements that A(s,-) be decreasing
and A(-,0) bounded are met by A, = —HE; and A= —HF, i = 1,2, where H{ and
HY are the actual cumulative hazard functions for the censoring variable C for points
above and below the diagonal respectively.

Finally, we can conclude that the composition map (R 1, Rn2, GS) — SS de-
scribed before is Hadamard-differentiable tangentially to C[0,7]? x C[0,7]? x D[0, 7]
on a domain of the type {(4,B,C): A,B>¢, [|dC| < M} for given M and ¢ > 0
at every (A, B, C) such that 1/A and 1/B are of bounded variation. If we restrict our
attention to points (s,t) in a set [0, 7]? such that (s, t) > 0 for every (s,t) € [0,7]?,
it = 1,2, then (R,l,l, R, 2, G¢ ) is contained in this domain with probability tending
to 1 for M > 1 and sufficiently small €. The central limit theorem follows from the
Delta-Method.

This discussion leads us to the Functional Central Limit Theorem for the esti-

mator (6.1.7):

Theorem 6.2.2 Let v, denote the optimal path from 0 to t, and u; = v; *(t). Then
let B,(t) = 1 — 8Y™(w), and define w™(t) == /n(Fo(t) — F(t)). If P(t € €) > 0
for every t, then w™ = © in D[0,7]%, where © is a continuous mean-zero Gaussian
process and T is such that ri(s,t) > 0 for every (s,t) € [0,7])%, i = 1,2. The variance
of ©(t) is given by
2 [ 1
(S (uy)) /0 P S uue é%)dﬂ“ﬂ(u)

Proof: We have shown in the preceeding paragraphs that if ® denotes the map
(Ru1, Rn2,GS) — SE, then V1(SS — ®(ry, 9, GY)) converges in distribution to a

mean-zero Gaussian process in D[O, 7]2. We also made a comment at the beginning
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of the Section about the need for P(u; € &%) = P(t € &) to be bounded away
from zero in regards to the Hadamard-differentiability of the map ((A, B) = A/B.
Next, (6.2.4) shows that 5¥"(u,) depends on the pair (137 I 7 sup SST (ue))
through the map ¢; apply the Delta-Method to conclude that w(™ = ©. The fact
that the distributions of both the failure times and the censoring variables are contin-
uous with bounded derivatives ensures that the limiting process is continuous by an
application of Condition (1.15) of Theorem 1.4 in [2] (As we mentioned before, refer
to the discussion in p. 20 of [2] for an extension of that Theorem to multidimensional
Euclidean spaces). The variance of © comes from the usual one-dimensional Kaplan-

Meier estimator (See the Appendix). O

Remark 6.2.3 We now have two approaches to estimating 1 — F' in the case of
univariate censoring. The reverse probability estimator of Chapter 5 puts mass only
on observed points Y;; the estimator proposed in this Section has the advantage of
being dynamic and will spread mass over a larger number of points. We present a
simple example in Figure 6.13 to highlight the different way these estimators assign
mass. In the case of the reverse probability estimator (5.2.2), we take a(u) = [0, u]?
for every u € [0,1]; for the path-dependent estimator (6.1.7), we let y(u) = (u,u), so
that for each t € [0, 1]%, v*(u) = (t; Au, ta Au) describes the optimal path suggested
by Tsai and Crowley. Figure 6.14 illstrates the estimated value of the distribution
function using ﬂg‘), while Figure 6.15 does the same, only this time using 1 — 5’}:7
Note that under the reverse probability estimator, Y; and Y, are assigned masses of
Z and §, respectively, whereas 1 — S¥7 puts mass on three points: Y; has mass 1, Y
1

has mass §, and Y] VY3 has mass 3.

Remark 6.2.4 The bootstrapping principles employed in the previous chapters to
obtain confidence bands for different statistics remain valid. We have shown that
our estimator S (u) depends on (>, I A,,3>u},5’,f;' (u)) through a Hadamard-

differentiable map on a certain domain; just as in previous cases, this pair in turn
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Figure 6.14: Values of the reverse probability estimator
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Figure 6.13: Univariate censoring: two observations, one censoring.
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Figure 6.15: Values of the path-dependent estimator 1 — 5¥7 in each of the enclosed

regions.

depends on indicator functions that form Donsker classes themselves. Letting y(u) =
t = (s,p) € [0,1]%, those functions are Iyysuy = Ieey> Lirrsuy = Iivigasy Iivie)s
Itc,<py and I{y,<(snpp)}; hence we can bootstrap directly from the observed values of
these indicators. Theorem 3.9.11 in [22] then guarantees the conditional convergence

given (Y;, &;) of the bootstrapped estimator to the limit © found in Theorem 6.2.2.

Remark 6.2.5 It is possible to use the path-dependent estimator (6.1.7) for the
applications explored in Chapter 5, such as the test of independence of the components
of Y = (¥},Y3) or the copula estimation, with one caveat: just as in Section 5.2, (6.1.7)
is restricted to a set [0, 7]?, so we would have to use the one-dimensional Kaplan-Meier
estimates for both marginals. This presents no troubles since, as we mentioned in
that very Section, the data structure being considered lends itself to such calculations.

Remark 6.2.4 takes care of the bootstrap mechanism.

Remark 6.2.6 We conjecture that the techniques in this Section can be extended
to more general ordered censoring models as defined in Section 5.2, using paths on

increasing sets instead of paths on 7.



Chapter 7

Conclusion

The modifications to Ivanoff and Merzbach’s censoring model by clouds introduced
in this thesis have been successful, in the sense that the observability problem found
in the construction of the Nelson-Aalen estimator has been corrected. Moreover, the
asymptotic results for this estimate, together with our proposed bootstrap techniques,
allow for a number of interesting applications, some of which have been explored in
this thesis.

As for the estimates for the distribution function of Chapters 5 and 6, they
each have their advantages, as well as certain drawbacks. The reverse probability
estimators of Chapter 5 feature a very simple construction, and they also possess
the quality of actually being measures. These two characteristics have proven to be
quite elusive for previous multidimensional estimators. However, these estimators
do come with important restrictions on the censoring mechanism they allow, which
limits their applicability. Another disadvantage is that neither of them is dynamic,
as they require the entire data set to yield results.

The path-dependent estimator of Chapter 6, as we have pointed out, avoids these
inconveniences. It can be used when dealing with a very general framework, both in
terms of the censoring scheme and the space where the variables lie. In some cases,
however, it may not give rise to measures; moreover, when the choice of path is not

clear-cut, there could be uniqueness issues, as two different paths may not give the
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same estimate. Fortunately, when an optimal path exists these problems disappear.
The last point we want to highlight is that, with the possible exception of some
path-dependent estimators, all the estimators presented in this thesis follow functional
central limit theorems. This is a crucial feature that allows us to automatically es-
tablish asymptotic results for estimators of continuous functionals of the distribution

function or of the cumulative hazard.



Chapter 8
Appendix

This Appendix includes some basic information about the construction, asymptotic
behavior and relation between the one-dimensional versions of the Nelson-Aalen es-
timator for the cumulative hazard function and the Kaplan-Meier estimator for the
survival function. We also elected to include a few lines about the product integral,
since it actually links both estimators. There are many books covering these subjects
extensively, but we liked the exposition given by Van der Vaart and Wellner in [22],
from which the following developments are taken. As a last comment before intro-
ducing these concepts, the one-dimensional versions of the Nelson-Aalen estimator
and the Kaplan-Meier estimator can be extended to more general censoring, but we
will present them in the context of right censoring, as this is all we need from them

for the purposes of this thesis.

8.1 The Product Integral

Let A € D(0,b], the space of cadlag functions in (0, b]. The product limit integral is
defined as

$(A)E) = [ 1 +dA(s)= lim  JJIL+A(t:) — Altc)),

max |t;—t;—
0<s<t Iti=ti-1l =
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where the limit is taken over a sequence of progressively finer partitions 0 =ty < ¢; <
o< t, =t If welet AA(t) = A(t) — A(t™) and A%(t) := A(t) — D 0<s<t DAA(s) be

the jump part and the continuous parts of A, respectively, we can also write

s(A)(t) = [] (1+AA(s)) exp(A°(2)).

0<s<t

The product integral map is Hadamard-differentiable as long as the function A is of
bounded variation (See Lemma 3.9.30 in [22]). The Duhamel equation, which asserts
that

(#(B) = ¢(A))(t) = |  #(A)(0,u)¢(B)(u,t]|(B — A)(du)

(0,4
for A, B € D(0,b], is essential to prove that result. Here, ¢(B)(u,t] represents

o(B)(wt)= [] Q+dBs)=2BN

u<s<t

8.2 The One-dimensional Nelson-Aalen Estimator

Let X;,..., X, and T3, ..., T, be sequences of i.i.d. one-dimensional random variables
with distribution function F' and G, respectively, and independent of each other;
moreover, let S = 1 — F denote the survival function of the first sequence. The
X;’s represent failure times and the T;’s act as censoring variables, and we are able
to observe Z; = X; AT; and A; = Itx,<q) for i = 1,2,.... The cumulative hazard

function of the failure times at time t, H(t), can be written as

H) =/tl dF:/tl_ dJ
0 S o J
where J(t) = P(Z > t) and J*(t) = P(Z < t,A =1). Let Jo(t) = 1 37 | I{7,5¢) and
JE(t) = %Z?:l A; - Itz,<s be the empirical counterparts of J and J¥, respectively.
The Nelson-Aalen estimator is given by

Ha(t) = /jndju‘z

Zen 2= zI{ZJ>Zz
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Since the pair (J%, J.) can be identified with the empirical distribution of the obser-
vations indexed by the functions 6[{25,5} and I{z>t} when ¢ ranges over R, any of the

main empirical central limit theorems yields

\/E(J#—' Juajn—j) = (Wu’W)
in (D[0,7])%, where (W* W) is a mean-zero Gaussian process, and 7 is such that
J(T) > 0. Moreover, the Nelson-Aalen estimator depends on that pair (7Y, J,)
through the Hadamard-differentiable composition map

1 !
“4.8) — (45— [ 5 da

so an application of the Delta-Method gives

5 t1 W
vn(H, — H) = / —dW*—- | = dJ*“=T, (8.2.1)
o J o J?
in D[0,7] for every 7 such that J(r) > 0. The limit U is a mean-zero Gaussian
process with its first term defined via integration by parts. Its covariance function is
given by
1—-AH

dH.
J

cmm&mm=ﬁm

8.3 The One-dimensional Kaplan-Meier Estimator

Consider the exact same set-up again. It is easy to derive the Kaplan-Meier estimator

from the Nelson-Aalen estimator by noting that

S(t) =[] - dH(s)). (8.3.1)

s<t

If we replace the cumulative hazard function H in (8.3.1) by the Nelson-Aalen esti-

mator H,, we arrive at the Kaplan-Meier estimator S, for the survival function:

Snl(t) = ﬂ(l —dH,(s)) = [] (1 - ‘E——ﬁ'——> -

oI
s<t #Zi<t j=i 1{2;22.}
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Since the product integral is a Hadamard differentiable mapping, the asymptotic
normality of the Nelson-Aalen estimator carries over to the Kaplan-Meier estimator;
indeed, if the estimators H, are of uniformly bounded total variation with probability

tending to 1, then the Delta-Method gives

A S(2) _ L
V(S = 8)= | S gry dUls) = 5() /(o,t] 1—AH(u)

in D[0, 7], where 7 is such that J(7) > 0 and U is the Gaussian process in (8.2.1).

dU (s)

Its covariance function, for s,t < 7, is given by

1
S(5)S(1) /[0 TR
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