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Abstract 

This thesis focuses on the problem of survival analysis of data subject to generalized 

censoring by an arbitrary adapted random set. We consider the problem of estima­

tion of both the cumulative hazard and the distribution function. A problem with 

observability of certain events needed to construct the Nelson-Aalen estimator for the 

cumulative hazard is resolved by introducing a new model based on a more general 

type of random set. Under the framework of this censoring scheme, we reconstruct 

the Nelson-Aalen estimator and propose three different estimators for the distribu­

tion function: the first two come from a reverse probability equation and the last is 

a path-dependent estimator. Functional central limit theorems are proven for each 

of these estimators which, coupled with bootstrapping methods, allow us to explore 

some applications, like tests for independence of the components in the bivariate 

case, a test of hazard rate order and copula estimation. The novelty of this work is 

twofold: first, the techniques developed may be applied not only to distributions on 

Euclidean spaces, but also to distributions on more general metric spaces, and second, 

the generalized censoring mechanism subsumes and extends the usual models used in 

multivariate survival analyis. 
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Chapter 1 

Introduction 

1.1 Origin and Motivation 

The kind of problems we are set to face in this work are, in essence, those that 

survival analysis is usually concerned with. We are given a random sample coming 

from a multivariate distribution F, the observations have been censored in some way 

or another, and our goal is to construct different estimators of relevant functions, 

such as the integrated hazard or F itself. 

This topic has been explored by several different authors who have put forward 

their own estimators, each with key advantages and some drawbacks. Most of them, 

however, concern themselves with only a particular censoring scheme, thus limiting 

the application of the estimators to very specific problems and data sets. This is 

one of the main motivations for the present thesis: we want to build a mathematical 

structure that can handle very general types of censoring mechanisms, since this 

would enable us to greatly expand the range of problems where our estimators would 

be of use. 

A first step in this direction can be found in [11], where Ivanoff and Merzbach de­

fined the censoring mechanism in a set-indexed framework by introducing the concept 

of a stopping set, a random set with a particular kind of measurability. The stopping 

1 



1.1. ORIGIN AND MOTIVATION 2 

sets acted as windows, since we could observe the data points only through them, and 

they allowed Ivanoff and Merzbach to consider more sophisticated censoring schemes 

than the usual multivariate generalizations of right-censoring; however, the stopping 

sets were still restricted to certain shapes. 

The theory of stopping sets was expanded by Ivanoff and Merzbach to more 

general random sets called anti-clouds in [12]. That name conveys both the authors' 

source of inspiration and the role those sets would play in the survival analysis context: 

as they explain in that paper, the authors were thinking of the example of aerial 

photography, where pictures are taken from high in the air and clouds may interfere 

with the observation of whatever the subject of interest is. Anti-clouds, then, are the 

complement of the clouds: the regions where we can actually observe the data points. 

The difference between the stopping sets and the anti-clouds is, quite simply, that 

anti-clouds have virtually no restrictions in the shape they can take; obviously, this 

makes for much more realistic censoring schemes. 

Once armed with the stopping set and the anti-cloud concepts, Ivanoff and 

Merzbach went after the estimation of the cumulative hazard function. The mea-

surability requirement imposed on these random sets allowed them to use the theory 

of set-indexed martingales -previously developed by themselves in [9]- to produce a 

set-indexed Nelson-Aalen estimator for the cumulative hazard. In the case of censor­

ing by stopping sets, they were able to prove consistency and asymptotic unbiasedness 

for their estimate, as well as asymptotic normality of its finite-dimensional distribu­

tions. The Nelson-Aalen estimator in the presence of censoring by clouds was more 

challenging, due to the geometric nature of the clouds; nevertheless, they showed the 

estimator to be consistent and asymptotically unbiased. 

That story did not have an altogether happy ending. Aside from the lack of a 

functional central limit theorem for the estimator, there was a considerable problem in 

the anti-cloud case. Even though the mathematical structure and the technical details 

were all done correctly and presented no faults, it turns out that, when it comes to 
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constructing the Nelson-Aalen estimator at a time t, a very important process would 

not be observable given the available information at t under the most common data 

structures. In practice, this would render the estimator unusable most of the time. 

We are now at the point where this thesis was born. Our first goal was to 

somehow amend this problem and produce a working estimator for the cumulative 

hazard, while still preserving the censoring model of Ivanoff and Merzbach. It happens 

that the root of the observability problem lies in the measurability requirement of the 

anti-clouds. By asking for a slightly different measurability condition, it was possible 

for us to achieve our objective. We call the new kind of random set that came from 

this modification a *-anti-cloud. If the complements of these sets, the *-clouds, act 

as the censoring in the survival model, then we are able to construct a Nelson-Aalen 

estimate that can actually be observed. It is also possible to transition from the anti-

cloud model to the *-anti-cloud structure, so that we can calculate the cumulative 

hazard estimate when working under the first model. The price we pay is a likely loss 

of previously uncensored data that will need to be discarded. 

1.2 Previous Work on the Subject 

In one-dimension, the study of the survival function S(t) := P(Y > t) or, equivalently, 

the distribution function F(t) = 1 — S(t), is intimately tied to that of the hazard 

function, h(t) := —S'(t)/S(i). It is a well-known fact that the hazard completely 

determines the distribution of Y because of the relation S(t) = exp(—H(t)), where 

H(t) := fQ h(s)ds is the cumulative (or integrated) hazard function (See, for example 

[1]). Therefore, the estimation of the cumulative hazard is a very desirable road to 

obtain, in turn, an estimate of the survival function. Under censoring, the Nelson-

Aalen and the Kaplan-Meier estimators are widely used to estimate the cumulative 

hazard and survival functions, respectively. 

Unfortunately, in higher dimensions the relationship between the survival and 

the hazard functions is not as straightforward. In two dimensions, for example, the 



1.2. PREVIOUS WORK ON THE SUBJECT 4 

survival function is determined by the hazard and both marginal distributions. Even 

more, in this case F(t) ^ 1 — S(i). For a good exposition of the representation of a 

bivariate survival function S in terms of the hazard and the marginals, we refer the 

reader to [8] or [14]. Some authors elect to stay with the hazard-based approach made 

possible by the aforementioned representation. Usually, one-dimensional Kaplan-

Meier estimates are used for the marginal survival functions; what will change is the 

way the hazard is estimated. As Kalbfleisch and Prentice explain in [14], the simplest 

of this type of estimators is due to Bickel, who uses the ratio of the number of failure 

points that were uncensored in both components at (£i,£2) to the number of pairs at 

risk at that point. The Dabrowska estimator and the Prentice-Cai estimator represent 

attempts at improving this approach, by considering not only the ratio of the number 

of double failure times to the at-risk set, but also the ratio of the number of failures 

on one coordinate when the other is still alive to the at-risk set. 

Under univariate censoring, where both components of a bivariate random vari­

able Y = (Yi,}^) are independently censored by the same single censoring variable 

C and we observe (Yy A Gu ^{yy<Ci}) f° r J = 1> 2, Lin and Ying (See [16]) opted out 

of the hazard route and suggested the estimate of the survival function at a point 

(£i,£2) given by 

nG(ti A £2) 

where G is the Kaplan-Meier estimator of the survival function G of the censoring 

times; this was motivated by the representation of the survival function S{t\,t2) = 

P(Yi A C > £1, Y~2 A C > t2)/G{ti A £2). Hougaard, however, does not recommend 

this estimate because it sometimes leads to negative masses at certain points, and in 

some cases it places mass on censoring points (See [8]). 

Yet another approach was explored by Campbell and Foldes in [5]. Back to the 

usual bivariate censoring, where (YJI, Y^) are independently censored by (Qi, Ci2) and 

we are allowed to observe (Yij ACy, J{yy<Cy}) for i = 1 , . . . , n, j = 1,2, they proposed 

a path-dependent estimator for the survival function based on the relation S(t\, £2) = 
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S(ti, 0)P(Y2 > t2\Yi > ii). In essence, they projected vertically all points to the left of 

<i, regardless of their second component, to the line Y2 = 0 and calculated the Kaplan-

Meier estimate of S(ti, 0) using the sample (Yn A C Q , I{Yn<Ca})\ then, they projected 

horizontally all remaining points under t2 and to the right of t\ to the line Y\ — t\, 

and calculated the Kaplan-Meier estimator with the sample (Yi2 A d2,I{Yi2<ci2}) for 

which YUACH > t\. Finally, their estimator is the product of those two Kaplan-Meier 

estimators. By reversing their process, projecting the points to the line Y\ = 0, they 

arrive at another estimator. Later, Tsai and Crowley generalized the idea of projecting 

points onto a path and then work with one-dimensional data in [21], although they did 

it in the context of univariate censoring. They managed to show that their proposed 

estimator for the survival function has the smallest variance among all path-dependent 

estimators. The path they took to any point (£1, £2) is the one that follows a diagonal 

straight line from (0, 0) to (tiAt2, t\At2) and then a straight line from (t\ At2, txAt2) to 

(£i,£2)- A weak point of both the Campbell-Foldes and the Tsai-Crowley estimators 

however, lies in that they may not actually be genuine survival functions: they may 

allow points with negative mass. 

In [3] Burke focused, unlike the previously mentioned authors, on estimation 

of the distribution function F. Considering the usual bivariate model with right 

censoring in each coordinate, his idea is to put to use the relation 

F(h, t2) = J' J \G(SU s2)}-
ldF(Sl, 82), (1.2.1) 

where G is the survival function of the censoring variables and F is the subdistribution 

of the uncensored times: 

F(yi,V2) = P(Xi < Vi,Y2 < y2,I{Y1<c1} = I{Y2<C2} = 1). 

He then proceeds to estimate that subdistribution empirically, while estimating G via 

either of the two Campbell-Foldes estimators. His estimators do satisfy the mono-

tonicity requirements of a distribution. Recently, Lu and Burke expanded this idea 
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in [17] to include the estimation of linear Junctionals of the distribution, this time in 

the presence of univariate censoring. 

Lastly, Pons proposed a martingale-based estimator of the cumulative hazard of 

two right-censored survival times in [18], which she then used to produce a test for 

independence of the two survival times by comparing it to the product of the usual 

one-dimensional Nelson-Aalen estimates of both marginal cumulative hazards. 

As we can already see from this sample of available estimators, the focus has 

been bestowed on many aspects, but the issue of actually exploring more general 

versions of censoring has been largely ignored. Also absent from the literature is the 

consideration of more abstract spaces, moving beyond the usual Euclidean spaces. 

Our goal is to employ Ivanoff and Merzbach's framework to cover these unexplored 

areas, to provide some sort of unifying language for many different kinds of censoring 

by showing that this general censoring structure encompasses some of the previously 

mentioned estimators as particular cases, and also to come up with new estimators 

that possess desirable qualities, such as consistency and proper monotonic behavior 

in the case of the distribution function F. We are also extremely interested in proving 

functional central limit theorems for our estimators, since this property would yield 

estimators for many functionals of F or of the cumulative hazard H by the continuous 

mapping theorem. 

1.3 Overview 

We start off by outlining the general setting in which we will be developing our survival 

model. Chapter 2 is devoted to the basic definitions of the spaces, nitrations and 

processes employed throughout this thesis. As we have mentioned, this framework is 

essentially the same that Ivanoff and Merzbach presented in [12], which in turn relied 

heavily on [9] and [11]. As an example, we elected to stay within the confines of the 

unit square for ease of exposition, but note that these ideas can be expanded to the 
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whole plane; even more, we could consider locally compact complete separable metric 

spaces by emulating Definition 2.1 in [12]. 

Chapter 3 takes a look at the stopping set and anti-cloud structures of Ivanoff 

and Merzbach as a preamble to the formal definition of the *-anti-cloud model. What 

follows is a discussion of the properties of these new random sets, including a stopping 

theorem; most of the properties are shared with the anti-cloud sets, although we 

do find a difference in the stopping theorem, where we will lose adaptedness of the 

stopped process as a consequence of the new measurability condition for *-anti-clouds. 

With the fundamental concepts in place, we turn our focus to the study of the 

survival model. In Chapter 4 we build the Nelson-Aalen estimator of the cumula­

tive hazard under censoring by *-clouds, correcting the observability problem of the 

clouds model. We also expand on the asymptotic results of [12], as we are able to 

prove a functional central limit theorem for our estimator by means of Hadamard-

differentiability and the functional Delta-Method. We also give the covariance struc­

ture for the estimator, and we show it to be consistent and asymptotically unbiased. 

Next, we consider some applications for the Nelson-Aalen estimator. Following in 

the footsteps of Pons in [18], we give a test of independence for the components of 

Y = (Yi, Y2) under three different types of data structure, all within the framework 

of the *-anti-clouds, by comparing our estimate of the joint cumulative hazard to 

the product of the marginal Nelson-Aalen estimators. We use a bootstrap approach 

to apply our test and also come up with confidence bands for the difference of the 

Nelson-Aalen estimator and the product of the two marginal estimators. The boot­

strap is proven to be valid by noting that the classes of functions needed to construct 

the estimator are all Donsker classes, in which case the Delta-Method in its bootstrap 

variant guarantees the convergence of the necessary processes. We also develop a test 

of hazard rate order given two different samples with a common censoring mechanism, 

as well as an estimate for the hazard of a copula. The chapter ends with an example, 

where we apply the previous results to FGM copulas. 
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Chapters 5 and 6 focus on estimation of the distribution function F. We do not 

use a hazard-based approach for this purpose because, as we remarked before, the 

relationship between the hazard and the distribution function outside of the comfort 

of one-dimensional Euclidean space is not straightforward, if it exists at all. For 

Chapter 5, we borrow the reverse probability approach of Burke in [3]. We consider 

two different cases: 'observable' censoring and 'ordered' censoring. The former means 

that each censoring set is completely observable, as it would be, for example, in aerial 

photography, where we could actually see the shape of the cloud that obscures a part 

of the data; the latter refers to a situation such that the censoring set takes its values 

in an increasing class of lower layers. An example of ordered censoring could appear 

in radar readings, where the observable regions are concentric circles or semicircles 

that increase in size as their radius expands. Univariate censoring also falls in this 

category. In both cases, we start with the relation 

v(A)= [(PiteOr'Kdt), (1.3.1) 
J A 

where A is a Borel set, /i is the distribution of the data points Yi, £ represents the 

uncensored region and ft is the subdistribution of the uncensored observations, i.e., 

jx{A) — P(Y e An£) . Equation (1.3.1) is a generalization of (1.2.1). We estimate the 

subdistribution empirically in both the observable and the ordered censoring schemes, 

while P(t € £) is estimated differently for each case. In the presence of observable 

censoring, we can use its empirical counterpart; in the ordered case, the basic idea is 

to project both the censoring and the data points into a strictly increasing map going 

from [0,1] to the class of lower layers, and then use the resulting one-dimensional 

data to arrive at an estimate. We can prove that both estimators of the distribution 

function follow functional central limit theorems, we give the asymptotic variance of 

each, and we use them to construct tests of independence and estimates for the copula 

associated to the distribution. 

The estimators of Chapter 5 are easy to construct, but the specific censoring 

required is a drawback, as is the fact that they are not dynamic estimators. In 
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Chapter 6 we aim to arrive at an estimator of F that incorporates more general 

censoring schemes and that is dynamic (in the sense that it only uses data available 

at the time it is calculated, instead of needing the whole data set). Under the structure 

we provide in this Chapter, we can even consider more general spaces for our random 

variables to take their values in. We project data points into a path -a continuous 

and strictly increasing map- as well as the censoring to reduce the problem to one 

dimension, which leads us to path dependent estimators of both the distribution 

and the survival function, depending on the way we project those points. Survival 

estimation in this case is a generalization of Tsai and Crowley's approach in [21], but 

our focus lies in the estimation of the distribution function. Of course, there are many 

ways of choosing a path, so we study in detail the case of ordered censoring, where it is 

actually possible to choose a unique optimal path -that is, a path that generates more 

uncensored points than any other. In this particular scheme, we can find a dynamic 

estimator that discards no uncensored observations, follows a functional central limit 

theorem and is a measure that only puts mass on the observations and on some sup's 

of observations. It is also possible to use this estimator in tests of independence and 

copula estimation. 

Finally, the Appendix gives a brief overview of the Nelson-Aalen and Kaplan-

Meier estimators for right-censored univariate data. 



Chapter 2 

Framework and definitions 

This work is motivated by the censoring model presented in [12]. We attempt to 

modify that mechanism in order to avoid certain 'observability' issues that arose in 

the construction of the Nelson-Aalen estimator for the integrated hazard function. 

This will lead us to a new type of random set that will be introduced in Chapter 

3; in Chapter 4 we will explain more precisely how these new random sets help us 

eliminate such problems. Before that however, we must present the general setting 

in which these ideas will be developed. 

2.1 The Set-up 

The framework we will be using is very similar to that used in [9], [11] and [12], except 

for some details. Let T be a compact complete separable metric space and A a finite 

measure on B, the Borel sets of T. A simple example is T = [0, l]2 , and we will return 

to this space in several sections of this thesis. Preserving the notation in [12], if T> 

is an arbitrary class of sets, then V{u) (respectively, V(cu)) will denote the class of 

finite (respectively, countable) unions of sets from V. For D an arbitrary subset of T, 

let TD be a countable dense subset of D. We will use 'C ' to indicate strict inclusion; 

moreover, D denotes the closure and D° denotes the interior of D. All processes will 

be indexed by sets belonging to an indexing collection A: 

10 
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Definition 2.1.1 A nonempty class A of compact, connected subsets of T is called 

an indexing collection if it satisfies the following: 

1. 0 , T e A, and for A G A, A° ^AifA^$ orT. 

2. A is closed under arbitrary intersections and if A, B G A are nonempty, then 

Af] B is nonempty. Denote 0' = nAeA:A^A. If (Ai) is an increasing sequence 

in A, then UjA; G A. 

3. The a-algebra generated by A, cr(A) = B. 

4- Separability from above: 

There exists an increasing sequence of countable subclasses An 

= {A™, A%,...} of A closed under intersections and satisfying 0,0' G An(u). 

As well, there exists a sequence of functions gn : A —> An(u) such that 

(a) gn preserves arbitrary intersections and finite unions (i.e. 

9n(nAeA'A) = DAeA,gn(A) for any A' C A, and if Uf=1Ai = \Jf=1A'jf 

then uti9n{Ai) = \Jf=lgn{^)), 

(b) for each AG A, AC (gn(A))°, 

(c) gn(A) C gm{A) ifn>m, 

(d) for each A G A, A = nngn(A) , 

(e) if A, A' G A then for every n, gn{A) D A' G A, and if A' G An then 

gn(A) n A' e An. 

(f) <7n(0) - 0 Vn. 

Definition 2.1.2 For t G T, define the following sets: 

• The 'past' oft: At = r\AA&At teA . 

• The 'future' oft: Et = nBc
BeAt m . 
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1 

t 

Et 

0 1 

Figure 2.1: The past and the future of a point t in [0, l ]2 . 

We assume that Et is closed. 

Lemma 2.1.3 There is a partial order induced on T by the indexing collection A: 

s <t if and only if As C At. 

Proof: This result was stated in [12]; we will carry out the proof. It's clear that 

At C AtVt G T, and that As C At, At C Au implies As C Au for s,t,u £ T. Now, 

from 3 in Definition 2.1.1 it follows that s ^ t if and only if A8 ^ At. Plus, s G Et if 

and only if t G As; indeed, 

teAsoteAVAeA: seA 

&seA=>teA\fAeA 

&teAc=>seAc\/A£A 

<^> s e Et. 

Hence At n Et = {*}. Now, suppose .As C Aj and At C As. The first inclusion 

implies that s G A> and soteEs. But the second inclusion says that t £ Aa, and so 

t G As fl i?s, which implies that t = s and hence At = A8. D 
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The previous lemma allows us to write At = {s : s < t} and Et = {s : s > t}. In 

terms of this partial order, 0' is the minimal element of T. 

The following definitions can be found in [12], but we're going to reproduce them 

here for clarity of exposition. We define C to be the class of all subsets of T of the 

form 

C = A\B, AeA, BeA(u). 

C is closed under intersections and any set in C(u) may be expressed as a finite disjoint 

union of sets in C; in other words, C is a semi-algebra. Suppose that B — Uf̂ -A* G 

A{u). If Ai <2 Uj^iAj for each i, then we say that this representation is extremal. If 

C = A\B, A G A, BE A(U), then the representation of C is called extremal if that 

of B is. Without loss of generality it will always be assumed that all representations 

of sets in A(u) and C are extremal. 

For each Ak, let Ce(Ak) denote the left-neighbourhoods of Ak' that is, all nonempty 

sets of the form C = A \ UA'S.A AZA' A', A G Ak- It's clear that Ce(Ak) partitions 

T, and as observed in [11], the sequence {Cl{Ak))k is a dissecting system for T. If 

t G T, let Cfc(i) be the set in Ce(Ak) containing t. The class of finite unions of left-

neighbourhoods of Ak is denoted by Ce(Ak)(u), and the class of countable unions will 

be denoted by Ce(Ak)(cu). 

Example 2.1 A As an example of the type of structure we will be using, consider 

T — [0, l]2 . Then the class A — {[0,t] : t G T} satisfies the conditions of Definition 

2.1.1, and C(u) consists of all finite unions of disjoint rectangles of the form (s,t\ for 

s ,£GT. 

For T = [0, l]2 and AeT, A will be called a lower layer if [0,t] C A, Vt G A. 

The class A = {A C T : A is a lower layer} is also an indexing collection. In both 

cases we have that At = [0,t] and Et — [t, 1], and both indexing collections induce 

the usual partial order in [0, l]2 . 
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It is important to note that we can define other indexing collections that induce 

different partial orders. Example 2.4 in [11] illustrates this point. 

We will require some extra assumptions. The first one is about the structure of 

C, while the second one is concerned with the sub-semilattices Ak'. 

Assumption 2.1.5 If C £ C, then there exist sets Di,...,Dm £ A such that C = 

ANyU^Dj is an extremal representation, and if A' G A, A'DC = 0, then A' C U ^ D j . 

This is called a maximal representation of C. 

Assumption 2.1.6 For each C G Ce(Ak), there exists a point tc- G T such that 

C C Et , and 
<-c-

lim sup sup d(tc-,t) = 0, 

where d is the metric on T. Moreover, tc- can be chosen so that tc- £ dC. 

The point tc- acts as a lower bound on the points in C: tc- < t Vt £ C. For 

example, if A — {[0,t] : t £ T} and C = (t, if], then tc- = t. As observed in [12], 

Assumption 2.1.6 implies that 

lim sup diam(Ck(t)) = 0, 
fc^°° \teT J 

where 'diam(-)' denotes the diameter of a set. 

Let (fi, fF', P) be any complete probability space. 

Definition 2.1.7 A filtration indexed by A is a class of complete sub-a-fields of T, 

{TA : A £ A} such that 

• If AC B, then TA Q FB VA, B £ A. 

• ^DAi = Cl^Ai for any decreasing sequence (Ai) in A (Monotone outer-continuity). 

We continue to follow the definitions in [12]. If B e A(u), then T% = VAS.A ACB ^A-

The (7-algebras {J^°B : B £ A(u)} are complete and increasing, but they may not be 

monotone outer-continuous. To avoid this problem, we can define TB — f]n - ^ „ ( B ) 
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for B G A(u). Next, for C G C{u) \ A, let Gc = fUe.4, AHC^A and Q*c = 

Vse^(u), snc=0^ rS' a n ( l for A G .4, A ^ 0, define £A = <?A = •?!)• It was noted 

in [9] that Gc Q G*ci a n d that {Gc } 1S a decreasing family of a-fields: if C C C", 

then 0 $ C g{*\ Finally, if C = A \ B is a maximal representation of C, then 

G*c = TB- This was shown in [9]. 

Definition 2.1.8 The following definitions can be found in [12]: 

• A (A -indexed) stochastic process X = {X& : A e A} is a collection of random 

variables indexed by A, and is said to be adapted if XA is T'A-measurable for 

every A e A. 

• X is said to be integrable if E[\ XA |] < oo MA € A. 

• A process X : A —• R is increasing if for every uo G 0, the function X. (to) 

can be extended to a finitely additive function on C satisfying X$> (u) = 0 and 

XC{OJ) > 0, VC € C, and such that X.(u>) is monotone outer-continuous (i.e. 

if (An), is a decreasing sequence of sets in A(u) such that C\nAn G A(u), then 

limnX.An(u;) = XnnAn(w))- (It is clear that any trajectory of an increasing 

process can be extended to a cr-finite measure on B. Note that an increasing 

process is not necessarily adapted.) 

• An integrable process M = {MA, A G .A} is called a strong martingale if it is 

adapted and for any C G C, E[Mc\Gc] = 0. If the process M is not adapted, it 

will be called a pseudo-strong martingale. 

• A process X is called a *- compensator of the process X if it is increasing and 

the difference X — X is a pseudo-strong martingale. 

Before moving on to the next Chapter dealing with adapted random sets, we 

should note that although we are restricting ourselves to a compact set T, all of the 
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definitions and developments throughout this work can easily be expanded to a locally 

compact space using the structure of domains found in Definition 2.1 of [12]. 



Chapter 3 

The Censoring Mechanism 

In this Chapter we develop the random sets that will represent the censoring in our 

survival model. We start by recalling the definitions of stopping sets and anti-clouds 

given by Ivanoff and Merzbach, and then we define the concept of *-anti-cloud. The 

rest of the Chapter is concerned with the mathematical properties of these random 

sets. 

3.1 Clouds and *-clouds 

We are going to start by giving the definition of a stopping set, a notion that was 

first introduced in [9]. 

Definition 3.1.1 £ : 0, —> A(u) is a stopping set with respect to a filtration T if for 

any A e A, {co : A C £(w)} € T' A, and {UJ : 0 = £(u;)} 6 JF0. 

As noted in [12], there is a simple but important equivalence to the above defi­

nition of a stopping set, which will make possible to extend this concept to a class of 

random sets taking their values in B. 

Lemma 3.1.2 £ : Q, —• A(u) is a stopping set if and only if for any t € T, {uo : t G 

£{u)}erAt. 

17 
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Proof: Suppose that £ is a stopping set. Then 

{u : £ € £(«;)} = {u, : At C £(w)} € J ^ t . 

On the other hand, suppose {u : t E £(w)} 6 .7\4t Vt G T. Using the fact that T is 

separable, we have that 

{u:AC £(w)} = f |{w : i G £(*)} = f]{u:te £(u)} G \J TAt Q FA, 
teA teTA teTA 

where TA denotes a countable dense subset of A. • 

Recall that a closed set D is a domain if D = D°. As in [12], let /C be the 

class of domains D in T such that \(dD) — 0, where A is the measure defined at the 

beginning of Section 2.1, and let C be the class of open sets that are complements of 

sets in /C. 

Definition 3.1.3 A random set n : f2 —> B is an adapted random set if for any 

teT, {co-.teni^je^A,. 

• An adapted random set p taking its values in C is a cloud. 

• An adapted random set £ taking its values in K, is an anti-cloud. 

The concept of anti-cloud was introduced by Ivanoff and Merzbach in [12] as a 

generalization of a stopping set. Now we are going to define a new kind of random set, 

analogous to the previous ones; but before doing that, we need another assumption. 

Assumption 3.1.4 Define Dt = £?. Then Dt € A(u) V t e T. Also, if (tn) is a 

sequence such that t < tn Vn and tn —>• t, then Dt = f] Dtn • 

This is crucial to some later developments, since E% — T\Dt and so we will have 

that E% € C. We may interpret E% as the 'strict' future of t, and we shall define the 

'wide' history of t to be T*t := Q*Eo — Tr>t. We will also need this to deal with some 

right-continuity results in some of the theorems that follow, especially in the proof of 

Lemma 3.1.13. 
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Remark 3.1.5 We observe that if C G C and if C C E%, then T\ C Q*c, since the 

cr-algebras {£/£} a r e decreasing. On the other hand, if t G C and C = A \ 5 is 

a maximal representation of C, then BflE t° = 0 and so <?£ = TB Q ^Dt — -̂ "t-

Indeed, if s G £?p|££, then we would have s > t and s £ B, which would imply 

that t £ B, contradicting the assumption that t G C. So B C (-Bt°)
c = -Di and hence 

Now we are in position to define the *-sets: 

Definition 3.1.6 £ : Vt —> A(u) is a *-stopping set if for any t e T, {UJ :t G £(w)} G 

• A random set n : £1 -* B is a *-adapted random set if for any t G T, {u> : t G 

• A *-adapted random set p taking its values in £ is a *-cloud. 

• A ^-adapted random set £ taking its values in K, is an *-anti-cloud. 

As with adapted random sets and anti-clouds (cf. Ivanoff and Merzbach, [12]), 

we have that finite intersections and unions of *-adapted random sets are *-adapted 

random sets, and if n is a ^-adapted random set and B G B, then r\ D B is also a 

*-adapted random set. Also, *-anti-clouds are not generally closed under intersection, 

since the intersection of domains may not be a domain. The same happens with A n £ 

for £ a *-anti-cloud and A G A. 

Lemma 3.1.7 Let £ be a ^-anti-cloud. For any B G K, the following are in J-': 

. {cu: BQ £(")}; 

• {u : £(u>) C B}; 

• { w : £ M = B}. 
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Proof: The proof goes through exactly as in Lemma 3.4 in [12]. • 

Now we will focus on the measurability of X ^ ( w ) : = ^An{(u)(w) as a map from 

(Q, J7, P) to R, where X is an additive ^.-indexed process and £ is a *-anti-cloud. 

For that, we need to define certain sets that approximate £ in some sense. This was 

done first in [12]: 

Definition 3.1.8 Let £ be a ^-anti-cloud. 

• !;£ G Ce(Ak)(u) is defined by: 

4+= U_ c-
CeCe(Ak), cne/0 

• ^ G Ce(Ak)(u) is defined by: 

£= U_ c-

• c/fc(£) G Ce(Ak)(u) is defined by: 

sfcCfl U a 

CeC*(Ak), tc-et 

We have that ^ C £° C £ C £^, but £̂ " and £̂~ are not ^-adapted random sets. 

For this reason we need <&(£); we will prove that it is a *-adapted random set. The 

next lemma will clarify how each of these sets approximates £. 

Lemma 3.1.9 If £ is a ^-anti-cloud, then 

s. r = uc-
5. £° C liminffc^fe(0 c limsupfcpfc(£) C £. 
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Proof: The proof is exactly the same as the one for Lemma 3.7 in [12], since these 

properties are of a geometric nature and hence don't depend on the *-anti-cloud ob­

servability. • 

The following theorem and its corollaries were proven in [12] for anti-clouds. 

We give the statements for *-anti-clouds; the proofs are identical to their anti-cloud 

counterparts. 

Theorem 3.1.10 Let X be an increasing process (or the difference of two increasing 

processes) on A and suppose that £ is a ^-anti-cloud. Then for any A G A, both XAn^ 

and XAHOZ
 are random, variables. 

Corollary 3.1.11 Let X be an increasing process on A and suppose that £ is a *-

anti-cloud. If P{XQ^ — 0) = 1, then for A e A, XAn^ = lim^ XAngk^ a.s. 

Corollary 3.1.12 Let £ be a *-anti-cloud. 

1. If B G Ce(Ak)(cu), then both {u : B = ££(w)} and {u : B = ^{u)} are in T. 

2. If K is a compact set, then {u> : ^(u) D K =̂  0} G T. 

The next Lemma is analogous to Lemma 3.11 in [12] for anti-clouds, but the 

proof needs some modifications. 

Lemma 3.1.13 1. If £ is a ^-anti-cloud, then <?&(£) is a ^-adapted random set 

taking its values in Ce(Ak)(u). 

2. If £ is a ^--adapted random set taking its values in Ce(Ak)(u) and 

( ^ ] : = { ( ( j , t ) e f l x r : t G ^ ) } , 

then 

(0,£]= U FcxC, 
cecHAk) 

where Fc G Q*c-
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Proof: 1. Adaptedness is a simple consequence of the definition of <?fc(£): 

{co : tegk(£(u>))} = {u : Ck(t) C <?fc(£(u;))} 

= {a; : tCfc(t)- G £(W)} € 5 ^ C ^ ( t ) C ^ , 

using the fact that Ck(t) C ££ _ and both parts of Remark 3.1.5. 
cfcC) 

2. Note that for C G C ' (A) , 

F c = {a; : C C £(w)} = {a; : i G £(«;)} G ^ 

for every t E C. Let (tn) G C be a monotone decreasing sequence converging to tc-. 

The existence of such a sequence is guaranteed because tc- E dC. Then we have that 

Fc E H-^tn = n ^ ' n = :F^Dtn = FDtc_ = T\c_ C <?£,, 
n n 

where the second equality follows from monotone outer-continuity of the cr-fields 

{•?"£>(„} and the third comes from Assumption 3.1.4. • 

Now we deal with the filtered process X\ := X^A when Xg^ = 0 a.s. 

Theorem 3.1.14 Let £ be a ^-anti-cloud and X = Y — W, where Y and W are 

increasing processes such that Yg^ — Wg^ = 0 a.s. 

1. If X is a (pseudo)-strong martingale, then X^ is a pseudo-strong martingale. 

2. X^ will not generally be adapted, even if X is. 

Proof: 

1. We have to verify the pseudo-strong martingale property: for any C E C, 

E[XC | gc] = 0. (3.1.1) 
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Suppose that C G Ce(An)(u) for some n. Noting that if D G C^Ak), FD = {D G 

gfe(£)} = I^t _e ^ then by part 2 of Lemma 3.1.13, for k > n, 

X9C{°= E V e O ^ n C (3.1.2) 

If X satisfies the pseudo-strong martingale property, then 

E[xg®\g*c]= E E[i{tD_^}xDnc\Gh] 
DGC^Ak) 

= ILJ E [EiJ{tD-£ £}xDnc I Gcnol I ^c] 
r>ec«(Afc) 

= ^2 E [J{tD-£ 0EiXDnc | £GTI£>] I Oh] 
DeC'(Ak) 

= 0, 

since {tD- G £} G J ^ C ^ C g^n D . Now, by additivity, X9
c
k{° -+fc X j a.s., and 

since X is the difference of increasing processes, we have that 

E[X*C | g*c] = Mi im xs fc(e) | g*c] = Hm £[x*fc(« I e y = o. 
fc—>oo fc—>oo 

Next, consider a general set C G C. If C = A \ B is its maximal representation, 

define C^ = gk(A) \ 9k(B). Using additivity of the process and outer-continuity of 

the gk, we have that XQ = lim^oo XQ . Now, since Ck G Ce(Ak)(u), the first part of 

the proof says that E[X^k | Q*Ck) = 0. Then, since we have (7^ C C/cfc> 

£ [ * S | % ] = E[YimX^Ck | 0£] = Urn E[X^k \ Q*c\ = 

= 0, = lim £ 
fc—>oo 

where the second equality follows by uniform integrability, a consequence of X being 

the difference of increasing processes. 

2. For A G A, D G C^(Ai) and A D £> ^ 0, we have that 

fo- G Qeg*DZ FA, 

so X ? may not be adapted even if X is. • 



Chapter 4 

Estimating the Cumulative Hazard 

Function 

The goal of this Chapter is to develop a Nelson-Aalen estimator for the cumulative 

(or integrated) hazard function in a general survival model, in which the data points 

are elements of the set T and are observable only on a *-anti-cloud. Since the results 

that we have gotten so far for the *-adapted random sets closely resemble those found 

in [12] for adapted random sets, it is to be expected that most of the developments 

in Section 4 of [12] will hold, with some appropriate changes. 

4.1 The Survival Model and the Estimator H^ 

The model we will use is the same as the one in [11] and [12]. Assume that (Q, J7, P) 

is a complete probability space. Let Y : £1 —> T be a T-valued random variable, and 

(JL(B) = P{Y G B} its distribution function. The survival function associated with 

Y is S(i) = n{Et). We assume that fj, is absolutely continuous with respect to A (A 

as in Chapter 2) and denote by \x the Radon-Nikodym derivative of fj, with respect 

to A on the Borel sets of T. Finally, we will assume throughout this section that the 

indexing collection is A = {At : t ET}. 

24 
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Definition 4.1.1 • Fort E T, the hazard function ofY is h where 

hit) = ^ S 
n[t) S(t)" 

/ / S(t) = 0, h(t) is defined to be zero. 
• The integrated hazard function ofY is H where 

HA = / h(u)X(du) for any A E A. 
J A 

Let N = {NA, A E A} = {I{yeA}, A E A} be the single jump process associated 

with Y and TY = {TY
A,A E A(u)} its minimal filtration: TY

A = a{NB : B E 

A,B C A} U {VQ}, where VQ is the class of P-null sets. This filtration is in fact 

outer-continuous, as was proved in [10]. N is increasing, and it was proved in [11] 

that it has a ^-compensator: 

Proposition 4.1.2 ([11], Proposition 2.9) The process N defined by 

~NA= I K ^ ) " V W = / h{u)\(du)= J I{YeEu}h{u)X(du) 
JAr\AY JAnAy J A 

is a ^--compensator of the process N with respect to its minimal filtration, where 

AY(UJ) = AY(U)-

Suppose we have a T-valued random variable Y whose associated single jump 

process TV is adapted to a filtration T and an jF-*-cloud p with corresponding He-anti-

cloud £ = pc. The filtered jump process TV* := I^Ye(n-} corresponds to observing 

occurrences of Y only on the complement of the *-cloud; then we can say that TV has 

been filtered by the *-cloud p. 

Example 4.1.3 This example shows that our framework includes the usual bivariate 

censoring model, as presented in [18]. Let Y = (Yi, Yi) E [0, l]2 be a two-dimensional 

failure time on a probability space (Cl, J7, P), and suppose that T satisfies TY C Ft 

for every t E [0, l ]2 . Let t = (tut2) E [0, l]2 , J%> = Vta ?&&), ^S = V t l F(tltt2), 
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and let r = (ri, r2) be a two-dimensional censoring time, where Tj is an jF^-stopping 

time for i = 1,2. 

Suppose we can observe Y AT = (Yi A TI, F2 A T2) and / { y ^ } , « = 1,2. Now 

we can express everything in terms of sets, letting At = [0, t], and £ = [0, r] . £ is a 

^-stopping set, since 

{t e £} - {(ti,t2) e [0,n] x [o,r2]} = {<! < n} n {t2 < r2} e tf? ®F{£ c ^ . 

Finally, the counting process of censored times is 

N*(t) = NAt = I{YAT<t,Yi<n,Y2<T2} = flYcAtnO-O 

In what follows, if £ : Q —• /C, let J7^ denote the minimal (.4-indexed) filtration 

with respect to which £ is a *-anti-cloud. 

Definition 4.1.4 Let Y be a T-valued random variable and let FY be the minimal 

filtration generated by its associated jump process N. Let J7 be a filtration such that 

FY
A C TA VA G A(u) and let £ be an J-'-^-anti-cloud. £ is 

1. weakly independent ofY if the *-compensator of N with respect to T is the same 

as the ^-compensator with respect to TY; 

2. independent ofY if TY is independent of T^ and T A — FA V FA, VA G A. 

Lemma 4.1.5 Suppose that!; is a ^-anti-cloud, thatY andt; are weakly independent 

and that the filtration J7 satisfies TA = FY
A V TA, MA & A. If N is the single-jump 

process associated with Y, then (N — N)Z is a pseudo-strong (J-'-)martingale. 

Proof: This follows from Theorem 3.1.14. • 

Now we are able to define the Nelson-Aalen estimator of the integrated hazard 

function using filtered data. We will use the same definitions as in [12]. 



4.1. THE SURVIVAL MODEL AND THE ESTIMATOR fiW 27 

Henceforth, we assume that we have a sequence of i.i.d. T-valued random vari­

ables (Yj) with the same distribution as Y, as well as a sequence (£$) of *-anti-clouds 

independent of the Y(s. Define the following processes: 

JV<"> = £ / : 
n 

V»e A}, 

n 

i=l 

ivin) = [ Zn(t)h(t)X(dt), 
J A 

n 

i = l 

By independence and Lemma 4.1.5, N is a ^-compensator for N^ , and the 

process 

M(n) = N(n)Z _ JZn(t)h{t)\{dt) (4.1.2) 

is a pseudo-strong martingale with respect to T, the minimal filtration generated by 

the sequences (Yi) and (&). Since 

N^\dt) = Zn(t)h{t)X(dt) + M^n\dt), 

regarding M^ as noise, we come to a set-indexed version of the Nelson-Aalen esti­

mator for HA' 

& • ( « ) HA 

• 7 A n V ' {i:Yi6An&} 

Define 

and 

Jn(t) = /{Z„(t)>0} 

^ = / Jn(t)h(t)X(dt). 
J A 

Trivially, H^ = HA if P(J„(t) = 1 Vt G A) = 1. We observe that since £ t is closed, 

N^\dt) > 0 only if Jn(t) = 1. Thus, 

6^-H^ = JJr$jM{n)W 
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Proposition 4.1.6 H™ - tf(n) is a pseudo-strong martingale. 

Proof: We have that 

#(n)_tf(n)= [MlM(n){dt^ 
J. Zn\t) 

so we must show that for every C £ C and F G G*c, 

I f ^M-Mn\u,dt)P(dw) = 0. (4.1.4) 
JF JO ^nKu-.t) 

We note that ^ 4 ^ is a finite linear combination of random variables of the form 

n 

1 

where Oj(t) ;= 1 - I{Y^E^} or I^Efi and 6»(t) = I{te^} or 1 - I{t^i}. Therefore, 

(4.1.4) will hold if 

/ / n^( t )6i ( i )M^(cj ,d t )P(do;) = 0 

for every C eC and F eQ*c. 

From part 3 of Lemma 3.1.9, we have that 

/{tee?} ^ l i n \ i n f httgkim < lim sup I{tegk^)} < I{ t e & } . (4.1.5) 

Using part 2 of Lemma 3.1.13, 

{(w, t):te gk(0} = U F ^ x C*fr 

where Ffc)fc G <?cfc,h>
 s o 

and 

limfcinf/{te5fcte)}=limfeinf ] T IFk,hxCk,h (4.1.6) 
Cfc,fcec<(^») 

l imsup/ { t e 5 , ( W } = limsup ] T /Ffc,fcxcfclh. (4.1.7) 
fc fc ck,hect(Ak) 
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Now we are going to show that 

{(u>,t) :¥&)£%} = {] |J Gk,h x Ck,h, (4.1.8) 
k Ck,h^(Ak) 

where Gk,h € <7cfcih- Consider {YJ G E%}; by definition ££ = {Jt^A, A€AA- B y 

separability from above, t ^ Ail and only if there exists k such that £ £" fi^-A), and 

so 

*?=u( u A 
k \AGAk,t^A J 

This union is increasing in k, since the classes A\ are increasing. By definition of a 

left-neighborhood, if t G C = D \ LU'e.Ak.cgA' A' 6 Ce(Ak), then 

{Y,e [J A} = {Yie (J A'}eS£. 
Ae-Afe,t£.A A'e^lfc,DgA' 

From this (4.1.8) follows. Now, since the sets (Ckth)h are disjoint, for each (u,t) we 

have that 

hYieE?} = I{UkUCkh£cHAk)GKhxCkth} = k™- Yl JG^xCfc,ft- (4.1.9) 
ck,hec<<(Ak) 

Combining (4.1.6), (4.1.7) and (4.1.9), and taking (4.1.5) into account, it follows 

that Y{E IS a nmfe linear combination of random variables Wi(i), ...,Wm(t) where 

0 < Wj(t) < 1 for each j , 0 < Wj(t) — Vj(t) < I{ted$} for a random variable Vj(t), 

and there exist events Hk,h G Q*ck h
 s u c n that 

Wj(u;,t) > limsup £ / ^ x ^ ^ t ) (4-1.10) 
fc_+0° ck)heC*(Ak) 

> liminf £ /fffc,hxcfc,>,*) (4.1.11) 
fc—>oo * — ' 

Cfc,*ec«(.A*) 

> Vj(uj,t). (4.1.12) 

So all we need now is to show that 

/ [ Wj(u,t)M^(u,dt)P(dw)=0, (4.1.13) 
JF JC 
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where F € Q*c\ we may assume that C € C (̂.Afc)(w) for every k without any loss of 

generality, since we may suitably augment Ak- In order to do this, note that fj, is 

absolutely continuous with respect to A and £ takes its values in K, to get both 

0 < / / \ W j - V j ) d N ^ d P < [ f I{tm}dN^dP 
JF JC JF JC 

dNW*dP 

and 

>F Jd£ 

< E[N$']=0 

0 < / / {Wj - Vt)dN{n)dP < I{ted0dN{n)dP 
JF Jc JF JC 

dNwdP 
F Jdi 

< E[N^] = 0, 

hence the equalities 

/ / Wj dN^dP = / / Vj dN^dP, 
JF JC JF JC 

f J Wj dN(n)dP = f f Vj dN{n)dP. 
JF JC JF JC 

Now we can use (4.1.10)-(4.1.12) to get 

f [WjdN^dP > f /limsup V IHhhXCkhdNW*dP 
JFJC JFJC k^°° cKheCHAk) ' ' 

> / / liminf Yl W^cKhdN^dP 
F c ck,hec*(Ak) 

> f f Vj dN<ri*dP, 
JF JC IF Jc 

as well as 

[ [WjdN{n)dP > / / l i m s u p Yl Ix^c^dN^dP 
J F J C JFJC k^°° ck,hzcHAk) 

F C ck,heCt(Ak) 

* JJV> 
JF JC 

) d~N{n)dP, 
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which justify the calculations 

/ / Wj dN^dP = lim £ f [ W>*ck,hdN^dP 
JFJC

 k~*°°^ ~z<. ,JFJC 
cklhect(Ak) 

and 

= lim ^ / J dN^dP 
k~*°° ckthec({Ak) J

H**nF Jck,ht~\c 

= lim V / N^ldP 
ck,heCt(Ak),ckthccJHk'»™ 

f f Wj dN(n)dP = lim ]T I I iH^xc^dN^dP 
JFJC ^°°ck,hecHAk)

jFJc 

= l im E / / dN(n)dP 
k^°°ck,heCt(Ak)

jH^nFJc^nC 

= lim V / iV^ dP. 
cfclfcec<(.Afc)>cfc,hCC"/i**.ftn* 

But then we have that 

/ / Wj dM^dP = f f Wj dN^dP - f f Wj dN{n)dP 
JF JC JF JC JF JC 

= ft, £ / (Nin)kh-N(clh)dP 

Ck,h&C^Ak),Ck<hQCJHk^F 

'•(A,.\C. ^CJtlktf 

Ck,heCt(Ak),Ck,hccJHkhnF 

= 0, 

where the last equality follows since {Q*c\ is a decreasing family and so Hk,h n F £ 

Q*chh whenever Ck,h Q C. This proves (4.1.13), and the proof of the proposition is 

complete. • 

So far, we have been able to develop a censoring mechanism based on the new 

random sets called *-anti-clouds. Our work has led us to an estimator for the inte­

grated hazard function under that type of censoring, but so far we haven't explained 
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the reasons for wanting to switch from the anti-cloud model presented in [12] to our 

model. We will address this point right now. 

Example 4.1.7 Ideally, we would like to have all the information regarding the 

events in T*t at time t. Unfortunately, this is generally not possible in practice, 

and we have to settle for somewhat more limited information. Specifically, if £ is a 

fully observable anti-cloud, we can only observe 

Ht = cr{I{Y£Ant;}, I{set} '• A £ A, s € Dt} C T\. 

We need the event I{YeEt}I{teO to be observable in order to construct the es­

timator for the integrated hazard function. But the problem is that I{YeEt}I{teS} 1S 

not 7it-measurable, and so the estimator cannot be used. Indeed, suppose t e £, and 

Djflf 7̂  0. If Y is not observed in Dtr\£, it is impossible to know whether Y E Dtr\£c 

or Y 6 Et. This situation is illustrated in Figure 4.1. 

To correct this, we can define £*(u) = {t : Dt fl£c(a;) = 0}. £* is a *-anti-cloud, 

since 

seDt seTDt 

recalling that T&t stands for a countable dense subset of Dt. Figure 4.2 pictures the 

*-anti-cloud £* corresponding to the anti-cloud £ in Figure 4.1. 

Now consider I{Y£Et}I{t&(,*}- We have that if £ € £*, then Dt C £, and so 

{YeEt}n{teC} = {Y e Dt}
c n {t e C} 

= {YeDtn^}cn{tee}ent. 

This means that I{Y<=Et}I{t£t*} ^s %-measurable and hence observable, and now we 

are able to calculate the estimator. 

Of course, there are instances where it is not possible to observe /{*<=£} whenever 

the observation Y happens before time t; in other words, when the anti-cloud is not 
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. 

t 

z 

i ac \ 
o 

--.... Y: 

Figure 4.1: The observability problem: we don't know whether Y G Et. 

Figure 4.2: The resulting *-anti-cloud £*. 
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fully observable and Y G At. In this case, the information available up to time t 

consists of 

Ht = <r{I{YeAnS},I{s€tnEc,} '• A C. Dt, s G Dt} C J7*; 

nevertheless, we can still observe the event I{Y€Et}I{tet*}'- indeed, using the fact that 

{Y G Et} = f)seT° {s G -By}, we have that 

{YeEt}n{teC} = f] ({s e EY} n {s e £}) 
^T°Dt 

f | {seEYnt;}eHt. 
s ^ 

Example 4.1.8 We now consider a generalization of Example 4.1.3. Again, let Y = 

(Yi,Y2) G [0, l]2 be a two-dimensional failure time on a probability space (Q, J7, P), 

t = (ti,t2) G [0, l]2 with FY
t C Tt for every t G [0, l]2 and J=% as in Example 4.1.3 

for % = 1,2; but instead of having a single two-dimensional censoring time, we will 

consider a finite sequence of F® -stopping times 0 = TJH < vn < r/i2 < vi2 < ... < 

Vini < Vim f° r i = 1, 2. Let s = (si,s2) and u = (ui,u2) and suppose we can observe 

% = {^{yi<Si,yieU™i1N,^]}'^e(^j^j+i).'?i,j+i<«i} • s,ue At; i — 1,2}. 

An illustration of this kind of situation can be seen in Figure 4.3. This situation could 

arise in a laboratory, where test animals are under continuous observation during the 

day, but not at night. 

Let £* = {UJLifou. v\j\ x U?=itoy> ^ ] } - We have that 

n\ ri2 

{t G T } = {(h,t2) G ( J [Vij, vij] X ( J [V2j, u2j]} 
J = l 3=1 

n\ ri2 

= feeU fov > vv\}n {f2 e |J fajy, ̂ ] } 

n i n.2 

G ^ ^ j f c ^ * , 



4.2. ASYMPTOTIC BEHAVIOR OF HW 35 

V23 

V<12 

ma 

vi\ 

, 

i i i 

i i i 

• i r r 

i i i 

i i i 

i i i 

i i i 

i i i 

i i i 
- 1 4 - 1 -

- 1 4 - 1 -

- 1 4 - 1 -

1 1 1 

1 1 1 

1 1 1 

1 1 1 

3 

I I I I I 

M i l l 

n n r 
i i i i i 

i i i i i 

i i i i i 

i i i i i 

i i i i i 

i i i i i 
14 1-4 1-

1-4 1-4 1-

14 14 1-

1 1 1 1 1 

1 1 1 1 1 

1 1 1 1 1 

1 1 1 1 1 

-

-
-
-

v\\ 7712 V\2 »7l3 

Figure 4.3: We can observe the failure times in the unshaded area. 

so £* is a *-anti-cloud. Then I{Y£Et}I{te£*} c a n be observed and we get our estimator 

for the integrated hazard function. • 

4.2 Asympto t i c Behavior of H^ 

In this Section, we will assume that T = [0, l]2 . Our objective is to prove a functional 

central limit theorem for the T-indexed process U[n) := v ^ ( # t } ~HAt). In order to 

do this, we are going to employ a general form of the Delta-Method, which in turn is 

based on the concept of Hadamard differentiability. The following definition is taken 

from [22]. 

Definition 4.2.1 Let D and E be normed spaces. A map <fi : D^ C D —> E is 

Hadamard-differentiable at 9 £ D^ if there is a continuous linear map <f>'e : D —> E 

such that 

4>'s(h) (4.2.1) 

as n —> 00 for all converging sequences tn —•> 0 and hn —* h such that 8 + tnhn e D^, 

for every n. 
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If we require in our previous definition that every hn —> h has h G D 0 for some 

set D 0 C D, then the map is called Hadamard-differentiable tangentially to D0 . The 

derivative need then be defined on D 0 only. 

For the rest of the thesis we will make extensive use of the following spaces. If X 

is an arbitrary set, then the Banach space l°°(X) is the set of all functions / : X —> R 

that are bounded uniformly and equipped with the norm ||/| | = sup^, | / (x) | . Further­

more, D[0, l]2 is the Banach space of all functions / : [0, l]2 —> R continuous from 

the upper right quadrant and with limits from the other quadrants, equipped with 

the uniform norm. Finally, BVM[0, l]2 denotes the space of all functions in D[0, l]2 

with total variation bounded by M. Products of these spaces will always be equipped 

with a product norm. 

The next Lemma will be very helpful in the proof of the functional central limit 

theorem. It is very similar to Lemma 3.9.17 in [22], the difference being that we are 

working on two-dimensional spaces and that we are considering functions in a larger 

space. The proof is also similar to its counterpart in [22]. 

Lemma 4.2.2 For each fixed M, the maps (f> : Z°°[0, l]2 x BVM[0, l]2 - • R and 

</> : H M ] 2 x BVM[0, l]2-+L>[0, l]2 , 

<I>(A,B)= f AdB, xj;(A, B)(t) = / AdB (4.2.2) 
J(0,1] J(0,t] 

are Hadamard-differentiable tangentially to C[0, l]2xD[0, l]2 at each (A, B) in l°°[0, l]2x 

BVM[0, l]2 such that J \dA\ < oo; and the derivatives are given by 

<t>'AB(ct,0)= (Adp+ f adB, t /4 B (a,/?)(£)= / Ad(3+ [ adB, 
J J J(Q,t] J(p,t] 

where J Adj3 is defined via the two-dimensional integration by parts formula found in 

Theorem 8.8. of [7]. 
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Proof: Let at -»• a and /3t - • /?, where (A),/3 e D[0, l]2 , a G C[0, l]2 and (a t) G 

/°°[0, l]2 . Define At = A + tat and Bt = B + t(3t, and we consider only perturbations 

such that (At, Bt) is contained in the given domain. Using (4.2.1), we have that 

SAJBt-SAdB_JMpt_Jai4B = j a A B t _ B ) 

= jad{Bt-B) 

+ f{at-a)d{Bt-B). 

Since A is of bounded variation, the derivative map is continuous with respect 

to the uniform norm, so we only need to show that the last expression converges to 

zero. For the last term, we have that 

/ 
(at - a)d{Bt - B)\ < 2M \\at - a ^ - • 0, 

since at —> a. As for the first term, we are assuming that a G C[0, l]2 , so there 

exists k G N such that a varies less that e on each block -K^ = ( ^ , ^ ] x (•^r, -fa] for 

1, i, j — 1 , . . . 2 . Let a be the discretization that is constant and equal to a(-^, -i^) on 

the block 7Ty. Then we have 

/ 
ad{Bt-B)\ < 2M\\a-^\^ + J2J2\a^ikMBt-B)(-nij)\ 

+ | a ( l ) | | ( B t - S ) ( l ) | , 

where (Bt — 5 ) (71-̂ ) denotes the increment of Bt — B over the block -K^; that is, 

(Bt-B)^) = {Bt-B)(^,iL)-{Bt-B)(^,^) 

- (Bt-B)(^ik) + (Bt-B)(^,^l). 

The first term can be made arbitrarily small by the choice of e, while the second term 

is bounded by (4 • 22k + 1) || J5t — B]]^ |JQ;||0O and hence converges to zero as t —> 0 for 

every fixed partition. 
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The proof for ip is the same as that for 0, since the same bounds still work uni­

formly for all t G [0, l]2 . • 

Now that we have the definition of Hadamard differentiability and its refinement, 

we can take a look at the Delta-Method. Its proof can be found in [22]. 

Theorem 4.2.3 (Delta - Method) 

Let D and E be normed spaces. Let 4>: D^, C D —>• E be Hadamard-differentiable 

at 9 tangentially to D 0 . Let Xn : Qn —> D^ be maps with rn(Xn — 9) => X for some 

sequence of constants rn —> oo, where X is separable and takes its values in D 0 . Then 

rn(4>(Xn) - 4,(0)) =• UX). 

Note that the Delta-Method only requires that <f> be differentiable at the single 

point 9, a fact that will be crucial for our purposes. 

Before moving on to the central limit theorem, we have to make some assumptions 

that will allow us to apply the Delta-Method to our processes. 

Assumption 4.2.4 For all s,t G T, P(s G £) - P(s, t e £) < K \s - t\, where K is 

a constant and \-\ denotes the Euclidean norm. 

Assumption 4.2.5 P(t G £) is continuous int G T and there exists e > 0 such that 

P(t G £) > e for every teT. 

Assumption 4.2.6 The survival function S satisfies a Lipschitz condition of order 

1. 

Theorem 4.2.7 Under Assumptions 4.2.4, 4.2.5 and 4.2.6, -j^(Zn(-) -E(Zn(-))) =• 

A and -j^(N^A_ — E(N^A)) => r , where A and F are tight Gaussian processes on 

C[0,1]2 and D[0,l}2 respectively. Moreover, U<-n) => G in 1°°[0,T)2 for every r such 
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that S(T) > 0, where G is a mean-zero Gaussian process such that for t 6 T, 

r dr(u) _ r A(u) 
Gt ~ ]m S(u)P(u e 0 Jm (S(u)P(u e O)2 { "' V-

The first term in Gt is defined by integration by parts. 

Again, this Theorem is very similar to Example 3.9.19 in [22]. One of the differ­

ences, obviously, is that we are working on two dimensions instead of one. Another 

resides in our censoring mechanism and the information we are provided with; a con­

sequence of this is that Zn, the survivor function process, will not be in D[0, l]2 , the 

space that plays the role of D[0,1] in our model. 

Proof: Let Wt = I{YzEt}
 a n d Vt — I{t^y- Note that Assumption 4.2.4 implies that 

E \Vt — Vs\ < C \t — s\, where C is some constant, since 

E\vt - Va\ = E\Im} - I{SG0\ = P(te£,se e) + P(se£,te ?). 

Then we have that 

E\I{YeEt}I{tet} ~ I{YeEs}I{set}\) 

= E[E(\WtVt-WtVs\)\Wt,Ws] 

= E[\Vt-V8\\Wt = W8 = l]P(Wt = Wa = l) 

+ E[Vt\Wt = l,Ws = 0}P(Wt = l,Ws = 0) 

+ E\ya\wt = o,w8 = i]P{Wt = o,wa = i) 

< C\t-s\ S(s v t) + P(t e €)(S(t) - S(s v t)) 

+ P(set)(S(s)-S(sVt)) 

< K*\t-s\, 

where the first inequality follows from the independence of the processes V and W 

and the observation at the beginning of this proof; the second is a consequence of 

Assumption 4.2.6. But by a nearly identical argument to that in Example 2.11.14 in 
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[22] -we use two-dimensional blocks instead of closed intervals- this implies that the 

sequence of processes defined by 

v n
 i = 1 v n 

converges in distribution to a tight Gaussian process A on l°°[0, l ]2 . In fact, the 

limiting process is continuous, but we will show this in the Lemma following this 

proof. Moreover, since the £j's are i.i.d., we also have that the sequence of processes 

defined by 

V z = l 

converges in distribution to another tight Gaussian process T on D[0, l ]2 . This follows 

simply from the CLT for empirical processes, since we are working with a subdistri-

bution. This means that 

-±=[(Zn(-),N^i) - (E(Zn(.)),E(N^i))] =* (A,T) 

on Z°°[0, l]2 x D[0, l]2 , where (A, T) is a Gaussian process on C[0, l]2 x D[0, l ]2 . 

Recalling (4/ 

through the maps 

Recalling (4.1.3), we note that the estimator depends on the pair ( ^ , N " ) 

(A,B)—*(jtB)-^JjdB. (4.2.3) 

It is a consequence of Lemma 4.2.2 that the map 4.2.3 is Hadamard-differentiable tan-

gentially to C[0, l]2 x D[0, l]2 on a domain of the type {(A, B) : / \dB\ < M, A > e} 

for given M and e > 0, at every point (A, B) such that l/A is of bounded variation. 

Whenever t is restricted to an interval [0, r]2 such that S(r) > 0, the pair ( ^ , ^ ^ - ) 

is contained in this domain with probability tending to 1 for M > 1 and e sufficiently 

small. The derivative map is given by 

(a,/3)i—• f(l/A)d/3- [(a/A^dB. 

Let rn = ^ X n = ( ^ , ^ ) , 9 = (S(t)P(t € O . ^ C e A t ,Y e 0 ) and X = 

(A, T). Now we can apply the Delta-Method to conclude that 
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where 

f dF(u) _ f A(u) 
G t - Jm S(u)P(u € 0 Jm (S(u)P(u € O)2 ( " ^ 

is again Gaussian. As in Lemma 4.2.2, the first term in the limiting process has to 

be defined by integration by parts, since V may not be of bounded variation. 

The covariance structure for G will be given later in this section. • 

Following the notation in [11], let Dn(t) := n-1/2[Zn(*) - E(Zn(t))} and Cn(t) := 

n-W[N(n)*At - E(NW*At)]. 

Lemma 4.2.8 Under the same conditions as Theorem 4-2.7, the sequence of pro­

cesses -7=[Zn(£) — E(Zn(t))} converges in distribution in l°°[0, l]2 to a tight Gaussian 

process A taking its values on C[0, l]2 . 

Proof: The convergence in distribution of Dn(-) to a tight Gaussian process has 

already been shown in the proof of Theorem 4.2.7. It remains to show that the 

limiting process is continuous. 

From Assumptions 4.2.4, 4.2.5 and 4.2.6, we have that 

E\Dn(s) - Dn(t)\
2 = S(s)P(set)+S(t)P(teZ)-2S(8Vt)P(s,te£) 

-[S(s)P(s e 0 - S(t)P(t e 0? 

= [S(s)P(s e fl - S(s v t)P(s, t e 0] + [S{t)P(t e fl 

-S(s v t)P(s, t e a - [S(s)P(s G 0 - S{t)P{t e 0]2 

= [S(s) - S(s v t)]P(s e 0 + [S(t) - S(s v t))P(t e 0 

+S(svt)[P(seO-P(s,teO] 

+S(8Vt)[P(te£)-P(8,teZ)] 

-[S(s)P(seO-S(t)P(teO]2 

< Kx\s-t\ 

< K> 
- (ln|s^tj)2' 
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whenever \s —1\ < 1. Then Condition (1.15) of Theorem 1.4 in [2] is satisfied for 

a = 1 and 0 < r) < 1, which implies that A G C[0, l]2 (See discussion in p. 20 of [2] 

for an extension of that Theorem to multidimensional Euclidean spaces). D 

The next proposition and its corollary are identical to their counterparts in [12] 

(Proposition 4.6 and Corollary 4.7). Again, since the only change is that we are 

working with *-anti-clouds instead of anti-clouds and we don't make use of the new 

observability requirements, the proofs given in [12] are still valid and hence will not 

be included. 

Proposition 4.2.9 For C,D eC, 

Cov ( i l4 n ) , i l4 n ) ) = n [ S(t)P(t G £)h(t)\(dt) (4.2.4) 

+ nf [ fjL(E8nEt)P{s,te£)h{s)h(t)\(ds)\{dt), 
J Jl(C,D) 

where 

l(C,D) = {{c,d)eCxD:ceAc
dnEc

d} 

= {{c,d)eCxD:deAc
cC)Ec

c}. 

Corollary 4.2.10 Let g be a continuous function on T. Then j ' g{t)M^n\dt) is a 

pseudo-strong martingale and for C,D G C, 

Cov f f g(s)M(n\ds), f g(t)M^{dt)\ (4.2.5) 

= n f g2(t)S(t)P(te£)h(t)\{dt) 
JcnD 

+ f f g(s)g(t)fj,(Ea n Et)P{s, t G t)h(s)h(t)\(ds)\(dt) . 
J Jl{C,D) 

Now that we have Proposition 4.2.9 and Corollary 4.2.10, we are in position to 

give the covariance structure for the limiting process in Theorem 4.2.7. 
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Lemma 4.2.11 The covariance structure for the process G in Theorem 4-2.7 is given, 

forC,DeC, by 

Cov(Gc,GD) = / (S^Pite^y'H^Xidt) (4.2.6) 
Jcr\D 

^ f f v(Esr\Et)P(s,teQ uf 

Proof: For any A £ A, 

yfr(H™-HA) = yfcJ^M«>(dt) 

n M^n\dt) 
JA Zn(t) y/n 

f f_n 1 \ M^jdt) 

JAZn(t) S(t)P(tet)J y/ti 
1 M(n\dt) 

(4.2.7) 

+ f 1 M {dt) U28) 
+ JAS(t)P(teZ) Jh • l 4 ^ j 

We can show that (4.2.7) converges in probability to 0 with exactly the same 

argument used in the proof of Theorem 5.1 in [11], where it was shown that the 

term (25) converges to 0 in probability. In fact, in [11] it was assumed the existence 

of an appropriate function space where the sequence (Dn(-)) defined by Dn(t) := 

n~l/2(Zn(t) — E[Zn(t)]) converges. In our case though, we don't need to make this 

assumption since we have already shown the convergence of this sequence under As­

sumptions 4.2.4 and 4.2.6. Then we have that the only term that contributes to the 

covariance is (4.2.8), and so by applying Corollary 4.2.10 we get that the covariance 

structure is given by (4.2.6). D 

Remark 4.2.12 In the proof of Lemma 4.2.11 we wrote 

1 \ M^(dt) 

^ ' -*° = IXm-mrna) 
+ 

\fn 
1 MW(dt) 

lAS(t)P(teO v ^ ' 

with the first term in the right-hand side converging to 0 in probability. This equality 

actually gives us the central limit theorem for the finite-dimensional distributions of 



4.2. ASYMPTOTIC BEHAVIOR OF H™ 44 

y/n(H^ —H), since the second term in the right-hand side is the normalized sum of n 

i.i.d. processes, as noted in [11]. This comes up short of giving us the functional CLT 

though, because we would still have to prove tightness -and that calculation is not 

very pleasant at all. It is for this reason that we believe the use of the Delta-Method 

is a more elegant approach to this particular problem. 

To complete the discussion about the Nelson-Aalen estimator, we will establish 

its asymptotic unbiasedness and its consistency as an estimator of the integrated 

hazard over a more general class of sets. For the rest of this Section, let A denote the 

lower layers in [0, l]2 (See Example 2.1.4). We will need some additional definitions, 

as well as the following assumption. 

Assumption 4.2.13 For every A e A, P(A C £) > 0. Additionally, 

limsupPO e (d£)e) = 0. (4.2.9) 

As it was done in Section 4 of [12], recall Definition 3.1.8 to define 

n 

Zn+(t) = z2I{YieEt}I{tet+k}> 
i=l 

n 
Zn~(f) = YlhYiZEt}!^-^ 

i= l 

and note that 

Zk
n-{t)<Zn(t)<Zk

n
+{t). (4.2.10) 

Define Dk+, D%~ in an analogous way to Dn, only replacing Zn by Zk+, Zk~ respec­

tively. These two sequences converge weakly to tight Gaussian processes in l°°[0, l]2 

taking their values on C[0, l]2 by the same arguments as those used in the proof of 

Lemma 4.2.8. 

The proofs for the following uniform law of large numbers, as well as for the 

Theorems stating the asymptotic unbiasedness and consistency of the Nelson-Aalen 

estimator, are essentially the same as those for Lemma 4.9 and Theorems 4.8 and 

4.10 in [12], and so they will be omitted. 
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Lemma 4.2.14 For A e A, 

sup 
teA 

Zn{t) S(t)P(teO 
n 

as n —» oo. 

Theorem 4,2.15 Let A € A. If P(A C £) > 0, t/ien I T ^ is an asymptotically 

unbiased estimator of HA. 

Theorem 4.2.16 Let A € A. Under Assumptions 4-2.4, 4.2.5, 4.2.6 and 4.2.13, 

H^ is a consistent estimator of HA-

4.3 Applications 

For all our applications, we will assume that T = [0, l]2 . 

Test of Independence 

We now concern ourselves with the construction of a test of independence of 

the components (Yi, Y2) of the random vector Y € T. We will follow closely the 

development of the ideas presented in [18]. 

As noted in [11] and [18], when Yi and Y2 are independent, the cumulative hazard 

is the product of the marginal hazards. Therefore, we have to be able to estimate the 

marginal hazards in order to obtain a test of independence. Assumptions 4.2.4, 4.2.5 

and 4.2.6 will hold throughout this section. We will consider three different types of 

data structure that can arise in a given experiment. 

• Model 1: Assume we have a sequence of i.i.d T-valued random variables 

(Yj) = (Y1)j,Y2,i) with the same distribution as Y, and a sequence (£*) of *-anti-

clouds independent of the Y(s. Let T be the filtration F = TY V J^, and define the 

nitrations 3^\ F™ by F$ = Vt2 F(tut2) and F% = V t l ?&&) for any (tu t2) G T. 
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K2 

For each i, let 

Kl 

Figure 4.4: The stopping times «i and K2 

« M := s u p { * i : ( * 1 , 0 ) € ^ } 

K2]i := sup{i2 : (0,t2) £ & } , 

see Figure 4.4; note that «].,* is an .F^-stopping time: for any <i G [0,1], 

K i < *i} = {*i < /c1>4}
c = {{tu 0) € £ } c € ^ 1 ) 0 ) = H1}-

Similarly, we can show that K2,i is an J^2'-stopping time; then £jti :— [0, Kj^] are 

*-anti-clouds with respect to T^' for j = 1,2. Taken separately, the Y ĵ are censored 

on the intervals £^ := ( K ^ , 1] for j = 1,2, i = 1, 2, — 

• Model 2: Recall Example 4.1.8, illustrated in Figure 4.3. We have a sequence 

of i.i.d. T-valued random variables (Yj) = (Yj^, Y *̂) with the same distribution as Y 

on a probability space (Q,,P,P). The filtration .F is such that J-'J C Tt for every 

* = {t\M) e. [0, l]2 , and we let ^ = Vi2 -^(ti,t2), ^ = V t l -^(ti.ta)- W e a l s o h a v e a 

sequence of ^^-stopping times 0 = 77^ < vfl < ??]2 < u^ < ... < 77^ < v?l , for 

i = 1,2,... and j — 1,2. If we let s = (s±, s2), it = («i, w2), we can observe 

n* = ^ ^ . y w e u ^ i ^ . ^ ] } ' V , ^ ^ , ^ ) ^ . ^ ^ } : s ' w e A t ; i = 1 , 2 } ' 
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«1 K2 

Figure 4.5: Model 3. 

where i = 1,2,... We showed in Example 4.1.8 that if we define the set £? = 

{UfclifoiWfc] x Ufcii^fc.^*]}. t h e n £ i s a *-anti-cloud with respect to F{tlM) 

for i = 1, 2 , . . . . 

• Model 3: Suppose now that we have a sequence of i.i.d. T-valued random 

variables (Yj) = (YL,*, Y2ii) with the same distribution as Y, as well as a sequence of 

i.i.d. [0, l]-valued random variables Kiti < «2,i for i = 1> 2, — Define the filtration 

Fti'*2 = <riI{>n.i<sihI{ii2,i<si} '• s i ^ *i}> a n d l e t F(tut<>) •= Fjtxto) V^ti1 '"3. a s w e l 1 

as ^ = Vt9«^(ti,ta)» -^t? = Vt1^
r(ti,ta)- Let pi := {(ti,t2) : Ki,» < *i < «2,i, *i < 

<2 < ti + c} represent the censored region, where c denotes a constant. Then it's easy 

to see that pi is a sequence of *-clouds, since the Kjti are stopping times. This kind 

of data structure can arise when, for example, Y\ is the time of start of pregnancy 

and I2 is the time of onset of tuberculosis. At «i, it is found that the test used for 

diagnosing tuberculosis is dangerous for a pregnant woman, so once the pregnancy 

starts it becomes impossible to diagnose that disease for the next nine months. At 

time K2 though, a new test becomes available and the tuberculosis times are no longer 

censored. See Figure 4.5. 

In this case, we would censor the pairs (Yiti, Y-j,*) on the extended region £*c = 
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p* 

«1 K2 

Figure 4.6: The region p*. 

Pi •= {(*1,*2) : «l,i < tl < «2,i, *1 < *2 < «2,i + C> |J {(ti,t2) : *1 < «l,i, «l,i < 

£2 < «2,i + c} in order to be able to observe the indicators I{YeEt}I{te$*} needed to 

obtain the Nelson-Aalen estimator, as illustrated in Figure 4.6. Note that p\ is also a 

sequence of *-clouds, since all the endpoints of the intervals in the definition of each 

p* are stopping times with respect to both T\ and T\ ; hence 

{(*!, h) e p*} e T\x ® Tl C T\x V j \ = T\tlM). 

Taken separately, Y\ is not censored at all, since it is always possible to deter­

mine whether the individual is pregnant or not, but Y^ is censored on the interval 

( « l , i , « 2 , i + c ) . 

In each of these three models, we end up with the same type of one and two-

dimensional structure: the pair (Yi, Y2) is filtered on an .F-*-cloud, and each Yj is 

filtered by an JrJ-*-cloud £?, a union of random open intervals with endpoints that 

are ^-stopping times for j — 1,2. We would like to note that in classical one-

dimensional problems, the intervals are usually taken to be left-open and right-closed 

in order to ensure predictability; but since we are assuming that P(YQ£ — 0) = 1, 

the endpoints of the intervals can actually be ignored. In fact, that assumption can 

be weakened in models 1 and 2 by using the predictable sets Ufcli (%••> vk\ ^n o n e 
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dimension and the sets Ufeii(%> l̂fcJ x Ufcii^fc' v2k\ m t w 0 dimensions, which also 

have some predictability properties. 

Now we are in position to define the analogous one-dimensional processes 

l & . 
n 

N2l (*a) = ^21{Yi,i<t2}I{Y2lieto,i} 

n 

i= l 
n 

Z„, 2( t 2) = Z^I{Y2,i>t2}I{t2eZ2,i}i 
i=l 

as well as the processes Cnd(tj) = n " 1 / 2 ^ " ^ ( i , ) - E(A^n)^(^))] and !>„,,• fo) = 

n~1/2[Znj(tj) — E(Znj(tj))] for j = 1, 2. We will also make use of the one-dimensional 

analogues of the process M^: 

<(•) = ̂ ' 0 - Jz^hMXiduj), j = 1,2. 

The cumulative marginal hazards are estimated by 

7
(n)fe) = / 

J\o. 

see also Appendix. 

H)n)(ti)= I \ A. / ' , J = 1,2; 

Lemma 4.3.1 nll2{H^ - H,H[n) - # i , i ^ n ) - # 2 ) =* (G,GUG2) in the space 

Z°°[0,T]2 x Z°°[0,TI] x P°[0,r2] /or every r = (TI,T2) such t/io< 5(r) > 0, where the 

vector (G, Gi, G2) is jointly Gaussian with continuous sample paths. 

Proof: We start very similarly to the proof of Lemma 4.1 in [18]. We already saw in 

the proof of Theorem 4.2.7 that (Dn, Cn) converges to (A, T) on Z°°[0, l]2 x £>[0, l]2 . 

We also know that (Dnj, Cnj) converges to a joint Gaussian process (Aj, Tj),j — 1,2, 

on l°°[0,1] x D[0,1], since the same arguments for the convergence of (Dn, Cn) still 

apply. Therefore, the joint sequence (Dn,Dnti,Dn>2,Cn,Cnti,Cn>2) is tight in the 
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product of topologies of the space Z°°[0, l]2 x (Z°°[0, l])2 x D[0, l]2 x (£>[0, l])2. This, 

coupled with the fact that its finite-dimensional distributions converge to those of a 

Gaussian process with continuous sample paths, give the convergence of the sequence. 

Next, note that both the estimators for the cumulative marginal hazards depend 
z • N ^ on the pairs (-2l i, — ), j — 1,2, through the map (4.2.3), where the integral is 

defined on R instead of R2. Using the same arguments as in Theorem 4.2.7,we can 

show that nlJ2(Hj — Hj) => Gj in D[0, Tj] for every Tj such that SJ(TJ) > 0, where 

Gj are mean-zero Gaussian processes for j = 1,2. As a consequence of this fact and 

the joint convergence of (Dn, Dn>i, Ai,2, Cn, Cn,i, Cn,2), we get the desired result. • 

As was the case in [18], in order to make our test of independence between 

(Vi,i) and (l2,i)> « = 1,2,..., we will take the difference between the two-dimensional 

Nelson-Aalen estimator and the estimator under the hypothesis of independence. 

Define Vn := nl/2{H^ - H[n)H^n)) on [0,r], where r = (TI ,T 2) . We could calculate 

the variance of Vn, but as Pons remarked in [19], its practical estimation is not easy 

and therefore not very useful. That is why we prefer to use a bootstrap test based on 

Vn, and our efforts will now turn towards that goal. 

We shall use the Delta-Method for the bootstrap, and for that we need to make 

sure that the classes of functions needed are Donsker classes. Let X\,... ,Xn be a 

sample of random elements in a measurable space (X, A) with distribution P, let Q be 

a collection of measurable functions g : X —> R and let Pn be the empirical measure 

of the Xi, which induces a map from Q to R defined by Png := n"1 Y^l=i fi'(^)- The 

following definition is taken from [22]: 

Definition 4.3.2 A Donsker class is a class Q for which Gn := ^fn{Pn — P) => G in 

1°°{Q), where the limit G is a tight Borel measurable element in l°°(Q). 

Ivanoff and Merzbach observed in [12] that an anti-cloud is measurable as a 

random closed set as a consequence of part 2 of their Corollary 3.10; we still have 

an identical result in Corollary 3.1.12 for *-anti-clouds, so these random sets are also 
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measurable in the same sense. Now assume that we can see the pair (Yi,&). Then 

we can take (Yj, &) to be the random elements Xi in the previous definition. Let P 

be the joint distribution of the pair (Yj,£j), let Pn denote its empirical measure, Pn 

the bootstrap empirical distribution and Gn the bootstrap empirical process defined 

by Gn := y/n(Pn — Pn). For a more complete description of these elements, as well as 

for the exact statement of the Delta-Method for bootstrap in probability -which we 

will use a few lines ahead- refer to Chapters 3.6 and 3.9 of [22], respectively. 

Recalling that T = [0,1]2, let Q1 = {g\ : t e T} and Q2 = {g2 : t G T} be 

defined, respectively, by gl(Yi,& := I{Yi€Et}I{te^} and &2(Y*,&) := I{YieAt}I{YteM-

Then both Qx and Q2 are Donsker classes, since both were shown to be convergent in 

distribution to tight Gaussian limits on l°° [0, l]2 in the proof of Theorem 4.2.7. We can 

apply Theorem 2.10.6 in [22] to find that the pair (Q1, Q2) is also a Donsker class, since 

each one is uniformly bounded. In fact, we could have concluded so without using 

that result, since we showed in the proof of Theorem 4.2.7 that -4=[(Zn(-), N^n\ ) — 

(E(Zn(-)),E(N^A))} => (A,T) on Z°°[0,1]2 x D[0, l]2 , where (A, T) is a Gaussian 

process on C[0, l ]2 x D[0, l]2 , which in our current notation means that Gn converges 

in distribution when it is indexed by (Q1, Q2). It is also clear that Ql and Q2 have finite 

envelope functions -that is, for each Qj, j — 1,2, there exists a function that bounds 

g(x) for every x and every g 6 Q\ j = 1,2-, because both classes are comprised 

exclusively of indicator functions. Hence by Theorem 3.6.1 in [22], the conditions 

(3.9.9) of [22] are met. Furthermore, we have shown that the map (4.2.3) is Hadamard-

differentiable tangentially to C[0, l]2 x D[0, l]2 on a certain domain. Then we only 

need to apply Theorem 3.9.11 in [22], the Delta-Method for bootstrap in probability, 

to get the conditional convergence given (Yi,£j) of the bootstrapped Nelson-Aalen 

estimator. Similar arguments lead to the same conclusion for the one-dimensional 

bootstrapped Nelson-Aalen estimators. 

The above is summarized in the next Lemma, which is an analogue of Lemma 

4.3.1 for the bootstrapped estimators. 
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Lemma 4.3.3 Assume we can observe the pairs (Yi,£j) for i = 1,2,..., and let 

(Yi, ii) denote the bootstrap sample. Then if H^n\ H^'^H^ represent the bootstrapped 

versions of the joint and marginal Nelson-Aalen estimators, we have that nll2(H^ — 

converges conditionally given (Yi,£i) to the Gaussian 

process {G,Gi,G2) of Lemma 4-3.1. 

Now that we have seen that the bootstrapping is working correctly under the 

assumption of complete observability of the pairs (Y,^) , we note that the boot­

strapped version of the statistics only involve the product of indicator functions 

qi = I{YieAt}I{Yi€ti} a n d ri = I{Yi&Et}h^ii\- However, we can drop the assump­

tion of complete observability, since those indicators can still be constructed because 

the events involved are observable under the usual data structure. Therefore, we can 

in fact bootstrap directly from the observed values qi, r^ and come up with the same 

estimators. 

We can deduce from Lemma 4.3.1 that 

converges in distribution to a mean-zero Gaussian process; indeed, following the proof 

of Proposition 4.2 in [18], we can rewrite Vn = n^2(H^ - #{ n ) i^ n ) ) as 

Vn = n^iH^-^-n^^H^-H^H^-n^iH^-^)^ 

+ n^2(H - HxH2), 

hence 

n1^(H^-Hin)Hin)-(H-H1H2)) = nl/2(H^ - H) 

- n^iH^-Hx)^ ~H2) 

- nV3(Hin) - HJH2 

- n ^ W - H2)Hlt 
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which converges weakly to G — H2Gi — H\G<}. If we can completely observe (Yi, &), 

we can construct H^, Hi ,H^ and Lemma 4.3.3 would guarantee us that 

sup n^lH^ituh) - H^itJH^ih) - (H^(tx,t2) - £ f ^ f f f ^ ) ) ] (4.3.1) 

converges in distribution to the sup of the absolute value of that same Gaussian 

process. Then we can bootstrap from (% r*) jointly and find ca so that (1 — a) 100% 

of the absolute values of (4.3.1) fall below ca, which would give us (1 —a)100% uniform 

confidence bands for the difference H — H\H2. 

Finally, for our test of independence H0 : H = H\H2 vs. HQ : H 7̂  H\H2, note 

that under the null hypothesis, P (sup |Ki(£i,£2)| < ca) ~ 1 — ex.. Therefore, we reject 

H0 if supnV2 !#(»)(«!,*„) - #{B>(t0fl<B)(t2)| > cQ. 

Test of Hazard Rate Order 

Let Xi,... ,Xn and Yi , . . . , Ym be independent random samples from the distri­

butions F and G respectively, and suppose that there is a common censoring mecha­

nism in the form of a sequence of independent *-clouds. We are interested in testing 

whether the distributions are equal on a particular set or, more generally, on a suitable 

class of sets, against the alternative that there is a difference in the hazard rates. 

We start with the case where we look at the hazards on a fixed set A. The null 

hypothesis is HQ : F = G, and we can test it either against a single-sided alternative 

such as HF < HG, or the double-sided alternative HF 7̂  HG. Tests using a one­

sided alternative leads us to tests of hazard rate order such as H0 : F — G vs. 

Hi : hF < hG on A, since this alternative would imply H% < HG. It is natural 

to consider the difference between the Nelson-Aalen estimators HF and HG of the 

integrated hazards, so we would like to use the test statistic 

wF - Jw (w* - vr") • 
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where N — n + m. 

We still have that both ufF = ^{HfF - HF) and UA
m)G = ^{Hf)G - Hf) 

converge to independent mean-zero Gaussian limits UA and UA respectively. This 

can be shown by applying the map 0 in Theorem 4.2.2 to the pair ( ^ , —£—) and 

repeating the calculations found in the proof of Theorem 4.2.7. We can write 

Under the null hypothesis of equality of the cumulative hazards on the set A, and 

assuming -^~ —> X as n, m —> oo, we get that 

WA
n) =• VJ^AEtf - VXt/J. 

The limit variable has the same distribution as UA under the null hypothesis. Then 

we have a test of asymptotic level a for a two-sided alternative if we reject the null 

hypothesis whenever WA ' > w^N\ where we choose w^ such that w^ —• wF = 

inf {t: P(\UF\ >t) <a}. A test with a one-sided alternative would be handled 

similarly; we just have to remove the absolute values. 

We can also consider testing for the hazard rate over a whole class, as long as 

it is Donsker in order to preserve the Gaussian limits. An example would be to take 

the class of rectangles JF = {Az — [0, z] : z € [0, l]2}. All the previous remarks about 

W^ are still valid, but now we have to take a look at sup., WA ' and supz WA ' as 

the test statistics, as well as choosing w^ —> wF = inf {t : P(supz \UAz\ > t) < a] 

and t o ' ^ —> wF = inf {t : P(supz UAz > t) < a} for two-sided and one-sided alterna­

tives, respectively. 

Assuming we can fully observe the pairs pQ,£i), (Yj,^) for i = 1 , . . . , n and 

j = 1 , . . . , m, we determine the appropriate value for w^ by bootstrapping from the 

pooled sample 5(JV) = (Xu f I ) , • • •, (-Xn, fn), (Xi, £i)> • • > (Ym, C)> where we choose 

any of these observations with probability l/N, as was done in Section 3.7.2 in [22]. 

Define J = XF + (1 — X)G, and note that under the null hypothesis, HJ = HF. We 
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assign the first n elements from the resampling to F, and the rest to G. Let H^n'N^F 

and _Hr(m>JV)G be the Nelson-Aalen estimators for the pooled sample assigned to F and 

G respectively, and H^ the estimator for the complete pooled sample. Set 

But note that by Hadamard-differentiability and Theorem 3.7.6 in [22], we know that 

V^ (H^W - HW\ =J> U( and y ^ (H^O,N)G _ jj(N)\ ^ jjj^ w h e r e jjj a n d VJ 

are independent mean-zero Gaussian processes with covariance as defined in Lemma 

4.2.11, with S equal to the survival function of J and h — J'/(survival of J) . Then if 

we let Ajv = n/N, 

WW = y/n(l - \N) (HW - P ) - V ^ (HW)G _ #(*)) , 

which converges in distribution to \A — AJ/f — \/A[//, also a Gaussian process equal 

in distribution to U{. Then, as remarked in Section 3.7.2 of [22], we can use 

wN = inf I t : P(WW > t) < a\ 

as critical values for a one-sided test, and 

WN = inf 

for the two-sided test. 

Once again, as we did following the statement of Lemma 4.3.3, we can see that the 

bootstrapped version of our test statistic only uses the functions q± = / { X ^ A * } - ^ ^ , } ) 

n = i{XleEt}i{tett}> 4i = I{Y^At}hyjeil
j}

 a n d r'j = hYjeEtyhtetj}'then we c a n s a f e ly 
drop the assumption of complete observability, given that even without it we can still 

construct the appropriate estimators. Now we can say that the test can be performed 

by bootstrapping directly from the recorded values q%, riy q'p r'j and following the pro­

cedure described above. 
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The Hazard of a Copula 

Suppose we have a sequence (Xi,Yi) of i.i.d. bivariate random vectors with 

continuous distribution J and continuous, strictly increasing marginals F and G. Let 

JF? t) = a{(Xi, Yi) : Xi < s,Yi < t}, and let J7 be a filtration such that F^t) Q ^(s,t) 

for every (s,t) G [0, l]2 . Moreover, define J™ = V t - ^ M a n d ^ = V'* •?>,*)• 

As usual, each pair (X^Yi) will be censored by an ^"-^-cloud £?. Let C(p,q) = 

J(F~1(p),G~1(q)), the copula function for J, and let C be the survival function for 

the copula: C(p, q) = 1 — p — q + C(p, q). A quick calculation for the hazard of the 

copula, denoted hc(p,q), shows that 

h'faq) = 2% 
C(p,q) 

J(F-\p),G-\q)) 

l-p-q + C(p, q) 
j{F-\p),G-\q)) 

(1-P-Q + C(p, q))f(F-i(p))g(G-i(q))' 

where / , g and j are the densities of F, G and J, respectively. Then, integrating the 

hazard and using the change of variables s = F_1(w), t = G~l(v), we get 
rq rp 

Hc(p,q) = / / hc(u,v)dudv 
Jo Jo 

j(F-\u),G~\v)) rq t-p 

l l jr^r-v + C(u,v))f(F-\u))g(G-i(v)) 
dudv 

Jo Jo 
-dsdt 

1 - F{s) - G(t) + J(s,t) 
= HiF-'iplG-'iq)). (4.3.2) 

In other words, calculating the cumulative hazard of the copula at (p, q) is the 

same as calculating the cumulative hazard of the original distribution at the point 

(F~i(p),G~1(q)). We would like to estimate the cumulative hazard of the copula, 

and the equation above seems to suggest that we could do so by looking at the 

Nelson-Aalen estimator for the distribution J and replacing (F"1(p), G~l(q)) with 

the quantiles of the respective Kaplan-Meier estimates of the marginals F and G (See 

Section IV.3.1 in [1]). 
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Now, suppose for a moment that F and G are known. Define the pseudo-

observations (X?,Y*) := (F(Xi),G{Yi)), so that the distribution for (X*,Y*) is the 

copula C. The observable region then becomes £* = {(F(Xi),G(Yi)) : (Xi,Yi) e £}, 

and the new filtration is F*{p,q) = J:{F~l{p),G~1{q)). Using Equation (4.1.3), we 

have 

# (n)c(P,<?)= E (ZJCX; ,^ ) ) - 1 . (4.3.3) 

But note that 

n 

i=l 
n 

= ] C J{W^)e-B(F-i w,G-i(,))}/{(-P-1(«).G-1(«))eeO 

= Z n ( F - V ) , G - » ) , 

so 

(4.3.3) = E (Z^XuYi))-1 

= ^ ( F - ^ c r 1 ^ ) , 

and hence we have an empirical analogue of (4.3.2). 

As we can see from the previous equation, the next step is to estimate the 

quantiles F_1 and G_1 . We will do so by taking the appropriate quantiles of the 

Kaplan-Meier estimators F, G of F and G respectively (See Appendix); then our 

estimator will be ftW (p-1, G'1), where P-l{p) = inf{s : P(s) > p} and G~l(q) 

is defined in a similar manner. It is interesting to note that A,p-i, . G-i/g)) is still a 

*-anti-cloud: indeed, since P(s) and G(t) are adapted to J?rl(s) and T2{t) respectively, 

(s,t) e A{P-1{p)td-1{q)) = {sKF-'ip^n^G-'iq)} 

= fP(u) <p, V M < s } n | G ( u ) <q, Vu <t\ 

6 ^ V ^ C ^ t ) . 
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An immediate consequence of this is that our estimator still maintains a pseudo-

strong martingale structure. Moreover, under Assumptions 4.2.4, 4.2.5 and 4.2.6, the 

composition map 

{Zn,N^\zn,uN^\Zn^N^2) +U (Zn,N^,H[n\Hin)) 

-^ (Zn,N^,F,G) 

- ^ (H^,F,G) 

-^ (^.r'.G-1) 
- ^ ^ " ^ ( F - 1 , ^ - 1 ) (4.3.4) 

is Hadamard-differentiable tangentially to C[0, l]2 xBVM[0, l]2 x (C[0,1] xBVM[0,1])2 

on a domain analogous to map (4.2.3): the maps <f>i and </>3 are Hadamard-differentiable 

as a consequence of Theorem 4.2.7, fo 's Hadamard differentiability comes from Lemma 

3.9.30 in [22], and 04 and <j>^ are Hadamard-differentiable by Example 3.9.24 and 

Lemma 3.9.25, respectively, in [22] again. This means that the process y/n(Wn'c — Hc) 

converges in l°°[0, l]2 to a Gaussian limit for every (TI,T2) such that 

S(F-\T1),G-1(T2)) = C(TUT2)>0. 

An example: The FGM copula 

We can apply the previous results to Farlie-Gumbel-Morgenstern (FGM) copulas. 

Suppose Cjj and Cj2 are two FGM copulas with parameters 9jx and 9j2, respectively, 

and we are interested in testing H0 : Cjx — Cj2 vs. Hi : Cjx < Cj2. For FGM 

copulas, this is equivalent to testing H'0 : 9jx — 0j2 vs. H[ : 9jx < 9j2. This test can 

be performed by 'translating' these conditions to those of a test of hazard rate order: 

we look for a specific set A under which 9jx < 9j2 is equivalent to hCji < hCji, and 

then we can apply the results of the previous sections. 

The FGM copula is defined by CQ{U,V) = uv + 9uv(l — u)(l — v). Straight­

forward calculations yield CQ(U,V) — (1 — w)(l — v) + 9uv(l — u)(l — v), as well as 
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f§- = 1 + 0(1 - 2u)(l - 2v). Then hCji < hCjz becomes 
dudv 

1 + 9j.il - 2u)(l - 2u) 1 + 9j2(l - 2u)(l - 2v) 
(1 - u)(l - v) + 0 . ^ ( 1 - u)(l -v) (1 - u)(l - u) + 0j2uu(l - w)(l - v)' 

Multiplying both sides by (1 — it)(l — i>) gives us 

1 + 0 ^ ( 1 - 2 ^ ( 1 - 2 1 ; ) l + 0 j 2 ( l - 2 i* ) ( l - 2 i ; ) 
1 + fl^ui; 1 + 9j2uv 

which in turn is equivalent to 

(0j2 - 93l)uv < (9J2 - 0 ^ ( 1 - 2u)(l - 2v) 

after cross-multiplying and rearranging terms. Under the alternative hypothesis 9jx < 

9j2, the previous inequality becomes 

uv < ( l - 2 u ) ( l - 2 u ) , 

and finally 

1 - 2u - 2v + Zuv > 0. 

This means that, under H[ : 9jx < 9j2, we have hCj^(u,v) — hCji-{u,v) > 0 for every 

(it, v) lying in the set A — {(it, v) : l~2u — 2v + 3uv > 0}. Let N = n + m. Since 

fA(hCj* - hCji)d\ = HA
2 - HA

J\ according to our previous results the appropriate 

test statistic is WA
N) = ^{HA

m)Cj2 ~H{
A

)Cjl), which would get large on the set A 

if 9j2 > 0jt. The Hadamard-differentiability of HA
 J follows from an application of 

the composition map (4.3.4) using NA' in this case. 

We need to consider two different cases for calculating the critical values for our 

test. If, from the standpoint of the experiment being performed, it is reasonable 

to think the marginals from the two distributions are similar, then we will assume 

they are equal and so we proceed with the bootstrapping as indicated in the Test 

of Hazard Rate Order subsection. Under H0, we know that WA ' converges to a 

mean-zero Gaussian limit UA
Jl, and our test of level a would reject H0 whenever 

WA
N) = ^{H{

A
)Cj*-HfCj^) > wN, where wN = inf \t : P(W™ > t) < a } . On 

http://9j.il
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the other hand, it may well be that we can't possibly make the assumption that the 

marginals are equal in a given experiment. Then we can no longer pool the samples 

and treat them as one big sample as we did before. 

If this is the case, then we will start by bootstrapping each sample separately. 

Let HA
 Jl and H™ J2 denote the bootstrapped Nelson-Aalen estimators. Now let 

^ t ' m ) = ̂  (H{7)CJ2 - #in)Cj l - (HT)CJ2 - HfCj^)), 

which can be rewritten as 

Assuming that ^ ^ —>• A as n, m —> oo, the last expression converges conditionally 

given the original samples to \f~\UA
2 — y/1 — XUA

Jl by Lemma 4.3.3, where UA
Jl 

and UA
2 are the independent mean-zero Gaussian limits of >/n{HA

 Jl — HA
Jl) and 

y/m(HA
 J2 — HA

2) respectively. Under the null hypothesis, this limit has the same 

distribution as UA
Jl. Then we have a test of asymptotic level a if we reject the null 

hypothesis whenever WA ' > wntTn, where u>re,m = inf < t : P(WA
n'm' > t) < a >. 

file:///f~/U


Chapter 5 

Estimating the Distribution 

Function 

As in Chapter 4, let Y be a T-valued random variable with distribution 11(B) = 

P{Y e B}. Consider a sequence of i.i.d. T-valued random variables (Yj) with the 

same distribution as Y, as well as an i.i.d. sequence of anti-clouds (&) independent of 

the (Yi). We will turn away from the martingale-based approach of the past Chapters; 

this time we take inspiration in the main idea behind [3]. The motivation for exploring 

this new angle comes from the fact that, in order to avoid observability problems in 

the construction of the martingale estimators, we had to omit many fully observed 

data points when we transitioned from anti-clouds to *-anti-clouds. The advantage 

of the approach in this Chapter is that it allows us to consider such points for our 

estimators. 

5.1 Observable Censoring 

The objective of this Section is to construct an estimator for the distribution function 

fi under the assumption that the clouds are completely observed. This condition 

would be met, for example, when we deal with aerial photography -as it was mentioned 

in Section 6 of [11]-; there we can actually see the shape of the obscured region. 

61 
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Another example would be the medical scenario of Chapter 4, where we had times of 

start of pregnancy and times of onset of tuberculosis. In that case, we knew exactly 

what the censoring region would be, as it was dictated by the length of a pregnancy. 

Let ji,{A) denote the subdistribution function of the uncensored observations, 

defined by 

p,{A) = P(Y e A n C) = [ P(te Z)n(dt). 
J A 

From this equality we deduce that fx(dt) — P(t € £)/j,(dt), and so we can write 

*A) ~ Lwu)m- (5'L1) 

This generalizes the equation used by Burke as the basis for his estimators of the 

distribution function in [3]. We will use the same approach, although we estimate the 

necessary quantities in a different way. 

Equation (5.1.1) suggests that in order to estimate /J,, we need to come up with 

estimators for P(t e 0 and jx{A). Let frn\A) = I £?=i I{YieAntt} and Pn(t € £) = 

n 5^r=i -fyefc} be those estimators, and notice that j^n\A) = ^Nj£ . It will be 

convenient in what follows to use the notation Kn(t) — nPn(t 6 £). With these 

estimators at hand, we are in position to define our estimator for the distribution 

function as follows: 

A (n)(^)= [ T7T7T^{n)^ = l £ AWeO)-1. (5.1.2) 
JAPn{tei) n

{i:Y^A^i} 

In order to consider the asymptotic behavior of fi^, we will need the following 

Lemma, and for the remainder of this Section we assume T — [0, l]2 . 

Lemma 5.1.1 Under Assumptions 4-2-4 and 4-%-5, the sequence of processes 

A=[Kn{t) — E(Kn(t))} converges in distribution in l°°[0, l]2 to a tight Gaussian process 

A taking its values on C[0, l ]2 . 

Proof: This Lemma is the analogue of Lemma 4.2.8 for the process Kn, so the 

proofs are essentially the same, except that in this case the survival function is not 
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involved and so the argument becomes simpler. We showed in Theorem 4.2.7 that 

Assumption 4.2.4 implies E\I{t€^} — I{s^}\ <C\t — s\, where C is some constant, and 

we saw that this particular condition implies the convergence in distribution of the 

process -j^[Kn(t) — E(Kn(t))] to a tight Gaussian process A on Z°°[0, l]2 . It remains 

to show that the limiting process is continuous. 

Let 

Bn(t) := 4=[#n(t) - E(Kn(t))). (5.1.3) 

We have, for a constant Ci, that 

E\Bn{s) - Bn{t)\2 = P ( s G £) + *>(* e 0 - 2 P ( M 6 0 

~{P(seO-P(teO}2 

= [P(s e 0 - P(s, t G 0] + [f(t e 0 - ^ , * e 0] 

- [ P ( s e 0 - ^ e 0 ] 2 

< [P(s e0- P(a, t e 0) + [P(t G 0 - i'Ca, * e 01 

< C i | s - t | 

< 
( l n | S - t | ) 2 ' 

whenever |s —1\ < 1. Then Condition (1.15) of Theorem 1.4 in [2] is satisfied for 

a — 1 and 0 < r\ < 1, which implies that A G C[0, l]2 . (As we mentioned in the proof 

of Lemma 4.2.8, see the discussion on p. 20 of [2] for an extension of Theorem 1.4 to 

multidimensional Euclidean spaces) • 

The estimator jl^ is monotone nondecreasing in the usual partial order, as we 

can clearly deduce from the right-hand term in (5.1.2). We can show, in a very 

similar way to the proof of Theorem 4.10 in [12], that it is a consistent estimator of 

the distribution function under certain conditions. 

Recalling Definition 3.1.8, define 

arw-EW). 
i = l 
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and notice that 

Kk
n-(t)<Kn(t)<Kk

n
+(t). (5.1.4) 

Define Bk+,B%~ in an analogous way to (5.1.3), only replacing Kn by Kk+,Kk~ 

respectively. These two sequences converge weakly to tight Gaussian processes in 

l°°[0, l]2 taking their values on C[0, l]2 by the same arguments as those used in the 

proof of Lemma 5.1.1. 

This is enough to prove a uniform law of large numbers for Kn, which will be 

essential to prove the consistency of jj,^n\ Let A denote the class of lower layers of 

[0,1]2. 

Lemma 5.1.2 For A G A, 

\Kn(t) 
sup 

n 
P(t e 0 

as n —> oo. 

Proof: The proof mirrors that of Lemma 4.9 in [12], but again, as the survival 

function is nowhere to be seen, the argument is simplified a bit. We just need to 

replace Zn, Z*+, Zk~, Dk+, Dk
n~ in [12] by Kn, Kk+, Kk~, Bk+, Bk-, respectively, omit 

S(t) in every instance, and the proof goes through intact. • 

Theorem 5.1.3 Let A G A. Under Assumptions 4.24, 4.2.5, 4.2.6 and 4.2.13, 

fi(n\A) is a consistent estimator of ji{A). 

Proof: Note that if A = At for some t G T, consistency is a simple consequence of 

Theorem 5.1.4. This proof extends the result for more general sets. 

Let A G A. We can write 
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as well as 

H(A)= f fi{dt)= f S{t)h(t)X{dt). 
J A J A 

Then, with Zn, M ^ as in (4.1.1), (4.1.2) respectively, 

pM{A)-n{A) = J j^N^(dt)- J^S(t)h(t)X(dt) 

= -f(— 
n J A \Kn(t 

1 

1 

+ -

(t)/n Pit € 0 

-NW\dt) 

N^(dt) 

n J A Pit e 0 

- f S(t)h(t)X(dt) 
J A 

n J A \Kn{t)/n P(t G 0 

JAnP(tE(i) ^ } 

a 
N^(dt) 

+ 

+ 
Z„(i) 

S(t)P(t e 0 

But note that 

(5.1.5) 
1 n 

eAn£} 
n 

P(t G 0 

1 

(5.1.5) 

(5.1.6) 

h(t)X{dt). (5.1.7) 

< sup n 

KniYA P(Yi G 0 

1 

and 

(5.1.7) < sup 
teA 

;;x[Kn(t) p ( t eo" 

Zn{t) 

n 
- S(t)P(t e 0 SAPikl)mm' 

so (5.1.5) and (5.1.7) converge to 0 in probability as n —> oo by Lemma 5.1.2 and 

Lemma 4.2.14, respectively. 

Finally, consider (5.1.6). Let gn(i) — (nP(t G £)) -1- Then gn is continuous by 

Assumption 4.2.5, and by Corollary 4.2.10, 

E j^itW^tij] - i/Af|§A(rft) 

+ 
1_ 
n J Jl(A,A) 
0 

n(Esr\Et)P(s,teQh(s)h(t) 
P(s e £)P{t G 0 

X{ds)X(dt) 
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as n —+ oo. Hence (5.1.6) converges in probability to 0 as n —» oo and the proof is 

complete. O 

As was the case with the Nelson-Aalen estimator, we can prove a functional cen­

tral limit theorem for the process crn) = \/n(fl^(A.)—/j,(A.)) under similar conditions 

to those of Theorem 4.2.7, where At = [0, t] for teT. 

Theorem 5.1.4 Under Assumptions 4-%-4 and 4-2.5, a^ => Q in l°°[0, l]2, where 

Q is a mean-zero Gaussian process such that for t ET, 

and where V and A are the processes defined in Theorem 4-^.7 and Lemma 5.1.1 

respectively. The first integral is defined via integration by parts. 

Proof: From the proof of Theorem 4.2.7 we know that the process -^[N^ — 

E(N^)] =» r , where F is a Gaussian process on D[0, l]2 . Moreover, Lemma 5.1.1 

gives us the convergence in distribution of -4- [Kn(t) — E(Kn(t))] to a tight continuous 

Gaussian process A on l°°[0, l]2 . Then we have that 

k ( # „ ( 0 , t f ( B ) i ) - (E(Kn(-)),E(N^i))} => (A,T) 

on l°°[0, l ]2 x D[0, l]2 , where (A, V) is a Gaussian process on C[0, l]2 x £>[0, l]2 . Note 

that jl^ depends on the pair ( ̂ , N™ j through the composition map (4.2.3), and 

we also know by Lemma 4.2.2 that this map is Hadamard-differentiable tangentially 

to C[0, l]2 x £>[0, l]2 on a domain of the type {(A, B) : J \dB\ < M, A > e} for given 

M and e > 0, at every point (A, B) such that 1/A is of bounded variation. The 

pair ( ^ , N^ ) is contained in this domain with probability tending to 1 for M > 1 

and e sufficiently small. Finally, apply the Delta-Method to conclude that o ' = 

^Jn(jP\A.) - /z(A)) =*• Q., where 

J[o,t] p(u e 0 JM (P(u e Or 



5.1. OBSERVABLE CENSORING 67 

f dT(u) f A(u) _(A , 

is again Gaussian. As in Lemma 4.2.2, the first term in the limiting process has to 

be defined by integration by parts, since T may not be of bounded variation. • 

Remark 5.1.5 Given the way we have set up our estimator for the distribution 

function, it is entirely possible that for small n, jl^n\At) gives a value greater than 

1. If we are interested in demanding that our estimator behave like a distribution 

function even for such sample sizes, we could opt for a scaled version of p,^. Define 

£("KAi,i>)' 

and note that Theorem 5.1.3 implies that p,(n\A(iti)) —>P fx(A^ti)) = 1. Then the 

new estimator p^ preserves all the properties of p,^, with the added bonus of being 

properly scaled. 

The computation of the asymptotic variance of our estimate, as well as the 

covariance structure for the limiting Gaussian process Q, will be harder than that of 

the covariance of the process G (see Lemma 4.2.11). Before attempting to perform 

such calculations, we will rewrite the process af' = y/n(p,^(At) — n(At)) in a way 

that better suits our purposes. We have that, for t G T, 

at
(n) = v^(A (n)W-M^)) 

, n , irAn(ds) - / n{ds) 
'At Pn{s e 0 JAt 

= I 6 / 1 * (^\P-n{ds) - p.(ds)]) (5.1.8) 
J At Pn{S G 0 V J 

+ v M / ?>,1 ,^ds) ~ I V(ds)) ; (5.1.9) 
\JAt Pn{s E 0 JAt J 
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we will deal with (5.1.8) and (5.1.9) separately. First, 

(5'L8) = L {p^T) - p ^ W ) ^(ds) -Hds)]) 
+ J p(s e t) (Vn[frn(ds) - /2(efe)]) 

= / ^ 7 ^ 7 ~-^-(jln(ds) - jl(ds)) (5.1.10) 
JA4 Pn(se£)P(seO v ) 

+ / />(/<= fl (Vn&nids) - AWl) , (5.1-11) 

while 

(5-L9) = ^ ( 1 ^ ^ - l ^ W ^ 
V^ (P(s e 0 - Pn(s e o ) 

Pn(5 G OP(s G 0 

V n ( P ( a G O - A » ( « G O ) 

Xit Pn{s G 0 ^ ( s G 0 

" A. i»(.ef) ^ (5112) 

But notice that (5.1.10) —>P 0 by the exact same reasoning as equation (29) in [11], 

while 

(5.1.13) < sup V^\P(s G O - Pn(s G 01 sup I ^ £ ^ - 1| sup f * ) A(A), 
se^t seAt Pn(s G 0 seAt\P'{s£$)J 

which converges to 0 in probability since 

SUP 1 P(S e ^ - 1| < SUp \P(S g 0 - Pn(s G 01 SUp r̂- 1 ^ A 

seAt Pn(s G 0 s e ^ s ^ t Pn(s G 0 

by Lemma 5.1.2. These two facts, along with the relations fl^(A) = -^N^' , Kn{t) = 

nPn{t G 0 a n d equation (5.1.1), yield 

ain) = (5.1.11) +(5.1.12)+ op(l) 
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- ULnkr^^-Lw^^)^ 
£ I{YieAtn^ 

^ O T £ ' W ) M 
1__ / J<^> ufrfs) 

_ *(") ar+op(i). 

+ op(l) (5.1.14) 

(5.1.15) 

Therefore, since the process a^1' is asymptotically equivalent to a sum of i.i.d. random 

variables, the usual CLT gives us that the asymptotic variance of the estimate jl^n\At) 

is equal to the variance of <rt . 

Remark 5.1.6 Care must be taken to distinguish between the expressions P(Y G £) 

and P(Y G £\Y); in fact, we have 

P(Y G 0 = / P(Y e £\Y = 3)fj,(ds) = [ P(se ^(ds). 
JT JT 

Theorem 5.1.7 Let t G T. The asymptotic variance of the estimator p,^(At) is 

given by 

Proof: The groundwork for the proof was laid in the discussion that preceded Remark 

5.1.6. Since the asymptotic variance of jl^n\At) is equal to the variance of c^ , and 

recalling that both the Y^s and the &'s are i.i.d., we have 

Avar(A (n )(A)) = Var 

= Var 

_Ls^( i{Y*AtnM _ f !{*#<} (ds) 

-J 
J At 

-fi(ds) (5.1.16) 
P(Yet\Y) JAtP(seO' 

The expected value of the expression inside the brackets in (5.1.16) is equal to zero; 

indeed, conditioning on Y gives us 

~I{YeAt}I{Y£Q f I{set} 
E 

P(Y G £\Y) JAt P(s G 0 / -M(ds) 

= E E 
I. {see} I{YeAt}I{YeQ _ 

P(Y G em " j * P(S G o :/*(*»)! y 
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[Yeti\Y) [ e ^ } JA 
E P(Y e £\Y) 

= P(Y e At) - fM(At 

= 0. 

H(ds) 

Therefore, we have that 

(5.1.16) - E 
li»et} (I{YeAt}I{Yet} _ [ _L 

\ P(Y e fly) JAt P(s e tf 
ju(ds] 

= £ 

= £ 

- IE 

+ E 

\VP(ye£ |y) JAtP(seO 

P2(Yet\Y) { ?l j 

yu(ds; y 

/J {Y€A t} 
- £ 

"I. 
E 

P<yet\YY v ./* 
-a(ds)\ Y 

II 
JAt. J A 
AtJAtP(seOP(ueO 

a GO 

/j,(ds)fx(du) | y 

1 

+ 

- / . 

+ 

* Pis e eids) ~ 2E 

f f p (^^) 
J* A, P(s e 0P(« € 0 

A t p ( s W ( d s ) " 2 

P(s,weO 

7{ygA t> /" p(y, se^|y) 
.^(y e fly) ^ P(* e 0 

(j,(ds)n(du) 

P(s,ue£) 

fj,(ds) 

L p(u e 0 A * P(seO 
n(ds) n{du) 

IS 
JAt J A 

MP{set)P{uzO 
n(ds)(j,(du) 

= L,p(krfids)-LL 
This completes the proof. 

P(s,ueQ 
M P(s € t)P(u e 0 

n(ds)n{du) 

U 

T h e o r e m 5.1.8 Let s,t 6 T. ITie covariance structure for the limiting process Q in 

Theorem 5.1.4 is given by 

Gov(Qt,Qs) 

P(u,ve£) 
As P(u e QP(v e 0 fjL(dv)n(du). (5.1.17) 
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Proof: This proof is, as expected, very similar to the proof of Theorem 5.1.7. Again, 

note that Equation (5.1.15) gives us 

Gov(QuQs) = Cov(cr<B\crW) 

= E 

x 

1 n 
{YieAtnSi} 

n ^ \P(Yt e ^\Yt) 

Since the Y '̂s and the &'s are i.i.d., we get that 

I{Y€AsnAtn£} I{YeAtn£} 
(5.1.18) = E 

f I{veS} (H s 
F>(Y e £\Y) P(Y e £|Y) J A . P(v e 0 M v) 

JAtP(uGO^ ' J A* J A, 

(5.1.18) 

- fx(dv) fi(du) 
P(Y e fly) ^ P(u e O r v y y* JAS P{U G £)P{v e £) 

Prom here on, we proceed exactly as in the proof of Theorem 5.1.7: we condition on 

Y and reduce terms in the same way until we arrive at (5.1.17). • 

Remark 5.1.9 It is possible to use Equation (5.1.14) and the usual multivariate 

CLT to prove the convergence of the finite-dimensional distributions of ô  ; however, 

as was pointed out in Remark 4.2.12, the matter of tightness would still need to be 

addressed if we wanted a functional CLT. The Delta-Method, fortunately, allows us 

to bypass the rather messy calculations needed to prove tightness. 

With the asymptotic properties of our estimator firmly established, we can now 

focus on some applications, starting with an alternative to the test of independence 

presented in the previous Chapter. 

Test of Independence and Confidence Bands 

In Chapter 4 we constructed a test of independence for the components (Yi, Y2) 

of a random vector Y; we based it on the process Vn = nl/2{H^ — H[n'H!p') to take 

advantage of the fact that when the components are independent, the joint cumulative 
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hazard is the product of the marginal cumulative hazards. The same is true for the 

joint distribution fj, of the random vector and the marginal distributions /Ui, /J2 of its 

components: if Y\ and Y% are independent, then fj, = //1/J2, and so we would like to 

use our estimator A ^ to develop another independence test. 

For ease of notation, let A^(-^t) = A^(*i>*2) for any t = ( i i ,^ ) S T. Define 

the process U™ = n1'2^ - Mn)#£°), where j^\tx) = A(n)(*i, 1) and p,2
n\t2) = 

jj,^(l,t2) are the estimators of the marginals Hi and \x2 respectively. Note that 

sometimes the data structure makes it possible to use an estimate that employs more 

data points for the marginals; for example, the pregnancy/tuberculosis case allows 

us to estimate the marginal distribution of the pregnancy times via the empirical 

distribution, since those observations aren't censored at all. However, Ai and A2 

work on all cases. We are not overly concerned with the calculation of the variance 

of U^n\ as was the case with the variance of Vn; rather, we want to proceed with a 

bootstrap test. 

For (ti,t2) G T, let Q\x := Q(tui) and Q2
2 := Q(i,t2), and so we have by Theorem 

5.1.4 that n 1 / 2 ^ - /ii) => Q1 and nl/2{fi2
n) - n2) => Q2. Then, since 

U™ = n 1 ' 2 ^") - Mn)A£°) 

- n 1 ' 2 ^ - ^fjn + nl'\ii - fjLM), 

we have that 

n1/2 (A(n) - Mn)MB) " (A* " / x i ^ ) ) = n^i^-f,) 

- nVWP - to){&n) - to) 

- n ^ C A i " 5 - / * ! ) ^ 

- ™1/2(A2
n) -m)nu 

which converges weakly to Q — H2Q1 — HiQ2, a mean-zero Gaussian process. 

Now, as we did in the previous test of independence, suppose we can completely 

observe the pairs (Yi,^). Recall the class of functions Q2 — {g2 : t G T}, where 



5.1. OBSERVABLE CENSORING 73 

g?(Yi,&) := I{Y^At}I{y^ii}^ a n d d e f i n e & = idt •• * e T}, where st
3(yi>&) := *{«&}• 

The proof of Theorem 5.1.4 showed that, as a pair, (Q2, Q3) is a Donsker class. More­

over, both classes have finite envelope functions since they only include indicator 

functions. We also know that the composition map (4.2.3) is Hadamard-differentiable 

tangentially to C[0, l]2 x BVM[0, l]2 on a certain domain, so we can apply Theorem 

3.9.11 in [22] to get the conditional convergence given (>*,&) of the bootstrapped 

estimator to the same Gaussian process Q — ^Q1 — f^iQ2-

At this point we observe again that our estimators depend only on the indica­

tors pi = 7{te&} and qi — J{yie^t}/{yie^}, so we can in fact bootstrap directly from 

the observed values Pi and qi and obtain the same estimators, which allows us to 

drop the assumption of complete observability. Therefore, if ji(n\p,i , ji2 denote 

the bootstrapped versions of the joint and marginal estimators of the distribution, 

respectively, we have that 

sup n 1 / 2^(*i .*») - MB)(*i)/4B)(*2) - (A(n)('i,*2) - Mn)(ii)Ain)(*2))] (5.1.19) 
t<(i,i) 

converges conditionally in outer probability to the sup of the absolute value of the 

Gaussian process Q — ^Q1 ~ V>iQ2 on [0, l]2 . Then we can bootstrap from (pi,qi) 

jointly and find ca so that (1 — a)100% of the absolute values of (5.1.19) fall below ca, 

which would give us (1 — a) 100% uniform confidence bands for the difference /i—fxi^. 

For a test of independence HQ : /J. = [i\[ii vs. Hi : /i j= ^11^2, note that un­

der the null hypothesis, P (sup | t /n(ii , t2) | < ca) « 1 — a. Therefore, we reject H0 if 

supn1/2 
A(B)(*i.*2)-Ain)(*i)/4n)(*2: > ca. Note that the test is consistent: under 

Hi, the test statistic supt<(1;1) U^ converges to 00 in probability. 

Copula Estimation 

Consider a sequence (Xi,Yi) of i.i.d. bivariate random vectors with continuous 

distribution F and marginals Fi, F2, and suppose that each pair (Xi,Yi) is censored 

by a cloud £?. Let C(p, q) — F(F{1(p), F^1(q)) denote the copula associated with F. 

In Chapter 4 we discussed an estimator for the cumulative hazard of the copula, which 
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was based on the bivariate Nelson-Aalen estimator and the Kaplan-Meier estimates 

of the marginals. We can also use our estimator A ^ to construct an estimate of the 

copula itself. 

Define CW(p,?) = A(n)(Ain)~fa), P^'fa)), w h e r e Ain)~ and /^n)~ denote the 

quantiles of the marginal estimators Ai and A2 respectively. C^> is the desired 

estimator for the copula, and note that it depends only on the pair (Kn,N^ ). 

Moreover, the composition map 

(Kn,N^) A> A(n) 

- ^ ( A ( B ) , A S B ) , / 4 B ) ) 

- ^ (A(n),AiB)-,Mn)-) 

- ^ A(n)(AiB)-,/4n)") 

is Hadamard-differentiable tangentially to C[0, l]2 x 5 V M [ 0 , l]2 on a domain analogous 

to map (4.2.3): the map fa was shown to be Hadamard-differentiable in the proof 

of Theorem 5.1.4, fa is also Hadamard-differentiable because of the definition of Ai 

and A2 > an<i 03 a n d fa a r e Hadamard-differentiable by Example 3.9.24 and Lemma 

3.9.25, respectively, in [22]. Then, the Delta-Method guarantees that the process 

Wn '•— ̂ /n(C^(-) — C(-)) converges in Z°°[0, l]2 to a mean-zero Gaussian limit W. 

All the remarks concerning bootstrapping for the statistic U^ in the test of 

independence are still valid in this case: like A(n), C (n ) depends only on (Kn, N^) 

through a Hadamard-differentiable composition, so Theorem 3.9.11 in [22] guarantees 

the conditional convergence given (1^,^) of the bootstrapped estimator to the same 

Gaussian limit W. 

5.2 Ordered Censoring 

Now we turn our attention to a different kind of scenario. Our approach will still be 

based in the reverse probability principles that have been applied throughout Section 
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5.1, yet we will be introducing a twist that in some ways foreshadows the ideas of 

Chapter 6. 

Let Y : £1 —• [0, l]2 be a random variable with distribution ^{B) = P{Y e 

B}, and let S denote an increasing class of lower layers. Furthermore, assume that 

(j,(dS) = 0 for all S e S. Suppose we have a sequence of i.i.d. random variables (Y) 

with the same distribution as Y, as well as a sequence of anti-clouds & : Q —> <S, where 

each Yi is censored by ££. By suitably augmenting S if necessary, we can assume that 

there exists a strictly increasing map a : [0,1] —> <S, continuous in the Hausdorff 

metric, such that a(0) = (0, 0) and cu(l) = [0, l]2 (For subsets C and D of a metric 

space, the Hausdorff distance is defined as 

h(C,D) = supd{x,D) V supd(z,C)). 
xeC xeD 

This kind of setup can be found, for example, in radar readings, where the ob­

served region is a quarter circle that increases as the radius expands. Another example 

is the univariate censoring setup of Lu and Burke in [17] (See Figure 5.1). In con­

trast with the situation presented in Section 5.1, here we don't need to be able to see 

the shape of the unobscured regions, since we know the class of shapes beforehand; 

however, now we fully observe & only if Y £ &• It is our intention to estimate the 

distribution function fj, using (5.1.2), but instead of taking Pn(t € £) = - X^=i A*e&} 

as an estimate of P(t € £), we want to transform our two-dimensional observations 

into a one-dimensional set of data, and then use conventional one-dimensional meth­

ods to produce the desired estimator. This will be done via the map a, which will 

parametrize both the censoring and the jump points. 

Let £f = a~l(^i) and consider the map a : [0, l ]2 —»• [0,1] defined by a(t) := 

inf{u : t E a(u)}. Note that {a(t) < £f} ^ > { t G a(£?)} ^ { t e &}; in particular, 

{<5(Y) < £f} -O- {Yi G £j}, so in fact the 'artificial' jump points oi(Y) are uncensored 

by £f whenever the 'real' jump points Y are observable, and viceversa. Now, let's 

switch the roles of a(Y) and £f and consider the former as the censoring variable and 

the latter as the variable of interest. Denote the survival function of £Q by S^a. Then 
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c3 

c5 

cv 

Figure 5.1: Univariate censoring, an example of ordered censoring. 

we have P(t e ^ ) = P(®{t) < £a) = ^"(^(O)) s o a n estimate of this survival function 

will give us the estimate of P(t E £) that we desire; since the £ f s are unidimensional 

random variables, we elect to use the Kaplan-Meier estimate (See Appendix), given 

by 

%?<aW)} 
(P) n 

i:$?Aa(Yi)<p 

1 -
EJ=i AffAacyj)^} 

Let 

(5.2.1) 

denote the estimate of P(t G £). We can plug (5.2.1) into Equation (5.1.2) to obtain 

the estimator 

W(A)= [ J . . 1 W ^ E (̂ (aTO))"1- (5-2.2) 

In [17], Lu and Burke consider a class of estimators for linear functional of a two-

dimensional distribution under univariate censoring; it is based on the same reverse 

probability relation, first presented in [3], that we have exploited in this Chapter. One 

of their resulting estimates for the distribution function can be viewed as a particular 

case of ours, where the anti-clouds are rectangles of the form [0, p] x [0, p] for p > 0. 

The next step is to consider the asymptotic behavior of (ia • 
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Theorem 5.2.1 Let a^ be the process defined by oi (•) := \/n(fta (A.) - £t(A)). 

Under Assumption 4.2.5, a^ =• A in 1°°[0,T}2 forr such that P(£Q Aa{Y) > r) > 0, 

where A is a mean-zero Gaussian process. 

Proof: The proof, as expected, is very similar to that of Theorem 5.1.4. Define the 

one-dimensional processes 

n 

N^a(p) = ^%?<p}%<a(y«)} 
i= l 
n 

zn(p) = ^ % ^ } J { p < a « ) } -
i = l 

Consider the composition map 

'zf iv^a NW*\ (Mn) N^C 

n ri n / \ s n 

„ , s A / " ( « ) ^ 
n(n) -<v 

n 

1 _/vW^ 

W n 

Ain), (5.2.3) 

where ^ « denotes the Nelson-Aalen estimate (See Appendix) for the cumulative 

hazard function of the £ f s. The first map of the composition is Hadamard differen-

tiable on a domain of the type {(A, B,C) : J \dB\ < Mi, A > ei} for given Mi and 

ei > 0, at every point (A, B, C) such that 1/A is of bounded variation; the second map 

is Hadamard differentiable as long as J \dHJ£' \ < M^ for some constant M2, while 

the last two maps taken together are actually map (4.2.3), which we already know is 

Hadamard differentiable on a domain of the type {(A, B) : j \dB\ < M3, A > e3} for 

given Ms and e3 > 0, at every point (A, B) such that 1/A is of bounded variation. 

By taking p e [0,r] for r such that P(£ a A a(Y) > r) > 0, MJf, ^ - , ^ \ 

is contained in the first domain with probability tending to 1 for Mi > 1 and ex 
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sufficiently small. On the other hand, it's also enough to take p € [0, r] for r such 

that P(£,a > T) > 0 to ensure that (SJ£\ ^~-) is contained in the last domain with 

probability tending to 1 for M3 > 1 and e3 sufficiently small: indeed, since Zf£ is 

decreasing, we have that infp<T Z%"(p) = Z^"(r) —• oo, so condition 4.1.10 in [1] is 

satisfied, which in turn implies that supp<T \Sp/(p) — <%*(p)| —> 0. Prom this point, 

apply the Delta-Method to get the conclusion. • 

Let 

Lt(p) := JB(/{y-ej4t}/{p<Q,(y)}) 

and 

I (v\ •= i V" ^Y'€At>^y'g^>J^<a(y')> 

The following Lemma will allow us to give the asymptotic variance of our estimator. 

Lemma 5.2.2 Under the Conditions of Theorem 5.2.1, Lt(p) is continuous in p for 

fixed t. Moreover, with probability one, 

sup | L t ( p ) - L t ( p ) | = o ( l ) (5.2.4) 
0<p<T 

for t ET such that &{t) < r, with r as in Theorem 5.2.1. 

Proof: By definition, Lt(pn) —> Lt(p) for any decreasing sequence such that pn | p. 

Let (pn) be an increasing sequence such that pn | p. We can write 

Lt(p) = E(I{Y€At}I{p<a{Y)}) = P{Y eAt\ a(p)) = n(At) - n{At n a(p)). 

Note that, because of the continuity of the map a, we have fJ,(At fl oc(pn)) —> fi(At n 

\Jna(Pn)) as n -^ oo; moreover, a(p) \ U„a(Pn) Q d{a(p)), so 

Lt(pn)-Lt(p) = n(Atr\a(p))-ix(Atna(pn)) 

-* n{At n a(p)) - n(At n Una(pn)) 

< fji(Atnd(a(p))) = 0 
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as n —»• oo. Hence Lt(p) is continuous in p. 

The proof for the second assertion is based on the same idea Lu and Burke 

employed to prove Theorem 3 of [17]; ours is made easier by the continuity of Lt(p). 

Fix t such that a(t) < r, and let 

iM-L^m-^ 
with /in defined as in the beginning of Section 5.1. Note that we can write 

lliKePAlfiKritYM f I{p<a(u)} 1 A / f f r^\ - L \^ •f{rigAtH{y<e&}J{p<a(y<)} i,(p)"-2- ^Sw) n i = l AtS$\a(u)) 
K{du). 

Letting 

q{p,u) = 
•L{p<a(u)} 

and q(p,u) = 
•l{p<a{u)} 

we have that 

sup \q(p,u)-q(p,u)\ = sup 
P,Q;(U)<T p,a(u)<r 

I{p<a(u)} (S^(a(u)) ~ SP(a(u))j 

S^\a(u))S^(a(u)) 

< sup 
a(u)<T 

c(n)i 

= 0(1) 
Sr(a(u))-S™(&(u)) 

p(a(u))S^(a(u)) 

with probability 1, since Sp is continuous, <%*(r) > 0 and supp<T I5L (p—) — 

-%*(p)| —> 0 almost surely (see [4], [17]). Therefore, \Lt(p) - Lt(p)\ = o(l) with 

probability 1. On the other hand, the Strong Law of Large Numbers gives us 

Lt(p) —* Lt(p) with probability 1, and so Lt(p) —> Lt(p) with probability 1. 

To prove uniform convergence, we start by noting that Lt(p) is monotone non-

increasing in p. For each positive integer I, we choose a partition 0 = p2
!,j < 

Pil-i,h • • • >P2,z < Pi,i — T such that pjti is the smallest p that satisfies Lt(p) — Lt(0)^. 

For a given e > 0, fix I such that Lt(pj+iti) — Lt{pj,i) = Lt(0)^[ < e. Moreover, 

fix n large enough so that \Lt{p^i) — Lt{pjti)\ < e for j = 1,2,.. .2l; this is made 

possible because of pointwise convergence shown above. For any p < r , we have that 

Pj+i,i < P < Pj,i for some j = 1,2,... 2l. Then Lt(pjti) < Lt(p) < Lt(pj+U) because 

Lt is monotone non-increasing in p. 
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Using these facts, we can say that 

Lt(p) - Lt(p) < Lt(pj+hl) - Lt(p) < Lt{pj+U) - Lt(p) + e < Lt(pj+U) - Lt(pu) + e, 

as well as 

Lt{p) - Lt(p) > Lt{pj,i) ~ Lt{p) > Lt{Pj,i) - Lt(p) - e > Lt(pjti) - Lt(pj+U) - e, 

whence 

-(Lt(pj+i,i) - Lt(pu) + e) < Lt(p) - Lt(p) < LtiPj+u) ~ Lt(Pj,i) + e; 

therefore, 

\Lt(p) - Lt(p)\ < Lt(pj+ij,) - Lt(Pj,i) + e < 2e. 

This is true for every p < r. Since e was chosen arbitrarily, we can conclude that 

sup0<p<r \Lt(p) - Lt(p)\ = o(l). • 

Theorem 5.2.3 Leta.it) < r. Let H^a denote the cumulative hazard function of the 

£,f's and assume it is continuous. The asymptotic variance of the estimator /*« (At) 

is given by 

V a r 1 P(Y e £\Y) ) J0 P(£« A a(Y) > s)dH^S)-

Proof: We will closely follow the martingale techniques used in the proofs of Theo­

rems 1 and 2 in [17]. For i = 1,2... and p e [0,1], let 

Ni (p) = •fttf<p}-?'{Cf<a(yo}> 

M?ip) = Nfip)- I{(*>aWi)>'}*Hp(8), (5.2.5) 
Jo 

as well as Jn(p) = I{p<maxi(^Aa(yi))}- Define 

w - n ^ PM e 6|y«) ' 

http://Leta.it
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and note that for any t 6 T we can write our estimator (5.2.2) as 

^ K) •" Ma W ~ " ££ Pi*0 C* e 6) " £f ^ T O ) ' 
Denoting /z(i) := /i(At), we break down the asymptotic variance of interest in the 

following way: 

Avar{vH^ n ) (*) -M*))} = Avar{>/n(Akn)(*)-«(n)(*)) + Vn(« (n)(*)-M*))}- (5-2-6) 

Recalling that P(t e £) = S^(a(t)), 

V£(££°(*)-0(n)(*)) 

J_vfe £ / / {YieAtYHYieti} 

5ea(a(y0) 

y- J ZOWIMIO I /• ^ (p - ) ^ ( P ) E ; = ^ M ; (P) 

71 d < ( p ) tr ^(d^)) / %(P) ^ > r ^ 

Lt{p) 

U dMf{p) 

dM) (p) + Op(l); 
P(£ a A d(y) > p) ' " ' 

the third equality comes from [17] (see also [20], p.301), while the last is a consequence 

of Lemma 5.2.2, the large sample properties of the one-dimensional Kaplan-Meier 

estimate and the fact that n/Z^{p) —• 1/P(£a A a(Y) > p) a.s. 

Now, for any p < r, t € T, let 

and 
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Note that (3%] = Jn((i£\t) - 6Kn)(£)) - op(l), so we have 

(5.2.6) = A v a r { ^ } + /&>} = A v a r ^ } + Avar{/4n)} + 2 lim Eifflffl), (5.2.7) 
n—>oo 

since all terms can be expressed as the sum of i.i.d. random variables. The first term 

on the right-hand side of (5.2.7) is straightforward: 

A v a r { ^ > - A w { ^ t ( ^ ^ - ^ ) ) } 

iAvar v I{™}1{*«* 

For the second, note that (3^ is a local martingale, so 

Avar{/4n)} = lim E{(3%)2) = lim E{($>)). 
n—>oo n—»oo \ / 

From (5.2.5) we see that 

\Mi(p)) = J %Aa(Yi)> s}^-(s) 

by applying formula II.4.2 in [1], and so 

/ > ) \ I f r ( t ) Lt(g)%A&(y<)>a> ^ , , 

( M - - ^ X p2 ( e Aa (y)>8 )^(5) 

Jo 
-dH^a(s) a.s. 

P(£Q A a(Y) > s) 

= Avar{/?t
(
2
n)} (5.2.9) 

by uniform integrability. 

For the last term on the right-hand side of (5.2.7) we have 

£(/*W) 
rfiW Lt(s) HU n M r f i o P(£aAa(y)>s) 

dA£ (a) 
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= E 

E 

E 

= E 

E 

&(t) Lt(s) 
P(£a A a(Y) > s 

3( t ) Lt(s) 

[ P(Y e e|y) M*) dAT (s) 

_ I{YeAt}I{Yet} dM*a
(s) 

P(£<* A a(Y) > s) P{Y e £\Y) K ' 

&(t) Lt(s) I{YeAt}I{Yet} 

I 

J 
Jo 

~ I P(Y G £|y) P(e A d(y) > S) 

_ f I{YeAt}I{s<a(Y)}I{&(Y)<ta} Lt(s) 

Jo 
&V r/ {y6At}/ { s<5(y ) }p(yee|y) 

P(£a A &(Y) > s) P(Y e £\Y) 

a ( t ) I{Y£At}I{Y£t;}I{Za^(Y)>s} Lt(s) 

P{Ye£\Y) P(^Aa{Y)>s 

= - r E { 
Jo I p<y. € em 

= _ r(t) ^ w 
Jo 

| d i V ? (S) - J { € a A a ( y ) > 8 } d H € a ( s ) | 

diy^a (s) 

£*(*) 
P(£ a A a (y ) > s) 

dH^(s); (5.2.10) 
P(£Q A a (y ) > s) 

the fifth equality comes from the fact that {£a < ct(Y)} -4=> {Y £ £} and so d/V (s) 

cancels when multiplied by /{yg£}, while the next-to-last is a consequence of Pubini's 

Theorem and conditioning on Y. 

Finally, substitute (5.2.8), (5.2.9) and (5.2.10) in (5.2.7) to get 

A v a r { V ^ ( t ) - Kt))} = V a r { ^ y > ^ > } - jf*® L2
t(s) 

P(£a A &(Y) > s 
•dH^s). 

D 

In [17], Lu and Burke were able to find a consistent estimator of Avar(y/n/ta (i)) 

at a fixed point t, and they used it to arrive at confidence bounds for the bivariate 

distribution function fj,(t). We take a different approach for our examples and appli­

cations, since we will be making use of the functional Theorem 5.2.1. Then we will 

apply the bootstrapping methods presented in previous sections to find critical values 

for our test statistic. 
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Alternative Test of Independence and Copula Estimation 

We can set up a test of independence by substituting the estimate p,^ with pa 

in the test of Section 5.1. Then the process used to define the test statistic becomes 

Ua
n' = nll2({ia — jx£ifaal). Care must be taken here, however, since we cannot use 

jj£\(ti) — Aa (*i?l) a n d Aalfe) = AQ! (M2) as estimates of the marginals \i\ and 

\xi respectively. The reason for this is that the estimate pa is only valid on [0,r]2, 

whereas p^ didn't have that restriction. We could get a different estimate for the 

marginals, for example, when the data structure is as in [17]: a sequence of i.i.d. ran­

dom vectors (C/i, Vi),..., (Un, Vn) subjected to univariate right-censoring by the ran­

dom variables C\,..., Cn, rendering the observations (UiACi, VjAQ, I{Ui<d}i I{Vi<Ci}) 

fori— 1 , . . . ,n. There, it is possible to use the one-dimensional Kaplan-Meier esti­

mates for both marginals. 

If the new marginal estimates Aoi> Aa2 converge weakly to mean-zero Gaussian 

processes A1 and A2 -which is the case if our data structure allows us to use the 

one-dimensional Kaplan-Meier estimators-, we can use the same arguments used in 

the previous test, with Theorem 5.2.1 replacing Theorem 5.1.4, to conclude that 

n1/2 (Aa — P'aj.P'afi ~ (v ~ MiA^)) converges weakly to the mean-zero Gaussian pro­

cess A — /X2A1 — H1A2, with A as in Theorem 5.2.1. 

As for bootstrapping, there are more factors to consider, although the principles 

remain the same. With the T-indexed processes 
n n 

i= l i=\ 
n n 

zn ("(*)) = z2 htr^&mh&w&M)} = Yl ^e^i^t^^n)} 
i=l i=l 

in mind, define both Q4 = {g4 : t G T}, G5 = {g$ : t E T}, where ft4(^,&) := 

I{teZi}I{&(t)<&(X)} and sf (>*,&) := / { ^ / { y ^ } , and recall the class of functions 

G2 = {g2 :teT}, where g2{Yu &) := I{Y^At]I{Yi^i}. Taken together, (£4, G\ Q2) is a 

Donsker class; indeed, the classes Q4 and Q5 are Donsker since they each converge to a 

Gaussian limit (See Example 3.9.19 in [22]), while it was shown in the proof of Theo-
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rem 4.2.7 that Q2 is also a Donsker class. These classes have finite envelope functions 

because they include indicator functions only. Again, if we have a data structure akin 

to Lu and Burke's that allows us to obtain the one-dimensional Kaplan-Meier esti­

mates of the marginals, we also have to consider the classes comprised by functions of 

the type / { t ^ c ^ f a ^ ) } , h^<Pi}h^<Yi)}^ hui<Ci}I{Ui<ti) a n d I{Vi<ct}I{vi<t2}i where 

t = (ti,t2). However, all theses classes taken together are still jointly Donsker since 

they converge to Gaussian limits (again, see Example 3.9.19 in [22]) and come from 

i.i.d. random vectors. 

Assuming complete observability of the pairs (Yi, &) for a moment, we note that 

the composition map (5.2.3) is Hadamard-differentiable on the domain described in 

the proof of Theorem 5.2.1, so we again apply Theorem 3.9.11 in [22] to get the 

conditional convergence given (Yi, &) of the bootstrapped estimator to the Gaussian 

process A — //2A1 — /LXIA2. Of course, as in previous instances, we can remove the 

assumption of complete observability because our estimate $£' depends only on the 

indicators g». = I{YteAt}I{Yi^,h U = -f{*e&}-f{<5(t)<a(Y<)} and s{ = / { t ^ } J { y i ^ . } , so we 

can in fact bootstrap directly from the observed values <&, r* and S*. The bootstrapped 

versions of the marginals are constructed similarly by using Efron's procedure ([6]; 

this is also discussed briefly in [1], p.322-323). Therefore, if p}£\ /i^n{, jl^ denote 

the bootstrapped version of the joint and marginal estimators of the distribution, 

respectively, we have that 

sup n^[^(tut2) - AiS(ii)/i$(*2) - (£?>(*i,*2) - ^(h)^(t2))} (5.2.11) 
a(t)<r 

converges conditionally in outer probability to the sup of the absolute value of the 

Gaussian process A — M2A1 — //iA2. Then we can bootstrap from (qur^Si) jointly 

and find ca so that (1 — a) 100% of the absolute values of (5.2.11) fall below ca, which 

would give us (1 — a) 100% uniform confidence bands for the difference fj, — fj.1fj.2-

For a test of independence HQ : fi — fi\fi2 vs. H0 : fi ^ fJ-ifJa, note that under 

the null hypothesis, P (sup Ua
n (̂ 1,̂ 2) < ca) « 1 — a. Therefore, we reject H0 if 

SUp n1 / 2 /j&° (tX ,t2)~ A S (*1 )/* J2 (*2) > Ca. 

http://fj.1fj.2-
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Similarly, we can give an alternative to the estimate given in the previous Section 

for the copula C(p,q) = F{F^(p),F^1(q)), for (p,q) such that a{F^(p), F^(q)) < 

T, simply by replacing p,(n\ /4 and /4 with our new estimates -again, as long 

as we can construct Kaplan-Meier type estimates for the marginals. For example, 

in Lu and Burke's scheme, & = [0,Cj]2, and the resulting estimate Ca (p, q) — 

/£>«©-(« . ) • /&-(«) ) depends only on ^ , ^ , ^ 1 , ^ , ^ , ^ , 2 ^ ) , 

with Nj , Znj as defined in (4.3.1) for j = 1, 2. The composition map 

' Z f N(nr NM* ^ ^ ^ Z^\ * (n) (n) (n) 
) ) ) 5 ) ) 

n n n n n n n 

is Hadamard-differentiable on a domain analogous to map (5.2.3): the map 05 is 

Hadamard-differentiable because of the proof of Theorem 5.2.1 and Example 3.9.19 

in [22], while 03 and ^4 are Hadamard-differentiable by Example 3.9.24 and Lemma 

3.9.25, respectively, in [22]. Then, the Delta-Method states that the process Wa '•= 

\/n(Can {•) — C(-)) converges in Z°°[0,r]2 to a mean-zero Gaussian limit W. The boot­

strap works as in the case of the test of independence, since Ca depends only on 

( ^ ^ ^ ^ > ^ % i > ¥ ) t r o u g h a Hadamard-differentiable com-

position, so Theorem 3.9.11 in [22] guarantees the conditional convergence given 

(Yi, £j) of the bootstrapped estimator to the same Gaussian limit W. 



Chapter 6 

Path-dependent Estimators of the 

Distribution Function 

The preceeding Chapter yielded two estimators of the distribution function of a ran­

dom sample under some types of censorings. We are now interested in further ex­

ploring this topic; however, we want to move in a different direction that will address 

some limitations inherent to the structures considered in Chapter 5. 

A disadvantage of the reverse probability estimators (5.1.2) and (5.2.2) lies in 

the specific censoring mechanism they demand, which restricts their applicability. 

Furthermore, even though their construction is simple, they require the entire data 

set; in other words, the information up to time t is insufficient for them to produce 

an estimate at that point. 

It is our intention to construct an estimator under more general data structures, 

both in terms of the censoring mechanisms being considered, as well as the very space 

in which the data points lie. We would also like our estimator to be dynamic, meaning 

that we would only need the information up to the point where the distribution 

function is being estimated. Our approach will be based on the transformation of the 

original data set into one-dimensional data via a map that we call a flow, or path; this 

is similar to the techniques we employed in Section 5.2, as we noted at the beginning 

87 
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of that Section. 

6.1 Path-dependent Estimators of 1 — F and S 

For this Chapter, we will consider a complete separable metric space (T,d). Recall 

that a complete distributive lattice is a partially ordered set B such that every subset 

of B has a sup and an inf, and for u, s, t G B, 

u V (s A t) = (u V s) A (u V t) and u A (s V t) = (it A s) V (it A t). 

We will be working under Assumptions 2.1-2.4 found in [13], which are the following: 

Assumption 6.1.1 ([13], Assumption 2.1) T is endowed with a partial order '<' for 

which T is a complete distributive lattice 

In particular, T contains a minimum element denoted by 0, as well as a maximum 

denoted by 1. 

Recall from Definition 2.1.2 that for any t e T, At = {s e T : s < t} denotes the 

strict past of such point, and Et = {s € T : s > t} represents its future. 

Assumption 6.1.2 ([13], Assumption 2.2) For every t G T, both At and Et are 

d-closed. 

Assumption 6.1.3 ([13], Assumption 2.3) The partial order on T is sufficiently rich 

that there exists an increasing sequence of finite sublattices Tn of T each containing 

0 and 1, such that for any t € T, t ^ 0,1, each open neighborhood of t contains 

points t',t" G UTn distinct from t such that t' < t < t". Each open neighborhood of 

0 (respectively, 1) contains a point t' G UTn distinct from 0 (respectively, 1). The 

elements ofTn can be thought of as the dyadics of order n. 

Assumption 6.1.4 ([13], Assumption 2.4) 

1. For « , s , t e T, d(s A u,t A u) < d(s,t) and d(s V « , t V « ) < d(s, t). 
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2. The sublattices Tn of Assumption 6.1.3 can be chosen so that 

limsupd(£, t+) = 0 and limswp d(t,t~) = 0, 
n teT n teT 

where t+ := Af ern,t<f f a n d *n : = V t 'er„ ,*'<**'• 

Let y be a T-valued random variable with continuous distribution function F. 

Furthermore, let Yi , . . . , Y„ be a random sample from that distribution, and for the 

time being we will assume that there is no censoring involved. As was done in [13], 

define a flow 7 on T as a continuous strictly increasing map from [0,1] to T, and for 

any point t E T, we will say that t E 7 •& 7(11) = t for some u E [0,1]. Throughout 

this Chapter, we use the terms 'flow' and 'path' interchangeably. It is pointed out 

in [13] that Assumptions 6.1.3 and 6.1.4 imply that, given any finite totally ordered 

subset to < ti < ... < tn of T, there exists a flow 7 connecting to, t%,..., tn; in other 

words, ti E 7 for i = 0 , 1 , . . . , n. 

Definition 6.1.5 Given any flow 7 connecting 0 to 1, let Y1 and Y1 be defined by 

Y7 := inf{Y < *}, 

F 7 := sup{t < Y}. 

ten 

We can think of Y1 and YJ as two different projections of the random variable Y 

along the flow 7: Y1 is the smallest point on 7 such that Y < Y7, while Y 7 represents 

the greatest point on 7 such that Y >Y^. These projections are illustrated in Figures 

6.1 and 6.2, respectively. We will focus first on Y7, which will be the basis for our 

estimation of the distribution F. 

Let rj := 7~1(Yi
7) for i = 1 , . . . , n, and suppose 7(11) = t for u E [0,1]. An easy 

calculation of the distribution function F1 of these one-dimensional random variables 
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Figure 6.1: Yh Y?. 

yields 

P(T?<U) = P ( 7 ( T / ) < 7 ( U ) ) 

= P(^eAw) 

hence Fy(u) — F^^)) = F(£). The first equality comes from the fact that 7 is 

strictly increasing, while the second and the third are consequences of the definitions 

of T? and Y^, respectively. This means that if we somehow manage to estimate F7(u), 

we will automatically have an estimate of F(t), the original distribution function 

evaluated at the point ~f(u) = t. The interesting part is that T 7 , . . . , T 7 are one-

dimensional, so their distribution can be estimated using the classical one-dimensional 

methods, as outlined in the Appendix. 

Define the processes 

n n n 

i= l i= l i= l 

and 
n n n 

i= l i—1 i=l 
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Figure 6.2: Yt, Y^. 

Then it is well-known (see, for example, Section II.1 of [1]) that N%(u) - A^(u) is a 

one-dimensional martingale with respect to !Fl{u), the minimal filtration generated 

by T?, . . . ,72 , where 

Kin) = fQ Zl{u) • ^ j ^ (6.L1) 
F-y(vy 

and that the Nelson-Aalen estimator of the integrated hazard W{u) — — ln(l—F7(w)) 

= - l n ( l - F ( i ) ) is 
<u} 

Similarly, the Kaplan-Meier estimate for the one-dimensional survival function 

1 — F 7 ^ ) is given by 

n - krl<u} 
(6.1.2) 

i=1 , XWJ' 
which also serves as an estimate of 1 — F(t), since 1 — F^{u) = 1 — F(^{u)) = 

1 — F(t). This estimate is, as expected, equal to the empirical distribution evaluated 

on (Ay(u))
c = {At)

c, a fact that becomes clear when we rewrite (6.1.2) in the original 

space T as 

l{YjeAt} 

{Y^A°Yy} 
(6.1.3) 
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It is important to note that the estimate does not depend on 7: if we select another 

flow, the order of the terms in the right-hand side of (6.1.3) might change, but the 

product will stay the same. 

If we use the projection Y7, we can arrive at an estimator for the survival function 

S(t) = P(Y > t) in a similar way. Define f7 :— 7-1(Y i
7) for i = 1 , . . . , n, and as 

before, suppose that 7(14) = t for u e [0,1]. The survival function for f7 is given by 

P(f^ > u) = P(7(f7) > 7(u)) 

= P(Y?eEl{u)) 

= P(XieE7iu)) 

= S(7(«)) 

. = S(t). 

Now, since f7 is unidimensional, we can write P(f1 > u) = 1 — P(f1 < u) = S(t), 

and rearranging terms we get F^{u) — 1 — S(t). This is in contrast to the results 

we previously got by using the projection Y1', namely that F7(it) = F(t); hence an 

estimate for F7(w) results in an estimate of 1 — S(t). Again, the advantage is that 

we can use one-dimensional methods for the estimation of this function. 

Before we continue though, we have to note that because of the very nature of 

the projections l^7, we will now require a slightly different data structure. When we 

were working with Y7, the only thing we had to know about the original observations 

Yi was whether or not they belonged to the strict past of the point t, and therefore 

we could use the minimal filtration F{t) = v{I{Yi<z}, z £ -^-t}- By contrast, in the 

case of Y7 we have to be able to know whether the observations Y» lie somewhere in 

the future of t. Therefore, the filtration J^{t) = cr{/{yi<z}, z 6 Dt} for i = 1 , . . . , n 

fits our requirements. 

Now we can proceed as before by defining the usual processes 

n n n 

i= l i= l i= l 
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n n n 

i=l i= l i= l 

and by noting that N2(u) - A7(w) is a one-dimensional martingale with respect to 

J\,(u), the minimal filtration generated by f^,..., f7, where 

The Nelson-Aalen estimator of — ln(l — F7(w)) is given by 

but since we know that F7(«) = 1 — £(£), (6.1.5) actually provides an estimate for 

— ln(S(t)). Finally, the Kaplan-Meier estimate for 1 — F7(«) = S(t) is 

which again agrees with intuition: (6.1.6) is equal to 

f \ ( l - f{^*W)} ) , 

so this is simply the empirical distribution evaluated on Z?7(u) = Et. As was the case 

with (6.1.3), the above estimate is independent of the choice of flow. 

Remark 6.1.6 We mentioned that iV7(ti) — A7(M) is a one-dimensional martingale 

with respect to ^(u); in other words, that A7(-) is the compensator for the process 

A^(-) given the information in J^(-)- Fortunately, the compensator doesn't change if 

we substitute J-Z{-) by the larger filtration ^(u) := F{^(u)) = &{I{Yi<z}i z < l(u)}-

Indeed, we have that 

E{N2{u + h)-N2{u)\F{u)) 
n 

= EC}Zhu<^<u^h}\^1{u)) 
i= l 

4-i l-Fh(u)) "JW>"}-- F^(u)) 
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We can use an identical argument to show that the compensator (6.1.4) also doesn't 

change when we replace Tl(u) by J^'(u) := F*(^(u)). This is going to be very useful 

as we introduce censoring, since we will be able to build anti-clouds into JF7 and 

*-anti-clouds into J^'. 

The Censored Model 

The next step is to incorporate censoring into the model. Let J7 be a filtration 

such that TY C T, and consider a flow 7 on T. Let £ 1 , . . . , £n be a sequence of ^"-anti-

clouds weakly independent of Yi , . . . , Yn, and suppose that for each i, Yi is observable 

only inside &. Because of the observability issues noted in Chapter 4 -which provided 

the motivation for the *-sets-, we will not be able to use all the observations inside 

the anti-clouds to construct our estimators; nevertheless, depending on whether we 

pursue an estimate of 1 — F or the survival function S, the "usable" observations 

will vary. Obviously, the data structure will also play a very important role in this 

matter, as will the choice of 7. 

For the moment though, we will put aside our concerns regarding observability; 

we feel it is best to focus first on how to project both the data points Yi and the 

anti-clouds & on the flow in order to construct the full one-dimensional model. With 

the overall picture taken care of, we can then elaborate on the specific regions where 

"usable" observations lie as we treat different types of data structure. 

First, we will discuss the estimation of 1—F. Suppose 7(11) = t for some u G [0,1]. 

Using Definition 6.1.5, we can obtain Yx
7 , . . . , YJ from our original observations, and 

letting T7 := 7~1(Yi
7) for i = 1 , . . . , n, we get r ^ , . . . , r%. We project the censoring 

on the flow by defining £7 := {u G [0,1] : 7(14) G &} for i = 1 , . . . , n. The sets Q are 

J^-anti-clouds, since 

Define 

n 
Zn(u) = 5jjr{TT,>«,t.e«7} 
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and 

N2(u) = J2IW<u,T?e%}-
i = l 

Then, recalling that F7(w) = ^(7(1*)), the one-dimensional Nelson-Aalen esti­

mator 
rdN^v) _ - / { T 7 < U , T 7 ^ 7 } 

J0 Zl{y) tf Z7(r7) 

gives us an estimate of — ln(l — F(7(/u))) = — ln(l — F(t)). Similarly, the Kaplan-

Meier estimate for the one-dimensional survival function 1 — F7(/u), 

f [ ( 1 - % # a ) , (6.1.7) 
i = l ZZW) 

provides us with an estimate of 1 — F{^{u)) = 1 — F(t). 

As is to be expected, the construction of the estimate for the survival function 

S follows along the same lines. In this case, suppose the £$'s are *-anti-clouds with 

respect to T\ we already know from Chapter 4 that we can't use the anti-clouds for 

estimating S. We project the observations Yi , . . . , Yn on the flow 7 via Definition 6.1.5 

to arrive at Y^7,..., Y£, and then use the equation f? := 7~1(Yi
7) for % = 1 , . . . , n 

to get f̂ , . . . , T 7 . The projection for the censoring, on the other hand, remains 

^] — {u E [0,1] : 7(w) G &} for i = 1 , . . . , n. The projection of these *-anti-clouds 

are anti-clouds with respect to J71, since 

{u e a} = {7(u) e 6} e ^(7(1*)) = £ » . 

The processes Z 7 and N 7 become 

n 

Nn(«) = ]C%<u,f7G?7}, 
i = l 

and keeping in mind that F7(/u) = 1 — S(7(w)) = 1 — £?(£), 

0 ^ ( « ) ^ Z 7 ( f 7 ) 
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Figure 6.3: Y is recorded as a failure in the flow j2', it is censored in 71. 

and 

n 
i = i 

%_<n,f7e^} 

are the estimates for — ln(l — F7(«)) = — ln(5'(t)) and 1 — F1^) = S(t), respectively. 

As we mentioned before, the choice of estimating 1 — F or S will have an im­

pact on the number of observations that can be used to construct our estimates. In 

addition, the choice of 7 can also affect the number of uncensored observations; an 

example of this can be found in Figure 6.3. At this point, we will consider four dif­

ferent types of data structure and determine how this choice affects the information 

available to us. In each scenario, assume 7 denotes a given flow. 

• Scenario 1: Suppose we are given a sequence of i.i.d. T-valued random variables (Yi), 

as well as a sequence (£*) of ̂ -anti-clouds independent of the Y^s, where T = TY\JT^\ 

we also assume that for each i, Yt is only observable inside &. For an illustration, see 

Figure 6.4. 

If we want to estimate 1 — F, we are interested in determining whether or not any 

observation has actually happened before t 6 T, and so we do not need to discard as 

much information as when we estimated the cumulative hazard in Chapter 4; there, 

we had to be able to assert, for any observable t, if Y was strictly in the future of such 
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Figure 6.4: Scenario 1. 

Cp 

Figure 6.5: The anti-cloud £p. 

point. This relaxed standard leads us to define the sets £f := {t € T : At D £f = 0} 

for i — 1 , . . . , n, which are still ^"-anti-clouds, since {t G £f} = {At D £? = 0} G ^(t) 

for any t £ T. We can take a look at one such set in Figure 6.5. As we did before, 

let J^iu) := ^(7(1*)). The projections of these sets are given by £7 : = {u £ [0> 1] : 

7(14) G £f} for i = 1 , . . . , n, which are anti-clouds with respect to T1. 

In case we want to construct an estimate for the survival function S, we are 

forced to discard a lot of information, since the question now becomes the position 

of the observations with respect to the strict future of t or, equivalently, the ex-
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C 

Figure 6.6: The *-anti-cloud £*. 

tended past of t. Therefore, we have to define the sets £* := {t G T : Dt n £? = 

0} for i = 1, . . . , n , depicted in Figure 6.6, which we showed in Chapter 4 are 

*-anti-clouds; in other words, {t G £*} G F*{t), where F*{t) = &{I{z<Yi},t < z). 

Let J-1 (u) '•— J-*(~i(u)). The projections of these *-anti-clouds will be the ^ - a n t i -

clouds i] := {u G [0,1] : 7(14) G £*} for i = 1 , . . . , n. 

• Scenario 2: Recall the data structure found in Example 4.1.8. Let (Yi) = (Vi,i,^2,i) 

be a sequence of i.i.d. [0, l]2-valued random variables. Assume there exists a filtration 

T such that T\ C Tt for every t = (ii, ^2) G [0, l]2 , and define T\^ = \ / t F(ti,t2)> 

T\^ — \Jt ^(txM)- We a r e g i v e n a finite sequence of T^>-stopping times 0 = m\ < 

vfi < r)j2 < Vj2 < • • • < Vjn- ̂  vji- for i = 1,2,... and j — 1, 2. We can observe 

7~Lt = {-fry. .<_. y. .p| |"J r„W ./Oil , ^ ry . .W./0 JO \ -. fc_,1<u.X : S, W G A t J j = 1, 2 } , 

where s = (si,S2) and w = («i,u2). It is easy to see that & = {Ufclifaifc> ^ll] x 

UfeLiTOfe) u2k]} 1S a n anti-cloud with respect to T for i = 1, 2 , . . . . A graphic example 

of this situation is found in Figure 6.7. 

In this particular case we can use all the information contained in the anti-clouds 

to construct both estimates, because as soon as we emerge from the censored regions, 

we are able to determine the location of the observations with respect to that point in 
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Figure 6.7: Scenario 2. The unshaded areas represent the anti-cloud £. 

time; in other words, the data structure allows us to know whether any given obser­

vation lies in At, Dt or Et for any t € &. Hence, the projections of these anti-clouds 

on the flow 7 are defined by Q := {u E [0,1] : 7(1*) 6 &} for i ~ 1 , . . . , n in both the 

estimates oil - F and S. Again, if we define ^{u) :— ^{^(u)) = F{ti, t2), the sets 

£7 are J^-anti-clouds. 

• Scenario 3: Recall the medical example of Chapter 4, where we had times of start 

of pregnancy and times of onset of tuberculosis (See Figure 6.8). Consider a sequence 

of i.i.d. [0, l]2-valued random variables (Yj) = (Yi,*, Y^i) and a sequence i.i.d. [0,1]-

valued random variables KXti < K2>i for i = 1,2,.... The relevant nitrations are 

,ta) 

and .Fy = V t l ^(h,t2)- We noted in Chapter 4 that if we let p* := {(ti,t2) : «i,i < 

£1 < «2,», *i < £2 < *i+c} represent the censored regions, where c denotes a constant, 

then (p^ is a sequence of clouds with respect to T. It was also mentioned that taken 

separately, the Yi /s are not censored at all, but the Y2/s are censored on the intervals 

(«M,«2,* + c). 

For an estimate of S, we have to discard the information lying in the extended 

regions p* := {(tut2) : Ki,» < h < K2,h h < t2 < «2)» + c} (J {(*i,*2) : *i < 
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«1 K2 

Figure 6.8: Scenario 3. 

K\ K2 

Figure 6.9: The extended region p*. 

fti,i, «i,i < ti < «2,« + c}> which we showed in Chapter 4 to be *-clouds with respect 

to T. For an illustration, refer to Figure 6.9. Then the projections of the *-anti-clouds 

(p\)c on the flow are defined by Q := {u G [0,1] : -f(u) £ (p*)c] for i = 1, 2 , . . . . 

For the estimate for 1 — F, we are able to determine whether or not Yj, is in 

the past of any point t in the complement of the region p\ := {( t i ,^) : «!,* < ti < 

«2,i, «i,i < h < t\ + c} U {(ti,*2) : «2,i < *i, «i,i < *2 < «2,i + c} (see Figure 6.10), 

and so we make use of all the information outside pf. It's easy to show that p\ are 

clouds with respect to J7, and therefore the projections of the censoring on the flow 
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« 1 K-2 

Figure 6.10: The region pf. 

are given by g := {u G [0,1] : 7(w) G (p?)c} for i = 1, 2 , . . .. 

• Scenario 4: Consider two sequences of i.i.d. T-valued random variables (Yi) and 

(C;) independent of each other, and let & := A Q be the uncensored region. Suppose 

we are allowed to observe Ayi PI&, £ = 1,2,.... 

We first address the estimation of 1 — F. Here, a point Yi will be considered at 

risk at time t whenever both t G & and Yj G A£, or, equivalently, if £ G & C\ DYi; see 

Figure 6.11. If Yj is no longer considered at risk at 7(11) = t, we would either have 

i G £>y. or i G (t
c. In case t G DY. -which would mean Yj is a failure time-, then 

Yi E At Q &, this indicates that we may only count a jump in our estimate when Yi 

is fully observed. 

In the case of the estimate for the survival function S, Yi will now be considered 

at risk at t only if t G & n Ay. If Yi is no longer at risk at 7(14) = t, then we 

know that either t G AY. or t G £f. If i G Ay, then Y G Dt; however, this doesn't 

imply that Yi G £«, since we only have that At C £i# Hence, partial observations may 

actually be counted as jumps, which was a shortcoming of the Tsai-Crowley estimator. 

However, we can build a mechanism that allows us to differentiate between censored 

observations and actual failure times. 
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y . 

Figure 6.11: Only observations inside £ will be counted as jump points. 

Let T(t) = o-{I{a<Ci}, I{s<Yi},t < s}, and !P'(u) := F{i{u)). Define f7 := inf{« : 

7(w) G Ay} and r?7 := inf{w : 7(1*) G £c}; both are stopping times with respect to 

T1, since 

{f7 < v} = {7(1;) G AC
F} = {7(V) G ^ y } c € ^ ( 7 (v) ) = J * » 

and 

{vJ <v} = {j(v) e f} = Mv) e £}c e ^(7(«)) = £ » . 

We are able to observe £7 := f7 A rp', which is also an ^-s topping time: 

{C<v} = {C>v}c 

= {f1 n rf > v}c 

= [{f7 > v} n {rp > v}]c 

= {f7 <v}uW Svye^iv). 

We also know that {£7 = f7} G Pp, where ^ = { i e f :Af l {£7 < v} G ^ 7 (v) 

V i> G [0,1]}; see, for example [15]. We will then count a jump whenever {£7 = f 7 } , 

since we have a failure time only when the path exited Ay. It is worth mentioning 

that the classical right censoring scheme (see, for example, [3] or [5]) is a special case 

of this Scenario; an illustration is provided in Figure 6.12. 
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Figure 6.12: Partial observations such as Y may be counted as jump points. 

6.2 Optimal Paths 

At this point, we would like to address the way in which we choose a path. Ideally, 

as it was mentioned in [21], we want to pick a path that maximizes the number of 

uncensored projection points. The existence of an optimal path -that is, a path that 

generates more uncensored projection points than any other- is not guaranteed for 

the more general censoring models; however, there are some data structures that allow 

us to choose such a path. Before we go any further though, it would be prudent to 

define formally what we mean by an optimal path. 

Definition 6.2.1 A path 7 joining the origin 0 to t ET is called optimal for £ if and 

only if there exists u G [0,1] such that v47(u) = At C\ £. The path 7 is jointly optimal 

for £ 1 , . . . , £„ if and only if it is optimal for each &, i = 1 , . . . , n. 

Note that, if 7 is an optimal path, the one-dimensional points r? will be observed 

uncensored whenever the actual jump points Y4 are; indeed, a point Y is observed 

before t only if Y G At C\ £. But since 7 is optimal, this means that there exists 

u G [0,1] such that At D £ = A ^ , so by the definition of r 7 it follows that r 7 < u. 

On the other hand, since At n £ = A^u), we have that 7(14) G £, hence u G £7 and 

so r 7 G £7. Therefore, since a jointly optimal path will pick up every available jump 
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point before £, it generates the maximum number of uncensored projection points 

possible. 

The definition above points us towards the kind of data structure that will ac­

commodate a jointly optimal path. The fact that the path is strictly increasing, plus 

the condition that it has to be optimal for each of the censoring sets, suggests that 

the anti-clouds have to be increasing in some sort of way. We will take a look at one 

such model. 

In what follows, we will assume that T = [0, l ]2 . Suppose we have a sequence of 

i.i.d. T-valued random variables (Yi), as well as a sequence of anti-clouds (&) of the 

form & = [0, Cj\2, where each Cj is a [0, l]-valued random variable with continuous 

distribution; as usual, Yi is censored by ££ for each i. This setup amounts to bivariate 

data under univariate censoring, and if we let S = {[0,tt]2 : u G [0,1]}, it can be 

regarded as a particular case of the ordered censoring scheme of Section 5.2. In [21], 

Tsai and Crowley arrived at an estimate for the survival function of the (Yi)'s at a 

point (£i,£2) by considering a path 7 and then using their analogue of the projections 

Y? (see Definition 6.1.5). Moreover, they concluded that in this model, the path 

that creates the most uncensored projection points among all nondecreasing paths is 

the one that follows a straight line from (0, 0) to (£1 A £2, ^i A £2) and a straight line 

from (£1 A h, ti A £2) to (£1, £2)- One problem with their estimate, as they themselves 

noted in [21], is that it is not a genuine survival function. Our objective is to avoid 

this undesirable property by estimating 1 — F(t) instead of the survival function. 

We intend to show that their path has the property of being jointly optimal for this 

model, and that our estimate of 1 — F(t), based on the projections Y^ and given 

by (6.1.7), gives either negative mass or no mass at all to every point in T; in other 

words, our estimate of F is a measure. Furthermore, as we pointed out in Scenario 

4, no mass is given to censoring times. 

We want to look at the weights given by our estimate of 1 — F(t) to each observa­

tion (Yi), and the key to do that comes from a property of the usual one-dimensional 
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Kaplan-Meier estimate; therefore, we will step away from our analysis of the structure 

described above in order to have a quick look at the classic one-dimensional survival 

setup under right-censoring. Suppose we have sequences of i.i.d. [0, l]-valued ran­

dom variables (Xi) and (Ti), where the (Xj)'s are failure times and the (Ti)'s act as 

censoring variables; we are able to observe Xi A % and I{Xi<Ti} fc>r i — 1,2, — Let 

Sx, ST denote the survival functions of (Xi) and (Tj) respectively, and let S*, S% be 

their respective Kaplan-Meier estimates: 

«(«)= n fi-^n fwg» 
i:X«A?4<« V ^ = 1 W T ^ A T , } 

«w= n fi-^n1:1^^ 
i ^ A T ^ u V 2 ^ = 1 W * J > * A T 4 } 

Then we have that 

S£(u)SM 
hXi<Ti} \ TTT L 1 - *{.X4<T4} 

Yjj=l {{XjATj^XiATi} 

]Cj=l {{XjAT^XiATi} ~ 1 

E L i * {XjAT^XiATj} 

i = l 

in other words, 
?XC„A _ Z ^ = l ^"{XiATi>it} 

g ^ ( u ) = ^ ^ 1 ? 7 X J ^ . (6.2.1) 

Equation (6.2.1) shows clearly that the weight given by the Kaplan-Meier estimate 

S% to any failure time X is going to be —l/nS%(X). Note that S%(X) depends on 

the number of Xj's and TVs found before Tx, where Tx •= max{Tj : 7$ < X}; the 

more X;'s and TVs inside [0, Tx], the smaller the value of S£(X). On the other hand, 

it does not depend on the number of observations Xi lying inside [Tx,X], since the 
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Kaplan-Meier estimate only changes once we record a "success": for £>%, that means 

observing a Tj. 

Back to our two-dimensional model under univariate censoring, consider a map 

a : [0,1] —> <S, and for any t G T, let a* : [0,1] -» <S n At be its truncated version: 

G!*(p) = a ( p ) n A t . It's easy to see that 7, Tsai and Crowley's recommended path, is 

jointly optimal for our sequence of anti-clouds, by noting that ofip) = A^u) f° r some 

u G [0,1]. It remains to show that, under this kind of path, the estimator (6.1.7) 

gives no positive mass at any point in T. 

Suppressing dependence on 7 for a moment, let S^iu) = S%(u) denote the 

estimator (6.1.7), and let rj] = s\xp{u : u e £,]}• Note that we can write 

*<•> - n(i-*^r) 
f f (l _ hrle^hrl^rQKu} 

If we reverse the roles of the observations Yi and the censoring in the same way as we 

did in Chapter 5, we can come up with S^(u) = S^(u), the Kaplan-Meier estimate 

for the one dimensional survival function of the censoring variables rj]: 

t = \ \ 2Zj=lI{v]>v],vl<r]}t 

TT L J{i?7^}JWAi77<u} 

Z ) , = l I{TlM~<>TltoQ} 3 <3 -

1 - 1 / { r 7 £ g } ) . (6.2.3) 

Then it is easy to see that 

(6.1.7) = Sl{u) = ̂ Ulg;fu\ (6.2.4) 
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a result that was expected, given (6.2.1) and the fact that we reduced our two-

dimensional data to a set of one-dimensional observations. 

It is important to recall that in one-dimension, the weight at any single point u 

given by the usual Kaplan-Meier estimate is calculated by substracting the value of 

the estimate 'just before' that point from the actual value at u. Since (6.1.7) provides 

an estimate of the bivariate distribution F(t) -or rather, of 1 — F(t)-, the weight that 

it assigns to a point £ = (£i,£2) € T has to be computed by the usual two-dimensional 

formula 1 - F(t) - (1 - F(£7, £2)) - (1 - F(tu £7)) + (1 - F(£7, £7)), where tj denotes 

a number arbitrarily close to, but strictly smaller than tj, j = 1,2; in other words, 

we will assume that t~ = (£7/)£7) is chosen so that there are no Yj's or Q's in the set 

(£-,£] \{£} . 

Consider the mass given by 5 | to any 'observation' r7 . This mass will depend on 

the number of rjj's and r / ' s that came before 77^, where r]^ :— max{?)7 : rjj < r 7 } ; 

just as important, it does not depend on the number of r / ' s between ?77
7 and r 7 . 

Now we calculate the weight given to r 7 by the estimate (6.1.7). Let Y = (Y1; y2) 

be the actual observation that generated r7 . We need to compute the values of the 

estimate at Y, Y~ = (Yf,Yf), Yl = (Yf ,F2) and Yd = (YuYf). Let 7, 7' be 

the paths that pass through Y and Y~ — (Yf,Yf), respectively. Because of the 

last observation in the previous paragraph, the denominator in Equation (6.2.4) is 

nS^(r7) for each of the four points being considered. However, the numerator is equal 

to the number of 'observations' still at risk; in the case of Y, we have removed r 7 from 

that set, while we still consider r 7 to be at risk for the rest of the points. Therefore, 

the weight given to r 7 will be — l / n S ^ r 7 ) . This implies that for any jump point Y 

and t > Y such that X^=i ^{^e[o,t]\[o,r]} = 0, the family of pathwise estimators give 

weight — l/nS^(rJ) to the point F , and mass 0 to £. 

On the other hand, there could be some points where there are no observations 

and yet the estimate assigns some mass; namely, on points of the form Y V Y ,̂ where 

Y/i is any observation such that Y\. ^ EY U Ay, but Y£ < Y7. The reason is that, as 
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we previously remarked, the weight generated by Y on S^ depends on the number of 

r / ' s inside [0, rfj.-y]. If both Y and Yk are inside the same censoring set, there won't be 

any change in S^, since that number hasn't changed; however, if there is a censoring 

set £ such that Yk € £ and Y £ £ -which in turn would mean 7_1(^fc7) = T^ <rp KT1 

because of the optimality of the path 7-, the 'observation' T^ would now be in [0, T -̂Y], 

thereby affecting the weight given by 5 | . Now, the final question is raised: is this 

'artificial' weight negative, as it should be? 

To answer that question, we take a look at one such scenario. Let Y, Yk and £ be 

as described in the paragraph above. Consider the points W = (Wx, W2) := F V Yj., 

VPH = (Wf ,Wf) , W^ = {Wr,W2) and W^ = {Wu Wf), and let 7 v , 7v- be 

the paths that pass through W and W^~\ respectively. In order to further complicate 

the notation, suppose that Y lies above the diagonal t\ = £2, a n d that the number 

of observations still at risk just after W is n — j . Then M, the mass given by the 

estimate (6.1.7) to the point W = Y V Yk, is 

_ " - j n - j + 2 

n — j + 1 n — j + 1 

n • sS f rvK^a -hv - ) ) n • 5|(7v1(W(2-hv)) 

n - j n - j + 2 

n- j + 1 n - j f + 1 

1 1 
+ n • Si(^\W^)) n • 5 l ( 7 v-(W(-)^-) ) 

= _Ip L_ 
we get the second equality by applying Equation (6.2.4), the third equality comes 

from the fact that Si(%i(W^-^-)) = S£(7v±(W(-)7v-)) and ^ ( 7 v 1 ( ^ ( 2 ~ h v ) ) = 
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S^("fy
1(W7v)) -because in both cases no new observations have occurred inside the 

regions that could change the value of S^-, and the last one is obtained simply by-

defining r$ := TvHW7*) and r ^ l , := 7v±(W (- )7v-). Now it is easy to see that the 

weight M is negative; indeed, since 5 | is a decreasing function and T^^ < T$ , we 

have that S^(rX^) < S^rX^r,), hence -{ * > .e *v_ . All other scenarios can be 

handled similarly, so we have proven that our estimate gives no positive mass at any 

point in T. 

Functional Central Limit Theorem 

The next topic in our discussion of this particular model is the existence of a 

functional central limit theorem for the estimator (6.1.7). It is worth mentioning that 

a CLT exists for this estimator at a fixed point u from the usual one-dimensional 

theory, but we are interested in the more general functional result. We are going to 

assume throughout this section that both the distribution of the failure times and 

that of the censoring variables are continuous with bounded derivatives; this will 

ensure that the limiting Gaussian processes are continuous. There are two obstacles 

that we need to overcome in order to prove such a result: first, we have to be able to 

express (6.1.7) in terms of the original observations Yi and the anti-clouds & = [0, Cj]2 

at any two-dimensional point (s,t); the second is that after doing this, we will run 

into trouble while trying to write the Nelson-Aalen estimator corresponding to the 

Kaplan-Meier estimator of the Y '̂s as an integral, where the integrand is the inverse 

of the at-risk process and the integrator is an empirical process of a subdistribution. 

This particular detail is crucial to us, because for us to use the functional Delta-

Method we need a Hadamard-differentiable mapping from those two processes to the 

Kaplan-Meier estimator. 

Our solution to these inconveniences consists of once again exploiting the relation 

(6.2.4). Note that the path 7 passes through -and terminates a t - t G [0, l]2 . There­

fore, the Kaplan-Meier estimate of the survival function of C in the denominator of 
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(6.2.4) only uses the information inside At, and so it actually depends on t even though 

the notation does not reflect this fact. We intend to show that the Kaplan-Meier esti­

mates for the survival function of the censoring variables Cj follow a functional central 

limit theorem on D[0, l ]2 . This, coupled with the fact that the numerator in (6.2.4) 

is simply a sum of i.i.d. random variables, implies the same result for our estimator 

(6.1.7): simply note that the map (A, B) —• (A/B) is Hadamard-differentiable on a 

domain of the type {{A, B) : A < M, B > e} for e > 0. If P(u € C) > e f o r eve rY 

u, the pair (^ YH=i I{T?Ar)'y>u},Sn(u)) ^s contained in this domain with probability 

tending to 1 for M > 1 and sufficiently small e. 

We now consider the Kaplan-Meier estimator of the survival function of C, as 

evaluated at a point (s, t). Because of symmetry, we only consider points (s, t) above 

the diagonal, so the optimal path is a diagonal from (0,0) to (s, s), and then a vertical 

line from (s, s) to (s, 1). Let Zi = C{ • / { y ^ } and Wi = Y* • /{y ie^}. Fix s and treat 

the variables C» as if they were the observations. Then we would know that Cj is not 

at risk at (s,p) if 0 < Zi < p or (0,0) < Wi < (s Ap,p); therefore, the at-risk process 

for this kind of path can be written as 

1 n 

Rn,l{s,p) = - ^ (1 - I{0<Zi<p}) (1 - -f{(0,0)<Wi<(sAP)p)}) • 

This process is centered by its expected value 

n(s,p) = EiRnifap)] 

= 1-P[0<Z <p]-P[(0,0)<W <{sAp,p)}, 

where the last equality comes from the fact that we always have either Z = 0 or 

W = 0. Likewise, for points below the diagonal we would fix t and obtain the 

analogous process 

1 n 

Rn,2{p,t) = - 22 i1 ~ /{0<^i<p}) (! - A(0,0)<Wi<(pj»At)}) , 
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as well as 

r2(p,t) = £[#n,2(p,i)] 

= 1-P[0<Z <p}-P[(0,0)<W <(p,pAt)}. 

Let 
-. n -. n 

Gn(P) = -J2Ji°<Z^P} = ~ H J{0<^<P} J{^^i} ' 

the empirical distribution of the "uncensored" Cj's. Then E[G%(p)] := Gc(p) — 

P[0 < Z < p\. It is easy to see that the classes of functions Q :— {gs>t '• s, t 6 [0,1]}, 

Wi : = ihl,t '• s>t e [0, l]}andW2 := {h2
st : s,t € [0,1]}, whereg,tt(x,y) = 1-I{0<x<t}, 

hlt(x^y) = 1~Imo)<y<(^t,t)} and h2
st(x,y) = l-/{(0,o)<v<(a,Mt)} forx e R+, y G R+, 

and their products are actually VC-classes (see [22], Section 2.6), since each of those 

functions consists of either an indicator of a 1-dimensional cell or a 2-dimensional 

rectangle; hence they are also Donsker (again, refer to Section 2.6.2 in [22]). Therefore, 

if we restrict our attention to a set [0, T]2 such that ri{s, t) > 0 for every (s, t) £ [0, r]2 , 

i = 1, 2, we have that 

\fa(Rn,i(8>P) - ri(s,p), i?„)2(p, t) - r2(p, t), G%(p) - Gc{p)) 

=• (Qr^s,p),Qr*(p,t),Qc(p)) 

in D[0,r]2 x D[0, r]2 x D[0,r], where Qn, Q7"2 and <2C are all mean-zero continuous 

Gaussian processes. That restriction is required in order for the composition 

(-Rn,l('> -),Rn,2(', ')) Gn (')) 

,-Rn,l(-,0 -Rn,2(", •) 

: = ( • H n , l ( ' ' ' ) > - H n , 2 ( * > ' ) ) 

— (f [ [ l - <*fl£i(«, •)], f l [ l - dH%2(., *)]) 

: = Wn,l('> V^n^l*) ')) 

—• S j i M f e t } + S^2(s,t)I{s>t} - S£(s,t), 
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where f] stands for the usual product integral, to be Hadamard-differentiable tan-

gentially to C[0,r]2 x C [ 0 , T ] 2 x D[0,T] on a certain domain; then we will have the 

functional CLT. This, however, is not as straightforward as in previous cases: we now 

have processes depending on two parameters, so we have to tread carefully. Note 

that we have switched from S^1 to the notation S^t now that the paths have been 

specified. 

We first consider the integration part of the composition. Let A G D[0, l]2 , 

B e BVM[0, l]2 , as well as a G C[0, l]2 and p G £>[0, l]2 . We will keep s fixed, and 

define ij;(A,B)(s,p) = f£ A(s,u)B(s,du). We now show that the derivative of the 

map I/J is given by 

rp rp 
ip'AtB(a,(3)(s,p) = I A(s,u)/3(s,du) + / a(s,u)B(s,du). 

Jo Jo 

Let au(3t G D[0, l]2 such that both 

sup||o;t(s,w) -a(s,u)\\ —> 0, sup \\/3t(s, u) - P{s,u)\\ —>• 0 (6.2.5) 
s,u s,u 

as t —>• 0. Write At = A + tat and Bt = B + t(5t. We also need that / \A(s, dp)\ < oo 

for every s. We use the same approach found in the proof of Lemma 3.9.17 in [22]. 

We have that 

- ^ , B ( « * » A ) ( S , P ) 
rp rp 

.1 At(s,u)Bt(s,du) — / A(s,u)B(s,du) 
Jo Jo 

rp 
= t / at(s,u)f3t(s,du) 

Jo 
rp 

= / at(s,u)(Bt-B)(s,du) 
Jo 

rp rp 
= / a(s,u)(Bt-B)(s,du)+ / (a t - a)(s,u)(Bt - B)(s,du). (6.2.6) 

Jo Jo 

Since .A(s, •) is of bounded variation for every s, the derivative map is continuous 

with respect to the uniform norm, and so ipA,B(at> Pt) —> ^'A B(ai P) as * ~"*• 0- Hence, 

it suffices to show that (6.2.6) converges to 0. Together, the condition in (6.2.5) and 

the fact that @t(s, •) G BVM[0, l]2 for all s G [0,1] imply that the second term on the 
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right converges to zero as t —» 0. On the other hand, note that for any arbitrary e we 

can find a grid 0 = p0 < px < ... < pm = 1 and 0 = s0 < s\ < ... < sn = 1 such that 

sup{|ai(i6) — a(v)\ :u,v e (si-i,Si] x (pj-i,Pj]} < e. But since we are holding s fixed, 

we are basically only looking at lines, just as in Lemma 3.9.17 in [22]; moreover, the 

same partition can be used for every s, so we are able to take supremums over s and 

p at the same time. The rest of the proof of Lemma 3.9.17 in [22] follows from here 

without problems. 

Next, we consider the differentiability of the product integral in two parameters. 

Our proof follows closely that of Lemma 3.9.30 in [22]. Consider A e D[0, l]2 such 

that A(s, •) is of bounded variation for every s, and define A8(t) := A(s,t). Let 

$(A)(8, t) = f l 0 < u < t ( l + dAs(u)) = <KA).(t). 

Write An = A + tnan, where an —> a e D[0, l]2 and tn —> 0. We would like to show 

that 

(j>(An) - 4>{A)) (s, t) 

%n 

= f t(A)(s,(0,u))j>(A)(s,(u,t})a(s,du) 

= / <f>(A)a(0,u)<f>(A)a(u,t]aa(du)i 

just as in [22], cf)(A)s(u,t] := (f>(A)s(t)/(j)(A)s(u). Fix s. By the Duhamel equation 

(See Appendix), 

(4>(An) - 4(A)) (s,t) (<j>(An)s-4>(A)s)(t) 

- / (j>{A)s(0,u)4>(An)s(u,t]{an)s(du); 
J(.o,t] 

hence it is enough to show that 

/ 4>{A)8(b,u)4>(An)s{u,t}{an)s{du)—> <f)(A)s(0,u)(f>(A)s(u,t]as(du) 
J(0,t] J(0,t] 

uniformly in both s and t. For s fixed, we know by Lemma 3.9.30 in [22] that 

the convergence in t is uniform. Additionally, if A(s, •) is decreasing and A(-, 0) is 
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bounded, then we have that (f>(A)s(t) < supsexp{^4s(0)}, so 4> is uniformly bounded 

in both s and t; by the Duhamel equation, </> is also uniformly continuous in both 

components, and then the product integrals (j)(An) converge uniformly to their limit 

4>{A) by another application of the Duhamel equation. From here, the proof of Lemma 

3.9.30 found in [22] follows. Note that the requirements that A(s, •) be decreasing 

and A(-, 0) bounded are met by An = —H^ and A = —Hf, i = 1, 2, where H^ and 

H.2 are the actual cumulative hazard functions for the censoring variable C for points 

above and below the diagonal, respectively. 

Finally, we can conclude that the composition map (-Rn,i, Rnt2,G%) —• S% de­

scribed before is Hadamard-differentiable tangentially to C[0,r]2 x C[0, r ] 2 x D[0,T] 

on a domain of the type {(A, B,C) : A,B > e, / \dC\ < M} for given M and e > 0 

at every (A, B, C) such that \/A and 1/J5 are of bounded variation. If we restrict our 

attention to points (s,t) in a set [0, r ]2 such that ^ (s , t) > 0 for every (s,i) G [0, r ] 2 , 

2 = 1,2, then {Rn,i,Rn,2,Gn') is contained in this domain with probability tending 

to 1 for M > 1 and sufficiently small e. The central limit theorem follows from the 

Delta-Method. 

This discussion leads us to the Functional Central Limit Theorem for the esti­

mator (6.1.7): 

Theorem 6.2.2 Let 7t denote the optimal path from 0 to t, and ut = 7t-1(£)- Then 

let Fn(t) = 1 - S%'Jt(ut), and define w^(t) := y/n(Fn(t) - F(t)). If P(t € f) > 0 

/or every t, then w^ => Q in D[0, r]2, where O is a continuous mean-zero Gaussian 

process and r is such that ri(s, t) > 0 for every (s, t) € [0, r]2, i — 1, 2. The variance 

of Q(t) is given by 

Proof: We have shown in the preceeding paragraphs that if $ denotes the map 

(Rn^jRn^yG^) —• S%, then y/n{S% — $(ri,r2,Gc ' )) converges in distribution to a 

mean-zero Gaussian process in D[0,r]2. We also made a comment at the beginning 
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of the Section about the need for P(ut G £7t) = P(t G £) to be bounded away 

from zero in regards to the Hadamard-differentiability of the map £(A, B) = A/B. 

Next, (6.2.4) shows that Sl™{ut) depends on the pair (£ E^=i ^ A ^ M ' ^ ' 7 ' ^ * ) ) 

through the map £; apply the Delta-Method to conclude that w^ =>- 0 . The fact 

that the distributions of both the failure times and the censoring variables are contin­

uous with bounded derivatives ensures that the limiting process is continuous by an 

application of Condition (1.15) of Theorem 1.4 in [2] (As we mentioned before, refer 

to the discussion in p. 20 of [2] for an extension of that Theorem to multidimensional 

Euclidean spaces). The variance of 0 comes from the usual one-dimensional Kaplan-

Meier estimator (See the Appendix). • 

Remark 6.2.3 We now have two approaches to estimating 1 — F in the case of 

univariate censoring. The reverse probability estimator of Chapter 5 puts mass only 

on observed points Y*; the estimator proposed in this Section has the advantage of 

being dynamic and will spread mass over a larger number of points. We present a 

simple example in Figure 6.13 to highlight the different way these estimators assign 

mass. In the case of the reverse probability estimator (5.2.2), we take a(u) = [0,u]2 

for every u G [0,1]; for the path-dependent estimator (6.1.7), we let 7(11) = (u,u), so 

that for each t G [0, l]2 , 7*(it) = (t\ Au, t2 Au) describes the optimal path suggested 

by Tsai and Crowley. Figure 6.14 illstrates the estimated value of the distribution 

function using fia , while Figure 6.15 does the same, only this time using 1 — S1^'7. 

Note that under the reverse probability estimator, Y\ and Yi are assigned masses of 

| and | , respectively, whereas 1 — o^f1 puts mass on three points: Y\ has mass | , y2 

has mass | , and Y\ V Y2 has mass | . 

Remark 6.2.4 The bootstrapping principles employed in the previous chapters to 

obtain confidence bands for different statistics remain valid. We have shown that 

our estimator S%(u) depends on (^ Y^i=i^{T^hrf<>u}^S^(u)) through a Hadamard-

differentiable map on a certain domain; just as in previous cases, this pair in turn 
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c3 

Y2. 

Figure 6.13: Univariate censoring: two observations, one censoring. 

Figure 6.14: Values of the reverse probability estimator p!£' in each of the enclosed 

regions. 
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Figure 6.15: Values of the path-dependent estimator 1 — S^1 in each of the enclosed 

regions. 

depends on indicator functions that form Donsker classes themselves. Letting 7(1*) = 

t = (s,p) e [0, l ]2 , those functions are I{vj>u} = J{te&}> h^>u} = fyifW?}. Jme&}> 

I{d<P} and I{Yi<(sAp,p)}', hence we can bootstrap directly from the observed values of 

these indicators. Theorem 3.9.11 in [22] then guarantees the conditional convergence 

given (li, &) of the bootstrapped estimator to the limit G found in Theorem 6.2.2. 

Remark 6.2.5 It is possible to use the path-dependent estimator (6.1.7) for the 

applications explored in Chapter 5, such as the test of independence of the components 

oiY = (Yi, I2) o r the copula estimation, with one caveat: just as in Section 5.2, (6.1.7) 

is restricted to a set [0, r ] 2 , so we would have to use the one-dimensional Kaplan-Meier 

estimates for both marginals. This presents no troubles since, as we mentioned in 

that very Section, the data structure being considered lends itself to such calculations. 

Remark 6.2.4 takes care of the bootstrap mechanism. 

Remark 6.2.6 We conjecture that the techniques in this Section can be extended 

to more general ordered censoring models as defined in Section 5.2, using paths on 

increasing sets instead of paths on T. 



Chapter 7 

Conclusion 

The modifications to Ivanoff and Merzbach's censoring model by clouds introduced 

in this thesis have been successful, in the sense that the observability problem found 

in the construction of the Nelson-Aalen estimator has been corrected. Moreover, the 

asymptotic results for this estimate, together with our proposed bootstrap techniques, 

allow for a number of interesting applications, some of which have been explored in 

this thesis. 

As for the estimates for the distribution function of Chapters 5 and 6, they 

each have their advantages, as well as certain drawbacks. The reverse probability 

estimators of Chapter 5 feature a very simple construction, and they also possess 

the quality of actually being measures. These two characteristics have proven to be 

quite elusive for previous multidimensional estimators. However, these estimators 

do come with important restrictions on the censoring mechanism they allow, which 

limits their applicability. Another disadvantage is that neither of them is dynamic, 

as they require the entire data set to yield results. 

The path-dependent estimator of Chapter 6, as we have pointed out, avoids these 

inconveniences. It can be used when dealing with a very general framework, both in 

terms of the censoring scheme and the space where the variables lie. In some cases, 

however, it may not give rise to measures; moreover, when the choice of path is not 

clear-cut, there could be uniqueness issues, as two different paths may not give the 

118 



CHAPTER 7. CONCLUSION 119 

same estimate. Fortunately, when an optimal path exists these problems disappear. 

The last point we want to highlight is that, with the possible exception of some 

path-dependent estimators, all the estimators presented in this thesis follow functional 

central limit theorems. This is a crucial feature that allows us to automatically es­

tablish asymptotic results for estimators of continuous functionals of the distribution 

function or of the cumulative hazard. 



Chapter 8 

Appendix 

This Appendix includes some basic information about the construction, asymptotic 

behavior and relation between the one-dimensional versions of the Nelson-Aalen es­

timator for the cumulative hazard function and the Kaplan-Meier estimator for the 

survival function. We also elected to include a few lines about the product integral, 

since it actually links both estimators. There are many books covering these subjects 

extensively, but we liked the exposition given by Van der Vaart and Wellner in [22], 

from which the following developments are taken. As a last comment before intro­

ducing these concepts, the one-dimensional versions of the Nelson-Aalen estimator 

and the Kaplan-Meier estimator can be extended to more general censoring, but we 

will present them in the context of right censoring, as this is all we need from them 

for the purposes of this thesis. 

8.1 The Product Integral 

Let A € -D(0, 6], the space of cadlag functions in (0, b]. The product limit integral is 

defined as 

4>(A)(t) := f [ (1 + dA(s)) = Jim Y[[l + A{U) - A ^ ) ] , 
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where the limit is taken over a sequence of progressively finer partitions 0 = to < t\ < 

... <tn = t. If we let AA(t) = A(t) - A(t~) and Ac{t) := A{t) - Eo<s<t AA(s) be 

the jump part and the continuous parts of A, respectively, we can also write 

t(A)(t)= H(l + &A(s))exp(Ac(t)). 
0<s<t 

The product integral map is Hadamard-difTerentiable as long as the function A is of 

bounded variation (See Lemma 3.9.30 in [22]). The Duhamel equation, which asserts 

that 

(<KB) - </>(A)){t) = [ 4>{A){<d,u)<j>(B){u,t]{B - A){du) 

for A, B G D(0, b], is essential to prove that result. Here, 4>{B){u, t] represents 

<j>(B)(u,t}= l[(l + dB(s)) = ^ ^ u<t. 
u<s<t ^ ^ ' 

8.2 T h e One-dimensional Nelson-Aalen Es t imator 

Let Xi,..., Xn and T i , . . . , Tn be sequences of i.i.d. one-dimensional random variables 

with distribution function F and G, respectively, and independent of each other; 

moreover, let S = 1 — F denote the survival function of the first sequence. The 

J5Q's represent failure times and the Tj's act as censoring variables, and we are able 

to observe Zj = Xi A T* and Aj = I{xt<Ti} for i = 1, 2, — The cumulative hazard 

function of the failure times at time t, H(t), can be written as 

ft i rt m=LldF=LLjdj*-
where J(t) = P{Z > t) and Ju(t) = P(Z<t, A = l). Let Jn(t) = ± YZ=i *&>*} and 

J%(t) = - X)iLi ^ ' {̂̂ »<*} ^ e * n e empirical counterparts of J and Ju, respectively. 

The Nelson-Aalen estimator is given by 

rt 1 Ai 

Y!j=ihzj>Zi} 
Hn(t) = [ ^rdJZ=Y,^r 

i:Zt<t 
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Since the pair (J%, Jn) can be identified with the empirical distribution of the obser­

vations indexed by the functions SI^z<t} and I{z>t} when t ranges over R, any of the 

main empirical central limit theorems yields 

in (D[0, r])2, where (Wu, W) is a mean-zero Gaussian process, and r is such that 

J(T) > 0. Moreover, the Nelson-Aalen estimator depends on that pair (J£, Jn) 

through the Hadamard-differentiable composition map 

so an application of the Delta-Method gives 

V^(Hn -H)=> [ \dWu- I %dJu =: U, (8.2.1) 
Jo J Jo J 

in Z?[0, r] for every r such that J(r) > 0. The limit U is a mean-zero Gaussian 

process with its first term defined via integration by parts. Its covariance function is 

given by 

Cov{U(s),U(t)) = f 1~^H
 dH_ 

8.3 The One-dimensional Kaplan-Meier Estimator 

Consider the exact same set-up again. It is easy to derive the Kaplan-Meier estimator 

from the Nelson-Aalen estimator by noting that 

S(t) = f[(l-dH(s)). (8.3.1) 
s<t 

If we replace the cumulative hazard function H in (8.3.1) by the Nelson-Aalen esti­

mator Hn, we arrive at the Kaplan-Meier estimator Sn for the survival function: 

U) = 11(1 - dHn{s)) = J] f 1 - yn %7) • 
s<t i:Zi<t \ /-<j=i±\4l>6i\ J 
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Since the product integral is a Hadamard differentiate mapping, the asymptotic 

normality of the Nelson-Aalen estimator carries over to the Kaplan-Meier estimator; 

indeed, if the estimators Hn are of uniformly bounded total variation with probability 

tending to 1, then the Delta-Method gives 

V^(Sn -S)=> f 5 ( a - ) | ^ dU(s) = S(t) f I dU(s) 
J(p,t] bKs) J(p,t] 1 ~ &U{u) 

in D[0,r], where r is such that J(r) > 0 and U is the Gaussian process in (8.2.1). 

Its covariance function, for s,t < r, is given by 
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