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INTRODUCTION

In arithmetic geometry, one of the important themes is to prove that certain
geometric objects have an arithmetic nature. This can lead to many important re-
sults about the geometric object itself as well as to intrinsic arithmetic results. This
phenomenon can also be found when one proves that certain algebraic objects are
topological in nature, or geometric. For instance when a general group is an algebraic
group or a Lie group, or when it is the fundamental group or the monodromy group
of a geometric object, then the structure of the group becomes more apparent and

very rich.

A more relevant example can be illustrated in the theory of elliptic curves. On one
hand, an elliptic curve over the complex numbers is topologically a complex torus,
that is the quotient of the complex field by a rank two lattice. This can lead to
determining all the invariants of the curve, as well as the standard analytic objects
attached to the elliptic curve. On the other hand, the same elliptic curve over the
rational numbers is modular, in the sense that it is parameterized by the quotient of
the upper half of the complex plane by a discrete group (of arithmetic type). This has
another interpretation in terms of L-functions and modular forms. The modularity of
elliptic curves, which used to be called the Taniyama-Shimura conjecture, was proven

a decade ago by Wiles and as a consequence, Fermat’s last theorem was proven.

It is natural to try extending these facts to objects of higher dimension; in particu-
lar, it is natural to ask whether the same phenomenon can exist for algebraic surfaces
or for three-dimensional algebraic varieties. In fact, any similar considerations for
these higher dimensional varieties have strong implications in algebraic geometry and
in physics.

The main focus in this thesis is on elliptic surfaces. These are algebraic surfaces



with an elliptic fibration over a curve. The notion of modular elliptic surfaces was
introduced by Shioda in the 1970s and it involves discrete groups of arithmetic nature
similar to the ones used to define modular elliptic curves. However, the construction
of a modular elliptic surface is more of a topological nature similar to the fact that
an elliptic curve is topologically a torus. Yet, the ingredients for this construction are
essentially arithmetic. The full arithmetic nature of the elliptic surfaces would involve
a deep understanding of the zeta functions or the L-functions in terms of automorphic
forms attached to the discrete groups defining the modular elliptic surfaces. Because
of the complexity of the structure, the arithmetic nature in terms of L-functions is
left to a second stage, and we deal only with the topological modularity, which is by
itself very rich and still is an unexplored topic of research. A natural question to ask
is: when is an elliptic surface modular? There is a theorem of Nori which states some
sufficient conditions for an elliptic surface to be modular, and this is what we will try

to explain in this work.

This thesis is organized as follows: In the first chapter, we introduce the cohomol-
ogy of sheaves and their applications to complex manifolds and to algebraic surfaces.
In particular, we define the numerical invariants of an algebraic surface such as the
Betti numbers, the Hodge numbers and the Picard number. In the second chapter,
we introduce the notion of an elliptic surface, and we characterize the singular fibers
of these surfaces. We recall the notion of the Mordell-Weil group and the Neron-
Severi group for such surfaces, and we determine their numerical invariants. The
third chapter deals with modular elliptic surfaces. We explain their construction and
we determine their singular fibers in terms of the base curves as well as their numeri-
cal invariants. We also study some new examples of modular elliptic surfaces. In the
last chapter, we explain Nori’s theorem about the modularity of an elliptic surface.
We will provide a proof, which is essentially the same as Nori’s proof, but without the
heavy technical tools used by Nori, namely, we will not use the notion of generalized
modular elliptic surfaces, which were introduced, to carry out the proof. We will
however prove an intermediate result, which we will establish directly in a way that

is inspired from Nori’s proof.



It remains to study the modular elliptic surfaces from the number-theoretic point
of view. Many attempts have been made in this regard by many authors, but only

on particular surfaces, and a generic treatment of the subject has yet to appear.



Chapter 1
Algebraic surfaces

The purpose of this chapter is to introduce algebraic surfaces together with their
invariants. This requires the introduction of cohomology of manifolds with coefficients
in a sheaf, and algebraic curves over the field of complex numbers. We will define all

the necessary ingredients which are used later.

1.1 Cohomology

1.1.1 Sheaves

We start this section with the classical definition of a sheaf for which we need the

notion of a presheaf. Let R be a fixed ring, a presheaf F of R-modules over a

topological space X is:
1. An assignment to each open set U of X an R-module F(U).
2. A collection of R-linear maps r¥/ : F(U) — F(V) whenever V C U such that:

(a) 7§ = Ir).

(b) f W CV CU then rlf, =l orl.



A morphism of presheaves h : F — C is collection of R-linear maps h(U) : F(U) —

C(U) such that the following diagram commutes whenever V C U:

Fuy—"Ycw)
a7 l W
F(V)—r—C(V)

A presheaf F is called a sheaf if for every open subset U of X and every open

covering {U, }aca of U we have:

1. Ifs,t € F(U) and rf_(s) = rf_(t) for all @ € A then s =t.

2. If so € F(U,) and if for U, NUs # B we have rgszﬁ(sa) = rgfijﬁ(sﬂ) for all a
and 3, then there exists an s € F(U) such that rjj_(s) = sa, for all a.

A morphism of sheaves F and C is a morphism of F and C as presheaves.

Examples.

1. Let X a topological space, and G an abelian group. The assignment U +— G
for each open subset U of X, defines a sheaf over X called the constant sheaf
associated with G where the restriction homomorphisms 7Y are all equal to Ig;

the identity map of G.

2. Let X a topological space. For each open subset U of X define C(U) to be the
set of continuous real valued functions on U, then the assignment U +~— C(U)
defines a sheaf of R-algebras called the sheaf of real valued continuous functions

on X where the restriction homomorphisms are the usual restrictions.

More elaborate examples of sheaves will be given in later sections.

Let F be a sheaf of R-modules over a topological space X, and let z € X. We
consider v(z) = {U open set of X such that z € U}. It can be shown that v(z) is a

9



directed set, and it is easy to see that the family {F(U), }veu(z) 18 a directed system
of R-modules. The stalk of the sheaf 7 at x is by definition the direct limit lim7(U)
of the directed system {F(U), 7] }vcu). It is also an R-module and we denote it by
F.. A morphism of sheaves f : 7 — C induces an R-linear map f, on the stalks:

fo 1 Fp — Cy, for each x € X.

1.1.2 Cohomology with coefficients in a sheaf

A sequence of sheaves F! — F?2 — ... — F™ — ... is said to be exact if the

induced sequences; Fr — F2 — -+ — F™ — .- are exact for all z € X.

A resolution of a sheaf F is an exact sequence of the form

0—F S Ft ... Fm_,...

Let F be a sheaf over X and S a closed subset of X. If v(S) = {U open subset of
X | S C U}, then v(S) is a directed set and the family {F(U),r{ }ueu(s) is a directed
system. Let F(S) the direct limit of the directed system {F(U),r¥}ucu(s). A sheaf
F is said to be soft if for any closed subset S of X the natural map F(X) — F(S)

is surjective.

A soft resolution of a sheaf F is a resolution
0— F — Fl i s F™ ...
such that each F* is soft.

Theorem 1.1.1. ( [10] Page 56)

For any sheaf F over a topological space X, there exists a soft resolution

0 —F —Fl . .. F™ _, ...

Let F be a sheaf over a topological space X, and consider a soft resolution of F

O—>]:——>C0—->Cl———>---——>cm——)---,

10



one can prove that the induced sequence
0 — F(X)—CX) —C'(X) — - — C™(X) — -
is a cochain complex, in the sense that Im(C¥ ' — C7) C Ker(C? — C971). (see

[10], Page 57).
We define the ¢** cohomology group of X with coefficients in F to be

Ker(C1 — C4t1)

. S o _
Im(Ca—1 — C9) if ¢>1, and H°(X,F)=F(X).

HIX,F)=

One can prove by standard homological arguments that H4(X, F) does not depend

on the particular soft resolution of F.

1.2 Complex manifolds

1.2.1 Holomorphic Atlas

Let X be a Hausdorff topological space with a countable basis. A holomorphic atlas

{{(Ua, ¥a) taca on X consists of the following:

1. A covering X = J .4 Ua with the U, open subsets of X.

2. Homeomorphisms ¢, : U, — D, with D, open subsets of C*, n > 1

such that whenever U, N Uz # @, the map:
-1 .,
@0 @yt palUaNUsg) — @(Ua NUp)

is a biholomorphic map of open subsets of C".

A complex manifold is a Hausdorff topological space with a countable basis which
is endowed with a holomorphic atlas {(U,, ¢a)taca. If the @,’s map into C™ for a

fixed positive integer n, then X is said to be of dimension n. The elements (U,, ¢,)

11



of the atlas {(Uy, ¥a)}aca are called charts. For x € X a chart (Us,,p,) is called a
local coordinate at z if x € U, and ¢,(xz) = 0. If D is an open subset of C", we

denote by O(D) the ring of complex-valued holomorphic functions on D.

Let X be a complex manifold with an atlas {(Ua, ¢a)}aca. Let U be an open
subset of X, then a holomorphic function on U is a complex-valued function f such
that for all @ € A with U,NU # ¢, we have foyp ! € O(p,(U,NU)). We denote the
ring of holomorphic functions on U by Ox(U), the assignment U — Ox(U) defines

a sheaf Ox on X called the sheaf of holomorphic functions.

1.2.2 Morphisms

Let X,Y be two complex manifolds. A map ¢ : X — Y is said to be a morphism
(or holomorphic) if it is continuous and for any open subset V of YV if f € Oy (V)
then fow € Ox(p~1(V)). Moreover, ¢ is said to be an isomorphism if it is bijective
and ¢! is a morphism, and it is said to be an embedding if ¢ is an isomorphism

from X into its image in Y.

An important example of a complex manifold is the complex projective space.
For n > 1, we consider the following equivalence relation on C™*1 \ {0}: z ~ y if
there exists A € C* such that y = A.z. The quotient C™*! \ {0}/ ~ is called the
complex projective space of dimension n, and it is denoted by P*(C) or simply P".
For z = (zg, ..., z,) € C™™\ {0}, we denote its equivalence class by [z, ..., Z,]. The

space P has the quotient topology by means of the natural surjection
7 C"M\ {0} — P

(20, ...y Tn) — [T0, ...y T

Therefore, P" is a Hausdorff space with a countable basis and 7 is continuous. If S7*!

denotes the unit sphere of C"™! then P = 7(S"*!) is compact.
p p

For @ = 0,1,...,n, let U, = {[zo,...,zs] € P*|zq # 0}. Then U, is an open
subset of P* and P* = (J_, Us. If we define ¢, : Uy — C",  @a([zo, ..., zn]) =

(Zo, .., Sesi Zatl  Za)
fo .., fel Tedl | Za)

12



Then one can show that {(Us, ¢a)}72_, 18 a holomorphic atlas on P so that P™ has

the structure of a compact complex manifold.

A compact complex manifold X which admits an embedding into P" for some n
is called a projective algebraic manifold. An algebraic curve is a projective algebraic
manifold of dimension 1 which is also referred to as a Riemann surface. An algebraic

surface is a projective algebraic manifold of dimension 2.

1.2.3 The sheaf of differential forms

Let X be a complex manifold of dimension n. For z € X let Ox , be the C-algebra
of germs of holomorphic functions at z. The elements of Ox ., are by definition the
equivalence classes of pairs (f,U), where U is an open subset of X containing z and
[ € Ox(U), and where the equivalence relation is (f,U) ~ (g,V) if flunv = gunv-
The C-algebra Ox . is also referred to as the stalk of the sheaf Ox at z.

A derivation of the C—algebra Oy, is a linear form D : Ox, — C, such that
D(f.g) = g(x).D(f) + f(z).D(g). Let T.(X) be the set of all derivations, it is a
subspace of the dual space O ,, and we call it the tangent space of X at z. If X has

dimension n then dime7,(X) = n for all z € X.

The cotangent space of X at z is by definition the dual space T, (X )" of the tangent
space T, (X). For any integer p > 0 define the p—exterior space APT,(X)" of T,(X)".
We have APT,(X)" = 0 for all p > dimcT,(X)*.

Let APT(X)" denotes the disjoint union |J, .y APT:(X)", and consider the map
7 APT(X)" — X given by 7(¢€) = z if £ € APT,(X)*. In other words 7~ '(z) =
APT,(X)". One can prove that APT(X)" has a canonical structure of a complex

manifold such that the map 7 is holomorphic.

Let U be an open subset of X, a differential form w of degree p on U is a holo-
morphic map w : U — APT(X)" such that 7 ow = Iy, where Iy is the identity map
of U. Let Q% (U) denote the set of all differential forms on U of degree p. It has the
structure of an Ox(U)-module, and the the assignment U — Q% (U) defines a sheaf

QF over X called the sheaf of differential forms of degree p on X.

13



1.2.4 The Hodge decomposition

If X is a compact complex manifold, consider the g*-cohomology group H%(X, 959!
with coefficients in the sheaf Q% , and H™(X, C) the r**-cohomology group associated
with the constant sheaf C. Then one can prove that H4(X, Q%) and H"(X,C) are
finite dimensional C-vector spaces.
Define
h?? = dimcHY(X, Q%) , b, =dimcH™(X,C).
The numbers h?P are called the Hodge numbers, and the b, are called the Betti

numbers.

Theorem 1.2.1. (The Hodge decomposition theorem, [10] Page 189) Let X be an

algebraic complex manifold, then there exists a direct sum decomposition:

H'(X,C) = @5 H(X,%)

p+q=r

b= Y AP (1)

ptg=r

Theorem 1.2.2. ([10] Corollary 2.8 Page 179 ) Let X be an algebraic complex man-

In particular,

ifold of complex dimension n, then:
b =bop_r, 1T=0,..2n (2)

hP1 = pOP = prPmTa, p,q=0,..n. (3)

1.3 Algebraic curves

1.3.1 Ramification and degree

A Riemann surface is a one-dimensional connected complex manifold. An algebraic
curve is a compact Reimann surface. The following proposition describes morphisms

(holomorphic maps) between compact Riemann surfaces.

14



Proposition 1.3.1. [9] Let C and C’ be two algebraic curves, and let f : C — C'

be a morphism. Then f is either constant or surjective.

If f:C — (' is a nonconstant morphism, then C' is called a covering of C". If
2o € C and yo = f(20) € C" and u and ¢ are respectively local coordinates at z; and

Yo, then there exists a neighborhood V' of 25 such that for every z € V, we have
HF(2)) = aau(2)* + aupru(2)F + ., a0 £0.

The integer e is independent of the choice of v and ¢ and e > 1. It is called the
ramification index of f at zp and is denoted by ef(zq) or simply e,,. We say that z

is ramified if e, > 1 and it is unramified if e,, = 1.

Theorem 1.3.2. [9] Let f : C' — C’ be a nonconstant morphism of algebraic curves.

Then:
1. There are only finitely many ramified points.

2. Ify € C', then f~Y(y) is a finite set and the integer n = Zzef_l(y) e, does not
depend on y € C'; we call it the degree of f and we denote it deg(f).

3. The map f is an isomorphism if and only if deg(f) = 1.

4. If g : C" — C" is a nonconstant morphism of algebraic curves and h = go f

then

deg(h) = deg(g) - deg(f) , en(z) = es(2) - ¢,(f(2)) for z € C.

1.3.2 The Hurwitz formula

The genus of an algebraic curve C' is by definition the integer
g = ho’l = dimcHO(C7 90)7

where H(C,Q¢) is the 0" cohomology group of C with coefficients in the sheaf Q¢

of differential forms on C. The Euler characteristic y of the curve C is by definition

the integer
X =2—2g.

15



A rational algebraic curve is an algebraic curve of genus zero, or equivalently, an
algebraic curve with Euler characteristic 2. One can prove that an algebraic curve C

is rational if and only if it is isomorphic to P!

Theorem 1.3.3. (Hurwitz formula) [9]. Let f : C — C’ be a morphism of algebraic

curves, if g and g’ are respectively the genera of C and C', then:
g

29— 2= (29’ = 2) - deg(f) + D (e — 1), (4)

zeC

where e, 1s the ramification index of f at x.

Notice that the sum ) _.(e, — 1) makes sense, since there are only finitely many

ramified points.

1.4 Elliptic curves

1.4.1 The modular group

Let H={z € C | Im(z) > 0} denote the complex upper half-plane. The modular
group is defined by

b
SLQ(Z):{<G d) la,be,deZ, ad—bc:l}.
C

It acts on H =H UQU {oo} by linear fractional transformations as follows:
b b —
U.Z:fli,if a:<a d)ESLQ(Z) and ze€ H.

Two elements z and 2’ are equivalent if there exists 0 € SLy(Z) such that o-z = 2. We
note that QU {oo} is stable under this action, and that o and —o act in the same way.

In order to get an effective action, we consider the quotient PSLo(Z) = SLo(Z)/{£I}.

A nonidentity element o € PSLo(Z) is called an elliptic element if it has one fixed
point in H or, equivalently, |tro| < 2, i.e. tro € {—1,0,1}. It is called a parabolic
element if o has only one fixed point in Q U {co} or, equivalently, tro € {—2,2}.

16



A point z € H is called an elliptic point if it is fixed by some elliptic element. A

point 7 € QU {oo} is called a cusp if it is fixed by some parabolic element.
Let z € H, such that z is a cusp or an elliptic point. We denote the stabilizer of z in
PSLy(Z) by PSLy(Z),. For example, oo is a cusp and PSLy(Z)__ is the infinite cyclic
11
group generated by 17" z = z + 1 corresponding to the matrix T = < 0 1 ) The

point ¢ is an elliptic point and PSLy(Z), = {1, S} where S-z = —1/z corresponding to

0 —‘1 i
the matrix S = ( Lo ) . The point p = e’ is an elliptic point and PSLs(Z), =
{I, 8T, (ST)?}

One can prove the following:

1. Every cusp r is equivalent to the point oo, and PSLy(Z), is conjugate to
PSLQ(Z)OO =< T >in PSLQ(Z)

2. Every elliptic point z is equivalent to either 7 or p. Moreover PSLy(Z), is
conjugate to PSLy(Z), = {1, S} when z is equivalent to 4, and it is conjugate to
PSLy(Z), = {I, ST, (ST)*} when z is equivalent to p. (sce [4])

The quotient PSLy(Z)\ H is called a modular curve. One can prove that this modular
curve has a natural structure of an algebraic curve and it is rational, i.e. isomorphic

to PL.

We say a function f is modular if f is meromorphic on H and verifies the relation
f(z) = f(o.z) for all 0 € PSLy(Z). 1t is clear that a modular function yields a well

defined meromorphic function on the modular curve PSLy(Z) \ H.

If £ > 1 be an integer, we say that a function f is a modular form of weight 2k if
— b
f 1s holomorphic on H, and for every z € H and every ¢ = < ¢ p > € SLy(Z). we
c

have

flo.2) = (cz+d)™ f(2).

17



1.4.2 Lattices

A lattice A in C is a subgroup generated by two complex numbers linearly independent
over R. Thus A = Zw; ® Zw,. We can order wy,ws so that Im(wy/wy) > 0. Let
M = {{wy,wy) € C? | Im(w;/wy) > 0}. The group SLy(Z) acts on M by the rule

a b
< J ) (wr,wa) = (awy + bws, cwy + dws).
c

It is easy to prove that two pairs (wy,ws) and (w],w)) in M generate the same lattice
if and only if they are equivalent under the action of SLy(Z). Thus if R denotes the
set of all lattices in C, the map SLy(Z)\ M — R defined by [(wy, ws)] — Zw; & Zws
is a bijection. Now, consider the actions of C* on M and on ‘R defined by the rules:
z-(wi,we) =(2-wi,z-wy)and z- A= {z- X | A€ A}. The map

M/IC —H | [(wr,w)] — 2
W2

is a bijection and the action of SLy(Z) on M is by linear fractional transformations.

Therefore we have the following bijections
R/C* — SLo(Z) \ M/C* — SLy(Z) \ H

ZW@Z+—>(w,1)|——>w_

1.4.3 Elliptic curves

Let A = Zw; @ Zw, be a lattice, then the quotient C/A is a torus and has a natural
structure of a compact Riemann surface, so that the natural surjection C — C/A
is a holomorphic map. The torus C/A is called the elliptic curve associated with the
lattice A. Two elliptic curves C/A and C/A’ are isomorphic if and only if there exists
a € C* such that A’ = aA. Therefore R/C* is the set of isomorphism classes of

elliptic curves, and every elliptic curve is isomorphic to C/Zw @ Z for some w € H.

Let A(w) = Zw®Z be alattice. A A(w)-elliptic function is a meromorphic function
f:C — Csuch that f(z+ 7) = f(2) for all z € C and all 7 € A(w). An elliptic
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function defines a function on the elliptic curve C/Zw ® Z.

The Weierstrass p-function relative to a lattice A(w) , w € H is

o) =5+ 2 (=)

TEA (W)

One can prove that p(z) converges absolutely and uniformly on every compact subset

of C\ A{w). Moreover p(z) is a A(w)-elliptic function.

The Eisenstein series of weight 2k relative to A(w) is defined by

Gor(w) = Gan(Aw)) = Y —iz = > (n—ij)%

TEA(w),7#£0 T (m,n)eZxZ\(0,0)

The series G, converges absolutely, and the function w —— Ga(w) is a modular form

of weight 2k. We have the following result:
Theorem 1.4.1. (/9], Theorem 3.5) For every z € C, z ¢ A(w) we have:
¢'(2)" = 4p(2)° — ga(w)p(2) = go(w),
where g, = 60G4 and ge = 140Gs.
The discriminant of the elliptic curve C/A(w) is defined by
Alw) = ga(w)® — 27gs(w)”.

The function w — A(w) is a modular form of weight 12.

We also define the j-invariant of the elliptic curve C/A(w) by

g (w)
A(w)

j(w) = 1728
and the function w — j(w) is a modular function. We have the following result:

Theorem 1.4.2. ([/], Proposition 5, Chapter VII) The j— function is holomorphic on

H and has a simple pole ot infinity. Moreover, it induces an isomorphism of compact

Reimann surfaces
j: PSLy(Z) \ H — P*.
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1.5 Algebraic surfaces

1.5.1 Divisors

Let X be an algebraic surface i.e. a compact complex manifold of dimension 2 which
admits an embedding into P" for some positive integer n. An algebraic curve C,
such that C C X is called a prime divisor on X. A divisor D on X is a formal
linear combination D = >  n;C; with n; € Z and C; are prime divisors on X, the C;
are called the prime components of D. The set of all divisors form a group called
the group of divisors of X and it is denoted by Div(X); it is the free abelian group
generated by the prime divisors. The support of a divisor D = Y n;C; is the union
U, C; and it is denoted by Supp(D).

Let C(X) denotes the field of meromorphic functions on X. For f € C(X)*

consider the sets:
Ao(f) ={Cacurve on X|fic =0}, Au(f)={C a curve on X|fic = oo}.

For C € Ao(f), let ve(f) denotes the order of vanishing of f at C, and for C' € A, (f)
we define the order of vanishing of f at C to be ve(f) = —vc(1/f). One can prove
that there are only finitely many curves C' in X such that ve(f) # 0. Therefore the

formal sum }cca)puan (s Vo(f) - C makes sense; we call it the divisor associated

with f and we denote it by (f).
As an example, we consider f : P? —s P! defined by

(zoxy — 22)3
(zoz1 — 22)% (70 — 71)?

f([LL"() A ZL’QD =
Let C;,C5 and Cs be the curves on P? defined by
Clzmgxl—xS:O, ngxozl—xgzO, Cy:ia9—121=0.

We have Ag(f) = {C1} and A(f) = {Ca,C3}. Moreover, ve, (f) = 3,ve,(f) = =2

and ve, (f) = —2. Therefore, the divisor associated with f is
(f) - 301 - 202 - 203
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We note also that for fi, fo € C(X)* we have: (f1.f2) = (fi)+(f2) and (1/f1) = —(f1).

A divisor D € Div(X) is called principal if it has the form (f) for some f € C(X)*.
The set of principal divisors form a subgroup of Div(X) and it is denoted by P, (X).
We say that two divisors Dj, Dy € Div(X) are linearly equivalent, and we write
Dy ~ Dy, if there exists f € C(X)* such that Dy — Dy = (f). The group of equivalence
classes, Div(X)/ ~ = Div(X)/P.(X), is a group called the Picard group of X and
it is denoted Pic(X).

1.5.2 Intersection numbers of divisors

Let X be an algebraic surface and C7, Cy be curves on X such that C; N Cs consists
of a finite number of points. We define the intersection number of C) and C; to be
the number of points in C; N Cy counted with their multiplicities. This number is
denoted by Cf - Cs.

Now let D = > n;C; and A = Y m;I'; be two divisors such that Supp(D) N
Supp(A) is finite, that is, C; NT'; is finite for every 4,j. We define the intersection
number of D and A by

D-A= Z nm;C;.T;.
If for D=3 n;C; and A = > m;I';, Supp(D) N Supp(A) is not finite, then one can
find a divisor A’ such that A ~ A’ and Supp(D) N Supp(A’) is finite, and thus we
define the intersection number of D and A to be D- A = D - A’. More generally, we
have the following:
Theorem 1.5.1. (/5/, pages 151 and 152) One can define an intersection pairing
Div(X) x Div(X) — Z, written (Dy, Dy) — D1 - Dy with the following properties:

1. Dy.Dy is bilinear and symmetric.
2. If Dy ~ Dy then D1 - D = Dy - D for all D € Div(X).

The second assertion of the theorem shows that the intersection number depends
only on the linear equivalence classes of the divisors, and therefore we have a well

defined pairing Pic(X) x Pic(X) — 7Z which we also call the intersection number.
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A curve C' is called a —1 curve or an ezceptional curve of the second kind if its

self intersection C? is equal to —1.

Two divisors Dy and Dy in Div(X) are said to be numerically equivalent if Dy-D =
Dy - D for all D € Div(X); we write Dy = D, if they are numerically equivalent. By
the previous theorem, if D ~ Dy then Dy = D,. For each A € Diww(X), consider the
group homomorphism @a : Div(X) — Z defined by oA (D) = A-D. By definition of
the numerical equivalence, Dy = Dy is equivalent A-(Dy—Dy) = 0 for all A € Div(X)

which is equivalent to

Di—Dy e K = ﬂ Ker(pa).
AeDw(X)

The group

(Div(X)/ =) = Div(X)/K is called the Neron-Severi group of X, and it is
denoted by NS(X). It is a finitely generated torsion free abelian group and we
denote its rank by p. The number p is called the Picard number of X (see [5]).

1.5.3 The canonical class

Let Q% be the C(X)-vector space of meromorphic differential forms of degree 2. Then
Q% has dimension 1 over C(X) since X has dimension 2. Let w € Q%,w # 0 then

any element w’ has the form o' = f - w.

As in the case of functions, one can associate to w a divisor (w). Forw’ € Q,u’ # 0
there exists f € C(X), f # 0, such that ' = f-w. Moreover (') = (f-w) = (f)+(w),
so (') — (w) = (f). Therefore, for all nonzero differential forms ' and w in Q3 the
divisors (w) and (w') are linearly equivalent, and hence they define the same element

in Pic(X). This element is called the canonical class of X and it is denoted by K.
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1.5.4 The numerical invariants of an algebraic surface

Let b, 0 < k < 4 be the Betti numbers of X. We have seen in Theorem 1.2.2 the

following:
b0:b4——_—1, bl=b3. (5)

The Euler characteristic of X is defined by
4
e(X) = (=1)'bi =2 — 2b; + by. (6)
i=0
Let W79, p,q = 0,1, 2, be the Hodge numbers. By Theorem 1.2.2 we have:

hPT = ROP — p2-P2-q (7)
Furthermore, we have
bl — hO,l + hl,O — 2h0’1, (8)
and
by = h®? + BV + B?0 = 210 4 A1 (9)

The integer h%! is called the irregularity of X and it is denoted by ¢. The integer
h%? is called the geometric genus of X and it is denoted by P,. We have

by =2q, by=2P,+ht (10)
We also define the arithmetic genus of X to be
P,=1-q+ P, (11)

Let Kx be the canonical class of X, and Kx? its self intersection number, then we

have
Theorem 1.5.2. (Noether formula, [5])
Kx? +e(X) =12P,. (12)
Finally, let NS(X) be the Neron-severi group of X, then one can prove that

the C-vector space NS(X) ®z C has a natural embedding into the C-vector space
HY(X, Q%) ([5]). Therefore, we have the inequality

p < hbL (13)
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Chapter 2
Elliptic Surfaces

In this chapter, we provide a short exposition of the general theory of elliptic surfaces

due to Kodaira, as well as the major theorems in the theory.

2.1 Elliptic fibration

2.1.1 Definitions and Examples

Definition 2.1.1. Let C be an algebraic curve over C. An elliptic surface over C

consists of the following data:

1. A projective surface X over C.

2. A morphism w: X — C such that for all but finitely many points t € C, the

fiber Cy 1s an algebraic curve of genus 1.

3. A section to w, by which we mean a morphism oo : C — X such that moog =

lc.

Conditions 2 and 3 imply that for almost all points ¢t € C, the pair (C}, 00(t)) is

an elliptic curve over C. Also, condition 2 implies that there exists a finite set ¥ C C
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such that for all ¢ in 3, 771(#) is not an elliptic curve, we will suppose that such a

set is always non-empty.
Definition 2.1.2. An elliptic surface m: X — C is called relatively minimal if for

any t in C, the fiber Cy is not an exceptional curve of the second kind, i.e. CZ # —1.

From now on, elliptic surfaces will be assumed to be relatively minimal.

The standard example is given as follows: Let C' be an algebraic curve over C,
and let C(C) be its field of meromorphic functions. Consider the family of curves in
PQ

Ci: y* =2+ f(t)r +g(t), te C. (14)

For each t € C such that f(t) and g(t) are defined and A(t) = 4f(¢)* + 279(t)* # 0,

the curve C; is an elliptic curve. Define the algebraic surface X by
X={([z:y:2,t) eP2x C| y*z =2+ f(t)xz* + g(t)*}.
Since X is a subvariety of P2 x C, projection onto the second factor defines a morphism
7. X —C

([z:y:z2],t)—t

We claim that the surface X together with the map 7 onto C, is an elliptic surface.

In fact we need to check condition 2 and 3 of the definition. For 2 define
L ={teC|f(t) =00 or g(t) = o0 or A(t) = 0}.

In other words,
¥ = {poles of f} U {poles of g} U {zeros of A}.

Since C'is an algebraic curve and f, g, A € C(C), X is a finite set, and for t € C'\ &
the cubic
Co=7"Yt) = {(z,9)ly* = 2° + f(H)z + g(t)}

is non singular.
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For condition 3, we define the map
op: C— X
t— ([0:1:0],¢).

Then oq is a morphism and we have 7 o g9 = 1¢.

2.2 Singular fibers

2.2.1 The list of singular fibers

Definition 2.2.1. Let 7 : X — C be an elliptic surface, and ¥ the finite set in C

such that for all t in ¥ the fiber Cy is not an elliptic curve.
The fibers Cy, t € X, are called the singular fibers or the exceptional fibers of the

elliptic surface m: X — C.

In the list below, we provide the names and descriptions of singular fibers. It

turns out that the list we provide is complete for an elliptic surface.

Type I is a rational curve ©y with one double point P.

X

Type I, is a divisor of the form 6y + O, where Oy and ©; are rational curves

with @0'@1 = P1 —f—PQ

P Py
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Type I is a divisor of the form Gy + ©; + ... + O,_1, where b > 3 and the ©; are
rational curves with ©p - 01 =0 -0 = ... =0,_1 -Gy =1

Type I} is a divisor of the form Og+ 01 + 0+ 03 +2(04+ 05+ ...+ O 4) where
b > 0 and the ©; are rational curves with G- 0, =01 -04 = 0,3-0Oyy, = O3-O4yp =
@4'@5:@5'@6=---=@3+b‘@4+b:1

Lt
TI_I_LQ

Type I1 is a rational curve ©g with one cusp.

—

Type 11" is a divisor of the form Og+201+302+403+50,+605+4603+3607,+203,
where the ©; are rational curves with ©3-0; = 0,-09 =0,-03 = 03-0, = 0,-05 =
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@5'96:@5'@7:96'@8:1

?3

Type I11] is a divisor of the form ©y + O, where Oy and ©; are rational curves
with @0 . @1 =2P

Type 171" is a divisor of the form ©y+ 20, + 30, + 205 + 204 + O, where the O,
are rational curves with @0 . @1 = @1 . @2 = @2 . @3 = @3 . @4 - @3 . @5 = @4 . @6 =
@6 . @7 - 1

4]

Jgi \2 32

Type IV is a divisor of the form ©g + ©; + ©,, where the ©; are rational curves
With@o'@lzel'@QZGQ'@ozp

1
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Type IV* is a divisor of the form ©¢+20; + 302+ 203+ 20,4+ 05+ Og, where the
O, are rational curves with ©g-0; = 00y = 05-03 = 05-04 = O3-05 = 04,0 =1

2.2.2 The classification theorem for singular fibers

We have

Theorem 2.2.2. ([2], Theorem 6.2) The singular fibers of an elliptic surface are of
the types listed above.

Proposition 2.2.3. (/2] III, Page 14 Table II) The Euler characteristic of singular
fibers are listed in the table below

Type of Cy | I, | Iy | 11| IT* | IIT | III* | IV | IV*

e(Cy) b(b+61] 2 | 10 3 9 4 8
Table 1

In particular we observe that:

My if C, 1s of type I,
e(C,) = f f type I

m, +1 otherwise.
Where m,, ts the number of prime components of C,,.
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2.3 The Mordell-Weil group and the Neron-Severi
group

2.3.1 The Mordell-Weil group

If m: X — (' is an elliptic surface with section: oq: €' — X, we set
S(X¢)={0:C — X amorphism |7moc=1¢}.

Let X denote the finite set such that for all ¢ in C\¥ the fiber C, is an elliptic curve.
We define on S(X¢) the structure of an abelian group with identity element oq as
follows

(c+7)t)=0c(t)B, 7(t) Vte C\Z
and

(—o)(t) =Bo(t) Vt € C\Z,

where 8; and B; denote the addition and the inverse in the elliptic curve (Cy, oo(t)).
The maps (0,7) — (0 4+ 7) and 0 — (—0) can be extended to C in a unique way.
Now, if o, 7 and A € S(X¢), then (¢ +7)+ A and o + (7 + A) coincide on C\X , and
so they coincide everywhere. Also, the maps o + 7 and 7 + o coincide on C\% and
thus they coincide everywhere.
Definition 2.3.1. The group S(X¢) is called the group of sections or the Mordell-
Weil group of the elliptic surface m : X — C. The elements of S(X¢) are called
the sections of m : X — C. For o € S(X¢), the curve o(C) C X is also called a

section.

In what follows we state the Mordell-Weil theorem on elliptic surfaces over C.

Theorem 2.3.2. ([8],Theorem 6.1) The group S(Xc¢) is a finitely generated abelian

group. More precz'sely,
S(Xc) =7 2 S(XC’)tom re N7

and
S(Xchior = Ziey, D ZLe,, e]er and ey > 1.
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The integer r is called the Mordell-Weil rank of the elliptic surface 7 : X — C.

2.3.2 The Neron-Severi group

Since
S(XC) = Zr @ S(XC>tor; T e NJ

and
S(XC)tor = Ze1 & Zez, 62’61 and €9 Z 1.
the group S(X¢) has r generators oy, 09,...,0, of infinite order and at most two

generators 71, 7p of order ey, es.

For o € S(X¢) we denote the image curve o(C) in X by (¢), we put
Dk:(CTk)—(UO), 1 §k§T7

and
L= () —(00), h=12
Let ¥ denote the finite set of points v of C for which C, = 77'(v) is a singular fiber.
For each v € X, we denote by 6,, (0 < i < m, — 1) the prime components of the
divisor C,, m, being the number of prime components. We take 6,, to be the unique
component of C, containing o¢(v). Then we have
Cy = 0w+ Z,uvi vy poi 2 1.
i>1

Let A, denote the square matrix of size (m, — 1) whose (i, j)-coefficient is (0,:0.;),
i,7 > 1, where (DD') denotes the intersection number of the divisors D and D’ on

X .
Finally we take and fix a non-singular fiber C,,, ug ¢ X.

With this notations we state :

Theorem 2.3.3. ([7], Theorem 1.1) The Neron-severi group NS(X) of the elliptic

surface m: X — C, is generated by the following divisors :
Cuo; em‘ (].S’Lgmv—].,’l}ez)
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(00), D, 1<k<r and D; (h=12).

The fundamental relations among them are given by (at most) two relations :

(Dllevl)
61D/1 = 61(D/1 (O’o)).CuO + €1 Z(Hm, . 9v,mv_1)A;1
v (D38ym, 1)
and
(D50u1)
egDé = 62(Dll (00)).Cu0 + €9 Z(Gv,l, cy Hv}mv_l)Agl
ve (D580,m, 1)

where e1,eq are the orders of 7,7 and = denotes the numerical equivalence.

As a consequence, we have the following corollary

Corollary 2.3.4. (The Shioda-Tate Formulae)([7], Corollary 1.5) The Picard number
p of an elliptic surface is given by the formula:

p:r+2+2(mv—1) (15)

VED

where m,, is the number of prime components of the singular fiber C,, and r is the

Mordell-Weil rank of the group of sections S(Xc¢).

Proof. Let
p:r+4+Z(mv - 1)

vEYD
Theorem 2.3.3 shows that NS(X) has p generators with two relations among them.
Therefore the corollary can be proved simply by :

(rank) = (the number of generators) — (the number of relations).
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2.4 Invariants of an elliptic surface

2.4.1 The homological invariant

Let 7 : X — C be an elliptic surface. In this section we suppose that the set ¥
contains all ¢ € C for which the fiber C; is singular and may contain also some points
with nonsingular fibers.

Take a point O € C\¥ and consider the fundamental group of the Riemann surface
C\Z, m(C\X,0). Let 8 € m(C\X, O) which we represent by a closed path, that is
B:[0,1] — C\X starting and ending at O. Let H;(Cp,Z) be the singular homology
group of Cp with coefficients in Z. We fix a basis {10,720} of H1(Co,Z) and choose
71(8),72(s) to be a basis of H(Cp(s), Z) which depend continuously on s € [0, 1], such
that v1(0) = v10 and ¥2(0) = v20. Then on the fiber Cp, we have

1 (1) ~ agyio + baveo
Y2(1) ~ cgv10 + dpyao

where the symbol ~ denotes the homology equivalence on Cy and ag, bg, cs, and dg

b
are integers such that agdg — bgcg = 1. We write (Sz) = <a5 dﬁ € SLy(Z). Then
s 4ag
(Ss) depends only on the homotopy class of 8 on C\X relative to the point O.

Thus § —— (Ss) defines a representation of the fundamental group m(C\X,0). We

denote this representation by

p:m(C\E,0) — SLy(Z)

B— (Sp) = <aﬁ bﬂ)

cg dg

Definition 2.4.1. The map p is called the homological invariant of the elliptic surface
. X —C.
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2.4.2 The functional invariant

For any t in C' \ X, the elliptic curve (C;,0,(t)) can be presented as a complex
torus C/w(t).Z & Z where w(t) € H. The complex number w(t) is unique up to the
action of the modular group PSLy(Z) in H. Therefore, the multi-valued function

w:C\ X — H gives us a well defined holomorphic function

T:C\ T — PSLy(Z)\H.
If we compose with the j-modular map j : PSLy(Z)\H — P! we obtain a holomor-

phic function
J:C\% — P

For any t in C'\ X, the quantity J(¢) is just the j-invariant of the elliptic curve
(Ct,0,(t)). The function J can be extended to a unique morphism; J : ¢ — P!
since C is an algebraic curve and ¥ is a finite set. Obviously the poles of J lie in
the finite set X. Finally by a suitable choice of the finite set ¥, we may assume that
J(t) #£0,1,00 for t€ C\X.

Definition 2.4.2. The morphism J : C — P! is called the functional invariant of

the elliptic surface m: X — C.

There are several results on the relationships between the homological invariant,
the functional invariant and the singular fibers which will be summarized in a table

below. Let us first fix some notation.

Let p : m(C\X, O) — SLo(Z) be the the homological invariant. For every point ¢
in C consider S, the loop element in m; (C\X), which goes around ¢ once with positive
orientation. Let [p(3;)] to denote the conjugacy class of p(f;) in SLy(Z), and e; the

ramification index of the functional invariant J at .

With this terminology we have

Theorem 2.4.3. ([2], Page 604, Table I) We have the following table:
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Cy [p(Be)] e Behavior of J at t
1 0
Iy < ) er = 0[3] Regular
0 1
I -0 02]
or e =
0 0 -1 !
1 b
I ep =20 pole of order b
0 1
7+ -1 b
b 0 -1
1 1
17 e, =1[3 Jit)=0
<_1 0) =13 (v
-1 -1
v+
0 1
v er = 2[3] J(t)=0
-1 -1
0 -1
Ir* < )
1 1
0 1
III e = 1[2 Jt)=1
< 10 > ¢ = 1[2] (t)
0o
III* 1
1 0

Table 2

2.5 The construction of elliptic surfaces
2.5.1 The period map

Let C be an algebraic curve over C, and J : C — P! be a non-constant morphism,
and set ¥ = J71({0,1,00}). Clearly, ¥ is a finite set and J : C'\ £ — P'\ {0,1, 00}

is a holomorphic map. Now we consider the universal covering P : U — C'\ ¥ of
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C\'%, and the map j : H\ j71({0,1,00}) — P!\ {0, 1,00}, where j is the modular
function and H = HUQU{oo}. One can prove that there exists a unique holomorphic
map w: U — H\ j71({0,1,00}) such that j ow = J o P (see [2] section 8), that is,

we have the following commutative diagram;

U “—=H\j7({0,1,00})

pJ ls

C\X% P\ {0,1,00}

J

Definition 2.5.1. The map w s called the period map associated with the pair (C, J).

Proposition 2.5.2. (/2/, page 579)Fiz a point O € C'\ . Let w be the period map
of J : C — Pl Then there exists a representation of the fundamental group in
PSLy(Z), p : m(C\X,0) — PSLy(Z), such that for all B in m(C\Z,0) and all u

in U we have

Proof. Since for all 8 in m(C\X,0), we have P(8.u) = P(u), (P is the covering
map and S - u is the natural action of m(C\X,O) in the covering space U we get
J(P(B-u)) = J(P(u)). Since jow = Jo P we get j(w(B-u)) = j(w(u)). Therefore,
there exists o3 in PSLy(Z) such that w(8-u) = 0g-w(u), and o is uniquely determined
by 3 since PSLy(Z) acts freely on H \ j71({0,1,00}), we take p(8) = o5 Now
w((B-7)-u) =og-w(y-u) = 0g-0,-w(u) shows that 7 is a group homomorphism. O

Proposition 2.5.3. (/3] Proposition 2.2) The group T' := p(7w1(C\X, O)) has finite

index in PSLy(Z). Moreover, there exists a morphism w : C — T\ H, such that the
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following diagram commutes.

where Jp is the natural morphism defined in chapter 8 Page 45.In addition, if J is
only ramified over 0,1 and oo with e, =1 or 3 when J(a) =0 and e, = 1 or 2 when
J(a) =1, then @ s an isomorphism, in which the curve C can be viewed as a modular

curve in this case.

Proof. Consider the commutative diagram

U “—=H\ j~'({0,1,00})

Pl lj

C\ % P\ {0,1, 00}

J
For a fixed t in C'\ ¥ and a fixed u; in P~1(¢) we have

P t)=m(C\ D) = {Bw|p e m(C\X)}

and

w(P7(t)) = {w(B.u)|B € m(C\T)}.
By Proposition 2.4.1, we have
w(P7(t) = {B(B)w(w)| € m(C\ E)}.

Let I' = p(m(C \ X)), then w(P~(¢)) = {y.w(u)|y € T'} = I'w(u). Therefore we

have a well defined holomorphic map;
w:C\X — P\ﬁ
t— Tw(uy)
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The map @ can be extended in a canonical manner to a morphism; @ : ¢ — T'/H
since C is an algebraic curve, and we denote the extension also by @. Let ¢ in C\ %, we
have Jr(w(t)) = Jr(T.w(w)) = j(PSLe(Z).w(u)) = j(w(t)). By the above diagram we
have j(w(t)) = J(P(w)) = J(t) meaning that Jrow and J coincide in C'\ ¥ and hence
they coincide in C since ¥ is a finite set. Moreover, we have deg(J) = deg(Jr).deg(@).
Since deg(J) is finite by assumption, it follows that deg(Jr) is also finite and therefore
I" has finite index in PSLy(Z).(Notice that deg(Jr) = [PSLo(Z) : PT], see Theorem
3.1.1 in chapter 3. ) O

2.5.2 The explicit construction

The main theorem is the following.

Theorem 2.5.4. ([2], section 8, Page 580)
Let J : C — P! be a morphism of finite degree, ¥ = J71{0,1, 0} and

7 m(C\%,0) — PSLy(Z)

its monodromy representation introduced in Proposition 2.5.2 .

Then for any map p : 7 (C\X,O) — SLy(Z) such that the diagram.:

SLy(Z)
/ ls
m(C\ £,0) 5= PSLy(Z)

18 commutative, there exists a unique elliptic surface w: X — C, such that:

1. The functional invariant of w: X — C 1s J.
2. The homological invariant of w: X — C is p.
3. The singular fibers of m: X — C' lie over the finite set 3.

4. The elliptic surface; w: X — C is relatively minimal.
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Proof. (Sketch). Set ¥ = J~1{0,1,0c0} and let P : U — C \ & be the universal
covering of C\ X and p: m(C\ ) — SLy(Z) be a lift of the map p: m (C\ ¥) —
PSLy(Z). For §in m1(C'\ ) set

p(8) = (“ﬁ bﬁ) € SLy(Z).

cg dp

We define the group V = {(8,n1,n2)|8 € m(C\ ¥),n1,n9 € Z}
where the product is given by

(8,n1,n2).(y,m1,me) = (8.7, ay.n1 + ¢y.no + My, byny + dynio + ma).
The unit of V' is (1,0,0) and the inverse is given by:
(B,m1,m9) " = (871, cp.me — dg.na, bgny — ag.ny).

The group V acts on U x C by:

ny.w(u) + ng + z)

(8,m1,m2).(u, 2) = (ﬁ.u, cp.w(u) +dg

It is easy to prove that the action is well defined and that if v € V, v # 1 then v has
no fixed point in U x C. Consequently the quotient; X' = (U x C)/V is a non-singular
analytic surface. We denote by [u, z] the orbit V.(u, z) in X’ and we define the map
7 X — C\Z
[u, 2] — P(u),
where P is the covering map P : U — C'\ . One can verify that 7’ is well-defined
and holomorphic. Now let ¢t € C'\ ¥ and choose u; € U such that P(u;) = t, then
77Ht) = {[Bu, 2]|B € m(C\ Z),z € C} = {[us, 2] € X'|z € C}. The last equality
follows from the equivalence between (u;, z) and (B.u, (5, n1,n2).(u,2)). The fiber

7'~1(t) is obviously an abelian group since [u, 2| + [us, 2] = [us, 2 + 2/].
Let
hy i (t) — Clw(u). Z ® Z

[vs, 2] — [2].
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It is easy to check that h; is an isomorphism of groups, and one can check that it is a
biholomorphic map . Therefore for any ¢ in C'\ ¥ the fiber 7/~1(¢) is an elliptic curve.

A section to 7’ is simply given by
o : C\Z — X'

t — [uy, 0]

It can be shown ([2], section 8) that there exists a unique algebraic surface X and

maps 7: X — C , 09 : C — X such that
1. X’ CX
2. m: X — (' is a relatively minimal elliptic surface with section oy : C' — X

3. the restriction of 7 to X’ is the map n’ : X' — C'\ X, and the restriction of
oo to C\ X isthemapop: C\ X — X'

In other words X is obtained from X’ by adding the singular fibers which lie over X.
Finally by definition of J and p, it is clear that they are respectively the functional

and the homological invariants of 7 : X — C. 0
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2.6 The numerical invariants of an elliptic surface

For the numerical invariants of an elliptic surface, the major theorems are

Theorem 2.6.1. (/2], IIl, page 14) Let w: X — C be an elliptic surface then we
have the following:

1. The canonical class, Kx of X satisfies K% = 0.
2. The irreqularity g of X is equal to the genus g of the curve C.

Theorem 2.6.2. (2], III Theorem 12.2) Let m: X — C be an elliptic surface and

denote by p the degree of the functional invariant J. Then the Euler characteristic

e(X) of X is given by :

vED

p+ 6.3 v(Iy) + 20(11) + 100 I°) + 3u(I11) + (I II*) + 4v(IV) + 8v(IV")
b>0

where v(T') is the number of singular fibers of type T.

As a consequence we have the following:

Corollary 2.6.3. The numerical invariants of an elliptic surface satisfy:

by = 2g (16)

by = e(X) + 4g — 2 (17)
P, =1/12 e(X) (18)
P,=1/12 e(X)+g—1 (19)
APl =5/6 e(X) + 2. (20)

Where by and by are the Bettt numbers, and P, and F, are the arithmetic and the

geometric genera.
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Proof. By (10) (section 1.5.4) we have b; = 2¢, and by Theorem 2.6.1 we have ¢ = g,
so this proves (16). Now (17) follows from (6 section 1.5.4), and (18) is a consequence
of Noether formula (Theorem 1.5.2) combined with the equality K% = 0 (Theorem
2.6.1). Finally (19) and (20) follow from (10) and (11) (section 1.5.4).

d

The previous corollary shows that to compute the numerical invariants of an
elliptic surface it suffices to compute e(X) and g. Moreover, e(X) is related to the
singular fibers of X (by Theorem 2.6.2). We recall also the Shioda-Tate formula given
in section 2.3 namely the Picard number p and the Mordell-Weil rank r are related

by the following formula:
p=r+2+Y (m,—1),

vEN

where m,, is the number of irreducible components of the singular fiber C,.

Theorem 2.6.4. ([7]) Let t; denotes the number of singular fibers of type I, b > 1
(in other words, t1 = 3,5, v(Iy)), and t the total number of singular fibers. Put
| =4g + 2t —t; — 4. Then we have the following :

1L.l=by—p+r
2. r <1l —-2F,

3. v(I3) +v(II) + v(III) + v(IV) < 1—-2P,

Proof. We shall prove 1 and 2 of the theorem. For 3 see ([7], Proposition 2.8). By
Theorem 2.6.2 we have e(X) = >, . e(C,) and we know by proposition 2.2.3 that

o if C, is of type Iy,
e(Cv): ype ip

m, + 1 otherwise.

Then if we denote by %; the subset of ¥ such that C, is of type [, and by ¥’ its
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complement in ¥, we get

e(X)=> m,+» (m,+1)

VEL] veX/

=) (my =1+t + Y (my—1)+2t—t)
vELY veX!

= (my— 1)+ 2t — 1.
veEY

Therefore, using the Shioda-Tate formula, we get
e(X)=p—r—2+2t—1t;.

Since by = e(X ) +4g — 2, we have the desired formula. This proves the first assertion.

Now, since by = h'! 4+ 2P, we have r = | — 2P, + (p — h"!) and we know that

hYt > p, therefore r <[ — 2P,, and this proves the second assertion.

a
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Chapter 3
Modular Elliptic Surfaces

In this chapter we will give an exposition of the theory of modular elliptic surfaces
due to Shioda. These are elliptic surfaces over modular curves and their geometry is
encoded in the modular group associated to the modular curve. Their properties are
simpler than those of general elliptic surfaces. For instance, the Mordell-Weil rank

for a modular elliptic surface vanishes, and the only singular fibers are of type I, I

or IV* .

3.1 Modular elliptic surfaces

3.1.1 Modular Curves

Throughout this section we assume that I" is a subgroup of finite index in SLy(Z).
Let PT' = s(I") , where s : SLo(Z) — PSLy(Z) is the natural surjection.

A point z € H is called a cusp (resp. an elliptic) point for PT" if it is fixed by a
parabolic (resp. an elliptic) element v € PI" and v # I.

Let 7 € QU {oo} be a cusp for PT". The stabilizer PI'. of r in PI, is a subgroup
of finite index of the stabilizer PSLy(Z), of r in PSLy(Z). The index of P, in
PSLs(Z),is called the cusp width of r.
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If z € H is an elliptic point for PT', then PT', is a subgroup of PSLy(Z),. Mean-
while, PSLy(Z), is conjugate to either < S >= {I,S} or < ST >= {I, ST, (ST)?}
in PSL,(Z), hence PSLy(Z), has order 2 or 3. Since PT', is non trivial then PI', =
PSLy(Z),. Two PI'-cusp (resp. PI'-elliptic) points z and 2’ are PI-equivalent if there
exists v € PI' such that vz = 2.

An element « in the quotient PT\ H is said to be a cusp (resp. an elliptic point)
if one (therefore all) of its representatives in H is a PI-cusp (resp. a PT-elliptic)

point. The quotient PT \ H is called the modular curve associated with I'. We have

the following result:

Theorem 3.1.1. (/6/, pages 19 and 20) We have
1. The quotient PT'\ H is a compact Riemann surface.

2. The natural map

PT - zv+— PSLy(Z) - =
is a holomorphic map, and deg fr = [PSLy(Z) : PT].

3. Let p € PSLy(Z)\ H, and let o € f'(p). One can choose z € H such that
a = PI' -z, and p = PSLy(Z)-z. Then the ramification index of fr at o is given
by

en(a) = [PSLy(Z), : PT,].

Recall that the classical modular function j introduced in the first chapter defines
an isomorphism between PSLy(Z) \ H and P'. By composing fr with j we get a
holomorphic function Jr = jo fr : PT \H — P!, and deg(Jr) = deg(fr) =
[PSLy(Z) : PT.

Let « € PT \ H. We know that ejs.(a) = es(a) - e;(fr(a)), and since j is non-
ramified, we have ej.(a) = ef.(a). Let z be a representative of a in H mod PT'. By

the above theorem, we have

es.(e) = [PSLy(Z), : PT,].
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There are three cases:

1. If z is neither a PSLy(Z)-cusp nor a PSLy(Z)-elliptic point then PSLy(Z), =
{I'},and hence e;.(a) = 1.

2. If z is a cusp then Jr(a) = j(z) = oo and therefore « is a pole of Jr and
e () = ord;. (o) = [PSLy(Z), : PT,].

3. If z is a PSLy(Z)-elliptic point then Jp(a) = j(z) = 1 if z ~ i and Jp(a) =

j(z) = 01if z ~ p. Here we have two subcases:

(a) If z is a PT-elliptic point then PI', = PSLy(Z), so es.(a) = 1.
(b) If 2z is not a PT-elliptic point then PT', = {I;} so ej.(a) = 2 if z ~ 4 and
ej(a) =31if z ~ p.
We have proved the following result:

Proposition 3.1.2. The map Jp : PT\ H — P! is only ramified over 0,1 and oo,

and we have

1. If Jr(a) = oo then « is a cusp point and ej.(a) = ordj.(«)
2. If Jr(a) = 0 then ej.(a) = 1 if a is an elliptic point, and ej.(a) = 3 otherwise.

3. If Jr(a) =1 then ey (o) = 1 if « is an elliptic point, and e .(a) = 2 otherwise.

The following theorem provides a formula for computing the genus of the modular
curve PT'\ H. We denote by u the index of PI' in PSLy(Z), s1,s2 the number of
elliptic points in PT'\ H of order 2 and 3 respectively, and ¢’ the number of cusps in
PI'\ H.

Theorem 3.1.3. (/6], Proposition 1.40) The genus g of PT'\ H is given by the

following formula:
g=1+p/12 —1¢/2 — s55/4 — s3/3. (21)
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Proof. Since the genus of P! is 0, the Hurwitz formula for the map Jp : PT'\H — P!

yields

2g -2 = —2deg(Jr) + Z (ej(a) — 1),
ac PT\H

and since Jr is ramified over 0,1 and oo only, we have
20— 2==2u+ > (ea—D+ > (ea=D1+ Y  (ea—1D). (22)
acJz1H0) acJr (1) acJp (o0)
where y = deg(Jr) and e, = ej.(a). Let n = |J-'(0)]. We know that pu =
Y ac J71(0) €a and therefore
> (ea—1l)=p-n (23)
aeJr 1 (0)

Let €3 be the subset of J'(0), consisting of elliptic points of order 3, by our notation
les|] = s3 and by the above proposition, e, = 1 when o € €3 and e, = 3 when

a € Jo(0) \ e3. Therefore

Y o (ea=1)= DY (ea—1)=2(n—s3)

acJ(0) acJ T (0)\es

If we compare this with (23), we have n = u/3 + 2s3/3, and by substituting this

expression for n in (23), we get

S (ea— 1) =2u—s3)/3

aGJrTl(O)

Similarly, we have

Z (ea — 1) = (u—s2)/2 and Z (ea—1)=p—1t.

acJi (1) aeJp !t (oo)

Taking these into formula (22) proves the theorem. O

Throughout this chapter, we will assume that the group I' acts effectively on H.
In other words, —1 ¢ T.
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By this assumption the canonical surjection s : SLg(Z) — PSLy(Z) induces an
isomorphism between I' and PT. Since there are no elliptic elements in SLy(Z) of

order 2, the curve PT"\ H has no elliptic points of order 2 (i.e. sy = 0).

For an elliptic point o € PT" \ H, the stabilizer PT, of a representative z of a in
H has order 3, and it is conjugate to < ST > in PSLy(Z). Let I', be the stabilizer of

zin T, then I, is conjugate to either < (_11 _;> > or < (_01 _11 > > in SLy(Z),
(since I', has order 3 and —I ¢ T',).

Similarly if @« € PI'\ H is a cusp and if 7 € Q U {oo} is a representative of o,
then I', is conjugate to either < < (1) f) > or < (_; __1b> > in SLy(Z), where

b=ords(a)> 1.

. . . . 1 b
We call a a cusp of the first (resp. second) kind if I', is conjugate to < ( 0 1 > >

-1 -b
(resp. < ( 0 1) >) in SLy(Z). Equivalently, if o, is the generator of ', then

it is easy to see that «a of the first kind if ¢r(o,) = 2 and it is of the second kind if
tr(o,) = —2.

3.1.2 Construction of modular elliptic surfaces

In the following, we provide a procedure of constructing modular elliptic surfaces.
Let T be a subgroup of finite index in SLy(Z) such that —I ¢ I". Let Jp : PI'\ H —
P! be the natural map defined in the previous section, ¥ = J:'{0,1,00} and 7 :
m(Cr\X) — PSLy(Z) be the representation given in Proposition 2.5.2. If A =

p(m(Cr\X)), then by proposition 2.5.3 there exists an isomorphism @ : PT"\ H —
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A\ H such that the following diagram commutes
PT\HEE-A\T
J
T
Pl
It follows that the subgroups PI" and A are conjugate in PSLy(Z), hence there exists
g € PSLy(Z) such that A = g=1 - PT" - ‘g. By composing with the map

A — PT

A— g gt
we may assume that p(m; (Cr\X)) = PI' Now the isomorphism s : I' — PT gives us
a natural lift ; p = s7'op: m(Cr\E) — I' C SLy(Z) and the following diagram is

obviously commutative

r
et
7r1(C\E>;—,——>PI‘

Following Kodaira (Theorem 2.5.4), there exists a unique elliptic surface over PT"\ H
with functional invariant Jr and homological invariant p. This elliptic surface is called
the modular elliptic surface associated with the subgroup I' of SLy(Z), and we denote

3.2 Singular fibers, Numerical invariants and the

Mordell-Weil group.

3.2.1 Singular fibers

The following theorem enumerates the possible singularities for a modular elliptic

surface.
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Theorem 3.2.1. ([7], Proposition 4.2). Let Xr — Cr, where Cr = PT'\ H, be a
modular elliptic surface. Then the only possible singular fibers are of types Iy, Iyor [V*
which lie over the cusps and the elliptic points of Cp. Let t1 (resp. ta) the number of
cusps of the first (resp. second) kind and s the number of elliptic points then
dvh)y=t1, > v)=t, vIV)=s
b>1 b>1
Proof. This proof uses frequently the table of Theorem 2.4.3. First we prove that the
fibers C, such that v is a cusp or an elliptic point are singular.

If v is an elliptic point in PI'\ H, by Proposition 3.1.2 we have Jr(v) = 0 and
e, = 1. Hence, by table 2.4.3, C, is a singular fiber of one of the types I or IV*. In

1 1
the case that C, is of type IT we know, by table 2.4.3, that [p(3,)] = Lo >
. 1 1
Therefore there exists g € SLy(Z) such that p(3,) = g7 - .g. It follows

that p(8,)® = —I and since p(8,) € T we have —I € T, which is a contradiction.
Therefore C, is of type IV™.

1 b
If v is a cusp of the first kind then [p(8,)] = < 0 1 ) , so C, is a singular fiber

-1 —=b
of type I, while if it is of the second kind then [p(83,)] :< 0 1 ), so C, is a

singular fiber of type I;.

Conversely, let v be a point in I' \ H such that C, is a singular fiber. Then we

have five cases:

1. C, of type I}: In this case [p(f,)] = —I € T which is impossible.

-1 0 1
case p(3,)? = —I € T which is impossible.

0 1 -1
2. C, € {III,1II*}: We get [p(B,)] = ( )or( 0 0), in which

3. C, € {II*,IV}: we have e, = 2[3] and J(v) = 0. This is a contradiction since,
by Proposition 3.1.2, e, = 1 or 3 when Jr(v) = 0.
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4. C, € {II,IV*}: In this case C, cannot be I, otherwise —I € I' and hence C,
is of type IV* in this case Jr(v) = 0 and e, = 1[3], and by Proposition 3.1.2 v

is an elliptic point.

5. C, € {Iy, I} }: we have Jr(v) = oo and by Proposition 3.1.2, v is a cusp. If C, is

1 b
of type I, then [p(8,)] = ( 01 > in which case v is a cusp of the first kind,

1 b
and if it is of type I}, then [p(8,)] = ( 0 1 ) in which case v is a cusp of

the second kind.
This completes the proof. O

The table of Theorem 2.4.3 reduces to the following:

Cy [p(Be)] e Behavior of J at t
1 0
I =0[3 Regular
0 ( 0 1 > €t (3] g
or e; = 0[2]
1 b
I e; =5 pole of order &
0 1
-1 b
I*
-1 -1
A% e =1 J(#) =0
( ) 0) ¢ ()

Table 3

3.2.2 Numerical invariants
Recall that the genus of the curve PT"\ H is given by the formula:
g=1+p/12+ (t1 + t2)/2 + s/3 (24)

where (1 = degJr = [PI" : PSLy(Z)] and ¢, t, are respectively the number of cusps of

the first and second kind, and s denotes the number of elliptic points. By Theorem
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2.6.2, we have
e(X) = p+6y v(I)+8u(IV7),

b>1

and by Theorem 3.3.1, we have
e(X) = p + 6ty + 8s. (25)

We have also seen the formulae (Corollary 2.6.3):

by = 2g
by =e(X)+4g—2
P, =1/12 e(X)
P,=1/12e(X)+g—1
AP =5/6 e(X) + 2g.

Therefore, we can compute all the numerical invariants of a modular elliptic surface

Xt if we know the characteristics 1, t3, s and pu of the group I'.

Theorem 3.2.2. ([7],) Let Xt be a modular elliptic surface, then the Mordell-Weil

rank v vanishes and the Picard number p is equal to h''.

Proof. By Theorem 2.6.4 we have ] = by—p+r and r < [-2F,, wherel = 4g+2t—t,—4
and t being the total number of singular fibers (the number of elliptic points and cusps
in this case) and ¢; is the number of singular fibers of type I,, b > 1 (the number of
cusps of the first kind). To prove that » = 0 it suffices to prove that [ = 2P,.

By Corollary 2.6.3, we have 2P, = 1/6 e(X) + 2g — 2, but e(X) = p + 6.t2 + 8.5s.
Therefore, 2P, = u/6 + to + 45/3 + 2g — 2. Using the genus formula, we have
p/6 =2s/3+t; +ta+ 29 — 2, and hence 2P, = 4g + 2t — t; — 4 = [ which shows that
r = 0. Now, replacing r and { in the formula [ = by — p + 7 yields 2F, = b, — p, and

since 2P, = by — h"!, we have p = Al U
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As a consequence of the above theorem we have r = 0.

Therefore by Theorem 2.3.2, the Mordell-Weil group of a modular elliptic surface

Xr is a finite group of the form
Zey ®Ze, eale; and ey >'1
In the following we give a more precise result on the Mordell-Weil group.

Theorem 3.2.3. ([7], Theorem 5.2) Let Xt be the elliptic modular surface attached
to I, and S(Xr) the Mordell-Weil group of Xr.

1. If T has torsion (i.e. s > 0) then S(Xr) is either trivial or a cyclic group of

order 3.

2. If T has a cusp of the second kind (to > 0) then S(Xr) is either trivial or
1somorphic to one of the groups Zo & Zo , Zg or L.

3. If T is torsion free and all cusps are of the first kind, then S(Xr) is isomorphic
to a subgroup of Z, ® Z,,, where n denotes the least common multiple of the b;

(here the singular fibers of S(Xr) are of types I, 1 <i <t;)

3.2.3 A particular case of modular elliptic surfaces

In the following we will see that modular elliptic surfaces associated with torsion free
subgroups of SLy(Z), can be realized in a more concrete way. In fact, when I is
torsion free the modular curve PT'\ H has no elliptic points. If we denote by ¥ the
finite set of cusps of PI"\ H, then (PI'\ H)\ ¥ = PI"\ H . Since I" acts freely on H|,

the natural map
P:H— PT\H

hr—Th

is a covering of (PT"\ H)\ ¥ = PI"\ H. Since H is simply connected, H is the universal
covering of PT"\ H. The fundamental group 71 (PT \ H) of PT" \ H is isomorphic to

the group of automorphisms of H which commute with P, but the latter is just I'.
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Therefore we can identify 7y (PT'\H) with I'. Now the period map w defined in section

2.5.1 is just the identity map of H.
The group V introduced in the proof of Theorem 2.5.4 is simply given by

V= {(77”1)712)”7 € FvnlunQ € Z};
and its action on H x C takes the form :

(3,1, ma)(h, 2) = (v-h,

b
where v = <a7 7 )
¢y dy

Take the quotient (H x C)/V, and consider the map

n1h+ No + 2
cy.h+d, ’

m:(HxC))V — PI'\H
[h,z] — P(h) =Th

It is well-defined and holomorphic, and #'~}(T'h) = {[h, z] : z € C} is naturally an
abelian group. The map

6p: ™ HTh) — C/WZ ® 7
[h, 2] — [2]
is biholomorphic and is an isomorphism of groups, hence 7/~*(I'.h) is an elliptic curve.
A section to 7’ is given by :
oy : PT\H — (H x C)/V
Ih+— [h,0].
Finally one can complete the analytic surface (H x C)/V by adding the singular
fibers which lie over the finite set of cusps of PI'\ H, and this gives us an algebraic
surface X together with a map 7 : Xt — PI' \ H such that the restriction of 7 to
(H x C)/V is 7’. The singular fibers of Xt will be of the type I or I, b > 1. Let
S(Xr) the Mordell-Weil group of Xr. A section o € S(Xr) is uniquely determined
by its restriction; ¢’ : PI'\ H — (H x C)/V. The following proposition will be very

useful for the computation of S(Xrt) for some examples.
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Proposition 3.2.4. ([7], page 39)Let T be a torsion free subgroup of SLy(Z) of finite
index. If o : PD\H — Xr is a section and o' is its restriction to PT'\H, then o’ has
the form, o’(T.h) = [h,a1h+as] where ay, ay € Q with the property : (a1,a2).(y—1I) €
LB L forally €T.

Proof. The section ¢’ acts on cosets by ¢'(I'.h) = [h,((h)], where ((h) : H — C
is a holomorphic function. Since obviously ¢'(I'(y.h)) = o'(T'.h), then (h,{(h)) ~
(v.h,C(v.h)) mod V. That is, there exists (A, n1,n9) € V such that

ni.h+ng + ¢(h)

C)\.h—i-d)\ )

(v-h,C(7v-h)) = (A, n1,n2).(R, ((7-h)) = (A.h,

It follows that «v.h = A.h. In other words, A=1. fixes h. Since I is torsion-free, it has
no fixed points on H for nonidentity elements. Therefore A~'.y = I, that is, A = 7.

Consequently: . .
ni.h+n

((y.h) = = cjh itzf( )
We know that S(Xr) is finite and hence ¢ has finite order m > 1. Therefore, for
all h € H, ¢/(T".h) is such that m.o’(I".h) = g{(I'.h) in the elliptic curve (Ch, oo(h)),
that is, [h, m.C(h)] = [h,0]. Since (Ch,00(h)) is identified with C/h.Z & Z, [h, m.C(h)]
corresponds to [m.C(h)] and [k, 0] corresponds to [0]. We conclude that m.¢(h) and 0
are identified under the action of h.Z @ Z in C. Thus, there exist p,q € Z such that

m.C(h) =p.h+qforall h € H, ie.

for all v eT. (26)

¢(h) = (p/m).h+q/m forall heH. (27)

It remains to show that (p/m, q¢/m).(y—1I) € Z®Z. We use (26) and (27) as follows:

ni.h+mny+¢(h)  ny.h+ns+ (p/m).h+qg/m

) = Av.h = =
¢(v-h) = (p/m).(7.h) + q/m ch+d b+ d,
Therefore bt b 5 (p/m) /
a,.h+ b, _ nih+ns+ (p/m).h+q/m
(ofm)- 252+ afm = chvd

Hence
(cy-h+ (dy —1)).(¢/m) + ((ay — 1).h + b,).(p/m) = n1.h+ny forall heH
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This last equation can be written as:

(jl?/m,q/m).<a7-1 b >.<h):(n1,n2).<};> for all h € H. This

Cy d,—1 1
concludes the proof. 0

3.3 Examples

3.3.1 Example 1

The following example is due to Shioda ([7]). We define the principal congruence
group of level n by

b
F(n)z{(a d)ESLQ(Z)ICLEdEl modn, b=c=0 modn}
c

The group I'(n) is a subgroup of SLy(Z) and —I ¢ TI'(n) for n > 3. Reduction
mod n induces a group homomorphism ¢, : SLy(Z) — SLo(Z,). Clearly Kerg,, =
['(n). Therefore I'(n) is a normal subgroup of SLy(Z). We denote the modular curve
PT(n) \ H by C(n).

Theorem 3.3.1. ([6], Pages 20, 21, 22 and 23) Let n > 3, then

1. The group T'(n) has no elliptic elements.

2. The cusps of I'(n) are all of the first kind. Moreover, if r € QU {oo} is a cusp,
then T'(n), . is conjugate to < < é TlL ) > in SLy(Z).

r

3. The map ¢, is surjective and the index of PT'(n) in PSLy(Z) is
3

pn) == [T -2, (28)
pln
4. The number of cusps in C(n) is
tn) = uln)/m = = [T -p7). (20)
pln
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Proof. Suppose that I'(n) has an elliptic element 0. Then ¢ is conjugate to one of

the following elements in SLy(Z):

(55) 0 0) =00

Since I'(n) is normal in SLo(Z), then I'(n) must contain one of these which is impos-
sible when n > 3. This proves 1 To show 2, let r € QU {oo} be a cusp. Write r = p/q
with ged(p,q) = 1 and consider

—npg + 1 np?
or = :
-ng®  —npg+1
Then I'(n), =< o, >. Now, if u,v € Z are such that pu — qu = 1, then A =

U —v 1 n . .
( ) sends r to oo and A.g, A"l = < 01 > Therefore I'(n), is conjugate
—-q P

to < ( é Tll ) > in SLy(Z) and hence « is a cusp of the first kind. This proves 2.

The formulae in 3 and 4 are standard see ([6], page 22). We note that u(n) =
n.t(n). O

Now let X (n) be the modular elliptic surface associated with I'(n). Since C(n) has

no elliptic points and all cusps are of the first kind and their stabilizers are conjugate
1

to < ( 0 711 ) > in SLy(Z), the only singular fibers of X (n) are of type I,,, and their

number is u(n)/n.

To compute the numerical invariants of X (n) it suffices to compute the genus g(n)

of C(n) and the Euler characteristic e(X(n)) of X(n). We have

=1+ 20 My 2O (30)
and
(X () = ). (31)

Hence by Corollary 2.6.3 we can compute all of the numerical invariants of X (n).
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Theorem 3.3.2. ([7], Theorem 5.5) Let S(X(n))be the Mordell-Weil group of X (n),

then
S(X(n)) =22, ®L,.

Proof. Since I'(n) is torsion free then by Theorem 3.2.3, S(X(n)) is isomorphic to a
subgroup of Z, ® Z,, and so it suffice to prove that |S(X(n))| = n®. By Proposition
3.2.4 for any o € S(X(n)) the restriction of o to PI'(n) \ H is given by o'([2]) =
[2,712 + r3] with 71,7y € Q satisfying (rq,72)(y = I) € Z ® Z for all v € I'(n).

, 1 n 0 n
In particular for v, = 01 ) we have (ry,79) 0 0 € Z & 7Z and hence

1 0

ry = my/n, my € Z. Similarly, if we consider v, = < ) ) we have ro = ma/n,
n

mg € Z. Therefore,

’ M mo
=[z,—z24 — Z.
() = o e+ 2],y €

Now if m}, m5 € Z such that m] = m; mod n and m), = my mod n, then we can
write m| = nky + my and mjy = nky + mo. If consider (I, k1, k2) € Vi), then

! /

my mao m m
(Ia k17k2)(z, 72 + —;) = (27 —T—L—l-z + 72),
and therefore / /
o, T 2y = [, T 4 T
n n n n

and so the couples m = (my,my) and m’ = (m}, m}) define the same section. If we

set 0,,([2]) = [z, Btz 4+ Z2] the set of sections is
S(X(n))={omme{0,1,...,n =1} x{0,1,....,n — 1}}.

If 0, = 0, then for all [2] € PI'(n) \ H, we have

m m m/ mi
o T 2 I, T
n n n n

In other words, there exists (v, k1, k2) € Vr(n) such that

/ /
(7, B ko) (2, 2+ T2) = (2,25 4+ T2,
n Ve n n
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and hence 7.z = z. Since I'(n) acts without fixed points in H, we have v = I.

Therefore,

mhz + m: miz+m
17’L 2 = ln 2+/€12+k2.

It follows that
(m] — (m1 4+ nky))z + (mhy — (me +nky)) =0 Vz € H,

hence m{ = nky + m; and mj = nky + my. Since my,mq, my,mj € {0,1,...,n — 1}

then m; = m/] and mg = m}, hence |S(X(n))| = n>. O

3.3.2 Example 2

Define the congruence group I';(n)

C

b
[i(n) = {( ¢ d) €SLy(Z)] a=d=1 modn,c=0 modn}.
Then I'i(n) is a subgroup SLy(Z) and —I ¢ T'1(n) for n > 3. Obviously we have
I'(n) CTi(n) for all n. Let Ci(n) denotes the modular curve PT'y(n) \ H.

Theorem 3.3.3. (/1] Lemmas 7.10 and 7.11) Let n > 3.

1. The modular curve C1(n) has no elliptic points for n > 4 and C1(3) has one
elliptic point.

2. Ci(n) has only cusps of the first kind for n # 4 and C1(4) has two cusps of the
first kind and one cusp of the second kind. Moreover, if for n £ 4, a € Ci(n)

is a cusp and v € QU {oo} is a representative of a. Then I'1(n), is conjugate

1 =
to < 0 ; in SLy(Z), where v = p/q, ged(p, q) = 1 and d = ged(q,n).

3. The index of PT'1(n) in PSLy(Z) is

nin) =5 [[a-»72). (32)



4. The number of cusps in Ci(n) is
1
tn) = 3 Y elde(), n#4, (33)
din

and t(4) = 3, where ¢ is the Euler function.

Proof. For 1. and 4. see ([1] Lemmas 7.10 and 7.11). As for 2., let @ € Cy(n) n#4
be a cusp and r € QU {oc} be a representative of «. Put r = p/q with ged(p,q) =1
and d = ged(n, ¢). Consider

BT

' —n%z npd +1
p v

Then I'y1(n), =< o, >. Now, let u,v € Z such that pu — qu = 1, then A = ( )
q u

1
01

a3

lies in SLy(Z) and it sends oo to r, moreover A~lo,\ = ( > hence I';(n), is

n

: I 3\,
conjugate to 0 1 in SLy(Z).

For n = 4 we verify that oo,0 and % are pairwise non equivalent under the ac-
tion of T';(4) and since by 4) we have ¢(4) = 3 then {c0,0, 5} is a complete set of

representatives of cusps of C1(4). We can also verify that

(1))
(1)

(0

which is conjugate to



which is conjugate to
-1 -1
0 -1

1
) ) . Therefore [0], [oo] are cusps of the first kind and

by the transformation (

[3] is a cusp of the second kind.
As for 3., we have the index formula

[PSLy(Z) : PT(n)]
[PTy(n): PT'(n)]

Since by Theorem 3.3.1
n? 9

pln

then, to determine [PSLy(Z) : PT'y(n)], it suffices to compute [PT'y(n) : PT'(n)].
Recall the epimorphism ¢, : SLy(Z) — SLy(Z,) for which Kerg,, = T'(n). Moreover,

T m —
ety ={( 5 T ) Imez,
and hence |p,(I'1(n))| = n which yields [PT;(n) : PI'(n)] = n. Therefore,

PSLy(2) : PLy(m)] = 2 [[(1 - 52

pln

a

For n > 5, consider the modular elliptic surface X;(n) associated with I';(n). The
modular curve C1(n) has no elliptic points and all cusps are of the first kind. More
precisely, if a € Ci(n) is a cusp and r € Q U {00} write r = p/q, ged(p,q) = 1 and
let d = ged(n, g), then by the previous theorem I'i(n), is conjugate to

(E8)
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in SLy(Z) and hence the singular fiber over « is of type In. Therefore the singular
fibers of X;(n) are of types I, d|n, and their number is the number of cusps which

is given by the formula

)-

=
2
I

|
s
Nt
5
2l 3

din
To compute the numerical invariants of X;(n), it suffices to compute the genus g, of

C1(n) and the Euler characteristic e(X;(n)) of Xi(n). We have

go=1p MYy [0~ : el o9
and )
e(X1(n) = uln) = 5 [J0 =972, (35)
pln

As for the Mordell-Weil group S(X;(n)) of X;(n) for n > 5, we have the following:

Theorem 3.3.4. Forn > 5, the group S(X:1(n)) is isomorphic to Z,,.

Proof. Since I'i(n) is torsion free then by Proposition 3.4.1 we have: if ¢ € S(X;(n))
then its restriction ¢’ to PI'1(n) \ H, has the form o'(I.h) = [h,a1h + ay] where
ai,ay € Q with the property : (ay,a9).(y —I) € Z&® Z for all v € I'1(n). Taking

1 1 1 0
"= 01 ) yields a; € Z, and taking v, = ( ) ) yields ap = =, m € Z, and
n

therefore o'([2]) = [z, m12 + %2] with my,my € Z. Since (z,myz + 22) is equivalent

to (2, %2) by means of (1,m1,0) € Vi, () we have o'([z]) = [z, ma/n], ma € Z. Asin

m/

the case of I'(n), one can easily prove that m = m/[n] if and only if [z, =] = [z, =].
Therefore, S(X1(n)) = {om | 0 <m <n-1} with o/,([2]) = [z, m/n] for all z € H.

Finally, the map
X : 2Ly — S(X1(n))

me— o,

is clearly a group isomorphism. O
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3.3.3 Example 3

Define the Hecke congruence subgroup I'g(n) by

To(n) = {( ‘: Z > € SLy(Z)] n|c}.

Unlike I'(n) and I'y(n), we have —I &€ T'g(n) for every n > 1, and so we cannot
associate to it a modular elliptic surface as discussed in this chapter. However, we
will show that for a class of integers n, we will find at least one subgroup I of T'y(n)
such that —I ¢ T" and TI'g(n) = {£I} - T, i.e. PT' = PTy(n). In other words PI'4(n)
has a lift " in SLy(Z) not containing —/, and hence we can associate to I' a modular

elliptic surface X which will have Cy(n) = PTo(n) \ H as its base curve.

Theorem 3.3.5. (/6], Proposition 1.43) Let Co(n) be the modular curve associated
with the group PTo(n) and J, : Co(n) — P! be the natural map, then the following
holds

1. The degree of J, is given by

pln) = TJ(1+570). (36)

pln
2. The number of elliptic points of order 2 is given by

0, if n is divisible by 4;
Sa(n) = B . (37
[L.(1+(5)), otherwise.

3. The number of elliptic points of order 3 is given by

0, if n is duvisible by 9;
s3(n) = L, s i by (38)
[Li.(1+(57)), otherwise.
4. The number of cusps is given by
, n
{n) = 3 pl(d, ). (39)

dn
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Where ¢ is the Euler’s function, and (5) is the quadratic residue symbol, so that

B (0 ifp=2
(—)=4q1 p=1[4],
p
| —1 fp=3[4].
3 0 p=3,
(—)=4q1 ifp=13],
p
| -1 if p=2[3)].

We start by the following special case due to Shioda. Let p be a prime such that
p=3 mod (4) and define

Th(p) = {(Z 2) € Lo(p)| (g) :1}.

Then, T'y(p) is a subgroup of I'y(p), and we have

Proposition 3.3.6. Let p be a prime such that p =3 mod (4), we have
1. =1 ¢ T4(p) and To(p) = {£I} - T(p).
2. All Ty (p)—cusps are of the first kind.

Proof. For 1, we have —I ¢ I'j(p) since —1 is not a square mod (p) when p = 3
mod (4). In order to prove that I'o(p) = {£I}1%(p), it suffices to prove that for all
o € Lo(p), either o € T(p) or —o € I'4(p). Indeed, let o € I'y(p), and suppose that

p

o) [ —a -0 ,
(7> =1, and hence —o = ( pe —d ) e I't(p).

As for 2, in order to prove that Cy(p) has no cusps of the second kind, it suffices

b
o & I'o(p). Write 0 = < ¢ p ), then (2) = —1 since p = 3 mod (4), so that
pe

b
to show that tro = 2 for all 0 € T'y(p). Let o0 = < ¢ p ), so that (%) = 1 and
pc

ad — pbc = 1. Suppose that troc = —2, i.e. a +d = —2, we have a® + ad = —2a, and
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since ad =1 mod (p), we have a®? +2a+ 1= (a+ 1) =0 mod p , so that a = -1
mod (p). Hence (”71) = 1 which is a contradiction since p =3 mod (4). O

According to the previous proposition we can construct a modular elliptic surface

Xo(P) with base curve Cy(F). That is the modular elliptic surface associated with
Io(p)-

In the following proposition we characterize the integers n for which there exists
a subgroup I" of T'g(n) such that I'o(n) = {£I} - and -1 ¢ I.

Proposition 3.3.7. Let n be an integer, n > 3. Then, the following are equivalent:

1. There exists a subgroup T of To(n) such that To(n) = {x£I}-T and -1 ¢T.
2. PT'o(n) has no elliptic elements of order 2.
3. 4|n orn has a prime divisor p with p=3 mod (4).

Proof. (1 = 2): Suppose that PI'g(n) has an elliptic element of order 2, say &, with
a lift ¢ € To(n). Then, 2 = I, and so 02 = £I. However, SLy(Z) has no elliptic
element of order 2. Therefore, 02 = —I. Now, ['g(n) = {+I} - I" implies that either
g €T or —o € I'. In both cases, we get 0?2 = —I € I which contradicts 1.

(2 = 3): Since PT'o(n) has no elliptic element of order 2, s = 0. By Theorem

3.5.9,
0, if 4|n;

[T <1 + <:pl>) , otherwise.

Therefore, either 4|n or n has a prime divisor p with p =3 mod (4).

So =

(3 = 1): Suppose that 4|n or p|n, for some prime p =3 mod (4).
If 4|n, then we take I' = T'g(n) NI'1(4). Note that —I ¢ I" since —I ¢ I'1(4). Now, to
show that T'g(n) = {£1}T, it suffices to show that for any o € I'g(n), either o € I or
b

—o €T Indeed, let 0 = ¢ p € I'g(n), then ad—nbc = 1, and since 4|n, ad = 1
ne

mod (4). Hence, eithera =d =1 mod (4) ora=d=—-1 mod (4). fa=d=1
mod (4), then 0 € T1(4). If a = d = —1 mod (4), then —a = —d = 1 mod (4),
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so that —o € I';(4). Thus, we have either 0 € T or —o € I'. If there is a prime
p =3 mod (4) dividing n, we take I' = I'g(n) N I'y(p), where I'y(p) is the subgroup

b b
of I'g(p) consisting of matrices ¢ with <2> =1 Leto=| ° . Since
¢ d P d

nc
pln then o € T'o(p). If (%) =1, then ¢ € T'y(p) and we are done. If (%) = —1, then

<'T“> =1, so that —o € I';(p). Hence, we have either ¢ € I" or —o € I', which proves
that To(n) = {£I}I". O
Corollary 3.3.8. Let n be an integer, n > 3, and let Co(n) be the modular curve

PTy(n) \ H. Then the following are equivalent:
1. 4|n or n has a prime divisor p, p =3 mod 4.

2. There exists a modular elliptic surface X with base curve Co(n).

Proof. (1 = 2): This follows from the previous discussion.

(2 = 1): Suppose that there exists a modular elliptic surface X with base Cyp(n).
We need to prove that 4|n or n has a prime divisor p, p = 3 mod (4). According
to Proposition 3.3.7 it suffices to prove that PI'g(n) has no elliptic elements of order
2. Let J, : Co(n) — P! be the natural map. If PTy(n) has an elliptic point v of
order 2, then J,(v) = 1 and e, (v) = 1 and then by Table 2.4.3 the fiber C, over v is
of type I'I] or II]* this is a contradiction, since a modular elliptic surface has only

singular fibers of types I, I} and IV*. O

Next, let n be an integer having a prime divisor p, p = 3 mod 4. We are going
to study the modular elliptic surface associated with I'g(n) N T'y(p), which we denote
by Xo(n, p).

By Proposition 3.5.6, the cusps of I'j(p) are all of the first kind, therefore the
cusps of I'g(n) N T'y(p) are also of the first kind. We can also prove that if v € Cy(n)
is a cusp and if r = p/q € QU {oo} is a representative of v, then the generator of the
stabilizer of r in I" is the subgroup < o, > generated by o,, where

1—pgn/ds  p*n/dé
o, = ,
—¢*n/dé 1+ pgn/ds
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where d = ged(q,n) and § = ged(d,n/d). Also, we notice that o, is conjugate to
1 n/dé

0
with d|n and § = (d,n/d), and their number is exactly the number of cusps in Cy(n)

in SLy(Z), and therefore Xo(n, p) has singular fibers of the type /=,

which is given by
n
£(n) = 3 el(d,5)).
dn
Moreover, the number of elliptic points in Cy(n) is

0, if 9|n;
[ (1 + (%)) , otherwise.

so that Xo(n,p) has s3 singular fiber of the type IV*. To compute the numerical

invariants of Xo(n,p) it suffices to compute the genus g, of Cp(n) and the Euler

S3 =

characteristic e(Xo(n, p)).

The genus g, and the Euler characteristic e(Xo(n,p)) are given by

po U 3
n=14+—=——=——=
=it 7573 (40)
e(Xo(n,p)) = p(n) + 6ty + 8s3 = u(n) + 8ss, (41)

since ¢ty = 0 (no cusps of the second kind). Therefore, g, and e(Xo(n,p)) are deter-

mined and we can compute all the other numerical invariants.
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Chapter 4
Modularity of elliptic surfaces

In previous chapters, we have defined the notion of modular elliptic surfaces. It
turns out that these surfaces satisfy many properties, in particular, they have a finite
Mordell-Weil group and only few types of singular fibers occur. It is natural to ask
when a general elliptic surface is modular. In this chapter, we introduce a theorem
of Nori which provides sufficient conditions for an elliptic surface to be modular.
We will provide a direct proof which is essentially the same as Nori’s original proof,
but without some heavy technical tools which were introduced to achieve the proof.
Namely, we are going to bypass the notion of generalized modular elliptic surfaces

which were a central theme in Nori’s proof.

4.1 Nori’s theorem

4.1.1 The statement of the theorem

If m: X — (' is an elliptic surface, as previously we denote the rank of the Mordell-

Weil theorem by r, and the Picard number by p.

Theorem 4.1.1. (Nori, [3], Theorem 8.6) Let w : X — C be an elliptic surface
such that:
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1. 7=0 and p = hb!,

2. X has no singular fibers of type II* and I11".
Then m: X — C is a modular elliptic surface.

Nori proved this theorem as a corollary to a series of results, and by introducing
the notion of generalized modular surfaces. Here we provide a direct proof inspired

from Nori’s proof but without the notion of generalized modular elliptic surfaces.

We start with an intermediate result.

Theorem 4.1.2. Let 7 : X — C be an elliptic surface. Then conditions 1 and 2 in
the statement of Nori’s theorem are equivalent to the following two statements:

a) The only singular fibers of X are of types I, Iy} or IV*.

b) The genus g of the base curve C satisfies the following equation:

_ iz ZbZI(V([b) +v(ly)  v(IVY)
9=+~ > T3

where u s the degree of the homological invariant J, and v(T) denotes the number of

)

singular fibers of type T.

Proof. We suppose 1) and 2) and we will prove a) and b).

By Theorem 2.6.4 and using the notations therein, we have [ = by — p + r. Since
r =0 and p = h"!, we have [ = by — h!. Therefore, | = 2P, since by — h'"' = 2P,.

Again using Theorem 2.6.4, we have
v(I}) + v(IT) + v(ITT) + v(IV) <1 —2P,,

and so
v(ly) =v(II)=v(III)=v(IV)=0.
But condition 2) says v(II*) = v(I1I*) = 0. This proves a).
Using Theorem 2.6.2, we have

e(X)=p+6. Z1/([,;‘)+21/(II)+IOV(II*)+SU(III)+9y([II*)+4V(IV)+8V(IV*),
b>0
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which, according to a), reduces to

e(X)=p+6 Y v(I;)+8u(IV"). (42)

b>0

On the other hand, we have e(X) = 12P, — 12¢ + 12 (By Corollary 2.6.3). Since
| = 2P,, we have e(X) = 6/—12g+12. Recalling the expression for | = 4g+2t —¢; —4

where
t=> () +v(ly)) +v(IV7)
b>1

and

ti = v(l),

b>1
we get
e(X) =129 1246 > v(L)+ 12> v(l»)+ 120(IV*). (43)
b>1 b>1

Finally, by comparing (42) and (43) we obtain
2
99— 2 = % = D (B) + v(l)) - IV,
b>1
This proves b).

Conversely, let us suppose that a) and b) hold. First we remark that a) implies

2) immediately. By Theorem 2.6.2 and condition a) we have

e(X)=p+6.> v(I;)+8(IV") (44)

b>0

but according to Corollary 2.6.3 we have e(X) = 12P, — 12g + 12. It follows that

[ o, 4 ]
2Pg—2g+2=E+ZI/(Ib)+§V(IV ).

b>1
Hence,
% =2P, ~2+2- > u(L) - gyuv*). (45)
b>1
Using b) we have
g: 929 — 2+bzu(1,:) +;u(fb) + gy(n/*). (46)
>1 >1
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Now comparing (45) and (46), we have

2P, =4g—4+2> V() + > v(h)+2w(IV7)=4g—4+2—t; =1

b>1 b>1

By Theorem 2.6.4, we have r <[ — 2P, so that r = 0. Again by Theorem 2.6.4 we
have [ = by — p+r. Replacing [ by 2P, and r by 0 we obtain 2P, = b, — p. In the
meantime, we have 2P, = by — h™! and therefore p = h1!. This yields 1. O

4.1.2 The proof of Nori’s theorem

We now provide a direct proof to Nori’s theorem by using Theorem 4.1.2. We assume

that 7 : X — (' is an elliptic surface and that the conditions of Theorem 4.1.2 hold.

Lemma 4.1.3. The curve C s modular.

Proof. Let J : C — P! be the functional invariant of the elliptic surface X, and
p: m(C\X,0) — PSLy(Z) the representation of Proposition 2.5.2. If we set A =
p(m(C\X)) then, by proposition 2.5.3, there exists a map @ : C — H/A such that

the following diagram commutes.

The Hurwitz formula for the map J gives

29— 2= —2u+ Z(e(v) - 1),
vel

where 1 = deg(J) and e(v) is the ramification index of J at v. By Theorem 4.1.2 we

have:
b, 2
2 —2==—t — =
g 6 3’537
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where t' = >, (v(I) + v(I+)), and s3 = v(IV*).

Therefore, we have 13 )
sh =g = > (ew) = 1).

veC
In other terms
13 —t’—gs .
6" 3% =
Yoo =D+ D (e -D+ DY (e()-D+ D> (e(v)-1). (47)
veJ~1(0) ved1(1) veJ~1(00) J(v)¢{0,1,00}

Since p = 3_,cj-1(00) €(v) and ¢’ = |7} (c0)| we have

S (elw) - ) =p—t,

veJ " 1(o0)
and equation (47) becomes
7 2
gh— 3% = Yool =D+ D W) -+ D (elwv)-1).  (48)
veJ—1(0) veJ (1) J(v)¢{0,1,00}
Writing the right hand side as

2
S0+

3

equation (48) becomes

S e@)-D -2+ Y co)-D-E)=- T (efr)-1) <0 (49

veJ~1(0) veJ—1(1) J(v)¢{0,1,00}

We claim that

S (e(v)—1)—§(u—53)zo and 3 () -1)-L >0

veJ-1(0) veJ-1(1)

We will prove the first inequality. The second inequality has a similar proof. If v € C'
is such that J(v) = 0, then, by the table of Theorem 2.4.3, we have

e If e(v) =0 mod 3 then C, € {ly, I{},.
e If e(v) =1 mod 3 then C, € {II,IV*}.
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e If e(v) =2 mod 3 then C, € {IV,II*}.

However the only possible fibers are of types Iy, IV*, I, and I, hence, when J(v) = 0,
we have e(v) = 0 mod 3 when C, is of type Iy, and e(v) =1 mod 3 when C, is of
type IV*. Therefore, we have

p= > e =3 3k+> (3,+1)

veJ=1(0) ki>1 120

with

ss=v(IV*)=> (3;+1).

1,20

It follows that pu — s3 = Ekizl 3k; > 0 and then %(u —83) = ZkiZI 2k;. Thus

> (elw)-1) - %(u —s3) = (Bki—1)+> 3L—) 2k

UGJ“]‘(O) k;>1 ZJZO k;>1
=Y ki—1+)» 3,>0.
ki>1 1;>0

Now going back to (49) and using the inequalities of the claim, we obtain

S ) -0=0, ¥ ()-D=i(-s), Y w-1n=F
J()#{0,1,00} veJ=1(0) veJ=1(1)
The first equality implies that J is only ramified over 0, 1 and co. The second equality
implies that 3, > ki — 1432, 503l; = 0, so that k; = 1 for all ¢ and [; = 0 for all
j. Hence e(v) = 1 or 3 when J(v) = 0. Similarly, we prove that e(v) = 2 when
J(v) = 1. We now apply Proposition 2.5.3 to this situation, namely the fact that the
map @ : C — A\H is an isomorphism. We conclude that the curve C can be viewed
as a modular curve, and the elliptic surface X can be considered as an elliptic surface

with base curve A\H, and its functional invariant is the natural map Jy. O

Lemma 4.1.4. The elliptic surface m: X — C 1s modular.

Proof. Let p : m(C\EX) — SLy(Z) be the homological invariant of # : X — C,
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and let I' = p(m(C\X)), then we have the following commutative diagram:

SLy(Z)

e

m1(C'\ 3, 0) = PSLs(Z)

We have —I ¢ T, otherwise there exists 8 € m(C\X) such that p(3) = —I. In
this case we have p(3) = I and hence § € Kerp. Therefore, it suffices to prove that
p(Kerp) does not contain —I. By inspection of Table 2.4.3 and keeping in mind
that the only singular fibers are of types I, , I} and IV*, we observe that Kerp is

generated by the following elements:

. . -1 -1

e o’ when J(v) =0 and e, = 1, in which case [p(a,)] = ( L )7
. . 10

e (3, when J(v) =0 and e, = 3, in which case [p(8,)] = < - ))

e v, when J(v) =1 and e, = 2, in which case [p(v,)] = < (1) ? >
It follows that p(83,) = p(v») = I, and p(a) = I. Therefore p(Kerp) = {I}. Since
A =Pl and -1 ¢ T, A and T are isomorphic by the canonical map s : SLy(Z) —
PSLy(Z), and hence p = s 1 o p.

Let Xt be the modular elliptic surface associated with T'. It has A\H as its base
curve, Jy as its functional invariant, and p as its homological invariant. By the
previous Lemma, the surface X can be viewed as an elliptic surface over A\H with
functional invariant Ju. It follows that X and Xp are elliptic surfaces over A\ﬁ with
the same homological and functional invariants. Therefore, they are the same since
by Kodaira’s Theorem (Theorem 2.5.4), there is a unique elliptic surface with given

homological and functional invariants. Thus X is modular. g

This concludes the proof of Nori’s theorem.
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The modularity in question is more topological than arithmetic. It would be inter-
esting to investigate more arithmetic aspects of these surfaces such as zeta functions

and L—functions.
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