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ABSTRACT

Let C be the canonical diagonal MASA in an AF algebra A. We show that an
automorphism ¢ of C extends to an approximately inner automorphism « of A iff
p is Murray-von Neumann equivalent in A to ¢(p) for every projection p € C. We
determine some classes of AF algebras for which the ordered Ky-groups of the two
crossed products, arising from these dynamical systems, are isomorphic and we show
that the entropies of ¢ and « are equal. Along the way, we obtain results about when
Ko(Ax4Z) (equipped with natural order) is pre-order isomorphic with Ko(A)/Im(id—
Ky(e)) (equipped with the quotient order) for a large class of automorphisms « of
the AF algebra A.

I. Putnam has proved that C(X) x4 Z is a (simple) AT algebra when X is the
Cantor set and ¢ is a minimal self-homeomorphism of X. We extend his results to non-
commutative AF algebras that have the set of extremal tracial states homeomorphic
with the Cantor set, and satisfy a certain lifting property. The proof is based (as in
the commutative case) on constructions of intermediate AF subalgebras (associated
to closed subsets of 6.T'(A)) of the crossed product and on the lifting.

We study the structure of the crossed products by Z of algebras of type C(X)® B,
where X is the Cantor set, B is a unital, simple, topological tracial rank zero or one
C*-algebra and the automorphism is a7 ® 3, where T is a minimal homeomorphism
of X and 8 € Autg. Using the work of Matui and Lin we show that the crossed
product algebra has still topological tracial rank zero or one.

The last topic addressed in this thesis concerns the natural map™ A,, — AffT'(4),
where T'(A) is the simplex of tracial states of a unital C*-algebra A. Considering the
natural orders on Ay, and on AffT(A), we found examples of C*-algebras for which

the natural maps lifts positive functions to positive elements in A.
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Chapter 1

INTRODUCTION

C*-algebras theory has experienced considerable expansion due to the introduction
of the methods from ordered groups. For example, ordered K-theory is crucial to the
Elliott theorem for AF algebras ([11]) and his subsequent classification programme,
Effros-Handelman-Shen Theorem on the range of Elliott invariant ([9]), and the topo-
logical characterization, given by Giordano, Putnam and Skau, of the isomorphism
of the crossed product C*-algebras arising from minimal dynamical systems on the
Cantor set ([16]).

In this work we study relations between pre-ordered groups and crossed product
C*-algebras of AF algebras by Z. Some definitions are in order before stating the
problems addressed in this work.

Let us recall ([23]) the construction of the crossed product of a C*-algebra by
an action of a locally compact group. Let A be a C*-algebra, let G be a locally
compact group with a left Haar measure ds and let v : G — Aut(A) be a group
homomorphism such that the following function is norm continuous on G for all a € A:
t — v(a). The triple (A, G,~) is called a C*-dynamical system. Let K(G, A) be the
linear space of continuous functions from G to A with compact support, and endow
this space with the following involution and multiplication:

£7(s) = Als Vg (F(s71)")

£ g(s) = [ FOar(glt1s))dt
for all f,g € K(G,A). In this way, K(G, A) becomes a *-algebra. With the norm



Il == [ |1f(s)|lds, K(G, A) is a normed algebra and denote by L'(G, A) its com-
pletion. The universal representation (w, H) of L}(G,A) is the direct sum of all
non-degenerate representations of L'(G, A) and the full crossed product A x, G is
the norm closure of w(L*(G, A)) in B(H).

If & € Aut(A), one can define an action of Z on A. Define v, : Z — Aut(A)
by Yo(m) := o™ for every m € Z. As above, one can consider the associated crossed
product A x., Z, which from now on will be denoted A x,, Z.

Following [6], an approximately finite dimensional C*-algebra (abbreviated AF)
is a separable C*-algebra such that there is an ascending sequence {A, },>o of finite
dimensional C*-subalgebras in A satisfying A = U_nATL Stritild and Voiculescu (see
[32]) associated to each unital AF algebra a MASA (i.e., maximal abelian sub-algebra)
C in A, a conditional expectation P : A — C and a subgroup U of U(A) for which:

(i) w*Cu=C, for allu € U,

(i) P(u*zu) = v*P(z)u for allu € U and z € A,

(iii) A is the closed linear manifold spanned of UC.

Let us recall briefly the construction (see [32]). If A = (J, A, (where we assume
Ag = C1) define inductively an ascending sequence {C,},>0 of commutative C*-
subalgebras of A:

Co := Ao, Cpy1 := (Cy, Dpy1), the C*-algebra generated by C,, and D,.;, for
n > 0, where D, ; is an arbitrary MASA in A;L N Ant1. It turns out that C, is a
MASA in A,,. If {g;}icr, is the set of minimal projections of C,,, then for each z € A,
P.(x) == Y ;. ¢:wg; defines a conditional expectation from A, onto C, such that
P, i1la, = P,|a,. Defining C to be U_n;a, then C is a MASA in A and the above
P,’s give rise to a conditional expectation P : A — C. Construct for each n > 0
the group of unitary elements U, := {u € U(A)|u*Cpu = Cy} and let U := |, 54 Un.
Then they constructed a subgroup U of U such that U is the semi-direct product of
its normal subgroup U C by U.

To each C*-algebra A (unital or not), one can associate an abelian group Ko(A)
([2]). This is done as follows. On the collection of all projections in My (A) =
Use, M, (A), consider the Murray-von Neumann equivalence relation (p ~ ¢ iff there

is partial isometry v € My, (A) such that p = v*v and ¢ = vv*). Denoting by [-] the



equivalence classes, let V(A) := {[p]|p = p* = p* € M(A)}. If the addition on V(A)
0

is defined by [p] + [q] == | (13 ) ], then V' (A) is an abelian semigroup. Let Koo(A)
q

be the Grothendieck group of V(A). The universal property of the Grothendieck
groups implies that morphism 7, : V(A) — V(C) induced by the canonical map

7 : A — C extends to a group morphism (denoted again =,) between the Kgo-groups:

V(A) = V(C)

ul lic

K()()(A) ﬂ—> Koo((C)

where A is the unitization of A, 7 : A — C is the canonical map and i, : V(A) —
Koo(A) is given by i4([p]) := [p] —[0]. Then one defines Ko(A) := Ker{m, : Ko (A) —
Ky(C)}. Denote Ko(A)" := ia(V(A)) and call the elements of Ko(A)* positive
elements.

The main references for the K-theory used in this work are [2] and [13]. Because

we use pre-ordered groups extensively let us recall the definition.

Definition 1.0.1. A pre-ordered group (G,G™) is an abelian group (G,+) that con-
tains a distinguished semigroup G (the positive cone) containing the neutral element
0, satisfying G = Gt — G*. If Gt (-Gt = {0}, then (G,G") is called an ordered
group.

From the above definitions, it follows that (Ko(A), Ko(A)™) is a pre-ordered group.
The positive cone GT induces a pre-order on G by y > z if y — z € G*. An element
u € Gt is an order unit if for any g € G there exists a n € N* such that z < nu.
A state on a pre-ordered group with order unit (G, G",u) is a pre-order-preserving
morphism f: G — R with f(u) = 1.

The aim of the first section in Chapter 2 is to determine when an automorphism of
C can be extended to an approximately inner automorphism of A, and to determine
the connection between the ordered Ko-theory of the two crossed products arising in
this manner. If « is an approximately inner extension of ¢ € Aut(C) then the natural

Ko-map from Ko(C x,Z) to Ko(A X4 Z) lifts positives to positives exactly when the

6



Ko-map of the inclusion of A into A x, Z lifts positives to positives. Thus the next
section is the natural continuation of section 1. This problem is related to a theorem
proved in full generality in the commutative case by M. Boyle and D. Handelman in
[5].

If X is a totally disconnected compact space and ¢ is a homeomorphism of X,
then one can construct the crossed product, C(X) ,, Z, associated to C(X) and
Z and the automorphism «, : C(X) — C(X) given by a,(f)(z) := f(c7(z)).
Since C(X) is an AF algebra, by the Pimsner-Voiculescu six term exact sequence,
K—"fq%)—{—)l ~ Ko(C(X) Xq, Z) as abelian groups, where H,, := {z — Ko(a,)(z);z €
Ko(C(X))}. Of course Ko(C(X)) ~ C(X,Z) as ordered groups (see [29]). Now

C(X,Z)/H,, can be made into a pre-ordered abelian group, with cone
{[f] € C(X,Z)/H,,;there is nonnegative function f € C(X,Z) such that [f] = [fo]}.

After I. Putnam proved that for X the Cantor set and a minimal homeomorphisms
o, one has that Ko(C(X))/H,, ~ Ko(C(X) Xq, Z) as ordered abelian groups (the
order on Ko(C(X) Xq, Z) is the natural order, see [2]), see [29], M. Boyle and D.
Handelman proved in [5] that the pre-ordered isomorphism above still holds for every
zero-dimensional compact space and every homeomorphism. We address the same
question in section 2 of Chapter 2, replacing C(X) by noncommutative unital AF
algebras. If the algebra is simple the answer is affirmative. Non simple examples are
also given. Since AF algebras are exact, for a € Aut(A4) and ¢ € Aut(C) considered
in section 1, one may consider their entropies ht(a) and ht(¢p) as defined by N. Brown
in [3]. In section 3 we show the equalities of the these entropies. Section 4 of Chapter 2
contains two results on AF-embeddability of certain crossed products of commutative
AF algebras by Z.

Chapter 3 deals with the generalization to the noncommutative case of construc-
tions of I. Putnam and Y.T. Poon regarding the intermediate C*-subalgebras of the
crossed product algebra C(X) xpZ, where X is a compact totally disconnected space
and T' a self-homeomorphism of X. Let us recall briefly one of the constructions. For
any nonempty closed subset Y of X, denote by Ay the C*-subalgebra of C(X) xr Z
generated by C'(X) and uCo(X\Y'), where u is the canonical unitary implementing



the action of Z on C(X) and Co(X\Y) := {f € C(X)|f]y = 0}. Using the first return
map, it was proved ([26]) that Ay is an AF algebra if and only if X = J,cz T"(W)
for any clopen subset W of X containing Y. Putnam used the appropriate interme-
diate C*-algebras to show that, when T is minimal and X is the Cantor set, then
C(X) X1 Z is a simple AT algebra.

We consider in Chapter 3 the analogous constructions for AF algebras that are
not necessary commutative, but have a totally disconnected boundary (i.e., the set
of all extremal tracial states). For some automorphisms o of A, we associate to
each closed subset I of §.T(A) an AF intermediate subalgebra of the crossed product
A X4 Z. In the non-commutative case, some natural conditions (such as the natural
map : A, — Aff(T(A)) lifts positives to positives and torsion free K-groups) are
needed in order to prove the structure of the crossed product in this case (the crossed
product A X, Z is an AT algebra). The theorem and the main lemma of section
4, suggested by Professor Hiroki Matui, deal with the structure of crossed products
by Z of algebras of the type C(X) ® B, where X is totally disconnected, B is a
unital, simple, topological tracial rank zero or one C*-algebra and the automorphism
is ar ® 4, where T is a minimal homeomorphism of X and § an approximately
inner automorphism of B. Roughly speaking, the crossed product algebra has still
topological tracial rank zero or one. The old idea of finding a nice “large” subalgebra
of the crossed product C*-algebra is exploited. Both results mentioned above are
based on a suitable approximation of finite subsets of C(X) ® B.

Given a unital C*-algebra A, let T'(A) be the set of all tracial states of A and let
AffT(A) be the real Banach space of all continuous affine functions on T'(A). There
is a natural map™: Ay, — AffT(A), given by a(r) := 7(a) for all 7 € T(A). It
was proved in [7] that the natural map is onto. Equip AffT(A) with the positive
cone AffT(A)Y = {f € AffT(A)0 < f}. If f > 0 then it is easy to check
(see 4.1.10) that f can be lifted back in A (through the natural map) to a positive
element. Chapter 4 contains examples of C*-algebras for which the natural map lifts
positives to positives and their properties (such as hereditary behavior under taking
quotients, taking crossed products or taking tensor products) and furnishes examples

for Chapter 3. Some counterexamples are also given.



Chapter 2

ORDERED GROUPS AND
CROSSED PRODUCTS

2.1 Masas and crossed products

Let C be a Stratila-Voiculescu MASA in a unital AF algebra A. An automorphism
a on A is called inner if there is an unitary u € A such that a(z) = uzu* for all
z € A. An automorphism « on A is called approximately inner if, for every finite
subset F' of A and every ¢ > 0, there is an inner automorphism 3 on A such that
l|a(a) — B(a)]| < € for all a € F. Denote by Aut(A)y the group of all approximately
inner automorphisms of A. If ¢ € Aut(C) has an extension to o € Auto(A) then one
has for every two projections p,q in C that ¢(p) = ¢ implies p ~4 q. Denote this

condition by (0. We shall prove the converse:

Theorem 2.1.1. Let C be a Stratila- Voiculescu MASA in A. Then for every ¢ €
Aut(C) which satisfies O, there exists o € Auto(A) such that a|c = ¢.

Proof. Suppose that A = Un—B_n and that C = m, as in the beginning of the
Introduction, where the MASA C was defined.

Let p1,ps,...,p, be the minimal (equivalent in A, orthogonal) projections of Cy
(here r = 1; we shall use r to see how the general construction works). These projec-

tions are equivalent in B;. From condition (), it follows that p; ~4 ¢(p1),...,0r ~4



©o(pr). Thus @(p1) ~4 -+ ~a @©(p,). These projections are still orthogonal. Since
C = m is an AF algebra, there exists ny > 1 and Pi,..., P, € C,, such that
©(p1) is close in C to Py, ..., ¢(p,) is close in C to P,. Since C is abelian, we get
@(p;) = P, for every i. So we can suppose that C,, © ¢(p1) ~a -+ ~a ©(p,). By
enlarging n; if necessary (we are dealing with AF algebras), we may suppose that the
equivalence is realized in B,,,. Let B,, 3 Ei"j1 be the implementing partial isometries.
Define ¢y : By — B,,, by ¢1 (e}j) = E}'. Of course ¢1|c, = ¢|c,. It is a *-morphism.
Do the same thing to B,, 2 C,, and ¢! and obtain ¢; : B,, — By, a *-morphism
for some ny > my such that ¢1|Cn1 = 90_1|Cn1- Of course %1 o ¢1(c) = ¢ for every c in
C.

Now there exists a w € U(B,,) such that Ad(w) o4 o ¢; is the inclusion of By in

By, denoted i1,,. Thus ¢;0¢; = Ad(w*) 0iy,,, i.e., the following diagram commutes:

Bl _—é') B’nz
\¢1\{ Iipl
By,
where L := Ad(w*) o i1p,.

Continuing this process, we obtain the following diagram:

Ad(w*)oiyy, Ad(u*)oinon
B, 2wohn g - A, g
idl lAd(w) lAd(w)oAd(u)l
B, —, B, =, B, — ..

Let X and Y be the inductive limits of the upper and lower sequences, respectively.
The commutativity of the diagram above gives rise to an isomorphism o : X —— Y
such that a|c = ¢ (because ¢|c,, = ¢lc,, , forevery k > 1). Toshowthat X =Y = A
we have to use Lemma 2.1 from [13].

Since id, Ad(w), Ad(w) o Ad(u), ... are inner, we have only to show the commu-
tativity of the squares, which is evident. The same arguments applies for the bottom
sequence. Since for all s, we have that p; ~4 ©(p;) we see that « is a limit of inner

automorphisms (relative to A). O

10



Examples of automorphisms which have the property O include those of the form
() = uzu* where u € U, see Introduction or [32].

Suppose ¢ is given on C satisfying condition () and consider the associated ap-
proximately inner automorphism a € Aut(A) constructed as above. The following

diagram comes from the Pimsner-Voiculescu exact sequence [24] :

K, (C X Z) — 0 — 0
Ko(C) 22 ko) — Ko(C x, Z)

Ko(A) —— Ko(A) —— Ko(A xo Z)
id—Ko(o) i

Ki(AXo,Z) 0 — 0
where j; is the induced map from the inclusion of C in A, j is the induced map from
the canonical embedding of C X, Z in A X4 Z, i; = Ko(ic) and iy = Ko(ia) (here ic
is the embedding of C in C x, Z and i4 is the embedding of A in A x, Z).

Proposition 2.1.2. The map j is always onto. In fact, one has j1(Ko(C)t) =
Ko(A)t.

Proof. As the right square is commutative, it is sufficient to show that 7; is onto
(recall that 4 and i are already onto by the Pimsner-Voiculescu sequence). We now
show that ji(Ko(C)") = Ko(A)*.

The inclusion “C”is always true.

Now suppose Ko(A)T > z = [g]¢ with ¢ a projection in M, (A). Since I'(4) (the
scale) generates Ko(A)*, we can find projections pi,...,p, € A such that [g]s =
[p1]8t + ... + [pn]dt. Thus it is sufficient to lift an element z of the form Ko(A)* 2 z =
[plg', where p is a projection in A. Suppose that A = m Then there exist a
ng € N and ¢ in A,,, a projection such that [p]dt = [¢]#. But then [g]§ = [r]§ for

some projection r in Cy,,. So j1([7]§) = [r]4 = [ql¢ = [p|& = = O

11



Proposition 2.1.3. The map j is injective if and only if Ker(j1) C Im(id — Ko(p)).
In other words (o being approzimately inner) j is injective if and only if the following
sequence 1s exact:

id—Ko(p)
—_5

Ko(C) Ko(C)

|

Ko(A)

Proof. <= Suppose j(z) = 0 for some z € Ko(C %, Z). As 4; is onto, there exists y
in Ko(C) such that i;(y) = z. Since the right square is commutative, it follows that
i 0 j1(y) = 0. Denote Ko(A) 3 z := j1(y). So iz(z) = 0. Since « is approximately
inner, ip is injective also, so z = 0. Thus ji(y) = 0, i.e., y € Ker(j;) € H,. The
exactness of the second row in the diagram (the Pimsner-Voiculescu sequence) implies
that = 4,(y) = 0, so j is injective.

= Suppose that j is injective. Taking z € Ker(j;) we see joii(z) = ig0j1(z) = 0.
Since j is injective we get i1(z) = 0, so « € Ker(i;) = H,, by the Pimsner-Voiculescu

sequence. U

Remark 2.1.4. If the map 71 : Ko(C) — Ko(A) is injective and ¢ € Aut(C)
satisfies O then ¢ = id.

Proof. Suppose that j; : Ko(C) — Ko(A) is injective. On taking an arbitrary
@ € Aut(A) satisfying O, it follows that 7 is injective (indeed, using the same notation
as in Proposition 3, we have j; is injective = y = 0 = z = 4;(y) = 0 = j is injective).
Using Proposition 3, we see that {0} = Ker(j1) = H,, thus Ko(p) = id, so by [14]
(Theorem 3.8) we have that ¢ is approximately inner. Since C is commutative, the

only possibility is ¢ = id. (]

Since a(C) = C, one knows that C %, Z is embedded in A x4 Z. Then j(Ko(C x,,
Z)*) C Ko(A X4 Z)*. To determine when is j an order isomorphism, the next
goal is to investigate when j(Ko(C X, Z)*) D Ko(A X, Z)*. We are working with
order and not pre-order isomorphisms (since « is approximately inner, A x, Z is
stably finite, by Theorem 0.2 of [4]), and thus the cone (Kp(A X4 Z))¥) is strict.
Because of Proposition 2.1.2 and Theorem 5.2 of [5] (41 : Ko(C) — Ko(C X, Z) lifts

12



positives to positives), we obtain that j(Ko(C X, Z)T) D Ko(A Xo Z)7 is equivalent
to Ko(ie) : Ko(A) — Ko(A X, Z) lifting positives to positives. From now on, we
shall use ¢ instead of iy for the canonical inclusion of A in A x, Z. Recall that for

finite dimensional C*-algebras, the following is true.

Proposition 2.1.5. If A is a finite-dimensional C*algebra and o € Aut(A), then we
can lift positives to positives in the following situation, Ko(i) : Ko(A) — Ko(AXZ).

Proof. If Ko(AxoZ)" > z = [b]§™% then there exist 0 < y; = [p]¢ and 0 < y, = [g]¢
such that Ko(7)(y1 —y2) = x, where p and ¢q € P,(A) for some n € N (because Ky (%) is
onto). We can even suppose that b € P, (A x4 Z). Finite-dimensionality of A implies
that « is inner (¢ = Ad(u), for some unitary u in A). Let @ € Aut(M,(A)) be
the induced automorphism on M,(A); we see that @& is also inner. By the universal
property of crossed products, we can find an isomorphism ¢ : M,(A) x5 Z —>

M, (A x4 Z) such that the following diagram is commutative:

Mo(A) =2 M,(A) x4 7Z

| d

M,(A) = M,(A x4 Z)

where 4,, and " are the canonical inclusions. Indeed, if ¢ : M,(A) — M,(A) X4 Z

v 0 ... 0
0O v ... O

is given by p(z) =z andv:= | = | e UM,(A x4 Z)), then p(&(a)) =
0 0 ... u

vp(a)v* for all a € M, (A). Tt follows that there exists a *-morphism 1 : M,(A) X5
Z — M,(A x4 Z) such that ¥(zw"™) = p(z)v", where w is the canonical unitary
implementing &. It turns out that ¢ is an automorphism.

Now we notice that ¢ oi, = i"oid : for every x € M,(A), we have that ¥ oi,(z) =
Y(z) =z and " o id(x) = i*(x) = z. Let 7 be an arbitrary trace on M,(A) and let
7 be its canonical extension on M, (A) X5 Z (since & is inner, it will follow that 7 is
a-invariant). Defining 7 : M, (A X, Z) — C by 7 := Fo1~!, we see that 7 is a trace
since 7 is a trace. Then 7(p)—7(q) = Ko(7)([p]d —[4d]8}) = Ko(F)o Ko(in) ([Pl —[qld) =
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Ko7 oin)([pl8 ~ [als) = Ko(7 0i™)([plg — [al8') = Ko(7)([b]5™*) = 0 since [b]g™+* > 0
and 7 is trace on M,(A x, Z). Since 7 was chosen arbitrarily and M, (A) is finite-
dimensional, it follows that [p]5'—[g]s > 0, i.e. £ = Ko(i)(y1—y2) and y1 —y2 > 0. O

The next step is

Proposition 2.1.6. Let A be a unital AF algebra andu € U(A), a unitary. Then one
can lift positives to positives in the following situation, Ko(i) : Ko(A) — Ko(A X 4y
Z).

Proof. The following chain of isomorphisms A Xagy Z ~ A ® C(T) = (lim, A,) ®
C(T) = lim,(A,®C(T)) implies the following chain of order isomorphisms Kg(A X ady
Z) ~ Ky(lim, A, ® C(T)) ~ lim, Ko(A, ® C(T)) ~ lim, Ko(A,) ~ Ko(lim, 4,) ~
Ko(A), where A is the inductive limit of an ascending sequence of finite dimensional
C*-algebras (A,),. We have used the continuity of the Ky functor and the previous

proposition. Ll

Proposition 2.1.7. Let A be a unital AF algebra and let oo € Aut(A) be an approzi-
mately inner automorphism such that A X, Z is a simple C*-algebra. Then one can

lift positives to positives in the following situation, Ko(i) : Ko(A) — Ko(A X4 Z).

Proof. Let 0 # y = [P]¢™? be a positive element in Ko(A X, Z), where P is a
non-zero projection in Mi(A X, Z). Since Ky(7) is onto, there is an z € Ky(A) such
that Ko(i)(z) = y. Suppose that x is not positive. Then there exists a tracial state
7 € T(A) such that Ko(7)(z) < 0. Since « is approximately inner, we have that 7
is a invariant, thus it will extend to a tracial state on the crossed product, denoted
7. We have 0 > Ko(7)(z) = Ko(T)(y) > 0, and follows that Ko(7)(y) = 0, i.e.,
Ko(7)([P]{*=%) = 0. Every tracial state on the crossed product can be extended it
to a tracial state on matrices over the crossed product, and since the crossed product
is simple, it follows that M (A x, Z) is simple, contradicting 7(P) =0,P #0. O

If A is simple and « not inner (in contrast to 2.1.6), then by Theorem 3.1 in [17],
the crossed product algebra is simple.

If @ € Aut(A), then « is homotopic to identity if and only if « is approximately
inner [8] (Theorem IV.5.7). Thus we obtain:
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Theorem 2.1.8. Let A be an unital AF algebra and C a Stratila- Voiculescu MASA
of A. Suppose v € Aut(C) satisfies O and a denotes its extension to an element of
Auto(A). If A Xy Z is simple and Ker(jy) C H, then Ko(C X, Z) ~ Ko(A Xq Z)
as ordered abelian groups. [Remark: this is the isomorphism induced by the inclusion
CxoZ— Ax, 7]

Proof. Use Proposition 2.1.3 for injectivity and Proposition 2.1.7 for j(Ko(C X,
Z)") O Ko(A x4 Z)t, taking in account that the map j; : Ko(C) — Ko(A) lifts
positives to positives, see Proposition 2.1.2. See also the paragraph after Remark
2.1.4. O

Remark 2.1.9. One can define a Stratila- Voiculescu MASA in an arbitrary AF alge-
bra (unital or not). Using the ezact sequence 0 — A — A +—— C(T) — 0, where
A is the unitization of A, the conclusions of Theorems 2.1.6 and 2.1.7 and 2.1.8 are
still valid.

Proposition 2.1.10. Let ¢ € Aut(C) satisfy O. Then C ¥, Z is AF-embeddable .

Proof. Since the associated automorphism « (see Theorem 2.1.1) is approximately
inner, by Theorem 0.2 of [4], A X4 Z is AF-embeddable and then C x, Z is AF-
embeddable. O

We shall prove next that another class of automorphisms satisfies the lifting prop-

erty. Let us recall (see [10]) the following

Definition 2.1.11. Let A be a unital C*-algebra and oo € Aut(A). Then o satisfies
the Rokhlin property if for every k € N there are positive integers ki, ..., km > k
such that for every finite subset, F' C A, and every € > 0, there exist projections e; j,
i=1,...,m,j=0,...,ki—1in A for which



fori=1,...,m,j=0,....ki—1 and all z € F (where e;, = €;0). For all i above,

the set of projections {e; ;0 < j < k; — 1} is called a Rohlin tower.

It was proved ([48]) that the following two conditions for a single automorphisms
a of a unital AF algebra are equivalent:

i) For any € > 0 there is a u € U(A) and an increasing sequence (4,,), of finite
dimensional C*-subalgebras of A such that |[u — 1|| <€, A = |J A, and A, =
Adu o a(A,) for every n.

n

ii) There exist an increasing sequence (A, ), of finite dimensional C*-subalgebras
of A such that A = [J_A, and lim,_.dist(a(4,), 4,) = 0.

The distance is defined as follows ([48]). Let B and C' be C*-subalgebras of a
C*-algebra A. By B C° C, one understands that for any x € B there exists a y € C
such that ||z — y|| < 6]|z||. By definition, dist(B, C) := inf{0 < §; B c® C,C % B}.
It is known ([48]) that if o is approximately inner and « has the Rohlin property,
then o satisfies condition i). The following proposition will be improved in the next

section.

Proposition 2.1.12. If A is a unital AF algebra and o € Aut(A) is approzimately
inner and satisfies the Rokhlin property, then one can lift positives to positives in the
following situation, Ko(i) : Ko(A) — Ko(A X4 Z).

Proof. Since A is AF, one can write A as a inductive limit of an ascending sequence of
finite dimensional C*-subalgebras (A,),, hence A = U—nAn. From the results above,
for e = 1/2, there is a u € A such that if a,, := Aduoa|a,, we have that a,(A,) = An
for every n. Since ayy1]a, = Adu o a|a, = an|a, We get the following commutative

diagram

An "":_> An+1

anJ{ O‘n+1J/

An —_— An+1
s

for all n. It follows that the following diagram is also commutative for all n
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An D(an Z T) An+l Kan+l Z

| !

An Xa,, Z —L:—> An+1 Xoapy1 Z

It is now easy to see that A Xaduyoa Z = lim,(A4, Xq, Z). By continuity of the
Ko functor, Ko(AX paduoaZ)™ = lim, Ko(An Xa, Z)T. From lemma 2.1.5, and AX,Z ~

A X Aduoa Z, the conclusion follows. O
Some examples of automorphisms satisfying Rokhlin property are listed below.

Example 2.1.13. 1) It follows from [19] (see Theorem 1.3) that any UHF algebra
admits an automorphism satisfying the Rokhlin property.

2) If A and B are two unital AF algebras, o € Aut(A) satisfies the Rohlin property,
and B € Aut(B), then a @ B € Aut(AQ B) satisfies the Rohlin property. Indeed,

use the density of the algebraic tensor product and just tensor the appropriate Rokhlin

towers for o with 1.

There exists a weaker property for automorphisms, defined by Osaka and Phillips
in [20], namely, the tracial Rokhlin property. The following definition is from [20].

Definition 2.1.14. Let A be a unital, simple and stably finite C*-algebra A. The
automorphism o of A is said to have the tracial Rokhlin property if for every finite
set F C A, every e > 0, every n € N, and every nonzero positive element x € A,

there are mutually orthogonal projections ey, ey,...,e, € A satisfying:
i) |la(e;) — el <€ for0<j<n—1.
i) |leja —aejl| <€ for0<j<nandallacF.

i) If e := Z;.L:O e; then 1 — e is Murray-von Neumann equivalent to a projection

in the hereditary subalgebra of A generated by x.

See [20] for a discussion about the connections between the Rokhlin and tracial
Rokhlin properties. The facts from [20] (Corollary 1.14. and Proposition 2.4) which

we shall need are:
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1. If A is a simple unital stably finite C*-algebra and « € Aut(A) has the tracial
Rokhlin property, then A x, Z is simple.

2. Suppose that A is a simple unital infinite dimensional C*-algebra with real rank
0 and that the order on projections is determined by traces (i.e. Vp,q € Px(A)
such that 7(p) < 7(q),V7 € T(A) one has p < ¢). If v: T — Aut(A) is an
action of a countable amenable group, then the following holds: for any two pro-
jections p, g € Muo(A) such that 7(p) < 7(q) V I'-invariant tracial states 7 on A
there exists 1 € M (A X, Z) such that p = r*r, rr* < g, and r7* € M (A),
(in particular, p < ¢ in My (A X, Z)). Here we extend 7 in the obvious way to
My (A).

Proposition 2.1.15. Let A be a unital simple AF algebra and a € Aut(A) satisfying
the tracial Rokhlin property. Then the map Ko(i) : Ko(A) — Ko(A X4 Z) lifts

positives to positives.

Proof. Letting 0 # 2 € Ko(A X4 Z)*, one can suppose that & := [P]#*=% for a non-
zero projection P € My (A X, Z). Since Ky(i) is onto one can find two projections
p,q¢ € M,(A), for some n € N, such that Ko(i)([p]¢ — [¢]&) = z, hence [P]g"% =
[plo ™% — [alg™*.

Since A is simple and AF, it follows that M,(A)® A is simple and AF, and because
o has the tracial Rokhlin property, idaz,4) @ o : Mp(A) @ A — M, (A) ® A also has
the Rokhlin property (see the second part of Example 2.1.13). From Fact 1 above,
M, (A)®A Kidy, ay®a Z is a simple C*-algebra. If 7 is any a-invariant tracial state of
A, denote its extension to M,,(A) again by 7, and the extension of the latter trace to
the corresponding crossed product algebra by 7. From the simplicity of the crossed
product algebra, 0 < 7(P) = Ko(F)([PI*%) = Ko(r)([olf - [dld) = 7(») - 7(@)
Since for AF algebras the strict order on projections is determined by traces, see
[21], we can apply Fact 2 to get a projection r € My (Mn(A) ® A Xigy, 4 a Z) such
that ¢ = 7*r, rr* < p and rr* € My (M,(A)). Thus [P]i*% = [p]i*=? — [q]i*? =
[p]g e —[r*r)de® = [p|d el —[rr*|g*=? = [p—rr*]{*? and because p—rr* € My (A)

(so Ko(i)([p — r7*]§}) = =) one gets the lifting. O
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Fact 2 above yields the most general result.

Theorem 2.1.16. Let A be a unital simple AF algebra and o € Aut(A). Then
Ko(7) : Ko(A) — Ko(A x4 Z) lifts positives to positives.

Proof. We can assume that A is infinite dimensional, otherwise we can use Proposition
2.1.5. If « is inner, we can use Proposition 2.1.6. If « is not inner, we get that A x,Z
is a simple C*-algebra (see [17]) and the proof is word for word that of the previous
proposition (the tracial Rokhlin property was needed in the proposition above only

for the simplicity of the crossed product C*-algebra A x, Z). a

2.2 (Pre)-Order Isomorphism

We shall now investigate another related problem. Given an AF algebra A and
a € Aut(A), we have the Pimsner-Voiculescu exact sequence (see [2] or [24]):

Ko(d) —— Ko(A) —— Ko(A xo Z)
1d—Ko(c) i

I !

Ki(AX,Z) — 0 — 0
Thus there exists a group isomorphism 7' : Ko(A X, Z) — Ko(A)/H,, where H, :=
Im(Ko(a) — id) and T'(z) = [y] (because for every z € Ko(A X4 Z) there exists an
y € Ko(A) such that Ko(i)(y) = z). We shall find some conditions when this group
isomorphism is a (pre) order isomorphism. We consider Ko(A X, Z) equipped with
the natural order and Ko(A)/H, with the quotient order.

M. Boyle and D. Handelman proved in [5] that this group isomorphism is a pre-
order isomorphism in the commutative case: A = C(X), X a zero dimensional space,
S a homeomorphism of X, a(f)(z) = f(S7Y(z)) for f € C(X) and z € X. An
example of a noncommutative C*-algebra for which the group isomorphism is a pre-
order isomorphism (see [10], Remark 4.4 for all details) is the following: choose R 3
A >1, and set Gy :=J

{1, A, ..., A", ... } is a linearly independent set over Q, that is A is transcendental over

nez A\"Z. Then G becomes a dimension group. Suppose that

Q, and let 0 : Gy — G, be the order automorphism given by multiplication with A.
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Then G»/(1—A\)Gy ~ Z. Now let A be a nonuniital AF algebra such that Ko(A) ~ G
([9]), let @ € Aut(A) such that Ko(a) = o (see [11]). Since A X4 Z ~ O(00) @K,
(see [10], Remark 4.4) we have that Ko(A X, Z) ~ Ko(O(o0)) =~ Z, with positive cone
Z. Also Ko(A)/(id — Ko(a))Ko(A) ~ Z, with positive cone Z (since Ko(A) is totally
ordered). It is only a pre-order isomorphism because (1 — A)G) is not an order ideal.

From the Pimsner-Voiculescu exact sequence, we obtain that 7! is well defined
and T~ is always positive. Recalling the definition T-!([y]) = z, where y € Ky(A)
and z = Ko(7)(y). Suppose that [y] > 0, then there exists Ko(A) 3 yo > 0 such that
[y] = [wo]. Thus y — yo € H,, ie., y — yo = Ko(a)(z) — = for some z € Ko(A). Then
z = Ko(i)(y) = Ko(9)(y0) + Ko(i)(Ko(a)(z) — z) = Ko(4)(yo) 2 0, since yo > 0.

Next, we can show that T is positive if and only if we can lift positives to positives
for the following map Ko(z) : Ko(A) — Ko(A X4 Z).

= Letting 0 < z € Ko(A X4 Z) we have [y] = T(z) > 0 and Ko(i)(y) = =.
Therefore there exists y' > 0 in Ko(A) such that y —y' € H, = Ker(Ky(7)). It follows
that z = Ko(¢)(y) = Ko(¢)(v') and ¢’ > 0.

<= Take 0 < z € Ky(A X, Z). Suppose there exists y € Ko(A)* such that
Ko(i)(y) = z. Then T(z) = [y] > 0, since y —y =0 € H,.

We discuss the simplest cases when T is a pre-order isomorphism (see also [27],

[5]).

Remark 2.2.1. a) If A is a unital AF algebra and Ky(A) is totally ordered, then we
can lift positives to positives, and consequently T is a pre-order isomorphism. (If A
is unital, one can drop the condition that A X, Z s stably finite).

b) If H,(\Ko(A)T = {0}, then T is an order isomorphism if T is a pre-order

isomorphism.

Proof. Indeed, if 0 < z € Ko(A X4 Z) and Ko(A) is totally ordered then since Ky(7)
is onto(because A is AF), there is y € Ko(A) such that Ko(i)(y)=z. If y < 0, then
0 < <0, s0 Ko(A Xo Z)T ] (—(Ko(A Xo Z)T)) # {0}, contradicting the fact
that A x4, Z is stably finite. For b) we again notice (using [4], Theorem 0.2) that
H, () Ko(A)* = 0 implies that A X, Z is stably finite, thus the cone (Ko(A X, Z))*
is strict. Also H,[) Ko(A)" = 0 implies that H, is an order ideal. O
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Example 2.2.2. Matroid algebras, all UHF algebras, and K satisfy the conditions in
2.2.1.

In addition to the examples of the previous section wherein T is a pre-order

isomorphism, we have the following:

Proposition 2.2.3. Let A be a simple, unital AF algebra and oo € Aut(A) such that

A Xo Z is simple. If all traces of A are a-invariant, then T is an order isomorphism.

Proof. If 0 # z € Ko(A X, Z)*, select y € Ko(A) such that Ko(ia)(y) = z (this
is always possible since iy is onto). For every 7 € S(Kp(A)), we have that 7(y) =
Ko(7)(z), where 7 is obtained in the following way: 7 corresponds to a trace on
A, again denoted 7; since it is a-invariant, it admits a canonical extension 7 on
the crossed product. If Ko(7)(x) > 0 for all 7 € S(Ko(A)), then 7(y) > 0 for all
7 € S(Ko(A)). Since A is simple and unital, we see that y > 0. We remark that
Ko(7)(z) = 0 does not hold for some 7, because the crossed product is simple, it

remains that y > 0. (]

Example 2.2.4. All approzimately inner automorphisms satisfy the condition on
invariance in the above proposition. An example other than UHF (see [2]) can be
constructed as follows. Let A be the simple AF algebra corresponding to the dimension
group D? with the strict order from the first coordinate, where D is the group of dyadic
rationals. To the order isomorphism f of D? given by f(x,y) := (x, —2y) corresponds
an automorphism o of A such that Ko(a) = f. The fact that the crossed product
A X, Z is simple follows from a result of Kishimoto, Theorem 3.1. of [17]. Since A

has a unique tracial state the conditions in the above proposition hold.
Let us point out the link between lifting positives and intertwining.

Proposition 2.2.5. Suppose that A is an AF algebra and o, B € Aut(A) such there
exists an isomorphism ¢ : A Xo Z — A X Z implemented by some isomorphism
¥ € Aut(A) (i.e. such that ¢ oi, = igo ). Then one can lift positives in the
situation Ko(ia) @ Ko(A) — Ko(A X4 Z) iff one can lift positives in the situation
Ko(ig) : Ko(A) — Ko(A X5 Z).
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Proof. From the statement, the following diagram commutes

A—i“—>Al><aZ

S
A" AxgZ

and one has the corresponding commutative diagram at level of Ky-groups

KQ(A) M Ko(A Xa Z)
lKo(ﬂl’) Ko(w)l
Ko(ig)

Ko(A) — Ko(AXgZ).
If 0 < z € Ko(AxgZ) then there exists 0 < y € Ko(A X4 Z) such that Ko(p)(y) = =,
because Ko(yp) is an pre-order isomorphism. Let us suppose that one can lift in
the situation Ko(iy) : Ko(A) — Ko(A X, Z). Then, there exists 0 < z € Ky(A)
such that Ky(is)(z) = y. It follows that Ko(¢)(2) € Ko(A)T (since Ko(¢) is an
order isomorphism) and z = Ko(ig)(Ko(¢)(2)) because the second diagram above is
commutative. Therefore one can lift in the second situation. Now replacing ¢ and ¢

by 1~ and ¢!, and arguing in a parallel fashion, the converse follows. O

One link between behavior under extensions and lifting positives is given in the

next proposition. It resembles Lemma 1.5 of [33].

Proposition 2.2.6. Let I, A, B be three unital AF algebras, let v, «, 3 be automor-
phisms on I, A, B respectively and suppose that the following diagram with exact rows

15 commutative

0 ] Y, A_",B 0
el
0 ] Y, A_",B 0.

Suppose that I is simple, that Ko(ip) : Ko(B) — Ko(B xg Z) lifts positives to
positives and that § : K1(B xgZ) — Ko(I X Z) satisfies Im(6) N Ko(I x,Z)* # {0}
(where & is the index map from K-theory), then Ko(ia) : Ko(A) — Ko(A %o Z) lifts

positives to positives.
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Proof. From the universal property of the crossed product, there exist natural mor-
phisms 9 : I X, Z — AXoZ and 7 : A X4 Z — B xgZ given by (cu}) = (c)us,
where ¢ € I, n € Z, 7(au}) = w(a)u}, where a € A, n € Z and ur,us, up are
the canonical unitaries implementing =, «, 8 respectively. These morphisms make the

following short sequence exact

0 — Ix,Z —%» AxoaZ —— BxsZ — 0.

Using the six-term exact sequence in K-theory, the following commutative diagram

has exact rows

Ko(2) Ko(m)
AN —

Ko(I) Ko(A) Ko(B)

KO(iI)l lKO(iA) KO(iB)l

Kol x., Z Ko(A X, Z Ky(B xXg 7).
0(7>m0( )WO(/J)

If £ € Ko(A Xo Z)* then y := Ko(7)(z) € Ko(B xgZ)*. From the hypotheses,
there is a positive element z € Ky(B) such that Ky(ig)(z) = y. Nowlet 0 < ¢ € Ko(A)
be such that Ko(7)(t) = 2. Denoting 2’ := Ky(i4)(t), we get from the commutativity
of the right square that =’ € Ko(A x4 Z)* and Ko(7)(x —2') = 0.

First suppose that - is not inner. It follows that I ., Z is simple by [17]. From the
hypotheses we know there is an m € K;(B xgZ) such that 0 # §(m) € Ko(I x,Z)*,
so §(m) is an order unit. There is an r € Ko(I X, Z) such that Ko(¥)(r) =z — .
Since §(m) is an order unit there is a N € N such that r := r + N§(m) > 0 and
notice that Ko(¢)(r') = z — 2'. Using Prop. 2.1.16 we get that there is " € Ko(I)*
such that Ko(if)(r") = . Hence z — ' = Ky(ia) o Ko(¥)(r") and it follows that
=1 + Ko(ia)(Ko()(r")) = Ko(ia)(t + Ko(¥)(r")) where t + Ko(y)(r") >0, as a
sum of two positive elements.

Now suppose that « is inner. In this situation we know that by Proposition 2.1.6
that Ko(I x., Z) is order isomorphic to Ko(I). As the latter is simple, it follows that
d(m) is an order unit, and the proof continues as in the first case.

O

Remark 2.2.7. Since for all automorphisms o € Aut(A) one has that A X, Z ~

23



A X,-1 Z one obtains that Ko(ia) : Ko(A) — Ko(A X, Z) lifts positives to positives
if and only if Ko(ig-1) : Ko(A) — Ko(A X4-1 Z) lifts positives to positives, where i,

and i,-1 are the usual inclusion maps of A in the crossed product algebras.

We close this section with another approach for lifting positives. We will recall
the original proof (see [24]) of the P-V sequence which involves the (exact sequence
of) Toeplitz algebra associated to the original algebra and the automorphism, and we
shall make a connection with the lifting.

Denote by C*(S) the C*-algebra generated by a non-unitary isometry S, i.e. I =
S*S and §5* # I, where I is the unit element. Pimsner and Voiculescu defined the
Toeplitz algebra for A and a to be the C*-subalgebra of (A X, Z) ® C*(S) generated
by A®I and u® S, and denoted it 7 (A, «). They were able to show that the following

sequence is exact:

0 — AQK —% T(Aa) —— Ax,Z — 0

and that the following diagram is commutative:

A—2LT(A )
N

AX,7Z
here 4 is the inclusion of Ain Ax,Z,d: A — T (A, a) is given by d(a) := a®I, and
K is the C*-algebra of compact operators on the Hilbert space with basis indexed by
{0,1,2,...,}. Using the morphism ¢ : K — C*(S), ¢(e;;) := S*PS¥, P := I - SS*
they constructed the morphism ¢ : AQ K — T(4,a), ¥(a ® e;;) = v'au¥ ®
@(ei;). Of course, (e;5)ij>0 is the system of matrix-units for K. They noticed that
T(A a)/Yp(A®K) ~ A X, Z and 7 is the canonical quotient map. One of the main
parts of their work was to prove that the abelian groups Ko(A) and Ko(7 (A, @)) are

isomorphic (the isomorphism being Ko(d)).

Let us specialize by assuming that A is a unital AF algebra. Before we state
the next theorem, we remark that Ko(d)(Ko(A)") C Ko(7 (4, @)™, because d is a
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*-morphism, and that the following diagram is commutative, because the diagram of

the level of algebras is commutative:

Ko(A) —%Ko(T (4, )

o)

Kg(A X a Z)

Theorem 2.2.8. Let A be a unital AF algebra, and let o € Aut(A). Keeping the
constructions and notation above we get:

(i) If Ko(d) is an order isomorphism, then the map Ko(i) : Ko(A) — Ko(AX4Z)
lifts positives to positives.

(#) If a is approzimately inner and the map Ko(i) : Ko(A) — Ko(A x4 Z) lifts

positives to positives, then Ko(d) is an order isomorphism.

Proof. (i) Let 0 # z € Ko(A Xq Z)t; we have that z := [P]3*% for some n € N
and some projection P € M, (A X, Z). Without loss of generality, we can assume
that n = 1, because M,(A) is still an AF algebra, M, (A X, Z) and M, (A) xz Z
are isomorphic, where @ is the induced automorphism and Ko(A) ~ Ko(M,(A)). By
Lemma 9.7 in [13] (because ¥(A ® K) is an AF ideal of 7 (A, a)), there exists a
projection e € T (A, a) such that w(e) = P. Since Ky(d) is an order isomorphism,
there is 0 < y = [q4 € Ko(A)* such that Ko(d)(y) = [¢]2 ™ for some projection
¢ € Mo(A). Tt follows that Ko(i)(y) = Ko(m) o Ko(d)(y) = Ko(m)(lels ) =
Rl = [P = o

(ii) Let 0 # z € Ko(T(A,a))t. Then y := Ko(r)(z) € Ko(A xqo Z)". By
assumption there is 0 < z in Kp(A) such that Ko(i)(z) = y. Since Ko(d) and Ko(7) are
group isomorphisms (« is approximately inner), we get from the commutative diagram
above that Ko(7) is injective. From Ko(w)(z) = y = Ko(i)(z) = Ko(m) o Ko(d)(z),
we have that z = Ko(d)(2). O
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2.3 Entropy

We study in this section how the entropy of ¢ is related to the entropy of «. Since

AF algebras are exact, we use [3], whence the following definitions are taken.

Definition 2.3.1. Let A be an exact C*-algebra and let m : A — B(H) be a faithful
*.representation of A. Define the finite parts of A, the completely positive approxima-
tions of (7, A) and the completely positive d-rank of w with respect to , respectively:

Pf(A) := {w;w C A is a finite set}.

CPA(m, A) := {(¢,%,B);p: A— B,% : B— B(H) are contractive completely
positive maps and dim(B) < oo}.

rep(m,w,0) = inf{rank(B); (p,%,B) € CPA(r, A) and ||¢ o p(z) — 7(z)|| <
§ for allz € w}, where rank(B) is the the dimension of a mazimal abelian subal-
gebra of B, and w € Pf(A).

The d—rank of w is defined to be co if there is no such an approzximation.
If @ € Aut(A), the topological entropy of « is defined as follows (see [3]):
Definition 2.3.2.

ht(7, a, w, §) := limsup n ™! log(rep(m, w U a(w) U - - - U o™ H(w), §)),

n—oo

ht(7, a,w) := sup ht(m, o, w, J),
>0

ht(m, ) := sup ht(m, o, w) -the topological entropy of .
wePf(A)

It can be proved (see [3]) that ht(m, ) = ht(me,a) for any two faithful *-
representations 7y, my of A; the entropy will be denoted ht(«).

Let us recall here the main result in [3]:

Theorem 2.3.3. If A is a unital C*-algebra and o € Aut(A) then
htA(a) = htANaz(Ad(’u)),
where u s the canonical unitary in A X, Z implementing «.
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Theorem 2.3.4. If A is an unital AF algebra and C is a Stratila- Voiculescu MASA
thereof, ¢ € Aut(C) satisfies O, and a € Auto(A) is the corresponding isomorphism
from Theorem 2.1.1, then hic(y) = hta(c).

Proof. Since a|c = ¢ and the entropy is monotonic (see [3]), htc(¢) < ht4(c). Let us
prove the reverse inequality. Take 7 : A — B(H) to be a faithful *-representation
of A. Then 7|c : C — B(H) is also a faithful *-representation of C. We shall
prove that (A) rep(m,w,d) < rep(n|c,w,d) for every w € Pf(C) and § > 0 . By
definition of entropy, this clearly implies the theorem. Let (¢, v, B) € CPA(7|c, C)
ie, v : C — B, : B — B(H) are contractive completely positive maps and
dim(B) < oo. One knows (see [3]) that

(L) rep(n|c,w,d) =inf{rank(B) : (¢, 9, B) € CPA(r|c,C) and
llv o p(z) — 7wle(x)|| < 6 for all z € w}

where rank(B) is the dimension of a maximal abelian subalgebra of B. Now we have
that (¢ o P,9,B) € CPA(m, A). Indeed, since P : A — C is linear, positive
and C is abelian one knows that P is completely positive (see [34], Corollary 3.5).
Thus ¢ o P is a completely positive map (as a composition of such maps). P is
also a completely contractive map (see Lemma 2.3.5 below). It follows that ¢ o P is
completely contractive (as a composition of such maps).

As P(y) =y forally € C andw C C, it follows that for all z € w, |[¢po(poP)(z)—
m(z)|| = ||t o p(x) — w(z)|| = ||¢ o p(z) — 7|c(z)|| < J, where the last inequality is
valid because of (.L). O

Lemma 2.3.5. P: A — C is completely contractive.

Proof. We already know that ||P|| < 1. Let P, : M,(A) — M, (C) be the induced
map by P. This map is unital (since P(1) = 1) and it is also a 2-positive map (since
P is completely positive). By Proposition 3.2 of [22], we see that P, is contractive.

Since n was chosen arbitrarily we get the conclusion. O

Remark 2.3.6. A easier proof can be given as follows. Since P is completely positive,

it follows that P, is positive, and from P,(1) =1 it follows that P, is contractive.
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Remark 2.3.7. Theorem 2.5.1. is valid for any extension o € Aut(A) of p € Aut(C).

2.4 The chain recurrence set and AF-embeddability

In this section, we show that the chain recurrent set (associated to a homeomorphism
T of a metrizable totaly disconnected compact space X) is the maximal (with respect
with to inclusion) closed, T-invariant subset Y of X such that C(Y) xp, Z is AF
embeddable.

Let us recall (see [5] for example) that for € > 0, an e-chain from z € X to
y € X is a finite sequence of elements xq, z1,...,z, € X satisfying x = zo, 2, = ¥
and for 0 < k < n one has € > d(T(zx), Zk+1). The chain recurrent set, denoted
ch(T), is the set of all z € X such that for every € > 0 there is an e-chain from z to
z. It was noted in [5] that ch(T) is a closed, T-invariant subset of X and moreover
ch(T |chery) = ch(T). Of course one has that ch(T) = ch(T).

M. Pimsner proved (see [4], Theorem 4.7) that C(X) xr Z is AF embeddable if
and only if X = ch(T).

Proposition 2.4.1. Let X be a metrizable totaly disconnected compact space and T
a homeomorphism of it. Then ch(T) is the mazimal (with respect to inclusion) closed,
T-invariant subset Y C X such that C(Y') X, Z is AF embeddable.

Proof. First, C(ch(T)) X1y, ., Z is AF embeddable by Pimsner’s Theorem and the
fact that ch(T|cnr)) = ch(T"). Next suppose that there is a closed, T-invariant subset
Y of X such that C(Y) X7}, Z is AF embeddable and such that ch(T) G Y. From
Pimsner’s Theorem we see that ch(T'|y) =Y. Hence ch(T) & ch(T|y) C ch(T), a

contradiction. The proof is complete. O

If T is minimal then ch(T) = X and the crossed product C(X) xr Z is AF
embeddable by Pimsner’s Theorem. We close this section by exhibiting some other

examples of homeomorphisms for which the crossed product is AF embeddable.

Proposition 2.4.2. Let X be the Cantor set, T,S : X — X be two homeomor-
phisms such that T is minimal, S™ o T =T o S™, for some integer m > 1 and there
is a yo € X such that S™(yo) = yo. Then C(X) xgZ is AF embeddable.
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Proof. Denote by A,, the C*-subalgebra (of C(X) xr Z) generated by C(X) and
uCo(X\{yo}) where u is the canonical unitary implementing the action of Z on C(X)
generated by T. Then Ay, is unital simple AF algebra, c.f. [29]. Let agm : C(X) xp
Z — C(X) xr Z be the natural automorphism induced by S™. Since S™(yo) = yo
it follows that agm(A,) = A,. From the embedding C(X) — A,,, we get the
embedding C(X) xgm Z — Ay, Xagl,, Z. The last algebra is AF embeddable from
the Cor. 4.10 of [4]. So C(X) xgm Z is AF embeddable, and since for an AF algebra
A and o € Aut(A) one has (see Thm. 4.1.2 of [4]) that A X, Z is AF embeddable iff
for every k € Z, A X« Z is AF embeddable iff there is k € Z\{0} such that A x « Z
is AF embeddable, we see that C(X) xg Z is AF embeddable. O
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Chapter 3

Ay AND RELATED CROSSED
PRODUCTS

3.1 Extension

Let X be a zero-dimensional space, let T' be a homeomorphism on X and consider
the crossed product C*-algebra C(X) X, Z (see [23]) (i.e., the C*-algebra generated
by C(X) and an unitary u such that ufu* = foT™! for all f € C(X)). Let Y be
a non-empty closed subset X. Following Putnam [29], Poon (see [26]) denoted by
Ay the C*-subalgebra of C(X) X4, Z generated by C(X) and uCo(X\Y). In the
same paper, he found necessary and sufficient conditions for Ay to be an AF-algebra.
Namely, Ay is AF if and only if for every clopen subset W of X that contains Y one
has that (J,., T"(W) = X.

Denote by D(X,T) the collection of all non empty closed subsets Y of X such
that |,z 7"(W) = X for all clopen subsets W of X that contain Y. Denote by
E(X,T) the set of minimal elements of D(X,T) with respect to inclusion. For a
closed T-invariant subset Y C X, we first observe that one can extend the canonical
automorphism ar of C(X) to Ay. This section contains some results on the ordered
K-theory of crossed products of C(X) and Ay by Z.

Proposition 3.1.1. One has that Ad(u)(Ay) C Ay and Ad(u*)(Ay) C Ay. There-
fore Ad(u)|a, € Aut(Ay) (with inverse Ad(u*)|a, ) and it extends ar; for all f €
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C(X), one has ufu* = ar(f).
Proof. Since Ay is generated by C(X) and uCo(X\Y), it is sufficient to show that
Ad(u)(C(X)) € Ay, Ad(u)(uCo(X\Y)) C Ay, Ad(u*)(C(X)) C Ay

and

Ad(u")(uCo(X\Y)) C Ay.

Since for all f € C(X), we have ufu* = ar(f) € C(X) C Ay and u*fu =
(ar)Y(f) € C(X) C Ay; half of the inclusions are checked. Letting g € Co(X\Y),
one has u(ug)u* = u(ugu*) = uar(g) € uCo(X\Y) C Ay, because for all t € Y,
ar(g)(t) = g(T~(t)) = 0 (since Y is T-invariant, T7!(t) € Y). The same type of

arguments show that the last inclusion is also true. O

Examples of nonempty T-invariant subsets of X can be constructed as follows.
For § # M C X, consider Xy := 22 o Uran TF(M). Since X is compact and § # M,
it follows that X, is a non-empty 7T-invariant closed subset of X.

Let Y be a non-empty T-invariant subsets of X and denote § := Ad(u)|s, €
Aut(Ay). We shall investigate when Ko(C X4, Z) =~ Ko(Ay XgZ). From the Pimsner-
Voiculescu exact sequence ([2] or [24]) the following commutative diagram with exact

rows arises:

Kolic(xy)
—

id—Ko(f) Ko(iay)
> —

0 Ko(ic(X)xapz)
_—

Ko(C(X) ag Z) —2o  Ko(C(X) Kay Z) Ko(C(X) Kap Z) X pats) 2)

where ¢ : Ay «— C(X) Xop Z and 41 : C(X) — Ay are the canonical inclusions, all
the other Ky-maps are obtained in the same way from canonical inclusions, u is the
canonical unitary implementing ar, and S := id — Ko(8). For the next proposition,

recall the definition of topological stable rank [30]. For a unital C*-algebra A the
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topological stable rank of A, tsr(A), is defined to be the smallest integer n such that
m = A", where Lg, is the set of all n-tuples in A™ which generate A as a left
ideal. If there is no such n, then the topological stable rank of A is defined to be
co. If A in not unital, then tsr(A) is defined to be tsr(A) where A is the C*-algebra
obtained from A by adjoining a unit. Thus, the invertible elements of A are dense in

A iff tst(A) = 1.

Theorem 3.1.2. Let § #Y be a T-invariant subset of X such thatY € E(X,T). If
tsr{(C(X) Xap Z) =1, then

a) Ko(C(X) Xop Z) ~ Ko(Ay X5 Z),

b) Ay xgZ is AF embeddable, and therefore C(X) X Z is AF embeddable.

Proof. From the Pimsner-Voiculescu exact sequence, the rows of the diagram above
are exact. From [25], Prop.3.4., K(i) is a bijective map. Thus Ky(i4, ) is one to one
(indeed, if Ko(iay)(y) = 0 for some y € Ko(Ay), then Ko(ic(x)xa,z) © Ko(i)(y) =
Ko(j) o Koliay )(y) = 0; as Ko(ic(x)xa,z) is one to one, y = 0). Since Ko(ia,) is onto
(from the P-V exact sequence and Ay being AF), we obtain:

a) Ko(i) o Ko(iay, )™} : Ko(Ay XgZ) — Ko(C(X) Xaq Z) is an isomorphism;

b) [ is approximately inner since Ko(i4, ) is injective.

Therefore by [4], (Theorem 0.2), Ay xg Z is AF embeddable, and therefore
C(X) Xqp Z is AF embeddable. One also obtains that the map Ky(j) is one to one

(the other three Ky-maps in the right-down commutative square are one to one). O

Theorem 3.1.3. Suppose § # Y is a T-invariant subset of X such that Y €
D(X,T). If C(X) is an S-V MASA in Ay and 3 is approzimately inner, then
Ko(j1) : Ko(C(X) Xap Z) — Ko(Ay Xg Z) is an isomorphism.

Proof. Since C(X) is a MASA in Ay, Ko(i1) is onto, and therefore Ky(j1) is onto
(because Ko(iay) is onto). As (3 is approximately inner, the inverse Kp(ia, ) ! :
Ko(Ay x5 Z) — Ko(Ay) exists. We shall prove that Ko(i) o Ko(ia, ) o Ko(j1) =
idKo(0(X)xapz), and from this relation it follows that Ko(j1) is an injective map.
Indeed, since C(X) is an AF algebra and Ko(ic(x)) is onto, an arbitrary element

g € Ko(C(X) Xap Z) has the form g = [p|3™° — [¢]5™, with p,q € Pw(C(X)).
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Then because C(X) X Z «— Ay X3Z and C(X) — Ay, one has Ko(i) o Ko(ia, ) ' o
Ko(i)([pls™° =[al3™°) = Ko(§)o Ko(iay,) " ([pI0" ~lalo ™) = Ko())([po™ ~[dlo™) =

[pIoTC — [¢]3™C = g. Since Ko(j1) is onto and injective, it is an isomorphism. O

The next proposition deals with conditions under which C(X) is a MASA in
C(X) Xgp Z.

Proposition 3.1.4. If ar has infinite order and for every i € Z* and every proper
ideal I of C(X) one has Im(id—odr) € I, then C(X) is a MASA in C(X) Xa, Z. The
converse also holds; if C(X) is a MASA in C(X) Xop Z and ar has infinite order,
then Im(id — o) € I for every i € Z*.

v _, [, fi € C(X) such that
gA = Ag for all g € C(X), one needs to show that f; = 0 for all ¢ # 0. Using
ufu* = ar(f), one gets that fi(g — o/ (g)) = 0 for every g € C(X) and every 1.

Proof. Given an element of the following form A := >

We shall prove f; = 0, the arguments for the the rest being the same. Suppose
that supp(fi) # 0. Then for every g € C(X), one has g — ar(g)|supp(sn) = 0. Thus
Im(id — ar) C Co(X\Y) = {f : X — C; fcontinuous, flsupp(f)=0}; the latter is a
proper ideal in C(X) (if X = supp(f1) then Co(X\Y) = 0 and one has id = a7, and
then the order of ar < 00, a contradiction). Thus supp(f1) = 0, and it follows that
fi=0 _

Conversely, assume that C(X) is a MASA in C(X) X4, Z and ar has infinite
order. Suppose that for some ¢ € Z* and for some proper ideal I of C(X), one has
Im(id—a%) C I. Setting I = Co(X\Y), Y # X (otherwise the order of r is less than
i) and there exists a g € C(X) and t € X\Y such that g(t) — ad-(g)(t) # 0. Choosing
a function f € C(X) such that f(t) # 0, one sees that fu’ does not commute with g,

yielding a contradiction. (]

Proposition 3.1.5. If tsr(C(X) Xap Z) = 1, then for any T-invariant subsets in
E(X,T), Y, and Ys, one has Ay, ~ Ay,.

Proof. By [25], Theorem 3.4, Ko(iy;) : Ko(Ay,) — Ko(C(X) Xop Z) and Ko(ZYQ) :
Ko(Ay,) — Ko(C(X) Xqp Z) are group isomorphisms. Moreover Ky(iy;) a

12

Ko(iy,) are order isomorphisms. Indeed, from [5] one knows that C(X) /HaT
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Ko(C(X) Xqp Z) (pre-order isomorphism), where H,, is the range of the map id —
Ko(a) : Ko(A) — Ko(A). But then (see the discussion at the beginning of section
2 of Chapter 2) one can lift in the following situation: Ko(ic(x)) : Ko(C(X)) —
Ko(C(X) XapZ), where ic(x) is the canonical inclusion. Since C(X) C Ay, N Ay,, one
obtains that (Ko(C(X) Xap Z))* C Ko(iy;)(Ko(Ay,)") and (Ko(C(X) Kap Z))T C
Ko(iy,)(Ko(Ay,)T). However, it is always true that

Ko(iv,)(Ko(Av)") € (Ko(C(X) Xar Z))*

and
Ko(iv,)(Ko(Ay,) ") € (Ko(C(X) Xap Z)) 7.

Therefore Ko(iy,) and Ky(iy,) are pre-order isomorphisms. Since tsr(C(X) X4, Z) = 1
it follows that C(X) X4, Z is stably finite, thus the cone (Ko(C(X) X o7 Z)

and one gets actually order isomorphisms. Now f : Ky(Ay,) — Ko(Ay,) is an order
isomorphism, where f := Ko(iy,) ™" 0 Ko(iy;) (f sends [14y, Jo to [Lay,]o). By Elliott’s
classification of AF algebras (see [11]), Ay, >~ Ay,.

)t is proper

O

We continue the analysis of the sets E(X,T) and D(X,T) to obtain some infor-
mation about the topological stable rank of certain crossed products. We need the

following lemma.

Lemma 3.1.6. If X is a zero dimensional space and T : X — X is a homeomor-
phism, then:

a) D(X,T)=D(X, T},

b) B(X,T)=E(X,T™),

c) TH(D(X,T)) € D(X,T) for every k € Z,

d) T*(E(X,T)) C E(X,T) for every k € Z.

e) If D(X,T)>Y, CY; and Y is closed then Yy € D(X,T).

Proof. a) If 0 #Y € D(X,T) let W 2 Y be a clopen subset of X. It follows from
26] that U, T°(W) = X. But U,es(T1"(W) = Upeu T W) = Uper T(W) =
X. Therefore by [26], one obtains Y € D(X,T7!), and so D(X,T) C D(X,T1).
Similarly, D(X,T-!) C D(X,T).
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b) Let Y € E(X,T) € D(X,T). By a) one knows that ¥ € D(X,T7%). If
0#Y G Y withY; € D(X,T™!) = D(X,T), then a contradiction results because
Y € E(X,T). Thus Y € E(X,T™!) and therefore E(X,T) C E(X,T™!). The other
inclusion is obtained in the same way.

c) Choose Y € D(X,T); suppose that W is a clopen subset of X such that
W 2 T*(Y). Then T-*(W) is again a clopen subset of X with T=*(W) D Y €
D(X,T). Thus U,z T™(T*(W)) = X, that is, U, T"*(W) = X. It follows that
Uiz T*(W) = X, and therefore T*(Y) € D(X,T).

d) By ¢), TH(E(X,T)) C T*(D(X,T)) € D(X,T). Let Y € E(X,T) and suppose
that § £ Y; G T*(Y) with ¥; € D(X,T). Then (T~* being injective) § # T7*(¥1) &
Y. From c¢), T~* € D(X,T), and a contradiction arises. Thus T*(Y) € E(X, T).

e) If W is an arbitrary clopen subset of X such that W D Y;, then W D Y;.
Since Y1 € D(X,T), we obtain that X = (J,.z T"(W). It now follows that ¥ €
D(X,T). 0

nez

A consequence of Lemma 3.1.6 is the following well-known result that can also be

proven using the structure of the crossed product C*-algebras.

Corollary 3.1.7. Let T : X — X be a homeomorphism of a zero-dimensional space
X. Then tsr(C(X) Xap Z) = 1 if and only if tsr(C(X) Xq,._, Z) = 1.

Proof. If tsr(C(X) Xop Z) = 1 let Y be a T-invariant subset in E(X,T). By [25]
one obtains that for each clopen subset @) of Y there exists a T-invariant subset A of
X such that Q@ = A(NY. By Lemma 3.1.6(b), Y will be also a T~ !-invariant subset
of E(X,T71) and of course the clopen subset @ is also T~ !-invariant(because it is
T-invariant) satisfying @ = A(Y. Thus by the same result [25], Theorem 3.4, one
gets tsr(C(X) Xo,_, Z) = 1. The converse follows from interchanging T’ with 7-'. O

For the next consequence we keep the notations introduced after Proposition 3.1.1.
Proposition 3.1.8. If Y € D(X,T) then Xy € D(X,T).

Proof. Since Y # 0 it follows that Xy (see the example following Proposition 3.1.1)
is nonempty, and we already know that Xy is closed. Setting C, := J,., T*(Y) for
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all n > 0, we notice that C,, is a nonempty closed subset of X such that C, 2 Cp41
for every n > 0. From the definition of Xy we see that Xy = (o, Cn. As in [26], it
is sufficient to show that C, € D(X,T) for every n > 0 (because then it will follow
that Ax, = lim,Ac,, and inductive limits of AF algebras are again AF algebras).
Since for every n > 0 one has that T"*(Y) C C,, it will follow from lemma 3.1.6
¢) and e) that C, € D(X,T) as desired. O

It would be interesting to find the connection between the dimension groups
Ko(Ay) and Ko(Ax, ).

Suppose that Y € D(X,T?). Since D(X,T?) C D(X,T) one can construct from
Y (at least) two AF algebras: AL C Ax,,Z and AT C A, ,Z=A X o2, Z, namely
AL =< C(X),uCo(X\Y) >, A" :=< C(X),vCo(X\Y) > where u, and v are the
canonical unitaries implementing ar, respectively ar2. It will be apparent from the
proposition below that AZ is not generally isomorphic to A?. Instead, we shall obtain
some embeddings. Recall that there is an embedding f : C(X) X2 Z — C(X) KXo, Z
(that is, an injective *-morphism) given by C(X) > f — f € C(X) and v — u?. Also,

we shall use the following well known lemma:

Lemma 3.1.9. Co(X\P)Co(X\P') = Co(X\(PU P")), where (as usual) Co(X\Z)
is the ideal of C(X) consisting of all functions vanishing on the closed subset Z C X.

Proof. If f € Co(X\P)Co(X\P'), then f = f,fo where fi|p = 0 = fo|pr. Thus one
has flp = 0 = f|p, and it follows that f|p ;pr =0, ie, f € Co(X\(PUP)). If
0 < g€ Co(X\(PUP)), then g|p,pr = 0. From glp = 0 = g|p, one gets that
g (and also,/g) € Co(X\P) and g (and also,/g) € Co(X\P'). Since g = \/7,/g €
Co(X\P)Co(X\P") one obtains the other inclusion (taking into account that positive

elements span C*-algebras). O

Proposition 3.1.10. IfY € D(X,T?) and S € D(X,T) are such thatY 2 S|JT71(9),
then there exists an embedding (i.e., an injective *-morphism) g : Ar{,2 — AL. In par-
ticular, if Y € D(X,T?) is T-invariant, then AL is embedded in AT.

Proof. First, we notice that A" and AZ are AF algebras. Define g := f| a2 and
let us prove that indeed Img C AL. From the definition of f one sees that Img C<
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C(X),u?Co(X\Y) >. Now

AT =< O(X),uCs(X\S) >
2 uCo(X\S)uCo(X\S)
= u?(ar) "H(Co(X\S))Co(X\S)
= w20y (X\T1(9))Co(X\S)
= w2Cy(X\(SUT-L(S)))
2 u2Cy(X\Y).

We used lemma 3.1.8 above and Y 2 SUT~1(S) at the last equality. Therefore
Img C AL, O

We now prove a result about the entropies of ar and 3 (for notation and definition
see 2.3.2).

Proposition 3.1.11. If Y is a T-invariant closed subset of X, then hicx)(ar) =
htAY (ﬁ)

Remark 3.1.12. In Proposition 8.1.10, we do not require that Ay be an AF algebra.

Proof. Since C(X) is an AF algebra (and is thus exact) and Z is an amenable locally
compact group, it follows that C(X) X4, Z is an exact C*-algebra. Then Ay is exact
(as a C*-subalgebra of an exact C*-algebra). From monotonicity of entropy in exact
C*-algebras and f|c(x) = ar, Ad(u)|a, = B, it follows that htc(x)(ar) < hta, (B) <
hto(X)xapz(Ad(u)). By the main result in [3] that hto(x)(ar) = hto(x)x.,z(Ad(u)),
the equality in the statement follows. O

3.2 Noncommutative case

Let A be a unital AF algebra, o € Aut(A) and let T(A) denote the set of the
tracial states of A. Since A is unital, T(A) is a non-empty convex compact set.
Denote by §.T(A), the set of extremal tracial states of A, equipped with the weak
topology, which is again a non-empty set. Suppose that §.T(A) is a compact, totally
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disconnected, infinite set, that every quotient of A is finite in the sense of [7], and that
{0} = A N,es.7(a) Ker(r). Examples of such C*-algebras are C(X) ® B where X
is a compact, totally disconnected space and B is a unital AF algebra with a unique
tracial state.

Let § £ I C 6, T(A) be a clopen subset (i.e., open and closed subset) such that

(+x)  8T(A)=|JIoo
1€Z
where for all k € Z, one defines I o o* := {7 0 o¥; 7 € I'}. Since I o o is also clopen,

there exists a positive integer n such that
n
(x) &) =JIod,
i=1

Here we notice for later use that 6.T(A) o o = §.T(A) (if 7 is a pure trace, then so
is 7 o ). Since I C §.T(A), one can define a map A : I — Z% by A(7) := min{k €
{1,...,n};7 € Ioa*}. From (*), one sees that Im(\) is finite, Im(\) = {Jy, ..., Jm}-
For1 <k <mand 1< j < J, define the following sets, Y(k, 7) := A7} (J)oa™. We
can prove a result similar to that in [29] or [26]: the function X is upper semicontinuous
and lower semicontinuous, and therefore continuous.

Indeed, suppose that A(7) = n, where 7 € I. Then 7 € oo™, thus Toa™ € I,
which is open. Thus there is a neighborhood V of 70 o~ such that V C I. Define
C := (Voa™)[)I and observe that C is a neighborhood of 7. For every v € C,
one has that vy € Voa™ C I oa”, and we obtain A(y) < n (since v € I). Thus A
is upper semi-continuous. Since I is also closed, it follows similarly that A is lower
semi-continuous.

The next propositions are the natural extensions of results from [29] (Lemma 3.1)

and [26](Lemma 2.2) to the noncommutative case.
Proposition 3.2.1. i, Y(k,1) =T oo™l

Proof. If x € Y(k,1) for some 1 < k < m then x = roa™!, 7 € A7}(J;) C I, and
x€IToat Ifyeloathen x=r1oa} 7€l Suppose \(7) = Jy, for some
1<ko<m. Then x =70a7t € Y(ko,1) C Ui, Y(k,1) as 7 € A7} (Jx,). O
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Proposition 3.2.2. Y(k,j)oa™ ' =Y (k,j+1) for1 < j < Jj.

Proof. If x € Y(k,j) oa™! then x = ypoa™}, v € Y(k,j), ie. 70 = Tooa™,
Mro) = Ji. Thus x =90V, ro € A7 (), so x € Y(k,j+1). HY(k,7+1) >y,
then x = yoa~ '™ and A(y) = Jx. Thus x = (yooa™¥)oa™ € Y(k, j)oa~! because
Yo € A7H(Jy). O

Proposition 3.2.3. | J,—, Y (k, Ji) = I.

Proof. If Y(k, Ji) = A\™Y(J;) o a7 3 x for some k € {1,...,m} then x = 7 0 a™ %,
7 € A7 (Ji). Thus 7 € Toa’*, 7 = poa’k, 70 € I and it follows that x = 70 € I. Let
I 3 1. Now since 6.T(A) = J_, I o &', on multiplying with or"'™", we obtain that
6.T(A) = Ul_, I oo (because 6,T(A) o = 6,T(A) and (I o aP) o o® = I 0 aP**
for every p,s € Z ) . Let s be the maximum of s € {—~n, —(n —1),...,—1} such that
n € I oa®. Define J := —s > 1. We need to show:

a) J = J, for some p,

b) n €Y(p, Jp). ‘

Let us first check a). Since n € I o o, it follows that n = np o a®, yo € I, thus
noa™® =y € I. We shall prove that A(n o a™®) = J and then J = J, for some
pe{l,...,m}. Sinces=—J,noa*=noa’ € [oa’. If there exists 1 < 57 < J
such that noa™ € Toa® thennoa™ =yoa®™, v €I, n="yoa*", v € I,
that is, n € I o @', A contradiction results from 0 = J + s > s; + s > s and the
maximality of s.

For b) one needs to show that n € Y (p, J,). One has that n = (noa’*)oa~" and
it is sufficient to prove that noa’ € A71(J,), i.e. A(noa’?) = J,, but this is exactly
a). O

Proposition 3.2.4. For 1 <k <m and 1 < j < Ji the sets Y(k,j) are pairwise
disjoint.

Proof. a) I Y (k,j) (Y (k,i) > x forsome 1 < j <i < Jy then x=voa ™ =71o0a™
where A(y) = J, = A(7). Tt follows that T =yoa* 7 € Joa* 7 and 1 <i—j < Ji.

Therefore Ji, = A(7) < J, a contradiction.
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b) Suppose that Y(k, 7)Y (s,i) # 0 for some k < 5,1 < j < Jp, 1 <1 < Js
and let y be in the intersection. Of course j # i because k < s = Jp # J;. One
has that x = Toa™@ = yoa™ where A\(7) = Jy and A(y) = J;. If i < j then
T=v0al " €loa’and 0 < j—i < Jy. Thus Jp = A\(7) < Ji, a contradiction. If
j<itheny=7o0a"7 €loa'7 and 0 <i—j < J,. Therefore J, = A\(7) < Js, &

contradiction. O
Proposition 3.2.5. §.T(A) = |-, Ujil Y (k, 7).

Proof. The inclusion D is always true since Y (k, j) = A"} (Jg) oo™, A71(Ji) € I, and
8. T(A)oa = 6,T(A). If x € 6. T(A), let j be the largest j € {—n,—(n—1),..., -1}
such that x € Joa?. (Recall that 8, T(A) = U 2_, Toa*.) Thus x =i0ad,i € I, ie,
xoa @ =i¢€I. Let A1) =: J for some 1 < k < m. Then x =ioal € \71(J)oad =
Y(k,—j), if 1 < —j < Ji. Suppose —j > Ji, since A(i) = J;, one has i = i ook, for
some i € I. Thus x =i oa’*t € Toa’* and j < Jp + j < 0, contradicting the

maximality of j. 0

Definition 3.2.6. Let J := {a € A|r(a*a) = 0,V7 € I}, and for 1 < k < m, define
Ak, Ji) = {a € A|r(a*a) = 0,V7 € Y(k, Ji)}, where the complement of the subset
Y (k, Ji) is taken with respect to 6. T(A).

Remark 3.2.7. For 1 <k <m, A(k,Jx) and J are ideals of A, and are thus AF.
We shall use the following notation: A(k, Ji) = Iy (x4, and J = I .

Definition 3.2.8. For every 1 <k <m, 1 <14,j < Jy and a € A(k, Ji), define the

element ef; @ a := u"Iod 7k (a) € A, Z.

Our next goal is to prove that efj ®a € (Ajuld) for every 1 < k < m, 1 <
i,7 < Ji, and a € A(k,Ji). If i = j there is nothing to show. Let us assume
for the moment that J, > i > j > 1. Also, we can take a € A(k, Ji) to be pos-
itive. We require the following elementary fact. If n is a positive integer, then
u"z™ = [ua™Y(z)]...[ua(z)][uz]. For n = 1 this is trivial. Suppose that for

some n we have u"z" = [ua" !(z)]...[ua(z)]|[uz]. Then vz = wu"z"z =
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w{[ua™1(z)]... [ua(z)|uz]}r = [ua™(z)]...[ua(z)][uz]; the last equality is valid
since for every y € A, we have uy = a(y)u whithin A x, Z. For 0 < a € A(k, Ji),

e ®a=u"o’(a) = u Tz = uly = [ua' N (y)] ... [ua(y)][uy]

where z := o/ ’%(a) > 0 and 0 < y = */z. We would like to prove that
¥, a(y),..., a7 (y) € I;. If this holds, it will follow that ef; @a € (A4,uJ) for
i > j. This case implies the other one —if t = u* 77~/ (a) for i < j and a € A(k, Ji)
then t* = o/~ (a*)w/™* = uw/"iad kIt (a*) = w/ '~/ (a*), and one is reduced to
the first case because a* € A(k, Ji).

Let us show that y € I;. We have that y € a/=(A(k, Ji)) = o/ Tk (Iy,z)c) =
Iy (k, 50)c0a’x=3- It is sufficient to prove that Iy j,yeoqss-i © Ir, or in other words,
that Y(k, Jy)¢ o a/*4 D I =J7_, Y (2, J.). Thus, again, it is sufficient to show that
Y(k,Ji)® 2 I oa’~’. As a general idea why this should be true we observe that
j — Ji is negative and the exponent of o in 3.2.1 is again negative, so we can use that
equation.

If j — Jy = —1 then -, Y(2,1) = T o ™! (by Proposition 3.2.1 in this section).
Of course, Y (k, Ji)* 2 U, Y (z,1) from Proposition 3.2.4 and Ji # 1(indeed, J; >
j=>1).

If j—Jy = =2 then Toa™? = {{JI_,Y(2,1)} o a™'. If for some z, one has
J. =1 (thus z = 1) then {JI_,Y(z,1)} oo™ = Y(1,1) 0 a ' Y(UL,Y (2,2)) (if
J, # 1 forall z € {1,...,m} there will be no problems, as will follow). Since Jj # 2
(as Jp = 2+ 7 > 2) it follows that Y(k,Ji) Y (2,2) = 0 forall 2 < z < m. It
remains to show that Y (1,1) o a 'Y (k,Ji) = 0. Suppose to the contrary that
re€Y(,1)oa!NY(k,Ji). Thenz = (yoa t)oa™! = 7o0a 'k where A(y) =1
and A(7) = Ji. Then 7 = yoa* 2 € Toa’* 2, Since 1 < j = Jy — 2 < Ji, it follows
that J, = A\(T) < Jp —2, a contradiction. Thus also in this case, Y (k, Jg)° 2 Toa?™ .

If j — Jp = —3 we need to show that Y(k,Jy)* 2 Toa3 = {J,Y(2,1)} o2
If for some z, J, = 1, and for some ¢, J; = 2, then Joa 3 =Y (1,1)oa2JY(2,1) 0
a2 J Y (z,3)(if J, # 1,2 for all z € {1,...,m} there will be no problem as can
be seen). As J; # 3 (since J, = j + 3 > 3), one has that Y (k, Jx) Y (2,3) = 0
for all 3 < 2z < m. It remains to show that Y (1,1) o o 2(NY(k, Ji)) = 0 and
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Y(2,1) 0 XY (k, Ji)) = 0.

a) Suppose to the contrary that there is an z € Y(1,1) o a2 Y (k, Ji). Then
= (yoa ) oa"?=70a "’ where A(y) =1 and A(1) = J;. Then 7 =yoa'*=3 ¢
Toa?#3, Since 1 < j = J,—3 < J;, we conclude that J, = A\(7) < Ji, a contradiction.

b) Ifx € Y(2,1) 0ca?(Y(k,Ji) then 2 = (yoa ') oa? = 7 0o a™ 7, where
Ay) = 2 and A(T) = J. It follows that 7 = 7 o a’*~3 and as above a contradiction
results.

We shall not deal with the rest of the cases, but remark that the same arguments
apply, since we are dealing only with negative exponents of o, ie.,, 1 — Jp < j —
Ji < —1. Similarly, we also see that a(y),...,a"771(y) € I again because of the
negative exponents of . Indeed, the last statement is equivalent to Y (k, Ji)¢ 2
Toodt =  Y(k, J.,)° D Ioca* 1%, and one can apply the same arguments as
above since j — Jy < 1+j—Jpy <.-- <i—1—J; <0. Thus we have shown the

following

Proposition 3.2.9. For every 1 <k <m, 1 <4,j < Jy and a € A(k, Ji), one has
that ef, ® a €< A,ud > .

One can check that {ef, ® af; : 1 <k < m,1 < 4,5 < Jpand of; € A(k, Ji)}
generates a C*-subalgebra B of < A, uJ > isomorphic to @, ; My, (A(k, Ji)). Define
themap T : B — @y, My, (Ak, Ji)) =~ @D, My, (C)RQA(, Ji,) by T(ef ®af;) =
E{}@afj, where {EF};; is the matrix unit system for M, (C), and ® is the usual
tensor product. Obviously T is a linear, onto and injective map (if EZ@afJ = 0 then
afj = 0 and thus efj

(using uau* = a(a)) show that T is a *-isomorphism :

Qaf; = u i~ (af;) = 0). The following chains of equalities

(T ad(eh)) = (B5 Q)" = (B @ (ab)* = BEQ(ab)
and

T((w 0~ (ah))") = T(@ (@)W )") = T(ed~(a) ™)

ij ij

= T( ™o (ai~ % ((ak)")) = T(u o ((ak)")) = B (a)"

iJ ij ij
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What we would like to show now is that: B =< A, uJ >. Thus we need to show
that A C B and uJ C B.

Here we impose a new condition on A. It is well known [7] that the natural map
T Ase — AfE(T(A)) given by a(7) = 7(a) for all 7 € T'(A) is surjective. Suppose
that the natural map lifts positive functions in Aff(T'(A)) to positive elements in
A. Examples of such AF algebras include C(X) and C(X, D), where X is a zero
dimensional space and D is a unital AF algebra with unique tracial state (4.1.12).
See Chapter 4 for other examples.

If A is a simple AF-algebra, J =0 (J = A is impossible), thus B =< A, uJ >=<
A >, which is an AF-algebra. Therefore we shall also suppose that A is a non-simple
AF-algebra.

The notation from the following lemma will be used in the sequel.
Lemma 3.2.10. A= Z(k,j)eﬂ Iy (i jye, where Q= {(k,7);1 <k <m,1 <j < Ji}.

Proof. We have already obtained the following partition of d.(T(A))

6(T(A) = U Y&.)
(k,g)es2

For arbitrary (k,j) € €, let g : 6e(T(A)) — {0,1} be the characteristic func-
tion of Yk ;. From the corollary 11.15 of [15] (since is 0.(T(A)) compact and g ;)
is continuous), one can find f ;) € Aff(T(A)) such that fu;ls.ra) = 9, ) and
|| fell = ll9@k,y|l = 1. Since g(,j) > 0, one can choose fr ;) > 0. Let 0 < apy) € A
be such that f ;) = Gk.,. Since fix ;) # 0, we have that ag ;) # 0. Also we obtain
that au ;) € Iy, ) because i) 0 < a ;) and ii) for every v € Y'(k, 5)°, we have 0 =
965 (7) = fp (1) = 8 (7) = Va,)- It follows from Logs,r(ay) = Xk jpeq Iks)
that 1 = > (kj)eq Akg) in AFF(T(A)). '

Suppose to the contrary that A # S = 37 .o Iy(kje Then A/S is a unital
AF algebra and it has at least one tracial state, let us say that R: A/S — C is an
extremal tracial state of A/S. Then Rom : A — C is an extremal tracial state of A,
where 7 : A — A/S is the canonical quotient map. It follows that for all (k, ) € Q
one has Rom(agy) =0, i.e. g (Rom)=0. Plugging Rorin 1= Z(k:)e-;l(k’j)
we get that 1 = 0, a contradiction. Hence A = S.
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Lemma 3.2.11. J = 37 scor Iy ke, where Q= {(k,j);1<k<ml1<j
J, — 1}

IA

Proof. From I = -, Y (k, Ji) C Y(k,5)¢ for all (k,7) € ', it follows that J =
It = Iyr vk 2 Iy for all (k,5) € Q. Thus J 2 Z(k,j)eﬂ' Iy (k,jye. To
prove the reverse inclusion, consider z € (Iyr, v, 5))T. From the lemma above,
T = Z(k,j)eﬂ T(k,j), where 0 < z( ;) € Iy ). It follows that z = Z(k,j)egf T(kj) +
T,p) + 0+ T(m,J,). We shall prove that z(1,5,) = -+ = T(m,s,,) = 0, and the
assertion will follow. Since z(,j,) € Iya,n)e we have that y(z(,s)) = 0 for all
v € Y(L,Ji)°. For all § € Y(1,J1) we have 0 = 6(3_;, jyeq' Z(ha)) +0(z,m)) +--- +
8(&(m,1,,)) = 0. We get that 6(zqn,s)) = 0 for all 6 € Y(1,J;). We obtain that
T1,5) € A+ (WNres.rea) Ker(r)} = 0. The same argument applies to get z(2,p) =
= T(m,J) = 0. O]

Lemma 3.2.12. For every 1 <k <m and 1 <i < Ji, o' % (A(k, Ji)) = A(k,i) and

A(k,i) = Oéi_Jk(a(k,Jk))-

Proof. Let us start by showing that of~/*(A(k, Ji)) = A(k,4). Choose z € A(k, Ji);
we need to show that o'~Jk(z) € A(k,i) = {a € A;7(a*a) = 0, for every 7 €
Y(k,4)°}. Thus if v € Y(k,i)°} is arbitrary, we need to show that y(a*~7*(z*z)) =
voai~J*(z*z)) = 0, and it is sufficient now to prove that Y (k,4)¢ o o'~7 C Y (k, Ji)°,
since v € Y(k,4)°. Let us prove the contrapositive {Y (k,i)° o a*=7k}¢ D Y (k, Jp).
Taking 7 € Y (k, Ji), we can write 7 = 79 o a7, with A(ry) = Ji. Suppose to the
contrary that 7 € Y (k,i)°o o'~7. Then 7 = p o o' for some p € Y(k,i)°. We
obtain that 7o ™% = po o'’k i.e. 79 = poof. Suppose that u € Y(s,t) for some
1<s<mand1<t< J;such that t #4 or s # k.

) If pu € Y(s,t) with ¢t # 4 then p = po o @™, where A(g) = s. We obtain
To = po oot If i > ¢, then Y(k,i) D 700 a™ = pgoa™t € Y(s,t), a contradiction
from Proposition 3.2.4, since ¢ # 4. If i < t then Y(k,1) 3 ooa™! = ygpoai "l €
Y (s,t — i+ 1), a contradiction by Proposition 3.2.4, since 1 # ¢t —¢+ 1and 1 <
t—i+1< J,—i+1< J,
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ii) If u € Y(s,t), t =1, but s # k, then 79 = poa’ = ypoa " oa* = pg. It follows
that 70 = po, thus Ji = A(79) = AMwo) = Js, a contradiction (again from Proposition
3.2.4) since s # k. Therefore we have shown o7 (A(k, Ji)) C A(k, ).

Let us prove the reverse inclusion A(k,4) C o' 7*(A(k, Ji)). For z € A(k,i) =
{a € A;7(a*a) = 0 for every 7 € Y (k,4)°}, we need to show that z € o'~ (A(k, Ji)).
Since z = o~k (a’*¥(z)), it is sufficient to show that o’*~i(z) € A(k,Ji). Let
v € Y (k,Ji)¢ be arbitrary; we need to show that y(a’s—¢(z*)a’*i(z)) = 0, i,
yoalki(z*z) = 0. Since = € A(k,1), it is sufficient to prove that yoa’ ¢ € Y (k, )°.
Let us prove that Y (k, J;)¢ o o/~ C Y (k,1)°.

For 7 € Y(k,i) one has that 7 = 79 0o o™, where A(19) = Jk. Supposing to the
contrary that 7 € Y (k, J)® o a’*~%, one can write 7 = p o a’* ¢, where u € Y (k, Ji)°.

Je—i

It follows that 790 o™ = poa’* ™% ie., 7o = po a’*. Let us say that u € Y(s,t) for
some 1 <s<mand1<t<J, withs#kort#J.

i) The case t # Ji splits into two subcases:

a) If t < Ji, since p € Y(s,t), one gets that u = pp o a™?, with A(po) = Js. Thus
To = pio 0 % implies that Y(k, Jy + 1 —t) D ooa " = poal €Y(s,1), a
contradiction (see Proposition 3.2.4) since Jy +1 —t# land 1 < Jpy +1—1 < J;.

b) If t > Ji then Y(k,Jy) D ooa ™ = pgoa™ € Y(s,t), a contradiction (see
Proposition 3.2.4) since 1 <t < J,.

ii) If t = J but s # k, one has that 7o = ug. It follows that J; = A(70) = A(wo) =
Js, a contradiction since s # k.

Before starting to show the last equalities in the statement we remark that the
condition A* N;es5,7(4) Ker(7) = {0} implies that the collection of elements aw,j €
Iy k), (K, 7) € €, is a set of orthogonal projections summing to 1 (these projections
come from A =3, o0 Iy(k)e)-

To prove the second set of equalities, we start by eliminating the trivial case—
when Jj, = i—thus we shall suppose that 1 < ¢ < Ji. Set & 1= ag) — ot~k (@, 0))-
Then z = lz = (ZiL, Sk an)r = oy — (Tiy ik agen) o (age,0)) =
(k) —a(k,i)ai“J’“ (a(k,s,)) because a ;) (for (k, j) € Q) are mutually orthogonal. Thus
& (aw,sy) = awna " (aw, ). Observe that ags = awyl = awye’ 7*(1) =

. m g Jor i
a’(k,i)az—Jk (Zk/.:l Zi’kzl a’(k/,i')) = Q(k,i) ZZ’L:I Zi’l;l a T (a’(k/,i')) = Ok, T (a(kajk))
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because ap; € A(k,i) = o 7% (A(k, Ji)) and the projections akj) (k,j) € Q)
are mutually orthogonal. It follows from oi~’*(a Ak, Jp)) = O(k,i)0* (a(k, 7)) and

ki) = Q0@ (ag,s,)) that agsy = o' (ag 1))-
n

From the lemmas above, we can write 1 = Y7, "% a ;) for some ag ) € Iy e
Thus for every a € A, one has a = Zk Sk ey = 7 SOk ad M ag 5y) =
S Sk ok (ak), where o := of*i(a a)a,g,) € A. It follows that for every a € A,
one has a = S S, ”®a € B.

Nowletz € J =3 o Iy (x,j)e; Weshow that ur € B. Writex = 37, o T(k,5),
where Z(k,5) € Iy kj)e = af =k (IY(k,Jk)c). Thus

UL = U Z al=7 *(bik, )
(k.g)es
for some b, s,) € Iy (x,7,)-- We obtain
> W b p) = D e Q)b € B
(kj)eq (k,j)eQ’

since bk, j,) € Iy(x,,)c- Therefore one has
Proposition 3.2.13. (A4, uJ) is an AF algebra.

The next step is to compute Ko((A,uJ)).

The K-theory of A(k, Ji) determines the K-theory of (A, uJ). We do the general
case here. If § # F C T(A) define Ir := {a € A;7(a*a) = O0forallT € F}. To
compute the Ky-theory of Ir, we recall the following short exact sequence
20, Ko(A) = Ko(A/Ir) — 0
where i : Ip < A is the canonical inclusion and 7 : A — A/Ip is the canonical quo-
tient map. We shall identify Ko(/r) with its image in Ko(A), namely Ko(i)(Ko(Ir)) C
Ko(A). Our first task is to show that (Ko(7)(Ko(Ir)))" € (N,cp(KerKo(7))"), where
(KerKo(m))* := Ko(A)T [ KerKo(7).

Since the positive cone of an AF algebra is generated by its scale, it is sufficient
to show that Ko(7)([p]§') = O for every p € P(Ir). One has that Ko(7)([p]¢') =

0 —— Ko(Ip)
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7(p) = 0 since 7 € F and p € Ir. Thus one obtains that Ky(i)(Ko(A4)) C<
N,cp(KerKo(7))* >, the order ideal generated by (), .p(KerKo(7))*. Let us prove
that (Ko(2)(Ko(Ip)))t 2< Nyer(KerKo(r))t >. If z € (), cp(KerKo(7))™, then
z = [p]§ for some projection p € B,(A) and some n € N. Since Ko(A)* is gener-
ated by its scale, one can assume that [p]§ = [p1]d + - + [px]i for some projections

p1,- ..,k € A. Therefore 0 = 7([p]d}) = 7(p1) +- - - + 7(px), for every 7 € F, and thus

7(p1) = -+ =7(px) = 0 for every 7 € F. It follows that py,...,ps € Ir and from
- 1A
y4I 0 ... 0
0 P2 ... 0
plo=11. " . .
i 0 0 ... Pk 1o

it follows that [p)st € Ko(i)(Ko(IF)).

Therefore we have shown
Proposition 3.2.14. If § # F C T(A), then Ko(Ir) =~ < (\,cp(KerKo())t >.

Remark 3.2.15. Proposition 3.2.14 extends the commutative case, i.e., when F' C
8.T(C(X)), the isomorphism is valid if F' is either O or T(A).

Using Proposition 3.2.14 (and the fact that B =< A, uJ >)), one has

Proposition 3.2.16. If I is a non-empty clopen subset of 6.(T(A)) then Ko({A,uJ))
is order isomorphic to @Gy, where for allk € {1,...,m},

G =< mTGY(th)CKCTK()(T)-l_ > .
Proof. We have that Ko(< A,uJ >) = Ko(B) ~ Ko(®7, My (Ak, Jk)))
~ @il Ko(My, (Alk, Ji))) = & Ko(A(k, Ji))) = &1 Gr-

O

The next remark shall be used in section 3 of this chapter; it is parallel to [29].
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Remark 3.2.17. If § # I is a clopen subset of 6.(T(A)) and P is a partition of
3e(T'(A)) we shall define a C*-subalgebra of A X, Z and prove that it is finite di-
mensional. By C(P), we mean the following C*-subalgebra: for any X € P con-
sider the characteristic function xx : 0.(T(A)) — {0,1}; take its positive affine
extension to T(A) and lift it to a positive element ax € A. From the condition
AT N {Nres rayKer(T)} = {0}, it is easy to see that ax is a projection. Define
C(P) := (ax,X € P). Of course ase is defined to be the projection Y -, 2;722 (ki) -
Indeed, using the properties (Lemma 3.2.12) of the orthogonal projections a;, 1 <
k<m, 1<i< Ji, one can prove as in [29] that {ef; ® ax 1.} is a system of matriz
units and that (C(P), uare) is included in the finite dimensional C*-algebra generated
by all €f; ® agy,. So, the C*-algebra (C(P),uar) is itself finite dimensional. Also
note that (C(P),uar) C (A,uJ), where J is defined in 3.2.6.

We begin now to carry out the construction of AF algebras for closed subsets
I C 6.(T(A)). We require some preparation similar to that in [26].

If 0 # P is a nonzero a-invariant ideal of A, there is a canonical *-morphism
7 AXyZ — (A/P) x5 7Z, where & : A/P — A/P is given by a([z]) := [a(z)] for
all [z] = A/P. Denote by u and @ the corresponding canonical unitaries implementing
a, respectively @ (i.e. uau* = afa) for all a € A and tya* = a(y) for all y € A/P).
What we mean by ‘x is the positive element of A obtained from the characteristic
function xy’ is explained now, and it will be used in the sequel. For any clopen
subset V' C §.(T(A)), let xv : 6.(T(A)) — {0,1} be the characteristic function of
V. Then xy extends to an affine, real, positive function on T'(A), call it f, and
the latter has the form & for some 0 < z € A, where " is the natural map. We
observe that Oé/(;)l(;e(T(A)) = XVoa-1. f T € Voa™, then 7 = voa™! for some
v € V, and thus oz/(;)(T) = 7(afz)) = Toa(z) = voaloa(r) We obtain
a(2)(r) = v(z) = #(v) = xv(v) = L

—

a(z)(r) = 0.

Similarly, if 7 does not belong to V o a™1, then

Lemma 3.2.18. Let D be a C*-subalgebra of A X, Z containing A. Suppose ux € D
for the element x constructed from the characteristic function xve, V a clopen subset
of 6.(T'(A)), such that §.(T(A)) # U,z V 0 a”. Then D is not AF.
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Proof. Denote W := §.(T(A))\(U,nez Voa™). Then W # 0 and consider the following
ideal Iy := {a € A;7(a*a) = 0forall7 € W} C A. We prove first that Iyy # 0
and Iy is « -invariant. To see that Iy # 0, notice that Iy O Ip where O =
0e(T(A)\V 2 0e(T(A)\ Upnez V 0 & = W and O is clopen; also o # (0) (just
consider the positive element 0 # b € A obtained from the characteristic function
Xoe; then b € Ip), and a(ly) = Iyea-1 = Iw.

From 6.(T(A))\V 2 W it will follow that m(uc) = 4, where @ is the canonical
unitary in A/Iw X5Z, c is the element of A obtained from the characteristic function
Xoora\w and m 1 A xo Z — A/Iw X5 Z is the canonical map. Indeed, m(uc) =
am(c) =ul =@ (we have 1 > ¢ > 0, thus 1 — ¢ > 0; from 1/\-—c!W = 0 we obtain that
1-—cely,son(l—c)=0).

Thus the map 7 : D — A/Iw x4 Z is onto. Hence, the following quotient

D/Ker(w) ~ A/Iw X5 Z
is not AF because A/Iw is a unital AF algebra. Hence D is not AF. O

In order to obtain that (A, ul;) is an AF algebra for closed I, we need to impose

another condition on A: any nonzero quotient of A is finite in the sense of Cuntz-
Pedersen [7], i.e., {0} = AT N{D oo, 2ok — xizn; z, € A}

Theorem 3.2.19. Suppose that any nonzero quotient of A is finite in the sense of
Cuntz-Pedersen and let I be a nonempty closed subset of 0.(T(A)). Then (A, ulr)
is an AF algebra if and only 6.(T(A)) = U,ez W 0 o™ for every clopen subset W C
0.(T'(A)) containing I.

Proof. To prove necessity, suppose to the contrary that there is a clopen subset
0.(T(A)) 2 W 2 I such that §.(T(A)) # U,z Woa™ If z € Ais the element
obtained from the characteristic function Xs,(r)y\w, then ur € uly C ul; C<
A,ulr >. Using the lemma above we get that (A, ul) is not AF.

To prove the other implication, suppose that [ is a closed subset of 8.(7(A))
such that for every clopen subset W C 6.(T'(A)) containing I, one has §.(T(A)) =
Unez W o o™, There exists a decreasing sequence of clopen subsets I; 2 I 2 ... of

8.(T(A)) such that (o, I, = I. This yields an increasing sequence of C*-algebras
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(A,ulr) C (A,ulr,) C ... such that the closure of | J 7 (A, ul},) equals the C*-
algebra (A, ul;). For this see Remark 3.2.20.

Since (A, ulr)) is an AF algebra for all n > 1, it follows that (A,ul;) is an AF
algebra. O

Remark 3.2.20. Here we show that Iy =\J I, . Since I C I, for everyn > 1 we get
that It 2 Iy, for everym > 1, thus I 2 JI,.

Let 0 # z € (I)* \ UIL,. Let e > 0 be given. Since Z|; = 0 and §,(T(A)) is
totaly disconnected, there exist (after using the lifting hypotheses) elements a,, €
(I1,, )sar- -, € (I, )sa Such that ||Z — S L a@ml|l < €/4. Hence in A/Ay, the
following inequality holds: ||[z — Y~ , an]l| < €/4. Set a:= 3%  a,, € J:=UIL,;
then there exists ¢ € Ag such that ||z —a —¢|| < €/4. It follows that ||[z] — []|| < ¢/4
in A/J. Since [c] € (A/J)o and the latter is a closed subspace in A/J ([7]), 0 # [z] €
(A/J)o N (A/J)*, a contradiction, since we have supposed that any quotient of A is
finite in the sense of Cuntz and Pedersen. Therefore I; C J, and we have proved the
equality of the two ideals of A.

Observe that in general A/I; is a finite C*-algebra in the sense of [7] for any
nonempty I C T(A). Suppose to the contrary that A/I; is not finite. Then by
Theorem 3.8 in [7], there is z € AT such that 7(z) = 0 for all finite traces on A
that vanish on Iy but z is not in I}". Soxz el Fi, where by Fx we understand the
closed face of all traces that vanish on an ideal K of A. Since I C F}, we get that
Ir 2 1Ip, >3 hencez € AY NI = It a contradiction.

Denote by D(A, ) the set of all closed subsets I C §.(T(A)) such that for every
clopen subset W C §.(T'(A)) containing I, one has 6.(T'(A)) = U,z W o o™

Remark 3.2.21. In analogy with the commutative case, an automorphism o €
Aut(A) is minimal if the only a-invariant ideals of A are (0) and A. If a € Aut(A) is
minimal then we shall prove that condition (*) holds (see the beginning of section 3.2)
if 0(T(A)) is totally disconnected and the natural map,”: A — Af fT(A), lifts pos-
itives to positives. Set P := I ), 1oai = {x € A;T(z*z) = 0 for all 7 € U;cz I 0 &'}
Then P is an a-invariant ideal of A and P # A. We obtain that P = (0); suppose to
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the contrary that condition (*) does not hold. Just use the second part of the following

paragraph to obtain a nonzero element in P, a contradiction.

The analogy above is natural in the following sense. If A is a unital AF C*-
algebra and 0.(T'(A)) is compact, then the automorphism o of A gives rise to a
homeomorphism da : 6.(T(A)) — 6.(T(A)) defined by the formula da(r) :== 70 ¢,
for every 7 € 6.(T(A)). Let us verify that minimality of da implies minimality of
«. Suppose to the contrary that « is not minimal, thus there is a proper ideal
of A such that a(I) = I. The closed face F := {7 € T(A);7|; = 0} of T(A) is
nonempty because A/I is AF, so it admits at least one tracial state. Hence 6.(F') =
FNé.(T(A)) is a nonempty closed subset of §.(T'(A)) (and different from &.(T(A))
since a tracial state evaluated in 1 is never 0). The minimality of d« is contradicted
because da(0.(F)) = 6.(F). Indeed, if 7 € §.(F) then da(r) = 7o a € 6.(T(A)) and
moreover for each i € I one has Toa(i) = 7(i') for some i € I, therefore (o)l =0
since 7|; = 0.

In the case that the boundary 6.(T(A)) is totally disconnected and the natural
map lifts positives to positives, one can prove the converse as follows. Suppose by
absurdum that there is a nonempty closed subset V' & 6.(T'(A)) such that o (V) = V.
The ideal Iy := {z € A;7(z*z) = 0 for all 7 € V'} is different from A. There exist
clopen subsets (I,,)nen in 8.(T(A)) such that V = Nyenl, and I, D 1,41 for every
n € N. Hence Iy D I; # 0 because the natural map lifts positives to positives. Now it
easy to see (using da(V) = V) that the proper ideal Iy is a-invariant, a contradiction.

Let us discuss here the simplicity of the crossed product algebras involved here.
As in [1], one says that the action is topologically free if for any zi,..., 2, € Z\{0}
one has that N {z € A; 2z # x} is dense in the spectrum of A, A.

Proposition 3.2.22. Let A be a unital AF algebra with totally disconnected boundary
space 0.(T(A)), {0} = AT N {Nres.(reay) Ker(T)} and such that the natural map lifts
positives to positives. If a € Aut(A) is minimal and topologically free, then A X, Z is

simple.

Proof. We shall follow the proof of the commutative case (see [8]). If I is a nonzero

ideal of the crossed product, let a € I be a nonzero positive element. Letting E :
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Ax4Z — Abe the canonical faithful expectation, it follows that 0 # z := E(a) > 0
and that = € I (see Lemma 3.2.23 below). Since z > 0, Zs,(r(4)) = 0. Then Z > 0 on
a nonempty open subset O of §.(T(A)) since {0} = AT N {Nres,(r(ayKer(T)}. Since
da : 6(T(A)) — 8.(T'(A)) is minimal (see the Remark above 3.2.21), 6.(T(A)) is
covered by (6a)?(0), {1 < j < n} for some n € N.

Define 0 < z,, := 37 waru = 2 im0 of(x) e I. ThenZ, > 0 and z,, € I N A.
The ideal generated in A by x,, is A (if not, let J be the ideal generated by z,, and
notice that A/J is unital and AF, thus has at least one tracial state— just compose
it with the canonical map 7 : A — A/J and obtain a tracial state on A that kills
Tn, & contradiction). Thus A C ANI C A, and it follows that A= ANI,so AC I
Since 1 € A is invertible, it follows that I = A x, Z. O

Lemma 3.2.23. If « is topologically free, then for each nonzero ideal I of the crossed
product algebra A X, Z, one has that E(I) C I N A, where E is the canonical faithful

expectation.

Proof. If IN A = 0 then by Theorem 1 in [1], we get that I C 0 = I, (Z is amenable),
a contradiction with I # 0.

So INA # 0. Suppose by absurdum that there is a nonzero positive element a € I
such that E(a) is not in AN I. Thus E(a) is different than 0. Then the rest of the
proof of Theorem 1 in [1] works and we get ||E(a)|| < ||E(a)]|, a contradiction. O

We generalize the work of Poon [25] concerning stable rank for some crossed
products. If P is a nonzero a-invariant ideal of A, one can construct the crossed
product P X4, Z, where a|p : P — P is the restriction map. There is an exact

sequence associated to P,

f 0 —— PXypZ — AxaZ —Z A/PxgZ — 0

olp

where & : A/P — A/ P is the canonical automorphism given by a([z]) := [a(x)] for
all [x] € A/P, and i and 7 are the canonical morphisms. The following lemma was

proved in [28]
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Lemma 3.2.24. Let

0 — ] — A" B —0

be an exact sequence of C*-algebras. Then tsr(A) = 1 if and only if tsr(B) = tsr(l)
=1 and Ky (r) : K1(A) — K;(B) is onto.

We get the following by applying this lemma to the exact sequence (7).

Proposition 3.2.25. Let P be a nonzero a-invariant ideal of A. Then tsr(A X, Z)
= 1 if and only if tsr(P X4, Z) = tsr((A/P)XsZ) = 1 and Ky(7) : K1(AXoZ) —
K ((A/P) X5 Z) is onto.

Let I be an o-invariant subset of D(A,a). Let P := I} = {z € A;7(z*z) =
0 for all 7 € I'}. Then P is an a-invariant ideal of A.

Proposition 3.2.26. Let I be an a-invariant subset of D(A, o) and let m : AXoZ —
A/P x5 Z be defined as in (). The following are equivalent:

1) tsr(AX,Z) = 1.

2) tsr(A/P g Z) = 1 and Ky(7) : K1(A xo Z) — K 1(A/P x4 Z) is onto.

Proof. Since P is o-invariant we get that P ., Z is an ideal of the AF algebra
(A,uP), thus tsr(P x4, Z) = 1. O

3.3 AT algebras

In this section we prove Theorem 3.3.17 about the structure of the crossed product
algebra obtained from certain action on AF algebras, generalizing the approximation
in [28]. The conditions on « in this theorem assure us that the crossed product algebra
is simple.

In [1] it was proved that if the action is Z-simple (i.e., no nontrivial ™ invariant
ideals, for any n # 0) and is topologically free (i.e., for any zi,..., 2, € Z\{0},
N {z € A;zz # z} is dense in the spectrum of A, A), then A x, Z is simple.
Hence we can substitute the condition on the Connes spectrum by the condition that

the action is topologically free.
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Let § # I C 6,(T(A)) be a clopen subset and P be a partition of §.(T(A)).
We shall define a C*-subalgebra of the crossed product as follows. Set A; =<
C(P),uare >. For X € P let xx : 8.(T'(A)) — {0, 1} be the characteristic function
(it is continuous and positive). Take its positive affine continuous extension fx to
T(A) and lift it back in A to a positive element 0 # ax, i.e. ax = fx. Define
C(P) =<ax; X € P>C A.

In constructing the rest of A;, we shall use the minimality of a. Set J :=(J;cz L0
a' C 6,(T(A)), where [ oot := {roat;7 € I}. Put P:=1I; = {z € A;7(z*z) =
0, for all 7 € J} and note that P is an ideal of A different from A. Observe that P is
a-invariant. Indeed, if € P, we must show that a(x) € P. Takey € J, soy = Toa’
for some i € Z and 7 € I. Then y(a(z)*a(z)) = 7o a(z*z) = 7 0 o't (z*z) = 0 since
Toatt g J.

Since P is a-invariant, from minimality, P = 0. Suppose that J # 6.(T'(A4)). We
shall find a contradiction. Since I is open, we get that I o o is open for all i € Z,
thus J is open, i.e., J¢ is closed and different from 6.(7T(A)). If J° were not the
empty set, it would follow that J¢ is a proper da invariant closed subset of 6.(T(A)),
a contradiction by the discussion after Remark 3.2.21.

There exists a positive integer n such that (*)
n
6T (A) = U Iod
i=1

Here we notice that 0,7(A) o a = 6.T(A) for later use (if 7 is a pure trace so is
7 o). Since I C 8. T(A), one can define a map A : I — Z% by A(7) := min{k €
{1,...,n};7 € Ioa*}. From (*), one sees that Im(}) is finite, Im(\) = {J1, ..., Jm}
For 1 <k <mand 1< j< Ji, define the following sets, Y(k,7) := A"1(J;) o a7,
We can prove a result similar to that in [29] or [26]: the function A is upper semi-
continuous and lower semi-continuous, and therefore continuous. Suppose that A(7) =
n, where 7 € I. Then we obtain that 7 € Ioa™, thus Toa™ € I, which is open. Thus
there is a neighborhood V' of 7 0 o™ such that V C I. Define C := (V oa™) () and
notice that C is a neighborhood of 7. For every v € C one have that v € Voa™ C Toa™
and we get A(y) < n (since v € I). Thus A is upper semi-continuous. Since I is also

closed, it follows similarly that A is lower semi-continuous.
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The next propositions are the natural extensions of results from [29](Lemma 3.1)

and [26](Lemma 2.2) to the non-commutative case.
Proposition 3.3.1. I, Y (k,1) =Toa™ .

Proof. If x € Y(k,1) for some 1 < k < m then y =roa™!, 7€ A7}(Jy) C I, thus
x€E€loat Ifxeloatthen x=7oa™!, 7€l Letussaythat \(7) = J, for
some 1 < ko <m. Then x =7oat €Y(ky,1) C Ui, Y(k, 1) as 7 € A1 (J,). O

Proposition 3.3.2. Y(k,j)oa =Y (k,j+ 1) for 1 < j < Jx.

Proof. If x € Y(k,j)oa™! then x = ypoa™l, v € Y(k,j), i.e. %0 = Tooa™,
A1) = Ji. Thus x = poa 9, o€ A Jk),sox €Y (k,j+1). UY(k,j+1)3x,
then x = yp0a~17 and A(y) = Ji. Thus x = (yooa™)oa™t € Y(k,j)oa™! because
Yo € A7 (Jk). O

Proposition 3.3.3. |J,-, Y (k, Ji) =I.

Proof. ¥ Y (k, Ji) = A7Y(Jx) o @™ 7% 3 x for some k € {1,...,m} then x = 7 0 a7,
7 € X71(J). Thus 7 € Toad*, 7 = rooa’*, 7 € I and it follows that x = 75 € I. Let

17 we obtain that

I 5 7. Now since 6.T(A) = |J._, I o o, on multiplying with o
8. T(A) = Uil_, I o o* (because §.T(A) o o = 6, T(A) and (I 0 a?) 0 o® = [ 0 aP*®
for every p,s € Z ). Let s be the maximum of s € {—n,—(n —1),...,—1} such that
n € I oa®. Define J:= —s > 1. We need to show:

a) J = J, for some p,

b) n € Y(p, Jp).

a) Since 1 € I o o, it follows that n = mooa®, ng € I, thus noa™ = € I.
We shall prove that A(n o a™*) = J and then J = J, for some p € {1,...,m}. Since
s=—J,noa® =noa’ € Ioa’. If there exists 1 < s; < J such that noa™® € Toa™
then noa™ = ypoa®, v € I, n = Yoot vy € I, i.e. n € Toa****. A contradiction
results from 0 = J + s > 57 + s > s and the maximality of s.

b) We must show that 7 € Y(p, J,). One has that n = (no a’)oa™’ and it
is sufficient to prove that o a’» € A71(J,), i.e. A(noa’r) = J,, but this is exactly
a). O
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Proposition 3.3.4. For 1 <k <m and 1 < j < Jy the sets Y(k, j) are pairwise

disjoint.

Proof. a) f Y (k,5) (Y (k,i)  x for some 1 < j <i < J, then y =yoa™@ =700a™"
where A(7) = Jp = A(7). It follows that T = yoa* 7 € Joa" T and 1 < i —j < Ji.
Therefore J, = A\(7) < Ji, a contradiction.

b) Suppose that Y (k,5) (Y (s,i) # @ for some k < s, 1 < j < Jg, 1 <4 < Jg
and let x be in the intersection. Of course j # ¢ because k < s = Jy # J;. One
has that x = Toa™ = vyoa™ where \M(7) = J; and A(y) = J;. If 7 < j then
T=v00al"€loa’" and 0 < j — ¢ < Jy. Thus Jp = A(7) < Ji, a contradiction. If
j<itheny=7o00a" 7 €loa' and 0 <i—j < J,. Therefore J, = A\(y) < J;, a

contradiction. d
Proposition 3.3.5. 6.T(4) = U, U:il Y (k, j).

Proof. The inclusion D is always true since Y (k, j) = A~}(Jy) oo™, A7}(Ji) C I, and
0. T (A) o= 6.T(A). If x € 8. T(A), let j be the largest j € {—n,—(n —1),...,-1}
such that x € I o o/.(Recall that 6,7(A) = |J;1_, Toa*). Thus x =ioad, i €I, ie.
xoa™ =i€I. Let \(i) =: Jy for some 1 < k < m. Then x =ioa’ € A"} (Jy)oad =
Y (k,—j), if 1 < —j < Ji. Suppose —j > Ji, since A(i) = Ji, one has i = i’ o a’k, for
some i € I. Thus x =4 oa’**/ € I oa’¥* and j < J, + j < 0, contradicting the

maximality of j. (N

Definition 3.3.6. Let J := {a € A|r(a*a) = 0,Y7 € I} and for 1 < k < m define
Ak, Jy) == {a € A|r(a*a) = 0,V7 € Y(k, Ji)°}, where the complement of the subset
Y (k, Ji) is taken with respect to 6. T(A).

Remark 3.3.7. For 1 <k <m, A(k,Jx) and J are ideals of A, and are thus AF.

We shall use the following notation: A(k, Ji) = Iy(k,J,) and J = I .

By splitting up the towers {Y{x,);1 < j < Ji} we can make the partition
Yk 1 £ 3 < Ji, 1 <k <m} finer than P.

Set © = {(k,j);1 < k < m,1 < j < Ji} and for any (k,j5) € Q let g, :
6.T(A) — {0, 1} be the characteristic function of ¥ ;). From Corollary 11.15 of [15],
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there are f(x ;) € Aff(T(A)) such that fu,ls.za) = 9,5 and || fepll = ll9w.pll = 1.
Since g, = 0, we can choose f(, ;) > 0. Let 0 < a5 € Abe such that fi) = @,y
Since firj) # 0, we get that ag, ;) # 0. We also obtain that ag, ;) € Iy, ) because i)

0 < ag,;) and ii) for every v € Y(k, 7)¢ we have 0 = gu;)(7) = fir.5)(7) = agj)(7) =
v(agk,s))-

Definition 3.3.8. For every 1 < k < m, 1 < 1,5 < Ji define the element efj ®
Define ajc := Zﬂo a, where Qo == O\{(1,1),(2,1),...,(m,1)}.

So, now the algebra A; :=< C(P),uasc > is defined. We shall show that A; is
included in the finite dimensional C*-algebra generated by the matrix unit system
efj ® a,5,), where 1 <k <m, 1<14,5 < Ji.

We require some lemmas about the projections arising in this fashion.
Lemma 3.3.9. A= E(k,j)eQ Iy (k,j)e, where Q= {(k,7);1 <k <m,1<j < Ji}.

Proof. The proof resembles the proofs given in the previous section. We have already
obtained the following partition of §.(7(A)),

5(T(A) = | Y(k,j).

For arbitrary (k,j7) € Q let guj) @ 6.(T(A)) — {0,1} be the characteristic
function of Yy ;. From corollary 11.15 of [15] (since is 6.(7T'(A)) compact and g j)
is continuous), one can find f; € Aff(T'(A)) such that fu;ls.cr(a)) = 9k, ) and
| fiep !l = |9, ] = 1. Since gy > 0 one can choose fr ;) > 0. Let 0 < apj) € A
be such that fu ;) = m Since fuj;) # 0, we have that ap ;) # 0. Also we
obtain that awj)y € Iy, because i) 0 < a ;) and ii) for every v € Y(k,5)° we
have 0 = gun(7) = fu))(¥) = Gep(y) = Y(agy) It follows from logs,(reay) =
D (kj)en 9ikg) that 1= Z(kj)e-;l(k’j) in Aff(T(A)). Suppose to the contrary that
A# S =34 hea v (ks Then A/S is a unital AF algebra and it has at least one
tracial state, let us say that R : A/S — C is an extremal tracial state of A/S.
Then Ron : A — C is an extremal tracial state of A, where 7: A — A/S is the

canonical quotient map. It follows that for all (k,j) € Q one has R o n(awy)) = 0,
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e —_

ie. agy(Rom) =0. Plugging Rorin 1 = (3 (k.j)e @k,j)) We get that 1 =0, a
contradiction. Hence A = S.

O

Lemma 3.3.10. Forevery 1 <k <m and 1 <i < Ji, o % (A(k, Jy)) = A(k,1) and

ki) = &I (ag, 1))

Proof. Let us begin by showing that o'~J*(A(k, Ji,)) = A(k, ). Letting z € A(k, Ji)
we need to show that a'~J*(z) € A(k,i) := {a € A;7(a*a) = 0, for every 7 €
Y(k,i)°}. Thus if v € Y (k,i)°} is arbitrary, we need to show that y(a‘~7*(z*z)) =
yoa'~'*(z*z)) = 0, and it is sufficient now to prove that Y(k,4)¢oai~7% C Y (k, Ji)°,
since v € Y(k,4)°. Let us prove the contrapositive {Y(k,4)¢ o o=/} D Y(k, Ji).
Taking 7 € Y(k, Ji,) we can write 7 = 79 o a™J%, with A(70) = Ji. Suppose to the
contrary that 7 € Y(k,i)° o ok, Then 7 = po o'~'*, for some u € Y(k,i)°. We
obtain that oo™ = poaf=Jk ie. 79 = poat. Let us say that u € Y(s,t) for some
1<s<mand1<t< Jssuch that t #i or s # k.

i) If u € Y(s,t) with ¢ 5 4 then p = pg o @™, where A\(uo) = s. We get that
To= po oot Ifi >t then Y(k,i) D ooa™ = ugoa™t € Y(s,t), a contradiction
from Proposition 3.2.4 since ¢ # 4. If i < ¢ then Y (k,1) > mgpo a™?
Y(s,t — i+ 1) a contradiction by Proposition 3.2.4., since 1 # t —i+ 1 and 1 <
t—i+1<J,—i+1< J.

i) IfueY(s,t),t=4ibut s#kthen g =poa’ = pgoa*oat= g It follows

= upoaitl e

that 7o = o, thus Jp = A(70) = A(uo) = Js, a contradiction (again from Proposition
3.2.4) since s # k. Therefore we have shown o'~7x(A(k, Ji,)) C A(k,1).

Let us prove the reverse inclusion A(k,1) C o'~7*(A(k, Ji)). Letting z € A(k,i) :=
{a € A;7(a*a) = 0 for every T € Y (k,4)°}, we need to show that z € of~%(A(k, Ji)).
Since z = o'~k (a’*¥(z)), it is sufficient to show that a’*~i(z) € A(k, Ji). Let
v € Y(k,Ji)° be arbitrary; we need to show that v(a’*—i(z*)a’*"i(z)) = 0, ie.
vy oal*i(z*z) = 0. Since x € A(k,1) it is sufficient to prove that yo a’*~% € Y(k,)°.
Let us prove that Y (k, Ji )¢ o a’*=* C Y(k,4)°.

For 7 € Y(k,4) one has that 7 = 75 0o ™, where A(7y) = J;. Supposing to the

contrary that 7 € Y(k, Ji)° o a/*~ one can write 7 = po a’* ¢, where u € Y (k, Ji,)°.
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‘i=uoa

some 1 <s<mand1<t<J; with s # k or t # Jy.

i) The case t # Ji splits in two subcases:

Jo—i

It follows that 79 o « ,i.e. 7o = poa’k. Let ussay that u € Y(s,t) for

a) If t < J, since u € Y(s,t), one gets that u = py o @™, with A(uo) = Js. Thus
= po o o % implies that Y(k, Jy + 1 ~t) 3 goa Pk = poat €Y(s1), a
contradiction (see Proposition 3.2.4.) since Jy+ 1 —t# land 1 < Jpy+1—1¢ < Jp.

b) If t > J; then Y(k,J;) 2 Tooa™7* = pgoa™ € Y(s,t), a contradiction(see
Proposition 3.2.4) since 1 <t < J,.

ii) If t = Ji, but s # k one has that 70 = po. It follows that Ji, = A(70) = A(po) =
Js, a contradiction since s # k.

Before starting to show the last equalities in the statement, let us remark that
the condition A* NM,es,7(4) Ker(r) = {0} implies that aw ;) € Iy e, (k,7) € 9,
are orthogonal projections summing up to 1 (these projections are coming from A =
2 tkgyen 1Y (k)e)-

To prove the second set of equalities, we start by eliminating the trivial case when
Jr, = i thus we shall suppose that 1 < ¢ < Ji. Denote z := ap — o'~ Ik (ak, 1))
Then z = lz = (L, ik awa)e = ay — (Diey ity awe)a ™ (ag,0) =
Aki) — Q)@ T (ak,1,)) because aj), (k,7) € Q are mutually orthogonal. Thus

i‘J’c(a(k 7)) = ag, l)o/ Te(ag, 1)) Remark that Qi) = Arpl = agana* (1) =
k%)a (Ek =1 Z r—1 Ok’ z/)) = Qi) D_i'=1 Z o=k (a(k’,i’)) = a(k,i)ai_Jk (agk,a))
because ag; € A(k,i) = o (A(k, Jy)) and the projections aj, (k,j) €
are mutually orthogonal. It follows from o'~ (aw,z)) = awqno' % (aws,)) and

ki) = Qi) &% (ar,g,)) that agy = o7 (agk z))-
O

Of course C(P) C span {efﬂ- Q akg);l <k <m,1 <i < Ji} and from the

lemmas above one gets that 1 =" ,ycq (ki) = D (kien el ® a,z,) and

uare = UE(k,j)eno A(k,5) = Z(k,j)eQa uod = (@, s,)) = Z(k,j)er W al K (ag, 5y) =

Z(k1j)€QD e.l;+1v.7 ® a(ka']k)

It turns out that A; = span {ef’j Qa1 <J< Tl <k<m}
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Let us note here that P; < P, imply C(P1) C C(P.). Indeed, if X € Py, let
ax € C(P,) be its corresponding projection and let X1, ..., X, be the other elements
of P1. Then 1 = ax +ax, + - +ax,. Let us say that X is partitioned by some
Yy, ..., Y, € Ps. Denote the rest of elements of Py by Y41, . .., Yr and we have that
1 = ay, + -+ ay,. Multiplying both sides of the last equation with ax we get that
ax = ay; + -+ ay,,. If we multiply both sides of 1 = ax +ax, + -+ ax, with
ay, + - -+ + ay,, we get that ay; +--- +ay,, = (ay; + -+ + ay, Jax. Hence it follows
that ax = ay, + -+ + ay,, € C(Ps).

Lemma 3.3.11. Suppose that I} D I are nonempty clopen subsets of 6.(T(A)) and
let Py and Ps be partitions such that Py < Ps. If ar, € C(Py) then Ay C Ayp,.

Proof. Since 1 = ajg + ay, by multiplying both sides with aje we get that ar =

argarg + arsar, = arQrg + 0€ Ay ad

Remark 3.3.12. Let I be a nonempty closed subset of §.(T'(A)). Consider the C*-
subalgebra of A X Z generated by Z(A) and uly. Start by choosing an increasing
sequence of partitions of 6.(T(A)), let us say, P < Py < ..., whose union generates
the topology of 6.(T'(A)). Let (In)n>1 be a sequence of decreasing clopen subsets of
6.(T(A)) such that their intersection is I. We shall define new partitions P, and
finite dimensional C*-algebras A, for each n > 1. Set Pi = Py and A := Ajp,.
Assuming that we defined P, and A, = Aj, where this last algebra is computed
using the partition P,, let us define P,y = P\ Post V{In: 6e(T(A)\I.}. Then
Pri1 = Pot1, P, and as, g, € C(Poy1). Define now Any1 i= Ar,,, where the

last algebra uses the partition P, ;.

The last lemma tells us that A, C (Z(A),ul;) and A, C Apyy for all n > 1.
If any nonzero quotient of A is finite in the sense of Cuntz-Pedersen ([7]), then as
in Remark 3.2.20, one gets that I; = {J, I;,. Let us suppose now that Z(A) is
generated by its projections. If e is a central projection in A, p is a projection in A
and 7 € 6.(T(A)) then 7(ep) = 7(e)7(p). (Indeed, if 7(e) = 0, since ep < e it will
follow that 7(ep) = 0, so one may assume that 7(e) # 0; setting 7.(p) := % one

remarks that 7.(p) < % and since 7 is extremal one gets the desired equality). So
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for every extremal tracial state 7 one has that 7|z(4) is multiplicative on projections,
and thus 7|z(4) : Z(A) — C is multiplicative, thus 7|z4) € d.(T(Z(4))).

Let z be a projection in Z(A), and let ¢ > 0 be given. Since Z|s,(r(a)) = 0
and 0.(T(A)) is totally disconnected, it follows that there are some real numbers
A1y ..., A, and some clopen subsets Ey,..., E, of 6,(T'(A)) such that ||Z]s,(rca)y) —

n

projections Pi, ..., P, such that ||Z]s, ) — et )\,-P\il,ge(T(A))H < €. Settingy ==z —
Y i1 AiPy;, we have that ||7]s,(ray)|| < €. Recalling that ||y|| = sup,es,rzay) YW =
Sup.er(z(ay) 1YW)| and |[7l] = sup,era) I7(y)| = sup,cs,r(a) I7(¥)|, it follows from
the discussion above and from y € Z(A) that ||y|| < €, and therefore (Z(A),ul;) =
lim, A,.

Recalling that A is unital, let us fix an a-invariant tracial state 7 of A. Additionally

1 MiXE|| < e Using the lifting hypotheses we get that there are some central

suppose that 7 is faithful. Consider the GNS construction associated to 7. There is
a Hilbert space H.,, a representation 7. : A — B(H,), and a vector & € (H,); such
that 7(a) = (&,7-(a)(&,)) for all @ € A and H, = 7,(A)£,. Because we shall use
H, extensively, let us recall its construction. Let V; := {a € A;7(a*a) = 0} be the
canonical ideal associated to 7. Then A/V; becomes a prehilbert space via ([b], [a]) :=
7(b*a) for all a,b € A. Then H, is the completion of A/V, and &, := [1] € A/V,.
The representation is obtained by extending L, : A/V, — A/V,, L,([b]) := [ab] to
7¢: H. — H,, son,.: A— B(H,), n.(a) := m2 is the representation.

Now define 7; : A — B(L*(Z, H,) by (T7(a)é)(t) := m-(a"*(a))(£(t)) and A :
Z — U(B(L*(Z, H;)) by (A(€)(m) = &(m) for all € € L*(Z, H.),m € Z, where
£(m) = limy[a(by)] if £(m) := lim,[b,] and it follows that A™'(£)(m) := £(m), where
£(m) = lim,[a~'(b,)] if £(m) := lim,[b,]. From these definitions, it easy—to see that
the following relation holds for all a € A: A o7, (a) o A7t = 7 (a(a)).

We shall use either notation that has already appeared in previous sections, A or u,
depending on which is more convenient. We are associating certain C*-subalgebras
to partitions of 0.(T'(A)) and at the end, the type of these algebras will give the
approximation result.

Let P be a partition of 6.(T(A)) and € > 0 be given and choose 0 < N € N such
that 7/N < e. (Here 7 means the real number 3.1415..., not be confused with the
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canonical quotient map or with a representation.) For arbitrary 7o € 6.(T'(A)), the

N are mutually disjoint, thus we can find a clopen

elements 79,90 a”},..., 7o 0 a”
neighbourhood I of 7y such that

(i) I,Ioa™,...,Toa™ are mutually disjoint,

(ii) for n € {0,1,..., N}, the clopen subset I o ™™ lies in an element of P .
Since « is minimal (remark 3.2.19) and I is clopen, we can apply the results in the
previous section 3.2; we obtain the ideals Iy, .., 1 < k<mand 1l < j < Jg,
A= Z(k,j)eQ Iy (kj)e, where @ := {(k,j);1 < k < m,1 < j < Ji} with all their
properties. By splitting the towers {Y{););1 < j < Ji}, we can make the partition
Po = {Y ;1 < j < Iy 1 <k < m} finer than P.

From the previous section, Ay :=< C(P,),uare > is a finite dimensional C*-
algebra.

Define two new automorphisms of A as follows
Od(CL‘), if z ¢ ZZL:l IY(k,Jk)C’

o (z) iz € ly,, .

To see (for example) why 1 is injective, we must use the properties from the previ-

and ¢ := 5" 0 a.

1/)0(30) =

ous section. Suppose by absurdum that there are nonzero elements = & >,~; Iy, ,
and y € Iy(k, e such that 1o(z) = to(y). From Y3 e 0 @™t = Y4 j1+1)-, We obtain
] k/

by iteration that Y 1y o a~ 1) = Yik,J,)e, hence

I ~(g =) = Iy (V)

Vi oo W

Ji- N
It follows that y € Iy(kl,l)coa_uk,_l) =’k 1([)/(,%1)6). Now wo(z) = 9o(y) implies that
a(r) = o'k (y) € Iy, ). If © € Iy, then a(z) € Iy,,,,. which is disjoint from

Py Iy,,, ;. because z,y are nonzero. This yields a contradiction.

Associated to these two automorphisms of A are two unitary operators ug :
L*(Z,H,) — L*Z,H,) and v : L*(Z,H,) — L*Z, H,) given as follows. For
£ € L*(Z,H,) and m € Z, we know that £(m) € H,, and thus £(m) = lim,[a,] for
some (an)n>1 in A. Define £(m) := lim,[@o(a,)] and observe that & € L*(Z, H.).
Then let ug(€)(m) := &(m). The fact that £(m) is well-defined uses the invariance

of the trace. Indeed, since T is a-invariant we have that 7 is ¢o-invariant (see the
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definition above of ¢). Thus one obtains a well-defined map ¢q : A/V; — A/V,
@o([a]) := [¢o(a)] which will assure that £(m) is well-defined. To construct vg, use the
other automorphism, ¢y, instead of ¢q.

We have to show that these operators are unitary. Given &;,& € L*(Z, H.), we
need to show that < uo(&1),uo(&2) >=< &1,& >. From the definition of ug, we need
to prove that < £, & >=< £1,& >, where &(m) := lim,[do(a,)] if &(m) = lim,[a,],
where (a,)n>1 € A, m € Zandi € {1,2}. We get that < ug(&1), uo(&) >=< &,& >=
[z < &(m),&(m) > dm = [, < lim,[¢o(al)], limg[do(a?)] > dm = [, lim,lim; <
[Bo(ab)], [go(ad)] > dm = [, lim, limy 7((o(ab))o(aD))dm = fj < & (m), &xm) >
dm =< &,& > because 7 is ¢g-invariant. Here dm denotes Haar measure on Z and
<, > is the scalar product. The same argument applies to yield that vy is unitary.

We now remark that (v o ug)(§)(m) = wvo(limy,[@o(,)]) = lim, [t © Po(by)] =
lim, [(%0 © ¢0) (bs)] = limy,[a(by)] = A(E)(m), if £(m) = lim,[b,], and thus vgoug = A.
We shall show bellow that vg €< C(Py), uare >, hence up € A X, Z.

Notice the following equalities:

o (ags) it1<i<Jy
o © 7 (A(k,)) = { ) (®)

A=k o W_T(a(k"]k)) if i = Jg.

Let us check one case; the others can be proved similarly, as will be apparent from

this case. Suppose m = 0. Then for 1 < i < Ji, we have
v © 77 (k) ) (€) (M) = vo(lim[a™™(a(r,s) ) 2n]) = lim[vo(a™™ (agk ) zn)]
= lim[¢o(a(k,)Tn)] = lim[a(agk,s)Tn)]

and AoT-(a k) (§)(m) = A(limp[aw2ns]) = lim,[a(ak,q)z,)], where £(m) = lim,[z,)].
Also,

vo © 77 (a(k,a1)) (§) (M) = vo(lim[a ks Zn])
= lim(go(a,z)Tn)]

= li}ln[al”J’“(a(k,kan)] = A% (€)(m).
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Taking into account definition 3.3.8, we see, for example, (k) AoT (ag,) = e, ;®
agk,g,) € (C(Po),uare), thus from 1 = 377", Z;’il a(k,i), we have vy € (C(Po), uare).

We shall now split the Hilbert space L%(Z, H,) as follows. Recall that A/V, =
S orr i Iy rige/ Ve = (i Ty (b e @iy it i, Iy (i) / Ve = R /Ve®Ry Vi
where we denoted for simplicity Ry := Y ;- ; Iy (k,,)c and Ry := ) " Zizl#Jk Iy (1 iye.
The completion of R;/V; is denoted H}, with i € {1,2} and it is easy to check that
H, := Hl ® Hi, hence L*(Z, H,) = L*(Z, H) ® L*(Z, H). From the definition of
1o, we see that 1 = a off ;- ; Iy(k, e thus it follows from the definitions of ¢ and
1o, that vg = u on L%(Z, Hf) and uo = 1 on L*(Z, Hi).

For Z := Y{q,4,), repeating the previous construction (defining a new map X :
Z — 7 etc) yields clopen subsets Z ;, m/, Ji,...,J,, that satisfy the analogous
relations. We ask that the partition Py := {Zp ;1 < k <m/,1 < j < Ji} be finer
than Py.

We obtain as above a new finite dimensional C*-subalgebra A; :=< C(P1),uaze >
of Ay Z. Since I 2 Z = Y{3,1,), we see that A; O Ao. Analogously, we define
automorphisms ¢; and ¢, and unitary operators u; and vy, which satisfy viou; = A,
v € A1, wp € AXyZ, vy = uon L*(Z,HZ), uy = 1 on L*(Z, HZ) (§). The last

relation tells us that

up o (€, ®a@m) = (€h, 5, ®aqn)ouw  (§).

We also have that a(,,) = e} ; ® aq,n). Set B := (Ao, u1); we shall prove that
B~M;(C(T)®My,C)®- - & M, (C).

T s J s
Define g1 1= Y71, e}, ®@aq,5y; 50 1 = 1ty wiad = (aq ) = 0L 0 N (ay,p,) =
Z]J;l aq,s,) from Lemma 3.3.10. Put 4 := Zle(e}’h ® a(1,5)) © Uy © (e%Jl,j) ® a@,n));
here again we recall that ez i) © Ay = N7 o T (ol (an,)). Now notice that
N b
u = lel e ® anpuiel ; ® agn) = Y5k W e T an g )uut o 0y, g) =

Ej;l way juu*ad=7 (ay ;). From these two definitions and the properties
of the projections aky, 1 < k < mand 1 < ¢ < Jy, it follows easily that ¢; is

i,j < Ji},4) and that @ is a unitary element in

the unit of ({e%i,j) ® a@,n);l <
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({etiyy ®a@my 1 < 4,5 < J1},4). Indeed,

J1

1 i1—ig i —J
Ne i, D an) = § :a<1,J1)u” 20?7 (ag,p)
=1

J1
=3 a0 ag,)ul
j=1

J1
_E: i1—J- i1—i2 _._ Ji—ig _ , JJ1—ig . —J1+1
= a(l,Jl)Oé“ 1(a(1,J1))u“ 12 —a(l,Jl)u 1712 _ 1721 2(a(1’J1))
j=1

_ 1
= €1 ® aq,n),

where the last sum sign vanishes because we must have J; = ¢;. The other relation

to be checked is

J1 J1
. iJ Jimj G
Qi = E a(1,4) E W ay yuiut ol T ag,g)
=1 =1
J1 J1
i Jy Ti—j ied
= auy Y aayw’ uut el ()
=1 j=1
J1 J1
T N i Jij G .
= ag v’ uu o ey, g) = Y W Nay yuwt ol ) = 4,
Jj=1 j=1

where we have used the properties of the orthogonal projections a to cancel out
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one of the sums. The verification of 44* = ¢; is the following:

J1 Jy
A oAk —J1,,% J1—1
U* = E (e} ej 5, ®au f))ouso (e(J1 5 ®aq, n)) E at” a(l Jl)) UL O(1, 1)U
J—l i=1
S .
— E u] la(l A )u1u J1 ]a] l(a’(l Jl)) 'U/]_a:(]_ Jl)u —J
j=1
Jimji( o j—d Ji—j. j—=Ji Ji—j
= E W hag nyu a7 (o (0, 0))ul e T et ag g yu
J1 Jy
i J Ji—j i—J Ji—j
=Y v Naq nywaqnuieqnu 7 =Y w aq naaneanu’
=1 j=1

J1
j—J J Jy,,J
— E uw’ 1a(1,J1)U 1—-3 _ E a ’J)UJ 1q, 0177
Jj=1
J1
= E :a<1,j> =
Jj=1

where we have used (§).
From the definitions of Ay and of B, we see that 4 € B. In fact, B = (Ao, 4).

This can be seen from the following chain of equalities:

u = wl =ui(a@n) +1—aqn)) =vaean) +wu(l —aqn))
=wue} 5 ®ayy +u(l —aqn)) = (e 5, ®ays)u(el, 5, ®ayn) +u(l —aqn))

= (6‘1]1,J1 ® aly-ll)ul(e.lh,Jl ® a’l,Jl) + ]' - a(l,-]l) (0)

by consecutive use of (§) and (#). So, uy = (e}, ; ®a1,5)ui(el, , ®ar,5)+1—¢€}, 5, ®
a1,5, = (€}, 5, ® a1,1,)0(e}, 5, ® ar,5,) +1—¢€} 5, ® a1, using the properties of the
orthogonal projections a and the definition of .

To verify that B ~ M;,(C(T))® M, (C)®---& M, (C), we shall use the following

two lemmas.

Lemma 3.3.13. If 1 € D is a unital C*-algebra, 1 € E is a C*-subalgebra of D
(the same unit), and (e;;), 1 < i,j < n is a system of matriz units in D such that
ee;; = ¢e;je for alle € E, for alli,j then M,(E) =< E,(e;;),1 <14,j <n>.
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Lemma 3.3.14. If D is a C*algebra, E and F are *-invariant subsets of D such
that EF = FE =0then< E,\F >=< E>+ < F>>< E>® < F >.

Indeed, the two facts we need to prove in order to apply the lemmas above are:

1. 4 commutes with e} ; ® a, ) for all 1 <i,5 < Ji.

2. 0(t) =T in <{e}; ®aqn);1 <4, < i}, 4>
The definition of 4 and the properties of orthogonal projections a;, 1 < ¢ < Ji
implies 1.

In proving 2, we first need to show that [u]; # 0 in K;(A X4 Z). This can be seen
from [24], Lemma 2.3, where it was proved that 6([(1 — F') + Fzu*F)|;) = [F' ® egoo,
where F' is a projection in some M (A), z € Mi(A) and {e;;,0 < 4,5} is a system
of matrix units for the algebra of compact operators (see the end of section 2.2).
If [uy = 0, it follows that [1 ® eglo = 0 in Ko(A ® K), hence 1 ® ego = 0, a
contradiction. Now, from u = ujvy, we have that [u]; = [u]; + [v1]1 in K1(A x4 Z).
Since v, € A; and A, is AF, it follows that [v4]; = 0, so we conclude that [u;]; #
0; by [31], o(u1) = T. Since 4 is a unitary in the unital C*-algebra < ¢;,4 >,
by spectral theory, o(4) C T = o(u;), and by compactness of the spectrum, it is
sufficient to prove that o(u;) C o(@) U {1}. Select A outside o(@) U {1} and let
¢ €< qp,4 > be the inverse of 4 — Aqy, i.e. ¢1 = (it — A\q1) = (& — Agq1)c. Define
b= (e} 5 ®aqn))cel, s, ® aq,n)) + (1/1 = N)[1 = (e}, 5, ® au,n))]. From (o) (see

the discussion before Lemma 3.3.13)

up — AL = (e}, 5, ® aq,n))ile], 5, ® aq.n)) +1—ej 5 ®aan) — Al
A(e}’th ® a(l,Jl))ql(e-lh,h ® a(l,Jl)) +1- (e-lfl,Jl ® a(lJl)) — Al
= (), 1 ® a@,m) (@ — Aqr)(e], 5, ® aq,m)) + Al 5, © a,n))
+1- (6.1]1,.]1 & 0,(]_,_]1)) — Al
= (6.1]1,.]1 Y a’(lajl))(ﬁ’ - )\ql)(e.lh,.h ® a(lvjl)) + (1 - )‘) [1 - (6.1]1,J1 ® a’(lsjl))]'

Since eﬂl, 7, ® aq,y;) commutes with 4 and g, one can see easily that b is an inverse

of u; — A1, thus X is not in o(uy).
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For any partition R of 8.(T(A)), we denote by C(R) the following C*-algebra.
For any X € R consider the characteristic function xx : §.(T(A4)) — {0, 1}, take
its positive affine extension on T'(A) and let ax € A be its positive lift. We just put
C(R) :=< ax;X € R >. Recall that we have that Ag C B. The idea for the end
of the proof is to twist B by a unitary z (to obtain an approximating unitary as in
the statement). This unitary z will be chosen to commute with C(P) and u,, and
so that zugz* approximates vy. It will follow that C(P) = 2C(P)z* C zBz* and that
U1 2* = 2vpz*uy approximates viu; = u, 2Bz* is the sought-for C*-subalgebra.

We know that vy €< C(P), uare >, which is a finite dimensional C*-algebra. The
same is true for vy, it lies in a finite dimensional C*-algebra. Hence we can assume that
the spectrum of v1vj is a finite subset of T. Thus we can find a strictly positive 6 such
that (m +0)/N < € and —e¥ is not in o(vyvg). If g(2) := el/N)Logs(2) = (1/N)iArge(z)
for z € o(v1v§) then by spectral theory we can define w := g(viv§) and observe that
wlV =wvfand |lw—1||=|lg—1]] < (m +0)/N <e.

If I' := I o ™!, notice that on L*(Z, HQI/) one has that vyv} = vivg! = wu™! =
1 because v; = u on L*(Z,HZ) and vo = u on L*(Z, Hf). From this, v;v§ is a
unitary when restricted to L?(Z, H{ /). Since every polynomial in v;vg and vov] leaves
L*(Z, HQI/) and L?*(Z, H{/) invariant, as above, by spectral theory, w will satisfy the
same properties. Now the fact that w is an unitary will imply that w(L*(Z, H fl)) =
L*(Z, Hi I). The next step is to define z by the following formula

w=lyN=i+ly=+1  on 2

1 on L2.
where L? := L*(Z, HI*™) 1< j < Nand L? := L¥Z, H") where I" := {I oo 1} U
---U{Ioa~"}. From the definition of X\, \(L?) = L2, , hence z is surjective. Since z
is clearly an isometry, we have that z is a unitary, and because v1v§ € A, by spectral
theory, w remains inside A;. As in the commutative case, the following formula is

easy to prove

N
2=1-Y ' ags)+
s=1
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m m Jr—1 m Je—1 j_l
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Thus we obtain that z € A;.

We need the following two lemmas.
Lemma 3.3.15. z commutes with C(P).

Proof. If P = {X;,...,X,}, it is sufficient to show that zax, = ax,z for all i &
{1,...,r}. First notice that z =1 on L2 and 2(L?) = L} for all 1 < j < N. Indeed,
the first fact is just from the definition of z and the second fact is proved as fol-
lows. Iterating A(L?) = L%, we have that A~ 1wN=ITIN\=+(L2) = M -1wN=7+1(L3).
Since L? = L*(H{**") and I oa™! = I' we get that M lwN-I+HI\=7+1(L2) =
N wN—+ (1272, HI )) = N-YL2(Z, H]) because w(LX(Z, HT)) = Lz, HI).
Hence M ~lwN=+HIN-3+1(L2) = N-Y(L*(Z, H{/) = L? by iterating again A\(L}) =
sz- +1- Since each of the sets Joa™ lies in an element of P we get from the above rela-
tions that z(L2(Z, H{)) = L*(Z, H;*) and 2(L*(Z, HY*)) = L*(Z, Hy"), from where
it follows that, in this order, ax,zax, = zax, and ax,z = ax,zax,, which completes

the proof of this lemma. O
Lemma 3.3.16. zBz* contains a unitary that approrimates u.

Proof. (a) Notice two facts: vy takes L2(Z, H!) onto L2(Z, HI**™"), and z = 1 on
L*(Z, H{). Indeed, the verifications for the first are as follows. If m := lim,[a,]
then (vof)(m) = €(m) = lim,[¢o(as)] = lim,[a'~%(b5)], where a, = 3%, b% with
¥ € Iygye- Using 3.3.1 and 3.3.10, we get that vo(L%(Z, HY)) C L*(Z, HI**™).
The other inclusion is proved in a similar way. The second fact follows from the
definition of z.

From the definition of 2z (when j = 1) we see that on L*(Z, HY), z = w" = v,v};
thus on L%(Z, H{) we get that (from the two facts above) zvp —v12 = v1vive — v, = 0.

(b) Using the definition of vo and of 4 (first branch) we see that if 1 < j < N,
then vy and u agree on LJ2~ = L*Z, H{"a_j). The same arguments yields that v,
and u agree on L2. Tt follows from the definition of z and A\(L?) = L2, that on L?
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we have zvp — vz = Ww" u Iy — v/ "lwN Iy Henee |[(zv0 — ni2)|p2|| =
11— w)l < |11 — ] < e A

(c) As in (b) we notice that vy, v; and u agree on L2(Z, HI) where [ := TU{I o
a '} U---U{loaN}. Since we have chosen the subsets I,/ oa™},...,] o™V
mutually disjoint we have from the definition of z that z = 1 on L*(Z, Hzf ). It follows

that 2v9 — v12 = 0 on L?(Z, Hzf ) because also z = 1 on L? (the very definition of z).

Since I, T oa™,...,I o o~V are mutually disjoint we get from (a), (b) and (c)
that ||zvo — v12|| < e.
The approximating unitary is u' := zvez*u;. From the definition of z we have

z=1on L*(Z, H})
A(L3(2, HE)) = I, HY).
From () and I 2 Z we get that u; = 1 on L*(Z, HI) and u(L*(Z, H)) =

L*(Z, H). Hence z commutes with u;. This relation shows that u' € zBz*. Indeed,

that

U = zupz*uy = zuguiz* € zBz*. Moreover, llu—1|] = |Jorur — 2v02* w1 || = ||v12us2* —

2vz*us || = ||v1z — zwg|| < € since the unitaries z* and u; commutes. O

Even if Ky(A) is torsion-free, the groups K;(A X, Z), i € {0, 1} can have torsion,

thus the torsion condition in the result(s) below is necessary:

Theorem 3.3.17. Let A be a unital AF algebra with compact, zero dimensional
boundary space that is an infinite set, such that {0} = A" N {N,es.7(a)Ker(T)} and
the natural map™: A, — Aff(T(A)) lifts positives to positives. Let oo € Aut(A)
be an automorphism such that K.(A X4 Z) is torsion free, I'(a) = T and the action
giving the crossed product is Z-simple. Let u be the canonical unitary implementing
a. Then for any partition P of 6. T(A) and any € > 0 there exists a C*-subalgebra D
of A X Z such that

(i) D ~ M;,(C(T)) ® Mp(C) ® --- ® M;, (C) for a suitable choice of integers
Ji, Jay oy I,

(ir) C(P) € D,

(i4i) there exists u' € U(D) such that ||u — u'|| < e.

Proof. If one considers D := zBz* (where z and B were defined in the paragraphs

preceding this theorem) then (ééi) is just Lemma 3.3.16. To see that () holds,
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note that Lemma 3.3.15 and C(P) C B implies that C(P) = 2C(P)z* C zBz* = D.
Lemmas 3.3.13 and 3.3.14 and the fact that B ~ M, (C(T))® M, (C)&---&M;, (C)
give us (7). O

This result was known ([28]) when A was C(X), X the Cantor set and o arose
from a minimal homeomorphism of X. The proof above mimics the original proof
of Putnam. Examples of algebras satisfying the above requirements are C(X) ® B,
where X is the Cantor set, B is a simple unital AF algebra with unique tracial state,
a, ® B, where ¢ is a minimal homeomorphism of X and 3 is an approximately inner
automorphism of B.

As in [28] one gets:

Corollary 3.3.18. Ax,Z is an AT algebra if A and o are as in the above theorem.

3.4 Minimal dynamical systems tensored with

tracial rank 0 or 1 C*-algebras

In this section, we consider crossed products by Z of C*-algebras of the form C(X)®B
(and thus nonsimple) and automorphisms of the form «, ® 3, where B is a simple
tracial rank zero or one C*-algebra, § an approximately inner automorphism of B,
X the Cantor set and ¢ a minimal self homeomorphism. We prove that the crossed
product is tracial rank zero or one. First we shall deal with the case of tracial rank
0 C*-algebras and at the end of the section we shall indicate how the proofs can be
changed in order to get the corresponding result for tracial rank one C*-algebras.
Results on the tracial rank of crossed products of certain simple C*-algebras can
be found in [42] (A X4 Z has tracial rank zero if A is unital, simple, has tracial rank
zero and a has a certain Rokhlin property), [43] (C(X) xr Z has tracial rank zero
when the image of Ky(A) in Aff(T'(A)) is dense), where X is an infinite compact
metric space with finite covering dimension and 7 is a minimal homeomorphism of
X). The class of non-simple C*-algebras considered in this work has its roots in [39]
and [38], where H. Lin and H. Matui have studied crossed products of C(X x T), (X

is the Cantor set and T is the circle).
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Let us recall some definitions needed in this section. An ordered group (G,G7) is
called weakly unperforated if nx > 0 for some n > 0 implies that z > 0.

A C*-algebra A is said to satisfy Blackadar’s second fundamental comparability
question if the order on projections of My, (A) is determined by traces, i.e., if p,q €
M (A) are projections and 7(p) < 7(q) for all 7 € T(A), then p is Murray-von
Neumann equivalent to a subprojection of q.

To define the tracial topological rank ([37]) we need some preliminary construc-

tions. For 0 < 01 < 09 < 1, define

1 lftZ 0'2,.
02 (t) =< linear if o; <t < 09,
0 if0<tS0'1

and remark that continuity of fZ2 is needed for continuous functional calculus in
the definitions below. Let us denote by I° the class of all finite dimensional C*-
algebras and by I* the class of all unital C*-algebras which are unital hereditary
C*-subalgebras of C*-algebras of the form C(X) ® F, where X is a k-dimensional
finite CW complex and F' € I°. A C*-subalgebra B of a C*-algebra A is said to be
hereditary if for any a € A™T and b € B the inequality a < b implies that a € B. By
Her(b), we mean the smallest hereditary C*-subalgebra of A containing b, that is, the
closure of bAb.

For two positive elements a,b € A we write [a] < [b] (see [37] or [41], page 201)
if there is a partial isometry w € A* such that, for each z € Her(a), w*z, zw € A,
ww* = Py, where Py is the open projection in A** corresponding to Her(a), and
w*zw € Her(b). For a positive integer n we write n[a] < [b] if there are mutually
orthogonal positive elements by, ..., b, € Her(b) such that [a] < [b;] forall 1 < j < n.

A unital C*-algebra A is said to have tracial topological rank (see [37]) no more
than k if for every € > 0, and every finite subset F' containing a nonzero positive
element b, any 0 < 03 < 04 < 01 < 09 < 1, and every integer n > 0, there exist a
nonzero projection p € A and a C*-subalgebra B € I* with 15 = p such that

(1) ||[z,p]|]] < efor all z € F,

(2) pzp € Bfor allz € F,
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(3) nft = p] < [} and n[f53((1 — p)B(1 - p))] < [f25 (b))
Condition (2) means that for € F' there is a y € B such that ||pzp — y|| <e.

If A has tracial topological rank no more than k& we write TR(A) < k, and if
TR(A) £ k—1 wesay TR(A) = k. If Ais anon unital C*-algebra, we say TR(A) = k
if TR(A) = k.

For simple C*-algebras, this definition simplifies as follows (see [37]). A unital
simple C*-algebra A has tracial topological rank no more than k if for every € > 0,
every finite subset F' and every nonzero element a € A™, there is a nonzero projection
p € A and a C*-subalgebra B € I* with 1g = p such that

(1) |lpx —zpl| < eforall z € F,

(2) prp €. Bforallz € F,

(3) [1 — p] < [a], or in other words, 1 — p is equivalent to a projection in Her(a).

Examples of C*-algebras having topological tracial rank zero include (®zA X, Z)
where A is a unital simple AF algebra with a unique tracial state and o is the shift
(see [18)); all simple AH algebras with slow dimension growth and with real rank zero
(see [12]).

Examples of C*-algebras having topological tracial rank one are include (A® B) X,
Z, where A is the unital AF-algebra with Ky = Q, B is a unital simple AT-algebra
with Ko(B) = Q, K1(B) = Z& Z and Aff((T'(B)) = Cr([0,1]); & € Aut(A) such that
o™ is uniformly outer for each m # 0 and 3 € Aut(B) is such that Ko(8) = idky(B),
Ki1(B)(a,b) = (—a,b) for all (a,b) € Z® Z and 7 o B(b) = 7(b) for all 7 € T(B) and
all b € B; and v := a® [ (see [45]).

Lemma 3.4.1. Any inductive limit of tracial rank 0 C*-algebras is a tracial rank 0

C*-algebra.

Proof. Without loss of generality, we may assume that A := U,A, and A, C A,,1.
Let e >0,0<04<03<09<0y; <1, F € A, afinite subset containing a nonzero
positive element b. We can assume F' C A,, for some m € N. Since TR(A4,,) = 0 we
get that there is a non zero projection p € A,, C A and a C*-subalgebra B € I, of
A, € A, with 13 = p such that

1) ||lzp — pz|| < e for all z € F,
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2) pzp € B for all z € F and

3) [fo; (1 = p)b(1 — p))] < [£5; (pbp)].
It follows from the tracial rank 0 definition ([37]) that A has tracial rank 0. O

Let X be the Cantor set and ¢ : X — X be a minimal homeomorphism. One
associates to these data an automorphism of C(X) given by a, : C(X) — C(X),
a,(f) = fop™, forall f € C(X). Let B be a unital, simple, separable, tracial rank 0
C*-algebra and 8 € AutoB be an approximately inner automorphism of B. Then one
can form C(X)®B and consider the natural automorphism ¢, ®5 € Aut(C(X) ® B).
Denote by C the crossed product C*-algebra C(X) ® B Xq4,gp Z. Denote by u the
canonical implementing unitary. We regard C(X) ® B as a C*-subalgebra of C. For
later use, we shall denote M, the set of ¢ -invariant measures on X, and recall that

if ¢ is free, then there is a canonical bijection between M, and the tracial state space
of C(X) Xaq, Z.

Definition 3.4.2. Fiz an element zg € X and denote by A, the C*-subalgebra of
C which is generated by C(X) @ B and u(C(X\{zo}) ® B) where C(X\{zo}) is
the C*-subalgebra of C(X) consisting of all functions vanishing at xo. It is known
([47]) that Ay, = Azy N (C(X) Xa, Z) is a unital AF algebra. Let us say that
Az N (C(X) Ko, Z) = lim, D, where (Dy)n>1 is an ascending sequence of finite
dimensional C*-subalgebras. Then, regarding C(X) and the implementing unitary of

o, in the crossed product, Ay, = lim,(D, @ B).
Lemma 3.4.3. A, has tracial rank 0.

Proof. Since D, finite dimensional, we know that TR(D,,) = 0. Since TR(D, ® B) <
TR(D,) + TR(B) (see [36]), we get that TR(D,, ® B) = 0. The result follows from
Lemma 3.4.1. O

Lemma 3.4.4. A,, is simple.

Proof. Let I be a nonzero ideal in A,,. Then I N :4\1; is an ideal in 2{;, which is
simple (Lemma 2.5. of [40]). So, either I N Az, =0o0rIN 1/4;; = ;1; As in Lemma
2.5. of [40] we notice first that I N (C(X) ® B) # 0. Letting {zo} = N,Y,, with
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Y, D Y,.11, Y, clopen for each n, we get that ;1; = lim, Ay,, where Ay, is the
C*-subalgebra of C(X) X, Z generated by C(X) and TCo(X\{Y,}), where T is the
canonical unitary implementing . Since I # 0 there is an m € N and nonzero
element a € IN < C(X) ® B, u(Co(X\Y) ® B) >.

Let us say that a = ) _..__\(h, ® an)u”, with h, € C(X) and a, € B for —N <
n< N. Thena*a=)_ y(fn ®by)u™ and fo ® by # 0. One can choose an y € X
such that fo(y) # 0. Since ¢ is minimal there is a neighborhood V of y such that
the subsets ¢™(V) are disjoint (—N < n < N) and choose a g € C(X) satisfying
supp(g) € V and g(y) # 0. Then ¢g®1 € C(X) ® B and the following equalities hold
(9@ Da*a(g®1) = Lol y(9® D(fa ®b)ur(g®1) = ol _n(9® 1)(fa ® ba)(ctp ®
A9 =L y(g@1)(f®b)(goe™ @ ut =0 y((gfalgoe™) ®
ba)u™ = (g2 @ 1)(fo ® bo) # 0. Since (¢> @ 1)(fo ® bo) € I N (C(X) ® B) we get that
IN(C(X)®B) #0.

Case 1. If IN Z;; = :4; it follows that ;1;; C I, which implies that I N (C(X) ®
B) = C(X)®J, where J is an ideal of B. Since (3 is approximately inner, we get that
C(X) ® J is an a, ® § -invariant ideal. From the minimality of o, ® 3 (see Lemma
3.4.7), we get that C(X) ® J is either 0 or C(X) ® B. We saw above in the proof
that the first case is not possible, the second one will imply that 1 € C(X)® B C I,
which implies I = A,,.

A shorter way to prove this case is via the observation that B unital implies that
:4\1; is unital and contained in 7, so 1 € 1.

Case 2. If INA,, = 0 we have that TN (C(X)® B) = 0, which is impossible again

by the discussion above. O

Lemma 3.4.5. There is a canonical bijection between T'(A,,) and the set of o, ® -
invariant tracial states of C(X) ® B.

Proof. Since T((C(X) ® B) Xa,ep Z) is in bijective correspondence with o, ® S-
invariant tracial states of C'(X) ® B, it is sufficient to show that every 7 € T(A,,)
extends to a tracial state on (C(X)®B)Xq,ep%. Let f@b € C(X)®Bwith0 < f <1,
0 < b€ B, and let n € N be chosen arbitrarily. Since ¢ is minimal there is a
clopen neighborhood U of z such that the subsets U, o =1(U), ..., ™™ (U) are mutually
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disjoint. Set p:= xy®1 € C(X)® B. Then the projections p, u*pu, ..., (u™)*pu” are
mutually equivalent and disjoint (by the choice of U) in Ag,. So, 1 > 7(3 o (u*)*pu*)
and it follows that 7(p) < 1/(n+ 1) < 1/n. Since p(1 — (f ® b)) > 0 we see that
T(f®b) < 7(p) +7((1—p)(f ®D)) = 7(p) + 7(u(1-p)(f ®b)u") < 1/n+7(u(f @b)u*)
because (1 — p)(f ® b) < f ® b. In a similar fashion one can obtain 7(u(f ® bju*) <
1/n+7(f ®b). Because n was chosen arbitrarily, we get that 7(f ®b) = 7(u(f ®b)u*),

and the last says that 7 extends to a tracial state on the crossed product algebra. [

Remark 3.4.6. If p € M, and 7 € T(B) then 7, ® T is a, Q@ B-invariant, as [ is
approzimately inner. Conversely, if YQT is a, @ B-invariant, then vy is o, tnvariant.
Indeed, letting f € C(X), we obtain from vy @7 = (y® 7) o (a, ® B) evaluated at
f@1 thatv(f) =(fop™).

Lemma 3.4.7. The crossed product algebra (C(X) ® B) Xa,e8 Z is simple if ¢ is

minimal, B is approzimately inner and B is simple.

Proof. We first show that C'(X) ® B is Z -simple. Suppose there is a proper ideal I
of C(X) ® B such that off ® 8™(I) = I for all m € Z\{0}. Since I can be written as
I = Co(U) ® B, for some nonvoid closed subset U of X, we get that ¢~™(U) = U for
all m € Z\{0}. Minimality of ¢ implies that U = X, so I would not be proper as we
have supposed. Thus the action is Z -simple.

To finish the proof it is sufficient (see [44], Theorem 7.2) to show that for all
nonzero integers m, the automorphism o ® f™ is properly outer. If this were not
the case, it would follow (see [44]) that there is a nonzero o ® f™-invariant ideal
I of C(X) ® B such that off ® ™|r = Adu o expd for some unitary u € M(I) and
some *-derivation d of /. From Corollary 8.7.8. of [46], one sees that ol ® 8™ is
approximately inner.

Since B is simple, the ideal I has the form Co(U) ® B for some non-void closed
subset U of X. Let zo € U. Since o) ® B™|r is approximately inner it will leave
invariant any ideal, in particular (for Co({zo}) ® B) we get that ¢ ™™ (zo) = zo, a
contradiction because ¢ is assumed to be minimal.

a
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Proposition 3.4.8. If ¢ is minimal, B is approzimately inner, and B is simple, then
(C(X) ® B) Xa,ep Z is almost tracially AF.

Proof. Pick an z9 € X. Then A, is a unital, simple C*-algebra with tracial rank 0
(lemmas 3.4.3, 3.4.4). Take a finite subset F' C C and take € > 0. Because the set
of all elements of the form > ;__ cuf, n € N, ¢, € C(X) ® B is dense in C, we
may assume there is a n € N such that F' C FE,, where E, = {ZZZ_n et e €
CX)®B } Since ¢ is minimal, there is a clopen neighborhood U of zy such that
o U), > (U),. .., U, oU),...,o"(U) are mutually disjoint and u(U) < €/2n for
all p € M,,. Setting V := UP_,_,©*(U), we have that p := xy- ® 1 is a projection in
C(X) ® B. Because of the choice of U, we get that u*p,u!=*p € A,, for 0 < k < n.
From here and the definition of E,,, we obtain that ap € A,, for all a € E,. Using
Lemmas 3.4.5 and 3.4.6, we get that 7(1 —p) =7(xy ®1) < eforall 7 € T(A,,). O

Remark 3.4.9. Using Theorem 3.10. of [38] (which says that simple,almost tracially
AF and unital C*-algebras have real rank 0) one obtains that (C(X) ® B) Yo, g8 Z
has real rank 0. As usual, we regard C(X) and B as C*-subalgebras of C(X) ® B.

The approximations in the following lemma will be used in the proof of the main

result of this section.

Lemma 3.4.10. Giwven any N € N,e > 0 and a finite subset F' of C(X) ® B, there
exists N> M > N, a clopen neighborhood U of xo, and a partial isometry w € A,
satisfying the following relations:

(1) e~ N*+U), o~ N2(U), ..., U,o(U),..., oM (U) are mutually disjoint and u(U) <
e for all ¢ -invariant measure p.

(2) w*w = xv ® 1 and ww* = x,my) ® 1.

(3) (u*)'wu' € Agy for all0 < i< N — 1.

(4) ||lwa — aw|| < € for alla € F.

Proof. We may assume that F = Fj|JFy where F; C C(X) and F» C B. By
continuity, there is a clopen neighborhood O of z, such that |f(zo) — f(y)| < €/2 for
ally € O and all f € F|. From the minimality of ¢ we can find an M > N so that

©M(zo) € O. There is always a clopen neighborhood U of zy such that condition (1)
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is satisfied. Shrinking (since ™ (z9) € O) U we may suppose that U |J ™ (U) C O.
Using the minimality of ¢ one can define a continuous function n : U — N by
n(z) := min{k € N; o *(z) € ¢™(U)}. Since n is continuous and U is clopen, we see
that {n~!(k); k € N} forms a finite partition of U. Define wq := 3,y 4™ *(Xn-100)®1).
From (1) we see that wiw; = xy ® 1 and wiw} = XMy ® 1, and from its definition
we can see that w, is a partial isometry in A,,.

For each element b € B one has wibwi = Y, cn(Xn-1k) ® B). Indeed, supposing
that wy == Y0 _ u™ (Xp-10k,) ® 1) we see that wibwi = [3 v u™ ™ (Xn-1(km) ®
DI (108) S5y 0 (s B1) = [ (1) SDU I (198) 7y 4 (o @
1) = 571 Cne oy S (L@ 57 (8)) b 37, ™ (s ©1). From (1) we need to
impose m = [ (the other terms will be zero), so the last sum is equal to > _; (Xn-1(km)®
1)(1® B4 (5))u*mu™ " (Xn=1(km) ® 1) = 2ot (Xn=1 (k) © B°™) = Do pen(Xn-100) ® ).

Using that n(U) and F5 are finite subsets and that § is approximately inner, there
exist some unitaries vy, € B such that ||8%(b) — vpbv}|| < €/2¢ for all k € n(U) and
all b € Fy, where t us the cardinality of n(U). Define wy 1= >, y(Xn-+ ® V) €
C(X)® B C A,,. One can check that wiws = wowd = xv ® 1. Indeed, writing w, as
D et Xn=1(km) @ Vky, We see that wiws = 301 (Xn=1(km) ® Vk,,) 2=t Xn=1(k)) © Vky-
Since {n~1(k);k € N} is a partition of U we can impose m = [ and we have that
wiws = 3 0 (Xn=1(km) B VE, ) (Xn=10m) ® Vkm) = D1 (Xn-1(k) ® 1) = xu ® L. The
other equality may be checked similarly to this one. So ws is a partial isometry.

Setting w = wywe € A,,, we have that w is a partial isometry. Let us check
condition (2).
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w*w = (wiwa)*wiwe = wiwiwiwe = wi(xv ® 1)ws

[Z Xn=1(km) & Vkm
m=1

n . n
= Z Xn=1(km) ® Uzm Z Xn=1(k) & Uk,
= =1

*

I

(xv®1) Z Xn—1(ky) ® Uk,
=1

= Z Xn=1(km) ®1= Xu ® 1)

m=1

again because {n=(k);k € N} is a partition of U. Notice, as in [47], @M(U) =
e, o (n (k). (Ify € ¢7Fm(n" (ky)) then y = ¢~*m(2) where n(2) = kn,
ie. ¢7Fm(2) € $M(U), hence y € ¢M(U). The other inclusion is proved in a similar

fashion.) We have the following chain of equalities

ww* = wiwwiw; = wi(xy ® 1)wi

n

= Z u- Xn—-l (km) @ 1)(XU & 1)[2 u ke (Xn‘l(kt) 3¢ 1)]*
=1

= Z U™ (X1 ) © 1) D (X1 ® Dt =" Z U (Xt () © D’

=1 m=1

= Z((%)"“m ® 875 (X1 ® 1)

m=1

- Z atp Xn—l(km)) ®1

= Z Xe=km (n=1 (km)) © 1

m=1
= XUy o= Fm (=1 (b)) ® 1
= XM (U) ® 1.
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Let us check condition (4). Letting 1 ® b € F» we have

[lw(l ®b) — (1 ®b)w|| = ||wiws(1 ®b) — (1 ® b)wiwsl|
< [|wz(l ® b) — wi(l ® bwiwsl|
= |lwa(1® D) - Z(Xn-l(k) ® B5(b))ws||

keN
= |3 a1y @)1 @) = Y (xn-10) @ B5(1)) D _ (109 @ )|
leN keN leN
_HZXn 1y @ v)(1®b) ~ an 1) ® B (b)uil|
leN k=leN
= || Z(Xn—l(l) ® ub) — Z Xn-1() ® B o)l
leN leN
= 1> X1 ® (b — B'(B)u)|
leN
<Y o lllobo; = 81Ol
leN
€
< 1§t1 =€/2.

Let f®1 € F;. Then

lw(f ©1) — (f @ Dwl|| = |lwiws(f © 1) = (f @ Dwiws|
< JJwrwe(f @ Dw; — (f @ Nwi||
= w1 > (n-10 @ vR)(F ® 1) D (xn-100y @ 07) = (f ® Dwr |

keN leN
== lwy Y (-1 f) @ 1= (f © L)w|
keN

= [lwi(xvf ®1) = (f @ wl|

=D iy ©@ DO f ®1) — (f® 1) Zu—l(Xn‘l(l) ® 1)

keN leN

=11 uF mw f 1) =D u(foe™ @ 1) (xam19 @ D

keN leN
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= H Zu—k(xn-—l(k)f ® ]. ZU Xn—l(l)) ® 1)”

keN leN

=1 u My (F = Foe™) @1]II.

keN

The last norm is less or equal than ¢ because of the choice (regarding Fy) of O
and the choice of U (recall that U |J ™ (U) C O).

We shall prove that that condition (3) also holds. Since wy € C(X) ® B it is
sufficient to show that (u*)'wiu’ € A, for all 0 < ¢ < N — 1. Since (u*)*Ayiyyu’ =<
C(X) ® B, (w)'u(C(X\{¢'(z0)}) ® B)u* >=< C(X) @ B, u(w)'(C(X\{¢'(z0)}) ®
B)ut >=< C(X) ® B,u(C(X\{z0}) ® B) >= A,, it is sufficient to prove that w; €
Agi(zo) for all i = 0,1,...,M — 1. But this is valid from the definition of w; and
because U, o(U),..., " (U) were chosen mutually disjoint. O

Remark 3.4.11. The following discussion is a consequence of that preceding Theorem
3.12 of [38]. Since C has real rank 0 (see Remark 3.4.9.), and A,, has property SP,
and because unital, simple C*-algebras with tracial rank 0 have property SP, one can
conclude that C' (= (C(X) ® B) Xq,ep Z) has stable rank one.

Remark 3.4.12. Ky(C) is weakly unperforated.

Proof. Let us remark first that Ko(i) : Ko(Az) — Ko(C) is an abelian group
isomorphism. Indeed, using the notation introduced before Lemma 3.4.3, we get
(because of [47], and since D, is finite dimensional) that Ko(A,,) =~ lim, Ko(D, ®
B) ~ lim, Ko(D») ® Ko(B) =~ (lim, Ko(D»)) ® Ko(B) = !‘—%%D ® Ko(B). Using
the six-term exact sequence of Pimsner and Voiculescu, K7(C(X)) = 0 and that

is approximately inner, we obtain that the last group is isomorphic to I—{Q(HC(—X@E) ~

ap®8
Ko(C).

More is true: Kp(¢) is an order isomorphism. Of course, it is order preserving.
For the last part, suppose that 0 < n € Ko(C) and let [p]o — [glo € Ko(Az,) be the
unique lifting for some projections p and ¢ in matrices over A,,. For any o € T(A,,),
there is (by Lemma 3.4.5) an o, ® § invariant tracial state 7 of C such that 7047 = 0.
Since C is simple and n > 0 one has that 0 < Ko(7)(n) = Ko([plo — [glo). Since
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a(p) > o(q) for all 0 € T(A,,) and A, has tracial rank 0 (Lemma 3.4.3) we conclude
(see Theorem 3.7.2 in [37]) that p > ¢, whence it folllows that [p]o — [g]o > O.

Now it is routine to prove (using the above) that Ko(C) satisfies Blackadar’s
Second Fundamental Question and that Ko(C) is weakly unperforated. O

Theorem 3.4.13. If ¢ is minimal, 3 is approximately inner and the simple unital

C*-algebra B has tracial rank 0 then C has tracial rank 0.

Proof. As always, the proof runs in parallel with its counterpart in [38], which in
this case is Theorem 5.6. The following will be shown: given € > 0, a finite subset
F C C(X) ® B, and a nonzero positive element ¢ € C, there is a projection e € A,,
so that the following hold:

(i) ||ae — ea|| < € for all a € F U {u},

(ii) for any a € F'U {u}, there is an element b € eA,, e such that ||eae — b}| < e,

(iii) 1 — e is equivalent to a projection in cAc.

Since A,, is a simple unital C*-algebra with tracial rank 0, we obtain that eA,e
is a simple unital C*-algebra with tracial rank 0 (see [37] for hereditary subalgebras
of tracial rank 0 C*-algebras). Hence, if the above is shown, by [38] or [35], it follows
that C has tracial rank 0. Since C has real rank 0 (Remark 3.4.9.), has stable rank
one (Remark 3.4.11), and is weakly unperforated Ko(C), it is sufficient to prove the
following: given any € > 0 and given any finite subset F' C C(X) ® B, there is a
projection e € A, such that the following conditions hold:

(a) |lae — eal| < € for all a € F U {u},

(b) given any a € F U {u} there is an element b € eA, e such that ||eae — b|| <,

(c) 7(l —e) < eforall 7 € T(C).

Toward this, we may assume that ' = F*. Pick N € N such that -21% < €
From Lemma 3.4.10 (with N, £, and a finite subset G := UY5'u'F(u')*), we can
find M > N, a clopen neighborhood U of zg, and a partial isometry w € A,,. Set
p:=xv®l € C(X)®B and q := x,mqp)®1 € C(X)®B and remark that p 1 g. Again,
as in [38], one can define (for ¢ € [0, 7]), the following continuous path of projections
P(t) := pcos’t + wsintcost + w*sintcost + gsin?t satisfying P(0) = p = P(n).
Evidently P(t) = P(t)* and from pg = 0 we see w*p = wg = qw* = 0 which in turns
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implies that

P(t)? =pcos?t + w?sin®t cos® t + (w*)?sint cos® t + ¢ sin* ¢ + pw sin ¢ cos® ¢
+ wpsintcos® t + pw* sintcos® t + w*psint cos®t + 0 + 0 + ww* sin® ¢ cos? ¢
+ w*wsin® ¢t cos? t + wq sin® ¢ cost + qw sin® tcost + w*gsin® t cost
+ qw* sin® ¢ cost
= gsin?t + pcos?t + w?sin? t cos? t + (w*)?sin?tcos® t + pvsint cos® t
+ wsintcos® t + w*sint cos® t + w*psint cos® +wgsin®t cost + wsin®tcost
+ (w*) sin® t cost 4 qu* sin® t cos t

= gsin®t + pcos’t + wsintcost + w*sint cost + 0 = P(t).

From Lemma 3.4.10 (4), and p,q € C(X) ® B, we see that ||(u’)*P(t)u‘f —
fW)*P@)u'l] < eforallt € [0,7],0 < i< N—1and f € F. Define the following
element e := 1 — (Zf\iaN up(u)* + Zfi}l(u’)*P(%)ul) Since the projections ap-
pearing in the definition of e are orthogonal (by the choice of U), we see that e is a
projection. From Lemma 3.4.10 (3) and the definition of P(t), we see that e € A,.

From Lemma 3.4.10 (3) and the definitions of e and of p we get that efe € A,
for all f € C(X)® B. Since eLp it follows that eue = eue — eupe = eu(1 — p)e. Thus
eue = eu(l — ple € eA,e C A,, because e € A,,.

For all 7 € T(C) one can check from the definition of e and the choice of U that
T(1—e) < M7(p) < §.

It remains to show ||fe —ef|| < € for all f € F and ||ue — eu|| < e. The following
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computations use the definition of e:

llue — eu|| <||e — u*eul|

M—N N-1 . M-N
1T

=[I1— ) wp(w)* — Z(ui)*P(—N)ui —1+ Y wu'p(u) u

i=0 i=1 1=0

N-1 .
+ YWy P

i=1

=||u—1p(u“1)* _ uM—Np(uM—-N)*

— u*P(%)u . (uN—l)*P( (N &DW)UN—l
+ (u2>*P(%)u2 4ot (U,N)*P( (N ]—vl)’/r)uN”

and the result follows from the estimate in Theorem 5.6 of [38]:
IP() - PO < 5
For the other estimate, let g ® b € F. Then

Ife —efll =
N-1 .
| Z(g ® b)(u')*[wsinin /N cosim/N + w* sinin/N cosin /N]u’
i=1

N-1
- Z(u’)*[w sinin /N cosim /N + w* sinim/N cosin /Nlu'(g ® b)||.

i=1

The general estimate will be simplified by taking the case of w and i =

Indeed, we get that ||(g®b)u*wsinin /N cosin/Nu—u*wsinim /N cosin/Nu(g®b)|| <
(g ® blu*wu — w*wulg @ b)|| = ||u* [u(g ® b)u*w — wu(g ® b)u*| uf|. From the form

of G and the previous lemma, we obtain the desired estimate.

Let us indicate here how the proof can be modified to obtain the following tracial

rank one version of Proposition 3.4.13.

Proposition 3.4.14. If ¢ is minimal, (3 is approzimately inner and the simple unital

C*-algebra B has tracial rank one, then C has tracial rank one.
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Using [36] one can get that A, has tracial rank one. One can prove (exactly as in
Lemma 3.4.8) that there is a unital simple sub-algebra D of C with tracial rank one
such that the following holds: for every finite subset F' C C and every € > 0, there is
a projection p € D such that

(1) for each a € F, there is an element b € D such that ||ap — b|| < ¢,

(2) 7(1 — p) < € for each tracial state 7 € T'(D).

From this it follows that C has property (SP). Since A,, has also property (SP)
because this algebra has tracial rank one, it follows as in Remark 3.4.11 that C has
stable rank one. Remark 3.4.12 is still valid since C*-algebras with tracial rank less or
equal than one satisfy Blackadar’s Second Comparability Question (see [37], Theorem

3.7.2). Hence the proof of Proposition 3.4.13 applies, yielding 3.4.14.
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Chapter 4

LIFTINGS

4.1 Examples

In this chapter we shall investigate the following problem. Given a unital (AF)
algebra A, let™: A — Aff(T(A)) be the natural map defined by a(r) := 7(a)
for every a € A. Here Aff(T(A)) is the real Banach space of all affine continuous
real-valued functions on T'(A) equipped with the supremum norm. Also Aff(T(A))
is a partially ordered real vector space equipped with the pointwise ordering, the
constant function 1 being an order unit. We shall recall another map which will be
useful. For every tracial state 7 € T(A) and every n > 1 denote again by 7 the
extension to M, (A) which is again a tracial state. Define”: Ko(A) — Aff(T(A))

———

by [plo(7) := 7(p). It was proved in [7] that”is an onto map. Actually, it was proved
that for every f € Aff(T(A)) there is a self-adjoint element a € A such that @ = f

regardless whether A is AF. We shall investigate when"lifts positives to positives.

Remark 4.1.1. If A is a simple unital C*- algebra with at least two traces then™
can not lift positives to positives; since T(A) is a Chogquet simplex, for any T # T,
extremal tracial states, there is a continuous, affine function g : T(A) — [0, 1] such
that g(m1) = 0 and g(72) = 1. If there were a positive lift for g, then I, = {a €
A;i(a*a) = 0} would be a proper ideal of A, contradicting the simplicity of A. This
lifting is possible for all commutative C*-algebras (independent of being AF) [17].
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In what follows we shall investigate the quotients of unital (not necessarily AF)
C*-algebras for which the lifting is possible. Let A be a non-simple unital C*-algebra
and let I be an ideal of A. Define the following canonical maps 7 : A — A/I,
7:T(AJI) — T(A), #(F) :=Tom € T(A) and 7 : Aff(T(A)) — Aff(T(A/I))
given by T(f)(s) := fo7(s) = f(som) for all s € T(A/I). The following diagram is

commutative

(%) ,]4 il A/l
AfF(T(A) "= AFF(T(A/D))
Indeed, for every s € T(A/I) one has that (7 o)(a)(s) = T(@)(s) = @(som) =

——~

som(a) and o m(a)(s) = [a](s) = s([a]) = s(w(a)).
Lemma 4.1.2. The canonical map T is onto.

Proof. Since the diagram is commutative, 7 and both”maps are onto it follows that

T is onto. O

The next observation is that 7 lifts positives to positives. For this we need the

following extension result proved in [15] (11.23).

Lemma 4.1.3. Let K be a Choquet simplex, let F' be a closed face of K and let
g € Aff(F). Then there exist f € Aff(K) such that f|p = g and ||g|| = ||f]|. If ¢

18 positive, then f can be chosen to be positive .

Let F := 7(T(A/I)). Since T is injective, it follows that T'(A/I) and F are
homeomorphic by 7, where 7T1(s) := 7(s) for every s € T(A/I). From this we see
that Aff(T(A/I)) ~ Aff(F). It is very easy to check that F' is a closed face of
T(A). Letting R : Aff(T(A)) — Aff(F) be given by restriction, R(f) := f|r for
all f e Aff(T(A)) and T : Aff(F) — Aff(T(A/I)) be given by T'(h) := h o (T1)
for all h € Aff(F), we have that T o R = 7. Indeed, T o R(f)(s) = (T(R(f)))(s) =
T(flr)(s) = (flr o T1)(s) = fIr(Ti(s)) = flr(som) = f(som) = 7(s) for all
feAff(T(A)) and all s € T(A/I). Using Lemma 4.1.2 (since A is unital, T'(A) is

a Choquet simplex) for our F' we get the following
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Proposition 4.1.4. Let A be a unital C*-algebra and let I be an ideal of A. If
T A — Aff(T(A)) lifts positives to positives, then™: A/I — Aff(T(A/I)) also
lifts positives to positives.

Proof. By the discussion above (and lemma 4.1.3), any positive of Af f(T(A/I)) lifts
to a positive of Af f(T'(A)). By the lifting hypothesis we can lift the latter positive

to a positive of A. Since the diagram x is commutative, the proof is complete. O

Remark 4.1.5. It follows from the proposition above and Remark 4.1.1 that if the
natural map lifts positives to positives for a unital C*-algebra A, then each simple

quotient of A has unique trace.
For crossed products the proof of lifting is much simpler:

Proposition 4.1.6. Suppose that A is a unital C*-algebra for which the natural
map”~: A — Aff(T(A)) lifts positives to positives. If a is an approzimately inner
automorphism of A, then the corresponding natural map associated to the crossed

product lifts positives to positives.

Proof. Since « is approximately inner, we have that T'(A) is homeomorphic to T(Ax,

Z). From here we get that the following diagram is commutative

PN

S

A

AfF(T(A))

i o

A Xa Z _;Aff(T(
Since Aff(T(A)) is order isomorphic to Af f

~

o

Ko 7))
T(A X, Z)), the conclusion follows.
(]

~~

Definition 4.1.7. Let A and B be two unital C*-algebras and let p,v : A — B
be two *-morphisms. We say that ¢ and ¢ are approzimately unitarily equivalent,
written @ =, ¥, if for every e > 0 and every finite subset F' of A there is a unitary
w € B such that ||lwp(a)w* —¢Y(a)|| < € for alla € F.

Proposition 4.1.8. Let A and B be two unital C*-algebras and let ¢ : A — B and
Y B — A be two *-morphisms such that ¢ o ¢ =, idg. If the natural map of A

lifts positives to positives then the natural map of B lifts positives to positives.
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Proof. Let 0 < g € A(T(A)) and set f := 9(g) € AF(T(A))*. From the lifting
hypothesis, there is a positive element a € A such that @ = f. If b := ¢(a), then
b€ BT. It is clear that P(f) = g will imply that b= g and the proof will be complete.

To prove that B(f) = g it is sufficient to show B(1(g)) = g, or in other words we
need to prove that for any s € T(B) the following equality holds "L;E(E(g))(s) = g(s).

We have that B(¥(9))(s) = (¥(9)oP)(s) = %(9)(@(s)) = P(g)(s0w) = (gov)(s0%) =
g(W(sop)) = g((sop) o)) = g(sopor)), where as usual, Y(r) := ro, for r € T(A)
and E(k) := k o1 for every k € Aff(T(B)).

We know that g = T for some selfadjoint z € B, thus it is sufficient to show that
sopo(x) = s(x) for all s € T(B). Leting ¢ > 0 be arbitrary we get that there
is a unitary u € B such that ||up o ¢¥(z)u* — z|| < e. Thus |so g o(z) — s(z)| =
|s(upoh(z)u*)—s(z)] < ||upop(z)u*—z|| < e. Thus we obtain that sopot)(z) = s(z)
for all s € T(B) and the proof is done. O

Let us recall some facts from the paper [7] which will lead to the fact that strictly
positive affine positive functions on T'(A), A unital, can be lifted (by the natural map)
to a positive element.

For a unital C*-algebra A, denote Ag := {z — y;z,y € AT,z = y}, where for z,y
positives elements in A we say z = y if there is a sequence of elements {z,}, in A
such that z =Y - ztz, and y = )~ x,z%. Then = is an equivalence relation on
A™ which gives rise to a new equivalence relation on A,, as follows: for z,y € A,
define x ~ y if there is a positive element ¢ € A* such that z + ¢ = y + ¢. Moreover,
x ~yin A, if and only if z — y € Ay, thus A := Ay,/Ag = Ase/ ~. Of course, A is
a Banach space with the quotient norm, ||[a}|| := inf{||a — 2||;2 € Ao} and one can
define a closed convex cone A, in A by A, := {[a];a € A,}. With this cone A is an
order unit space with order unit u := [1]. The crucial result we need is the fact that
A is a copy of AT (A). The map ¢ : A — AffT(A), given by ¢([a])(7) := 7(a) for
all 7 € T(A) is a linear isometry such that ¢(A.) = AffT(A)* and ¢(u) = 1.

Lemma 4.1.9. Let f € AffT(A)*. Then for every € > 0 there is a lifting a. € As,
such that a. > —le.

Proof. Let ¢ > 0 be fixed. By the discussion above there is a 0 < [a] such that
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#([a]) = f. Since [a] is positive, there is a sequence of positive elements {a,}, € AT
such that lim,,«[a,] = [a]. So there is an index ny € N such that for all n > ng one
has ||[a — an]|| < €/2. Thus, for all n > ng, one has that €/2 > inf,c 4, || —an — 2||- It
follows that there is a zg € Ag such that ¢/2 > ||a—an, — 20|| and the proof is complete
because —€/2 < —||a — any, — 20|| < @ — Gn, — 20, thus —€/2 < —€/2 4 a,, < a — 2

andG@=a— 2z = f. O

Proposition 4.1.10. Let A be a unital C*-algebra and 0 < f € AffT(A). Then there

is a positive element a € At such thata = f.

Proof. Since f > 0let 0 < § := inf,cpa) f(7). Then f —§/2 > 0 and by the above
lemma there is a self adjoint lifting a € A,, for f — /2 such that a > —1§/4. It
follows that afl?/Z = fand a+16/2 > —16/4+16/2=16/4 > 0. O

For finite dimensional C*-algebras, the lifting holds even if the positive f €

AffT(A) assumes the value 0 somewhere.

Remark 4.1.11. When A is a finite dimensional C*-algebra, we have that A =
M, @ -+ ® M,,, and denote the tracial state of M,, by 7; for every 1 < i <

m. For every tracial state 7 of A, there is a vector (ti,...,tm) € R™ such that
T = Tty,tm)y Where T, o, 0m) == D00 tim(a;). Let 0 < f € AffT(A)
and suppose that 0 = f(1a0,.0) = f(T010,..0) =+ = f(T(O,O,...,l,O,--- ,0));

k
f(70,0,...,1,0,--- ,0)) = Tr+1 > 0o, f(700,.0)) = Zm > 0, for some 1 <k <

. o

-~
k+1

m. Then0<b:=000--- ®0D z111--- Dzl € AT and/l;zf.

Another class of C*-algebras for which the natural map lifts positives to positives

is exhibited in the next

Proposition 4.1.12. For any compact space X and any unital C*-algebra B with
unique tracial state, the natural map™: C(X)® B — AffT(C(X) ® B) lifts positives

to positives.

Proof. Denote by T': B — C the unique tracial state of B and by €,,z € X the

extremal tracial states of C(X). Of course, the following diagram is commutative

90



C(X% ® B—> Aff(T(C(X)® B))
M

M
C(X) AfF(T(C(X)))
where M : C(X) — C(X) ® B is given by M(h) := h® 1 for every h € C(X),
M. T( (X)®B) — (X)) is given by M(S) := SoM for every S € T(C(X)®B)

T(C
and M : AfT(C(X)) — AfT(C(X) ® B) is given by M(k) := k o M for every
k € AT (C(X)).

Suppose that 0 < f € AFT(C(X) ® B). Then, the function g : T(C(X)) — R
defined by g(e;) := f(e. ® T') for all x € X is affine, positive and satisfies ﬁ(g) = f.
Indeed, for all z € X we have that ﬁ(g)(em@)T) =(goM)(,RT) = g((e.T) o M).
Since the natural map is onto let a € C(X) a self-adjoint element such that @ = g.
From (¢, ® T) o M(a) = ¢, ®T(a ® 1) = €,(a) = G(ex) = glez) = f(ez @ T) we get
that ﬁ(g) = f.

Since the natural map for commutative C*-algebras lifts positives to positives, M
is a *-morphism (thus preserves positivity), and the diagram commutes, we obtained
the desired result. O

Remark 4.1.13. In the above proposition, C(X) can be replaced by any unital C*-

algebra for which the natural map lifts the positives to positives.
Let us give a non-trivial

Example 4.1.14. Let A be a unital AF algebra with unique tracial state, 7: A — C,
for instance, the CAR algebra, and write A = UL A, where 1 € (Ap)nen 5 an
increasing sequence of finite dimensional C*-algebras. Denote A" := {f : NU{oco} —
A; f(n) € A, for all m € N}, where NU {oo} is the one point compactification of N.
Then A’ is an AF algebra; it is not simple because it has A as a quotient. Let
0 < ge AfT(A"). Since the natural map is surjective, let f € A’ be a self-adjoint
lift. For alli € NU{oo} denoter; := 7(f(i)) = 0. From the fact that T is continuous,
one can define a positive element f' : NU {oo} — A in A by f (i) := ;1 for all
i € NU{oo}. It follows from the form of extremal tracial states of A’ that g = fz f',

hence we have found a positive lift for g.
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Let us indicate here that indeed the extremal tracial states appearing above have
the desired form. Setting I := {f € A’; f(c0) = 0} = {f € A';lim, ||f(n)|| = 0} we
see that the map K : A'/I — A given by K([f]) := f(00) is an isomorphism. Our
goal is to show that all extremal tracial states of A" have the form 7, : A" — C, where
7o(f) := 7(f(n)), for all f € A', heren € NU{oo}. Let § be an extremal tracial state
of A'. If§|; = 0, there is an extremal tracial state 6 : A' /I — C such that dom = §,
where m: A" — A'/I is the canonical projection. The uniqueness of the tracial state
(let us say 7) of A tells us that 6 = T o 7. Hence, 6(f) =don(f) =70 Kon(f) =
7o K([f]) = 7(f(00)) = 7Teo(f). Suppose now that d|; # 0. For each n € N let

x iffk=n
T, : A, — I be given by T,,(x)(k) = It is a one to one morphism
0 otherwise.
—_— 0 or,
and denote A, := T,(Ay). It follows that for each n, (5};1; = Since 6 is

TA,
extremal and 8|; # 0 we see that there is only one ng € N such that 5'&3 = TlAno
from where the desired form follows.

Thus, the general example is constructed as follows. Let X be a compact space
and B a C*-algebra with unique tracial state such that B = U, B,, where B, are
C*-subalgebras containing the unit of B. If x € X and ¢ is a homeomorphism of X
define A := {f : X — B, f is continuous , f(¢™(x)) € B, for alln € N}. Then A

18 a C*-algebra for which the natural map lifts positives to positives.
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