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ABSTRACT

Complete invariants were found for the category of unital direct limits of finite dimen-
sional semisimple complex algebras and the category of unital direct limits of finite dimen-
sional semisimple real algebras by G. A. Elliott ([E]) and by K. R. Goodearl and D. E. Handehman
([GH]) respectively. We are naturally led to consider similar complete invariants for other
algebras of this type. For other fields, the situation is much more complicated, since the set
of division rings contzirning a field F that is neither real closed nor algebraically closed is
infinite (even ignoring the noncommutative ones). So let @ = {D;} be a finite set of finite
dimensional division algebras, we shall only study the categories of unital direct limits of
finite direct products of matrix algebras involving just this set of division rings. )

The conjecture of [GH] concerning a proposed complete invariant for direct limit algebras
is simplified, and we show that this invariant (essentially a diagram of ordered Ko-groups)

is complete, establishing the conjecture.



INTRODUCTION

Let F be a field and let Q be a finite set of finite dimensional division F-algebras. Let
R be the category of all unital direct limits, R = lim R; = R,,, where the R; are finite
direct products of matrix algebras over division algebras in . For F = C, the complete
invariant found by G. A. Elliott is the dimension group with order unit (K,(R), [R]) and for
F = R, the complete invariant found by K. R. Goodear] and D. E. Handelman is the triple

of dimension groups with order unit
(Ko(R),[R]) — (Ko(R®r C),[R®r C]) — (Ko(R®r H),|[R®r H)),

induced by the inclusions R —+ C — H, where H is the quaternions. These results suggest
that a complete invariant for R should be a diagram of dimension groups with order unit
(Ko(R®r DF), [R®F D7), where D;’s are in Q and D{ is the reverse of D;, as conjectured
in [GH, XVL6]. In fact, let K/F be a Galois extension that contains all the centres of the

division algebras in 2. Then the diagram

L. C " <K°(yl:) (Ko(RM:(PD)), [RM:(DY]) (*)
(Ko(R), [R]) — (Ko(R%), [R™]) \ ki (Ko(RMe(D2)), [RM:(D))

is 2 complete invariant, where: _

(i) R* is the notation for R-®p X and Dy,..., D, are all the division algebras in Q.

(ii) Ko(R¥) is also an ordered Gal(K/F)-module induced by the group homomorphism
Gal(K/F) ~ End(Ko(R¥)) defined as 7~ Ko(idg ® 7).

(ili) The diagram above is induced by the inclusions

, M:(D)

with =z = [K : F] and A; : K = M.(D;¥) is any unital Z(D;)-algebra map, where Z(D;)
denotes the tsepara.ble) centre of D;.
Let x(R) denote the diagram (*). Our classification theorem is as following:
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Theorem 3.4.1. Let R.S € R. Then R = S if and onlv if K(R) = x(8). Moreover. if f is

any isomorphism of x(R) onto x(S). then there is an isomorphism p of R onto S such that

K(p) =

The usual (in fact the only) method that has been used to prove the classification theo-
rems up to now is to prove the invariant is faithful and full in the finite dimensional simple
case and then apply the interweaving argument. Hence we have to prove the following two
conditions:

(I) If R,S € R are finite dimensional simple and $,% : R = S are unital algebra homomor-
phisms, then «(¢) = x() if and only if there exists ap inner automorphism @ of S such
that ¢ = 8y )

(I) If R, S € R are finite dimensional simple and f : x{R) -+ x(S) is a morphism, then there
exists & anital algebra homomorphism ¢ such that f = x(¢).

That condition (I} is true is based on two observations:

(La) If Ko(¢ ® idx) = Ko(v ®@ idx) then Ko(¢ ® idz(s)) = Ko{th ® idz(s)) because the map

Ko(5 ® Z(S)) = Ko(S ® K) is injective.

R®Z(S) ——— RQ®K

¢,Z(S)J'¢Z(S) ¢KI¢K

S®Z(S) —— S@K
(Ib) If Kg(g‘) @ idz(s)) = Ko(¥ ® idz(s)) then there exists an inner automorphism 8 of S such
that ¢ = 03 because there is a projection 7 : S ® Z(S) — S such that the composite
map of the inclusion § — S ® Z(S) and 7 is the identity map ids and the composite
map of ¢ ® idz(s) or ¥ @ idg(s) with 7 is an Z(S)-algebra homomorphism into a central

éimple Z(S)-algebra.
R ——  RQZ(S)

o|v #5|y
S — & Sez(9)
g
S

iv



Condition (II) is true because:

(II.b) The matrix sizes of simple components of R@ R are sufficiently large such that if there
is a homomorphism Ky(R ® R%®) — Ko(S ® R), the matrix size of S also has to be
large (so that we can recover embeddings R — S}.

(I1.a) The entries of the matrix representing Ko(R® R°?) — Ko(S ® R°) are not arbitrary but
rather being permuted by Gal(K'/F') through the maps Ko(R@ R) — Kp(R® M (R%))
and AR ® K) = Ko(R ® M,(5°F)).

It becomes clear that in order to prove (II), we first need to classify explicitly all unital F-
algebra homomorphisms between finite dimensional simple F-algebras. By Noether-Skolem
Theorem, results of B.Fein, D. J. Saltman, M. Schacher ([FSS]), and from the Gal(K/F)-

module structure of Ko(— @ K}, we obtain the following resuit:

Proposition 2.3. Let D and D' be division F-algebras with separable centres E and E'
respectively. Then there is a unital F-algebra map ¢ : M,{D) — M,(D’) if and only if there

are ponnegative integers a,, @y, . .., ¢, such that
t = n.deg(D)*(a;|EE’ : E']/s1 + - -- + ax[ok(E)E' : E')/st)

where EE',0o(E)E',. .. ,0k(E)E' are all pairwise inequivalent composita of E and E' over
F and s;’s are the matrix sizes of D' @g» E'c;(E) @ D°".

In fact, there exists an inner automorphism 8 of M, (D’) such that
[ di(z®1) \

- a; times

hi(z®1)
86(z) = e
..¢k(z ®1)
\ ay times { 'l'l;k(z® 1) /
where 1;’s are the unique (up to an inner automorphism) E'-algebra maps M, (D®go:(E)E') —
M,.,.(D') and |

= deg(D)?*[0:(E)E" : E]
54

The proof of this Proposition was greatly improved by Dr. Edhard Neher.
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This thesis is organized into five chapters. Chapter 1 contains background materials.
The aim of Chapter 2 is to prove (I) and (II). Our main result, the classification theorem. is
proved in Chapter 3. In this chapter we also show that our invariant is minimal and that by
omitting the order units, we obtain an invariant for Morita-equivalence in this category. In
Chapter 4, we study the case where objects in the category involve only a Galois extension
K/F and a finite set of central division F-algebras with A as a common subfield. Then as
an application, we use these results to determine whether an object in the category is of
certain types. An interesting result is the following
Corollary 4.2.6. Suppose that for all D' € Q, we have [K : F| =deg(D’) = p, wherep is a
prime integer. Then given R € R, the following conditions are equivalent:

(2) R is a direct limit of finite direct product of matrix algebras over D only.
(b) Ko(ur)(Ko(R)) = pKo(RF) and Ko(vr,p)(Ko(RX)) = pKo(RP™).
(c) Ko(vr,p) is a group isomorphism of Ko(R¥) onto pKy(RP™).

This enables us to determine whether an algebra R is as described in (a} using only Ko(vg,p).

Let G = Gal(K/F} be a finite abelian group. In Chapter 5, we show that given a locally
representable action « of G on a2 AF C*-algebra A, there exists a direct limit of finite direct
product of matrix algebras over X, namely R, such that Ky(A4 x, G) = Ko(R¥) as an
ordered ZG-module and vice versa. Then by a result by D. E. Handelman and W. Rossmann
([HR]), the following is a straightforward consequence
Proposition 5.1. If H is a |G|-divisible dimension group and is also a countable ordered
ZG-module, then there exists an F-algebra R as above such that H = Ko(R") as ordered
ZG-module.

Motivated by this observation on ZG-modules, we attempt to find a simple description
for the invariant of algebras of this type. We obtain some computational results.

We end the thesis with an appendix containing remarks and questions about an attempt
of finding a2 noncomputational description for the invariants discussed in Chapter 5. We also
discuss a possible connection between an invariant for general actions of finite abelian groups
on locally semisimple F-algebras and a derivation of our invariant.
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The material in Chapters 4,5 is anologous to parts of ([GH]). However, these, [C: R] =
deg{H) = 2 and the magic number “2” sometimes disappears or does not tell us why it
appears. As we later find out, it can be buried in deg(H)/[C : R], deg(H)?/[C : R),
[C: R}?, etc. Its magic is revealed when certain results are no longer valid for [K : F] > 2,
and in difficulties we encounter when we attempt to find a simple description of the invariant

in Chapter 5.
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Chapter 1

Background

The first two sections 1.1 and 1.2 contain general results on finite dimensional semisim-
ple algebras and their Grothendieck groups Ky. The last section 1.3 contains computa-

tional results about embedding into finite dimensional central simple algebras which are
to be used in Chapter 2.

1.1. Finite dimensional algebras and tensor products.

Theorem 1.1.1.Wedderburn’s Structure Theorem

Let A be a right or left semisimple R-algebra.
(2) There exist natural numbers n(1),...,n(r) and R-division algebras Dy, ..., D, such

that

A= My (D) x---x M (D). (0)

(b) The pairs (n(1), Dy),..., (n(r), D;) appearing in (0) are uniquely determined (up to
isomorphism) by A.

(¢} Conversely, ifn(1),...,n(r) are natural numbers and Dy, ..., D, are division algebras

over R, then Mpy(D1) X - - - X Mp(r)(D:) is 2 right and left semisimple R-algebra.

1



Proof. [P, Theorem 3.5).

An F-algebra 4 is central simple if 4 is simple and Z(A) = F, where Z(.4) denotes
the centre of 4. We shall denote by A(F) the class of all finite dimensional central simple
F-algebras. If B is a subalgebra, then Ca(B) denotes the centralizer of B in 4. Let A
be the algebra whose additive group is that of 4 but where the product is defined by
axb = ba—that is, * is the product in 4%, ba is that in 4. Clearly A% is anti-isomorphic

to A. We call A% the reverse of A.
Unless otherwise stated, all tensor products are taken over F.

Proposition 1.1.2. Let B and C be subalgebras of the finite dimensional F-algebra A
such that C C C4(B) and B is central simple. The following conditions are équimlenn.

(a) A= BC.
(b) dimpA = (dimpB)}(dimpC).
(c) The inclusion mappings of B and C into A induce an isomorphism B® C = A.

Proof. [P, Proposition 12.4 a].

Proposition 1.1.3. Let B and C be F-algebras.
(2) If B® C is simple, then B and C are simple.

(b) If B is central simple and C is simple, then B @ C is simple.

Proof. [P, Lemma 12.4 b).
Proposition 1.1.4. Let B and C be F-algebras. Denote B® C by A.

(a) CA(B®F)=Z(B)®C.
(b) Z(A) = Z(B) ® Z(C).

Proof. {P, Lemma 12.4 ¢].



Proposition 1.1.5. Let B and C be central simple F-algebras, and suppose that E/F
is a field extension. Then -

(a) B® C is central simple.

(b) B® E is a central simple E-algebra.

(¢) B is central simple.

(d) If dimpB = n < o0, then B® @ B = M,(F).

Proof. [P, Proposition 12.4 b).

Proposition 1.1.6. Every finite dimensional central simple F-algebra is separable.

Proof. [P, Corollary 12.4).

Let E and L be fields that contain F as a subfield. A compositum of E and L over
F is a triple (K, ¢,%) in which K is a field that contains F, and ¢ : E — K, v:L=a K
are F-algebra homomorphisms such that K = ¢(E)y(L). Two such composita (K, ¢, )
and (K’, ¢', ') are equivalent if there is an F-algebra homomorphism « : X — K’ such
that ¢' = v¢ and ¢/ = 3. In this case, 7(K) = 7($(E)¥(L)) = ¢'(EW(L) = K', so
that -y is a field isomorphism. Clearly, equivalence of composita is an equivalence relation.

Lemma 1.1.7. If E/F is a finite, separable field extension and L/F is a field extension,
then EQrL = K x---xK,, where K;/L is a field extension such that [E : Fl=3%"_,[K::
L]. Write 1gg,; =€) +---+¢,, where ¢; = 1, and define ¢;: E = K;, ¥;: L — K;
by ¢i(z) = ei(x ® 1), ¥i(y) = &:i(1 ®y). The triples (K, ¢:,%;) are pairwise inequivalent
composita of E and L over F, and every compesitum of K and L over F is equivalent
to one of the (K;, @;, ;).

Proof. [P, Lemma 18.1].

Lemma 1.1.8. Let D be a division algebra over F. If z € D, then there is a subfield E
of D such that z € E. If dimpD < co, then the subalgebra F[z) = {®(z) : & € F[x]} is

3



a subfield of D.

Proof. [P, Lemma 13.1b)}.

It follows from Lemma 1.1.8 that if D € A(F) and D is a division algebra, then every
subalgebra B of D is also a division algebra. Indeed, if 0 #z € B, thenz~! € Flx] C B.
So the centre of D is a field.

Definition. Let A and B be elements of A(F). We say A ~ B if for some integers n
and m, we have M, (A) = M,(B).

By Wedderburn’s Theorem, A 2 M, (D,) and B = M (D2) for some division alge-
bras Dy, D; € A(F). Ther A ~ B if and only if D, = D,. Hence “~" is an equivalence
relation. We say the matrix size of 4 is n.

Let B(F} denote the set of equivalence classes of A(F). If [A] denotes the class of
A we define a product in B(F) by [A][B] = [A ® B]. Proposition 1.1.5 assures us that
B(F) is closed under this product. From the properties of tensor product, this product
in B(F) is associative and commutative. Finally, [F] acts as a unit element for B(F)

and [A%] is the inverse of [A] by Proposition 1.1.5.

Proposition 1.1.9. B(F} is a torsion abelian group.

Proof. [H, Theorems 4.1.4 and 4.4.4].

We call B(F) the Brauer group of F. Since for any A € A(F), we have [4] = [D]
for 2 unique (up to isomorphism) division algebra D, this invariant B(F) of the field F

measures the division algebras lying above F and having F as its centre.

Proposition 1.1.10. If ¢ : F — E is a homomorphism of fields, then ¢ induces a
.group homomorphism ¢. : B(F) — B(E) by ¢.([A]l) = [A ®, E]. The correspondences
F v B(F) and ¢ — ¢. define a functor from the category of fields to the category of
abelian groups.



Proof. [P, Proposition 12.5¢].

The kernel of ¢. is called the relative Brauer group of E/F and is denoted by
B(E/F). Then A € B(E/F) if and only if A ® E = M,(F) as E-algebras.

Let A be an F-algebra. We say that the field extension E//F is a maximal subfield
of A if there is no subfield L of A such that E is a proper subfield of L.

Proposition 1.1.11. Let D € A(F) be a division algebra and E/F be a subfield of D.
Then D ® E = Mp(Cp(E)), where n = [E : F]. Moreover, if E/F is a maximal subfield
of D, then D® E = M,(E), wheren=[E: F]=[D: E| =[D: F]'/%,

Proof. [R, p.94-96], [H, Corollary 4.2.1], [H, Theorem 4.2.2).

Corollary 1.1.12. If A € A(F), then dimrA = m? for some m € N. For any subfield
E/F of A, [E : F] divides m.

The natural number 7 is called the degree of A. It shall be denoted by deg(A).
Explicitly deg(A4) = (dimpA)Y2.

1.2. Some results about K.

" The following is a set of basic definitions and concepts relevant to classifying algebras
by means of ordered abelian groups and modules.

A pre-ordered abelian group is an abelian group G equipped with a particular pre-
order relation < (i.e., a reflexive, translative relation) which is translation-invariant
(that is, z < y implies 2 + z < y + 2z). The positive cone of G is the sét Gt =
{z € G | £ > 0}. A partially ordered abelian group is an abelian group equipped
with a particular translation-invariant partial order relation (i,e., as above and also

antisymmetric).



Given pre-ordered abelian groups G and H, a positive homomorphism from G
to H is any group homomorphism f : G = H such that f(G*) C H*. Equivalently, a
group homomorphism f : G — H is positive if and only if f preserves the pre-ordering.

An order unit in a pre-ordered abelian group G is an element « > 0 such that for any
z € G there is a positive integer n for which z < nu. Given pre-ordered abelian groups
G and H and order units u € G and v € H, a normalized positive homomorphism
from (G, u) to (H,v) is any positive homomorphism f : G = H such that f(u) = v.

By the category of pre-ordered abelian groups with order unit, we mean the
category whose objects are all pairs (G, u), where G is a pre-ordered abelian group and u
is an order unit in G, and whose morphisms are all normalized positive homomorphisms
between these objects. We shall denote this category by P.

Given any objects (G,u) and (H,v) in P, we shall use the phrase “map from (G, u)
to (H,v)" only to refer to morphisms in 7.

Given a ring R with unit, the Grothendieck group Ky(R) is an abelian group
consisting of expression [A] — [B] where A and B are finitely generated projective right
R-modules. Two such expressions [A] — [B] and [C] — [D] are equal in Ky(R) if and
only if A® D and B & C are stably isomorphic, that is, A@ DeF=BaCaF
for some finitely generated projective right R-module F. The sum of the expressions
{A] — [B] and [C] — [D] is the expression {4 & C] — [B & D]. The set of all expressions
[4] (that is, [A] — [0]), for finitely generated projective right R-modules A, is denoted
by Ky(R)*. Given any z,y € Ko(R), we define z < y if and only if y - = € Ky(R)™.
Then (Ky(R), <) is a pre-ordered abelian group, and [R] is an order unit in Ko(R). (See
[G1, Chapter 7]). Since the finitely generated projective right R-modules are exactly
the direct summands of the free right R-modules of finite rank, they are just the right
R-modules of the form eR", where = is a positive integer and e is an idempotent n x n
matrix over R. Consequently, Ko(R) may be constructed using idempotent matrices in
place of finitely generated projective modules, as in [G2, Chapter 18] .

Given 2 unital ring homomorphism ¢ : R — S, we make S into a left R-module via



¢, ie., rxs:=¢(r)sforr € R, s € S, and then use the functor (—) @z S from right R-
modules to right S-modules. This in turn induces a normalized positive homomorphism

o(¢) : (Ko(R), [R]) — (Ko(S),[S]), where
Ko(¢)([4] - [B) = [A@r S] - [B®r S]

for all finitely generated projective right R-modules A and B. The assignments R —
(Ko(R), [R]) and ¢ — Ko(¢) detine a func*or K, from the category of rings with unit to
the category P.

Proposition 1.2.1. Arbitrary products and direct limits exist in P. The functor K
preserves all finite products and all direct limits.

Proof. [G1, Propositions 15.11, 15.13]; [G2, Propositions 18.6, 18.7].

Recall that over a (von Neumann) regular ring R, every finitely generated projective
right module is a finite direct sum of submodules isomorphic to principle right ideals
eR, for idempotents e € R [G1, Propositior 2.6]. Consequently, Ky(R) is generated (as
a group) by the set {[eR] | e is an idempotent in R}, and K,(R)" is generated (as a
semigroup with zero) by the same set. |

A unit regular ring is a unital ring R in which for each £ € R there exists 2 unit (in-
vertible element) u € R such that zuz = z. Over 2 unit regular ring R, finitely generated
projective right modules cancel from direct sums [G1, Theorem 4.5]. Consequently, given
finitely generated projective right R-modules A, B, C, D, we have [4] — [B] = [C] — [D]
in Ko(R) if and only if A® D = B @ [C], and we have [4] — [B] £ [C] - [D)] in Ko(R) if
and only if A& D embeds in B@ C [G1, Proposition 15.2]. Moreover, Ko(R) is partially
ordered [G1, Proposition 15.2].

A matricial aigebra over a field F is any F-algebra that is isomorphic to a fi-
nite direct product of full matrix algebras over F. (In case F is algebraically closed,
the matricial F-algebras are exactly the finite dimensional semisimple F-algebras). An
ultramatricial F-algebra is any F-algebra that is isomorphic to a direct limit of a

7



(countable) sequence of matricial F-algebras (in the category of F-algebras). Any ultra-
matricial F-algebra is a directed union of matricial F-subalgebras, i.e., the union of an
ascending sequence R; C K. C ... of matricial subalgebras.

Observe that the field F is unit regular, and hence so is every full matrix algebra over
F, by [G1, Corollary 4.7). As unit regularity is preserved in direct products and unital
direct limits, all unital ultramatricial F-algebras are unit regular.

Proposition 1.2.2. Let R be a matricial algebra over a field F, and let S be a unit

regular F-algebra.

(a) Given any map f : (Ko(R), [R]) = (Ko(S),[S]), there exists a unital F-algebra map
¢ : R — S such that Ky(¢) = f.

(b) Let ¢, : R — S be unital F-algebra maps. Then Ky(¢) = Ko(t) if and only if

there exists an inner automorphism 6 of S such that 8¢ = .

Proof. [G1, Lemma 15.23).

Theorem 1.2.3. [Elliott] Let R and S be unital ultramatricial algebras over a field F.
Then R = S (as F-algebra) if and only if (Ko(R), [R]) = (Ko(S),[S]) in P. Moreover,
if f: (Ko(R),[R]) = (Ko(S),[S]) is any isomorphism in P, there exists an F-algebra
isomorphism ¢ : R — S such that Ko(¢) = f.

Proof. [E, Theorem 4.3].

Proposition 1.2.4. Let R = M, (D) x --- x M, (D), where D;’s are division rings,
then (Ko(R),[R]) = (Z,n1) % - -+ x (Z,n,) in the category P.

Proof. [G1, Lemma 15.22].

A partially ordered abelian group G is directed if G, as a partially ordered set,
is directed (upward or downward, which are equivalent). Equivalently, G is directed if
and only if G is generated (as a group) by G* [G1, Proposition 15.16]. Tke group G is

8



unperforated provided that whenever r € G satisfies nz > 0 for some positive integer
n, then z > 0. Note that any unperforated partially ordered abelian group is torsion-
free. The group G satisfies the Riesz interpolation property provided that whenever
I:Z2Y1,Y2 € G such that z; < y; for all 4,7 = 1,2, there exists = € G satisfying
I, £z S y;foralli,j =1,2. (In other words, the intersection of two overlapped closed
intervals is nonempty).

An interpolation group is a partially ordered abelian group satisfying the Riesz
interpolation property. A dimension group is a directed, unperforated, interpolation

group.

- Proposition 1.2.5. [Elliott; Effros, Handelman, Shen] Let F be a field, and let (G, )
be an object in P. Then (G,u) = (Ko(R),[R)]) for some unital ultramatricial F-algebra
R if and only if G is a countable dimension group.

Proof. [E, Theorems 5.1, 5.5]; [EHS, Theorem 2.2].

1.3. Embedding into central simple algebras.

In the next two Propositions, we let L/F be a field extension of finite index and A/L
be central simple. If A and B are unital F-algebras, then an embedding of 4 into B is
a unital F-algebra map. We also say “4 is embeddable in B”.

Proposition 1.3.1. Suppose that A = M, (A), where A/L is central simple. Let A/L be
embeddable in M.,(D), where D is a F-division ring. Then n | m and A is embeddable
in My(D), where m = nk.

Proof. (FSS, Proposition 2).
Proposition 1.3.2. If [A] = [D ®r L] in B(L), where D is & F-division algebra, then

there is an integer w such that A/L is (unitally) embeddable in B = M,,(D) so that A
9



= Cp(L) and deg(B) = deg(4)-[L: F).

Procf. [FSS, Proposition 3.

Here is a slight extension of the Noether-Skolem Theorem.

Theorem 1.3.3. Let R and S be finite dimensional simple unital algebras over a field
F, and let ¢),¢2 : R — S be unital F-algebra maps. If either R or S is central simple,
then there exists an inner automorphism 9 of S such that ¢» = 0¢,.

Proof. [GH, Theorem 4.3].

Proposition 1.3.4. Let § be an inner automorphism of a ring R. Then K (6) is the
identity map on Ky(R).

Proof. Folklore.

Proposition 1.3.5. Let ¢ : My, (D1) x -+ x My, (D,) = M,(D) be a unital F-algebra
map, where D;’s and D are division algebras. By Proposition 1.2.4, Ko{@) Is (isomorphic

to) the map

{a1,--van)

(Z.kr) X -+ % (Z,ky) —— (Z,1)

where a;'s are non-negative integers. Then there are unital F-algebra maps

Vi ¢ My, (D;) = My, (D) and an inner automorphism 6 of M,(D) such that

06(z1. ..., ) = diag(¥s(z1), .. ., ¥n(2a))-

Proof. Let R = M, (D)) x --+ x My, {D,). There are central orthogonal idempotents
€r,-..,8n in R such that e, +---4 ¢, = 1 and ;R = My (D;). Let fi = d(e;).
Since {f1,..., fa} is a set of orthogonal idempotents summing to 1, there exists an inner
automorphism & of M, (D} such that 6(f;)’s are the matrix diag(0,...,0,1,...,1,0,...,0),
where 1 appears a;k; times. Let 9; : ;R — 8(f;)M,(D)8(f;) be the restriction of 8¢ to
eR W

10



Corollary 1.3.6. Let D in Proposition 1.3.5 be central and ¢' be another F-algebra
map. Then Ky(¢) = Ko(¢') if and only if there exists an inner automorphism 6 of M,(D)
such that ¢ = 6¢'.

Proof. By the proof of [GH, Proposition 4.8], we can assume ¢(e;) = ¢'(e;) = fi
because Ko{¢) = Ko(¢'). Let ¥ : e,R = 8(f;)M:(D)6(f;) be the restriction of 8¢’ to
e;R. Then by Theorem 1.3.3, there exist inner automorphisms 8; of 8( f;}M,(D)8(;} such
that 9; = 6;}. So there are units u; € 8(f;)M.(D)8(f:) such that §;(s) = w;su;! for all
s € 0(f:)M.(D)8(f;). Then u = u; +--- +u, is a unit of M,(D), the rule 8(s) = usu™!
defines an inner automorphism & of M,(D), and ¢¥; =8¢ foralli=1,...,n. H

SUBLEMMA 1.3.7. If A is central simple over F and e # 0 is an idempotent in A
then in B(F), [A] = [eAe] (here we are identifying F and Fe).

Proof. [H, Sublemma 4.4.3].

11



Chapter 2

Homomorphisms Between Finite Dimensional
Simple Algebras

The aim of this chapter is to classify all (unital) F-algebra maps ¢ : M,,(D) = M,(D')
up to an inner automorphism of M,(D’), where D and D’ are division F-algebras with
centres E' and E’ respectively. The main results are in Propositions 2.2, 2.3, and 2.4.4.

In Proposition 2.2, we assume that D' is a central division F-algebra and we find all
possible positive integers ¢ dividing n so that ¢ exists (uniquely by Theorem 1.3.3). In
Proposition 2.3, we no longer assume that D' is central but rather that the centres of
D and D are separable and we prove that ¢ is completely and explicitly determined by
Ko(¢ ®@ridg). In Proposition 2.4.4, we prove that given a pair of homomorphisms (f, g)
such that the diagram below commutes, there exists an F-algebra map ¢ : D — M.(D')
such that Ko(¢ ®r idx) = g, and Ko(¢ ®F idpes) = f.

(Ko(D @ K),[D®F K]) —— (Ko(D®F D®),(D @F D7)

g J

Ko(-") -
(Ko(D' @ K),[D'®r K]) —— (Ko(D' ®F D), [D' @ D),
Propositions 2.3 and 2.4.4 will play crucial roles in achieving our objective, which is
to find a complete invariant for the category R of direct limits of finite direct products
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of matrix algebras over division F-algebras.

We shall use matrix notation, when convenient, for (positive) homomorphisms into
or out of direct products of (pre-ordered) abelian groups, and we shall freely use the
notation (a, b,¢,...)"" (for column vectors) and diag(a, b,¢,...) {for diagonal matrices).
Since our homomorphisms act on the left of their arguments, elements of direct products
must be thought of as column vectors, and matrices must be multiplied on the left of
column vectors. For instance, given an abelian group G, the 1 x 2 matrix (1,1) represents
the sum map G x G — G, while the 2 x 1 matrix (1,1)” represents the diagonal map
G GxG.

2.1. Preliminary results.

In this section, we shall investigate the group action of Gal(X /F) on Ko(K ®f D),
and the map A®ridp, where A : K — Miz.z(p)) (D) is the composition of the left regular
map K — Endz(p) (K) = M[K:Z(D)] (Z(D)) and the inclusion map M, (Z(D)) - M. (.D)

These results are in Lemmas 2.1.1 and 2.1.2 respectively.
We introduce more notation that will be used throughout this work.

Notation.

(i) Let 9,9 : R = S be F-algebra mé.ps. We write ¢ ~ 1 to mean “there exists an inner
automorphism 8 of S such that 8¢ = ¢”.

(i} If R and X are F-algebras, then we use RX to denote R®z X. If ¢ : R = S is
an F-map, then we use ¢* to denote ¢ ®F idy : RX — S which is defined by
z@y - ¢(z) @y.

Definition. Let E/F and E'/F be separable field extensions and K/F be their Galois
closure. Let 0,0’ € Gal(K/F). Then the compositum of o(E) and ¢’ (E') over F, denoted
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by o(E)o’(E"), is both a (left) E-algebra with the scalar operation
e.r 1= g(e)r
and a (right} E'-algebra with the scalar operation
r.e' :=ro(e)
where e € E, €' € E', and r € o(E)o'(E"). As a result, if D is an F-algebra with centre
E, then D ®g o(E)0’(E") is also both a E-algebra and 2 E'-algebra with the property
e®r=1Qc(e)r

where e € E and r € o(E)o'(E").

Lemma 2.1.1. Let D be a division F-algebra with separable centre E and let K /F

be a Galois extension containing EfF with [E : Fl=k. LetT € Gal(K/F) and let

72 : KP — KP be the map defined by z ® y = (z) @ y. Then with the isomorphism
K? = (K®rE)®c D

= (KE %+ % om(K)E) @z D

% KE®gD x--- X om(K)E ® D
70 induces an (right) E-algebra isomorphism with the same name

KE®eDx - x0m(K)E®D I3 KE®g D x -+ x om(K)E®g D ,

and Ko(tP)([ei]) = [e;] if and only if 05707 € Gal(K/E), where 6. € Gal(K/F) and
e.’s are central idempotents such that e,(D ®r K) = 0.(K)E ®¢ D for x =i, .

In other words, Gal(K/F) permutes Ko(DX) the same way it acts on the set of left
cosets of Gal(K/E) by left multiplication.

Proof. By Lemma 1.1.7, we have the isomorphism
K@ EZKEx---xon(K)E

defined by z®1 ~ (z,...,0m(z)) 2nd 1®y ~ (y,...,7), where {[1],...,[0]} is the set
of all right cosets of Gal(K/E) in Gal(K/F). This induces the E-algebra isomorphism

K@rD=(K®rE)@e D=KE®gD x e Xom(K)E®@g D

14



defined by 2@ 1 — (z®1,...,0m(z)®1) and I1®y = (1®y,....1 ® y). Hence 72
maps (2® 1,...,0m(z) ®1) = (7(2) ® 1,...,6m7(z) ® 1). As 72(e;) is also 2 central
idempotent of K2, there is an j such that the coraposite map
o(K)E®e D~ KE®g D x -+~ X om(K)E ®¢ D
Y KE®eD x -+ x 6u(K)E®e D
24 0(K)E®g D
1s 2 unital (right) E-algebra map, where g is the inclusion map and p is the projection

map. Then under this map,
oi(z)®1—o;7(z)®1 Vzek.
On the other hand, as an (right) E-algebra map,
z@1=1Qz=(1®1)z—=(1®1)z=1Qz=zQ®1 VrekE.
Therefore,
z®l=0;{c"(z)}®1P o707 (z))®1 =281 VzekE.

Hence o707 € Gal(K/E). Since this implies o;7(K)E and o;(K)E are equivalent
composita of K and E over F, 70(¢;) = e; where e; is a central idempotent of K2 such
that ¢;K? 2 0;(K)E® D. W

Let D and D’ be division F-algebras with separable centres E and E’ respectively
and let K/F be any Galois extension containing them. Let z = [K: E'] and let A :
K — M.(D') be the composition of the (left) regular algebra map K — M.(E’) and
the inclusion map M:(E’) — M.(D'). Let AP : K¥ — M_(D')° be defined by z® y —
Mz) ® y and let {1,09,...,04} C {1,02,...,0m} such that EE', Ecy(E"),..., Eok(E’)
are all nonequivalent composita of E and E’ over F. Then A induces the (left) E',

(right) E-algebra map with the same name

KE®gDx---xKow(E)®sD 22 M.(D'®pE'E)@sDx- - -xM.(D'®g E'0x(E))®E£D.
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Lemma 2.1.2. Let d and s; be the matrix sizes of D Ce R and D' Qg E'o(E) Qe D

respectively. Then the matrix representing Ko(AP) is determined by

Ko?), = { 2EEHEL i E0(E) ~ Eoy(E)
0 otherwise

forl i< kandl £ j < m. Inparticular, if E = E', the first row is (1[N : E]/d.0,...,0).

Proof. We have the (left) K-algebra isomorphism
K®rE=K Qg (E' ®r E)
2 K Qp (E'E x E'0y(E) x -++ x E'ox(E))
=K Qg E'Ex K @ E'0x(E) % +-- x K ®p E'o(E).
Foreachi=1,...,k,
K ®p E'0i(E) = Koi(E) x K7230;(E) % -+ x K Ta3).i0:(E)

as (left) K-algebras , where n(i) = [E'0;(E) : E'] and 7y, € Gal(K/E") for all j(i) =
1,...,n(i). Hence E'rj; 0:(E) and E'7yine00(E) are equivalent composita of E and

E' over F if and only if i = 7. (*)
With the (left) £, (right) E-algebra isomorphisms
K°P=KE®zD and D= D' ®p (B ®rE)®cD,

AP induces the (left) E', (right) E-algebra map
KE®gD x -+- x Kom(E) @ D
2K R E'E)QcDx - x (K®g E'ci(E)) ®c D
2M.(D' ®p E'E) @ D x -+ x Mu(D' ®z E'ox(E)) ®x D.
Let e; be the central idempotent of K satisfying
e;:K? = (K @ E'c;(E)) ® D.

Then AP(e;) = 3 ;.1 ® y;, where I, denotes the 2 x z identity matrix. Hence A2(e;) is
the central idempotent of M.(D')? such that

/\D(ei)M=(D’)D = Mz(D’ ®p E’Ui(E)) g D.
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Then since AP is one-to-one and by (*), Ko(A?) is a matrix such that the (i, j)-entry
equals a strictly positive integer if £'0;(E), E'c;(E) are equivalent composita, and equais
0 otherwise, for 1 <i<kand1<j<m.

Consider the restriction of AP to the map
K ®g (E'0i(E)) ®c D) = M.(D') ®p (E'ai(E) ®¢ D).

This is the tensor product of the E'-algebra map A’ : K — M.(D’) and the identity map
of E'0;(E}) ®c D denoted by id. Then Vr € Gal(K/E'), we have At ~ X' by Theorem
1.3.3. Hence

(N ®p id)(7 ®p 1d) = (V1) @p id ~ N @ id.

Then by Lemma 2.1.1, K, of this restriction map is a row of equal entries. Since K Qg
(E'0;(E)) ®g D) splits into [E'0:(E) : E'] matrix algebras D ®g K and z = [K : E'], the
(3, j)-entry of AP is (K : E'o;(E)}/d.

Finally, if E = E' then EE and Eg;(E) are equivalent composita if and only if g; €
Gal(K/E),ie,j=1 N

Let D and D' be division F-algebras with separable centres £ and E’ respectively
and let K/F be any Galois extension containing them. Let r = deg(D')? and let u :
D" = M,(K) be the composition of the E'-algebra map D' — D' ®g D' = M,(E")
and the inclusion map M.(E'}) — M,(K). Then pP : D'P — M, (K)P, defined by

T @ y — p(z) ® y induces the E, E'-algebra map with the same name
D'®@pE'E®gDx---xD'®g E'or(E)®D — P M (K)E®EDx- - -x M (K)om(E)®gD.

Similar to Lemma 2.1.2, we have
Lemma 2.1.3. Let d and s; be the matrix sizes of D ®¢ K and D' @g E'vi(E) ®¢ D

respectively. Then the matrix representing Ko(1P) is determined by

&

dr iof B ~ Fler:
Ko(pv)ia.z{o. {Eai(E) ~ Eoy(E)

for1 <i< kandl < j < m. Inparticular, if E = E', the first column is (dr /s,,0, ...,0).
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2.2. Embedding into a central simple algebra.

Proposition 2.2. Let D be a finite-dimensional division F-algebra with centre E (which
need not be separable) and let D' be a finite-dimensional certral division F ~algebra.
Define D", a central division E-algebra, by D ® D' 2 M,(D"). and let d = deg(D).
Then s divides ¢°|E : F) and there exists an F-embedding f : D — M,(D') if and only if
d?|E : F|/s dividest. In this case, f ~ diag(d,..., ), where ¢ is the minimal embedding

D < D®g D" = Mgg.rys(D').

Proof. By taking the tensor product D®g on both sides of
D ®F Dl‘ = M, (Dn)

we obtain

Mag(D'®F E) = M,(D" ®¢ D).
Then since E < Mig.r(F) as F-algebras, we have
M,(D" ®e D) «» Mae.r(D").
Hence s divides d%[E : F] and there exists an F-embedding
D < D" ®g D — Mag.rys(D').

Conversely, let M = (D')! and A = D?®pD'. If we have an embedding D — M,(D"),
then
D7 — M(D"Y* = Endp: (M)

(see [Jacobson, Basic Algebra II, p.224]). Hence M is also 2 left A-module via (d®d")m =
dd'm. Let S = (D")*, the minimal left ideal of A. Then M = (S)". From

dimpS = sdimpD” and dimpDdimpD' = s*dimpD"”
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and M = (S)" = (D), we obtain
TdimdeimpD'
S .

tdimpD' = rdimpS = rsdimpD" =

Hence
dimgD d*[E: F)
r =r .
s s

t= |

Example 1. The (left) regular embedding D — Mip.F)(F) is the minimal embedding,

for any finite-dimensional division F-algebra D.

Example 2. Let D be a finite-dimensional central division F-algebra, let E/F be a field
extension, and let D ®r E 2 M,(D'). Then s divides [E:F] and E is embeddable in D
if and only if s = [E : F] — in this case, D@p E = Miz.r)(Cp(E)). As aresult, Eisa
maximal subfield of D if and only if D @ B = Mie.r|(E).

Proof. By applying Proposition 2.2 withd=1and s=1E: F. R

Example 3. Let D and I be finite-dimensional central division F: -algebras and let
D% @p D' = M,(D"). Then s divides both deg(D)? and deg(D'}?, and D is embeddable
in I' if and only if s = deg(D)?. In this case, D" & Cp(D) and D' = D @ D".

Proof. The first statement is obtained by applying Proposition 2.2 with £ = F while
the second statement is obtained by tensoring both sides of D? @ D' = Mieq(py2(D")
with D, we obtain D' = D@ D". B

2.3. Embedding into a simple algebra.

From now on we consider the case
D K D
Z(DY=F E'=Z(D")

\/
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where K'/F is a Galois extension containing separable E/F and E' /F. Observe that the
composite map

D pExpx..
is the identity map, where p'(z) =z ® 1, and 7 is the projection map. Hence
p=rp'¢p=7¢"p

because u'¢ = ¢F u, where y : D = DF is defined by u(z) = = ® 1. Therefore ¢
is completely determined by #¢%. Since this map is an E'-algebra map into a simple
central E'-algebra, by Lemma 2.2 it can be recovered from its induced Ky map, which is
embedded in Ky(¢F'). Therefore,

Proposition 2.3. Let D and D' be division F-algebras with separable centres E and
E' respectively. Then there is a unital F-algebra map ¢ : M,(D) — M,(D") if and only

if there are nonnegative integers a,, s, ..., a, such that
t = n.deg(D)*(a1[EE’ : E)/s1 + -+ - + axfor(E)E : E)/si)

where EE',02(E)E',...,01(E)E’ are all pairwise inequivalent composita of E and E'
over F' and s;’s are the matrix sizes of D' g E'ay(E) ®g D.

In fact, there exists an inner automorphism @ of M,(D') such that
[ h(z®1) \

. } a; times
Yi(z®1)

8o(z) = 5
Yz @1)

a times ‘-
Yz ®1)
where 9;’s are the unique (up to an inner automorphism) E'-algebra maps M,(D @g

Gi(E)E') = My ,,(D') and
| . _ deg(D)[o(BE' : B']

H Sg

Consequently, if ¢, : Ma(D) = M,(D') are unital F-algebra maps, then the follow-
ing conditions are equivalent
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(a) ¢~ o,
(b) Ko(¢F') = Ko(eF'),
(c) Ko(¢") = Ko{p") for any Galois extension K/F containing E and E'.

Proof. From the commutative diagram

M,(D) - M. (D)¥

¢1 ¢E‘l
M(D) £ M(D)F
where 1 and g’ are the maps z =~ z ® 1, we have the commutative diagram

My(D) - Mu(D®gEE') X -+ x Mo(D ®5 0x(E)E')

d Y|
M(D) L5 M(D)x--x M(D' ®s E'n(E))
where v(z) = (z@g1,...,zQ¢1), V'(z) = (2,2@ 1,...,z®5 1), and ¥ is the E'-algebra
map derived from ¢F'.

Let 7 : My(D') x --- X M(D' @ E'm,(E")) = M,(D’) be the projection map. By
Proposition 1.3.5 and Proposition 2.2, there exist nonnegative integers ai,...,a; such
that

m ~ diag(a;. ¥y, .. -, k. P)

a; times
where a..9; = diag(¥, -+ ,¥:) and ;s are E'-algebra maps M.(D @ o:(E)E') —
My (D), with

o= deg(D)2.[o;(E)E' - E’] 1)
$;

Here s; is defined by D’ ®¢ E'0i(E) @ D% 22 M, (T;), where T, is a division o;(E)E'-

algebra. Then we have
¢(z) = 7/'¢(z)
= wyu(z)
=1P(z®1,...,281)

ad clia.g(ax.;bl(:r. ® 1), aruy ak.;bk(x ® 1)) .
21
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Let ¢; be the matrix size of D®g0;(E)E’. Then Ky(7), which is the first row of Kg(4),

is

(a1deg(D)’[EE’ : E]/s1ty, ..., axdeg(D)*[or(E)E' : E')/scts) (3}
and

t = n.deg(D)*(ai[EE’ : E')/sy + -+ + ax[ox(E)E' : E')/sy). (4)

As a result, the equivalence of (a) and (b) is clear. Now (a) certainly implies (c). So we

only need to prove that (c) implies (b). Let consider the commutative diagram
M, (D)¥ — M. (D)X

o
M,(D"E — M(D")¥

where ((z ® y) = 2 ® y. By Lemma 2.1.3, Ky(¢) is one-to-one. Therefore if Ko(¢*) =
Ko(p®), then Ko(¢F) = Ko(®). W

2.4. K,(D K) as an ordered ZGal(K/F)-module.

Let D,D', K, and ¢ be as in Proposition 2.3. Then it is easily seen that with the
action of Gal(X/F) on Ko{D¥) as in Lemma 2.1.1, Ko(D¥) is a cyclic ordered Gal(K/F)-
module and Ky(¢%) is 2 normalized ordered Gal(X/F)-module homomorphism.

Begin with a map g : (Ko(DX),[D¥]) = (Ko(D'®),[D®]). To recover from g an
F-algebra map ¢ : D — M,(D"), for some positive integer ¢, it is necessary for g to
be a normalized ordered Gal(K/F)-module homomorphism and its entries (when g is
in matrix form) have to be sufficiently large. In order to achieve the latter, the proof
of Proposition 2.2 suggests that we should also consider the map (Ko(D?7),[DP”]) —
(Ko(D'P™), [D'P”"]). However the entries of the matrix Ko(¢”™) are not arbitrary but
rather are permuted by Gal(X/F) through the map (~)¥ N (=)M=(P*"), Therefore, in
order to recover an F-algebra map ¢, it is natural to consider commutative diagrams of
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the form

(Ko(DF),[IDK]) =% (Ko(DP™), [DP™))

o| 1|
. ... Ko{=)
(Ko(D™),[D*]) —= (Ko(D'"™),[D"™))
where g is a normalized ordered Gal(X/F)-module homomorphism, and f is a morphism
in P. This is studied in Proposition 2.4.4, the main result of this section. Let us begin

this section by verifying the Gal(K/F)-module structure of Ko((—)¥).

Proposition 2.4.1. The map Gal(K/F) ~ Aut(Ko(K?P)), defined by 7 — Ko{7P), is a
group homomorphism. With this action, Ko(D¥) is an ordered cyclic (left) ZGal(K/F)- _
module with the usual ordering of ZGal(K/F). If ¢ : D — M,(D') is a unital F -algebra
map, then Ky(6%) : (Ko(DX),[D¥)) = (Ko(D'X), [Mu(D")X)) is a normalized order-
preserving module homomorphism.

Proof. The first statement is easily verified. The second statement follows from Lemma
2.1.1. The last statement follows from (2) and (3) in the proof of Proposition 2.3. M

Definition. Let ¢; and €] be the central idempotents of DX and D'¥ such that e;(DK) =
D®c Eoi(K) and €} (D'") = I’ ®p E'c}(K) Let u and v be primitive idempotents of
DX and D'® such that dfu] = [e;] and d'[v] = [e}], where d and d' denote the matrix
size of D ®¢ K and D' @ K respectively. Then the positive elements [u] and [v] are
generators for the ordered ZGal(X/F)-modules Ko(D¥) and Ky(D'¥) by Lemma 2.1.1.

Let g : Ko(D¥) = Ko(D'¥) be an order-preserving ZGal(K/F)-module homomor-
phism. Then g is determined by g([u]) = x[v], for some x € ZGal(K/F). In the Lemma
2.4.2, we shall investigate which possible elements x € ZGal(K/F) give rise to an F-
algebra map ¢.

Lemma 2.4.2. Let D and D' be division F-algebras with separable centres E and E'
23



respectively and let K'/F be a Galois extension containing them. Let g : ho(DF) —

'o(D'X) be an ZGal(K/F )-order-preserving module homomorphism and let [1],....{fn]
be all the left cosets of Gal(K/E') in Gal(K/F). Then g{[u]) = (ci1+cama++ *~+CmTim).[t]
for some nonnegative integers ¢,,...,cn such that ¢; = ¢; if Ery(E') and E7;(E’) are
equivalent composita of E and E' over F. As a result, if ¢ : D = M(D') is the F-
algebra map defined in (2), that is

¢(z) = diag(a;-th (z® 1),...,ac.t(z ® 1)),

then

Ko(¢®)([u]) = (@l +-- + cmTm).[v] where = 'ajd'd;f-(D)z (5)

fori=1,...,m, j=1,...,k and o]'%; € Gal(K/E').

Recall that ; is the E'-algebra map from D @ Ec;(E') into D', and d, d', 5; are the
matrix sizes of D ®g K, D' ®¢ K, and D' ®p 0;(E')E ®g D respectively.

Proof. Let g({u]) = x[v], where x € ZGal(K/F). By Lemma 2.1.1, for all £ €
Gal(K/E'), £[v] = [v], hence we can write x = cy1+caTa+: * *+CmTm, Where {[1], ..., [rm]}
is the set of all left cosets of Gal(K/E') and ¢;’s are nonnegative integers. Then again
by Lemma 2.1.1, for all £ € Gal(K/E), £.9([u]) = g{£.[u]) = g([u]). Therefore ¢; = ¢;
if there exists £ € Gal(K/E) such that (7] = [r;]. That is if En(E’) and E7;(E') are

equivalent composita of E and E' over F.
Nowlet ¢: D — M;(D’) be the F-algebra map

8(z) = diag(er (2 @ 1), .., ax V(2 ® 1)).

Then we have the commutative diagram
- pF &, DK
¢al dﬂ
M(D'Fy S MDD K)
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which induces
D@ EE x---xD@g Eoy(E") = D®g EK x-++x D®g Ea|(K)

¢E“[ ¢!\'J
M(D) ®p E'E'x - x My(D') @z E'ro(B') s My(D) @5 E'K x - x My(D') ®p E'1(K)

with the corresponding K, diagram

(Z,t) % x (Z,t) ==  (Z,d) x--x (Z,d)

gl d
(Z,t) X -+ x (Z,t%) D (Z,d%) x -+ x (Z, d'D),
where * is a positive integer. By (3), the first row of B is (by,..., &), where
aideg(D)*[Eai(E") : o:(E")]

b =
sit;

k]

with s; and ¢; are matrix sizes of D' ®p 6;(E')E @5 D” and D ®¢ Eoi(E'). By
Lemma 2.1.3, the first row of N is (d',0,...,0). Hence the first row of CM = NB
is (d'y,...,d'0). Let Ko(¢")([u]} = (11 + -+ + cuTim).[t]). We shall find the first row
of C:
Let the first row of C be (z1,...,2;) and let o}'r; € Gal(K/E'"). By Lemma 2.1.1,
0j.le;] = [e1] = d[u], that is o7 .[u] = (1/d)[e;]. Then
Ko(g)((1/d)[e;]) = Ko(g)(o; . [u]) = 7. Kolg)([u])
=07 a1l + - + CmTm).[t]
= (el +---)[2) .
Consequently, z; = ¢;. Moreover, if Eg;(E’) and Eo,(E") are equivalent composita of E,
E' over F, then there exist £ € Gal(K/E) such that 0} '¢0, € Gal(K/E"). With o7'7; €
Gal(X/E'), we have 77" £0, € Gal(K/E"). Therefore z; = z, = ¢; because (0516 ) €
Gal(K/E') and [o;'¢7!) = [071].
Now by Lemma 2.1.3, the (i, j)-entry of M is d/t; if Ec;(E') and Eg;(E") are
equivalent composita of £ and E' over F, and is 0 otherwise. Since there are exactly

[Ec;(E") : o;(E")] positive entries on the j**-column, the first row of CM is

({EE' : E|zyd/ty, ..., [Ber(E') : qk(E')]J:kd/tk).
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Hence

=z d'bst; _ o,d' deg(D)*

3= dlEc;(E") : o;(E")] ds; -

Corollary 2.4.3. Let E and E' be subfields of K'/F and let f : Ko(EX) = Ky(E'F)
be an order-preserving module homomorphism. Then there exists an F-algebra map

¢ : E = M,(E'), for some positive integer t, such that Ko(¢¥) = f.

Proof. In this case, (5) is reduced to ¢; =a;. W

Since d'deg(D)?/ds; # 1 in general, not all ordered ZGal(K/F)-module homo-
morphisms g : Ko(DF) = Ko(D'X) can be converted into F-algebra homomorphisms
D — My(D'). For instance, if d'deg(D)?/ds, = 2, then the module homomorphism
defined by g([u]) = [v] can not be of the form Ky(¢*) for any algebra map ¢ because
a1 = 1/2 from (5). Hence as discussed at the begining of this section, g needs to be
embedded into the diagram below.

Proposition 2.4.4. Let D and D' be division F-algebras with separable centres E and E'
respectively and let K/F be any Galois extension containing them. Let ) : K — M.(D)
be any E-algebra map. For any commutative diagram

(Ko(DF), (D) 2B g (pmaomy [puaey)

| 4

(KoMDY, IMUDYHT) 2 (o (DY M00), (b DYy,

where g, f are morphisms in the category P such that g is an order-preserving ZG-module
homomorphism, there exists an F-algebra map ¢ : D — My(D') satisfying Ko(¢%) = ¢
and Ko(¢M:(P™) = f.
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Proof. With the isomorphisms
D@rD?=DQ®cEEQg D?x---x D®g Ec,(E) ®g D%
Der My(K)=M(D®p EK)} x -+ x My(D®g Eon(K)) % - -
D'@rD?= D' ®@p E'EQp D” x ++- x D' ®p E'r(E) ©g D
D' @r My(K) = My(D'®g ER) x «++ x My(D' ®p E'n(K)) x---
the diagram above becomes

(Z,d) x -+ x (Z,d) -E) (Z,2m) % -+ x (Z, 271y)

g 4|
(2,td") x --- % (Z,td") ﬁ) (Z,tzs1) % --- x (Z,tzs1).
Let the first column of 4 be (a;, ..., a,)"". As the first column of M is (271/d,0,...,0)" by
Lemma 2.1.2, the first column of AM is zry /d.(ay, . . .,ax)". Let T; be the sum of entries
on the i**-row of N and let the first column of C be (e1y-+yCks...)". Then by Lemma
2.1.2 and the proof of Lemma 2.4.2, the first column of NC is (c1Zh, ..., i, .. )7
Note that T;td’ = tzs; and ) = deg(D)? Hence

_ aizry _ a;d'deg(D)?
= E T T ds,

Now let ¢ : D — M,(D') be defined by
(P(I) = diag(al'¢1 (I @ 1)1 ey ak-"[’k(z" ® 1))

By Lemma 2.4.2, Ko(¢"}([u]) = g([u]). Hence Ko(¢*) = g because they are both module
homomorphisms and [u] is 2 generator of Ko(DX). Then the pair (g, Ko(¢M:(0™))
makes the diagram above commute. By Lemma 2.1.2, there exists a positive integer n
such that n.Ko(DMP™)) C Ko(idp)(Ko(DX)). Then f(n.z) = Ko(¢M=P"))(n.z) for
all z € Ko(DMP™)), Therefore Ko(¢*:(P™)) = f because }{O(D'm ") is a free abelian

group.
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Chapter 3

Classification of Locally Finite Dimensional
Semisimple Algebras

Our main objective is to find 2 complete invariant k(=) for the category R of all
direct limits of finite direct products of matrix algebras over a finite number of division
F-algebras. That is if given an isomorphism f : &(R) = x(S), with R,S € R, we can
recover an F-algebra isomorphism ¢ : R — $ such that x(¢) = f.

Based on the work done in [GH] for the case F = R, the invariant k(=) should be
a diagram of (Ko(— ®F X), [~ ®F X))’s with induced inclusion maps, where X's are the
division algebras involved. Let Ry denote the subcategory of all finite direct products of
matrix algebras. The standard technique is to prove that for all R € Roand SeR

(i) if ¢ and ¢ are F-algebra maps from R into S such that k(¢) = x(¢'), then ¢ differs
from ¢ only by an inner automorphism of R, and

(ii) given a morphism f : k(R) — x(5), there exists an F. -algebra map ¢ : R = S such
that x(¢) = f,

then apply the usual interweaving argument: Let R = R, 2% R, =% ... and § =
Sm B, Sn Beny ... Let f : &(R) — x(S) be an isomorphism. Then f-! induces a
morphism from £(S;) into «(R). From (ii), there exists an F-algebra map o : §; — Ruy
such that x(c) is a restriction of f~!. With a similar argument, f induces an F-algebra
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map p : Rugy =+ Smez). Since k(p) is a restriction of f, we have x(po) = &(Bm),
hence we can assume pd = fnep by (ii). Continuing in this manner, we construct
two sequences of F-algebra maps o; : Spsy = Ruri) and p; t Rps) = Smgi+1) such that
£i0; = Bmi+ymgi) and Giz10i = Qmei+1m(). Finally, we construct an F-algebra map ¢

from the sequence {p;}. We can see that ¢~ can be constructed from the sequence {o;}.

As in the cases F = C and F = R, by removing the order units {— ®f X]’s from
x{—) we obtain an invariant for Morita-equivalence in R.

In section 3.1, we introduce x(—) and some of its functorial properties. We prove
(ii) in Theorem 3.2.1, and (i) in Theorem 3.3.1. Finally, the interweaving argument is
used in Theorem 3.4.1 to prove that x(-) is 2 complete invariant of R. Theore:.1 3.4.4 is
about the invariant for Morita-equivalence in R obtained by removing the order units.
Section 3.5 is to show that x(~) is minimal. We also show that our invariant and the
invariants found by G. A. Elliott, K. R. Goodearl and D. E. Handglman for F=C and

F = R respectively are the same.

3.1. Description of the invariant.

Definition. Let Q be a finite set of finite dimensional division F-algebras with separable
centres. We can assume that Q includes 2 Galois extension K/F which contains all the
centres of the division algebras in £. Then within the category of unital F-algebras,
let Ry denote the full subcategory whose objects are all finite dimensional semisimple
F-algebras of matrices over division algebras taken from £, and let R denote the full
subcategory whose objects are all unital direct limits of (countable) sequences of objects
from Ro. Note that a unital F-algebra is an object of R if and only if it is a countable
ascending union of finite dimensional semisimple F-subalgebras.

Observe that for any object R € R and any idempotent g € R, the algebra gRyg is
an object of R.

By [G1, Lemma 15.22), K, of any R € R, is isomorphic (as an ordered group) to
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a finite product of copies of Z, and so is a countable dimension group. Since the class
of countable dimension groups is closed under countable direct limits, we see by [G1.

Proposition 15.11,15.13] that Ry(R), for all R € R, is a countable dimension group.
Proposition 3.1.1. Let R,S € R. Then

() The map Gal(K/F) — Aut(Ko(R")), defined by T » Kolidg ®F 7), is a group
homomorphism. With this action, Ko(R¥) is an ordered (left) ZGal(K/F)-module
with the usual ordering on ZGal(K/F).

(b) If¢: R — S is 2 unital F-algebra map, then Ko(¢%) : (Ko(RF), [R¥]) = (Ko(S*),[SF))
is a normalized order-preserving module homomorphism. |

(c) FR= Ry = Ry —= ..., then as ordered ZGal(K/F)-modules

. KolaX) .. Kolad)
Ko(R¥) = Ko(RE) ——1y Ko(RE) =22, ...

Proof. (a} and (b) are casily verified and (c) is true because the funtors Ky and (=)¥
preserve finite products and arbitrary direct limits. M

Definition. Let |2\ {F,K}|= w. Let K denote the category whose objects are all
diagrams in P of the form

where G is an ordered ZGal(K/F)-module (note that there are no maps connecting any
of the (Gs., u3.}). A morphism in K is an ordered set (fi,, f2, fa1,---, faw) of morphisms
in P, where f; is an ordered ZGal{K/F)-module homomorphism, such that the diagrams

below commute _
(Gryu) L5 (Gous) 5 (Ga,usi)

fo’ fzJ‘ f:’.il
(o) =5 (Haw) 22 (Hsiyvs)
foralli=1,...,w.
Definition. Let R,LSeR .
(i) Let z: R — R¥ and p': $ — S¥ denote the maps defined by z—»z® 1. -
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(i) For all D; € Q\ {F, K}, we let v; : R — RM:(D") be the map defined by 2 ® y —
z @ Aper(y), where z = [K : F} and Aper : K — M (D{?) is any Z(D{")-algebra map.

Similarly, we define & for S.

Definition. For any algebra R € R, we define x(R) to be the object

Kow) . o
Kols) (Ho(RM(PI7), [RM:(DIT)))

(Ko(R), [R]) —— (Ko(RF), [RK]) { sy ooeromsesessesses

in K. For any F-algebra map ¢ : R — S in R, there are commutative diagrams

R - RK &  RM(DD)
¢l ¢A‘l ¢M.(D;”)l
s £ g 4 g™
which induce the commutative diagrams

(Ko(R), [R]) =, (Ko(RK), [RK]) 0N (Ko(RM:(O)) [RM(DI))

Kol | Kol | Ko( ™) |

(Ko(S), [S]) =, (Ko(S¥), [S¥)) e (Ko(SM=(PEP)), [SMADY)

foralli=1,...,w. Thus (Ko(@), Ko($¥), Ko(¢M=(P17)),..., Ko(¢*:(PS"))) is a morphism
from x(R) to k(S) in K. We denote this morphism by x(¢).
Observe that « is a functor from R to K.

Proposition 3.1.2. The categories R and X both possess finite products and countable

direct limits, and the functor k preserves them.

Proof. This is immediate from Proposition 1.2.1 and the observation that the functors
(=)¥ and (=)M:(D7) preserve finite products and arbitrary direct limits. W
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3.

2. Fullness of the invariant.

The objective of this section is to prove the following theorem. which requires a

number of steps.

Theorem 3.2.1. Let R€ Ry and S € R, and let f : x(R) = &(S) be a map in K. Then
there exists an F-algebra map ¢ : R — S such that x(¢) = f.

Lemma 3.2.2. Let R € R and f : K(R) = L be a map in K. Suppose that L together
with the maps t, : L, — L is a direct limit for a sequence L, = Lo — --- in K. Then

f = taf' for some n and some map f': &(R) = L,.

Proof. Write out each L, in the form

gn1 : (Graty Uns1)
(Gnh u,,l) ———} (Gng, u,,g) F AORREEERREEEEL
(Gﬂ&m un:iw)

and write out L in the form

= (Haur o)

then each t, is a (w+2)-tuple (¢n1, a2, tn3t, - - - » tnaw), 20d f is a tuple (1, f2, fa1,- - -, faw)-

By Proposition 1.2.4, Ko(R) is a free abelian group with a basis {z,,...,z,} such
that Ko(R)® = Z*z) +--- + Z*z,,. Since each fi(z,) is in H{, there exist n € N and
elements y, € G, such that each fi(z,) = tn) (y,). Define 2 homomorphism f} : Ko(R) —
Gn1 such that fi(z,) = yp for p=1,...,m. Then f] is a positive homomorphism, and
tafl = f1. As

tafi([R]) = £([R]) = v1 = tn1 (),

we may assume, after possibly increasing n, that fI({R]) = 2ny. Thus f] is now 2 map
from (Ko(R),[R)]) to (Ga1,un1)-
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Similarly, after possibly increasing n some more, there exist maps
f2: (Ko(R¥),[RF]) = (Gooyun2) and f; 1 (Ko(RMP), [RMP™)) = (G, tni)

such that tnof; = f2 and tnaify; = fai, for all 2 = 1,...,w. Since Ky(R) is finitely

generated and

tnaf2K0(1) = foKo(p) = b fi = hitai f] = trogmi f]

we may assume, after increasing n once again, that fiKo(p) = gnifi. Similarly, we may
assume that f3,Ko(;) = ganifs foralli=1,...,w.
Since f, and tn; are Gal(K/F)-module homomorphisms and toft = f,, forall o €
Gal(K/F),
tn2f30 = f20 = 0 f2 = Otaa fp = tna0 f3,

and by increasing n again we may assume fio = ¢ f3 for all o € Gal(K/F). So f} is also
a Gal(K/F)-module homomorphism. Therefore f' = (f{, f3, fi1,..., fL,) is 2 map from
k(R) to L, such that ¢t,f'= 7. A

Lemma 3.2.3. Let Ry,...,Rm,S € R, let
rii(Ry X --- X Ryp) = k(Ry) X --- X k(Rp)
be the natural isomorphism, and let

Fou(Ry x "X Rp) — k(S)

be a map in K. Then there exists S,...,5, € R, maps g, : k(R,) — (S,) forn =
1,....m, and 2 map

¢:SIX°"XSm—}S

such that f = &(¢)s™!(gy X *++ X gm)7, where
5:8(Sy % -- % Sp) = k(S1) X -+ x k(Sp)

is the natural isomorphism.



Proof. By induction. we may assume that m = 2.

Set z; = [(1,0)(Ry x Rn)] and 2 = [(0,1)(R) x Ry)] in Kg(Ry x Ra). Then fi(n))
and fi(z2) are elements of Ko(S)* whose sum is [S]. For n = 1,2, there is a finitely
generated projective right S-module A, such that fi(z,) = [4,]. and [4;, & 4] = [S).
By unit-regularity, 4; @ A2 = S and so there exist orthogonal idempotents e;,¢a € S
such that e; +e2 =1 and each e,S = A,. Thus each fi{zs) = [€.5).

Set S, = €,Se, forn=1,2, and let ¢ : $; x S» = S to be the sum map. Forn = 1,2,

there is a positive homomorphism 2, : Ko(S,) = Ay(S) such that
ta([B]) = [B ®s, (eaS)]

for all finitely generated projective right S,-module B. Set

W, = {y € Ko(S) | -m[enS] Ly < m[e.S] for some m € N},
and observe that ¢, gives an embedding of Ky(S,) into W,, (as ordered groups). Using
the Riesz decomposition properties [G2,Proposition 21.2] in Ky(S), we infer that W), is
generated (as a subgroup of Ko(S)) by the elements [eS] = t,([eS,]) for idempotents
a € Sy. Hence, t, gives an isomorphism of (Ky(Sy), [Sa]) onto (W, [¢nS])-

As f1([(1,0)(Ry x Ry)]) = [e1S], we see that fir;' maps Ko(R;) x {0} into W), and
similarly fir7! maps {0} x Ky(Rz) into Wa. Consequently, there exist unique maps

On1 - (KO(Rn)! [Rn]) - (KO(Sn)y [Sn])

for n = 1,2 such that fyr7! = (&1,22)(g11 X g21). Given idempotents a, € S, forn = 1,2,

we compute that
Ko(#)([(a1,22)(S1 x S2)]) = [(@1+a2) 5] = [215]+[a2S] = (t1, 22)s1([(@1, a2)(S1 % S2}]).-

Thus Ko(¢) = (t1,%2)s1, whence firy! = Ko(¢)s7" (g1 x ga1)-
In the same manner (for each D € Q, we define t2 and W2 similar to t, and W,),
there exist unique maps
gn2 * (Ko(Ry), [BR1) = (Ko(S3) [S7])
G * (Ko(RMHODY), [RMAPT) s (Ko(SpPT), [SpPT))
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forn=1,2and foralli=1,...,w, such that
fart = Ko(6F)s3 (12 X gma) and  fars! = Ko(¢™ P53 (grai X gox).

Thus f = x(¢)s™ (911 % ga1, G12 X g22, G131 X G231, - - - » G15w X G2z )7 Now we shall show

that (gn1, gn2, Gn3ts- - - » Gnsw) are morphisms in K.
Observe that
Ko(¢%)s3 (912 X gaa)(Ko (™) x Ko(u®e)) = fors {Ko(u™) x Ko(p™))
= Ko(us) ire?

= Ko(ps)Eo(¢)sy (gn X g21)

= Ko(¢") Ko(ps xsn)s7 (g1 % g21)

= Ko(¢%)s3 (Ko(1®*) x Ko(1™))(gu % g21),
Observe also that since ¢ is the sum map and s is the natural isomorphism, Ko(¢%)s5?
restricts to injections of Ko(SF) % {0} and {0} x Ko(SK) into Ko(S¥), whence

gnzKo(#R") = Ko(ﬂs")gnl

for n = 1,2. Similarly,
gn3iKo (V") = Ko(v{™)gn2
forn=1,2andi=1,...,w. Therefore each g, = (9n1; Gn2s Gn3ts - - - 2 Gnaw) IS 2 map from
#(R,) to k(S,), and
F=5(¢)s™H(gu1 X g21, 912 X 922, G131 X G251, -+ -, 3w X G23)T
= r(¢)s™" (g1 x ga)r-.
Now we need to prove that gne is 2 ZG-module homomorphism. Let £ € ZG and
T € Ko(RF). Since Ko(6%)s™ (g12 X g2) = forz" and Ko(¢*)s™! are module homomor-
phisms, we have ’
Ko(¢%)s7 (912 * 922)(€.2,0) = £.Ko(6%)5™ (12 X g22)(z, 0)
= Ko(¢%)s7 (€-(g12 X 92)(z, 0))
Since Ko(¢*)s3" restricts to injections of Ko(SK) x {0} and {0} x Ko(SK) into Kp(S¥),
whence (g2 X g22)(£.7,0) = £.(g12 X g2)(2,0). Then gp(€.x) = §.912(z). Similarly,
92(§.2) =£.g2(z). B



Proof of Theorem 3.2.1. By Lemma 3.2.3, we can assume that § = M, (D;) for some
D; € Q. By Proposition 3.1.2 and Lemma 3.2.2, we can assume that S = M (D,) for

some D; € . By the hypothesis, we have the commutative diagram

(Ko(RK), [R]) s (Bo(RNA2), [RM27))

#| fa

(KoS¥), [SF]) ——s (Ro(SM2), [5:0))

Then by Proposition 2.4.4, there exists a map ¢ : R = S in R such that x(¢%) = fo.

Then for & =1,...,w, we have the commutative diagrams

(Ko(RK),[RF]) ——0 (Ko(RMew(BDD), [RMao@))
KO (¢I\') 1 1}{0 (q},Mx(k)(D:’))
Rol(vy)

(Ko(S¥),[SK]) ——  (Ho(SMxw!P), [SMecn (D))

By Lemma 2.1.2, there exists a positive integer m such that m.Ky(RM-(P2i")) C Ry(v ) (Ko(R¥)).
Then fy(m.z) = Ko(¢M:®(P)(m.z) for all z € Ko RM:(P)). Therefore Ko(¢M:w(P8) =
fa because Ko(SP¥) is a free group. Hence x(¢) = f. M

3.3. Faithfulness of the invariant (up to inner automor-
phism).

In this section we prove that the maps whose existence is guaranteed by Theorem

3.2.1 are unique up to inner automorphisms. The precise result is the following theorem

Theorem 3.3.1. Let R€ Ry and S € R, and let ¢),¢2 : R —+ S be maps in R. Then
the following conditions are equivalent:
(a) There exists an inner automorphism @ of S such that ¢, = 0¢,.
(b) Ko(¢{) = Ko(¢).
(c) x(1) = £(e2)-
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Lemma 3.3.2. Let R and S be unit-regular rings, and let ¢,,¢. : R = S be unital
ring maps. Let ¢ € R and f € S be idempotents such that each ¢,(€) = f, and let
¥t eRe = fSf be the restricticn of ¢,. If Ko(¢1) = Ro(¢a), then Ko(t) = Ko(vn).

Proof. [GH, Lemma 4.7].

Proof of Theorem 3.3.1. (a) implies (¢} is an immediate consequence of Proposition
1.3.5. Obviously (c) implies (b).

Now let Ko(¢F) = Ko{¢%). First, we suppose that R is simple. Since R is finite
dimensional, there is a finite dimensional semisimple subalgebra T C S such that ¢,(R) C
T and ¢2(R) € T. Since any inner automorphism of T" extends to an inner automorphism
of S, we may replace S by T'. Thus, without loss of generality, $ = 5; x -+ x S, where
each Sy, is a finite dimensional simple algebra.

The maps ¢, and ¢, may be expressed as ¢; = (¢11,..., %) and d2 = (dor, -, Par),
where ¢y, and @z are maps from R to Sp. Then Ko(9F) = Ko(¢f) implies Ko(¢X) =
Ko(#%) for i =1,...,¢ because each ¢; (resp. ¢») is a composite map of ¢, (resp. ¢)
and the projection map S — S;. By Proposition 2.3, each S; has an inner automorphism
6; such that ¢p; = 6;¢1;. Then @ =6, X --- x 6, is an inner automorphism of S such that
&2 = 6. '

Now let R € Ry. There are central orthogonal idempotents ey, ..., e, € R such that
e; +---+ e; =1 and each ¢;R is a simple algebra. Set f; = ¢,(e;) and g; = ¢2(e;). Then
because Ko(of') = Ko(¢f) implies Ko(¢1) = Ko(¢2) [ref. Lemma 4.2(a)], we have

[£:5] = Ko(¢1)([e:R]) = Ko(2)([e:R]) = [9:5],

whence f;S = ¢;S. There exist elements z; € f;Sg; and y; € g;Sf; such that z;3; = f; and
ViZi=gi- Setz =z +---+x and y =y +---+y,. Since {f1,..., fi} and {g1,...,4:}
are sets of orthogonal idempotents summing to 1, we compute that zy = yz = 1. Let p

be the inner automorphism of S given by the rule p(s) = ysz, and observe that
ptr(e:) = p(fi) = ufiz = yifizi = gi = (&)
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for all 1.

Now Ro(p1) = Ko(é1) = Ko(éy) and similarly Ro(pNol) = Ry(of), by Proposition
1.3.3, so it suffices to find an inner automorphism 6 of S such that o = #pé,. Thus we
may replace ¢; by p¢;. In other words, there is no loss of generality in assuming that
dle)=¢'(e)=fiforalli=1,... ¢

Let ¥y : ;R — f;Sf: denote the restriction of $etoeR, forg=1,2andi=1....,¢
Note that for all ¢, 1, the map

Ya : (@R = pr(e)RY = ps(£)S¥us(f) = (fSF)¥

equals the restriction of ¢ to (e;R)". By Lemma 3.3.2, Ky(%) = Ro(¥&) for each
i=1,...,t%

Foreach i = 1,...,1, the first part of this proof shows that P = B3y, for some inner
automorphism 6; of f;Sf;. There is a unit w; € f;Sf; such that 6;(s) = wsul! for all
s € f;Sf;. Then v =u; +---+u, is a unit of S, the rule 6(s) = usu~! defines an inner

automorphism of S, and ¥ =0y, foralli=1,...,¢. Therefore

$2(r) = Yar(err) + - + Yuler) = Oy (err) + - - - + Opre(err) = 8, (r)

forallr € R,so that ¢ =6¢,. W

3.4. Completeness of the invariant.

We now prove that the invariant x(-) classifies the algebras in R up to isomorphism.
Then by removing the order units from k(—), we obtain an invariant that classifies the

algebras in R up to Morita equivalence (Theorem 3.4.4).

Theorem 3.4.1. Let R,S € R. Then R= S if and only if x(R) = k(S). Moreover, if f
is any isomorphism of k(R) onto k(S), then there is an isomorphism p of R onto S such

that k(p) = f.

Proof. R=§ implies k(R) = «(S) follows from the functoriality of x.
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Conversely, let f: K(R) — «(S) be an isomorphism in XK.

Write R as the union of a sequence R; € R € ... of finite dimensional semisimple
unital subaigebras, and write S as the union of a similar sequence S, CS C.... For
n€N,letd¢,: R, -+ Rand ¢, : S, = S be the inclusion maps. For m < n, let
Qnm : Ryy = Ry, and Bum : Sm — S, be the inclusion maps.

The following technical property is basic to our induction procedure:

(I) Given any map o : Sm — R, such that x(¢,0) = F%(%m), there exists an integer

s >m and a map p: R, =+ S, such that po = B, and x(1,p) = fr(dn):

By Theorem 3.2.1, there exists a map g’ : R, — S such that k(") = fx(én). Since
K(Ym) = fr(8n0) = fr(n)(0) = £(p)s(0) = K(p'c),
Theorem 3.3.1 says that %, = 8p'¢ for some inner automorphism 8 of S. As R, is finite
dimensional, there exists an integer s > m such that 60’ (R,) € S;. Then 8p' defines
a map p: R, — S such that ¢,p = 0/, and .00 = 6p'c = ¥ = ¥,B8,m, Whence
po = Bym. In addition,
K(sp) = £(60") = k(p') = fx(dn),

by Theorem 3.3.1. | ' |

By symmetry, tke following property holds as well:
(II) Given any map p : R, = S,, such that K(Ymp) = fr(dn), there exists an integer

t >n and a map ¢ : S; —+ R, such that 0p = oy, and &(¢e0) = F1k(tm).

We now proceed by induction to choose positive integeré n(l) < n(2) < ... and maps
Pq : Ry — S for all g such that

(@) 2g(Rng)) 2 S, for all g;

(b) 5(pqg) = fx(dncq) for all g;

(c) Forall g > 1, the map p,; is injective, and Paltn(g)n(g-1) = Pg-1-

To start, we use Theorem 3.2.1 to obtain a map ¢’ : 5; — R such that k(o) =
f~'&(%1). Since S, is finite dimensional, there exists a positive integer n(1) such that
6'(51) € Raq). Then o' defines amap o: S — Ra(1y such that ¢nye =0’ and

&{ba()0) = [ u ().

39



By (I). there exists an integer s > 1 and a map p : Ry = S, such that po =
and &(Y,p) = fr(@n()). Setting p; = v,p, we obtain a map p, : Ry = 5 such that

P10 = Y3 = ¢y and &(or) = fﬂ((ﬁn(n)- Note that
p1(Baq)) 2 ,1(S1) = ¥ (S)1) = S).

Thus properties {(a) and (b) hold for the case ¢ = 1.

Now suppose that integers n(1} < ... < n(g) and maps p,...,p, have been chosen,
for some g, satisfying the appropriate cases of (a),(b),(c). Since Rn(q) is finite dimensional,
there exists an integer m > g such that pi(R,p)) € Swm. Then p, defines a map p' :
Ratq) = Sm such that Pmp’ = g, and &(¥mp') = fr(dng). By (II), there exists an
integer n(g + 1) > n{q) and 2 map ¢ : Sy, = Rnggy1) such that

0P = Onggrt)nt) ANA K(Pn(ge)0) = FTR(m).

As 0p' = n(g+1),n(q), We See that p' is injective, whence the map Dq = ¥mp' is injective.
By (I), there exists an integer s > m and a map p: Rou(g41) = S such that po = B,
and &(¥sp) = fr(Pn(e1)). Setting pe+1 = 1;p, we obtain a map poy, : Ry(q+1y = S such
that
Pe+10 = 13p0 = Psfom = Um 20d K(pge1) = f(Pngen))-

Since m > ¢, we see that
Pa+1 (Rn(q-i-l}) 2 Pq-i-lo'(sm) = "xbm(sm) = Sm 2 Sq-!-l

Pq+1Cn(g+1)n(g) = Pes100’ = Ymp' = py.
This completes the induction step.

As n(1) < n(2) < ..., the union of the subalgebras R,y equals R. Hence, the
compatible maps p, induce a map p: R — S such that pdy(,) = p, for all q. Since each
p, is injective, p must be injective. On the other hand, S, C Pe(Rni)) € p(R) for all ¢,
whence p(R) = S. Therefore p is an isornorphism of R onto S.

Finally, we have

K(p)ﬁ(@;m) = ’C(P‘ﬁn(q)) = E(Pq) = f"(ﬁbn(q))
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for all . As {R, 0y} is a direct limit for the sequence of inclusion maps

Rn(l)—*Rn(z)—?“' 3

Proposition 3.1.2 says that {x(R), x(¢wq)} is a direct limit for the corresponding se-
quence

&(Rn(1)) =+ £(Bn(z)) = -+ .

Thus x(p) = £, by the uniqueness property of direct limits. M

Corollary 3.4.2. IfR € R, then x induces a surjective group homomorphism of Aut(R)
onto Aut(x(R)).

Ko(u}

Remark. By Corollary 2.4.3, if Q contains only fields, then x(R) is reduced to (Ko(R), [R]) —
(Ko(R¥),[R¥]). If Q contains only central division F-algebras, then #x(R) is reduced to

o)

(Ko(RLIR) —2,  (ko(RPPY, [RPP))
14
(Ro(R)[R]) ——s (Ko(RPP),[RPT))
1]
1:,].
Ko(”w)

(Ko(R),[R)) —— (Ko(RP),[RP™))

We now throw away the order units and obtain an invariant for Morita-equivalence in R.

Definition. Let £ denote the category whose objects are all diagrams of the form

in the category of pre-ordered abelian groups and positive homomorphisms, and Gs is an
ordered ZGal(K/F)-module. Morphisms in £ are all ordered sets (f1,, fa, fa1, - .., fau) of

41



positive hornomorphisms. with f being an ordered ZGal(A'/F)-module homomorphism.
giving rise to commutative diagrams

G] —95"'\ GQ ﬁk Ga,‘
flJ' f'.:J' fa.l
foralli=1,...,w.

Definition. For any algebra R € R, we define Xz to be the object in £ as below.

- Kolvra) I{O(RMI(D,‘,,))

. Kolur) .
o(R) — Ko(R™) (rogas) ~oronooc -
Ko RM (DY ))

By using the same argument as in [GH, Proposition 5.3 and Theorem 5.4], we obtain

the followings:

Proposition 3.4.3. Let R € R, let A be a finitely generated projective generator in
Mod-R, and set S = Endg(A). Set AX = A®p RX. Then x(S) is isomorphic to the
diagram

Kofvr.1)

Kolur) o (Ko(RM(P")), [AM=(D)])
(Ko(R), [4]) —— (Ka(R¥), 145]) (igpacy  ~ooo
Y (KO(RM‘(D“ )), [AME(DU )])
Proof. The functor (—) ®s A gives a category equivalence from Mod-S to Mod-R [S,
Proposition IV.10.7], and so restricts to a category equivalence from the subcategory
of finitely generated projective right S-modules to the subcategory of finitely generated

projective right R-modules. Hence {~) ®g A induces an isomorphism
fr: (Ko(S),[S]) = (Ko(R), [4])
in P, such that fr([B] — [C]) = [B ®s 4] — [C ®s A .for all finitely generated projective
right S-modules B, C.
As A is 2 finitely generated projective generator in Mod-R, it follows immediately

that A% is a finitely generated projective generator in Mod-R¥, and that AP is a finitely
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generated projective generator in Mod-R?'). If Sk and S; denote the endomorphism rings

of 4% and AP, then the functors () ®s, A¥ and (=) ®g, AP induce isomorphisms
9%+ (Ko(Sk), [Sk]) = (Ko(RF),[4%]) and g : (Ko(Si),[Si) = (Ko(RPY), [4P))

in P.
There is a natural F-algebra map ¢; : S — S} such that

dr(s®a)(e®r)=sea®@ar

foralls € S, € K, a € A, r € R¥, and it is easily checked that ¢y is an isomorphism.
A natural F-algebra isomorphism ¢; : S% — S is constructed in the. same manner.
Consequently, we obtain isomorphisms
fx = gxKo(9x) : (Ko(S¥), [S¥]) = (Ko(RK), [4X])
fe= g:iKo(¢:) : (Ko(S™), [SP]) = (Ko(RPY), [ADY])
in P. Moreover, fr is a Gal(K/F)-map because Ky(¢x) is.
Given any idempotent e € S, we compute that
TrKo(us)([eS]) = gx([@xrs(e)Sk]) = [Brus(e)Sk @s, AX] = [(drps(e))(4%)]
= [(¢x(e ®1))(4 ®r R")] = [eA ®r R¥] = Ky(ur) ([eA])
= Ko(ur)([eS ®s 4]) = Ko(ur) fr([eS)).
Since Ko(S) is generated (as a group) by the elements [eS] for idempotents e € S, we
conclude that fxKo(us) = Ko(er)fr. A similar argument (incorporating the action of
the map ¢vsi(dx)™" : Sk — S;) shows that f;Ko(vs;) = Ko(vrs)fx-
Therefore, (fr, fx, fis-- ., fu) is an isomorphism of £(S) onto the given diagram. M

Theorem 3.4.4. Let R,S € R. Then R and S are Morita-equivalent (as F-algebras) if
and only if Xp = Xs.

Proof. If R and S are Morita-equivalent F-algebras, there exists a finitely generated
projective generator A in Mod-R such that S = Endg(A4) as F-algebras. In view of
Proposition 3.4.3, x(S) is isomorphic to the diagram
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A'D(VR.I) . op ) o
Kolur) > (Ro(RMADTY) [ AV

Yo (Ko(R) [A) —— (Bo(R¥), (4% (sigasy oo
(Ko(RMAPE), [ 43221

from which we see that Xp & X,
Conversely, let (fr, fx, f1,-... fu) : Xs = Xg be an isomorphism in £. Then f={(S])
is an order-unit in Ko(R), whence fr({S]) = [4] for some finitely generated projective

generator A in Mod-R. Observe that
Fr(ISX]) = i Kolus)([S]) = Kolur) fr([S]) = Ko(ur) (JA]) = [4¥),

and similarly f;([S?]) = [A?]. Consequently, (fr, fx, fi,.-., fu) provides an isomor-
phism of £(S) onto ¥ in K. On the other hand, if T = Endg(4), then &(T) & }" by
Proposition 3.4.3, and so £(S) = k(7). Then S = T (as F-algebras) by Theorem 3.4.1,
and therefore R and S are Morita-equivalent F-algebras. M

3.5. Minimality of the invariant.

In this section we shall examine the necessity for each of Ky(R), Ky(RX), and
Ko(RP) in k(R) of a given set Q. We shall show that the appearance of Ky(R) and
Ko(RP¥Y's in k(R) is necessary only if F,D; € . On the other hand, the appearance
of Ko(RK) and its module structure is crucial. Finally we show that our invariant is
essentially the same as those invariants found by G. A. Elliott, K. R. Goodear] and
D. E. Handelman in the cases F=C and F =R.

The necessity of Ko(R): So the first question is
(a) if F € Q, then can we discard Ky(R) from x(R)?

The answer is “Yes”. Denote this new invariant by «’. Then «' satisfies Theorem
3.4.1, if it satisfies Theorems 3.2.1 and 3.3.1. Certainly, ' satisfies Theorem 3.3.1. Now
we note that Proposition. 3.1.2 and Lemma 3.2.2 still hold for x’. Therefore x’ satisfies

Theorem 3.2.1 (hence Theorem 3.4.1) if the following is true:
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Proposition 3.5. Let it = My, (D)) x -+ x M, (Dn) and S = A(D), where D,’s and
D are division F-algebras different from F. If f : &'(R) — «'(S) is a map in the category

corresponding to «', then there exists an F-algebra map ¢ : R — S such that &'(¢) = f

Proof. We prove this form=2. Let R, = Mn, (Dy) and Ry = M, (D). We write out

K'(R) as
}\.o(ll;)

(Ko( RM.(D‘,"’))’ [ RM:(DTP) D
{(Ko( RE b R¥ D gersns eeeeeeeiann

and similarly for x'(S). Let f = (g, k, &,1) where
9= (Ko(R¥), [R¥]) = (Ko (S7), [S¥)),
h: (Ko(RMPE), [RM6(PD])  (Ry(SHa(PD), [SM@1))
b (Bo(RM:=(50), [RM(]) — (Ko(5¥nlP2), [sMex(PE))
and { represents all other similar maps. Let write in the matrix forms vE =diag(v, v)
forall D' € Q\{K}, 9= (g1,92), h = (hy, ko), k= (k1, k2) and I = (1), 1;) corresponding
to R, and R,. Then
ngnpg = hyggp implies ugf;pg,- = h,-ugé.,
Vperg = kuggp implies vpeng: = kv Vi
for 1 = 1,2. Then proceed as in the proof of Proposition 2.4.4, there exist F-algebra
maps ¢; : R; — S such that Ko(¢f) = (g) for i= 1,2. We can check that the map
¢: R — S defined by ¢(z,y) = diag(¢1(z), ¢2(y)) satisfies k'(¢) = f (as in the proof of
Theorem 3.2.1 or Proposition 2.4.4, Ky(¢*) = g forces other components of &'(¢) and f
to be identical). M

Note that if F' € Q, then we can not discard Ky(R) from x(R) [GH, Section 11].

The necessity of Ko(R¥): The second and third questions are

(b) if K € Q, then can we eliminate Ko(R¥) from x(R)? and
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(c) do we need the ordered ZGal{A'/ F)-module structure of Ko(RHY?
The answer is “No™ for (b) and is “Yes" for (c) as given in the next example

Example 3.5.1. Let A/F be a field extension with Gal(AK/F) = S;. Let E/F be the
subfield fixed by the subgroup S;. Then [E: F]=4 and EQf E = E x E'. where E'|F
is a field extension of index 12. Let @ = {E, F}. Let p € N and R, be the direct limit

of the sequence
E x Mp(F) = E x Mpyy(F) = Mm(E) % Mpys(F) = -,

where each of the maps E X Mpiqn(F) = E X Mpy4n44(F) is given by the rule (z,y)
(z, diag(A(z),y)), with A : E — M,(F) being the regular map.
Each morphism &(E x My(F)) = &(E x M,.4(F)) is isomorphic to the diagram
shown in Figure 3-1. (Note that we use the regular embedding X — M(E )-)
10

10 60000
02220
(Zz (1 )tr) 01 (zs (1111 tr 00006 3 tr
=g } YLy Ay dy :Q) )_'_}(Za(G:G)GQ))

10000 ]
10 0ico00 100
(41) 10 00100 010 |
.. 00010 131
i 11111 60000y ]
4 10 02220) 1
00006

(Z% (1, +4)™) -—0—1> (Z°,(1,1,1,1,¢+4)") ———— (2%, (6,6, 69 + 24)")
Figure 3-1
Let G, = Z? as abelian group with
Gf ={(e,d)" € G |a>0}U{(0,6)" € G, | b= 0};
G2 = Z° as abelian group with

- GF ={(a1,...,e5)" €G2| ay,...,0a >0} U{(0,...,0,a5)" € G2 | a5 > O};
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Gy = Z* as abelian group with
GI = {(a1,02.03)" € G2 | aj.a2 > 0} U {(0,0,23)" € Ga | a3 > a}.

A direct limit in K for the sequence of morphisms described above is the diagram
10
i 60000
10 02220
01 00006
KP : (Gls (lap)tr) E— (G'-b (1' L1, lap)tr) —_— (637 (va 6, 6p)tr)

together with the morphism shown in Figure 3-2.

10
il 60000
10 02220
01 00006
(2%, (1,p+4n)7) —— (Z°,(1,1,1,1,p+4n)") ———— (Z3, (6,6, 6p+24n)™)
(3 9) ot 1og}
S 0 1
~4n 1 1048 0 -+ 1 0 -n —-3n 1
prpTR o TR 60000 J
¥ 10 e 02220
- 01 - 00006 -
(Gh(l'rp) )——>(G2,(1,1,1,1,p) ) ;(63! (6167613) )
Figure 3-2

Note that the vertical maps are the n** powers of the counterparts in Figure 3-1. With
this morphisfn, the module structure of G; is determined. Thus &(R,) = K,. For positive
integers p, g, if (G2, (1,1,1,1,p)") = (G2, (1,1,1,1,9)") as modules, then there exists an

D x 5 invertible matrix .4 such that
A(1,0,...,007,..., A(0,...,0,1)" >0
which implies that the first four rows of A have only nonnegative entries. Then

A(1,0,...,0,2)" >0, Vz €2
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implies that the last column of A is of the form (0...., 0.2). Then because det(A) = 1.
we have a = 1. Since ZGal(K/F) permutes Ap(E®) but acts trivially on Ao{FF). the

last row of 4 is (b,...,b,1). Then
ALLLLp)" = (2.1, 1L 1.9

implies that b = (¢ — p)/4. Hence p = g(mod 4). Conversely. if p = g(mod 4). then
(G2,(1,1,2,1,p)") 2 (G2, (1,1,1,1,¢)") by the matrix

1 -« 0 0
0 -~ 1 0

=P ... &= ]
a4 4

In particular, in case R, = R,, we have (G,(1,1,1,1,p)") & (G, (1,1,1, 1,¢)") and

so p = g(mod 4). Conversely, if p = g(mod 4), there exists an isomorphism

(10
g—-p 1)°

from K, onto K, whence R, = R,

1 [N 0 0

X 1 0 0
0! LQH :sfq}—p) (-f
1 L 4

On the other hand, if p = g(mod 2), then we have the triple of ordered group

i

0
=x
4

isomorphisms
1
, : . =], 0 1 0
g—p 1 0 -+ 10 gq—p 0 1
g—p 0... 0 1

Note that the middle map is not a module homomorphism. This answers both (a) and

(b).

The necessity of each Ky(R2"): Finally, suppose the set § contains division F-
algebras D’s with the same centre E such that these [D]'s form a subgroup of the Brauer
group B(E). Then instead of including all of Ky(RP”)’s into xq(R), can we simplify
ka(R) by just including only Ko(RP*")'s into kq(R), where {D,]'s are the generators of
this subgroup? The answer is “No” by means of the following example.
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Example 3.5.2. Let D be a central division F-algebra of degree 5. Then there are
central division F-algebras D) and D, such that [D;] and [D.] are distinct elements
in the cyclic group generated by [D] and D@ D; = Ms(D!) for i = 1,2. Consider
Q= {F,D,D\, D,} and «'(R) defined by

&'(R) := Ko(R) = Ko(RP).
Then -we have
K'(D) = (Ko(D:), [Di]) = (Ko(DP™), [DP™)) = (2,1) =+ (2,5).

Hence <'(D,) = &'(D,), but D, 2 Da.

The cases F = C and F = R: It is easily seen that if FF = C then our invariant
becomes Ko(—) as found by G. A. Elliott. Now let take a look at the invariant found by
K. R. Goodearl and D. E. Handelman for the case ' = R. By the proof of [Lemma 3.7,
GH] and an analogy of it, we can see that if the triple (f, g, ) of morphisms in P makes
the diagram

Folor) Ko(7r)

(KO(R)v[R]) EE— (KO(RC)v[RC]) _— (KU(RH)’[RHD

1| d d
, Ko(os) Ko(rs)
(Ko(8),[S]) —— (Ko(S®),[SC]) —— (Ko(S™),[S™))
commutative then g is also an module homomorphism even though the module structure
of Ko((—)€) is not declared. In a sense, the inclusions R — C — H define the module

structure on Ko((—)€). Thus our invariant and the invariant in [GH] are essentially the

same. This suggests a new question:

Can the module structure on Ko((—)¥) be omitted if © contains a large enough number
of subfields and division algebras (central or not)? The answer is “No”; this results from

examining the case [K : F] = 3.



Chapter 4

Some Properties of the Invariant

and Applications

Motivated by interesting results in [GH, VI and VII], we shall study the D-“branch”
of the diagram x(R), which is the triple

Kolug) Ko(vr,p)

kp(R) = (Ko(R), [R]) — (Ko(R¥),[R¥]) —= (Ko(RMO"), [RMP™)),

here r denotes a positive integer. After that, we use these properties to determine
whether a given algebra R € R could be constructed as a direct limit of finite dimensional
semisimple F-algebra in which only F-matrix algebras appear, or only K-matrix algebras
appear, or both K-matrix algebras and D-matrix algebras appear, etc. We refer to them
as types fk,fd, etc.

In this chapter, we only consider the case @ = {F,K,Dy,...,D,}, where K/F is
a Galois extension and D;’s are central division F-algebras containing K as a subfield.
Corollary 4.2.6 is quite interesting. It states that if degrees of all D; are [K:F]=p, a2
prime integer, then an algebra is of type d depends solely on Ky(vgp). One point worth
being mentioned here is that in general, the invariant x(—) is expected to be a diagram of
Ko-groups associated to the lattice of inclusions between the division algebras occuring
in Q. Proposition 4.1.5 shows that these inclusions are already incorporatedr into x(-)
in this particular case.
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4.1. Some properties of the invariant.

The main results of this section are Propositions 4.1.7 and 4.1.9, where relationships

between Ko(ug) and Ry(vg p) exist in special cases.

Proposition 4.1.1. Let n e N.
(a) kp(iMa(F)) = (Z,n) -1+ (Z,7) = (Z,n)
1

(®) xp(Mn(K)) = (Z,n) —1> (Z,n) x--- x (Z,n) ——i (Z,n[K : F))

(€) wp(Ma(D) 2 (Z,m) ——1 (Z, 0l : F]) —=T, (7,m.s)

where s is the matrix size of ' ® D.

Proof. Follows from Proposition 1.1.11 and Lemmas 2.1.2, 2.1.3. I

Lermma 4.1.2. f R € R, then

(a) Ko(ur) and Ko(vppir) are one to one.

(b) [K: FIKo(R¥)* C Ko(pr)(Ko(R)*) + ker(Ko(vr,p))-

(¢} Kolpr)(Ko(R)) + [K : FIKo(R¥) = Ko(ur)(Ko(R)) + ker(Ko(vr.p)) foral ReR
ifand only if [K : F} £ 2.

Proof. As these properties are preserved by finite direct products and countable direct
limits, it suffices to consider the cases that R is one of M,(F), M,(K) and M, (D"}, for
some 7 € N. In these cases, (a) and (b) are clear from Proposition 4.1.1. Moreover, (b)
implies

Ko(ur){Ko(R)) + [K : FIKo(RX) C  Ko(ur)(Ko(R)) + ker(Ko(vrp))-
Hence  Ko(up)(Ko(R)) + (K : FJKo(R¥) = Ko(uz)(Ko(R)) + ker(Ko(vr p))
if and only if ker(Ko(vr,p)) € Ko(ur)(Ko(R)) + [K : FIKo(RK).
We can easily check from Proposition 4.1.1 that this is true for R = M,(F) or R =
Ma(D'), but true for R = M,(K) if and only if [K: F] < 2. W
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For any algebra R € R, we may tensor the identity map on R with an embedding

K = Mig:r)(F) to obtain a map R¥ = Me.s(R). As
( PO(-A'I[K:F](R))» [-AJ[I\F](R)]) = (I\.D(R), [K : F][R]).

we obtain a morphism (Ko(R¥), [R¥]) = (Ko(R), K : F].[R]), which we may view as an
auxiliary map for the diagram xp(R). This map is uniquely determined by the diagram
xp(R), and is to obtained directly from the diagram, as follows

Proposition 4.1.3. Given any R € R, there is a unique morphism
srD : (Ko(R¥),[RN]) = (Ko(R), [K : F|.[R])

in P such that Ko(vrper)srp = [K : F|Ky(vgp). Moreover, sr,pRo(pr) is multiplica-
tion by [K : F] on Ko(R) and ker(sp,p) = ker(Ko(vrp)).

Proof. We relabel xp(R) as
(Grw) L (Gayua) 5 (Ga, ua).
By Lemma 4.1.2, f; and fof; are one to one, while also
K : FIGS € f1(G) +kex(fz) and hence [K : FIGy € £1(Gy) + ker(f).

Consequently, [K : Flfg(G;) - fzfl(G?-) and [K : F]fz(Gz) - f2f1(G|). Let SR.D: Gy —

G, be the composition of the homomorphisms

Gy —-h——) f2(G2) (K:F] [K . Ff2(Ga) c RAGY) (f241)" C..

Since [K : E]fz(GI) C f2£i(GT), wehave sg p(GF) C Gf. As[K : Flfalus) = fofi(fK = Fluy),
we also have sgp(u) = [K : Flu;. Thus spp is 2 morphism from (G, ) to (G, uy).

From the abbreviated expression s p = (f2/1)"'([K : Ff,) it is clear that f, fisp p =
[K: F] fo. As f,f) is one to one, the uniqueness of sp p is immediate from this relation.

Note that fofisg,pfi = [K : F|f2fy, whence sppfy = [K : F]. Finally, using spp =
(f2f1i)~Y([K : F]f;) again, we conclude that ker(sg,p) = ker(f;). W
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Lemma 4.1.4. If R € R, then

(2) deg(D)*Ko(RP")* C Ko(vr,p)[[K : FIRo(R¥)* N Ko(ur)(Ko(R)*)).
(b) deg(D)*Ko(RP™) C Ko(vr.pir)(Ko(R)).
(c) (deg(D)*/[K : F)Ko(RP™") C Ko(vap)(Ko(R¥)).

Proof. Reduce to the finite dimensional simple case and use Proposition 4.1.1. W

In parallel with Proposition 4.1.3, we may tensor the identity map on R with em-
beddings D — M,,(K), where pp = deg(D)z/[K : F] (Proposition 2.2). So there are
auxiliary maps associated with any diagram x(R), which could be constructed as K, of
the map RP” — M,,(R¥) composed with the isomorphism

(KO (MPD (RK))' [Mpp (RK)]) = (KO (RK)a PD[RKD-

Once again, this map may be obtained directly from the diagram x(R), as follows

Proposition 4.1.5. Given any R € R, there are unique morphisms
trp : (Ko(RP”),[RP”]) = (Ko(RX), pp[R¥])

in P such that tR,DKo(VR,D) = (pp/[K : F])Ko(pR)SR'D. Moreovzr, KQ(VR‘D)tR'D is mul-
ciplication bypp on KO(RDOP) and tR,D-Ko(VR,D#R) = pDKg(pﬂ). AISO, SR,DtR,DKO(UR,D#R)
and Ko(ve,ppg)sr,ptrp each equal multiplication by deg(D)?.

Proof. We relabel xp(R) as
(Ghul) _f;) (Gg, u2) i} (G3a 'U.3).

Then by Lemma 4.1.4, pp[K : FIG3 C fo(IK : FIG N f1(GY)) and so pp[K : F|G;
f2([K : F]G2 N f1(G:)) as well. Since f2f; is one to one by Lemma 4.1.2, the restriction
of f2 to f1(G)) is one to one.

Let tp p : Gz — G2 be the composition of the homomorphisms

[K:F)] -1 1/[K:F]
Gy —— pplK : FIGs <+ fo((K : FIG2n £1(G1)) 5 [K : FIG, 1 /1(Gy) =223, 6,
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Frompp[R : FIGY C fo([K : FIGINf1(GY)) we obtain tz p(GF) C GY. AspplK : Fluy =
f2(po[K : Flua) and pp{K : Fluy € [K: F]G2 N fi(Gy), we also have tr.o(ua) = ppua.
Thus iz p is a morphism from (G3,u3) to (Go,ppua).

Given any = € Ga, by Proposition 4.1.1 we have [K:Flr = fi(y) + = for some
¥y € G and some = € ker(fa). Then by Proposition 4.1.3, [K:Flfa(z) = fufily)
and so sgp(z) = y. Since pp[K : Flfa(z) = folppfily)) with ppfi(y) € [K: FlGan
fi(G1), we see that trpfa(z) = (pp/[K:F)fi(y) = (po/IK: F))fisap(z). Thus
trof2 = (pp/[K: F)) fisrp. If ¢t : Gy = G is any homomorphism satisfying tfa =
(pp/[K : F]) fisg.p, then t and tpp agree on J2(G2). As ppG3 C fo(G2) by Lemma
4.1.4, we find that ppt = ppig p, and hence ¢t = tr.p because G, is torsion-frec. There-
fore ¢z p is unique.

Note that fotrpfo = (pp/[K : F)) fafisrp = ppfe by Proposition 4.1.3. Since
PoGs € f2(Ge), it follows that ppfotrp = pp?, and so fotpp = pp. Also trpfafy =
(pp/[K : F)) fisr.pfr» = ppfi by Proposition 4.1.3. Finally, sp ptrpfafi = posaph =
po(K : F] and fofispptap =[K: Flfotgp =pplK: F]. W

Remark. If the division algebras in  are not central then Lemma 4.1.2(b) and

Propositions 4.1.3, 4.1.5 are not true.

Lemma 4.1.6. Let m be a divisor of [K : F|. For any R € R,

(2) mEo(RP")* N Ko(vropr)(Ko(R)) © mKo(vr,p)(Ke(R¥)*).

(b) mEo(RP™) N Ko(vr ppr)(Ko(R)) © mKo(vr,p)(Ko(RX)).
Let [K : F}? divide the matrix size of D@L, for all central division algebras D' € Q.

Forany RER, _

(c) [K : F)Ko(R¥)*NKo(ur)(Ko(R)) € [K : FiKo(ur)(Ko(R)*)+Ko(vr.0) (K : F{2Ko(RP™)*).

(d) [K : FIKo(R*)NKo(1r)(Ko(R)) C [K : F|Ko(ur)(Ko(R))+Ko(vr,0) (K : FPKa(RP™)).
Let s denote the matrix size of D @ D'. Let ged([K : F], Eﬁ) = 1, for all central

division algebras D' € ). Foranpy R € R,

(e) [K : F)Ko(R*y*NKo(ur)(Ko(R)) C (K : F]Ko{ur)(Ko(R)*)+Ko(vr,p) ™~} (deg(D)2Ko(RZ”)*).
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(1) |K: FYRo(RF)NKo{ur) (Ko(R)) C [K & F]Ko(ur)(Ko(R))+Ko(vr.p)~ (deg(D)2Ko(RP™)).

Proof. Reduce to the finite dimensional simple case and use Proposition 4.1.1. Note
that ged([R : F], d—”’-‘%gﬁ) = 1 implies that [K : F]° divides s because [K : FJ? divides
deg(D):. M

Remark. Iz fact, the conditions on [K : FJ? and s are forced upon by (¢),(d) and
{e},(f) respectively. In turn, conditions in (c),(d),(e), and (f) are chosen so that we are

able to obtain further results.

Proposition 4.1.7. Let R € R, consider the following conditions:

(a) Ko(ur)(Ko(R)) = Ko(RF).
(b) Ko(pr) is an ordered group isomorphism.
(c) Ro(vr,p) is a group isomorphism.

(d) Ko(vrp) is an ordered group isomorphism.

We have (d) = (c), and (a) « (b). If deg(D) and [K : F| have the same prime
factors, then (b) = (d). If [K : FI® divides the matrix size of D @ D', for all central
division algebras D' € Q, then (c) = (a).

Proof. We relabel xp(R) as
(Gr,w1) L5 (Gayu) L+ (63 u).

(a) = (b): As f; is one to one by Lemma 4.1.2, it must be a group isomorphism,
and as f; is positive, fi(G}) € Gf. On the other hand, GI = f,f71(GF) beccause f; is

surjective. Using Proposition 4.1.3, we compute that
[K : FIfT(G3) = srpfifTH(GF) = sro(GE) € GY.

Since Gy is unperforated, f7*(G) € G¥, and thus GF = f,(G}). Therefore f; is an

. ordered group isomorphism. . - s e
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(b) = (a), and (d) = (c): priories.
{c) = (a): Since f» is one to one. Lemma 4.1.2(b) shows that [K: FiGs € fi1{GY)

(because G is directed). In view of Lemma 4.1.6(d),
[K:FlGa = [K: FIG.N fi(G)) C [K : FIAH(G)) + FY K 2 FFGS).

As f2 is a group isomorphism, f7([K : FI°Gs) = [K: Ff'G, € [K : F1fi{(G:). Hence
E: F]G2 C [K : F]f1(Gy) and therefore £,{G,) = Go..

(b) = (d): Since fof; is one to one by Lemma 4.1.2, we ficst see that 7 is one to
one. By Lemmsz 4.1.4(c), ppGs € f2(Ga). Let m be a divisor of [K : F). Uéing Lemma
4.1.6(a), we obtzin

PpGs = ppG3 N f2(G2) C mGy N £2£1(Gh) € mfa(GE),

- and so (pp/m)G3y € fo(GF). Thus by repeating the procedure on the common prime
factors of [K : F) and deg(D), we finally have G§ C fo(GZ). Then f(G¥) = G (because
f2 is positive) and consequently, f2(G2) = G; (because Gj is directed). Thus f; is an
ordered group isomorphism. W |

Example. Let [K : F] <= deg(D') = deg(D) = 2 and let D # D'™. Then xp(D') is
isomorphic to

(2,1) 2+ (Z,2) = (2,2).
Hence xp(R) satisfies (c) but not (a). Now suppose that deg(D) has prime factors which
do not divide [K : F]. Consider

R =D — Mix:r)(D) = Mig.rp(D) = Mige.rp(D) = -+~ .

Then «p(R) is isomorphic to

(ZIL/IK : FIL1) —— (Z1/(K : FI),1) —2— (2[1/[K : FI) 1).
Since Z[1/[K : F]] = [K: FIZ[1/[K : F]) but Z[1/[K : F]] # ppZ[l/[K : F)} (po and
[K : F] do not have the same prime factors), xp(R) satisfies (b) but not (d).
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Proposition 4.1.8. Let R € R and let gp = (deg(D)}/[K : F])*. Suppose that for all cen-
tral division algebras D' € Q, we have ged([K : F, d—""‘(;zlz) = 1, where s is the matrix size
of D'®D®. Then tp,p induces a group isomorphism of Ko(R”™) /(1/gp) Ko(va.p) (Ko(R¥))
onto the torsion subgronp of Ko(R¥)/Ko(ur)(Ko(R)). Here (1/qp)Ko(vap)(Ko(R¥))
denotes the subgroup {z € Ko(RP™) | qpz € Ko(vap)(Ko(RK))}.

Proof. We relabel xp(R) as
(Gryu) L (Goyuz) 25 (Gay o)
As tg pfa = qp 1540, We see that tg p induces a homomorphism

&0t Ga/(1/ap) f2(G2) = G2/ (Gh)-

Since ppGa = fotr p(Gs), the group G/ f2(G>) is torsion. Hence if A denotes the torsion
subgroup of Ga/ f1(G1), then 1} , maps G3/(1/gp)f2(G») into A.

Given a coset 2+(1/gp) f2(G2) in ker(t}, 1), we have tp p(2) = fi(z) for some = € G,.
Then ppz = fotg p(2) = fofi(z), and s6 ppz = [K : Flf2(y) for some y € G», by Lemma
4.1.6(b). Hence, gpz = fo(y) and so z + (1/gp) f2(G=) = 0. Thus % p Is one to one.

Given a coset y + f1(G)) in A4, we have my = fi(z) for some m € N and some
T € Gi. Then sgpp(my) = sppfi(z) = [K : Flz, whence [K : Fimy = AH(K: Flz) =
fisnp(my). Consequently, (K : Flgpy = gpfisrn(y) = trpfo(y). Since [K:Fly €
f1(G1), Lemma 4.1.6(f) shows that [K : Fly = (K : F]fi(v) + w for some v € G; and
some w € f;*(deg(D)*Gs). Then

[K : Fl’qpy = tppfo([K : Fly) = [K : Flt pfof1(v) + tr.pfo(w)
= [K : Flpp fi(v) +tr p{deg(D)3z)

for some z € Gi, whence y = f;(v) + trp{c), and so
Y+ £(G1) =t plz + (1/40) £2(G2)).

Therefore t5 5, is an isomorphism of G3/(1/gp) f2(G2) onto A. W
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Proposition 4.1.9. Let R € R. consider the following conditions:

(a) Ko{ur)(Ko(R)) = [K : FlKo(RK).
(b) Ko(ur) is an ordered group isomorphism of Ko(R) onto [K:F]Ko(R¥).
(c) Ko(vr,p) is a group isomorp.ism of Ko(R¥) onto ppy(RP™).

(d) Ko(vr,p) is an ordered group isomorphism of Ky(R¥) onto ppKo(RP™).

We have (c) = (d), (d) = (a), and (a} = (b). If deg(D) and [K : F] have the same
prime factors and if D € D' for all D' € Q, then (b) = (c).

Note that the condition above is equivalent to: deg(D) and [K : F) have the same
prime factors and ged([K : F ], gﬂf—]z) = 1, for all central division algebras I € .

Proof. Relabel kp(R) as
(Grw) 2 (Ga, ) £+ (6o, ).
(a) = (b): As f) is one to one by Lemma 4.1.2, it must be a group isomorphism of G; onto
[K : F]G2. Then fi(GY) C G N[K : FIG2 = [K : F)GZ, because f, is positive and G
is unperforated. Now from f,(G1) = [K : F|G, we have [K : F|GF = fif7)([K : F|GY).
Using Proposition 4.1.3, we compute that
(K < FIfTH(K : FIGT) = srofifT (K : FIGE) = srp([K : FIGF) C [K : FIGH,
whence fT([K : FIG3) C Gf and so [K : FIGf C f,(G?). Thus
fi(GT) =[K : FIG =G n[K : F|G,,

and therefore f is an ordered group isomorphism of G, onto [K : F|G>.

(b) = (¢): By Lemma 4.1.2, f2f, is one to one. Since [K : Flker(f2) C [K : F]Ga =
f1(GL), it follows that [K : Flker(fz) = {0}, whence f, is one to one. According to
Proposition 4.1.8, tg p induces 2 group isomorphism of G3/(1/gp) f2(G2) onto the torsion

subgroup of G2/ f1(Gh). As G2/ f1(G1) = G2/[K : F]G2 is a torsion group, it follows that
G2 = tp p(Gs) + [K : F]G,. Using Proposition 4.1.5, we find that

F2(Go) = Fotrp(Ga) + [K : FIfa(Ga) = poGa + [K : FIf2(Ga).
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Hence
f2(G2) = ppGs + [K : Fl(ppGs + [K : F|f2(Gz2)) = ppGs + [K : FI* f2(G2) = . ..
= poGs + [K : F]" f2(Ga),

for all n € N. Since there exists an n € N such that p,, divides [K : F]", we have
J2(G2) = ppGs. Thus fo gives a group isomorphism of G2 onto ppGs.

(c) = (d): We have fo(GT) € G5 NppGs = ppGy because f» is positive and Gs
is unperforated. Conversely, using Proposition 4.1.5 we see that ppGT = fotrp(G¥) C
f2(G3). Thus f2(G3) = ppGy = G NppGs.

(d) = (a): Since f is one to one and G is directed, Lemma 4.1.2(b) shows that
[K : FIG2 € fi(Gh1). As f21(G1) € f2(Ge) = ppGs, we have

£H(GY) =poGs N £i(Gy) €K : FIf(Ga) = £((K : FIG)
by Lemma 4.1.6(b). Then f;(G:) € [K : F|Ga, and therefore f;(Gy) = [K : F|G.. B
Example. Suppose that deg(D) has prime factors which do not divide [K : F}. Let
R=F = My:r|(F) = Mige.pp(F) = Migrp(F) = ---.
Then xp(R) is isomorphic to
(Z2[L/IK : FI},1) = (Z[1/[K : F]},1) = (2[1/[K : F]},1).

Since Z[1/[K : F]] = [K:F)Z[1/[K : F]] but Z[1/[K : F]] # ppZ[1/[K : F]] (pp and
(K : F] do not have the same prime factors), xp(R) satisfies (a) but not (d). Hence
(b) % (c). On the other hand, by letting [K : F] = deg(D') =deg(D) =2 and D # D'®.

Then xp(D') is isomorphic to
(2,1) = (Z,2) = (Z,2).

Hence (b) # (c) even though [K : F)] = deg(D).
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4.2. Applications.

In this section, we shall try to use conditions on &(R) to determine the type of R.
Corollary 4.2.6 is an interesting result, which says that if [K : F]is a prime number and
K is a maximal subfield of all D; € Q then R could be constructed with only D if and
only if Ko(vr,p) is 2 group isomorphism of Ko(R¥) onto [K : F|Ko(RP™).

Definition. Let w be one of the letter combinations fk,d; and let W be the correspond-
ing set {F}, {K},{D:}. We shall say that an algebra R € R is of type w provided R
is isomorphic to a direct limit of a sequence R; — Ry — -+ of maps from R, such that
each R, is isomorphic to a direct product of matrix algebras M, (D.) where D, € W.
In particular, an algebra R € R is of type f if and only if R is an ultramatricial
F-algebra. However, if R is of type k, then R need not be an ultramatricial K-algebra.

Lemma 4.2.1. If Ko(vg,p) is one to one for some D € Q, then Gal(K/F) acts trivially
on KO(RK) ‘

Proof. Let 3~ z®y be an idempotent in RX and let ¢ € Gal(K/F). There exists an inner
automorphism 6 of D such that 6 = o by Noether-Skqlem Theorem. Then idp®8 is an
inner automorphism of R?” such that (idz ®6)(3.z®y) = ¥ z®0(y). By Proposition
1.3.5, Ko(idr @ 6} is the identity map of Ko(RP”), whence [ z@y] =[S z®o(y)] in
Ko(RP). Hence for all o £ Gal(K/F),
Ko(vrp)(@[Y_z®1]) = Ko(vro)([D_z® o(x)))
=D_z®0a(y)] € Ko(R"”)

=>_z®y
= Ko(vr0)([D_z ®1)).
Because Ky(urp) is one to one, we have 6.5z ® y] = L.z ®y] in Ko(R¥), whence

Gal(K/F) acts trivially on Kp(R¥). B

Theorem 4.2.2. Given R € R, consider the following conditions:
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{a) R is an ultramatricial F-algebra.

(b) Ko(ur) is surjective.

(c) Kolvap) is a group isomorphism for all D € Q.

(d) There exists a countable dimension group (G,u) with order unit such that &(R) is

isomorphic to

where Gal(K/F) acts trivially on (G, ). Any such diagram above is isomorphic to x(S)
for some unital ultramatricial F-algebra S.

Then (2)&>(d), and (a)<>(b)A(c). If deg(D) and [K : F) have the same prime factors
for all D € Q, then (b)=>(a). If there exists D € Q such that [K : F]? divides the matrix
size of D @ D' for all D' € Q, then (c)=(a).

Proof. (2)=(b),(c),(d): Reduce to the case that R = M,(F) for some n € N, and use
Proposition 4.1.1.

Given an arbitrary countable dimension group (G, ) with order unit. By Theorem
1.2.5, there exists a unital ultramatricial F-algebra S such that (Ko(S5),[S]) & (G, u).
Applying the implication (a)=>(d) to the algebra S, we see that #(S) is isomorphic to
the given diagram.

(d)=>(a): By previous paragraph, there exists a unital ultramatricial F-algebra §
such that x(S) = x(R). Then R = S by Theorem 3.4.1, and therefore R is a unital
ultramatricial F-algebra.

(b)A(c)=>(d): Set (G, ) = (Ko(R), [R]) and observe that G is a countable dimension
group. As Ko{pr) and Ko(vrp) are isomorphisms, x(R) is isomorphic to the given
diagram.

(b)=>(a): By Proposition 4.1.7 and by (b)A(c)=>(d).

(c)=(a): By Proposition 4.1.7, Ko(ug) is an isomorphism in P, whence k(R) is
isomorphic to the given diagram. W
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Theorem 4.2.3. Given R € R, the following conditions are equivalent:

(a) There is an (unital) F-algebra embedding of K into the centre of R.

(b} R is isomorphic (as an F-algebra) to some unital ultramatricial K-algebra.

(c) R=S% for some unital ultramatricial F-algebra S.

(d) There exists a countable dimension group (G, u) with order unit such that a&{R) is

isomorphic to

1
() (o)
1 (G,[K : Flu)
(G, u) —— (G, u) x --- x (G, u) < CpLiptt e
(G.[K : Flu)
where Gal(K/F) permutes elements of (G,u) x - x (G, v) the same way it permutes

elements of Ko(K*). Conversely, any such diagram is isomorphic to x(S%} for some
unital ultramatricial F-algebra S.

Proof. (a)=>(d): Let R be the union of a sequence R; C R» C ... of finite dimensional
semisimple urital subalgebras. Then since [K : F] is finite, we can assume that there is
an (unital) F-algebra embedding of K into the centre of R, for all n. Hence each R, is
a finite direct product of M.(K). Then k7 applying Proposition 4.1.1, we see that x(R)
is isomorphic to the given diagram.

Given an arbitrary countable dimension group (G, ) with order unit, there exists a
unital ultramatricial F-algebra S such that (Ko(S), [S]) 2 (G, u) by Theorem 1.2.5. Then
Theorem 4.2.2 shows that (Ko(S¥),[S¥]) 2 (G,u). Applying the implication (a)=>(d)
to the algebra S¥, we see that x(S¥) is isomorphic to the given diagram.

(d)=>(c): By the previous paragraph, there exists a unital ultramatricial F-algebra
S such that x(S%) = k(R). Then R = $¥ by Theorem 3.4.1.

(c)=>(b)=>(2): Clear. B

There are algebras in R of type k which are not isomorphic to S for some ultra-
matricial F-algebra S. For instance, let A : My(K) — Myk.(F) be the regular maps

and
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t: My(F) — M,;(K) be the inclusion maps. Then the direct limit

& A ¢ A 3
F > K + ﬂfth](F) — M[J‘\F](K) —_— ju[.h':F]:(F) —_

is isomorphic to both
» A » A d tA
K— M[;\-,pl(]\) e MI;\-:pl:r(f\) — .-+ and
M At AL
F —— Mig.r|(F) ==— Mg.pp2(F) ——b -~

whence this direct limit, let denote by R, is an ultramatricial F-algebra of type k. Since
(Ko(R), [R]) is isomorphic to
K:F K:F K:.F
(Z,1) b (2, [K : Fl) =2, (2, [k ) 20 ..

we have (Ko(R), [R]) = (Z[1/(K : FJ), 1), where Z[1/[X : F]] is the unital subring of Q
generated by 1/[K : F]. By Theorem 4.2.2, (Ko(R¥),[RX]) = (Z[1/[K : FJ,1). Since
Z[1/[K : F]) 2 2[1/[K : F] x Z[1/[K : FJ]] x - -, we conclude from Theorem 4.2.3 that
R can not be isomorphic to a K-algebra. This example is very similar to [GH, Example
7.3

Theorem 4.2.4. Given R € R. Let D % F be a central division in  and let s’ denote

the matrix size of D ® D'”. Then the following conditions are equivalent:

(a) R is of type d.

(b) R= SP for some unital ultramatricial F-algebra S.

() Kolpa)(Ko(R)) = [K : FIKo(B¥) and Ko(vep)(Ko(R¥)) = (s//[K : F]) Ko(RP'™)
forall D' € Q.

(d)} Ko(vr,pr) is a group isomorphism of Ko(R¥) onto (s'/[K : F))Ko(R?™) for all D' €
Q.

(e) There exists a countable dimension group (G,u) with order unit such that k{R) is
isomorphic to

: o 1/[K:F) )
(Gu) — (G,u) ( wpemy -

(G.v)
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where Gal(K/F) acts triviallvon (G.|K : F Ju). Conversely, any such diagram is isomor-

phic to x(SP) for some unital ultramatricial F-algebra S.

Proof. (a)=-(c): Reduce to the case R = A, (D) for some n €N and apply Proposition
4.1.1.

(c)=>(d): By Proposition 4.1.9, Ko(ug) is an ordered group isomorphism of Ku(R)
onto {K : FlKo(R¥). By Lemma 4.1.2, Ko(vr.p'}Ko(ir) is one to one for all D' €
Q. Since [K: Flker(Ko(vrp)) € [K: FKo(RK) = Co(r)(Ko(R)), it follows that
[K : Flker(Ko(vg p)) = {0}, whence Ko(vp,pr) is one to one for all D' € Q.

(d)=>(e): Set (G,u) = (Ko(R), [R]), and relabel xp» (R) as

(G,u) L (G2, ua) 25 (Ga,pr uz.pr)

where Gal(K/F) acts trivially on (G, u,) by Lemma 4.2.1. Then by Proposition 4.1.9, fi
gives an ordered group isomorphism of G onto [K : F}G2, and f> o gives an ordered group
isomorphism of G onto s'/[K : F|Gs p:. Hence, f2.0r f1 gives an ordered group isomor-
phism of G onto s'Gy,pr. Consequently, there is an isomorphism (1, (1/[K : F))f1, (1/s") fa.pr 1)
from the diagrem

(6,1) s (G, 1K : Flu) <55, (6, ),
where Gal(K/F) acts trivially on (G, [K : Flu), onto kp(R).

Given an arbitrary countable dimension group (G,u) with order unit. By Theorem
1.2.5, there exists a unital ultramatricial F-algebra S such that (Ko(S),[S]) = (G,u).
Then Theorem 4.2.2 shows that (Ko(SP),[S?]) = (G,u). Applying the implication
(2)=>(e) to the algebra SP, we see that x(SP) is isomorphic to the given diagram.

(e)=>(b): By the previous paragraph there exists a unital ultramatricial F-algebra S
such that x(S?) = x(R). Then R = SP by Theorem 3.4.1.

(b)=+(2): Clear. B

Corollary 4.2.5. Let R be an ultramatricial F-algebra. Then R 2 RP if and only if
Ko(R) is deg(D)-divisible.



Proof. By Theorem 4.2.2, xp/(R) is isomorphic to the diagram
Xp: (Gu) = (Gu) = (G,u)

where (G,u) = (Ko(R),[R]). Then (Ko(RP),[RP]) = (G,u), whence Theorem 4.2.4
shows that xp(RP) is isomorphic to the diagram
[K:F) s [[K:F) .
Ypo: (G,u) —— (G,[K : Flu) —— (G, s'u).

If R = RP, then Xp = Yp, whence G = deg(D)?/[K : F|G. Hence G is deg(D)-divisible.
Conversely, if G = deg(D)G, then for all D' € Q, the map (1,[K : F),s") : Xp = Yo
is an isomorphism because both [K:F] and s' divide deg(D), and so &(R) 2 &(R””). In
this case R = R? by Theorem 3.4.1. (Throughout the proof, Gal(K/F) acts trivialiy).
.

Corollary 4.2.6. Suppose that for all D' € 0, we have [K : F} = deg(D') = p, where p
is a prime integer. Then given R € R, the following conditions are equivalent:

(a) R is of type d.

(b) Ko(nr)(Ko(R)) = pKo(R¥) and Ko(vr,p)(Ko(RX)) = pKo(RP™).

(c) Ko(vr,p) is a group isomorphism of Ko(R¥) onto pKo(RP™).

Proof. Let D' # D and consider the triple

(Ko(RP™), [RZ™]) —2 (Ko(RR), plBF]) T2 (1o (RE™), o{RP").
By reducing to the finite dimensional case, we have
(i) tr,pr and Ko(vgp)trpr are one to one.
(i) PKo(RFY* € tap (Ko(RP™Y*) + ker(Ko(va,p))-
(iti) PKo(R™) N Ko(vr.0)ta,or (Ko(RP™)) € pKo(va,0)(Ko(BX)).
(b)=>(c): It suffices to prove that Ky(vg,p) is one to one. Since pker(Ky(vrp)) C
PKo(R¥) = Ko(ur)(Ko(R)) and Ko(vr,p)tr b is one to one, it follows that pker(Ky(vg p)) =

{0}, whence Ky(vp,p) is one to one.
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(c)=>(a): Since Ay(vrp) is one to one and Ko(R¥) is directed, from (i) we have
PRo(RY) C tap(Ko(RP™)). As Ko(vap)tap (Ko(RP™)) C Ko(vpp)(Ko(RN)) =

pRo(RP™), from (iii) we obtain
Ko(vr.p)tro (Ko(RP™)) = pKo(RP” O Ko(vrp)trp (Ko(RP™)) C Ko(vr,p)(pKo(RY)).

Hence tg o (Ko{RP™)) € pKo(RY), and therefore tro (Ko(RP"™)) = pRo(R¥). Then
by Proposition 4.1.5, we have

PEo(R”™) = Ko(vr p)tro (Ko(R”™)) = Ko(vr.pr) (pKo(RY)),

whence Ko(RP"™) = Ko{va o) (Ko(RK)). On the other hand, Ko(pr)(Ko(R)) = pho(RF)
by Proposition 4.1.9. Therefore R is of type d by Theorem 4.2.4. W

The following parallels the work done in [GH, VII. Now we assume that Q =
{F,K,D}, where D is a central division F.algebra containing K. We shall determine
whether a given algebra could be constructed as a direct limit of finite dimensional
semisimple F-algebra in which only F and D-matrix algebras appear. or only F and
K-matrix algebras, etc. We refer to them as types fk,fd,kd, each of which requires a

preparatory lemma. The first lemma will also be used in our characterization of type k.
Lemma 4.2.7. Let ¢ : R— T be amap in Ry. If
Ko(¢°7)(Ko(RP™)) € Kolvr)(Ko(TX)),

then ¢ factors through an algebra in Ry of type fk. If in addition R and T are both of
type kd, then ¢ factors through an algebra in Ry of type k.

Proof. Write T = T} x ... x T,, where each T}, is a simple algebra, and write ¢ =
(¢1,---,$n) where each ¢n, is a map from R to Ti,. If each ¢y, factors through an
algebra S, € Ry of type fk (respectively, type k), then ¢ factors through the algebra
5) x ... x S, of type fk {respectively, type k). Thus we may assume that T is one of
M,(F), My(K), M(D) (respectively, M,(K) or M,(D)), for some t € N. In the first two
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cases T is of type fk (respectively, in the first case T is of tvpe k) and there is nothing
to prove. Therefore we may assume that T = M,(D)).

We now proceed by induction on the number of M.(D)) that appears in R. It
suffices to show that when R = R’ x M,(D) for some R’ € R¢ and some n € N, and
S=58"x Mpn(K), there exist maps ¥ : R — S and 7: § = T such that my = ¢ and

Ko(n®”)(Ko(SP™)) € Kolur)(Ko(TX)).

In view of Theorems 3.2.1 and 3.3.1, it. is enough to find morphisms & : K(R) = &(S)

and k : k(S) -+ &(T) such that kh = x(¢) and
ks(Ko(SP™)) € Ko(vr) (Ko(TX)).

The diagrams «(R), (S}, and «(T') may of course be replaced by any isomorphic dia-
grams, and for £(JM.(D)) and £(M.(K)) we shall use Proposition 4.1.1. Then K(¢) takes
the form shown in Figure 4-1, where f, = Ko(ur') and fo = Ko(vp), while g, g, g5 are

maps in P and a, b, ¢ are positive integers.

(G1,u1)x(Z,n) ({JJK—OF}‘]) (G2, u2)%(Z,[K : Fn) (ﬁi (Gs,u3) % (Z, deg(D)?n)
(0.9 | (08) | (0.9 |
@) — T K FY—2 (7, ceaD))
Figure 4-1

The hypothesis Ko(¢?”}(Ko(RP™)) C Ko(ur)(Ko(TX)) says that g3(Gs)+cZ C ppZ. In
particular, ¢ = ppd for some d € Z*. From the commutativity of the diagram,a=b=c.

Now let & and k be the top and bottom morphisms in Figure 4-2. It is clear that the
middle vertical maps are module homomorphisms and that kh = k(¢). Since g;(G3) +
¢Z C ppZ, we also have

ks(Ko(SP7)) € Ko(vr)(Ko(T*)). B
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4 B
0 [KN:F) 0 pp _
(Gryu1)x(Z,n) ——— (Gau)X(Z,[K: Fln) —— (G, uz)x{Z.deg(D)*n)

1 0
0
1 0 '611 0 ap l 1 0 |
0 o IR Lo .. R1 l
< 0 1 0 9o (0' 1 1

(G1,m)%(Z,ppn) — (G2, w2)x(Z, ppr)FFl " ——— 7 (G, uy) X (Z. deg( D)*n)

o) L ednd] (0.9 |
(Z,1) A : Al + (Z,{K : F]t) i > (Z, deg(D)*t)

Figure 4-2

Theorem 4.2.8. Given R € R, consider the following conditions:

(a) R is of type fk.
(b) coker(Ko(ug)) is torsion-free.

(¢) Ko(vr) is surjective.
Then (a)e>(c)=(b). Moreover, if K is a maximal subfield of D then (b)=(c).

Proof. (a)=(c): Reduce to the cases that R = M,(F) or R = M,(K), for some n € N,
and apply Proposition 4.1.1.

(b)e(c): By Proposition 4.1.8. Note that gp = 1 in this case.

(c)=>(a): Write R as the direct limt of a sequence

R(1) 24 R(2) & R(3) &5 --.
of maps from Rgy. Since Ko(R(1)?”) is finitely generated, it follows from (c) that
Ko(¢midms--- 91 WEKo(R(1)®™)) € Ko(vam)(Ko(R(m)"))
for some integer m > 1. Hence, after telescoping the sequence, we may assume that

Ko(67”)(Ko(R(1)P”)) € Kolvre)(Ko(R(2)¥)).
.



Similarly, we may assume that Ky(62™ ) (Ko(R(n)P™)) € Ro(vrne1))(Bo(R(n + 1)F))
forall n € N.

By Lemma 4.2.5, each ¢, factors into a composition
R(n) =% S(n) 2% R(n+1)

where S, is an algebra in Ry of type fk. Now R is isomorphic to the direct limit of the

sequence
Yam Vs vam

and therefore R is of type fk.

Remark. Againlet R = D — Mx.p)(D) = Mig.pz(D) — -+ as in the proof of Propo-
sition 4.1.7. Then coker(Ko(ur)} = 0 (hence torsion-free) but Ky(vg) is not surjective
(hence R is not of type fk) if deg(D) and [K : F] do not have the same prime factors. One
then can take S = R x K so that coker{Ka(ps)) # 0 but still torsion-free and Ky(vs) is
still not surjective. From this counter-example, one may ask whether (b}=>(c) if deg(D)

and (K : F] have the same prime factors?

Lemma 4.2.9. Let ¢ : R—+ T beamapin Ry If
ker (Ko(vr)) € ker{Ko(6%)),
then ¢ factors through an algebra in Ry of type fd.

Proof. Proceeding as in Lemma 4.2.7, it suffices to show that if R = R’ x M,(K)
and § = R’ x Mx.Fjo(F) while T = M, (K), for some R’ € R and some n,t €N, then
there exist maps h : k(R) = k(S) and k : x(S) = &(T]) such. that kh = x(¢) and
ker(Ko(vs)) € ker(ga).

The diagram x(¢) takes the form shown in Figure 4-3.
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H 0
0

1
pod ‘fo 0 ... 0)
0 1 (n 1 ...1

(Gruw)x(Z,n) —— (Ga,u2)x(Z, )N — 7 (G5, u3) % (Z.|K : Fln)

RRGEEEE o]

1 eens
(Z,1) > (Z,8)[F) S » (Z,[K : FJt)

Figure 4-3

where m = [K : F]. We have,

0 0 0
1 1 1
gz an s ReR)
1 0 0 -
0 {+[=1 |- 0 Eker[{)* (1] ?]gker[ : : :
: : : Golk:F} QIRGFt - G{RIFYR:F
0 | 0 -1
and hence g; :=a; = ... = gy for each ¢ = 1,...,[K : F]. From the commutativity

of the diagram (the left square) , [K: Fle; =aforalli=1,...,[K : F]. Hence b:=q, =
.« =aqx.r]- Thus ¢ =a = [K : F]b (from the right square).
Now let 2 and & be the top and bottom morphisms of Figure 4-4. It is clear that the

middle vertical maps are module homomorphisms and kh = k(). Since
ga a1y --- QKA
f2 0 ... 0 . . .
ker[0 1 C ker : : :
Go[r-Fl Q{K:F)1 -+ QIK:FYK:F
we obtain ker(f,) C ker(ga,. .., g2(x.r))"", and therefore

g21 b
ker [{]2 ?] C ker [ : :
gak:F) b
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fi O
0 1

T (fg 0 ... 0
0 1 . 0o 1 ... 1
(G, u1)x(Z,n) ——— (Gg,ﬂg)X(Z,ﬂ)Ih:FI —— (Gs,u3)x(Z,[K : F|n)

€ [K?p])ll (59 ?)1! (5 ?)i
; 4 8
(G, 1) x(Z,[K : Fn) —— (G2, u2)x(Z,[K : Fln) — (G3,u3)x(Z,[K : Fin)

(9 b)l ( i b) , (¢ C)I
’ J (1) 92[}.\':?]5.? J V ‘l

(Z,2) . » (Z, ) IKF) (&---1) — (Z,[K : F]t)

Figure 4-4

Theorem 4.2.10. Let R € R. Then R is of type fd if and only if Ko(vR) is injective.

Proof. As Theorem 4.2.8, using Lemma 4.2.9 in place of Lemma 4.2.7. W

Corollary 4.2.11. If R € R and RX has comparability of projections (equivalently,
Ko(R¥) is totally ordered), then R is of type fd.

Proof. If not, then Ky(vg) is not injective, and since Ko(RX) is totally ordered,
ker(Ko(vg)) must contain 2 nonzero positive element. Observe, however, that this is
impossible: the condition ker(Ko(vz))* = {0} clearly holds for matrix algebras over
F, K, D by Proposition 4.1.1, and it is preserved by firite direct products and countable
direct limits, whence it holds for all algebras in R. Therefore R must be of type fd. B

Lemma 4.2.12. Let ¢ : R = T be a map in Ry. If

Ko(¢P i) (Ko(R)) € [K : FiKo{r) (Ko(TX),
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then ¢ factors through an algebra in Ry of type kd.

Proof. Proceeding as in Lemma 4.2.7. it suffices to show that if R = R’ My (F) and
S = R’ x M,(K) while T = M,(F), for some R' € Ro and some n.t € N. then there
exist maps & : K(R) — ~(S) and & : £(S) — &(7T) such that ki = x{o) and

ksRo(vsus){(Ro(S)) € [K : F]Ro(vr)(Ro(TF)).

The diagram x(¢) takes the form shown in Figure 4-5.

(fl 0 (f2 (1)
(G, w) X (Z,n) ——— (Ga,ua) X (Z,n) ——= (G3,u3) x (Z,n)
(003) | (00| (@9 |
1 1
(Z,1) > (2,1) > (Z,1)
Figure 4-5

The hypothesis KU(¢D°P"RI-1.R)(K0(R)) CIK: F|Ko(vr)( ’U(TK)) says -that.
93f2Hi(Gr) +cZ C [K: F]Z.

In particular, ¢ = [K : F]d for some d € Z*. From the commutativity of the diagram,
a=b=c

Now let k and k be the top and bottom morphisms of Figure 4-6. It is clear that the
middle vertical maps are module homomorphisms and kh = x(¢). Since gz /2/1(G)) +
[K : FJdZ C [K : F|Z we also have

ks Ko(vsns)(Ko(S)) € [K : UKo (ur)(Ko(T¥)). W

Theorem 4.2.13. Let R € R. Then R is of type kd if and only if

Ko(vapr){Ko(R)) = [K : F]Ko(vr)(Ko(R¥)).
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Proof. As Theorem 4.2.8, using Lemma 4.2.12 in place of Lemma 1.2.7. W

f(;l 0) f2 0)

. 1 0 1

(G, w1} x (Z,n) » (G, u2) X (Z,n) * (Ga,u3) x (Z,n)
(1 0) ’ H O é ? l (g_] KOF) I
SRR N ) |

=heg

0 ... 0
1

( 1

0 1
(Gru}x(Z,n) —— (Go,u2)X(Z,n)FF " 37 (G5, u3)%(Z, [K : Fln)

(gx,a)l (Qz,d,---,d)j (93,4d) !
1 1 7
(Z,t) + (Z,1) y (Z,1)
Figure 4-6

Theorem 4.2.14. Given R € R, the following conditions are equivalent:

(a) R isof type k.
(b) R is of type fk and of type kd.
(c) Ko(vrur)(Ko(R)) = [K : F]Ky(RP™).

Proof. (a)=-(b): A priori.

(b)=>(c): By Theorems 4.2.8 and 4.2.13, Kq(vg) is surjective and Ko(vrup)(Ko(R)) =
[K : FIKo(vg)(Ko(RK)), from which the desired relation is clear.

(c)=>(b): By Lemma 4.1.6(b),

(K : FIKo(R®”) N Ko(vapr) (Ko(R)) € [K : FlKo(ve)(Ko(RK)),

whence [K : F]Ko(RP”) C [K : FKo(vr)(Ko(RF)) and so Ko(vg) is surjective. Then
also Ko(vpur)(Ko(R)) = [K : F]Ko(vr)(Ko{R¥)). Now Theorems 4.2.8 and 4.2.13 show
that R is of type fk and of type kd.



(b)=>(a): Since R is of type kd. we may write it as the direct of a SeQuence
R(1) =4 R(2) =5 R(3) & ...

of maps from Ry, where each R{n) is of type kd. As R is also of type fk. Ao(wr) is

surjective by Theorem 4.2.8. Hence, after telescoping the sequence, we may assume that
(62 (Ko(R(m)P™)) € Ko(Urnsny) (Ko(R(n + 1)F))

for all n € N. By Lemma 4.2.7, each ¢, factors as R(n) — S, — R(n +1) where S, is
an algebra in Ry of type k. Now R is isomorphic to a direct limit of the algebras S, and
therefore Risof type k. H

Theorem 4.2.15. Let R € R. Then

(2) Ko(R) is deg(D)-divisible if and only if Ko(RP™ ) is deg(D)-divisible.
(b) If Ko(R¥) is deg(D)-divisible, then Ko(R) and Ko(RP”) are deg(D)-divisible. In
this case R is of type k.

Proof. Relabel x{R) as
(G, 11) L5 (Ga, u2) L+ (G ua).

From Proposition 4.1.3 and 4.1.5, we have positive homomorphisms s : G, —+ G, and
t: G3 =+ G such that sfy = [K : F] and fot = deg(D)?/[K : F)] while stf, f, = deg(D)?
and fofist = deg(D)2. So t and st are injective.

(a): If Gy is deg(D)-divisible, then stf, fi = deg(D)? implies that stf,f; is surjective, .
hence st is surjective. So st is an isomorphism, hence Gj is deg(D)-divisible. Similarly, if
G3 is deg(D)-divisible , then fof;st = deg(D)? implies that f,f, is an isomorphism [ref.
Lemma 4.1.2(a)]. Hence G is deg(D)-divisible.

(b): If G» is deg(D)-divisible, then for all z € G;, there exists ¥ € G- such that
deg(D)Y?y = fi(z). Thus deg(D)zs(y) = sfi(z) = [K : F]z, hence G, is deg(D)-divisible.
Therefore G; is deg(D)-divisible by (a). In addition, as f,fist = deg(D)?, we have
[K : F]G3 = deg(D)?G; C f2f1(G1). By Theorem 4.2.14, Risof type k. W
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Remark. Assume that G, and G, .are deg(D)-divisible and ker(f,) C deg(D)G- (for
example, R is of type fd or deg(D)} = 2 [GH, Theorem 7.14]). Then fat = deg(D)?/[K : F]
implies that f, is surjective. Hence Gz/ker(f2) is deg(D)-divisible, and so G+ is deg(D)-
divisible. This argument is from the proof of [GH, Theorem 7.14], based on [GH, Lemma
6.1(c)] which is true only if [K : F] = 2. Now we shall give an example wherein G , {(hence
G3) is deg(D)-divisible but G is not.

_ Example. Let deg(D) = [K : F] = 3. First we construct by induction a countable
sequence X, X2, - -. of elements of ZGal(X/F) satisfying:
(a) Let z denbte.a generator of Gal(K/F). Each x, = a, + b.Z + c,z° where a,, b,, ¢,
are integers such that e, + b, + ¢, = 0 mod 3.
(b) Let XaXnct-++X1 = An + Baz + Coz?. Then for all n € N, {An, Ba, Gy} are not
mutually congruent modulo 3.
Suppose we already have xi,...,Xxn satisfving (2) and (b). Let Xns1 = a + bz + cz2

and consider Xn+1XnXn-=1--- X1:
(a+br+cz?)(Ant Bpz+Cpz?) = aAp+bCptcBut(aByt+bAn+0Co)z+(aCn+bBy+cAn) 22
Then
aAn + bCp + cBn = aBy + bAn + ¢Cp = aC,, + bB,, +cA, (mod 3)
implies
a(An—Bp)+b(Cr—Ar)+c(Br—Cp) = a(An—Cr)+5(Cr—Ba)+¢(Br—As) = 0 mod 3.
We can easily check that this is true forall a+b+c=0mod 3ifand only if 4, = B, =

C» mod 3. So by induction hypothesis (b), there exists xn4; = @ + bz + cz2 such that

X15- -, Xn41 Satisfies (2) and (b).

Now let R = K X5 M. (K) 225 My (K) 22 --.. Here we denote M. (K) X2

M;..(K) to be the map
a,. times b times ¢n times

t v diag(T...3 2(2)...2(8) 22(2) ... 22(2)).
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Then G, is isomorphic to

ay+bire; az+br-cy
LY

A

hence 3-divisible from (a). On the other hand, G is isomorphic to

a b g az b ¢
a a b 2 ay ba
bl ci @ b o an

3 . 3 - - \
Z(l) > Z('_)) T T

hence not 3-divisible because from {b), there is no g € G, such that 3¢ = (1.0, ... L) €

3
Zm.
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Chapter 5

Locally Representable Actions on AF C*
algebras

and Algebras of type k

In section 5.1, we shall describe the connection between the classification of locally
representable actions of finite abelian groups G on AF C*-algebras and the classification
of F-algebras of type k where Gal(X/F) = G. With this connection as motivation, in
section 5.2 we study these algebras. K.R.Goodearl and D.E.Handelman derive a simple
description of algebras of this type for K = C in [GH, X]. We obtain an squational
description for algebras of type k for any abelian Galois extension K /F. However, an
attempt to derive a simple description similar to that of [GH, X] is unsuccessful, even

when the underlying dimension group is simple.

5.1. Locally representable actions on AF C*algebras.

Let G be a compact group, and E.an AF (a;ppro:cimately finite dimensional) C"-
algebra. Let a: G — Aut(?l') be a point norm continuous group homomorphism, that
is, for all @ € A the map G — A defined by g — (g)(b) be continuous. This condition
allows us to form the crossed product A x, G: If G is finite, this is the algebra of formal
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sums

{Zagg |g € G e, € 3},

with multiplication defined via ga = a®9g; if G is infinite, A x, G is the C* norm-closure
of the set of continuous functions f : G = 3, with multiplication defined via a twisted

convolution:
(1> fo)(g) = [ AR an(fa(h™'g))dh |
G

where o, is a(h), and the measure on G is normalized Haar measure.

Now Ky(4 x,G) admits a natural structure as 2 module over Ko(G) by taking tensor
products over C (e.g. see [W]). Furthermore, if 4 x, G is stably finite {(as will be the case
when A is AF), then Ko(A X4 G) admits a natural partial ordering [GH2] and becomes
a partially ordered module over the partially ordered ring Ky(G).

If Ais a "-algebra, U(A) will denote the group of unitary elements of A.

Let A be a finite dimensional C*-algebra and let & : G — Aut(4) be a (continuous)
group homomorphism of a special form: There exists a representation v:G = U(4)
such that Ady(g) = a(g) for all 3 € G. We call such an action a representable. if
4 is now an algebra written as 2 unital union of finite dimensional *-subalgebras, and
& : G — Aut(A) is a point-norm continuous homomorphism such that for some increasing
nest A' C A% C A® C ... of finite dimensional C"-subalgebras of A, with dense union,
and we have that both o(G)A*' C A* and a/A* is representable for all 7, then we say a is
locally representable. Then by [HR, Theorem IIL.1], (Ko(A xo G, [A4)) is a complete
invariant for the locally representable action on the AF algebra A up to automorphism.

Here A, is A viewed as a (projective) (4 x, G)-module via the action

(Z a,g) a= Z aga""”).

In the representable case, if we write A = [T, A; in terms of simple components,
then Ko(A x4 G) = Ko(G)™ as Ko(G)-modules. If a is locally representable, we can
write the AF C"-algebra A as direct limit of finite dimensional urital C* -subalgebras
Al C A% C ... with cA™ = A" and the restrictions of & to A" are representable. Then
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W

as Kp(G)-modules
Ko(A xo G) = lim Ko(4” %o G) = lim Ko(G)™,
— —
where m(n) is the number of simple components in A", and the maps in the last direct
limit are given by matrices of characters (see [HR, IIJ).
If G is a finite abelian group, then G, the dual group, is isomorphic to G and Ko(G) =
Z@ (the integral group ring), with

Ko(G)* = {3 asd 10, 20},

as characters are sums of the irreducible characters, and the multiplication of the irre-
ducibles is simply the usual group multiplication in G.

Therefore, if & : G — Aut(A) is a locally representable where G is a finite abelian
group and A 15 a AF Cr-algebra, then as ordered ZG-modules

Ko(A %o G) = lim (ZG)™™), (6)
—_—

where the maps in the direct limit are given by matrices of elements of ZG.

Now let K/F be a Galois extension such that Gal(K/F) = G. Let B be a unital
AF F-algebra of type k. Write B as a direct limit of a sequence B; — B, ~+ - - -, where
each B, is a finite product of matrix algebras over K and the connecting maps are unital
F-algebra maps. Then as ordered ZG-modules

Ko(B¥) = lim (ZG)™™, (7)
—

where the maps in the direct limit are given by matrices of elements of ZG.

By identifying G and G, we shall show that given a locally representable action o
on a finite abelian group G into an AF C"-algebra A, we can construct a corresponding
ultramatricial F-algebra of type k, where Gal{K/F) = G, such that

Ko(B¥) 2 Ko(A x4 G)
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as ordered ZG-modules and then we go in reverse.

By comparing (6) aud (), it would be sufficient to reconstruct .4 and a from Ro(Ax,
G) and B from Kp(B¥) (up to automorphisms). The former is shown in [HR, Example
I1.4] where we replace —1 by proper roots of unity corresponding to g. The latter has
been done in Chapter 2, but we shall repeat here. If ¥ = a, + Q292 + --- is an element
of ZG™* (that is, a),az,... € Z¥), then an entry ) corresponds to a block diagonal
map M.(K) = M,(K) consisting of a; identity blocks followed by a» blocks of the

automorphism g5 (as an element of Gal(A/F)), and so on.

Let E/F be the subfield of K/F fixed by G, a subgroup of G. Then the map
2o agg — 28,95, where gz denotes the restriction of g on E, is an ordered ring ho-
momorphism Ko(G) = Ko(G/Gg) induced by the group homomorphism G = G/Gg =
Gal(E/F). This corresponds to factoring out an ideal Ig 4 Ko(G). It is straightforward

to check that there exists a commutative diagram as given in Figure 5-1.

Ko(A %o G}/ IpKo(A Xa G) 2 Ko(A) — KolAxaG) — Ko(4 xo G)/IeKo(A Xa G)

l l l

KO(BF) = KoB) — KO(BK)’ — KO(BM.(E))

Figure 5-1

in which the vertical maps are-ordered group isomorphisms (the first and the last maps)
and module isomorphisms (the middle map). The isomorphism Kp{A x, G)/IrKo(A %,
G) = Ko(A) is induced by the map K(G) — Z given by x =+ x(1) (see [HR, Appendix]).

In the group action, the obvious question arises, which partially ordered ZG-modules
arise as Ko(A Xq G) ’s. Similarly, the problem for type k unital AF F-algebra is to
determine which partially ordered ZG-modules arise as Ko(B*). Hence, the problems

for group actions and for type k zlgebras are equivalent. As a result, we have

Proposition 5.1. If |G|=n and H is a countable ordered ZG-module such that
(2) H is a dimension group,
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(b) H is n-divisible as an abelian group.

Then H = Ko(R¥) as ordered ZG-modules for some R € R of type k.

Proof. A straightforward result of [HR, Proposition IV.4] and the observation above.
B

In both cases, the ordered ZG-module is flat (being a direct limit of free modules)

and a dimension group.

5.2. Algebras of type k.

In this section, we let G = Gal(X/F) =< g>, a cyclic group of order 3, and we choose
2= {K}. Thatisall R € R are of type k, and K is the category whose each object (H, v)
is both a pre-ordered abelian groups with unit and an ordered ZG-modules and whose
morphisms are ordered ZG-module homomorphisms. We denote £ to be the category
whose objects are pre-ordered abelian groups which are also ordered ZG-modules and
morphisms are ordered ZG-module homomorphisms. Let £, denote the subcategory
whose objects are Kq(RK), where R € R,.

As in [GH, VIII], we use row(Z) to denote the collection of all finite rows of integers
of arbitrary length, including length 0 (the empty row), and we use mat(Z*) to denote
the set of all nonnegative integer matrices. Given a partially ordered abelian group H, we
use col(H) (and col(H*)) to denote the collection of all finite columns with entries from
H (and H* respectively), of arbitrary length including length 0. We shall not specify the
sizes of rows, columns or matrices unless necessary, assuming only that rows, columns
and matrices have the correct sizes for the indicated sums and products to be performed.
We denote identity matrices by I. In a formula including oz where a € row(Z) and
T € col(H*), we allow a,z to have length 0 in order to include the case where no az

term appears.

Theorem 5.2.1. An object X € K is isomorphic to x(R) for some R € R if and only if
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X is isomorphic (in the category K) to some (H.v) where

(2) (H,v) is both a countable dimension group with order unit and an ordered ZG-
module.

(b) ve (1+g+g*}H).

(c) Given any Y € Ly, any morphism p: Y — H in L. and any y € ker(p). there

exist Y’ € Lo and morphisms ¢: Y = Y’ and p' : Y' = H, in £ such that P'g=pand

y € ker(q).

Proof. If (H,v) = x(RF) for some R € R, then by reducing to the case of finite
dimensional semisimple algebras, (H,v) satisfies (a) and (b). Moreover, H must be a

direct limit in £ of a sequence
Y, 2 Y, & ...

where each ¥, € £y, Let h,: Y, = H (forn=1,2,.. .) be the associated natural maps.

Consider any ¥ € £y, any morphismp:Y — H in L, and any y € ker(p). Asin
the proof of Lemma 3.2.2, there exists Y, and a morphism q: Y — Y, in Ly such that
hng = p. Now g(y) € ker(k,), and so by increasing n, we may assume that g(y) = 0.
This proves (c).

Conversely, assume that (H,v) € K satisfying (a),(b),(c). We next prove a stronger
version of (c):

(¢’) Given any Y € L, and any morphism p: Y — H in £, there exist ¥V’ € Ly and
worphisms ¢: Y — Y’ and p’: Y’ =+ H in £ such that p'g = p and ker(p) C ker(q).

Since ker(p) is a subgroup of finitely generated abelian group, it is finitely generated.
Applying (c) by induction on the number of generators of ker(p), we obtain (c?).

Next list H* (with repetitions allowed) as {z), 22, z3,...}, with (1 + g+ g?}(z;) = v,
possible by (a},(b). Forn =1,2,..., let W, be Ko(K¥} € Ly, that is, W, = Z3 such that
9(1,0,0)" = (0,1,0)" and ¢*(1,0,0)" = (0,0,1)*. Let w, be the map (Zny 90, §°Ty)
from W, to H. Since gz, g%z, € H* by (a), w, is a positive group homomorphism.
As W, is a cyclic module generated by (1,0,0)"", we can easily see that w, is a module
homomorphism. So wy, is a morphism in £y. Then z, € w,(W;).
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We now construct objects 11. Y4, ... in £ and morphisms Pnidy— Handg, :}, —

Y41 such that for all n € N:
(i) zn € pa(¥7);
(it) Pn+1gn = pn;
(ii1) ker(pn) € ker(gn)-
To start, set Y; = W) and p; = w,.

n

Now consider the morphism (p,w2) : Y1 x Wy = H. By (¢), there exist Yo Ly
and morphisms ¢’ : Y1 x W2 = Y; and p» : Y2 = H such that p.¢' = (p), w.) and
ker(p1, wo) C ker(q'). Set

a1 =¢(1,0)7:Y; = Ya,
and note that pogqy = p2¢’(1,0)" = (p1. w2)(1,0)" = p,. We also have
Z2 € wp(W5') = (P, w2}({0} x W) C pog’ (¥7* x W) € pu(¥5Y).

In addition, since ker(p;, w2) C ker(q'), we obtain

qi(ker(p1)) = ¢'(ker(p) x {0}) C ¢'(ker(py, w2)) = {0},
whence ker(p;) C ker(g,).

Continuing in the same manner, we obtain Y,, p,, ¢, as described. From (i) it follows

that
H* = U Pa(YyF)-

n=1

Consequently, using (ii) and (iii) we see that H together with the morphisms p, is 2

direct limit in £ for the sequence
Vi 2 ¥, By,
Since (1+ g+ ¢%)(z:) = v, we have v = p;(v;) where v; = (1,1,1)* € Y;*. Foralln > 1,
set Un = gn-1Gn-2'--q1(v1). Then pr(v,) = v. Let X, be the ideal of (dimension group)
Y, generated by v,. Then using ° to denote restrictions of maps, the morpliisms Pn and
gr restrict to morphisms pf, : (Xg,vs) — (H,v) and g2 : (X4, %) = (Xns1, Vnet) in K,
and (H,v) together with the morphisms p2 is a direct limit in X for the sequence
(X1,w1) 5 (Xz9) S5 -
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This is because if u € H, then there exist m € N such that mv - u > 0. By (i),
there exists x € Y;F, for some n, such that p,(z) = me — u = mp,(v,) — v. Then
1 = py(mv, — ). Since my, — z < me,, we have my, —z € X, and hence u € Pn(Xn).

So X is a direct limit for this sequence. Since v; € (i + g+ ¢°)(¥;") and each ¢, is a
ZG-module map, v, € (1+ g+ ¢*)(Y;}) for all n. Then each (X, v,) is isomorphic to an
object in x£(Ry). Hence, there exist R, € Ry and isomorphisms £, : (Xn,vn) = &(Rn)-
3y Theorem 3.2.1, there exist unital F-algebra maps f, : R, < Ra.; for all n such that

k(fn) = h,,ﬁqﬁh,‘;‘, whence (hy, ha,...) provides an isomorphism between the sequences

(Yo, ) s (Xp0) Bo . and k(R) ) k(R)) " ..
Therefore, X = x(R) if R is the direct limit of the sequence

Riip L. m

Proposition 5.2.2. Let H be both a dimension group and an ordered ZG-module.
Then the condition (c) in Theorem 5.2.1 is equivalent to the following condition:

(c*) Given any z € col(H*) and any a;, as, a3 € row(Z) such that ¢. T+ a,g7 +aag’z = 0,

there exist y € col(H™*) and by, by, by € mat(Z*) satisfying the relations in Figure

ARTHID
I | = )
9.?22 bab;bf g?%

-

5-1.

by b3 b
(a'h ao, 0.3) 62 bl b3 = 0
by by by

Figure 5-1

Proof. (c) = (c#): Let m be the length of z, and let Y = Z™ x Z™ x Z™ such that
9{a,0,0)* = (0,2,0)" and g¢*(a,0,0)" = (0,0,¢)!"for all ¢ € Z™. (%)

Then p = (z*, (¢z)"", (¢°z)") is 2 morphism from Y to H in £, and the column y =

(a1, @2,83)" is an element of ker(p).



By (c). there exist Y’ € £y and morphisms ¢: Y = Y and p': ¥ = H in £ such
that p'q = p and ¢(y} = 0. We may assume that ¥’ = Z* x Z* x Z*, for some nonnegative

mteger s, and G acts on ¥ as in (*). Then the ZG-module map g is the matrix

by b by
by by b
b by b

where each b; is a nonnegative integer matrix of appropriate size. Now p' has the form
(¥, (gy)"+ (g°y)™) for some y € col(H*).
As p'g = p and ¢(y) = 0, we obtain the relations in Figure 5-2. Transposing these
equations concludes the proof of (c¥#).
tr tr g2 Nt b by by 2
@ (@) (g")T) (b by b | = (2", (92)7, (¢°2)")
be by by
by b b3] [af]
b3 b1 bg aé" = (.
bo b3 bj |afr ]

Figure 5-2

(c#) = (c): we may assume that Y = Z™ x Z™ x Z™ as in the previous part. Also
p must have the form (z*, (gz)', (¢°z)"). Then y = (a;, az,a3)*" for some a;, az, a3 €

row(Z) of length m. From p(y) = 0, we obtain
a1 T + G29T + azg°z = 0.

Now there exist y and by,bs,b; as given by {c¥). Let s be the length of ¥ and let
Y'=2°x2Z°x Z* asin (¢) = (c¥). Then
b b by
g= (b & b
be by b
is a morphism from Y to Y’, and p' = (%, (gv)*", (¢°¥)"") is 2 morphism from Y’ to H.
From the relations given by (¢#), we see that p'g =pand ¢{y) =0. H

Corollary 5.2.3. Let H be both a dimension group and an ordered ZG-module. Then
the condition (c) in Theorem 5.2.1 is equivalent to the following condition:
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(d1) Givenp € row(Z) and z € col(H™) with p(z+ gz + g°z) = 0, there exist y € col(H™)
and q,q2,qs € mat(2Z¥) such that = = qy + g29y + ¢39” and p(g1 + g2+ g3) = 0, and

(d2) given py,po,p3 € tow(Z) and = € col(H™) with py + p» + p3 = 0 and pyx + pagz +
mg?z = 0, there exist y € col(H™*) and ¢, ¢, g3 € mat(Z*) such that

2 Qi 92 O3
T=qy+qgy+agy and  (mipem)|es @ g| =0.
@2 4G ¢

Proof. (c) is equivalent to (c*) which implies both (d1) and (d2).

Conversely, suppose that H satisfies both (d1) and (d2). Let z € col(H™) and
ay,az, a3 € row(Z) such that a;z + a29z + a3g*x = 0 Then we also have a9z + a2¢%z +
a3z = 0 and @,9%z + a,x + a39z = 0. Hence (a, + a2 + a3)(z + gz + ¢g°z) = 0. Then by
(d1) there exist 2 € col(H*) and q;, 42, ¢3 € mat(Z*) such that x = g1z + gagz + g:9°2
and {e) + az + a3){q: + g2 + gz) = 0. Then

| a1 g @]z z
(maza3) |gs @ ¢ 922 = (a1 a2 as) 92-"5 =0.
g2 93 @1] L9°2 gz

Since (a; + ag + a3){q1 + g2 + gz) = 0, (d2) shows that there exist y € col(H*) and
71,72, 73 € mat(Z*) such that

z Ty, Ta T3 y M ¢ gl |71 T2 T3

gz |=|ms 1 T2 fgy and (e1a203) |g3 @1 @) |3 m 2| =0.

g-= 73 "] LgY @2 4G 4 T2 T3 N

Now by letting
by = qit1 + qaTz + @32

by = qrs + qomy + a7

by = i3 + GoT2 + @37y

we have
b b b3 Qa ¢ @l 2 o
by by b|=|@G @ @||rs 1 | =0
by b3 b @2 @ Qlir T3 T
Hence '
z by by b
9z | = |ba b b3
¢’z by b b

by b3

1

%,

(a1, a2, a3) [bz by 0.H
bs

|-

5
St



Remarks. We can generalize the results in this section to any finite abelian group G by
(i) Replacing the condition (b) in Theorem 5.2.1 with v € (Xeec o) (H):
(if) Replacing the condition @,z + axgzr + a3g°z = 0 in Proposition 5.2.2 (¢*) with
1T ++ @292 + ++ - + ApgaT = 0, where |G|= n. and replacing the matrix
by b3 be
ba b b3
by b b

with the matrix formed by filling in the multiplication table of G with by, b, ... by €
mat(Z+).

(iii) Replacing the conditions (dl)} and (d2) in Corollary 5.2.3 with conditions similar to

those in Remark (ii) above.
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Appendix
Remarks and Problems

App.1. The results in section 5.2 are too computational to be practical. In the case
|G|= 2, K. E. Goodear: and D. E. Handelman derive much better descriptions of the ZG-
module Ko(RN), especially when Ko(R¥) is also a countable simple dimension group

[{GH, Theorem 10.6]. By imitating their work, we derive the following result for |G|= 3:

Lemma A.l. Let H be both a dimension group and an ordered ZG-module. Assume
that whenever a,b € H* with a + ga + 5°a < b+ gb + g°b, there exist ¢,d,e € H™ such
thatea=c+cd+eandc+gd+ g%e < b.

Given p € row(Z) and z € col(H™) with p{z+gz+g°z) = 0, there exist y € col(H™*)
and q1, 2,43 € mat(Z*) such that T = qiy + 29y + ¢3¢°y and p(qy + g2 + g3) = 0.

Proof. See App.4. H

The condition imposed on H in Lemma A.] is satisfied by all x(R), for R€ R, as
following:

By reducing R to the finite dimensional simple case, we let ¢ = (e,,a2,e3) and
b= (b1, bs, b3) such that a; +az + a3 < by + b + b3. Then by reducing b, we can assume
that a; + a2 + a3 = b; + by + b3. Then by applying ¢* for some k¥ = 1,2 or 3, we may
assume that a; > b;. Then
if ag > by, we let

¢ = (b1, b2, a3); d= (0,22 — b2,0); e = (a; — 5,,0,0);
if az > b3, we let

¢ = (b1, a2,b3); d= (a1 —b;,0,0); e =(0,0,a3 — bs);
if az < by and a3 < bs, we let

Ce= (blsaba:i); d= (b2 -02,0,0); e= (bg—ﬂg,0,0)- u
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A similar result can be derived when H is simple as a dimension group (i.e.. H is
a dense subgroup of R") with g acting on H by “shifting”. For example, H is a dense
subgroup of R® such that if (e,b,c) € H, then (c,a,b) € H and g(a,b.c) = (c.a.b).

Hence condition (d1) of Corollary 5.2.3 is also satisfied in this case.

To simplify condition (d2) of Corollary 5.2.3, an attempt to imitate [GH, Lemma
10.2] was made. That was to prove the following statement:

A.2. Let H be both a dimension group and an ordered ZG-module. Assume that
(1) whenever pr,p2,ps € Z, and x € H* with py +p2+ps = 0 and pz+pagz +pag°t = 0,

there exist y € H* such that z = y + gy + g%y;
(ii) whenever a,b € H* with ¢,ga,g%a < b, there exist ¢ € H* such that ¢ = gc and

a<c<b

Given py, p2,p3 € Tow(Z) and z € col(H™*) with p; + ps + p3 = 0 and pyz + pagz +
pag’z =0, there exist y € col(H*) and ¢, gz, g3 € mat(Z+) such that

2 N @2 @
T=qy+qgy+egy and  (mpps) @3 @ g2 | =0.
g2 @3 O

Again we note that the conditions (i) and (ii) above are satisfied if H is a simple
dimension group where ¢ acts on H by “shifting”. The attempt was stalled when in the
proof we have to prove the statement:

Ifa < z and ¢ < gz + g°z then there exists z = gz such that a < z < z (see App.5)
which is not true if H is simplicial group or a countable simple dimension group with ¢

acting on H by “shifting”.

App.2. An analogy of [GH, Theorem 10.6) for the countable simple dimension group
case would be:

A.3. Let H be both a countable simple dimension group and an ordered ZG-module.
Let v be an order-unit. Then (H,v) is isomorphic (as ordered ZG-modules with order-
unit) to (Ko(R¥),[R¥]) for some R € R of type k if and only if
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(iii) ker(l+ g+ g*) = {(k+mg+ng®)h | h€ H, k,m,n€ Z, and k+m+n =0},
(iv) ker(1-g) = (1+ g+ g*)(H),

(v) Q+g+g°)(HY) = (1 +9+ ) H)Y,

(vi) ve (1+ g+ g*)(H)*.

Let H be a simplicial group. Then conditions (i) and (iv) implies that g acts
on H by “shifting”. This in turn implies condition (d2) of Corollary 5.2.3 (by taking
col(H*) 3 y = (e1,€2,...,€,)T, where ¢;’s are atoms of H). Now if H is 2 countable
simple dimension group with finitely many states, then condition (ii) is satisfied. Con-
dition (iv) will ensure that H = H; x H, where g acts on H; by “shifting” and H, is a
3-divisible group (with g acting trivially). Then we possibly derive a similar condition to
(c*) on H, by using b; € mat(R™*) instead of b; € mat(Z*). Meanwhile H, is isomorphic
to some Ko(RE) for some R; € R of type k by Proposition 5.1. Therefore a question
arises:

A.4. Let H be a countable simple dimension group with finitely many states. Then
(H,v) = (Ko(RX),[RK]) for some R € R of type k if and only if the conditions (iv),(v),
and (vi) are satisfied ?

Since the column z in the hypothesis of Proposition 5.2.2 is a finite column, the

assumption that H having finitely many states might not be necessary.

App.3. In chapter 5, we assume G to be abelian and by identifying Ky(G) with ZG, we
obtain a connection between locally representable actions and algebras of type k. When
G is not abelian, we might hope to maintain the connection through abelian subgroups
of G. However, Ko(BF) is a ZGal(E/F)-module, but Ky(A %, G)/IcKo(A xo G) is not
(see Figure 5-1). From section 3.5, we know that the set of all KO(BE)’S as dimension
groups aloﬁe (without any module structures) is not an invariant for algebras of this
type. Hence, this attempt fails. However, this gives rise (o the following question:

A.5. Can we, by transferring the ordered ZGal( K/ F)-module structure from Ky(RX)
to Ko(RP”) through the maps Ko(RX) — Ko(RM=(P™)), obtain an invariant which is
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the set of all Ko(RP”)'s as ordered ZGal(K/F)-modules without any connecting maps
between them? Note that this transferring of module structure is possible because
Gal(K'/F) preserves the kernels of the maps above by Lemma 2.1.2.
The answer is “Yes”. We can reduce R to the finite dimensional simple case. Then
the faithfulness of this invariant follows Proposition 2.3(b) and the inclusion K(RE) —
(o(RP""). Fullness of this invariant holds by a very simil#: argument to the proof of

Proposition 2.4.4. Finally, we apply the routine interweaving argument.

An application for this new invariant would be found in its connection to the classifi-
cation of actions of finite abelian groups on locally semisimple F-algebras (not necessarily
locally representable):

Let G be a cyclic group of prime order p acting on a locally semisimple F-algebra
by action a. As G is compact, this algebra is the union of an ascending nest of its
finite dimensional subalgebras A, stable with respect to o (see [Ha2]). Both Kp(A,)
and Ko(An Xq G} are ordered G-modules. The natural map Ky(A4,) = Ko(4n %o G)
carries 1-orbits of Ko(An) to p-orbits of Ko(An X, G) and vice versa. Now let E/F and
L/F be Galois extensions with the same Galois group G such that £ ®f L is a field (E
and F are linearly disjoint over F). Let R be a finite direct product of matrix algebras
over E and L. Both Ko(RE) and K(o(R”) are ordered G-modules and the natural map
Ko(RE) — Ko(RM#(L)) carries 1-orbits of Ko(RE) to p-orbits of Ko(RL) and vice versa.
For a finite abelian group which is not of prime order, the action of G on Ky(~) can be

more complicated but we can still expect to have a similar connection.

App.4. Proof of Lemma A.1. Write p= (p1,...,p5) and z = (z4,...,3,)".

First suppose that p; > 0 for all i. Renumber the p; and the z; <o that forsomet < n
we have p; = 0 for 1 <t while p; > 0 for i > ¢. Then '

Pes1(Zes1 + 9Tea + §°Teq1) + - - + PulTn + 9Zn + §720) = 0,
whence z; + gz; -+ ¢°z; =0 and so z; =0 for i = t + 1,...,n. In particular, if all p; > 0
then all z; = 0, in which case we just take ¥ = 0 and gy, 42,93 = 0. Otherwise, p; = 0
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andt 21 Sety;=z,forj=1,....tand qz=1fori=1,... ¢ while qii; = 0 for all
other %, j and go,q3 = 0. Then

z; fori=1,...,t
Qa1+ 20 GY1+Gain g Y1+ + iz 9V +Gaieg Ye = { 0t= ;) f°11: : =t+1,...,n,

while

i(qu; + g5 *+ gaj) + -+ + PalGin; + Q2n; *+ Qanj) = {gj(= 0) gg:j : t1,+1 ‘_t_ n

If p; < 0 for all ¢, multiply through by ~1 and use the result of the preceding paragraph.

In the general case, we define degree of p to be the ordered pair (7, v) where 7 is
the maximum of | py |,...,{ pn | and v is the number of times =7 appears in p. These
degrees lie in Z*xN, which we order lexicographically, and we proceed by induction on
degree. In case p has degree (0,v) for some v, all p; =0, and this case has been covered
above.

Now assume that p has degree (=, v) with = > 0, and that the lemma holds for all
relations in which the coefficient row has smaller degree. Since we already covered the
cases in which all the p; > 0 or all the p; < 0, we may assume that at least one p; > 0
and at least one p; < 0

After renumbering the p; and the z;, and multiplying through by —1 if necessary, we
may assume that p) = 7 and py,...,p, > 0, while Pm+ls---yPn < 0, where 1 < m < n.

Note that 7 > —p;SOfori=m+1,...,n. Now

i m
T(T1 + 921 + §°71) = pi (21 + gz1 + g%y < Z pi(zi + 97 + g*x;)

=1

n
== > pilzi +9z: + ¢°x:)
i=m+1
n

< Y wlm+ gz + g°),

i=m+1

and hence, since H is unperforated,

: n
DHgn+Fn < Y (@+ g%+ 0x).

i=mn+1

By hypothesis, there exist ¢,d,e € H* such that z; = ¢+ d + e and

c+gd+gzes:r,,,+1+---+:cu.
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By Riesz decomposition, there exist cmaiy...Cn. gdmats-- .. Gl e e e ey such
that
C= Cmal 00+ Cny
9d = gdmyy + -+ + gdy,
and  g%e = glemsr + - + goen
while ¢; + gdi + g%¢; < z; fori = m+1,...,n. Set 5 = z; ~ ¢ — gd; — g°; for

t=m++1,...,n, and note that each z; € H*. Now

n

D (e + 90 + g%+ di + 9d; + g°ds + &  ges + g%€:) + 3 pila: + 97 + ¢°:)

i=m-+1 =2

n
=7m{c+ gc+ gzc‘+ d+gd+ g°d+e+ ge+ g%e) + Zp.-(:r,- + 9z, + g°1;)

=2

n
=Y pilzi +92: + g°2:) =0

=1
and consequently
n n
D (mHp)atgat+gia)+ 3 (7 +p)(di + gdi + 6°d;)
i=m<+1 i=m-+1

n

+ X (+p)(e+ge+ o) + ) pilmi+ gz g°m) + Y pila o+ gz +g7m) = 0. (1)

t=m+1 =2 . ft=m-+l

Since m > w+p; 2> 0fori =m-+1,...,n, we see that &7 appears in the coefficient list
of the relation (1) exactly »—1 times, whence the coefficient list of (1) has degree less than
(7,v). By induction, there exist y € col(H*) and 7,7, 73, 51, 52, $3, t1, t2, B3, 1y, Ua, Us €
mat(Z*) such that the relations of Figure A-1 hold.

(Cmt11--+1CnsGmalas -2 Gnr€may - - -y €y T2y - o 3 Ty Zmabhs -+ -5 Zn) T

m I-Tz T3

=15 $2 831 .2

- tl Yy + tz gy + t3 gy
U Uz Uz

) TI+To+ 713

_ S1+8+s
(W+.pm+1: co oy THPny T+Pmatls - -« s THPry T+HPmaply - - - y TPy P2,y - - - 1p‘n) tll: + t: + t: =0.
' Uy + uz + ug
Figure A-1

Write ¥ = (y1,%2,. .-, %), write 7 = (Thi;), Sk = (Sky;), and & = (fy;) (for k =
1,2,3; i=m+1,...,nand j = 1,...,t), and write u; = (uy;) (for k = 1,2,3; i =
2,...,nand j=1,...,%).
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Now for k=1,2,3and j=1,....t1 we define

n

Qr1j = Z (Pkij + Skij + tiij)
t=m41

Qkij = Ukij fori=2,...,m

and define

Quij = Wi + Trij + S3ij + tay;
Q2i; = Ugij + T2ij + Spi; + taij
P3ij = Uaij + Tay5 + Saij + by

fori=m+1,...,nand j=1,...,t By Figure A-1, we compute that

t
D (@195 + qujy; + an1;9%%;)
i=1

t n
= Z E (Tuis¥; + Su5% + U5 + T2i9Y5 + S259Y5 + QU + Ta07Ys + S35 0°Ys + aii0°Y5)
j=1 i=m+l .

= Z (ci+di+e)=c+d+e=ux,

i=ml

t t
Z(QI:‘jyj + g2:;9Y; + Q3ij92yj) = Z(ulijyj + u2i59Y; + uaijgzyj) =Z;
i=1 =1 :

fori=2,...,m,

t ' t
Z(Qlij'yj + G2i;9Y; + G3459°Y5) = Z(ulijyj + u2ijY; + Usi; 9°Y5)
J=1 =1

t
+ Z(Tlijyj + T2i5Y5 + T359°Y5)
j=1

t
+ D 9(S358°; + S1i5%; + S245Y5)
=1

, .
+ 292 (tais9Y; + 3559°%5 + tijv;)
i=1
=z + 6 +gdi+ g’ =1z
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fori=2,...,m, and

n
Z:Pi(Qh'j + 255 + G3ij)

i=1

n m
=M Z (14 + S1ij + thgj - Toyj + Soi; + yij + T35 + Sai; + tai;) + ZP;(“HJ + Uy + )

i=me+1 =

n
+ Z Pi(uni; + Tri + Saij + toyj + Unj + Ta + Suj o+ taij + waij + Taig + Sy + byg)
it=m~+1
n

n
= Z (7 + pi)(ryij + 72y + 735) + Z (7 + pi) (s155 + So5 + s335)

i=m++1 iz=m-+1
n n
+ Z (7 + pi) (tass + toij + taiz) + pr'(ulij + uaij + ugi;) =0
i=m+1 i=2

forj=1,...,¢

This completes the induction step. W

App.5. The stalled proof of A.2. Write px = (prt,....0n) for £ = 1,2,3 and
T=(T1y..,Z0)" fall py =0, just take y =z, q; =1, o= g3 =0.
If n=1 and p; # 0, by (i) we have £ = y + gy + g%y for some y € H*. In this case,
take gy =g =gz =1.
In the general case, we define the degree of the triple (p;, p2, p3) to be the ordered
pair (7,v) where 7 is the maximum of | py; | for k = 1,2,3and i = 1,...,n; and v is
the number of times 7 appears in | py; |. As in Lemma A.1, we proceed by induction on
this degree. If (p1,p2,p3) has degree (0, ) for some v, then all py; = 0, and this case is
covered above. Now assume that (p, p2, p3) has degree (7,v) with 7 > 0, and that the
Conjecture holds in cases of lower degree. Since the case n = 1 is covered above, we may
assume that n > 1.
We may renumber the py;, z; so that | py; |+ | pxu |+ |psi [>0fori=1,...,m and
equal 0 for i = m+1,...,n. Let gy = (Prr, ..., Pem) fork =1,2,3and ' = (zy,...,2,)".
Then
1z’ + phez’ + pag’z’ = 0.
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Suppose there exist y € col(H*) and g1, g2, g3 € mat(Z™*) such that

' =qy+qoy+qg'y and  plg +phos + pigs = 0.

Then the relations of Figure A-2 hold.

y 9y a

_lqg 0 Zm41 @ 0 9Tm+41 gg 0 8 Tm+
=[5 ]| “[5 8|7+ [8 8]
Tn 9Tn o

P [%x {.'I]I] BRL: [%2 g] +Ps [%3 g] = [(mis + P22 + P383)P1(m+1) * * D) =0

Figure A-2

Thus there is no loss of generality in assuming that all | py; | + | pai | + | ps: |> 0.

For any ¢ = 1,...,n, the relations in (ii) still hold if we replace z; by gz;; the triple
(Pri P2ir P3i) by (P2i, Pai, P1:); and the *-row of g; by the it*-row of g3, the i*h-row ofg, by
the i**-row of q;, and the i*-row of g; by the **-row of g..

So after renumbering the pi, z; and multiplying through by —1 if necessary, we may
now assume that

=
Py s P >0, a0d pry,.. . Pim S 0;
while pym41)s---P1m <0, 20d Pimar)re-- s Pin 20

where 1 <m < nand k =2,3. Since

m n n
T =pul ZPI:‘I:' + Z P2igT: + Z Pugz;

=1 t=m+l i=m+l
n m m
= Z —PuZ; + Z —P2igT; + Z —Paig’z;
i=m+1 i+l i=1
n m m
< Z TI; + Z TgT; + Z: g x;
i=m+1 i=l] =1

we obtain

n m m
2 Y mF Y 9T+ g

f=m+1 i=1 i=1
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and consequently z) = a+bfor some 6.b € H* witha < gr;+¢g°r;, and b < T+

— L=
._n—" gxt + Zx—" g x;-

Now we need to introduce = = gz such that a < = < z, so that

PuTI + PugTy + pngiT = pulzr = 2) + pug(z = 2) + parg(n) — 2).

However, a only satisfies ¢ < z; and a < gz + g°z,.
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Index of Symbols

Page Page
AP 2 Brauer group 4
[4] 4 central simple 2
B(F) 4 composita 3
B(E/F) 4 degree 5
Ca(B) 2 dimension group 8
deg(A) 5 directed 8
A(F) 2 Grothiendieck group 6
(o(R) 6 matrix size 4
K 29 maximal subfield 5
x(R) 29 normalized positive homomorphism 5
xp(R) 29 order unit 5
Mo (A) 1 partially ordered abelian group 5
Ro 28 positive cone 5
R 28 positive homomorphism S
Z({A) 2 reverse algebra 4
A~B 4 ultramatricial algebra 7
o~ 13 unperforated 8
& 13 | ‘
RX 13
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