
u Ottawa 
I.'UnK'crsilc cnnndicnnc 

Canada's university 



FACULTE DES ETUDES SUPERIEURES t = l FACULTY OF GRADUATE AND 
ET POSTOCTORALES U Ottawa POSDOCTORAL STUDIES 

L'Universittf canadiennc 
Canada's university 

Young Cheol Jung 
"XuTEWDElAlHlWrAUTHOR'OFTHESTs" 

Ph.D. (Economics) 
GRADE/DEGREE 

Department of Economics 
TAajLifTcoTEri^ 

Two Country Overlapping-Generations Model on the Global Transmission of Fiscal Policies 

TITRE DE LA THESE / TITLE OF THESIS 

N.V. Quyen 

EXAMINATEURS (EXAMINATRICES) DE LA THESE / THESIS EXAMINERS 

Nils-Petter Lagerlof Marcel Merette 

Fanny Demers Nicholas Rowe 

Gary W. Slater 
Le Doyen de la Faculte des etudes superieures et postdoctorales / Dean of the Faculty of Graduate and Postdoctoral Studies 



TWO COUNTRY OVERLAPPING-GENERATIONS MODEL 

ON THE GLOBAL TRANSMISSION OF 

FISCAL POLICIES 

A Thesis 

Submitted to the Faculty of Graduate and Postdoctoral Studies of the 

University of Ottawa 

in partial fulfillment of the requirements for the degree of 

Doctor of Philosophy in 

Economics 

By 

YOUNG CHEOL JUNG 

University of Ottawa 

Ottawa, Ontario, Canada 

January 2008 

© Young Cheol Jung, Ottaw Canada, 2008 



1*1 Library and 
Archives Canada 

Published Heritage 
Branch 

395 Wellington Street 
Ottawa ON K1A0N4 
Canada 

Bibliotheque et 
Archives Canada 

Direction du 
Patrimoine de I'edition 

395, rue Wellington 
Ottawa ON K1A0N4 
Canada 

Your file Votre reference 
ISBN: 978-0-494-50738-4 
Our file Notre reference 
ISBN: 978-0-494-50738-4 

NOTICE: 
The author has granted a non­
exclusive license allowing Library 
and Archives Canada to reproduce, 
publish, archive, preserve, conserve, 
communicate to the public by 
telecommunication or on the Internet, 
loan, distribute and sell theses 
worldwide, for commercial or non­
commercial purposes, in microform, 
paper, electronic and/or any other 
formats. 

AVIS: 
L'auteur a accorde une licence non exclusive 
permettant a la Bibliotheque et Archives 
Canada de reproduire, publier, archiver, 
sauvegarder, conserver, transmettre au public 
par telecommunication ou par Plntemet, prefer, 
distribuer et vendre des theses partout dans 
le monde, a des fins commerciales ou autres, 
sur support microforme, papier, electronique 
et/ou autres formats. 

The author retains copyright 
ownership and moral rights in 
this thesis. Neither the thesis 
nor substantial extracts from it 
may be printed or otherwise 
reproduced without the author's 
permission. 

L'auteur conserve la propriete du droit d'auteur 
et des droits moraux qui protege cette these. 
Ni la these ni des extraits substantiels de 
celle-ci ne doivent etre imprimes ou autrement 
reproduits sans son autorisation. 

In compliance with the Canadian 
Privacy Act some supporting 
forms may have been removed 
from this thesis. 

Conformement a la loi canadienne 
sur la protection de la vie privee, 
quelques formulaires secondaires 
ont ete enleves de cette these. 

While these forms may be included 
in the document page count, 
their removal does not represent 
any loss of content from the 
thesis. 

Canada 

Bien que ces formulaires 
aient inclus dans la pagination, 
il n'y aura aucun contenu manquant. 



ii 

TABLE OF CONTENTS 

TABLE OF CONTENTS ii 

ACKNOWLEDGEMENTS iv 

ABSTRACT v 

INTRODUCTION TO THE THESIS 1 

CHAPTER 1: TIME PREFERENCES, BALANCE OF PAYMENTS, 
AND WELFARE 

1. Introduction 7 
2. Model 10 
3. The Autarkic equilibrium 12 

3.1. Utility Maximization and Saving 12 
3.2. Profit Maximization 13 
3.3. Autarkic Competitive Equilibrium 14 
3.4. Existence and Uniqueness of Autarkic Competitive Equilibrium 

16 
3.5. The Dynamics of Capital Accumulation 18 

4. Open-economy equilibrium 23 
4.1. Existence and Uniqueness of Competitive Equilibrium under 

Integration 23 
4.2. Current Account and Net Foreign Assets 32 
4.3. Welfare Analysis 41 

5. Concluding remarks 45 

APPENDIX A: The Proof of Proposition 6 47 
APPENDIX B: The Proof of Proposition 7 49 
APPENDIX C: The Proof of the Lemma 52 

CHAPTER 2: THE GLOBAL TRANSMISSIONS OF THE GOVERNMENT 
DEBT 

1. Introduction 55 
2. A Two-Country Global Model without Taxes and Government 

Expenditure 59 
2.1. Preferences and Technology 59 
2.2. Utility Maximization and Saving 61 
2.3. Profit Maximization 62 



Ill 

2.4. Autarkic Equilibrium 63 
2.5. Open-Economy Equilibrium 63 

3. Debts, Deficits, and Crowding out of Private Investment 64 
4. Current Account and Net Foreign Assets 75 
5. Welfare Analysis 78 
6. Numerical Examples 84 

6.1. Sustainability calculation 84 
6.2. Net foreign assets and current account calculation 86 
6.3. Welfare calculation 88 

7. Concluding Remarks 90 

APPENDIX A: The Proof of Lemma 1 92 
APPENDIX B: The Proof of Lemma 2 93 
APPENDIX C: The Proof of Lemma 3 97 

CHAPTER 3: THE DYNAMIC EFFECTS OF TAX REFORM IN THE 

1. 
2. 

3. 

OPEN ECONOMY 

Introduction 
The Model 
2.1. Economic Agents, Preferences, 
2.2. Lifetime Utility Maximization 
2.3. Profit Maximization 
2.4. Government Policy 
Tax Reform 

and Technology 

98 
102 
102 
104 
106 
107 
108 

3.1. The Competitive Equilibrium under a Proportional Wage Tax 
108 

3.2. Tax Reform: 
The Home Government shifts to the Capital Income Tax 111 

3.3. Tax Reform: 
The Home Government shifts to the Consumption Tax 113 

4. Simulation 117 
4.1. Parameter Values 117 
4.2. Initial Steady State before Tax Reform 118 
4.3. Steady State under Tax Reform 119 
4.4. Transition to the Steady State 124 
4.5. Sensitivity Analysis 127 

5. Concluding Remarks and Further Extensions 129 

APPENDIX: Results of the Sensitivity Analysis 131 

REFERENCES 133 



IV 

ACKNOWLEDGEMENT 

My long-time work toward a Ph. D was really a challenging experience. Now I realize 

that I could attain here because of many helpful people. First of all, I feel that I am deeply 

indebted to my supervisor Professor Nguyen Van Quyen. Without his advices, I might 

not finish this dissertation. Also I would like to thank my external examiner Professor 

Nils-Petter Lagerlof and all members of my thesis committee - Professors Fanny 

Demers, Nick Rowe, and Marcel Merette. Their valuable comments helped me to 

improve the dissertation. My deepest gratitude goes to my family. My father and mother 

has always been my life-time supporter. Finally, I send my special thank to my wife, 

Keumjoo. This dissertation is an outcome of her patience and belief. 



V 

ABSTRACT 

This thesis aims to answer several issues on the global transmission effects of the 
government fiscal policy. In order to address the issues, this thesis builds a two-country 
overlapping-generations (OLG) model in which there exist different time preferences, 
different fiscal policies, and different tax schemes between countries. In particular, the 
model adopt a utility function with a constant inter-temporal elasticity of substitution 
(CIES), in which saving positively depends on both labor income and the interest rate. 

In chapter 1, we try to answer the question; How does the difference in time 
preferences of individuals affect economic variables in an open economy? and have 
shown that; first, when two economies with different time preferences are integrated, the 
capital labor ratio along the transition path is higher or lower than its steady-state value; 
second, depending on whether the former or the latter happens, the behavior of the 
balance of payments and the welfare of two countries also differ; third, the less patient 
country reveals a surplus of current account in spite of an aging population; lastly, 
economic integration, even if it worsens the current welfare of the less patient country, 
ultimately improves the future welfare of the country. 

In chapter 2, we try to answer the question; How is the government debt or budget 
deficit of a country transmitted to other countries? We have first shown that the crowding 
out effect of the budget deficit is more pronounced in autarky than in open economy. 
Second, with an aging population, the current account of the debtor country shows a 
surplus during the transition path and converges to zero in the steady state. With an 
increasing population, the current account shows an ambiguous sign during the transition 
path and reveals a deficit in the steady state; lastly, the government debt lowers the 
welfare of future generations in both countries. In particular, the welfare of the debtor 
country continuously declines. 

In chapter 3, we try to answer the question; Which tax scheme is the best? We 
have first shown that with respect to capital formation, the consumption tax dominates 
the capital income tax and the capital income tax dominates the wage tax. Second, the 
shift to the consumption tax or the capital income tax renders the tax-reformed country a 
creditor and the other country a debtor. Third, with respect to welfare, the consumption 
tax is superior to the wage tax but seems not show an advantage over the capital income 
tax in the tax-reformed country. However, welfare in the other country is somewhat 
higher under the consumption tax scheme than under other tax schemes of the tax-
reformed country; fourth, the tax rate is highest under the capital income tax and is lowest 
under the consumption tax. Lastly, the transitional analysis shows that the capital income 
tax can be more rewarding than the consumption tax in the aspect of welfare because the 
reform to the capital income tax enters its new steady state with a faster speed. 

Key words: OLG Model, Time Preference, Capital labor ratio, Budget deficit, 
Government debt, Tax reform, Wage tax, Capital income tax, Consumption tax, Current 
Account, Net foreign asset, Welfare. 

JEL Classification: C68, C88, F15, F21, F32,F34, F41, H21, H63 



INTRODUCTION TO THE THESIS 

HOW FISCAL POLICIES AFFECT THE WELFARE of current and future generations has been 

a long-standing issue in economics. In particular, an intensifying global integration of 

goods and capital markets has added complexity to the question, and has given a strong 

motive to look at the issue in the open economy framework. In this context, the aim of 

this thesis is to answer the following three questions with a two-country model. How 

does the propensity to save, represented by the rate of time preferences of individual 

agents, affect the capital stock, the balance of payments, and welfare of countries? How 

do the government budget deficits and the government debt, affect the macroeconomic 

variables of countries? Which tax scheme is the best to foster capital formation and to 

improve the welfare of countries? 

The existing literatures on these issues have some limitations in one or more ways. First, 

the literatures which adopt the infinite horizon model as an analytical tool tend to be 

confronted with a structural problem; if a country consists of infinitely lived individuals, 

the interest rate equals the rate of time preference in the steady state because consumption 

does not vary over time. Therefore, different time preferences cannot be assumed in the 

open economy in which the interest rates are internationally identical. In addition, the 

infinite horizon model cannot show the real effects of the government debt or budget 

deficits since the private sector internalizes the public sector's budget constraint. In these 

aspects, the overlapping generations (OLG) model can be regarded as a better framework 
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to cope with the issue on the fiscal policy. However, the literatures adopting the OLG 

framework also have their own limitations; preferences are frequently assumed to be of a 

general form or to be logarithmic. For example, in the work of Rankin and Roffia (2003), 

the assumption of logarithmic preferences simplifies the computations greatly but the 

simplicity comes with a cost: saving is independent of the interest rate so the role of the 

interest rate in the capital formation is ignored. The usage of a general preference is not 

free from difficulties, either. For example, as shown in the work of Persson (1985), the 

models using the general preference are not feasible for the transition path of the 

economies, and thus have to rely on comparative analysis that focuses mainly on the 

steady state. Moreover, most literatures dealing with the issue on the effects of alternative 

tax schemes are confined to the closed economy analysis; see, for example, Atkinson and 

Sandmo (1980), Summers (1981) and Auerbach and Kotlikoff (1987). As the global 

integration of capital markets is progressing, the impact of the tax policy of a country will 

not be restricted to the domestic economy but will be transmitted to other countries. Then 

the repercussions from the rest of the world in turn will feedback to the domestic 

economy. In this sense, the work of Diori (1996) is noteworthy in that it extends the 

analysis for the effects of the tax reform to the open economy. However, his work is done 

with an analytical method and thus, the feedback effect from the repercussions of the tax 

reform are not properly answered. 

The purpose of this thesis is to address the above three questions along with resolving the 

limitations that previous literatures have been confronted with. As building blocks for the 

thesis, we formulate a two-country OLG model. Also the model adopts a utility function 
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with a constant inter-temporal elasticity of substitution (CIES). This type of preferences 

allows saving to depend on both labor income and the interest rate. More specifically, the 

model using CIES preferences can accommodate a secondary effect of the interest rate by 

allowing a positive relationship between the interest rates and saving. Furthermore, by 

adopting this specific functional form, this study can describe the transition path 

following the policy shock more precisely. 

In Chapter 1, we address the first question: How does the propensity to save, represented 

by the rate of time preferences of individual agents, affect the capital stock, the balance 

of payments, and welfare of countries? A two-country OLG model is built to examine 

how the heterogeneity of time preferences affects the economic variables of countries 

when goods and capital flow freely across national frontiers. Both the short-run and long 

run implications of an economic integration are analyzed. Initially the world economy 

composed of two countries - the Home (less patient) and the Foreign (more patient) - is 

in autarkic long-run equilibrium. In autarky, the less patient country is always poorer than 

the more patient country in the long run. Now that a border between two countries is 

open, goods and capital flow freely across the border. Then the results become 

complicated because the consequences of the impatience of one country can be 

transmitted to the other country in the open economy. As one of interesting findings, we 

show that the capital labor ratio along the transition path may be higher or lower than its 

steady state value. In the normal case, the former holds: the capital labor ratio along the 

transition path is higher than that of the steady state. However, within some range of the 

parameters, the latter holds: the capital labor ratio along the transition path is lower than 
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that of the steady state. Moreover, depending on whether the former or the latter happens, 

the behavior of the balance of payments and the welfare result of two countries during the 

transition periods will also differ. For example, contrary to conventional wisdom, we 

have shown that the less patient country can exhibit current account surplus with an aging 

population. Also we have proved that economic integration, even if it worsens the 

welfare of the current young generation, improves the welfare of all future generations of 

the less patient country. 

In Chapter 2, the second question is addressed: How do the government budget deficits 

and the government debt affect the macroeconomic variables of countries? We construct 

a two-country OLG model in which the government debt induces capital movement 

between countries. The inter-generational and inter-country effects of the government 

debt are addressed. Initially the world economy - the Home and the Foreign- is in open-

economy long-run equilibrium, and there are no taxes and no government expenditures in 

the equilibrium. Now the Home government gives a transfer to its old generation by 

issuing a government debt and thereafter adopts a debt management policy under which 

the debt per young individual is maintained at a constant level. In contrast, the Foreign 

government continues to follow a policy of no tax and no government expenditure. A 

dynamic analysis focusing on the transition paths leads to the interesting findings. First, if 

the debt is set at a low level, then it crowds out private investment both at home and 

abroad and induces a fall in the world capital labor ratio through time to a lower level in 

the long run. The crowding out is more pronounced in autarky than in open economy. 

Second, the demographic structure affects the current account. With an aging population, 
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the current account of the debtor country shows a surplus during the transition path and 

converges to zero in the steady state. With an increasing population, the current account 

of the debtor country shows an ambiguous sign during the transition path and reveals a 

deficit in the steady state. Third, the government debt caused by a transfer of a country 

lowers the welfare of future generations in both countries. Although the welfare of the 

young generation in the creditor country rises above its old steady-state level initially, 

after that, the welfare of the successive generations in the creditor country declines 

steadily through time. In particular, the welfare of the debtor country continuously 

declines and is lower even under the steady state induced by the debt and the debt 

management policy than under the old steady state that occurs without debt. 

In Chapter 3, the third question is addressed: Which tax scheme is the best to foster the 

capital formation and to improve the welfare of countries? The dynamic effects of tax 

reform are analyzed in the context of a two-country OLG model. Initially the world 

economy - the Home and the Foreign- is in open-economy long-run equilibrium. Both 

countries are in balanced budget under the proportional wage taxes levied on young 

individuals. Now the Home government unexpectedly shifts its tax scheme to the capital 

income tax or the consumption tax. In contrast, the Foreign government continues to 

levy a wage tax. Assuming that both governments maintain a balanced-budget, we 

examine the effect of each tax reform in the Home country. Simulating the model 

numerically with plausible parameters, we provide a number of results, which might be 

useful for policy purposes. First, with respect to capital formation, the consumption tax 

dominates the capital income tax and the capital income tax dominates the wage tax. The 
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superiority of the consumption tax scheme comes from its saving boosting effect. 

Interestingly, due to the transmission effect of the tax policy, the saving rate becomes 

highest even in the Foreign country in which the consumption tax is not implemented. 

Second, the tax reform of the Home country affects the net foreign asset position of both 

countries. The shift to the consumption tax or the capital income tax renders the Home 

country a creditor and the Foreign country a debtor. In particular, the consumption tax 

affects the net asset position further. Third, with respect to welfare, the consumption tax 

is superior to the wage tax but seems not show an advantage over the capital income tax 

in the tax-reformed country. However, the Foreign country in which the tax reform is not 

implemented shows a bit higher welfare under the consumption tax scheme than under 

other tax schemes of the Home country. Fourth, the tax rate is highest under the capital 

income tax and is lowest under the consumption tax. Fifth, the transitional analysis shows 

that die capital income tax can be more rewarding than the consumption tax in the aspect 

of welfare because the reform to the capital income tax enters its new steady state with a 

faster speed. 
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CHAPTER 1 

TIME PREFERENCES, BALANCE OF PAYMENTS, 
AND WELFARE 

1. INTRODUCTION 

THE PURPOSE OF THIS CHAPTER IS TO BUILD a two-country overlapping generations 

(OLG) model in which difference in time preferences leads to capital movement between 

countries, and to address how the heterogeneity of time preferences affects 

macroeconomic variables. In the model, both the short-run and long-run implications of 

economic integration on consumption, saving, the capital labor ratio, interest rates, the 

balance of payments, and welfare are analyzed. 

The difference in time preferences between countries may come from cultural or 

institutional factors. Although there exist literatures on endogenous time preferences (see, 

for example, Uzawa (1968), Lucas and Stokey (1984)), we follow the traditional 

approach that treats time preferences as given data. Since the pioneering work of Buiter 

(1981), the open-economy OLG literature has considered the difference in the rates of 

time preferences as one of the main elements that induce capital flows between countries 

;see, for example, Galor (1986), Crettez et al. (1996, 1998), Vidal (2000). This chapter 

builds on the work of Buiter, but adopts simpler functional forms for preferences and 

technology. In the macroeconomic literature, preferences are often assumed to be 

logarithmic while technology to be of the Cobb-Douglas type. When logarithmic 
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preferences are assumed, saving depends only on labor income, not the interest rate, 

which, when used with the Cobb-Douglas technology, allow us to obtain a closed-form 

solution of the model. That saving is independent of the interest rate seems to be a rather 

restrictive feature of logarithmic preferences, although this functional form for the utility 

function simplifies the computations greatly. In this respect, the literature that adopts 

logarithmic preferences suffers from some limitations in that it gains simplicity at the 

cost of ignoring the role of interest rate in determining saving. 

In this thesis, we maintain the assumption of a Cobb-Douglas technology, but adopt a 

utility function with a constant inter-temporal elasticity of substitution (CIES). A utility 

function of this type allows for saving to depend on both labor income and the interest 

rate. Due to the less restrictive assumptions imposed on preferences, the solutions cannot 

be obtained in a closed form, and thus numerical techniques must be used to compute the 

equilibrium. Moreover, the functional forms adopted in this study allow us to describe the 

transition to the long-run equilibrium in contrast with other models that are only 

amenable to steady-state analysis because of the general functional forms they adopt. As 

a result of using CIES preferences, we obtain several interesting open-economy outcomes. 

The capital labor ratio along the transition path might be higher or lower than its steady-

state value. Moreover, depending on whether the former or the latter happens, the 

behavior - during the transition to the steady state - of the balance of payments and the 

welfare result of two countries might differ as well. In particular, contrary to 

conventional wisdom, we show that the less patient country can reveal a current account 

surplus in spite of an aging population. Also we prove that economic integration, even if 
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it worsens the welfare of the current young generation, improves the welfare of all future 

generations of the less patient country. 

The adoption of the OLG framework is indispensable to introduce different time 

preferences into the model. In the infinite horizon model, which is another framework 

used for dynamic macroeconomic analysis, the interest rate equals the rate of time 

preferences in the steady state since consumption is constant over time. Thus different 

time preferences cannot be assumed in an open economy model in which the interest 

rates are identical across countries. The OLG model solves this problem since 

consumption needs not be constant through time, and, therefore, the interest rate need not 

equal the rate of time preference. In the OLG model, the equilibrium interest rates in 

different countries can be the same in spite of different time preferences; see Buiter 

(1981). By contrast, in the open economy model of infinite horizon, if the world interest 

rate had differed from the rate of time preference, the country would either accumulate or 

decumulate her capital forever; see Blanchard and Fischer (1989), p.85. 

The rest of this chapter is organized as follows: Section 2 sets up a two-country OLG 

model. Section 3 describes the autarkic equilibrium. Section 4 presents the main results 

of this chapter by analyzing the short-run and the long-run equilibrium when the two 

economies are open for trade in goods and capital. Section 5 summarizes the results. 
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2. THE MODEL 

Time is discrete and denoted by t,t = 0,1,... The world consists of two countries, called H 

(Home) and F (Foreign), respectively. In each country four classes of economic agents 

co-exist in each period: a young generation, and old generation, competitive firms, and a 

government. In the model there is a consumption good that is produced using labor and 

capital. The consumption good can also be used as investment goods for capital 

accumulation. An individual works when she is young and retires when she is old. A 

young individual has one unit of time that she supplies inelastically on the labor market. 

The individual spends part of the labor income on current consumption; the remaining 

part is saved to provide for her old-age consumption. The savings of the young 

generation in any period constitute the economy's capital stock in the following period. 

In any period, it is the old individuals who are the owners of the economy's stock of 

capital in that period. In what follows, the consumption good is taken to be the numeraire 

in each period. 

Let TV,0, and N)t denote, respectively, the number of young individuals and the number of 

old individuals at the beginning of period t in country /, i = H,F. The population in each 

country is assumed to grow at the same constant rate n. Thus the number of young 

individuals at the beginning of period t in country i is N?t = iV°0(l + n)',t- 0,1,.... The 

preferences of an individual in country i are assumed to be represented by the following 

utility function: 
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\c°i~a re1!1"7 

(i) £±-+pt\£J—. 
\-G l -<7 

In (1), c° and c1 denote, respectively, the current consumption and the future 

consumption. Also, a, 0<<T<1, is the reciprocal of the inter-temporal elasticity of 

substitution, and f3t., 0 < f3t < 1 is the discount factor for future consumption. We have 

chosen not to include a bequest motive in the model since such transfers may lead to the 

neutrality of the government's debt.x In what follows, we shall assume that f3H < f3F, 

i.e., agents in the Home country are less patient than agents in the Foreign country. 

In both countries, the technology used to produce the consumption good is of the Cobb-

Douglas type, and is assumed to have the following form: Y = Kall~a, where K, L, and Y 

denote, respectively, the capital input, the labour input, and the output of the consumption 

good. Also, a,0<a<l, is a parameter representing the share of capital in national 

income. Letting k = K/L denote the capital labour ratio, we can express the output 

produced per worker as f(k) = ka. Capital is assumed not to depreciate. 

Observe that the two countries differ only in terms of the absolute sizes of their 

populations and their rates of time preferences. Because our present preoccupation is the 

influence of time preferences on capital flows, we shall assume that government 

expenditures and taxes are all zero. 

1 When individuals leave bequests because they are concerned with the utility of their descendents, an OL 
G model behaves like an infinite horizon model. See Blanchard and Fischer (1989, p.129-130) for the role 
of bequest in an overlapping-generation model. 
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3. THE AUTARKIC EQUILIBRIUM 

3.1. Utility Maximization and Saving 

Consider a young individual of period t in country i who faces the wage rate coit and the 

rate of interest rit+l on her saving. The individual has to solve the following utility 

maximization problem 

(2) maxu c l L ^ + fli^li-

subject to 

(3) cl+-0 , l ' i , /+l 
' 7 = a)i,r 

It is simple to show that the solution of the maximization problem constituted by (2) and 

(3) yields the following current consumption and old-age consumption: 

(4) c ' u = — ^ -

and 

yJ) ci,t+\ ~ i l C T 

l-£ 

Furthermore, the saving of the individual is given by 

(6) si,M,t>ri,,+i) = -
l + j3:°{l + riJ+l) 

i-cr 
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Observe that saving rises with labor income and the rate of return during its investment 

span. Also, a more patient individual, i.e., one with a higher value of /?;, saves a higher 

proportion of labor income. The list (c°,, c^+1, s,v (fi}v, 7}>f+1)) is called the optimal lifetime 

plan of a young individual of period t in country /. 

Substituting (4) and (5), respectively, for c° and cx in (2), we obtain the following 

expression for the indirect lifetime utility function of a young individual of period t in 

country i: 

(7) vt,M,t,rltt+l) = i,t 

1-0" 
1 + A%^i 

J 

3.2. Profit Maximization 

Let coit and rit be the wage rate and the rental rate of capital that prevail in period t in 

country i. The representative firm that produces the consumption good solves the 

following profit maximization problem in this period: 

(8) m^{KinLi)K
a&a-(OitL-ritK. 

The following first-order conditions characterize the optimal labor and capital inputs: 

(9) (l-a)KaL-a-a>it=0, 

(10) oKa-1l}-a-ru=0. 

2 With the CEES utility function, the interest elasticity of savings is positive in the range of <7,0 < (7 < 1. 

The positive interest elasticity has been affirmed in many of empirical literatures: see Batina and Ihori 
(2000, p.47-48) for the savings elasticity controversy. 
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Let Kt t and L. t denote, respectively, the capital input and the labor input associated that 

solves (9) and (10). The output of the consumption good produced from the input 

combination (Kit,Lit) is Yit = K"tll^". The list \yit,Kit,Lit) is called an optimal 

production plan in period t for the representative firm in country i. The capital labor 

ratio in period t is then given by kit = KitlLit. 

3.3. Autarkic Competitive Equilibrium 

Let \Kit,N^t,N)<t) denote the state of the economy in country i at the beginning of 

period t. Here Kit represents this economy's capital stock in period t, while N°t and 

Nl
it - we recall - represent, respectively, the number of young individuals and the 

number of old individuals in period t in country i. The initial state of the economy of 

country i, namely, \Kifi,N^fi,N)fi\ is assumed to be given. 

DEFINITION 1: By a price system in country i, we mean an infinite sequence 

9) =\coit,ritJ^=Q, where, we recall, wit and rit represent, respectively, the wage rate and 

the rental rate of capital in period t in country i. An allocation induced by 9t is an 

infinite sequence 

% = (<o. (cl • C U ' su (<°u»1.*+i) t o ' fe* • Ku' h, t o ) 

where 

(i) c]0 is the consumption of an old individual of period 0 in country i, when 
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the price system 3j. prevails; 

(ii) (c°,, c)J+l, sit) is the lifetime plan chosen by a young individual of period t in 

country /, when the price system 9t prevails; and 

(iii) \Yi!,Kit,Li J is the production plan chosen by the representative firm in 

period t in country i when the price system 9. prevails. 

The pair (9,®) is said to constitute an autarkic competitive equilibrium if the following 

market-clearing conditions are satisfied: 

(iv) For t = 0, we have (#, f,Lj=(tf,0,AT°0); 

(v) For t>0, we have k ^ A . X ^ v - i ^ - i C ^ - ^ ^ X ^ ) -

Condition (iv) asserts that the capital and labor markets in period 0 are in equilibrium. As 

for condition (v), it asserts that the capital and labor markets in period t, t > 0, clear. Note 

that in (v), N^t_lsit_l{a>it_l,rt)represents the savings of the young generation of period 

t -1 in country i. Note that due to Walras' law, the goods market also clears when the 

market for capital and the market for labor clear. 

3.4. Existence and Uniqueness of Autarkic Competitive Equilibrium 
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Let rit0=DlF(Ki<0,N°0) and cbi0 = D2F(Ki0,N°0). If rifi and cbi0 are the rental rate of 

capital and the wage rate prevailing in period 0 in country i, then the market for capital 

and the market for labor in period 0 in this country are in equilibrium. 

Next, let rt: denote the rental rate of capital that a young individual of period 0 in country 

i expects to prevail in period 1. Then using (6), we obtain the following expression for 

her saving: 

(11) si(Q)i0,rii) = - <»/.o 

l-o-

The aggregate saving by the young generation of period 0 in country / is then given by 

(12) iV^ , ( ^ , 0 , ^ ) = ^ 0 - a*,o 

and the capital labor ratio in period 1 that is generated by this maximizing behavior will 

be 

(13) 
1 0): V,0 

1 + n - - / \±£_ 

Furthermore, the marginal product of capital in period 1 is given by 
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(14) f\k.l) = a\ co, 1,0 

l+n l-o-
l + P?(l + r , ^ 

a-l 

Now let 

(15) £.(<%0,^) = d 
CO: 10 

l + n 
l + ft^l + r^) 

\-a 

a-l 

The function £i(d)iQ,.):ril—>£i(d)ifi,rul),ra>0, is positive, continuous, and strictly 

decreasing. Furthermore 

£.(q>0,0) = a 

-\a-l 

l <a 5,0 

l + n 
1 + fi* 

>0 

and 

lunr(1->-^(^,o./"u) = a1 
co, «,o 
l + n 

a - l 

Hence the curve £(ffl})0>-): ^i —> ^(^>0,/}a), /;-a >0, must cross the 45-degree line at a 

single point, say at rn = rt v When rtl is the rate of return to saving for a young individual 

of period 0 in country /, the capital labor ratio generated by her maximizing behavior is 

(16) *,, co, 7,0 

l + n \-a 

1 + ^ ( 1 + ^ 

Furthermore, because riX is a fixed point of £•(#);. 0,.), we must have 
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(17) f'(kitl) = rul. 

Next, let 

(18) fo^fik^-kiJXk,,). 

When ri{ and d>iY are, respectively, the prevailing rental rate of capital and the prevailing 

wage rate in period 1 in country i, then all the markets in this period in this country clear. 

The procedure used to compute rt 1 and ty, can be repeated ad infinitum to obtain a price 

system §. = (rit,cbit)"=0 and an allocation induced by 3J, say 

such that the pair ($,$.) constitute a competitive equilibrium. We summarize the result 

just established in the following proposition: 

PROPOSITION 1: There exists a unique competitive equilibrium for each economy when 

it is in autarky. 

3.5. The Dynamics of Capital Accumulation 

Using (17) and (18) in (16), we obtain the following expression that defines implicitly 

the equilibrium capital labor ratio in period 1 in terms of the capital labor ratio in period 

0: 
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1 (1-oQffo 
(19) kn=-

In (19), we have let ki0 =Kifi/Nf0 and substituted (l-a)k"0 for the equilibrium wage 

rate coifi. 

Now letting G(ki0) denote the value of kiX that solves (22), we can rewrite this 

expression as 

(20, G , , * , , , ^ (l'a)K° 
n - ! - < > 1-ff 

l + ̂ f l + a G ^ r 1 ) " -

The function G( :&i0 —>G,.(fcj()) describes the transition of the equilibrium capital labor 

ratio from period 0 to period 1 in country i. In general, if we substitute kit for ki0 in (20) 

and interpret kit as the equilibrium capital labor ratio in period t, then (20) becomes 

1 <\-a)k°t 
(21) Gi(ku) = 

l + n 1 - < X 

l+z^i+aG^r1)" ° 

and Gt{kit) then represents the equilibrium capital labor ratio in period t + 1. Observe 

that G;(£it) —>0 when kit —>0 and Gt(kit) -^°° when kit - > « . Furthermore, we also 

have ——- > oo when &,., -> 0 and —— > 0 when h, -» °o. Hence the curve 
Kt,t Ki,t 

G, :kit -^Gt{kit),kit >0, must cross the 45-degree line from above at one point. We 
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claim that this curve crosses the 45-degree line only once. Indeed, if we differentiate (21), 

we obtain 

(22) Gt'(ku) = -
aGt(kit) 

k, x { a(l-a)(l-CT)G{kitr'xP?{l + aG{kitr
l) ° 

a i+fi^+aGik^r-'fr-

At a fixed point of G,, we have G,.(fc,.jf) = kit, and (22) is reduced to 

(23) Gt'(ku) = 

1+ 
a{\- -a){\-

a 
-a) 

a 

K;lP-

l + /f 

i 

i 

ff(l + a*" 

-r 
;-r \-a 

a 

<a<\. 

Inequality (23) asserts that at a point the curve Gt crosses the 45-degree line, its slope is 

strictly less than 1, which means that this curve crosses the 45-degree line only once, and 

the point at which the curve crosses the 45-degree line represents the unique autarkic 

steady state of the economy of country /. The shapes of the curves 

G( :kit -^Gi{kit),kit >0,i = H,F, are depicted in Figure 1. In the figure, EH and EF 

are the autarkic steady states of the Home country and the Foreign country, respectively. 

Note that the transition curve for the Foreign country is above that of the Home country 

because /3F > PH. Hence the autarkic steady state capital labor ratio is higher in the 

Foreign country than in the Home country. Also depicted in Figure 1 is the curve 

G: kt —> G(kt), kt > 0, which describes the transition of the world capital labor ratio from 
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one period to another when the markets for goods and capital are integrated. The steady 

state of the world economy is represented by point E in Figure 1. 

&HJ+1' ^Fj+lrh+1 

kffj, kft,kt 

Figure 1.— The capital labor ratios for the Home and Foreign countries: Autarky vs. Open 

economy 

We have just established the following proposition: 

PROPOSITION 2: In autarky, the economy of country i,i = H,F, has a unique steady 

state, say kt, which is defined implicitly by 

(24) 
(l-a)k! a-l 

l + n 
l+zHi+^r1)^ 

= i . 
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Furthermore, the autarkic steady state is globally stable and the convergence to this 

steady state is monotone. 

In what follows, we shall let rt = ok"'x and Wt = (1 -a)k" denote, respectively, the 

autarkic steady state interest rate and the autarkic steady state wage rate in country 

i, i = H,F. We have the following proposition: 

PROPOSITION 3: In autarky, the Home country, which is less patient than the Foreign 

country, has a lower capital labor ratio, a lower output, a lower wage rate, and a higher 

interest rate than the Foreign country in the long run. 

A lower capital labor ratio means a lower saving by a young individual in the Home 

country and a fortiori a lower capital income for the individual in her old age because 

capital income accounts for a fraction a of output. Hence the consumption of an old 

individual is always lower in the Home country than in the Foreign country in autarkic 

steady state. A lower capital labor ratio also means a lower wage rate. 

However, the consumption of a young individual, as given by (4), is not necessarily 

lower in the Home country because the rise of the current consumption due to a higher 

rate of time preferences might offset the reduction of the current consumption due to a 

lower wage rate as well as a higher interest rate. The following proposition summarizes 

this welfare consequence: 
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PROPOSITION 4: In steady state autarky, an old individual in the Home country 

consumes less than an old individual in the Foreign country. However, the consumption 

of a young individual in the Home country may be higher or lower than that in the 

Foreign country. 

In the long run, the more patient country enjoys a higher standard of living than the less 

patient country. Thriftiness ultimately pays in autarky: even without any altruistic motive, 

the patience of current generations is rewarded with the prosperity of their future 

generations. However, when economies are open, the impact will be more complicated 

since the economic effects of the impatience of one country can be transmitted to other 

countries. 

4. OPEN-ECONOMY EQUILIBRIUM 

4.1. Existence and Uniqueness of Competitive Equilibrium under Integration 

Suppose that initially the two countries are in autarkic long-run equilibrium. Next, 

suppose that in period 0 the governments of the two countries open their borders and 

allow goods and capital to flow freely. 

In each country, the capital labor ratio in period 0 is equal to its autarkic steady state 

value, i.e., kiQ = ki,i = H,F,with k~H <kF.The rental rate of capital in period 0 in the 

Home economy is thus higher than that of the Foreign economy, triggering capital flows 
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into the H o m e country. Suppose that capital flows take one period so that at the 

beginning of period 1 the capital labor ratios at h o m e and abroad are the same, i.e., 

kH1 = kF1. If we let k{ denote the c o m m o n value of kH1 and kFl, which is called the 

world capital labor ratio in period 1, then the world rate of interest in period 1 is given by 

r, = Ok?-1-

In the H o m e country, the saving of a young individual of period 0 is given by 

(25) sH(WH,rl) = ^ 
l - C T 

1 + ^ ( 1 + 0 " -

Similarly, in the Foreign country, the saving of a young individual of period 0 is given by 

co* 
l - < 7 

(26) sF (Q)F, r t) = j - Z -

The world capital stock in period 1 is then given by 

Ki = N°H,OSH (®H . 1 ) + K,OSF ( ® F . ri) 

(27) =No *H + No coF 
H'° _L l-a F'° _L l-a 

1 + ^ C l + r J — l + ZVCl + r J — 

The world capital labor ratio in period 1 is 

k - * i 
1 K,+NF, 

(28) = 

a+«)«0+<«)1+/ ,Hi (1+r i )^ <i+»>Ko+<»)1+/);i(l+ri)-^ 
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n + l V„ 
G)„ 

l - < 7 
+ 1F 

(Qv 

\-a 

l + ^ ^ l + r , ) — l + A ^ l + r , ) — 

In the expression on the last line of (28), we have let TJH and T]F denote, respectively the 

population of the Home country and the population of the Foreign country as fractions of 

the world population. Equation (28) yields the world capital labor ratio in period 1, given 

that /} is the world rate of interest that is expected to prevail in that period. Now let 

(29) g(a>H,a>F,r1) = cA 
n + l 

VH-
CQ„ 

\-a +nF-
CO* 

l-a 

l + fcil+n)'— 1 + & » ( 1 + I ; ) - T 

, o - l 

As in the analysis of the competitive equilibrium in autarky, we can show that the map 

£(0)H, Wp,.): rt -» £(WH, WF, rt), rt > 0, 

is strictly decreasing and has a unique fixed point, say /] = fv Furthermore, because 

COu 
1~<T 

<VH 
CO, 

1 - < T 
+ rjF 

aK 

l-a 

1 + ^ ( 1 + / ! ) " - l + j3H°{l + riy— 1 + ^ ^ l + r J - -

< 
Ct)r 

l-a 
l + ^ ^ l + r , ) " -

for any rt > 0, we must have fF < rx < rH; that is, the equilibrium world interest rate in 

period 1 is lower than the autarkic steady state interest in the Home country, but higher 

than the autarkic steady state interest abroad. We shall let kx = (r,/ctr)1/(a_1) denote the 

equilibrium world capital labor ratio in period 1. The equalization of the capital labor 

ratios in the two countries in period 1 will lead to the equalization of the wage rates in 
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period 1 in the Home economy and in the Foreign economy. We shall let 6\ - (1 - a)k" 

denote the common wage rate in period 1. 

To continue, suppose that r2 is the interest rate that prevails in the global capital market 

in period 2. In the Home country, the saving of a young individual of period 1 is given by 

(30) sH{a\,r2)- o\ 
\-a 

l + J8H°(l + r2y-

Similarly, in the Foreign country, the saving of a young individual of period 1 is given by 

(31) sF(a\,r2)-
o\ 

1- (T 

l + &"( l + r2)-* 

The world capital stock in period 2 is then given by 

K2 =K,ISH (A >r2) + N°PtlsF .(a\,r2) 

(32) = N° 
(O, 

\ + p~H°{\ + r2)--ir 
+ N° • 
^ ly FA 

CO, 

\-a 

1 + ̂ ( 1 + r2)~* 

The world capital labor ratio in period 2 is 

^2 ~ „ T 0 

N +N 
J V H,2 ~ J V F , 2 

(33) 
_ G\ 

\ + n 
VH rip 

\-a \-a 
l + / y ( l + r 2 ) — l + ^ ( l + r 2 ) — 
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Equation (33) yields the world capital labor ratio in period 2, given that r2 is the world 

rate of interest that is expected to prevail in that period. Now let3 

(34) C(q,r2) = cA o\ 
l + n 

VH • + - VF 
l - C T 1 - C T 

[ j + /?w
CT(l+r2) T \ + /3F

a(\ + r2) * 

\ 8 - l 

The map £{G\,.): r2 —> £(a\,r2), r2 > 0, is strictly decreasing and has a unique fixed point, 

say r2 = r2. We shall let k2 = (r2/a)1/(ot_1) denote the equilibrium world capital labor ratio 

in period 2 and d)2 = (l-a)k2 denote the two countries' common equilibrium wage rate 

in period 2. At the fixed point r2 = r2, (34) assumes the following form 

(35) k2 = 
(l-a)k? 

l + n 
VH nF 

1 + 0~°(l + okf ) ° 1 + p¥°(l + c&Z'1) 
l - C T 

a 

Equation (35) defines implicitly the equilibrium world capital labor ratio in period 2 in 

terms of its value in period 1. In general, for any t>l, if kt is the equilibrium world 

capital labor ratio in period t, then the equilibrium world capital labor ratio in period t +1 

- which we denote by G(kt) - is defined implicitly by 

(36) G(kt) 
_(l-a)k? 

l + n 
VH VF 

l + j3'H-(l + aG(ktr^) ° l + PF°{l +aG(kt)
a-1) ° 

3 Because wages in the two countries are equalized in period 1 after integration, we use only their common 
value in the definition of the function £{Q\,r2). 
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It is clear that G:kt^G(kt),kt>0, is strictly increasing. It is also clear that 

GH(kt) < G(kt) < GF(kt), for all kt > 0, i.e., the transition curve for the world economy is 

above the Home country's transition curve, but below the Foreign country's transition 

curve . Furthermore, lim,,......——-+«> and lim, i lw„-~~ t- = 0. Hence the curve Lk, --»& k, --»-*» 

G:kt -^G{kt),kt >0, must cross the 45-degree line at least once. At such a crossing, 

brute-force calculations yield the following expression for the slope of the curve: 

G'(kt) = a 

a(l-a)( l -<7) 7«-i 

1 + 

r!HPH°{\ + akrl)-~°~l 

( 1 l-cr > 

l+^fi+^r1) ° 
A J 

2 + -

^^(i+cxkr1) ° l 

l + jS^^ + ak?-1) ° 
\ ) 

2 

r?H nf 
1 i_cr _\_ 

l + ZV^l + ofc;*-1)" l + j3~°(l + ak?-1) a 

which is positive but less than a. Hence the curve G:kt -» G(kt), kt > 0, crosses the 45-

degree line only once, and from above. Let k be the value of kt at which this curve 

crosses the 45-degree line. Then k is the steady state world capital labor ratio, and in the 

long run the world capital labor ratio converges monotonically to k. More precisely, let 

(k,)Z=i t»e m e sequence of world capital labor ratios defined recursively as follows: For 

t = 1 and t = 2, we have already defined kt and k2.For any t > 2, let kt = G(kt_{). Then 

Umt_^J<.t=k. Furthermore, we have kH <k <kF. In what follows, we shall let 
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d)t = (1 - a)k" and ft = ak"~ denote, respectively, the equilibrium wage rate that prevails 

in both countries and the equilibrium interest rate that prevails on the global capital 

market - both in period t,t = l,2,.... We summarize the results just obtained in the 

following proposition: 

PROPOSITION 5: There exists a unique competitive equilibrium under economic 

integration. The world capital labor ratio in period 1, namely kv satisfies the following 

condition: kH Kk^Kkp. That is, one period after capital and goods are allowed to move 

freely across national frontiers, the world capital labor ratio is higher than the Home 

country's autarkic steady state capital labor ratio, but lower than the Foreign country's 

autarkic steady state capital labor ratio. After that the world capital labor ratio 

converges monotonically to its unique steady state value, say k, which is defined 

implicitly by 

VH , VF 

- - / - v-tZ --/ - \Jz£ ' 
l + fa'll + ok"-1) " 1 + ̂ ( 1 +ode"-1) « _ 

Furthermore, kH <k <kF; that is, the steady state world capital labor ratio is higher 

than the Home country's autarkic steady state capital labor ratio, but lower than the 

4 ~ — 

Foreign country's autarkic steady state capital labor ratio. Finally, if kx > k, i.e., if the 

world capital immediately after economic integration overshoots its long-run level, then 

the world capital labor ratio will decline through time to its steady state value in the long 
4 Here one thing to note is that the world capital labor ratio in the steady state is a weighted average of the 
capital labor ratios of two countries in autarky steady state. That is, the effects of economic integration on 
economic growth suggested by Rivera-Batiz and Romer (1991) cannot be considered in the context of this 
model. 

(39) 1 = (l-a)k a-l 

l + n 
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run. On the other hand, if kx <k,i.e., if the world capital labor ratio immediately after 

economic integration falls short of its long-run level, then the world capital labor ratio 

will rise through time to its steady state value in the long run. 

We shall let r = ak(a~V) denote the steady state world interest rate and W = {\-a)ka 

denote the common steady state wage rate for the two countries. 

Depending on the values of the parameters, the world capital labor ratio in period 1 might 

be higher or lower than its steady state value. The following proposition - proved in 

Appendix A - provides a sufficient condition for the 'overshoot' case. 

PROPOSITION 6: If there is a pronounced difference of time preferences between 

countries: i.e., if the Home country is sufficiently impatient, then the world capital labor 

ratio in period 1 - one period after economic integration - is higher than its steady state 

value: kl>k. 

The intuition behind Proposition 6 is not hard to grasp. If PH is small, i.e., if the Home 

country is quite impatient, then the young individuals in the Home country will shift 

consumption to the present and save very little for the future. This action will result in a 

very low capital labor ratio in the long run if the Home country is in autarky. When 

5 The possibility that the capital labour ratio along the transition path might be higher or lower than its 
steady-state value is briefly mentioned in Auerbach and Kotlikoff (1998, p.330). However, there is no 
clarification in their textbook under which conditions the former or the latter happens. Proposition 6 and 
Proposition 7 in the chapter try to formulate the conditions. 
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economic integration takes place, the young individuals of the Home country will be able 

to borrow from abroad to finance their current consumption. Because the autarkic interest 

rate of the Home country is high, the young individuals of period 0 in the Foreign country 

will cut back their current consumption and raise their savings to take advantage of the 

high future rate of interest, and in doing so increase their savings significantly, with the 

ensuing result that the world capital labor ratio in period 1 overshoots its long-run level, 

as asserted by Proposition 6. 

Depending on the values of parameters, the world capital labor ratio might fall short of its 

long-run value, as asserted by the following proposition the proof of which is given in 

Appendix B. 

PROPOSITION 1: If a and J]H are both close to 1, then kx < k. That is, if the Home 

country is large relative to the Foreign country, and if the share in national income of the 

factor capital is high, then the world capital labor ratio in period 1 - one period after 

economic integration - is lower than its steady state value. 

The conditions that lead to the result that the world capital labor ratio in period 1 is lower 

than its long-run level, as stated in Proposition 7, might not hold in reality. When a is 

close to 1, most of the output goes to the factor capital. The factor income of labor is thus 

negligible, which in turn implies very little saving and a fortiori a very low capital labor 

ratio. Also, the condition that t]H is close to 1 implies that the influence of the Foreign 

country on the Home country is negligible. It is the joint effects of these two conditions 
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that ensure the 'undershoot' of the world capital labor ratio immediately after the 

economic integration. 

4.2. The Current Account and Net Foreign Assets 

Let Bt t denote the net foreign assets of country i at the beginning of period t, i = H,F, 

f = 0,1,... Also, let CAit denote the current account of country i at the end of period 

t, t = 0,1,... Note that at the beginning of period 0 - when economic integration begins -

we have BHfi = BFQ = 0. 

Immediately after economic integration, a young individual of period 0 in the Home 

country sees her labor income remaining at the autarkic level WH, but a drop in the rate 

of return to her saving from the autarkic level rH to the world level rv The drop in the 

rate of interest induces her to raise current consumption and save less. Her saving after 

economic integration is 

(40) sH{WH,rl) = - ^ ^£<sH(WH,rH). 

l + fl^a + r,)'" 

A young individual of period 0 in the Foreign country also sees her labor income 

remaining the same at the autarkic level WF, but a rise in the rate of return she obtains for 

her saving from the autarkic level rF to the world level fv Thus a young individual of 

period 0 abroad will cut back her current consumption and save more. Her saving after 

economic integration is 
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(41) sF(a)F,rl) = p - £ j^>sF(Q)F,rF) 

Because in autarkic steady state the capital labor ratio is higher in the Foreign country 

than in the Home country, we must have 

(42) sH{WH,rl)<sH{WH,rH)<sF(WF,fF)<sF{WF,fl). 

In period 1, the equilibrium condition on the global capital market is 

(43) N°Hfi ^ — + N% ^ — = (N°H,+NF,)kv 

i+A,*(i+ij)nr i+fc^i+tf-

Observe that the first expression on the left side of (43) represents the national saving in 

period 0 of the Home economy and the second expression the national saving in period 0 

of the Foreign economy. The expression on the right side of (43) represents the world's 

capital stock in period 1. 

Equation (43) can be rearranged as 

f 

(44) N°Hfi ^ — - (1 + rDN^X = -

l + Z ^ l + r J — 
K,o r ^ ; (1 + ")K A 

l+A-MJnr 

Observe that on the left side of (44) the expression (1 + ri)N°HS>ki represents the capital 

stock located inside the Home country in period 1. The left side of (44) thus represents 

the net foreign assets of die Home country in period 1. Similarly, the expression inside 

the grand brackets on the right side of (44) represents the net foreign assets of the Foreign 

country. Since the saving of the individual in period 0 is lower in the Home country than 

in the Foreign country as represented in (42), we can assert that the left side of (44) must 

be negative. That is, immediately after economic integration capital will start flowing into 
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the Home country, and the Home country will run a current account deficit at the end of 

period 0, which is given by 

(45) 
^•-A/.o — "H,I "H,\ 

= B H,\ 

= N H,l 

Q)u 

l + n \-o 
i+0~n°(i+f£n? 

N° 

l + n 
G)„ riH(oH 

\-a \-a 

VF(QF 

\-o 
1 + ^ ( 1 + ^ ) — i+/fH'{i+tf-r 1 + ^ ( 1 + ^ - 7 

= vXBfi 
co„ CO* 

\-a 1 - C T 

1 + ^ ( 1 + ^ ) " - 1 + ̂ ( 1 + ^)TT 

The Home country's net foreign assets at the beginning of period t,t>2, is given by 

(46) **, = K, 
( l - a ) C 

l + n 
1 + fH°(i+dr)~° 

I - * , v ' 

= N H,t 

1 Q.-a)K_x 

l + j3H°(l + odc?-1) ° 

(X-cc)K_x 

l + n 
VH IF L2 _ _ + L£ 

l+^ f i+^ r 1 )^ 1+^7(1+^) 
1 - < T 

= Tjp(l + n),-lNl0(l-aWkt_1), 

(t = 2,...). 



In (46), we have let6 

(47) <fck) = ka 

1 1-CT _J_ 

1 + pH° (l + aG(k)a-1)~ 1 + pF
a (l + o G W " 1 ) 

l-o-

The Home country's net foreign assets per old individual at the beginning of period 

t,t>2, is then given by 

(48) bHt = 
B H,t 

(l + n)MiV°,o F '~l 

Now the Home country's current account at the end of period 1 is given by7 

(49) = TjF(l-a)(l + n)N°HX M)' l + n 

ka 
Kp 

l-o- 1 - C T 

_l + ^ ( l + l i ) — 1 + ^ ( 1 + 1")— 

= *7f ( ! - « )< , 
( H - n ) ^ 8 - ^ ^ - ( l + n ) ^ 

l-o-
l - < 7 

l + ^ l l + r j - — 1 + ^ / ( 1 + ^) -

For t - 2,3,..., the Home country's current account is given by 

^ A ? , / ~ "H,t+l "H,t 

(50) 
= f]F(l-a)(l + n)'N,J

Hl M)-T7-M-i) l + n 

6 In (47), 0(fc) is always negative because fiH < fiF. Thus, in (46), the Home country will continue to 

reveal its net foreign debts: i.e., BH t < 0. 
7 Note from (49) that if there is no population growth (n = 0), the current account of the Home country at 

the end of period 1 is always in surplus because kH <kx <kF . However, if n > 0, the result depends on 
the magnitude of n. 
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The behavior of the Home country's capital account and net foreign assets during the 

transition depend on the behavior of (f)(kt) through time. We have already shown that the 

Home country's current account at the end of period 0 is negative. To know whether the 

Home country's net foreign assets rise or decline through time, let us differentiate 0(k) 

with respect to the world capital labor ratio. We have 

(51) 
oka k 

1 1 

l + / J / ( l + flG(r') ° l + j3F
ff(l + aG(k)a-l)~ ° 

\-a + (a-l)^—^-G'(k)G(k)a-2(l + aG(k)a-1) 
\-a 

PH° 
1 

l + j3^(l + aG(k)a-1) 
l - < 7 

P/ 
J_ J-a\2 

l + ^ f f(n-aG(Jk)a_1) * 

= -A, +(a-l)^—^G'(k)G(k)a-2(l + aG(k)a-1) ° " ' \ , 
k <7 

where we have let 

(52) A=-
l + j3H°(l + aG(k)a-1) ° l + pF

a(l + cG(k)a-x) * 

and 

(53) ^ = • PH° P? 

\ + P~jf{^ + aG{k)a-x) 
\-a 

\ + pF^ + aG(k)a-1) ° 
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Observe that \ < 0 because j3H < j3F. Hence the first expression on the right side of (51) 

is negative. As for \ , its sign is ambiguous. Hence the sign of the second expression on 

the right side of (51) is ambiguous. However, if a is close to 1, then the second 

expression will be dominated by the first expression, and the derivative <t>\k) will be 

negative. 

In the long run, the net foreign assets per old individual in the Home country is given by 

bH = timt^J)Ht 

(54) = rjF(l-a)</>(k) 

f \ 

rjF(l-a)kc 

l-CT _J_ , , 1-tr 
<0. 

l + j3~H°(l + aka-'). " l + j3F°(l + aka-l)~ 

If there is no population growth, i.e., if n = 0, then in the long run the Home country's 

current account is equal to zero, and its foreign debt per old (or young) individual is 

given by (54). Also, in the long run, the Home country runs a trade surplus, which 

represents the capital income that the Foreign country repatriates for its investments in 

the Home country. We have the following proposition: 

PROPOSITION 8: Suppose that there is no population growth. Also, suppose that the 

share of capital remuneration in national income is sufficiently high. 

From (50), we find out that the current account of a country is zero in the steady state if n=0. The result is 
in contrast to the infinite horizon model in which the annuity value of net foreign assets is consumed each 
period, leading to a constant stream of current account imbalances. The deviating result of the OLG model 
stems from the ownership on net foreign assets. In the OLG model, net foreign assets are owned by the 
current old generations. Therefore, the consumption of current young generations cannot be affected by the 
net foreign assets. 
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(a) If the world capital labor ratio in period 1 is above its steady state value, then for 

all periods t>\ during the transition to the steady state, the Home country's 

foreign debts decline through time, with the ensuing consequence that its current 

account is in surplus in each of these periods. In the long run, the Home country's 

net foreign assets will attain a constant negative value, and its current account 

will be zero. 

(b) If the world capital labor ratio in period 1 is below its steady state value, then for 

all periods t>0during the transition to the steady state, the Home country's 

foreign debts rise through time, with the ensuing consequence that its current 

account is in deficit in each of these periods. In the long run, the Home country's 

net foreign assets will attain a constant negative value, and its current account 

will be zero. 

PROOF: First, note that if a is close to 1, then <t>'(k) < 0. To prove (a), note that if the 

world capital labor in period 1 is above its long-run level, then it must be declining along 

the transition path, and this means 0(kt),t>l, and a fortiori BHt,t>\, will rise through 

time. The Home country's foreign debts will decline through time, which means that its 

current account must be in surplus in each period to reduce its reliance on foreign capital, 

although in the long run its net foreign assets are still negative. To prove (b), note that if 

the world capital labor ratio in period 1 is below its long-run level, then it must rise 

through time along the transition path, and this implies that 0(kt),t>2, and a fortiori 

BH t,t > 2, will decline through time. The Home country's rising foreign debts imply that 
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its current account must be in deficit in each period, starting with period 0, except 

possibly for period 1, to import foreign capital. • 

The following proposition presents the evolution of the Home country's current account 

and net foreign assets for the case of positive population growth. 

PROPOSITION 9: Suppose that in each country the population grows at a constant rate 

n > 0 . Also, suppose that the share of capital remuneration in national income is 

sufficiently high. 

(a) If the world capital labor ratio in period 1 is above its steady state value, then for 

all periods t>\ during the transition to the steady state, the Home country's 

foreign debts might rise or decline through time. This ambiguous result is due to 

the fact that although the capital labor ratio is declining through time, the Home 

country's rising population, ceteris paribus, requires more capital to be imported 

to provide the rising labor force with adequate capital input. The temporal 

behavior of its current account is also ambiguous during the initial periods of the 

transition phase. However, in the long run, the Home country's net foreign assets 

and current account will both be negative and their absolute values both rise 

geometrically at the rate of population growth. 

(b) If the world capital labor ratio in period 1 is below its steady state value, then for 

all periods t>0 during the transition to the steady state, the Home country's 

foreign debts rise through time, with the ensuing consequence that its current 
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account is in deficit in each of these periods. In the long run, the Home country's 

net foreign assets and its current account will both be negative and rise 

geometrically at the rate of population growth. 

PROOF: To prove (a) of Proposition 9, note that the population growth exerts an opposite 

impact on the decline in the world capital labor ratio during the transition. However, 

because the world capital labor ratio converges to its steady state value in the long run, at 

the aggregate level, the Home country's foreign debts and its current account behave 

qualitatively in the same manner in the long run. To prove (b) of Proposition 9, note that 

population growth reinforces the conclusion of (b) of Proposition 8. • 

According to conventional wisdom, an aging population deteriorates the current account 

of a country since it dampens national saving. In our model, the demographic effect on 

the current account is due to the existence of different time preference. In the normal case 

where the world capital labor ratio in the transition path is above its steady state, the 

demographic structure may have an opposite effect on the current account in the 

transition path, depending on time preference. When the demographic structure is aging, 

say n = 0, the less patient country reveals a surplus of current account while the more 

patient country shows a deficit. When the demographic structure is still young, say n > 0, 

both countries show an ambiguous sign in their current account. The long-run outcome 

also differs. A higher population growth may deteriorate the current account of the less 

patient country rather than improve it in the long run because the rising labor force 
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requires more capital to be imported for adequate capital input. In sum, the conventional 

wisdom holds true for the more patient country but it may not hold for the less patient 

country. 10 

4.3. Welfare Analysis 

In our argument leading to the existence and uniqueness of the open-economy 

competitive equilibrium, we have shown that the world interest rate in period 1 is lower 

than the autarkic long-run interest rate in the Home country, but higher than that in the 

Foreign country. Given that it takes one period for capital flows to equalize the interest 

rates in both countries, the wage rate in each country immediately after integration will 

remain at its autarkic steady-state level. Then a young individual of period 0 in the Home 

country will be worse-off: her wages are still the same, but the interest she obtains for her 

saving has declined from rH to rv Her optimal choice now is to consume more and save 

less. For a young individual of period 0 in the Foreign country, the opposite results apply. 

Her labor income is still at the autarkic steady-state level WF, but the interest she obtains 

for her saving has risen from rF to rv She is better-off and will shift her consumption 

from the present to the future by cutting back her current consumption. 

9 That can explain in part why the Unite States have shown a large current account deficit despite her 
relatively higher population growth than other developed countries. A rising labour force in the United 
States might have required more capital to be imported. As a result, the current account deficits have been 
revealed. 

Despite the results derived from our model, we cannot fully convince the above intuitions. Our model 
has a limitation by assuming an identical population growth between countries. Thus in order to obtain a 
more intuitive result, different rate of population growth between countries should be allowed in the model. 
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During the transition, the lifetime utility of a young individual of period t,t = 1,..., in 

country i, i = H,F, according to (7), is given by ' l 

(55) vut(0)u,rut+l) = i,t 

\-G l + #%* ,(+i 

Because kH <kt <kF, for t = 1,2,..., we have 

(56) WH <cbt<coF, 

and 

(57) rF < rt < rH, 

Thus along the transition to the long-run equilibrium and relative to the autarkic 

equilibrium, a young individual of period t,t = 1,2,..., in the Home country earns a higher 

wage, but a lower interest rate for her saving. The opposite results hold for a young 

individual in the Foreign country. To determine the net impact of a higher labor income 

and a lower rate of return to saving on the welfare of a young individual of period 

t,t = 1,2,..., in the Home country requires some brute-force computations to relate the 

current wage rate with the equilibrium world interest rate in the next period. To this end, 

suppose that cot is the current prevailing wage rate, and kt = [cot /(l - a)]Ua be the 

current world capital labor ratio. The equilibrium capital labor ratio in the next period is 

11 As shown in Blanchard and Fischer (1989, p. 97-98), it may be arbitrary to choose a social time 
preference factor at which the utility of future generations is discounted. Therefore, for simplification, we 
just assume that the life time welfare function of a young individual born in period t is a social welfare 
function of period t. 
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then given by kt+l = G(kt), and the equilibrium world rate of interest in the next period 

by 

(58) rt+l = cdc^1 = a(G([cot /(l - a)fa ))*"'. 

Because Gis strictly increasing, (58) defines a unique relationship between a>t and rt+l, 

say cot = <p(rt+l), with <p'(rt+1)<0. Using the definition of cp, we can then express the 

welfare of a young individual of period t > 0 in country i as a function of the 

equilibrium world rate of interest in the following period as follows 

vi,M^ru+v) = 
at: 

(59) 
\-G 

1 \-a\ 

l + # % a 
,(+1 

<P(rt,x) 
1 - C T 1 l - < j \ 

_ rV't+i 
1 - C T 

l + A '^ . t+l 

The following lemma is proved in Appendix C: 

LEMMA: 77ie map 

(60) rt,,+i - > 
^ ( ^ + i ) 

1-(T 

1-0-
1 + ^ r , 

1 1-CT> 

(' 'i,t+l 

is strictly decreasing in rt+l. That is, for a young individual of period t>0 in country i, 

a rise in the equilibrium world rate of interest in the next period lowers her lifetime utility. 

Using the lemma and (57), we can assert that relative to the autarkic equilibrium all the 

young generations of period t > 0 in the Home (Foreign) country win (lose) with 

economic integration. In particular, in the long run the residents of the Home (Foreign) 

country are better-off (worse-off) with economic integration. Furthermore, if the world 
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capital labor ratio in period 1 overshoots its long-run level, then in its long descent to the 

long-run equilibrium the standard of living of the successive young generations - both at 

home and abroad - will be declining through time. On the other hand, if the world capital 

labor ratio in period 1 is below its long-run value, then in its monotone convergence to its 

steady state level, the world capital labor ratio will rise through time, and the standard of 

living of the successive young generations - both at home and abroad - will be rising 

through time. We summarize the results just obtained in the following proposition: 

PROPOSITION 10: Starting from the autarkic long-run equilibria in both countries, an 

economic integration of the two economies will lower (raise) the life time welfare of the 

current young generation of the Home (Foreign) country. However, the economic 

integration will raise (lower) the life time welfare of all future generations of the Home 

(Foreign) country. Furthermore, if the world capital labor ratio in period 1 overshoots 

its long-run value, then as the world capital labor ratio descends to its long-run level, the 

welfare of the successive young generations - both at Home country and abroad -

declines steadily. On the other hand, if the world capital labor ratio in period 1 is below 

its long-run value, then as the world capital labor ratio climbs to its long-run level, the 

welfare of the successive young generations - both at Home and abroad - steadily 

improves through time. 

PROPOSITION 10 coincides with the welfare result of Buiter in the case of dynamic 

efficiency. Buiter's analysis, however, is limited to long-run welfare comparison. This 

chapter extends his proposition by showing how transitional welfare of two countries 
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differs depending on the path of their capital labour ratio. PROPOSITION 10 also 

provides a useful intuition on the issue of the capital market opening in developing 

countries. Granted that the real interest rates are higher in developing countries than in 

developed countries, the capital market opening of the former will lower the real interest 

rates in the developing countries. Then the current young generation of the developing 

countries will be worse off since a lower interest rate may dampen their capital income in 

the future. In this sense, a young generation of the developing countries may have enough 

reasons for opposing contemporaneous capital market opening or globalization. 

However, according to our model, their future generations will be definitely better off 

with capital market opening, as the effect of higher wage rate dominates the effect of 

lower interest rate. In sum, the unfavourable effects of impatience in a country can be 

transmitted to the other country in the open economy so that the less patient country is 

ultimately better off with the economic integration.12 

5. CONCLUDING REMARKS 

This chapter has examined the manner in which an economic integration of two large 

economies affects the macroeconomic variables. In particular, we have focused on the 

role of time preferences as a factor that leads to capital movement between countries. The 

model we formulate maintains the traditional assumption of a Cobb-Douglas technology, 

but adopts a utility function with constant inter-temporal elasticity of substitution. The 

12 The model also can be applied to the problems among the developed countries. Suppose that the United 
States have perpetually shown a higher time preference, i.e., less patient than Japan. Then based on our 
model, it is possible to say that the current prosperity of American would have been indebted in large part 
to the patience of Japanese. 
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assumption of preferences with a constant elasticity of substitution made saving depend 

positively on both labor income and the rate of interest, and allowed us to obtain several 

interesting results. 

In autarkic equilibrium, the more patient country enjoys a higher standard of living than 

the less patient country. Considering that the rate of time preference is inversely related 

to the propensity to save, we can assert that the thriftiness of the current generations 

ultimately determines the welfare of their future generations. 

In the open-economy setting, the outcomes become slightly more complicated because 

the effects of the impatience of one country can be transmitted to other country. The 

world capital labor ratio on the transition path, which always lies between the autarkic 

capital labor ratios of the two countries, might be higher or lower than its steady-state 

value. If there is a pronounced difference in time preferences between the two countries, 

the world capital labor ratio in the period that follows economic integration overshoots its 

long-run level. Then the less patient country is overheated on the initial transition periods. 

Depending on the values of the parameters, the world capital labor ratio in the period that 

follows economic integration might fall short of its long-run level. Under this scenario, 

which is less likely expected to occur, the more patient country experiences a depression 

during the initial transition periods. 

In particular, this chapter has shown how economic integration affects the balance of 

payments and the welfare of a country differently conditional on the population growth. 
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In the transition path, the less patient country can reveal a current account surplus while 

the more patient country shows a deficit as long as both countries are aging with no 

population growth. However, when both countries have a high population growth, the 

direction of the current account is ambiguous. In the long run, the outcome is more 

apparent; the current account of the less patient country will be zero with no population 

growth and will be negative with a high population growth. 

Also economic integration has different welfare results conditional on the time preference. 

With economic integration, the less patient country is better off while the more patient 

country is ultimately worse off. Even if the current young generation of the less patient 

country is worse off with integration, her future generations are better off with their 

precedent generation's decision to open their border. 

APPENDIX A 

THE PROOF OF PROPOSITION 6 

Recall that the world interest rate in period 1, namely r,, is the fixed point of the 

following map: 

£{cdH,WF,.):r-* g(mH,coF,r) 

f 
(A.1) 

= a\ 
1 

n + 1 
V 

COH 0)F 

VH r ^ —+(1-TJ„) 
1 - C T " - ' „ 1 - C T 

l + /?>( l+r)" l + j3F°(l + r)-* 

Also, the world steady state interest rate is the fixed point of the following map: 

, « - i 
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(A.2) 

£(a>,.):r->C((D,r) = oA 
n + 1 

VH 
CO 

\-a +a-v„y co 

l + fcil + r)— 
\-a 

l + /3F°{l + r)-; 

,«- i 

Now let 

(A.3) 

VH 
(ou 

l-o- + 1f 
CO, 

\-a 
l + j3H°(l + ry— \ + pF°{l + r)~ 

VH 
CO 

+ VF 
CO 

l-o-
1 + ^ ( 1 + r)~— 1 + /?;*(! + r)'~ 

= VH 
coH-co 

l - o 
+ 1F 

coF-co 
l - O 

l + PH°{l + r)-— l + /?;*(l + r )— 

l - < 7 

Now note that for any given value of r, we have coH —> 0 and /T^ (l + r) <? —> °° when 

/?/7 —> 0. As for W, the common value of the steady state wage rates in the two countries, 

it is strictly less than WF and will remain outside a left neighborhood of coF as fiH —> 0. 

Thus / will be positive when fiH is sufficiently small, which implies that rx < r , or 

equivalently kl>k 
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APPENDIX B 

THE PROOF OF PROPOSITION 7 

To prove Proposition 7, we shall show that / <0 when 7]H is close to 1. Differentiating 

/ - the function defined in by A3 Appendix A - with respect to r\H, we obtain 

a/ cov co* 
l - C T 1 - C T 

! + /?>(!+ r)-— l + & * ( l + r ) ~ 

(B.l) 
f CO{T]H) 

+ VH 
CO\T]H) co{riH) 

l + j3~"(l + r)Jf l + j3^(l + r)J-^ l + j3~F°(l+r)J-f 

+(x-rfHy 
co\r]H) 

\-a 

\ + pF°{\ + r)-— 

Note that in (B.l) we have made explicit the dependence of the world steady state wage 

on rjH, the relative size of the Home country's population. 

When rjH=\, (B.l) becomes 

(B.2) 
dl 

dVH 
coH-coF 

WO) 
1 - < T 

VH =' l + # > ( l + r ) — l + 0H°{l + r)— 

Next, recall that the steady state world interest rate r and the steady state world capital 

labor ratio is linked by the following relation: 

49 



1 = 
(l-a)k 

1 + n 

a-\ 

(B.3) 

VH <X-VH) 
l -cr 1-ff 

= (1-Qr)r(77fl) 

a{\ + n) 
• + • 

1 - < X 1-0 

|_1 + ̂  (1 + ?(rjH ) ) — 1 + & " (1 + r ( ^ ) )— 

Note that on the second line of (B.3) we have made explicit the dependence of the steady 

state world interest rate on r\H. Differentiating (B.3) with respect to TJH, we obtain 

0 = 
dr 

(B.4) 

d*7* 

VH (X-VB) 
\-a \-o 

r(VH)\ 

l + j8H-{l+r(fjH)y— l + j3F°(l + r(j]H))— 

l-<7 n -7 / , . -,__ ,\-—-l dr 

d*?H 

\-a 

+ -

l + /?^( l + r(i7H))TT-
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J ^ drjH 
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1+ # > ( ! +r(/fo))~ 

For 77H = 1, (B.4) is reduced to 
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0 

(B.5) 

dr 

<>VH nH=iJ 

l - < 7 l - C T 
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+ F(1) 
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1-<T 

l + ̂ - ( l + F(l))— 

Now the equilibrium wage rate, the interest rate, and the equilibrium capital labor ratio 

are linked by the following relations co = (l-a)ka and r = aka~\ from which we obtain 

i I 

—— = -al~ara~l. Using this partial derivative in (B.5), we obtain 
or 

(B.6) B\l) = -a 
W{\) 

\-a 

1 

l + ^ - ( l + F(l))— 
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V 
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"(1) 
2 

Observe that when a T1, the right side of (B.6) will tend to - «>. Thus when the share in 

national income of the factor capital is high enough, the expression on the right side of 

(B.2) will be positive. Thus I is increasing when rjH is close to 1. Finally, because 7 = 0 

when 7]H = 1, we can now conclude that / < 0 when 7]H is close to 1. 
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APPENDIX C 

PROOF OF THE LEMMA 

According to (6), the saving of a young individual of period t in country i is g 

(C.l) sUt{(Ot,rt+x) = -
0), 

l-a 

The world capital stock in period t +1 is given by 

Kt+1 = Nl,sHXa)t, rt+1) + N°F<tsm (cot, rt+l) 

(C.2) = N co. 
H,t • + N co. 

1 - < T 
F,t 

1 - C T 

1 + PJ (1 + r1+l)— 1 + pF« (1 + r m ) — 

The world capital labor ratio in period t +1 is 

K+i ~ 
L t+i 

(C.3) 
(1 + nXK ,+WJ 

_ ®, 

\ + n . + . 
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l-o- 1 - C T 
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Substituting [rt+l/a]a~l for fc/+1 in (C.3), we obtain 
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which can be rewritten as 
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Now recall from (7) that the indirect lifetime utility function of a young individual of 

period t in the Home country is given by 

(C.6) vffif(fi*,rf+1): 
od~a ( i i - t fY 7 

1-0-
1 + / ^ t+l 

Using (C.5) in (C.6), we obtain 

(C7) 
(l + «) 

1 

ar -1 

1H , VF 

_l + iff7(l + rf+1)r? l + ̂ ( l + rf+1)T?_ 
1-0-

l - ( 7 

Note that in (C.7), we have used the definition of the function cot = <p(rt+l). 

Taking the logarithm of (C.7), we obtain 

( 1 \-a\ 

(C8) 

LogivHjipir,^), rt+l)] = -Log[l -a] + oLog 

+ (l-or)Log 

1 + ffir, t+i 

(l + /i) 
a 

a-l 

VH Vf 
\-a \-a 

l + fi?(l +rl+l)-r l + fr°{l + rt+iy-T 

Differentiating (C.8) with respect to rt+l, then simplifying the result13 we obtain 

13 All calculations, derivations and simulations in this thesis were carried out by Mathematica. 
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The right side of (C.9) is negative. The lemma is proved for a young individual of period 

t in the Home country. The proof can be repeated for a young individual of period t in 

the Foreign country. • 
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CHAPTER 2 

THE GLOBAL TRANSMISSIONS OF GOVERNMENT DEBT 

I. INTRODUCTION 

THE OBJECTIVE OF THIS CHAPTER IS TO STUDY how the government debt of a country is 

transmitted to other countries in open economy. Governments, unlike individuals, do not 

have a finite life, and can borrow permanently. This perpetuity of government adds a 

number of interesting features to the overlapping-generations (OLG) model. If 

generations are not linked with intergenerational altruism, the issuance of government 

debt influences the welfare of current and future generations by redistributing resources 

across generations. Suppose that a government gives a transfer to its old generation by 

issuing government debt and adopts a debt management policy under which the debt per 

young individual is maintained at a constant level. If the young individuals as prime-age 

workers bear all the taxes, current and future young individuals of the country have to 

bear the burden of the debt service payment. Given that the government must satisfy its 

inter-temporal budget constraint, clearly the issuance of government debt, other things 

equal, benefits the current old generation at the expense of the current young generation 

and all future generations. Since young individuals are an exclusive source of saving in 

two-period OLG model, the reduction of their disposable income will retard the 

formation of capital stock in a country. This is the mechanism by which the fiscal policy 

is non-neutral in the basic OLG models, such as Diamond (1965) and Blanchard (1985). 
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A two-country OLG model adds another interesting feature: an inter-country 

redistribution of resources. The government debt of a country can be transmitted to the 

other country if capital can flow freely across national frontiers. The current and future 

generations of the other country without taxes and government expenditures might have 

to share the burden of the debt of their neighboring government. In analyzing the effects 

of fiscal policy, an important merit of the OLG model is that the model can demonstrate a 

non-neutrality of government debt; that is, the OLG model is able to show the real effects 

of the fiscal policy. On the contrary, in the infinite horizon model, which is an alternative 

framework for modeling dynamic macroeconomic behavior, the private sector fully 

internalizes the public sector's budget constraint. Thus government expenditures 

completely crowd out private consumption, and have no effect on the capital stock in the 

steady state; that is, Ricardian equivalence holds in the infinite horizon model.14 Due to 

this neutrality, fiscal policy has received relatively less attention than monetary policy in 

recent theoretical works of the infinite horizon model based on micro-foundations.1 In 

addition, on the aspects of theoretical feasibility, the OLG model allows for a precise 

discussion of intergenerational welfare distributions in a relatively simple way by 

studying a sequence of overlapping generations. Thus the OLG model makes it possible 

to pose a central question about the burden of government debt in terms of lifetime 

utilities of welfare-maximizing consumers. 

14 However, Ricardian equivalence may not hold in the infinite horizon model under some conditions: i.e., 
rigidities, capital market imperfection and distortionary taxation. See Bernheim (1987) for a more detailed 
discussion. Similarly, as mentioned in Chapter 1, Ricardian equivalence may hold in the OLG model if 
intergenerational bequests are allowed. 
15 See, for example, the new open-economy macroeconomics literatures originated by Obstfeld and Rogoff 
(1996). 
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Since the seminal work of Diamond, the global effects of the government budget deficit 

or government debt has been examined in several open-economy OLG models. The 

existing literature, however, reveals some limitations; For example, Persson (1985) and 

Dornbusch (1984) focus on steady state and comparative analysis. Therefore, the 

dynamic transition path toward a new steady state is less obviously addressed; Fried and 

Howitt (1988) exclude the growth factor in the model by supposing that the capital stock 

is fixed and thus the effects of falling capital labor ratio due to the budget deficit are not 

properly answered; Frenkel and Razin (1987, 1992), and Ganelli (2005) do not include 

the capital stock as a factor of production. Then the crowding-out effects of the 

government debt on capital, and subsequent distributional effects cannot be fully 

analyzed. 

Probably, the methodology of this chapter is closest to that of Obstfeld and Rogoff (1996). 

However, this chapter enriches their results particularly by tracing the transitional 

dynamics of capital labor ratio, balance of payments and welfare in two countries and as 

well, by assuming a less restrictive form of preference. In our model, we assume a Cobb-

Douglas technology, but adopt a utility function with a constant inter-temporal elasticity 

of substitution (CIES). A utility function of this type allows for saving to depend on both 

labor income and the interest rate. By accommodating a positive effect of interest rate on 

saving, this chapter can trace the transition dynamics with more precision.16 Due to the 

Suppose that the government debt crowds out investment. The rise in the interest rate induced by the 
issuance of the government debt will encourage the saving of the current young individuals. Thus 
ultimately, the capital stock in the economy will fall by less than predicted by the model with logarithmic 
preferences in which the interest rate has no feedback on the saving decision. 
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less restrictive preferences, the solutions are given only in an implicit form and thus, a 

numerical iteration method must be used to derive the equilibrium values. In addition, 

this chapter briefly deals with the sustainability of the government debt following Rankin 

and Roffia (2003). As well, unlike their analysis, the model of this chapter is not 

restricted to steady state outcomes or a logarithmic preference in the sustainability issue. 

In this chapter, we assume that the world economy - the Home and the Foreign- is 

initially in long-run equilibrium, and that there are no taxes and no government 

expenditures in that long-run equilibrium. Next, starting from that long-run equilibrium, 

the Home government makes a transfer to the old generation, and the transfer is funded 

through the issuance of government debt. Thereafter, the Home government maintains a 

constant debt per young individual by levying a lump sum tax on the wage income of its 

current young and all future young generations. In contrast, the Foreign government 

continues to follow the policy of no tax and no government expenditure. Under this 

circumstance, the current old generation of the Home country will apparently achieve a 

free-ride welfare gain. The burden of the free-ride gain will be transferred to and shared 

with the current young generation of the Home country and all subsequent generations in 

both countries. 

The rest of this chapter is organized as follows. Section 2 sets up a two-country model 

without taxes and government expenditures. Section 3 analyzes debts, deficits, and 

crowding out of private investment in the presence of debts and taxes. Section 4 shows 

how the current account and the net foreign assets are changed with the debts. Section 5 

58 



presents the welfare results. Section 6 provides numerical examples for the analysis. 

Lastly, Section 7 is given to the concluding remarks. 

2. A TWO-COUNTRY GLOBAL MODEL WITHOUT TAXES AND GOVERNMENT 

EXPENDITURES 

2.1. Preferences and Technology 

Time is discrete and denoted by t,t = 0,1,... The world consists of two countries, called H 

(Home) and F (Foreign), respectively. In each country four classes of economic agents 

co-exist in each period: a young generation, and old generation, competitive firms, and a 

government. In the model there is a consumption good that is produced using labor and 

capital. The consumption good can also be used as investment goods for capital 

accumulation. An individual works when she is young and retires when she is old. A 

young individual has one unit of time that she supplies in-elastically on the labor market. 

The individual spends part of the labor income on current consumption; the remaining 

part is saved to provide for her old-age consumption. The savings of the young 

generation in any period constitute the economy's capital stock in the following period. 

In any period, it is the old individuals who are the owners of the economy's stock of 

capital in that period. In what follows, the consumption good is taken to be the numeraire 

in each period. 
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Let N°t and Nl
u denote, respectively, the number of young individuals and the number of 

old individuals at the beginning of period t in country i, i = H,F. The population in each 

country is assumed to grow at the same constant rate n. Thus the number of young 

individuals at the beginning of period t in country i is N°it = N°0(l + n)',t = 0,1,.... The 

preferences of an individual in country / are assumed to be represented by the following 

utility function: 

(1) !EJ— + /?JI£J_. 
l - ( 7 l - < 7 

In (1), c° and c1 denote, respectively, the current consumption and the future 

consumption. Also, a, 0 < a < 1, is the reciprocal of the inter-temporal elasticity of 

substitution, and /?,, 0 < /3t < 1 is the discount factor for future consumption. We have 

chosen not to include bequest motive in the model since such transfers may lead to the 

neutrality of the government's debt. In what follows, we shall assume that fiH < fiF, i.e., 

agents in the Home country are less patient than agents in the Foreign country. 

In both countries, the technology used to produce the consumption good is of the Cobb-

Douglas type, and is assumed to have the following form: Y = Kall~a, where K, L, and Y 

denote, respectively, the capital input, the labour input, and the output of the consumption 

good. Also, a, 0 < a < 1, is a parameter representing the share of capital in national 

income. Letting k = KIL denote the capital labour ratio, we can express the output 

produced per worker as f(k) = ka. Capital is assumed not to depreciate. 
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Observe that the two countries differ only in terms of the absolute sizes of their 

populations and their rates of time preferences. 

2.2. Utility Maximization and Saving 

Consider a young individual of period t in country i who faces the wage rate a>t t and the 

rate of interest rit+l on her saving. A young individual of period t in country i solves the 

following utility maximization problem: 

\c° 11~<T \cl 11_<T 

(2) max/. , , i ^ i _ + ^ ^ ^ -

subject to 

c\. 
(3) C<v+7T = au 

i,t+l 

As we have shown in section 3.1 of Chapter 1, it is simple to show that the solution of the 

maximization problem constituted by (2) and (3) yields the following current 

consumption and old-age consumption: 

(4) 4 = "*' 
l + fr(l + rt^fi 

and 

, « i Pr^rit+X)ocoit 
(5) c«,r+l = i 

l - < 7 

Furthermore, the saving of the individual is given by 

17 For ease of exposition, we repeat in the next two sections the analysis in sections 3.1 and 3.2 of Chapter 
1. 
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(6) SiMt • 1m) = ^ — • 

Observe that saving rises with labor income and the rate of return during its investment 

span. Also, a more patient individual, i.e., one with a higher value of f3t, saves a higher 

proportion of labor income. The list (c;°;, c)t+l, sit [p)it, rit+l)) is called the optimal lifetime 

plan of a young individual of period t in country i. 

Substituting (4) and (5), respectively, for c° and c1 in (2), we obtain the following 

expression for the indirect lifetime utility function of a young individual of period t in 

country i: 

/7,i-0-1~°' ( I i - i V 

1-0" ^ 

2.3. Profit Maximization 

Let cot t and rit be the wage rate and the rental rate of capital that prevail in period t in 

country i. The representative firm that produces the consumption good solves the 

following profit maximization problem in this period: 

(8) max,. , ,Kal}-a-a)itL-ritK. 

The following first-order conditions characterize the optimal labor and capital inputs: 

(9) (l-a)KaL-a~Q)it=0, 

(10) aKa-ll}-a-rit=Q>. 
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Let Kt t and Lt t denote, respectively, the capital input and the labor input associated that 

solves (9) and (10). The output of the consumption good produced from the input 

combination (Kit,Lit) is Yit = K"tl\~". The list (Yit,Kit,Lit) is called an optimal 

production plan in period t for the representative firm in country /. The capital labor ratio 

in period t is then given by kt t = Kitl Lit. 

2.4. Autarkic Equilibrium 

Let \Kit,N®t,N
l
Ut) denote the state of the economy in country i at the beginning of 

period t. Here Kit represents this economy's capital stock in period t, while N°t and 

N]tt - we recall - represent, respectively, the number of young individuals and the 

number of old individuals in period t in country /. The initial state of the economy of 

country i, namely, {Ki0,N°0,N]0), is assumed to be given. In Chapter I, we have shown 

(Proposition 1) that there exists a unique competitive equilibrium for each economy when 

it is in autarky. Furthermore, in autarky, the Home country, which is less patient than the 

Foreign country, has a lower capital labor ratio (Proposition 3) than the Foreign country 

in the long run. 

2.5. Open-Economy Equilibrium 

Suppose that initially the two countries are in autarkic long-run equilibrium. Next, 

suppose that in period 0 the governments of the two countries open their borders and 
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allow goods and capital to flow freely. In Chapter 1, we have shown (Proposition 5) that 

there exists a unique competitive equilibrium under economic integration. The world 

capital labor ratio in the long run, say k, is higher than kH,the autarkic steady state 

capital labor of the Home country, but lower than kF, the autarkic steady state capital 

labor of the Foreign country: kH <k <kF, and this means that in steady state the Home 

country is a net debtor. 

3. DEBTS, DEFICITS, AND CROWDING OUT OF PRIVATE INVESTMENT 

The model formulated in Section 2 can be used to analyze the global impact of 

government deficits and debts. The natural way to address this question is to introduce 

into that model a particular type of debt instrument and a policy to manage the debt over 

time. We could then study the dynamic adjustments of the world economy in its 

convergence to the steady state. To this end, we shall assume that the world economy is 

initially in long-run equilibrium, and that there are no taxes and government expenditures 

in that long-run equilibrium. Next, starting from that long-run equilibrium, the Home 

government issues - as a gift18 to the old generation of period 0 - a quantity of claims, 

say DH 0 , on itself. The national debt per young individual of period 0 in the Home 

country is then given by d - DH0/ N°Hfi. To finance this gift, the Home government 

chooses to tax the current young and all future young generations. Since the young 

18 The gift can be interpreted as a social security payment. 
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individuals in our model can be interpreted as prime-age workers, it is reasonable to 

assume that they bear all the taxes. In what follows, we shall denote by T°Ht the tax (lump 

sum) imposed on a young individual of period t in the Home country. Letting DH t 

denote the national debt of the Home country in period t,t = 0,1,..., we can represent the 

financial constraint of the Home government by the following difference equation: 

(11) D f l ; t l = a + » ; ) ^ , - ^ / f l , , 

a=0,1.,...). 

Following Diamond, op cit., we shall assume that the taxes in each period t = 0,1,..., say 

T%t, are chosen so that the debt per worker, DHt IN°Ht,t = 0,1,..., is held at the constant 

level d. It then follows from (11) that 

d = °^ 

(12) 

1+n l+n 

Note that in (12) rt represents the world interest rate in period t,t = 0,1,.... Solving (12) 

for T°H t, we obtain 

(13) T°Htt=(rt-n)d. 

Equation (13) gives the tax imposed on a young individual of period t in the Home 

country so that the debt per young individual in the Home country remains at the level d 

through time. 

I V H,t+\ 

= (1 + 
J Vff ,H-l 

1 + r — 
- ' d-

N° 

N° 

1° LH,t 

'•H.t 
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Under the above policy of debt management, the solution of the utility maximization of 

the successive young generations in the Home country must be modified to account for 

the tax T°Ht. The labor income, net of taxes, of a young individual of period t in the 

Home country is now given by 

(14) Q)t-T°Ht=COt-(rt-n)d. 

In (14), cot represents the wage rate that prevails in each country in period t when capital 

markets are integrated. The solution of the utility maximization problem of a young 

individual of period t in the Home country now becomes 

w.-rl 
( ! 5 ) cHt= j 

(16) c\ 

l + ̂ ( l + r ( + 1 ) -

"•'+ 1 " 1 X-a 

1 + ^ ( 1 + ^ ) -

and 

(17) sHj(cot-THj, rt+l) = 
.0 „ x _ 0},-TH,t 

\-cr 
i+pH°{i+rt+1y-

As for the problems faced by the representative firms in the Home and Foreign countries, 

they are still the same and given by (8), (9), and (10). For the successive generations 

abroad, the solution of their lifetime utility maximization problem is still given (4), (5), 

and (6). However, now their savings, besides capital, might also contain part of the 

national debts of the Home country. 
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Now because we assume that initially the world economy is in steady state, the world 

capital labor ratio in period 0 is equal to k. The initial wage rate in both countries is then 

given by W = (1 - ocjk"', and the initial rental rate of capital on the global capital market 

by r = aka~x. To avoid dynamic inefficiency, we shall assume that r > n. This 

assumption also ensures that the tax paid by the successive young generations in the 

Home country is positive. 

If kx is the world capital labor ratio in period 1, then the world rate of interest in period 1 

is given by rx = ode"'1. In the Home country, the saving of a young individual of period 0 

is given by 

CO — T 

(18) sH(m-T°Hfi,ri) = L
 H-° i g , 

l + yff^l + r J - T 

and in the Foreign country, the saving of a young individual of period 0 is given by 

(19) sF(W,ri) = -j^ — . 

i + A * ( i + i i ) - r 

The introduction of national debts into the model changes the saving decisions of the 

young individuals in both countries in a fundamental manner. Now the saving of a young 

individual - in the Home country or in the Foreign country - might contain both capital 

and debts. In period 1, the equilibrium condition for the world capital market is given 

19 Since the national debt of the Home country, DH is included in the capital market clearing condition of 
the world, it is not meaningful to make a distinction of national debt between the internal debt and the 
external debt as shown in Diamond (1965). 
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Wff,oMa>-'rH,o.ri) + #°.oMfl>»/i) 

(20) = Nl H,0 
\-a 

+ N° • 
CO 

\~o 

l + ̂ f t + r j — 1 + fisil+rJ— 
= (N°H0+NFfi)(l + n)k1+DHfi. 

The equilibrium condition for the world capital market, as represented by the second 

equality in (20), can be rewritten as follows 

(21) 

* i = 

N H,0 OO-T H,0 

«,„+<„)a+»)1+^(l+rir? 
N Ffi 00 

(Nlo+K,o)a + ") 1 - C T 

l + fl^l + r , )— 
D H,0 

(N0
Hfi+N0

Ffi)(l + n) 

1 
1 + n 

7« 
<W - (r, - n)d 

l + ft^l + r.ff 
•d + Vf 

CO 

\-a 

1 + ^ ( 1 + ^ ) — 

In the expression on the last line of (21), we have let TJH and rjF denote, respectively the 

population of the Home country and the population of the Foreign country as fractions of 

the world population. Equation (21) yields the world capital labor ratio in period 1, given 

that rx is the world rate of interest that is expected to prevail in that period. Now let 

( 

(22) ^(«,r1) = d 
n + l V„ 

00 - ( r , -ri)d 

Vl + ZV^l + r J - . 
d + VF 

CO 

l + fir'ii+n)-*? 

,at-l 

j y 
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As defined, £(a>,rx) represents the interest rate in period 1 that is generated by the 

maximizing behavior of the young generations of period 0 in both countries, given that (i) 

the initial wage rate is W, and (ii) the world interest rate that is expected to prevail in 

period 1 is rt. To ensure that the tax paid a young individual of period 0 in the Home is 

non-negative, we shall only consider the values of rx that satisfies r{ > n. Furthermore, in 

order for the tax policy to be sustainable in period 0, we must have 

aJ-T°Hfi - Oj -ri)d >0;that is, rx <n + (W/d). 

Note that a rise in d shifts the curve 

(23) <T(5J,.): r{ -^ £(W,rx\ n< ^Kn + iW/d), 

upward. Furthermore, when d = 0 the upper constraint on rx ceases to be binding, and 

the map has a fixed point, which is r, the initial world interest rate. Thus when d is not 

too large, the map will have a fixed point, say rx = f\ > 7. However, if d is not small, the 

expression on the last line of (21) will not be positive, which means that the debt 

management policy cannot be sustained even temporarily: the global capital market in 

period 1 cannot be in equilibrium. 

To continue, suppose that the debt incurred by the Home government in period 0 is not 

too heavy and that f[ is the unique equilibrium world interest rate in period 1. The 

i 

equilibrium world capital labor ratio in period 1 is then given by k{ =(rl/a)a'1, and 

wage rate that prevails in both countries in that period by a\ = (1 - a)k". Because 
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r, > r , w e have a\ < w. If r2 is the interest rate that is expected to prevail in the global 

capital market in period 2, then the saving of a young individual of period 1 in the H o m e 

country is given by 

(24) MA-4. i 5r 2 ) = a\-rHX 

l + j3H°{l + r2)
l« 

Similarly, in the Foreign country, the saving of a young individual of period 1 is given by 

(25) sF(d\,r2) = -
Q\ 

1-(X 

i+A*(i+r2)-r 

The equilibrium world capital labor ratio in period 2, if an equilibrium exists, is then 

given by 

(26) k2 = 
1 

1 + n 
VH 

Q\ - ( r 2 -n)d 

1 + ^ ( 1 + r2)~ * 

•d + VF 
G\ 

l - c r 

l + PF°{l + r2)~ 

Equation (26) yields the world capital labor ratio in period 2, given that r2 is the world 

rate of interest that is expected to prevail in that period. Next, let 

(27) g(fi\,.):r2 -> g(a\fr2),n< r2 <n + (o\ld), 

be the map defined by 

(28) C(a>i,r2) = c\ 
1 + n 

VH 
G\-(r2- ri)d 

i+y#7(i+r2;rf 
-d + r?F 

a\ 
\-c 

i+pF°{i+r2y* 

N Q T - 1 

As in the case of period 1, if d is not small, then £(d\,r2) will not have a fixed point: 

the debt management policy is sustainable in period 1, but not sustainable in period 2. On 
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20-the other hand, if d is small enough, then it has a unique fixed point, say r2 = rv We 

shall let k2 = (r2/a) ' denote the equilibrium world capital labor ratio in period 2 and 

CO2 = (1 ~ oc)k" denote the two countries' common equilibrium wage rate in period 2. 

Note that r2 > r{ because OJL < W, 

The procedure just described for periods 1 and 2 can be repeated ad infinitum to obtain an 

increasing sequence (rt)~=1, with r<i\, of interest rates that clear the world capital 

market in each period t = 1,2,..., if the debt management policy of the Home government 

can be sustained indefinitely. In the long run, the equilibrium world interest rate, say 

r = £imt^Jrt, is the value of r that is defined implicitly by the following relation: 

(29) r = a\ 
l + n 

1H 

(1-a) r 
a 

a 

(r-n)d 

1 + j3H°(l + 7) 
l-cr 

a 

— d 

(1-a) 

+ 1F 

r 

a 

a 

1 + ^ ( 1 + r ) " 
\-a 

a-\ 

In what follows, we shall let 

(30) k = r 
a 

1 

and 

(31) o)=(l-a)k 

20 We ignore equilibrium with a lower value of capital labour ratio in the presence of the government debts 
as shown in Obstfeld and Rogoff (1996). 
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denote, respectively, the equilibrium world capital labor ratio and the equilibrium wage 

rate in the long run that are induced by the debt management policy adopted by the Home 

government. We summarize the preceding results in the following proposition: 

PROPOSITION 1: Suppose that the Home government makes a gift to its old generation 

of period 0 by issuing a quantity of claims on itself and then adopts a debt management 

policy under which the debt per young individual in each period t = 0,1,.... is maintained 

at a constant level d. Also, suppose that d is not too high and that this policy is 

sustainable in the long run. Then in the period that follows the period that the gift is 

made, the equilibrium world interest rate will rise above its initial level of r, and will 

continue to rise through time to the long-run level r, as defined implicitly by (29). In the 

long run, the equilibrium world capital labor ratio, namely k, will be lower than k, its 

initial level before the debt is incurred. Furthermore, the higher is the initial debt 

incurred by the Home government, the higher will be the equilibrium world interest rate 

in the long run, and a fortiori the lower will be the world capital labor ratio in the long 

run. 

Proposition 1 describes how the impact of the debt incurred by the Home government is 

transmitted abroad: it crowds out private investment both at home and abroad and 

induces a fall in the world capital labor ratio through time to a lower level in the long run. 

Intuitively, we expect that if the debt is incurred in autarky, then there will be a more 

pronounced crowding out of private investment in the Home country. Indeed, the result 

for debt and debt management for autarky can be obtained by setting rjH = 1 and rjF = 0 
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in the open-economy analysis. If we let r# denote the long-run equilibrium interest rate 

in the Home country if the debt management policy is carried out in autarky, then the 

following version of (29) holds 

(32) rH = oA 
a-a)\ 

I H 

a 

a , a-l 

- (rH - n)d 

1 + n 
+ ^ ( l + ~rH) * 

— d 

We claim that r<rH. To prove this, suppose that the Home country is in autarky and 

that the current prevailing wage rate is CO . Under this scenario, the equilibrium interest 

rate in the next period in the Home country is the fixed point of the map 

. a-l 

(33) r -> oA 
1 co-{r-n)d 

— d 

Next, note that 

f . a-l 

on 
1 co-{r-n)d 

1 + n n—, .hi 
— d > 

OA 
1 + n 

VH 
0)-{r-n)d 

l + foil + r)— 
— d + VF 

CO 

l + ^ ( l + r)-
\-a 

.a-l 

j y 

Furthermore because r is the fixed point of the map 
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. a-[ 

(34) r -» d 
1 + n *7» 

0)-(r-n)d 
— d 

\-o 
+% 

Q) 

l + /t'(l+r)— 
1 - C T 

l + /V(l + r)— 

the fixed point of the map defined by (33) must be greater than r. Hence if the Home 

country is in autarky, and if at is the current prevailing wage rate, then the equilibrium 

interest rate in the next period will be higher than r. The argument just presented can be 

repeated ad infinitum to show that in autarky the interest rate in the Home country will 

rise monotonically through time to a unique value YH > r. We state the result just 

obtained more formally in the following proposition: 

PROPOSITION 2: Suppose that the Home country is in autarky and that government 

makes a gift to its old generation of period 0 by issuing a quantity of claims on itself, and 

then adopts a debt management policy under which the debt per young individual in each 

period f = 0,1,.... is maintained at a constant level d. Also, suppose that d is not too 

high and that this policy is sustainable in the long run. Let rn denote the autarkic 

interest rate in the long run under this policy of debt management. Then rn > r; that is, 

in the long-run the crowding out of private investment is more pronounced in autarky 

than in open economy. 
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4. THE CURRENT ACCOUNT AND NET FOREIGN ASSETS 

Let Bi t denote the net foreign assets of country i at the beginning of period t, i-H,F, 

t = 0,1,... Also, let G4j t denote the current account of country i at the end of period 

t, t = 0,1,... Note that at the beginning of period 0 - when the Home government makes 

the gift DH0 to its old generation of period 0 - the Home country's net foreign assets are 

given by 

(35) * * - 0 = - * ' - 0 

= -NF0[sF(a>,r)-(l + n)k] 

For a young individual of period 0 in the Foreign country her labor income is still W, but 

the rate of return to her saving has risen from F to rv Her saving is now 

(36) sF(W,rl) = -j- j ^ - . 

l+ZV^i + i j ) " 

The net foreign assets of the Foreign country at the beginning of period 1 is thus given by 

BFA = NF\fi[sF{c5,rx)-(\ + n)kx\ 

(37) =(l + n)NFfi[sF(m,r1)-(l + n)kl] 

>(l + n)NF0[sF(WJ)-(l + n)k] = (l + n)BF0. 

Hence the net foreign assets of the Foreign country rises one period after the debt is 

incurred by the Home government, which implies that the Home country runs a current 

account deficit at the end of period 0: CAH0 < 0. 
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To analyze the current account of the Home country and its net foreign assets for 

t = 1,2,.... requires some more work. To this end consider a young individual of period 

t > 0 in the Foreign country, and suppose that the equilibrium wage rate in period t is cot 

and the equilibrium world rate of interest in period t +1 is rt+l. Her saving is then given 

by 

co. 

(38) 

_1_ l-o-

l + /3F°(l+rt+l)~° 

Out of this saving, she has to provide capital for the next young generation in her own 

country and export the rest to the Home country. The capital export of a young individual 

is then given by 

eF,t = SF,t ~ (1 + ") 
^ 

(39) 
v oc) 

a-\ 

<P(rt+i) —-a+n) 
l + 0F°<X + rl+1) 

Ka j 

The following lemma is proved in Appendix A. 

LEMMA I: If d is small, then the map 

<P(rt+i) (40) rt+1 -4 

l + ^ ( l + r ( + 1 ) " -

(l + n) 

is strictly decreasing. 
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Now recall from Proposition 1 that the equilibrium world rate of interest is increasing 

with time. Then Lemma 1 implies that the resource for the saving is consistently depleted 

as the interest rate goes up. Applying Lemma 1 to a rising interest rate, we obtain the 

following proposition: 

PROPOSITION 3: Suppose that under the debt and the debt management policy adopted 

by the Home government the debt per young individual in the Home country is small and 

constant through time. Then the capital export by a young individual of period 

t,t = 0,1,..., in the Foreign country declines with t. Hence if there is no population 

growth, the net foreign assets of the Foreign country, which has shown a large increase 

in period 0, will decline through time, but remains positive in the long run, or 

equivalently the current account of the Home country will be positive for all t > 0 and 

tends to 0 in the long run. However, if the population growth rate is positive, the capital 

required by the successive young generations in the Home country might demand an 

increasing inflow of capital by foreign residents, with the ensuing result that the Home 

country's current account exhibits an ambiguous sign during the transition path even if it 

is negative in the long run. 

When a once-and-for-all transfer increases the government debt of a country by an equal 

amount, the demographic structure of the world affects the current account of two 

countries. With an aging population, say n = 0, the net foreign debt of the debtor country 

converges to a lower value as the economy approaches its steady state. Then the debtor 
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country must show a surplus in her current account on the transition path toward the 

steady state. With an increasing population, say n > 0, the net foreign debt of the debtor 

country may increase since the rising labor force requires more capital to be imported for 

adequate capital input. Then the current account of the debtor country during the 

transition path depends on the parameter values. 

5. WELFARE ANALYSIS 

Relative to the steady state that prevailed before the Home government makes the gift to 

its old generation of period 0, the old generation of period 0 in the Home country is 

clearly better-off: the consumption of this generation now consists of the old-age 

consumption of the old steady state plus the gift. As for the old generation of period 0 in 

the Foreign country, which does not receive any gift from its own government, its 

situation is still the same as in the old steady state, and is thus neither better-off nor 

worse-off. 

For a young individual of period 0 in the Foreign country, she is clearly better-off. Her 

labor income is still W, but the rate of return to her saving has risen from r to fv Her 

current consumption is given by 

(41) c° = ^ 

l + PJil+V 

and her saving by 
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(42) sFJm,r,) = 
CD 

J_ \-a • 

Relative to the steady state level before the Home government incurs the debt, she now 

consumes less, but saves more. Her lifetime utility is now 

^F^0)A) = 
(O 

1 - < T 

(43) 
l - < 7 

1 \-a\ 

i+Pfn" 

> 
m'-°f 

l - c r 

1 h ? V 
l l / l / r ' 

As for a young individual of period 0 in the Home country, we claim that her situation 

deteriorates with the debt. Immediately after the gift has been made, a young individual 

of period 0 in the Home country sees her disposable income reduced from the level W to 

W - TH 0 = W - (rx - n)d. Her current consumption is given by 

(44) 0 _ co-(t[- ri)d 

and her old-age consumption by 

r 4 o , ri _PS(X+riyUB-jfl-n)d] 
V+J) CH,1 ~ 1 1 - < T ' 

l+pga+r-)* 

Because i\ > r > n, her current consumption is lower than the corresponding steady state 

level she enjoys if the Home government had not incurred the debt. As for her old-age 

consumption, the rise in the future world rate of interest above the steady state level that 

prevailed before period 0 has two opposite effects. First of all, the rise in the world 
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interest rate reduces her disposable income, which, everything else equal, reduces her 

saving. However, the rise in the future world rate of interest, again everything else equal, 

induces her to save more. To obtain a more definite answer to the combined impact of 

these two opposing effects on her old-age consumption, note that in period 1 the 

combined consumption of the two old generations - both at home and abroad - is given 

by (N°H^ + N°F ^[ki + ak"], and the total consumption of the old generation in the 

Foreign country by A^4(l + f[)sF 0(cD, r\). The total consumption of the old generation of 

period 1 in the Home country is then given by 

,A*S ( ^ i + ^ i ) ^ + < ] - 4 i ( i + ^ K o ( « . * i ) 
(46) _ _ 

<(Nl1+NF,)[k+cdca]-NF,(l + r)sFfi(coJ). 

The right side of inequality (46) represents the total consumption of the old generation of 

period 1 in the Home country if there is no public debt in the Home country. Hence with 

the debt incurred by the Home government, the consumption - current as well as future -

of a young individual of period 0 in the Home country is lower than its corresponding 

level in the old steady state. The public debt thus makes the young generation of period 0 

in the Home country worse-off. 

For the young generations that come after period 0, the welfare analysis is more 

complicated. Consider a young generation of period t,t = 0,1..., in country i,i = H,F. 

Suppose that cot is the current prevailing wage rate in both countries and rt+l is the world 

rate of interest prevailing in the next period. Then the lifetime utility of a young 

individual of period t in the Home country is given by 
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(47) vH,(a)t-(rt+l-n)d,rt+l) = 
[cot-(rt+l~n)d] l-a 

\-a 

1 l-CT \ 

1+AM 

Now given d, we can use the equilibrium condition on the global capital market in period 

t to assert that there exists a functional relationship that links rt+l to 0)t, and vice versa. 

For our own purpose, we shall express this functional relationship as cot = <p(rt+l), then 

rewrite (47) as follows: 

(48) vHf (<p(rt+l) - (rf+1 - n)d, rt+l) = • 
i(P(rt+1)-(rl+1-n)d] \-<y 

l - < 7 

1 1-<T\ 

1+ /#'•«? 

For a young individual of period t in the Foreign country, the following version of (48) 

expresses her lifetime utility: 

(49) 

1-0- l + fl^f 

The following lemma is proved in Appendix B. 

LEMMA 2: If the debt per young individual d is small, then both (48) and (49) are 

strictly decreasing in rt+v 

The following proposition describes the impact of the debt on the current and future 

young generations of the Home country. 
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PROPOSITION 4: Suppose that the debt per young individual in each period t = 0,1,..., in 

the Home country is small. Then the following chain of inequalities describes the welfare 

of the successive young generations of the Home country: 

(50) vH_l(mj)>vH0(a),rl)>vH1(d)[,r2)>....>vHt(d)t,rl+l)>.... 

In (50), we have let vH _x(W,r) denote the lifetime utility of a young individual in the 

steady state that prevailed before the Home government incurred the debt. That is, the 

debt and the debt management policy adopted by the Home government reduce the 

welfare of its young generation of period 0, and the welfare of all the generations that 

follows. Furthermore, the standard of living in the Home country declines through time. 

In particular, the welfare of the Home country is lower under the steady state induced by 

the debt and the debt management policy than under the old steady state that occurs 

without debt. 

PROOF: Recall from Proposition 1 that the sequence (rt)"=l of equilibrium world interest 

rates begins with r[ > r, then rises steadily through time to the new equilibrium level r 

in the long run. The chain of inequalities now follows from Lemma 1 and from the fact 

that the welfare of the young generation of period 0 in the Home country is lower than its 

corresponding level in the old steady state. • 

For the Foreign country, the following version of (50) holds: 

(51) vFfi{W,r{) > vFl(d\,r2) >.... > vFt(d)t,rt+l) >.... 
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That is, the standard living in the Foreign country also declines through time. However, 

because the welfare of the young generation of period 0 is higher than the level in the old 

steady state, it is not clear from (51) that the welfare of the Foreign country is higher or 

lower in the new steady state than in the old steady state. The following lemma, proved in 

Appendix B, gives a condition that guarantees that the debt and debt management policy 

adopted by the Home country also lowers the welfare of the Foreign country in the new 

steady state. 

LEMMA 3: Consider a young individual of the Foreign country who lives in a steady 

state under which the world interest is r. Then his lifetime utility, as a function of r, is 

given by 

(52) vF(r) = 

(l-a)[r/a]a~l 

J 
( I h?Y 
l + /?/r a 

1-0-

If a > 1 / 2, then (52) is strictly decreasing in r, 

Using (51) and Lemma 2, we obtain the following Proposition: 

PROPOSITION 5: Suppose that the debt per young individual in each period t = 0,1,..., in 

the Home country is small. Then the welfare of the young generation of period 0 in the 

Foreign country rises above its old steady-state level. After that the standard of living in 

the Foreign country declines steadily through time. Furthermore if the income share of 

the factor capital is at least V2, then the welfare of the Foreign country is lower in the 

steady state with debt than in the steady state without debt. 
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PROPOSTION 4 and PROPOSITION 5 describe about how the economic effects of a 

transfer can be transmitted across generations and countries. The welfare of all current 

and future generations of a country can be invariably reduced by a once-and-for-all 

transfer in the country which creates the national debts. Moreover, the welfare of all 

future generations of the other country that is immune to its own national debt, can be 

lowered by the fiscal policy of her neighbor country. The only groups who could be 

better off from the transfer are the direct beneficiary of the transfer and the current young 

generation of the neighbor country. All others are worse off. 

6. NUMERICAL EXAMPLES 

6.1. Sustainability calculation 

In the example the values assumed for the parameters are as follows: 

1 1 1 4 5 4 35 
a= « ' a = r » £H = -#* J8p = -! ?7H = - ; J?F = - ; n = ——; 

2 2 2 5 9 9 100 

The debt per worker in the Home country is held at the constant level d , which is 
assumed to be 7.5 percent of the wage rate of period 0; d = 0.075 Q)0 = 0.007783. 

Based on the parameter values and the ratio of the debt per worker, we can trace the 
transition paths of the wage rate, the interest rate and the capital labor ratio toward the 
steady state in the open economy. 

wages = Table[{t, w[ t ]} , {t , - 1 , 15}] 

{{-1, 0.103775}, {0, 0.103775}, {1, 0.0966878}, {2, 0.0930676}, {3, 0.0911352}, 

{4, 0.0900781}, {5, 0.0894919}, {6, 0.0891643}, {7, 0.0889804}, {8, 0.0888769}, {9, 0.0888186}, 

{10, 0.0887857}, {11, 0.0887672}, {12, 0.0887567}, {13, 0.0887508}, {14, 0.0887475}, {15, 0.0887456}} 

interestrates = Table[{t, r[t]}, {t, -1, 15}] 
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{{-1, 2.40906), (0, 2.40906), (1, 2.58564), (2, 2.68622), (3, 2.74318), (4, 2.77537), (5, 2.79355), (6, 2.80381), (7, 2.80961), 

(8, 2.81288), (9, 2.81473), {10, 2.81577), {11, 2.81636), {12, 2.81669), (13, 2.81688), {14, 2.81698), {15, 2.81704}) 

capitallaborratios = Table[{t, kx[w[t] ]} , { t , - 1 , 15}] 

{ { - 1 , 0 .0430768}, {0, 0 .0430768}, {1, 0 .0373941}, {2, 0 .0346463}, {3, 0 .0332225}, 

{4, 0 .0324563}, {5, 0 .0320352}, {6, 0 .0318011}, {7, 0 .03167) , {8, 0 .0315964) , {9, 0 .031555) , 

{10, 0 .0315316}, {11, 0 .0315185) , {12, 0 .031511}, {13, 0 .0315068}, {14, 0 .0315045) , {15, 0.0315031}} 

Figure 1.- The dynamics of the equilibrium world interest rate with sustainable debt 

On the contrary, when d =0.15 a)0 =0.015662, the debt and debt management policy 

cannot be sustained beyond period 2. In period 1, the equilibrium world interest rate is 

/j = 3.10649, which is above the initial long-run equilibrium value of r = 2.40906. The 

equilibrium wage rate in period 1 is o\ = 0.08048. In period 2, the equilibrium world 

interest rate is r2 = 4.33587 and the equilibrium wage rate is 0)2 = 0.05766. 

However, in period 3 there is no level of world interest rate that clears the world capital 
market: the map r3 —> g(a)2,r3) has no fixed point, as can be seen from the following 
figure: 
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45-degree l i n e 

Figure 2.- Unsustainable debt and debt management policy 

6.2 Net foreign assets and current account calculation 

If the rate of population growth is positive, i.e., n = 3 5 % , the net foreign assets of the 
Home country are 

»H f t+ l :Table [ ( l + n ) « « [ t ] ' r [ t + l ] \ ^ r N 

U + {fa)~° ( l + r [ t + l ] ) ~ a 

_ _ - ( l + a ) ( E l ^ I I ) = * f {tf _ l f l 0 } ] 

{{-1, 0}, {0, -0.0218}, {1, -0.02853}, {2, -0.03792}, {3, -0.05079}, {4, -0.06827}, 

{5, -0.09194}, {6, -0.12395}, {7, -0.16721}, {8, -0.22564}, {9, -0.30454}, {10, -0.41107}} 

and the current account of the Home country is 

CAH,t = Table 

{t, -1, 10} 

(1 + n)' 
«[t] 

U+(M 
1 U 

"a ( l+r [ t + l])" a 

.(1 + n) r[t + l l l n (1+n; t-i 
u[t-l] r [ t ] \ n 

U + (W"5(l+r[t])"a 

- - ( 1 + n) — 
i^ \ a 

{ { - 1 , 0 } , {0, - 0 . 0 2 1 8 } , {1 , - 0 . 0 0 6 7 3 } , {2, - 0 . 0 0 9 4 } , 

{3 , - 0 . 0 1 2 8 6 } , {4, - 0 . 0 1 7 4 8 } , {5, - 0 . 0 2 3 6 7 } , {6, - 0 . 0 3 2 0 1 } , 

{7, - 0 . 0 4 3 2 6 } , {8, - 0 . 0 5 8 4 3 } , {9, - 0 . 0 7 8 9 } , {10, - 0 . 1 0 6 5 3 } } 

The current account of the Home country with a positive population growth, beginning 
with the generation of period t = - 1 (the old steady state) can be seen from the following 
figure: 
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ListPlot[CA.[H], PlotStyle-• PointSize[0.03], PlotRange-» {{-1, 10}, {-0.15,0.1}}, AxesLabel-> {"t", "aIit"}] 
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4 

Figure 3.- The current account of the Home country with a positive population growth 

If the rate of population growth is zero, the net foreign assets of the Home country are 

BH,t+i = Table [ 
« [ t ] r [ t + l ] \ j p 

U + (j8H)"a ( 1 + r t t + l ] ) " o 

/ r [ t + l ] \ { t , - 1 , 10} 

{ { - 1 , 0 } , {0, -0 .03488} , {1, - 0 . 0 3 3 2 6 } , {2, -0 .03244} , 

{3, - 0 . 0 3 2 } , {4, -0 .03176} , {5, - 0 . 0 3 1 6 3 } , {6, -0 .03156} , 

{7, -0 .03152} , {8, - 0 .0315} , {9, -0 .03148} , {10, -0.03148}} 

and the current account of the Home country is 

CAH,t = Table 
w[t] 

l t ( f lr i"S(l tr[t t l ] )"r 

r [ t t l ] \ n u[t-l] 

l l+Wri'-a+rlt])"1^ 
a 

n 
, {t, -1,10} 

{ { - 1 , 0 } , {0, - 0 . 0 3 4 8 8 } , {1, 0 .00163}, {2, 0 .00082}, 

{3, 0 .00044}, {4, 0 .00024}, {5, 0 .00013}, {6, 0 .00007}, 

{7, 0 .00004}, {8, 0 .00002}, {9, 0 .00001}, {10, 0, 0}} 

The current account of the Home country with no population growth, beginning with the 
generation of period t = -l (the old steady state) can be seen from the following figure: 

ListPlot[CA[HO], PlotStyle^ PointSize[0.03], PlotRange-> {{-1,10}, {-0.04,0.002}}, ftxesLabel-* {"t", "QH,t"}] 
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Figure 4.- The current account of the Home country with no population growth 

6.3 Welfare calculation 

The indirect lifetime utility functions of the successive generations are 

(w[t] - ( r [ t + l ] -n) d)1_CT l + r [ t + l ] ° nEa\ 
v[H] [t_] := {- J— 

w [ t ] 1 - a l + r [ t + l ] a I3f°\ 
v[F] [ t ] := — 

1 - a 

The lifetime utility of a young individual in the steady state that prevails before the gift is 
made is 

(wt-1])1"0 l l + r [0] o $no\ 
v[H] [-1] = \ '— 

1 - a 

= 0.815546 

The lifetime utility of the successive generations in the Home country is 
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v[H] =Table[{t , v[H] [ t ] } , { t , - 1 , 9}] 

{{-1, 0.815536}, {0, 0.754209}, {1, 0.7245}, {2, 0.708499}, {3, 0.699698}, 
{4, 0.694801}, {5, 0.692059}, {6, 0.690518}, {7, 0.68965}, {8, 0.689161}, {9, 0.688886}} 

The lifetime utility of the successive young generations in the Home country, beginning 
with the generation of period t = - 1 (the old steady state) can be seen from the following 
figure: 

ListPlot[tv[H], PlotStyle-> PointSize[0.03], AxesLabel-» {"t", "vH<t {mt,xt+1)"}] 

O.S 

0.78 

0 . 7 6 

0 .74 

0.72 

• • • 

Figure 5.- The lifetime utility of the successive young generations in the Home country 

The lifetime utility of the successive generations in the Foreign country is 

v[P] =Table[{t , v [ F ] [ t ] } , { t , - 1 , 9}] 

{ { - 1 , 1 .02718} , {0, 1 .04977} , {1, 1 . 0 2 5 5 } , 

{2, 1 .01284} , {3, 1 .00601} , {4, 1 .00225} , {5, 1 .00016} , 

{6, 0 . 9 9 8 9 9 } , {7, 0 . 9 9 8 3 3 } , {8, 0 . 9 9 7 9 6 } , {9, 0 .99775}} 

The lifetime utility of the successive young generations in the Foreign country, beginning 
with the generation of period t = - 1 (the old steady state) can be seen from the following 
figure: 

ListPlot[tv[F], PlotStyle-» PointSize[ 0.03], AxesLabel-* {"tn, "vF>t (a>t,rt + i) "}] 
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Figure 6.- The lifetime utility of the successive young generations in the Foreign country 

7. CONCLUDING REMARKS 

In this chapter, we have explored how the government debt is globally transmitted in the 

two-country environment. By adopting a CIES preference into the model, we could 

accommodate a positive effect of interest rate on saving and also could trace the 

transition paths of the economic variables more precisely. A dynamic analysis focusing 

on the transition paths has led to the major finding as follows. 

First, the government debt of a country is transmitted over countries as well as over 

generations. If the debt is set at a high level, the debt management policy cannot be 

sustained even temporarily. Therefore, the analysis is no longer feasible for the case. If 

the government debt of a country is set at a low level, then it crowds out private 

investment both in the debtor country and the creditor country and induces a fall in the 

world capital labor ratio through time to a lower level in the long run. The crowding out 
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is more pronounced in autarky than in open economy. Since the influence of the 

government debt on domestic economy is less severe, countries may rely on the 

government debt too much for their deficit financing in the open economy. 

Second, the demographic structure affects the current account. With an aging population, 

the current account of the debtor country shows a surplus during the transition path and 

converges to zero in the steady state. With an increasing population, the current account 

of the debtor country shows an ambiguous sign during the transition path and reveals a 

deficit in the steady state. 

Third, the government debt caused by a transfer of a country lowers the welfare of future 

generations in both countries. Although the welfare of the young generation in the 

creditor country rises above its old steady-state level initially, after that, the welfare of the 

successive generations in the creditor country declines steadily through time. In particular, 

the welfare of the debtor country continuously declines and is lower in the steady state 

induced by the debt and the debt management policy than under the old steady state that 

occurs without debt. 
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APPENDIX A 

THE PROOF OF LEMMA 1 

The capital export of a young individual of period t in the Foreign country is 

(A.1) 

eF t = SF t ~ (1 + » ) V 
\0C j 

a-I 

= -(! + /!) 
V a , 

'r,^ 

u; 
«-i | (l-77f¥ , (l-77F)(rm-n)J 

1 + n ^ i 

(1 + n) 
1-<T\ 

1+ /?„*(! + rf+1) -
) 

K 

W 

1 - ^ 

(1 + n) l + ̂ ( l + r /+1)"-
+ -

rh 
( i 

(1 + n) 
1-aA 

l + A ' ( l + rl+i) * 

Differentiating the right side of the second equality in (A.l), then setting d = 0 in 

resulting derivative, we obtain 

1 1 

M-m-^'^m 
i 

ii+ri+t)<r (flr+ri+f(i-«) +afjrut)§? +<ji}+r\^~tt-nF. 

•<rV+riJtfi?lf 
i 

-1 +a)crrUl LgJ [l+r1+f)«rj8?+(l + ri+r)(l-7p) •(l + r , + , ) i8 / , j r 

(A.2) 



Hence for small d we still have eF t < 0, which implies that a rise in the equilibrium 
dr. t+i 

world interest rate in the next period reduces the capital export of a young individual of 

period t in the Foreign country. • 

APPENDIX B 

THE PROOF OF LEMMA 2 

In period t, the saving of a young individual in the Home country is given by 

(B.l) SH,t ~ 
°>t ~ (rt+i ~ n)d 

-1 l-o 

1 + fiJa + r^)'0' 

while the saving of a young individual in the Foreign country is given by 

(B.2) co. 
- 1 1 - < T 

l + / ? / ( l + r m ) " -

The equilibrium condition on the global capital market in period t +1 is given by 

N H.t 

(B.3) ^r+l ~~ ' 

-1 l-o -d 
KM 

- i i -g 

H-/? / ( l + r(+1)~" 

(l + /i)(tf° ,+#£,) 

Substituting 
v « y 

ar-1 
for A;;+1 in (B.3), we obtain 
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N H.t 

t* X^ 
(B.4) 't+i 

\<* J 

a-\ 

cot - (rt+l - n)d 
-1 l-o-

l+A'd + r^)"* 
-d + 

N°F,tcot 

- 1 1 - C T 

a+«)«,+#;,) 

Solving (B.4) for <2>, we obtain 

nH{rt^-n)d 
( - i 

(l + ») 

(B.5) <yr=^(rr+1) = -

i - f f \ + 
^ + 1 ^ ~ - ' 

l + ^ d + r(+1) 
v a J \ + n 

V„ nf 
( - i 

(l + n) 
l ^ r \ 

l + / ? / ( l + r m ) -
/ - i 

d + n) 
i-^A 

l + / ? / ( l + r,+1) * 

The lifetime utility of a young individual of period t in the Home country is given by 

(B.6) vflit (p(rr+1) - (rf+1 - n)rf,rr+1) = • 
\(p{rt^-{r^-n)dta 

1-<T 1 + ^ H - f 

Taking the logarithm of (B.6), then differentiating the result with respect to rt+l, we 

obtain 



(B.7) 

drM 
Log 

{-d(-n+ri+t)-np(ri+t)) 
1-<T 

l-o-

-1 + 1-cr i 

1-cr J_ ( l - O - l - d -
l 

- l+a 1 + t l « i f _ i z i 
(1+n) l+(l+r1+f) cr £ f f 

1/cr 

- l - ± = £ ,-1/cr l - 1 ^ „-l/cr 
( l -c r ) ( l+ n + f ) °" Jgff Tff (l-cr)(l+^1+i) cr jfr qjr 

(l+n)cr 1+(1«-,+,) a- ^ ° (l+n)cr 
l-o- _ w 3 2 

\2 

_!!£_ 

(1+n) 
1 - C T 

' V 

l+(l+n+f) °" /»ff' (1+") 
l/o- l+(l+r1+() a- pF 

l/<r 

a -1+cr 
1 - 1 + ' 

1+a 
l-o-

-l/o-T 

-1+ff C l-cr . ,_\2 
^Tff 

(1+M)CT l+(l-wi+tl * % 
l/o- (1-wi) 

l-o-

i+(i+n+f) ff % 
1/cr 

w 
(i+») 

ryr 
l-o-

i+(i+n+t) °" / V 
1/cr 

^ ^ ^ + o - 4 ^ + - d(-n+r1+f)r> f f 

(i+») 

- d ( - n + r 1 + ( ) + 

l+(l+r1+() a- % 1 / < r 

W 

(1+n) 
1-cr 

Tjf 

1+(1«"!+,) °" % 
I/O-

(1+n) 
l-o-

i+(i+n+f) °" J ^ 
I/O" 

For J = 0, the right side of (B.7) is reduced to 



(B.8) 

(l-<7) 
i i \ 

(l-<7) 

r^+aP'r^ 

_L -!±!L - I _!_h£ 
7 f l ( l - < T ) ^ ( l + r , + I )

 g
 | 77 f(l-<r)&g(l+r,+1) CT 

i-aA 

l + /?^(l+r ( + 1) -
1-<T\ 

a-a)rt t+i 

i i >\ 

i+i+#*tfi 
?7H 

- + -

i+^a+r l + 1 ) 

^ 
_ L 1-<T l l-o-

1 + / ? ^ (l+r /+1)" f f l + ̂ ( l + rr+1)"* 

which is negative. Hence for small d the derivative (B.7) is negative, which means that 

the lifetime utility of a young individual of period t in the Home country is a decreasing 

function of the equilibrium world rate of interest in the next period. This result can also 

be established for a young individual of period t in the Foreign country by the same 

proof technique. • 
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APPENDIX C 

THE PROOF OF LEMMA 3 

Taking the logarithm of (52), then differentiating the result with respect to r, we obtain 

dr 
Log 

(C.l) 

f 

(1-tf) 

V 
\a) 

i \ ^ - a 

a-\ 
f J_ \-a\ 

\-a 

(X-<r) 
i i \ 

ar + {2a-\)P°rc 

r{l-a)\ 
i n 

r + /3?rc 

Observe that the right side of (C.l) shifts downward when a rises. Furthermore, for 

a = 111, (C.l) is reduced to 

(C.2) 1 ° , <0. 
i i 

Hence in steady state the lifetime utility of a young individual in the Foreign country is a 

decreasing function of the equilibrium world rate of interest. • 
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CHAPTER 3 

THE DYNAMIC EFFECTS OF TAX REFORM 
IN THE OPEN ECONOMY 

1. INTRODUCTION 

TAXATION HAS AN IMMEDIATE IMPACT on the capital stock of an economy by affecting 

the resource allocation between generations. Given the importance of tax policy, there 

has been a long-standing argument on which tax instruments are better for capital 

formation in a country. To address this issue, two streams of literature have been 

developed during the past two decades. The first stream focuses on the comparison 

between the capital income tax and the wage tax in an infinite horizon model; see, for 

example, Judd (1985) and Chamley (1986). This stream of the literature leads to the 

prediction that the optimal tax rate on capital income is zero; only labor income should be 

taxed in the long run. The second stream is built on an overlapping-generations (OLG) 

model; see, for example, Atkinson and Sandmo (1980) and Summers (1981). Since the 

second stream models explicitly the behavior of agents in successive generations, 

consumption is naturally included as an additional tax base for comparison. Before the 

incidence of "tax reform" in favor of the consumption tax in the 1990s21, the potential 

benefits of switching from "income taxes" to "consumption taxes" have generated a 

considerable amount of debate on the efficiency of each tax instrument. For example, 

Summers (1981) reported that switching to a consumption tax would raise consumer 

21 For example, the GST is introduced in Canada in 1991, and the VAT is introduced in Japan in 1989. 
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lifetime income by 6 to 16 percent, and boost the capital-output ratio 40 to 60 percent. In 

addition, for reasonable parameter values, the annual welfare gain is estimated at 10 

percent of GNP. Auerbach and Kotlikoff (1987) incorporated endogenous labor supply 

and multi-period lifetime, and reported smaller, but still substantial gains for the 

consumption tax.22 

One of the main reasons we use the OLG model is that the observed lifetime 

consumption profile is not flat but has a life-cycle pattern. Since agents face a period of 

retirement at the end of their life, they have a strong motive for saving for their old age. 

The OLG framework is suitable for constructing a dynamic general equilibrium model 

that involves this kind of behavior in a tractable way. This is a critical feature underlying 

the OLG model when we analyze the effects of changes in tax policy. Despite the fact 

that the optimal tax is derived in an inter-temporal setting, the main results of the second 

stream do not deviate much from those of the first stream: the consumption tax is 

superior to a wage tax, and the capital income tax is inferior to both the wage tax and the 

consumption tax, as far as capital formation is concerned. However, due to the lack of a 

method to solve for the dynamic path of the economy, the two streams, until the early 

1980s, focused on analytical methods. Since then, keeping pace with the progress of 

computer technology, a number of researchers have turned to numerical methods for 

analyzing and evaluating complex policy issues. Auerbach and Kotlikoff (1987) 

pioneered the use of numerical simulation model in addressing this issue in the context of 

22 See Aaron and Gale (1996) for a comprehensive discussion of the economic effects of tax reform; Batina 
and Ihori (2000), Erosa and Gervais (2001) for a good theoretical survey on the issue; and Erosa and 
Gervais (2001) for a comparison of the optimal taxation between the infinite horizon model and the OLG 
model. 
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a dynamic general equilibrium model. These researchers extended the OLG model of 

Diamond (1965) to analyze the effects of dynamic fiscal policies by endogenizing the 

labor supply of households who live many periods. Simulating the impact of changes in 

the tax bases, Auerbach and Kotlikoff found that the consumption tax generates 

significantly higher capital formation than either the wage tax or the capital income tax.23 

The literatures mentioned above, however, deal only with these matters in the context of 

a closed economy. As the global integration of capital markets is progressing, the impact 

of the tax policy of a country will not be restricted to the domestic economy, but will be 

transmitted to other countries. The repercussions from the rest of the world in turn will 

feedback to the domestic economy. In this sense, the work of Ihori (1996) is noteworthy 

in that it extends the analysis for the effects of tax reform to the open economy. However, 

his work is not free from the limitations, either. Since the research is done with analytical 

methods mainly focusing on the steady state, the feedback effect from the repercussions 

of the tax reform cannot properly be addressed. 

The purpose of this chapter is to analyze the impact - on the country itself and the rest of 

the world - of a tax reform that a country carries out. To study the problem of tax reform, 

we formulate a two-period and two-country OLG model. In each economy, two 

generations - one young and one old - coexist in each period. An individual lives two 

periods, working when she is young, and retiring when she is old. Part of her labor 

income is spent on current consumption, and the remaining part is saved - under the form 

of capital investment - to provide for her old-age consumption. Besides their private 

23 See Kotlikoff (2000) for a detailed explanation of the origin, structure, and a future improvement of their 
dynamic simulation OLG model. 
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consumption, individual agents - young and old - pay taxes to the government. In order 

to finance the provision of public goods, the government levies proportional taxes on all 

or one of the tax bases: wages, capital income, and consumption. Simulating the model 

with plausible values for the parameters, this chapter tries to answer the following 

questions: Which tax scheme is better for capital formation and economic growth? Which 

tax scheme is better for improving the welfare of a country? And how is the tax reform of 

one country transmitted to the rest of the world? 

The rest of the paper is organized as follows. In Section 2, the basic two-period and two-

country OLG model that include all tax schemes is presented. In Section 3, the basic 

model is specialized to trace the effects of the tax reform toward the capital income tax 

and the consumption tax. In the Section 4, the simulation of the model is explained, and 

the results of the simulation are presented. Section 5 contains a summary of the results 

and some concluding remarks. 
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2. THE MODEL 

2.1. Economic Agents, Preferences, and Technology 

In the model, time is discrete and denoted by t,t = 0,1,- • There are two countries 

denoted by i,i = H(Home),F(Foreign). In each period, four classes of economic agents 

co-exist in the each country: a young generation, an old generation, a representative firm 

that produces a consumption good from labour and capital, and a government. Each 

government provides a public good that is financed by taxing its citizens. The 

consumption good can also be used as an investment good to augment the stock of capital 

as well as to produce the public good. For simplicity, we assume that the public good 

enters the utility function of a consumer additively, and thus will be suppressed in the 

utility maximization of an individual because it does not influence her private decision. 

In each period t, the population structure is represented by a list, say (N°t,NJt), where 

N°t and N[t denote, respectively, the number of young and the number of old 

individuals in country i. The initial population, i.e., (Af°0,A^0) is assumed to be given. 

The population of both countries is assumed to grow at a constant rate n; that is, the 

population structure in period t > 1 is represented by 

Nit =(N°t,NJt) = \Nft_l(l + n),Nft_l\ An individual lives two periods, working when 

she is young, and retiring when she is old. A young individual owns nothing except for 

one unit of labour that she supplies inelastically on the labour market. Part of the wages 
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she earns is spent on current consumption; the remaining part is saved - under the form 

of capital investment - to provide for her old-age consumption. Since the bequest motive 

is not assumed in the model, an old individual consumes all her savings. In each period, 

the savings of the young generation constitute the capital stock in the next period. The 

preference of a young individual of period t in country i is assumed to be representable 

by the following CIES utility function: 

where c?r and c]t+l denote, respectively, the consumption when she is young ("current 

consumption") and when she is old ("old-age consumption"). As for the parameters of the 

utility function, a, 0 < o < 1, is the reciprocal of the inter-temporal elasticity of 

substitution. Also, $ , 0 < $ < 1 is the discount factor used to discount future 

consumption. 

The technology used to produce the consumption good is of the Cobb-Douglas type, and 

is assumed to have the following form: Y = AF(K,L) = AKal}~a, where K, L, and Y 

denote, respectively, the capital input (non-depreciable), the labour input, and the output 

of the consumption good. Also, a, 0 < a < 1, is a parameter representing the factor share 

of capital in national income. The parameter A, which is assumed to be constant, is a 

scale factor for the production technology. The costs of installing and disposing of capital 

are ignored. There is no tax on the firm's profits. 
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2.2. Lifetime Utility Maximization 

We shall denote by ooit and rit, respectively, the wage rate and the rate of interest that 

prevail in period t in country i. Three types of proportional tax - wage tax, capital 

income tax, and consumption tax - are levied on individual agents by the government, 

and the tax rates are denoted, respectively, by Tft,x\t, and tc
it. In period t, a young 

individual in country i solves the following lifetime utility maximization problem: 

(i) max-i-([<r+^.[ct+1r) 
(<..<<+i) l — <y 

subject to 

(2) a + < x + (1+^f+l)c'-'+1— a - o<q, = o. 

Letting ^denote the multiplier associated with the budget constraint (2), we have the 

following first-order conditions that characterize the preceding utility maximization 

problem: 

(3) (c° , ) - " - l , , ( l + < , ) = 0, 

(4) M<L*r-*,,*+f'l =o, 

(5) (x+^K*^«Kt+r)c^+l - a - O q , = o . 
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From (3) and (4), we obtain the following relation between cf, and c]t+l: 

(6) A[i+(i-<,+.K,J 
1 + rf 

l + ti i,t+l 

Using (6) in the lifetime budget constraint (5), we obtain 

(7) ( 1 + T - ) C - + l + ( l - < ; + 1 ) , , r + 

-(i-On,=o. 

dl + d-T'xJ 1 + r: «.f 

I + T; i,f+i 

Solving (7) for c,0,, we obtain 

(8) c = a-O**, 
1-CT 

(l+<,)+(fl)*(l+<> 
l + (l-< f+1)r. l',f+l/'/,H-l 

l + r; i,t+i 

Using (8), we obtain the following expression for c?/+1: 

(9) 

C!,(+l _ Afr+a-dKJ 
l + ^H-l 

X 

(l+< f)+(/?,r(l+<,} 

l - < 7 

i+a-CiK, ,f+i 

l + Ti i,f+l 

(i-^K, 

Since old-age consumption is funded by principal and net interest on savings, the savings 

of a young individual of period t are related to old-age consumption by 
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(10) 

" l + d - < t + 1 ) ^ + 1 ^ 

l + d - C l ) ' / iV+l ' i,t+l 
At+a-Ci)^.] 

1 + TJ 
i.f 

1 + T1 iV+i j y 

^ 

x 

(l + <) + (fl)*(l + <)* 1 + (1- '^t+\)rt+\ 

1 + r; (+1 

1-ff (1-Or 

The list (c°,,cj>/+1, .$,•_,) is called the optimal lifetime plan of a young individual of period t 

in country i 

2.3. Pro/if? Maximization 

In period ?, the representative firm of country i that produces the consumption good 

solves the following profit maximization problem: 

(11) max(X AKffir -0JitLi4 ~rUtKit. 

The following first-order conditions characterize the optimal labor and capital inputs: 

(12) (l-a)AK?tL-«-cou=0, 

(13) 0 4 ^ - ^ 7 - ^ = 0 

The list (Yit,Lit,Kit), with Yit = AK"^/, is called the optimal production plan in 

period t of the representative firm of country i that produces the consumption good. 
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Letting kit =Kit/Lit denote the capital labor ratio chosen by the firm, we obtain the 

following expression for the output of the consumption good per unit of labor input in 

period t: 

(14) y . t = AkZ. 

Also, the first-order conditions (13) and (14) can be rewritten in terms of the capital labor 

ratio kt as follows: 

(15) cau=A{\-a)kl, 

(16) riJt=Ao*?;\ 

2.4. Government Policy 

To simplify matters, we assume that each government maintains a balanced budget in 

each period f = 0,1,.... Also, each government levies taxes to keep its expenditure per 

capita constant, say git = gi,t = Q,l,...,i = H,F. Letting Titmd 5.,denote, respectively, 

the tax revenues collected by the government of country i in period t and the savings of 

the young generation of country i in period t, we obtain the following constraint of a 

balanced budget: 

Tu = OnX+<, w X + < X X + 4 X ) 
= ̂ X+ )̂-

By a tax policy of the government, we mean an infinite sequence Si = (zfr,T^,T^)~0. 
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3. TAX REFORMS 

In this section, we investigate the effects of a tax reform in an open economy. Initially, 

two countries are in a steady state in which a proportional tax is levied only on the wage. 

Next from the steady state under the proportional wage tax, the tax scheme of the Home 

country is unexpectedly shifted to a capital income tax or a consumption tax - as a result 

of a tax reform - while the Foreign country maintains her wage tax scheme. 

3.1. The Competitive Equilibrium under a Proportional Wage Tax 

First, note that under a proportional wage tax, (17) is reduced to 

(18) Tif = *£fiiX = 8tK + K">> (' = 0.1.-. i = H,F). 

The proportional wage tax levied by the government of country i is then given by 

Because capital is assumed to be perfectly mobile, capital flows in each period - assumed 

to occur instantaneously - will take place until the rental rates of capital in both countries 

are equalized. Furthermore, because both countries have the same production technology, 

the equalization of the rental rates of capital in the two countries imply the equality of the 

capital labor ratios both at home and abroad, and their common value is called the world 

capital labor ratio. The equalization of the capital labor ratios in the two countries in turn 

implies the equalization of wages both at home and abroad. 
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The world capital labor ratio in period 0 is given by 

/"->n\ 7 ™ H ,0S H ,-l + N F ,0S F ,-l 
(20) k0 = • N° +N° 

and the equilibrium rental rate of capital in period 0 in the global capital market is given 

by 

(21) rQ=aA(koy-\ 

The equilibrium wage rate in each country in period 0 is given by 

(22) coH0 = coFQ = Q)0=(l- a)A(k0 ) a . 

Also, the proportional wage tax in period 0 in country i is given by 

8,(2 + n) O) O ( ' 
(23) r " = 

a)0(l + n) 

Let fej be the equilibrium world capital labor ratio in period 1. The equilibrium rental rate 

of capital in the global capital market in period 1 is then given by 

(24) r^aAik,)"-1. 

Using (11), we obtain the following expression for the saving of a young individual of 

period 0 in country i: 

( 2 5) *u>= 7 j ^ -
1 + (/?,.)""(!+ rx) -

The world capital stock in period 1 that is generated by the maximizing behavior of the 

young generations of period 0 in both countries - when they face the wage rate 0%, the 

proportional wage tax ri0,i = H,F, and the interest rate r{ is then given by 
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ivtf,0",ff,0 ~ iy F,0AF,0 

(26) 
# (i-CH 

H,0 1-<T ^ J V f , 0 
d-^oH 

! + (/?„) "(l + o W " 1 ) -

Hence the world capital labor ratio in period 1 that is generated by the maximizing 

behavior of the young generations of period 0 in both countries - when they face the 

wage co0, the proportional wage tax Ti0,i = H,F, and the interest rate r: is given by 

K = 
w 0 c + N° <s 
ivtf,0JH,0 ~ /YF,OJF,0 

iVH,i ^ l y F,l N' H,0 d-<oM 
^H,l+^F,l i _, / n \ o-/i , ^ / i / ; „ \« - l> 

(27) 
I + (J3H) "(X + oAi^)"-1) ° 

N% ( 1 - < O H 

70 1 AT +Ar 
"-1 F 1 l + (&) -(l + a4(^r-') 

l-o-

**> 
1 + n 

^H.Ovl 77/,o) 
• + • 

^,od-<o) 

l+̂ â+oAc*,)0-1)" * l+^ra+^r1)" -

Note that in (27) we have let rjHJ0 = N°H0/(N°H0 +N°F0) denote the population of the 

Home country relative to the world population, and rjFfi = 1 - 7]H0. 

Now note that given k0, the initial world capital labor ratio, the equilibrium wage rate in 

period 0 and the proportional wage tax in period 0 can be computed from (22) and (23), 

respectively. Hence (27) implicitly defines kx, and can be interpreted as the transition 

equation for the equilibrium world capital labor ratio from one period to the next. Thus 

starting from any initial value for the world capital labor ratio, the temporary equilibria of 

the system can be computed recursively. 

110 



3.2. Tax Reform: The Home Government Shifts to the Capital Income Tax 

If the Foreign country maintains the proportional wage tax while the Home country shifts 

to the capital tax, then the Foreign country's proportional wage tax is still given by (19). 

More specifically, in each period, the Foreign country's proportional wage tax is given by 

(28) < ; = *FK FJ FJJ = 8F) J , (t = 0,1,...). 

As for the Home country, the shift to the capital income tax reduces (17) to 

(29) TBJ = T^S^XH,, = 8H(K,, + A O > 

from which we obtain the following expression for the income tax rate in period t: 

(30) 4 = ilM = l ^ , ( t = 0,l,...). 
rtSH,t-l^H,t rtSH,t-l 

The world capital labor ratio in period 0 is given by 

( 3 1 ) k°= No + ^ ' 

and the equilibrium rental rate of capital in period 0 in the global capital market is given 

by 

(32) r0=aA(k0)
a-1. 

The equilibrium wage rate in each country in period 0 is given by 

(33) coH0 = coFQ = co0= (l-a)A(k0)
a. 

Also, the proportional wage tax in period 0 in the Foreign country is given by 

(34) r-^i^±^. 
0^(1 + n) 
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Let kx be the equilibrium world capital labor ratio in period 1. The equilibrium rental rate 

of capital in the global capital market in period 1 is then given by 

(35) r, = aAik,)"-1. 

Using (10), we obtain the following expression for the saving of a young individual of 

period 0 in the Foreign country and a young individual of period 0 in the Home country, 

respectively, 

(36) (i-^oH 
1 1-er * 

\ + {PF)°(\+rSa 

O)0 
(37) sHfi = — 1 ^ 

i+(/?„) '[l+a-r^K] ° 

The world capital stock in period 1 that is generated by the maximizing behavior of the 

young generations of period 0 in the two countries is then given by 

i vff ,0 J#,0 ~ ly Ffi^Ffi 

(38) _No ^ 0 (1-f'oH 
~ H'° J_ ±*_ F'0 j _ i-g • 

Hence the world capital labor ratio in period 1 that is generated by the maximizing 

behavior of the young generations of period 0 in both countries is given by 

i _ iYff,oJtf,o ^•'V.o'V.o _ 

( 3 9 ) Kfl % , Kfi ( 1 - < O H 
M° +M° - I JlZ M° +N° — — 
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1 + n 
VHA 

\-a 
+ • 

^,o(l-^,o) 
l-o-

l + ( ^ ) ' T [ l + ( l - ^ , 1 ) r 1 ] - l + C&KCl+r , ) -

Also, for r -

(40) 

* 1 (30) becomes 

_ g„(2 + n) 
riSH,0 

For any given value of the world capital labor ratio k0, the system consisting of (35), (37), 

and (40) is a system of three equations in the three unknowns rx, sHfi, and Tr
Hl, and in 

principle can be solved for these variables in terms of k0. In this manner, the temporary 

equilibria of the world economy can be obtained, recursively, starting from any value for 

the initial world capital labor ratio. 

3.3. Tax Reform: The Home Government Shifts to the Consumption Tax 

If the Foreign country maintains the proportional wage tax while the Home country shifts 

to the consumption tax, then the Foreign country's proportional wage tax in each period 

is given by 

gF(2 + n) 
(41) Tl,=-

cot (1 + n) 

As for the Home country, the shift to the consumption tax reduces (17) to 

0 = 0,1,...). 

0 , jvrl 

(42) TH, = r;,((4X,,+4,(^,() = s*M,+Nk,). 

from which we obtain the following expression for the consumption tax rate in period t: 
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(43) r„,= f ' ^ " ^ = g"i\+n\ , (, = 0,1,...). 

The world capital labor ratio in period 0 is given by 

(44) fc0=- 'H,0JH,-l ' J TF,0JF,-1 

A/0 .{, M° 

and the equilibrium rental rate of capital in period 0 in the global capital market is given 

by 

(45) r0=aA(kQ)a-1. 

The equilibrium wage rate in each country in period 0 is given by 

(46) coH 0 = coF 0 = c% = (1 - a)A(k0 ) a . 

Also, the proportional wage tax in period 0 in the Foreign country is given by 

(47) <0=1^±4. 
q,(l + n) 

Let k{ be the equilibrium world capital labor ratio in period 1. The equilibrium rental rate 

of capital in the global capital market in period 1 is then given by 

(48) r^aAik^-1. 

Using (10), we obtain the following expression for the saving of a young individual of 

period 0 in the Foreign country and a young individual of period 0 in the Home country, 

respectively, 

(49) sFM = / ' ° ^ -
l + (/?F) "(1 + fi) <* 
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SH,0 ~ 
d + 4,.) 

1 + K 
A[i + - J 1 + T '" 

1 + T 
//,! 

X 

(50) 

1 - < T 

(1 + ^.O) + ( A H I + T£I0)» 
1 + K 

1 + T ff,i 

At-

The world capital stock in period 1 that is generated by the maximizing behavior of the 

young generations of period 0 in the two countries is then given by 

(51) 

= N 
d + 4 , l ) 

Hfi 1 + r, 
^[ i + r i ] i l l k X 

1 - C T 

1 

d+ *£.») +(A )*(l + *lo) 
i+4,i 

6>n 

T i v F , 0 
(l-4.oM 

J _ 1-CT 

! + ( & ) ' ( l + r ,)"* 

Hence the world capital labor ratio in period 1 that is generated by the maximizing 

behavior of the young generations of period 0 in both countries is given by 
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(52) 

K = N° +N° 
J V H,\ ^ ly F,l 

N Hfi d + 4,,) 
K.1+K.1 1 + n 

/Ui+; 
I+T: tf,0 

1 + 4,1 
X 

1 - < T 

N 
+ 

F,0 

1 

(i+4,o)+(Ar(i+4,0) ; 

( i - < o M 

i + n 
i + 4 , i 

« n 

Af° + N° -- - ^ * 

_ <y0 

1 + n 

W 
(1+4,,) 

l + r, 
A [ l + - l l + ^ 

l + r H,I 

l - C T 

+ ^ ,0 

( i + ^ 0 ) + (A)CT(i+4,o) 

d - 4 , o M 

l + r, 

1 + 7 H,I 

- 1 i-g 

l+c^Ka+rj^ 

In the case of proportional wage tax, an individual only has to pay taxes when she is 

working. When the home government switches from the proportional wage tax to the 

capital income tax, an individual only pays taxes on her old-age income. We have seen in 

these two cases that the series of temporary equilibria can be computed recursively: 

knowledge of the world capital labor in one period can be used to compute the world 

capital labor ratio in the next period. In contrast with the proportional wage tax and the 
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capital income tax, the tax on consumption affects an individual in both periods of her 

life cycle, and this makes the recursive computation of the series of temporary equilibria 

impossible. To see why, suppose that the current state of the system is known. For a 

young individual of the current period in the Home country to plan her life cycle, she 

must know the consumption tax in the next period. Due to the balanced budget constraint 

in each period, the consumption tax rate in the next period depends on the consumption 

of the young generation of that period, and the consumption of a young individual in the 

next period depends on the consumption tax rate two periods into the future. Thus in 

order to study the transition of the world economy to its long-run equilibrium, we have to 

trace out the convergence to the long-run equilibrium backwardly. 

4. SIMULATION 

In this section, we simulate the model to study the economic effects of the tax reform. To 

simplify the matter, we assume that preference, technology and the size of population are 

identical between two countries. 

4.1. Parameter Values 

Table I summarizes the parameter values used to generate the numerical simulation 

results. Although replicating a real economy is not the objective of this chapter, the 

explanatory power of the model will be enhanced if parameters and outcomes are within 
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reasonable ranges. The scale parameter on technology, A, is set to 4 and the reciprocal of 

the inter-temporal elasticity of substitution o is set to 0.5. The share of capital in 

output, a, is chosen to be 0.25, following Auerbach and Kotlikoff (1987) and Summers 

(1981). The discount factor for future consumption,/?, is selected to be the reciprocal of 

the population growth factor, i.e., 1/1.01 in one year, then for a period of one generation 

1 25 

of 30 years, it is given to — ~ 0.75. The population growth rate, n, is assumed to 

be equal to 1% par annum, which becomes 0.35 for a period of one generation. Lastly, 

the government expenditure per capita, g, is chosen to be 0.2, which can be translated 

into the government expenditure over GDP of about 10 percent. 

TABLE I 

PARAMETER VALUES 

Parameters 
Value 

A 
4 

a 
0.25 

P 
0.75 

a 
0.5 

n 
0.35 

8 
0.2 

4.2. Initial Steady State before Tax Reform 

The second columns of Table II and Table III show the steady state values when the 

proportional wage taxes are initially levied in both countries. Since the two countries are 

assumed to be identical, their initial steady-state values will be identical. According to 

24 Note that the scale parameter A is arbitrarily chosen for computing convenience since technological 
progress is assumed away in this model. Also note <J =0.5 means an agent's willingness to shift 
consumption between young age and old age is moderate. 
25 In the literature on simulating the two-period OLG model, a period of 30 years is normally chosen as the 
time span of one generation. See, for example, De la Croix and Michel (2002). 
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Table II, the capital labor ratio under the proportional wage tax is 1.0448. The output per 

worker is 4.0441. The tax on wages is 11.5%, and the interest rate is 0.9676.26 For a 

young individual, her current consumption is 1.2744, and her old-age consumption is 

2.7754, yielding a lifetime utility of 4.7567. For the entire economy, some figures might 

be excessive, compared to those observed for real economies. In the simulation, the 

capital/GDP ratio (K/Y) is 7.75; the consumption/GDP ratio (OT) is 82.4%; the 

government expenditure/GDP ratio (G/Y) is 8.6%; and the gross saving/GDP ratio (S/Y) 

of 34.9%. Lastly, the net foreign assets/GDP ratio (B/Y) is zero since there is no capital 

flow between countries that are identical. 

4.3. Steady States under Tax Reform 

The third and the fourth column of Table II and Table III display the impact that the 

shifts of tax base have on two economies' capital labor ratio and other related variables in 

the steady state. First note that the consumption tax scheme generates better outcomes 

than other tax schemes as far as capital formation and economic growth are concerned. 

Under the consumption tax, the capital labor ratio is 1.1196, and output per worker is 

The interest rate of 0.9676 is equivalent to 2.28% annually, which seems to be within a reasonable range 
of the real interest rate. This interest rate fulfils the condition of the dynamic efficiency, r > n, since we 
are assuming that the population growth rate is 1% annually. 
27 Again GDP in two-period OLG model is assumed to be equivalent to GDP over 30 years. Therefore, to 
obtain the capital/GDP ratio of the economy, the GDP (Y) is adjusted on an equivalent annual basis by 
dividing the output per period by 30. The capital/GDP ratio of 7.75 is higher than the ratios (between 3 and 
6) typically observed in developed countries. Compared to the ratios computed from real data, the 
simulated ratios appear to overestimate the consumption/GDP ratio and the gross saving/GDP ratio, but 
underestimate the government expenditure/GDP ratio. For instance, according to the figures of year 2005 in 
Economic Report of the President (2006, Table B-l and B-35), U.S. federal government spending absorbs 
about 7 % of GDP, and the spending of all levels of the U.S. government spending is 18.9 % of GDP. 
Private consumption accounts for 70% of GDP, and the national saving accounts for 11 % of GDP. 
However, it should be noticed that the main purpose of our simulation is not to fully reflect the real world, 
but to estimate the directional change of economic variables after a shift of the tax schemes. 
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4.1146, which are higher than those under the other tax schemes. That is, the long-run 

capital labour ratio under the consumption tax is 7.2 % higher than under the wage tax 

and 5.3 % higher than under the capital income tax. The output per worker under the 

consumption tax is 1.7 % higher than that under the wage tax and 1.3 % higher than that 

under the capital income tax. 

TABLE II 

STEADY STATE VALUES: HOME COUNTRY 

Economic variables of 
the Home country 
Saving (s ) 
Capital/labor ratio (k) 
Output per worker ( y ) 
Welfare (u ) 
Current consumption (c°) 
Old-age consumption (c1) 
Tax rate (T) 
Interest rate (r ) 
Net foreign asset per an old 
individual (b) 
Capital/GDP (K/Y) 
Saving/GDP (SIY) 
Consumption/GDP (C1Y) 
Gov't Expenditure/GDP (G/Y) 
Net Foreign Asset/GDP (B1Y) 

Tax system of the Home country 
Wage tax 

1.4105 
1.0448 
4.0441 

4.7567 
1.2744 
2.7754 

0.1148 
0.9676 
0.0000 

7.7508 
0.3488 
0.8235 
0.0861 
0.0000 

Capital 
income tax 

1.4584 
1.0636 
4.0621 

4.835 
1.5882 
2.381 

0.3375 
0.9548 
0.0167 

7.8548 
0.359 

0.8251 
0.0857 
0.0041 

Consump­
tion tax 

1.6018 
1.1196 
4.1146 

4.826 
1.3467 
2.789 
0.102 

0.9188 
0.0669 

8.1632 
0.3893 
0.8294 
0.0846 
0.0163 

If leisure is included in the utility function, the capital labour ratio will be much lower under the wage tax 
than under other tax schemes since the workers tend to allocate more of their time endowment to leisure in 
order to evade the wage tax. In addition, if the tax reform happens in a closed economy, the superiority of 
the consumption tax scheme will be much higher since the favourable effects on the capital stock is not 
transmitted to other countries. 
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TABLE III 

STEADY STATE VALUES: FOREIGN COUNTRY 

Economic variables of 
the Foreign country 
Saving ( s ) 
Capital/labor ratio (k) 
Output per worker ( y ) 

Welfare (u ) 
Current consumption (c°) 

Old-age consumption (c1) 
Tax rate ( i ) 
Interest rate ( r ) 
Net foreign asset per an old 
individual (b) 

Capital/GDP (K/Y) 

Saving/GDP (S/Y) 

Consumption/GDP (C/Y) 

Gov't Expenditure/GDP (G/Y) 
Net Foreign Asset/GDP (B1Y) 

Tax system of the Home country 
Wage tax 

1.4105 
1.0448 
4.0441 

4.7567 
1.2744 
2.7754 
0.1148 
0.9676 
0.0000 

7.7508 

0.3488 

0.8235 

0.0861 

0.0000 

Capital 
income tax 

1.4132 
1.0636 
4.0621 

4.7605 
1.2852 
2.7626 
0.1143 
0.9548 

-0.0167 

7.8548 

0.3479 

0.8202 

0.0857 

-0.0041 

Consump­
tion tax 

1.4211 
1.1196 
4.1146 

4.7719 
1.3167 
2.7268 
0.1128 
0.9188 

-0.0669 

8.1632 

0.3454 

0.8109 

0.0846 

-0.0163 

The superiority of the consumption tax comes from its effect on saving. In the Home 

country, the saving rate under the consumption tax is 13.6 % higher than under the wage 

tax, and 9.8 % higher than under the capital income tax. A priori, there is no reason why 

a tax on consumption will have a larger impact on saving because the tax affects both 

current and future consumption, and does not offer any incentive to shift consumption 

within the life cycle. Also, under the consumption tax, the taxpayers have to save more 

when working in order to pay the consumption tax imposed on their old-age consumption, 

and this means that saving and the capital labor ratio should be higher. In addition, as 

noted by Summers (1981), Diori (1996), and Batina and Diori (2000), the consumption tax 
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can reduce the present value of taxation by postponing the tax payments, and thus 

contributes to capital formation. This tax deferral effect is one of the contributors of the 

higher capital labor ratio under the consumption tax scheme. One interesting result is 

that the saving rate of the Foreign country is highest (although the difference is not 

outstanding) when the Home country adopts the consumption tax, even though the tax 

reform is not implemented in the Foreign country. The higher world capital labor ratio 

fostered by the consumption tax increases the wage rate common in both countries and 

the higher wage rate, in turn, boosts the saving of the Foreign country, as well. 

Second, note that the tax reform of the Home country affects its net foreign asset position. 

Since the rise in saving that is induced by the tax reform is higher in the Home country 

than in the Foreign country, the Home country becomes a creditor and the Foreign 

country a debtor. As can be seen from Table III, the net foreign asset per old individual of 

the Foreign country is -0.0669 under the consumption tax and -0.0167 under the capital 

income tax. Similarily, the net foreign asset per GDP of the Foreign country is -1.6% 

under the consumption tax and -0.4% under the capital income tax. That is, without any 

change in preferences or technology, the Foreign country becomes a debtor country 

simply due to the tax reform of the Home country. In particular, the consumption tax 

deteriorates the net asset position of the Foreign country even further. 

Third, note that with respect to the welfare of the Home country, the consumption tax is 

superior to the wage tax, but seems not to show an advantage over the capital income tax. 

The welfare is 4.826 under the consumption tax, 4.835 under the capital income tax and 
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4.7567 under the wage tax; in other words, the welfare is 1.5% higher under the 

consumption tax than under the wage tax, but 0.2% lower than under the capital income 

tax. However, the welfare result that shows the inferiority of the consumption tax relative 

to the capital income tax might have originated from the structure of our lifetime utility 

function in which a higher weight is given to current consumption than to old-age 

consumption. The capital income tax by taxing an individual's income in her old age 

induces the individual to shift consumption to the present. The consumption taxes, 

however, are levied on both generations, and therefore, there is no incentive to shift 

consumption between current and future. In this sense, the welfare improvement under 

the consumption tax can be considered as a result of the rise in the lifetime 

consumption. In particular, it is noteworthy to see that the old-age consumption of the 

Home country is highest under the consumption tax. The interests earned on their net 

foreign assets are a main contributor to the highest old-age consumption. 

The welfare of the Foreign country is also affected by the tax reform of the Home country. 

Note from the Table III that the welfare of the Foreign country is slightly higher under 

the consumption tax than under other tax schemes adopted by the Home country. The 

welfare of the Foreign country is 4.7719 under the consumption tax, 4.7605 under the 

capital income tax, and 4.7567 under the wage tax. It is interesting to see that the welfare 

of the Foreign country can be improved by the tax reform in the Home country. The tax 

29 As shown in equation (1), welfare is defined as the lifetime utility of a young individual in period t. In 
(1), the old-age consumption is always discounted in the welfare calculations, since ft is assumed to be less 

thanl. 
30 The increase of the lifetime consumption in the Home country can be verified by the ratio of 
Consumption/GDP in Table II. In this table, the ratio is highest under the consumption tax even after 
considering that GDP is highest under the consumption tax scheme. 
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reform induces capital flows into the Foreign country, and now the young individuals of 

the Foreign country can increase their current consumption simply by borrowing from the 

young individuals of the Home country. However, the young individuals of the Foreign 

country will have to reduce their old-age consumption so as to pay the interests of their 

foreign debts. Thus the lifetime consumption of a young individual of the Foreign 

country might be deteriorated by the consumption tax of the Home country.31 

Fourth, the tax rate is highest under the capital income tax, and is lowest under the 

consumption tax. In Table II, the rate of the Home country is 11.5% under the wage tax, 

33.8% under the capital income tax, and 10.2% under the consumption tax. The capital 

income tax is more heavily imposed than the wage tax or the consumption tax because 

capital income has a much smaller tax base. 

4.4. The Transition to the New Steady States 

In the overlapping generations model in which one period has about 30 years span, the 

current generations may be less interested in the steady state outcomes of the tax reform 

because the long-term results are not linked to their utility unless the welfare of their 

offspring are included in their utility function. Therefore, the transitional analysis on the 

current or near future generations is more demanding. Table IV shows the transition 

values after the tax reform has been implemented. Comparing the steady state values of 

31 From Table HI, we can see that the total consumption over GDP of the Foreign country deteriorates with 
the adoption of the consumption tax in the Home country: the ratio of 81.09% is lowest among the tax 
schemes. 
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Table II and Table III to the sixth and the seventh column of Table IV, we find that the 

capital labor ratio and the utility enter their steady state in two periods under the 

consumption tax and in one period under the capital income tax.32 

TABLE IV 

THE TRANSITION VALUES 

The Home 
Country 

The 
Foreign 
Country 

Consumption 
Tax 

Capital 
Income Tax 

Consumption 
Tax 

Capital 
Income Tax 

Capital labor ratio (k) 
Utility (u) 

Capital labor ratio (k) 
Utility O ) 

Capital labor ratio ( k) 
Utility (w) 

Capital labor ratio (k) 
Utility (w) 

t = -\ 
1.0448 
4.6295 
1.0448 
4.5397 
1.0448 
4.7567 
1.0448 
4.7567 

t = 0 
1.0448 
4.776 
1.0448 
4.8243 
1.0448 
4.7323 
1.0448 
4.7486 

t = l 
1.1027 
4.8105 
1.0636 
4.835 
1.1027 
4.7617 
1.0636 
4.7605 

t = 2 
1.1196 
4.826 

-

-

1.1196 
4.7719 

-

-

Regarding the welfare of the Home country, it is easy to say that the current old 

generation will be worse off with the tax reform- whether it is shifting to the consumption 

tax or to the capital income tax. For an old individual of the Home country, she has 

already paid the tax on wages. Thus when the tax reform is implemented by shifting from 

the proportional wage tax to the consumption tax or the capital income tax, she shall pay 

taxes again in the second period of her life cycle. In the fourth column of Table IV, the 

welfare of the generation born in period t = —\, is 4.6295 under the consumption tax and 

4.5397 under the capital income tax, which is lower than the welfare of 4.7567 under the 

wage income tax in Table II.33 However, the welfare of the generation born in period 

32 The tax on consumption affects the individuals in both periods of the life cycle. Thus the consumption 
tax may need a longer time to converge to the steady state. 
33 In other words, the welfare of the current old generation falls by 2.7% under the consumption tax and by 
4.6% under the capital income tax. 
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t — 0 , when the tax reforms are implemented, improves with the tax reform. In the fifth 

column of Table IV, it is 4.776 under the consumption tax and 4.8243 under the capital 

income tax, both of which are higher than the welfare of 4.7567 under the wage tax found 

in Table II. Also the welfare of the generation born in period t = 1 is higher than that of 

the preceding generation. In the sixth column of Table IV, it is 4.8105 under the 

consumption tax and 4.835 under the capital income tax, both of which are higher than 

that of the generation born in period t = 0 . Here note that the welfare of the Home 

country is always higher under the capital income tax than under the consumption tax in 

the short-run as well as in the long-run. 

As for the welfare of the Foreign country, it is interesting to see that the welfare of the 

generation born in period t = 0 in which the tax reforms are implemented, worsens with 

the tax reform of the Home country. In the fifth column of Table IV, it is 4.7323 under 

the consumption tax and 4.7486 under the capital income tax, both of which are slightly 

lower than the initial welfare of 4.7567. In particular, the consumption tax by the Home 

country will worsen the welfare of the current young generation of the Foreign country 

further. The major culprit will be the fall in the old-age consumption due to lower interest 

revenue caused by the tax reform of the Home country. The welfare of the generation 

born in period t = 1, however, recovers and even surpasses their initial level as the higher 

capital labor ratio raises the wage rate. 
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4.5. Sensitivity Analysis 

The magnitude of the estimated effects induced by a shift in the tax base clearly depends 

on the values of the parameter of the model. Since the accuracy of the estimated values of 

the parameters is normally uncertain, sensitivity analysis is inevitable to ensure the 

"correctness" of conclusions in simulation analysis. Table V- VIII, which are presented in 

the Appendix, show how the steady state values change with the key parameters of the 

model. To simplify the analysis, we use two values- one is low and the other is high-

within the reasonable range of each parameter while holding all the other parameters at 

their original values. The sensitivity analysis indicates that the main results summarized 

in Table II and Table III are robust: The consumption tax generates the highest capital 

labour ratio, regardless of the parameter values. The sensitivity analysis, however, shows 

that the ranking of the capital labour ratios between the wage tax scheme and the capital 

income tax scheme can be reversed, depending on the parameter values. For example, in 

Table V, when g is high (say g = 0.5), we find that the capital labour ratio under the wage 

tax surpasses that under the capital income tax. The reason is in a high tax rate in the 

capital tax scheme. Facing with the extremely high rate of capital tax, individuals may 

have a lower propensity to save in order to avoid a severe taxation. Also, in Table VI, 

when P is low (say/? = 0.5), a wage tax might be better than a capital income tax, at 

least by not discouraging the propensity to save. In addition, in Table VII, when a is low 

(say a = 0.1), the share of wage in output is high and workers have a higher propensity 

to save, which encourages the accumulation of capital under the wage tax. Lastly, In 

Table VIII, when a is low (say a = 0.1), the wage tax outperforms the capital income 
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tax. That is, if an agent's willingness to shift consumption between current and old-age 

consumption is high, the tax on wage discourages capital formation less. 

The sensitivity analysis also verifies the welfare results of the Table II and Table III: As 

seen in Table V-VIII, the welfare of both countries always is better under the 

consumption tax than under the wage tax regardless of the parameter values. In the Home 

country, the consumption tax is dominated by the capital income tax. In particular, the 

welfare of the Foreign country is highest under the consumption tax. However, the 

ranking of the welfare between the consumption tax and the capital income tax scheme 

can be reversed in the Home country, depending on the parameter values. For example, in 

Table V, when g is high (say g = 0.5), we find that the welfare under the consumption 

tax surpasses that under the capital income tax. The lower welfare under the capital 

income tax seems to be an outcome of a lower capital labor ratio induced by a high 

capital tax rate. Also in Table VII, when a is low (say a = 0.1), the consumption tax 

dominates the capital income tax. As the share of wage in output is lower, the effect of 

higher capital labor ratio dominates the consumption shifting effect discussed in section 

4.3. In addition, in Table VIII, when a is low (say a = 0.1), an agent's willingness to 

shift consumption between current and old-age consumption is high. Then, the tax on 

capital discourages capital formation, which results in a lower welfare than under the 

consumption tax. Finally, in Table V-VIII, it is confirmed that the tax rate is always 

lowest under the consumption tax and highest under the capital income tax, except for the 

case of a low a. 
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5. CONCLUDING REMARKS AND FURTHER EXTENSION 

In this chapter, we have examined the dynamic effects of tax reform. From the open-

economy setting of the model, we have obtained several interesting results that are 

summarized as below. First, with respect to capital formation, the consumption tax 

dominates the capital income tax, and the capital income tax dominates the wage tax. The 

superiority of the consumption tax scheme comes from its saving-boosting effect. 

Interestingly, due to the transmission effects of the tax policy, the saving rate becomes 

highest even in the other country in which the consumption tax is not implemented. 

Second, the tax reform in one country affects the net foreign asset position of the two 

countries. The shift to the consumption tax or the capital income tax renders the tax-

reformed country a creditor and the other country a debtor. In particular, the consumption 

tax affects the net asset position further. Third, with respect to welfare, the consumption 

tax is superior to the wage tax but seems not show an advantage over the capital income 

tax in the tax-reformed country. However, in the other country, the welfare is slightly 

higher under the consumption tax than under other tax schemes adopted by the tax-

reformed country. Fourth, the tax rate is highest under the capital income tax, and is 

lowest under the consumption tax. Lastly, the steady state outcomes are also applied to 

the transition path. In particular, the transitional analysis shows that the capital income 

tax can be more rewarding than the consumption tax especially in the aspect of the short-

run welfare because the capital income tax enters its new steady state with a faster speed. 
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The economies in this model, however, differ from real economies in many ways. Thus, 

the policy implications that are appropriate to the present model must be accepted with a 

caveat. Obviously, the use of a model in which one period represents approximately 

thirty years will limit the applicability of model as far as timely policy is concerned. Also 

the assumption that agents receive wage income only in the first period of their lives 

might not be realistic. When we add some reality to the model by assuming that agents 

receive wage income in both periods of their lives, we may make up for the shortcoming 

of two-period model. In addition, the introduction of endogenous labor will enrich the 

results in this model. If endogenous labor is allowed, the capital labor ratio is much lower 

under the wage tax than under other tax schemes since the workers tend to allocate more 

of their time endowment to leisure in order to evade the wage tax. These further 

extensions will improve the applicability of the model for policy purpose. 
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APPENDIX 

TABLE V: RESULTS OF THE SENSITIVITY ANALYSIS FOR g 

Home 
country 

Foreign 
country 

Capital 
labor ratio 

Utility 
Tax rate 
Capital 

labor ratio 
Utility 

Tax rate 

g=0.5 

Wage 
tax 

0.8035 

4.1875 

0.3064 

0.8035 

4.1875 

0.3064 

Capita! 
income tax 

0.8019 

4.2822 

0.9212 

0.8019 

4.1869 

0.3066 

Consump­
tion tax 

1.0066 

4.4284 

0.3008 

1.0066 

4.2568 

0.2896 

g=0.05 
Wege-

tax 
1.1562 

5.0000 

0.028 

1.1562 

5.0001 

0.028 

Capital 
income tax 

1.1617 

5.0205 

0.0835 

1.1617 

5.001 

0.028 

Consump­
tion tax 

1.1744 

5.0152 

0.0237 

1.1744 

5.003 

0.0279 

TABLE VI: RESULTS OF THE SENSITIVITY ANALYSIS FOR /? 

Home 
country 

Foreign 
country 

Capital 
labor ratio 

Utility 
Tax rate 
Capital 

labor ratio 
Utility 

Tax rate 

£ = 0.9 

Wage 
tax 

1.2541 

5.3096 

0.1097 

1.2541 

5.3096 

0.1097 

Capital 
income tax 

1.2913 

5.3834 

0.3187 

1.2913 

5.3156 

0.1089 

Consump­
tion tax 

1.343 

5.377 

0.0988 

1.343 

5.324 

0.1078 

£ = 0.5 

Wage 
tax 

0.6484 

3.8682 

0.1294 

0.6484 

3.8682 

0.1293 

Capital 
income tax 

0.6377 

3.9589 

0.3962 

0.6377 

3.8642 

0.1299 

Consump­
tion tax 

0.6963 

3.944 

0.112 

0.6963 

3.8859 

0.1270 

TABLE VII: RESULTS OF THE SENSITIVITY ANALYSIS FOR a 

Home 
country 

Foreign 
country 

Capital 
labor ratio 

Utility 
Tax rate 
Capital 

labor ratio 
Utility 

Tax rate 

a = 0.5 
Wage 

tax 
0.5886 

3.791 

0.2269 

0.5886 

3.791 

0.2269 

Capital 
income tax 

0.7145 

4.2266 

0.1891 

0.7145 

3.9416 

0.2059 

Consump­
tion tax 

0.7513 

4.2172 

0.1153 

0.7513 

3.9814 

0.2008 

a = 0.1 
Wage 

tax 
1.0593 

4.8219 

0.0962 

1.0593 

4.8219 

0.0962 

Capital 
income tax 

1.0231 

4.7818 

0.9013 

1.0231 

4.8218 

0.0965 

Consump­
tion tax 

1.1138 

4.8235 

0.1053 

1.1138 

4.8224 

0.0957 
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TABLE VIII: RESULTS OF THE SENSITIVITY ANALYSIS FOR a 

Home 
country 

Foreign 
country 

Capital 
labor ratio 

Utility 
Tax rate 
Capital 

labor ratio 
Utility 

Tax rate 

cr = 0.9 
Wage 

tax 
0.8203 

18.525 

0.1219 

0.8203 

18.525 

0.1219 

Capital 
income tax 

0.8886 

18.619 

0.3391 

0.8886 

18.542 

0.1195 

Consump­
tion tax 

0.8962 

18.591 

0.1064 

0.8962 

18.543 

0.1193 

a = 0.1 
Wage 

tax 
1.9047 

3.711 

0.093S 

1.9047 

3.711 

0.0988 

Capital 
income tax 

1.7211 

3.69 

0.3479 

1.7211 

3.6992 

0.1013 

Consump­
tion tax 

1.9881 

3.7642 

0.0933 

1.9881 

3.7183 

0.0977 
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