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. " ABSTRACT

A short survey ot.thk controllability'theéry of linear
and nonlinear systems {s presented. ' ‘

Regardinglfhﬁ controllability theory of linear systems, a
global tihité time null.controllabillty counter example is
exhibited. ' | | '

An alqorithm for s'ynthcsizt'hq a stabilizing’ feédb‘Ack qontrol
based on Lie algebraic methods is illustrated th appliedltq
tﬁe satellite attittide control p};blen.

) s

Various. aspects of " satellite aititude contéol ard.

investigated and the ofticienéf of the above mentioned

algorithm is evaluated.

/
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Chapter I
' ‘ INTRODUCTION

Controllability theory attempts to define and isolate the
theoretical limits to which a system can be controlled .
Rescarchers are aware of its fundamental interconnectiohs
with other aspects of control including the existence of
optimal controls, their fcedback synthesis, stabilization
and observability.

Extensive rescarch has been done in this area and
certainly our knowledge of the controllability of linear
systems is substantial. On the other hand, our knowledge of
the comtrollability of nonlinear systems is very limited
and most of the available results in+« this area of non-
linear theory are in some sense local. So that, whiig
the controllability theory  for linear systems is ggifly
complete, a comprehensive theory capable of handling
nonlinear systems with the detail -available in the linear
case is yet to be done. - '

In this research we briefly survey the controllability
theory of linear and nonlinear systems. Our aim is to show

-
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those¢ results wvhich, in the author's opinion, are best known

r
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and of major importance.

In the course of thim research on controllability the author
Afxcovered a counterexample to a very well established result

[l,p. 9@ from which numerous other results have been derived;

sec for instance[l5, thm. 3d and [25.thm. 1] .

controllability and asymptotic stability do ﬁot necessarily
imply global null.controllability. This counter example is
~one of the major contributions of this thesis:
Also, the controllability propéttieSr of the attitude
) dyqeqics of the sattelite problem ‘are. studied and a
'modified' feedback control is synthesized. Here, the
- primary objective is to evalua{e _the effectiveness of the
synthesizing lalgorithm and not the sattelite attitude
control problem itself,
qréat emphasis is placed on the geometric approach (Lie
Algebraic Methods) when studying nonlinear systems. . The
réasop is thaﬁ the approach provides an analytjc
characterization of the coét?ollability space for some
special cases of noplinear systems. Thiscannot be said for
most other approEches commonly used vhen studying
controllability for nonlinear sygrems. It is believed that
the controllability space' for an even broader class of
systems may be characterized by usipg the same approach,
Also, the approach naturally acommodates controllability
Véaﬁcéﬁts aﬁ&wwﬁﬁ;é;fbféllialibis the wuse of sﬁéﬁrgebﬁééfié

theory as a tool in the controllability research.
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In the following an outline of the thesis will be
presented.

In chapter Il a reviev of the controllabiliky theory of
linear systems is presented. The Reachabiel and Attainable
‘Sets are definéd and some of tHeir properties exhibjiéd.
Controllability célteria for linear and"mildly’ nonlinear
Systems are introducea.The term "mildly " nonlinear systems,‘
refers to systems with additive nonlinear control and un-
certain dynamic systems.,

In chapter III ‘the  global finite time null
controllability counter example is presented along wvith some
_comments on . the ceasons why the original theory is
erroneous. | N |
 In chapter-lv a.review of the controllability theory of
nonlinear systems is presented, controllability criteria are
generated and an algorithm for synthesizing a 'modified’
feedback control is dllustrated. '

In chapter V theléffectiveness of th§ aléorithm mentioned
abov, :is evaluated by using it to generate a control for the
att(:ude dynamics of the satellite problem. The satellite
dynamics are presgpged, the ;on:rollability properties of
the model are an;ified and the control pelicies are
computed. Afterwards, the algorithm is ﬁlightly modified to
reduce the regulation time. Several figures are exhibited to

illustrate the numerical results.
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-1In the concluding phrt of this chapter critical'comménts

are also presented on the ‘efficiency and effectiveness of

the Lie Algebraic Methods and its associated stabilizing

algorithm in the study of nonlinear systems. Proposals for
further research are also included in.tﬁis chapter. '

In Appendix A the Fortran codes u;gd to solve the variety-

of problems cohsidered in the satellite attitude control are

-

. exhibited. .




- Chapter II
ON THE CONTROLLABILITY OF LINEAR SYSTEMS

2.1 INTRODUCTION

Frequently, control systems of the form
o S
o x=f(t,x,u) (S)

‘are used to model the behavior of physical, biological or
;oc;al'“systems. ~ In analysing such systems, the 'first
question that comes to mind is where the system
can be driven to, by the available inputs (controls). The
aim of controllability theory is to answer this question .

In this chapter a brief review of the controliabilit}
theory of linear systﬁns is presentéd- and some of‘ the
vell-known result_# are given . % “ ’

Throughout the chapter, unlegs othervise stated, we shall

consider control systems of the form : .
2(t)= alt)x(t) + Bltlult) ; tc [tg,=) (2.1)
x(to)-xo— | o

\-‘



vﬁere. x(t) « RP; u(t) « R; t 2 t, |
A(®) and B(e) are nxn and’' nxm matrix valued |
functions, respectively, with components-gummqble.
~over finite intervals. .
u(e) « M{( 2} the space of measurable functions :
on tt;;m) with values in qo C R®, a compact

[ .
and convex set.

2.1.1 The Reachable and Attainable Sets

By definition the reachable set for the system (2.1) is

given by

t
R(t;t )=l y(ts;u,t5) « R": y(t;u,&))t/;"(s)B(s)u(s)ds :
L to

u(e) « M(2) } , (2.2)

.where X{t) is the state transition matrix of (2.1): and the

attainable set
CA(titg,x )= X(£){ X°i(E )x, + R(t;t )} (2.3)

is defined as the set of states that may be attained from
X, < R" .starting at time t=t_ - by using some admissible
~control ul(e) . M(n).

‘ 'Liapunov's theorem on the fahge of a Qeétor' measure
allows us to state some-of the properties of the attainable

angd reachable sets.



Theorem 2.1 ([2, Thm. 1, pp. 69] For system (2.1) tﬁe
attainable set (2.3) (and the reachable set (2.2)) is
compact, convex anq varies continuously with respect to t.
Most of the resﬁlts ve p;gﬁent in the next sections rely
heavily 05 such propertieslof the reachable and attainable

sets.

2.1.2 Basic Concepts

An initial condition x(ty,)=x, < RM" is said to be
controllable to a point X, « R" if there exists a time
T ¢ [to,=) and a control u(e) « M(®) such that the solution

x(®o;x,5,t5,u) 65'(2.1) satisfies :.

x(T;xo,t0,u)mx,. : ' (2.4)
| o | |
The domain
Clx,,ty)={x, ¢ RM:x, is controllable to x, } (g.S)h

of Ebntrpllability to x, is defined as the set of initial
states from which the system (2.1) can be driven to 31 in
finite time by using some admissible control. If C(xi;to)

contains an open neighborhood of x;, then the system is said

_to be ldcallf controllable to x, .. 1t ”xiwig set to be 0.and .. .

again C(0,t;) contains an open neighborhood of the origin,
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thg’ system is said to be locally null controllable. 1f
C(0,t,) = R" then the system is globally null controllable,

The system " is said to be controllable at t, if every

initial state x(to)=xo . R" is controllable to every x, . R"
in finite time, If the system is controllable at to.for
every .to +» [0,~), then the system 1is simply said to be
controilable.'

In this chapter as well as in the rest of this thesis |
will - denote the euclidean norm, i.e., for
x=2(Xy,.0.,%p)" < R™: n
MY L
Next we investigate the properties that are required in

order for the system (2.1} to be controllable in any of the

senses defined above.

2.2 LINEAR SYSTEMS. BASIC RESULTS ON CONTROLLABILITY

In this and succeeding sections we present some results
on the ‘controllability of linear systems and mildly -

nonlinear in the control and/or disturbance systems.

¥




L

2.2.1 Linear Autonomous Systems

For linear systems .the majority of results are for
autonomous systems, i.e., the matrices A And B are constant;

and the basic resuléa are:

Theorem 2;g'§2, . 5,pp. B8l] System (2.1) with A and B
constant and (i sR" is controllable if and only if the n x nm

matrix Q
Q = [B,AB,A’B,..c...,A" !B} (2.6)

is such'that

a Laten
L T

rank Q‘- n . ’ , : ‘ (2.7)

Corollary 2.2.1 (2, Corollary 2, pp. B4} Let A and B in

system (2.1} be constant. Assume ( to be a subset of R"
with 0 in its interior. The system (2.1) is locally null
contrei}able if and only if the rank condition (2.7) is
satisfied. | ' .
Many variations on the above theme may be obtained by
changing or imposing further assumptions on matrix A;
however, the algebraic results of theorem 2.2 and its
corollary 2.2.1 form the cornerstone for the study of almost
all questions relating to controllability of linear

autonomous systems, It is in general well known that the
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null controllability space C(0,t,) is the subspace of R"
generated by the columns of Q [14]. N;verthglessy it is
important to mention an. additional result on null
controllability of autonomous systems since it implies'that

| the combined action of the system itself (uithoﬁt-cohtrol)
and that of the cogtrol will. determine whether or not the

[

system is globally null conérollhble.

Corollary é.g.g [2, Corollary 3, pp. 85] System (2.1) is
globally null controllable if it is 1locally null
controllable (Corol. 2.2.1) and asymptotically stable.

In ¢orollary (2.2.2), the asymptotic stability together
vith the local null icontrollability property implies that
the autonomous system without control (u=0) will arrive in a
neighborhood of the origin in finite time, and then with
some admissible contrql can be steered to the oriéiﬁ in
finite time; hence;ﬁ the global null controllability
property. It should be mentioned that a system is said to be
asymptotically stable if fqr every x{t,)=xo ¢ R" the
" solution of (2.1) without control (u=0) satisfies :

lim x(t3xe,to,0)=0 . . ' (2.8)

h Y
A linear autonomous: system is asymptotically stable if and

only if the eigenvalues ) of A satisfy Re 2 < 0,
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2.2,2 Time Varying Systems

For linear time varying systems the most familiar results
are 1} that of Kalman, and 2) that of Lasalle and Hermes

vhich are stated below in theorems 2.3 and 2.4.

Theorem 2.3 [22, Thm. 2.4, pp. 52] Let 0 be the whole of R™

then the system (2.1) is controllable on [t ,t ] if and only

if the controllability grammian
t)
w(t,,to)-'/;(t‘,s)a(s)n'(s)x'(t,,s)ds (2.9)
to
is positive definite.

N

Theorem 2.4 [1, Thm. 19.3, pp.96] Let o =R" and suppose
A(t) has k-2 continuous derivatives and B(t) has k-1

continuous derivatives. Let I' denote the operator given by:

(TB) (t*)3-A(t*)B(t*) + (d/@6)B(t)| _ . . (2.10)

If there exists a positive integer k and a time ,t]zo such

that
rank [B(t,),(TB)(t,), ..., (F*"*B) (¢, }]=n  (2.11)

then the linear system (2.1) is controllable at t;. If in
theorem 2.4 2 is consfrained to be the unit cube C” in K",
condition (2.10) is a sufficient condition only for local

~ null controllability [1].



/o . e

Unfortunately, as can be seen, the -controllability
critérid expréssed in thésrgﬁs (2.3) and (2.4) are not as
simple as those of linear time invariant systems: and
condition (2.10) is not even 'ngcessary. Besides being
cumbersome, conditions (2.9) and (2.10) require 2 to:bé the
whole of R, which ig‘seldom satisfied in  real life
problems. Man} other criteria have been.introdﬁced,vhich d?
not need this condition, lbut rqu}re either 2 containing 0
or the existence of an element which lies .in the Kernel of
B(t). The criterion kor controllability to the origin given
by Barmish and Schmitendorf ({3} does not require g-to

satisfy either of the above conditiongéﬁ In order to present

the results of [3] let us introduce..the scalar’ function

J:R" x R x R" --> R given by:

I(x, T )= xJX' (T, t )
: \

' T. ‘
N -l;up{ w'B'(s)X'(T,s)™ :w c0lds, (2.12)
o]

Using the function J one can characterize the null

controllability subspace as follows:

Theorem 2.5 (3, Thm. 2.3, pp. 330] Let g be a compact set.

Pick any subset 2 of R" which contains -0 as an interior
ol

point. Then for system (2.1) the initial condition_

x(t )=x, - R" is controllable to the origin if and oniy if
min{ 3(xo,T,M):dc A= 0  (2.13)

fOI SOB‘C T [ [togm)o
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Fr.‘om._the-orf_.',n--‘?.- S.easily follows_;:

.
- .

" Corollary 2.5.1 [3, Lemma 6.1, pp. 336] There. exists a
= .

solution to the time optimal control probleﬂ'i{ and only if

there is some finite time t,. « [t_,«) §9°h that
min {J(xg,tf,2): 2 Al= 0 . | | ‘(2.14)
Purthermor;; the time optimal- cost is given by :
min{ te: min{JI(x,,te,2)m0z0 « A}) . (2.15)

Also from theorem 2.5 .necessary and sufficient conditions

for global null controllability may be derived.

rl

Theorem 2.6 [3, Thm. 2.1, pp. 329) Suppose 2 is a compact
set vhich contains zero. The system (2.l1) 1is globally null

controllable at t, if and onlyif

‘/;up{v'n'(s)x'(to,s)xzw« nlds = o (2.16)
o ,
for all » + R", » » 0.

For linear time varying systems an analogue version of
Coroligry 2.2.2 1in gldbal | null controllability was
inﬁfoduced by Lasalle and Hermes [1] vho expressed the
results iq terms of 'proper systems' which ve now define.

s

System (2.1) is said to be proper at time t, if

x-:(t)a{t) = 0 e , {2.17) .

on [to,to*s]for each : > 0 implies n=0.

(*} The time optimal control problem being the problem of:
(1) determining wheter there exists a control u* that

atasnra the initrial eondition tn v in minimam time. and
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The following theorem by Lasalle atd Hermes {1] shows the
relationship between pfoperngss at some to ¢« [0,~) and local

null controlldbilitxw

Theorem 2.7 [1, Cpfollhry 17.4, pp. 78] Let 1 be the unit
cube in R™ System (2.1) is proper at t, if and only if the
' origin'is an interior point of R(t,t,) for each t > t,.
Clearly, system (2.1) is locally null controllable if and
oﬁly if it is proper at t for some t - {0,~) (Q:;all the
--prbperties'of the_reachablé set established in theorem 2.1).
The general version of Coroliary.i.z.z on global null
_controllability ‘arises as a combination of asymptotic

stability and the result of thedrem 2.7.

Cofollary,z.z.l [1, Remark pp. 78] If ‘the ‘uncontrolled

system :

£(e) = A(EIx(E) T e (za8)

is asymptotically stable and system (2.1) is proper at time
to, then there is for each initial state - x, < R* an
admissible control 'u that brings the system to'the origin in
finite time, .i.e,, the system (2.1) .;is globally hull
controllable. _ "

The idea behind Corollary 2.7.1 is similar to  that of

linear time invariant sygtems (see Corollary 2.2.2); but

~ unfortunately, Corollary 2.7.1 is incorrect. A detailed’

explanation of this statement as well as a counter example
’ -

supporting it will be presented in Chapter III,



2.3 - CdNTROLLABILIfY RESULTS FOR MILDLY NONLINEAR SYSTEMS
: _ - N

In previous sections wve have been studying 'a variety of
quest tons of controllability for -linear systems. 1In this
_section similar questions on the controllability of mildly

‘nonlinear systems of the form:

i) %=Ax + f(t,u) and | . | (2.19a)
i) feAx + £(t,u) + glt,q) ' (2.19b)
will be analyzed. .. \ -~ &

. 2.3.1 Controllability Results for Systems of the Form
2zAx+fir,u). '

Consider the following mildly nonlinear system of the

form:
F(t)malt)x(t) + £(t,ule)) ; t- -[tg,=) °  (2.20)
- x(to)=xo. | N
vhere - x{t) - R": u(t) - R™ ; t2t . i

Al{®) is a matrix valued function with

.components'summablg over tinite'in:érvals:

u{e) - M{7} the space of measurable functions

' . D . :
on [to,m) vith values in a compact sSubset [

—“;/7 - of R™.
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Cfery0-) x R™-> R" is a function |
continuous in its second argument
and integrable over finite subinterval

P .
of [t,,N) for each selection ul(e) . M(Z),

" Our main  objective will  be to characterize the
controllability space to some given target set Z.

- Systems of the form (2.20) were studied by Barmish and
Schmitendorf [4]) who characterized the controllability space

to 2. Their result is in terms of a scalar function

J: R x R x R™ --> R given by:

.

_ T . .
J(x,,T, )= SE(T, o bx, + fmax{.‘«'x('r,s)f(s,u): v . }ds
) . » . % . -
- inf{.'z: z + 2}. o (2.21)

Using this function J one can characterize ~the null

‘ )
controllability space as follows:

Theorem 2.8 {4, Thm. 3.2.1, pp. 541] Consider the system -

'
(2.20) with admissible controls u(e) . M(:). Suppose the
target set Z is a closed and convex subset of R". Then tﬁb“
system (2.20) starting from the initial <condition

;x(to)éxo . R" is controllable to the target Z if and only if

—

min{ J(x,,T,»):+ - t}=0 T (2.22)
: o
for some T - [t ,-)} and any : C R" containing 0 in its
interior. . . . e
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For system (2.20) global controllability criteris may be
obtained from theorem 2.8. The criteri;n for global
controllability Eo 2 will be dFscr{bed in terms of two time
functions y‘:.R" Xx R-->R; W : R'--> R, vhich we define

by :

~ . L4

t -
V(Z(O).t)%/;ax{ f'(s,w) 2Z(s}) :w " n}lds-

t

inf { 2' 2(v) z] (2.23)

-
[, ]

~ and

Wit)= min{V(Z(O).t) : Iz(0)|=1_]-
where Z(t) are'the solutions (z(t}:X'(T,t},\) of the adjoint

system . Ze=A'(8)2(t) telp,™

\Theorem 2.9 .[4, Thm. 4.1, pp. 542] Consider the system
(2.20) wunder the same hypothesis as in theorem 2.8. Then a.

neceésary condition for global controllability to Z is that

. fe n
:/“.' _ s;tg? viz(o),t)= : ¥2(0)€e R, 2(0) #0. (?-24)

and a. sufficient cbnditionﬁis,that

sup W(t) = -, ' - (2.25)
& _ _

Note that theorem 2.9 only requires - to be compact, so in
a sense results (2.24) and (2.25) are more general than the
one obtained for linear systems (2.1) in (2.16). On the

other hand (2.16) is better in the sense that it 1is

preferred to have in just one criterion necessary and

sufficient 'conditions which theorem 2.9 failg to provide.

+
-
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It is important to point out that if we assume 0 @
~conditions (2.24) and (2.25) merge in just one necessary and

sufficient condition for glocbal controllability to Z

: ./;@x{ f'(s,w) 2(3) tw o 8 }jds =~ (2.?6)
to . '

v

2.3.2 Controllability Results for Uncertain Dynamic
Systems S

~ In the following, we will 1let some additive disturbance
appear in system (2.20) and we shall present some results.
that chérqsterize theféontrollability space of such type of
.systems.‘ For the disturbance, {(or uncertainty) we will
assume no knowledge except for those of Lebesgue
measurability and bounded to be within a certain
prespecified sét. Such prdblems are often referreé to in the
literature as set theoretic .problems. Conceptually, for

these type of systems where the uncertainty is restricted to

lie in a prespecified set, what we wish is to guarantee
the transfer of the state to the target in the presence

of any possible admissible. perturbation. . -

-

We shall consider systems of the form

’

$(t)= Alt)x(t) + £(t,ult)) + glt,q(t)) (2.27)

- xl(to)lmxg RO




s

g: [to;"’) x R
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vhere similar hypothesis to those of system (2.20) hold for

the state x(t), the control wu(t), the matrix A(t), the

functjon f(-,f) and the'target z. Addiﬁionally, ve ‘agssume

n ' . s
P> R" to be continuous in its second argument

and measurable and integrable over finite subintervals of

[to,m) for each seleétion gle) - M(Q}, the space of

measurable functions with v¥lues in Q a compact subset of

Rp. A perturbation g{(e) is said to be admissible whenever
Al .

gle) « M(Q). .,

Here' we will pursue two objectives. The first,. to

. . - : R
characterize the controllability space for the case in which

n

given the initial condition, x, ¢ R, and the perturbation

g{e) . M(Q) there exists a control u(e) . M(?) that

transfers x to the target z (such controllability concept

" will b* referred to as weak controllability), The

)
controllability criterion for this case is described in

terms of a functional J : R" x R x R --> R given by:

) T .
J(x,,T, )= V'X(T, 4 )%, + [max{2'X(T,s)f(s,v) :v.0}ds +
| t
T 0

dl;injx'x(T,s)g(s,q) :q - Qlds -

%o

inf{ »'z =2+ 21} . (2.28)

Using the functional J we can characterize the weakly

controllable space to Z as follows:

" Theorem 2.10 (7, Thm. 2.1, pp. 732] Consider the system

(2.27) with admissible controls u{e) < M(%). Suppose the
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target set 2 is a closed and convex subset:of R'. Then for
‘any given admissible perturbation g(e) *“ M(Q) there exists a
~control u{e) - M(p) that steers the initial condition

Xo « R" to the target 2 if and only if
min{ 3(§J,T,A): Ao A om0 (2.29).

for some T « [t,,=) and any A c r" containihg 0 in its
- interior. Similar results for slightly more general systems

of the form

S(t)=A(t)x(t) + hit,ult),qlt)) (2.30)

¢
were derived by 'Sthmitendorf and Elenbogen in [7]. Global
controllpbility criteria, . similar to those of theorem 2.9
may also be found in [7].

The second objéctive will be to characterize the
controllability space for the case when given the initial
condition x, « R" there exists a control wu{e) r M(p) that
steers x; to the target Z in the presence of ahy admissible
perturbation. Note that opposite to the previous case, vwe
look for just ‘one control that guarantees the
controllability property (such controllability concept vill
be referred -to, as strong controllability). B;rmish [5]
characterized the controllability space for the case in

question.  In order to introduce the result, we require the

) efini:ion,ot the envelope of a function and of the modified ... .. ...

functional J*: R® x R x R" --> R.
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Definition: Let A be a coapact convex set in R" containing 0
in its interior. Suppose F: A --> R is a real valued
function; then one can define envaF: R" --> R U [+ «~}, the

envelope of F with respect to A, by.

{env,F)(x)= sup{G(r): G is an affine lincar function

on ﬁ" and G(}) S F(*) Tor all ' &}

Definition: Let J*: R"x R x RV.--> R be'give' by :

J*(x . T, R)wk'X(T t )x ‘[;ax[A'X(T s)f(s,w) :w . lds

+ env\fll-mn[?\'x('r slg(s,q) :q ° Q]ds -
to
- inf{xz:z « 2}} . (2.31)
. O | |
Using the functional J* we can characterize the strongly

controlliable space to Z as follows:

Theorem 2.11 [S5, Thm. 5.1, pp. 403] Let T « [ty,=) and x
be given. Then for system (2.27)  there exists a control u
that steers the initial condition x, to the target Z in the

presence of any admissible perturbation if and only if
min{J* {xo,T,A): 2 cA} 20 (2.32)

vhere ;1 is any arbitrary compact and convex subset of R"
containing 0 in its ihterio;. .
Global controllability results similar to those of
“Jiﬁébféﬁ 2;§‘ﬁajrséﬂdéfi§ed for sfstem (2.27) vhen 7‘str6hg'
controllability is required; such results may be found in

[5].



22

AS has ubeen shown, the criteria for controllability

become more complex as the complexity of the system or the

requirement for a stronger control increases; and from the

" simple test for linear time invariant systems (2.7) ve

arrived at the hore complex and difficult to compute

criterion (2.30) for some semilinear wuncertain dynamic
systems.

Some.numerical methods on how to compute the proposed

controllability criteria may be found in [3] and [5].

2.4 SUMMARY
’ -
*In this chapter, a review of the controllability theory
-of linear systems has been presented. The Reachable and Attainable
sets have been defined and some of their properties are‘exhibited.
The now classic sesults on controllability of linear systems
of Kalman and Lee and Markus as well as the ne; results of
Barmish and Schmitendorf have been introduced. Additionally, somé:
criteriarfdr mildly nonlinear systems, i.e., systems with |
additive nonlinear contrel, and uncertain dynamic systems,
i,e., systems with additive disturbance, have also been

introduced.

F
s
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Chapter IIl

A GLOBAL FINITE TIME NULL CONTROLLABILITY
COUNTEREXAMPLE

3.1 INTRODUCTION

It has been generally accepted that a control system
x(t)= f(x,t,u) (3.1)

is globally finite-time null controllable if it is
asymptotically stable and locally null controllable,

This notion can be found in Lee and Markus [2] for "
nonlinear autonomoys systems, and in thglle and Hermés [1}

for linear systems, and has been widely used and extended;

'see for instance, Chukwu [15] and Khambadkone [25].

Lasalle and Hermes [1] studied systems of the form

(t)= A(t)x(t) + B(t)u(t) . (3.2)

x(ty )= x4

- 23 -



where x(t) ¢ R', u(t) < RM, t 2 tg |
A(e) and B(e) are nxn and nxm matfix‘valued
fdnctionsf'rgspectively,uith cbmponenté summable
over finite intervals.
u(e) ¢ M(C") the space of measurable functiong

on [ty,=) with values in . C™ the unit cube in RM,

24

AS méntioned in chapter II (Corollary 2.7.1), Lasalle

and Hermes concluded that if system (3.2)was asymptotically

stable and proper at ;5 (which implies local

null

controllability) then systém'(3.2)was globally finite time

4
1)

null controcllable.

In this chapter we present a counter example to Corollary

2.7.1 [23], i.e., we present an example of a one dimensional

system vwhich is asymptotically stable, locally

null

controllable (in fact -proper) but fails to be globally

finite time null controllable.

3.2 THE COUNTER EXAMPLE

Consider the scalar system

x(t)= -x(t) + e-Ptu(t)

e 2(0)= %o ; p>1, ,u(v)%i,H[91,+1]mMmrm~»
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where x(t) ¢ R, t 2 0 and M[-1,+1) ' is' the space of
measurable functions with wvalues  in the closed interval
[-1,+1].

Clearly the system is asymptotically stable. Further, the _'
transition function being X(t) -_e't, and B(t)= ePt, ¢t 2 0,
the system is proper since -

B'(t) (X' (t))-*p = ne'Uﬁl)t-O . (3.4)

if and only if n=0 for -any interval- [t,t+5], 0 €t <o,
§> 0. Consequently the system (3,3) is locally null
controllable (in finite time) {1,Corollary 17.4]. Combining
these facts (asymptotic sgability and local null
controllability) one would be ﬁempted to conclude [1,p. 781
. that system (3.3) is globally finite time null controllable.
Let us check now wvhether, in fact,_gystem {(3.3) is
globally null controllable. -

By definition the reachable set for the system (3.3) is

given by

3 t
R(t) ={ £« R: 'z = .fe'(P'I]S u(s)ds; ueni-1,+1]1} (3.5)
for each, t 2 0, Clearly R{t) 'is ‘symmetric, convex and

compact for all t 2 0 (Theorem 2.1). A point £ < R(t) is a
bbﬁndary point of R(t) if and only if

ul(t) = sign(B'(t) (X' (t¥ ™ n)= signine{P-1X), (3.6)

L

for n# 0 [1,Lemma 13.1].
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Since X' (t)B(t) = eip'1k><0 for all t ¢ [0,.), the
boundary points are attained by controls u(t)=1 or u(t)= -1,

Hence it follows from (3.5) thaﬁ, for any p > 1,

-(p-1 ! -(p-
R(E) =i R: pl-e 1) sis e 1) L (3.7)

N

Conseguently, an initial state x, can be steered to the

origin if and only if x ¢ R{t) for some te[0,~) ‘or

equivalently
x, ¢ {g: — < ¢ < =1 | I {(3.8)
o (p-1) ) {p-1} :

In other .words, initial states {x,}, for which

[ | 2 (-;Lr—), cannot be steered to the =zero state in

finite time and hence the system cannot be globally finite

time 3%u11 .controllable even’ though the system |is

asymptotically stable, locally null controllable and proper.

- In fact, for the given example, one can verify the above

conclusion directly. Take an initial state X, »£* with

le®f 2 ), p>1, and let the uncontrolled system run

]’1-1 1
til time t, > 0 so that |eleL*| < {(—-1—) and then apply

control from t, onwards. The result is, for t > t,

t .
x(t) = e-(F"toXato ¢*) +[e"(t'5) ePiu(s)as
e
R
= e t{ ¢+ fe‘(P'l)S u(s)ds}. ' (3.9)

1

t
R Tt o

Since | Jrke'(P'”Su(s)dsl < pil
to .

t ¢ [t,,=) and u ¢ M, the conclusion follows.'

)  independently of
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By use of the necessary and sufficient conditions for
global finite time null controllability given by Barmish and
Schmitendorf [3] (inteqgral (2.16)), the same coﬁclusion Ean
be reached from the following inequality

. = '
jsup‘n B'(S)(X'(s))-*y,ulds= | [, ]e-(P-Todgse —2- <=
0uo:(.'l 0 {p-1}

(3.10)

-

for p > 1. The iﬁtegral on the left of (3.10) should diverge
for all > ¢ R, 2w 0 for gqlobal finite time null
controllability.

If in (3.3), instead of B(t)=e-Pt:p > 1 we use

P 0Ststr;pweo
Blt)= |, | (3.11)

0 t > t*; 0 <t* <a

we will arrive at the same conclusions as for system (3.3);

i.e., the following system:

x{t)= -x(t) + B(t)u(t) : t 20 (3.12)
. .
x(0)= x_, ; B{t) as in (3.11) ; u(e) ¢ M[-1,+1]
is asymptotically stable, null controllable, in fact proper
at T for any T < t*, but it is not globally finite time

null controllable since the controllability integral . (2.16)

w ti’
fsup{ w'B'(s)X'(0,s) 2 :wenlds=f |r]|eSds (3.13)
0 - ,‘:. . s . 0 . . - P o VU S

fails to diverge for any A ¢R'. ..

o
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Syétems (3.3) and (3.12) bear one property in common, in
both cases the control . infiuence over 'the system 1is made
ineffective by the killing'action of B(t), either because it
is.rapidly diminished (system ‘3.3) or nullified completef&
after some time A (sg§tem 3.12). It should be' said,
nonetheless, that if psl for‘system (3.3) or the control

_admissible set £ :R" then we would have obtained the global

finite time null controllability property. Consequently this

killing ﬁ%tion is not entirely reflected in the properties
- of asymptotic‘stapility.and properness (let alo;é ésymﬁtotic
‘stability and local null controllabilf??)t Unlike the
properties mentioned -above, the integral condition {2.16)

bears this property.

3.3 COMMENTS AND CONCLUSIONS

-

The conditions that a linear time varying system is -

asymptotically stable and lqcally ‘null controllable (or
‘proper) do not guarantee the global finite ;ime null
controllability. This conclusion has been supportgd by an
example, and it is believed  that éjmilar’ conclusions may
hold for nonlinear time varying systems. -

Although the system may be asymptotically stable and

' proper,f the effectiveness of the cdntrolﬂﬁﬁf be stifled by

the action of B(t), therefore, preventing the system from

LS
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_being globaiiy finite time null controllable. Note for
insinncc. tﬁut.in system (3,3) the contréi parameter B(t),

through vhich control is ecxerted in the sysﬁem decays at a

rate (p > 1) taster than the asymptotic decay rate of the

>‘.uncohtrolled system itself, and in sy;tem (3.12) the control
“parameter B(t), and  therefore ﬁhe control action itself
ganishcé aft;r t* > ot , So that; the propertiéa‘ of
Ssymptotib‘s;ability and prbperness alone (or more generally
asymptotic stability and loéal null controllability) cannot
guarantee global finite time null_controllabiliﬁ} because
they fail to récognizé this killing action. On the other.

hand, the pont;ollnbiliﬁy.integral (2.16) does reflect this
action. It should be'said that wvhen unlimited control is
available only properness(,at some time t : [t:;,,'m ) s
necessary .in o;dér .to‘ hﬁye global' finite time null
ébntroilability. ‘ )
Finaily; fbr time invarianf systems this‘problgm‘doeslnot

arise’and the general belief :

Asymptotig'Stabilitf + Local Null Controllability ==>
==>Global Null Controllability.

remajins true, Since the domain of null controllability

remains invariant with respect to the initial time t, -
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'Chapter v
ON THE CONTROLLABILITY OF NONLINEAR SYSTEMS

e

4.1 INTRODUCTION

:in'thap;er 11 the basic‘ results on the controllability
for linear systems of the form (2.1) were presented. Those.
results were developed by studying the geometry of the sets
of reachability and attainability. In this chapter a similar
attempt will be made to introduce the basic results on
coﬁtrollability for nonlihear systems, i.e., systehs of the

form
x=f(t,x,u) (4.1)

vhere x - 1, the state space; u . ., the admissible control
set; and f is a mapping from [t,,«) x T x.=--> RF®, A
.Pgecise description of the system will be given later in the
chapter. ‘
Unfortunately, studying the gecmetry of the attainabie
set for‘nonlinear systems is more difficult. This is due ﬁo-
‘the inherent difficulties associated with séme phenomena

that arise only in nonlinear systems. Among them we may

cite: 1) nonuniquéﬁess.oi the equilibrium points\fi-ﬂ)i, 2)

-

- 30 - o -
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sinquiaritiéé“devéloped by the solutions of some nonlinear
systems (e.g. the attainable set may not be . pathwise
connected):' and 3) the critical dependece of solutions on
the paraﬁeters, ri.e., varigtions {n. the parameters may
determine. the existence of none, one or more than one smooth
solutions. Also one’ can wusually - obtain élosed-form‘
' expfessions fo}lsolutioné of linear systems uh;reas this is
not always possible ;ﬁ the.éasp of:nqniinear systems, .

In succééding sectiéns, - we préseht results on the
controllability of-nonliﬁear.syétems (usually”local }n some
sens;}. Most of those results concentrate upon rather
special classes of nonlinear problems. -

A comprehensive controli#biiity " theery for nonlinear

systems giving similar information as available in the

linear case is yet to be deveioped.

4.2 CONTROLLABILITY OF NONLINEAR SYSTEMS VIA RELATED
LINEAR SYSTEMS

.'6.

4

In this section wve will determine some controllability
properties of nonlinear systems by studying similar

properties of related linear systems.

»
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4.2.1 Time Invariant Systems

ponsider the nonlingar autonomous system in R"
o xef(x,u) in C‘(R“ x <) ' a (4.2)
vhere & is the restrain%*set in R™.

The domain C(0) ofibﬁll controllability.ié defined as the
.set of all_initial_sfit&s X, R", such  that if u* is an
‘admissible control and x(t) is the solution of (4.2) with
u=u* and x(ty)=x,, then at some positive time t. 2 to‘ve
have x(t:)-O, 1f C(0) contains an open neigborhood of zero,
then system (4§.2) fé said to be .lbcaliy null“controllablg
(near the origin).

The system f4.2) is globally asymptotically stable if for
géch & >0 there .exists : =i(ty,&) such that |$°[ < 4
implies that every solution xz(t) ~ of (4.2), with some
admissible controlﬁ u*(e) - k(n) initiating at x(t )=x,
satisfies {x(t)| < & on t St <=, and every solution of
(4.2) with this admissible u* _ can extended  over
t, St <= and tends toward the origiar‘; as t--> = ,

The system is globally finite time nGll controllable if
every in{tial state x, - R" may be steered to the origin in
‘finite time. It has been believéd that global finite time null
cdhftollability comes as a result of global asymptptic

“stability and local null  controllability, ‘even though this

" is not always the case (c.f. Chapter II1).

Al
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Given the nonlinear system model (4.2) the first.

teﬁptation in analyzing questions of local and global null

controllability is to linearize the process (4.2) around the
origin‘(x-o,u-O). Such :a procedure yielééﬁ the linearized

dynamics:

x(t)aFx(t)+Gult) - {4.3)

x(th-xo

where F=(3f/5x)(0,0) and G=(2£/5u}(0,0).

Since controllability criteria for  systems of the form
(4.3) are readily évailabI§ (see for inst;nce‘theorem 2.1)
ue-;ould clearly like to be able to conclude something about
the controllability properties of (4.2) in a neighborhood of
‘the érigin by studying the ccrresponding‘péoperties of the

linearized system (4.3). The folléving theorem is a typical

‘result in this direction.

Theorem 4.1 [2, Thm. 1, pp. 356] Let, in syﬁten (4.2)
0 . int{=]} and £(0,0)=0. Then system (4.2) is locally null
controllable if the linearized system (4.}) is controllable,

i.e.,

rank [G,PG,F'G,...,P* *Glan . {(¢.4)

The problem with the.above type of linearized result is

o

th!!MQEMQEQHiﬂQE#MQDJX;QHﬁﬁi?jcnt conditions, and _that one
may have the nonlinear sf%tem actuﬁlly locally controllable

and yet the rank condition (4.4) fails to be satisfied.
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: Clobal finite time null controllability criteria may also
be derived for systems of the form (4.2) by combining global
?symptotic stability criteria with that of chal

cbntrollabilityf(e.g. Theorem 4.1). By doing so we obtain

Theorem 4.2 [2, Corollary to thm. 7, pp. 3971.

Assume

: Ii)'Systéh (4.2) satisfies £(0,0)=0 and‘o {int{ﬂl:
(ii) System (4.3) satisfies the rank condition (4.4);
and |
(iii) There exist a scalar function V(x) and an m-vector

U(x) in C*(R™), such that

(a) V(x) 2 0, and V(x)=0 if and only if x=0;
(b) lim V(x)=+ = as ]x|¥—> - '
(¢) U(x)E 0 for all x ¢ R™;

(d) (av/x )f'(x,U(x)) < 0 for x#0, i=1,..,n.

Then the system is globally Iinité_tiﬁé_null,controllable.

4.2.2 Time Varying Systems
‘ ) o

In_ this section we uill.study the questions of null °

controllability for systems of the form:
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wvhere f: R x R" x R"---> R" is such that f(t,x,u}) and
(af/ax)(t,i,u) are continuous., The controls u(®) are agssumed

to belong to the set M{(n) of bounded measurable functions

with values in flglfi No atﬁempf*ﬁill be made to redefine:

" the controllability concepts prgviously defined to account
‘for time varying systems Qincé na major chaqge is involved.
Thg'f0110uing thégrem_by Yorke [161 not only expands the
result of theorem 4.1 to account for time varying systems
but relaxesl some of the requirements. In the théorem he
relates some ‘controllability p;oberties of systems' like

(4.5) to those of systems of the form

’ .

" E(t)=Lt)x(t)+v(t) ; vit) in Q(t) C R . (4.6)

' ' o Ve
vhere v is a measurable function, L(t) is (3£/3x)(t,0,0) an
nxn matrix which is continuous in t} Q{t) is the unbounded
closed convex cone of the set f(t,0,0) = {£¢t,0,u) : uenl},

The precise statement of the theorem is given-by:

Theoreﬁ'i.g. . -

[16, Tha. 1, pp. 334 Suppose 0 g and £(t,0,00=0. If
system (4;§Y' is-localiy'null éontrollable (near the origin)
then systeﬁh (4.5)‘ is lo§a11y null controllable (near the
origin). - ’

In a sense the Eesult.of theorem 4.3 is qui:: dﬁfterent

from that of theorem 4.1, since theorem .4.1 involves. a

“representation of £ which is-useful only for .considering

small values of x and u (because f vas linearized around
. N < .
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x=0, wu=0). It is certainly reasonable to consider x small
since we are discﬁssingx@oéal null contréliability criteria,
but in many situations, particularly if bang-bang controls
are desirable, it is helpful to be able to use control
values u for which f(x,u) is either 0 or large and not rely
on having u almost 0. Let us remark that theorem 4.3 fails
to provide a necessary condition. ' e

Similarly to the autonomous case (thm 4.2) one could_héf'
tempted to combine a result on global asymptotic stabi}ity' .
with the local null controllability result of theorem 4.3 to
obtain a ‘criterion on glo§ﬂ1 ‘fini}e time null
controllability. Chukwu in [15]) did so and established

| _ . .
Theorem 4.4 [15, Thm. 3, pp. B09] Suppose 1) the hypothesis
‘of theorem 4.2' ‘are satisfied, andl the system (4.6) is
locally null controllable. Further suppose 2) - that for
. some admissible. control u*(e) ¢ M(n) there . exists a

symmetric positive detinite nxn constant matrix A such that

the eigenvilues xk(x.u',T), k=1l,....,N of the matrix
e ]

. 4

[AJ + 3'A}/2 ; (J=2f/ax) " (4.7) :
satisfy o T |
« . - '
A, S =6<0 7 kel,...,n : - (4.8)

for all (x,t) in R"! where &> 0 is a constant: -and

~ finally suppose .3) that there are constant thiﬂdwand&qugﬁliffh

1 < p s 2 such that \ ‘ . .

-

.. ter - :
[Hf(s:o,u*)ll’as ==> 0 as t-->= | (4.9_)
t
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'é@hen the system (4.5) -is globally finite time null
} controllgple.

‘Unfortunately, the counter example of chapter 1II shows
that such a result is incorrect. In fact, by " taking the
matrix A of (4.7) to be the identity and u*=0, system (2.3)
satisfies all of the requirgments of theorem 4.4 but,
nevertheless,” fails to be globally finite time null
controllable as shown in chapter II.

In the next section we will present a rather different

aproach to solving the questions of cOntrgllability 4

nonlinear systems.

4.3 CONTROLLABILITY OF NONLINEAR SYSTEMS VIA LIE-ALGEBRAIC
METHODS _ 7 _

In this section we will present some results on the
contrbllability theory of nonlinear systems obtained through
geometric methodss (specifically Lie algebraic). The
motivation for utilizing them is that thex ézovide a good
frame for.therstudy of nonlinear systems, since the notation
and ’methodoiogy of dif!erzitial geometry, involving
~manifolds, < vector fields, trajectory curves, etc., are

highly éuited to the requireueﬁts of the problems of control

r- betwveen the geometric interpretation of a system

& -
5

systems. Specially, Lie theory being merely and interplay

F/4
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(dx; /dt)=A, (x{t)) (4.10)

g

of ordinary differential equations as the integral®*curves of
a vector field x-Ai(x){a/axi} and the interpretation of X as
a generator of'g one parameter group of transformations,
s&f, solutions_bf the differential equation (4.10), enable
us to use all -6£ the properties of vector fields and

integral curves to-obtain an effective characterization of

the . controllability space and therefore of the

controllability properties of nonlinear systems.

Here, ié”Vill be dealing with systems of the form
x=f(x,u) (4.11)

where it will be assumed that the state x evolves on a C*

(or analytic when specified) manifold Y of dimension.-n,

i.e., a Hausdorff topological space with countable cover

(U%,x,) of coordinate charts such that :

(i) U® is an open subget of %
(ii) x4 =col{xy,....,x0 ) : ue -->R"is a
homeomorphism onto its range. )
y (iii) 1f (ue,x ) and (U5,x ) ate two such cobrdinnte
| charts, then the change of coordinates xzexg':

xa (0N UB) -=> x4 (U*NUB) is C* (analytighs

For a fixed u in (4.11) f(e,u) is considered to be the local

-~  coordinate representation of a C” (analytic) vector ffei&ménu

t, i.e., a magging which asgiéns to each point x in 1 a

\
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tanéent vector in T,t, the tangent space to ¥ at x. System

(4.11) is called smooth (analytic) if the above conditions
are satisfied. It is assumed that u belongs to M(21), the
set of bounded measurable functions with values in 2 a
subset or R™ such that int{n)} #»0. We also assume that system
‘(4.11) is complete, that is for every bounded measurable
control " u and . every x, ¢ % there exi;ts a solution
x(t)=x(t;x,,u) satisfying x(t) ¢ 1 for all ¢t in [0,=). To
simplify notation we assume that the manifold '  admits
globa{{y defined coordinates x-(x‘}....,xnf, allowing us to

identify points in f with their coordinates representatigm

and to describe control systems in the familiar fashion. K

Given a point x* in 1 we say that x* is reachable from x,
at T if there exists an admissible control u(e) ¢ M(3) such
that the solution x(t) of (4.11) satisfies’ x(to)=xo,
x(T)=x*. The set of states reachable f rom X, at time T ig

denoted by:
R(T,x,}={x : x is reachable from x, at time T} (4.12)

and the reachéble set from x,

-

R{xg )= U R{t,x,) ' (4.13)
t‘:‘() .‘_t ’ .

Given two states x* and 2 we say that x* is weakly

%eachab;e from & if and only if .there exist states

Cx',x,...,xk, k<= such that x's=x*, xk=% and either x* is -

reachable from x*-* or x'-! is reachable from xi, i=1,...,k.



40
It should be said that weak reaéhability 735 a symmetric
relatign, i.e., x* is veakly reachable from X if and only if-
® is weakly reachable from x*. Thefsjﬁtém‘(4.ll) is said tq
be weakly reachable if every x <t % i weakly reachable from
any y ¢ ¥. Since weak reachability is-f global concept wé
can define a local version of it (local weak reachability)
as: given xp¢ 9, we denoée by WR(x,) the set of states v,
veakly reachable from x,, then the system (4.11) is locally
weakly reachable at x, 1if for every neighborhood U of x =
UNWR(x,) is also a neighborhood of io. Intuitively, local
.weak controllabxlxty of x, imélies'that the set of points
reachable from xo going either forward or.backward in time
is a neighborhood of xo. . i .

The local weak controllability concept lends itself to a
‘simplelélgebraic test; howvever, to int;oduce ig ve r?quireLa
fev additional notions wvhich we present in the next section.

Let x*{e)y=x{e;x ,u*} denote the solugion ' of (4.11) ~
corresponding to the control u* and uitﬁ initial condition
Xo €1 , the system is said to be locally controllable along-
x*(e) at time t* 2 0 if all poznts in some neighborhood of
x*(t*) may ‘be attained by a solutxon of (4.X1) startxng_;:\\
x, by the use of an admissible control. The system is
simply called 1locally controllable along x*(e) if it is

locally controllable at t for every te¢ [0,=), i.e., x* (&)

_is an_interior point of R{t,x;) for every tin (0, =), -

-
-



4.3.1 Notation and Mathematical Preliminaries
ra

Let X{x),¥(x) be two C* vector fields ont. Then the Jacobi

bracket of X and Y, denoted [X,Y], is given by [21]:
- B . n .

[X,7)(e)=(3 ¥ -3 X)(e) . (4.14)

Usually the Jacob% bracket is defined as the negative of the
right hand side of (4.14). Defining . it this way: does not
alter the results and avoids taking into consideration some
negative sigﬁé that would appear.

. It is easy to prove that the Jacobi bracket satisfies:

¢, X,+c, X, ,c,%, %+, X, I=c ¢y [X,,X,]

*

+c{c3[x9,13]+;1cu{xl,x“]+c2q,[xz,xh] (4.15a)
[x,¥]= -[Y,X] | : (4.15b)
(x,fY,w])= [[x,Y],W] + [¥,[%X,W]] ~ (4.15¢)

vhere X,X;,...,X%X,,Y,W denote veéﬁor fields and ClreeesCy
denote real constant.

 The set of all . C* vector fields on % is an
infinite-dimensionalr vect;r space ﬁenéted by V(1) and
becomes a Lie algebra under_ ihe multiplication defined by
the Jacobi bracket. By LieﬁAlggbra we mean a vector space
‘with a multiplication (3,?) f->_[x,Yj defined for any two
....elements: X and !,satisfying,(i.15p)1to (4.15c}.WMW:WNWVK‘LMw:

o,
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Bach constant cdntrol_ﬁ ¢ 9 defines a vector field-f(-,u)

in V(7). Let F; denote .the subset of all such vector fields,
that is, F, is the set of all vector fields generated from
f(e,o) through the use of constant controls,. F will denote -
the smaliest subalgebra of V(1) containing F,, ‘i.e., the'
elements of F are linear combinations of elements of-the

form :
(€2, [f2....[f ,E6-2)...1) S | _ (4.16) -

where fi(e)= f{e,ui) for some constant ufc1 ., We let F(x)
be the space of tangent vectors spanned by the vectqfrfields
of F at x. | _ |

Given a vector field X evV(yg), '(exp,tx)(xo)-.denotes the L

solution to :

x= X(x) | ” (4.17)

x{0)= "Xo

at time t. Finally, for two vector fields X and Y in V(%) we
denote the Lie product [X,Y] by (adx,¥Y) and iﬁdhctively
(ad%*:X,¥Y)= [X,(ad ¥X,Y)) and (ad°xX,¥)= Y.. T

With the above background we .are now féédy -to
introduce some of the basic results on the controllabillity
for nonlineat systems obtained by means of the theory of

differential geometry.

etmin e e e s it i ke e e B B e e o e e




mdiﬁ;nSion'P(i)i'h; 'fiiiaiiétied for all x « ¢

- ‘p.

e :
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4.35.2 Basic-Results - SR :" .

-

. In this section we present some of the basic results on
the controllablity of'nonlinear_systegs obtained wusing the -

:";qebbétfic approach.  Although the aséumptions on the gystém

are father strong (C" or ‘analyikc)} ‘none of the resuits.
except for .anaiytic_ sysiems;:- p;ovidé but suifi?ient
conditions on a° certain aspect of the’ cpntrollability
theory. . _ A‘_. o

Let us start our o iscussion by stating thé rel#iionship
betveen the Lie Algebrs F (4.16) and the reachable set.

o ) -t - )

Theorem 4.5 [10, Thm. 2.2, pp. 730] If the space of tangent

vectors F(x) spanned By tﬁe.vgc:or fields F -at x is of
dimension n, then - system (4.11)  is locally weakly

controllable at x.

The condition of system (4.11) being locally weakly

. controllable guarantees that the .interior of the reachable set

from x, for every x ¢ t,is not empty, i.e., .
int{ Rx)} » @ wx« v~ "~ (4.18)

For C" systems the converse of theorem 4.5 is not quite true,

-

but we do have :

Theorem 4.6 {10, Thm. 2.5, pp. 731] If the system (4.11) is
locally weakly ~ contrcllable then the rank condition,
. an open dense,

subset. of .

rd

e
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‘Nontheless, if .we qtrenghtenléur assumption’ and consider
the system to be.snalytic we may state

L .o ' ~

_ . Corollary é.g.aﬂj’j T
: “inZJThm{ 2.6,-5P. 731) ° The ’system s locali;  ,veakayffg:':.
| chtrbllibie iﬁqand only if,ihe'raﬁk'téndit}OB}'dEQ'F(ﬁ); n[:f‘
is;'\sat.jisfied ‘tor. all x « t. | |
The ;ritéria'ffor.,thé. systéﬁ ,fq.ll) :to‘ be locally
fcontrollaﬁlealong 'somélréferencé-trajebtory x*(t) . can be.
‘dériQed vhen thg's}sé?m "conéidered.iS' c=. ,th following

result provides such criterion.

Theorem 4.7 [11, Proposition 4: Pp. 256) Consider the system
(4.11) and let u* be an admissible control vwhich generates
the reference trajectory x*(e)ex{e;x, ,u*). Suppose thgre
exists a time t.20 and an integer  k such that
utle ) « in:{:}; u* is constant in a neighborhood of t, and
it x =x*(t,) ' ' S T
. rank{Y'(x;),...,¥%(x;),(adX,72)(x;),...,(ad} x,Y”l(xl)];n
a (4.19)

vhere X(x)=f(x,u*(t,)) and Yl(x)-(afaua)flxhu*(tl)). Then

the system (4.11) is locally controllable along =x*(e) at

time t,.

Remark If t§>t,,- the map x(t,;e,u*) considered as 2 map of -
. , 3

initial - data,  carries a ,ﬁ@iGhPPPbOPd"WWOfdpl(t{?¥orU')

homeomorphically onto a neighborhood of x(t;;x, ,u*). Thus if

-

T
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'Q system is.;ocally contﬁbllible along x*(e} 'at‘ tiWE t, .,
this is also true for any §22t1.‘. cow -I‘“ D
A simpigr ériteriqf for io;al cbnt:oilability.élpng‘some
:Féfqrghcg trajectory may be obtained if we specialize the

“system under cénSigeréﬁibnlﬁd: e R '
 X= x(x);*‘x(k)u , Lye[;l,lj - (4.205

x(Q)- X S o
where x ¢ !}' x(j) aﬁd‘Y(-) a;é‘c‘ Vééto? fiélds one .. The
'"bﬁsic result is éoﬁqpined;ih the following :hed}em : -
. | _ .

Theorem 4.8 [11, Proposition 2, pp. 255]) Let x(e)= x{e,x_,0}
be the solution of (4.20) corresponding to the control uz0;
a sufficient condition that the system (4jéO) is locally
controllable along x{e)} at time tlé 0 is ihaf‘there exists

an inieger k such that :

dim”span{S(x(t,))b [adi X, ¥)(x(t,}); i=0,...,kl1}=n
' (4.21)

The results of theorem 4.8 can be extended to systems of the

form :
m.

= X(x) + :E:quj(x) s -1 su;s 1 (4.22)

J=1
by simply substituting in the rank condition (4.21) the
vector (adix.!) by the matrix [(ad‘x,yj)],-j-l,,_u,m.

It,wfollousﬂjm@édiately from theorem 4.8 that if the

initial condition x(0)= p, is such that X(p)= 0, then dim

'y el
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span S(p)--n i%”a sufficient cond:t:on that all po:nts in a
ne1ghborhood of p be attainable by a solutlon of‘ (4.29{

-

1n1t1at1ng from ~ p. . Since reversxng .the tzme merelf
Lntroouces a minus sign in certaln elements of s(p) but does
not change the qrmen51on -of its:’ span, it follows. that
"d1men51on span S(p); his a ouffiqieng-coqditioh‘ that all
po1nts in a neighborhood of p be steerable to p ;n fioite'
t:me.=~Th15 is therefore, 'a sufficient condition for local
controllab;lxty around the rest solution p.
In practxce, one :s not only interested in know1ng that

it is poss:ble to steer all points in some neighborhood of p
to-p,l but vhat is preferred is a method to construct a
feedback conrrol to do the task. In the next section we
wvill describe an algorithm which computes a 'modified’
feedback control (modified in the sense of discrete
measurement of the state), obtained from the rank condition
(4.21),

" Before starting the next section let wus include
another result ;hich, under strong assumptions, relates'the

Lie algebra F to the reachable set. 3

-

Theorem 4.9 [11, Theorem, pp. 256] Let F_' be symmetric,

i.e., if X ¢ F,-=-> ~X ¢ F,;

then every pair of points of 1
can be joined by a solution of (4.11) in finite time if the

rank condition {dim F{x)}=n} is satisfied. Recall that P is

”"‘th'e"’"‘smafl’est’ 'subalgebra co'ﬁlta ini ng Fo.. T



.~. processes. Moreover, even though we consider a limited class

‘of systems (C~ and analytic), &on;kollabilitx ‘criteria

‘appfohches presented in this. chapter.

“"knowing that the system is locally controllable, but alse in

v,

1a
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Asyit has beet ‘shown,  results on .controllability for

-

nonlinear ‘systems . are -not as. complete. as those _of linear

A

turned out to be only sufficient in most of the cases and

. not necessary and sufficient 'which.is what is desirable. o

‘ : . -~ ,
Other approaches have - been given to the problem; like for *

‘.instpnté vinter's [17] characterizatiof®of the reachﬁblexset S

by ‘émbeddiqg solutions of (4.1) in a spaigzuof linear

functionals; but /with no greater success than the =

. d

“.

4.4 . SYNTHESIS gg A STABILIZING PEEDBACK CONTROL VIA LIE
ALGEBRAIC METHODS

. -Consider the control system on R"

$= x(x) + Y(x)®. o (4.23)
. J ' - . .
vhere X,Y are C” vector fields, ..p ¢« R 'is a rest solution,

) i.e., X{(p)= 0 and the control u assumes values in [-1;1]:“If

dim span Sfp)= dim span [ (ag’ X,¥)(p); j=0,...,n=1)=n -

then sysﬁimh(G.ZB) is locally controllable around p. -

In most of the cases orie is interested not only in

. -A-...\"l .

synthesizing a  stabilizing control. Here we give a,



-

'control

Y Y-

construct:ve algor:thm to generate a modz!:ed (1n the sense

dzscrete measurement of the“ state var:able) - feedbeck‘

Y

-

-
P

'4_, For a veqtbr field W on .RV,_ we denpte'the' solution at

'%1me T of

L Txewx(e)) -
L EICILE -
by (exp tW)(p). The algorithm'is based on the fact that by

"composing maps of the form (exp &(xtu(&)f)(p), one can form

maps, denoted qi(&)p .’ such  that qi(O)-_p.' and
(d/d&)qf(&)plczgtﬁadk X,Y}(p). ‘Furthermore, the maps q:(&)p
correspond to. admissible trajectories of system (4.23)
resulting from controls with at most 2% -1 switches.

Now let { a;,...,a,) ¢ R" and consider the cgmposxtxon

a
-t

' Q(e)paa®  (l ayl8de ... eg®* (| o, [8)p (4.24)

where .

+ ifaiyz 0

- ifajn< 0

then for & 270, q(&)p correspond to a trajectory of (4.23)
n-i
resulting from a control with at #ost Z (2*-1)=(2"n)
n

switches, and (d/d&)q(&)p| -zu (ad"- 'x Y)(p). In
1

partxcular if d;m span S{p)=n and ve are at a point g' near

“p with g}~ p = Yofad” *X,Y)(p), one can prescribe a control’

over the interval [0,&4]), which drives the solution in the -

——
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_ dxrectxon Uazgg(ad' 'X, Y)(p) “This is the essence . of the
algor:thm.(lt will be used in the ncxt chapter to synthesxzej

a control’ fcr\the satellite (attitude cont:olled) problem. -

,
. . . I st .
o “ . . .

.

4.4.1 -Preliminaries
/ '

°

In this Section - we show how to obtain the direc%ions
{ad X,Y) (p); j=0,...,n<1 via composition of,sg;utions of
. - e

(4.23). The ensﬁing' formulae ire based’ on the

Baker~Campbell-Hausdorff formula [19].

. Lemma 4.10 [12, Lemma é; pp. 355] let - i
C gi(e,k)p=lexp (X £ &X7))p , (4.252)
. T .
(s, X)p= a}(s,k-1)eq3(s,k-1)p (4.25b)
vhen k=1 " ' )
p 'q:(&,l)p- exp(zsx.t s1[x,v] + 0(&’))p'
and inductively for m= 2,..... ‘
T gite.k)= gl (s, K)eq (&, X)p | (4.25c)
then ‘ ‘ | .
 gile.mlp= exp(2”ex + 3,67 (ad"%,7) + 0(&2m))p (4.250)
wvhere lnfa_; )= (m(m- 1)/2)ln(2), -and T
0 it 1<js2m-1 '
' (al/ae))q} (s, mpl__g | | o ;
e O agtem | AR i GEze

Note that

(d/dk)q5(&,0)= +¥(p) and (37/8k*)qil&,1)= £{X,¥1(p).



Since we are interested in obtaining ‘the directions

‘,:ﬁadji,f)(b) ji 0,,..,(pﬂl)i, as ,firSt Lderivativés ve

reparametrize the forms (4.25a) to (4.25d) as follows:

" Corollary 4.10.1 [12, Corollary 1, pp. 3561,
Let | ' '
q;(&)p= g (&,0)

and for m= 1,2,...

q;(&)p- g;((&/am ¥" ,m)p (4.26)
then ” .
(a/as)qi(s)p] . +(ad™x,¥) (p) ) (4.27)
c= ) : .

Por computing purposes, it is useful to have an explicit

list of the first several functionssqﬁ(&)ﬁ. These are :

qi(&)p= (expi(X  ¥))p_ | (4.28a)
. qj(a)pe (exp &} (x 7 ¥))e(exp & (x 2 ¥))p  ,(4.28b)
g3 e)p<Texpl(6/2)} (X £ (e/2)}1))e

Cexp(2(8/2) F (X% (a/2)) ¥))e
" expl(a/2)? (Xt (a/2)} ¥hip (4.28¢)

a;(eIp= qi((s/8) " 3)eq 5 (e/8) /", 3)p T (4.284)

_The maps gi(s)p have been defined for & 2 0. . Since

(d/di)qé(&)lc;)t(ad“ X,Y)(p), if we define

-
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| .q;n(&‘.)p' . itezo .

R " (4.29)

- q-(s)p L ife <o .

m= O,Q.a,(n-l),-then q.le)p is defined, .and is continuously
: differentiable, for & in a neighborhood of 0. Moreover,
since q;(&)p,- £ 20 is ‘ﬁhq end point of an admissible

trajectory of' (4.23), the cbmposjtion

g (9, )e ceees oq, (2,)p (4.30)

is the end point of an admissible trajec%grr of (4.23)
corresponding to a control with at most:E:l (2i-1)= 27-n
svitches.

The following theor?m establishes the relaﬁion between
such compositions and local controllability to the rest

state p.

Theérem 4.11 [12, Thm. 1, pp. 356] Consider the system

-
. -

(4;25).'Assume:
(i) ’x(0)= p and x(p)=0 _
(ii) dim span S(p)= n i @
and let_q;(&)p and q_(&)p be defined as in (4.26) and (4.29)
above. Then every -point in some neighborhodd of p can be
attained from p by a2 trajectory of (4.23) - of the form’
(4.30). sSimilarly, p can be attained from any point g* in‘
some meighborhood of p by a trajéctory of (4.23) of the

form :

G (5, )%eeen0g (a )g' o (4.32)
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$.4.2 The Feedback Control Algorithm

-

. e = ‘ i
In this section we will assume for system (4,23) that the

initial condition x(0)= p is such that X(p)= 0 and that

~dim span S(p)= n. Further, for any & > 0, lét.U(p,&)

denote a neighborhood p such that x ¢ U{p,&} implies :
1Z(x)| s &; [(a@'x,¥)(x) - (ad) X,¥)(p)| S & (4.32)

for j= 0,...,{(n-1). Then the algorithm is as follows :

Given qif U{p,&), express qi~ p as a linear combination

of (adix,¥i(p) 3= 0,...,(n-1), i.e.,

. n ' )
. qi- ps Zlcv(q i)(ad” 1%, ¥)(p) T (4.33)

and define .
gisi= g _ (~a(g)ele ... eq (-a (g )é)gi. (4.34)

It can be proved [12] that for & > 0 sufficiently small,
gi--> pas i -=->= , . «
To gain, insight into why the algotithm is expected to

work, we note that :

gnil- aplgtle)e ... egol- a;(g*lelgi-qg*¥

-

»>

n
F-6) aj(qt)(adisix, ) (g})  (4.35)
1

a direction which is ‘nearly’ the negative

ofq*=p:-

i
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In the next chépter a satellite attitudg control will be

- \'_—.'/ [
synthesized using the above algorithm.

4.5 SUMMARY .

-

In this.chaptet, a review of the controllability theory
of nonljnear systemfns been présenped. S?veral approaches as to
how to focus the controllability éuestionshave.baen inéroduded,
and so 'Eontrollability cFiteria generated via related
linear systems and via Lie Algebraic Methods. An algorithm
to syntﬁesize a feedback control. for nonlinear systems has

been exhibited.

w

[
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Chaptér v

- . SATELLITE ATTITUDE CONTROL.VIA LIE ALGEBRAIC
o . . METHQDS ; .

K
.
. .
»

~ In this chapter, a variety of Satellite attitude .control
problems are investigated in an effort to: 1) evaluate and

improve the stabilizing algorithm preéented in chapter IV

and 2) study certain controllability aspecfs. The sysfem

model to be used is that of a three-axis, zero-momentum

attitude control for a satellite and "is presented in the

- -

next section. In it the control is performed by

" momentum-exchange devices. The  fundamental pridciple

involveg is that, for any vehicle the ;othl external torgye

T M m .
is equal to the rate of change of theé total angular momentum

L

of the vehicle. Thus, in the absence of any external torque,

“Lif the - angular momentum of any. part of the vehicle (the

control elemenp) is changed by some means, the angular
momentum of the remainder of the vehicle will change by an

egual and opposite amount.

e ™

-
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5.1 SYSTEM MODEL

iThe satellite angﬁlar momentum dynamics, using both
reaction jets and flywheels, can " be described as follows

[20]:
Ixé"' (I: 'I.}-)(Y"wo)( + Cxﬁx' Cyn yr."' C-Q.ym= Ty
I, ¥+ (I,-1_)8c+ C 8 0+ C A= CR.B=T, (5.1)

I.C% (I, =T )y =wo)8 = Cy 8,Y+ C 0,8+ C.R.= T,

-

where Bm;Y,C represent the angular velocities of the
satellite gody (spacecraft}), 8, , %, , ® . are the angular
velocities of the flyﬁhe%ls, and Ty, Ty,T. are the (applied)
torques due to reaction;jets. The rest of thg;§ymbols‘are
ﬁhe” paramet?rs of the system’ (satellite and;;flywheels
moments of inertial. a ._‘ - I

Fof the purpose of regulation we. éqnsider the torques
(T,T,,T.) and the flywheel acceleration (ﬁx.hy,h:) as the

control variables, and we define them by the vector .

3

u-(ul!ufiu:-i rUunUS-UG)' -l('rx!'rv !T:!dxrhvth-}' . (5.2)

~ where @,, 4., 0. are the flyvheel angular velocities in the

htt

x,y and z directions, respectively..

Using (5.1) and (5.2), the overall system model is givgﬁ

°
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1, B+ (IZ-IY‘)(Y-wO)f- + Cxuy = Cy Ryl +.Co0.y = uy

Yoy
I, V4 {I,-1 )80+ C R, 0+ Cug -~ C,R.Bw= u, (5.3)
I €+ (1,=1, ) (y=w,) B = Cf, ¥+ CyR,8 *+ Coug = uy
' d-"' Yy o o | ’ p;
lby- Ug | . '
hi' ug - ' ..
A

The bbiective " is to design: a discrete feedback control
law that brings the satellite's body rateél FB‘ a 'fest
(desired) state (B,v, ¢ =0) following a sudden pe:turba;ion.‘
Further, the control law shall)be obtained by using the
feedback control algorithﬁ presented in 4.4.2. Once the
control lav is synthésized, .8 slight modification is
introduced in the ‘algorithq SO that it performs the
‘fegulation more efficiently (less time). Comments on the
'controllability of the system,. with jets and'flywhee}s, as
‘well as comparisons bétueen Epe‘ depicfcd algorithms are
presented. _ o

Regarding the controllability of (5.3) we next study two
‘cases: the first when we 6oﬁsider only “jets as coﬁtrolg,
i.6.,, W,,Ug,ug -b: the second, wheﬁ— ve consider only
flywheels i;e.; Uq,Us,u,y=0. Tﬁe control possibilities, as

vell as limitations;—_of both type of devices are anal}zed._

'";QE;E§§§WPQ§PF we -should stress that our main objective is to = . - ;

)

‘determine the efficiency of. the _algofi;hm presented in
4.4.2., since the controllability properties of system (5.1)

are wvell known (see for instance [18]).

-

Rl
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5.2.' SATELLITE ATTITUDE CONTROL USING JETS ONLY

A

When there is only jets actuating the system, the model” &

. N ) )
reduces to: -

Ifom =(I.= I 103 = w)t = @,
. gl I\,‘f. _(I‘.“ I: ]E.‘:-' U. (5.‘]
| 1:f e ~(1,- 1,00y wibr = U,
or in gatrix'tbrn
X -‘xkx) +uY s uY +ulY i {5,5)
where L.
'((_I:' I r - wy) i/zt

X(x) = . [ -{(1,- 1.0e0)1,

“fn - 100 - v )}/l

and _ ‘ o .
A . 1/1; | o] 0
e [0 | 2 vaella] 2 yoe| o0

No-,..since the vector field IXle) at the desired state

2(€, v,2=0) satisfies: . g 3

X(2)=0 . - T s le

and - . . ; LN



]

« ' e .

dim Span S(x) = rank [¥.,¥ .13 (5.7)
™ ) . - ~ ' s ! .

“we can conclude (}hm‘ 4.8) that system (5.4) 'is locally.

controllable around the origin (desired statel.

-

L

5.2.1 The Feedback Control Algorithm

’.

- Giveri an initial perturbation G+ R we now write

g'= '_x_"Y‘__o a:.‘!__ M S . . (S5.8a)

ang find )
Irnlzi I“ C O

’ tse =0 o0 (5.8b)
[x‘ ¢ 4] I

our. algorithm ‘to proceed from g* to q' (and,in general f{rom

g to G-} then becomes
\‘ 4 ' : - ) . N
g* = gl (]a][e)egi?(] 1 a)eqt (fa jeiq? (5.8¢)
wvhere again
T - it 2,20
e, = . i=1,2,3 ’
' - 1: '3;< D
-



Y

| =99
Once q’ is‘obthined we compute .the new a coefficients
‘.cdrrgsgondihé‘to q" trom (5.¥8b) and repﬁ;t the itefati;c
p%hgé@ﬁf; uﬁﬁ;l the desired convergence is achieved.
o fﬁe system block diagram is shown in figure BG.l.i
C o We hext°g§ve the numerical resu;ts‘ot a typical computer
run using algéri;hp (5.8}, The initial perturba