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ABSTRACT

Formulae for the magnetic moment j of anisotropic platelets of high T. superconduc-
tors developed by Gyorgy et al and Peterson are frequently exploited by these and other
researchers to estimate, j¢ and j2°, the critical current densities along the ¢ axis and in
the ab plane taken to be iﬁdependent of the magnetic flux density B. These formulae were
derived using the hasic definition, < M >= (< B > —poH,)/ 1o and ignoring end effects,
(i.e. any demagnetizing fields}), hence implied that the aspect ratio along the magnetizing

field H, is large. This approximation is inappropriate for platelets penetrated by H,.

We develop these formulae using the alternative basic definition of a magnetic moment,
p=1/2] (I-Z. X f)dV. Now however, for the approach to be valid, j=jcorj=j® must
be independent of B (Bean approximation) and fill the entire volume of the specimen (i.e.
a saturated critical state must be established). We show that these formulae are correct
under these restrictions regardless of the configuration of E(m,y, z) and the neglect of end

effects and attendant demagnetizing fields.

Il
B

Pursuing this framework and the latter definition we develop formulae for ji for isotropic

parallelepipeds of various aspect ratios as a function of their inclination @ with respect to

il



the magnetizing field H,. We maintain throughout the critical assumption that the in-
duced persistent currents circulate transverse to H,. The graphs of computations with

these formulae are useful in identifying the role of geometry on the magnitude of j.

Next we envisage two simple but basic regimes of anisotropy of the critical current
densities. The formulae are amended to incorporate these concepts. Families of computed
curves display the resulting behaviour and their comparison with the first set enables us

to separately assess the effect of various degrees of anisotropy on f.

The catalogue of model predictions we have compiled should prove useful in the se-
lection of opt'imum experimental arrangements to identify the effects of geometry and

anisotropy on magnetic phenomena in type IT superconductors.
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Chapter 1

INTRODUCTION

1-1 General

The ability of type II superconductors to support a lossless stationary current in intense '
static magnetic fields is perhaps their most important property for technological applica-
.tions. The critical cutrent density j., the threshold value for thé onset of resistivity in
these materials, deﬁeﬂds on the temperature T' < T, , where T is the critical temperature,
land H < H. , the upper critical field for the suppression of the bulk superconducting
state. Sinc;: the transport properties of single crystals of high T, superconductors are
highly': a.nisotropig, Je iﬁ these materials also depends dramatically on the direction of the
current flow with r@pect to the crystalline axes. Generally in the ceramic ?xide high Tc
| _ sﬁpercoﬁdﬁctors, e directed along the C z;ads is very small compared with e directed in

1



the basal (ab) plane. Also some differences have been observed between Je directed along
the & and b axes. Thé latter difference is generally not appreciable and is usually neglected
in a ” first approximation ” analysis of the behaviour of these materials.

Two diﬂ'o;erent approaches have been exploited to determine I. hence jc. They are denoted
the ? four probe’ technique and the ‘magnetic’ method. We now outline both of these

schemes.

1-2 Four Probe Technique

The *four probe’ technique is conceptually simple although not alwa.y‘ér.rstraightforward in
implementation. Current leads are attached to the ends of the specimen and connected
to a current source. Voltage leads are secured to the Specimen at two positions located,
between the current connections and some distance from the latter. It is important. that
the cross section S of the specimen between the voltage leads be uniform and accurately
known. The onset of a voltage detectgd by a sensitive voltmeter betweep these leads as I is
impressed determinels‘ I.. Thus tile spatial average, < je>=1IL[S isI readily obtained vs H,

and T. Si_nce the sensitivity of voltmeters is limited, the accuracy of these rﬁeasurements o
diminishes as the 1ength of the specimen is dinﬁniéhegl_apd the cross section is enlarged.

The main problem with fhis technique arises from the fact that a contact resistance R,

inevitably exists ‘between the current leads and the superconducting specimen. Joulé'

1
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(i.e. I’R.) heating at the two interfaces causes the temperature of the supercoﬁducting
material in their vicinity to rise, thereby severely disturbing the superconducting state
and its lossless current carrying capacity. Much effort and skill have been devoted to
minimizing R, and to diminishing its effects. The magnitudes of the critical current and
current densities coming into play in the most technologically promising materials are so
large however, particularly in the range of low and weak fields, that the best contacts
continue to present a major obstacle in these circumstances.

Another major problem with the four probé technique is that the magnitudes of j. for
the technologically interesting type II superconductors are considerable. Current densities
exceeding 10° Amperes per cm? have been reported in thin films and single crystals of
high-Te superconductors even at 77K. Further j. increases rapidly from these impressive
values as T is diminished from 77K. Consequently, the critical ;:unents, I.=<j.> S are
| quite lﬁge even for specimens of modest cross section S. Thus precautions must be taken
and sensftive protective circuits introduced in the méasuring system to avoid irreversible

damage of the specinien when I attains and exceeds I..

1-3 Magnetic Method
_To circumvent the oonta.d *bottleneck’ and specimen destruction, and also to obtain com-
' plgnient#ry data, a variety of ’magnetic’ schemes have been devised and explored. The

3



essential features of these various methods are also straightforward.

By Faraday’s law of induction, a change A®, of the magnetic flux threading a specimen
generates an emf ¢, hence an electric field E is related to & by the definition e = § E.dI.
The electric field E(t) accelerates the superelectrons (i.e. Cooper pairs of density »” and

charge €") giving rise to a current density,
j=n'ev (1.1)

which grows until a critical value j, is attained where the dissipation of the kinétic energy
begins to take place by various processes. Hence an effective resistivity appears in the
superconducting state until j decays infinitesimally below the critical value. After the
increment (or decrement) AH, of the applied field has taken place, 2 steady state ensues
where a pattern of circulating induc_g:d current density is established at the threshold
(critical) value over part or all of the volume of the specimen.

We recall that an element of current,
Al=7.AS (2

flowing around the periphery of an area A constitutes an elementary magneiic moment or
magnetic dipole,

Af=(ADA=(G-A5A SN (&



Thus, the persistent circulating currents induced by the change of H, cause the specimen

to develop a magnetic moment,
- - = 4 -..,_. l —4 -
p—fdp_j(J-AS_)A—szXJdV (1.4)

which can be measured by a variety of schemes and instruments {eg. pickup coils feeding
an amplifier-integrator, vibrating sample magnetometer, SQUID magnetometer). Here R

is the position vector. The magnetic moment or the magnetization,
_E
<M>= v (1.5)

where V is the volume of the speﬁmm,md < M > is the spatial average of j, yield
ir‘lformation on j. vs H,.

A basic requisite for this method to yiéld valid data is that the entire sample be occupied
by persistent circulatiﬁg current at the final value of H,. The situation where ﬁersis;tent
; ‘currents fill the entire'volumé of the specimen is often referred to as the saturated critical
state. To achieve such a saturated ‘critical state configuration, AH, the change or sweep
or éiving. of H, from some initial value to the final value must be sufficiently great in
magnitude so as to induce persistent currents around and over the entire cross section of

i

the specimen. This magnitude can be estimated and illustrated by taking,

AB, = peAH, = pg<je >W | (1.6)



Thus a platelet of half width W=0.1 mm, which can support a critical current density of
spatial average < j. >= 10°A/cm?, will require an increment (or decrement), AB. % 1
Tesla in order that a saturated critical state be established throughout the dimension pen-
etrated by the magnetizing field AH,.

Further we note that the magnetic flux density which threads the specimen will not corre-
spond to the final applied field H,, but will vary over a range AB,. Thus measurements
of the saturated magnetic moment only provide data on the spatial average of the criti-
cal current density j. for some average of H, lying between the final H, and H, & AH,.
Consequently careful analysis of data on saturatea magnetic moments over a broad range
of the ﬁna.} values of H, is needeci to ei‘xtract. information on.the dependence of j. on the

magnetic iliux density B, when Je varies rapidly as a function of B.

L | !

. | | |
The complications noted above can of co'ursellibe minimized by using small samples, thereby
. ' o '
causing AH, needed for saturation to be l"‘ldiminished even if j. is large. The accurate

v . | !
, |

measummgnt of the magnetic moment of srf;all samples, however requires access to sophis-

ticated, sensitive and therefore expensive equipment such as vibrating sample and SQUID

niagnetometers. Fortunately, the critical current density of strong pinning single crystals
of high T, éuperoonductors is not-véry sensitive to the magnitude of B. Hence for these ma-

terials the problems we have just outlined are not significant. Consequently most workers,

in a first approximation, regard j. at a fixed ‘temperatufé to be independent of B over the

L



dimensions of their specimen. This approximation is often referred to as the Bean Model

or Bean approximation (3,6,17,24). This is the perspective we will exploit in this thesis.

1-4 Saturated Critical State

To ensure that a saturated critical state is generated by the change of H,, the experimen-
tal worker can proceed as follows. First, the specimen is cooled from.T; to the chosen
iempéra.ture T in a static magnetic field H;. This procedure is denoted field cooling and
abbreviated to F.C. in the literature. Then the applied magnetic field is either increased oxL
decreased by a convenient amount AH,,, to a final value H;. Let p; devote the magnetic
moment thereby induced in the specimen. To determine whether AH was sufficiently large
to induce a: saturated magnetic moment the worker then repeats the procedure but now

| uses a larger AH, denoted AH,;, but keeps H; the same. Let 3 denote the magnetic

moment induced by AH,,;. The augmentation of AH,,, is continued until the oorreapoﬁd— |

P : ‘ . .| Py
ing induced. fin for the chosen final H, = Hy ceases to increase. This saturation of the
| ¥ g

magnetic moment provides assurance that a saturated critical state is generated by using

| - A : - \ -*
" the corresponding threshold value for AH, or a slightly greater AR, Unfor_t.uhatéiy this
straightforward procedure has‘been. ignored by some workers, thus casting a ‘sha.d'ow of

.doubt on tﬁe_reliability of the related ob'sérvations;



tjrpe I m'a‘\xtgria.ls. H

1-5 Size Dependence of the Magnetization

1-5-1 Uniformly Magnetized Superconductors

The magnetic moment of uniformly magnetized materials of course increases linearly with
the volume. This is the situation which prevails in Type I superconductors and ideal (
i.e. reversible or pinning free ) type II superconductors of dimensions large compared with
the penetratioﬁ d-epth A. In the case of type I superconductors, the magnetization arises
entirely from Ins, the Meissner shielding current flowing in the penetration depth at the

surface of the spimimen and perfectly screening its volume from the externally applied

magnet;ic field H.!,; Thus here, B, the magnetic flux density in the body of the specimen is

i
b

& i :
- zero and: < M >“—"l5 —H, < H,, where H, is the thermodynamic critical field. In ideal type

l.

. ) i ‘{l|| . | .
Il superé‘spn.ducton"s, when 0 < H, < He,, the situation is identical to that encountered in

\i

tAItetnat'ii‘sfrely ahdlllequivalently we can view the magnetic moment 4 in the perspective

6f a tptai:’;lsurface !current Tiotat = I Z, (where Z is the "height” of the specimen along

] |

‘ ' Al I ‘ ' [
H,), ﬂowi#‘lg around hence embracing A, the area or cross section of the specimen (A =

: i
R? or x%r). Thus,

p=ipp = hotatA= ~IMZXY = InZ(xR’) = =IuV =—<M >V - (1.7}
v . \‘i N
‘ L

o

- 8



Hence,

Iy =<M>=-H, (1.8)

in type I superconductors and ideal type II superconductors when H, < He:.

The situation in ideal type II superconductors is somewhat more complicated in the range
Hoy < H, < Hcgl. Persistent currents circulating around the axis or core of each quan-
tized vortex generate localized magnetic moments, pu,, inside the specimen. In pinning
free, hence ideal and reversible type I materials, ﬁ, the density of quantized vortices or
flux lines is uniform and exists in equilibriﬁm with the externally applied field. This equi-
librium is governed by. the mutual repulsion of the vortices and their interaction with the
magxietic field in the pen;atra.tion depth at the surface of the specimen. Since the dgnsity
of the flux lines is uniform, no net ma.créscopic persistent currents flow in the body of the
spgcir:nen. A "diamagnetic”, i.e. field oppos;ing Meissner current\ﬂows in the penetra;tion
'cieptﬁ; at the surface of the specimen. The sum, Np,, the quasi—ma.g‘roscopic magnetic
ﬁmmeihts generated by N ,.the total number of individual vortéx culfrt;.ﬁts conibinedl with,
BM, tl‘;le large diamagnetic morﬁent‘ created by the Meissner current embracing the surface
of the specimen leads to the ;vel] known Abrikosov < M > vs H curve for ideal type I1

superconductors which is sketched below.



<M> A

cl

: — >

The Magnetic moment g, of each vortex is proportional to its length Z. Also N, the
number of vortices in a fixed H, increases in proportion to the cross section A of the
specimen threaded by the flux lines. Thus, Ny, the total magnetic moment associated
with the vortices scales linearly with the volume o_f the specimen in a chosen H, since
Nu, = (nA)Zpl = nVyul. Here p! is the magnetic moment per unit length of a vortex,

As indicated above, the magnetic moment, ups generated by the Meissner surface current
is also proportional to the volume of the specimen. In this perspective it is easy to see
that the magnetization of bulk ideal type I superconductors is size independent a.nd can

be written,

pow _ Npy—pn _ np(AZ) — In(AZ) _

_ 1 _
<M>= Vv Vv 7 o — Im (1.9)

It is often convenient, instructive and useful to write,
<M>=-I, -—-n,u,l,--IM . (1.10)

where I, is regarded as a net diamagnetic surface current per unit length Z along H,.
iere the subscript "A” refers to Abrikosov who first developed the framework we have

just outlined (1).

10



For completeness, we now express the picture above in the classical and familiar context.
<B>=pgH, +tpo<M> (1.11)

where po = 47(10™") Tesla-meter/ampere.

The vortex currents circulate in a paramagnetic sense, i.e. they create a local magnetic
field configuration along the direction of the‘applied magnetic field. Let < Bl >, denote the
spatial average of this vortex magnetic flux density. The Meissner current Ips flowing in a
diamagnetic (i.e. field opposing) sense generates a magnetic field Has, hence a magnetic
flux density,

Bag = oM = poln (1.12)

which "overwhelms” the magnetic flux density sustained by the vortex currents. The

resultant magnetic flux density can then be written,

<B>»>=<B>,—-Buy+ Hqu =< B >, —}loIM + #oHn = poHa + po < M> (1.13)

Hence,
<M>= <B>_ In (1.14)
- Mo
and is dia.ma;gnetic since Ing >< B >y [ pto.
Siqce ea.ch vbrtex contains a unit rof magnetic flux,
l " q>°=%- | o (1.15)



then,

< B = ﬂéo (1.16)

and, introducing eqn 1.16 into 1.14 and comparing with eqn 1.9 we see that,

®
p== (1.17)
Ho

In closing this section we stress that Iy = Iy = H, when H, < Hey. However I4 is
smaller than Hg; when H, > Hg; consequently , I4 is a “small” current since H,, is

<< H. << H in high T, superconductors.

1-5-2 Inhomogeneously Magnetized Type II Superconductors

The saturated critical state magnetic moment of hysteretic (i.e. pinning permeated, hence
themodynamically irreversible) type II superconductors. is however not linearly propor-
‘tional to the volume but increases as some power of the volume. In other words, the sat-
urated magnetization < M >= u/V of these mﬂ.teria.]s is size dependent. This size effect
was first discovered by Bean in 1962 (3) and provided clear evidence that net macroscopic
persistent transport currents penetrated and occupied the interior of type Il supercon-
dl;ctors. Further, this. observation set the background for the critical sta.te‘ model, now
genera.lly referred to as the Bean Model. (6 24) N |

Although the maximum critical current density. j. = lﬂuhlm attained in the bulk

\ 12



or volume of strong pinning type II superconductors is lower than the current density
jm = I/ X = 103 A/m? of the Meissner current, the critical current /. in these massive
materials donﬁngtes Ins and therefore dominates Iy << Ip. Consequently in examining
the situation in these specimens we will ignore thermodynamically reversible ;urfa.ce cur-
rents I4 and Ips and focus only on j. and I..

Hysteretic type II superconductors, also called "hard” superconductors, can sustain large
persistent transport currents because the flux lines or vortices can be firmly pirned by
imperfections in the specimen such as microscopic voids, dislocations, grain boundaries,
concentrations of impurities, etc. Consequently, steep gradients of flux line densities can
be established in t.he material. By Maxwell’s equation, 7 X B = po;, a macroscopic per-
sistent current density 7 corresponds to these static spatial variations of B. When the
net mﬁtqal repulsion of the inhomogeneous configuration of flux lines becomes excessive
and su{ﬁcient]j strong to overcome the pinning force density and unpin the ﬂux lines,
* their distributioh.adjusts to a new stable arranéement, t‘hus the corresponding transport
current transforms from a temporarily _supercritical to a critical curreﬁt density pattern.
To illustrate that volume persistent currents lead to a size dependent magnetiza.tiori, it is
convenient tc; consider j. to be uniform, hence independent of BI.. This useful simplification
B i‘s flégoted the Bean approximation.(3, 6, 17,24) |

We examine a segment Y of a long xl-éctangular slab of le;gth L along the y axis, width W

13



along x and height h along the z axis. We consider L >> Y, W and h. The slabisin a
saturated critical state hence the persistent current density j., occupies the entire width,
height and length of the slab. The persistent currents have been induced to circulate along
the length L by AH, applied along the height h, hence j. = —jc; and j. = +j.y in the

halves of the slab situated in the space 0 < z < W/2 and —W/2 < z < 0 respectively, as

sketched below.
FA . .
1‘ +ch// Joy Y
| ya A
ya /
aH, | H i
af N 7
1 4 1/
, % ﬂ
i . Y
: @ @0 O ¥
h L]
y @ @10 ©
) e
< w >

The "return” loops or U-turns of the pattern of the circulating currents are at the "ends”
of the length L and do not play a significant geometric role here, since L >> Y. Later
in this chapter and in this thesis we will examine many situations where these portions of

the circulating current configuration will be important. Here,

Ap=(ADA= (ijxAz)(Y2m) - (1-13) :

14



since Al = 5 AS = jey Dz Az and the area embraced by a "symmetric” current loop can

be written A=Y2x ( we ignore the sign of u and focus only on its magnitude). Thus,
) w2 A oWy W
y= j dp = 2jo,Y jo zdz jn dz = jo¥ (5 = GV (1.19)

where V=WYh.

It is clear from the right hé.nd side of eqn 1.19 that g increases as the product of the
volume and the dimension W transverse to H,, the magnetizing field direction. Thus the
magnetization,

<M >= % = ey (1.20)

is proportional to the width W of the slab.

For a cylindrical rod whose length L >> R, is oriented transverse to the magnetizing

. field H,, the element of current,

Al =jord6Dr " (1.21)

15



embraces an area,

A= (2rsinf)Y (1.22)
hence,
py = 2Y j o r? Arsinf A0 (1.23)
and,
R r 4 4
= ] 2 1 = =1 = —1 2
gy =2V jo r2dr /o smadq SiaY B = iaVR (1.24)
where, V = (v R?Y), hence,
4
= —3 D)

scales with the radius R.

1-6 Orientation Dependence of the Magnetization

A fea,ture‘ intimately related to the size dependence of the magnetization of hysteretic type
II superconductors is the dependencel of <M > on the orientati(m of a specimen of fixed
dimensions with respect to the magnetizing field H, which induces the saturated critical
state.

If the cylindrical rod is oriented with its length along the magnetiiing-’ﬁeﬁf‘f“‘tvhich we t;ake ;

to be directed along the z axis, the induced persistent currents circulate azimuthally. Now,

16



-the element of current,

Al = jor AS = jsOrAz (1.26)
embraces an area,
A=gzr? | (1.27)
Thus,
1) = jes ju " 24 j; “do= M:r?L j«,% (1.28)
where V = (rR?)L. Hence, |
<M>y= jc.,-g'- (1.29)

agains scales linearly with the radius. We note that, keeping R fixed and j. = jog = joy
the change of orientation of a cylindrical specimeh, with re;spect to the magnetizing field,
has ce.used a small change in the numerical coefficient of < M >; and < M >4 frc;m
4/37 to 1/3.

Rotation by 90° of a long rectangular slab (dimensions W and h fixed) in the x-z plane so
that W >> h is now the dimension // to the magnetizing field will lead to a diminution
of < M > by a factor h/W since by eqn 1.19, < M > will change from, chW/4 to, jph/4.
Natura.l single crystals of high T superconductors are generally platelets whose thickness
or he:ght h is very small compared with their width W a.nd length L. Vlbra.tmg sample
) magnetometer and SQUID magnetometer measurements of these small platelets revealed
that 4 << Ha- Here iy and pt; denote the magnetic moments w1th the magnetizing field
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directed along a large dimension and along the small dimension h, respectively. In these
single crystal platelets, the C axis is directed along the small dimension h and the ab plane
is parallel to the "large” LW plane. Initially the dramatic difference between p; and p. was
entirely attributed to anisotropy of the critical current densities j¢ and 328, Here j¢ and
72 denote the critical current densities along the C axis and in the ab plane respectively.
Later, however, analysis along the lines we have out.lir.xed, showed that platelets whose j.
is isotropic will exhibit dramatic variations of p arising from the ™aspect ratio”, i.e. the

orientation of the specimen with respect to the magnetizing field.

1-7 Objective of the Thesis

In this thesis we attempt to model and identify the effects of the aspect ratio, orienta-
tion, geometry and anisotropy of j. on the saturation magnetic moment of parallelepipeds.
For instance, it is clear from our introductory analysis that a long square rod where
W = h << L, and where j. is isotropic will exhibit no change in whetl‘xer H, is directed
~along Wor h. We expect however that _will exhibit some va.riétion. at intermediate ori-
 entations of H, in the hW plane from its value with H, // to h or W. In particular, we
mgntion here, the "simple” case .where H, is directed along a diagonal in the hW plane
of a .séuare specimen. The ma.gnetiziné ﬁéld now ;’se&c_” a diamond shaped object. ‘The

symmetry of this situation is of E‘;pecial interest and simplifies the analysis in this case,
‘ N _

W
K 18



Further we haveL up to now in this introduction ignored the region where the circulat-
ing induced persistent currents turn around. For a realistic examination of real samples,
that is samples finite along all three dimensions this region must be taken into account.
We will therefore also pursue this feature in some detail in our investigation. Indeed we
note that the pattern of circulation of the persistent currents in a square rod whose axis
or length is directed along the magnetizing field consists entirely of U turns as illustrated
in sketch (a) below. It is also important that the anisotropy of the critical current density

be taken into account.

@ . )
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Sketch (b) displays the pattern of induced persistent currents in the xy plane of a block
of identical size and shape as that shown in (2). In sketch (b) howevev, j.:, the critical
current density along the x direction is smaller than jg, the critical current density along
the y axis.

The simple situations we have described above are illustrative examples of the spectrum of
saturated configurations of circulating critical persistent currents which we examine in this
thesis.We develop closed form expressions for the resulting magnetic moments and mag-
netizations and our analysis includes configurations where j,. is anisotropic . Throughout

our analysis we regard j. to be independent of B, hence exploit the Bean approximation.
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Chapter 2

THE BASIC FRAMEWORK and

FORMULAE (Part I)

Pa,rt I

- 2.1 Introduction

jIn this Chapter we ;lescribe the basic framework and develop the key formulae which will
then be applied to a variety of situations in the subsequent chapter.
The basic formulae which we exploit in our work were derived by Gyorgy et al (14) and

Peterson (20) and independently by us. These workers addressed this problem in the
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framework of the constitutive equation,
<B>=poH;+po< M > (2.1)

It is instructive to present and comment on this approach.

2-2 Framework of < B >

These workers consider a specimen of uniform rectangular cross section in the xy plane
and of infinite length along the z axis.. The magnetizing field H, is directed aldng the z axis
and AH, is sufficiently large so as tc induce persistent currents to circulate throughout
the volume of the speci:hen and establish concomitant critical gra.dfent.s of ﬂﬁx line density
extending from the centre to the surface of the specimen.

The spatial configuration of magnetic flux density in cartesian coordinates,
E(-r'y! Z,) = -%Br(z}ya z) +§By(zay\ z) + :‘:B,,(:n,y, z) ' (2'2)

caﬁ be simplified to read,

B.(J:, Y, z) = éBz(z: Y, z) (2'3)

if the ispecimen is regarded as infinite, isotropic and of uniform cross section along the z

" direction. Introducing eqn 2.3 into Maxwell's equation, 7 % B= ,uof , leads to,

9Bi(z.y) _ _. .
= = Jroje(z:Y)
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B,(z, . .
ia—-a(%ﬂ = Zpoje(Z,¥) (2.4)

where the current densities are taken to exist at critical levels. The critical current density
along the x axis is viewed as invariant along that direction and similarly, the critical current

density along the y axis is viewed as uniform along the y direction. Consequently eqn 2.4

reads,
dB. ]
5z = - pojey()
8B,
By poje(y) (2.5)

which apply along the appropriate slopes of the B;(z,y) profiles. Anisotropy in the xy
plane is taken into account by considering, jez(¥) # jo(2)-

In this framework it is possible to consider the general situation where jr and j may
not only depend on B; but a.lso.depend on B, iﬁ different ways. These authors however
‘and oth_ef workefs have restricted their analysis to the‘ special case where j.r and jo é.re
indepenﬂent of B, i.e., to the Bean approximation. Under these circurnsta.nces, the B;(z,y)

profiles are linear and given by, |
Bals) = poHe — podaX =2)
Bu(y) = poH, —ydju(Y -y) 29
| whiéh follow fmm intggratioﬁl of eqa. 2.5 a.n-d‘a.pplj over i_;hel corresponding regions. The
bounda;'i& of the segments or regions B,l; :.ind‘B,'g are deﬁeﬁnﬁ by the réf;luirelﬁent that
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B, must be continuous. Hence, along the contact surface, B:(y) = B.a(z) gives,
Je(Y — y) = de(X — 7) (2.7)

which we shall derive below from conservation of current (i.e. the equation of current
continuity).

Now eqn 2.6 is introduced into the definition,

| 1
<B.>= o [ [Balizdy+ 3 [ [Balwdedy (2.8)

where the integrations are carried out over the corresponding cross sections (see sketch

below).
Hy
B,® T B,
Bfx) B2 B (x)
B,(x) -
Y B, Y
B
2l \% i
. 0 O 0
Y
. . ¥ 1 1 X
X o X X X, 0 X X
@ ' ®)

Two sifua.tibns need to be investigated as sketched above. If the minima of the B,;(y)

and B,g(a:) profiles meet along the surface x=0, ~Yo <y < Yo, as in skefcil (a), then the

‘continuity of B;(z,y) reads, . |
Ba(Yo)=Bal0) 29
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and eqn 2.7 yields,
j(Y = Yo) = ju X (2.10)
If the minima of the B.;(y) and B.;(z) profiles meet along the surface y=0, —Xp < z < Xo,

as in sketch (b), then the continuity of B;(z,y) reads,

B;](O) = Bzg(XQ) (2.11)

and eqn 2.7 yields,
je¥ = joy(X = Xo) (212)
If the profiles meet at the axis of the infinitely long rectangular slab, then Xo =Y, =0,
. hence,
¥ = X )
and equs 2.10 and 2.12 become identical.
‘ Notiné that eqn 2.7 expresses y as a function of x ( or alternatively x as a function of y)

at the boundary between the different zones of the B,{z,y) profiles and carrying out the

straightforward Ljut tedious double integrations of eqn. 2.8, leads to,
" M >=J,X{1- -( ) } (2.14)
= <M>=J.Y{1- ( ~) x} o (2.18)

where we have made use of eqn 2.1 (ie. <M >=(< B> —poH,)/ o )-
. Equation 2.14 applies if the B, profiles meet at x=0 and eqn 2.15 when they meet at yéﬂ
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( sketches(a) and (b) respectively).

The framework exploited by Gyorgy et al (13) and Peterson (20) has the virtue that it is

applicable to situations where J.; varies with y and/or j, varies with x. Such variations

will be encountered when j.. and j, depend on B. Further the dependence of j.. and j,

on B need not to be the same. This generality however comes at a price. The propedure

followed by these authors in their derivation of eqn 2.14, is .only valid if, as stated above,

(i) the cross section of the specimen and (ii) je: and j, are uniform along the length of the
rectangular specimen. Further the specimen must be, (iii) infinitely long and, (iv) have
its axis parallel to H,. These authors, however, either chose to neglect constraint (jii) or
are not aware of this condition for the validity of their derivation and proceeded to apply
these results to rectangular platelets where H, is directed along the small dimensién. We
_ shall dgmon.s_trate below that eqns 2.14 and 2.15 are hoyvevler fortuitously correct and valid
regardless of tﬁe length of the sample.

We ;vis}} to stress in closing this section that for a specimeh of finite length none of
the expressions for the B,(z,y) profiles derived abqvé are valid even if requirements (i)
(ii) and (iv) enumerated above are satisfied. The reason for this is due to the fact that
eqn 2.2 cannot be correctly reg:iuced to eqn 2.3 for a finite sample. ‘Of course when the
démagnetiZation factor is small, 1t is acceptable to introduce the approxifnatiog that,

. B(z,y,2) = £B,(z,y). This however is certainiy not the situation which prevails when the
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length of the slab is comparable to or smaller than its "lateral” dimensions.

In the next section we derive the basic formulae (eqns 2.14 and 2.15) in a consistent and

correct manner. .
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Chapter 3

THE BASIC FRAMEWORK AND
FORMULAE

Part 11

3-1 Introduction

Recently, Gyorgy et al (13) and Peterson (20) have

developed expressions for the critical state magnetization of
. parallelepipeds of anisotropic type II superconductors. The

formulae they have derived are very useful for extracting
information on the anisotropic critical current densities jg and
jzb along the c axis and in the ab plane of platelets of high
temperatures superconductors. ‘

These workers, however, derived these expressions in a
framework which requires that the dimension of the specimen along
the homogeneous magnetizing field, A=z H,, be infinite‘and‘that
the XY cross section be uniform, since théy implicitly or
explicitly stipulate that the spatial configuration of the

~magnetic flux density B (x,y,z) which in its geﬁerallgartesidn

ﬁorm reads,
' . A : A ' ‘ !
B(x,v,2) = X By(x,¥,2) + ¥ B,(x,¥,2) + 2 B(x,y,2) - (1)
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can be simplified to read,

B (x,¥,2) = 2 B, (x,¥) (2)

hence B is trahslationally invariant in the z direction.

As a consequence, the approach  these authors have
exploited is, in a strict sense, valid only when the demagnetizing
factor is negligible so that "end" effects can be ignored. This
caveat is certainly not satisfied when the magnetizing field is
made to pierce the broad surfaces of the platelets (5,8,9,12,15)

In this thesis we exploit an alternative framework to
calculate the magnetic " moment of isotropic and anisotropic
parallelepipeds. bur approach circumvents the constraint of
Iideal:i.zed infinite geometry. Consequently this method enables us
to investigate the variation of the magnetic moment of isotropic
and anisotropic specimens of finite geometry as a function of
their orientation with respect to the magnefizing field. our
approach however is applicable only to _situations where fhe
‘critical current densities are independent of the magnitude of the
magneﬁic flux density (the well known Bean-London approximation

(3,17)) and £ill the entire volume of the specimen.
3-2 Development of our. Framework

~ For alg'ebraic_simpliéity, Gyorgy et al (13) and Peterson

(20), confined their analysis to the case where jg and jzb are
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Fig. 1. Schematically displays the two situations which can occur

when elementary rectangular circuits of persistent currents of
critioel density Jj cx > 3 ey’ £i11 a specimen of arbitrary width and
1ength, in accord with the principle of conservation (continuity) "

of the current. In (a), jcyx oy (¥ - Yo) In (b) jcy (X- -X o)
- St ' N
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independent of B. This stipulation is an essential element in our
approach since, in our framework, the configuration of the
magnetic flux density ﬁ(x,y,z) in the specimen plays no role.

The starting point for our development is a basic and
standard definition of an elementary magnetic moment, namely,

AR = RaT (3)

where,

AL = 3:48 ‘ (4)
is an element of current of density J flowing through a cross
section AS at the periphery of an area Z. In this thesis we focus

on parallelepiped geometry, hence R can be written,

R =2z axy " (5)
where x and y are not independent variables but are linked by the
principle of conservation of current (see Fig. 1).

For our choice of geometry . the conservation cf current

hence the equation of continuity, v ? = 0, reads,
AT = jcy AxAz'= ?cx AyAz - (6)
where the critical current densities Joy and 3 oy along the x and y

" axes respeci:ively will be assuned‘ to depend only on ‘their

- direction with respect to the axes of the parallelepiped.

3r



By conservation of current, egn. 6 leads to,

b 4
Jeg X = 3oy (X =) = [, ay = 3o (¥ - ¥) (7)
y .

W e

where we have stipulated that j ox and j ey do not depend on the
coordinate z. The upper limits of integration, X and ¥, denote
the boundaries of a rectangle whose center is located at x = 0, ¥y
= 0. Eqns. 5 and 6 also imply that the persistent currents.
circulate only in the xy planes regardless of the orientation of
the specimen with respect to the magnetizing field R = 2z H,.

After rearrangement, eqn. 7 reads,

y

oo (2) 3 (2

x=x{1 - :3]:—:] §}+ Gex)y- © (8b)

Yy

\ GY4

We visualize that the persistent critical circulating
currents fill the entire cross sections of the specimen. This is
often denoted the fully penetrated critical state or the saturated
critical state. Under these circumstances eqn. h(g)' should be
used if y = 0 when x = 0 and egn. 8(b) should be,‘use'd ':I.i.' X 0
' when y = 0 (see Fig. 1). |
| Introducin'g eqns. 5, 6 and 8(a) or 8(b) into eqn. 3 an'd“'

integrating over the volume of the sample leads to,
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Z2 X

- 4jcy lf dz l s [Y{l - Gi—i %—} + gﬁ]x]dx (9a)
i
Z b 4

3=§4jcx£:dzly[{ 'f} ch dy . (sh)

where 2, and 2; denote the extremities of the parallelepiped along
the z axis regardless of its orientation with respect to that
axis. The X and Y boundaries of the parallelepiped will be seen
to depend on its orientation with respect to =2 H, and also on

‘the coordinate z.

Integrating eqn. 9(a) with respect to x yields,

ﬁ;zzjc;rj. deY{l-—( ] } (10a)
Z |

and integrating egn. 9(b) with respect to y yields,

A £ j ‘
If-zzjcxj' dz xy2 {1-%[3‘3 %} ~ (10b)
. ‘ 2 ) cy o
i
_‘ We wish to emphasize that egns. 10(a) ‘and 20(b) can be
‘ applie.d. to calculate ﬂ for a ‘large variaty of symmetric objects

j(such as prisms, pyramids, ﬁggurats etc.) vwhere ] is directed
along. t_he axié or -.plané of symmetry. T§a essential ingrediént is
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the knowledge of the X and Y dimensions of the object as a
function of z. In this thesis we confine our application of fhese
equations to prisms of  uniform length ¥ and “tilted"
parallelepipeds.

The spatial average of the non uniform magnetization <H>

is obtained from

<> =

<%

(11)

where V is the volume of the parallelepiped.

Eqn. 10(a) applies when the total current circulating in
an elementary slab of height Az, reads,

%E = jcy X =gy (¥ =¥ | (122)

and egn. 10(b) applies in the case where,

%E =gy (X - X)) =3, ¥ (12b)

‘See Figs. 1(a) and 1(b). |

A  special limiting <case is encountered when
jcy‘ JCQ | hence Y = X, = 0 Dbecause x = 0 .when y=0 in
eqn. 8. o _
| Gyorgy et al (13) and Peterson (20) have “focused on
' orthorhombic geometry. For this geometry eqns. iO(a)rahd'lbtb)

lead to,
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B=z4 . x2yz {1 -3 [—%ﬁ] %} (13a)
ﬁ=24jcxxy2z {1-%[—22—;} %} ' (13b)

taking 2; = 0 and Z, = 2Z. These formulae are identical to that
cbtained by Gyorgy et al (13) and Peterson (20) in a different
framework and also ‘reported by Aguillon et al. +(2). our
development demonstrates that these expfessions are valid for
orthorhombic samples of finite dimension along the magnetizing

'fiéld, hence for plateléts whose broad surfaces are pierced by R.
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Chapter 4

g vs. § WITH ISOTROPIC j,
4-1 Introduction

In the preceding chapter we developed <formulae for
anisotropic parallelepipeds where, however, the magnetizing field
was always directed along a plane of symmetry. We now confine our
study to parallelepipeds which are isotropic, i.e. jcx = jcy = jo.
In this chapter we examine the dependence of the magnetic moment
of an isotropic parallelepiped as a function of the orientation of

its faces with respect to the magnetizing field Bez H,.

4-2 Description of the Framework

Let X, © and W denote the magnitude and direction of the
edées of the parallelepiped.ﬂ Let & denote the angle sﬁbtended by
? and the edge vector X, and take the edge vector T to be directed
along the y axis which is the axis of rotation (see Fig. 2). We
visualize that the persistent currents circulate perpendicularly
to ﬁ,‘ hence in xy planes, and £i11 ‘f.he entire volume of the

specimen.
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Fig. 2. (a) Displays a parallellepiped 6f hgight A, length L and
width W along the z, y and x axes respectively. The y axis is the
axis of rotation. (b) The parallelepiped is inclined (rotated) an
angle o < 8, with respect to the z axis. Its volunme is decomposed.
into two prisms of base W/cosé and height Z) and a parallelogram
of height Z}/.‘ (c) & ='ec when the diagenal is along the x axis.
and the base of the prisms D = W/cose, = A/sinec (d) 8, < & <
.n/z. The base and height of the two prisms are now A/sin @ and

2. The height of the parallelogranm is 2% ,.

!
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|
i W/cos@ T
: (A - Wian8)cos8
: A-Wtan 0
: Y
8 W/cos@

(b)

' Fig. 3. Conmplements Fig. 2 by illustrating the expressions for, |

(a) z // and related dimensions when 0 < 8 < 8. and (b) .2%,

Z%, and related dimensions vhen 6, < @ < nlz.

//
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Fig. 2 illustrates the geometric feature that a cross
section of the parallelepiped in a xz plane can be decomposed into
two triangles and a central parallelogram. The shépe of these
geometric objects varies as a function of 8. The length L of the
two prisms and the cenﬁral parallelepiped remain constant, with L
= 2Y, always along the axis of rotation. -However, the width of
the prisms along the x axis varies as a function of z and 8 and
the width of the parallelogram depends on 8. Further, the height
of these gedmetric\components varies with 8. Thus to exploit
eqns. 10(a) and 10(b), the boundaries X(z,8) , zf(e) and zi(e)
nmust first be specified for the triangles and parallelogram.

We note that the central parallelogram vanishes when the
bases of the triangles (prisms) coincide with the diagonal
D = VA% + w® of the large rectangle whose edges are R and ﬂ; Let
8. denote the corresponding angle 6. Since D = A/sin 8, = W/cos @,

then,

-1 ,A
e, = tan (W) (14)

In the range 0 = & < 6, it is the width W which "“governs" the
relevant dimensions whereas in the range @ o < @<u/2 it is the
height A which enters into the pertinent expressions for X(z,0),
zf(e) and zi(e). Although A is chosen larger than.w in Figs 2 and
.3, the formulae developed helow apply both'whén A>Wand A < W.
Lét' the  subscripts // and 'A denote the central
parailélogram &nd the trianglés (prisnms) respéctively.“ We use z//

(ZA) to'denote the height of the parallelogram (triangles) along
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the z axis and X)/(XA) to denote their half width along the x

axis.

From Fig. 2(b) and 3(a) we see that,

Z', =A cos @ — Wsin @ i5
7/ (15)
z\ =Wsine . (16)
_ W
2X), = 555 (17)
_ W z
2 XA (z) = cos 8 sin 6 cos @ (18)

ﬁhere the single prime on Z and X denotes that the expressions

correspond to the range 0 s @ = 8-

From Fig. 2(d) and 3(b) we see that,

24, =Wsine -Acose . (19)
Z) = A cos @ ' (20)
—— A
2x;/ = 3o (21)
2 Xj(2) = 3175 ~ 5In6 Gos g | (22)

| where the double prime on 2 and X denotes that the expressions

o 6orrespond.to the range‘éé s 9 s m/2.

Since the width 2 " of the triangles varies along the
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coordinate z, situations must be envisaged where sz(z) is greater
than L near the base of the triangle but will then become smaller
than I near the vertex. This kind of situation is encountered
when W/cos @ > L or when A/sin @ > L. In these circumstances egn.
10(a) will apply over one range of integration over z and eqn.
10(b) over the remaining range of 2z spanning the height of the
prisms. Let 2,, denote the value of z when the X dimension,

1A

2X,(2) = L = 2Y . (23)
Introducing this condition into egns. 18 and 22 leads to,

zl

1A = (W - L cos 8) sin @ (24)

a3, = (a - L sin ) cos @ : (25)

Eqn. 24 applies when W/cos @8 >Land 0 <@ s 8, Eqn. 25 applies
when A/sin @ > L and 6, = @ = n/2. The single and double primes

continue to indicate the ranges of 6.

4-3 Development of the Formulae

We now proceed to develop explicit expreeslons for the
- magnitude of the magnetic moment of-tﬁg central parallelepiped
(u / /) and each prisn (2,) as a functionha. It is- convenient to.

consider these quantities for @ in the ranges 0 = 6 s 9 and
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8, = & = mw/2 separately. Also for each range of &8 we must
envisage two possibilities, namely whether 2 X(z = 0) 2 L.

The expressions for the total magnetic moments will not
be tabulated since they can readily be obtained by introducing the

formulae, which are presented below, into the definition,

Heotal =~ My T 2 By (26)

A. Osesac

Two situations need to be envisaged in exploiting eqns.

lo0(a) and 10(b).
ﬁ) W/cos 6 s L

Introducing egqn. 17 into egn. 10(a) and integrating from
0 to Z}/ = A cos 8 - W sin 8, (eqn. 15), leads to,

2
cos 8

g

o

=T

X

tan 6)(1 - 3 () z55p)

'J.// (1 -i (27)

Introducing egn. 18 into egn. 10(a) and inﬁégrating from

0 to z} = W sin 8, (eqn. 16), leads to,
Hj_o_ms sin e ., _ 1 (¥
Hp S

ST - 12 cos®e

.;1__}
cos 8

(28)
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b)
Introducing egn. 17 into egn. 10(b) and integrating from

W/cos 6 2z L
(egqn. 15), leads to,

o to2Z', =A cos &8 - W sin @
// . I
w 1 ,L
(1 - x tan 8){1 - 3 (ﬁ) cos 8) (29)

o™

17
Two regions of the prisms must be considered separately.
For the volume adjacent to the base egn. 18 is introduced into
L cos 8) sin 8,

egn. 10(b) and integration from 0 to 2], = (W
(eqn. 24), leads to, »
2,2 2,L 1,52 2.
L°W” tan & {1 - *j'(ﬁ) cos 8 - i(w) cos™ 8} - (30)

Har =
For the volume near the vertex, eqn..ls is introduced
into egn. 10(a) and integration from ZiA to za = W sin @ leads to,
Jo 14 4
Hpo = 16 L sin @ cos @ (31)
Combining egns. 30 and 31 we obtain for each prism,
2 .
(32),

,uA = 53 L?Wz tan 6{1 - %{%) cos 8 + %(%)‘ cosze}

B. 6,58 su/2
Again, twO-situatian need to be envisaged in applying

eqns. 10(a) and 10(b).
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L

a) A/sin s L
Introducing egn. 21 into egn. 10(a) and integrating over

the height of the parallelogram from 0 to Z; / = Wsin e - A cos €,

(egqn. 19), leads to,
_joAzLW 1 - A L - 1[2 1 a3
by =3 sin e [ W tan 6 ] 3 i] sSIm 6 (33)

Introducing eqgn. 22 into egn 10(a) and integrating over

the height of the prism from © to ZR = A cos 6, (egqn. 20), leads

to, .
3o .3, cos @ 1 {A 1
My =3z AL a0 {1 "z li:] sin 6 e} (34)

b) a/sinexlh _
Introducing eqn. 21 into eqn. 10(b) and integrating over
" =y sin o - A cos @

- the height of the parallelogram from O to 2 7/

(éqn. 19), leads to,
j‘.:: 2 A _ 1 1(L
by =2 AW (1 - ene {1 - 3(g) stn 9} (35)

Again two regions of the prismé‘ must be considered
sgparatély. For the volime adjacent to the base, eqn. 22 is
intrbduced into eqn. 10(b) _and integrating | from 0 to
z‘:‘;A = (A - L sin @) cos @, (egn. 25), leads to, |

3 22 2 o 1V 2 .2
uhl-"s"'hh m{l"g[x] Sine"-ﬁ{x] SinQ} (a_'_ﬁ)“
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For the volume adjacent to the vertex, egn. 22 is

introduced into egn. 10(a) and integrating from 32j, to

ZE = A cos 6 leads to,

Hpo =16 © sin & cos @ (37)

for each prism.

4-4 Application of the Formulae

‘the solid curves in Figs. A-1 through A-12 and B-l
through B-25 display Hy(8), the magnetic moment normalized to

the maximum value for each case, hence,

- 1 (0) - u//(ei'l'zué(e)
my(®) = G 2ty (67720, (&) Ty (39)

max

versus 6 for isotropic parallelepipeds of variqus height/width/
thiclmess ratios. These .curves jllustrate the effect of the
"geometry" -of the parallelepipéd on the ‘magnetization. - In thq_
next chapter we éxplore the effect of current ahigbtrop’y on this

behavior.
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Chapter 5
i vs. 8§ WITH ANISOTROPIC 7,

5-1 Introduction

We pursue two simple regimes of anisotropy. In the first

case, the critical current density along the AW planes is

W

considered to be isotropic, hence jg =3, = oy

where T is along ?, the axis of rotation. Here, the vector

but differs from

jg, the critical current density along the dimension I,

T=Rx ﬁ, identifying the isotropic planes remains fixed as 6
varies. In the second case, \al.so with along ? (the axis of
rotation always) the vector identifying the isotropic planes
‘(either R =TT x R or 2 =W x T) rotates in unison with 6.
Consequently now the isotropic planes change their orientation
with respect. to the magnetizing field as @ is varied. In the
calculations we will introduce a simple expression for the
depéndence of jJ cx ON 8. In all the situations we assume that the
pefsistent currents circulate perpendicularly to the magnetizing
field B and f£ill the specimen. ,Rebent experiments however
indicate that tile direction of current flow may not be ‘orthogonal-
to jthe magnetizing field‘ﬁ but dictated by the anisotropy of the
specimen. (10,‘11,‘16,22,23)‘. ‘ R
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e = -

5-2 Anisotropy Parameter Independent of
5-2-1 Development of the Formulae

This scenario is akin to that encountered when a single
crystal of a high T_ material is oriented with its c axis directed
along the axis of rotation (y axis), hence its ab plane coincides

with our choice for the x-z plane. Under these circumstances,

s .C : .ab

where jg is the critical current density along the c axis of the
crystal and jzb, the critical current density in the ab plane.
jzb is assumed isotropic in the ab plane. Consequently, we regard
both jcx and jcy as constant regardless of the orientation of the
R and ¥ edges of the parallelepiped with respect to .

For the isotropic parallelepiped, the simple geometric
ratio X(z,9)/Y determined whether eqn. 10(a) or 10(b) was utilised
for the calculation of the contributions to the total magnetic

moment by the central parallelepiped and prisms. With the

introduction of anisotropy of ?c' it is now the ratio,

jcx¥/j¢YX(z,e) which governs this choice. It is then convenient

to define an anisotropy parameter,

Jex

B = 3;; ¥ | {41)
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It is also useful to rewrite egns. 10(a) "and 10(b) with

this term appearing explicitly. Thus,

z

% = z2 .J;f az x%y {1 - 35 [%]} (422)
i

I SN Tf dz xv2 {1 -1 [3]} (42b)

Tey ' L b |

where we have "normalized" p with respect to jcy directed along
the axis of rotation.

It is straightforward to develop expressions for u// and
M, versus 6 for the ranges 0 = 8 = 8, and'ec = @ = w/2 separately
as in section III. We note that the geometric relations (egns. 15
through 22) continue to apply unchanged in this exercise. The
anisotropy, besides appearing as a coefficient in eqns. 42(a) and
42(b) enters into the picture in dictating which of these two
equations is pertinent. This choice is now determined by the.

condition,

_ >
cos 6 < B* | (43)
/in'the range 0 = 8.5 and .the_condition,
| A > '
: : : sin e < 8% | (44)
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in the range 8, = 8 = m/2.

The anisotropy parameter also plays an important role in

prescribing the plane Zia inside the prisms where a switch has to

be made from egn. 42(a) to 42(b). The expression for this

dividing plane now reads,

Zl

T (W - BL cos ) sin &

for the range, 0 = @ = ec, and,
Zh = (A - BL sin 8) cos @

1A

for the range, ac =0 s /2.
Bearing these features in mind and
chapter 3 we obtain,

A. 059 s ec

a) W/cos @ = 8L

(45)

(46)

proceeding' as in

-2 s o - fen o) - 33

1
cos 6

| jc 3 sin @ 1(W 1
By = Tix LW 2 {1 - E{ETJ cos e}
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=75}

(47)

(48)



b)

B.

a)

b)

W/cos 6 = 8L

7

Haa

7

B

A/sin @ = BL

K

- ome

12

i el C

Hay

3

-Tq e

g
{

= -j-:!riz ﬁAL2W cos 9[1 - ‘—;- tan e]{l - -313 [@ cos 9}

W

3

Joy . 2.2 2 (BL 1 (L)% __ 2
=—8_23LW tane{l-g[ﬁ—]cose——[ﬁ— cose}

jc 3.4
pAz-.i-éy-BL sin 8 cos @
=251 szztane 1-— B cose+5 @ cosze
ec s 0 s /2
A/sin @ = gL
i 2

- et - 3 () sdo)

;j_czABLcose{l_'_%g__]l _l._}

2

" einle gL] sin @

-wars){* - 3 () =m0}

[B]sine-—-[ ] sine}
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(49)

' (50)

(51)

(52)

(53)

(54)

=N

(55)

(56)

o f( ":‘_‘



3
= g31% sin o cos @ (57)

Hp2
_ oy ga%2 2 (BL 1 (gry? 2

5-2-2 Application of the Formulae

We note that equations 47 through 58 reduce to the
corresponding formulae in chapter 3 in the isotropic limit where
j cy = j ox = j o hence 8 = 1.0. The reader may also verify that the
corresponding formulae for Hp reduce to identical expressions in
the linit where 6 = 8, and that u 7/ vanishes, as required, in that
limit. Further, we note that as required, (i) My of eqns 50, 51
and 52 reduce_s to zero when 6 =0, (ii) By of eqns 54, 56, 57 and
58 reduces to zero when & = w/2, (iii) Ly, of eqnsl47 and 49
reduces to the correct limit. when 8 = 0, and (iv) u / / of eqgns 53
and 55 reducss to the correct limit when @ = n/2.

The non=-solid lines in Figs. A-1 through A-12 illustrate
| the variation of the "normalized" magnetization uN(e) versus \e- for
several values of the gnisotropy parameter | g and for

parallelepipeds of a variety of height/length/width ratios. For

compiete’.ness we consider situations where 8 2'1.6, hence jzb 2 jg.
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5.3 Anisotropy Parameter (3 Varying With 6

5-3.1 Development of the Formulae

We now examine a scenario where the anisotropy parameter
g varies with the orientation of the parallelepiped with respect
to the magnetizing field H. | |

Situations vhere the isotropic "ab plane" of anisotropic
:high T materials and other anisotropic type II superconductors is
penetrated by the magnetizing field should also be addressed. TIt.
~has been envisaged that, under these cifcumstances, the induced
persistent currents may be completely confined to circulate in the
ab planes (22) when tha ab planes are tilted with respect to R
although the matrix between these planes (the c axis material)
_cah also sustain persistent currents where.jg << j:? It is of
{nterest however to explore the alternative picture that the local
resultant persistent current density, jx' is a superposition or
combination of th-“strong“ jzb and "weak“,jg components.

Consequently we write,
' W, A -

- where fl(e) and £,(e) are functions of 8, the angle subtended by

w
c

critical current densities parallel to the W anda X edges of the

the X edges of the parallelepiped and ﬁ and j are the

'parallelepiped, To tix ideas, we artitrarily identify j with j
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and jﬁ with jzb. Thus the isotropic ab planes are chosen to

correspond to the AL planes of Fig. 2(a). Therefore, here,
j:‘;' = jg = jzb. We note that, alternatively, the isotropic ab
planes could be chosen to correspond to the WL planes in Fig.
2(a). We assume, for reasons of simplicity as well as physical

validity, that f,(6) = cos“@ and £f,(8) = sin’e.

The critical current density jcx then obeys the
prescription, _
ey = IS cos®e + 32° sine (60)
and,
. _ zab

Consequently the anisotropy parameter g = J cx/j cy will

now depend on 8, hence read,

3 2 2
8 = CX _ cos (=) + sinze = coge

Jey  32%/3S

+ sinze (62)

ab,. _
where R =3 /jg | | (63)
5-3-2 Application of the Formulae

We continue to visualize that the persistent currents
circulate perpendicularly to R = 2 H,, hence in the xy planes,
regardless of the orientation of the parallelepiped with respect )

to H. since g is not a function of x, y and z, the expressions
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developed in section 5.2.1 continue to apply. Eqn. 62 or
alternative forms of egn 59 must, however, be taken into account
in the computation and in the selection of the appropriate
formulae among those enumerated in that section.

The scenario pursued here may correspond to that
encountered in high Te single crystals where the c axis of the
platelet specimen coincides with the W edges of the parallelepiped
of our exercise. Consequently the ab planes of the specimen are
aesociated with the AL planes of the model parallelepiped. Here
rhe ab planes are considered to be isotropic.

The non—solid curves in Figs. B-1 through B-25 display
the “normalized" magnetization un(e) versus @ for various choices
of R21 for paralleleplpeds of different height/length/W1dth
‘ratios. The isotropic case (R = 1, hence B(¢) = 1) continues to
be presented by the solid curves and is included for'completeness‘
and comparison. Now thirteen physically distinct situations have
~ to be considered.} These are displayed in Fig. 4 with the cube
left to the imagination of the reader- Although for currently
known high T superconductors j > jg, hence R > 1, for
. generality and completeness we have computed the behavior when R <

1, hence j ‘jc‘



Chapter 6

SUMMARY AND CONCLUSION

We have developed expressions fc;r the magnetic moment of isotropic and anisotropic par-
allelepipeds of various aspect ratios as a function of their orientation with respect to the
magnetizing field. The induced persistent currents, whether isotropic or anisotropic are
assumed to, .

(i) fill the entire volume of the specimen (i.e. correspond to a saturated critical state), -
(ii) possess critical current densities which are independent of the magnetic flux density,
(i.e. satisfy the Bean approximation) and,

(iii). circulate perpendicularly to H in all circumstances.

It is useful to comment on each of these assumptions or requirements.

1

A procedure which should be implemented in order to ensure that a.satur#tgd critical state
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has been established has been described in chapter 1, section 1.4. Although this procedure
is straightforward, it is quite tedious and time consuming. Perhaps that is the reason why
many workers unfortunately do not carry it out and thereby fail to ascertain that their
measurements are based on the existence of a saturated critical state.

Further, the configuration of the flux lines in the specimen, hence the pattern of induced
persistent currents must not be ” tampered ” with in the process of carrying out the mea-
surement of the saturated critical state. This means that the orientation of the specimen
must first be set at the chosen 8. Then the saturation magnetization procedure should
be carried out with # maintained fixed. In practice this generally requires that the spec-
imen be field coolv.ed from T, to a chosen T in a predetermined H, initial. Next H, is
increased (decrea.seci) to the predetermined H, final with the change AH, = Hyy — Ho;
sufficiently large to ensure the generation of a saturated critical state. Agaiz; the procedure
is straightforward but tedious and time consuming. The reason for following the procedure
we have just described is that rotation of hystereti. type II superconductors in a static H
causes flux line cutting and thereby drastically modifies the configuration of the rﬁagnetic
flux density and the attendant pattern of circulating persistent currents (4, 7, 18, 19, 25).
A_géin, perhaps because the i)rocedure we have described is burdensome, most researchers
have elected to rotate their initially magnetized specimen in a stationary ﬁel:g_i (10, 11, 186,

22, 23). Consequently these data cannot be compared with the predictions of our model.
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A few laboratories have recently beep very successful in growing re]ati\'ély large single crys-

tals of high T, superconductors. Measurements of j. in these specimens by the magnetic

method and also by the four probe technique show that j. is anisotropic and insensitive to

B in the ” intermediate ™ range of uoH,. These new specimens present an opportunity to

"test” some of the "predictions” contained in our catalogue or compilation of calculated

curves displayed in appendices A and B of this thesis.

Finally of special interest will be the determination of the validity of our third assumption,

namely, that the persistent currents are induced to circulate perpendicularly to the mag-

netizing field regardless of the geometry and anisotropy. Measurements (22, 23) indicate
that in highly anisotropic specimens, the induced persistent c.urrent.s circulate in the plane
of large critical current density only (i.e. the ab plane). However, in the isotropic limit

and for symmetrié geometry with respect to the axis or plane along H., we expect that
the direction of the magnetizing field will dictate the plane of circulation of the persistent
critical currents. The question then arises whether there exists a threshold anisotropy
where only the current in the strong direction {ab plane) survives and the current in the
weak direction (¢ axis) is suppressed.

Also we note that ma.nj of our calculation curves address ‘”ﬁctional” scenarios in the sense
that no specimens are presently known to exist with the properties we have postulated.

For instance, we have visualized the existence of platelets where jZ > 72 although no

57



such type of platelets have been found among any high T, superconductors. Nevertheless
we consider it interesting to include these mythical materials in our computational and
graphical survey.

Appendices A and B of this thesis are regarded by us as a useful reference library and
guide for future experimental investigations. They should enable us to judicially select the
more promising series of measurements for the elucidation of the effects of geometry and
anisotropy on the magnetic moment of type II superconductors.

Finally we note that eqns 9(a) and 9(b) can serve as "launching pads” for calculating the
magnetic moment of a variety of geometric objects (e.g. rectangular pyramids, truncated
pyramids, ziggurats), in the framework of assumptions (i), (i) and (i!i). The formulae we
have developed (eqns 47 through 58) can also accommodate, without modification, any

| scenario where 8 is assumed to vary with @ only.

Equation 13(a) and 13(b) are frequently applied by workers in the field to estimate j¢ and
7 in platelets of high T, superconductors. These formulae first published by Gyorgy et
al (13) and Peterson (20) were derived using, < B >= poH, + gta < M > but relied on an
unacceptable simplification. We havel shown that these equations are nevertheless exact
and correct using the definition, p =1/2 R % j.dV and the Bean a.ppro;cimation that 55

and ;2 are independent of B.
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APPERDIX A

This appendix is a "travel guide" through the display, as
a function of 6, of uN(e), the magnetic moment (or magnetization)
normalized to the maximum value for each curve. Curves where the
anisotropy parameter g8 = jcx/jcy = jzb/jg = 10, 5, 2, 1, 1/2, 1/5
ard 1/10 are presented. (The curves where j:b < jg, although
perhaps hypothetical, are included for completeness). Here jg is
along the axis of rotation and the isotropic ab planes are
"yvertical', hence coincide with the xz planes.' The solid lines
always exhibit 'the. isotropic case, 8 = 1. The symbol or character
chosen to depict the curves for a given value of g remains the
same throughout the series of figures. The values of g are
indicated alongside the curves when necessary and space permits.

The relative dimensions are listed at the top left of
each figure. The cube is taken to have a size of 10 x 10 x 10. A
denotes the height, initially along the Z axis, and L denotes the
length, along the axis of rotation (the y axis). The sketches
over each family of curves are intended to assist in visuvalizing
the dimensions of the particular parallelepiped relative to the
cube and are not drawn to scale. Tﬁese schematics repreéent the
parallelepiped when 6 = 0. = The families of curves for
/2 = 0 s 2ir “"repeat" thos'e displayed. |

Eight families of curves, hence eight figureé, are
necessary 1n. order to present the eight éeometrically‘ and

‘ :

physically different situations encountered in this  exercise. .
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Fig. 4. The x axis is horizontal and the z axis vertical in these
sketches. The y axis is the axis of rotation. The twelve figures

plus the cube represent the thirteen distinct situations which

need to be cqnsidered when the anisotropy parameter B is a
function of 6. When B8 = constant 21, the 13 distinct situations
reduce to 8 physically different cases since now (a) is equivalent
to (1), (b) is equivalent to (1), (£) is équiyalent to (h) and (d)
is equivalent to (j) after rotation through 90°.

62(a)



b)

-J)

h)

62(b)

k)
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Here, the twelve parallelepipeds displayed in Fig. 4 contain some

redundancy, since after rotation through 90°, (a) is equivalent to

(1),

(b) is equivalent to (1), (f) is equivalent to (h) and, (d)

is equivalent to (j). Figs. A-2, A-4, A-6 and A-10 have been

included to assist in following more clearly the evolution of the

families of curves as the dimensions are modified // and 1 to the

axis of rotation.

Interesting "sequences" to scan in the series of figures

are the following:

(1)

(ii)
(iid)
(iv)

(v)

C{vi)

3

A-1 through A-5 illustrate the effect of elongation along
the axis of rotation. Note the change in shape and
relative position of the various curves which ensues.

A-5 through A-7, effect of “thlnnlnq" a block : to the axis
of rotation.

A-7 and A-8, effect of change of length of a slab along the
axis of rotation. |

A-8 and A-9, effect of change of dimension of a slab i1 to

+the axis of rotation.

A-8, A-10, A-3 then A-11, effect of expansion 1 to the axis
of :otation.
A-1 and A-12, effect of stretching of a slab .1 to the axis

of rotation.

t

(vii)n-A-ll and A-12, effect of thlnning a block // to the axis of

L&Y

'rotation.
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APPENDIX B

This appendix is a "“travel guide" through the display of
families of curves of uN(e) vs 6 where the anisotropy parameter

g(8) is a function of 6 of the general form

¥ c0529 + jz sine 2 2
g(e) = 3 = — = kl cos“g + kz sin“e (B-1)
cy Jc

(a) Considering the isotropic planes to be vertical and coincide

with the yz planes when 8 = 0, signifies that jg = jg = jcy' hence
k, = 1 and k, = 4/3% = 3%/55 = 1/R. To fix ideas we take,
ab _ A _ L _ . c _ W -
jab
Hence now R = Tg_ (B=3)
Je
and egn B-1l reads
2
g(e) = %988 + sin®e (B-4)

Although in high T materials j:b > jz, for the sake of
‘completeness we have'explored the behavior predicted when R21.
When 0 < 8 < n/2, the iéotropic planes are tilted with respect to
the magnétizing field and become horizontal, hence céincide with

the xy planes when & = mw/2. Here jg is always 1 to the axis of

-
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rotation.

(b) Letting the isotropic planes coincide with the x-y planes

. o L _ W o_ _
when & = 0 signifies that Jo = dg = jcy, hence_k1 = 1 and
A,.L LA W
jc/jc = Jc/Jc = 1/R2'
Again to f£ix ideas we take,
ab L _ W _ ¢ _ A _
Jg = 3g = g = dgyr and I = U (B-5)
.ab
Hence, now, R, = Tg- = R (B-6)
Je
2_ . sine
and, g(8) = cos™@ + B (B-7)

Therefore, egqns B-4 and B-7 lead to "equivalent" families

of curves of uN(e) vs 8. In the former the isotropic planes ab

are vertical when & 0. In the latter the isotropic ab planes
are horizontal when € = 0. 1In both prescriptions, jg is always .
to the axis of rotation.

Consequently, the families of curves calculated using egn
B-4 can readily be exploited to yield families of curves using eqn
B-7. This is accomplished by rotating the parallelepiped of Figs.
B-1 through B-25 by 90° and reversing the @ axis (i.e. 90° becomes
0° and 0° become 90°).

Ih Figs. B-1 through‘B-zs we display families of curves
of'uN(e)'vs e calculated‘using eqn. B-4 with R = 10,5, 2, 1, 1/2,
1/5 and 1/10. Again the solid lines always exhibit the isotropic
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case, R= g8 = 1. Also the symbols for the curves and the R values
they correspond to is identical to that introduced in the previous
set of figures. The values of R are indicated alongside the
curves when possible.

Now, however thirteen families of curves, hence 13
figﬁres, are required in order to present the thirteen physically
different situations encountered in this exercise since now all 12
sketches of Fig 4 plus the cube need to be addressed. The reader
can convince himself that (a) and (i), (b) and (1), (f£) and (h),
(8) and (j) of Fig. 4 are now no longer equivalent by tracing
isotropic planes // to the yz faces of the parallelepipeds when
@ = 0 and then rotating the parallelepiped through 90°.

Twelve figures have been added to the "basic" thirteen in
order to illustrate more clearly the evolution of the families of
curves as the dimensions are modified // and 1. to the axis of
rastation.

U As a "guide" through this labyrinth of figures we suggest

scanning them along the followinglsequenées.

(i) B-1 through B-5, (ii) B-5, B-6, (iii) B-5, B-7, B-8, (iv)
B-9, B-4, B-10, (v) B-10 through B-14, (vi) B-10, B-15, B-16,
B-17, (vii) B-18, B-19, B-4, B-20, (viii) B-20 through B-23, and
(ix) B-20, B-24, B-25.
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