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ABSTRACT

Variational methods are widely used for the olution of
comp;ex differential equations in mechanics, fér which exact
solutions are not possible.The Galerkin method, alﬁhough
known to be the most rapidly converging was applied in the
past only for-the solution of linear differential equations
-in applied ﬁechanics. In the present study, the suitability
of the method—=for  the solution of large deflection,
stability and free vibratioﬁ analysis of plaﬁes is studied.

The /method is first applied to investigate --these behaviours

-

or clamped rectangular, isotropic homogeneous plates. After
“Ehe validity of the method for the solution of these
problems is established, it is then extended for the
solution of similar problems for Qlamped skew sandwich
piates. The governing differential equations of sandwich
plates in terms of displacemepté {;\;Eztangulaf coordinateé
are first established and then transformed into skew
coordinates. Whenever possible results of the present method
‘are compared with the existing solutions in the teghnipal
‘literaﬁure obtained by much more laborious methods and élosé

agreements are found. The effects of skew and shear rigidity

of the core on the behaviour of sandwich plates are also

discussed. It is shown that the stiffness of sandwich plates

- 1ii -
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tenas\go increase with increase in-the angle of skew and

increase in the shear rigidity of the core. The parameters

‘considered for the analysis of the problems of sandwich

plates are the aspect ratio of the plates, poissonms ratio,

skew angle and various shear rigidities of the core. To

' determine the deflection characteristics. of ' sandwich plate

on elastic foundation vafidus foundation moduli were also
taken into consideration.

The definite integrals involved in the forﬁétion of the
Galefkin algebraic equations from the governing differential
equations were evaluated by usfng the trapezoidal rule. The
nonlinear ° algebraic equation obtain;d' in the ° large

deflection analysis are solved by the Newton-Raphson

iterative procedure and the dlgebraic equations obtained in

the eigen value problems are solved by bsing IMSL subroutine

RIGZF. _ -

" Simplicity in formulation and quick convergence are .the
obvious advantages of the method found in comparison with
other numerical methods reguiring extensive computer

facilities. N~
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O'x, Gy,
T -cy‘,
€, €., €
Y, Yo Y
E

G

v

h-

D, D

g P

2a, 2b

of Symbols -

rectangular cartesian coordinates

oblique coordinates

" effective displacements in the x,y

and z direction

effective change of slope of the normal

to the undeformed middle surface in
x and y direction respectively

normal stresses -
shear stresses
normal strains
shear strains

modulus of elasticity of the isotropic
material ‘

shear modulus of elasticity of the isotropic

material

Poisson's ratio of the isotropic material

plate thickness

flexural rigidity of the plate for
isotropic plate

3
D ='§E———E— for sandwich plate
12(1-v")
2
_ th2Eg r 23 en? Eﬁ .
D=—— » D = G +3) TS
21-v 9)
lateral load per unit area v

dimensions of the plate in x and
v direction respectively
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N

¥

aspect ratio of the plate, (a/b)

dimensionless displacements in the x, y and
z direction respectively

dimensionless foundation modulus

dimensionless load parameter

dimensionless parameters in directiomal

coordiretes for rectangular plate § = x/a, n= y/b

for skew plate = afa, n = B/b

normal forces in x and y direét;ons

shear force parallel to x y plane

bending moments in the x and y direction
torsional moment’

transverse shear force per unit run in the
X z plane and y z planes respectively

Laplacian operator

twisting moment in the sandwich ﬁlate,
(s,~S_)n/2

shearing force parallel to the piane.of
the plate

shear stress resultants
face thickness of the sandwich plate

modulus of elasticity of the face layer of
the sandwich plate )

modulus of elasticity of the core layer of
the sandwich plate

shear modulus of elasticity of the face
layer of the sandwich plate

shear modulus of elasticity of the core.
layer of the sandwich plate

- vii -



(h-t) ) thickness of the core of the sandwich
plate -
Ve Poisson's ratio of the face layer of
the sandwich plate
Vo ‘ Poisson's ratio of the core layer of .
§ the sandwich plate :
F . Airy's stress function
3; the effective transverse normal stress.
¢ dimensionless ratio, h/a
T : _ dimensionless ratio, t/a
. . ) hY
e effective transverse normal strain for
' the sandwich plate ,ﬂ(W+ - W )/n
M& (Nx+—Nx—)h/2 )
( Yh/ " )
M . N =N h/2 .
.Y ¥yt oy-
Nx ' Nx++Nx—
N ' N N
y vyt oy-
P ¢ - p.;.-}dp_
- “(p-p /2
S , §,+S_
u (u++u_)/2
v . - (v++V_)/2
w ha' (w¥+w_)/2
ex (u+—u_)/h
Gy (v+-v_)/h
8; (cz++°z—)/2
n ' th
A elgenvalue corresponding to the n mode

of vibration
1 -
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Note:

mass per unit surface .area of the plate

thE

.dimensionless parameter, £

Zaz(l—v 2) Gc

s -

Gcc, transverse shear stiffuness
phase angle

1) Partial differentiation is denoted by a
comma in subseript.

2) Subscripts (+) and (-) are quantities
referring to the upper and lower membranes
of sandwich plates where z = ih/2.

3) All symbols not given here are defimed
immediately following the formula in which
they first appear.'
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- Chapter I
INTRODUCTION’ - -

. . . &

- O
Skewed plates are often used as components of large scale
structures such as triangular. dams and building floor
systems. In the field of reinforced concrete such plates are
also of considerable interest énd Qractical impﬁrtance,
especially in the case of skewed slabs for highway bridges
that cross rivers, railways or other highways at an obliqué
angle. In general, the deflection of skewed plates in the
aforementioned structures are generally small with respect
- to their thicknesé and hence for the design of such plates a
linear analysis is sufficient. In contrast, the requirements
of skewed plates or panels for the aifcraft industry are
different. In the case of design of swept .wings and skin
panels for aircrafts, for ejample, the weight.is of primary
importance; for those cases when skewed plates are used for
their component parts, they must be thin and as .a result
thqir deflectionsare usually quite large in comparison with
the plate thickness. Due to the high strength to weight

ratio sandwich plates gained increasing popularity in the

aerospace industry. Hence in order to obtain design charts

-



2
for skew sandwich plates used for various components in.the
aerospace ‘industry, the nonlinear analysis {large
deflection) must be used. _

VVery often specification merely ensuring that plates
withstand applied lateral loads is not a sufficient 6riteria
for design. Rather, the designer must also keep in mind that
thin plates may, under certain circumstances, buckle under
the actlon of inplane forces or vibrate‘ excessively due to
possible resonance caused gue to the matchlng of the driving
pericdic force and therE;a;e s natural frequenczes. To avoid
buckllng and the resonance of a plate, a buckllng and a free
vibration analysls would a}so be required.

In contrast to the sguare and rectaﬁgular plates, skewed
plates have not recetveé nearly as much attention. This may
perhaps due to its relatively.difficult' mathematical model
and its absence of orthogonal relationships.

The fundamental proBlems of mechanics are governed by
both differential eguations and minimuq;principles (i.e. in
the egquillibrium condition the potential energy of the
mechanical system is minimum). The governing‘differential
equaﬁions and the equations led by minimum principles are
usually rather complex and do not lend themselves for easy
exact solutions. Confronted with this problem researchers
frequeﬁtly have to resort to numerical methods to effect a
solution. Variational metheds were exploited by engineers

and scientists as a very effective tool for solving their
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\\\problems. These ’methods gained popularity in recent yeéars
due to the development of hiqh speed digital computers.

Galerkin method althbqgh known to be the most rapidly
converging variétional method was not‘usgd' extensively for

solving highly complex differential equations. This was
mainly due to the fact éhat it 1involves a process of - J
definite integrations. This method can be consideredf as a

means for the approximate - solutions of differential

equations. According to the method fhe ;ubstitution of the !
assumed displagement 'functions satisfying the (?OUndary
conditions of the problem,' into the govérning différential
‘equation results in an error function €. Then this method : -

consists 1in choosing n coefficients in the displacement

function in such a manner that n distinct weighted means of

the error, taken throughout a certain ~ range  of
representation be zero. In the mechanical application this

can be interpreted as a generalised force and the

i
i
i
}
|
|
i

multipliers used to weight the errors are the wvirtual
displacements corresponding to increments of each of the "
generalised coordinates in'turn. Thus the vanishing of tfk'
weighted\means can be interpreted as the vanishing ;?“{ie
virtual work in the appropriate displacements.

In the present study while assuming the approxiﬁate
displacement functions, care was taken to. ensure that these N

functions satisfy the boundary conditions of the problem.

For the case of skew sandwich plates care was taken to



ensure that the assumed functions for the displacements also

4

satisﬁf the condition of polar symmetry.

C o

OBJECT AND. SCOPE (\,
fﬁe main objective of the thesis is to study the.
applicabil{tf of the Galerkin method to laFge defléction and
eigen-va}ge broblems. Td- study the abpldéability of ‘thé
method,/__the problem of large deflection, stability and
\\Kgbrat{;n of the élampeé homogeneous 1isotropic plates is
f3rst studied.  After the validity of the method ‘has been
established the éghg method is then extended té'analyse the .
corrnesponding probléms of skew séndwich plates. .Tﬁe large
deflection ana}ysis\pf the skew - sandwich plate and the
homogeneous plate on é{iiEic foundations are also studied.
e

-

QUTLINE OF THE THESIS

Since the main objgctive ¢of the thesis is to study the
applicability of the Galerkin method for large deflection,
stability and wvibration of homogeneous plates and sandwich
plates, existing literature related to these types of plates
L$ Vbriefly reviewed in chapter 2. Chapter 3 is devoted to

the formulatiof of the Galerkin algebraic equations from the
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-governing differential Q&uations. Since the process of the

Galerkin mgthod entails - the ‘evaluation'of' the definite

' integrals, the trapezoi

sed in carrying out the

definite integrals is 4lso discuss in the same chapter.

In chapter 4 the Galerkin |method is used in the

formulation of° the large deflection problem of clamped

isofr . rectangular homogeneoug plates, due to lateral

and without elasti foundations. The same
formulation was then extended for\ the skew sandwich plates.
The nonlinear algebréic equation obtained for both the

isotropic and skew sandwich plates re solved by using the

v

Newton-Raphson iterative procedure. For~{he linear analysis
of plates the load was kept small. This also gave an
opportunitf to check the governing differential eguations
used.ﬁor.the analysis. |

In/chapter 5, the Galerkin method is used to solve the
buckling problem ofclamped reéﬁangular isotropic'ﬁomogenedus
: platéé and clamped skew sandwich plates. :In chapter 6 this
method is further applieé-for the free vibration analysis of
both £h§ isotropic and Sk?w sandwi;h plates. ‘The.Ga;erkin
method wused in chapter 5 and 6 leads to eigen ‘value
eguations which were ‘ tﬁgg‘;solved by using the IMSL
subroutine EIGZF.- ,-"

Finally 'inlthe last chabter conclusions drawn in the

present study are summarized.

s




; .
For all cases cor;sidered in this 'st.udy, whenever
possible, compartsons. are madé with ot;her investigators, All
computations involveci in’ this thesis .. were programmed in
fortran IV for the Amdahl 470. The programs are included in
ﬁhe appendix. ~ ' ‘



Chapter I1I

LITERATURE REVIEW

The governing differential -equations for the large

‘deflection analysis of isotropic plates were first obtained’

by Von Karman[56] in 1910. In 1940, Rostovsev[4S] modified
the vén Karman eguations and gbtain;d the governing
differential equations for the case of large deflection of
orthotropic plates. According-to A.E.H vae, James Bernoulli
appears to have attempted._to discover a ' theoretical basis
for ;értain nedal figures. for vibrating plates which was
reported by E.F.F Chaldni in a paper published at Leipzig in
1787. Mdlle Sophie Germain in 1821 gave the equation for
flexural vibration of isotropic plateé in the form which is
now accepted. A
Sandwich plate is‘é three layered plate consisting oﬁ two
thin sheets of high s£rgngth material between which a low
average strenéth and density material is sandwiched.
Sandwich construction gained considerable attention
especiélly in the aerospace industry after World War 1II
because of its light weight, high stiffness to weight ratio

and good thermal and accoustical properties.

-7 -
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The theories of sandwich plate$ were analysed by several
* rauthors. The early theory of William, et al[6l] accounts
for the transverse shear effects in the core of the sandwich
plate by assuming that'a linear element initially straight
and normal to the middle plane of the core will remain
straight after deformation but wﬁll deviate ffom the normal
to the deformed middle plane by an aﬁount represented by a
parameter, additionalj parameters being necessafy for
orthotrog}c structures of dissimilar facings. This tilting

method was further used by March and Ericksen in their

analysis of sandwich plates [8,8].. P

Subsequent theory of Libove and Batdroff[31] -and;

Reissner[46] 1led to the deflection equations of sandwich‘

plates on the basis of a simplified model. This consists in
assuming the core 1in a state of antiplane ‘stress.
Reissner[47] noted that with such simplifying assumptions

the equillibrium equations for the sandwich plates have the

same form as the equations for hqmogeneous plates with.

transverse shear deformations taken into account. Various
effects previously omitted were incorporated by Eringen[11]
who generalized the variational approach by Hoff[21]. The
theory then accounts for the flexural rigidity éé well as
transverse deformation of the <core, 1including the flexural
rigidities of the two facings about their own middle planes.

In 1948 Reissner[48] realizing the inadequacy of the

linear small deflection theory in the treatment of sandwich

ba



-panels with a relatively soft coré derived a system of
differential eqguations for the finite deflection of
isotropic sandwich .plates. This dérivgtion can be
interpreted as an eﬁtension of the «classical Von Karman
theory[56] by the inclusion of'transverse shear deformation
and curvature effects.. In this derivation, Reissner ﬁsed'a
simplified model codsisiing of two facings acting as
membranes and a core fesisting transverse shear and normal
stresses. His differential equations were later verified by
Wang[58] using the method of complementary energy. In 1950
Hoff[21] utilized the eﬁeféy principle in conjunction with
the calculus of variations {g derive a set of differential
equations for bending an& buckling of sandwich plates..

As noted in tﬁe survey by iui M Habip[l9] the buckling of

sandwich plates was investigated by, several authors for

. - 3348 ’ ‘ . 3
various types of loading conditions. A system of eguations

that accounts for both membrane and plate behaviour ¢of the
facings in general buckling was given by Eringen[l12] and

Gerard[l4]. The local compressive buckling of sandwich

construction with wrinkling of the facings was noted by

Gough et al[l7] and further investigated  ,among others by
Cox[5] and Goodier[15]. Goodier and Neoul[lf] in the process
of general evaluation of the problem of local buckl;ng
observed that the critical wrinkling stresses 1is .-not
affected by the compressive stress in the core or an

.increase in the core thickness.

P2 L
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vu[64,65] investigated the simple thickness shear mode of
vibration.of sandwich plates on the basis of a compressive
sandwich' theory. A shéér.coefficient was introduced and
determined by matching the lower frequency for the
antisymmetrical simple thickness shear mode calculated from
the. sandwich plate theory with the corresponding fundamental
frequency from the elastic theory. This coefficient appears
to vary and is close to unity in magritude. This theory
assumes _théf*transverse normal displacement as constant
throughout the thickness of the plate, while the
displacements_in the plane of the plate are assumed to vary
linearly through the thickness, with the slobes in the
facings equal but different from that in the core. The
theorv includes the effects of transverse shear deformation
and both the‘ rotatory and translatory ingx§£§s of the core
and facings, the flexural rigidities of tﬁe cokte and the
flexural and exteqsional rigidities of the facings. On the
basis- of this theory the free flexﬁral vibrationé of
sandwich plates were investigated by vu[66] and the relative
importance of these special effects was discussed in
detail. In comparison to homoéeneous plates, the transverse
chear effects were found to be relatively important, and the
frequency of the simple thickness 'shear mode much lower and
closer to the first branch of .the freguency curve. It was
also noted that except for plates with very thin facings
over low frequency ringes the flexural rigidities of the

facings about their own middle planes should be included.
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In 1961, ?algout[l3] derived the differential
equations for free wvibration of sandwich plates with
isoﬁropic facings and core by superposing bending
deflections and defléétions due to transverse shear. The

flexural vibration of sandwich plates was also considered by

Mindlin[36] neglecting the flexure and transverse shearl

deformations of the facings and their rotatory inertia about
their own middle planes. The resulting equations then have
the same form, . except for éonstants,as ‘tﬁose for flexural
motions of homogeneous plates with rotatory inertia and
shear deformation taken into account. |

For the sandwich plates, the shear effects in the
facings; the rotatory inertia of the facings about their own
middle planes, and the flexural rigidity of the core vere
judged ta be negligible by Yu[67]. The most impgrtant
effects in this simplified model were the shear effect in
the core, the rotatory and translatory inertias of the core,
the translatory inertias of the facings ané its rotatory
effects about the middle plane of the sandwich plate and the
joint effect of the flexural and extensional rigidities of
the facings. 1In a further study Yul68] showed that, in the
case of an isotrdbic sandwich plate with similar facings,
the basic system of equations can be separated intok two
independent set of equations one of which yields a frequency
equation which is a generalization of pléne strain
vibration, while the other leads to the modes independent of

”

the transverse deflection.




‘ 12
Yu[69] also studied .the nonlinear flexural vibration of
sandwich plates.' TheE;honlinear équat}onS' of motion and
"boundary conditions were derived from a simplified version
of the equations of mgifon_ of the nonlinear theory of
‘elastieity by means of a variational procedure. The flexural
rigidities of the facings were neglected but the transverse
shear effect of the core was considered. The free vibration
of a sandwich plate in plane strain with hinged edges was

considered and a solution was found in terms of an elliptic

integral.

An attempt 1is made here to review some of the research
works - which employ numerical schemes as a method of

solution:

-

Ritz Method : Way[59] first used the Ritz method for the
solution of large deflection of uniformly loaded clamped
homogeneous plates. Weil and Newmark[60] used the same
method for the 1large deflection of clamped elilptical
plates. Ku[26] used the same_method‘ for the analysis of
small deflection problems of clamped skew plates on élaséic
foundation subjected to uniformly distributed and
concentrated loads. March[33] and Ericksen[10] used the same

»

method to solve: the small deflection problem of clamped

rectangular sandwich plates.
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-

Lord Raﬂeiggf32] in his classic work gives a method for
the approximation of frequencies of the dynamical systems.
Later ﬁ. Ritz[57] produced what is known as the Raleigh Ritz
method for approximating frequencies in the vibrating
system. Ritz applied his technigue to the sguare homogeneous
plates with all edges free. D Youhgﬁﬁ] used the Raleigh Ritz
method in his work on sguare homogeneous plates, with all
edges clamped, cantileveréd plate with two adjacent edges
free and two adjacent edges clamped. The Raleigh Ritz
method was found to give estimates of the frequencies which

are higher than the actual values.

Energy Method: Hoff[21] utilized the principle of minimum
potential energy in conjunction with the calculus of
variations to solve the bgndingi and ‘ buckling "problem
subjected to edgewise. comp;éssion. Alwan[l] wused the
variational principle of complementary energy to analyze the
problem of nonlinear deflection of rectangular sandwich
plates with isotropic faces and orthotropic cores. The
effect of transverse normal stress deformation of the core
was neglected. The energy principle was used by Ueng[sé] in
conjunction with the Langrange's principle 'to obtain the
upper and lower bounds of the natural freguenciles of an all
clamped rectangﬁlar sandwich panel. Rav%lle and Ueng[551]

§resented the natural frequencies for free vibrations of a

e e e ——— e A



simply supported sandwich plate. Experimental results were

found in close agreement with the theoretical results.

Galerkin Method: The Galerkin method was applied to the
small defleciion of clamped hoﬁogeﬁeous piétes of various
planform on elastic foundations by Ng[40]. This method was
used by Bolton[2] on the 1large deflection proglem of
circular homogeneous  plates with various  boundary
conditions. Munakata{38] ,using this metnpd studied the free
vibration ‘and.buckling problem of- a clamped rectangular

plate. o . '

Series Sblution: Fourier series method proves to be
extremely powerful for the case of rectangular plates with
simply supported edges. 1In lBéO Navier presented a paper to
the French Academy of.Sciences on the sclution of the small
deflection problem of simply supported rectangular plates by
double Fourier series. Levy [29], wusing a similar method
also solved the corresponding iarge ‘deflection problem.
Using the Fourier series solution Yen[62] solved the small
deflection problem of a simply supported rgctangularl
sandwich plate. Pohlie [45] also used the same method and
solved the static problem of an orthotropic sandwich plate.
Alwan[l] was the first to investigate the large deflection

problem of sandwich plates by means of the Fourier series.
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‘Kennedy[24] traced Taylor's[51] work and investigated the
small deflection problem of clamped skew.sandwich plate
subjected to uniformly distributed load by intéoducing the

idea of ‘treating the partial deflections due to bending and

—

.shear deformation seperately. A series representation was

used for the assumed lateral displacement.
@

i

Finite Element Method: This method gained popularity due

to improvement in computing facilities 1in last two decades.

~

among others, Haskell[20]1 and Melliere[35] presgnfed
solutieons © for the large deflection of rectangular
homogeneous plate with various boundary conditions.

Kwok{27] and Monforton[37] used the finite element méthod
for the static analysis of skew sandwich plates.

In using this method quite a large number of finite
elements are often reguired to obtain sufficiéntly accurate
answers. In the case' of large deflection . problems the

solution often involves cycles of iterations. Conseguently,

the use of the finite element method has been found to be

rather inefficient for the analysis of large deflection

problems of homogeneous and orthotropic plétes.

Perturbation Method: This method was.applied by many

investigators to the . large deflection problem of a variety

3 i

iane
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of uniformly loaded clamped plates. The method was first
used by Chien[4] in analysing a clamped circular plate
subjected to uniform pressure. Subsequent works utilizing
this method are those by Chan[3], Kennedy and Ng[25],
Nash[39] and Ngl[41] |

Kan{22] wused this method for the solution of large
deflection problem of-uniformly loaded clamped rectangular
sandwich plates. N§[42] also utilized t?e_game .method to

obtain solutions for large deflection problem of circular

and elliptical sandwich plates on elastic foundations.



Chapter III
THE GALERKIN METHOD

3.1 INTRODUCTORY COMMENTS

The fundamental problems of mechanics are known to be
g0verned.by ooth the differential equation and by so called
minimum principles.. In view of this the problem ¢f solving
the boundary value problem generally turns out to be
equivalent to the problem of finding the function giving the
‘minimum of the ‘'integral' by which the poténtial energy is
expressed. The method of reducing the probleﬁ pof solving a
differential equation to the equivalent problem of seeking
an approximate function to give a minimum value of an
"integral' s called the variational method .

In the theory of elasticity, the variational principle
introduced by La~grange is based on the virtual work
theorem. The objective of the variational methods is to find
from a group of admissible functions those which represent
the deflections of the elastic body pertinent to its stable

—p—

equilibrium conditons.

p

_17_
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In 1915 B.G. Galerkin, a Russian investigator described
his method. for solving differentiai eéuations in his
treatise 'Rods aﬁd Plates' (Vesterik, Ingeneroff, 1815,
p.897)[7]. The detailed discussi?n of this method is given
in the following section. In his method Galerkin generalized
and simpljfied the virtual work principle, - which states:the
virtual work of internal and external forces must vanish.
It wag pointed out by E.P:Grossman[isl that the Galerkin's
method in application to mechanics leads to the same result
as the La-grange's principle of virtual work but employs a
special coordinate system[7].
| After the publication of Galerkin's method large amount
of work has been published in which the method was used
extensively for the practical solutions of extremely diverse
types of problems. r
The variational methods were exploited by the engineers
and scientists as a very effective -tool for the solution of
their problems. These methods have experienced tumultuous
progress from the time of their origin. The appearance of
new methods such as the finite element method and recent
modifications of some classical methods were mainly due to
rapid development of computers whose exploitation enabled
relatively fast solutions of - eguations containing 1afgé

number of unknowns.
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3.2 GALERKIN METHOD

The Galerkin method belongs to the same general'élass as the
Ritz method for it seeks to obtain an approximate éolutioh
of the differential ‘egquations with given boundary conditions
by choosing funcéiaﬁs which satisfy the boundary conditions
exactly and then proceeds to specialize.the chosen functions
in such a way as to secure approximate satisfaction of the
differential eguations. The basic idea of this method can
be expounded gquite briefly[23]. Let it be reguired to

determine the solution of the equation;

L(D) = O ' (3.2.1)

where L is the differential operator whose solution U
satisfies the homegeneous boundary -condition i.e. the
solution U is identically egual to zerc both on the boundary
and at all points of the domain 'R' sufficiently close to
the boundary.

We shall seek an approximate solution of the problem in

the form;

e

u
U(x,y) = ) cicbi(x,y) (3.2.2)
i=1
where,¢i(x,y),i=l,2,3 - - = =-n, is a system of ,

functions chosen before hand satisfying the boundaryz‘
condition of the problem and C; are the undetermined
coefficients. We can always consider a function {; (x,y) to

be linearly independent and compleéé in the given region. By
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linear .independéht we 'ﬁean none of the functions can be
expressed as a lineaf; combination of the fest (n-1)
functions: By completeness we mean, it is possible to find a .
‘real number n fo;-which the norm of the fun&tion (U-0) is

less than a small number € ; as

. ' , 2. 1/2 a

] - Qo) + cpby + ween e 01 77 e (3.2.3)

R ' .
In order that T be the exact solution of the given

equation (3.2.1) it is necessary that L(T) be identically_

equal to zero.

This requirement and if L{(8) is considered to be

continuous at every point of its domain,i.e

n
||L0 - Lo|| = [/F@T - LOY(LT - L))

-
Lo 3.2.4)

is equivalent to the requirement of orthodonality
of the expression L{U) to all the functions.¢i(x,y), i=1,2.n
of'the system;

Since we choose only n constants Ci, i=1,2..;.
we can only in general satisff n conditions -\oé

\

Stating this condition we arrive at the system of

orthogonality.

equations

’

n
1{[ 1.(:15l ¢ 404(x,y) 6(x,y)dxdy = 0 . (3.2.5)

where 1=1,2,............. n
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These Q equations yield the n unknown coefficients Cg.
Whether or not these equations would be linear . depends on
t%e operator L. If L is linear these equations are linea£
and if L i§ nonlinear these equations would also be
nonlinear. '
;‘.In mechanical applications t(U3 is obtained from the
equilibrivm condition of an infinitésimal elément. The
equilibrium of the structural system 5 obtained by
integrating the differen;ial equation over the entire domain
of  the strucfure. So L{D) can be intérpreted as a
generalized force and ¢y(x,y), the multipliers, are the
virtual.displacemeﬁts and U as the displacement. Although
¢t(x,y)} components of U are interrelated its arbitrary
variations are not interrelated. Thus the condition "L(D)
should be orthogonal to each of the functions @ (x,y)" can
be-interpreted as the virtual work reguiring the appropriate
_displacement-be zero. Hence the virtual work of the external
and internal forces are obtained directly from the
differential equations of the eguillibrium without
determining the actual potential energy of the system. So
this method can be considered as a perfectly wuniversal
~method. It can be applied to differential equations of
diverse types; elliptical, ' hyperbolic,parabolic etc, even
though they.are wutterly unconnected with the wvariational
.problem[23]. There is probably scarcély a mechanical problem
concerning elastic or other continuously deformable bodies

-

to which this method cannot be applied with success.
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‘But the only drawback of this method is that it requi;es
the governing differential , equations of the mechanicél
problem to be solved. Moreover, thig process involves the
evaluation.of the definite integrals to form the equations
for the evaluation of the constants Ci in the gssumed
displacement functions.

Fortuﬁéﬁély the governing differential eguations of most
of the structural problems are readily available. Also, with
the rapid development of the computers the nuﬁerical
integration is not tedious any more. In the present study
the numerical integfations are carried out by the use of
trapezoidal rule described below. .

In the -.trapezoiQél rule the o:iginal function 1is
approximated by a " set of stpaight lines. The region'to be

integrated 1is divided into Audiformly spaced sections or
panels. The panel width dx=(b-a)/n, where a and b are the
limit ¢f the integration and n is the number o¢f panels.

In the case of a one'dimensional function f{x), if the
integ;al is-fitted by a single straight line i.e 1f there is
only one panel as illustrated in figure 1, then the
calculated area is (b-a}{f(a)-f(b})/2.

In the above equation €(a) 1is the value of the function
at the extreme left f£(b) 1is the value at the extreme right.
For the more general case the area is divided into n panels.
The panels can be numbered 1 to n. Thus there aré n+l edges

which can be numbered 0 through n.
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(£(a)+£(1))dx/2
(£(n-1)+£(b))dx/2
(£(i-1)+£(i))dx/2

The area of the first panel

The area of the last panel

The area of the ith panel

Hence the total area = sum of the area of each panel

n-1 :
- ( £(a) + £(b) + If(4) )dx/2 ' i
i=1

Similarly if £ is a two dimensional function then the
value of "the integral 1is the volume under the surface

defiﬁed by the function f£(x,y). The axes are divided into n

number of panels. Let us take a simple case where th? plane
is divided into four panels as in figufe 2. 0 . : g
The volume over area Al = (f(1)+£(2)+f(4)+£(5))dxdy/4
The volume over area A2 = (£(8)+£(5)+E(7)+£(8))dxdy/4
The voiume over area A3 = (f(2)+f(3)+f(5)+f(6))dxdy/4

The volume over area A4 = (£(5)+£(6)+£(8)+£(9)}dxdy/4

Hence the total volume = 1/4% £( cormer points)
+ 1/2% f£(boundary points except the cormers)
+ Lf(interior points)

. Throughout the study this . technigue is used for
evaluating definite integrals and it has been found that the

technigue does not require extensive computer time or memory

even for a very fine mesh grid.
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3.3 GALERKIN METHOD IN EIGEN VALUE PROBLEMS

For the eigen value problem Galerkin method assumes a
solution in the form of a series of n functions_ for the
deflected shape ' of the vibrating or buckled elastic body
satisfying éil the boundary conditions . In general, the
series solution will not satisfy the differential equation
defining the eigen value ﬁroblem ‘unless by some coincidence
the series is composed of eigen functions. Substituting
the series function into the differential equation an error
function is obtained. For the similar argument given in the
previoué section Galerkin ﬁéﬁhoa insists that this error
function be orthogonal to each of the independent weighting
functions. The weighting functions are  exactly the n
functions chosen for the deflected shape of the préblem.

Let us consider the eigen value problem,
L{W] = AM[W] (3.3.1)

where L and M are the differential operators. The function W
is subject to the boundary conditior which in general do not
depend on the eigen values » . We assume a solution of the

eigenvalue problem in the form:
Wpm Loagy (3.3.2)

where aj are the coefficients to . be

determined and U; are the functions satisfying the bgzndary

conditions.
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Substituting (3.3.2) in (3.3.1) we get the error function

so that

e= LW ] - ﬂa[wn]

where X is the corresponding estimate of the eigen value.
The condition . that each of the weighted function Uj be

orthogonal to € leads to;

JeU dD = 0
T
. n n
or, I [fUG_L(U)AD - A" /U M(U,)dD] = 0 (3.3.3)
j=1p* r .
where r=1,2,~——===—-—me=== n and D 1is the

domain of the problem.
These are called Galerkin equations and represent an

eigen value problem for an n degrees of freedom system.:




Chapter 1V

LARGE DEFtECTION ANALYSIS OF CLAMPED, ISOTROPIC
HOMOGENEOQOUS AND SKEW SANDWICH PLATES

4.1 FORMULATION OF THE LARGE DEFLECTION PROBLEM oF
HOMOGENEQUS PLATE

DERIVATION OF THE GOVERNING DIFFERENTIAL EQUATIONS

The classical theory ¢f the bending of a thin elastic
plate expresses the relation between the transverse
‘deflection of the middle surface of the plate w and the

lateral loading of intensity g by the eguation,
y _ |
DV w=gq (4.1.1)

2 . o
where D = En>/12(1-v°) is the flexural rigidity of the

4 4
plate and va = 2 + ga 5 + 64
‘ ox ox Qdy oy

It is well known that this theory 1is restricted in
application for, on the one hand, 1its basic assumptions\can
be guestioned unless the plate is thin, and.on the other

hand it neglects an effect which must be appreciable when w

- 25 -
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has values comparable with the thickness, This? is the
|

membrane effect of the curvature, whereby tension or

compression in the middle surface tends to oppose or to

reinforce g. The effect is negligible when w is very small,

’

provided no stresses act init;ally in the piane of " the
middle surface; but even so, it operates when w is small
because s;retching the miééiél- surface 1is a_ necessary
consequence of the transverse deflection. When the
defiéction gets larger and larger tﬁe membrane  efifect
becomes more and more prominent wuntil fér very large values
of w the membrane effect 1is predominant whereas the bending
stiffness is comparatively negligible.

Small transverse deflectionsof thin plates are governed
by a single linear equétion but for the deflection‘range'in
the neighbourhood of 1/2 the ©plate thickness significant
amount of stretching of the middle surface of the plate will
take place reéhltihg in a much stiffer plate and hence the
design of plates employing the linear theory can be over
conservative, Large deflection entails ‘necessarily the
stretching of the plate middle surface, resulting in tensile

forces interacting with the curvature.

BASIC ASSUMPTIONS

(1) Points which lie on a normal to the mid-plane
of the undeflected plate lie on a normal to

the midplane of the deflected plate.

S
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(2} Stresses normal to the mid-plane of the plate

7 arising from the applied {Pading are negligible
in comparison with the'.stresses in the plane
of the plate?

(3) The slope of the deflected plate in any
direction is small so that its square may
be neglected in comparison with unity. -

(4) The mid-plane of the plate is a neutral plane
i.e. any mid plane stresses arising from the

deflection of the plate wre ignored. (This

é!?.

assumption is valid only for small deflection

theory)

Let us consider the eguil-«ibrium of a small element cut
out from the middle plane of the plate with sides dx and dy.
It is assumed that u,v,w are the displacements in x,y and z
directions respéc;ively.

If Nx and Ny are the inplane forces per unit length of
the plate, neglecting - body forces the' equil-ibrium of the
pfate element in the x and y directions yieldsrespectively

C(fig. 3),

N +N -0 (4.1.2)
N o+ =0 (4.1.3)
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Secondly equilibrium of the plate - element in the z
direction; | '
(a) Forces in the z direction due to inplane
forces:
From ‘figure 3 1t can also be seen that the net

contribution of the inplane forces Nx,Ny,Nxy in the platé

element (taking downward positive} is;

(N, + Zny“’ + N W.yy)éady

y (4.i.4i

Xy

(b) Forces in the z directions due to lateral
loads:

Let Qx, Qy be the shear force per unit length. Alsc shown
on fiéure 4 are the directions of the bending and Ewisting
moments acting per unit length, g is the intensity of tﬁe
distributed load. Writing-the equillibrium equation qE all

the elements in the downward direction we get;

dxdy + dxdy + d‘xd = 0
Qx,x‘:y QY:Y y + qdxdy

or, Qx,x'f'Qy’y"‘Q'O (4.1.5)

Also taking moments about the x axis we obtain;

y ¥.¥ Xy,Xx (4.1.6)

The moments of the load g and the moment due to change of
the force Qy are neglected in this eguation, since they are

small guantities of higher order than those retained.
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Similarly by taking moments about the ¥ axis we obtain

By

Mx.x-MXY;Y —:Qx-o- (4.1.7)

Further by substitution the well known moment and curvature

relationships;

- Hx - "D(wsn + W’Y}')
My = —D(v..v,yy + W’x:c)

ny - D(l—v)w,xy

into equations (4.1.6) and (4.1.7) we get,

- ' 4.1,
Q= Dw, + v, ) (4.1.8)

similarly,

Q- -D(w’m+w’xy'yl (4.1.9)

Substituting equations (4.1.8) and (4.1.9) into equation

(4.1.5) we get;

w, +2w’m:yy+w’ = q/D (4.1.10)

which is the well known expression for the analysis of the
small deflection of plates.

If we now add to this equation of equillibrium 1in the
vertical direction due to lateral loads, the effects due :to

the inplane ‘forces i.e eqguation (4.1.4) we get;

D("fxxxx + 2w, ) TA N, Zny“’xy + N ow,yy

xxyy
(4.1.11)
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In terms of stresses equations (4.1.2),(4.1.3) and (4.1.11)%

can be written as;

et Txy,y = O (4.1.12)

UY.S' * "xy,x 0 (2.1.13)

Dvl‘w-q+h(cw, +ow, + 27 w, ) (¢.1.14)
x Txx Yy 'yy xy 'xy

From the theory of elasticity the equations dk\plane strain
A

are;y . \,/

E
g = (e + ve )
-X 1—v2 x ¥

g = (e_+ ve)

¥ l—vz ):J * (4.1.15)
E ) '

“xy T (1+v) Txy

and the equations of compatibility are;

1 2 :
Ex = Uy + i'(w’x)

— 1 2 (4.1.16)
ey = Vg T3 ()

= + + w, w
ny u:y ™ *x"’y

Substituting equations (4.1.15) and (4.1.16) into equations

(£.1.12}), (4.1.13):and (4.1.14), the three general nonlinear

a4z 4o ol e
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and . coupled differential equations in rectangular
coordinates governing the large deflection behaviour of thin

elastic plates are obtained.

U + w,xw,n + v(v,xy + w,y + w’xy)

*u 0t v, D=0 (4.1.17)

1 .
+ 3 (l-\")(uty.y + V’IY

Vigy T gy T Vg Y )

1 ' - -
P Qe hu, e, e, e, 8, ) =0 (4.1.18)

DVZ'\Tzw = q+h | E ‘[u,x +—;— (ﬂ',x)z + V[V,y + %‘ (Vay)zl} v,

(-v%) xx
. E 1 2 1 2 =
+ m {V,y + 5.(",},) | + v[u,x +3 (W,x) ]}"’,yy
(4.1.19
+ l—f'\; {(u:y + vsx “:xw:'y)w:xy}] o )

where, v is the Laplacian operator, ¥ being the Poisson’s
~ratio;D, flexural rigidity; ' E, the modulus of elasticity of
-the plate material; g, the intensity of the uniformly
distributed load and h is the thickness of the plate. The
comma notation signifies differentiation.

For the ease of computation these eguations are again
transformed into dimensionless form by using the following

dimensionless ratios.

A= a/b £E = x/a n=v/b U= au/h2 )
2 4 (4.1.20)
V = av/h W=w/h Q= qa /Dh '

where 2a, 2b are the lengths of the plate in x and vy

directions respectively.
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In the dimensionless form the equatioﬁs are:

2
+ (I+VAV,En + (1-v)X U, m + ZU,EW £E + -

+(l+v) ?\ W, W, = 0
&n © ot (4.1.21)

205 pg

(l—v)h W’E

)
2 3
] + W, W +
+ (1+v) A U’E + 2X v’rm 2A > 2 an

(4.1.22)
+ (AR, W, = 0

(1- V)V'EE

(1-\:)7\ W, W, £E

4 _ 2 _
A w’nnnn -'IZW’EEU’E GW’EE(H’E?
3

2
+
Worgre * 2N Wogeny ) 2
12VAW, oV - 6V Wy ge (W )7 = L2NW, (Vo

n
& 2 2 _ 242 2 _
B W,'nn (W, ,n) = 12 A7VW, .n.nU’ £ 6N W, n,n(w’ )

12(1-v)l2W,‘,nU g = LAWY, - (4.1.23)

12¢1-v) A5, ; -q=0

22 R

Hence the problem of large deflection of thin homogeneous
isotropic plates is reduced to .finding a solution teo
equations (4.1.21) to (4.1.23). The governing differential
equations for the thin isotropic pléte resting on a Winkler
type foundation, in dimensionless form can be obtained by
keeping the first two eguations (4.1.21 and 4.1.22)
unchanged and adding KW tc the left hand side of the third

equation (4.1.23), where K=k57D, k= foundation modulus.

BOUNDARY CONDITIONS AND METHOD OF SOLUTION

The boundary conditionsof a clamped plate are;
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w-w,a-u‘-vno @ E=-=x1

= w-w’n-u.-v-o_ @ﬂ-i’l s

Galerkin method, as described in chapter 3, is used to solve
equations (4.1.21),(4.1.22) and (4.1.23). The three
displacement functions U,V and W are approximated by

linearly independent functions as follows;

2 2 : 2 2 2.2 a
U = (1-§ ) (1~ )E(C, #C 5§ +C g0 +C 8 1) :

= Cp1F1r¥ 00T 10703 13%C 4 F1s R

»

2 22

) 2 2 2
<V = (1-§ ) (1-n )n(C21+CZZE +C,qn +C,, 8 1 )

. = Co1Fa1%CooF00+Cr3T9 570 Fay

|

S22 22 2 2
( (1-8 ) (1-n) (C31+C32; +Cqqn ) |
! = C31F31%C3,F5"Ca5F 4 -

The chosen functions are selected@ such that ;hey‘satisfy
the boundary conditions of the problem. These functions are
‘then substituted into K the three governing differential
équations.i After substitution of these equations into the
governing differential eguations we get the error. or
residﬁal functions, &(U,V,W),ez(U,V,W) and Es(U,q,W), £rom
equations (4.1.21),(4.3.22) and (4.1.23) respectively. These

error functions are in general different fromiZeroc since the
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approximating functions are not the exact solution of the
governing differential.equations of the'plate. In order that
the chosen functions yield the approximate solutions of the
problem, Galerkin method reguires that:

(a) Since ¢, is obtained from the.differentiai equation
(4.1.21), which is formed as a result of the_e@uillibrium of
the forces in thé § direction and U represénts "the
:displacements in that particular direction; this error

function should be orthogonal to each of the indeﬁendeﬁt

functions approximating the displacement U.

{(b) Similariy each of the functions chiosen for V and W,

must also be orthogonal to the error function €, and
N . _\._
(srespecfively. .
. These reguirements  give rise to folloéing 11 nonlinear

equations. in C's which are as follows. -

ffE:lF da =0 .&{lelsz' 0 - [ffe F. . dA= 0 {t{elF ;dA= 0 -

4°1°11 451713 14
f;{€2521d‘& =0 IAIezezdﬁF 0 {{EZF23 =0 IK.EZFZ&dJF 0
IP{E3F31dA = 0 J;{E.3F32dA= 0 J:{E:SE'33 =0

The definite integrals of the above -eguations were solved by
using the Trapezoidal rule mentioned in chapter 3. These

nonlinear eguations’ in C's are then solved by the

A

Newton-Raphson iterative procedure..

1
i
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4.2 FORMULATION OF THE LARGE DEFLECTION PROBLEM OF SKEW
SANDWICH PLATES :

[/'.

DERIVATION OF THE GOVERNING DIFFERENTIAL EQUATIbNS

Sangyjéﬁ plates are a type, of three layer construction
consisﬁing of two very thin layers of hféh stréngth material
between which a thicker layer of comparatively low averége
strength material 1is sandwiched. The two'thin- sheets are
termed as face sheets or skins -aqﬁ the middle layer is
called the core. Sandwich construé%{on is an efficient way

of obtaining light weight structures -with comparatively high

strength. Due to their high strength to weighﬁ ratio

sandwich structures have become increasingly. popular in
various areas of structural design: This .is particularly
true for the aero-space industry.

In sandwich construction, since the elastic modulus of
the core .layer in the plane of the plate is of negligible
ﬁagnitude in comparison to that of the facings, the normal

stresses in the core are of little importance in resisting

bending moments, even though the wusual ratio of the

thickness of the facings to that of the core is between

one-tenth to one-hundredth. ©On the other hand, the core

b

performs the task of transmitting shearing forces and
undergoes considerable shearing deformations Dbecause of its

low modulus of shear. As a conseguence of such shearing

-

o
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deformatioﬁs, the differential egquations governing the
. deflection problem are different from those of the general
homogeneous structure. |

As 1in the‘cathgf homogeneous plates, sandwich.plates can
be analyzed bﬁffthe general 1linear theory when the platé

deflection to thickness ratio is small. But for large

deflection the nonlinear theory must be wused in order to

obtain a more realistic seclution.
Reissner[46] first - obtained two c¢oupled nonlinear

differential equations of the fourth order by considering

the equillibrium and compatibility of an infinitesimal

-element of the sandwich plate. Those eguations are;

. . .2.1
P - ZtEf[(w,xy)z - w,xx(w,n,)l (4.2.1)

2 2 _ '
nvz.vzw = [1-(EhE/2(1=VD6 )T TIR + By = 26, ¥ o+ Fywn )

(4.2.2)

where,

F =membrane stress function

t = thickness of the facings
8 = modulus of elasticity of the facing material
W = out of plane displacement
D = flexural rigidity of sandwich plate
1.2 .2 ,

%,:Poisson's ratio ‘of the facing material

£
i

shear modulus of the core material

laterazl load

0
1]

-

e iliai b pms

C RPN L. . TR

itma
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. It is obvious that Reissner's eguations are of a very
complex nature and - no ekact solution can be pwohable . For
the present study, a set of differential equations which are
more suitable for an gpproximate solution of the problem is
derived. In dgriving';the equations Reissner's steps are

followed. - o ‘.

Let us consideg a éandwich plate of two face }ayers of
thickness t and a core layer of thickness {(h-t) shown in
?ig.s. Assuming t is small compared t¢ h, the -elastic.
constants BEg, Gg of face layers are large compared to the
values of the constants E¢ ,Ge for the core layer, so that
tBy, tG; are large compared to the values hEeand hGg .

On the basis of the assumption t«h, it canr be assumed
that the stresses in the faces parallel to their plane are
distributed uniformly over the thickness of the faceé layers.
From the assumption hE.&KtEg , the face parallel stresses in
the core layer and their effect on tﬁe deformation of the
composite plate can be neglected. Thus the sandwich plate
‘treated here is a combination of two plates without bending
stiffness (the face layers) and of‘ a third plate {(the core
layer) offering resistance to the transverse shear stress
and transverse normal stresses. |

In the following derivation we éhall restr{cé ourselves

to isotropic face and core material of the sandwich plate.



38

For a  sandwich plate. subjected to some arbitrary
distributed load p tﬁe strain dispiacemenﬁ relationshipsfor
the face membrane with the notation of figure 5, are of
following form, where subscripts '+' and '-' are used to

denote upper and lower facings respectively;

e = ut, +% (w:‘,x)2

x (¢.2.3)
T T ‘
y ‘y Fa 'y , (4.2.4)
Yt = uty-+ vt,x + wt,iwt,y {(4.2.5)
and for the core layers are;
F"z-w’z!: | (4.2.6)
Y = Bt Wy (4.2.7)
quv’z-’-w’y . (4.2.8)

Stress strain relationships for the facings are (by Hooke’s

law):
e t= 2o (N +- v N %) (4.2.9)
x~ Eft x~ f oy ~ e
: .
Eytl—Eft (Nyi'— vaxi (4.2.10)
1 .
+ = S+
[ ‘ (4.2.11)
and those for the core are;
e = G/E (4.2.12)
z FA [
- (4.2.13)
Yx 'Tx/cc }

[

vy =1 /G . (4.2.14)
Yy Yy ¢
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With the notation of £ig.5 the equillibrium“equation for the

face layers are:

Uxtx " ey ¥ e O | (4.2.15)
st.x+Nyt,Y.:Tyt'° - N (4.2.16)
(Nxtwi,x)’x + cstwt,x)’y + (Stw;t,y)’x + (Nytwt,y>’y

TRy T T TV T et 0 (4.2.17)

"z 0 , (4.2.18)
=0 ) .2.
Tz (4.2.19)
T _+1 4o _ =0 (4.2.20)

XX Y,Y 2,2

The differential equations (4.2.18 to 4.2.20) and (4.2.6 to
4.2.8) for the core layer must be integrated and the
results of the integration must be combined with the
remaining equations for the face layers in such a way that a
set of differential equations for the composite pléte is
obtained.

_From equatidns (4.2.18) asd (4.2.19) it follows that T
and Ty do not vary across the thickness of the core. Thus
the transverse shear resultants can be defined by tﬁe

following equations:

vV, = bt (4.2.21)

Vv = ht (4.2.22)
y 4 '

Integration of equation (4.2.20) gives

- - )
Vx,x+vy,y+°z+ o, =0 (4.2.23)
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From equations (4.2.6) to (4.2.8) and (4.2.12) to (4.2.14)
and also from the fact that oy.varies linearly over the

thickness, we finally get.,

w, - w_=h(o,, *“:—)/ZE; (4.2.24)
" e
x 5 ) | (4.2.25)
E:»- EE-(W +w_ ) + o 123 (vx,x + vy,y)l,x tu Tou 2.
Yy h2 = :
Gc- [— (w +w.) +12E (vx’x+vy’y)],y+v+-v_ (4.'2,26)

Bquations (4.2.24),(4.2.25)- and (4.2.26) are the stress
strain relations for the core layer in a form suitable for
use in the derivation of the equations for the composite
plate.

Let us define some appropriate variables as follows:

8= (u, —u_)/h

(4.2.27)
0, = (v, =v)/n

representing effective changes of slope of the normal to the

undeformed middle surface; let

wom o (u, + W) (4.2.28)

represent the effective transverse deflection of the middle

surface.
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w3} (u, +u) ve V)  (s.2.29)

represent the essential tangential cemponent | of the
displacements of the middle surface, and let
12N
e= (w_~w_)/h (4.2.30)
represents the effective transverse normal strain of the
composite plate.
In addition to the transverse shear stress resultants Vy
and W defined by equations (4.2.21),(4.2.22) we define.the

stress resultants and the couples as follows:

N =N, +XN N =N_, +N (4.2.31)

x xt+ x y ¥+ y=
S =S _+5S_
= - = - 4.2.
Moo=, -N_)/h Moo= (N, - N /R (4.2 3_2)
E=(s, - 8)/h
g

Finally, we write the effective transverse normal stress

- ..72:(5 +0,) ' A (4.2.33)

z z+

and the external load terms p and g by means of the

following relations

™~

P=p,.tp_ . q=(p_-p)/2 (4.2.34)

We now obtain the differential eguations for the
composite plate by combining the six eguations of
equillibrium, equations (4.2.15) to (4.2.17), by means of

suitable additions and subtractions.
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From equation (4.2.15),

N _+§, =0  (4.2.35)

x,X ¥
H + H’ - v = 0 . ' . (4‘2.36)
x,x y x .

s’ +N -0 ‘. (4.2.37)

H, +M._ -V =20 (4.2.38)
x ¥»Y ¥y
From.equation (4.2.17)'after some transformations; -

pt v + v + N w, + 25w, __+ N w,
x 'xx xy

X,X ¥s¥ y 'yy
- 4.2,
+M e, + 2He, + 2He,xy + Mye,w Ve, ( 39)
-Ve,_ =0
y'y -

h A 1
- L] tt
q- o+ (Ne,  +2%e, +Noe, )+g My (2.2.40)"

+ 28 “’x{r* M.yw, ) = 0

Equations (4.2.35) and (4.2.37) are the usual eqguatlons of
horizontal equillibrium for the elements of the plate.
Equations_(§.2.36)- and (4.2.38) are the usual eguations of
moment eguillibrium, ‘

Egquation.(4.2.39) is the condition of transverse force
egquillibrium and contains terms that dJdo not occur when
homogeneous isotropic clates are considered. The
significance of equation {(4.2.40) is that it‘gives the local
change of thickness of the plate caused by the external

loads.



44
We next obtain the stress-strain relations combining

equations (4.2.3) to (4.2.5) according to equ;;kons (4.2.31)

and (4.2.32). The resulting. equations ‘after some
transformations,
1 2 w2, .2 \ | (.2.41)
+ E-[(w, Y o+ —-{e,x) ] = (Nx - vay)/ZtEf 4.
hz -
Vay 2[(w ) + — (e,x) ] = (N = VN )/2tE, F,'(4.2.42)
AN
u,y+ V,x'!‘w,xw:y'l'a—e’xe’y - S/Zth - (4.2.43)
g + w _.:‘E': = (M- v M)/ L tth . (4.2.44)
X, X ’x ’x x fny 2 £ e
: (4.2.45) .
-+ ] - . .
ey’y w,ye,y (My fo /—-ch E
2
Py T B Ty T e Hfi'th C¢ (4.2.46)

In addition to the above six stress strain ions we have

equations (4.2.24), (4.2.25) and (4.2.26Yy which may be

written in the following form;

4.2.47)

/

Yy h
w,, + 8 =-th-—12£¢ Vv _+V_ ), ;(4-2-48)

< (4.2.49)
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The following discussion will be restricted to cases
corresponding to the relation,

| e = 3 (4.2.50)

c .

This should be true in most cases of practical interest.

Also, by' assuming that g«p it can be seen that terms

invo;viné e in the above equation are negligible provided;

| %. &« 1 (4.2.51)
‘ . B 4
which is true for all practical cases.

Since the effect of local change of thickness of the
plate is negliéibly small so long ;; .the above assumptions
are valid, 1t «can be concluded that as far as the present
inQestigation is concerned eqguation (4.2.40) will be of
negligible influence in the solg;ion of the problem and
hence can be discarded. Similarl& for all other equations,
terms 1involving e can be neglected without introduciog
appreciable error, thus reducing the problem to a set of
five equations with five unknowns.

. . B} L
From the assumption e 1s small compared to the ' total

deformation, the gquantity W, may be set equal to zero and

V.- hG (w, + ex) (4.2:52)

- +
vy hG (w,y ey) (4.2.53)

from which, I S
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V. _ =B (v, +8 ) (4.2.54)

x,x e xx X, X
V._ =t (v, +6 ) ' (4.2,55)

Y e Uy vyl

With ‘equations (4.2.52) through- (4.2.55) and the stress
strain relations, the equations of equillibrium may be

written in the following form[42];

2 2

2u,xx + (1=-v) u’yy + (1+v)(v,xy) + (w,x + vw,y ),x
+ (l=-v)(w, w, +w, w, )=Q
PO Mgy Ty {4.2.56)
2v, 4 (I=v)v, _ + (1+v) v,_ + (w, 2 + v, 2),
’yy ’n ) ’xy . y x A y . ]
+ (lfv)(w,xyw,y + w,xxw,};) = 0 (4.2.57)
tth : . ‘
(1-v)2 [Zex,:o: + (1-v) ex,yy + (;+v) sy,xy] - &Gc(w’,x-{-ex) = 0
(4.2.58)
9 .
thE -
- += ) = , -+ e - 0
(1-v>) (29 vy ¥ (1798 o ¥ (L4 W8 ) = Gy + 80 )

(4.2.59)
tE

p + th(w,xx +w, + 8 + 8 +

2(u, +
yy e T vy T s e [20us Vs )

2 2 ' 2 2
+ wsx + W’y ] + W’XY [2(v!y + m:x) + w,y + W,X ] ’
. } tth
+ Z(I-V)W (u) + v +w, W, Y+
: e y x x ’y 2(1—\:)2

y+(1- + =0
[w’u(e x+v9 )'H"syy(ey’y"'\’ex’x)""(l V)w’xy(?x’y ey’x])

(4.2.60)
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These.equations (4.2.56) to (4.2.60) are the differential
equations governing the large deflection behaviour of
sandwich plates in térms of. the displacements, where E;‘isﬂ
thé_Ydung% modulus of the face material; G, being the shear
modulus of the_cor;; t the thickness ' of the face layer;

th-t) the thickness of the core layer; p the intensity of
the uniformly distributed load; 9 the Poisson’s ratio of the
face material; ox and @y are the <change of slope of the
normal to the middle surface of the piate in the x and ¥y
directions respectively and.tﬁé coma notation siénifies
differentiation. ' |
From these equation§,~ 'it can be seen that the first
.fourth order differential equation of Reissner 1is replaced
by two differentiél equations of the second order such as .
(4.2.56) and (4.2.57). Reissner derived his first equation
following Von Karman's procedure. The eguations (4.2.°35) and

(4.2.37) vere satisfied by setting;

‘- - = =F
o= F, No=F S = F, (4.2.61)

Reissner then obtained his first equation ‘by means of
equation (4.2.46) to (4.2.48), 1in- the same form as of
homogeneous plate. From the equations (4.2.56) to (4.2.60)
it can be seen that the second fourth order eqguation of
Reissner is replaced by three second order eguations such as
equations (4.2.58) to (4.2.60). 'In Reissner's derivation of
his second equation , the equation of moment equillibrium,

equations (4.2.36) and (4.2,.38) were 1introduced into
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equation (4.2.39) to replace the derivatives of the <

transverse shear stress resultants Vg and Vy then the étress
strain reilationships in = equations (4.2.;4i to
{4.2.46),(4.2.47) and (4.2.48) were used. The unknown
functions 6x and Oy éere eliminated - by means of suitable
addition énd subtractions. Thus the eguations (4.2.56) to
(4.2.60) derived here in terms of ©x,8y,u,v,w are actually
Reissner's eguations (4.2.1) and (4.2.2} written in a
modified form. In the derivation presented here the unknowns
8x,0y,u and v etc. afe not‘ eiiminated as wés done by

Reissner.

THE OBLIQUE COORDINATE SYSTEM A‘_

In investigating the large deflection of skew sandwich
plates, it is often advantageous to adopt a coordinate
system parallel to the edges of the plate, namely the

oblique coordinate system x and @ as shown in figure 6.

By the transformation, x = a cos¢ and y=B +a siné

in which ¢ is the skew angle, the following relationships
between the the rectangular and obligque coordinate system

heolds;
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‘uk-gwuﬁ-uwmwn T o
. 2 ‘
U ™ u,aasec2¢ —,ZQ,GB secd tand + u’ﬁB tan ¢
Yy ™ u_’_ﬂfﬁ secd ~ u, 88 tané
u’y - u"B .-. | | .
= g : i
Tyy T Tps

.

Similar relationships hold for all other displacements.

Using these transformation relationships and by defining
further the dimensionless quahtities, - //
.

A= a/b E = ala ™ B/b u=1t/a~ 8= h/a

| 2 2 <3, 2 2
W=wh U=12au/h’ V= 12av/h" Q= 12a”(1-v )p/th E;

Y

the equations (4.2.56) to (4.2.60) can be. rewritten into

oblique dimensionless form as follows;

(Y

[ )
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AIR] O, . + AIR2 6 __ + AIK3 + AIKS + AIRS W, . +
Oy, pg TAIRZ B gn +AKS O gy T AIKE By g T ALK Wop + AIKS 0.
+ ALRT. 8 + AlK8 W, =0 - X (4.2.62)
¥,™m n 3 ) .

A2K1 8 .+ AZK2 6, __+ A2K3 + AZK4 + w, oo
%> TN ¥, 88 3 Oy gn T AIKE By gy T AEG W,
+ A2K6 6_ + A2K7 © -0 (4.2.63)
y - X, ™M

’ . . @

AK1 U + ARG V, + A3KS W, W,

& "En "EEE .
e W,E + A3K7 W,-Ew,m + 531{5; W’Enw"n ~

S A9 W, W, AKIOV, AKIL W, W, =0 . (4.2.64)
E'f; m n'mm

, + A3R2 U + ASK3 U
EE 2o

+ A3KS W

X -~

-

ALKL V,  + AGK2 V,__ + AGK3 V,. + AGKS U, +-A4KS W, W,
m EE, F, gn m N
© 4+ AGK6 W, o T AKT W o T AUKE W, W,

E ’EE g .

+ A4K9 W, s F-ALK1O U, =0 (4.2.63)
2 E nm .

ASK1 W ) + A5K4 W

'+ ASK2 W + A5K3 W (W

rze 7 rgg (Fog Yore

U, + ASK6 W , + ASK7 W, V
YEET N A5 _’E& ’P;’- n ‘m ’n
: : \ 2
+ ASK8 W, V,_ + AS5K9 W, 'U_ + ASKIO. W W
: -7 g > (Fy)
: 2

+ ASK11 ,W,me, Ew’n + ASK12 w, (w, ) + AS5K13 W, Env
. s |
£ + ASK14 W, iﬁy’n + ASK15 W

2
gg] g £ G

"+ ASKS W

*E
2
»En ’F,+ ASK16 W’i (w, )

w; W, ‘+ ASK18 W, _ (W, 4+ A5K19 w,. U,
g : F,n( F,) E..n n

6€_ + ASK21 W,__6 _ + ASK22 W,__©
YEE X, E EEy,n T PEEX,M

+ ASK24 W, 8 + ASK25 W, 6
TEE nm ¥, 'Mmy,&%

+ ASK26 W, 6 _ + ASK27 W, _ + ASK28 W,__ 6
T x0T X,E ™m En'y,& -

+ + ASK30 W, + ASK3L W,_ 9
ASK29 W ine ASK3¢€ E. X, 8 En %,n

+ ASK32 W, + ASK33 G . + ASK34 O+ ASK3S W, U,
En :E ¥.m m m

+ASK36 W, 6 +ASK37 8 4+ Q=0 _ (4.2.66)

© 4+ ASK17 LA
+ A.SKZO

+ ASK23 W

nm xX,Mm X, T
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e

_ The coefflczents AlK1l to ASK37 in the above equatlons are

_- T - ',.

glven'}n table 1, where for brevzty s=sind, ~c=cos, 2a anad

2b ‘are the obligue d1men51ons of the plate. Hence ‘the

r

problem~ of ,lafge deflectio . kew sandwich plate ‘is

reduc;d to finding a seclufion to equatlons (4.2.62) to
(4.2.66). - .

The governing differential equation§_ for the large
deflection -of skew sandwich plate on a Winkler type
foundation can be obtained very easily by adding '-KW' %o
the left hand side of the_lagt differehtial equation 4:2.66
keeping the remaining équatiéns 4.2.62 to 4.2.65 unchanged.

Where

1-

-ﬁ’-u
= 12 ak BE

f and k= modulus of elastic

support reaction per qnit area per unit deflection..

METHOD OF ' SOLUTION AND BOUNDARY CONDITIONS

b
4

The boundary conditions " Fdr the clamped skew sandich

plate are; ;

-

WaW, =U=V=6 =§ =0 -
£ ) x ™ 8 (3 1

W -.w,n- U=v =38 = ey— 0 @nm=s+1

+

I+

Galerkin method 1is then applied to solve the differential

equations for the large deflection of skewed sandwich:
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plates. The five unknown displacements are approximated by
- the followihg functions; ) 11 |

. * !'

. -
.

(RS

T (D A=nDES, ) +S,E + S nD)(1-Em)

<3
[}

Q=" (L-n2In(Sy; + SppE° + Spanl)(1-EN)

(2 2]
L]

g PHE(S ) + S5,E + Syan7) (1ED)

i)
|

QED(A-nIn(S g + S 58 + §,3717) (1-En)
2

EH
"

212 (5gy + S50 + Sgun” + S, T M0 (1-En)
These functions gré cﬁosen such that they' satisfy all
the béundary -conditions of the problem, including the
requiremeﬁt of polaf symmetry and have the same order of
derivafives as is called for' by the differential equations.
These approximate displacement expressions are then
substituted into the governing differential equations. As a
‘result 9f:thi§ substitution we get five error functions from
the five differential equations.i' Applying the Galerkin's
orthogonality condition, "each of these errof functions must
be drthogonal to each of the q&gplacement functions 'in a
partféﬁlaf d}rect%on", As wa; done ip the  case of
homogeneous plates, we get 16 Gélerk{;'s algebraic equationé
in terms of the constants in the displacement funcﬁions.‘The
integrations involved in this process were evaluqted by the
trapezoidal rule described in the previous‘ chapter. The
.Galerkin's algebraic eguations obtained in this analysis are
‘nonlinear and are scolved by using Newton-Raphson iterative

procedure.



‘4.3 DISCUSSIONS AND CONCLUSIONS

buring this investig tion numerical experimentation was
earriéd out. for ﬁhe cases of homogeneous platés by varying
the number of terms in U and V. The solutions were first
‘obtained with 5 terms (one for U and .ope for V)  and
subseqguently with 11 terms. It was foﬁnd that there was no

significant difference between the two set of results. The

results reported herein for the homogeneous plates are the-

results ‘obtained with the use of 11 terms.

In the case of skew sandwich plates the experiment was
carried out with47,8~and 16 terms. The 7 term solutioné were
" obtained by takiﬁ% only the. first terms in U,V,8x,8y and 3
terms in'W. The 8 term solutions were obtained by adding the
fourth term for W. The 16 term‘solutions were obtained by
further adding.2 terms for each of the displacements U,V,eﬁ
and ey} It was found that although the effort to get the 16
term solution is double to that of the 7 term solution,
there was no signiicant.difference in the'results. <The
results reported herein fof " the case of sandwich plates,
unless otherwise statéd,* are the results obtained by using

16 terms.

an P,
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For the .purposé of demonstrating the accuracy and .
_convergénce chaéacterisfics of the present method the
-solutions obtained for the linear analysis of clamped
isotropic homogeneous plates and that of clamped skew
saridwich plate?/~dfa presenteé in Tables 2 and 3
respectively. It 1s found that in both the cases the results
are in excellent agreement with other investigators. it is
also found that the centre deflection variég very 1little
(less than 5%) with even 100% increase in the number of
terms. Unlike other numerical methoés where the éonvergence
deteriorates rapidly with the increase in the skew angle thé
present method shows excellent convergence even for high
skew angles. i
.In' Table -4 the Galerkin solution ‘for the c¢lamped
isotropic homogeneocus plates are found to Se in close
agreement with that of §9[43] whose work was based on the
method of collocation least squares. 1
Table 5 shows 'the numerical comparison of the linear
centre deflection for the clamped skew sandwich plates
between the Galerkin method and those obtained by Kwok{27]
who used a high precision finite element for the analysis.
Kwok used in his analysis a precise element with five
degrees of freedom per node, with £fully c¢lamped edge
Eonditions. it is found that the results are in excellent

-

agreemerrt,



55

Table 6 shows the dimensionless centre defléction of the
nonlinear analysis of the clamped ske; sandwich plate for
various skew angle ¢, aspect ratio A and core rigidity G..
No comparison for these results can be made as no data were
readily available.

The nonlinear load deflection characteristics of the
plates are shown graphically in figuresé to 17. Figure 8 and
fgg’te 9 respectively show nonlinear load-deflection
characteristics for the clamped homogeneous plates and the

clamped sandwich plates for various aspect ratios. it is

observed that the deflection differs wvery little when the

aspect ratio, a/b= 2/3 and a/b= 1/3. Therefore it can be

concluded that as the aspect ratio becomes less than 1/3\the

ey

plates can be considered as infinitely long plates.

Figure 10 shows the nonlinear load deflection

characteristics of the clamped skew sandwich plates for
various skew angles. Figure 11 shows the variation of centre
deflection with the angle of skew for various core
rigidities. It is interesting to observe that the deflection
of the skew sandwich plate decreases with the increase in
the skew angle. This is due to the increasing rigidity of
the plate at the obtﬁse corners. As is expected, it is found
that the more rigid is the core the less is the deflection.
It can also be observed that as the rigidity of the core of
the sandwich plate is increased, the rate of the decrease of
central deflection due to increase of the skew angle

-~

decreases.

w?
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Figurés 12,13 and 14 show the ﬁonlinear loandeflection
characteristics for the clamped isotropic homogeﬁeoushplaﬁes
resting on elastic foundations for various aspect ratios.
Figurés 15,16 .and 17 shoﬁ the correspoﬁding nonlinear
load-deflection curves for the clamped skew sandwich plaées
.resting on elastic foundations, " for different skew angles.
As is expected, it is found that for both the isotropic and
sandwich plates the deflection decreases due to increase in
the foundation modulus. . It can also be observed that the
curves tend to become "linear with the incfeésg of the
elastic foundation. Thié is due to;increase in.the apparent

3

stiffness of the plate with an inc%éase in the ‘intensity of
the foundation. 5

From the present studydfﬁ can be concluded that Galerkin's
method is found to be powerful and at the same time very
simple to apply for the large deflection anaiysis of

sandwich and layered plates.

.



. Chapter V

BUCKLING OF CLAMPED ,HOMOGENEOUS AND SKEW
SANDWICH PLATES

To demonstrate the versétility of the Galerkin method the
problem of buckling of clamped homogeneous reétangulgr
plates and clamped skew sandwich plates under inplane loads
will be investigated ‘in Fhis chapter. The  application of the
'Galerkiﬁ method to eigen value problems was briéfly

discussed in chapter 3.

5.1 GOVERNING DIFFERENTIAL EQUATIONS

-

When a flat plate is compressed 1in its middle plane just
.as }n the case 0f columns, the flat form of the plate
becomes unstable and begins to "buckle at a certain critical
valué of the inplane forces. To investigate such stability
problems it is assumed that the plate buckles slightly under
the action of the forces applied 1in its middle plane, then
the magnitude of the forces necessary to'keep the plate in

such a buckled shape 1is calculated. The differential

equation in such case for the homogenevus plgfe is obtained
A

y - 57 -
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from equation (4.1.11) by putting the lateral load equal to
zero, since there is no laterally applied locad. Similarly
thg,/aiffergntipl equation governing' the buckling of the
sandwich plate can be obtained from equation (4.2.2) by
using equation (4.2.61),[48]. |

Thus ‘the equations for the buckling of plates in Ehe
cartesian coordinéteSare;
for homogeneous plate ;

1

Voo F My T Voypyy T 5 B ¥ N ) (5.1.1)
Eh> )
where, D= —
12(1-v")
and for sandwich plate: ;
thE
1 £
L. + zw’xxy'y + w’YYYY T (1 2(1-\,-2)G Vz)(wa,n + Nyw’yy)
‘ \ (5.1.2}
where, . p. i
~ 2(1-v®)

For investigating the buckling load for e skew sandwich
- .plate a coordinate system parallel to the edges of the skew
plate is adopted. This coordinate system namely the obiique
coordinate system & and 3 are shown in the figure 6.

By the transformation
x = acos¢ and y = B + csingé

in which ¢ is the skew angle, the following relationships

between the rectangular and oblique coordinate sjstem hold;

Vog ™ w,aScc¢ - tand

U‘,B

W, = w,aaScc2¢ - ZW,GﬁSchamb + w,

%X tan2 ¢

PB

-

:“L“-‘x
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W, = w,aBScc¢ w,BBtan¢
Wy = w,B N
Mrgy T Yrgp E
w - w Se§4¢:- 4w Sec3¢tan¢
* xooxx ' aaan . > excB
+ 6w, Sec2¢tan2¢ - w, Sec¢tén3¢¢+ w, tan4¢
axfp aB88 . ReRE

- 2, _ 2
w’xxyy w,maBBSec & ,Zw,aﬁBBSecatan¢ + w'BBﬁﬁtan &

YYYY = Yo gpsp

Using thgﬁe transformation relationships the equation
(5.1.2) can be transformed into skew coordinate system which

theg.takes the following form;

(Sec4¢) + w, (-4Sec3¢tan¢) + w, (65ec2¢tan2¢+25ec2¢)

w
*aaox caaf

caBp

+ w (-&Sep3¢tan¢) + w, (Sec4¢)

>aBBB BRRB
= %-{Na[w,aaSec2¢ - Zw,aBSec¢tan¢ + w,sﬁtan2¢] + NB [w,ﬁﬁ]}

. thf

. 2(l—v2)G

1 4 ' 3.
B-{w,aaaa(NGSec o) + w,aaaﬁNa(—ASec stand)
¢

+ B[(65ec2¢tan2¢ + Seg2¢)Na + N Sec2¢]

“raap B

' + W,QBBB[(-ésec¢tan3¢ - 25ec¢tan¢)Na — 2N _Sec ¢tand]

B

‘o, g(sec’) 1} (5.1.3)

ssﬁﬁ[(tan4¢ + tan2¢)Na + N
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For the ease of computation it is convenient to render

. the equations (5.1.1) and .(5.1.3) dimensionless.To get

further _computational advantage we can assume that there’
exists a‘relationship between the two inplané‘_loads Ny and
Ny £6r~ .the homogeneous plates and N« and Ng for the skew
sandwich plates, so that ; - ' |
Ny = Ny for the homogeneous plate
k. . Ng = rNg for the skew sandwich plate = (5.1.4)
Once the relationship 1is established now the only
Enterest'is to determine the critical buckling load Ny or N«
for the homogeneous and skew sandwich Dlates respectively.
Bquation (5.1.1) and (5.1.3) are transformed into

dimensionless form by using the following dimensionless

guantities.
for homogéneous plate;

| E=x/a n=y/b A=a/b N N_a”/D and N Nya /D W =X

g

1 - - .E - -E -m E

for sandwich plate; g = n=y .A 5

2 2

thE N & N _a
W= £ N =2 N = W=
Z 2 g D D h

2a"(1-v) Gc n

Using the relationship in equation (5.1.4) and substituting
the above dimensionless quantities we get the dimensionless
form of the differential equations for the buckling of the

plates;

for homogeneous plate; - i

2. 4
+ 2A°W + AW -
PEETM nmmm

2
w)aagg Ng(w’ga +l)" rw’nn) (5.1-5)
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-

and for sgew sandwich plate;

-

4
W,EEE§Sec b+ AW

fksu’annn s T g
r NE{[W;EE + W,En(-2KSec¢tan¢) +.W,nnl (r+tan~4)]

3
,EEEnQ-ASec ptand) + sz’EEnn

4

(GSec2¢tan2¢ + 28ec2¢)
3 4 -
- + +

{ &Se? dtand) 1N W,nnnnSec &

(Sec4¢) + W (=41 Sec3¢tan¢)

" Mg *EEEn X
N nnkz (65ec2¢tan¢2 + Sec2¢ + rSec” ¢)
A .
DHW
~ *Enmn

T+ W, xl‘(scc‘?:an% + rSec2¢)]}ff. - {5.1.6)
mmnn° o

k3(-ASec¢tan3¢ - 25ec¢taqq - 2r$ec¢tan¢)_

‘gl -
< e

5.2 BOUNDARY CONDITIONS AND APPROXIMATE FUNCTIONS

. N\
‘In the Galerkin method to find aﬁ approximate sofﬁtion of
the problem under consideration, a linear combination of
linearly independent functions "must be chosen for the

displacements, satisfying all the boundary conditions.

The boundary conditions for the clamped plates are;

W, =W=0 @&=z1

£
- = W= = +
w,n 0 @n 1

Satisfying the boundary conditions the following functions

are chosen to approximate the displacement W;

-



for rectingqia: plite,‘ )
29 2.2 2 2 22 b li+ B 4 s
W= (1- )" (1-n ) (Cl+CzE +C3n +9A; n +CSE +C6T'| C7E n) (5.2.1) .
for skew plate,' . K
' b e
n +C.8 n)
(5.2.2)

.

: 2 2 22 2 2 22 4
. W= (2= ) (1-n) (I-En)(CI+CZE +03n +CAE n +CSE -l-c6

The term (1-§fv) is used to ensure polar symmetry. These
expressions for W aré symmetric - about the § and v axis. So
when these egpressions are used it can be expected that the
plate buckles in one half wave in . both § and n directions;
which is oﬁly possible for asﬁect ratio. equal to 1. For
aspect ratios; greater than 1 the plate can'be expected to
" buckle in mofe‘ than one half waves in the longer directioﬂ
although it will buckle into a single half wave in the-
shorter direction. This argument also holds for the skew
sandwich plate. To approximate the buckled shape of the
plates for aspect ratios greater than 1 the following

expressions are chosen for the displacement W,

for rectangular plate, .
22 . 22 2 2 22 L b b b
W =(1-5 ) (1-n) E(Cl+CZE +03n +CQE n +CSE +C6n +CTE n ) (5.2.3)

for skew plate,

4 N
n +C7E n)

(5.2.4)

- 2:2 2.2 . 2 2 22 4
W=(1-£ ) (1-n) (l-En2E(C1+CZE +Cyn +C,E M +Cgk +C

6
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- Since this is not known for what aspect ratio the plate

will buckle 1nto more than a2 single half wave in the longer
-.d1rectlon S0 for aspect ratios greater than 1 both the

_'expresszons‘for W will be used to seek the buckling load -of

ajgartlcular plate. It is obvzous that the lowest btckling

" load obtained from the two -expre551ons 1s the critical load

-~

for the plate under consideration.

5.3 RESULTS AND CONCLUSIONS

L~Following. the procedure of the‘:GalerEinﬁmethod,. the -~

displaceﬁent expressions. for W are s@befiteted into the .

differential equation. . This substitution leads to an error

function € in terms. of the constants ¢ ,i=1,2,3----7. In.

the Galerkin method it is required that this error function
be orthogonal to each of = the independeht functions
constltutlng the expresszons for W. This requirement leads

to 7 equatlons whlch when, wrltten in matr1x form become;

’
-

[ANC) = B [BY(C] : S

-
S
¢

defining an eigen value :problem. The eigen values are

determined from the Galerkin equations by using IMSL
subroutine EIGIF, To .get _the Galerkin‘-equations ‘the
necgssary were evaluated by using the

1

i‘ "'v.l _ : ... . k | e

trapezoid

- At
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For the isotropic homogenéﬁﬁﬁi plates the :buckling

_ : ' lw . .
coefficients Cy depend- on the aspect ratio a/b, axjal load

w

ratS r, and also on the elastic constant D. But ih the case

Ao f §andwich.plates the buckling coeffjcient'§}§o dspends on
another extra variable . For both tyggg\gf_giifés results
wvere obtaimed for various praétical combinations, of these
variables.

Numerical computa&i6ns for both the‘homogéneous and skeﬁ
sanawich plates, for the case of uniaxial buckling vere
carried out. by varying the number . of terms in the assumed
approximate diéplacement function W. Results were first
computed for 3 terms in W, then the results were'obtaigsd
for 6 and 7 ;erﬁs in W. To - show th? convergende -

-

characteristic of the present ‘method all. the results

obtained are tabulated in table 7. It can be seen from table
7 that' the 3 term solution gives»satisfactofy results. The
difference 1in the solutions obtainedﬁ‘for 3 and 7 tetm

solutions is less than 0.5%, although the effort involve to
- . -

¥btain a 7 term solution is almost double to that of the 3
-, ' ‘ = '

term solution. As is expected the results:improve with the

increase in the number of terms in the assumed displacement

—

fﬁnction. The results.‘obtéined for both the plates 75?
compared with those obtéined by Levy[jof\\aéd-Thurston[52]
respectively. Lévy' obtained his solutions by wusing a
Fourier seriés "method. Thurston“ used- the La-grangiaﬁ'

multiplier . method to Hqﬁffs energy expression for the

) : .
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sandwich platé. It appears the e;ror in:the present anal%éis

.fdr the sand#ich plate is oﬁly 7%. This discrepancy may be.
due to the -diffefent. differential equation used 1in the

ﬁ:esent éEﬁdy. Fgr the homogeneous plate the. present

solution is in excellent ag}eéﬁént with those obtained by

Levy. o _ '

Table 8 shows the critical load coefficients Cg. fo;

" clamped, isotropic, = homogeneous plates under variqps

combination of loads and aspect ratios. The results obtaiﬁed‘

. are found to be in very good agreement with those obtained
by Sa{s0]. Th; present results are also compared with those
obtained by Timoshénkq and éere[53} for the case of biaxiai
buckling and those obtained by peyy[BO] and Maulbetscpp34]
for uniaxial buckling and a vef& close agreement is found.
Sa éb;aingd-his solutions by usiﬁg.the method of collocation
leéSt square. The Ritz solutions obtained by Levy and

“Maulbetsch appears to be upperbound.

R " Table 9 shows the critiicel buckling 1o0ad for the skew

sandwich plate for diffengnt waspect ratios and skew

an s.To ensure polar symmetry equations (5.2.2) and
kS.l 4) for défiection W are used for analyzing the skew
sandwich ﬁlate. For‘thé.rectangula; sandwich plate (when ¢=
OIdeg.), sinée it is not required to enSuré polar syx’etry
'eduationsc(s.z.l) -énd:(s.z.i) 'for deflection W are used on
thg?diff% ential equation (5.1.2) after transforming the

equation into dimensionless form.The results show an

R . -
X

-
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increase in the buckling load 'with the increase. in the skew

angle. “This.is becausé of the increasing .rigidity of the

plate at the obtusegcorners, No comparison of these results

were maae-possibie as no results. by other investigators were
readily available during this investigation.

‘From the study presented here it can be concluded that
the present method Es very simple_torapply fdf_obtaining the

approximate buckling loads for sandwich and layered plates.

e
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Chapter VI

FREE VIBRATION OF CLAMPED HOMOGENEOUS AND SKEW
& SANDWICH PLATES

In many design problems, specifications merely ensuring
that plates will withstand apﬁlied static loads prove to be
inadeqguate. Rather; the designer must be concerned with the
possibility that large cyclic. displécémenté and stresses
will be induced by periodic or random time varying forces
actingnpn the .plate’s lateral surfaces. Random forces are to
be expected for example; on the surface of plate exposed to

tangential gas flow, as in aircraft components or in

stationary structures exposed to high wind velocities. Such

forces can also be expected when plates are Ssubjected to
tangential liquid flow, for example-when plates are used in
the hulls of-surface ships or submarines or even in fixed
submerged structures such as offshore oil drilling
equibmént. Regular or periodic excitation forces are likely
to Dbe experienced when plates form part of a structufe
housing rotating or reciprocating machinery. The source of

such periodic f¢rres could be reciprocating engines of

compressors. // " B '
. { - [ - -

C
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It is well known-tﬁat éssoEiated with each plate nétural
~frequency thére exists a distinct or characteristic moée‘
shape which the plate acqguires as it vibrates. There is
usually little that can be done to change e nature of the
driving forces. The most commonly ‘used techniques for
resoiying deéién problems in order to aveid resopance\is to
alter the plate geometry or boundé&y conditions so that its
natural freéuencies are removed from the frequency region
where ariving energy is available. So the ability to conduct
an accurate free vibration analysis of plates is absolutely
‘essential if the designer 1is concerned with the possible
- resonance between the plate and a driving force system. In
fact free vibration analysis is the essential first step
toward obtaining solutions for the” forced vib;ationinof
rectangular plates. -
_\In'this chapter we in general shall r$§trict ourselves to
the free'vibration analysis of clamped isot;opicihomogenequs

and clamped skew sandwich plates.
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6.1 THE DIFFERENTIAL EQUATIONS o

e ¥ .

Theé differential equations-zgove:ning the pure benéing
: «» (linear) of homogeneoué plates is well known and ‘also
? .
»derived in chapter 4¢;

W(X,Y)

. . q
R +2w(¥,y), +w(x,y), -— (6.1.1)

I¥Y3 D

‘where g is the applied static loading.

In effect this equation states that the sum of the
! . .

transverse forces acting on a differential plate element

including the lateral loading is equal to zero.
. -~ .
" "In the free vibration analysis of plate there will be no

surface loading @ but there will exist “an inertial body
force which. must be taken into consideration. THis-inertial

force is due to the oscillatory nature of the plate motion.

13

Let us focus our attention on“the differential plate element

in figure 7. It will be appreciated that an inertial force

= s
of magnitude faA%ig continues to act on the plate element

~

and opposes accelefation. The infinitesimal area dA is the
produ&ﬁ_of the lengths dx and dy; and p %f the mass per unit

surface area. The lateral load g of equation (6.1.1) must be

-

replaced by this -inertial force 1in order to develop the

governing aifférential. eéuétion for Ehe free wvibration
g%- analysis of rectangular plates. We thus obtain the governing

differential equation as follows} -7

-é(x,y,f),xxxx + Zy(x,y,t),xxyy + w(x,¥,t), + pw(x,y,t),tt =0

vy (6.1.2)

-~



' .coordinates x,y and time t.
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-

Displacement W 1is now expressed as a function of the-

The governing Qifferential equation for the free

vibration analysis of rectangular sandwich plate was derived

by Fqlgou£[13] by superposing the bending deflection and fhe,

~
deflection due to transverse shear:

f(x,y,t),;:m: + 2w(x.y,t),m + '.w(x.s',t'),y_yyy

1
+ T T, L BT VR0, 1(6.1.3)

) :
= olg, ¥(XT2T) e

-

. E
where He.
! Ul - GCC_ . D' = 2

(1-v")

(£376 + th2/2)

It is reasonable to assume that the displacement function

Wi(x,y,t), be expressed és a -product of two functions one

"

. . 3 " . .
involving only the space coordinates and the other involving

the variable time. The-equaliE? is therefore,

wix,y,t) = wix,y)T(t} (6.1.4)

#

substituting (6.1.4) into equations (6.1.2) ' and (6.1.3) we

get;

, from equation (6.1;2),

§ MR, g * BTN gy 4 W gy 1 = - T, JTCE)

. . - (6.1.5)

and from eguation (6.1.3)

PR WY
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| " T (6.1.6)
-%,"(x’y}’n = '%‘w(x:.y)ayy*'%w(xSY) . - -

In équations (6.1.5)and (6.1.6)the left hand side is a
function of the variables x and y only while th right hand_“
side is a function of t only. These equatians can only be

valid 1if both sides of each equationh are egual to a:
constant. Let us denote this constant by a positive real
quantity & From the right hand side of the egqguations we

then obtain ;
T(8), ¢ + WT(E) = O _ (6.1.7)

The solution of this ordinary differential equation is well

N

known; R \

T(t) = Asin(uttd) ‘ 5 e

»

" where A and «’are the cqpsténts to be determined.

It is clea} thgt T(t) varies sinusoidally with time. The
guantity o which dictates thé frequency éf these sinusoidal
osciilat&oqs is known as the circular freguency. The
quantity d; represents a phase angle and can be neglected
whenl conducting free vibration ‘studies. fn fact the
;éfgrence can be always selected s;ch that od is always zero.

From the left‘ hand side of the eguation (6.1.5) and

(6.1.6) we obtain respectively;

e 2
VYo  2VOHAT) s o w0, - S u(xy) = 0 (6.1.8)
1

f—y
.
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2

“(x:y):m + 2"(:)3‘) onyy + “(X|Y) :ym - %‘[— %: (w(xny)nn

+w(x,), )+ ) : . {6.1.9)

Equations (6.,1.8) and (6.1.9{ are the homogeneouétpartial
differential equations 1involving the mode shape expression
W(x,y), the plate properties and Ahe cifeular frequency of
oscilla;ion-w. It is only due to he_pfésence of w in these
equations they are coupled with equation (6.1.7). The’Fiﬁe
variable therefore enters equations (6.1.8) and: (6.1.9)
1mp11c1tly.

In 1nvestlgat1ng the free 'vib;ation__anélysiS'of skew
sandwich plate a oblique coordinété sysfem namely « and A
paréllel-to the sides of the : plate are adopted as in figufe

6. Using the relationship between the ~ obliqqg. and
rebtangular;coordinate‘system shown: in previous ehkapter the
eguation (6.1.9) can be tfansformed intg oblique cbqrdinate

system. Which takes fhelfolgowihg form;

-
A

w,ammSecént + w, B(-&Sec3¢tan¢) + W, ﬁﬂ(GSecz@nzqa + 2Sec2¢)
+ -4
w, BBB( Sec $tand) + w’ﬁﬁﬁﬁse“\¢)

2
%;— [-— {w, (S\c\¢l+ L (- Sec¢tau¢) + w, (Sec2¢)} + w]

(6.1.10)

¢
For further computational .advantage these Aequations
L(6.1.8)and (6.1.10). are again tranformed into dimensionless

/forms using the following dimensionless ratios.;

for the homogeneous plate ;

P
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Ewxfa n=y/b X-'afb
and for the skew sandwich plate;
- - '-E '--E
k EAalb’ .E -a > n b _
Thus in the dimensionless form the governing differential

equations for the plates can be written as;

for rectanqa?ar homogeneous plate;

2, + %, Jdlate o g
rgEm T 7 qnmm D (6.1.171)

[

Wrggze

and for skew sandwich plate;

) ) ) _ 3 ‘ 2 2 2 2.,
.5¢c W'EEEE + ZR;W,EEEHR( 4Sec ¢tan¢)'+ W,Eannl (6Sec” ¢tan” ¢ + 2Sec ¢)

3 3 4 4
+ W, -4 +, Lo
*Enn k {(-4Sec” dtand) + W, nnnnh (Sec ¢) t
ugaa D' ' En .
= .LD {—-— Sec? b + —=— (-2Secdtand) (6.1.12)

+ —;—1?3 (Sec2_¢)} + W]

6.2 BOUNDARY CONDITIONS AND APPROXIMATE FUNCTIONS

Since the plates are fixed the boundary conditions used
in the previous chapter will be wvalid for the present
investigation. Before choosing - the displacement functions
we can place all the vibration modes of thé clamped plate
into 4 categories; '

(1) Modes symmetric about both axis
(2) Modes antisymmetric with the § axis

(3) Modes antisymmetric®with the n axis

kS
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(4) - Modes antisymmetric with both the axis
¢ N
M.- - . e ¥
- R RSN '

It is 'evident that the mode shape associated with any
eigen value will be composed of an integral numbef of half
;ine waves running i; tpe direction of each axis. The higher
eigenvalues, with associated higher frequencies, will have
more complicated shapes’ involving higher number ¢f these
half 51ne iaves. The simplest mode of all .free vibration
modes with thé‘iowest of all frequencies will involve a half
sine wave rupn1ng_1n each of the two coo;dlnate directions.
This is known as the:fundamental ﬁodel
B The functions chosen for . the approximation of tpe
aef}ected shapo“sgtisfying all the boundary condioion of the

problem, for modes of ébove 4 categories are as follows:

for the homogeneous plate;

Mode category 1
4
W= g2 (e pre 8 + egrit g8+ gt + g ¥ egEtn)
Mode category'z

W= 1-EH2a-mh2Eley + g8 + ey + e &0 + o5t + cﬁn"‘ + e 8
Mode category 3 : ‘

W= (l-E ) (1-7 ) n(c 2& + cam +c E n + csié*t-ff + ey kﬁa)

for mode category 4 ¢

2.

W= (1-5 ) (l-n ) En(c + cZE +ocan c4& ﬂ * csa + c6n4~+ c7£-n )

and for the skew sandwich plate,
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Mode category 1 <

We(1-£) (-1 2 (1-Em (e yre, B0 + e’ + o800 + .css, oot o)

k

Mode category 2-

wm(1-2 -2y 1 Eleyre,Eiregm + ¢ E0nF + o 8 + o ft + oyEtn)

Mode category 3

wm(1-E) 2 (1) (18 e e, +c3nz+c,,a rPregst + cgn' + c,a n')

~

for mode category 4

W-(l-E?)z(l-nz)z(l-En)§n(c1+c2§?+c3n2 + caaznz + csEa + csng + cyaana)

The (1-En) term is used to ensure polar symmetry of the

skew sandwich plate. - '

6.3 RESULTS AND CONCLUSIONS

Galerkin ,method 1is used to obtain the solution for the
free vibration analysis of the plates. For the homogeneous

and sandwi¢h plates results were obtained for _ different

»

. 5 .
aspect ratios AN ranging from 1 to 2. All the solutions

presented for a particular mode category are obtained by

. y . .r . .
using all the 7 terms in the assumed displacement function

for that mode category.. Forlthe sandwich plate results were -

obtained by varying the_ shear modulus of the core and the

L]

o

skew angle:

-

! 4



To determine the convergence charateristic of the method

for free vibration analyis numerical experimentation was

‘carried out by varying the number of terms. in ‘the

displacement function W.. Results thus obtained are shown in
Table 10. For the fundamental frequency it can be seen that

the result varies very little less  than 1% even with 200%

increase in the number of - terms. For the other ‘frequencies

the convergence is good. It can B%;seen that the higher the

number of terms in the displacement function the more’

accurate are the lower freqguencies.

Table 11 shows the frequency for 28 modes of v1brat10n of

a rectangular homogeneous plate for dlfferent aspect ratzos._

S
The results obtained in the present study are compared wlth

those obtained by.Odman[44] and Young[6] and a very close '

agreement is found.
. »
Table 12 . shows

-

sandwich plates for dxferent aspect'ratios.lhfable 13 'shows -

the frequenc1es for the s
aspect ratio and skew angle (=30 degree. In these tables The

fundamental frequencies in each of the four mode category

.are " found in. close agreement with the finite" element

solution obtained by Lam[28].9Because of the lack of data‘in
hand no comparison can be made possible for,the higher
frequencies in each mode category. ST

Table 14 shows tpe variation of natural freguencies of a

clamped rectangular sandwich plate for different aspect
4 ' ’

frequencies for the rectangular,

w sandW1ch plate for various.



ratiosand
variaﬁion
aspect’ ra
frequenci
rigidity,
plate. It
.the incre
the incre
with the
increase
data in
possible.
. From t

it can bpe
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core rigidities. Table 15 shows the corresponding
for the clamped skew sandwich plate for different

tios and skew angles. It can be seen that the

es tend to ingrease with the inc;ease' in the core

because of the increase in the stiffness of the
is also observed that the frequency increases-with

ase in the skew angle of the plate. This is due to

asing rigidity of the plate at the obtuse corners.-

increase 1in the skew angle, which contributes to
the apparent .stiffness of the plate. Due to lack of
hand no comparison of . these results can be made

he tables presented for the free vibration analysis

found that the frequéncies in the 2nd and 3rd mode

categme. These are called degenerate modes. This

degeneracy aisappears with the deviation of the aspect ratio

from 1.
From
-method is
apprbxima
computer
analysis
concluaed

vibration

this study it can be observed that the Galerkin

sﬁfficienély accurate and easy to apply for the
te solution of free vibration 'probléms; The
time énd memory requirement - for free 'viSration
are also found to be small. Thus ip can be
that the Galerkin method is suitable for the free

analysis of sandwich and layered plates.



Chapter VII

CONCLUSION

As a result of the present investigations the following

conclusions can be drawn.

1.

‘lateral loadings.

For smalfa%nd'large deflection anélysis the Galerkin
method is found to yield results whiéh are in close
agreement with those obtained by muchjmore laborious
methods. The same comment 1is also true for eigen
value probleﬁs. |

With the increase of the skew angle the plate becomes
much more stiff due to phé’increasing rigidity at the
obtuse corners. As a result of this, the plate tends
to deflect 1less at high skew angles under the same
For a given aspect ratio a/b, the'maximum' centre
deflection of the plate decreases with the increasing
value of the foundation modulus. This is to be

*
expected since the object of the foundation modulus

-

is to reduce the center deflection.
With the increasing value of the foundation modulus
the load-deflection curves tend to become linear due

to increasing rigidity of the plate contributed by

‘the foundation modulus.’

_7A8_
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When the aspect ratio of the platealess than 1/3, the
plates can.be considered®as .- infinitely long
plates. T
The maximum center deflection ‘decreases with the

increasing core rigidity of the sandwich plate, due

to overall stiffness increase of the plate structure.

- To determine the critical load for the buckling of

plates, the Galerkin method has been found to yield

_excellent results evén with only small number of

terms adopted in the displacement function.

Due to the increasing r§§idity of the plate with

increase in the angle of skew 1it-has been found that

the critical bucklipg ~load is very sensitive to
increase fin the skew angle.-

For the vibration analysis this .method is found to
vield results which are in excellent agreement with
those thained by much more laborious methods. The
higher the number ﬁf terms the better 1is the result
obtained by this method for the lower frequencies. »
The increasing rigidity of the plate due to increase
in the skew angle or in the shear rigidity tend to

increase thé freguency of the plate.

4
For aspect ratio 1 the frequencies in the 2nd and 3rd

mode category are found to be of same magnitude.
These are called degenerate modes. This degeneracy

disappears with the deviation of aspect ratio from 1.
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Finally from -the present study it cen be copcluded that,
: _ o T v
the present method is extremely versatile and|sufficiently
. . ; J;

A
accurate for all types of analysis considered. The

integrals in the formulation of the Galerkin equation.can- be

evaluated in closed form. Simplicity in the formulation and

computation is the advantage found in - 'the present’ method

. g . . .
compared to other much more labotious numerical metheds.

- ~

Computing - time and memory regquirements: are small, thus

making it ideally suited for the computers ‘with relatively

smaller capacity and speed.
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S  Table 1 ‘Coefficients for the differential eqﬁétions

¢ = Cos¢

AlR1

AIR2 = (Zkz'sz/c? + hz (1-v))F
AlK3 = =43 s/c2 F -
AlK4 = (1+v) AF/e
AIKS = -4G _8/c
AIK6 = -4G_ .
AIK7 = —(1+W)AZF s/e )
AlIKS = acceh s/e

A3KL Fa 2/o%

A3K2 = A2(1-v) + 22%s2/e?
A3K3 = -hkls/cz

A3RE = A{1+v)/c

A3KS = 24/c°

A3K6 = —48% s/c>

AT = 2422 §2/¢°

2

+ lez(l-v)/c
2,3 2

A3K8 = 48A" s /e” + 12A7(1+v)/e

A3K9 = =243 s/c3

A3K10 = -Kz(l'!-v) s/e

AIKIL = —2433¢s3/c + s/¢)

- ¥

for the skew sandwich plate

2 a-e,
F= EprICI—v) J = _E-;P-_

AK] = F(2x2+(1-v)h? szlcz).

A2K2 = F(l-v)/c

A2K2 = =2(1=v) XF s/c2

A2K4 = (1+v) KF/C.

AZKS = -4G_28 < . ’
AZK6 = -4G_

AKT = =22(1+v)(s/c)F

BEKL = 2%+ (1-v)aesP/e?
AGK2 = (1-v)/c®

AGK3 = =20(1-V) s/c2

AGKE = )(1+v)/e

AGKS = 26A3(1 + s%/c?)

AWK = 1203(-3 s/c? + v s/cd)
ALKT = 122(1-v)/c?

A48 = 123°(=s/c” = v s/e?)
ALK9 = 120 (1+v)/c?

AS4KLO = -?\2 (1+v) s/c

PTG SOy

ik

PRSP . Y, Lz enanlh



Table 1 Continued

ASKL = 20/c> .
ASK2 = 20Av/c?
A5'K3 & 12\6/c4
ASKS ) 123%0(s2/4* + v/&d)
ASKS :\:515‘3735 /
ASKS = 2428 s/c”

ASKT = 200> (14s2/e?)

ASKS = —2@&2(1-v) s/czl
ASR9 = 2228(s/c> + v/e)
Cask10 = 123%e(1+s2/c )’
ASKIL = 122%8(-2 s/c™)
Asxlzl; 1200%(s2/e* + v/e?)
ASKL3 = 220(1-v)/c>

ASK14 = 2@&2(-s/c2 - ys/cz)

ASK1S5 = =420 s/c3-

3 3 4 2
ASK16 = =24% O(s /c + s/¢ )

ASK17 = 12@1\2(4 52/c4+2 (l—v)/cz)

| ASK18 = -2410 s/c”

ASKLS = OMZ(4 82/ +2(1-v)/c)

ASK20
ASK21
ASK22

ASK23

- ASK24

ASK25
ASK26
ASK27
ASK28
ASK29
A5K30

ASK31

ASK33
ASK34
A5K35

AS5K36

ASK37

103

3

6/c”
BQA/cz
-6x s/c>

o —_
123/
63> (1+s2/c2) i
622 (~(1-v) s/c’)

- 622(s2 /> + vie)

12321 (1+s%/e2)
lﬁk(lfv)/cz
Gng-vs/cz - §/c2)

-12A s/c3

(1=-v)/e)
‘2403 s/c2
12J/ce h
1277/8
“ande(s/e + 53/c3)
“6x3(s> /> + s/e)
;lles/cG

&
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Comparison of the max. small deflection coefficient ¢ of the

e

clamped isotropic homogeneous plate

W

max
A= al/b 5 term sol.
1 ‘ .020200"
3/4 ’ :031355
1/2 -039889

N
Cqﬂparisonvof max: centre
Ef = 107psi v = 0.32 C =

- - q=

15°

~ (4n)

7 .term sol'n .02757
é ‘term sol'n 70277é
16 term sol'n .02811
Kwok{27] .02950
Kennedy[24] .03210

- aqaafD

Q=1

X 11 term sol.

.02198

.03134%

.03987

Table 3

Ref[43)
.020201
.031412

-035090

deflectionh of clamped skew sandwich plate-

1" t = .025"
lpsi A=a/b=1
Angle of Skew

30°
(in)

.0i956

.01993

.01996

.02170

.02330

2a = 407

Gc = 10000 psi

45° 60°

(in) (in)
.01029 .00393
.01065 .00417
.01071° .00419
.01260 00520
.01380 .00580

RPN



20,

40
60
80

100

120 -

140

Le0

180

200

Table &

Variation of ‘max. small deflection coefficients a of a clamped
rectangular plate with the dimensionless foundation modulus K

Wyax = @98 /D

A=afb =1
Present Ref [43]
.020198 © .020201
.016007  .016033
.013210  .013245
.011203  .011251
.009730  .009756
.008534  .008594
.007602 007665

1.006841  .006903
.006208  .006377
.005674  .005745

° 005217  .005291 °

A-
Present

.031340
.622095}
.016910
.013602

.011315

- .009643

.008371

.007371
.006567
.005911

.005360

K = ka®/D

374
Ref [43]

.031412
.022201
.017036
.013741
.011463
.009797

.008530

.007534

. 006734
006076

.005528

A= 1/2
. Present Ref [43]
.03987  .040545
.02490  .025525
01780  .018411
.01370° .014307
.01100  .011656
.00920 009812
.00782  .008459
.00679. - 0027
.00599  .006616
" .00534  .005963
.00481  .005425
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Table 5 . .

Comparison of centre deflection of clamped skew sandwiéh plates
with various skew angles, aspect ratio and core rigidities

E=10"psi v=0.32 e=1" t=.025  2a=40"" A= a/b | |
G, = shear modulus of core ' q = load intensity = 1 psi o

¢ G . h = 1-0 g b }s - 1.5 * K Lod 2-0
. (psg) Present. Kwok[2 Present Kwok[27] Present XKwok[27]

wo(ln)  we(m)  wein)  welim)  wl(im)  we(in) o]
15° 1,000 .108037 .06151 : .0373 ¥
. 10,000 .02811 .0295 .0122  .0130  .005999°  .0065 )
‘ =.
30° 1,000 .09034 .05166 .03126 . _
10,000 .01996 .0217 .0089% ° .0097 0045 .0049 .
. . Y
45° 1,000  .06141 . .0355 .02154
10,000 .01065+  .0126 .0051 .0058  .00272 . .0030
60° 1,000 .03098 .01814 . .01105
10,000 .00417 ° .0052 .00216  .0025 .00123 .0013 - ,
y |
1
!
J
|
Table 6 A J
Dimensionless deflection, ﬁ at tﬁe centre of the skew sandwich )
plate ~ . ' .
for various skew angles ¢, aspect ratio A and core rigidities Ge
Q =50, E=10psi, v = 0.32, t= .025" c = 1"
s A= 1.0 A= 1.5 . A= 2.0
G, = 1000 G, = 10,000 G, .= 1000 G.=10000 G = 1000 G, = 10,000 .
15° 2.23757 1.77806 ~ * 1.48499  1.05630 1.00609 0.63180
. R
30°  2.02070 1.50564 1.32781  0.87941 0.88942 0.52018
45° 1.57303 1.03199 1.02836  0.59150° 0.68504  0.34770

60° 0.98665 0.51047 0.64721 0.28973 0.43173 0.17135
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Table 7 Convergence table for the buckling load coefficient Cr

of rectangular plates with aspect gatio A= 3, Nn/Nh. 0

2
and Na Nx Crﬂ D/&a.

No. of terms

Homogeneous
plate -10.087 10.081 10.074

Sandwich
plate with
Gc=3500psi

E,=0.9x10%ps1 5.
.01
FA

J o
oD
=

8.475 . 8.485

[

N
"
.
ot B O

in.

rr

(S S I ]
P

o.
[2in.

{3
n
L)

3 terms seol. 6 terms sol. 7 terms sol.

Levy[30] Thurston[52]

10.07  ==m-e-

S 7.94
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Table 9

Buckling load coefficient Cr‘for.clamped skew sandwi

109

ch

plates for wvarious aspedﬁ ratio A and skew angle\¢

t = 0.0121in.

¢ = 0.244in.

 2a = 37.27in.

¥ = 0.013748

Ef = 9.9X106psi

; G_ = 3500.0 psi N_= crnzn{Aaz > 03
O | A Ny/Nx
- _8 4 2 AT 1/4 1/8

- 1.0 | 0.9667 | 1.7623 | 2.9788 | 4.4949 | 5.9576 | 7.0492 | -7.7179

1.25 | 1.0352 | 1.9457 | 3.4624| 5.6331 | 8.0761 | 9.8357 | 10.2905

o | 1.50| 1.1662 | 2.2306 | 4.1080 | 7.0539 |10.6094 {11.9644 | 12.7459

1.75 | 1.3230 | 2.5662 | 4.8356 | 8.6259 [12.5960 |14.6377 | 15.5287

2.00| 1.4933 | 2.9202 | 5.5882 {10.2415 |14.8711 |16.9843 | 18.0233

1,001 1.0647 | 1.8961 | 3.1762 | 4.7421 | 6.2218 | 7.3066 | 7.9641

125 | 1.1199 | 2.0937 | 3.6932 | 5.9331 | 8.3824 |10.2691 | 10.8579

15 | 1.s0l 1.2606 | 2.5026 | 4.3845 } 7.4171 |11.0198 |12.6178 | 13.3964

1,75 | 1.4338 | 2.7662 | s.1611 | 9.0484 {13.3148 [15.3125 | 16.2345

2.00| 1.6187 | 3.1477 | 5.9608 |10.7110 |15.6094 |17.7652 | 18.8217

1.00| 1.4798 } 2.588¢ | 4.1119 | 5.7807 | 7.2010 | 8.1706 | 8.7401

25t 1.5686 | 2.8386 | 4.7567 | 7.1446 | 9.4497 |11.1295 | 12.0905

30 | 1.50| 1.7437 | 3.2233 | 5.5899 |.8.7916 |12.1418 [14.0887 | 14.7523

1,75 | 1.9581 | 3.6676 | 675023 |10.5531 | 14.9251 16.6876 | 17.5985

.00 2.1838 | 4.1251 | 7.4197 |12.3039 {17.1781 |19.1917 | 20.0527

1.00| 2.8396 | 4.5720 | 6.5450 | 8.3091 | 9.5749 {10.3487 | 10.7779

1.25| 2.9533 | 4.9522 | 7.4683 | 9.9782 |11.9487 |13.2172 | 13.9337

45 | 1.50] 3.1914 | 5.4875 | 8.5583 {11.8492 | 14,5976 [16.3963 | 17.3623

1,75 3.4778 | 6.0738 | 9.6805 [13.7331 |17.2507 |19.3099 | 19.9683

2.00| 3.7703 [ 6.6509 |10.7528 |15.5106 | 19.7073 |21.5495 | 22.2741

1.00| 7.1616 | 9.8184 |12.0507 |13.5775 | 14.4862 | 14.9839 | 15.2445

1.25| 7.2536 |10.4320 [13.3392 |15.4788 | 16.8135 | 17.5631 | 17.9602

60 | 1.50| 7.5205 |11.1369 ‘h4.6464 |17.3662 | 19.1185 | 20.1199 | 20.6525

1.751 7.8353 |11.8268 |15.8537 [19.0835 |21.2180 |22.4422 | 23.0820

2.00| 8.1450 |12.4520 116.9124 [20.5778 |23.0373 |24.4181 | 25.0453
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Table 10 Convergence table for the free vibration analysis of
clamped square plates in the first mode category

5

f« frequency parameter L =circular frcquency-(f/azi(Dﬁ°)0'

Mode No. Y ‘ No. of terms
3 term 6 rerm 7 term Young[g3] LamR8 ]
sol. sol. sol.

. Homogeneous 1 .00 = §.999 §.996 §.998 _—
plate frequency 2 34.324 33.097  32.974 32.912 -
parameter,f - .

3 34.663  33.106  33.104 33.063  ---—-
4 -t—- 56.044  55.280 —-- -——-
5 —— °0.584  90.557 — -——
. 6 -— 90.729  90.584 —— ———-
7 -— ———  114.275 -——- -—
Sindwich plate” 1 68.389  68.362  68.356  ---- 70.29
frequency, w. 234 1 7 o I
b 01610, 2 187.23 76.810 176.810 .
¢=0.25in 3 190.500 179%.006 178.967 —— ——
a=20in. 4 —ee— 250.450 244.118 — ——-
G =1000psi
:i=107H51 5 _——- 337,856 1337.006  --e- -——-
- _ 6 —— 360.462 360.44% ———- ——
7

- --——  £03.108  "---- -——-
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Table 11 Comparison of frequency parameter f of clamped rectangular

homogeneous plates for various-aspect ratlos A= a/b

111~ °

: D%
w -£IB.2(-D-)
A=1.0 A=1.25 A=1.50 Am1.75 A=2.0

‘izde Present | Young Odman | Present | Present|Odman Present | Present| Odman

) solutionl refl63] lrefJ44l solution solutiobref J44]1] solution! solution ref.[44

First 7 eigen values for doubly symmetric modes (category 1)

1 8.996 8.998 8.9997} 11.675 !'15.191 15.1931 | 19.503 | 24.579 ]24.580

2 32.9743 | 32.912 - 134.9263] 37.4748] -- 40.7556 | 44.818 |44.78

3 33,104 | 33.063 |32.976 }49.915 | 70.641 - 95.150 | 99.104 | —=

4 55.280 ——= 55.015 [71.236 ['91.351 | 90.484 | 96.236 |l123.342 | -—-

3 90.557 - (m——— 92.009 | 93.925 -—— [115.700 {143.986 .{142.38

6 90.584 —_— ——— 140,012 [192.298 -——=  R47.021 [311.242 | ===

7. 114,275 -—= —— 148.406 [201.318 - 272.902 | 355.685) -—-

First 7 eigen values for modes gntisymmet;zc about y axis (category 2)

1 18.349 | 18.353 | 18.351 20.512| 23.459| 23.468) 27.229 31.828] 31.830

2 41.293 | - - 41.256] 51.695| 57.002| 56.706 | 59.944| 63.585 63.34

3 52.962 — 52.632| 57.706| 78.097| 77.895] 102.396 ] 130.548}1130.35

4 71.345 -— 74.088[™86.475 | 105.413| --- 128.202 | 142.656|159.49

5 93.721 = <- | 11%.856] 137.373] -——- 140.068 } 154.952 |—=——-

6 97.283 |~ ——— | 136528 144.388{ --- 179.808 | 222.674}) . ———-

7 w5513 % ——- 146{456 206.964| --- | 278.595) 361.312] ———-

{ T
;First 7 eigen values for modég AQFiSymmetric about x axis (category 3)
. o R

1 18.349 | 18.353 | 18.351] 26.761\ 37.196 f37.423 49.611| 63.985f -——-

2 41,293 —— 41.256] -48.604 N _58.046)) —- 69.626| 83.318} --—-

3 52.962 - 52.632] 81.140 \TTO\229” —— 119.864 | 131.566| -—

4 71.345 ~- 74.088 96.811 115.640] ---- | 156.429{ 203.476} -—-

5 93.721 - - 102.763 | 128.396 -— | 166.022 | 209.687} -—-

6 97.285 - -— 128.820 173.38k -—= | 227.5024 290.508| ---

7 135.113 - -— | 209.809 | 301.140 -— | 409.090 533.650] =---

First 7 eigen values for doubly antisymmetTic modes (category 4)

1 27.055 | 27.068 | 27,059 34.904| 44.893 44.893) 56.967| 71.081| 71.08

2 60.828 - -- 67.830| 76.763| 76.556 | 877805 100.977|100.80

3 61.054 ——- — 88.772 | 123.058}f -—-— 162.0627R\172.776| —---

4 95.229 —-— 92.845 122.664 | 153.345|152.533 | 163.768 210.752]238.35

5 141.105 -— -—— | 146.525| 157.326| -—- 198.852 | 247.264] —-

6 141.432 -— —-- |215.803] 307.072} -—- 415.020] 539.621 --—-

7 257.580 - -—— | 333.853| 432.983| --- 554.1634 696.415| —--

Q\(‘
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Table 12  Natural freiuencies of vibra;ibn of clamped rectangular
sandwich plates for various aspect ratios A = a/b
E= 107 psi v = 0.34 o = 500.02%10"% 1b-sec?/1n’
¢ = 0.25in. t = 0.016in. b = 20in. G =1000psi. -
A=1.00 A=1.50 A=2.00
Mode no.
Present Lam Present Lam Present Lam .
"1 solution ref, [28] selntion | ref, 1281 solution ref, [28]
First 7 frequencies for doubly symmetric modes (category 1)
1 68.356 70.29 53.410 55.67 49,327 51.18
2 176.810 | =—===- 108.434, ——— 79.672 | =———-
.3 178.967 | —=——- 172.327 -——- 149.568 | —-—--
4 244,118 I} ————- 201.751 —_—— 170.694 | =—==-
5 357.696 f| ———~- 217.1454 | —=mm- 187.858 -
6 360.441 — 345.778 —— 333.371 -—
7 403.108 - 358.135 -—— 357.917 —_—
First 7 frequencies for modes antisymmetric about y axis {category 2)
i 118.381 123.87 75.807 81.84 60.760 65.21
2 203.692 | ——w—— 146,340 | —-=-——- 103.984 | —=——-
3 239.930 —— 182.748 | ===—- 176.092 | ——=—-
4 292,664 —_—— 222,862 ——— 195.563 | -———-
5 364.829 ———— 283.047 —— 197.938 | —=em-
6 . 424,503 ——— 332,611 -— 307.861 -——
7 461.141 -—— 360.056 —— 358.638 —
First 7 frequencies for modes antisymmetric about x axis (category 3)
1 118.381 123.87 109.642 114.65 107.122 89.62
S 2 203.692 -— 148.395 — -128.055 ————
3 239.930 -— 236.374 ——— 178.285 ———
4 292,664 ——— 236.226 ——— 234.848 —
5 364.829 -— 260.653 — 250.069 | ————-
6 424,503 ——— 379.364 ——— 370.179 —_—
7 461.141 ——— 461.028 — 461.091 L
First 7 frequenciles for doubly antisfmmetfic modes {category. 4)
1 154,717 . 165.54 124,761 121.49 115.026 111.67
2 257.356 ——— 178.292 —_— 145,641 7 ---—-
3 260.408 -— 243,629 —— 216.209 -—
4 333.680 ——— 27%.871 ——— 238.915 ——
5 459.776 —— 293.852 | --——-- 262.225 ——
6 465.737 -—— 459.015 |} -——-—- 446.425 —_——
7 527.776 — 483.885 -—— 460.950 —-—
D | -




Table 13. Natural frequencies of vibration of clamped skew 113

sandwich plates for various aspect ratios A=a/b

7 _ :
E~ 10'psi A =0.34 p =500.02x10 S1b-sec?/tn® G _=1000 psi
C =0.25in.  t=0.016 in. * b=20 in. ¢ =30 degree
A=1.00. A=1.50 A=2.00
Mode no. | Present Lam |Present Lam Present Lam
solution |ref.[28] solution ref.fz%] solution | ref.E2a]

First 7 frequencies for doubly symmetric modes (category 1)

1 86.143 84.35 67.903 67.83 63.095 62.98
2 212.721 -— 138.398 - 105.382 -—
3 222.036 ——— 209.357 - 189.325 -—-
4 319.468 - 258.183 - 207.53%  —-
5 429.674 -—= 274.513 i 244.224 -
6 434.875 === 429.164 - 421.034 -—
7 520.030 — 443.617 - 430.251 - -

First 7 frequencies for modes antisymmetric about y axis (category 2)

1 148.399 - 131.65 98.850 94.41 80.88 77.12
2 258,991 o 189.939 -—- 134.304 -—
3 289.143 -— 229,513 - 218.628 -—-

4 382.988 -— 296.223 -—- 242.804 -—
S 453.796 —— .346.162 -— - 265.413 -
6 550.109 . i 440.740 -—- 437.102 -—-
7

614.937 -— 507.350 B 476.370 -

First 7 frequencies for modes antisymmetric about x axis (category 3)

1 148. 399 158.46 136.364 130.81 133.120 101.26
2 258.991 | . -—- 194.645 - 168.538 -
3 289.143 ——— 282.031 e 233.201 —
4 . 382.988 -—- 298.111 e 281.246 -
5 453.796 ——— 344.367 --- 325.675 -—-
6 550.109 - 547.117 - 540.083 —=-
7 614.937 -— 557.617 - ~{ 550.870 -
First” 7 frequencies for doubly antisymmetric mo{?g\zzgtegory 4) |
- . 1
1 200.484~‘ " 175.33 W 161.922 138. 64 148.'388 130.40
2 315.675 _ 231.412 - 192.631 -—
3 330.117 -—— 298.379 -—- 274.785 -—-
4 430.851 -— . 349.723 ——= 292.506 -
5 562.197 -—- 381.217 -— 336.530 —
6 570.929 - 539,070 |° -—- 508.893 -—
7 644.179 -—= 560.620° | -=- 557.781 ——
=N\ -
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Table 14 Natural frequencies of vibration of clamped rectangular
sandwich plateé for various aspect ratio and shear
rigidities
7 - ' -6 2 4
E_= 10" psi v= 0.34 p = 500.02X10 "1lb-sec” /in
¢ = 0.251in. t = 0.016in. b = 20 in.
) A=1.00 A=1.50 . A=2.00
tode mo. 6 =5000psi|G =10000ps} 6 _=5000psi | G_=10000ps] G =5000psi]|G =10000psi
First 7 frequenciles for doubly symmetrit modes‘(category 1) -
1 77.581 ~ | 79.009 |-58.808 59.605 | 53.709 54.341
2 253.499 271.975 137.374 142.865 +94.905 97.482
.3 254,997 273.320 243.431 260.203 189.032. 209.455
4 388.689 432.292 301.983 328.475 240.101 256.354
;5 1 597.365 679.654 316.038 341.153 273.403 294.806
6 598.490 680.280 571.134 647.458 536.757 600.934
7 705.423 820.643 593.309 673.605 591.479 £70.789

First 7 frequencies for modes antisymmetric about

1 150.942 157.169 88.868 91.010 68.703
2 306.224 333.505 200.401 212.356 131.299
3 376.676 417.031 264.677 284.932 251.359
4 483.424 545.494 341.704 374.685 276.355
5 621.963 713.420 439.017 484.179 291.353
6 - 664.748 737.558 483.818 522.341 432.295
7 812.855 953.573 £13.018 687.458 596.697
First 7 frequencies for modes antisymmetric about x axis (eca
1 150.942 157.169 137.184 142.270 133.137
2 306.224 333.505 203.866 216.137 168.594
"‘E 3 376.676 417.031 357.899 392.152 253.721
4 483.424 545.494 367.922 406.299 365.089%
5 621.963 713.420 408.886 451.760 383.342
6 664.748 737.558. | 566.321 617.949 541.453
7 813.855 953.573 810.504 948.003 809.421
First 7 frequencies for doubly antisymmetric modes (category 4)
1 213.367 226.414 162.442 169.944 l 146.330
2 418.465 469.280 259.427 279.616 199.693
3 421.161 471.731 .385.846 428.531 322.043
4 588.370 685.071 466.445 526.681 374.886
5 828.697 979.099 472.896 530.789 425.798
6 833.195 982.870 817.383 .| 959.461 813.206
7 1063.560 1362.163 706 1124.123 857.206

. 898.

y axis (category 2) ¢

69.925
136.456
269.454
295.433
315.451
461,625
678.405

tegory'B)

137.883
176.846
271.783
502.
420.071
587.242
946.172

788

152.296
211.615
349.
414.981
477.296
952.
1059.

898

577
584




-

Natural frequencies'of vibration of clamped skew

sl oL s B

oW

R NV, I SRR VS B A R ]

First 7 frequencies for modes antisy;metric about

First

202.532
349.235
372.314
512.522
587.506
6€93.560
792.595

326.299
-542.363
560.120
789.933
877.512
1012.319
1174.320

140.769
243.470
305.399
402.029
447.709
563.574
653.338

240.608
381.178
472.493
-628.610
671.960
834.290
967.750

116.796
186.282
287765
-7322.324
359.408
556.301
§08.126

550.870 -

15
v sandwiﬁh,plate for various aspect ratio and skew
angle ' :
7 ) : -6 2,.. 4
Ef = 10 psi v = 0,34 p = 500.02%X10 1lb-sec” /in
Gc = 1000psi ¢ = 0.251in. t = 0.016 in. b = 20in.
. A=1.0 A=1.5 A=2.0
Mode No.
45 deg. 60 deg. 45 deg. 60 deg. 45 deg.’ 60 deg.
First 7 frequencies for doubly symmetric modes (category 1)
1 122.266 212.617 96.916 171.289 89.797 158.586
2 279.147 428.622° 190.909 310.279 - 150.100 |, 254.297
3 292.090 447.538 272.645 414.901 255.058 400.335
4 . 433.102 675.645 343.686 530.308 270.278 413.885
5 546.105 804.250 367.310 569.685 329.008 512.241
é 554.862 821.722 544.798 802.567 542.270 799.341
7 681.643 1027.338 580.670 876.702

827.670

y axis (category 2)

204.648
304.211
441.617.
499.058
560.928
820.694
- 895.196

7 frequencles for modes antisyﬁmetric about x axis {category 3)

202.532
349.235
372.314
512.422
587.506
693.560
792.595

326.299
542.363
560.120

. 789.933

' 877.512

1012.319

1174.320

First 7 frequenciles

276.700
418.122
434.234
579.621
715.548
729.288
859.665

444.737
643.013
659.122
B895. 603
§052.97o
075. 090
1317.780.

184.000
270.320
360.241
398.194
456.700
'689.385
710.010

224.089
317.331
386.910
466.584
504.514
704.293 |
724.842

293.409
435.940
534.554
617.534
696.156
1004.376
1043.930

for doubly antisymmetric

363.381
503.842
582.224
720.725
767.425
1032.260
1114.393

178.729
234.555
318.950
358.679

'427.205
683,012
691.929

| 203.653
268.156
365.818
381.231
447.727
675.824
702.807

283.445
380.706
505.722
531.652
646.542
997.776
1006.797

modes {(category 4)

-328.560
433.179
554.867
587.838
684.970

1021.787

1042.199
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FILE: TPROG.
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.

X ONCE

X TWICE

FORTRAN A

ccC
cc ‘ , ’
CC PROGRAM FOR THE DEFINITE INTEGRATION
CC N1 = NUMBER OF INTEGRATIONS
CC N2 = NUMBER OF NODES IN THE X AND Y DIRECTIONS
CC F = THE FUNCTION TO BE INTEGRATED AND SHOULD BE
cc . SUPPLIED
cC-
ccC
cC (Ul U2,U03), (V1,v2,V3) AND (W1l,W2,W3,W4) ARE THE
CCa DISPLACEMENT FUNCTIONS FOR U,V -AND W
(of® :
cc
CC UlX= THE FUNCTION Ul DIFFERENTIATED W.R.TO
CC UlXX= THE FUNCTION Ul DIFFERENTIATED W.R.TO
CC SIMILARLY UlY, UlYY, UlXY ETC.
cc
cC N .

IMPLICIT REAL *8 (A-H,0-2)

DIMENSION AREA(N1) .

COMMON /KQUNT /K

EXTERNAL F

DO 10 I=1,N1

R=1I

DX=1.0/(N2-1)

DY=1.0/(N2-1) .

CALL INTRGL({I,N,DX,DY,F,AREA)

WRITE {(6,1) I, AREA(I) qu
10 CONTINUE _ )

1 FORMAT(5X,14,F12.6)

STOP

END
cC
cC FUNCTION F
cC

FUNCTION F(X,¥)
IMPLICIT REAL *8 (A-H,0-Z)
COMMON /KOUNT/K

COMMON/INTER/X2,X3,X4,X5,X6,%7,Y2,Y3,¥4,Y5,Y6,Y7

. EXTERNAL UlX,U2X,U3%,UlXX,U2%XX,U3XX,01Y,02¥,03Y,U1YY,02YY,03YY
1,01XY,U2RY, UBXY Vi vzx v3x v1xx vzxx vaxx VlY V2Y V3Y V1vy

" 2,V2YY,V3YY?,V1XY, v2x¥ V3XY, Wlx wzx W3X,W4x, WlY WZY WBY W4Y W1EX

3,W2XX,W3XX,W4XX,W1lYY,W2YY, wsyy W4YY w1xy W2XY W3KY W4XY

4,01, U2 U3
X2 X*X
X3=X2*X
X4=X3*X
X4=X3*X
X5=X4*X
X6=X5%*X
X7=X6*X
Y2=Y*Y
¥Y3=Y2*Y
Ya=¢3*Y
¥5=74*Y
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Y6=Y5*Y ,
“¥7=Y6*Y .
AAX=(1.-X2)*(1. -Y2)*(l -X*Y)*X
GO TO (1,2,3,4,5,6,7,8ccucucncncance cecenanons N1l),K
hi F= lex(x Y)*AAX .
RETURN .
2 F=U2XX(X,Y)*AAX
RETURN ‘
3 F=U3XX(X,¥)*AAX
RETURN
-4 F=UlYY({X,Y)*AAX
RETURN
5 F=U2YY(X,¥)*AAX .
: RETURN

END

i Lol L YR
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FUNGTION UlX(X,Y)

IMPLICIT REAL *8 (A-H,0-Z)
COMMON/INTER/X2,X3,X4,X%5,X6,X7,¥Y2,¥3,Y4,7Y5,¥6,Y7 i
UlE=1.-3.*X2-Y2+3 ,XX2*Y2-2. ¥X*¥+4, *X3*Y+2, *X*Y3-4,*X3*Y3
RETURN . .

END

FUNCTION U2X(X,Y)
IMPLICIT REAL *8 (A-H,0-2) .
COMMON/INTER/X2,X3,X4,X%5,X6,X7,¥2,¥3,7Y4,Y5,76,Y7 '
U2X=3,*K2-5.*X4-3 . *X2*Y2+5 *X4*Y2-4 *X3*Y+6 . *X5*T+4 . *X3*Y3

1-6.*X5*¥3 : :
RETURN '
END

FUNCTION U3X(X,Y)

IMPLICIT REAL *8 (A-H,0-Z)

',COMMON/INTER/XZ,33,X4,X5,XG,X7,Y2,Y3,Y4,35,Y6,Y7

UBX=Y2-3.*XZ*Y2-Y4+3?*32*Y4-2.*X*Y3+4.*33*Y3+25*X*Y5-4.*KS*YS
RETURN . )

END - . '

FUNCTION U1XX(X,Y) _ _ ‘ -
IMPLICIT REAL *8 (A-H,0-2) '
COMMON/INTER/X2,K3,X4,XS,X6,X7,Y2,Y3,Y4,Y5,Y6;Y7'
U;XX=-6u*X+6.*X?YZ-Z.*Y+12.*X2*Y+2.*Y3-12.*XZ*Y3

RETURN :

END “e

FUNCTION U2XX(X,¥) ..

IMPLICIT REAL *8 (A-H,0-2)

' COMMON/INTER/X2,X3,X4&,%6,%X6,X7,Y2,Y3,Y4,Y5,Y6,Y7

UZKX=6.*X-ZO.*XS*G.*X*Y2+20.*X3*Y2-12.*X2*Y+30.#Xé*Y+12.*82*Y3
1-30.*X4*Y3 ) '
RETURN

END

FUNCTION U3XX(X,Y)

IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,%3,%4,%5,X6,%7,Y2,%3,Y4,Y5,Y6,¥7
U3XX=-6.*K*Y2+6.*X*Y4~2, ¥Y3+12.*X2*Y3+2 . *Y5-12.*X2*Y5
RETURN .

END

FUNCTION UlY(X,Y)

IMPLICIT REAL *8 (A-H,0-2Z) :
COMMON/INTER/xz,x3,x4,xs,xs,x7,Y2,Y3,Y4,YS,Y6}Y7
UlY=-2.*X*Y+2 , *X3*V-X2+X4+3 , *R2*¥2-3 . *X4*Y2.

RETURN - _

END - -
FUNCTION U2Y(X,Y) o

IMPLICIT REAL *8 (A-H,0-Z) ‘
COMMON/INTER/X2,X3,X4,X5,%6,%X7,¥2,Y3,Y4,Y5,Y6,Y7
U2Y¥=-2.*X3*¥+2,*X5%V-X4+X6+3 . *X4*V2-3 ,*X6*Y2

RETURN

END

FUNCTION U3Y(X,Y)

IMPLICIT REAL *8 (A-H,0-Z) -
COMMON/INTER/X2,X3,X4,%5,X6,X7,¥2,¥3,¥Y4,Y5,¥6,%7 -
U3Y=2.*x*y—z.*x3*Y-4.*x*Y3+4.*x3*Y3-3.*xz*Y2+3.*x4*¥2+5.*x2*24
1-5,*X4*74

.
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RETURN
END
FUNCTION U1YY(X,Y)
IMPLICIT REAL *8 (A- H,0-2)
COMMON/INTER/X2,X3,X4,X5,%X6,X7,¥2,Y3,Y4,¥5,Y6,Y7
UIYY=f2.*K+2.*XB+6.*XZ*Y-G.*X4*Y-
RETURN
END
‘FUNCTION U2YY(X,Y)
IMPLICIT REAL x8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,%6,X7,¥2,Y3, Y4 ¥5,Y6,Y7
U2YY=-2.%X3+2, *X5+6. XEAXY—6 . *XE6*Y
RETURN
. END °
_FUNCTION U3YY(X,¥Y) '
IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X 4,%5,%6,X7,¥2,Y3,Y4,Y5,7Y6, Y7
U3YY=2.%*X-2.%X3- 1 x*22+12 *X3XY2-6. *X2*TV+E. *x4*¥+20 *X2*Y3
1 -20.%X4*Y3 ‘
RETURN : _ :
END A
FUNCTION UlX¥(X,Y) b :
IMPLICIT REAL *8. (A-H,0-Z) -
COMMON/INTER/X2,X3,X4,X5,%6,X7,Y2,Y3,Y4,Y5,Y6,¥7
UlXY=-2.%Y+6. *KIXY2, *X+h  XK346. *X*YZ 12. *53*Y2
RETURN
END
FUNCTION szY(x Y)
IMPLICIT REAL xg8 (A- H,0-Z)
COMMON/INTER/X2,X3,%4,X5,%6,X7,¥2,Y3,¥4,Y5,Y6,Y7
U28Y=-6.%X2*Y+10. XX4*Y-4 . *X3+6.*X5+12. *K3*Y2-18, *X5*Y¥2
RETURN _
END
FUNCTION U3XY¥(X,Y)
IMPLICIT REAL *8 (A-H,0-Z) .
© COMMON/INTER/X2,X3, x4 X5,%X6,X7,Y2,¥3,Y4,Y5,¥Y6,Y7
U3XY=2.*Y-6.*X2*Y- *Y3+12 *XI*73-6. *X*Y2+12. *X3*Y2+10 *X*V4
1-20.*X3*Y4 .
RETURN
END
FUNCTION V1X(X,Y)
IMPLICIT REAL *8 (A- H,0-Z)
COMMON/INTER/X2,X3,X4,X5,X6,%X7,Y2 Y3,Y4 ¥5,Y6,Y7.
V1X=-2 *X*V+2, *X*Y3-y2+3, *xz*Y2+Y4 3. *X2*Y4_
RETURN
END
FUNCTION V2X(X,¥)}
IMPLICIT REAL *B8 (A-H,0-Z)
COMMON/INTER/X2,X3,X4,X5,X6,%7,Y2,Y3,74,Y5,Y6,Y7
V2X=2.%*X*V-4  *X3*V-2. *X*Y3+2, *x3*¥3 3. *X2*V2+5, *x4*Y2+3 *X2*kY4
1-5,%X4*v4
RETURN
END
FUNCTION V3X(X,Y¥)
IMPLICIT REAL *8 (A-H,0-Z)

TP S Sy Py
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COMMON/INTER/X2,X3,X4,X5,%6,%7,%2,¥3 Y4,Y5,YG,Y7 .
V3X==2, *X*Y3+2, *X*Y5- Y4+3 *KZ*Y4+Y6 3.%X2*Y6

" RETURN

END

FUNCTION V1XX(X,Y)

IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,X6,X7,¥2,%3,Y4,Y5,Y6,Y7
V1XX=-2, %Y+2 *Y3+6,*X*¥2-6,*X*V4

. RETURN
END
FUNCTION vzxx(x Y)
IMPLICIT REAL *8 (A-H,0-2) -(—f
COMMON/INTER/X2,X3,X4,X5,%X6,X7,¥Y2,Y3,Y4,Y5,Y6,Y7 RS -

V2XX=2 ,%7=-12 ,*X2*%Y=-2.*¥3+12 . *X2*Y3-6, . *X* Y2420 . *X3*V2+6,*X*Y4 . -~
1-20.*X3*¥4 B
RETURN ' ‘

END

FUNCTION V3XX(X,Y) -
IMPLICIT REAL *§ (A-H,0-2)
COMMON/INTER/X2,X3,%4,%5,%6,%7,Y2,Y3,Y4,Y5, Y6 Y7
V3IXX=-2.,%Y3+2. *Y5+6. *X*Y4 6. *X*YG .

RETURN

END

FUNCTION v1¥(x Y)

IMPLICIT -REAL *8 (A-H,0-2)
COMMON/INTER/X2,X%3,X4,X5,X6,X7,Y2,Y3,Y4,¥5,¥6,¥7 -
v1iv=1,-%2-3. *v243 . *X2*y2— 2. *XXTH2 . *XINT 44, fx*Ys 4 ,%*X3%Y3
RETURN . '

END

'FUNCTION V2Y(X,Y)

IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,X6,X7,Y2,Y3,74,Y5,Y6,Y7

V2Y=X2-X4-3. *XZ*Y2+3 *X4*XY2-2 *XINY+2. *X5*Y+4, *X3I*Y3-4  *X5*Y3

=

FUNCTION V1¥Y¥(X,¥Y)
IMPLICIT REAL *8 (A-H,0-2) '
COMMON/INTER/22,X3 X4 ,X5,%6,%7,¥Y2,¥3,Y4,Y5,Y6,¥Y7
V1vY=-6.*Y+6, XXDHY_ 2 KE+2 . *X3I+12. *XAY2-12. *XI*Y2
RETURN
END
~ FUNCTION V2YY(X,Y)
IMPLICIT REAL *8 (A-H,0-2)
‘COMMON/INTER/X2,X3,%4,X5,X6,X7,Y2,Y3, Y& ,¥Y5,Y6,¥¢7
V2YY¥=-6,*X2*V+6. XR4XY— 2 *X342. *xas&z *X3I*Y2-12.*XS*Y2
RETURN
END
FUNCTION V3YY(X,Y)
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IMPLICIT REAL *8 (A-H,0-2) B ¥
COMMON/INTER/X2,X3,%4,%5,%X6,X7,Y2,Y3,¥4,75,Y6,Y7 :
| V3YY=6.*Y-6.*X2*Y-20.*¥3+20,¥X2*¥3-12. *X*Y2+12. ¥X3*¥2
1+30.*X*Y4-30.*X3*Y4 - o
*RETURN
.END :
FUNCTION V1XY(X,Y) :
IMPLICIT REAL *8 (A-H,O- K .
. COMMON /INTER/X2,X3,X4,X5,X6,X7,¥2,¥Y3,Y4,¥5,¥6,Y7
V1XY=-2.%K+6.*X*¥2-2, ¥¥+6 \*R2*¥+4 . *¥3-12.*X2*Y3
RETURN .

END .

FUNCTION V2XY(X,Y)

IMPLICIT REAL *B8 (A-H,0-2

COMMON/INTER/X2,X3,%4,%5,K6,%X7,Y2,Y3,7Y4,Y5,Y6,Y7

VIXY=2.*X~4,*X3-6.*X*Y2+] 2, *X3*Y¥2-6. FX2*V+10 FX4*Y+12 . *X2*¥3
1-20.*X4*Y3

RETURN - ' _ | .

END - ‘

UNCTION V3XY(X,¥) | . ’
INPLICIT REAL *8 (A-H,0-2) ,
COMMON/INTER/X2,X3,X4,%X5,X6,X7,¥2,Y3,Y4,¥Y5,Y6,Y7
=—6.*X*Y2+10, *X*Y4-4 . ¥¥3+12 . *X2*Y3+6.*Y5-18.*K2*Y5

i

U PPV Y PR

FUNCTION W1X(X,Y)

IMPLICIT RRAL *8 (A-H,0-2)
COMMONYINTER/X2,X3,X4,X5,%X6,%X7,¥2,¥3,%4,Y5,¥Y6,¥7 .
W1X=-4 WX+8 . *X*Y2-4 *X*V4+4 *X3-8 . *X3I*Y2+4 *XI*V4-V+2,*¥3-¥5
1+6.*X2*Y-12 . ¥KX2*Y3+6 . *X2*Y5-5 . *X4*Y+10.*X4*¥¥3-5.*K4*Y5
RETURN , ‘
END .
FUNCTION W2X(X,Y) - :
IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,%X5,%6,X7,Y2,¥3,Y4,Y5,¥6,Y7

W2X=2 . %X-4 *X*Y2+2 *X*Y4-8,*X3+16.*X3*¥Y2-B.*E3*V4+6.*X5 .
lle.*XS*Y2+6.*X5*Y4-3.*X2*Y+6.*X2*Y3—3.*XZ*Y5+10.*X4*Y-20.*X4*Y3

2410 . *E4*V¥5=-7 . *XE6*¥Y+14 . *X6*Y3-7.%¥X6*Y5

RETURN

END

, FUNCTION W3X(X,Y)

IMPLICIT REAL *8 (A-H,0-2)

COMMON /INTER/X2,X3,%4 ,X5,X6,X7,¥2,Y3,¥4,Y5,Y6,Y7

W3X=—4  *X*V2+8 , ¥X*V4—4 *XX*VE+4 . *X3*Y2-8 . ¥X3*YV4+4 *X3I*¥6-73
1+2.*YS—Y7+6.*XZ*Y3—12.*X2*Y5+6.*X2*Y};5.*X4*Y3+10.*X4*Y5-S.*X4*Y7 .

RETURN . :
7 END ;
¢ PUNCTION W4X({X,Y)

IMPLICIT REAL *8 (A-H,0-Z)

COMMON /INTER/X2,X3,%4 ,X5,X6,X7,¥Y2,Y3,Y4,Y5,Y6,Y7

WAX=2  *X*VY2-4 *X*V4+2 *X*VE6-8 ¥*X3*V2+16 . *KX3*V4-8,*¥X3*¥6+6.*X5%¥2
1—12.*XS*Y4+6,*X5*Y6—3.*X2*Y3+6.*X2*Y5—3.*X2*Y7+10.*X4*Y3-20.*
SRL*Y5+10.*K4*XYT7-T7 . *XE*Y3+14  *XE*V5-T7 . *X6*Y7

RETURN

END
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'FUNCTION W1XX(X,Y)

IMPLICIT REAL *8 (A~-H,0-27)
COMMON/INTER/X2,X%3,%4,X5,X6,X7,Y2,¥3,Y4,Y5,Y6,Y7
WlXX=-4,+B.*Y2-4. *Y4+12 *xz 24. *X2*Y2+12 *K2*Y4+12 xX*y-24 . *X*YB
1+12,*X*Y5-20.*X3*Y+40,*X3*%Y3-20.*X3*¥5 .

RETURN

END

' FUNCTION W2XX(X,Y) ]

; IMPLICIT REAL.*8 (A-H,0-Z) . '
COMMON/INTER/X2,X3,%4,%5,%6,X7,Y2,Y3,Y4,Y5,¥6,¥7
W2XX=2.-4.%Y2+2. *Y4-24 . *X2+48. *K2*Y2 24.%X2%Y4+30.%X4-60. *X4*¥2

1+30.%K4*Y4-6.¥X*Y+12, *X*Y3-6,*X*¥5+40, *X3*¥~ 80. *X3*Y3+40,*X3*Y5
2-42  *X5*Y+84 . *X5*Y3-42,*X5*Y5

RETURN

END -

FUNCTION W3XX(X,Y) _

IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,%4,X5,X6,X7,Y2,Y3,Y4,Y5,¥%6,Y7
W3XX=-4.*Y2+8.*¥4- 4.%Y6+12. *X2+v2-24. *K2*Y4+l2 *L2XYE+12 . FX*Y3
1-24  *X*Y5+12 . *X*Y7- 20 *RX3I*Y3+40.*KX3*Y5-20.*X3*Y7

RETURN

END

FUNCTION W4XX(X,Y}

IMPLICIT REAL *8 (A-H,0-Z) .

COMMON/INTER/X2,X3,X4,X5,%6,X7, Y2 Y3,Y4,¥Y5,Y6,Y7

WAXX=2 . *¥2-4 .*Y4+2, XY6-24. *X2*V2+48. XE2*Y4-24 . *X2*Y6+30. *x4*yz
1-60.*X4*v4+30.*X4*Y6-6 . *X*Y3+12 . *X*Y5-6.*X*Y7+40.*X3*Y3 ~
2-80.*K3*Y5+40.%X3*Y7-42 . *X5*Y3+84 ., *X5%Y5-42  *X5*Y7

RETURN

END

FUNCTION W1Y(X,Y)

IMPLICIT REAL *g (A-8,0-2)

COMMON/INTER/X2,%3,%4,%X5,%6,X7,Y2,¥3,Y4,Y5,¥6,Y7
W1l¥=—4_*Y+4.*Y3+8. *X2*Y-8 *X2*¥Y3- 4. *RAXY+4 . *XEXYI-X+6. *EXY2
1-5.%X*V4+2 *X3-12.*X3*72+10.*X3*V4-X5+6.*X5*Y2-5,*X5*¥4

RETURN

END

FUNCTION W2Y(X,Y)

IMPLICIT REAL *g (A-H,0-2)}

COMMON/INTER/X2,X3,X4,X5,X6,X7,Y2,¥3,Y4,Y5, YG v7
dé@Y__4 *XIXY+4, *XZ*Y3+8 *X4*Y-8 . *RA*V3- 4. *XE*T+4 . *X6*Y3-X3

+6.*X3%V2-5 *X3*Y4+2 , *¥K5-12,*X5*V2+10.*X5*Y4-X7+6 . *Z7*Y2
-5.*X7%Y4 -

RETURN .

END

FUNCTION W3Y(X,Y)

IMPLICIT REAL *8 (A-H,0-Z)

COMMON/INTER/X2,X3,X4,X5,%6,X7,Y2,¥3,Y4,Y5,¥6,Y7

W3¥=2.*Y-8.*%Y¥3+6. XVSo4 *X2XV+16, *X2%Y3-12 . ¥X2*Y5+2  XKA*Y
1-8.%X4*Y3+6, ¥X4*Y5-3 , *X*Y2+10,*¥X*V4-7 ,*X*VE+6.*¥X3*Y2
2-20.%X3*V4+14 *X3I*VE-3,*X5*¥2+10. *xs*y4 7.*X5*%Y6

RETURN

END

FUNCTION W4Y(X,Y)

IMPLICIT REAL *8 (A-H,0-Z)
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COMMON/INTER/X2,X3,X4,%5,X6,X7,¥2,¥3,Y4,Y5,¥6,¥7

WaY=2, *X2*Y-8, *X2XY3+6. *ROXYS-4 *XAXYT+16.*X4*¥3-12.*R4*YS
1+2 . *X6*Y-8 . *XE*Y3+6, *XE*Y5-3 . *X3*Y2+10. *X3*¥4-7.*X3*¥6
2+6.*X5*Y2-20.*X5*%Y4+14 . *X5*Y6-3.*X7*¥2+10. *xv*yq 7.*X7*Y6
RETURN

END

FUNCTION W1YY¥(X,Y) ,

IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,X6,X7,¥2,¥3,Y4,Y5, Y6 Y7
W1lYY=-4,+12.%Y2+8. *X2-24 . *X2*Y2-4 . *XA+12 . FXA*T2+12 AK*Y
1-20.*x*Y3—24.*x3*Y+40.*x3*Yq;12.*x5*Y-20.*xs*ys

RETURN- § '

END

FUNCTION W2YY(X, Y)

IMPLICIT :REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,X6,X7,¥2,%¥3, Y4 ¥Y5,Y6,Y7
W2YV¥=~4,%x2+12. *X2*Y248 . ¥ X424 . *X4*Y2-4. *XE+12. *X6*Y2
1+12.%X3*Y-20. *h3*Y3 24, *X5*Y+40 . *X5*Y3+12. *XT*Y-20 . *X7*Y3
. RETURN

'END

FUNCTION W3YY(X,Y)

IMPLICIT REAL *8 (A-H,0-Z) _
COMMON/INTER/X2,X3,X4,%X5,%6,X7,¥2,Y3,Y4,Y5,Y6,Y7 -
W3Y¥=2.-24.*%Y2+30.%Y4-4 *X2+48,.*X2*72-60.%*X2*V4+2.*X4
1-24 . *Z4*Y2+30.*X4*XYV4-6_ *E*Y+40 . *X*Y3-42 *X*Y5+12, *X3*Y
2-80.*X3*Y3+84.*X3*%Y5-6. *xs*Y+4o *X5%Y3-42,*X5%Y5

RETURN X

END

FUNCTION W4YY(X,Y)

IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,X6,X7,¥2,Y3,%4,Y5,Y6,Y7
WAYY=2.*X2-24 . *X2*V2+30.*X2*Y4-4 . *X4+48 . *X4*Y2-60.*X4*Y4
1+2_ *X6-24 . *X6*Y2+30 . *X6*V4-6,.*X3*Y+4(0,*¥X3*¥3-42, *X3*Y5
2+12.%X5%*Y-80.*X5%Y3+84 . *X5*VY5-6, *X7*Y+40.%X7*¥3-42,*X7*Y5
RETURN

END

"FUNCTION, W1XY(X,Y)

IMPLICIT REAL *8 (A-H,0-Z)
COMMON/INTER/X2,X3,X4,X5,X6,X7,Y2,¥3,Y4,¥Y5,Y6, y7

W1X¥=16.*X*Y-16. *X*Y3-16. *XB*Y+16 *X3*y3- 1.46.*¥Y2-5.*¥Y4+6.%X2

1-36. *X2*Y2+30.*%X2%XY4 -5 *X4+30,*X4*Y2-25,*X4*V4 |
RETURN

END

FUNCTION W2XVY(X,Y)

IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,%6,X7,¥2,Y3,Y4,Y5,Y6,Y7
W2XY=-8,*X*Y+8, *X*Y3+32, *X3I*Y- 32.%X3%Y3-24. *XEXV+24 , *XE*Y3
1-3.*X2+18.%X2*%¥2-15_*X2*Y4+10.*X4-60.*X4*¥Y2+50.*%X4*Y4
2-7.*X6+42.*X6*Y2-35.*X6*Y4

RETURN

END ‘
FUNCTION W3XY(X,Y) -

IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,X6,X7,¥2,Y3,Y4,Y5,Y6,Y7

-

W3XY=-8.%X*V+32 *X*V3-24 *X*Y5+8 , *X3*Y-32 . ¥X3*Y3+24 . *X3*¥5-3.*Y2

| : , . . , o 124
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1+10,%74~7 . *76+18 . *X2*Y2-60.*X2*V4+42 *X2*¥5-15.*X4*Y2+50 . *X4*74
2-35,*X4*Y6
RETURN .
END" :
FUNCTION W4XY(X, Y) .
IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/XZ, X3, X4,X5,X6,%X7,Y2,¥3, Y4,¥5,%6,Y7
W4XY=4 XX*Y-16. *X*Y3+12 *XRY5— 16. *X3*Y+64 *KB*YB 48,.*X3*Y5
1+P2 . *X5%Y~48 . *X5*Y3+36 . *X5%Y5-8 *X2%Y2+30,.%*X2*¥4-21, *X2*YE
2+30.*X4*v2- 100 ARA*VE+T70 . *X4*VE-2) . *X6*Y2+70. *R6*¥4-45.*X6*Y6
RETURN
END _
FUNCTION Ul(X,Y)
IMPLICIT REAL *8 (A-H,0-2)
- COMMON/INTER/X2,X3,X4,X5,X6,X7, Y2 Y3,7v4, YS Y6,¥7
Ul=(1.-%2)*(1. -Yz)*(l -X*Y)*X
RETURN
END
FUNCTION U2(X,Y)
IMPLICIT REAL *8 (A-H,0-2Z)
COMMON/INTER/X2,X3,X4,X5,X6,X7,¥2,Y3,Y4,¥5,Y6,Y7
U2=¢{1.-X2)*(1. -Y2)*(l —X*Y)*X*X2
. RETURN
END
FUNCTION U3(X,¥)
IMPLICIT REAL *8 (A-H,0-Z)
COMMON/INTER/X2,X3,X4,X5,X6,X7,Y2,¥Y3,Y4,¥5,Y6,Y7
U3=(1.-X2)*(1. -22)*(1 X*Y)*X*YZ
RETURN
END
FUNCTION V1(X,Y)
IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,%6,X7,¥2,¥Y3,Y4,Y5,Y6,%7
Vi=(1.-X2)*(1. -YZ)*(l -X*Y)*Y
RETURN
END
FUNCTION V2(X,Y)
IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,%X4,X5,%6,%7,Y2,Y3,Y4,Y5,Y6,%7
v2=(1.-X2)*{1. —Y2)*(1 —x*Y)*xz*Y
RETURN
END
FUNCTION V3(X,¥)
IMPLICIT REAL *8 (A-H,0-2Z) ‘
COMMON/INTER/X2,X3,X4,X5,X6,X7,Y2,Y3,Y4,Y5,Y6,¥Y7
v3=(1.-X2)*(1. —22)*(1 —X*Y)*Y3
RETURN ‘
END '
FUNCTION W1(X,Y
. IMPLICIT REAL *8 (A-H,0-2) :
COMMON/INTER/X2,X3,X4,X5,X6,X7,¥2,¥3,Y4,Y5, Y6 v7
Wl=(1.-X2)*(1. -x2)*(1 -YZ)*(I Zy2)*{(1. -X*Y)
RETURN
END
FUNCTION W2(X,Y)



FILE: TPROG. FORTRAN A

IMPLICIT REAL *8 (A-H,0-Z) '
COMMON/INTER/X2,X3,X4,X5,X6,X7,Y2,Y3,Y4,Y5,Y6,Y7
Ww2=(1.-X2)*(1. ~X2)* (1. —Y2)*(l —Y2)*(1 -x*Y)*xz
RETURN

END :

FUNCTION W3(X,Y)

ICIT REAL *8 (A-H,0-Z) :
COMMODN/INTER/X2,X3,X4,X5,X6,X7, Y2 ¥3,Y4,Y5,Y6,Y7
W3=(1.-X2)*(1. -xz)*(l -Y2)*(l -Y2)*(1 -X*Y)*YZ
RETURN '

END ,

FUNCTION W4(X,Y) )

IMPLICIT REAL *8 (A-H,0-2)
COMMON/INTER/X2,X3,X4,X5,X6,X7,Y2,Y3,Y4,Y5,Y6,Y7
wa=(1 —x2)*(1.-32)*(1 -Y2)*(1 -Y2)*(l —x*Y)*xz*Yz
RETURN

END
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FORTRAN IV G LEVEL

0001
0002
0003
0004
0003
0006
0007
0008
0009
0010
0011
0012
0013
0014
0015
0016
0017
0018
0018
9020
eoz1
0022
0023
0024
0025
0026
0027
0028 1
0029

0030

0031

0032

0033

0034

0035

0036

0037 2
0038

0039.

0040

0041

0042

0043

0044 -

0.045%

004as

0047 3
0048

0049

0050

21 ° _ INTRGL

d SUBRCUTINE INTRGL‘L,NgDXgCY F,AREA'
IMPLICIT REAL *8 ([A~H ,0~-2)
EXTERNAL F
M=N=l
SUM =0,.0
X==1,0
==l1a.C
CALL F (LyXgYgAlld
X==140
Y=1a.90
CALL F (LygXpYgA2)d
X=140
Yxzl.0
CALL F (LyXgYghAld)
X=1a.0 .
Y==140
CALL F {(LyXgYgAs) .
SUM=SUNM +A1+AZ2+AJ+AS
SUM=SUMSQ,25%
X==1,0+DX
DO 1 I=2.M™
Y==3,4.0 .
CALL F (LyXaY54A1)
Y=1.0
CALL F (LeXyeYaA2)
SUMSSUMSLALI+AZ
X=X+DX
CONTINUE
Y==1l+.0%+DY
DO 2 I=2+4 M
==1.0
CALL F (LyXoYsAll
TXETLl G0
CALL FlLyX3YA2)
SUMS=SUM+AL+A2
Y=Y+CY
CONTINUE
SUM=SUMEQ .50
Xz=]40
CO 3 I=24M
==1.0 f/-\

X=X+DX : !

DD 3 J=2,M ‘
Y=Y+DY N
CALL F {LyX3Y5A}
SUM=SUM+A

CONTINUE

AREA=SUMSD XeDY

RETURN

END r

at
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CcC

CC PROGRAM FOR THE SOLUTION OF 'NONLINEAR ALGEBRAIC

CC EQUATION BY THE NEWTON RAPHSON ITERATIVE PROCEDURE
CC APPLMED TO LARGE DEFLECTION OF HOMOGENEOUS PLATE

Y ARE THE UNKNOWNS IN THE EQUATIONS TO BE DETERMINED
DATA IS THE FIRST SUPPLIED VALUES FOR THE UNKNOWNS
ERR = ARE THE ALGEBRAIC EQUATIONS
AA IS THE MATRIX WHERE THE DATA OBTAINED BY USING
THE GALERKIN METHOD ARE STORED
H = ASPECT RATIO OF THE PLATE
G POISSONS RATIO OF THE PLATE
A(I,J) IS THE JACOBIAN MATRIX OBTAINED FROM THE
SYSTEM OF EQUATIONS ;
REAL *8 &{11,11),C{(11),DD(11,11),ERR(11),¥Y(11}),AA(11, 100) !
1,CcC(11,24), B(ll 100) BA(ll 127) AB(ll 127) ABl(ll 13) CWW(51,12) '
DATA Y/ll*O ODOO/
DO 111 K=1,8 : o
DO 111 L=1r39‘
‘ READ(5,4) AA(K,L)
111 CONTINUE -
4 FORMAT(4X,E25.10)
DO 112 K=9,11
DO 112 L=1,72 _ i
READ(5, 4) AA(K L) ' .
cce WRITE (6, 52) K,L,AA(K,L)
52 FORMAT (9X,14,14, 325 10) ?
112 CONTINUE ‘ - :
DO 222 K=9,11 ’
DO 222 L=1,127 -
READ(5,4) AB(K,L) '
222 CONTINUE
DO 1001 KQ=1,51
AKQ=KQ
Q=5.*(AKQ-1.0)
H=0.0
G=0.3
DO 113 L=1,4
DO 114 M=1,13
114 B{L,M)=AA(L,M)
DO 115 M= 14, 17
115 . B(L,M}= AA(L M)*(G*H+((l 0-G)*H/2.0))
DO 116 M= 18, 26 :
116 B(L,M)=AA(L,M)*(G*H*H+(1.—G)*H*H/z.)
DO 117 M=27, 39
117 B(L,M)=AA{(L,M)*H*H*(1.0-G)/2.0 ;
C. WRITE (6,4) (L,Q{(L),L=1,31) :
CC{L,1}=B(L,1)+B(L,27)
" CC{L,2)=B(L,2)+B(L,28)
cc{L,3)=B(L,3)+B(L,29)
CC(L,4)=B(L,4)+B(L,30)
cc(L,5)=B{L,12)
cc(L,6)=B(L,15)
cc(L,7)=B(L,16)
cc{L,8)=B(L,17)
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CCC
5
113
122
123
124
125

126

121

132

TPROG5 FORTRAN A -Ls

cc(L,9)=B(L,5)+B(L;18)+B(L,31) ‘
cc(L,10)= B(L 6)+B(L 8)+8(L,19)+B(L, 21)+B(L 32)+B(L,34)
cc{(L,11)=B(L,7)+B(L, 11)+B(L 20)+B(L 24)+B(L 33)+B(L 37)
cc({L,12)=8B(L,9)+B(L,22}+B(L,35)
cc(L,13)=B(L, 10)+B(L 12)+B(L 23)+B(L,25)+B(L, 36)+B(L 38)
cCc(L,14)=B(L,13)+B(L,26)+B(L,39)
WRITE(G 5) {cc{L, J) J=1, 14)
FORMAT(//IOX,EZS.IO)
CONTINUE

DO 121 L=5,8
DO 122 M=1,4

B(L,M)=AA(L,M)*H*H
DO 123 M=5,13 . -

B(L,M)= AA(L M)*H*H*H
DO 124 M= 14,26
B({L,M)=aA(L, M) (G*H+(1.-G)*H/2.)
DO 125 M= 27,30
B(L,M)=AA(L,M)*(1.0-G)/2.0
DO 126 M=31,3$

B(L,M)=AA(L ,M)*H*(1 -G}/2.
CC(L,1)=B(L,14) . ,
cc({L,2)=B(L,15) - : : b
CC(L,3)=B{(L,16) '
cc(L,4)=B(L,17)
cc(L,5)=B(L,1)+B(L,27)
cc{L,6)=B(L,2)+B(L,28)
cc{L,7)=B(L,3)+B(L,29)
¢c(L,8)=B{(L,4)+B(L,30)
LC(L,9)=B(L,5)+B(L,18)}+B(L,31)
cc(L,10)= B(L 6)+B(L 8)+B(L,19)+B(L,21)+B{(L,32}+B(L,34)
CC{L,11)=B(L,7)+B(L, 11)+B(L 20)+B(L 24)+B(L 33)+B(L 37)
cCc(L,12)=B(L,9)+B(L,22)}+B(L, 35)
cc(L,13)=8(L, 10)+B(L 12)+B(L 23}+B(L,25)+B(L,36)+B(L, 38)
CC(L,14)=B(L,13)+B(L,26)+B(L,39)

CONTINUE

DO 131 L=9,11
DO 132 M=1,12

B(L,M)=AA(L,M)*(-12.)

b

> DO 133 M=13,24

133
134
135
/

136
137

B{L,M)=(~12.*G*H)*AA (L, M)

DO 134 M=25,36
B(L,M)=(-12.*H*H*H)*AA(L M)

DO 135 M=37,48

B{L ,M)=(-12.*H*H*G)*AA(L,M)
DO 136 M= 49,60

B{(L ,M)=(~ 12. *H*H* (], -G))*AA(L M)
DO 137 M= 61,72
B(L,M)=(-l2.*H*(l.-G))*AA(L,M)

WRITE (6,5) (B(L,M),M=1,72)
cC({L,1)=B(L,1)+B(L,37)+B{(L,49)
cc(L,2)=B(L,2)+B(L,38)+B(L,50)
CC(L,3)=B(L,3)+B(L;39)+B(L,51)
cc(L,4)=B(L,4)+B(L,40)+B(L,52)
cc{L,5)=B(L,5)+B(L,41)+B{(L,53)
CC(L,6)=B{L,6)}+B(L,42)+B(L,54)
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- ¢cc{L,13}=B(L,13)+B(L,25)+B(L,61)

: - M 130
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¢cc(L,7)=8(L,7)+B(L,43)+B(L,55)
cc(L,8)=B(L,8)+B(L,44)+B(L,56)
cc{L,9)=B(L,9)+B(L,45)+B(L,57)

cc(L,10)= B(L 10)+B(L 46)+B(L 58)
cc(L,11)=B{(L,11)+B(L,47)+B(L,59) .
cc(L,12)= B(L 12)+B{L,48)+B(L,60) :

cc(L,14)=B(L,14)+B{(L,26)+B(L,62)
cc(L,15)=B{(L,15)+B(L,27)+B{(L, 63}
cc(L,16)=B(L,16)+B(L,28)+B(L,64)
¢c(L,17)=B(L,17)+B{L,29)+B(L,65)
CC(L,18)}=B(L,18)+B(L,30)+B(L,66)
¢c(L,19)=B(L,19)+B(L,31)+B{(L,67)

, €C(L,20)=B(L,20)+B(L,32)+B(L, 68)

131

99

225
226
227
228
- 229
230
231

cc(L,21)=B(L,21)+B{L,33)+B(L,69)
cc(L,22)=8(L,22)+B(L,34}+B(L,70)
cc(L,23)=B(L,23)+B(L,35)+B(L,71)
CcC(L,24)=B(L,24)+B(L,36)+B(L,72)

CONTINUE

DO 224 L=9,11 )

‘DO 99 M=1,3
BA(L,M)=AB(L,M)

DO 225 M=4,6

BA(L,M)= AB(L M)*2, *Y*H

DO 226 M=7,9

BA(L,M)=AB(L,M)*H*H*H*H .

DO 227 M=14,31 *

BA(L,M)=AB(L ,M)*(-6.0)

DO 228 M=35,52

BA(L,M)=AB(L,M)*(-6.*H*H*G)

DO 229 M=59,76

BA{(L,M)=AB(L,M)*(~6.*H*K*G)

DO 230 M=83,108

BA(L,M)=AB(L M)*(-12_.*H*H*(1.-G)})

DO 231 M=110,127

BA(L,M) AB(L M)* (-6, *H*H*H*H)

AB1(L,1l)=BA(L, l)+BA(L 4)+BA(L,7)
AB1(L,2)=BA(L,2)+BA(L,5)+BA(L,8)}
AB1(L,3)=BA(L,3)+BA(L,6}+Ba(L,9}

AB1(L,4)=BA(L, 14)+BA(L 35)+BA(L 59)}+BA(L,83)+BA(L,110)
ABl(L,5)=BA(L,15)+BA(L,23)+BA(L,36)+BA(L,44)+BA(L,60)+BA(L,68)
1+BA{L, 111)+BA(L 119)+BA{L 87)+BA(L 93)+BA(L 95)
AB1(L,6)=BA(L, 16)+BA(L 30)+BA(L 37)+BA(L 51)+BA(L 61)+BA(L,75)
1+BA(L, 112)+BA(L 126)+BA(L 91)+BA(L 103)+BA(L 107)
AB1(L,7)=Ba(L, 17)+BA(L 20)+BA(L 38)+BA(L 41)+BA(L 62)+BA(L,65)

1+8A(L.113)+BA(L, 116)+BA(L,84)+BA(L, 86)+BA(L,92)

AB1(L,8)=BA(L, 18)+BA(L 26)+BA(L 39)+BA(L 47)+BA(L 63)+BA(L,71)
1+BA(L, 114)+BA(L 122)+BA(L 85)+BA(L 89)+BA(L 101)

ABl1{(L,9)=3BA(L, 19)+BA(L 24)+BA(L 29)+BA(L 40)+BA(L 45)+BA(L,50)
1+BA(L, 64)+BA(L 69)+BA(L 74)+BA(L 115)+BA(L 120)+BA(L 125)-
2+BA{L,88)+BA(L,90)+BA(L,94)}+BA(L,98)+BA(L, 102)+BA(L 104)

AB1(L,10)=BA(L,21)+BA(L,42)+BA(L,66)+BA(L,117)+BA(L,96) -

AB1(L,11)=BA{L,22)+BA{L,31)+Ba{(L,43)+BA(L,52)+BA(L, 67)+BA(L
176)+BA(L 118)+BA(L 127)+BA(L 100)+BA(L 106)+BA(L 108)

ABL(L, 12) BA(L, 25)+BA(L 27)+BA(L 46)+BA(L 48)+BA(L 70)+BA(L,72)
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CCC
224

12

e~
el

1+BA(L,121)+BA(L,123)+BA(L,97)+BA(L,99)+BA(L,105)
AB1(L,13Ll=BAa(L, 28)+BA(L 49)+BA(L 73)+BA(L 124)+BA(L 109)
WRITE(G 5) (ABl(L M) ,M=1,13)
CONTINUE -
DO 1 1I=1,11% : T
DO 1 J=1,11

- A(1,3)=0.0 . P
ITER=0 : -

a(l,1)=cc(1,1)

a(1,2)=cc{1,2) -

a{1,3)=Ccc(1,3)

A(1,4)=CC(1,4) |

a(l,5)=cc(1,5) - ;

A(l,8)=CC(1,6) .

a(l,7)=cc(1,7} l

A(1,8)=cc(1,8)

a{1,9)=2. *cC(1, 9)*Y(9)+CC(1 11)*¥(11)+CC(1,10)*¥(10)
a(l1,10)=cc(1, 10)*v(9)+2.*CC(1, 12)*?(10)+cc(1 13)*Y(11)}
A(1,11)=CC{1,11)*¥(9)+CC(1, 13)%7(10)+2.%CC(1,14)*Y(11)
A(2,1)=cc(2, 1)

A(2,2)=CC(2,2)

a(2,3)=cc(2,3)

a(2,4)=Ccc(2,4)

A(2,5)=Ccc{2,5)

a(2,6)=CC(2,6)

a(2,7)=Ccc(2,7)

A(2,8)=Cc(2,8)

a(2,9)=2. *CC(Z 9)*v(9)+cC(2, 11)*?(11)+cc(2 10)*v(10)
A(2,10)=cc(2, 10)*7(9)+2.*CC(2, 12)Y*7(10)+CC{2,13)*Y(11)
A{2,11)=CC(2,11)*¥(9)+CC(2, 13)*Y(10)+2 *CC(2,14)*¥Y(11)
A(3,1)Y=CC(3, 1)

A(3,2)=CC(3,2)

A(3,3)=cc(3,3J

A{(3,4)=CC(3,4)

A(3,5)=CC(3,5)

* A(3,6)=CC(3,6)

A{3,7)=CC(3,7)

A(3,8)=CccCc(3,8)

A(3,9)=2. *cc(3 9)*7(9)}+CC(3,11)}*¥{11)+CC(3,10)*Y(10)
a{3,10)=Ccc(3, 10}*7(9)+2. *cc(3 12)*Y(10)+CC(3 13)*7(11)
A(3,11)=CC(3,11)*T(9)+CC(3, 13)*7(10)+2. *cc(3 14)*¥(11)
A{¢,1)=CcC(4, 1)

A(4,2)=CC(4,2)

A(4,3)=cc(4,3)

a{4,4)=CC(4,4)

A(4,5)=CC(4,5)

A(4,6)=CcCcl4,6)

___/h(a;7)=CCl4,7)

Aa{4,8)=CC(4,8)

A(4,9)=2. *CC(4,9)*7(9)+CC(4,11)*¥(11)+CC(4, 10)*2(10)
A(4,10)=CC(4,10)*Y(9)+2. xcC(a,12)*7(10)+CC(4,13)*¥(11)
A(4.11)=CC(4,11)*¥(9)+CC(4, 13}*¥(10)+2.%CC(4,14)*¥(11)

,A(5,1)=CC(5,1)

A(5,2)=CcC(5,2)
§(5,3)=CC(5,3)
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,9)*Y(9)+CC(7,11)*¥(11)+CC(7,10)*Y(10)
0)*¥(9)+2.*CC(7,12)*Y(10)+CC(7,13)*¥Y(11)
1}*¥(9)+CC(7,13)}*Y(10)+2.*CC(7,14)*¥Y(11)

A(7,10)=CC(7,
A{(7,11)=Cc{(7,

A(8,1)=CccC(8,1
A(8,2)=CC(8,2
A(8,3)=Ccc(8,3
A(B,4)=CC(8,4
A(8,5)=CC(8,5
A{8,6)=CC(8,6
A{8,7)=CC(8,7
a(8,8)=cc(s,s

FILE: TPROGS FORTRAN A : ’ A
A(5,4)=CC(5,8) v .
A(5,5)=CC(5,5) - T
A(5,6)=CC(5,6) -

A(5,7)=CcC¢(5,7)

a(s5,8)=cc(5,8) ' : .
A(5,9)=2.*CC{5,9)*¥Y(9)+CC(5,11)*¥(11)+CC(5,10}*Y(10Q)
A(5,10)=CC(5,10)*T(8)+2.*CC{5,12)*7(10)+CC(5,13)*¥(11)
A(5,12)=CC(5,11)*Y(9)+CC(5,13)*Y(10)+2.*CC(5,14)*¥(11)
‘a(6,1)=CcC{6,1) .

A(6,3)=CC(6,3)

A(6,4)=CC(6,4)

A(6,5)=CC(6,5)

A(6,6)=CC(6,6)

A{6,7)=CC(6,7) -
a(6,8)=cc(6,8) _ -
A(6,9)=2.%CC(6,9)*Y(8)+CC(6,11)*¥Y(11)+CC(6,10)*¥Y(10)
A(6,10)=CC{6,10)}*Y(9)+2. *cc(s 12)*Y(10)+CC(6 13)*y(11)
A{6,11)=CC{6,121)*Y(9)+CC(8, 13)*Y(10)+2 *CC(6,14)*Y(11) ~
a(7,1)=cc(7,1)

a(7,2)=cc(7,2)

a{7,3)=Ccc(7,3)

A(7,4)=CC(7,4)

a(7,5)=Ccc(7,5)

a(7,6)=Ccc(7,6)

A(7,7)=CcC(7,7)

“A(7,8)=Cc(7,8)

7

1

1

)

)

)

)

)

)

;
A(8,9)=2.*CC(8,9)*Y(9)+CC(8,11)*Y(11)+CC(8,20)*¥(10)
2(8,10)=CC(8,10)*¥(9)+2.*CC(8,12)*Y(10)+CC(8,13}*¥Y(11)
A(8,21)=CC(8,11)*Y(9)+CC(8,13)*Y(10)+2.*CC(8,14)*Y(11)
A(9,1)=CC(9,1}*Y(9)+CC(9,5)*T(10)+CC(9,8)*¥Y(11)
A{9,2)=CC(9,2)*Y(F)+CC(9,6)*¥(10)+CC(9,10)*¥(11) .
2(9,3)=CC(9,3)}*Y(8)+CC(9,7)*¥Y(10)+CC(9,11)*¥v(11)

- A(9,4)=CC(9,4)*Y(9)}+CC(9,8)*Y(10)+CC(9,12}*v(11)
A(9,5)=CC(9,13)*Y(9)+CC{9,17)*¥Y(10)+CC(9,21)*¥Y(11)
A(9,6)=CC(9,14)*Y(9)+CC({9,18)*Y(10)+CC(9,22)*Y(11) .
A(9,7)=CC(9,15)*¥(9)+CC(9,19)*¥Y(10)+CC(9,23)*Y(11)
A(S,8)=CC(9,16)*Y(9)+CC(9,20)*T(10)+CC(9,24)*¥Y(11)
A(S9,9)=CC(9,1)*Y(1)+CC(9,2)*Y(2)+CC(9,3)*Y(3)+CC(9,4)*Y (&)

1+CC(9,13)*¥(5)+CC(9, 14)*Y(6)+CC(9 15)*V(7)+cc(9 16)*V(8)
2+AB1(9,1)+AB1(9, 4)*3 *Y(Q)*Y(9)+A31(9 5)*Y(10)*Y(10)
3+AB1(9,6)*Y(11)*Y(11)+2 *AB1(9, 7)*Y(9)*Y(10)+ABI(9 9)*Y(10)*V(ll)
4+AB1(9,8)*2.*v(9)*v(11)
A(9,10)=CC(9,5)*Y(l)+CC(9,6)*Y(2)+CC(9,7)*Y(3)+CC(9,8)*Y(4)

18

-

e e bl et et e & o i e s

TS e



: ' ‘ 133
FILE: TPROGS FORTRAN A

e

1+CC(9,17)*¥(5)+CC(9,I8)*Y(6)+CC(9,18)*Y(7)+CC(9,20)*7(8) -

2+AB1(9,2)+AB1(9,5)*2.*Y(10)*Y(9)+AB1(9,7)*Y(9)*¥(9)
3+ABl(9,9)*!(9)*Y(ll)+ABl(9,10)*3.*?(10)*?(10)+ABl(9,ll)*Y(11)*

4Y(11)+AB1(9,12)*2,*¥Y{11)*v{10) ' . ‘

. A(9,11)=CC(9;9)*Y(l)+CC(9,10)*&(2)+CC(9,11)*?(3)+CC(9,12)*Y(4)

1+CC(9,21)*Y(5)+CC(9,22)*Y(6)+CC(9,23)*Y(7)+CC(9,24)*¥(8)
2+AB1(9,3)+AB1(9,6)*2.*Y(11)*Y(9)+AB1(9,9)*¥(9)*Y(10)

3+ (9,11)*2.*Y(10)*Y(11)+A31(9,8)*?(9)*?(9)+A31(9,12)*Y(101*Y(10)

49AB1(9,13)*3.*¥(11)*7(11)
A(lO,l)=CC(10,l)*Y(9)+CC(10,5)*Y(10)+CC(10,9)*Y(11)
A(lO,2)=CC(10,2)*YK90+CC(10,6)*Y(10)+CC(10,10)*Y(11)
A(10,3)=CC(10,3)*Y(9)+CC(10,7)}*¥(10)+CC(10,11)}*v(11)
A(10,4)=CC(10,4)*¥(9)+CC(10,8)*Y(10)+CC(10,22)}*¥(11)
A(10,5)=CC(10,13)*Y(9)+CC(Y10,17)*¥(10)+CC(10,21)*¥(11)
AT10,6)=CC(10,14)*Y(9)+CC(10,18)*Y(10)+CC(10,22)*¥(11)
A{10,7)=CC(10,15)*Y(9)+CC(10,19)*Y(10)+CC(20,23)*¥(11)
A(10,8)=Cc(10,16)*Y(9)+CC{10,20)*Y(10}+CC(10,24)*Y(11)
A{10,9M<CC(10,1)*Y(1)PCC(10,2)*¥(2)+CC(10,3)*Y(3)+CC(10,4)*¥(4)

1+CC(10,iﬁ)*Y(5)+CC(10,14)*Y(6)+CC(10,lS)*Y(7)+CC(10,16J*Y(8)
2+AB1{(10,1)+AB1(10,4)*3.*Y(9)*Y(9)+AB1(10,5)*Y(10)*¥Y(10) '
3+AB1(10,6)*Y(11)*Y(11)+AB1(10,7)*2.*7(9)*Y(10)+AB1(10,9)*
4¥(10)*Y(11)+AB1(10,8)*2.*Y(9)*Y(11) : ‘
A(10,10)=CC(10,5)*¥(1)+CC(10,6)*¥T{2)+CC(10,7)*Y(3)+CC(10,8)*T(4)
1+CC(10,17)}*¥(5)+CC{10,18)*¥(6)+CC{10,19)*Y(7)+CC(10,20)*¥(8)
2+AB1(10,2)}+AB1{(10,5)*2,*Y(S)*¥(10)+AB1(10,7)*Y(9)*¥(9)
3+AB1(10,9)*Y(9)*¥(11)+AB1(10,10)*3.*¥(10)*Y(10)+AB1(10,11)*
4¥(11)*¥(11)+AB1(10,12)*2_*Y(10)*Y(11l) . o , . :
A(%OS11)=CC(10,9)*Y(l)+CC(10,lO)*Y(2)+CC(10,11L*Y(3)+CC(10,12)‘

1*Y(4 g : :

1+CC(10,21)*Y(5)+CC(10,22)*Y(6)+CC(10,23)*Y(7)+CC(10,24)*7v(8)

2+AB1(10,3)+2.*AB1(10,6)}*¥Y(S)*Y(11)+AB1(10,9)*¥(9)*¥(10)
3+2.*AB1(10,11)*Y(10)*Y(11)+ABL(10,8)*¥(9)*Y(9)+AB1(10,12)*7(10)
4*¥(10)+AB1(10,13)*3,*Y(11)*vY(11) :
A(11,1)=CC(11,1)*Y(9)+CC(11,5)*¥T(10)+CC(11,9)*¥Y(11)
A(11,2)=CC(11,2)*Y(9)+CC(11,6)*¥Y(10)+CC(11,10)*¥(11)
A(11,3)=CC(11,3)*¥Y(S)+CC(1L,7)*¥(10)+CC(11,11)*¥(11)
A(11,4)=CC(11,4)*Y(9)+CC(11,8)*¥(10)+CC(11,12)*¥ (11}
A(11,5)=CC(11,13)*Y(9)+CC(11,17)*Y(10)+CC(11,21)*¥(11)

- A(11,6)=CC(11,14)*Y(9)+CC(11,18)*¥(10)+CC(11,22)*¥Y(11)
A(11,7)=CC(11,15)*Y(9)+CC(11,19)*¥(10)+CC(21,23)*7(11)
A(11,8)=CC(11,16)*¥Y(9)+CC(11,20)*Y(10)+CC(11,24)*¥(11)
A(11,9)=CC(11,1)*Y(1)+CC(11,2)*Y(2)+CC(11,3)*Y(3)+CC(11,4)*Y(4)

1+CC(11,13)*¥(5)+CC(11,14)*¥Y(6)+CC(11,15)*Y(7)+CC(11,16)*¥(8)

2+AB1(11,1)+AB1(11,4)*3.*Y(9)*Y(9)+AB1(11,5)*¥Y(10)*¥(10) B
3+AB1(11,6)*Y(11)*Y(11)+AB1(11,7)*2.*¥(9)*Y(10)+AB1(11,9)*¥(10)

4*¥Y(11)+AB1(11,8)*2_*¥Y(9)*¥(11) =
A(11,10)=CC(11,5)*¥(1}+CC(11,6)*Y(2)+CC(11,7)*Y(3)+CC(11,8)*Y(4)

1+CC(11,17)*Y(5)+CC(11,18)*Y(6)+CC(11,19)*Y(7)+CC(11,20)*Y(8)
2+AB1(11,2)+AB1(11,4)*2.*%Y(9)*Y(10)+AB1(11,7)*Y(9)*¥(9) . '
3+AB1(11,9)*¥Y(9)*Y(11)+AB1(11,10)*3.*Y(10)*¥(10}+AB1(11,11)*y

4(11)*Y(11)+AB1(11,12)*2.*¥(10)*Y(11) ' ,
A(%l;11)=CC(ll,9)*Y(1)+CC(11,lO)*Y(2)+CC(11,ll)*Y(3)+CC(ll,12)

1*v(4) e

1+CC{11,21)*¥(5)+CC(11,22)*Y(6)+CC(11,23)*Y(7)+CC(11,24)*¥(8)

"2+AB1(11,3)+AB1(11,6)*2.*¥(9)*¥(11)+AB1(11,9)*¥(9)*¥Y(10)

- : ."J
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FILE:
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3+ABl(11 ll)*2 *¥(10)*v(11)+ABl1(11, 8)*Y(9)*Y(9)+ABI(11 12)*

4Y(10)*Y(10)+ABI(11 13)*3, *Y(ll)*Y(ll)

10

© 44

"~ 50

CALL EQTN(Y,CC,ERR,AB1,Q)

DO 10 I=1, 11

C(I)=-ERR(I)

BIG=DABS(C(1))

DO 31 I=2,11

IF(BIG LT, DABS(C(I))) BIG=DABS(C(I))
CONTINUE .

Do 11 I=1,11 :

Do 11 J=1,11 -

- DD(1,3)=A(1,J)

CALL SIsT(DD,C,11) -

DO 44 I=1,11 A : :
Y(I)=C{I)+¥(1)

ITER=ITER+]

IF(ITER .GT. 15) GO TO 100
FORMAT(11F10.7)

-IF(BIG .GT. 1.0E-10) GO TO 12

100

WRITE(6,50) (¥(1},1I= 1 11)

© DO 1002 KKK=]1,11

1002
1001

1004
1005
1003

C

C THE NONLINEAR ALGEBRAIC EQUATIONS

C

WW(KQ,1}=0
WW(KQ KKK+1)= Y(hhh)
CONTINUE

DO 1004 KL=1,51

- WRITE (6,1005) WW(KL,l),WW(KL,10)

CONTINUE

FORMAT(1X,2F15.7) ‘
WRITE(S6, 1003) {({(ww(I1,J3),J3=1,12},I=1,51)

FORMAT(IX 12F10. 6) -
STOP.
END

SUBROUTINE EQTN(Y CC,ERR,AB1,Q)

REAL *8 ¥(11), CC(ll 24) ERR(ll) ,AB1(11,13) .
ERR(1)=Cc(1, l)*Y(1)+CC(l 2)*Y(2)+CC(1 3)*Y(3)
1+cc(1, 4)*?(4)+cc(1 5)*Y(5)+CC(1 6)*Y(6)+CC(1 7Y*e(7)
2+CC(1,8)*¥(8)+cC(1, 9)*Y(9)*Y(9)+CC(1 10)*?(9)*?(10)

3+CC(1, 11)*!(9)*V(11)+cc(1 12)*Y(10)*Y(10)+CC(1 13)*¥(10)*¥(11)
4+CC(1,14)*Y(11)*¥{(11)

ERR(2) =CC(2,1)*v(1)+CcC(2, 2)*Y(2)+CC(2 3)*7(3)

1+CC(2, 4)*?(4)+cc(2 5)*?(5)+cc(2 6)*Y(6)+CC(2 7)*v(7) -
2+CC(2,8)*¥{(8)+CC(2, 9)*?(9)*?(9)+cc(2 10)*Y(9)*¥(10)

3+CC(2, 11)*?(9)*?(11)+cc(2 12)*Y(10)*Y(10)+CC(2 13}*Y(10)*Y(11)
4+CC(2,14)*¥(11)*v(11)

ERR(B) =CC{3,1)*Y(1)+CC(3,2)*¥(2)+CC(3,3)*Y(3)

1+CC(3, 4)*?(4)+cc(3 5)*Y(5)+CC(3 6)*Y(6}+CC(3 7Y*¥(7)
2+CC(3,8)*Y(8)+CC(3,9)*¥(9 )*Y(9)+CC(3 10)*Y(9)*Y(10)

3+CC{3, 11)*?(9)*Y(11)+cc(3 lZ)*Y(lO)*Y(lO)+CC(3 13)*Y(10)*v(11)
4+CC(3,14)*v(12)*¥(11}

ERR(4) =CC(4,1)*Y(1)+CC(4,2)*¥(2)}+CC(4,3)*Y(3)

1+CC(4, 4)*Y(4)+cc(4 5)*Y(5)+CC(4 6)*Y(6)+CC(4 7)*Y(7)

o

-
-
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2+CC (4, 8)*Y(8)+CC(4 9)*Y(9)*Y(9)+CC(4 10)*?(9)*?(10) o
3+CC(4, ll)*Y(Q)*Y(11)+CC(4 lZ)*Y(lO)*Y(10)+CC(4 13)*7(10)*%(11)
 4+CC(4,14)*T(11)*Y(11)

ERR(5) =CC(5,1)*Y(1)}+CC(5,2)*v(2)+CC(5, 3)%Y(3)
1+CC(5, 4)*?(4)+cc(5 5)*Y(5)+CC(5 6)*Y(6)+CC(5 7)y*¥(7)
2+CC(5,8)*¥(8)+CC(5, 9)*Y(9)*Y(9)+CC(5 10)*?(9)*1(10) :
3+CC(5, 11)*?(9)*2(11)+cc(5 12)*?(10)*?(10)+cc(5 13)*?(10)*?(11)
4+CC(5,14)*Y(11)*¥(11)

ERR(6) =CC(6,1)*¥(1)+CC(6,2)*Y(2)}+CC(6,3)*¥(3)
1+Cc(6, 4)*?(4)+CC(6 5)*Y(5)+CC(6 6)*Y(6)+CC(6 7)*¥(7) *
2+CC(6,8)*¥(B)+CcC(6, 9)*Y(9)*Y(9)+CC(6 10)*Y(9)*7(10)
3+CC (6, 11)*Y(9)*Y(11)+CC(6 12)*Y(10)*Y(10)+CC(6 13)*¥7(10)*Y(11)
4+CC(6,14)*Y(11)*¥Y(11)

_ BRR(7)= =CC(7,1)*Y(1)}+CC(7,2)*Y(2)+CC(7,3)*¥(3)
1+CC(7,4)*Y(4)+CC(7 5)*Y(5)+CC(7,6)*Y(6)+CC(7,7)*¥(7)"
2+CC(7,8)*v(8)+CC(7, 9)*Y(9)*Y(9)+CC(7,10)*Y(9)*Y(10) .
.3+CC(7, 11)*Y(9)*Y(11)+CC(7 12)*Y(10)*¥(20)+CC(7,13)*¥(10)*¥(11)
4+CC(7,14)*Y(11)*v(11) ‘

ERR(8) =CC(8,1)*¥(1)+CC(8,2)*Y(2)+CC(8,3)*¥(3)
1+CC(8, 4)*?(4)+CC(8 5)*Y(5)+CC(8 6)*Y(6)+CC(8,7)*Y(7)
2+CC(8,8)*Y(8)+CC(8, 9)*Y(9)*Y(9)+CC(8 10)*¥(9)*¥(10)
3+CC(8, 11)*Y(9)*Y(11)+CC(8 lZ)*Y(lO)*!(lO)+CC(8 13)*Y(10)*v(11)
4+CC(8,14)*¥(11)*¥(11)

ERR(9) =CC{9,1)*T(1)*Y(9)+CC(S,2)*Y(2)*Y(9)+CC(9,3)*Y(3)*¥Y(9)
1+CC(8S, 4)*Y(4)*Y(9)+CC(9 5)*Y(1)*Y(10)+CC(9 6)*?(2)*?(10)
2+CC(9,7)*Y(3)*Y(lO)+CC(9,8)*Y(4)*Y(10)+CC(9 9)*Y(1)*Y(11)
3+€C(9,10)*Y(2)*¥(11)+CC(9, 11)*?(3)*?(11)+cc(9 12)*Y(4)*¥(11)
4+CC(9,13)*Y(5)*¥(9)+CC(9, 18)*v(6 Y*Y(9)+cc(9, 15)*?(7)*2(9)
5+CC{9,16)*Y(8)*Y(9)+CC(9, 17)*Y(5)*Y(10)+CC(9 18)*Y(6)*¥(10)
6+CC(9, 19)*Y(7)*Y(10)+CC(9 20)*Y(8)*Y(10)+CC(9 21)*7(S)*v{11)
7+CC(9,22)*Y(6)*¥(11)+CC(9,23)*Y(7)*¥(11)+CC(9,24)*¥(8)*¥Y11)
8+ABl(9 1)*¥(9)+AB1(9, 2)*Y(10)+ABI(9 3)*Y(11)+ABl(9 4)*
9(Y(9)**3)+ABI(9 5)*Y(9)*Y(10)*Y(10)+A81(9 6)*Y(9)*Y(11)*Y(11)+
1ABI(9, 7)*?(9)*Y(9)*Y(10)+ABI(9 9)*Y(9)*Y(lO)*Y(11)+ABl(9 10)=*
2(Y(lO)**3)+ABl(9 ll)*Y(lO)*Y(ll)*Y(ll)+ABl(9 8)*Y(ll)*Y(9)*Y(9)
3+AB1(9, 12)*Y(ll)*Y(lO)*Y(10)+ABl(9 13)*(Y(11)**3)=1. 137777%Q .

ERR(10)= CC(10,1)*Y(1)*¥(9)+Ccc(i0, 2)*?(2)*Y(9)+CC(10 3)*Y(3)*¥(9)
1+Cc(10, 4)*Y(4)*Y(9)+CC(10 5)*Y(l)*Y(lO)+CC(10 6)*7(2)*Y(10)
2+Cc (10, 7)*Y(3)*Y(10)+CC(10 8)*Y(4)*Y(10)+CC(10 9}*¥(1)*Y(11)
3+Ccc(1o0, lO)*Y(Z)*Y(11)+CC(1O 11)*?(3)*2(11)+cc(10 12)*v(4)*¥(11)
4+CC(10,13)*¥(5)*Y(9)+CC(10, 14)*Y(6)*Y(9)+CC(10 15)*?(7)*!(9)
5+CC(10,16)*Y(8)*Y(9)+CC(10, 17)*Y(5)*Y(10)+CC(10 18)*¥(6)*Y(10)
6+CC(10,19T*Y(7)*Y(10)+CC(10 20)*2(8)*2(10)+cc(10 21)*¥(5)*v(11)
7+CC(10,22)*¥Y(6)}*Y(11)+CC(10,23)*Y(7)*T(11)+CC(10,24)*¥(8)*Y(11)
8+ABl(10 1)*¥(9)+AB1(10, 2)*Y(lO)+ABl(10 3)*Y(ll)+ABl(10 4}*
9(Y(9)**3)+ABI(10 5)*Y(9)*Y(lO)*Y(lO)+ABl(10 6)*Y(9)*Y(11)*Y(11)+
1AB1(10, 7)*Y(9)*Y(9)*Y(10)+AB1(10 9)*Y(9)*Y(lO)*Y(ll)+ABl(10 10)* -
2(Y(10)**3)+ABI(10 11)*Y(lO)*Y(ll)*Y(ll)+ABl(10 8)*¥(11)*Y(9}*v(9)
3+AB1(10, lZ)*Y(ll)*Y(lO)*Y(10)+ABI(10 13)*(¥(11)**3)-0. 16253964*Q

ERR(ll}=CC(11,l)*Y(l)*Y(9)+CC(11,2)*Y(2)*Y(9)+CC(11,3)*Y(3)*Y(9)
1+CC(11,4)*Y(4)*Y(9)+CC(11,5)*Y(1)}*Y(10}+CC(11,6)*¥Y(2)*¥Y(10)
2+CC(11,7)*Y(3)*¥(10)+CC(11,8)*Y(4)*Y(10)}+CC(11,9)*Y(1)*¥(11)
3+CC(11,10)*¥(2)*Y(11)+CC(11,11)*¥(3)*Y(11)+CC(11,12)*Y(4)*Y(11)
4+CC(11,13)}*¥(5)*¥(9)+CC(11,14)*Y(6)*Y(9)+CC(11,15)*Y(7)*Y(9) '
5+CC(11,16)*Y(8)*¥(9)+CC(11,17)*¥(5)*Y{(10)+CC(11,18)*¥(6)*¥(10)
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6+Ccc{11, 19)*?(7)*!(10)+cc(11 20)*?(8)*2(10)+cc(11 21)*Y(5)*Y(11)
7+CC{11,22)*Y(6)*¥(11)}+CC{11,23)*¥(7)*Y(L1)}+CC(1),24)*¥(8)*¥(11)
8+ABI(11 1)*y(9)+AB1(11, 2)*!(10}+A31(11 3)*Y(11)+A31(11 4)* o
9(Y(9)**3)+A31(11 5)*Y(9)*Y(10)*Y(10)+A81(11 6)*!(9)*?(11)*Y(ll)+ ‘
1AB1(11, 7)*Y(Q)*Y(Q)*Y(10)+A31(ll 9)*?(9)*?030)*?(11)+A31(11 10)* .
2(Y(10)**3)+A31(11 11)*Y(10)*Y(11)*Y€11)+A31(ll 8)*Y(11)*Y(9)*¥(9)
3+AB1(11, 12)*Y(11)*Y(lO)*Y(10)+ABl(lL 13)*(!(11)**3) 0.16253964*Q
RETURN

END

SUBROUTINE FOR THE SOLUTION OF A SYSTEH OF LINEAR
- EQUATION

R R

SUBROUTINE SIST(A,B,N)

REAL *8 A(N,N),B(N) -7
REAL *8 D,BA,H

NM1=N-1

D=1.0D00

_ @0 7 R=1,NM1

BA=A{K,K)

J=K"

KP1l=RK+1 :

DO 1 I=KP},N
IF(DABS(BA) .GE. DABS(A(I,K))) GO TO 1
BA=A(I,K) '

J=1

. CONTINUE -

D=D*BA
IF{(J .LE. K) GO TO 3
IF(DABS(D) .EQ. 0.0D00) GO TO 9
DO 2 I=K-N

H=A(K,I)

A(K,1)=a(J,1}/BA

A(J,I)=H

H=B(K)
B(K}=B(J)}/BA: _ :
B(J)=H

GO TO 5 - -
DO 4 I=KRP1,N -
A(K,I1)=A(K,I1)/BA
B(K)=B(K)/BA

DO 7 I=KP1,N

DO 6 J=KPl1l,N
A{I,J)=A(1,J)-A(I,K}*A(K,J)
B(I)=B(I)-A(I,K)*B(K)
D=D*a(N,N)
IF(DABS(D) .EQ. 0.0D00) GO TO 9
B(N)= B(N)/A(N N)
DO 8 I=1,NMl

K=N-1I
KP1=K+1

. DO 8 J=KP1,N
B{(K)=B(K)-A(K,J)*B(J) -

"RETURN

WRITE (6,10)
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FILE: TPROGZ FORTRAN A

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
- C .. PROGRAM FOR BUCKLING PROBLEM o
C ‘USED AFTER THE NECESSARY DEFINITE INTEGRATIONS C
CCCCCCCCCCCCCCCCCCCCCCLCCLCLeeeeceeceeeeceecceceeeeceeccececce
AM REPRESENTS MEW IN THE DIFFERENTIAL EQUATION

H = ASPECT RATIO .

R = AXIAL LOAD RATIO NY/NX

QQ = EIGEN VALUE

A AND B ARE THE MATRICES IN THE TWO SIDE OF THE EIGEN
VALUE PROBLEM FORMED FROM THE RESULTS OF .THE DEFINITE
INTEGRATIONS WHICH ARE STORED IN X AND Y MATRICES

NAONOOOON

INTEGER N,IA,IB,I1J0¥,1Z,IER .
REAL*S A(? 7) B(? 7) wa(7) BETA(7), x(7 27),¥(7,18),P(7),0Q
1,%1(7,27)
COMPLEX*lG z2(7,7),ALFA(7),E(7),2N
Ia=7"
IB=7
12=7
N= 7
IJOB=1
READ (5,1) (
READ (S5, 1) {
DO 101 IK=1,
DO 101 JK=1,5
XJK=JK
XIK=IK
H=1.0+0.25*(XJK-1.0)
R=XIK-1.0
DO 25 1=1,7
DO 25 J=1,7 -
J=J+9 - -
KRK=J+18
Z1(1,J)=X(1,d) :
X1(1,;d3J3})= X(I JJ)*2. *H*H
XI1(I,KK)=X(I,KK)*H*H*H*H
A(I,J)=Xl(I,J)+Xl(I,JJ)+Xl(I,KK)
AM=0.013748 :
B(I,J3)=Y(I,J)+R*H*H*Y(I,JJ)-AM*(X(I,J)+X(I, JJ)*(R*H*H+H*H)
1+x(1 KK)*R*H*H*H*H)
25 CONTINUE
CALL EIGZF (A,IA,B,IB,N,IJOB,ALFA,BETA, z 1Z,WK,IER)
Do 5 J=1,7
. E(J)= ALFA(J)/BBTA(J)
P{(J)=E(J}
5 CONTINUE
Q=P(1)
DO 55 J=2,7
IF (DABS(P(J)) DABS(Q)) 56,57,55
56 Q=P(J) ‘ :
GO TO 55,
57 Q=P(J)
55 CONTINUE
Q0=0*0.40528 )
WRITE(6,103) R,H,QQ -

s

ey P
s




FILE: TPROG4 FORTRAN A

103 - FORMAT(3F12.6)

101 .  CONTINUE

2. FORMAT (2F20.7)

1 FORMAT(4X,F12.7) -
STOP .
END

9
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FILE: TPROG3 FORTRAN A . 140

"CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCLeCececececeeceecee
Cc PROGRAM FOR VIBRATION PROBLEM
CCCCCCCCCCCCECCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeeecee
CccC

CcC DEG = SKEW ANGLE \

cc Tl= FACE THICKNESS

cC CO0= CORE THICKNESS

CC GM = SHEAR RIGIDITY OF THE CORE

cC ANEW = POISSONS RATIO OF THE FACE MATERIAL

CcC EF = MODULUS OF ELASTICITY OF THE FACE MATERIAL .

CcC XL,YL = DIMENSIONS OF THE PLATE IN X AND Y DIRECTIONS
CcC H = ASPECT RATIO

CcC Ul AND DP ARE THE ELASTIC CONSTANTS

cc A-AND B ARE THE MATRICES DEFINING TWO SIDES OF THE

cC . EIGEN VALUE PROBLEM WHICH ARE FORMED FROM THE RESULTS
CcC OF THE DEFINITE INTEGRATIONS STORED IN MATRICES X

cC AND ¥
ccC QQ = THE REQUIRED EIGEN VALUE
ce

. INTEGER N,IA,IB,1J0B,1Z,IER '
REAL*8 QQ(7),A(7,7),B(7,7),WK(7),BETA(7)"X(7,63),X1(7,63)
© COMPLEX*16 2(7,7),ALFA(7),E(7),2N :
IA=7
IB=7
12=7
N=7
I1JOB=1
DEG=0.0 ,
PHI=DEG*3.1416/180.0
Cl=COS(PHI)
S=SIN(PHI)
T1=0.016
C0=0.25
GM=1000.00
ANEW=0. 34
EF=10.0%*7
XL=20.00
YL=20.00 X
H=1.00 )
DP=(EF/(1.-ANEW*ANEW) }*{ ({T1**3)/6.0)+{T1/2.0)*({CO+T1)**2))
Ul=GM*C0
DEN=500.02/(10. 0**6)
READ (5,1) ((X(1,J),J=1,63),1=1,7)
DO 151 1=1,7
DO 151 J=1,7
J1=J+7 -
J2=J+14
J3=J+21
J4=J+28
J5=J+35
J6=J+42
J7=J+49
JB=J+56 ,
X1(1,J3)=X(1,J)/(C1*C1l*Cl*Cl)
. o X1(1,J1)=X(1,J1)*{-4,*H*S/{C1l*C1*C1*Cl))



FILE:

151

103
101

141
TPROG3 FORTRAN A

X1{(1,J33)=X(I,J33)*H*H*({6.*S*S/{C1*CI*C1*Cl))}+2.0/(C1*Cl))
X1(1,32)=X(I,J2)*H*H*H*(~4.*S/{C1*CI*C1*Cl))
X1(I,J4)=X(I,J4)*H*H*H*H/(C1*C1*C1*Cl)
A(I, J) X1(1, J)+Xl(I J1)+X1(1,J32)+X2(I,33)+X1(1,J4)
CONTINUE _
DO 152 I=1,7
DO 152 J=1,7
J1=J+7
J2=J+14
J3=J+21
J4=J+28
J5=J+35
J6=J+42
J7=J+49
J7=J+49
J8=J+56
X1(1,J35)=X(I,J5)/(Cl*C1*XL*XL)
X1(1,36)=X(I,J6)}/(C1l*C1*YL*YL)
X1(1,J37)=X(I,J7)}*(-2.*S/{C1*C1*XL*YL))
Xi1(1,J8)=Xx(1, Ja)
B(I, J) X1(1, Js) ((x1(1, J5)+h1(I J6)+X1(1 J7))*(DP/U1))
B(I,J)=B(I, J)*(XL*KL*XL*XL*DEN/DP)
CONTINUE .

CALL EIGZF (A,IA,B,IB,N,IJOB,ALFA,BETA, 2,12,WK, IER)
DO 5 J=1,7
E(J)= ALFA(J)/BETA(J)

CONTINUE
DO 6 J=1,7
2N=z(7,J)
DO 6 I=1,7
z(1,J)=2(1/3)/2ZN

CONTINUE
FORMAT{2F20.7)
FORMAT(4X,F12.7) -
DO 101.11=1,7
QR(II)=E(II)
QQ(II)=QQ(II)**0.5
WRITE(6,103) -QQ(I1)

FORMAT(2X,F12.6)

CONTINUE
STOP
END

LTy



IMSL ROUTINE NAME

DPURPOSE
USAGE
RGUME ;

_ARGUMENTS A
TA
5
is
N
I1J0B

12
£

t
)]
-] 1)
HZRW

EIGZF. 142

EIGENVALUES AND (OPTIONALLY) EIGENVECTORS OF
THE SYSTEM A¥X=LAMBDA*B*X WHERE A AND B ARE
REAT, MATRICES -

CALL EIGZF (&,IA,B,IB,N,IJOB,ALFA,BETA,Z,IZ,
WX, IER) :

THE INPUT REAL GENERAL MATRIX OF ORDER N.

© INPUT A IS DESTROYED IF IJO3 IS EQUAL
TO 0 OR 1. & :

THE INPUT ROW DIMENSION OF MATRIX A EXACTLY

. AS SPECIFIED IN THE DIMENSION ST%?EQSNT IN
THE CALLING PROGRAM. i

THE INPUT REAL GENERAL MATRIX OF ORDER!N.
INPUT 3 IS DESTROYED IF IJOB IS EQUAL
TO 0 OR 1. :

TEE INPUT ROW DIMENSION OF MATRIX B EXACTLY
AS SPECIFIED IN THE DIMENSION STATEMENT IN
THE CALLING PROGRAM.

THE INDUT ORDER OF THE MATRICES A AND B.

INPUT - OPTION PARAMETER. WHEN
I1J08 = 0, COMPUTE EIGENVALGES ONLY
IJ0B = 1, COMPUTE EIGENVALUES AND EIGEN-

VECTORS. '
IJOB = 2, COMPUTE EIGENVALUES, EIGENVECTORS
. AND DERFORMANCE INDEX.
IJ0B = 3, COMPUTE PERFORMANCE INDEX ONLY.
IF TEE DERFORMANCE INDEX IS COMPUTED, IT IS
RTTURNED IN WK (l). TEE ROUTINES HAVE '
PERFORMED (WELL, SATISFACTORILY, POORLY) IF
WK(1) TS (LESS THAN 1, BETWEEN 1 AND 100,
GREATER THAN 100).

OUTPUT VECTORS OF LENGTH N.

ALFA IS TYDE COMPLEX AND SETA IS TYPE REAL.

TF A AND B WERE SIMULTANEOUSLY REDUCED

TO TRIANGULAR FORM BY UNITARY EQUIVALENCES,
_ ALFA AND BETA WOULD CONTRIN THE DIAGONAL

ELEMENTS OF THE RESULTING MATRICES. (SEE
MOLEZR-STIWRART REFEZIRENCE) .

TEE J-TE EIGENVALUE IS THE COMPLEX NUMBEIR
GIVEN BY ALFA(J) /BETA(T) .

NOTE - THEE ROUTINE TREATS ALFA AS A REAL
YECTOR OF LENGTH 2*N. AN APPROPRIATE
EQUIVALENCE STATEMENT MAY BE REQUIRED.

SEZ DOCUMENT EXAMPLE.

THZ OUTEUT N 3Y N COMPLEX MATRIX CONTAINING
THE EIGENVECTORS.

THE EIGENVECTOR IN COLUMN J OF Z CORRES-
PONDS TO THEZ EIGENVALUE ALFA({J) /BETA(J)
IF IJ0B = 0, Z IS NQT USED. '

NCTE ~ THE ROUTINE TREATS Z AS & REAL YECTOR
OF LENGTH 2*N*N. 2N LDPROPRIATE ECUIVALENCE
STATEMENT MAY BE REQUIRED. SEE DOCUMENT
SXAHPLE.
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I2 - THE INPUT ROW DIMENSION OF MATRIX Z EXACTLY AS
SPECIFIED IN THE DIMENSION STATEMENT IN THE
CALLING PROGRAM. IZ MUST BE GREATER THAN-
OR EQUAL TO ¥.IF IJOB IS NOT EQUAL TO ZERO.
WK -- WORK AREA, THE LENGTH OF WK DEPENDS
' ON THE VALUE OF IJOB AS FOLLOWS,
IJOB = 0, THE LENGTH OF WX IS AT LEAST N.
- IJOB = 1, THE LENGTH OF WK IS AT LEAST N.
IJOB = 2, THE LENGTH OF WK IS AT LEAST
2*N*N.
IJOB = 3, THE LENGTH OF WK IS AT LEAST 1. b
IER - ERROR PARAMETER.. (OUTPUT)
TERMINAL ERROR
IER = 128+J, INDICATES THAT EQZTF FAILED
TO CONVERGE ON EIGENVALUE J. EIGENVALUES
. J+1,J+2,...,N HAVE BEEN COMPUTED COR-
‘ RECTLY. EIGENVALUES l,...,J MaY BE _
: ' INACCURATE. IF IJOB = 1 OR 2 EIGENVZICTORS
MAY BE INACCURATE. TEEZ PERFORMANCEI INDEX
IS SET TO 1000.
WARNING ERROR (WITH FIX) . .
IER = 66, INDICATES IJOB IS LESS THAN 0 OR
IJOB IS GREATER THAN 3. IJOB IS RESET
TO 1. ‘
IER = 67, INDICATES IJOB IS NOT EQUAL TO
0, AND IZ IS LESS TEAN THE ORDER OF
MATRIX A. IJOB IS RESET TO 0.

PRECISION/HARDWARE - SINGLE AND DOQUBLE/E32
- SINGLE/E36,E48,E60

REQD. IMSL ROUTINES - EQZQF,EQZTF,EQZVF,UERTST,UGETIO,VHSEZC,
: VESHZR,VESHE3R ;
8
NOTATION .= INFORMATION ON SPECIAL NOTATICN AND
CONVENTIONS IS AVAILABLE IN THEE MANUAL b
INTRODUCTION OR THROUGH IMSL ROUTINE UHELP

ZIGZF computes eigenvalues and (optionally) eigenvectors for the
ceneralized eigenproblem Ax=iBx where A and B are real N by N matrices.
It can also compute a performance index.

The elgenvalues Al'AQ""’AN can be calculated from the cutput by

) /BETA(I) when BETA(I}#0. If BETA(I)=0 then KI is

I
recarded as being infinite. The eigenvectors are returned in the
complex matrix Z so that column M of 2 contains the eigenvector cor-
M .

setting A_=ALFA(

responding to A

EIGIF calls IMSL routine ZQZQF to reduce A to upper Hessenberg Iform
andéd 3 to upper triangular form. Then, EQZTF 1is called to ZIurcther
cransfcrm 2. to guasi-ppper triangular form (upper Hessenberg with no
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«ive subdiagonal. elements being nonzero) while retaininc.
triangular form. ~ EQIVF is called +to compute ALFA(I) and
, I=1,2,...,N and, optionally, the associated eigenvecters.

41}

The performance index 1is defined .as follows: ' T

llBjAzj—aszjHa

I (s, ) a2+l 1Bl 11=711,)82s

D = max

where *he max is taken cver the J eicenvalues kj=aj/5j and associated

eigenvectors zd. EHere, ajEALFA(j), SjEBETA(j}, and z-J denotes column
j of Z. EPS speciiies the relative precision of floating point arith-
metic. When P is less than 1, the performance of the routines is con-
cidereé to be excellent in the sense that the residuals SAz-aBz are as
small as can be expected. When P is between 1 ané 100 the performance
is ¢

oocd. When P is greater than 100 the pérformance 1is considered poor.
See reference:

oler, C. 3., ané Stewart, G. W., "An.alcorithm ZIor ceneralized matrix
igenvalute problems”, SIaM J- Numer. anal., 10, 1873, 241-256.
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e preserved when IJO3=2 or 3., In 21l other cases A and
roved. i

t
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2. The eigenvalues are unordered except that complex conjugate pairs -
of eigenvalues appear consecutively. That is, if—lM and AM+1 are

such a pair then ALFA (M£1l) /BETA(M+1) is the complex conjugate
of ALFA(M)/BETA(M).  ALFA is tvpe COMPLEX ané BETA is type REAL.
I+ is not necessarily true that ALFA(M+1l) is the conjugate of
ALFA(M) for such a pailr.
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Tn examole 1, EIGZF ig called to compuie eigenvalues, eigenvectors,
and a performance index bv setting input I1IJ03=2. For machines which
recuire ‘eguivalencing, see exzmple 2.

in
-
(]
o8 ]
h-j
]
w



-
1]

ie 145
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»nanw

-

INTEGER IA, IB N,IJOB,IZ, IHR .
REAL a3, 3) ,B3(3.,3), B;TA(3) WR(IS)
COMPLEX ALFA(B) 2(3,3)

Input:

Ia
IB
1z
N
1J0B-

I T [ I ||
B L LD L L)

A and B =

00O
noo

1 ]
OOoWw bk

1.
-10.
5

.
OO0 o0
HNO

.5
.0-
.0

B O
[ ]
owo

[ ] L ]
oo
Hoo
. L]
OO0

CALL EIGZF (A,IA,B,IB,N,IJOB,ALFi,BETA,Z,IZ,WK,IER)}

Output:

-0.25205+0.19169i -0.25205-0.191691i 0.0+0.01
I = -0.08799-0.725981 -0.08799+0.725981 0.0+0.01 (eigenvectors)
1.00000+0.000001 1.00000+0.000001 1.0+0.01 '

WK {1) ? 10 {performance index)

The eigenvalues are as follows (where lj ;—Eifgj/BETAj):
A, =  0.83333 + 1.9930i
kz = 0.83333 - 1.99301 s
RB = 0.50000 + 0.00001

Example 2
Tor machines which reguire an ecuivalence statement in situations where
an arrav is of one type in the calling program but of another type in
+he subroutine, EIGZF sheoulé be called as follows. '

INTEGER Ia,IB,N,IJ0B,XZ,IZER

REZL A(3,3),8(3,3),BETA(3),WK(18) ,RRLFA(6) ,RZ (18)
COMPLEX ALFA(3),2(3,3) , F
EQUIVALENCE ° (ALFA (1) ,RRLFA(1)), (Z2(1,1),RZ(1))

Input:

I3 = 3 |

T = 3 4

T = 3 . = .

- q

N = 3 .

oz = 2 7
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1.0 035 0.0 , . 0.5 0.0 0.0 -
42 = |-10.0 2.0 -0.0°| - and 3 = 5.0 3.0 . 0.0
5.0 1:0, 0.5, v 4.0 0.5 1.0
" carn “1@2? {A,Ia,B,18,N,1J08, RALFA, BETA RZ,IZ,WE,IER)
Output: - T ‘ ©
IER- = 0 R ;o y

' 0.25205+0.19169% ~=0.25205-0.191693 ° 0.0+0.0i L .
i = |-0.08799-0.725981 =0.08799+0.72598i 0.0+0.0i | (eigenvectors)
- 1°00000+0.000004  1.00000%0.00000i 1.0+0.0i

L e chbia,

CWK (1) < 10 (pe:formaﬁéé-index) E
The eigenvalues\g as follows (where Aj = ALFAj/BETAj): o 4 :
;\l‘ = 0.83333 ¥+ 1.9%301 . 1
by = 0.83333 - 1.99301 | 3
2 . ¥ \_"
AB = 0.50000 + 0.00001 ;

b w

EIGZF-5"

‘.





