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ABSTRACT

This project is concerned with the estimation of the grade
of service given to the sub;cribers in a telephone exchange. The
analytical models used are (a) the probability linear graph for
lost calls and (b) the traffic flow graph for delayed calls.

Both of these models are expressed in terms of the congestion
functions of the sub-units of the switching svstem in the exchange.
When these models are used, the engineering procedure of determin-
ing the quantity of equipment for the switching system in the

exchange to satisfy the objective grade of service is simple.

The switching svstem in the exchange may be divided into
three major sub-units: the trunk groups, the switching network,
and the common control. The congestion functions for these sub-
units are discussed. The structure and the mode of operation
for these sub-units are usually very complex, so that the con—
gestion functions for these units can only be approximated. Thus,
the overall grade of service estimated this way is only an

approximation.

Finally, the procedure of estimating the overall grade of
service cf an exchange is demonstrated by considering a simple

hypothetical telephone switching system.
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The main contributions in this thesis are:
The traffic flow graph

This graph is used as the model for estimating the grade
of service for delayed calls in an exchange. It can also be
used for approximating the waiting time distribution for a given

waiting system.

The equivalent trunk technique

This technique is shown to be reasonably accurate and
simple for use in computing the trunk group congestion distri-

bution when the trunk group is arranged in grading.

A method of approximating network blocking probability

This method can be used to approximate the blocking proba-
bility of any complex switching network. It is simple and in-

expensive and produces reasonably accurate results.

Single linking stage network loaded with multitype of traffic

When some types of traffic require the service of more
than one link at a time, the network for these types of traffic
is blocked even if there are some idle links in the network.
Extremely poor approximation will result if the usual assumption

of independent busy links is used for calculating the blocking
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probability. In this thesis, such a network is analysed and a
better approximation for computing the blocking probability is

given.

General case approach for determining waiting time distribution

for a single server delay system.

Such a single server delay system is analysed. This aids

one to the understanding of the congestion processes producing

delays.
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Chapter T

Introduction

Telephone Exchange

A telephone exchange is a central switching point which provides
connections among a group of subscriber-lines when signals of requests
are placed by the telephone subscribers. The system of equipment capable
of recognizing the signals to provide proper connection in a telephone

exchange is called the telephone switching system. The connecting devices

- in such a system are usually called the trunks, links, junctors or service

circuits. 1If there are N subscriber-lines in a telephone exchange, ideally
there should be %N(N-1) connecting devices in the switching system so

that all subscribers can talk simultaneously in pairs when required.
However, usually, an exchange serves a large number of subscriber-lines so
that this ideal system becomes impracticable because of its enormous

size, very high cost, and maintenance difficulties. Therefore, it is
necessary to equip the system with a smaller number of connecting devices
provided that the subscribers will be confronted with a small possibility
that some of their telephone calls may be unsuccessful. This can be done
since usually it is only at infrequent intervals that many subscribers

make simultaneous calls.

Based on this fact that a smaller number of connecting devices can
be provided in a switching system without too much deterioration of the

grade of service given to the subscribers in a telephone exchange, a modern
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switching system in an exchange usually has the form as shown in Fig. 1.
It consists of (a) terminals of subscriber-lines,

(b) trunk (junctprs and service circuits) groups,

(c) switching network, and

(d) common control equipment.

; N
Trunks, Junctors
Subscriber Switching and Service
lines Network Circuits
~

Common Control

FIG. 1 - A TELEPHONE SWITCHING SYSTEM

The number of trunks (junctors or service circuits) in each group is
usually much smaller than the number of possible pairs of subscribers. It
is usually engineered in such a way that the trunks (junctors or service
circuits) are all busy only for a small portion of time. Similarly, the
number of paths in the switching network and the number of common control
units are also small. The terminals of subscriber-lines may be connected
to the input terminals of the switching network, and the trunks, junctors,
and service circuits to the output terminals. The common control has access
to the terminals of the lines, trunks, juncrors and service circuits, and

to the switching network. Of course, the modes of operations for various




types of calls (eg. dial tome calls, outgoing calls, incoming calls,

intra-office calls, etc.) vary from one switching system to another.

Grade of Service

Generally, the grade of service is a measure of inconvenience to
the subscribers[}-é]. However, in this research, the grade of service is
taken as a measure of the service given in an exchange from the point of
view of sufficiency of switching equipment. More specifically, it re-

presents the numerical magnitude of the probability of congestion in an

. exchange. Thus, the smaller the numerical magnitude, the better the grade

of service is given.

The objective or desired grade of service given for an exchange
varies for different telephone administrations. For a modern telephone
exchange such as shown in Fig. 1, the objective grade of service may bel
expressed in terms of the probability of delay for dial tone calls and
probability of lost calls for overflow conditions. Although the switch-
ing system in the exchange is very complex, as an approximation, the
System may be considered as composed of isolated parts or sub-units. For
simple engineering purposes, each of these sub-units is usually assigned
the maximum permissible blocking probability. The overall grade of service
of the exchange is then taken as the sum of those of the sub-units. Of
course, the overall grade of service of the exchange should be equal or
less than the objective grade of service. This way of estimating the

overall grade of service for an exchange may be a good approximation for
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small blocking probabilities but is obviously false in general [: 1:]. It
is inaccurate because a telephone call may not necessarily flow through
the sub-units consecutively, but rather flows in a manner in accordance
with the mode of operation of fhe System in the exchange (to be described
later), and moreover, the dependence of the sub-units has not been taken

into account.

In this research, an attempt is made to estimate the overall grade
of service for an exchange in a more Systematic manner. For simple

engineering purposes, the switching system in an exchange may still be

- considered as composed of sub-units. Thus, the congestion function

for each sub-unit is still required to be known. However these sub-units
are not considered as isolated parts connected in series but rather related

to each other according to the System mode of operations.

A modern switching system as shown in Fig. 1, may be divided into
three major sub-units: (a) trunk (junctors, and service circuits) groups,
(b) switching network, and

(¢) common control.

In general, these three major sub-units have different congestion functions.
It should be noted that each sub-unit may be divided further into smaller

units as required.

Summarx

In this research, the grade of service of an exchange is investi-

gated as follows:



Chapter II outlines the method of estimating the overall grade of

service, given the grades of service of the sub-units.

Chapter III reviews some commonly used congestion functions for

trunk groups.
Chapter IV studies blocking probability of the switching network.

Chapter V investigates methods of determining the waiting time

distribution.

Chapter VI describes a simple hypothetical telephone switching
system and shows how the method proposed here can be used for estimating

the overall grade of service of the system.

In conclusion, in Chapter VII, suggestions for further research in this

area are given.
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Chapter II

Grade of Service

Introduction

The grade of service is a measure of service given in an exchange
from the point of view of sufficiency of switching equipment. If follows
that the grade of service is deteriorated if congestion conditions in an
exchange are permissible. For a modern switching system in an exchange,
this deterioration of grade of service may be due to all or part of the
three major sub-units, namely: the trunk (junctors and service circuits)
groups, the switching network, and the common control. As examples, con-
sider a switching system in an exchange having the modes of operations

for dial tome calls and intra-office calls as follows:
(a) Dial Tone Call

When the common control detects an off~hook signal (dial tone re~
quest) on a subscriber-line through the line terminal, it searches for an
idle (not busy) dial tone service circuit. If there is no idle dial
tone service cifcuit, the common control may serve requests from other
lines and eventually return to serve this line again. 1If there is an idle
dial tone service circuit, the common control sets up a path between them.
If all paths between them are busy, the common control may again serve
requests from other lines and regard this particular request as a new
request signal. When the line is connected to a dial tone service cir-
cuit, the subscriber receives a dial tone. This indicates to the sub-

scriber that the exchange is ready to serve him.
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(b) Intra-office Call

Assuming that a dial tone has been receiveq:the subscriber dials (or
keys) the number assigned to tbe called subscriber-line. With the acces-—
sibility to the dial tone service circuit, the common control can analyse
the number to determine the called line. Then, it tests whether the called
subscriber-line is busy. If busy, it sends a busy tone to the calling
subscriber through the dial tone service circuit. If not busy, it searches

for an idle intra-office trunk. If all intra-office trumks are busy, an

overflow tone is sent to the calling subscriber through the service circuit
and the call is lost. Only if the called line is not busy and there is an
idle intra-office trunk, the common control attempts to set up a path be-
tween the calling line and one port of the intra-office trunk, and another
path between the called line and the other port of the trunk. If this is
successful, the common control disconnects itself and the subscribers can
proceed with the conversation. If this is unsuccessful, an overflow tone

is sent to the calling subscriber through the dial tone service circuit.

Of f-hook DTSC Dial Tome SN path Dial Tone
o Common idlie Service available | Switching O
Control Circuit 4 Network

Group (SN)
(DTSC)
DTSC Busy
All paths in SN busy

FIG. 2 - A MODE OF OPERATION FOR A DIAL TONE CALL
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Overflow
Busy Tone Tone
? o<
Y, . All SN paths busy
Called
line TIAO
busy busy
Number dialed !
or keyed Common | Called Intra-office
O Control > line trunk group
© Called line IA0 idle (140)
idle

SN path idle

Switching
>0
Network

(SK) Conversation

FIG. 3 - A MODE OF OPERATION FOR AN INTRA-OFFICE CALL

These modes of operation for dial tone calls and intra-office calls
may be displayed graphically as shown in Figs. 2 and 3 respectively. It
is clear that a dial tone call will eventually be served if the subscriber
is willing to wait. On the other hand, it is possible for an intra-
office call to be unsuccessful even if the subscriber is willing to wait.
Thus, an administration may establish an objective grade of service for
dial tone callsbon a delay basis, whereas that for intra-office calls on
a lost-calls basis. For dial tone calls, it is seen that the grade of
service may be deteriorated because of insufficient equipment in the
common control, a small number of dial tone service circuits, and an in-
sufficient number of paths in the network, all of which cause a delay of
dial tone to the subscriber. For intra-office calls, it is also seen"

that the grade of service may be deteriorated by too small a number of
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intra-office trunks and by an insufficient number of paths in the network

which results in unsuccessful calls.

Therefore, to estimate the overall grade of service of an exchange,
two models are required: one for lost calls, and another for delayed
calls. In this research, the model for the former is the probability

linear graph | 4 |, and for the latter the traffic flowgraph| 5 .
grap

Probability Linear Graph

A probability linear graph is a finite, oriented, connected, cycle-

free linear graph with at least two nodes such that:

(a) there exists a pair of nodes, called originating and
terminating nodes of the linear graph, this assignment

being determined initially,

(b) with each link connecting two nodes of the linear graph
is associated a random variable X;, the subscript i
running over all links of the linear graph such that the
X;'s are mutually independent and have a probability

P{X; = 0} = P; and a probability P{X; = 1} = q; where

Let R be the set of all directed paths between the originating and
terminating nodes of a probability linear graph with N links. Then, each
directed path yjeR is composed of series links of the linear graph with

associated random variables X. X, .+.3y X. . To each y;eR assign a
Ji, “Jsp, in J
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new random variable Y. as a function of X. X, ...y X. such that
J J1s 32> In

K =1, k=1, 2, ..., n and otherwise Yj = 0.

Yj = 1 if and only if Xj
Physically, X; = O represents that the associated link i of the
linear graph is busy (blocked or congested) and X; = 1 idle (linked).

Therefore, the events

]
1]
I
Il

{Y. = 1} = {X, 1} n (X, 1} ... {X:

1} 2.1
h| 1 J2 In (2.1)

and {Y. = 0} = {X. 0} U {x, 0} U ... U {X,

0}, 2.2
j i i, 3, =0 (2.2)

represent that the directed path Yj is linked or blocked respectively,
where U and n denote union and intersection, respectively. By definition,
the originating and terminating nodes of a probability linear graph are
linked if there is at least one idle path between them and otherwise
blocked. The probability L that the originating and terminating nodes

are linked is called the linking probability; and the probability B that
the two nodes are blocked is called the blocking probability. Therefore,

it follows thaf

L = P{ U {y., = 1}} (2.3)
Associated
Yj R
and .
B = P{ n {Yj =0}} =1-1 (2.4)
Associated
ys€R

J
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where P{-} is the probability of the occurrence of event {-}.

Either L or B may be used to measure the overall grade of service
of an exchange on the lost-calls basis. In order to provide good service
to the subscribers, it is necessary for the numerical magnitude of B to
be very small or that of L to be very large (almost unity) during the
heavy traffic periods of the exchange. 1In practice, B rather than L is

usually used to express the overall grade of service of an exchange.

3. Traffic Flow Graph

A traffic flow graph is defined as a graph consisting of a set of

n nodes, Dy, Dy, ..., D, where 2 < n < =, interconnected by directed

PR

links in some fashion, such that there is at most one link from D; to Dj

and such that

1) Node Dy, called the source, has only outgoing links,

node D, called the sink, has only incoming links;

2) Each directed link L ] connecting node D; to its

>

adjacent node Dj, where 1 = 1, 2, ..., n and ji=1

2, ..., n, has associated with it two quantities:

(a) The link delay Wy 3 which is independent of
b
other link delays and has a distribution giving

P{W }, the probability that W, 3 does not exceed
s

. <t
1,]

time t;

(b) The link selection binary wvariable Ai j which is
b ]
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independent of the link delays and takes values from
{0,1} with P{A, .=1} =P, . representing the proba-
1,] 1,]

bility that the link Li 3 is selected. Also
b4

n
P. . = 1; (2.5)
)

otherwise the link selection variables are mutually
independent. The link selection probability Py i
3

for a non-existing link Li P may be equated to zero.
E

In a traffic flow graph, the link selection probabilities Pi,j ’

and the link delay distributions P{Wi’jst} » are usually assumed known.

The problem is to find the distribution of the overall delay time involved
in reaching D, from D; through one of the possible paths, where a pathl is
defined as any continuous succession of liuks traversed in the indicated
link directions. A path consisting of k directed links between the source

and the sink is called a k-step path.

Between D) and D, in a given traffic flow graph, there may exist a
number of paths consisting of k directed links. Let this number be z(kK),

Note that z(1) is, at most, equal to 1. Consider one of z(k) paths, say

the rth path, as shown in Figure 5. 1In this paths, there are a total of

k appearances of directed links, the first being Ly r the 2nd L, r
s s l’ 2,

.., and kD (the last) L, where each sub-

th
«.., the u L k-1,n

Ty-1,%y

script r takes values from {2, 3, ..., n-1].
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L L L
1.ty ry,T re-1,n

A A A
l,rl rl,rz rk—l,n

W W W
Ly 1,72 Tg-1,2

FIG. 5 - THE rth k-STEP PATH

Note that the same directed link may appear in more than one position in
the path. An example of this is a path invelving feedback loops. However,
if the path is selected, it is necessary that the link selection variable
associated with the directed link in each of the positions equals unity.

In order to distinguish the link selection variables associated with ;he
same directed link qu—l,ru appearing in more than one position in the

path, a superscript is given to each of these link selection variables if

ambiguity arises. Thus, A(l) may designate the link selection
u-1,Ty
variable A, ., associated with the directed link L, r appearing in
u=1,%y u-1,%u

the ith position in the path. The same superscript, if required, will
also be given to the corresponding link delay. The total delay time for

this path is, of course,

+ W + ...+ W + ...+ W
r r r r n.

W
1,r .
1 T1,% u-1,%u k-1,

(k)

It {w s t} is the event that the total delay time does not ex-

r
ceed t and that the rth one of Z(k) paths is selected, then the
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probability that the total delay time does not exceed t for this path is

P{wik) < t}=l¢’{{(wlr + W + o0+ W n) < tln
: L S B k-1,
{Al =1} 0 {a =1} n n{a = 1}}
T 1,52 Tk-1,
kEZ
t t-t_  t-rt_-t t-t tr
n ory.j p=] | km
o { (
= J J s J &, (2.6)
t,=0 Crk-1 th_2=0 trl=0
where a =P drP{w St drP{w <t}
l, 1 l, 1 rl rl,rz rl’rz r2

. P . dP{w st } (2.7)
T n n

The probability that the overall delay time W does not exceed t
when a specific path between D; and D, in a given traffic flow graph is

chosen is:

w 72K
(k)
P(Wstr=P U U {w < t}
k=1 r=l T
- = = P{wik) <t} (2.8)
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1 - P{W 5 t} rather than P{W 5 t} is usually used to express the

overall grade of service of an exchange for delayed calls.

To use these models tOleStimate the overall grade of service given
to the subscribers in an exchange, the probabilities associated with the
links represent the congestion functions of the sub-units of the switch-
ing system in the exchange. Thus, the accuracy of the estimation depends
greatly on the accuracy of the congestion functions describing the
congestion conditions of the sub-units. Therefore, it is important to
investigate these congestion functions in detail. In the next three
chapters, the congestion functions for the three major sub-units of a

switching system are discussed.
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Chapter III

Trunk Group Congestion Distribution

1. Introduction

In a telephone switching system, if there is no blocking anywhere
but in the trunk (junctors or service circuits) groups, then the grade
of service equals the trunk group blocking probability. Such an idealized
system has been studied fairly extensively E}6,i]. However, except for
the full availability trunk group, a large number of problems still re—

mains to be solved due to the complexity of interconnections in the trunk-

ing arrangement.

In this chapter, some of the commonly used full availability and
grading trunking formulae are first briefly reviewed. Then, a simple
method called the equivalent trunk technique for approximating the grade

of service of a giving trunking arrangement is introduced.

2. Full Availability

When a trunk group is connected so that all subscribers have ac-
cess to any trunk in the group, it is called a full availability trunk

group. The generalized formula for such a trunk group is[:&]

C g X
ot I —
) x=C+1 . .
C! 1 (C+nj)
B(C,A,j) = n=l
C AX hog AX
Z ;T- + Z x=-C
x=0 : x=C+1 (3.1)
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where B(C,A,j) is the probability of a call encountering congestion,
which is equivalent to the probability of a call

having a delay greater than zero units of time;
C is the numbef of trunks in the trunk group;
A is the average offered traffic load in erlangs [:l:];
j = h/H, where

h is the average trunk service time (usually called

the average holding time per call); and

H is the average waiting time of a call.

In deriving (3.1), the distribution of the trunk service times is assumed

exponential and steady-state conditions are also assumed.

To apply (3.1) for estimating the trunk group blocking probability
the factor j must be known besides the traffic A and the number of trunks
C in the group. This factor j may be determined from the mode of opera-
tions of the system or from direct measurements. The physical inter-
pretation of factor j in (3.1) is that waiting calls are cleared out at
a rate j times the rate at which calls are terminated when served by the

trunks.

In particular, when calls are cleared out of the group immediately

(ie. no call waits), we have j = lim h = =. Then (3.1) is the Erlang B

H-+0 H
formula,
C
A%/,
B(C,A,@) = —— (3.2)
;oA
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If calls are cleared out at a rate equal to that with which calls are ter-

minated when served by the trunks, we have j = 1. Then (3.1) becomes,
C * X
A A
cr * 2 x-C
=C+
=G oo (o)
B(C,4,1) = — — =1
T Ax AX
Lowr v L -
= =C+
* ¥=C oo 1 (o)
n=1
[ &
_ x=C x.
I =
x=0 )
- °  AX
= ™A Z P (3.3)
x=C

which is the well-known Poisson formula. When H»~ which signifies that

calls wait until served, we have j = 0. Then (3.1) becomes
A S
C : * & 1 x-C
~ : x=C+1 _C! c*~
B(C,A,0) = T = .
) Ay ) A
x=0 = x=C+1 ¢! ¢*C
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o
A x-C
o a+ ] A
x=C+1 X~
c-1 ,x C o
. A x-C
Lot é—’ @+ ]2 o)
x=0 : x=C+1 ¢*~
AC P
& oa+ I &
x=1
C-l X C oo
A A A
] S+ 5 a+ &Y
%=0 X. C. %=1 C
T
c! ‘1-aA/C
Lo c! ‘1-a/C
AC ¢
c! C-A
At ¢ Col ax

(3.4)
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which is known as the Erlang C formula. These three special formulae are

frequently used in practice to describe the congestions of the trunk group.

Grading

For economic reasons, it is often impossible for subscribers to have
access to all trunks in a trunk group. In this case, a special inter-
connection method known as grading may be used in order to secure the
most efficient flow of calls. This interconnection method is as follows:
a group of subscribers is given access to individual trunks on the early
" choices, but on the later choices it shares access to trunks with other

groups of subscribers.

Consider an ideal trunking arrangement in which a group of sub-
scribers is given access to only k trunks out of the total R(>k) trunks
in the trunk group. It is assumed that the R trunks are equally occupied.
Then, for small value of call congestion probability B, Erlang[?] has de-

rived the following approximation:

B = (%)k for R, A »>> k (3.5a)
Ak £3i$l* for A << 1 (3.5b)

where A is the traffic offered.

As (3.5) applieé theoretically only when A and R are very large or

when A is extremely small, a modification is necessary to meet working
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conditions. O'DellL 9]suggested the following: For a given call congestion

probability, the traffic capacity Ag of the trunk group is
Ag = A+ r(R-k) (3.6)

where A is determined from (3.2) with k = C (ie. from B(k,A,») = the speci-
fied trunk group congestion probability) and the coefficient r depends on
whether the traffic is ''smooth" or "pure chance". By smooth traffic, it

is meant that the traffic has already passed several stages of equipment
and has become smoothed out and lost its pure chance (random) character.

For smooth traffic,
- 1,
r = (B(k,A,®)) 'k (3.7)
and for pure chance traffic
l/ A
r = 0.53 (B(k,A,=)) /k + 0.47 X (3.8)

where the constants were obtained experimentally [ﬁ]. It should be noted
that 0'Dell took into account neither the mode of operation nor the struc-
ture of grading. However, it is usually assumed that the selection of
trunks is arranged in a definite order, namely individual trunks first and
common trunks last, énd that the grading is arranged in the '"best' manner.

The best, or optimum, grading is considered to be that in which trunk
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selection from individual trunks to common trunks is smooth[i] .

Because of the complexity of the interconnections of trunks and of
the associated mode of operation, the more exact solutions to grading are
not as simple as the Erlang's and 0'Dell's approximations. Since 1920,
there has been a huge number of publications in this field[id . However,
because of its simplicty, Erlang's and O'Dell's approximations have been
used widely in the telephone administrations [}] . Note that their approxi-
mations also assume that every group of subscribers has access to k trunks
out of the total R(>k) trunks in the trunk group. In the past, practically
all trunking arrangement were done in this way. However, in a modern
telephone switching system, this value of k may not be constant for every
group of subscribers. A more exact solution to such grading may be found,
but any simple approximation is worth considering for practical purposes.
The simple approach for approximation introduced here is called the equi-

valent trunk technique which is outlined in the next section.

4. Equivalent Trunk Technique

Physically, the quantity of trunks in a trunk group can have only
positive integral value. However, the equivalent trunk technique assumes
that the quantity of trunks in a trunk group can have any positive value.
By this assumption, it is possible to find a theoretical full availability
trunk group such that its congestion probability equals to the average

congestion probabilities of separate full availability trunk groups. The
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modes of operation of these trunk groups are all assumed on lost calls

cleared basis (ie. (3.2) is applicable).

The principle of the equivalent trunk technique is as follows:
Let there be m full availability trunk groups. The traffic offered to
the ith trunk group consisting of C; trunks is A; with average trunk
service time hi‘ The congestion probability of this ith trunk group, in

accordance with (3.2), is

Ca
Ayl
\i
Ci-
B(Ci,A;,x) (3.9
C,
i b
i
X'
x=0
m
The total traffic offered to these m trunk groups is Z Aj. If the
i=1

average congestion probabilities of these m trunk groups is B(T,Ag,w),

then

T A
—— B(C,,A,,»)
L . 10 b ]
=1 M1 '
B(T,Ag,m) = (3.10)

m A,
Z Y
i=1 hi

By assumptions, there exists a full availability trunk group consisting of
T trunks such that its congestion probabilicy is B(T,Ag,m) with the

offered traffic being
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m
A, = ) AL (3.11)

Knowing the numerical magnitudes of Ag and B(T,Ag,w), it is possible,

using (3.2), to find an integer C such that

B(C+L,4g,=) € B(T,Ag,=) § B(C,Aq,%). (3.12)

It follows, then,
C < T g C+1. (3.13)

Since only an approximation is required, T may be determined from the

following linear relation:

B(C,Ag,%) = B(T,Ay,=)
T = C+ (3.14)
B(C,Ag,w) - B(C+13Ag’°°)

To apply this equivalent trunk technique to grading, a further as-
sumption, that the average trunk service times for all the trunk groups
are identical, may be needed. Based on this assumption, (3.10) combined

with (3.11) results in

[ == =]

Ag-B(T,A,,=) = A B(CiA =), (3.15)

1
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In a full availability trunk group consisting of T or more trunks,
Ag.B(T,Ag,w) may be regarded as the traffic passed on from the first T
trunks, if the offered traffi; is Ag. Based on this fact, the equivalent
trunk technique may be used for obtaining the average congestion proba-

bility of a given trunk group.

To illustrate this, suppose there are m groups of subscribers.

Each group i offers traffic A; and has access to C; + x trunks in a
m
)
L

i=1

sible to only group i subscribers whereas the x trunks are accessible

trunk group consisting of x + C; ctrunks. The Ci trunks are acces-
(common) to all subscribers. A call from a subscriber in group, uses
ore of the x trunks only if all C; trunks are busy. 1In other words, the

order of trunk selection is as shown in Fig. 6.

Subscriber
group No.
m —+—4 |
. Cp Trunks Direction
of
Trunk
L1 i Selection
2 L {
C, Trunks
. { i i
1 T T 5 1 /
C, Trunks x Trunks

FIG. 6 - A SIMPLE GRADING
Using the equivalent trunk technique, the average congestion proba-
bility for this trunk group may be found as follows:

First, consider the Ci trunks associated with group i1 subscribers.

The traffic passed on from these trunks is A;.B(Ci,A;,»). For all m
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groups, the total traffic passed on is (3.15). Thus the numerical mag-~
nitude of T, the equivalent trunks, can be determined from (3.11), (3.12)

(3.14) and (3.15).

Then, construct a theoretical full availability trunk group con-

sisting of T' trunks such that
" = T + x. (3.16)

Thus, T is part of the trunks in the new full availability trunk group.

If the traffic offered to this new trunk group is A (3.15) is the

g’
traffic passed on from the first T trunks, and Ag.B(T',Ag,®) is the
traffic passed on from all T + x trunks. Therefore, the average con-

gestion probability required is B(T',Ag,w) which can be obtained approxi-

mately from (3.12) to (3.14).

It is of interest to compare the approximate results obtained by
means of the equivalent trunk technique on grading with those obtained
using O'Dell's approximation. Let the simple grading to be considered
be as shown in Fig. 6. In order to obtain agreement with 0'Dell's

grading, it is necessary that

Cl = C2 F e = Ci = ee. = Cm (3.17)
Ay = Ay = ... = Aj = ... = An (3.18)
and C; + x = k. (3.19)

I

Consider the case where C; =x =10 and m = 2. If the trunk group con-

gestion probability is 0.002, the traffic capacity according to 0'Dell
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(ie. from (3.6), (3.7) and (3.8)) is

Ag = 10.07 + 10r

where, for smooth traffic,

1

r = (0.002)20 = 0.733

and for pure chance traffic,

0.53 x 0.733 + 0.47 (l—oé%)

r =
= 0.625
Therefore,
Ag = 17.40 for smooth traffic
= 16.32 for pure chance traffic.

Hence, it follows, from (3.11) and (3.18),

A. = 8,70 for smooth traffic

- 8.16 for pure chance traffic.

If these types of traffic are offered to the trunk group considered,

the congestion probability approximated by means of the equivalent trunk
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technique is as follows:

First, let A; = 8.70. Therefore, from (3.15),[iﬂ,

B(10, 8.70, «)

B(T, 17.40, «)

0.154.

By (3.14)
0.182 - 0.154
T = 17 +0.182 - 0.150
= 17.88
By (3.16)
T' = 17.88 + 10 = 28.88

Therefore, the congestion probability required is, from (3.14),

0.005 -~ 0.88 (0.005 - 0.003) % .0033

B(28.88, 17.40, =)

which is slightly greater than O'Dell's (0.002) for smooth traffic.

Now, let A = 8.16. Similarly, one obtains B(T, 16.32, =) = 0.130.
Therefore, T = 17.67 and T' = 27.67. Thus, B(27.67, 16.32, =) % 0.0030.

Again, the approximation by the equivalent trunk technique results in a
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slightly higher congestion probability than that of 0'Dell (0.002).
However, for practical purposes, these differences are insignificant.
Indeed, this technique has been used successfully by the Canadian tele-
phone administrations for the.firSt Canadian-developed switching system -

the SA-1.
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Chapter IV

Network Blocking Probability

Introduction

For the convenience of engineering, the switching network in a tele-
phone switching system is usually considered as a major sub-unit. To
estimate the overall grade of service of an exchange, it is necessary to
know the congestion distribution function of every sub-unit of the switch-
ing system in the exchange. Therefore, it is essential to study the

blocking probability of a given network.

In general, the structure of the network may have the form as shown
in Fig. 7. It has z switching stages. In each switching stage k, there

are Wy switches.

Stage No. 1 2 z=1 z
\
2=1y
l,Wl zawz T“— - - 7‘ wZ-l z9wz
N /
N /
Input : * / Output
. 1,1 z,j
Terminals , A Terminals
/ \

/ \
1,1 2,1 4:--—-— ———:5‘2-1,1 2,1

FIG. 7 - A GENERAL TELEPHONE SWITCHING NETWORK

Each switch has a certain number of inlets and outlets. The number of

inlets and outlets in a switch may or may not be equal, but each inlet has
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full access to the outlets and vice versa. Between switching stages, the
links (juncrtors) are joining the outlets of the switches in a stage to the
inlets of the switches in the following stage forming a linking stage.
Thus, for switching network of z stages there are z-1 linking stages. The
inlets of the switches in switching stage 1 are called the input terminals,
and the outlets of switches in stage z the output terminals. Each input
terminal may be connected to a subscriber line whereas each output terminal
to a port of a trunk or of a service circuit. A trunk or a service circuit
may have one or more ports. Thus, it is possible for a trunk or a service
circuit to connect to more than one output terminal, one port per terminal.
As examples, an intra-office trunk is connected to two output terminals,

and a conference circuit to three or more output terminals.

An ideal switching network is the non-blocking network Eé]. In such
a network it is always possible to establish a conmection from an idle input
terminal to an output terminal regardless of the nubmer of calls served by
the network. However, practical switching networks are usually designed
on the basis of limited paths between input and output terminals. Con-
sequently, a demand for service may be unsatisfied when all the paths
capable of connecting a pair of input and output terminals in the network
are busy. The probability that all the paths between a pair of input and
output terminals in the network are busy is known as the network blocking
probability. However, it will be shown later that such a definition for
network blocking probability is not sufficient when the network is loaded

with multicype traffic.
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The blocking probability for the telephone switching network has
been studied fairly extensively [?,13-15]. However, in this chapter, the widely
used Lee - LeGall.[i]analytical model for evaluating the blocking proba-
bility of a given switching network is first briefly reviewed. Then an
approximate methodllé]to supplement this model for computing complex net-
work blocking probability is presented. Finally, a single linking-stage

network loaded with multitype traffic is investigated.

Lee - LeGall Method

The Lee - LeGall analytical model for evaluating the blocking proba-

bility of a given switching network is essentially the probability linear
graph which has been outlined previously in Chapter II. In this model,
blocking probability is easily computable when the network consists of a
series-parallel arrangement of links. However, in more complicated (and
more realistic) networks, the computation may be very involved. For this
Teason, Grantges and Sinowitz[ii]hava proposed a simulation method to
avoid the computational difficulties associated with complex networks.
But the problems Vith the simulation are as follows: It simulates only an
approximated model, it provides only numerical results and hence lacks the
insight of an analytical method, and it usually requires a large amount of
programming effort.

Therefore, it is convenient to have an approximate formula for esti-

mating the blocking probability of a complex network readily. This will

not only enable one to evaluate whether simulation or complex computational
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effort is worth spending on a given switching network, but also will pro-
vide a tool for checking the results from computation or simulation. Indeed,
for some purposes, blocking probability of a given network obtained by

means of an easily computable épproximate formula is sufficient.

0f course, if the switching network is relatively simple, the block-
ing probability can be easily calculated. Hence, in this case, there is
no need for simulation or approximation. Therefore, the approximate formula
developed in the following will be useful only when the switching network

has four or more stages and is not a simple series-parallel structure.

2.1 BASIC MODEL FOR APPROXIMATION

Consider a general L-stage switching network, as shown in Fig. 8.
It is assumed that there is always one and only one junctor between any

pair of switches in adjacent stages.

i-1 i i+l L

Il

n ' ni Rl 7T T 7] ML

]

|
™~
L
|

i
L
l

FIG. 8 - GENERAL SWITCHING NETWORK




There are no junctors between switches within a stage nor between switches
which are not in adjacent stages. It should be noted that when there are
more than one'junctofs between a pair of switches in the adjacent stages,
this model is still applicable
equivalent single junctor.
any output terminal m, a linear graph can be drawn,

the linear graph, each switch is represented by a node and each junctor by
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a directed link.

a(laz)(Z:HZ
2=(1,2)

2,02,

The notation

(1,3

(23n2)

)

(2,1)

#(L-2,1) (1-1,1)

FIG. 9 - LINEAR GRAPH FOR THE NETWORK

used is as follows:

is the jth node in the ith stage of the switching net-

work,

» 1f these multiple junctors are reduced to an
Therefore, between any input terminal £ and

as shown in Fig. 9.

(L-1)(L,m)

(L-1,1)
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is the number of nodes (switches in stage i, and
a(i,j)(i+1,k) is the link occupancy of the link between
nodes (i,j) and (i+l,k) i.e., the probability that the

link between nodes (1,j) and (i+1,k) is busy.

The general formula for calculating the blocking probability B be-

tween a pair of nodes £ and m in a switching network is (2.4).

The blocking probability B may also be found by using its generating
function [é]. Suppose that there are M directed paths in the linear graph.

Each directed path is composed of links
0 @,10), X2,11)3,1p), X-1,1; ) @,m

in series. Denote the directed path by the formal product £y, i.e.,

T @i fem 6 v X ) .

(4.1)

In this formal product, the X's are considered as undefined real numbers

and are manipulated as such except for the reduction rule

“wpan e a, T 21,1 41,50 (4'2_)

if i =14i', j=3', and k = k'. Otherwise the operation is ordinary
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multiplication. Then, the generating function B(t) of the blocking proba-~

bility B is defined as
B(t) = T* (1 - fit) (4.3)

where II* denotes formal product such that the reduction rule is always
carried out. After B(t) is expanded into a sum of products, x(i,j)(i+1,k)
is replaced by (1 - a(i,j)(i+1,k))' Then the blocking probability is equal

to the generating function with t unity, i.e., B = B(1).

In the case when the occupancies of the links between two adjacent

stages are identical, that is
q(4,1)(i#+1,1) T ¥(@E,1)(d+1,2) T vt T %(1,n5) (i+1,n447) (4.4)

but a(i,l)(i+l,k) is not necessarily equal to a(i',j')(i'+l,k'); the block-
ing probability B sometimes can be found more easily by means of combina-
torial analysis-ﬁé]than by means of the above two methods. However, when
the network is relatively complex, even in this special case (when all

link occupancies are the same), computational difficulaty still arises.

Therefore, a general approximate formula for this model is desired.

2.2 DERIVATION OF APfROXIMATE FORMULA

A, The Blocking Probabilitv Bounds

Pick any two adjacent stages, i and i+l, from the linear graph of



- 37 -

the general L-stage switching network, as shown in Fig. 10. An upper and
a lower bound of the network blocking probability can be found by disturb-

ing only this section, as follows:

1. Lower Bound: In the general L-stage switching network, there are

no junctors between switches within a stage. Therefore, there is no link
between nodes within a stage in the section (Fig. 10) considered. Since

the blocking probability of the switching network will be calculated in
accordance with Lee - LeGall model, it will not be affected by the addition
of extra links whose occupancy is unity. Suppose, to each stage in the
section considered, extra links are added between switches within each
stage. Then the resulting network blocking probability will be smaller than
the general network blocking probability if the occupancies of these extra
links are not all unity. This can be easily seen from the generating function
(4.3). It is convenient to let all the occupancies of these extra links

be zero; then the network section considered (Fig. 10) takes the form of
Fig. 1l1. For the entire network with only section (i,i+l) designed in

this way, the network structure is simplified, and the network blocking

probability will be smaller than that of the actual general network.

2. Upper Bound: On the other hand, if the occupancies of some junctors
of the general L-stage switching network are increased, the resulting block-

ing probability will obviously be greater.
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Stage Stage Stage Stage
i i+] i i+l

034

\
A

FIG. 10 - A SECTION OF THE NETWORK FIG. 12 - MODIFICATION FOR EVALUATING B;.

Stage a Stage
i i+]
B My
n
FIG. 11 - MODIFICATION FOR EVALUATING Bg. FIG. 13 - MODEL FOR Fi,i+l.

Again, consider the section of adjacent stages i and i+l (Fig. 10) and

assume n; < n If occupancies of all the links except a

1 i+l. (1,3) (i+1,3)'s

are equated to unity, the section considered will then take the form of
Fig. 12. Thus the network structure with only section (i,i+l) designed in

this way is simplified, and the resulting network blocking probability will

be greater than that of the actual network. It should be noted that there
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are many choices of retaining a,, ..,. .y 's for an upper bound network
y 8 2(1,5) (141, 9) PP
Structure. One choice may give a better result than another. Usually,

keeping the smaller occupancies will result in a better approximation.
Summary: To sum up, let
B be the blocking probability between terminals £ and m in

the general L-stage switching network;

By be the blocking probability between the terminals & and m
with the occupancies of the additional inserted junctors

within stage i and those within stage i+l all zero; and

B; be the blocking probability between terminals % and m when

. . ] PR
all link occupancies a(i,j)(i+l,k) s except j = k between
adjacent stages i and i+l are equated to unity; then,

By £ B £ B;.

B. Approximate Formula

In order to get a simple (but a nontrivial) approximation, assume

that the approixmate blocking probability B, is of the form:

Ba = Bg + (Bl - By) Fi (4.5)

,i+l,

where the value of F. . must be in the range of 0 < F. |, €1 and
i,i+1 i,i+l

Fi i+l depends on the actual occupancies and the number of links between
H

stages i and i+l. To determine a suitable factor Fi 141 for a given
’
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switching network, consider the following facts:

. . ' . .
1) As the link occupancies a(i,j)(i+1,k) s between stages i and i+l

approach zero, the network blocking probability B approaches By. Hence,

the value of F, 141 should decrease as the link occupancies decrease, and

>

should reach zero when the occupancies become zero.

2) Equating a link occupancy to unity is equivalent to removing that
link from the network. The larger the number of links between stages i
and i+l, the larger the number of links removed in order to obtain B;.
Hence, the larger the number of links, the larger the difference B; - B.
Tﬁerefore, to achieve a better approximation with formula (4.5), Fi,i+1

should decrease as the number of 1links between stages 1 and i+l increases.

To satisfy the above two conditions, many functions can be con-
structed. However, one must remember that the approximate formula must
be simple or else it will lose its significance. Suppose that the factor
Fi,i+1 will take the form analagous to the blocking probability of a simple
network which has only two nodes connected by n links, as shown in Fig. 13.
This blocking probability is aR (where a is the occupancy of each link) and
thus satisfies the conditions. Then to account for condition 1) let the
occupancy of every link in Fig. 13 be proportional to the arithemtic
average of the occupancies of the links between the two adjacent stages i
and i+l considered. To account for condition 2), let the number of links
in Fig. 13 equals the geometric average of the number of links per node of

the two adjacent stages i and i+1.




The arithmetic average of the occupancies of the links between the

two adjacent stages i and i+l is defined as usual, ie.:

nj njtl
3y P
D YR
a = i=1 k=1 <L’J)(1 1,k) @ 0
i,i+1 . .
USRS
Tne occupancy of a link in Fig. 13 is proportional t”‘ai - When the

occupancies of the links between stages i and i+l are identical to these

for obtaining B; the value of Fi {4 Must be unitv.  Therefore, the occu-
2 Py *

: i in Fig. 13 is a. . al, here ssuming n; . n.
pancy of a link in g 31 a5 q41/ iiel where, assuming ng oo Nigg

i
{0 - n. + vV
M4 T Ay ) L) G+, 5)
- )
84,141 L n (4.7)
! i+]

which is the arithmetic average of the occupancics of *he !inks between

stages I and i+l of the linear wranrh “or evaluating .

Also, as usual, the geometric verasme o tie cumber of links hetwoeen

.

stages i and i+] per node is /n;ni+) Therefore, in Fig. 13 each link has
an occunancey of T, . /H', . and there are vo .o, links. Thus, its
’ i,i+] i,i+1], P+l
blocking probability and hence, the value of factor Vi (1] is
! 3 i+




1.0

yin.n.,,
— i i+l
a, ..,
-~ (L1 ) “
- < v —_— ) (ZJ.O
1,1+1 a i ..
i,j+!

which satisfies the r:guirements.

C. Choice of Starting Point

Tie result of the approximate blocking nrobability between an input
and an output terminal is not unique. It depends not only on the choice of
retaining a(,_)(_+l ?)'s for obtaining the upper bound network structure as
. i) (i+1, ] i

peinted out previously, but it also denends cn the choice of the two ad-

jacent stages to be disturbed for obtaining the arproximation.

Y . A ~ . .
In retaining a,. ., ,. .y S tor the unper bound structure., it has
° B, 1) G+, ) ' )
been pointed out that better approximation results by kee ing ‘he smaller
t ! §

occupancies. For the choice of the two adliacent staces to he listurbed for
obtaining the approximation, the best result occurs when (B, = B ) is o
minimum. Since (B; - B«) is not known until i: is computed, it s suggested
to use those stapes which result in the greatest simelification. As g
general rule, tiis may be achicved by disturbing the two adjacent staces
.

having the largest number o! actual !inks. This will be Ptlustrated in the

2.0 !)L'l(“a.’.
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2.3 APPLICATION OF APPROXIMATE FORMULA

A, Four-Stage Switching Network

The linear graph between terminal (1,%) and (4,m) in a four-stage
switching network is as shown in Fig. 14(a). The largest number of links
in the linear-graph occurs between stages 2 and 3. Therefore, these stages
are to be disturbed. To evaluate B, imagine that there are links between
switches within stage 2 and within stage 3 and the occupancies of these
links are all zero. Thus, the linear graph for obtaining By is as shown
in Fig. 14(b). The linear graph for evaluating B; is obtained by equating
all a(2,i)(3,j)'s except 1 = j to unity, as shown in Fig. 14(c), where
n2 € n3 is assumed. As the linear graphs of Figs. 14(b) and 1l4(c) involve
only the parallel and series forms of directed paths, their blocking proba-

bilities can be easily evaluated using the Lee - LeGall model. Thus,

2 nz ng
Bp=1-(1- @ . 1- 1 = . .
0 ( Lranen) | =1 g1 @D (3,9))
n
3
(- e nem) @9
j=1

and

n2
B e 6,00 - a5 6,000 - (3,0 4,m)].
(4.10)
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(2,n3) (3,n3)

(1,2) (4,m)

2,1 (3,1)

(a)

(1,2) (4,m)

®)

(2,1‘12) (3,1’12)

(1, ) (4,m)
ny
(2,1) (3,1)
for ny < nj3
(c)
FIG. 14 - (a) 4-STAGE NETWORK - (b) GRAPH FOR By - (c) GRAPH FOR B;.

Replacing i by 2 in (4.6) - (4.8), one obtains
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3 MEREEL
a2.3 )
Fa3 = (=) (4.11)
’ 2 0.3

Hence, substituting (4.9) - (4.11) into (4.5) vields the approxi-

mate blocking probability.

B. Switching Network with More Than Four States

1. Step-by-Step Method: Consider a six-stage switching network

having the linear graph shown in Fig. 15(a). The occupancies of the links
between stages & and 5 of the linear graph can he disturbed resulting in
Figs. 15(b) and 15(c). The blocking probability between terminals (1,)
and (6,m) in Fig. 15(b) is Bn, and that in Fig. 15(c¢) is By for that in

. taor | i e e
Fig. 15(a). The Fi.i+1 factor here is, of course,

F = (=5 (4.12)

To find 2y, the linear graph in Fig. 15(b) mav be divided into two
subgraphs in series. One subgraph consists of stages 1 to 4, another
consists of stapes 4 to 6. If the bleocking probability between terminals

(1.72) and (4,1) and that between (4,1) and (f,m) are known, then the
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blocking probability between terminals (1,%) and (6.m) can be easily
calculated in the standard manner. For the subgraph consisting of stages

4 to 6, the. blocking probability is

ng Ng ny, Ng

- )
%s,i)(6,m) T U1 2(5,1) (6,m)-

o ' . . a .
i=] i=1 j=1 k=1 (a~~])(5vk)-

For the subgraph consisting of stages 1 to 4, the hlocking prcbability

mayv be calculated in accordance with 2.3 ~ A above.

To firnd By, let

(1

iy thimy T 241)(5,1) T, s iy e m)

(4.12)
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Fig. 15 - (a) 6-stage network, (h) “ranh for B
f¢) Graph for y |
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in Fig. 15(c). Thus, Fig. 15(c) becomes essentiallv a five-stauge net-
work shown in Fig. 16(a). fn this linear gruph Fig. 16(a), another pair
of adjacent stages can be disturbed resulting in Figs. 14(b) and 16(c).
The blocking probability between termirals (1.2) and (6.m) in Fiz. 16(hH)
and that in Fig. 1h{(c) are By and 8., respectivelv, for that in Fig.
16(a). Since the linear graph for Fig. 16(b) is a series-parallel tvpe,

the blocking probability can be eaxily calculated. In Fig. 16(c), if

further let

+ (1

a,., . = A, . ; a,., . . a .
(5,5) (5.m) (3.1) (4, (3.0 (6,0 1) (6,m)
(4.14)
it becomes a 4-stage networx.  Thus the blocking nrobabilitv can be

calcutlated in accordance with 2.3 - A.

To summarize at tiis point: ‘he blocking probabilitv of 4-stage

i

,<
~

granh Fig. 16(c) is used as By, (together wi obtained from Fig. 16(h)

and with F},A) to calculate the blocking probability of the J-stage net-

worx Yig. 16(a). In tura, this blocking nrobabilite fg used 15 4.

(together with Ba ohtained from Fio. 15(h) and with Fy 5) to calculate
y

Mias 15C0a).

the blocking probability of the b-staze network

While the above concerns only the six-stage nctwor’™, this method

of obralning the hlocking prebability hetween two terminals by reduneing
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one stage at a time may be extended to any number of stages. It should

be noted that details of computation are affected by the choice of stages
to be disturbed. Suppose, in the previously considered six stages,

stage 3 and 4 Are disturbed instead of 4 and 5. One obtains the linear
graphs of Fig. 17(b) and 17(c) for its B and Bj, respectively. Fig. 17(b)
is a series-parallel type of network, and hence its blocking probability
can be easily found. Although the blocking probability of Fig. 17(c)
cannot be easily evaluated in its present form, one can apply this step-

by-step technique described above.

(2,112) (3sn3) (z‘,nQ)
(1,23 (6,m)
(2,1) 3,1 (4,1)
(a)
(4 9n'+)
(1,2) (6,m)
4,1
n3 n3 ny ny
(®)
(29n2) (3sn3) (49n3)
(1,2) | (6,m)
(2,1) (3,1) (4,1)
n3 < ny
(e)

FIG. 16 ~ SECONL STEP IN SIMPLIFYING THE NETWORK OF FIG. 15(a).
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(2,n3) (3,n3) (4,ny) (5,ns)
(1,8) (6,m)
2,1 (3,1) (4,1) (5,1)
(a)

(1,2 (6,m)
@n Y o n D)
(b)
(2,1‘12) (3,113) (4,11,‘) (5,1‘1:,)
(1,2 (6,m)
(2,1) (3,1) ¢ (5,1)
n3 s 0y
(c)

FIG. 17 -~ A DIFFERENT REDUCTION OF THE NETWORK OF FIG. 15(a).

In general, these two approximated blocking probabilities may not be the

same; but hopefully both should be reasonably close to the exact figure.

2. Average F-Factor Method: When the number of stages in a

switching network is.large, the step-by-step method described above becomes
very laborious. 1In this case, one may obtain the approximate blocking

probability as follows: First, redefine:
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(2,n3) (3,n3) (4,n4)
(2,1) (3,1) (4,1)
(a)

(2,112)
(1,8) (5,m)
(2,1)
ny ny nj3 n3 ny Ty
(b)
(2,1'12) (3,n2) (4,{12)
(1,2) (5,m)
np (2,1) (331) (4’1)

ny € n3 and np <€ ng

(c)

FIG. 18 - ILLUSTRATING THE AVERAGE F-FACTOR METHOD.

B as the blocking probability between the terminals £ and
m with the occupancies of the imaginary links between

switches within each stage all zero.

By as the blocking probability between terminals £ and m
. . 1]
when all link occupancies a(i,j)(i+l,k) s between stages
i and i+l except j = k are equated to unity for i = 2,

3, ... L-2.
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Next, let
1 L-2
F=13 L ¥4, (4.15)
: i=2
where Fi,i+1 is the Fi,i+l of (4.8), that is
S s 0541
F, .., = [(—=—)
i,i+l1 -t
i,i+1

Finally, since the relation By < B < By still holds, similar to (4.5),
assume

B, = Bg+ (B; - ByF. (4.16)
As an example, consider a five-stage switching network having a linear
graph as shown in Fig. 18(a). Then, the linear graphs for B and B; be-
come as shown in Figs. 18(b) and 18(c) respectively. Since these linear
graphs involve only parallel and series links, one can easily evaluate
the blocking probabilities. As haS been noted before, the factor F is

quite easy to compute. Hence, the blocking probability can be readily

obtained. Thus a cruder approximation can be obtained with less effort.

2.4 NUMERICAL EXAMPLES

It has been shown that Bg, B;, and Fi 141 2Te relatively simple

s
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to compute. At this point, it is of interest to investigate how well

the approximate formula is in agreement with results obtained by means

of direct computation or simulation. When the switching network is rela-
tively complex and all link occupancies are different, the blocking proba-
bility can be approximated quite easily with the method presented here.
However, the exact blocking probability of such a network may not be easy
to calculate. Therefore, it is only possible to compare the results by
different methods for some special cases in which the blocking probability

can be directly calculated or has been obtained by simulation.

Case 1

Consider the network having a linear graph, as shown in Fig. 19(a),
in which the occupancy of every link equals a. In this case, it is not
difficult to find the blocking probability between terminals £ and m by

applying either (2.4) or (4.3). Thus:
B = 1-2(1-2a)2-(-a)d+3(-a)*-(1-a)s.

If the approximate blocking probability is to be found by the
method presented here, first Fig. 19(a) must be made equivalent to the
model considered in 2.1 above, as shown in Fig. 19(b). Thus, it becomes
a standard 4-stage switching network. Therefore, according to (4.9),

(4.10), and (4.11), respectively, one obtains

By = a%(2 - a?)
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By = a2(2 - a)2
and
_rl+ a 2
F2,3 '( 2 )

=O= 3 d -
Here a(2,l)(3,l) a(2,2)(3,2) have been retained an a(2,1)(3,2)

a and a(2,2)(3,1) = 1 are equated to unity for obtaining B;. Then the
approximate blocking probability is given by (4.5). The results of B and

B, are plotted for various values of a in Fig. 24.

Case 2

Consider the network having a linear graph of Fig. 20, where the
occupancy of every link equals a. If (2.4) or (4.3) is used to find its
blocking probability between terminals 2 and m, the process is very
laborious. Since the occupancies of the links are identical, one can use
the combinatorial analysis approach[@é]to find its blocking probability.

Thus,

10

P

[lg) al 1 - o)t E + (1 - a)ai:]1 0
i

0
The approximate blocking probability is given by (4.5), where

100

Bo= 1-(1 - al9)?* @ - at%%

TR L
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By = 1-(1-a)?lc
and
F

2,3 " 9+a’

The results of both B and By are plotted in Fig. 25.

FIo. 21 = NETWORK M CASE 3,
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Case 3

Consider a 4b-stage switching network linear graph shown in Fig. 21,
where the number of nodes in stéges 2 and 3 are not equal. As the occu-
pancies of all links are equal, one can still make use of the combinatorial
analysis approach which gives:

10 . .
B = Z (lg) alo_i(l - a)t [a + (1 - a)aljzo.

i=0

The approximate blocking probability B, is, of course, (4.5)
with
Bg=1- (l—alo)(l—azoo)(l—azo),
Bo=[1-a-a3y

and

b (20 /200
2,3 "\19+a

The results of both B and By are plotted in Fig. 26.

Case 4

Grantges and Sinowitz have studied a linear graph of moderate com-
plexity, shown in Fig. 22. Their simulated results and the calculated
blocking probabilities for 0.44 < a < 0.58 are shown in Fig. 27. For .

comparison, in Fig. 27 the approximate blocking probability B, by the
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method presented here are also plotted. Again B, is (4.5) with

Bp=1- (1 -2a%2 (1 - 232,

Bl = ll_l - (l - a)338,

and

8
F =_11L+a)_).

2,3 7+ a

FIG. 22 - XETWORK FOR CASE 4.
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(3.100)

FIG. 23 - NETWORK FOR CASE 5.

For a h-stage network having a linear granh of Fig. 23,

the blocking
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probability between terminals £ and m can be easily derived by means of

the generating function (4.3). Thus,
B={l-U-a2[1-0-Q- a)3)1§]}10.

Its approximate blocking probability can be found in either one of
the two ways: namely, step-by-step method and the average F-factor method.
Since the latter is much easier to use, the blocking probability is ap-

proximated by :the average F-factor method only. Thus,

Poop - (S0l V1000
2,3 74,5 99 + a

990+10ay1°%°
Fooy = (eer o)

3,4 1999 + a-
2Fy 3t 4
F = 3

Bp =1~ (1 -a'%? (1-al0%?

Ty
Hall
<

By =(1~(1-a)
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and

Ba = BO + (Bl - Bo)F.

Both B and B, have been plotted, as shown in Fig. 28.

By examining the results (Figs. 24 - 28)of the above cases, it is
seen that the charac;eristics of the approximate results are generally
in agreement with those of the accurate results. A more complete evalu-
ation of the approximation is made difficult bv the fact that the exact
answer is not easily available. At any rate the approximation appears
sufficiently good to be used to obtain a preliminary evaluation of the

network.

The approximate method proposed here for evaluating switching net-
work blocking probability has been shown to produce reasonable results
and has the advantage of being simple and inexpensive. In complex switch-
ing networks, it may serve as a guide to determine whether the effort of
direct computation or simulation is worthwhile for a given network, and
also provides a means of checking the results obtained from computation

and simulation.
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Single Linking-Stage Network Loaded with Multitype Traffic

It should be noted that the Lee -~ LeGall model assumes that the
state of a link (busy or idle) is independent of the states of the other
links. In practice, this assuﬁption is not strictly correct. As an
example, in the case when an intra-office trunk is busy, two paths in the
network (one of which connects a link to one of the two ports of the
trunk, and the other line to the other port) must be busy simultaneously.
Thus, when a link in a linking-stage is busy, it is certain that another
link in the same stage must be busy. Fortunately, in a large switching
network, the probability that the two input terminals involved belonging
to the same switch is very small; and furthermore, the two output terminals
connecting to the two ports of the intra-office trunk can be located in
two different switches. Thus, the invalidity of the assumption of inde-
pendent links due to this factor is insignificant for a large switching

network.

However, for a small network where z=2 and Wy is small (See Fig.
7), the fact that if a link is busy it causes other links to be busy
simultaneously will make the assumption of independent links practically
invalid. 1In order to have full access from the outlets of the switches
in switching stage 1 to the trunks or service circuits, a network consist-
ing of two switching stages may be connected as shown in Fig. 29, such
that all output terminals connecting to the ports of a busy trunk appear
busy at the same time. Assume that there are two types of traffic: . one

type causes one link busy per busy trunk (eg. incoming traffic) and another

two per busy trunk (eg. intra-office traffic).
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Then, the conditional blocking probabilitv given that a trunk is available

is different for the two tvpes of traffic.

INPUT

TERMINALS

FIG. 29

Line Group W

—1,u F/ 2,w23——o-’___’1—_f::'~\\\
; > N
\
\\ INCOMING | \ \\
— TRUNK OR | Y |INTRA
1.1 Ylovtcorse | pooFFICERD
7/ |TRUNK OR ; LIRUNK |7
’ /' IREGISTER |, 7
| ! L/ — L/
\—1’1 K L, T - T —

Link Group 1

- A NETWORK CONSISTING OF TWO SWITCHING STAGES .

For the type of traffic causing cne link busy per busy trunk bhlocking

occurs only if

all outlets of the corresponding switch in sw. tching stage

1 are busy. But, for the other type, blocking mav occur even if there is

still an idle outlet in the corresponding switch. This is possible if

the two lines involved, sav, in an intra-office call, are in the same

switch. Thus,
probability of

tion.

In order

probability of

the application of the Lee - LeGall model for the blocking

such a network will result in an extremelv poor approxima-

to give a more reasonable prediction for the hlocking

such a network, i link uroup loaded with multitvpe traffic

Is investigated in the following.
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3.1 Facts and Assumptions

Consider a link group consisting of C(:0) parallel links in a single
linking stage network loaded with m(z1) tvpes of traffic. A link can
either be busy or idle (not busy) but not both at a time. When it is
busy, it can be occupied by only one of the m tvpes of traffic. When it
is occupied by traffic type 1, T;~1 other links are also occupied by
traffic type i for the same interval of time forming a distinct group of
T; busy links. Of course, at a given time, there mav be any number of

such distinct groups of busy links in the link group. However, a buswv

link can only be in one of such distinct groups at @ time.

Let these C links in the link group be numbercd from 1 to C and the
m types of traffic from 1 to m. Then, these two sets of numbers are
No={l, 2, ..., Ctand M = {1, 2, ..., m! respectively. From these two

r

1Sy 53 1=N and j M} such that each S; .<S
2] 1 .

sets, one can form a set S

]
itself is a set of subsets: S. . = {S. . .: k = 1. 2 ( C-l)}
5 1,3 i,j.k» H L I |
J
where each Si,j,k = o N:o,=1, 02, oL, Tj and 1 = one of these dis-

tinct numbers n .:. Thus, Si.i contains all the distinet sroups each of
which contains the number of Tj busy links in which { is occupicd by tvpe

J traffic.

For example, in the case where there are C = 3 links in o link group

loaded with m = 2 tvnes of traffic such that M

i

! and T =%, then

N=‘;].2, 3‘and“‘4=1'1, 2. ’!‘}IUS,Q;{SI,»,S: ‘.,S;, :,S: s S" 1,
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S-2 2} where 51’: = {1}, S 5 = {1, 21, {1. 3, S;\_’: = {2}
b

$020 1% {2, 33}, Sy = {3} and S: > = {{3. 1}, {3, 21},

C_%)} such that

random variables: in.j,k(t): jeM, and k = 1, 2, ..., (T--

Xy 5 () = 1} = £, j 1 (t) represents that the ith link together with

links n,eSy j,k @re occupied bv traffic tvpe j at time t, and
A sJ s

“\:i,j,k(t) b

0} = Eg i x(t) otherwise. Then, from the previous statements, the fol-
’ b

lowing are facts:

Ep g0 ey o (o) = 0@

where # denotes a null cvent.

By 5w (8) =0 ifT: - C

Sl i

¥i,]‘k(t) = }‘:i'.‘],k'(t)

(4.17)

(4.18)

(4.19)

(4.20)
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x‘t
i
?

if (a) i' =1
(b)Y 1i' =i
(c) i' # 1,

(dy 1i' 41,

but j' # i

and i' = j but k' # k
and izsi’j‘k but Si',j'.k' 4 Sii.k ©oF

and Syr gv pe = S; o5y but §'O# 5.

In the following, P{*} denotes the probabilitv of the occurrence of

event {*}. In order to derive useful results, it is assumed that

(a) at anv given time t, for each traffic tvpe jr M,

I.j.k

(b) there exists steadv-state probabilities such that each

Lim P{Ei’i‘k(t)F = (4.22)

The link group i, said to be blocked for traffic tvpe j if the groun

can not handle anv

more traffic of the j tvpe. Traffic tvpe | can not be

handled bv the groun onlv if there are less than Ti links idle at the

service request time. Therefore, it is appropriate to define the hblocking

probabilityv of the link groun for traffic tvpe i as the probability that

there are C - Ti + 1 or more links busv in the groun.

Pased upon these assumptions and the above facts, it is required to

find the Tink groun hlocking probabilitics for various tvoes of traffic.




3.2 The Link Occunancv

The link group blocking probabilities for various tvoes of traffic

are usuallv expressed in terms of the link occupancies. A link occupancy

a is defined as the ratio of the total time that the link is busy to the
specified measuring period of time. Thus, a link occupancy 2y due to traf-
fic tvpe j may be defined as the ratio of the total time that the link is
busyv due to traffic tvpe j to the specified measuring period of time.

¥or tvpe j, under steadv-state condition, is

aj =lim? { v Bkt
RS O S
= lim ¥ PIE. L (t)
3 ton Q g 1.7.k
: Si,3. St
4
c-1
= im DR . ?
Him (7 ) PR 5 ()
t o~ ]
g C-1 .
I.-1 i

hecause of (4.20) and assumptions. For the same reason, its overall occu-

nancv is

g

gy

[Ee———
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= 14 (v U ;
J- i’j7kz l‘.]
m
_ c-1
N .Z (r 1) %
j=1 j
m
= y a. (4.24)
.2 J
j=1

Because of the assumptions, each link in the group has the same overall
occupancy as well as the same occupancies due to various tvpes of traffic.

It is interesting to note the limiting values of the link occupancies
due to various types of traffic, aj's. 0f course, the minimum value of each
aj is zero since there is no physical realization of a negative value of

a The maximum value of a; is governed by (4.24), the overall link occu-

j-
pancy a. Although a lini can be busyv, at most, all the time in a given

measuring period of time, it may be impossible sometimes for the maximum value

of a to be unity. This may become obvious by considering the following simple case.

Suppose that a link group consisting of 3 links is loaded with a
single type 1 traffic such that T, =2 Fig. 30 illustrates this case in a

particular wav. The ty

ty U t, e

)

link 1 ,k?ﬂi % ‘ —
0 i

Link 2 ;WW/’ Z | _

link 3 (1, _..A,foz_/ng//‘/t ,,,,, ]i —

—
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busy condition of a link is represented by 1 and idle by 0. 1In this case,
there are a total of 3 busy periods for the link group in the given time
interval (to’ﬁb): links 1 and 2 are busy together during (to,t1)3 links 2
and 3 during (tl,tz); and links 1 2nd 3 during (tz,t3). Here, t; - tg =
by, =t =ty ~t, = q(t, - ty) so that assumptions are satisfied. Since
T1 « 2 (i.e. the links are busy in pairs), the third link cannot become
busy if the two other links are already busy. Therefore, a link can be
busy, at most, 2/3 of the given time interval. This occurs when ty, - tj

= 0. In other words, the maximum value of a=a,; is 2/3 which is less

than unity.

In general, the maximum value of the link occupancy for a link group
consisting of C links loaded with a single type j traffic may be deter-
mined as follows: Let max (x|y) be the maximum value of x for a given
condition of y. Then, the maximum value of the link occupancy required is
the same as max (ajf 31 ar=0). Let t be the time of the measuring period.

r:
r#j

Then, &5t is the total amount of time that a link is busy. For a link
group consisting of C links, the cumulative amount of busy time of all links
is Ca;t because of the assumptions. Tf W denotes the maximum possible

integer of W, the maximum possible number of links busy due to traffic type

C - . .
P at o time is ingTj. Therefore, the cumulative time Cajt must spread at
J Ca.t Cast
'east over an actual interval Of‘C Thus, C is the minimum
jo—— T, e T
lTj o T- T_']

J



&

interval of time of the measuring period.

Therefore. the maximum link
occupauncy required is
m ajt
max(aj i) ap=0)= c
r=1 Ca:t/ = T.
. J T. 7]
r#3 J
T: -
=1L
C "Tj . (4.25)
The following obvious relations are of great interest in practice:
m
max (aj Ty = 1s Z a,=x)=1-x (4.26)
r=1
r#j
m m
max (a, !Z ar=x;k i T, = C for
- r=1 r=]
r#]
k=1, 2, ) =1-x (4.27)
max (aj a, = x for TS=];ij#Cfork= 1, 2

<>

... and
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m T.
) 0) = min (1 =1 4.28
) = - — _—
=1 °r min R G (4.28)
r#j#s J
where min (y;, vy, ...) equals the smallest value of v; in the set
{yi; i=1,2, ...}. Since the maximum values of a. for other given condi-
J

tions of a,'s where r # j depend greatly on a,'s, these values may be

derived directly as the cases occur.
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3.3 The Blocking Probabilitv

Let Y(t) be the number of links idle at time t im a link group con-
sisting of C links. Then, by definition, the link group blocking proba-

bility B(aj) for traffic type j under steady-state conditions is

Ti-1
B(a;) = lim PI U {Y(t) = y‘r}
J ‘o V=0
T.-1
3.
= lim ) PIV(t) = v (4.29)
t- v=0

But Y(t) =y implies that C-y other links must be busy at the same time.
Furthermore, these idle and busv links mayv be in anv order. 1f a specific
order such that the links numbered from 1 to v are idle and v+l to C busy
at time t in a link group consisting of C links has a probability O (y;

C-y), then, under steady-state conditions and assumptions,

lim P/Y(2) = v' = (S) lim Q, (vi C-v)
tv-; - t-..
c
= () 0y C-v) (4.30)

where Q(y; C-v) is the corresponding steacdv-state probabilitv that v links
are idle and C-y links busy.

At time t, a link is busy if event [ ! U E. (t)-




occurs and idle if 1 { a fi ; . (t)}occurs. Yote that mno
I 55k,

link idle implies all links busy. Therefore

C
Quly; C-y) = P{ 1 { U { U Ei,i,k(t)}}}
i=l  jeM Si,j,kasi,j
if v=20
y C
=P{ 1 {1 a fijk(t)}} 1
i=l  jeM Si,j,k"si,j i=y+1
I 7 s
LFI:\II {S L ‘S El,],k(t),r}
RS T ISR I
if O<y<C
c —
=p{ 0 {a ¢ a1 E, (€)1}
i,j,k
i=1 J S. . ktsi .
i,i. )] ify=c
(4.31)

Thus, combining (4.29) to (4.31), the facts and assumptions outlined in
Section 3.1, and the relations of link occupancies in Section 3.2, one
can obtain the required link group blocking probability for a given tvpe

Jj traffic in terms of link occupancics.
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However, when C>>1 and m>1, it is rather difficult, in general, to
express the conditonal probabilities in terms of link occupancies. For
practical pufposes, when such difficulty is encountered, it is suggested

to make approximation by using the following additional assumption:

The random variables Xi i k(t)'s are mutually independent except

» b

? the facts outlined in Section 3.1

H . = a. = o =

: When aj 23max max(aJ ! kzl ak), B(aj) B(ajmax) should be
t =

: k#j

unity since the link group can handle at most C ajmax traffic type j.
But, with this additional assumption, it is possible that B(ajmax) £ 1.

For this reason, it is suggested to normalize the link group blocking

DRI L ez, et

probability for a given traffic type j whenever this additional assumption
is required such that the approximate link group blocking probability Bj

: for traffic type j is

B, =§——B—(ﬁL (4.32)
J (ajmax

s

Thus, if B(ajméy) = 1, the approximate and the exact link group blocking

e maRa e

probability is identical.

To express Bj in terms of link occupancies, it is necessary to ex-
press Q(y; C-y) in terms of link occupancies. First, consider the case

when all links are busy, ie. y=0. From (4.31),

Frm oo
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c-1
Q(05¢) =P{ 1 r v U E: s (03]
i=1  jeM 2o
i Jed Si,j,kesi,J
v U ECj (t)}}
§ JCEM Sc’jc kESC,jC C,kc
3 Pl U U EC ; (t)1}
JesM S, . eSS, . "CLk
C,Jc,k C,JC C
C
C-1
] (r. 21)
v ic c-1
- 7 ;P fUv o v I ON
j =1 k.= i=1 jeM S, | I
%C ic c 1 i jeM gl,j,k gi,j
ic
I
iE. . (e)' PIE_ | (t):
C’J Cv‘]
: C,kc C,kc
-1
(i
m Jg C-
= ) PYE () &ty
.z =1 v . = 3 oM
Jc % Cvkc i jeM
JjC<C
LU £, ; Lot
ql,j,k)si,j
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m
+ 1 PlEg 5. (O} (4.33)
jc=1 ’
ch=

Continuing this approach, (4.33) can be expanded without using the
additional assumption. However, it can be greatly simplified if this

assumption is employed. Since

is essentially the probability that all links in the link group consisting

links are busy at time t, ie. Qt(O;C—T-C), it then follows that,

J

of C—ch

from (4.33) and using the additional assumptions,

m
~ c-1, .
Q,(0;C) = '21 (Tj_l) ?{Ec,j,l(t)f Q¢ (0;C-T3)
]= -
T.<
5C
m
+ PR L @) (4.36)
j=1 7.0
T.=C
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Another way of writing (4.34) is

7 c-1
Qe(0;C) = 2 (7_7) PI{E. . .(t)}
j=1 TJ 1 C’J71
Qt(O;C—Tj) (6.35)
If one defined
Qt(O;C—Tj) =0 for C<Tj
=1 for C=Tj (4.36)

Thus, to evaluate Qt(O;C), one only needs to carry out the recurrent re-
lation of (4.35) until either one of the conditions (but not both) in
(4.36) is reached. Under steady-state conditions and combining these re-

current relations into one expression, one obtains that,

Q(0;C) = 1im Q. (050C)

t—*co
=0 if C<0
=1 if C=0
= ? L Q(0;C~T.) if C>0
j=1 T.~-1 j - i

(4.37)

Next, consider the case when all links are idle, ie. v = C. From

(4.31), by simply apply';De Morgan's law [1]
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o
Qe(C;0) =2{ 0 (2 [ a E . (DI}
Lt 1,3,k
i=l jeM S. . _eS. .
i,j,k 7i,j
C
=1-P? U {U { v© E. . ,()}}
i=1 jeM s, , s, , L.k
i,j,k771,]
C
=1- ) PlUu { U E, < (O}
i=1  jeM S, . es, . d»
1,3,k 771,j
C 2
+ ] PO { U { v i 5 (£)}}}
i; i,=1 x=1 j eM S S X,7X X
> e x X, x,kx x,9x
%1,
C 3
- ) P{n {U ¢ v E; o (011}
i, i, i =1 x=1 j_ eM S ] €S x,Jx, b
1, 29 3 x ] J
. Xy "X, X X,'X
1,<1_.<1
+ . (4.38)

It is rather difficult to express (4.38) in terms of link occupancies

explicitly. However, with more specific informations about the parameters,
this difficulty may be eliminated. The following are some special cases:

(a) when C=1, then

Q. (1;0) = 1 -

II. t~13

P{E, . ,(t)}
321 1,j3,1
T.=1
J
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so that
m
Q(l;o) =1- .Z O..j
: j=1
Tj=1
m
=1 - -z aj
j=1
T.=1
3
(b) When C=2, then
m
2;0) =1 - {
(2:0) =1 -2 [ PBE . ()
j=1
TjSZ
m
+ ] P{E, . (t) n{ ! U E, . (£)}}}
ji=1 l’J]. 1 j Z’J
J1 ) Jz‘:M 2 kES 2
T, <2 1Jp kg 260,
I ’
m
=1 - :
2 é PAEL L (o))
j=1
Tjsz
m m
+ ) PE L (Y PE . (D)}
j=1 0 bt jpe1 2pl
. = T =
3,71 .
+ Z Py l(t)l
Fh=1 B!

(4.38a)
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so that

(4.38b)

]
—
t
[
t~1
%)
i
i o~13
[
+
~~
it i o~3
Y
—
t

3
[
1
—
e L.
([
N =
-

(¢) When Tj=l for all jeM, then

m
Q. (C:i0) =1-cC L P{El,i

(t)?}
le Jl

m
+() ) PIE, . () (T PLE, . ()))
3,51 Lt i=1 23,1

n} m
-3 ) P{El,j HOX q 7 PIE, . (0)
l’ J?=1 ’529




- 86 -

so that
m
QC:0) = 1-C ] «a,
j=1
m
C T 2
+ () () w)
j=1
m
C 3
= (3) (Z a,)” +
j=1
C
C k
= ] @) (-a)
=0
= (1-)°
etc. (4.38¢)
Finally, consider the case when some links arc¢ idle and some busy,
i.e. O<y<C. From (4.31),

y -
a {n A 1 E, . ()]}
coq s i,j,k

i=1 jeM Si,j,kesi,j

Qt (}’,C"Y) = P{
Stk © %k




C
. o} 3&"11 $ | Ei,,j,’k,(t)}}}
1 =y+1 jeM i’ Jv k'-P5 Jv
nAesi,j,k ¢ Si',j',k'
= Q. (y;0) ~ Q, (0;C-y) (4.39)

because of the facts and the assumptions. Under steady-state conditions,

(4.39) becomes

Q(y;C-y) = Q(y;0) ° Q(0;C-y) (4.40)

In summary, combining (4.29) and (4.30), the link group blocking
probability for traffic type j is

T,-1

Ba,) = ) (5 auyic-y) (4.41)
hj o ¥

J
y

where Q(y;C-y) may be obtained by taking the limit of (4.31). For ap-

proximation, (4.32) may be used. In this case, B(a;) and B(ajmax) are

obtained from (4.41) with Q(y;C~y) obtained from (4.37), (4.38) and (4.40).
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3.4 Sample Calculations

In this»section, simple examples are given below to demonstrate the
usefuleness of the formulae outlined in section 3.3 of this chapter.
Example 1:

A link group consisting of C links is loaded with a single type of
traffic A;, which requires the service of one link per request; ie. Ty = 1.
If the traffic is evenly loaded over the links, what is the probability

that exactly y (OsysC) links are busy?

Solution: Since the traffic Ay is evenly loaded over the links, each link

has an occupancy of

The probability of exactly y links busy is (4.30). by (4.23), (4.37),

(4.38¢c) and (4.40),

0(0;C) = a,

it

Q(C:0) (1 - apC

and  Q(C-y;y) = Q(C-y:0) Q(0:v)

(1 - an®¥ Y if O<y-C.

Therefore, the probability of exactlv y links busy is,

Lim PiY(t) = G-y} = (

c -
D (= )&y LY
L rias )

C~
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which is the Benroulli distribution E,li] as expected.

Example 2:

A link‘group conssiting of C links is loaded with m tvpes of traffic
Ay, Ay -eny AL all of which require the service of one link per request:
i.e. Ty = Tp = ... =T, =1. If each traffic type is equally loaded over

the links such that each link has an occupancy of

what is the link group blocking probability for each tvpe of traffic?

Solution: Because Ty =T, = ... =T =1, it follows from (4.23)

By (4.26),

m
a, max =1- ai.
J i=1
i#j
From (4.24), (4.37) and (4.41),
pl c
Ba;) = QQ0:C) = ; aj)
i=1
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But, when a; = a, ) a. = 1. Therefore
J jmax, .24 1
= 1
B(ajmax)
By (4.32),
B, = B(a.) = aC
J

Thus, the apnroximate link group blocking probability is the same as the
link group blacking probability for each given traffic type j. This

agrees with Lee - LeGall model when the occupancy of every link in the

group is the same.

Example 3:

A link group consisting of C links is lconded with a single type of
traffic Ay which requires the service of x links per request; ie. Tp = x.
Assuming that the traffic is evenly loaded over the links such that each

link occupancy is

a]

What is the probability that all links in the group arc busy?
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Solution: The probability that all links in the group are busy is, by

(4.30) and (4.37),

l1im P{Y(t) = 0} = Q(0;C)
e " <1
=0 if C<0
=1 if C=0
= alQ(O;C—x) if C-0
Clearly, then, for C>0,
N
1 C-kx~1 if C is the
1 { = } 2 — n
Um P{Y(t) = 0) C . ( x-1 ) multiple of x
toroo c-1.1 /x k=0
{Gpl

if C is not the
multiple of x
This is reasonable because of the following: It is expected that it
is impossible for all the links to be busy in the group at anv time if C is
C . .
not a multiple of x since there are at least (C—x[;]) links idle all the

time. Furthermore, for C/x = an integer, it follows from (4.27), al max

By (4.32), (4.37), (4.40), (4.41) and the expressions above, the link

group blocking probability is

B, = (a)c/x
J



- 92 -

as expected if C>0 and C is the multiple of x.

Example 4:

A link group consisting of 3 links is loaded with two types of traf-
fic Ay and Ay such that Ty = 1 and T, = 2. 7If each of these traffic is

evenly loaded over the links such that the occupancies are

A
a; = 3—
2A
and a, = —52 .

what is the link group blocking probability for each type of traffic:
Solution: First, consider type 1 traffic. By (4.23), (4.37) and (&4.41),
B(ay) = Q(0:3)

2
(+ ;) a. Q(03;3-T.)
521 Ti 1 i i

n
If o~

i

100

I i~3t0

—

lai Q(O;2—Ti) + a,

31 Q(O;I—Ti)

[

= a) (2)%+a) + aza

3.3
= a;- + 2 ayar
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By (4.26)
a1 max = l—a2
Therefore,
B(a ) = (1-ay)? + 2 a,(1-a,)
1 max 2 2 °¢ 2

Thus, the approximate link group blocking probability for traffic type 1

is 3
a;? + 5 aiaz

(1—62)3 + % az(l-az)

Next, consider type 2 traffic. Similarly,

L 3
Z (y) Q(Y=3'Y)
y=0

"

B(as)

Q(0;3) + 3Q(1:2)

But, by (4.38a), (4.37) and (4.40),

]

Q(1;2) Q(1;0) * Q(0:2)

(1-a;) a; Q(0;2-T,)

1

Ho~1ro
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(1 - ay) (012 + ay)

. ars
(1 - al) (alz +T)

Therefore
3 )
B(ap) = a13 + 5 ayap + 3(1 - al) (al2 + 2—)
By (4.28),
o s 2
a2 max - min (1 a, 3)
Therefore,
= 3 é 1 - g
B(a2 max) ay® + > @1 min (1 al, 3

+ 3(L - ay) * (a;?

+ % min(l - ay, 3)

Thus, the approximate link group blocking probability for traffic type 2 is

B (a))

By, =
B (82 max)
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It is interesting to note that when a; = %-and a, = %, according to (4.25),
it is expected that the link group is busy all the time. But in this case,
both B(aj) and B(aé) do not equal unity. However, the normalized link group

blocking probabilities are By = By = 1 as it should be.
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Chapter V

Waiting Time Distributions

Introduction

To estimate the overall grade of service for delaved calls by means
of the traffic flow graph, it is important to estimate the link delay
distributions as exact as bossible. Each link in the traffic flow graph
represents a delay system of a call delayed for service in the exchange.
Thus, the traffic flow graph represents essentiallyv the network of delay

systems through which the call is processed.

Usually, a delay system is defined as a full availability waiting
svstem, that is a service system in which a request is allowed to wait if
it cannot be served immediately upon its arrival. It has an input with M
sources S, S,, ..., Sy where 1 ¢ M ¢ «, and an output which may be re-
garded as a source for the same and/or other delav systems. This is il-
lustrated in Figure 31. A source mayv itself be regarded as the output of a
delay system. If a call (or request) appears in source S; of the delay
svstem Dj, at- time Ty, its service will begin at time T, = TO in accordance
with some rule of selection in Dj, called the queue-discipline of D3, and
it will appear at the output of Dj when its service is completed at time
T 2 T;. The time intervals (T1 - TO), ('I‘2 - TI) and (T2 - TO) are called

respectively the queuing time, the service time and the waiting time of the
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FROM
SOURCE
——————,
! INPUT | A DELAY OUTPUT ‘TO OTHER
=" SYSTEM = DE._AY

§; ———39
; D, SYSTEMS
_. _____ SM——._

FIG. 31 - A DELAY SYSTEM

request from S; with respect to Dj as shown in Figure 32. A delav svstenm
mayv be described bv specifving the following three characteristics: the

.

input process, the queue discipline and the service fnechanismES -

CWAITING TIME

o |
1 ';
1
1 GQUEUEING TIME 1 SERVICE TIME! -
T + $ & UIME
REQUEST SERVICE SERVICE
APPEARS B EGINS ENDS

FIG. 32 - RELATIONS BETWEEN OUEUETNG,
SERVICE AND WAITING TIMES.
The input process »f a delay system 7; can be described bv a sun of M
randem variables,

xj(t) = il x; (t),

i

where cach x;(t) represents the number of requests from source S; of the

svstenm o the time interval (0,t). The queue discinline is the method bv
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which a request is selected for service from all the requests waiting for

service. It may be characterized bv a set of conditional probabilities

described in the next section. The service mechanism of a delay svstem can
be described by the probability distribution of its service time T,

P{Tst}, and the number of servers.

Methods of Determining Waiting Time Distribution

There are at least three methods which can be used for determin-
ing the queuing time distribution of a delay system, and hence its waiting
time distribution if its service time distribution is known. The first
method is the "particular case" approach. This is based on the character-
istics of the delay system, namely: the input process, the queue discipline
and the service mechanism. Practicallv all the waiting time distributions
of the classical delay systems are determined by this method B.19—21]; There-
fore, this method will not be further discussed here. The second and third
methods of determining the waiting time distribution of a delas svstem are
the "general case" approach{éi » and the traffic flow graph approach[:sj.
The "general case" approach is not any simpler than the first method but
aids one to the understanding of the congestion processes producing delays.
However, the third method, the traffic flow graph anproach, may sometimes be

simpler than the first two methods to be used in detcermining the waiting
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time distribution of z delav system. Both the second and thirc methods

will be discussed in the following.

2.1 Genéral Case Approach

In this approach, a single server (service channel) delas svstem is
considered. This approach may be extended to the multi-servic> channels
case. Let the single server delay system be subjected to a general stream
of calls (demands for service) and operate in such a way that a call
arriving, when the server is idle, obtains service immediately: otherwise,
it is inserted in a queue where it remains until service is ottained.
Moreover, calls are served one at a time, and while there are calls wait-

ing, the server operates continuously.

At a particular moment tg, a test call arrives and waits for a period
of time D before gaining access to the service channel. Service times are
initiated at times t;, to, t3, ... following the arrival of tie test call.

It is desired to find the queuing time distribution of this t2st call.

Now the determination of the probability that the time D is greater
than t, P{D > t}, hinges on a very obvious fact: if t > 0, and the test
call is still waiting at time t, + t, then there is at least one call in
the system at time tg, and whatever the number of service times initiated

on the time interval (tgy, tgy + t], there is always at least one call wait-
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ing for service at those times t;, t,, t:, ... such that

A

tg £ &y € ty £ tg ... Sty + ot
Moreover, when the server is continuously busv between the times tgy and
tg + t, then exactly k service times are initiated in that interval of

time provided the sum of k consecutive service times is at most t, whereas

the sum of k + 1 consecutive service times exceeds t.

Observe that the validity of the previous statement is -ontingent

neither on the gueue discipline nor on any particular independence assump-

tion about the delay system.

The relevant symbols are defined in the following.

Fvents

{D+} the event that the test call is delaved, or that the server is
busy at time tg

{B.!} the event that the server is continuously busy throughout the
time interval (tp, tn + ¢

D>t} the event that the test call waits for a period of time exceeding
t before obtaining service.

Random Variables

T the length of the service period bheginning at tj—l =2, 3, ...

T refers to the remaining duration of the service in progress at

{

time tp, if any
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J
S;  the sum I T, for 3 =1,2, ...: bur Sp =0
i=1
Z the number of calls arriving between times tp and t;, not in-
cluding the test call
Zj the number of calls arriving during the service period beginning
at tJ_l’ J = 2, 3’ ..
X¢ the number of service times initiated in the time interval
(to, to + ]
Nj the number of calls waiting for service at time ti i=1, 2, ...
g
Ng the number of calls in the system at time ty excluding the test

call, but including the call being served at time tg, if any

The Queuing Time Distribution

Tt is convenient to summarize in compact forms the statements made
above. To begin with, the delay of the test call cannot exceed t unless
the server is busy at time t; and continues to remain busy throughout

the interval (tp, ty + t], hence
D> tle ‘p+2 0 1 v, (5.1)

If exactly k service times are initiated during the interval (to, tg + t},

then the occurrence of the event D+ {Bti implies that the




variables Ny, N, ..., Nk—l and Np cannot take the value 0. This leads

to the following statement:

4} 08B} = U X, = k2 afny ixg s 1. (5.2)

Finally, note that if both the events {X, = k} and {D+In {B.} occur, then

the variables Ny, Ny, Ny, ..., Ny must satisfy the relations

1]

N1 Ng + 2y

v: = N - + . i = 2 «e K. .3
Np SN - l4zyo3=2,3 ok (5.3)

Now, the conditions expressed in the relations (5.2) and (5.3) completely
specify the event D+} 1 {B,}; indeed this event is itself the aggregate

of all mutually exclusive events, or congestion states
fnge nyy vosy oy, kb= X, = kb oa o N, = nj

such that

k = O- l’ 29
. ¢ = 2,
ny 2 1, for k 01 1, (5.4)
n; 2 ng. and
ny 2z max (1, nj_y - 1), for k = 1, 2, 3,

It R representsthis aggregate, then the relations (5.1) and (5.4) imply
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that
P{D > t}! = Z P{D » t/no, Ny, ..., 0, k}p{no, 0,
1
{no,nl,nz,---nk’&}eR
e, nh,k} (5.53)
where the summation operator
!
{nOs Ny, «.., nk k}‘.R
is to be read
o foé] (=] o o
T T T«
! . L tre Z e Z
ne=1 k=0 n1=n0 ni=max(l,ni-1) nk=max(l, My - 1).

and P{-} is the probability of the occurrence of event {-}.

The equality (5.5) is, therefore, a general representation of the proba-

bility P{D > t} based on elementary probability properties.

The Queue Discipline

Having characterized all the congestion states relevant to the
analysis of the event {D > t}, the expression P{D > t/ng, ny, ..., ng, ki,
which denotes the conditicnal probability of this event given the particular
congestion state {ng, ny, ..., g, k!, must naturally represent the law

governing the selection of calls for service at times L1, Loy veny g
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Needless to say, a very complex law of choice may result in a very
complicated form for the expression P{D > t/ng, ny, ..., g k. Never-
theless, provided this law of choice can be expressed mathematically, the
relation (5;5) degermines the queuveing time distribution completely. As

examples, consider the three classical queue disciplines.

Strict Queuing

The test call arriving at tp, and finding ng - 1 calls waiting,

takes up the npth position in the queue and enters the service channel

at time t, . Therefore
0

p{D > t/ng, ny. ..., 3 b= 03 ifng €3, § O

>

= 1: if ng > j, 7 2 O. (5.6)

Random Order of Service

At each of the moments t;, tp, .... ty , the next call to enter
t

the service channel is selected at random from among those waiting: hence

P‘D > t/ng, ny, ..., 0, jr =1, 1if 3 =0, ny 31
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Reverse Order of Service

The test call arriving at t, remains in the queue as long as the

server is busy with calls that arrive after time to; therefore

It
fo-
v

P(D > t{ng, ny, -ee g 3) if 5 =0, np 2 1
=1; if j > 0, n; - ng >0
i=1,2, ..., j

= 0; otherwise. (5.8)

To see that this is so note that at time ty the test call becomes
the first waiting in a queue of ng calls. 1If at any time after
to, and before the test call enters the service channel. there are n calls

waiting altogether, then n - ng calls must be served before this test call.

The Congestion States Probability

The general representation of the waiting time distribution being
cdetermined, the fact remains that, in many practical situation:s it would
be of little help were it not for certain assumptions regarding the stream
and di5posai of calls. It is suggested, however, that rather than setting
down assumptions beforehand for any given situation, it is desirable to
study the general representation of the distribution, since this study may,
of itself, suggest what assumptions ought to be made, and what approxima-

tions are suitable. 1In the final analysis, it is the very structure of
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this distribution relevant to a particular situation which dictates to
what extent assumptions can be made in order to attain numericcl results

that are reasonable.

For the simplest types of queue disciplines, as in the evamples dig-

cussed above, the following assumptions are usually made:
1) calls arriving in disjoint time intervals are independent;
2) the arrivals do not depend on the state of the
system:
3) servize times are independent of the number of calls
waiting:
4) the queue, if any, may be unbounded, but the mean intar-

arrival time exceeds the mean service time: and finally,

5) the call intensity is also time independent.

With these assumptions made, let vs{k} denote the probability that
exactly k calls arrive during an arbitrary time interval of length s. 1In
addition, define

P’j} € st o= H(s), j = 2, 3, e,
Then
I = H(u) du

P{'l‘[ < 5‘ = H¥*(g) = 'O = Z P{n()}P{TI S!;sﬂol
I = H(u) du  PMo7!

o
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2 P{no} H*n; (s)
ngp=1

Under these conditions and because of relation (5.3) and the fact that

plng, n1, ..., my, k} = pinglpiny, ny, ..., n, k/ng} =

1R

[
ping} J P ve {np = ng)

4

.. v {ng = nj 1 + 1}
1
{xy+xp+. . c4xp st}

i=2

(1 - H(t = %] = Xp .on = xk))dH:O(xl)dH(XQ)

...dH(Xk) (5-9)

where p‘ngl is the stationary probability that there be ny calls in the

system at tg.

Thus, having the knowledge of the congestion states probabilitv and
the queue discipline of the delay system, the queuing time distribution

can be determined from equation (5.5).
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Traffic Flow graph Approach

To use the traffic flow graph approach for determining the waiting
time distribution of a delay system one must subdivide the system into
sub-systems forming a network of delay systems. In order that a delav
system can be regarded as a network of delayv systems, each delav system
in the network may be defined as a time delay system which contributes a
certain amount of time t 2 0 to the total time required to process the
request through the network. It has the same structure as Fig. 31. The
time required to process a request from a source S; to the output of the
delay syvstem Dj is called the delay time of the request from £; with
respect to Dj. Once a delay system is represented by such a retwork that
the probabilities of a request (or call) processed through the sub-delav
systems and the distributions of the corresponding delay times are known,
the delay system is said to be represented by a traffic flow graph. .
Thus, the overall delay time distribution of the corresponding traffic

flow graph is the waiting time distribution of the delav system.

However, to use the general formula (2.8) to determine the overall
delay time distribution for a given traffic flow graph, it is necessary
to know the directed links involved in each path between D; and D,. For
a relatively simple traffic flow graph, it is not a difficult task to
enumerate the directed links in each path. As an example, consider the

traffic flow graph shown in Figure 33.
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FiG. 33 - A SIMPLE TRAFFIC FLOW GRAPH

There are 5 nodes. D; is the source and Ds the sink. There is one
single step path between nodes D; and Dg, i.e., Z(l) = 1, namely: Ll’s
with associated link delay Wl,g and link selection variable Ayl 5. Also
there are two 3~step paths, i.e., z(3) < 2, namely: one path consisting
of Ly, 2, L2,3 and L3’5 in series, and another path consisting of Ll,z,

Ly u and Ly 5 in series. Since z(k) = 0 for x = 2 and k 2 &;the overall

delay time distribution in accordance with (2.8) is therefore,

P{Wst} = P{wl(” g th o+ Z P{Wr(3)st}
r=1
= PilWy oxt} DAy o = 1}
+ P, 5 + Wy 5+ Wy g)sth O fA; p = 1} 2 Ay 3= 1}
1Ay 5 = 11}
+PHW 2+ Wp 0+ W g)sti D Ay 2 = 12 Ay v = 13

1 {A, g = 11}
b

h"7~{. 2T

It follows, by (2.6)ﬁthnt:
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t

|

!

P{Wst} = | Py 5 . éPiW; gst }
0 ’ ’
t t~-ty t-t1-ty
r
[ |

+ J J Py 2 . dP{W) pstsl

- >

P1,7 . dP{W1’25t3}

b

P2,h . dP{W, ,sto} . Py 5 . dP{W, gstq}
’ b

If a traffic flow graphis relatively complex, it may be decomposed
into sub-flowgraphs in order to make the computation of the overall de-
lay time distribution easier. The only condition required is that each

sub~flow graph, when fitted into the final traffic flow graph, can be re-
placed by a directed link such that:

a) The associated link selection probability equals the sum of
the link selection probabilities associated with the outgoing links from

the source in the sub-flow graph.
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b) The associated link delay distribution equals the overall de-—

lay time distribution of the sub-flow graph.

However, when the traffic flow graph is relativelv complex, it mav
be a difficult task not only to enumerate the paths, but also to decompose

it into sub-flow graohs. For this reason, a matrix technique for path

enumerations is introduced.

Matrix Technique for Path Enumerations

To enumerate paths from D} to D, in a given traffic flow graph by
the matrix technique, the following conventions are adopted. The product
of directed links indicates that the directed links are connected in
series, and the sum, in parallel. It is assumed that there exists at
most one directed link Li.j connecting any node D; to any adjacent node
Dy which may be D; itself. If any directed link Li,j does not exist,

Li,j is equated to zero.

In a given traffic flow graph, there may be a number of paths, con-

sisting of k directed links, connecting Dj to Dj. Let this number be
(k) e L) (k) (k) o (k)
41,1- In particular, Zl,n = Z . If Li,j (r) is one of these zi’j
paths, say, the rth path, then,
L(RZ(r) = L. L L for k > 1
1,3 i,r, )y r r ]
. k-1,
=1, . for k = 1
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where lSrusn and Li,rl’ Lrler’ ... and er-l j are the directed links

in the path. Note that the general formula (2.8) will produce the same

result even if the positions of the directed links within the expression

Li&z(r) are put into a different order. When Lik;(r) =0 it signifies
e . . tf oo g (KD (k)
that such a path does not exist. If the Li i represents all the Zi :
paths, then
zf‘z
k R 1
) L) (5.10)
»J r=1 i
For k » 1,
{9
T k-1
Lik? = ) Lf . ) (r) . 1L (r)
3 ) I k-1,
. 2
= ¥ L ) L(k'l)(r)
LyoTulg ‘ f,u
u=1 r=1
n
I AL
oy i,u u. i
u=a4
For k = 1, obviously,
SO

1,3 i,j
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Suppose that an n x n matrix L is constructed such that the element of

the it row and jth column is Li,j. If the ?roduct of L itself k times

th h

column element of L® is exactly Lik; EZZ_’:]
1Lk

is Lk, then, the i row and jt

In particﬁlar, L](_kr), is the first row and nth column element of and

>

represents all the Z(k) k-step paths in the given traffic flow graph.

As an erample, the matrix representation for the traffic flow grapb

shown in Figure 33 is

D, D, D; Dy, Ds
- ~
D, 0 L1,2 0 0 Ly s
D, 0 0 Ly 3 Ly 0
L = Dy 0 0 0 0 Ly s
Dy, 0 0 0 0 Ly s
Ds 0 0 0 0 0
- p
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and

=0 for k > 4.

Once the paths for a given traffic flow graph have been enumerated

in the form of (5.10) the procedure of obtaining P{w(k)zt} is very simple
r p

(k)

since {W, '<t! is the joint event that the sum of the link delays as-

(k)

sociated with the directed links in the pathsLl a

(r) does not exceed t,

and that all link selection variables associated with the directed links

(k)

in the path Ly ,(r) are equal to one. Admittedlv, when z (®) increases
with k, it is also laborious to obtain the overall delay time distribution
PiWst}. Fortunately, in manv practical cases, if Z(k) increases with k,

).,

P{Wr ft: usually converges fairly rapidly as k increases, so that k

need not be too large in order to obtain a reasonablv accurate result.

Traffic Flow Graph with Serial Dependence

Sometimes, the delay systems in the network of delay systems are
interdependent with each other. If such a network is considered as a
traffic flow graph, the resulting overall delay time distribution is only
an approximation. The approximation is improved if some of these inter-

dependencies are taken into consicderation. In the following, a



model called the traffic flow graph with serial dependence is studied.
Similar to 2 traffic flow graph, a traffic flow graph wi-h serial

-

dependence is cefined as a graph consisting a set of n, where 2 < n < w

nodes 1Dy, Ds, «e., D} interconnected by directed links in some fashion
- 2 n -

§ such that there is at most one link from Di to D; and such that

(L Node Dy, called the source, has only outgoing links; and node

e o m s

Dy, called the sink, has only incoming links:

“+

; (2) Each directed link Li,i connecting node N; to its

adjacent node D., where i = 1, 2, ..., nand j =1, 2, N o}
has the link selection binary variable Ai,j taking valucs

from 10,1} with {Ai,j = 1} representing the event that tie link

Li,j is selected ; and {Ai . = 0}, otherwise;
b

(3)  The link selection variables and the link delays in a given
path from D; to D, are interdependent, and furthermore, the

events {Ai .= 1:'s for a given i are mutually exclusive:
)]

otherwise, the link selection variables and the link delays

are independent with each other.

Let Z(k) be the number of paths consisting of k directed links from D, to D,:
1
13 . . ;

JWE )SL; be the event that the tota! delay tim> does not exceed

t for the rth path with & links;
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{W < t} be the event that the overall delay time W by selecting

a path between D; and D, does not exceed t; and

P{.} be the probability of the occurrence of event {.}.

Then, the overall delay time distribution for a given traffic flow graph

with serial dependence is

- 7(k)
: (k)
PiWst: = P{ U U W™ ceh)
k=1 r=1
oo (k)

gt} (5.11)

i
Il 0~
t~1
g
—
=
Py
-
N

which is the same as that for a given traffic flow graph because of the
exclusive links . However, the probability that the total delay time

does not exceed t for the rth one of the Z(k) path is

1
P{Wﬁi) st} = P{{(wl,rl W ey b W yaein

v
Tk-1,n

e =100 0y o= pa
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1(2—'2
t t-t t-t - t
n
n m=1 rk—m
= J f - J
t =0 tr =0 t =0
n k-1 ]
a . dP{{w Str}{w =tr}n...n{w
L, 11 711,72 2 T2, Tk-1
n{w = tn}} dP{{wr . <t } {wr ;
k-1," k-2, k-1 Tx k-1,
dP{w <t}
Ti-1,

where each subscript T, takes a value from {2, 3,

tr
k-1

t }}
a

(5.12)

., n-1}, the as-

sociated links Ll ys L L form the rth one of the Z(k)
sT] rl,rz’ rk_l’n
path, and
a = P{{A = 1}|{A =1} n n {A =1}
|9NY 1 .
,rl rl’rz rk—l,
n{ (W + W + ...+ W )st}‘,L
1, ] I,r2 rk~],n /
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In particular, when the link selection variables and the link delays in

the path are mutually independent, (5.12) reduces to that of a traffic

flow graph as it should.
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Typical Example

To demonstrate the power of the general-case approach and
the traffic flow graph approach for determining the waiting time distribution
of a delay system, the Erlang model [?4 ]of a delay system with a Poisson
input, firét—come, first-served discipline, and negative exponantial ser-
vice time is considered here. Note that only the queuing time distribution
for this model is required to be determined since the waiting time is the
sum of queuing time and service time which has been given. The specifica-

tion of this model is as follows:

The input process is

K
ve(o = a8l -as (5.13)

where vs(k) is the probability that exactly k calls arrive during an
arbitrary time interval of length s, and a is the arrival rate. The queue
discipline is specified by the conditional probability (5.6). And the

service mechanism is specified by the service time distribution:
~-bs

H(s) = 1 - ¢ (5.14)

and ¢ servers such that the interdeparture time distribution is

H'(s) = 1 - e ¢S : (5.142)

-1, . .
where b is the average service time.
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General Case Approach

Since the general formula (5.5) was developed for a single server
delay system, only the case where c=1 is considered here. Combining (5.5)
and (5.6), the queuing time distribution for the single server delay

system is 1-P{D>t} such that

P{D>t} = ] ]  Plng,k} ng>k20
np=1 =0
- o
= ) }  Ping,k} (5.15)
ng=k+1 k=0

since the calls arriving later than the test call will not affect the delay

of the test call to be served. By (5.9),

f
P{ng,k} = Pi{ng} j J cee (1-H(t-x)=xp-.. .~x}))

’

{x1+x2+...+xk‘t}

dH:O(xl) dH(x,) ... dH(x,) (5.16)

But [23]

oo

P{ng} = J Unp_'_l(x) dH(x) (5.17)
O ;
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and
’r <
. [ ]
H* (1) = — ] U (t-x) . dH(t) . dx
ng P‘“o} x=0 t=x 10
where k
U(s) = ) P{ng} v_(k-np).
n0=O
Let ¢ = t-x then (5.18) becomes
I
a
BE (1) = = f | U (o) . dH(o+x) . dx
ne Ping} x=0 ¢=0 R
Again, let w=g+x, then
o o+T1
a
H* (1) = J U_ (o) J dH(w) dx
PR TEvs e
y
= H +7) -
5Tng] o Uno(c) (H(o+1)-H(0)) do

But, by (5.14)
H(o+t) - H(o) = (l-e PTye b0

,v

= H(1)e P”

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)




Therefore, (5.21) becomes

U (9) H(D)e ®° 4o
ng

.
Hno(r) 57

U_ (o) dH(c) (5.23)
ng

But [19]

P{ny} = <1-§> (-g-)“o (5.24)

Thus, combining (5.17), (5.23) and (5.24) results in

H% (1) = H(%) (5.25)
g

That is, the coaditional residual service time distribution equals the
service time distribution for the exponential service time distribution

case. Substituting (5.14) and (5.25) into (5.16), one obtains

[ [
P{ng,k} = P{nj? | | bk O-bt dxldx2...dxk
X
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Let —% = w; fori=1,2, ..., k. Then (5.26) becomes
P{ng,k} = P{ng} (bt)ke-bt : J j ven j dw; dwy ... dwk
{wytp+. . 4wy 5 1)
(5.27)
According to Dirichlet integral[}], (5.27) can be yritten as
k -b ( k 1
P{ng,k} = Ping} (bt)* e Ot - Towi Tl dw
{wl-!*w2+ .+‘WkSl} i=1 1
k
1) 1(
= Plng} (br)k 7Pt izl WL gy
(k) w=0
= P{ng} gbt;k -bt
e (5.28)

Therefore, from (5.15), (5.24) and (5.28), the required queuing time distr-

bution is

i

P{D < t} 1 - P{D > ¢t}

. o (18 (3% k
= (13 &% (br)

-bt

1~ e
ng=k+l k=0 k!
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) ©
B a, -bt o)< ayk+1 a,ng
= 1-(19 e Z 3 ) G
k=0 ny=
b K
-bt a at

= 1-~ce = Z ;

b =0 k:

-(b-a)t

= 1-2 () (5.29)

which is the same as obtained by the presently known method Eﬁﬂ.

Traffic Flow Graph Approach

The processing of a service request in the Erlang Model of a delay
system with ¢ servers mav be displaved graphically as shown in Figure 34.
In this traffic flow graph, node D; represents the source of the request
and node D, the completion of its service. When the request appears in

D; at time tp, the system must be in one of the following states:

a) There are c-1 or less requests in the svstem at tgp. That is,

there is at least one of the c servers idle at tg.



FIG. 34 - THE TRAFFIC FLOW GRAPH FOR THE
ERLANG MODEL OF A DELAY SYSTEM.

This is represented by event {Al,n=1}. In this case, the service of the
request begins also at tgp. The request will appear at D, when its ser-
vice is completed. Thus, it is delayed to reach D, from D; by its service
time. This delay time, and hence its service time, is represented by
Wi n. In other words, the request is processed through a single step

path Ly n with a probability Pl,n and a delay time Wy n

b) There are exactly (¢ + k - 2) requests in the svstem at tg,
where k > 2. That is, all ¢ servers are busy and there are (k--2) other
requests waiting at ty. This is represented by {Al,kl=l}' In this case,
because of the first-come, first-served queue discivline, the service of
the request begins only after all the other waiting requests have been
served and one of the servers becomes idle. 1If (k-2)=0, its service begins

at the end of the residual interdeparture time (ie., at the time when one
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of the servers becomes idle). It appears at D, when its own service

time is completed. Thus, if k=2, the delay time of the request equals the
residﬁal interdeparture time plus its own service time. This residual
time is represented by wl’zl énd its own service time by wzl,n with the
associated link selection variable Azl,n alwavs being 1. 1In other words,
if k=2, the request is first processed through a delav svstenm Dzl with a
probability Pl,Zl and a delay time wl,Zl, then through another delay svstem
Dpn with a probabilityv le,n=1 and a delay time wzl’n. Similarlyv, if
(k=2)>0, the first delay for the request to reach Dp from Dy is the
residual interdeparture time, the last delayv its own service time, and

the other delays the interdeparture times for the other reques:s. In
other words, the request is processed through a path consisting of k de-
lay systems, the first being Dkl with a probability Pl,kl and a delav time
wl’kl which equals the residual interdeparture time, the last D, with a
probability Pkk—l,n=l and a delay time wkk—l,“ which is its own service
time, and each of the others Dki, with a probability Pki—l,kzl and a delay

time wki-l kg which is one interdeparture time where i =2, 3, ..., k-1.
I

Because the queueing rather than the waiting time distribution is
required, the service time of the request must be equated to zero in order

that (2.8) can be applied. That is

nstt =1 for tz0 (5.30)



Since the interdeparture time distribution is negative exponential, the

residual interdeparture time distribution is also negative exponential.

If Py is the stationary probability that there are x requests in

the system at the arrival time ty of the request, then E?:L

(a/b)X
PX = Py "'_—'——x:

<

c c
+m o
and
c-1 c
-1 a (a/b) c(a/b)
= 1+=+ ...
Po L+ T Tt Temarb)
Therefore, it follows,
c-1 c-1 X
b 5.31
Pin = 1 Pe=Py ] %L 3D
x=0 x=0 -
and
ga/bzk-Z
Pliep T Pegey = Po Ty for ka2 (5.32)

C

Hence, from (2.46), (5.30) and (5.31)
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c-1 /b X
piwy Mgy = py 7 L2b (5.33)
x=0 *-
and from (2.6), (5.1%a) (5.30) and (5.32), for k2,

k-2 _ k=2 x
pig ey = p LSS ber T ety (53

c x=0

since P, (k)

Ky a=1s and Pki—l ki=l, where i=2,3,...,k-1. Finally, since Z

=1 for k.l, substituting (5.33) and (5.34%) into (2.8) results in the re-

quired queuing time distribution as follows:

c-1 x
P{wst} = Py J —<a—)/(l,’L
x=0 :
w k-2 k-2 x
. Z P (a/b) (l_e—bct y (bet)™y
c k=2 : x:
k=2 c x=0



B -bet ¢ (at)¥ 1
= 1-Pee l x' ° I-a/be
x=0
_ (a/b) € c ~(bc-a)t
= 1P c! " c-a/b - ¢ (5.35)

which is again the same as obtained by the presently known methods Eé].

Note that the matrix technique is not used in this case for two reasons:
1. the traffic flow graph has infinite number of nodes, and

2. the paths are easily seen.
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Chapter VI

A Simple Telephone Exchange

Introduction

In this chapter, the methodsoutlined in this research for estimating
the overall grade of service of a telephone exchange are illustrated by
considering a simple hypothetical telephone switching system. This system
has the basic structure as shown in Fig. 1. TIts switching ne:zwork has
two switching stages as shown in Fig. 29. There is only one common control
unit in the system. The types of trunks connecting to the switching net-

works are:

(a) Dial Tone Service Circuit (DTSC) - which provides dial tone to
o subscriber request and stores the digits subsequently dialed (or keved)
by the subscriber:

(b) Outgoing trunk (OT) - which connects a subscriber-line through

the network to the distant exchange:
(c) Intra-office trunk (JAO) - which connects a pair of subscriber
lineg through the network:

(d) Incoming trunk (IT) - which connects a subscriber line from

the distant exchange to a subscriber line through the network:

In short, the complete switching system considered has the essential

physical structure as shown in Fig. 35. It should be noted that there ig
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a group of senders (SDR) and a group of incoming registers (IR) which are

not connected to the switching network but to a non~-blocking switch.

|1 |
Wy 1 !
- [ I
I !
1] |
N 1 \] ! l/ i L A\ < Yistant
4 { * : ¢ Exchange
Link Subscriber | i > R
Group lines DTSC TAO IT 0T
Number

Common Control

FIG. 35 - A SIMPLE SWITCHING SYSTFM

The SDR is used to outpulse the called number through the outgoing trunk
to the distant exchange: whereas the IR is used to receive the digits

through the incoming trunk from the distant exchange.

Let the objective grade of service for this exchange in a given
period of time be as follows:
(a) The probability, P{W > t}, that a dial tone request waits
longer than time t is no more than A odle.

P{W =~ t} ¢ & (6.1)



and (b) The probability, B, that a call encounters overflow condi-

tions is no more than 8; ie.

B ¢ & (6.2)

The problem is to vrovide enough sub-units in the svster so that the

objective grale of service is met.

System Mode of Operation

In order to represent the processing of various types of calls in
the switching system by the probability linear graph or the traffic flow
graph, it is necessary to have the knowledge of the svsten mode of
operation, It should be noted thatadifferent probability linear graph or
traffic flow graph will result for the switching svstem of the same
physical structure if the system mode of operation is different. As an
example, let the dial tone call be processed so that an overflow tone is
returned to the subscriber if it encounters congestion. Then, the dial
tone call is considered as a lost call since no dial tone wi'l return tothe
stbscriber regardless of the length of time that the subscriber will wait.
In this case, the dial tone may return to the subscriber only if the sub-
scriber makes another dial tone call. Clearlv, this mode of operation

for dial tone calls is different from the mode of operation shown in
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Fig. 2 described in Chapter II. To estimate the overall grade of service,

as pointed out in Chapter ITI, the probability linear graph should be

usel for the former, and the traffic flow graph for the latter.

In the switching system considered here, the modes of oparation

for various types calls are assumed as follows:

(a) Dial tone call - same as shown in Fig. 2.

(b) Intra-office call ~ same as shown in Fig. 3.

(¢) Outgoing call - After the subscriber lifts his receiver (off-
hook), obtains dial tone, and dials (or keys) the number of the called
subscriber in the distant exchange, this number is stored in the DTSC
until the common control analyses it. “hen the common control recognizes
that the number in the distant exchange, it searches for a free OT in
the trunk group connecting this exchange to the distant exchange. If all
OT's in the trunk group are busy, an overflow tone is sent to the call-
ing subscriber through the DTSC. If there is a free 0T, the common
control uses the same link in the network connecting the calling subscriber
line to the DTSC to connect the OT to the calling subscriber line. Then,
the DTSC is released. Because of this, this call can not be blocked by
the network. After the calling subscriber line is connected to the OT,
the common control searches for a free SDR. If all SDR are busy, an
overflow tone is returned to the calling subscriber through the 0T. If
there is a free SDR, the common control will pass the called number in the

distant exchange to the SDR and connects the SDR to the OT through the nonblocking
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switch. Then, the common control releases itself and the SDR will send
the called number to the distant exchange when the distant exchange is
ready to receive.digits. After the called number is sent, the SDR re-—
leases itself. Thus, the célling subscriber line is connected to the dis-

tant exchange.

(d) Incoming call - An IT is seized by an OT in the distant ex-—
change. The IT signals the common control to connect it to an idle TR. If
all IR's are busy, an overflow tone is returned to the distant exchange.

If there is an idle IR, the common control connects the IT to the IR

through the nonblocking switch and then releases itself. The IR will send

a "ready" singal to the distant exchange through the IT so that the dis-

tant exchange will subsequently send the called number of a subscriber in
this exchange to the IR. Upon receiving all the digits, the IR signals

the common control for service. The common control determines the location
of the called line from the digits received by the IR. Then, releasing the IR,
the common control searches for a free path in the network between the IT
and the called line. If the network is blocked, an overflow :one is returned
to the distént exchange. If there is a free path, the called line and

the IT are connected. A ringing tone is sent to the subscribers and the
common control releases itself. Thu:s, the called line is conneccted to

the calling line in the distant exchange.
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These modes of operations for outgoing and incoming calls are dis-

played graphically as shown in Figs. 36 and 37 respectively.

~umber SDR idle _ Distant
dialed Exchange
or OT idie | Switching
Ca 7 1
keved Common Network
Control
SDR
oT busy
busy
Overflow
Tone

FIG. 36 - MODE OF OPERATIONS FOR OUTGOING CALL.

Idle path
in network Distant

T IR idle | Common Fxchange
Seized - Control

Common
@ NENESE—

Control —-7
iPaths

IR busv
in
netwoerk

busv

Overflow
Tone

FIG. 37 - MODE OF OPERATIONS FOR [NCOMING CALL.



- 136 ~

Estimation of the overall grade of service

According to the system mode of operation, the dial tone call is
on delay basis, whereas the other types of calls are on lost call basis.
Therefore,.the traffic flow graph may be used to estimate the dial tone
delay, and the probability linear graph to estimate the probahility of lost

calls.

3.1 Traffic flow graph for dial tone calls

From the system mode of operation, the process of a dial tone call

(request) may be displayed bv a traffic flow graph as shown in Fig. 38.

- 1‘5,5

FIG. 38 - THE TRAFFIC FLOW GRAPH FOR A LIAL TONE CALL.

The physical representations of the nodes are as follows: node D) re-
presents the telephone subscriber of {-hook signal; node D,, the output

of the common control; node D3, the output of the DTSC; node D,, the out-
put of the switching network; node D., the return of dial tone to the

subscriber. The physical representations of the directed links are:,




1)

(3)

(%)
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Ly ¢ the associated link delav W; , represents the
b ’
waiting time of the dial tone request for the common
control; and the associated link selection variable Al -
. ,2

has a probability Pl,Z = 1, i.e. the request will

wait as long as necessary until it is served by the

common control.

Ly o+ the associated link delay Wy » represents the
waiting time of the request ior the common control given
that the request has been served at least once by the
common control and encounters all DTSC's busv. The as-
sociated link selection variable Ay o has a probability

Py 2 which is the congestien function of the DTSC groun.

Ly 3: the associated link delay Wy 3 represcents the

<y ]

service (operating) time of the DTSC for the request.

The associated link selection variahle A, 3 has a proba-
. -y

bility of 1 - Py 5 which is the probabilitv that there

is at least one DTSC idle at the service requesting time.

L3 p: After the DTSC has scrved the request, the request

must wait for the service of the common control again if




(5)

(6)

bv means of the matrix technique. 714
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all the available network paths are busv. This waiting
time is represented bv the associated link delay W3, 2 and

the probability that all paths in the network are busy is

P3’2.

Ly 4: If the network is not blocked which has a proba-

b

bility (1 - P3,2), the request must wait for the network
to complete its operating (service) time for the request.

This is represented by the link delay Wy 4o

L4’5: After the network has served the request, the re-
quest must wait for additional operating time of the

DTSC in order to receive dial tone. This time is represented
by w4,5 and the associated link selection probability is

P4,5 = 1.

The paths from D;1 to Dg in the traffic flow graph mav be enumerated

U

D; D, D. Dy Dg
- N
D, 0 1‘1,2 0 0 0
D, 0 L, , Ly g 0 0
= 4 ( . .
n ) ’x,h 0 13,/4 0 - (h.3)
Dy, 0 0 0 0 La,s
De 0 0 0 0 0
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Clearlyv, Ll 5 = 0 for k¢ 3

= L L L L for k = 4

= Liaboaly by lss for k = 3

2
R T R B R WA

2 =
+ Ll,Z L2,3 L3,2 L3,4 L4,5 for k = 6
etc.
Thus, the overall delay distribution is
J = - — T -+ \ T 1
P{Wst} (1 PZ’Z)(I P3,2)P{(kl,2 u2,3 + “4,5) < t!

+ }’2‘2(1—192,2)(1—P3’2)P{(wl,7 + w2,2 + w2’3 + w3’4

+ wa,s) <t}

PSPy )Py IPEGH 5 4wy o W, oy AET
Wy W) e

+ 12y )Py p Py PTG 5 4wy g+

+ ... (6.4)
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B SRR

3.2 Probability linear gravoh for overflow calls

Whenever overflow tone is returned to the subscriber, the call is
considered as a lost call. For intra-office call, from Fig. 3, the

overflow tone is returned if

(a) all IAO trunks are busy, or
(b) the switching network is blocked, or

(c) both (a) and (b).

Let PIAO be the probabilitv that all TAO trunks are busv, and PSNl be the
switching network blocking probability for an intra-office call. Then,

the probability linear graph for an intra-office call to become lost is

as shown in Fig. 39.

P1a0 o

FIG. 39 - PROBABILITY LINEAR GRAPH FOR AN INTRA-OFFICE CALL TO BECOME LOST

Let BIAO be the probability that an intra-office call is lost. Then., bv

(2.2) and (2.4)

B = P + (1 -P

TAO IAO )

140 PSNl (6.5

Similarly, the probability BOC that an outgoing call :s lost in

this exchange is, from Fig. 36,
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riestry

0G 0T OT) PSDR (6-6)

where POT is the probability that all outgoing trunks in the trunk group

are busyv and P is the probability that all senders are busy.

SDR

From Fig. 37, the probability BIN that an incoming call is lost

C

in this exchange is

= P+ (1-7

Bixe Prr 6.7)

IR

where pIR is the probability that all incoming registers are nusv, and

ngz is the network blocking probability for an incoming call.

An inter-exchange call mav receive overflow tone in this exchange
or from the distant exchange. If the distant exchange has the same switch-
ing svstem as this exchange, then, the nrobability linear graph representa-~

tion of such a call is as shown in Fig. 40. Therefore, if Blrx is the

nr e

!
J.

WIG. 40 - PROBABILITY LINEAR GRAPE FOR AN TNTER-EXCHANCGE CALL TO BECOME LOST
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probability that an inter-exchange call receives overflow tore, then.

Bregx = Bog ¥ (17 Bog) Brye
= Por ¥ (- Pop) Pgpp + (1= Bop) (1= Pgpp) 2pp
+ (1= 2oL = P (L - PP, (6.8)
3.3 Grade of service estimation

In order to satisfy the objective grade of service (6.1) and

(6.2), it is essential that

1 -P{Wet)sgs (6.9)
BIAO < B (6.10)
and BIEX < R (6.11)

To verify whether (6.4) satisfies (.9), it is necessary to have the

knowledge of the congestion functions of P2,2. ”1‘2‘ P{w!’zﬂtl. P{WZ,ZSt}’
P{W2‘3$t}, P{WB'ZSC}. P{‘-«13.45t} and P{Wa,srt?. ‘ecording to the mode of
operations, PZ , may be approximated bv the Frlang B formula, B(C,A,=),

,L.

where A is the traffic offered to the DTSC groun and C is the number of
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DTSC in the group. Since A can be estimated and C is known, P, , can be
2,2
computed. P3’2 is the blocking probabilityv for a single linking-stage
network loaded with multitypes of traffic. Hence, it can be epproximated
in accordance with the metHod outlined in section 3 of Chapter IV. 1In
general, the distribution functions for wl’z, w2,2, w2,3’ w3,2, w3,4 and
W4’5 are rather complex. For practical results, one may assume that the
operating times of DTSC and of the network are constant and tlat
Pl st}'= P{W, ,<t} = P{W, st} with Poisson arrivals. Since there is
1,2 2,2 3,2
only one common control in the switching system, P{wl,Zst} can be ex-
pressed as a function of A, u and t bv anv one of the methods outlined
in section 2 of Chapter V where A is the arrival rate and u tie service
rate of the common control. As X and u can be estimated, P'W<t} of (6.4)
can therefore be evaluated for the specified value of t. Thus, one can

verify whether the objective grade cf service for a dial tone request is

met.

To ver!fv whether (6.5) and (6.8) satisfv (6.10) and (6.11) res-
pectively, one must also know the congestion function of P1ao. Peni. Por

PSDR, PIR. and PSNZ. The network blocking probabilitics Pgy] and PSN2 are,

in general, different. These probabilities mav be approximated in accor-
dance with section 3 of Chapter IV in this case. The other congestion
functions depend also on the trunking arrangements. Since the trunking
arrangements are known in this case, these congestion functions can be
approximated in accordance with the methods outlined in Chapter I1TI. Thus,
one can verify whether the objective grade of serviee for calls encountered

overflow conditions is met.
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Chapter VII

Conclusion

From the foregoing discussions, the following conclusions are

drawn:

1. For administration purposes, the overall grade of service provided
in a given telephone exchange must be estimated. In order to do this
analytically, two models are required: one for lost calls and another
for delayed calls. For practical results, the probability lirear graph
can be employed as the model for the former, and the traffic flow graph
for the latter. Both of these models are expressed in terms of the con-
gestion functions of the sub-units of the switching system in the
exchange. Thus, it is a simnle procedure to determine the quantitv of
equipment for the switching system in the exchange to satisfyv the ob-

jective grade of service.

2. The degree of accuracy, in using these two models to eviluate the
overall grade of service of an exchange, depends greatlv on the accuracy
of the congestion functions describing the congestion conditions of the
sub-units of the switching svstem in the exchange. Usually, the trunking
arrangements and the modes of operation of the sub-units are verv complex,

and their congestion functions can onlv be approximated. Furthermore,
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these sub-units are usually not independent of each other. Therefore,
the use of these two models to evaluate the overall grade of service of

an exchange vields only approximate results.

3. In order to improve the accuracy of estimating the overzll grade

of service of an exchange, much more research work must be done to improve
the accuracy of the congestion functions describing the congestion condi-
tions of the sub-units. The following lists some of the areas requiring

further attention

A. Trunk group congestion conditions

Up to the present, only idealized trunking arrangements and modes
of operation have been investigated. In practice, for economical reasons,
besides the complexity of interconnections, a trunk group mav have to
serve more than one kind of traffic. As an example, a full availabilitv
trunk group may have to serve calls on lost-calls hasis as well as on de-
layed calls basis[?ﬁ-l Clearly, a large number of problems remain to
be solved in order that the accuracv of the congestion functions describ-
ing the congestion conditions of the trunk groups can be improved. As

for example:

(a) More than one kind of traffic offered to a grading

trunk group;



AN

- 146 -

(b) Overflow traffic and alternate routing[é7 ]with finite

number of traffic sources:

(c) Complex interconnected trunk group with constant ser-—

vice time.

B. Switching networks

As pointed out in Chapter IV, the simple Lee - LeGall molel is not
applicable for single linking stage network loaded with multi-type of traffic.
Although the new model presented in this thesis appears to give reasonable
results, traffic measurements should be made to justify its practical ap-
plication.

The accuracy of the network blocking probability depends greatlv on
the accuracv of the prediction of the link occupancies, which, in turn,
depends on the amount of traffic gencrated from the telephone subscribers.
The subscribers are usually arranged in groups in the switchirg svstems.
Thus, some groups of subscribers mayv generate more traffic then the others.
This results unbalance traffic in the exchange. Hence, the 1l:nk occu-
pancies are affected. Although some effects of unbalance traffic have
been studied from telephone administration point of view {?8.261, the cffect
of unbalance traffic on the prediction of link occupancies still remains

as a problem.
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C. Waiting svstem

Even among the simple special cases of the investigated waiting
systems, .some of the congestion functions are practically intractable for
numerical computations. Fﬁr such cases and more complex waiting svstems,
the numerical results may be approximated by means of the traffic flow
graph discussed in this research. However, on planning to design a switch-
ing svstem, it is useful to have numerical tabhles or graphs of congestion
functions for various waiting systems available for consultations. There-
fore, it is worth to make numerical computations for some frequentlv
used waiting systems. Some of the waiting svstems whose congestion
functions are not available in numerical form and frequentlv encountered

in practice are

(a) Single or multi-servers delav system with Poissonian
input, discrete constant service times (i.e. constant
service time for each tvpe of traffic), a1l on first-

come first-served basis.
(b) Same as (a), but all on random order of service basis.

(c) Same as (a), but the order of service is on prioritv
basis. Within each prioritv, the order of service is

first-come first-served.

(d) Same as (c), but the order of service within each

prioritv is random.
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A With the two models discussed in this research for estimating the
overall grade of service given to the telephone subscribers :Zn an ex-
change, it is possible to dimension the switching svstem in the exchange
in more than one way and yet satisfy the objective grade of service.
Thus, taking the costs of the sub-units of the switching svstem in the
exchange into account, there should be an optimum way of dimensioning
such that the objective grade of service is satisfied and the cost of the
system is minimum. This optimization has not been investigated in this

research, but any progress in this direction is highlv desirable.
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