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Abstract

We propose residual based tests for cointegration using local GLS de-
trending (Elliott, Rothemberg and Stock, 1996, ERS) applied separately
to each variable of the system. We consider two cases, one where only a
constant is included and one where a constant and a time trend are in-
cluded. We derive the asymptotic distribution of a feasible point optimal
test which allows us to derive the power envelope. The quasi-di¤erencing
parameter c is selected such as the asymptotic power of the feasible point
optimal test is 50.0%. Di¤erent c exists because the limiting distribution
of the feasible point optimal test depends of the number of right-hand re-
gressors and the speci…cation of the deterministic components. The limit-
ing distributions of various residuals based tests are derived for a general
quasi-di¤erencing parameter c and critical values are tabulated for values
of c = 0 irrespective of the nature of the deterministic components and
the values suggested by the power envelope. Simulations show that using
GLS detrending allows tests with higher power and that using c selected
by the power envelope, as the quasi-di¤erencing parameter, according to
the two cases analyzed, is preferable. An explanation for this feature is
provided.
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1 Introduction
Even though they are applicable only under some speci…c conditions, residuals
based tests for cointegration, developed by Phillips and Ouliaris (1990), have
been quite popular in applied work mostly because of their computational sim-
plicity. The statistics introduced are designed to test the null hypothesis of no
cointegration in a single equation setting assuming that the variables introduced
as regressors are not cointegrated. These tests also have some appeal because
they follow quite intuitively from the basic de…nition of cointegration as laid out
in Engle and Granger (1987). If the system of variables is cointegrated, then
there exists a linear combination (given by the cointegrating vector) that is sta-
tionary. In this case, the residuals from a simple static regression are stationary
and, as shown by Stock (1987), this regression estimated by OLS will provide
a consistent estimate of the cointegrating vector. In the absence of cointegra-
tion, the residuals from the static regression are nonstationary for any choice
of the parameter vector and we have what has been labelled, following Granger
and Newbold (1974) and later Phillips (1986), a spurious regression. Hence, an
obvious testing strategy is to test the null hypothesis of no cointegration using
some unit root test on the estimated residuals from the simple static regression.

Of course, there are many alternative approaches available, some applicable
under less restrictive conditions; for example, the system based tests of Johansen
(1991) and Stock and Watson (1988). The reader is referred to one of the many
available surveys; for example, Watson (1994), Perron and Campbell (1992),
Banerjee, Dolado, Galbraith and Hendry (1993) and Lütkepohl (1999).

In an important paper, Elliott, Rothenberg and Stock (1996, hereafter ERS),
following the work of Dufour and King (1991), show that several unit root
tests constructed using GLS or quasi-di¤erenced data 1 have asymptotic power
functions close to the Gaussian local asymptotic power envelope. Hence, they
enjoy some optimal properties over tests constructed using OLS detrended data
and the simulations in ERS showed substantial power gains in …nite samples. If
such a detrending device is bene…cial for unit root tests, it is natural to think
that it would also be for cointegration tests.

Our aim, accordingly, is to analyze residual based tests for cointegration
when they are constructed using GLS detrended or quasi-di¤erenced data. We
consider the standard ADF and the Z® and Zt tests analyzed in Phillips and
Ouliaris (1990) as well as the class of modi…ed unit root tests analyzed in Stock
(1999), Perron and Ng (1996) and Ng and Perron (2000). We derive their
asymptotic distribution assuming a general quasi-di¤erencing parameter ¹c and
tabulate critical values for two choices: a) ¹c = 0 irrespective of the nature of
the deterministic components; b) the quasi-di¤erencing parameter selected by

1 There is some argument to the fact that the use of the terminology “GLS detrending” is
not appropriate given that the procedure does not consider a full GLS transformation (since it
only considers the leading root modelled as local to unity). An alternative terminology is that
of “quasi-di¤erenced” data. We still believe, for reasons that will become clear later in the
text, that the use of “GLS detrending” is meaningful since it is this feature of the procedure
that is of importance, even if constructed in a partial fashion. We shall use both terminology
interchangeably.
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the power envelope. Our simulation results about power reveal that important
power gains can indeed be achieved by using GLS detrended data, especially
if the quasi-di¤erence parameter is set as suggested by the power envelope.
An explanation for this result is presented. Our work is related to that of
Lütkepohl and Saikkonen (1999), Saikkonen and Lütkepohl (1997, 1998) and
Xiao and Phillips (1999) who considered the use of GLS or quasi-di¤erenced
data when testing for cointegration in a multivariate setting, i.e. extending the
tests proposed by Johansen (1991).

This paper is organized as follows. Section 2 presents the data-generating
process considered and o¤ers preliminary results concerning the limits of the
estimates of the coe¢cients of the trend function and the estimates from the
static regression with GLS detrended data. Section 3 presents the tests consid-
ered and derives their asymptotic distribution. Tabulated asymptotic and …nite
sample critical values are presented in Section 4 where we further discuss the
role of the quasi-di¤erence transformation. Section 5 assesses the size and power
of the tests in a simple bivariate setting. In this section we also present results
from size and power simulations for the Error Correction Tests (hereafter ECM)
to compare with the performance of our tests. Section 6 o¤ers brief concluding
remarks and an appendix contains technical derivations.

2 The Model and Preliminary Results
We consider the following Data Generating Process:

zt = dt + ut (1)

ut = Aut¡1 + vt

where zt = (yt ; x
0
t)

0 and ut = (u1t; u
0
2t)

0 are n-vectors, xt and u2t are m-vectors
(n = m + 1), yt is a scalar, A is a diagonal matrix with typical element given
by ® = 1 + c=T . Then ut is a near-integrated process with c as a non-centrality
parameter, and fvtg is an unobserved stationary mean-zero process with …nite
variance and spectral density matrix fvv (¸): We use the assumption that u0 = 0
throughout, though the results hold for the weaker requirement that E(u2

0) < 1:
The noise function is vt = ©(L)¿ t =

P1
i=0 ©i¿ t¡i with

P1
i=0 i det j©ij < 1

(©0 = In ) and ¿ t » i:i:d:(0;¾ 2
¿)

2 . Under these conditions, the partial sum
process constructed from fvtg satis…es a multivariate invariance principle. More
speci…cally, for r 2 [0; 1], and as T ! 1, we have (where here, and throughout
this paper, ) denotes weak convergence in distribution),

XT (r) = T¡1=2

[Tr ]X

t=1

vt ) B(r);

2 This assumption is made for simplicity of exposition. All results holds under more general
conditions, in particular allowing ¿t to be a martingale di¤erence sequence.
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where B(r) is a n-vector Brownian motion with covariance matrix given by

­ = lim
T !1

T¡1Ef[

TX

t=1

vt ][

TX

t=1

v0
t ]g

= 2¼fvv (0)

= 2¼¾2
¿ ©(1)©(1)0:

We de…ne the following partition of ­ and B(r):

­ =

·
w11 w0

21

w21 ­22

¸
;

B(r) =

·
B1(r)
B2(r)

¸
;

where w11 and B1(r) are scalars, w21 and B2(r) are vectors of dimension m and
­22 is a positive de…nite matrix of dimension m by m. We also de…ne the block
triangular decomposition ­ = L0L; with

L =

·
l11 0
l21 L22

¸
;

where

l11 = (w11 ¡ w0
21­

¡1
22 w21)

1=2;

l21 = ­¡1=2
22 w21;

L22 = ­
¡1=2
22 :

Note that B(r) = L 0W (r), where W (r) is an n-dimensional Wiener process with
identity covariance matrix. Given that ­22 is a positive de…nite matrix, the null
hypothesis of no cointegration implies that l11 6= 0 and, accordingly that ­ is of
full rank. This assumption is maintained throughout.

In (1), the deterministic component dt is speci…ed as dt = Ã0mt , where mt

is a set of k deterministic terms and Ã a k by n matrix of coe¢cients. In this
paper, we only consider dt to be a polynomial in time, i.e. dt =

Pp
i=0 Ãit

i, with
special focus on p = 0; 1.

2.1 Estimates of the Trend Function under GLS Detrend-
ing

We start with the case where the set of deterministic components present in the
data generating process is the same as the set of deterministic terms used to
detrend the data. We discuss in Section 3.3, the case where the data are trending
(p = 1) and only a constant is included in the regression. To apply the GLS
detrending procedure suggested by ERS, we start by de…ning the transformed
data z¹®

t and m ¹®
t as:

z¹®
t = (1 ¡ ¹®L)zt ;

m¹®
t = (1 ¡ ¹®L)mt;
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for t = 2; ::::; T; and z ¹®
1 = z1; m¹®

1 = m1. Let Z ¹® = [z¹®
1 ; :::; z¹®

T ]0, M ¹® =
[m ¹®

1 ; :::; m ¹®
T ]0, then

Ã̂ = (M ¹®0M ¹®)¡1M ¹®0Z ¹®: (2)

This implies that each series is detrended separately by an OLS regression on
quasi-transformed data with di¤erencing parameter ¹®. As a preliminary result,
we consider the limiting distribution of the estimates Ã̂ obtained from local to
unity GLS detrending. The following lemma gives the asymptotic properties of
the estimates of the coe¢cients of the trend function in this case.

Lemma 1 Suppose that zt is generated by (1) with dt = Ã0mt and that each
variable in the n¡vector zt is detrended separately. Let Ã̂ be the GLS estimates,
de…ned by (2), of the coe¢cients of the trend function obtained using ¹® = 1+¹c=T:

a. If p = 0, with mt = 1 for all t, then: ¨T (Ã̂ ¡ Ã)0 ) 0m , where ¨T =
diag(T ¡1=2; :::; T¡1=2), a n by n matrix and 0m denotes an m by 1 vector
of zeros.

b. If p = 1, with m0
t = (1; t) for all t, then:

¨T vec[Ã̂ ¡ Ã] )
·

0m

¤(¹c)Bc(1) + 3(In ¡ ¤(¹c))
R 1

0
sBc(r)ds

¸
´

·
0m

D(¹c)

¸

where ¨T = [diag(T ¡1=2; :::;T ¡1=2); diag(T1=2; :::; T1=2)]; a 2n by 2n ma-
trix, ¤(¹c) is a n by n diagonal matrix with typical elements given by
¸ = (1 ¡ c)=(1 ¡ c + c2=3), Bc(r) is de…ned by the stochastic di¤eren-
tial equation dBc(r) = CBc(r)dr + dB(r) with Bc(0) = 0, and the vec
operator stacks the rows of a matrix into a column vector.

2.2 Limit Distributions for the Static Regression
We now consider residuals based tests for cointegration in the spirit of Phillips
and Ouliaris (1990) but using GLS detrended variables de…ned by (ya

t ; xa0
t )0 =

(yt ; x
0
t)

0 ¡ Ã̂
0
mt where Ã̂ is de…ned by (2). The relevant regression estimated by

OLS is
ya

t = ° 0xa
t + et: (3)

The following Theorem gives the limiting behavior of the estimate °̂ under the
null hypothesis of no cointegration.

Theorem 1 Suppose that zt is generated by (1) with dt = Ã0mt : Let ya
t and

xa
t be GLS detrended variables with non-centrality parameter ¹® = 1 + ¹c=T . Let

ĝ0 = (1;¡b°0) be the OLS estimates, from (3), of the cointegrating vector. Let
Bc(r) be as de…ned in Lemma 1 with the partition Bc(r) = [B1c(r); B2c(r)]

0

where B1c(r) is a scalar and B2c(r) a vector of dimension m.
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1. If p = 0, with mt = 1 for all t, then:

ĝ0 ´ (1; ¡b°0) ) ´0 ´ (1; ¡g0
21G

¡1
22 )

where g21 =
R 1

0
B2c(r)B1c(r)dr and G22 =

R 1

0
B2c(r)B 0

2c(r)dr:

2. If p = 1, with m0
t = (1; t) for all t, then:

ĝ0 ´ (1; ¡b° 0) ) ´0 ´ (1; ¡g0
21G

¡1

22 )

where g21 =
R 1

0
B2c(r)B1c(r)dr; G22 =

R 1

0
B2c(r)B

0
2c(r)dr and Bc(r) =

Bc(r) ¡ rD(¹c)0:

3 The Tests and their Asymptotic Distributions

3.1 The Tests
All tests considered are based on êt , the residual obtained from the static coin-
tegration regression (3), i.e.,

êt = ya
t ¡ °̂ 0xa

t : (4)

The class of Z tests, analyzed by Phillips (1987) and Phillips and Perron
(1988) in the context of testing for a unit root, can be applied to test the null
hypothesis of no-cointegration as showed by Phillips and Ouliaris (1990). In the
present context, with GLS detrended data, these are de…ned by

ZGLS
® = T (®̂ ¡ 1) ¡ (s2 ¡ s2

u)=(2T ¡2
TX

t=1

ê2
t¡1); (5)

ZGLS
t =

su

s
t®̂ ¡ (s2 ¡ s2

u)=(4s2T¡2
TX

t=1

ê2
t¡1)

1=2; (6)

where ®̂ is the OLS estimate in the following regression:

êt = ®̂êt¡1 + !̂t;

t®̂ is the corresponding t-statistic for testing ® = 1, s2
u = T ¡1

PT
t=1 !̂2

t and s2

is described below.
The M -tests, originally proposed by Stock (1999), and further analyzed by

Perron and Ng (1996) and Ng and Perron (2000), exploit the feature that a
series converges with di¤erent rates of normalization under the null and the
alternative hypotheses. These were shown to have far less size distortions than
the Z tests in the presence of important negative serial correlation in the …rst-
di¤erences of the data. Constructed using the residuals from the cointegrating
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regression, they are de…ned by:

M ZGLS
® =

¡
T¡1ê2

T ¡ s2
¢
Ã

2T ¡2
TX

t=1

ê2
t

!¡1

; (7)

MSBGLS =

Ã
T ¡2

TX

t=1

ê2
t =s2

!1=2

; (8)

M ZGLS
t =

¡
T¡1ê2

T ¡ s2
¢
Ã

4s2T ¡2
TX

t=1

ê2
t

!¡1=2

: (9)

The term s2 is an autoregressive estimate of (2¼ times) the spectral density at
frequency zero of vt ; de…ned as:

s2 = s2
´k=

³
1 ¡ b̂(1)

´2

; (10)

where s2
´k = T¡1

PT
t=k+1 ^́2

tk ; b̂(1) =
Pk

j=1 b̂j; with b̂j and f^́tkg obtained from
the autoregression 3:

¢êt = b0êt¡1 +
kX

j=1

bj¢ êt¡j + ´tk : (11)

The …rst statistic is a modi…ed version of the Z® test, the second statistic is a
modi…ed version of Bhargava’s (1986) R1 statistic which builds upon the work
of Sargan and Bhargava (1983), and the third statistic is a modi…ed version
of the Zt test. As Perron and Ng (1996) showed, the M SB and Z® tests are
approximately related by Zt ¼ M SB ¢ Z®: This relation suggests the MZGLS

t

test de…ned by (9) since it satis…es the relation

MZGLS
t = MSBGLS ¢ MZGLS

® :

Another test of interest is the so-called ADF test (Dickey and Fuller, 1979, Said
and Dickey, 1984) which is the t-statistic for testing b0 = 0 in regression (11).
We denote this test by ADFGLS.

3.2 The Asymptotic Distributions of the Tests
The following theorem gives the asymptotic distribution of the residual based
tests for cointegration under the null hypothesis of no-cointegration.

Theorem 2 Suppose that zt is generated by (1) with dt = Ã0mt. Then, as
T ! 1.

3 The advantages of using this autoregressive-based spectral density estimator over the more
traditional kernel-based methods are discussed in Perron and Ng (1998).
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a. If p = 0, with mt = 1 for all t:

ZGLS
® , MZGLS

® ) 0:5 K1(c; m)

K2(c; m)
; (12)

M SBGLS )
µ

K2(c; m)

·0·

¶1=2

;

ADF GLS , ZGLS
t , MZGLS

t ) 0:5 K1(c;m)

(K2(c; m) ·0·)1=2
;

where all these limiting distributions can be denoted by HJGLS

¹ (c; m) for
J = ZGLS

® , MZGLS
® , ADFGLS, ZGLS

t and MZGLS
t and where

K1(c; m) = Qc(1)2 ¡ k 0k;

K2(c; m) =

Z 1

0

Qc(r)
2dr;

Qc(r) = W1c(r) ¡ (

Z 1

0

W1c(s)W
0
2c(s)ds)(

Z 1

0

W2c(s)W
0
2c(s)ds)¡1W2c(r);

k 0 = (1; ¡f 0
21F

¡1
22 );

with f21 =
R 1

0
W2c(r)W1c(r)dr, F22 =

R 1

0
W2c(r)W 0

2c(r)dr and Wc(r) =
[W1c(r); W2c(r)]

0 is a multivariate Ornstein-Uhlenbeck process, i.e. the
solution to the stochastic di¤erential equation dWc(r) = CWc(r) + dW (r)
with Wc(0) = 0, where C = diag(c; :::; c) a n by n diagonal matrix and
W (r) is a n vector of independent Wiener processes.

b. If p = 1, with m0
t = (1; t) for all t:

ZGLS
® , MZGLS

® ) 0:5 K1(c; ¹c; m)

K2(c; ¹c; m)
; (13)

MSBGLS )
µ

K2(c; ¹c; m)

·0·

¶1=2

;

ADF GLS , ZGLS
t , MZGLS

t ) 0:5 K1(c; ¹c; m)

(K2(c; ¹c; m) ·0·)1=2
;

where all these limiting distributions can be denoted by HJGLS

¿ (c; m) for
J = ZGLS

® , MZGLS
® , ADFGLS, ZGLS

t and MZGLS
t and where

K1(c; ¹c; m) = Qc(1)2 ¡ k
0
k;

K2(c; ¹c; m) =

Z 1

0

Qc(r)2dr;

Qc(r) = W 1c(r) ¡ (

Z 1

0

W 1c(s)W
0
2c(s)ds)(

Z 1

0

W 2c(s)W
0
2c(s)ds)¡1W 2c(r);

W c = Wc(r) ¡ rE(¹c);
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E(¹c; m) = ¤(¹c)Wc(1) + 3(In ¡ ¤(¹c))

Z 1

0

sWc(s)ds;

k
0

= (1; ¡f
0
21F

¡1
22 ):

where f 21 =
R 1

0 W 2c(r)W 1c(r)dr and F 22 =
R 1

0 W 2c(r)W
0
2c(r)dr.

Note that when c = 0 the limiting distributions for the tests ZGLS
® -M ZGLS

® ,
ZGLS

t -MZGLS
t and ADF GLS shown in (12) for the case p = 0 are those derived

by Phillips and Ouliaris (1990) for the Z®, Zt and ADF tests when no deter-
ministic component is present. This is a simple consequence of the use of local
GLS detrending because the intercept is bounded in probability.

3.3 The case with p = 1 and only a constant is used to
detrend the data

When dealing with trending date, it is often still the case that a researcher may
want to include only an intercept in the set of deterministic components. This is
the case when the hypothesis of interest is that of deterministic cointegration in
the terminology of Campbell and Perron (1991). This refers to the case where
it is supposed that the cointegrating vector annihilates both the stochastic and
deterministic nonstationarity in the system. With least-squares detrending, this
case was analyzed by Hansen (1992). Using a proof similar to his we prove the
following result in the appendix. Note that we concentrate on the case with
c = 0, i.e., pure unit root processes.

Theorem 3 Suppose that zt is generated by (1) with dt = ¹ + ¯t and ¯ non-
zero. Let ¯ = (¯y; ¯x) where ¯y is a scalar and ¯x an m by 1 vector of rank 1.
Consider the case where only a constant is included in the set of deterministic
components used to detrend the data, i.e., mt = 1. The limiting distributions of
the tests are given by:

ZGLS
® , MZGLS

® ) 0:5 (Q¤(1)2 ¡ ·¤0·¤)
R 1

0
Q¤(r)2dr

;

M SBGLS )
µZ 1

0

Q¤(r)2dr=·¤0·¤
¶1=2

;

ADF GLS , ZGLS
t , MZGLS

t ) 0:5 (Q¤(1)2 ¡ ·¤0·¤)
³
·¤0·¤ R 1

0
Q¤(r)2dr

´1=2
;

where all these limiting distributions can be denoted by HJGLS

¹¿ (c; m) for J =

ZGLS
® , M ZGLS

® , ADF GLS , ZGLS
t and M ZGLS

t and where

Q¤(r) = W1(r) ¡ (

Z 1

0

W1(r)J
0
R(r))(

Z 1

0

JR(r)J0
R(r))¡1JR(r)

8



with W1(r) a scalar unit Wiener process, and

JR(r) =

µ
Wm¡1(r)

r

¶
:

Also

·¤ = (1; ¡(

Z 1

0

W1(r)J
0
R(r))(

Z 1

0

JR(r)J 0
R(r))¡1)0:

Note that the limit distributions are identical to those that would obtain if m¡1
(instead of m) I(1) regressors were included and the data was detrended by least-
squares using a time trend only without an intercept. When m = 1, the limit
distributions correspond to those of unit root tests where the variable is again
detrended using a time trend only without an intercept.

This result is similar in spirit to that obtained by Hansen (1992). The
limit distribution has, however, not been tabulated. We shall therefore provide
critical values in the next section.

4 Feasible Point Optimal Test and the Power
Envelope

While a uniformly most powerful test is not attainable, following the uni-
variate suggestion of Dufour and King (1991) and ERS, it is possible to de-
…ne a point optimal test against the alternative ® = ®: If vt is i:i:d:, this
is provided by the likelihood ratio statistic, which simpli…es, under normal-
ity, to L = S(®) ¡ S(1), where S(®) and S(1) are the sums of squared er-
rors from a GLS regression with ® = ® and ® = 1, respectively. Varying
the value of ®, gives a family of point optimal tests and the Gaussian power
envelope for testing ® = 1. In our contexte, the testing hypothesis is per-
formed on the residuals from (3). We use a similar speci…cation to the uni-
variate formula suggested by ERS allowing for correlation in vt . Recalling
that ® = 1 + cT¡1; let S(®) =

PT
t=1(be®

t )2 =
PT

t=1(¢bet ¡ cT ¡1bet¡1)2 and

S(1) =
PT

t=1(be
(1)
t )2 =

PT
t=1(¢bet)

2, then the feasible point optimal test is de-
…ned as

PGLS
1T =

S(®) ¡ ®S(1)

s2
(14)

where bet are the residuals from the equation (3). The following theorem speci…es
the limiting distribution of this feasible point optimal test.

Theorem 4 Suppose that zt is generated by (1) with dt = Ã0mt. Then, as
T ! 1, the limiting distribution of the feasible point optimal test PGLS

1T is
given by:

PGLS
1T )

¡cQ(1)2 + c2
R 1

0
Q(r)2dr

·0·
´ H

P GLS
1T

¹ (c; c; m); p = 0 (15)

PGLS
1T )

¡cQ(1)2 + c2
R 1

0
Q(r)2dr

·0·
´ H

P GLS
1T

¿ (c; c; m); p = 1; (16)

9



where the notation is the same as before.
The asymptotic expressions (15) and (16) for the PGLS

1T test allow us to de…ne
the asymptotic power envelope for the model where there is only a constante
and for the model where there is also a time trend, respectively. It is given
by ¼(c) = Pr[H P GLS

1T (c; c; m) < bP GLS
1T (c;m)]; where bP GLS

1T (c; m) is such that
Pr[HP GLS

1T (0; c; m) < bP GLS
T (c; m)] = À; with À the size of the test.

Note that Q(:) and Q(:) are functions of the dimension of W2(:) and con-
sequently, a di¤erent power envelope exists for di¤erent number of regressors.
Because this dependence of dimensionality, a di¤erent “optimal” non-centrality
parameter c will exist for each model and for each number of regressors. We
follow the univariate recommendation of ERS to choose the value of c such
the asymptotic power of the feasible point optimal test is 50.0%, i.e., c such
that Pr[HP GLS

1T (c; c; m) < bP GLS
T (c; m)] = 0:5: Using simulations, we found that

c = ¡12:75; ¡17:0; ¡21:5;¡24:75 ¡ 28:5 for the model where mt = f1g and
for m = 1; 2; 3;4; 5 regressors. In the case of the model mt = f1; tg and same
number of regressors, we found c = ¡18:25; ¡22:50;¡27:0; ¡31:0; ¡35:5; respec-
tively. We use these values in the rest of the paper.

5 Asymptotic Critical Values and Asymptotic
Power Functions

As seen in Theorems 2 and 4 (specially in the case with a linear time trend
(p = 1)), the limiting distributions of the test statistics depend on both non-
centrality parameters c and ¹c and also the dimension of W2(r). Since the concept
of cointegration usually involves variables with a unit root and that residual
based tests are constructed from a regression with I(1) variables (most often as
a result of some unit root pre-test), it is natural to consider tabulating critical
values setting c = 0. We maintain this speci…cation when computing asymptotic
critical values.

It has been argued that the GLS or quasi-di¤erence device introduced by
ERS allows unit root tests with better power because the coe¢cients of the
trend function are more precisely estimated (see Canjels and Watson, 1997, and
Phillips and Lee, 1996 for evidence on the latter assertion). Following this ar-
gument, the proper choice would be to set the non-centrality parameter ¹c = 0,
since all series are e¤ectively pure I(1) processes. As will be veri…ed by the sim-
ulations reported below, this argument is, however, incorrect. What permits an
increase in power is not a more precise estimate of the trend function but rather
the fact that by applying a GLS transformation we get more precise estimates
of the coe¢cients in the static regression under the alternative hypothesis of
cointegration. To see this, consider the triangular representation of the data
generating process (Phillips, 1991):

yt = ¹0mt + ° 0xt + º t; (17)

xt = ± + xt¡1 + u2t;
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where
ºt = ¹®º t¡1 + "t;

with ¹® = 1 + ¹c=T and, for simplicity, "t » i:i:d: (0; ¾2
"). Hence, in this setup, yt

and xt are cointegrated for any …nite samples but no cointegrated in the limit
as T ! 1. Hence, this is a case of a nearly non-cointegrated process similar
to the nearly integrated framework used by ERS. Ignoring the …rst observation,
we can apply a GLS transformation and write (17) as

y ¹®
t = ¹0m¹®

t + ° 0x¹®
t + "t (18)

and the GLS estimates of ¹ and ° are obtained by applying OLS to the equation
(18) which is equivalent to applying OLS to the regression

ya
t = ° 0xa

t + "t; (19)

where ya
t and xa

t are the GLS detrended data de…ned in Section 2.2, i.e. (ya
t ; xa0

t )0 =

(yt ; x
0
t)

0 ¡ Ã̂
0
mt where Ã̂ is de…ned by (2). Accordingly, the method to construct

the test statistic is one that provides, via the GLS transform, better estimates
of the parameters of the cointegrating regression, ¹ and ° , and not better esti-
mates of the coe¢cients of the trend function of the variables of the system, e.g.
± for the regressors xt. This becomes even more transparent in the case where
the data are trending and only a constant is included in the set of deterministic
components to detrend the data. In the latter case, there is not even an attempt
to estimate the deterministic components.

To assess the extent to which the quality of the inference is dependent on
that particular choice, we shall consider the size and power of the tests for the
values found using power envelope as well as for c = 0 irrespective of the nature
of the deterministic components (which is the optimal choice if the goal is to
get better estimates of the coe¢cients of the trend function of the variables).

We simulate directly the asymptotic distributions using 1; 000 steps to ap-
proximate the Wiener process W (r) as the partial sums of a vector of n inde-
pendent i:i:d: N (0; 1) random variables. In all cases, 10; 000 replications are
used and we present critical values for m = 1; 2; 3; 4, and 5, where m is the
number of right-hand side variables in the cointegrating regression. To assess
the adequacy of the asymptotic distribution, we also present critical values for
the …nite sample distributions of selected statistics for a sample of size T = 100
with data generated by independent random walks with zero initial condition
and i:i:d: N (0; 1) errors. Here, lag lenght k is set to unity to construct s2.

The results are presented in Table 1 for the case where p = 0 and c = 0; in
Table 2 for p = 0 and c as chosen by the power envelope; in Table 3 for p = 1
and c = 0, and in Table 4 for p = 1 and c as chosen by the power envelope.
In general, the asymptotic distributions provide good approximations to the
…nite sample distributions. Note that when the model includes a time trend
and GLS detrending is performed at c = 0 the asymptotic critical values are
similar to those derived by Phillips and Ouliaris (1990) for the case where only
an intercept is included and removed by OLS, even though the theoretical limit
distributions are di¤erent.
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For completeness, Table 5 presents the asymptotic critical values in the case
with p = 1 and only a constant is used to detrend the data. These were obtained
using 20,000 replications of the limiting representation in Theorem 3. Two
results of interest stand out. First, unlike the case where both a constant and
a time trend are included, the distribution is little a¤ected by the value of c.
Indeed, the critical values are basically the same with c = 0 and c selected by
the power envelope. This accords with our theoretical result which showed the
asymptotic distribution to be invariant to ¹c. Second, comparing Table 5 and the
asymptotic critical values in Table 1 or 2 (for the case with non-trending data
and only a constant included), reveals that the asymptotic distribution are very
similar. Hence, little loss in accuracy would be incurred from using the critical
values for the case with non-trending data even if the data are trending.

The asymptotic power functions of the tests are de…ned by ¼JGLS(c; c) =

Pr[HJGLS

(c; ¹c; m) < bJGLS

(¹c; m)] for J = Z®; Zt ; MZ® ; MSB , MZt , ADF and
with H i(c; ¹c) de…ned in Theorems 2 and 4. The constants bJGLS

(¹c;m) is such
that Pr[HJGLS

(0; ¹c; m) < bJGLS

(¹c; m)] = À, the size of the tests. The asymptotic
power functions are shown in Figures 1 and 2 for the two cases considered and
where the solid line denotes the power envelope. All tests have have asymptotic
power functions very close to the power envelope. Naturally, the power decreases
when the number of right-hand regressors increase and when more deterministic
components are included.

6 Size and Power of the Tests in Finite Samples
In this section, we evaluate the size and power properties of the tests considered
in section 3. For comparison, we also include tests based on OLS detrended
series, namely the Z® , Zt and ADF tests of Phillips and Ouliaris (1990) and the
M Z® test proposed by Stock (1999) (we do not report results for the MZt and
M SB as they are very similar to those of MZ®). This will allow us to assess
the advantages of using GLS detrended series to construct the tests. Also,
we only report results for M ZGLS

® as they are similar to those for M ZGLS
t and

M SBGLS : At the end, we report results of size and power for the single-equation
based ECM tests.

6.1 The Monte Carlo Design
The data-generating process considered is given by:

yt ¡ ¯xt = u1t ; (20)

a1yt ¡ a2xt = u2t ;

u1t = ®u1t¡1 + e1t;

u2t = u2t¡1 + e2t ;µ
e1t

e2t

¶
= i:i:d: N

·µ
0
0

¶
;

µ
1 ´¾
´¾ ¾2

¶¸
:

12



This data-generating process is similar to that used by Banerjee et al. (1986),
Gonzalo (1994) and Haug (1996). Here, yt and xt are scalars. For each Monte-
Carlo experiment, we generate 2; 000 series of length T and we start at u20 = 0
and u10 = 0. We use the rndns function in Gauss-Unix with a seed = 123456
in order to generate the pseudo normal variates e1t and e2t .

The values of the various parameters considered are similar to those used in
Gonzalo (1994) and Haug (1996), among others. The parameter ¯ is assumed
unity and a2 is assumed minus unity. For the parameter a1, two cases are
considered. The …rst sets a1 = 0, which is equivalent to assuming that the
variable xt is exogenous with respect to the parameter ¯. We also consider a1 =
1, in which case xt is endogenous. The parameter ´ measures the presence of
contemporaneous correlation across the errors. Here, we consider three possible
values (¡0:5, 0:0 and 0:5). Notice that the case where ´ = 0 in conjunction
with a1 = 0 implies strong exogeneity. The parameter ¾ is known as the signal
to noise ratio and it measures how big is the random walk component in the
series. We consider three possible values for this parameter (0:25, 1:0 and 4:0).
Two sample sizes are used, T = 100 and 200.

Note that we consider only the case with i:i:d: errors and, hence, the e¤ects
induced by the presence of correlation are not analyzed. Our principal goal is
to appreciate gains in power from tests constructed using GLS detrended data
compared to the case where OLS detrended series are used4 . Finally, the BIC is
used to select lag length k when estimating the autoregression (11) to construct
s2 and the ADF tests.

The size and power are evaluated using asymptotic critical values. For the
Z® , MZ® , Zt and ADF tests, we use those from Phillips and Ouliaris (1990).
For the GLS-based tests, we use the asymptotic critical values tabulated in
Tables 1 to 4 for the case where m = 1.

6.2 Size of the Tests
Size is evaluated at ® = 1. The results are reported in Tables 6 and 7 for the
case where the model includes only a constant and in Tables 8 and 9 for the case
where both a constant and a time trend are included. Tables 6 and 8 consider
the case where xt is endogenous and Tables 7 and 9 the case where xt is weakly
exogenous. Given that we use 2; 000 replications an approximate 95% con…dence
interval for the p-value :05 is (:04; :06). What transpires from the results is that
the exact sizes of all tests, except MZ® , are within this con…dence interval (or
very close to it) in all cases considered. The tests MZ® have exact sizes slightly
below the nominal 5% size when T = 100. These distortions are reduced when
T = 200 for the case p = 0 but remain somewhat, though to a lesser extent,
when p = 1. The conservative nature of the M tests was also noted by Perron
and Ng (1996) in the case of unit root tests. It is also clear that some higher

4 We also conducted experiments for MA(1) and AR(1) process in the errors. The relative
ranking and the general conclusions remain the same unless these is strong correlation in
which case the class ofM tests su¤er much less from size distortions. The results are available
upon request.
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exact sizes (around 7-8%) are obtained when c selected by the power envelope
is used in the simulations. However, these small distortions are reduced when
T = 200.

6.3 Power of the Tests
Power is evaluated at ® = 0:85 when T = 100 and at ® = 0:90 when T = 200.
The results are reported in Tables 10 and 11 for the case where the model
includes only a constant and in Tables 12 and 13 for the case where both a
constant and a time trend are included. Tables 10 and 12 consider the case where
xt is endogenous and Tables 11 and 13 the case where xt is weakly exogenous.

The qualitative results are consistent across the various con…gurations con-
sidered. The most striking and important feature is the fact that substantial
power gains can be achieved using GLS detrended data instead of OLS de-
trended data. These gains are more important when the quasi-di¤erencing pa-
rameter is set to ¹c = ¡12:75 (if p = 0) or c = ¡18:25 (if p = 1), particularly
when ¾ > 1. For example, consider the ADF test in the case p = 0, ¾ = 4,
a1 = 1 and ´ = 0:0 with T = 100 (whose results are presented in the second
to last column of Table 10). The power of the test using the standard test of
Phillips and Ouliaris (1990) based on OLS detrended data is :449. With GLS
detrended data this power increases to :617 when using a quasi-di¤erencing
parameter c = 0: When using a the non-centrality parameter ¹c = ¡12:75 (as
suggested by ERS for unit root tests), the power is further increased to :764.
This increase in power holds in all con…gurations considered.

Concerning the relative ranking of the various tests considered, the most
powerful are the ADFGLS and the ZGLS

t tests followed by the ZGLS
® . The

test MZGLS
® appears signi…cantly less powerful, no doubt due to the fact that

its exact size is conservative. Note, however, that in the presence of a large
negative moving-average component, the MZGLS

® test (as well as the MZGLS
t

and M SBGLS tests) has the least size distortions.
Xiao and Phillips (1999), in the context of tests within a full system, obtained

similar simulation results, namely that power was higher with the non-centrality
parameter ¹c set at -7.0 (p = 0) or -13.5 (p = 1) compared to using ¹c = 0. Their
explanation was that the estimates were numerically less reliable when ¹c = 0
which caused a loss of power in …nite samples. We believe, instead, that the
simulations show support for our interpretation outlined in Section 4, that in
the context of unit root or cointegration tests, the use of GLS detrended data
does not arise from a concern to get better estimates of the coe¢cients of the
trend functions of the variables in the system but rather arises as a consequence
of trying to obtain better estimates of the cointegrating regression when the
errors are modelled as nearly-integrated.

6.4 A Comparison with ECM Tests
Another kind of cointegration tests based on estimates of a single equation are
the so called ECM tests; see Banerjee, Dolado and Mestre (1998), Kremers,
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Ericsson and Dolado (1995), Boswijk (1994) and Zivot (2000) among many
others. These tests are also easy to apply empirically although critical values
are not available in the same way. For a reference about the citical values and
new tabulated critical values, see Ericsson and MacKinnon (1999).

Essentially these literature has shown that ECM tests have more power to
OLS residual-based tests for cointegration. Using the same DGP as before, we
calculated size and power of three ECM tests. The …rst is the t-statistic testing
the coe¢cient associated to the error mechanism. The second test was proposed
by Bowsjik (1994) and consists in an F-statistic about the signi…cance of the
coe¢cient of the error mechanism and when deterministic components (a con-
stant and/or also a time trend) are unrestricted under the null hypothesis. The
third tests (Bowsjik, 1994) is similar as before but the deterministic components
are restricted to enter only in the error mechanism. Asymptotic critical values
for the t-statistic were taken from Ericsson and MacKinnon (1999) and for the
other two statistics, the source is Bowsjik (1994). Same number of replications
were used and no lags were used because we are considering i.i.d. disturbances.
The goal is only to compare, in equal circunstances, size and power properties
of ECM tests against GLS residual-based tests for cointegration.

The results for size and power of the ECM tests are presented in Tables
14-17 following a similar structure in the presentation as in the Tables for GLS
residual-based tests for cointegration. Overall, we observe that our tests have
similar or higher power compared to those values obtained from ECM tests.
This is true when there is included only a constant in the regression and when
there is also a time trend included. Some more power is observed from ECM
tests when a1 = 0, which represents the case where right-hand regressors are
exogenous; consequently this escenario is not really an important advantage. In
another hand, our tests have less power when ´ = ¡0:50 but they have higher
power when ´ is zero or positive.

7 Conclusions
We have considered residuals-based tests for cointegration using GLS detrended
data and provided asymptotic critical values for use in applied work. Our sim-
ulation results show that substantial gains in power can be obtained relative to
the OLS residuals-based tests of Phillips and Ouliaris (1990) especially when
using a quasi-di¤erencing parameter selected using the power envelope and ac-
cording to the nature of the deterministic components included in the regression.
Given that our tests are basically as easy to construct, they provide a useful
alternative for empirical applications. Comparison of size and power from ECM
tests are favorabe to our tests.
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8 Appendix

Throughout, we use the following lemmas which are by now standard (see
Lemma 3.1 of Phillips (1988) and Lemma 2.2 of Phillips and Ouliaris (1990)).

Lemma A.1: Let futg be a near-integrated series generated by (1), then: a)
T ¡1=2u[Tr] ) Bc(r); b) T¡3=2

PT
t=1 ut )

R 1

0
Bc(r)dr ; c) T ¡2

PT
t=1 utu

0
t )R 1

0 Bc(r)B
0
c(r)dr; d) T ¡1

PT
t=1 ut¡1vt

) f
R 1

0
Bc(r)dBc(r)

0 + ­1g with ­1 =
P1

k=1 E(v0v
0
k ):

Lemma A.2: Using the notation de…ned in Section 2, we have: a) Bc(r) ´
L0Wc(r); b) L´ ´ l11k; ´0­´ ´ w11:2k

0k ; c) ´0Bc(r) ´ l11Qc(r); d) ´0 R 1

0
Bc(r)dB 0

c(r)´ ´
w11:2

R 1

0 Qc(r)dQc(r); e) ´0 R 1

0 Bc(r)B
0
c(r)dr´ ´ w11:2

R 1

0 Qc(r)2dr; with w11:2 =

w11 ¡ w0
21­

¡1
22 w21 = l211:

Proof of Lemma 1: In both cases, the proof is a multivariate extension of
arguments given in ERS (1996) for the univariate case and is, hence, omitted:

Proof of Theorem 1: Consider …rst the case where mt = f1g: Let za
t =

(ya
t ; xa0

t )0 be a n-vector, M 0
t = (u0

t ; m
0
t) be a n+1-vector and let ¨T = diag(In; T ¡1=2)

be a diagonal matrix of dimension n + 1. We can write:

T ¡2
TX

t=1

za
t za0

t =

·
In

¡(Ã̂ ¡ Ã)

¸0
¨T

h
T ¡2¨¡1

T

PT
t=1 MtM

0
t¨

¡1
T

i
¨T

·
In

¡(Ã̂ ¡ Ã)

¸

(A.1)
Using the notation Ã0 = (Ã0;y; Ã0;x) where Ã0;y corresponds to the mean of
the dependent variable and Ã0;x is an m-vector of means associated with the

regressors xt (a similar partition is used for Ã̂0). The …rst element in (A.1) can
be written as

£
In ¡(Ã̂ ¡ Ã)0 ¤

¨T =

"
1 00

m ¡(Ã̂0;y ¡ Ã0;y )

0m Im ¡(Ã̂0;x ¡ Ã0;x)

# 2
4

1 00
m 0

0m Im 0

0 00
m T¡1=2

3
5

=

"
1 00

m ¡T ¡1=2(Ã̂0;y ¡ Ã 0;y)

0m Im ¡T ¡1=2(Ã̂0;x ¡ Ã0;x)

#

)
·

1 00
m 0

0m Im 0m

¸

The limit of the second element is:

"
T ¡2¨¡1

T

TX

t=1

MtM
0
t¨

¡1
T

#
= T ¡2

2
4

1 00
m 0

0m Im 0m

0 00
m T1=2

3
5

2
64

PT
t=1 u1tu1t

PT
t=1 u1tu

0
2t

PT
t=1 u1tPT

t=1 u2tu1t

PT
t=1 u2tu

0
2t

PT
t=1 u2tPT

t=1 u1t

PT
t=1 u0

2t T

3
75
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2
4

1 00
m 0

0m Im 0m

0 00
m T1=2

3
5

=

2
64

T ¡2
PT

t=1 u1tu1t T ¡2
PT

t=1 u1tu0
2t T ¡3=2

PT
t=1 u1t

T ¡2
PT

t=1 u2tu1t T ¡2
PT

t=1 u2tu
0
2t

PT
t=1 u2t

T ¡3=2
PT

t=1 u1t T ¡3=2
PT

t=1 u0
2t 1

3
75

)

2
64

R 1

0
B1c(r)B1c(r)dr

R 1

0
B1c(r)B

0
2c(r)dr

R 1

0
B1c(r)drR 1

0
B2c(r)B1c(r)dr

R 1

0
B2c(r)B0

2c(r)dr
R 1

0
B2c(r)drR 1

0 B1c(r)dr
R 1

0 B 0
2c(r)dr 1

3
75

By symmetry, the third element converges to the transpose of the limit of the
…rst and we have

T¡2
TX

t=1

za
t za0

t )
" R 1

0 B1c(r)B1c(r)dr
R 1

0 B1c(r)B 0
2c(r)drR 1

0
B2c(r)B1c(r)dr

R 1

0
B2c(r)B 0

2c(r)dr

#
(A.2)

´
·

g11 g0
21

g21 G22

¸
´ G

The limit of ĝ follows directly. Now, consider the case where mt = f1; tg. Let

¨T = diag(In; T ¡1=2; T 1=2) be a diagonal matrix and using a similar partition
for (Ã̂ ¡ Ã).

£
In ¡(Ã̂ ¡ Ã)0 ¤

¨T

=

"
1 00

m ¡(Ã̂0;y ¡ Ã0;y) ¡(Ã̂1;y ¡ Ã1;y)

0m Im ¡(Ã̂0;x ¡ Ã0;x) ¡(Ã̂1;x ¡ Ã1;x)

#
2
664

1 00
m 0 0

0m Im 0m 0m

0 00
m T ¡1=2 0

0 00
m 0 T1=2

3
775

=

"
0 00

m ¡T ¡1=2(Ã̂0;y ¡ Ã0;y) ¡T ¡1=2(Ã̂1;y ¡ Ã1;y)

0m Im ¡T ¡1=2(Ã̂0;x ¡ Ã0;x) ¡T ¡1=2(Ã̂1;x ¡ Ã1;x)

#

)
·

1 00
m 0 ¡Dy

0m Im 0m ¡Dx

¸

where Dy(¹c) = ¸B1c(1) + 3(1 ¡¸)
R 1

0
sB1c(r)dr , Dx(¹c) = ¤x(¹c)B2c(1)+ 3(Im ¡

¤x(¹c))
R 1

0
sB2c(r)dr and ¤x(¹c) = diag(¸; ::::; ¸) a m by m diagonal matrix. Also,

"
T ¡2¨¡1

T

TX

t=1

MtM
0
t ¨

¡1
T

#

=

2
6664

T¡2
PT

t=1 u1tu1t T¡2
PT

t=1 u1tu
0
2t T ¡3=2

PT
t=1 u1t T¡5=2

PT
t=1 tu1t

T¡2
PT

t=1 u2tu1t T¡2
PT

t=1 u2tu
0
2t T ¡3=2

PT
t=1 u2t T¡5=2

PT
t=1 tu2t

T¡3=2
PT

t=1 u1t T¡3=2
PT

t=1 u0
2t 1 T¡2

PT
t=1 t

T¡5=2
PT

t=1 tu1t T¡5=2
PT

t=1 tu0
2t T ¡2

PT
t=1 t T¡3

PT
t=1 t2

3
7775

17



)

2
6664

R 1

0
B1c(r)B1c(r)dr

R 1

0
B1c(r)B0

2c(r)dr
R 1

0
B1c(r)dr

R 1

0
rB1c(r)drR 1

0
B2c(r)B1c(r)dr

R 1

0
B2c(r)B0

2c(r)dr
R 1

0
B2c(r)dr

R 1

0
rB2c(r)drR 1

0
B1c(r)dr

R 1

0
B 0

2c(r)dr 1
R 1

0
rdrR 1

0
rB1c(r)dr

R 1

0
rB0

2c(r)dr
R 1

0
rdr

R 1

0
r2dr

3
7775

Using these results, we have

T ¡2
TX

t=1

za
t za0

t )
" R 1

0 B1c(r)B1c(r)dr
R 1

0 B1c(r)B
0
2c(r)drR 1

0
B2c(r)B1c(r)dr

R 1

0
B2c(r)B

0
2c(r)dr

#
(A.3)

´
·

g11 g0
21

g21 G22

¸
´ G

where Bc = Bc(r) ¡ rD(¹c); and the …nal expression for the limit of ĝ follows
directly.

Proof of Theorem 2: We present derivations only for the M GLS tests; the
results for the other tests follow using similar arguments and from the asymp-
totic equivalence with one of these three tests. Consider …rst the case where
mt = f1g: We have the following results:

a. 2T ¡2
PT

t=1 ê2
t = 2T ¡2

PT
t=1fya

t ¡°̂0xa
t g2 = 2ĝ0fT ¡2

PT
t=1 za

t z 0a
t gĝ ) 2´0G´:

From expression (A.2), we have G =
R 1

0
Bc(r)Bc(r)

0dr; and, from Lemma A.2,
Bc(r) = L0Wc(r) and L´ = l11k. Furthermore, using the results k0Wc(r) =
Qc(r) and w11:2 = w11 ¡ w0

21­
¡1
22 w21 = l211, we have:

2´0G´ = 2

Z 1

0

[´0Bc(r)][́
0Bc(r)]

0dr

= 2

Z 1

0

[´0L0Wc(r)][´
0L 0Wc(r)]0dr

= 2l211

Z 1

0

[k 0Wc(r)][k 0Wc(r)]
0dr

= 2l211

Z 1

0

Qc(r)
2dr

= 2w11:2

Z 1

0

Qc(r)
2dr:

b. T¡1ê2
T = T¡1fya

T ¡ b° 0xa
T g2 = ĝ0fT ¡1za

T z0a
T gĝ ) ´0Bc(1)Bc(1)

0´:

Using similar arguments as in (a), we have:

[́ 0Bc(1)][´0Bc(1)]
0 = [́ 0L0Wc(1)][́ 0L0Wc(1)]0

= l211[k
0Wc(1)][k

0Wc(1)]0

= l211Qc(1)2

= w11:2Qc(1)2:
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c. s2 ) ´0­´:

We follow the argument of Phillips and Ouliaris (1991). s2 is a zero frequency
spectral density estimate based on ¢êt = ĝ0¢za

t = ĝ0vt . Since ĝ ) ´, we can
condition on the value of ´. Now, as vt , ´vt is also a linear process satisfying the
conditions of Berk (1974). Hence, s2 is a consistent estimate of (2¼ times) the
spectral density function at frequency zero of ´vt given by ´0­´: Using Lemma
A.2, ´ 0­´ = w11:2·

0·; where k0 = (1; ¡f 0
21F

¡1
22 ) and f21 and F22 are elements of

the n by n matrix F de…ned as

F =

·
f11 f 0

21

f21 F22

¸

=

" R 1

0 W1c(r)W1c(r)dr
R 1

0 W1c(r)W 0
2c(r)drR 1

0
W2c(r)W1c(r)dr

R 1

0
W2c(r)W 0

2c(r)dr

#
(A.4)

Using these results in expression (7), the proof is complete for the MZGLS
® test.

For the MSBGLS test, it is su¢cient to use (a) and (c) in expression (8). Given
the equivalence M ZGLS

t = MZGLS
® ¤ MSBGLS , the proof for the MZGLS

t test
follows.
Consider now the case where mt = f1; tg: We have following results:

a. 2T ¡2
PT

t=1 ê2
t = 2T ¡2

PT
t=1fya

t ¡b°0
xa

t g2 = 2ĝ0fT ¡2
PT

t=1 za
t z 0a

t gĝ ) 2´0 ¹G´

From expression (A.3), we have G =
R 1

0
Bc(r)Bc(r)0dr; and, from Lemma A.2,

Bc(r) = L0 ¹Wc(r) and L¹́ = l11¹k . Furthermore, using the results ¹k0 ¹Wc(r) =
¹Qc(r) and w11:2 = w11 ¡ w0

21­
¡1
22 w21 = l211, we have:

2´0G´ = 2

Z 1

0

[́ 0Bc(r)][́ 0Bc(r)]0dr

= 2

Z 1

0

[́ 0L0W c(r)][´
0L 0W c(r)]0dr

= 2l211

Z 1

0

[k
0
W c(r)][k

0
W c(r)]0dr

= 2l211

Z 1

0

¹Qc(r)
2dr

= 2w11:2

Z 1

0

¹Qc(r)
2dr

b. T¡1ê2
T = T¡1fya

T ¡ b° 0xa
T g2 = ĝ0fT ¡1za

T z0a
T gĝ ) ´0Bc(1)Bc(1)0´:

Using similar arguments as in (a), we have:

[´0Bc(1)][́ 0Bc(1)]0 = [́ 0L0W c(1)][´
0L0W c(1)]0

= l211[k
0
W c(1)][k

0
W c(1)]

0

= l211
¹Qc(1)

2

= w11:2
¹Qc(1)

2
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c. s2 ) ¹́0­¹́, using arguments similar to the case with mt = f1g.

Using Lemma A.2, ´0­´ = w11:2·
0·, where k

0
= (1; ¡f

0
21F

¡1
22 ) and f 21 and F 22

are elements from a n by n matrix ¹F given by (A.4) with ¹W1c(r) and ¹W 0
2c(r)

instead of W1c(r) and W 0
2c(r). Using these results in expression (7), the proof is

complete for the M ZGLS
® test. For the MSBGLS test, it is su¢cient to use (a)

and (c) in expression (8). Given the equivalence MZGLS
t = MZGLS

® ¤MSBGLS ,
the proof for the MZGLS

t test follows.

Proof of Theorem 3. The proof is similar to that in Hansen (1992). First
from (1), xt = ¹x + ¯xt + u2t and we can deduce that xa

t = xt ¡ Ã̂x , with
Ã̂x ) ¯x(1 ¡ c + c2=2) + u21. Note that a similar result still for yt. Consider
the following m by (m ¡ 1) matrix ¯¤

x which spans the null space of ¯x and let

C = [C1; C2] = [̄ ¤
x(¯

¤0
x ­22¯

¤
x)¡1=2; ¯x(¯0

x¯x)¡1]:

Given that (¯¤0
x ­22¯

¤
x) is positive de…nite (because ­22 is positive de…nite) then

C is well-de…ned. We have

C 0xa
t =

µ
C0

1x
a
t

C0
2x

a
t

¶
=

µ
C 0

1u2t + Op(1)
C0

2u2t + t + Op(1)

¶
:

De…ning the weight matrix DT = diag(ImT 1=2; T ), we have

D¡1
T C0xa

[T r] =

µ
T¡1=2C 0

1u2[Tr ] + op(1)
T ¡1C 0

2u2[Tr] + T ¡1[T r] + op(1)

¶

)
µ

Wm¡1(r)
r

¶

´ JR

where, following Hansen (1992),

Wm¡1(r) = C 0
1B2(r) = (¯ ¤0

x ­22¯
¤
x)

¡1=2¯¤0
x B2(r) ´ BM (Im¡1)

Now, de…ne the following n by n matrix

F =

·
1 00

m

0m C 0

¸
=

2
4

1 00
m

0m¡1 C0
1

0 C0
2

3
5 :

We …rst consider the limit distribution of the coe¢cients in the cointegrating
equation given by

ya
t = b° 0

xa
t + bet:

We have
b° = (xa

t xa0
t )¡1(xa

t y
a
t ):
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The following results are obtained in exactly the same way as in Hansen (1992).
The limiting distribution of the estimates in the cointegrating equation is

T ¡1=2DT F ¡1bg )
·

1

¡(
R 1

0
JR(r)J 0

R(r))¡1(
R 1

0
JR(r)B1(r))

¸
´ ´

where
B1(r) = !1=2W1(r) + ! 0

21C1Wm¡1(r) (A.5)

with ! = !11 ¡! 0
21C1C

0
1!21. To obtain the limiting distribution of the statistic

M ZGLS
® , we need the limiting distribution of T ¡2

PT
t=1 be2

t , T ¡1be2
T and s2: From

(A.18) of Hansen (1992),

2T¡2
TX

t=1

be2
t ) 2¹!

Z 1

0

Q¤(r)2dr

It can be shown using the same arguments that

T ¡1be2
T ) ¹!Q¤(1)2:

Consider now s2 which is a zero frequency spectral density estimate based on
¢bet = bg0¢za

t = bg0(¯ + vt) = (T ¡1=2DT F¡1bg) 0T 1=2D¡1
T F (¯ + vt): Since, we

have T¡1=2DT F¡1bg ) ´, we can condition on the value of ´. Now, as vt ,
´T 1=2D¡1

T F vt is also a linear process satisfying the conditions of Berk (1974).
Hence, s2 is a consistent estimate of (2¼ times) the spectral density function at
frequency zero of ´T 1=2D¡1

T F vt given by limT !1 ´0T 1=2D¡1
T F­F 0T 1=2D¡1

T ´:
We have:

F­F 0 =

2
4

1 00
m

0m¡1 C 0
1

0 C 0
2

3
5

·
!11 ! 0

21

!21 ­22

¸ ·
1 00

m¡1 0
0m C1 C2

¸

=

2
4

!11 ! 0
21

C0
1!21 C 0

1­22

C0
2!21 C 0

2­22

3
5

·
1 00

m¡1 0
0m C1 C2

¸

=

2
4

!11 ! 0
21C1 !0

21C2

C0
1!21 C 0

1­22C1 C 0
1­22C2

C0
2!21 C 0

2­22C1 C 0
2­22C2

3
5

Note that C 0
2­22C2 = Im¡1 and C 0

1­22C2 = 0m¡1: Hence,

lim
T!1

T1=2D¡1
T F­F 0T1=2D¡1

T =

2
4

!11 !0
21C1 0

C0
1!21 Im¡1 0m¡1

0 00
m¡1 0

3
5

´ ­0

and
s2 ) ´0­0´:
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Now consider the matrix L0 such that ­0 = L0
0L0 de…ned by

L0 =

2
4

!1=2 00
m¡1 0

C0
1!21 Im¡1 0m¡1

0 00
m¡1 0

3
5 :

We then have

L0´ =

2
4

!1=2 00
m¡1 0

C0
1!21 Im¡1 0m¡1

0 00
m¡1 0

3
5

·
1

¡(
R 1

0 JR(r)J 0
R(r))¡1(

R 1

0 JR(r)B1(r))

¸

=

2
64

!1=2

C0
1!21 ¡

£
Im¡1 0m¡1

¤ h
(
R 1

0
JR(r)J 0

R(r))¡1(
R 1

0
JR(r)B1(r))

i

0

3
75 :

Using the representation (A.5) for B1(r), the second element is

C 0
1!21¡

£
Im¡1 0m¡1

¤ ½
(

Z 1

0

JR(r)J 0
R(r))¡1(

Z 1

0

JR(r)
h
!1=2W1(r) + ! 0

21C1Wm¡1(r)
i¾

:

Finally, notice that
£

Im¡1 0m¡1

¤
JR(r) = Wm¡1(r). Using this expression

the term C0
1!21 disappears and

L0´ =

2
64

!1=2

¡!1=2
£

Im¡1 0m¡1

¤ h
(
R 1

0 JR(r)J0
R(r))¡1(

R 1

0 JR(r)W1(r))
i

0

3
75

= !1=2

2
64

1

¡
£

Im¡1 0m¡1

¤ h
(
R 1

0 JR(r)J 0
R(r))¡1(

R 1

0 JR(r)W1(r))
i

0

3
75

= !1=2·¤

This shows that s2 ) !·¤0·¤: Using these results, the proof is complete for
the MZGLS

® and M SBGLS tests. Given the equivalence MZGLS
t = M ZGLS

® ¤
M SBGLS , the proof for the M ZGLS

t test follows.

Proof of Theorem 4. We know that we have cointegration when these resid-
uals have not a uni root. In the converse case, we have an spuriouos regression.
Following same way as in the univariate case (ERS, 1996) we propose the fol-
lowing feasible optimal point test P GLS

1T :

s2PGLS
1T = S(®) ¡ ®S(1) (A.6)

where S(®) are the GLS detrended residuals under the alternative hypotehsis
of stationarity and S(1) are same residuals under the null hypothesis of a unit
root. Hence, using GLS transformed data:

S(®) =
X

(be®
t )2 =

X
(¢bet ¡ cT¡1bet¡1)

2 (A.7)

S(1) =
X

(be(1)
t )2 =

X
(¢bet)

2 (A.8)
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Then, we replace these terms in equation (A.6)

s2PGLS
1T =

X
(¢bet ¡ cT ¡1bet¡1)

2 ¡ (1 + cT¡1)
X

(¢bet)
2 (A.9)

We also know that ¡2cT ¡1¢betbet¡1 = ¡cbe2
T + cT¡1¢be2

t . Using this we have

s2P GLS
1T = ¡cT ¡1be2

T + cT ¡1
X

¢be2
t + c2T ¡2

X
be2

t¡1 ¡ cT ¡1
X

¢be2
t

= ¡cT ¡1be2
T + c2T ¡2

X
be2

t¡1 (A.10)

Using arguments or results of convergencefound in Theorem 3, we have that

s2PGLS
1T ) !11:2f¡cQ(1)2 + c2

Z
Q(r)2drg (A.11)

In another hand, we know that s2 ) ´0­´ = !11:2·
0·. With these results we

have

P GLS
1T )

¡cQ(1)2 + c2
R

Q(r)2dr

·0·
(A.12)

which completes the proof.
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