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Abstract

In this thesis, we study the contractivity preserving, high order, time discretization
methods for solving non-stiff ordinary differential equations. We construct a class
of one-step, explicit, contractivity preserving, multi-stage, multi-derivative, Hermite-
Birkhoff-Taylor methods of order p = 5,6, ...,15, that we denote by CPHBT, with
nonnegative coefficients by casting s-stage Runge-Kutta methods of order 4 and 5
with Taylor methods of order p — 3 and p — 4, respectively.

The constructed CPHBT methods are implemented using an efficient variable
step algorithm and are compared to other well-known methods on a variety of ini-
tial value problems. The results show that CPHBT methods have larger regions of
absolute stability, require less function evaluations and hence they require less CPU
time to achieve the same accuracy requirements as other methods in the literature.
Also, we show that the contractivity preserving property of CPHBT is very efficient
in suppressing the effect of the propagation of discretization errors when a long-term
integration of a standard N-body problem is considered.

The formulae of 49 CPHBT methods of various orders are provided in Butcher

form.

il



Résumé

Dans cette these, nous étudions des solveurs numériques d’ordre élevé, qui préserve
la propriété de contractivité pour résoudre des équations différentielles ordinaires
non-raides. Nous construisons une classe de méthodes explicites, multi-étage, multi-
dérivées, Hermite-Birkhoff-Taylor d’ordre p = 5,6,...,15, a un pas. Ces méthodes
sont a coefficients positifs ou nuls et combinent des méthodes Runge-Kutta a s-étages
d’ordre 4 et 5 et des méthodes de Taylor d’ordre p — 3 et p — 4, respectivement.

Ces méthodes sont implémentées en utilisant un algorithme efficace a pas vari-
able. Nous les comparons aux autres méthodes bien connues pour des problemes
standards. Nos résultats montrent que les méthodes CPHBT ont des régions de sta-
bilité absolue plus grandes, qu’elles nécessitent moins d’évaluations de fonction et,
donc, sont plus rapides que les autres méthodes connues. Nous montrons, de plus,
que la propriété de préservation de la contractivité de CPHBT supprime tres efficace-
ment 'effet de la propagation des erreurs de discrétisation dans les intégrations a long
terme des problemes standards a N-corps.

Les formules des 49 méthodes CPHBT de divers ordres sont fournies sous la

forme Butcher.

il
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Chapter 1

Introduction

Differential equations can be traced back to Isaac Newton [39] when he investigated

the solution of the differential equation [22]

d
—y:1—3x+y+x2+xy (1.0.1)
dx

and obtained a solution recursively as an infinite series. Since then, enormous ef-
forts were directed towards solving differential equations arising in different fields
such as chemistry, physics, biology, astronomy and weather/climate prediction. How-
ever, only a small percentage of the differential equations in the literature can be
solved analytically. Hence, numerical methods play a vital role in obtaining accurate
approximations to the exact solution of differential equations.

Huge efforts were directed towards developing, implementing and analyzing var-
ious numerical methods satisfying different accuracy and stability properties. In this
thesis, we establish a new class of high order, explicit, one-step, multi-stage, multi-
derivative, Hermite-Birkhoff-Taylor time discretizations satisfying certain stability

properties, in particular, the contractivity preserving property. These methods are

denoted by CPHBT.
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1.1 The advantages of higher order methods

In general, high order methods generate numerical solutions with higher accuracy
compared to lower order methods. However, in applications, the required accuracy
of the numerical solution is usually known and it is in general not extremely high.
Then, why do we search and derive higher order methods? There are at least two

good reasons:

e The number of steps required: Let M; be a lower order method, with fixed step-
size for simplicity, such that the global error GE(M;)=max, ||Yexact (%) —Yuum ()|
is of order O(h™). Similarly, let M, be a higher order method with GE(M5)
of order O(h™2) where my > m;. If we require an accuracy TOL = 107", then

M, and M, require step sizes hy,, and h,,,, respectively, such that
By & 1071 < fpy, & 1072

Hence, the higher order method M will require fewer integration steps than the
lower order method M; to achieve the same accuracy 107" for the same problem
configuration. Therefore, if the higher order method M is established efficiently
with minimal function evaluations, then it will require less CPU time to achieve
the required accuracy in comparison with the lower order method M;. This
can be a very important property when dealing with real time applications or
when the computing resources are limited and hence, minimizing the computing

demand is essential.

e Long-term integration problems: Many applications require very large inte-
gration intervals to study the long-term behaviour/results of the model under
investigation. For instance, astronomical simulations require extremely large
integration interval up to 1 billion years [50] where the time unit is days, i.e.,

t € [0,3.65242 x 10]. Indeed, solving problems over long integration periods
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will result in losing accuracy due to the propagation of discretization errors. As

an example, consider the modified oscillatory initial value problem [27]
y' = 2y cos(x) y(0) =1, (1.1.1)

with exact solution y(z) = e25"(*). We solved problem (1.1.1) using a 4-stage
Runge-Kutta method of order 4, RK(4,4), and a 13-stage Runge-Kutta method
of order 8, RK(13,8), with coefficients given in Table (1.1). We choose fixed

step sizes such that both methods use the same number of function evaluations.

In Figure (1.1), we plot the numerical solution obtained by RK(4,4) and RK(13,8)

with the exact solution over different integration intervals. For instance, if we

8 - - - - . . 11
— yexact 10} — yexact I
7, H
o Yrka ol e Yrka |
Y, Y,
sk RK8 || 8 o ® o RK8 ||
L) L)
7L
sb
L] L]
EN > 6
4 D) ®
s
3t 4r
3l
ok
2,
1 . . . . . . 1 . . . . . .
13 13.5 14 14.5 15 15.5 8112 81125 8113 8113.5 8114 8114.5
x x

Figure 1.1: The numerical solutions obtained by RK(4,4) and RK(13,8) over

different integration intervals using the same number of function evaluations.

require accuracy TOL = 107*, then RK(4,4) method is sufficient over the in-
terval t € [0,57]. However, when we consider a relatively longer integration
interval ¢ € [0,25807], RK(4,4) method loses accuracy due to the propagation
of discretization errors while RK(13,8) method still satisfies the required toler-
ance as shown in Figure(1.1). This illustrates the need of higher order methods

when a long-term integration problem is considered.
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1.2 Contractivity preserving methods

In 1988, Shu in [52] and Shu and Osher in [53] established strong stability preserving
Runge-Kutta methods, denoted by SSPRK. The derivation of such methods was
motivated by the observation that the solution of some partial differential equations

of the form

Uy = Dz, U, Uy, Uy, - . ) (1.2.1)

such as hyperbolic conservation laws, satisfies the monotonicity property
[u(z + Az)|| < Jlu(z)]], (1.2.2)

where || -] is some norm such as the total variation norm [21, 52, 53]. Strong stability
preserving high order time discretization methods are designed for the time evolution
of hyperbolic partial differential equations with discontinuous solutions satisfying a

discrete form of inequality (1.2.2) as follows:
[t || < [l (1.2.3)

where u,,, u,,; are numerical approximations of u(z,) and u(z, + Az), respectively.

Assuming that the SSP property (1.2.3) holds for the forward Euler method
Unt1 = Up + AT [ (0, Un), (1.2.4)

Shu and Osher show that the SSP property (1.2.3) holds for the designed SSPRK
methods by expressing them as convex combination of the forward Euler method
with a modified step size, Ax < cAxpg, where ¢ is called the SSP coefficient. Since
then, significant efforts were directed towards deriving and optimizing SSP methods
[52, 53, 20, 17, 28, 45, 47, 46, 55]. The designed SSP methods were shown to be
more stable and suppressed the spurious oscillations and overshoot that may occur at
discontinuities in comparison with other non-SSP methods as shown by Gottlieb and
Shu in [20]. Also, most SSP methods have the same form and the same computational

cost as traditional ODE solvers.
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In this thesis, we are interested in the solution of non-stiff initial value problems
of the form:

dy

2y = f@y@), o) = o, (1.2.5)

where f : RxRY — R¥. The exact solution of some IVP of the form (1.2.5) naturally

preserve the contractivity property
ly(z + Az) — y(z + Az)|| < [ly(x) — G(2)]l; (1.2.6)

where y(z) and g(x) are two solutions with different neighbouring initial conditions
y(zo) and g(xg), respectively. Throughout this work, we assume that f is a sufficiently
smooth function such that for each zy € R and yy = y(zy) € RY, problem (1.2.5) has
a unique solution y : [, 00) — R¥. Also, we suppose that there exists a norm || - ||
on RY such that inequality (1.2.6) holds. Under these assumptions, the initial value
problem (1.2.5) is said to be dissipative [31].

Hence, when we design a numerical method, we require that the numerical solu-
tion of the IVP (1.2.5) satisfies a discrete form of the contractivity preserving property
(1.2.6) as follows:

[9n+1 = Gt ll < llyn — Tl (1.2.7)

where y,, and ¢, are two numerical solutions with different neighbouring initial condi-
tions yo = y(zo) and go = §(xo), respectively. Moreover, the contractivity preserving
property (1.2.7) is a desired property to reduce the effect of the propagation of dis-
cretization errors. Since all numerical methods introduce discretization errors, one
can consider the introduction of such errors to the numerical solution as jumping from
one solution {y, }** to another neighbouring perturbed solution {#,},%. Then, the
contractivity preserving property (1.2.7) will guarantee that the perturbed numerical
solution {7, }Nerd by the discretization errors will not ”wander away” from the exact
solution, i.e., it will minimize the effect of the propagation of the discretization errors
[33]. Kraaijevanger investigated in [31] the contractivity preserving Runge-Kutta

methods and established the necessary and sufficient conditions for Runge-Kutta
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methods to be contractive. However, the designed contractive Runge-Kutta methods
achieved limited order of accuracy with order barrier equals to 6 (p < 6) for implicit
contractive Runge-Kutta methods. This order barrier is even more severe for explicit
contractive Runge-Kutta methods (p < 4) [31, page 516]. One of the goals of this
work is to overcome this order barrier by casting Runge-Kutta methods with the
Taylor series method.

The Taylor series method is a successful classical method that has been inves-
tigated extensively. It has been shown that it is a competitive candidate in astro-
nomical simulations [3], solving general problems [8, 29, 34|, sensitivity analysis of
ODEs/DAEs [2] and validating solutions of ODEs [38, 25]. The main computational
cost in solving ODEs by the Taylor method in terms of function evaluations and CPU
time lies in the repeated evaluation of the Taylor coefficients of the functions involved.
In [11], Deprit and Zahar showed that recursive computation of Taylor coefficients is
very effective in achieving high accuracy with little computing time and large step
sizes. Hence, the addition of higher order derivatives to Runge-Kutta methods can
be implemented efficiently using the notion of automatic differentiation [34]. In 2013,
Nguyen-Ba et al. [40], extended the forward Euler method used by Shu in [52] and
Shu and Osher in [53], to the expanded 9-derivative series:

9
Yn+1 = Yn + Al‘f(:lj'n, yn) + Z nmAxmf(milxxm yn)a (1'2'8>

m=2
and designed a two-step, contractivity preserving, explicit, 9-derivative, Hermite-
Obrechkoff method of order 13, denoted by HO(13), by expressing the method as a
convex combination of the expanded 9-derivative series (1.2.8). The designed 2-steps,
contractivity preserving (CP) HO(13) method has a larger region of absolute stability
compared to the Taylor method of order 13, T(13). Also, it reduces the number
of high order derivatives required by 4 compared to T(13) and hence it requires
less CPU time to achieve the same accuracy. Moreover, the CP HO(13) method is

successful in suppressing the error growth in long-term integration of Kepler’s two-
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body problem with eccentricity ¢ = 0.5 [40]. As shown in Figure (1.2), Nguyen-Ba
et al. plot the relative error in position and energy of HO(13) compared to Taylor
method of order 13 over an integration interval of 10000 periods. It was shown that

the contractivity preserving property increases the efficiency of the designed 2-steps,

explicit, 9-derivatives, HO(13) method.

10
HO13 HO13
107 = =~ T13 A - — - T13
S o E 107°
[} —
E 2
5 . 5
=10 5
8 2 10
[0
10_8 3 ‘4 5 10_10 3 ‘4 5
10 10 10 10 10 10
time t time t

Figure 1.2: The propagation of error in position (left) and energy error (right)
for Kepler’s two-body problem.

In this work, we design one-step methods by the addition of off-step points,
where only the derivative y'(x) is considered, and the order of high order derivatives
yY9)(z,,) necessary is reduced. The CPHBT methods take advantage of this fact. The
first set of newly designed CP methods are obtained by casting s-stage Runge-Kutta
methods of order 4, RK(s,4) for s = 5,6 with Taylor series methods of order d, T(d)
ford=2,3,...,13.

Also, to break the Kraaijevanger order barrier [31, page 516], we construct the
second set of newly designed CP methods. The construction casts s-stage Runge-
Kutta methods of order 5, RK(s,5), s = 7,8,9, 10 with Taylor series methods of order
p—4,T(p—4).

These two sets of newly designed CP methods incorporate a function evaluation

at each off-step point similar to Runge-Kutta methods and high order derivatives in-
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formation as in Taylor series methods to achieve better performance than widely used
methods existing in the literature including Runge-Kutta and Taylor series methods.
Moreover, the designed methods overcome the order barriers of CP RK methods and
require significantly less high order derivatives compared to the Taylor series meth-
ods of the same order. In addition, a variable step algorithm with error estimation
formula is used to minimize the number of function evaluations required to achieve
the user defined tolerance, TOL, and to optimize the performance of CPHBT(d, s, p).
To test and analyze the performance of the designed methods, we consider more
than 30 test problems consisting of single equations, small systems, orbit equations,
higher order equations and Hamiltonian problems using C++-, Fortran and MATLAB
codes. We show that the designed CPHBT(d, s, p) methods require significantly less
step points, less function evaluations and less CPU time to achieve the user defined
tolerance compared to well known, widely used ODEs solvers such as the Dormand-
Prince Runge Kutta pair DP(8,7)13M [43], Taylor series methods of order p, T(p),
and the Taylor method introduced by Martin Lara, T(p)L [34]. The designed meth-
ods have significantly larger regions of absolute stability compared to other methods
of the same order. Also, the contractivity preserving property minimizes the growth
of discretization errors when long-term integration problems are considered. These

results make our methods competitive candidates for astronomical computations [3].

1.3 Thesis outline

This chapter included a brief introduction and the motivation together with the con-
tributions of this work. The rest of the thesis can be outlined as follows:

In Chapter 2, we include a brief background of the theory and the definitions to
make this work self contained. We also discuss and describe the Runge-Kutta meth-
ods, Taylor methods, automatic differentiation and we list the DETEST problems
[27] used in this work.
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In Chapter 3, we present an introduction to the newly designed methods and
a detailed derivation of the order conditions of CPHBTRks methods by means of
rooted trees, B-series, elementary differentials and elementary weights. Moreover, we
formulate and prove the contractivity preserving property and represent the CPHBT
methods in different forms to facilitate and simplify the optimization problem. Fi-
nally, we formulate the optimization problem and we construct 24 new CPHBTRk4
methods.

In Chapter 4, we test, investigate and compare the newly designed methods
to other well known methods to show the efficiency, accuracy and stability of the
designed CPHBT methods. We also study the propagation of discretization errors of
the CPHBT methods when applied to a long-term integration problem.

In Chapter 5, we present the second set of methods, CPHBTRks, and we derive
the order conditions and formulate the optimization process. Also, we study the

gain in the contractivity preserving coefficients, c.,, by analyzing the efficient CP

eff

op» compared to CPHBTRk4 presented in Chapter 4.

coefficient, ¢

In Chapter 6, we present some numerical simulations and results by comparing
CPHBTRks5 to other methods including CPHBTRrky4. We also study the propagation
of discretization errors compared to other methods including CPHBTRk4 and a well-
known, well tested Runge-Kutta-Nystrom pair designed by Philip Sharp in 2013 [49].

Finally, in Appendices A and B, we list the coefficients of 24 CPHBTgk,4 methods
constructed in Chapter 3 and of 27 CPHBTRks methods constructed in Chapter 5,

respectively.

1.4 Contributions

In this section, we list the contributions of this thesis. We investigate and test our
results rigorously and we are hoping that these results will be a great addition to the

field of ODE solvers in general and to the contractivity preserving time discretization
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field in particular. Our main contribution is the derivation of two sets of new one-
step, explicit, multi-stage, multi-derivatives, contractivity preserving, HBT methods.

More precisely, our contributions can be summarized as follows:

1. We present the formulae of the new variable step, explicit, s-stage, d-derivative,
one-step, contractivity preserving Hermite-Birkhoff-Taylor methods in different
forms such as the Butcher form, the Shu-Osher form and the Canonical Shu-

Osher form in a compact vector notation.

2. We formulate the contractivity preserving property of CPHBT(d, s, p) presented
in two theorems utilizing the properties of a modified version of the Canonical

Shu-Osher form.

3. We derive the order condition of CPHBTRgk4(d, s,p) and CPHBTRgks (d, s,p)
methods of orders p = 5,6,...,15. Also, establishing the elementary weights
of the whole class of CPHBT that can be used recursively to obtain the order
conditions of any CPHBT method by means of rooted trees, B-series, elementary

weights and elementary differentials.

4. We formulate the nonlinear optimization problem and obtaining the nonnegative
coefficients (A, b,~,) of 23 new optimal CPHBTRrxk4(d, s,p) methods for d =
2,3,...,13, p=>5,6,...,15 and s = 5,6.

5. We formulate the nonlinear optimization problem and obtaining the nonnegative
coefficients (A, b,~,) of 26 new optimal CPHBTRk5(d, s, p) methods for d =
2,3,...,10,p=6,7,...,14 and s = 7,8, 9, 10.

6. We study the performance of the two new sets of methods, CPHBTRrk4 and
CPHBTRks, compared to well known and widely used methods applied to more

than 30 test problems by:
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(a)

Showing that, in general, the designed methods have large regions of abso-
lute stability and a fairly good percentage efficiency gain (PEG) in terms
of the number of steps, number of function evaluations and CPU time

compared to other well known methods of the same order.

Analyzing the maximum global error (MGE) and the maximum global

energy error (MGEE) for various test problems.

Testing the performance of the variable step algorithm by considering the
mean, median and standard deviation of the difference [MGE — TOL| of

21 different test problems over a range of user defined tolerances.

Analyzing the contractivity preserving coefficients percentage efficiency

gain (¢, PEG) and the effective contractivity preserving coefficient, cﬁg .

Investigating and analyzing the propagation of discretization errors of the
numerical solution in long-term integration of a standard N-body problem

(interval lengths of up to 800,000 periods).



Chapter 2

Preliminary background and

notations

In this chapter we will introduce briefly the background material used in this thesis.

We will follow the notations and work presented in [18, 22, 30, 33].

2.1 Runge-Kutta methods

2.1.1 Formulation and classification

An s-stage Runge-Kutta method is written in the Butcher form as follows:

K:yn—f—ASIZ’ZCLz]FJ, i:1,2,...787

j=1
Yn+1 zyn+Abeij, (211)

j=1
where a;;,b; and c¢; are the Runge-Kutta coefficients, y,41 is an approximation of
Y(zp41), Y; is the stage value and Fj = f (z, + Azc;, Y;) is the stage derivative for
J = 1,2,...,s. In the literature, Runge-Kutta methods are represented by their

13
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coeflicients summarized in a table called the Butcher tableau as follows:

C1 aia ai 2 e Q1m

Cy | G271 Q22 ... d2m

Cm | Am1 Am2 --- Amm
by by ... bn

The Runge-Kutta method (2.1.1) is classified as:

e Explicit: if a;; = 0 for all j > i, i = 1,2,...,m, ie, the matrix A = [a;5] €

M, (R) is strictly lower triangular.

e Semi-implicit: if a;; =0 forall j > 4,7 =1,2,...,m, i.e, A is a lower triangular

matrix.
e Implicit: if a;; # 0 for some j > i.

Explicit Runge-Kutta methods are widely used numerical methods for solving
nonstiff problems since they are efficient and easy to implement if the function f is
not computationally costly. The main advantage of explicit Runge-Kutta methods is
that each stage depends only on previously computed stage values. However, these
methods have bounded stability regions and hence they are not suitable for stiff prob-
lems. On the other hand, implicit and semi-implicit Runge-Kutta methods require
solving a nonlinear system to evaluate the current stage. Indeed, implicit Runge-
Kutta methods are expensive to implement, but they can have unbounded regions of

stability and hence they are suitable for solving stiff problems.

2.1.2 Order of accuracy

Let us consider the autonomous initial value problem:

L= ), ) = (2.1.2)
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where the function f : RV — RY. The Taylor expansion of the exact solution is given

by:

(1) = y(ao) + BT (y(wo) + o7 (y(x0) F (v )
it (770 (o). £ + (o)) ) ) + O

(2.1.3)

+

where 1 = x¢ + h. Similarly, the Taylor expansion of the numerical solutions gener-

ated by the Runge-Kutta method (2.1.1) is given by:
1
Y1 =Yo + h(z b;) fo + h? (Z bici) fofo + 5(2 bic) 1 i (fos fo)

—+ (Z biaijcj)h?’ (f6)2f0 + O(h4), (214)

]
where fy, f} and f{ are numerical approximations to f(y(zo)), f'(y(zo)) and f”(y(xo)),
respectively. Then, by forcing the Taylor expansion of the numerical solution to be

equal to the Taylor expansion of the exact solution, we obtain the order condition of

Runge-Kutta method up to order p = 3
USSHEDSTES
i ) Z 27
1 1
;bch = g, izjbiaijcj == 6 (215)

Indeed, this approach involves tedious computations for higher order methods as A.
Cayley (1857) said: “But without a more convenient notation, it would be difficult
to find the corresponding expressions. .. This, however, can be at once effected by
means of the analytical forms called trees” [22]. For higher order methods, we utilize
the framework of the B-series, rooted trees, elementary differentials and elementary

weights.
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2.1.3 Rooted trees

The theory of rooted trees is a large branch of graph theory and it is out of the scope
of this thesis. We will just summarize the relevant definitions, topics and results, in
particular, the one-to-one correspondence between rooted trees and Taylor expansion

derivatives. For more details, we refer the reader to [7, 22, 36].

Definition 2.1.1 [33] A rooted tree is a pair of nodes (P,S) where S is a finite set
of “Sons” or “Edges” and P is a finite set of “Parents”, also known as “Vertices”,

such that:

o A treet is a connected graph with one node in P considered as the root of the

tree which never appears as a son.
e Other than the root, every parent node appears only once as a son in the tree.

e The order of a tree t is the number of its nodes and denoted by r(t).

Notation 2.1.1 o T denotes the set of all rooted trees and Ty is the set of all

rooted trees of order k.

T denotes the unique tree of order 1.

t = [tity...t,] denotes the rooted tree generated by connecting the roots of
ty,ta, ..., t, to one more parent which represents the root of the tree t. This

process is called grafting.

If t = [tity. .. t,], then ty,ta, ... t, are the rooted trees generated by removing

the root of the tree t.

o = [ty"ta™2 .. tx™] is the rooted tree generated by grafting ni,no, ..., ng dupli-

cates of the trees ti,ts, ..., tx, respectively.
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Definition 2.1.2 [33, page 164] Let t = [t1"'ta"> ... t;""*], then the order r(t), the

symmetry o(t) and the density ~(t) of a rooted tree t are defined by

r(t) =1+ Z nir(t;),
. =1
o(t) = H nilo(t;)"™,

1) = (o [[(t)™

Moreover, we define the number of essentially different ways of labelling a tree mono-

tonically by '
at) = O (2.1.6)

Table 2.1 presents the values of (), o(t), v(t) and «(t) of trees up to order 4 [33].

For more details, we refer to [22, page 147| and [33, page 165].

Notation 2.1.2 We denote n copies of a tree t; by t7,

U[---[ by [k and ]]]...] byl
—— ——

k-times k-times

2.1.4 Elementary differentials and elementary weights

In this section, following Butcher’s book [6], we will introduce the elementary differ-
entials and elementary weights of Runge-Kutta methods. Recall that since f : RY —
RY then its first derivative evaluated at ¥ is a linear operator given by the matrix of

partial derivatives of f. Similarly, the m-th derivative of f, f™(y), is a multilinear
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Table 2.1: Values of r(t), o(t), v(t) and a(t) of trees up to order 4

r(t) t Notation | o(t) | y(t) | «(t)

S L = DU P

4 [27%]2 2 12 1
4 § brls | 1 | 24 | 1
operator. For instance, if wy, ws, ..., w,, € RY, then

N N N 1 Ji,,.J2 Jm
Z]’l:l Zh:l c ijzl Yj1Yjo - Yim Wy Wy .. Wy

N N N 2 Ji, .72 Jm
Zjlzl ZjQ:I Tt ijzl Y1 Yo - Yim wy wy .. Wiy

N N N N i, g im
L Zjlzl Eh:l ce Ejmzl yjlij...yjmwl Wy ... Wy

where the superscripts correspond to the component number. Using this notation,

we define the elementary differentials as follows [6]:

Definition 2.1.3 (Elementary differentials) If f : RY — RY andt € T is a

rooted tree, then the elementary differential F : T x RN — RY is defined recursively
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as follows:

F(r)(y) = f(y), (2.1.7)
F([trty - tm]) (y) = U (y) (F(02) (1), F(t2) (1), - F(tm)(y)) - (2.1.8)

Rooted trees are particularly useful in expressing the derivatives of y(z) in terms of f
and its partial derivatives. This is neatly summed up by Butcher [7] in the following
theorem stating that the m-th derivative of y is a linear combination of all elementary

differentials of order m.

Theorem 2.1.1 If y/(z) = f(y(x)) where f : RN — RY. Then, the k-th derivative

of the exact solution y is given by

y ™ = " at)F(t)(y). (2.1.9)

teTy,

Moreover, the quantities in equations (2.1.5) are called the elementary weights

of the Runge-Kutta method (2.1.1) and can be defined recursively as follows [33]:

Definition 2.1.4 (Elementary weights) The elementary weights of an s-stage Runge-
Kutta method corresponding to the rooted tree t = [t1ty .. . t,] € T, denoted by ®rk(t),

is defined recursively by

s

Oi(1) =Y ay, (2.1.10)

Dplt) = ibifbi(tl)@(tg) Dy (L), (2.1.12)

It is worth noting that different methods have different elementary weights. The
above definition is strictly for an s-stage Runge-Kutta method of the form (2.1.1).
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2.1.5 The B-series and the order conditions

The B-series is named after John Charles Butcher [7] in his elegant interpretation of

the Taylor expansions of the exact and the numerical solutions.

Definition 2.1.5 (B-series) Let a : T — R be a real valued function on T. Then,

a B-series is defined as follows:

hr(®)

Bla,y) =Y

e FO ). (2.1.13)

We can rewrite the Taylor expansion of the exact solution in (2.1.3) as a B-series

as follows [6, page 155]:

Theorem 2.1.2 The Taylor exzpansion of the exact solution y; = y(xo + h) is equal

to

> PO 0. (211a)

p
y(r1) = y(wo) + Y _H
=1 teT;

Similarly, by using the elementary weights (2.1.10)-(2.1.12), we can rewrite the Taylor

expansion of the numerical solution in (2.1.4) as a B-series as follows [6, page 160]:

Theorem 2.1.3 The Taylor expansion of the numerical solution of the Runge-Kutta

method is given by
Y1="Yo + Z h Z J—(PRK(t)F(t)(yo) + O(hPt). (2.1.15)

Hence, by comparing equations (2.1.14) and (2.1.15), we get the following theo-
rem [33, pagel69]:
Theorem 2.1.4 The Runge-Kutta method has order p if and only if Pr(t) = %
holds for all rooted trees of order r(t) < p and does not hold for some tree of order

p+1.
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Finally, we state a very important theorem for the derivation of the order condition

of higher order methods [22]:
Theorem 2.1.5 [fa:T — R, a(¢) =1 and t = [t1,ta, ..., 1], then

hf(B(a,y)) = B(d,y),

where a'(¢) = 0,d (1) =1 and d'(t) =r(t)a(ty)a(ts) ... a(ty).

2.1.6 Linear stability of Runge-Kutta methods

In this section, we consider the vector notation of the Runge-Kutta method (2.1.1)

operating on scalar problems as follows:

Y =ey, + hAF,
Yni1 = Yn + hb' F, (2.1.16)
where Y = [Y1,Ys,... .Y, T €R*, F = [F\,F,,...,FJT eR*, e=[1,1,...,1]T € R®,

A = (a;j) € My4(R), and b = [by,bs,...,b]" € R*. Applying the Runge-Kutta
method (2.1.16) to the Dahlquist test equation [33, page 198]

Yy = My, y(0) =1, € C,
we get the following:

Y =ey, + 2AY,

Yni1 = Yn + 20" Y, (2.1.17)

where z = Ah. Solving the two equations simultaneously for y,,; in terms of y,, we
obtain:

Yns1 = |14+ 20" (I — 2zA) e |y, (2.1.18)

where R(z) = 1+2b" (I —2A) e is the stability function of the Runge-Kutta method
provided that (I — zA)~! is invertible [33]. Moreover, Dekker and Verwer derived
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an alternative form of the stability function as a ratio of two determinants as follows
[18]:
I — 2zA + zeb" |
R(z) =
Q 1 — A

(2.1.19)

Definition 2.1.1 The stability region is the set of all values of z in the complex plain
such that |R(z)] < 1.

We note that for explicit Runge-Kutta methods, (I —zA) is a lower triangular matrix
and |I — zA| = 1. Then, by (2.1.19), the stability functions of explicit Runge-Kutta
methods are always polynomials and hence their regions of absolute stability are
finite. Indeed, for implicit Runge-Kutta methods, (I — zA) is a polynomial in z, so
the stability function (2.1.19) is a rational function in z and it is possible to have an

infinite region of absolute stability.

2.2 Taylor series method
Consider the non-autonomous initial value problem
y(x) = fz,y) y(xo) = w0, (2.2.1)

where f : [a,b] x RN — RN and y : [a,b] — RY. The Taylor expansion of degree p of

y about z,, evaluated at x,.; is given by
1) L) o 1

where h = Az and

y(2) = fm + fyy/ = f:p + fyfa

Y = foo +2funf + L (F 1)+ Fo(fo + fof)s (2.2.3)
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The Taylor series method of order p, T(p), is equivalent to the truncated Taylor series
expansion of degree p of the exact solution in (2.2.2) and is given as follows:

W, " W )
Ynt1 = Yn + hy,,” + or¥n +...+ Fynp , (2.2.4)

where y,, and y,, 11 are approximations of y(z,,) and y(x, 1), respectively. This method
is commonly used in many fields such as the astronomical computations field since it is
very successful in reaching high order accuracy. However, as we can see in (2.2.3), the
repeated computation of the Taylor coefficients Y1 = 1y@ and FUl = 1(f(z, y(z))®
of y(z) and f(z,y(x)), respectively, can be very costly for higher derivatives. So,
the Taylor coefficients are computed efficiently by an extension of Newton’s approach
which has been rediscovered several times (Steffensen 1956 [57]). Throughout this
work, we use the notation Yl = 1y and Fll = L(f(z,y(z))? to refer to the

normalized i-th derivative of y(z) and f(x,y(z)), respectively.

2.2.1 Automatic differentiation

The exact solution can be written in terms of its Taylor coefficients as follows:

P P
ht .
_ (@) +1y i[9 +1
y(t0+h)—; v+ On >_; hY 4 O(prt),
Then, from (2.2.1),
) 1 )

Yyt = —— pll, 2.2.5

i+ 1 ( )

Now suppose that f(z,y) is the composition of a finite sequence of algebraic operations
and elementary functions (multiplication, division, In, sin, cos, ...). This leads to
a finite sequence of series that forms f [22, page 46]. For each given series p =
S PR g =52 QR r =3 RUR, we can find formulae to generate the

i-th Taylor coefficient from the preceding ones as follows:

a) If r =p=+q, then
Rl = plid 4 Q[ﬂ7 1=0,1,... (2.2.6)



2.2. Taylor series method 24

b) If r = pq, then the Cauchy product yields

Rl — Z PUlQi= i =0,1,... (2.2.7)
=0

c) If r = §, q # 0, then by writing p = r¢, using formula b) and solving for R,

we get: '
, 1 , N
Rl — — [p[z] _ R[z]]@[ﬂ] . i=0,1,... 228
% (228)
d) If r = p®, then
i—1
) 1 y .
Rl — — iov — il + 1)) Pl RUI. 229
7, i —sfa+ 1) (229)
e) If r = eP, then
i—1
. 1 o
Rl = = Z(Z _ j)R[J]P[l—J]' (2.2.10)
i
=0

f) If r = In(p), then

Rl _ %{pm _ %]z_;@ B j)me[i—ﬂ} (2.2.11)
g) If r = cos(p) and ¢ = sin(p), then
Rl — __1 ijQ[ij}p[j}7 (2.2.12)
i i=
ol — %;mwﬂp[ﬂ_ (2.2.13)

There are formulae for several other elementary functions including inverse trigono-

metric functions. For more details and proves of the above formulas, refer to [37, 29,

34]



2.3. DETEST problems 25

2.3 DETEST problems

In this thesis, we consider a bank of test problems called DETEST for the purpose
of testing the designed contractivity preserving methods and comparing them to well
known, well tested ordinary differential equations solvers in the literature. This bank
of problems is accepted in the numerical ODE community as a standard compari-
son tool between higher order ODE solvers and has been used by several authors
(23, 41, 40, 51]. In our work, we utilize 20 of the DETEST problems of classes A, B,
D and E. We describe these classes briefly below [27]:

2.3.1 Problem class A: Single equations

e A1l: The negative exponential.

y = —y, y(0) = 1. (solution: y = ™)

A2: A special case of the Riccati equation [10, page 73]:

3
/ Y . 1
= — 0)=1. solution: y =
) 9 y(0) ( Y 1 1)

e A3: An oscillatory problem:

sin :)3)

y = ycosu, y(0) = 1. (solution: y = e

e A4: A logistic curve [10, page 97]:
Y y : 20
y=70=5) 0 (solution: y = —————)
e A5: A spiral curve [10, page 38]:
/ y - o . . . . - T_9
Yy y(0) = 4. (solution in polar coordinates: r = 4ez"")

_y_'_x’
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2.3.2 Problem class B: Small systems

e B1: The growth of two conflicting populations [10, page 102].

Y1 = 2(y1 — 11%2), y1(0) =1,

Yo = —(y2 — y192), y2(0) = 3.

e B2: A linear chemical reaction [16, page 175]:

Y= —y1 + 2, y1(0) = 2,
Yh =1 — 2y + ys, y2(0) = 0,
Yy = Y2 — Y3, y3(0) = 1.

e B3: A nonlinear chemical reaction [16, page 177]:

yi = —V, yl(o) = 17
Yo = Y1 — Yo, y2(0) =0,
yé:y27 y3(0) =0

e B4: The integral surface of a torus [9, page 9]:

= y1(0) =3
1 — ’ !
Vi +ys
Y2Ys
yé:yl_ﬁ7 y2(0) :07
VYT Y
/ U
Ys = —F=—> y3(0) = 0.
Vi + 3
e B5: The Euler equations of motion for a rigid body without external forces
32]:
Y = Y2y, y1(0) =0,
?J; = —UY1Y3, 92(0) = 17

1.

ys = —0.51y1ys, y3(0)
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2.3.3 Problem class D: Orbit equations

e DI1:
Yy = ys,
yé = Y4,
y/ _ —h
3 39
(¥ +y3)2
y/ _ —Y2
4 — 3
(¥ +y3)>

y1(0) =1—¢,
y2(0) =0,
y3(0) = 0,

[14¢
y4(0>_ 1_67

where € = (.1 is the eccentricity of the orbit.

e D2: As above with € = 0.3.

D3: As above with € = 0.5.

D4: As above with € =0.7.

e D5: As above with € = 0.9.

All the D class problems are derived from the orbit equations

" = ;f, z(0)=1—¢, z'(0) = 0,
" -y ! 1"'5
— 0 :0 O - 9
r2::p2+y2,
with solution
T =cosu— ¢, x':ﬂ,
1—¢ecosu
y:«/1—52sinu y':—”l_g%osu
’ 1—¢ccosu ’

where ©w — esinu — t = 0.
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2.3.4 Problem class E: Higher order equations

o E1:

Y1 = Yo, y1(0) = J1 (1) = 0.673967071418030,

/ Y2 0.25 ,
= - l———= = 1) = 0.09540051444747446.
Yo (x—l— 1 + < @+ 1)2)3/1), y2(0) = J1(1) = 0.095

»

This is an ODE system derived from Bessel’s equation of order 1/2 with the
origin shifted one unit to the left [10, page 4,69]:

(z+1)%" + (z+ 1)y + ((z+1)* - 0.25)y = 0.

Y1 = Yo, y1(0) = 2,
vy = (1= )2 — w1, y2(0) = 0.

This is an ODE system derived from the Van der Pol’s equation [10, page 358,

531]:
v = 1=y +y=0
o E3:
Y= y1(0) =0,
Y = yg — y1 + 2sin (2.78535x), y2(0) = 0.

This is an ODE system derived from the Duffing’s equation [10, page 390]:

3
"y — % = 2sin (2.785352).

o E4:

Y1 = Yo, y1(0) = 30,
yh = 0.32 — 0.4y3, y2(0) = 0.
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This is an ODE system derived from the falling body equation [10, page 60]:

Y’ =0.32 — 0.4y

o E5:
i =y, y1(0) =0,
) V1t N
Ya = o5 _ 4 y2(0) =0

This is an ODE system derived from a linear pursuit equation [10, page 117]:

L+ (y)? = (25 — 2)*(y").



Chapter 3

CP s-Stage HBT methods based
on combining T(d) and RK(s,4)
methods

3.1 Introduction

In this chapter, we consider the solution of non-stiff autonomous initial value problem
of the form

dy

dr = f(=z,y(x)), y(ro) = Yo, (3.1.1)

where the function f : R x RN — R is a sufficiently smooth function. We present
the formulae of the new explicit contractivity preserving, one-step, s-stages, ex-
plicit, Hermite-Birkhoff-Taylor ODE solver of orders p = 5,6,...,15, denoted by
CPHBTRk4(d, s, p), with nonnegative coefficients by combining an s-stages Runge-
Kutta method of order 4, RK(s,4), for s = 5,6, with a Taylor series method, T(d), of
order d. The newly designed methods incorporate the function evaluations at off-step
points similar to Runge-Kutta methods and the high order derivatives information

as in Taylor series methods to achieve better performance than widely used methods

30
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existing in the literature including Runge-Kutta and Taylor series methods.
For the analysis of the new CPHBTRk4(d, s, p) methods, we define the forward
Euler expanded series, FES(d),

d
Yn+1 = Yn + Axf(xm yn) + Z nmAxmf(milwxna yn) (3'1'2>

m=2

We are interested in the contractivity preserving property,

[Ynt1 = Gntall < Nlyn = Gnll; (3.1.3)

where y,,, 7, are two numerical solutions with different neighbouring initial conditions
y(xo) = Yo, Y(xo) = Po. Throughout this work, we assume that || - || is a norm such
that f is dissipative with respect to ||-|| [31]. To achieve inequality (3.1.3), we suppose
that there exists a step-size AFES(d) such that

d
Un + > (D)™ F D (2, )

m=1

d
= Yn — Z nm(Ax)mf(mil)(xna Un)

m=1

| (3.1.4)

Ynt1 — Yn+1

holds for all Ax < AFES(d).

3.2 Formulation of CPHBTRk4(d,s,p) in Butcher
form

We call our new method CPHBTRk4(d, s, p) because we use Hermite-Birkhoff inter-
polation polynomials to define the predictors P; and obtain the stages Y; to order
p — 3 as follows:

i—1

d
Yi = yo + Az aFy + Y (Ax)"yiay™, i o= 23,5 (321)

j=1 m=2
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Also, we use Hermite-Birkhoff interpolation polynomials to define the integration

formula (IF) and obtain y,, 41 to order p as follows:

s d
Unt1 = Yn + Az Z b F; + Z(Ax)m%ﬂm ym), (3.2.2)

j=1 m=2
where in the formula of CPHBTRk4(d, s,p) we have the Runge-Kutta coefficients
a;j, bj, ¢j for i =2,3,...,s, 7 =1,2,...,4— 1, and the Taylor coefficients ~; ,, for
i=2,3,...,s+landm =23, ... d. Thehigh order derivatives y{™, m = 2,3, ....d,
are evaluated only once per time step integration at the step point z,,. Note that the
CPHBTRk4(d, s, p) formula (3.2.1)-(3.2.2) is given in the Butcher form. Following the
literature of Runge-Kutta methods, we represent CPHBTRrk4(d, s, p) by the coefficient
triplet (A, b,~,) where

0 0 0 0 0
az 1 0 0 0 0
A - Cl371 as o O 0 O ) (323>
0 0
as1 Qg2 Qs s—1 0
) ST
b — bl b2 RN bs_l bS ] ) (324>

and v, is a (s + 1) x (d — 1) matrix ,

0 0 .. 0
V2,2 V2,3 Ya2d
Yo = ) _ ) , (3.2.5)
| Vs+1,2 Vs+1,3 0 Vs+1d ]

and the Butcher tableau



3.3. Derivation of the order conditions 33

&1
Ca | G271

C3 | a31 (32

Cs as,l as,2 as,sfl

by  be ... bs—1 by

3.3 Derivation of the order conditions

In this section, we will derive the order conditions of CPHBTRk4(d, s,p) with p =
5,6,...,15 by forcing the Taylor expansion series of the numerical solution to be
equal to that of the exact solution. In this following theoretical framework, we will

restrict ourself to the following autonomous initial value problem:

D=t vl =w (33.1)

where function f: RM*1 — R¥*! by using the substitution 2z = [z y]7,

J=17 | = ! = f(2), (3.3.2)
y f(z,y)

where 2o = [zy y(70)]? to transform the equation (3.1.1) to the autonomous form
(3.3.1). We will derive the order conditions by studying the accuracy of the new
CPHBTRka4(d, s,p) after performing one integration step from g to .

By Theorem 2.1.2, the Taylor expansion of the exact solution about yq is given

by:
h? h? h*
y=yo+ hys + 5?/(()2) + gy[?) Iy((f) +O(h%)
h? h3
=+ B a0) + 5 P ) + 3 (P00 + Farla) o))

+ % <F([T3])(y0) + 3F([7[7]2) (o) + F([27%]2) (o) + F([37]3)(y0)) + o),
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where h = Az and F(7)(vo), F([7])(y0), - - -, F([37]3)(v0) are elementary differentials
corresponding to the rooted trees 7,[7],...,[37]s, respectively, as discussed briefly
in Section 2.1.4 and the subscript in [, and ], . For more details, we refer to [22].
We utilize the framework of B-series with the elementary differentials, elementary
weights and rooted trees to express the Taylor series expansion of the exact solution
and the numerical solution as B-series and compare the coefficient sequences, also

called elementary weights, to derive the order conditions.

Theorem 3.3.1 The elementary weights ¥ : T — R of an s-stage, d-derivative
CPHBT method (3.2.1)-(3.2.2) corresponding to the rooted tree t = [ty to ... t,] €T
is defined by

d
Z biSi(t) + ) Yer1m @ (1), (3.3.3)
m=2

where ™ 1 T — R form =2,3,...,d, is given by

gy = ™ drH=m (3.3.4)
0 otherwise,
5'2’ T =R fori=2,3,...,s, are computed recursively as follows
Si@) = 0, Si(r)=1, (3.3.5)
Sit) = r(t)Si(t)Si(ta) ... Siltn), (3.3.6)

and S; - T — R fori=2,3,...,s, is given by

Z ai; Si(t) + Z Yim® . (3.3.7)
The CPHBT method is of order p if and only if
U(t)=1 Vit e T, with i <p, (3.3.8)

where T; is the set of all rooted trees of order 1.



3.3. Derivation of the order conditions 35

Proof: Let y = y(h) be the Taylor expansion of the exact solution of the IVP
(3.3.1). We can express y(h) as a B-series with elementary weights ® : 7" — R as
follows

y(h) = B(®,0) = yo +Z Z £)(yo) + O(h"+h), (3.3.9)

! teTy

where F'(t)(yo) is elementary differentials given in Definition 2.1.3 and o : T' — R is

defined in equation (2.1.6). Then,

hf(y(h)) = hy'(h) = Z Y > a(t)@(H)F(t)(yo) + O(H). (3.3.10)
Moreover, by theorem 2.1.5, we have
() = hf (B(®, ) = =S B S awe )P0 w) + 0mr),
oo (3.3.11)
where
¥(@)=0 (=1 (3.3.12)

([t ts - t]) =r([tr ta .. t])D(E)D(ts) ... D(tn).

By comparing equations (3.3.10) and (3.3.11), we obtain

O(t) = %@) VteT,i> 1. (3.3.13)
Then, by (3.3.12), we get the following
t)=1 VteT,i>1 (3.3.14)
Similarly, let
y1(h) = B(¥,90) = 9o +Z Z )(yo) + O(RP) (3.3.15)

! teT;

be the Taylor expansion of the numerical solution generated by CPHBTRxk4(d, s, p)
expressed as a B-series with elementary weights ¥ : 7" — R. Then, CPHBTRk4
(d, s, p) is of order p if and only if

U(t)=1 Vte T, with i <p. (3.3.16)



3.3. Derivation of the order conditions 36

To derive the order conditions (3.3.16), we need to find an expression for the
elementary weights W(t) of CPHBTRrk4(d, s,p). To do so, we write for i = 1,...,s
the stages Y; as B-series Y; = B(S;, y); where S; : T — R are the elementary weights.
Then,

hF; = hf(Y;) = hf(B(Si,y0)) = B(S],0),

where

Si(¢) =0, Si(r)=1

. _ . . (3.3.17)
Moreover, by an extension of theorem 2.1.5, we get
W (") (B(®, ) = > W (o) (3.3.18)
t€Tm
which is a B-series, B(®™), 1), with elementary weights
m! if r(t) = m,
dM(t) = (3.3.19)

0 otherwise.

Hence, if the numerical solution y; is generated by CPHBTRk4(d, s, p) method
defined in (3.2.1) and (3.2.2), then

Si(t) = Z%S’ + Z Yim® (1),  i=2,3,...,s, (3.3.20)
U(t) = Zbﬁ}(t) + Z Vo1 m @™ (2), (3.3.21)
j=1 m=2

where S‘; (t) and ®(™(¢) are defined recursively in (3.3.17) and (3.3.19), respectively. Il

By using equations (3.3.17)-(3.3.21), we can compute W(t) recursively for all
t € T. As an example, we will derive one of the order conditions of CPHBTRk4(2, 5, 5)



3.3. Derivation of the order conditions 37

of order 5. Let us consider a tree of order 5, say t14 = [[7%]7]. Then, by equations

(3.3.21) and (3.3.19), the elementary weight W(¢14) is computed recursively as follows:

U(ts) = Zb S (t1a) +Z%m¢( (t1a)

Z " (t1a)- (3.3.22)

Also, by (3.3.17),
Si(tra) = 5;([72)) S5 (7). (3.3.23)

But,

k=1
j—1 j—1 j—1 k—1 )
5 ~ 2
S =Y apSi([F°) = D a3 (Sk(r) =3 an(d_ an)
k=1 k=1 k=1 =1
j—1
=3 auc. (3.3.25)
k=1
Substituting equations (3.3.24) and (3.3.25) into (3.3.23) we get
j-1
Si(tia) = 15¢; Y _ ajucy. (3.3.26)
k=1

Finally, substituting equation (3.3.26) into (3.3.22) we get the elementary weight

corresponding to the rooted tree t14 = [[72]|7]:

U(tyy) = S)(tia) = 15 Z bic; {JZ ajkck} (3.3.27)

k=1

Hence, by equation (3.3.16), the order condition of CPHBTRk4(2, 5, 5) corresponding

to the rooted tree tq4 is given by

5 j—1
1
J=1 k=1
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which is the order condition (3.3.34) given below for p = 5,s = 5 and d = 2. To derive
the order conditions of a class of s-stage CPHBTRk4(d, s,p) of order p = 5,6,...,15
with s = 5,6, we must consider all rooted trees of order r(t) < p. However, as shown
in Table (3.1) [35, page 9], the number of order conditions grows rapidly and hence

reducing the number of independent order conditions is crucial.

Table 3.1: Cardinality of trees of order p and the number of order conditions.

order p 1121345 |6 |7 8 9 10 11 12 13

Card(T)) 11112 (4] 9 |20 |48 115|286 | 719 | 1842 | 4766 | 12486

No. of conditions | 1 | 2 | 4| 8 | 17 | 37 | 85 | 200 | 486 | 1205 | 3047 | 7813 | 20299

To do so, we reduce the number of the rooted trees to be considered by imposing
the following simplifying conditions [22, 41]:
i—1 k

G _ 1 k+1
;LLM‘H + Yik+1 = (k I 1>| (CPR (3329)

fort=2,3,...,sand k =0,1,...,p — 4. Here, we have ¢; = 0, the convention that
& =1and v; =0 fori=23,...,s If condition (3.3.29) is satisfied for some £,
then both trees given in Figure (3.1) generate equivalent order conditions. Hence, by
enforcing these simplifying conditions for: =2,3,...,sand k =0,1,...,p—4, all or-
der conditions generated from trees of order r = 1,2,..., p— 2 are equivalent to those

"1 of order r = 1,2,...,p—2 and the number of

generated by the bushy trees ¢t = |7
independent order conditions generated from trees of orders r = p—1, p is reduced con-
siderably. For instance, when we derive the order conditions of CPHBTRrk4(d, s, 12) of
order 12, the simplifying conditions (3.3.29) reduces the number of order conditions
from 7813 independent conditions to only 52 independent conditions including the

simplifying conditions. The remaining trees will lead to the following sets of order

conditions for CPHBTRrk4(d, s,p) :
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k+1 nodes
Figure 3.1: An example of the use of the simplifying conditions. These trees
generate equivalent order conditions provided that conditions (3.3.29) are
satisfied.
> bhi=1, (3.3.30)
i=1
ib'é%— = ! k=1 —4 (3.3.31)
- Zk" Vs+1,k+1 = (k’—{—l)" =1...,p ’ +J-
ibic’?:L, k=p—3,p—2,p—1, (3.3.32)
—~ ' k+1
s i—1 1
b; a; <cpg} = 3.3.33
M T 5359
s i—1 1
bici a; ‘CP_3:| = — 3.3.34
Yoot ] 55 5334
s i—1 1
S0, [Z » 05—2} _ (3.3.35)
il plp—1)
s i—1 j—1 !
bi[ a; { a‘kcp_?’” = : 3.3.36
20| 2w d” | = gy (3:3.36)

where an induction process similar to the one shown in [5, 36] is applied to derive
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the order conditions of CPHBTRk4(d, s,p) of order p. As an example, let us derive
the order conditions for p = 4,5,6. For p = 4, the predictors are of order at least 1
and hence the simplifying conditions (3.3.29) are enforced fori =2,3,...,sand k =0
only. Hence, we have to consider all trees in Table 3.2 of order r < 4 to derive the
order conditions of CPHBTRk4(d, s,4) from equations (3.3.16)-(3.3.21). It is worth
mentioning that these order conditions are similar to the order conditions of RK(s, 4)
with added Taylor coefficients. In Table 3.2, ¢rk(t;) is the elementary weights of
Runge-Kutta method given in Definition 2.1.4 corresponding to a tree t;. Also, r(¢;)
and «a(t;) are given in Definition 2.1.2 and formula (2.1.6), respectively.

For p = 5, the predictors are of order at least 2 and hence, applying the simplify-
ing conditions for i = 2,3,...,s and k = 0, 1, the following pairs of trees will generate
the same order conditions: (t3,t4), (t5,6), (t7,ts), (to, t10), (t11, t12), (t13, t14), (t15, t17),
(ti6, t17), (t1s, t19), (ta0, t21), (taz, t23), (toa, ta6), (tas, tas ), (tar, tag), (t2o, t30), (t31,t34),
(t32,1t34), (t33,t34), (35, t37) and (tg6,t27). Then, we can ignore the trees on the left
component of each pair and reduce Table (3.2) to get Table (3.3). Considering all
trees of order r < 5, we can derive the order conditions of CPHBTRgrk4(d, s,5).

Finally, for p = 6, the predictors are of order at least 3. Then, applying the
simplifying conditions (3.3.29) for i = 2,3,...,s and k = 0, 1, 2, the following pairs of
trees generate the same order conditions: (tg,ts), (f10, t12), (t14,t17), (t19, t21), (t23, tos),
(tos, t30) and (ts4,t37). So, Table (3.3) is reduced to Table (3.4) from which we can
derive the order conditions of CPHBTRk4(d, s, 6).



3.3. Derivation of the order conditions

Table 3.2: Notations and some functions on trees of order 1 to 6.

i notation  r(¢;) oRrRK (t:) a(t;)
1 T 1 Db 1
2 (7] 2 > bici 1
3 [27]2 225 biaije; 1
[72] 3 >, bic? 1
5 [37]3 4 2 ik biijajkc 1
6 [272]2 4 Zij biaijc? 1
7 [[]7] 4 Zij biciaijc; 3
8 [73] 4 > bick 1
9 [a7]a 5 Zijkl biaijajragic 1
10 [37%]3 5 Zijk: biaija;pc? 1
11 [2[T]7]2 5 Zijk biaijcjajicy 3
12 [273]2 5 > biaije 1
13 [[27]27] 5 ik biciaijazgc 4
14 [[72]7] 5 > biciaijc? 4
15 ([7]?] 5 > bi(X; aije;)? 3
16 [[7]72] 5 Zij bic2a;jc; 6
17 (4] 5 > bick 1
18 [57]5 6 Zijklm bk AR QM Cm 1
19 [472]4 6 Zijkl biaijajkaklc? 1
20 [3[7]7]3 6 2ijr bidijajrcrakic 3
21 [373]3 6 ik bidijajrc; 1
22 [2[ar]e7]l2 6 2 ik biaigcjazrarc 4
23 [o[r?7]2 6 >ijk biaijejazecd 4
24 L[ 6 i biaii (g ajrer)? 3
25 [l 6 2k biaigciazrck 6
26 [27%]2 6 >, biaige] 1
27 ([37]37] 6 Zi]’kl biciaijajragic 5
28 [[272]27] 6 Zijk biciai]-(zjkci 5
29 [lI7]7]7] 6 Zijk biciaijcjajkcy 15
30 [[7%)7] 6 >4 biciagjc 5
31 [[27]2[r]] 6 bk agarer) () aiie;) 10
32 [[r2[r]] 6 > 0i(; @) (3 aijey) 10
33 [[27]272] 6 Zijk bic?aijajkck 10
34 [[72]72] 6 > bicl?aijci 10
35 [[7]%7] 6 > bici(32; a;;jcj)? 15
36 [[7]173] 6 Zijk bicdaijc; 10
37 [7°] 6 >, bic? 1
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Table 3.3: Notations and some functions on the remaining trees after apply-

ing the simplifying conditions (3.3.29) for & =0, 1.

¢ notation 7(t;) drK (t:) alt)
1 T 1 22 b 1
2 (7] 2 > bic 1
N S bie? .
6 [272]2 Zij biaijc? 1
8 [73] 4 > bicd 1
10 [37%]3 5 ik biaijajrcy 1
12 [27%]2 5 >4 biaicd 1
LR 1 L I >, biciaijc? 1
17 [r*] 5 >, bick 1
19 (4724 6 P biaija;paKcy 1
21 [37%]3 6 > ik biaija;,cs 1
23 [2[r?]7]2 6 ik biagjcja;pcs 4
26 [274]2 6 i) biaijc? 1
28 [[272]27] 6 >ijk biciaijasrct 5
30 [ 6 ¥y biciaijc? 5
34 (7177 6 >, bictaije 10
37 [79] 6 > bic? 1
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Table 3.4: Notations and some functions on the remaining trees after apply-

ing the simplifying conditions (3.3.29) for £k = 0,1, 2.

i notation  r(t;) ORK (L) a(t;)
1 T 1 >3 bi 1
2 [7] 2 > bics 1
4 (2] 3 > bict 1
8 3] 4 > bick 1
12 [273]2 5 i) biai]’C? 1
17 4 5 > bict 1
21 [s79]s 6 Yibiaijajey 1
26 [2,7%2 6 34 biaijc 1
30 [l 6 Eybiciae] 5
37 [ 6 > bic? 1

3.4 Formulation of CPHBTRk4(d, s,p) methods in
Shu-Osher form

Let 0 = [0, ¢,¢3,...,¢s|" define the s — 1 off-step points z, + ¢;Az, j = 2,3,...,s.
Then, Fy = f, and F; := f(z, + ¢;Ax,Y;), j = 2,3,...,s, where we always choose
c = 0.

To be able to write CPHBTRk4(d, s, p) methods as a convex combination of the
forward Euler expanded series FES(d) method (3.1.2), we restrict ourself to nonneg-
ative coefficient triplets (A, b,~y,) and rewrite the formulas (3.2.1) and (3.2.2) in the
modified Shu-Osher form as in [53, 18] for 2 <i < s+ 1,

- d
Y = viyn + {Z @ ;Y; + Az /Bl]E]:| + Z (AZ)" 6 Y™,
=1 m=2

Ynt1 = Ysi1, (3.4.1)
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where
i—1
V; = 1-— ZO&U, (342)
j=1
i—1
Bij = ay; — Z Q1 agy, (3.4.3)
I=j+1
i—1
Oim = Yim — Z Qi Yjm- (3.4.4)
j=1
Also, we require that v;, «a;;, B;; and d;,, to be nonnegative for ¢« = 2,3,...,s + 1,

j=12 ... i—landm =2,3,...,d. We note that equation (3.4.2) is the consistency
condition of CPHBTRgk4(d, s, p).

Definition 3.4.1 (Contractivity preserving coefficient cgp,) Let the forward Eu-
ler expanded series FES(d) (3.1.2) be contractive for all Az < AFED(d). Then, a
d-derivative CPHBT is a contractivity preserving method with contractivity preserving

coefficient cyp, if the method is contractive for all Az < ¢s, AFED(d).

The following theorem proves that under certain conditions on d;,, and the step-
size Az, the contractivity preserving property (3.1.3) of CPHBTRk4(d, s, p) method
holds.

Theorem 3.4.1 The new one-step, d-derivative, s-stages, explicit CPHBT gy (d, s, p)
method of order p (3.4.1) satisfies the contractivity preserving property (3.1.3) pro-
vided that

o All the coefficients of CPHBTgk(d, s,p) are nonnegative.
o f satisfies the FES(d) condition (3.1.4).

o Ax < ¢, AFES(d) where cy, is defined by:
Crop = min {%ﬁ. (3.4.5)
i=23,...,s+1 "

j=1,2...,i—1
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® 0;m satisfies the following conditions:
Oim 1™ 1
<L { } —, (3.4.6)
o1 Cfep| m!

fori=2,3,...,s+1andm=2,3,...,d.

Proof: = We rewrite the stages of the new CPHBTRk4(d, s,p) in (3.4.1) as follows:

Y = viyn + Z Qi j [Y] + Az Big F} + o [yn + Az Pir I
j=2 Qi j Q1
+Z i )}, i=2.3,...,5+1
Then, by applying the same norm or convex functional || - || as in (3.1.4) we get
B i1 5., ) 5
150 = ot =)+ S {Yj con i 5yt J
j=2 ,J %,]

n

ﬁi 1 d 51 m ﬁz 1 52 mo~
+ a1 {y x J E ( — Yn (y f E — Y )

2,1 m—2 i,1 Od 04171
B, B
Svi yn_?jn +Zai,j Y}—FAZ’ Z’]Fw (Y3+A Z’]17)
= i Qi
Bz 1 51 m Bz 1 52 mo~
+ Qi ||yn + Az ==, + )™ g m n+ Az —=f, + ym ).
4l - mz2 o =@ - f Z )

However, by the assumptions of the theorem, Axfé—J < AFES(d) and

V)

(Ax)mif’f"; < [ix] =, Then, inequality (3.1.4) holds and we get
i, cp .
i—1
I1Y; = Yill < 0illgn = Gnll + Y i lym = Gnll + i [y — Ginll
j=2

= [|Yn — Unl| -

This is valid for i« = 2,3,...,s + 1. Hence, the contractivity preserving property
(3.1.3) follows by taking i = s + 1. i
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Remark 3.4.1 In the above theorem:
o We use the notations f, = f(i) and F; = f(Y;).

O‘Sj = 400 in the evaluation of cp,p in (3.4.5).

o We use the convention that

e FEnforcing the conditions of the theorem with the order conditions, which are
derived in Section 3.3, will generate a feasible CPHBTgk,(d, s, p) method with

a feasible contractivity preserving coefficient cs, defined in (3.4.5).

o We are interested in an optimal CPHBTRk,(d, s, p) with an optimal contractiv-
ity preserving coefficient cgp, i.e., with the largest contractivity preserving coef-
ficient that will allow a maximum stepsize while maintaining the contractivity

preserving property (3.1.3).

o To improve the optimization process of the coefficient of CPHBTrk,(d, s,p), we

need to present the method in different forms.

3.5 CPHBTRrk4(d, s,p) in vector notation

We are interested in a more compact form of the modified Shu-Osher form of CPHBTRrk4
(d,s,p) (3.4.1). Let v € R v = [0,v9,v3,...,vs11]7, and define the matrices

a, B € REFUX(EH) and § € RETDXE-D) a5 follows:

p
Qij i:2,3,...,8+1, j:1,2,,2—1

0 otherwise,

@) =3 " (3.5.2)

@)y =14 ‘ (3.5.3)

0 otherwise,
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Also, let ¥, F € REFIXN and £, € RI-Dx.
Y:[}/l’}/é""’y;Jrl]T? F:[F17F27"'7Fs+1]T7
fu = [(A2)%?, (M), ..., (Az) Ty DT,

with the following N-vectors: Y, F; for j = 1,2,...,5 4+ 1, y,gj) for j = 2,3,...,d,
Yi =yn, 1 = fo, Ysr1 = Y1 and Fyyq = fr11, where N is the dimension of ODE

system. Hence, we can rewrite CPHBTRrk4(d, s,p) (3.4.1) compactly as follows:

Y =vyl +aY + AzBF + 5 f;,

(3.5.4)
Ynt+1 = Ysi1.
Note that the consistency condition (3.4.2) becomes
v+ a€s11 = €541, (355)

where the (s + 1)-vector ey, is

€1 =[1,1,1,...,1]7 e R*™.

3.6 The Butcher form in vector notation

This subsection describes a generalized result for the new CPHBTRk4(d, s, p), using
the result for RK methods, following closely section 3.2.1 of [18, pp. 31-32] and our
published work [42].

Recall that the coefficients matrix a € RETV*(+D ig defined in (3.5.1). If we let
a = 0, then the Shu-Osher form (3.5.4) becomes,

Y = vyg + AxBF +6fpg,
(3.6.1)

Ynt+1 = Ysi1.
which is the Butcher form (3.2.1) and (3.2.2). The elements v, 3, d of (3.6.1) are then

denoted by wvg, Bo, v, respectively. Here, the consistency condition (3.5.5) becomes

Vo = €541- (362)
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Hence the Butcher form (3.6.1) can be rewritten as

Y = es+13/nT + AzBoF + v, fp, (3 6.3)
Yn+1 = Y:H—l-

To find the relation between the Shu-Osher coefficients and the Butcher coefficients,
we can solve (3.5.4) for Y,

Y=T-a) vyl +Az(I—-a) ' BF+(I—-a) ' fg, (3.6.4)

where (I — ) is invertible since « is a strictly lower triangular matrix. Comparing
(3.6.4) with (3.6.3), we have the following relations between the modified Shu-Osher

coefficients and the Butcher coefficients,

vo=e 1 =T —a) v,

By=T-a)"'B, (3.6.5)
Yo=( — a)il J.

Remark 3.6.1 o These relations will enable us to transform a Shu-Osher form

of CPHBTRk,(d, s,p) into its Butcher form and vice versa.
o The relations (3.6.5) confirm the previously derived equations (3.4.2)-(3.4.4).

o The form (3.6.3) is the Butcher form (3.2.1) and (3.2.2) with v, defined in
(3.2.5) and the following matriz,

B, = (3.6.6)

Q
[N}
—
=)
e}
o o o O
ja=) @) =) ja=) (@]
oS O o o o O

(=

iy

=

[\V]

S

c:lg S
—

-

v
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3.7 CPHBTRgk4(d, s,p) in the canonical Shu-Osher
form

A more useful way to represent the results of CPHBTRrk4(d, s,p) is to consider the
canonical form of (3.5.4). To derive its canonical Shu-Osher form, we require the ratio
r = % to be constant for i = 2,3,4,...,s+1and j = 1,2,3,...,7 — 1, such that
Bij # 0 [18, 42]. Generally, if the particular Shu-Osher form of ac and 3 is sparse, the
Shu-Osher form of CPHBTRgk4(d, s,p) will allow a reduced-storage implementation,
similar to the work of Ketcheson on optimal explicit SSP Runge-Kutta methods [30].

We shall denote the coefficient matrices of this special form by ., 3,, and require

that o, = r3,. Substituting this relation into (3.6.5), we can solve for 3, in terms of

B, and r. Thus we find

I-rB,)"'B, =B, & B,=PBy—185
& B, (I+1By) =By

Hence, the coefficients for this form are given by

v, = (I+7B8,) " v = (I — o) o, (3.7.1)
B, =By (I+7rBy)" =By (I - a,), (3.7.2)
o, =18, =By (I +18,) " =rB8,(I—a,), (3.7.3)
8 = (T +71B8y) "7y = (I - )7, (3.7.4)

where the identity (I — o) = (I +73,)"" follows from

(I = a) (L +1By) = (I —18,) (I +70,)
=I+1By—1B, —1°B,By =1

since 783, = rBy, — 1°3,3,-
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Then, using (3.6.5) and (3.7.2), we have

= (I+rB,) " B,. (3.7.5)

As in [18], we will refer to the form obtained by the relations (3.7.1)-(3.7.4) as
the canonical Shu-Osher form of CPHBTRk4(d, s, p) :

Y =v,yl + Y + AzB,.F + 6, fg. (3.7.6)

Then, (3.7.6) can be written in terms of the Butcher array:

Y = [(I + rﬁo)fl voyﬂ + [rﬁo I+ 7“60)*1 Y
+ Ay (I+78y) " F| + [(I+7Bg) " vofs]. (3.7.7)
Using (3.7.5) and (3.7.7), we have

Y=(I-+ r,@o)fl [voyg + B, (rY + AzF) + 'yOfB] ) (3.7.8)

Here the consistency condition is

(I +7By) ' wo+r(I+78y) " Byessr = €srn. (3.7.9)

Remark 3.7.1 o Since B, is strictly lower triangular, then I +r@3, is invertible

and the transformations (3.7.1)-(3.7.4) are always defined.

e For r = 0, the consistency condition (3.7.9) is equivalent to (3.6.2) and the
canonical Shu-Osher form (3.7.6) or (3.7.8) corresponds to the Butcher form

(3.6.3), with coefficient vector vy and coefficient matrices B, and ~,.
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o Generally, the sparse canonical Shu-Osher forms (3.7.6) or (3.7.8) will allow for

reduced-storage implementation which enhance the performance of CPHBTrgy

(d, s,p).

e The relations (3.7.1)~(3.7.4) will enable us to transform easily a Butcher form
of CPHBTRk,(d, s,p) method into its canonical Shu-Osher form and vice versa.

Recall that in Theorem 3.4.1, the contractivity preserving coefficient ¢, is given in
(3.4.5) as a minimum function min(-). Indeed, we are interested in optimal CPHBT
methods with maximal ¢, to maximize the step-size in (3.4.5). However, the min(-)
function is not smooth or even sensitive to its parameters which will generate various
problems especially if the optimization process uses gradient information. To avoid
these issues, we state an improved version of Theorem 3.4.1 where we use a modified
form of the canonical Shu-Osher form in which we consider a fixed ratio

aj
By

such that the feasible contractivity preserving coefficient cg, defined in 3.4.1 is equal

F= i=3,4,...,s+1, j=23,...i—1,

to 7 and should satisfy

a.
cfcp:fgrﬁ:—“ 1=2,3,...,5s+1
B
Moreover, conditions (3.4.6) with ¢, replaced by r;; = gli are imposed on d;,, for

1=2,3,...,s+1and m=2,3,...,d. We then get the following theorem:

Theorem 3.7.1 The new one-step, d-derivative, s-stages, explicit CPHBTrg,(d, s, p)
method (3.4.1) satisfies the contractivity preserving property (3.1.3) provided that

o All the coefficients of CPHBTgk(d, s,p) are nonnegative.

o f satisfies the FES(d) condition (3.1.4).
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o Az < ¢p,AFES(d) where AFES(d) is given in (3.1.4) and cf, is defined by:

Cfcp:f:{%} P34 s+l j=23. -1 (37.10)
ij

o 7 satisfies the conditions:

751

F<ry= 1=2,3,...,s+ L. (3.7.11)
B
® 0, satisfies the following conditions:
dimrim! —a;1 <0 i=23,...,s+1, m=23,....d. (3.7.12)

The conditions on d;,, in the form (3.7.12) are more numerically stable and will
enhance the performance of the optimization software. The proof of Theorem 3.7.1

is a straightforward extension of the proof of Theorem 3.4.1.

3.8 Formulation of the optimization problem of

CPHBTRK4(d, S, p)

As we mentioned before, any set of nonnegative coefficients (vz, i, B;, 07) satisfy-
ing the order conditions (3.3.30)-(3.3.36), the simplifying conditions (3.3.29) and the
conditions of Theorem 3.7.1 will generate a feasible CPHBTRrk4(d, s,p) of order p.
In this section, we formulate an optimization process to find an optimal CPHBTRk4

(d, s, p) with optimal contractivity preserving coefficient ¢, as follows:

maximize 7 = ¢ (3.8.1)

v7,07,05,07

subject to

(I +78y) " vy >0, (3.8.2)

(I +7By) "' By >0, (3.8.3)
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(I +7By) " 7o >0, (3.8.4)
¢ <1 i=2,3,...,s+1, (3.8.5)
7 <71 1=2,3,...,s+1, (3.8.6)
1=2,3,...,5s+1,
(57;7m7“g’11m! — Q51 S O, (387)
m=23,....,d,

together with
e The simplifying conditions (3.3.29),
e The set of order conditions (3.3.30)-(3.3.36),

where inequalities (3.8.2)-(3.8.4) are taken component-wise and the coefficient ma-
trices vg, By, ¥, and d are defined in equations (3.6.5), (3.4.4) and (3.5.3). However,
the objective function in this form is not smooth and hence using an optimization
method depending on the gradient will not give reliable results. Moreover, Spiteri
[56] showed that even optimization methods that do not use gradient information
fail to converge to the same optimum. To avoid this problem, we follow a standard
reformulation of the optimization process by introducing a dummy parameter z and

the objective function

F-R x RS+1 x R(s—l—l)x(s—i—l) % R(s—i—l)x(s-ﬁ-l) % R(s—i—l)x(d—l) SR

such that  F(z,v,,3,6) = z. (3.8.8)
Then the optimization problem is as follows

maxinﬁl‘ige F(z,v,a,3,6) =z (3.8.9)

subject to

e The constraint o;; — 28;; =0 for ©1=3,4,...,s+1,5=2,3,...,i—1,
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e The constraints (3.8.2)-(3.8.7) with 7 replaced by z,
e The simplifying conditions (3.3.29),

e The set of order conditions (3.3.30)-(3.3.36).

3.9 Construction of optimal CPHBTRk4(d, s, p)

The objective function (3.8.8) of the optimization process (3.8.9) is a projection func-
tion and hence it is continuous. Let FS € R x R+ x RE+HDX(s+1) 5 RsH)x(sH1) 5
REFDX(@=1) he the feasible set of the optimization problem (3.8.9). We managed to
find bounds for all the variables in the feasible set F'S, component-wise, except the
first component corresponding to z, in particular, FS € Rx [0, 1]*+1 x [0, 1]+ D> (s+1)
[0, 1](+Dx(s+1) 5 10, 1)(+D* =1 - However, following [55, 54, 18] and our published
work in [42], our numerical search for optimal solutions is computationally stable
and the variable z is bounded. Since CPHBTRk4(d, s, p) methods contain many free
parameters, the MATLAB Optimization Toolbox was used to search for the methods
with largest contractivity preserving coefficient c.,. Several authors, [55, 54, 18], have
successfully used this technique to find optimal Runge-Kutta methods. In particu-
lar, the MATLAB function fmincon from the Optimization Toolbox is used to solve
the optimization problem above. Although no analytic proof of global optimality is
provided, the obtained methods are a result of performing an extensive numerical
search with a large number of initial points similar to Spiteri and Ruuth’s approach
in [55, 54]. In this work, depending on the size of the feasible set, the MATLAB Op-
timization Toolbox was used to tolerance in the range (107'°,107!2) on the objective
function provided that all the constraints were satisfied to tolerance in a the range
(10717, 10714).

We managed to obtain s-stage, d-derivative CPHBTRrk4(d, s, p) methods of order
pforp=2>5,6,...,15, s =56 and d = 2,3,...,13. In Tables 3.5, we summarize these
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methods with their optimal contractivity preserving coefficients ¢, and interval of
absolute stability compared to Taylor series methods of the same order. Moreover,
we managed to obtain a contractivity preserving CPHBTRk4(2,5,5) of order 5 with
Cep = 1.0625 and || = 5.68 which is given in Section A of the Appendix. This shows
that by adding only one more derivative to RK(s,4), we can break the Kraaijevanger
order barrier [31, page 516] and obtain a contractivity preserving method of order 5
with nonnegative coefficients. The formulae of the new CPHBTRk4(d, s, p) with their
contractivity preserving coefficient, c.,(CPHBTRrk4(d, s,p)), and abscissa vector o are

given in Section A of the Appendix.

Table 3.5: The contractivity preserving coefficients ¢, and the interval of absolute

stability («,0) of CPHBTRk4(d, s, p) compared to T(p).

s\p 5 6 7 8 9 10 11 12 13 14 15
T(p) T(5) T(6) T(7) T(8) T(9) T(10) T(11) T(12) T(13) T(14) T(15)

|| 3.2 3.55 3.95 4.3 4.7 5.05 5.45 5.8 6.17 6.55 6.925
s=5

(dp) | 35) | 46) | B7) | (68 | (79 | (810) | (9,11) | (10,12) | (11,13) | (12,14) | (13,15)
cep | 1.6544 | 1.6289 | 1.5486 | 1.4715 | 1.4116 | 1.3639 | 1.3253 | 1.2936 | 1.2674 | 1.2452 | 1.2261

| 6 6.16 5.24 6.52 5.68 6.8 6.8 6.88 6.8 7.83 7.83
s=26
(d,p) (2,5) (3,6) (4,7) (5,8) (6,9) (7,10) (8,11) (9,12) (10,13) * *
Cep 1.837 | 1.0078 | 1.2976 | 1.1226 | 1.0678 | 0.6112 | 0.654 0.993 0.979 * *

|c 5.56 5.36 5.48 5.84 5.24 5.56 5.52 6.28 6.68 * *




Chapter 4

Numerical results for the designed
CPHBTRk4(d, s,p) methods
obtained from T(d) and RK(s,4)

methods

4.1 Introduction

In this chapter, we will test the methods derived in chapter 3 and compare them
to different well known and widely used numerical methods. The s-stage, one step,
d-derivatives CPHBTRk4(d, s, p) method of order p requires the evaluation of the d
derivatives y™M,y®, ... y@ at each integration step. These derivatives were com-
puted recursively using the automatic differentiation technique that is described
briefly in Section 2.2.1 and in more details in [22, page 46-49] and [34]. All nu-
merical tests and simulations were obtained using two systems: a Macbook pro 6,2
with a 10.6.8 Mac OSX, a 2.53 GHz Intel Core i5 processor and a 4 GB 1067 MHz
DDR3 memory. The second machine is a Sun Microsystems with AMD Opteron(tm)

26
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processor 152 and a 2GB memory. All the machine dependent numerical results in-
cluding the CPU time analysis were performed in C++ codes using the Macbook pro
machine while the rest of the machine independent results were obtained using the
Sun Microsystems machine using MATLAB and FORTRAN codes.

In the following sections, we test the 6-stage, 9-derivatives CPHBTRrk4(9, 6, 12)
of order 12, which satisfies the objective function and constraints to tolerances 1015
and 1077, respectively. This method, presented below, is chosen to be a representa-
tive of the class of CPHBTRk4(d, s, p) methods that are constructed in the previous
chapter. The rest of the designed methods are expected to give results similar to the

ones presented in this chapter.

CPHBTRK4(9,6,12) with ccp= 9.9163130315966042x 101, and abscissa vector o = [0 8.5568256645013996 x 10
7.1829693393055971x 10~ 8.0835544845753426x 10~ ! 8.8980234528386681x 10~ 9.7567281938112871x10~ |7,

Y2 =yn + 8.5568256645013996 X 10 L hu, fr, + 3.6609632726334906 x 10~ h2 y(?) 4 1.0442074829355763 x 1071 h3 (3
4 4
s

(7

n

) 4+ 3.8228052440362082 x 10~ 2k y(®) 4 5.4518463370932600 x 1018 y(&)

nYn

+2.2337753472618866 x 10~ 2h
8 (8

+ 6.6643569508796518 x 10 °h7 y(7) 4 7.1282175743356624 x 107 h8 y(®) 4 6.7772127869139232 x 107 "h% y ().

Y3 =yn + 7.0032387510619154 X 10~ L hu, £ + 1.7973058824368105 X 10~ 2hy, Fy + 2.4259600954522675 x 10~ *h2 y(?)
+5.5187737782493251 x 10~ 2h3 y(®) 4 9.2151107182336153 x 107 h% y*) 4+ 1.1919736246642830 x 10~ 3h3 y ()
+1.2205437013104496 x 10~ RS y(®) 4 9.7761743593585443 x 107 °n7 y(7) 4 5.5977694224758458 x 10 "hS y(®)
+1.2156801810285854 x 10~ 5h% y().

Y4 =yn + 5.9253804964276735 X 10~ L hy, fry 4 3.7790846964182783 X 10 h,, Fy + 2.1203831411834850 x 10~ *h,, F3
+1.7117909772661233 x 10~ A2 y(® 4 3.1950954904935901 x 107 2h3 () 4 4.2991986294050764 x 10~ 3ht y ()
+ 4.3995842070519627 x 10 *h5 y(?) 4 3.5189487487470358 x 107 °h8 y(®) 4 2.2401550747435463 x 10~ n7 y (7

+1.1920417110245276 x 107 7S y(®) 4 6.5142505217891534 x 107242 4.

Ys =yn + 6.5225547192463695 X 10™ L hy, fir + 7.3327692956782933 x 10”4 hy, Fiy + 4.1142711343481492 x 10™2h,, Fy

+ 1.9567088508618058 X 10~ Lhy, Fy + 2.0752234507578865 x 10~ 1h2 y(?) 1 4.2604870773856586 x 10~ 2h3 y(3)
4 4

7 (7
nyn

+ 6.2756226953662323 x 10 k% y(*) 4 6.9432484726877225 x 107 4h3 y(®) + 5.8166925177690642 x 10518 y(©)

+3.5517957695381351 x 107 °h7 (7 4 1.3567209577595762 x 107 7S y(®) 4 1.2639876550905203 x 107 °A2 ().
Yo =yn + 7.2075952122256659 X 10 ki fr + 1.5003061651440836 X 10~ *hy, Fy + 8.4172068211253581 X 10 Shy, F

+ 4.0031846060581737 X 10~ 2h,, Fy + 2.0631412466034044 X 10~ h,, F5 + 2.5385547529513375 x 10~ 1h2 y(2)

+5.7816607679521070 x 10~ 23 y(3) 4 9.4732176422683261 x 10~ 3h% y®) 4+ 1.1701172028993881 x 107 3h5 4
+1.0997733968369118 x 10~ *h8 y(®) 4 7.5740152977001563 x 10~ °h7 y(7) + 3.2206534412851753 x 10~ " hS y(®)

+ 2.5860379801980058 x 10~ 1042 (9.
—1

Yn41 =Yn + 6.3769782436600186 X 10 ~hp frn, + 8.4507585951567590 x 1074hnF2 + 4.7415786695281098 X 1072hnF3

+ 2.2550450654635593 X 10~ “hy, Fy + 1.5037770460171211 X 10~ 2h,, F5 + 1.9783881742796200 x 10~ 12 y(?)

+3.9512215213133563 x 10~ 2h3 y(®) + 5.6542687574121630 x 10~ 3hd y(D + 6.0866317220988314 x 10~ 1h5 4>

nYn

648 1 3.0066865898048209 x 107 6h7 y(7) 4 1.3443315671020195 x 1077 hS y(®)

nYn nYn

+ 5.0062835142051295 X 107 %h

+ 3.2502867248596942 x 10~ 212 y (9.

n
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Our method is compared with the widely used Dormand-Prince Runge-Kutta
pair , DP(8,7)13M, of order 8 [43], Taylor method of order 12, T(12), and the Taylor
method of order 12 introduced by Martin Lara, T(12)L [34]. Also, we will use the
standard bank of differential equations test problems, DETEST, which is used in the
literature as a comparison tool of higher order numerical methods [27]. In particular,
we concentrate on the 20 nonstiff DESTEST problems in classes A, B, D, E which

are described briefly in Section 2.3.

4.2 Stability region of CPHBTRxk4(d, s, p)

To obtain the region of absolute stability of CPHBTgrk4(d, s, p), we write the method

in Butcher form in compact vector notation

Y = ey, +hBF + o f5, (4.2.1)

Yn+1 = Yp1. (4.2.2)

where

Y:[Yh}/Qu"'?}/s-i-l]Tu F:[F17F2)"'7F5+1]T7

Fo=[R2y2 Wy, hy T
Definition 4.2.1 [23] Given the Dahlquist test equation
y=N, p=1,
the stability region of a numerical method is defined as
S={z€C:|R(z)| <1}, z=Mh

where R(z) is the stability function of the numerical method y,+1 = R(2)y,.
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Applying method (4.2.2) to the Dahlquist test equation we get

Y =esi1yn + 280Y +YoZUn, (4.2.3)

Yn1 = Yspa. (4.2.4)

where 2 = [22, 23,..., 29T, Solving (4.2.3) for Y, we get the following

(L = 2B0)Y = (€541 + YoZ)Yn (4.2.5)

Y = (I —280) " (est1 +Y02)n, (4.2.6)

where (I —2z(3,) is invertible since 8, is a strictly lower triangular matrix by definition.

Hence, the stability function of CPHBTRrk4(d, s, p) is

R(z) = [(I - Zﬁo)_l}sﬂ (ess1+70%), (4.2.7)

where [X],;1 denotes the (s 4 1)-th row of a matrix X. Also, another form of the
stability function can be obtained from the Butcher form (3.2.1)-(3.2.2) as R(z) =

1+ Z;lif s;z7 where

51 = Z b;,
J

S2 = Z b Z ik + Vs+1,2;
j k

53 = Z b; (Z @i Z art + V52) F Vor1,3s
j K I

5q = Z b; (Z @k Vh,g—2 + '7j7q—1) + Vor1,q forqg=4,5,...,d+2.
j K

We used the scanning technique [33] to plot the region of absolute stability of CPHBTgrxk4
(9,6, 12) which is easier to implement than the boundary locus technique. In Figure
(4.1), we have the region of absolute stability of CPHBTgrk4(9, 6, 12) with an interval
of absolute stability (—6.28,0) compared to Taylor method of order 12, T(12), with
interval of absolute stability (—5.72,0).
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Figure 4.1: The region of absolute stability of CPHBTrx4(9, 6, 12) and T(12)
methods.

Definition 4.2.1 (Scaled interval of absolute stability) The scaled interval of
absolute stability of a method M 1is given by L'T” where I, and | are the interval of
absolute stability and the number of function evaluations per integration step of the

method M, respectively.

The scaled interval of absolute stability of the new CPHBTRk4(9,6,12) is equal
to —6.28/14 = —0.4486 which is larger than the scaled interval of absolute stability
of DP(8,7)13M (—5.12/13 = —0.3938) [41].

4.3 Variable step algorithm of the CPHBTRrk4(d, s, p)
methods

The use of a variable step formulation will improve the performance of CPHBTRrgk4
(d, s,p) method of order p since it will allow an automatic optimization of the step-
size based on certain error control formula. To design such error control formula, we

assume that the root criterion for convergence is applicable to the Taylor series of
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order p as follows:

VIYPh? <k <1 Yp>pg (4.3.1)

for some number py where h is the step-size and y(x +h) ~ > 7 [ VIpi =3P %hl
is the Taylor series method of order p, T(p). If E, denotes the local truncation error

at order p, then
L+l
11—k

|E,| < KP4+ kP24 =P (I R+ R+ : (4.3.2)

Our goal is to design a step control algorithm that takes a user defined tolerance,
TOL, and optimize the step-size to obtain a numerical solution with a maximum
global error smaller than TOL. To force the local truncation error E, to be less than

the user’s tolerance, it is sufficient that
Eptl
1—k

= TOL. (4.3.3)

By solving this implicit equation for k, we get the values of k as a function of TOL
and p, k = k(TOL, p). Since we are interested in high order methods, TOL is usually
very small and hence equation (4.3.3) can be simplified to k£ = TOL#1. However,
to get a better estimate of the values k, we use Newton-Raphson method to solve
equation (4.3.3) implicitly with initial points ko(TOL, p) = TOL#1. In Figure (4.2),
we plot the value of k£ as a function of p for different value of TOL.

Then, from (4.3.1), we have the following step control for the Taylor method of

order p:
Py = min {K(TOL, p = 1)Y=, k(TOL, p) [y ¥ } (4.3.4)

However, for all the designed CPHBTRk4(d, s, p) methods, we have d < p — 1 and
hence we do not have access to the higher order derivatives values Y and YP—1.
To overcome this issue, we assume that the function f(¢,y) is analytic on a ball of

radius p such that [29, 41]: ||[YPl||o, =~ ﬁ—ﬁ for some M. Then, we get

Y| Y|\ 7
= = x| — . 4.3.5
W < 7% (7w (4.35)

0



4.4. Testing the step control algorithm 62

0.7

—— Tol=1e-4
0.6 -
—%— Tol=1le-6
—*— Tol=1e-8
051 —&— Tol=1e-10
—©&— Tol=1e-12

—¥— Tol=1e-14

0.4

k(Tol, p)

0.3

0.2

0.1

nN 4
INY v
o
©

10 12 14 16 18 20
The order p

Figure 4.2: The graph of k as a function of p for different values of TOL.
To get a better estimate of p for CPHBTRrk4(d, s, p) and to avoid problems, we take
IV (YN
est — s N T 4.3.6
o m{ vl \ vl ) \ve. 130)

In our research, we find that it is sufficient to estimate the error and control the

step size of a CPHBTRk4(d, s,p) method using the information from the estimated
(p — 1)-th derivative of the form:

- [V o
VP ~ (4.3.7)
est
Using this estimation, the step control is of the form:
Y\ 7
hpt1 = nk(TOL,p — 1) e , (4.3.8)
est

where 7 is a control factor.

4.4 Testing the step control algorithm

For the purpose of testing the step control, we will consider the following problems:
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e HH: The Hénon Heiles problem is a well known problem [3, 24] described by

the Hamiltonian:
| 2 1 5 2 s 14
7—[:5(X +Y )+§(x +y°) +ey(x —§y)
with € = 1 and the initial values:

2(0) = 0, y(0) = 0.52, X(0) = 0.371956090598519, Y (0) = 0.

e EqMP: The equatorial main problem in the artificial satellite theory [3, 58].
This problem accepts, due to the axial symmetry, the polar component A of
the angular momentum as an integral. Other parameters of the problem are
the gravitational constant p of the planet, the oblateness coefficient J, and the
scaling factor a that is the equatorial radius of the planet. The Hamiltonian
function in cylindrical coordinates is

1 N @ Jo Py (u)

_1 2 A2 2
’H_g(P +?+Z)—; p—

where u = z/r, r = \/p?+ 22, and Py(z) = (32* — 1)/2 with initial values
p(0) = 0.3, 2(0) = 2, P(0) = 0 and Z(0) = —1.

The maximum global error (MGE) of a method is taken in the uniform norm
MGE = max {||yn — 20|/} , (4.4.1)

where y,, is the numerical solution and z, is the exact solution at © = x,, or a reference
solution obtained by DP(8,7)13M with stringent tolerance 5 x 10714. This choice
of MGE is ideal to monitor the error uniformly over the whole integration interval
as opposed to the end point error defined by the difference between the numerical
solution and the exact or reference solution at the endpoint of the integration interval
only.

In our numerical simulations, n = 1.4 gave optimal results for CPHBTgrxk4(9, 6, 12)
in terms of the number of steps required and the difference |TOL — MGE|. In Ta-
ble 4.1, we test the step control algorithm (4.3.8) of CPHBTRk4(9,6,12) compared
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to T(12) with step control algorithm (4.3.4). We evaluate how responsive the al-
gorithm is to the user defined tolerance TOL compared to MGE by computing the
mean, median and standard deviation of the difference [IMGE — TOL| for the Hénon
Heiles problem, Equatorial main problem, the 20 DETEST problems A,B,D,E and
the Kepler problem with eccentricity ¢ = 0.99. It can be seen that the step con-
trol algorithm with high order derivative estimation of CPHBTRrk4(9, 6, 12) performs

favourably over T(12). To study the Hamiltonian problems in this work, we define

Table 4.1: The mean, median and standard deviation of the absolute value of
the difference [MGE —TOL| of CPHBTRk4(9, 6, 12) and T(12) for the Hénon
Heiles, Equatorial main problem, the 20 DETEST problems A,B,D,E and
Kepler’s two body problem with eccentricity € = 0.99.

Method Mean Median Standard deviation
CPHBTRk4(9,6,12) 5.98x107° | 2.64x10~10 5.98x10~%
T(12) 7.0x107° | 6.57x10710 6.46x10~%

the maximum global energy error (MGEE) as follows:

H, — Ho

MGEE = mfblx {' £

} , (4.4.2)

where Hy and H, are the value of the Hamiltonian at the initial point and the
numerical value of the Hamiltonian at t,, respectively. In Table 4.2, we list the
number of steps required to achieve certain user defined tolerances and the associated
MGEE. We notice that CPHBTRgk4(9, 6, 12) requires considerably less step points to
achieve the required user defined tolerance TOL and achieves better maximum global
energy error (MGEE). We note that in general, T(12)L requires less step points than
T(12), but T(12) achieves better MGEE than T(12)L.
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Table 4.2: The maximum global energy error (MGEE) and the number of
steps (NS) for CPHBTRk4(9,6,12) compared to T(12) and T(12)L for the
listed problems.

Problem T(12)L T(12) CPHBTRrk4(9,6,12)
TOL | NS| MGEE | NS | MGEE | NS MGEE
D1 1074 | 44 | 7.52x107* | 48 | 6.46x107* | 37 2.2x107*
e=0.1, 1007 | 73 | 1.15x1076 | 82 | 4.45x10~7 | 61 7.68x1078

tena = 16w | 10710 | 122 | 1.43x107° | 142 | 2.93x10710 | 105 1.91x10~

D2 107% | 67 | 7.12x107* | 68 | 6.65x10~* | 51 1.02x10~4
e=0.3, 1077 | 111 | 7.17x1077 | 118 | 4.67x10~7 | 81 2.73x10~8
tenda = 167 | 10710 | 188 | 7.8x10710 | 206 | 2.67x10710 | 152 9.99x10~12

D3 107* | 83 | 1.26x1073 | 89 | 8.58x10~* | 65 1.39%x10°3
e=0.5, 1077 | 139 | 1.55x1076 | 154 | 5.47x10~7 | 113 2.68x10°7
tenda = 167 | 10710 | 235 | 1.87x107? | 271 | 3.39x10~10 | 197 1.08x10~10

D4 10~* | 115 | 8.03x10~* | 116 | 6.81x10~* | 84 7.87x10%
e=0.7, 1077 | 194 | 1.24x1076 | 202 | 1.11x107% | 148 3.33x10°7
tena = 160 | 10710 | 327 | 1.5x107° | 356 | 6.39x10710 | 259 1.4x10710

D5 10=% | 167 | 2.73x1073 | 169 | 1.33x1073 | 120 2.92x1073
e=0.9, 1077 | 273 | 7.81x10~7 | 300 | 3.11x10~7 | 217 1.68x1077
tenda = 167 | 10710 | 461 | 1.32x1079 | 528 | 2.56x10~19 | 379 5.48x 1011

Kepler, 1074 | 306 | 9.36x1072 | 306 | 9.46x10~3 | 198 1.82x1072
e =10.99, 1077 | 488 | 6.48x1076 | 509 | 4.43x107% | 364 3.08x1076
tend = 167 | 10710 | 824 | 7.36x107° | 897 | 2.95x107° | 644 1.24x1079

HH 10~4 56 | 1.47x1073 | 61 1.39x1073 | 47 1.14x10~*
tend = 70 107 | 92 | 8.93x1077 | 104 | 2.29x1077 79 8.33x10~7
10710 | 155 | 3.29x107% | 180 | 2.71x10719 | 138 6.8x10710

EqMP 1074 | 146 | 3.08x1073 | 157 | 2.49x1073 | 121 1.62x107%
tena = 70 1077 | 245 | 1.09x107° | 269 | 8.72x10~" | 213 3.89x1077
10710 | 411 | 4.93x1079 | 474 | 1.08x107° | 369 3.25x10710
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4.5 Number of steps and number of function eval-

uations analysis of CPHBTRk4(9, 6, 12)

The main advantage of the step control formula (4.3.8) is to satisfy the user defined
tolerance TOL while minimizing the number of steps and hence maximizing the av-
erage step-size required. To show such property, we plot the maximum global energy
error (MGEE) as a function of the number of steps for the DETEST problems of class
D and for the Hénon Heiles problem, Equatorial main problem and Kepler equation
with eccentricity € = 0.99. As we can see in Figure 4.3, CPHBTRk4(9, 6, 12) requires
considerably less steps than T(12) to achieve the required user defined tolerance.
To analyze the percentage efficiency gain of the number of steps, we consider the

following formula:

Definition 4.5.1 (NSPEG) [}1] Let NS(A,i,7) be the number of steps required by
a method A to solve problem i and obtain mazimum global error MGE=1077. Then,
the number of steps percentage efficiency gain of a method A over a method B for a

problem i is defined by

(4.5.1)

NS(B,i, ) — NS(A,i, j
NSPEGi(A,B)zloo(Z] (B,i,j) — NS( ”)).

> NS(A, i, 7)

To compute the NS PEG of CPHBTRk4(9,6,12) over T(12), we use the MAT-
LAB function Polyfit to fit the data (log;,(MGEE),log,,(NS)) and obtain a model
in a least squares sense, i.e., by minimizing the sum of squares of the deviations of
the data from the model. In Table 4.3, we list the number of steps percentage effi-
ciency gain of CPHBTRk4(9,6,12) over T(12) for various problems. We show that
CPHBTRk4(9,6,12) has good NS PEG over T(12) for the listed problems. However,
due to the 6 off-step function evaluations, CPHBTRk4(9, 6, 12) requires 14 function
evaluations per integration step while T(12) method requires only 12 function evalu-

ations, so CPHBTRk4(9, 6, 12) might still require more function evaluations to solve
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Figure 4.3: The number of steps versus log;,(MGEE) for CPHBTRk4(9, 6, 12)
and T(12) for the listed problems.
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Table 4.3: The NS PEG of CPHBTRk4(9,6,12) over T(12) for the listed

problems.
Problem NS PEG | Problem NS PEG
D1 (e = 0.1) %66 | B2 % 72
D2 (¢ = 0.3) %72 | B3 % 12
D3 (¢ = 0.5) %49 | B4 % 32
D4 (e =0.7) % 56 B5 % 52
D5 (e = 0.9) %56 | El % 128
Kepler problem (¢ = 0.99) % 48 E2 % 54
Hénon Heiles % 21 E3 % 24
Equatorial main problem % 37 E4 % 18
B1 % 38 E5 % 71

the ODE problems. Hence, we compute the NFE PEG according to the following

definition:

Definition 4.5.2 (NFEPEG) [/1] Let NFE(A,i,j) be the number of function eval-
uations required by a method A to solve problem i and obtain maximum global error
MGE=10"7. Then, the number of function evaluations percentage efficiency gain of

a method A over a method B for a problem i is defined by
>_; NFE(A, i, j) )

NFE PEG;(A, B) = 100( (4.5.2)

In Table 4.4, we list the number of function evaluations percentage efficiency
gain (NFEPEG) for the same problems. As noticed, NS PEG of CPHBTRk4(9, 6, 12)
over T(12) listed in Table 4.3 compensates the difference in function evaluations per
integration step and hence we still get high NFEPEG.

Moreover, in Table 4.2, we noticed that the Taylor method introduced by Lara,
T(12)L [34], requires less steps than T(12). In Figure 4.4, we plot the maximum global
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Table 4.4: The NFE PEG of CPHBTRk4(9,6,12) over T(12) for the listed

problems.
Problem NFE PEG | Problem NFE PEG
D1 (¢ = 0.1) % 42 B2 % 47
D2 (¢ = 0.3) % 47 B3 % -4
D3 (e =0.5) % 28 B4 % 13
D4 (¢ = 0.7) % 34 B5 % 30
D5 (¢ = 0.9) % 34 El % 95
Kepler problem (¢ = 0.99) % 27 E2 % 32
Hénon Heiles % 4 E3 % 6
Equatorial main problem % 17 E4 % 1
B1 % 18 Eb5 % 47

energy error (MGEE) as a function of the number of steps for CPHBTRxk4(9, 6, 12) and
T(12)L. Moreover, in Table 4.5, we list the NS PEG and NFE PEG for CPHBTRxk4(9, 6, 12)
method over T(12)L method. We notice that CPHBTRgrk4(9,6,12) still performs
favourably over T(12)L.

Table 4.5: The NS PEG and NFE PEG of CPHBTRk4(9, 6,12) over T(12)L
for the listed problems.

Problem NS PEG | NFEPEG
D1 (e = 0.1) % 59 % 36
D2 (= = 0.3) % 67 % 43
D3 (¢ = 0.5) % 51 % 29
D4 (¢ = 0.7) % 53 % 31
D5 (e =0.9) % 50 % 29
Kepler problem (e = 0.99) % 41 % 21
Hénon Heiles % 16 % -1
Equatorial main problem % 28 % 10
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4.6 CPU time analysis of CPHBTRk4(9,6,12)

Since our method CPHBTRk4(9, 6, 12) consists of 6 stages and 9 derivatives that are
computed at each integration step using recurrence formulae, we test the CPU time
of our method against DP(8,7)13M and T(12) using C++ codes. For the CPU time
analysis, we consider the DETEST problems E2, B1, B5, the five problems in class
D, Kepler problem with eccentricity ¢ = 0.99 together with HH, Aren, EQMP and

the following two problems:

e GAD: A Galactic Dynamics model described in [3, 4]. This is a Hamiltonian
problem given by:

1
H = E(p% + 93 +p3) + Qpiga — paq1) +A1n(C+ ﬁ + Zg + q3)

where q1, g2, g3 are the coordinates, p;, ps, ps are moments with initial values

¢1(0) = 2.5, ¢2(0) = ¢3(0) =0,

p1(0) =0, pa(0) = — (25 + V6961 — 3200In5), ps(0) = 0.2,

)
and parameters configurationa =1.25,b=1,¢=0.75, A=1,C =1, Q = 0.25.

e Aren: Arenstorf orbits are a particular case of the restricted three-body problem
described in [3, 1]. Two bodies of masses 1 — u and p are in circular rotation in
a plane and a third body of negligible mass is moving around the same plane.

As in [58, 23], the equations are the following:

r+p x— Y Y
//: 2/_/ _ — _2 _ /__
S >N vi=y qul "D,
3 3
Di=((x+p)’+y")2 D= ((x—p)+y°)>,

2(0) = 0.994, y(0) = 0, /(0) = 0, &/ (0) = —2.00158510637908252240537862224,
1= 0.012277471, 4/ = 1 — p.
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In Figures 4.5 and 4.6, we plot the CPU time in seconds versus the maximum
global error (MGE) ||yns1 —y(tn+1)|lco Where y(t) is the exact solution if it is available
or a reference solution obtained by DP(8,7)M13 with stringent tolerance of 5 x 1074,
For all the considered test problems, it is shown that CPHBTRk4(9, 6, 12) requires
less CPU time than T(12) and DP(8,7)13M to achieve the same accuracy. We can

analyze the CPU time percentage efficiency gain as follows:

Definition 4.6.1 (CPUPEG) [41, 51] Let CPU(A,i,j) be the CPU time required
by a method A to solve problem i and obtain mazimum global error MGE=1077. Then,
the CPU percentage efficiency gain of a method A over a method B for a problem i
1s defined by

CPUPEG;(A, B) = 100

(Zj CPU(B,i,j) — CPU(A,i,j))) 461)

>.; CPU(A,i,j)
To compute the CPU PEG for CPHBTRk4(9,6,12), DP(8,7)13M and T(12), we use
the MATLAB function Polyfit to fit the data (log,((MGE),log,,(CPU)) in a least
squares sense. To determine the sufficient degree of the model, let CPUy, ; be the CPU
time required by a method A of order p to solve a problem i with an average step-size
h. Then, CPUy,; is related inversely to h, i.e., CPU,; = 5t for some constant ¢;. The

maximum global error can be written as

log1o(MGE) = ¢3 + plog;o(h) = ¢ + ploglo( ) = ¢3 — plog,,(CPU4;),

_a
CPUa;
where ¢3 = co + plogyy(c1) for some constant ¢,. Hence, a linear least squares model
would be sufficient to fit the data (log;,(MGE),log;,(CPU)). The CPU PEG for the
13 problems mentioned above are listed in Table 4.6. Since DP(8,7)13M is of order
8, we consider the tolerance range 107* < TOL < 10~ to compute the CPU PEG
of CPHBTRk4(9, 6,12) over DP(8,7)13M while we consider the more stringent toler-
ance range 107* < TOL < 10713 to compute the CPU PEG of CPHBTgk4(9, 6, 12)

over T(12). The results confirm that CPHBTRrk4(9, 6, 12) performs well compared to
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Galactic Dynamics

Equatorial main problem
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Figure 4.6: The CPU time in seconds versus log;o(MGE) for

CPHBTRk4(9,6,12), T(12) and DP(8,7)13M for the listed problems.
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DP(8,7)13M and T(12). This is due to the fact that, for CPHBTRk4(9, 6, 12), the step
size for the next integration step is chosen using the variable step algorithm (4.3.8)
specifically to satisfy the given tolerance TOL, so there is no step rejection criteria as
opposed to DP(8,7)13M. Also, it is superior to T(12) since CPHBTRgk4(9, 6,12) re-
quires only 9 derivatives to reach order 12 compared to 12 derivatives in T(12) which

enhances the performance of our method and minimizes the CPU time required.

Table 4.6: The CPU PEG of CPHBTRgk4(9,6,12) over T(12) and

DP(8,7)13M for the listed problems.

Over T(12) Over DP(8,7)13M
Problem 104<TOL<10"13 | 1074 < TOL < 107?
D1 (= = 0.1) %27 %190
D2 (¢ = 0.3) %31 %233
D3 (e =0.5) %24 %166
D4 (¢ = 0.7) %21 %292
D5 (¢ = 0.9) %22 %246
Kepler problem (e = 0.99) %28 %195
Arenstorf problem %120 %187
Hénon Heiles %21 %139
Galactic dynamics problem %31 %126
Equatorial main problem %24 %67
B1 %41 %196
E2 %52 %129
B5 %65 %125

Finally, we summarize some numerical results in Tables 4.7 and 4.8 by listing the
CPU time in seconds, the maximum global error (MGE) and the maximum global

energy error (MGEE) for 11 test problems.
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Table 4.7 The CPU time in seconds, MGE, MGEE and NS of
CPHBTRk4(9,6,12) and T(12) for the DETEST class D problems and the
Kepler problem with € = 0.99.

Problem T CPU time MGE MGEE NS
CPHBT T(12) CPHBT T(12) CPHBT T(12) CPHBT T(12)
D1 -3 1.78x10~%  2.00x10~* 8.72x10~2 2.81x10~ 1 1.71x1073 7.05x1073 28 38
—4 2.04x10"%  2.32x107% 1.47x10 2 2.89x1072 3.16x10~4 6.24x104 33 45
-5 2.39x10~%  2.70x107% 7.39x10~° 2.58x1073 1.33x10~6 5.85%x107° 40 54
e=0.1 -6 2.82x10"%  3.21x107% 9.00x10~5 2.25x10~4 1.72x10~6 5.08x106 48 66
-7 3.34x10~%  3.84x107% 3.11x10~6 1.62x107° 8.89%x10~8 3.77x10~7 57 79
-8 4.05x10~%  4.57x10~% 4.38x10~8 1.44x10~6 2.90x10~° 3.20x10~8 70 96
—9 | 4.86x107%  5.48x107% 1.28x1078 1.60x10~7 2.82x107 10 3.60x109 85 115
—10 | 5.74x10~* 6.55x10~% | 9.21x107 10 1.23x1078 2.24x10~ M 2.78x10~ 10 102 139
—11 | 6.88x10~%  7.82x10~% | 2.30x107 ' 9.02x1071° | 2.02x1071'2  2.14x10 ! 123 168
—12 | 8.23x10~* 9.44x10~* | 3.92x107'2  1.05x107'0 | 1.44x10~13  241x10'? 149 204
—13 | 9.70x10~%  1.14x1073 | 2.42x107 '3  9.83x107 2 | 1.11x107'*  2.16x10 13 181 247
D2 -3 2.32x10~%  2.85x107% 2.49x10 1 9.62x107* 3.67x1073 1.04x10~2 39 56
—4 2.80x10~%  3.27x107% 1x10~2 4.08x102 1.53x10~% 7.52x10~% 48 66
-5 3.33x10~%  3.84x107% 6.75x10~ % 4.00x1073 7.94%x1076 5.41x107° 58 79
e=0.3 -6 3.95x10"%  4.60x10"% 1.54x107° 3.60x10~% 2.97x10~7 5.58x10 6 70 96
—7 | a70x10~*  5.47x1074 1.62x107° 1.76x107° 3.53x1078 3.61x10~7 84 115
-8 5.71x10~%  6.52x107% 2.02x10~7 2.47x10~6 2.33x10~° 4.01x10~8 102 139
-9 6.73x10~%  7.83x10"% 1.32x108 1.95x10~7 1.74x10~10 3.62x107 123 168
—10 | 8.15x10~* 9.45x10~* | 6.53x10~10 1.31x10~8 1.17x10~ 1 2.64x10~10 149 203
—11 | 9.75x10~%  1.17x1073 | 3.28x10" ' 8.40x107 0 | 7.59x107 13  2.13x10 ! 180 246
—12 | 1.13x1073  1.40x10~2 | 1.12x107'!  8.93x10 1! 1.40x10~13  2.03x10712 217 297
—13 | 1.34x107%  1.64x10~% | 1.58x107'2  6.41x107'2 | 1.51x10" ' 1.72x10° 13 263 360
D3 -3 3.07x10~%  3.36x107% 2.29 1.79 4.36x102 1.67x1072 53 74
—4 3.43x10~%  3.91x10™% 1.62x10~71 1.14x10~1 1.50x1073 9.35x104 61 87
-5 4.20x10~%  4.68x107*4 8.59x1073 1.08x1072 6.31x107° 7.95x107° 74 104
e=0.5 -6 4.99x10~%  5.55x10~% 4.44x10~% 8.41x10~% 3.73x10~6 5.63x10~ 6 90 126
-7 5.96x10"%  6.58x10"% 3.27x107° 4.20x107° 2.51x10~7 3.31x10~7 109 152
-8 7.35x10~%  7.98x107% 2.21x10~6 4.78x10~6 1.76x10~8 4.29x10~8 132 183
-9 8.73x10™%  9.56x107% 2.20x10~7 4.75%10~ 7 1.76 x10~° 3.58%x10 9 160 222
—10 1x1073 1.16x1073 1.45x108 4.74x1078 1.18x1071%  3.46x10710 193 268
—11 | 1.22x1073  1.45x10~3 1.07x107° 4.81x107 9.47x10~ 2 3.22x10" 234 324
—12 | 1.42x1073  1.69x1073 | 8.58x10" '  4.18x107!0 | 7.76x10713  3.04x10712 283 392
—13 | 1.77x1073  2.02x10~% | 7.94x107'2 3.30x107'! | 6.84x10"'*  2.53x10~ 13 343 474
D4 -3 3.97x10~%  4.61x107% 2.81 1.97 6.83%x10~2 7.75%1073 69 97
D4 —4 4.54x10~%  5.24x10~% 2.34x10 1 3.38x10~ 1 6.95x10~% 1.06x1073 80 113
-5 5.36x10"%  6.26x1074 2.79x1072 3.76x1072 7.88x107° 1.11x1074 96 137
e=0.7 -6 6.58x10~%  7.53x107% 1.58x10~3 3.54x1073 4.35x106 1.02x107° 118 166
-7 7.80x10™%  9.09x107% 8.69%x10° 3.78x10~4 2.57x10~7 1.15x10~% 144 200
-8 9.35x10"%  1.10x1073 8.05%x10~6 2.11x107° 2.26x10~8 7.64x1078 174 242
-9 1.09x10~3  1.33x10°3 6.68%x107 1.73x10~6 1.96x10~° 6.79%109 210 292
—10 | 1.29x1073  1.60x10~3 3.65x1078 2.00x10~7 1.16x10710  7.14x10710 256 353
—11 | 1.53x1073  1.93x10~3 3.69x10~9 1.34x1078 1.21x10~ " 5.43x107 1t 308 427
—12 | 1.82x1073  2.30x1073 | 3.03x107 1%  9.49x107 10 | 9.95x107 13  4.85x107 12 373 517
—13 | 2.24x1073  2.74x10~3 | 2.29x10~ ' 5.88x107'! | 8.08x107'*  3.97x10” 13 451 626
D5 -3 4.53x10~%  6.58x1074 4.52 4.55 3.21x107 1 8.95x1073 82 144
—4 6.36x10~%  7.77x107% 3.31 1.95 2.48x1073 1.05x1073 117 168
-5 7.65%x10"%  9.16x10~% 1.75x10~1 1.63x10~1 8.28x107 % 6.09%x105 145 204

Continued on next page
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Table 4.7 — Continued from previous page

Problem T CPU time MGE MGEE NS
CPHBT T(12) CPHBT T(12) CPHBT T(12) CPHBT  T(12)
e=0.9 -6 8.96x10~"%  1.12x1073 1.09%x10~2 2.26x1073 4.02x10~6 2.81x10~6 176 246
-7 1.08x1073  1.39x1073 4.47x10~% 6.22x107° 1.73x1077 2.97x10~7 213 298
-8 1.28x1073%  1.66x103 3.40x10~° 8.26x10~° 1.35x10~8 2.74x10~8 258 360
-9 1.52x1072  2.16x10~3 3.94x10~6 3.86x10~6 1.49x10~° 2.56x10 9 312 435
—10 | 1.83x1073  2.59x103 5.69%x10~8 1.65x10~7 4.99x10~11  3.12x10710 376 526
—11 | 2.17x1073  2.95%x10~3 1.57x108 9.55%x10~ 9 7.40x107 12 3.47x10" 456 636
—12 | 2.95x1073  3.51x1073 | 5.24x10710 6.43x107° 4.92x10713  2.29x10712 553 769
—13 | 3.44x1073  4.32x107% | 4.10x107 'Y 7.50x1071'0 | 3.15x107'*  2.41x107 18 670 931
Kepler -3 5.64x10"4  1.14x1073 1.41x10 1.43x 10 4.81x10 1 6.76x102 100 256
—4 1.01x10~3  1.29x10°3 1.41x10 1.40% 10 1.89x10~2 6.58%x103 194 304
-5 1.24x1073  1.48x1073 1.38x 10 1.42x10 7.93x107% 5.58x 104 239 358
e =0.99 -6 1.50x1073  1.75x1073 8.93 8.65 4.73x107° 4.87x107° 295 423
-7 1.77x1072  2.03x1073 9.73x10~ 1 9.49%x10~ 1 3.15x1076 4.57x10~6 360 507
-8 2.08x1073  2.44x1073 6.30x10~2 6.70x10~2 2.11x10~7 3.98x10~7 438 612
-9 2.46x1073  2.94x103 4.85x103 3.79%x1073 1.63x10~8 3.24x10~8 530 739
—10 | 2.97x1073  3.49x103 3.65x10~ % 3.13x10~4 1.27x107° 3.14x10° 641 894
—11 | 3.48x1073  4.41x10~3 3.03x10~° 1.38x107° 1.08x10~10  2.68x10710 776 1081
—12 | 4.22x1073  4.99x10~3 2.05x10~6 2.00x1076 8.03x107 12  2.27x10 1! 939 1308
—13 | 5.08x1073  6.01x10~3 2.25x10~7 1.87x10~7 7.11x10~ 1 2.28x10~ 12 1136 1583

Table 4.8: The CPU time in seconds, MGE and NS of CPHBTRgk4(9, 6,12)
and T(12) for the Arenstorf problem, B1, B5, E2 and the Galactic dynamics

problems.
Problem T CPU time MGE NS
CPHBT T(12) CPHBT T(12) CPHBT T(12)
Aren -3 | 2.53x107%  3.12x107* 1.31 1.59 29 40
t € [0,20] —4 | 3.14x107%  4.04x107* | 2.87x10~!  8.46x10~! 37 50
—5 | 3.60x107% 4.80x107* | 2.32x1072  1.46x10~! 45 63
—6 | 4.33x107%  5.71x107* | 9.13x10~*  1.35x1072 55 76
—7 | 5.13x107*  7.00x107* | 6.14x107®  1.55x1073 67 92
-8 | 6.33x107* 8.27x107% | 2.77x1076  1.88x10~* 81 111
-9 | 7.33x107* 1.01x1073 | 2.71x1077  2.03x107° 98 135
—10 | 8.75x10™% 1.21x1073 | 1.97x1078  2.34x1076 119 163
—11 | 1.04x1073  1.45x1073 | 1.80x107°  2.45x10~7 144 197
—12 | 1.24x1073  1.75x1073 | 2.71x10710  2.52x10~8 174 238
—13 | 1.47x1073 2.13x1073 | 1.41x10710  2.79x10~? 210 288
B5 -3 | 7.03x107° 859x107° | 1.73x10™%  4.79x1073 13 18
t € [0,20] —4 | 8.01x107% 9.73x107% | 2.90x107%  4.41x10~* 16 22
—5 | 8.77x107°% 1.12x10~* | 8.10x10~7  4.75x107° 19 26
—6 1x104 1.30x107% | 1.27x1077  2.80x10~ 23 31
—7 | 1.18x107* 1.48x107* | 1.11x1078  2.99x10~7 28 38
-8 | 1.35x10™* 1.76x107* | 8.42x10710  1.08x10~8 34 46

Continued on next page
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Table 4.8 — Continued from previous page

Problem T CPU time MGE NS
CPHBT T(12) CPHBT T(12) CPHBT T(12)
—9 | 1.56x107% 2.07x107* | 5.48x10~11  2.84x10~? 41 55
—10 | 1.83x10™% 2.44x10~* | 1.34x10~11  2.69x10~10 49 67
—11 | 2.16x10™%  2.85x107% | 1.84x10712 3.17x10~ 1! 60 80
—12 | 2.55x10™%  3.41x107% | 1.52x1071  4.83x10712 73 97
—13 | 3.06x10™%  4.06x107* | 4.90x10~ 3.69x10~13 88 118
B1 -3 | 6.69x107% 7.99x107°% | 2.37x1073  7.40x1072 26 33
t € [0,20] —4 | 7.71x107° 8.63x107° | 820x10™*  1.09x1072 28 39
—5 | 8.87x107° 1.02x107* | 1.68x10~*  1.86x10~* 35 46
—6 | 1.02x10~* 1.16x10~* | 9.50x10=6  7.12x10~° 43 56
—7 | 1.27x107% 1.36x10~* | 1.02x1076 1.32x107° 52 67
—8 | 1.40x10™% 1.59x107% | 1.28x10~7  4.55x10~7 62 80
-9 | 1.64x107* 1.86x107% | 5.91x107°  8.37x10~8 76 98
—10 | 1.95x10™%  2.19x107* | 1.17x107°  1.09x1078 90 118
—11 | 2.28x10™%  2.58x107% | 1.47x10710  5.25x10710 111 142
—12 | 2.72x10™%  3.07x10~* | 2.07x10~*  1.73x10~10 136 172
—13 | 3.21x107* 3.73x107% | 2.46x10712  3.58x10~12 164 208
E2 —3 | 8.64x107% 1.11x107* | 5.17x1073 2.23x1073 30 40
E2 —4 | 1.00x10~* 1.33x10~* | 1.99x10~*  4.88x10~* 36 48
t € [0,20] -5 | 1.20x107% 1.55x107% | 5.24x1076  5.71x107° 47 58
—6 | 1.34x107* 1.79x10~% | 2.50x10~7  2.01x10~ 54 69
—7 | 1.60x107* 2.08x107* | 1.04x1077  4.20x10~7 66 83
—8 | 1.83x107* 245x107* | 1.83x1078  3.88x10~8 78 101
—9 | 2.11x10™* 296x10~* | 3.49x107%  7.02x10~° 94 121
—10 | 2.68x10~% 3.44x10~* | 4.67x10~11  1.04x1079 120 146
—11 | 3.05x10~% 4.15x10~% | 7.58x10712  1.14x10~10 138 177
—12 | 3.71x107*  4.97x10~* | 2.55x10712  8.70x10~12 168 214
—13 | 4.46x10™%  6.05x107% | 5.86x1071  1.21x10712 207 258
GAD -3 | 1.72x1073  2.36x10~3 5.39 4.50 259 367
t€[0,500] —4 | 2.06x1073 2.77x1073 | 2.50x10~! 1.12 318 445
-5 | 2.38x1073  3.25x1073 | 2.94x1073  1.48x107! 384 536
—6 | 2.81x1073 3.87x1072 | 1.22x107%  1.41x1073 466 646
-7 | 3.37x1073  4.70x1073 | 2.76x107°  2.77x107° 564 781
-8 | 3.99x1073 559x1072 | 6.42x1076  555x1076 681 941
—9 | 477x1073  6.64x1073 | 4.30x10~7  3.26x10~7 826 1138
—10 | 5.63x1073  8.19x1073 | 1.09x107%  2.26x1078 999 1375
—11 | 6.86x1073  9.75x1073 | 2.32x107°  6.41x1079 1209 1662
—12 | 8.34x1073 1.16x1072 | 1.83x10710 1.16x10710 1461 2011
—13 | 1.03x1072  1.41x1072 | 1.41x10~*  9.10x10~ 12 1772 2434




4.7. The propagation of error in a long-term integration problem for CPHBTgk4(9,6,12) 79

4.7 The propagation of error in a long-term inte-

gration problem for CPHBTRk4(9, 6, 12)

4.7.1 Fixed step-size configuration

As shown in the previous sections, the designed CPHBTRk4(9, 6, 12) method perform
favourably over T(12), T(12)L and DP(8,7)13M in terms of accuracy and efficiency.
In particular, the CPU time, the number of steps and of function evaluations required
to achieve the user defined tolerance TOL. In addition, CPHBTRk4 satisfies the con-
tractivity preserving property which is a natural property occurring in dissipative
systems of ODEs [33]. T. Nguyen-Ba et al. showed in [40] that the contractivity
preserving property can reduce the propagation of discretization errors in the nu-
merical method. To investigate this property, we test the propagation of error of
CPHBTRk4(9,6,12) method compared to Adams-Bashforth-Moulton, ABM(12,11),
method of order 12 with predictor of order 11 and corrector of order 12 in PECE
mode [48, page 135-140]. We will consider Kepler’s two-body problem with eccen-
tricities e = 0.3,0.5,0.7 over the time period ¢t € [0,8000007]. In this simulation, we
choose fixed step sizes hcpupr and hagy such that the methods CPHBTRk4(9, 6, 12)
and ABM(12,11) use approximately an equal CPU time. In Figure (4.7), we plot 300
equidistant points of the energy error over the integration period in a log-log scale
using the MATLAB function loglog. We note that this MATLAB function plots the
data in log-log scale, but it leaves the axis linear with logarithmic ticks, i.e., it plots
logarithmic data on linear axes. Also, we used the MATLAB filter command to
remove some chattering in the collected data.

From Figure (4.7), we notice that the energy error (EE) grows asymptotically

as a power law module at?. Then, we fit the collected data to the module at”. We
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are interested in the asymptotic behaviour of CPHBTRk4(9, 6, 12) over very long in-

tegration intervals. In particular, we are interested in the change in the error ratio

EBapn_ — _aapm ¢(Basv—fopusr)  For very long integration intervals, it is sufficient
EEcpupT QCPHBT

to study the value of the exponents Sagym and Bepupr. However, if Sagpm = ScpusT,

then the energy error ratio is given by E%igi; = aZii“;T Solving Kepler’s two

body problem for ¢ € [0,8000007], we obtained Sagm = Bepupr = 1 for eccentric-

ities € = 0.3,0.5,0.7. Then, the error ratio CABM. — _2aBM_ — 18 9] and 13 for
CPHBT QCPHBT

e = 0.3,0.5 and 0.7, respectively. For instance, in Figure (4.8), we plot the energy

error versus time for € = 0.3 to show the error growth of the discretization errors of

CPHBTRk4(9,6,12) and ABM(12,11). We note that this error growth is an expected

result since ABM(12,11) and CPHBTRk4(9, 6, 12) are non-symplectic methods [44].

‘ :
CPHBT,,,(9.6.12), &=0.3

- - ABM(12,11), £=0.3
CPHBT,,,(9.6,12), &=0.5

- - ABM(12,11), £=0.5
0'H_ CPHBT,,(9,6,12),&=0.7

-~ ABM(12,11), £=0.7 L

Energy Error

time t

Figure 4.7: The energy error (EE) versus time in log-log scale for Kepler’s
two-body problem with eccentricity ¢ = 0.3,0.5,0.7, t € [0,8000007] and

fixed step-size configuration.
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x10°
T T
___CPHBT,,,(9.6,12)

| —ABM(12,11) i

45

IS

351 -

Energy error

Figure 4.8: The energy error (EE) versus time for Kepler’s two-body problem
with eccentricity e = 0.3, ¢t € [0,8000007] and fixed step-size configuration.

4.7.2 Variable step-size configuration

We can elaborate more in investigating the propagation of error in long-term integra-
tion of Kepler’s two-body problem by considering a variable-step CPHBTRk4(9, 6, 12)
and a variable-step T(12). To make this comparison fair, we choose the control factor
n in the step control formula (4.3.8) of CPHBTRk4(9, 6, 12) such that both methods
use approximately the same CPU time to solve Kepler’s problem over the time period
t € [0,200007]. Figure (4.9) presents the energy error as a function of time for Ke-
pler’s two-body problem with eccentricities € = 0.3,0.5,0.7,0.99 using the MATLAB
loglog function. As expected, the variable-step configuration managed to obtain
noticeably better energy error for CPHBTRk4(9,6,12) compared to the fixed step-
size configuration. Also, it is clear that CPHBTRk4(9,6,12) is a couple of orders
more accurate than T(12). More precisely, CPHBTRrxk4(9, 6, 12) is 26, 46, 29 and 43
times more accurate than T(12) at the end of the integration interval with eccen-
tricities £ = 0.3,0.5,0.7 and 0.99, respectively. In fact, CPHBTRgk4(9, 6, 12) applied
to Kepler’s problem with the ultra high eccentricity (¢ = 0.99) is about 5 times
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more accurate than T(12) applied to Kepler’'s problem with the lowest eccentricity
(¢ = 0.3). Analysing Figure (4.9), we note that the amplitude of the oscillations of
the energy error of the CPHBTRk4(9,6,12) is larger for the ultra high eccentricity
e = 0.99. This occurred since CPHBTRk4(9, 6, 12) has no access to the 11th-derivative
and the variable step-control (4.3.8) depends on an estimation of the (11)-th deriva-
tive. This estimation becomes less accurate for ultra high eccentricities and hence
we have these oscillations. Also, we note the symplectic-method like behaviour of
CPHBTRk4(9,6,12) for eccentricity e = 0.5 at the end of the integration period

which is a desired property.

100 ([ CPHBT,, (9,6,12)¢=0.3 b
---T12¢=03
___ CPHBT,,(9.6,12)£=05
---T12e=05
o ___ CPHBT,, (96,12)£=0.7
- - -T12e=07

CPHBT,

a(9.6.12)£=0.99

T12 £=0.99 PP

.
Ow
5
T

Energy Error

._.
O\
T

1072k

10° 10 10
time t

Figure 4.9: The energy error (EE) of T(12) and CPHBTRxk4(9,6,12) for
Kepler’s two-body problem with eccentricity ¢ = 0.3,0.5,0.7,0.99 and t €
[0,200007].



Chapter 5

CP s-Stage HBT methods based
on combining T(d) and RK(s,5)
methods

5.1 Introduction

In the previous chapters, we show that CPHBTRrk4(d, s, p) performs favourably in
comparison with many well known methods such as T(12), T(12)L, DP(8,7)M13 and
Adams-Bashforth-Moulton methods in terms of the NS, NFE and CPU time PEG
required to satisfy a given user defined tolerance TOL. Also, we show the effect of
the contractivity preserving property of CPHBTRgk4 by considering the long term
integration of Kepler’s two-body problem where CPHBTRk4(d, s, p) was superior to
the other considered well known methods. These results motivated us to investi-
gate and design the second set of CPHBT methods by casting Runge-Kutta meth-
ods of order 5, RK(s,5), with Taylor method of order p — 4, T(p — 4), and obtain
CPHBTRrks(p — 4, s,p). By considering RK(s,5) instead of RK(s,4), we managed to

reduce the number of computationally expensive high order derivatives (HOD) re-

83



5.2. Formulation of CPHBTgks(p — 4, s, p) in Butcher form 84

quired to reach order p from p — 2 and p — 3 HOD for CPHBTRk4 to p — 4 for the
CPHBTRks. Moreover, CPHBTRks(p — 4, s,p) tends to have larger optimal contrac-

tivity preserving coefficients and larger stability regions.

5.2 Formulation of CPHBTRk5(p—4, s, p) in Butcher
form

To obtain the explicit, one-step, s-stage, (p — 4)-derivative CPHBT method of order
p, Hermite-Birkhoff interpolation polynomials are used to define the following s for-
mulae which performs the integration from z, to x,.1. HB polynomials are used as

predictors P; to obtain the stages Y; to order p — 4 as follows:

i—1 p—4
Vi = yo + A2 aF + > (An)"ymy™, 0= 23,5 (5.21)
j=1 m=2

Also, a Hermite-Birkhoff interpolation polynomial is used as an integration formula

(IF') to obtain ¥, to order p as follows:

s p—4
Yot = Yn + A2 bF 4> (AT 1y, (5.2.2)
j=1 m=2

Since CPHBTRks5(p —4, s, p) has a similar form as CPHBTRrk4(d, s, p) with d = p—4,
then all contractivity preserving formulations, theorems and the different forms of
CPHBTRk4(d, s,p) can be easily extended to the CPHBTRrks(p — 4, s,p) and hence

these derivations will be omitted in this chapter.

5.3 The order conditions of CPHBTRks5(p — 4, s, p)

To derive the order conditions of CPHBTRrks(p — 4,s,p) obtained by combining
RK(s,5) of order 5 and Taylor method of order p—4, T(p—4), we follow a similar ap-
proach as in Section 3.3. We note that the new set of methods, CPHBTRrxks5(p—4, s, p),
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have similar formula as the first set of methods, CPHBTRgk4(d, s, p), with d = p — 4.
Then, the elementary weights of CPHBTRrks5(p — 4, s,p) are given by the recursive
formulas (3.3.17)-(3.3.21) with d = p—4 and hence we can derive the order conditions
of CPHBTRks(p — 4, s,p) by enforcing equation (3.3.16). As an example, we derive
the order condition of CPHBTRk5(2, s,6) of order 6 associated with the rooted tree
tsy = [T?[7%]2. By equations (3.3.17)-(3.3.21), the elementary weight W(t34) is given
by

U(tgy) = Z b; S (t34) + Z Yim P t34
_ Z b;S! (ts1) = 6 Z b, (S;(7))*8;(17)), (5.3.1)

with,
Si(r) =Y apSi(r Z aji = (5.3.2)

j—1
Sg/([’rz]) = Z alel =3 Z a]l Sl 2 =3 Z CLj[C?. (533)
=1

Substituting equations (5.3.2) and (5.3.3) into (5.3.1), the elementary weight of
CPHBTRks(2, s,6) corresponding to the rooted tree t34 = [72[7?], is

s 7j—1
W(tsy) = 18 Z bic; [Z aﬂcﬂ . (5.3.4)
=1 I=1

Hence, by equation (3.3.16), the order condition of CPHBTRgk5(2, s,6) corresponding

to the rooted tree t34 is given by

s 7j—1
1
\I/(t34> =1<«= ijC? |:Z ale?:| = E, (535)

j=1 =1

which is the order condition (5.3.20) given below for p = 6.
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To reduce the number of independent order conditions, we impose the following

simplifying conditions [22, 41]:

— 1 - i=2,3,...,s,
Zai,jﬂ + Vig+1 = CE] Gy (5.3.6)
j=1 k=0,1,...,p—5.

Again, we take ¢; = 0, the convention that ¢? =1 and v;; =0 for i = 2,3,...,s. By
enforcing these simplifying conditions, all order conditions of CPHBTRrks(p — 4, s, p)
generated from trees of order r = 1,2,...,p — 3 are equivalent to those generated
by the bushy trees of order r = 1,2,...,p — 3 and the number of independent order
conditions generated from trees of orders r = p — 2, p — 1, p is reduced considerably.
For instance, when we derive the order conditions of CPHBTRk5(8, s, 12) of order 12,
the simplifying conditions (5.3.6) reduces the number of order conditions from 7813
independent conditions to only 95 independent conditions including the simplifying
conditions. We note that, when deriving CPHBTRk4(d, s,12) by casting T(d) with
RK(s,4) of order 4 in the previous chapter, the simplifying conditions (3.3.29) reduced
the number of order conditions from 7813 independent conditions to 52 only. The

remaining trees will lead to the following sets of order conditions for CPHBTRks(p —

4,8,p) :

i:bi — 1, (5.3.7)
=1

> 1
Z_Zz b,Cf + k!/}/s—&—l,k:—&—l = k—H7 k= ]_, P 5, (538)
ibic’?:L k=p—4p-3,p—2,p—1 (5.3.9)
i:2 7 k+ 17 ) ) ) 7
s i—1 1
b; a; ~cp_4} - 5.3.10
2 P T (5:3.10)

Z g {Z [ CPH -0 - 2(p—3)° (5.3.11)
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s i—1
1

b, ; -c'?“'ﬂ = - 5.3.12
2 {Z FERE) (5:3.12)
S 1—1 1

bici i ‘Cp_ﬂ =, 5.3.13
2 [Z p—1)(p—3) (5.3.13)
s ri—1 j—1 k—1 1

b; @ ;i a; a cp_4>H = , 5.3.14
Z = [Z P\ T D3 O3
s ri—1 J—1 1

bi| ) aig| ) a 0”_3H = : 5.3.15
; JZ—; ! L:z P pp—1)(p—2) (5:3.15)
s ri—1 j—1 ]

bi i€ : CHH = , 5.3.16
; ; e L:z R p(p—1)(p - 3) (5.3.16)
S -ri—1 1

bi ai,»c’-"ﬂ = , (5.3.17)
; Lj=2 7 p(p - ]‘)
s i—1 Jj—1 1

biCi Q; 5 a; Cp_4:|:| == > 5.3.18
2 [ ; [Z w || T - 2)(p-3) (5.3.18)
s i—1

1

bic; i 'Cpg} = ) 5.3.19
; C |:jz2a,] 7 p(p— 2) ( )
s i—1 1

bicf{ al-,c“] = . (5.3.20)
iZZ; j=2 " p(p —3)

5.4 Formulation of the optimization problem of

CPHBTRK5(p - 47 S, p)

Considering the conditions of the contractivity preserving property in Theorem (3.7.1)
together with the simplifying conditions (5.3.6) and the order conditions (5.3.7)-
(5.3.20), we can obtain a feasible CPHBTRks(p — 4, s, p) with a feasible contractivity
preserving coefficient ¢, as mentioned in Remark 3.4.1. However, following our work

in Section 3.8, we obtain an optimal CPHBTRks5(p —4, s, p) with largest contractivity
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preserving coefficient by solving the following nonlinear optimization problem:

maxingige F(z,v,a,3,6) =z (5.4.1)

subject to

Q5 — Zﬁij = 0, o (542)

(I+2B)" vy >0, (5.4.3)
(I+28,)" B, >0, (5.4.4)
(I+2B5)"" v 20, (5.4.5)
0<¢g <1 1=2,3,...,8+1, (5.4.6)
zgzﬂ:gz i=2,3,. .., 5+1, (5.4.7)

5Z7m2:¥m' — Q5 S 07 (548)

together with
e The simplifying conditions (5.3.6),
e The set of order conditions (5.3.7)-(5.3.20),

where the objective function is defined in (3.8.8), the inequalities (5.4.3)-(5.4.5) are
taken component-wise and the coefficient matrices vg, By,7, and d are defined in

equations (3.6.5), (3.4.4) and (3.5.3).

5.5 Construction of optimal CPHBTRks5(p — 4, s, p)

Indeed, the number of constraints in the above mentioned optimization problem
is considerably larger than the optimization problem of CPHBTRk4. Our numeri-

cal search for 6-stages methods failed to satisfy some of the constraints, especially
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the more restrictive constraints (5.4.8) on d;,, for ¢ = 2,3,...,s + 1 and m =
2,3,...,p — 4. Hence, we consider s = 7,8,9,10 and obtain CPHBTRrks(p — 4, s, p)
for p =6,7,...,14. In Table 5.1, we summarize these results by listing the optimal
contractivity preserving coefficients and the interval of absolute stability («, 0) for the
designed CPHBTRks(p — 4, s,p). For s = 7, the optimization process has a solution
for p = 6,7,8. However, the resulting CPHBTRrks(p — 4,7, p), for p = 6,7,8, have
relatively small optimal contractivity preserving coefficients. Also, the optimization

process fails to obtain an optimal CPHBTRrks(p — 4,7, p) for p=9,10,...,14.

Table 5.1: The contractivity preserving coefficient ¢, and the interval of absolute

stability («,0) of CPHBTRk5(d, s,p) compared to T(p).

s\p 6 7 8 9 10 11 12 13 14

Taylor | T(6) | T(7) | T(8) | T(9) | T(10) | T(11) | T(12) | T(13) | T(14)
lal 355 | 3.95 | 430 | 4.70 505 | 545 | 580 | 6.17 6.55

(nd) | (62) | (73) | 84) | 05 | (10,6) | AL7) | (128) | (139) | (14,10)
Cep 3.5646 3.12 2.6736 | 2.38564 | 2.1721 | 2.0022 | 1.8702 1.7654 1.685
|| 10.00 9.40 7.85 8.05 7.75 8.15 8.15 8.40 8.65

(pd) | (6,2) | (7.3) | (84) | (95 | (10,6) | (1L,7) | (12,8) | (13,9) | (14,10)
Cep | 27322 | 2.3553 | 2.053 | 1.902 | 1.7751 | 1.6745 | 1.5996 | 1.5444 | 1.4967
o 805 | 800 | 7.65 | 865 | 880 | 895 | 867 | 875 9.05

(p,d) | (6,2) | (7.3) | (84) | (95 | (10,6) | (1L,7) | (12,8) | (13,9) | (14,10)
cep | 1.789 | 1.4302 | 1.266 | 1.1276 | 1.0103 | 0.9213 | 0.839 | 0.73982 | 0.6555

e! 8.25 6.80 7.00 7.05 7.25 7.55 7.85 8.05 8.35
s=17
(pd) | (62) | (73) | (84) | (95) | (10,6) | (1L7) | (12,8) | (13,9) | (14,10)
Cep 0.3552 | 0.4169 | 0.1517 * * * * * *

|| 4.55 4.45 4.70 * * * * * *
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The order p The order p

(b) & as a function of the order

(a) cep as a function of the order op

Figure 5.1: The CP coefficient ¢, and the effective CP coefficient ¢ as a
function of the order of CPHBTRrks5(p — 4, s,p) for s =7,8,9, 10.

To analyze the optimal CP coefficients in Table 5.1, we plot, in Figure (5.1a),
the optimal CP coefficient ¢, as a function of the order p for different number of
stages s. We notice that the optimal CP coefficients decrease linearly as a function
of p. However, to compare the CP coefficients of methods with different number of

stages, we consider the effective contractivity preserving coefficient.

Definition 5.5.1 (Effective contractivity preserving coefficient) The effective
contractivity preserving coefficient of a CP method M is given by

Cep(M)

(5.5.1)

where N is the number of function evaluations of the method M per integration time

step.

In Figure (5.1b), we plot the efficient CP coefficients ¢{l as a function of p for different
values of s. It is seen that, for lower order methods, p = 6,7, 8, the difference in cgg be-

tween CPHBTRrks5(p—4, s, p) with s = 10 and s = 8 is considerably large. This is more
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0.14

: M a7y — ez
) o ccp(S—lo) Ccp(S—S)
0.12F e csg(s=10) - cgfj(s=9) :

eff a—gy — ~effra—
= Ccp(S—Q) ccp(s 8) |

0.1r

0.08[
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4

0.061
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0.021

6 8 10 12 14
The order p

Figure 5.2: The difference of the efficient contractivity preserving coefficients

as a function of the order of CPHBTRrks(p — 4, s, p) for s = 8,9, 10.

obvious in Figure (5.2) where we plot the difference of ¢Z as a function of p. However,
this difference drops rapidly and for higher order methods, p = 12,13, 14, this dif-
ference is negligible. Hence, we recommend using the 10-stages CPHBTRgks5(d, 10, p)
for p = 6,7,8 which will allow considerably higher CP coefficient and the 8-stages
CPHBTRrks5(d, 8, p) for p = 12,13, 14 which will be more computationally economical.

The formulae of the new CPHBTRk5(p —4, s, p) with their contractivity preserv-
ing coefficient, c.,(CPHBTRrks(p —4, s,p)), and abscissa vector o are given in Section

B of the Appendix .



Chapter 6

Numerical results for the designed
CPHBTRks5(p — 4, s,p) methods
obtained from T(p — 4) and RK(s,5)

methods

In this chapter, we present some numerical results obtained by testing the second set of
CPHBTRgs in terms of maximum global error (MGE), maximum global energy error
(MGEE), number of steps (NS), number of function evaluations (NFE), CPU time
and the propagation of errors in long-term integration problems. For consistency and
comparison reasons, we will consider an 8-stage, 8-derivatives CPHBTRrxk5(8, 8, 12) of

order 12 as a representative of the designed CPHBTRks methods.
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CPHBTRK5 (8, 8,12) with ccp= 8.3899828718045832 X 1071, and abscissa vector
o = [0 6.3442778287933732x 10~ 6.4806091964118251x 10~ ! 6.5778452073891203x 10~ ! 7.4053651347951488x 10~ !
8.3110284752952135x 10~ 1 9.2735138793776239x 10! 9.4800556307728689x 10 |7

Yy =y, + 6.3442778287933732 X 10~ “hy, fr, + 2.0124930584459580 x 10~ 1h2 y (P 1 4.2559383637664192 x 10~ 2h3 y(3)
+6.7502138504886089 x 10~ >kl y(M) 4 8.5650464142537658 x 10~ 4h3 y(>) + 9.0565056780893895 x 10~ hS y(®)
+ 8.2081411685491133 x 10~ OhT y(7) 4 6.5093410039040332 x 10~ 7S y(®

Y3 =yn + 5.5991828761338081 X 10 L hy, fr, + 8.8142632027801662 X 10~ 2hy, Fy + 1.5407134316854010 x 10~ *h2 y(?)
+ 2.7623779892062172 x 10~ 2h3 y(3) 4 3.5981073656161508 x 10~ 2k y(H) + 3.5759061708865212 x 10~ 45 y(3)
+ 2.7392899410268045 x 1079k y() 4 1.5426932790737223 x 107 OAT y(7) + 4.8137564385466838 x 10~ 548 y(®)

Y4 =yn + 5.6601553493298773 x 10 L hy, fry + 6.31901453543435779 X 10~ 3 hy, Fy + 8.5449840451580661 x 10~ 2hy, F3
+ 1.5695449429876798 x 10~ 1h2 y(?) 4 2.8219624670652730 x 107243 y(3) 4+ 3.6553656460089476 x 10~ 3l y(H)
+ 3.5555085562573676 x 10~ *h2 y(®) 4 2.5694849223444351 x 10778 y(®) 4+ 1.2079358620528968 x 10~ °n7 47
+3.4510912524133941 x 10~ 215 y(®)

Ys =yn + 5.2677084285373510 X 10~ “hy, fr + 1.0523109471714857 X 10~ >hy, Fa + 1.4229741127800948 X 10~ 2hy, F3
+ 1.9848361855080737 X 10~ L hy, Fy + 1.3374835757257769 x 10~ *h2 () 4 2.1544442788534502 x 10~ 2h3 y(3)
+2.4253119077743551 x 10 3h% y(*) 4 1.9592717340050647 x 107413 y(®) 4+ 1.0916080320101515 x 1018 y(®)
+ 3.4266972684998814 x 10~ A7 y(7) 4 5.7470130863604662 x 10~ 10A5 y(®)

Yo =yn + 5.7613702206133321 x 10~ L hyp, fr + 1.9087312382352843 x 10~ 2h,, Fy + 2.5810575738702186 x 10~ h,, Fy
+ 3.6001895069534565 X 10~ 2h,, Fy + 2.1619199970095976 X 10~ 1k, F5 + 1.5979263483339215 x 10~ 1h2 y(?)

+ 2.8029909245438807 x 10~ 23 y(®) 4 3.4138373578088666 x 10~ >h? y(*) 4 2.9427596137500677 x 10" 4h3 y(®)
+ 1.6920775322864040 x 10 °h8 y(®) 4 4.9033154364877436 x 107 "h7 y(7) 4 1.0424203448578282 x 1071083 y(®)

Y7 =yn + 6.4862655064719066 x 10~ 'y fr + 3.6769940695116786 x 102 h, Fy + 4.9721685285373531 x 10~ 4h, Fy
+ 6.9354318727585934 x 10~ 3hy, Fy + 4.1647387796267914 x 10~ 2hy, Fs + 2.2960803082799633 x 10 Lk, Fg
+2.0341342435066243 x 107 1h2 y(?) 4 4.0586746183670148 x 107 2n3 y (3 + 5.6748112511148018 x 10 3ht y ()

(5
n

6 (6

7,7
nyn

+5.7092740164794271 x 10~ *h5 y(®) 4 3.9719428341979857 x 10~ °h8 y(®) 4+ 1.5555777745779016 x 10~ Ch7 y{

+2.0081263140683207 x 10~ 113 (&)

Yg =yn + 5.5209241164721989 X 10 Lhy, fr, 4+ 1.5031111898254198 x 10~ 2h,, Fa + 2.9496090303136268 x 10~ >hy, Fi3

+ 4.1142636987470324 X 1072}1” Fy 4 2.4706224342114499 X 1071h7LF5 + 1.4493201023321448 X lofzhnFG

2 (2

3 3
2yl N

nYn

) + 2.4353265219505451 X 1072n

+2.8196597451252271 x 10~ 2hiy(® 4 2.3435194720078191 x 10~ 4h5 4 (®

nYn

+ 7.5234349069562528 X 10~ 2h,, Fy + 1.4607397169734107 x 10~ 'h
) 4 1.3864058168038072 x 10~ 28 y(&)
+ 5.5819444876399311 x 10" AT y{7) 4+ 1.4201909676730649 x 10~ 5hS y(®)
Ynt1 =Yn + 5.4145653542767558 X 10 “hy, fr + 5.5914233410541501 X 10~ >h,, Fi + 4.8662147845363705 X 10~ 2h,, F
+ 3.8278997260764475 X 10~ 2h,, Fy + 2.2986603756187235 X 10~ ' h,, F5 + 1.5395891137679231 X 10~ >h, Fg
+ 7.9920171403241869 X 10 >hy, Fy + 1.2661325230917767 X 10~ Lhy, Fg + 1.4079205087886684 x 10~ *h2 y(?)
+ 2.3150059902996928 x 10~ 23 y(3) 4 2.6587905709737395 x 107 h% y(*) 4 2.2109640724393226 x 10~ 4h3 y ()
(6

n

+ 1.3203681536550432 x 10~ 9hS y(®) 4 5.2841027574064201 x 10~ 7A7 y{7) + 1.1157623293823810 x 10~ 545 y(®)
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6.1 Stability region of CPHBTRk5(8,8, 12)

Since the formula of CPHBTRk5(8, 8,12) is similar to CPHBTRrk4(9, 6, 12) with dif-
ferent values of s and d, we can use formula (4.2.7) as the stability function of
CPHBTRk5(8,8,12) with s = 8 and d = p —4 = 8. In Figure (6.1), we plot the
stability regions of CPHBTRk5(8,8,12), CPHBTRrk4(9,6,12) and T(12) with interval
of absolute stability (-7.85, 0), (-6.28, 0) and (-5.72, 0), respectively. Also, by comput-
ing the area of the stability regions of CPHBTRrk5(8, 8,12), CPHBTRk4(9, 6, 12) and
T(12), we get 76, 65 and 52 units square, respectively, excluding the moons. Hence,
we notice the significant gain in stability by casting RK(s,5) with T(p —4) compared
to RK(s,4) with T(d),d =p—2,p — 3.

8k

CPHBT,((8812) .

~ ] /T(lz)

-2

CPHBTRKA(Q,GJZ) TN

-8l

Figure 6.1: The region of absolute stability of CPHBTRgrks(8,8,12),
CPHBTRk4(9,6,12) and T(12) methods.
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6.2 NS and NFE analysis of CPHBTRk5(8, 8, 12)

For consistency and comparison, we will consider the same test problems as in the
numerical results of CPHBTRk4 to test the second set of methods CPHBTRks. The
problems are composed of two sets. The first set consists of Hamiltonian problems
such as the 5 D-class DETEST problems, Kepler’s two-body problem with ultra high
eccentricity € = 0.99, the HH and EqMP test problems. The second set of problems
consists of the B-class, E-class DETEST problems together with Arenstorf and the
Galactic dynamics problems. The user defined tolerance, TOL, is the desired accuracy
for a certain problem. Some numerical integration problems may run for hundreds of
hours or even a few years in some astronomical simulations. Then, we are interested
in reaching a desired or acceptable accuracy, the user defined tolerance, using minimal
number of integration steps (NS), function evaluations (NFE) and CPU time.

In Table 6.1, we test CPHBTRrk5(8, 8, 12) method on the set of Hamiltonian prob-
lems compared to T(12) and T(12)L. We show that although CPHBTRk;(8, 8, 12) re-
quires less integration steps compared to T(12) and T(12)L in all the considered test
problems, it achieves remarkably higher accuracy. Also, comparing similar results
for CPHBTRk4(9,6,12) in Table 4.2, we notice that CPHBTRrk5(8,8,12) performs
favourably considering the NS and MGEE simultaneously. These results confirms that
the error estimation and step control formula (4.3.8) with d = 8 and s = 8 is perform-
ing well in estimating the error and optimizing the step size for CPHBTRk5(8, 8, 12)
to achieve the user defined tolerance using minimal NFE and hence minimal CPU
time.

Moreover, since CPHBTRk5(8,8,12) is of order 12, we extend the data given
in Table 6.1 to 107!% <TOL< 10~* and we plot the log;,(MGEE) as a function of
the number of steps (NS) in Figure (6.2) for CPHBTgk5(8, 8,12), T(12) and T(12)L.
Indeed, CPHBTRk5(8, 8, 12) clearly performs better than T(12) and T(12)L even for
the Kepler two-body problem with ultra high eccentricity ¢ = 0.99. To measure
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Table 6.1: The maximum global energy error (MGEE) and the number of steps
(NS) for CPHBTRk5(8,8,12) compared to T(12) and T(12)L for the listed prob-

lems.
Problem T(12)L T(12) CPHBTRks(8,8,12)
TOL | NS| MGEE | NS | MGEE | NS MGEE
D1 107% | 44 | 7.52x107* | 48 | 6.46x10~* | 33 1.96x10~°
e=0.1, 1077 | 73 | 1.15x1076 | 82 | 4.45%x10~7 | 58 1.02x108

tend = 167 | 10710 | 122 | 1.43x107° | 142 | 2.93x10710 | 102 5.18x10712

D2 107% | 67 | 7.12x10~* | 68 | 6.65x10~* | 48 1.21x10~%
e =0.3, 107 | 111 | 7.17x1077 | 118 | 4.67x1077 | &4 2.93x1079
tend = 167 | 10710 | 188 | 7.8x10719 | 206 | 2.67x10710 | 148 1.14x10~12

D3 1074 | 83 | 1.26x1073 | 89 | 8.58x10~* | 64 1.12x10~4
e =0.5, 1077 | 139 | 1.55%1076 | 154 | 5.47x10~7 | 111 2.49%x10~8
tena = 167 | 10719 | 235 | 1.87x1079 | 271 | 3.39x10~10 | 197 1.59x 1011

D4 1074 | 115 | 8.03x107* | 116 | 6.81x107% | 82 3.97x10~4
e=0.7, 1077 | 194 | 1.24x1076 | 202 | 1.11x107% | 144 1.55x10~"
tena = 16m | 10710 | 327 | 1.5x1072 | 356 | 6.39x107'0 | 258 4.16x10~ 1!

D5 1074 | 167 | 2.73x1073 | 169 | 1.33x1072 | 122 4.34%1073
e=0.9, 1077 | 273 | 7.81x1077 | 300 | 3.11x10~7 | 212 1.14x10~"
tena = 16m | 10710 | 461 | 1.32x107° | 528 | 2.56x10710 | 376 2.38x10~ 1!

Kepler, 107* | 306 | 9.36x1073 | 306 | 9.46x1073 | 213 1.86x102
£ =10.99, 1077 | 488 | 6.48x1076 | 509 | 4.43x107% | 359 1.42x10~6
tena = 167 | 10710 | 824 | 7.36x1077 | 897 | 2.95x10~? | 639 4.85%10710

HH 107% | 56 | 1.47x1073 | 61 | 1.39x1073 | 48 2.19%10°
tend = 70 1077 | 92 | 8.93x10°7 | 104 | 2.29x10~7 | 78 2.80x10~7
10710 | 155 | 3.29%107° | 180 | 2.71x10~10 | 143 2.04x10~10

EqMP 1074 | 146 | 3.08x1073 | 157 | 2.49x10~3 | 107 2.58%1072
tend = 70 10~7 | 245 | 1.09x107° | 269 | 8.72x10~7 | 188 7.18x10°6
10710 | 411 | 4.93x107% | 474 | 1.08x1079 | 342 1.24x107?
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the percentage of the efficiency gain of our method, we consider the NS PEG and
NFE PEG defined in (4.5.1) and (4.5.2), respectively, with respect to T(12) and
T(12)L in Tables 6.2 and 6.3, respectively.

Theorem 6.2.1 /29, page 102] Let the normalized d-th derivative of a function f be
given by fl(z) = L f\@(x), then the the required number of arithmetic operations to

compute the normalized derivative f% up to order d is O(d?).

We note that although the NFE PEGg, and NFE PEGgs of CPHBTRk5(8, 8,12)
over T(12) are negative, CPHBTRk5(8,8,12) is expected to perform considerably
faster and use less CPU time since it uses only 7 recursive higher order derivatives
computations while T(12) and T(12)L require 11 recursive higher order derivatives

computations.

Table 6.2: The NS PEG and NFE PEG of CPHBTRk5(8,8,12) over T(12)
for the listed problems.

Problem NS PEG NFE PEG | Problem NS PEG NFE PEG
D1 (e =0.1) % 80 % 44 B2 % 22 % -2
D2 (e =0.3) % 187 % 130 B3 % 17 % -6
D3 (e =0.5) % 67 % 34 B4 % 42 % 14
D4 (e =0.7) % 143 % 94 B5 % 58 % 26
D5 (¢ =0.9) % 142 % 94 E1 % 153 % 102
Kepler (¢ = 0.99) % 62 % 30 E2 % 32 % 6
HH % 25 % 0 E3 % 36 % 9
EqMP % 40 % 12 E4 % 11 % -11
B1 % 39 % 11 E5 % 59 % 27
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Table 6.3: The NS PEG and NFE PEG of CPHBTRk5(8, 8, 12) method over
T(12)L method for the listed problems.

Problem NS PEG | NFEPEG
D1 (¢ = 0.1) % 73 % 38
D2 (¢ =0.3) % 88 % 50
D3 (e = 0.5) % 65 % 32
D4 (e =0.7) % 62 % 30
D5 (2 = 0.9) % 58 % 26
Kepler problem (¢ = 0.99) % 57 % 26
Hénon Heiles % 27 % 2
Equatorial main problem % 31 %5

6.3 CPU time analysis of CPHBTRk5(8,8,12)

Although computer resources are improving rapidly, the mathematical models and
the physical problems are getting more complicated and computationally expensive
to solve. These numerical integrations are so computationally demanding that com-
puter resources are under huge demand and pressure. Hence, one of our main goals
is to reach a desired or acceptable accuracy using minimal computational resources.
We measure the CPU time required to achieve the user defined tolerance for Kepler’s
two-body problem with eccentricities ¢ = 0.1,0.3,0.5,0.7,0.9 and 0.99, Aren, HH,
Gady, EqQMP, described in sections 4.4 and 4.6, together with B1, B5 and E2 of the
DETEST problems compared to T(12) and DP(8,7)13M. These results are depicted
in Figure (6.3) and (6.4) as we plot the log;o(MGE) as a function of the CPU time
in seconds. From the figures, it is clear that CPHBTRxk5(8, 8, 12) requires less CPU
time to achieve the same or even better maximum global error in all of the cases

in hand. To measure the percentage of the efficiency gain of CPHBTRk5(8, 8,12)
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over T(12), DP(8,7)13M and CPHBTRgk4(9,6,12), we compute the CPU PEG for
all the consider test problems summarized in Table 6.4. As expected from analyz-
ing the Figures (6.3) and (6.4), CPHBTRk5(8,8,12) has large positive CPU PEG
over T(12) and DP(8,7)13M. However, the CPU PEG of CPHBTRks(8, 8,12) over
CPHBTRk4(9,6,12) is positive for 7 problems and negative for 6 problems. This
is a consequence of the direct function evaluations versus recursive computation of
higher order derivatives. In CPHBTRk5(8,8,12), we have 15 functions evaluations
composed of 8 direct function evaluations and 7 recursive computations of higher
order derivatives. While in CPHBTRk4(9,6,12), we have 14 functions evaluations
composed of 6 direct function evaluations and 8 recursive computations of higher or-
der derivatives. Since the computational complexity of the higher order derivatives is
quadratic [29, page 102], we expect that CPHBTRk4(9, 6, 12) will require more CPU
time compared to CPHBTRk5(8, 8,12) when applied to problems with computation-
ally expensive functions. And for less expensive functions, CPHBTRgk4(9, 6, 12) will
require less CPU time compared to CPHBTRk5(8, 8, 12).

Finally, we summarize some of the numerical results. In Table 6.5, we list the
CPU time, MGE, MGEE and NS of CPHBTRk5(8,8,12) and T(12) for the D-class
DETEST problems together with Kepler’s two-body problem with eccentricity € =
0.99. Also, in Table 6.6, we list the CPU time, MGE and NS of both methods for
Arenstorf problem, Galactic dynamics problem together with B1, B5 and E2 of the
DETEST problems. We note the remarkable performance of CPHBTRk5(8,8,12)
compared to T(12). In all the considered problems, CPHBTRk5(8, 8, 12) requires less
integration steps to achieve better maximum global error and maximum global energy
error and still requires less CPU time although CPHBTRk5(8,8,12) has 15 function
evaluations per integration step while T(12) has only 12 function evaluations per

integration step.
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Table 6.4: The CPU PEG of CPHBTRgks5(8,8,12) method over T(12),
DP(8,7)13M and CPHBTRk4(9, 6,12) methods for the listed problems.

T(12) DP(8,7)13M  |[CPHBTRk4(9,6,12)
Problem 107 <TOL <1078 | 107* < TOL < 107? [107* < TOL < 10713
D1 (e =0.1) %28 %206 % 0.33
D2 (¢ = 0.3) %40 %167 % 6.93
D3 (e = 0.5) %34 %138 % 7.48
D4 (e = 0.7) %21 %246 % 1.13
D5 (e = 0.9) %14 %175 % -5.86
Kepler (¢ = 0.99) %50 %189 % 17.22
Arenstorf %69 %124 % -14.89
Hénon Heiles %11 %61 % -8.22
Gady %54 %83 % 17.57
EqMP %33 %36 % 7.14
Bl %17 %70 % -10.88
E2 %49 %71 % -2.21
B5 %62 %54 % -2.18
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Table 6.5: The CPU time in seconds, MGE, MGEE and NS of
CPHBTRk5(8,8,12) and T(12) for the DETEST class D problems and the
Kepler problem with ¢ = 0.99.

Problem TOL CPU time MGE MGEE NS
CPHBT T(12) CPHBT T(12) CPHBT T(12) CPHBT T(12)
D1 -5 2.64x10~%  2.70x107% 5.34x10~° 2.58x1073 1.35x10~F 5.85x107° 40 54
e=0.1 -6 3.17x10~%  3.21x107% 4.70x10~7 2.25%x10~4 2.37x10~8 5.08x10~6 48 66
-7 3.92x10~%  3.84x107% 1.84x10~7 1.62x10~° 1.02x10~8 3.77x107 58 79
-8 4.76x10~%  4.57x107% 2.40x10~8 1.44x10~6 9.31x10~ 10 3.20x10~8 70 96
-9 5.65x10~%  5.48x107% 1.65x107° 1.60x10~7 6.78x 10 1 3.60x10~° 84 115
—10 | 6.63x10™%  6.55x10~% | 1.06x10~1C 1.23x1078 5.18x10" 12 2.78x10 10 102 139
—11 | 7.82x107% 7.82x107% | 1.70x107't  9.02x10710 | 7.19x10713  2.14x107 1! 123 168
—12 | 9.24x10™% 9.44x10~* | 1.01x10~'?  1.05x107'0 | 4.64x107'* 241x107'2 149 204
—13 1.07x1073  1.14x1073 | 1.97x10~ 13  9.83x107 12 | 2.44x10~1%  2.16x10713 180 247
D2 -5 3.59x10~%  3.84x107% 6.38x10 %4 4.00x1073 8.88x 106 5.41x107° 56 79
e=0.3 -6 4.34x107%  4.60x107% 1.50x107% 3.60x10~% 5.26x1078 5.58x107% 69 96
-7 5.20x10"%  5.47x107% 4.12x10~7 1.76x10~° 2.93x10~9 3.61x10~7 84 115
-8 6.20x10~%  6.52x10~% 2.64x10~8 2.47x10~6 2.36x10~ 10 4.01x10~8 101 139
-9 7.42x10”%  7.83x10~* 2.13x107° 1.95%x10~7 1.44x107 11 3.62x107° 122 168
—10 | 8.98x10~% 9.45x10~* | 7.36x10~ ! 1.31x10~8 1.14x107 12 2.64x10~ 10 148 203
—11 | 9.97x10~%*  1.17x1073 | 9.43x10~'2  8.40x107° | 1.15x107*  2.13x10~ ! 178 246
—12 1.20x107%  1.40x1073 | 1.59x107'2  8.93x10~'! | 3.73x10"'*  2.03x10!? 216 297
—13 1.54x1073  1.64x1073 | 1.22x10713  6.41x107'2 | 4.44x10~1%  1.72x10713 262 360
D3 -5 4.67x10"%  4.68x107% 1.08x1073 1.08x102 9.10x10~6 7.95%x107° 76 104
e=0.5 -6 5.50x10~%  5.55x10~4 6.65x10° 8.41x10~% 5.82x10~7 5.63x107% 92 126
-7 6.82x10~%  6.58x10~% 2.62x10~6 4.20x10~° 2.49x10~8 3.31x10~7 111 152
-8 8.17x10~%  7.98x107% 3.30x10~7 4.78x106 2.85%x10 9 4.29%x10~8 135 183
-9 9.55x10~%  9.56x10~% 2.10x10~8 4.75%10~7 1.96x10~10 3.58x107 162 222
—10 1.10x10~3  1.16x1073 1.67x107° 4.74x10~8 1.59x10~ 't 3.46x10~ 10 197 268
—11 1.32x1073  1.45x1073 | 1.07x10 10 4.81x107° 1.12x107 %2 3.22x107 11 237 324
—12 1.53x107%  1.69x1073 | 1.74x10~'1  4.18x107'0 | 1.50x10" '3  3.04x10!? 288 392
—13 | 1.77x1073  2.02x1073 | 3.42x107'3  3.30x107'' | 5.77x1071%  2.53x10713 348 474
D4 -5 6.15x10~%  6.26x10~% 9.86x103 3.76x10~2 2.65%x10~° 1.11x10~% 100 137
e=0.7 -6 7.38x10~%  7.53x10~% 7.52x107% 3.54x1073 2.08x1076 1.02x107° 120 166
-7 8.48x10~%  9.09x107% 5.58x10~° 3.78x10~% 1.55%x10~7 1.15x10~6 144 200
-8 1.01x1073  1.10x1073 3.25x106 2.11x10~° 9.27x10~9 7.64x1078 176 242
-9 1.20x107%  1.33x1073 1.85x10~7 1.73x10~6 5.43x10~ 10 6.79x109 213 292
—10 1.38x1073%  1.60x1073 1.44x10~8 2.00x10~7 4.16x10~ 1 7.14x10710 258 353
—11 1.66x1073  1.93x1073 1.26x107° 1.34x1078 3.90x10712  5.43x107 11 312 427
—12 1.95x1073%  2.30x1073 | 8.33x107'1  9.49x10710 | 2.76x107 '3  4.85x10 12 378 517
—13 | 2.30x1073  2.74x107% | 1.07x107't  5.88x107't | 2.75x1071*  3.97x10713 457 626
D5 -5 8.37x10~%  9.16x10™% 2.62x107 1 1.63x10~ 1 8.03x10~° 6.09x10° 144 204
e=0.9 -6 9.71x10~%  1.12x1073 1.26x1072 2.26x1073 3.95%x10~6 2.81x1076 176 246
-7 1.09%x107%  1.39x1073 3.15x10 4 6.22x10~° 1.14x10~7 2.97x10~7 212 298
-8 1.37x1073  1.66x1073 1.70x107° 8.26x107° 6.53x10° 2.74x1078 257 360
-9 1.63x1073  2.16x10~3 5.39x10~7 3.86x10~6 2.55x10~ 10 2.56x10~° 312 435
—10 1.89x1073  2.59x1073 4.63x10~8 1.65x10~7 2.38x10~ 11 3.12x1071° 376 526
—11 2.30x1073  2.95x1073 4.05x10° 9.55%x10~ 9 1.79%x107 %2 3.47x107 11t 457 636
—12 | 2.73x1073%  3.51x1073% | 7.90x10~ 't 6.43x10~9 1.23x10713  2.29x10712 553 769
—13 | 3.19x10~3  4.32x1073 | 3.50x107'0  7.50x107'0 | 8.33x10~'*  2.41x107'3 670 931
Kepler -5 6.20x10"%  1.48x1073 1.19x10 1.42x10 2.08x10~4 5.58x 104 109 358
e =0.99 -6 7.50x10~%  1.75x1073 4.90x101 8.65 8.76x10~6 4.87x107° 131 423

Continued on next page
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Table 6.5 — Continued from previous page
Problem T CPU time MGE MGEE NS
CPHBT T(12) CPHBT T(12) CPHBT T(12) CPHBT  T(12)
-7 9.09x10~%  2.03x1073 2.95x1072 9.49x10 1 5.09x10~7 4.57x10~6 158 507
-8 1.04x1073  2.44x1073 1.97x1073 6.70x1072 3.48x1078 3.98x1077 191 612
-9 1.21x107%  2.94x10~3 1.24x107% 3.79x10~3 2.44x10~9 3.24x1078 231 739
—10 1.47x1073  3.49x1073 9.57x10~6 3.13x10~4 1.92x10~10 3.14x10~° 279 894
—11 1.72x1073  4.41x1073 6.69x107 1.38x107° 1.51x10~ 11 2.68x10~10 337 1081
—12 1.96x10~3  4.99x1073 9.93x10~8 2.00x10~6 1.53x10~12  2.27x10~ 11 407 1308
—13 | 2.34x107%  6.01x1073 4.46x1078 1.87x1077 2.56x107 13 2.28x107 12 492 1583
Table 6.6: The CPU time in seconds, MGE and NS of CPHBTRk5(8, 8, 12)

and T(12) for the Arenstorf problem, B1, B5, E2 and the Galactic dynamics

problems.
Problem TOL CPU time MGE NS
CPHBT T(12) CPHBT T(12) CPHBT T(12)
Aren 1x1073 | 2.40x10~% 3.12x1074 1.93 1.59 26 40
t € [0,20] 1x107% | 3.12x107%  4.04x107% | 2.65x1071  8.46x107! 36 50
1x107% | 3.91x10™% 4.80x107% | 2.01x10"!  1.46x10~! 45 63
1x1076 | 4.53x107* 5.71x107* | 8.57x107%  1.35x1072 55 76
1x10~7 | 527x10™%  7.00x107% | 1.44x1073  1.55x1073 65 92
1x1078 | 6.41x10~* 827x10~* | 2.18x10~%  1.88x10~* 80 111
1x1072 | 7.72x107*  1.01x1073 | 2.53x1076  2.03x107° 97 135
1x10710 | 9.26x10~* 1.21x1073 | 3.49x10~8 2.34x106 117 163
1x10~11 | 1.16x1073  1.45x1073 | 1.75x10~8  2.45x10~7 141 197
1x10712 | 1.39x1073  1.75x1073 | 1.12x107%  2.52x10~8 172 238
1x10713 | 1.59x107%  2.13x1073 | 7.56x10~ "  2.79x10~° 208 288
B5 1x1073 | 7.25x107%  8.59x107° | 3.53x107%  4.79x1073 14 18
t € [0,20] 1x10™4 | 8.83x10™° 9.73x107° | 1.25x107°  4.41x10™% 17 22
1x107% | 9.68x107% 1.12x107* | 1.15x107%  4.75x10~° 21 26
1x1076 | 1.12x10=* 1.30x10=* | 2.25x10~7  2.80x10~F 24 31
1x10~7 | 1.22x10~% 1.48x10~% | 1.19x10~8 2.99x10~7 28 38
1x1078 | 1.41x10™* 1.76x107* | 1.01x1070  1.08x10~8 35 46
1x1072 | 1.64x107* 2.07x107% | 9.11x107 12  2.84x107° 43 55
1x10710 | 1.86x107% 2.44x107% | 1.23x10712  2.69x10~10 51 67
1x10711 | 2.23x107%  2.85x107% | 4.19x10~18  3.17x10~ ! 61 80
1x10712 | 2.63x10™*  3.41x107% | 7.48x107'*  4.83x10~'2 75 97
1x10713 | 3.10x107*  4.06x10~% | 2.29x10~1*  3.69x10~13 91 118
B1 1x1073 | 7.87x107% 7.99x107% | 6.98x107*  7.40x1072 26 33
t € [0,20] 1x107% | 8.52x107% 8.63x107°% | 3.48x1072  1.09x1072 28 39

Continued on next page
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Table 6.6 — Continued from previous page

Problem TOL CPU time MGE NS
CPHBT T(12) CPHBT T(12) CPHBT T(12)
1x1075% | 1.01x10~% 1.02x107% | 4.40x10~3 1.86x10~4 35 46
1x1076% | 1.05x10~% 1.16x10~% | 5.57x10~* 7.12x107° 40 56
1x1077 | 1.27x107* 1.36x107* | 1.88x10~7  1.32x107° 53 67
1x1078 | 1.43x107%  1.59x107% | 9.24x1078  4.55x107 62 80
1x1072 | 1.90x107* 1.86x10~* | 2.32x10~7  8.37x10~8 79 98
1x10710 | 2.00x10~* 2.19x10~%* | 1.14x10~°  1.09x10~8 93 118
1x10711 | 2.41x10~%  2.58x10~% | 8.59x10710  5.25x10~10 114 142
1x10712 | 2.90x10~* 3.07x10~% | 6.76x10712  1.73x10~10 142 172
1x10713 | 3.48x107% 3.73x107% | 5.10x10712  3.58x 1012 171 208
E2 1x1073 | 1.05x10~% 1.11x10~% | 2.08x10~* 2.23x1073 35 40
t €[0,20] 1x1074 | 1.16x107% 1.33x107% | 6.07x107°  4.88x107% 40 48
1x107% | 1.30x107* 1.55x107% | 7.26x1076  571x107° 47 58
1x1076 | 1.47x107* 1.79x107* | 6.55x10~8  2.01x10~6 59 69
1x1077 | 1.70x107* 2.08x107* | 2.57x1078  4.20x10~7 66 83
1x1078 | 2.11x107* 245x10~* | 3.78x10~10  3.88x10~8 88 101
1x1079 | 2.41x10~* 2.96x10~* | 4.58x10~10  7.02x10~° 102 121
1x10710 | 2.99x10~%  3.44x10~% | 7.28x10~ 1 1.04x10° 126 146
1x1071 | 3.53x107%  4.15x107% | 8.20x10712  1.14x10~10 150 177
1x10712 | 4.28x107%  4.97x107% | 2.39x10713  8.70x10~12 185 214
1x10713 | 5.00x10™* 6.05x107% | 9.90x10~™  1.21x10~12 226 258
GAD 1x1073 | 1.84x1073 2.36x1073 | 6.83x107! 4.50 268 367
t€1[0,500] 1x107% | 2.01x1073 2.77x1073 | 3.11x1072 1.12 325 445
1x107% | 2.37x1073  3.25x1072% | 3.53x1073  1.48x10~! 397 536
1x1076 | 2.79x1073  3.87x1073 | 5.71x10~* 1.41x1073 476 646
1x1077 | 3.38x1073  4.70x1073 | 3.06x107%  2.77x107° 573 781
1x1078 | 4.08x1073 559x1073 | 3.65x10~7  5.55x1076 697 941
1x1072 | 4.61x1073  6.64x1073 | 2.19x1078  3.26x10~7 841 1138
1x10710 | 559%x1073 8.19x1073 | 6.56x1072  2.26x10~8 1023 1375
1x10711 | 6.51x1073  9.75x1073 | 4.99x107 10  6.41x10~° 1233 1662
1x10712 | 7.82x1073 1.16x1072 | 7.87x10~!1  1.16x10~10 1490 2011
1x10713 | 9.65x1073 1.41x1072 | 3.60x107'2  9.10x10~!2 1807 2434
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6.4 The propagation of error in a long-term inte-

gration problem for CPHBTRk5(8, 8, 12)

In the previous sections, we showed that CPHBTRk5(8, 8, 12) performs very well in
terms of NS, NFE, MGE, MGEE and CPU time required to solve several problems
often used to test higher-order ODE solvers. However, one of the main interests of
this work is the contractivity preserving property and the propagation of discretiza-
tion errors in long-term integration problems. Since in some astronomical simulation
problems, experts need to run the simulations for very large intervals, it is important
to use a numerical method that prevents or minimizes the propagation of discretiza-
tion errors to achieve satisfactory results. In the following subsections, we show that

CPHBTRks5(8, 8, 12) succeeds in achieving these properties.

6.4.1 Fixed step-size configuration

To be consistent with the previous chapters, we compare CPHBTRk5(8,8,12) in a
fixed step-size configurations to the Adams-Bashforth-Moulton method, ABM(12,11),
of order 12 with predictor of order 11 and corrector of order 12 in PECE mode and
CPHBTRk4(9, 6, 12) in fixed step-size configurations. The fixed step sizes hcpupTays
hcpaBTRK, and hapm are chosen so that all three methods use approximately equal
CPU time when applied to Kepler’s two-body problem with eccentricities € = 0.3, 0.5
and 0.7 over the integrations interval ¢ € [0,200007]. We plot the energy error (
AE(t) = %) as a function of time in log-log scale using the MATLAB func-
tion loglog. We plot 300 equidistant points spanning the integration period and we
use the MATLAB filter command to remove some chattering. We plot the results
in Figure (6.5). We show that the fixed step size CPHBTRk;(8,8, 12) performs re-
markably better than the fixed step size ABM(12,11) and CPHBTRgk4(9,6,12). On

average, CPHBTRk5(8, 8, 12) is 40, 40 and 128 times more accurate that ABM(12,11)
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for eccentricities ¢ = 0.3,0.5 and 0.7, respectively. Also, CPHBTRxks(8, 8, 12) is 10,
10 and 26 times more accurate than CPHBTRk4(9, 6, 12) for eccentricities € = 0.3,0.5
and 0.7, respectively. For instance, in Figure (6.6), we plot the EE versus time of
CPHBTRrks5(8,8,12), CPHBTRk4(9, 6,12) and ABM(12,11) for Kepler’s problem with
e=0.7.

Experts in astronomical computations tend to have problems with integration
intervals up to 1 billion years long [50]. Hence, it is important to estimate the maxi-
mum long-integration interval possible for a method to maintain a desired accuracy.
We fit the collected data to the module at” and we analyze the values of the exponent

B.  We notice that the values of g for CPHBTRk4(9,6,12) and CPHBTRk5(8, 8,12)
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Figure 6.5: The energy error (EE) of ABM(12), CPHBTRx5(8,8,12) and
CPHBTRk4(9,6,12) for Kepler’s two-body problem with eccentricity ¢ =
0.3,0.5,0.7, t € [0,200007] and fixed step size configuration.

methods are slightly higher than ABM(12,11) method. The considered interval of



6.4. The propagation of error in a long-term integration problem for CPHBTRks5(8,8,12) 109

x10™
4.5

AL |/ ABM(12,11) |
— CPHBT,,,(9.6,12)
351 i
— CPHBT,,(8.8,12)
3r i
S
B 251 B
&>
g 2 1
c
L
15 B
1r ,
05F —
I
0 : ‘ ‘ ‘
0 0.5 1 1.5 2 25 3

Time t x 10°

Figure 6.6: The energy error (EE) as a function of time for Kepler’s two-
body problem with eccentricity € = 0.7, ¢ € [0,8000007] and fixed step size

configuration.

integration in this simulation is relatively small to capture the asymptotic behaviour
by the power law at”. We extend the integration interval by solving Kepler’s two-
body problem over the interval ¢ € [0, tena] for tena = 200007400007, . .., 8000007
We fit the collected data (t, EE) to the power law at’ and we plot the values of 3
in Figure (6.7) as a function of te,q for CPHBTRk4(9,6,12), CPHBTRk5(8, 8, 12) and
ABM(12,11) methods. We notice that the value of 5 decreases for CPHBTRrk4(9, 6, 12)
and CPHBTRk5(8, 8, 12) methods with ¢e,q while it increases for ABM(12,11). In-
deed, a better estimation of the value of § is achieved as t..q increases. This result
agrees with the expected behaviour of the designed CPHBT methods in terms of the
propagation of discretization errors when long-term integration problems are consid-

ered.
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Figure 6.7: The values of § as a function of the endpoint tq,q.

6.4.2 Variable step-size configuration

Since the error estimation and step control formula are a crucial component of the
designed CPHBTRk5(8,8,12) and its performance, we will consider solving a long-
term integration problem with a VS configuration compared to VS T(12) and VS
CPHBTRk4(9,6,12). As mentioned previously, we managed to choose the control
factor n in the step control formula (4.3.8) so that the three considered methods use
approximately equal CPU time. For the variable step size case, we consider Kepler’s
two-body problem with higher eccentricities € = 0.3,0.5,0.7 and 0.99 over the integra-
tion interval ¢ € [0,200007]. In Figure (6.8a), we plot the energy error as a function
of time using the MATLAB function loglog. We notice the remarkable effect of the
contractivity preserving property of CPHBTRrk5(8, 8, 12) in suppressing the propaga-
tion of discretization errors in the long-term integration problem even for ultra high
eccentricity € = 0.99 which is consider a challenging test problem. By computing the
ratio of the energy error at the endpoint, CPHBTRgk5(8, 8, 12) is 273 times more accu-
rate than T(12) for e = 0.3. Also, it is 83, 65 and 70 times more accurate than T(12)
for eccentricities € = 0.5,0.7 and 0.99, respectively. Moreover, in Figure (6.8b), we

plot similar results comparing CPHBTRk5(8,8,12) to CPHBTRk4(6, 6, 12) designed
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Figure 6.8: The energy error (EE) for Kepler’s two-body problem with ec-
centricity € = 0.3,0.5,0.7,0.99 and ¢ € [0,200007].

in chapter 3. We show that for all the considered eccentricities, CPHBTgks5(8, 8, 12)
clearly performs better than CPHBTRxk4(6, 6,12). However, for the ultra high eccen-
tricity e = 0.99, the two methods have closer accuracy, although CPHBTRk5(8, 8, 12)
is still more accurate. This is the case since the estimated high order derivative in the
step control formula (4.3.8) is less accurate for ultra high eccentricities. This explains
the oscillations of the curves in Figure (6.8). Note that the T(12) curves are smoother
since, for T(12) method, we compute the required high order derivative recursively
and hence the step control formula does not rely on an estimated high order deriva-
tive. These results are very encouraging to investigate casting Runge-Kutta methods

of order 6, RK(s, 6), with Taylor methods of order d —5, T(d—5), as a future project.
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6.4.3 CPHBTRk5(8,8,12) compared to Runge-Kutta-Nystrom
methods of order 12

In this section, we will consider the special second order system of non-stiff ordinary

differential equations of the form

y'(x) = f(z,y(x)), where y(xg),y' (7o) are given. (6.4.1)

This second order ODE system can be transformed to a first order ODE without loss
of generality. However, many authors [13, 15, 12] have shown that it is more efficient
to use explicit s-stage Runge-Kutta-Nystrom pair, denoted by RKN(p, ¢)sM, given
by the two Runge-Kutta methods of orders ¢ and p where p > ¢ and often p =q¢+ 1
or p=q+ 2. The RKN(p, ¢)sM methods are described by the following formula

Gt = G Fhaly R0 g G =G Fha )bl (6.4.2)
i=1 =1
i=1 =1
i—1
8 = [ (T + it O + il + 12> ayg;), =125, (6.4.4)
j=1

where gy = y(xo) and g = y'(xo). These methods are integrated with a step control

formula given by

TOL ) o (6.4.5)

H0n+1Hoo

h,y1 = stfac hn(

where 0,41 = max{|Yn+1 — Yn+1l: |Yy1 — Uns1l}, TOL is the user defined tolerance
and stfac = 0.9 is a step control factor. These methods are widely used in astro-
nomical computations when the derivatives are computationally ”cheap” to evaluate
[49]. Several authors developed different optimal Runge-Kutta-Nystrom methods.
In 2013, Sharp et al. [49] presented a new optimal explicit 17 stages Runge-Kutta-
Nystrom pair of order 12, RKN(12,10)17M, with applications in the astronomical

simulations field. In our numerical comparison of different Runge-Kutta-Nystrom
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methods, Sharp’s RKN(12,10)17M pair performed favourably. Hence, we will com-
pare CPHBTRk5(8,8,12) with RKN(12,10)17M in terms of the long integration of
Kepler’s two-body problem over the integration interval ¢ € [0,¢enq] With feng up to
800,000 7. In Figures (6.9a)-(6.9d), we plot the energy error of CPHBTRk5(8, 8,12)
and RKN(12,10)17M as a function of time for different eccentricities using the MAT-
LAB function loglog.

For eccentricity € = 0.1, given in Figure (6.9a), the control factor n in the step
control formula (4.3.8) was chosen so that RKN(12,10)17M and CPHBTgk5(8, 8,12)
use approximately equal CPU time. With an integration interval of 200,000 periods,
we show that CPHBTRks5(8,8,12) is more accurate than RKN(12,10)17M and it is
visible that the gap between the energy error of the two methods increases with time.
To study the error growth, we fit the collected data (FFE,t) to the power model
at? to get B = 0.711 and 0.981 for CPHBTRrk5(8,8,12) and RKN(12,10)17M, re-
spectively, with error ratio %% = 4.41 at t = t.q. However, for eccentricities
e = 0.3,0.5,0.7, it becomes more challenging to control the CPU time required by
RKN(12,10)17M due to the high number of rejected steps that can not be controlled.
Hence, for that range of eccentricities, our study will focus on the error growth of
CPHBTRk5(8,8,12) and RKN(12,10)17M only and we will ignore the accuracy dif-
ference between the two methods since the CPU time required by the two methods
is not normalized.

The problem with eccentricity € = 0.3 and t.,q = 350007 is depicted in Figure
(6.9b). CPHBTRk5(8,8,12) is less accurate than RKN(12,10)17M for the first half of
the considered integration interval. However, we are interested only in the propaga-
tion of the discretization errors in this configuration and since the CPHBTRk5(8, 8, 12)
is contractivity preserving, it minimizes the error growth over the integration interval
and after approximately 4859 periods, CPHBTRrk5(8, 8, 12) surpasses RKN(12,10)17M
and becomes the more accurate method. For this problem, § = 0.689 and 1.418 for
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CPHBTRks5(8,8,12) and RKN(12,10)17M, respectively. Also, the error ratio Iﬁ%
is equal to 1.4 and in general, this ratio will increase with t.,q due to the contractivity
preserving property of CPHBTRrk5(8, 8, 12).

The problem with eccentricity € = 0.5 and t.,q = 700,000 7 is depicted in Figure
(6.9c). CPHBTRk5(8, 8, 12) method prevents the growth of the error considerably and
the method is more accurate than RKN(12,10)17M after 232,538 periods with error
ratio at the end of the integration interval equals 1.54. For this problem, we have
B =0.0436 and 1.418 for CPHBTRk5(8,8,12) and RKN(12,10)17M, respectively.

Finally, Kepler’s problem with eccentricity € = 0.7 and t.,q=500,000 7 is depicted
in Figure (6.9d). It is shown that CPHBTRk5(8,8,12) surpasses RKN(12,10)17M
method after 148,044 periods with error ratio equals 1.523 at ¢t = t¢,q. The growth
of error of CPHBTRk5(8,8,12) is very low in this configuration where § = 0.004
and 0.859 for CPHBTRk5(8,8,12) and RKN(12,10)17M, respectively. We managed
to obtain similar results for CPHBTRk4(9, 6, 12) compared to RKN(12,10)17M which
we do not include here. Note that this number of periods is considered to be small in
applications where experts use integration intervals far longer than the ones consid-
ered in this section. For instance, Sharp considers in [50] the Jovian problem which
describes the Newtonian gravitational forces interaction of the Sun, Jupiter, Saturn,
Uranus and Neptune over an integration period of 10 million years, where the time
unit is taken to be one day. This shows that the contractivity preserving property
and the suppression of error growth achieved by the designed CPHBT methods in
long term integration problems can be very useful in solving realistic physical and

astronomical problems.
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Figure 6.9: The energy error of Kepler’s two-body problem as a function of

time of CPHBTRk5(8, 8, 12) compared to Runge-Kutta-Nystrom for different

eccentricities.



Chapter 7

Conclusion and future work

In this thesis, we considered a new family of one-step, explicit, multi-derivative, multi-
stage, contractivity preserving, Hermite-Birkhoff-Taylor methods. The first set of
methods, CPHBTRk4(d, s, p), derived by casting s-stage Runge-Kutta methods of or-
der 4, RK(s,4), with Taylor method of order d, T(d), proved to be very efficient com-
pared to T(p), T(p)L by Martin Lara, DP(8,7)13M and ABM methods. In general,
the CPHBTRgk4 is favourable in terms of the following comparison aspects: stability,
accuracy, efficiency and the propagation of discretization errors in long-term integra-
tion problems. We obtained the second set of methods, CPHBTRgks(p — 4, s,p), by
casting s-stage Runge-Kutta methods of order 5, RK(s,5), with the Taylor method
of order p — 4, T(p — 4). These methods are more challenging to obtain due to the
higher number of order conditions and contractivity preserving restrictions in the
optimization problem. CPHBTRks methods have larger regions of absolute stability
and perform better than CPHBTRgk4 in terms of the NS, NFE percentage efficiency
gain. Also, on average, CPHBTgrk4 and CPHBTRk5 require the same CPU time.
Since one of the main interests in this thesis is the contractivity preserving prop-
erty and the propagation of errors, we compare CPHBTRk5 to a well-known Runge-

Kutta-Nystrom pair, RKN, presented by Philip Sharp in 2013 [49]. CPHBTRks uti-
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lizes the contractivity preserving property and performs better than the considered
RKN pair in terms of the propagation of discretization errors in the long-term in-
tegration of Kepler’s two-body problem where we consider integration intervals up
to t =800,000 7. This result can be very interesting to experts in the field of astro-
nomical computations since they consider extremely large integration intervals, up
to t = 3.65242 x 10" [50], and so the propagation of discretization errors is of great
importance. Since the main problem in the construction of the CPHBT methods
is the contractivity preserving property and the main problem in the construction
of the RKN methods is achieving maximum accuracy, the considered RKN method
had higher accuracy than CPHBT. However, in the considered long-term integration
problems, CPHBT surpasses RKN method in terms of accuracy after a relatively
small period of time.

The promising results in this work will be followed up by the following ideas that

will be addressed in our future work:

e The advantages of CPHBTRrks over CPHBTRk4 in terms of stability, accuracy
and even the value of the contractivity preserving coefficients motivated us to
investigate a third set of CPHBT methods by casting s-stage Runge-Kutta
methods of order 6, RK(s,6), with Taylor method of order p — 5, T(p — 5).
Although such methods will be more complex to derive due to the higher number
of constraints in the optimization problem, we believe that such methods exist
and will have better stability and accuracy properties. Also, by construction,
these methods will require less higher order derivatives compared to CPHBTRrk5

and CPHBTRk4 which will increase their computational efficiency.

e Since the main drawback of methods using higher order derivative information
is that we need to formulate and code the recurrence formulas of the higher
order derivatives described in Section 2.2.1 for each problem. This issue can be

solved by integrating the designed methods with some modern general purpose
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algebraic manipulator similar to the work done by Lara, Elipe and Palacios’s in
[34], and Jorba and Zou’s in [29]. This will result in an application that takes
the differential equation as an input and provides a FORTRAN or C++ code as

an output with the recurrence formulas of the automatic differentiation process.

We believe that the performance and stability of the RKN pair can be improved
by adding higher order derivative information. Such methods can be thought
of as combining two Hermite-Birkhoff-Taylor methods to create a pair of HBT

methods. Such methods can be divided into two categories:

1. CPHBTpq pair where we consider two contractivity preserving HBT meth-
ods of orders p and ¢ with p = ¢+ 1 or p = ¢+ 2 and use a step controller
similar to RKN methods in (6.4.5). Such methods estimate the error more
accurately and allow a better automatic step-size control. Moreover, these
methods add minimal computational cost since the same function and

higher order derivatives are used for both methods.

2. Non-CP high accuracy HBT pair composed of two HBT methods designed
by choosing the free parameters specifically to minimize the principal er-
ror and achieve better accuracy. This special consideration of the free
parameters will be possible by dropping the large number of contractivity

preserving conditions in the optimization problem.
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Appendix A

CPHBTRk4(d, s,p) formulae

A.1 Five stages CPHBTRk4(d, 5, p) methods formu-

lae

CPHBTRKk4(2,5,5) with cep = 1.0625338959788060, and abscissa vector
o = [04.2850362365796774 x 10~ 6.5248338991294597 x 10~ ! 6.0260786608926109 x 10~ 9.4283575658959828 x 10~ 1]T.

Y2 = yn + 4.2850362365796774 x 10~ hy, fr + 9.1807677744004626 x 10~ 2h2y 2,
Y3 = yn + 2.4783303603362317 x 10~ Lhy, fr, + 4.0465035387932280 x 10~ Ly Fy + 3.9473144104375933 x 10~ 2h2y(?

nYn "

Ya = yn + 3.0711977059612233 x 10~ hy fr, + 8.8846520080429953 x 10~ 2hy, Fa + 2.0664157541270883 x 10~ Lh, F3
+8.6668687102258411 x 10~ 3h2y{?,
Ys = yn + 2.0871142715810950 X 10~ hy, fr, + 5.2743466069405748 x 10~ 2hy, Fa + 1.2267214191931065 x 1071k, F3
+5.5870872144277239 x 10~ Ly, Fy + 5.1450602154364091 x 10312y 2,

Ynt1 = Yn + 2.5075377432281282 X 10~ hy, fr, + 2.0839397966111808 x 10~ hy, Fo + 6.4981764618288446 x 10~ 2h,, F3

+2.9595862644754489 x 1071 h,, Fy + 1.7991185495023562 x 10~ h,, F5 4 2.0328576290332894 x 10_2h%y§?).

CPHBTRKk4(3,5,5) with ccp = 1.6544514297191719, and abscissa vector
=10 5.4808274228565224x 1071 6.3139226452853348 x 10~ 1 5.9512887026466110x 10~ 8.7603815620983694 10_1]T.

Ya = yn + 5.4808274228565224 x 10~ Lhf, + 1.5019734619568034 x 10~ 12y (2 4 9.7913207802001970 x 10~ 313y,
Y3 = yn + 3.8116145601471918 x 10~ Lhf, + 2.5023080851381441 x 10~ hFs + 6.2180908118627441 x 10~ 2p2y(?
11.3438194283833214 x 10~ 2h3y D,
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Yy = yn + 3.3460998717488410 x 10~ hf,, 4 7.6275703390041152 X 10~ 2hFy + 1.8424317969973586 x 10~ 'hF3
+1.8954070972911352 x 10~ 212y + 1.3566189439262331 x 10~ 2h3y >,

Ys = yn + 2.5774902310335085 x 10~ hf,, 4 5.4523963216387562 x 10~ 2hFy + 1.3170207426930505 x 10~ *hF3
+4.3206309562079354 x 10~ L hFy + 1.3548889391988866 x 10~ 2h2y 2 + 1.0825240235151289 x 10~ 2h3y (> |
Ynt1 = yn + 4.0368154940504869 x 10~ hf, 4 7.1984917418738248 x 10 2hFy + 5.9113253061746168 x 10~ 2hF3

+1.9392750836898545 x 10~ L hFy + 2.7129277174548150 x 10~ 1A F5 + 7.0147979821784903 x 10~ 2h2y{?)

15.6284771897167256 x 10~ 313y,

CPHBTRk4(3,5,6) with cop= 6.8211668346068355 x 10~ 1, and abscissa vector
o = [04.7866009264327564 x 10~ 6.8440248420931726 x 10~ ! 6.8225905894506400 x 10~ 1 9.6045235789866867 x 10~ 1]T

Yo = yn + 4.7866009264327564 x 10~ Ay, f, + 1.1455774214463461 x 10~ A2y (2 + 1.8278073155985095 x 10~ 2h3 4P,
Vs = yn + 2.6377998718488588 x 10~ Ay, fn + 4.2062249702443144 x 10~ hy, Fy + 3.2868176802382097 x 10~ 2h2y{?)
+5.2442281844169098 x 10 3h3y5|
Ys = yn + 4.3058405574487157 X 10~ hy fr, + 5.6110204779506276 x 10~ 2hy, Fo + 1.9556479842068614 x 10~ 'k, F3
+7.2035962075298554 x 10~ 2h2y{?) + 6.9956961270428622 x 10~ 4h3 4>,
Ys = yn + 3.1787654927202391 X 10~ hy, fr, + 2.0990314695794404 x 10~ 2hy, Fa + 7.3159003400556089 x 10~ 2h,, F3
+5.4842649053029424 x 10~ L, Fy + 2.6947994920294642 x 10212y D + 4.8578091073209944 x 10~4h3 4,

Ynt1 = Yn + 3.3737569831798614 x 10~ hy, fr, + 1.8139912869065516 X 10~ hy, Fa + 4.0662218957669478 x 10~ 2h,, F3
+3.0481877832632642 x 10~ Ly, Fy + 1.3574417570736286 x 10~ hy, F5 + 4.7000966108577895 x 10~ 22y

+2.8097543373721955 x 10313y

CPHBTRK4(4,5,6) with cp = 1.6289806645490685, and abscissa vector
o = [06.0466839315262999 x 10! 6.8897630604729898 x 10! 6.6703533001073756 x 101 8.8273882977431872 x10~1]T

Ya = yn + 6.0466839315262999 x 10~ Ay, f, + 1.8281193283889177 x 10~ A2y (2 + 3.6846865892939729 x 10~ 243 y ()
+1.0708970275330335 x 10~ 5hty{)
Vs = yn + 4.6451021267513215 x 10~ Ly, fn + 2.2446609337216683 x 10~ Lhy Fy + 1.0161662315069432 x 10~ A2y (2
+1.3473090632113511 x 10~ 21355 + 2.3322068777870491 x 10~ 3hty{Y,
Yi = yn + 4.5990915568820728 x 10~ Ly, fn + 5.5457713234330748 x 10~ 2hy, Fy + 1.5166846108819954 x 10~ L h,, Fy
+8.4438563327518451 x 10~ 2h2y{?) + 3.3287290094947950 x 10313 y{®) + 3.8749278184591696 x 10~ 3hty{Y
Ys = yn + 3.7679653094714194 x 10~ "y, f + 3.4175595121912289 x 10~ 2hy, F + 9.3465085677299234 x 10~ 2hy, Fy
+3.7830161802796525 x 10~ L, Fy + 5.2213244509045596 x 10~2h2y 2 + 2.0513160075384253 x 10~ 3h3 >
+2.5907000696281622 x 1031ty

Ynt1 = Yn + 5.0933497961429763 x 10~ Loy, fn + 3.9695675606679123 x 10~ 2hy, Fy + 3.8824652749983236 x 10~ 2hy, Fs

+1.5714348142153173 x 10~ hy, Fy + 2.5500121060750836 x 10~ hy, Fs + 1.1932828954879460 x 10~ A2 y(?)



A.1. Five stages CPHBTRk4(d, 5, p) methods formulae 122

+1.5883590473209471 x 10~ 213 y5) + 1.0807291773231296 x 10~ 3hty{Y.

CPHBTRKk4(5,5,7) with ccp = 1.5486363112234323, and abscissa vector
o = [05.9448263083486175 x 1071 7.4611168636626923 x 10! 7.1527878030425218 x 101 8.9279153752926677 XlO_l}TA

Yo = yn + 5.9448263083486175 x 10~ LAy, f + 1.7670479918216928 x 10~ A2y (2 + 3.5015977966320645 x 10~ 243 ()
+5.2040976756684626 x 10~ 3ht y{Y + 5.9507643942744467 x 10~ 4h3 y{>),
Vs = yp + 4.4634974224850704 x 10~ Ay fr + 2.9976194411776214 x 10~ hy, Fy + 1.0013805510285899 x 10~ 112y {2
+1.6255197473429017 x 10213 y(>) + 2.4158578353375188 x 10~ 3h4 (M) + 4.2386402042934049 x 10~4h3 5>
Vi = yn + 5.3628836349796449 x 10~ Ay fn + 5.67ATT59257548616 x 10~ 2hy, Fy + 1.2224265754873902 x 10~ L1y, Fs
+1.3086963418977443 x 10~ A2 y{?) + 1.6939482097573323 x 10~ 23 y{¥) + 4.5734464140764362 x 10~ 4Ly
+2.1457557270600997 x 10~ 43 4>,
Vs = yn + 4.6032156 704749760 x 10~ A f + 2.9757623371333759 x 10~ 2hy, Fy + 6.4102107481229298 x 10~ 2h,, Fs
+3.3861023962920611 x 10~ L1, Fy + 9.0819923799791646 x 10212y P + 8.8827952849606998 x 10~ 3h3 4>
+3.4009877667845440 x 10~ 4hty{Y + 1.6672900302383718 x 10~ 4h2 y{>).

Ynt1 = Yn + 5.7497384573678145 x 10~ hy f + 3.2441120753385122 x 10~ 2hy, Fy + 2.4932874462414000 x 10~ 2h,, Fs
+1.3170435307193448 x 10~ L1y, Fy + 2.3594780597548484 x 10~ Ly, Fs + 1.5725407467662181 x 10~ 12y 2

+2.6268526463189373 x 10213 y$) + 2.7874661505894647 x 10~ 3hty{Y + 1.6007340660752472 x 10~ 4h2 y&>).

CPHBTRrKk4(6,5,8) with ccp = 1.4715349175532293, and abscissa vector
o = [06.3812458308410325 x 10~ 7.6732516263606776 x 10~ 7.5421376503889004 x 10~ 9.0470574170528428 x10~1]T.

Ya = yn + 6.3812458308410325 x 10~ L1y, fn + 2.0360149176813030 x 10~ Lh2 52 + 4.3307705683279879 x 10~2h3 )

+6.9089279083680054 x 10~ 3ht y{Y + 8.8175134821709183 x 10~ 412y + 1.2838317254671800 x 10~ 4hS y{®,

Vs = yn + 4.9720293695307349 x 10~ Ay f + 2.7012222568299432 x 10~ Ay, Fy + 1.2202231996152318 x 10~ Lh2y {2

+2.0301341079021675 x 10~ 23 y{®) + 2.7462593735600987 x 10~ 3% y{Y + 3.5049112355876980 x 10~ A5y

+9.9487210341961491 x 10518 (&,

Yi = yn + 5.9370283825951065 x 10~ Loy, fn + 4.5654695694174262 x 10~ 2hy, Fy + 1.1485623108520505 x 10~ L1y, Fy

+1.6715374183417167 x 10~ h2y{2) + 2.8395948317622623 x 10~ 23 y{>) + 2.8566635028080207 x 10~ 3A y(Y

+5.9238241315113858 x 107512y + 1.6833518626430792 x 10~ 5h8 y{®,

Vs = yn + 5.2693740981356185 x 10~ A fn + 2.0530226230123742 x 10~ 2hy, Fy + 5.1649110179471089 x 10~ 2h, Fs

+3.0558899548212765 x 10~ Ly, Fy + 1.2603430877803559 x 10~ 124D + 1.7115259039665234 x 10213 >

+1.2845983766675317 x 10 3htySY + 4.2784131142800703 x 105k y&>) + 4.5316048150476212 x 10~ 5hS y{®
Ynt1 = Yn + 6.2838771624152567 x 10~ Ay fn + 2.2913478782924837 x 10~ 2hy, Fy + 1.9961417389470458 x 10~ 2h, Fs

+1.1810444492173085 x 10~ Yy, Fy + 2.1063294266434826 x 10~ Ly, Fs + 1.9042461736685512 x 10~ 12y 2

+3.6333015991553086 x 10~ 23 y{®) + 4.7308596338484195 x 10~ 3% y{Y + 4.1480659453566184 x 10~ A5 y )
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+2.0390815678371275 x 10518 y{®).

CPHBTRrKk4(7,5,9) with ccp = 1.4115607214001771, and abscissa vector
o = [06.7264209027272404 x 10~ 7.8570115394476325 x 10~ ! 7.8339576219887797 x 101 9.1412683756610613 XlO_l}T

Yo = yn + 6.7264209027272404 x 10~ Ay, f + 2.2622369080322974 x 10~ A2y (2 + 5.0722525417031622 x 10~ 243 ()
+8.5295263801058816 x 10~ 3h% y{Y 4 1.1474636906701524 x 10~ 3A5 y{®) + 1.2863872923407095 x 10~ A% 4O
+1.6871283691865543 x 10517 y{7,
Y3 = yn + 5.3985006213700604 x 10~ Ay, fr, + 2.4585109180775722 x 10~ hy, Fy + 1.4329335936566504 x 10~ Lh2y{?)
+2.5221656768449830 x 10~ 273y + 3.4086352785824706 x 10~ 3A% y{Y + 3.9820862126158530 x 10~ 445y
+4.4641979895002042 x 10518 y{® + 5.8549048724342979 x 10~ ShT y{7,
Yi = yn + 6.3712202767851545 x 10 Ly, fn + 3.7684224334290320 x 10~ 2hy, Fy + 1.0858951018607231 x 10~ L1y, Fy
+1.9618756122956357 x 10~ 1h2 y{2) + 3.8086849790783764 x 10~ 23 y{>) + 5.0035703763330226 x 10~ 3A y (Y
+4.1310702391352867 x 10~ *h3 y&>) + 6.8427533622897276 x 10~ 5h8 y{® + 8.9746839854607379 x 10~ "hT y{",
Vs = yn + 5.7925228138991269 x 10~ Ay fn + 1.4764652723196561 x 10~ 2hy, Fy + 4.2545294101237273 x 10~ 2h, Fs
+2.7756460935175958 x 10~ L, Fy + 1.5701178533660620 x 10~ 12y D + 2.5667427335795582 x 10213 >
+2.6654164614515119 x 1073124 + 1.6185504288187001 x 10~*h5 (> + 4.8332984267274632 x 10~ 618 4 )
+3.5162749957115332 x 107 hT y{7).

Ynt1 = Yn + 6.6992609764748168 x 10~ hy, fr + 1.6928908398811920 x 10~ 2hy, Fy + 1.6276124483944193 x 10~ 2h,, F3
+1.0618509589795518 x 10~ 1on Fy + 1.9068377357180699 x 10~ hy, F5 + 2.1833062483429713 x 10~ 12 y{?)
+4.5559398104867747 x 10~ 2h3 y{®) + 6.7074212297902388 x 10~ 3%y + 7.1620368169263062 x 10~ A5y

+5.3466285655376258 x 10518 4 + 2.2049248887023122 x 10~CA7 y{7.

CPHBTRKk4(8,5,10) with c.p = 1.3638646257964513, and abscissa vector
o = [07.0080215042708205 x 10~1 8.0155292312263227 x 10~ ! 8.0617794551281863 x 101 9.2177638433749054 XlO_l}T

Yo = yn + 7.0080215042708205 x 10~ Ay, f + 2.4556182702161131 x 10~ A2y (2 + 5.7363418813182784 x 10~ 243 ()
+1.0050101815031959 x 10~ 2h%y(Y + 1.4086265927971036 x 10~3h5 ) + 1.6452809089683067 x 10~ 410 O
+1.6471662843737338 x 10517 y& + 1.3780368036111647 x 10~ 618 y{®

Y3 = yn + 5.7598930912692958 x 10~ 1y, fn + 2.2556361399570268 x 10~ hy Fy + 1.6316807853692550 x 10~ A2y (D)
+3.0441420822447194 x 10~ 23 y§®) + 4.2604690652900757 x 10~ 3% y{Y + 4.9033569512550257 x 10~ A5y
+5.0615131326159361 x 10518 5% + 5.0673132682173783 x 10~ 6hT y{7) + 4.2393680864481340 x 10~ " h8y{®

Yi = yn + 6.7134687083218469 x 10~ 1y, fn + 3.1720695085314318 x 10~ 2hy, Fa + 1.0311037959531959 x 10~ Lh,, Fy
+2.2008308241789187 x 10~ 1h2 y{?) + 4.6412646367557459 x 10~ 23 y{>) + 6.9302909374724855 x 10~ 3hd y (Y
+7.4549437034508953 x 10~ 45 y{>) 4 5.2301785173365859 x 10~ °AS y{® + 7.1260916703504024 x 10~ 7 A7 "

+3.7931187385561651 x 10~ h8y{®,



A.1. Five stages CPHBTRk4(d, 5, p) methods formulae 124

Vs = yn + 6.2138885317264780 x 10~ A fn + 1.0977009014961151 x 10~ 2hy, Fy + 3.5681549956889096 x 10~ 2h,, Fs
+2.5372897219299267 x 10~ L, Fy + 1.8399178764908977 x 10~ 124 D + 3.3924417553441152 x 10213y >
+4.2316163710359516 x 10312 yY + 3.5592113113033997 x 10~*A5 5> + 1.8099135778786784 x 10~ 1S 4 )
+4.9543809927693444 x 10~ 7hT & + 6.7811743002780728 x 10~ "h8y{®,

Ynt1 = Yn + 7.0321426874850679 x 10~ hup, fn + 1.2020781087526969 x 10~ 2hy, Fy + 1.3481818905558848 x 10~ 2hy, Fs
+9.5868258479031063 X 10~ 2/, Fy + 1.7451487277937641 x 10~ hy, F5 + 2.4198813337169503 x 10~ A2 y{?)
+5.3869206897701916 x 10~ 23 y{®) + 8.6163531919612318 x 10~ 3%y + 1.0347489795011107 x 107345 >
+9.3680192323108188 x 10518 y{® + 6.0871403686808235 x 10~ 6hT y{7) + 2.3175101190842453 x 10~ h8y{®.

CPHBTRK4(9,5,11) with c.p = 1.3253079734478708, and abscissa vector
o = [07.2429567207324930 x 101 8.1528856428413632 x 101 8.2450162786848580 x10~1 9.2812027230881411 ><1071}T.

Yo = yp + 7.2429567207324930 x 10~ Ay fr + 2.6230211029201994 x 10~ A2y (2 + 6.3328094420063374 x 10~ 243 5>
+1.1467066177274499 x 10~ 2h%y{Y 4 1.6611092807154917 x 107345y + 2.0052237714382313 x 10~ 448 (S
+2.0748212845587281 x 107 5hT y{7) 4 1.8784800959141834 x 10~ A8 y{®) 4 6.1629758220391547 x 1073212y Y|
Y3 = yn + 6.0694710911169403 x 10~ oy, frn + 2.0834145517244243 x 10~ hy, Fy + 1.8144690723140125 x 10~ A2 42
+3.5671362222369919 x 10~ 23 y{®) + 5.2153006558404869 x 10~ 3h%y{Y 4 6.1269157584519765 x 10~ A5y >
+6.1805077935152860 x 10518 y{® + 5.7289258156145483 x 10~ A7 y{7) + 5.1867952173481764 x 10~ 7S y ()
+4.8361850237535367 x 10~ 5h2y{Y,
Yi = yn + 6.9914916425821572 x 10~ Ly, fn + 2.7122831285393719 x 10~ 2hy, Fy + 9.8229632324876429 x 10~ 2h,, Fy
+2.4017102195620088 x 10~ 72 y{?) + 5.3655667295174354 x 10~ 23 y{>) + 8.6657866470045818 x 10~ 3A y (Y
+1.0558933168246529 x 10~ 3A5 y{>) 4 9.6416084843446254 x 10~ 28 y{®) + 5.8887917418002241 x 10~ 647 "
+6.7524041561148269 x 10~ 318 y{® + 6.3108523635658873 x 10912 y{Y,
Ys = yn + 6.5601718623534822 x 10~ Ly, fn + 8.3876075469791270 x 10~ 3hy, Fy + 3.0377050120939483 x 10~ 2hy, Fy
+2.3333842840554728 x 10~ L1y, Fy + 2.0747453644503186 x 10~ 12y {2 + 4.1640348954393273 x 10~ 2h3 >
+5.8451373697182120 x 10734 y{Y + 5.9060465527598365 x 10~ 4% y{®) + 4.1732461687485503 x 10~ °AS (O
+1.8210810464844811 x 10~ 5hT y&7 + 4.6434535379714043 x 10~ 5h8y{® + 8.3766562521193928 x 10~ 8h2y Y,
Ynt1 = Yn + 7.3049821038076390 x 10~ A, fr + 1.0112276063254677 x 10~ 2hy, Fy + 1.1320389876402904 x 10~ 2h, Fs
+8.6956500782500348 x 10~ 2hy, Fy + 1.6111262289707823 x 10~ hy, Fs + 2.6221866991856319 x 10~ 12y 2
+6.1303457437452448 x 107213y + 1.0412678352601583 x 10~2h4y(Y + 1.3533693769707648 x 10~ 313 )
+1.3736913097097669 x 10~ 4hS y{® + 1.0797188914801632 x 10~ 247 y{” + 6.2101845671912387 x 10~ 7S y ()
+2.1237133463449921 x 10~ 8h2 5.

CPHBTRK4(10,5,12) with c.p = 1.2936747608596961, and abscissa vector
o = [07.4423533270870701 x 10~1 8.2727137725735045 x 101 8.3958210167620639 x 101 9.3347415242277998 X 1071}T.

Yo = yp + 7.4423533270870701 x 10~ Ay, fr + 2.7694311522601994 x 10~ A2y (2 + 6.8703617167207562 x 10~ 243 y ()
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+1.2782914845182090 x 10~ 2% y{Y + 1.9026993765582326 x 107345 y{®) + 2.3600935059291095 x 10~ 4AS 4O
+2.5092356794411568 x 10517 &7 + 2.3343273134168098 x 10~ 518 y{® + 1.9303209608353133 x 10~ 7h2y Y,
Y3 = yn + 6.3373243388363965 x 10 Ly, fn + 1.9353894337371072 x 10~ 2hp Fy + 1.9815044590081149 x 10~ A2y (2
+4.0761767781779923 x 10~ 2h3 y{®) + 6.2187225817218143 x 10~ 3A% y{Y 4 7.5493903097584335 x 10~ A5y
+7.6953920168282153 x 10548 y{® + 6.9375002702269951 x 10~ A7 y{7) + 5.8446057720170153 x 10~ 7AS ()
+4.8330690236536808 x 10812y,
Vi = yn + 7.2225823203532746 x 10~y f + 2.3493031744528232 x 10~ 2hy, Fy + 9.3830837896350716 x 10~ 2hy, Fy
+2.5734114193506746 x 10~ 1h2 y{?) + 6.0022528028879356 x 10~ 23 y {2 + 1.0235356888342359 x 10~ 2h (Y
+1.3449693410170329 x 107375 y{>) + 1.3878586049175356 x 10~ 4AS y{® + 1.1027980823930676 x 10~ °A7 y "
+5.9693209307913861 x 10~ "h8y{® + 5.8666975243812925 x 10~ 9h2y{”,
Ys = yn + 6.8495172659353409 x 10~ A, fn + 6.5578371213013062 x 10~ 3hy, Fy + 2.6191909097590612 x 10~ 2hy, Fs
+2.1577267961035410 x 10~ L1, Fy + 2.2797972598516167 x 10~ h2y' D + 4.8739909969234767 x 10213 >
+7.4320582456993464 x 10~ 3h%y{Y 4 8.4420693271739087 x 10~ A5y (> + 7.1757565381194631 x 10~ °AS S
+4.3691730384821213 x 10~ 5hT &7 + 1.6662742729244420 x 10~ "h8 y{® + 4.0042415191055253 x 10912y,

Ynt1 = Yn + 7.5326323653346827 x 10~ Ly, fn + 8.0766991972185277 x 10~ 3hy, Fy + 9.6193379315639461 x 10~ 3hy, Fs
+7.9245476678979715 x 10~ 2hy, Fy + 1.4979524965876967 x 10~ Ly, Fi + 2.7966815457617183 x 10~ 12y 2
+6.7944413511295737 x 10~ 2h3 y{®) + 1.2080199971464114 x 10~ 2h% y{Y + 1.6626117337741018 x 107345y
+1.8220341179994698 x 10~ 4hS y{® + 1.6023302134113757 x 10~ °A7 y{7) + 1.1129105640963680 x 10~ 648 ()
+5.7414486926078978 x 10~ 8h2y{?) + 1.7817546307671103 x 10~ 21050,

CPHBTRKk4(11,5,13) with c.p = 1.2673611773316924, and abscissa vector

o = [07.6139325620392972 x 10~ 8.3780031020389356 x 10~ 8.5222369871008397 x 10~ 9.3805874408685674 x10~1]T.

Yo = yn + 7.6139325620392972 x 10~ Ay, f + 2.8985984529641151 x 10~ A2y (2 + 7.3565777151000683 x 10~ 243 ()
+1.4003121652543265 x 10~ 2h%y{ 4 2.1323764784099337 x 107 3A5y{>) + 2.7059617839153468 x 10~ 4AS S
+2.9432872197410008 x 10~ 5T y{7) + 2.8012488002275147 x 10~ 648 y{®) + 2.3698354949361984 x 10~ A2y
+1.8043767641571234 x 1081205 (1?) 4 8.5594650392506139 x 1011ty M)

Y3 = yn + 6.5711748459198460 x 10~ L1y, fn + 1.8068282561190885 x 10~ Lk Fy + 2.1338399495609203 x 10~ A2y (D)
+4.5637284013214777 x 10~ 2h3 y{®) + 7.2361254053377420 x 10734 y{Y + 9.0958252435044374 x 10~ 445y
+9.5014000541886179 x 10~ 5h8 y{® + 8.5927253846436024 x 10~ A7 y{7) + 7.0208417953977293 x 10~ 7Sy
+5.4266957458083771 x 10~ 8h2y{?) + 4.1318495443290518 x 10~ 2h1045 10 1 2.4752718955087072 x 10~ 10p11y (MY
Yi = yn + 7.4181720111079597 x 10~ Ly, fn + 2.0571362731684226 x 10~ 2hy, Fa + 8.9835044867603700 x 10~ 2hy, Fy
+2.7221589100945970 x 10~ 1h2 y{?) + 6.5668739780347679 x 10~ 23 y{¥) + 1.1660680737255626 x 10~ 2Ly (Y
+1.6139491487261023 x 107375 y{>) + 1.7922291689476943 x 10~ 4hS y{® + 1.6066454837184573 x 10~ °A7 y"
+1.1313167290317045 x 10518 y{® + 5.5019292109915785 x 10~ 8h2y{?) + 4.7042531818549840 x 10~ 104105 (1)

41.4938442428573119 x 10~ 2hL1y{MY,
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Vs = yn + T.0947049768247195 x 10~ Ay fn + 5.2280671526493284 x 10~ 3hy, Fy + 2.2830944811726872 x 10~ 2h, Fs
+2.0052923444000856 x 10~ 1, Fy + 2.4597295008641859 x 10~ 124D + 5.5226045260474227 x 10213 >
+8.9545295160175769 x 10312y + 1.1037044310105602 x 10~3h5 5> + 1.0544578772260942 x 10~ 418 4 )
+7.7367116529844821 x 10757 y{7) + 4.1359516900426941 x 10~ 7 y{®) + 1.3982766119759095 x 10~ 842y
+3.1944360120070275 x 101011051 1 3.7965000759175295 x 10~ 10hL1y M)

Yni1 = Yn + T.7253885611207529 x 10~ Ay fn + 6.5613596859926222 x 10~ 3hy, Fy + 8.2600743784096535 x 10~ 3N, F
+7.2550058930072492 x 10~ 2hy, Fy + 1.4008965089344996 x 10~ hy, Fs + 2.9484273056732124 x 10~ A2 y{?)
+7.3883623134179580 x 10~ 2k y{®) 4 1.3617367451870756 x 10~ 2h%y{Y 4 1.9575734011503957 x 10~ 3A5 >
+2.2674169067858434 x 10~ 418 y{® + 2.1493803462258279 x 10~ AT y{") + 1.6679643346447017 x 10~ 648y
+1.0378645904175825 x 10~ 7h2yt?) + 4.8539110734279988 x 10~ 9h105(1?) 4 1.3786127413521402 x 10~ 10pL1y ).

CPHBTRKk4(12,5,14) with cp = 1.2451925611501480, and abscissa vector
o = [07.7632668708461672 x 10~ 8.4711629296060575 x 101 8.6298190985272327 x 10~ 1 9.4203279976041476 x 10~ 1]T

Ya = yn + 7.7632668708461672 x 10~ Ly, fn + 3.0134156253988820 x 10~ Lh2 52 + 7.7979832309164415 x 10~ 2h3 )
+1.5134456218996893 x 10~ 2%y + 2.3498564514642067 x 107345 y{®) + 3.0404271234827019 x 10~ A% 4O
+3.3719495944221956 x 1057 y{7) + 3.2721680720676250 x 10~ 648 y{®) + 2.8225237766359073 x 10~ 7 A%y
+2.1912005327333162 x 10~ 8h20y50) 4 1.5464431366499340 x 10~ 2Ly M) + 1.7390528459355455 x 102512y (1%)
Y3 = yn + 6.7770019112604785 x 10~ Ly, frn + 1.6941610183455783 x 10~ hy, Fy + 2.2728076582364704 x 10~ A2y D)
+5.0263844856410216 x 10723 y{®) + 8.2455604151750288 x 10~ 3h% y{Y 4 1.0712264510548155 x 107345 >
+1.1514264438243281 x 10~ 418 y{® + 1.0601581460525035 x 10~ A7 y{7) + 8.6431254902898253 x 10~ 7AS y ()
+6.4689977221419615 x 10812 y{?) + 4.6224617592496038 x 10~ 9h1045(1?) 4 3.2623004761214780 x 10~ 10pL1yLH)
+ — 2.9661580898378634 x 10~ 26,1212
Vi = yn + T.5861671462281699 x 10~ Ay £, + 1.8181036851906369 x 10~ 2hy, Fy + 8.6184158377999837 x 10~ 2hy, F
+2.8524645950242217 x 10~ 1h2 y{?) 4 7.0714034257402067 x 10~ 23y + 1.2960180087437946 x 10~ 2h y (Y
+1.8642827123618478 x 107305 5> + 2.1766696392552757 x 10~ A8y + 2.0964859544199930 x 10517y
+1.6633795560796135 x 107618 y{®) 4 1.0524449548138731 x 10~ 7h2y{?) + 4.6488644582067275 x 10~ 910510
+3.5009577140865102 x 101 a1y MY 4 6.6546935735709924 x 1071212512
Vs = yn + 7.3049944276265633 x 10~ A fn + 4.2381172587350486 x 10~ 3hy, Fy + 2.0090084631935245 x 10~ 2h,, Fs
+1.8720515510708807 x 10~ L1y, Fy + 2.6184943407401290 x 10~ h2 4P + 6.1135822014528315 x 10213y >
+1.0394945455378521 x 10~ 2% y{Y 4 1.3608093050715548 x 10~ 3A5 y{®) + 1.4096277604309622 x 10~ 4AS 4O
+1.1629057440832313 x 1057 y{7) 4 7.5075020483724947 x 10~ A y{®) + 3.5748960089103080 x 10~ 842y
+1.0836803673146441 x 10~ 9h10510) 1 2 3690611768201968 x 10~ 1 hLly M) 4+ 1.5512519933084427 x 1012412412
Ynt1 = Yn + T.8906382044293033 x 10~ Ay, fn + 5.4081693776149497 x 10~ 3hy, Fy + 7.1591103602263477 x 10~ 3h, Fs
+6.6710638106725520 x 10~ 2hy, Fy + 1.3165826171250275 x 10~ 1y, Fs + 3.0814041998117864 x 10~ 122

+7.9208815139396579 x 10~ 23 y&®) + 1.5029800345764550 x 10~ 2h% y{Y + 2.2360349572021613 x 10~ 345y
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+2.7012053626807768 x 10~ 4hS y{® + 2.7028355639019234 x 10~ A7 y{7) + 2.2582926828093552 x 10~ 648 y ()
+1.5684180247762641 x 10~ 7h2y{? + 8.8394113567827505 x 10~ 2h104(1?) 4 3.7806401270802183 x 10~ 10pL1y L)

19.8978948106354690 x 10~ 12p12y (1)

CPHBTRKk4(13,5,15) with c.p = 1.2262986831284113, and abscissa vector
o = [07.8945008400500616 x 10~1 8.5541293327597789 x 101 8.7225362024039466 x 101 9.4551343353416728 XlOfl}T

Ya = yp + 7.8945008400500616 x 10~ Ay f, + 3.1161571756775558 x 10~ 1A2y(2) + 8.2001684803714975 x 10~ 243 y ()
+1.6184059239211204 x 10~ 2%y 4 2.5553013851874564 x 107345y (> + 3.3621381553239094 x 10~ A% (S
+3.7917717845098518 x 10~ 5hT y{7) + 3.7417681922613932 x 10~ 678 y{®) + 3.2821546818977962 x 10~ A2y
+2.5910972893416393 x 10~ 81105 (1?) 4 1.8595836115780913 x 10~ 2Ry (M) 4 1.2233736986455471 x 10~ 10p12y (1)
+9.3890971495703128 x 10~ 13p13,(13)

Y3 = yn + 6.9594920485873601 x 10~ Ay, fr + 1.5946372841724191 x 10~ hy, Fy + 2.3997698941316317 x 10~ Lh2y{?)

+5.4630663523690601 x 102k y(>) + 0.2333170846932849 x 10~3h4 5P + 1.2360156120588611 x 10~3h2 y )

+1.3667680414458034 x 10~ 4hS y{® + 1.2882799965251786 x 10~ AT y{”) + 1.0637674020342335 x 10~ 648 y ()

+7.9125388731318910 x 10812 y{” + 5.4704887879243722 x 10~ 2h104(1?) 4 3.6364187405410597 x 10~ 10pL1y D)

+2.3923092271155322 x 10111212 4 5 3568094170901934 x 1071213,/ (13)

Vi = yn + T.7322282225153660 x 10~ A fn + 1.6197972325394164 x 10~ 2hy, Fy + 8.2832825663463810 x 10~ 2h, Fs

+2.9676942802592282 x 10~ 1h2 y{?) 4 7.5252365958003165 x 10~ 23y + 1.4149479729502739 x 10~ 2 y (Y

+2.0974655627435429 x 107315 y{®) + 2.5413399492630354 x 10~ 48 y{® + 2.5700144448996192 x 10~ °A7 y "

+2.1880956432618300 x 107618 y{®) 4 1.5584657448848323 x 10~ 7h2y{?) + 8.9579945532981467 x 10~ 910510

+3.6258140555709643 x 1071011y M) 4 2 4300547239940600 x 1071201251 4 8.8685076268800971 x 10~ 12p13y (%)

Vs = yn + T.4872523429822313 x 10~ Ay fn + 3.4856149180045094 x 10~ 3Ry, Fy + 1.7824658977864404 x 10~ 2h, Fs

+1.7547792534007522 x 10~ L, Fy + 2.7593740803590405 x 10~ 124D + 6.6519096675664482 x 10~2h3 >

+1.1747004447371975 x 10~ 2h% y{Y 4 1.6109114993668023 x 10~ 3A5 y{®) + 1.7709264100931299 x 10~ A0 4O

+1.5835170250404947 x 10757 y{7 4 1.1500300757481820 x 107678 y{®) + 6.6284754947005383 x 10~ 842y

+2.8438595799926996 x 109110510 4 7.8023203953868674 x 10~ 1 hLly MY 4+ 1.6404768410107448 x 1012412412
+1.9826744357737219 x 10~ 12113y (1)

Yni1 = Yn + 8.0338280277017116 x 10~ Ay, f, + 4.5140069134017424 x 10~ 3hy, Fy + 6.2564522381039706 x 10~ 3h, Fs
16.1592721638890638 x 10~ 2, Fy + 1.2425401643943255 x 10~ hy, Fs + 3.1987625055807828 x 10~ 12 y?)
+8.3999051300493746 x 10~ 23y + 1.6326317613882917 x 10~ 2% y{Y + 2.4973376221763557 x 107345y
+3.1184821185802373 x 10~ 4hS y{®) + 3.2509535101654037 x 10~ °A7 y{7) + 2.8644435849314006 x 10~ 648 ()
+2.1401417063684133 x 10~ 7h2y{?) + 1.3452589547262228 x 10811041 4 6.9289769665790717 x 10~ 10pL1y L)

+2.7301204968760894 x 10~ 111212 | 6.6287359467519055 x 10~ 134135 (13)
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A.2 Six stages CPHBTRk4(d, 6,p) methods formu-

lae

CPHBTRk4(2,6,5) with ccp = 1.2976127867974319, and abscissa vector o = [0 2.4215115018574479 x 10!
4.3091247352923828 x 10~ 7.1755217613698619 x 10! 6.3789666822945823 x10~1 9.1162795439326216><10_1]T.

Ya = yn + 2.4215115018574479 x 10~ L hy, fro + 2.9318589768139568 x 10~ 22y {2,
Y3 = yn + 9.5008189423197248 x 10~ 2hy, f,, + 3.3590428410604101 x 10~ Ay, Fy + 1.1503171172946225 x 10~ 2h2 (2,
Ya = yn + 5.2968877458690576 x 10~ 2Ry, fn, + 1.8727304425722113 x 10~ hy, Fy + 4.7731025442107444 x 10~ by Fy
+6.4132373003349891 x 10 3h2y{?,
Ys = yn + 2.1843373430033702 X 10~ hy fr, + 1.6095619405664588 x 10~ hy, Fa + 9.2533337192536869 x 10~ 2h,, F3
+1.6597340267993835 x 10~ L, Fy + 5.5120066613837957 x 10~ 3h2 y{?|
Yo = yn + 1.4414214514717352 X 10~ hp fr + 1.9641646471846821 x 10~ L hy, Fh + 4.7408116750919459 x 10~ 2h,, F3
+8.5034071941227127 x 10~ 2h,, Fy + 4.3862715583547374 x 10~ h,, 5 + 6.7263572444967524 x 10~ 3h2y 2|

Ynt1 = Yn + 1.3801086263538129 X 10~ hy, fr + 1.8655696308174072 x 10~ L hy, Fa + 2.1052813888604691 x 10~ 'k, F3

+4.1158361077699136 x 10~ 2h,, Fy + 2.1230519068675860 x 10~ h,, F5 4 6.3887148255630834 X 1073h%y§b2).

CPHBTRk4(3,6,6) with ccp = 1.0078102279098364, and abscissa vector o = [0 3.2291182006524632 x 10~1
4.6763210226643609 x 10~1 6.5685844113763181 x10~! 6.9432613831537349 x 10~1 9.2341217279277621x 10~ 1]T.

Ya = yn + 3.2291182006524632 x 10~ Ay fn + 5.2136021768920369 x 10~ 2A2 (2 + 5.6117792267867941 x 10~3A3 5>
2
o)

Y3 = yn + 1.7641243269853876 x 10~ ' hyy fr + 2.9121966956789730 x 10~ Ay, Fy + 1.5301617996088940 x 10~ 2h2y;
+1.8605794145771419 x 1031348,
Yy = yn + 1.7393198747646021 x 10~ hy, fro + 1.0957613789392612 x 10~ hy, Fy + 3.7335031576724548 x 10~ ' h,, Fy
+5.7574826797553089 x 103124 P + 7.0007327045361735 x 10~ 4h3 y{>,
Vs = yn + 3.7936802472901365 x 10~ A fn + 2.3395090535713092 x 10~ 2hy, Fy + 7.9712285966478183 x 10~ 2h, Fs
+2.1185073708416852 x 10~ L, Fy + 5.7057873130557581 x 10212y + 1.4946938136978940 x 10~*h3 4y
Y = yn + 2.9895332904772254 x 10~ L hy, fro + 6.7783447326436388 x 10~ 2hy, Fy + 3.4564112731177286 x 10~ 2h,, Fs
+9.1860779928356881 x 10~ 2hy, Fy + 4.3025050375908325 x 10~ hy Fs + 2.9219955896308131 x 10~ 2A2 y?)
+3.9079562914262118 x 10~ 4h3 4P

Ynt1 = Yn + 2.2541962441999902 x 10~ Ay fn + 1.3923603156968034 x 10~ Ay, Fy + 2.1224145797680849 x 10~ L1y, Fs
+4.1742717395043566 x 10~ 2h, Fy + 1.9551135099759831 x 10~ hy, F5 + 2.1005362324719831 x 10~ 2A2 y{?)

+8.3314370352840692 x 10*4hf’1y7(13) .

CPHBTRKk4(4,6,7) with ccp = 1.2976127867974319, and abscissa vector o = [0 5.8175020127045940 x10~1
6.7572512798376727 x 10~ 1 6.7629581434464170 x 10~' 8.0159352160890140 x10~* 1|7

Ya = yn + 5.8175020127045940 x 10~ Ay, £, + 1.6921664833910996 x 10~ A2y (2 + 3.2813939743196588 x 10~ 243 y ()
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+4.7723790125203357 x 10~ 3hty{Y|
V3 = yn + 4.5301985728846905 x 10~ Ay f + 2.2270527069529814 x 10~ hy, Fy + 9.8743388243357461 x 10~ 2h2y{?)
+1.3737743768911162 x 10~ 213 4> + 1.3791469365360038 x 10~ 3h y(Y|
Vi = yn + 4.9709212539320363 x 10~ A fn + 4.0176733493457517 x 10~ 2hy, Fy + 1.3902695545798058 x 10~ L1y, Fs
+1.1137118418379514 x 101 h2y{? + 1.3014846925126651 x 10~ 2h3 55> + 2.4880245871400700 x 10~ *hty{),
Ys = yn + 4.6430377340366097 x 10~ A fn + 1.4266679898329707 x 10~ 2hy, Fy + 4.9368201401443879 x 10~ 2h,, Fs
+2.7365486690546686 x 10~ L1, Fy + 9.4545467766839364 x 10~2h2 ¢ D + 9.5776585998835016 x 10~3h3 (>
+8.8349269035725003 x 105 hty{)
Yo = yn + 4.4620004854413337 x 10~ A fn + 7.1311781552299914 x 10~ 3hy, Fy + 2.4676620061979952 x 10~ 2h,, Fs
+1.3678596722254405 x 10~ Ly, Fy + 3.8520618601611267 x 10~ L hy, F5 + 7.7890263135432028 x 10~ 2A2 y{?)
+4.7873780215476032 x 10~3h3 y(P + 4.4161247176497030 x 10~5hty (Y,

Ynt1 = Yn + 4.4397514115499548 x 10~ Ay, fn + 7.5590360796050110 x 10~ 2hy, Fy + 3.8064580818115215 x 10~ 2hy, Fs
+2.1099731207317030 x 10~ hy, Fy + 1.5687520953351156 x 10~ hy, F5 + 8.7359952367507501 x 10~ 2A2 y{?)

+9.2837831189798437 x 10313 y&®) + 4.6810842957626948 x 10~ 4hty{Y.

CPHBTRk4(5,6,8) with c.p = 1.1225568710407938, and abscissa vector o = [0 5.9208218739488050 x 10!
7.1901190437089968 x 10~ 7.0621996522392172 x 10! 8.2709525423172647 x10~1 9.9491542708620018><1071]T.

Yo = yn + 5.9208218739488050 x 10~ Ay, f, + 1.7528065831515316 x 10~ A2y (2 + 3.4593518527750174 x 10~ 2A3 y ()

+5.1205515298989122 x 10~ 3hty{Y + 6.0635747009814994 x 10~ 413y,

Vs = yn + 4.4296705227179839 x 10~ Ly, frn + 2.7604485209910123 x 10~ LAy, Fy + 9.5047819463601760 x 10~ 2A2 32

+1.3566913531582599 x 10~ 21355 + 1.5867362585522914 x 10~ 3hty{Y + 1.8789565495598578 x 10~ 4h2 y{>),

Yy = yn + 5.5795991165715542 x 10~ Ay fn + 3.5073730263139015 x 10~ 2hy, Fy + 1.1318632330362730 x 10~ L1, Fy

+1.4722447483885984 x 10~ h2 y{?) + 2.3208966273411572 x 10~ 23 y{¥) + 2.1390391016160716 x 10~ 3A y(Y

+2.3873662085468692 x 10512y

Ys = yn + 5.1377386222119970 x 10~ Ay fn + 1.0576002609036548 x 10~ 2hy, Fy + 3.4129784359564028 x 10~ 2h,, F3

+2.6861560504192616 x 10~ L1, Fy + 1.2153999252821983 x 10~ h2 4 D + 1.6639281461178327 x 10213y >

+1.2498087514679335 x 10~ 3htyS) 4 7.1987755676071587 x 10~ 6h3 4>,

Yo = yn + 5.1995897059784735 x 10~ A fn + 4.1715419032875940 x 10~ 3hy, Fy + 1.3461969599408076 x 10~ 2h, Fs

+1.0595130256039248 x 10~ 1, Fy + 3.5137164242526475 x 10~ hy, F5 + 1.1733639834272332 x 10~ A2 y{?)

+1.3320585234133830 x 10213 y(>) + 4.9206787931861323 x 10~ y(Y) + 2.8394465321876344 x 10~6h32y )
Ynt1 = Yn + 4.9097666002944390 x 10~ Ay, f, + T.4072713392728778 x 10~ 2hy, Fy + 2.5025183291748233 x 10~ 2h, Fs

+1.9695860601929985 x 10~ 1y, Fy + 1.4587115075975474 x 10~ hy, Fs + 1.1164949111933453 x 10~ 122

+1.4996390713219837 x 10213 y{>) + 1.2229106818657672 x 10~ 3h4 (Y + 5.0419128961382324 x 107513y ).
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CPHBTRk4(6,6,9) with c.p = 1.0677538948928231, and abscissa vector o = [0 8.0726307132940789 x 10!
6.2830676593582724 x 10~ ! 7.5250397719891582 x 10~ 8.5338851860941456 x 10~ 1 9.6977571275092012x 101 }T.

Yo = yp + 8.0726307132940789 x 10~ Ay, f + 3.2583683316609435 x 10~ 2A2 y(?) + 8.7678680897969749 x 10~ 243 ()
+1.7694940307951539 x 10~ 2kt y{Y + 2.8568943719974992 x 10312y + 3.8437755420040018 x 10~ 4hS y{®,
Y3 = yn + 6.0215464503282234 x 10~ oy, frn + 2.6152120003004880 x 10~ 2hy, Fy + 1.7627305461843149 x 10~ A2 42
+3.2818055753360324 x 1072k y{¥) + 4.2004695763476979 x 10~ 3hty{Y + 3.5321587753450615 x 10~ A5y
+1.0733369952717966 x 10518 y{®,
Yy = yn + 4.7185216983821010 x 10~ A f + 7.6240354091905898 x 103 hy, Fy + 2.7302777195151523 x 10~ L1, Fy
+1.0543131920422481 x 10~ A2 y{?) + 1.4643402080623579 x 10~ 23 y{¥) + 1.4052741303366180 x 10~ 3h y (Y
+1.0297177683596529 x 10~ 412y + 7.6204106310126564 x 10~ 61 y{®
Y5 = yn + 5.4758871848532087 x 10~ L1y, fn + 1.9154073700206448 x 10~ 3hy, Fy + 6.8593517546604393 x 10~ 2h,, Fy
+2.3529087520746864 x 10~ L, Fy + 1.4243465364471233 x 10~ h2 ¢ D + 2.2801565971915409 x 10213 >
+2.3854694120173945 x 10 3h%y5) + 1.4892084080236166 x 10~ 412y + 1.9144967070365330 x 10~ 6hS y{®
Yo = yn + 6.1703688111968735 x 10 L1y, fn + 5.4384124236589372 x 10~ 4hy, Fy + 1.9475744107839574 x 10~ 2h,, Fy
+6.6806092475674789 x 10~ 2hy, Fy + 2.6591315380535258 x 10~ h, Fs + 1.8035761908078810 x 10~ 12y 2
+3.2241826798008771 x 10~ 2R3y + 3.7116650428930804 x 10~ 3%y + 2.4273425769940520 x 10~ A5y
+5.4358267800177604 x 10~ 7hSy{®,

Ynt1 = Yn + 5.3005588964943273 x 10~ Ay fn + 2.1860901690953570 x 10~ 3 hy, Fy + 7.8287061394509277 x 10~ 2h,, Fs
+2.6854186593390089 x 10~ L1y, Fy + 2.6742407320733554 x 10~ 2h,, Fs + 1.3280651415556025 x 10~ 12y 2
+2.0441621260746994 x 10~ 273y + 2.0799858047412328 x 10~ 3L y{Y + 1.3637746665177018 x 10~ A5y

+4.6867084951139577 x 10~ 6hS y{®).

CPHBTRk4(7,6,10) with c.p, = 1.0372974566873341, and abscissa vector o = [0 8.2577571013225815 x10~!
6.6492858252664744 x 10~ 1 7.7518460288634661 x 10~ ! 8.6833765675039798 x 10~ 1 9.7245357209238958 x 10~ 11T

Yo = yp + 8.2577571013225815 x 10~ LAy, f, + 3.4095276172221639 x 10~ A2 y(2) + 9.3850169644238646 x 10~ 2A3 y ()
+1.9374797621000809 x 10~ 2%y 4 3.1998474528301011 x 107345y + 4.4039271711260439 x 10~ A% (S
+5.1952229815818279 x 10~ 2T 47,

Y3 = yn + 6.4186009478336448 x 10~ Ay, fn + 2.3068487743282944 x 10~ 2hy, Fy + 2.0201561308255761 x 10~ Lh2y{?)
+4.1132216628267090 x 10723 y$®) + 5.9799749477806637 x 10~ 3ht y{Y + 6.3621558608725737 x 10~ A5y
+4.6222016613351427 x 10518 y{® + 1.2431588634386864 x 10~ 6hT y{7,

Vi = yn + 5.1966918829608832 x 10~ A f + 5.9713118050173956 x 10™3hy, Fy + 2.4954410278524083 x 10~ L1y, F
+1.2959561348694473 x 10~ 1h2 y{?) + 2.0434776116002699 x 10~ 23 y{¥) + 2.2581519014919457 x 10~ 3h (Y
+1.8440360636623072 x 10~ 412 y&>) + 1.1964636630130731 x 10518 y{® + 7.8937035355585419 x 10~ "hT y{",

Ys = yn + 5.9025551353408701 x 10~ Ay f + 1.3615701504434488 x 10~ 3hy, Fy + 5.6900696641896030 x 10~ 2h,, Fs

12.1981987642397149 x 10~ Lh, Fy + 1.6764490833238621 x 10~ 1h2y{?) + 3.0033493926366672 x 10~ 2h3 y&)
n n
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+3.7070628800189459 x 10~ 3% y{Y 4 3.1682343145137337 x 10~ 45 y{®) + 1.6640646719525480 x 10~ °AS 4O
+1.7999112190777956 x 10~ 7hT y&7,
Yo = yn + 6.5959195228523460 x 10 L1y, fn + 3.4294678829149643 x 10~ 4k, Fa + 1.4331917572174004 x 10~ 2h,, Fy
+5.5367342327302151 x 10~ 2/, Fy + 2.4281941311938737 x 10~ hy, F5 + 2.0925092469737130 x 10~ A2 y{?)
+4.1804562901158367 x 10~ 2k y{¥) + 5.7318318926584504 x 10~ 3%y + 5.3856577059708036 x 10~ A5y
+2.9849091421330360 x 10518 y{® + 4.5335436561352374 x 10~ 3hT y{7,

Ynt1 = Yn + 5.7301509266165696 x 10~ Ly, fn + 1.5669421778113602 x 10~ 3hy, Fy + 6.5483296241495959 x 10~ 2hy, Fs
+2.5297634189316814 x 10~ L1y, Fy + 2.1519888656418292 x 10~ 2h,, Fs + 1.5728953245544339 x 10~ 112y 2
+2.7136973568336459 x 10~ 23 y{®) + 3.2275735374709693 x 10~ 3A% y{Y + 2.7006268212665887 x 10~ 445y

+1.5135902842873110 x 10518 y{® + 4.5646672801272238 x 10~ 7hT y{7.

CPHBTRK4(8,6,11) with ccp= 6.5356080481107670 x 1071, and abscissa vector o = [0 6.5087863532715440 x10~!
7.0654875715362375 x 10~ 9.1376178971858601 x 10~ 8.3344995221094431 x 10~ 9.4535874251759922x 10~ 1] 7.

Ya = yn + 6.5087863532715440 x 10~ Ly, £ + 2.1182149896266930 x 10~ 1h2 y (2 + 4.5956696059258097 x 10~ 2h3 4
+7.4780579037986702 x 10312y + 0.7346162466438175 x 10~*h5 (> + 1.0560089563415098 x 10~ 418 4 )
+9.8190524056687467 x 10~ 51T y{7 + —3.8116902287253406 x 10~ 1°h8 &)
Y3 = yn + 5.5085339965904634 x 10~ Ay frn + 1.5569535749457744 x 10~ hy, Fy + 1.4826679130482112 x 10~ Lh2y{?)
+2.5806545148937987 x 10~ 23 y{¥) + 3.2285794663505047 x 10~ 3h% y{Y + 3.0303664563469384 x 10~ A5y
+2.1227228536452358 x 107518 y{® 4 9.9915125481966478 x 10~ 7hT y{" + 1.1559045373283776 x 10~ 5h8y{®
Yi = yn + 4.2735262500270949 x 10~ 1oy, fr + 4.4923939710489399 x 10~ 2hy, Fy + 4.4148522500538717 x 10~ L1y, Fy
+7.6309434573329699 x 10~ 2h2 y{?) 4 7.4461544457900507 x 107343 y{>) + 1.0305197693432373 x 10~ 3hd y (Y
+3.8839689249606062 x 10~ 45 y{>) + 1.1693420065543834 x 10~ 4hS y{®) + 2.4507406128613122 x 10~ °A7 "
+3.9134087348729651 x 10~ 618 y{®)
Ys = yn + 7.6634878604078260 x 10~ Ly, fn + 1.4948999079956653 x 10~ 3hy, Fa + 1.4690969369559067 x 10~ 2hy, Fs
+5.0915296892607043 x 10~ 2h,, Fy + 2.8944207404606009 x 10~ 12y {2 + 7.1251382214370801 x 10~ 2A3 4>
+1.2698454883163554 x 10~ 2% y{Y 4 1.7085935086651174 x 107345 y{>) + 1.7222370110735698 x 10~ A% (&
+1.1567646237306843 x 10 5h7 & + 1.3022353203800895 x 10~ 7h8y{®
Yo = yn + 6.6681279687701434 x 10~ A, f,n + 2.6070833006391805 x 10~ Ay, Fa + 2.5620833013539905 x 10~ 3h, Fs
+8.8795523746943023 x 10~ 3hy, Fy + 2.6684360163447274 x 10~ hy, Fs + 2.1435706707299398 x 10~ 122
+4.3729946547701411 x 10~ 2R3 y$®) + 6.2396386988725150 x 10~ 3h2y{Y 4 6.4077743813611347 x 10~ A5y
+4.5965559989036774 x 10518 y{® + 2.0173803685982059 x 10~ 6hT y{7) + 4.6822093160349545 x 10~ 3h8 y{®
Ynt1 = Yn + 5.3151195913554916 x 10~ Ay, fn + 2.8854850608260395 x 10~ 2hy, Fy + 2.7877293318834395 x 10~ Lh, Fy
+7.9098735495526445 x 10~ 41, Fy + 2.3770332752933908 x 10~ 2h,, Fs + 1.3486677637220160 x 10~ 12y 2
+2.1479796786362360 x 10~ 23y + 2.3659105517097076 x 10~ 3%y + 1.8599838398004252 x 10~ A5y

+1.0266109091019705 x 10518 y{® + 3.6473009496940092 x 10~ 7hT y{7 + 6.2751677741251466 x 10~ 9h8y{>.
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CPHBTRk4(9,6,12) with ccp= 9.9163130315966042 x 10~ !, and abscissa vector o = [0 8.5568256645013996 x 10!
7.1829693393055971 x 10~ 8.0835544845753426 x 10~ 8.8980234528386681 x 10~ 9.7567281938112871x 10717

Ya = yn + 8.5568256645013996 x 10~ Ly, fn + 3.6609632726334906 x 10~ 1A 52 + 1.0442074829355763 x 10~ A3y
+2.2337753472618866 x 10~ 2h% y{Y + 3.8228052440362082 x 107345 y{®) + 5.4518463370932600 x 10~ 4AS 4O
+6.6643569508796518 x 10 5hT y{7) + 7.1282175743356624 x 10518 y{® + 6.7772127869139232 x 10~ 7h2y{Y,

Y3 = yn + 7.0032387510619154 x 10~ Loy, fn + 1.7973058824368105 x 10~ 2hy, Fy + 2.4259600954522675 x 10~ A2y (2
+5.5187737782493251 x 10~ 2h3 y{®) + 9.2151107182336153 x 10~ 3A% y{Y + 1.1919736246642830 x 10~ 345y
+1.2205437013104496 x 10~ 4hS y{® + 9.7761743593585443 x 10767 y{7) + 5.5977694224758458 x 10~ 7S y )
+1.2156801810285854 x 10812y,

Yi = yn + 5.9253804964276735 x 10~ Ly, fr + 3.7790846964182783 x 10~ 3hy, Fy + 2.1203831411834850 x 10~ Loy, Fy
+1.7117909772661233 x 10~ 1h2y{?) + 3.1950954904935901 x 10~ 2A3 y () + 4.2991986294050764 x 10~ 3h (Y
+4.3995842070519627 x 10~ 45 y{>) + 3.5189487487470358 x 10~ 2% y{®) + 2.2401550747435463 x 10~ 6A7 y "
+1.1920417110245276 x 10~ 7h8y{® + 6.5142505217891534 x 10912y,

Y5 = yn + 6.5225547192463695 x 10 Ly, fn + 7.3327692956782933 x 10~ 4hy, Fy + 4.1142711343481492 x 10~ 2h,, Fy
+1.9567088508618058 x 10~ L1, Fy + 2.0752234507578865 x 10~ h2y' D + 4.2604870773856586 x 10213 4>
+6.2756226953662323 x 10 3h2y{Y 4 6.9432484726877225 x 10~ 45y (> + 5.8166925177690642 x 10~ °AS (S
+3.5517957695381351 x 10~ 51T & + 1.3567209577595762 x 10~ "h8 y{® + 1.2639876550905203 x 10912y,

Yo = yn + 7.2075952122256659 x 10~ A f + 1.5003061651449836 x 10~ %Ay, Fy + 8.4172968211253581 x 10~ 3h, Fs
+4.0031846060581737 x 10~ 2hy, Fy + 2.0631412466034044 x 10~ 1, Fs + 2.5385547529513375 x 10~ 12y 2
+5.7816607679521070 x 10~ 23y + 9.4732176422683261 x 10~ 3%y 4 1.1701172028993881 x 107345y
+1.0997733968369118 x 10~ 41 y{® + 7.5740152977001563 x 10~ 6h7 47 + 3.2206534412851753 x 10~ 7h8 y®)
+2.5860379801980058 x 101049 ()

Ynt1 = Yn + 6.3769782436600186 x 10~ hy, fn + 8.4507585951567590 x 10~ Ay, Fy + 4.7415786695281098 x 10~ 2hy, Fs
+2.2550450654635593 x 10~ Ly, Fy + 1.5037770460171211 x 10~ 2h,, Fs + 1.9783881742796200 x 10~ 12y 2
+3.9512215213133563 x 10723y + 5.6542687574121630 x 10732 y{Y + 6.0866317220988314 x 10~ 445y
+5.0062835142051295 x 10548 y{®) + 3.0066865898048209 x 10~ A7 y{7) + 1.3443315671020195 x 10~ 7AS ()

+3.2502867248596942 x 10912y,

CPHBTRk4(10,6,13) with ccp=9.7891787765377547 x 101, and abscissa vector o = [0 8.7216793659067693 x 10~1
7.3455764850691607 x 10~ 8.1757120453712473 x 10~ 8.9651910639916765 x 10~ 9.7496976750604369x 10~ 1T

Yo = yp + 8.7216793659067693 x 10~ Ay f + 3.8033845480841949 x 10~ A2y (2 + 1.1057300177878189 x 10~ 143 ()
+2.4109556701009359 x 10~ 2h%y{Y 4 4.2055164640070510 x 10~ 3A5 y{>) + 6.1131943611852479 x 10~ 4AS (S
+7.6167601599609963 x 10~ 5T y{7) + 8.3038674902740692 x 10~ 678 y{®) 4 8.0470744163497083 x 10~ A2y
+7.0184002892993493 x 10~ 8710510

Vs = yp + 7.2012730214911580 x 10~ Ay, fn + 1.4430346357800395 x 10~ 2hy, Fa + 2.5720178408283345 x 10~ L h2y{?)



A.2. Six stages CPHBTRgk4(d, 6, p) methods formulae 133

+6.0569734092327014 x 10~ 23 y§®) + 1.0535273068813885 x 10~ 2h% y{Y) 4 1.4342568517131792 x 10~ 345y
+1.5749689808795212 x 10~ 4hS y{® + 1.4073976601458831 x 1027 y{7) + 1.0031357604274832 x 10~ 648 (&
+5.1753607888684203 x 10~ 8h2y{?) + 9.9142792981533817 x 10~ 10p105 (1)
Yi = yn + 6.1666636939405672 x 10 Ly, fr + 2.7984750143857798 x 10~ 3hy, iy + 1.9810636012868230 x 10~ L1y, Fy
+1.8625005501485570 x 10~ 1h2y{?) + 3.6569540601767869 x 10~ 23 y{¥) + 5.2202276081466138 x 10~ 3h y (Y
+5.7333986969055597 x 10~ 415 y{®) + 4.9955600014877659 x 10~ S y{® + 3.5105648832820824 x 10~ 647y
+2.0199739121807016 x 10~ A8 y{¥) + 1.0036569808495538 x 10~ 8h2y{?) + 5.2663391534795842 x 10~ 10p105 (1)
Y5 = yn + 6.6879859693051713 x 10~ Loy, fn + 5.2130954680464753 x 10~ 4hy, Fay + 3.6903933852158038 x 10~ 2hy, Fy
+1.9029526606968783 x 10~ L1, Fy + 2.1873058782821597 x 10~ h2y D + 4.6342355201246521 x 10213y
+7.0893782334120270 x 1032y + 8.2350328604301074 x 10~ A5y (> + 7.3925833067888403 x 10~ °AS (S
+5.0587192636392605 x 10~ 5hT y{7) + 2.4688209624789656 x 10~ A y{¥) + 6.9903818955404693 x 10~ A2y
+9.8103176312352046 x 10~ 1111041
Yo = yn + 7.4176380457262048 x 10~ 1oy, fn + 9.7315866934121088 x 10~ 5hy, Fa + 6.8890706838519791 x 10~ 3hy, Fy
+3.5523517465872519 x 10~ 2/, Fy + 1.9069605891676469 x 10~ hy, F5 + 2.7013206313673471 x 10~ 12 y{?)
+6.4058587138924733 x 107 2h3 y{¥) + 1.1045878291482814 x 10~ 2h% y{Y 4 1.4611266868308343 x 107345y
+1.5174660155378573 x 10~ 4h8 ) + 1.2335402746447030 x 1027 4" + 7.5037597758261154 x 10~ 7h8 &)
+2.8660479124037351 x 10~ 872 y{Y) + 1.8313487083344824 x 10~ 11110519
Ynt1 = Yn + 6.5942861217613780 x 10~ Lhup, f + 5.8392170607958266 x 10~ *hy, Fy + 4.1336300376774014 x 10~ 2hy, F
+2.1315077980703817 x 10~ on Fy + 1.3450052318548556 x 10~ 2hy, F5 + 2.1255576091346373 x 10~ A2 y{?)
+4.4405639039154392 x 10~ 2h3 y{®) + 6.7132711449553002 x 10~ 3%y + 7.7509361264270515 x 10~ A5y
+7.0071732288657962 x 10518 ') + 4.9751023352591012 x 10~CA7y{") + 2.7100069746079071 x 10~ 7h8 &)

+1.0517882730774634 x 10812y + 2.3004926750783143 x 10~ 10710419



Appendix B

CPHBTRk5(p — 4, s,p) formulae

B.1 Eight stages CPHBTRk5(p—4,8, p) methods for-

mulae

CPHBTRk5(2,8,6) with c.p = 1.7887086633648770, and abscissa vector o = [0 2.7374840363797043x 101
4.5658640304921172x 1071 4.1283532228170239x 101 4.8070171447096005x 10~ 7.3916285851534802x 101
8.6532176997823984x 10~ 9.1643089653967069x 10~ 1|7

Yo = yn + 2.7374840363797043 x 10 hy, fn + 3.7469094247168593 x 10~ 22 y 2

Y3 = yn + 1.5070365407323477 x 10~ Ly, fn + 3.0588274897597695 x 10~ Lk Fy + 2.0500657492140875 x 10~ 2A2 42
Vi = yn + 2.0780487165097125 X 10~ Ay frn + 7.2507797907122584 x 10~ 2hy, Fy + 1.3252265272360861 x 10~ h,, s
+4.8595664037269087 x 10~ 3h2y{?)

Y5 = yn + 2.0134651993002337 x 10~ 1oy, fn + 2.6509116516975090 x 10~ 2k, Fy + 4.8450767277317522 x 10~ 2h,, Fy
+2.0439531074664413 x 10~ hy, Fy + 1.7766752782009357 x 10~ 3h2 y{?)

Yo = yn + 1.4313900660529966 x 10~ 1y, fn, + 1.8845099736681054 x 10~ 2hy, Fy + 3.4443227901431346 x 10~ 2h,, Fy
+1.4530284380710670 x 10~ Ly, Fy + 3.9743268046482932 x 10~ Lk, Fy + 1.2630229602692438 x 10~ 32y

Yo = yn + 1.9083046103368298 x 10~ 1y, fn + 1.3521350617302660 x 10~ hp, F + 1.6347321865646934 x 10~ 2h,, Fy
+6.8963108460088407 x 10~ 2hy, Fy + 1.8862805482612396 x 10~ Ly, F5 + 2.6533931761967083 x 10~ A Fg
+1.4639231496678199 x 10~ 2h2y{?)

Ya = yn + 1.7812861593143697 x 10~ L1y, fn + 1.5786156799529541 x 10~ Lhy, Fay + 1.7935856764543159 x 10~ L1y, Fy
+3.5742513219759790 X 10~ 2hy, Fy + 9.7762985479441469 x 10~ 2hy, F5 + 8.6121364308031828 x 10~ 2hy, Fi
+1.8145528196027358 x 10~ Ly, Fy + 1.2390232299531368 x 10~ 2h2 2

Ynt1 = Yn + 1.8075533857622461 x 1071hnfn +9.5820862600417209 x 10~ 2h,, Fy + 1.1893847441760788 x 10~ hy, F3

134
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+1.0826361778870985 x 10~ 1 h,, Fy + 1.4395480408615213 x 10~ L h,, F5 + 1.4141603745982614 x 10~ hy, Fg

+5.1666554932071694 x 10~ 2h,, Fr + 1.5918431013899040 x 10~ 1h,, Fy 4 1.0450037630755806 x 10~2h2y (2)

CPHBTRxk5(83,8,7) with ccp = 1.4301700462580107, and abscissa vector o = [0 4.1901165948273023 x 10!
4.4757325832024575x 101 4.5277129402054028x 101 6.0594401398694331x 10! 7.5615644157974560x 101
8.9787029959899645x 101 9.0803080383130441x 10~ 17

Yo = yn + 4.1901165948273023 x 10~ Ay, f, + 8.7785385391235732 x 10~ 2A2y(2) + 1.2261033337037569 x 10~ 243 4>
Vs = yn + 3.0569128968756548 x 10~ Ay, fn + 1.4188196863268027 x 10~ Ay, Fy + 4.0710711654244683 x 10~ 2h2y{?)
+2.4879517684760167 x 10~ 3h3 45
Vi = yn + 2.9965216785588289 x 10~ L hy, fro + 2.5829099290801412 x 10~ 2hy, Fy + 1.2729002687385593 x 10~ L h,, Fs
+3.4706616508130984 x 10~ 2h2y 2 + 4.5292262207792885 x 10~ *h3 4
Ys = yn + 2.4325155235107554 x 10~ ' hy, fr + 1.0990984940026231 x 102k, Fy + 5.4165371879008183 x 10~ 2h,, Fs
+2.9753610481683335 x 10~ L1, Fy + 2.0019944028470162 x 10~2h2 4D + 1.9273090641787306 x 10~4h3 4>
Y = yn + 2.9365213309221716 x 10~ ' hy, fr + 4.7870137955370318 x 10~ 3hy, Fy + 2.3591187126543709 x 10~ 2h,, Fy
+1.2958888090560947 x 10~ 1oy, Fy + 3.0453722665983812 x 10~ hy, Fs + 3.0115048157946720 x 10~ 22y
+8.3942022747099970 x 10513y
Y = yn + 3.7473634586941112 x 10~ ' hyy f + 4.6547631248905569 x 10~ 2hy, Fy + 9.7181246971988992 x 10~ 3h,, Fs
+5.3382684697295089 x 10~ 2h,, Fy + 1.2545069172417800 x 10k, i + 2.8803482136200770 x 10~ hy, Fg
+6.1246335999288588 x 10~ 2h2y 2 + 4.7322051061649837 x 10313y
Y = yn + 2.8695124981194142 x 10~ L hyy fro + 6.1487913773827806 x 10~ 2hy, Fy + 2.1504415616235822 x 10~ 2h,, Fs
+1.1812602474343520 x 10~ hy, Fy + 2.7759921777488938 x 10k, Fy + 4.1534676597778750 x 10~ 2hy, Fg
+1.0082730551319606 x 10~ h,, Fr + 3.3240802553153995 x 10212y 2 + 1.6428972860892126 x 10~3h3 >

Ynt1 = Yn + 2.7682104631993659 x 10~ hy, frn + 3.5675932299269984 x 10 2h,, Fy + 9.5468361801232846 x 10~ 2h,, F3
+1.1437308074564843 x 10~ h,, Fy + 2.3746250685919018 x 10k, Fi + 1.1857151878401898 x 10~ 2h,, Fg
+2.8777262045268905 X 10~ 2hy, Fr + 1.9956465805105117 x 10~ hy, Fs + 3.0633482765549919 x 10~ 22 y?)

+1.3920472061346105 x 10~ 3h3 y ()

CPHBTRxk5(4,8,8) with ccp = 1.2659158342655910, and abscissa vector o = [0 4.6549546831062921 x 10!
5.1034026450176229% 10~ 5.1168465455700396x 10~ 6.4457785369866316x10~ ! 7.7055098081628315x10~1
9.0748644687260571x10~1 9.2028905345425827x 10~ 1|7

Ya = yn + 4.6549546831062921 x 10 1oy, fr + 1.0834301550886601 x 10~ 1A2 52 + 1.6811060914161780 x 10~ 243 )
+1.9563681682590629 x 10~ 31y

Y3 = y, + 3.6380282758188648 x 10~ hyy fr + 1.4653743691987589 x 10~ 1y, Fy + 6.2011079961807464 x 10~ 2h2 ¢y 2
+6.2764731280630180 x 10~ 2h3 y(Y) + 3.6291424141126434 x 10~ *h2 y M

Yi = yn + 3.8008660937586147 x 10~ Ay frn + 2.0592060949110085 x 10~ 2hy, Fy + 1.1100598423203252 x 10~ L h,, F3

+6.4674258445319321 x 10~ 2h2y{?) + 5.6417097613508565 x 10~ 3A3 y{>) + 5.0098245469019597 x 10~ > A y(H
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Ys = yn + 3.2115506150902295 x 10~ hyy fro + 7.2269700862404749 x 103 hy, Fy + 3.8958554436157630 x 10~ 2h,, F3
+2.7723726766724216 x 10~ Ly, Fy + 4.2636008402430772 x 10212 4D + 2.4853235196206987 x 10313 4>
+1.7898295627819029 x 10~ 5hty5)

Y = yn + 3.8530610883393435 x 10~ L hyy frn + 2.5006658695534340 x 103 hy, Fy + 1.3480383372227078 x 10~ 2h,, Fs
+9.5929243455099109 x 10~ 2h, Fy + 2.7333457928546917 x 10~ hy, F5 + 6.3559837715972345 x 10~ 2A2 y{?)
+4.8851319371224404 x 10731355 + 6.1931428791837387 x 10~ 6ht y{

Y = yn + 4.7060010974195571 x 10~ hy fro + 7.0904412156906488 x 103 hy, Fy + 4.9406394610072499 x 10~ 3h,, Fs
+3.5158629546919035 x 10~ 2h,, Fy + 1.0017861057183432 x 10k, Fi + 2.8951801633519869 x 10~ ' hy, Fg
+1.0029241367077595 x 10~ h2 y{2) + 1.1781452863415523 x 10~ 23 y{>) + 6.9695929781549127 x 10~ Al y (Y

Y = yn + 3.6025096680073893 x 10~ hy, fr + 4.5922132089482856 x 10~ 2hy, Fy + 1.3662872530663393 x 10~ 2h,, Fs
+9.7227874686875840 x 10~ 2h,, Fy + 2.7703480179345696 x 10~ ' h, i + 3.3845068498470743 x 10~ 2h,, Fg
+9.2345337054569654 x 10~ 2hy, Fy + 5.6914710641376057 x 10~2h2y D + 4.7972871137271361 x 10~ 3h3 >
+1.9315336079997545 x 10~ *hty5)

Ynt1 = Yn + 3.4837195819006461 x 10~ Ay, fn + 2.4099023203914976 x 10~ 2hy, Fy + 7.6677095876881346 x 10~ 2h,, F3
+1.0917946698940810 x 10~ hy, Fy + 2.3315884398441686 x 10k, Fi + 7.7032074763077095 x 10~ 3h,, Fy
+2.1017989395798298 x 10~ 2h,, Fy + 1.7979241488320813 x 10~ *h,, Fs + 5.3025873534678025 x 10~ 2h2 y{?)
+4.2639564123841071 x 1031355 + 1.5707173962518938 x 10~ 4h 4

CPHBTRxk5(5,8,9) with ccp = 1.1275980963815175, and abscissa vector o = [0 5.2916638242436365x 10!

5.4717079927184487x 10~ 5.5332133691141594x 10~ 6.6326676999053613x 10~ 7.8739643637687862x 101
9.0889684717619790x 10~ 9.3096254350452368 x 10~ 1T

Yo = yn + 5.2916638242436365 x 10~ Ay f + 1.4000853014404391 x 10~ A2y (2 + 2.4695935801625393 x 10~ 243 ()
+3.2670647521826084 x 10~ 3h% Y + 3.4576416721172421 x 10~ 4h3 4

V3 = yn + 4.3540355099259298 x 10~ Ay fr + 1.1176724827925191 x 10~ Ay, Fa + 9.0554471342437354 x 10~ 2h2y{?)
+1.1655079335988349 x 10~ 23 y{¥) 4 9.7471550769325714 x 10~ *hLy{Y + 4.3576151932388834 x 10~ °A5 )

Vi = yn + 4.3732579965100798 x 10~ Ay fn + 1.2982573102755517 x 10~ 2hy, Fa + 1.0301296415765253 x 10~ L1y, Fs
+8.9846623763868719 x 10~ 2h2 y{?) 4 1.0996058893167219 x 10~ 23 y{¥) + 7.7247007639110593 x 10~ A y(Y
+5.0616847664132701 x 10~ 6573 )

Vs = yn + 3.8792222679216631 x 10~ A fn + 3.5645703301504829 x 10~ 3hy, Fy + 2.8283835011049294 x 10~ 2h,, Fs
+2.4349613785716995 x 10~ L, Fy + 6.7867456158971939 x 10212y D + 6.6220900856647569 x 10~3h3 >
+3.2855397504491643 x 10~ 4hty{Y + 1.3897654337183664 x 10612y

Yo = yn + 4.3083455174960550 x 10~ A f + 1.0936206691822964 x 10~ 3hy, Fy + 8.6775638315206328 x 10~ 3h, F
+7.4705331796727642 x 10~ 2h,, Fy + 2.7208536832984259 x 10~ h,, F5 + 8.2868519700826371 x 10~ 2A2 y{?)
+8.6269295556025069 x 10733 y{®) + 4.1131347750743502 x 10~ 4t y{Y + 4.2638412567534908 x 10~ 7 A5y

Y7 = yn + 5.2935554175905541 x 10~ hy, fr, 4 3.3382123178179248 x 10~ 4hy, Fi + 2.6487749625921583 x 10~ 3h, F3

+2.2803360053260068 X 10~ 2h,, Fy + 8.3052447128292697 x 10~ 2h,, F5 + 2.7070290204121572 x 10~ hy, Fg
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+1.3056674571497795 x 10~ A2 y{2) + 1.9019610970213398 x 10~ 23 y{¥) + 1.6459596301799176 x 10~ 3h% y(Y
+6.3393707741640448 x 107513y
Ya = yn + 4.1615991632964217 x 10~ L1y, fn + 3.2250212169529668 x 10~ 2hy, Fa + 8.7569597838020544 x 10~ 3h,, Fy
+7.5388853240494588 X 10~ 2hy, Fy + 2.7457483165616464 x 10~ hyy Fy + 2.8959269078241059 x 10~ 2hy, Fg
+9.4872501246649477 x 10~ 2h,, Fr + 7.8625982598329147 x 10~ 2h2y'? + 8.5493668994264475 x 10~3h3 >
+5.5262940489358221 x 10~ *h%y(Y + 1.9341622037383198 x 10~ °h3 4>
Ynt1 = Yn + 4.0891568072911599 x 10~ Ly, fn + 1.4798464472168647 x 10~ 2hy, Fy + 7.3040596973247995 x 10~ 2hy, Fs
+6.5967009037703833 x 10~ 2h,, Fy + 2.4025939675171498 x 10~ 1, Fs + 2.0724001835159978 x 10~ 2h,, Fs
+1.7037085411893846 x 10~ 2hy, Fy + 1.59257T6478899478 x 10~ hy, Fs + 7.6280468399285331 x 10~ 22 y?)
+8.2394175322924122 x 107303 y{¥) + 5.2577863418829592 x 10~ 4%y + 1.6300118228193040 x 10~ 245y
CPHBTRks(6,8,10) with ccp = 1.0102662158967612, and abscissa vector o = [0 5.6834582459174177x 10~
5.8872834307651145% 10~ 5.9266716271678299x 10! 6.9119669892206426x 10~ 8.0301319377855152x 10"
9.1514325426020959x 10~ ! 9.3812312749673699x 10~ 1]T
Yo = yn + 5.6834582459174177 x 10~ 2k fn + 1.6150848816543345 x 10~ 22 (2 + 3.0597558294982948 x 10~ 243 ()
+4.3474986249139929 x 10~ 3h% y{Y + 4.9417653817764127 x 10~ 45 y{>) + 4.6810528680743980 x 10~ °AS (O
Y3 = yn + 4.8192504380628043 x 10~ oy, fn + 1.0680329927023102 x 10~y Fy + 1.1259932177794925 x 10~ A2 (2
+1.6759338754692318 x 10~ 213 4P + 1.7375921636098861 x 10~ 3hiy(Y + 1.2505020041908140 x 10~ 413 )
+5.0508450441324238 x 10~ 610 (&)
Vi = yn + 4.8972551120061442 x 10~ 1y, £ + 1.0025618163404805 x 10~ 2hy, Fy + 9.2916033352763772 x 10~ 2hy, Fy
+1.1522686229824411 x 10~ h2 y{2) + 1.6974534376519225 x 10~ 2A3 y{>) + 1.6740791101138286 x 10~ 3h y (Y
+1.0068007848309577 x 10~ 4h2 y{>) + 4.7412246776079993 x 10~ 7hS 3
Y5 = yn + 4.4170144047095189 x 10~k fn + 2.2889737592531457 x 103 hy, Fy + 2.1213890125468052 x 10~ 2h,, Fy
+2.2599239456639111 x 10~ L1, Fy + 9.1148019954699053 x 10~2h2 4 2 + 1.1300393810174062 x 10213 >
+8.7775864021303685 x 10~ 4hty{Y + 3.6777668015721458 x 107 °A5 YY) + 1.0824807704508198 x 10~ 7AS S
Yo = yn + 4.8533481192208222 x 10~ Ay fn + 5.8673275445721412 x 10~ *hy, Fa + 5.4377574822569302 x 10~ 3h, Fs
+5.7928641433436297 x 10~ 2hy, Fy + 2.5372525018631881 x 10~ 1, Fs + 1.0917380670713579 x 10~ h2y?)
+1.4481234883226475 x 10~ 213y + 1.1482193711736190 x 10~3h4 (Y + 4.1900801523674731 x 10~ 513 )
+2.7747234791951545 x 10~ 810 y{®)
Yo = yn + 5.7596733708092829 x 10~ oy, fn + 1.5220123159727727 x 10~ 4k, Fy + 1.4105798246979706 x 10~ 3hy, Fy
+1.5026961600401012 x 10~ 2hy, Fy + 6.5817521303050255 x 10~ 2hy Fy + 2.5676865321953485 x 10~ hy, Fg
+1.5723918021563499 x 10~ A2 y{?) + 2.6320266248509510 x 10~ 2A3 y{¥) + 2.8685272382114706 x 10~ 3h y (Y
+1.8939605862363163 x 10~ *h2y{>) + 4.7867983502074729 x 10~ 6hS 4 ¥
Ya = yn + 4.6717806055159911 x 10~ Ay fn + 2.4846798799337950 x 10~ 2hy, Fy + 5.7262405846307237 x 10~ 3h, Fs
+6.1001863115636198 x 10~ 2h,, Fy + 2.6718584447718841 x 10~ 1y, Fs + 2.3107059611988029 x 10~ 2h,, Fg

+8.9077260356356547 x 10~ 2hy, Fr + 1.0163922419313526 x 10~ A2 y{?) + 1.3309204816804832 x 107213 (>
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+1.1229597574844965 x 10~ 3h% y{Y + 6.0183295758714790 x 10~ °A5 y{®) + 1.8757825874629922 x 10~ 648 (O
Ynt1 = Yn + 4.6009981224021063 x 10~ hap, fn + 1.0450633390164462 x 10~ 2hy, Fy + 6.3775666473099110 x 10~ 2hy, Fs
+5.3711089532930169 x 10~ 2h,, Fy + 2.3525253298364060 x 10~ Ly, Fs + 1.7771279587692007 x 10~ 2h,, Fs
+1.3122298402439624 x 10~ 2/, Fy + 1.4581668738982345 x 10~ hy, Fs + 9.9001948787816429 x 10~ 2A2 y?)
+1.2907611426296940 x 10~ 23 y{>) + 1.0921126938947714 x 10732y + 5.8019066124036735 x 10~ °A5 >
+1.5545407629659841 x 10610 y{®)
CPHBTRks5(7,8,11) with cep= 9.2129728884463769x 10—, and abscissa vector o = [0 6.0297956070795589x 10~
6.2246735280161303x 10~ 1 6.2721585402548885x 10~ 7.1725083296018455x 10~ 8.1750732724067177x 10~
9.2145408226271541x 10~ 1 9.4359073748436306x 10~ 1|7
Ya = yn + 6.0297956070795589 x 10~ Ay, f, + 1.8179217531577974 x 10~ A2 y(2) + 3.6538988670684183 x 10~ 243 y )
+5.5080658343405310 x 10 3h% y{Y 4 6.6425022342823090 x 10~ 4A5 y{>) + 6.6754884653819362 x 10~ °AS (S
+5.7502615748100375 x 10~ 6A7 47
Y3 = yn + 5.2275798880583790 x 10~ Ly, frn + 9.9709363995775083 x 10~ 2hy, Fy + 1.3361009415128178 x 10~ A2 42
+2.2071066092381960 x 10~ 23 y{¥) + 2.6121204824921308 x 10~ 3%y + 2.2955069014028275 x 10~ A5 >
+1.4559775069042984 x 10518 y{® + 5.2823033730031047 x 10~ hT y{7
Yi = yn + 5.3257206458381301 x 10~ oy, fn + 7.9626957446034940 x 10~ 3hy, Fy + 8.6681093697072331 x 10~ 2hy, Fs
+1.3794237005676432 x 10~ 1h2 y{?) + 2.2883897347505455 x 10~ 23 y{¥) + 2.6731651048587427 x 10~ 3k (Y
+2.2283291777839195 x 10~ 43 y{®) + 1.1768232275583431 x 10~ 248 y{®) + 4.2183976372388931 x 10~ 8A7 y"
Vs = yn + 4.8712964712512519 x 10~ Ly, fn + 1.5527768419036632 x 10~ 3hy, Fa + 1.6903370308221921 x 10~ 2hy, Fy
+2.1166503868493372 x 10~ L Fy + 1.1300662181773756 x 10~ 1h2 4D + 1.6306629033030547 x 10213 4>
+1.5865847127968832 x 10732y 4 1.0267554545023126 x 10~ 45y (> + 3.6865593355713411 x 10~ 648 (S
+8.2261464814109908 x 10~ 977 {7
Yo = yn + 5.3394585248586235 x 10~ A fn + 3.3469548433758759 x 10~ *hy, Fy + 3.6434609015132064 x 10~ 3h,, Fs
+4.5623640647023067 x 10~ 2hy, Fy + 2.3395967772193568 x 10~ 1y, Fs + 1.3526572059024625 x 10~ 112y 2
+2.1138175452081728 x 10~ 2h3 y§®) + 2.1873690255423948 x 10~ 3% y{Y + 1.4402149254392764 x 10~ A5y
+4.5266625519821800 x 10518 5% 4 1.7731162085502080 x 10~ 217 47
Yo = yn + 6.1466569211176680 x 10~ Ly, fn + 7.5004843543933383 x 10~ 5 hy, Fa + 8.1649507586870312 x 10~ 41, Fy
+1.0224201367451179 x 10~ 2hy, Fy + 5.2430074035513821 x 10~ 2y Fy + 2.4324261482857093 x 10~ Ay Fg
+1.8111442955716084 x 10~ 1h2 y{?) + 3.3446727742397285 x 10~ 23 y{¥) + 4.2000177415037011 x 10~ 3h y (Y
+3.5943014443224030 x 10~ 475 y{>) + 1.8138491920708396 x 10~ A8 y{® + 2.1848779610322565 x 10~ A7y
Ya = yn + 5.1224193922056838 x 10~ Ly, fn + 1.9290958904697862 x 10~ 2hy, Fa + 4.0074074265021246 x 10~ 3hy, Fy
+5.0181001332280040 x 10~ 2h,, Fy + 2.5732998798355028 x 10~ L1y, Fs + 1.8406002266277335 x 10~ 2h,, Fs
+8.2133440350487003 x 10~ 2h, Fy + 1.2428150226233631 x 10~ h2y'? + 1.8658301349196486 x 10213y
+1.8901469202658502 x 10~ 3h%y{Y 4 1.3124087778235076 x 10~ 45y (> + 6.0432806583916487 x 10~ 648 (S

+1.7115986230225067 x 10~ hT y&7
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Yni1 = Yn + 5.0391147935251557 x 10~ Ay, fn + T.4829467774940222 x 10~ 3hy, Fy + 5.5784735913450331 x 10~ 2h, Fs
+4.5189152394032664 x 10~ 2h,, Fy + 2.3173160626157041 x 10~ h,, Fs + 1.0381051394452100 x 10~ 2h,, Fg
+1.0236719716589524 x 10~ 2hy, Fy + 1.3528230818989537 x 10~ Ly, Fi + 1.2064033301795153 x 10~ 112y 2
+1.7963252571564069 x 10~ 23 y{®) + 1.8186186599538341 x 10~ 3A% y{Y 4 1.2714116670449867 x 10~ A5y
+5.8000201243385346 x 10518 y{® + 1.3695545589541550 x 10~ hT 47

CPHBTRKs(8, 8, 12) with cep= 8.3899828718045832x 10~ !, and abscissa vector o = [0 6.3442778287933732x 10!
6.4806091964118251x 10! 6.5778452073891203x 10~ 1 7.4053651347951488x 10~ 8.3110284752952135x 10~
9.2735138793776239x 10~ 9.4800556307728689x 10~ 1|7

Ya = yn + 6.3442778287933732 x 10~ Ly, fn + 2.0124930584459580 x 10~ Lh2 52 + 4.2559383637664192 x 10~ 2h3 )
+6.7502138504886089 x 103t y{Y 4 8.5650464142537658 x 10~ 45 y{®) + 9.0565056780893895 x 10~ °AS (O
+8.2081411685491133 x 10517 {7 + 6.5093410039040332 x 10~ 7h8 y{&)

Y3 = yn + 5.5991828761338081 x 10~ L1y, frn -+ 8.8142632027801662 x 10~ 2hy, Fy + 1.5407134316854010 x 10~ A2y (2
+2.7623779892062172 x 10~ 2k y{®) + 3.5981073656161508 x 10~ 3A% y{Y + 3.5750061708865212 x 10~ A5y
+2.7392899410268045 x 10~ 5h8 y{®) + 1.5426932790737223 x 10767 y{7) + 4.8137564385466838 x 10~ 8AS )

Vi = yn + 5.6601553493298773 x 10~ hn fn + 6.3191453543435779 x 10~ 3hy, Fy + 8.5449840451580661 x 10~ 2h, Fs
+1.5695449429876798 x 10~ 1h2 y{?) + 2.8219624670652730 x 10~ 23 y{¥) + 3.6553656460089476 x 10~ 3h y (Y
+3.5555085562573676 x 10~ 412y + 2.5694849223444351 x 10~°hS y(®) + 1.2079358620528968 x 10~ 6T 4 )
+3.4510912524133941 x 10~ 918 y{®)

Ys = yn + 5.2677084285373510 x 10 Ly, fn + 1.0523109471714857 x 10~ 3hy, Fy + 1.4229741127800948 x 10~ 2h,, Fy
+1.9848361855080737 x 10~ L1y, Fy + 1.3374835757257769 x 10~ 'h2y D + 2.1544442788534502 x 10213y
+2.4253119077743551 x 10 3h% y{Y 4 1.9592717340050647 x 10~ 45y + 1.0916080320101515 x 10~ °AS (S
+3.4266972684998814 x 10~ 7h7 47 + 5.7470130863604662 x 10~ 1078 &)

Yo = yn + 5.7613702206133321 x 10~ A £, + 1.9087312382352843 x 10~ *hy, Fy + 2.5810575738702186 x 10~ 3h, Fs
+3.6001895069534565 x 10~ 2hy, Fy + 2.1619199970095976 x 10~ L, Fs + 1.5979263483339215 x 10~ 112y 2
+2.8029909245438807 x 10~ 2k y{®) + 3.4138373578088666 x 10~ 3t y{Y + 2.9427596137500677 x 10~ A5y
+1.6920775322864040 x 10518 y{® + 4.9033154364877436 x 10~ 7hT y{") + 1.0424203448578282 x 10~ 10h8 &)

Y7 = yn + 6.4862655064719066 x 10~ 1y, fr + 3.6769940695116786 x 10~ 5hy, Fy + 4.9721685285373531 x 10~ 4h,, Fy
+6.9354318727585934 x 10~ 3hy, Fy + 4.1647387796267914 x 10~ 2hy Fy + 2.2960803082799633 x 10~ Ay Fg
+2.0341342435066243 x 10~ 1h2 y{?) + 4.0586746183670148 x 10~ 23 y{¥) + 5.6748112511148018 x 10~ 3h y (Y
+5.7092740164794271 x 10~ 45 y{>) + 3.9719428341979857 x 10~ 58 y{®) + 1.5555777745779016 x 10~ 6A7 5"
+2.0081263140683207 x 101118 4®)

Ya = yn + 5.5209241164721989 x 10~ A, f,y + 1.5031111898254198 x 10~ 2hy, Fy + 2.9496090303136268 x 10~ 3h, Fs
+4.1142636987470324 X 10~ 2hy, Fy + 2.4706224342114499 x 10~ L hy Fy + 1.4493201023321448 x 10~ 2hy, Fg
+7.5234349069562528 x 10~ 2h, Fy + 1.4607397169734107 x 10~ 12y {2 + 2.4353265219505451 x 10~ 2h3 >

+2.8196597451252271 x 10~ 3h% y{Y + 2.3435194720078191 x 10~ A5 y{®) + 1.3864058168038072 x 10~ °AS 5O
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+5.5819444876399311 x 10~ 7hT y{ + 1.4291909676730649 x 10~ 318y
Yni1 = Yn + 5.4145653542767558 x 10~ A frn + 5.5914233410541501 x 10~ 3hy, Fy + 4.8662147845363705 x 10~ 2h, Fs
+3.8278997260764475 x 10~ 2hy, Fy + 2.2086603756187235 x 10~ hy Fy + 1.5395891137679231 x 10~ 3hy, Fg
17.9920171403241869 x 10~ 3hy, Fy + 1.2661325230917767 x 10~ hy, Fs + 1.4079205087886684 x 10~ h2y 2
+2.3150059902996928 x 10213 y{>) + 2.6587905709737395 x 10~ 3h4 5P + 2.2109640724393226 x 10~41h3 y )
+1.3203681536550432 x 107518 y{® + 5.2841027574064201 x 10~ AT y{" + 1.1157623293823810 x 10~ 848 y ()
CPHBTRk5(9,8,13) with cep= 7.3981614589567168x10~1, and abscissa vector o = [0 6.6316884336031645x 101
6.6552534456124690x 10! 6.8255131739962571x 10~ ! 7.5805741411028338x 10~ 8.4399678029601544x 10~
9.3183807109044126x 10~ 9.5217739155443293x 10~ 1]
Ya = yn + 6.6316884336031645 x 10~ Ay f, + 2.1989645740192998 x 10~ A2y (2 + 4.8609493104756339 x 10~ 243 y ()
+8.0590753296531353 x 10~ 3h% y{Y 4 1.0689055329839458 x 107345y (> + 1.1814414099506766 x 10~ *AS (S
+1.1192787619071024 x 107517 47 + 9.2783850241462522 x 10~ 7h8y (¥ + 6.8368176274608356 x 10~ 8h2y )
Y3 = yn + 5.9338241815166537 x 10~ Ly, frn + 7.2142026409581462 x 10~ 2hy, Fy + 1.7361905106301259 x 10~ A2 42
+3.3265548928368548 x 10213 y{>) + 4.6674045755896853 x 10~ 3h4 5 M) + 5.0662692232004232 x 10~ 413 y )
+4.3571527678842963 x 10518 y{® + 2.9509158674938910 x 10~ 6A7 y{7) + 1.4706424099751308 x 10~ 7AS y ()
13.6489803912536636 x 10212 y(¥

n
Yi = yn + 5.8984518218526627 x 10~ L1y, fn + 4.6972541598545676 x 10~ 3hy, Fy + 8.8008881054504912 x 10~ 2h,, Fy
+1.7125093694557295 x 10~ 1h2 y{2) + 3.2473882146496276 x 10~ 23 y{>) + 4.4911981767817204 x 10~ 3h y (Y
+4.7725109633802245 x 10~ 45 y{>) + 3.9658876073627216 x 1028 y{®) + 2.5172192199980150 x 10~ 647 "
+1.0591526881452161 x 10~ 778 y{®) + 2.3758632260515969 x 10~ 10h9 )

Ys = yn + 5.6077185743100488 x 10~ Ly, fn + 6.4158452687660924 x 10~ 4hy, Fy + 1.2020881644968782 x 10~ 2hy, Fs
+1.8462309050743317 x 10~ hn Fy + 1.5288510762824156 x 10~ h2y D + 2.6794068830641254 x 10213y
+3.3530122818893069 x 10~ 3Ry + 3.1302595652995976 x 10~ 4A5 y{®) + 2.1876053777132641 x 10~ °AS 4O
+1.0876560797805447 x 10~ ShT y{ + 3.1298087505204534 x 10~ 5h8y{®) + 3.2451017460208804 x 101149 4P

Yo = yn + 6.0514823130406725 x 10~ A fn + 9.8931071971960921 x 10~ °hy, Fa + 1.8535963031667672 x 10~ 3h, Fs
+2.8468517380923878 x 10~ 2hy, Fy + 2.0842750423588552 x 10~ hy, Fs + 1.7743482031882651 x 10~ h2y?)
+3.3250583050177897 x 10213 y{>) + 4.4051727701609929 x 10~3h4 M) + 4.2758191550126715 x 10~ 4h3 y >
+2.9947870321764276 x 107518 y{® + 1.3611818064025165 x 10~ A7 y{7) + 2.4514137781210259 x 10~ 848y
+5.0036629033489305 x 10~ 12h9 ()

Yo = yn + 6.8028409245184629 x 10~ Ay fn + 1.5646617872971343 x 10~ °hy, Fa + 2.9315878690437289 x 10~ 41, Fs
+4.5024884901171793 x 10~ 3h,, Fy + 3.2964218905007205 x 10~ 2h,, Fs + 2.1377846583869312 x 10~ L h,, Fg
+2.2546532755835413 x 10~ 1h2 y{?) + 4.8126851293900992 x 10~ 2A3 y () + 7.3481188463329350 x 10~ 3h (Y
+8.3834980190962340 x 10~ 473 y{>) + 7.1713057626288326 x 10~ y{® + 4.3701054524888691 x 10~ 647 "
+1.5387781817848601 x 10~ 7h8y{®) 4 7.9114271444266149 x 10~ 13h9 )

Yg = yn + 5.8398742230001055 x 1071hnfn +1.1649277211928055 x 10~ 2h,, Fp + 2.1293072296099053 x 10~ 2hy, F3
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+3.2703032354900081 X 10~ 2hy, Fy + 2.3942079971427841 x 10~ L hyy Fy + 1.1235879128497262 x 10~ 2hy, Fg
+7.1042673615208732 x 10~ 2hy, Fy + 1.6467200046732158 x 10~ 124D + 2.9580568566844537 x 10213 >
+3.7562065838250957 x 10312y + 3.5155677490805048 x 10~*h5 (> + 2.4425228281457076 x 10~ 51 4 )
+1.2271212794368014 x 107517 y{ + 4.2007882514736903 x 10~ 818 y{®) + 9.4143172045521872 x 101049 4
Ynt1 = Yn + 5.7297654428736045 x 10~ Loy, fn + 4.5726354926864943 x 10~ 3hy, Fy + 4.1606203089191648 x 10~ 2hy, Fs
+3.0761927239199700 X 10~ 2hy, Fy + 2.2521832219645466 x 10~ hy, Fy + 9.7837829091380890 x 10~ *hy, Fg
+6.1861300569995819 x 10~ 3hy, Fy + 1.1769985934719381 x 10~ 1, Fis + 1.5889121037821258 x 10~ h2y?)
+2.8180322710702352 x 10~ 23 y{¥) + 3.5514524826100167 x 10~ 3h%y{Y + 3.3309427938371308 x 10~ A5y
+2.3537072281314291 x 107518 y{® + 1.2272569288667992 x 10~ A7 y{7) + 4.3732385698700383 x 10~ 848 y ()
+8.3449144497480801 x 10~ 10p9 /()
CPHBTRks(10,8,14) with ccp= 6.5550155034415277x 101, and abscissa vector o = [0 6.8743747920332909x 10!
6.8165288240522792x 10! 7.0377738407340120x 10~ 7.7328324041797447x 10~ 8.5462249268765023x 10~
9.3546470856506980x 10~ ! 9.5572657772867442x 10~ 1]T
Ya = yn + 6.8743747920332909 x 10~ L1y, fn + 2.3628514390671371 x 10~ Lh2 52 + 5.4143754566809039 x 10~2h3 )
+9.3051115385027350 x 10~ 3% y{Y + 1.2793364839468260 x 10~ 3A5 y{®) + 1.4657730792954273 x 10~ A% y (O
+1.4394676438784999 x 1057 y{7) 4 1.2369300106282390 x 10~ 648 y{®) + 9.4479116495247067 x 107842y
+6.4948485680850304 x 10~ 9110410
Y3 = yn + 6.2120348133900594 x 10~ oy, frn + 6.0449401066221861 x 10~ 2hy, Fy + 1.9077014215736315 x 10~ A2 42
+3.8505113954916646 x 10213 y(>) + 5.7228853186649551 x 10~ 3h4 (M) + 6.6392002282162667 x 10~ 412 y )
+6.1995684052762329 x 107518 y{® + 4.7073819635834642 x 10767 y{7) + 2.8592455428420127 x 10~ 7S y ()
+1.2788461540299406 x 10~ 8h2y{?) + 2.5735616541680215 x 10~ 10p105 (1)
Yi = yn + 6.1041415462319337 x 10~ L1y, fn + 3.5584840009883177 x 10~ 3hy, Fy + 8.9804745449219556 x 10~ 2h,, Fy
+1.8398940430604682 x 10~ 1h2 y{?) + 3.6392395097117218 x 10~ 23 y{®) + 5.2885419748241831 x 10~ 3hd y (Y
+5.9780149685586951 x 10~ 45 y{>) + 5.4074022179514692 x 1028 y{®) + 3.9332904749005875 x 10~ 647 "
+2.2297920441770781 x 10~ 718 y{® + 8.5000012238922041 x 10~ 912 y{?) + 1.5149839859968509 x 10~ 11110410
Ys = yn + 5.9018736186801246 x 10~ Ly, fn + 4.0245764293754988 x 10~ 4k, Fy + 1.0156742637272670 x 10~ 2hy, Fy
+1.7253667826975175 x 10~ Lhy, Fy + 1.7035603550416945 x 10~ A2 y{?) + 3.1882609501606200 x 10243 4>
+4.3166862418130862 x 103 y{Y + 4.4539590186311990 x 10~ 445 y{>) + 3.5746749036108047 x 10~ °AS (S
+2.2128832033088962 x 10~6hT y{7) + 9.9835189556224902 x 10~ 8h8 ¥ + 2.6694819158442599 x 10~2h2 y
+1.7134121650513836 x 10~ 1211041
Yo = yn + 6.3051966982793684 x 10~ Ly, fn + 5.2785616678847070 x 10~ 5hy, Fy + 1.3321399977516684 x 10~ 3hy, Fy
+2.2629598721828601 x 10~ 2h, Fy + 2.0008829852345425 x 10~ hy, F5 + 1.9359433098030873 x 10~ A2 y{?)
+3.8283831051971813 x 10~ 23 y{®) + 5.4193049886180093 x 10~ 3A% y{Y + 5.7437299870234161 x 10~ A5y
+4.5849840630121496 x 1051 y{&) + 2.6369978523694175 x 10~ 6A7 57 + 9.1184599173144341 x 10318 y{®)

+3.5012709037604951 x 10~ 1019y 4 2.2461076587311806 x 10~ 1310y 1)
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Yo = yn + T.0629444574613620 x 10~ A fn + 6.9138847600715215 x 10~ Chy, Fy + 1.7448431994134819 x 10~ 41, Fs
+2.9640354243238849 x 10~ 3h,, Fy + 2.6207658920789721 x 10~ 2h,, Fs + 1.9981717026911863 x 10~ L, Fg
+2.4430320723377635 x 10~ 1h2y(?) + 5.4853558576865524 x 10~ 2h3 ) + 8.9187902082405075 x 10~ 3ht y{Y
+1.1059686459078408 x 107375 y{>) 4 1.0673147070963020 x 10~ 48 y{® + 7.9448859946511097 x 10~ 647 y{”
+4.3052134849878947 x 10~ "h8 y{®) + 1.3740389362875697 x 10~ 8h% ) + 2.9419511358507244 x 10~ 4p 10y (1)
Ya = yn + 6.1011827827339371 x 10~ hn fn + 9.5434083764857746 x 10~ 3hy, Fy + 1.7323608697954003 x 10~ 3h,, Fs
+2.9428311882405054 x 10~ 2h,, Fy + 2.2818205362290719 x 10~ 1y, Fs + 8.8853037118449656 x 10~>h,, Fg
+6.7836860991842371 x 10~ 2h, Fy + 1.8075237232162897 x 10~ h2y?) + 3.4400852707815531 x 10~ 2h3 y Y
+4.6806819099197870 x 10~ 3% y{Y + 4.7807659344261766 x 10~ 45 y{>) + 3.7280568657588136 x 10~ °AS 5O
+2.1973911650392532 x 10~ 5T y{7) 4 9.3794560823245422 x 10788 y{®) + 2.6767209502936749 x 10~ A2y
+5.1613016981502102 x 10~ 1110,/ (10

Ynt1 = Yn + 6.0065609935454753 x 10~ Ly, fn + 3.7680619448774463 x 10~ 3hy, Fy + 3.5353133566138645 x 10~ 2hy, Fs
+2.5108426567251499 x 10~ 2h,, Fy + 2.1969938294266037 x 10~ 1y, Fs + 6.4002170259951161 x 10~ 4h,, Fg
+4.8863904576247896 x 10~ 3Ny, Fy + 1.0988758346430022 x 10~ hy, Fs + 1.7561002722285013 x 10~ A2 y{?)
+3.3100134539233494 x 10~ 23y + 4.4848450133697969 x 10~ 3%y + 4.6017247128083777 x 10~ A5y
+3.6572067812901306 x 10518 () + 2.2504897198419219 x 10~CA7 y{") + 1.0423472480310328 x 10~ 7h8y &)

+3.3492133034856635 x 10912 y{?) + 5.8305044112316857 x 10~ 1111041

B.2 Nine stages CPHBTRrk5(p—4,9,p) methods for-

mulae

CPHBTRKk5(2,9,6) with ¢, = 2.7322083370534886, and abscissa vector
o = [0 2.7850633886554327 x 1071 4.3666434505105711x10~1 4.1325187469127583x 1071 4.1975726870492769x 101
6.0472995999901091x 10~ 8.3273650601125326x 10~ 8.7020090463847888x 10~ 1 9.2342683963440797 x 10_1]T

Ya = yn + 2.7850633886554327 x 10~ L hy, frn + 3.8782890394144412 x 10~ 242 y{?)

Vs = yn + 1.8869166885671015 x 10~ Ay fr + 2.4797267619434699 x 10~ Ay, Fy + 2.6275912933855904 x 10~ 2h2y{?)
Y4 = yn + 2.0778537219087789 X 10~ hy fr, + 8.2983695585448505 X 10~ 2hy, Fa + 1.2248280691494942 x 10~ Lk, F3
+8.7931960633594822 x 10~ 3h2y{?)

Ys = yn + 2.0700637552097195 X 10~ hy, fr, + 3.0893713688697588 x 10~ 2hy, Fh + 4.5598701551223829 X 10~ 2h,, F3
+1.3625847794403434 x 10~ h,, Fy + 3.2735886209151453 x 10~ 3h2y 2

Yo = yn + 1.6695043903817541 x 10~ Ly, fr, + 2.3368490403888331 x 10~ 2hy, Fa + 3.4491574252511446 x 10~ 2h, F3
+1.0306805346773554 x 10~ Ly, Fy + 2.7685140283670023 x 10 hy Fs + 2.4761938640649917 x 10342 y{?)

Y7 = yn + 1.4321707907410533 x 1071hnfn +2.0046469822405589 x 10~ 2h,, Fy + 2.9588317021333278 x 10~ 2h,, F3
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+38.8416093114480995 x 10~ 2h,, Fy + 2.3749472885647357 x 10~ ' hy, F5 + 3.1397381812245456 x 10~ h,, Fg
+2.1241828082375928 x 10~ 3h2y{?)

Yz = yn + 1.9095575804764064 x 10~ Ay, fr, + 1.2167650304983745 x 10~ hyy Fo + 9.3726057675183175 x 10~ 2k, Fy
+4.0771050983459310 x 10~ 2h,, Fy + 1.0951524046615264 x 10~ hy, F5 + 1.4478181624206363 x 10~ h,, Fg
+1.6877447817414196 x 10~ L, Fy + 1.2893199562551104 x 10212y 2

Yo = yn + 1.9460307859365930 x 10~ Ay, fr + 1.5314754717909948 x 10~ hy, Fy + 1.8569069873836250 x 10~ h, Fy
+1.9160304858302873 x 10~ 2k, Fy + 5.1466551470873881 X 10~ 2hy, F5 + 6.8040035030300150 x 10~ 2h,, Fg
+7.9315356757162697 x 10~ 2h,, Fr + 1.7200326700664717 x 10~ hy, Fs + 1.6227963812261926 x 10~ 2A2 y{?)

Ynt1 = Yn + 1.8427119881003809 x 10~ hy, frn, + 7.7241703325365438 x 10~ 2h,, Fy + 1.0107399017006455 x 10~ Lk, Fy
+9.6593019052518214 x 10~ 2k, Fy + 1.1115540987927246 X 10~ hy, F5 + 1.4695016016904025 x 10~ "k, Fg
+1.1027538931873983 x 10~ ' Ay, Fr + 5.5129510087042373 X 10~ 2hy, Fg + 1.1730961918791873 x 10~ hy, Fo
+1.0780643484936181 x 10~ 2h2y{?

CPHBTRKk5(3,9,7) with ccp = 2.3552862054682677, and abscissa vector

o = [0 3.5479303261404727x 10~ 4.7990751966446193x 101 4.6673251054265519x 10~ 4.8961115951347806x 10~

6.4488679474433286x 101 8.2815090647536549x 10~ 9.0004478502198249x 101 9.2426227753295565% 10~ 1]

Yy = yn + 3.5479303261404727 x 10~ Ay, f, + 6.2939047995736200 x 10~ 2h2y'7) + 7.4434452360827730 x 10~ 33y Y
Vs = yn + 2.5098698137594377 x 10~k f + 2.2892053828851822 x 10~ hy, Fy + 3.3936201708224471 x 10~ 2h2y {2
+4.0133075712903681 x 10313 45

Ya = yn + 3.0222226889725828 x 10~ Ay, fr, + 5.7628039065779596 x 10~ 2hy, Fy + 1.0688220257961729 x 10~ hy Fy
+3.7180018718717442 x 102122 + 1.0103027331248872 x 10~ 313y

Ys = yn + 3.0724992902467363 x 10~ Ay, fr. + 1.7839671329300824 x 10~ 2hy, Fy + 3.3087076983405017 x 10~ 2k, Fy
+1.3143448217609854 x 10~ Ly, Fy + 3.6306669782328362 x 10~ 2h2y{?) + 3.1275519684904429 x 10~ 413 4>

Y6 = yn + 2.5980255675048991 x 10~ Ay, fn + 1.1318743132080025 x 10~ 2hy, Fy + 2.0992770463848908 x 102k, Fy
+8.3391286475428289 x 10~ 2h,, Fy + 2.6938143792248576 x 10 hy, F5 + 2.3035506745713814 x 10~ 2A2 y{?)
+1.9843391007676127 x 10~ 413 4§

Y7 = yn + 2.5181407048648125 x 10~ Ay, fr + 8.0569619732129144 x 10~ 3hy, Fy + 1.4943174464330806 x 10~ 2k, Fy
+5.9359985131702521 x 1072k, Fy + 1.9175238595877861 X 10 *hy, Fs + 3.0222432846085934 x 10~ ' hy, F
+1.6397244792832322 x 10212y 2 + 1.4125017672263519 x 10~ 413y

Ys = yn + 2.7490954020159269 x 10~ Ay, fr, + 1.2928410620206351 x 10~ hy, Fy + 1.0293912577114263 x 10~ 2k, Fy
+4.0891344672653700 x 10~ 2h, Fy + 1.3209256856529214 x 10~ hy, F5 + 1.2997675601540520 x 10~ h,, Fg
+1.8259655678786096 x 10~ L, Fy + 3.5433968143793480 x 102124 + 2.2665370531949050 x 10~3h3 >

Yo = yn + 2.6149955125942981 x 10~ Ay, £, + 8.9096133009681486 x 10~ 2hy, Fo + 1.0455385300155579 x 10~ hy Fy
+3.6013890068621844 x 10~ 2k, Fy + 1.1633677692124676 x 10~ " hy, F5 + 1.5618501809313759 x 10~ h,, Fg
+4.8290681056484125 x 10~ 2h,, Fy + 1.1228637412279825 x 10~ hy, Fs + 2.9798481321905837 x 10~ 2A2 y{?)

+1.5619838562924732 x 10~ 313y



B.2. Nine stages CPHBTRks(p — 4,9, p) methods formulae 144

Ynt1 = Yn + 2.6721981299333869 x 10~ h, fn + 5.2300895821946906 x 10~ 2hy, Fy + 7.6945005129481270 x 10~ 2h,, Fi3
+9.8036880047318628 x 10~ 2h,, Fy + 1.0581829338095995 x 10~ 1 h,, F5 4 1.5780136138191742 x 10~ hy, Fg
+6.4459428045119296 x 10~ 2h,, Fr + 3.7107515076252998 x 10~ 2h,, F 4 1.4031080812366478 x 10~ hy, Fy

+2.8722143107697995 x 10~ 2h2y{?) + 1.2743632434136043 x 10~ 313y

CPHBTRKk5(4,9,8) with ccp = 2.0529679460210106, and abscissa vector
o=10 4.1460243717406275x 101 5.2225879099263739x 101 5.1467340708555709% 101 5.4344753041944771x10~1
6.7549071231038582x 1071 8.2947465311655355x 10~ 9.2216229381097015x 10! 9.3055413832164524 x 10_1]T

Yo = yn + 4.1460243717406275 x 10~ Ay, f, + 8.5947590455336342 x 10~ 2A2 y(2) + 1.1878026824006885 x 10~ 243 y )
+1.2311647175130367 x 10~ 3ht y{V

Y3 = yn + 3.0707904438767880 x 10~ Ay frr + 2.1517974660495853 x 10~ hy, Fy + 4.7163075011632576 x 10~ 2h2y{?)
+5.2472029497165583 x 10313y + 5.4387578282485386 x 10~ 4ht y

Yy = yn + 3.7466083312144899 x 10~ Ay f + 4.2900118760984041 x 10~ 2hy, Fy + 9.7112455203124018 x 10~ 2h,, Fy
+6.3940030742456883 x 10~ 212y D + 5.7907839643113199 x 10~3h3 y(>) + 1.0843183916023694 x 10~ 4hty M

Ys = yn + 3.8055414526896320 x 10~ Ly, fn + 1.1143372952122831 x 10~ 2hy, Fa + 2.5225112141389089 x 10~ 2hy, Fy
+1.2652490005697251 x 10~ L, Fy + 6.4754501612111368 x 10212y P + 5.5944824231781033 x 10~ 3h3 >
+2.8165339829921753 x 10~ 51ty

Yo = yn + 3.3712047906097031 x 10~ Ay f + 5.8009631035678619 x 10~ 3hy, Fy + 1.3131566666956406 x 10~ 2h,, Fs
+6.5865719478884269 x 10~ 2hy, Fy + 2.5357198400000686 x 10~ L1y, Fi + 4.7178278894073944 x 10~2h2y?)
+2.9123485554912415 x 1031355 + 1.4662176152122870 x 10~ 51ty

Yo = yn + 3.4629342637616772 x 10~ Ly, fn + 3.3955404946384498 x 10~ 3hy, Fy + 7.6864419889640006 x 10~ 3h,, Fy
+3.8553894190689331 x 10~ 2hy, Fy + 1.4842603281656333 x 10~ hy Fy + 2.8511931724953071 x 10~ Ay Fg
+4.5492113050630001 x 10~ 22 y{?) + 1.7047164889895806 x 10343 y{>) + 8.5823701987407336 x 10~ 6h y (Y

Ys = yn + 3.6681574297060787 x 10~ Ly, fn + 1.4769444554327010 x 10~ Lfop, Fa + 3.2407092041002571 x 10~ 3h,, Fy
+1.6254849764957939 x 10~ 2hy, Fy + 6.2578448047528268 x 10~ 2h, Fy + 1.2021020870306121 x 10~ Ay Fg
+2.0536788957744442 x 10~ h,, Fr + 6.8342301681705117 x 10~2h2y'? + 8.0942855459555183 x 10~ 3h3 >
+5.4762347495797596 x 10~ 4ht y{

Yo = yn + 3.3824896499966395 x 10~ A f + 5.1958362534998893 x 10~ 2hy, Fy + 5.8709978876240243 x 10~ 2h,, Fs
+3.3582767124999899 x 10~ 2h,, Fy + 1.2928802654051971 x 10~ 1, Fs + 1.9556350396190098 x 10~ L h,, Fs
+3.6538671403563990 x 10~ 2h,, Fy + 8.6663862879757428 x 10~ 2h,, Fs + 5.0888840971576421 x 10~ 2A2 y?)
+4.2522042950117224 x 107303 y(>) + 1.6234154659505514 x 10~ 4h4 4V

Yni1 = Yn + 3.3700647201442324 x 10~ Ay, f, + 3.6816076090899930 x 10~ 2hy, Fy + 6.6534363197990234 x 10~ 2h, Fs

+8.5188754288484617 x 10~ 2hy, Fy + 1.0365029367932606 x 10~ hy Fy + 1.5529050705249040 x 10~ Ay Fg
+5.1824548696949933 x 10~ 2h, Fy + 2.4724331619166373 x 10~ 2h,, Fx + 1.3896465336026942 x 10~ 1, Fo

+4.9816502099013497 x 10~ 2h2 y{?) + 3.9036576666184285 x 10~ 343 y{>) + 1.4056070271231856 x 10~ *A y(Y
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CPHBTRKk5(5,9,9) with cp = 1.9020010277318113, and abscissa vector
o = [0 4.7455276167291471x 10~ 5.6674886390240065x 1071 5.1147389582735725x 10~ 6.1432770859660712x10~1
7.1768991263553961x 10~ 8.1316420747753548 x 101 9.1620732886606948x 10~ 1 9.3470878058632800 % 10_1]T

Yo = yn + 4.7455276167291471 x 10~ Ay f + 1.1260016180569510 x 10~ A2y (2 + 1.7811572583236554 x 10~ 243 ()
+2.1131327397781192 x 10314y + 2.0055859548863181 x 10~ 412y
Vs = yp + 3.7141752416078644 x 10~ Ay f + 1.9533133974161412 x 10~ hy, Fy + 6.7907110651677566 x 10~ 2h2y(?)
+8.3460191704484103 x 10733 y{¥) + 8.1968275223723948 x 10~ *h2y{Y + 7.4511611411723054 x 10~ °A5 >
Vi = yn + 4.3491434243959659 x 10~ Ay f + 2.0738617083130333 x 10~ 2hy, Fy + 5.5820936304630413 x 10~ 2h,, Fs
+8.9324752813713007 x 10~ 2h2y{?) 4 1.1000601320504635 x 10~ 2A3 y{>) + 7.8854624066291689 x 10~ Ay
+7.9110079281636096 x 10~61h3 )
Ys = yn + 3.6910193052084223 x 10~ Ly, fn + 8.4434018334683062 x 10~ 3hy, Fy + 2.2726616439811907 x 10~ 2hy, Fy
+2.1405575980248470 x 10~ Ly, Fy + 6.2328209678721547 x 10212y 2 + 6.0413041650083966 x 10~3h3 >
+3.2104420210370344 x 10~ 41ty + 3.2208424784299360 x 10~ 613y
Yo = yn -+ 3.9988113339489240 x 10~ A, f, + 3.4804533319469188 x 10~ 3hy, Fy + 9.3681349617031583 x 10~ 3h, Fs
+8.8235890831806857 x 10~ 2/, Fy + 2.1672430011519028 x 10~ hy, F5 + 7.2308269239915568 x 10~ 22y
+7.2774866075617332 x 107303 y{®) + 3.6601682529166220 x 10~ 4Ad y{Y + 1.3276629677025455 x 10~ 645 (>
Yy = yp + 4.7535248634568861 x 10~ Ay f + 1.3937670699328329 x 10™3hy, Fy + 3.7515222216769201 x 10~ 3h, Fy
+3.5334557684980436 x 10~ 2hy, Fy + 8.6788181988257884 x 10~ 2h, Fs + 2.1054369216699886 x 10~ Ay Fg
+1.0533625430419623 x 10~ 1h2y{?) 4 1.3634115886401907 x 10~ 23 y{>) + 9.6598549009061874 x 10~ Ay
+5.3167008658552745 x 10~ 7h3 4>
Ya = yn + 4.2081773745920698 x 10~ Ly, fn + 1.5138981758373782 x 10~ Ly, Fy + 1.4968136093992199 x 10~ 3hy, Fy
+1.4098076380669596 x 10~ 2h, Fy + 3.4627472332277205 x 10~ 2h,, Fs + 8.4004477432591373 x 10~ 2h,, Fs
+2.0977293406818728 x 10~ L1, Fy + 8.7674739763968404 x 10~2h2 4 D + 1.1528553023546974 x 10213y
+9.9164491431011923 x 10~ *h%y$Y + 5.7749561716070669 x 10513y
Yo = yn + 3.8002781485146753 x 10 L1y, fn + 3.3164629422596521 x 10~ 2hy, Fy + 7.9496426303215101 x 10~ 3h,, Fy
1 7.4796753896972726 x 10~ 2hy, Fy + 1.8371517967900325 x 10~ hy, Fs + 1.2672826068266901 x 10~ L, F
+3.4031650040606709 x 10~ 2hy, Fy + 8.5294849382690843 x 10~ 2h,, Fi + 6.8705842172362322 x 10~ 2h2y?)
+6.9557495896525072 x 10313 y{®) + 4.1504059005451451 x 10~ 44 y{Y + 1.2651067583006226 x 10~ 2 A5 y )
Ynt1 = Yn + 3.9382271106335764 x 10~ Ly, fn + 2.1488617027391115 x 10~ 2hy Fy + 3.5603525100765504 x 10~ 2hy, Fs
+8.7359508298123487 x 10~ 2h,, Fy + 1.3858150189818005 x 10~ L1y, Fs + 1.4674605412553202 x 10~ L1, Fs
19.3058815227011257 x 10~ 3hy, Fy + 2.3323693147551176 x 10~ 2h,, Fs + 1.4376850781639791 x 10~ L h,, Fo
+7.1171297717510337 x 10~ 2h2 y{?) 4 7.4891218237655623 x 1033 y{¥) + 4.6795998683294159 x 10~ Ay (Y

+1.4271591384369294 x 10*5h;2y7(15)

CPHBTRKk5(6,9,10) with c.p = 1.7750965780291403, and abscissa vector
oc=10 5.1570811068367106x 10~ 6.0284732063650370x 101 5.5422164284318964x 10! 6.4684203893028136x 101
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7.4032023261514557x 10~ 1 8.2588059877586173x 10~ 9.2225087223511748x 10~ 1 9.4121605629782168 x 10~ 1]T

Yo = yp + 5.1570811068367106 x 10~ Ay, f, + 1.3297742771246074 x 10~ A2 y(2) + 2.2859179336389174 x 10~ 243 y ()
+2.9471660468371164 x 10~ 3%y 4 3.0397548677708631 x 10~ 45 y{>) + 2.6127103996660038 x 10~ °AS S
Vs = yn + 4.1256216712366539 x 10~ Ay fn + 1.9028515351283828 x 10~ hy, Fy + 8.3580848990047599 x 10~ 2h2y{?)
+1.1211323486321000 x 10~ 23 y{®) + 1.1534730559727862 x 10~ 3% y{Y + 1.0272021217507149 x 10~ A5y
+8.8250701381885558 x 10~ 610 (%)

Vi = yn + 4.8535311054212743 x 10~ Ay fn + 1.7388607230158226 x 10~ 2hy, Fy + 5.1479925070904028 x 10~ 2h, Fs
+1.1357883402025423 x 10~ A2 y{?) 4 1.6705768444891900 x 10~ 23 y{>) + 1.6539014006865126 x 10~ 3h 5P
+1.0119549654505958 x 10~ 4h2 ) + 8.0645113703631931 x 10~ 7h6 4

Vs = yn + 4.2174521421585059 x 10~ A fn + 6.1910911591465259 x 10~ 3hy, Fy + 1.8329064815911622 x 10~ 2hy, Fs
+2.0057666873937258 x 10~ L, Fy + 8.3795957260193579 x 10212y D + 1.0148327169794486 x 10213 >
+7.9257729502767572 x 10~ 4ht y{Y + 3.6029943957728955 x 10~ A5 y{®) + 2.8713124856428131 x 10~ A% y (O

Yo = yn + 4.5566210386039169 x 10~ A f + 2.2352112998135056 x 10~ 3hy, Fy + 6.6174656031373381 x 10~ 3h, Fs
+7.2415544355673905 x 10~ 2hy, Fy + 2.0338990749612912 x 10~ 1y, Fs + 9.7199580982187506 x 10~2h2y 2
+1.2454065345630058 x 10~ 23y + 9.9440089444084289 x 10~ 4% y{Y + 4.1912911823385969 x 10~ 245y
+1.0366492671849418 x 10~ 7hS y{®)

Yo = yn + 5.2520323243930289 x 10 L1y, fn + 1.0417833105992604 x 10~ 3k, Fy + 3.0842566089337433 x 10~ 3h,, Fy
+3.3751308229336759 x 10~ 2hy, Fy + 6.9711901881672506 x 10~ 2h, Fs + 1.9308811630601663 x 10~ Ay Fg
+1.3189745635677677 x 10~ 1h2y{?) + 2.0506217694819508 x 10~ 2A3 y{¥) + 2.0885100425046964 x 10~ 3h (Y
+1.2395658518860790 x 10~ *h3y>) + 4.8315964830185729 x 10~ ShS (¥

Ya = yn + 4.8160736979522900 x 10~ Ay f + 1.2944787689101189 x 10~ Ay Fy + 1.1121942190469233 x 10~ 3h,, Fy
+1.2170845249778512 x 10~ 2h,, Fy + 2.5138366907274501 x 10~ 2h,, Fs + 6.9628281285082125 x 10~ 2h,, Fs
+2.0314593788769464 x 10~ L, Fy + 1.1551811976682201 x 10~ 12y D + 1.7830784894433446 x 10213y >
+1.8828214439303677 x 10~ 3h%y{Y 4 1.3164419626471749 x 10~ A5 y{>) + 6.0035508378518922 x 10~ 6AS (S

Yo = yn + 4.4120999522091908 x 10~ Ay, £, + 2.4739063686188282 x 10~ 2hy, Fy + 5.8019299208501443 x 10~ 3h, Fs
+6.3491061190048700 x 10~ 2hy, Fy + 1.7704473963752998 x 10~ 1y, Fs + 1.2051140577870244 x 10~ h,, Fg
+2.8734214467594502 x 10~ 2h,, Fr + 7.9683646395988600 x 10™2h,, Fs + 9.0543543407499344 x 10~ 2h2 y{?)
+1.1124002273538746 x 10~ 2h3 y{®) + 8.7027776793679285 x 10~ 4Ad y{Y + 4.2457800434923912 x 107245y
+1.1473515834171237 x 10~ 6h8 (%)

Ynt1 = Yn + 4.4589835580469794 x 10~ Ay, f, + 1.5754140812292369 x 10~ 2hy, Fy + 3.0747857902913268 x 10~ 2h, Fs
+7.5574838469094283 x 10~ 2h,, Fy + 1.3320083218132878 x 10~ 1, Fs + 1.4051161271529586 x 10~ L, Fg
+6.7716604769356599 x 103/, Fy + 1.8778679318565160 x 10~ 2h, Fy + 1.3276202231887677 x 10~ h,, Fo
+9.3401515770851526 x 10~ 2h2 y{?) + 1.1904708255722525 x 10~ 23 y{>) + 9.8856816632667249 x 10~ A y (Y

+5.1728355684992869 x 10512 55> + 1.3695249809596008 x 10~ 616 y %)
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CPHBTRk5(7,9,11) with ccp = 1.6749618903443189, and abscissa vector
o = [0 5.5349307290500882 x 10~ 6.3339587301574651x 1071 5.8923919315732054x 10~ 6.7357340535177346x10~1
7.5859117482848781x 10! 8.3891817899559773x 101 9.2796718875020578x 10~ 9.4646481360042800 % 10_1]T

Yo = yn + 5.5349307290500882 x 10~ Ay f + 1.5317729087691467 x 10~ 22y (2 + 2.8260856475575958 x 10~ 2A3 ()
+3.9105470733984881 x 1073t y{Y + 4.3289214327900367 x 10~ 4A5 y{>) + 3.9933800436655182 x 10~ °AS y (S
+3.1575831309228082 x 10~ 6T 47

Vs = yn + 4.5394720656420928 x 10~ Ay, fr + 1.7944866645153731 x 10~ hy Fy + 1.0127157215372252 x 10~ L h2y{?)
+1.4864589513659779 x 10~ 2h3 y{®) + 1.6350304282155611 x 10~ 3%y 4 1.4781919435209951 x 10~ A5y
+1.2002889521766912 x 10518y ) + 9.4907374359172831 x 10~ 7hT 47

Vi = yn + 5.2761668848221699 x 10~ Ay, f,y + 1.4241341068557845 x 10~ 2hy, Fy + 4.7381163606545658 x 10~ 2h, Fs
+1.3570789625895074 x 10~ A2 y{?) 4 2.2411703161789778 x 10~ 23 y{¥) + 2.6137465439289376 x 10~ 3h y (Y
12.1849027196454133 x 10~ 4R35 y{®) 4+ 1.1714082854658347 x 10758 y{®) + 7.5320051962342271 x 10~ 8A7 "

Ys = yn + 4.6597504466909534 x 10~ Ly, o + 4.4886882407174505 x 10~ 3hy, Fy + 1.4933935707906488 x 10~ 2hy, Fy
+1.8817573673405413 x 10~ L1y, Fy + 1.0402649582069610 x 10~ 12y {2 + 1.4582688516970886 x 10~ 2h3 4>
+1.4011879755371677 x 10~ 3h% y{Y + 9.2533671366378496 x 10~ °A% y{>) + 3.6921288316437648 x 10~ 6AS (O
+2.3739915356709439 x 10~ 8T 47

Yo = yn + 5.0193632831540291 x 10~ L1y, fn + 1.4317737014441882 x 10~ 3hy, Fy + 4.7635334108704344 x 10~ 3h,, Fy
16.0023119596882536 x 10~ 2hy, Fy + 1.9043641980388765 x 10~ 1y, Fs + 1.2027972368234083 x 10~ h2y 2
+1.7960986664129559 x 10~ 23 y{®) + 1.8096735754856695 x 10~ 3h%y{Y 4 1.2104338086585174 x 10~ A5y
+4.4432149877852939 x 10518 y{®) 4 7.5724097240522035 x 10~ hT 47

Yo = yn + 5.6677048059386492 x 10~ Ly, fn + 6.4450204980898323 x 10~ 4k, Fy + 2.1442713549794296 x 10~ 3hy, Fy
+2.7018988823378779 x 10~ 2h,, Fy + 5.8606228622709908 x 10~ 2h,, Fs + 1.8373370665085578 x 10~ Lh,, Fs
+1.5540194243328581 x 10~ 1h2 y{?) + 2.7022828575077748 x 10~ 23 y{¥) + 3.2548174489206694 x 10~ 3hd y (Y
+2.7226339860377137 x 10~ 4R35 y{>) 4+ 1.3713175664631010 x 102 y{® + 3.4086674447163797 x 10~ A7 y "

Ya = yn + 5.3694236638718695 x 10~ A fn + 1.0914372126551128 x 10~ Ay, Fa + 6.9592113621790301 x 10~ 41, Fs
+8.7689859577520513 x 10~ 3hy, Fy + 1.9020593227555255 x 10~ 2h,, Fs + 5.9630591807825123 x 10~ 2h,, Fg
+1.9376500896815707 x 10~ L1, Fr + 1.4394343931682246 x 10~ A2 y{?) + 2.5145396516901154 x 10~ 2h3 4>
+3.1099124022150025 x 1034y + 2.7394913035445759 x 10~ 45 y{>) + 1.6085013922218056 x 10~ °AS (S
+5.7724274122129328 x 10~ 7hT 47

Yo = yn + 4.8714385554005740 x 10~ A fn + 1.7727651324468435 x 10~ 2hy, Fy + 4.1759949988426515 x 10~ 3h, Fs
+5.2619815089260329 x 10~ 2h, Fy + 1.6585742253032318 x 10~ 1, Fs + 1.2096374522945873 x 10~ L, F
+2.4006752476647762 x 10~ 2hy, Fy + 7.3969576411369503 x 10~ 2h,, Fy + 1.1217475465089716 x 10~ h2y?)
+1.5892457752385913 x 10~ 2h3 y{®) + 1.5009632308611337 x 10~ 3A% y{Y + 9.4939619072855879 x 10~ 245y
+3.8479036235082055 x 10618 5% + 9.3758559148423162 x 10~ 8T 47

Ynt1 = Yn + 4.9051037546958509 x 1071hnfn +1.1539108800372367 x 10~ 2h,, Fy + 2.7075828031432568 x 10~ 2h,, F3
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+6.4309480876208094 X 10~ 2hy, Fy + 1.2575447572169510 x 10~ hyy Fy + 1.3731881095084394 x 10~ Ay Fg

+4.9564763030656572 x 10~ 3hy, Fy + 1.5271888731613748 x 10~ 2h,, Fs + 1.2326355511518330 x 10~ h,, Fo

+1.1470158283529716 x 10~ h2y D + 1.6736276000627756 x 10~2h3 4> + 1.6654678829641925 x 10~ 3ht M)

+1.1476887995161095 x 10~ 473 y{>) + 5.1739876869203847 x 107648 y{® + 1.2101439828293541 x 10~ A7y
CPHBTRKk5(8,9,12) with cp = 1.5995737614658707, and abscissa vector

o = [0 5.8367999774694079x 10~ 6.5725027014461568x 10~ 6.2183948708365344x 10~ ! 6.9962116599250190x 10~1
7.7829229916174081x 10~ 8.6160885547579769x 10~ 9.3520342976171444x10~! 9.5096630143764826x10~ 1T

Ya = yn + 5.8367999774694079 x 10~ Ay f + 1.7034116988493439 x 10~ A2y (2 + 3.3141577884883255 x 10~ 243 ()

+4.8360190262946795 x 10~3h2 y(Y + 5.6453751487436812 x 10~ A5y + 5.4918209234989108 x 10~51S O
+4.5792371775063518 x 10517 y{ + 3.3410114318120176 x 10~ 718y

Y3 = yn + 4.8836409404132047 x 10~ Ay fn + 1.6888617610329523 x 10~ hy, Fy + 1.1741347591512433 x 10~ Lh2y (>
+1.8551331692256076 x 10~ 213 4P + 2.1780506950966664 x 103ty + 2.0531436353425514 x 10~ 413 )
+1.6614647453514115 x 10508 y{® + 1.2370621301726277 x 10~ A7 y{7 + 9.0256052668998137 x 10~ 84S ()

Yi = yn + 5.6262163714230973 x 10~ Ly, fr + 1.2594977616775168 x 10~ 2hy, Fa + 4.6622872324568479 x 10~ 2hy, Fy
+1.5534784191100795 x 10~ h2 y{2) + 2.7860463867455307 x 10~ 23 y{>) + 3.6066062401904730 x 10~ 3h% y(Y
+3.5142485155277841 x 10~ 43 y{>) + 2.5542722797616065 x 102 y{® + 1.2222830676209110 x 10~ 647 "
+6.7310006619442525 x 10~ 978 &)

Ys = yn + 5.0532054593618048 x 10~ Ly, frn + 3.5757857469196491 x 10~ 3hy, Fa + 1.3236498500529456 x 10~ 2hy, F3
+1.7748833580887233 x 10~ L1y, Fy + 1.2357882541768619 x 10~ 12y (2 + 1.9289880821388456 x 10~ 2h3 4>
+2.1246639526612851 x 10~ 3% y{Y 4 1.7080073975800049 x 10~ A5 y{®) + 9.7999809207078964 x 10~ 6AS (O
+3.4701311148650835 x 10~ 7hT 55" + 1.9109693531674208 x 10~ 218 y{&)

Y6 = yn + 5.4241543624197430 x 10~ hyp fr, + 1.0292604288048770 x 10~ 3hy, Fa + 3.8100168988777503 x 10~ 2h,, F3

+5.1088553272486889 x 10~ 2h,, Fy + 1.7994903231959705 x 10 h,, Fi + 1.4209952653295749 x 10~ 12y 2
+2.3658028690527105 x 10~ 2h3 y{¥) + 2.7561026860724652 x 10~ 3k y Y + 2.3051671206732626 x 10~4h3 y )

+1.3278214232465064 x 10518 y{® + 4.2741243031389195 x 10~ "hT y{" + 5.5005676376680081 x 10~ 10h8 &)

Yo = yn + 6.0002706446909093 x 10~ Ly, f + 3.1268549794314038 x 10~ 4k, Fy + 1.1574689921584644 x 10~ 3hy, Fy
+1.5520512857713888 x 10~ 2h,, Fy + 5.4667848098050587 x 10~ 2h,, Fs + 1.8992327556084079 x 10~ L h,, Fs
+1.7452778065469110 x 10~ 1h2 y{2) + 3.2400280401219887 x 10~ 23 y{¥) + 4.2328335093514335 x 10~ 3Ad y (Y
+4.0049341906073151 x 10~ 45 y{>) + 2.6519246389432526 x 102 y{® + 1.0178503760659854 x 10~ 647 "
+1.6710520317498831 x 10~ 10p8 ¥

Ya = yn + 5.AT27ATAT60898787 x 10~ Ly, fr + 3.9205580775729061 x 10~ 2hy, Fa + 8.3544758888557911 x 10 3hy, Fy
+1.1202524761431940 x 10~ Y1y, Fy + 1.4352320839379899 x 10~ 2h, Fs + 4.9861845317674888 x 10~ 2h,, Fs
+1.6412921171676759 x 10~ L1, Fy + 1.4900305023790236 x 10~ 124D + 2.6643902890896059 x 10213 >
+3.4540667897824491 x 10 3h% y{Y 4 3.3443491039311933 x 10~ 4A5 YY) + 2.3545176224436274 x 10~ °AS S

+1.0620371539432916 x 10517 {7 + 2.0952223829430315 x 10~ 818 y{®)
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Yo = yn + 5.2867882886172857 x 10~ A, fn + 1.9601590854701780 x 10~ 2hy, Fy + 3.6320894911546879 x 10~ 3h, Fs
+4.8702722949589189 x 10~ 2hy, Fy + 1.3193638196589913 x 10~ ', Fs + 1.3619355772732789 x 10~ h,, Fe
+1.7097379646841691 x 10~ 2hy, Fy + 6.5123749940405318 x 10~ 2h,, Fy + 1.3411583809649510 x 10~ 12y 2
+2.1429194481804102 x 10~ 273y + 2.3700034783270739 x 10~ 3A% y{Y + 1.8700472466339362 x 10~ A5y
+1.0412749803897490 x 10758 y{® + 3.9640341854826657 x 10~ 7 AT y{7) + 1.0475470860895419 x 10~ 84S ()

Yni1 = Yn + 5.2788010881971537 x 10~ Ay fn + 9.5039305060613394 x 10~ 3hy, Fy + 2.2553078705528255 x 10~ 2h, Fs
+6.0141544718733363 x 10~ 2hy, Fy + 1.2150793075161179 x 10~ 1, Fs + 1.2881800313019395 x 10~ Ly, F
+3.1322878461796108 x 10~ 3%y, Fy + 1.1930853420199575 x 10~ 2h,, Fi + 1.1453226210177671 x 10~ h,, Fo
+1.3419085778117998 x 10~ 1h2y{?) + 2.1628446754516500 x 10~ 23 y{>) + 2.4410917167951196 x 10~ 3A y (Y
+1.9995910334281173 x 10~ 4% y{>) + 1.1788949870597435 x 10~ °AS y{®) + 4.6672112029656844 x 10~ 7 A7y "
+9.7672516174141138 x 10~ 218 y{®)

CPHBTRKk5(9,9,13) with ccp = 1.5443902726738195, and abscissa vector

o = [0 6.1066993624474653x 10~ ! 6.7895376046654976x 10~ 6.4934433993014595x 10~ 7.2147094241035892x 10~ 1
7.9458966163650724x 10~ 1 8.7535102291325484x 10~ 9.4105152870534625x 10~ 9.5475871341761676 x 10~ 1|7

Ya = yn + 6.1066993624474641 x 10~ Ay, f,, + 1.8645888551658135 x 10~ A2y (2 + 3.7954945243559066 x 10~ 2A3 y ()
+5.7944859980142652 x 1034y 4 7.0770367899569123 x 10~ 4A5 y (> + 7.2028893422078366 x 10~ °AS S
+6.2836971076914714 x 107517 47 + 4.7965811401690332 x 10~ 7h8 (¥ + 3.2545865545108939 x 10~ 8h2 4 )

Y3 = yn + 5.1951749939939029 x 10~ Ly, frn + 1.5943626106715947 x 10~ hy, Fy + 1.3312617304485150 x 10~ A2 42
+2.2435507182649295 x 10~ 23 y{¥) + 2.8028099845287175 x 10~ 3ht y{Y) 4 2.7846791177572877 x 10~ A5y
+2.3219549848022926 x 10~ 518 y{® + 1.7122421265687045 x 10~ A7 y{” + 1.1810708593305828 x 10~ 7AS y ()
+8.0138274040883032 x 10212y

Yy = yn + 5.9297427463681229 x 10~ Ay f + 1.1137657639168600 x 10~ 2hy, Fy + 4.5232407654164981 x 10~ 2h,, F3
+1.7331188994748031 x 10~ h2 y{?) + 3.3130172448993675 x 10~ 23 y{¥) + 4.6255715669057500 x 10~ 3A y (Y
+4.9700804935723397 x 1045 y{>) + 4.1850143554276770 x 102 y{® + 2.7019247595202553 x 10~ 647 "
+1.1705055307300311 x 10~ "h8y{®) + 5.5981785704673662 x 10~ 10h9 )

Ys = yn + 5.3937585704423252 x 10~ y, fn + 2.8813543890392110 x 10~ 3hy, Fa + 1.1701795884148899 x 10~ 2hy, Fy
+1.6751193509293830 x 10~ L1y, Fy + 1.4178269862709225 x 10~ A2 y{?) + 2.4040114925646401 x 10~ 243 4>
+2.9254707352807173 x 10 3h% y{Y + 2.6776933385940752 x 10~ 4A5 y{®) + 1.8613742229795332 x 10~ °AS (O
+9.4808013172561088 x 10~ AT y&" + 3.0281423236619320 x 10~ 5h8y{®) + 1.4482700866935133 x 10~ 10h9 4

Yo = yn + 5.7670422799400756 x 10~ A fn + 7.5675662180887178 x 10~ *hy, Fa + 3.0733503508182844 x 10~ 3h,, Fs
+4.3995201213626364 x 10~2hy, Fy + 1.7006012545624624 x 10~ h,, Fs + 1.6187610002239944 x 10~ 122
+2.9229108196148750 x 10~ 23 y{¥) + 3.7689256870251328 x 10~ 3hL y{ + 3.6221913552116286 x 10~ A5y
+2.5983890465007017 x 107518 y{® + 1.3159303174327268 x 10~ A7 y{7) + 3.7685331377958376 x 10~ 8A% y ()
+3.8037250205744040 x 10~ 11p9 )

Y7 = yn + 6.2720288693577209 x 1071hnfn +2.1699778192136842 x 10~ *h,, Fy + 8.8127436215981400 x 10~ *h,, F3



B.2. Nine stages CPHBTRks(p — 4,9, p) methods formulae 150

+1.2615497246289542 X 10~ 2hy, Fy + 4.8764251218642647 x 10~ 2hy, Fy + 1.8567011536846936 x 10~ Ay Fg
+1.9148350193222305 x 10~ A2 y{?) + 3.7579924671996903 x 10~ 23y + 5.2568450950897464 x 10~ 3h y (Y
+5.4588241547962740 x 10~ 45 y{®) 4+ 4.1954026524626122 x 10~ 58 y{®) + 2.2308520205329562 x 10~ 647 "
+6.2769335607886703 x 10~ 318 y{® 4 1.0907071953073876 x 101119 )

Ya = yn + 5.7492750348042798 x 10~ Ly, fn + 2.5782638153924475 x 10~ 3hy, Fy + 1.0470880297813708 x 10~ 2hy, Fy
+1.4989130199999628 X 10~ L, Fy + 1.1234443717370101 x 10~ 2hy, Fy + 4.2775197177770889 x 10~ 2hy, Fg
+1.4917393821657490 x 10~ L1, Fy + 1.6410059596948864 x 10~ 124D + 3.0821998582136266 x 10213 (>
+4.2374217479771896 x 10~ 3h2y{Y 4 4.4551729645637235 x 10~ 45y (> + 3.5891702862382763 x 10~ °AS S
+2.0993782424190732 x 10~ 5hT y{ + 7.2239584718039931 x 10~ 818 y{® + 1.2959261011563081 x 101049 4

Yo = yn + 5.6457324474389903 x 10~ A, f, + 1.7873376320914888 x 10~ 2hy, Fy + 3.0015459445024849 x 10~ 3h, Fs
+4.2967316676138428 x 10~ 2y, Fy + 1.1454456123833853 x 10~ L hy, Fy + 1.3952543192472175 x 10~ hy Fg
+1.3532787827691763 x 10~ 2hy, Fy + 5.8740448741409990 x 10~2h,, Fs + 1.5429910501305300 x 10~ h2y?)
+2.6918996689930572 x 10213 y{>) + 3.3200362089750067 x 10~3h4 M) + 3.0175549229113295 x 10~ 413 y )
+2.0340585279463778 x 107518 y{® + 9.9554411542525170 x 10~ AT y{") + 3.4524193462865353 x 10~ 8A8 y ()
+8.9837877535148504 x 10~ 10h9 /()

Ynt1 = Yn + 5.6067082694593062 x 10~ L 1o, f + 7.6369912480236694 x 10~ 3hy, Fy + 1.9534074784199648 x 10~ 2hy, Fs
+5.4727913745692226 x 10~ 2hy, Fy + 1.1816054010190716 x 10~ ', Fs + 1.2050960357368530 x 10~ b, F
+2.2328476804335490 x 10~ 3h,, Fy + 9.6919035744758263 x 10~ 3h,, Fi + 1.0683529834565186 x 10~ L, Fo
+1.5245420495996173 x 10~ 1h2 y{2) + 2.6566078074664216 x 10~ 23 y{>) + 3.2958801359931960 x 10~ 3A y (Y
+3.0487397408904472 x 10~ 4R3 y{>) 4 2.1284033306127121 x 10248 y{® + 1.0982435063017648 x 10~ 647 "

n

+3.8787483566763066 x 10818y + 7.3459532317902453 x 107102 4

CPHBTRKk5(10,9,14) with c.p = 1.4966663165833098, and abscissa vector
o = [0 6.3574862054060821 x 10~ 6.9962186576632690x 101 6.7117475903227730x 10~ 7.3824913421514082x10~1
8.0611771463251769x 101 8.8231297820273324x 10~ 9.4532082024719333x 101 9.5793362338703303x 10~ 1]T

Yo = yn + 6.3574862054060821 x 10~ Ay, f, + 2.0208815425964313 x 10~ A2y (2 + 4.2825755099388581 x 10~ 243 )

+6.8066036820115519 x 10~ 3%y + 8.6545778028109378 x 10~ 4A% y{>) + 9.1702264991640363 x 10~ °AS S

n

+8.3285126384120962 x 107517 47 + 6.6185505262818893 x 10~ A8y (¥ + 4.6752604078466976 x 10~ 8h2y )

+2.9722903549566594 x 10~ 910510

Y3 = yn + 5.4840816005316295 x 10~ 1oy, fn + 1.5121370571316395 x 10~ L hy Fy + 1.4860147271520072 x 10~ A2 42
+2.6515575128995845 x 10~ 2h3 y{®) + 3.5067263738485861 x 10~ 3 y{Y + 3.6755273415446410 x 10~ A5y
+3.2003416999293519 x 10548 y{® + 2.4118119596952440 x 107647 y{7) + 1.6420979714970234 x 10~ 7Sy
+1.0582692555151785 x 10~ 8h2y{?) + 6.7267823106731442 x 10~ 105105 (1%)

Vi = yn + 6.1989570087659529 x 10~ A fn + 9.4635400324778653 x 10~ 3hy, Fy + 4.1815518123204144 x 10~ 2h, Fs
+1.8996629525259737 x 10~ 1h2 y{?) + 3.8245097968973740 x 10~ 23 y{>) + 5.6634776008910809 x 10~ 3h 5P

+6.5316173676251480 x 10~ 45 y{>) + 6.0365777300597296 x 10~ RS y{® + 4.4951670205235307 x 10~ 6A7 5"
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+2.6181694376066425 x 10~ 718 y{®) + 1.0373504730511371 x 10~ 8h2y{Y) + 4.2008812000265442 x 10~ 1111041

Ys = yn + 5.6801307249977362 x 10~ hy, fro + 2.2393204375027007 x 10~ 3hy, Fy + 9.8946423871721090 x 10~ 3hy, Fy
+1.5810209889069235 x 10~ L, Fy + 1.5804560091215011 x 10~ 112y P + 2.8574404916064541 x 10~2h3 >

+3.7489778157134934 x 1034 y{Y + 3.7657588335121236 x 10~ 45 y{>) + 2.9640806644274963 x 10~°AS (S

+1.8229773390128648 x 10757 y{7) + 8.3890543419711525 x 10~ 848 y{®) + 2.4577408891125720 x 10~ A2y
+9.9616771084859449 x 10~ 12,10,/ (10)

Yo = yn + 6.0510994128216322 x 10~ Ly, frn + 5.3688864160976782 x 10~ 4hy, Fy + 2.3722016209292424 x 10~ 3hy, Fy
+3.7905794850753509 x 10~ 2h,, Fy + 1.6019279823706184 x 10~ h,, F5 + 1.7920824428801982 x 10~ A2 y{?)
+3.4425629812624300 x 10723 y{®) + 4.7838374138026258 x 10~ 3% y{Y + 5.0620386128954217 x 10~ 445y
+4.1579291843853056 x 10~ k8 y{® + 2.6223023325908214 x 107647 y{7) + 1.1927180537869958 x 10~ 7AS )
+3.1231771531451345 x 107210y Y) + 2.3883635416174762 x 10~ 12pL0y (10

Yo = yn + 6.5140350724245877 x 10~y fn + 1.4303606034849948 x 10~ 4k, Fy + 6.3201792915207203 x 10~ 4hy, F
+1.0098733963850757 x 10~ 2hy, Fy + 4.2552507966378078 x 10~ 2h,, Fs + 1.7748317504054514 x 10~ h,, Fs
+2.0744028826265570 x 10~ 12 y{2) + 4.2756028815299413 x 10~ 23 y{>) + 6.3510833516394975 x 10~ 3h y (Y
+7.1377166221590221 x 10~ 43 y{>) 4 6.1551750570844538 x 1028 y{®) + 3.9822823742306943 x 10~ 647 "
+1.7570580466179177 x 10~ "h8 ) + 3.6349234965342158 x 10~ °h Y + 6.3629975603262839 x 10~ 1310410

Ya = yn + 6.1527305742706173 x 10~ Ly, frn + 1.8095860295016977 x 10~ 3hy, Fa + 7.9830880003632712 x 10~ 3hy, Fy
+1.2755817808199893 x 10~ L1y, Fy + 9.2320151896684889 x 1031, Fs + 3.8505904646060150 x 10~ 2h,, Fe
+1.4495899087253908 x 10~ L1, Fy + 1.8871120438824891 x 10~ 1124 D + 3.8203971091644889 x 10213 >
+5.7378008445576134 x 10 3h% y{Y + 6.6824490015696873 x 10~ 45y (> + 6.1644614560532883 x 10~ °AS (S
+4.4556095273682269 x 107517 47 + 2.3764039752040628 x 10~ 7h8 () + 7.5707086785176945 x 10~ 912y )
+8.0499938880985079 x 10~ 12,105 (1)

Yo = yn + 5.9611486618214826 x 10~ Ly, fn + 1.3442041437963377 x 10~ 2hy, Fy + 2.1828621764766291 x 10~ 3hy, Fy
+3.4878982428829738 X 10~ 2hy, Fy + 1.0411076376083531 x 10~ hy Fy + 1.4076886452819071 x 10~ Ay Fg
+1.1843881787456869 x 10~ 2hy, Fy + 5.4591361085132066 x 10~ 2h,, Fy + 1.7294326594411871 x 10~ h2y?)
+3.2288313182393676 x 10~ 213 4P + 4.3143112302548876 x 10~ 3hiy(Y + 4.3288857164897499 x 10~ 413 4>
+3.3154054406687788 x 10518 y{® + 1.9205195160648545 x 107647 y{7) + 8.1356149730429533 x 10~ 848 5
+2.4505496855661689 x 10912 y{?) + 5.9797282504588469 x 10~ 1111041

Ynt1 = Yn + 5.8969700264687930 x 10~ Ay, fr + 5.9263765358245945 x 10~ 3hy, Fy + 1.7599863961789489 x 10~ 2hy, F
+4.7066104995185667 x 10~ 2hy, Fy + 1.1114691305701783 x 10~ 1y, Fs + 1.1831704599391640 x 10~ L, F
+1.7775281476166377 x 10~ 3h,, Fy + 8.1930639537699974 x 103/, Fi + 1.0027610070800021 x 10~ 1, Fo
+1.6952664531670161 x 10~ 1h2 y{2) + 3.1468527515514912 x 10~ 23 y{¥) + 4.2053855785304135 x 10~ 3Ad y (Y
+4.2620777807727682 x 10~ 45 y{>) + 3.3503944431217883 x 1028 y{® + 2.0419345291708860 x 10~ 647 "

+9.3785363603542721 x 10818 y{®) 4 2.9917683775701943 x 10~ 912 y{?) + 5.1763384829666555 x 10~ 1111041
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B.3 Ten stages CPHBTRks5(p—4, 10, p) methods for-

mulae

CPHBTRk5(2,10,6) with ccp = 3.5646029568785740, and abscissa vector o = [0 2.7842964332218451x 101
4.1816904481179606x 10~ 3.9067928644511601x 101 3.8637915334868184x 101 5.2647383807775272x 1071
7.0948880078541965x 10~ ! 8.6092081271814713x 10~ ! 8.6331609198841319x10~1 9.2359094107564599 x 10_1]T

Yo = yn + 2.7842964332218451 x 10~ Ay, f, + 3.8761533140259471 x 10~ 2A2 (P

Vs = yn + 2.0829660140341305 x 10~ Ay, f, + 2.0987244340838301 x 10~ Ay, Fy + 2.8997965458053533 x 10~ 2h2y{?)
Yy = yn + 2.0788727118384684 x 10~ Ay fn + 7.8226619945594530 x 10~ 2hy, Fy + 1.0456539531567460 x 10~ L1y, Fy
+1.0808531059356920 x 10~ 2h2y D

Vs = yn + 2.0035382524896286 x 10~ Ay fn + 3.1407830653775524 x 10~ 2hy, Fy + 4.1982796017569143 x 10~ 2h,, Fs
+1.1263470142837431 x 10~ Ly, Fy + 4.3396034925764770 x 10~3h2y D

Yo = yn + 1.7321599331601423 x 10~ A, fn + 2.3780494143120792 x 10~ 2hy, Fy + 3.1787347741816220 x 10~ 2h,, Fs
+8.5281562014141582 x 10~ 2h,, Fy + 2.1240844086265992 x 10~ hy, F5 + 3.2857384063319909 x 10342 y{?)

Yy = yp + 1.5228416193073463 x 10~ A fn + 2.0906795741995821 x 10~ 2hy, Fy + 2.7946079775225816 x 10~ 2h,, F3
+7.4975910376689242 x 10~ 2hy, Fy + 1.8674043778337787 x 10~ hyy Fy + 2.4663541517739626 x 10~ hy Fg
+2.8886810050869206 x 10~ 3h2y >

Ya = yn + 1.7211789900772700 x 10~ A fn + 1.7189877825122258 x 10~ 2hy, Fy + 2.2977681656987981 x 10~ 2h, Fs
+6.1646306545852791 x 10~ 2hy, Fy + 1.5354076014900933 x 10~ hy Fy + 2.0278729892720190 x 10~ Ay Fg
+2.3066098860624595 x 10~ L, Fy + 2.3751164054973081 x 10~3h2y 2

Yo = yn + 1.8487661073348063 x 10~ Ay, f + 1.1892874300183151 x 10~ Ay, Fy + 1.5897185683123877 x 10~ L1y, Fs
+2.6573936974398974 x 10~ 2h,, Fy + 6.6186967022478962 x 10~ 2h,, s + 8.7415721100029306 x 10~ 2hy, Fg
19.9431260021363793 x 10~ 2hy, Fr + 1.2093099630359121 x 10~ 1 hy, Fs + 1.6432322059672003 x 10~ 22 y )

Y10 = yn + 1.8604197008738452 x 10~ 1oy, fr, + 9.5175947307226436 x 10~ 2hy, Fy + 1.2722153356038512 x 10~ L h,, Fs
+4.4559371989602158 x 10~ 2h,, Fy + 8.1796442454806009 x 10~ 2h,, 5 + 1.0803176727439978 x 10~ hy, Fg
+9.4146663729170951 x 10~ 2hy, Fy + 5.6213339927445892 x 10~ 2h, Fs + 1.3040390474522515 x 10~ Ay Fy
+1.3150410733447590 x 10~ 2h2y{?

Ynt1 = Yn + 1.8166312024945286 x 10~ L h,, fr, + 6.3485441638502421 x 10~ 2h,, Fp + 8.4860886311297734 x 10~ 2h,, F3

+9.0655938213552140 x 10~ 2hy, Fy + 9.4477412549241357 x 10~ 2hy Fy + 1.2474549960713693 x 10~ Ay Fg
+1.2862535040010073 x 10~ hy, Fy + 4.1753746470125870 x 10~ 2h,, Fs + 6.0207984191906955 x 10~ 2hy, Fy

+1.2952462036868309 x 10~ h,, F1o + 1.0429630883138145 x 10~ 2h2 y
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CPHBTRxk5(3,10,7) with ccp = 3.1200969859848842, and abscissa vector sigma = [0 3.2050285760086444x 10~ 1
4.4361640980594369x 101 4.9699659275932151x 10~ 4.3080263699822630x 10! 5.5962554634995565x 10~
7.0303366569480485x 101 8.3252919142375004x 101 9.0103587809232788x 10~ 9.2299674761687311x10~ 1T
Ya = yn + 3.2050285760086444 x 10~ Ay, £, + 5.1361040865160010 x 10~ 2A2 y(2) + 5.4871201222128525 x 10~ 343 4>
Y3 = yp + 2.3894270785911881 x 10~ Ay fn + 2.0467370194682488 x 10~ hy, Fy + 3.2799253174852494 x 10~ 2h2y{?)
+4.0380325680298120 x 10373 ()
Y4 = yn + 2.6384659966337665 X 10~ hy, fr, + 9.0864055769972821 x 10~ 2hy, Fa + 1.4228593732597206 x 10~ 'k, F3
+3.1260240397285581 x 10~ 2h2y{?) + 1.7926681003588467 x 10~ 313y
Ys = yn + 3.0792904785269803 X 10~ hy, fr, + 2.0166165944127908 x 10~ 2hy, Fa + 3.1577735115338887 x 10~ 2h,, F3
+7.1129688086061446 x 10~ 2h,, Fy + 3.6972528105890981 x 10~2h2 4 D + 3.9785928087344042 x 10~4h3 >
Y6 = yn + 2.5889870899479361 x 10~ Ay, fn, + 1.3678009624687621 x 10~ 2hy, Fo + 2.1418080463590086 x 10~ 2k, Fy
+4.8244795809858680 X 10~ 2/, Fy + 2.1738595145702558 x 10~ hy, Fs + 2.5077182662621995 x 10~ 2A2 y?)
+2.6985412537690751 x 10~ 4h3 45
Y7 = yn + 2.4990868717298748 x 10~ L hy, fr, 4+ 9.9767410793949567 x 10~ 3hy, Fy + 1.5622349235462385 x 10~ 2h,, F3
+3.5189757094079489 x 10~ 2k, Fy + 1.5856132664727501 X 10~ ' hy, F5 + 2.3377480446560542 x 10~ h,, Fg
+2.0376083350789522 x 10~ 2h2y{?) + 1.9683161600008567 x 10~ *h3 45
Yz = yn + 2.7201857717838834 X 10~ *hyy fr, + 3.6032833524090833 x 10~ 2hy, Fh + 1.0729474639132179 x 10~ 2k, F3
+2.4168426950863291 x 10~ 2k, Fy + 1.0890037774518724 X 10~ hy, F5 + 1.6055721182919455 x 10~ " hy, Fg
+2.2012228955689364 x 10~ Ly, Fr + 2.6712536887582496 x 10~ 2h2y{?) + 6.3476958226611768 x 10~ 4h3 4>
Yo = yn + 2.4715921561947546 x 10~ Ry, fr + 1.0217860189175355 x 10~ hy, Fy + 1.3730578806730506 x 10~ Lk, Fy
+1.2005028944805181 x 10~ 2k, Fy + 5.4093391745733480 X 10~ 2hy, F5 + 7.9752562267518520 x 10~ 2h,, Fe
+1.0933994433729180 x 10~ 1oy, Fy + 1.5920134521844481 x 10~ hy, Fs + 2.8962157560692869 x 10~ 22 y )
+1.9780802820534545 x 10313 45
Y10 = Yn + 2.4695196732085400 X 10~ ks, fr, 4 6.0181404002769251 X 10~ 2R, Fp + 8.7664481989114793 x 10~ 2h,, F3
+7.7400070405320612 x 10~ 2k, Fy + 7.6895109292245703 x 10~ 2hy, F5 + 1.1337026195981609 x 10~ " h,, Fg
+1.2158190033865408 x 10~ ' Ay, Fr + 4.6114405330680071 X 10~ 2hy, Fy + 9.2837146977418517 x 10~ 2h,, Fo
+2.5227343509045069 x 10~ 2h2y{?) + 1.1763728132955210 x 10~ 313y
Ynt1 = yn + 2.5830759520583763 x 10~ hy, fr, + 4.3428428180664114 x 10~ 2hy, Fo + 6.4984111796381180 x 10~ 2k, Fy
+9.1206283256506898 x 1072k, Fy + 8.9121350143994416 x 10~ 2hy, F5 + 1.0855393058951872 x 10~ hy, F
+1.3327288860399417 X 10~ L hy, Fy + 2.1190182583713087 x 10~ 2hy, Fg 4 4.2659903795695203 X 10~ 2k, Fo
+1.4727532584369460 x 10~ Ly, Fio + 2.7071045291873909 x 10~ 22y (2 + 1.1793895663086526 x 10~ 343 (>
CPHBTRKk5(4,10,8) with cp = 2.6736188344238125, and abscissa vector o = [0 3.7402489357294960x 10~ 1

4.9449816435270666x 101 4.9878873711571220x 10~ ! 5.0283264680252127x 1071 6.2541121459979643x 10!
7.3668628792253987x 10~ 8.4269412254028120x 10~ 9.1992200220240106x 10~ 9.3148685278833943x 10~ 1T

Yo = yp + 3.7402489357294960 x 10~ Ay, f + 6.9947310506128138 x 10~ 2A2 y(2) + 8.7206784559228766 x 10~ 343 y ()
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+8.1543770784011716 x 10~ 4ht y{

Vs = yp + 2.7840897317942642 x 10~ Ay fr + 2.1608919117328024 x 10~ hy, Fy + 4.1441480543247346 x 10~ 2h2y{?)
+5.0382859173385046 x 10313y + 6.0697878358535848 x 10~ 4h4 y (Y

Vi = yn + 3.4704003821033153 x 10~ A fn + 5.5567651163863953 x 10~ 2hy, Fy + 9.6181047741516729 x 10~ 2h, Fs
+5.6050065770380464 x 10~ 2h2 y{?) + 5.0359836972812223 x 107343 y{¥) + 1.5608548084707833 x 10~ Ay (Y

Ys = yn + 3.6705629478183960 x 10~ A, fn + 1.4349851482314973 x 10~ 2hy, Fy + 2.4837899777951287 x 10~ 2h,, Fs
+9.6588600760415450 x 10~ 2h,, Fy + 6.0593531632119314 x 10~2h2¢ D + 5.1337551944944755 x 10~3h3 >
+4.0307686608820573 x 10~ 5hty5V

Yo = yn + 3.2186672374877234 x 10~ Ay fn + 8.5441500969952264 x 10~ 3hy, Fy + 1.4788915694248303 x 10~ 2h, Fs
+5.7510525706333054 x 10~ 2hy, Fy + 2.2270089935344747 x 10~ hy, F5 + 4.4393892024205163 x 10~ 2A2 y{?)
+3.0567267540746335 x 10313y + 9.3670480396297045 x 1051ty

Yo = yp + 3.4472015925654997 x 10~ A fn + 1.6078577223738736 x 10~ 2hy, Fy + 8.3090577508470979 x 10~ 3h,, Fs
+3.2311921256089532 x 10~ 2h,, Fy + 1.2512307677925649 x 10 h,, Fs + 2.1014349565605805 x 10~ hy, Fg
+5.0771852337739710 x 10~ 2h2y{?) + 3.5583179514058717 x 107343 y{®) + 7.7216333997365640 x 10~ °hd y(Y

Ya = yn + 3.5804520915881827 x 10~ Ay, fy + 7.5726447810212802 x 10~ 2hy, Fy + 4.5308761104523735 x 10~ 3h, Fs
+1.7619484241412197 X 10~ 2h,, Fy + 6.8228814438993993 x 10~ 2h,, F5 + 1.1458990571318592 x 10~ h,, Fg
+2.0395338506720576 x 10~ L1, Fy + 5.9491055666249036 x 10~2h2y D + 5.3156914161634631 x 10313y >
+1.8808733796739743 x 10~ *hty{V

Yo = yn + 3.0622827155293281 x 10~ A fn + 1.1786919340158487 x 10~ hy, Fy + 1.0726270981899948 x 10~ L1y, Fs
+1.4380399058469868 x 10~ 2h,, Fy + 5.5685942078426302 x 10~ 2, Fy + 6.7279099082940677 x 10~ 2hy, Fg
+8.8647678380208539 x 10~ 2h, Fr + 1.6256870882883856 x 10 h,, Fs + 4.6449201078373012 x 10~ 2A2 y{?)
+4.6252927899254970 x 1031355 + 3.0847116933835497 x 10~ 4h 4y

Y10 = yn + 3.2864696617127187 x 10~ Lhy, fr, + 3.1151576604196412 x 10~ 2h, Fy + 3.0012731014500662 x 10~ 2h,, F3
+3.0863431686783370 x 10~ 2hy, Fy + 1.1951401781436777 x 10~ hyy Fy + 1.9512862937953399 x 10~ Ay Fg
+8.1787714230854527 x 10~ 2hy, Fy + 3.4653598481100327 x 10~ 2h,, Fs + 7.9728187405730497 x 10~ 2hy, Fy
+4.7017672666169102 x 10~ 212y D + 3.5126209425953032 x 10~3h3 4> + 1.1516521344988865 x 10~ 4ht M)

Ynt1 = Yn + 3.2427827894719286 x 10~ Ay fn + 3.3842469714701388 x 10~ 2hy, Fy + 4.5121298517174925 x 10~ 2h, Fs

+6.1887573202160040 x 10~ 2hy, Fy + 1.1369218819461296 x 10~ Lk, Fs + 1.2177771423612925 x 10~ hy, Fg
+1.1828871171632893 x 10~ L, Fy + 1.2850304192812181 x 10~ 2h,, Fs + 2.9564937143943128 x 10~ 2hy, Fy
+1.3869652413494440 x 10~ Ly, Fio + 4.6469585328660794 x 10~ 2A2 y{?) + 3.5534596678701018 x 10343 (>

+1.2558765850119953 x 10~ 4t M

CPHBTRxk5(5,10,9) with c.p = 2.3856368028474391, and abscissa vector o = [0 4.1917529055823749x 101
5.2405698244208032x 10~ 1 5.2786402398851617x 10! 5.5210608401389483x 10~ ! 6.6238678709395604x 101
7.5564179985879198x 10~ 1 8.7471065097018452x 10~ 9.1293992993193451x 10~ 9.4085301374204600x 10~ 1|7

Yo = yn + 4.1917529055823749 x 10~ Ay, f, + 8.7853962107291420 x 10~ 2A2 y(2) + 1.2275403364338754 x 10~ 2A3 y )
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+1.2863864429915658 x 10~ 3hty{) 4 1.0784428220223343 x 10~ 4h2 4

Y3 = yn + 3.1927855855928888 x 10~ Ly, frn + 2.0477842388279147 x 10~ hy, Fy + 5.1479805092022442 x 10~ 2h2 2
+5.9968652973965393 x 10313 y{>) + 6.2896137839045377 x 10~y (Y + 6.5966496453727342 x 10513 y )

Vi = yn + 3.9845683886584027 x 10~ Ay fn + 4.2470777551617149 x 10~ 2hy, Fy + 8.6936407571058749 x 10~ 2hy, Fs
+7.5957881974197103 x 10~ 2h2 y{?) + 8.8448953503901511 x 107343 y{¥) + 6.2829070580332420 x 10~ A y (Y
+1.3681365173263413 x 10513y

Ys = yn + 4.1395781011349519 x 10~ "y, frn + 1.0695319063338957 x 10~ 2hy, Fy + 2.1892997274723675 x 10~ 2hy, Fy
+1.0555995756233706 x 10~ L1y, Fy + 8.0732868467274163 x 10~2h2y {2 + 9.3963716502202723 x 10~ 3A3 4>
+6.2734856233036425 x 10~ 4hty{Y + 3.4453469935243566 x 10~ 6h3 y )

Yo = yn + 3.7635523717243458 x 10~ A, fn + 5.4890890744295475 x 10~ 3hy, Fy + 1.1236000668659346 x 10~ 2h, Fs
+5.4175850792410128 x 10~ 2hy, Fy + 2.1513060938602241 x 10~ Ay, Fs + 6.3816531843595342 x 10~ 2h2y >
+6.0766139965727026 x 107303 y{®) + 3.2197002435864144 x 10~ 4AL y{Y + 1.2107854095285966 x 10~ 245y

Yo = yn + 3.9987371489811863 x 10 Ly, fn + 4.0363174140173659 x 10~ 2hy, Fa + 5.0647418645017161 x 10~ 3hy, Fy
+2.4420317125707088 X 10~ 2hy, Fy + 9.6972315668539366 x 10~ 2hy Fy + 1.8894753616175156 x 10~ Ay Fg
+7.4337842526428721 x 10~ 2h2 y{?) + 8.0368721906856969 x 10343 y{®) + 4.9701743471249754 x 10~ y (Y
+1.5205695046221745 x 10~ 573 )

Ya = yn + 4.0872238091506313 x 10~ Ly, frn + 6.8170082705768782 x 10~ 2hy, Fy + 2.7428480455627701 x 10~ 3hy, Fy
11.3225001568141824 x 10~ 2hy, Fy + 5.2516067673533284 x 10~ 2hy Fy + 1.0232592186139944 x 10~ Ay, Fg
+2.2700744820071542 X 10~ L, Fy + 7.7255262932059409 x 10~2h2 4 2 + 8.0725948047622696 x 10313 4>
+4.1128808277233618 x 10~ 4htySY + 2.0149783909574135 x 10513 4

Yo = yn + 3.6632244181168760 x 10~ Ay f + 6.3506989130738406 x 10~ 2hy, Fy + 1.5193797672158917 x 10~ 2h,, F3
+3.9514679317807250 x 10~ 2hy, Fy + 1.5691155592380779 x 10~ L hy Fy + 9.4680692606829001 x 10~ 2hy, Fg
+6.2114217982995774 x 10~ 2h,, Fr + 1.1469555548590983 x 10 hy, Fs + 6.4679715890237882 x 10~ 2A2 y{?)
+7.3483179241706914 x 10733 y{®) + 5.8373042939625420 x 10~ 4t y{Y + 1.9155773629254956 x 10~ °A5 y )

Y10 = yn + 3.9009898424943285 x 10~ Ay, frr + 1.9829294933082171 x 10~ 2h,, Fy + 7.9048999082521332 x 10~ 3h,, Fs
+3.1105251357254757 x 10~ 2hy, Fy + 1.2351798046019984 x 10~ L1y, Fs + 1.9683080587195864 x 10~ L1, Fs
+6.0671517984667363 x 10~ 2hy, Fy + 2.3824265778407835 x 10~ 2h,, Fs + 8.7070013198790513 x 10~ 2hy, Fy
+6.8980165700845669 x 10~ 2h2 y{?) + 6.9204899744523193 x 107343 y{>) + 3.9302518860676939 x 10~ 4AL (Y
+1.0207238601932514 x 10~ 512 y&>)

Ynt1 = Yn + 3.7969414299658161 x 10~ huy, fn + 3.0786519618046827 x 10~ 2hy, Fy + 2.9936545631869378 x 10~ 2hy, Fs
+3.5350898317343823 X 10~ 2hy, Fy + 1.4037731177484225 x 10~ hyy Fy + 1.0479447431208680 x 10~ Ay, Fg
+1.1882430037345164 x 10~ L, Fy + 7.2018856995588751 x 10>y Fs + 2.6320571166776104 x 10~ 2hy, Fy
+1.2671335010944271 x 10~ Yy, Fig + 6.6492573396444224 x 10~ 2h24 ) + 6.8100997046303853 x 10313 y{>)

+4.1580497337864356 x 10~ 4hty{Y + 1.2435129293901815 x 10~ 512y



B.3. Ten stages CPHBTRks(p — 4, 10, p) methods formulae 156

CPHBTRk5(6,10,10) with c.p = 2.1720633064988792, and abscissa vector o = [0 4.6039173766619429x 10!
5.5302830860306673x 101 5.6209265279347487x 10! 5.9225669436654071x 10~ 6.8850812576069620x 101
7.7342683799476519x 10! 8.7769081324673848x 101 9.0825588600218488x10~1 9.4767740940606027 x 10_1]T

Ya = yn + 4.6039173766619429 x 10~ Ay, f + 1.0598027605564893 x 10~ A2y (2 + 1.6264147817201060 x 10~ 243 ()
+1.8719698188052591 x 103t y{Y 4 1.7236788754768480 x 10~ 4A% y{>) + 1.3226125210988296 x 10~ °AS (S

Y3 = yn + 3.6132178875054827 x 10~ Ay fn + 1.9170651985251846 x 10~ Ay, Fy + 6.4660057261344620 x 10~ 2h2y(?)
+7.8726150054111484 x 107303 y{>) + 7.7948579410064224 x 10~y H) + 7.2208891059488535 x 10513 )
+6.6889816437436232 x 10~ 610 (&)

Yy = yn + 4.4217295214897484 x 10~k f + 3.5254487688933786 x 10~ 2hy, Fy + 8.4665212955566269 x 10~ 2h,, Fy
+9.4920940796228037 x 10~ 2h2 y{2) + 1.2915391162833080 x 10~ 23 y{>) + 1.1992281429935860 x 10~ 3h% y (Y
+7.1610561278309339 x 107512 55> + 1.2300917949620015 x 10~ 616 (&)

Y5 = yn + 4.5622205129411858 x 10~k f, + 1.1288866968807590 x 10~ 2hy, Fy + 1.9377108551817013 x 10~ 2h,, Fy
+1.0536866755179752 x 10~ L, Fy + 1.0024365149740622 x 10~ 124D + 1.3819049751153016 x 10213y >
+1.2779774284152013 x 10~ 3h% y{Y 4 7.2338199563864983 x 10~ °A5 y{>) + 3.7403959923412801 x 10~ 7AS (S
Yo = yn + 4.2936992760642373 x 10~ A f, + 4.9048411337496416 x 10~ 3hy, Fy + 8.4190591793399383 x 10~ 3h,, Fs
+4.5781084695607766 x 10~ 2hy, Fy + 2.0003321314557515 x 10~ hy, Fs + 8.5903372303297323 x 10~2h2y?)
+1.0275017622930144 x 10~ 213 4P + 7.6507879351271992 x 10~ *h1y(Y + 3.1420848340212647 x 10~ 513 )
+6.0074457683547491 x 10~ 7hS y{®)

Yy = yp + 4.3300381569011170 x 10~ A fn + 6.6435740383584810 x 10~ 2hy, Fy + 3.2278675322640863 x 10~ 3h,, Fy
+1.7552469193160541 x 10~ 2hy, Fy + 7.6692739691321274 x 10~ 2hy Fy + 1.7651420550432273 x 10~ hy Fg
+8.9903601519914320 x 10~ 2h2 y{?) 4 1.1513548428163798 x 10~ 23 y{¥) + 9.6126300509783737 x 10~ A y (Y
+5.0430435551193395 x 10~ 512 ') + 2.0848667576175740 x 10616 4
Ya = yn + 4.4785330301293264 x 10~ A £ + 9.3632253191585371 x 10~ 2hy, Fy + 1.4777465102325000 x 10~ 3h, Fs
+8.0356767546666610 x 103/, Fy + 3.5110619412418026 x 10~ 2h,, Fs + 8.0809775674879417 x 10~ 2h,, Fg
+2.1077143869002393 x 10~ 1, Fy + 9.7280061614219523 x 10~2h2y D + 1.2016217207737793 x 10213y
+1.0597905552383016 x 10~ 3%yl + 4.6755707895646095 x 10~ °A5 y{>) + 2.7705782652093099 x 10~ 6AS (S
Yo = yn + 4.1549387261441162 x 10~ L1y, fn + 2.3647591471200748 x 10~ 2hy, Fy + 7.6569321725213878 x 10~ 3hy, Fy
+4.1636797275277970 x 10~ 2hy, Fy + 1.8192540433328505 x 10~ L hyy Fy + 9.9086850141829316 x 10~ 2hy, Fg
+4.3591268426073013 x 10~ 2hy, Fy + 9.5217169567585858 x 10~ 2h,, Fy + 8.0684451450822189 x 10~2h2y?)
19.5144845480209968 x 107373 y{®) + 7.4156466535279196 x 10~ 4h% y{Y + 3.8631835160384212 x 10~ 245 y )
+7.9331697678630540 x 10~ 7hS y{®)

Yio = yn + 4.3763390277249853 x 10~ Lhy, fr, + 9.2120730972329069 x 10~ 3h,, Fy + 5.2018171784455136 x 10~ 3h,, s
+2.8101541238680864 x 10~ 2hy, Fy + 1.2278524254092209 x 10~ L hy Fy + 2.1155264271500743 x 10~ Ay Fg
+9.6894653137520586 x 10~ 3hy, Fy + 2.1164868449822866 x 10~ 2h,, Fy + 1.0233585609969797 x 10~ L, Fo

+8.8739109617458012 x 10~ 2h2 y{2) + 1.0702065220994247 x 10~ 23 y{®) + 8.0838842151547666 x 10~ A y(Y
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+3.5581913117153501 x 10512 y{”) + 4.7936445753874328 x 10~ hS y{®)

Ynt1 = Yn + 4.2874765408285315 X 10~ hy, fr, + 2.9934536284237673 x 10~ 2hy, Fo + 1.4084147752983455 x 10~ 2h,, F3
+3.2263306724999316 X 10~ 2h,, Fy + 1.4096941900277368 x 10~ L hy, Fi5 4 9.5186704878037223 X 10~ 2h,, F
+1.1152927180530137 X 10~ hy, Fy + 5.3387686834779008 x 10 3hy, Fg 4 2.5813884222197575 X 10~ 2h,, Fo
+1.1613230656313875 x 10~ Ly, Fio + 8.6820488889440550 x 10~ 22 y{?) + 1.0748368278050662 x 10~ 2A3 ()

+8.7055632998371719 x 10~ 4h% y{Y + 4.4595570001044773 x 10~°A5 y{®) + 1.1596790903710386 x 10~ 640 (O

CPHBTRks5(7,10,11) with cp = 2.0021964644692973, and abscissa vector o = [0 4.9945147980645271x 10~
5.9080930475477056x 10~ ! 5.9113608342369661x 10~ 6.2321561215669419x 10! 7.1033462044206053x 10~
7.8879640954182384x 10! 8.8221230399786266x 10~ 9.1653145201639363x 10~ ! 9.5208401644445351x10~1]T
Yo = yn + 4.9945147980645271 x 10~ Ay f, + 1.2472589034042773 x 10~ A2y (2 + 2.0764843500234657 x 10~ 2A3 5>
+2.5927579535354006 x 10~ 3h% y{Y 4 2.5899135933464112 x 10~ 45y + 2.1558936279461875 x 10~ °AS (S
+1.5382346611186077 x 10~ AT )
Y3 = yn + 3.9800702447330860 x 10~ oy, frn + 1.9280228028146187 x 10~ hy, Fy + 7.8232433095773074 x 10~ 2h2 42
+1.0323450063861638 x 10~ 23 y{®) + 1.0731506582757368 x 10~ 3h%y{Y + 9.9977927836434171 x 10~ °A5 >
+9.1337660207652033 x 10518 y{®) + 8.2879641376949653 x 10~ hT y{"
Vi = yn + 4.8547562783646392 x 10~ "y, fn + 3.6851739173122657 x 10~ 2hy, Fy + 6.8808716414109947 x 10~ 2hy, Fs
+1.1566244899360778 x 10~ 1h2y D + 1.7822548584443598 x 10~2h3 4> + 1.9576636757058807 x 10~ 3ht M)
+1.5666226704316900 x 10~ 473 y{>) + 8.4437860816390366 x 10~ 678 y{® + 1.4587263817773807 x 10~ 7 A7y
Vs = yn + 4.9652540892988356 x 10~ Ly, fn + 7.7155217110938387 x 10~ 3hy, Fa + 1.4406243974307890 x 10~ 2hy, Fy
+1.0456843754140892 x 10~ 1o, Fy + 1.2001980127728457 x 10~ 1h2 4 D + 1.8595674217509409 x 10213 4>
+2.0300883241024569 x 10~ 3h% y{Y 4 1.5827443890422077 x 10~ 4A5 y{>) + 7.8352359851429787 x 10~ 648 (S
+3.0540851861225888 x 10~ 8A7 {7
Yo = yn + 4.7398256984694004 x 10~ A £ + 2.9124069014954540 x 10~ 3hy, Fy + 5.4379789139953469 x 10~ 3h,, Fs
+3.9471840087793600 x 10~ 2hy, Fy + 1.8852982469183607 x 10~ Ly, Fs + 1.0679226296094230 x 10~ 12y 2
+1.4915051174609376 x 10~ 2k y&®) + 1.3960764301845275 x 10~ 3% y{Y + 8.6073801938428627 x 10~ °A5 y )
+2.9575958972631555 x 10518 y{®) + 4.0385194995008435 x 10~ 8T 47
Yo = yn + 4.8108625957486334 x 10~ Ly, fn + 5.1060347160797478 x 10~ 2hy, Fy + 2.1527636899271135 x 10~ 3h,, Fy
+1.5625942185417640 x 10~ 2hy, Fy + 7.4634375641532941 x 10~ 2h,, Fy + 1.6423672128928535 x 10~ hy Fg
+1.1191245363886120 x 10~ 1A2y{?) + 1.6394910419712711 x 10~ 23 y{¥) + 1.6364781064023928 x 10~ 3h y (Y
+1.1055187535626911 x 10~ 45 y{>) + 4.6433741682703354 x 107648 y{® + 1.6776010587140489 x 10~ A7y
Ya = yn + 4.9220922031102734 x 10~ "y, £ + 9.1837459053609752 x 10~ 2hy, F + 8.4893402535703958 x 10~ 4h,, F
+6.1620297952498931 x 10~ 3hy, Fy + 2.9431777040758767 x 10~ 2h,, Fs + 6.4766115095649807 x 10~ 2h,, Fs
+1.9695675967621015 x 10~ 1, Fy + 1.1943002195933335 x 10~ 112y D + 1.8420585818819622 x 10213 >
+1.9242745255058241 x 10 3h% y{Y 4 1.3048998994229195 x 10~ A5y (> + 4.9261300404997578 x 10~ 648 (S

+2.8698704937944090 x 10~ hT y&7
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Yo = yn + 4.5876508149936096 x 10~ A, fn + 2.0090962397717457 x 10~ 2hy, Fy + 5.0422841282365136 x 10~ 3h,, Fs
+3.6509660828572955 x 10~ 2h,, Fy + 1.7481144332709331 x 10~ 1, Fs + 8.8693002183960354 x 10~ 2h,, Fg
+3.7481583911058346 x 10~ 2hy, Fy + 9.5047424740393696 x 10~ 2h,, Fs + 1.0000179942055155 x 10~ 12y 2
+1.3565878481506373 x 10~ 23 y{®) + 1.2581113077140122 x 10~ 3A% y{Y + 8.2480771719662128 x 10~ 245y
+3.7638459745053936 x 10518 y{® + 6.9373992033581475 x 10~ 8hT 47
Yio = yn + 4.8173462554269009 x 10~ 1oy, fr, + 4.9615839060525285 x 10~ 3hy, Fy + 3.0897323432745858 x 10~ 3h,, Fs
+2.2426975701201220 x 10~ 2hy, Fy + 1.0711823385746128 x 10~ 1y, Fs + 2.1258110744484707 x 10~ by, F
+7.1272269161922657 x 10~ 3h,, Fy + 1.8073357794255035 x 10~ 2h,, Fi + 9.4971172938479370 x 10~ 2h,, Fo
+1.0929906695204024 x 10~ 12 y{?) + 1.5188116786421256 x 10~ 23 y{>) + 1.3971181047360247 x 10~ 3h y(Y
+8.4683462785529871 x 107 5h% y{>) 4 3.0686721337326254 x 1076548 y{® + 2.9016973908007801 x 10~ 8A7 "
Ynt1 = yn + 4.7118468535254887 x 10~ L1y, f + 2.6616399649699123 x 10~ 2hy, Fy + 5.3718462024021163 x 10~ 3hy, Fs
+3.8991812515442772 x 10~ 2hy, Fy + 1.2824577017254413 x 10~ h,, Fs + 8.3005062698383730 x 10~ 2h,, Fg
+1.1339235746421306 x 10~ 1, Fy + 3.9301934972959763 x 103/, Fi + 2.0652226916684495 x 10~ 2h,, Fo
+1.0860964553078571 x 10~ Loy, F1o + 1.0635238731802167 x 10~ A2 y{2) + 1.5044966693082962 x 10~ 2A3 5>
+1.4574163190206374 x 10~ 3h% y{Y 4 9.8129406438187720 x 107245y (> + 4.3371319996718675 x 10~ 648 (S
+9.9760925164565553 x 10~ 8AT )
CPHBTRk5(8,10,12) with c.p = 1.8701607518699632, and abscissa vector o = [0 5.3471339241832860x 10!

6.1419048198419735x 10~ 1 6.2247490469133238x 10~1 6.5190649075772933x 10~ 1 7.3122243548862309x 10!
8.0109358144540077x 1071 8.8597616135642421x 10~ 9.2329867900410201x 10~ 9.5546018664238141x 10~ 1]T

Yo = yn + 5.3471339241832860 x 10~ Ay, f, + 1.4295920601575873 x 10~ A2 y(2) + 2.5480734008705690 x 10~ 243 ()
+3.4062224307760238 x 107304y 4 3.6427055025833058 x 10~ 45y (> + 3.2463390281120529 x 10~ °AS (S
+2.4798013638025933 x 10~ A7y + 1.6574787497031028 x 10~ 7h8 y &)

V3 = yn + 4.3875596113411597 x 10~ Ay, fr + 1.7543452085008132 x 10~ Ay, Fy + 9.4807786288959292 x 10~ 2h2y{?)
+1.3535194138059323 x 10~ 23 y{®) + 1.4590677128069084 x 10~ 3%y 4 1.3077100325014241 x 10~ A5y
+1.0650953501719131 x 10~ 548 y{® + 8.4650691154109263 x 10~ ATy + 6.7188948790357645 x 10~ 8AS y ()

Yi = yn + 5.2152779527722093 x 10~y frn + 2.7471660102639177 x 10~ 2hy, Fy + 7.3475449311472235 x 10~ 2hy, Fy
+1.3392011728977682 x 10~ 112y D + 2.2413014655429917 x 10~2h3 4> + 2.7184380562997631 x 10~ 3ht M)
+2.4957345184822578 x 10~ 43 y{®) + 1.7275397905943342 x 107248 y{® + 8.1502592760525529 x 10~ 7 A7y
+1.0275574247934990 x 10~ 8h8 y{®)

Vs = yn + 5.3232762977294423 x 10~ Ay fn + 9.5349847453887089 x 10~ 3hy, Fy + 1.3294428795617059 x 10~ 2h, Fs
+9.6749447443779307 x 10~ 2hy, Fy + 1.3900313759997429 x 10~ 124D + 2.3560123338002857 x 10213 4>
+2.8798592041378076 x 10~ 3h2y(Y + 2.6463194562377713 x 10745y + 1.8100428572917558 x 10510 O
+8.1025988346648693 x 10~ 7hT y{”) + 3.2740652255152965 x 10~ 2hS y )

Yo = yn + 5.1442333173771493 x 10~ A fn + 3.1594079500815012 x 10~ 3hy, Fy + 4.4050960908963840 x 10~ 3h,, Fs

+3.2057835600391937 x 10~ 2h,, Fy + 1.7717676410953836 x 10~ L h,, F5 4 1.2749029855225688 x 10~ 1h2 (2)
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+2.0020617548819012 x 10~ 23 y{®) + 2.1916651740869499 x 10~ 3% y{Y + 1.7132060698762117 x 10~ A5y

+9.1401358816081493 x 10758 y{® + 2.6847882674322473 x 10~ AT y{") + 1.0864561870145116 x 10~ A% ()

Yo = yn + 5.1964822075710193 x 10~ L1y, fn + 3.9652528247946586 x 10~ 2hy, Fa + 2.0509692496128418 x 10~ 3h,, Fy
+1.4925811757302131 x 10~ 2hy, Fy + 8.2491752151681808 x 10~ 2h, Fy + 1.4232429928175541 x 10~ hy Fg
+1.2749029855225688 x 10~ 1h2 y{?) + 2.0020617548819012 x 10~ 23y + 2.1916651740869499 x 10~ 3h (Y
+1.7132060698762117 x 10~ 4R35 y{>) + 9.1401358816081493 x 107678 y{®) + 2.6847882674322473 x 10~ A7y
+1.0864561870145116 x 10~ 218 (&)

Yo = yn + 5.1964822075710193 x 10~ Ly, fn + 3.9652528247946586 x 10~ 2hy, Fa + 2.0509692496128418 x 10~ 3h,, Fy
+1.4925811757302131 x 10~ 2hy, Fy + 8.2491752151681808 x 10~ 2hy Fy + 1.4232429928175541 x 10~ hy Fg
+1.3127446676438828 x 10~ 1h2y{?) 4 2.1158350158284184 x 10~ 23 y{¥) + 2.3873674395731206 x 10~ 3h y (Y
+1.9262476197671143 x 10~ 4h5 y{>) + 1.0645081283694613 x 10~ A8 y{® + 3.5328680609032152 x 10~ A7y
+1.2340853721043418 x 10~ 818 y{®)

Ya = yn + 5.2946979632995927 x 10~ Ly, fn + 8.3906932745341514 x 10~ 2hy, Fy + 1.0660779532144420 x 10~ 3h,, Fy
+7.7583215112884451 x 10~ 3Ry, Fy + 3.1189277217761519 x 10~ 2h, Fy + 4.8893296627847894 x 10~ 2hy, Fg
+1.8369245897101127 x 10~ 1y, Fy + 1.3888736567384863 x 10~ 12y D + 2.3567830309430295 x 10213 4>
+2.8163400074592516 x 103124V + 2.3914877120945224 x 10~*h5 (> + 1.3535805705222980 x 10~ 518 4 )
+4.5412610436241338 x 10~ 7hT y{” + 3.4076583769479442 x 10~ 818 y{®)

Yo = yn + 4.9849196150774777 x 10~ ki fn + 1.7916870786036133 x 10~ 2hy, Fy + 4.2919119431825831 x 10~ 3h,, Fy
+3.1234144419735491 x 10~ 2hy, Fy + 1.7053817882509290 x 10~ L hy Fy + 7.2609733375995786 x 10~ 2hy, Fg
+3.2784100923279984 x 10~ 2hy, Fy + 9.5431777223031408 x 10~ 2h,, Fi + 1.1949908777399414 x 10~ h2y?)
+1.8136292956138802 x 10~ 213 4P + 1.9258802957906722 x 10~ 3hiy(Y) + 1.4874787245809315 x 10~ 413 )
+8.3756352989960089 x 107578 y{® + 3.3110374516147796 x 10~ AT y{" + 7.0920596446912391 x 10~ A8 5

Y10 = yn + 5.2130758528105836 x 10~ Ay fr + 4.1196717623323978 x 10~ 3hy, Fy + 2.3295646947607135 x 10~ 3h,, F
+1.6953274222414810 x 10~ 2Ry, Fy + 9.3354354818154212 x 10~ 2, Fy + 2.0838066061489829 x 10~ Ay, Fg
+5.5606064323499727 x 10~ 3hy, Fy + 1.5667570421008806 x 10~ 2h,, Fs + 8.7786898395403809 x 10~ 2h,, Fo
+1.2064534489352778 x 10~ 1h2y D + 2.0163281073706636 x 10~2h3 5> + 2.1505657748201617 x 10~ 3ht M)
+1.6109889318801374 x 10~4h3 y{?) + 8.2430743981103078 x 10~6AS 4 + 2.5957903951167403 x 10~ 7h7 y{”
+1.5690541839096717 x 10~ 918y

Ynt1 = Yn + 5.1121146549413532 x 10~ Ay, f, + 2.0386385220343931 x 10~ 2hy, Fy + 9.2834499181217583 x 10~ 3h, Fs
+2.8885741716967287 x 10~ 2h,, Fy + 1.2608846259566284 x 10~ h,, Fs + 6.9551015520840027 x 10~ 2h,, Fg
+1.1210368019316443 x 10~ L1y, Fy + 3.0072300306260027 x 10~ 3%y, Fi + 1.6849798025876470 x 10~ 2h,, Fo
+1.0263277127526207 x 10~ Ly, Fyo + 1.2627272492050823 x 10~ 1A2y{?) + 1.9837749524817122 x 10~ 243 (>
+2.1887780169247391 x 10~ 3h%y{Y 4+ 1.7575037140596972 x 10~ 45 y{>) + 1.0182985071431401 x 10~ °AS (S

+3.9712985318020886 x 10~ 7hT y{ + 8.2049614302710573 x 10~ 918 y{®)
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CPHBTRk5(9,10,13) with c.p = 1.7654302957846233, and abscissa vector o = [0 5.6643414477234810x 10!
6.3837393023407563x 10~ 6.4995581616873621x 10" 6.7103706226296034x 10! 7.4311512104624933x10~1
8.1062633633402681x10~1 8.8770470308259519x 101 9.3474586237612645x 10! 9.5795425726853622><10_1]T

Ya = yn + 5.6643414477234810 x 10~k f, + 1.6042382018199070 x 10~ A2 (2 + 3.0289843128632952 x 10~ 2A3 ()

+4.2893003469639474 x 10~ 3hd y{Y 4 4.8592123474085186 x 10~ 4A5 y{®) + 4.5873729837859642 x 10~ °AS 5O
+3.7120638468893955 x 10~ 5T y{7) + 2.6282996380664340 x 10~ 7 A8 y{®) + 1.6541762863262582 x 10~ 842y

Vs = yn + 4.7486575732562625 x 10~ A, fr + 1.6350817290844946 x 10~ Ay, Fy + 1.1114402531656344 x 10~ L h2y{?)
+1.7127887245994563 x 1072k y{®) + 1.9670959847143022 x 10~ 3%y + 1.8213975374559906 x 10~ A5y
+1.4545852383025418 x 107 5h8 y{®) 4 1.0715328211991059 x 10~ 6A7 y{7) + 7.7085841270141556 x 10~ 8AS )
+5.5443107639465361 x 10212y

Yy = yn + 5.5445384549799015 x 10~ A f + 2.1392872161899845 x 10~ 2hy, Fy + 7.4109098508846227 x 10~ 2h,, Fs
+1.5179431175733762 x 10~ h2y D + 2.7229056707161546 x 10~2h3 (> + 3.5744927231526019 x 10~ 3ht 4V
+3.6200464952811031 x 10~ 473 y{>) + 2.8836927193539255 x 10~ y{®) + 1.7745415435483015 x 10~ 647 "
+7.5165697717878540 x 10~ 8h8y{®) 4 7.2539766133039854 x 10~ 10h9 )

Vs = yn + 5.6470252219513994 x 10~ Ay fn + 1.3750941519969839 x 10~ 2hy, Fy + 1.0711668721084006 x 10~ 2h, Fs
+8.1871929826766610 x 10~ 2h,, F + 1.5730517963286400 x 10~ 124D + 2.8678606817661555 x 10~2h3 >
+3.8208682297448562 x 10312 M) + 3.9195669146348266 x 10~*h5 (> + 3.1526806986788384 x 10~ 510 4 )
+1.9459778312623941 x 10~ 5hT y{ + 8.0823197452525613 x 10518 y{® + 4.1612180311619090 x 101049 4

Yo = yn + 5.4709428183968178 x 10~ A, fn + 4.0065347225447835 x 10~ 3hy, Fy + 3.1209988497946919 x 10~ 3h, Fs
+2.3854565098420249 x 10~ 2/, Fy + 1.6503874053580778 x 10~ hy Fs + 1.4559671425610465 x 10~ A2 y{?)
+2.4918868642019951 x 10~ 273y + 3.0464262564009596 x 10~ 3%y + 2.7795051225905305 x 10~ A5y
+1.8997073346867843 x 10518 4’ + 9.2606744982055426 x 10~ 7h7 4" + 2.6594308031932635 x 10~ 8h8 &)
+1.2124307637929809 x 10~ 10h9 /()

Y7 = yn + 5.6150300314603108 x 10" LAy, fr, + 2.2047279862419181 X 107 2hy Fo + 1.3987198346471108 x 10~ 3h,, F3
+1.0690761181227611 x 10~ 2hy, Fy + 7.39644488TT575847 x 10~ 2hy Fy + 1.4102212343212597 x 10~ Ay Fg
+1.5379920896741664 x 10~ 1h2 y{?) + 2.7108721841640988 x 10~ 2A3 y{>) + 3.4040772935866096 x 10~ 3h y(Y
+3.1643867398743926 x 10~ 412y + 2.1631070931198815 x 10~°h8 y(®) + 1.0120968360769677 x 10~ 6hT 4 )
+2.5941430191409516 x 10318 y{®) + 6.4575370769244129 x 101049 )

Ya = yn + 5.6469366296970547 x 10~ Ay fn + 7.0628685878739064 x 10~ 2hy, Fy + 2.0155510450644096 x 10~ 3h,, Fy
+1.5405354480294267 x 10~ 2hy, Fy + 2.2251777836773803 x 10~ 2hy Fy + 4.2400881585230879 x 10~ 2hy, Fg
+1.7030878928678733 x 10~ L1, Fy + 1.5820655188210189 x 10~ 1124 D + 2.8919542300045245 x 10213 >
+3.8018296617436803 x 10~ 3h2y{Y 4 3.7135827457491192 x 10~ 4A5y{>) + 2.6573047702678404 x 10~ °AS (S
+1.2908713722463772 x 10~ 5T y{7) + 3.8001765460266653 x 10~ 88 y{®) + 3.1597721519677465 x 10~ 22y
Yo = yn + 5.2274625398639141 x 10~ Ay fn + 1.8717419697859103 x 10~ 2hy, Fy + 4.0442871272310830 x 10~ 3h,, Fy

+3.0911485455876811 x 10~ 2h,, Fy + 1.9709856924238928 x 10~ L h,, F5 + 1.4773891053246037 x 10~ 2h,, Fg
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+3.3854950950856257 x 10~ 2/, Fr + 1.1250900486227652 x 10~ hy, Fs + 1.3296233301514793 x 10~ A2 y {2
+2.1822926715599468 x 10~ 23 y{®) + 2.5833852769707099 x 10~ 3%y + 2.3334707362756188 x 10~ A5y
+1.6544350421996948 x 10518 4 + 9.2256266420882364 x 10~ A7 y{") + 3.8114058091853727 x 10~ 81h8 &)
+7.6966328682629719 x 10~ 10h9 /()

Y10 = yn + 5.5531192978880639 x 10~ Lhy, fr, + 5.3764637578485371 x 10~ 3hy, Fy + 1.5631810589904864 x 10~ 3h,, s
+1.1947778940949956 X 10~ 2hy, Fy + 8.0570920327995371 x 10~ 2hy Fy + 1.6731364385117536 x 10~ Ay Fg
+5.1202385489403604 x 10~ 2h, Fy + 1.4039855599479078 x 10~ 2h,, Fs + 7.0628098453887372 x 10~ 2h,, Fo
+1.4864140122137892 x 10~ A2 y{?) + 2.5263114945332763 x 10~ 23 y{¥) + 3.0139230915772709 x 10~ 3h y (Y
+2.6220053893687010 x 10~ 475 y{>) + 1.6620242481144206 x 10~ 248 y{® + 7.3826610214186177 x 10~ A7y
+2.1078596933910890 x 10~ 818 y{®) + 1.8626100464508011 x 10~ 10h9 )

Ynt1 = Yn + 5.4549943335143936 X 10~ L h,, fr, + 1.6044307468663078 x 10~ 2h,, Fp + 1.1112257019290070 x 10~ 2h,, F3
+1.7048730209331123 x 10~ 2hy, Fy + 1.1759027601172016 x 10~ h,, Fs + 6.3764920206474354 x 10~2h,, Fg
+1.1616987855667295 x 10~ Ly, Fy + 2.4316881895940735 x 103/, Fi + 1.2232712198989968 x 10~ 2h,, Fo
+9.8105796787824953 x 10~ 2hy, F1o + 1.4470082321380714 x 10~ A2 y{?) + 2.4660993945625851 x 10~ 2A3 5>
+2.9995764659038575 x 103kt y{Y 4 2.7265581508943048 x 10~ 45 YY) + 1.8745611941477079 x 10~ °AS (S
+9.5451738579298906 x 10~ 7hT 47 + 3.3330769972075675 x 10~ 8h8 4 + 6.2522836798074345 x 10~ 10h% ()

CPHBTRk5(10,10,14) with c.p = 1.6845263293032087, and abscissa vector o = [0 5.9343005761842926x 10!

6.6032312085122502x 10~ 6.7035766911908345x 10~ 6.9757269007435319x 10~ 7.6612963307130821x 10!
8.2552005004722695x 1071 8.9691172353251647x 10~ 9.3998752728239798x 10~ 9.6102884854375048 x 10~ 1]T

Ya = yn + 5.9343005761842926 x 10~ Ay, f, + 1.7607961664250613 x 10~ A2y (2 + 3.4830312349864452 x 10~ 243y
+5.1673385661619876 x 10~ 3%y + 6.1329080461028796 x 10~ 445 y{>) + 6.0657532919456007 x 10~ °AS S
+5.1422861793406494 x 107517 47 + 3.8144839796207175 x 10~ A8y + 2.5151438309009976 x 10~ 8h2y )
+1.4925619484902157 x 10~ 9710510

Y3 = yn + 5.0535595019487956 x 10~ Loy, fn + 1.5496717065634544 x 10~k Fy + 1.2605113495379075 x 10~ A2 (2
+2.0699850180014245 x 10~ 23 y{®) + 2.5240790744149640 x 10~ 3% y{Y + 2.4539978387501469 x 10~ A5y
+2.0094837324664023 x 107518 y{® + 1.4609531725622789 x 10767 y{7) + 9.9575684975054986 x 10~ 8A% ()
+6.6606958767845225 x 10~ 912y ) + 4.4547456036785224 x 101010,/ (1)

Vi = yn + 5.8322457938957528 x 10~ A fn + 1.8037219764057973 x 10~ 2hy, Fy + 6.9095869965450099 x 10~ 2h,, Fs
+1.6836027341600762 x 10~ 1h2y{?) + 3.1967682168035506 x 10~ 23 y{¥) + 4.4703389616453110 x 10~ 3h 5P

+4.8755394490671526 x 10~ 45 y{®) + 4.2691671444262734 x 10758 y{® + 3.0207989079127973 x 10~ 647 y "

(8 (10)

+1.6822693206402487 x 10~ "h8y{® + 6.5128616296313862 x 10~ 912 y{?) + 5.1850482333369511 x 10~ 1110y
Ys = yn + 5.9208869215473492 x 10~ hy, fr, 4 6.9403773956583162 x 10~ 3hy, F + 1.0274033710763762 x 10~ 2h,, F3
+8.8269586813196299 x 10~ 2h, Fy + 1.7322882393716457 x 10~ h2y D + 3.3278833204487601 x 10213y >

(4

+4.6995817706428156 x 10~ 3h%y{Y 4 5.1649571436544371 x 10~ 45y (> + 4.5448390433200733 x 10~ °AS (S

+3.2182676339911780 x 10~ 5T y{7) + 1.7786896769317757 x 10~ A y{¥) + 6.6455794310577777 x 10~ A2y
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+1.8416446761273598 x 10~ 11110410

Yo = yn + 5.7841507532521941 x 10~ Ly, fn + 1.8634924880678789 x 10~ 3hy, Fy + 2.7585797645732213 x 10~ 3hy, Fy
+2.3700398778623545 x 10~ 2hy, Fy + 1.5939208671482422 x 10~ Ly, Fs + 1.6347459009250773 x 10~ 12y 2
+2.9911749890355704 x 10~ 23 y&®) + 3.9501502200028268 x 10~ 3A% y{Y + 3.9604582544246685 x 10~ 445y
+3.0690725796041343 x 107518 y{® + 1.8131663928410011 x 10~6A7 47 + 7.6191053016103847 x 10318 )
+1.7843501303036769 x 10~ 912 y{?) + 4.9448190264126259 x 10~ 12110410

Yo = yn + 5.9043043232493331 x 10~ y, fn + 1.7958730528799361 x 10~ 2hy, Fa + 1.4586072801606044 x 10~ 3hy, Fy
+1.2531656559352036 x 10~ 2h,, Fy + 8.3581028538824861 x 10~ 2h,, Fs + 1.1955959481515684 x 10~ L1, Fs
+1.7081859040696901 x 10~ 72 y{2) + 3.2043520019335005 x 10~ 23y + 4.3369550953010101 x 10~ 3A y (Y
+4.4422177001322740 x 10~ 45 y{>) + 3.4876686890540442 x 1028 y{® + 2.0486024982127579 x 107647 "
18.1869942644563346 x 10~ 318 y{®) 4 1.6561472495679913 x 10~ 912 y{?) + 4.5200135142888129 x 10~ 1110410

Ya = yn + 5.8900894046938557 x 10~ Ly, frn + 8.6657695471225551 x 10~ 2hy, Fa + 3.9802886706887414 x 10~ 4h,, Fy
+3.4196737741949992 x 10~ 3h,, Fy + 2.2807826719538012 x 10~ 2h,, Fs + 3.2625759324504865 x 10~ 2h,, Fg
+1.6199379890659854 x 10~ L1, Fy + 1.7360999944418690 x 10~ 124 D + 3.3817549911252742 x 10213y
+4.8305235381998508 x 1034y 4 5.2911112323407179 x 10~ 45y (> + 4.4915956888063516 x 10~ °AS S
+2.8892171954995373 x 10~ 5h7 47 + 1.3114966443703605 x 10~ 7h8 (¥ + 3.9158387856764826 x 10~ 912y )
+2.5778593577831624 x 10~ 10,10, (1)

Yo = yn + 5.5631602197664731 x 10~ Ly, fn + 1.7211673796407412 x 10~ 2hy, Fa + 3.2004516719069138 x 10~ 3h,, Fy
+2.7496750998476687 x 10~ 2hy, Fy + 1.8488586449448124 x 10~ hy, Fy + 1.9238705072271198 x 10~ 2hy, Fg
+2.8220794727845982 x 10~ 2h,, Fr + 1.0341726454436123 x 10~ hy, Fs + 1.5126470023518393 x 10~ A2 y{?)
+2.6675948167045008 x 10~ 213y + 3.4118853719250276 x 10~ 3hiy(Y + 3.3487074568373207 x 10~ 413 )
+2.5965582862179711 x 1018 y{® + 1.6047369990862359 x 10~ A7 y{7) + 7.7702807418301099 x 10~ 848 5
+2.7290451952662450 x 10902 y{?) + 5.0521164706530579 x 10~ 111051

Y10 = yn + 5.8532833450920740 x 10~ 1o, fr + 4.0529692379392655 x 10~ 3hy, Fy + 2.7535633275909705 x 103y, Fs
+2.3657299949851572 x 10~ 2hy, Fy + 6.6773909399830647 x 10~ 2h,, Fs + 1.5682791565300769 x 10~ h,, Fg
+4.5278658792413586 x 10~ 2h,, Fy + 1.1328429325961174 x 10~ 2h,, Fi + 6.5027768347948267 x 10~ 2h,, Fo
+1.6631147411677050 x 10~ 72 y{2) + 3.0315896169288176 x 10~ 23 y{>) + 3.9396077751724448 x 10~ 3hd y (Y

+3.8244988042746535 x 10~ 45 y{>) 4 2.8128828547723106 x 102 y{®) + 1.5466195375570637 x 10~ 6A7 "

+6.0872653315290231 x 10~ 818 y{®) + 1.5906008354109543 x 10~ 912 y{?) + 1.1210073202001079 x 10~ 1111041

Ynt1 = Yn + 5.7ATT438181988205 x 10~ Ly, fn + 1.2723618159852082 x 10~ 2hy, Fy + 1.3564521219555059 x 10~ 2hy, Fs
+1.9218057567157325 x 10~ 2h,, Fy + 1.1485428369921558 x 10~ Ly, Fs + 5.4975225203228937 x 10~ 2h,, Fs
+1.0629387862938201 x 10~ hy, Fy + 1.7516258263226465 x 103y, Fs + 1.0054731789283433 x 10~ 2h,, Fo
+9.1789675996120271 x 10~ 2hy, F1o + 1.6138949160591556 x 10~ A2 y{?) + 2.9319726209364978 x 10~ 2A3 >
+3.8422803320804179 x 10~ 3h% y{Y 4 3.8258855495751858 x 10~ 4A5 y{®) + 2.9602804594150724 x 10~ °AS (O

+1.7789840626988628 x 10~ 6T y{7) + 8.0703132790948057 x 10~ 848 y{®) + 2.5468406137515121 x 10~ A2y
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+4.3658347039740745 x 10~ 117105/ (10)
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