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Introduction
The 1970's was a turning point in

theoretical physics since it was in that era
that physicists and mathematicians began
applying the tools of abstract mathematics
to study the fundamental building blocks
of matter.

=12
g . H
up charm top gluon boso
. | eVic? =4 1
/3 =113 b
d S 12 L
down strange bottom photon
T MeVice .2 GeVic®
e n D ||
1
electron muon tau Z boson
=2.2 eVic? 0.17 MeV/c? SMevice 804 GeWic®
0
. De Dy Dx W

electron

muon tau
neutrino neutrino

neutrino W boson

Figure: The Standard Model of elementary physics

The idea behind supergeometry is to
replace geometric spaces with their graded
analogues. Intuitively, this involves
studying spaces that can be broken-down
into smaller and nicer parts. Moreover,
supergeometry is about using categories of
graded objects which usually turn out to
carry extra symmetry, making it intimately
tied to particle physics through
supersymmetry, string theory, the Higgs
boson, etc.

Figure: Bruno Zumino, architect of supersymmetry

The study of these space is often
conducted using category theory, and the
emerging idea to use categories to obtain
invariants for geometric and algebraic
objects. Many results in math can be
stated and proved in much simpler ways
using the language of categories, making it
an excellent framework to carry out
explorations in supergeometry.
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Goal

Over the years, the applications of category theory have grown
immensely in several fields of mathematics. In particular,
braided monoidal categories have found applications in
quantum field theory and string theory. The goal of this
project is to develop a suitable adaption of the existing theory
of differential operators to the categorical supergeometric
settings.

Observations | |
In supergeometry, we are interested in Zs-graded or super

vector spaces, i.e, spaces that can be written in the form
V =V, ® V7 and linear maps that preserve this grading.

The category of super vector spaces over a fixed field I,
F-SVect, is a symmetric monoidal category where the
monoidal product is the tensor product of vector spaces and
the associator is the usual associative isomorphism

(UV)eW ->U®(VeW).

The identity object is the underlying field IF and the left and
right unitors are the isomorphisms

FeV -V, Vek->V.

However, the braiding in [F-SVect is slightly different from
Vect since we have to respect the parity of the elements:

Wew:VOW > WV, (u®v)~-1Uryeu.

One example of such spaces are Grassmann algebras, which
appears in many fields of mathematics through the definition
of the cross product and determinant in linear algebra and
differential forms in differential geometry. We define the
Grassmann algebra of a vector space V' by

A(V) = (é:;o Ver) [{ (v ®w) + (w ®v):v,w e V).

Many algebraic structures can be generalized as objects within
categories. For our purposes, we are interested in ring objects.
Similar to how a ring must satisfy the axiom

(a-b)-c=a-(b-c),

a ring object is equipped with a morphism m: Rx R - R
such that the diagram below commutes

(RxR)x R ————» Rx(Rx R)

idem
h

mXidR
2

Rx R Rx R
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A general correspondence of morphisms
Let R be a superring. The functor

Fr: Grass - Vect defined by
A(V) > (A(V)o® Ry),
(A(V) 5 A(W))
!

PRid R
—>

(A(V)()@R()) (A(W)()@R())

It turns out that F'r is a ring object in
Grass '°?, the category of functors from Grass

to Vect.

Moreover, given another superring S, we discover
a fact that is akin to the Yoneda Lemma. There
is a canonical bijective correspondence

Nat(Fgr, Fs) 2 Morgine (R, S).

This means that we can construct a natural
transformation 1: F'p = Fg from a ring
homomorphism f: R — S by defining its
behavior on ObGrass like so:

1idy(v)&f
(A(V)® R)o —— (A(V) ® S)o
¢®ide P®idg

(A(W) ® R)o —.(A(W) ® 5);

id A w)®f

Conclusion and next steps
The next step would be to investigate how this

functor behaves in the setting of supermanifolds,
where one can use different techniques deepen
the theory of supergeometry.

Acknowledgements
The author would like to thank the University of

Ottawa, the Undergraduate Research Opportunity
Program and the Department of Mathematics
and Statistics for its support. He would also like
to thank Professor Hadi Salmasian for his
support, supervision and insight throughout the
project.

References
© Saunders Mac Lane, Categories for the working

mathematician, volume 5 of Graduate Texts in
Mathematics. Springer-Verlag, New York, second edition,

1998.

@ Varadarajan, V.S, Supersymmetry for mathematicians; an
introduction, volume 11 of Courant Lecture Notes in
Mathematics. New York university, Courant Institute of
Mathematical Sciences, New York: American
Mathematical Society, Providence, RI, first edition, 2004.

March 2015

1/1



