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ABSTRACT

This project ig concerned with the effects of input priorities on

~ the service given by stochastic service systems. By examining these ef-

fects a more efficient method of assignment can be found.

Investigations are carried out into a number of service schemes in

use or proposed for future use. The service disciplines discussed offer

a variety of techniques by which the waiting times of the different
classes of inputs can be manipulated or adjusted to meet a set of opera-

tional requirements.

Single and multiple server systems with either hon—preemptive or
preemptive priority disciplines are considered. A variety of queue dis-

ciplines are also taken into consideration.
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Chapter I

.Introduction

1., Stochastic System

A stbchastic system can be defined as a system whose load
or inpﬁt and ;hose internal operations are subject to random evgnts.
These fandom events constitute stochastic processes when the time
in which they occur is considered,

There aré many methods by which the performance of complex

stochastic systems.can be analysed., The methods can be grouped

into thrée main categories:

a) . Mathemétiéél modeling and analysis.

b) Siunulation models and their subsequent analysis ' ‘

c) The anélyéis of data obtained by measurements on the

system dufing productive operation,

Each method introduces its Bwn disadvéntages and ideaily a
combination of all three n&thods should be used. In the initial
design stage, however, ‘the physical system is not available so that
measurements cannot be made. Also as the systems considered becone
cost and accuracy or realism of represéntatioh

more complex the potential

of the three methods usually increases in the order that they have
been mentioned. | | .

In consideration of deyeloping~a éeneral theory that may be
carried over to other applicatiogs we will study the stochastic

systems by means of matnenatical modeiing and analysis.



In this rescarch, the stochastic systems of interest to us are

'

telephone switching systems and the subscribers receiving service

from them.
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As shown in Fig 1.1 a telephone switching system can be'subdivided

into:
a) A set of terminals

b) Common control equipment which processes requests for

connection

¢) A switching network through which connections are made.

The system operates in the following maunnex:

. m a1 vinmbes Enr conneaction between idle terninals arise.
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b) Requests are processed bylthe conf;ol unit and desired
connections are completed, if possible, through the
metwork., i

c) Cails remain in the netw;rk until communications ends,

d) Terminals return to an idle condition when a call

terminatgs.'

Most modern telephone'systems follow this basic pattern, The
call processing can thus be split into two distinct types of models:
loss‘and delay systems, All connections through the network are made
on a loss basis that is if a conhection cannot be made at the first
attempf no further attempt is made, Connec£ions to the control
unit are made on a delay basis that is if a request for service
arrives when the control unit is busy, the request is placed in al
queue (waiting line) and waits.until the control unit becomes
available., If the request is the only item in the queue it then
siezes the control unit and uses it for a full holding time, If
the request is not the oﬁly item in the queue, the control unit may
or may not serve it first depending upon the queue discipline, Thus,
requests for service (calls) which arrive when the control unit is
busy are said to meet congestion and are forced to wait, Contrary
to the loss system these calls are not discarded, A call arriving
in the system, at time tys will be serviced at time tz, where t2

>t.-and will have completed its service at time t3, where t3zt2.

1
This is 1llustrated in Fig 1.2,  The time interval (tz-tl) is known
as the waiting time, The time interval (t3-t2) has been denoted as

the service time, The time spent by the control unit in servicing

a call is known as the holding time, Fig 1.2 shows a system in which
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ptions of service so'that the holding time and

there are no interru

the service time are the same. Fig 1.3 illustrates the case where

the call in service fs interrupted and resunmed when the . interruption

finishes, In this tipe of system, the holding time is novw the sum

of the intervals (t3-t2), (tS—tA) and (tz-t6)'
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Previously the majority of the effort has been concentrated into

loss systeus e andﬁaikhough a great wealth oftliteratufe is
available on delay systems 1, 6-10 rélatively few are directly
applicable to telephone systemé. in vieQ of this, the spepific sub~
ject of analysig'in which we are interested will be certain delay
systems which aré of interest in serving calls in telephone systems,
The basic model is distinguished by the method in which calls are
procéssed by the control unit of the system.

The control unit consists of parts that are arranged in a manner
reflecting their function and are determined by the operations
necessary to establish a connection and by the philosophy of the
design anq the technology which are basié to the system. To estabiigh

a connection the control unit performs some or all of the following

steps: | q

a) If there is more than one request for service, decides by means of
a priority systen which request to serve first.
b) Identifies the physical location of the terminél or calling party.

¢) Translates the informgtion received from the calling party into,

the location of the called party.
d) Tries to complete the connection,
As can be seen from this the control unit is basically a data

processiﬁg systeu, It collects information about desired connections,

digests it, makes routing decisions and issues orders for completing

requested calls in the network,
Its performance can be described by the probability distribution
of delay in setting up a desired connection.

The control unit can thus be modeled as a queuing system with
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priority disciﬁiine. The model considered is of the type where the
control is representgd.only in a macroscopic manner. Tﬂat is
operation of the control as a wh&le is modeled not the specific
operations of the various sect;ons.of éhe control,
2, Summary

In the gesearch,.the>effect of input priorities on the -
service given by a control system with various queue disciplines is
invéstigated. Mathematical analysis of a number of possibie service
'schemes in use or proposed for future use are presented with the
aim that the examination of the effects of assigning priorities
will lead to a more efficient method of assignment. ‘

The investigation is carried out as follows:

In chapter II, the subject of the work is slaced in a practical
setting., The paraméters of study that i; the input process, the
queue discipline and the holding time distributions assumed are
discussed., Chapter 111 is a review of the priority system models
considered previously in the literature, In Chaptér 1V, the effects
of assigning priorities when the qucue discipline is last-in first«ouf
(LIF0) are considered., The priority disciplines analysed are kl)
non-preemptive and (2) preemptive resume, Systems in which requests
for service are taken from the queue at random are considered in
Chapter V. Chapter VI extends the discussion to nultiserver systens.,

Future lines of investigation are suggested in Chapter VII,



Chapter II

Parameters of the Model

1. Introduction

When choosing a mathematical model for a physical system, one is con-
fronted with two requirements which generaliy oppose each other.> One would
like to describe the system exactly.yet if this is'done, the model becomes
so complicated that it becomes impossible to analyse. The model analysed
may therefore involve departures from reality; a model that is sufficiently
amenable to mathematical analysis often results only after one has intro-
duced admittedley false assumptions, ignored certain effects and correlations
énd generally simplified the system to be studied.

Since we aré interested in telephone traffic it seems reasonable that

we should take account of the following significant factors

(a) Demand for service or the input process,

(b) The length of the holding time or the service mechanism,

(c) How a request for service is chosen from amongst a number of
simultaneous requests or the queuevdiscipline,

(d) The manner in which a - ¢ are interrelated.

Unfortunately the mathematical complexity of such a realistic model pre-

‘cludes investigation. Therefore the model used only considers a - c.



2. Demand for Service

The demand for telephone traffic is usually made pre?ise by describ-
ing a stochastic process that represents the way in which requests for
telephone service occur in time. A realistic description will take account
of the facts that the demand is not constant but has daily extremes and
that in small systems the demand may be materially lessened when many calls
are simultaneously in progress. This is usually referred to as the "finite
sources" effect. In this research, to reduce the complexity of the mathe-
matics we have ignored these two facts with the proviso that the results
we derive are only applicable to systems for whicﬁ the demand is nearly
constant and which have é large number of subscribers.

With these assumptions a mathematically representative description of

- the demand is specified by the condition that the time intervals between
requests for service have lengths that are mutually independent positive
random variables with a negative exponential distribution. This is equiva-
lent to saying that the call arrivals form a Poisson process as can be seen
from the following: Denote by X, X... mutually independent random

variables with the common exponential distribution

F(t) = 1-e 't £30 2.1)

Let the sum Sy = Xy + Xp + o0 + Xp have density g, and distribution

function Gy



‘ n-1 -At
Then JAOn e t>0 A (2.2)

8 =7 (n-1)7

-1
o ()"
and Gn =]1-e (1+XF‘|= veo + (n—l)' ) t>0 . 2.3)

Now introduce a family of new random variables N(t) as follows:

N(t) is the number 6f indices k 3 1 such that S ¢t The event
_{N(t) =n} occurs if and only if S, ¢t but Spyp>t. As §, has the distri-

bution Gy the probability of this event equals Gp(t) - Gnt1(t)

“At,. .\n '
e " (xt)
—r : (2.4)

ie. . P{N(t) = n} =
.
ie. the random variable N(t) has a Poisson distribution with expectation At.

3. Holding Time

The time that a request for service occupies a unit of equipment is
called the holding time of the unit. The holding times of successive calls
are assumed to be statistically independent of one another and of the input

process. The distribution of the holding time is considered to be negative
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-exponential except in Chapter IV where it has been possible to ease this
restriction and use a general holding time dlstribution for the model con-

sidered.

It is important to note that when a negative exponential distribution
is assumed for the holding time then the residual lifetime also has an
exponential distribution. This 'memoryless' property of the exponential

distribution can be shown in the following manner:

Assume that we have a random variable t with the distribution:

B() = (2.5)

where y is a real number such that u>0. The corresponding density function

exists and is given by

0
f( ) - dF(t) (2.6)

pe . t20

Suppose that we are given that t > T. For example, consider a call

with an exponentially distributed holding time and suppose it is known a

“

priori or a posteriori that its holding time exceeds T secs. It is required



- 1] -

to find the distribution of the interval remaining, t; = (t-T), The distri-

bution required is:

H(x,T) = Pr{t,<x/t>T}

_ Pr{THo T}
Pr{t>T}

T+x

e e
ie. H(x,T) = T e dt

TuE (2.7)

which is independent of T. In effect, the above equation states that no

matter how much of an exponentially distributed holding time has elapsed, the

time remaining is also exponentially distributed with the same mean.
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4, The Queue Discipline

| There are two main types of telephone systems: eiectronif and electro-
mechaﬁical. ‘The term electronic is perhaps a misnomer in the sense that
there still méy be electromechanical components in an electronic system.
The essential.difference between- the two types of system lies in the type of
légié used, The electronic system relies on a large digital memory to aid
in processing calls whereas the electromechanical system depends upon "wired"
memory. The electronic system control thus has the ability to remember the
order in which requests for service arise. Thus the most appropriate queue
disciplines to stﬁdy are first-in firstfout (FIFO) and last-in first-out
(LIFO). The electromechanical system on'the other hand has no memory of
the order of arrival of requests for service and thus, the more appropriate
queve discipline to study, is the one where requests are taken from the queue
at random. There afe also a number of variations of the priority discipline
which should be studied to try to optimize the aésignment of the priérities.
An example of a priority diséipline would be that a control unit may give
incoming calls priority over originated calls. In the electronic systém,
calls can be interrupted, the information stored and when the interrupt
service is finished, control is returned to the interrupted service. This i§
known as preemptive resume priority.

The priority disciplines considered in this thesis are:
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v

_a) Non preemptive - policy: If a call of higher priority than the
one being served arrives in the system the current service is never

interrupted.

"b) Preemptive - resume policy: The current service can be interrupted
if a call of higher priority arrives in the system. The interrupted
call is continued from the point at which it was interrupted after

no calls of higher priority-remain in the system,




CHAPTER III

A REVIEW OF SINGLE SERVER PRIORITY SYSTEMS

1. Introduction

The problem of the optimum.assignment of priorities in service systems
has appeared in many forms and used in many different applications. The
problem is éertainlf not unique to telephone systems. Tn the past, the
problem has arisen in road traffic sthdies,'in transport systems such as
aircraft waitiﬁg to land, in hospital waiting rooms, in repair and main-
tenance and in many other activities. The results found from each of the
models considered can‘usually be applied very widely.. With this in mind
we review the re#ults of previous work and record it in the terminology of

queueing systems without reference to the application.

2. The Review

' 11,12
The problem of priorities was first considered by Cobham T Be

considered a single server system with a non preemptive priority scheme.
The queue discipline within a priority group was first-in first-out (in
thié chapter it will be understood that the queue discipline is first-in
first-out (FIFO) unless otherwise stated). In a simple manner Cobham
derived the equilibrium expected waitiﬁg times. He assumed'that the calls

-arrive at random but with the calling ratés Xp depending upon the priority



- 15 -

pp=1, 25 -ovy k) such that the total calling rate ) is given by

A = ok (3.1)
where
op = E Am (3.2)
m=1

Each priority group was assumed to have its own distribution function

Hp(t) of holding time with mean 1/up. The traffic intensity pp 1s defined

bp = § A ¥y (3.3)

m=1

The combined holding time distribution was defined by:
1 K
MO:TpA%%@ (3.4)

The average waiting tire Wp of priority p type calls was found to be:

©

A2 g t dH(t)

My = o) (o) (3:3)
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It can be_éeen from this that the lower the priority number p (i.e. the

higher the actual priority of the call) the lower the value of Wb.

In deriving this result Cobham used an infinite iterative procedure.
Holley !3 established the same result by means of a finite process. He

also showed that the average length of the queue, Q, was:

Q=] AW (3.6)

Dressin and Reich 1" considered a special case of Cobham's model.
They assumed that the holding time distribution was negative exponential.
The state equations were set up in the form of differential equations. Using
these, they showed that fhe density function for the'probability that a
test call of priority p will have to wait, conditional on the assumption
that there are (n-1) calls of priority p or higher waiting before the ins-
tant of the arrival of the test call, is the n fold convolution of the .

corresponding density when n=1.

The rigorous analysis of the priority problem for the case of arbi-

trary holding time distribution was perfdrmed by Kesten and Runnenberg 15,

‘They considered the conditional distribution function Wy n(t) of the wait-

ing time of the nth. departing call, given that this call is of the priority
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p type and showed that this distribution tends to a limit which is inde-
pendent of the queue present when the channel opens. The limiting distri-

bution wp(t) of the pth priority group has the following Laplace-Stieltjes

Transform:

Wp*(s) = :'St de(t)

k
(-p)zp + [ Ap(L-t*(2p))
m=p+1 (3.7)
Sthp-Ap Hp*(Z))

vhere Zp satisfies

p-1
P L MH*E) (3.8)

Z =sto .

1

£
Kesten and Runnenberg also found the moments of the distribution

function. The first moment or the average waiting time is the same as that

found by Cobham.

In 16, Chapter 9, Morse considered the single server queue with two
priority types each with a different éxponential holding time distribution.

He found the generating function for the probabilities of the number of

priority and non priority items in the system.

Te. L RN SRR
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Defining P(m,n) as the probability that there are m priority 1 type
calls with average holding time 1/u; and n priority 2 type calls with

average holding time 1/pp in the system, Morse showed that

G(s,t) = Z P(m,n) s
m,n

uy (s-1) (1= fuy =2 /u2)
s (1-s)+Ags (1-t)+u; (s-1)

B(t)x{ult(s—l)-uzs(t—l)}
¥ t{x—lls}{kl(l—s)s+kzs(1—t)+u1(s—l)} (3.9)

where
x = Aphhg (1-t)Hiy (3.10)
t{1")\1/U1')\2/H2}{x—uz"ula(t)‘}{x(ul—uz)—}\lul}
RO ryt- (n1-wg) g Gy (T (£))-w) } (3.11)

B(t) =
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where

XtU1=Hy - /xz-z&)\lul
a(t) = (3.12)
2111

From this Morse showed that

Ay AZ(X1u22+A2u12)
] wP(m,n) = — + (3.13)
n,n Uy (u1=A1) (ugug=Aiua=AgHydug
and .
- A o2 am
] w@un) = { } (3.14)
n,m (u1=A1) up?

The first published results for a preemptive priority discipline

were by White and Christie 17, An extension of the results in that paper

was made by Stephan 18,
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White and Christie found the generating function G(s,t) and thereby

the first and second moments:

pp (1-t) (1=Ay fup=Aa/u2)

G(s,t) = : — — (3.15)
(tula(t)—xlt'-xzt(l-t)—uz(t-l))(1—sa(t)) -
where o (t) is given by (3.12). .
The first moments.of the number in the queue are:
Ag (=1 hy)
] nP(m,n) = (3.16)
m,n (uau1=Aguy=AHz) (-2
and
. ¢
'z wP (m,n) = All(ul-X1) . (3.17)
m,n

This latter result is the same as that for priority items in isolation.
This can be seen to be true if one considers the fact that under the pre-

emptive service discipline the presence of calls of lower priority does
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not influence the stochastic law of the higher priority process. Therefore
to find the stationary distribution of the queue size or the waiting time
‘for the highér priority calls, one can consider that the lower priority

calls are not present in the system.

.

- The method employed by botﬁ Morse and, White and Christie made use .
of the fact that for Poisson distributed.arrivals and an exponential hold-
ing time dist;ibution the queueing process can Ee described by a continuous
time parameter Markov process. If P is the stationary distribution of the
queueing process and A is the infinitesimal matrix of the forward steady
state equations then P is a solution of these equations. This can be re-
presenﬁed by PA=0. If the system of equations PA=0 has a unique solution
and a stationary distribution is assumed to exist then algebraic manipu-
lations of equations PA=0 will yieid a characterization of the stationary
distribution or its generating function. Once the generating function has

been derived the moments can be found very easily.

This method only applies however when weé have exponentially distri-
buted holding times because of the 'memorylessness' of this the exponential

function as demonstrated in Chapter II, Section 3.

A stochastic process can only be said to be of the Markov type if a
knowledge of the present value of the stateof the stochastic system makes

all information about its past history irrelevant to a prediction of its
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future behaviour. The process may become non-Markovian if part of the

information contained in the desc;iption of the state of the system is sup-

pressed, for a kndwledge of the previous behaviour may enable some of the

suppfessed information about the ﬁresent state to be recovered. The Markov \
property can be restored by reducing the continuous time parameter process

to discrete time. A discrete Markov process is generated if the queueing

proéess is observed only at the points in time which are the termination

points of the service period (regeneration éoints), priority or nompriority.

This technique was originated by Palm and put on a rigorous basis by

Kendall ig. Miller 20 ysed this method to generalize Morse's results to

.general holding time distributions. It is interesting to note that Miller's \
results do not reduce to Morse's results for the exponential ﬁolding time |
showing that the étationary distribution for the imbedded Markov Chain and

general time t are identical only for simpler queues.

caver 2! later introduced the concept of completion time to aid the
analysis of priority assignments. This was used later by Ari-Itzhak and

Naor 22 to study the multipurpose service stations problem.

Completion time is defined as the duration of the period that elapses
between the instant at which the call first leaves the queue for service
and the instant at which the call departs the system. In a non-preemptive

priority system this is just the holding time of the call. In a preemptive




- 23 -

I

' priority s&stem the completion time'would be the sum of the holding time
and aﬁy'additional durations resulting from higher priority calls arriving
in the system. The completion time of a call in the highest priority group

(lowest numbered priority) is, of course, just the holding time because

no call can interrupt it.

Takacs 2° considereﬂ a single server system with both preemptive and
non-preemptive priority serve. His work is of interest in Chapters IV -and

V and will be referred to then. ‘



CHAPTER IV

Priority Systems with Last-In First-Out Queue Discipline

1. Introduction

As indicated in Chaptef 111, there exists a substantial amount
of literature on.priority systems. .Unforfunately non of - this can
be used when the system considered has other than FIFO for queue discipli;;;
There are cases 1n.the literature which considgr other than FIFO but
which, however; do not consider the.effect of assigning priorities.

In this-chapter we introduce and analyse a model that is descriptive
of a single éontroi unit which has LIFO queue discipline and considers
the effect of assigﬁing priorities. Our main purpose is to investigate
the model with the aim of obtaining specific measures of its performance
to compare these under different operational schemes and 1oadiné
assumptions.

The basic model is presented in the next section and is analysed
in section 4 under two different priority disciplines and the assumptions
of a Poisson input process and a general holding time distribution
which has a different mean for the demands in each priority group. In
séction 5, this restriction of different holding time distributions is
eased. As will be seen the results are given in the form of conventional
performance measures (e.g. waiting time distribution, meéh and variance

of the waiting time). The chapter concludés with examples and remarks

concerning the model and conclusions pertinent to the study of the

present model.
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2. The Model

Calls with different priorities are arriving at a‘control unit in
accor&ance wifh a Polsson process of intensity A. The calls are served
in order of pfiori;y and for each priority in the reverse order of ar-
rival (LIFO)..

| Calls of lower numbered priority are served first. We shall con-
sider two types of service:
Case (1): Ndn;preemptive type

The curtent sgrvice is never interrupted. This is true even if the
arriving call has pfigrity over the call in service at that time.
Case (ii): Preemptive-resume type.

The current service can be interrupted. If the arriving call has
a lower priority number than the call being served, then the server
interrupts the current service and immediately starts serving the call
of higher priority. The interrupted service is fesumed when there afe
no calls with a lower priorit& number in the queue. The interrupted ser-
vice is considered to have priority over calls in the same priority cléss.
An alternative queue discipline, which i; not considered, would be to

place the interrupted service back into the queue such that it competes

for service with new arrivals of the same priority class.
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3. Notation

The holding times of calls are assumed to be mutually independent
random variables and independent of the inter-arrival times. Denote by

Hp(t) (p=1, 2, .., K) the probability that the service time of a call

with priority p, is £t.

Let (n) % n ‘
ap=£t d (t) 4 (4.1)
and in particular,
ey
ap = 0

P(p) is the probability that an arriving call has priority <p. The ar-

rivals with priority ¢p.follow a Poisson process of intensity op where

Op = }\P(p) = E )\i (4-2)

i=1

and in particular

K
NEo = LN (4.3)

Under the condition that an arriving call has priority sp the pro-

bability that its service time is st is given by:
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P : ,
A, (t) = ;-(%)— J Hy (t)dP (y) (4.4)
0
and ©
(n) n
& = t dAp(t) (4.5)
- 0 |
aphy(t) = El Ay By(6) (4.6)
i=
opaén) = E Aiain) . (4.7)

and in particular,~ap = ap(l), a(n) = ak(n), and a = a(l). In order that

a stationary distribution of the waiting times may exist, we have assumed

9p2p < 1.

Wp(t) = the waiting time distribution for a priority p type call. The
waiting time is the time that elapses between the instant at which

the call appears at the server and that instant at which its

service begins.

Qp(t) = the disuribution of the time elapses before the first priority p

type call is served, after the test call of priority p arrives

in the system.
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.Mp(t) = the distribution of the time to serve the calls with priority <p
waiting when the test call arrives (including the remaining part

of the current service time).
Fp(t) = the distribution of the completion time for priority p type calls.

Gp(t) = the distribution of the busy period in a single server system with
Poisson input of intensity Ap and with identically distributed

mutually independent servicé times having the distribution Fp(t).

Dp(t) = the distribution of the busy period in a single server system with
Poisson input of intensity o1, and with identically distributed,

mutually independent service times having the distribution Ap_l(t).

1f U(t) is the distribution of a non-negative random variable, and the nth

moment is given by:

©

o™ - J " du(t)
0

let

©

U*(s) = l e St du(e)

-
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‘4. Analysis )
COMPLETION TIMES AND BUSY PERIODS

We consider first, the completion time distribution F (t) for priority

2

p type calls. Gaver “* shows that:

BpA(s) = ByX(stapo) ~ oy D¥() (4.8)

The moments are obtained by differentiating at s=0

Therefore,

Fp( ) (1) 1+ 0, (1)) (4.9)

p (12 (4.10

@ _ Q) @, (@
F a ¢_.D + L 1+ %1%

p P p-1p

The busyvperiod Dp(t), of service times with the distribution
Ap_l(t) and arrival rate dp-l can be found from Takdcs 24 He proved that

Dp*(s) can be.foundAfrom the expression:

D) = A *(6 + apy = opg DHS)) G
‘Therefore D @ a /(-0 ,a_,) (4.12)
P p-1"" Tp-17p-1 '
2 _ <z> 3 |
D, =a /(- 0, 1ap_l) (4.13)
Similarly Gp*(s) = Fp*(s+Ap—ApGp*(s)) , (4.14)
1 _ . @ 1, _ Q)
and Gp = Fp /(1—APFp ) = o /(1 cpap) (4.15)
2 _ (@) (1),3
cP = Fp /(1 APFp )
= ap(l) cp 12 ;21/(1 6_a ) + a (2)(1 0 12 o 1)/(1 0 a )3

(4.16)

THE DETERMINATION OF Wp(t)

The test call of priority p arrives in the system at ty. In both




=90 -
" 5

cases (1) and (?i), its waiting fime can be coﬁ;idered as consisting of two
.parts. The firét'is the. time elapsed before the first priority p type
service sFarts after %o and has dist;ibutién funétion Qp(t). Because of
the reverse order of arrival queue discipline, tﬁis first priority p type
“call served after t, must have arrived in the system after the test call,
that is in the first intervgl. If no calls of priority p arrive in this
first interval then the first priority p type call served will of course . \
be the test call. Assume that j, (j=0,1,...), calls of priority p arrive
in this first interval then the second interval is identical with the total
length of j independent busy perioés in a single server queueing process,
witﬁ Poisson input of intepsity Ay, and with identically distributed mu-
tually independent service times having the same distribution as the
priority p type comﬁletion time. The distribution function of the length

of the busy period in this process has been denoted by Gp(t).

"Then “
- P

Where ** denotes convolution and Gp,j(t) is the jth iterated convolution

of Gp(t) with itself.

Therefore

p*(s) = J e'(S“p"‘pGp*(S))tde(t)
5 |

= Qp*(s-}-)\p-)\pcp*(s)) (4.17)

It remains only to find.Qp(t).
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DERIVATION OF Qp(t)

dp(;)vis the df;tribution of the time interval starting at t, and

lfini$hipg when the first priority é type call is served; In thig interval,
then, only the calls of priority <p waiting at t, or arriving after t, are )
gerved, In both cases (i) and (ii), the interval can be considered as
being composed of two parts. The first is the time needed to complete_the
service of all the calls of prioriﬁy <p which are in the sysfem at t6
(including the remaiping'part of the current service). The second interval
is the time to serve the calls of p;iority <p which arrive in the two.
intervals. The first interval has the distribution fgnction Mp(t) and,

if 4, (3=0,1,...) célls of priotity <p arrive in this interval, the distri-
bution of the secoﬁd interval. is that of the total leﬁgth of j independent

busy periods, each with distribution Dp(t).

o b e %p-1Y (g _ly)j
fe. Qp(t) = [ [( P (1)) 4 (6)
=04

where Dp j(t) is the jth iterated convolution of Dp(t) with itself.
b

Therefore,
-]

Qp*(S) = J e-(S+UP—1-0P'IDp*(S))t aM_(t)
0 ' P
= Mp*(s+op_1-cp_1Dp*(s)) (4.18)

The moments of Wp(t) can now be obtained by using‘Fas di Bruno's

. formula?® for the higher derivatives of a function of a function.
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Thus from (4.17) and (4.18)

W, D, ) )
Wp ’ Mp 1+ oplep )(1+kpGp )

=N M (16 2 ) (4.19)
P PP .

wp(z) - Mp(z)[}+op_1Dp(1?]2{i+kpG;(1§]2 + Mp(l) op_lnp(z)[}+xpép(1f]

L@, an .

08 [_1+op_lnp T]‘
Sy @ 2, (D) @) A 32
_hMp /(1—opap) + Mp op—lfp-l /(l_cpap) (1 °p—lap-1)

W) 3 ar, @ (2)
+DpMp / (l-cpap) (l-op-lap-la[ap op-lap-}

(4.20)

Thus we require Mp(l) and Mp(z) for both cases (i) and (ii)

DERIVATION OF Mp(t)

Case (i): The distribution of Mp(t) may be fouqd from Také&s.23 Mp(t) is
the distribution of the time to service all the calls with priority < p
present in the system at to. In Takacs study, the distribution of the time
needed to complete service of all calls of priority p or less present in
the system at t, is derived. Although.thé queue disciplines in each
priority level in Takacs study and the present study are different, the
queue length distributions in the two cases are the same and therefore the
waiting time to service calls with pribrity less than p. present at time t,

in this study can be obtained from Takacs results by repiacing p by p-1.

v " : |
to, (l-op_lap_li]

N
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Therefore when 1a < 1

. (l-ka)s+l(l-Ak*(S))-cp_l(l-Ap_l*(s))

e £ #%-1 * %p-1 Ap-l*(s) (-2
and 1, = 22120100, 12, ) G
(2 @3 2 2 ‘ 2
M, ) 2 e )/3(1—op_1§p_1) +1a )op_la;_I/Z(l—op_lap_l}
(4.23)
when @ > 1 but q = inf(b: 9pa, P 1? /
then : o _— .
") - (1-0q_1aq_1)(1-H3KS))+AQ(S)(X(l-Ak(S))—op_l(l-Ap_l(S)))
Hp*ie) - AS(S)(S'fp-l + op-1A51*(s))
- (4.26)
@, , (2) '
W 0181 % + (l-oq_laq_l)aq
L 2(1-0p-13p-1)0g - 425
3 2 ;
w® - oqrt?g1 g + 14120 )0 \
3(1—op_lap_1)aq
' (2) (2)
. oq_laq_l(Z) °p-1ap-1(2)“q + (1-oq_1aq_1)op_1ap_1 o
2(1-0p_1ap_1)2aq
(4.26)

Case (ii): The presence of calls with priority >p does not influence the
system. Therefore, to find Mp(t), we.can'assume that calls of priority
>p will be immediately removed from the system on their arrival. The
formula for Mp*(s) can be found from (13) by replacing X by op.

i.e.

) - (1-052,)s + Op(l—Ap*(s))-op;l(1-Ap_l*(s))
. §=0p-1 +°P-1Ap-1 (s?

(6.27)
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and Mb(;)‘= °papF2)/2(1-°p-lap—1) (4'2§)

Mp(2) e ap(3)/3(1—°p-1ap—1) + (opap(Z)op_laP_l(3))/2(1—op_1ap_1)2

P
(4.29)
Therefore, in case (1), if la < 1 from (4.19) and (4.22)
a _,.Q S : .
Wy Aa /2(1—cp_1ap_1)(1—opap) (4.30)

and from (4.20), (4.22) and (4.23)

w2 = Aa(3)/3(1""p-1*‘p-1)(1"’9%)2 #1222 -laﬁi/ 2(1-0p2) % (1-0 )

p , l-pal-p

4 8 )cpap(z)/Z(l-opap)s(l-ﬁp_;ap_l) (4.31) ‘

The distribution of waiting times when the queue discipline is first come
first served has been investigated by a number of authors. In particular,
Cobhart! found the first moment kwp(l) and Kesten and J.Th. Runnenburg15

(2)

found the second moment KWp™ "

kwp(l) = Xa(Z)/Z(l-op—lap—l) (1"0pap). = Wp(l)

kwp(Z) - 13(3)/3(1'°p-lap-1)2(l-opap) + Aa(z)cp_laégi/Z(l—opap) U""p-lap-l)'3

+ Aa(z)cpap(2)/2(l-cpap?(l-_cp_lap_l)2




(1~0" .a P
p~1"p-1
%% ” %p-1%p-1

pr17p-) <!

..o 1-0 a' 1-0
‘ ( . p)/(
so that the variance of the waiting time distribution is always greater
under the discipline'last come first served' although the expected waiting
times are the same. This is an extension of the results of Wishart 7for
the same systems without priorities; In case (1) when Aa 2 1 and Opay < 1
then by (4.19) and (4.25)
| @), g .l )
a _ 0q0q-18,-] + (1 Uq-laq-l)“q

W =

4,32
b 3(1-0,2) (e 2. (4.32)

can be found in a

where q is the smallest index such that Oq3q 2 1. Wp(z)

similar fashion from (4.20) and (4.26)

In case (ii), if 0p3p < 1, then from (4.19) and (4.28)

1 2
W= opap /2(1—cp_1ap_1)(1-opap) (4.33)

and from (4.20) and (4.29)

i @ . cpap(3)/3(1—op_1ap_1)(l;opap)2+opa

P P

2 _
+ (opap(z))/Z (1—apap)3(1-cp_1§p_1) (4.34)

Ihis case with the first come first gerved queue discipline was

investigated by Millezzoo He found the first two moments wa(l) and wa(z):

.

2 2 2 2
( )op_la;_i/Z(l-cpap) (l’op-lap-l)
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) @) Y
wa = °p?p_ /2(;Top_lap_1)(1-cpap) = Wp

@ 8% Lo

W =
Mp. (1-op_1ap_1) P

so that once again it can be seen that although the variance is greater

for the last come first served discipline the average waiting times are the

same.

5. THE CASE WHEN THE PRIORITIES HAVE THE
SAME SERVICE TIME DISTRIBUTIONS

E t = D t B | 4'35
8nd,

Ag(p) = At) fori=1, «.., ke
From (4.11), (4.14) and (4.35)

Gp*(s) = Dp*(s+xp—kpGp*(s)) = A*(s+op—oPGp*(s)) (4.36)

Therefore from (4.17) and (4.18)

Wp*(s) = Mp*(s+cp—opGp*(s))‘ (4.37)
In case (1) when Xa < 1, using (4.21), (4.35), (4.36) and (4.37)

A(l—op_ia)(l-Gp*(s))
sflp-XpGp*(s)

Mp*(s) = 1-da +
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14}
v

Therefore using Lagrange's expansionzsz

w_nn_ n
( 1)4ip,dn 1 ’A(s+lp) )

Lk i 1 |
Wp(s) = 1-ha +A(1 °p-1a)[(s+xp) n_z_l RS RN WL ]

and upon inversion

] e iy J (1-4H() e
=

Wp(x) = 1-\a + A(l—op_la) 0

3 ,
(4.38)

where

jH(u) is the jth iterated convolution of H(u) with itself.

: /. ‘l.lll
Similarly in case (ii), _ :
When opap < 1, using (4.27), (4.35), (4.36), (4.37) and inverting

X

o) = 1oy, + 0 (10 ;a) 321 e " (Apx)j_llj! J (1-B()du
0
EXAMPLES

Two cases will be considered: -

)] " Constant Holding Time Distribution

2) Exponential Holding Time Distribution

These two distributions have been chosen as examples because, for a given
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occupancy, the pair of curves define a band containiné all LIFO delay dis;
tributions for that occ.pancy where the holding time distribution is of
the gamma type in which the coefficient of variation is not greater than
unity. (In particular, the x distributions with two or more degrees of

freedom are of this type).

Example 1

Consider the case where the number‘df priority groups is 2 and H(t)

is given by:

(0 tgh
H(t)={ -

1 t>h
P
. X o ‘ .
“ . J (l—jH(t))dt = min(jh,x)
0

in case (i), with a non-preemptive priority discipline and, assum-

ing that Ah < 1, we have from (4.38):

® (k 03
Wi(x) = 1-Ah + A Z '-f—'-r~—-——- min (jh,x)
SR

and - R
Wy(x) = 1ah + AN [ win(jh,x)
1 ~
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In.case (ii), with a preemptive priority discipline in a similar manner
from (4.39):

© e-Alx(}\lx)j—I
wl(x) = 1-\h + 4 ————————— min(jh,x)

g3

and

® e'lzx(kzx)j-l

Wy(x) = 1-Ah + A(1-Mh) ] 7
o 3= "

min(jh,x)

These formulae havé been computed for various values of p, p; and Py
The results are shown in Figs. 4.1 - 4.7. The results are plotted in

terms of (l-wp(x/h)) against x/h.

Example 2

Consider the case when the number of priority classes is two and

H(t) is given by:

0 t<0
H(t) = {
et t3o0
j=1  -ut, v

N



)
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In the non-preemptive priority case then,

~A1X j-1 ‘
o 3-1 e "T(A1%)
NGBV DY ) £ Duwl
j=1 v=0 i! v!

and

o 4o e hoX j-1
e 2 (A2x) Pxp (v+l)

' A s
W) = - 4 (/) .321 VZO o

Where qu(v+1) is the incomplete gamma function and is defined as

n@ = | et R0

0

In the preemptive priority case,

o 4 ~h1X j-1
jil e : (%) I'xp (v+l)

W) = -0 /w4 A/ ) j! v!
§=1 v=0 ; '

and

© - ~AoX j-1
jiloe (Ax) Txu (v+1)

Wa(x) = 1-a/u + A(1-A1/w) Z Z Y v!
j=1 v=0 -
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These fqrmulae have been computed for various values of p, p; and pjy

and are recorded in Fig. 4.8 - Fig. 414,

DISCUSSION

Figs. 4.1 to 4.14 all demonstrate that if the prime requirement is
t; reduce the probability of delay for one particular class of call, then
this class should be given priority. This course of action will, however,
increase the probability of delay of the remaining class (or classes).

The introduction of a preemptive priority discipline will reduce the pro-

bability of delay of the preferred class even further and with no correspond-

ing increase in delay for the remaining class. There is the penalty, of

course, that a storage facility must now be provided for the interrupted

calls.

It may not be important that the delay of one particular class be
reduced. The criterion may simply be to cut down the total number of

L
waiting calls of either type. In other words, the delay in queue of all

calls may be the important criterion.

Let us first consider case (i) and two classes of calls, each with

exponentially distributed holding times with averages 1/uj and 1/uj res-

pectively. We can find the average delay W for all calls from the equation:

D+ aud

A

W=

N
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Then from 4.30

(a/uf + 2y/uD)
1T @n/w)

2 T (@ up) @A upmAa /)

and W

g2 + 2D O + A (- fiy=ha/u)
L l(l-kllul)(1-A1/u1-lz/u2)

From Morsel® the equivalent value of delay for the case when neither class

is assigned priority is given by

a4 ol
Wy = T
M 1-X1/U1'X2/U2

1f the ratio W/WM is larger than 1, the delay is longer if priorities
are imposed than if no priorities are imposed. If the ratio is less than -
1 imposing priorities shortens the mean dglay. As there is a linear re- =
lationship between the mean queue cize and the mean delay then we can also
say that if the ratio is larger or smaller than 1, there will be more or.

less calls waiting than if no priorities'had been imposed.
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The ratio i < 1
° Ty

if

1-0 /A ey + Aglug) < 1-Ai/w
ie. « Ap2 < Aqug Aoty
ie' J‘-— < l‘-—

U M2

ie. When the non-priority units take longer to be served imposing

priorites will lengthen the overall delay and queue length.

Consequently_when it is required to reduce the total number waiting

or to shorten the overall mean delay in queue, then if there is any way '

of distinguishing, on the average, between calls according to the pros=
pective lengths of their holding times, it helps to give priority to that

class of calls which tends to have the shorter mean holding time even if

there is a wide spread in individual holding times. This result is inde-

pendent of the ratio Xy/Ap. The degree of advantage does, however, depend

upon the value of the ratio A;/Ap. The degree of reduction in mean delay

obtained by imposing priorities depends upon the numerical magnitude of

W/Wy whereas the fact that there is a reductionlﬁepends upon whether y

is greater than uj or not.
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In case (ii), from 4.33
2
L M
1 Q-2 /v1) ,
2 2
i ll/u1+kz/uz
Nt
an L T W TE SIS Py

{l%/u%(l-ll/u1—lz/U2)+k2(k1/u% + lz/u%)}

SR onaTon) G-nyfui-ralug)

The ratio Wiy < 1

if ' |
x%/u%(1-A1/uI-Az/uz)+x2<x1/u%+x2/u

fe. W2 (uy-2) + Aua (uig) > 0

2
2

yer (-3 /) (/o /)

Now in order that the system remainsunsaturated

1-xy/up=rofup > 0

and if we now consider ujp>uz

1/ - Aa/up > 0

ie. U1>X . -
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u%(u14k)+x1u2(u1-uz)>0

fe. if wpug, WMy as expected.

* Thus a decrease in the overall delay can be achieved by assigning

priority to the class of calls with the smaller average holding time.

Fig. 4.15 shows a comparison of the two holding time distributions

considered. In order to show the association between the various queueing

disciplines Fig. 4.16 and 4.17 have been includad.
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CHAPTER V.

Priority Systems with Random Order of Service

INTRODUCTION

In this chapter, we will analyse a model which is descriptive of

the control unit when requests for service are taken from the queue at

random within a priority group.

The.resulté obtained here will also be useful for the cases when
the queue discipline is somewhere between FIFO and Random. The results
will be useful in the sense that the delay distribution, when the queue
discipline is Random, can be used as a bound on the distributions to be
expected in the ;ases where the queue discipline deviates from FIFO to-
wards Random. This situation occurs in some electrdmeqhanical systems.
The queue discipline is determined by a wired preference circuit. In
or&er fo provide completely random service the preference c;rcuit would
need to be very complicated and correspondingly expensive. So generally
a compromise is made between expense and the service given. This com-

promise tends to make the queue discipline somewhere between FIFO and

Random.

The term, bound, used in the previous context does not mean a bound-

ing function in the strictest sense. Actually the delay distribution for

models which only differ in queue discipline will cross each other and
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hence no individual distribution can be a true bound for a family of such

distributions.

r
v

The basic model of interest in tﬂis chapter is described in section
2. The analysis is carried out in section.é ;nder the two priority dis- i
ciplines and the assumptions of a Poisson Input Process and a holding time
distribution whi;h is negative exponential. The mean holding time is dif-

ferent for each priority. The chapter concludes with a discussion of the

results.

THE MODEL

Calls of two priority classes are considered to be arriving at a
single server in accordance with a Poisson process of total intensity A.

The calls are served in order of priority class, the call with the lowest

* priority class number being served first. Calls of the same priority class

are served in a random order. Two types of service are considered:

Case (i): Non-preemptive type
The current service is never interrupted. This is true even if the

arriving call has priority over the call in service at that time.

Case (ii): Preemptive Resume Type

- The current service can be interrupted. If the arriving call has a
lower priority number than the call being served, then the server interrupts

the current service and immediately starts serving the call of higher

‘priority. The interrupted service is resumed when there are no more calls

of lower numbered priority in the system. An alternative discipline, which
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_ 1s not considered, would be to place the interrupted call back in the queue

and let it complete for service with calls of the same priority class.

[

NOTATION

The service times of the calls are mutually independent random
variables and are independent of the inter-arrival times. Denote by Hp(t),

(p=1,2) the probability that the service time of a call with priority p is

1-e M1t

Let Hy (t)

l-e—uzt

n

Hy (t)

hhere y] and yp are the mean service rates of the priority 1 and priority 2
type calls, respectively. The arrivals with priority p follow a Poisson

process with intensity Ap.

Let
Wp(t) = the queueing-time distribution for a priority p type
call, ie. the probability that a priority p type call
will wait at the most t.
'Qp(t) = the distribution of the time to serve the first priority

p type call, given that the server is busy when the

test call arrives.

"

Wk’p(t) the probability that the service of a given priority p
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" type call among k priority p type calls starts within

P(p,m;n) =

By(t) =

tine t, under the condition that k (k=1,2,...) calls.of
priority p are waiting in the system when a priority p-

service is about to begin, and that the time is measured

from that instant.

the state probability that a priority p (p=1,2) call is
in service, and that there are m priority 1 calls and n

priority 2 calls in the system.

the probability that the system is idle.

v

= the distribution of the time to serve all the priority ‘

1 type calls wéiting when the priority 2 type call under

consideration arrives in the system (including the re-

maining part of the current service time).

the distribution of the completion time for priority
|

2 type calls.

If U(t) is the distribution of a non-negative random variable, and

U(n) = t? du(t)
. : .
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let

Uk (s) = J g'StaU(t)
0

P(p) = the probability that an arriving call has priority < p.

Under the condition that an arriving call has a priority.s p, the

probability that its holding time is ¢ t is given by:

P :

1

Ap(t) = ) Hy(t) de(y)
0

In order that a stationary distribution of the waiting times may exist, we ‘

have assumed that (Ay/uy + Aplug) < 1.

ANALYSTS
BUSY PERIODS AND COMPLETION TIMES

D(t) is the distribution for the busy period in 2 single server

system with Poisson input of intensity A1, and‘with identically distributed,

nutually independent service times having the distribution Hy(x).

D*(s) has been shownZ“ to be the root with the smallest absolute value

in z of the equation:
2 = A*(sth-)iz)

Therefore: b 21/ ' (5.1)

2@ = 2/ Guy-a)? A (5.2)



-68-
: B2

.

Gaver 21defines completion times as the duration of the period that

elapses between the i{nstant at which the service of a call of priority p

(the ﬂth'to arrive) Segins and the instant at which service of thé next
. may begin. This period is simply the nth priority p type calls service

time if there are no interruptions. -

In our system, the priority 1 completion time is just the holding

time of a prijority 1 type call. The completion time for priority 2 type

calls has been described by the distribution By(t). From GaverZItherefOre,

Bo*(s) Hy*(sth1-A) D*(s))

and

n

Bz(l) Hz(l)(1+X1D(1)) = uy/up (u1-11) (5.3)

B,(2) = 1, (1 p1)? + H?_(l)xln(Z)‘

2“1[“1(U1-M)+Muz]/u22(urh)3 (5.4)

Although in case (ii) the order of servicing may be different the

distribution of the completion time interval is the same as that in case (i).

This is true for the queue discipline assumed but would not be true for the

case mentioned earlier where the interrupted call competes for service

with calls of the same ﬁriority class.

DISTRIBUTION OF Wy (t)
%

In case (1), the waiting time of a call can be split into two inter-

vals. The first interval is the time glaﬁsed from the instant the call

arrived to the instant when the first call of the same priority class is

served. This interval has the distribution Qp(t). '1f k calls of the same
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GeverZIdefines cowpietion times as the duration of the period that
elapses between the iﬁstant at which the service of a call of priority p
(the nth to arrive) begins and the instant at which serviee of the neft
_ may begin. This period is simply the nth priority p type calls service

time if there are mo interruptions. ~

In our system, the priority 1 completion time is just the holding
time of a priority 1 type call. The completion time for priority 2 type

calls has been described by the distribution By(t). From Gaver2 therefore,

32*(8) = Hz*(S"f‘)\l-)\] D*(S))

and

5,0 = 1,0 (1) = /g Guymh) (5.3)

32(2) = Hz(z)(l'i')\lD(l))z + HZ(I)XID(Z)l

- 2“1[“1(U1->\1)+11u£]/u22(u i~ (5.4)

Although in case (ii) the order of servicing may be different the

distribution of the completion time interval ig the same as that in case (1).

This is true for the queue discipline assumed but would not be true for the

case mentioned earlier where the interrupted call competes for service

with calls of the same ﬁriority class.

DISTRIBUTION OF Wy “(t)
sP

In case (1), the waiting time of a call can be split into two inter-

vals. The first interval is the time elapsed from the instant the call

arrived to the instant when the first call of the same priority class is

served. This interval has the distribution Qp(t). ‘If k calls of the same
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e
priority class as the test call ére waiting at‘;he end of this first inter-
val then the second intérval consists of the sum of ; nunber of q?mpletion
times and has the distribution wk,p(t)' This distribution can be found

/ ;-
from Takacs 28y substituting the completion time distribution for Takacs

holding time distribution.

ie. ‘ 1 1
k, \ : dv k-2
wk’l(s) = 1-(k-1) I exp(- J ;:QIZE;XI:K;;Y ) u¥ %du
ay(s) u
and, ‘
e 1D = D/ @uea) . | 5.5
P 2 (ke1) { -2+ (1) (2 AV (umh) Grr2ia) 6
where
a(s) = the Laplace Stieltjes Transform of the busy period, with
arrival intensity Aj, and holding time distribution Hy(t).
¥i(s) = [ e~S¥ g, (x)
0
Similarly,
1 1
d k-2
-Wk’;(s) = 1-(k-1) J exp(- [ ;:g;zg;%;:x;;; Ju “du
(!2(8) u
and '
e oV = 0B, (07 2003
@ 23,200 (D) (28,0 (D B,
L PNE @, M) 23-2258,7
(2-)2B9 )(3—2)\232 ) (2-19B4 ) (3-2)7B9 )

vhere ap(s) = the Laplace Stieltjes Transform of the busy period with

arrival intensity A, and holding time distribution Bp(t).
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vy(s) = | & dHa(x)
0 -

Therefore from (5.3) and (5.4)

1 . :
wk,Z( ) - (k-l)ul/(Zuzul—Zngl-kzul) (5.7)
2
and Wk,z( ) - Z(k-l)(k-2)u12/(2u1uz'2uz>\1'>\2u1)(3u1uz-3u2>\1-2’\2u1)
(k-l)(6u1uz-6uzk1-kzu1)[§1(u1-11)+k1ué]2u1
+
2
(u1-11)(2u1u2-2ua11-12u1) (3uquz=3H2A1-2A201) (5.8)

In case (ii), although the order of servicing is different th

are the same as calculated for case 1.

THE DETERMINATION OF Wy (t) FOR CASE (ii)

In case (ii), Wi(t) is the same distribution as oné would encounter

in considering prioritynl type calls in isolation, since priority 1 calls

preempt priority 2 calls in service.

Thus, from Takacs?® if Ay/up < L

1
dv

M . dv :
wk(s) = (1'X1/U1)[}+ = J exp{ - j u—@?E;KIff:GSY} .{1+;;§¥KI:KI;7

v(s) u

where, ©
¥(x) = I e an; () = w1/ (+x)
. 4 0
and i ‘ :
y(s) = (\hyts - J(A1+u1+s)2-4x1u1)/le

e results
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The first two moments are:

Wl(l) = 7\1/u1(u,1’->;.1) (5.9)

Wl(z) = 4)\1/(21,11-)\1)(;11-)‘1)2 (5.10)

Equation (5.9) was found by Miller20for the first-in first-out queue

discipline.

DISTRIBUTION OF W (t) FOR CASE (1)

The priority 1 test call arrives in the system at tg. Its queueing

time can be considered as consisting of two parts. The first is the time

elapsed from tg to the instant when the first priority 1 call is served.

This interval will be described by the residual holding time distribution

of the call in service at to. Since we are considering exponentially dis-

_tributed holding times, the residual holding time distribution is the same

as the normal holding time distribution. If j calls (j=0, 1, ...) arrive

in this first interval, and there are m calls of priority 1 in the system

at tg when the test call arrived, then the second interval has the distri-

bution wj+m+1,1(t) or Wj+m,1(t) depending upon whether a priority 2 or a

priority 1 call was in service at tg.

ie.
t
w =2+ [ [ [ pdme) [M dHy ()RR 4 (8)
© wel =0 3= SEY : ’

© © © -\
+ ] I I P(2ymn)( { ¢ IX(AIX)j dHp (X)) XM, 1(t)
wonsl g0 . 5 ¥ J

where ** denotes convolution.
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Therefore taking the Laplace Stieltjes Transform:

©.. -(Ay+s)t j
Wy*(s) = Pgp + 2 P(1,m,n)( J e ) *
: ° n=1 nzo ]ZO 0 N d1'11(t))‘r1j_|,m’1(s)
® @ & . -()\1+s)t j
+ Z P(2,m,n)( J (A1) *
and'
© © © ..)‘lt j
w1 1 I pma) ] e Wt am wyyw,, P
o=1 n=0 §=0 S Jtm,
-] -] o "A]t X j
e (A t) 1)
+ mZO nzl jzo P(2,m,n)( (J) — ng(t))wjml’l
4 S X Z P(1,m,n) + Hz( ) z X P(2,m,n) ©(5.11)
n=1 n=0 n=0 n=1
«© o © ® _)\]t j
2 At 2 1
w® - mzl HZO jZO P(1,m,n) J fi.__;Tle_ {wj+m’l( ) 4 2tw3+m’l( )an, ()
0 t .
® o @ ® e_kt()\]t)j (2) (1)
+ Z Zl JZO P(2,m,n) J _______'____{wjml,1 2001 }dH, (t)
0 * .
tH @ Z Z P(1,m,n) + Hz( ) Z Z P(2,m,n) C(5.12)
m=0 n=1

n=1 n=0

THE DETERMINATION OF Wj(t)

The difference between case (1) and case (ii) is that for case (ii)

calls are allowed to preempt calls df higher numbered priority. In the
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K
case of priority 2 type calls there are no callsﬂof higher numbered priority

‘so that the waiting time‘distribution Wy (t) will be the same for both case

(1) and case (ii).

Let the priorit; 9 test call arrive in the system at ty. If the
system is idle at tg then it goes.straight into service. If the server is
occupied then the calls queueing time can be considered as consisting of
two parts. The first part is the time elapsed from ty to the instant when
the first priority 2 call is served. This interval has the distribution
function Qp(t). If j calls (3=0,1,...) of priority 2 arrive in that inter-
val, and there were n calls of priority 2 in the system at tg, when the
test call arrives then the second interval has a distribution wj+n+1,2(t)

Wj+n’2(t) depending upon whether a priority 1 or a priority 2 call was in

service at tg, ie.

©w ® @ ® t }ZY(XQY)j
W) =P+ ] 1 1 PLm) ( -'—‘j""’”‘ 402 (MW, ()
m=1 n=0 =0 0
@ © @ t }‘2}'( 2}’)
+ ] 1 I p2mm) ——‘—j'_"'—“sz(y))* LI

n=0 n=1 j=0 0

where ** denotes confolution.

Taking the Laplace Stieltjes Transform:

) e—(S"l"Az) t()\zt)j

wp) o+ [ L1 pdma = (W, 4 5(®
m=1 n=0 j=0 0 ) - ’

® e-(s+kz)t()\2t)j
IZPQmmX T dQ (L)W, ()
j=0 0

llMa

=0 n
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.The moments can’'be found using:

) _ [ gyt
Wt =05 1D Wk (s)]] i,

and in particular

o o« «© @ -Azt j
1) _ e (}\zt)
K mZI‘ nZO jZO P(.l’m’n) (0 K dQz(t)>wj+n+l,2

1)

© ghatg,n

+ 7 1 1 epmn) (J ————j-,———‘sz(t))wj_m 5 (1)
n=0 n=1 =0 5 3 ’
M (] ] eamm+ ] ] P@ma) (5.13)
m=1 n=0 m=0 n=1 :
and
LT T T Mgt o @y O
0= 1 1 1 e(mn) EEUA 2600 2180 (6)
m=1 n=0 j=0 0 H ’ s
° @ e T hatg,nd |
+ 7 71 P(Z,m,n)Je (at) w, 2(2)«»2&1+ 2(1)}dQ2(t)
=0 n=1 j=0 : ! o, s
c0,@0 1 I remm o+ ] ] PLmD)] (5.14)

n=0 n=1 m=1 n=0

All that is required now is the distribution function Qy(t) and the

state probabilities.

DERIVATION OF Qp(t)

The waiting time defined by the distribution Qy(t) can be considered
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as being composed of two iﬁtervals. The first is the time neéded to comp-
lete the service Qf all ‘éalls with priority 1 which are in the system at tg
(including the remain;ng part of the-curfeﬁt seryice). ‘The distribution of
the first interval ha; been denoted by Mp(t).  The second interval is the

time to serve the priority 1 callé which arrive in the two intervals. If j
priority 1 calls (3=0,1,...). arrive in the first interval, then the distri—
bution of the second interval is that of the total length of j independent

busy periods, each with the distribution D(t), i.e.,

t
MY ) :
Q0 = ¢ (J Q) gy, )0 e) - 200/ (1-F0)

I
=0 5
where

Di(t) is the jth iterated convolution of D(t) with itself.
1-Pg = M/up + Aafuzs

%% denotes convolution.

Therefore:

Q*(s) = (M, (s+A-X D*(s)) - Pq)/ (1-Bg)

and Qz(l) = Mz(l)(l+)\10(1))/(1-P0) . (5,15)
Q2(2) - [ﬂz(Z)(l+A1D(l))2 + MZ(I)AID(Z)]/(I_PO) (5.16)
The distribution Mp(t) can be found from Takdes?3 In Takdes study,

the distribution of the time needed to complete service of all calls of

class p or less present in the system at tg is derived while in the present

study the time to service all units with priority less than p only is
needed. Although the queue disciplines in each class in Takaéé' study and

the present study are different, the queue length distributions in the two
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cases are the same. The waiting time to service calls of priority less

than p present at to in this study can be obtained from Takacs results by
replaéiug p by (p-1).

Therefore,

Mp*(s) = ((1‘11/U1-A2/U2)S+l(1"A2*(S))‘l1(1'A1*(S)))/(S-11+11A1*(S))

Mz(l) = (\up? + lzu12)/UQZU1(u1”X1) (5.17)
20,3 + Aphy® = Adgm? + A1 )
2) 142 241 A2l 1A2H1H2
My = 2 (5.18)
(n11-1y) piugd ‘
Therefore from (5.1), (5.15) and (5.17)
(5.19)

Qz(l) = (lluQZ + qulz)U1/uz(u1~l1)2(X1U2 + )
and from (5.1), (5.2), (5.16), (5.17) and (5.18)

Q2(2) =

(uy-21) a2 Ouzthony)

STATE PROBABILITIES

Case (i):

Morse® has derived the generating function of the state probabili-

ties.
Let: '
G(s,t) = Z P(m,n)smt"
m,n
then:
~1Y(1-) Aol
G(s,t) = pp (=13 (1 “]/El_ififz)

Ny (1-8)Fhgs (1-0)+u; (s-1)

: sl - |1 (j‘_\..~',~
PZO(L){kl!hz(l t)+L2x{wl(~ 1)t uz?{t 1)}

et e e e —
tO (g)n, (=0 O (Q=eds (1-t) s v (e
{ ! ) XZ( ) pz} )1\] Q) s uzk. s (e1))

20quyn® + Ay - Aphany® + ARVTLTE, M2t (5.20)
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Where
e 0: - t{i-a /ul-lzluz}{k (l -t)- ula(t)}{(ul-uz)(X1+12(l-t)+u£rklulﬁ
{k1+xz(l-t)+u2}{klu1t—(U1 Uz)t(l1+l2(1-t)+u2)+U2(U1(1—0(t)) po)}
and
)\1"')\2(l’t)'hlI"J—(Tl"')\z(l't)'*'lll)z"(*)\]lll
- : (5.21)
a(t) 5
H1
From this Morse shows:
) Z P(1,m,n) = /iy (5.22)
m=} n=0
] ] P(2mn) = ho/ug » (5.23)
m=0 n=1 :
S z nP(1,n,n) + Z z nP(2,m,n) = 32 Xo(k1u)24))U1 )
n=1 n=0 = (“1'11)(U1U?’X1U2"X2u1)uz
(5.24)
M up2Hhai
z 2 wP(1,m,n) + Z z mP(2,m,n) = SN ( - ) (5,25)
m=1 n=0 n=0 M7 1o?

White and Christie’ have obtained the generating function:

(1-Ay /iy =ho/upduz (1-t)

G(é,t) =
(prtalt) - At - Aot (1-t) - 1 (£-1)) (1-sa(t))

whete a(t) is given by (5.21)

and: @
) Z P(1,m,n) + Z P(2,0,0) = A/uy + Aaluz (5.26)
m=1 n=0 n=1
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. E P(2,0,n) = 12U1/U2(u1-11) (5.27) ; 1
n=1 ‘ ' ;
Mg (upAyHuy 2-u1h) :
.28) \
nP(l,m,n) + nP(2,0,n) = (5.2
m§1 nZO' ( nZ (UZUI'AZUI‘AIU2)(N1-A1)
i’ °2° 2p( ) Z 2,00 = 29 A2% 12
n°P(1,m,n) + n?p(2,0,n
n=1 n=0 n=1 (“1'31)3(U1U2'U1A2-U2l1)

AAghz (u=A1) (uiez-Atup-hak1) e 2[m? 'U1>~1+U2>\]2+IJ1112’\2(vl-h)sﬂlzhzuzz

+ -
(u-Ap)? (uluz-ulkz uzll)
MOMENTS OF THE WAITING TIME DISTRIBUTION
In case (ii),
wl(l) and W1(2) are given in equations (5.9) and (5.10)
From (5.7), (5.13), (5.19), (5.26), (5.27) and (5.28)
W, = Oqug24agny 2/ (=3 p)uz (uup=hpug=haiy) (5.30)
From (5.8), (5.14), (5.20), (5.26), (5.27), (5.28) and (5.29)
w2(2) - 4[§1u23 + AgH1 ]
uZ[urka[Zuwg-Zkluz qu][uluz-huz sz]
‘*E\wz2 + A2 ]2
‘ uz[m 7\1][%1v2"2>\1uz~kzu1][um->\1uﬂzu1]
4%1[}1u22+k2ul2]
(5.31)

(Ul')‘l) [2111112‘211112 )‘ZUI-J[MUZ')‘IUZ')‘ZUI]
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In case (i),
From (5.5), (5.11), (5.22), (5.23), and (5.25) -‘ B

(5.32) vas found by Cobﬁam

5. DISCUSSION

queue for the v

For the last-in first-out discipiine (5.9),

found by Durr??.

arious queue disciplines.

(5.30) and (5.32) were

Wl(l) ='(>\1U22 ; Aou ) uz? (u1-11) (5.32)
and from (5.6), (5.12), (5.27), (§.é3) and (5.25)

wl(z) = 403 + Ao (ulz-)1u1+AIU2))/(Zul-Al)u23(u1-A;)‘2 (5.33)
wz(l) and ng) are the same as those shown in (5.30) and (5.31).

For the first-in first-out di;cipline (5.30) was found ﬁy Millér20 and

11 4nd Kesten and Runnenburgls.

elay in

Table 1 shows the relationship between the moments of the d

o o
(FIFO) (LIFO)
X X X
X2 2m %/ (2uy-11) uXa/ (u1-h)
X3 X3 X3
Xy (2u1uQ-2X1U2)Xq/(2u1U2r2A1u2-l2u1) U2(U]'kl)xul(U1U2‘A1U2'A2U1),
(i1)
¥ Y Y
) 1Yo/ (2u1-11) 1Yo/ (uy-Ap)
X3 X3 . X3
Xy (2u7Hp-2h 12 ) Xu/ (Quyup-2Agu2-Aou1) 1 (uy=A1) X/ (yup-Ayuz=Agui)

TABLE 1
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In each case the aQerage delay is the same. This independence of
the order of service may be explained roughly by saying that the .average
rate ét which queues'are removed depends only the average rate of'arrfval

_ of calls and the rate at which they are served.

Let us now look at the second moments. In both cases (i) and (i1),

W@ T S )
1 (LIF0) T 2Gu-hp) 1 (RANDOM)
(2) 2y (2)

and W) pawpon) T 2u5-M ¥ (F1F0)

Now  2m-hp > 2m-2h and 24 > 281 - Mg

Therefore,
2 (2) (2)
M (L1ro) T ¥1 (RANDONM) > ¥ (F1rO)
Similarly

(2uqup-2M Hg-Aok1) 2)
o e {|
Wo ' (u1p0) T 2Gumphmoha) - (RANDON)

and
@) 2uguy =212 2)

e =}l
W2 anpoM) ~ Zupng-Dqup-igm - (FIFO)

2uqu-2h Hemhoby 2u1up=2A1k2-2hoM)

and 2112]J1—2>\1}.IZ > 2“1“2'2>\1U2")\2u1

) (2) (2) (2
e W qR0) W2 (RaNDOM) > %27 (p1F0)
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ie. The variance of the wéiting time distribution for random order of

service lies between thie corresponding variances for 'last-in first-out’

and 'first-in first-out' order of service.
This means that the delays become more variable as the queue dis-

cipline goes from FIFO to RANDOM to LIFO. Thus the proportion of waiting

calls receiving quick service is increased but this is achieved at the cost

of making other calls wait much longer.
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CHAPTER VI

Multiple Server Systems

Introduction

The capacity of a system with a single control unit can of course be
improved by increasing the service rate of the control. . This is not
always feasiblé so that another method that is used is to add similar
control units which operate in parallel with the original control unit

forming a multiple server system.

In many ways this latter procedure has advantages. The mean delay
| in queue is reduced because the queue size is reduced in comparison to the
number in the system. The system can also be run at a higher occupancy
level. As with the single control unit caée, there ére situations in which
the incoming calls have to join a queue, SO that it is advisable to examine

the multiple server case.

The problems arising when a multiple server system is considered are
far more difficult than the corresponding problems for the single server

case. It is understandable therefore that when the additional complication

of priorities is added the mathematical analysis becomes very complicated.

Cobham!! considered a multiple non-preemptive priority system with

exponential holding timés and found the average waiting times for FIFO

i
b
|

-




queue discipline. Davis3? studied the same model with the exception that | -

" the priority classes all had the same holding time distributions and

found an explicit formula for the waiting time distribution. The work in

this chapter is.an extension of Davis's work to the case where the priority
system considered is of the preemptive resume type. The basic model is

described in section 2, and the analysis is carried out in section 4. The

results are analysed in section 5.

2. The Model

Calls with different priorities are arriving at a facility consist-

ing of a number of identical control units operating in parallel. The

calls arrive as a Poisson process with inter-arrival - time distribution

-Ax . —
ze "*dx, x>0. The calls are served in order of priority and for each

priority with the first-in first-out discipline.

Calls of lower numbered priority arc gerved first and the priority

discipline is of the precmptive type. This discipline has been desig-

nated as case (ii) in previous chapters.

The holding times of calls are considered to be mutually independent

randonm variables and are indepcndent of the inter-arrival times.
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Denote by Hp(t) (p=1,2,...,k) the probability that the holding time

of a call with prioriky pis <t.

Let

B (t) = 1-¢ Mt . (6.1)

The arrivals with priority p follow a Poisson process with intensity Ap.

Let

n

Wp(t)

. P(n,p,t)

n

By (1)

S,P

B(c,p) (t)

Op = E A
P mn=1 .m

the queueing time distribution for a priority p type call
fe. the probability that a priority p type call will wait

at the most t.
the number of identical parallel servers.

the probability that all the ¢ servers are busy and there

are n calls with priority number p or less on queue when a

call of priority p arrives at time t.

the probability that there are s calls of any priority in

the system at time t. s ¢ ¢,

the probability that there are s calls of priority number p

or less In the system. s € c.

the busy period distribution for a ¢ server system.
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Analysis
In order to find the waiting time distribution we first need to find

the state,probabilitiés of the size of the queue.
Let us make the following assumpéions:

1) The probability of a new call originating in the interval (t,t+dt)

= Adt. The probability of two or more calls originating in (t,t+dt)

is negligibly small.

2)  The probability of a call terminating in (t,t+dt) is cpdt. The
probubility of two or more tetminating is negligibly small.

The state equations for n > 1 are fairly straightforward.

For n 2 2

P(n,p,t+dt) = cudt P(ntl,p,t) + cpdt P(n-1,p,t) + P(n,p,t)(l—cudt—opdt)
(6.2)

For n=1
P(1,p,t+dt) = cudt P(2,p,t) + opdt Pc,p(t) + P(l,p,t)(l—cudt—cpdt)
| (6.3)

For n=0

The system will be in state (0,p) at time t=ty if and only if at

least one of the following mutually exclusive events has occurred.

(1) State at time t=tg-dt was (0,p); mo call terminated and no call

of priority < p arrived since to—dtf
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Analysis .
In order to find the waiting time distribution we first need to find

the state_probabilitiés of the size of the queuve.
Let us make the following assumpéions:

1)  The probability of a new call originating in the interval (t,t+dt)

= Adt. The probability of two or more calls originating in (t,t+dt)

1s negligibly small.

2) The probability of a call terminating in (t,t+dt) is cudt. The
probability of two or more terminating is negligibly small.

The state equations for n 3 1 are fairly straightforward.

For n 2 2

P(n,p,t+dt) = cudt P(ntl,p,t) + opdt P(n-1,p,t) + P(n,p,t)(l-cudt—cpdt)
(6.2)

For n=1
P(l,p,t:+d£) = cudt P(2,p,t) + cpdt Pc,p(t) %P(l,p,t)(l—cudt-opdt)
| (6.3)

For n=0

The system will be in state (0,p) at time t=tq if and only if at

least one of the following mutually exclusive events has occurred.

(i) State at time t=t(-dt was (0,p); no call terminated and no call

of priority < p arrived since to—dtf
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(i1) State at time t=t6-dt was (1,p); a call terminated but no call of

priority < p arrived since tp-dt. . . ;

(1i1) There were (c-1) calls of any priority in the system at time
t-to—dt; a call (of any priority) arrived.

(iv) There were only calls with priority > P in the queue and the ¢

servers were busy at time t=tg-dt; a call terminated.

(v)  There were no calls of priority < p in the queue and there was at

1eastbone call of priority > p amongst the ¢ calls being served

at time t=to-dt; a call with priority € p arrived. -
Thus o \

P(0,p,t+dt) = P(O,p,t)(l—cudt—opdt) + P(1,p,t)cudt

+ Pc_l(t) Adt + cudt (P(0,p,t)-P (£))

+ opdt (P(0,p,t) - Pc,p(t)) (6.4) |

Dividing both sides of each equation by dt and passing to the limit

when dt tends to zero the Kolmorgorov difference differential equations are

obtained.
For n 3 2
dP _ ) )
P (n,p,t) = cu P(ntl,p,t) + Op P(n-1,p,t
- (cu + cp)P(n,p,t) (6.5)
Forn=1

a . -
it (1,p,t) = cu P(2,p,t)m+ % Pc;p(t)

- (o + o (Lpst) (6.6)
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For n=0

a0 '
3t (0;p,t) = cu P(1,p,t) + APc_l(t)

- cy Pc(t).— och’P(t)

' The steady state (or stationary equilibrium) equations sre then:

For n 2 2 .

(cp + op)P(n,p) = cp P(ntl,p) + 9 P(n-1,p)

Forn=1

(cu + c;p)P(l,p)_ = ey P(2,p) + % Pc,p :
For n = 0
cu P(1,p) + A?c—l = cpt Pc + op Pc,p
From !
APc-l = c| Pc
substituting in (6.10)
cu P(l,p) =0, Pc,p

Now the solution to (6.8) can be put in the form:
. 'fB_n
P(n,p) = R()

where R 1s a constant.

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)
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Substituting in (6.8) when n = 2 gives:

P(1,p) = R op/ecy - (6.14)
. . s
ie. P(n,p) = szﬁ) forn 21 (6.15)
and from (6.12)
=P A
R CyP ’ ' (6.16)

the probability of delay in a non priority ¢

«©
Now Pc,p + z P(n,p)

=1 server system with arrival rate dp

= PDp

: c el j -1
(1 (Q-apfene!] (W) 1 (o /)7/3)
3=0

(6.17)

je. from (6.15), (6.16) and (6.17)

cy
———rra— = PD 6, 18
P »P (cu-op) P (6.18)

and
(cp-0_)PD
g=—>t—L2 (6.19)
cy

Waiting Time Distribution

The method used in this section is similar to that ‘used by Davis30.

1f there are less than ¢ calls with priority number £ p in the system

when the test call of priority p type arrives then the call will go straight
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into service and the waiting time is zero. If }here are exactly c calls
of priority number <P in the system then the test call will be delayed

Its waiting time is distributed as the busy period of a c server system

_ serving only calls with priority number < p. Riordan® showed that this .

busy period is distributed the same as the busy period of a single server

system, serving only calls with priority number < p and with servicing

rate cu.

If there are n calls with priority number ¢ p on queue when the test

call arrives then!" the distribution of the waiting time is the (n+1)

fold convolution of the busy period.of a c server system servicing only

the calls with priority < p.

The waiting time distribution can thus be described by:

Wy(t) = 1-PD, + Pc’pB(c,p)(t) + nzl P(n,p) (n+1)B(c,p)(t) (6.20)

where (o+1)

Taking the Laplace-Stieltjes Transform

W () = 1D, + R T g D" (Be,p) ()™ (6:21)
n=0
(sto,_ +pu)2~4cuo _
where B(c,p)*(s) = s+ op-l + ey - /// P % 2°p-1 p-l (6.22)
From (6.15), (6.16), (6.18) and (6.21)
(cu-o, )B(c,p)*(S)
(6.23)

w (s) = 1-PDy + PDy 7os B(c,P)*(S))

B(c,p)(t) is the (n+1) fold convolution of B(c,p)(t) with itself.
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K%

2PD (cu—Up)
W;(s) = 1-PD_ +

P Qc,P(s) (6324).

. where

Qc’p(s) = s+cp_1+cu—2c3p + /(s+op_1+cu)2-4cucp_1

The inversion of equations of the type (6.24) has been carried out by a

number of pedple [15’31].

The result is as follows:

2 _ ~at 1. dp_
i PD, (b, Pp-1)e (PD,(1-p.)
W =1-—6-o ) 2 Er)dr
p P p-l P "
1 (6.25)

where 2 3
pp 2 pp_l

oy = (1-/p1) 2w
ap = (14+/p7) 2cp

a = ((p-p1) (1-p)/p)cn

and

£(r) = & *° V{og-r) (r-u)/x(r-0)

e
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RESULTS

Conéider'the case-where there are only two priofity classes. The

average time spent in the queue for each priority class can be found from

(6.24) by differentiating W.r«t. s and putting s=0.

i.e. . .
w(l) i} PDy cp
Vo7 (enmny)

(6.26)

(2) - PDp cu

W2 = G (o) 6.27)

. . The average overall queueing time W, is given by:

llwgl) + lzwgl) ‘

cu(APDy + APDy (1-A/cu)
N YCTEWICTEY)

(6.29)

The equivalent value W for the case when the discipline is non

preemptive can be found in a similar manner f;omao.

PD,
Wb = m ' (6.30)

Fig. 6.1 shows a comparison of (6.29) and (6.30) for various values

of c. Wy is given by A;/A = 1. The curves with 0sA;/A<.5 and .5<h;/A<1

DU CU U NEURITRP IS PR SIS LS M
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all fall betwegn the two curves shown.

It can be seen:frém Fig. 6.1 that for a given value of (Akuc),
increasing ¢ decreases the average delay. The extra r;duction due to
changing the discipline from non%preeﬁptivé t; preemptive is very small
however. Also as the average queue size is proportional to the average

delay there is a corresponding small reduction in queuve size.

Another way to look at Fig. 6.1 is that if it is assumed that the
cost of service per server is proportional‘to its rate of service, increas-
ing the rate of a single server by a factor c will cost the same amount as

increasing the number of servers to c, keeﬁing the rate of each unchanged.
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CHAPTER VII

CONCLUSION

1. Summary
" In stud&ing'the type of systems that have been modeled the view

has been taken that substantially more can be learned through the analy-I

*"sis of mathematical models than is presently the case with priority

service systems. In this respect a number of observations have been
made regarding the performance of priority service disciplines and the

general nature of parallel processing within the framework of these

disciplines.

An efficient assignment of'priérities to input streams to stochastic
control systems can be accomplishéd by means‘of the analytical processes
developed in this work. The service disciplines discussed, offer a.
number'of techniques by which the waiting times of the different classes
of inputs can be manipulgted or adjusted to meet a set of operational

requirements. The models presented are distinguished by the fact that

the priority assignments are known beforehand and are thus independent of

the dynamic operating characteristics of the system.

A number of examples have been given to show practical applications

of the general solutionms.
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2. Future Investigations

There are a number of areas of work which suggest themselves for

future investigations. Relaxation of some of the assumptions is perhaps

the most obvious area. Under this category would fall the following:

(a) Introducing, into the models gtudied, the effects of limited

sources.
(b) Relaxing the assumption of a Poisson input.

This latter area would introduce a number of problems. If the

Poisson assumption is relaxed, then one finds a non-Markovian stochastic

process requiring two or more supplementary variables to make it

Markovian. This difficulty is essentially similar to the problem

encountered when considering an N server system with a general holding

time distribution. One is confronted with the problem of solving a dif-

ferential difference equation in N variables. In the past the effect

of a general imput i{n a priority system has been studied by considering

one type of arrival process as Erlangian or a weighted mixture of

Erlanglan distributions. The mathematics involved however, became ex=

ceedingly complicated sO that possibly research should be carried out to

find simpler methods for studying non-Markovian processes which require

more than one supplementary variable before looking at a priority system

with a general input.

Other areas which suggest themselves as extension of this work are:

(c) Extending the work on the LIFO queue discipline to 8 multi~

gerver system.
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Bl

(d) Same as (c) but with random order of service.

’Al} of the dié%ussions involved in this thesis have concerned the
general question of the appropriate level of service to provide and how
best to provide that service. The economics of the situation have not
been considered unless one considers that the waiting time is proportional
to the cost of service. 'Some alternative_cost models have been produced

but very few‘in the field of priority systems.

More analytical effort is obviously still needed to understand the
complications of the systems discussed. It is hoped that the present

work will helﬁ to stimulate effort in this direction.




.3

6|

S -97 -

REFERENCES

. Syski, R.;

"Introduction to Congestion Theory in Telephone Systems”,

0Oliver and Boyd, London (1960).

Jacobaeus, C.;

"p Study on Congestion in Link Systems", Ericsson Technics 51

(1950), 1-68.

Lee, C. Y.3

"Analysis of Switching Networks", Bell System Tech. J. 34

(1955) 1287-1315.

Berkeley, G. S.3

nrraffic and Trunking Principles in Automatic Telephony",

Ernest Benn, Ltd., London 1934 (reﬁrinted, 1949) .

Lee, L. and Brzozowski, J. A.}
"An Approximate Method for Computing Blocking Probability in

Switching Networks", IEEE, Com-14, No. 2 (1966) 85-93.

Saaty, T. L.3

"glements of Queueing Theory with Applications", McGraw-Hill

Book Company, Imc. (1961).



- 98-

7. Takacs, L.}

"Introduction to the Theory of Queues", New York, Oxford Univ.

Press (1962).

8. Cox, D. R., and Smith, W. L.;

"Queues", London, Methuen, New York, Wiley (1961).

9, Riordan, J.;

"Seochastic Service Systems", Wiley, New York (1962).

10, Delbrouck, L. E. N., and Lee, L.}

"The Anatomy of Waiting Time Distributions in Single Server

Systems', IEEE Com-15, No. 1 (1967) 11-17.

11. Cobham, A.;

"priority Assignment in Waiting Line Problems", Operations

Research 2, (1954) 70-76.

12, —_—_—

"priority Assignment - A Correction", Operations Research 3,

(1955), 375-586.

13, Holley, J. L.;

"Waiting Line Subject to Priorities", Operations Research 3,

(1954) 341-343.



14.

150

16‘

17.

18.

19.

20.

-99 -

Dressin, S. A., and Reich, E.;
"priority Assignment on a Waiting Line", Quarterly of Applied

Math, Voi. 15 (1957) 208-211.

Kesten, H., and Runnenberg, J. Th.;

"priority in Waiting Line Problems”, I and II, Indag. Math. 19,

(1957) 312-336.

Morse, P. M.}

"Queues, Inventories and Maintenance", John Wiley and Sons,

New York, 1958.

White, H., and Christie, L. 8.}

"Queueing with Preemptive Priorities or with Breakdowﬁ",

Operations Research 6, (1958) 79-95.

Stephan, F.;
"yo Queues Under Preemptive Priority with Poisson Arrival and

Service Rates", Operations Research‘ﬁ, (1958) 399-418.

Kendall, D. G.;

"Some Problems in the Theory of Queues", J. Roy. Stat. Soc.,

Series B, 2 (1951) 151-173.

Miller, Rl Go;

"priority Queues", Ann. Math. Stat. 31, (1960) 86-103.



21, -

22,

23.

21"

25.

2%.

27,

-100 }

Gaver, D. P.3

A Waiting Line with Interrupted Service, Including Priorities",

J. Roy. Stat. Soc. B, 24 (1962) 73-90.

Avi-Itzhak, B., and Naor, P.;
"on a Problem of Preemptive Priority Queueing", Operations

Research 9, (1961) 664-672.

Takacs, L.;

"priority Queues", Operations Research 12, (1964) 63-74.

et o ettt

"The Stochastic Law of the Busy Period for a Single Server

Queue with Poisson Imput", J. Math. Anal. and Appl. 6, (1963)

33-42.

Jordan, C. H.;

"Calculus of Finite Differences", Budapest (1939) Second ed.,
Chelsea, New York (1947).

[

Whittaker, E. T., and Watsom, G. N.j

"\ Course of Modern Analysis", Cambridge University Press,

_Camuridge 1952.

_ Wishart, D. M. G.;

"Queueing Systems in Which the Discipline is Last-Come, First-

Served", Operations Research 8 (1960) 591-599.



28.

29.

30.

1.

-101 ~

Takacs, L.}

"Delay Distributions for One Line, With Poisson Input, General

Holding %imes, and Various Orders of Service", B.S.T.J. 42,

(1963) 487-503.

Durr, L.; /

"A Single Server Priority Queueing System With Ceneral Holding
Times, Poisson Imput, and Reverse-Order-of-Arrivél Queueing

Discipline", Operations Research 17 (1969), 351-358.

Davis, R. H.;
"Waiting Time Distribution of a Multi-Server Priority Queueing

System", Operations Research, 14 (1966), 133—136.

Nee, D.;

"Application of Queueing Theory to Information Systems Design",A

Stanford Research Institute Report.

Q



RETSH IR

- Name:

Born:

- Education:

Primary:
Secbndary:

University:

-102 -

VITA

Laurence Durr

April 14, 1939, England

England

England

Cambridge University, England

(a) 1961 B.A. (Mechanical Sciences Tripos)

(b) 1965 M.A.





