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ABSTRACT

. A digital filter realf%ation-basea.on the stored square

multiplication technique réplécing cbnventional digital'mul-'

 tipliers is presented.

The error ahalyses are performed and compared with the accu- -

' racy obtained in direct multiplications.

The topics of hardware realization and speed' are dﬁscussed,
and the split address technique " is introduced to reduce the
memory size required, for address worﬁieng?h longer‘thanfll
bits. | | |
The implementation of the stbred' équare Bigifal filter with
pipelined configuratieﬂ'%sﬂdescribeda With this structure a
sampiing frequency in excess of 15 MHi'can‘be achieved.

A po;ential'application of such a filter to adaptive filter_

ing is evaluated.
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Chapter I
> "INTRODUCTION

1.1 GENERAL

. A digital filter is a signél processor that enhances cer-
tain clagses of signalé and'attenuates others digitally. In
general, the implementation consists 6f'a séquehce of binary
multiplications and additions. Since, 1in most cases the
multiplication is the slowest operation 1in any digital fil-
ter realization;' ﬁherefore, it is of the best interest to
find a method of increasing the. multiplication throuépput
rate in order to increase the sampling frequency without ga-
crificing the filEer‘s accuracy. Aalthough fast digital mul-
tipliers are available at present, however, that panpiculaf
choice of solution to the problem is not that favourable due
to the high cost of a fast digifal multiplier and- the appli-

cation of several in a.circuit.

One solution of achieving a fast multiplication rate with
lowver cost.is to use the ROM lqok-up ‘table technique. As
lajzér ROMs at lower cost Qre now available, it is expected
that in the future digital storage will prevail over digital

arithmetic in terms of cost, speed and availability.



The use of ROM eleménts replaC1ng multlpllers in d1g1tal
ifllters has been con51dered uszng dlstrlbuted ar1thmet1c Il]

Cl2

~and the stored product technlque [3] [4] [8] [(9)]. These
echnlques requlre the a pr;or}‘ knowledge of the_ filter‘
coefficients to determine_tae stored values. In other words,
for.every different set of cbefficiears a dlfferent ‘set of .
values have to be stored and this property limits thi/ﬁiexlj
bility of the filter.

In applications where multiplexing and variabilify of the
coefficients are necessary, “the use of the stored square ROM
multiplication technlque 1s the answer where the squares of
the sums and the squares of the differences of input signal
and ceefficient are stored, aence, 'p has the advantages .of
having identical ROM contents andi‘.n.dependent of the' multi-
plier céeffieients. This flexibiliry makes application such
as adaptive'filtering possible., In addition, with a pipe-
liaed configuratioen a stored square .digital filter can be

implemented with a sampling frequency in excess of 15 MHz.

In the process of circuit integration the .fact‘that the
contents of all ROM elements can be the-same and can be in-
6cribed at the time of circuit integration is a distinct ad-
vantage over the other two‘hmethods_using ROMs,  as quoted

above.
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The perfdrmance'e#aluatioh 6f the stored-square ROM mal-

t1plxcat1on technlque in d1g1bah leterlng has not been re—'

porxed. .- The magor objectlve in undertaklng this research
work is to explore the insights in depth, the viebility of

the stored square digital filtering_technique.

1.2, SUMHARY ) R S : | "..-.".;

This thesis deals with.the analysis of the error on the
stored square ROM multiplier as a candidate for replacing
' the'conventional digital multiplier in .filtering. The error

- analysis is given for fixed point "as well as for floating

-point arithmetic. - It will be shown that the use of this

‘technique for fldating point arithmetic is not as favourable
as for fixed point. In pfactice‘the fixed point arithmetic
mode is the mos; commonly used. for,real,'time application
where speed is of prime importance. Based on this evalua-
. tion the realization of digital FIR (Finite‘Impulse Res-
- ponge) filters ﬁsing stored square, ROM multipliers is pre-
sented. The performance of the filters is evaluated and a

pipelined structure is proposed to: enhance the speed. Final-

ly the application of pipelined stored sguare digitel FIR.

-

“filters to adaptive filtering is described.

Chapter II presents the stored sguare ROM multiplier con-
cept. An analysis 1is carried out and the results are com-

pared with_those of a digital multiplier for fixed point and

- .l N 9'3-

'
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for floating ‘point a;ithmetic. A method of :edﬁting the re-

quired ROM stofage size is deecribed. - The hardware'fealiza-
tion of stored_squi}e ROM multiplier is discussed and the
pipelined structure‘-is prdposed to'improve- the multipldca—"
tion throdghput_rafe, hence, taking advantage of the‘avail-

ability of fast ROM access time.

Chapter ILI is devoted to the design and analysis of‘the
dlgltal FIR filter and its 1mplementat10n based on the p1pe—1
lined SSRM (stored square ROM multlpller) wlth fixed po1nt

arithmetic.

-
hd

An evaluation of the FIR filter performance and the ef-
fect of quantization and roundoff -noise, carried, out by com-
puter simulation, 1is compared with the same properties of

digital filters using conventional binarj multipliers.

iq chapter IV the implementetion of adaptive digital fil-
ter using the stored square technique‘is described. The
coefficients are adapted based on the Least Mean Squere
(LMS) algorithm. Again, simulations are carried out to

evaluate the performance of such an implementation.

[}

Finally, conclusions and‘suggestions for further studies

are given in chapter‘v. ‘ v
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" Chapter II

STORED SQUARE ROM MULTIPLIER‘(SSRM)

- 2.1 INTRODUCTION

The use of a stored squérg ROM as a mulﬁﬁblicatioh‘tech-
nique was recently suggested [5] [6], For wuse in digital
filtering this technigue requires additibns before and after -
the ROM Eable._look-up. Since the adders are‘availabie at
lower cost as comparea to the ROMs, therefore, the hardware
cost of the SSRM is practically.dependén? on the cost of the

ROMs and consequently the required ROM storage size.

An analysis is given of the accuracy obtainable with this
technique, as compared with that of binary multiplication,-

for fixed point and for floating point arithmetic, assuming

"product roundoff error and two's complement numbers are used

for negative values.

It is found that a compatible accuracy can be attained by
this technique and also signal and coefficient guantization
y

error can be shown to be equal to that obtained in .conven-

tiopal digital multiplier [10], [22].

The size of the ROM required for various wordlengths can

: TN .
then be formulated as a function of the required accuracy,

F O
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and of .the'signai wofdlehéth._.ln fﬁé-case of a vé;y‘iong._
signal and coefficiént wordlength, it is-necess5rylto reduce
the required_size of the ROM and thié can be accomplﬁshed'by
using the'splitraadress technigue.'-Tb'enhancé‘fhe muitipli—
cation throughput rate a pipeiined structure is proﬁosed.

2.2  CONCEPT

Cal
L
L]

A multiplication can be expressed as [6] :

x(n

2 2 '
)ic = [(;(nAtgl - (x(ni"c? ] (2.1)

where x(n) and ¢ are signal sample and coefficient respeé;
tively. Based oﬁ'(z.l) a Stored Sguare ROM Multiplier
{ SSRM) is developed. The process involves storing. the
squared sum of signal and coefficient divided by 4 and the
squared difference divided by 4. The quantities x(n)+c.and
x{n}-c will be used as addresses to the ROM. The overall
multiplication consists of additions,  subtractions and
squariﬁg, where the squares afe obtained by a ROM'lookup ta- -
ble technique. This technigue will be evaluated for roun-
doff error performance and compared with digital multiplica-

tion for both fixed point and for floating point arithmetic.

f »



2.3 -ERROR ANALYSIS ON FIXED POINT ARITHMETIC -

Cen51der a. multlpllcat1on of two Dbinary numbers usih§
fixed p01nt arithmetic with the binary point 1ocated betweenr'
the sign bit and the first fraction bit. Assume that the
‘ signal, the coefficient and the outpur are each represented
by ﬁ bits and the stored squares are represented by M bits
(NSMSé(N+1)) with elgn bit- excluded, all numbers rounded and
two's complement numbers used for negative values. The
block diagram of this multiplication process is shown in
Fig. 1. The sum and dafference of x(n) and c may result in
a value of N+1 bits. “Absolute value“'c1rcu1ts (ABS) -are
used to change the sign of negatzve address numbers, and
thus keep the number of stored bits to a minimum. The roun-
doff errors generated in tﬁe process are representea in

Fig. 2. Note that for MsN, there is no output roundoff error

(€40 S , L

The rounding errors of the sguared numbers are bounded by :

‘Z-M. _ -M
-5 S gy ST oLz (2.2)

The roundoff error of the output is bounded by :

-N - ~N

_ 2_2_ < Erj < 2 _ . (2.3) .

2

Using (2.1), the actual output is :

y(n)

x(n).c + €_;(n) - €5(n) *+ E5(n)

P(n) + eo(n) - : ' (2.4)
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- with the output error ::

eg(n) = gﬂ(n) - erz(ri) + a‘rj(n). : | (2.5)
and the product : -
P(n) = x(n).c o (2.6)

The maximum outpug‘efror teo maximum product ratio*is,‘ with

P(n) e = 1
. N
-M
, ma-x-"eol {22—-+ 2 ; for M>N 5.7
. —— = - 2.7
max |P| 2'M .3 Tor MN

Assuming that the roundoff error sources are statistically

indepéndent and uniformly distributed, the variance of the

output error will be :

2 2 - 2 2 o
Oeo = '0€r1 + (Isr2 +0‘€r3 - (2.8}
. 5 -2M -2N
where, 081:1 = U‘érz = -21—2 | and '0§r3'= 2_1..2_
2 = {;M -6 |
°0 g_é__ _ i for M<N (2.9).

Wwith x(n) and ¢ assumed to be uncorrelated, white and each
of uniform probability density over (-1,+l1), the variance of

the preoduct is :

2 2 - (2.10)
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Block diagram of fixed point stored square ROM
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) " &
and’ : '
2 o ly iy L1 o : :
o = — -— b ) - 2- 1
| e @=5 (2.11)
So, the. noise Eo_proddct power ratio is : ‘ T S
' 02 2274 227 or w>N ) -
o2 22 ; for MN, .
. e 2 C
In direct multiplication, the roundoff error of the product
will be : - ’ o .
p eom - Em | . (?:}3)
- N N
where € is uniformly distributed between- =5 to HF .
Then,‘the maximum output error. to maximum product is-:
nax leq | -N 2
Om* _ 2 . , o
max |P| = 2 ' (2.14)
The variance of the output error is :@ ’
Y "‘2N - '
' 2 _ 2 : ;
| R - (2:15)
L f Om .
and the dutput noise to product power ratio is 3
o -
Om  _ -2N ‘
— % 2  (2.18)
5 L

From (2.7),(2.12),(2.14) and (2.16) it is concluded that

.. the maximum output error to maxXimum product ratio_énd}thé
output goiée to product power ratio of the SSRM wifi ap-
proach to that of digiéal multiplier if M is‘ larger than N
and ‘it 1is found that in general, M>N+3 forﬂfhe prqquct
wrpunding to be comparable as sbown in Fié. 3 and Fig." 4.. The

computer simulation results are plotted in the £igures.as

well,
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2.4 ERROR ANALYSIS ON FLOATING POINT ARITHMETIC

In floéting point “arithmetic a number is’ represented by
mantlssa and exponent. The mantissa has a normalized magni-
tpde 1n the‘ range between 0.5 and 1. Let the mantissa of
the.signal androf‘thg coefficient be N bits and the exponent
be E bits, and let the mantissa of the stored squares be M
bits .. Fig. 5 shows the proceés in block \diagram form.
Note that the address to the ROM.is (N-1) bits;. since the

address will always have a. positive value between 0.5 and 1.

The errors that are generated in the process are
1. The errors due to addltlon or subtractlon operatlon,
denoted by e_ . . - ‘
2. The errors due to rounding, denoted by e.;
The multiplication proccess, alongd with the errors generat-

ed, is represented in Fig. 6.

Notice that the roundoff errors produced in the floating
. point arithmetic are not solely due to rounding thd/broduct
but also due to addition or subtractlon‘process since the
.eprnent and consequently the mantissa have to be ddjusted
accordingly before the opergtion.ifr |

In the following it is assumed that all guantization is
by rounding and relative errors are used, denoﬁed by E? .

All errors are assumed to have the ¢haracteristics of white

noise, and have uniform probability density.
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.~ At nodes Al, A2

an) = (e)ee) [1 # € ()3 3st,2 . (2a7)

At nodes.Bl, B2 1 |
. _ 2. :
x(n)* . 2
bi(n) = _(__(_%_C_l T1.# Eai_(n)]
zx“*°2[1+2e(n)1-‘*12 | (2.18)
. 4 ai ! 1—-" '

At nodes D1, D2 :

Y-
4y = LM 1w 2 e ()] [t + £y ()
. :
+2)2 - . ‘
z&i(_rll)ﬁ:l f1 +2 Eai(n). + Sri(n)] s 1=1,2 (2.19)

The actual product is

2 ) | l .
yn) = O wze (n) ¢ g () + g )+ € ()]

) .
B} Lz&ﬁ%:el [1+2 & ,(n) + € ,(n) + g (n) + €(n)] (2.20)



Let €qy(n) =2 €,5(n) + g (n) + €,(n) + € (n) y 71,2

The output error is

- 2 ‘ 2 . '
eo(n) ='_ﬁ£(£?:_°)_ ng(n) - KL(EP). eTz(n) (2_21)

The errors e, . g and g, are bounded by :

=N =N -
-2 g Eal‘i €a2' €y g 2 (2.22)
The errors e,; , Epp and g, are bounded by
4 ' ¥
;o 2 K ey et S 2 o (2.23)
Since, max [€T1&0] = max [STZGﬂ] , so the maximum output

error is :

a2

max |e0| = max [eTi(n)].ma?c 1P|

[3.27% » 2™ nax |p| (2.24)

and the maximum( utput- error to maximum product ratio is :

rﬁa.x/|.e0| {B.E-N » 7ML ; for M>N (2.25)
max |P| - 2.72"N +.2-M+1 i for M<N :
Letgxp1pc!2 = A (n) and (x{n%@!z = fB(n) .
n : Lo

" assuming that @(n) and f((n) are uncorrelated withE%H(n)

and ETzhﬂ . Assume also that x{(n) and c are uniformly dis-

‘tributed between -q and g, it can be shown [7] that (see Ap-

pendix A) the mean and mean square of a(n) and B(n) are :

- 2 _ 2

a-§ o+ B}

— q‘u ‘__ q4 ’ (2.26)
S AR A v
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From (2.21) it follows that :

2 2 2 2 a2 -
o =06 a°+ 0 (2.27)
o €py ‘Tzﬁ :
Since 02 = 02 : SO
T1 ?Tz
2 2 - = 7 ‘ -
o = o (a? + ) , (2.28)
eo €T1 B .
 With
N ) ) -ﬁ‘
P(n) = @n) - B(n) . (2.29)
and
FP=a-§ =0 (2.30)
2 2 2 -l qu
= 0,=0a"+ §°-2a8 = 5 (2.31)
Then (2.28) becomes |
2 2 2 e
g = [0 (U + 2a )
eo ETI P B ‘
= 02 , g% (1 + 200, (2.32)
£ P 2
T1 %

From (2,26), (2.31) and (2.32), the output noise to product

power ratio 1s :

02 2.2—2N T % 2"'2]‘I i for MDN
e Sy
0
= 2-
:“og {% 2N % M for MN (2.33)

With direct multiplication, the maximum output error to max-

imum product ratio will be :

max |e
onl (2.34)

max |P| .
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and the output noise to product pouer.ratio is :

2N N

1
; 2 32 (2.35)
__ P
o

The maximum output error to max imum product ratio and the
output noise to product power- ratio are plbtted in Fig. 7
and Fig. 8 and compared with the errors obtained in direct

multiplication,
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2.5 QUANTIZATION EFFECT ON THE FIXED .POINT SSRM -

In the previous'secﬁidhs; we assﬁmed:that the iﬁpu; 5141‘
| nél and; the coefficient are quanfizea -here'wé‘_wili take'.
into aécouht the quan{ization errors and compgre these with.
errS:s obtgined in direct 'ﬁhltiplicatlon. The- ana1y51§ is

baSedhqn the equationSvderived,in}sectioh 2.3.

‘In the followlng dlscu551on, let x(n) and c be the contl—

nuous 1nput s1gna1 samples and coeff1c1ent respectrvely and'

xq(n) and_cq denote the quantized values.

With input signal and coeficient quantized, the actual

Tt

product (2.4) becones :

2 2
) - (x2(§i+cq)}_ (xq(ni—cq)
+ €, (n) - go(m) e 4(m) o (2.36)
‘but xq(n) =rx(n) + ?x(n). ‘.arni;dq = ¢+ €,

~where ¢ (n) and éc are the quantization errors. Then,

y(n)=x(n) . otx(n) & oug, (n)+E, (n) € +e, (n)-g p(n)+e 5(n). (2:37)
Thé‘error introduced due to input signal and coefficient

guantization is

"eq(n) = x(n).ec + c.Ex(n) + Bx(n).ec (2.38)

¢
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In' di écﬁ multiplicatioh,.the‘prodﬁct of xq(n).:q is

) = ) £ 5 (e v

= x(n).c + xtn).éc ;Jc;e;(g) + éx(g)-ec.+ €n (2.39)

v

So, the érror due to input signal and coefficient on fixed
; - ‘ _ ‘ .
point SSRM is egual to that obtained with direct multiplica-

‘tion.

2.6 QUANTIZATION EFFECT ON THE FLOATING POINT SSRM

D.‘

A similar analysis can be <carried out for floating poiht
arithmetic. Fig. 9 shows the bléock diagram of floating
) t/ : . .
point SSRM with gquantization and roundoff noise.

At node Al, A2 :

a;(n) = [(n)(1 + € ()% e (1% )] [1+8,,()]

[xq(n) E cq]_Li + eai(n)]'; i=1,2 | (2.40)
At node D1, D2 :

d;( )= EE—EEE—SQE (1 +2 €, (n) + 8 (n)] s i=1,2 (2.41)

The,actual product is :
(x_(n)+c )? (x_(n)-c_)?

y(n) = =S 1+ £, ()] -~ [1 + eTz(n)] (2.42)

with STl(n) = 2 Qai(n) + Bri(n) + ea(n) + cr(n) 5 i=-112

'

<>



m—

frouy . . ’
o . . ,
‘ 7 )
.M\ L 510119 jjopunol pue uotjezijuend
o : y3ts Wuss zutod butrjeor3y 30 weibetp ¥201d $6 sanbta
k4
—y e -
- 7 -
' A _



av

- 26
Equatioh}(2.4é) can be rewritten. as : .
o . - | . . ,._(x‘(n)+c )2. .:
y() = x(n)eo (1 + € (M)A +E) + —2p—2 g ()
(x_(n)-c ) . :
- g,() L (2.3)

Since, only the input signal and coefficient gquantization

effect that is to be observed, so it is neceésary to assume -

that there iS'n? error introduced in addition-or ;ubtraqtién
process and assume the étb?ed squares have wordlength long
eﬁough-so there is ﬁo rounding error and only the finai_pro-
duct is rounded, then

€1y(n) = €qp(n) - e (n) (2.44)
Hence, , |
(x_(n)+c )2 (x (n)-c_)?
y(n) = x(n).¢ (1 +€ (a))(1 +€ ) + g_(n)[ q ‘ a’ ..q ‘ L

x(n)ee (148, (n))(1+e,) + £ (n)[x(n).c (14 (n))(1+8)]

x(n).c (1ve,(n))(1+8 ) (1+€ (n))

~x(n).c (1 + Sx(n) + Sé + Sr(n)) (2.45)

So, the error resulted due to input signal and coefficient

quantization is : '

e = xln)e [ (n) v o (2.46)

1

L



el

.
’

In direct multiplication, the actual prdduct is

yn) = % (n).c, (1 + € (n))
= x(n) (t+e (e (Q+e) Wre @) .
x(n)ee (1 +€ (n) +e_+€ () (2.47)

" which has the same effect on QUantization'noise as in the

stored square ROM multiplier.
{

2.7 COMPARI SON BETWEE‘.N FIXED POINT AND FLOATING POINT
ERROR

-

The error analysis on the stored square ROM multiplier
has been evaluated for fixed point and for floating point

arithmetic. In this éection thdse two errors will be com-

pared.

If we let M=—> oo, then ;
For fixed point :

max |eo|

= %2 ‘ (2.48)
max .|P| : '
2
O'e .
20 - %2‘” (2.49)
%p

which has the same maximum output error to maximum product
ratio and the output noise to 'pr;duct power ratié as in di-
gital multiplier. In'general, M>N+3 for the fixed point SSRM
errors to be comparable to the one obtainabie'by direct mul-

tiplication.
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For floating point :

B Eif_ligl = . g‘N,. (2-50).
max |[P| -
2 | . -
e . i ’
0 - p, N | 5 (2.51) _
02 o
P

where the maximum‘ output error to maximum pfoduct*ratio is
three times larger than‘ﬁhat of digital multiplier, but in
simulation it giveslléss than half of that which indicating
that all errors due to adéition, subtraction and r&unding
are very unlikely to have maximum possible error occuring at
the same time. The output noise to product power ratio of
floating point SSRM is twice that of-digital multiplier;

¢
L

The ROM storage requirements are :

a) 2[£“¢x M] bits for'fixed point
b)” .Ndx M] - bits for floating point (N=mantissa-
| ~ wordlength)

where M_ = 2{(N+l) for fixed point and M, = 2(N-1) ‘for

floating point.

From Fig. 10 to Fig. 13, it is found that 1in order the
fixed point and the floating point SSRM have comparable out-
put noise to product power ratio, the. latter requires one
bit more in the mantissa. As for equal input signal {N} the
required ROM storage for floating point 1is one fourth of

that required for fixed point, then with one - bit more the
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‘floating point storage reqﬁireme“t'islstill-oné half of thatl
. of fixed p0int. Table l‘summérizes_the ROM storage.require_

ment for fixed point and for floating point arithmetic..

Since, the floatinéhpoiht érithmétic does nét give a coh-
parable accuracy to that 6f digital multiplier and also due
to the fact that fixed point. is.thg most widel§ used arith-
Metic-mode‘ior real time appliﬁation} therefore, the rest of

this thesis will concentrate on fixed point arithmetic only.

‘

TABLE 1

THE ROM STORAGE REQUIREMENT FOR FIXED POINT AND
FLOATING POINT SSRM WITH M=N+4

! i
1 1
1 1
1 b
1 1
1 1
1 - - ) y 1
: STORAGE SIZE (BITS) :
1 N - 1
: FIXED POINT FLOATING POINT. :
i 1
! 7 5.5K "1.375K :
: 8 12K 3K :
: 9 26K : 6.5K < :
: 10 56K | 14K !
: 11 120K 30K :
: 12 256K 64K o
: 13 544K . 136K :
: 14 1.152M 288K :
: 15 2.432M 608K :
1 1
| |
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2.8 . REDUCING THE SIZE OF ROM STORAGE REQUIREMENT

fhe stored sqdarés technique présents a.sintion to the
replécement of binary multipliers‘with'ROMsf An analysis of
how many bits are required to be stored shows that for ad-
dress wordlength of up to 11 bits this leadslto numbers pre-

sently realizable at reasonable cost.

For wordlengths of° 12 bits and larger a possible reduc-
tion of the numbers of bits stored is mandatory, and this
can be accomplished by using a variation of the split-ad-

dress technique of stored product digital filtering [8][9].

For the stored square ROM multiplier this is done by re-
placing the ROM elements of figures 1 and 5 by the "Reduced

ROM Sqguaring Circuit" of Fig. 1l4.

Consider an address wordlength of K bits, split into two
parts of Ky least significant bits and K,=K-K, -most signifi-

cant bits. The magnitude of the address c¢an be expressed

as :
L2 o x .
|| = b2 v T b, 2 1 (2.52)
i=t i=K2+1 ;
where b, = {o,1] (binary number).

The square of (2.52) will be :

2 k2 4 ? X _4 (5 i K )
K|©={ Z v.2 | Z bR} 42 z b, 2 Z b2
\i=t 1=K +1 i=y L=K_+1

Z2 2
(2.53)
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Rewfiting (2.53), we have : ~

P A T G A SR L
K| = T b2 11 +1 = b2 -)
i=1 1=K _+1

2
K K

1 R~ . :

+ (K1) ( Ty, 2 I bi2_1) (2.5%)
=1 I i=1 .

Fig. 14 shows the realization of (2.54) in block diagram

form.

In general, with split address technique the ROM storage
requirement is :

2K2x2K2 + 2Myok +=2(2K x 2K') bits per squaring circuit.

i
For minimal storagé requirement, it is found that K and K,
have to be of the same length or as close as possible. With

Ry =K, , the storage requirement will be

K/2

2[2M4x K] + 4[2K/2+1(% + 1)] bits per squaring circuit.

A fixed point Stored Square ROM Multiplier with N=11 and
M=24, if implemented using split address technique will re-

guire a ROM storage of :

12/2

2 22 x12] + 4[27x'7] = 10 kbits.

=

Comparing with direct implementation which requires 192
Kbits, there is a reduction of almost 20 times and further

w;th N=15 and M=32 we would have a reduction of almost\YQ
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ROM ROM
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[ 2K2 2K1 I
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B B
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4 2K! ] A= 2!
+\®/"'
. J.| oy =
+1 I K>k \|/
K'=1{ K+ it Kok
bR+ i k=) : l Kot Ky J
. L I Ko+
P enpp—, I/-—-f‘--—-..
lo...... 00 K+ Ky 0. 0}
- 2K
S
[ M=2K -
to point O of figs. 1and 5 s

Figure 14: Block diagram of "Reduced ROM Squaring Circuit”,
, ROMs A are squaring ROMs. ROMs B are squaring
and divide by 4 ROMs.
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times. Table 2 shows the comparison of the ROM's size re-
quirement between . direct and split address implementation

for.ilxed‘p01nt w;th M=Moae o

‘TPABLE 2
COMPARI'SON OF ROM ‘STOGRAGE REQUIREMENT

[ T e R I I I o e

i
1
. 1
L
1
1. = e ——— ]
2 . STORAGE SIZE (BITS)
1. N -
1 DIRECT IMPL, SPLIT ADDRESS IMPL.
l . -
1 7 8K ' ~ 1.75K
1 8 18K 3.875K
1 9 40K 4.5K
1 10 © - BBK 9.125K
1 11 192K 10K
1 12 - 416K 21K .
1 13 896K 23K
1 14 - 1.92M 47.5K
} 15 : 4M 52K - ;
. ,
L

B

In terms of cost, Table 3 shows the cost comparison bet-
ween direct and split address implementation” for wordlengths
of 8, 12 and 16 bits. With direct implementation the memory
cost takes 48%, 94% and 99.6% of the total cost respectively
for 8, 12 and 16 bits. On the other'hand, the split address
implementation respectively takes 30%, 35% and 58% of‘the
total cost. From the memory cost peréentége information it
reflectslthét as the price of ROMs is anticipated further to
go down, the implementation cost of SSRM either with direct
or split address implementation will be reduced significant-

ly in the future.
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2.9 HARDWARE REALIZATION AND SPEED CONSIDERATIONS -

: S0 far the SSRM hés been evaluated on its performance as
a multiplier;.-fzn this sect1on aspects of the realization

‘ and the speed will be dlscussed
. \

»
¢

The hafdwarg implementation of 'SSRMAéssentially consists
of addefs! absolute valﬁe circuits and ROMs. As adders and
ROMs are feédily aﬁailéble iﬁ'IC {integrateazci;cuit) ‘form;,
‘it will be simple to realize custom built implementations,

|
Thé‘ébsolgte value ci;cuiL can‘bg realized: based on the
trﬁth table .[6].given in-Fig{_}S. A is the. quantity for
which the absolute value'§ is deéired, SB is the sign bit
and Coot is the carry from the previous stage.

In mathematical. form the output for the n™ bit is

[}

= A, @SB@C, _ (2.55)

and the carry C_ is | "f , ~
¢ = A ",C ' (2.56)

To increase the speed [6]), the'time. required for carry
propagation can be eliminated By obtaining the’ car{y value

needed at each stage as : :

SApy ot Bgp s A Ag o8B (2.57)

"@® " and ™ * " are the notations for logicéi Exclusive OR
and logical AND respectively. '

-y

- o
-
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Fig. 16 shows the hardware realization of the absolute value
circuit for 8 bits with rfast carry. The propagation delay

is in the order of .three logic gate delays.

¥

-
1

A, SBCy Sy €,

0 0 0 0 0

B¢ o1 - -

o1 0 10

0 1 1 IS

1 6 0 1 0 .
1 01 - -

11 0 o 0

11 1 T

- DON'T CARE

J

Figure 15: Truth table and circuit for bit n of absolute
value circuit.

< .
bl

The function of the absolute wvalue circuit 1is to detect

any negative address number coming to the ROM and change it
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into positive address number, hence, - reducing the required
E&ROM stofage size‘by Oné—half. .However, fbé éhorf iant sig;
nal and coefficient wordlengfhs, this circuit can be omit-
ted, since, the .cost of.the,Rdﬁsvaféjrelativelf the same for
different‘input wordlength wéth short addresses, so0 it is
not of much benefit in cost,éaving. In general, the deci-.
sion on using the absolute value circuit lies on the matter
of how long the address‘is, the availability and the cost of

the ROMs,

The multiplication throughput rate of SSRM is very depen-

[ ) . . . _
dent on the architecture of the realization. Here three

-

types of architecture will be considered, namely :

a) Sequential architecture.
b) Parallel architecture.

¢) Pipelined architecture.

4

A, Séquential architecture

Since the ROM contents are equal they can be time-shared
.and this forms the basis for the sequential architecture
shown in Fig. 17. There is only one squ ng ROM used. The
ADD/SUB circuit will function as an adZii\gr a subtractor
depending on the control signal (CS). When it is in the ad-
dition mdde the ROM's output data will be subtracted by zero
and the result will be saved in the latch. In the subtrac-

. tion mode the ROM's output data will be subtracted by the
previous output saved in the latch, hence, each multiplica-

tion requires two sequences of operation. R
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-_Thedmultiplication speed of this architecture can be ex-

pressed as :

Taut = 2T * Taps * Tsq * Taz) (2.58).

where, Ta1 -~ time required to add or subtract the input

signal with the coefficient.

T,ps -~ Propagation delay of the absolute value’
circuit. . ¢
TSQ - time required to access the stored square
" in ROM. |
- Tan - pime required to_subt;act the sqgquared

. difference from the squared sum,.
Tmull_ total time required to process one
' ‘multiplication,

The typical speed of 8x8 multiplication using TTL technology

is around 200 ns. [\\

The disadvantages of this architecture as compared -to the
other two' are slower multiplication rate and the requirement
of a control signal which makes the design ‘more complex,

. however, this architecture gives the minimum hardware cost.
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B. Parallel architecture

A multiplication rate twice of that obtainable_inlsequenf
tial architecture cah'beAaccompliéhed through the parallel
architecture which émploys twice the amount of 'hagdware._.
This configuration does not require a control signal and ev-

~ery operation within the .mult;plier is done in parallel,
hence,“it has simplef operation.. The time required to pro-

cess a multiplication with this architecture is.:

Tour = Tar * Tams * Tsq * Taz” - (2.59)

C. Pipelined architecture

A multiplication with_throughput rate - 1in the order of 50
ns. or better can be obtained with pipelined architecture.
This implemenﬁation is based on the parallel architecture
with the 1insertion of pipeline fegisters ‘ag shown in
Fig.‘ls, The inseition‘of these registers (or latches) ena-
bles it to process the next input signal and coefficient in
the first stage while the previous input signal is being
processed in the second stage and the one before that in the
_third stage ?nd so on (see Fig. 19). gence, the throughput
rate of this architecture is basically determined by the
processing time of that particular stage which has the slow-
esé execution time and it is independent of the number of

stages.
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of all components used in the SSRM "the ROMs.and the ad-
ders relatlvely posses the slowest execution tlme. -Based on
the fact’ that a 45 ns 16 bit Schottky carry look ahead adder
and ROMs w1th access time in the order of 50 ns are_read;ly :
avallable at lower cost therefore, : e'pipelined‘SSRM'with
throughput rate in the orderlof 50 ns is warranted In ad-

d1t1on, with some extra cost an addition. and ROM access t1me

in the order of 3% ns c¢an be formed

5

z«l’f

T

As previously mentioned, the throughput rate of the pipe-
lined SSRM is independent of the number'of'stages, ~however,
tHe delay from output sample to input sample is dependent - on
the number of stages and refered to ae'initial delay. There-
fore, the initial delay of a pipelined SSRM is equiralent to
four sample times. If a split-address techniqoe is used the
initial delay will increase to seven saﬁple times. Fig. 20
shows the realization of the pipelined Reduced ROM Sguaring
- Circuit with the overall timing diagram’ot pipelined SSRM

using split—addrese technique is shown in Fig., 21.

Table 4 gives'theftabulation of the multiplication speed
for both the parallel and pipelined architecture eith-input
isignal ano coefficient wordlength up to N=11l.. For N=12 and
loﬁger the multiplication speed of both architectures usihg
split—addrese technique are tabulated in Table 5. In both
.&ases the stored §quares wordlengths (M} are considered as

M=N+4 and TTL devices are used.
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Figure 20: Reduced ROM Squaring Circuit with pipelined
architecture. '
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TABLE 4

TYPICAL MULTIPLICATION SPEED OF PARALLEL AND PIPELINE
' ARCHITECTURE WITHOUT SPLIT- ADDRESS TECHNIQUE

T T N L.

I T I - T I I R S

. EFFECTIVE -
MULT. TIME (ns) !
1
} . ) :
N Tkl(ns) ThBS(ns) TSQ(ns) A%(ns) EARALLELA PIPELINE1
7 23 10 40 25 .98 45 1
8 25 10 45 .25 105 . 50 1
9 25 10 45 . 30 110 50 :
10 25 10 45 30 110 : 50 1
11 25 10 45 30 - 110 50 1
. o
1

TABLE 5

TYPICAL MULTIPLICATION SPEED UF.PARALLEL AND PIPELINE
ARCHITECTURE WITH SPLIT-ADDRES$‘TECHNIQUE

EFFECTIVE
MULT, TIME (ns)

' *
N [T4 (ns) |Tppg (ns)|Tgg (ns) [Tyo (ns) |PARALLEL | PIPELINE

12 30 10 133 30 203 50
13 30 10 - | 138 40 218 50
14 30 10 138 40 218 50 .

~ 15 30 10 | 148 ~ 40 228 50

T L L

S T R T R I N

* The time requ1red to do the squarlng by "Reduced ROM
Squaring Circuit”.

The speed comparison between the parallel and the pipe-
line architecture with direct implementation and split ad-

dress implementation are illustrated in Fig., 22 for word-



. ey
lgngthéléf 8, 12 andlls_ bité.}ﬁThe speed of‘commérciallf
évailabié digital multipiiérs'are-included in the figure as
well. ' It shows that the pipelined SSRMs have a faster mul-
;tiplicétion'throughpUt rate than the digital multipliers.
Eig. 23 gives the cost comparison between SSRMs and commer -
‘eiélly available d}gital multipliers, With the split ad-
éress Ee;hnidue the implementation cost 1is cheaper than the

commercial digital multipliers.
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_ Chapter III
- PIPELINED STORED SQUARE DIGITAL FIR FILTER

3.1  INTRODUCTION

L]

In this cnapter the multiplication method using-stored

square technique described in-the .preceding chapter will be

app?ied to the realization of non-recursive or 'FIR (Finite

Impulse Response)'- d1g1tal filter. The implementation is

-

.. based on the plpellned SSRM archltecture wvhich can have a

‘sampling frequency ©f over 15-MHz. The main objective of

this;chapter is to evaluate the performance of such realiza-

" tion.

The filter is examined for—several input signal, coeffi-

cient and product wordlengths for a numbe:;of/ggfferent de-

,/’

" “signs and'filter‘lengﬁhs. The evaluatféns are performed by

computer 51mulat10ns with 1mpulse and sampled sinusoidal 1n—
put signals and comgared’w1th the performance based on the

realization using conventional dlg1tal mnlt1pl1ers.

It is shown that in general, when M>N+3 the 'stored square
digﬁtal filter has a comparable performance to the filter
implemented using convent10na1 d1glta1 multlpllers. This re-
sult is similar to that obtained for the single SSRM in

chapter II.

N

- - v :
. N -
. , ,
. -
” . . . . .
? P



3.2 PROPOSED STRUCTURE FOR REALIZATION. .

.7 =56

"Digital filter implementation_tannbt begin until a deci--
sion is de as to what filter structure will be gsed; This
section is devoted to arrive at that decision for impiemen-

tation based on pipelined SSRM afchitgcturell

In general, digital FIR filter can be expressédfas :

L-1 . ,
y(n) = T a, x(n-i)* & (3.1)
i=0
where x{n)}, y(n) are the input and output signal samples re-
spectively and a; is the coefficient of thegth tap with the

total number of taps equal to L. Essentially, there are two
sE?uctures of realization of (3.I1) as’figzzgfn figures 24 a
and 24 b. '

For . implementations using pipelined architecture, Fig. 24
b is thé best.suited structure for that épplications, since,
the input signal x(n) is multiplied by all coefficients

ao,al,az,..}.....,aL_l at each sampling time, where x(n) 1is

-a common line to all coefficients so makes it possible to

process in parallel of all the partial sums with each other

and ‘the product of x{n) and the>coefficients, hence, pipe-

lined SSRMs canmn be difectly applied to replace conventional
digital multipliers with the oﬁly addition. of a unit delay

element at the output of the filter. 'In addition, this

2

structure has an-advantage of possible saving in the number

of the required multipliers by one-half if a linear phase
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(_a)
x(n)
“.
Y
ar_1 ar_o ay a; < ag
771 p()—--mmmeees — 7z L z-1 2"t (3

(b) S

Figure 24: The realizations of equation (3.1)
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FIR filter is implemented, since, L tap linear phase FIR

filter;‘magnitUEEWise, has L/2 (L=even) or L-1/2 +.1 (L=o0dd)

-

distinct coefficients.

3.3: REALIZATION OF PIPELINED STORED- SQUARE FIR FILTER

Based on. the structure proposed in section 3.2, a digital

FIR filter using stored square ' ROM multipliers with pipe-

.»lined architécture can be implemented. The realization is

shown in Fig. 25.

As described in section 2.9 of chapter 1II, ’the‘pipelined
SSRM haé an initial delay:of 4 sample times, therefore, the
cutput of the pipelined stored square FIR filter is practi-
cally delayed by 5 sample times and has the following dif-

ference equation :

L-1 '
y(n-5) = Z a, x(n-i) (3.2)
I :
Or we can write as
. -1 ‘
y(n) = a, x(n-5-i) : {3.3)
i=0 : )

If a split address technigque is used, then the output of

the filter will be delayed by 8 time samples and the differ-

ence equation becomes : Y

L-1 ' )
y(n) = X a; x(n-8-1) : (3.4)
i=0

1%
K
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| The sampling rate of this pipelined FIR filter is deter-
mined by the processing.tiﬁe- of one pa}ticular stage within
the filter which has.thé slowest exécutién time.  Since the
_addefs and the ROMs are_the ones that felétivély have the
slowest éxecution time, .so the sampling rate is limited by
- either tHe.time‘required_to do the addition or to do the ROM
table look up (which is in the order of 50 ns), therefore,

sampling rates in excess of 15 MH2 can be easily achieved.

In practice, digital filteré are implemented with finiEe
wordlengths, therefore, it is necessary to quadtize the
coefficients and signal vaiues. The coefficifht quantiza-
tion errors cause the change in pole'and zero locations of
the tranéfer function which in effect EausesV errors in the
frequency resppnse.\.On.the other hand, the input s%gnal and
the product quaﬁtization errors (or the arithmetic roundoff
'erro;s) will produce errors in the output which is referred
to as noise accumulation. These errors will be analyzed in
the next two sections with all guantization done by rohnd—

ing.

3.4 THE EFFECT OF QUANTIZATION AND ROUNDOFF ERRORS ON THE
IMPULSE RESPONSE

The following analysis is based on the computational

technique [13] defined as the square of the error in the en- -

ergy of a filter output signal which can be written as :

L-1
= T (gdn) - y(a))? (3.5)

n=0 7
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where :y(n) “and y(n) are the rounded and the idéa_l%;put -
.rqspdnses respectively. The block diagram of this measure-
-ment technique is given in Fig. 26. A unit impulse is ap-
ﬁlied to the iéeal and to the\non-idea; filters. The ideal
“filter résponée.is computed with signél and coefficient
| worqiengths-of more than 32 bits, representing the ideal
case; as compared to the .non ideal filter with variable

wordlengths of 16 bits or less.

ﬁased on this teéhnique, a computer simulation was car-
ried out to evaluate the error E? for various input signal
and coefficient wordlengths (N) and product wordlengths (M)
in comparison with the. performanée of filters impiemented.
with conventional digital multipliers. The filter's output
- signal WOrdlengths were taken to be egual to the product
wordlengths (M). | '
Five examples of linear phase FIR filter designs [14] were
used for the evaluation with the coefficients are tabulated

in Tables 6 - 10. \\

¥

From tﬁe results given in figures 27, 28, 29, 30 and 31.
Lit shows that, the pipelined stored sguare FIR filters have
the same errors (E?) as 1in conventional digital multiplier
based filters when implemented with M>N+3, It is also ob-
served that, in general, the errors start to converge at

M = N,
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Figure 26:

impulse response
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The technique of computing the error E? on the




TABLE 6

COEFFICIENTS OF THE 8 TAP LOWPASS FIR FILTER

0.037489504
-0.062394589
-0.023215204

0.555577160

0.555577160
-0.023215204
~0.062394589

0,037489504
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TABLE 7

COEFFICIENTS OF THE 23 TAP LOWPASSIFIR FILTER

0.010359909
10.014152668
0.0068499334
-0.0047560036
~0.026848957
. -0.037932307
~0.031249356
0.0098157711
0.075671554
0.15457571
0.21536756
0.24031579
0.21536756
0.15457571"
0.075671554
0.0098157711
-0.031249356
-0.037932307
~0.026848957
-0.0047560036
0.0068499334
0.014152668
0.010359909
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TABLE 8

COEFI;‘ICIE‘NTS OF THE 23 TAP HIGHPASS FIR FILTER

0.0055616572
-0.00034328387
~0.010401845
-0.017904773 i
-0.0089721791

0.019517459

0.047751546

~0.040013105 .
-0.028421048
-0.14438570
-0.25551814

0.69858849
-0.25551814
-0.14438570
-0.028421048

0.040013105

0.047751546

0.019517459
-0.0089721791
~0.017904773
-0.010401845
-0.00034328387

.- 0.0055616572
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. TABLE 9°
COEFFICIENTS OF THE 32 TAP BANDPASS

-0.0057534091
0.00099032000
0.0075733364

. ~0.0065141730
0.013960522
0.0022951365

~0.019994050
0.007136541
~0.039657339
0.011260167
0.066233575
~0.010497220 -
0.0B85136056
~0.12024987
~0.29678535
0.30410886
0.30410886
~0.29678535

-0.12024987.
0.085136056

~0.010497220
0.066233575 -
0.011260167

~0.039657339
0.007136941
~0.019994050
0.0022951365
0.013960522
~0.0065141730
0.0075733364
~0.00099032000
~0.0057534091
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TABLE 10

66

COEFFICIENTS os(?aé 64 TAP BANDPASS FIR FILTER

e nuoanon I I TR TR L O L | I V| O (| O O OO | SO N1 IO TR VR O nmuwae o nowowon o nan

0.0004457135]
0.0011982126
-0.0020269575
-0.0017503640
" 0.0025727358
0.00041575264.
0.0019333260
-0.00040633697
-0.0076069571
0.0027127080
0.0038588485
0.0015340215
" 0.0065284707
-0.013639171
-0.0070497543
0.011264734
0.00013792887
0.016741514
-0.0067519695
- =0.033000246
0.013678338
0.0034060925
0.020837426
0.030845255
-0.068832994
-0.015662715
0.021438628
0.0040430576
0.14673573
. -0.095474064
-0.28499079
0.24706584
0.24706584
-0.28499079
-0.095474064
Q.14673573
0.0040430576
0.021438628
-0.015662715
-0.068832994
0.030845255
0.020837426
0.0034060925
0.013678338
-0.033000246
-0.0067519695
0.016741514
0.00013792887
0.011264734
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-0.0070497543

-0.013639171
- 0.0065284707
' 0.Q015340215

0.0038588485
- 0.0027127080
-0,0076069571

1-0.00040633697

0.0019333260
0.00041575264
0.0025727358

-0.0017503540

-0.0020269575
0.0011982126
0.00044571351
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3.5 THE EFFECT OF QUANTIZATION AND ROUNDOFF ERRORS ON THE
B FREQUENCY RESPONSE

In this section the effeﬁt of quantization and roundoff
nbise on the freduenéy response of the -filtef-design exaﬁf
p}es_of séction 3.4 will be examined. |
The magnitude response of the filters are computed for.fré—
guencies betweenszero and hélf.the sampling frequency. The
rms {(root mean square) deviations of the response from the
ideal case arg-'then.célcu;ated ﬁsing the féliowing expres-

sion :

o ev 2
(1Ry()] = TREON) |
rms dev - (3.6)
N ' .
I-" S
where, IHI(f)I = ﬁagnitude response of the ideal filter
' at frequency -f.
|H(f}] = magnitude responsé of the non- 1deal filter
at frequency f. |
fe = sampling frequency.
Ns = number of computaﬁibns taken at different

frequencies‘betﬁeen zero and half the

sampling frequency.

A

Table 11 gives the computer simulation printout sample of
the 8 tap lowpass pipelined stored square FIR filter with

input signal and coefficient wordlength (N) of 7 bits, and
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-4 -
roduct wordlength (M) of 11 bits. A sam-

output signal and

pling frequency o GYKHz'waé used. Several cycles of input
.signal were processed but not included in the computation of
.the magnitude response in:orQ¢f to establish the. stéady
'state condition. _ h‘
Figures 32, 33, 34 and 35 show the plot of the rméldévia-
e;ions of the.filters implemented'with SSRMs and digital mul-
tipliers for input signal and cogfficient Qordlénéths of 7,
11 ané 15 bits. The figufes' show that a saﬁe.accuraéy can
;be,obtéined‘froﬁ the stored square digital filtérs as in the

conventional digital multiplier filters when M>N+3.

With input signal and coefficient wordlengths (N) of 7
bits and M>N+3, a 32 tap bandpass FIR filter has an rms de-
viation of 14 dB, . if iﬁput signal and ;qoefficiept word-
1engths'of. 11 bits are used the rms deviation will be im-.
proved by 8.3 dB and a further imprpvemegt of %l:B'db can be .
:obtained with N = 15, o | | A
The_B tap lowpass FIR filter has a minimumn rms deviation of
0.33 dB with N = 7. For 23 tap highpass ilter, it reduires
input signal.and coefficient wordlengthg/;of 11 bits to have

an rms deviation of 0.77 dB, while}‘ for 32 tap and 64 tap
bandpass filter will have rms deviations of 2.2 dB and 3.5

dB respectively with N = 15,

The frequency response of the 8 tap and 23 -tap lowpass

filters in Fig. 36 and 37 show the closeness of the stored

@
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‘ TABLE 11
COMPUTER SIMULATION OUTPUT OF - PIPELINED STORED. SQUARE FIR
FILTER .
********************* FILTER LENGTH - 8 ******;******‘********

INPUT SIGNAL IS. 7 BITS
PROD. WORDLENGTH IS 11 BITS
SAMPLING FREQ IS 16000 Hz

FREQ IDEAL RES. NON-IDEAL RES. DEVIATION
0.01 0.357 DB . 9.332 DB ¥ 0.025 DB
0:02 0.108 DB ~0.003 DB 0.111 DB
0.03 0.283 DB 0.106 DB 0.177 DB
0.04 0.052 DB - =0.155 DB 0.207-DB
0.05 0.157 DB  0.011 DB 0.146'DB
0.06 ~0.021 DB -0.090 DB 0.069 DB
0.07 0,017 DB 0.023 DB -0.006 DB
0.08 _0 089 DB - ~-0.061 DB -0.028 DB
0.09 -0.095 DB - -0.089 DB" - -0.006 DB
0.10 -0.128 DB -0.158 DB 0.031 DB
0.11 ~0.142 DB -0.201 DB *9.060 DB
©0.12 ~0.121 DB. -0.177 DB 0.056 DB
0.13 ~0.111 DB ~0.157 DB 0.046 DB
0.14 -0.066 DB. -0.106 DB 0.039 DB
0.15 ~0.017 DB ~0.067 DB 0.050 DB
0.16 0.018 DB . ~-0.050 DB 0.067 DB
0.17 0.101 DB 0.030 DB 0.071 DB
0.18 0.098 DB 040 DB . 0.058 DB
0.19 0.186 DB $.153 DB 0.033 DB
.0.20 0.129 DB 0.109 DB 0.020 DB
0.21 0.179 DB 0.159 DB 0.021 DB
0.22 0.057 DB- 0.016 DB - 0.042 DB
0.23 0.025 DB . -0.029 DB 0.055 DB
0.24 ~0.169 DB ~0.220 DB ~ 0.051 DB
0.25 -0.322 DB -0.344 DB 0.022 DB
0.26 -0.602 DB, -0.600 DB -0.002 DB
0.27  -0.900 DB ~0.879 DB . -0.021 DB
0.28  -1.291 DB ~1.267 DB ~0.023 DB
0.29 _1.728 DB . ~1.725 DB -0.023 DB
0.30 ~2.286 DB -2.268 DB ~0.018 DB
0.31  -2.909 DB -2.877 DB ~0.032 DB
©0.32 ~3.641 DB ~3.605 DB -0.036 DB
0.33 -2.443 DB, ~4.419 DB ~0.024 DB
0.34 -5.418 DB . -5.439 DB 0.020 DB
0.35 ~6.428 DB ~6.495 DB 0.068 DB
0.36 -7.693 DB ~7.800 DB 0.106 DB
0.37 -8.966 DB ~9.080 DB . 0.114 DB
0.38 ~10.567 DB ~10.675 DB 0.108 DB

0.39:  -12.189 DB -12.297 DB 0.108 DB
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0.40 ~14.178 DB Z14.328 DB 0.150 DB

0.41 -16.268 DB -16.475 DB 0.207 DB
0.42 -18,727 DB . . -19.012 DB- 0.285 DB.
0.43 ~21,445 DB .=21.826 DB 0.381 DB
. 0.44 ~24,508 DB -24.965 DB ; 0.457 DB
0.45  -2B.,063 DB - -28.667 DB 0.604 DB
0.46 -31,.960 DB -32.810 DB 0.851 DB
0.47 -36.664 DB -37.907 DB 1.243 DB.
0.48 - ~-41,.955 DB -43,271 DB 1.316 DB
0.49 -49,557 -DB -48.483 DB -1.075 DB

THE RMS DEVIATION IS 0.3565604091E 00 DB

square digitél filters to the conventional digital multipli-
er filters response when implemented with M=N+4., The fre-
guency response of the other stored squaré F¥R filter de-

sigﬁs are plotted in figures 38 -- 40.

‘ The simulation results obtained in this chapter demons-
trate that digital FIR filters implemented based on the
stbred éqﬁare multiplicaéion technigue' will definitely have
én‘aécurécy comparable to those filters‘ with conventional
qigi;al multipliers Awhen the stored 'sqgargs {and ‘the pro-
ducts) are more than 3 bits longer than ;he ihput signal. and

coefficient wordlengths.

Advantages in cost and speed of these filters, in inte-
grated form are anticipated as all ROM contents are. to be .

identical, and pipeline operation can be achieved.

Y
’

»
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Chapter IV

APPLICATION OF PIPELINED STORED SQUARE FIR
FILTER TO ADAPTIVE FILTERING

4.1 INTRODUCTION

One of'the advantages of the stored squefefmultiplicétion {gﬂ
technique over the. distributed arithmetic and the stored
product technique 1is ‘the ihdependence of the ROM contents
from £he multiplier coeffﬁcients. " Such an ad;antage_makes
the use of etored.SQUare technique ﬁotentially attractive to
adaptfve‘ filtering applications where vapiebility of the

‘coefficients is necessary.
L]

In this chapter the'implementation'bf-an adaptive digital
filter using‘the stored square ROM multipiiers will be de-
scribed; The 1mplementatlon will be based on the pipelined
digital filter of ehapter 111, with high sampllng rates, in
excess of 15 MHz, obtainable. The coefficients adaptation
is based on the Least Mean Square (LMS) algorithm. A review
of this algorithm is giyen in section 4.2,

. P .
An evaluation of such implementation is performed by com-

puter simulation, with the filter applied as a parameter es-
timator to model the impulse .response of an unknown filter

and subsequently as an adaptive noise canceller.

[ 86 -
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2 A REVIEW OF ADAPTIVE -FILTER THEORY ' .

In this sectioﬁ a_revieﬁ of'the-,adaptivé fi;ter_conﬁept
and of the-ieast,méan squﬁre KLMS) .algérithm as a technique
of minimizing the mean square error is-given.' -Mdch‘of the °
introductory hatbrial in this section can be founa in [15].

s

4.2.1 Concept of The Adaptive Filter

_An adaptive filter is a self optimizing filter, basing

its internal adjuétmeht settings upon estimated (measured)

statistical characteristics of input and output signals.

.. ' B . . .
. The coefficient values are varied by a recursive algorithm

that automatically updates the systeﬁ‘adjustments with the
afrival of each new data sampie.q Here, the ;filte; to be
considered for'realizatibn,is :he-non—;ecursive digital‘fil-
ter. - ' . - ( | .
Fig. 41 illustrates the adaptive 1ine$r combinef.' A éet
of,Lvmeasﬁremenés xiitf, with i=0,1,....,L-1, is ;émpied to

form L sampled signals x,(n), wﬁére n is the time index.

Each of thé'sampled signals is multiplied by a corresponding

coefficient (weight) a; and the products are summed to.form

an output y{n)s The output y{(n) is.then 'subtracted with a

desired response d(n) to obtain the error €(n}. = The objec-

" tive is to adjust the coefficients in such a way that the

error is minimized in a least mean squared sense.



\ aL-l, | ' v
Figure 41: Adaptive linear'combiner
f
The n'P output of the linear combiner can be represented as
L-1 | '
y{n) = T a, xi(n) T, (4.1)
VD i=0 ° ‘ -

or in the matrix form as :

y(a) = [x(n)17[A] = A1 [x(n)] T (k)

-
-

e where [x(n)] and [A] are respectivély the input sampled sig-

nal and the coefficient vectors.

Z <



' The error is giben by :

B |

E(H) d(n) ~ Y(n) d(n) - [a] [x(n)] ' (4.3)

The square of the grror is ¢ =

£2(n) = (A x() 0 [T {l-28@) e TTA] ()

, . :
The mean square (expected value)-of (4.4) is :

LY

Ble’ (n)% - E {dz(n)i + [ & {[x(n)][x(n)]T} (4] 3

- 2K {d(n LT 18] | (4.5)

L}

or rewritten :

e{ef(=n a2} + DITRIEA] - 20T a) - (6

where [P] is the cross-correlation vector between the de-

-

sired response and.the vector [x{(n)] which is defined as :

] 2 B e e} = B (s, () (g, - ey (T (8.7

énd [R] is'thg input correlation matrix defined as : .
. / )
IR ENCO O EHCONCORIEIEE
o X (n)xo(n)

R N >
7] 8 £ { x(m) Jx) T} = AN : (4.8)
\ / . | _— '

. . xL_l(n)xL_i(n)J

\ (O
It may be observed from (4.5) and (4.6), that, for sta-
tionary input signals the mean square error is a second ord-

er. function of the coefficients and can be pictured as a

’ ' e s



e

> . 3 . »

[

qonéave byperparabplpidal surface, a function with a unique

-

90

minimum. The minimum error is_ found by descending along’

_this su}face'whiCh is accomplished by, édjustiﬁg the coeffi-

cients, For this purpose the gradiept methods are commonly

used.

The gradient at any point on the error surfact may be ob-
» .

- tained by differentiating the mean square error Function of -

"(4.6) withL{espect to the coefficient vector. “

The gradient is : S -

£

o ! ) . T " *
- - 2
viseip) RIS g} )

Ck ’
The optimal (or Wiener) coefficient vector [A] is obtained

by'5etting the gradient to zZero. Accordingly,

()" =[][R] (4.10)

) : " - - 1v .
Equation (4.10) is the Wiener-Hopf equation. in matrix form.
Substituting (4.10)  into (4.6), we obtain the minimum mgan

square error (mse) as :

minimum mse = E{Sz(n)}' min =B {dz(n)} - [A]*T[P]» (4.11) |

z

£ .
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4.2.2 The Least Mean Square (LMS) ilgorithm. L.

Ohe‘way of findihg thg optimhm;coefﬁiciént vector is sim—
ply to solve equgtibn (4;10), but it_presents serious compu-
td@ionél problems when the number of cqefficiengé- (L) is
large and when input data rates . are high. " It requires the
inversion of LxL matrix and in additﬁdn,.it reguires as, ﬁany
as [L(L+1)]/Zvautb-éorreiation and crosé—gorreiat}on mea-

surements to be made for the elements of vectors [R] and

[P].
: $

Anotheiﬂmethoq is to £ind the approximate solutions to
equation (4.10). The accuracy of this methed is IMmited by
- the' statistical sample size, ‘since the - coéfficignt‘valués
found are based on finite time measurements. This method.
do%s not require the matrix ' inversion nor the expliciﬁ-mea-
surements of correlation functions. . |
It is called £he LMS (least mean square) algorithm which is

based on the method of steepest descent and is given by

[a(n+1)] = (a(n)] - r¥(E{E(n)}] (4.12)

where [A(n+1)]_= coefficient vector after adaptation

[A(n)]ﬁ = coefficient vector before adaptation
VtE{Ezhﬂfj = instantaneous gradient of the mean

square error
i = the step size. which contrbls the

convergence rate and stability.
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. Tﬁ\v_:

. ) _ 7 : |
A crude . but efficient way of éstimating"the instantaneous

gradient V[E{Bzho}} is by assuming that'the»square of a

single érror sample 8200 is an. estimate of the meah_Squafe'
. - . h Y

~

V[E{Sztn)'] =M, ceeees ,3—82(3)-] T
oL L 0214 | [AJ=[A(n)]
' ' T ' (Il-.13)
= gg(n) _Qgiﬁl' cann _QELEI] . -
02y %p-t) (Wlam)). T
"From equation (4.3), ‘
vlem)] = viat) - (A Tx(m)] = - [x(w)] (b.18)
| Thus, . - . ,: ' ' -
VIEfeAm)}] = 26() vie(n)] “
= - 28(n)[x(n)] b (4.15)
. J . q M
Therefore, the LMS algorithm of (4.12) becomes :
[a(n+1)] = [A(n)] + 2p€(n){x(n)] - (4.16)

THis algorithm will converge ' in the mean and will remain

stable as long as i is bounded by :

Vpay > M > 0

where is the largest eigenvalue of [R].

xmax

. o '92
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4.3, ADAPTIVE TRANSVERSAL FILTER
. ’ ' ' . ' | '

Substituting (4.17).into.(4.19), we have

X

4
]

‘One of the most common methods of appiying thé LMS algor--

_ithm.is to connect the combiner Lto 8 tapped delay line to

form the adaptive,transveréal"filtgr*of'Fig; 42, The impulSe
résponse~of ,this,ﬁiiter‘ ié equivalent té i'ts coefficient
vector, consequenfly, it can apprbxima;e any impul;Q,rés-'
ponse and hénce any frequency response if the .number of taps
is la?gé-enough. The LMS élgqrithm of-this‘adaptive tqéh-

sversal -filter can be written as :

ai(n+1) = ai(n).+ 2 ue(n)x(n-1) ; i=0,1,¢04,L-1 (4.17)

il

where ai(n+i) the coefficient of the fh . tap after

. adaptation
ai(n) = the coefficient of the i;n tap before
adaptation .
"x(n-i) = the input signal at the §H1 tap.

k)

The L weighted adaptive transversal filter output can be ex-

pressed as :-

y(n) = ao(n)x(p)fal(n)f(n—1)+.....+aL_i(n)x(n-L+1) (&.18)

or, after adaptation :

y(n+1) = ao(n+1)i(n+1)+a1(n+1)x(n)+...+aL_1(n+1)x(nfL+2) ;(4.19)

B

y(nbt) = [ag(n)+2ue(n)x(n) (et ) +[a, (n)+20E(n)x(n-t) Jx(n)

coverectla_ () uB()x(nto) x(n-v2) . (8.20)
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.It has been shown 'tlB]'thatt the update of the filter

J

-coefficient'need notlnecéssarily-take place in the time per-

iod directly following n, bﬁt maf‘ be delayed by some arbi-

trary time lag n', so equatibn (4.17) can be rewritten as :

ai'(n+n') = a.l(n-) + 2 uE(n)x(n-1) 17 1=0,1, 000,11 (h.zi)u

From this fact, an adaptiﬁe filter with high sampling rate
and with minimal hardware complexity can be¢ implemented,
since, it is not necessary to update all the coefficients at
each sampling time interﬁgi; This technique will be applied
in the next section for the :eéliéation of -an adaptive fil--

ter using the pipelined stored square FIR filter technigue.

4.4 ADAPTIVE FILTER USING PIPELINED STORED SQUARE FIR
FILTER

, ~
Equation (4.20) shows that each coefficient is updated

based. on the error €(n) and its corresponding delayed input

signal x(n-i). ‘A*ﬁ@reét implementation of the LMS algorithm

‘e

‘based on. (4.20) will require a large amount of hardware,

since, for each coefficient update it reguires two multipli-

ers and an adder. This parallel updating implementation can

.- be avoided by an alternative approach of burst updating im-

pleméﬁfation where two multipliers and an adder are multi-
plexed to update all the coefficients at each sampling time
interval, however, this method will slow down-the sampling

rate by a factor of L for an L weightéﬁ filter. Another ap-
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proédh which is a‘compnpmise'betwéen the two is the serial

'updating implementation, where at each sampling time inter-

-

-val only one coefficient is updated, so maintaining high
éémpiing,ratguand at ﬁﬁe same ltime keeping the.hardware re-
qﬁ}rements to‘é minimum, hbwever:- the pgnélty of this tech-
..niéue is a slower convergence rate, whiéh is howevef still

acceptable for many apbiicationg.

The implementation of an adaptive stored squgre digital

£ilter with pipeiine confggurafion and serial updating tech-

”fnique is shown  in Fig. 43. The error €(n) is latched and

held for at least L samples where in between that time one

coefficient is updated at each sampling time interval,

»

~ Since the output y(n) is delayed by 5 time samples due to

the pipelining process, the output error €{n) that has to be

multiplied by 2# will arrive at the multiplier after 7 sam-

ple times, therefore, the input signal x{(n) has to be deli-
berately delayed by 7 unif‘samples before céming to the LMS
deaté circuit. The multiplication between the output error
€(n) and  the convergence factor 2¢ 1is done with thé stored
product technique (4] [9]. Notice that, sinis a Pipelined
SSRM is used as one of the multiplier in the update circuit,
the output product ;yill be 9elayed by 4 time samples, and
hencé, ‘this delay has to bg-inserte& between latching time

L, and L, in addition to delays by addition and multiplica-

0 , .
tion of 2x as shown in the timing diagram of Fig. 44.
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4.5 'COMPUTER‘SIMULATION RESULTS

Two gbplications of the adaptive stored square digitai
- filter were conducted in the simulations, namely the adép—

tive parameter:est&mator and the -adaptive noise canceller.

The‘object{ves of the simulations are _to&shdﬁ thét a de-
finite convergence is indeed achievable with the realiza-
tions using the stored square technique énd to demonstrate
that the adaptive noise canceller is applicable to high fre-

'guency operation. s

B

4.5,1 Adaptive Parameter Estimator

The adaptive filter can be applied as a parameter estﬁma-
tor with the system model shown in Fig. 45. The sampled in-
put signal x{n) 1is applied to the aaaptiVe filfe; Qith res-
pohse y(n), as well as, to.the unknown fiiter with response
d(n). The difference between y{n) and d(n) forms the error
€(n) which is minimized by the LMS algorithm to produce the
model of the unknown filter (or system). The model of
Fig. 45 was simulated by a computer. A gaussiah random in-
put sampled signal x(n) was used i; thé simulation with all

the coefficients were initially set to zero.

Figure 46 shows the computer simulation results of adapt-
ihg a 23 tap FIR type system using a 16 tap adaptive filter

with input signal and product wordlengths of 11 bits and 15
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UNKNOWN
RESPONSE
FILTER
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h 4

x(n)
. /

ADAPTIVE
> FILTER : > y(n)

(

Figure 45: Adaptive parameter estimator to model ‘the
output response of an unknown filter.
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bits respect1vely. It can be éeen that the mse feached its

. & : ‘
mlnlmum value after approx1mately 3000 iterétioﬁs‘, with a

‘sampllng frequency of 15 MHz the mse has a donvefgence time
of 200 us. If a 32 tap adaptlve filter was used the mse
will reach its m1n1mum value after approximately 6000 itera-
tions* or has a convergence time of - 400 us as shown'in fig-

ure 47.

Thé 32 tap adaptive-fiiter has a slower convergence rate
than' the 16 tap adéptive filter which is expected due to the
higher tap numﬁer. However, the 32'tap adaptive filter has a
smaller miniﬁum mse and from the frequencyq‘response after
Aadaptation shown in figures 48 and 49- it 1s obvious that iﬁ

has better output response than the 16 tap adapt{vé filter.

The results of adaptihg a sixth order Butterworth IIR

(infinite impulse response} system are shown in fig-

ures b0- 52.-

Although the convergence is somewhat slower with the ser-
ial updating technigue compare to the fully implemented
(parallel).updating technique, however, the computer simula-
‘tion results show that it is not a serious problem, since,
in most cases the convergence times are less than 10000 num-

ber of iterations and with- a pipeline configuration where-

iNote that the convergence factors (i) used in the simula-

tions are not necessary the optimal ones, therefore, the
convergence'tlmes shown do not represent the fastest possi-
ble .times. .
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’

sampling frequencies in excess of 15 MHz are -obtainable,

“ then, the convergence times in most cases will be in the

order of less than 700 us uhibh ‘are acceptable for most ap-

plications.
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Figure 46: Results of adapting an FIR system using a 16 tap
filter wi'gh N=11 and M=15, a Mean sguare
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‘4.5.2."Adaptive Noise Cancellet

Another c§mmonlylused'application of the adaptive filter
is noise 'éancellation. The bagic prindipIES .6f adappive
- noise canceiling afe lillustrated'in Fig. 53. Thé ihput to
the adaptive filter i5 a noise iéignal’(ni) which is corre-
lated with the additive ﬁoisé (ng) of the primary input but
is uncorrelated wifh_the input signal s(n). |
The noise signal n 1in one way" can be Qeri?ed‘from a sensor
located at a ,pgin£ in a noisy field where the*input‘signal
s{n) 1is undetectable. The objective of the filter is to
produce T, which is' an estimate of ny in a _cauge to cancel
the additive noise “5'. It has been proven [15] that, pro-
biding s(n} 1is unc0;¥elated with both n, and ny» adapting
the filter 'to produce a system with the least output energy
of z(n) is equivalent to causiné the output to be a best

least sguares estimates of the input signal s{(n}.

In the simulation, the adaptive stbfed square digital FIR
filter ié applied as a noise cance}ler for a voice frequency
signal in a noisy channel, Input signal s{n) and output
'signal z(n) are of 15 bit wordlength and the reference noise
signal (nl) is of 11 bit wordlength. The performahce of the
. adaptive ncisg qancéller is ‘measured in terms of signal to-
noise ratio improvement. 'Fig. 54 shows the results of the
noise éancellatioq of a noise corrupted 1 kHz sine wave in-

|
put signal with an 8 tap filter. The sampling frequency used
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Figure 53: Adaptive noise cancelling model
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" vas 16 kHz with an B kHz Bandlimited gaﬁssiéﬁ ‘noise as the
reference signal and the channel né%se vas sifiulated by £il-
‘tefinb the .reference nqisé'with a sixth drdéf‘Butterworth
'lowgass filter which haé a 3ds cut-ﬁffﬁfrequency of 1.6
kHz. %he input signgl was Eépt at 4 dB SNR (signal to.noise

. _ratioe). After adaptation the output signal is about 15 dB

above the noise 1eve;.

A higher freguency operation was simulated using‘a 40 kHz -

baﬁdlimited éaussian noise as the reference'signai with a

' 'sémpling frequency of 100 kHz. The channel noise was again

simulated by filtering the réQprencelnoise with a sixth ord-
-er Butterworth lowpass filter of 3 dB cut-off frequency at

10 kHz. To_repreéent a wide band signal, a 1 kHz sguare

wave input signal was used.’ Fig. 55 shows the results. of

noise cancelling'a‘—ls dg' SNR input siénall gﬁ;ar adapta- .

| ‘tioq‘the output- SNR is improvea‘to 15.7 dB using.a 16 tap

filter.

The performance of the adaptive noise canceller with in-
put signal to noise ratio values ranging from -18 4B to 14
dB are tabu}ated_in Table 12. The tab;e shows. that at —13
dB the output signal demonstrates ébout a 30 dB~impfovement
in. SNR for both the 16 tap and the 32 tap filters, while on
the other hand, the 8 tap filter shows an improvemeént of
only about 15 dB. At 14‘dB input SﬁR a%most the same im-
provements of about 9 dB are obtained from all the three

filters.
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(a)

.SNR = 15 dB

(b)

Results of noise cancelling 1 kHz sine wave at
16 kHz sampling frequency. a} Input signal. b}
Output signal.



114

. SNR = -18 dB h'

(a)
SNR = 15.7 4B

51

(b)

Figure 55: Results of noise cancelling 1 kHz sguare wave at
100 kHz sampling frequency a) Input signal.
b) Nutput 51gnal ,
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TABLE 12

RESULTS OF ADAPTIVE NOISE CANCELLING 1 KHZ SQUARE WAVE INPUT
SIGNAL AT 100 KHZ SAMPLING FREQUENCY

X
r

o OUTPUT-SNR

INPUT-SNR ——
‘8 .TAP 16 TAP 32 TAP
-18.0 dB -3.3 dB 15.7 4B 17.9 dB
-11.0 4B~ 3.548B | 17.2 4B 19,2 dB
-'8.0 4B 6.3 dB 18.4 4B 20.7 dB
* 0.0 dB [13.3 dB | 20.2 dB 22.3 dB
2.7 dB 15.5 dB 21.8 dB . 22.3 dB
5.8 dB 17.7 dB 22.0°dB - 23.6 dB
9.4 dB 20.1 4B 22.6 dB 24.0 dB
14.0 4B 22.9 dB | 23.4 dB 24.4 4B

The results show that the more severe the noise, the more

dramatic the improvement in SNR. This adaptive noise can-

celling scheme is very suitable for signal detection appli-
cations where the input signal 1is severely corrupted by
noise and the statistical property of“the noise is unknown
which makes it impossible to simply use a fixaiéoefficimﬁ;fil—

tera T



Chapter V . S o
CONCLUSIONS * '

In this thesis the use of a stored square multiplication
technique to rgplace conventional binary digital multipliers*
in fjltering'has been studied. Advantages in cost and speed

of this technigue, in integrated form, are anticipated as

- ,all ROM contents are to be identical and a multiplication

throughput rate in the order of 20 MHz can be aqhieved_with'
a pipeliné implementation. In the construction of VLSI the

identical ROM contents are very practical.

The error anaiysis has been evaluated for fiied point and
floating point arithmetic. The stored squares are to be of
the length M>N (M=§tored squares wordlength and N=input sig-
nalpand éoefficient wordlength) in order to approach the er-
rorlbbtaiﬁable from direct binary m@ltiplication. In gener-
al, M>N+3 for. the product rounding to be comparable;
however, for the floating point «case the output noise to
product power ratio does not approach the one obtainable by
direct multiplication and it is found'to remain larger even
for the case when M>>N. Nevertheless, as for equal input
signal wordlength (N) the required ROM storage for floating
point is one-fourth of that reguired for fixed point and

with one bit more in the mantissa, the floating point SSRM

- 116 -
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will have an output noise to product powef ratio comparable
to the fixed point SSRM.

’ LI

For address wordlengths of 12 bits and longer the ROM

storage requirement can be reduced by means of "reduced ROM

squaring circuit". A large reduction of the storage size can

be obtained with this technique.

The applications of the stored square ROM multiplier to

digital FIR filters and adaptiée filters have been evaluat-

ed. With pipeline structure sampling freguencies in the

order of 15 MHz or more can be obtained. It is shown that,
in general, when the stored squares werdlength is more than
3 bits'longer than the address wﬁrd%ﬁngth the stored équare
digital FIR filters have an accuracy comparable to that of

filters implemented using conventional digital multipliers.

i

" The computer simulation results show that the convergence
of the adaptive stored square digital FIR filter using the
serial updating technique is somewhat slower than the paral-
lel updating technique. This is not.a'serious problem since
with higﬁ sampling frequencies of 15 MHz or more the conver-

gence times in most cases will be in the order of less than

700 us which are fast enough for many applications. The op-

eration of the adaptive filter as a noise canceller has been
simulated as well and satisfactory results have been demons-

trated.
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1t is clear“thag tﬁe §otertia1 applitétiOné of the stored
square ROM_multipliqation techniQuq'ate.in the ‘area of digi-
- kal signal proceééing whéfe ﬂvariébility‘of the coefficients
is neceSSary such as the case of adaptiQe filtgrihg; _This
proﬁerty makes the use of the stored squaré mﬁltipligation
technique very attracpiﬁe for digital signal processing ap-
blications. In terﬁs of flexibility, this technique has a
definite advantage over the distributed arithmetic Qnd the

.

stored product technique.

since, the use of a stored square ROM multiplication'
technique in‘filtering is relatively new, therefore, there
are.still‘mangr,aieas remain to be studied. Here are some

|‘ .
listing of suggested topics for further studies:

Application of the stored square ROM multiplier in

éecursiverdigital filters. ' ,

- Adaptive filterin@'using ﬁecursive stored sqﬁa;e
digital filters.

- Microbrocessor based digital filter implementation
associated with the .stored square ROMﬁmultiplier.

- LSI implementation of the stored squaré ROM . -

multiplier,
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Appendix ‘A
DERIVATION OF THE MEAN AND THE MEAN SQUARE OF
THE SQUARED SUM AND THE SQUARED DIFFERENCE OF
: TWO VARIABLES
Assume that x(ni agd‘c are each uniformly distributed
between' -q and +g with the probability density function

(pdf) shown in Fig. A.1, then the pdf of s where s=ﬁ(n)ic_is

- p(s) = -.‘ L 5 sl ; 3 -2 s < 2 (A1)
M
p[x(n}]
> x
-q 0 q
k]
A
. P(C) i
> C
-q 0 q

Figure A.l: Probability density function of x(n) and c.
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Figure A.2: Probability density function of s=x{n)*c.

4

F o o
Now, if y=s?®, then [7].
o 22 :
- (29)° SR
y = yely)
where
o () B f(_s)4f(§l _ - 1/2g1s1+1
/Y 20,/¥
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_ 1 (29) (- 1/2q1s141)
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0 VY
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_Lé‘t‘ z /Y so z* = y and dy = 2z.dz therefore,
vE 21q EEE 2[23/3](2)?}
T '3"12 . (A.5)
and . - ' oL - ‘
5 _ () , (20)?
2 . _ _
I I
0 S0 VY
(2)° 2 2
T T G S &
T 2q y (- 2q + ) dy
0 y
) 1_2(14 | . (A.6)
‘ ’
| ‘ 2
With a-= MEFE)' and B - fxgnul-c!
then :
- — s _
=T M - % (0
and
a2 22 2,75, b .
R RO CONEIE (5.8)
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