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Abstract

Heuristic search algorithms (eg. A* and IDA*) with accurate lower
bounds can solve impressively large problems optimally. Most lower
bounds, such as the well known Manhattan Distance heuristic for the
sliding-tile puzzles or the Assignment Problem lower bound for the
Asymmetric Traveling Salesman problem, are the products of human
ingenuity and insight. An alternative approach to obtain lower bounds
is to precalculate shortest distances in an abstraction of the original
search space which is derived automatically and store the bounds in
pattern databases (look-up tables). This latter technique, based on
the ideas of Culberson and Schaeffer, gained popularity when Korf
for the first time solved random instances of Rubik’s Cube using pat-
tern databases. While researchers were pushing for solving larger and
larger problems, the fact that there exist a very large number of ab-
stract spaces that can provide lower bounds was overlooked. This the-
sis fills this gap in research by investigating the search performance of
lower bounds derived from abstractions. We also use the results of this
analysis to automatically derive high performance pattern databases.

First, we establish a very predictable trade-off between search speed
and the number of entries in the pattern database. Second, we de-
rive simple statistics that can predict the search performance of pat-
tern databases without performing actual searches in the original
state space. Using these results, we derive high performance pat-
tern databases to search for macro-operators and to solve challeng-
ing instances of the well known Sequential Ordering Problem (SOP).
Macro-search is a good candidate to showcase automatically derived
lower bounds since there are many search spaces and each needs a
different lower bound. The SOP is an NP-hard optimization prob-
lem. We were able to solve an unsolved instance from the TSPLIB.
This required a greedy search in the space of abstractions to find a
sufficiently accurate lower bound and several novel enhancements to
the basic branch and bound algorithm.
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Chapter 1

Introduction

In this thesis, we are investigating the automatic generation of lower bounds!
for heuristic search algorithms, such as A* [HNR68], IDA* [Kor85b] and branch
and bound [LW66]. With inaccurate lower bounds these heuristic search algo-
rithms are not much better than blind search. With accurate lower bounds,
however, they can solve impressively large problems (for example the Rubik’s
Cube [Kor97]). Traditionally lower bounds were designed specifically for a given
problem and were usually the products of human ingenuity. Examples include the
Minimum Weight Spanning Tree lower bound for the Traveling Salesman Prob-
lem [HK70] or the Manhattan Distance heuristic for the n x n sliding tile puzzles.
Recently, however, lower bounds derived from abstractions of the original prob-

lems were shown to be very effective, even outperforming human designed lower

1Lower bounds used by heuristic search algorithms in Artificial Intelligence are also called
heuristics. In this thesis, we will prefer to use the term lower bound to avoid confusion. In
Operations Research, a heuristic solution corresponds to a suboptimal solution, which in the

case of minimization problems, is also an upper bound.
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bounds [CS98, Kor97, KF02]. These lower bounds correspond to solutions in
abstract spaces, which are induced by simple abstraction functions. The abstract
solution costs (the lower bounds) are calculated by an exhaustive expansion and

stored in a lookup table called the pattern database.

1.1 Motivation

Our abstractions are simple functions that relabel state representations. We
took the “pattern abstraction” idea from Culberson and Schaeffer [CS98] and
generalized it. In previous work [CS98, Kor97, Ede0la, KF02] only a handful
of pattern databases were involved and these were picked by the authors. We,
however, viewed this abstraction technique as an enabling technology capable of
generating a very large number of lower bounds (often in the millions) which
should be exploited to obtain high performance heuristics. We were particularly

interested in the following questions.

How different are pattern databases with respect to search performance?

What are the features that make one pattern database perform better than

another?

Can one efficiently and automatically design or obtain a pattern database

which performs better?

Are there applications where automatically generated abstractions are prefer-

able?
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e How do pattern database heuristics perform in domains where operators

have different costs?

This last question arose because in previous work pattern databases were used to

solve problems where all operators had unit costs.

Automatically derived precalculated lower bounds to speed up search were con-
sidered by Prieditis [Pri90] for STRIPS [FN71] planning and by Christofides, Min-
gozzi and Toth [CMT81] for solving routing problems. It was, however, the work
of Culberson and Schaeffer [CS94] which awoke interest in memory based lower
bound heuristics. In particular, Korf [Kor97] solved random instances of the
Rubik’s Cube for the first time and shortly after Korf and Felner [KF02] solved
random instances of the much larger 5 x 5 puzzle with pattern databases. Instead
of solving impressively large problems, we were more interested in studying pat-
tern databases and using them in a more general setting where high performance
abstractions are obtained automatically and the fact that there is a vast number

of abstractions is considered in the derivation of the abstraction.

We were also interested in finding applications where we can make a clear case
for using automatically generated heuristics instead of human derived ones. In
macro-search there are several different search spaces where each space would
have to be searched with a different heuristic. Therefore macro-search was an
ideal application to showcase automatically generated heuristics. The Sequen-
tial Ordering Problem (SOP) is a well known scheduling problem, based on the
Traveling Salesman Problem, which proved to be very hard. In fact there are
small SOPs (with only 40-50 vertices) which are still unsolved today [TSP]. Even

powerful techniques, such as Lagrangian and Linear Programming relaxations,
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were not good enough to solve some small instances. Hence the SOP was a good

candidate to put our automatically generated lower bounds to the test.

1.2 Contributions

Our thesis makes the following research contributions.

e For the first time we performed experiments which involved a large number

of pattern database heuristics and from our results we
— established a space-time trade-off originally conjectured by Korf [Kor97].
— identified simple statistics which can be used to identify high perfor-
mance pattern databases without searches in the original state space.

The early results were published in [HH99b, HHO0O0].

e For the first time we used automatically generated lower bounds to search
for optimal macro-operators. Previously macro-operators were obtained by

uninformed search. We also made two novel modifications to macro-search.

— Due to the speedup obtained by our technique, we were able to re-
duce the number of subgoals and thereby obtain much better quality

solutions.

— We solved some of the subgoals on-demand by heuristic search with our
automatically generated pattern databases while others were solved by

the usual macro-composition.

This work was published in [Her01, Her00].
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e We extended abstraction techniques to take costs into account?. We also
generalized the “pattern abstraction” of Culberson and Schaeffer [CS98]

and thus we are able to generate a larger class of abstractions.

e We discovered a frequently occurring phenomenon that was overlooked
in previous research. Non-surjective abstractions could result in abstract
spaces that are more difficult to search than the original spaces. We iden-

tified some causes and for our applications we also suggested solutions.

e We chose the Sequential Ordering Problem (SOP), a well known optimiza-
tion problem, as our testbed. To tackle this very hard problem, we also

made the following research contributions.

— We solved one unsolved instance of a SOP from the TSPLIB [TSP].

— We devised a novel way of building pattern databases which is applica-
ble to solve a number of optimization problems where the state space
exhibits a certain level structure (there is a different abstraction for

each level).

— For the first time, we used greedy search in the space of pattern

databases to obtain high performance pattern databases.

— We invented two novel search algorithms. Bidirectional Depth-first
Branch and Bound (BiDFBB) is a general search algorithm applica-
ble to search state spaces, if the inverses of the operators are known.
Recursive Depth-first Branch and Bound (RecDFBB) is specifically de-

signed for the SOP but would also be suitable to solve problems that

2While Christofides et al. [CMT81] generated memory based lower bounds for the fist time

for state spaces with operator costs, our abstractions are substantially different.
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exhibit a certain recursive property. In particular, it is applicable to
solve problems which are derived from the Traveling Salesman Problem

(TSP).

This work was published in [Her03a].

1.3 Thesis Outline

e Chapter 2: We introduce our abstraction mechanism and describe how we
build pattern databases. We also define our search framework, which was

used to implement our search tools.

e Chapter 3: We report our experiments which involve thousands of pat-
tern databases and were designed to gain insight into the space-time trade-
off (how much doubling memory to store the pattern database speeds up
search) and to evaluate simple statistics that can predict the relative search
performance (rank) of pattern databases without performing actual searches

in the original state space.

e Chapter 4: In macro-search a solution is confined to pass through a sequence
of subgoals. Each subgoal is associated with a set of macro-operators and,
as far as search is concerned, each subgoal also represents a search space.
Because of the many state spaces, automatic generation of search heuristics
is preferable. We chose the Rubik’s Cube as our testbed. In this chapter
we detail our experiments and discuss our results. We were able to find
macro-operators more efficiently and we also improved on solution quality

by reducing the number of subgoals.
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e Chapter 5: We describe our new way of building pattern databases with
greedy search and our novel search algorithms. The testbed is the Sequential
Ordering Problem, which is also a well studied problem in Scheduling and
in Operations Research. We also present the results of our experiments that

show the effectiveness of our techniques.
e Chapter 6: We describe related research.

e Chapter 7: This chapter discusses the limitations of our work. We pay

particular attention to non-surjective abstractions.

e Chapter 8: We provide a brief reflection of our contributions and discuss

future work.



Chapter 2

Preliminaries

In this chapter we describe the algorithms and closely related work which provide
the context of our thesis and therefore are essential to understand and interpret
our results. We define state space search, introduce the standard algorithms that
will be used in the thesis and discuss the domain abstractions which induce our
heuristics. We also describe a general framework that comprises the implemen-

tation of our search tools.

2.1 State-space Search

State-space search is a general problem solving paradigm. A problem is modeled
by successive state changes that lead to a goal state from a given start state. It
is applicable if we can encode state change as a successor generator A(s) over the
states s and can identify the goal state g. In terms of A, an initial state and a

cost function we can define our problem space.
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Definition 1 (State Space) Given a successor generator A(s) over states, a
seed state sy and a cost function, the state space S = (sq, A, cost) is a graph
corresponding to the transitive closure of A from sg. The states of S are the
states reachable from sy and there is an edge uv in S if there is a transition

v € A(u). The edges are weighted by cost(uv).

In this thesis, we consider three types of problems which can be solved in a state

space by search.

Definition 2 (Path Finding Problem) Given a start state s € S and a goal

state g, find a path (s; = s, S, ..., 5o = g) such that s;11 € A(s;).

Definition 3 (Least-cost Path Problem) Given a start state s € S and a
goal state g, find a path (s = s, S, ..., Sp, = g) such that s;11 € A(s;) and

n—1

> cost(si, Sit1)

=1

18 minimum.

Definition 4 (Shortest Path Problem) Given a start state s € S and a goal

state g, find path (s; = s, So, ..., Sn, = g) such that s;;1 € A(s;) and n is minimum.

A shortest path problem is a special case of the least-cost path problem, where
all costs are 1. In this general formulation it is not required that the goal state g
is unique nor that it is included in S. The goal state in the above definitions can

be replaced with a goal condition. In our thesis, however, the problems all have
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a unique goal state and the lower bounds are derived specifically for the chosen
goal state. Furthermore, to be able to solve a search problem in S, it is also
required that the start and goal states are included in the closure of A from so.
For the state spaces we consider in this thesis, we can offer self-evident choices
for sp. In the n X n sliding tile puzzle spaces and the Rubik’s Cube, we choose s
to be the goal state. We can do this without loss of generality since the closure
of A from any state s from which g can be reached is isomorphic to the closure
from g. In the case of the SOP, there is only one unique start state for each SOP

problem and therefore it can be used as the seed state.

If the state space graph is small enough to be explicitly stored in computer mem-
ory and the costs are non-negative, Dijkstra’s single-source all shortest paths al-
gorithm [Dij59] can find the least cost path in O(|S|log|S| + |E|) time [CLR90],
where |S| is the number of states in the state-space and |E| is the number of
edges. While this algorithm is asymptotically optimal if nothing more is known
about the state space than S and E, in this thesis we are mainly concerned with
state spaces which are so large that they cannot be stored explicitly and cannot
be enumerated efficiently. Therefore Dijkstra’s algorithm or any algorithm that
stores a significant portion of the space does not apply. Instead of explicit rep-
resentations, such as adjacency matrices and adjacency lists, we will deal with a
much more compact representation of state spaces. For the problems in this thesis
and for many search problems studied in the literature, the successor generator

can succinctly be represented by a set of operators.

Definition 5 (Operator) An operator o is a partial function over states which

returns the successor v = o(u) if o applies to state u.
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Definition 6 (Implicitly Generated State Space) Let O = {o01,02,...,0n}
be a set of operators. FEach operator o; € O ts associated with a cost ¢; € C.
The state space S = (34,0, C) is the transilive closure of a seed state so and the
operators O. The states of S are the reachable states from sq by applying the

operators O.

Since we are only concerned with implicitly generated state spaces, we can give

an exact definition of what we mean by search in this thesis.

Definition 7 (State Space Search) State Space Search is an algorithm
A= <37g7 S= <807070>>

which solves a path finding problem, a shortest path problem or a least-cost path
problem in S by returning a path (01,09, ...,0x) in terms of the operators o; € O
such that

(00000...008)(8) =g

Note that the state path p = (s; = s, sa, ..., Sg+1 = ¢) is clear from the operator

path since s; = (01 0 05 0 0;_1)(5).

Our algorithms must find a solution if one exists but we do not require that they

terminate if a solution does not exist.

Heuristic search algorithms use a heuristic to prune branches from the search
tree and in some cases to order the nodes to be explored as well. We must
differentiate between nodes and states. A node corresponds to a unique state in

the state space, however the same state can be generated more than once during
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search and these generations correspond to distinct nodes in the search tree. For
us, the heuristic is always a lower-bound estimate of reaching the goal state from a
node in the search tree. In the case of the shortest-path problem this lower-bound
is an underestimate of the number of operators that must be applied to reach the
goal state, while in the case of a least-cost path problem the lower bound is on
the fotal cost of the operator sequences that reach the goal. Traditionally such

lower bounds are called admissible heuristics in Artificial Intelligence.

Definition 8 (Admissible Heuristic) A heuristic estimate h(n) for a node n
in the search tree is called admissible if it is a lower bound on the minimum cost

(or length) of reaching the goal state from n.

In this thesis we prefer the term lower bound instead to avoid confusion. The term
heuristic in Operations Research often refers to a solution which is suboptimal

and hence corresponds to an upper-bound.

A useful measure to compare search algorithms is the count of nodes expanded
to reach the goal state from the start state. Nodes ezpanded are the nodes in the
search tree whose successors have been generated by the successor generator (in
our case, the operators). Each node n during search is associated with a value

f(n) which is used by the search algorithm.

Definition 9 (f-value) The f-value of a node n is defined as
f(n) = c(n) + h(n) (2.1)

where c(n) is the cost of reaching n from the start state and h(n) (heuristic value)

is an estimate of the cost of reaching the goal state from n.
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In our case, h(n) is purely a function of the state the node is associated with. On
the other hand, g is a function over nodes, because the same state can be reached

by different operator paths during search.

Definition 10 (Brute-force Search Tree) Given a search algorithm A, a suc-
cessor generator A and a start state s, the brute-force search-tree (BFST) is a
tree rooted at s which corresponds to the trace of algorithm A when h(.) =0 for

all states and goal states are ignored.

The brute-force search-tree includes the nodes generated during search and it
also contains the branches that would be pruned off due to a better h. The
topology of the brute-force search tree depends on the search algorithm as it
must take intrinsic pruning by the search algorithm into account. For example,
many search algorithms utilize a cache of states encountered during search to

eliminate duplicate nodes. These nodes are not part of the BFST either.

To illustrate the concepts and definitions introduced so far, let us consider the

2 x 2 tile puzzle as an example. There are three tiles with labels 1,2 and 3 (Figure

tiles

blank

Figure 2.1: The 2 x 2 puzzle.

2.1). There is one tile missing so a neighboring tile can be slid into the vacant

position. First we need a state representation. A natural way to encode a state
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is to use a vector indexed by the tile positions:
(top-left, top-right, bottom-left, bottom-right)

The state shown in Figure 2.1 is represented as (1,2,3,0). 0 is the label of the

missing (blank) tile. We can define the state space as
S=(s=1(1,2,3,0),0={L,R,D,U}, 1)

The seed state is the one depicted in Figure 2.1, the operators are moving the tiles
adjacent to the blank left (L), right (R), down (D) or up (U) when applicable

and to simplify matters the cost of applying these operators is always 1. The

Figure 2.2: State space corresponding to the 2 x 2 puzzle.
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state space has 12 states as shown in Figure 2.2. A portion of the brute-force
search tree for a search algorithm that does not use duplicate node elimination

is shown in Figure 2.3. Note that the brute-force search-tree without duplicate

Figure 2.3: Brute-force search tree for the 2 x 2 puzzle.

elimination is infinite. The dashed arrows in Figure 2.3 identify duplicate nodes.

2.2 Algorithms

The search algorithms used in this thesis are all based on three well known al-
gorithms. These are A* [HNR68], IDA* [Kor85b] and DFBB [LW66]. These algo-
rithms all use the f-value of a node (Definition 9, page 12) to prune nodes from
the search tree. Moreover, when h(n) does not overestimate the true distance
from n to the goal then these algorithms will find an optimal solution if the goal

is reachable.
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2.2.1 A°

A* uses an open and a closed list to store nodes already reached. The nodes
generated but not yet expanded are on the open list and the ones that have
already been expanded are on the closed list. The open list is usually implemented
as a priority queue where the node’s priority is its f-value (lower f-value implies

higher priority).

A* terminates when the goal node is expanded. If there are two nodes with the
same f-value, the node which has the lower h value (consequently further away
from the start state) should be assigned higher priority. Otherwise many nodes
with the same f-value of the goal node could be taken off the open list before it
is the goal node’s turn. Even with this tie breaking rule, it cannot be guaranteed
that the goal node is the first to come off from the nodes on the open list with
the f-value of the goal. If the state space is finite and the goal state is not
reachable, A* exhaustively enumerates the entire space and therefore it can be
used to detect if the goal state does not exist. The drawback of using A" is its
memory requirements. For large spaces it is often the case that the sizes of the
open and closed lists exceed available memory. In the worst case, the time and

space complexity of A* is the same as breadth-first search.

Definition 11 (Consistent Heuristic) A heuristic estimate h is said to be
consistent if

h(u) < min cost(uv) + h(v), Yu,v € S (2.2)

where min cost(uv) is the minimum cost of reaching v from u in the state space

or o0 if v is not reachable from u.
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For A*, consistent lower bounds guarantee that a node put on the closed list

(expanded) will not be put back on the open list again (re-expanded) [Pea84].

Definition 12 (Monotone Heuristic) A heuristic estimate h is said to be mono-

tone if

h(u) < cost(uv) + h(v), u,v€ S, veE A(u) (2.3)

where cost(uv) is the cost of the uv edge.

Pearl [Pea84] showed that consistency and monotonicity are equivalent properties.

Since A* with a monotone heuristic does not generate duplicates, its brute-force
search-tree is a spanning tree of the state space where each root-to-node path

segment is of minimal cost.

2.2.2 IDA*

The algorithm often used in practice to search large spaces is IDA* [Kor85b).
IDA* is an iterative algorithm which performs a series of depth-first searches. On
each iteration a cost bound B is given and B is increased from one iteration to
the next. If the f-value of a node exceeds this B then it is pruned from the
search tree for the current iteration. The smallest f-value exceeding B among
the generated nodes is returned and will be used as the cost bound for the next
iteration. The first iteration starts with B = h(s), where s is the start state.
If the operator costs widely vary, IDA* may need a large number of iterations
to bump up B to the cost of the goal node. IDA*, however, is asymptotically

optimal when the operator costs are the same [Kor85b]. Unlike A*, there is
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no node ordering or checking for duplicate nodes. Therefore IDA* is very fast
with respect to node generation. As soon as the goal state is expanded, IDA*
terminates and the optimal solution is found. On the last iteration the number
of nodes expanded depends on when the goal state is encountered. Since there
is no node ordering, in the worst case it is possible that all nodes with f-value
f(n) < f(g) are expanded. With unit cost operators, the last iteration dominates
all other iterations and therefore complexity analysis of IDA* [KR98, KREO01] is
usually only concerned with the number of nodes expanded on the last iteration

in the worst case. This is the number of nodes n in the brute-force search-tree

with f{n) < f(g)-

2.2.3 DFBB

As mentioned earlier, IDA* is not appropriate if the operator costs substantially
vary. The SOP (Chapter 5) is defined by an n x n cost matrix and therefore
there are O(n?) different operator costs. This renders IDA* inapplicable for the
SOP. A* is also impractical because of the large state space size of the problem

instances we would like to solve.

The branch and bound (BB) [LW66] search algorithm is often used for optimization
problems. Let Z(u) be the value of the objective function (the function to be
optimized) for a state u. The state in many optimization problems is a partial
set of assignments of the state variables. In a minimization problem the aim is to
find a state g for which Z(g) is minimal. Let z denote the best currently known
feasible solution. z is also called the incumbent. A solution is feasible if it satisfies

the problem constraints. The algorithm consists of the following steps from the
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start state s.

branch select a node u not yet expanded and generate its successors (the selec-
tion criterion — such as best bound, most recent, etc — may have significant

impact on performance and memory requirements)
bound for each successor v, generate a lower bound z(v).

fathom for each successor v, apply some or all of the following fathoming (elim-

inating) tests:

1. z(v) > Z(z): v is worse than the best known solution so far.
2. v’s subtree contains no feasible solutions.

3. v is feasible. If 2(v) < Z(z), then z = v.

The algorithm terminates when there are no more remaining subproblems. For
fathoming test 3 to apply, v must be the best feasible solution in the subtree
of v. Since v is a partial solution, it cannot be by itself feasible. However,
in many branch and bound algorithms (like Balas’ Additive Algorithm for 0-1
Integer Programs [Bal65]) z(v) corresponds to a greedy completion and with this
completion v could be feasible. To adapt BB for a general state-space search
problem, we can only use fathoming test one, which we can restate as f(u) >
Z(xz), because the lower bound for a node u is its f-value. For the problems we
consider in this thesis, fathoming test 2 is not necessary since we only generate
feasible nodes. We do not store the completion paths that correspond to h(u)
and therefore we cannot evaluate fathoming test 3 efficiently. If BB always selects
the last generated node to be expanded next then the memory requirements are

only O(bk), where k is the search depth and b is the branching factor. k& could
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actually be much larger than the minimum depth of a goal node. On the other
hand, in many optimization problems all solutions are at the same depth. This
is because the problems are often formulated as binary integer programs over n
variables. Each branch in the search corresponds to setting a variable to 0 or 1
and therefore no path is deeper than n. In particular, in matching problems, job-
shop scheduling and problems corresponding to Hamiltonian paths or circuits,
the depth of the solution is known ahead of time. BB with the branch selection
criterion of the most recently generated node is also called Depth-first Branch and
Bound (DFBB). Unlike A* and IDA*, DFBB expands nodes which have higher f-
value than that of the goal and as a consequence, the first solution found is usually
not optimal. If DFBB is used to solve an Integer Programming problem with n
decision variables, then a feasible solution is found in O(n) steps. Potentially
many more suboptimal solutions of decreasing cost will be generated before an

optimal solution is reached. Therefore DFBB is also an anytime algorithm.

Definition 13 (Anytime Search Algorithm) A search algorithm A is any-
time if it can return a solution even if it is stopped before completion. If A is

allowed to run longer it may return a better quality solution.

Zhang in [Zha93] showed that truncated DFBB (DFBB stopped before completion)

is particularly effective to obtain good quality solutions for the asymmetric TSP.

2.3 Lower Bounds From Abstraction

Our lower bounds correspond to optimal costs in an abstracted version of the

original state space. In practice, most such estimates come from abstract models
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[Pea84, Pri93, CS98, CMT81, MBRI7]. In particular, we are interested in state-

space homomorphisms which guarantee lower bounds.

Definition 14 (State-space Homomorphism) Let S and S’ be state spaces.

¢:S— S induces a state-space homomorphism, if

1. ¢ is a total function

2. for every edge uv € S where d(u) # H(v) there is an edge p(u)p(v) € S’

(reachability requirement)

3. cost(p(u)p(v)) < cost(uv) (cost requirement)

The function ¢ is called the abstraction function or abstraction for short.

In this definition we make it clear that ¢ is applied to the states and that the
connectivity of S is preserved in S’. Suppose we designate g € S as our goal
state. The minimum cost of reaching the abstract goal state ¢’ = ¢(g) in S’ from
a state s’ = ¢(s) is a lower bound on the minimum cost of reaching g from s in
S. Figure 2.4 depicts a state space homomorphism. S has 10 states while S’ has
only 4. If the edge cost restriction in Definition 14 is preserved, it is clear that
the minimum cost path from s’ to ¢’ in S’ cannot have a higher cost than the

minimum cost path from s to g in S.

Definition 15 (Refinable Path) A path
P = (uy, up, ..., ul)

in S’ is refinable if there is a path
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Figure 2.4: State space homomorphism.

in S which includes states u; for each u) € p' (in the same order) such that

A(w;) = uj.

In the case of a state space homomorphism, every path p € S has an image in
S’ but in general it is not true that all paths p’ € S’ are refinable in S. We will

show examples of unrefinable paths in S’ in Section 2.4.

If S’ is small enough to be stored in memory, then we can build a hashtable H
where the entries are the costs from every abstract state s’ € S’ to ¢’ and indices

are the abstract states. The lower bound h(s) then becomes
h(s) = H[¢(s)] (2-4)

We will refer to H as a pattern database.

Definition 16 (Pattern Database) A pattern database is a look-up table of

lower bounds indexed by abstract states.
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The term “pattern database” comes from [CS94] but the idea was indepen-
dently developed in Operations Research, Artificial Intelligence and Mathemat-
ics. Christofides et al. [CMT81] used precalculated dynamic programming tables
(lower bounds) of relaxed state spaces for constrained versions of the Traveling
Salesman Problem. Culberson and Schaeffer [CS94, CS98| applied tile abstrac-
tions on the 15-puzzle and stored the lower bounds obtained from the abstract
spaces in pattern databases. Prieditis [Pri93] also mentions precalculating heuris-
tics for the Rubik’s Cube. This abstraction was later included in the pattern
databases used by Korf [Kor97] to actually solve random instances of the Rubik’s
Cube optimally for the first time. Herbert Kociemba’s algorithm [Koc], also in-
dependently developed, uses 3 look-up tables of lower-bounds to derive very short

solutions to the Rubik’s Cube.

While the conceptual picture of a state-space homomorphism as exemplified in
Figure 2.4 (page 22) is easy to adopt, we must work with a generative model.
We are particularly interested in state spaces that are so large that they cannot
be enumerated and therefore the calculation of S’ must be performed without
calculating S. In most previous work on pattern databases, lower bounds were
obtained by ezpanding the abstract space using a generator. The notable excep-
tion is the work of Holte et al. [HPZM96] who used abstractions to speed-up
search in explicitly stored graphs and therefore calculated the abstractions from
the actual state space. We will build our generative model of pattern databases

from the recursion

0, ifv=s

Yo (2.5)

Minyea@) (Yu + cost(uv)),  otherwise
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In Equation 2.5, s is the start state and -y, is the minimal cost of reaching state v
from state s. Dijkstra’s algorithm provides an efficient solution to the recursion
when all costs are non-negative. This is going to be the case for all of our state
spaces and therefore we assume in the following discussion that cost(uv) > 0. In
Equation 2.5, =, is cost from state s but what we need is the cost to the goal.

We rewrite Equation 2.5 as

0, ifu=g
min,ea-1(p) (Yo + cost(uv)),  otherwise

Equation 2.6 is a simple recursive formulation of the least-cost path completion
problem. It requires that we have a generator A~! which returns the predecessors
of a state in S. This does not mean that the edges must be invertible but rather
that we can calculate the states that have transitions to the state in question.
Note that even though the predecessors are generated, the forward costs are used.
The path cost is measured in the original direction of the edges. If Equation 2.6 is
solved with Dijkstra’s algorithm, then in essence the transpose of the state space

is expanded.

Definition 17 (Transpose of a Graph) Let G = (V,E) be a graph with ver-
tices V and edges E. The transpose of G is a graph G* = <V, ET> with the
ezact same vertices and edge costs but the direction of the edges is reversed. If

G =< V,C >, where C is a cost matriz , then GT is simply < V,CT >.

Since we do not have an explicit representation, A~! generates the predecessors.
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If the operators are all invertible and all costs are 1, then A = A~! and Equation

2.6 becomes
0, ifu=g
Yu = (2.7)
mingeaw) (Yo +1),  otherwise
which can be solved more efficiently by a breadth-first expansion of the space from
the goal state. This is the technique used most frequently in previous pattern

database work [CS98, Kor97].

ST 5

closure of A_q:

closure of A

Figure 2.5: Transpose of the Abstract Space.

Figure 2.5 depicts the general scenario where the edges are directed and have

different costs. ¢ : S — S'1is a state space homomorphism (the three requirements
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of Definition 14 are satisfied). The lower bound h(u) for u € S is the cost of the
cheapest u'g' path in §’. Performing a separate search from each v’ € S’ to ¢
would be a very inefficient technique to derive all lower bounds. On the other
hand, with non-negative costs, Dijkstra’s single source all shortest path algorithm
in ST' (the transpose of ') from source g’ is an efficient algorithm to obtain all
lower bounds. Since S is the closure of A and we assume that S is so large that
we cannot expand it to derive the lower bounds, we need a generator A;l which
induces ST'. The subscript ¢ on A,' designates that it returns predecessors in
the abstract space and therefore it possibly requires a different implementation

than that of A1, A;l induces ST’ when

vEAu) <= v € AJ(V) (2.8)
and
cost(v'u’) < gnlr(l | cost(uv) (2.9)
u€p— 1 (w!
vEg=1(v")

In Equation 2.9, ¢~!(u’) is the set of preimages of u. That is,
u€ ¢ (u) = ou) =1 (2.10)

In our experience, it is not always straightforward to implement A;l such that

it satisfies Equation 2.8. However
ve Alu) = u' € A, (V) (2.11)
is sufficient to preserve connectivity in S7".

Next, we state a theorem which is the theoretical foundation of pattern databases

in this thesis.
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Theorem 1 (Pattern Database Lower-bound Theorem) Let A;l and func-
tion cost satisfy the conditions of Equations 2.11 and 2.9 respectively. ., defined

as

0, ifu =4
Yo = (2.12)
min,, AT @) (Vo + cost(v'u’)),  otherwise

is a lower bound on the cost of any path that reaches g from u in S.

Before proving Theorem 1 (in Section 2.4), we would like to draw attention to the
consequences of relaxing Equation 2.8 by Equation 2.11. We require only that
the set of abstract states returned by A;l(v’ ) include the images of all states u
in S which have a transition to v. This requirement holds even if A} (v') returns
abstract states which have no preimages in the original space. Such states will
be referred to as spurious states. For a state space abstraction to be useful, it
should be smaller than the original space. An abstraction that produces many

spurious states defeats its purpose.

Definition 18 (Non-surjective Abstraction) An abstraction ¢ : S — S’ is

non-surjective, if there exists a state u' € S’ such that there in no u € S with

d(u) =u'.

A non-surjective state space homomorphism is depicted in Figure 2.6. The states
with dashed boundaries do not have preimages in the original space. Nonetheless,
it is clear, that adding extra states and edges still results in lower bounds as the
required edges are included in the minimization. Unfortunately, it is also possible
that paths passing through spurious states have cheaper costs and this can be the

cause of less accurate lower bounds. We would like to stress that non-surjective
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Figure 2.6: A Non-surjective State Space Homomorphism.

state space homomorphisms arise because we use a generative model to calculate
S'. If the abstractions were directly applied to the states of S (like the STAR

abstraction in [HPZM96]) the problem would not occur.

In our experience, non-surjective abstractions arise very often and we will show
in Section 7.1 that there are pathological encodings of search spaces where prac-
tically all abstractions are non-surjective. A naive solution is to require A;l to
only retﬁrn those abstract states which have preimages in S. It is often, however,
very hard to design a predecessor generator which does not yield spurious states
and if the number of such states is relatively small compared to the size S’, the
abstraction could still be useful. We believe that this phenomenon was overlooked
in previous research and therefore we dedicate Section 7.1 to provide an in-depth
description and examples. Also, for the Sequential Ordering Problem (Chapter
5), a straightforward implementation of the predecessor generator would produce

spurious states.
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2.4 Mathematical Foundation

First we state and then prove that state space homomorphisms are useful to

derive lower bounds.

Theorem 2 (State Space Homomorphism Theorem) Let ¢ : S — S’ be a
state space homomorphism (Definition 14, page 21) and let s,9 € S be any two
states. The cost of the least cost path between ¢(s) and ¢(g) in S' is a lower

bound on the cost of reaching g from s in S.

Proof 2.1 (Theorem 2) If there is no path between s and g in S then their
distance is oo and any value is a lower bound. Suppose g is reachable from s via
the path

P= (8] =8,82, .., 8, = g)

Then according to the reachability requirement in Definition 14 (page 21), the

path
p' = (s = ¢(s), 55 = 8(s2), .., 55, = B(9))

exists and, by the cost requirement, its cost cannot exceed the cost of p. [

While p’ must exist when p exists, it is instructive to consider the cases when
there is a cheaper path than p’ in S’ between s’ and ¢’. The cases are depicted
in Figure 2.7. Suppose s;,s; € p where ¢ < j and s; € p. In the first case,
#(si) = &(s;) indicating that p’ has a loop and this is why p' is cheaper. In the
second case, @(s;) = ¢(s;) and there is an abstract path from s}, to ¢’ which is also
cheaper than the cost of the path from sj to ¢’ that includes s} (the completion of

st corresponding to p'). In the third case, s} is a spurious state (one that has no
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case 1

Figure 2.7: Shortcut Abstract Paths

preimage) and it creates a shortcut between s; and s;. Note that this path has
no refinement in the original space. If s and g are not connected in S, they can
become connected in the abstract space in cases 2 and 3. The scenarios depicted

in Figure 2.7 also apply when s; = s or s} = ¢".

Next we prove Theorem 1 (page 27) which states that every total function ¢ over

the states of S can be used to derive lower bounds.

Proof 2.2 (Theorem 1, Page 27) First we show that the closure of Ad',l from
g' is a homomorphism of ST (the transpose of S) by showing that the 2 conditions

of Definition 14 (page 21) are satisfied.

1. Ay'(v') by definition must generate a ' for every u with v € A(u). There-
fore if there exists an edge uv € S then there is an edge v'u in ST’ (Equation

2.11).
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2. The cost of v'u’ € ST’ by definition is at most the cost of uv € S (Equation

2.9).

Hence, according to Theorem 2, -y, is a lower bound on cost(g’,s’). Since the
minimum cost path from s’ to ¢’ in S’ has the same cost as the cheapest path

from ¢’ to s’ in ST, vy is a also lower bound on the cost of reaching g from s. [J

As we discussed earlier, for many state spaces (like the n x n puzzles and the
Rubik’s Cube) it is the case that A = A~! and the actual implementation of A
does not have to be modified at all to generate predecessors in the abstract space.
We view this situation as a special case which is not true for many state spaces,

including the SOP (Chapter 5).

Theorem 3 (Monotonicity Theorem) v, defined in Theorem 1 (Page 27) is

a monotone heuristic (Definition 12).

Proof 2.3 (Theorem 3) Holte et al. in [HPZM95] proved that cheapest costs
to ¢’ in S’ when S’ is a homomorphism are monotone heuristics. We proved above

that «, is the cost of the cheapest path from s' to ¢’. [

As a consequence A* does not expand duplicate nodes with our lower bounds.

2.5 Domain Abstraction

In this section we describe our particular abstraction technique. It is an extension

of the pattern abstraction introduced by Culberson and Schaeffer in [CS94]. The
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GOAL FRINGE CORNER

Figure 2.8: Fringe and Corner Patterns.

fringe and corner patterns (from [CS94]) for the 4 x 4 puzzle are depicted in
Figure 2.8. They correspond to physically scrubbing off the numbers from some
of the tiles. The resulting puzzle represents a much smaller state space and
according to Theorem 1 (page 27), the length of the shortest path to solve a
problem in the abstract space is a lower bound on the shortest number of moves
for a corresponding problem in the original puzzle. If the state representation
is a vector of tile labels, then the fringe and corner patterns can be defined as

relabeling functions of the state representations.

t 0123456789 1011 12 13 14 15
fringe(t) [0 - - 3 _ _ _ 7 _ _ _ 11 12 13 14 15
corner(t)|0 _ _ _ - _ _ _ 8 9 10 _ 12 13 14 15

The covered tiles (represented by the label _) while indistinguishable, still play
an important role in the abstraction as they interact with the pattern tiles. We

generalized this idea.

Definition 19 (Domain Abstraction) Let D and D' be finite domains with

|D'| < |D|. Any total function ¢ : D — D' is a domain abstraction.
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Figure 2.9 depicts an example of a domain abstraction. It can be written as

t10123456789101112131415

¢(t)lO**o+***+++oo+oo

Without loss of generality, we can assume that both D and D’ in Definition 19
are sets of consecutive integers starting at 0. This way we can define a canonical

form of domain abstractions where the following conditions must hold.

1. D={0,1,2,...,|D| — 1} and D' = {0,1,2, ..., |D'| — 1}

2. If z <y and Vyer ¢(w) # @(y) then ¢(z) < ¢(y)

Our domain abstraction in canonical form is

t‘0123456789101112131415

mﬂh 112311133 3 2 2 3 2 2

The entries where the new label first appears is shown in bold. Consider the

11 2] 3
4, 5] 6| 7
8/ 91011
2131415

GOAL DOMAIN
ABSTRACTION

Figure 2.9: A Domain Abstraction for the 4 x 4 Puzzle.

domain abstraction

0, ifz=0
¢(z) =

1, otherwise
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Applied to the 2 x 2 puzzle (defined in Section 2.1), ¢ induces the state space
depicted in Figure 2.10 (the original state space is shown in Figure 2.1, page 13).
If we take g = (1,2, 3,0) as the original goal state, then ¢(g) = (1,1,1,0) and we

Figure 2.10: Abstract State Space for the 2 x 2 Puzzle.

can build the following pattern database.

From this,
h((1,2,0,3)) = H[$({1,2,0,3))] = H[(1,1,0,1)] = 1

This is actually the true distance to reach g from state (1,2,0,3). On the other
hand, h({2,3,0,1)) is also 1, but this state is 5 moves from the goal state. The
states (3,1,2,0) and (2,3,1,0) are both 4 moves from the goal but their lower

bound estimates are 0.
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Often a label in the domain has special significance. The label 0 in our encoding
of the 2 x 2 puzzle represents the blank tile. The position of the blank alone
decides the applicable operator. Some abstractions that do not treat the blank
as special result in non-surjective abstractions (Definition 18, page 27). Consider

the domain abstraction
0, ifz=0o0rz=3
z, otherwise

1y induces the abstract state space depicted in Figure 2.11. This abstract space

Figure 2.11: A Non-surjective Abstraction for the 2 x 2 Puzzle.

is obtained by applying the operators starting from the abstract goal state. The
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abstract states enclosed in dashed boundaries do not have preimages in the orig-
inal state space (Figure 2.1, page 13). If we were to apply % directly to the state
space, then the states and edges (identified with the dashed notation), would sim-
ply not occur. These states appear in S’ because we built it using a generator.
The n x n puzzle spaces are state isomorphic to the elements of the Alternating
Group A,, which are generated by even transpositions. Therefore half of the n!
possible permutations are not reachable. Since we defined state spaces in terms
of a seed state and operators (Definition 6, page 11), the unreachable half is not
part of the original state space. However, when two blank tiles are introduced
as the result of the abstraction, the two halves become connected. For the n x n
puzzles, the only restriction in this representation to guarantee surjectivity is to

keep the blank’s identity unique.

For the n X n puzzles and for the state spaces we study in this thesis, the size of

the abstract space depends on the granularity of the domain abstraction.

Definition 20 (Granularity) Let D and D' be finite domains and let ¢ : D —

D' be a domain abstraction. ¢ has granularity Ty = (n1, ng, ..., ng), if

m

an‘ = |D|

=1
where n;’s are the number of labels of D which map to the same label in D'. The
1’s in the granularity vector represent labels which remain unique in the abstract

space. For brevity, when |D| is clear from the context, we omit these 1’s. In the

canonical form of the granularity, ny > ns > ... > ng.

For example, the granularity of the “Fringe” abstraction depicted in Figure 2.8 is

(8,1,1,1,1,1,1,1,1) or (8). The granularity of the domain abstraction shown in
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Figure 2.9 is (5,5, 5,1) or (5,5, 5). For the state spaces and domain abstractions
used in this thesis, the granularity alone determines the size of the abstract space

and therefore the number of entries in the corresponding pattern database.

2.6 Implementation Framework

In this section we define a general framework for state space search. Our frame-

pplied to

a)“

induces

Figure 2.12: A Framework for state-space Search.
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work in UML notation [BRJ98] is depicted in Figure 2.12. The search algorithms
we consider are A*, IDA*, DFBB and macro-search. Except for macro-search,
which will be detailed in Chapter 4, these algorithms directly use the lower
bounds to prune the search tree. Macro-search has a case base of precalculated
macro-operators to derive a solution and does not perform an actual search to
solve the problem. The macro-operators, however, are obtained by some search
technique (which is indicated by the uses association). Our macro-search is also
a hybrid algorithm. It solves some of the subgoals by regular heuristic search
and the rest are solved by retrieving the appropriate macro-operators. Recur-
sive DFBB (RecDFBB) and Bidirectional DFBB (BiDFBB) are our inventions.
RecDFBB starts off as a regular DFBB but it also takes advantage of the fact that
a partially completed SOP can be viewed as a SOP by itself and therefore it can
be solved independently. BiDFBB switches direction each time a new better cost
solution is discovered. We found that this often results in a faster convergence
to the optimal solution. BIDFBB and RecDFBB will be discussed in detail in

Chapter 5.

In Chapter 3 we use the 3 x 3 puzzle as a testbed to perform experiments with
a large number of pattern databases. These experiments use both A* and IDA*.
The macro operators, discussed in Chapter 4, will be obtained by IDA*. SOPs
(Chapter 5) will be solved with DFBB, BiDFBB and RecDFBB.

The lower bound h(s) is just a “plug-in” function that these search algorithms
use. The LowerBound class hierarchy in Figure 2.12 is therefore independent
of the Search class hierarchy. The lower bounds we consider in this thesis are
pattern databases (PDB) and human derived state space specific ones ( such as the

Manhattan Distance). These human derived lower bounds are also very useful
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for benchmarking pattern databases. In the case of macro-operators, we also use
the maximum of more than one pattern databases (MAX), since the maximum of
a number of lower bounds is also a lower bound, and never less accurate than the
individual estimates. As we stated in Theorem 1 (page 27), any total function can
be used to derive a lower bound. In this thesis, we used only domain abstractions
but other abstractions, such as projections, could be directly be plugged into our

framework by creating a subclass of class LowerBound.

The search algorithms can be written purely in terms of a generic state (class
State in Figure 2.12) which implements the successor generator A. The pattern
databases can also be built from an abstract state class (AbstractState) which
implements the predecessor generator A™L. For the Rubik’s Cube and the sliding-
tile puzzle state spaces, the abstract states can use the same state description.
For the SOP state space we found that a much more compact abstract state

representation is more appropriate.

Our framework as shown in Figure 2.12 provides a high level map of the actual
implementation that was needed to solve the problems in this thesis, but at the
same time it also shows how one can extend or adopt our design. For example, a
new search algorithm can easily be added by deriving it from the abstract class
Search and this will automatically be picked up in the runtime context of the
experiments. If a new state space is to be added, one only has to provide a
successor generator and a predecessor generator for the abstract states. In simple
cases, like the Rubik’s Cube and the sliding tile puzzles, the two are actually the
same. Similarly, a new type of abstraction can be used to build pattern databases
or other type of lower bounds and this only has to effect this part of the design;

the search algorithms do not need to be changed.
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We have an implementation of this framework, but we found that in practice to
perform large scale experiments (Chapters 3 and 4) or to attack unsolved problems
(Chapter 5) one needs a fine tuned implementation capable of competing with the
state of the art and a generic framework is just too much computational overhead.
Now, we have a library of code that corresponds to the design depicted in Figure
2.12, where we replaced inheritance with type generic code (template code) in
many modules to avoid chasing pointers and to reduce the memory overhead

associated with dynamically allocated memory.

We also have a less efficient interpreted system where problems can be readily
specified by production rules and search problems solved with automatically gen-
erated lower bounds. In PSVN [HH99a] (Production System, Vector Notation),
states are represented by fixed length vectors of labels. An operator has a left-
hand side (LHS) and a right-hand side (RHS). Each position in the LHS and
RHS vectors may be a constant (a label from the domain), a variable or an un-
derscore (). A variable in an operator’s RHS must also appear in its LHS. An
operator is applicable to s if its LHS can be unified with‘ s. The act of unification
binds each variable in LHS to the label in the corresponding position in s. Un-
derscores in LHS act as “don’t cares”. The RHS describes the state that results
from applying the operator to s. The RHS constants and variables (now bound)
specify particular labels and an underscore in a RHS position indicates that the

resulting state has the same label value as s at that position. For example,
01 = <A7A717—7B7C> - (27-7-7-vC7‘B> (213)

is an operator that can be applied to any state whose first two positions have the
same value and whose label at the third position is 1. The effect of the operator

is to set the value at the first index to 2 and to swap the labels at the last two
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positions. For example,
01((‘47 47 1a 6a 27 O)) = (27 41 17 67 Oa 2)

PSVN operators can be used to describe any finite state space whose states are
fixed length vectors of labels chosen from a finite domain. In the extreme case,
this could mean that each edge in the graph corresponds to a unique operator.
However, for Permutation Groups (Rubik’s Cube) or state spaces where the states
are permutations of each other (n x n Puzzles), PSVN can provide compact space
definitions. The action of a domain abstraction ¢ on a PSVN operator is to relabel
the constants (integers) in the LHS and RHS. For Theorem 1 to apply, we have
to be able to define A;l such that it preserves connectivity and show that the we
can assign a cost to each edge in S’ which is not larger than the cost of any edge

connecting the preimage states. The inverse of o; (Equation 2.13) is
0;1 = (27 A’ -1 = C’ B> _> <A7 A7 ]'7 - B’ C>

Note, that the introduction of A at the second position in the LHS is clear from the
context. However, not all PSVN operators are uniquely invertible. For example,
consider

02 = <A7 A7 -7 —> = <27 37 - —>

It is not possible to deduce from the resulting state the identity of the original
bindings of A. However, we only require that the states generated by A;l mnclude

the inverses. If the original domain is D = {0, 1,2, 3}, then
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In essence, all possibilities are generated. ¢ is now applied to the inverses and the
connectivity requirement of Theorem 1 is established. If all operator costs are 1,
then so are the costs in the abstract space and the pattern database is built using
a breadth first expansion from the abstract goal with the operator set ¢(O~1).
Otherwise we use Dijkstra’s algorithm to calculate ,, which naturally takes the

minimum if there are more than one edges between two abstract states.

We actually built a totally automatic PSVN system (interpreter, abstraction and
search) which could automatically solve specified problems and it was also used

to obtain the results published in [HH99b, HHO0].

The experiments were run on various Intel based Linux machines in our depart-
ment (300-600 MHz CPU, 64-256 MB RAM). The SOP experiments were run
on a Linux server with 2.4 GHz Intel Pentium IV processor and 1 GB RAM.
The entire implementation for all experiments (including some which did not get

included in this thesis) comprise over 70,000 lines of C++, Java and Scheme code.



Chapter 3

Lower Bounds from Domain

Abstractions

In this chapter we investigate the performance of pattern databases experimen-
tally. In previous work [CS98, Kor97, Ede0la] experiments involved only a few
selected pattern databases. Although Korf has conjectured a predictable relation-
ship between the size of the pattern database and its search performance [Kor97],
at the time there was not enough data to support his conjecture. For the first
time, we performed experiments that involved thousands of pattern databases
to investigate the space-time trade-off [HH99b] and to evaluate simple statistics
that can be used to predict which pattern databases are likely to perform better.
In this chapter, we experimentally establish the space-time trade-off relationship
and we also show that simple statistics are effective at ranking pattern databases

with respect to search performance.

43
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3.1 Experiments

Since we can generate a large number of domain abstractions for a given state
space, we are naturally interested in knowing how they compare in practice. Korf
in [Kor97] made two intuitive conjectures. The first predicts the number of nodes
expanded of IDA* to be approximately O(|S|/|S’|), where S and S’ are the original
and abstract spaces. The second is, in his words, “we can characterize the effec-
tiveness of an admissible heuristic by its expected value over the problem space”.
Since these conjectures were based on insight and were not derived analytically,
we designed experiments which could provide experimental confirmation. In ad-
dition, due to the fact that we can generate many different pattern databases,

our experiments can provide answers to the following questions.

e How much does doubling memory for a pattern database speed up search?
e How much do pattern databases of the same size differ in performance?

e Can simple statistics rank pattern databases with respect to search perfor-

mance?

To have conclusive answers, we have to evaluate search performance on a large
number of start states with a large number of pattern databases. This immedi-
ately rules out using large state spaces. While pattern databases were used to
solve random instances of the 5 x 5 puzzle [KF02] and the Rubik’s Cube [Kor97],
these spaces are far too large to perform experiments on this scale. Even the 4 x4
puzzle is too large for this purpose. Today, a single instance can be solved under

one second with large additive pattern databases!. To establish the space-time

lprivate communication with A. Felner
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relationship, we would also have to solve instances with small pattern databases
and these searches would take substantially longer. Therefore we chose the 3 x 3

puzzle as our primary testbed?.

3.1.1 The 3 x 3 Puzzle

Figure 3.1: 3 x 3 puzzle.

The 3 x 3 sliding tile puzzle space has 181,440 states. Only half of the possible
permutations of the tiles are reachable by legal moves from any given state. Figure
3.2 shows the distribution of optimal distances of all states to the goal, when the
blank is in the corner position (shown in Figure 3.1). The average distance to
the goal is 21.97 moves. The diameter of the state space (longest shortest path
between any two states) is 31. In our encoding, a state is a vector of the tile labels
indexed by the tile positions, analogous to our state representation of the 2 x 2
puzzle in Chapter 2. Some domain abstractions which introduce multiple blanks

result in non-surjective homomorphisms (as depicted in Figure 18 on page 27 for

20n a smaller scale, we have performed experiments with other state spaces as well, which
also support the conclusions we draw in this chapter. Two other small state spaces were used
to study the space-time trade-off [HH99D] and two other modest size state spaces were used to

test if the pattern databases we ranked best also perform better in practice [HH04]
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Figure 3.2: Distribution of Optimal Solution Distances for the 3 x 3 Puzzle

the 2 x 2 puzzle). Therefore we will only consider domain abstractions which
preserve the uniqueness of the blank. There are altogether 4, 140 non-isomorphic
abstract spaces resulting from blank preserving abstractions. With our encoding,
domain abstractions with the same granularity give rise to the same size pattern
databases. Table 3.1 lists the different abstraction granularities (I'), the size of
the resulting pattern databases (|¢(S)|) and the number of such abstractions in
canonical form (k). The domain abstractions which also correspond to the pattern

abstractions invented by Culberson and Schaeffer {CS94] are in bold font.

3.1.2 Experimental Setup

We have selected two sets of start states. 7} is a randomly chosen pool of 1,000
distinct states which are exactly 22 moves away from the goal. The second set,
T, contains 1,000 randomly selected distinct states, where the overall average

distance is also 22 moves. The 2,000 states in these two sets are solved with the
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L oS &k r #(S)] &
(8) 9 1| (4,2 7,560 420
(7) 72 8| (3,3) 10,080 280
(6,2) 9252 28| (3,2,2) 15,120 840
(5,3) 504 56 (4) 15,120 70
(6) 504 28| (2,2,2,2) 22,680 105
(4,4) 630 35| (3,2) 30,240 560
(5,2) 1,512 168 | (2,2,2) 45360 420
(4,3) 2,520 280 (3) 60,480 56
(5) 3024 56| (2,2) 90,720 210
(4,2,2) 3,780 210 (2) 181,440 28
(3,3,2) 5,040 280 0 181,440 1

Table 3.1: Abstraction Granularities for the 3 x 3 Puzzle.
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4,140 different pattern databases with both the A* and IDA* algorithms. This
altogether constitutes 16,560,000 searches. For each of these searches we record
the total number of nodes expanded and the heuristic estimate hy for the start
state. For IDA* searches we also count the total number of nodes expanded on
the last cost level. Since it is expected that deeper searches expand more nodes,
to determine the space-time trade-off we use the states in 7; where the depth of

the search is fixed.

On the other hand, we use 75 when we evaluate how well our statistics rank search
performance, as in a realistic application, the pattern databases are expected to

perform well on random instances selected from the entire space.

We also have solved our test problems with the Manhattan Distance (MD) heuris-
tic, which is a well known hand-crafted lower bound for the n x n puzzles. The
value of the MD heuristic is the sum of block distances of the tiles (excluding the

blank) from their goal positions.

3.2 Space-time Trade-off

Figure 3.3 shows the size of the pattern database (z axis) vs. the number of nodes
expanded (y axis) during a search with that pattern database. Both axes are on
the logarithmic scale. Each datapoint corresponds to solving the instances of T}
(where each state is with d = 22 from the goal) with all pattern databases of the
same size. For example, there are 56428 pattern databases with size m = 504
(these are the ones with granularity (5,3) and (6), Table 3.1 page 47), therefore

there are two datapoints where m = 504, one represents 56,000 searches and
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the other 28,000. The plots in Figure 3.3 also identify the performance of the
Manhattan Distance heuristic with our chosen pool of start states. On average,
1,291.5 nodes are expanded with IDA* and 471.4 nodes with A* with the MD
heuristic. The least squares regression lines are also shown. Interpolating from
the regression lines, IDA* and A* need a 10,000 entry pattern database (which is
only 5.5% of the size of the original space) generated by our domain abstractions
to beat the Manhattan Distance. It is very clear that the trade-off for both A*
and IDA* is very predictable. The correlation between the datapoints and the
regression lines is 0.994913 for IDA* and 0.990542 for A*. However, the slopes
of the lines are not -1, which would indicate an exact one-to-one trade-off. The

equation of the regression line for IDA* is
logtjpa* = —0.84368 logm + 14.8815 (3.1)

and for A* it is

logtax = —0.725522logm + 12.7291 (3.2)
A

where t is the number of nodes expanded during search with a pattern database
whose size is m. If the slope of the regression line is in (-1,0], then doubling
memory to store the pattern database actually results in more than half the
nodes expanded. In these experiments this is the case for both IDA* and A*.
While, expectedly, A* expands fewer nodes than IDA*, the trade-off is better for
IDA*. For the 3 x 3 Puzzle, we can refine Korf’s conjecture and state that with

very high correlation the trade-off is
tm*=c (3.3)

c is a constant and « is the slope of the regression line. « also seems to be search

algorithm dependent. We also have observed over 0.9 least squares correlations
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with two other state spaces [HH99b] with similar values of o.

Establishing this relationship is very important. It is clear that using more mem-
ory will speed-up search. The only counter example we have for this is the data
point for A* (Figure 3.3) where the pattern database with size 3,024 outperforms
the one with 3,780 entries. The former expands 943.45 nodes on average while
the latter 1011.87. The difference is relatively small both in pattern database size
and in nodes expanded. It must be noted, however, that for both A* and IDA*
the databases with 3,024 entries perform proportionally better than the pattern
databases which are slightly larger. The pattern databases with size 3,024 have
granularity (5) while the ones with size 3,780 have granularity (4,2,2) which
means that there are 6 distinct tile labels in the (5) pattern databases and only
4 in the (4,2,2)’s. This would indicate that when the abstractions give rise to
approximately the same size pattern databases, the more label rich abstractions
should be preferred. This is further corroborated by the abstractions with gran-
ularities (5, 3), (6), (3,2,2) and (4). The (5,3) and (6) abstraction yield pattern
databases with 504 entries. The (6) abstractions have 4 distinct tile labels and
the (5,3) abstractions have 3. The average number of nodes expanded with the
granularity (6) pattern databases is 21% fewer with IDA* and 35% fewer with A"
than with the granularity (5, 3) pattern databases. Similarly, the (4) and (3, 2, 2)
granularity pattern databases are of the same size, but the (4) abstractions have
6 distinct labels and the (3,2,2)’s 5. The (4) pattern databases expand 12%
fewer nodes with IDA* and 20% fewer nodes with A* than the pattern databases
with (3,3,2) granularity. This suggests that the original pattern abstractions,
which are also included in our richer set of domain abstractions, are particularly

effective. Nonetheless, there are many more domain abstractions than pattern
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abstractions and it is clear from our experiments that larger pattern databases
result in faster searches regardless of the form of the domain abstraction. In the
case of the SOP (Chapter 5) we will rely on a rich set of domain abstractions

since we will perform greedy searches in the space of abstractions.

The results of Figure 3.3 report the averages over all pattern databases of a
given size. We are also interested in the range of nodes expanded among pattern
databases of the same size. Figures 3.4 and 3.5 show the size of the pattern
database (z-axis) and the number of nodes expanded (y-axis) for IDA* and A*
respectively. Both axes are on the logarithmic scale. Each data point represents
the searches with a single pattern database and the states in 7;. The data points
for the (5,3) and (6) as well as for the (3,3,2) and (4) pattern databases are
shown side by side so they are visually distinguishable, even though they actually
overlap since the pattern databases are of the exact same size ((5,3) and (4) on

the left).

The horizontal lines (labeled MD) correspond to the performance of the Manhat-
tan Distance. In the case of A* there are a few pattern databases with size 3,024
(1.67% of the size of the original space) which are actually better than MD. It is
also clear from both figures that the best pattern database of a certain size is of-
ten better than an average one which is 2-3 times larger. For example, for A*, the
best performing pattern database with size 3,024 is better than the worst with
size 15,120. Therefore, it is clear, that the size of the pattern database alone
is insufficient to predict its relative performance with respect to other pattern
databases. The ranges of nodes expanded with the same size pattern databases
varies, but on average there is a 2.5 fold difference between the best and the worst

with IDA* and a 3 fold difference with A*. It is also evident from the figures that
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the performance ranges are not always normally distributed as one would expect.
For example, the pattern databases with granularities (5,2), (5), (2,2,2) and
(2,2) show obvious discontinuities. In the case of the granularity (5,2) and (5)
pattern databases there are a few pattern databases which are clearly better than
the majority. In fact, this group of pattern databases is composed of almost en-
tirely the same instances for both IDA* and A*. On the other hand, in the case of
the granularity (2,2, 2) and (2, 2) pattern databases there is a group of databases
which perform significantly worse than the majority and again, this group is the
same for both IDA* and A*. While it is clear from Figure 3.3 that the average
performance is very predictable from the size of the pattern database, from Fig-
ures 3.4 and 3.5 we can also tell that the best performing pattern databases of
each granularity show much more discrepancy. It is still generally true that the
larger the size of a pattern database the fewer the nodes expanded with the best
pattern database of that size, but there are more counter examples. In fact, the
best pattern databases with granularity (2,2, 2, 2) (size 22,680) expand 47% more
nodes with A* and 22% more nodes with IDA* than the best of the granularity

(4) pattern databases (size 15,120).

Our estimate of time is nodes expanded, which is an implementation independent
measure. We also have examined the trade-off with actual CPU time®. Figure
3.6 shows the size of the pattern database (z-axis) and the average number of
CPU ticks spent on solving a single problem instance (y-axis). Both axes are
on a logarithmic sale. This plot corresponds to the exact same runs as depicted
in Figure 3.3. There are also two IDA* lines. IDA*-1 corresponds to the time it

took to expand all nodes (ignoring goal nodes) on the last iteration while IDA*-2

3measured in CPU “ticks”
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shows the time to find the first goal node including all necessary iterations (as it
would be run in practice to solve a problem). In essence, the IDA*-1 datapoints
are the counterparts of the IDA* experiments in Figure 3.3. Since CPU time is a
practical measure, we included the experiments that measure the actual time it

would take to solve the problems.

As expected, the IDA* and A* lines are closer together than in Figure 3.3, since
A* node expansions are more expensive (the nodes are expanded in priority order
and there is duplicate detection). Unfortunately one cannot fairly compare the
algorithms (A* and IDA*) with respect to speed by measuring CPU time. The
actual running times very much depend on implementation details. We have
made an effort to optimize both so we can perform the experiments on this large
scale. We can, however, point out some observations which are not the artifacts
of implementation. First, IDA* can find a goal much faster than expanding the
last f-level in its entirety, even when we count all f-levels. This corroborates
Korf et al’s [KREO1] premise that the last iteration dominates IDA™’s perfor-
mance. Second, the IDA* and A* regression lines have different slopes which are
almost the same as in Figure 3.3. This suggests that nodes expanded is indeed a
good measure to estimate search performance. It is also interesting, that in these
experiments, the IDA*-1 and IDA*-2 lines have almost identical slopes which in-
dicates that the number of nodes on the last f-level is also a good measure to

compare performance of IDA* when it is stopped after finding the first goal node.
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3.3 High-performance Pattern Databases

To account for the performance differences within pattern databases of the same
size, we experimentally evaluated three statistics. The experiments were per-
formed with the test set 75, since we want to predict performance on randomly

selected states from the entire state space.

The three ranking statistics we considered were

e K&R(¢): the formula derived by Korf and Reid in [KR98| (and somewhat
refined in [KREO1]).

e ave(¢): the average of the heuristic values stored in the pattern database.

e ho(#): the average of the heuristic values associated with the states in the

test set T5.

The K& R formula predicts the number of nodes expanded E(s) for start state
s on the last iteration of IDA* from the number of nodes and distribution of

heuristic values over the brute-force search tree (BFST).

d
E(s) =Y N(i,s)P(i,s,d —1) (3.4)

i=1

N (i, s) is the number of nodes in the BFST rooted at s on level ¢, d is the depth
of the goal and P(i, s,d — 4) is the cumulative distribution of heuristic values on
the ith level. P(i,s,d — 7) is the probability that a node’s h-value in the BFST
rooted at s at level 7 is less or equal to d — . The correctness of this formula is
given in [KREO1]*. To use the formula, we have to be able to estimate d, N (4, s)
and P(i,s,d — i).

4The proof is given for the more general case where the operators are not unit cost and the
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We will use d = 22 since this is the average distance to the goal in the entire state

space and also in our test set.

The estimation of N(i,s) will be different for A* and IDA* since their brute-
force search trees are different. Edelkamp et al. [EK98, Ede01b] introduced a
model which can be used to determine the number of nodes on a given level
of the IDA* BFST when the states can be grouped into branching equivalence
classes. This model can also incorporate some form of duplicate node detection.
For example, the branching factor of the BFST can significantly be reduced if the
“grandparent” nodes are not generated. This does not effect the solution since no
shortest path would include an operator followed by its own inverse. The model
can also be used to calculate the asymptotic branching factor assuming that it
converges to an equilibrium. In the case of the 3 x 3 puzzle, the branching factor
actually converges to different values on even and odd depths. The convergence
on the odd levels is immediate, however on even depths the convergence is slow
as shown in Figure 3.7. Their model, however, can be used to efficiently obtain
the exact number of nodes when the recursions corresponding to the model are
solved by dynamic programming. This is what we do to get N(3,s) exactly for
IDA*. For A", the brute-force search tree is a spanning tree over the state space
and its shape is determined by the position of the blank. There are three different
topology BFSTs for A* corresponding to start states with the blank being in the
middle, the corner or at the edge position. Since the 3 x 3 space is small, we can

calculate the three different BFSTs. For larger problems, however, this approach

summation is over discrete cost levels i. Since, in the general case, even the number of cost
levels is hard to estimate, we only use the formula to predict performance when the operators

are all of cost 1 and therefore cost and depth levels are the same.
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Figure 3.7: d vs. b at Even Levels in the 3 x 3 Puzzle

is unrealistic. Therefore we will use the estimate
N(i,s) = b’

The asymptotic branching factor for IDA* is v/3 which we can derive from Edelkamp
et al.’s model®. Since A* eliminates more duplicate nodes than IDA*, b must be
smaller than v/3 = 1.7321. It also must be larger than logs, 181,440 = 1.4779
because there are only a few new nodes generated at the last few levels (the

diameter of S is 31 and |S| = 181,440). We chose the value b = 1.60°.

We will estimate P(i,s,d — i) with a single distribution. Korf et al. in [KR98,
KREO01] suggested that the equilibrium distribution would be an appropriate sub-
stitution. The equilibrium distribution is the distribution of heuristic values at

large depth, assuming that the distribution converges to stable values. If the equi-

5While there are two different branching factors at even and odd depths, the single value
which best estimates branching is v/3, which is one of the eigenvalues of the branching matrix

[Ede01b).
SWe also evaluated other values between 1.4779 and 1.7321 and found that the choice of b

in this range does not affect conclusions.



CHAPTER 3. LOWER BOUNDS FROM DOMAIN ABSTRACTIONS 60

librium distribution cannot be derived analytically, Korf et al. suggests probing.
In our experience, there is an excessively large number of probes needed before the
distribution shows convergence and therefore it is not practical for our purposes.
On the other hand, the distribution of heuristic values in the pattern database
is easy to calculate. Moreover it is also the same as the overall distribution of
heuristic values in the entire state space since each abstract state has exactly
|S|/|S’| preimages. In the case of A*, this distribution is also the distribution
over the brute-force search tree, since no duplicates are generated (our heuristics

are monotone).

Therefore we will use the formuls
22
EIDA* (S) — Z N(Z, S)PPDB(22 - Z) (3.5)
=1
22 .
En(s) = Y 1.60°Peps(22 - 9) (3.6)

i=1

to estimate number of nodes expanded with IDA* and A*.

We used the three statistics, K&R(¢), ave(d) and ho(d), to rank the pattern
databases. The average number of nodes expanded (E(¢)) over the test instances
in Ty with the pattern database was used to establish the true performance order.
Our statistics also establish a predicted performance order which we compared
to the true order of nodes expanded. To be able to interpret our results numer-
ically, we defined a rank correlation measure. Let R(¢) be the predicted rank
of performance for abstraction ¢. R(¢) is an integer between 1 and the number
of abstractions. If the same performance is predicted for ¢; and ¢, then their

ranks are also the same. Let the proportion of incorrectly ranked pairs M (for
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“misses”) be defined as

M(®,E, R) = # of pairs (¢1, ¢2) s.t. E(¢1) > E(¢) but R(¢1) < R(¢o) (3.7)

total # of pairs (@1, ¢2)

® is the set of abstractions and E is a vector where each slot contains F(¢) when

a particular ¢ € ® is used. M ranges from 0 (perfect ranking) to 1 (reverse
order). That is, we count it as a miss if we ranked ¢; to be better than ¢, but
the search with the pattern database associated with ¢; expands more nodes
than searching with the one associated with ¢9 on the test instances of 7. An
alternative measure is M (®, E, R, t) where ¢ is a tolerance given as a percentage.
In this case, we count the pair (@;, ¢2) as a miss if E(¢;) > (1 + t)E(¢$2). Our

rank correlation then is defined as
1
o(®,E,R,t) =2 (5 _ M(3,E, R, t)) (3.8)

t = 0 gives M(®,E, R). The value of p is in [—1,+1]. It is +1, if there are no
misses and -1 if all pairs are misses. A value 0 indicates that there is no correlation
between the rank prediction R and the actual performances E. With a sufficiently
high choice of ¢, no pairs are misses. Our rank correlation is different from the
classical Spearman rank correlation, which is distance based in rank space. In
our formula, E(¢) is not converted to rank as it is usually done in Statistics. Our
primary concern is that with small tolerance ¢ our ranking techniques should only

make a few mistakes.

First we discuss our ranking experiments with IDA*. The K& R formula (Equation
3.4, page 57) was originally derived to predict the number of nodes expanded on
the last iteration of IDA* in the worst case. The two substitutions we made are
using the distribution from the pattern database and to set d = 22 (Equation 3.5,

page 60). Since we have also performed searches with 7; we can evaluate what
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difference it makes to know d exactly. In Figure 3.8 the K& R prediction is on the
z-axis and the actual number of nodes expanded on the last iteration are on the y-
axis. Every data point corresponds to the average number of nodes expanded with
the test set with one particular pattern database with granularity (3,3,2). The
results in the figure correspond to two experiments (with 77 and with 75). When
T; is used the only substitution is using the distribution of heuristic values from
the pattern database as opposed to that of over the brute-force search tree. As
expected, when d is known exactly, the prediction is more accurate (which is clear
from Figure 3.8). The rank correlations are 0.9245 with the set 77 and 0.7909
with 75. In both cases, however, the formula underestimates nodes expanded
(much more so with T5). This indicates that the distribution of heuristics in the
pattern database and over the brute-force search tree are different. In particular,
IDA* expands duplicate nodes and it is expected that nodes with smaller h-values
will be re-expanded more often. Hence our substitution Psps undersamples the
low h-values in the brute-force search tree. Nonetheless, it is clear from the
plots that K&R can distinguish between poor and good pattern databases in

this experiment.

Figures 3.9 and 3.10 show the plots of the ave(¢) and ho(¢) statistics (z-axis)
vs. the actual number of nodes expanded with 75. It is clear from both figures
that they both rank the abstractions relatively well, and for these databases, the
ranking looks even better than the K& R ranking (Figure 3.8, page 63). The rank
correlations are 0.84967 for ave($) and 0.86149 for hy(4) which are higher than
the rank correlation 0.7909 for K& R(&).

Table 3.2 shows our rank correlations. The values in the square braces are the

rank correlations with 5% tolerance. The columns, p(T', R), correspond to the
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Figure 3.8: K&R Prediction vs. Actual Number of Nodes Expanded with IDA*.
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p(I', K&R) [5%]

p(T, ave) [5%)]

p(T', ho) [5%)]

1.0000 [1.0000]
0.9365 [0.9735]
0.8519 [0.9506]
0.8783 [1.0000]
0.8824 [0.9866]
0.8570 [0.9388]
0.8105 [0.9273]
0.9026 [0.9714]
0.7534 [0.8782]
0.7909 [0.9210]
0.7785 [0.8890]
0.8140 [0.9254]
0.8360 [0.9313]
0.7582 [0.8859]
0.7784 [0.9062]
0.7836 [0.8950]
0.7920 [0.8956]
0.8896 [0.9649)]

1.0000 [1.0000]
0.8783 [0.9577]
0.8818 [0.9494]
0.9206 [0.9683]
0.8992 [0.9664]
0.8661 [0.9490]
0.8653 [0.9582]
0.8909 [0.9610]
0.8577 [0.9596]
0.8497 [0.9621]
0.8277 [0.9322]
0.8354 [0.9414]
0.8907 [0.9652]
0.8141 [0.9310]
0.8037 [0.9260]
0.8343 [0.9366]
0.8347 [0.9285)
]

0.9221 [0.9896

0.8571 [1.0000]
0.8677 [0.9524]
0.8727 [0.9506]
0.8942 [0.9683)
0.8756 [0.9664]
0.8564 [0.9451]
0.8531 [0.9548)
0.8818 [0.9571]
0.8523 [0.9555]
0.8615 [0.9686]
0.8243 [0.9302]
0.8419 [0.9480]
0.8807 [0.9586]
0.8278 [0.9430]
0.8234 [0.9421]
0.8360 [0.9400]
0.8419 [0.9350]
0.8935 [0.9805]

Table 3.2: Rank Correlation for All Pattern Databases with IDA*.
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Figure 3.9: ave(¢) vs. Actual Number of Nodes Expanded with IDA*.

correlations (Equation 3.8) with the ranking method R with all pattern databases
of granularity I' and with the states in 75. For each granularity, the highest
correlation value is shown in bold font. It is clear that all three statistics - K&R,
ave and hy — are good to rank performance well. With few exceptions, the 5%
tolerance the correlations are very accurate (over 0.93). The ave(¢) and ho(¢p)
statistics, however, rank better than K&R(¢$). These results are encouraging
since it seems that simple statistics are suitable to predict performance differences

without performing actual searches.

Next we evaluate the same ranking functions with A*. Figures 3.11, 3.12 and
3.13 plot the statistics K& R(¢), ave(p) and ho(¢) (z-axis) vs. the actual num-
ber of nodes expanded (y-axis) with 75, A* and the (3, 3,2) granularity pattern

databases. The counterparts for these figures for IDA* are Figures 3.8, 3.9 and
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Figure 3.10: hg(#) vs. Actual Number of Nodes Expanded with IDA™.

3.10. The most outstanding difference is that with our substitutions, the K& R
ranking is better for A* than for IDA* with the (3,3, 2) pattern databases, even
though the formula was developed for IDA*. Table 3.3 shows the actual corre-
lation values for all pattern databases. It is evident that K&R for A* is better
than the ave(¢) and hy(¢) statistics for most granularities. In fact, in all cases,
K&R(¢) ranks better for A* than for IDA* (compare the second columns in Ta-
bles 3.2 and 3.3). For IDA* (Equation 3.5) we use the exact number of nodes
at level ¢ and estimate the distribution of heuristic values over the brute-force
search tree with the distribution in the pattern database. On the other hand, for
A* (Equation 3.6) the distribution is exact but we estimate the number of nodes
at level 4 with b'. This further suggests that a good estimate for the distribution

of h-values over the brute-force search tree is important to rank the performance
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r p(T, K&R) [5%] p(T, ave) [5%)] o(T, ho) [5%]
(7y | 1.0000 [1.0000] | 1.0000 [1.0000] | 0.9286 [1.0000]
(6,2) 0.8995 [0.9577] | 0.9365 [0.9841] | 0.9101 [0.9788]
(5,3) | 0.9078 [0.9610] | 0.8974 [0.9688] | 0.8545 [0.9390]
(6) 0.8783 [0.9471] | 0.9101 [0.9577] | 0.9153 [0.9683]
(4,4) |0.9160[0.9731] | 0.8924 [0.9462] | 0.8521 [0.9193]
(5,2) |0.9214[0.9722] | 0.8500 [0.9270] | 0.8328 [0.9136]
(4,3) | 0.9123[0.9818] | 0.8366 [0.9207] | 0.8188 [0.9135]
(5) |0.9351[0.9909] | 0.8688 [0.9338] | 0.8688 [0.9338]
(4,2,2) | 0.8854 [0.9688] | 0.8355[0.9246] | 0.8143 [0.9111]
(3,3,2) | 0.8989 [0.9870] | 0.8911 [0.9665] | 0.8718 [0.9634]
(4,2) | 0.9040 [0.9731] | 0.8034 [0.8986] | 0.7886 [0.8886] |
(3,3) | 0.9081 [0.9823] | 0.8566 [0.9472] | 0.8444 [0.9436]
(4) | 0.9354 [0.9884] | 0.8286 [0.9048] | 0.8112 [0.8981]
(3,2,2) | 0.8686 [0.9714] | 0.8532 [0.9554] | 0.8523 [0.9562]
(2,2,2,2) | 0.8604 [0.9722] | 0.8744 [0.9777] |  0.8670 [0.9755]
(3,2) | 0.8748 [0.9660] | 0.8491 [0.9488] | 0.8447 [0.9484]
(2,2,2) | 0.8584 [0.9603] | 0.8683 [0.9643] | 0.8638 [0.9607]
(3) | 0.9390 [0.9987] | 0.9325[0.9961] | 0.9078 [0.9753]

Table 3.3: Rank Correlation for All Pattern Databases with A*.
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Figure 3.11: K& R(¢) vs. Actual Number of Nodes Expanded with A*.

of pattern databases accurately.

3.4 Chapter Summary

In this chapter we have experimentally established a predictable search-speed
trade-off and showed that simple statistics from the pattern databases are good to
rank search performance for IDA* and A*. While our experiments were performed
with the 3 x 3 puzzle, we also have experimental evidence from other state-spaces
[HH99b, HH00, HHO04] (although on a much smaller scale) which corroborate these
observations. The space-time trade-off and the merit of the average value of a
heuristic to characterize the heuristic itself were first conjectured by Korf [Kor97],

although, to our knowledge, we were the first who performed experiments with
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Figure 3.12: ave(¢) vs. Actual Number of Nodes Expanded with A*.

a large number of heuristics to confirm these conjectures. These results clearly
suggest that to achieve the best search performance, one should strive to build
the largest pattern database which fits in memory and also try to optimize the
K&R(p), ave(¢) and ho(¢) statistics for the pattern database corresponding to

the abstraction ¢.

In this thesis we will make use of the space-time trade-off result directly. In
Chapters 4 and 5 we derive abstractions automatically that yield the largest
pattern databases which fit in our memory limits. It is more difficult to optimize
the K& R(p), ave(d) and ho(¢) statistics directly (without building the pattern
database). In Chapter 4, for some state spaces we will be able to design domain
abstractions that avoid giving low heuristic values for the start states we need to

solve. In Chapter 5, we will perform greedy local searches in the space of domain
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Figure 3.13: ho(#) vs. Actual Number of Nodes Expanded with A*.

abstraction to find those that will yield high heuristic values, which also means

that the average and hy values are also likely to be higher.



Chapter 4

Searching for Macro Operators

With macro-search a solution can be derived or it can be decided that prob-
lem is not solvable in constant time. A solution is composed of a sequence of
precalculated macro-operators which are retrieved from the macro-table. Each
macro-operator in a solution sequence solves a single subgoal. We assume that
the subgoal sequence is already chosen and our task is to find the macro-operators
that correspond to these subgoals. We present a novel way of searching for macro-
operators. For the first time, we use automatically generated heuristics to find
optimal-length macro-operators. In fact, due to the speed-up achieved by using
heuristic search, we show that we can reduce the number of subgoals and obtain
shorter solutions. We use the Rubik’s Cube to demonstrate our techniques. For
this puzzle, a 44% improvement of the average solution length was achieved over
macro-tables built with previous techniques. Macro-search is also an application
where we can showcase automatically generated heuristics. Each subgoal repre-

sents a different search space and therefore a different heuristic is needed. Since
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we have a way of generating heuristics automatically our method in many cases
is more effective but not less general than building macro tables with previous

techniques.

4.1 Subgoals and Macros

In macro-search, the solution path is constrained to pass through states which

satisfy subgoal conditions. A state is represented by a vector of state variables
X = (xla T2, ey .'Ek)

A subgoal corresponds to a subset of the state variables being set to their goal
values (fixed). For example, a subgoal could be described as “z;, 4 and z7
must be fixed”. Therefore a subgoal represents a set of states which satisfy the
condition g;. First, a sequence of subgoals is selected. If a state u satisfies the
subgoal g; we write u € g;. It is required that if u € g; then u € g; for all j > 4.
The macro-table stores a set of macro-operators for each subgoal. The macro-
operators (or macros for short) are operator sequences in terms of the original
operators which achieve a subgoal state with a single application. Suppose there
are k subgoals associated with the macro-table M and we use it to obtain a

solution for the problem s. The solution is always a sequence
(ml) ma, ..., mk:)
where m; is a macro retrieved from the macro-table such that

(ml OMgO...0 mj)(s) € g;
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M has a full set of applicable macro-operators which are retrieved on demand.
M is usually implemented as a hash-table of macros. Given a state u € g;,

miy1 = M[u) is the applicable macro-operator such that m;y1(u) € git1-

Let us consider the 2 x 2 puzzle as an example. Our state space representation

is as follows.

< T ) ) ’ T3 ’ Ty >
~— ~— ~—

—~
top-left top-right bottom-left bottom-right
In state s = (3, 1,0, 2), the tile 3 is at the top-left position and the blank (label 0)

is in the bottom-left corner. The goal state is (1,2,3,0). The original operators
are U, L, R and D for moving a tile adjacent to the blank “up”, “left”, “right”

or “down”. We chose the following subgoal sequence

1. Bring the blank tile into the bottom-right corner.
2. Bring tile 1 into the top-left corner.
3. Bring tile 2 into the top-right corner.

4. Bring tile 3 into the bottom-left corner.

The entries for the macro-table corresponding to subgoal 1 are shown in Figure
4.1. The blank can be in any of the four possible positions (shown as the dark tile).
The @’s covering the tiles indicate that for solving this subgoal it is irrelevant how
the other tiles are arranged. To solve the first subgoal for state s = (3,1,0,2),
we retrieve the macro

M([(3,1,0,2)] = (L)
This corresponds to the blank positioned in the bottom-left corner (indicated by

the bold 0). Applying L to s, we obtain s; = (3,1,2,0) where the blank is in
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Figure 4.1: Macro-table Entries Corresponding to Subgoal 1.

its goal position in the bottom right corner. We now proceed to satisfy the next

subgoal. The macro-table entries for subgoal 2 are shown in Figure 4.2. In all
1@
@
@ |
® (RDL U)

(DRUL)

Figure 4.2: Macro-table Entries Corresponding to Subgoal 2.

entries the blank tile is in the bottom-right corner, because it is assumed that the
macros will only be applied to states which satisfy subgoal 1. The next subgoal
is to fix tile 1.

M[(3,1,2,0)] = (R D LU)

which applied to s; brings it to the goal state (1,2,3,0). In fact, for the 2 x 2
puzzle every state that satisfies goal 1 and goal 2 must be the goal state so

there is no need for any more macro entries. The solution is (L R D L U) (the

concatenation of (L) and (R D L U)).

While this is a very simple example, it is sufficient to point out some of the issues

with macro-search. First, it is no coincidence that the first subgoal is to fix the
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blank. The position of the blank alone determines which operators apply. We
assume that the given subgoal sequence is correct but as this example shows, the
subgoal sequence in general may not be any sequence of state variables. Second,
the solution sequence we derived for s, namely (L. R D L U), is suboptimal. In
this case, however, the L is followed by R in the sequence. These two operators
are inverses of each other and therefore they can be canceled. Post processing
local search can often shorten the solution obtained from the macro-table but it

is not guaranteed that it results in an optimal solution.

4.2 Macro-search

The premise of macro search is that it is cheaper to solve the subgoals individually
than to solve the problem as a whole optimally. It is important that we gain
insight how this conjecture can be true. The state spaces corresponding to our
choice of subgoals for the 2 x 2 puzzle are depicted in Figure 4.3. The first
state space S; which corresponds to the first subgoal g; is much smaller than the
original state space. Therefore we expect that searches in this smaller space are
also faster. The state space Sy (for subgoal g2), however, is exactly as large as
the original state space (Figure 2.1, Page 13). In fact, usually it is the case that
the search space for the last subgoal is as large as the original state space. Where
do the savings come from? In the figure, we framed the states which are the
entries in the macro-table for subgoal 2. The goal state is identified by the arrow.
The entry states are 4 operator moves away from the goal, which is also 2 moves
less than the furthest state from the goal. For macro-search to be appropriate

for a state space, the entries in the last few subgoals, which are consequently
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Figure 4.3: State-spaces Corresponding to Subgoals 1 and 2.

associated with larger state spaces, must be much closer to the goal than most
states. In our example, it is clear, that macro search would not save us anything.
On the other hand macro-search is quite appropriate for our test application, the

Rubik’s Cube and larger versions of the n x n puzzle.

A macro is optimal if no shorter operator sequence exists which solves the given
subgoal. Since the solutions obtained by macro-search are usually not optimal,
it is not that important that the macros are themselves optimal. Of course, the

shorter the macros the shorter the solutions.

4.2.1 Uninformed Search

Traditionally macro-operators were found by uninformed search techniques. Macro

composition is a technique developed by Sims [Sim70]. Suppose macros m; and
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ms have the same invariant state variables. The idea is to compose m; with
m5 ! to obtain a new macro m;m;"' which has extra invariants. This composi-
tion technique is integral to the Schreier-Sims method [But91], which is also one
of the most important algorithms in Computational Group Theory. The point
stabilizer chain of permutation groups is analogous to a macro-table where the
macro-operators are permutations. In the original algorithm, however, these per-
mutations are not stored as compositions in terms of the original generators. The
data structure is used for calculating the order of groups and to decide group
membership. In essence, the macros are generators of a subgroup which corre-
spond to a subgoal. Nonetheless, it is straightforward to modify this algorithm
such that it “remembers” how the generators were obtained. The solutions de-
rived this way are usually much worse than optimal. The Schreier-Sims method

also requires that state space is a permutation group.

Partial-match, bi-directional search [Kor85c, Kor83a] is a breadth-first expansion
from the start and the goal state simultaneously. When the two search frontiers
meet, an optimal macro has been found. The drawback of this method is that
the size of the search frontier is exponential in search depth and therefore it is

not applicable to search for long macros.

4.2.2 Heuristic Search

To find macros, we are going to use the IDA* [Kor85b] algorithm with auto-
matically generated pattern database heuristics. Since IDA* only uses memory
proportional to search depth, we can use practically all our memory to store pat-

tern databases. Since the values in the pattern database H; for subgoal g; also
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provide valid lower bounds to search in g; for j > 7, we will use the lower bound

value

h(u) = max(H;[u], H;[u])

for state u to search in the state space associated with g;.

4.3 Reducing the Number of Subgoals

In previous works with macro-operators [Kor83a, Kor85c|, each subgoal corre-
sponds to fixing one state variable at a time. However, it is easy to see that a
subgoal just as well could be chosen such that it requires a subset of the variables
to be fixed. With the 2 x 2 puzzle example we showed that in general the subgoal
sequence may not be any sequence of the state variables. In that case the blank
had to be positioned first so it is known which operator applies. On the other

hand it is clear that if

G= <91, g2y -y gk:)

is a valid subgoal sequence then merging any consecutive sequence of subgoals
which retains the overall order is also a valid subgoal sequence. In other words,
we can always choose a consecutive subsequence of subgoals (g, gi11, ..., g;) and

make it a single subgoal.

If the number of subgoals is reduced, we expect the solution to be shorter. In
fact, if all macros are optimal and G, is derived from (G; with subgoal merging,
then a solution corresponding to G5 cannot be longer than the one corresponding
to G. Subgoal merging, however, will come with a price. First, the state spaces

corresponding the subgoals are likely to be larger. Second, the number of entries
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for a single subgoal will explode. Suppose that our merged subgoal is to fix state
variables (z1,%s,...,%Z,) Where z; € D;. Assume that these state variables are
independent. If solved individually, then the total number of macro entries for

the n subgoals is
n

> |Dil

i=1

but when solved together

n

I1 1Dl

=1
macros are needed. Fortunately, independence does not always apply, but the
trend is clear. Macro amortization is potentially a problem if more than one
state variable is fixed in a single subgoal. If there is a large number of macros
associated with a subgoal, an individual macro will only be rarely used. We

suggest three solutions.

1. Choose the number of state variables so the number of macros needed is

manageable.

2. When the number of macros is large for a subgoal, do not precalculate them
but search for them on demand and then store them so they do not have

to be searched for again.

3. If the number of macros is excessively large, solve the subgoal with search

and do not store the macro.

The latter two will result in less predictable search performance. On the other
hand, if we can solve a larger subgoal quickly, then searching on demand could
be worth the additional search time. In our case, we can generate heuristics

automatically and therefore we can perform fast searches. Instead of storing the
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macros for a subgoal when the number of macros is very large, we store the pattern
database which we search with. We will demonstrate this with the Rubik’s Cube
where we build a macro-table where some of the subgoals are solved with on-
demand heuristic search while the rest are solved by retrieving the precalculated

macros.

4.4 The Rubik’s Cube

The Rubik’s Cube is a well known combinatorial puzzle often used as a bench-
mark problem for new algorithms. Optimal solutions (a dozen or so) were only
recently obtained [Kor97]. Finding short solutions quickly still remains a chal-
lenge. This puzzle was also among the ones Korf considered in his original macro
work [Kor83a] and it still fascinates many people'. It has also been solved in
many different ways and therefore we can benchmark our approach. The cube
has six colored faces with nine colored stickers each. The moves are the quarter
turns of the faces. The goal of the game is to bring the same color stickers back on
each face after the puzzle has been scrambled. Structurally the cube is made up
of twenty six little blocks called cubies. There are eight corner cubies each with
three different colored stickers, twelve edge cubies with two colored faces and six
center cubies with one color sticker each (Figure 4.4). The center cubies do not
move with respect to each other, hence they should not be part of an encoding of
the space. The space has 4.3 - 10'° states. The quarter turn operators U, L, R,

F, B and D correspond to a clock-wise quarter turn of the up, left, right, front,

nternational Rubik’s Cube solving championships are still being held and the “Cube

9

Lover’s” news group is still currently active.
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EDGE CUBIE CORNER CUBIE

CUBIE LABELS

Figure 4.4: The Rubik’s Cube

back and down faces respectively. We count two consecutive quarter turns of the
same face in the same direction as a single move (B B = B?). The edge and

corner cubies are labeled as shown in Figure 4.4.

Our state representation corresponds to four vectors

B < Ty T T3 T4 Ts T 7 Ig
T ULB URB ULF URF DLF DRF DLB DRB >
. = < Y1 Y2 Y3 Y& Ys Y6 Y7 Ys Yo Yo Yu Y12 >
t UB UL UR UF DF DL DR DB LB LF RB RF

< 21 29 23 Z4 zs5 26 27 28 >
vg =
ULB URB ULF URF DLF DRF DLB DRB

. < w w2 Wiy wg W5 W W7z W Wy W W11 W2 >

T UB UL UR UF DF DL DR DB LB LF RB RF

v; and v, are indexed by the positions of the corner and edge cubies respectively.
The domains of the state variables z; and y; are also the labels of the corner and

edge cubie labels. For example, if 3 = DLF, then the cubie labeled DLF is in
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the position ULF'. v3 and v, are the orientations of the corner and edge cubies.
The corner cubies can be oriented in 3 different ways (labels 0, 1 or 2) and the
edge cubies in 2 ways (labels 0 or 1). In the goal state, all cubie labels in v,
and v, are at their home positions and all orientations in v and v4 are 0. In
our encoding, each quarter twist changes the orientation of an edge cubie, while
the corner cubie orientations change according to the rules depicted in Figure

4.5. For example, if the corner cubie is at the ULF position (shown by the bold

BACK

Figure 4.5: Corner-cubie Orientations.

arrow) currently with orientation 2 then turning the front face clockwise changes
the orientation to 1, turning the up face does not change the orientation and

twisting the left face clockwise changes its orientation to 0.

4.5 Domain Abstractions

First, we show an actual example of a subgoal. Consider the subgoal {zs, 26, y12, W12)
where the positions and the orientations of cubies RF and DRF are to be fixed

and all top face cubies were fixed for previous subgoals. Figure 4.6 shows the goal
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state (left) and a start state (right) for a macro that needs to be calculated for

this subgoal. The cubies to be fixed are identified by the arrows. The dark balls

DRF

RF

DRF

Figure 4.6: Subgoal States for the Rubik’s Cube.

represent the cubies which will be fixed by the macros of subsequent subgoals. In

our state representation the goal state for this macro operator is

<ULB URB ULF URF .
M =

® [ ]
ULB URB ULF URF DLF DRF DLB DRB>

UB UL UR UF o . .
Vg =

oy

UB UL UR UF DF DL DR DB LB LF RB RF

0 . ™ °
Vs =

< 0 0 . ° . >
vy =
ULB URB ULF URF DLF DRF DLB DRB

. ° ® 0>
UB UL UR UF DF DL DR DB LB LF RB RF
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and the start state is

v =

<ULB URB ULF URF DRF ) . . >

ULB URB ULF URF DLF DRF DLB DRB
UB UL UR UF o e RF o ° . ° ° >
Vg =

UB UL UR UF DF DL DR DB LB LF RB RF

(
0 0 . 2 . o
e <ULB URB ULF URF DLF DRF DLB DRB>
0 . . . . . . . 1
<UB UL UR UF DF DL DR DB LB LF RB RF>

Since we have 4 vectors of state variables in a state representation all with different
domains, we need 4 abstractions to derive the abstract states. @1, @2, ¢35 and ¢4
are individually applied to v, v9, v3 and vs. The corresponding domains D, D,
D3 and D, also include the e which is used for the cubie labels and orientations
which will be fixed by the macros of later subgoals. The scope of ¢; and ¢, are
the entire state vectors v; and vy. On the other hand, ¢; and ¢, act on the

individual variables in v; and v4.

One of our aims is to generate domain abstractions which induce the largest
possible pattern databases that fit in memory. As we showed in Chapter 3, the
larger the pattern database the faster the searches. Therefore we will start with
the identity abstraction and will make it successively coarser until the pattern
database it induces fits within our memory limits. Initially D} = D;. Our domain
abstraction generator applies one of the following rules to make the abstraction

less fine-grained.

1. Choose two non e labels from D) and merge them into one.
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2. Choose two non e labels from D) and merge them into one.
3. Choose one non e label from D} and assign it the label x

4. Choose one non e label from D) and assign it the label x

The % label, from the orientation point of view, is like the ». The operators do
not change the % orientation. We keep e and x separate to distinguish the ones
(x) that belong to this subgoal. For example, a few iterations of the rules above

could yield the domain abstractions

x ULB URB ULF URF DRF o

é(z)] A A B B DRF e

z UB UL UR UF RF o

¢o(x)| A A UR A RF e

x ULB URB ULF URF DRF o
012012012012¢01 2

d3() |01 2 x x x 01 2 x x x 01 2 e

x UB UL UR UF RF o
0101010101

do(x) | *x x * x * x 01 0 1

After each application of a rule we determine the size of the resulting abstract

space and if it is still too large then we keep making the abstractions coarser.

In our initial experiments we observed that our abstraction generation rules
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should not select the labels and the orientations of the cubies to be fixed for
the subgoal. If these are abstracted, then the heuristic value obtained for the
start state could be very low or often zero for the last few subgoals. For example,
consider the subgoal where all cubies are fixed except for two corner cubies. If
the abstraction assigns the same label to these two cubies and also abstracts their
orientations, then the initial lower bound hgy(s) will be 0 for all macro start states
because ¢;(g) = ¢;(s) where g is the goal state. From the experiments in Chapter
3 we know that the higher the kg value the faster the search with IDA*. Therefore
we definitely want to avoid low hg values and our abstraction generator will not

select the domain labels of the state variables fixed for the subgoal?.

4.6 Results

For the experiment, we built 3 macro tables. Table T35, is a macro table with 18
subgoals (the order of these subgoals is listed in Table 4.1 and corresponds to our
preference to solve the cube by hand). T§ is a macro table with six subgoals. The
subgoals of Ty (Table 4.2) were obtained by merging consecutive subgoals from
T1s,1. The first subgoal of T§ is to fix all cubies on the "up” face at once. Rather
than precomputing and storing in a table the 96 million macros required for this
subgoal, we instead solve each instance of it, as needed, by a heuristic search with
pattern databases. Tig 9 is also a macro table with 18 subgoals. It uses the same
subgoal sequence as Korf did in his original work [Kor83a]. At the time, he could
not calculate all the optimal macros (because of small memory computers) and

obtained 7 by macro composition. We replaced these 7 by the optimal macros

2unless it is necessary to fit the resulting pattern database in memory.
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found by our method. We have also set a bound of N = 2,000, 000 for the size of
a pattern database. For the initial subgoals we used only one pattern database.
Subsequent subgoals used the pattern database from the preceding subgoal as
well. The heuristic values were combined by the maz function to guarantee

admissible heuristic values.

We also performed post processing on the solution paths. The first form of re-
duction can be applied for every macro table, the second is specific to the Rubik’s
Cube. If the macro returned for subgoal g; ends with ...0p,, 0—g..., Og—1, 0 and the
macro retrieved for subgoal g;;; starts with o,;l, o,:_ll, ...,o,;fz,on, then the con-
catenated sequence should have the inverses which cancel removed: ....,0p, 0y, ....
The other reduction comes from the fact that operators turning opposite faces
in the Rubik’s Cube do not move common cubies. If the concatenated path con-
tains a subsequence of the form ...,U, D, U, ... or ..U, D,U!, ... then these can be
reduced to ...,U?%, D, ... and ..., D, ... respectively because U and D are opposing

faces.

We generated 10,000 random instances of the Rubik’s Cube by random walks
of 500 moves each. These problem instances were then solved by the macro
tables Tig1, T1s2 and Ts. The lengths of the solutions for the test instances are
summarized by the histograms in Figure 4.7. It is clear from these histograms that
the longest solutions with the 6 subgoal macro table are as good as the shortest
solutions with the 18 subgoal macro table. It would be worthwhile to compare
these results to the optimal solutions but today even with the latest methods this
is impossible. It is conjectured [Kor97] that the longest shortest path (diameter)
between two states is no more than 20 moves and the vast majority of states are

18 moves away from the goal state. In light of these numbers, we estimate that
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Figure 4.7: Histograms of solution lengths obtained for 10,000 random cube states

our solutions with Tg are on average 2.5 times and in the worst case 3.5 times of
optimal. With Tig; the solutions are 5 times longer on average and in the worst
case 7 times the optimal length. The average solution length on these 10,000
random instances for Ty is 50.3 and for T1g; it is 89.8. Tig; performs slightly

worse than Tg 2, whose solutions average 82.7 moves.

Ts’s histogram seems to have two humps. We believe that this is due to the
fact that there are many very short macros for the second, third, fourth and
fifth subgoals. If the cubies are in a “lucky” arrangement they will be fixed with

significantly fewer moves than the average.

Tables 4.1 and 4.2 show the detailed statistics corresponding to the searches for
the macros of T15; and Ts. Table 4.1 also gives the combined results for those
subgoals which were merged to form single subgoals in Tg. The entries in the first

column are the individual subgoals. For example, in Table 4.1, the first subgoal
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subgoal # of macros | longest macro | average macro | nodes expanded
URF 24 2 1.54 200
URB 21 3 2.05 8,300
ULB 18 4 2.22 40,400
ULF 15 6 3.87 117,000
UF 24 8 5.33 187,200
UL 22 8 5.27 171,600
UR 20 8 5.40 156, 000
UB 18 8 5.22 142,000
total: 162 47 30.90 822,700
LF 16 9 5.50 128,000
LB 14 9 5.92 122,400
DL 12 7 4.33 92,600
total: 42 25 15.70 344,000
RF 10 9 6.40 91,200
RB 8 10 6.75 141,600
total: 18 19 13.15 232,800
DF 6 7 5.33 46,800
DB 7 11 7.00 286, 600
total: 13 18 12.33 333,400
DRF 12 12 8.25 6,117,600
DRB 9 12 8.22 6,081,000
total: 21 24 16.47 12,198,600
DLF 2 13 13.00 94, 303, 000
grand total: 258 146 101.6 108,234,500

Table 4.1: Macro table T1g;: Statistics
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subgoal # of macros | longest macro | average macro | nodes expanded
URF,URB,
ULB,ULF, 96,282,624 ~ 13 9.30 ~ 250,000
UFULUR/UB not stored for each solution
LF,LB,DL 2,688 11 8.84 109, 524,000
RF.RB 80 12 8.45 5,526, 200
DF,DB 24 12 7.75 3,875,000
DRF,DRB 108 13 10.73 1,914,102, 800
DLF 2 13 13.00 94, 303, 000
grand total: 2,902 74 58.07 2,127,331,000

Table 4.2: Macro table Tg: Statistics

is to fix the cubie U RF, the second subgoal is to fix the cubie U RB while leaving
the previously fixed cubies (namely URF) intact. For Ty the first subgoal is to
fix the entire upper face (the 8 cubies listed in the first row and first column of
Table 4.2). The second column entries are the number of macros needed for the
subgoal. For example, the number of macros needed for subgoal URB in Tig;
is 21 (second row, second column) because cubie URB can occur in 21 different
places and orientations once the previous subgoals are satisfied. For Ty, the first
subgoal would require 96,282,624 macros, which we do not store or pre-calculate.
The third column lists the longest of the macros for the subgoal and column four
gives the average macro-length. The fifth column is the total number of nodes
expanded to calculate these macros. Table 4.1 has rows with label total, which
are simply the totals for the subgoals just above. These can be directly compared
to the rows of Table 4.2, because they total those subgoals which are merged to
form single subgoals in Ts. For example, for the three subgoals LF', LB and DL

in Table 4.1, the total number of macros is 42, the total of the longest macros is
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25 and the total of the average of macro lengths is 15.7 moves. The corresponding
subgoal in Table 4.2 is {LF, LB, DL}. For the composite subgoal, the number
of macros needed is 2,688. The longest of these macros is 11 and the average
macro length is 8.84 moves. The grand total column for the tables show the totals
for all subgoals. The projected average performance of Tig; (grand total row,
fourth column in table 4.1) is 101.6 moves and it is 58.07 moves for Tg. These
are longer than the experimentally obtained averages. The reason is the path

post-processing we described earlier.

Tis,1 has 258 macros of which 18 are trivial. T has 2,902 macros stored of which
only 5 are trivial. A trivial macro has length 0 and corresponds to an already
fixed subgoal. Each subgoal has exactly one of these. We counted the trivial
macros as well, because it can happen that a subgoal is fixed by chance and

therefore should be included in the averages.

Both the projected and the experimentally determined worst case for Ty (74
and 68) are much better than the average performance of Ti5; (and Tis2). The
improvement in the average solution length is 44%. These reductions speak for

themselves, however we must also consider at what cost they were achieved.

First we consider memory used in the searches. It took 13 different pattern
databases with 15 million entries stored altogether to build the macros for 7Tig ;.
At any time there were no more than three pattern databases in memory with
5 million entries combined. We needed 11 pattern databases to build 7y and
similarly, we never used more than three of these at a time. All macros were
obtained by IDA* [Kor85b|, hence no memory additional to the pattern databases

was required during the searches.
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In comparison to the partial-match, bi-directional search method {Kor83a, Kor85c]|,
we can show significant savings in memory usage. The longest of Korf’s macros
are of length 13. For these, a bi-directional search must reach level 6, where the
number of nodes in the search tree is over 10 million. Keeping in mind that the
search frontier must be in memory and that for finding each macro the search
trees are different, heuristic search with reusable pattern databases is a clear
winner. We also can limit our memory usage (we never had more than 5 million
entries in the pattern databases used for a single search and we also imposed a
2 million entry limit for a single pattern database). We do not need more mem-
ory to search for longer macros. Korf’s bidirectional approach, however, needs

memory exponential in search depth.

To obtain the 258 macros of 751, a total of 108 million nodes were expanded,
while 2 billion nodes were expanded to build the 2,902 macros of 7. Building
Tis,1 took an hour of CPU time, while over a day of CPU time was needed to
build Tg3.

The memory required to obtain a solution with 714 ; is to store the 258 macros, T
has 2,902. This is negligible. On the other hand, T uses two pattern databases
with a combined size of 300,000 entries to search for the first subgoal. We could
store much larger pattern databases, however, we felt that this should count
as part of the macro-table and therefore smaller pattern databases are more
appropriate. However, we believe that even these requirements are reasonable

with modern computers.

With respect to the speed of obtaining a solution, Tis; and Tigo are the clear

3With a 300MHz clock speed computer
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winners. It takes a constant number of operations to derive a solution and the
post processing is linear in the number of moves of the solution. 7y performs a
heuristic search to fix the first 8 cubies and this on average takes 250,000 node
expansions. While this search takes about a second with our implementation, it

is orders of magnitudes slower than Tig; and Tig .

Our primary goal, however, was to significantly reduce the solution lengths. We
believe that the additional time required to build the macros and the initial search

to fix the first subgoal are well worth the effort.

From Tables 4.1 aﬁd 4.2, we can also determine where the savings come from.
The first 8 subgoals combined in Tig; are represented by a single search in 7.
The projected worst case for these subgoals is 47 moves with Tig; and 15 moves
with Tg and the predicted averages are 30.9 (T1s:) and 9.30 (75) moves without

post, processing.

The difference in the predicted averages for the first 8 cubies is 21 moves and hence
this one big subgoal merge accounts for almost 50% of the total savings alone.
Then we merged 3 subgoals (LF, LB and DL) into one. The projected expected
savings is 7 moves (from 15.7 to 8.84). The rest of the subgoal combinations show

similar ratios, except there is less of an explosion in the number of macros.

There are two other methods we can compare our approach to. The two extremes
are the algebraic solutions calculated by the Schreier-Sims method [Sim70] and
the optimal solutions obtained by Richard Korf [Kor97]. Our implementation of

the Schreier-Sims method needs only 8 minutes to build a stabilizer chain* (the

4This was implemented in the interpreted language MIT Scheme, while our macro implemen-

tation is in C++
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Group Theory equivalent of macro tables). The average solution length is around
455 moves. An expensive local search path improvement suggested by Osterlund
[Ost] shrinks these paths to an average of 89 moves. This is almost the same
as Tig,1. However, the Schreiér—Sims method and Osterlund’s path improvement
rely on the fact that Rubik’s Cube is a group and therefore are less general than

Korf’s macro search.

The optimal solutions obtained by Korf [Kor97] required expanding 3 billion
states for optimal solutions of length 16 and close to a trillion states for optimal
solutions of length 18. He used three pattern databases with 172 million entries
combined. The long solutions take days of CPU time individually. In essence,
any one of the optimal searches, even for the short solutions, requires expanding
many more states and much more memory than obtaining all macros in both

macro tables combined and solving the 10,000 test instances.

4.7 Chapter Summary

In this chapter we demonstrated that macro-operators can be obtained efficiently
with automatically generated heuristics. The speedup over uninformed techniques
is so great it also allows us to reduce the number of subgoals by merging consec-
utive ones. This results in dramatically reduced solution lengths at reasonable
additional cost. Macro-search is a very well suited application for our pattern
database technique, since each subgoal represents a different search space and
therefore automatically derived heuristics are preferable. On our test problem,

Rubik’s Cube, we achieved 44% improvement in solution length. Unlike bidirec-
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tional partial-match, IDA* with automatically generated heuristics can run within

user defined memory limits.



Chapter 5

Application to the Sequential

Ordering Problem

In this chapter we use pattern databases to solve the Sequential Ordering Problem
(SOP), which is a well studied problem in scheduling and in Operations Research.
Our interest in the SOP is that it is an optimization problem with O(n?) costs. In
all previous pattern database work (except [CMT81]!) the operators associated
with the problems had unit costs. We will describe a novel way of building
pattern databases. The domain abstractions will be obtained by greedy local
search and we will show that in some cases the ones we derive this way could
result in substantially more accurate lower bounds than the best ones chosen
from a random pool. We will also introduce two novel search algorithms which

are improvements of Depth-first Branch and Bound (DFBB).

IWhile Christofides et al. used memory stored lower bounds first to solve routing problems
(with operators having varying costs), our derivation of the abstract space is substantially

different from their work.

96
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5.1 The Sequential Ordering Problem

The Sequential Ordering Problem is a version of the Asymmetric Traveling Sales-
man Problem where precedence constraints must also be observed. Let G be a
graph with n vertices with vy, v,_1 € G chosen to be the start and terminal ver-
tices. The aim is to find the cheapest cost path through G which starts in vy and
terminates in v,_; while visiting each vertex only once without violating prece-
dence constraints on the vertices. The vertices vy and v,_; may be two labels
for the same vertex and in this case the solution corresponds to a Hamiltonian

circuit instead of a Hamiltonian path.

The SOP is a model for many industrial applications [Asc95, GD00] and despite
significant research focusing on this problem, there are still SOP instances with
only 40-50 vertices which have not yet been solved optimally?, although there
are instances (for example the ones derived from stacker crane schedules) with
over 100 vertices that could be solved easily. Compare this to the thousands of
vertices Symmetric Traveling Salesman Problems (STSP) (like the famous “Tour
of Germany” 3) and several hundred vertex Asymmetric TSPs (ATSP) which can
be solved optimally today. Large STSPs can be solved with branch and cut be-
cause there are large classes of necessary linear inequalities and good separation
heuristics. The ATSPs use the Assignment Problem (AP) lower bound which can
be calculated in polynomial time (with the so called Hungarian method [Kuh55])

and often it is also accurate [Zha03] (there is a phase transition related to the

2The TSPLIB [TSP] has a collection of unsolved instances of SOPs
3The “Tour of Germany” is a symmetric TSP of 15,112 cities. The optimal solution is

posted at http://www.math.princeton.edu/tsp/d1bsol/ and is referred to as d15112.tsp

in the TSPLIB [TSP]
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number of digits used for the costs). However, once precedence constraints are
introduced, these techniques are no longer adequate to solve the same size prob-
lems. The challenges with the IP formulation include encoding the precedence
constraints as linear inequalities and identifying the ones which are facet inducing
(separation and lifting). Some classes of inequalities have been implemented by
[AJROO] and shown to be valid for the SOP. It is also still unknown how to in-
corporate precedence constraints into the AP lower bound and therefore the AP
bound is usually very inaccurate. It is striking how the introduction of additional
constraints renders state-of-the-art TSP solvers inadequate to solve some hard
instances of the SOP. The best known technique ([AJRO00]) could solve a class of
larger SOPs (100+ vertex) based on actual stacker crane schedules, but the same
program was also unable to solve some smaller (44 vertex) SOPs which were ob-
tained by adding random precedences to ATSP instances from the TSPLIB. On
some problems, the gap between a lower and upper bound was quite significant
(eg. lower bound 65,497 and upper bound 83,005 for p43.4). Because of this, we
expected that our automatically generated lower bounds used with state-space
search could be as good or even outperform previous attempts on SOPs that look

for optimal solutions.

5.2 State Space

To demonstrate our problem formulation and solution for the SOP, let us consider
an example routing problem. A helicopter is sent off from shore to visit six oil
rigs (as depicted in Figure 5.1). Its purpose is to deliver fresh crew to the rigs

and to bring back workers to shore for vacation. It also must transfer a driller
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Figure 5.1: A Helicopter Routing Problem

from rig 5 to rig 2, an engineer from rig 2 to rig 3, an electrician from rig 4 to
rig 3 and pick up supplies at rig 6 and deliver them to rigs 2 and 4. To simplify
matters, let us also assume that with respect to payload and seating capacity the
helicopter can visit the oil rigs in any order. There is also wind over the sea as
indicated by the arrows in Figure 5.1. As a result, between a pair of rigs a and

b, the cost of flying the leg ab could differ from that of ba.

To model this problem as SOP, we treat the rigs and the landing pad as vertices
in a graph G. In fact, the landing pad is also the source and destination vertex

and therefore it will be represented by two vertices (0 and 7) in G.

The precedences correspond to a graph P with the same vertices as G. In P, the
edge uv represents the precedence constraint that vertex v must precede vertex
u in a feasible tour. The redundant edges are removed, if there are edges uv
and vw in P then the edge uw is redundant as the corresponding precedence is

implied. The precedences corresponding to our example are depicted in Figure
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(0)
&) (8,

Figure 5.2: Precedence Graph for the Helicopter Routing Problem

5.2. The start vertex 0 must precede all other vertices and the terminal vertex 7
is preceded by all other vertices. The original edge costs of G' are given by the

cost matrix below.

X 7 X x x 12 7 x

x 3 6 7 13 12 6

5 = X = = = 7

C= (5.1)
- X
11 6 x 4 x 4 x

10 4 x 7 5 x 6

-
-
-
- 6 3 2 x 4
-
-
-

>—>>>>~>—><)

\

The entries marked > correspond to the precedences. C[i][j] => if vertex j must
precede vertex i in a feasible tour. If C[i][j] = X, then the edge v;v; cannot be

taken. The SOP instances posted in the TSPLIB [TSP] are given in a similar
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format. -1’s encode precedences but there are no x entries. There are two reasons
for having missing edges (X entries) in the cost matrix. First, some transitions
may be forbidden in the original model (eg. there is no road connecting two cities).
Second, the precedence constraints may logically exclude some of the edges. These
constraint violating edges, however, can be readily obtained from the precedence

graph which can be calculated efficiently by dynamic programming.

A SOP state in our representation corresponds to a partial completion of the
tour. For example,

u=0—-1—25—6

is a partial tour starting in vertex 0 and currently terminating in vertex 6. Its cost
is 24. It is also feasible* with respect to the precedences defined in C (Equation
5.1, page 100). The successor states each add a new vertex to the tour branching

from the last visited vertex. The resulting states (below) must also be feasible.

A(u) total cost
0212526 42 28
051256 54 31

To evaluate whether adding a vertex to a partial tour u is feasible and to obtain
the cost of the resulting state v, we only need to know the vertices already included
in u and its last vertex. From this perspective, the order of already visited
vertices in the tour is irrelevant. For computational reasons, in our actual state
representation, we record the last vertex in the partial tour and the set of states

which are still available. The vertices already part of the tour can be inferred

4the vertices included in the partial tour satisfy the precedence constraints
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from this. For example, in state

u=(2,3,4,7) [6]
Se————
available last

the vertices 2, 3, 4 and 7 are still available and the partial tour currently termi-
nates in vertex 6. From this, we also know that the vertices 0, 1 and 5 are already
visited. We also define the functions av and curr over states which return the list
of available vertices and the current last vertex in the partial tour respectively.

For the example state u above,

av(u) = (2,3,4,7)

curr(u) = 6

The SOP state space S(n), with this representation is a lattice with the start
state at the apex and the goal state at the bottom. The lattice has n levels corre-
sponding to adding a vertex to a partial tour. Edges connect only adjacent levels.
The start state is at level 0. Our state representation implicitly encodes level in-
formation: the number of vertices available subtracted from n — 1 is the level
where the state belongs. The state-space lattice corresponding to our example is

depicted in Figure 5.3.

The full lattice not considering precedences has
n3/n—-2
1S(n)| < (; ( . )(n— 2—2’)) +2 (5.2)
states. At level 1 <[ < n — 2, n— 2 — [ vertices are available from the n — 2
possible vertices, since vertices 0 and n—1 are reserved. The last visited vertex in
the partial tour could be any of the not chosen [ vertices from the n — 2. Setting

i = n — 2 — I, Equation 5.2 follows. There are at most (n — 2)! complete tours
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Figure 5.3: State-space Lattice for the Helicopter Routing Problem

through S; some are infeasible because of the precedence constraints. |S(n)| is

significantly smaller than (n — 2)!. For example, for a 30 vertex SOP,

|S(30)| = 3,758,096,386 // states in S
981 = 304,888,344,611,713,860,501,504,000,000 // paths through S

5.3 Lower Bounds

5.3.1 The Abstract Space

The lower bounds will be derived from state space abstractions. ® : § — S’ is a
function which assigns states and edges of S to those in S’. ® also preserves the

level structure of S. Figure 5.4 illustrates the conceptual relationship between
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Figure 5.4: State Space Lattice Abstraction

the original and abstract lattices. The action of ® on the states of S is to cluster
states from the same level and assign each group of states a unique state in
S'. @ also picks the cheapest cost edges between the resulting clusters and only
these edges will be retained in S’. It is easy to see that ® induces a state-space
homomorphism as defined in Section 2.4 and therefore the cost of the cheapest
path from s’ to ¢’ in S’ is a lower bound on the cost of the cheapest path from
s to g in S. In the previous chapters, each pattern database was built from a
single abstraction. For the SOP, we will use more than one abstraction to build
a single pattern database®. Each domain abstraction will correspond to one level

of the SOP state space lattice.

Let S; and S; represent the ith level of S and S’ respectively.

¢ =< ¢07 ¢17 seey ¢’n—1 >

is a vector of domain abstractions indexed by the levels of 5. Each domain

5or equivalently, we can think of having a different pattern database for each level
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abstraction induces one level in the abstract state space lattice S’

The number of states on level S; depends on the granularity of ¢;. Coarse granu-
larity abstractions yield narrower levels and fine grain abstractions result in wider
levels. Without loss of generality, we will use the integers 0 to n—1 for the original
domain and 0 to ¢;(n — 1) for the target domains. Our domain abstractions will
also preserve the uniqueness of the start vertex and the terminal vertex which
are 0 and n — 1 in the original domain. This way the vertex label is also an index
into the cost matrix (indexed from 0 to n — 1). For example, consider the two

domain abstractions ¢4 and ¢5 for our helicopter routing example (Figure 5.1).

|01 2 3 45 6 7
¢4 (v)
¢s5(v)

¢4 and ¢s cluster the states of Sy and S5 (Figure 5.3) respectively. The resulting

01112334 (5.3)
0112334°GH5

abstract states are shown in Figures 5.5 and 5.6. The action of ® on the states

Sy— | [ (LLAM] ] | (L2 ] | (L,L,YB]] | (1,2,9[1]
T T T T

Se—| [ (2,3,7[1] | | (1,3,7)[4] (2,3,7[51 | | (3,4,7)[1]

(1,3,7)(2] | | (2,3,7)[4] (3,4,7)[2]

Figure 5.5: The States of S, = ¢4(S4)

of S is purely a syntactic relabeling of the state representation. Note that the
vertices of the original SOP graph do not get merged by domain abstractions. In-

stead, some vertices receive identical labels which make them indistinguishable in
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Ss— | | (L) | 2,5)[] | | (2,5)[3]

1 T 1

Ss— | | (LDB | GD | | G4
(3,7)[2]

Figure 5.6: The States of S} = ¢5(S5)

the abstract space. For example, in the abstract state ¢4((2,3,7)[1]) = (1,1, 4)[1]
there are two vertices available with label 1 and both must be taken to complete

the tour.

The action of ® is fairly trivial on the states. To complete the abstraction of @
we must specify its action on the edges. Let us consider two adjacent levels of the
abstract lattice S’. These are the result of the action of two potentially different
domain abstractions. Let D be the domain of original vertex labels (always {0,
.., n-1}) and D; and D;4; the domain of labels at levels ¢ and ¢ + 1. S} = ¢:(S;)
and S}, ; = ¢iy1(Si11), where ¢; : D — D; and ¢;y1 : D — D;y;. In our example,

(Equation 5.3)

¢4 : {07172733475a6) 7} - {071)21374}
¢5 : {0a17273747576: 7} — {0’]-,2’3747 5}

There are |D;| labels on S! and |D;:| labels on Si ;. Let ¢;'(s}) denote the

preimages of s} on S;, that is,
;' (s1) = {sildi(si) = s}, si € Si}
The edges which get merged by ¢; and ¢, are those with entries

C[(bz’_l (curr (5;))] [‘751‘111 (C’U’TT(S;+1))]
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in the original cost matrix. Therefore the cost matrix C;;;; that assigns the edge
costs between S; and S}, is a |D;| x |Dj41| matrix. Of the merged edge costs,
we have to choose the one with the minimum cost. However, as in Equation 5.1,
the cost matrix also contains precedence information and non-existent edges (>
and X entries) which we also have to handle. First, we introduce some notation
and then define our rules of deriving the edge costs in the abstract state space.
Let v; be the label assigned to the last vertex in the abstract partial tour s; and

let V; be the preimages of v; under ¢;.
v; = curr(si) label of the current last vertex in s; € Sj
Vi = o7 w) labels which map to v; under ¢;

Figure 5.7 shows a cluster on adjacent levels induced by the domain abstractions.

Every abstract state whose currently last vertex in the corresponding partial tour

Figure 5.7: Edges Connecting State Clusters

is v; has preimages in S with a currently last vertex in V;. In Figure 5.7, the state
clusters in S become the single states (filled nodes) in S’. Therefore the edge

between the two abstract states (shown as the bold arrow) corresponds to the
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entries C[V;][Vi41] in the original cost matrix. In the abstract cost matrix that
describes the edges between S; and S, these entries will be represented by a
single edge cost. Since the domain abstractions can vary from level to level in S},
we need a different cost matrix to specify the connectivity between each adjacent

pair of levels.
Cl = <C(I),17C{,2’ RS ;1—2,n~1>

C' is a vector of cost matrices. Note that Cj;,

, is not necessarily a square
matrix. The rows are indexed by the codomain of ¢; and columns correspond to

the codomain of ¢; 1.

The abstract cost matrices must result in abstract spaces that guarantee the
connectivity and cost requirements of a State Space Homomorphism (Definition
14, page 21). For a SOP G, with cost matrix C, state-space lattice S and domain
abstractions ® =< ¢y, ¢4, ..., ¢o—1 >, the following rules will be applied to obtain

the vector of abstract cost matrices C'.

1. If all edge costs C[Vi][Vi41] are = then C];,[v][vis1] =>

The entry > represents a precedence constraint, Cla][b] => if b
must precede a. Since, in this case, all vertices in V;;; precede all
vertices in V; in a feasible tour, v;{; will precede v; in all feasible

abstract tours.
2. If all edge costs C[Vi][Viy1] are x then Cj;,[vi][viz1] = x

This means that there are no edges from any of the preimages of
v; to any of the preimages of v;4; in G and therefore there should

be no edge from v; to v;y; in an abstract tour.
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3. If the entries of C[Vj][Vi41] are all = and x then Cj; ;[vi][vi41] = X

In this case we know that there are no edges from any of the
vertices of V; to any of V;,; in G but we cannot preserve the
precedence constraints as it is not true that all of V;; precedes

all of V;.

4. If there is at least one numerical entry in C[V;][Viy1] then Cj,,,[v;][vis1] is

the minimum of the numerical entries ignoring the > and X entries

Since there is at least one edge from the set of vertices V; to the
set of vertices Vi1, we must preserve this link. We choose the

minimum of the numerical entries.

Theorem 4 Applying the above four rules to derive the abstract cost matrices
for 8" = ®(S), it is guaranteed that the optimal cost of completing s' € S’ is a

lower bound on the optimal completion cost of s € S.

Proof 5.1 (Theorem 4) Suppose s is at level [ in S. Let p = (v, V41, ooy Un—1)

be any precedence observing completion of s. The cost of this completion is

n—2
= > Cluil[vis]
i
We show that the path p' = (¢;(v), 141(Vis1)s o) Pr—1(Vn-1)) in S’ is a completion

of s' with cost ¢(p') < e(p).

Since p is a feasible path, we know that the entries C|v;][v;+1] are not > and not

x. The cost of the corresponding abstract path p’ is

Z z+1[¢z Uz ¢z+1 ('Uz+1)]
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While we do not know the exact values of Cj;,,[¢i(v)][#i1(vis1)], we know that
they were created by applying rule 4 only. We know this, because only rule
4 applies when there is at least one real edge (non > and non Xx) between the
preimage states clusters. The cost of this edge, according to rule 4, is the cheapest
of the edge costs between the preimage vertex clusters. The costs Clv;][vit1]

belong to these clusters, so ¢(p') < c(p).

We still have to prove that there are no precedence constraints introduced in
Cj ;41 which would make p' constraint violating in S'. For p’ not to exist, there
must be a precedence constraint for some [ < ¢ < n — 2 which prohibits taking
the @s(vi) — di11(viy1) edge in p'; namely Cj . 1[¢k(vir1)][Pr+1(vi)] =>, where
! <k <n—2. Only rule 1 introduces precedence constraints into Cj ;. If there
is a > entry created in Cj,,, then all of 7 " (vi41) must precede all of ¢ (v;);
the precondition for rule 1. Since p is precedence observing in S, in p v; precedes

v;4+1 and therefore rule 1 does not apply to the edges of p. [l

Using our rules, every feasible path is preserved but some feasible abstract paths

do not have feasible preimages.

Let us demonstrate our rules with an actual example. Consider the cost matrix
C (Equation 5.1) and the domain abstractions ¢, and ¢5 (Equation 5.3). First,

we show which edges are going to be merged by the abstractions.
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1 2 3 4 5 6
¢s L A
1 1 2 3 3 4

b4
0—>0 7T x X x 12 7
1—-1 x 3 6 7 13 12
21 2 X 4 4 ~ -

Cis =

351 5 » X - > -
4— 2 6 3 2 x 4 -
5—3 11 6 X 4 x 4
6—3 10 4 X 7 5 X
T4 - = = |>= > >

111

Equation 5.4 shows the edges that get merged as a result of domain abstractions

¢4 and ¢s. @4 affects the rows (level 4) and ¢5 the columns (level 5). The entries

which will be retained in the abstract cost matrix according to our four rules are

shown in bold font. The resulting cost matrix is

, —
C14,5 -

x 7 x 12 7 x\
2 4 4 12 6
3 2 4 » x
4 x 4 4 6

Y Y Y Y

= = = = X

(5.5)
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It is a 5 x 6 cost matrix, since there are 5 abstract labels at level 4 and 6 abstract

labels at level 5 in §'.

Note that most of the precedence constraints got eliminated and in many cases
high cost edges were wiped out by cheap ones. In Section 5.3.3 we will examine
what considerations should be taken into account when selecting domain abstrac-

tions.

5.3.2 Calculating the Lower Bounds

While the correspondence between S and S’, as defined in the previous section,
is conceptually cléar, we must note that for realistic SOPs |S| is so large that
it cannot be enumerated explicitly and therefore we have to generate S’ without
generating S. The lower bounds will cdrrespond to the -, values defined in
Equation 2.12 in Theorem 1 (Page 27). First we need the function A;ii 1.¢; Which
generates the predecessors of abstract states. Because implementing this function
is not straightforward and it is subject to issues not yet discussed, we delay its

description until Section 5.3.4.
Mathematically, the distance to the abstract goal y(s}) is defined as

, 0 ifs;=¢
v(si) = (5.6)
min (nyi nleurr(s))]curr(si, )] + (s} +1)) otherwise

i
where

5; € A@L,@ (8i41)
We can modify Dijkstra’s single-source all-shortest-paths algorithm [Dij59] to

take advantage of the level structure of S’. Our algorithm only needs to consider
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a pair of adjacent levels at a time in this expansion and therefore it does not need

to keep in memory states expanded on previous levels in memory.

Figure 5.8: Expanding the Abstract State-space

Figure 5.8 shows how the abstract space S’ is actually calculated by solving
Equation 5.6. The expansion starts with the abstract goal state and proceeds
by calculating the values of Equation 5.6 between adjacent levels. The values
of v are written in the nodes, while the edges s;, s are labeled with the cost
cost(s;, s;,1). The completed dynamic programming table is the pattern database
of lower bounds we need. The running-time memory requirements of this algo-
rithm is O(width(S)) since the 7 values of already calculated levels can be written

to disk.

Definition 21 (Width of Lattice) The width of a lattice is the mazimum num-

ber of states among all its depth levels.

width(S) = max | S;|
S;eS
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5.3.3 Choosing Domain Abstractions

An instance of a SOP is defined entirely by a single cost matrix. To calculate
the lower bounds as described in the previous section, we also need to know the
vector of domain abstractions ®. ® can be any vector of domain abstractions.
We, however, are interested in domain abstractions that result in accurate lower
bounds. From the results of Chapter 3 we expect that the larger the pattern
database the better the lower bounds. Therefore, one of our goals is to calculate
the abstractions that yield the largest S’ that still fits within our memory lim-
its. The number of abstract states on a given level in the abstract space lattice
depends on two parameters. These are the granularity of the abstractions and
the precedence constraints. Given the granularity I'y, we can calculate exactly
the maximum number of abstract states on S}, not taking precedence constraints
into account. Therefore, we are able to generate abstractions which yield abstract
levels very close to the desired width w;. There could be many domain abstrac-
tions with a certain granularity I'. We also want to select the ones which yield
better lower bounds. To do this, we perform a greedy local search to derive ¢;
from ¢;;1 and the states of S;, ;. In other words, we do not start with a given ®
but calculate the abstractions ¢;, and from this Cj,,,, only when we encounter
level ¢ in the expansion. We start with ¢,_; being the identity map and initial-
ize C;,_5,-1 to be the original cost matrix C. We also assume that we have a
function width($;) which returns the maximum number of abstract states on S
not considering the ones eliminated due to precedence violations®. Suppose the

expansion of S’ is currently at level i+ 1. At this stage of the algorithm, we have

Swidth(¢;) is actually calculated by a perfect minimal hash function which we describe in

detail in Appendix B
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calculated all levels & > ¢ of S’. We know Vs, and ¢;;1. To proceed to level i,
we need ¢;. From that, we will be able to derive C;;,, and calculate ;. The ¢
we are looking for has to be such that width(¢;) < w; and that it results in the
highest possible ;. The values of vy, will depend on C;,.,. Let f(Cj;,,) be a
goodness measure of the cost matrix. To obtain higher Vs,’s we want to optimize

f
opty, f(Ciip1) st width(é;) < w; (56.7)

Since ¢4 is already fixed at this level, the choice of ¢; will only affect the rows
of the cost matrix Cj;,,. The space of domain abstractions is potentially large,
therefore we will only consider a subset which is obtained by either row merging
or row splitting. First we set ¢; = ¢;11. If width(¢;) > w;, then we have to make
@i : D; = D; ;1 more abstract. To do this, we consider merging exactly two labels
l; and I, in D;,; and assign these the same label [. In effect, this corresponds to

merging the two rows with labels [; and I3 in Cj ;.

)

C'{,Hl _ : . : (5.8)

l2Z>-2... X

Above we show a particular example where we apply the rules of our edge cost

assignments. There are O(]|D;;1]?) such possible abstractions. It is possible that
width(¢;) > w; and therefore we have to merge another two rows. We can keep
repeating this process until we arrive at a ¢; that fits in memory. Similarly, it can

also be the case that ¢; is too coarse at level 7 and we could fit a finer granularity



Application to the SOP 116

abstraction in memory. This would happen near the top of the state space lattice
where the number of states on level ¢ is smaller than at level ¢ 4 1. In this case
we consider splitting labels of D;. We choose a label [ € D; which has more than
one preimage and assign one of these its own label {;. All other preimages will

map to ;.

!

= : . (5.9)

lb: = 2 ... X

\ -

There are O([liep,,, |#i41(1)]) abstractions that can be obtained by row splitting.

With row merging and splitting the goodness measure f can be defined over the
rows with labels /; and I, whose values we can readily obtain from the original
cost matrix. Our f is a distance heuristic. When we merge rows, we want to
minimize the distance between the original values in rows [; and I, (Equation
5.8) while in the case of row splitting, we want to mazimize the distance between
the values in the resulting rows [; and I from the original values in row . We

considered the following three distance measures.

preserve precedences : choose /; and [ which minimizes (or for splitting,
maximizes) the number of precedence constraints that get eliminated by the
merge (or introduced by the split). If there is more than one best candidate,
choose the one that optimizes the absolute error or the normalized error (see

below).
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absolute error : choose [; and l; which minimizes (or in the case of splitting,

maximizes)

f(llv l2) =

[Dsg1]-1

>

J=0

C'lhlls] = C'l]l]

If C'[l1][4] or C'[l2][j] is > or x the value of the difference is taken to be 0.

Some user defined penalty could also be added if a precedence constraint

is eliminated by the merge or a bonus awarded if it is reintroduced by the

split. In our implementation, the user provides the penalty (p) and bonus

(b) values when C'[l1][j] and C'[l1][j] have the following value combinations

(where ¢ is a numerical entry)

merge

split

Y41

X and >

x and ¢

1)

x and = X and ¢

—b

—by

The penalties and bonuses can also be functions of the values of the rows

C'[l,] and C'[l,).

normalized error : similar to absolute error, but the absolute value of the

difference is divided by the larger of the costs.

We will show in Section 5.5 that the absolute error heuristic is particularly effec-

tive for one of the unsolved TSPLIB problems.

5.3.4 Generating Predecessors in S’

We are given ¢;, ¢;y1 and the cost matrix Cj,,,. The calculation of the states of

S; are performed in three stages.
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1. Generate A; = A~'(s},,) pretending that ¢; = ¢4

2. From A;, which corresponds to ¢;;1, generate the abstract states corre-

sponding to ¢;. Let this set be called A,.

3. From A,, eliminate the abstract states which have no preimages in S'.

This first step is relatively straightforward. For example, consider ¢5 in Equation
5.3 and the abstract state s;,; = (1,5)[2]. Under ¢5 there are three predecessors

of 5i, ;. These are
A ={(1,2,5)[1], (1,2,5)3], (1,2,5)[4]}

In the predecessors, av(s]) includes the available labels av(s;, ;) and the current
label at level 441, curr(si,,). The current vertices at level ¢ are chosen from the
vertex labels which are not available in s ;. This excludes the label 0, unless

¢ = 0.

The second step is to rewrite the states of A; so that they correspond to ¢4 which
was either obtained as the result of merging or splitting. In either case, we can
build a map M while performing the successive merges or splits such that in the
case of row merging M[z] = y is the unique label z becomes in ¢, or for splits
M|[xz] = {y} returns the set of labels that z corresponds to in ¢4. It then becomes

straightforward to apply M to the states of A; and obtain the set A,.

The third step needs justification. Consider our rules (page 108) which are used
to derive the cost entries in Cj;,,. In particular, rules 3 and 4 can potentially
eliminate precedence constraints. Because of this, it is possible that the set A,

includes states which have no preimages in S. Spurious states in our case do not
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pose a memory problem because we preallocate arrays large enough to hold each
possible permutation of abstract states for each level of S;. However, as we have
shown in Section 2.4, spurious states can be the cause of poor lower bounds as
they can create cheap paths which are not refinable in the original state space. For
the SOP, we can actually check if an abstract state has a preimage efficiently”.
Elimination of spurious states can result in significant improvements in lower
bounds, especially for SOP instances with a large number of precedences. For ex-
ample, the best lower bound we could derive without checking for spurious states
for the unsolved instance p43.4 from the TSPLIB [TSP] was 56,645, while with
checking we could beat best previously known lower bounds even with very small
pattern databases and we were also be able to solve this instance optimally. Since

this step is pivotal in our algorithm, we give a detailed description in Appendix

A.

5.4 Search

Since the SOP state space is a directed acyclic graph (DAG), a depth first ex-
pansion always terminates. Since depth-first strategies are more memory efficient
and we need memory to store the pattern database, our basic search strategy is
Depth-first Branch and Bound (DFBB). However, for the SOP, basic DFBB can
be greatly improved. We will discuss three novel enhancements. The first one is
quite general. Its only requirement is that the state space can be searched in both

directions. The other two rely on certain properties which, while less common,

"The actual complexity is O(nk) where n is the number of vertices and k is the number of

preimage vertices of the current vertex of the partial tour
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are present in other problems as well.

5.4.1 Bidirectional Depth-first Branch and Bound

The first improvement comes from the observation that DFBB spends the vast
majority of search refining the “tail” end of a solution. In other words, when
considering the vertex order of successive suboptimal solutions, it is likely that
the first few vertices are the same. This is the expected side effect of DFBB

always expanding the most recently generated node. Figure 5.9 depicts how

YRR YO YO WY Y

Figure 5.9: Vertex Order Changes in the Incumbent

changes in the vertex order of the incumbent solution are likely to occur. In
successive incumbents, most frequently only the suffix vertices get shuffled. The
prefix vertices change much less frequently, as indicated by the number of arrows.
In our initial experiments we also observed that often a major improvement in
the cost bound requires a change in a vertex closer to the start (searching under
another larger branch of the search tree). Therefore, we wanted to force changes
in the prefix earlier on to have faster convergence of the pruning bounds to the

optimal solution.
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When the space can be searched in both directions with DFBB, another DFBB
can be initiated in the other direction which uses the incumbent not only as a
bound but also its actual vertex order. In other words, the DFBB search in the
other direction is seeded with the incumbent, such that it is the first solution
found. We would like to point out that this can be done simply by ordering the
successors obtained by A so that the vertices of the incumbent at their respective

depths are put first on the first descent.

The two requirements of using Bidirectional DFBB (BiDFBB) are being able to

implement A~! and being able to derive a lower bound.

For the SOP specified by cost matrix C, we can simply mirror the costs about
the top-right bottom-left diagonal®, and the resulting cost matrix, C', is the

definition of the reversed SOP.
For example, for the helicopter routing cost matrix C (Equation 5.1)

><6><><7><6><\

- X 4 = = = 12 7
~ 5 x 4 = > 13 12
- 7 4 x = 4 7 x
Cct = (5.10)
- X X 2 x 4 6 x
- 4 6 x 4 x 4 x

- 10 11 6 5 2 x 7

\>>>>>>>x/

Therefore, we can use our automatic technique to build pattern databases to

search in either direction. Our BiDFBB switches directions after expanding L

8Transpose about the other diagonal
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nodes or after finding a new incumbent (whichever happens first). The incum-
bents are passed from one direction to another, hence the solutions will be suc-
cessively cheaper and, in our experience, will also converge faster to the optimal
solution. Note that only one of the pattern databases has to be kept in memory.
The pattern database corresponding to the other search direction can be dumped

to the hard disk and read back® when the search again changes direction.

5.4.2 Recursive Depth-first Branch and Bound

There is another property of the SOP which can be exploited to speed up DFBB.
Let z = (vg, v1, -..,Us_1) be a suboptimal solution. If we select any subsequence
of consecutive vertices z; ; = (v;, Vit1, ..., v;) from z, then z; ; is a feasible solution
to a smaller SOP whose cost matrix C; ; corresponds to the entries of the original

cost matrix C

Clullvi]  Cluilvixa] - Clui]{vy]
Ci, = Cloipi][vi] Clvipal[viya] - Clviga][vy]
Clyjlli] ~ Clusl[viga] - Clujllwy]

Recursive DFBB (RecDFBB) exploits this property the following way. Let L; be
a user specified limit on how many expansions the user is willing to tolerate for
solving the subtree at level ¢ with the current lower bound. When this limit is
reached, the current search is abandoned and the completion of s; is solved as
an independent SOP. The subproblem SOP has fewer vertices (and therefore it is

a much smaller problem) so we expect to generate more accurate lower bounds.

91n our implementation it is a simple memory dump as our pattern databases are contigu-

ously allocated. There is no parsing or building a data structure.
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Moreover, we also have the cost of the best currently known solution. When the
subtree is solved independently, we are only looking for solutions whose costs are
actually better. In most cases it takes much less time to prove that no solution
exists whose value is less than this new bound than actually finding the optimal

solution to the subproblem.

5.4.3 Level-wise Transposition Tables

DFBB does not keep track of states already reached and therefore some states are

reached many times during search. From the representation

Sy = (’Ul+1:'Ul+2, ~-~a'Un—1)['Ul]

we know that the vertices vg, ..., v; have been used, but we only know that vy was
the start vertex and that this partial tour ends in v;. The different precedence
observing combinations of vy, ..., v;_1 are all valid partial tours represented by s;
and in the worst case all of them could be traversed in the search. These different
paths to s; are often referred to as transpositions in the search literature. To
reduce the number of transpositions, we can utilize transposition tables to store
the cost of the cheapest cost of reaching s; so far. If the algorithm encounters s;
with a higher cost, then s; does not have to be expanded again. The drawback
of keeping transposition tables is the memory overhead. Since we use memory to
store pattern databases, we would have to consider if it is worth to trade some of
it to store transposition tables instead. In the case of the SOP, it turns out that
there is a justifiable answer. We have a perfect hash function which operates on
S! (see Appendix B). The hash on S is just a special case of this where ¢ maps

each vertex to itself. Therefore we also have a perfect minimal hash function to
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index the transposition tables associated with a particular level. There are no
transpositions on levels 0, 1 and 2. The size of level S; is given by Equation 5.2.
Therefore, we can calculate how much memory we would need exactly to store
transpositions at levels 3 and below. Since re-expansions at the levels closer to the
start (larger subtrees) are the most expensive, we will utilize transposition tables
for these shallower levels only. This memory is taken away from the pattern
database. In essence, the n levels of the pattern database memory is split as
follows. Levels 1 and 2 used for pattern databases. For z consecutive levels,
starting at level 3, all memory is used for transposition tables. The remaining
n — x — 2 levels are used for pattern databases again. The z levels used for
transpositions are full (no domain abstractions) therefore z is usually between 2

and 4, depending on the size of the problem.

5.4.4 Local Search and Perfect Hashing

Depth-first branch and bound finds feasible paths of decreasing cost. Since these
costs are used as upper bounds to prune branches, it is very important to find
cheap tours early. BiDFBB is one generic approach. For the SOP, there is a
well known heuristic tour improvement method, based on the TSP 3-opt [LK73],
which can be used to improve the solution quality of a feasible solution (also
employed by [AJR00, GD00, SM03]). Whenever a new incumbent is found, we

run this 3-opt tour improvement heuristic.

The lower bound h(s;) for a state is obtained by looking up the value H|[¢;(s;)]
in the pattern database H. In our case H is implemented as a simple array. We

were able to derive a perfect hash function I that returns the unique index of the
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state s} in H. I is a perfect minimal hash function which is calculated together
with ¢;. Its time complexity is O(|av(s;)|) where |av(s;)| is the number of distinct
labels in the available list of the representation of sj. Since this hash function
plays a very important role (it is also used in calculating the width of S, without

expanding S}), we describe it in Appendix B.

5.5 Experimental Evaluation

In this section we describe the experiments we performed to evaluate our pattern

databases and algorithms. We were interested in the following questions.
e Can we solve or improve bounds for unsolved instances of the SOP from
the TSPLIB?

e How do we compare to the state-of-the-art solver (Ascheuer et al.’s branch

and cut [AJRO00])

e Which error measure should we optimize with our greedy local search to

obtain the best pattern databases?
¢ How much does doubling the pattern database size speed up search?
e Does the constrainedness of the SOP affect our algorithms?

e How do our improved algorithms compare to plain DFBB?
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5.5.1 Test Sets

Norbert Ascheuer collected a number of challenging instances of the SOP which
can now be downloaded from the TSPLIB [TSP]. Some are actual schedules from
industry, while others are instances of ATSPs from the TSPLIB to which random
precedences were added. After some initial experimentation, we realized that our
technique would only be able to compete on instances that have no more than
40 —50 vertices. Therefore we have only performed detailed experiments with the

following problems from Ascheuer’s problem sets:

e stacker crane schedules: rbg019a - rbg050c (which excludes the problems

rbg068a - rbg378a, of which rbg285a is the largest solved instance).

e TSPLIB ATSP instances with random precedences: p43.1-4, ry48p.1-4,
and £t53.1-4. The naming convention is {name) (n).{c), where n is the
number of edges in a solution (which is one fewer than the number of ver-
tices) and c¢ is an indicator of the number of constraints. ¢ = 1 instances
have %, ¢ = 2 have %, ¢ = 3 have n while ¢ = 4 instances have 2n poten-

tial precedence relationships. Our set excludes the problems £t70.1-4 and

krol124p.1-4, because they were too large (71 and 125 vertices).

All of the TSPLIB instances with 2-4 precedences were unsolved despite the
fact that some have only a few vertices (44-54)'°. These unsolved problems,
however, are far too large to run extensive experiments, so we also created a

testbed of 16 smaller problems. Each problem is a SOP over 30 vertices'! and

10We were able to solve the single instance p43.4
113.758,096,386 states without precedences
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in each experiment we ran the algorithms to completion. These 16 SOPs are
derived from 4 base problems. The first one was obtained by choosing 30 points
on a 500x500 integer grid. The edge costs correspond to the rounded Euclidean
distances between these points. We also picked one third of the edges randomly
and added random noise within +50% of the edge cost (to make the cost matrix
asymmetric). The second SOP was generated exactly in the same manner but
we selected the 30 points on a 6x6 grid. This latter only has edge costs in the
interval [0, 8]. The edge costs for the third and fourth SOPs were generated by
choosing uniform random integers from [0,1000] and [0, 10] respectively. Next,
we generated four random precedence graphs. We applied the constraints implied
by these to each of our four base problems and obtained SOPs with 107 (1), 160
(2), 210 (3) and 253 (4) precedence constraints. These include the 57 trivial
precedences which are due to the fact that the start and terminal vertices are
designated. For ease of reference, we named these 16 test problems suggestively.
500x500-2 is the SOP whose vertices are chosen from the 500x500 grid and to
which the second precedence graph was applied. Therefore its cost matrix has

160 precedence constraints.

The two control parameters we supply to calculate the lower bounds are the
maximum number of abstract states on a single level w and the goodness function
f which is optimized for the abstractions. In this discussion we use the maximum
width as the measure of the size of pattern database as it is directly proportional
to the total memory requirements (compare the columns “Maximum Width”
and “Actual Size” in Table 5.2, page 135). We have considered four different
error functions. These are the three measures we discussed in Section 5.3.3,

namely “Preserve Precedences”, “Absolute Error” and “Normalized Error”, and
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we also included “Random” which picks the labels to be merged entirely randomly.
“Random” is used only as a benchmark for our domain abstractions which were

derived by heuristic local search.

5.5.2 Error Functions

In all of our experiments we found that “Absolute Error” (AE) generates the most
accurate lower bounds, even when the penalty value for eliminating a precedence
constraint is zero. Applying a good penalty value would often tighten the bounds.
Unfortunately, at this time, we have no insight how to derive the actual penalty
values. Based on “trial and error” experiments we can conclude that the lower
bounds are sensitive to different penalty values (could make the bounds both
better and worse) and 0 is a relatively “safe” value to use. In one particular
experiment we found that minimizing AE clearly outperforms the other error
measures and in some cases it generates almost 100 times higher lower bounds
than randomly chosen abstractions. The lower bound of the start state, hg, is
also a lower bound of the optimal solution. In this experiment, we obtained
significantly higher hg’s, even with small pattern databases, than the best posted
value of 69,569. This problem is referred to as p43.4 in the TSPLIB. We later
solved this previously unsolved problem. Our best hg is 81,585 (which is 17%
higher than the best previously known lower bound). Table 5.1 shows the results
of this experiment. hg is the lower bound of the start state, ave(h) is the average of
the values in the pattern database and Time is the CPU time in seconds needed
to build the pattern database. The values in bold are higher than the best

lower bound previously reported for this problem. For each size, we generated
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Max Random Absolute

Width Error
ho | ave(h) | Time ho ave(h) | Time
500 400 402.90 | 0.57 | 53,965 | 53,704.10 | 0.57
1,000 435 668.63 | 0.69 || 54,110 | 47,218.00 | 0.62
2,000 490 830.25 | 0.80 [l 80,690 | 59,256.60 | 0.77
4,000 510 848.48 | 0.85 | 54,110 | 50,163.50 | 0.92
8,000 | 545 |1,219.24 | 1.00 | 54,115 | 52,356.10 | 1.13
16,000 580 | 1,631.24 | 1.15 | 54,000 | 50,853.30 | 1.17
32,000 630 | 2,146.16 | 1.46 || 80,890 | 65,315.20 | 1.29
64,000 655 | 2,624.48 | 1.69 || 54,045 | 52,732.60 | 2.14
128,000 680 | 2,934.33 | 2.13 || 81,055 | 60,713.50 | 2.24
256,000 700 | 3,618.05 | 2.50 | 81,140 | 77,298.50 | 2.8
512,000 | 710 | 4,925.33 | 3.30 || 81,110 | 69,782.70 | 2.63
1,024,000 | 955 | 5,000.84 | 4.05 || 81,320 | 74,026.30 | 3.71
2,048,000 965 | 7,841.39 | 5.82 | 81,350 | 65,885.20 | 4.48
4,096,000 | 1,130 | 8,218.48 | 8.95 || 81,385 | 70,395.50 | 6.23
8,192,000 | 1,265 | 9,704.65 | 18.43 || 81,585 | 70,473.30 | 12.87

Table 5.1: Generating Lower Bounds for p43.4

129
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20 random pattern databases and took the highest hg, the highest ave(h) and
reported the time for the shortest calculation in the “Random” columns. A row
in the AE columns correspond to a single pattern database of the given size which
optimizes the AE error with no penalty. It is clear from the results that even
the best values chosen from 20 random databases are far worse than the one
built optimizing AE. In fact, our smallest AE pattern database has much higher
lower bounds than the best of 20 random ones which are 16,384 larger. While
these large discrepancies were not typical in our experiments, our results suggest
that experimentation with the error measure for a particular SOP could be well
worth the effort. This experiment also reveals an interesting phenomenon that we
encountered on several occasions. The AE pattern database with width 2000 is
better than many of the larger ones optimizing AE (column 4y under “Absolute
Error” for width 2,000 in Table 5.1) and its kg (80,690) is also significantly better
than the best previously known lower bound (69,569). At this time we have
no explanation other than the abstractions generated seem to preserve the costs

between the levels particularly well.

We would also like to draw attention to another interesting observation. We
would expect that it would take approximately twice as much CPU time to build
a pattern database twice as large. From Table 5.1 (columns with label “Time”),
however, it is clear that it often takes much less than double the time to build a
double size pattern database. The reason is that the larger the pattern database,
the more of the original precedences are preserved and therefore the actual number
of entries in the double size pattern database is actually less than the entries in
the half size pattern database multiplied by 2. We allocate memory to store all

possible states in the pattern database, even for those which cannot be reached
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due to precedence violations. When there are many precedence constraints, the

large pattern databases are much sparser than the small ones.

5.5.3 TSPLIB Problems

We did not manage to improve on the best known upper bounds (corresponding
to heuristic solutions) of the TSPLIB instances but in one case we proved that the
upper bound of 83,005 for the previously unsolved instance, p43.4, is also opti-
mal'?.. On the other hand, we did match the best reported upper bounds within
60 minutes of CPU time to the open problems p43.2, p43.3, p43.4, ry48p.2,
Ty48p.3, ry48p.4, £t53.2 and £t53.3. We ran BiDFBB and used a 3-opt to
improve each incumbent found. We did not reach the best known upper bounds
for ££53.4, p43.1, ry48p.1 and £ft53.1. These ones with the .1 suffix are the
least constrained and these were solved optimally by Ascheuer et al. [AJRO0] but
our solver did not reach the optimal values although we have tried more than one
of our algorithms (BiDFBB, RecDFBB with and without transpositions tables)
and we allowed for several hours of running time. The largest gap was in the
case of ry48p.1, where we obtained 16,040 and the optimal value is 15,805. This
particular problem was left running for a few days. Interestingly, the bound was
found in a few minutes but our solvers could not improve on it. As we mentioned
earlier, we did not attempt the problems £ft70.1-4 and krol24p.1-4 because

they were too large. Ascheuer et al. [AJR00] also have solved a number of larger

12which also contradicts the upper bound posted as 82,960 whose origin we could not, trace.
More than one solver has reached the value 83,005 but we were the first to prove it optimal.
Both Ascheuer et al. [AJR00] and Gambardella et al. [GDOO] report this value as an upper

bound.
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SOPs based on stacker crane schedules. They found these problems particularly
“easy” even though many have well over a 100 vertices and contain many prece-
dences. We could also solve the ones up to 50 vertices (rbg019a - rbg050c¢) but
significantly slower than the branch and cut solver (hours instead of seconds).
The stacker crane schedules, while posted in the TSPLIB, are not derived from
TSPLIB ATSPs but correspond to actual stacker crane schedules. Ascheuer et
al.’s branch and cut solver could easily manage the stacker crane problems (Table
1 in [AJRO0]) but could not solve the much smaller more constrained instances
which were derived from TSPLIB ATSPs (Table 4 in [AJR00]). Our solver found
the stacker crane and TSPLIB instances equally hard. The following list is a
summary of our achievements on the TSPLIB problems compared to Ascheuer et

al.’s branch and cut.

Problems Ascheuer et al. solved and we did not: p43.1, ry48p.1, £t563.1

and ft70.1

Problems for which our solvers report the same upper bound: p43.2, p43.3,

Ty48p.2, ry48p.3, ry48p.4, £t53.2 and ££53.3 3.

Problems which our solver solved but Ascheuer et al.’s did not: p43.4.

Still open problems for which Ascheuer et al. report cheaper costs: £t53.4.

As we mentioned earlier, we did not attempt ft70.1-4 and krol24p.1-4. Of

these only £t70.1 is solved and the others are still open.

131t is not known exactly how much time it took the branch and cut to reach the actual upper

bounds
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We also realized that we can improve on the lower bound hg (which is the lower
bound for the start state from the pattern database) just by running a simple
depth-first search (without node ordering) with a cost cutoff set at the best known
lower bound. We tried this with the lower bounds reported by [AJRO00] for the
open problems. Interestingly, we could also prove many of these lower bounds
within 60 minutes but when we increased the cutoff bound just a little bit'4, we

could not find a better lower bound in reasonable time.

In the case of p43.4 we ran RecDFBB with 4 levels of transposition tables to
completion. While it is the smallest unsolved problem, it is also the one which
had the largest gap between best known upper and lower bounds. It took over 22
hours of CPU time before it terminated proving that 83,005 is indeed the optimal
solution. Ascheuer et al. [AJROO0] also reached the exact same solution cost but

could not prove it is optimal.

5.5.4 Space-time Trade-off

In this section we investigate how increasing memory to store lower bounds affects
search speed. To this end, we solved the 16 test SOPs, each with 7 different
pattern databases of exponentially larger size. The size was measured in width,
from 25,000 to 1,600,000 entries. For all these pattern databases, we optimized
the “Absolute Error” measure in the abstract space. In these experiments we
did not use the 3-opt (or any) heuristic tour improvement. Here we report only

the details for 500x500-3, since it represents the general trend we observed for

l4the values in these cost matrices often have a common divisor larger than 1, so we raised

the cutoff by the greatest common divisor
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Figure 5.10: Nodes Expanded vs. Memory

the other test instances as well. Figure 5.10 plots the number of nodes expanded
during search and the actual size of the pattern database, this time measured
as total number of entries. The corresponding width is used to label the data
points. Both axes are on a logarithmic scale. If the trade-off was 1-1, then
the data points would be on a line with slope -1 (drawn as a dashed line). In
fact, in this case it seems that the trade-off is even better. Doubling memory to
store lower bounds results in less than half of the nodes expanded in the search.
The notable exception is the pattern database with width 100K. This one clearly
outperforms the one double its size and it is as good as the one four times larger.

The explanation is given in the following section.



Application to the SOP 135

Max Actual ho First Nodes Search | DB
Width Size Solution | Expanded | (sec) | (sec)
25,000 | 402,043 | 2,577 4,183 | 108,618,722 | 261.61 | 0.11
50,000 895,986 | 2,905 4,655 | 66,025,147 | 160.84 | 0.14
100,000 | 1,680,769 | 3,023 5,048 | 6,621,231 | 19.16 | 0.72
200,000 | 3,178,762 | 3,065 5,433 | 13,920,570 40.68 | 1.33
400,000 | 6,339,234 | 2,975 4,183 6,339,234 19.23 | 2.14
800,000 | 11,517,316 | 3,292 4,375 1,367,800 4.54 | 3.62
1,600,000 | 24,147,235 | 3,109 4,695 452,692 1.80 | 5.10

Table 5.2: Results of Solving 500x 500 3 with Different Databases

5.5.5 Cost Convergence

Since DFBB (and our improved versions) generates a sequence of decreasing cost
solutions until the optimal is found, we are interested in how fast the cost of
the incumbent solution converges to the optimal. Again, we use the results of
500x500-3 to demonstrate a trend we observed in all of our experiments. We use
the same 7 pattern databases as in the space-time trade-off experiment in Section
5.10. The difference is that we also recorded the cost of each intermediate solution
and when (CPU time) this solution was obtained. The results of this experiment
are listed in Table 5.2. The column labeled “Actual Size” is the number of entries
allocated for the pattern database (which includes unused entries that would
correspond to precedence violating partial tours). The column “First Solution”
is the cost of the first incumbent, “Nodes Expanded” is the total number of

nodes expanded in solving the problem, “Search” is the time in seconds needed
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to solve the problem and “DB” is the time to build the pattern database, also
measured in seconds. The corresponding plot is shown in Figure 5.11, where
the number of nodes expanded are on the z-axis and the solution cost is on the
y-axis. The plot tells why the 100K width pattern database outperforms the one
with width 200K. It is clear from Figure 5.11 that the database with width 200K
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Figure 5.11: Solution Cost vs. Nodes Expanded for 500x500-3

starts with the costliest solutions and a lot of search effort is needed before the
cheaper solutions are found. The value of the first solution found seems to be
uncorrelated with the size of the pattern database (Table 5.2, columns “Actual
Size” and “First Solution”). In this particular case, the smallest pattern database
has the cheapest initiél solution. The lower bounds play two roles in our search
algorithm. They are used to prune branches from the search tree and to order the

branches. The value of the first solution depends mostly on how the branches are
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ordered. From the results of this experiment and other experiments we performed
we cannot establish any relationship between the size of the pattern database
and the quality of the initial solutions. We did compare to random ordering,
which turned out to be consistently worse. However, to date, we found no telling

statistics of the pattern database which would suggest cheap initial solutions.

While nodes expanded is an appropriate and exact measure to evaluate search
performance, we also have to take into account the overhead of building pattern
databases. Our results indicate (Table 5.2) that even with the overhead, in the
same experiment, larger pattern databases resulted in faster searches. The order
is almost the same as established by the number of nodes expanded, except that
the pattern database with 100K width limit, with respect to CPU time, slightly

outperforms the database whose maximum width is 400K.

5.5.6 Constrainedness vs. Search Speed

We are also interested in how adding more precedence constraints affect search
performance. Ascheuer et al. [AJR00] observed that their branch and cut method
is more effective for SOPs which have fewer precedence constraints. In particular
they could solve all of the “pure” ATSP instances!® optimally. In the case of
the TSPLIB problems with random precedence constraints (problems p43.1-4,
ry48p.1-4, £153.1-4, £t70.1-4 and krol124p.1-4), they could easily solve the
least constrained ones (suffix .1) but not the more constrained ones (Table 4
[AJROO]). Ascheuer, in his thesis [Asc95] (page 127), conjectures that probably

the following two factors play a role in having less success with more constrained

Ywhich are, in essence, SOPs with no precedence constraints
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problems. First, “the heuristics we are working with at the moment, do not handle
the precedence structure properly” and second, “the TSPLIB problems are hard,
i.e., more complex inequalities than the SEC [Subtour Elimination Constraints/
are needed to solve them optimally’. The limiting factors in branch and cut,
besides the dimensionality, are the size of the pool of inequalities that have to be
searched and the construction of the facet inducing inequalities. None of these
are eased by more precedences. For us, more precedence constraints mean less
branching in the search space and therefore fewer node expansions. On the other
hand, it is more likely that more of the original constraints would be eliminated
by the abstractions if there were more to begin with. Losing a significant portion
of the original constraints could result in poor lower bounds. Our experiments
indicate that in most cases the more constrained the SOP the faster our searches.
Table 5.3 (page 145) shows the compiled results of our experiments with the 16
test SOPs. We chose 3 different size pattern databases; with maximum level
widths of 50K, 250K and 1,250K states respectively. In all cases we minimized

the “Absolute Error” measure when building the abstract spaces.

While we can easily solve these problems to optimality with large databases, we
also used a small and a moderate size database as well to study how adding
more constraints affects the quality of lower bounds with different size pattern
databases. From our experiments we can establish that regardless of the size
of the pattern database, in general, the more constrained the SOP the earlier
the search terminates. The two exceptions are 0-1000-3 and 0-10-3. They both
need more computation than their less constrained counterparts 0-1000-2 and
0-10-2. We believe we know the reason for this. 500x500 and 6x6 are derived

from Euclidean base problems. When the “Absolute Error” is minimized, it is
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likely that “physically close” vertices receive identical labels by the abstractions
as their proximity to close vertices would carry the least absolute error. On the
other hand, the edge costs of the 0-1000 and 0-10 problems are totally random.
Therefore, for these, instead of optimizing “Absolute Error”, reducing eliminated
precedences could be more appropriate. This conjecture is also supported by the
ho values. In the case of 500x500-3 the lower bound for the start state is 72%
of the optimal cost while it is only 40% for 0-1000-3 according to the smallest
databases. When experimenting with different penalty values applied when a
constraint is eliminated, we were able to bump up 0-1000-3’s hg to 81% of the
optimal cost with the same size pattern database. Our results also show that
having larger databases pays off. In the case of 500x500-1 allocating a 5 times
larger database results in a 148 fold reduction in nodes expanded. Increasing
this size yet another 5 times and there is another a 21-fold reduction in nodes
expanded. While these very high ratios are not typical, our experiments indicate
that in general the trade-off between memory and search speed favors adding

more memaory.

5.5.7 DFBB, RecDFBB and Transposition Tables

In this section we compare DFBB to RecDFBB and RecDFBB with transposition
tables. For this experiment we used our 16 test SOPs. For RecDFBB, in all cases
we set a tolerance limit of 300 times the width of the abstract space. When
this limit is reached, a new pattern database is built for the sole purpose of
solving the largest current subtree excluding the start state. The node counts

reported in Table 5.4 for the recursive branch and bound experiments (column
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marked Rec) include the nodes expanded in the subproblems as well. Because
there is additional overhead of building more pattern databases, we also report
the actual CPU times of the total runs. The column Rec+Trans lists the results
of using recursive branch and bound and two levels of transposition tables (levels
3 and 4). The results suggest that in most cases recursive branch and bound
outperforms plain branch and bound even with its additional overhead. Of the
three algorithms, the statistics of the winner for the problem is shown in bold
font. In some cases the improvements are negligible or there is an increase search
effort. In other cases the improvements are significant. For example in the case
of 500x500-1, the improvements are 7-fold and using transposition tables as well
are almost 9-fold. For 0-1000-3 and 0-10-3 the improvements result in less search
than using the 5-times larger pattern database (compare the Rec+Trans rows for

0-1000-3 and 0-10-3 in Table 5.4 to the same rows in the 1,250,000 column).

5.6 Additional Constraints

Our lower bounds are derived from state space abstractions. These are induced
by domain abstractions which are simple syntactic patterns that group states.
While we tested our technique with the classic SOP only, we believe it could also

be effective to solve other constrained TSPs as well.

Here, we detail two variations of the SOP for which our technique could generate
lower bounds. We do not have experimental results at this time to actually
evaluate their effectiveness. However the fact that we can generate lower bounds

with domain abstractions for these problems shows the generality of our approach.
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5.6.1 Disjunctive Precedence Constraints

In the classical definition, the precedence is given explicitly. On the other hand
one can imagine a more elaborate constraint structure where the constraint in-
volves a choice. For example, “one-of (3 and 4) must precede vertez 5 or “two-of
(2, 3 and 4) must precede vertex 5’. Once we add disjunction we can express
arbitrary boolean constraints of precedences. The precedences must be in the

form
(boolean constraint of vertices) must-precede vertex
It is easy to see that we can encode such constraints into the successor generator.

Let s be a state representing the partial tour ending in the vertex with label v,

s = (v, v2, .., Ug)[Vc)

When we create the successors, we simply check that the precedence constraints
are observed for v, which is the right-hand side of the must-precede operator. In
the abstract state, the domain abstractions must also be applied to the constraint

definitions. For example, consider the constraint
two-of (2, 3 and 4) must-precede 5

and the domain abstractions

2, ifve {23}
$1(v) =
v, otherwise
2, ifve {235}
pa(v) =

v, otherwise
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Under ¢; the constraint reads

two-of (2, 2 and 4) must-precede 5

and under ¢o

two-of (2, 2 and 4) must-precede 2

Since domain abstractions do not eliminate vertices just relabel them, checking
the abstract constraints is still trivial from the state representation. With ¢;, we
check if the tour has used up two 2’s or a 2 and a 4 labels. Otherwise the state
is not generated. With ¢,, if the successor’s current vertex is 2, we still have to

make sure that either two other 2’s or a 2 and a 4 are already part of the tour.

5.6.2 Soft Precedence Constraints

We can also imagine that some precedences are cast in stone while others may
be violated if some penalty is paid. It can easily be detected at the time the
successors are generated if a penalty applies. The value of the penalty is added
to the cost of the partial tour corresponding to the successor. This is also true
in the abstract space. However, we will only be able to add the penalty if the
uniqueness of the penalized edge is preserved. That is, when the labels of the
source and end vertices are not abstracted. Otherwise only the minimum of the
original penalties between the preimage vertices can be applied. However a well
designed error measure could optimize preservation of penalties in the abstract

space.
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5.7 Chapter Summary

We have introduced a novel way of building pattern databases which uses different
abstractions on each level of the SOP state space lattice. The actual domain
abstractions were obtained by a greedy local search optimizing a user provided
error measure. Our experiments indicate that optimizing “Absolute Error” results
in the most accurate pattern databases and the lower bounds are substantially

tighter than simply choosing the abstractions randomly.

We also have introduced several new variations of depth-first branch and bound.
Recursive Branch and Bound (RecDFBB) takes advantage of the property of the
SOP that every suffix of a feasible solution is a SOP itself. This SOP is much
smaller and our pattern database technique can be used to solve this subproblem
independently. We have experimentally shown that RecDFBB could substantially
speed up search and it can often be much faster, even with its extra overhead,
than plain DFBB. In addition, using a few levels of transposition tables can further

speed up the search.

Bidirectional Branch and Bound (BiDFBB) exploits the fact that the SOP state
space can be searched in both directions. This algorithm was designed to over-
come the slow cost convergence of intermediate solutions. We used BiDFBB for
some of the smaller unsolved TSPLIB instances and we were able to match pre-
viously reported best bounds in reasonable time. BiDFBB is not only applicable

to the SOP, but for all state spaces which can be searched in both directions.

We experimentally confirmed that the larger the pattern database the faster the

search. In fact, often the ratio of improvement in search speed far exceeds the ratio
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of memory increase. Unfortunately we could not establish a similar relationship
between the size of the pattern database and the cost of the initial sequence of
solutions. To obtain better solutions early we can use BiDFBB or a local search,

like 3-opt.

The pattern database technique is a general strategy to derive lower bounds for
state space search. We believe that it can also be used with other variations of
constrained ATSPs and possibly to solve other scheduling/optimization problems
(we have described disjunctive and soft precedences). We also believe that our
technique can be integrated with other SOP solvers. For example, instead of
a simple 3-opt (or in addition), our algorithm could be seeded with the cheap
solutions of the HAS-SOP (heuristic) solver of Gambardella et al. [GD00]. This
way a good quality solution is guaranteed early. We also believe that the short-
comings of our pattern databases in finding cheap solutions early could be solved
by Ascheuer’s [AJRO0] branch and cut. The solution to the LP relaxation is a
fraction in [0, 1] corresponding to each edge of the SOP. We could interpret these
values as probabilities that tell how likely it is that the particular edge is included
in the tour. We would sort branches by these probability values but still use our

lower bounds for pruning.
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Width
SOP 50,000 250,000 1,250,000
1,000 Time 1,000 Time| 1,000 Time

Nodes  (sec) Nodes  (sec) | Nodes  (sec)

1] 3,046,341 21,790 20,596 208.29 964  10.57
500500 2 212,656 1,132 8,761  52.63 692 5.27
3 66,025 278.13 7,750  37.92 460 3.07
4 27,796  127.25 9,288  49.80 488 3.17

11 9,022,057 66,451 | 1,775,135 16,058 | 141,987 1,570

6x6 2 1,154,906 5,818 35,283 206.61 3,476  25.25
3 26,579 133.14 9,509 57.88 814 5.63
4 988 4.84 176 1.06 4 0.03

1]l 360,391 2,773 | 34,060 336.05 | 17,091 184.29
0-1000 2 25,661 152.81 3,787  26.34 159 151
31| 266526 1,243 | 70435 376.39 | 8,936 60.89
4 176 1.04 32 0.22 4 004

1 118,071 721.58 33,489 248.34 3,006 32.74
0-10 2 468 3.06 202 1.48 54 0.52
3 59,310 290.84 22,045 126.68 | 10,943 61.89
4 7,788  40.01 895 5.33 43 0.32

Table 5.3: Nodes Expanded and CPU Times with Different Size Pattern

Databases
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Width = 50,000
SOP Plain Rec Rec + Trans
K Nodes Time | K Nodes Time | K Nodes Time
1 3,046,341 21,790 405,420 3,220 | 350,431 2,817
500500 2 212,656 1,132 351,017 2,113 315,387 1,922
3 66,025  278.13 33,327  146.79 26,871 118.18
4 27,796 127.25 56,153  248.63 44,182  198.21
11 9,022,057 66,451 | 18,950,825 134,032 | 12,250,761 101,120
6x6 2| 1,154,906 5,818 304,600 1,750 | 268,862 1,551
3 26,579  133.14 26,579  135.48 21,293 108.86
4 988 4.84 988 4.96 988 4.98
1 360,391 2,773 347,409 2,732 | 317,975 2,506
0-1000 2 25,661  152.81 17,865  112.49 17,686 109.62
3 266,526 1,243 51,707  230.21 48,021 212.11
4 176 1.04 176 1.03 176 0.03
1 118,071  721.58 61,936 420.93 61,798  423.42
0-10 2 468 3.06 468 3.11 468 3.13
3 59,310 290.84 22,042 111.54 20,171 101.83
4 7,788 40.01 7,788 40.95 7,786 40.93

Table 5.4: Nodes Expanded and CPU Times with DFBB, RecDFBB and RecDFBB

with Transposition Tables



Chapter 6

Related Work

In this chapter we discuss related research which does not include work reviewed in
previous chapters. The chapter is organized as follows. In Section 6.1 we examine
how abstractions are used in the literature to speed up problem solving. In Section
6.2 we discuss the use and derivation of pattern databases. In Section 6.3 we
briefly discuss analysis of search performance (much of it was detailed in Chapter
3). In Section 6.4 we describe other approaches to our two applications, macro-
search and the Sequential Ordering Problem, and in Section 6.5 we examine other

ways to use memory to speed up search.

6.1 Abstractions

The use of abstractions to guide search is a well known concept in Artificial
Intelligence. In fact, the earliest attempts to solve problems faster by relaxing the

original problem definition were used to solve planning problems. The planner

147



CHAPTER 6. RELATED WORK 148

creates hierarchies of abstract spaces which are built from relaxations of the
original definition. First the plan is solved in the most abstract level and then
it is refined in the more concrete levels. Refinement in this context refers to
extending or patching the abstract plan with operators to make it a valid plan in
the original space. The classical planning systems GPS [NS61], ABSTRIPS [Sac74]
and PRODIGY [Kno91] all use this technique to reduce search. The ALPINE
[Kno94] reduction abstraction, however, is closer to our approach, since it results
in abstract spaces which are smaller than the original. ALPINE too refines the
abstract plan to obtain a solution. In contrast, we use the abstractions to derive
lower bounds to search in the original space. In early work [Gas79, GS79, Pea84],
often the effect of the abstraction was to add more edges to the state space graph.
This happens when the constraints are relaxed or when macro-operators are added
to the space. In these cases, the original space is embedded in the abstract space.
Valtorta, however, proved [Val84] that every node expanded by blindly searching
in the original space will also be expanded if the heuristic is computed by blindly
searching in the abstract space. Therefore embedding abstractions are only useful
if problems in the abstract space can be solved quickly and without exhaustive

search.

Most search algorithms that find optimal solutions [HNR68, Kor85b, Kor93,
LW66, Rus92, LW66] use lower bounds. These lower bounds are either hand-
crafted or correspond to automatically derived solution costs in a simplified prob-
lem. Well known human designed lower bounds include the Manhattan distance
heuristic for the n x n puzzle, the minimum weight spanning tree (MST) lower
bound [HK70, HK71] for the Traveling Salesman Problem (TSP) and the as-

signment problem (AP) lower bound [CIJMZ01] for the Asymmetric Traveling
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Salesman Problem (ATSP). If the problem is formulated as an Integer Program
then Lagrangian or Linear Programming (LP) relaxation can give accurate lower
bounds. In Lagrangian relaxation [Fis81] the constraints appear as penalties in
the objective function while the LP relaxation [Wol80] drops the integer con-
straints. The LP relaxation is particularly effective to solve large TSPs with the
branch and cut algorithm{ABCC98]. The LP relaxation actually increases the
dimension of the problem but there exist fast separation and lifting procedures
which can deal efficiently deal with the large pool of constraints. The lower
bounds mentioned above are the result of human intuition and their derivation

requires a careful study of the original problem.

An alternative approach is to use automatic abstractions of the state space. Since
Valtorta’s [Val84] theorem applies to every abstraction, we are concerned with
those abstractions that yield state spaces of smaller size. The use of homomor-
phic state spaces in Artificial Intelligence was first identified by Kibler [Kib82]
and Banerji [Ban80]. The STAR abstraction technique of Holte et al. [HPZM96)
groups neighboring states into abstract states. It is applicable if the state space is
explicitly stored as a graph. The algorithm, Hierarchical A* [HPZM96] computes
lower bounds on demand in this homomorphic abstract space. The relaxations
suggested by Christofides et al. [CMT81] to solve routing problems also cor-
respond to such homomorphisms. The abstractions are directly applied to the
state representations. The ABSOLVER system of Prieditis [Pri93, MP89] uses
a library of abstraction and speed-up transformations. This system discovered
the center-corner heuristic for the Rubik’s Cube which is a projection onto the
corner-cubies. Later Korf [Kor97] included the center-corner heuristic in solving

random instances of the Rubik’s Cube for the first time. The pattern abstractions
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introduced by Culberson and Schaeffer [CS94, CS98] are also homomorphisms.
The idea is to mask some of the domain elements and therefore one pattern in

the abstract space represents a group of states in the original state space.

Sometimes a lower bound can be tightened. One idea is to consider the constraints
the abstraction violates in the original problem. For example, the Manhattan
Distance allows the tiles to hop over one another. When this constraint is also
taken into account [OHY92] a tighter lower bound can be obtained. Another
standard technique is taking the maximum of lower bounds [CS98, Kor97, Her01].
It is also a lower bound and moreover it is never less accurate. Recently, however,
lower bounds which can be summed were considered. Additive Lower bounds were
used by Korf and Felner to derive optimal solutions to the 5 x 5 puzzle [KF02],
by Felner, Korf and Hanan to solve multiple sequence alignment and the vertex
cover problems [FKH03| and by Edelkamp [Ede0la] to obtain optimal plans for
problems formulated in STRIPS [FN71]. Bonet and Geffner also used a sum of
lower bounds which actually resulted in a non-admissible heuristic (not actually
lower bound) but they did not insist on optimal plans. Their lower bounds would
only be additive if the actual elements (atoms) the bounds correspond to were
independent. Edelkamp [Ede01a] solved this problem for STRIPS by projecting

the state spaces onto independent sets of propositions.

6.2 Pattern Databases

The term “pattern database” comes from [CS94] but the idea of storing lower

bounds in a look-up table was independently developed in Artificial Intelligence
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and Operation Research. To our knowledge the first work which uses precalcu-
lated lower bounds in state space search is due to Christofides, Mingozzi and Toth
[CMT81]. They calculated dynamic programming tables of relaxed state spaces
for constrained versions of the Traveling Salesman Problem and used the values
(lower bounds) to search in the original state space. Culberson and Schaeffer
[CS98] applied tile abstractions to the 15-puzzle and stored the lower bounds ob-
tained from the abstract spaces in pattern databases. Prieditis’ speed-up transfor-
mation “Precompute Lookup Table” in [Pri93] also results in pattern databases.
Herbert Kociemba’s “T'wo-phase Algorithm” [Koc] uses look-up tables of lower

bounds to derive very short solutions to the Rubik’s Cube.

Pattern databases have also been applied to many problem domains. These
include puzzle solving [CS98, Kor97, KF02, JS99], STRIPS planning [Ede0la,
Ede02], multiple sequence alignment [HTKO03] and solving NP-hard optimization
problems [FKH03, CMT81, MBR97, Her03a]. The pattern databases used in
solving these applications are also different is some respects. Most of the above
mentioned applications are domains where operators are of unit cost: puzzles
[CS98, Kor97, JS99, Her01], STRIPS planing [Ede01a, Ede02] and the vertex cover
problem [FKHO03]. For the SOP and constrained TSPs [CMT81, MBR97, Her03a)
there are potentially O(n?) costs where n is the number of cities. The abstract
spaces corresponding to the multiple sequence alignment pattern databases are
projections onto subsets of the sequences. Therefore there is no need to treat
the costs as special. Similarly, the state space relaxations in [CMT81, MBR97]
for constrained TSPs do not affect the cost matrix when calculating the dynamic
programming table for the abstract state spaces. In this sense, our work clearly

stands out for the SOP, since our abstractions are applied directly to the cost
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matrix.

Most of the pattern databases simply store lower bounds. In this respect the work
of Junghanns and Schaeffer on the Sokoban [JS99] is different as the pattern
database is used to avoid deadlocks. Edelkamp’s symbolic pattern databases
[Ede02] also stand out as the abstraction that creates the pattern database is
applied to the ordered binary decision diagram (OBDD) representation [Bry92]

and not to the original STRIPS encoding of the problem.

The abstractions that induce the pattern databases in most previous work were
handcrafted. For example the “fringe” and “corner” patterns for the 4 x 4 puzzle
[CS98] and the pattern databases for the Rubik’s Cube [Kor97] and the 5 x 5
puzzle [KF(02] were picked by the authors. Edelkamp [Ede0la] uses an automatic
selection procedure (based on bin-packing) to find pattern databases which come
close to the given memory limit. In multiple sequence alignment [HTKO03] the
projection is always along the dimensions of the individual sequences that are
aligned (therefore given). In [FKHO03] dynamic partitioning of the tiles is consid-
ered and there is also mention of a gradient descent heuristic abstraction selection
in [CMT81]. The hill-climbing search, however, that finds our abstractions is
pivotal in our pattern databases derived for the SOP [Her03a] and it is not only
driven by maximizing the size of the pattern database but it also seeks to tighten
the lower bounds on each level. We have also shown that there are instances
where pattern databases obtained by our greedy search could provide orders of
magnitude tighter lower bounds than pattern databases of the same size which

correspond to randomly chosen patterns.
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6.3 Performance Analysis

The classical study of heuristics and search performance is due to Pearl [Pea84].
Korf et al. in [KR98, KREO1] criticize this and other previous analysis ([Poh77,
Gas79]) which characterize heuristics in terms of their relative and absolute error
and specifically in the context of the A* [HNR68| algorithm. If the error of a
heuristic estimate (its difference from the true distance to the goal) is bounded
by a constant then A*’s complexity is linear with respect to nodes expanded while
if the error grows linearly with the true distance it will expand an exponential
number of nodes. As Korf et al. point it out, the two problems with this anal-
ysis are the difficulty of estimating the heuristic’s error and the A* assumption.
A* with a monotone heuristic does not expand duplicates. On the other hand,
memory limited algorithms, such as IDA* [Kor85b], DFBB [LW66], often expand

a large number of duplicates.

The basis of the analysis of Korf et al. [KR98, KRE01] is the brute-force search
tree (BFST). They estimate the number of nodes expanded on the last iteration
of IDA* in the worst case. Considering only the last iteration is often appropriate
since it dominates all previous iterations if the operators have the same cost. On
the other hand, when there is a large number of different costs, an exponential
number of iterations may be needed by IDA* to bump the cost bound to the
cost of the goal. Holte et al. in [Hol03] also raise the issue that the number of
iterations with IDA* even with uniform costs is very difficult to predict from the
heuristic values. In particular, they show that a more accurate heuristic could
result in more iterations than one which is less precise. We, however, believe that

even with its limitations, estimating node expansions from the BFST offers much
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insight in understanding heuristic search.

6.4 Applications

The two applications we considered in this thesis are finding macro-operators
for the Rubik’s Cube and solving the Sequential Ordering Problem. We also
performed analysis with the 3 x 3 puzzle to gain insight into the performance of
pattern databases. Finding optimal solutions for the n x n puzzle is shown to
be NP-complete in [RW86]. Finding optimal solutions efficiently for the Rubik’s
Cube is still an open problem. The SOP is a special case of the TSP which is
known to be NP-hard even in the Euclidean case [Pap77]. Therefore our approach
of heuristic search is justified in attacking these problems. The n X n sliding tile
puzzles and the Rubik’s Cube have also been a driving force in improving and
designing new search algorithms, [Kor85b, KT96, CS98, Sin81, Kor85c, Kor97,

Her01] just to name a few.

6.4.1 Macro-operators

Adding macros to a space is often used in speed-up learning [FHN72, Iba85,
Iba89]. This increases the branching factor and can result in the so-called utility
problem [MS93] where there could be a very large number of operators applicable.
Finkelstein and Markovitch [FM98] describe a framework that can be used to
select high utility macro operators. In contrast, in Korf’s work [Kor83a, Kor85c],
the macro-operators totally replace the original operators and in the problems

studied the utility problem does not apply. This is also our approach in this
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thesis. In [Kor83b|, Korf defines serial decomposability which is sufficient to
guarantee that a set of macros can serialize a problem. Serializability refers
to the existence of a subgoal ordering where once a subgoal is satisfied it does
not need to be violated again. Traditionally macro operators were found by
uninformed search. The stabilizer chain for permutation groups [DM96] can also
be viewed as a macro table, where the generators of the subgroups are the macro-
operators. In Computational Group Theory, the Schreier-Sims algorithm [Sim70,
But91] is the most often used to build the stabilizer chain. Since the Rubik’s
Cube is a group, the algorithm can directly be adopted to build macro tables.
The only modification needed is to also record the sequence in terms of the
original generators corresponding to each generator of the subgroups. This would
yield very long solutions. A greedy selection technique suggested by Osterlund
[Ost] can reduce solution length substantially but these solutions are still much
longer than the optimal solutions [Her01]. Osterlund also suggested a relatively
expensive path post-processing technique that could reduce solution lengths to
approximately that of the solutions found by Korf’s macro tables [Kor85¢c|. Korf
used bidirectional partial-match, an uninformed bidirectional breadth-first search,
to find optimal macros. Due to the small memory in computers at the time,
he could not find all optimal macros and calculated some by the composition

technique suggested by Sims [Sim70)].

6.4.2 The Sequential Ordering Problem

The SOP is a model for many real life applications, ranging from helicopter rout-

ing between oil rigs [PT91] to scheduling on-line stacker cranes in an automated
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warehouse [Asc95]. Since it is an NP-hard optimization problem, in practice,
greedy techniques are used to obtain feasible but usually suboptimal solutions.
The HAS-SOP system of Gambardella et al. [GD00, GD97] is the most success-
ful of these. It uses ant colony optimization as well as a novel tour construction
technique based on the 3-opt edge exchange heuristic [LK73]. Optimal solutions
to some instances of the SOP were obtained by Ascheuer et. al. [AJRO0] with a
cutting plane technique. The SOP is modeled as an Integer Programming prob-
lem derived from the Asymmetric Traveling Salesman Problem (ATSP) polytope
[Fis92, Fis95]. The challenge with the branch and cut approach is to find valid
facet inducing inequalities that represent the additional precedence constraints
[ALFES90]. Ascheuer et al. also employed heuristic tour constructions to derive
actual solutions (choose edges of the tour for which the LP relaxation gives frac-
tional values). Escudero et al. [EGM94] used a similar approach but the lower
bounds were obtained by Lagrangian relaxation. State space search for con-
strained TSPs was first considered by Christofides, Mingozzi and Toth [CMT81]
and later extended by Mingozzi, Bianco and Ricciardelli [MBR97]. The lower
bounds used in the branch and bound are obtained as follows. The problem is
formulated as a recursion in terms of the cost matrix, the state representation
and a successor function. The abstractions (relaxations) are directly applied to
the states and the relaxed recursion is solved by dynamic programming. The
completed dynamic programming table corresponding to this relaxed recursion
serves as a database of lower bounds. In fact, the g-path abstraction [CMT81] is
very similar to our domain abstractions. The abstraction assigns integers g¢; to
each city and the abstract state is obtained by summing the g values in the state

representation.
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6.5 Using Memory to Speed-up Search

A* [HNR68] stores all nodes which have been reached during the search. Dynamic
Programming [BD62] (for example, Dijkstra’s Algorithm [Dij59]) uses memory to
avoid recomputing the same recursion. Since the memory needs of these algo-
rithms grow (usually exponentially) as problems get larger, there is a hardware
imposed limit on the size of the problems they can solve. In contrast, the IDA*
[Kor85b], DFBB [LW66], RBFS [Kor93] and other depth-first algorithms use mem-
ory proportional to search depth and therefore, with respect to memory at least,
the size of the problem not an issue. In fact, there is a large amount of unused
memory which could be used to speed-up search. MA* [CGAdS89] works like
A* [HNR68] except when memory exceeds the given limit, the nodes with high
f-values are removed from the open list (SMA* [Rus92| and ITS [GMN94] are
much improved and simplified versions of MA*). Russell in [Rus92] performed
memory and search speed trade-off experiments (similar to the ones in Chapter
3) and found that ¢t &~ m~133 where ¢ is nodes expanded and m is the amount
of memory given to SMA*. Kaindl et al. [KKLS95] investigate several strategies
of using limited amount of memory during search. These include finding trans-
positions (eg. transposition tables [RM94]), ordering nodes (eg. the open list of
A*), backing up more accurate heuristic values (eg. RBFS [Kor93], IE [Rus92] and
MREC [SB89]) and storing search frontiers and perimeters (eg. BHPA [Poh71],
perimeter search [DN94, Man95]). They compared node expansions and running
time relative to that of IDA* and found that a bidirectional combination of A*-
IDA* with transposition tables gave the best results. Since this study predates
pattern databases, the best allocation of using a limited amount of memory still

remains an open question. In our SOP experiments [Her03a, Her03b] we found
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that some memory taken away from the pattern database and allocated to store

transposition tables results in search speedup.

In this thesis we were not concerned with reducing memory to store pattern
databases (except for perfect hashing), however, pattern databases can be com-
pressed and sometimes this can even be achieved without loss of accuracy. In the
original work of Culberson and Schaeffer [CS94] symmetries of the puzzle are used
to fold the pattern databases. They also created a single higher performance pat-
tern database which is obtained by taking values from other pattern databases.
This latter technique is not guaranteed to lead to tighter lower bounds but it is

shown to be very effective in practice by Newton and Holte [NHO03].

Felner et al. [FMHK] show that lossy compressions are often very effective and
the degradation in search performance is substantially smaller than the compres-
sion ratio. As a result one can store even larger pattern databases in the same
amount of memory. In this thesis we did not consider compressions but we also
have preliminary (unpublished) data suggesting that lossy compressions of large

pattern databases can be very effective.



Chapter 7

Limitations

In this chapter, we examine limitations of our approaches to automatically gen-
erating high performance domain abstractions. First we discuss non-surjective
state space homomorphisms, which could lead to unnecessarily large and poor
quality pattern databases. Second we consider issues that could render some of
the observations and techniques we studied less applicable. Finally, we touch
upon open questions that are related to our work but we did not answer in the

thesis.

7.1 Non-surjective Homomorphisms

We have encountered non-surjective state-space homomorphisms (Definition 18,
page 27) with almost every problem we studied. We first discovered the phe-
nomenon when domain abstractions resulted in larger abstract spaces for the

Block’s World planning problem [HH99a| than the size of the original space. In
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the example presented in Chapter 2, the introduction of two blanks in the 2 x 2
puzzle lead to spurious states. The cause, however, in all cases of non-surjectivity
is that the abstract space is calculated by a generator A;l instead of applying ¢ to
the states of the original state space graph (as in STAR abstraction [HPZM96]).
The condition for A;l to avoid non surjective homomorphisms for state space S,
is

veAw) = $u) € A7 (4(0)) (71)
where u,v € S. To guarantee the connectivity requirement of a state-space

homomorphism, only the implication
v e Alu) = ¢(u) € Ay (¢(v)) (7.2)

must be satisfied. It is, however, not always straightforward to design A;l S0
it does not generate spurious states. In Chapter 5, the post processing that
eliminates the spurious predecessors is pivotal to the algorithm’s success. The
best lower bound we were able to obtain without checking for spurious states
for p43.4 was 56,645 which is significantly lower than the values obtained with
checking (Table 5.1, page 129).

Next we give a description of a representation for the nxn puzzle where practically
all domain abstractions lead to non-surjective abstractions. A state is represented
by a vector which is indexed by the tile labels and the values correspond to the tile
positions. We refer to this representation as the “dual” encoding. In our original
representations, the positions are the indices and tile labels are the values. Figure
7.1 shows the indices we chose for the tile positions on the left and an actual state
on the right. The state vector is composed of the state variables in this order

Xy , T2 , T3 , T4
— o~~~
tile 1 tile 2 tile 3 blank
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1] 2 0
indices <3,2,4,1>

Figure 7.1: Dual Representation for the 2 x 2 Puzzle.

The state shown in Figure 7.1 is (3,2,4,1). The operators that apply depend on

the position of the blank, which in our dual representation, is the value of z,.

Consider the domain abstraction
2, ifz=2o0rzx=4

¢(z) =

4,  otherwise

The operators in both the original and abstract spaces could be described as
swapping the values of 4 and z; (where 7 is 1,2 or 3) when they have the settings

shown below.

rule A Al
T4 x; action | x4 zx; action

#1111 2 R |1 2 L
#2 | 3 4 R 3 2 L
#3 |2 1 L 2 1 R
#4 | 4 3 L 2 3 R
#5 |1 3 U 1 3 D
#6 | 2 4 U 2 2 D
#7 13 1 D 3 1 U
#8 1 4 2 D 2 2 U
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The abstract operators 6 and 8 become irrelevant and can be deleted from A;l.
The resulting state space is depicted in Figure 7.2. The operator numbers are
indicated at the arrow tips. The ovals enclose the preimage states and the ones

with dashed boundaries are the spurious states. It can easily be verified that every

<2,1,2,3> 7
<2,3,2,1>

Figure 7.2: Abstract Space for the “Dual” Encoding of the 2 x 2 Puzzle.

domain abstraction with granularity (2) is non-surjective when A;l is obtained by

simply relabeling the constants in the original operators. The abstract operators
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which introduce spurious states are 1 and 7. In both cases the operators could
correspond to moving the tile into the blank across a diagonal, which is illegal. On
the other hand, the rules cannot be simply removed because the connectivity in
the abstract space would not be preserved (some applications of these operators

are required, as can be seen in Figure 7.2).

Whether a domain abstraction is surjective or not, it will induce a homomorphism
and therefore our framework is general to derive lower bounds. Unfortunately
non-surjective homomorphisms could be too large to be useful or they can result
in unnecessarily inaccurate lower bounds. For example in Figure 7.2, the path
between (2,2,3,1) and (2, 3,2, 1) is shortcut by the spurious state (2,1, 3,2). We
do not have an automatic way to avoid non-surjective homomorphisms, but in
this thesis we have shown that in some cases domain knowledge can be used to
eliminate spurious states. In the case of the n X n puzzle it is sufficient that
the domain abstraction preserves the uniqueness of the blank. In the case of the
SOP, an efficient check can be performed. Nonetheless, the user should be aware

of non-surjectivity.

7.2 Limitations in Approach

Pattern databases have been used to solve impressively large problems. One
question is, how far can this approach scale up? Currently we can solve SOPs of
40-50 vertices optimally in reasonable time. Will computers have enough mem-
ory so we will be able to solve 100 vertex large SOPs with pattern databases?

The state space corresponding to a 100 vertex SOP is approximately 107 times
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larger than the largest SOP we can currently solve and even with fast advancing
technology we cannot expect that computer memory would grow on this scale.
Using additive [KF02, FKH03] and multiple [NH03, HNF*04] pattern databases
is often much more effective than using one single pattern database. However, we
do not expect even these techniques to have enough power to solve much larger
SOPs. In fact, this limitation is also true for the other state spaces we studied.
The sliding tile puzzle is defined on an n x n grid, the generalized Rubik’s Cube
is made up of n x n X n cubies (with n = 3 in the original puzzle) and the SOP
is defined by an n x n cost matrix. The state spaces are exponential in n and
unless memory grows at the same rate (which is highly unlikely) our technique
cannot be used to solve our problems for much larger n. While this is slightly
discouraging, the problems we deal with are N P-complete and many researchers
believe that it will never be possible to solve these problems for substantially
larger n efficiently. Despite this, optimal solutions are important. For one, they
can be used to benchmark suboptimal algorithms. In the case of the SOP, small
instances can still be models for realistic applications and judging from the often
large gaps between the currently best known upper and lower bounds for rela-
tively small unsolved instances [TSP] the best suboptimal heuristic techniques
could still be far from optimal. In the case of the SOP our technique can also
be used in an interesting local search. Since any segment in a feasible (but not
necessarily optimal) solution is a SOP, we can choose consecutive segments of
vertices and solve them optimally. We would perform this tour improvement af-
ter 3-opt and other cheaper local search techniques can no longer reduce the cost

of the solution.

The ubiquitous way to build pattern databases is to expand the abstract state
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space from the abstract goal state [CS98, Kor97, KF02, Her01, Her03a). For the
SOP (and in many optimization problems) there is always one unique goal state
and therefore it is no limitation. On the other hand, can we search between any
two states in the state space’using the same pattern database? The answer to
this question, in general, is certainly no. Interestingly, however, we can use the
same pattern database to search between arbitrary states in the Rubik’s Cube
state space. Let g be the goal state for which the pattern database H, is built in
the Rubik’s Cube state space. Suppose we change the goal state to be g,. Since
all states in this state space can be expressed as permutations of one another,
there exists a permutation p such that p(g) = g». For this problem, the operator
closure from every state is also the same state space with the exact same cost
structure, and therefore Hy[p(s)] is a lower bound for a state s and goal state go.
Similarly, we can actually transform the whole macro table built for g (Chapter
4) to obtain a macro table for go. On the other hand if the goal is replaced with a
goal condition cond (a common case in planning problems) the pattern database
approach is less likely to be applicable. If the number of states which satisfy cond
is relatively small and can be computed explicitly, we can create a pseudo goal g
which is connected to the states cond(S) with 0 cost edges or in some cases (like
the macro subgoal state spaces) we may be able to identify a state space where
cond(S) is unique. In general, however, pattern databases will not be reusable

for problems where the goal state moves frequently.

In light of our results in Chapter 3, a straightforward approach to select good
abstractions would be to generate a large number of domain abstractions which fill
up memory, evaluate the statistics we suggested and pick the best. This “generate

and pick” approach, however, is expensive. It maybe worth doing this if a large
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number of problems are to be solved with the same pattern database over time.
For our applications, the macro-table and the SOP, we believe that this approach
would be ineffective. In the case of the SOP, we showed that randomly selected
pattern databases are substantially less accurate than the ones we derived by local
search in the space of domain abstractions (Table 5.1, page 129) and therefore
the “generate and pick” approach would not even be applicable. Our insight and
domain knowledge greatly improved the quality of the pattern databases in our

applications.

Another inherent difficulty of our approach is that it requires the implementation
of A;l, in addition to A. For problems where the action of the operators is to
permute the values of state variables (n x n Puzzle and Rubik’s Cube), it is not
an issue, because A;l is identical to A. In general, however, the implementations
of A;' and A could be different (as it is the case for the SOP) and it may not
be easy to automatically derive A;l from A. For example, our totally automatic
system, PSVN, in general, cannot infer the unique inverse of an operator (Section
2.6). This could result in spurious states and therefore in less effective lower

bounds.

7.3 Remaining Open Questions

We have shown a space-time trade-off and suggested statistics that were effective
in identifying good pattern databases without search for a few state spaces’.

We cannot conclude from these experiments that these results hold for all state

lwe detailed the results of the 3 x 3 puzzle in this thesis and have published similar results

for other state spaces in [HH99Db] and in [HHO04].
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spaces and for other abstraction techniques as well. On the other hand, one
can easily follow our methodology and perform the same type of experiments
with a scaled down version of the problem to be solved. For example, we can
reasonably expect that our conclusions drawn from the 3 x 3 puzzle experiments
would also be valid for all n x n puzzles. Another limitation with our approach
in this respect is that we took memory to be the size of the abstract space.
With multiple [HNF*04, NHO03| and additive [KF02, FKHO03] pattern databases
and with database compression techniques the trade-off could be quite different.
Therefore the validity of our results for memory based heuristics in general is still

an open question.

In this thesis we have studied pattern databases and shown that they are very
effective for solving the problems we studied. On the other hand, the question
of utilizing memory most effectively to speed up search is still open. Kaindl et
al. in [KKLS95] compare a number of strategies, however, their study excludes
using memory to store heuristics. The answer to the memory utilization question
is probably even more complex in light of recent advancements, in particular
additive [KF02, FKHO03] and multiple [HNF*04, NHO03| pattern databases. In
the case of the SOP we have shown (Chapter 5) that using some memory taken
away from the pattern database and use it to store transposition tables could be
more effective. In this case, our approach was justified by the level structure of
the state spaces which was also preserved in the abstract spaces (we traded the
memory of the pattern database at the levels close to the start state). The best
way of allocating memory to speed up search and even the features that play a

role in making an informed decision are still open questions.



Chapter 8

Conclusions

8.1 Results and Reflections

The main contributions of this thesis were laid out in Chapters 3, 4 and 5. In
Chapter 3 we experimentally established a space-time trade-off for the 3x 3 puzzle.
With very high correlation, tm® = ¢, where ¢t is the number of nodes expanded,
m is the size of the pattern database, ¢ is some constant and « is a problem
specific constant (in our experiments between 0.69 and 0.85). If a were higher
than 1, then doubling memory results in fewer than half the nodes expanded.
This trade-off was valid for both A* and IDA*. The result not only confirms the
intuition that larger pattern databases result in faster searches, but also that if
a is known (e.g. determined by performing experiments similar to ours), one
can very accurately approximate the gains in increasing memory. The size of the
abstract space, however, is not the only indicator of search performance. For the

3 x 3 puzzle there was a 2-3 fold difference in search performance between pattern
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databases of the same size and often the best pattern database of a certain size
outperformed an average one with substantially larger size. To account for this
performance difference we performed experiments involving thousands of pattern
databases and identified simple statistics which are effective in identifying high
performance pattern databases without actual searches in the original state space.
While our experiments were performed only with small state spaces (including
the ones in [HH99b, HH04]) we believe that our conclusions are valid for scaled
up versions of these spaces as well. At present, it is infeasible to repeat our
experiments on a similar scale for larger spaces. We believe, however, that the
number of heuristics involved in the experiments are sufficient to draw affirmative
conclusions. As we pointed out in Chapter 7, state spaces could widely vary and
while our results are informative, we cannot say with certainty that our results
would be true for all problems. Therefore, we suggest to perform experiments
similar to that of Chapter 3 with a scaled down version of the problem to be
solved. In Chapters 4 and 5 we directly made use of the space-time trade-off by

building the largest possible pattern databases that fit within our memory limits.

In Chapter 4 we showed that automatically derived domain abstractions are effec-
tive to search for optimal macro-operators. Traditionally macro-operators were
found by uninformed search techniques. Since each subgoal represents a different
search space, more than one heuristic is needed if heuristic search is to be used.
Therefore searching for macro-operators was a natural candidate for putting au-
tomatic derivation of pattern databases to the test. Our heuristic to find good
pattern databases was very simple. We greedily kept making the domain ab-
straction coarser until it resulted in a patﬁern database which fit in memory. We

also have observed that for the last subgoals (which have the most invariants
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and therefore are also associated with the largest state spaces and the longest
searches) we can ensure that hg is relatively high which is expected to result in
faster searches according to our experiments in Chapter 3. We also have made a
number of novel enhancements. In previous work each state variable represented
a single subgoal. Due to the faster searches achieved by using heuristic search,
we were able to find macros for subgoals which are associated with more than one
state variable. When the merge of subgoals resulted in an abundance of macros
to find, we stored a pattern database instead of the macros to solve the subgoal
with heuristic search. Subgoal merging resulted in substantial improvements in
solution quality for the Rubik’s Cube at reasonable additional cost. While the
testbed was the Rubik’s Cube, our improvements are generally applicable to build
macro-tables for other state spaces. In particular, if there is a subgoal sequence
seq for which a problem is serializable, the problem remains serializable for any
subgoal sequence obtained by merging consecutive subgoals from seq. The only
additional requirement is to be able to implement A;l which is relatively trivial

for many benchmark problems to which macro-search has been applied.

In Chapter 5 we used pattern databases to solve the Sequential Ordering Problem.
While Christofides et al. [CMT81] had used lower bounds stored in memory to
search in the original state space for optimization problems for the first time,
our approach is substantially different. There are still many relatively small
instances of the SOP which are still unsolved [TSP] and therefore we decided
to try to derive better lower and upper bounds and to solve unsolved instances
for the first time. We were able to solve one unsolved instance which is called
p43.4 in the TSPLIB. It is a SOP with a relatively large number of precedence

constraints and it has only 44 vertices. We were also able to match the best lower
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and upper bounds for some other modest size (up to 54 vertices) unsolved SOPs.
We made a number of novel improvements which were all essential to achieve our
results. Our first novel contribution is a heuristic guided local search in the space
of domain abstractions which finds the domain abstractions which induce the
pattern databases. This technique derives much better quality pattern databases
than the best picked from random ones with the same number of entries. We also
invented two novel search techniques which are derived from Depth-first Branch
and Bound (DFBB). Bidirectional Depth-first Branch and Bound (BiDFBB) is a
general search technique applicable for all problems which can be searched by
DFBB in both directions. BiDFBB was designed to overcome the poor quality
of initial feasible solutions. While one can often use local search to improve a
suboptimal solution (like a 3-opt for the TSPs), BiDFBB may also be effective
in obtaining good quality initial solutions when a local search is not available.
Recursive Depth-first Branch and Bound (RecDFBB) takes advantage of the fact
that a segment of a solution is a SOP itself and, since we can generate lower
bounds automatically, we can solve the suffix as an independent problem with
its own heuristics when the search corresponding to the subtree with the global
lower bounds is ineffective. In fact, in most cases, the recursive call does not
need to solve the subproblem but to prove that no solution exists that would
improve on the best known solution. RecDFBB, while less general than BiDFBB,
is applicable for most problems derived from TSPs and for problems which exhibit

this recursive property.



CHAPTER 8. CONCLUSIONS 172

8.2 Future Work

We have mentioned limitations and related open questions in Chapter 7. Out of
these, we are mainly planning to continue research in the direction of using pattern
databases to solve very constrained N P-hard optimization problems. These, in
particular, include constrained Vehicle Routing, scheduling and larger Sequential
Ordering problems. From private discussions with experts who solve real opti-
mization problems we gathered that realistic problems are even more constrained
than the usual benchmark side constraints commonly considered in the Opera-
tions Research literature. The common ones are precedence constraints and time
windows. In reality, however, some of the constraints can be considered soft (can
be violated with some penalty) or often disjunctive. For example, labour laws
prohibit truckers to drive more than a certain number of hours without a certain
amount of rest, to drive faster than the posted speed limits or carry more cargo
than a specified capacity. On the other hand when looking at the actual records
it is often the case that the constraints are violated'. In Section 5.6 we have
hinted that we can generate lower bounds for soft and arbitrary boolean expres-
sions of precedence constraints but we did not evaluate them due to the lack of
benchmark problems. Our next course of action is to obtain real problems which
involve many different and potentially unusual constraints which make it hard
to derive nice mathematical models. In our experiments with the SOP we found
that our technique is more effective to solve the more constrained instances. This
is exactly the opposite for the branch and cut solvers, which are better at solving

the less constrained SOPs. Since we were told that realistic scheduling problems

In fact, we were told by two independent research teams that the actual schedules used in

industry almost always violate the constraints described by the companies.
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are often far more constrained than the benchmark problems, heuristic search can
be more effective to derive optimal or high quality solutions than branch and cut
with the Linear Programming relaxations. We believe it is likely to be the case
that we can encode unusual Constraints more easily into a successor generator
than an expert formulating the same constraints as linear inequalities. Even if
the inequalities can be derived, branch and cut will only be effective if there are
also good separation and lifting procedures that take the new inequalities into ac-
count. If the additional constraints substantially reduce branching, we can hope
to solve much larger SOPs or similar scheduling and optimization problems. We
will also consider using multiple pattern databases, database compression and
better local searches in the space of domain abstractions to derive more accurate
lower bounds. In particular, we considered only a subset of domain abstractions
for our local search (merging and splitting columns) because it made the im-
plementation of A;l easy (and efficient). The full space of domain abstractions,
however, is much larger and therefore by considering all possibilities, we can hope

to build more accurate pattern databases with the same number of entries.

8.3 Final Word

In this thesis we have shown that automatically generated lower bounds can
be effective in solving difficult search problems. While all domain abstractions
can yield lower bounds, our aim was to consider the large space of domain ab-
stractions to build high performance databases. First we examined the search
performance of pattern databases by performing experiments which involved a

large number of searches and domain abstractions. These experiments confirmed
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a very predictable space-time trade-off and revealed that there are simple statis-
tics which can be used to identify good pattern databases. The two applications
we considered to demonstrate our techniques were macro-search and the Sequen-
tial Ordering Problem. In macro-search there is a different search space for each
subgoal and therefore the automatic generation of lower bounds is clearly prefer-
able. In the case of the SOP, the derivation of tight lower bounds is still an open
problem. For this application we performed local search in the space of domain
abstractions to obtain high performance pattern databases. The lower bounds
obtained by our greedy optimizer were far more accurate than the ones built from

random abstractions, even when the pattern databases had the same size.



Appendix A

Checking for Spurious States

In this section we describe a check for spurious states after the predecessors of an
abstract state have been generated by A;Lhd,i for the SOP. In particular, we check
if an abstract state, s, actually corresponds only to precedence violating partial
tours. This can happen because A;@i .,¢; uses the cost matrix Cit1, to derive the
predecessors. Since C;.;; cannot preserve all the constraints of C' (applying rules
3 and 4 could eliminate precedences, page 108), we will now check s against the
original precedences. We also have to do this efficiently, as this test is going to
be performed for every abstract state. If we were to check all preimages for each
abstract state separately, we would, in essence, expand the entire state space. We

identified two necessary conditions which can be checked efficiently.

Consider the abstract state s, depicted in Figure A.1. Its representation is s; =
(...,b,b)[z]. The corresponding partial tour must start at vertex 0, terminate in
vertex k — 1 (when there are k abstract labels) and it is currently in vertex x. We

also know that there are still two vertices with image b available. From av(s})
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2

i
initial taken current available terminal

Figure A.1: Abstract State s].

we can also tell which vertices are taken, and suppose there are two vertices with
label a already included in the partial tour. For s} to be feasible, (1) having two
vertices with image a preceding a vertex with image x must be feasible and (2)

two vertices with image b can come after a vertex with image z in a tour.

The maximum number of vertices with label a which can precede a vertex with
label z is the number of non > entries among the columns of C, where the row
labels are the vertices that map to a and the column labels are the vertices that

map to z. The columns are shown below.

a - 4 X

a

\a 3 - 2

In the special case, when a = z, there can be one fewer a. This is a conserva-
tive measure, it is not always true that there could actually be these many a’s,
however, it is certain that there cannot be more. Similarly, when two b’s are still
available in s} with current vertex z, it is necessary that there are at least two

non > entries across the columns of C, where the column labels have image b and
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the row labels have image z.

To perform the check more efficiently, we precalculate the maximum number of
a’s and b’s which can come before and after an z for all combinations of a, b and
z. When the abstract space is expanded, the actual check for an abstract state
s; with current vertex z is performed in O(nk) time where n is the number of

vertices and k is the number of preimage vertices of z.



Appendix B

Perfect Minimal Hash Function

Our perfect minimal hash function, I, over the abstract states plays many im-
portant roles. First, instead of a complicated hash table data structure, we can

use a simple array of lower bounds H, where
h(si) = H[Li(¢i(s:)]

Not storing the abstract states and the fact that we do not need overflow data
structures substantially reduce the amount of memory we need to store the pat-
tern database. I; is also used to determine the exact number of abstract states
on level 7. Therefore we can tell if our abstraction ¢; will fit in memory without
expanding the level S;. The transposition tables on level ¢ also use I; as the index

function.

Our [ is not a closed form formula, but is obtained from dynamic programming

tables.
I; is a perfect minimal hash function over the states of S; = ¢;(S;), not taking
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precedences into account. This means that given a state on s; € S, I;(s}) returns
a unique integer in the interval [0, |S}| — 1], where |S]| is the total number of
states on S including those which represent partial tours that violate precedence

constraints.

Recall that s is represented as a set of abstract labels corresponding to the
vertices not in the partial tour and the label of the last vertex in the partial tour.
The number of labels available in s for an n vertex SOP is n — ¢. This includes
the label k£ — 1 for the terminal vertex of the tour. Therefore we have n — 1 —1
“wild card” labels.

s, = (available labels, k — 1)[v,]

n—t—1

The n — 4 — 1 available labels are not unique since some labels could repeat.
Suppose there are b different labels (excluding the labels 0 and & — 1 which are
reserved for the labels of the start and terminal vertices). Therefore b = £ — 2.
To model this problem, imagine that we have b boxes. The box ¢, for 1 <7 < b,
contains |¢; ()| pebbles with the same colour. No two boxes have pebbles with
identical colours and there is at least 1 pebble in each box. The labels of the
abstract state correspond to the pebbles we pick from the boxes. In particular,
we have to choose 1 pebble for the current vertex (v.) and then another n —¢—1
pebbles from the remaining ones to represent the available vertex labels. To count

the abstract states, we break down the problem into the these subproblems.

e choose 1 pebble from the b = k — 2 boxes

e choose n — i — 1 pebbles from the remaining ones

Subproblem 1 is clear. There are k¥ — 2 choices. Subproblem 2 is much more
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complicated. Our strategy is to enumerate the choices in lexicographic order.
Let’s consider a concrete example. We have 4 boxes (b = 4) and we have to
choose 5 pebbles (n — i — 1 = 5). There are 3 pebbles in box 1, 2 pebbles in box

2, 5 pebbles in box 3 and 2 pebbles in box 4, as shown in Figure B.1. The choices

1 2 3 4

Figure B.1: Pebbles in Boxes.

in lexicographic order are shown in Table B.1. The entries correspond to how

Box Box Box Box
1 2 3 4 (# 1 2 3 41 #||1 2 3 4| #|1 2 3 4| #
0 03 2{00 2 3 0| 8|1 2 1 1(16)2 2 0 1,24
0 0 4 11§10 2 2| 9y1 2 2 0172 2 1 0|25
0 05 0|21 0 3 1102 0 1 2|18}3 0 0 2|26
01 2 23|t 0 4 0{11)2 0 2 1193 0 1 127
0 1 3 1|441 1 1 2122 0 3 0|20y3 0 2 028
01 4 0|51 1 2 1(13§|2 1 0 21213 1 0 1,29
021 2|61 1 3 01442 1 1 1223 1 1 0/]30
02 2 1|71 2 0 2152 1 2 0f23|3 2 0 0|31

Table B.1: Picking Pebbles in Lexicographic Order.

many pebbles were chosen from the box. For example, for the choice with #14,

there is one pebble chosen from box 1, one pebble from box 2 and three pebbles
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from box 3. The corresponding abstract state is
(1,2,3,3,3,5)[v]

Label 5 is always available since it is the label of the terminal vertex, 0 is only
available in the start state and v, is 1, 2, 3 or 4. To assign the lexicographic order
for a choice of pebbles we define a recurrence relation. Let f(z,y) be the number
of ways one can select y pebbles from the last boxes starting with box z. Box

contains n, many pebbles. The recurrence is

Y

i=max(y—nz,0)

with the initializations
0, ifx=bandy > n,
flx,y) =49 1, ifz=bandy=n,

1, ify = 0(one way to select 0 pebbles)

We can solve this recurrence with dynamic programming. The completed dy-

namic programming table T for our example is shown below.

Y

Boxes|n, 2|0 1 2 3 4 5

1,2,3,4| 3 |1]1 4 10 18 26 32
2,3,4/2 (2|13 6 8 9 9
3,4/5(3/12 3 3 3 3

4/2]4/11 1 0 0 O

The value T[1][5] = 32 is the total number of ways selecting 5 pebbles from the 4
boxes and, for example, T[2][4] = 9 is the number of ways one can pick 4 pebbles

from boxes 2, 3 and 4.
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Let vector m be a particular selection of pebbles from b boxes and let 7(m) be the
index of the lexicographic order corresponding to the selection m. For example,

n({2,1,2,0)) = 23 as shown in Table B.1.

b—1 [miz]-1
nmﬂ=Z:(X:Th+H@@%4D (B.1)
g=1 \ i=0
where p(z) is the total number of pebbles chosen from the last boxes starting
with box z
p(z) = >_ mlj]
j=z

For the selection m = (2,1, 2, 0),

n(m) = (T2]E] + T24))+  TBEIB]  + TR+ THN) = 23

~ " ~ "

w:l,p(m):5,m[1]=2 z=2, p(z)=3,m[2]=1 $=3,p(2):?,m[3]=2

We need k — 2 such dynamic programming tables, one for each choice of v.. We
order them according to the label values of v.. The hash value is obtained by
calculating n(.) and offsetting this value by the maximum entries of the dynamic

programming tables that precede the one labeled v..
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