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Abstract

In this thesis we classify the coordinate algebra of extended affine Lie algebras,
EALA’s for short. of type A;. The coordinate algebras of EALA’s of the other
reduced types were already described in (6], [7] and [2]. In Chapter 1 we show that
the coordinate algebra of EALA’s of type A, is a certain Z"-graded Jordan algebra
called a Jordan torus. The main result in this thesis is the classification of Jordan
tori. For this purpose we study more general objects, division graded alternative or
Jordan algebras in Chapter 2. In Chapter 3 we classify Jordan tori. They fall into five
classes namely three types of Hermitian tori, Clifford tori and the Albert torus. Our
second goal is the classification of division Z"-graded alternative algebras in Chapter
4. which generalizes the classification of alternative tori in [7]. In the associative case,
we get a generalization of quantum tori, and in the nonassociative case, we obtain
the Cayley torus or 3 closely related octonion rings. In the final chapter we classify
graded forms and derivations of Jordan tori. These results serve as a preparation of

classifying tame EALA’s of type A;.
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Introduction

In this thesis we study the coordinate algebra of extended affine Lie algebras of
type A; and related topics. Extended affine Lie algebras, EALA’s for short. form a
new class of infinite dimensional Lie algebras, which were first introduced by Hoegh-
Krohn and Torresani in 1990 [11] (under the name of irreducible quasi-simple Lie
algebras) as a generalization of the finite dimensional simple Lie algebras and the
affine Kac-Moody Lie algebras. and systematically studied in the recent memoir [1].

Let us first explain the construction of affine Kac-Moody Lie algebras of type Afl).
Let C be the field of complex numbers, C[t*!] the algebra of Laurent polynomials
over C in one variable t and g = sl;;1(C) the set of (! + 1) x (I + 1) matrices over C
of trace 0, which is well-known to be a finite dimensional simple Lie algebra of type
Ai. Note that the bilinear form ¢(-,-) on C[t*!] defined by (r,s € Z)

1 ifr+s=0
e(t’.t“’)z{ nrTs

0 otherwise

is symmetric. invariant and nondegenerate. The loop algebra
Lg = g ®c C[t=!] = sl (C[t*!])
also has a symmetric invariant nondegenerate bilinear form (-,-) defined by

(z® f,y ®g) = tr(zy)e(f. g)

for 2® f,y ® g € Lg. where tr is the usual trace form of matrices. Let

d
d=t—
dt

be the so-called degree derivation on C[t%!]. Using this d and the bilinear form (-.-)
on Lg, we can define a 1-dimensional central extension

Lg=LgeCc
of Lg, where the Lie bracket is defined as

[T®f+ac,y®g+bc :=[1,4] @ fg+ (zRdf,yRg)c



forr® f.y®g € Lg and a.b € C. The affine Kac-Moody Lie algebra ZE of type Al(l)

is defined as follows:
Lg=LgeCd

contains Lg as a subalgebra. and for z & f +ac € Lg and b € C. we have
[z ® f +ac,bd) := br ® df.

Note that I‘:a is an ideal of Z\g and Cc is the centre of [,,B We point out some further
properties of I’,E The bilinear form (-,-) on Lg can be extended to a symmetric form
on [’,\g defined by

(Lg.Cc o Cd) = {0}. (c.c) =(d.d) =0 and (c.d) = 1.
Then. again the new form
(EA1) (-,+) on ZE is a nondegenerate symmetric invariant bilinear form.

Let h be a Cartan subalgebra of g, e.g. the subalgebra of all diagonal matrices of
sli+1(C). and put
H:=(h®1l)eCcsCCd.

Then H is a finite dimensional abelian subalgebra of [7; As in the case of semisim-
ple Lie algebras, H decomposes [’,\g With the notation £, = {z € Z\g | [h.z] =
a(h)z for all h € H}, we have

Ig=@P Lo and Lo=H
a€ER

where R = {a € H" | L, # 0} is the root system of (1’;\9, H). Note that we consider

0 as a root. Thus we have

(EA2) [/,E contains a nontrivial self-centralizing

finite dimensional ad-diagonalizable abelian subalgebra.

The root system R can be described in terms of the root system A of g relative to
h. which has type A;. We extend o € A C bh* to a linear form on H, also denoted
a. by a(Cc @ Cd) = 0. We define § € H* by 0 |491)0cc= 0 and 6(d) = 1. Then



one can check that R = A + Z6. The restriction of (-.-) to H is still a nondegenerate
symmetric bilinear form. and so the dual space H* is equipped with the induced
bilinear form, again denoted (-,-). This allows us to speak of a non-isotropic root.
Le.. (a.a) # 0. One can show that R* := (A \ {0}) + Z0 is the set of non-isotropic

roots and that

(EA3) for any non-isotropic root a. ad £, is (locally) nilpotent.
Also. it is clear that

(EA4) R is a discrete subset of H".

Moreover. R* is indecomposable relative to the form (-.+), and for any isotropic root

o. there exists a € R* such that a + ¢ € R. namely,
(EA5) R is irreducible.

Finally, let R be the field of real numbers and V the R-span of the root system R.
Then dimg V = [ + 1 and the restriction of (-.-) to V is positive semidefinite with
nullity 1, i.e., the radical is 1-dimensional. (For further details on affine Kac-Moody
Lie algebras (see e.g. [22]).)

An EALA is defined as a complex Lie algebra which satisfies the properties (EA1)-
(EA5) above. In particular, g and [/JB are EALA’s of type A; with nullity 0 and 1.
respectively. In general an EALA of type A; has nullity n, i.e., the R-vector space V
spanned by the root system, defined by the same way as above, is (I +n)-dimensional.
and after a suitable adjustment by a constant factor,

the form on V is positive semidefinite with an n-dimensional radical.

The core of an EALA is defined as the subalgebra generated by the non-isotropic
root spaces. For example, the core of ZB is I:E One has a description of an EALA £
of type A; (I 2 2). D; and E; due to Berman, Gao and Krylyuk [6]. Their description
is a 2-step process:

A) describe the core L., and then,
B) describe how L. sits in L.



This program is currently being worked out for the other types of EALA's. In par-
ticular. Allison and Gao [2] describe the cores of all non-simply laced reduced types.
ie.. By, C;, G2 and Fy. The main topic of this thesis is a description of the cores of
EALA's of type A;.

For motivation, let us first describe the core of an EALA of type 4;, [ > 3 ([6])-
Ann x n matrix q = (g;;) over C such that ¢;; = 1 and gji = qigl is called a quantum

matriz. The quantum torus Cq = Co[tT}, ... . t=!] determined by a quantum matrix
q is defined as the associative algebra over C with 2n generators t*,... .t%!, and

relations t;¢7! = ¢t7't, = 1 and tjti = Qiztit; for all 1 < 4,5 < n. Note that Cq is
commutative if and only if ¢ = 1 where 1 is the quantum matrix whose entries are all
1. In this case. the quantum torus C; becomes the algebra of Laurent polynomials
Cltfl,... .t¥!] in n variables. We note that C, is a unital Z"-graded associative
algebra A = @, cz» Aa over C satisfying

(1) AaAg = Aa+p for all a,B € Z", ie., A is strongly graded,
(2) dime Aq =1 for all a € Z™.
Conversely, any such algebra is isomorphic to Cq for some q. We observe that all
nonzero homogeneous elements are invertible. Taking Cq as a coordinate algebra we
define
sh+1(Cq) = {X € Mi41(Cq) | tr(X) € (Cq,Cql}

where [Cq.Cq] is the span of all commutators [a,b] = ab — ba. It is shown in 6]
that the core of any EALA of type A;, [ > 3 with nullity n, is a central extension of
51l+1(cq)'

The Lie algebras sl3(Cq) are examples of cores of an EALA of type A2, but do not
give all possibilities. Rather. there exists a construction which associates to every
alternative algebra A a Lie algebra psl3(A), and it is shown in [7] that a Lie algebra
is the core of an EALA of type A; if and only if it is a central extension of psiz(A)
where A is a unital Z™-graded alternative algebra A = @Daczn Aa over C satisfying
(1) and (2) above. These alternative algebras have been classified in [7]. Besides C,.
there exists up to isomorphisms one more type, the Cayley torus ©@,. It is defined
as O, = (C[tfl,... tEY,t1,¢2,t3), ie.. the octonion algebra over C[tlﬂ,... (EY
obtained by the Cayley-Dickson process with the structure constants t1, t2 and ts.

Now we consider our main topic, EALA’s of type A;. The Tits-Kantor-Koecher
construction which associates to every Jordan algebra J a Lie algebra TKK(J), called



the Tits-Kantor-Koecher algebra of J. comes into play. We show:

Theorem 1. The core of any EALA of type A; is a central extension of TKK(J)
where J is a unital Z™-graded Jordan algebra J = Dacin Ja over C satisfying

(T1) {a € Z™ | Jo # (0)} generates Z™.
(T2) all nonzero homogeneous elements are invertible,
(T3) dimc Jo <1 for all a € Z™.

Such a graded Jordan algebra over a field F of characteristic # 2 is called a Jordan
n-torus or simply a Jordan torus. We classify Jordan tori not only over C but over any
F. This will lead to analogs of extended affine Lie algebras over general fields. The
simplest example of Jordan tori is the plus algebra Fy of a quantum torus Fy. which
is defined on the space Fy with the new product -y := s{zy+yz) for z.y € F;. We
note that sly(Fg) = TKK(F,). To state our main result. we briefly describe other
examples of Jordan n-tori.

(a) Let € = (ei;) be a quantum matrix such that g = 1 or —1 for all i.5. We
call such an € elementary. Define an involution  on F, = F [t.... ,t¥!] such that
t; =t for all i. Then the symmetric elements H(F,,x) form a Jordan torus. Also.
let E be a quadratic field extension of F with the nontrivial Galois automorphism
oe. Let § = (&;) be a quantum matrix such that §;;0g(;;) = 1 for all i, j. Define a
oe-semilinear involution o on E¢ = E¢[tF',... .tZ1] over F such that o(t;) = ¢t; for
all i. Then the symmetric elements H (E¢.o) form a Jordan torus over F.

(b) Let 2 < m < n and let S™ be any semilattice in Z™ (see §2.4 for the precise
definition). One can construct a Jordan algebra Jgim) ({ac}ecs) over F[tfl,...  t£!1]
determined by a certain symmetric bilinear form which depends on S(™) and a family
(@e)eer € F of nonzero elements in F (the details are in 3.3.8). Then Jgm)({ae}ecr)
is a Jordan n-torus called a Clifford torus. Clifford tori are a slight generalization of
a construction which already appeared in [1].

(c) Suppose that F contains a primitive 3rd root of unity w. Let w = (wi;) be a
quantum matrix such that w1 = w. w2; = w? and w;; = 1 for the other i, j. Let A, =
(Fu.t3) be the first Tits construction. using the quantum torus F,, = F,[t¥!,...  ¢&!]
and the structure constant t3 (details are in §3.4). The central closure of A, is a 27-
dimensional exceptional Jordan division algebra over a field. Then A, is a Jordan
torus. which is called the Albert torus. This torus was independently found in [1] and



[32] (and it is a coordinate algebra of EALA's of type G- (see [1] and [2])).

We can now state our main result:

Theorem 2. Let J be a Jordan torus over F. Then J is isomorphic to one of the

five tori
FJ. H(Fe.*), H(E¢.0). Jgom ({ac}ecs) or A

Since the Jordan tori turn out to be strongly prime, we can use Zelmanov's Prime
Structure Theorem [21] as the first step of our proof. Thus, a Jordan torus is either
of Hermitian. Clifford or Albert type. For each type we then determine the possible
Jordan tori.

To explain our second result, let G be a group. We define a division G-graded
algebra as a G-graded alternative or Jordan algebra 7 = @@, 7; over a field of F
(ch.F # 2 if T is Jordan) satisfying the following conditions (G1) and (G2)

(Gl) {g € G| T; # (0)} generates G,
(G2) all nonzero homogeneous elements are invertible.

We note that if 7 is a division G-graded alternative algebra, then {g € G | 1, #
(0)} = G and T is strongly graded. Also, we define a special class of division G-
graded algebras called G-tori, by adding one more condition

(G3) dimp 7, <1 forall g €G.
Thus Jordan Z"-tori are our Jordan n-tori defined above. For a G-graded alternative
algebra 7 = P 9€C 7,, we note that T is a G-torus if and only if 7 is strongly graded
and dimp 75 =1 for all g € G. This is not true for G-graded Jordan algebras.

The second goal of this thesis is the classification of division Z"-graded alternative
algebras. which will lead to generalizations of EALA's of type 4;. Since they are
strongly prime, we can apply Slater’s Theorem classifying prime alternative algebras
[33]. Namely, a strongly prime alternative algebra is either associative or an octonion
ring. i.e., its central closure is an octonion algebra. We first classify division Z"-graded
associative algebras, which are crossed product algebras over some associative division
algebra D over F. As a natural generalization of quantum tori F,, we construct a
division Z"-graded associative algebra D, 4 over F determined by D, an n-tuple ¢ of
automorphisms of D and a quantum matrix g over D, and obtain that any division
Z"-graded associative algebra is graded isomorphic to D, 4 for some D, ¢ and q
(the details are in §4.2). Then we classify division Z"-graded octonion rings. Let us



present four such octonion rings @,. Q,, O3 and Q4. Let F be a field of characteristic
# 2 and K any field extension of F. We define ©, = (K[tT},... .tZ1]. py, pa, p3). iee..
the octonion algebra over K[tf'.... t!] obtained by the Cayley-Dickson process

with the structure constants u;. ps and pj. for

[i =1]: 0 # 1. p2, u3 € K such that (K. 1, p2.p3) is an octonion division algebra.

[i=2]: 0 # uy.us € K and p3 = ¢, such that (K, p1.10) is a quaternion division
algebra,

[i=3]: 0# u €K.ps =t and p3 = t, such that (K, g;) is a field.

[i=4): p1 =t po =ty and uz =t3.

Note that Q4 is the Cayley torus over K. Qur second result is the following:

Theorem 3. A division Z"-graded alternative algebra is graded isomorphic to D 4

or to one of the four octonion rings Q,, Oy, O3 and Q.

As a corollary, we obtain the classification of alternative tori over any field. which
generalizes a result in [7]. Namely, an alternative torus is isomorphic to Fyq or the
Cayley torus O, = (F[tF,... . tE1].4;, 1y, t3).

This thesis consists of five chapters with Chapter 1 serving as review and motiva-
tion. In Chapter 2 we study division graded algebras and tori. and in Chapter 3 we
classify Jordan tori. In Chapter 4 we classify division Z™-graded alternative algebras.
In Chapter 5 we classify graded forms and derivations of tori. Let us explain the
contents in more details:

In §1.1 we review the basics of alternative and Jordan algebras, especially invert-
ibility, centres. primeness and central closures. In §1.2 we give the definition and the
basic structure of an EALA and prove Theorem 1 above.

In §2.1 we summarize some basic properties of graded algebras. In §2.2 we show
that any division G-graded algebra for a totally ordered abelian group G is a domain
and that any unit is homogeneous. In §2.3 we prove that if G is abelian, the centre 2
of a division G-graded algebra 7T is graded by a subgroup H of G, which we call the
central grading group of T. Moreover, T becomes a G/H-graded algebra over Z. If
G is a totally ordered abelian group, the central closure 7 = Z @z T is also a G/H-
graded algebra over Z where Z is the field of fractions of Z. Some properties of the
graded algebra 7 are derived in Proposition 2.3.5. In §2.4 we review semilattices, and
also study the relation between isomorphisms and graded isomorphisms. We show



that any isomorphism between two division Z"-graded algebras is ‘almost” a graded
isomorphism (see Definition 2.4.2 and Theorem 2.4.3). In §2.5 we classify G-tori for
a cyclic group G (2.5.3). We review quantum tori which are the associative tori. and
prove some properties about their toral gradings (see 2.5.10-12). In §2.6 we define
the central degree of a prime alternative or Jordan algebra (see Definition 2.6.3).
We determine the central grading groups of division Z"-graded algebras of central
degree 2 or 3 (see Proposition 2.6.8), which will be crucial for the classification of
division Z"-graded octonion rings and division Z"-graded Jordan algebras of Clifford
or Albert type. Moreover. for this very purpose we determine the quantum tori of

central degree 2 or 3.

In §3.0 we state Zelmanov's Prime Structure Theorem. and see that a Jordan torus
is either of Hermitian, Clifford or Albert type. In §3.1 we show that a Hermitian
torus is graded isomorphic to either F}, H(F,, *) or H(E¢, o). In §3.2 we classify
Fe and H(Fy, ) for all elementary quantum matrices £. It turns out that H (Fe, *)
are divided into three types (see 3.2.18). In §3.3 we first classify division Z™-graded
Jordan algebras of Clifford type, and as a corollary we get in 3.3.10 that any Clifford
torus is graded isomorphic to Jg(m)({ae}ecr). In §3.4 we classify special Jordan tori of
central degree 3 and then show that any Jordan torus of Albert type is isomorphic (not
graded in general) to the Albert torus A,. As a corollary, we obtain the classification
of Jordan tori of central degree 3, which was used in the classification of cores of
EALA’s of type G» in [2].

In §4.0 we review crossed product algebras and observe that these algebras are
precisely the predivision graded (a generalization of division grading) associative al-
gebras. In §4.1 we classify predivision Z"-graded associative algebras as a natural
generalization of quantum tori. In §4.2 we review the Cayley-Dickson process over a
ring, and prove some lemmas for the preparation to classify division Z™-graded octo-
nion rings in the next section. In §4.3 we show that the four octonion rings Oy, O,,
03 and Q4 described above are in fact non-isomorphic division Z™-graded alternative
algebras. and prove that these four exhaust the division Z"-graded alternative but
not associative algebras.

In §5.1 we show that any Jordan torus admits a decomposition J = Z(J)& (J, J, J )

where Z(J) is the centre of J and (J, J,J) is the space spanned by associators. As a
corollary, we get the classification of the graded and nondegenerate graded forms of



tori. In §5.2 we classify the derivations of tori and get a decomposition into the inner
derivations and the degree derivations. Simultaneously. we obtain the homogeneous
dimensions of the inner derivations for Fy and H(Eg, o) using the result for F, in [6].
Then in §5.3 we determine the dimensions for the rest of Jordan tori. i.e.. H (Fe.*),
Clifford tori and the Albert torus. These results will be useful in the classification of

EALA’s of type A;.



Chapter 1 Review

In this chapter. the basic concepts and known results needed in this thesis are
overviewed. For the convenience of the reader. we give proofs of those results for
which there is no convenient reference. The motivation of the main topic of the

thesis, the classification of Jordan tori (see Theorem 1.2.9), is presented.

§ 1.1 ALTERNATIVE AND JORDAN ALGEBRAS

In this section, an algebra over a field F is a “linear” nonassociative algebra A
defined as a vector space over F with an F-bilinear map 4 x A — A. called mul-
tiplication. Throughout we assume that A is unital in the sense that there exists an
element 1 in A. called an identity element. such that 1z = z = z1 for all £ € A.

For an algebra A and z,vy, z € A let us define the commutator [z,y] = zy — yz and
the associator (z,y, z) = (zy)z — z(yz).

An algebra A is alternative if for all .y € A.

(z.z.y) =0=(z.y,y).
It is easy to check the following identity, for all z.y € A.
(z.y,z) =0,
called the flezible law. Thus we denote
Ty := (zy)T = z(yz).
We note that the associator on A is alternative. i.e..
(Z1: %2, 23) = sgn(7)(Tr(1): Tr(2): Tx(3))

for all # € S3 (the symmetric group of 3 letters). Moreover. if the characteristic
of F is not 2, the converse is also true, i.e., the associator is alternative == A is

alternative.

10



Any associative algebra is clearly alternative. But there are alternative. nonasso-
ciative algebras. For example. the octonions are alternative but not associative. The
reader will find some more material on octonions over a ring in §4.2.

An algebra J over a field F of characteristic # 2 satisfying the following two
identities is called a (linear) Jordan algebra over F: for all r, y € J we have

[z.y] = 0 (commutativity) and (z,y,z?) =0 (Jordan identity).
Let us define the so-called U-operator for z € J. ice., Uy : J — J by
Uzy = Uz(y) = 2z(zy) — 2%y forall y € J.

The plus algebra A* of an alternative algebra A over F of characteristic # 2 is an
example of a Jordan algebra: for z.y € A* = (A,.) with the new multiplication -
on A defined as z - y := %(zy + yz). For this example, the U-operator is given by
Uzy = zyz. A Jordan algebra is called special if it is isomorphic to a subalgebra of
the plus algebra of some associative algebra. It is well-known that the plus algebra
of an alternative algebra is special (see {13, page 15]). A Jordan algebra is called
ezceptional if it is not special.

Remark 1.1.1. It is well known that both alternative and Jordan algebras are power
associative, i.e., the subalgebra generated by any element is associative (so it is com-

mutative) (see e.g. (33, page 37, 68]).

An element z in an alternative algebra A is called invertible if there exists ye A
such that zy = yz = 1. In this case y is unique and is denoted by z~1.

An element z in a Jordan algebra J is called invertible if there exists y € J such
that zy = 1 and z?y = z. In this case y is unique and is denoted by .

We denote the subset of invertible elements of an algebra A by A*. We will use

the following properties of invertible elements on several occasions.

Lemma 1.1.2. ([33. page 204, 303-4]) (1) Let A be an alternative algebra over F
and r € A*. Then for all y € A. we have

(z7ly) =z Y (zy) = .

11



(2) Let A be an alternative algebra over F of characteristic # 2. Then
A = (AT)>.

and forz € AX = (A*)*, 27! in the alternative algebra A and the Jordan algebra
AT coincide.

(3) Let J be a Jordan algebra and z € J. Thenz € J* < U; is invertible <
there ezists y € J such that Upy = 1. In these cases. we have U = Up-r and
y= 72

(4) Let € A* where A is either an alternative or a Jordan algebra. Then the

subalgebra of A generated by  and ™' is commutative and associative. [

For the statement (2) in Lemma 1.1.2, the reference [33] only says that it holds
for associative algebras. However. this even holds for alternative algebras using the

theorem by Artin:

Theorem 1.1.3. ([33. page 36]) The subalgebra of an alternative algebra generated

by two elements is associative. [
Next we recall some basic notions for alternative and Jordan algebras.

Definition 1.1.4. (0) Let A be an arbitrary algebra and 0 # z € A. Then 1 is called
a zero-divisor if zy = 0 for some 0 # y € A.
(1) Let A be an alternative algebra. Then A is called
(i) an alternative domain if there is no zero-divisor in A.

(i) nondegenerate if zAz = 0 implies z = O for all z € A where zAz = {rzaz |a €
A}

(iii) prime if IK = (0) implies I = (0) or K = (0) for all ideals I, K of A where
IK = {Zz’y zy|rel, ye€ K},

(iv) strongly prime if A is nondegenerate and prime. (The reader is advised that
“strongly prime” means something different in the the theory of associative
rings.)

(2) Let J be a Jordan algebra. Then J is called

(i) a Jordan domain if Uyy = 0 implies z = 0 or y = O for all T,y € J,

(ii) nondegenerate if U, = 0 implies = 0 for all z € J,

(iii) prime if UrK = (0) implies I = (0) or K = (0) for all ideals I, K of J where
UK={%,, Uzylzel ye K},

12



(iv) strongly prime if J is nondegenerate and prime.

We note here that for an associative algebra A, A is prime <= A* is prime. The
direction <= is easy and the direction = follows from [33. Exercise 5. page 57].

The nondegeneracy and primeness generalize the notion of a domain. Namely,

Lemma 1.1.5. (1) An alternative domain is strongly prime.
(2) A Jordan domain is strongly prime.

Therefore, we have for any alternative or Jordan algebra:

domain == strongly prime => prime

4

nondegenerate

Proof. For (1), let A be an alternative domain. Then. zAr = Oforz € A implies
zlz = 22 = 0. So z = 0 since A is an alternative domain. Hence A is nondegenerate.
Suppose that K = (0) for ideals I # (0) and K # (0) of A. Then for 0 # y € I and
0# z € K. we have yz € K = (0). which is absurd since A is an alternative domain.
Hence A is prime.

For (2), let J be a Jordan domain. Then U, = 0 for z € J implies U,1 = z2 = 0.
So z = 0 since J is a Jordan domain. Hence J is nondegenerate. Suppose that
UK = (0) for ideals I # (0) and K # (0) of J. Then for 0 #Fyc€land 0#:z€K.
we have Uyz = 0. which is absurd since J is a Jordan domain. Hence J is prime. 0O

Remark 1.1.6. An alternative algebra A is called semiprime if I?2 = (0) implies
I =(0) for all ideals I of A. One can easily prove that for any associative algebra

nondegenerate <= semiprime.
Thus we have for any associative algebra:
prime <=> strongly prime = nondegenerate.

We mention that there exist prime degenerate alternative algebras (see [25]) and
prime degenerate Jordan algebras (see e.g. [21, page 201]).

For an arbitrary algebra A, the centre Z(A) of A is defined as

Z(A)={z€A|[z,z] = (2.2.y) = (z.2,y) =0 for all z.y € A}.
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One can check that (z.y.z) =0 for all z € Z(A) and z.y € A. If A is alternative.
then (z.z,y) = 0 is not needed since the associator is alternative. If A is Jordan.
then [z,z] = 0 is not needed since a Jordan algebra is commutative. Moreover. for

an arbitrary algebra A. the following identity holds: for all z.y,z € A4,
(1.1.7) [2y. 2] — zly. 2] = [z.5]y = (2.3.2) - (@.5.9) + (z.2.7)

(which can be easily verified by expanding both sides). Also. for a commutative

algebra A (e.g. a Jordan algebra). the following identity holds: for all z.y, z € A.

(1.1.8) (z,y.2) + (2.y.2) =0

(which can be easily verified by expanding both sides). Hence. for a commutative

algebra A and z € A. we have

(2,z,y) =0 forallz.y€ A<= (z,y,2)=0 forallz,ye A by (1.1.8)
= (z,z.y)=0 forallz.y€ A by (1.1.7).

Consequently, the centre of an alternative algebra A is
Z(A)={z€A|[z.z] = (z,2,y) =0 for all z,y € 4},
and the centre of a Jordan algebra J is
Z(J)={z€eJ|(z,z,y) =0 for all z.y € J}.
The centre is always a commutative associative subalgebra of A ([33. page 136]).

Any algebra A can be considered as an algebra over Z(A).

Lemma 1.1.9. Let A be an alternative or Jordan algebra and Z = Z(A) be the
centre of A. Suppose that z € Z is invertible in A. Then z~' € Z.

Proof. For all z,y € A, we have 0 = [1,z] = [zz7Y,z] = z[z" ,z] and 0 = (1, z.y) =
27l z,y) = z(z71,z,y) since 1,z € Z. So we get [z71,z] = (27!, ,y) = O since
z € Z and it is invertible. Hence 2~! € Z in both cases. [

The following lemma is true for semiprime associative algebras by [20, Corollary
3.4. page 12]. However, for the convenience of the reader we prove it here in the

following special case.
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Lemma 1.1.10. Assume that ch.F # 2. Let A be an associative domain over F.
Then we have Z(A) = Z(A™).

Proof. We use a well-known identity for an arbitrary associative ring A, which can
be easily verified by expanding both sides:

(1.1.10a) [z. [y, :]] =(y.z.2)° forall z,y.z€ A.

where (y.z,2)° = (yoz)oz—yo(zo:z)is the associator of the multiplication o.
zoy =zy+yz. From this identity. it is clear that Z(A) C Z(A*).
Let r € Z(A*). One can easily verify that

(1.1.11) [z.y]* = 20 Uyz - Upy® - U, 2>
The R.H.S of (1.1.11) x2 is equal to

ro(yo(yoz)—y?oz)—(zo(zoy?) —z%0y?) = (yo (yoz?) —y? 0 z?)
=4z 0y? —22%0y? — 2% 0y + 2% 0y? — 2% 0yt + 220y = 0
since z € Z(A*) and £ oz = 222 for all z € A. Hence we get [z.y]*> = 0. Therefore.
we obtain [z,y] =0 for all y € A, i.e.. £ € Z(A). since A is a domain. O

The following lemma is well-known, for example, for Jordan algebras (see [14.

Proposition 7.6.5. page 7.24]).

Lemma 1.1.12. Let A be an alternative or a Jordan algebra and Z the centre of
A. If A is prime, then a nonzero element of Z is not a zero-divisor in A (Definition

1.1.4(0)). In particular, Z is an integral domain.

Proof. Let 0 # 2 € Z. Then for za € z4 and a’ € A. we have
(za)a’ = z(aa’) € zA and a'(za) =d'(az) = (d'a)z = z(d'a) € zA

since z is in the centre. Hence zA is a nonzero ideal of A.
Let [. : A — A be the left multiplication defined by I.(z) = zz for all z € A. We
claim that ker!. is an ideal of A. For u € ker !, and z € 4, we have

l:(zu) = z(zu) = (2z)u = (zz)u = z(2u) =0 and l.(uz) = z(uz) = (zu)z =0
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since = is in the centre. Hence. zu. uz € kerl. and our claim is proven.

Since z € Z. we have
(zA)kerl, = A(zkerl.) = (0).

So. if A is alternative, we get kerl. = (0). i.e.. = is not a zero-divisor in A.

If A is a Jordan algebra, then we have, for u € kerl, and any z € A.
Uszu = Uzzu = UrUsu = Uz (22(2u) — 2%u) = Up(2(zu)) =0

since = € Z and kerl, is an ideal of A. This implies U, ker{. = (0). Hence, by
primeness of the Jordan algebra A. we get kerl. = (0). Thus = is not a zero-divisor
inA. O

Definition 1.1.13. For an algebra 4 with the property that the centre Z = Z (A) is
an integral domain (e.g. a prime alternative or Jordan algebra). we define the tensor
algebra A over Z as A = Z ® 7 A where Z is the field of fractions of Z. and call it the

central closure of A.

The central closure A = Z ®z A can be identified with the ring of quotients of A
modulo Z* := Z \ {0} (see e.g. [33. page 186]):
We define a relation ~ on Z* x A by (z.a) ~ (z'.a') <

(1.1.14) there exists some 2; € Z* such that z;(z'a — za’) = 0

for (z.a).(2’.a’) € Z* x A. Note that if Z does not contain zero-divisors in A. then

(1.1.15) (z.a) ~ (¢',d) &= :'a=:zad.

One can check that ~ is an equivalence relation. e.g., for the transitivity, let (z,a) ~
(.d’) and (2’.a’) ~ (2",a”). So there exist some z;,2; € Z* such that z;(’a —

za’) = 0 and 22(z"a’ - 2’a”) = 0. Then we have z;292/(2"a — 20") = 2pz"(2,7'a) —

z12(222'a") = 232”21z’ — 212292"a’ = 0, and hence (z,a) ~ (z".a").
We denote (Z* x A)/ ~ by (Z*)~!A and the equivalence class of (z2.a) by z~la.

and define for z.z; € Z* and 2’ € Z.

zTla+z7ay s = (22) " Hzia + zay),
(z7'a)(z1 'ar) : = (221) 7Y (aay)

zl -1 —-1/.1

-z'-(zl a1) : = (221)7 (2'ay).
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Then (Z*)~'A becomes a Z-algebra with
0=:"!'0 and 1=z"': for any z € Z~.

In fact. it is well-known that (Z*)~'4 is a Z-module with 0 = =10 for any = € Z*.
which is called a Z-localization of A (see e.g. [17, page 397]). To show that the
multiplication is well-defined. suppose that z7'a = u~!b and z]'a; = u]'bh, for
u~lb.uy by € (2*)7'A. So there exist some z'.z; € Z such that 2'(ua — zb) = 0
and zj(uja; = z1b1) = 0. Then we have 2’z {uu aa; — zz1bby) = (2'ua)(z{u1a;) —
F'zy221bby = (2'2b)(z]21b1) — 2’2} zz,bby = 0, and hence (zz;)~(aa;) = (uu;)~1(bb;).
It is straightforward to check that 1 := 171 = =~ !z for all z € Z* and that 1 is an
identity element for (Z*)~'A. Also the distributive law holds. Thus (Z*)"'Ais a
(nonassociative) ring.

Since (Z*)"'4 is a Z-module. we can identify Z with Z.1. Indeed clearly the
subfield (Z*)"'Z = {2712/ | 2 € Z*.2’ € Z} of (Z*)~'A is contained in the centre of
(Z7)~'A. We note here that Z embeds into (Z*)~!A via 2'/z — z~'2’, and so the
image is (Z*)~!Z. Indeed, this map is clearly a ring homomorphism. If 2712/ = 0.
there exists some z” € Z* such that 2"z’ = 0 by 0 = 1710 and (1.1.14). Since Z is
an integral domain. we get z’ = 0 and 2’/z = 0. So this map is injective and hence
an embedding. Identifying Z = Z.1 with (Z2*)~'Z, (Z")~'A becomes a Z-algebra.

Note that if Z does not contain zero-divisors in A, then A embeds into (Z*)~'4
via @ — 17'a for a € A. In fact. this map is a Z-algebra homomorphism. If
17la = 0. thena = 0 by 0 = 1710 and (1.1.15). So this map is injective and
hence an embedding. Moreover, we claim that the centre Z((Z*)~'4) of (Z*)~!
is equal to Z.1. For. let z='a € Z((Z*)~'A). Then for all b,c € A. identifying A
with the Z-subalgebra of (Z*)~'A by the above, we have [z7'a,b] = (27 'a.b,c) =
(b.z7'a.c) = 0. Since 0 = [z7!a,b] = z7'ab ~ 27 ha = z~![a,b], we get [a.b] = 0.
Also, since 0 = (z7%a,b,¢) = (z7!ab)c - 2 ta(bc) = z~1(a, b, c), we get (a,b.c) = 0.
and similarly get (b.a,c) = 0. Hence a € Z and z~'a € Z1, which proves our claim.

The ring of quotients (Z*)~!A4 of A modulo Z* has the following universal prop-
erty: Let B be an algebra over F and Z(B) the centre. Let f : A — B be
an F-algebra homomorphism (resp. anti-homomorphism) such that all elements
of f(Z*) are invertible in B and f(Z*) C Z(B). Then there exists a unique F-
algebra homomorphism (resp. anti-homomorphism) f : (Z*)~!4A — B such that
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feuv= f where 1 : 4 — (Z*)"'A is the natural map defined by :(a) = 1-'a.
In fact. we define f(z7'a) = f(z)"!f(a). Then f is well-defined: Suppose that
="la = z’7'a’. Then there exists z; € Z~ such that z1(z'a — za’) = 0. and so
f(21)f(=") f(a) = f(z1) f(z)f(a'). Hence
F()7 (@) = (F(2) () F(2) T (20 () (a)
= (f2)f () ()T @) () f@) = f(2) 7 £(a).

One can readily check the other properties.

Finally. it is well-known that the map ¢ : A — (2*)~'A defined by ¢(('/z) ®
a) = z7!(2'a) is a Z-algebra isomorphism (see [33. Exercise 2. page 192]). In fact. it
is clear that ¢ is a surjective Z-algebra homomorphism by the universal property of
tensor algebras. For the injectivity. let z := 3"7" | (2]/z:)®a; € Aforz; € Z*. 2/ € Z

and a; € A. and suppose that ¢(z) = 0. Put z := 2y --- 2z, and =z 5z,

where 2; means that 2; is omitted. Then we have 2{/z, = (z/z/)/z, and so

m ’ m .,’.,/\

z:E +Qa; = o E ®~l,a,=—82 zizla,.

i=1 i=1

[

1]

Hence we get o(z) ==zt 2lzla; =0, and so there exists some z” € Z* such that
2" 3% ziz{a; = 0 by (1.1.14). Thus we obtain z".z = (1/2)® (2" 37, zlzla) =0,
and hence r = 2"~ l( z".x) = 0. i.e..  is injective.
Via this identification. the following lemma becomes easy:

Lemma 1.1.16. Let A be an algebra. Suppose that the centre Z = Z(A) does not
contain zero-divisors of A (e.g. a prime alternative or Jordan algebra). Then we
have:

(i) A embeds into A viaa — 18a for alla € A,

(ii) A is a central over Z, ie., Z(A) = Z.1,

(iii) A does not have zero-divisors <= A does not have zero-divisors,

(iv) A is a Jordan domain <= A is a Jordan domain.

(v) For an algebra homomorphism (resp. anti-homomorphism) f : A — B
such that all elements of f(Z*) are invertible in B and f(Z*) C Z(B), the map
f:— B defined by f(: ®z) = f(z)~1f(z) is an algebra homomorphism (resp. anti-
homomorphism).

Proof. For (i) and (ii) are clear clear from the identification 1 ® a with 1-'a = 0 and
the identification of A with (Z*)~1A4.
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For (iii). let zl'lal, 32-102 € A. Then (z"lal)(:,_,—lag) = (z122) Ya1a2) = 0 ==
17 Ya1a3) = 0 < a1a, =0.

For (iv). let zl_lal, z:,'lag € A. Then U:l-lal(::,'lag) = (zfzg)‘l(Ualag) =0 <<=
Uz az = 0.

(v) is clear by the universal property of (Z*)~1A above. O

Remark 1.1.17. It is also true that A is semiprime (nondegenerate. prime) <=
A=(Z")'4is semiprime (nondegenerate, prime. respectively) for any algebra A

(see [33, Propcsition 2. page 186]).

§1.2 EXTENDED AFFINE LIE ALGEBRAS OF TYPE A,

We start by reviewing extended affine Lie algebras following [1] and [2]. Let £ be
a Lie algebra over C (the field of complex numbers). Assume that
(EA1) £ has a nondegenerate invariant symmetric bilinear form (-, ).
Here ‘invariant’ means that (-, ) satisfies ([z,],z) = (z, [y, 2]) for all z,y, z € L.
(EA2) £ has a nontrivial finite dimensional self-centralizing ad-diagonalizable abelian
subalgebra H.
We will be assuming three further axioms about the triple (£, (-,-), ). To describe
them we need some further notation. Because of (EA2), we have

L=@D Lo and Lo=H

acEH"

where L, = {z € L | [h,z] = a(h)z forall h e H} and H" is the complex dual
space of H. Let R = {a € H" | L, # (0)}. R is called the root system of L. Note
that since H # (0). we have 0 € R. Also,

a,f€ R a+8+#0= (L4 Ls) = {0}.

Thus. -R = R by nondegeneracy. Moreover, (-.-) is nondegenerate on H. As in the
classical theory of finite-dimensional complex semisimple Lie algebras, we can transfer

(-.-) to a form on H*. Let
R*={a€R|(a.a)#0} and R°={a€R]|(a,a)=0}.
The elements of R* (resp. R®) are called non-isotropic (resp. isotropic) roots. We

have R = R* U R®. We further require that
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(EA3) a € R*. 4 € Lo = ad 1, acts locally nilpotently on L.
(EA4) R is a discrete subset of H*.
(EAS5) R is irreducible. That is.
(a) R* =RjUR2, (R1.R3) =(0) = Ry =0or Ry =90
(b) ¢ € R® = there exists a € R* such that o + o € R*.
If £ satisfies (EA1)-(EAS). the triple (£, (-,-). ). or simply the algebra L itself. is
called an eztended affine Lie algebra or EALA for short.

Example 1.2.1. Any finite-dimensional complex simple Lie algebra is an EALA.
Indeed. let H be a Cartan subalgebra and let (-,-) be the Killing form of L. Then
(EA1)-(EAS) express well-known properties of L (see e.g. [12]). Note that R* =
R\ {0} in this case.

Let t, be the unique element of H so that (ta,h) = a(h) for h € H. and put
he = ﬁta. Then there exist nonzero e, € £, and fo € L_, so that [y, eq] = 2eq,
[ha fo] = —2fa and [eq, fa] = ho. In other words, {eq. Aq, fo} is an slo-triplet. Thus
we can use sly-theory. Assuming only (EA1), (EA2) and (EA3), one can show that
some well-known properties of finite dimensional semisimple Lie algebras over C are
also true for EALA’s.

Lemma 1.2.2. ([1. Lemma 1.1.21 and Theorem 1.1.29]) Let & € R*, 3 € R and
T = 2;5—2; Then

H (Bva)
(1) QH e€Z.

(ii) dimgc Lo = 1.
(iii) Assume that ade,(eg) =0. Thenr > 0,

(adfa)(eg) #0 forall i=0,1,... .7
and (adf,)"*!(eg) =0. O

In the following. £ is an EALA with root system R. We recall some of the properties
of R that we will need. First, note that if a nondegenerate invariant symmetric bilinear
form on £ is multiplied by a nonzero complex number, then we still have such a form.
Since the axioms are invariant under such a change, we may as well assume that
there is some non-isotropic root @ € R* with (a,a) € Rsg. Then if 8 € R* we
have 2((;3%; € Z so that (03, a) € R. and hence, since 22‘;2; € Z we get (8,8) € R if
(a.8) # 0. It now follows, using (EA5)(a), that (a, ) € R for any a, 3 € R. That is.
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our form is real valued on the real linear span of the roots. From now on we assume
that our form is scaled so that there is at least one @ € R* with (a.a) > 0. Let
V be the real span of R in H. Then it was proven in [1, Theorem [.2.14] that the
real valued symmetric bilinear form (-.-) |y is positive semidefinite on V. This was a
conjecture of Kac. Thus one can define the following concepts. Let

W={aeV|(aB) =0forall 8V}

The nullity of R or of £ is defined to be the real dimension n of V0. Let V = V/V°
and let ~: V — V be the canonical projection. Then (-.-) induces a positive definite
symmetric bilinear form on V so that, relative to this form, the image R of R in
V is a finite irreducible (possibly non-reduced) root system [1. Proposition [.2.19].
(Note however that 0 € R. Contrary to the usual convention. we are requiring that a
finite root system contains 0.) The type of R or of £ is defined to be the type of the
finite root system R. We next want to lift R to a finite root system R inside V. To
do this, we fix a choice of a fundamental system IT = {@;,... .@} for R. Also. for
t=1....,l, we choose a fixed preimage &; € R of &; under ~. Let II = {@1,... .}
and V = Spangll. Then we have V = V @ V°, and ~ restricts to an isometry of V
onto V. Let
R={¢€eV|a&+0€R forsomec € V).

In other words. R is the image of R under the projection of V onto V with kernel V°.
Put R* = R\ {0}. For each & € R*. we define

Se ={c€V’|a+oe€R).
Then. by definition. we have R = R° U (Jscpx (& + Sa)). From [1, Chapter II], we
have the following results:
(1.2.3) Ss C R°, and S, depends only on the length of &.
Moreover, if & € R* has minimal length, then

R® = Se + Sa-
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Also. if & € R* is reduced in R (i.e.. 36 ¢ R). then S := S, is a discrete spanning
set in V°. We put

(1.2.4) A = (R%) := the subgroup of V° generated by RC.

Then A is a lattice in V° [1, Corollary I1.2.31], that is, A is a discrete subgroup of V0
which spans V°, and hence A is the Z-span of a basis of V°. It follows from (1.2.3)

and (1.2.4) that
RcAu( | (@+A)=R+A
aeRx

Thus,

(1.2.5) L= P CLato

aER,0EA

and the description of R is reduced to the description of S, for each & € R. In
particular, if R* has only one root length. it is shown in [1] that all S, are equal, say
S:= 84, and so

R=(S+S)U(R*+3).

Clearly 0 € §, and it is shown in [1] that 20 — 7 € S whenever 0.7 € S. In general.
a subset S of a lattice A which has the following three properties.

(i) 0€ S.
(ii) 20 —TeSforallo.T7 € S,
(iii) S generates A,
is called a semilattice in A. So our S defined above is a semilattice in A. The following

definition is important.

Definition 1.2.6. The core of L is defined to be the subalgebra L. of £ generated
by the spaces L,, a € R*.

One can check that L. is an ideal of £. Moreover,

L:c = @ Cd-{—a S Z [£d+ay C—d-f-‘r],

GER* €A G@ER* a,7€EA

and hence L. is perfect, i.e., L. = [L., L]
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For the remainder of this section. let
L be an extended affine Lie algebra of type A;.
In this case, R is of type A; and so is R. Thus. we have [T = {4}. R = {0. 4} and
R=(S+S)u(a+S)u(-a+S)
where S is a semilattice in A. We put
L9 =L 446 Le B Lsys for o€ A.
Then, by (1.2.5), we have

L= @ £° and [L7,L7]CL°*T for o,T €A
g€EA

In other words. L is a A-graded Lie algebra. Moreover, L. is generated by homoge-
neous elements and so £, is a A-graded subalgebra of £. Thus,

Lo=EP (L)

g€A

where for ¢ € A, and

(L) =LcNL =Ligro® D [LawrLogrs] @ Laro.

TVEA TH+VU=0

Also, let

(Le)-g = @ L_gvar (Lo)a:= @ Livo

o€ og€EA
and (LcJo:= Y [Larr Logrs]-

TVEA

Then we have
cc = (Lc)—d & (ﬁc)o & ([»c)d-

Let G := (€as hay fa) = sl2(C) and H := Chg, which are both subalgebras of L.
Obviously, for each £ =0, ~1,1

(Le)ea = {z € Le | [h, 7] = ed(h)z for all h € H},
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and L. is generated as an algebra by (£.)_4 and (L.)s. Therefore, L, is graded by
the root system A, as defined in [5|. By the description of such Lie algebras (see
[4] or [23]), L. is a central extension of the TKK-algebra of a unital Jordan algebra.
called the coordinate algebra of L. The Jordan algebra J is defined as follows. Let
J :=(L¢)a as a C- vector space and define a multiplication on J by

(1.2.7) Y = %[[x fd],y] for z,ye J

Then one can check that this multiplication is commutative and satisfies the Jordan
identity in §1.1, and so J is a Jordan algebra over C. Note that es is the identity
element of J. Our goal is to describe the structure of J. We put J, := L44,. Then

l:=eq4 € Jp,
and one can easily see that

J= @ Jo is a A-graded Jordan algebra over C.
o€EA

ie.. JoJr C Jyir. Also, by 1.2.2(ii). we have
dimcJ, =1 if c0€8§ and J, = (0) otherwise.

These conditions are not enough to classify J. To obtain a crucial property of J.
the ‘invertibility of nonzero homogeneous elements’, we first prove the following easy

consequence of sl,-theory:

Lemma 1.2.8. Foro.7€ S and € = £1, we have
[esc‘x+av [esd-f-ay e—ed+1’]] # 0,

and hence, [ced+a~ [Ced-i-m E—ec’H—r” = Lea+20+7-

Proof. We only show the case ¢ = 1 since the case ¢ = —1 is done by the same
manner. Take o := —& — ¢ and § := ~a& + 7 in 1.2.2(iii). Then [eq,e5] €
L_26-0++ = (0) since A; is reduced. Also, we have 2(&5"—3 = 2, and hence by

1.2.2(ii1). [f-a-0+[f-a~01€-s4r]] # 0. Since dime Laro = 1 (see 1.2.2(ii)), there
exists some 0 # c € C such that f_,_, = ce440, and so 0 # [ed+a, [eg+os e_d+r]] €

Ced+2a+'r- .
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The following fact is well-known in the theory of Jordan pairs [23]:

1 _ _ 1
(%) Uy = 3[1. [z, y]] where 7 := 3[fd’ [fd,y]] forall z,y € J.
For the convenience of the reader, we show this by direct calculation from (1.2.7).
using the skew symmetry and the Jacobi identity of the bracket [,]. Put f:= fa.
. 1
Ury = 22(zy) — 2%y = [z, f]. 29] - 5[[z*. f]. 4]

= 5llz. A1 e. 71,91l - { Iz, £1. 2. £).9]
and
llliz. f1-21. 1,91 = [[lz. fl. 2] 9], £1 + [llz. f1. 2], [f. 0] = [[[[z, f), 2]. [, 9]
since [[[z. f]. 2], y] € [(Lc)a, (Le)a] = (0). Moreover. we have
[[llz. f1. 2], (£, 9] = [l £, [f, 9l 2] + [z, 1. [z, [f. w]))
==z, [[z, f. [f. ylll + [[z. £, [[=z. £, 9]
since [z,y] € [(Lc)ar (Le)a] = (0). Thus we get

ey = e, 1. lfz. £l + 5l (e £1. [£.3])
On the other hand,

.?]f [l‘, [q;, g]] = i[ﬂ?, [l'» [fv [fv y]]]]
= .‘li[z, ([, f1, If, 9]} + i[:c, [f, =, [, 9111,

and

2. -, £ 90l = [l £). [ 1,601 + o . U, o)
= (2, /L. 2. [f.3ll] - since [z, [z, [£,yl]] = 0
=(lz. fl.[lz. fl.3]] " since [z,y] =o0.

Thus we obtain

312 .01] = 5o o A1, al] + S e, A e 100 = U,

Now, for o € S. let 0 # z € J,. Since S is a semilattice, there exists 0 #Fy € J_ 2.
Then, by (+) and 1.2.8, we have 0 # 1[z,[z.5]] = Uy € Jag—2s = Jo. Since
dimc J_2, = dimc Jy = 1 and 1 € Jj. there exists ¢ € C such that U:(cy) = 1. Hence
by 1.1.2(3). z is invertible. Thus any nonzero element in J, for all & € S is invertible.
Consequently, we have obtained some necessary conditions of the coordinate algebra
J. For convenience. we put A = Z" as a free abelian group of rank n.
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Theorem 1.2.9. The core of an eztended affine Lie algebra of type A, is isomorphic
to a central extension of the TKK algebra constructed from a unital Z™-graded Jordan

algebra J = @, cgn Ja over C satisfying
(T1) supp(J) := {a € Z™ | Jo # (0)} generates Z™,
(T2) any 0 # r € Jo for any a € supp(J) is invertible,
(T3) dimg Jo =1 for all a € supp(J). O

We call such an algebra a Jordan torus over C. In Chapter 3. we will classify
Jordan tori in a more general setting.

Remark 1.2.10. By the argument above, we know that 1 € Jy and that S = supp(J)
is a semilattice in A = Z". However. we do not need to assume these since they are

easy consequences of the definition of Jordan tori (see 2.1.2 and 2.1.3(2)).
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Chapter 2 Graded algebras

Unless mentioned otherwise all algebras in this chapter are either unital alternative
algebras over a field F’ or unital linear Jordan algebras over F of characteristic # 2.

§ 2.1 DIVISION G-GRADED ALGEBRAS

For a group G. an algebra T = @ o 7y is called G-graded if T,T;, C T, for
all g,h € G. We will refer to 7, as a homogeneous space and an element of 7, as a
homogeneous element of degree g. A graded algebra is called of strong type or strongly
graded if TyTy = Thy for all h, g € G. predivision graded if every nonzero homogeneous
space contains an invertible element and division graded if any nonzero element of
every homogeneous space is invertible. We begin by introducing a simple method of

constructing a new G-graded algebra from a G-graded algebra.

Lemma 2.1.1. Let T = @, Ty be a (predivision) G-graded algebra over F and
Z a commutative associative algebra over F. Then Ty := ZQr T = @gec (ZRFT,)
is a (predivision) G-graded aigebra over F.

Proof. Since Z is commutative and associative, Tz is an algebra over F. alternative
or Jordan depending on 7. Clearly we have (Z ®f TNZ @F Th) C Z QF Ty for
g.h € G, and so 77 is a G-graded algebra over F. If z € 7, is invertible in 7, then
1 ® z is invertible in 7z. Hence if T is predivision, then so is 7. O
For a G-graded algebra 7 = @ .5 7T, let
S:=supp(T) = {9 €G | T, #(0)}.

Lemma 2.1.2. Let T = $g€G T, be a G-graded algebra. Then 1 € T, where € is
the identity element of G. In particular, e € S.

Proof. Let 1 = 3 cc 24 € T. Forany u € T4, h € G, we have u = lu =
3 gec Zgu € Th since 1 is a left identity element. Since G is a group, we have
zeu = u (and zgou = 0 if g # e). Thus z, is a left identity element. Hence we have
l1=z.1 =2z, € 7T, since 1 is a right identity element. O

If 7 is predivision graded, then S has the following properties:

27



Lemma 2.1.3. Let T =@, 7; be a G-graded algebra.
(0) For h € S = supp(T), suppose that r € Ty, is invertible. Then r~! € Th-1.
(1) If T is a predivision G-graded alternative algebra, then S is a subgroup of G.
(2) If T is a a predivision G-graded Jordan algebra, then S satisfies the following
properties: for h,k € S,

(2.1.4) ecS. h*keS and h'eS.

Proof. For (0), let 27! =3 z,. Then

Z 1:19=Z gz =1€7, and Z ’z, =1 € Th.

geG g€G g€G

Since g = h~! is the unique solution of hg = gh = e and h%g = h, we have rr,-: =
tp-iz = 1 and 2%z = z. Thus, by the uniqueness of the inverse, we obtain

~l'=z,-1 € T;-1 in both alternative and Jordan cases.

T
For (1), let h,k € S. Since T is predivision graded, there exist invertible elements
r €7, and y € 7. Hence 0 # zy € Ti by 1.1.2(1), and so we have hk € S. Thus.
by (0), S is a subgroup.
For (2), let h.k € S. Since T is predivision graded, there exist invertible elements
T €Tnhand y € T. Hence 0 # U,y € Tjay by 1.1.2(3), and so we have h2k € S.

Thus, by 2.1.1 and (0), S satisfies (2.1.4). O

For a G-graded algebra 7 = @D,cc Ty, we note that 7 = @ge(S) 7,4, where (S)
is the subgroup of G generated by S. From now on,

we always assume that (S) = G.

Thus, if 7 is a predivision G-graded alternative algebra, then by 2.1.3(1), this as-
sumption is equivalent to saying that S = G. or every homogeneous space is nonzero.

Lemma 2.1.5. Let T = @ . Ty be a G-graded algebra over F.

(0) For g € G, h € S = supp(T) and an invertible element y € Ty, if (z,y~ Ly =
(y.y~Y.x) =0 for all z € T, then we have Ton = Tgy and Trg = yT,.

(1) If T is a predivision G-graded alternative algebra, then it is of strong type.
Also, if (z4)9ec is a family of invertible elements, then we have T = @gec Tz,
and dimr 7y, = dimg 7T, for all g,h € G.
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(2) If T is a predivision G-graded Jordan algebra. then it satisfies

Ur,Th = Ty for all g,h€ S.

Proof. For (0). we have by 2.1.2 and our assumption (z,y~!,y) = 0.
Ton = Tgn(y™'y) = (Tony ™)y C (TynTh-1)y C Toy C Tgn.

Hence we get 75 = Zgy. and similarly 7,4 = y7, by (y,y~',z) = 0.

For (1). Tng = Try holds for any g.h € G = S and any invertible y € 7, by
1.1.2(1). Since Thy = Thy C Th T, C Thg, we obtain T, 7y = Tp,.

Define a map ¢ : 7, = T.zy — Ty, = T.zp, by ¢(xzy) = zzp for all z € T,
which is well-defined by the invertibility of z, and 1.1.2(1). Then ¢ is clearly an
isomorphism of F-vector spaces by the invertibility of z, and 1.1.2(1). Hence we get
dimr 73 = dimp 7} for all g,h € G.

For (2), it is enough to show that Tg3n CUr, T, for all h,g € S. Take z € Ty2p.
Since g~! € S, there exists an invertible element y € T,-: so that Uyz € T,. Note
that y~! € 7, by 2.1.3. Since Uyt = Uy-1 by 1.1.2(3), we get = = UjlUyz =
Uy-ny:r € Urgﬂ. d

Remark 2.1.6. For a G-graded alternative algebra. we have shown in 2.1.5
predivision graded = strong type.

However. this is not true in general, even for a division G-graded Jordan algebra (e.g.
Example 2.5.13). Also. the converse, i.e., strong type = predivision graded. is not

true even for associative algebras (see §5.0 and [24. Exercise 3, page 18]).

We introduce a simple method of constructing a division G-graded Jordan algebra

from a division G-graded alternative algebra for an abelian group G.

Lemma 2.1.7. Let T be a predivision (resp. division) G-graded alternative algebra
over F for an abelian group G with ch.F # 2. Then T is a predivision (resp.
division) G-graded .Jordan algebra over F.

Proof. Let T = @,cc 7Ty First of all. T+ is a Jordan algebra over F as mentioned
in the beginning of §1.1. Since T* = T as a vector space, 7+ has the same G-grading
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as 7 as vector spaces, and so supp(7+) = supp(7). For z € 74 and y € Tj,. we have
T-y=1/2(zy +yz) € Tgn + Thy = T, since G is abelian, and so 7+ is a G-graded
algebra. Since the invertible elements of 7 and T coincide by 1.1.2, the proof is
finished. O

We give an example of a division G-graded Jordan algebra where G is not abelian.
Example 2.1.8. First we prove the following:

Claim. Let T = ®g€G Ty be a predivision G-graded Jordan algebra. Then for all
g.h € S, we have the relation g°h = hg?.

Proof. If gh = hg. then the relation is clear. Suppose that gh # hg. Let z € 7, and
y € T, be invertible. The commutativity of 7 implies that ry = yz € TgpN T}, which
forces zy = 0 by our assumption, gh # hg. Thus we have 0 # Ury = 2z(zy) — r’y =
—z%y = —yz? € T2 N Tpg2. Hence we obtain g2h = hg?. O

By this claim, we need to find a nonabelian group G satisfying g2h = hg? for all
g.h € G. Here is such an example; let G = {£1, £, £5, 2k} be the quaternion group
of order 8, or the group of 8 units of the real quaternion H=R.1 9 R.i @ R.j & R.k.

We construct a division G-graded Jordan algebra over Q (the field of rational
numbers). Let

D= (Q(V2),-v2.-v2)

be the quaternion algebra over a field Q(V2 ) with structure constants u; = pp = —v/2
(see §4.2). Since (Q(V2 ),-v2) = Q(v2 )(—V2) is a quadratic field extension of
Q(v2 ) adding the negative number —+/2, all the norms of nonzero elements of
Q(V2 )(—V/2) are a positive real numbers. Hence —+/2 is not a norm of an element
of Q(v2 )(—v/2). This implies that D is a division algebra over Q(v/2 ) (see e.g.
[18. page 232]). Let i := ((0,1),(0.0)) and j := ((0,0),(1.0)) in D = Q(v2 )4, and
k :=1ij so that 2 = j2 = k2 = —\/2 and

() ij+ji=jk+kj=ki+ik =0.

Let Dy = Q.1, Doy = Qv2, D; = Qi, D_; = Qv2i. D; = Qj, D_, = Q.V2j,
Dy = Q.k and D_; = Q.v2k. One can verify that D = @gec D, is a division
G-graded associative algebra over Q. Moreover, one can check that D+ = o) gec Dg

is a division G-graded Jordan algebra over Q by () even though G is not abelian
(D7 is clearly not of strong type).
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§ 2.2 PRIMENESS AND UNITS

Recall that a group G is an ordered group ([18. page 100]) if G is totally ordered
by < and satisfies. for all g, h. k € G.

g<h = gk<hk and kg <kh.
Lemma 2.2.1. Let G = (G.<) be an ordered group. Then for any g, h.k.l € G.

g<h and k<l = gk<hl and kg<Ih.

Proof. We have gk < hk from g < h and hk < hl from k < [, and so we get gk < hl.
Similarly or by symmetry, we get the second inequality. O

Example 2.2.2. Z" is an ordered abelian group with respect to the lexicographic
order: for a = (ai,... ,an),B = (f1,... ,Bn) € 27,

a<B®3221 s.t. (01,...,01;_1):(/31,...,,31;_1) and a; < ;.

An ordered group is torsion-free. However. there are examples of torsion-free
groups which are not ordered groups. Also, it is known that an abelian group is
an ordered group if and only if it is torsion-free ([18, page 101]).

To get some properties of division G-graded algebras for an ordered group G.
we prepare some terminology. Let (z,,...,z.) be an ordered set of r elements in
some (non-associative) algebra. Denote by B, the set of all distributions of brackets
on an ordered set of r elements. Define (zy,...,z,)® for b € B, as the product
with the corresponding distribution of brackets. For example, Zbe B, (z1,T2,1T3,T4)°
= 21((z2x3)z4) + 21(22(T324)) + (2172)(2324) + ((T122)T3)Z4 + (z1(22T3))z4. Also.

for the group of permutations S,.

Z (To(1): Ta(2): Taa))® = (2122)T3 + 71 (T2T3) + (2123)T2 + T1(T322)
o€S3,beB;
+ (2221)23 + 12(Z123) + (z223)Z1 + z2(z321)

+ (z371)T2 + T3(Z122) + (z322)T1 + Ta(T2T1).
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Lemma 2.2.3. Let G = (G.<) be an ordered group and T = ®g€G T, a divi-
sion G-graded algebra over F'. Let f be a (non-associative) polynomial in r-variables
X1.... . X+ over F satisfying:

(i) f =2 sen, as(X1---X,)® if G is an arbitrary group, or

(i) f=3ses, bes, a(Xoq)  Xor)® if G is an abelian group,
where a, € F.

Suppose that f(z1).... (")) = 0 for some nonzero elements z(1).... . z") in T.
Then there ezist nonzero homogeneous elements xflll) R ..’L’;,:_) m T, e, 0# ;I:ﬁ:‘) €
Ty, for some h, € G, i=1,....r, such that f(:rﬁlll).... .3:51:)) =0.

Also. if some of those (1), ... . 2") happen to be equal, we can choose the cor-

responding :rf:‘) to be equal: if 2V = zU) for some 1 < i,j < . then we can take

Proof. Let £(*) = 3 9.€G :z:g) be the decomposition into homogeneous elements and
let h, = min{g € G | 1:5(,’;) #0} fori=1,...,r. Then for the case (i), we have

1 1
f(x( ),-.. .I(T))_:f(xhl)’.‘. .Iﬁ:;))+ Z f(x;i)’... .x(g:)).
(gl yeoo vgf)¢(h1,... ,hr)

The first term of the R.H.S. is an element of degree h;---h, and each term in the
sum is of degree g; - - g, since the order of (1---7) is fixed in the first (i). For the
case (ii), i.e., G is abelian, this holds even if the order of (1---7) is not fixed.

Now. we claim that h;---h, < g;---g.. We use induction on r. Clearly, this is
true for r = 1. Assume that » > 1 and that hy---hr_y < g1---gr-1. Note that
we chose h- to be h, < g,, and so if h, = g,. then we get hi---hr <gy---gr. If
hr < gr. then we also get hy---h, < g;---gr by 2.2.1. Thus we proved our claim.
So f(xgll), ... ,xﬁ‘:)) is the homogeneous component of 0 = f(z(!),... ,z("), which
forces f (xﬁlll). e ,rﬁl:)); 0. The last statement is clear since our h; and :rfli‘) above

are uniquely determined by z(*). O

Using this lemma. we get a basic property of division G-graded algebras for an
ordered group G.

Theorem 2.2.4. Let G be an ordered group. Then:
(1) A division G-graded alternative algebra is an alternative domain.

(2) If G is abelian. a division G-graded Jordan algebra is a Jordan domain.
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Proof. Let T = & gcc Ig be a division G-graded algebra over F and z.y nonzero
elements in 7. Moreover, let z = 24 + -+ 1z, and y = ys, + - + yn, be the
decompositions into nonzero homogeneous elements in 7.

For (1), suppose that ry = 0. Applying 2.2.3(1) for f = X;X,. we get g, yn, =0
for some i and j. Since z,, and Yn, are invertible, this is a contradiction by 1.1.2(1).
Hence zy # 0.

For (2), we need to consider the linearization of the U-operator, i.e..

{zyz} = s (Urs: — Uz = U2)(y) = (z9)2 + (29)z — (z2)y.

8| —

Suppose that Uzy = 0. Applying 2.2.3(2) and the last statement of 2.2.3 for f=
{X1X2X3} and f(z.y.z) = {zyz} = U,y = 0. we get {rgun,zq} = Uz, yn, =0
for some i and j. Since T4, and yp, are invertible, this is a contradiction by 1.1.2(3).
Hence U,y # 0. O

Thus, by 1.1.5, 2.2.4 and 2.2.2, we get the following:

Corollary 2.2.5. Let G = (G, <) be an ordered group. Then a division G-graded
alternative algebra is strongly prime. and if G is abelian, and so is a division G -graded

Jordan algebra. In particular, a division Z"-graded algebra is strongly prime. O

As another property of division G-graded algebras for an ordered group G, we first
define the following:

Definition 2.2.6. An element in a graded algebra is called a trivial unit if it is

invertible and homogeneous.

It is an interesting question whether or not units of a specified group ring are all

trivial (see e.g. [18, page 95]). For our case, we have the following:

Theorem 2.2.7. Let G = (G, <) be an ordered group and T = Dyec 7y a division
G-graded algebra. If
(1) T is alternative, or (2) T is Jordan and G is abelian,

then T has only trivial units.

Proof. Suppose that there exists z € T such that z is invertible but not homogeneous.
Let y be the inverse of z. We decompose z and y into nonzero homogeneous elements,
i.e..

I=Tg +Zg,+ - +ZTg, and y=yp +- -+ ys
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so that
1<g2<--<gm with m>1 and h; <---<h,.

Note that if [ = 1. then m has to be 1 by 2.1.3(0). and so we have [ > 1.

Now. we have

l=zy=1x4,yn, + < Z :1:9,th> + Zg,. Yn
(1.0)#(1,1),(m.1)

where ] <i<mand1<j </ and by 2.2.1,
g1h1 < gih; < gmhy for all i,j.

In case (1), we get zg,yn, # 0 and x4 yn, # 0 by 1.1.2(1). So 1 is not homogeneous.
which contradicts 2.1.2. Hence there are no non-trivial units in 7.
For the case (2), we use the identity U,y? = 1 instead of zy = 1. Thus we have

1 = {zy’z}

= (g0} 20} + ( ) (5. (vn, yh,)a:g.}) + (2o ¥R 20 ),
(i,7,8,)%#(1,1,1,1),(m,,l,m)

where 1 <i.t <mand1<js <[ Also,since G is abelian, we have

{z4,(yn,yn,)zq.} € Tgh,hg, forall .7 s.t.
and by 2.2.1,
glh%gl < gih;jhsge < gmhlzgrn-

Since yi = Uy, 1#0, we get
0# Uz, Yk, = {Tai¥i %} € Ting. and 0% Uz, 97, = {0 %7, Tgm} € Tz 2

by 1.1.2(3). So 1 is not homogeneous, which contradicts 2.1.2. Hence there are no

non-trivial units in 7. O

For later use, we prove a corollary of Theorem 2.2.4 and 2.2.7 for division Z"-
graded algebras although it is true more generally under the assumption of 2.2.4 and
2.2.7.
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Corollary 2.2.8. LetT = @, ¢y~ Ta be a division Z"-graded algebra. Suppose that
0#z €T and x™ € T for some 3 € Z™. Then we have 3 € mZ" and:reTﬁﬁ.

Proof. We have ™ # 0 for the case where 7 is alternative because 7 is a domain
(see 2.2.4). If 7 is Jordan. then we have z™ = U, --- U,z if m is odd and U - -- U,1
if m is even. Since 7 is a domain (see 2.2.4), we have ™ # 0. Since ™ € Tg, ™
is invertible. Then z is invertible by [33, Lemma 9, page 209] for the alternative case
and by [13, Theorem 13(6), page 52] for the Jordan case. Hence by 2.2.7. we have
ze€7, forsomevy€Z", andsomy=0. O

§ 2.3 CENTRE AND CENTRAL CLOSURE

We consider the centre of a division G-graded algebra. In general, a subalgebra S
of a graded algebra 7 = @ . 7, is called homogeneous if S = D, (SNT).

Lemma 2.3.1. Let T = Qagec 7, be a G-graded algebra for a group G and Z =
Z(T) the centre of T. Put 25:=ZNT, and H := {g€ G | Z, # (0)}. Assume that
G is abelian if T is alternative. Then

(i) Z is a homogeneous subalgebra.

(ii) If 7 is a division G-graded algebra, then H is a subgroup of G contained in
the centre of G and Z is a division H-graded commutative associative algebra.

Proof. For (i), let z = dec zg € Z be the decomposition of = into homogeneous
elements. We need to show [zg,7] = (z5,z,y) =0 forallg € G and z.y € T. Let
T=) cc Tgandy= 2_gec Yg be the decompositions into homogeneous elements.
Since [-.-] and (-, -. -) are multilinear. it is enough to show (2g:Zn] = (29, Zh,yk) = 0 for
al h,k € G. Fix h.k € G. By (dec 2g,Zh,Yk) = 0, we have 2ogec (29 ThoYk) =
0. Since (zg,Th,Yk) € Tgnk, each term of dec (24:Zh,yx) = O is in a different
homogeneous space. Therefore, > 9€G (29:Th,yx) = 0 forces (zq4,zh,yx) = 0 for all
g€ G. Soif T is a Jordan algebra. then Z is a homogeneous subalgebra.

If 7 is alternative, we are assuming that G is abelian. Hence we have [z,, 4] €
Tgh + Trhg = Tgn. Thus we get [z4,z4] = 0 for all g € G by the same argument as the
above. So if 7 is an alternative algebra and G is abelian, then Z is a homogeneous
subalgebra.

For (ii). take 0 # z € 25 for h € H. Then we know 0 # 271 € ZNTp-1 = 2,
by 1.1.9 and 2.1.3(0). and get h~! € H. For 0 # 2z’ € Z, for ' € H, it is clear
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that 0 # zz" € Zup by the invertibility of = and the fact that = € Z. Hence we get
hh' € H. Therefore. H is a subgroup of G. and Z is a division H -graded commutative
associative algebra.

Finally. we show that if 7 is a Jordan algebra. then H is contained in the centre of
G. For h € H. we take any nonzero elements z € Z;. Then for any g € S =supp(7)
and 0 # r € 7,. we have (zr7!z)z = - ¢ Tg-1pgNTy since z € Z. So Ty-10gNTy # (0).
which implies g~ *hg = h. Hence h belongs to the centralizer of S. which is the centre
of G since S generates G. [

In 2.3.1. whenever H = {g € G| Z;, # (0)} is a subgroup of G. we call it the
central grading group of G in T.

Lemma 2.3.2. Let T be an algebra over F with centre Z , A a commutative asso-
ciative F-algebra, Ty = A ® T with centre Z(T4) and Z4 := AQfp Z. Then we
have Z(T4) = Z4. In particular, assuming that T = @gec 7, is division G-graded
algebra and that G is abelian if T is alternative, the central grading groups of T and

T4 coincide.

Proof. 1t is clear that Z4 C Z(T,). Conversely. let Z € Z(74). Then z = Y. ai®u;
where {a;} is a basis of A over F and u; € T. Hence for v,w € T

0=(zv.w)= Z a; ® (uqi, v, w),

whence (u;, v.w) = 0. Similarly, we get [ui,v] = 0 and all u; € Z. Thus we obtain
Z(T4) = Z4. Let H and H' be the central grading groups of T and T4, respectively.

Then we have
D (4erTi)=Aer(@ T =24=2(T))= P (AerTh)
heH heH h'E€H"

which forces H = H'. O

There is a method of constructing a division G-graded algebra of strong type from

a division G-graded commutative associative algebra.

Lemma 2.3.3. Let Z =@ 5 Z, be a division G-graded commutative associative

algebra over F'. Then:
(i) G is abelian, K := Z, is a field and dimg Z,=1 forallg € G,
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(ii) for a division algebra D over K, Z ®x D = @gec (24 Sr D) is a division
G-graded algebra over K of strong type.

Proof. For (i), since Z is associative. we have Z92n = Zgp and 2,2, = 24, for all
g. h € G. by 2.1.5(1). Since Z is commutative. we have Zoh = Z4Zp = Zp 2y = .
Hence gh = hg. and so G is abelian. It follows from 2.1.2 that K = Z, is a field.
Since Z = P, Kzy by 2.1.5(1). each Kz, = 2, is a 1-dimensional vector space
over K.

For (ii). since £ is commutative and associative, Z 8, D is an algebra over K.

alternative or Jordan depending on D. For g,h € G, we have
(Z9 Bk D)(Z2h @k D) = (2,2,) Qx D = Z4p Qi D.

Hence Z ®x D = ®g€G (24 8k D) is a strongly G-graded algebra over K. Also.
any nonzero element in Z; 8 D can be written as £ ® d for some 0 # z € Z, and
0#d € D since dimy £, = 1. Then 27! ®d~! is the inverse of £ ®d. and so ZQk D
is a division G-graded algebra over K. Thus we have shown (ii). O

Let A=¢6p 9€G A be an associative division G-graded algebra over F. Suppose
that the group G acts onaset S. Then a left A-module M is called a graded A-module
of type S if

(1) M=@,es M.,

(2) for each g € G and s € S, AgMyC My ,.

Let supp(M) = {s € S | M, # (0)}. The following lemma seems to be well-known.
for example it is proven on page 29. Theorem 3 and page 30. Corollary 2 in [8]. but

for the convenience of the reader we include the proof.

Lemma 2.3.4a. Let A=@,.; A, be an associative division G-graded algebra over
Fand M =@,.5 M, a graded A-module of type S. Then:

(i) Mg.s = agM; = AgM, forallge G, s € S and any 0 # a4 € A,.

(ii) For the G-orbit 5 := G.s € S/G of s, we have AM, = Doccs Mo In
particular, 5 = s’ iff AM, = AM,.. Hence letting Mz := AM,,

M= @ M.

5€S/G

(iii) Suppose that A is commutative and that G acts freely on S, i.e., g.s = s
for some g € G and s € S = g = e. Then for any s € supp(M), M; is a free
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A-module, and any A.-basis of the A.-vector space M is an A-basis of Ms. and so
rank s M = dima, M, for all 5 € S/G and all ' € 5. In particular, M is a free

A-module and there etists a basis of M consisting of homogeneous elements.

Proof. (i): Since (ag,a;'. M,) = 0. we have, as in 2.1.5(0), Mys = agM,. Thus we
get Mys =agM, C AgM, C M, ;. and hence Mg s =agM; = AgM,.

(ii): By (i), we have M3 = AM, = (Byec Ag)M;s = Do 4dMs = Boec Mys =
@5,65 -, and hence in particular

M= M= P (P M) = P M
s€S 5€S/G s'€§ SEG/H

(iii): Let (z4)9ec be a family of nonzero homogeneous elements of A. Then. by
2.1.5(1), {zg}q4ec is an A.-basis of A. Let {mi}ier be an A.-basis of M,. Clearly
{m.}.er generates M; = AM, as a A-module. Suppose Ez‘e ; Zim; =0 for z; € A.
Let 2; = 3" e aqizg for agi € A,. Then 0=3,., z;m; = 20eC 2oier giTgMi.
and so ) ..; agzgm; = 0 for all g € G since G acts freely on S. Since A is
commutative and z, is invertible, we get Zie 1 agim; = 0 and hence a4 = 0 for all
g€Gandi€l. Hencez, =0 foralliel. Therefore, Mj; is a free A-module with
basis {m;}ics. Since M; = M- for any s’ € 5. we obtain dim4, M, = ranks M; =
ranky M7 = dim4, M,.. Since M = 6565/0 M;, M is a free A-module with a basis

consisting of homogeneous elements.

A division G-graded algebra 7 = @ gec Igover Fis clearly a graded Z-module of
type G where Z = Z(T) is the centre of T. Also. 2 is commutative and the central
grading group acts freely on G, and so the graded module 7 satisfies the assumptions
of (iii) in Lemma 2.3.4a(iii). Thus we have the following corollary:

Corollary 2.3.4. LetT = gec 1y be a division G-graded algebra over F. Assume
that G is abelian if T is alternative. Let Z = Z(T) be the centre of T and H the
central grading group of G in T, and so 2 = @hefl Zhfor2p,=2NT,. Let K .= 2,
which is a field. Then:

(i) Thg = 2nTg = 24T, for all h € H, g € G and any 0 # z;, € Zj,.

(ii) For g € G/H, we have ZT, = ®g'€§ Ty and in particular, if § = g, then
2Ty =ZT,.

(iii) Let T3 := ZT,. Then T = ®§ec/ﬁ T3, and T is a predivision G/ H -graded

algebra over Z.
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(iv) For g € supp(7), T; s a free Z-module. and any K-basis of the K -vector
space 7y becomnes a Z-basis of T, and so rankz Tz = dimg Ty for all § € G/H and
allg' € §. In particular, T is a free Z-module and there exists a basis of T consisting

of homogeneous elements.

Proof. We only need to show that the graded Z-module 7 = @gec sy 7Tg is a pre-
division G/H-graded algebra. For k € G. we have T;7; = (ZT)(2T;) = ZT, T, C
ZTgx = Ty = T4 Since Ty # (0) <= T; # (0), we get (supp(7)) = G/H. Thus
T=@jcq/up TiisaG/H -graded algebra over Z. Since T, C T}, T is a predivision
G/H-graded algebra over Z. O

We prove some properties of the central closures of division G-graded algebras for
an ordered abelian group G. Recall that such an algebra 7 is prime by 2.2.5,
and so the central closure 7 makes sense (see 1.1.13). Also, we identify 7 with a
subalgebra of T via t — 1 ®t (see 1.1.16(i)).

Proposition 2.3.5. Let T = @geG 1, be a division G-graded algebra over F for
an ordered abelian group G. The notations are the same as in 2.5.4 above. Let
T =Z2®z T be the central closure of T where Z is the field of fractions of Z. Then:

(i) Let T- = Z®ZT forg€ G/H. ThenT = ®9€G/H 5 and 7T is a predivision
G/H-graded algebra over Z. Moreover, if T is Jordan of strong type, and so is T.

(ii) Any K-basis of T, becomes a Z-basis of ?g, and hence dimng = dimg 7y
for allg € G/H and all g’ € §. Also, there exists a Z-basis of T which is a Z-basis
of T.

(iii) ZNT = Z, and in particular. Z N Th =2, forallh e H.

Proof. For (i), we have

T=20:zT=20z( P Th)= P Ee:7 EB

geG/H geG/H €G/H

That T is a G/ H-graded algebra over Z is shown as in 2.3.4(iii). and from this the
second statement will be clear. Since 7, C T, T is predivision G/H-graded.

For (ii). let {t}ics be a K-basis of 7. Then, by 2.3.4(iv), this is a Z-basis of T;.
It is straightforward to check that {t;}ie; = {1 ® ti}ies is a Z-basis of T3, and so
dimf-fg = dimg 7y for all § € G/H and all ¢’ € §. The second assertion follows
from the Z-space decomposition 7 = @;cq/p I 5-
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For (iii). it is clear that ZNT D Z. Lett € ZNT. We havet = 1Qt = 2'/z81 for =,
z' € Z, z # 0. Multiplying both sides by z, we get 2@t = 2’®1, and so 1Qzt = 182,
and hence 2t = ' € Z. Lett = }_ _; t, be the homogeneous decomposition of ¢
and U = U(t) := {g € G | ty # 0}. We show that ¢t € Z by induction on U where
¢ means the order of a set. If U = 0, i.e.. U = 0, thent = 0 € Z. Thus we
assume that 3U > 0. Let z = 3, ., z be the homogeneous decomposition of z and
V:={k € H| 2z # 0}. Then we have 2t = 2 kevgeu ktg € Z. Since U and V
are finite subsets of totally ordered sets. there exist unique minimal elements gg € V'
and ko € U. Since Z is a homogeneous subalgebra, zx, € Z. and so Zkolgo # 0.
Moreover. zx,tq, is the only element of degree kogo among 2ty for ke Vige U. and
SO 2kstgy € Z. Since zx, € Z is invertible, we get tg, = z,:ol(zkotgo) € z,;olz = Z (see
1.1.9). Also. for t' :=t —tg,, we have zt' = 2t — ztg, € Z and 3U(t') = U(t) - 1.
Hence by induction. we get ¢’ € Z. Therefore. we obtain t = ¢/ + teo € 2. 0O

§ 2.4 ISOMORPHISMS

First we show some properties of a subset S of a group G satisfying 2.1.4:

Lemma 2.4.1. Let G be a group and S a subset of G satisfying (2.1.4):
(2.1.4) e€S, h®%keS and hleS forh.k € S.

Then:
(i) Foranym € Z and g € S, we have g™ € S.

(ii) Assumne that G is abelian. Then we have
(S)2SC S where (S)2={g*|ge€ (S)},

and in particular. (S)2 C S (see [1. Lemma 1.3 page 23| for the case G = Z").
(ili) If G = Z", then there exists a basis {ay.--- .0} of Z™ such that each a; € S.

m|

Proof. For (i), we write g™ as [1;Z) 9° where
1 ifm>0
g = 0 fm=0
-1 ifm<0.
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Since e € S and ¢! € S. we have g° € S. Thus. since g**h € S for h € S (in
particular g%¢ = ¢g°*e € S) and

m

{ Mh, ¢* ifm=2forlez
g =
(

ML g%)g ifm=2+1frlecZ

we obtain g™ € S by induction.

One can show (ii) in the same way as the case G = Z™ in [1, Lemma 1.3. page
23]: Let g € {S), and so g = s1---sm for s; € S. Then we have g° = (51 8m)* =
s{--- 82, since G is abelian. Hence for s € S, we get g%s = s2--- 52,5 € S inductively.

and obtain (S)2S cC S.

(iii) was shown in (I, Proposition 1.11. page 24]. O

For a predivision Z"-graded Jordan algebra 7 = @ aczn la and S = supp(7).
we recall (S) = Z". and from 2.1.3 that § satisfies (2.1.4), i.e., S has the following
properties:

(i) 0€S;

(i) 2a—-B€S if a.BeS,;

(iii) (S) = Z".
A subset S of Z" satisfying (i)-(iii) is called a semilattice in Z". The definition of
semilattices in [1] is slightly more general than this, that is, S is a discrete subset of
a real vector space satisfying (i) and (ii). and (S) is a lattice in the real vector space.

We give a definition for isomorphisms of general G-graded algebras.

Definition 2.4.2. (1) Let 7 = P T; and T’ = @B,ec 75 be two G-graded
algebras. Then T and 7T’ are called G-graded isomorphic, denoted T =g T. if there
exists an isomorphism ¢ (as algebras) from 7 onto T’ such that ©(7;) = 7, for all
g€qG.

(2) Given an automorphism p of a group G. we always obtain a new G-graded
algebra by renaming the degrees. More precisely, for 7 = @gec 7,, we put ‘fg =
Tpg)- Then T := @,; T, with the same algebra structure as 7 is a G-graded
algebra. Note that 7 = 7 as algebras. We call 7 the p-regradation of T.

Using Theorem 2.2.7, we prove the following two properties of isomorphisms in the

class of certain division graded algebras.
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Theorem 2.4.3. Let T = @y Ty and T' = @, T, be division G-graded
algebras for an ordered group G and let ¢ : T—T' be an isomorphism.

(i) If T is a Jordan algebra, assume that G is abelian. Then o(T.) = T.. in
particular, 7, and 7. are isomorphic division algebras.

(ii) If T is a Jordan algebra, assume that G = Z™. Then there ezists an automor-
phism p for G such that ¢(7y) C 7;’(9) for all g € G. In other words. ¢ is a graded
isomorphism from T onto T' where T is the p~!-regradation of T.

(iii) Moreover, under the hypotheses of (ii) let H and H' be the central grading
groups of T and T, respectively. Then p |y is an isomorphism from H onto H', and

hence G/H = G/H'.

Proof. Assume that G is abelian if T is a Jordan algebra. Let S := supp(7) and
0#z €7, for g €S. Since ¢(z) is invertible in 7', ¢(z) € T, for some ¢’ € §’ :=
supp(7’) by Theorem 2.2.7. Let 0 # y € T,. By what we have just shown, one gets
0 # o(y) € 7;,, for some ¢’ € S'. We cla.lm that ¢’ = ¢”. Indeed, if z +y = 0, then
o(z) + o(y) = 0. So 0 # p(y) = —p(z) € Ty NT. ffz+y #0. thenz+yis
invertible, and so ¢(z) + ¢(y) = p(z +y) is homogeneous forcing ¢’ = ¢g’. Thus we
have a well-defined map p: § — S’ defined by ¢(T;) C 7, p( g forall g € S. Applying
the same argument for ¢!, we obtain a map ¢ : §' — S defined by ¢} (T}!) C Ty
for all k£ € §'. Since Ty = ¢ 'p(Ty) C Tpp(q) and T = p~ Y (TY) C T,k for all
g€ Sand k€5, we get gp =ids and pq = ids:. Hence p is bijective from S onto
S’ and p(T,) = '1;(9) for all g € S. Also, since ¢(1) = 1, we have p(e) = e. and so
o(7e) = 7;,'(8) = 7,. Thus ¢ |7, is an isomorphism between two division algebras 7
and 7.. and we have shown (i).

(ii): If 7 is alternative or S = G, then for all g.h € G and for 0 # = € 7, and

0 # y € T, we have

0 # w(zy) = ¢(2)P(Y) € Togn) N Toig)p(h)-

Hence we get p(gh) = p(g)p(h). Therefore, p is an automorphism of G such that
o(7g) = p(g for all g € G. So we are done in this case.

Let G = Z" and let T = @,cz» Ta with support S and 7’ = @, czn To
with support S’ be isomorphic division Z"-graded Jordan algebras through . Then,
by the above argument, there exists a bijective map p from S onto S’ such that

HTa) = %(a)forallaes Fora.Be€Sandfor0#z €7, and 0 #y € Tg, we

42



have

0# o(Uzy) = Up2)2(y) € Tyizaep N Top(a)+p(B)-

and so we get p(2a + 3) = 2p(a) +p(B) for all . B € S. Then we need the following

lemma:

Lemma 2.4.4. Let S and S’ be semilattices in Z™. Suppose that a mapp:S — §'
1s bijective and satisfies p(2a+ 3) = 2p(a) +p(B) for alla, B € S. Then there erists

a unique group automorphism p of Z™ such that p |s= p.

Using this lemma, we can conclude the proof of (ii). For, we have an automorphism
p of Z™ such that o(7T,) = 7;(0;) forala € S. If a € Z"\ S. i.e., T, = (0). then
Bla) € Z™"\ &', i.e., Tjq) = (0). Hence p(Tg) = (0) = for alla € Z™\ S. Thus

we obtain o(7,) =T, for all a € G.

p(a)

Bla)
Proof of 2.4.4. We choose a basis {1, -- ,0,} of Z" such that each o, € S by
2.4.1(iii). We define a map : Z* — Z" by p(31., mioy) = ., mip(o;) for
Yr, mio; € Z™. Then 5 is a well-defined endomorphism. We prove 5 |s= p.

Claim 1. p(ma)=mp(a) foranymeZ anda € S (mac S by 2.4.1(1)).

Proof. Since p(0) = p(2-0 + 0) = 2p(0) + p(0), we have p(0) = 0. and so Claim 1 is
done for m = 0. Also. for m = —1. we have p(-a) = p(2(—a)+a) = 2p(—a)+p(a),
and hence p(—~a) = —p(a). Next for m = 2, we have p(2a) = p(2a + 0) = 2p(a) +
p(0) = 2p(cx). Therefore, we get p(2ca) = 2ep(a) where e = 1. 0 or —1. We show
that p(2lea) = 2lep(a) by induction on . We have already seen the case [ = 0 and
1. For | > 1. we have

p(2lea) = 2p(ea) + p(2(l - 1)ea) since 2( — 1)ea € S.
= 2ep(a) + 2(l — 1)ep(ax) by induction,
= 2ep(ar).

Thus we have 2p(lea) = p(2lea) = 2lep(a) = 2(lep(a)). Hence we get p(lca) =

lep(a). Since ma = |mjea, we obtain p(ma) = p(|mlea) = |m|ep(a) = mp(a).

which proves Claim 1.
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Claim 2. Suppose that } ). | m,o;, € S. Then.

n n
p(Q_ 2mioy) = > 2mip(ay)
1=1 i=1

@:‘:1 2miai = 22?:1 m;o,; € S)

Proof. We prove this by induction on n. We have already shown the case n = 1 in
Claim 1. Assume n > 1. By 2.4.1(i). we have m,o; € S. So we have. inductively,

2myoy, 2myoy +2meos, ..., and 2muoy+--- + 2mpy.104,-1 € S.

Thus we have

Z 2m;o;) = Z 2m;o;) + 2f(maoy)

2m;p(o;) +2mpp(on) by induction and by Claim 1

)
|
—

...
il
—

[
WE

2m;p(o;). which proves Claim 2.

-
I
—

By Claim 1 and 2. we get p(3"I, mio;) = Y, mip(o;) since

n n n n
2p()_ mioy) = p()_ 2mioy) = Y 2map(o) = 2) " mip(a).
1=1 =1 =1 1=1

Thus . . .
B me) =Y mip(e) =p(Y. ma),
1=1 =1 =1

and so we have shown § |s= p. Then. since 5(S) = p(S) = S’ and S’ generates
Z". we get surjectivity of §. Finally. it is well-known that an epimorphism on a free
abelian group of finite rank is an automorphism (e.g. [17, Exercise 4, page 175]). The
uniqueness of p is clear since (S) = Z". So the lemma has been established.

(iii): Since ¢ maps the centre of T onto the centre of 77, p |/ is an isomorphism
from H onto H'. Also, rop: G — G/p(H) = G/H is an epimorphism with kernel
H where 7 is the canonical epimorphism. Hence we get G/H = G JH'. O



We prove a corollary of 2.4.3 for division Z™"-graded Jordan algebras. For this
purpose we introduce two concepts about semilattices. Let S and S’ be semilattices
in Z™. If there exists an automorphism f of Z™ such that f(S) = S’, then we say that
S is isomorphic to S’. denoted S = §’. If there exists p € S such that the semilattice
S + p (this is a semilattice by [1, Corollary 1.9. page 24]) is isomorphic to S’. then
we say that S is similar to S’, denoted S ~ S’. The definition of isomorphisms
and similarity in [1. Definition 4.1. page 43] are slightly more general than ours: for
semilattices S. 5" C V where V is a real vector space, S and S’ are 1somorphic if there
exists ¢ € GL(V) such that ¢(S) = S’. and similar if there exists ¢’ € S’ such that
S and §’ + o’ are isomorphic.

Also. we recall the concept of isotopes of Jordan algebras. Let J be a unital Jordan
algebra and suppose that u is an invertible element in J. Define a new product -,
on J by -,y = {zuy} for z,y € J defined in 2.2.4. Then this product satisfies
commutativity and the Jordan identity, and so J*) := (J,-,) is a Jordan algebra
with unit u~!. We call J®) an isotope of J. Let J’ be another Jordan algebra. If an
isotope of J is isomorphic to J’, then we say that J is isotopic to J'. denoted J ~ J'.

Corollary 2.4.5. Let J and J' be division Z"-graded Jordan algebras. Put S :=
supp(J) end S" :=supp(J’). If T = J', then S= S, and if J ~ J', then S~ §.
Moreover, let H and H' be the central grading groups of T and T, respectively.
Then J ~ J' implies H = H' and Z"/H = Z"/H'.
Proof. If J = J’, then there is an automorphism p of Z™ such that p(S) = S’ by
243,andso S= S". If 7 ~ J', then J™) = 7’ for some invertible element v in J.
Let 7 = @gaezn Ja- By 2.2.7. u lies in Jo for some v € S. Let ' = a — ~ for all
a € Z". Then we have Jo/ - Jg' C J(a+a)y and

supp(J™)) =S -4

which generates Z". and so J™) = @, ¢z Ja’ is a Z"-graded Jordan algebra.
Moreover. r is invertible in 7 <= z is invertible in J®) since U{*) = UU, (see
(13. page 58]). Hence J™) = @arczn Jar is a division Z™-graded Jordan algebra.
Therefore, since J(*) = 7', we get S—y = S, ie..S~S. O

§2.5 G-TORI AND TORI

In this subsection we will consider the following class of algebras.
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Definition 2.5.1. A predivision G-graded algebra T = @ geG Igis called an alter-
native or Jordan G-torus over F if dimp T, <1 forall g € G.

We note that a G-torus is a division G-graded algebra by one dimensionality of

the nonzero homogeneous spaces.

Lemma 2.5.2. Let G be an arbitrary group and T = @QGG T, a G-graded algebra
over F'. Suppose that T satisfies the following two properties: for all g.h € G,

(81) dimpTy =1, (82) ToTh = Tyn.

Then T is a G-torus over F. Moreover, if 0 # = € T is homogeneous, then fory € T.
zy = 0 implies y = 0.

Proof. Let z € T;. Then we have F1 =T, = TyT,-1 = FzTg-1 by 2.1.2, 2.1.3(0) and
(81-2). So there exists a nonzero element u € T4-1 such that zu = 1.

Suppose that T is an alternative algebra. Since uz € T. = F1, we have uz = cl
for some ¢ € F. Then, by the flexible law, we get z = (zu)r = z(ur) = cx. Hence
¢ =1, i.e., zu = ur = 1. Therefore r is invertible.

Suppose that T is a Jordan algebra. Since T is commutative. we have zu = uz =
1. We need to show another condition of invertibility in Jordan algebras, namely.
z?u = z. Since z%u € T, = Fz, we can put z2u = dz for some d € F. Then we have
dz? = z(dz) = z(z°u) = r?(zu) = 22 by the Jordan Identity. Hence d = 1. and z is
invertible.

Thus we have shown that any nonzero homogeneous element is invertible. Conse-
quently, T' is a division G-graded algebra over F with (S1), and so it is a G-torus.

The last assertion is clear if T is alternative since z is invertible. In the Jordan
case, let y = 3 .0 Yn- By zy =Y ,cc zyn =0, weget zyp =0 forall h € G. If
yn is nonzero for some h € G, then by (S1), T, T, = FzFy, = (0). which contradicts
(S82). Therefore. y, =0forallh€ G, ie.,y=0. O

By 2.1.5(1) and 2.5.2, a G-graded alternative algebra T = @Dyec T over Fis
an alternative G-torus if and only if T satisfies (S1-2). However, a Jordan G-torus
satisfies neither (S1) nor (S2) in general, and we will give examples in Chapter 3. We
call a Jordan G-torus satisfying (S1-2) a Jordan G-torus of strong type.

We can classify G-tori for a cyclic group G.
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Proposition 2.5.3. Let C; be a cyclic group of order r. Then any C,-torus T over
F is commutative and associative. More precisely, if r < o, then T is isomorphic
to an r-dimensional commutative associative algebra F(r] generated by an element
z whose minimal polynomial is A" — a for some nonzero a € F. Otherwise T is

isomorphic to the algebra F[t.t™!] of Laurent polynomials.

Proof. Let C;. = (g) and S = supp(T). We first show S = C,. Since (S) = Cr.
we have C? C S where C? = {g* | i € Z"} by 2.4.1(ii). Hence if C? = C,. we
are done. Otherwise C? # S, and so g**! € S for some i € Z™. Then we have
g~ %¢**! = g € S by 2.4.1(ii), and hence S = C,.

Thus dimp T = |S| = |C;| = 7. Let 0 # z € T, which exists since S = C,. Since
any power of an invertible element is nonzero (see e.g. [13. page 52]). T is generated
by zand z7' if r = oo and by z if r < co. In anv case. T is commutative and
associative by 1.1.2(4).

Suppose that r < co. Since z" € T, = F1, 2" = al for some nonzero a € F. So
T is a root of a polynomial A" — a (identifying F' with F1). Since T = @:;01 Fzrt,
{z*|i=0,1,... ,r — 1} is a basis of T. So A" — a is the minimal polynomial of z.

Suppose that r = oo. Since T = @,., Fz', {z' | i€ Z} is a basis of T. It is clear
that T is isomorphic to the algebra of Laurent polynomials F|t,t!] through z* — ¢
foralliez 0O

Remark 2.5.4. (1) By 2.3.3. a division G-graded commutative associative algebra
Z=@,cc Zq over F is a G-torus over the field Z,.

(2) Let T = @, T, bea G-torus over F and let K be a field extension of F. Then
Tk =KQrT = @D,cc (K 8r Ty) is a G-torus over K with supp(Tk) = supp(T).
Indeed. Tk is a predivision G-graded algebra over F by 2.1.0. Since dim k(K®rT,) =
dimp Ty <1, Tk is a G-torus over K. It is clear that supp(Tx) = supp(T).

We show that the central closure of a G-torus is a G/ H-torus for the central grading
group H if G is an ordered abelian group.

Lemma 2.5.5. Let T = @D,cc Ty be a G-torus over F where G is an ordered
abelian group, Z = Z(T) the centre of T and H the central grading group of G in
T. Then for the central closureT = ZQzT (Z is the field of fractions of Z), we have
T= DBiec/n T;, which is a G/H-torus over Z where T;=2®z ZT,. Moreover, if
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T is a Jordan G-torus of strong type. then T = ®§GG/H Tg is a Jordan G/ H -torus
over Z of strong type.

Proof. We know that T = @gec /H Tg is a predivision G/H-graded algebra over Z
by 2.3.5(i). Also. since Z, = F1. we have dim7T§ =dimrT, < 1lforallg e G
by 2.3.5(ii). Hence T is a G/H-torus over Z. The second statement follows from
2.3.5(1). O

Remark 2.5.6. In 2.5.5, G/H cannot be a nontrivial cyclic group. If it were cyclic.
the G/H-torus T is commutative and associative by 2.5.3. Since T embeds into T
by 1.1.16(i), T becomes commutative and associative, whence Z = T and H = G.
Hence G/H is the trivial group.

Now we specify G to be Z".

Definition 2.5.7. A Z"-torus, i.e.. a predivision Z"-graded algebra T = @, cz» Ta
over F' satisfying dimp T, < 1 for all & € Z", is called an n-torus over F or simply

a torus when this abbreviation does not create confusion.

A torus clearly generalizes the algebra of Laurent polynomials in n-variables, and
SO it is a commutative associative torus. Also, from 2.5.3. we know that a l-torus is
isomorphic to F[t,t~}], the algebra of Laurent polynomials. As a noncommutative
version of the algebra of Laurent polynomials, we recall quantum tori (see for example

[6]).

Definition 2.5.8. Ann x n matrix q = (gi;) over F such that q;; =1 and gji = qi'J1
is called a quantum matriz. The quantum torus Fy = Fy[tf!,... .t=!] determined by

a quantum matrix q is defined as the associative algebra over F with 2n generators
tE!, ... t¥!, and relations tit7! =t"'t; =1 and tit: = qijtit; forall 1 <i,j < n.

We notice that Fy is commutative if and only if ¢ = 1 where 1 is the quantum
matrix whose entries are all 1. In this case, the quantum torus F; becomes the algebra
of Laurent polynomials F[tF!.... .tZ1].

It is easily seen that Fy is an associative torus. Namely, for any basis {€;,... .€,}
of Z", declare the degree of t; as &; for all i = 1,....,n. Then we have Fq =
@Doczn Fta where tq = t§'---t2" for @ = 016, + -+ + Qn€n, o; € Z. So the
Z"-graded structure of F; depends on the choice of a basis of Z*. One can check
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that the multiplication rule of Fy is the following: for & = ay&; + -+ + an&, and
B =011+ -+ Bnén. ;.3 € Z.

(2.5.9) tats = [ 67" ta+s.
1<y
Conversely, any associative torus is graded isomorphic to some quantum torus
Fq. In fact, let T = @_c3» Ta be an associative torus over F. Choose a basis
{€1.... .€n} of Z™ and choose a nonzero element r; € T, foralli=1..... n. Since
T.Z;,T;Z; € Te,+e, and dimp T¢ e, = 1, there exists a unique nonzero g:; € F such
that z;z; = g;;z:z;. Then the n x n matrix ¢ = (g;;) is clearly a quantum matrix

over F. and one can check that T =z~ Fy[tFl.... .t¥!], via z; — t; specifying the
degree of t; as €, fori=1,... ,n.
Note that g = (g;;) is not determined by T but by the chosen basis {€;,... ,€,}

of Z™ with its order. When we are considering the order of a basis of Z™. we denote

it by (€q,... .epn).

Definition 2.5.10. For a quantum torus Fy = F,[tf!,... . tZ!], the Z"-grading
determined by an ordered basis (¢;.... .e,) of Z", i.e., declaring the degree of ¢, to

be €;, is called the (ey,... .€,)-grading of Fq. The Z"-gradings obtained in this way
make Fy into a torus as defined in 2.5.7. They will be called toral gradings.

We summarize the above arguments as a theorem. which was also shown in [7.

Lemma 1.8].

Theorem 2.5.11. Any quantum torus is an associative torus. Moreover, for an
associative n-torus T, any ordered basis (€,,... ,€,) of Z™ determines a quantum
matriz q and T is graded isomorphic to Fy with the {(e,,... .€,)-grading.

A commutative associative n-torus is graded isomorphic to the algebra of Laurent

polynomials F[tE!,...  t¥!] with any toral grading.

Proof. We only need to show the last statement. For a commutative associative
n-torus T. any basis of Z" determines the quantum matrix 1. Thus T is graded
isomorphic to Fy = F[t!,... ,t¥!] with any toral grading. O

When Fy = Fy,, we say that q is equivalent to i and denote this by g = 1. Note
that this is an equivalence relation. Also, we have that ¢ = 1 implies ¢ = 1. The

following lemma is useful later to classify a certain type of quantum tori.
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Lemma 2.5.12. Let q and n = (1;;)1<:7<n be quantum matrices. and let F, respec-
tively Fy, be the corresponding quantum tori. Then the following are equivalent:

(i) g =mn, ie. Fqg = F, as algebras,

(ii) for any toral grading of Fy, there ezists a basis (o,.... .0,) of Z" and nonzero
homogeneous elements z; € Fy of degree o; such that Z;T; = Ni,;x:z; foralll < i<
Jsn,

(iii) there ezist toral gradings of Fq and Fy, such that Fq =z~ Fy,.

Proof. We prove (i) = (ii) = (iii) = (i).

Suppose that (i) holds. i.e., there exists an isomorphism ¢ from F, onto Fy,. Let
(€1.... .€n) and (€}.... .e,) be any bases of Z". Consider the associative tori
Fq = @aczn (Fgla with an (e;.... ,eq)-grading and F,, = F,[tf!,... .t2}] =
Daczn (Fn)a with an (e},... .€,)-grading. Then, by 2.4.3. there exists an auto-
morphism p of Z" such that ¢((Fy)a) = (Fp)p(a) for all a € Z™. Let o, := p~!(¢’)
and z, := p~!(t;) € (Fg)o, for i = 1.... ,n. Then (oy,... .0,) is a basis of Z". and

we have

T2 = @7 ()T ) = 0 (k) = o7 ity = ny T,

for all 1 < i < j <n. So (ii) holds.

Suppose that (ii) holds. Consider Fq as an associative torus with a toral grading.
Since (o).....0y) is a basis of Z". the nonzero homogeneous elements z; of degree
0, determine a quantum matrix, which is by the assumption (ii). Thus Fq is
graded isomorphic to the quantum torus Fy, = Fp[t<!....  t=!] with the (o1, .. .00)-
grading via z; « t;. by 2.5.11. Hence (iii) holds.

Finally, (iii) implies Fq = Fy,, i.e..q=n. O

We shall give an example of an alternative torus which is not associative in Chapter

4. We close this section by giving an example of a Jordan torus.

Example 2.5.13. The plus algebra A" of an associative torus A = Daczn Aa over
F is a predivision Z"-graded Jordan algebra over F by 2.1.7. Since dimr Aq = 1 for
all a € Z™, we have dimp(A*)q = 1, and hence A* is a Jordan torus over F. By
2.5.11. we have A* =zn F} for some quantum torus Fy = Fy[ty!,... .t¥!] with a
toral grading. From (2.5.9) the multiplication rule of F, using the notation there.
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is the following:

1 a, 8, 8,a, +8 +
ta - to = 5(I] o™ + T a3 975 ggn e

1< 1<J
. 1 3, .3
(2.5.14) = §H g (1+ H ;") tats.
1<J t,7

Note that supp(F;') = Z", and by (2.5.14), F{ is a Jordan torus of strong type if

and only if

(2.5.15) H qg}ﬁJ # -1 forall a.Be2Z".
1)

-1 1

IL;, 3“3’ = (=1)=F2(-1)23h = (-1)}(=1)° = —1. Hence F} is not of strong

type. Also, let ¢ = (_: {) where 7 is a square root of —1, (aj,a;) = (1,0) and

For example, let h = ( ! —1>, (@1,a2) = (1.0) and (B341.6;) = (0.1). Then

(B1.52) = (0,2). Then [T, qf'j‘ﬁ’ = {MP2(—§)a3bt = 12(_;)0 = 1. Hence FT is not

of strong type. In general for a 2 x 2 quantum matrix q= (q 11 ?), we have

H q?jnﬁj —_ qalﬁn(q—l)azﬁl # -1 for all (ahaz)’(ﬁl,ﬁg) € Zz

t,]
= qg #—q" foralllmeZ

= q¢"# -1 forallkeZ

< either q is not a root of unity or q is a primitive rth root of unity, r odd.

For an n x n quantum matrix, n > 3. the situation is more complicated. We just
give one example of F; which is not of strong type and where all gij, ¢ # J are not

roots of unity, namely,

1 2 2

g=|3 1 -2

P
Indeed, let (a1, @3.a3) = (1.-1.0) and (61,062, 83) = (0,0,1). Then [[,, ¢ =
0137 a5 455 2 45 a3 053 = 2°(2)°21(4)°(=2)"1(~1)° = —1. Note that this

corresponds to the fact that (£;¢5') - t3 = 0 in Ff = Foltf t31.t5']*. Hence F}is

not of strong type.
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§2.6 CENTRAL DEGREE

Recall that in this chapter our algebras are assumed to be alternative or Jordan.
and so they are power associative by 1.1.1, even strictly power associative (see [13.
page 222]). Hence one can define the generic degree for a finite dimensional algebra
over an arbitrary base field F (ch.F # 2 for our Jordan case). We first review the
definition of the generic minimal polynomial (see [13. page 222)):

Let A be a finite dimensional algebra (alternative or Jordan) over F, {ur,... .up}
a basis of A over F, L = F(&,....£,) where the £ are algebraically independent
over F,and AL :=L®A. Let t=3""_, & ®u, and m()\); the minimal polynomial
of z (in A.), which we write as

mA)z =A™ — 01 () AT+ 02 (E) AT T2 — -+ (=1) "o (€)

where 0;(§) = 0;(&1,...,&,) € L. Fora = S°v_1 aiu; € A, the specialization &; = q;
of m(A); gives m(A), € F[A], and m()\), is called the generic minimal polynomial
of a. It is known that degm(\);( = degm()),) and m()), itself do not depend
on the choice of a basis of A (see [13, page 223]). Thus the degree of the generic
minimal polynomial of a is invariant for any a € A. Also, the elements o1(a) and
om(a) of A are called the generic trace and the generic norm of a. respectively. It is
well-known that the map o; : 4 — F is F-linear with 01(1) = m and that the map
Om : A — F satisfies om(@a) = @™o, (a) for a € F and a € 4 with om(1l) =1 (see

[13. Theorem 1. page 224]). We denote o; = tr and o,, = n by convention.

Definition 2.6.1. For a finite dimensional algebra its degree is defined to be the
degree of the generic minimal polynomial. Also. for a commutative associative unital
ring & and a ®-algebra A, we say A has degree < 2 if there exist a ®-linear form
tr: A — @ and a d-quadratic map n: A — & with n(1) = 1 such that

a? - tr(a)a +n(a)l = 0

for all a € A (see [19]). In case @ is a field and dimg A # 1, we say that the degree
< 2 algebra A has degree 2. This definition of degree < 2 is consistent for the case of
finite dimensional algebras. For example, & has degree < 2 by the second definition,
and in case ® is a field, ® has degree 1.
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Example 2.6.2. An r3-dimensional central simple associative algebra has degree r
(see e.g. [13. page 233]).

Definition 2.6.3. We say that a prime algebra P over a field F has central degree r
if the central closure P = Z ®z P is a finite dimensional algebra over Z of degree r
for 7 > 3 or r = 1. and central degree 2 if the central closure P (not necessarily finite
dimensional) has degree 2 over Z. Note that P is always central over Z by 1.1.16(ii).

Example 2.6.4. Assume that F' contains a primitive r-th root of unity ( = {,. Let

¢ be an n x n quantum matrix

1 ¢ 1 - 1

¢! 1 :

¢=¢™=1 1 1

; 1

1 - e 1 1
where the (1, 2)-entry is ¢, the (2,1)-entry is (~' and the other entries are all 1. Let
F¢ = Fe[tT!, ... ,t%!] be the quantum torus determined by ¢ and Z = Z(F¢) the
centre of F¢. One finds that Z = F[t{",t57,t51.... ,t¥!], the algebra of Laurent
polynomials in the variables t],t5,t3,... ,t;. So for an (e;,... .€n)-grading of Fr,

the central grading group of F¢isrZey +1Zey + Zez + - - - + Ze,, the central closure
F¢is a (Z, x Z,)-torus over Z by 2.5.5, where Z, = Z/rZ. So the dimension of
F¢ over Z is r2. Since F¢ has no zero divisors by 2.2.4(1) and 1.1.16(iii), the finite
dimensional algebra f¢ has no radical, and hence it is semisimple. By Wedderburn's
Structure Theorem. F is a division algebra since it has no zero divisors. Hence F,
has degree r over Z by 2.6.2. Thus. in case ® is a field, F¢ has central degree r.

We show that this example has the following strong property:

Lemma 2.6.5. Let tr be the generic trace of the central closure F¢ over Z. Then
tr(F¢) C Z (identifying F, with a subalgebra of ?C).

Proof. For (i,7) € Z x Z with (0,0) # (1,]) € Z, x Z,, let m = m(i, ) be the order
of (i.;) in the group Z, x Z,. Note that m > 1 and that m divides r.

Claim. {1,tit],....(tit})™ '} is linearly independent over Z.

Proof. One can check that (tit})* = ¢**Jt§ity? for k € Z. and so (£t])k = utP e
for some 0 # ux € Z and 0 < p,qx < 7T —1 (px = ki, qx = kj mod 7). Since m is the

53



order of (i.7), all (p1.q1).--- . (Pk-Qk).- .. ,(Pm-1.qgm-1) are distinct and not (0.0).

Hence
Legtd = uptP et (t18)F = wetBredx, L ()™ = wpy o B e

are linearly independent over Z since {tft] | 0 < p.q < r — 1} is a basis of F. over Z

and all u;,....u,... ,um—1 are not zero.

Note that (t#)™ € Z C Z. So the minimal polynomial of titd over Z is
f(A) =A™ — (t‘it%)"‘ by the Claim. Since F; is a division algebra. f()) is irreducible
over Z. Recall that the minimal polynomial and the generic minimal polynomial of
an element have the same irreducible factors (see [13, page 224]). So the generic min-
imal polynomial of tit} is a power of f(A). Since the degree of the generic minimal
polynomial is 7, the generic minimal polynomial of tit} is f(A\)=. Since m > 1 and

—tr(tjt3) is the coefficient of A™~! in f(A\)=, we have tr(tit]) = 0 for (3,7) # (0,0).

Thus we get
rtity; ifi=j=0 (modr)
0 otherwise.

tr(ti63) = {

and we obtain tr(F;) C Z.

To describe the central grading group of a division Z™-graded algebra of central

degree 2. we prove the following:

Lemma 2.6.6. Let T = @gec 7, be a G-graded algebra over F which has degree
<2 Lete # g €supp(G). If 0 # z € Ty is not nilpotent, then tr(z) = 0, 22 =
—n(z)l € F1 and the order of g is 2.

Proof. We have
r? —tr(z)z + n(z)1 =0,

and so z2 +n(z)1 = tr(z)z € T,. If tr(z) # 0, then g° = g since 22 # 0. Hence g = e.
which contradicts our assumption. So we get tr(z) = 0. Then z? = —n(z)1 € F1.
Moreover, we have 0 # 22 € T2 NF1C T2 N T, by 2.1.2, and hence g2 =e. O

To describe the central grading group of a division Z"-graded algebra of central

degree 3, we prove the following:
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Lemma 2.6.7. Let S be a semilattice in Z™. If kZ™ C S for some odd number k.
then S = 2Z™.

Proof. By 2.4.1(iii) there exists a basis {¢1.... .0,} of Z" such that each o, € S.
Let k =2/ + 1. For any m,,... ,my, € {0.1}. we have k(myo) +--- + m,0,) € S.
and so

kmioy + -+ kmaon =mioy + - + mpon + 2(lmyoy + - + lmpo,) € S,

Then, by 2.4.1(ii), we get myo; + -+ + mpo, € S. Hence S contains all the cosets
of Z"/2Z". whence S =Z". 0O

Using the two lemmas above, we can show the following:

Proposition 2.6.8. Let T = @Daczr Ta be a division Z™-graded algebra over F
of central degree r for r = 2,3. Let tr be the generic trace of the central closure T .
Then:

(i) There ezists a basis {€,,... .€,} of Z™ such that the central grading group of

T is given as
F;:rzel+~'-+TZ€m+Z€m+l+"'+ZETL forsomeOSmSn-

Moreover, for any a € Z" \ T, we have tr(7) = {0}.
(ii) If r = 3. then supp(T) = Z".
(iii) If T is a torus, then m > 2.

Proof. Let I be the central grading group of 7. Z the centre of T and {o;,. .. .on}
a basis of Z™ in S := supp(7). Recall that

T= P 7=
acZr/T

is a Z"/T-graded algebra over Z where 75 = Z ®z ZT, (see 2.3.5(i)). Also, by
2.2.4, T is an (alternative or Jordan) domain. We show (i) for the cases r = 2 and 3
separately.

[Case 7 = 2]: Since T is a domain, there are no nonzero nilpotent elements in
T. Hence for o; ¢ T. i.e.. &; # 0. we have 20; € T by 2.6.6. If o; € T, then
20, € I'. Thus we obtain Z(20;) + - -- + Z(2e,) = 2Z™ C I'. Then the exponent of
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Z"/T'is lor 2. ie. I =Z" or Z"/T = ZT for some 1 < m < n. and there exists
a basis {€1.... .€,} of Z" such that T = 2Ze, + --- + 2Z¢,, + Zems+r + - + Ze,.
0 < m < n. by the Fundamental Theorem of finitely generated abelian groups. The
second statement also follows from 2.6.6.

[Case r = 3]: For B € S such that 8 # 0 in Z"/T, take 0 £ T € TB-. Since T has

degree 3 over Z, r satisfies
3+ 212% + 27 + 231 =0 for some 21.29,23 € Z (2, = —tr(z)).
If 28 = 0, then 38 = B and therefore,
2} —nr=-2z+2le€ ?507— = (0).

Hence we get 2° — 25 = (22— 2,1) = 0. Since 7 is a Jordan domain. the subalgebra
Z[z] of T generated by z is a commutative associative algebra domain over Z by 1.1.1.
So 22 — z,1 = 0 since z # 0. Since z ¢ Ty, the polynomial f(\) = A2 — z, is the
minimal polynomial of z over Z. If f()) is reducible over Z, say f (A) = (A=a)(A-b).
a.b € Z, then (z — al)(z - bl) = 0 in Z[z] which is a commutative associative
domain. Hence, z =al orz =b4l. andsoz € Z1 C T, ie., B = 0, which is a
contradiction. Therefore, f(A) is irreducible over Z. As already mentioned in 2.6.5.
the minimal polynomial and the generic minimal polynomial of an element have the
same irreducible factors (see (13, page 224]). Since f()) is the irreducible minimal
polynomial of z, the generic minimal polynomial of z has to be a power of f(\).
However. this is impossible since the degree of the generic minimal polynomial of z
is 3. Therefore, 28 # 0.

Now, 28 # 0 implies that 38 # B. Since 3 # 0, we have 38 # 28. Hence
{38.0} N {28,8} = 0. So (Tg+T5) N (T3 6 T5) = (0). Since

P +l=-nz?-2z€ (Ts—ﬁ--f- T5) N (Tﬁ:’b‘?ﬁ),

we get two equalities z3 + z31 = 0 and —z2122 - 22 = 0.

By the first identity, we have 0 % z° = —z31 € Tﬁﬂ Z1 C Tﬁﬂ T3, and
hence 38 = 0. Thus we obtain 33 = 0 for all 8 € S. In particular. for o, ¢ T,
ie. 7; # 0. we get 30; € I. If o, € T, then 30, € I'. Hence we have Z(30,) +
-+ Z(30y) = 3Z™ C T. and so the exponent of Z*/T is 1 or 3, i.e., [ = Z" or
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ZM /T = Z%* for some 1 < m < n. and there exists a basis {€;,... .en} of Z" such
that I' = 3Ze, + --- + 3Zey + Zepy+1 + -+ - + Zen, 0 < m < n. by the Fundamental
Theorem of finitely generated abelian groups.

By the second identity and by the same reason above. we have —z;z — 2,1 = 0.
Then —z;z = 2,1 € TEOEI C ?En-fﬁ = (0). Hence z; = 0. i.e.. tr(z) = O for any
B € S\T and 0 # z € T3. Therefore. for any a € Z™ \ I'. we have tr(7,) = {0}.

For (ii), since we have I' C S, we get 3Z™ C S. By 2.6.7. we obtain S = Z".

For (iii). let 7 be an n-torus over F. If m =0, then I" = Z", and so Z = 7 since
T is a torus. and hence Z = T. Therefore, the degree of 7 over Z is not 2 or 3. If
m = 1. then Z/T = Z, is a nontrivial cyclic group, and 7 is a Z,-torus over Z by
2.5.5. which cannot happen by 2.5.6. Hence we get m > 2. (Son hastobe >2.) O

We will classify associative tori of central degreer =2 and 3. Let T = @, oz~ Ta
be an associative torus over F' of central degree r and T the central closure over
Z. Then, by 2.6.8(i), we have dimff = r™. So T is a finite dimensional central
associative algebra over Z. Since T does not have zero-divisors by 1.1.16(iii), it
is a finite dimensional central associative division algebra over Z of degree r by
Wedderburn’s Structure Theorem. Hence the dimension of T over Z has to be r2.
Thus. by 2.6.8. there exists a basis {,... .0} of Z" such that the central grading
groupof T'is I := rZo\+rZos+Zo3+- - - +Zo,. Also. it is clear that an associative
torus whose central grading group is I' has central degree r.

Now. we classify associative tori whose central grading group is I'. Let 0 # ¢, € T,
for 1 <i < n. Then since t;t; = t1t,, t,t2 = tat, and t;t. = tit; forall 3 <i < n and

1 < j £ n. we can identify such a T with the quantum torus Fy = Fq[tfl, . .tfl]
determined by
1 q 1 .. 1
7! 1 1 :
q=q(q) = 1 1 1
o
1 1 1

where the (1.2)-entry is some ¢ € F*. the (2,1)-entry is ¢~ ! and the other entries
are all 1. Moreover. since t; € Z, we have t;t] = t}t; = ¢"t1th. and so ¢" = 1. If
q = 1. then q = q(1) = 1, but the algebra of Laurent polynomials F; cannot have
central degree r since Z = Z(F;) = Fy. Hence ¢ # 1 and q is the primitive 2nd or a
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primitive 3rd root of unity. If » = 2. then ch.F # 2 and ¢ = —1.

If r = 3. then ch.F # 3 and F has to contain a primitive 3rd root of unity. say w.
Since g can be either w or w™'. let q := q(w) and q’ := q(w™!). We claim that F, =
Fy. Consider Fy, = F[tf!.... .t7!] as an n-torus with the (0. ... .o, )-grading.
Since (02,01.03,... .0,) is a basis of Z". tit; = w™tyt; (since tot; = wtit,) and
tit; =t;t; for 1 <i<nand 3 <j<n, weget Fq = Fy by 2.5.12.

Remark 2.6.9. Note that Fy/ can be identified with the opposite algebra FgP of Fy.
Then Fy and Fy are both algebras over their common centre
Z =F[3 83 ¢85 tEY,

We showed that Fy = F¢ over F. but we note that Fy % Fy over Z. In general. if
A is an associative domain of central degree 3. then we always have A 2 4% over
Z. For. if A = A over Z, then A = A" over Z, which cannot happen since 4 is
a central division associative algebra of degree 3. (See e.g. [29]; if A = A™, then
[A]? = 1 in the Brauer group. But the order of 4 in the Brauer group has to divide
the degree.)

We summarize the above results as a proposition.

Proposition 2.6.10. (1) For an associative torus T over F and r = 2.3, T has
central degree v <= the central grading group of T is rZo +rZ0os +Zo3+ - -+ Lo,
for some basis {@,.... .0n} of Z". ’

(2) Let w be a primitive 3rd root of unity,

1 -1 1 - 1 1 w 1 - 1

-1 1 1 : w1 1 :
h=11 1 1 : and w=|1 1 1

: 1 E o1

1 - .1 1 | O T |

(1) If ch.F # 2. then an associative torus over F' of central degree 2 ezists and any
such torus is isomorphic to the quantum torus Fy. If ch.F = 2, no such torus erists.

(ii) If F' contains a primitive 3rd root of unity, say w € F, then an associative torus
over F' of central degree 3 ezists, and any such torus is isomorphic to the quantum
torus Fy,. If F does not contain a primitive 3rd root of unity, e.g. ch.F = 3 or
F =Q, R, no such torus exists. O
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Chapter 3 Jordan tori

Our purpose in this chapter is to classify Jordan tori over a field F of characteristic
=<9
el

§ 3.0 ZELMANOV'S PRIME STRUCTURE THEOREM

By Zelmanov’s Prime Structure Theorem ([21. page 200]). a strongly prime Jordan
algebra J over F is one of the following three types: (The new terminology used below
will be explained in the following sections.)

Hermitian Type: J is special and g45(J) # {0},

Clifford Type: the central closure 7 is a simple Jordan algebra over Z determined
by a symmetric bilinear form,

Albert Type: the central closure 7 is an Albert algebra over Z.

Since Jordan tori or division Z™-graded division algebras are strongly prime by 2.2.5.
the type of Jordan tori or division Z"-graded division algebras is defined as the above.

§ 3.1 HERMITIAN TYPE

We review the so-called Zelmanov polynomial g;5. Let FS.7 (X) be a free special
Jordan algebra on an infinite set X of variables over F. That is, FS.J (X) is the
subalgebra of F.A(X)* generated by X where F.A(X) is the free associative algebra
on X. Forz,y.z,w € X, let

plG(Ir Y.z, w) = [[D:’f',y(z)zs DI.y(w)]7DI,y(w)] € fA(X)
where D ,(z) = [[z.y],2]. For 12 variables z;, v, z;,w; € X, i =1,2,3, let

Qag = [[pm(zl,yx,21,w1),P16($2,y2eZz,wz)],Pls(:rs,ys,Zaews)] € FA(X).
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By the identity [z.[y.z]] = (y.z.z)° (see 1.1.10a). we have pig. qus € FST(X). More-
over. g4 is homogeneous in each variable, i.e.. all monomials of g4s, the monomials
not only of the associative product but also of the Jordan product, have the same
partial degree in each variable. Namely, p;¢ has degree 6 in z. 6 in y. 2 in z and 2
in w. and so q4g has degree 6 in z,. 6 in y;, 4 in 2; and 2 in w;. and hence the total
degree in 12 variables is 48. For any Jordan algebra 7. we denote the evaluation of
qs on J by qss(J).

Recall that a division Z"-graded Jordan algebra is strongly prime by 2.2.5. Thus.
by §3.0. a division Z"-graded Jordan algebra 7 of Hermitian Type is special and
q48(J) # {0}. We prove a more precise version of the Hermitian Type classification
in our case. For this purpose, we need to quote the existence of a nice ideal of
FST(X), called Qys.

An ideal T FSJ(X) is called formal if for all permutations o of X.

p(z1.... .zn) €T = p(o(zy).... ,0(z,)) €T

For a formal ideal Z of FS7(X) and any special Jordan algebra 7. it is well-known
that the evaluation I(J) is an ideal of J (see [21. page 144]). We define an r-tad
{pr---pr} forpr.... .pn € FST(X) as

{pr---pr}=p1-pr+pr-pr.

In particular. {p1p2psps} is called a tetrad. A formal ideal H <« FST(X) is called

hermitian if it is closed under tetrads, i.e.,

{HHHH} C H.

An ideal 7 « FSJ(X) is called a linearization-invariant T-ideal if T contains all
the linearizations of any p € T and T(Z) C T for any algebra endomorphism T of
FSJ(X). Since for a permutation ¢ the map (z1,....zn) — (0(z1),...,0(zn))
defines an endomorphism of FS.7(X), every linearization-invariant T-ideal is formal.
Let Q45 be the linearization-invariant T-ideal of FSJ(X) generated by gsg. Then it
is known that Qg is an hermitian ideal (see [21, page 198]).

Now, let 7 be any strongly prime special Jordan algebra with gq5(7) # {0}. Then
the evaluation Q43(7) is a nonzero ideal of J. Since J is special, there exists an
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associative algebra A with involution * such that 7 C H(A.x) = {a € A | a® =a}.
Let P be the associative subalgebra of A generated by Q4s(.7). By the Special
Hermitian Structure Theorem [21, page 146], we have H(P,*) = Q43(7) and P is
*-prime.

Proposition 3.1.1. Let J be a division Z"-graded Jordan algebra over F of Her-
mitian Type. Then J = H(P.x) for some x-prime associative algebra P and P is

generated by J .

Proof. By the above observation, we already know
H(P.x) =Qus(J)aT

for some *-prime associative algebra P and P is generated by Q43(7). Thus we only
need to show Qus(J) = J.

Let B be a basis of J over F such that B consists of homogeneous elements in
J. Recall that Q4g contains g5 and all the linearizations of qs5. If the evaluations
of 43 and all the linearizations of g4s on B vanish, then we have g4(J) = {0},
which contradicts the fact that 7 is of Hermitian Type. Hence there exist elements
bi.... .bm € B and q43 € Qs where g}z = g4s or some linearization of g4g such that
ag(b1,... ,bm) # 0. Since ¢4g is homogeneous in each variable. Gig(b1,... .bm) is a
nonzero homogeneous element in 7. and hence it is invertible in 7. Thus the ideal
Q.48(J) contains an invertible element. and so we get Q43(J) =J. O

Let J be a Jordan torus over F' of Hermitian Type. Then. by 3.1.1. there exists a

=-prime associative algebra P such that
(H) J =H(P,*) and J generates P.
We call a Jordan torus J satisfying (H) an Hermitian torus. Thus
a Jordan torus of Hermitian type = a Hermitian torus.

However, the converse is not true in general (see Remark 3.3.11(4)). We will classify
Hermitian tori in this section. We will see that F; (Example 2.5.13) is one class
of Hermitian tori. We next construct two other types of Jordan tori which will be

Hermitian tori.
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Construction 3.1.2. Let E be a field extension of F with [E : F] < 2, say E :=
F(Va) for some a € Fif [E: Fl=2and E = Fif [E: F| = 1. Let og be the
non-trivial Galois automorphism of E over F if [E : F ] = 2. Let £ = (§;) be a

quantum matrix over E (see 2.5.8) satisfying

(3.1.3) oe(§i;)6i; =1 (= op(&;) =) forall i.j.
Note that §;; =1 or —1if E = F. Let 6, € E such that

(3.1.3a) op(6:)6; =1 fori=1,....n.

Then for the quantum torus E¢ = Eg[ti’,... .tF!] over E, there exists a unique
involution 7 of F¢ over F if E = F or a unique og-semilinear involution 7 of E¢ over

F otherwise, such that
(314) T(ti) = 6,-t1 for all 7.

In fact, let us consider E¢ as an associative torus with an (e, ... .&n)-grading. Then
we have B¢ = @ 7. Etq where to = t§'---t2 for a = aje; + -+ + ane, € Z".
For convenience, let o be the identity map on F. Thus we can define an F-linear
map T by

T(zta) = op(z)67" - O3 tan 47 = op(2)67 -+ 02~ [] €3 %ta forz € E.

1<j

Then. by (3.1.3) and (3.1.3a). we have

(sta) = oB(2)75(8:) - 0E(0n)2" 05 037 [ 0(6) €5 te = 2t

1<

By the multiplication table (2.5.9) of a quantum torus, for y € E and 8 = A1 +
-+ OBnen € Z™, we have

7(ctayts) = T(zy [| €75 tarp)

1<
= crE(;L-y)g?wax ) oan+8n H UE(fzJ a,ﬁ‘ (cn,-t»ﬁ,)(c::,+[3.)ta+ﬂ
1<
= O’E(I)as(y)g?l ':’[31 “en 00n+ﬁn H (Q|GJ +6lﬁ] +BJO‘)t°+B
1<J
ap+06; Qn+0n (ava;+8.6;)
= 0E(2)oe (e ™o 025 [ & ot
1<)
= 7(ytg)T(Tta)
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Hence 7 is an involution of Eg over F if E = F or a unique o g-semilinear involution 7
of E¢ over F otherwise. and it is the unique one satisfving (3.1.4). This is mentioned
in [1. page 83] when E = F.

Thus the symmetric elements J := H(Eg, ) form a Jordan algebra over F. (In
[2. page 16], such a J is used to construct extended affine Lie algebras of type C.)
Since 7 is graded on E¢ = @,czn Eta, i-e., 7(Etg) = Ety for all & € Z™. we have
J = @qezn (Eta N J) as F-vector spaces. Since Ef = @qczn Eta is a Jordan
torus over E. J is a Z"-graded Jordan algebra over F. We call this Z"-grading of
J a toral grading induced from a toral grading of E¢. We always consider a toral
grading of J without mentioning. If £ = F, then dimg(Fte NJ) < 1. Otherwise
Eta = (F + F\/a)ta for some a € E. and so dimp Ety = 2 for all a € Z". If
Tte € J for some z € E, then \/art, ¢ J, whence dimp(Etq NJ) < 1. In general.
the inverse of a symmetric element is also symmetric. Thus if supp(J) generates Z",
then J is a Jordan n-torus over F. This is true if E # F. In fact. assume that
dimp(EtqaNJ) =0 for some a € Z". Then for all z € E. we have Ttq + T(zty) = 0,
and so 7(zte) = —zts and therefore 7(vazte) = arty. Hence for z # 0, we
have 0 # \Jauzta € Etq NJ which is a contradiction. Therefore, we always have
supp(J) = Z". In addition, H(Eg,7) is a Jordan torus over F of strong type if and
only if the entries of £ satisfies (2.5.15):

[1&%#-1 forall a,8ez".
13%]

If E = F, then H(Fg.7) is not a Jordan n-torus in general (see 3.2.14).
From now on. we denote H(Eg,7) when 6; = 1 for all i and E = F by

H(Ftr*)1

L.e.. € is a quantum matrix whose entries are 1 or —1, and = is the unique involution of
F satisfying t7 = t, for all i. We call such a quantum matrix € an elementary quantum
matriz. Since ty,... .t € J, supp (H(F¢,*)) generates Z". Thus J := H(F..+) =
@Daczn (FtaNJ) is a Jordan n-torus over F. If q # 1, then (tit;)* = —t,t; for
some 1. j, and so we have Ft;t; N J = {0}. Hence ¢; + €; ¢ supp(J). Therefore,
supp(J) =2" if and only if e =1, i.e., J = F[t¥',... .t¥!]. In particular, J is never
of strong type unless € = 1. Also. J is generated by t; and tetrads {¢; ti,ti,t.,} as
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a Jordan algebra (see e.g. [13. page 8. Cohn's Theorem|). In particular. J is finitely
generated. We call the basis {to | t), = ta}aczr above the standard basis of J.
Clearly, the structure constants relative to the standard basis are 0 or +1.

Remark 3.1.5. In general, let A be an associative algebra generated by {z:}ics with
T;T, = +z,z;. Then {z?},¢; is contained in the centre Z = Z(A). Indeed. we check
[z;".zj] =0 for all z,. If z;z, = z,r,;. we have nothing to check. If T;T; = —I,T,.
then we have z;z? = z;z,z, = ~z,7,z; = z2z,. Hence 2 € Z. In particular. the
subalgebra of A generated by {z2},c; is commutative.

Therefore, the centre Z = Z(J) of J = H(F,,*) contains F[t¥.... .t¥2]. So
for any homogeneous element in J, its square is in Z. If € = 1. then the central
grading group I' is Z". Otherwise. since Z" /T has exponent 2. there exists a basis
{e1.... .an} of Z™ such that

[=2Z0,+ - +2Zom +ZOpmysy + - - + Zoy, for some 1 <m < n.

When 6; =1 for all i and E # F. we denote H(E¢, ) by
H(Ee,d),

i.e.. 0 is a unique o g-semilinear involution 7 of E¢ over F satisfying o(t;) = ¢; for all
i. We claim that

(3.1.5a) H(E¢.7) 220 H(Ee,0).

Indeed. let 7(t;) = 0;t; and E = F(\/a). We put
" { \/Ziti if 9; = -1

= (1+46;)t; othewise.

i

Then we have 7(t]) = t;. Since Eg[tf',... ,tT!] 2. Ee[ti*!,... .t.% over E (or
we can identify the two graded algebras), we get H(Eg,7) =z» H (E¢.0) over F (or
H(Ee,T) = H(Ega’))

We note that forr€ Eandte J := H(Eg. o).

go:JE=E®pJ5:l:®tr—»zteEg'



gives a Z™-graded isomorphism over E. In fact. if ¢t has degree . then zt has degree
a.and so ¢ is Z"-graded. Forz.y € Eandt.u € J. (zt)-(yu) = (zy)(¢-u) implies that
¢ is a homomorphism. For u := Zael" Ta 8 Ua € Jg, p(4) = Zan“ Tala =0
implies that % = 0. Hence ¢ is injective. The surjectivity follows from supp(J) = Z".
Thus we identify
Jg = Eg’.
Finally, we claim that
Z(H(E¢,0)) = H(Z(E¢), o).

Indeed. the inclusion O follows from Z(Eg") = Z(E¢) (see 1.1.10). For the other
inclusion, let t € Z(H(E¢,0)). and let u, and ug be any nonzero homogeneous el-
ements of degree a and B in E¢. Then there exist some 0 # z.y € E such that
Tuqa,yup € H(Eg, o). Hence (t, Tuq. yug) = 0, and so we get (t.uq.ug) = 0. There-
fore. t € Z(ES )N H(E¢,0) = Z(E¢) N H(Eg,0) = H(Z(Eg).0). By the claim. since
supp (H(E¢.0)) = Z™ and Z(E{) = Z(Eg), the central grading groups of H(Eg.0)

and E¢ coincide.

Example 3.1.6. Recall the quantum matrix ¢, (r > 1) from 2.6.4:

1 GG 11
Gt :

C=¢r= 1 1 1
E C 1
1 - e 101

where (; is a primitive r-th root of unity. Let ¢, € C and E(™ := R({,). Note that
EM = Cif r > 2 and E® = R otherwise. Consider the quantum torus Eér) =
Eér) [tfl, ... .t=1] determined by ¢ = ¢,. Take the complex conjugate ~ over R for
oc. Then ¢ satisfies (3.1.3). Hence H(Eér).a) is a Jordan torus. Thus H(Eér).a) is
an example of H(E¢.o0) ifr > 2, and of H(F,, ) if r = 2, i.e.. H(Eéz).a) = H(Rp, *)
where h = {,. By 2.5.15, we note that H(Eér), o) is of strong type if and only if r is
odd.

The following series of lemmas serve as preparation for the classification of Her-
mitian tori. Also. if a Z"-graded algebra A is graded isomorphic to B := Fg, Fy.
H(F¢,*) or H(Eg.0) for some toral grading, we simply denote by A =z~ B.
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Lemma 3.1.7. Let J = @ czn Ja be a division Z™-graded Jordan algebra over
F satisfying J = H(P.=*) for an associative algebra P with involution * such that
P is generated by J. Suppose that there exists v € P such that vv* = 0 and v + ¢*
is invertible in J. Then there erists a division Z"-graded associative algebra B such
that J =4~ B*.

In particular, if J is a torus, then J =z~ F;‘ for some quantum torus F.

Remark. This lemma is inspired by an analogous result in the classification of Jor-

dan division algebras (see [14, page 8.24]).

Proof. For any y € J = H(P, *) we claim that v*yv = v*v = vyv*" = 0. Clearly we
have v*yv € H(P.*) = J. Also,

Uyl = (0750)* = (v"yv) - (v7yv) = v yov"yo = 0

since vv* = 0. Hence v"yv = 0 since J is a Jordan domain by 2.2.4. In particular.
v'v = 0 for y = 1. By the same argument, we get vyv* = 0. and so our claim is
settled.

Now, since v + v* is invertible in 7, there exists z € 7 such that

(v+v*)z(v+v") =1

(see 1.1.2(3)). By the claim, we have e + e* = 1 where e := vzv and ee* = e*e = 0.
Also. we have e = e(e + €*) = e? and e* = e*(e +€") = e*2. Thus e and e are
supplementary orthogonal idempotents in P. By the claim. we have e*Je = eJe* =
{0}. Since J generates P. we get e"Pe = ePe* = {0}. Therefore, for B := ePe. we
have P = B @ B*. Since J = H(P.x), we obtain an isomorphism of Jordan algebras

f:J={b+b"|be B}—B*.

Let Ba := f(Ja) for all a € Z". Then Bt = Daczn Ba is a division Z"-graded
Jordan algebra and 7 =z~ B*. We show that the associative algebra B = Daczr Ba
is a division Z"-graded algebra. In fact, we have Z" = (supp(B*)) = (supp(B)).
Moreover. all nonzero elements of B, are invertible in B*, and so are they in B by
1.1.2(2). Hence we only need to show that BaBg C Ba.g for all @, 8 € Z™. Note that
we have Bq - Bg = Bo 0 Bg C Ba+g. If a or 3 is not contained in the support of B.
ie.. Ba = (0) or Bg = (0), we have nothing to prove. Otherwise, for 0 # z € B, and
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0 # y € Bg. zy and yz are invertible in B and so are they in B+ by 1.1.2(2). Hence
we have zy € B and yz € Bs for some 4.6 € Z™ by 2.2.7. If zoy = zy+yz # 0. then
0# oy € Ba+p N (By + Bs), which forces a+ 8 = v = 4. So we get Ty € Ba+g. If
Toy=zy+yr =0.le. yz = —zy. then we have [r2,y?] = 0. and so 22 - y2 = 2y

Thus we get
0# (zy)* = (zy) - (zy) = 2yzy = —1%® = =2% - y® € Byy N Baar2a.

Hence v = a + 3 and we obtain zy € Ba+a. Therefore, B = @a&ln B4 is a division
Z™-graded associative algebra.

In particular. if such a 7 happens to be a torus. then B = ®a€2“ By is an
associative torus since dimg B, = dimp J, < 1. Hence B Zzn Fy for some quantum

torus Fy by 2.5.11. Identifying them, we get 7 =4n Fr. Qa

Lemma 3.1.8. Let J = @Daczn Ja be a Jordan torus over F satisfying J = H(P, *)
for an associative algebra P with involution *, which is generated by J (e.g. a Her-
mitian torus). Suppose that there ezist an invertible element u € P so that u* = —u
and 0 # y € J, for some v € Z" such that the following three conditions hold:

(1) v€Joy, (i) wy lued,. (i) [u.y] € Joy

Then J =z F‘;’ or Jg ;= EQp J =zn E; for some quantum torus Fq or Eq where

E is a quadratic field extension of F.

Proof. By dimp Jo <1 for all & € Z™, there exist a.b.c € F.,a.b#0, such that

(1) u? = ay?,
(2) buyTlu=y (= yul=buyY),
(3) [u.y] = uy — yu = cu®.

By (3). we have uyu™! —y = cu. By (2). we have bu?y~! — y = cu. By (1), we have
aby?y~! — y = cu. Hence we get cu = aby —y € J. Since u ¢ J, we obtain ¢ = 0 and

hence

(4) uy = yu.
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Let v:=u+ a y if /a € F. Otherwise. let E := F(/a). Jg := E8fr J. Pg :=
ERrP, x:=id@xandv:=1Qu+ a8y =u+ay. Then since u* = —u. we
have

. {(U+\/5y)(—U+\/'a'y)=—u2+ay2=0
v = 2]
(12u+/a@y)(-10u+/agy) =18 (—u® +ay?) =0.

by (4) and (1). Also, v +v" = 2y/a y or 2/a & y is invertible in J or in Jg. Thus.
by 3.1.7. we get J =gz. F; if Ja € F. If \/a ¢ F. then we can apply 3.1.7 for the

r—

Jordan torus Jg = H(Pg, *) over E. and obtain Jg =z« E;. O

Lemma 3.1.9. Let E D F be fields with [E : F] = 2, and og is the nontrivial Galois
automorphism of E over F.
(1) Suppose that T is a og-semilinear involution of E} = Egltf'.... .t¥Y]* over
F such that o(t;) = t; for all i. Then:
(i) g € ML(F') and T is an automorphism of Eq over F or
(ii) ¢ = & and T is an involution of E¢ over F, where £ is defined by 3.1.3. In
particular. T = o where o is defined in 3.1.2.
(2) Let J be a Jordan torus over F. Suppose that J = E ®f E Hgn E;. Then:
(a) g € Mp(F) and J =z~ Ff or
(b) J =z~ H(E¢.0), which is a Jordan torus defined in 3.1.2.
Also, if § ¢ Mn(F), then on EQFf H(E¢,0) = EY, we have cp ®id = 0.

Proof. We use a theorem in [14. Theorem 1.1.7. page 1.4]. namely, if A and B are
associative algebras. B has no zero-divisors and f : A¥ — B* is a homomorphism of
Jordan algebras. then f: A — B is either a homomorphism or anti-homomorphism

of associative algebras.

(1): Since Eq has no zero-divisors.  is an order 2 automorphism or an involution
of the associative F-algebra E,. If 7 is an automorphism, then H (Eq,T). the set of
fixed points by 7, is an associative algebra and J = H (Eq,7)*. Moreover,

titi — qiztit; = 0 = 7(t,¢; — qiztit;) = tits — op(qi))tit;,

which forces 0£(gi;) = gi;, and so g;; € F for all 4. j, i.e., g € M, (F).

If 7 is an involution, then

0 = 7(t;ti — qijtit;) = tit; — op(qij)tst: = tit; — o £(gi;)qijtit;.
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Hence we get og(q;;)qi; = 1 for all i.j and obtain ¢ = §. In particular. 7 = o since
o is a unique og-semilinear involution of E¢ such that 7(¢,) = ¢, for all i.

(2): Let 7 := op & id, which is a ogg-semilinear involution of Jg = E &f¢ J.
Identifying J with 1 & J. we have J = H(Jg, 7). Also, we identify Jg with ES.
and so J = H(E;.7). Since suppJ = suppJg = supp E;; = A, one can choose
t1.... .tn € Eq such that E, = Eg[tF!,... ,t¥!] and 7(t;) = t, for all i. Thus one
can apply (1). For the case (i), one gets H(Eq.7) = Fq[tlil. ... .t3 andso J = Fy.
For the case (ii), one obtains J = H(E¢.o). The last statement follows from (1). O

Finally we can prove the main result of this section. The reader is reminded
that any Jordan division algebra of Hermitian Type is isomorphic to AT or H(B. *)
for some associative division algebra A or some associative division algebra B with

involution *. We can prove an analogous result for Hermitian tori.

Theorem 3.1.10. Let J be a Hermitian torus over F. Then, with the notation fromA
3.1.2,
J Sz F;, H(F¢,*) or H(Eg o).
Proof. Let J = @,czn Ja be a Hermitian torus over F, i.e.. J = H(P. ) for some
*x-prime associative algebra P which is generated by J. Let (¢1,... ,0,) be a basis
of Z" such that each o; € S :=supp(J) and let 0 # 1, € Jp,, i =1.... ,n.
We first consider the case where the following two conditions hold:

(A) forall1<i,j<n,[z;z;)=00rz;0z,=0.1ie,
(1) z;I, = xz,x; forall 1<4,5<mn,

(B) J is generated by r-tads {z;'---z;’} where r > 0. & = %1
and i;,... .1, € {1. Tl}

We will show J =z. H(F,, *) in this case. Since J generates P and every r-tad

is generated by 1-tads 2z'it1. ... +2zZ! as an associative algebra. P is generated by
zil,... ,zEl. Thus, by (1), there exist an elementary quantum matrix € and an

epimorphism ¢ from F, = F[t{,... .t¥] onto P such that p(t;) =z, fori =1.... .n.
We give F¢ the (@4,... ,0,)-grading.
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Now, we show injectivity of ¢. Suppose that p(t) =0 for t = Yoa czn Qata Where

Ga €EF. tq =t -t and @ = 0101 + -+ + ane, € Z™. So we have
(1) Z GaZa = 0.

where T4 := ' ---z2~. Note that all z, are invertible in P since z; is invertible in
J and in P by 1.1.2(2). We need to show that all a, = 0. Put

M:={a€Z" |za€J} and N:={B€Z"|z5¢ J}.
Then we have )__ ., GaZa =0 and > gen apZa = 0 since o € J are symmetric
and zg ¢ J are skew relative to * by () (note ch.F # 2).
Claim 1. Assuming only (A), we have 14 € J = 14 € Jq.

Proof. By (1) and Remark 3.1.5, the subalgebra of A generated by {2}, is com-
mutative, and so the Jordan product and the associative product coincide in the

subalgebra. Therefore.
2 __ 2a 2, _ 2a 2a 2a -
Tq =27 'z = 2(e - (2 23%?) -zl € J20,01++2ane, = J2a-

Hence we get z, € J4 by 2.2.8.

By Claim 1, we obtain aq =0 forallae M. If N = 0, we are done. Otherwise
we pick any By € N. Multiply (1) by zg,. Then. by (1). we have

) *aszpip, =0.
BEN

Applying the same argument for this equation instead of (1), we have

z *agzrgig, =0 and Z *ayT448, =0,
BgeM, YeN,

where M, := {8 € N |z3+8, € J} and Ny := {y € N | 24,3, ¢ J}. By Claim 1, we
get agTp+ 8, € Ja+p,, and hence ag = 0 for all 8 € M;. Since N = M; U N, (disjoint
union) and By € M, (because 25, € J), we have N; C N. If N; = 0, we are done.
Otherwise, repeating this method for the finite set N, we get some r > 1 such that
Nr=0and ag =0forall B € MpU---UM, = N,. Consequently, we obtain e =0
for all & € Z™. Thus ¢t = 0 and ¢ is injective.
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We have shown that ¢ is an isomorphism. Further. P is graded with P, = J,,
and ¢ is a graded isomorphism. Also. through this isomorphism. we get an involution
* of F¢ such that t] =t; for i = 1,... .n. Therefore, we obtain J =z» H(F,*).

We consider the second case: the negation of (A). i.e..
there exist some ¢, ; such that u := [z,, ;] # 0 and z; 0 z; £ 0.

We divide the case into two subcases:
(I) v*=0 and (II) w®#0.

(I) u? = 0: Note that u* = —u. and so we have wu® = —u2 = 0. We need the
following claim which can be proven in the same way as in the classification of Jordan
division algebras (see [14, page 8.25]).

Claim 2. There ezists y € J such that for v = yu. v+v* #0.

Proof. Otherwise, for all y € J. we have v+v* =0 for v = yu. ie.. yu = —u*y" = uy.
So for all w € P, we have (uy)(uw) = u?yw = 0. and hence we have (uJ)(uP) = {0}.
Since P is generated by J, we get (uP)? = {0}. Then we have (PuP)? = PuPPuP =
PuPuP = P(uP)? = {0}. Moreover, (PuP)* = Pu"P = PuP. and so PuP is a

nonzero *-ideal. This contradicts the fact that P is *-prime (*-semiprime is enough!).

Let y € J be such an element as in Claim 2 so that
v+vt = yu —uy = [y.u] #0.

Decompose y into nonzero distinct homogeneous elements, namely, y = 3 .7n Va-
Let vq := yqu for all yo. Suppose that v, + vy = 0 for all vq. Then we have

[Va:u] = Yyau — uyq = va +v5 =0 for all yo. Therefore,

v+v'=[y,u]=[z Ya: U] = Z [Ya.u] = 0.

aclnr acn

which contradicts our choice of y. Hence there exists some vq such that va +v, # 0.
Now. recall the identity [:::, [y,z]] = (y,z.2)° (see 1.1.10a), and so

0#va + t; = [yar u] = [ya’ [xi’ x]]] = (:L'i, ycaxj)o € Ja,+a+a,~
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* 1 1 M = LI 2
Hence vq + v, is invertible in J. Also. we have Ualy = YalUU Y, = —Yal Ya = 0.

Therefore. by 3.1.7. we get J 4n F; for some gq.

() u®> #0: Let 0 #y:=1z;0 r; € Jy where v := o; + ;. We show that these
u and y satisfy the three conditions in 3.1.8. (Note that u* = —u.) First we have by
(1.1.11),

2 2 -~ 2
0#u” =[z,,2;)° =10 Uz, 2, = Ur,z; = Uz, 7} € Josy.

Hence u” is invertible in J and hence in P by 1.1.2(2). Thus, u is invertible in P and

u? € Jy~. Secondly. by a well-known identity
Uz,.z,) = Uz,oz, = 2U Uz, — 2U; Uy,
(which can be easily verified by expanding both sides). we have
uy e =Uuy™ = Upg 297" = (Uzyor, ~ 2Us, Uz, — 2U,, Uz, )y~ € J,
since y~! € J_. Thirdly, we have by [:z', [v.z]] = (y,2,2)° (see 1.1.10a),
[u.y] = [[zi, 2], z: 0 z;] = (2. 2i 025, 2,)° € Jooy

Thus u and y satisfy the conditions in 3.1.8. and we get J =z~ Ff or Jp =zn Eg.
Therefore, by 3.1.9(2), J =zn F;‘ or H(Eg,0).

We consider the final case: (A) with the negation of (B). i.e.,

assuming the relation (1), J is not generated by r-tads {5} -z}

By our assumption, there exist y € Z" and 0 £ y € J+ such that y is not generated
by r-tads {z;! ---z{"}. Let y =moy + - + Y05

Claim 3. u:=z]'---zIn ¢ J.

Proof. Otherwise we have 2u = {z]"---z]*}, and by Claim 1, u € J,. So we get
y = au for some a € F by dimp J, < 1, ie.. y = za{z]" --- 3" }. which contradicts

our setting of y.

Now. we show that these u and y € J, satisfy the conditions in 3.1.8. Observe
first that u* = tu by (A) and hence u* = —u by Claim 3. Next. by definition, u is
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clearly invertible. and by (f). we have u? = :trf’“ ---z2™m ¢ J. Hence u? € Joy by

Claim 1. Secondly we have

-1 -1

Uay™ =y =2l oy e = ] ay ey )

= :tUI'ln Uy~ t € .
In particular. we get a formula for u:
(2) Uu, = :tU.I?l tee L"xln .

Thirdly. since v* = —u and [u,y]" = [y",u"] = —[y,u] = [u.y]. we have [u.y] € J.
Also. we have by (1.1.11) and (2),

[u,y]2 =yol,y-—- UyU2 - Uuy2 € J4-,.

Hence we get [u,y] € Jo4 by 2.2.8. Thus, by 3.1.8, we get J =z- F;’ or Jg =z E;.
Therefore, by 3.1.9(2), J =z~ Fy or H(Eg, o). O

§ 3.2 ELEMENTARY QUANTUM TORI WITH GRADED INVOLUTION

For an elementary quantum matrix € = (g;,) defined in 3.1.2. i.e.. &; = 1. we
call the quantum torus F, determined by € an elementary torus. Note that € is a

symmetric matrix.
For convenience. we use the following notation:

Definition 3.2.1. For square matrices A;, .... A, of sizes ;, i = 1.... .r. we define

the square matrix A; x --- x A, of size [, +--- + I, to be

A. 1 1 - 1

1 A 1 :
Arx---xAr-=1 1 1 As

: R |

1 - - 1 A

where 1’s are matrices of suitable sizes whose entries are all 1.
Also, we write 1 = 1, if 1 is a square matrix of size k.

Recall from §2.5 that for quantum matrices ¢ and 7, we defined g = n <= F, =

Fy.
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Lemma 3.2.2. (1) Let ¢ = (q;;) be an n x n quantum matriz. o a permutation on
{1.....n}. and put 4, = (G;;) where 4ij = Qo(i)o(y)- Then @ = q,. In particular. for
a transposition (t7) € S, we have q = §;;y.

(2) Let r, s and n be quantum matrices with s = n. Then:

(i) rxs=sxr. (ii) rxs=rxn.

Proof. For (1). let Fy = Fq[tlil,... .t£1], and so we have tit; = qi;tit;. Hence the

generators t-i = ta(i) sa.tisfy t.jt-l = ta(j)ta(i) = ch(i)a(j)td(i)to(j) = q,,ma(_,)t-it.]. and
= s+l FEl
Fo=F5 [t7,... .t

Thus we get ¢ = q,.

For (2), let r and s be the sizes of the matrices r and s. respectively. and let
n:=r+sand Frys = Fry,[tT!, ... . t£1].

(i) follows from (1): Take

a=< 1 - s s+1 -- n)
r+1 -+ n 1 R
Then 8 X r = (¥ x 8),.

For (ii), we consider a toral grading (e;,... ,&,) of Fnys (see 2.5.10). Let r xn =
(a:5). The subalgebra of Fry, generated by tZ!,,... . tf! can be identified with
the (n —r)-torus Fy[tZ),,... .t!] with the (g,.q,. .. .&€n)-grading. Our assumption
s =m and 2.5.12 imply that there exists a basis (. .... On) of Zersy) + -+ + Zey,
in Z" such that z;z; = a;;r,z; for all 7 + 1 < 4,5 < n where z; is a nonzero element
of degree &;. Note that all z, :=t;,... ,z, ;= t, commute with all trsls--- . tn, and
soall z;,... .z, commute with all z,,,,... ,z,. Hence we get z;z; = a;;T;x; for all
1 <,j <n. Since (€1,... .&r,Or41.... ,0y) is a basis of Z", we obtain r x 8 = rXxn
by 2.5.12. O

Our first result in this section is the following:

Theorem 3.2.3. Let € be an n x n elementary quantum matriz. Then there ezists
[ >0 such thate = hf") where

l-times

prmm— — -
hl(n)th"'XhXIn-ﬂ and h=<—i })
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The number [ is an invariant of F.: if  is the central grading group of F. then
|Z™/T| = 4L

Before we prove the theorem. we give some examples and a lemma.

Example 3.2.4. Let

1 -1 -1
m® = -1 1 -1 and mi) = :i _i _i :}
-1 -1 1

and let
Fno = Fpa[tTH 65165 and  Fpu = Fpw[tE 651 2162

be elementary quantum tori with an (g, e,, e3)-grading and an (. €2, €3, €4 )-grading,.
respectively.

In Fi3), t1 commutes with ¢5¢3 which has degree e;+€3, and in Fon4, t commutes
with tat3 and ¢t which has degree €3 + €3 and €; + €4. Since (€1.€2.€2 + €3) and
(€1.€2,€2 + €3.€2 + £4) are bases of Z® and Z*, respectively, we have by 2.5.12.

-1

-1 1 -1 .

m® = -1 « x| and m¥=
1

'

* ¥ X =

1
*
*
1 *

and the =x-parts of both matrices are some elementary matrices. Indeed in both
algebras. we have (tgt:;)tf_) = -—tg(tgtg), and in Fm(.a). (t2t4)t2 = —tg(t2t4) and
(tat3)(t2ty) = ~(tats)(t2t3). So we get

1 -1 1 1

-1 1
mP=[_-1 1 -1| and mw=|"1 1 -1 -l
L1 1 -1 1 -1

1 -1 -1 1
In both algebras, t; and ¢t commute with t1(t2t3) which has degree e + €5 + €3,
and in Fi. t) and t; commutes with ¢;(¢ot4) which has degree £, + €5 + &4. Since
(€1.€2.€1 + €2+ €3) and (€).€2,61 + €2 +€3,6; + €, + €4) are bases of Z? and Z4.

respectively. we have by 2.5.12.

EEEE
m®=| 1 1 1 and m®¥ =
1 1 *= =
1 1 1
1 1 = x
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and the =-part is h by (titat4)(t1tats) = —(titats)(t1taty). Thus we have shown
m® =hP =hx(1) and m® =h{ =hxh.
Note that we also have shown

Fm(a) = th(l)[tlil,tzil,(tltgtg)'t]'] and

Frowr = Frxa[tTH 650, (titata)E (t1tats) 2.

Lemma 3.2.5. Let € = (g,;) be an n x n elementary quantum matriz forn>3. If
Ekp = €kq = —1 for some distinct 1 < k,p,q < n, then there ezists an elementary

quantum matriz 1 = (n;;) with

Ni; =&i; foralli.j#q (Tlgq = €qq = 1).

Niq = Eip€iq foralli #¢q

such that € = n. In particular,
(a) Mkqg = 1 and ng; = ey for all i # q.
(b) if k =2 and p = 1, then n;; = €, for all i, i.e., the first rows of € and n are

the same.

Proof. Let Fe = F[tf'.... .t} with a (@y,... .0,)-grading. Since €kp = Ekqg = —1.
we have ipty = —txt, and tele = —tirty. Hence t, commutes with tpty which has

degree o, + 0,. Let
Iy = tl, . ~Iq-1 = tq—l: .’L‘q = tptq, Lg+1 = tq+lv cee s Ip = tn'

Then the relations between z; and z; for 1 € i,j € n determine an elementary
quantum matrix n = (ny;), ie., z;z; = Mi;T.L;. It is clear that 7;; = ¢,; for all
.j # q. For i # q, we have 24z, = (tpto)t; = €ipeigti(tpty) = €ipeigTiz,. Hence
Niq = E:1p€iq- Since

<01,. <+ 10q-1.0p +d'q,0'q+1,. .. ,Un>
is a basis of Z", we get € = n by 2.5.12. (a) and (b) are clear now. O

Now we are ready to prove Theorem 3.2.3.



Proof of the 1st part of Theorem 3.2.53. We prove this by induction on n. When
n = 1. € has to be (1). and so the statement is clear. Let n > 1. € = (¢;;) and

Ni(e):=8{i | ern=-1. 1 <i<n}

(We will use this notation only for £k = 1 and 2). If Ny(e) = 0. then we have
e = (1) x € for an elementary quantum matrix €’ of size n — 1. By induction. we
have g’ = hf"_l) for some [ > 0. Then, by 3.2.2(2), we get

e=(1)xe =(1) x A"V =p"V x (1) = A",

If Ni(e) > 1, then by 3.2.5(a) for k = 1, there exists an elementary quantum
matrix &’ such that € = ¢’ and N,(¢’) = N,(e) — 1. Repeating this, we obtain an
elementary quantum matrix v such that € = v and N;(v) = 1. i.e., only one entry.
say the (1ip)-entry, is —1 in the first column of v. So if N,(€) = 1, we can also put
v = ¢. Then. by 3.2.2(1), we get

1 -1 1 .- 1
-1
egu(ﬁo) =n= (Th]) = 1 *
1
M2 = 7M21 = —1. the other m;; = 7;; = 1 and * is some elementary quantum matrix

of size n — 1.

If n = 2, we have n = h and we are done. We assume that n > 2. Note
that N2(n) > 1 since m21 = —1. If Na(p) > 1, we can apply 3.2.5(b) for any
q > 2 such that 7y = —1. and get an elementary quantum matrix n’ such that
n=n'. Mi(n') = Ni(n) =1 and Na(n') = Na(n) — 1. Repeating this, we obtain an
elementary quantum matrix g = (u;;) such that n = u, Ny(u) = Np(u) = 1 and
p21 = p12 = —1. Also, if No(n) = 1. we put § = pu. Thus we haven = y = h x y/ for
an elementary quantum matrix u’ of size n — 2. By induction, we have pu' = hf,n -2
for some I’ > 0. Then, by 3.2.2(2)(ii), we get u =h x p/ = h x b = h{™ where

l=l’+1,andhenceegngp,éhf"). |
Next we consider the centre Z = Z(F| () of Fy . Note that Z(F, () = Fyn) =
4 4 (+] 0

Fy = F[tf!. ... [t1] is the algebra of Laurent polynomials.
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Lemma 3.2.6. Let ! > 0 and Fyin = Fh:n)[tlﬂ. ... .tZY] be an elementary torus.
(i) Let £ :=t{'---t5}'. wheree, =0 or 1 but not all ¢, are 0. Then for €, #0, we
have zt, = —trz where
k={j+1 if j is odd
J—=1 if7is even.

(ii) The centre of Fy ) 15 equal to
!

L2 £2 L1 +1
FIF5. oty by 21
the algebra of Laurent polynomials in the variables t3.... 83, tas1, ... . tn. Hence for
a toral grading (oy.... .0,) of F, (). the central grading group of Fyny is
! t

220, + -+ 2709 + Zosyy + -+ Zoy,.

Proof. (i) is clear from the relation matrix h\" .

For (ii), let Z' = F[t,... .t22.t31 ... . tZ!]. Then Z D Z' by 3.1.5. For the
other inclusion. it is enough to show that any monomial not in Z’ is not contained in
Z, but this is clear by (i). O

We can now finish the proof of Theorem 3.2.3.

Proof of the 2nd part of Theorem 3.2.3. Suppose that e = h,("). Then, by 2.5.12,
Fe =zn Fhfn) for some toral gradings. Let " be the central grading group of F,. By
3.2.6(ii). we have Z"/T = Zy & --- = Z, (the direct sum of 2/ copies of Z; = Z/2Z),
and so |Z"/T'| = 4'. Thus, by 2.4.3(iii), we get Fo 2 Fhf,’" ifl'#1L O

‘e always consider a quantum torus as an associative torus by giving it a toral
grading. So we can consider the graded involutions of a quantum torus (see 2.5.10).
Let E be a field extension of F of [E : F] < 2, and if [E : F] = 2, let og be
the nontrivial Galois automorphism of E over F. Let Ey = Eg[tZ!,... .tZ!] be the
quantum torus over E determined by q = (g;;), and let  be a graded involution of
Fq if E = F or a graded og-semilinear involution of E, over F otherwise. Then we
have 7(t;) = a;t; for some ¢; € E. i = 1,... ,n. For convenience, we set og = id if
E = F. Since t; = 7%(t;) = a;0g(a;)t;, we get a;,0p(a;) =1for all 1 < ¢ < n. Note
that a; = +1 forall 1 <i < n if E = F. Moreover, we have

aiajag(q,-j)tjt,- = T(Qijtitj) = T(tjti) = aiajt,-tj = aiajqjitjti,
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and hence ql-;l = ¢;, = 0g(q;;). Note that g;; = £l foralll1 <i.j<nif E = F.
Thus g has to be £ as defined in 3.1.2. i.e.. &i;0e(§i;) = 1. Note that if E = F. £ is
elementary.

Conversely. as we saw in 3.1.2. each (6,,... .6n). 6; € E, satisfying 6;,0g(8;) = 1,
gives E¢ = E¢[ti™.... .t¥!] a unique graded involution T of Fe if E=F. or a graded
ocge-semilinear involution 7 of E¢ over F otherwise, such that 7(t,) = 6;¢, for all
1 <@ <n. We call this 7 of type (6;.... .6,). denoted r = (61.....6,). The graded
involution of type (1....,1) is called the main involution. We use the same notation
asin3.l.2.ie,x=(l....,1)if E=Fand o = (1,...,1) if E # F. Thus we have
shown the following:

Proposition 3.2.7. (i) Let Fy = Fy[tF!.... .tZ!] be a quantum torus over F. Then
there exists a graded involution T of Fy if and only if q is elementary. In this case.
T has type (ai,... .a,), i.e., T(t;) = a;t, where §; =1 or —1 foralll1 <i<n.

(ii) Let E be a field extension of F of [E : F] = 2 and og the nontrivial Galois
automorphism of E over F. Let Eq = Eg[tf!.... .t¥!] be a quantum torus over E.
Then there etists a graded o g-semilinear involution T of Eq if and only if ¢ = £ (see
3.1.3). In this case, T has type (6;.... On), ie., T(t;) = 6;t; where 0g(6;)8, =1 for
alll <i<n. O

Recall the notion of isomorphism in the class of algebras with involution. Namely.
for algebras with involution (A, 7) and (B, p), an isomorphism of algebras with invo-
lution from (A. ) onto (B. p) is an isomorphism f from A onto B satisfying fr = pf.

In the case of 3.2.7(ii), if £ = €. the classification of Jordan tori H(Ec,T) is easy.
Indeed. by 3.2.3 we have E, =z Ehﬁ"’ over E. Through this graded isomorphism.
we have (E..7) =zn (Ehgn),r’) over E for some graded og-semilinear involution 7/
of Ehf"’ over F. Since (Ehfn),‘rl) = (E

h
(Eh<n),0') over F and obtain
4

(n).0) (see 3.1.5a), we get (E.,T) =z~
4

(3.2.7a) H(E., 1) =3n H(E,(n.0) over F.
t

The classification of H(Fe,7) is not so easy. First we prove a lemma similar to 2.5.12

for elementary tori with graded involutions.

Lemma 3.2.8. Let (F,,T) and (Fy,.p) be elementary quantum tori with graded invo-
lutions. Letn = (Mi5)1<i,j<n and p = (0y,... ,6,). Then the following are equivalent:
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(i) (Fe. ) = (Fy.0).

(i) for any toral grading of Fe, there ezists a basis (&).... .0) of Z™ and nonzero
homogeneous elements x; € F, of degree o, such that ;T = n;;Z;T; and 7(T;) = a;z;
foralll <i< j<n,

(iii) there exist toral gradings of F. and Fy such that (Fe,7) =2~ (Fy, p).

Proof. The proof is similar to 2.5.12. In fact. suppose that (i) holds. i.e.. there exists
an isomorphism ¢ from (Fe.7) onto (Fy, p). Let Fyy = Fp[tF!.... . t=!]. Then we
already showed in the proof of 2.5.12 that z; := ¢~ !(t;). i = 1.... .n, satisfv all
statements of (ii) except 7(z,) = a,z;. Let 7(z,) = b;z;. Then since ¢ is graded. we
have
bit, = p(bizi) = ¢(7(zi)) = p(w(z:)) = p(t.) = ast,.

Hence b; = a; for all i. So (ii) holds.

Suppose that (ii) holds. Then we showed in the proof of 2.5.12 that there exist
toral gradings of F, and F;, and that there is a graded isomorphism v from F, onto
Fp = Fyltf',... ,t¥!] so that 9(z,) = t;. We need to show that v is an isomorphism

with involution. Since z,,...,z, generates F. this follows from
U(1(z:)) = ¥(aiz:) = av(z:) = ant, = p(t;) = p(¥(z,))
for all 7. Hence (iii) holds.
Finally, it is clear that (iii) implies (i). O

We have a lemma similar to 3.2.2. For this purpose, we introduce a notation.
For graded involutions 7 and p of type (ai,... ,a,) and (by,... .bn). respectively, we
denote the graded involution of type (a;.... ,an, b;.... .bn) by T x p.

Lemma 3.2.9. Let (F.,7), (Fs,p) and (Fy,p1) be elementary quantum tori with
graded involutions. Assume that (F,.p) = (Fy, p1). Then:

(i) (Frxs:Txp) = (Faxr,p x T). (i) (Frxs.TXxp) = (Frxns'r X p1).

Proof. This can be proven similarly to 3.2.2. O

We will classify elementary tori with graded involution. Let T be a graded in-
volution of an elementary quantum torus F,. Then, by 3.2.3 and 2.5.12, we have
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Fe =3n F, (n; for some [ > 0. and hence (F,.7) =zn (F, (x).p) for some graded involu-
! t

h h
tion p of F, (») and some toral grading of F¢ and F n(m- Thus it is enough to classify
] l
F, ) with graded involutions. Besides the main involution *+ = (1.....1), we define
!

two specific graded involutions of the n-torus F L (n - namely,
14

Tl:(l,,,. A, —-1.1.... 1).
where only the 2/ + 1 position is —1,ifn -2/ > 1
m=(1....,1,=1,-1.1,... . 1),

where only the 2! — 1 and 2! positions are —1. if [ > 1.

Remark 3.2.10. Suppose 7 = *.71,75. By the universal property of the central
closure ?h.("’ (see 1.1.16(v)). the natural extension T of 7 defined by 7(z ® z) =
l — ——
7(z) ® 7(z) is an involution of pm- Since ¥ and 77 fix Z (see 3.2.6(ii)), they are
4

involutions of first kind, while 7] does not, and so it is an involution of second kind.

Example 3.2.11. Recall the two elementary quantum matrices m(® and m® de-
fined in 3.2.4. We showed there

Fno = Fna [t 85145 = Frxq [t 51, (t12t3) ]
= Fax) = FaxyltT 650 651,
Frw = Frno 1 65 65 51] = FhnltEL 51, (titats)®Y, (t1tats) ¥

X Frxh = FaxnltEl ¢35 650 ¢5Y).

Since (tltgtg)' = tatqt; = —t1tats. we have (Fm(s).*) = (th(l)rTl)- AlSO, since

(tltgt‘;)‘ = t4t2t1 = —t1t2t4, we have (F;,n(-a),*) = (thh,‘rg).

Lemma 3.2.12. Let * be the main involution and T, the graded involution of F h(™
defined above. Then:

(i) (Fh.(1,-1)) = (Fh, (=1.1)) = (Fn, *),

(ii) (F1,.(=1,-1)) = (F,.7),

(ili) (Frx(y:(=1.=1,-1)) = (Fax(1), 1),

(iv) (Faxh,(=1.—1,-1,-1)) = (Faxh,*).

Proof. Let Fy () = F,m[tF',... .t¥!] with an (e;,... .e,)-grading. Then we note
1 {
that ¢, ---¢; has degree e;, +--- +¢,_.
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For (i). we have n = 2 and [ = 1. Let 7 = (1. —1). Then we have 7(¢;) = t; and
T(ty) = —tq. Since (tita)t; = —t1(t1t2) and T(t1t2) = t,t». and since (€1, €, +52> isa
basis of Z?. we get (Fp,T) & (Fh. *) by 3.2.8. The case (—1.1) can be proven in the

same way.
For (ii). we have n = 2 and [ = 0. Let 7 = (=1, —1). Then we have 7(t;) = —t;
and 7(t2) = —ta. Since (tit2) = t1(t1t2) and 7(t1t2) = t1t,, and since (€, €1 + €2) is

a basis of Z2, we get (Fy,,7) = (Fy,.71) by 3.2.8.

For (iii), we haven =3 and [ = 1. Let 7 = (=1,~1, —1). Then we have T(t) =
—t1, 7(t2) = —t2 and 7(t3) = —t3. Since (t2t3)(t1tats) = —(t1tats)(tats). t3(tytats) =
(titata)ts, ta(tats) = (tats)ts. T(trtats) = titats and T(tats) = tot. and since (g; +
€2 + €3,€2 + €3, €3) is a basis of Z°. we get (Fhx(1),7) = (Fhx(1),71) by 3.2.8.

For (iv), we have n = 4 and | = 2. Let 7 = (—1.—1.—1.—1). Then we have
7(t1) = —t1, T(t2) = ~t2, 7(t3) = —t3 and 7(t4) = —t4. Put z; := titaty, To 1= toty.
T3 = t1t3 and 14 := t;t3ty. Then one can check that Z,I, = a,;T;T; where (a;;) =
h x h and 7(z;) = z; for 1 <1i,j < 4. Also. one can check that

(e14+€e2+6e4,60+6€4,61 +63,61 + 63 + €4)

is a basis of Z*. Hence by 3.2.8, we get (Fhxh,7) = (Fhxh, x). O
Now we classify elementary tori with graded involution.

Theorem 3.2.13. Let 7 be an arbitrary graded involution of an elementary quantum
torus Fe. Let = be the main involution, and 1, and 7, the graded involutions of F him
defined above. Then:

(i) (Fe.T) is graded isomorphic to one of (Fhl(n).*), (Fh;n).‘rl) or (th..),‘rg).

(ii) In particular, for T = * we have

(Fe,x) = (Fhfﬂ),'rl) =021

(ch*) = (Fh‘(n),Tg) = [ > 2,

and conversely, (Fh(n),‘rl) forl > 1 and (Fh
!

to (Fe.*) for some elementary quantum matriz €.

(n).T2) for | > 2 are graded isomorphic
t

Proof. We have (Fg,T) Szn (Fjm, p) for some graded involution p of Fy (») as men-
[} 1

tioned above. So we classify (thm,p). Let p = (ay,--.,a,). Note that h,(") =
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h!*™ x 1,_4. We consider (Fhlun.(ah»-- -azt)) and (F1,_, (@2+1.- - -@n)) sepa-
rately. By 3.2.9. we can also decompose each of these into small pieces in order to
apply Lemma 3.2.12. Thus, by 3.2.12(i) and (iv). we have

(Fhl('u), (al,. .. ,agl)) = (Fhle).*) or (Fhfzz).Tg)‘

and by 3.2.12(ii),
(Fln—ﬂ’ (a21+1. ... ‘an)) = (Fln—zl'*) or (Fln—zl’Tl)'
Hence by 3.2.9, we get
(Fh:n),p) = (Fhf")’ *), (thn). 7'1), (Fh{n),‘rg) or (Fhl(n;, (1. ool -1-1,-1.1..... 1))

and the last one is isomorphic to (Fh:n),rl) by 3.2.12(iii). Hence by (i) = (iii) of
3.2.8. we have shown (i).

For (ii), let Fhin) = hfn)[tfl,... .t=1] with an (e;.... ,e,)-grading.

For the first statement, we need to show that (th.,),rl) Z (F¢,*) and that
(Fhim:72) Z (Fe, *).

Suppose that (Fhén),rl) = (F¢,*). We have hé") = 1, which forces ¢ = 1. and
hence = is the identity map. This is a contradiction since 71 is not the identity map.
Therefore. we get (Fh(()..),n) & (Fe.x).

Suppose that (Fh(ln),Tz) = (Fe, +). By 3.2.8. there exists a basis (p;,... .Pn)of Z"

such that a nonzero element z, € F n of degree p; are fixed by 7 foralli = 1,... ,n.
!

Let p; = a;161 + - -+ + ayne, for @;; € Z. Then one can take z; = tJ* ---t&=. Since

T2 = (-=1.-1, 1.....1), we have, by the multiplication rule (2.5.9) of a quantum

torus,

Tg(l’i) _ (_1)0;1+O|2t?m .. .tzu = (_1)a¢1+a‘;+a‘1aazi =z;.

Hence a;; and a;; are both even for all i = 1,... .n. This implies that the determi-
nant of the matrix (a;;) is even. This is absurd since (p1,... , p,) is a basis of Z".
Therefore, we get (F h(ln),Tz) # (Fe.x). Thus we have shown the first statement of
(ii).

For the second statement, let U be the subalgebra of (Fhfn) ,T1) generated by to;_;,
tar and tz;41, and let V be the subalgebra of (Fh;n),‘rg) generated by to;_3, to;_»
tar-1 and ty. Then we have (U.my |y) = (Fhx),71) and (U, 72 |v) = (Fhxh, T2).
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Recall that we showed (Fhx(1). 71) = (Fpp, *) and (Fpxp.T2) = { ). %) in 3.2.11.
Therefore, by 3.2.9 and (i) = (iii) of 3.2.8. we obtain

(3213&) (Fh.l(")’Tl) Zgn (Fhf'_"l'a)xm(:’)’*)'
(3213b) (Fhfn).‘rg) =Zgn (Fhl(':;'”xm(“)’*)' O

Remark 3.2.14. We have shown that H(F,, ) for the main involution * is a Jordan
n-torus in 3.1.2. We claim that H(F¢,7) for an arbitrary graded involution 7 is also
a Jordan n-torus. Indeed, (F h
which are not isomorphic to (F, *) by 3.2.13. One can easily see that H(F;.7)is a
Jordan 2Z & Z™~!-torus. and that H(thn),rg) is a Jordan 2Z° & Z™~2-torus. which
are both isomorphic to the algebra of Laurent polynomials in n-variables (so they
are both Jordan n-tori, in particular). Because of this. to classify the Jordan tori
H(Fe,7), it is enough to consider the Jordan tori H(Fy, *).

We note that supp (H(Fy, 7)) = 2Z&Z"~! and supp (H(thn),fg)) = 27272
are not semilattices in Z" anymore. But they are lattices so semilattices in the original

(), T1) = (F1,71) and (F} (n), T2) are the only algebras
(4] 1

definition in [1].

We will classify the Jordan tori H(F,, *). By Theorem 3.2.13, we already know that
H(F¢,*) is graded isomorphic to one of the three Jordan tori H(thn) %), H(Fhfn),rl)
foril > 1 or H(Fhfn),rg) for { > 2. To show that any two of these three are not
isomorphic, we consider the semilattices of the three tori.

We first define the indez of a semilattice S in Z" as the number of cosets of Z® /22"
contained in S. This concept was introduced by Azam in [3. page 3] but the coset
2Z" is not counted there. That is, his index is just our index minus one. Recall the
definition of similarity of semilattices in §2.4. The following lemma is proven in (3.

Lemma 1.7, page 3|:
Lemma 3.2.15. The indez is a similarity invariant of semilattices. O

Thus. by 2.4.3(ii) and 3.2.15, the index of the support of a Jordan torus is an
isomorphism invariant. Let Fym = F,w [t{,... ,t¥!] with a (01, ... .o )-grading
3 [4

and let 7 be an arbitrary graded involution of F am- We put
t

Sn,l,-r != supp (H(Fhf")’ ‘T'))
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So we have 2Zo) +--- + 2Zo, C Spy.-. Let

I(Snir): ={(e1;-.. &) €{0.1}" | €101+ -+ + €n0n € Sptr }
= {(e1,-.. . €n) € {0, 1} | (47 -+ tir) = ¢t7*---t&*}  and
I(Sn,l.r)_ L= {O- l}n \I(Sn.l.r)
={(e1,... . &) € {0, 1} | 7(t{' - t;7) = —t]' ---t&" )}, so
(0) 2" = j{O 1}n = ﬁI(Sn.l.f) + ﬁI(Sn‘l,‘r)—'
We note that §/(S,, ) is the index of the semilattice S, ., in Z" if S,y = Sp ..
S forl > 1or Sy, for I > 2. Thus, by 3.2.15 and 2.4.5. if #I(S, dove)s B0(Sn.ty.7)
and £I(Sn,,,r,) are all distinct for any lg.ly.lp, then the three tori H(F, ny,*).
!
H(F n.m) for I > 1 or H(Fhf..),‘rg) for | > 2 are pairwise nonisomorphic. In
4

fact. we can prove the following:

Lemma 3.2.16. In the notation above, we have

ﬁI(Sn'[‘.) = 2n—1 + 2n—l—1’
ﬁI(Sﬂ.,l.Tl) = 271_1
ﬂl(sﬂ,[.fg) = 211—1 _ 2n—l—1.

In particular, for arbitrary lg.l; > 0 and I, > 1,

ﬂI(Sn,lo,s) > :I(Sn,ll,n ) > nI(Sn.lg,rg )

Proof. For € = (€1.... .€x) € {0,1}" and t€ := ¢} - - 5334 ..t we have
()" = (EPEEHE) - (PR ot = (—1)S bmr emseange

Note that
{ tor i s if (e2io1,€2:) # (1,1)

tdt) =
2i “2i-1 ~t52 Tl if (e2i1,€2i) = (1.1).

Hence for
_ {l—l if | is even

=1 if 1 is odd,
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we obtain. by comparing the pairs (€3;_1.€2;) = (1. 1),

e O )

21 -

i
]

(1)
by comparing the binomial expansions of (3 + 1)* and (3 — 1).
Next we show §1(Sy.5,) = 2" for any | > 0. Let Ag := {e € {0.1}" | egy4, = 0}
and A; := {€ € {0,1}" | €2141 = 1} so that
I(Snim) = (I(Sntr) N Ag) U (I(Snyr) N Ay).
Since 71(t21+1) = —tar+1 and tp4) commutes with all ¢,. we have §(I(Sp -, )N 4;) =
$1(Sn-14,+) and #(I(Snr) N A1) = £(Sn-14.)". Thus. by (0). we get
$(Sniar) = 81(Sn11e) + 81 (Spoyp.)” =271
Recall that 7, is defined only for { > 1, and so we can consider a partition of {0. 1}7
by the following four subsets By, k = 1,2, 3.4, namely,

Bi:={e€{0,1}" | ey-1 =ex =0}, By:={e€{0.1}" | ey_y =1,y =0},
Bg = {6 € {0.1}"’ I €2—1 = 0.62[ = 1}. B4 = {6 € {0 l}n I €211 = €1 = 1}

so that
4
I(Sn,l,fg) = L_I (I(Sn.l.‘rg) N Bk)
k=1 '
Since m2(t2r—1) = —ty-1. Ta(tar) = —to and Ta(tay-1ta) = —ty_ 1t and since ty_;.

ta and tz—1tz commute with all ¢, for ¢ # 20 — 1,2l. we have 3(I(Sny.r,) N By) =
2(Sn-2.~1..) and 3(I(Snt.r,) N Bx) = §1(Sn-2.4-1..)" for k =2.3.4. Thus we get
81(Sntr) = 81(Sp-21-1,2) + 34 (Sn—24-1,.)
=2""2 4+ 2I(Sn_24-1..)" by (0)
=272 4 2(20 72 - (2= B =1 4 on=D=(=1=1y) by (0) and (1)
— 211—1 _ 211-1-1. O
Thus. by the inequalities of 3.2.15. any two of three tori H(F R *), H(F, h(n) ' T1)
for I > 1 or H(F}(n:.72) for | > 2 are not isomorphic as Jordan algebras Moreover
4

by the index formulas of 3.2.15, [ is an invariant for H(F,(n.x) and H(F (n).T2). To
{ {
show that ! is an invariant for H(F, h(n),n), we describe the centres of the three tori.
{
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Proposition 3.2.17. Let Fm = Fh:n)[tfl.... tE1) and let A := H(Fhl(n),*), B:
H(F (n.m) forl > 1. and C := H(F, (. m2) for | > 2. Then for the centres Z(A).
3 !

Z(B) and Z(C), we have

Z(A) = Z(C) = FIt2. ... 22451 . t2Y and
Z(B)=F[t?, .. 52 eEl,. .. 2

Proof. The inclusions

Z(A).Z(C)C F[t2. ... ¢85 ... .t%Y) and
Z(B) C FltF%.... 52 2L, 3.

are clear. We show the other inclusion of each case. For (e;,... .€q,¢€) € {0, 1}2+!
let z:=17'---t33 € Fhfn,. It is enough to show that z ¢ Z(A) or Z(C) if £ # 1 and
Tty € Z(B) if zt5 , # 1.

If 1 # r € A. then by 3.2.6, there exists k such that zt;, = —trz, and so [z, te] =
2zt;. Hence by 1.1.10a, we have

(z,tk, te)® = [tk, [.’L’, tk]] = 2[tk,l‘tk] = 2trxts ~ :rt,%) = 4tpxty # 0.

Therefore. we get ¢ Z(A) since t; € A.

For z € C, whenever ¢, # 0 for some 1 < j < 2l — 2. we have, by 3.2.6 and the
above. (z.t,tx)° # 0 for some 1 < k < 2! — 2. Hence z ¢ Z(C) since tx € C. The
remaining case is T = t5)'"'t33'. However. we have z ¢ C. and so of course z ¢ Z(C).

Similarly., whenever ¢; # 0 for some 1 < j < 2l, we have zt3,,., € Z(B). The

remaining case is t5;,, # 1. but ¢35, , ¢ B, and so of course t5, , € Z(B). O

Theorem 3.2.18. Let J = H(F,, *) be a Hermitian torus. Then:
(i) J is graded isomorphic to one of the following three tori

H(thn),*). H(Fhfn),‘rl) forl>1, or H(Fh;n),‘rg) forl>2,

and any two of these three tori are not isomorphic as algebras and | is an isomorphism

tnvariant,
(ii) for the centres Z = Z(J) of J and Z(F,) of F,, we have

Z = H(Z(Fe).).
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and for the central grading groups T = T'(J) of J and ['(F.) of F.. we have

I' = supp(J) N T(Fe).

Proof. We already established (i) except the invariant of | for the H(F hgn),rl). But
this is now clear from 3.2.17 and 2.4.3(iii).

(ii): We can identify Z with the centre of one of the three tori and identify Z (Fe)
with Z(Fhl(n)). Then Z = H(Z(F.).x) follows from 3.2.17 and 3.2.6. Also. for the
case J = H(Fhfn), *) or H(Fhl(,.),rg), we have I' = I"(thn)), and so we are done. For
the case J = H(Fh!(n),'rl), there exists a basis {€;,...,€,) of Z" such that

['=2Ze,+ - +2Zeps1 +Zepin+ -+ 2, C
F(Fhf"’) =22y + - +2Z2ey +ZLemyir + - + Zey,.

Since 2Zey + - -+ + 2Zem— + kem + Zegyyy + - - + Zey, € supp(J) for odd k € Z. we
get ' =supp(J)NIT(F). O

Remark 3.2.19. By 3.2.16 and 3.2.17. we have

dlIIl? H(Fh(n),*) - (2“’1 + 211—1—1)/211—-2[ = 221—1 _+_21-1 — 2[(21 + 1)/2‘
4
dime(Fh(n),Tl) = 2n-1/2n—2l—1 =92 — (21)2’
14

dimEH(Fh(“),Tz) = (271-1 _ 271—-[—1)/271—2! — 221—1 _ 21—1 = 2!(2[ _ 1)/2
4

Note that fhfn) is a central associative division algebra of dimension 4¢, and so its
degree is 2'. We mentioned that the natural extensions ¥ and 72 of *x and 7, to
Fh:n) are involutions of first kind, while the 77 is of second kind in 3.2.10. Since
Z(H(Fh}"”*)) = Z(H(thm,‘rz)) = Z(Fhfn)) (see 3.2.17 and 3.2.6), it is clear
that H(Fhfn),*) = H(thn,,?) and H(Fh,"‘”TZ) = H(Fh§n>,ﬁ). We claim that
H(Fh:.,),‘rl) = H(thn),r—l). In fact, H(Fhfn),‘rl) C H(Fhfn).?f) is clear. Let
Z = Z(H(Fhfn),n)). Note that by 3.2.17 and 3.2.6, we have Z = H(Z(Fhfn)),n).
Let 1 @z € H(F,m.70). Then we have —i5 @ 71(2) = 1 ® z and m(2)z = 27 (2).
and so 1y (z)z € H(Fh;n)qu). Since L @z = ;ﬁ ® 11(z)r and 7, (271(2)) = zm1(2).
)

Hence H(Fym.71) D H(fhfn),‘f_l)-

88



Recall that there are two types of involutions of first kind for a finite dimensional
central simple associative algebra of degree r. namely, orthogonal type and symplectic
type. The dimension of the set of fixed points of an involution of orthogonal type
or of symplectic type is r(r + 1)/2 or r(r — 1)/2. respectively (see [15]). Thus the
extensions of * and 7, to T‘"—h}n) are orthogonal type and symplectic type, respectively.

In preparation for §3.3. we consider a Jordan torus J = @, 2~ Ja satisfving the
following property: for all a, 8 € supp(J).
{0} if0#a@pBeZ')Tanda#08
Ja+3 otherwise

(B) Jadg = {

where I is the central grading group of J. Note that the part ‘otherwise’ states @ = 0.
B =0 or @ = B. and any Jordan torus satisfies this statement. In fact. this is clear
for@=0o0r B =0. If@= 3, then there exists v € I such that 8 = a + +. and
so Jg = Ja+y = JaJy. Hence, JaJg = Ja(Jady) = JoaJy = Jaa+y = Ja+s since
~veTl.

We determine Hermitian tori satisfying (). Recall that Hermitian tori are either
FJ. H(Fe,*) or H(E¢.0) (see Theorem 3.1.10). For Fy =F Gt ... tEY)* . if some
qij # £1. then t,,t) ¢ Z(Fq) = Z(F) and ti oty = tit; + t;t, = (1 + qi;)tst, # 0.
Hence to have the property (4), g has to be an elementary quantum matrix €. Also.
since Z(H(E¢.0)) = Z(E¢) N H(Eg,0), € = ¢ for the same reason. Therefore.
such tori are either F. H(F,,*) or H(E.,0). Thus. by 3.2.3. 3.2.7a and 3.2.17.
it is enough to consider F™ NEE H(Fh(,., x), H(E B .0), H(Fh;..).rl) for { > 1, and
H(Fhm, ) for [ > 2. Ifl > 2, then tyt3 = t3ty and ¢ty - t3 = ttz3 # 0. Hence
Fh}"’ for I > 2 does not satisfy (§). By the same argument, H( h}n),*), H(Ehl(n),o').
H(Fh;.,),'rl) for [ > 2. and H(Fhf,.).fg) for [ > 3 do not satisfy (h) since t; and t3 are
fixed by the involutions *, o, 7; and 75.

We denoted h.g") by h in 2.6.10. and will use the same abbreviation unless it creates
confusion. We claim that the rest of cases, i.e.. F;'. H(Fn,*), H(En,0), H(Fr.71).
H(Fh(n),rg) and F:(n) = H(F - x) = H(Eh(..),a) = F}" = F, the algebra of
Laurent polynormals do satisfy (b)

The first three clearly satisfy (). For H(Fj.m), it is enough to show that any
Jordan product of two among t,,t,. t1t2t3 is zero. and this is clear. For H(F, A Ta), it
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is enough to show that any Jordan product of two among t;.ts. t,tot3, t1taty. t)tatsty
is zero. and this is easily checked.

For the last case. the algebra of Laurent polynomials F}. since [ = Z" in this case.
the statement (fi) is empty, and hence Fy does satisfy (z).

Finally. by 3.2.13a and b, we have (Fi,71) Sgn (Fpo.*) and (Fh.72) =gn
(Fvr. %) where m®) ;= m® x 1,_3 and m™® := m® x 1,,_,. Thus we obtain the

following proposition which will be important in §3.3.

Proposition 3.2.20. Hermitian tori satisfying (1) are graded isomorphic to one of

the following siz tori

F: H(Fh.*), H(Eh_,d). H(Fm(s),*). H(qu).*) or Fl. d

Remark 3.2.21. The central grading groups of the first three tori in 3.2.20 are
2Z? $Z"~? and the rest are, in order, 2Z3 & Z"~3, 2Z4 £ Z*~4 and Z".

§ 3.3 CLIFFORD TYPE

We review the notion of a Jordan algebra determined by a symmetric bilinear form.
Let ® be a commutative associative unital ring containing % V' a ®-module, possibly
with V' = (0), and f a symmetric bilinear form on V. One can define a multiplication
on J :=® 4V as follows:

(3.3.1) (a@v)(bSw) = (ab+ f(v.w)) @ (aw + bv)

for a,b € ® and v,w € V. Then one can easily check that 7 is a Jordan algebra
over ¢ with identity element 1 = 1@ 0, called a Jordan algebra determined by f.
Forz=a+veJ =&V, we have 22 = (a + f(v.v)) ® 2av. Define two maps
tr.n: J — & by

tr(a +v) = 2a

which is linear and
n(a +v) =a® - f(v,v)

which is quadratic. Then a?® + f(v.v) + 2av — 2a(a + v) + a2 — f(v. v) =0.andso J
has the property
? —tr(z)z + n(z)l =0
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for all z € J. i.e.. J has degree < 2. as defined in 2.6.1. We call tr the trace and n
the norm of 7. We define the bilinear form of n by

n(z.y) =n(z+y)—n(z)-n(y) forz.yeJ.
Forr=a+veJ=®2V. nlz) =nl+z)—nl)-n) = (1 +a)?-
flu.v) =1 —a® + f(v.v) = 2a = tr(z) and n(v.w) = n(v + w) - n(v) - n(w) =
—flv+w.v+w)+ f(v.v) + fw.w) = =2f(v.w) for v.w € V. Thus we get

tr(z) =n(l,z) forallz € 7,
V={zeJ]|tr(z) = 0}.

and n(-.-) |lvxv=—2f.
The invertibility of v € V' can be characterized:

f(v.v) is invertible in ® <= v? = f(v,v)1 is invertible in J

(3.3.2) <= v is invertible in J

(see e.g. [13. Theorem 13(6). page 52]).
Some properties of the centre Z = Z(J) are available; for u € V:

if there exists 0 # v.w € V such that
(3.3.3) f(u,v)w # 0 and f(u.w) =0. then u ¢ Z.

Indeed. this follows from (v-u) - w = f(u.v)w #0and v- (u-w) = flu,w)u = 0.

Also. if V. = ®. one can easily check that the Jordan algebra 7 = ® & & is
associative, i.e., Z(J) = J.

Recall the notion of a Jordan torus of Clifford type in §3.0: the central closure is a
Jordan algebra determined by a symmetric bilinear form. We call a Jordan torus of
Clifford type a Clifford torus. We will classify the more general division Z"-graded
Jordan algebras of Clifford type and use this to obtain the classification of Clifford

tori.

Construction 3.3.4. Let 0<m <n. f m=0. let S := {0}. If m > 1. let S(™
be a semilattice in Z™ and {o;,... .0y} a basis of Z™ such that each &; € S(™) (see
2.4.1(iii)). Note that every element of S(™) for m > 1 can be uniquely written as

20101+ -+ AmOm) + €01 + - + €nOm
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fora;€eZande, =0o0rl.i=1.....m. We put
7= { {e=(e1.... .em) €{0.1}" €101+ - +€mom € S™} ifm>1
| {0} ifm=0.
Note that SU™ = Lie; (101 + -+ + €mOm + 2Z™), and so ¢] is the index of the

semilattice S(™) as defined in §3.2.
Let Z" :=Z™ £ Z"~™ and extend {&).... .o} to a basis

{o1.... . Om . Omi1.... .00}
of Z™. Let F be a field of characteristic # 2. K a field extension of F.

I':=2Z0,+-- - +220m +20my1 + - +Zo, and

Z:=K[:F ... 2P = @ Kz,
a€el

the algebra of Laurent polynomials in n-variables over K, where zo = ' .- 2~ for

a=20101+ - +20mOm + Am+10m+1+ -+ an0n. We consider Z as an [-graded
algebra with homogeneous space Kzq,.

For each € € I.

(1) let (Ve.ge) be a pair consisting of a vector space V, over K and a symmetric

anisotropic bilinear form g, of Vi, i.e., ge(v,v) # 0 for all 0 # v € V,

(2) assume that V, # (0) if € # 0,

(3) assume that K & Vj is a Jordan division algebra over K determined by gq.
We denote the family of pairs of K-vector spaces V, and symmetric anisotropic bilinear

forms g, indexed by € € I by V;:

Vi = {(Ve:ge) }eer-

For each € € I, we extend g, to Z ® V. as a Z-bilinear map. denoted by f., as

follows:
fe(z8u. 2" ® V') = 22'ge(v,v")2¢

for 2,2’ € Z and v.v’ € V, where

~€

~

=zi'---zim for € =(€,... . €m).

Obviously f, is symmetric and the image is Zz€ for each € € I.
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Remark. It is easily seen that f. and f below are anisotropic. A Jordan theoretic

reason will be given below in Remark 3.3.5.

We claim that the Jordan algebra
7=z (@ zscw)
eel
over Z determined by the symmetric bilinear form

f=@ fe o V=D (ZeKk V)

e/ e/
is a division Z"-graded Jordan algebra over F. First we put

Ve:={0} and ge=0 foree {0,1}™\ 1.
For a = a1y + -+ + a0, € Z". there exist unique (a}.....a!,) € Z™ and € =
(€1,... ,€m) € {0,1}™ such that
a=2aijo 1+ +a,Om)F O+ + EmOm + Cm+10m+] + + QnOn.
We put
@' =201+ +20,0m + Am+10mey + -+ + anay € L.

Since Z" 3 a — (a’.€) € T x {0,1}™ is bijective, we write a = (o', €).
Now we set
_ [ Kzar ®k (K2 Vg) ife=0,
Ja = Jiare) = { Kzq @k Ve otherwise.
Since 2Rk V, = Daer (K2ar Ok Ve) and
Ze&(Z9kWV)=ZRk (K& Vp) = @ (Kzar ®k (K & Vo))
a’el

(identifying 2 with Z @ K). we get

J=Z@<@(2®KVJ) =(Z@(3®KV0))€B( P zeox ve)

el ecl\{0}

= (@ Kwenksw))e( O (o v))

a’el (a’,€)erx(I\{0})

P %

acin®
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as K-vector spaces.
Fora.8e€Z" ifa=(a’.0)and 8= (8'.0). then for a.b € K and z.y € Vo.

(200 ® (a+12)) (25 ® (b+Y)) = zar+p € (ab+ go(z.y) + bz + ay) € Tasp.
Ifa=(a'.0)and 8= (8'.1m).n#0.thenfora€e K,z € Vyand y € Va-
(ca' ® (a+ 1)) (23 ®Y) = azarsp BY € Tasg.

Finally, if a = (a’.€), e #0 and 8= (8'.1), 7 # 0, then for z € Veand y € V3.

9e(T.¥)zar+p2®1 ife=n

s ’ ® =
(20 82)(2p @ 9) {0 otherwise,

which is in Ja+p. Therefore, we obtain JoJ5 C Ja+p for all a8 € Z". Since
supp(J) contains the basis {o1,....0,} of Z". J is a Z"-graded algebra over K. -

Any 0 # a2o'®u € J(ar,0) fora € K and u € K&V} has the inversea~!z_, Qu-1,
Also. for any 0 # a2’ ® T € J(ar ). € # 0. a € K and z € V,, we have (azq RT)? =
a*ge(Z. T) 220/ 2¢®1. which is invertible since e is anisotropic. Hence by 3.3.2. azo' Rz
is invertible. Thus we have shown that J = J(S™), K, V}) is a division Z"-graded
Jordan algebra over K, and hence over F. Note that

supp(J) = §(™) 4+ z—™,

which is a semilattice in Z™. We call the Z™-grading of J a toral grading determined
by {oy.... .00}

Remark 3.3.5. We note that f is anisotropic. Indeed, the division Z™-graded Jordan
algebra J = Z @ V is a Jordan domain (see 2.2.4). So for 0 # z € V, we have

0#z° = f(z.z).

Let Z(J) be the centre of 7 and

with the usual convention that s = oo if one of the V, is oo-dimensional.

If s > 1, then there are three cases:
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(1) for any € € I. there exists € # 1 € I such that V;, # (0). i.e.. at least two of
the V,'s are nonzero.

(2) m=1. Vo = (0) and dimg V5 > 1 where V; = {(Vp, g0), (V1.91)}.

(3) m =0 and dimg Vo > 1 where V; = {(Vo.g0)}.

We show Z(J) = Z for these three cases.

(1): Forany 0#r€ Ve and 0 # = € Z, we have f(:Q@1,281z) = ge(z.T)2°2¢ #0
and for 0 # y € V3. f(z®2.1Q®y) = 0 since n # €. Hence by 3.33.:Rz ¢ Z(J).
Therefore, Jo N Z(J) = (0) for a ¢ T and (Z Qk Vp) N Z(J) = (0). Since Z(J) is
homogeneous, we get Z(7) = Z.

(2): For any 0 # z € V], there exists 0 # y € V; such that gi(z.y) = 0. and so
f(®z2,1®@y) =0for z € Z. Since f(:Qz,281z) #0 for = # 0. we get by 3.3.3.
:®r ¢ Z(J) and hence Z(J) = Z.

(3): One can prove this in the same way as (2).

If s < 1. then there are also three cases:

(i)ym =1, Vp = (0) and dimg V3 =1,

(ii) m = 0 and dimg Vo = 1

(ili) m = 0 and V4 = (0).
We have Z(J) = J for these three cases: In fact, 7 = Z & (Z ®x V1) for (i) and
J =28 (2 ®k Vp) for (ii) are both isomorphic to £ ¢ Z as Z-modules. Thus both
are associative. and so Z(J) = J. For (iii), we have J = Z, and so Z(J) = J.

Consequently, we have shown

Z(j)z{z ifs>1

J otherwise.

In particular, we have Z(J)NJo = K if s > 1.
Thus if s > 1. the central closure J of J is

7=Ze: (26 (@ zexw))) -Z1s (D Fex V)

ec/ ec]

and f can be naturally extended to ., (Z®x V) over Z, and so 7 is a Jordan
algebra over Z determined by the extended bilinear form. If s <1, then J = Z(7)
is a division Z"-graded commutative associative algebra over F and 7 = Z. In any
case. J is of Clifford type.
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Remark 3.3.6. (1) If s = 0, ie. m = 0 and Vp = (0). then we have J =
J(S™ K. V) =2 =K[zF. ... ==1] as mentioned above.
(2) If s =1 and Vg = (0). then

J=K[tFh 5 22 2 2= K[E L 2

1]

where ¢, is any nonzero element of V., and so t? = g, (1. t;)
(3) f m = 0. then Jo = K'z4 for all @ # 0. So we have

1-

J=K[F . :Z QK Jo.

Note that Jg = Kz @k (K & Vp) = K & Vp is a Jordan division algebra over A
determined by go.

(4) If dimg Vo = 1, then Jo = K'SK (not as algebras) is a quadratic field extension
of K. So if s > 1, then

R=Z(T)NJo € Z(J) = Jo.

Moreover, if m = 0. we have

the algebra of Laurent polynomials over the field Jp.

We now start the classification. Let 7 = @aEZ“ Ja be a division Z"-graded
Jordan algebra over F' of Clifford type. i.e., the central closure 7 is a Jordan algebra
over Z determined by a symmetric bilinear form where Z = Z (J) is the centre of J
and Z is the field of fractions of Z. So we have dimz 7 = 1 or J has degree 2 over
Z. We will show that J =0 J(S™, K, V;) as defined in 3.3.4 for both cases.

If dimzJ = L. then J = Z since J embeds into 7. Hence J is isomorphic
to the algebra of Laurent polynomials in n variables over the field Jo (see Remark
2.5.4(1)). We set K := Jp. Then we have J 3. J(S™ K, V) for s = 0 (see
Remark 3.3.6(1)).

Suppose that 7 has degree 2 over Z. Let tr and n be the generic trace and norm
of 7, and

W:={z€J|tr(z) =0}.
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Then 7 = Z1 & W is a Jordan algebra over Z determined by the symmetric bilinear

form )
h. = —7)'71(',‘) IW’xW .

Let I be the central grading group of J. Then Z = DBacr Za where Zo, = 2N J,
and J = @geznr Ja is a Z"/T-graded algebra where Jx = 2.7, (see 2.3.4). Let
K := Zg which is a field extension of F.

By 2.6.8, we have tr(Jx) = {0} for @ # 0, and so J5 C W Let

Vo :=WnNJ,.
Then ZVp C W. Since (Z\ {0})1 = {z € T | tr(z) # 0}. we have. by 2.3.5(iii).
{ze @) #0}=TnEZ\{0)1=(TnZE1)\ {0} = 2\ {0}.

Hence

{z€Jo|tr(z) #0} = Zo\ {0} = K \ {0}.

In particular. tr(Jo) = K and tr |z,: Jo — K is K-linear. Since tr(l) = 2 and
ch.K # 2, we have Jop = K & V as K-vector spaces. Let

Vi=2Whe (P &) cw

a0

Since J5 = ZJo = Z(K & V) and tr(2V,) = {0}. we get J= = Z @ ZVj and

j=.75€9(® Jz)=ZeV

a0
as direct sums of Z-modules. Moreover, for all z.y € V. we have. by 2.3.5(iii),
zy=h(z,y)1€e TNZ1 = Z.
Therefore. 7 = Z &V is the Jordan algebra over Z determined by
f=hlvxy.
Now. by 2.6.8. there exists a basis {¢1,... ,e,} of Z" such that
'=2Ze,+---+2Zey +Zepmyr + -+ - + Ze,,.

Let §:=supp(J) and A := Ze; + - - + Ze,,.



Claim. SN A is a semilattice in A.

Proof. Since S is a semilattice in Z™ (see 2.1.3) and A is a subgroup of Z", we have
0.2a-B€ SNAforall .8 € SNA. We need to show that SN A generates A.
For any v = y16;, + -+ - + 4,6, € S. we have Y = Vm+1Eme1 + -+ mEn € C S,
Solet 0 #z€ Jyand 0# z€ Z,.. Then0 # 72! € J~-~, and hence v — v’ =
M€1+ -+ YmEm € SN A. Since S generates Z™. we have for a € A C Z7.

a=3 Ly=Y Lv-v)

yeU YeU

where U is a finite subset of S and L is a positive integer. Therefore, SN A generates
A O

Let
SNA form >0,

Stm .= {
{0} form=0.

Since S(™) for m > 0 is a semilattice in A C Z", there exists a basis {g), ... .Om} of
A such that each o, € S(™) (see 2.4.1(iii)). Let

I_{{e=(61,... €m) € {0.1}™ | €101 + - + ema, € S} ifm>0
~ 1 {0} if m =0.

Let o; :=¢, for j=m+1,... .,n. Then we have

['=2Ze,+ - +2Zem + Zomyr + - + Zoy,
=2A+2Z0mi1+ -+ 2oy,
=220+ + 220w +ZOpmysy + - - + Loy,

For 0 # € = (€1.... .em) € {0,1}™. let

Ve = \7(16|+-“+6me .

Then V, = (0) if € ¢ I, and we get

V=2ZVha (P .73)=ZVO€B< D zn)=€]9 Zv,

a#£0 eci\{0} ecl
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as direct sums of Z-modules. Let f, := f lzv,xzv, for all € € I. Note that if @ # 3
and B8 # 0, then @+ 8 # 0. and so

(TaNV)JI5C f(TaNV.JG1 C T5,5N 2 C T, 50 T5= (0).

Hence we have

f =‘€£} fe-

Since Z is the algebra of Laurent polynomials over K (see 2.5.4(1)), we identify

Z=K[f'... 2= @ Kzq
acl

where zo = 27 coezpn for a = 2000y + -0 - + 2amOm + Am+10mil +  + AnOy.
Then we have

fe(‘fs? ‘/E) - Z2€101+-"+2£m0m

for € = (€1,... ,€m). and so we can define a map
ge : Ve x Ve — K by ge(v.w)z¢ = f (v, w)

where

€, ~€1 . »€m

> -_— .o
“~ . “1 “m *

Then ge is obviously a symmetric A’-bilinear form on V.. Since all nonzero elements
in V, are invertible, f¢ |y, is anisotropic (see 3.3.2). Hence g, is anisotropic since z¢
is invertible.

Finally, by 2.3.4(iv), Jg = 2J4 is a free Z-module with rankz Jz = dimg Ja.
and so one can easily show that there is a natural Z-module isomorphism

EZJZ: Efé?@?k'éﬁ:
via 2z — : Q@ z for z € Z and 1 € J,. Identifying them, we get

2Ve=Z@kVe and V=@P 2ZV. =@ (2« Vo),
sl ec’t

and f = @,c; fe becomes exactly the same as f as defined in 3.3.4. Hence J =
J(S™ K,Vr) and s > 1 where s is defined in 3.3.4. Thus we have shown the

following:
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Theorem 3.3.7. Any J(S'™ K.V/) as defined above is a division Z™-graded Jordan
algebra over F' of Clifford type and conversely any such algebra is graded 1somorphic
to some J(S™, K.V}) for some toral grading. Moreover, m and K are invariants

of J.
Proof. We only need to show the last statement. and it follows from 2.4.3(i) and
(iii). O

We now specialize to Clifford tori. Let J be a Clifford torus over F. If it has central

degree 1, then Z(J) = J. and so J is a commutative associative torus, and hence
J =20 Flz{, ..., 2F1]. So we assume that J has central degree 2. By Theorem 3.3.7.

we can identify J with J(S™ K.V;) = @Daczr Ja- First of all, by 2.6.8(iii), we
have m > 2. Secondly, dimr Jo < 1 implies K = F, Z = Z(J) = F[zFh ..., =3,

Vo =(0) and dimp Ve =1 for all e € I'\ {0}. Let 0 # ¢, € V. for e € I'\ {0}. Then
V =@.c; (Z®F Ve) can be considered as the free Z-module with basis {te |e€I}.
For the convenience of the reader we repeat the construction 3.3.4 under the special

conditions established for Clifford tori:
m2>2 K=F V,=(0), dimp Ve =1 for all e € I'\ {0}.

Construction 3.3.8. Let 2 < m < n. S™) a semilattice in Z™ and {o1,... .om}a
basis of Z™ in S(™). We put

I=1(8"™):={e=(e1,... .€m) € {0.1}™ | €101 + -+ + €mOm € S™}.
Note that S'™) = Uees (€10 + -+ + €mOm + 2Z™) and that [ always contains
0=(0.....0). € :=(1,0....,0). €2:=(0.1.0,....0). .... €y := 0,....0.1),

and so the index §I of the semilattice S(™) is > m + 1. Let Z® := Z™ @ Z"~™ and

extend {&1,... ,0m} to a basis
{1,... .OmOmi1.... .00}
of Z™. Let

[':=2Zo,+:--+2Z0m +ZOmi1 +-+-+Zo, and
Z:.=F[}H,... 2 =@ Fz,

acl
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where zq = 2! -+ 28" for @ = 2a10, + - - + 20O m + Am+10m+l + *+ QnOy.
Let V be a free Z-module with basis

{te | te #0. e € I\ {0}}.

Define a Z-bilinear form f: V x V — Z by

aez¢ ife=n
* te.ly) =
() f(te:ta) {O otherwise
for all te,ty, where 0 # a¢ € F and 2¢ = zit---zim for € = (€1.... .€m). Note that
ae corresponds to ge(te, te) # 0 in 3.3.4.
Let

J=Js(m) =Z@V
be the Jordan algebra over Z determined by f. We put
to =1

so that {t. | € € I} is a Z-basis of J. i.e..
J=p zt.

as a graded Z-module. Then it is clear that
{2ate |a €T, eI}

is an F-basis of J. For a € Z", we write a = (a’,&) € T x {0.1}™ as defined in
3.3.4, and put
te:=0 foree€ {0,1}™\Iand it := zqrte.

Then we get

J = P Fiate= @ Fta

(' ,€)elx {0.1}m acZ®

as a graded F'-vector space. By (3.3.1) and (), we have

QeZa'+0'2° = Qelarg fe=n#0

3.3.9 talg = (zarte)(2g:ty) =
( ) alg ( o e)( Jc) 17) za'+ﬂ’tn =ta+ﬁ ife=0
0 otherwise,
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so we obtain tatg C Fta+a. For @ = (a’.€) € T'x I, since t2 = aczaq:2€ is invertible.
ta is invertible by 3.3.2. Since supp(J) contains the basis {o}, ... .0n} of Z™, supp(J)
generates Z™ and hence J = @ cz. F'ta is a Jordan torus over F. Also, since J is
generated by z, and t. (e € I), it is finitely generated as a Jordan algebra.

Let Z(J) be the centre of J. We claim that Z(J) = Z. Since the centre Z(J)is
homogeneous and dimr J, < 1 for all a € Z*, it is enough to show that ta € Z(J)
fora ¢T. Let a ¢ T'. and so @ = (', €) with € # 0. Since m > 2, there exists
0 # m € I such that n # e. Then t3t, = aczyq:2%t, # 0, while ta(tatn) = O since
1 # €. Hence (ta,ta,ty) # 0, and so we get to ¢ Z(J). Thus we obtain Z(J)=2.

Since the central closure J = Z 2z (Z@ V) =Z.1@ (Z®z V) of J over Z, f
can be naturally extended to Z ®z V over Z, and so J is a Jordan algebra over Z
determined by the extended bilinear form. Hence J is a Clifford torus over F with
supp(Jgem) = S™) + Z*~™ (which is a semilattice in Z™).

We set ag = 1 for convenience, and call Jgom) = Jgm)({Ge}ec;) the Clifford torus
determined by S™) of type {ac}ees and {ta}acz defined above a standard basis of
Jstm). When ae = 1 for all € € I, we call the Jsm) the standard Clifford torus
determined by S™). The structure of standard Clifford tori is very simple. Namely.
by (3.3.9), the structure constants of a standard Clifford torus J = J s(m), relative to
the standard basis, are 0 or 1.

As we already mentioned, Jg(m)({ac}ecs) is a different description of 7 = 7 (S™) K. V)
when 7 is a Jordan torus over F of central degree 2. Thus, as a corollary of Theorem
3.3.7 we obtain

Corollary 3.3.10. Any Jgm) ({ae}ecs) as defined above is a Clifford torus and con-
versely any Clifford n-torus is graded isomorphic to some Jsim) ({aelecr) for some
toral grading or to the algebra of Laurent polynomials in n-variables. Also, m is an

isomorphism invariant.

Remark 3.3.11. (0) One can easily check that
Js(m)({ag}eej) 00 J QF F[z,ﬁil, ey zfl

where J’ is the Clifford torus as constructed in 3.3.8 for n = m. When m = n, the
standard Clifford torus Jg(») appeared in [1] as the first example of an extended affine
Lie algebra of type A; graded by an arbitrary semilattice.
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(1) For J = Jgim ({ae}eer)- let t, == t,, fori=1,... ,n. Then we have 2 =acz

fori=1.....mandt; =z fori=m+1.... ,n. Thus the centre Z(J) of J is
ZU)=Z=Flh = Pl 28 e,

(2) For J = Jgim) ({ae}eer), one can always make ae, =lforalli=1,... min
the following sense: Simply change the variables 2; for i = 1.... .m in the algebra of
Laurent polynomials Z(J) = F[zf!.... . z31] into 2} := a,, z;. Then we get a new F-
basis of J using z; instead of z; in 3.3.8, and the new basis determines new constants
{be}ecr. It is clear that b, =1 foralli=1,... .m and that J Zgn Joim) ({be}eer).

In particular. for a minimal semilattice Sy in Z™, ie., I(So) = {0,€1,... .€m}.
any Clifford torus determined by Sy is graded isomorphic to the standard one.

(3) If any element of F has a square root in F, e.g. F is an algebraically closed
field, then one can make a, = 1 for all e € by switching t¢ to 1/ Vaete. Thus for
such a base field F, a Clifford torus J = (Jg(m), {ae}eers) is always graded isomorphic
to the standard Clifford torus Jgm). We state this as a corollary:

Corollary 3.3.12. Suppose that any element of the base field F has a square root.
e.g. F is an algebraically closed field. Then a Clifford n-torus is graded isomorphic
to a standard Clifford torus Jgwm) as defined in 8.3.8, or to the algebra of Laurent

polynomials in n-variables. O

(4) A Clifford torus J = (Jg(m). {ae}eer) is. by (3.3.9), never of strong type. even
if we take S(™) = Z™. Moreover, let J = @Dacze Ja and I the central grading group
of J. Then J satisfies the following property: for all a, B € supp(J),

{0} if0#aBezZTanda#8
Ja+pg otherwise.

) Jado = {
By 3.2.20, Hermitian tori satisfying (%) are isomorphic to one of the following six tori
Fy, H(Fn.x), H(Ep,0)., H(Fnpo,*), H(F,,4,*) or Fj.

The last one Fy = F[zf!,... ,z%!] is a Clifford torus. We claim that first five tori
are also Clifford tori. Let (oy,... .0,) be a toral grading of Fy, F, 3 and F,.
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Let

S\ : = (Zay + Za2) Nsupp(F;)

5(2) = (Zo, + Zoa) Nsupp (H(Fh.*))

5§2’ : = (Zo, + Zoy) Nsupp (H(Ep, o))

S - = (Zoy + Zoz + Zos) Nsupp (H(Fycsr, %))

S5V : = (Zoy + Loz + Loy + Zoy) Nsupp (H(Fpysr. +)).

Then these Sfm) are semilattices in Z™ and {.... .0} is a basis of Z™ in Sfm).

Thus in the notations of 3.3.8. we have

I(Sm) {0.€1.€2,€; + €;}.
S§P) = {0.e1. €2},
( ) = {0,1.€2, € + €}
I(S(s)) = {0,€;.€; €3},
)

1(5(4) = {0,€),€2€3,€4,€; + €2 + €3 + €4}
Also. let a € F such that E = F(\/a) and let

J = s"’ {ae}eef(s"’)) where ae, = l.a¢, = 1,8¢,4¢, = —1,

Jo = sé”({af}eel(s"’)) where ae, = l.a¢, = 1.

J3 = Js;”({af}eel(s"’)) where ae, = 1,a¢, = 1,a¢,4¢, = —a,
Jy=J St ({ae} ce1(s) ) where ae, =1l.a, =1.a¢ =1,
JS 5(4) {ae} EI(S“))) where A, = 11 Aey, = 1?a€3 = 17a€1+€2+€3+€4 =1

be Clifford tori over F. (J2, J4 and Js are standard Clifford tori.) Since the structure
constants relative to the standard basis of J;, Ja, J4 or Js coincide with the structure
constants relative to the standard basis of Fy, H(Fh.*), H(F ). *) or H(Fp), %),
respectively, we get J1 =z F}l, Jo Szn H(Fp,+), Jg Sz~ H(F,,,*) and J5 =z~
H(Fp,*). Fora=ai0+ -+ a0 € Z™, let

0 if ;yag is even
S =
@ 1 otherwise.
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Then {(v/a)*=ta | @ € Z™} is a basis of H(Ep,o). The structure constants of
H(Ep.o) relative to this basis and the structure constants of the standard basis of J3
coincide, and so we obtain J3 =z« H(Ep, o). Therefore. these six Hermitian tori F. ,f .
H(Fn.*). H(Ep,0) H(Fpa3.%). H(Fpy.*) and Fy are also Clifford tori. Recall
that Hermitian tori are not necessarily Jordan tori of Hermitian type (see §3.1). We
now know that the Jordan tori of Hermitian type are Hermitian tori excluding the

six tori above.

As a final remark on division Z"-graded Jordan algebras over F of Clifford type, we
mention that their central closures are always (possibly infinite dimensional) division
algebras:

First it is well-known that J is a division algebra if and only if its norm n is
anisotropic, i.e., n(z) # 0 for all 0 # z € J (see [14. page 8.28]). Moreover, we have
the following:

Lemma 3.3.13. A Jordan algebra J determined by a symmetric bilinear form over

F which is a Jordan domain is a division algebra.

Proof. Let tr and n be the trace and norm of J. If n(z) = 0 for 0 #z € J, then we
have 72 = tr(z)z. If tr(z) = 0, then z2 = 0, which contradicts the fact that .7 is a
Jordan domain. Hence we have tr(z) # 0. Let e := tr(z)~!z. Then we have e? = e,
and so e is an idempotent.

We claim that a Jordan domain has no nontrivial idempotents. Indeed. let e an
idempotent. Then we have e(e — 1) = 0. Since the subalgebra generated by e is a
commutative associative domain, we get e = 0 or e = 1. Hence our claim has been
settled.

Since J is a Jordan domain and e # 0, we get e = 1 by the claim. However, this
implies z = tr(z)1 € F1, and so n(z) = tr(z)? # 0, which contradicts our assumption.
Hence we obtain n(z) # 0 for all 0 # z € J. Thus J is a division algebra. (O

Since the central closure of a division Z"-graded Jordan algebra is a Jordan domain,

we have a corollary of 3.3.13:

Corollary 3.3.14. The central closure of a division Z"-graded Jordan algebra of
Clifford type is a division algebra. O
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§ 3.4 ALBERT TYPE

We classify Jordan tori of Albert type i.e.. Jordan tori whose central closure is an
Albert algebra. An Albert algebra is defined as either a first or a second Tits con-
struction. which are both 27-dimensional central simple exceptional Jordan algebras
of degree 3. We recall the first Tits construction but not the second one since second
Tits constructions do not occur in the class of Jordan tori.

Let A be a central simple associative algebra over a field F of characteristic # 2

of degree 3 with generic trace tr (see §2.6). For a.b € A, let
1
a-b=(ab+ba).
b=a-b ! b L b ! b b
axb=a-b-str(a)b— 5"( )a + §(tr(a)tr( ) —tr(a-b))1.

(tr(a)l —a).

O

a=ax1l=

Note that

I=1 and a(axa)=(axa)a=n(a)

where n is the generic norm on A.

Let 0 # p € F. A first Tits construction (A.u) over F obtained from A and the
structure constant u is the direct sum A& A& A as F-spaces with the following
F-bilinear multiplication:

For (ao,a1.a2), (bo,b1.b2) € (A, n) = AG A A,

(ao.a1.az)(bo, b1.b2) = (aq - bo + a1b; + braz,

(340) Qb1 +5001 + [.L-laz x by, bod@g + 0250 + pay x bl)

We will always identify A with (A4.0,0) as F-spaces.

Remark 3.4.1. Let z := (0,1,0) and y := (0,0,1). Since a = tr(a)l +2a =
tr(a)l + 2a, we have A-z = (0, 4,0) and A-z2 = (0,0, pA) = (0,0, A). Thus (A, p)
is generated by A and z. Also, since z = uy?, (A, u) is generated by A and y.

The following lemma is well-known, but for the convenience of the reader we prove
it ((13, Exercise 1. page 422]).
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Lemma 3.4.2. Let (A.pu) be a first Tits construction. Let a € A be invertible and
z=(0.a.0),y = (0.0.a) € (A.p). Then:

(i) 0 # z° € F1, and there ezists an isomorphism ® from (A, u) onto (A,z3) over
F = F1 (identify) such that ® |4=id and ®(z) = (0.1.0),

(ii) 0 # y~=2 € F1. and there exists an isomorphism ¥ from (A, 1) onto (A,y~3)
over F' = F1 such that ¥ |4=1id and ¥(y) = (0.0, 1).

Proof. For (i). we have
z* = (0,2,0)° = (0,0, 4a x 0)(0,,0) = (ha(a X 2).0,0) = un(a)1 € F1,

and n(a) # 0 since a is invertible (see [13. page 227]). So 73 # 0 and (A. z3) makes
sense. Define a map @ from (A, u) into (A, z3) by

®: (ag,ay.a2) — (ag,a1a™'. aay).
Then @ is clearly a linear isomorphism. Using the formulas
a1a”! x bja”! = n(a)"la(a; x b1) and aa; x ab; = n(a)(az x by)a~?
(see [13, page 413]), we have
®((ag, a1,a2))®((bo, by, b2)) = (a0,a1a™", aaz)(bo, bra~?, aby)

=(ag - bo + a1b2 + braz, Gobra”! + bpara~! + z-3aay x abs,

aba@ + aazby + z%a1a7! x bya”t)
=(ao - bo + a1by + b1az, (@oby + boay + 1" as x ba)a~L. a(bady + asbo + pay x b))
=®((ag.a;,az) - (bo, b1,b2)).

Hence ¢ is an isomorphism satisfying the required conditions.

For (ii), we have
¥ =(0,0,0) = (p7Ta(a x a),0.0) ™" = un(a)"'1 #£0,
and as in (i) we have an isomorphism ¥ from (A. 1) onto (A, y~3) defined by
¥ : (ag,a1.a2) — (ag,a1a.a7tay). O
The theory of first Tits constructions over a ring does not seem to be much devel-
oped. As far as the author knows, the most general paper is [26]. For our purpose.

we do not need this generality, but only a very special case. One might say that this
is almost the classical case (i.e., Tits constructions over a field above).
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Lemma 3.4.3. Let A be a prime associative algebra over F of central degree 3 (see
2.6.3), and p € Z a unit where Z = Z(A) is the centre of A. Assume that tr(A) C
Z where tr is the generic trace of the central closure A over Z. Then, the subset
(A.p) == A& AT A of the first Tits construction (A, L) = A AGAisa Z-
subalgebra such that (77) = (4, p).

Proof. By the multiplication rule (3.4.0) of (A. 1) and our assumption tr(A) C Z, it
is clear that (A, p) is a Z-subalgebra of (A4, u). Let Z(A, ) be the centre of (A, u).
Then we have Z C Z(A,u) C Z(A) = Z, and so Z(A, ) = Z. Therefore. the central
closure m of (A.u) is given as Z ®3 (A. ), which is a Z-subalgebra of (A p).
Thus we only need to show that (A, ) C (T;H But this is clear because we have.

forz; € Zanda; € A.i=0.1,2,

1 1 1
(-— ®a,—&®a;,— az) = (18 z122a0.1 ® 2020a1, 1 ® 2921a5)
20 21 22 202122

Hence we get (A, u) = (A4, p). O

We call this (A, i) a first Tits construction over Z. This is a special type of the
general first Tits construction studied in [26].

Remark 3.4.4. This (A, ) is generated as a Z-algebra by A and z = (0,1.0) or
by A and y = (0,0.1) as in the classical case (see Remark 3.4.1). Thus (A, u) is
characterized as the Z-subalgebra of (A, i) generated by A and z or by A and y.

Construction 3.4.5. Let us first observe that for a field F of ch.F # 2 we have
(3.4.5a) F’ has a primitive 3rd root of unity w <= ch.F # 3 and V-3 € F.

which follows from the formula 2w + 1 = /=3. Suppose this is the case, and hence
ch.F # 3. Let F, = F,[uf',... ,uZ!] be the quantum torus over F defined in 2.6.10.
which has central degree 3. Assume that n > 3. Let Z be the centre of F,, and tr the
generic trace of the central closure ', of F,. Then, by 2.6.5, we have

. . 3 1 ] . . = . = d
(3.4.6) tr(uiud) = { ujuy ifd J. 0 (mod 3)
0 otherwise
and
r(F) € 2 = Flud - u]
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Thus. by 3.4.3. we have the first Tits construction A, = (F,,.u3) over Z. Namely,
Ar=(F,.u3)=F,&F,&F,.
Let (€;,... .€,) be a basis of Z™ and
G:=1Ze\+Zer +3Ze3 +Zey + - - - + Zey,.
Consider the G-grading of F,, i.e..

F, = @ Fua where ug =uf'ud?uds...ul»
acG
for @ = aj€) + anes + 3aze3 + a4y + - + ane, and arbitrary a; € Z.

Fora = aje; + - + ane, € Z". we put

(ua,0,0) ifaz3=0 (mod 3)
ta =94 (0,ua-e;.0) ifaz=1 (mod 3)
(0,0, ua+e;) faz=2 (mod 3).

Then we obtain t, # 0 for all & € Z™ and

Thus. A, is a Z™-graded vector space over F whose homogeneous spaces are all 1-
dimensional over F. We note that t., = (0,1,0), te, = t2, = (0,0,u3) and t_, =
te) =(0,0,1).

Fora=aje1+:--+anen, and B = B1e; + - - - + Bren € Z™, one can calculate the
multiplication table of A, using (3.4.0) and (3.4.6), as follows:

(I) a3 = 83 =0 (all = below are mod 3):

1
tatg = 3(chﬁz +w°’5‘)ta+g
(II) az =0. 53 =1:

't { tatg fa1=az =0
ah —3w*?Pit, 5 otherwise

(IIl) a3 =0, 33 = —-1:
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. { tavg fa;=ar =0
a8 —JweiBet, .5 otherwise
(IV) a3z = 1. BS =-1:

y _{ wWwePit, s fa;+ B =as+08,=0
@ ﬂ - 1 vaﬂfjl 3
—5wta .3 otherwise
(Vias=0G3=loraz =063 =-1:

( ta+B fao=a=6/@=5%=0
—3tats if [0y = a2 =0and (B £ 0 or 3, £ 0)]
tots = 4 or [(a; Z 0 or ay #0) and ) = g2 = 0]
—Jw e, g if (a; #0 or a; £0) and (B; £ 0 or G, £ 0)
anda;+ 6y =as+ 5 =0
( 3(woP2 4+ woByt, 5 otherwise.

Therefore, A, is a Z™-graded algebra over F. Using w? +w + 1 = 0. one can check
that the structure constants relative to the basis {ta}acz~ are
{l.w.wz.——l- e -—w—2}

2" 27 2
Hence by 2.5.2, A, is a Jordan torus over F of strong type, which is called the
Albert torus over F. We call the grading of A, above a toral grading determined by
(€1.... .€n) and {tq}acz~ defined above a standard basis of the Albert torus A,. By
3.4.3. the central closure A, of A, is an Albert algebra (F,,,t3) over Z, and so the
Albert torus is in fact a Jordan torus of Albert type.

Unlike the other types, we will show that the Albert torus A, is the only Jordan
torus of Albert type. We begin with the following general theorem:

Theorem 3.4.7. ([13, Theorem 2. page 156]) A finite dimensional Jordan domain

is a division algebra. O

By this theorem. a Jordan torus of Albert type is a division algebra since the central
closure is a 27-dimensional Jordan domain (see 2.2.4 and 1.1.16). In particular, the
central closure A of the Albert torus A is a division algebra.

Now, we first classify special Jordan tori of central degree 3. For this purpose we
show a lemma which is known. and so we omit the explanation of some well-known
concepts and facts in the proof. The reader can find these in [13] and [15].
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Lemma 3.4.8. Let J be a finite dimensional central special Jordan division algebra
over F of degree r. Then:

(a) r #2™ form > 1 = dimp J = r2,

(b) r =3 < dimpJ =9.

Proof. (a): It is clear for r = 1, and so we assume that r > 1. If J be a finite
dimensional central special Jordan division algebra over F' of degree r # 2, then
J = D% or H(D. ) where D is a central associative division over the centre of degree
r and = is an involution of D (see Theorem 11 and Exercise 1 in [13. page 210}).
Thus, if J = D™, then we have dimg J = r2. If % is of the second kind, we know
dimp H(D. *) = 72 (see (15, page 190]). If J = H(D,*) and r # 2™ for m > 1. then
there does not exist an involution of first kind on D. For, if one exists. then D = DoP
(the opposite algebra), and so the order of D in the Brauer group of F is 2. Since
any prime factor of the degree of D divides the order (see [15, Theorem 2.7.5, page
61]), the degree of D has to be a power of 2. This is a contradiction. Hence (a) has
been shown.

(b): By (a). we get r =3 = dimr J = 9. Suppose that dimrJ = 9. From the
classification of the finite dimensional simple associative algebras with involution (see
[15. page 190]), we have dimg J = r2 (J = D* or * is of the second kind), r(r +1)/2
(* is orthogonal) or r(r — 1)/2 (x is symplectic). Since r(r + 1)/2 or r(r—1)/2 is

never 9, we get 9 =12, je.,r=3. O

Example. Let F be a field of characteristic # 2 and # 3.

If V=3 € F. ie.. if F contains a primitive 3rd root of unity w (see 3.4.5a), then FZ*.
where the quantum matrix w is defined in 2.6.10. is a special Jordan torus of central
degree 3. In fact. we have, by 1.1.10, Z(FF) = Z(F,)). So by 3.4.7, the central closure
F—J is a 9-dimensional central special Jordan division algebra over Z (F&) = Z(Fy).
Hence by 3.4.8(b), it has degree 3.

If V=3 ¢ F, let E = F(v/=3) and consider the Jordan n-torus H(E,, o) defined
in Construction 3.1.2. As shown there, E ®  H(E,,,0) =z~ EZ, and so by 2.3.2, the
central grading group of H(E,,, o) coincides with the one of E,,, which is

3Ze, +3Zey +Zez + -+ - + Ze,.

Therefore, the central closure H(E,,o) is a 9-dimensional central special Jordan
algebra. which by 3.4.7 is a division algebra. Another application of 3.4.8(b) then
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proves that H(E,,.o) has central degree 3.
Let E, = EL[ty'.... .t¥!] with an (e;.... .e,)-grading. Since o(ta) = w2ty
for @ = ay€1 + - + anen € Z™ and tq :=t$ - t37, we have

H(Ey,0)= € F(l+w®)t,.

acln

We can show that the two tori in this Example are the only special Jordan tori of

central degree 3.

Proposition 3.4.9. Let J be a special Jordan torus over F of central degree 3. Then

ch.F # 3. and
{ FF ifweF
J =zn _
H(E,,o) otheruise
where E' = F(\/-3). Conversely, the algebras F} and H(E,, o) are special Jordan

tort of central degree 3.

Proof. Only the 1st part remains to be proven. We know that a special Jordan torus
J is either a Hermitian torus or a Clifford torus (see §3.0). Since a Clifford torus
has central degree 1 or 2 (see §3.3), special Jordan tori of central degree 3 have to
be Hermitian tori, i.e., Fy, H(Fe,+) or H(E¢,0) (see 3.1.10). Let Z = Z(J) be the
centre of J. By 2.6.8, there exists a basis {e,... .€n} of Z™ such that the central

grading group I' of J is given by
F=3Z€1 +"-+3Z€m+Z€m+l + -+ Ze,

for some 2 < m < n and supp(J) = Z". In particular, there exists a homogeneous
element ¢t € J such that ¢t ¢ Z (for example, take ¢t to be a nonzero element of
degree €1). If ¢ : J=H(Fy, *), then by 2.2.7, ¢(t) is homogeneous in H (Fk, *), and
©(t)? ¢ p(Z) which is equal to the centre of H(F¢,*). However, by 3.1.5, this cannot
happen. Hence the only possible candidates of central degree 3 are F7 and H(Eg,0).

Now. since the central closure J is a finite dimensional central special Jordan
division algebra over Z of degree 3 (see 2.2.4, 1.1.16(iv) and 3.4.7), we have, by 3.4.8,
dim—z—7 = 9. Somhastobe?2. If J =3 F;', then by 1.1.10, Z = Z(F;') = Z(Fy), and
hence the central grading group of Fy is I'. Thus, by Proposition 2.6.10(1)&(2)(ii),
F has to contain a primitive 3rd root of unity w, and so ch.F # 3, and ¢ = w, i.e.,
J =gn FJ.
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Suppose that J =z. H(Eg.c). We will identify them. So we have JE = EQp J =
Eg’ (see 3.1.2). Hence by 2.3.2, the grading group of Z(Eg') = Z(FEg) is still T.
Then, by 2.6.10(1)&(2)(ii), we get ch.E % 3 (so ch.F # 3), w € F and £ = w. i.e..
J = H(E,,0). Since wo(w) = 1, o(v/=3) = —/=3, and so /=3 ¢ F. and hence
E = F(/=3). (See 3.1.2: &jo(&;) = 1 for all 4.5 and o is the nontrivial Galois
automorphism of E over F.) O

By Zelmanov’s Prime Structure Theorem (see §3.0), if J is a strongly prime ex-
ceptional Jordan algebra over F. then J has central degree 3 and the central closure
J is an Albert algebra. Let Tr be the generic trace of J over Z. For a subalgebra U
of 7. let

Ut ={zeJ | TrUz) =0} Cc T CT.

Note that a Jordan domain which is exceptional is strongly prime (see 1.1.5), and we
simply call such a domain an ezceptional Jordan domain. Note also that by 3.4.7.
the central closure of an exceptional Jordan domain is an Albert division algebra.
The following lemma for an exceptional Jordan domain serves as preparation for the
classification of Jordan tori of Albert type, and we will show that such a torus satisfies

all the assumptions of the lemma.

Lemma 3.4.10. Let J be an ezceptional Jordan domain over F, Z = Z(J) the
centre of J and Tr the generic trace of J. Let U be a subdomain of J and Z(U) the
centre of U. We assume the following conditions:

(i) Z = Z(U) end U has central degree 3,

(ii) U = A* for an associative algebra A over F,

(iii) Tr{U) C Z,

(iv) there ezists an element r € U+ such that z° € UL and z := 23 € Z is
tnvertible.

Then, J contains a subalgebra J' so that there exists a Z-isomorphism ¢ (A.z) =T’
with ¢ [a= id and ¢((0,1,0)) = z, or a Z-isomorphism ¥ : (A,z~1)—=T" with
¥ |a=id and ¥((0,0.1)) = z where (A.z) and (A, z"!) are defined in 3.4.3.

Moreover, assume that

(v) there exists an F-isomorphism f from A onto A°P (the opposite algebra) such
that f o Tr= Tro f and f(z) = z.

Then there erists an F-isomorphism f : (A, 2)=>(A,z"!) with f |4= f and
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f((0.1.0)) = (0.0.1). In particular. J always contains a subalgebra F-isomorphic to
A. z).

Proof. As mentioned above, the central closure J is an Albert division algebra over
Z. By ().l = ZU)Bzun U = Z2zUC T is a central division subalgebra over Z
of degree 3. and tr := Tr |;; is the generic trace of . By (ii) and 1.1.10. we have

U=Z(A")®zar) AT = Z(A) &z AT = (Z(A) @z A) " = (A)*.

Hence B := A is a central associative division algebra over Z of degree 3. and so A
has central degree 3 with tr(A) = tr({) = Tr(U) C Z by (iii). Note that the generic
trace of A coincides with the generic trace tr of i = A* (see [13. page 230]).

Now. since .J contains i = B™ for the central simple associative algebra B over Z
of degree 3, we have 7 = (B, u) over Z for some 0 # u € Z (see [13. page 420]). Note
that this isomorphism is the identity map on B. So we identify 7 with (B. ). Since
at =Bt = (0, B. B) (see e.g. [28. page 349]). we have, by (iv), z = (0.u,v) for
some u.v € B. By the multiplication rule (3.4.0) of (B, 1), we have 2 = (2uv, u’. v')
for some u’, v € B. Since 2 € UL. we have 277 = 0, and so tr(uv)l = uv. Hence

= 2ur = 2EW)_1 = 2tr(uv)l. and so we get uv = 0. Since B is an associative
division algebra, we have u =0 or v = 0. If u = v = 0, then z = 0 which contradicts
the invertibility of z°. Thus we obtain z = (0, u. 0) or £ = (0,0, v) for some nonzero
u.v € B. Then. by 3.4.2, there exists a -Z'-isomorp'hism ® from (B.u) onto (B.z) or
¥ from (B.u) onto (B,z7!) such that & [4=id or ¥ | 4= id and ®(z) = (0,1,0) or
¥(x) = (0.0,1). So. #(J) contains A and (0, 1,0) in (B, z), or ¥(J) contains A and
(0,0,1) in (B.z7!). Then, by Remark 3.4.4(2), ®(.) contains (A. z) or ¥(J) contains
(A.z71). Let J' = &71((A,z)) or J' = U=1((A,271)). Then @ := &~} | 4, and

i= ¥~! |(4.2-1) are the required Z-isomorphisms, and so we have shown the first
statement.

For the second statement, first note that A°? has central degree 3, the same centre
as A and the generic trace of A° coincides with the generic trace tr of .A. We use
the well-known fact that there exists an isomorphism g : (B, z)——(B°, 2~1) over Z
defined by g((ao,a1,a2)) = (ao,az.a1) for ag,a;,a; € A (see [13, Exercise 2, page
422]). Using this.

hi=g .z (A z)~=(AP, 271
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is a Z-isomorphism. Now, by our assumption (v). the F-isomorphism f : 4—— 4°P
satisfies f(z) =z and fotr = foTr=Tro f =tro f. We define f: (4, :"!) —
(A, z71) by f((ao.a1.a2)) = (f(ao), f(a1), f(az)). We claim that f is an F-
isomorphism. In fact, f is an F-linear isomorphism since f is an F-linear iso-
morphism. So we only need to check that f is a homomorphism. By 3.4.0. for
(0. a1, a2), (b, by.ba) € (A.271),

f((ao.a1,a2)(bo. b1, b2)) = f((ao - bo + arbz + byas,

Tob1 + boa1 + zaz x by, bydo + azby + 27 tay x b))

= ((f(ao - bo + a1by + bras),

f(@oby + boay + zay x by), f(ba@o + azby + z~lag x b)).

Since f is an isomorphism and f otr = tro f, we have for a.b € A.

ﬂmm=§(<vwnﬁxvm»=ﬂw-ﬂx
flax )= f(@) F6) = 5 (te(a)) £ ) - 5 (x(6) f(a
3 (7(6x(@) 1650 - s(ea- ) )m

=ﬂ@-ﬂw—§u(<»ﬂb—éuuw)ﬂa
+ 5 (@) - w(7(@) - 60 )1 = 1t0) x 70,
f@ = flax 1) = f(a) x1=Fla).

Since f(z) = 2z and f(z7!) = 271, we get

f((a07a13a2)(b0v b17 b'-’-)) = f((GOv alva'?))f((bOv b]_, b2))7

and our claim is settled.

Consequently, we obtain the F-isomorphism f := f~loh (A z)—=—(A, z71) with
£((0.1,00) = (0.,0.1).

For the last statement, the composition map ¢ o f gives an F-isomorphism from
(A.z) onto J'. O
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Remark 3.4.11. In 3.4.10. if (A.z) = (A4, 27!) over Z, then (A4.z) = (A.z71) over
Z by 3.4.3. Since (A.:z) is an Albert division algebra. this cannot happen by [27.
page 204] (see 2.6.9). Hence we always have (A.z) 2 (A.z71) over Z though it may
happen that (A, z) = (A.z7!) over F. For example, this is the case if (A.z) is a
Jordan torus of Albert type below.

We start to classify Jordan tori of Albert type. Let J = Daczn Jao be a Jordan
torus of Albert type, i.e., the central closure J is an Albert algebra over Z. Recall
that an Albert algebra is a 27-dimensional central simple exceptional Jordan algebra
of degree 3. By 2.6.8. the fact that J has degree 3 implies that supp(J) = Z™ and
that there exists a basis {€;,... .e,} of Z" such that the central grading group I' of
J is

[=3Zey+ - +3Zey, + Zepiy +--- + Ze,, for some 2<m<n.

Moreover, because J is 27-dimensional. we have m = 3. Thus the n-torus J has to
have n > 3 and
' =3Ze, + 3Ze, +3Ze3 + Zeg + -+ - + Zey,.

Let U = @aec Ja. where
G :=1Ze\ +Zes +3Ze3 +Zey + - - - + Ze,,.

We claim that Z(U) = Z(J). Since U C J, we have Z(U) D Z(J) and so the central
grading group G, of U lies in between G and T i.e., G > Gi>T. IUT #G; #G.
we get |G/Gy| = 3 since |G/T| = 9. Hence the grading group of the central closure U
is G/G1 = Z3. But by 2.5.6, this cannot happen. Suppose then that G; = G. Then
U is commutative and associative. We will show that this cannot happen, using the
method of {13, Lemma 2, page 420:

Suppose that U is commutative and associative. Since J is an Albert division
algebra by 3.4.7, the commutative associative subalgebra Z ® z U becomes a subfield
of J. which is 9-dimensional since |G/T'| =9. But this is impossible. Indeed, take an
algebraic closure Q containing Z. Then, in Jq, we have 1 = e, +- - - + eg where e, for
t =1.....9 are orthogonal idempotents. Hence by Lemma 1 in (13, page 229], the
degree of Jq is > 9. which is a contradiction since the degree of Jq is equal to the
degree of J which is 3 (see [13. page 223]).
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Thus we get Gy =T, i.e.. Z(U) = Z. In particular. we have U = Z Rz U C 7.
Note that U is a central subalgebra of the division algebra J which is 9-dimensional
since |G/I'| = 9. So by the classification of finite dimensional central simple Jordan
algebras. U is special (see [13, Corollary 2, page 204 and 207]). Hence by 3.4.8. U
has degree 3. So U is a special Jordan torus of central degree 3. Therefore by 3.4.9.
ch.F' # 3 and U can be identified with F} if w € F and with H (Ew.o) otherwise,
where E = F(v/=3) = F(w).

We first consider the case U = FJ. Let r be an arbitrary nonzero element in Jey-
Let u; be an arbitrary nonzero element in Je, for i # 3 and u3 := z° € J3,,. Then
F, = Fw[ui*"l, ..., uZ!] is a G-torus with the (€1.€2.3€3. €4, ... .€,)-grading.

Let Tr be the generic trace of J and U+ = {y € J | Tr(Uy) = 0}. We claim that
z,z% € U*. Since Tr is Z-linear and U is a free Z-module with basis {uind | 4,5 =
0,1.2}, it is enough to show that Tr((uiu})z*) =Oforalli,j =0,1.2 and k = 1,2.
Since such (uiul)z* are all homogeneous and their degrees are not contained in T,
we get. by 2.6.8, Tr((uiul)z*) = 0. Hence our claim is settled.

Since 3 = u3 € Z is invertible and Tr(F,) C Z (see 2.6.5), we have shown the
conditions (i)-(iv) for 7 = J, U = FF and z = u3 in Lemma 3.4.10. Therefore. by
3.4.10, J contains a subalgebra J’ so that

Case (I) ¢:(F,,u3) = J' is a Z-isomorphism
with ¢ |r,=id and ¢((0.1.0)) = z. or

Case (II) w: (F,.u;') = J' isa Z-isomorphism
with ¥ |, = id and ((0.0.1)) =

Note that we do not give any grading of (Fu.u3) yet.

Case (I): We can give the same Z™-grading to (Fu,u3) as the one given to the
Albert torus A, = (F,,u3). In particular, recall that in A = @aez" Fty (see
3.4.5), te, = u; for i # 3 and ¢t., = (0,1,0).

We have o(te,) = ui € J, for i # 3 and ¢(te,) = z € Je;. Thus we have the
injective Z-homomorphism ¢ : A, — J with ¢(Ft,,) = Je, foralli =1,...,n
Since A, is of strong type, we have, for any a = aye; +-- - + Qan€, € 2",

0# @(uf - (ug? - (¢33 - (u* - ug)...)) € Ja,
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and hence ¢ is surjective. Therefore. we obtain J = A, over Z. Note that ¢ is a
Z"-graded isomorphism.

Case (II): We first show that F, = F,[uf".... ,uZ!] satisfies the condition (v) in
3.4.10. Clearly we have FP = Fy[us'.ui'. uf'.... .uZ!], and the F-linear map f
from F,, into F°P defined by

ay, a2, Q3 2, — 4,01, 2, Q3 [+
f(ul Uy “Ug ---un")_u?_ Uy ‘ugz” - uy”

(exchange the first two variables and leave alone the remaining variables) for all
@ = €] + @263 + 3033 + 484 + -+ + @n€p € G is an F-algebra isomorphism
(see 2.6.9). By (3.4.6), it is clear that f o Tr = Tr o f and f(u3) = usz. Hence
we have shown the condition (v) in 3.4.10, and so there exists an F -isomorphism
fiAr=(Fy,u3)——(F,,u7') with f |;_= f and £((0.1.0)) = (0,0,1).

Now. we give a toral grading (e,,€;,€3,. .. .€n) to Ay = (F,,,u3) as in 3.4.5. By
3.4.10. we get an injective F-homomorphism wo f : A, — J with wof(Fte') = Jg, for
alli=1.... .n. Since A, is of strong type, we have. for any @ = q1€]+ -+ Qp€p €
VAR

0#vo f(uf?- (ug' - (t22- (ug*---ug")...)) € Ja,
and hence v o f is surjective. Therefore. we obtain J = A, over F. Note that ¥ o f

is graded.

We finally consider the case U = H(E,, o) where E = F(w). Let Jg = E®f J be
the Jordan torus over E (see 2.5.4(2)). Let 7 := ~® id be the graded F-involution
of Jg (automorphism of order 2) where ~ is the nontrivial Galois automorphism of
Eover F. Then Ug = EQr U = E} is an E-subalgebra of Jg, and by 3.1.9(2), we
have

Tlvg=TlE, =0,

(Tlue = 7 £z Is an involution of the Jordan algebra E, and 7|g_ = ¢ is an involution
of the associative algebra E,,). Also. J is the set of fixed points of Jg by 7.

Since J is exceptional, and so is Jg. Hence Jr must be of Albert type since the
other two types are special (see §3.0). Since Jg contains the subalgebra Ug = E}, we
can apply the previous argument. Namely, choose 0 # u; € Je, CE®FJe,, i # 3 and
0#z€Jey CERrF Jey- Let ug :=1% E, = E,[uf!,... ,uf!] and A, = (E,. u3)
the Albert torus over E. Then we have two cases:
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Case (I): There exists an isomorphism Jg——A, such that the restriction to E,is
the identity map and z — (0. 1,0).
Case (II): There exists an isomorphism { : Je—A, such that [ |g_ is an automor-

phism of the associative algebra E,,. {(u;) = u,. [(u2) = u; and I(z) = (0.1,0).

Case (I): Identifying Jg = A, and z = (0, 1,0). we can consider the involution T of
A;. Since all u; and r are contained in J =1® J. we have 7(u;) = u, and 7(z) = z.
Also. one sees that

T(ujua) = o(u1uz) = uou;.

Let tr be the generic trace of E,, (see 3.4.5). Since tr(u;) = tr(uy) = tr(ujus) = 0.

we have T7 = —4u). T = —jup and T8 = —3u up. Hence by (3.4.0).

(*) (U1u2) ‘T = (U1U2) - (0, 1,0) = (0, —%u1u2,0)

=up - (0,u2,0) = —2u, - (us - ).
On the other hand.

(%x) (wuiu2) - T = (uou1) - T = T(vu2) - 7(z)
= 1((wiu) - ) = =27(uy - (uz - 7)) by (x)

= =27(u1) - (T(u2) - 7(z)) = =2u; - (u2 - ),
and so we get (u1u2) T = (wujuy) T = w(u,uy) -, which is absurd since (v1u2)-T #0.
Case (II): Define the involution 7/ of A, so that o7 = 7/ o [. Then we have
T (uruz) =loTol ™ (ujuz) = o (uguy) = l(uguz) = upuy,

and similarly, one gets 7/(u;) = u;. 7/(u2) = u and 7/(I(z)) = {(z). Therefore, if we
change 7 into 7’ and z into I(z) in () and (**), both equations hold. So we get a

contradiction.

Therefore, the case w ¢ F cannot happen. Consequently, we have proven the

following:
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Theorem 3.4.12. Let J be a Jordan n-torus of Albert type over F. Then n >
3. F' contains a primitive 3rd root of unity and J =z. A, for some toral grading.

Conversely, A, is a Jordan n-torus of Albert type. O

Combined with Proposition 3.4.9. we get the following result which is used in [2.
Proposition 2.17, page 15] to classify extended affine Lie algebras of type G,:

Corollary 3.4.13. Let J be a Jordan torus over F of central degree 3. Then ch.F # 3

and

{ J=Zgn FT or Ay ifwerF
J =z~ H(E,,0) otherwise

where E = F(w). Conversely, the algebras F}, H(E,, o) and A, are Jordan tori of
central degree 3. [

By 3.1.10, 3.3.10 and 3.4.12, we complete the classification of Jordan tori:
Theorem 3.4.14. Let J be a Jordan n-torus over F. Then J is graded isomorphic
to one of the four special Jordan tori

F;, H(Fe,*), H(E¢,0). or a Clifford torus Jgm) ({ae}ecr),
or J 1s graded isomorphic to the Albert torus A, if n > 3 and F contains a primitive
3rd root of unity. O
Also, by 3.3.12, we have the following:

Corollary 3.4.15. Let J be a Jordan n-torus over an algebraically closed field F.

Then J is graded isomorphic to one of the three special Jordan tori
Fl, H(Fe.*) or a standard Clifford torus Jgcm),

or J is graded isomorphic to the Albert torus A, if n >3 and ch.F #3. O
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Chapter 4 Graded alternative algebras

In this chapter we classify predivision Z™-graded associative algebras and division

Z"-graded alternative algebras over any field.

§ 4.0 CROSSED PRODUCT ALGEBRAS
In this section we review crossed product algebras (see [24]).

Definition 4.0.1. Let R be a unital associative algebra over F and G a group. Let
R « G be the free left R-module with basis G = {3 | g € G}. a copy of G. Define a
multiplication on R * G by linear extension of '

(rg)(sh) = ray(s)r (g, h)gh.
forr.s € R and g, h € G, where

(action) o:G — Autp(R), the group of F-automorphisms of R,
(twisting) 7:G x G — U(R), the group of units of R.

are arbitrary maps and gy := 0(g). This R*G = (R.G.0.7) is called a crossed
product algebra over F if this multiplication is associative. It is easily seen that this
is in fact an algebra over F. If there is no action or twisting, that is, if o, = id and
7(g9,h) = 1 for all g.h € G. then R * G = R[G] is the ordinary group algebra. If the
action is trivial, then R+ G =: R*[G] is called a twisted group algebra. Finally, if the
twisting is trivial, then R*x G =: RG is called a skew group algebra.

Remark 4.0.2. If a crossed product algebra R * G is commutative. then the action
is clearly trivial, and so R* G = RY[G].

The following lemma characterizes o and T (see [24, Lemma 1.1, page 2]). We
denote by I(d) the inner automorphism determined by d € U(R), i.e., I(d)(r) = drd~!

forr€ R.
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Lemma 4.0.3. The associativity of R+G is equivalent to the following two conditions:
forallg.h. k € G,

(i) Og0h = I(T(g, h))aghy

(ii) og (T(h. k))7(g. hk) = 7(g. h)T(gh. k).
Proof. Straightforward. O

Remark 4.0.4. If R is commutative, then the action ¢ : ¢ — Aut F(R) becomes
a group homomorphism by condition (i) in 4.0.3. So the action is really an “group
action” in usual sense. Also, for a skew group algebra RG., the action becomes a group
homomorphism for the same reason. Conversely. any group action G — Aut r(R)
defines a skew group algebra RG.

Ifd: G — U(R) assigns to each element g € G a unit dg, then G = {d4319€G}
yields another R-basis for R * G so that R * G is a crossed product algebra for the
new basis. We call this a diagonal change of basis ( [24. page 3]). Any crossed product
algebra has an identity element. It is of the form 1 = ué for some unit v in R ([24,
Exercise 2. page 9]). We can and will assume that 1 = €, via a diagonal change of
basis, and so T(g,e) = 7(e,g) = 1 for all g € G. The embedding of R into R*G is
then given by r — ré. Also, we have ([24. page 3))

(4.0.5) rg is invertible if and only if r € U(R).

Now, it is clear that a crossed product algebra R+ G = &) gec R7 is a predivision
G-graded associative algebra (see §2.1). Conversely. suppose that A = @gec A,
is a predivision G-graded associative algebra over F. Then, by Lemma 2.1.5(1). we
have A = @, Rz, where R = A, and an invertible element zg4 € Ay. Moreover.
for h € H, we have z,z, = TgTp(Tgn) 'zgn. So we put 7(9,h) == zgzp(zgn)! €
U(R). Then we have z,z, = 7(g, h)zgn. Also. let I(z,4) be the inner automorphism
determined by r, and let o4 := I(z,) |g. Then. g4 is clearly an F-automorphism of
Randforr.7" € R

(rzg)(r'zh) = r(zgr'xg"l):z:gxh =roy(r')zezh = rog(r')r(g. R)Zgh.

Hence. A is a crossed product algebra R * G determined by these ¢ and 7. So the
two concepts. a crossed product algebra R*G and a predivision G-graded associative
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algebra. coincide (see {24, Exercise 2. page 18]). In particular. a division G-graded
associative algebra is a crossed product algebra R * G where R is a division algebra,
and a quantum torus is a twisted group algebra F*{Z"].

Lemma 4.0.6. Let Z = @,y Zi be a predivision H-graded commutative associa-
tive algebra over a field F' for a group H (which is necessarily abelian). Then, Z is a
twisted group algebra R'[H| where R := Z,.

If the abelian group H is free, then it is a group algebra R[H]. In particular, when
G = Z", it is nothing but the algebra of Laurent polynomials in n-variables over R,
Z = R[zit,... ,::f] for any choice of nonzero element z; € Ze,i=1,....n. where

{e1.... ,en} is basis of Z™.

Proof. See (24, Exercise 6. page 10]. O

§ 4.1 PREDIVISION Z™-GRADED ASSOCIATIVE ALGEBRAS

Our purpose is to classify division Z"-graded associative algebras. However, since
our method works for predivision Z*-graded associative algebras or a crossed product
algebra R+ Z", we classify the associative algebras R * Z".

For a G-graded algebra S = @ gec g over F'in general, we denote by GrAutg(.5)
the group of graded automorphisms of S. i.e.,

GrAutr(S) := {0 € Autp(S) | 0(S,) = S, for all g € G}.

The following lemma is useful later.

Lemma 4.1.1. Let Rx G = (R.G.0,7) be a crossed product algebra over F and
(R*G)xM = (RxG.M,n,£) a crossed product algebra over F for a group M, an action
n and a twisting §. Suppose that n(M) C GrAutr(R * G) and that &(m,l) € U(R)
for allm,l € M. Then. (R*G)* M is a crossed product algebra R+ (G x M) =
(R.(G x M),o’', 7 ) over F for some action ¢’ and twisting 7'.

Proof. We have

(R+G)xM =D (R+Gm= B (P RIm= & Rm

meM meM geG (g.m)eGx M

as free R-modules. We define 7,, = n(m) |g; an F-automorphism of R for every
m € M. Also for h € G, h is a unit in R * G (see 4.0.5). Since 7y, is a graded
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automorphism of R+G by our first assumption. 7, (h) = dm_ 4k for some d,, » € U(R).
Therefore. for rgm € Rgm and shl € Rhl. we have

(rgm)(shl) = rgnm(sh)mi
= 1§ (s)n <><mw
)dm

= 1§0m(s E(m,l)m ml

= 1§Nm(s)dm hah( (m.1) )hml (by our second assumption)
= ngnm(s Ug(dm h/ h.( l )g}_zﬁ
= 104Nm(8)0g(dm.n)ogn (£(m. 1)) T(g, h)gh ml.

Thus we have the action

o' :Gx M — AutrR by O(g.m) = Tgllm:
and the twisting 7’ : (G x M) x (G x M) — U(R) by

7 ((g,m), (A, 1)) = Gg(dmn)agn (E(m. 1)) 7(g. h).
Since the crossed product algebra (R * G) * M is associative. we get

(R*G)*M=Rx(GxM)=(R.Gx Mo 7). O

A triple (R. ¢, q) where R is a unital associative algebra over F,

= (p1:--- . n)

is an n-tuple of F-automorphisms ¢; of R, and ¢ = (g;;) is an n x n matrix over R
satisfying, forall 1 <i<j<k <n.

(G1) gi=1 and g;;' =g,
(G2) w;vi = l(qij)pip;,
(G3) wi(Qi;) = k95 (Qik) 9501 (qk; ) Gkis

is called a Z™-grading triple, and a division Z"-grading triple if R is a division algebra.
For a Z"-grading triple, we introduce several notations and prove some identities.
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Notations.
(N1) € =(0.....0.1,0,... ,0) € Z".
i.e.. the i-th coordinate is 1 and the others are 0.

9i3:(9i)907 (ai7) - 07 " Hay) = TIg" ©4gs5)s
N2) g =11,
o7 a0 2 (an) o) =TI, @h(gy0)s

and g ™ = (g{)!
Fora=(a1.....an),B8=(01.... .On)€Z"and £k =0,1,2,... .n,
id. if k=0.1
N3 (a)k :={ N :
N3 i eyt ifk >,

and cpa = (p?‘ .. .(P?ln_
(N4) 9e,a ‘= H (F(Q) qt] with Qg = qo; = 1.

Mt ¢(de,@), Em>0
(N3) Q.(::n) =4 L ifm=0

. ¢ala).  ifm<o.

(NG) qa.B ‘= H ‘P i?’p

Lemma 4.1.2. Form € Z and a = (ay,... ,an) € Z*, we have

ifm>0
fm=0
ifm<0,

(1) o™ (g, ™) = g™,

(2) w50 =17l g;.

(3) o 0@ ={ I(Ti=; @ (a)) @ e; forj 24,
(Hz 1 ‘P(a)‘(fhm))) (@te;) for j <,

(4) a7t = qyeialM) and ;™Y = 0i(a;™)gsi,

(5) oe(a") = aikei(ae g o™ (ars)an™.

125



Proof. For (1). we have from (N2),

‘P::n q]7') q]!)q_y‘l - H[—m 1 (yl(q_jl) lfm > 0
(P’:lrn(qu oo ‘;1—2(%])9’1 ql] I_I[—m 991 q‘l]) ifm < 0.
So we get
o7 ag) o7 ™) =TI @h(a50), ifm>0
o™, ™) =1 1. ifm=0
— -m-1 .
QLjrt(qij) Y, me I(Qt]) n[___n; iﬁﬁ(ql_«,), ifm< 0,
m)

which is exactly q(
For (2). the case m = 0 is clear. Assume that m > 0. Put ¢ := qi; for simplicity.

Then, we have

w7 = il o,

=I(g"™ " lp,0; by induction on m
=1(¢"™ ) (g)pip; by (G2)
= g™ NI(e* " (q)) ¥Tp;
=1(¢"™)¢p;.
Also, we have (pjp™)~! = (I(qg"))c,a{"cpj)"l for m > 0. So we have
e ey =07 el ™M Uan ™) = 07 (9™ (0 ™))™ = 0 1 ™)™,
by (1). Hence, we get v, ™ =I(g\; ™ )07 ™¢,. and (2) holds for all m € Z.
For (3), when j > i, using (2), we have
030" = it T
=1(g{3 ) py057 - 27!
=1(g13 ) e Hgsa? ) o525 - - 7
= g5 )ei a5 ) 1) wy0f - - 07!

......

(- TP

I(Qﬁ" ol (RNt ) (2 SRS (i W

H‘P(a)l (a)y )o@,
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When 7 < i, we have
(C!); oy Q,
in =@jPr el 1'

Q-

=I(Q1?I))‘Pl P ""f’a i

Qy=-1

= g3 ) - 1@ e 16 )e ™, -
—I(q("‘)) (g )ttt L g

H (a) (q(al) (a+e,)‘.

For the first formula of (4), the case m = 0 is clear. We put q:=g;,. p:=¢~!

@ := ¢, for simplicity. For m > 0. we have
¢ = gv(9)¥3(q) - - ©™(q)
= qo(g0(q) - - ™ (q)) = gp(g'™).

and

For m = —1, we have ¢(=!'*1) = 1, while qp(¢~") = gpp~1(p) = 1. For m < —~1. we

have

¢ = o~ p)p2(p) - ™ (p)
= gpp (P % (p) - o™+ (p)
= qp(¢™ (D)™ %(p) - - ™ (D)) = qp(g™).

The second formula follows from the first since q{;(m“) (q(m"'l))

For (5), the case m = 0 is clear. Assume that m > 0. Then. we have

k(g

=0k (4i;)preilaly’ ) by (3)
=0k (9 qikpion(a g by (G2)

m-— 1)) (m-1)

=q;jk¥j (th)qU‘Pz(QkJ)ka‘hk‘Pz (QJk‘PJ (q 4q;; ﬂozn_l(ij)(qi;(m_l)))ka

by (G3) and induction on m

(m— 1)) (m-l))

-1 -
=q;k0;(ik) 35105 (25 ‘Pt (a7 (aks) i (i
=q;k0;(0ik) % 35:050: (@~ )Qij‘Pi(qij Dol (aki)ei (g ™)

ki
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by (G2) and (3)

-1
=q;k05(qk )i Nei(@S e (ks )il ™) by (3)
=qe0;(ai ) o™ ar;)ax™ by (3).

(m)

Also, we have (cpk(qum))) (qucp](qzk ))q ™(gks)g ™) ! for m > 0, and so we

have pi (g5, ™) = ¢l el (g)a; ™ w5 (g™ )q:c]- Applying ™ in both hands. we
get

(m)) (m))

o7 ™ (g vl"(qgk)qu o, (am
= ™ )qjkqu e es(a ™ e ™(gk;) by (1).

"ok (g;; Qk;)
Then, by (1) and (2), we have

(-m)

Hai ™ ™)er(a5™) = a3 ™ g, ™ Hag ™™ )55 ™ Yo ™ (ak,y ),
and we obtain

) (-m) (=m)

Sak(qi(j_m)) = ij‘Pj(Q,k q;; 07 " (qk;)a for m > 0.

Hence, (5) holds for all m e Z. O

Now we are ready to state our theorem.

Theorem 4.1.3. Let (R..q) be a Z™-grading triple and let Rgyq = ®a€Z“ Rts
be a free left R-module with basis {ts | a € Z™}.
Then. there exists a unique associative multiplication on Ry, q such that, fort, :=

te,, i=1.....,n and a = (ay,...,ay),
(4.1.4) ta = t§1 .- t3n, tir = (), titi = gijtit;.
For rtq.1'tg € Ry.q, we have
rtar’ts = ro®(r')qa.gta+s-
In particular, Ry q is a crossed product algebra R + Z™ with

(action) o:Z" — Autp(R) by o(a)=
(twisting) 7:Z" xZ" — U(R) by 7(a.B) = gap.
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Conversely, for any crossed product algebra R*Z", there ezists a Z" -grading triple
(R.¢.q) such that R+Z" = R, 4.

Proof. We first consider a crossed product algebra R*Z. Let t := 1 € R + Z. Then.
t™ is a unit in Rm for all m € Z. Using the diagonal basis change. we can take an
R-basis {t™ | m € Z}. So we have t™t! = t™*! for all m,l € Z. Hence, R+ Z = RZ is
a skew group algebra. Let ¢ be the action of 1. i.e., t(rl) = ¥(r)t for r € R. (Note
that 1 =0.) Then. the action of m is ¥™, i.e..

t"(rl) = Y™ (r)t™.

Conversely, it is clear that any F-automorphism v of R determines a skew group
algebra RZ by the action m — ™ (see Remark 4.0.4). We denote this RZ by
R[t.t=!; 9] and call it the skew Laurent polynomial algebra of R over F.

Let R := RZ = R|t;,t] ;9] be the skew Laurent polynomial algebra of R over
F' where ¥y = ¢;. Let 9, be a graded F-automorphism %, of R and R® :=
RWZ = RMW(ty,t7';9]. Then, by Lemma 4.1.1, we get R® = (RZ)Z = R * Z2.
Repeating this process n times, we can construct R * Z" inductively. Namely. for a
crossed product algebra R*~1) = R Z¥-!, if we specify an F-graded automorphism

Yk of R%=1) then we can construct
R®) .= R-17 = RE=Dit, t=loy] = R+ ZF,

and we obtain R™) = RxZ". Thus. our task is to specify ¥x on R*~1) and to show
that 1y is a graded F-automorphism where & > 2. We note that

{13t | (an, e o) € ZF71)

is a basis of the free R-module R*~1). For convenience, we put

tlelk — t?l . tz:-lx :

and define an F-lincar transformation 1, on R*~1) by

k-1
e

1=1
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which is clearly graded. If ¥, (rt!®x) = 0. then ¢i(r) = 0. and hence r = 0. and so

Yk is injective. Since

k-1 -1
Wi <¢;1(T[H (a)x(q(at )J >t(0)k) = pelade
i=1

Uk is surjective. Therefore. 1 is an F-linear graded isomorphism on R*~1). So it
remains to prove that ¢ is a homomorphism. For this purpose. we use a well-known

lemma.

Lemma 4.1.5. Let A and B be umital associative algebras over F and f a F-linear
map from A into B. Let {t;}ic; be a generating set of the F -algebra A. Then.
f is a homomorphism if and only if f(t,y) = f(ti)f(y) for alli € I and y € A.
Moreover, if {tiil},-e 1 15 a generating set of A, then f is a homomorphism if and only
if f(t:y) = f(t:)f(y) and f(t7') = f(t:))"! foralli€ I and y € A.

Proof. Straightforward. O

We have a generating set RU {til, ... ,tf_ll of R.=1) gyer F. and
— 1 - -
wk(tj = Q§k )t b= ¥; I(ij)tj !
= (t;07 ' (a6)) 7 = (gjt;) ™" = wn(t;) ™
So by Lemma 4.1.5. we only need to show that, for all 7.7/ € R and 1 <j<k-1.

(i) Uk (rr't(®%) = e (r )y (rt @),
(ii) Uk (57t %) = bt ) (rt @),

For (i), we have

k-1

Uk(rr't @) = op(rr) [T 0 (g8
i=1
k-1

= pe(r)en(r’) [T '@ (dlg )yt

i=1

= Yr(r)e(r'ti@)k).

For (ii), we first note that there is the embedding of RU) into R*~1) for 1 < j < k—1.

and so we have
=1
tjt(a)J = w].(t(a)z )t = p;(r) H Sa(a)i(qg:'t))t(ﬁ)z t;.

=1
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Thus. we have

Uk (t5rt %) = (s (r)t;t (@)
+1
= V(s (r) (W (@2 ) e Tk

j=1
=wk(‘Pj(7')H (a)‘(qu )t(0+c,)k)
1=1
1-1 -
I'J‘
= pre;(r) H (pw(a),(qm) H (a+e;)s (a? ,))t(a+e,)k
=1 1=1
= ABCte+€:)k
h A= (a) (,las) dC = k=1 (a+e,). [ (@+8y;)
where A = prp;(r), H,-l PP (‘1 ) an =[I » 7 (g ).

First of all, we have
A = orp;(r) = qike;0k(T)gr; by (G2).
Secondly, by Lemma 4.1.2(2) and (4), we have

e (g5)

1—-1 1—1
= (IT @@ e 0@ ) (IT ¢ @)™
=1 =1
-1 3 t—1
= (IT & @) (g5 (a5 )a5 e (@e)az ™) (T @ (alg))
=1 =1
Note that
i-1
(a):(q"("-))(]:[ (a),(q(at) H <P(Cl)l(q(al)))
=1

and (e (q;cj)=so‘ "“(q:cj)-

So we have

i—1
(‘Pk‘P(a)'(q,a ))) (‘Pk‘P(a)'+l(q,(i'+Jl) H (p(a)l(q(m) ‘P(a)'(QJkSOJ(q( z))ql(;l ))
=1

T i -1
x @1 (g (gl oyt )gloyt ) (H P @) (i)
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Thus, after cancellations, we get

-1
=TI eee™(a)

=1
1-1

1—-1
=ij<H o (5 (e g ))so("”(ij)(H Pl (gip)) 7
1=1

1=1
Thirdly, we have

k-1
C=]T ¢tore @)

=(H <p(0)‘(qi,‘:-))) (O)J( (QJ+1) H 9°(°+£‘7 (q(al)

1=1 1=37+1

=(IT ¢ @%) '™ (gires(a'e?)) H plate (gl

=1 2=J+1

by Lemma 4.1.2(4). Consequently, after cancellations and notifying g;; = 1, we obtain

Ui (t;rt (k) = ABCt@+e)x

J
= gikpiee(r) [T ¢ (050055 )el®) H plates: (gladyplate)
1=1 1=j+1

On the other hand. we have

k=1
Ui ()0 (rt' %) = gyt (r) [T 0@ (glg))e(e

=1
k-1

= gjkp; (w(r) [T ¢ (aie))t; 1)

i=1
k—1
= gk030k(r) [ | <pf<p‘°"(Q,°'))H N (g )elaren,

=1
We rewrite D := []%} @9 (g{®)). To find an expression for D. we use a little

lemma:
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Lemma 4.1.6. Let A be a unital associative algebra, ag = 1,a,y.... .ax € A units

and by.... .bp € A. Then we have

k 1—1 k k-1
1) [T (¢(ITa)®)) = [Tess:( L™
i=1 =1 i=1 =1
k -1 -1 k
@) II (1(Ha,)<b,-)) = 1(TTe)( T 5.
1=37+1 =1 =1 1=3+1

Proof. (1) is straightforward and (2) is obvious. [

By Lemma 4.1.2(3), we have, for i < 7,

030/ (ge”) "I<H Pl (g) )( @, (gie).

So by Lemma 4.1.6(1), we get

J J j~1

H (0)‘(q(° )) H so(c!).((‘o (q(a) (a) H (a)t (01) 1.

=1 =1 =1
By Lemma 4.1.2(3), we have, for j < 1,

e =1(T] P ) (i),

=1

So by Lemma 4.1.6(2), we get

H o0 (g) _I(H (@ (gle)) )( H plotes)s (glany).

1=7+1 1=7+1

Hence we get

D= H 00 (g{g)

i=1

-1

J
H (P(a), (p (q(a‘) q,(;' H Sa(a+c,).(q(a‘))t(a+c,)k(H (a),(q(az)))
i=1 i=j+1 =1
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Consequently. we obtain

Vi (t; )0 (Tt @)
J

= giee506(r) [] ' (23(a)a5) H plamesh (g)rlares,
=1 i=3+1

Hence we have shown (i) and constructed a crossed product algebra R * Z* = R()
fork=1.... .n from (R, p,q).

Let us put R, q := R™ = Daczr Rla where a = (a;.....a,) € Z" and
te = t7'---t3~. Since ¥y |g= ¢k for k = 1,... . n, we have tir = @i(r)t;. Also,
we have t;t; = 9;(t)t; = gijtit; for 1 < i < j < n. and so tit; = gi;tit; for all
1 <i,j < n. Hence, our Ry, 4 satisfies (4.1.4). The uniqueness of the multiplication
on Ry q is clear since RU{tF!,... .t2!} is a generating set of Ryq

Now, we can easily check that v (¢)) = qij"’gt(ﬁ)J. So for 11,7t € Ry q. we
get

rtar'tg = ro®(r' talp
— T-Soa(r’ t(a)ntant(ﬁ)ntﬂn

)

)

=y (rl)t(a)nwan (t(ﬁ)n)tan+‘3n

= r®(r’ )t(a)n (an t(ﬂ)ntanﬂin
)

— T(FQ(T‘/ <P(a)" (q(a“) )t(a)nt(ﬁ)ntan+6n

= ()@ (rng) -+ (e O gan e

€n,8

=rp*(r’ )a.Bta+s-

Conversely, for any crossed product algebra R * Z" = (R,Z".7.0) = @,ezn Ra.
we take a new R-basis {ta | & € Z™} of R * Z" where to = ;% ---§,%". We set
gi; = T(€gj,€i) for 1 <i<j<n, gji := q,;l and y; := o(e;). Then, one can easily
check that the triple (R, ¢,q) is a Z™-grading triple:

From our setting. (G1) is clear. The coefficient of tjtir (1 < j,7 € R) in t;t; has two
expressions, namely, o;p;(r) and I(gi;)pip;(r), by associativity. So we have (G2).
Similarly, the coefficient of tetjt; (1 < j < k) in t;t;tx has two expressions, narmely,
?k(2i;)2ikpi(g5k) and gjkp;(gik)gi;. by the associativity. So we have (G3).
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Also. it is clear that R+ Z™ = @ ;. Rt, satisfies (4.1.4). Therefore. we obtain
R+Z"=R,q4 O
Corollary 4.1.7. Let (D.y,q) be a division Z™-grading triple. Then, D,q =
Dacz- Dta is a division Z™-graded algebra. Conversely, for any division Z™-graded
algebra A = P czn Aa, there ezists a division Z"-grading triple (D.p.q) such
that A =z D, q. More precisely, we choose any nonzero element t, € Ag, for each

t=1,....n, and set, for1 <1,j <n,
D := Ao, @i = I(ti) ID and qi; ‘= tjtit;lti—l. O

For constructing a Z"-grading triple, (G3) seems annoying to check. In certain
situation. we do not need (G3) for the Z"-grading triple. We use the notation [a. b =
aba='b"! for a,b € U(R).

Lemma 4.1.8. Let R be a unital associative algebra over F, ¢ =(I(dy),... 1 (dy))
an n-tuple of inner automorphisms ¢; of R for somed,... .d, € U(R) and q = (gi,)
an nXn matriz over F. Suppose that a triple (R. ¢, q) satisfies (G1) and (G2). Then,
(R.¥,q) is a Z™-grading triple.

Proof. We only need to check (G3). By (G1) and (G2), we have, for all 1 < i, < n,
[(dJ)I(dt) = I(q,])l(dz)l(dj) So for all r € R, djdirdi_ld;]' = qijd,'dj‘l’dj—ldi_lqj'i and
hence rd,-'ldj—lqi,-didJ = d;ld;lqijdidjr. ie., d;'ldflqijdid] =: ¢;; is in the centre of

R. Note that ¢;' = ¢;;. Thus we have
Q:; = Cij [dj, d;).
Using this identity, we get (G3): forall1<i<j <k <n,

95k 5(Qik)9i50i (k) Qks
=c;k[dk. d;]d;cik[dk, di]dj—lcij [d;, d:]dick;[d;. dic)d  cri[ds, di]
=dkcij(d;, dildp ' = gi(gi;). O

If R is a finite dimensional central simple associative algebra over F for example,

the defining identities of a Z"-grading triple are just (G1) and (G2) by Lemma 4.1.8.
Finally, we give some examples.
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Example 4.1.9. (1) Let Fy be an arbitrary quantum torus and D an arbitrary
associative division algebra. Then it is easy to see that D® FFq is a division Z™-graded
associative algebra and is isomorphic to Dy 4 where ¢ =1 = 1, := (id, ... .id). Note
also if D is a field, then this example becomes a quantum torus over D. Conversely,
for a division Z™-grading triple (D.¢,q). if ¢ = 1, then we have (gij) = id for
all gi;, by (G2). Hence ¢;; is in the centre of D, say K, and we can show that
D14 = D ®x Kq. Therefore. Dy, 4 is a tensor product with D and some quantum
torus if and only if ¢ = 1.

Finally, for a Z™-grading triple (R. ¢, q), if ¢ = 1, then the crossed product algebra
Ry 4 has the trivial action by Theorem 4.1.3. So. Ry 4 = R![Z"] is a twisted group

algebra.
| R |
1=1,=|: .
1 .- 1

(2) Let
Then. by (G2), (R.¢.1) is a Z"-grading triple if and only if

(%) Qi = pip; forall i, ;.

Now. let H = (i,j) be Hamilton's quaternion over R (the field of real numbers).
Le., the unique quaternion division algebra over R, where i and j are the standard
generators, ¢ = 3 = (I(i),I(j),I(ij)) and 1 = 13. Then one can easily check (*).
and hence Hy, ; is a division Z3-graded associative algebra over R.

Finally, for a Z™-grading triple (R. ¢.q), if ¢ = 1, then a crossed product algebra
R,y has the trivial twisting by Theorem 4.1.3. So, R,; = RZ™ is a skew group
algebra.

(3) Let K = Q(¢s) be a cyclotomic extension of Q (the field of rational numbers)
where ¢ := (5 is a primitive 5th root of unity, and ¢ the automorphism of K defined

by ¥(¢) = ¢2. Let v = (p,¢?% ¢°%) and

1 ¢ ¢?
g=|¢t 1 ¢t
¢ ¢ 1

Then one can easily check that (K., q) is a division Z3-grading triple, and hence

K, q is a division Z3-graded associative algebra over Q.
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(4) Let H = (4.j) again, and put k := ij. Let ¢ = (I(d1). I(d2). I(d3)) where
dy=1+1i.dy=1+jandd; =1+k Weputg =2d,.d for1<i<j<3.
gji = qi;1 and ¢;; = 1. Then, (H, ¢. q) satisfies (G1) and (G2), and

1 l-i1+75-k l-1+3+k
g=|(l-i+j—-k)! 1 l-i—5+k|.
(1-t+5+k)"! (1-i-j+k)! 1

By Lemma 4.1.8, this is a division Z3-grading triple and hence H,.q is a division

Z3-graded associative algebra over R.

§4.2. CAYLEY-DICKSON PROCESS OVER A RING

For the classification of division Z™-graded alternative algebras. we need to review
the Cayley-Dickson process over a ring ([19. page 103]) and to prove several lemmas.
In this section, our algebras are arbitrary non-associative unital algebras, not nec-
essarily alternative, over a ring of scalars ¢ (a commutative associative unital ring).
Moreover, for an algebra B over . we assume that B is faithful, i.e., for all o € ¥,
aB =0 = a = 0. Since B has a unit, B is faithful if and only if, for all o € P,

al=0=a=0.

Let * be a scalar involution over ®, i.e.. an anti-automorphism of period 2 with
bb* € @1 (hence by linearization. b + b* € ®1) for all b € B,and let u € ® be a

cancellable scalar. i.e.,
pb=0 forsomebe B = b=0.
Then we can construct a new algebra B & B with its product
(a.b)(c,d) = (ac + pdb*,a"d +cb) for a,b,c,d € B.
Letting v = (0, 1) we can write this algebra as B & vB,
(4.2.1) (a + vb)(c+ vd) = (ac+ pdb™) + v(a"d + cb).

We say that this new algebra B & vB is obtained from B = (B. *) by the Cayley-
Dickson process with structure constant u. and denote it by (B, u). We define a new
map * on C := (B.pu) by

(4.2.2) (a +vb)" =a* — vb.
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Then it is easily seen that this new  is also a scalar involution of C. Hence. for a
cancellable scalar v. we can obtain another new algebra (C.,v) from C = (C. *) by the
Cayley-Dickson process with structure constant v. We write this (C,v) as (B, p,v)
instead of ((B,v),u)). Repeating this process. we can produce new algebras with
scalar involutions from B = (B, *) without limit.

Remark 4.2.3. (1) That p is cancellable is used to obtain the injectivity of B& B 3
(a.b) — a +vb € B & vB. For. we have

(4.2.4) vb=0= v(vb) =ub=0=>b=0.

(2) If p is invertible, then y is cancellable, and v = (0.1) is invertible in the
sense that there exists an element v € C such that wv = vu = 1. Namely, take
u=(0,p"11).

(3) We can observe that C = (B.y) = B@vB is a Zy(= Z/2Z)-graded algebra by
defining By := B and B; := vB. Also, we can see that * is a graded scalar involution.
ie., Bl =B;fori=0,]1.

We will use the following lemma from [19, Theorem 6.8, page 105]):

Lemma 4.2.5. For the algebra (B.p), we have
(i) (B.u) is commutative <= B is commutative with trivial involution.
(ii) (B,n) is associative <= B is commutative and associative.

(iii) (B, u) is alternative <= B is associative. [0

When & is a field of characteristic # 2 and we start the Cayley-Dickson process
from ® = (®,id) where id is the trivial scalar involution, i.e., the identity map, we
call @. (®.u1), (. 11, p2) and (D, py, o, u3) composition algebras over & where p;,
p2 and g3 are any nonzero elements in .

When ¢ is a field of characteristic = 2, we define a separable quadratic algebra ¢,
for #p € ® as

$, = O[X]/ (X2 - X - p).

Then, ®, has a scalar involution = over ®. If ch.® = 2, we call D, = (Pu,,*).
(®u,.u2) and (®,,,, p2, u3) composition algebras over & where K1, sz and pg are any

nonzero elements in ¢ (see [30]).
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We call (®. py, p2) or (®,,. 12) a quaternion algebra over &, and (P, py, po, u3) or
(®,,.42. #3) an octonion algebra over . Also. one can show that (P.py) or &, is
either ® 8 & (direct sum as algebras) or a separable quadratic field extension of ®.

For an algebra B = (B, *) with scalar involution * and r € B, we define the norm
n(a) of a as the unique scalar aa® = n(a)l. Also. for a.b € B, we define

n(a,b) := n{a +b) — n(a) — n(b)

so n(a,b)1 = ab* + ba*. Note that n(-,-) is a symmetric bilinear form on B. In the
same way, we have the norm n and the symmetric bilinear form n(-.-) on the algebra
(B, u) obtained by the Cayley-Dickson process.

For C = (B,u) = B&vB and a.b € B, we have n(a. vb) = a(vb)* + (vb)a*® =
—a(vb) + (vb)a* = —v(a*b) + v(a*b) = 0, and so we obtain

(4.2.6) n(B,vB) =0 or equivalently vB C B<,

where B+ is the orthogonal submodule relative to n(-,-).
We recall that an algebra B, in general, has degree < 2 if there exist a linear form
tr called trace and a quadratic form n called norm such that for all a € B

a® —tr(a)a + n(a)l =0, tr(l) =2, n(1)=1.

In particular, if ® is a field, then the trace tr and norm n are unique ([19, page 90]).

If an algebra B over ¢ has a scalar involution *, then one can easily check that B
has degree < 2, that a + a® = tr(a)1 for a € B and that the two norms from * and
the degree < 2-algebra coincide. In particular, if ® is a field, then a scalar involution
is unique. For, if ~ is another scalar involution. then we have a + @ = tr(a)l =a+a"
for all a € B, by the uniqueness of the trace above. Hence we get - = x. We state

this as a lemma:

Lemma 4.2.7. Let B be an algebra with scalar involution * over a field. Then, B
has degree < 2, and * is the only scalar involution. We have a* = tr(a)l — a for all
a € B, where tr is the trace of the degree < 2-algebra B. [

Remark 4.2.8. (1) All (®, u1,...,u,) for r € Z5o have a scalar involution and have
degree < 2, and this holds in particular for all composition algebras. We use the
fact that the norms of composition algebras are nondegenerate, which is originally a
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part of the definition of composition algebras (see e.g. [33. Chapter 2]). Also. it is
well-known that a quaternion algebra is a central simple non-commutative associative
algebra of degree 2 and that an octonion algebra is a central simple alternative but
not associative algebra of degree 2 (see e.g. [33]).

(2) Degree 2 does not in general imply the existence of a scalar involution (see [19.

page 87]).

We have a method of constructing a scalar involution.

Lemma 4.2.9. Let A be an arbitrary algebra over a field K with scalar involution x
and let R be a commutative associative algebra over K. Then, an R-algebra Ag =
A®k R is a free R-module and the transformation *®id of A defined by (a®r)*®d =
a*®r, fora € A and r € R, is a scalar involution over R.

Proof. Let {a;}ics be a basis of Aover K. For s € Randa®r € Apg. we define
s.(a®r) := a®sr. Then, Ap is clearly an R-algebra and a free R-module with basis
{a: ® 1}ie;. Hence, * := *® id : Ag — AR defined by (2 ®1)" =a;®1lisa
well-defined R-linear transformation on Ap satisfying (a®r)* =a"@r fora € A and
r € R. It is straightforward to show that = is an involution of A r. We show that it
is scalar over R. For f; € R, i € I, we have

Za‘z@ft Zal®ft —(Z az®fz (Za ® fi)

—Z a,a ®f1f1 Z ata ®f2+z:(aza ®f1f] +a_7a ®f]fl)

1<J
—Z n(a;) 1®f2+z (aia] +a;a;) ® f; fi
1<)
—Z 1®@n(a)f2+)_ 1®n(aia;)f;f, € 1© R=RIL
1<)

Hence the involution * = * ® id is scalar over R. O
We show a property of division composition algebras.

Lemma 4.2.10. Let C = (C, *) be a division composition algebra with scalar invo-
lution * over a field L. Let B be a subalgebra of C such that dim; B = 1 /2dim; C.
Then, B is a division composition algebra with scalar involution * = * |B over L and
C = (B, ) for some 0 # u € L, except when ch.L =2 and dim; C = 2.
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Proof. First. we note that if ch.L = 2 and dim; C =2, then C = L, and B = L
which is not a composition algebra. So we assume that ch.L # 2 or dim; C # 2. Since
1€ Band b+b" € Ll for b € B, we have b* = [1—b € B for some! € L. Hence * =|g
is a scalar involution on B. Since C is a division algebra, we have n(b,b) # 0 for all
0 # b € B. Hence n |gxp is nondegenerate. Therefore, B is a division composition
algebra over L and C = (B, ) for some 0 # p € L (see [33. page 32]). O

We show a criterion in which a subring of an associative composition algebra is

obtained by the Cayley-Dickson process.

Lemma 4.2.11. Let B = (B,*) be an associative composition algebra with scalar
involution * over a field L. Let C = (B.p) for 0 # u € L and R a subring of L.

Suppose:
(i) There ezists t € C such that n(t, B) = 0, where n is the norm on C.
(ii) 0 # t*> € Rl = R (we identify L1 with L).
(iii) P is a subalgebra of B over R such that the restriction of * to P is a scalar

involution over R.
Then the algebra generated by P and t over R is equal to the algebra obtained by
the Cayley-Dickson process with structure constant t® over R:

(P.t) = (P,t?) andt=(0.1) in (P.t%).

Moreover, the restriction of the scalar involution » of C to (P.t?) is a scalar involution

over R.

Proof. Since B is a composition algebra, the norm n(-,-) on C is nondegenerate
and the dimension of C over L is finite. From a well-known theorem in Linear
Algebra, we have dim B + dim Bt = dimC. By (4.2.6), we have vB C BL. Since
dim B+dimvB = dim C, we get vB = B+. Thus we have t = ve for some 0 # ¢ € B,
by (i). Also, by (ii) we have 0 # t* = (ve)® = un(e)l € R, which is cancellable. Now.
we have by (4.2.1),

tP = (ve)P = v(Pe) C vB

and hence. (P.t) = P & tP. By (iii), P has a scalar involution * = * |p over R. We
show that

(a + tb)(c + td) = (ac + t2db*) + t(a*d +cb) for all a.b,c.d € P.
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In fact. we have, using t = ve. (4.2.1) and the associativity of P.

a(td) = a((ve)d) = a(v(de)) = v(a*(de)) = v((a"d)e)
= (ve)(a*d) = t(a"d),
(tb)c = ((ve)b)c = (v(be))c = v(c(be))
= v((cb)e) = (ve)(cb) = t(cb),
(b)(td) = ((ve)b)((ve)d) = (v(be))(v(de)) = u(de)(be)"
= p(de)(e*b*) = un(e)db” = t*db*.

Hence (P.t) = P&tP = (P,t?) and t = (0.1) in (P, t?). Moreover, we have for b € P.
(tb)" = b (ve)” =b"(e"v") = b"(—€"v) = —b"(ve) = —v(be) = —(ve)b = ~tb.
So. * |(p,3) coincides with the scalar involution of (P, t?) over R. [J

Corollary 4.2.12. Let B = (B, *) be an associative composition algebra with scalar
involution = over a field L and R a subring of L. Let C = (B,t1y- .+ s i) for
0 # u, € L, 1 <m < 3, be an alternative algebra over L. Let By := B and
B; := (Bi-1,ui), 1 <i<m. (All B; have the restricted scalar involution * of C.)
Suppose:

(i) There exist ty,... ,t,m € C such that n(t,, Bi-1) = 0.

() 0#t?€ Rl =R foralll1 <i<m.

(ili) P is a subalgebra of B over R such that the restriction of x to P is a scalar
involution over R.

Then,

(Pty,... ,tm) = (P.£3,... ,£2)
and each t; = (0,1) in ((P.t3,... 2 )).t?).

Proof. The case m =1 is done by Lemma 4.2.11. For m > 1. assume that the subal-
gebra Pp,_1 of Bp, ) generated by P, t,... ,tm_; over R is equal to (P, 2,... 2._1)
and that the restriction of the scalar involution * of By,—; to (P.t3,... ,tfn_l) is a
scalar involution over R. Then, since C = (By,-1, i) has the element ¢, satisfying
n(tm, Bm-1) = 0 and tZ, € R, we can apply Lemma 4.2.11 for B = By, P = P,,_,
and t = t,,. Namely,

(Pstlv"' -tm) =<Pm—l’tm) =(Pm—17t72n)= (P'tia :t3n)7
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and each t; has the required form.

Finally. we show some properties for a division G-graded alternative algebra which
has a scalar involution. Most of them were already shown in more general setting

(see Lemma 2.6.6).

Lemma 4.2.13. Let A= 3 . A, be a division G-graded alternative algebra over
a field L which has a scalar involution x. Then we have the following:

(i) For any z € Ay, g # e, we have tr(z) = 0, 2° = —n(z)l € L1, 2~ = — and *
is graded, 1i.e., A; = A, forallgeG.

(ii) The ezponent of G is 2 or G is trivial, i.e., G = {e).

(iii) ALl homogeneous spaces are orthogonal to each other relative to the norm.

Proof. Any 0 # z € A, is not nilpotent since z is invertible. Thus. by 2.6.6, we only
need to show that r* = —z, * is graded and (jii).

In fact, by Lemma 4.2.7, we have r* = tr(z)1 —~z = —z. For y € A, we have
y" =tr(y)l — y € A., and so = is graded.

For (iii), let y € Ay where g # h € G. Then, we have zy" € Ay since * is graded.
If gh = e, then g = h since the exponent of G is 2. Thus we have gh # e and by (i),
we get tr(zy”) = 0. Hence, n(z,y)1 = zy* + yz* = tr(zy®)=0. O

§4.3. DIVISION Z"-GRADED ALTERNATIVE ALGEBRAS

In this section all algebras are unital. An alternative algebra A is called an octonion
ring if the central closure 4 is an octonion algebra over the field Z ([33. page 193]).
where we used the notation of §1.1. We first state Slater’s theorem ([33, Theorem 9.
page 194]):

Theorem 4.3.1. A strongly prime algebra over a field is either an associative algebra

or an octonion ring. O

Note that a division G-graded associative algebra over any field for any group
G is a crossed product algebra (see §4.0). By Corollary 2.2.5, a division G-graded
alternative algebra over a field for an ordered group G is strongly prime. Hence by
Theorem 4.3.1, it is either a crossed product algebra or an octonion ring.

Let F' be a field of an arbitrary characteristic in this section.
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Theorem 4.3.2. A division G-graded alternative algebra A over F for an ordered
group G 1is either a semi-prime crossed product algebra or an octonion ring which

embeds into an octonion division algebra over Z.

Proof. When A is associative, one can easily see that it is strongly prime if and only
if it is semi-prime. So we only need to show that 4 is a division algebra when A is
not associative. So we can assume that A is an octonion algebra. We know that by
Proposition 2.2.4 and Lemma 1.1.16(iii). A is a domain. Hence A is a division algebra
(see [33. Lemma 9. page 43]). O

Now, we specify G = Z", and classify division Z™-graded alternative algebras.
Since Z" is an ordered abelian group, we can apply Theorem 4.3.2. We showed that
any division Z"-graded associative algebra is isomorphic to D, q for some D. ¢ and q
in Corollary 4.1.7. So we start to classify division Z"-graded alternative algebras over
F which are not associative. By theorem 4.3.2. any such algebra is an octonion ring
which embeds into an octonion division algebra. We first construct four examples of

such octonion rings. For this purpose, we prove a lemma and its corollary.

Lemma 4.3.3. Let {e;,... ,e,} be a basis of a free abelian group A of rank n and
[ii=2Ze1+---+Ze;_, +2Ze; +Zeiv1 + -+ - + Ze,.

Let A = @aer. Aa be a division T';-graded associative algebra over a field K and R
a subalgebra contained in the centre of A. Suppose

(i) A has a scalar involution * over R which is graded: A, = Aq foralla €T,

(ii) there exists z € Age, N R such that z is invertible in R.

Then the algebra (A, z) obtained by the Cayley-Dickson process over R has a unique
A-grading such that every homogeneous space of degree a € T; in (A, 2) is equal to
Aa and v = (0,1) € (A, 2) has degree €;. Moreover, by the A-grading, (A, z) becomes
a division A-graded alternative algebra over K and the scalar involution * of (A, z)

s again graded.

Proof. We have

(4,2)=AevA= (] A)ou(P Aa)

a€rl, a€el,

We first claim v(@ e, 4a) = Dacr, vAa- We have V(Dacr, 4a) = >acr, V4a
and so we only need to show the sum in the right-hand side is direct. By (4.2.4),
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2acr, 'Za = (P qer, Ta) =0 for 2o € An implies 2 acr, Ta = 0. So we get
To =0 for all & € T, and our claim is settled. For a € A. define

4, '_{AQ, ifCIGFi
T | vAae,. otherwise.

Then we get

(A.2)= (D 4a)e (P v4a) =P 4.

ac’l, acl, a€A

the direct sum of F-vector spaces. By the multiplication of (A.z), we have

Aa(VAg_, ) C v(AZAg-¢,) = VAaig—¢, = A;_‘_ﬂ, ifael,.8¢T;
(UA3)44Q_€‘ C 'U(AQAQ_;‘) = UAB+a_e‘ = A:"f‘ﬁ' if « g r,,,,B E I.‘g

(vAa-¢,)(vAg_e,) C Ay ¢ Aa-e, = ;H_ﬂ, fa¢l,,B¢T,;

AL Ay =

since * is graded and z € Aj,. Hence (4,z) = @Daca An is a A-graded algebra
over F. Since {€;,... ,e,} is a basis of A, the uniqueness of A-grading is clear.
Also by Lemma 4.2.5, (A,z) is an alternative algebra. Moreover. we know that
0 # z € Aq is invertible. Since z is invertible, v is invertible in the alternative
algebra (A.z) (see Remark 4.2.3(2)). Hence, vz is invertible (see (33, Lemma 9. page
205]). Consequently, (A, z) is a division A-graded alternative algebra over F. Finally.
by (4.2.2), it is clear that x on (4, z) is graded. O

Corollary 4.3.4. Let {e,,... ,&,} be a basis of Z" and
T = 0Ze; + - +2Zepy, + Zemer + - + Ze,, form =1.2.3.

Let A = @ crim) Aa be a division T'™) -graded associative algebra over a field K
and R a subalgebra contained in the centre of A. Suppose
(i) A has a scalar involution * over R which is graded,
(ii) there exist z; € Aze, NR for all 1 < i < m such that each z, is invertible in R,
(iii) A is commutative if m = 2, and A is commutative and * is trivial ifm=3.
Then the algebra (A, z,,....zy) obtained by the Cayley-Dickson process over R
has a unique Z"-grading such that every homogeneous space of degree a € T'(™) in
(A.21,....2m) is equal to Aq and each v; = (0,1) € ((4, z1,.. .1 Zi—1), 2i) has degree
;. Also by the Z"-grading, (A, z....,2y,) becomes a division Z™-graded alternative

algebra over K
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Moreover, assume that
(iv) A is not commutative if m = 1, * is not trivial if m = 2 and ch.K # 24
m = 3.

Then (A.z,.....zy) is not associative.

Proof. For m = 1, we take A = Z" in 4.3.3. and so I'®) = T';. Then we take = = 21
in 4.3.3 and get the required division Z"-graded alternative algebra (A.z;) over K.
Moreover. (iv) and 4.2.5 implies that (A. 2;) is not associative.

To show the cases m = 2 and m = 3, we define the following: for j = 1.2. let

D™ = Ze, + -+ Ze; + 2Lespy + - + 2ZEm + Lemar + - - + Ze,.

For m = 2, we take A = F(12), I, =T® and z = z; in 4.3.3. Then, by (iii), we
get the division F(lz)-graded associative algebra (A, z;) which has the graded scalar
involution * over R. We note that R is contained in the centre of (A, z;) and that
22 € A2e, M R = (A. 21)2¢, N R is invertible in R. Thus we can apply 4.3.3 again for
A=2Z"T, = F?) and z = z, and get the required division Z"-graded alternative
algebra (A, z;, z3) over K. Moreover, (iv) implies that (A. z1) is not commutative and
that (A, z;, z2) is not associative.

For m = 3, by the same way as the case m = 2, we can apply 4.3.3 three times.
Namely,

1. take A =T T, =T'® and z = 2, and get the division T ®_graded commuta-
tive associative algebra (A, z,),

2. take A = ng) I,=T (13) and z = 2, and get the division I“(zs)-graded associative
algebra (A. z;. 22),

3. take A =2Z".T; = ng) and z = 23 and get the required division Z"-graded
alternative algebra (4, 2y, 29, 23) over K.

Moreover, (iv) implies that (A.z;) has the non-trivial graded scalar involution.

that (A. z1, 2) is not commutative and that (A, z;, z,, z3) is not associative.
Now we are ready to construct four octonion rings.

Construction 4.3.5. Let K be a field extension of F and let {e1,... ,en} be a basis
of Z™.
(1) Let O be an octonion division algebra over K and

K[zF' ... .23 = @ Kzq

acin
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the algebra of Laurent polynomials over K where 2, = 2Tt z8n for a = aje; +

“+++ an€n € Z™. Then, by 2.3.3(ii).
0, :=0®k K[zE.... 23l = @ (O®k Kzq)
agin
is a division Z"-graded alternative algebra over K, and hence over F. It is clearly
alternative but not associative.
(2) Let H be a quaternion division algebra over K with scalar involution *. Let

T . = 2Ze, + Zey + - + Ze,

R:=K[z7!,... i = @ Kzqo
Qer(l)

where 24 = 2z -+ - 23" for @ = 2a1€] + A€+ - - - + ane, € [V, Then. by 2.3.3(ii).
Hi:=H®x R= (P (Hok Kza)
acl)
is a division ['()-graded associative algebra over F and it is clearly associative but not
commutative. By 4.2.9, H; has the scalar involution * over R defined by (z® z)* =
" ®z for z € H, z € R, and so * is clearly graded on H;. Let Z(H,) be the centre
of H;. Then, R C Z(H;) (in fact they are equal), z; € R has degree 2¢; in H; and
z) is invertible in R. Thus we can apply Corollary 4.3.4. Namely. the algebra

Qq := (Hy, z1)

obtained by the Cayley-Dickson process over R is a division Z"-graded alternative

algebra over K. and hence over F, which is not associative.

Table 1 All = below are mod 2.
Forr € H and o = o186, + - - + apen € Z*, we put in @, = (H,, 2;)
{(r@za,O) ifa; =0
Ilg = .
(0.2 ® zq—¢,) ifa; =1.
Note that te, = (0.1) and t2 = 2;. Then we can write Q; = @Daczn Hta. For
z,y € H= (H, «) and a, 8 € Z", one can check that
TYla+g, oy =06,=0
Tyt , fa;=0,6=1
(zta)(ytg) = arh _ _
YItlarg, fay=1,601=0
ya:‘ta,,.g, if a] = ﬂl =1.
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(3) Assume that n > 2. Let E be a separable quadratic field extension of A. Hence
the nontrivial Galois automorphism over K is a scalar involution denoted by =. Let

r® . =2Z¢, +2Ze; + Zez + - - - + Ze,
R:=K[zl+—1,... 2El] = @ Kzq

a€er

where zq = z{" - 22" for a = 2061 + 20067 + a3€3 + - - - + anen € [ Then.
1 n

E:=E@xR= P [E®k Kza)
a€r@)
is a division I'"?)-graded commutative associative algebra over K. and it has the
graded scalar involution * over R by the same argument used in (2). We have R C
Z(E:1) = E;. Also, z, and 2; satisfy the condition in Corollary 4.3.4. Thus we get a
division Z"-graded alternative algebra

O3 := (Ey, 21, 22)

over K, and hence over F, which is not associative.

Table 2 All = below are mod 2.

For z € E and a = o1&, + az62 + -+ + anen € Z™, we put in Q3 = (Ey, 21, 22).
((2a.0),(0.0)) fay=a; =0

((0, za-¢, ). (0,0)) ifaj=1and a, =0

((0,0). (2q-¢,,0)) ifay=0and a; =1

((0,0),(0, 20-¢,-¢,)) ifa;=1and a; = 1.

a =

Note that t., =(0,1,0,0), te, = (0.0.1,0), t2 = z; and t2, = z,. Then we can write
O3 = Pueczn Eta. For z,y € E = (E,*) and a,8 € Z™, one can check that

(I a, =06 =0:

zYyta+g. if (a1 =61 =0)or (g =0,5, =1)

(zta)(yts) = { T'Yla+p. if (1 =0.61=1)or (a1 =6 =1)
(D) az = 0,6, = 1:

z‘yt°+5, if (01 = 61 = 0) or (a1 =0, ﬂl = 1)

(zta)(yta) = { TYtasp:. (@1 =1, =0)or (ay =6 =1)
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:zyta+,3, if (Ql = ,[31 = 0) or (01 = 0/31 = 1)
TY'ta+p. (@ =151 =0)or (g =5 =1)

T Yla+ps, (a1 =p=0)or(a; =05 =1)
'Y *ta+ps. (@1 =10 =0)or (g =5 =1).

(2ta)(yta) = {

(4) Assume that n > 3 and that ch.F # 2. We can apply Corollary 4.3.4 for

r'® . =2Ze, + 2Zeq + 2Ze3 + Zey + - - - + Ze,,

- *1 ~E17 o
A=R:=K[z',... = P Kz
acl3)

where zq = 2" .- 23~ for a = 20161 + 20265 + 20363 + a4ey + -+ + ape, € IO,
In fact, A has the trivial scalar involution, i.e., the identity map, and 21, 23, z3 satisfy
the condition in 4.3.4. Thus we get a division Z"-graded alternative algebra

®4 = (Rv 21422, 23)

over K. and hence over F, which is not associative. It is clear that every homogeneous
space is 1-dimensional over K, and so Q, is an alternative torus over K. It is called
the octonion torus or the Cayley torus over K (see [2]). This torus is first discovered
in (7).

Remark. When ch.F = 2, we can still construct the division Z"-graded alternative
algebra (K[zlil, oo 231,21, 22, 23) by Lemma 4.3.3. However, this is commutative
associative, and isomorphic to the algebra of Laurent polynomials in n variables over
K.

We present a slightly different description of the octonion torus. For this purpose.
we call the algebra

(K[z.... 22, 21, 22),
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which is associative (so a quantum torus over K) the quaternion torus over K. One
can easily check that the quaternion torus over K is graded isomorphic to Ky =

Kn[uF',... ,uF1] as defined in 2.6.10, where

1 -1 1 -.. 1
-1 1 1 :
h=h™M=| 1 1 2k
. 1
1 1 1
via
((0 1), (0.0)) = Uz, ((00) (1.0)) = U3, 23— U3, s ST Ug.

We identify them. So the octonion torus over K is
®4 = (Kh7 US)
and the Z"-grading comes from the following G-grading of K (see 4.3.3):

G=12Ze)+Zey+2Ze3 +Zesy + - -+ + Zen,.
Kn=@P Kua
acG

where ug = ui ug?u3z® -+ - u2" for @ = a1&) + a2€; + 20363 + auEq + - + QnEn.

Table 3 All = below are mod 2.
Fora=ae;1+ - +ane, € Z". we put in Q, = (Kn,u3)

, __{ (ua,0), ifaz=0
@ (0, uq-¢,), ifaz=1.

Then we have Oy = @z~ Kta as K-spaces. Note that t,, = (0,1) and t2, = us.
For a, 3 € Z™. one can check that
Daz=06=0:
talg = (’Uazﬁltaﬁ-ﬂ
(II) az =0. ﬂ3 =1:

y { tat+g far=ay=0
@t = (-1)e3fr1+1t, . 3 otherwise
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(III) Q3 = 1. /33 =0
talg = (_l)olﬁzta-{r-ﬁ

(IV) 0351,/3351:
tatg fay=a2=0

talg =
i { (—1)™P2+1t, 5 otherwise.

Note that the centre of Oy is
A2 2+ 1) _ +1 +1
Kuf ur® ug'... ufl) = K28, ... 23,

Also, the structure constants of Q4 relative to {tq }qez» are 1 or —1.

All the gradings of Oy, O, O3 and O, determined by a basis (e;.... .En) of Z"
described in 4.3.5 are called toral gradings.

We show that Oy, H; and E; in 4.3.5 are also the algebras obtained by the Cayley-
Dickson process over K([z{!,... . 2¥!]. More generally, we have the following:

Lemma 4.3.6. Let R be a commutative associative algebra over a field K. Let
0#u1y.... . u € K. Then,

(Kwu'la"' ?/Jl)@K R= (Rv#l',"' 7/-‘[) as R-algebras.

Proof. First. we show that (K.u) ®x R = (R,u) over K for 0 # p € K. A map
(K.p)x R=(K©uK)x R — (R.p) = R&® uR defined by (a + vb. f) — af + ubf
fora,b € K and f € R is clearly an K-bilinear map. So we have the induced K-linear
map 6 : (K, u)®kx R — (R, u) such that §((a+vd)® f) = (a+ub)f, which is clearly
onto. Observe that any element of (K, u) ®k R has the form 1 ® f + v ® ¢ for some
fi9€ R. Thus. §(1® f+v®g) = f + ug = 0 implies f = g = 0. Hence 4 is injective.

Since
8((a+vb) @ 1)0(1® f) = (a+ vb)f = f(a+vb) = 6(1® f)8((a + vb) @ 1),

6 is a K-algebra isomorphism. Since (K,u) ® ¢ R becomes R-algebra in natural
way, @ is also an R-algebra isomorphism. Thus we obtained the case | = 1 of the
statement. We note that (R, u) has a scalar involution * over R. Also by Lemma
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4.2.9, (K, u) ®x R has a scalar involution ~ over R. i.e.. (a—+ub)—8f =(a—vh) g f.
Thus. 6((a + vb) € f) = af — ubf = 0((a + vb) & f)". and so 0 is an isomorphism
with involution.

Suppose that [ > 1. We put B := (K, py,... .g—1) and T := (R, u1.... JHi—1).
We assume that § : B&x R—T is an R-algebra isomorphism with involution. Then.

(K.p1,... . )@k R=(B.u)8x R=(B&vB)®k R
=(B8xk R)3(wB&x R) and (Rop.....m)=(T.m)=T & uT.

Thus, n: (B®k R) & (vB®k R) — T & uT defined by
1((e® f)+ (v6®g)) =8(a S f) + ub(b® g)

is clearly an R-module isomorphism. Also, that § is an R-algebra isomorphism with
involution clearly insures that 7 is an R-algebra isomorphism with involution. So we

get the statement for any [. O
We prove our main result in this section:

Theorem 4.3.7. A division Z™-graded alternative algebra A = Daczn Aa over F
which is not associative is graded isomorphic over K to one of the four octonion Tings
01, O3, O3 and Q4 for some toral gradings where K = Zg is a field. In other words.
when ch.F' # 2, it is isomorphic over K to (K[zE',... .2ZY], u1, pa, p3) for
(1) 0 # p1, p2,u3 € K such that (K, u;, pa, p3) is an octonion division algebra over
K.
(2) 0# p1,p2 € K and p3 = 21 such that (K, p1, ip) is a quaternion division algebra
over K,
(3) 0# m1 € K, pa =21 and p3 = z such that (K, 1) is a quadratic field extension
of K or
(4) w1 = z1, p2 = 22 and p3 = 23.

When ch.F = 2, after some modification we can get a similar description of ( 1),
(2). (3) (type (4) is gone ).

Also, these four algebras are all non-isomorphic.

Proof. We already know that A is an octonion ring whose central closure A4 is an
octonion division algebra over Z. By Lemma 2.3.5(i), A is a Z"/T-graded alternative
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algebra where I' = {a € 2" | Z, = Z N A, # 0} is the central grading group of A.

i.e..
A= @ Az where Az =7 Q7 Az and Az = ZA,.
acin /T

Since A is a division algebra, it is. in particular. a division Z™/T-graded algebra of
dimension 8. Hence by 2.1.5(1), every homogeneous space has the same dimension.
Also. since the octonion algebra A has a scalar involution, Z" /T is either (0) or an

elementary group of exponent 2, by Lemma 4.2.13. Therefore, we have four cases:
ZM/T =(0). Z,, Z3 or Z3.

By the fundamental theorem of finitely generated abelian groups. there exists a basis
{€1,... .€n} of Z™ such that for m = 0.1, 2,3,

[ =2Z2ey+---+2Zey, + Zemiy + -+ + Zeq.

Let
0#t; €A, forl<i<m.

By 2.3.4(iii), we have A = @Pacz~,r Az and hence

A =(Z Ao ti)1<i<m

as a Z-algebra. Also by Lemma 4.2.13(iii), we have
n(t,, ZAo) = 0.

Moreover. by Lemma 4.2.13(ii), tf € Z1, and so tf €Z1ln Az¢,. Hence by Lemma
2.3.5(ii),
t? e Zy, C Z.

Choose 0 # z; € Ze, for m < j < n and put z; := t2. Since Z is a commutative

associative I'-torus over K, we can write

Z=K[z ... .25 = P Kz

ael

where zo = 27! -+ 28" for @ = 20161 + - + 20mEm + Ams1Eme1 + - + anen €T
(see 2.5.4 and 2.5.11).

153



Case (I): Z™/T =(0),ie.. T =2Z".

By Lemma 2.3.5(ii). we have dimy Ag = dimfzﬁ = dimfz = 8. Since Ag is an
alternative division algebra over K. it is strongly prime, in particular. Since A is not
associative. neither is Ag. Hence, Aq is an octonion algebra over its centre. by Slater’s
theorem 4.3.1. However, since dimg Ag = 8, Ap is already central over K and it is
an octonion division algebra over K. By 2.3.4(iv), we can identify (and always do

below)

ZAo = Ao ®k Z.

Hence we get A = ZAg = Ag ®k K[z{!,... ,:¥!] = 0, in Construction 4.3.5(1).

For the next two cases, we prove a lemma. Recall that A is a subalgebra of A over
Z. by identifying z =1®z € A4 for r € A.

Lemma 4.3.8. Let * be the scalar involution of the octonion division Z-algebra A.
Suppose that the K -algebra Ao has a scalar involution . Then, o0 := % |z4, is a
scalar involution of Z-algebra ZAg. and for z, € Z, I, € Ag, we have cr(z1 LT,) =

Zz Z-i:E—,.

Proof. By Lemma 2.3.5(ii), one can easily check that
Zﬁ=7®z A637®K Ao

over Z viay @ z — yQ®zfory € Z and z € Ay. By Lemma 4.3.3, we can naturally
extend ~ to the subalgebra Ag of 4 over Z. Namely, we can define y®7 := y @ Z.
which is still a scalar involution over Z. But Aj has another scalar involution, that
is. * := x 176’ So we get ~ = * on Ay since a scalar involution over a field is unique
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by Lemma 4.2.7. Thus for 2; € Z. z, € Ag. we have

o'(z 2Z,) = ( 1®Z zT;)" = Z % 8 1,)”
—Z ~,®x1—l®z qx,—z Ty,
and (Z Z; T Z 211'1) = (Z 41I1 Z 3i§:7)

1 1
= 21,7 + Z 2:25(Z:T; + 1,7;)
<]
—Z n(z;)z +Z n(z,,z;)2z; € Z,
1<

since n(z,), n(z:,z;) € K. Hence, o is a scalar involution of ZAgover Z. O

We denote this o also by .

Case (II): Z"/T =2Z,,ie. [ =2Ze, +Zeg+--- + Ze,,.
Since every homogeneous space has the same dimension, we have dimz 25 = 4. Then.
by Lemma 4.2.10. A5 = (A, *) is a quaternion division algebra over Z with the
restricted scalar involution * and 4 = (15, 1) for some structure constant 0 # u € Z.
Also by Lemma 2.3.5(ii), Ag is a 4-dimensional associative non-commutative division
algebra over K. Hence it has to be central and has degree 2. It is well-known
that a central simple associative algebra of degree 2 over a field is a cyclic algebra
(see e.g. [29]). So it is a quaternion algebra. (See e.g. [29, page 236] in the case
of characteristic # 2. In the case of characteristic = 2, it is easily seen that the
cyclic algebra (L, o, u,) is exactly (®,,u2) for some u;, where the Galois field L
corresponds to @, and the automorphism ¢ corresponds to the scalar involution *
of ®,,.) Hence, Ag has a scalar involution over K, and by Lemma 4.3.8, ZAg has
the scalar involution * = x |z, over Z.

Thus we can apply Lemma 4.2.11 for A = (Z A,, t1):

L:=Z, R=Z B:= (Zﬁ,*),
P :=ZA¢ C B, having the scalar involution * over R,

C:=A=(B,u) and t:=¢,.

So we get
= (ZAo,t1) = (ZAg,21)
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and ¢; = (0, 1). Let H := Ag which is the quaternion division algebra over K described

above. in which case the division I'-graded associative algebra
ZAg =H®k K[zlil, .. ,zflj
is equal to H; constructed in 4.3.5(2). Thus we get
A= (ZA¢.21) = (H;.2) = Q2 in Construction 4.3.5(2),

which have the same Z"-gradings (see the uniqueness part of Z™-gradings in 4.3.3).

Case (III): Z"/T =173, ie.,T =2Ze, +2Zey + Zes + - - - + Ze,,.
Since every homogeneous space has the same dimension, we have dim ZE = 2. Thus.
Ag = (Ag, *) is a quadratic field extension of Z with the restricted scalar involution
*, and by Lemma 4.2.10,
A= (Zﬁ’ K1, H2)

for some structure constants 0 # pj,up € Z. Also by Lemma 2.3.5(ii), Ao is a
quadratic field extension of K. Hence, Ag has a scalar involution over XK. and by
Lemma 4.3.8, ZAg has the scalar involution * = = |z4o Over Z. Also. if Ag is not
separable, then the scalar involution of Ag is trivial. So, * becomes trivial and A
becomes commutative and associative. This contradicts our setting. Therefore. Ag
is a separable quadratic field extension of K.

As in the Case (II), we can apply Corollary 4.2.12 and get

A= (ZAo, t1,tz) = (ZAg, 21, 22),

ti = ((0.1),(0,0)) and t; = ((0,0),(1,0)). Let E := Ag which is the separable
quadratic field extension of K shown above, in which case the division [-graded

commutative associative algebra
ZAg =EQk K[zlil,... ,z51)
is equal to E, constructed in 4.3.5(3). Thus we get

A = (ZAo.21,22) = (E1.21.22) = Q3 in Construction 4.3.5(3),
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which have the same Z"-gradings (see the uniqueness part of Z"-gradings in 4.3.4).

Case (IV): 2Z"/T =73, ie.. T = 2Ze, + 2Ze, + 2Zes +Zes+ - + Zey,.
Since every homogeneous space has the same dimension, we have dim% Zﬁ = 1. Thus
we have Z1 = A5 = (Ag *) with the restricted scalar involution = which is the trivial

involution. and by Lemma 4.2.10.

A = (Ag, 1, p2, p3),

for some structure constants 0 # K1. W2, 3 € Z if ch. F # 2.
Note that Ag = K and ZAg = Z in this case (see 2.3.5(ii)). As in Case (II). we
can apply Corollary 4.2.12 and get

A= (Z,t).ty,t3) = (2, 21.22,23) =04 in Construction 4.3.5(4).

which have the same Z"-gradings (see the uniqueness part of Z™-gradings in 4.3.4).

If ch.F = 2, then Az & 4,, = Ag(t) for any nonzero element ¢ € Ae,, which is a
purely inseparable extension field of Zﬁ by Lemma 4.2.13(i). Hence, 25@ —!-'1 is not
a composition algebra, which contradicts Lemma 2.10. Therefore. Case (IV) cannot
happen if ch.F = 2.

The different descriptions of the octonion rings follow from 4.3.6.

The last statement follows from Theorem 24.3(). O

Remark. One can easily see that the algebras described in (1), (2) and (3) of Theo-
rem 4.3.7 excluding the ‘such that’ part are predivision Z™-graded alternative algebras

over I’ which are not associative.

Example 4.3.9. We choose our base field F to be R, the field of real numbers.
Then there exist a unique quadratic field extension C, the field of complex numbers.
a unique quaternion division algebra H, Hamilton's quaternion and a unique octonion
division algebra Q, the algebras of Cayley numbers. Hence there exist four division
Z"-graded alternative but not associative algebras over R, namely, taking K to be R
in Construction 4.3.5. @y, Q,, O3 and 04, the Cayley torus over R.

Moreover. if we assume that a homogeneous space is finite dimensional (and hence
all homogeneous spaces are finite dimensional), then any division Z"-graded alterna-
tive but not associative algebra over R is isomorphic to one of the four algebras above
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or another Qy, the Cayley torus over C. taking K to be C in Construction 4.3.5.
Indeed. we know that finite dimensional field extension K of R is R or C. If K = R.
then we get the four algebras above. If K = C, then the only finite dimensional
division algebra over C is C. Hence we have 49 = K = C and only Case (IV) appears
in Theorem 4.3.7.

From Corollary 4.1.7 and Theorem 4.3.7 we obtain:

Corollary 4.3.10. A division Z™-graded alternative algebra A over F is graded iso-
morphic to some D, 4 or to one of the four octonion rings Oy, Oy, O3 and Oy for

some toral gradings.

If a division Z"-graded alternative algebra 4 = Daczn Aa over F is a torus over
F.then A9 = Zg = K = F. So we have the following corollary which improves the
result in (7], namely, the classification of alternative tori over any field:

Corollary 4.3.11. Let A be an alternative torus over F. Then, A is graded isomor-

phic to either a quantum torus Fy or the Cayley torus
O = (Fafuf'.... ,u*'], ug)

for some toral grading. If ch.F = 2, then the Cayley torus does not erist. and so A

is 1somorphic to a quantum torus Fy.

Corollary 4.3.12. Let A be an alternative torus over F of central degree 2. Then.
A is graded isomorphic to either the quaternion torus Fy or the Cayley torus O, for

some toral grading. If ch.F =2, then such a torus does not ezist.

Proof. If A is not associative, then by 4.3.11, 4 is graded isomorphic to the Cayley
torus unless ch.F' = 2. If A is associative, we already classified such a torus in 2.6.10.
ie. A=z Fp unlessch.F =2.

Remark. One can check that the plus algebra Oy of the Cayley torus Q, over F
is graded isomorphic to a Clifford torus Jgm) ({ae}ecr) (see §3.3) determined by the
lattice (™) =273 and a, = 1 or —1.
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Chapter 5 Graded forms and derivations of tori

In this chapter. we classify the graded forms (see Definition 5.1.4) and derivations
of tori, where tori means alternative tori and Jordan tori. Recall that alternative tori
are quantum tori (associative tori) Fy over any field F or the Cayley torus @, over
F of ch.F # 2 (see 4.3.11). The Jordan tori over F of ch.F # 2 are the three classes
of Hermitian tori F;‘, H(F¢,*) and H(E¢,0) (see §3.1), a Clifford tori (see §3.3). or
the Albert torus A, over F where F is a field containing a primitive 3rd root of unity
(see §3.4).

§ 5.1 GRADED FORMS

We first show that certain division G-graded algebras admit a decomposition as

the sum of into the centre and the commutator or associator subspace.

Lemma 5.1.1. LetT = @gec 7, be a division G-graded algebra over F, Z = Z(T)
its centre and H = H(T) its central grading group, in which case Z = SBrecr Zn
where Zy = Z N T,. Assume that Zy = Ty, for some h € H. Then:

(i) 2= @heH Ty,

(ii) if T is alternative, it is a G-torus over the field 2.,

(iii) if T is associative, then for any g € G\ H and any element tg € T,

(a) ty=[u,v] for some homogeneous elements u.ve T,

(b) [T.7]= @ 7;, andhence T=Z&[T,T),
9geG\H

(iv) if T is alternative but not associative, and G = Z™,

T.T1=(T.T.T)= @ T,

9geG\H
and hence T=Z2¢[T,.T|=Z2&(T,T.7).

Proof. (i): For any k € H, we have kh™! € H. By 2.3.4(i) and our assumption,
we have Tp = Zpp-1Tp = Zpp-12,. Since Z = @Drcy 2k is a division H-graded
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associative algebra. it is of strong type (see 2.1.5(1)), and so Zip-124 = Z;. Hence
we get Tr = Zx and Z = @y T

(ii): By (i), we have T, = Z,, and so T = ®g€G Zezy where (z4)q¢c is any family
of homogeneous nonzero elements (see 2.1.5(1)). Hence, 7 is a G-torus over Ze.

(iii): Let g€ G\H and 0 # ¢, € T,. Since t, ¢ Z and T is associative, there exists
te € Tx such that 0 # (ty,tx]. Hence tgtr -1 k] =ty — tktgtk # 0. So by (ii), = =t,
for some nonzero z € Z,, and therefore ty = [tgtk .z7] € [T.T). This proves (a)
and “D" of (b). For the other inclusion it is sufficient to prove that for g,k ¢ H but
gk € H we have (7;,7;] = 0. Indeed, for 0 # t; € Ty, 0 # t; € Tx we have by (i),
0 # tgte = 2 € Tgk = Zgi, whence ty = t;'z and then [t,. t] = z[t,, t;l=0.

(iv): By (ii) and 4.3.11, ch.F # 2 and T is the Cayley torus over Ze. Thus the
decompositions follow from {7, Remark. page 4321 and Lemma 1.24. page 4322]. O

Corollary 5.1.2. Let G be a totally ordered abelian group and let T = ®g€G T, be
a division G-graded associative algebra over F such that 25, = T, for some h € H,
where H = H(T) is the central grading group. Then Z(T) = Z (T%) and

(THT*T*)= @ (T),, andhence T*=Z(T*)&(T+ T+ T).
9eG\H

Proof. Our assumption that G is a totally ordered abelian group implies that 7 is a
domain (see 2.2.4). and so Z(T+) = Z(T) (see 1.1.10) and H(T*) = H. By 1.1.10a

and 5.1.1, we have

(T THT7) =(T.T.T)° = [T,[T.T)] = [T.T] = b 7. o
geG\H

Example 5.1.3. Let F; = Daczn (Fg)a be a quantum torus, Z = Z(Fg) its centre
and I' = I'(Fy) its central grading group. Since F, satisfies the conditions of 5.1.1
and 5.1.2, we have for any a € Z" \ T and any element z of degree a,

(@) z={[u,v] for some homogeneous elements u,v € Fy,

(b) [Fg.Fol= €D (Fy)a and hence F,=Z&[F,, F,,
acZ™\T

which was also shown in [6] Proposition 2.44(ii)&(iii). Moreover, by 5.1.2,

(Fg F.Ff)= @ (Fy)a, andhence Fj =Z@(Ff.F} F}).
acZ~\T
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Also. for the Cayley torus Q = Q;, we have

[0.0]=(0.0.0)= & Oa.
acZ™\I['(0)

and hence O =Z(0) ¢ [0,0] = Z(0) & (C.0.0),

which was also shown in |7, Remark 1.22. page 4321, Lemma 1.24, page 4322 and
Theorem 1.40. page 4328].

Definition 5.1.4. For a G-graded algebra 7 = o) 9€G T, over F', we call a symmetric
invariant bilinear form (-.-) satisfving for all g.h € G.

(T, Tw) =0 ifgh#e
a graded form. The term ‘invariant’ (= associative) means that for all .y, =z € 7.
(zy, 2) = (z,yz).
We denote the linear space of all graded forms of 7 by Gf(7).

For a G-graded algebra 7 = @gec 7, over F. let f: 7. — F be a linear form.
We define a linear form ey : 7 — F by

| { f ifg=e
£ =
f1T, 0 otherwise.

Then
ef(z,y) :=ep(zy) forz,yeT

is clearly a bilinear form satisfying (7, 7) = 0 if gh # e.
Lemma 5.1.5. T is division graded and f(1) # 0 = €f(-.-) is nondegenerate.

Proof. Suppose that e;(z,T) = {0}. Let z = }_ z, be the homogeneous decomposi-
tion of z. If x4 # 0. then 0 = ¢/(z. 1‘;1) = ef(:rga:g'l) = gf(1) = f(1) # 0, which is
a contradiction. Hence z, = 0 for all g, i.e., z = 0. Similarly, £4(7, z) = {0} implies
that z =0. O

Observe that for all z,y,z € 7,
ef(z.y) =€5(y,z) = e([z,y]) =0 <= [T.T] C kerey
ef(zy. z) = ef(z,yz) &= 7 ((2,y,2)) =0 = (T.7,T) C kere;.

Hence.

(5.1.5a) ef(--) €GHT) <= [T.T]+(T.T.T) C kere;y.
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Proposition 5.1.6. Let T = @B,cc Ty be a unital G-graded algebra over F.
(a) For any (-,-) € GRT) there erists some f € 1. such that (-.-) = g4(-.-).
(b) Suppose that

(5.1.6a) T.TI+(T.T.T) c P 7,

g#e
Then 7. is a commutative associative subalgebra, and the map ¢ : T — GAT)
defined by €(f) = €4(-.+) is a linear isomorphism.

Proof. (a): Define ¢(z) := (1,z) for z € T and let f = ¢lr.. Thenp e T*. fe T

and
[ f ifg=e
v ng— { 0 otherwise,
S0 ¢ = &y as defined above. Therefore. for all 7.y € T, (z,y) = (l.zy) = p(zy) =
er(zy) =e5(z,y), i, () = €4(-).
(b): The first assertion follows from

7. 7]+ (T, To. T) < (D T,) N Te = (0).
g#e
Since P, ., Ty C kerey, we have ef(-.-) € GH(T) for all f € T, i.e., ¢ is well-defined.
Clearly ¢ is a linear injection and by (b) it is surjective, and hence an isomorphism. O

The division graded algebras 7 = @gec Ty in 5.1.1 or 5.1.2 satisfy (5.1.6a) above.
Note that 7. = Z, for these algebras, and so Z; =T} = Gf(T) since @gec\ﬂ T, C
@We 7,. In particular, for an alternative torus 4 = Fq or Oy (see 5.1.3). e(-,) €
Gf(A) and Gf(A) = F. (When f(1) = 1, the graded form e;(-.-) on Fy, Q, or a
Clifford torus is defined in [6, Remark 2.45, page 363], (7, Definition 1.51, page 4333
or (1, page 81].)

We will show that any Jordan torus J = Daczn Ja satisfies (5.1.6a), and so
Gf(J) = F. Since Jordan algebras are commutative. we only need to show that
(J.J,J) C @a;éo Ja. In fact, we can prove a stronger property, namely. a decompo-
sition similar to 5.1.3 for Jordan tori:

Theorem 5.1.7. Let J = @aezn Ja be a Jordan torus over F (ch.F # 2), Z =
Z(J) the centre and T =T'(J) the central grading group. Then we have

(I = @ Ja. andhence J=Z&(J,J.J).
acZ™\TI
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Proof. We already saw the case J = Fy in 5.1.3. So we only need to prove the result
in the cases where J = H(F,.*), H(E¢.c). a Clifford torus or the Albert torus. Let

J = @ Ja-
ac2™\I'
If J' = (0), then we are done, and so assume that J’ # (0).

We first consider the case J = H(Eq.0) for Eq = E,[t¥!.... . t¥!] where g = £ or
E=F.q=candoc==x Let0#teJ witht homogeneous. Then there exists i
such that ¢t = rtt;, for 1 # £ € E. Otherwise t € Z (Eq) which contradicts the fact
Z = H(Z(Eg),0) (see 3.1.2 and 3.2.18). Hence, (t,ti,t7h)° = (t+titt et 41) —
t=(z+z7'-2)t. Sincez # 1,2+ '~2#0, andsot = (z+z"! =2)7 (¢t t, 7).
Since ¢; is fixed by ¢, we get t € (J. J.J), and so J' C (J. J. J). For the other inclusion.
first note that Z = H(Z(E,).0) and Z(E}) = Z(E,) imply that I'(J) C L(ET).

Thus we have

(JJLJ)C(E].E§.Ef)= @  (Ef)laC P (E})a
acZ"\[(E7) a€Z™\I(J)
Hence we get (J,J.J) C J'.

For the remaining cases, i.e., J is a Clifford torus or the Albert torus. we recall
the generic trace tr for J over Z. described in §2.6. We have tr((J,J, J)) = {0}
(see e.g. [13, Corollary, page 227]). Note that for any 0 # ¢ € J4. tr(z) # 0 for all
Y€l Sofora.8.0 €2 ifa+PB+6¢€Tl, then (Ja,JB. Js) = {0}. Hence we get
(J.J.J)cC J.

We show the other inclusion in each case separately:

Suppose that J is a Clifford torus. Recall the standard basis {ta}aczn of J.
constructed in 3.3.8. It is enough to show that t := t, € (J,J,J) for any a €
Z" \T. By 3.3.8, there exists some u := tsg € J' such that tu = 0. Hence we get
t=—~(tu)u™! +t(uu?t) = ~(t,u,u"t) € (J, J, J).

Suppose that J = A, = F, § F, & F,, is the Albert torus (see 3.4.5). If0 # ¢t €
J'N(F, ®090), thent ¢ Z = Z(F,), and so by Example 5.1.3, t € (FX.FX . FH) cC
(J.J.J). Suppose that t e 08 F, @00r 0808 F,,. Let ue F, bea homogeneous
element of trace 0. Then, by (3.4.0), one can easily check that u~1! . (u-t) =471t
Hence we get t = 4-37!(u"},u.t) € (J,J.J) (Recall that ch.F # 3 is one of the
assumptions needed to define F,). O
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Thus a Jordan torus satisfies (5.1.6a) as an alternative torus does, and so by 5.1.6.
£f(-.-) € GKT) for any torus T = @,z Ta over F. Moreover. since T§ = F1. we
have

Gf(T)=F.
Let f1 : To — F be the linear form such that f;(1) = 1. We call €(.-) :==e5(-")
the standard nondegenerate graded form of a Jordan or an associative torus 7. We
can summarize the classification of graded forms for tori as follows:

Corollary 5.1.8. A graded form of a (Jordan or an associative] torus is unique up
to a scalar. That is, for any graded form (-,-), there ezists some a € F such that
(-.+) = ae(-,-), where e(-,-) = €4,(-.-) is the standard nondegenerate graded form. as

defined above. Moreover, (-,-) is nondegenerate if and only if a # 0.

Proof. The second assertion follows from 5.1.5. O

§ 5.2 DERIVATIONS

We classify the derivations of tori in this section. First we review some basic
concepts and prove some lemmas for certain division graded algebras.

Let & be a unital commutative associative ring. For a nonassociative algebra A
over @, a linear map d: A — A is called a derivation of A if for all 7.y € A,

d(zy) = d(z)y + zd(y).

The set of all the derivations of A is denoted by DersA or DerA unless it creates
confusion. This is a Lie algebra over ¢ with the usual commutator as the Lie algebra
product. Let Z = Z(A) be the centre of A. We can consider Derg A as a Lie algebra
over Z since zd is a derivation for any z € Z and d € DergA. Let Derz A be the
subalgebra of all Z-linear derivations in Derg A, which is a Z-subalgebra of DergA.
Note that for d € Derg A,

(5.2.1) d € DerzA <= d |z=0.

Also. by easy calculations, we have, for any d € Der¢ A and z,y,z € A, d([z,y]) =
[d(z). y] + [z.d(y)] and d((z,y,2)) = (d(z),y,2) + (z.d(y). z) + (z, y,d(z)). Hence
any d € Derg A leaves Z invariant and clearly

(5.2.2) d|z€ Ders Z.
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Let F':= & be a field and assume that Z does not contain any zero divisors of 4
(e.g. a prime alternative or Jordan algebra), as we assumed in 1.1.16. Let A be the
central closure of A over Z where Z is the field of fractions of the integral domain Z.
Let

DerzA :=Z @z Der zA

be the Lie algebra over Z. For u® d € DerzA and v ® a € A, we define
(u®d)(v®a) :=uv ® d(a).

Then u & d is a derivation of 4. Since A embeds into 4 via a — 1 ® a (see 1.1.16).
we can identify DerzA with a Z-subalgebra of DerzA. Also. since A embeds into
A, Derz A embeds into DerzA viad — 1 ®d. So we can identify DerzA with a
Z-subalgebra of Derz A. Thus we have

(5.2.3) Derz A C DerzA C Dergz.

Lemma 5.2.4. Let G be an ordered abelian group, T = ®g€G 7, a division G-
graded algebra over F (so T is a prime alternative or Jordan algebra (see 2.2.5)) and
Z its centre. Assume that the central closure T is finite dimensional over Z. Then
DeryT = Der‘z—?.

Proof. We only need to show Derz7 D Der37. Choose a basis {z1,....2,} of T
over Z which is a Z-basis of the free Z-module T (see 2.3.5(ii)). Ford € Der37, we
have d(z) = 377_, (2,/z;) ® z, for z; €Zand0# z; € Z. 1 <4,j<r. Let
z:= Hi‘j 2ij- Then zd(z;) € T for alli = 1,... .r. Since {z,.... .Zr} is a Z-basis
of 7, zd € Derz T, whenced=2"1® 2d Derz7. O

For an associative algebra A and any z € A, the map adz : A — A defined by
adz(y) = [z,y] for all y € A is a derivation. For a Jordan algebra J and any z € A.
let Lz : A — A be the left multiplication map, i.e.. L (y) = zy for all y € A.
Then one can check that for any u,v € A, [L,, L,] is a derivation (see [13, page 35]).
We call adz in the associative case and 3, [L,,, L, ] in the Jordan case an inner
derivation. and denote the set of all inner derivations by IDerA. There is also the
concept of inner derivations for alternative algebras (see e.g. [13, page 300}). We note
that IDerA is an ideal of the Lie algebra DerA. Also, any inner derivation is Z-linear.

i.e..

(5.2.5) IDerA C DerzA.
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When A is an associative algebra. a derivation is clearly a derivation of A*. So we
have DerA C DerA~. Also. note that

(5.2.6) [Ly.L,]=4ad[u.v] so IDerA* C IDerA.

Lemma 5.2.7. Let A be an associative algebra with centre Z(A) and let A* be the
corresponding Jordan algebra with centre Z(A™).

(a) If A is prime then DerA = DerA* and Derz(4)A = Derz 4+)A™.

(b) A =Z(A) + [A. A] <= IDerA = [DerA*.

In particular, for a quantum torus Fy we have

DerFy = DerF; and [DerFy = IDerF;’ X

Proof. (a): The first statement follows from [10, page 55]. The second statement
follows from Z(A*) = Z(A) (see 1.1.10).

(b): Since IDerA = IDerA* <= adA = ad[A, A], it is enough to show that
adA = ad[A, 4] <= A = Z(A) + [A, A]. The implication <= is clear. For the
other implication =, let e € A. Then ada = ad z for some z € [A, A], and hence
0 =ad(a — z), and so a — z € Z(A). Therefore, a = z + z for some = € Z(A).

The last statement follows from 2.2.5 and 5.1.3. [

Let A=6p gec g be a G-graded algebra for an abelian group G. Define for each
g€aq.
(DerA)g := {d € DerrA | d(Ay) C Agys for all h € G},

and so we have

DerA D P (DerA),.
geG

It is known that
(5.2.8) the inclusion is an equality if A is finitely generated

(see [9, Proposition 1]). Also, if A is alternative or Jordan, then by the definition of

inner derivations. we have

(5.2.9) IDerA = P (IDer4),
[ 13e

where (IDerA), = (DerA), N IDerA.
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Example 5.2.10. A quantum torus Fy = Daczn (Fg)a is finitely generated over

F. Hence by 5.2.8. we have

DerFy = @ (DerFy)a.

acin

Since (DerFy)q C (DerFy )a for all a € 2™,
DerFy = @& (DerFg)a C & (DerFj)a C DerF".

Hence by 5.2.7, we get
(5.2.11) (DerFq)a = (DerF, )a

and Derp Fg™ = @,czn (DerF )a. More generally,
Lemma 5.2.12. For an alternative or a Jordan torus T, DerT = @aez't (DerT)q.

Proof. All tori except Ff and H(E¢,0) are finitely generated: Tori of strong type,
Le., alternative tori and the Albert torus, are clearly finitely generated. See 3.1.2
for H(F,,*) and 3.3.8 for Clifford tori. For H (E¢, 0), we prove the following general

lemma:

Lemma 5.2.13. Let A be an associative algebra over a field E of ch.E # 2 and let
E/F be a quadratic extension with the nontrivial Galois automorphism ocg. Assume
that o is a o p-involution of A, i.e., an F-involution of A such that o(za) = op(z)o(a)
forallr € Eanda€ A. LetH :={ac A|o(a) =a} andK :={a € A | o(a) = ~a}.
Then:

(i) A= H& zH = EH for a suitable z € F, and K = /zH and dimp H =
dimg K = dimg A.

(ii) If d € DergA™, then 0 # d <= d |y# 0.

(iii) The map ¢ : DergA* — Derg A* defined by p(d) = odo is an automorphism
of the Lie algebra of order 2. Then H, := {d € DergA* | o(d) = d} can be identified
with Derp H by the restriction map, and

Derg A* = DerrH & \/tDerrH = EDerpH.

(iv) (IDerA™ NDerpH) Cad L where L={a € A | a+a(a) € Z(A)} = Z(A)NH.
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Suppose that A = @géG Ag is G-graded for an abelian group G and assume that
o 1s graded. Let Hy = AgNH and Ky = AgN K. Then:

(a) H=@ec Hy: K =@yeq Ky, Ag=Hy& VIHy = EH,, K, = \JzH, and
dimp Hy = dimp Ky = dimg A,.

(b) For all g € G. (DergA*)y = (DerpH)y & \/z(DerpH), = E(DerpH),.

(c) If Derg A* = @, (DergA™),, then DerpH = D cc (DerrH),.

(d) ((IDerA*)g N DerpH) C ad L, for all g € G, where Ly =AgNL.

(e) If dimg Ay = 1 for some g € G, then dimp([DerH )y < 1.

Moreover, if (IDerA*), # (0), then dimp(IDerH), = 1 and

((IDerA*)g N DerpH) = (IDerH), = F.[Lp, L]

for some homogeneous elements h.k € H.

Proof. (i) (see (15, page 190]): Since ch.E # 2, HN K = (0), and for any a € A we
have ) :
a= 3(a +0(a)) + §(a ~a(a))

and a+o(a) € H,a—-o(a) € K. Thus A= H& K. Since E is a quadratic extension.
there exists z € F’ such that E = F(\/z), and 0(\/z) = —/Z. Hence K = \/zH and
the rest is clear. (ii) follows from (i).

(iii): Clearly, ¢ is an automorphism of the Lie algebra Derg A+ of order 2. and so
by a similar argument as in (i), we have DergA* = H, ® ZH, = EH,. Thus we
need to show that the restriction map ¥ : H, — DerpH defined by ¥(d) = d |y is
an F-isomorphism. First of all, by the definition of ¢. ¥ is a well-defined F-linear
map. Since A = H & \/zH, ¥ is injective. For d € DerprH. defined : A* — A+ by
d(h + /Zh') = d(h) + yTd(h') for h, k' € H. Then one can check that d € H,, and
so ¥(d) = d, whence ¥ is surjective.

(iv): For d € (IDerA* N DerpH), there exists a € A such that d = ada since
IDerA* C IDerA. Also, since d € DerpH, d(h) = ada(h) = [a.h] € H for all
h € H. and so [a, h] = o([a, h]) = —[o(a), h]. Hence ad (a + o(a)) |#= 0 and by (ii).
ad (a + o(a)) =0, and so a + o(a) € Z(A). i.e., a € L, which proves (iv).

(a): Since o is graded, all statements can be shown in the same way as (i).

(b).(c),(d): Since o is graded, and so is ¢. Hence (c) follows, and (b) and (d) can

be shown in the same way as (i) and (iv).
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(e): We have (IDerH), C ((IDerA¥); N DerpH) C ad L,. So for the first state-
ment, it is enough to show that dimp(ad L;) < 1. Since dimg 4, = 1. Ay C Z(A) or
AgNZ(A) =(0). Hencead Ly = (0) or Ly = {a € Ay | a + 0(a) =0} = K, and so
dimp(ad Ly) = 0 or dimp(ad Ly) < dimp K, =1 (see (a)).

If (IDerA*), # (0), there exist some u € A, and v € A, such that p+¢q =g
and [Ly, Ly] # 0. By (a) we have A, = EH, and A, = EH,. and so [L,.L,] =
Zw Yiz;i[Ln,, Lk,] # 0O for some nonzero y;,z, € E, h; € H, and k; € Hy. Thus
there exist some io. jo such that, letting h := h,; and k := k;,. [Ls, L] # 0. Then.
by (ii), 0 # [Ln, Lk] |#= [Ln, L] € (IDerH),, and by the above, the rest follows. O

The Jordan torus H(Eg, o) is a special case of H = H(A.¢) in this lemma. and so
by (c), we have completed the proof of 5.2.12.

Lemma 5.2.14. Let A = @gec Ay be a G-graded algebra over F for an abelian
group G and let Z = @, .y Zn be the centre of A, where H = {h € G | AnNZ # (0)}
is a subset of G and Z,, = AnNZ. Assume that DerA = @gEG (DerA),. Then Derz A
is G-graded, i.e.,

Derz A = @ (DerzA)g
9€G

where (Derz A)y = (DerA)y N Derz A.

Proof. Let d € DerzA and let d = 5 geG 4g be the homogeneous decomposition. For
any z € Zp, we have 0 = d(z) = dec dg(2), which is a homogeneous decomposition.
since dg(z) € Ag+n and g+ h =g+ h => g = g’. Hence dy(z) = 0 and we get
dg |z,= 0 for all h € H, whence dg |z=0, and so dy € DerzA. O

The following lemma is a corollary to 2.3.4a:

Lemma 5.2.15. Let T = ®g€G 7, be a division G-graded algebra over F for an
abelian group G, and Z = @,y Zn its centre where H is the central grading group.
Suppose that DerT = @ e (DerT)y. Then:

(i) for § € G/H. we have (DerT)g := Z(DerT), = Dy e; (DerT)y, and in
particular,

(DerT)g = Z(DerT)o = @ (DerT)a,
heH
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(ii) forg € G/H, (DerT)z is a free Z-module and for (DerT)- .= Z Rz (DerT)g,

g
we have

= rankz(DerT)g = dimgz,(DerT), for all ¢’ € 3.

Proof. Like T in 2.3.4, DerT = @gec (DerT)q is a graded module of type G over
the division H-graded commutative associative algebra Z = Dicy Zn. Thus all
statements follow from 2.3.4a. O

For a graded algebra, there are special type of derivations:

Lemma 5.2.16. Let A = @gec Ag be a G-graded algebra over F for an abelian
group G. Let v be any group homomorphism from G into the additive group of F.
Then a linear transformation d on A defined by

dla,=¢(9)id|a, forallgeG

is a derivation. Such a d =d, will be called the degree derivation determined by .

Proof. For z, € A, and z, € Ay, g,h € G, with Tg+h = TqTh € Agin, we have

d(zezh) = d(Zg+n) = P(9+h)Tgrn = (9)Tgrn+0(R)Tgsn = P(9)ToTh+p(h)Tozh =
d(zy)zh + z4d(zp). Hence d is a derivation. [

Remark 5.2.17. If G is a torsion group, A is predivision G-graded and ch.F = 0,
then there exists only the trivial degree derivation. In fact, let d = d, be a degree
derivation. For any g € supp(A), let z4 € Ay be an invertible element. Since there
exists some r > 1 such that rg = 0 and 0 # z4 := Ty € Ao, we have 0 = p(0)zo =
d(zo) = d(zy) = To(g)zy = rp(g)zo. Hence, p(g) = 0 since ch.F = 0. Thus we get
d=0.

Proposition 5.2.18. Let T = @, 7. Ta be an alternative or a Jordan torus over

F. Then (DerT)o is equal to the set of all degree derivations. Moreover, (DerT)q is

n-dimensional over F.

Proof. Let (€1,... .€,) be a basis of Z" such that each ¢; € supp(T’) (this is always
the case if T is alternative, and follows from 2.4.1(iii) if T is Jordan). Also, let
{ta | @ € Z™} be a set of homogeneous elements of T so that T = Daczn Fla.
Hence te, # 0 in particular, but ¢4 could be 0 in general.
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Let
V:={p|p:Z" — F is a group homomorphism},

which is a vector space over F. Let (¢;.... .¢n) be the basis of V dual to (e;. ... JEn).
Le. pi(a) = a; for @ = aj€; + -+ + anen € Z". Since any degree derivation is

contained in (DerT)q, we have a map
d:V — (DerT)o : ¢~ d,,

which is clearly linear. The image of d is the subspace of all degree derivations. We
show that d is injective: Suppose that d(3_[_; aip;) = 0 for a; € F. Let d; := d,,
forall 2. Then 370, aidi =0and 0 = T, audilte,) = S0, aigile;)(te,) = ajte,.
Hence we get a; = 0 since te, # 0 for all j, and so Z?=1 a;; = 0, whence d is
injective.

Next we show that d is surjective: Let 0 # D € (DerT)q. Since D(ta) € Tq = Ftq,
we can define a map ¢ : supp(T) — F by D(ts) = p(a)ta. We will show that ¢
extends to a homomorphism Z" — F. Then D = d, is the degree derivation

determined by ¢ and we are done. For a, 3 € supp(T). whenever
(%) tatd = Ca,gta+p for some 0 #cq g € F,
we have

(v(a) + @(B))ca ptars = o(Q)tats + 9(B)tats = d(ta)ts + tad(ts)
= d(tatﬁ) = d(ca,ﬁta-i-ﬁ) = p(a+ ,B)Ca,ﬁta+ﬁ-

Hence we get p(a) + ¢(8) = p(a + B) for all a, B € supp(T) with tatg # 0.

Now, for the case where T is of strong type, i.e., an alternative torus or the Albert
torus, we have supp(T) = Z" and therefore (*) holds for all a,8 € Z". Hence we
obtain that ¢ is a homomorphism.

For the case J = H(F, ) or a Clifford torus, the central grading group is

'=2Zo,+ - +2Zom +2ZOmi1 + -+ + Loy,

for some basis {.... ,0,} of Z™ and some 1 < m < n (see 3.1.5 and 3.3.8). Let
a € Z" \ supp(T). Since 2a € T C supp(T) and ch.F # 2, we can define

ola) = %¢(2a) for all @ € Z" \ supp(T).
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Then we get a map ¢ : Z" — F. For a € supp(T). a and 8 = a satisfy (*) since

t2 = ctaq for some 0 # ¢ € F. Hence we obtain
(1) ¢v(2a) =2¢(a) for all a € Z".

Since the centre Z = @, . T is a torus of strong type, 2a, 28 € 2Z" C T satisfy

(). Hence
(2) p(2a +28) = ¢(2a) + ¢(28) for all @, B € Z".
Then, by (1) and (2), we get

2p(a + B) = v(2a + 28) = (2a) + p(28) = 2¢(a) + 2p(B8) = 2(p(a) + p(B)).

Hence p(a + B) = p(a) + ¢(B) for all @ € Z™ since ch.F # 2.

For the case T = F;’, we have by 5.2.11, D € (DerF;)o = (DerFg)o, and so by
the case when T = Fy, ¢ is a homomorphism.

For the case T = H(E¢.o), we have by 5.2.13(b), D € (DerrH(Eg,0)), C
(DerE, )o, and so ¢ is a homomorphism as in the case T = Ff. O

We call (d;.... ,d,) defined in the proof the standard basis of (DerT )g relative to

Corollary 5.2.19. Let T = @,z Ta be a torus over F and Z = D.ecr Fzy the
centre. Then for all ¥ € T, we have (DerT)., = 2o (DerT)g = zyspan(d;.... .d,),
and in particular dimp(DerT), =n. O

Corollary 5.2.20. Let T = @ ez~ Ta be a torus over F and Z = D, er Fzy the
centre. Then for any d € DerZ, there ezists d € Z(DerT)o with d |z=d.

Proof. Let d = Z-yer d~ be the homogeneous decomposition. By 5.2.18, there exists
some homomorphism ¢, : I' — F such that d., = 2ydy., where d,. € (DerZ)y is
the degree derivation determined by .. If ¢, can be extended to a homomorphism
¢y : Z" — F, then the degree derivation d;_ € (DerT)y satisfies dg. iz= d,., and
we get d := > ver *vdg, € Z(DerT)g such that d |z= d. Thus we are done if we

show the following lemma.:
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Lemma 5.2.21. Let T = @ c7~ Ta be a torus over F and I' = T(T) the central
grading group. Then any homomorphism ¢ : ' — F can be extended to a homomor-
phism & : Z" — F.

Proof. By the Fundamental Theorem of Finitely Generated Abelian Groups. there

exists a basis (€,.... .en) of Z" such that
'=mZe, +---+m,Ze,

for some my,... .my > 0. If,

(%) for any nonzero m;, ch.F does not divide m,.

then we can define a homomorphism @ : Z® — F by

5(e:) { (e ifm; #0
Ei) = *
¥ any element in F if m; = 0.

Then clearly ¢ |r= ¢. Thus our work is to show that each class of tori satisfies
(4). For the Cayley torus, H(F,, ) or a Clifford tori, we have all m; = 1 or 2. and
ch.F # 2 in these cases (see 4.3.11. 3.1.2, 3.3.8). For the Albert torus, all m; = 1
or 3, and ch.F' # 3 in this case (see 3.4.12). Thus we need to consider Fq, F;’ and
H(Eg.o). Since I'(Fy) =['(Fg) and T'(H(E¢.0)) = ['(Eg) (see 3.1.2), we only need
to show that F satisfies (f):

Suppose that p :=ch.F divides my # 0 for some k. Let Fy = Fy[t¥!,... ¢3!
with the (€;.... ,en)-grading and g = (g;;). Then t** € Z, and so t;'*t; = t;tp* =
eitikt;, whence iy = 1for all j. Since my = ply for some lx > 1 and ch.F = p.

Gk,
we have ¢gi* =1 for all j. Hence ti* commutes with all ¢, and we get t'* € Z. Thus
kj k 3 k

FCmZey+---+ L Zep+---+mpZe, CT.
which is absurd. O

Corollary 5.2.22. Let T = @,czn Ta be a torus over F with the notations as

above. Then
DerT = DerzT & Z(DerT),.
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In particular,

(DerzT)a = (DerT)a  for alla € Z*\T and DerzT = (P (DerT)q.
acZ™\T

Proof. Suppose that DerzT N Z(DerT)g # (0). Since both DerzT and Z (DerT)g are
homogeneous. there exist some 2., € Z, and d € (DerT)g such that 0 # 24d € DerzT.
Then z, is invertible. and so 0 # d € DerzT. By 5.2.19, d = a1dy + -+ + andy for
@.....an € F and some a, # 0, where {d;,... .d,} is the standard basis of (DerT)o
relative to (€1,... .&n). Then, in the notation of the proof of 5.2.21, me, €T, and
so for 0 # = € Zpy,¢, . we have d(z) = a,m,z # 0 since ch.F t m, (see () in the proof
of 5.2.21). This contradicts d € DerzT. Hence DerzT N Z(DerT)o = (0).

For any d € DerT, we have d’' := d |z€ DerZ (see 5.2.2). So by 5.2.20. there exists
d' € Z(DerT)o such that d |z= d’. Then (d — d') | z= 0, and hence d — @ € Der,T.
Therefore, d = (d - J’) +d" € DerzT + Z(DerT)o. Thus we finish the proof. O

We want to show that
IDerT = Der;T.

We first consider the case where the central closure T is finite dimensional over Z.
namely, T is either H(F,, =), a Clifford torus. the Albert torus or the Cayley torus.
For the Cayley torus, this is shown for fields F of characteristic # 2.3 in (7, Lemma
1.39(b). page 4327 and 4328]. (Note that if ch.F = 2, then the Cayley torus does
not exist (see 4.3.11)). So we only consider the three Jordan tori above. The method
we will use is the same as in the case of the Cayley torus in [7]. Note that we are
assuming that ch.F' # 2 for all Jordan algebras and that ch.F # 3 for the Albert

torus (otherwise the Albert torus does not exist).

Lemma 5.2.23. LetT = Doczn Ta be one of three Jordan tori H(FL, *), a Clifford
torus or the Albert torus. Then IDerT = Der;T.

Proof. Since the central closures of the three Jordan tori are central division algebras
(see 3.4.7) and their degrees are not divided by ch.F (the central degree of H (Fe, *).
a Clifford torus or the Albert torus is, respectively, 2™. 2(or 1) or 3 (see §3.2 and
§.3.0), all derivations of the central closure are inner (see [13, Exercise 1, page 258 for
degree 2, [13, Theorem 9, page 254] for special Jordan algebras of degree > 3 and [13,
Theorem 17, page 408] for exceptional Jordan algebras). So we have DergT. = IDerT.
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Since IDerT C DerzT (see 5.2.5), we need to show that DerzT C IDerT. By
5.2.14, it is enough to show that (DerzT)q C IDerT for all a € Z"*. Let d €
(DerzT)a- Since DerzT embeds into Derz1 = Derff = IDerT (see 5.2.4), we have
d =3 [L:gu, L:ou] for some z; ® u;. 2] @ u} € T. Then. clearly there exists
0 # z € Z such that 2d = 3, [Ligy,.Lige’] = 3, [Lv,, Ly;] for some v;,v] € T.
Hence, 2d € IDerT. Let z = > ~er 3+ be the homogeneous decomposition. Then we
have zd = 3 z,d € IDerT. Since IDerT is homogeneous. we get 2yd € IDerT for
all 4. Since z # 0. z, # 0 for some ~. Since z3! € Z, we obtain d € IDerT. [J

We consider the remaining tori. i.e.. T = Fy, Ff or H(E¢.o). For the case
T = Fg = @aczr (Fg)a: We have the following result from [6. Lemma 2.48, page
364]. (It is shown there over the field C of complex numbers, but the proof works
over any field.): for all @ € Z" \ T and any 0 # z4 € (Fy)a,

(5.2.24) (DerFy)a = F.ad 24 # (0).

In particular, (DerzFg)a = (DerFy)aq = (IDerFy)q for all @ € Z* \ T (see 5.2.22).
and so IDerFgq = Derz F,. Then, by 5.2.7, we have

IDerF” = IDerFy = Derz Fy = DerzF;.

Moreover. 5.2.24 and 5.1.3(a) imply that for all & € Z"\ T, there exist 3,8 € Z" \T
and 0 # ug, vs € F of degree 8 and § such that 8+ 6 = a and

(5.2.25) (DerFy )a = F.[Lug: Lyg) # (0).

Finally. we consider the case T = H(E¢,0). We show that for all a € Z" \T,
(DerT)q = (IDerT)q. First we note that (DerT), # (0). Otherwise by 5.2.13(b),
we have (DerEg )a = (0), which is a contradiction (apply 5.2.25 for Eg’ instead of
F7). Let 0 # d € (DerT)q C (DerE{ )a (see 5.2.13(b)). Then, by 5.2.25 for E7,
d € (IDerE{ )a- Thus, by 5.2.13(e). we obtain (DerT), = (IDerT)q, and so

IDerH(E¢,0) = DerzH(E¢. o)

(see 5.2.22). Moreover, by 5.2.13(e), for all & € Z™ \ I, there exist 8.8 € Z" \T and
0 # ug,vs € H(E¢, o) of degree B and 4 such that

(5.2.26) (DerH(Eg,0))a = F.[Lug, Ly,] # (0).

We state the above results together with 5.2.19 and 5.2.22 as a theorem.
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Theorem 5.2.27. Let T be an alternative or a Jordan torus over F excluding the
Cayley torus over F of characteristic 3, I' the central grading group and Z its centre.
Then
IDerT = @ (DerT)a. DerT = IDerT @ Z(DerT)o.
a€Z™\T
Moreover, (DerT)g is equal to the set of degree derivations of T, and for all 4 € T,
dimp(DerT)y =n. O

We do not yet know dimp(DerT), for a € Z™ \T'. We only know this for T = Fy.
Fy or H(Eg.0). Namely, for all @ € Z™ \ T,

dimp(DerT)q =1

(see 5.2.24, 5.2.25, 5.2.26). Also, in the case of the Cayley torus O = @, over F of
ch.F' # 3, we know that for all a € Z" \ T,

dimp(DerQ)q = 2

(see by [7. Theorem 1.40. page 4328]). In the next section we will find the homoge-
neous dimensions of IDerT for T = H(F,, *), a Clifford torus or the Albert torus.

§ 5.3 INNER DERIVATIONS

Let A := F¢ and J := H(A,*). By Theorem 5.2.27, for a € Z" \ I'(J). we know
that (DerJ)a = (IDerJ)q, which is spanned by [L,, L,] for u € Jg and v € J,, with
B+~ = a. By 5.2.6, we have [L,,L,] = 4ad([u,v]) |, and so

(DerJ)a C Bq :={adz |; | z € Aq, [z,J] C J}.

If a € T(A), then ad Aq = (0), and so (DerJ)q = (0). Suppose that a € supp(J).
Then for any z € Aq and any y € J, we have (adz(y))* = ([z.9])" = [y.z] =
—adz(y) since z* = r and y* = y. Hence adz(y) = 0 or adz(y) ¢ J, and so
Ba = (0), whence (DerJ)q = (0).

Suppose that a ¢ (supp(J) UT(A)). By the similar argument using £* = —z for
a ¢ supp(J), we get [Aq,J] C J, and so Bq = (DerJ)q. If By = (0), then [Aa, J] =
(0). Since J generates A as an associative algebra, we get [Aq, A] = (0). But this
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contradicts our assumption & ¢ I'(A). Hence B, # (0), and so dimp(DerJ)o = 1
since dimp A, = 1. Consequently, for a € Z™ \ ['(J), we have
(0) if a € supp(J) UT(A)

= (IDerJ)q =
(DerJ)a = (IDerJ)q {Ba;'(o) otherwise.

Thus:
Theorem 5.3.1. Let J = H(F¢,+). Then fora € Z"\T'(J),

0 ifa€supp(J)UT(F)

dimp(DerJ)a = dimp(IDerJ)q {1 otherwise. O

Note that always I'(J) C supp(J) but I'(F,) ¢ supp(J) happens when * is of
second kind (see 3.2.18). Also, one can directly (without Theorem 5.2.27) show that

ad Aq C (IDerJ)q for all a ¢ supp(J). In fact, let 0 # y € A,. Since y & Z(A).
there exists ¢; such that [y, ¢;] # 0 where t; is one of the standard generators, i.e., A =

Fe[tF!, ... tFY]. Soy = clyat; !, t;] for some 0 # c € F, whence ady = e[Lye-1. Le,]-
Since yt; = —t,y, y° = —y and t; = ¢t;, we have yti'l,t,- € J, and hence ad y is inner
on J.

Clifford Tori

Let J =& aczn Ja bea Clifford torus over F, and so I = 2Z™ & Z"~™ for some
l <m < n. Let {ta}acz~ be the standard basis of J described in 3.3.8. By 5.2.27.
for « € Z™ \ T', we know that (DerJ)q = (IDerJ)q, which is spanned by

Dpy = [Lyg, L]

for B.4 € Z™ with f+y =a. If 3 = B, mod I and v = v mod I', then
Dg, ~, = 2Dg 4 for some z € Z. Hence (DerJ)g = Z(DerJ)q is generated by D=
for 3. € Z™/T = ZT* with B8+ = & over Z where Dgﬁ is defined as Dg -, for any
choices of B € B and 4 € 7. Let

Mz={{B5}cZ} |a=B+7 B,5#0}.
Then rankz(DerJ)g < tMz. Since §Z7* = 2™, we have

(1) Mg =(2™ -2)/2=2m"1_-1.
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Let S := supp(J) be the semilattice in Z", S the image of S in ZJ* and L := ZT*\ S.
For @ € ZT' \ {0}, we define

Ps={{BA}eMz|BeLorvelL}.
Since tg =0 for 8 € L, we have
(2) rankz(DerJ)z < Mz - § P5.
To find §P5, we define
Qs ={{B ¥} €Mz |BeLand¥eL}

Then, by a simple counting argument, we obtain

iIL - 1Qs ifag¢glL

(3) ﬁPE:{ﬁL—l—nQa ifaelL.

Theorem 5.3.2. Let J = @, 7+ Ja be a Clifford torus over F with the notations
above. Then for a € Z™ \ T, we have

o™=l _1—l+q@) ifagl

di DerJ)q =
imp(Der/)a {2’"‘1—l+q('a‘) fael

where | := L and q(&) := 4Qz. In particular, if S = Z" is a lattice, then for all
a € Z"\T, (DerJ)a has constant dimension, namely, dimp(DerJ)q =2m"1 — 1.

Proof. We know that J = Z &V is a finite dimensional simple Jordan algebra of the
nondegenerate symmetric bilinear form n(-,-) over Z where V is a vector space over
Z with basis indexed by 5\ {0} (see 3.3.8). Let s := 5\ {0} = dim» V. Since DerJ
is the set of all skew symmetric linear transformations of V relative to n(-,-) (see [16,

page 5]), we have

(4) dim DerJ = 3(32' L,

Now, by (1)-(3), we have for @ € ZJ* \ {0},

2m—1_1_l+q(a) lf'C—!¢L
nkz(DerJ)g <
(5) rankz(Der )0—{2m-1_l+q(6) faelL.
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dimy DerJ = dim> DerzJ = dim+ (DerJ) . = rankz(DerJ)z.
4 zZ Z a
T#0 a#0

Thus. by (5).

(6) dimzDerJ < s(2™ ' —1—0) +1(2™ ' =) + o(a).

Since @ # 0 <= B # ¥ in Z*, we have

Y q@= <i> = l(lgl).

aezZr\ {0}

Note that SULU{0} = ZF*, and so | = 2™ — s — 1. Hence the right-hand side of (6) is

S(S—Qm-1)+(2m—s—1)(s+]__2m—1)+ (Qm_s—l)o(Qm—8—2) =S(S;1)

Therefore, by (4) the inequalities of (5) have to be equal. Since dimp(DerJ)q =
rankz(DerJ)z for @ € Z3* \ {0} (see 5.2.15(ii)), we have finished the proof. O

Example 5.3.3. (1) Let m = 2 and S = {§,.8;}. So L = {1 + &;}. Hence for
any v € 2Z% & Z" 2. we have dim(DerJ),, +4 = dim(DerJ)¢,+v =2—-1—1=0 and
dim(DerJ)e, +e;+4 =2 — 1 = 1. These dimensions are known (see [31. page 13]).

(2) Let m = 3 and § = {€,,%2,83}. So L = (&) + 2,8, + 3,82 +53.5; + 55 +
&3}, and q(&1) = q(&2) = q(E3) = q(F1 + &) = q(8, +E3) = q(F2 +&3) = 1 and
q(€1 + & + &) = 0. Hence for any v € 2Z% & Z"~3, we have dim(DerJ)¢, 1~ =
dim(DerJ)e,+y = dim(DerJ)e,+~ = dim(DerJ)e, sepiequy = 22 —4—-1+1 = 0,
dim(DerJ)e, +e,+~ = dim(DerJ)¢, +e;,+4 = dim(DerJ)e,1e54y =22 -4+ 1= 1.

(3) Let m =3 and S = {&,.8,,83.81+%2}. So L = {€, +&3,8, +83,6 +&2 +53}.
and q(€:) = q(€2) = q(€1 +&2) = 1 and q(83) = q(€1 +&3) = q(E,+&3) = q(&1 + 52 +
€3) = 0. Hence for any v € 2Z3@Z"~3, we have dim(DerJ)¢, +~ = dim(DerJ)e,+~ =
dim(DerJ)e, +e,44 =22 -3 —1+1 = 1, dim(DerJ)e;4y = 22 =3 -1 = 0, and
dim(DerJ)e, +e5+~4 = dim(DerJ) e, +e;+4 = dim(DerJ)e, +ep4e54y = 22 — 3 = 1.

(4) Let m = 3 and let S = Z™. Then for any a € Z" with & # 0 in Z3, we have
dim(DerJ)q = 22 —1 = 3. This is the case where J is the plus algebra of the octonion
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torus @ = Q;. As we already mentioned in §5.2. dim(DerQ), = 2 for all & € Z™ with
@ # 0 in Z3 (see [7]).
In all examples above. we obtained g(@) < 1. However, g(&) can be bigger than 1

in general.

Albert Torus

For a unital Jordan algebra J with the centre Z. we define a map
{.-}:IxJ—1IDerJ by {z,y}:=[Ls.L,] forz.yeJ.
Then this is a skew symmetric Z-bilinear map satisfying
(0) {zy.z} +{yz.2} + {zz.y} =0 forall z,y,z€J
(see e.g. [13]), and it is clear from the definition that
(1) foralze Zand ye J, {z.y}={y.z} =0.
Also. by the skew symmetry of {-.-} and commutativity of J, (0) can be written as
(2) {zy,2} = {z.yz} + {y.zz} forall z,y.z€J

For z.y € J. we have by (2). {z%.y} = {z.zy} + {z. 7y} = 2{z.zy}. Thus we have
a formula {z*,y} = i{z,z*"y} for i = 1,2. Since {1,y} = 0 (see (1)), this formula
holds for ¢ = 0. Thus {z*,y} = i{z.z*"!y} for i = 0,1.2. However. in general it does
not hold for 7 = 3 anymore. Note that if z° € Z, then {z3,y} = 0 (see (1)). Let

0 ifn=0mod3
[nfj=[nz3=¢{ 1 ifn=1mod3
2 ifn=2mod 3.

Then since {-, -} is Z-bilinear and z°™ € Z for all m € Z, we get the following formula:
(3) {z",y} = [n]{z.2" "'y} foralln € Z,

provided that z3 € Z and z~! is defined.
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For convenience. we denote for r,.... .z, € J.
11(1'2(1'3' "'(xm—lzm)...) by I1Z2T3 Tyy-

Let J = @,czn Ja be the Albert torus over F (ch.F # 2,3). andso I’ = 323 &
Z"73. Let {ta}acz~ be the standard basis of J relative to the basis (€1.... .&n) of

Z™. described in 3.4.5. Recall that the structure constants for this basis are

2
Lw. w? 1 W w
Lwowc, 373 T

where w is a primitive 3rd root of unity in 3.4.5. Let let t; = te,. Then for a =
a1€1 + -+ an€n € Z™ and any ordered multiplication using ¢;.... .¢, of degree a,

say (t)a € Ja, there exists some

pEf]:= {(—%) w-’lz’,jEZ} such that (t)q = ptJ*---t2n.

Now, as in the case of Clifford tori, for a = a6, + - -- + ane, € Z" \T'. we have
(DerJ)q = (IDerJ)q, which is spanned by {tfl cetBn Tt for B = Bieg 4+
Bren, ¥ =71€1+ - + Yn€n € Z™ with B+ v = a. Also. since I' = 3Z3 & Z"~3. we

have z :=#{* .- t8ntJ* ... $1n =1%4.. .42 ¢ Z and
(4) (bl ]t} = () e T e )

Lemma 5.3.4. For 0 # @ € Z™/T = Z3, rankz(DerJ)z < 2.

Proof. By (4). it is enough to show that d := {t7't52t5% ¢)'¢)*t°} is a Z-linear
combination of two elements in (DerJ)z which are independent of 8;,~;. i = 1,2.3.

By (2), there exist 01, 02,03 € Q so that
d =0 {t]' 7 325} + o {t52 . 431407453} + o {0 £ 220},
Since I' = 3Z% @ Z"~3, we can apply formula (3): Let

Ar = {ty, t9 g0},
Ay = {tp, t71 3271159},

Az i = {ta, ¢33}
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Then there exist p,. ps, p3 € Q so that
(5) d = [B1]p1A1 + [B2]p2 A2 + [B3]p3 As.

Hence d is an F-linear combination of the three elements Ay, Az, A3 € (DerJ)g which
are independent of 3,,v;, i = 1,2.3. Thus if we show the existence of a nontrivial
relation among A;. A, A3. we are done.

By the skew symmetry of {-.-} and by the same method as above, there exist some
T1.T2, T3 € Q so that

(6) —d = {t] PP, 17152450} = [y A, + [v2]m2 A2 + [y3]73A3.

Add the two identities (5) and (6). Then letting J; := (Bilpi + [vi]m for i = 1.2.3. we
get

(7) 01A; + 0 A; + d3A3 =0.

Sincea@d=B8+%F#0in Z™/T = Z3. there exists 1 < J £ 3 such that [[Bj] + ['7]]] #0
(this j depends on a not on B or 5). We claim that d; # 0. Suppose that §, =
[Bilps + bwslm; = 0. Then [6;] = ~[v;]ry/p;. Since 7,/p, € Q and [8,), ;] € Z.
73/p; = (=1/2)* for some k € Z. Hence (~2)¥(8,] = ~[r,] and [[8,]+ fr,]] = [16,] -
(=2)*8,]] = 0. which is a contradiction. Thus we have shown our claim. Therefore.
(T) is a nontrivial relation among A|, Az, Az, and this finishes the proof. O

Finally, we can prove the following:

Theorem 5.3.5. Let J = @,z Ja be the Albert torus over F with the notations
above. Then for all a € Z* \ T, we have dimp(DerJ)q = 2.

Proof. We know that Der—z-7 = IDerJ is a simple Lie algebra of type Fj, and so
dimz DerJ = 52 (see [16, page 21}). Then. as in the case of Clifford tori.

52 = dimyx DerJ = Z rankz(DerJ)g
a#0

(see 5.2.22 and 5.2.15(ii) and Lemma 5.3.4). This forces to rankz(DerJ)g = 2.
Therefore. by 5.2.15(ii), we get dimp(DerJ)q = rankz(DerJ)g =2. O
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