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The transport of momattum and heat in turbulent flow ’//)/
is often affected by buoyancy fJ;:eg. In the present

1nvestlgat10n, a turbulent re01rculatory flow 1n51de a

/!
- rectangular cavity is studled. The flow is driven by the

combined effects of shear, 1nduced by a mov1ng lower wall,
P~

~
and buoyancy, 1nduced by a temperature difference between

the upper and lower walls. -

The analysis is based on(the development of a two

——

equation turb

ence model proposed by Jones aud_Launder
[24]. 1In isﬂmodel, the equations for the kinetic-energy
of turbulen dissipation rate f-the kinetic—euergy of
turbulence and meau—squaré&temggieture fluctuations are .
eolved numerically, together with the ﬁomentumtand energy
equations, using the coatrol volume approach. A numerical
technique based on the Gosman proéegu;e\WQJ is developed to
solve the equations. |

The flow of water and liquid sodium ié investigated
for Reynolds numbers up to 105. The effect of buoyancy
forces'isfﬁnélyzed. The flow patterns, tempe;\ture _
dlstrlbutlons? average Nusselt numbers and. turbulence Qrﬂﬂ"’
charaeterlstlcs axe presented. .- )

g i , .
The obtained results and observed trends are in good

- -

"agreement with" analytical and experimental work reported by

other investigators {1, 3. and 15].
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Cavity width, m

- Gravitational acceleration, 9.80¢ m/s?

' kinetic—energy of turbulence, K =

_ NOMENCLATURE

Definition

Y
Control volume cross-sectional area, m2

Eai - Sp . o . 4\\ .

Coefficient of the fifiite &ifference\

' equation

Convective.term, C = pUAa

Spec1f1c heat at constant pressure{\F/kg.

Empirical coﬁstant appearing in the K~-e
model, See table (3 1)

Diffusion term, D = rA/Ay , ‘
Constant in the 1ogar1thmlc law of the wall

[

Generatlon term ] - ) &

Flux at control volume boundaries ’////’

Grashof'number, Gr = gBGTdS/V?
Mixed convection parameter

J
Cavity height, m

-
(uy)
Characteristic tirbulence-length scale

NI

Prandtl's mixing-length
Prandtl's mixing—length of scalar quantlty

Number d% grléﬁﬁesh in x and Yy dlrectlon

frespectlvely

¢ -

~

-
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.. ’ Def.uut:.og, .. | S

) Nu Average Nusselt numbe;h,, lgg B} o
v ' 'ﬁub Avewage Nusselt number com,x;:uf:‘ec’!0 with ~
N " buoyancy forces ‘ g
A .' ‘n : Coordinate norma}. to the wall ‘
P 5Pressure, IwI/m2 : S .
- Pr ' Prandtl nurnb_er,__ Pr = Eg—u- S
y S : : \‘\*/
»" Q. r\ Heat £lux, W/m2 L -
, q. o s.Meen-sqnare'temperaturg gluctuaition,QKZ
* Re ‘ Reynolds number, Re -: T ‘__W/'f—'-'_,,
. . qu Source. term, see r.‘a_b}ew(a 52)
' . S:pV Integral sourcéh.term, _.SA)","= Splqsp + Su,
false False source. tern J_;W 2
Sp e "Spy +_ max (z:c., 0-’?;) . .
Sp1 -*[‘;/_'L“ Component of llnearlzed source term |
Su Sul*!-max(Zc,oo) e .
b 7S‘u1 COmponent of llnearlzed source term

(=]

1

- m/s

S

Py
’I‘e’mperature P K>
Uppér wall temperat,urel %k
Moving wall temperature, °k

Temperatufe dlfference between two succe551ve
cells ~ , e

Mea'n.velocity component in JLthe x-direction
S W,
-L hd

¥ Q

Moving wall veloci'f':{y, m/s
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o v Definition
—=-runition

Under-relaxation faétor-

 wvelocity fluctuation\component in the x-

directlon, m/s

:Mean ve1001ty component in the y dlrectlon, m/s

.\

Veloclty fluctuation comporn@ft in the y— : :

\
direction, m/s C : .

. . -
. "
» - '

Cell volume . o

Dimensionless horizontal .and vertlcal carte51an

”coordlnates, x/d, y/d respectively .

Horlzontal and vertical cartesian coordinates

-

Coefficient of volumetric expansiod, 1/°k ¥
Dissipation £ate of turbﬁlehce kinetic energy —%-
Constant in Van Driest's formula
Thermal conducgivitf, W/moK'
Exchaﬁge cogfficient u/o

Dynamic viéﬁréity,.kg/hl—sec
Kineﬁaticlﬁiscosity, m2/s

Fluid density, kg/m3

Shear stress, N/m?

General variable o7

] e
Prandtl number

i *

‘Summation over control volume sides
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: Symbol h ‘Definition - .
Subscripts .
. A E,W,N,S ‘ 'East, West, north and south neighbouring
. e,w,n,s ‘ East, west, north and south side boundaries -

of‘control volume

eff . Efféctive (molecular plus turbulent)
K ' For kinetic-energy of tﬁrbulence :
p : Centre node of, control volume
t | . Turbulent
. . x Local value - . ! é
W Wall value - é
€ For energy-dissipation - :
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Superscripts ' - |
—_— : Average value =~ : J//T
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- CHAPTER 1

. INTRODUCTION " _ \

The transport of momentum, heat and ﬁass areroften
affected by the gravitaﬁional field. Such is the case for
recirculatory flows in enclosures, buoyant shear flows or
warm jets submerged in cold temperature fluids.

In order to study the effeces of buoyancy forces on .
the transﬁort of momentum and heat; cavity flow was chdsen.
Its geometriclsimplicity and praetical implicetions provided
a good-test for theoretical models and new nﬁﬁerical schemes.

One example of cavity flow may be found in the fast
breeder nuclear reactor (Phoenixi, where the reactor core
is surrounded by a large vessel filled with hot liquid sodium
and traversed at the bottom by a cold jee leaving the heat
exchanger. The mixing-laye}stoﬁ the cold jet create a.
turbulent recirculatory flow which is affected by buoyancy
forces due to'density changes induced by the temperature
gradientl '

The analytical study of tht:“?robIEm was carried out

by Grand et al. [1] for laminar fIow conditions, using water

and liquid sodium, by solving humerically the Navier-Stokes

and energy equatlons in the stream func&ezz/iﬂgzvort1c1ty

fo . They presented the stream lines and the isotherms
togethsr with 96 }Nﬁ&selt number for Reynolds numbers in the
range of 102 to 103 ang for ratios of the mixing convection

parameter, Gr/Re? between 0 and 1.




" numerically the flow, heat transfer and turbulence

- The objective of the present work was to study

A

characteristics of the cavity flow for high range of Reynolds

nuimber up to 105. It also represents, 40, the author s

- knowledge, the first attempt‘to predict numerlcally the

turbulent recirculatory flow affected by buoyancy forces_

in a rectangular cavity. - , . K

4

The numericai‘calculatioﬁgjwere'based\on the development
of the two éqﬁation model of tu:p&leﬁgé in which the turbulent
exchapge coeff&cient (the turbulént viscosity} was determined
from the solution of two transport eqpatio&% for the kinetic
energy of turbulence K, and the rate of dissipation of the
kinetic energy of turbulence ¢. |

A finite differencé solution for the governing equations
of motion in their primitive form (veloc1t1es and pressure),

the energy equatlon and the transport equationg, for the

turbulencg_quantlties was obtained by developi a numerical

'téchnique suggested by Gosman et al. [2]. A hyb
and upwind differentiating scheme based on the contro volume
integration approach was used.

A brief review of related literature in cavity flow
p;oblems and mathematical turbulence delsg}s presented in
chapter 2. The theoretical developmenté which led to the
mémentum equations, the energy equationaand the transport
equations for the turbulence quantities, together with £he

boundary conditions, are presented in chapter 3.

"%

!
"L
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e numerical and comMputational procedures are distussed .

'chapters‘4 and 5 respectively. The numerical. results

.

'foF the flow, heat transfer and‘turbulenée characEeristics'

aré given in chapter s.
‘ _ ' .
Parameters studied include the o0lds number Re,
and the mixed convection parameter Gr/Re? for Prandtl
numbers of 3 and 0.01.
The numerical results are compared with available
data published on the flow and heat transfer in cavity flow
for loN.Reynolds numbers. It should be not however, that

limited\data appear to exist for cavity fiow at high Reynolds

numbers.
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ih‘*by Batchef’th3] and Squire ‘[4].

"~

2.1 STEADY FLOWS 'IN RECT

RS |

.. . CHAPTER 2

... SURVEY OF LITERATURE

1 . ‘ | | ‘ ’J

GULAR CAVITIES

One example of a elosed streamline prg,lem is the fluid
motion generated in a rectangular cav1ty by the translation
of the upper or lower wall. This problem has attracted
several 1nvestlgators because its geometric 91mp11c1ty is
appropriate for testing the theoretical models and new
numerical schemes.

Cavity flows driven by shear in the absence of buoyancy
forces have been studled for a wide range of Reynolds numbers
Analytlcal studies for high Reynolds numbers were carrled out
Batcheloa 8 analysis assumed
that.the flow inside the cavity can be considered as an
inviscid core of constant vort1c1ty with a thin layer along
the boundarles quglso showed that the separated reglon has
a fixed size at high Reynolds numbers; in other words, the

size of the Primary eddy is 1ndependent of the Reynolds

number. . '

Ced

Numerical solutions of the Nav1er—Stokes equations have
\\“Eéy studied

been reported by Donovan B] and Burggraf [6].

the problem of a Square .cavity and provided a comparison with
Batchelor's model. The computations which were carried out

at Reynolds number of 400 showed that the flow consists of

TR G SR RY
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three eddies; . One prfmary eddy occupylng mogt of the cavity .
and two secondary eddies at thé upstream and

corners of the cavity.

1551de rectangular cavities for Reynolds numbers
400. Their results showed that the size of the ritmary eddy-
.is dependent on Reynolds number Bp to a value of at least
2700. The upstream corner eddy increases in size up to a
value of 500 and then shrinks continuously.

\\\\\_—”’/Ehe’ﬁature of theleddles formed in the cav1ty depends

- also on the aspect ratio (cavity height to width ratlo)

Visual studiesg by Mills [9] and Pan ang Acrivos [7], for a
cavity in which the upper wall is moviﬁg, investigated the
behaviour of thé eddies for differeﬁt aspect ras}os The
downstream corner eddy becomes larger with 1nF£;a51ng aspect
ratio. For an aspect- ratio of two, the downstream corner /i

eddy grows until it occupies fhe entifz lo#er’portion of the

cavity. The relative position of the pair of eddies depends

on the Reynolds number.

One.of the maip problems in computational fluid mechanics

-?

is that the grld size must decrease as the Reyn%lds number

QS;;j‘\ increases so that numerlcal stability is Obtained. Greenspan

[10] consideregd the cavity flow prcblem numerlcally,u51ng the




: generalized'Newthn‘s methQQ.with over réléxation to.speed
"ﬁhe convergence. " He obtaineé a convergént solution for
Re&nolds number up to 10% and for a mesh-size of 1/2b*and
1/50; Greenspan did not ‘observe any ;econdéry eddiés whenv
" he employed a mesh size of 1/20 for any 6f the Reynolds
numbers he assumed. This mesh size was founa to be large.
However, at mesh spacing.of 1/50, the flow configuration,
which he obtained at Re¥n01ds number of 1b“, contaiﬁéla down-
stream secondary eddy, whereas at Refnolds number of 10° no
secondary eddies were observed.

The Impgrial College group at London [11, 12 and 13]

have conducted a series of investigations relatingto the

cavity flow driven by sheai in the absence of buoyancy forces. .

These series of studies emﬁloyed an unequal mesh spacing with
decreasing mesh size towards the wall so that the variations
near the wall could Be predicted accurately. They also used
a unidirectional differentiating technique on the vorticity so
that the differences were always backwards with reference to
the direction of flow and thus accelerated the cohvergence.
These new features were not present in the pre&iéus
investigations.

Studies on cavity flowé driven by the coﬁbiﬁed effects‘
of shear, induced by the moving top wall, and buoyancy forces,
induced by the tgmperature difference between the top and

bottom walls, have been carried out by Torrance et al {14)

for Prandtl number of one and Reynolds number of 100 with

* The notation 1/20 means that the ratio of mesh size to cavity dimenséon
is 1:20, :
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different values of Grashof number. Thelr results showed-

that, in the absence of buoyancy forces, for aspect ratlos

of 1/2 and I, only a single primary eddy appears yith a small
corner eddy, whereas for en aspect.rat&o of é, a secondary _
eddy appears within the lower portion oF the cavity with the
existence of a corner eddy.j They also found that the buoyancy
forces tended to dlmlnlsh'%he strength of the primary eddy.
Grand et al [1] have studled the problem for$the two
dlfferent Prandtl numbers of water and liquid sodlum They
numerically solved the Nav1er—Stokes equations for laminar
flow. Velocity and temperature distributions were obtained
for Reynolas numbers ranging fromt_lo2 to 2.5 x 103 and mixed-
convection parameter ranging from 0‘h% l. - They found that

both secondary eddies are enhanced due to the buoyancy

forces in ‘the case of liquid sodium but, for\water, only the
)

downstream corner eddy is enhanc%d while the upstream one
disappears. .

Another investigation was carried out by Nallasamy and
Prasad I[15] for a wide range of Reynolds numbers from 0 to
5 x 10Y. They solved the full Navier-Stokes and energy
equations numerically using a finite-difference technique;
They obs@wyed the tendency of the secondary eddies to shrihk

in size with increasing Reynolds ﬂﬁmber, ending with only the
\

_Primary eddy at high Reynolds numbers. The tendency of the

centre of the primary eddy to move towards the centre .of the

cavity with increasing Reynolds number was also observed.

LT 8T X AT Ao s
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Summarlzlng the prev1ous works’ on the cavlty flow, —
results have been- obtalned by solv1ng analytlcally and
numerically the Nav;er-Stokes and energy equations for
laminar ffgw. To the author's knowledge, no study has been
carried out for turbulent flow affected by buoyancy forces

in rettangular cavities. .

u

2.2 MATHEMATiCAL MODELS OF TURBULENCE

2.2.1 The Basis of Constructing a Turbulence Model

The momentum equation for turbulent flow (the Reynolds

equation) can be written as follows:

- 30,
3 3 d i 3P
at P01+ g (PUU5) — gy - eBEg) 4 = 0
i 3 : i
. l.-‘h

This equatlon may be s0lved dlrectly ‘without correlatlng the
fluctuatlng terms (Reynolds stresses —puiuj). At present,
this equation cannot be solved numerically, since the important
details of turbulence are small scale in chaéacter. ‘For
example, eddies responsible for the decay of turbulence are

typically about 0.1 mm. Consequently, in order solve the

equations numerically, about 10° discrete points may be
needed, which would exceed the storage capacity of'any
existing cow&#ter. Therefore, the time—averaéed‘effects

the turbulence are usually considered, rather than their

macroscopic details. -
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Slnce there 13 no direct way _ of knowing the. magnltude

of’ these terms, 1t 15 'ecessary to.approxmmate or model'

Hence, a 'turbul ce mode refers_zzﬁgcset of equations
».which, when n 1cally so ved. with the mean flow equatlons,
; provides a solutréﬁ for tur ulent flow problems., .

. T - The concept of a turbulence model was first formulated

by Bou551nesq[15] As in Stokes s law for laminar flqy
93U,

(T2 = “axl)' he suggested that the turbulent shear stress
j -

S 4 e g o g

é ' (rt,k —pu u } was equal to.the product of the mean veloc1ty

gradient and a turbulent viscosity y ‘ -

t°
Hence, ' .
al. al.. .
S i
= - = — 4 —J
Tt pu Yy “t(axj- axi)

where the turbulent viscosity My is not a flUld Property as

is p, but its valge depends on the structure of turbulence at

the point of interest. -
0 - T O
The introduction of the concept of turbulent viscosity

”t was the basisg for constructlng a turbulence model Further
'development involved its expression in terms of calchlable

guantities. This was accomplished by using different approaches.

2.2.2 Algebraic Turbulence Models - .

The first attempt to express the turbulent v1sc031ty
algebralcally as a function of known quantltles was attributed

to Prandtl in 1925 117], where an important advance in
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modelling a turbulent flow was made by the j dgetion of
a hypothesis which has become known as'Prandtl's‘mixihgj

.length theory. In this hypothesis, the turbulent viscqéity

' is describeqd by the following formula:
= l,218U ‘ L
=013l

where %  has been prescribed algebraically.
One of the interesting ceﬂiiybgtions.in:describiﬁg the
» mixin&Llength was the proposal of Von-Karman in 1930 [16].
He suggested“that the mixiﬁgzlength'zm is proportional to the
ratio of the first to the second derivatives of the mean

- . s

velocity, i.e.’

; 30 , a2y :
Emu|§§ / g;rl .

This proposal eliminated the need to prescribe the m%ring—

. n2
léngth profile, but in many cases where %;g = 0,_at the

[N

ihflection points of the velocity profile, the formula gives
infinite mixing-length, and therefore the turbulent shear
stress cannot be computed for the above-mentioned conditiop.
A large amount of experimental data has been reported ‘
by Esculier [18] in the boundary ;ayers near a w&ll. He
concluded thé?, éxcept in the semi-laminar region cl&%;'to

the wall, the mixing-length distribution could be deécribeq'

Y . M

4
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.by'the_féiloﬁihg-formula, - -
2m=|cy

‘where k = .435, and ysis the pérpendicular distance between
the wall and the point of interest.
In the semi-laminar region, Van Driest h9] suggested

) ' . . . ) » s f" . ) X
that the effective viscosity is given by the sum of the laminar

*

and turbulent viscosities, thus :

.l }"—7

= 230
Pegg ~ W F p’?‘mlayl

-

~Where 2 is described by the following algebraic equation

S

YTW p ]

An (2.1)

- L= kY [l - exp.-

/

}éith A = 26.0 . g
Modifications to Van Driest's hypothesis were necé;sary,
for Van Driest's mixing-length formula to satisfy different

cases. Among these modifications, Patankar and Spalding [20]

preposed that the local shear stress t, should appear in the

+
formula of 2 . instead of the shear stress at the wall Ty thus:
2 ='rf'[£ - exp.- t%'/A] (2.2)
m Xp. Y7, . ] . -

-

ula gave a better correlation with the eﬁﬁerimental‘

results which they obtained.
. a
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~exchange coeff1c1ent the m1x1ng-1ength hypothesls was

extended .80 that it could deal with the turbﬂlent exchange

b

coeff1c1ent of scalar quantities [1l6]. For a scalar quantity'

¢, the turbulent diffusion flux may be expressed as:

-~

-
L]

J = - d ' (213

. - s r¢'t grad ¢ N .. ( )

where the turbulent exchange-coefficient F¢ v is given by:
' ’

Ty, 0 = P R m| y| : (2.4)

hm 8 is the mixing-length'ecale of the scalar quantity
r

2.2.3 Differential Turbulence Models

The expre351qgiéf/the turbulent v1sc051ty through

algebqalc formulae did not fully describe the turbulent

phenomena in most cases, because the algebraic formulae do
not take into account the convective and diffusive transport
of the turbulencelptoperties. Hence, the .turbulent viscosity )
is described using a differential transport equation, as

conjectured by Kolmogorov [21]. .

-~

“In theé same manner as the treatment of the momentum /




2.2.3.1 One equation model\of turbulence

Kolmogorov I21] propoged that, instead of relat}ng the”
turbulence veloc1ty to the ‘mean veloc1ty gradlenﬁ a better -

Teépresentation would be to relate it to the kinetiic

i
) i \
energy of turbulence K [16] " Thus the turbulencelveloc1ty
may be expressged asg: \
|

' V. ayK

i N
' , . .

. . q
where K = %(GE), and the turbulemt viscosity be%cmes

|
|
d

He = pVetp = pdi-hm

! .
| -

", Thehkinetic~energy of turbulence X isg determined. from the
solution of the dlfferentlal transport equatlon, but the mixing-
,length Lo Still has to be prescribed algebralcally

Instead of solving the differential equaticn for the .
turbulence properties (i. e. K,2, etec.) to obtain . the turbulent
\ﬁvisc051ty and hence the Reynolds stress, the turbulent stress
can be obtalned directly by solving a dlfferentlal equatlon
for the transport of the’ .shear: stress itself. The first model’
of thlS kind was that developed by Bradshaw et al [22]. The
model ls‘based on the hypothesis that the turbulent shear

\u

stress 1§\proportlonal to the kinetic energy f turbulence

K as follows.
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where K and hence Tt are@determlned from the dlfferentlal

transport equation. The length scale, which appeared in the

equation for K, was descrlbed algebralcally. Lack of experi—

mental data d4id not allow them to smmulate the t-equation.

.

Nee and Kovasznay [23] developed a transport equation in which

the turbulent viscosity is|[the dependent variable instead of

K. 1In so doing,tthe transport effects on the turbulent viscosity
were conSLdered,'but the assumed length scale profile was not
\ universal. ~ " a
. : ~1n order to account for the transport effects on the

length scale, the latter must be described throngh a dlfferentlal
equatlon.

.

Hence, to cbtain’a better prediction, 1t is necessary
to consider two eguatlon

mode}s.

2.2,3.2 Two equetion' models of turbulence '

).

‘componént of velocity by its fluctuatlng value, tlme—averaglng

and summlng the resulting equatlons. Following Launder and

Spalding [16], the form of the equation descfibing the transport
of K is written as:
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‘where the various fe:ms are interpreted as follows:

-

A N ’ N .‘
The -term g% represents the change in the kinetic energy due

oL S <
toy convection. The term = ——(— /) represents the
3 o] ?xk ak axk

diffusion of the kinetic enerqgy., The production of the
" ¢

kinetic energy is expressed by the term ;—(3;— + 5;—), and
4 k i

. the term ¢ gives the valaé of, the dissipation of the kinetic
energy.
== .
The transport equation for the length scale & has been

'déﬁeloped in a different form by several authors. Among them,
Ng and Spalding [24] have dg;ermined the length scale from

‘the solution of two trahgport equatioﬁs for Ke and &.

Spalding {25] determined 3 from the soiﬁtion of two transport
eduations for K/22 aﬁd 2.

'
One of the models, which has successfully predicted

turbulent flow, is the K-¢ model developed by Jones and
Launder {26). 1In this model, the turbulent viscosity is
determined from the solution of two transport equations, one

¢

for the turbulence kinetic energy K anﬁ the other for the
dissipation rate of thé turbulence kinetic energy e, fhrough

the following relation:.
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v 372 ) .
= c;pK /2 . "

By

where c; is a constant. The length scale of turbulence

2 is defined in terms of K and ¢ as follows:

The transport equation for e was first developed by Hanjalic

[27]. It may be written as:

e?
. K

ut 3e clcu e an BUk an
T E(ax + Bx.) 3x, €2
k i k

£ k P

" The interpretation of this equation follows a similar argument
to that used for XK.

A similar transport equation for the mean-square
fluctuation of a scalar property 'F', such as the square of

temperature fluctuations may be derived by multiplying the

equation for 'F' by ifs fluctuating quantity 'f'. Spalding
[28] has adopted the following form: _ .
T e
Dg _ 1 3 (EE gy ¢ 41, BE 2 _ g X2 q
Dt p Bxk aq'axk p t axk d, l'

where 4 represents £ﬁé mean.sduare fluctuation of F,
i.e. EE. ’ |
Jones gnd Launder [26] have applied the "K-e model" °
to predict the behaviour of boundéry'iayers in accelerating

flows where the boundary layers revert from turbulent to

e

AT SR PO NS S L S
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laminar flow, a phenomenon called "laminarization”. Their

' predictions were in close agreement with .the experimental

results.' Launder éna‘Spqlding I29] predicted turbulent._
boﬁndary layer flows as weill as turbulentfrecirculatory flows
using the "K-e¢ model". The obtadined results were in close
agreemént with experimental data.

The model has also been used by Taminini [30] to predict

_the turbulent diffusion flame, while Plumb and Kennedy [31]

have applied it to natural convection from ajvertical isothermal
surface. Their results were found to be in reasonable agreement
with experiment.

Mujumdar and Li [32] used the model to predict a 'two-
dimen51onal turbulent flow between parallel plates and their
results were found to be in close agreement with experimental
data. Salcudean and Guthrie [33] applied the model to describe
the recirculatory flow in filling ladles. The model has also
been used to predict three-dimensional flow in ducts of
rectangular cross-section rotating about an axis normal to
the longitudinal direction [34]. Agreement with experimental
data was good for constant area ducts at low rotation, but for
divergent ducts at high rotation, the results were not in good
agreement with experimental data’ Modifications to the forms
of the K and ¢ equations wére necessary to account for the

rofgpional effect,
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The purpose of the ﬁresent work was to invéstigate the
effects of Reynolés-number and buoyancy forces on turbulent
zreéirculatory flows in square cavities. The flow is driven by
the combined effects of the moving bottom wall and the temperature
difference between the top and bottom walls. In performing the
calculations, the k—e turbulence model was developed éo account
for the buoyancy forces. The flow patterns, témperature
distribution and turbulenqe characteristics are presented for the
two different Prandtl numbers of water and liquid sodium for a

wide range of Reynolds numbers up to 10%, and mixed convection

parametersfrom 0 to 2.




CHAPTER 3 . ' »

I

MATHEMATICAL FORMULATION

3.1 INTRODUCTION

The governing equations for steady, incompressible and
Newtonian flow with constant physical properties in a
rectangular cavity, with the :exception of the contributionlﬂ
of the temperature dependent density to the buoyancy forces, are
bresented in section 3.2. kThe equations are then represented
in a standard form in seétion 3.3 to simplify the soiution
érocedure. The bdundary conditions for the resulting

elliptical equatioms and the treatment of the near wall

rggiohs are given in sections 3.4 and 3.5 respectively.

3.2 GOVERNING EQUATIONS v @ .
,A — pe

The physical model is.shown in Fig. 3.1. A two-

dimensional rectangular cavity of widtﬁ d“and height h is
considered. The top and bottom walls are maintained at a
constanéltemperature T and T0 respectively, the vertical
walls being insulated. The temperature T; of the toé wall ‘:j
is higher than 'I‘o for all cases. The bottom wall is moving —
with a constant velocity U, from left to right.

The conservation of momentum for a tu;bulent flow can
be obtained from the Navier-Stokes equations by e*pressing
the velocities and pressures as mean and fluctuating
components; b; time-averaging, the resulting eqﬁation -

(the Reynolds equation) efcluding the body force will be:
N
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Coa 2, o
3 3 PN i 3P -
FElPU;) + axj(puiuj)?x_axj("axj p“i“j) + 3%y - 0

=

where - puiuj is the turbulent (Reynolds) stress, which
express the superposition of the fluctuwation on the mean
motion.

It is assumed that the turbulent shear stress is

(3.1}

related to the mean rate of strain via a turbulent viscosity

Ut‘
aU. 3Uu
- a0 u. = 1 ]
1.8- Duluj e axj axl)
y

By substituting the turbulent stress, Eg. 3.2, into Eg. 3.

the conservation of the momentum for a turbulent flow is

obtained:
30, U, U,
2 _a_ 8yl 1 —3J
5t PUs) F g (U Ug) axy s + ve 7m0 T % axi)
a .
+ 22 -
h-J
ax;

The following agsumptions age made: -
(i) The flow is two~dimensional and steady,
(ii) the fluid is'incompres$ible and Newtonian,
(iii) the physical properties are independent of the
temperature,with'the exception of the contribution of the

'_temperature depehdent density to the buoyancy forces.

(3.2)

1,

(3.3)
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Under the above assumptions and by considering
cartesian coordinates due to the geometry of the system, .’f
the x and y momentum equatiéns reduce respectively to:

3 w2 3 _ 32U |, 22U, _ . .,
ax PU7) + 57V — uoee Gam + 332 Meff

Yeff 3xay

3 3 g2y _ 32v . 32%v 3%2v
ax POV + 55 eVE) = wepe Gam * 597 7 Vesr 3y7
¥ ‘ J

. 32U . 3P
Heff 3xoy ~ dy

=0 (3.5)

where Wofs is the effective viscosity of the fluid and is
taken as the sum of the molecular and turbulent contributions,

i.e.,

-

Magg = W T g (3.6)

L
Feollowing Jones and Launder [26], .the turbulent
viscosity My is detérminedrby the lpcal values of the density
p, the kinetic energy of turbulence K, and the turbulence

length scale &. Thus, for dimensional homogeneity:

Wy = Cl']pK;;iz (3.7)

where c; is h constant. The turbulence length scale is

determined from the solution of the rate of dissipation of
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41 ' the turbulence Kinetic-energy e, which may be assumed
“‘ . ) ) ' T K ) i »
proportional to K3/2/2_ o _ O

Thus, the turbulent viscosity may bé\éfcast as:
< -

-3 ut = CupK2/E ‘ * ' (3.8)

)where cu is a constant.
In the present work two equations for K and e are
solved to determine the turbulent viscosity.
An equation for K may be obtained from the Reynolds
equation. Launder and Spalding [16] have shown that the .
transport eguation of the kiﬂétic energy of turbulence can bé

written as:

where ox is the turbulent Prandtl number

yd
utG is the turbulence generation

e is the dissipation of the turbulence kinetic
eﬁergy.
The transport equation for the dissipation rate of thé_

kinetic energy of turbulence €, can be written as:

Yeff 32¢ Yeff 32¢

L] 3 [
Ez(pUe).+ §§(pve) - ;. "7 o w7 .clf u. G
€ . '
+ Czp_K =0 . . (._3'10)
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where c;, ©5 and ¢, are emplrlcal coefflclents [26]
The temperature distribution is computed by solv1ng

the following equat::;/;gr the transport of energy: -

_ Yeff 327 - Yeff 327
3x4

—;(DUT) + 3§(DVT) =0 (3.11)

2
Teff Seff °¥

w—

where Oaff is the effective Prandtl)number, which is

related to the molecular and turbulent values as follows:

' il
=kt (3.12)
o C .

The Contribution of Buoyancy Fotces

The cavity flow is affected by the temperature
difference between the top and bottom walls, which causes
changes in density, thereby inducing buoyancy forces. These
forces are included in the y-mcmentum equation by considering
them as imposed body forces, and are expressed by the term
paBsT [171. '

Iu a turbulent flow, the fluctuation of the temperature ‘
affecte the transport of the tutbulence energy and its
dissipation rate. Due to these effects, a buoyancy term
needs to he added to the equatlons of the klnetlc-energy of

turbulence and the energy dissipation.

The relation between the temperature fluctuation and‘
the vertical velocity fluctuation, as suggested by Launder

and Spaldlng HS], was used as follows.

.
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Where_q is the'mean-séuarg temb&?ﬁture.fluctuation.

The tégnsbort_equétioﬁ for the mean-square temperature
fluctuation ‘is,derived'bf multiplying the energy eqﬁation by
thé_fluctuating quantity of the temperature t, and then time-
éveraging the resultant equation. . Following Lagnder's

»
suggestion [16], the equation for g can be derived as:

2 3 Paff 32 Heff 32
gz(pUq) + ay(pvq) e 3;% —E;_ 3§3 .

. 3Tyv2 4 3Ty27 - €y =
+ gqlut[kax) +(ay) ]: cquﬁq 0 (3.14)

Therefore, the complete set of equationsdescfibing_the'

turbulent flow with the influyence of buoyancy forces may be

.....

summgrized as:

/
Conservation of Mass:
. AU ; AV _ ) ' .
x Ty 0 ~ (3.15)

This equation is not solved dir%ctly, but is'uséd to generate

the pressure equation. Y

Conservation of .Momentum:?

x-component:
3,2y 4 O _ 32y _ © ¥%u _ 3ty _ 32V
ax(pu ) +_ay(?VU) Heff ax2 Veff ayf Haff 3x2 Hers IXIY

+ 22
X

=0 (3.16)




z:comﬁonent:
< .

-

B 3 (. y2
ax(pUV) + ay(pV )

o'

[
’

Conservation of Energy:

) N A
s—i(DUT—) + S?(DVT) -

L

~

Kinetic Energy of Turbulence:

. a a -
H‘(OUIE) + E;(DVK)

)

A

32y _ 32V © - a2y
Yeff 3x% ~ Vefs 3y2 ~ VYeff 3y7 " Mefs ax3y
. _ "
+§ + pgRST = 0 (3.17)
. , .
T u
eff 32T eff 327
27 Zeff a1 (3.18)
Terf 2X Yeff Y
Meff 32K _ Meff 32x _
_?K IX< ox Ay <

JS%ﬁ%@

+'che - pgBcy, (qK)/!3 =0 \.(3.19)

. \
S

sy

Dissipation Rate of the Kinetic Energy of Turbulence:

3 N I
3§(pU8) + gy(pVe)

)
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Mean-Square Temperature-Fluctuation:

3 eff 32q  Meff 32 [ 2 AT, 5

3e0D) * ggleve) - 2L 1g - ae P " e B+ 637
b ) -’ -
+c p=q=0 " (3.21)

Turbulent .Viscosity Equation:

R He = CIJ p K2 /¢ (3.22)

"where the o'sg represent the turbulent Prandtl numbers for

o ,
the parameters in question and the c's are the constants of

¥

the modél.

Numerical values for Cpr cu, C1, Ca, Uk and o are

those reccmmended by Jones and Launder d26], the values for.
c3 and ¢, chosen were based upon experimental data [31] and
the constants ¢_ , ¢  and oy are those used by Taminini [30].

a1 d2
The values of these constants are given in table 3.1.

3.3 GENERAL TRANSPORT EQUATION

‘The set of equations, Eq. (3.15) - Eq.(3.21), represent
the governing equations to be solved numericafﬁy. Following
Gosman et al. (2], these equations can be represented by a

standard form so that a 51ngle solutlon algorlthm may be

-

,"___ﬂpplled This form is given by: '

-»

P P X A R T




I 3. i TR

(bve) - 03 - o gi

3 L, 9
pUs) + 3y 5% % S¢ (3§?3)
-—-—~ . ety o .
- convection terms diffusion terms source
1 ‘ E : term

-

' Eqg. (3.,23) represénts the transport of a general variable ,
‘4. The first two terms of this equation agﬁpunt for the

convectioh transport due to the fluid motion, where ﬁ.and \Y

-

are the’ horlzontal and vertical mean ve1001t1es' The third

and fourth terms represent the dlfoSIOn transport of ¢, where
I represents the turbulent exchange coeff1c1eqt. The term on
“  the right;hand side is the source term,énd‘is specific for all

equations. .

The substitutions for the ¢, T and S¢ terms for each

different eguation are summarized in table 3.2.

-

. Table 3.1

"\

The Values of the Model Constants

b Fs

c;t €p c1 Co Ca Cy cql 'cqz %K i Uq
o
0.09 ;1.0 [1.44|1.92 | 1.44 0.5 fZQB 1.7 Q\o 1.3 0.9
e
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3.4 BOUNDARY CONDITIONS - | FD

The applicable poundarf conditions are spécified as

follows (see Fig. 3.1): . : ! L.

,0=u, ; V=0 rqn the ﬁoviné wall
U = q : V=20 . on the stationgry walls
T = To and T =.T; |, on thé lower and upper
‘ wails respectivyely
"3T/3n = 0, y . on the ve;tical sides

-

3.5 NEAR WALL REGIONS
Py

Far from the solid walls, the velocity and temperature
gradientsare usually not very stgep, a moderately finite
difference grid gives accurate solutions.: However, close to
the soli@ walls, the gradients of the velocity and temperature
are much steeper, and therefore a fine grid is needed to obtain

accurate results.

-

,3.5.1 Modification of the Momentum Transport Eguation

Close to the walls, the momentum transpoit processes

have been modelled througﬁ the wall function method [29].

In this method, the nearest-to-wall point p, as shown
in Fig. 3.2, should be‘sufficiently remote from ﬁ, which lies
gn the wall, so that the term (pK%&/u)p will be much greater

than unity. Consequently, the viscous effect will be entirely

- overwhelmed by the turbulent effect. It is then assumed that

#
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a logarithmic velocity profile prevails in the region between
. , o .
- the wall and the node p, the expression being:

b
U E (7o) :
—p _1 m(__..E___.y e W) (3.24Y
& K u
(T/p)w

‘
where the subscript p indicates that the values are those
at grid node p, yp is t distance from the wall, and « and E
are the log-law constanfs. Furthermore, in the uniform-shear

'streﬁf layers, the convection and diffusion can be neglected.

It may then be shown from Eqg. (3.19) that:

- _ %
5T Ty < cupK _ (3.25)

From Egs. (3.24) and (3.25), the shear stress can be related to
the velocity and the kinetic energy of turbulence fhrough the

relation:

s X3 O
' (3.26)
% pK%

&n(ngg—gi———g)

K C
T [

p"_"

=

3.5.2 Modification of the Energy Transport Equatioh

Following Patankar and Spalding [20], the heat flux
JMear the wall can be expressed as a function 6f the wall

shear stress as follows:
¥
.

-

o
CPJTWQ ('I‘w - T)

ut(U+ + p)

(Q/m), =

(3.27)
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" where ut'is the turbulent Prandtl number, .
u, = U/«Tw/p ' : T
- . Do .
and p is a constant. : “
The valw$ recommended by Spaldlng and Jayatillaka [35] nhas

been used in thig work.

i.e. 0.75 - :
P =9.24 (L) : (3.28)
Ut ' X

The heat flux can be related to the klnetlc energy of

turbulence as follows:

K = '(T\w/p)/c:“ ] . (3.29)
and hence, )
Yol T
TP = cu p
Therefore, " ,1
< o K (TW - T} .
= .30
(Q/n) T OB ' . (3.30)

3.5.3 Modification of the Transport of Dissipation Rate
Equation .

The rate of d1551patlon of the kinetic energy of
turbglence near the wall Ep' is fixed according to the hypothesis
that the length scale varies linearly with the distance from

the wall. Following 1[2], it is assumed that 5 varies according

to the ﬁollowing relation:
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= e# = \/(Tw/p)a/.cyp ' | (3.31) /

« From Eq. (3.29) , Tw/p = K cE
Therefore, the expression for_ib becomes:

' 4 2
€ = c3/ Ka/

3.32
p y P ( )

/Kyp

3.5.4 Modificatioh of the Transport of the Mean Square
Temperature Fluctuation Equation

In the near-wall regions, the generation and dissipation
terms in the transport equation for the mean square temperature
fluctuation far outweigh the other terms. Thus, from Egq. (3.21),

it can be shown that:

C K u
g=-4_Ppt [(——BT)2 + (—BT)Z] (3.33)
C_pE Ix Yy
92 ’
2
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CHAPTER 4

THE FINITE DIFFERENCE CALCULATION PROCERURE

-

4.1 INTRODUCTION

In this cﬁapter, the ﬁinite difference procedure for
the general traﬁspo;ﬁ equation, Eq.(3.23), is presented.

The finite—aifferénée equations are dgrived-using the conkrol
volume integration.technique. '

The calculation proced;re for the general terms is
stated in section 4.2, while the source terﬁs are presented
in section 4.3. The stabiiity of the final set of algebraic
equations in the iterative solution procedure is discussed
in section 4.4. Fina%ly, the pressure eqﬁation is derived in

section 4.5.

4.2 DERIVATION OF THE GENERAL TERMS

4.2.1 The Grid Network ‘ oy

il

In deriving the finite differelcq)equation,'the cavity
is represented by'a rectangular grid‘network,as shown in
Fig. 4.1. The continuous lines are the grid lines and the
intersections of the latter are the nodal points. The dotted
lines, which lie mid-way bbetween the grid nodes, form the
control volumé. |

The fluid properties  (p and p) and the quan;ities

(P, T, K, ¢ and q) are computed at each nodal point,.while

the components of the velocity vector U and V are calculated
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at the control volume boundaries. Each variable will therefore
be at the ceﬁtre of its control volume.

The physical boﬁndaries‘(cavity walls) are chosen to
coincide with the control volume boundaries, in order to

’5 R -
facilitate application of the boundary conditions.

4.2.2 fﬁe Derivation Procedure

Since the variables and the control volume have been
* ’ .
specified, the transport equation, Egq.(3.23), can be integrated
‘ t
over the corresponding contrel volume, within which the fluid

properties are assumed constant. Thus,

3 _ 8 o8¢, _3_ 3%
ff[ (bus) + 3= ve) - I rdh - & (ray)] d (VOL)
VOIL, ’

f S 4 (voL)
vOoL

Using Gauss's theorem, the above e&l&tion can be

written as:

-

f

fn[(pw - it G -1ty ]dy

s
e 3¢ 2%
+f [(pv¢ - [‘ay)n - (pVo —I‘a—g;) ]dx - f 5§ .4d(voL) = 0
w VOL
or, in short form,
F, - F, + F - ﬂs da(vorn) - ) (4.1)

- VOL

.
At
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where the subscripts e, w, n and s refer to the east, west,

north and south boundafies respéctively, and

T i 3
& \'. F, = SJf(pU¢ - F?%?e dy
; o .
. _ .3 ,
_ FW—J(DW ridy ay
- -
e
= - rdt
. . F ‘/ﬂ(pV¢ ‘ ray)n_ﬁx
W
e _
= LD
Fs ./.(QV¢ FBY)S dx ‘
w .

‘The last four equations represent the total flux into
the control volume from the east, west, north and south -

boundaries. .
: ] R »
If the transport across the control volume boundary is

. " regarded as one-dimensional, then the flux solution may be

*

expressed as follows [2]:

s Pg Vs As [fs ¢S.+ (l.- fs) ¢P]

oy
I

H
Il

s exp. (Pe)s{[exp(Pe)s,— l]

=K
0

w0
1

Pg Vg 9ypé/rs

s (og + pp)/Z

)
1]

-3
i

s (.rs + rp)/z

*
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In- order to save computing time, the exponential terms’

y

are approximated in a simple algebraic form as follows: «

For any x,

1 2,
oX ] (1 + §) ; !x|<2
= 1 x >2
e®-1
0 X <-2
Using this approximation, the expression for f_ becomes,
LY ' -
® - & -
1 -1
5[1 +.2(Pe)s] _ . I(Pe)s|<2
E. =41 (Pe) _ >2
0 - (Pe)s<(2*
By letting ag = VS As fs
Cs T Pg ys As
and D = T AS/Ayps
then GPe)s becomes cS/Ds,and the expression for thesfiux
term F_ is given by:
FB = as(¢S,_ ¢p) + cs¢p N (4.2)
where
* ) v
a, = |e cs/2 >Dg (4‘..?)
. 0 CS/Z, <"'Ds {

.36 ! ' l " -‘...;. Vuv
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-From the defi itioné.bf the c's and D's, it is clear

that they represent \the convection and diffusion transfer Coe
e

-

. respectively. Consequently, the parameter Pe, the local

Peclet numbexy is the ratio of the convection to diffusion
transfer rate. The F's réprésent the fluxes across the

boundaries into or out of the control volume. They are egual

'
»
H
]
(
3
E
i

to the weighted sum of the convection and diffusion tefms,
(see Eq. (4.2)).
The three expressions for a. in Eq.(4.3) can be

represented in one expression as:

_ 1 4
a = max.(lcs/2i, D) + 5 ¢ (4.4)

Similarly, by following the above procedure, expressions

for Fe' Fw and Fn can be written as:

- : Fo = 3glo, = 4g) + c o
3 -
Fg & ayloyg — 05) + ey (4.5)
i F = an(¢p - ey) *ooney
i ‘ with a_ = max{|c_ /2|, D} =~ e
! e U 2 e
a_ = max{|c /2], D) + % c
W w/ ! Tw 2w
a =.max(|c /2|, D) - Lc
n _ n " Tns 2 ™n




Substitution of the"expresé&ons Fgr Fyr F and Fo

from Egs. (4.2) and (4. 5), into the conservatlon equatlon for
the control volume, Eq (4. l), glves'

¢p[(ae + a, + a + as)’+ (ce - c, + c, - cs)]

!
(ae¢E + aW"fW +,a.n¢N + aS¢S) - f S¢ d(voLn) = Oﬁ,:_
VOL
The term (ce -¢, tc, - cs) represents the net

accumulation of mass and, to fulfil continuity conditions, it

must be equal to,zero. Therefore:

n
o

(4.6)

Zl: ‘ajé; - ¢p¥al + S,y

_wr‘le're 2. denotes h and § . '_/]Stb a(voL)
- T i=e,w,n,s ; )

the integral of the source term over the control volume.

4.3 THE CALCULATION OF THE SOURCE TERM

The' source term for the transport equation of each of -

the variables is expressed»linearly as follows:

f,fs15 d(VOL) = Spye, + Sup ' - asT
VOL B S

where'Sp1 and Su, take the following forms:

)

SN




'The Transport of U-Momentum Eguition

LY ' ' -~ " ) v
Su; = f Sy d(VOL) o
f . . M

VOL o e
- ff (- -_ + 22U 2 Y ) dxd
: Heff axZ T Veff axay 4
VOL C

EH

W 3 e g n
AU OL . AV . VoL
P I Ay +(“eff Ax) Iw Ax +(“eff AX) ls

. e AY
“ - _ ®
The Transport of V-Momentum Eguation ‘
' ¥
. Sp1 = ) d
P 2y —
Su, =l/. b-%§-+ Maff %?f + Maff g 5y + pgB8T} dxdy
VOL
S n n
. . AV VOL VOL
= P ln 8X + Heff Ay | Ay + Heff Ay) IS AX

+ pgB+8T+VOL

The. Transport of Klnetlc-Energy of Turbulence

p2 K_
‘D P.vor, - pr c;.(q/K)!5 «VOL

o

‘Sul = utG *VOL

Tﬁé~Transport of Enexgy Dissipation "
p € N
Sp; = - ¢z —xE - VOL - c3c4pg8 (4/K)¥ -voL
. P . .
. G € ' >
Suy = ¢y —t-K—B « VOL
L - Ky - PN
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5. The Tranéport of Mean-Square Temperaturé-Fluctdation

» 8Spy = =-c¢c_op %‘- VoL

Su

Substituting the general form for the source term,

Eqg. (4.7}, info Eq. (4.6), yields:

? ajé, - ¢p ; ay +,_Sp1¢p + Su; =0

or
. ay - SP1)= ; a;j¢; ¥ Sug ' (4.8)
LY
©. 4.4 STABILITY OF THE SOLUTION PROCEDURE .

The fipite difference equations derived in the previous

section, Eq.{4.8), are a set of non-linear algebraic equatx/ns

" For each variable, the coe£f101ents ai, Sp1 and Su1 are

functions of the other variables. Hence, theée equations are
solved using an iterative technlque and the stability of the
iterative solutlon is discussed in this section. K

Consider a set of algebraic equations of the form:

X PN (aijxj + bf) v (4.9)
PN N
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where xi are unknown vectors. If the coefficients aij and
b, are constants, then Eq.(4.9) will be a set of linear

algebraic equationS'whibh may be solved iteratively to-yield
. . ¥
stable convergent solutions if laijli 1 for each i;

j.J#L

la,il<X. In the case where
. A By .

3,071 .
Egq. (4.9) is non-lin&ar, i.e. aij and bi are not const'ants,
the above conditions are necessary, but they may not be

sufficient for convergence [13].

-

Comparison of Egs{{4.8) and (4.9) yields the following,

a,
a.. Z_l_

1] i Zaj—SpI =
J

Therefore, in order for Eq. (4.8) to satisfy the

conditions for convergence, the following conditions must be

met:

or

Z|ai[ < 'Eain_Sp1 ' (4.10)
1 1 ,

L]

Since, from Eq. (4.3), the coefficients aij are always positive,

then Eq. (4.10) will be satisfied if Sp, £ 0. In the last

=t

A

W
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section' it was shown that Sp, is always Zero or. negative.

The condltlons for convergence will then be sathfied agd the
1terat1ve procedure becomes stablé. However,durlng the
lteratlon procedure, the coeff’ﬂzlenés may equal zero. This
will lead to 51ngular1t1es in: the f1n1te—d1fference equations.

To avoid thlS, an additional fals term, s
qu}ﬁ.ﬁ), where

Sfalse

is added to

= max(thi,O.O)X(¢; -
1.7

and ¢; is the value from the previous iteration. It should be
. noted that the false term will not affect the final results
for a converging solution; because at convergence ¢; % ¢,

P
Adding Egs. (4.11) and (4.8) yields:

1 1

¢p( Zai'SPI) = % a;¢; + Su; + max( ?ci,0.0)(g— $5)

‘and the firal form of the fiﬂire—difference equations becomes,

¢p Ap = E:ai¢i + Su ‘ (4.12)

. - ’ ) . .
. where S5u = Su; + max( g;ci’0'0)¢p

Sp, = Sp, - max(Zci,0.0)
: 1
and Ap = Zai - Sp
1
[
>
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,Sincé Sp ié alwayé pegative, the'iteraqion.Qroceaﬁre\fo: the
. + final ‘form of the finite-diffoé;;é\equatiqns will be stable.-

-

4.5 DERIVATION OF THE PRESSURE EQUATION . Y

L In this section, the bressure egquation is.derived'by the
use of the contlnulty equatlon.

' To satlsfy the mass conservatlon in each control volume,
the net accumulation of mass inside each control volume is-.
calculated. The local pressure is adjusted to modify the fluid
flow velocities in order to conservé’the mass in the centrol
volume, a

. The procedure involves the definition of a new dependent
variable called the pressure correction AP, so that P = P' + AP

where P' is the estimated value of pressure resulting from the
i .

prev1ous iteration, and P is the actual local pressure.
An-equation containing the pressure correction term AP

can be obtalned by substjtuting P' + AP for P in the source

term of the U—momentum equatlon, and then subtractlng the

latter from the U'-equation resulting from the estimated value

-of P, i.e. P'. This gives

AP(UP - Up) = ; ‘ai U, - u;) # Ay (AP = aP,)

=

For converging results, Ui =~U; (i1 = E,W,N,S) it follows

that:




~
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) ". ’ -
. . ) ;
. Uu =1u &P = AP DU .13)°
‘ p = Uy t (83, R b )

where DUp = Ay/Ap ~ y

.' . — L} T —-

Similarly, ‘Vp = Vp + (APs APn) DVp (4.1@)

v

where DV
P

AX/Ap <

-

In the same manner, the ;§pressions for all the surrounding

nodes become:

6

U = Ul; + (APp - AP;) DU
Uy = U;q + (APW-— aP_) DU 415)
v, = V1:1 + (8P - 4P\) DV :
‘ vy = vé + (aPg - APP) DV
From the continﬁity equation, it follows £hat:
(pUA),, - (pUA)g + (pi}A)S - VRl = 0 ' (4.16)
éubstituting Eq. (4.15) into Eq.(4.ié) yielé;:
[(&Anu)E\+ (pADU).. + (pAbv)N + (pADV)S]APp
(pADU.)E APE + (ApADU)w APW + (pADV)N APN
+ (pRADV) g A.PS - ;ci =0 (4.17)

a

where E ci ig the net mass accumulation.

1

A iaRi R . me——
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The equatlon for AP, Eg. (4.17), follows thé general form
of the algebraic equation, Eqg. (4.12):

.

) ¢P‘(;ai - Sp) = Za :p + Su - (4.12}

with ¢ = AP ; a = pADU ; Sp¥0 .and Su = 0.
It can then be solved using the same algorithm,
Having obtained the solution for &P, the velocity

components can then he updated using Egs. (4.13) and (4.14).




FL

46

CHAPTER 5

- COMPUTATIONAL PROCEDURE

5.1 INTRODUCTION

In this chapter, a discussion of the érid design is
outlined in section 5.2, followed by a presentation of the
method used for iterative soiutions of the algebraiec equations
in section 5.3. The selection of the under-relaxation factor
is examined in section 5.4. Finally, the construction of the
computer program-is discussed in section 5.5. A complete
listing of the computer program with a sample output print-out

is included in Appendix B.

5.2 GRID DESIGN

The accuracy of the solution and the convergence

characteristics depend on the grid size and distribution for

any numerical method including those which involve digcréte
domains.

Close to the walls, the gradients of the variables are
relatively large. Consequently, a non-uniform grid, with
decreasing mesh size towards the walls was used.

In most of the computer runs in the present work an

18x18 grid system was employed.

3.3 SOLUTION OF THE ALGE;h&IC EQUATION

The finite4differen§e edquation previously derived,

Eq.(4.l2),-together with the. boundary conditions, constitute,
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as aiqeady sfiﬁed, a system of coupled non-linear simultaheous
algebraic equations. The solution procedure for these equations
is discussed" 1n this section. ‘ )

If NI and NJ areﬂEﬁé\quber of grid lines in the-horizontal
and vertical directions.respectively, there will be an NI x NJ
grid mesh. Subtracting the physical boundaries, then the
number of algebraic equations fOf each of the seven varidbles
U, V, AP, T, K, ¢ and q will be (Nr—z)-(NJ-z) If the enkjre
solution for all the variables taken together is con51dered
then a total ‘'of 7(NI-2) (NJ-2) simultaneous equations need to

be solved.

It is impractical and computationally’ expelisive to solve

-these equatlons using matrix inversion methods because of the

-~

Nz, R
enormous size of the coefficient matrix. To simplify the problem,
the variables should be solved'separately, following the cyclic

repetition of the following steps: . ~

1. Initial values g', v', p', T, K', €' and q' are assumed

for all the variables.

2. The turbulent'viscosity, He is calculated. !

3. The coefficients of the U-momentum equation are assemblee
according to the guessed values and then solved for' U.
4y The coefficients of the V-momentum equation are assemblea
according to the guessed values and then solved for V.

5. AP is'calculated, followed by the calculation of P and
then updated valhes of U and V according to Eqgs. (4.13)
and (4.14).
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Q?IG. The coefficients of the energy equation are agsembled and
the solution of T is dbt;ined. Similarly, the calculations
of K, ¢ and q follow the.same procedure. ‘ -

7. The modified variables are used as improved guesses and .
steps 2 to 6 are repeated until convergence is achieved.

Using this iterative procedure (steps 2 - 6), only the
equations for each variable need to be solved simul%aneous;y

and consequently the number of simultaneous eqﬁations to be,

solved is reduced from 7(NI-2)- (NJ-2) to (NI-2)- (NJ-2).

Wow, in order to solve (NI-2) - (NJ-2) simﬁltaneous
equationg, matrix inversion techniques may be employed.

However, as previously stated, this procedure is expensive

because of the large amount of computing time regquired.

In the present stuéy, tge set of (NI-2)-(NJ-2) siﬁultanéous

eguations is solved using the tridiagonal matrix algorith

methed (TDMA), in which a set.of equatioﬁs, each with three
unknowns in a particular order (except the first and last
equations, which have only two unknowns due to the specification
of the boundary conditionsi, may be solved sequentially. The
values at grid nodes«aiong a vertical grid line i (values at

N,-p and s for each point p) are considered as u;known, whereas

those at each E and W neighbours, using the values from the

previous iteration, are taken to be knows (see Fig.5.1). The

tridiagonal matrix algorithm method is then applied to this

grid line i.
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Eg. {4.12) may be recalled as follows: ' ' \\ S
-y L . ! .
Ap¢, = 3nfy F g8+ (agep +oa ey + SUJ\ | - (5.1)

-
with'the underlined quantities assumed to be known. This will
result in eqﬁations with three unknowns, except-for the node
adjacent to the two boundaries. By 1mposing the boundary
conditions, there will be two unknowns instead of three per
equation. Therefore, for each line there ekist.»(NJ-Z) equatipns

with (NJ-2) unknowns which can be solved using the tridiagonal

R

In this way, it is possible to traverse all the vertical

matrix’ algorithm.

grid lines sequentially starting from left to right through the
entire mesh representing the cavity. A large number qfﬁiraverses
is required to obtain exact solutions for all tgg@ggaalues.
However, since the coefficients of the algebraic equation in a
given iteration are only £entative and must be updated before
the next iteration, then it is not essentia} to obtain an |
accurate solution. Consequently, two to five traverses are
sufficient. In the present work, following the recommendation
of Gosman et al. [2],'three traverses were used for the
variables U, V, ?f_K' e and g,whereas five traverses Qere used
for AP, '

A detailed description of the TDMA is presented in

Appendix A [36].

[
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5.4 UNDER-RELAXATION FACTOR . ) -

bivergence often «peurs. in tﬁe computatd if the
difference in maggitude of the variables bétyeen succeééive
iterations is large: In order to aveid this, tﬁe under-
‘relaxation numerical technique is applied:

Assuming that ¢g—l and g; are the values of:¢p
computed in the (n-1)th égg n~th iterations respeétively,
then, from the under-relaxation method, the value actually used

in the following iteraticn, ¢n ;, 1s given by:

P

n n
= URF-
¢ L

P n-1
p + (1 YURF) ¢p (5.2)

where URF is the under-relaxation factor which is.a real

number between 0 and 1.

Since,for a value of URF equal to unity, one can see
from Eq. (5.2) that ¢n = ¢n and for URF = 0, ¢n = ¢n—l r
P P P P
then, the under-relaxation factor adjusts the degreé of
advancement of the variable ¢ in the iteration process.
The calculation df.¢; and its modification using the
under-relaxation factor takes a large amount of computer time,

particularly‘for a grid mesh consisting of a large number of

-

nodes. To avoid this,¢n is calculated directly as follows.
From.chapter 4, the equation which needs to be solved

is Eq. (4.12):

x
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o = (;ai?i + Su)/Ap : L (4.12)

Substitution of ¢; from Eq. (4.12) into Eq. (5.2) gives:

n _ n~-1
by = ‘;ai‘bi + Su) (URF/Ap) + (1 - URF) ¢n"
¢ and upon arfanging, yields:
oy = (;(aidai) + Su,) /ap, . (5.3)
. 3
where Ap, = Ap/URF
: n-1
Su; = Su + (1 - URF) Ap, ¢p (5.4)

Egs. (5.3) and (4.12) are of the same form. Therefore,
by computing the coefficients as, Su and Ap, and modifying
them using Eq. (5.4), the ¢'s\can be under-relaxed directly

by solwving thelequation for ¢g'following the normal procedure.
FY F .

&
5.5 SUMMARY OF THE COMPUTER PROGRAM

A flow chart of the computational procedure_is shown

in Fig.5.2. The computer program is structured as follows:

1. The grid distribution is set up.
2. Subroutine INIT computes all the geémetricqquantities for
each of the (NI-2)(NJ-2) nodes and stores them in arrays.

It then initializes all the variables.
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3. Subroutine PROP calculates the turbulent-vasc051ty based orr |
the assumed values of .the klnetlc ener;§ of turbulence and
the dissipation rate.

4. The initial condltlons and the prescribed non-iterative
boundary conditions are oomputed

5. A complete cycle of 1teratlon is performed by calllng
subsequently the subroutlnes CALCU, CALCV, CALCP, CALCT;
CALCTE, CALCED and CALCQE which calculate the updated
dlstrlbutlons of” the var}ables U! V, 4P, T, K, e and q
for all the nodes of thefgrid distribution.

6. Based on the updated yalues of the kinetio eneroy of
turbulence and the dfssipation'rate, the turbulent viscosity
is recalculated by calllng the‘subroutlne PROP., {

7. The results are printed out after each iteration by calling
the subroutine PRINT.

The iteration procedure £erminates automattically if the
computer time or the number ofliteratéons exceedsthe Prescribed,
vglues. After the total number.of iterations required (MAXIT)

is performed, the mean Nusselt number is then calculated.

Since the solution procéﬁure,for all the variable#.follows
the same steps (gee Eq.5.3), only the procedure for the solutlon
of the U-momentum equation, i.e, Subroutlne CALCU 1s lndlcated
in detail.

The subprogram CALCU computes the eonvective and

diffusive terms, the TDMA coefficfepts, according to Egs. (4.3)
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and (4.5), and then computes the source terms Sp and Su for
the entlre fleld. The boundary conditions are prescrlbed by
calling the subprogram MODU. The coefficients are under—
relaxed using the method prescribedfin‘section 5l4 The line-
by-line solution procedure using the TDMA is finally performed
by calling the subprogram LISOLV. ' o

The number of travetrses -of line—solgtion is represented

&

as NSWPU in the,flow chart shown in Fig.5%.3. - The complete

u

program-is 1i§ted in Appendix B, together with the corresponding

output listiné. Additional information on some aspects of this

program can be found in Ref. {2].

*
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CHAPTER 6

DISCUSSION OF RESULTS

6.1 INTRODUCTI;N// o
» — K
A numerical study of the;flow} heat transfer and

oo L
turbulence characteristics of a tuﬁbulent recirculatory flow

affected by buoyancy forces in a square cavity, was performed
using the finite difference equationerderived in'chapter 4.
The solution was obtained using the numerical. procedure
described in chapter 5. The results obtained‘weré for water
(Pr = 3) aﬁd liquid sedium (Pr = 0.0l) The Reynolds number
is varied from 102 to 106, while the mixed convection parameter
is between 0 and 2. The aspect ratio (E = d/h) of the cavity
is taken to be unify. ' ”

The flow characteristics are presented in sectioq\s.z
in the form ef a velocity distribution. The distribution is
given by vectq£zégwhich indicate the magnitude and direction ~
of the nodal velocity.- In section 6.3, theltemperature fields
are represented by isothéx@al lines. A discussion of the heat
¢ransferlchara5£eristiCS is outlined in section 6.4. Finally,

L e T
the turbulence characteristics are discussed in section 6.5,

~

———

6.2 FLOW DISTRIBUTION

6.2.1‘ The Effects of Reynolds Number ‘-

For Water of Pr = 3

The effects of Reynolds number on the veloc1ty dlstrlbutlon

are lllustrated .in Figs.6. la through 6. lc. _gt low Reynolds

N
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numbers'as shoan in Fig. d la for ﬁe = 1. 3 % 102, the flow 1s
characterlzed by three eddles, a prlmary eddy oCcupylng the .
centre core, and two secondary eddies located at the upper
corners. The formation of the secondary eddies 1s due’ to the’
adverse pressure gradlent ‘at the corners. The kinetic energy :
‘of.the flow, which passes through the corners, is insufficient
to overcome the adverse pressure. When the Reynolds number is
increased, as shown in Fig.6.1b, the upstream corner eddy dis-
appears at a value of Re = 1.3 x.103. With furtner incredee
of the Reynolds number, the downstream corner eddy shrinks in
size, and it disappears at Reynolds numbersgreater rhan 6 x 10%,
Fig.6.1lc shows that at Re = 1053, fhe flow consists of one
primary eddy, since the flow passing along the corners has a
‘kinetic energy high enough to overcome the adverse pressure
gradient and consequently prevents the appearance of the
corner eddies.

The results of Nallasamy and Prasad [15] showed that che
downstream secondary -eddy vanishes at Re = 3 x10%, while-in
the present results it dzsappears at Reynolds numbers greeter
than 6 x 10%. The difference may be explained by the fact that
‘turbulence is considered in the present computations and thus
more momentum is diffused from the higher veloc1ty fluid flowing
along Ehe cav1ty s;des. As a result of this, the stream possesses
1nsuff1c1ent klnetlc enerqgy to impefle the formation of a

secondary eddy.
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The behaviour Of the primary eddy centre was studied by
tracing the location of this centre as a function of Reynolds

number. As the Reynolds number increases, the centre of the

primary eddy tends to mo&e upstream towards the centre of the
cavity as shown in Fig.6.2. The same tendency was observed -
"by Nallasamy and Prasad [15]. Their results, as shown in

Fig.6.2 by the dotted line, were obtained .for a cavity with
. &

a moving top wall. -

For Liquid Sodium of Pr = 0.01

Fer liguid sodium, the effects of Reynolds number on the
flow ﬁatterns are illustrated in Figs.6.3a, b and c. At
Reynolds number of 102, the flow field consists of a primary
eddy ﬁith two corner eddies. This is shown in Fig.6.3a. At the
higher Reynglqs number of 5 x 103, as shown in Fig.fézbf-the
upstr&am-corner éd@y disappears with the existence of the
downstream one. In Fig.6.3c,:ghere Re = 106, the flow pattern
shows only one primary eddy.

-

-

6.2.2 The Effects of Buoyancy Forces

Fér Water of Pr = 3
: A

The effects of buoyancy forces on the flow patéerns are
illustrated in Figs.6.4a, b and c fo; Reynolds humber of
8.4 x 10%. In the absence of buoyancy forces, where Gr/Re? = 0
as shown in Pig.6.4a, no secondary eddy appears, since at thié
Reynolds humber, as indicaééd earlier, the flow cohsists of .
one primary éédy. The secondaif eddy is present both for '

\ -
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Gr/Re? = 1 and for Gr/Re? = 2 in Figs.6.4b and c, réspectifely.
Fluia from colder reéions‘of thé top wall will tend to
flow downwards in the direction of the left wall (from A to B)
and warm fluid from B will flow along the top wall fto A)
enhancing the seéondary eddy (Figs.6.4b and c). Computations

indicated the presence of a secondary eddy up.to Re = 2 x 10°°

for Gr/Re? = 1 and up to Re =-10% "for Gr/Re? = 2,
. N ; -

For Liquid Sodium of Pr = 0.01

The computations for Pr = 0.0l showed that the effects
of buoyancy forces are similar to that for Pr = 3.

The effects of buoyancy forces on the velocit{‘distribution
examined for Pr = 3 and 0.01 were at.high Reynolds numbers, at
which values the upstream secondary eddy no longer exists. In
order to investigate thé effects of buayancy forces at low
Reynolds numﬁgrs,a hypothetical fluid with high viscosity was

-

examined. ) e .

In the absence of buoyancy %orceé} as shown in Fig.6.%5a,
the flow consists of a pfimary eddy and two secondary eddies.
With the influence of buoyancy forces, as shown in.Fig.G.Sb,
the upstream corner eddy does not practically change, while
the downstream one increases significantly and occupies most'
of the upper half of the cavity.

The effects of buoyancy forces on the movemenﬁ.of the

centre of the primary eddy was observed. This was found to be

a downwards movement of the centre.

am.
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6.3 TEMPERATURE DISTRIBUTION ) )

6.3.1 . The Effects ofxﬁeynolds Numbex

" For Water‘of Pr\ 3

—

.

The isotherms for Pr = 3 are given for different Reynolds
numbers in Figs.6.6a and b. At low Reyneclds number, Re =
1.3 x 102 as shown’in Fig.6.6a, the temperature distribution
1s affected by both conductlon and convection with the effect
of convection being relatively higher. as the Reynolds number

increases to Re = 1.3 x 103, the transport of heat by convection

are illustYated in Figs.6.7a, b, ¢ and 4 respectively. As
shown in F g.6.7a,.for.low Reynolds numbers, a stratification
of emperature is observed, which reflects the predominance
of &an uctioﬁ transfer. wWith increasing Reynolds number, the
convection dominates and the stratification decreases .until a
core of constant ‘temperature is obtained at high Reynolds numbers-
Further 1ncrease of Reynolds numbe® leads to a decrease of the
core temperature.

The temperature péoflle along the horlzontal centre-line -
is represented in Fig.6.7b. It ig also noted that, as the

Reynolds number increases, the temperature decreases with

—~

Te L G AT e e T T T e
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-

decreasing stratification. On the right and left sideﬂwalls,
the temperature profiles aré‘illustrated in Figs.6.7¢c and d.
As expected,'the temperature of the right side wall is lower

than that of the left side wall.

For Liquid Sodium of Pr = 0.0l

For liquid sodium of Pr = 0.0l, the Peclet number

{Pe = Re-Pr) is small for small Reynolds numbexs (Re < 103)
. and the heat is transmitted mostly by conduction. Thi¢ is
shown in Fig.6.8a forRe = 102, 5 x 102, and 103 where the
isofherms differ slightly from the case of pure conduction
where they are horizontal.

At Re = B x 103,_as shown in Fig.6.8b, the temperature
field is affected by both conduttion and convection. As the
Reynolds numbef increases to Re = 5 x 105, the convection
effect dominates and a core of constant temperature is obtained,

as shown in Fig.6.8c,

6.3.2 The Effects of Buoyancy Forces

For Waﬁer of Pr = 3

The temperature profiles along the ‘horizontal centre-line
and at the top wall are represented in Fig.6.9a, for flows
without the influence of buoyancy forces and for those with
buoyancy at Gr/Re? = 1 and Gr/Re? = 2. At the horizontal
centre-line,. the temperituie rises with the influéncé of
buoyancy due to decrease of the convection efféct. The decrease

< in convection also causes an enhancement of the stratification

1

e
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in the right‘hand side of the cavity with increasing Gr/Re?
ra#io. The left hand side of the cavity exhibits less
stratification with increasing Gr/Re? ratio. This is due to
the relatively lower temperature.fluid f;owing d&wnwards as a
result of the growing downstream secondary eddy.

In Fig.é.Qb, the temperature profiles along the vertical
gehtre—line and left and right walls are illustrated, indicating
increase of temperature with buoyancy. It is also observed
that the stratification increases and is more pronounced in the

uéper half of the cavity. .

For Liguid Sodium of Pr = 0.0l

‘The influence of the buoyancy forces on the temperature
dlstrlbutlon corresponding to Re = 103, with and without the
puoyancy forces, ;s represented in Fig.6.10. The contlpuous
lines répresent the case without buoyancy forces, while the
dotted lines represent that with buoyarcy forces. Since the
circulation of the primary eddy‘is low due to the influence
of the buoyancy forces, as stated in sectioﬁ 5;2, the convection
transport of energy decreases. Therefore, the isotherms tend

Ato be similar to those for pure conduction.

§.4 THE HEAT TRANSFER CHARACTERISTICS

1 The varlatlon of the mean Nusselt number, Nu, along the

top wall is plotted against the Reynolds number in Figs.6.1lla

and b. It is shown in Fig.6.1lla, for llquld godium (Pr = 0.01),
~——

Jthat the Nusselt number differs slightly from unity: The high
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thermal conductivity of the liquid sodium auses the heat’
transfer at low Reynolds numbers to be unaffected by convection.
However,_for water (Pr = 3), the mean Nusselt number is higher

than unity and it increases with increasing Reynolds number.
: < _

The variation of Nusselt number with Reynolds number is fitted t

By the following correlationg,

Nu = 1.29 Re®-313 for 102 2 Re < 2.5 x 103,

~ .

This result agrees reasonably with the data obtained by Grand
et al. [1] for this range of Reynolds numbers.
. For Reynolds numbersin the range 3 x 103 - g§ «x 10%, as

shown ‘in Fig.6.11lb, the variation‘of the Nusselt number is

. fitted by the following relation:

Nu = 1.564 Re®-287 £or 3 x 103< Re < 8 x 10

Further increase of Reynolds numbeér does.not significantly
change the mean Nussel£ number. ‘

The. influence of buoyanby fotces is also illustrated
in Fig.6.11b. A decrease of the mean Nusselt number with the

increase of the mixed~convection parameter, Gr/Re?, is observed.

‘There is an approximately 10% decrease in the Nusselt number

" for the ratio of Gr/Re? = 1, and about a2 20% decrease for

Gr/Re? = 2, -
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6.5 TURBULENCE CHARACTERISTICS

A discussion of the effect of R 0lds number and buoyancy

forces on the turbulence parameters K, eff and q is presented
in this section.
The maximum turbulent kinetic energy versus Reynolds
number is shown in Fig.6.12. Incfeasing Reynolds ﬁumber gives
rise to an increase in the turbulent kinetic energy because of
the incregsed fluctuating velocities. In Fig.6.13, the maximum
effective‘viscosity is plotted against the Reynolds number. It
increases with increasiﬁg Reynolds number. The value of the
maximum turbulent viscosity is equal to 10 times its molecular
value-at Re = 10%, and it reacﬁes O.SXx—IO3 times the-molecular
value at Re = 10°. This leads to the importance of considering. °

'

the flow in the cavity for high Reynolds numbersas a turbulent
flow.

The effect of buoyancy forces on the turbulent kinetic
energy is illustrated in Fig.6.14. The local values of X on
two vertical lines with and without buoyancy effect is
represented. The maximum value of the turbulent kinetic energ{_/
occurs at the moving wall and decreases with increasing distance -
from the_moving wall. The buoyancy effeot is represented by
curves 1lb and 2b at X = 0.8 and X = 0.2 from'the left side wall
respectively. It reduces the value of. the <turbulent kinetic
eneg§y because the buoyancy forces tend to dampen the fluctuatlng
velocities. It may also be noted that’ Ehe decrease of K values
due to buoyancy downgtream, as shown by curve 2b,zexceeds that

upstream, as shown by curve ib.
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The 1nf1uence of buoyancy forces on the effectlve
v150031ty on two vertlcal lines is shown in Fig.6. 15 Curves
la, b represent the effective viscosity profiles in the upward
moving stream at a diétance of X = 0.8 from' the ieft side wali,
without and with buoyancy effect respectively: Curve la
1nd1cates that the viscosity decreases with 1ncrea51;; distarnce
from the moving wall. It then ;ncreases in the middle of. the
cavity and finally decreases -at the top ﬁall. The variation
of the effective viscosity downstream at distancelx = 0.21 from
the left side wall is represented by curves 2a, b without and
with buoyancy force respectively. Curve 2a follows a similar
variation to curve la. It is also shown that the buoyancy
effect, represented by curves lb and 2b, decreases the effective
viscosity, since it decreases the kinetic energy of turbulence.

The local value of the mean square temperature fluctuation

on two vertical lines is represented in Fig.6.16. Since the

value of the mean square temperature fluctuatiqn depends on

the temperature gradient as well as the Jﬁnvection and diffusion
transfer; it foll;;s that near the wall, where high temperature
gradients occur,.higher values ¢f the mean square temperature
fluctuation are observed. The profiles of the two curves show

an agreement with the observed temperature gradient in the

fluaid.
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'CHAPTER 7

CONCLUSIONS AND SUGGESTIONS:

7.1 CONCLUSIONS - B

. A turbulence model was derived based on the K-tz two
.equation model in order to study ﬁhe effecté of buoyancy forces
on the transpoft of moméntum and energy for a turbulent flow in
a rectangular cavity. The results obtain lead ta the

fq}lowing cenclusions:

i) The turbulent viscosity obtained by employing the
present model is significant for Reynolds ngmbersgreater than
103, Therefore, the use of the turbulence model to compute high
Reynolds number cavity flows is fully justifived.

ii) For low Reynolds numbers, the flow consists of a primary
eddy and two secondary eddies. The upstream corner eddy first
disappears at Reynolds numbers greater than 1.3 x 103, followed
by the disappearance of the downstream eddy at Reynolds numbers
greater than 6 x 10%*. This study observed the presence of the

ownstream secondary eddy . for higher Reynolds numbers than thase

sed on the Navier—Stokeé equations.
iii) The buoyancy forces enhance thé downstream secondary
eddy. The présent results indicated the presence of a
éecondafy eddy up-Eo Re = 105 for Gr/Re? = 2. ‘

iv) Stratification of the temperature distribution is 6btained
for low Reyriolds numbers; with further increase of the Reynolds

number, a core of constant temperature is observed.
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v) The bud&ancy forcés”increaSe the témperaﬁure on,both‘
vertical and horizontal céntre-lines of t;; cavity for the / '
range of Re = 10% -~ 108. The str&tification is increased on

', l fhe right side of the caviﬁy‘: and decreased on the left.
vi) The mean Nusselt number increases with inéreésing
Reynolds number up to Re = 6 % 10%. ' The buwoyancy forces act
to decrease the mean Nusselt number.
vii) Turbulence characteristics show an increase of the
turbulence kinetic energy and effective viscosity with increasing
“Reynolds numbers. The effective viscosity and turbulence
k%netié energy are decreased by buoyancy effects. The sguare

mean fluctuéting temperature exhibits high values for high

temperature gradients in the fluid. Ldf’

7.2 SUGGESTIONS FOR FURTHER RESEARCH

i) The results obtained in this work were for a cavity of an
a&peét ratio of 1; further study is suggested for different
aspect ratios, to investigate the effect of the latter on the
flow configufation. "

! ii) Further work is required in order to assess the values
of the model constants for applicatibn to the flow of liguid

sodium.

iii) The buoyancy affected turbulent flow has iﬁportant

|
1
i
!
t
:

P applications, and further development of the present model

could extend these ‘considerably.
&
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Tridiagonai'Matrix Algofithm (TDMA)

Startiﬁé with Eq. (5.1):

fE¢P.= %ty ¥ agés * (a ép + Bby * Sw)

b

"

with thé-underlined quantities.a3sumed known.. This equation

can be represented by a system o Nj~2 equations of the
general form?

-
didy = ajbyyy thyey y + oy
—— . -
or . -
a5y * 9505 - b1‘?i-‘-l - %
where di = Ap Poay = a bl = as H

¢y = ae¢E + aw¢w + Su A~
and the values of ¢, and ¢Nj are specified. _
The set of equations (A.1) can be written in the following

>
matrix form: :

w




prov1ded(§gat all the principal minors of P are non- singula

* M \ .
. - 102 . )
B g 4 .
i.e. ;
B ' o ‘l ! ' . . -r - -
-b3  d; -ay - $3 Cy
-by  dy -a, by cy
* % s 8 u 000ty ’ 0’--- LY -
~b, 4. -a. . =|c
j %3 *5 3
8 Cereeienan | ..
!
- A
“Pyn3o2 dyjon an-7'2 'wi-2| [Cwy-2
Py -1 1) *N3-1f [ON3-172N4-10%5
where P is a trldlagonal matrlx. ¢
s ,
To solve this system of equatlons, factorize P into the
products: U3
P = LU (A.2)
where L and U are two Nj-1 x Nj-1 matrices with the
.
following form:
il T, |, 1. -A;
~-By Ty .. 1 -a,
y\ =By T | ... .
L e ;7 U= 1 -a,
. J
-B,T. .
J 3]
. L L I SO . - l -Aj-z
r“// BNj 1 TN] lJ _ 1

r.

L]

it AR

-



.

" .

tridiagonal.

~". —

Tz -T2Ap

v

-By

LU=

By equating the non-zero elements of LU with those

following recursive formulae for Bj' Tj;and Ai are

B3=b3
B. = b
j =P
BNj-1 = Pyj-1

provided ﬁEEE TB #0 for j =2, ...

~, L
Subs?ituting bj fbg(Bj/;n Tﬁ and defining Ay =

_With these forms for L and U, the p

103

-

By direct multiélication{

-Bj B3As+T3-T3A,

ByA3+Ty-Ty Ay

. .

Puj-22n3-3*Tng-2 ~Tg-2Pnj-2

R

pre

Ty = d»
T3 = d3 - BgAz
T. = - B.A.

J J 13-1

™N3-1 = Onvj-17Byj-1Pg-2

r Nj_lo

roduct LU

ig itself

BNj-1Pn3-2+ TN -1
T 7

of P, the

obtained:

ho
~
|

= a3 /T;

= a3/T;

-
w
|

(a.3)
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[

Now, a solution to- the tr1d1agona1 system may be cobtained.
From the deflnltlon of L and'U asg expressed in Eq.(A.1), it
follows that- '

. . P

= LU
Py = LU = @
Let . up=c" | " (a.5)

-where @ is a column matrix with elements C;, €3,. ..., C

"Nj-1
Substituting Eg.(A.5) into Eq. (A.4) gives:
LC =¢Q
\.
i.e.
B
( 1T 11 ]
To ) C2 ot Co + b2¢1
By Ty Ca | C3
-By Ty Cy ’ Cy

_BNj-;‘ENj-lJ ch—lJ

-
e

Hence,




PNj-1%5-2 * Tyy-1C85-1 = “N3-1 7 nj-10ny SEEH

with Bj = bj;as expressed in.Eq.(A.B) and defininé Ci = ¢3,
the solution of C can be obtained directly. This‘yieids the’
following, provided that Tj #0 : ‘ ‘

C. = (c. +-b.c. T, 2 <« J < N4=2
5 = (e 35%5-17/7; . -5 ="

“Nj-1 T ONj-1 * PyyoiOng-2)/Tyo * aNj~1%N5/Tyg-1 (B 6)

P
By defining ANj—l = aNj—l/TNj—l’ the second'term'qn the right-
hand side of CNj-l becomes ¢NjANj-l . .

With all the C's defined as in-Eq.(A.GJ,,the ¢'s can be

solved using Eq. (A.5), which gives:

- | | 1 r - - -
1 -2, ° _ b2 c2
1l "Aa bg” C3
Ry e %
1 -Ayg-2 Ng-2 ONg-2
1 . . Sy
) ¢Nj-; “N5-1




- Finally ¢ is solved by.béck subgtitution, beginning.with$%

$ny-1 9iving, - IS : ""Z ' -
Nj-1 = Cnj-1 *Nj-1 T Snjia -
*n3-27PN3-2¢N5-1 T Ongn2 *Nj-2 = Sny-2 * Bygo2byi-1
t-.-‘loooon.rqono.-.-o o-l-‘ ----ooo--ooo----on_---o‘..---‘
b, — . ' = . £ . = . + N .
#5 7 By 54 = oy S T B I Y]
$2 - Bady = cy ba_ = 25 + Ry

“as in Eq.(A.6), the ¢'s can be written as:

- . ° . ‘. \

. S+ b.c. . + A.d. 2 ] Nij-1
J. ‘(c . bjey_ 11714 34’3;_1- 23 <Nj

T, = . - R Y . 2 N.‘"l
, 5 =d5 =~ by A, <J < Nj

. = a./T, 2 )=
By = ay/Ty L= =4 .

oL o= . + b. c. T, 2 i < Nj-2

o A; = 0 i C =4 |
. ’

Note that

and T.
i

calculation of.the ¢'s is from j = Ny-1 to 2.

the calculation of the coefficients Sy AL’

has to be calculated from j

?

3
= .2 to Nj-1, while. the .

!

. .
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