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Abstract

In this dissertation we present an extension to the well known theory of multivari-
ale analysis of variance. In various situations data are continuous stochastic functions
of time or space. The speed of pollutants diffusing through a river, the real amplitude
of a signal received from a broadcasting satellite, or the hydraulic conductivity rates
at a given region are examples of such processes. After the mathematical background
we develop tools for analyzing such data. Namely, we develop estimators, tests, and
confidence sets for the parameters of interest. We extend these results, obtained un-
der the normality assumption, and show that they are still valid if this assumption is
relaxed. Some examples of applications of our techniques are given. We also outline
how the latter can apply to random and mixed models for continuous data. In the
appendix, we give some programs which we use to compute the distributions of some
of our tests statistics.
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Chapter 0
INTRODUCTION

Statistics have become an extremely powerful research tool for scientists, engineers,
economists and every researcher whose work is based on observations. In numerous
life experiences, the “disorder” may have a perfectly rational explanation at one scale.
Yet, there may be a smaller scale where the data do not fit the theory. This suggests
the investigation of this new residual uncertainty. Here arises the neced [or Statistics,
the science which attemps to model order in disorder.

Disciplines like geology, image processing, ecology and many others are concerned
with data that are continuous over time, space or simultaneously over both time and
space. For such data, models that involve statistical dependence are more realistic
(data that are close together, in time or space are more likely to be correlated). More-
over, the observation for each subject is best represented as a function. Our purpose
in this work is to develop some statistical tools for analyzing such data. It is useful
to consider an example supporting our approach.

Suppose that measurements of the levels of pollutants are taken continuously over
a month for a large number of streams. Each stream gives rise to a [unction describing
the level of pollutants over time. The analysis of that function can be done through
time series. If however, we wish to compare these functions across 30 streams, north-
ern versus southern streams say, a standard approach would be to compute a few
summary values for each stream, and to use multivariate analysis ol variance to de-
cide whether or not the groups are similar. The fact that we have only 30 sireams
restricts severely the number of summary values we may use in the characterization
of each stream. This condensation of the data into only a few measures may lose
potentially useful information.

In this work we have developed procedures which permit the user to use all the
data from each stream in his analysis. Fach data point is now a funclion in time
rather than a real value. The theoretic computations are done in an abstract space.
The practical computations, however, only require numerical integrations. This new
approach requires that the user have some idea about the error structure of his data.
In many situations, this is accessible from time series methods. In other cases one



may only be able lo state a form for the error structure, without knowing the exact
scale. This presents no problem to our techniques.

This work has two major parts. The first one contains our main theoretical con-
tributions. We first choose a framework and establish tools for our analysis. Then
we use them to extend results on estimation and testing from the analysis of variance
theory. The applications of our new approach constitute the second part of the the-
sis. The main application is a geological example where we show that our techniques
apply to a wide class of random processes. We consider some simulated data and
obtain tables of critical values for certain cases.

Chapter one is devoted to the mathematical background needed for our work.
The abstract space mentioned in the previous paragraph is Ly, the space of all square
integrable functions. It is a Hilbert space, and thus some useful results on stochastic
processes like the Karhiinen-Lo&ve expansion are available in a very handy form. It is
not an artificial framework; almost all the “natural” random phenomena are described
by stochastic elements of Lg.

In chapter two we present two methods of estimation, namely the least squares and
maximum likelihood methods. We show that the estimators we obtain are “optimal”
in a certain sense. Based on these estimators we develop, in chapter three, tests of
linear hypotheses and confidence intervals. These results extend the classical ones
from linear models theory.

The results of chapter three require normality. In chapter four we show that the
normality asumption can be relaxed. In other words, we show that the results of
chapter three are valid asymptotically.

In chapter five we give some examples of applications of our techniques. We use
simulated data to test their strength. The results and programs of simulations are
given in the appendices A and B.

The previous chapters deal with “fixed effects” models, i.e., models where each
observation is a sum of a non-random mean function and a random error. In chapter
six we give an overview of how our techniques apply to “random” and “mixed effects”
models.

[S™]



Chapter 1
GOALS AND SETTING

In this chapter we present some results and notions from functional analysis and the
general theory of random processes. We first recall some results and properties of
covariance operators, and illustrate these notions with some examples. A family of
semi-norms related to covariance operators is introduced in the second section. The
last section presents the model we adopt in this work.

1.1 Preliminaries

Let (5,8, ) be a measure space, with ¢ a o-finite measure. Let Ly(S, ¢) denote the
separable Hilbert space:

Lo(S, 1) = {f: § - R;fsfﬂ(s)dy(s) < oo},

endowed with its usual inner product:

Vf,g €La(S,m) < fig >= [ f(&)g(s)duls),
and its usual norm

VieLuSu) IE=<4f>

In this work we are using some tools from functional analysis, namely “ Integral
Operators”. For the reader’s convenience, in this section we will recall some classical
results on linear operators. Most of the results, although valid in a more general
setting, are stated only in the form we need them.

Let £ : 5 x S — R be a function that is symmetric , i.e., for every (s,1) € S x 9,
k(s,t) = s(t, s}, and g X p-square integrable:

fs (s, t)du(s)du(t) < oo. (1.1)



Define the operator

Tr: . L?(S:.u)_’L2(Sa.U)
f— T/,

where T, f is a the real-valued function defined on 5 by

VieS T.f@)= [ x(s,0)f(s)duls).

The operator T is called the integral operator with kernel . Before stating some
important properties of T, recall some definitions and results that can be found in
the literature on “Operators in Hilbert Spaces” theory (see for example: [1]). The
{ollowing result states that (1.1) can be relaxed.

Theorem 1.1.1 [I, Theorem 1.6, p. 28] If there ezists a constant ¢ such that
f |5(s,t)|du(t) < ¢ p — almost everywhere,
s

then T, is a continuous linear operalor.

Tt can casily be seen that T is self-adjoint, i.e., < Ty f,g >=< f,Tg > for all
[+ g € Ly(S, p). The following results state some useful properties of T.

Definition 1.1.1 {1, Definition 4.1, p. 41] A linear operator T is compact if the
image of the unit ball by T has a compact closure.

Proposition 1.1.1 [1, Proposition 4.7, p. 43] The operator T is compact, continu-
ous and self-adjoint.

The key result is the following proposition.

Proposition 1.1.2 {1, Theorem 5.1 and Corollary 5.3, pp. 46-47] If T is a compact
self-adjoint operator on a Hilbert space H, then T has only a countable number of
distinct eigenvalues. Moreover there exist a sequence (M) of real numbers and an
orthonormal basis (pr) for (ker T)* such that for all h € 'H

Th= Z A < by > @y (1.2)
k>1

Remark 1.1.1 Proposition 1.1.2 implies in particular that

1. For each k> 1,k is an eigenfunction of T, associated with the eigenvalue A.



2. For each f € Ly(S, p) there exists h € ker Ty, and ¢ € (ker T,,)* such that:

0= < for>¢rand f=h+e,
k21

and thus, by (1.2),

Txf=TK99=Z/\k<f"Pk>‘Pk-

k>1

The operators we consider in our work appear in a natural way. Most of the
processes of interest have a covariance function that satisfies (1.1), and thus induce
integral operators called “Covariance Operators”. In particular we are interested in
covariance operators associated with Gaussian processes, defined in the next section.

1.1.1 Covariance Operators
Let By, s, be the Borel o-algebra of L,(S, 1). Recall the following definitions.

Definition 1.1.2 A measureble function X : (Q,.A,P) — (L-Z(S, ;L),BLz(g.u)) is
called an Lo(S, u)-valued random variable.

i) It is called @ mean zero random variable if for every f € La(S, 1), the expeclation
of the real random variable < X, f > is null, i.e, E< X, f >=0,

i) and is said to be Gaussian if for every f € Lo(S, ), the real random variable
< X, f > is Gaussian.

Remark 1.1.2 By Fubini’s theorem
Vi€ La(S,n) E<fX>= [ f(o)BX()]duls).

Therefore an La(S, p)-valued random variable is mean zero if and only if for p-almost
every s € S, B[X(s)] = 0. We will use this latter characlerization in this work.

Let X be a mean zero Lg(S, ¢)-valued random variable, and let x denote the
covariance function of X, i.e., £ : § X S — R defined by:

K(s,t) = B(X(s)X(1)).

In this setting we will always consider processes for which & is y X i-square integrable.
Thus T, the covariance operator of X is linear, self-adjoint and by Proposition 1.1.1
compact. The following result will be used later. See [14] for example.

Proposition 1.1.3 Suppose that r is u x p-square integrable. For every f,g9 €
L2(S$.U)J

<T.fg>=E[< X, f>< X,g >]. (1.3)




Proof

Since k is g X p-square integrable, we have by Fubini’s theorem

fs_/sfcz(s,s)dy(s) < 0.

Let A° denole the complement of A = {s € S;(s,s) < 1}. For every f € Lao(S, 1),
we have from the definition of A and by the Cauchy-Schwarz’s inequality,

Liss 21 lduts) < [ 1F)du(s) + [, (s, ISdus)
1/2
< Wil [ st s)Pdts)] il

< 00,
Using the Cauchy-Schwarz inequality and Fubini-Tonelli’s theorem, we have
[, [ EX(EX()7()9(0))ldits)eu)
< [ [ (o, s M2t P21 (<)o)t da(2)
= [[In(s, 21 5()ldts) [ Iute, OFPlg(0)ld(t)
< CO.

Therefore we can apply Fubini’s theorem and get

E<Xf><Xg> = [ [ ols)f(s)o(t)du(s)du(t)
= <T.f,g>

as claimed. a

In the sequel (@y)k>1 will denote an orthogonal basis of a Hilbert subspace, H,,
of (ker T )t = {f € Ly(S,p), < f,h >=0 Vh € kerT,}, and (A)i>1 the sequence
of cigenvalues of Ty, Their existence is guaranteed by Proposition 1.1.2. On the
other hand note that, by (1.3), the operator T, is positive semi-definite, so that its
eigenvalues are non-negative.

The Hilbert space H,, is called the reproducing kernel Hilbert space associated
with the kernel x. More precisely we have the following definition.

Definition 1.1.3 [14, , Definition 4E, p. 965] A Hilbert space Hy is said to be a
reproducing kernel Hilbert space, with kernel &, if its elements are functions on some
sel S, and if there is a kernel & on S x S having the following two properties:

1. For every s € S, k(.,8) € Hy, and



2. for every h € H,, < h,x(.,8) >y .= h(s).
Let H, denote the closure in Lo(S, it} of the subspace spanned by (¢), i.c.,
Ho={f €La(Su)if=>_ < fier > @il

k>1
Define on H, the inner product < .,. >g, given by
Vf'.-g € H, <f,g>H,.;=< Tﬂfag>-

The first property in the definition holds because of Mercer’s theorem, (see for example
[7] Theorem 1, p. 62);

Vs,t €8  #(s,1) = Aner(s)ex(t).

k>l

For the second one, note that for every s € §

< Tugo6(8) > = D Mgil(s) < Teg, o >
k>l

= ZT,;(P};(S) < g, Tepr >
k1

= g(s).
The last equality holds because (Txpr) is a basis of H,.
The covariance operators associated with Gaussian processes are of particular
interest for us. We present here some of their properties.
The Case of Gaussian Processes
Let X be a Gaussian mean zero random variable with values in La(S, g).

2

Lemma 1.1.1 The function &* is pu x p-integrable.

Proof

Using the definition of %, Cauchy-Schwarz inequality and Fubini-Tonelli’s theorem,
we have that

[ Aetduaue) = [ BxEX)] duls)dult)
< [ E[Xs)x*(0)]du(s)dutt
= E[<|X],1x1>]’
= BJX|.
Since X is an Ly(S, pt)-valued Gaussian r.v, E||X||# is finite. o

The following expansion, known as the Karhiinen-Logve expansion, plays an im-
portant role in our work.



Proposition 1.1.4 {7, Theorem 2, p. 64] There exists a sequence (Xy) of indepen-
dent and identically disiributed normal random variables such that:

1
X, = —=<X,pr>, and

Ve
X = Z\/)\_katpk, a.s.

k21
In ([7), Theorem 2, p. 64), this result is stated for general second-order processes
(X(1), ¢ € [a,b]), where [a,b] is an interval. But the result remains true in the present
sctting.

Proof

The elements of the sequence (< X, or >) g 3T€ independent Gaussian real random
variables such that for each k > 1, -
E[< X,p:>] = 0, and
El< X,0: >*] = <Topr,0r >
= M.
On the other hand we know, see Remark 1.1.1, that there exists Z € ker T such that:

X=2Z+Y <X 0t> @
ey

But Z € ker T, implies that < 7, Z, Z >=0, and thus
El< Z,Z > = E[<X,Z >

= <T.Z2,Z>
= 0.
Therefore || Z||? = 0 almost surely and thus
X=Z<X,gok>r,ok a.s. i

k> 1
We end this section by some remarks that will be used later.
Remark 1.1.3 1. For cach (s,1) € S x S we have that:
k(s,t) = D Mor(s)pu(t)-
k31
2. The series Ty>1 AL s convergent.

The first assertion is Mercer’s theorem (see for example [7] Theorem 1 p. 62). The
second one follows from
T < (M)
k2! k>1
= [E<X,X >}
< o



1.1.2 Examples

To illustrate the Karhiinen-Loéve expansion, here are some examples.

One parameter time

Suppose that (S,S,u) = ([0,1],Bjg1), A), the unit interval endowed with its Borel
o-algebra and Lebesgue measure.

The Brownian motion process

Let (W(s), s € [0,1]) denote the Brownian motion process. The covariance function
of W is given by

&(s,t) = s At,

where a A b is the minimum of ¢ and b. The eigenvalues and eigenfunctions of the
covariance operator associated with 1 are given by

Ap=((k+1/2)7)"%, and @i(s) = V2 sin ((k + é)ws) .

There exists a sequence (X;) of independent and identically distributed A(0,1) ran-
dom variables such that

Vs € [0,1] W(s) =D MXipi(s) a.s.

k>1

The reproducing kernel Hilbert space associated with W is given by

Hy = {Z arpr;  (ax) € 32} ;
k>1
where &2 = {(ax) C R; >t a} < oo}

The Brownian bridge

Let (U(s), s € [0,1]) denote the Brownian bridge process. The covariance function of
U is given by

K(s,t) =s At —st.

The eigenvalues and eigenfunctions for the covariance operator associated with U are
given by

k= (kr)7%, and i(s) = V2 sin(kms).



Furthermore, there exists a sequence (X}) of independent and identically distributed
N(0,1) random variables such that

Vs e [0,1] U(s) =D AiXwpi(s) as.

k21

The reproducing kernel Hilbert space associated with U is given by
Hy = {Z appr;  (ar) € f—’z} .
i1

Two parameter time

Suppose that (5,8,x) = ([0,1] x [0,1], Bojxo,1j> A X A), the unit interval endowed
with its Borel o-algebra and Lebesgue’s product measure. As examples of Gaussian
processes on [0,1] x [0,1], we present the two-parameter Wiener process, and the
Kiefer process. For more details on the properties of these processes, we refer the
reader to [3] and the references therein.

Two parameter Wiener process

Let (W(s,1),(s,t) € [0,1] % [0,1]) denote the two-parameter Wiener process. Its
covariance function is given by

K(81,82) = (81 A s2)(ty A ),

where s; = (si,t), for i = 1,2.

Let (A;) and (¢r) denote the eigenvalues and eigenfunctions of the covariance
operator associated with the Brownian motion process on [0, 1]. The eigenvalues and
eigenfunctions of the covariance operator associated with W are given by

’\k‘k' = Aka\k', and (Pk‘kr(s,t) = cpk(s)(pk:(t).
In particular there exists a sequence (Xju) of independent and identically dis-
tributed A7(0,1) random variables such that
Vs,t € [0, 1] X [0, 1] W(S,t) = z /\k,kka,kfka,kr(S,t) a.s.
kK121

To see this, since Gaussian processes are characterized by their covariance functions,
it suffices to use the definition of the @y s and the fact that Y5y Arxor(s1)pr(s2) =
S1 A 83, -

The reproducing kernel Hilbert space associated with W is given by

{ Z kg (Qkw) € Eg} .

khi>1

10



The Kiefer process

Let (K(s,t),(s,t) € [0,1] x [0,1]) denote the Kiefer process. Its covariance function
is given by
E(SI,SQ) = (31 A 8g — 3182)(t1 A tz),

where s; = (s;,1;), for ¢ = 1,2.

Let (Ar), (o), (Ar) and (¢}) be as above, the eigenvalues and eigenfunctions of
the covariance operator associated respectively with the Brownian motion and the
Brownian bridge processes on [0,1].

The eigenvalues and eigenfunctions of the covariance operator associated with K
are given by

Akpr = My, and @) u(s,t) = pr(s)en(t).

Using the same arguments as above, we can see that the sequence (¢ /) is an or-
thonormal basis of La([0,1] x [0,1]). Thus there exists a sequence (X}, +) of indepen-
dent and identically distributed A'(0,1) random variables such that

VS,t € [0, 1] X [0, 1] K(S,t) = Z )\Z,k’-‘Yk,k’(P:,k‘(s!t) a.s,
Rk

The reproducing kernel Hilbert space associated with K is given by

Hg = { z ak,k'ga;;'k.; (aru) € (32}.

kk'>1

On the separable Hilbert space Lyo{S, i), one can define different inner products,
and thus different “norms”. In the next section we will define norms that are associ-
ated with integral operators. Throughout we will use at our convenience either these
norms or the usual one ||.||.

1.2 The Choice of Norms

The operator T}, induces on Ly(S, ) an inner product < .,. >y, defined by
Viig€la(S ), <fig>n=<fT.g>.

This inner product induces on Ly(S, ¢) the semi-norm given by
VieLy(S,n) IflE, =< £ f >z

Its restriction to the reproducing kernel Hilbert space Hy is a norm. Using the
definition of T, and Schwarz’s inequality it can easily be seen thai this seminorm is
continuous with respect to the usual one,

VLS I <G [ _W(s hdule)du®) (14)

11



This implies in particular that any sequence that converges in (Lz(S, #), ||-{l2) con-
verges also in (L2(S, #), ||-ll7..). The computations with |||}z, do not present any extra
difficulties. Furthermore, using this seminorm we will show that the least squares and
the maximum likelihood methods lead to the same estimator. This can not be estab-
lished for the usual norm.

It is often convenient to use vectorial notation. We will consider vectors in the
Hilbert space L3(S, 1) = La(S, &) % ... x Ln(S5, 1), endowed with its canonical inner

r times

product
£= (s 8= (00000 € TS0 <8 >= 3 < fosi>,
or with the inner product < .,. >7, defined by
f=(fi,.-s fo),8=(g15-.0,9-) € L5(S,p); <f,8 >T,¢=i1 < firgi >, -
i=

Let &€ = (£,...,&) be an element of L3(S,p). For each ¢ =1,...,r, and k& >
1,&;(x) will denote the component of the projection of £; on ¢4, 1.e.,

Ly =< &ir Pk > P1s

where ;, an eigenvector of 7.

The element of R*, whose components are &y(x), - - - » &) Will be denoted by &),
i.e.,
’

Ey = (Eawyr -2 bri)

Using the linearity of projections it can be easily seen that for any p x r matrix A
and any Z € Lj(S, ) we have

(AZ)(y = ALy
The following result will be used later, its proof is straightforward.

Lemma 1.2.1 Let Z € Ly(S, p), then ||Z||7, = ¥ MZiyyZ), in particular, ifAisa
p X q matriz then |AZ||F, = X MZ{,A' ALy,

1.3 The Model

The model we adopt in this work has its origins in classical linear models theory.
"The observations are functions of time, and each observation Y'(t) is the sum of a
deterministic function m, and a scaled random function e:

Y(t) = m(t) + oe(t), t€0,1], h (1.5)
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where m(t) is the mean-value function , ¢(t) the fluctuation or error, and o is a
positive and unknown scalar. The mean-value function m is a linear combination of
some fixed but unknown functions:

m(t) = i: :Bjﬂj(t), te [0, l], (16)

where the z; are known real numbers, and the 8; are unknown functions. They are
assumed to belong to the Hilbert space Ly(S, ). Put

I ﬂl
x=|:|, and B=]:
Ly ABP

The equation (1.5) can be written as
Y(t) =x'B(t) + oe(t).

For t € [0, 1] fixed, it reduces to the classical linear model form. Put
y=Y(), b=pit) and e=e)

so that
y =y z;bj+oe.

i=1
The dependent variable y, the independent variables z;, the parameters ; and the

error e are real numbers.
More generally, let t1,1s,...,t; € (0,1} be fixed, and put

Y (t1) Bi(t1) ... Aulty) T c(t)
y = : , b= : , X= and e = :
Y(t,y) Bo(t) ... Bplty) Zp c(ty)
This is summarized by
y' =x'b + o€, . (1.7)

which is the form of the classical multivariate linear model. The distinction hetween
multivariate models and standard (univariate) linear models is that the former in-
volves more than one dependent variable. Furthermore, while the ohservations are
supposed to be independent, the components of the error within each observation can
be correlated. Equation (1.5), is in this sense a generalization of equation (1.7).

For simplicity of notation and without any loss of generality we will suppose that
(5,8, ) = ([0,1}, Bo,13, A), the unit interval endowed with its Borel o-algebra and the
Lebesgue measure. In chapter 4, we will see how these results extend to the general
case.

From now on L, will denote the Hilbert space Lo([0, 1], A).
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Chapter 2
ESTIMATION

The most commonly used metheds in the theory of estimation are the least squares
and the maximum likelihood methods. In the theory of linear models, under the
normality assumption, they lead to the same estimators that have some optimality
properties. Their justification as satisfactory estimation procedures is given in many
standard statistical texts. Roughly speaking, the least squares method is based on
minimizing the squared norm of the error. In the Euclidian space this can be achieved
by computing derivatives and equating them to zero. In the infinite dimensional case
there is no equivalent to this procedure. However, in a Hilbert space, (or more
generally in a Banach space having a countable basis), it is possible to apply the
least squarss procedure. In sections one and two we show how it applies in Lo, and
prove that the estimators are optimum in a certain sense. The method of maximum
ikelihood is more restrictive than the least squares method. More precisely it requires
" a distribution density with respect to some measure. Lebesgue measure is the most
frequently used in classical linear models, and it is efficient under the normality
assumption. In the functional case there is no equivalent to Lebesgue’s measure, and
thus even under the normality assumption a distribution density might not exist. In
sections three and four we present some cases where the maximum likelihood method
is applicable.

Suppose that we observe n realizations of the random function Y of (1.5) with the
mean-value function m of (1.6). The ith observation is then given by

vt € [0, 1], Y:(t) = mi(t) + oe(t), with m;(t) = i m,-jﬁj(t),

where the f; are unknown functions and the x;; are known real numbers.
Using vectorial notation, the model can be written

Y(t) = XB(t) + oe(t); te(0,1], (2.1)

where o is an unknown scalar, € is an L}-valued mean zero random variable, 8 s a
non-random element of L} to be estimated, and X = (#;;) is an n X p matrix whose
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entries are known real numbers.

The observations will be assumed independent and identically distributed so that the
components of € are independent copies of an Lj-valued mean zero random variable,
€ say. Let & be the covariance function of e:

site[0,1]  x(s,t) = E[e(s)e(t)].

Throughout we will suppose that & is square-integrable so that it defines a self-adjoint
bounded and compact linear operator T, the covariance operator associated with e.

For any t € [0,1] fixed, the equations (2.1) are those of a classical linear model
and so estimators of B(¢) are available. Our aim is to find an estimator of the vector
B, an element of L}, that coincides for ¢ fixed with the classical ones, and to make
inferences using it. To this end we will reduce the equations (2.1) to equations of
classical form: this is the goal of the next section.

2.1 Reduction to the Finite Dimensional Case

Let {(Ar, ), & = 1} denote the sequence of pairs of eigenvalues-eigenfunctions of
the covariance operator T,. The sequence (@ )i»1 enables us to reduce the model
(2.1) to a system of classical models. In particular if € is Gaussian, this reduction
preserves independence across projections of realizations, and allows us to identily, as
will be seen, the law of some estimators. Before stating the reduced model, we need
to introduce some more notation.

For notational simplicity, from now on T will denote T, and Hp will denote H,,
the reproducing kernel Hilbert space associated with «. Furthermore we will suppose
in the sequel that the mean functions m; € Hr, i.e., the observations belong to the
reproducing kernel Hilbert space associated with the covariance function of the error.

Remark 2.1.1 There is no loss of generality in supposing that m € Hyr. Indecd,
each observation can be written as |

Y = Yo, + Yt

where Yy, is the projection of Y on Hyr and Yig,y» =Y = Yy, Recall that by the
Karhiinen-Loéve expansion, € € Hy almost surely. Therefore

m(HT).L = },(H:r‘)"' a.8.,
and thus we only need to make inferences about mpy.,..
Recall that T induces on L; a new inner product

VfiigeLy < f,g>r=<Tf,9>,
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which defines a norm on H, denoted by ||.|lz. The extension to Lj is made in the
obvious way, i.e.,

Vi,gel, <fg>r=>. <Tfig>.

=1

Let € = (&,...,&) be an element of Lj. Foreach:=1,...,r,and k21

iy =< Eiypr > Pi-

The clements of R", whose components are the £x) will be denoted by £, ie.,

Ey = (Exgiys- -2 &rii))"-
Using the linearity of projections it can easily be seen that the model (2.1) leads to
Yy = Xﬁ(k) + o€()s Vi > 1. (2.2)

On the other hand, if for each i = 1,...,n, §; belongs to Hz, the models (2.1) and
(2.2) are equivalent.

We will always assume that for each i,5; belongs to Hr. In the case of Gaus-
sian error, it follows that for each i, the probability measures £(Y;) and L{o¢;) are
equivalent, i.e., the Radon-Nikodym derivative of one with respect to the other exists.
We will use this property, (see the discussion at the end of this chapter) to derive a
maximum likelihood estimator of 8 which, as in the finite dimensional case, coincides
with the estimator obtained by the method of least squares.

2.2 The Least Squares Method

The method of least squares consists of finding the vector 3 that minimizes the T-
norm, associated with < .,. >, of the error e(8) = (Y1 — (X8)1,..., Yo ~ (X))
when viewed as a function of 8. Since o does not depend on g, dividing e(3) by & if
necessary, we will suppose that o =1.

We have that

le(B)lF = <e(B),eB)>r
= Y <eiB),e(B)>r

i=1

3 led )

i=1

We know {rom Propositionl.1.4 that -
le:(B)F = < e(B),ox >%

£>1
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On the other hand we have that
ei(B) =Y;— (XB),

therefore
<eB)wr>r = <Y,er>r —<(XB)i,or >1

<TY:ner > —<T(XB)i,or >
= MYy — (XB)iwy],

It

and cherefore

; le:(B)F = ;;*\iwi(&) — (XB)iw)?
= LZ>:1 MY —XBuy) (Y — XB )

This shows that the L3-norm of (@) is minimized if, and only if, for each & > 1, the
Euclidian norm of e()(8) is minimized.
Let k& > 1 be fixed. Viewed as a function of B, the norm of e(x)(B) is minimized at

ﬁ(k) = (X'X)'X'Yg).

Proposition 2.2.1 The vector whose components are linear combinations of the ob-
servations,

B = (X'X)"1X'Y,

is an estimator of B that minimizes the T-norm of Y —Xb when vicwed as a function

of b.

The BLUE Property

From classical linear models theory it is known that under the Gauss-Markov condi-
tions, for each k > 1, B, the estimator of 8, is the BLUE, i.e.,

Va € RP,Vb € R“,E[b’Y(k)] = a'fy = var [a’ﬁ(k)] < var [b'Y(k)]

In other words, among unbiased estimators of a8y, that are linear combinations of

Y, & ;@(k) is the one that has the minimum variance. This also can be formulated
as follows:

Iff € R™ and g € R? are two continuous linear forms, on their respective spaces,
such that

E[<f, Y4 > =<g,B4 > then, ver[< g,ﬁ(k) >] < wvar[< £, Y >]
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But Y and 8 are also elements of L? and L} respectively, and continuous
linear forms on R", 7 = n or p, can be viewed as particular elements of Lj. A natural
generalization of the “BLUE” property could therefore be:

Iff € L} and g € L are two continuous linear forms, on their respective spaces,
such that E[< £,Y >] =< g,B >, then var[< g,8 >] Svar[<{,Y >].

Let g € L. The question is:
For which £* € L} does -

var[< £*,Y >] = min{var[< h,Y >] ,E[<h,Y >]=<g,8>,heL;}?

The answer to this is given by the next theorem.
Theorem 2.2.1 Let f € L} and g € L} be such that:
El<f,Y > =<g,8 >,
then we have
var[< g, B >] € var[<f, Y >].

Remark 2.2.1 1. Since B = (X'X)"1X'Y, < g,B >=< X(X'X)"1g,Y >. Fur-
thermore by linearity, we have E < X(X'X) g, Y >=< g,B8 >. Thus the
above result implies that £* = X(X'X) 1g.

2. The result of the theorem is given in terms of the usuel inner product in Ly fo
emphasize that it generalizes the known result in the finite dimensional case.
The same arguments used for the proof can be used if < .,. > is replaced by
< . 2T

To prove this theorem we need the following lemmas.

Lemma 2.2.1 For all k> 1, and fori =1,...,n we have var(Yix) = 0.

Proof
It is clear that var(Yix) = c?var(ei). On the other hand we have that
var(ep) = B[< &, 0x >] =< T op, 01 >,

where the last equality follows from equation (1.3). Since iy is the orthonormal
eigenfunction of T' associated with Ag, the lemma follows. ()

Lemma 2.2.2 For cvery f € L}, we have
var[< £,Y >] =Y var[< fy, Yy >

k21
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Proof

From the definition of the inner product in L}, < ;¥ >= 33, < fi,¥; >, and by

1=1

independence of the Y; we have var[< f,Y >]=TL, var[< f;, Yi >]. But

'UH'.T[< fi, Y >] = O'2E[< fir €& >2]
= o’< Tf. fi>,

where the last equality follows from equation (1.3). Now using the expansion of f; in
the orthonormal basis (), and the fact that the ¢y are eigenfunctions of T' we have

var[< ft's},i >] = 0-2 ; Akfiz(k)a

where fix) =< fi,x >. This shows that

var[<£,Y >] = o®3. 3 Mfiy

i=1k>1

= o’ Z Z'\kf,?(k)

k>1i=1

= o’ Z ’\kf(k)f(k)'
k>1
Note that the second equality holds because the terms of the series are non-negative
and the third equality from the inner product in R®. On the other hand, since
Yi(k)s - - - » Ya(r) are independent, cov[Y ] = o2AcX. Thus

var[< £,¥Y>] = > Fiycov[Y Sy
k>1

Z ’UCLT[( f(k),Y(k) >].
k>1

Proof of Theorem 2.2.1

Let f* € LY be such that
var[< £*,Y >} = min{var[< h,Y >] ,E[< h,Y >] =< g,8 > ,h e L}}.
Since the equality
El< Y > =<{,X38 >=<g,8 >,
should hold for all B, f* has to satisfy X'f* = g. In other words, it should satisfy
Yk > 1 X' 1) = 8- (2.3)
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By Lemma 2.2.2, var[< £, Y >] = T4y var[< f(z), Y(x) >]. Thus, to minimize this
variance, it suffices to minimize each term of the series. Let & > 1 be fixed. We
will use the Lagrange multiplier vector 26 to minimize the kth term of the series
subject to the conditions (2.3). We have that

var[< £, Yoo > = f(",:Jvar[Y(k)] £
= oy M.
Thus, since A, and o? are constants, we have to minimize
w= f(i;)l £ — 292}:) (X’f('k) = 1)

with respect to f* and 8(xy. Clearly dw/88 = 0 gives X'ff}; = g() and dw/0fyy =0
gives Aifiy = X0 (). Replacing in (2.3), we get

(XX)0) = &)
which implies that
Oy = (X'X) ' gen-
Therefore, we have that
i) = X(X'X) " g
And since this is true for all £ > 1, we have
f* =X(X'X) 'g.
The theorem is proved. 0

The following section is devoted to another method of estimation. We will see
that it leads to the same estimator 3.

2.3 The Maximum Likelihood Method

Here we consider the model given by (1.5):
Y(t) = m(t) + oet); 1 €]0,1],

where m is an element of L, and € is a mean zero Lg-valued random variable which
is Gaussian. Put £L(Y) = v and L(o€) = p. These are two probability measures on
(L2, By,). Let T, as before denote the covariance operator of ¢, and let /T denote
the operator defined by

V21, VToe= Ao

The distributions of two Gaussian processes which have the same covariance op-
erator are either equivalent or orthogonal. A necessary and sufficient condition for
two Gaussian probabilities to be equivalent is given in the following theorem.
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Theorem 2.3.1 [7, Theorem 1, p. 271] In order that two probability measures Py and
P, with means m® and mY) and common covariances be equivalent, it is necessary
and sufficient that

(@ _ . (12
¥ (my ; m; ") < . (2.4)
k

E>1

The only alternatives are that they are equivalent or orthogonal.

Remark 2.3.1 1. According to our notation , fori=0or1, mi_'.) =< mb) ) >.

2. As mentioned in [7, Remark 2] , condition 2.4 is equivalent to m®® — m() ¢

range(v/T). A proof of this assertion can be found, for ezample, in 10, Theorem
3.1, p. 118].

In both {10] and {7] one can find an expression for the Radon-Nikodym derivative of
one probability with respect to the other when they are equivalent. The proof given
in [10, Theorem 3.1, p. 118] uses abstract Wiener spaces, while the one given in {7]
is based on Kakutani’s theorem.

A necessary and sufficient condition for the Radon-Nikodym derivative of v with
respect to p to exist as we have seen is that m belongs to range(+/T). This condition
is actually equivalent to m € Hrp, the reproducing kernel Hilbert space associated
with the covariance functions of ¢, (see for example [6]). We have seen in Remark
2.1.1 that for estimating m there is no loss of generality in supposing that m € Hy.
Under this condition, in the next proposition, we give the Radon-Nikodym derivative
dv/dp. 1t can be proved using elementary tools following [6]. Such a proof is given
below for the reader’s convenierce.

Proposition 2.3.1 Assume the probability measure v is absolutely continuous with
respect to the probability measure y then we have

d 1
—1-}-(3:) =exp[—= > mi2+ Y mizi], Vre Hr,
du 2 k>1 k>1

where

m; =< m,p; >, 3 =< ,9; >, and @} = a\[A; p;.

Note that by definition of the inner product < .,. >, we have that

2
%(m) = €xp [_%' (Z /\kmi + Z/\kmkmk)jl , VYzeHy

k21 k21

0.2

= exp [—?(< m,m >r —2 < m,z >T)] .
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Proof

Let (X;);»; be independent identically distributed normal N(0,1) random variables
such that:

o 32X

e =
£>1
= ZXJ‘PL
k21
and put

k
Ur(z) = Z[nj‘ - 2m:m;]

F=1

We have that

fLﬂ exp[~Uk(z)| du(z) = fnexp[—%U(e(w))] dP(w)

1 SV SEPT
i W'/R* exp[~ 3 (m;? — 2mjz; + i) dx

i=1

b 1¢ " 2

- exp[gmj ] kaexp[—gémmj - z;) ] o)
k

= exp[Zm;Z],

=1
where dx = dz; ...dz;. Since 3j5; m}? < ||m|| < oo, the sequence (exp[—%—Uk(.)])kzl
is p-uniformly integrable. Indeed, using the Cauchy-Schwarz and Chebechev inequal-
ities it can easily be seen that

exp(~242)) au(z) =

lim sup/
re—s0D k21 cxp(_.[‘_rkz(i))>a

Let B, denote the o-algebra generated by (¢}, ...,¢}), 1.6, By = o(p1,...,0%). For
each A € B, there exists B € Br» such that:

A={feLy(< [0} > .., < frpi >) € B},

and we have

1 1 k L] * ¥ = »
Lexp[—EUk(y)] du(y) = fnexp [—52 (mf-—?mjej} 15(¢,...,¢€;)dP
1 L w2 g
= B a0l 2 2 ]
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where z = (mj,...,m})' and dx = dz,...dz; . Therefore we have that:

[ =5 Uk(w)] duw) = v(4).

Let A € B, we have that:

/exp [-——Zm*2+2m m,]d,u( ) = fA lim exp[—-%UN(m)]dp(:c)

J>1 i N=oo
. 1
= lim | exp[-5Un(2)|du(a).

The last term is equal to

+ 1 N =2 = 2 diB]...dﬂ:N
Am [, SXP [——ig(mj —2mjmj+m_,-)]————(27r)N

= f exXp [__ Z('m —2mjz; + 32)] .._.—dml .. dzy X

J—-l J 3 (, /2‘;1')""
N
) da:k ...da:N
w2 * 2 +1 LA
Nhﬂo RN~k P [ﬂ_:—k+1(mj _2mjmj+$j)] (V2m)N-k
k
dm ...dmk
= [ exp[-5 3 (m —2mia; + o) T x 1
/ P[ J 1 Bt J)] ( 27r)k
= /Aexp [—EUk(-'B)]d#(‘c)

= v(A).

The probability measure v defined by
A€ B,/ f exp [—— Emﬂ + Zm ]d,u(a:)

and v coincide on the algebra |J; B, and thus on the o-algebra By, = cr(U;c Bk). 0
Remark 2.3.2 The reason that we are considering the Radon-Nikodym derivative of

L(Y) with respect to L(o€) rather than L(e) is that L(Y) and L(e) ure orthogonal.
We postpone the details of this fact to the end of this section.
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Recall that the model (2.1) can be written
Y(t) = m(t) + oe(t); t€(0,1],

where m = (my,...,my,) is a non-random element of L3, and € = (€1,...,€,) is an
L2-valued Gaussian random variable which components are independent copies of ¢.

The likelihood function £ is defined by:
]' = * = * w n
E(m,x) = exp [—'5 Z Zm,a) + Z Z m,(J)m,(J)], Xe L2'
jz1i=1 ji>li=1
As usual, put &'(J-) = (é1(5)s - - - 1 En(i))'> then we have
¢ o . . . "
¢(m,x) = I;I1 exp {5 [m{ymf; - 2miyxy) ) x € L5,
iz
which also can be written
o?);
E(rn,x) = ];]; exp {——2—“1 [mb)m(j) - 2m(_,-)x(j)] }, x € L3.
iz
In the case where
m(t) = XB(t), te(01],

we have that

B,y) = [Jexp{-

iz1

o?);
2

81X’ X By — 28, XY (5]}, v e Lg.
Note that, for every j = 1,
By X'XB;) — 2B, X Y = (Y — XBp) (Yiy - XBy) — Yin Y,
so that maximizing £(8,y) with respect to B, independently of o, is equivalent to
minimizing
(Y — XB») (Y — XByz)-

Hence we have the following result
Proposition 2.3.2 Viewed as a function of B, {(B,y) is mazimized for
B = (X'X)'X'Y.

The two methods of estimation, LS and ML, as in the finite dimensional case lead to
the same estimator of 3. However while the former is always applicable the latter is
not. More precisely,
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Remark 2.3.3 1. As in the finite dimensional case, The least squares method

does not require rormalily. Moreover, it does not cven require any knowledge
about the covariance structure.

2. Unlike the finite dimensional case, in infinite dimensional spaces there is no
direct equivalent to Lebesgue measure in R". However, if the error is Gaussian
this difficulty can be circumvented by letting the Radon-Nikodym derivative (of
the observation distribution with respect to the error distribution) play the role

of the likelihood function. If the error is not Gaussian it is not easy to remove
the difficulty.

3. The inner product < .,. >r is not an artificial one. It appears naturally in
stochastic processes studies using the reproducing kernel Hilberl space approach.
Furthermore, the likelihood function is mazrimized al

SOAY (Y5 - 2o MY — XBy) (Yu) — XBy)-

i>1 izl

In terms of the inner product < .,. >, one can ecastly see that this expression is
analogous to the statistic SSR usually found in analysis of variance or regression
models.

Discussion

Now we present another aspect of the difference between the finite and infinite di-
mensional cases. It is clear that in the finite dimensional case the law of a Gaussian
random variable X is equivalent to the law of ¢X for any positive real number o,
i.e., dC(X)/dL(cX) exists. Here we show that if ¢ is an L,-valued Gaussian random
variable, then £(¢) and L{c¢) are orthogonal.

Let (Z)) be a sequence of i.i.d. N(0,1) random variables, (X}) a sequence of i.i.d.
N(0, ¢?) random variables. Let Z = (Z;) and X = {X}). They are Gaussian random
variables with values in RN, the space of all real sequences. Using Kakutani’s theorem
on product measures [8], it can be shown that the probability measures Pz = L(Z)
and Px = £(X) induced by Z and X on RN are orthogonal. A proof can also
be found in [7, example 2, p. 115]. This proof is based on the following version
of [7, Theorem 1, p. 107]. Before stating the version that we need, recall that by
the Radon-Nikodym theorem, there exists N € By such that Pz{N} =0, and a
non-negative function f integrable with respect to Pz such that for any £ € Bpn

Px{E} = [ f(z)P3(ds) + Px(ENN).
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Theorem 2.3.2 {see Grenander, Theorem 1 p 107) Let ¢ denote the distribu-
tion densily of L{Z1, ..., Zv), and g denote the distribution density of £( Xy, ..., Xy)-
Put

1{..n
_ 9nl=")
fn(m) = gg(mn)"
where z = (21, %2,...) € RN and X" = (z1,...,24). then

lim fo(z) =00 = Px{N} =1

=0
i.e., Px and Pz are orthogonal.
By definition of orthogonality of measures, there exist two measurable sets F, F €

Bpn such that ENF =0, P{Z € E}=1,and P{X € E} =0. For A € By define
A e By, by

A ={f € Ln,(< [y¢ >) € A} with o} = e

Using the Karhéinen-Loéve expansion, we have P{e € E'} = P{Z € E} = 1, and
P{oe € B’} = P{X € E} = 0. Thus, since B'N F' = 0, L(¢) and L(ce) are
orthogonal.

These remarks end this chapter. In the next chapter we use 3 to develop tests for
linear hypothesis.



Chapter 3

TESTING LINEAR
HYPOTHESES

The mean-value function is assumed to be a linear combination of unknown functions
B1y. .., Bp, so that the observations are summarized by the form (2.1):

Y(1) = XB() +oelt), te[o,1]

QOur aim, in this section, is to make inferences on 8 by establishing tests for the
hypothesis H:K8 = C. Throughout this chapter we suppose that € is Gaussian. As
mentioned in Remark 2.1.1, there is no loss of generality in supposing that 8,,...,5, €
Hr. Thus we will suppose that 8 € H}.

For the sake of clarity, we first treat the case where K and C are respectively the
identity and the null matrices. The general case will also be treated.

3.1 Testing

We have seen that the method of least squares and the maximum likelihood method
lead to the same estimator of 3:

B = (X'X)"1X'Y.

Following the notation from classical iinear models theory, we will define the residual
error sum of squares SSE, the sum of squares due to regression SSR, and establish
some of their properties. Using the definition of ﬁ, it is easy to see that

Y - X3 =(1-XXX)X)Y,

where I is the identity matrix. Let M = (m”) denote the matrix (I-X(X'X)"1X').
It is idempotent,( i.e., MM = M), symmetrlc and such that MX = O. Therefore,
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for each k > 1, 07?Y (MY is a non-central XZ'(T(M),E%Z'MER)M#U;)) random
variable, where r(M) is the rank of M and

!
Y = (< Yo >0, < Yo, 0 >)
is a Gaussian vector A (u(k),cr"’l) with mean,

ruy = EYq
= XBu

Therefore, Mpyy = 0 and thus Y{,, MYy is a a®x2qy) random variable.

3.1.1 The SSE and SSR
By analogy with the classical linear models theory we define SSE by:

SSE = (Y—-Y,Y—Y)T
= <MY,MY)T
= (Y,MY)T,

where Y = X,@.
Recall that, for each i = 1,...,n, we have that:

Yi=)_ <Y, > o,
k>1

where (@)1 is the orthogonal basis of Hr the reproducing kernel Hilbert space
associated with €. On the other hand, from the definition of the inner product
< .,. >r , we have that:
)
n

’Zmu )

=1

> (Y misY;), .

(v.mv),

...
Il
B

il
L= 109
5

e

~

il
ME

..
1]
—

Il
™=
Ma

..
Il

LY
L
1

ol

Using the expansion of the ¥; and the orthonorrnali'ty of the ¢y, the general term of
the double sum becomes

<Y.-,m.-jY}> <Z < Yi, 01 > Tor,my Z <Y,@1> ‘Pl>

i>1

Z)\k < Y., p4 >mi; < Y08 >
k>1
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Substituting this in the previous formulae, we get

n n
EZZ’\L’ < Y},lpk >my; < }'},tpk >
i={ j=1k>1

n n

(Y, mY)_

= ’\k<Y;y‘Pk>7nu <}Ja"tok>
>1 =1 j=1

= ¥ MY, MYg.

tod

This shows that
SSE = Z )\kYEk)MY(L—)-

k>1
We also define the total sum of squares SST to be
$ST = (Y,Y) .
Then the SSR is given by
SSR = SST — SSE
= (Y,X8),
= (Y,BY),

where B = X(X'X)"X’ is a symmetric and idempotent matrix. Furthermore, it is
orthogonal to M. We can now state and prove the following results.

Proposition 3.1.1 1. There exists a sequence (Uk) of independent random vari-

ables with the same distribution X2y, such that the series 6° Lyyy Mimie con-
verges to SSE almost surely.

2. There exists a sequence (£;) of independent real random variables such that each
& has a non-central xz’(r(B),(20‘2/\k)‘1p'(k)Bu(k)) distribution, and the series
0% Tio1 Ajér converges to SSR almost surely. Also,

3. The SSR and SSE are independent.

Proof
1. We have seen that

SSE = kZ)\kYEk)MY(k)
>1

22)@( it —=Yy) M(mY(k,).

k21
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Put
1 ! 1
T = (;v—)rkY(k)) M(mY(k))-

It is a x* (r(M),%{Tkuzk)Mp(k)) distributed random variable. Recall that
p»yM = 0. On the other hand we have, E[SSE] = E < Y,MY >r7 is fi-
nite and therefore SSE is almost surely finite.

. Using the same arguments as for SSE we have that

SSR = E )‘kYEk)BY(}:)
k>1

1 !
ol Z }\E (;——-\/TkY(k)) B(;/—A—kY(k)).

k>1

Put i 1
}
=(—=Y ) Bl——=Y ).
b= (- Yw) B Yw)
It is a non-central x”(r(B),(202/\k)‘1u’(k)Bu(k)) random variable. On the
other hand we have E[SSR] = E < Y,BY > is finite and therefore SSR is
almost surely finite.

. It suffices to show that the sequences (1)1 and (€ }i>1 are mutually indepen-

dent.

Since (Y”‘))km

since 7, and & are functions of Y(x) alone, it suffices to show that for each

k > 1, and & are independent. We have 7% = (0A) 'Y yMY () and

&= (oAk)'lYik)BY(k) where Y is a Gaussian N(y.(k),cr?,\kl) random vec-
tor. But, BM = MB = 0, thus 7 and { are independent. a

is a sequence of mutually independent random vectors and

Corollary 3.1.1 The statistic

SSE
(M) 22p A
is an unbiased estimator for a®. Moreover we have
lim —SL& =¢? as.
n—oo (M) T M
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Proof

By the first assertion of Proposition 3.2.1, and with the same notation, we have almost
surely that SSE = 02 3, Ainx. Therefore E[SSE] = r(M)o? ¥ i Ai. Since the series
terms are non-negative we have

. 2_ Tk _ 2 7?k
fm > Ny T Am N, 2 Z NI

= llm lim Z,\z (1;\’;1)
_.oon—roo T

= llrn ZAZ nlLrglo r(%l)

On the other hand, (M) = n — T(X) = n — p. Thus by the strong law of large
numbers, for any integer N 2 1, we have almost surely

Z R v r(M) =2 N

k>1
This ends the proof. @]

3.1.2 A particular case

To develop a test for the hypothesis Hy : 8 = 0 versus ff : 8 # 0, we will use the
maximum likelihood method. The likelihood function, as we have seen in $2.2.3, is
given by

H eXP{ By XX By — 28Xy ) }-
As a function of 3, £ is maximized at f-] = (X’X)—l}('y. We have that

{B,y) = EGXP{ 5 y(J)X(XX) IXy(J)}

= exp{z ymx (X'X)" lx'y(,,}

= exp{—— <y, X(X'X)"'X'y >T}.
Note that
2
supf(B.,y) = exp(%SSR), and
B

sup e(ﬁ,Y) = 1

B=o
therefore we have the following mazimum likelihood test.
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Theorem 3.1.1 For iesting Ho : B = 0 versus H, : B # 0, at level o, there exists a
lest ¢ given by:

"l’={ 1 if S(Y)> C(Ho,a), 3.1)

0 otherwise

where S(Y) = SSR if o is known, and S(Y) = SSR/SSE otherwise. The constant
C(Ho, ) is such that P{S(Y) > C(Hp,a),B = 0} = «a.

3.1.3 The General Case

Consider the general hypothesis Hp : KB = C, where K isan m x p matrix and C
is an m x 1 vector of given functions. The only restriction on K is that it is of full
row rank, i.e., rank(K) = p. This simply means that the linear functions of 8 which
form the hypothesis Hy are linearly independent. For testing this kind of hypothesis
we need to compute an estimator of B under Hy. We will see that the constrained
least squares method provides such an estimator. It will be denoted by 8.
Constrained Least Squares

The constrained least squares estimates are obtained by minimizing ||e(8)||F under
the condition K8 — C = 0, which is equivalent to

Recall that
le(@E = 3 A2 (Yu — XBy) (Yo ~ XBy)-

k>1

Therefore, to minimize ||e(8)||% subject to (3.2), it suffices to minimize, for each
k>,

(Yo — XBy) (Y — XBw)
subject to
KB - Cwy =0
Using Lagrange multiplier vectors, it can easily be seen that
A=p-(XX)K [KXX)“K]" (K3 -C). (3.3)
Remark 3.1.1 1. Note that since rank(X) = p < m = rank((X'X)~"), we have
that rank(K(X'X)'K') = p. Thus K(X'X)"'K' is invertible since it is of full

rank.
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2. Recall that, in Chapter 2, the mazimum likelihood estimator has been obtained
by minimizing, for each k> 1,

(Y — XBuy) (Y — XBy)-

Therefore, the constrained mazimum likelihood obtained by maximizing the like-
lihood function subject to (3.2) is equal to B.

Let SSEy, denote the residual error sum of squares under the hypothesis Hp : K8 =
C,ie.,

SSEm, = IY — XBl7-
Writing

Y-XB=Y-XB+X(B-5),
and using the fact that XY — Xg)

SSEn, =Y — XBi% + |X(8 - B)|13- | (3.4)
From (3.3), we have that

3) = 0 we can see that

A

B-B = (XX)K [KX -1K'] (KB —C)
= (X'X)7'K [K( X’X)“K’] [KX'X)'X'Y - C]
= (X'X)7K' [K(X'X -1K'] K(X'X)™'X'[Y - XK'(KK')~'C].
Thus X(3 — B8) = D(Y — C*), with
D = X(XX)"K [KXX)"K]" KXX)'X/, and
Cc* = XK'(KK')™'C.

Note that D is idempotent, symmetric and DM = MD = 0. In this form we can
now give the distribution of Q = ||X(8 — B)||% and show that it is stochastically
independent of SSE.

Proposition 3.1.2 1. The real random variables Q and SSE are stochastically
independent.

2. There exists a sequence (Ck) of independent real random wvariables such that
each (x has a non-central x¥(r(D), ) distribution, and such that the series
a2 T AL(i converges to Q almost surely, Further

& = (20°2) " (BY &y — Cy) ) D(EY 5y — Ciyy)s

so that under Hy : X8 = C, §;,=0, for every k > 1.
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Proof

The last assertion is straightforward, the remaining assertions can be proved as was
Proposition 3.1.1. O

Define the sum of squares due to regression under the hypothesis Ho : K = C
by SSRy, = SS5T — SSEp,. From (3.4), we obtain

SSRy, — SSH=Q,
and thus we have the following result.

Theorem 3.1.2 For testing Ho : KB = C versus Hy : KB # C, at level o, there
exists a lest P given by:

¢={ 1 if Su(Y) > C(Hos ),

0 otherwise ! (3.5)

where Sg,(Y) = SSRy, — SSR if ¢ is known, and Sy,(Y) = (SSRy, — SSR)/SSE
otherwise. The constant C(Ho, a) is such that P{Sy,(Y) > C(Ho, ), K8 = C} = a.

3.2 Confidence Sets

Recall that the model is given by
Y(t) = XB(t) + oe(t), te0,1],

where o is an unknown scalar.
TFollowing the definitions in [15, §1.4, p. 13], we define estimable functions as follows:

Definition 3.2.1 A parametric function ® is defined to be a linear function of the

unknown parameters {fi,...,Bp} with known constant coefficients {ci,. .. yCp}, L6,
p

o =3 ¢f (3.6)
i=1

In vectorial notation, equation (3.6) can be written @ = ¢'8, with ¢ = (c1,...,¢)"

Definition 3.2.2 A parametric function ® = c'B is called an estimable function if
it has an unbiased linear estimate, in other words, if there exists a vector a € R of

constants such that
Eld'Y] = 9,

identically in B (i.e. no matter what the true values of {fy,...,B,} are).
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Remark 3.2.1 Theorem 1in [15, p. 13] states that & is estimable if and only if there
exists a € R™ such that

¢ =aX
Let & = (94,...,8,) be an element of L] whose components are lincarly independent

estimable functions. Thus there exists a q X p matrizx C and ¢ ¢ X n matriz A such
that ®=C3 and C=AX'. Furthermore, C and A'A are of rank q.

The following theorem is an analogue to the one stated in [15, p. 26].

Theorem 3.2.1 Let @ be as in the remark. If € is Gaussian, then the least squares
estimator ® = Cf, of ® is Gaussian and is stochastically independent of SSE =
Y Y]

Proof
Recall that the least squares estimator of 8 is given by

B = (X'X)"'X'Y,
so that

A

& = CX'X)IX'Y
= AX(X'X)'X'Y,

and thus @ is Gaussian.
To prove the independence of £ and SSE, recall the notation

f(k) =(< Els‘lgk >a---a<£ﬂ‘pk >),’ VfEL;

We have (see for example [16], Theorem 3, p. 59) that Y and til(k) are independent
since

AX(X'X) X/ - X(X'X)'X'] = 0.

On the other hand, it is easy to see that for any pair (k,4') of integers such that
k # K, Yy and @) are independent. o

We have that

-0 = AX(X'X)'X'Y - AXS
= AX(X'X)"'X'[X8 - 0] — AXB
= O‘ABE,

where B = X(X'X)~'X'. Since ABA'is symmetric and of full rank it is non-singular.
Let {ABA')~1/2 denote the matrix whose square is (ABA')™!, and define

D = BA'(ABA')'AB.

We have the following result.
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Proposition 3.2.1 There exists a sequence (¢x) of independent random wvariables
with the same distribution X%, such that

3" MG = o 2f(ABA) 2@ - 9|7 as..
k1

Proof

By lemma 1.3.1 we have that

||(ABA')"1/2(&’ - 9|5 = ‘72§ el Dew).
:>1

On the other hand D is idempotent and the € are independent and identically dis-
tributed M(0,I). Therefore the €{;yDe) are independent and identically distributed

Jsf.(D). That the series converges a.s. to o~2[(ABA/)"Y/%(& — ®)||% follows from
¢ — & = cABe. O

The proposition and theorem above together with the fact that SSE/Nr(M)
(with A? = 3 A2) is an unbiased estimator for o provide a confidence set for P.

Corollary 3.2.1 With the same notation as before, there exists a (100 — )% confi-
dence set Co for ® given by

Co = {f € L, |(ABA)12(d - ) ||} < caSSE/Nr(M)}.

The constant ¢, is given by
Ek)l )\ka Co }
P > = q,
{Ekgl A~ Afr(M)

where ({1} is as above, (nx) is as in Proposition 3.2.1 and such that the two sequences
are independent,

The results we have seen in this chapter have been obtained under the normality
assumption. In the next chapter we will see how these results extend to some non-
normal cases.
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Chapter 4
EXTENSIONS

In this chapter we consider the model given by (2.1)
Y(t) =XB(t) + oe(t), tel0,1j,

but we do not suppose that the error is Gaussian. However, its covariance function is
assumed to be square-integrable so that it defines a self-adjoint and compact operator
T.. On the other hand, for testing hypothesis, the normality assumption is replaced by
an asymptotic condition on the design matrix that ensures the central limit theorem.

4.1 Consistency and Normality of the Estimators

Replacing € by oe, if necessary, we will suppose in this section that ¢ = 1. For making
inferences about B, it is the normality of the estimators rather than the observations
that is required. Since the estimators are linear combinations of the observalions, it
is possible to invoke the central limit theorem to show that, under some conditions,
the estimators are asymptotically Gaussian even if the the observations are not.

Before stating the result recall that the least squares estimator, 8 = (X'X)~'X"Y,
of @ satisfies :

X(8 - 8) = X(X'X)"'X'e.

The constrained least squares estimator of @, under the constraint K3=C, is given
by

B=p8-(XX) 'K [KXX) K] [Ks-c],

where K is a given matrix of full raw rank, and C is a given vector. Note that
K(8 - ) =KX'X)'X'e+ KB -C.

Also recall that B=(b;;) denotes the n x n matrix X(X'X)"1X".
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Theorem 4.1.1 There exists a mean zero, L3-valued Gaussian random variable G =
(Gy,...,Gp) with stochastically independent components, the same covariance func-
lion as ¢, i.e.,

Vs,t € [0,1], cov(Gi(s),Gr(t)} = cov(er(s), e(t)),
and such that if

Jim max [b;;] = 0,
then

-

K(X'X)"'K]™?[K(B-B)- (KB-C)| G as n— oo,

This theorem is due to Srivastava [19] in the finite dimensional case (see for exam-
ple [17]). We will give its proof in the Hilbert space case for the reader’s convenience.
But first note that if we take X=I and C=g, i.e., without any constraint, the con-
clusion of the theorem becomes

(X'X)V(B-B) S G as n— oo (4.1)
Using this we prove the following consistency result.

Theorem 4.1.2 With the same notation as (4.1) we have thai
lim max [b;] =0 = sup (X(B - B)) _—0 in probability n — oo.
=00 i=1 H

Proof of Theorem 4.1.2
We have that

X(B-B) = XXX)VHXX)*B-B)
= X(X'X)2[G+ (X'X)¥(B - B) - G
— X(xlx)—]/2G + X(X’X)"”zr,

where r = (X'X)/?(8 — B) — G. By Skorohod’s theorem, (see [18] or [4]), we can
suppose that the convergence in (4.1} occurs almost surely so that r converges to zero
almost surely. Therefore we have only to prove that

X(X'X)"?G 0 as n— oo

Let t € [0,1] be fixed. Let (af;) denote the n x p matrix A’ = X(X'X)"/2, For
t=1,...,n, we have,

E [i a;G5(t) } }:a E[G:(t)

i=1
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On the other hand, since G(¢) has independent components,
cov (A'G(t)) = A'AE[G,(t))°
= E[Gi{#) (by)
where (b;;) denotes the n X n matrix A’A. Therefore
»
Jim 3 ot = Jim b =0
i=1
Let 6 > 0,and N 2 1,
. [ 2 P X P
slip |Gy < 3G sl S e

i=l |j=1 i=1 i=l ;o)

P
= SHP b,',; Z G?(t) .
= i=1

=1
Therefore

P
lim sip > af;G;(t) =0 as.

lim mazll b; =0 =
=00 —0Q i=1

=1

This proves that, ¥t € [0, 1],
X(X'X)VG(t) >0 as n — oo.

We have proved that for each ¢ € [0,1], there exists a negligible £, such that
Vw e 0 — 0 = X(X'X)V2G(t) - 0 as n — oo.

Let S = QN [0,1], and put Qg = U;esQ, which is a negligible set such that
Yw e O~ Q= X(X'X)"?G(t) -0 as n—o0, VIES.

Since S is dense in [0, 1], and X(X'X)~'/2G is almost surely continuous, we have the
result. O

Proof of Theorem 4.1.1
Let s be an integer and (A,)s>1 a sequence of matrices such that for every n > 1,

o A, =(a;;)is a s X n matrix where a;; = a;;(n), and

o AnA-:; = Toxs.
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The second condition can be expressed as

S af=1 fori=1,...,s, and > aijar; =0 fori# k. (4.2)

i=1 =1

Let (63;)j=1,..n denote the diagonal elements of A’ A, and (e,)n>1 be a sequence of
independent and identically distributed Ly-valued random variables such that:

E< f,e>=0VfeL; and E|l&f? < co.
We have the following central limit theorem.

Proposition 4.1.1 If max}_, [b};| — 0, as n — oo, then (As(€1y.- - €) )1 cON-
verges in distribution to an Lj-valued mean zero Gaussian random variable, G say.
Furthermore, G has the same covariance structure as €.

Proof
We have that Ag(e1,...,6n) = (Tjay @155, -y 2otz apj€;) is an element of L5. We
will show that there exists a random variable G in Lj such that

VEEL], <fAu(er,.. ,6) >5<f,G>. (4.3)
Condition (4.3) is actually equivalent to
Anlen....e) 5 G.

Indeed, a necessary and sufficient condition for a sequence (£;) C L to converge in
distribution to £ € L is

Vf€Ly < fi&>H<fE>.

Let f = (fi,-..,fs)' be an arbitrary, but fixed, element of L3, we have

§ n
. <f?An(el""’€TI)’> = Z<fiazafie.f>

i=1 i=1
n s

= ZZ&;;‘ < f,‘,éj > .
i=li=1

Put Z; = Y0, ai; < fi,€; >. The Z; are mean zero, independent and we have

E[Zj]2 = Za?jE[< f.‘,El >]2 + za,-jakjEk f,‘, € >< fk,él >].
i=1 i#k
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Put o7 = E[Z;]?, and v = 7, 0% By (4.2) we have v2 = T E[< fi,¢ >]%
Indeed

n 3

v = ZZa?jEk firer >
j=11=1
n

+3. Y aijanBl< fioe >< friya >]
i=1i£k

8

= ZE[< f;,E1 >]2Z(LU

i=1
1

k11
+3E[< finer >< fiy €1 >] ) aizan
i#k =1
i# J ~

= ZE[< f,‘,El >]2.
i=1

Since v2 does not depend on n it will be denoted by vZ.
The convergence in (4.3) will hold if the Z; fulfill Lindeberg ’s condition:

il Z2iPp =
Vu>0 h_pgo =3 JZ;-/Z,IMw dP = 0.
Note that
1Z;] < 3 laisll < fores > |

i=1

Il O Y A1),

=1 i=1

and that ¥, af; = b3;. Therefore

IA

{121 > wo} € {ll&sll > wo(lf]* max b,)7*},  and

[ zap < [ zip
12w s l>6-
= E[Z1y)>s)",

where 8, = uv(||f]|* max™, b7,)"/%. On the other hand we have that

j=1 "33

E(Zl>6." = E[Q_df < fiye >* +

=1
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Yok < fiy €65 >< fiy € >)Ly|>60)
i£k

= Y oL E[< fie; % Ljy»en) +

=1
Y aijanEl< fi,e >< froa > Yjg|»sals
itk

and hence by the condition (4.2), we have

S ElZ sl = S E[< fier > Ly, Do afi +

=1 i=1 j=1
e e’
=1

n
YCE[< fier >< fiy €1 > Lj||>6n] D ®isij
i#£k =1
e —’
=0

= Y E[< fiyer > Lqposal:

i=1
Recall that
. . 2 o
Jim 6, = Jim, wolf)* maxt;) ™

_ , 2 2 * y—1/2
= uv lim ([|f]* max6j;)
= o,

and that for every g € La, E[< g,¢; >]? < co. Therefore

lim Y E[< fiye1 > Lg56.] = 0.
=1

=00

Since Lindeberg’s condition is fulfilled we have that
S°> aip < foe >4 N(0,v%) as n — o0,
j=1i=1

where v* = Yo, E[< fi,e >]%. Let Gy,...,Gp be independent and identically
distributed L,-valued mean zero Gaussian random variables having the same structure
of covariance as €, and put G = (Gy,...,G,)". The real random variable

<f,G>=) < [i,Gi>

=1

is Gaussian N(0,v?). This shows that
‘ c
<f,‘An(€1,...,En)’ > f,G P as n — 00,

and since f is arbitrary, the proposition is proved.
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Proof of Theorem 4.1.1 resumed

To see that Theorem 4.1.1 holds, note that
[KXX)K]™ [K(B - B) - (Kp - C)]
= [K(X'X) K| V2K(X'X) "1 X,

and put

A, = [KX'X)'K|"V2K(X'X)"'X/,
so that

A AL = Tgxs.

It only remains to show that
Jim miax [b5] = 0 = lim riéx 65| = 0,
where
B = X(X'X)HIX' = (bj_,'), and
ATA, = X(X'X)TKKXX)TK]TPKEXX) X = ).
This involves simple linear algebra that we recall for the reader’s convenience. Noting
that

K(X'X) X' = K(X'X)'X'X(X'X)"'X/,
we can write AL A, = BB, with

B, = X(X'X)'K'[K(X'X)"'K'"/*K(X'K) ' X".
Now since By = (by,;) is symunstric and idempotent, its eigenvalues are either 0 or
1. Furthermore there exist a matrix M; = (m,;;) which is orthonormal (MM} =
MM, = I), and a diagonal matrix D; = (dy,;;) whose diagonal elements are the

eigenvalues of By, such that B; = M;D;M].
Using the symmetry of B and the Cauchy-Schwarz inequality we have

P
b = Dby
i=1

P P
PIPIRE [_Z; AR
J:

i=1

< b

The last inequality holds because

P
bi.z‘t’ = Zdl,jj b%.ij <L

i=1

This ends the proof of Theorem 4.1.1. 0

1A
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4.2 SSR and SSE for Non-Gaussian Error

As mentioned in the introduction, we consider the model given by:
Y =Xp3+4 oe,

with an error that is not necessarily Gaussian. However, we suppose that its Lo-
norm has a finite second moment, i.e., Ell¢/l? < co. This is a necessary condition
for a central limit theorem to hold in Ly, see [20]. This condition, ensures that
the covariance operator T associated with € is compact, (see Theorem 1.1.1 and
Proposition 1.1.1), and thus has a countable set of eigenvalues. Let (Ax) and (r)
denote respectively, as usual, the eigenvalues and the eigenfunctions of T. For the
sake of clarity, we treat first the unconstrained case and then the constrained case.

The Unconstrained Case

Let A denote the n X p matrix given by A = (X'X)~/?X’. We have that
AA' =1, and A'A=B,

where B = X(X'X)"1X'. Put B = (b )1<ij<n-

As mentioned in the previous section, to make inferences about the parameters, it
is the normality of the estimators that is needed. Such “normality” has been obtained
under the condition

lim max bi; = 0. (4.4)

n—oo 1=1

Throughout this section we will suppose that (4.4) holds.
The least squares estimator of 8 is given by B = (X’X)"1X/, and the SSE and
SSR are given by

SSE =<MY,Y >p, and SSR=<BY,Y >r,
where M = Iyn — B.

Asymptotic distribution of SSR

From the definition of SSR, and since B is symmetric and idempotent, ( i.e. BB=B),
we have

SSR = =<BY,BY>r

< BXA3 + ocBe, BX8 + cBe >
= < BXg,BXS >r +20¢ < BX8,Be > +0? < Be,Be >7
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Under the null hypothesis Hy : 8 = 0, only the last term is of interest. Note that the
last term can be written as

<Be,Be>r = <A'A¢,A’Ae>r
= < AA'Ac,Ae>7p
= < IpprE, A.E >T .

By Proposition 4.2.1, and since the inner product < .,. >r is continuous with respect
to the usual norm (see (1.4)) ||.||2, we have that

< Be,Be >7-5< G,G >r, as — o0,

where G=(Gy,...,G,) is a mean zero Gaussian r.v with independent and identically
components satisfying

Vs,t €(0,1],  cov(Ga(s), Gu()) = covler(s), ex(1)).

Proposition 4.2.1 There ezists a sequence (nx) of independent random variables
with the same distribution x2 such that, if =0,

SSR 5 6?3 My as — oo,
k>1

Proof

We know that there exists a sequence (5;) of independent random variables with
the same distribution x2 such that the series Ty5; A7 converges almost surely to
< G, G >7. Since, for 8 = 0, SSR converges in distribution to 2 < G, G >y, The
result follows. 0

The asymptotic distribution of SSR would be completely known if we knew o?.
For large sample sizes we can approximate ¢ by SSE/(nc), where ¢ is a constant
that depends only on the error covariance, t.e., T. :

Approximation. of o¢
We have that
0"285E = < Me,Me >7

= <¢,e>r—-2<€Be>r+ <Be,Be >y
= <é€,€e> — < Be,Be>r.

The last equality holds because B is symmetric and idempotent. We have the follow-
ing lemma.

Lemma 4.2.1 If (4.4) holds then

lim -1— < Be,Be >7r=0 as.

n—od 1
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Proof

Recall that B = X(X'X)™'X = (b;)1<ij<n, and that trace(B)= T, b = p. Since
B is symmetric and idempotent, we have that

1 1
~ < Be,Be>r = —<Bege>r
n )
1 n n
= —ZZb;j<6,',€j >T7
i=1j=1

1& 1
= —Zb,’,’ < €y € > +— Z bij < €,¢5 >7 .
L T 1<igi<n

For the first term in the right hand side note that

1 1 &
0< = b < €& >7< n‘f{é-leii =N <e6>r.
N = =1
By the strong law of large numbers and (4.4), the last term converges to 0 almost
surely. Thus
LS
nl'l_’l'glo .'.'-’I.' gb,‘,‘ < €, € >T= 0 a.s.
It remains to show that

.1
lim — Y. by <e,e>r=0 as.
"M igitjgn

Define, for n > 1, S, and Fy by

Sn= 2 bij < €,€ 2T, and j'-ﬂ=0'(61,...,€n).
1<i#jisn

In Appendix C, we show that (Sn,F,)s>1 is a martingale, 1.e.
S, = E[Sp1/F] ¥n>1,
and that there exists a constant C > 0 such that E[S?] < C. This implies in

particular, (see for example [5], Theorem 2 p. 242), that the sequence (Sn)a converges
almost surely and thus
1

.1 .
Iim -~ §, = lim — E bi; < €,¢5>7r=0 as.
n—oo 1 n—oo 1 vy
1<i#isn

We can now state and prove the following result.

Proposition 4.2.2 With probability one we have that
lim SSE _ a? S A

nmee n k>1
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Proof

From the definition of the inner product < .,. >¢ in L}, we have that
1 1
—~ < €,€ >T= —Z < €€ >T -
n n i=1

Thus by the strong law of large numbers

|
lim = < €,€ >7= E[< €,¢ >7].

n—co 1

Using the definition of < .,. >, Fubini’s theorem, Mercer’s expansion of £(.,.), and
the orthonormality of () we have that

El< ¢, >r] = E l;/[m]x[ﬂ 1.]r;(s,t)c-:l(.s')t‘:l(t)ds di

2(s, t)ds dt
/[tn.llx[o.llfC (s,8)ds d

S k[ es)etelsleiddsdi

ki>1

= Y

k>1

Since SSE/o* =< €,€ >r — < Be,Be >¢, this and lemma 4.2.1 give the resull. O
The following result is a version of Theorem 3.1.1 for the non-Gaussian error case.

Theorem 4.2.1 For testing Hy: 3 = 0 versus Hy : 3 # 0, at level «, there crisls
test 1 given by:

b= { 1 if S(Y) > C(Hy,a),

0 otherwise ? (4.5)

where S(Y) = SSR if o is known, and S(Y) =nSSR/SSE otherwise. for n large
enough, the constant C{Hy, ) can be chosen (approzimalely) by

Lok>1 Ai’?k }
P{==——— > C(Hya); = ¢,
{ ko1 Ak (Hor )

where the n; are as in Proposition 4.2.1.

The Constrained Case

In this section we show that we also have a version of Theorem 3.1.2 for the non-
(Gaussian case.
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Theorem 4.2.2 For testing Hy : KB = C versus Hy : KB # C, at level o, there
exists a test 9 given by:

. { L if S(Q)>C(Hoe), (16)

0 otherwise

where Q = ||X(8 — B)||%, and S(Q) = Q if o is known, and $(Q) = nQ/SSE
otherwise. For n large enough, the consiant C(Hy, o) can be chosen (approzimately)
by

Zk>1)\?c77k }
PlE2I7EE S C(Hp 0)p = a,
{Ekzlz\i (Ho,)

where the n;, are as in Proposition 4.2.1

This theorem can be proved using Proposition 4.2.2 and the following result on
the asymptotic distribution of Q.

Proposition 4.2.3 Let () be, as in Proposition 4.2.1, e sequence of independent
random variables with the same distribution x3. If KB=C then

Q-5 %Y Mmk as — oo,
k21

Proof
Recall that if K@=C then we have
X(3-f8) = XXX)K [KEXX) K] KXX)'Xe
= AlA,e,

where A.,, as in the proof of Theorem 4.1.1, denotes [K(X'X)"1K'|"'/*K(X'X)~'X".
Noting that

Q =< AneaAne >T,

the proof follows frora Theorem 4.1.1. O

4.8 Generalization to the Ly(S,S, u) Case

Let S be a compact subset of R?, and g be a o-finite measure on (5,5). Thus
L,(S,8, ) is a separable Hilbert space. Since all separable infinite dimensional

Hilbert spaces are isomorphic, there exists an isomorphism (i.e., a linear surjection)
U : Ly(8, S, p) — Ly such that

< uf’uQ >1, =< f!.q >L2(S,S.,u.)$
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where < .,. >y denotes the inner product in H. This shows that any estimation
or testing problem in Ly(S,8, ) can be reduced to a problem in L; where the pre-
vious techniques apply. This is an abstract approach to see that there is no loss of
generality in considering L;. A pragmatic approach consists in noting that whenever
any property of Lz has been involved it could have been replaced by its equivalent in
L,{S,S, 1t). Results on covariance operators like compacity, or on Gaussian random
variables like the Karhtinen-Loéve expansion, which play an important role in deter-
mination of our statistics distributions in L, are also valid in L,(S, 8, 1t). This more
general setting may be important in applications as is suggested by the [ollowing
example.

Assume that we observe some kind of pollutants which are diffusing through non-
homogeneous soil. Let Y{t) denote the observation at location ¢t € S, the amount of
pollutants say. The values of Y could increase and decrease in a greater than lincar
manner (the soil components in some regions are more permeable than others). In
permeable regions, changes in value are more extreme than the entire range of values
in the unpermeable ones. It is a common practice to transform the data (by taking
its logarithms for example) to circumvent such irregularity. Another way to do so
could be to transform the parameter space S itself to another parameter space 5’ so
that (Y (#),¢ € §') isin a certain sense “regular”. If §'is [0, 1] for example, then one
has to replace Lebesgue measure, in the tests we have seen in the previous chapter,
by an adequate measure that takes into consideration the initial irregularity of the
data. Briefly, although the ¥ may not have a simple Gaussian structure with respect
to Lebesgue’s measure on [0, 1], it may be quite simple (e.g. Brownian motion) with
respect to g (the “permeability” measure) on [0,1]. Thus we also avoid computing
eigenvalues for a complex Gaussian process.

These remarks end this chapter. In the next chapter, we will present some exam-

ples and some simulation results where we apply the theory presented in the previous
chapters.
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Chapter 5
APPLICATIONS

In this chapter we present some examples of the application of our techniques. In the
first section we discuss how these techniques are a natural generalization of classical
multivariate analysis of variance in the case where the error covariance is not com-
pletely unknown. In the second section, theoretical and simulated examples show how
our new approach provides tests that are more powerful than classical ones. In the
third section we apply our techniques to a classical problem from empirical processes
theory. The fourth section is devoted to a class of processes that play an important
role in the applications of the theory of statistics to geology. The list of examples
we present here could naturally not be exhaustive. Yet it would look incomplete if
it does not include an example with Brownian motion, the most famous Gaussian
process known to all scientists. The last section is devoted to a regression model with
a Brownian =rror.

5.1 Relation to Multivariate Analysis of Variance

5.1.1 The Classical Approach
Recall that our model is given by
Y(5) = XB(W) +oelt), t€,1]

Suppose that the data is collected only at some points, 24, ..., say. Then it is possi-
ble to apply classical multivariate analysis of variance techniques to make inferences
about B. Let first introduce some notation.

Fori=1,...,n,and j=1,...,q put

yi; = Yi(t;), bij=Bi(t;), and ey =-ei(t;)
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The model is then, in vectorial notation, written as

s Cal
Y11y- vy T1g .Xu,...,.-\lp b”,...,blq Cl1y ..+ 4+ Cyq
: : : to : ,

, td
Unly--+9Yng -Xuls""a-}&np bph---abpq €nly-++1CEng

It is convenient to put for: =1,...,n,and j =1,...,q

y: = [yt'h- . 1yiq]1 X: = [Xih“ . 1X't'p]1 b_’; = [bljv- . °!ij], e:‘ = [cila- . -1eir;]a
so that

¥ X e
y=| : |, b=[by...;b], X= ], e=| :
| ¥n X e,

In a condensed vectorial notation, the model is written
y = Xb + ce.

The random vectors €}, ..., e} are mean zero independent and identically distributed.
Let ¥ denote the g X q covariance matrix of ey, i.e., & = (7;} = (cov(eyi, e1;)). The
least squares estimator of b is given by

b= (X'X)"'X'y.

Recall that b is BLUE. In the finite dimensional case the least squares estimator has
a geometrical interpretation, (see for example [15]). It is the orthogonal projection
of the vector of observations on the subspace of R? spanned by the columns of the
design matrix X. '

If the error €] is also Gaussian with a non singular covariance matrix X, then the
observations are Gaussian and the likelihood function is given by

€y, b,3) = [[(@ro?)"2|Z[ 2 exp [~(y; - bK)E (y: - BX,)/207)] .

i=1

The maximum likelihood method leads to the same estimator b. The maximum
likelihood estimator of ¢? is given by

= —-Z(y; bX,)Y By ~ B'X).

nq i=1

Define the n x 1 vector p; = (0,...,0,1,0,...,0)" with 1 at the ith place.

= LSy - YRR XY (s — YX(KK) X
ng i=1
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= LS sy - XXX) T Xy)s (y - X(XX) Xy by

ng =1

1 & -

= — Y p(I-B)yZ 'y (I-B)p
ng &

= trace [MyE"’1 y'M}

= trace [E"y'My] ,

As usual, I is the n x n identity matrix, B = X(X'X)™'X’, and M =1 - B.

Various tests of linear hypotheses exist. One of the most commonly used is the
likelihood vatio test. This is simply the overall maximum of the likelihood divided
by the maximum of the likelihood under the null hypothesis. The tests we have
developed in chapter 3 are maximum likelihood ratio tests. In this chapter we will
throw some light on the relationship of our tests to the maximum likelihood ratio
tests in multivariate analysis of variance.

Testing Hy: b=0
The likelthood ratio test rejects Hy for large values of the statistic

_ trace[E7'y'y]
5ly) = trace [Z-1y'My]

Since I = M + B, and M B=B M=0, we have that y'y = y’'By + y'My. Thus
the statistic S(y) can be written as

_ trace [5-1y'By]
5y) = trace [S-1y'My]’

and hence the Hj is rejected for large values of the ratio

trace[Z'y'By]
trace [S-1y'My]’

By analogy with the classical linear models notation put
SSR* = trace [57'y'By|, (5.1)
SSE* = trace [E'ly'My] : (5.2)

In the next section, we show that a similar test can be obtained using the theory
developed in chapters 2 and 3.
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5.1.2 A New Approach
Let z be the atomic measure on ([0, 1],3[0,1]) defined by

1 f i€ t 3"'!t
vte[0,1] p(t) = { 0 i)therwis‘Ea1 !

As usual let x, and T denote the covariance function and the covariance operator of
¢:. Note that if two functions f, g are such that

Vie{l,2,....q} f(&)=g(t),
they are equal p-almost everywhere. Thus f and g represent the same element of
Lo([0,1], #). In other words Lo([0,1], ) can be identified with RY, i.e., every func-
tion f € Ly([0,1], ) can can be identified with the column vector (f(¢1),..., f(t;))'.
Viewed as an operator from R? to R?, T is the linear transformation associated with
the matrix X, i.e.,

Tf=%(f(t)s.. ., f(tg))
The expression of SSE,( see section 3.2.1), is given by

SSE = (Y,MY),
= >3 {¥,m;Yi),,

i=1 7=1
where M = (m;;). From the definition of the inner product < .,. >y, and because
M is symmetric we have that

SSE = S (T Y,y m,-,-Y,->
i=1 i=1

= 2 By (yM)i),

i=1
where y' is the matrix defined in the previous section, (L y’);, and (y'M); denote the
ith columns of the products. From the definition of the inner product in R™, we have
SSE = trace [Zy'My].
Using the same arguments, we can see that
SSR = trace [Z y'By].

We have seen in chapter 3 that the hypothesis Hy : 8 = 0 is rejected for large
values of the ratio test SSR/SSE. This ratio is similar to the one of the previous
section except that X! is replaced by . The reason for this difference is that
the statistic SSR/SSE is related to the Radon-Nikodym derivative of L(Y]) with
respect to £(o€), while SSR*/55 E*comes from the density of of £(y}) with respect
to Lebesgue measure on R™.
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5.2 Examples on Power

It is intuitively obvious that the more data one has the better are the conclusions.
Our techniques, unlike the classical approach, enable us to use all the information
we get from our data. The first example is theoretical and shows explicitly, in a
particular case, that our tests are asymptotically more powerful that the classical
ones. The second example based on simulated data shows that our methods provides
tests that are more powerful that the ones from classical multivariate analysis of

variance (MANOVA).

5.2.1 A Theoretical Example

Consider the model
Y=13+¢, (5.3)

where 1 = (1,...,1) € R", 8 = @ a where a € Ly is 2 known function, § € R is the
unknown to be estimated, and € is an n x 1 random vector whose components are
independent copies of the mean zero, Ly-valued Gaussian random variable e.

Our aim is to test at level ¢ the hypothesis Hy : fa = 0, and compare the power of
our test to another one which is based on linear projections of the same observations
and known to be uniformly most powerful unbiased level « for testing Hy : 6 = 0
versus Hj : 6 # 0.

The model (5.3) can be reduced to a real one by linear forms. This corresponds
to the practical problem encountered in functional data when one wants to replace
the functional data by real valued data.

We consider the following projection on R
Vi=1,...,n <Y, b>r=0<a,b>r + < ¢€,b >,

where b € L, will be chosen later.

The real random variables y; =< Y;, b >7 are independent identically distributed
normal N (s, 02), where g = 0 < a,b >7, and o} = E[< ¢, b >7]. It is known, that
for testing at level o H) versus H{, there exists, (see, for example [11}]), a Uniformly
Most Powerful Unbiased level o test, based on y1,...,Yn, given by:

O e
0 otherwise
where § =< Y, b >7, and 2,7 is such that P{A(0,1) > 2472} = a/2.
Recall that for testing Hy : 8 = 0 against H; : B # 0, we have obtained a test 1
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given by
¢={1 if SSE>c

0 otherwise ’

where c is such that P{SSR > ¢} = a.

Comparison of the powers of ¥» and "

We have

n<Y,b>% = nl@<a,b>r+ <gb>7
= n[f® <a,b>% 420 < a,b>r< &b >3],
and
SRR = n<Y, Y >r
= n[f® < a,a>% 420 <& a>r+ <EE>r%

For § # 0, we have

SSR  n[*<a,a>% 420 <Ea>p + <EE>q)
n<Y,b>%  2<a,b>:420<a,b>r<Eb>E
and by the SLLN
SSR lel%

= — a.s.
n<¥Y,b>% <a,b>%

Therefore for n large and & # 0, we have:

2
P{SSR>c} =~ P{n<Y,b>%ﬂ>c}

< a,b>%
_plr <Y,b>% S Sab>%
- 77 Tlfo? S
b O
If we can choose b € Ly such that
o el
~ < a,b>% /2

then 7 will be at least as powerful as *.
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Choosing b € L,
We have that:
O’f = ”Tb”fzﬁ

thus the condition (5.4) becomes

52
. 2

< a* b > af,
c

where a* = a/||a}|%, and 6" = Tb/||Tb||%. It is always possible to choose such a b,
indeed one can take

b* = 1 a* + Cy (a")“",

with ¢ < zf,/z ¢!, and choose ¢; such that ||5*[|% = 1.

These comparisons of power functions need to be interpreted carefully. In this
example, the optimal test based on projections can be obtained using the exact form
of the mean function. In other words, if the function t — a(t) is known, one would
project on the function t — a(t)/||a||* rather than the function b*. But if the statis-
tician chose his projection onto R poorly so that (5.4) is satisfied, our test will be
asymptotically more powerful that the UMPU test based on this projection.

In the following simulated example, the choice of projection points t1,...,%; is
influenced by our knowledge of the form of the mean function. A full comparison of
power should randomize the choice of projection points.

5.2.2 A Simulated Example

As mentioned in the beginning of this chapter, our techniques are a natural gener-
alization of MANOVA. Our aim in this section is to compare the power of our test
statistics and the power of the test provided by the MANOVA. To this end we consider
the model given by

7t

Y(i) = 0v2 sin(iz—) + o e(t),

where ¢ is a Brownian motion, # and o are real numbers. Figure 1 shows one realiza-
tion of this random process.

The mean {function

01 — R
t  — V2sin(3),
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is the first eigenfunction ¢y of T,. It has only been chosen for some computational
reasons. In vectorial notation the model is written

Y =X3+ o€,

where X = (L,...,1) € R, B(t) = 0v/2 sin(3%) and € is an element of L whose
components are mdependent. and identically dxstnbuted like e.

We simulate a. random sample to test the null hypothesis Hy : § = 0 against the
alternatives H; : § = i/10,fori=1,...,5.

Recall that our test rejects the null hypothesis for large values of the statistic
Q(Y)=SSR/SSE.

With the notation of § 5.1.1, the MANOVA test rejects the null hypothesis for large
values of the statistic

trace [Z™1y'y]
trace [E-1y'My]’

S(y)=
where

=(y1,...,yn"), and y{ = (Yi(ty),..., Yi(¢), i=1,...,n.

The size of our simulated random sample is » = 30. For the MANOVA test, we
considered the cases ¢ = 4 and ¢ = 10. Figures 2, 3, and 4 show the power curves of
our test and the MANOVA test at different levels of significance.
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5.3 Testing for Equality of Two Distributions
The model is given by
Vi) = Bi(t) +e;(t) F=1,...,m, =12, and t€|0,1],

where the errors ¢;; are mean zero and independent. Furthermore we assume that
for each i = 1,2, the random variables ¢;,. .., ¢y, are identically distributed. Let T
denote the covariance operator associated with €;; — ea1, and ||.||r the semi-norm it
induces on Ls.

In vectorial notation, the model is written

Y=XB+e€
where,

Y Y:'l €1

Y=[Y1],e=[zl],withY;= : and g; = ,
? : Y;n.' Eiu,‘
1

g=|P], and x=|1 2| with1,=]:|erm

ﬂ? ’ 0 1n2 11..' 1 ’

Qur aim is to test if the two groups have the same mean function, i.c., we test the
hypothesis Ho : K8 =0, where K =[1 —1].

For testing Ho : KB = 0 versus H; : KB # 0, by Theorem 3.1.2, there exists a
test 9 given by

71b={(1] if Q>C,

otherwise,

where Q = ||X(B — B)||%, and C, is such that
P{Q > (., KB =0} =q.

Recall that, in this case,
X(3 - B) = XXX)'K [K(IJC’X)‘IK']"1 K(X'X)'X'Y.
Note that

(131 0

et .
XX_[O g

] and KK’ = 2.
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FFor simplicity of calculations, assume that n; = ny = n. Thus

X(B-B) = %XK'[KK’]“KK’E

- Llxgxrxy
2n
_ lih-rhn,
T 2|l (MYl |
where
Y, = -1'2 Yij.
n o

The statistic Q is thus given by
Q = va (Y. - Y2)llz-

To determine critical values of the test ¥, we need the probability distribution of
the statistic Q under the null hypothesis. The central limit theorem provides an
asymptotic behaviour, in distribution, of Q. More precisely we have the following
result, which is a particular case of the general central limit theorem in Hilbert space.

Lemma 5.3.1 Suppose that the Ly-valued random variable €11 and €y are such that
Elley||? < o0, and Eflenll; < oo.
Then there ezists an Lip- valued Gaussian mean zero random variable G with the same
covariance structure as €11 — €1 and such thai
NGRS £,G, as n— oo.
Remark 5.3.1 1. Note that under the null hypothesis, Q = ||y/n (&1 — €)%

9, Letting €; = €1;— €2; for i =1,...,n, it can easily be seen that the above lemma
is a parlicular case of Proposition 4.1.1.

There are numerous results concerning the problem of testing for equality of two
distributions. Two test statistics have become famous for their rich history, namely
the Kolmogorov-Smirnov statistic K, and the Cramér-von Mises statistic W. They
are given by
K = sup|F(z)~ Fp(z)], and
xr

W o= o[ |Ri)- ) dF(),
where

_ 1.E& , .
Fl(:c) = -T;El(_oo‘m](.)tu), 1= 1,2.
i=1
In the remainder of this section we show how our techniques can be applied to testing
for the equality of two distributions. We also present histograms of our statistic Q
and those of Cramér-von Mises and Kolmogorov-Smirnov Statistics.
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An Application

Let F denote a continuous cumulative distribution function. Let Xj,..., X, for
¢ = 1,2, be independent and identically distributed real random variables. Let F;
denote their common cumulative distribution function. Assume thai {Xi1,..., Xn}
and {Xa,...,Xa,} are independent. We are interested in testing il 'y = F; = F.,

Fori=1,2 and j = 1,...,n, define

Yi;(t) = 1p4(F (X)), te€[0,1].

To fit the model above let 8; = E[Y] and €; = Y¥i; — Bi. Therelore Fy = I il and
only if 51 = (2. Recall that

Q = [|[Va(Y1. - Y2)lI%,

where T is the covariance operator associated with e;; — €5.
To identify the limit, in distribution, of Q we need to know the covariance {unction
of €17 — €31. We have that

E [(e11(s) — en(s))(eu(t) — ea(!))] = Elenr(s)en(t)] + E [ex(s)ear(t)]
E [1[03/\:] F{Xy) ] — Bi(s)Bi(t)
+E [1[0 sa(F(X21)) ] — a(s)Ba(L).

Therefore, by Lemma 1.1, we have the following result:

Il

Under the hypothesis Hy: F1 = F = F, we have
Q 5 2|U|%, as n — oo, . (5.5)
where U denotes the Brownian bridge.

Indeed, under Hy we have

E [(611(5) - 621(8))(611(f) - ﬁgl(t))] = 2(8 Al — St).
Therefore by Lemma 5.3.1,

\/_Z 613—621)—'—>\/—U as n — 0.

y (1.4) the semi-norm ||.||7 is continuous with respect to the usual norm ||.{|2. Thus -

B
(5.5) holds.
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A Simulated Example

As an illustration we apply these techniques to simulated data. Let F* be the distri-
bution of a random variable X which is uniformly distributed on [0,1], and V'F the
distribution of X2. For different values of n, we simulated two independent sets of
data y11,...,%n and ¥21,...,Y2a, under the null hypothesis Hy : Fy = F; = F and
under the alternative H; : 4 = FF and I3 = VF. In both cases we computed the
statistic Q. To have an idea about the distribution of Q under the null hypothesis, and
also under the alternative, we repeated this operation 1000 times. The histograms
are shown in Appendix A.

From the theoretical point of view our statistic Q Jooks like the Cramér-von Mises
statistic W: Both are integrals of the observations. It is therefore not surprising to
see that in the present simulated case they lead to the same results. They probably
do so in general. Comparing Q to the Kolmogorov-Smirnov test K, the histograms
show that Q is doing slightly better than K for small sample sizes, but this could only
be due the distribution we chose for our simulations. As we mentioned before, Q and
W might be comparable. However, it is hard to predict any comparison between Q
and K. Even for K and W, there is no evidence which one is better despite their rich
history.

5.4 Geological Example

Continuous models in geology describe properties, like hydraulic conductivity, that
vary continuously. In such models one has to specify statistical properties like the
mean, variability about the mean and spatial correlation between neighboring values.

Suppose that one is interested in hydraulic conductivity rate in a given region. As
a spatial function, the rate is continuous and must be spatially correlated over short
distances. Before describing how our techniques can be applied, here is a very brief
outline of the method known in geostatistics as the Kriging method. It is a “ mini-
mum -mean-squared-error” method of spatial prediction. Matheron [12]) named this
method of optimal spatial linear prediction after D.G. Krige [9] who, in the 1950s,
developed empirical methods in mining. However, the formulation of the Kriging
method did not come from Krige’s work. See for example [13], [2] and the references
therein for the extent of of the early work of Krige.

Let Y (t) denote the rate at location ¢. The simplest form of Kriging is punctual
Kriging which consists in estimating Y (¢) by ¥; aiY (t;), where the o; are weights
and the Y (4;) are measurements at locations #;. There are an infinity of possible com-
binations of weights that could be chosen. There is, however, only one combination
that will give a minimum combination error. It is this combination of weights that
Kriging attempts to find. In other words, the problem reduces to minimizing, with



respect to the ¢;, the error
E(t) = Y(t) — Z aiY(t,-).

Let Y;(t) denote the estimate of Y'(¢) obtained by Kriging, thus we have
Yilt) = Y(t) — ex(2),

where €, is the error due to Kriging. In this form, the problem looks like the one we are
considering in this work. Furthermore our estimate for ¥, (m in our setting), is also
based on minimizing the error. Suppose that estimates of Y, i.e, Y, are available
from n independent regions presenting some given p characteristics. Assume that
we want to know the effects of these characteristics, denoted by fi,...,5,, on the
value of ¥. The f§; are spatial unknown continuous functions. Let 2y = 1 or 0,
fori=1,...,n and j = 1,...,p, according to the presence or absence of the jih
characteristic at the ith region. Now let Y; and ¢; denote respectively Y} and ¢, which
are obtained by punctual Kriging from the ith region. Therefore,

P
Y:(t) = Z.’L‘,‘j ﬁj(‘t)+€;(t), 1=1,...,n.
i=1

The distribution of the error can bc estimated using time series analysis techniques,
and its covariance function is usually estimated from covariograms and semivariao-
grams. Assume that we only know, from time series analysis methods, that the error
is ge for some unknown scale parameter o, but the form of the covariance function of
¢ is known. This is the general case to which our techniques apply.

The error covariance structures most commonly assumed in geostatistics are those
of Gaussian and second order stationary processes. In this section we consider models
with Gaussian second order stationary error.

We first recall some results from Fourier analysis. We use these resulis to deter-
mine eigenvalues and eigenvectors of an error covariance operator when the crror is
a Gaussian second order stationary process. In the second subsection we show how
our techniques apply in this case and then apply them to a simulated example. Our
simulation is based on a program developed by M.J.L. Robin from the Department
of Geology, University of Ottawa.

5.4.1 Mathematical Background

It is well known that an even function f on [-1,1],i. e, f(z) = f(—z) for every
z € [0,1], has the Fourier expansion

flz) = o Y aycos(nmz), ey =2 ]01 f(z) cos(nmz) dz. (5.6)

2 n>1
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Suppose that f is square-integrable and define the operator T;:Ly — Ly by

Vo € Ly, Tro(z) = /01 flz —y)ely)dy. (5.7)
Define, for £ 2 0,

wo = 1 (5.8)

Ay = “2—‘ (5.9)

on(z) = V2cos(krz), Vz € [0,1]. (5.10)

Using the definition of Ty, equation (5.7), and the Fourier expansion of f, equations
(5.6), it can casily be seen that we have the following result

Lemma 5.4.1 For all k > 0 we have

Tror = M@
Furthermore, the @ are orthonormal.

In the next section we will see that there is a wide class of Gaussian processes whose
covariance operators have their eigenvalues and eigenfunctions given by the expres-
sions above.

5.4.2 Second Order Stationary Processes

Definition 5.4.1 Let (e(s),s €S C R) be a random process. It is said to be a mean
zero second order stationary process if

1. Ele(s)] =0 Vs€S, and

2. For any s,t € S, Ele(t)]® exists and
cov (e(s), e(t)) = k{t — ),
for some covariance function k(.) that depends only on (t — s).

Let (e(s),s € [0,1]) be a mean zero second order stationary process. For every

t € [0,1], we have cov(e(O), e(t)) = g(t), and cov (e(t),e(O)) = k(—t). Therefore, (.)
is an even and square-integrable function on [—1,1]. Its Fourier expansion is given by

1
K(z) = a—;- + > ay cos(nrz), an = 2] &(z) cos(nwz)dz.
n>l 0
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Let T, denote the covariance operator associated with ¢, i.e.,

1
Yo € Lq, Tep(z) = L sz — y)e(y) dy. (5.11)

The operator T is linear, self adjoint and compact. The pairs (A, ;) given by (5.8),
(5.9), and (5.10) are eigenvalues and eigenvectors of T, . Since we have

w(z) = 222 + Y ancos(nrz), Vze[0,1],
n>1

there exist a sequence (X} ) of independent and identically distributed normal A7{0, 1)
random variables such that

ety => \/,\_ka cos(kwt) Vte0,1].

k20
In other words the ¢, are the only eigenvectors of T since they span the reproducing
kernel Hilbert space of € ( see for example [6, Proposition 1.2.3 p. 22]).
Example

Measurements of hydraulic conductivity of the soil are taken at two locations, location
1 and location 2 say. The model is given by

Kj(t) = ﬁj(t) + ei.’i(t) .7 =1,...,n, i1=1,2, and ¢ € [01 1]

In vectorial notation, it is written

Y, _-111 0 B €1
ARSI
where,
1] Ya €i1
l,=1:|€R", Yi=| ¢ |, and = fori=1,2.
1_ Y; €in

Our aim is to test if the means at location 1 and location 2, are the same, i.c., 8 = f;.
The null hypothesis is Hy : K8 = 0, with

K=[1 —1], and ﬁ:[g;]

Assume that €;,...,¢€n, ¢ = 1,2, are independent and identically distributed. [ur-
thermore we suppose that ¢;y is a second-order stationary mean zero Gaussian process
whose covariance function is given by

k(s,t) = exp(—|s —t|) Vs,te[0,1].
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Reca;ll that the statistic Q is given by
= |[X(4 - All%-
In the present case it reduces to
Q = [XXX)K [KXX) K] KXX) XY}
= n||-— Z(Yl.? Y25) HT
= ”\/_(Yl. Ya)liz-

Under the null hypothesis, we have that

Q=nla. —elr

thus

LQ) = L2 Y A

k>0

where the &, are independent random variables which are identically distributed as a
x? with one degree of freedom, the A, the eigenvalues, are given by

1~ (—1)*exp(-1)

14 (rk)? '
For testing Hy : KB = 0 versus H; : K@ # 0, by Theorem 4.2.2, there exists a test
P given by

1!)___{1 if 325 > Ca

0 otherwise.

A =

Recall that by Proposition 3.1.1,
SSE=3 Mm as.,
k20

whele the 5, are independent random variables which are identically distributed as a
r( ary With r(M) degree of freedom. In this case, the rank of the matrix M is n — 2.
We simulate the cases where 8, = 0, and B, =« for v =0,1/4,1/2,3/4, and 1.

In Appendix A, we give tables of critical values of ¢ when n = 50. We also draw

the power of the test as a function of 7, and the histograms of our statistics values.
These values have been obtained by a simulation program given in Appendix B.
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5.5 An Example of Regression Models

Other examples of Gaussian processes which are frequently used in other domains
like chemistry and physics are Brownian motion and Brownian bridge. In physics,
for instance, the movements of microscopic particles suspended in a liquid or gas are
well described by a Brownian motion. Consider a particle which is diffusing through
a liquid, and suppose that we observe its trajectory. Assume that we are interested
in the effect of the particle weight on its trajectory. We suppose Lhat the trajectory
is modeled by

Y(t) = Bo(t) + 3B (t) + oe(t),

where fFp is the “mean trajectory”, = is the weight of the particle, 8, is the effect
. due to the weight, and oe represents the fluctuations due to the collisions between the
observed particle and other particles in the liquid. We want to test the hypothesis
Hy : 81 = 0. For this we observe the trajectories of n particles with different weights.
The model is given by

Yi €1
Bo .
P =[1a %] B to| |,
Y. €n
where 1, = (1,...,1), and x, = (21,...,%,)" € R*. Tor simplicity of computations,
suppose that 1/,x, =x/1, =0, i.e., 1,, and x, are orthogonal in R". Lel

X ={1, Xu], ﬁ:[g?], and K=[0 1].

The hypothesis to test becomes Hp : K@ = 0. By Theorem 3.1.2, we reject iy for
large values of Q/SSE. As before, Q and SSE are given by

Q = [X(B-8)
SSE = (I - X(X'X)'X")e|3.

Recall that by Proposition 3.1.2, Q and SSE are independent. Since, under Hy, the
ratio Q/SSE does not depend on ¢, we suppose that o = 1. After some algebra, one
can see that

2

n
TiT;
Q = Z Z J'2Y
=1 ||j=1 "xn" T
2
= lth = T
= 2l |
2l | Tl |,
2
Tj
= —Y;
o id
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where ||x,| is the Buclidian norm of x,. Therefore there is no loss of generality in
assuming that [|x,|| = 1. Assume that ||x,]| = L, we have that

E:ijs‘ = x’nY
i=l1
= x’nlnﬁo + x’nxnﬂl + x’nE
= ﬂl +xln5$ -
because x',1, = 0, and ||xx|| = 1. Noting that £(x'»€) = L(e1), we have under Ho
that
£(Q) = L3 MX),

k21
where the X, are independent and identically distributed A(0,1) random variables,
and for every £ 2> 1
__
((k+1/2)m)*
Under H; we have that
L(Q) =L M (Xk + ﬂl(k))2)s

k21

Ap =

where

Py = ﬁf; ﬁl(S)Sin(zkg_l

Since £(Q) does not depend on fy, we take fp = 0 in our simulated example. More
precisely, we simulate for n = 6

rs), Vk=1.

Y = xgf + €,

with
oL
G = \/2_8

The histograms and a table with critical values are given in Appendix A.

1,2,3,—~1,-2,-3Y, and B =3.
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Chapter 6

RANDOM AND MIXED
EFFECTS MODEL

The models we considered in the previous chapters are known in classical theory of
linear models as fized effect models. The observations in those models are composed
of two parts, a non-random component called the mean and a random component
which is the error. In various situations, the outcomes depend on several parameters
which are themselves random. In such cases it is more appropriate to look at the
observations as sums of two or more random variables. In this chapter we consider
models dealing with these situations. The theory here is not as general as is the case
in chapters two and three, and the results are similar to those known in the real case.
The techniques we present here are essentially the same as in the previous chapters.
QOur purpose is only to show how these techniques extend to the functional random
and mixed effects models.

6.1 The One-Way Layout

Suppose that our data are measurements of the propagation speed of a radicactive
cloud over different regions. The propagation speed can depend on factors like the
geography of the region, the weather and eventually on the nature of radiations.
In this section we will consider the case of one factor only. Thus suppose that a
single cloud is observed n times over I independent regions. Let Y;; denote the jih
observation at the itk region. It can be modeled by

Yi; =mi+ ey

The component ¢;; can be thought of as the measurement error, while m; is the effect
due to the region. The latter is the sum of the “true” speed and a random term, i.e.,

m; = p + a;. The random terms a; and e;; are assumed to be mean zero independent
processes.
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The model is given by
)/fj(t)=ﬂ(t)+ai(t)+eij(t)1 i=1$"'1Ia j:]-:"'sn: tE[O,I].

Least squares estimators of y and the a; can be obtained by minimizing the sum of
the squared norms of errors due to measurements. Let ESS denote this sum, i.e.,

ESS = >[IV — u— aillz.
ij

Let (¢#)i>1 be an orthonormal basis of L, we have that

Yij= Z Yijpor, o= Z prpr, and a; = Z Yieor,

k>1 k>1 k>1
where
1 1 1
Yiik =fo Yii(s)or(s) ds, p “—"/ﬂ 1(s)pr(s)ds, and a; =f0 ai(8)pi(s) ds.
Hence
2
ESS = ZE[K‘;‘A— 2 aik] )

k21 i

and therefore minimizing ESS is equivalent to minimizing each term of the series.
Before stating the normal equations, recall the very convenient dot notation which
we will use through this chapter.

1 1
ﬁij. = ; Z E:‘jk, &= ; Z f,-j,, etc...
ke{ky kv F€{F1remiut}

The normal equations are

~

fir = Yo—ag
ai. = Yip — i
Since they hold for every k > 1 they are equivalent to
}'1 = Y - &.a
a; = Y. —f
These are I linearly independent equations with 7 + 1 unknowns. A solution is given

by
g=Y, and 4; =Y. -Y..

For hypotheses testing, we need to make some more assumptions about the distribu-
tions of the error and the factor effect. We suppose that
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1. (a;)icr are independent and identically distributed as o€,
2. (eij)ic1,j<n are independent and identically distributed as oq¢z,
3. 04,0, are unknown and e, €; are independent, mean zero Gaussian processes.

With these assumptions, for i = 1,2, let (A, pix ) denote the sequences of pairs of
eigenvalue-eigenvector associated with the covariance operator T,,. Without any loss
of generality, for : = 1,2, we assume that (;;)x is an orthonormal sequence. By the
Karhtinen-Loéve expansion, see Proposition 1.1.4, for all 2 and j we have that

ai = an A Xikprr a5, and, (6.1)
k>1

€i; = 022 Aok Xijripar  a.s. (6.2)
k>1

where (X )i and (Xi;x)i;x are independent and identically distributed standard nor-
mal. ’

By analogy with the real case we define SS,, the sum of squares due to the random
factor, by

$8. = 3 llal
ij

Using the expression of d;, (6.1) and (6.2), straightforward calculations show thal we
have, almost surely,

I
SSa = n)_ll(ai—a)+ (e —e )3

t=1

=n [Uf > Atk + 03 Y Aung + 2R(a, c)] ,
k21 k21

where (m) are independent random variables which are identically distributed as
x3_, , (7};) are independent and identically distributed as x%_,, and

R(a,e) =E <a;—a,e —e. >.
i

Also let S8, denote the sum of squares of the errors due to fitting the model, defined
by :

$Se = 311y — Vil
i
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Similarly, it can easily be seen that we have, almost surely,

SS. = 3 lleij — eill3
ij

= o] Z Aok Z(Xijk - Xi.k)

2

k>1 ij
_ 2
= 0’22/\21:?721.-,
E>1

where (12;) are independent and identically distributed as X?f(n-n- Furthermore we
have the following result

Proposition 6.1.1 The statistics 88, and SS. are stochastically independent.

Proof

Recall that the a; and e;; are independent. Therefore the sequences (71x)x and (92x)x
are independent, and it remains only to show that (75;)x and (n2¢)5 are independent.
Since the X;ji are independent, 75, and ngx are independent for k # k. It remains
only to show that (nj)x and (nzk)r are independent for every k. To prove this we
need the following result, see for example [15, Appendix VI, Theorem 2, p. 420],

Theorem 6.1.1 (Cochran’s Theorem) Let Zi, ..., Zm be independently N'(0,1), and
let Q1,....Q, be quadratic forms in the Z; such that

P ZE=Qit e+ Qs
Let m; = rank(Q;). Then Qy,....Q}; have independent chi-square distributions with
mi,...,ms degrees of freedom, respectively, if and only if 32; m; = m.
For k fixed, note that

Z XEo=1IX 4+ J D (Xik - X+ S0 (Xige — Xea)

iJ i 3

Let (1, @2 and @5 denote respectively the first, second and third term of the right
hand expression. Then by Cochran’s Theorem we have that i Xk — X x)? and
¥i;(Xije — Xix)? are independent, i.e., (73;)k and (mzx)r are independent. O

The statistics S, and S5, provide estimators for ¢y and o3, this is shown in the
next section.



6.1.1 Estimation of o) and o9

From the expressions of 55, and 55, above, we have that
E[SS.) = n|o} Y MxElnel+ o3 3 daElnil],
k>1 k>1
= n(I -1)\of+ A0oi], and
E[SS.) = o3> A,
k>1
= I(n - 1)[)\20-3]?

where A\, = Yp>1 Avk, ¥ = 1, 2. Therefore, unbiased estimators of oy and o, are given

by

. 5S.
M = o1y
vsi_ S8« _ S8
1 = T T It - 1)

Using classical notation, put

SSe SS.
= d = —_—
MS, I-1 and MS, Tn—1)’
so that
g M g g2 MBS oM.
Az M

Here again, as in the real case, the estimator could turn out to be negative, Theoret-
ically this problem can be avoided by taking large samples. Indeed note that

= DI [Ty
?’L _I-—l ; g Al2 ins

with
1
Pin = m[z ”81'_ -_— e[]% =+ 2Z <a;—4a,e, — e, >] -
1 2
—_— e;; — € ||3-
In(n _ 1) ; ” 7 ”2

By the strong law of large numbers, for ¢ = 1,..., I, the sequence (ri,), converges
almost surely to 0. Therefore, for n large enough,

. 1
Gl 7 2l —alz 20.
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6.1.2 Testing for the Random Factor Effect

The absence of the random factor effect can be expressed by o7 = 0. Let H, denote
the hypothesis: H, : o1 = 0. Exactly as in the real case we have the following test:

Proposition 6.1.2 For testing the hypothesis H, : o1 = 0 versus the alternative
oy # 0, there exists a level-o test Py, o given by

D o = 1 if %g-:- > CHG,Q
e 0 otherwise,

where Chy, o 15 @ non-negative constant such that

P{1s > O = 0} S

Note that under the null hypothesis H, we have that
M5, _ nI(" — 1) Ti>1 Aok
MS, I-1 Zk21 Ak’

where the 75, are independent and identically distributed x%_,, the g are inde-
pendent and identically distributed x%;_;, and the two sequences (nhi) and ngy are
independent.

6.2 The Two-Way Layout

Suppose now that n measurements of the same cloud are taken at I independent
regions under J independent weather conditions. Each observation can be written as

Y =m+e, (6.3)

where ¢ is the measurements error, and m is the effect of the regions and weather
conditions. As usual the error is assumed to be a mean zero process. We assume
that m and e are stochastically independent. Since m depends on two independent
factors we can suppose that it is defined on a product probability space (1 x {22, A; X
A;, Py x P,). Define the deterministic function x by

vie[0,1] nt)= jﬂ _ m{#)dPy x Py,
For t € [0,1], let
at) = [ ml)dPs~ u(t)

b(t) = ./n "-;i';ai"t)dPl—u(t), and

ot) = m— jﬂ m(t)dP, - jg m(t)dPy + u(t).

1
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Note that
Eo,[d = Ea,ld = Eld = 0,

where Eq, denotes the expectation with respect to P;. The equation (6.3) becomes
Y () = u(t) + a(t) + b(t) + c(t) + <.

The function p is the overall mean, a is the error due to the first random factor, b is
the error due to the second random factor, and ¢ is the interaction effect.

The processes a, b and c are all mean zero, and « and b are independent. Moreover «
and c are uncorrelated. Indeed,

Eflac] = Eg, [Eg,[ac]]
Eq, [a Eq, [C]]
0.

Il

Similar arguments show that b and c are also uncorrelated.
Let Y;;. denote the kth observation at the ith region with the jih weather condi-
tion. The observations can then be written as

Y = p +ai + b5 + cij + e,
where i = 1,...,I, 7 =1,...,J,and k = 1,...,n. The component p is the overall
mean, a; and b; are the random effects due respectively to the region and the weather

condition, and ¢;; is the interaction random eifect .

For hypotheses testing, we have to add some normality assumptions. More pre-
cisely we suppose that (a,-),-, (bj)j, (C,‘j)ij, and (e,-jk)ijk are such that:

1. (a;); are independent and identically distributed as oy¢;,

2. (b;); are independent and identically distributed as oa¢3,

3. (cij)i; are independent and identically distributed as o3es, and

4. (eijr)ije are independent and identically distributed as o4¢4,

where oy, 03,03, and o4 are unknown scalars, and ¢, ¢,¢3, and ¢4 are mean zero
Gaussian processes. We have seen that ¢, ¢, ¢3 are uncorrelated. We assume that
they are jointly Gaussian, and thus independent.
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The least squares estimators of g, g;, b;, and ¢;; are obtained by minimizing the
sum of squares of the errors given by:

ESS = 3" |[Yijk — p — @i — b; — cisl3-

ik

Let (¢;) denote an orthonormal basis of L. Since
1
VieL, |flz=2_f with fi =/0 f(s)pr(s)ds, (6.4)
!

we have that

ESS =S Y (Yim — s — aa — by — cizt)’
i

ik

Computing the derivatives and equating to zero, we see that the least squares esti-
mators are solutions for the normal equations:

i o= Y. —a-b-¢,
G = Yi—p-b-&
by = Y;—p—a.-¢;
& = Yy —p—ai—b;

" One solution to these equations is given by:

fi Yo

a = Yi.—-Y.,

b = Y;-Y.,and

&; = Yy -Yi.-Y;+Y.

These solutions lead to estimators for (o;)i=1,.,4. Before giving these estimators we
introduce some more notation.

For i = 1,...,4, let (A, pu ) denote the pairs of eigenvalue-eigenvector associ-
ated with the covariance operator T,. For every i,j and k, using Karhinen-Loéve
expansion we have that

@G = o1y, \/’)Exnwu,

1>1

by = o33\ duXonpa,
151

c; = 039\ Aat Xaijipa, and
=1

ek = 04 9\ A Xuijrpar,
k1
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where the X are independent and identically distributed standard normal random
variables.

Using equation (6.4) and the known results on sums of squares of Gaussian random
variables it can easily be seen that we have

Z_ lai—alz = Uf; M -1, (6.5)

; l6; —bllz = 03; Aamat[g-1]s (6.6)

J; llei. —c.llz = ‘fégl: A3t j1-1]s (6.7)

15; lej—c.li = o3 ; Aalﬂg,)wq], (6.8)

3l - i = el = ) DN M 69)
Jn Z lei. —e.lz = of 2 Matg -y (6.10)

I3 les = e = azg;/x‘ungf@_ﬂ, (6.11)

n ZJ leis. — ees+e s = o3 ; MY -ty -1 (6.12)
§ leir — eslls = ‘7«?; Adiman 10 (n=1)]s (6.13)

where the 7’s are independent real random variables distributed as a x?. The sub-
scripts between square brackets are the degrees of {reedom.

6.2.1 Estimation of 01,092,053 and o4
Define SS., SS;, 55, and SS, by

S8S. = Z|a,-|§,
ijk

SSy = Z”btnga
iik

SSc = Z"at Iguand
ijk

SS. = . |I¥ie — Yirllz.
tik

Replacing the estimators by their values, these equations become

8S, = an: l(e; —a) + (ci. —c.) + (es. — €. )]I3,
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SS, = InZ [1(b; = b.) + (¢ —c.) + (e — e )
7
8S. = nY_|(a;—ci—ej+c)+(eg—e.—ei+ e..)|l

J
SSe = 3 llesk — Yisliz-

ik
Note that SS, can also be written as
SS, = Jn [Z la;i = aliz + 3 |le. —e.ll3 + 2% <a;—a,c—c >
+5 e —e 3 +2> <ai—a te—c,e—el >
: :

Using the expressions (6.5), (6.7), (6.10) and independence we obtain
E[SS,] = (/ — 1) [Jno?)s + nodds + of Al
Using the same arguments for SS;, and SS. we obtain
E[$S,] = (J - 1)[Ino2hs +nodls + oA,
E[SS} = (I—1)(J —1)[nodrs+ 0%\, and
E[SS,] = IJ(n— a3 A,

with A, = A, forv=1,...,4.
Therelore we have

AdE = %ﬁmse,

Mt = %[(I—_ls)%}——l) —Ms,] = %[MSC _MS.],
Mot = [ - MSJ = ZIMS, - MS.]

ne? = %1- Isf“l ~ M8 = %[Ms,, — MSJ).

Remark 6.2.1 1. By the strong law of large numbers, we have that

lim 55

Bl ey )=0 a.s.,

therefore, 6% is almost surely non-negative as n — oo.

2. By the same arguments we have that, for Filarge enough, &3 is almost surely
non-negative, and for J large enough &% is almost surely non-negative.
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6.2.2 Testing for the Factors Effects

The absence of the first factor cffect is expressed by o = 0, o3 = 0 expresses that
there is no second factor effect, and o3 = 0 means that there is no interaction effect.
Consider the hypotheses

Hy:00=0, Hy:00=0, and H.:053=0.

The hypothesis H,
Under H,, the SS. becomes
SSew, = nY_lles —ei.—ej+e.
i

3
= o} ; A‘lln:(lt,)[(l—l)(.]-l)]?
21

where (17‘(1?‘)[(,_1)( J-1y )t is a sequence of independent real random variables all dis-

tributed as a x%I_l)( J-1)° Furthermore, by Cochran’s theorem, 85, and SS. are inde-
pendent.

Proposition 6.2.1 For testing the hypothesis H, : oy = 0 versus the allernative
o1 # 0, there exists a level-a test 1y, o given by

¢ _ 1 if g—g—: >C Heo
Hee 0 otherwise,

where Cy, o 15 @ non-negative constant such that

P{; /\4177‘(;?,)[1,1)(.;_1)]/; ATt f1-1)(J-1)] > Cuc,a} <a

The hypothesis H,
We will develop two tests for H,; one under H, and the other under f,, the alternative
of H,.
a- Test for H, under H,
Under both H, and H, we have
SSerum. = Jn) llei.—e.|;

= a'gg:)\dmx,)[f_ll, and
>1

SScm. = ny_lle —ei—ej +e |-
i

3
o [Z /\417?:(1;‘)[(1—1)(-1—1)]’
>1
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where the 7?:(1:.)[1-1] are , independent and identically distributed as x3_,, and the

r,-f'?)[ 1-1)(J-1)] &€ independent and identically distributed as X%I—l)( J-1)- Furthermore,
by &ociu‘an’s theorem, SS, w.pr. and SS; p,p, are independent.

Proposition 6.2.2 Under H, : 03 =0, for testing the hypothesis H, : oy = 0 versus
the alternative oy # 0, there exists a level-c test Yy p. o given by

.r S8
1 if gt > CH.H.a
0 otherwise,

VH Hoe = {
where Cp, 5,0 15 ¢ non-negative constant such that

3
P{; )\41774(1},)[([-1)(.]—1)]/ Z; A41ﬂ£z,)[1—1)u-1)] > CHch.a} <a

b- Test for H, under H,

By the strong law of large numbers, we have that

lim flei. ~e.|lz =0, and lim fle;;. —ei. ~ej. + e.l3=0 as.
Therefore - ,
lim 222 — 7 Zillei = e.llz = ..
n—oo S5, Eij ||C:J —¢, —cCcj+ C..”2

The numerator and denominator of the limit ratio are independent and we have

1
Tille —c.l3 £ JZ); Mt -1y

J
i “c;,- —c.—Cj+ C”% 2o A

Thus we have the following “asymptotic” test

Proposition 6.2.3 Under H., for testing the hypothesis H, : o1 = 0 versus the
alternative oy # 0, there ezists a level-a test Py g, o given by

]. if %:' > CHanc,a
0 otherwise.

¢H5Hc,ﬂ = {
For n large Cy_p, » can be chosen such that

P{Z M) 3 Moy > CH,;H;,Q'} < o
] 1

The hypothesis H,;

The effects a and b play symmetric roles. Thus, tests for Hj, are obtained using similar
arguments as under H,.
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6.3 Mixed Models

Suppose now that the region effect is not random, i.c., the effect a; is not random.

Let b; and ¢;; be as in the previous section. Without loss of generality we can suppose
that our model is given by

Yie=pta+bitejtes, i=L..,0,j=1i,....,J,andk=1,...,n,

where b;, ¢;; and e;;; are as before and «; is not random with ¢, = 0. As belore,
least squares estimators for y, a;, b; and ¢;; can be obtained by minimizing ESS and
solving the normal equations. Let 5S;, 55, and S5, be as in the previous section.
Since a, = 0, §5, becomes

$S. = D _llail;

ijk

= I flai+ (e = e) + (e = e )l

Estimation and Testing

The estimators &3, &2, and &2 given in the random-effect models case are still valid
in this case. On the other hand , we have that

E[SS.] = Jn S Nl +n(I — 1)eds + (I — )oi Ay,

where A, = ¥y A for v = 3,4. Thus an estimator of 3; ||a;||2 is given by

Sl (85 + (I = 1)(MS, ~ MS.) — (1 — 1)MS)

1l

Tlﬁ(ssa +(I - 1)MS,)
Because a. = 0, the hypothesis H, : ¢; = -+« = a; is equivalent to “a; = 0, for all
i”. Therefore it can be tested using the same arguments as in the previous section,
replacing SS, by S5,..

There is a rich literature on random and mixed effects models for the real case. The
results we presented here could not be considered as a generalization of the existing
ones. As we mentioned in the beginning of this chapter, here we only attempt to

outline how the techniques we developed in chapters two and three can be extended
to a more general case.

81



Appendix A
TABLES AND HISTOGRAMS

A.1 The Equality of Distributions Example

We consider two independent samples each of size n. We use the program given
in Appendix B to simulate 1000 realizations under both Ho :The two groups are
identically distributed and Hy :They are not. More precisely, we consider for the
alternative the case where the first group comes from F, the uniform distribution on
[0,1], and the second from V'F. The following figures are histograms of our statistic
Q, the Cramer-von Mises statistic W and the Kolmogorov-Smirnov statistic K.
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The equality of distributions example Appendix A
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The equalitv of distributions example Appendix A
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The equality of distributions example Appendix A
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The equality of distributions example Appendix A
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The equalitv of distributions example Appendix A
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The equalitv of distributions example Appendix A
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The equality of distributions example Appendix A
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The equalitv of distributions example Appendix A
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The equality of distributions example Appendix A
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The equalitv of distributions example Appendix A
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The egualitv of distributions example Appendix A
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The equalitv of distributions example Appendix A
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A.2 The Geological Example

We consider two samples of size 50 each and simulate 60000 realizations and compute
Q, SSE and their ratio. We do this for different values of y defined by

| o il [5¢] is odd
Vie [0,1] B2t) = { 0 if {5t] is even,

where [2] is the integer part of x. We simulate the cases v = 0, 1/4,1/2,1/3, and 1.
The following table gives approximate critical values of the statistic Q/SSE.

] P{Q/SSE < t,Hy}
5.34 | 0.0004
5.36 | 0.9010
7.60 | 0.9499
7.62 | 0.9503
13.02 | 0.9899
13.06 | 0.9900

The following figures show respectively the graph of one observation for v = 1,
the histograms of our statistic Q/SSE under both Hy : 1 = 0,7 =10 and H,: B =
0,7 = 1, and the plots of the test power, as a function of -, for the commonly used
levels of significance. The last figure shows the histograms of Q/SSE for respectively
v =1/4,1/2 and 3/4.

95



The geological example

Appendix A
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The geological example Appendix A
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The geclogical example Appendix A
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The geological example ' Appendix A
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A.3 The Regression Example

Here we simulate the model

Y = xG}Bl -+ age, with ‘81 = 3., X = —12—8 1 y

and ¢ is the Brownian motion. Since o is irrelevant for our test statislic, we take
o=1.
The following table gives approximate critical values for this example.

t | P{Q/SSE < t,H,}
0.8 | 0.9003
1.36 | 0.9500
2.82 | 0.9899
2.84 | 0.9901

The following figure shows the histograms of Q/SSE under Hp and ;.
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The regression example Appendix A
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Appendix B
PROGRAMS

B.1 Main Subroutines

kst el sk ke o s ke ok b sk o oSk ke s s sk sk e o skok sk s s ok sk sk s s e ek kst koK Kk K o o K skok ok ok ok
var
gasdevIset, Uniforminext, Uniforminextp: integer;
idum,gasdevGset: real ;
Uniformma: array[l..55] of real ;

{************************************************************}

function Uniform (var idum: real): real;

Returns a uniform random deviate between 0.0 and 1.0. Set idum lo any negalive
value to inilialize the sequence.

const
mbig = 4.0e6;
mseed = 1618033.0;
mz = 0.0;

fac = 2.5e-7;
var
i, ii, k: integer;
mj, mk: real ;

begin {MAIN}
if idum < 0 then
begin
mj := mseed + idum;
if mj > 0.0 then .
mj := mj - mbig * trunc(mj / mbig)
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else
mj := mbig - abs(mj) + mbig * trunc(abs(mj / mbig));
Uniformma[556] := mj;
mk := 1;
for i := 1 to 54 do
begin
ii := 21 * i mod 55;
Uniformmaliil := mk;
mk := mj - mk;
if mk < mz then
mk := mk + mbig;

mj := Uniformma[ii]
end;
for k¥ := 1 to 4 do
begin
for i := 1 to 55 do
begin
Uniformmal[i] := Uniformmali] -

Uniformmal[1 + ((i + 30) mod 55)];
if Uniformmal[i] < mz then

Uniformmal[i] ;= Uniformmafi] + mbig
end
end;
Uniforminext := 0;
Uniforminextp := 31;
idum := 1
end;
Uniforminext := Uniforminext + 1i;
if Uniforminext = 56 then
Uniforminext := 1;
Uniforminextp := Uniforminextp + 1;
if Uniforminextp = 56 then
Uniforminextp := 1;
mj := Uniformma[Uniforminext] - Uniformma[Uniforminextpl];
if mj < mz then
mj := mj + mbig;
Uniformma[Uniforminext] := mj;
Uniform := mj * fac;
{ idum:=idum-0.01;WRITELN(’IDUM °,IDUM:4:4); }

end{MAIN};
Lok s ko ke ok sk ok sk s ok sk ksl sk ke e s sk ks ok ke ook ook ok ks ks ook ok ok

var
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GasdivIset:integer; {It has to be initialized at zero}
GasdivGset:real;
sk ook ok ok

function gasdev (var idum: real): real;

Returns a normally distributed deviale with mean zero and unif variance using the
previous subrouline.

var
fac, r, vl, v2: real;

begin{MAIN}

if gasdeviset = 0 then

begin
repeat
vi := 2.0 * ran3(idum) - 1.0;
v2 := 2.0 * ran3(idum) - 1.0:
r := sqr{vl) + sqr(v2);
until (r < 1.0) and (r > 0.0);
fac := sqrt(-2.0 * 1n(r) / r);
gasdevGset := vl * fac;
gasdev := v2 * fac;
gasdeviset := 1

end

else

begin
gasdeviset := O;
gasdev := gasdevGset;
idum:==-2%idum;

end;

end{MAIN};

st ok o oleok ke ko o sk sk s sk e ke e ks seok s o o o ok o ok ok ok ok sk o ok o ok o ok sk ok ook o ok ok ok koK skok T
PROCEDURE gaussj (var a:ArrayNPbyNP;var b:ArrayNPbyMP;n,m:integer);
{SOLVES A*X=B, THE OUTPUTS ARE A:=A_INVERSEAND B:=SOLUTICON}
var
big, dum, pivinv: real;
i, icol, irow, j, k, 1, 1l: integer;

indxc, indxr, ipiv: IntegerArrayNP;
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BEGIN{GAUSSJ}
for j := 1 ton do
ipiv[j] := 0;
for i := 1 to n do
begin
big :

0
1 to n do
J

i}
n o

if ipiv[j] <> 1 then

1 to n do

if ipiv[k] = O then

if abs(alj, k1) >= big then
begin

big := abs(alj, kl);

irow := j;

icol := k
end
else if ipiv[k] > 1 then
begin
writeln(’pause 1 in GAUSSJ - singular matrix’);
readln
end;
ipiv[icol] := ipiv[icoll + 1;
if irow <> icol then
begin
for 1 := 1 ton do
begin
dum := alirow, 1];
alirow, 1] := alicol, 1];
alicol, 1] := dum
end;
for 1 (=1 tom do
begin
dum := blirow, 1];

blirow, 11 := blicol, 1];
blicol, 1] := dum

end
end;
indxr[i] := irow;
indxc[il := icol;
if alicol, icol] = 0.0 then
begin
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writeln(’pause 2 in GAUSSJ - singular matrix’);
readln
end;
pivinv := 1.0 / aficol, icoll;
alicol, icol] := 1.0;
for 1 := 1 to n do
alicol, 1] := alicol, 1] * pivinv;
for 1 := 1 to m do
blicol, 11 := blicol, 11 * pivinv;
for 11 := 1 to n do
if 11 <> icol then
begin
dum := a[ll, icoll;
a[ll, icel] := 0.0;
for 1 := 1 ton do
al11, 11 := a1, 1] ~ alicol, 11 * dum;
for 1 := 1 tom do
b[11, 1] := b[11l, 1] - blicol, 1] * dum
end
end;
for 1 := n downto 1 do
if indxr[1] <> indxc[1] then
for k := 1 to n do
begin
dum := alk, indxr([1]];
alk, indxr[1]] := al[k, indxc{1]];
alk, indxc[1]] := dum;
end;
END{GAUSSJ};
L skokok sk ko o ko sk sk skl R AR o sk koK ok ok o ok ok o ok ks ok ok o s ook ok ok sk ook

The previous subroutines can be found in any standard textbook on compulalion
programming like Numerical Recipes In Pascal by W.H. Press, B.P. Flanncry, S.A.

Teukolsky and W.T. Vetterling. Cambridge University Press.

{*********************************************************}
PROCEDURE GAUSSIAN(var GAUS:real);

BEGIN

GASDEVISET:=0;

GAUS : =GASDEV (IDUM) ;
END;
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{*************************************************#*******}

FUNCTION CHI(DEG:integer) :REAL;
Returns central Chi squared deviates with DEG degrees of freedom

var
l,rn: integer;
S,Gaus:real;

BEGIN{CHI}
rn:=DEG;
S:=0;
for 1l:=1 to DEG do
begin
GAUSSIAN(Gaus) ;
S:=S+SQR(Gaus) ;
end;
CHI:= 5;
END{CHI};
[ ke ek o sk o ok ok o ke ke sk ok ke o s ok ok sk ok sk sk ok ook sk ool sk ks o o ok 1
FUNCTION CHI1(DEG:integer; meank:real) :REAL;

Returns non-central Chi squared deviates with “DEG” degrees of freedom, meank is
the non-cenirality parameter.

var
l,rn: integer;
S:real;
Gaus:real;

BEGIN{CHI}
rn:=DEG;
S:=0;
for 1:=1 to DEG do
begin
GAUSSIAN(Gaus) ;
S:=S+SQR(Gaus+meank) ;
end;
CHIL1:= S;
END{CHI};
Lotk kot ok s o sk ok o sk Kok sk ok ko s sk ok stk stk ok tokok o sk ok ok ok ko ook
function TRAPZD (a,b: real;var vect: ArraylPbyMP): real;
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ESTIMATES THE INTEGRAL BETWEEN a« AND b FOR THE GIVEN VAL-
UES:VECT

var
i,subdivsize: integer;
surf: real;

BEGIN{TRAPZD}

surf:=(b-a}*vect[1]/(subdivsize);

for i := 2 to subdivsize do
surf := surf+{b - a) * (vect[i]+vect[i - 1]) / (2 * subdivsize);
trapzd :=surf;
END{TRAPZD};

{*********************************************************}

B.2 Examples On Power: A Simulated Example

program MANOVAstatistic;

const

simulsize= ; rand= ;
np= ; {THE MAXIMUM SAMPLE SIZE}
mp= ; {THE MAXIMUM SUBDIVISION SIZE}
type

ArrayiPbyMP = array[0..mp] of real;
ArrayNPbyNP = array[l..np, 1..np] of real;
ArrayNPbyMP = array[i..np, 1..mp] of real;
ArrayMPbyMP = array[i..mp, 1..mp] of real;
ArrayMPbyNP = array[l..mp, 1..np] of real;

integerArrayNP = array[1..np] of integer;
{USED BY PROCEDURE GAUSSJ}

var
j,i,k,count :integer;
Frat0,Frati itext;
a,b,theta,pi ireal;
gasdevliset, ran3inext, ran3dinextp: integer;
idum,gasdevGset,GAUS ireal
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ran3ma :arrayl[1..55] of real ;

CM_inverse :ArrayNPbyMP;
CM :ArrayNPbyNP;
Y :ArrayNPbyMP;
t :ARRAY1PbyMP;

Lok sk e ko ok sk s sk kbR e ek ks s e sk e okl oo sk e sk ke kok
PROCEDURE erreur(var err:ARRAY1PbyMP);

{err=(e(t1),...,e(tm))’}
var
X:real,
j:integer;
begin
err[0] :=0;
for j:=1 to mp do
begin
GAUSSTAN(X);
err[j]:=t[j-11*err(j-11+ (s [j1-t [j-1])*X;
end;
end;
kst sk ook ook sk ak ook o sk ok sk ok ksl ok ek kel ks ool koo ok ko
PROCEDURE 0bs0(var Yvect:ARRAY1PbyMP);

{Yvect=error, i.e. mean=0}
var

j:integer;
eps: ARRAY1PbyMP;

begin
Yvect[0]:=0;
erreur (eps);

for j:=1 to mp do
Yvect[jl:=epsij];
end;
o ekt e ok ok s o o sk ok ol ok o ok sk o ks ok sk okt kol s sakofole skl ok sk ko ko
PROCEDURE Obs1(var Yvect:ARRAY1PbyMP);
{Yvect=mean +error}

var

j:integer;

eps : ARRAY1PbyMP;
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begin

Yvect[0]:=0;

erreur{eps) ;

for j:=1 to mp do

Yvect[j]:=theta*t[jl+eps[jl;

end;
{ ek ek kst s ks ok ks ks s sk 3 ok sk sk ok ook ke sk ok ok kokok ok ok s kok ok
PROCEDURE YmatO(var ZY:ARRAYNPbyMP);

{Ymat=matrix of observations under HO:mean=0}

var
i,j:integer;
Y :ARRAY1PbyMP;

begin
for i:=1 to np do
begin
Obs0(Y);
for j:=1 to mp do
ZY[i,jl:=Y[jl;
end;
end;
o{ sk s ko ok sk ek st e toke ok sk alofe o ookt s sk sk ok o ko e kol o sk kol o sk ek sk
PROCEDURE Ymati(var ZY:ARRAYNPbyMP);

{Ymat=matrix of observations under
Hi: mean=sqrt(2)*theta*sin(3pit/2)}
var
i,j:integer;
Y :ARRAY1PbyMP;

begin
for i:=1 to np do
begin
Obs1(Y);
for j:=1 to mp do
ZY[i,jl:=Y[j]1;
end;
end;
[tttk b sk o sk kool e o s ok s s o sk ok ool ool s KoK o o KK KoK o o K
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PRUCEDURE Trace(var Z:arrayNPbyMP;var a:real;var b:real);

var
c :real;
i,j,k :integer;
Zdot :ArraylPbyMP;

ZtZ,ZtBZ: ArrayMPbyNP;

begin
for i:=1 to mp do
for j:=1 to mp do
begin
ZtZ[i,j]:=0;
for k:=1 to np do

Z+Z[i,j]:=Ztz[i,j1+Z[k,1]*Z [k,
end;
Zdot[0] :=0;
for i:=1 to mp do
begin
Zdot[1] :=0;

for k:=1 to np do
Zdot [i] :=Zdot [i]+2[k,i]/np;
end;

for i:=1 to mp do
for j:=1 to mp do
ZtBZ[i,j]l:=2dot [i]1*Zdot [j];

a:=0;
for i:=1 to mp do
for k:=1 to mp do
a:=a+CM_inversel[i,k]*ZtZ[k,i];

b:=0;
for i:=1 to mp do
for k:=1 to mp do

{t for Transpose}

{computes Z’'Z}

jl;

{Zdot is a row of BZ since }
{ B=1/npx(1°,..,1%) }

{Computes the entries of Z’'BZ}

{Computes trace(CM_inverse Z’'Z)}

{Computes trace(CM_inverse Z’MZ)}
{ =trace(CM_inverse[Z’'Z-ZBZ]) 1}
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b:=b+CM_inverse[i,k]*(ZtBZ[k,i]);
b:=a-b
end ;

{******************************************************}

BEGIN{MAIN PROGRAM}
pi:=4*arctan(l);
idum:=-rand;
+[0]:=0;
for i:=1 to mp do
t[i] :=sqrt (2)*sin(3*pi*i/ (2%mp)) ;

for i:=1 to mp do {THIS IS THE COV. MATRIX}
for j:=1 to mp do

begin

if i=j then

begin

CMIi,j]:=1;

CM_inverse[i,jl:=1;

end

else

begin

if (i=j+1) or (i=j-1) then CM[i,jl:=-1

else

cM[i,j]:=0;

CM_inversel[i,jl:=0;

end;
{CM_inverse=Idmp, for computational raisons}
end;

gaussj(CM,CM_inverse,np,mp) ;
{gaussj(CM,CM_inverse,mp,mp) Computes CM_inverse, and calls it CM}

for i:=1 to mp do {thus = need this}
for j:=1 to mp do
begin
CM_inverseli,jl:=CM[1i,]]l;
end;
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rewrite(Fratl);
for i:=1 to simulsize do
begin
for count:= 0 to 5 do
begin
theta:=count/10;
Ymat1(Y);
trace(Y,a,b);
write(Frati,a/b:10:6);
end;
writeln(Fratl);
end;
close(Frati);

END{MAIN PROGRAM}.
[kt ok s okt ook o sk kol sk ook sk stk ko ook ook s o sk ok ko e ook ok ko

PROGRAM (statistic;

const
simulsize= ; samsize= ; rand= ;
subdivsize= ;sumsize= ;
mp=subdivsize;DFQ=1;DFS5E=samsize-2;
{DFQ=rank(D) & DFSEE=rank(M)}

type

LAMBVECT=array[1l..sumsize] of real;
DBSVECT =array[l..simulsize] of real;
GAUSVECT=array[1..dfsse] of shortreal;

ArraylPbyMP = array[0..mp] of real;
var
k,1i,DQ,DS,COUNT: integer;
vall,vall: text;
pi.t,Q0,Q1,theta:real;
X,BETA:LAMBVECT;
RATIO:0BSVECT;

LAMB2 :LAMBVECT;
Lok okokoko ok ok ook stk ok sk ok s sk sk ok skokes ek o o ok ok sk ke sk ko sk ok |

FUNCTION CHI(DEG:integer):REAL;
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{IT GENERATES A CHI-SQUARE(DEG) DEVIATE }

var
1,rn: integer;
S:real;
Gaus:real;
BEGIN{CHI}
rn:=DEG;
5:=0;
for 1:=1 to DEG do
begin
GAUSSIAN(Gaus);
S:=5+3QR(Gaus) ;
end;
CHI:= 5;
END{CHI};

ek stk sk ok e sk sk ok ok sk tookokok skt ook s o ko ok ok sk ook sk sk ko sk ook
FUNCTION CHI1(DEG:integer; meank:real):REAL;

{IT GENERATES A CHI-SQUARE(DEG) DEVIATE }

var
l,rn: integer;
S:real;

Gaus:real;

BEGIN{CHI}
rn:=DEG;
S:=0;
for 1:=1 to DEG do
begin
GAUSSIAN(Gaus);
S:=S+SOR(Gaus+meank) ;
end;
CHI1:= 5;

END{CHI};

et stk ks o s sk s ok o oo s s sk ok o oo ok ok A o KoK K o ok o s oo s s ok o o ook kK ol ok K oKk koK T

114



PROCEDURE QSTAT (DEG:integer;VAR QO:REAL);

{QSTAT IS AN INFINITE SUM OF WEIGHTED CHI-SQUARES WITH n=DEG}
{DEGREES OF FREEDOM}
var

S0,51:real;

k:integer;

BEGIN{}
50:=0;
for k:=1 to sumsize do
S0 :=50+LAMB2 [k]*CHI (DFGY ;.
0o0:=80,;
END{};
{*****************************************************************}

PROCEDURE QSTAT1 (DEG:integer;VAR Q1:REAL);

{QSTAT IS AN INFINITE SUM OF WEIGHTED CHI-SQUARES WITH n=DEG}
{DEGREES OF FREEDOM}
var
Si:real;
k :integer;

BEGIN{}
$81:=0;
for k:=1 to sumsize do
S1:=S1+LAMB2 [k]*CHI1 (DEG,theta*betalk]);
Qi:=81;
END{};

[ sk ok o koo ok ok sk ok o kol o sk ok ok sk ko sk ok ok sk sk ek sk ok skokok o sk s ok ok sk sk kol s stk s kb e ok okok
function TRAPZD (a,b: real;var vect: ArraylPbyMP): real;

{ESTIMATES THE INTEGRAL BETWEEN a AND b FOR THE GIVEN VALUES:VECT}
var

i: integer;

surf: real;

BEGIN{FUNCTION TRAPZD}
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surf:=(b-a)*vect[1]/(subdivsize);
for i := 2 to subdivsize do
surf := surf+(b - a) * (vect[il+vect[i -~ 1]) / (2 * subdivsize);
trapzd :=surf;
END{FUNGTION TRAPZD};
[k ok sk bk ok sk sk o sk ok s ks ok s o skl ok sk o sk ook sk o ok sk ok ko sk ok skt ook ok e ok ks sk }
PROCEDURE MEANH1({var beta:LAMBVECT);

var
k,l:integer;
a,b:real;
mean,vectl:arraylPbyMP;

BEGIN{MEANH1}
a:=0;b:=1;
for 1l:=1 to subdivsize do
mean[1] :=theta*l/subdivsize;
for k:=1 to sumsize deo
begin
for 1l:=1 to subdivsize do
vect1[1]:=sin((2%k+1)*pi*l/(2*subdivsize))*mean[1];
beta(k] :=sqrt(2)*trapzd(a,b,vectl);
end;
END{MEANH1};
o sk e e s s e s ok o e o ofk ok ke kK ok sk skok sk ok sk oo i Kok ok o o o ok ok sk s sk e o s s ke s o ok ok ok s ok o ok ok

BEGIN{MAIN PROGRAM}

rewrite(wval0) ;rewrite(vall);
pi:=4%arctan(l);
idum:=~abs(rand);

FOR k:=1 TO SUMSIZE DO
begin
LAMB2[k] :=1/SQR(SQR((2*k+1)*pi/2));
betalk] :=sqrt(2)*cos(k+pi)*sqr(2/((2*k+1)*pi));
{ writeln(vall,k,’ ' betalk]);
writeln(val0,k,’ ’,LAMB2[k]); }
end;
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NG :=DFQ;COUNT:=1;

for k:=1 to simulsize do
begin
QSTAT(DQ,Q0);
writeln(val0,Q0:10:4);
for count:=1 to 5 do
begin
theta:=count/10;
QSTAT1(DQ,Q1);
write(vall,Q1:10:4);
end;
writeln(vall);
end;
close(val0) ;close(vall);

END{MAIN PROGRAM}.
Lotk sk ok o sk oo skt ok ook o ot sk ook o ok o ook ook ok ook ok ok ko ks kb o ok

B.3 The Equality of Distributions Example

program EMPIRICAL;

const
samsize=10;
np=samsize; {THE MAXIMUM SAMPLE SIZE}
subdivsiza=500;
mp=SUBDIVSIZE; {THE MAXIMUM SUBDIVISION SIZE}
type
ArrayNPbyMP = arrayl[l..np, 1..mp] of real;
ArrayiPbyMP = array[i..mp] of real;
var

'filenamel’, ’filename2’, ’filename3’ :text;
rn,1i,j,k:integer;
boundinf, boundsup: real; {INTERVAL BOUNDS}
rand,al,a,$,Q: real;
stk sk o e sk ok s ok sk ok ks ol ok ok ok ke ok ok s ok ks ks ok ko ok sk ok skok sk sk ke sfeoh ek e ok

procedure data( var ZS: ArraylPbyMP);
This procedure generates data and returns a vector ZS of values of Y1, = Y,

var
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i,j,k:integer;
a:real;
W1,W2,Y1,Y2,Z252: ArrayiPbyMP;

BEGIN{DATA}
a:=0;
for i:=1 to samsize do
begin
W1(il :=ran3(idum);
W2[i] :=ran3(idum);
end;
for j:=1 to subdivsize do
Begin
Y1[]:=0;Y2[§]:=0;
for i:=1 to samsize do
begin
if Sqr(W2[i])<=j/subdivsize then
Y2[j]:=1+¥2[3]
else
Y2[j]:=Y2[j];
if Wi[il<=j/subdivsize then
Y1[§]1:=1+Y1[3]
else Y1[jl:=Y1[j];
end;
zS[j1:=(¥1[j1-Y2[j]1)/samsize;
if abs(ZS[jl)>a then a:=abs(2s[j1);
zS2[J] :=SQR(Z2S[J1);
End;
WRITELN(’filename2’,a:6:6);
WRITELN(’filename3’,SAMSIZE*TRAPZD(BOUNDINF ,BOUNDSUP,ZS2) :6:6) ;

END{DATAL};
{************************************************************}

function KERNEL (s, t: real): real;

begin
if s<=t then kernel:=s*(1i-t) else kernel:=t*(i-s);
{THIS THE COVARIANCE FUNCTION OF THE ERROR}
end;
Lotk ko sk stk ok okl ok ok ks o s skl sk ok skl ook o ok ko sk ok o sk ok ok ok sk ok )
procedure norm(var nor:real);
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This procedure returns the T-norm of the “vector” ZS, computed before.

var
k,1: integer;
ZS,vectl,vect2:ArrayiPbyMP ;

BEGIN{NORM}
data(Zs) ;
for k:=1 to subdivsize do
begin
for 1:=1 to subdivsize do
vect1[1] :=kernel(k/subdivsize,1/subdivsize)*ZS[1];
vect?2[k] :=trapzd(boundinf,boundsup,vect1)*ZS[k] ;

end;
nor:=trapzd(boundinf,boundsup,vect2);
END{NORM};

Lok seotokato ok ok sk ks ook ook ook sk ok e e ke ok ook sk ok kool o skokok o sk T
BEGIN{MAIN PROGRAM}
IDUM:=-0.1;
rewrite(’filenamel’);
rewrite(’filename2’);
reurite(’filename3’);
boundinf:=0;
boundsup:=1;
rn:=samsize;
for k:=1 to 1000 do
BEGIN
norm(S) ;
Q:=S*samsize;
writeln(’filenamel’,Q:6:6);
END;
CLOSE(’filenamel’); CLOSE(’filename2’); CLOSE(’filename3’);
END{MAIN PROGRAM}.

B.4 The Geological Example

PROGRAM Geol;

const
simulsize=20000; samsize=50 ; rand=0.50;
subdivsize=1000;sumsize=100;
mp=subdivsize;DFQ=1;DFSSE=samsize-2;
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{DFQ=rank(D) & DFSEE=rank(M)}
type
LAMBVECT=array[0..sumsize] of real;
OBSVECT =arrayl[l..simulsize] of real;
GAUSVECT=array[!..dfsse] of shortreal;

ArraylPbyMP = array[0..mp] of real;
var
k,1,DQ,DS,COUNT, rankM: integer;
gvalb0e,file2,fgl,fg2,fg3: text;
pi,t,Q0,Q1,SSE,scale:real;
BETA : LAMBVECT;
RATIO:0BSVECT;
LAMB2 :LAMBVECT;
L skesk ook soke sk sk st ok s kst o ke ook ok s ke o koot o oo ok ke ok o s oo ook -
PROCEDURE SSTAT(DEG:INTEGER;VAR SSE:REAL);

{SSE IS AN INFINITE SUM OF WEIGHTED CHI-SQUARES WITH n=DEG}
{DEGREES OF FREEDOM}

var
S:real;
k,i:integer;

BEGIN{SSE}
S:=LAMB2 [0] *CHI (DEG) ;
for k:=1 to sumsize do
S:=5+LAMB2 [k] *CHI (DE®) ;
SSE:=5;
END{SSE};
Lotk ook st s sk oot oo kel ook ok skl skl sk sk oo ook 3ok sk o o ok s ok ko ko ek )

PROCEDURE QSTAT (DEG:integer;VAR QO,Q1:REAL);

QSTAT IS AN INFINITE SUM O WEIGHTED CHI-SQUARES WITH n=DEC
DEGREES OF FREEDOM

var
50,81 :real;
k:integer;

BEGIN{SSE}
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S0:=LAMB2[0]*CHI(DEG);
S1:=LAMB2[0]*CHI1(DEG,beta[0]);
for k:=1 to sumsize do
begin
S0:=S0+LAMB2 [k] *CHI (DEG) ;
S1:=51+LAMB2[k]*CHI1(DEG,betalk]);
end;
Q0:=50;Q1:=51;
END{SSE};
{*********************************************************}
PROCEDURE MEANH1(var beta:LAMBVECT);

var
k,l:integer;
a,b:real;
mean,vectl:arraylPbyMP;

BEGIN{MEANH1}
a:=0;b:=1;
for 1:=1 to subdivsize do
begin
if odd(1l div 100) then
mean[1] :=sqrt(samsize/2)*scale
else
mean[1]:
end;
beta[0] :=trapzd(a,b,mean);
for k:=1 to sumsize do
begin
for 1:=1 to subdivsize do
vect1[1l] :=cos(k*pi*1l/subdivsize)*mean[1];
vectl[k] :=trapzd(a,b,vectl);
end;
END{MEANH1};
ookt k kb ke sk kel ook stk ke o sk ko o ek koo e ok sk s e kol ko sk sk kok -

BEGIN{MAIN PROGRAM}

03

rewrite(gvalSOe);
pi:=4*arctan(l);rankM:=2*(2*samsize-2) ;
LAMB2[0] :=SQR{1-1/EXP(1));
idum:=-abs(rand);

MEANH1(BETA) ;
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FOR k:=1 TO SUMSIZE DO
begin
IF 0ODD(k) THEN
LAMB2 [k] :=SQR((1+1/EXP(1))/ (1+5QR (k*pi)))
ELSE
LAMB2[k] :=SQR((1-1/EXP(1))/ (1+SQR(k*pi)));
end;
DQ:=DFQ;DS:=DFSSE;COUNT:=1;

for k:=1 to simulsize do
begin
scale:=0.25;
MEANH1(BETA) ;
{THE RATIO Q/SSE=(Q/n)/(SSE/n)=2%samsize*QSTAT/SSE}
QSTAT(DQ,Q0,Q1);SSTAT(DS,SSE);
if SSE <> 0 THEN
write(gvalS0e,rankM*Q0/SSE:10:4, rankM*Qi/SSE:10:4);
for i:=2 to 4 do
begin
scale:=i/4;
MEANH1(BETA) ;
{THE RATID Q/SSE=(Q/n)/{(SSE/n)=2%samsize*(STAT/SSE}
QSTAT(DQ,Q0,Q1);SSTAT(DS,SSE) ;
if SSE <> 0 THEN
write(gval50e, rankMxQ1/SSE:10:4);
end;
writeln(gvalSQe) ;
end;
close(gval5le) ;
END{MAIN PROGRAM}.

B.5 The Regression Example

The program used here is essentially the same as the previous one. One has only to
choose the samsize (the sample size), and the eigenvalues (squared) LAMB2[k]. We
omit the details.
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Appendix C
Proof of Lemma 4.2.1

In the following, we show that (S,,Fn)n»1 is an Ly-bounded martingale, i.e., 5, =
E[Sp41/F.], and there exists a constant C' > 0 such taat E[S2] < C, for every n > 1.

From the definition of S,,, we have that

Sn = z b,‘j < €,€; >T
1Li#ign
= 2 Z b,'j(ﬁ;,ﬁj >
1<igjign
= 2 E < A_,',GJ' >y
1<ign

where A; = 0 and

Jj=1
AJ' = Z b,‘jEi.

i=1
Using the independence of the ¢;, straightforward calculations show that (5., F) is
a martingale. To prove that

supE[S}]| < C =4E [< €1, €2 >§~] trace(B),
n>1

note that

Tt
S:=4 |3 <A >0+ Y, <Apeg>r< A e >T|.
=1 1<j<k#n

By independence we have that, for j # k,

E[< A_,', € Pr< A, e >T] =0.
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Indeed, suppose that 7 < £, then

E [< AJ‘, € >1< Ag, e >T]

= E '-< Aje; > /0 " Kk(s,t) Ap(s) e (t) ds dt]

L lo,
= /[0 " &(s,t)E[< Aj, 65 > Ay(s)] Elen(t)] dsdt
= 0,'

since < A;,€; >r Ay and ¢ are independent, and E [e,(¢)] = 0, for all ¢ € [0, 1].
This shows that

E[$2] = 4E [Z < Aje >§~}

=1

=1

- 2
= 42{]3 Zb{j(ﬁi,€j>j’:| }

[ i=1
Fist

| t=1

4 Z {E I: Z bijbk_.,' < €y Cf 27 €y €5 >T:| } .

=1 1<i#k<i-1

b;23 < €,y €5 >?p}} +

By independence again, the last term is null, and thus

n i-1
E[SY] = 43 {E Y0 < ey >§"] }

j=1 i=1

n -1

= 4B [( €1,€2 >§‘] Zzbf.?

j=11=1
L

< 4E[<e,e >3 3N 8

F=1i=1

Recall that B = X(X'X)™*X = (b;;)1<i,j¢n, is symmetric and idempotent, i.e., b;; =
b;; and BB=B. Therefore

i-1
Zb?j=bﬁ’ Vj=1,...,n.
i=1

Moreover trace(B)= Y"1, b; = p < oo, thus

E[S.,zl] <E [< €1, €2 >§1] p < o0,

This completes the proof.
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