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ABSTRACT

In the first part of the present study, it is demonstrated that the traditional superposition
method lends itself successfully to obtaining of eigenvalues and mode shapes for completely free
shear deformable plates, namely, the thick isotropic plates and symmetric cross-ply laminated
plates. The effect of transverse shear deformation is taken into account by means of the first
order shear deformation relationship as developed by Mindlin. The governing differential
equations are satisfied exactly throughout the plate domain and free edge boundary conditions
are satisfied to any desired degree of accuracy. These appear to be the first accurate solutions

to these important completely free plate vibration problems.

Subsequently, a new modified Superposition-Galerkin method is developed for analyzing
the free vibration problem of symmetric cross-ply plates with any combination of clamped and
simply supported boundary conditions. It is shown that this new approach leads to vast
simplification of computational procedures in comparison to the traditional superposition method.
Nevertheless it is seen that excellent agreement is achieved when results obtained by the
Galerkin-Superposition method are compared with those generated by previous researchers. It i
expected that this new modified method will have application to various families of laminated

plate vibration problems.
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Txs T)cr

Cartesian Coordinates

plate dimensions in x and y directions, respectively
nondimensional in-plane coordinate, £ = x/a
nondimensional in-plane coordinate, n = y/ b
plate thickness

plate aspect ratio, ¢ = b/ a

plate thickness-to-length ratio, ¢, = h/a

plate density per unit area
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rotations with respect to x and y, respectively
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plate strain components

plate stress components
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O, corresponding nondimensional shear forces
M, A/{, My bending and twisting moments

M, M, M, corresponding nondimensional bending and twisting moments

v Poisson ratio for isotropic plates
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G shear modulus for isotropic plates

D flexural rigidity for isotropic plates, D = Eh3/ (1-v%)

D,D,H flexural rigidity parameters for orthotropic plates
Vizs Va1 Poisson ratios for individual Jamina of laminated plates
Giz» Gy, Gy, shear moduli in three coordinate planes of individual lamina

E, E, Young's moduli of individual lamina in directions paraliel and perpendicular to

fibres, respectively

Zy transverse distance from the upper surface of k-th lamina to the midplane
Q; stiffness of individual lamina

A; extensional rigidity parameters for laminated plates

a; extensional rigidity parameters for laminated plates divided by E,h

D, flexural rigidity parameters for laminated plates

flexural rigidity parameters for laminated plates divided by E,h 3

K? shear correction factor
W circular frequency of plate free vibration
A2 eigenvalues of plate free vibration
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Chapter 1

Introduction

1.1 Literature Review

As important structural elements, fibre-reinforced laminated plates with anisotropic
mechanical properties, high specific strength (failure stress/unit weight) and high specific stiffness
(stiffness/unit weight), find wide application in various fields of engineering, especially in the
aerospace industry. They are also more and more used in the automobile industry, for example
as car body components, and in the electronic industry as substrate materials for printed circuit
boards. Accurate knowledge of their dynamic behaviour is essential in the design of plates made

of composite materials.

In recent years, numerous advances have been made in connection with free vibration of



laminated plates, and a wide variety of plate theories as well as analytical techniques have been
developed. Many numerical methods, such as the finite element method and the boundary
element method, have also been used successfully in this area. It is not the objective of this study
to present an all-inclusive bibliography related to this subject. It will be found that the
publications to which reference is made already contain such bibliographies. Rather, in this thesis,
reference will be made to those publications which are considered to have direct relevance to

problems under discussion and their solutions.

It is well known that results obtained by classic plate theory based on the Kirchhoff
hypothesis are not truly applicable to plate vibration problems when the plate length-to-thickness
ratio fajls below certain levels. The Kirchhoff hypothesis assumes that straight lines originally
normal to the plate median surface remain straight and normal during the deformation process.
This simplifies the problem considerably but produces errors since the effects of transverse shear
deformation are neglected. The classic plate theory overestimates the vibration frequencies of
thick plates since the plate flexibility is underestimated. This phenomenon was well recognized
by many researchers, like Reissner[1], and Mindlin[2]. Many refined plate theories based on
discarding the Kirchhoff hypothesis and incorporating transverse shear deformation effects were
subsequently developed. It was Mindlin who first developed a mathematical free vibration
formulation of the thick plate problem which not only incorporated the effects of deformation
associated with transverse shear but also considered the effects of rotary inertia of the plate
elements. In the Mindlin plate theory any straight line originally normal to the plate median

surface will, during deformation, remain straight but not generally normal to the plate median



surface. In the true situation such a line is generally curved but the assumed straight non-normal
line can well approximate this curved line in an average sense at all points. One can think of the
work of Mindlint as an extension of the Timoshenko thick beam theory to the two dimensional

rectangular piate problem.

Considering laminated plates, one finds that their analysis constitutes a much more
complicated problem, even when plates are thin. This is because of the fact that the transverse
shear stiffness of such plates is known to be relatively low in comparison to the in-plane
stiffness. Accordingly they must be treated as "shear deformable” bodies. The Mindlin plate
theory is simple and adequate for free vibration analysis of "shear deformable" plates. A
comparison prepared by Yu and Cleghorn[13] indicates that there is excellent agreement between
results obtained by using Mindlin plate theory and those of higher order plate theories. Therefore,

the Mindlin plate theory is adopted in this study.

The superposition method for free vibration analysis has been used with considerable
success to obtain accurate solutions to numerous thin plate free vibration problems. These
solutions have been widely reported in the literature with the principal reference being the work
of Gorman([3]. An attractive feature of the superposition method centres around the fact that,
unlike the Rayleigh-Ritz method which is often employed by many researchers in their papers,
no shape functions need to be selected to represent the deformed plate. Exact Levy type solutions
are obtained for four rectangular-plate forced vibration problems (building blocks). Each is driven

by a harmonic bending moment distributed along one edge. After superimposing these solutions,



Fourier coefficients appearing therein are adjusted in order to satisfy the various boundary
conditions. All solutions ob.ained by the superposition method satisfy the governing differential
equations exactly throughout the domain of the plate. The boundary conditions are satisfied to

any desired degree of accuracy.

More recently, the superposition method has been employed by Yu and Cleghorn[15] to
analyze Mindlin plates and laminated plates with combinations of clamped and simply supported
edge conditions. Li and Mirza[30] solved free vibration problems for laminated orthotropic plates
and shells by combined superposition method and state-space technique. Many other researchers
also made significant contributions to studies in the free vibration of plates. For further
investigation, one is referred to the papers and books by Leissa[24,25,26], Reddy[27,28],

Bert[32,33,34] and so on.

1.2 Motivation and Objectives

It is noted that analytical solutions for thick isotropic plates or laminated plates are not
only scarce but are available mostly for plates with clamped and simply supported boundary
conditions, and it is well known that researchers tend to avoid completely free plate problems

because of the traditional difficulties related to handling the free edge conditions.



In the first part of this thesis, the traditional superposition method is exploited to obtain
solutions for the natural frequencies and mode shapes of completely free thick isotropic and
laminated plates. To the author's knowledge, those solutions represent the first accurate solutions

to be achieved for these challenging problems.

There is no doubt that the traditional superposition method provides a powerful means for
analyzing free vibration problems of rectangular plates. It also remains a fact, nevertheless, that
as one moves away from thin isotropic plates towards thick plates or laminated plates, where the
effects of transverse shear deformation can no longer be neglected, the exploitation of even the
traditional superposition method becomes more and more challenging. This difficulty arises
mainly because of the large number of combinations of complex, real and imaginary roots which
are encountered when one examines the characteristic equations associated with the building
blocks of these more complicated problems. In a typical approach one obtains a separation of
variables, but now this leads to a high order ordinary differential equation and hence the high
order characteristic equation with numerous possible combinations of roots, depending on the
equation coefficients. It is also known that due to the presence of hyperbolic functions in the
classic type solutions encountered when utilizing the superposition method, computer overflow

or underflow problems and even computational instability may be experienced.

In the second part of this thesis, a new modified Superposition-Galerkin method is
introduced. It is shown how all of the benefits of the superposition technique may be retained

while all of the computational problems of searching for multi roots of equations as well as



computer overflow or underflow problems may be avoided by exploitation of this new method.
The details of the modified Superposition-Galerkin method are illustrated hereinafter. Excellent
agreement is achieved between the results obtained by the Superposition-Galerkin method and
those reported in the published literature. Rapid convergence is obtained. It will be seen that the
Superposition-Galerkin method is much more straight forward and advantages of this method

become more pronounced as problems become more complicated.



Chapter 2

The Underlying Theory

In this chapter, the dimensionless governing differential equations for free vibration
analysis of thick isotropic and laminated plates, based on Mindlin plate theory, are developed for

the sake of completeness. Also, the associated various boundary conditions will be presented.

2.1 Governing Differential Equations

2.1.1 Governing Differential Equations for Thick Isotropic Plates

The rectangular plate is referred to an x,y,z system of rectangular coordinates. The faces
of the plate are the planes z = = h/ 2. The notation for plate stress and strain components as

well as materials properties are defined in customary manner [2].



Consider the general Hooke's law for isotropic materials in three-dimensional elasticity
theory with the expressions for the six components of strain in term of six components of stress.
Of the six equations, the one containing unit elongation, &, , normal to the faces of the plate is
dropped, and o, is also neglected. The remaining five equations are then solved for stress
COMPONENts Gy s Oy Ty s T s Ty in terms of strain components £,, £y, Vi » Yo » Y, - Onc

arrives at the plate stress-strain relationship.

E

O = T, (e.+ve,)

oy = 1__E;,' (&,+ve,)

Ty = Oy 2.1
Tx = Gz

Ty = OYy

From the three-dimensional elasticity theory, we also have the following plate strain-

displacement relationships by ignoring the equation containing strain £, .

X

g, = X
8



Ty s P 22)
du,ow

Y= % x
v

sz -'@- &z

where u, v, and w are plate displacements in x, y, and z directions, respectively.

The plate bending and twisting moments and transverse shear forces, all per unit of

length, are now defined as follows

M = foyzdz
-hi2
hi2
M, = [ry2dz (2.3)
-h/ 2
hf2
Q = | t.dz



It is assumed in the Mindlin theory that u and v are proportional to z and w is

independent of z

u=zy(x,y,1)
v =zq.5(x,y,t)

w=w(x,y,t)

(2.4)

where i, and , are the local rotations (change of slope) in the x and y directions, respectively,

of lines originally normal to the plate before deformation.

Substituting equations (2.4) into strain-displacement equations (2.2), then into stress-strain

equations (2.1}, one obtains

Ez (all&".vall&)

To1ev? & ¥
Ez d

% 1-v2(5gl?+vallk)
. _E N, %Y

"v‘Tuiv)(ay 3 )

10

(2.5)



T =Gk + )
_G(q&+.—.

The first three equations of equations (2.5) are multiplied by z and integrated over the
plate thickness, the last two equations of equations (2.5) are integrated over plate thickness
directly. One finally achieves, after incorporating equations (2.3), the expressions for bending and

twisting moments and shear forces in terms of plate displacements.
M D ( —_ + v__q&)

M =D(%'?+v%“‘)

M, = 22D (3 M . ) 2.6)

)

- Gh (4 + 5

1l

Q = x’Gh (Y + %W)

where D is the plate modulus

D = Eh3/12(1-v?) 2.7

11



and x? is the constant, introduced here as transverse shear correction coefficient.

Now consider the well-known stress equations of motion of three-dimensional elasticity

theory

or oo or e
L y . - p oV
x 'y & R a (2.8)
ar”+ar”+aaz=.9ﬁzﬁ
ax ¥y & h a:?

where p is the density per unit area.

The first two equations of equations (2.8) are multiplied by z and integrated over the plate
thickness, and the third equation of equations (2.8) is integrated over the plate thickness directly.
After making use of equations (2.3), (2.4) and the condition that the plate is free of inplanc
forces, transverse external loading or body forces, and neglecting the stress @, , equations (2.8)

becomes

..a_-ﬂi-f-%—g:.w_zﬂ
ax Y

a’_gL,,ﬂ_Q:_&’ﬂ 2.9)

12



0, % .,
dr o) P a2

Substituting equations (2.6) into equations (2.9), one finally gets the governing differential

equations for Mindlin plates

O Y-
aGh (2. Zu . . Ty - o2

[2‘32‘“' . (1- v) % L (1) az—‘l*_]

~@Gh (4 + ) - E‘i“_ 2.10)

& & &
%)[23}} + (1-v)% + (1) ang,]

aw _ ph? 62l_|5:
g _
k‘Gh (Y + VIR
It is possible to express the displacement w(x,y,t), edge rotations 1, (x.y.t) and g (x,y.t)

as a product of two functions, respectively, one involving only the space coordinate x and y and

the other involving the time variable,
w(x,y,t) =wi(x,y) I(t)
Y (x,y, 1) = W(xy)T()
g (x,y. 1) = W(xy)T(t)

(2.11)

13



Substituting equations (2.11) into equations (2.10), it can be shown that

T(t) = Asin (wt +a) (2.12)

where @ is known as circular frequency, A and e represent the amplitude and the phase angle,

respectively. For the sake of brevity, w, |, and 1|; will again be used hereafter to represent the

space functions, w/(x,y) . tpﬁ(x, y) and q&’(x ,¥) - The equations (2.10) then become

+

5 & ay)+pufw=0

th(62w+63w a‘l&+al|5,
ks RECLURA 3

wGh (i + 2y 8BSy g (2.13)

& & &
g [:Z—ayllzi + (I-V)% + (1+v) atg;]

wGh (1 + ) + B4y -0

Experience has shown that it is always advantageous to use the nondimensional governing

differential equations. After introducing the following transformations [13],

£ = -'Z— ; M =Ma/D;
n=%s M, = Mb/ D
W(Em) =wx,y)a; M, = 2M,a/ D(1-v) ; (2.14)

14



Y= Y 0 = O/ ¥*Gh
W= w Q, = O/ x*Gh

The nondimensional governing differential equations for Mindlin plates may be written

ew, LEW, I,
g2

13y, Ao
PRl R W=0

V3

P, v Bk, v T
9E2 ¢ om*  ¢v, 9&an

24
23 (g + ) ¢" S = 0 (2.15)
o

azw,u 1 &y LV Y,
02 v, on? ¢v, okon

Ly s LW, MG
A LI T

where ¢, = h/a , vy = (1-v)/2 , v, = (1+v)/2 , v; = 6x?(1+v) , and A? is the

eigenvalue,

A2 =wa/piD (2.16)

The corresponding nondimensional shearing forces, bending and twisting moments become

15



M Vot
Mﬂ'é%%*aa&
Q= Y + ggf

Ot

(2.17)

2.1.2 Governing Differential Equations for Symmetric Cross-ply Laminated

Plates

Consider a plate which is symmetrically laminated by N orthotropic laminae with uniform

thickness. Following the conventional notations, for the orthotropic laminae, we have stress-strain

relations [17]
o, = O, + Oty
0, = Qe *+ One,
Ty = Qs
Ta = Oss ¥

Ty = Qu¥p

(2.18)



where

0, = E/ (1-vpvy) s

Qn = VB (1-vpVy) 3

Os = Gy

Gy = Eyf (1-v2vy)
Qs = Gia
G = Gy

(2.19)

and E, , E, are Young's moduli in x and y direction, respectively, v, and v, are Poisson

ratios, G;, , G, and G;, are shear moduli.

From equations (2.2), (2.3), (2.4) and (2.18), after integrating over the plate thickness, one

has the expressions for bending and twisting moments and shear forces of the laminated plate in

terms of the plate displacements.

& o
a
M =Dzz%y& "'Dlz-a%

Kidgs ( + )

10
]

O
[}

(g + )

17

(2.20)



where

N
1 ..
D; = 33 (Q)uzk - 2ka) ij=1,2,6
2.21)
N
A; =K2§(Qj Ye(Zk = 2p) ij=4,5

and z, is the transverse distance from the upper surface of k-th lamina to the midplane. For

symmetric cross-ply laminated plates, D,,, I, and A,s are all zero.

Similarly substituting equations (2.20) into equations (2.9), and separating the time
variable from plate displacement variables, one finally obtains the governing differential equations

for symmetrically cross-ply laminated plates

Pw

KZASS(%&--r-ar—. ZA(_q&+_@)+pw-w 0

Du ll;, Dss + (Dy, *Dss)——g)%

s+ D) - szhzq& - 0 (2.22)

Do Zh DT (O D) £

2
—KzA“(q& + _ .L(i’g‘_% =0

18



To nondimensionalize the above three equations, the following transformations are taken

E=x/a,; M =Ma/D, ;
n=ylb;: M =MbiD, ;
W(E,m) =wx,y)la; M, = M,a/ Dy ; (2.23)
L3 Q; = Qf Ass
U= Q= G/ Au

The governing differential equations in nondimensional form may now be written as

"’E ) 44(_“’11 + lﬂV + MGEW= 0

SS(

d Ey | de P | (dy + de) Fy,

"agr ¢ on’ ¢ dgon
¥’y Mo
py (¥ + ) v (2.24)
dy &y | , (dp +dg) P
¢ om? 552 & Agon
Kza l‘q&
el + 7ty = 0
where
d; =D |Eh® ij=1,26
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a,j = A,} /%h l,j = 4, 5 (2.25)

A2 = walfp/ Eh3

and the corresponding plate nondimensional bending and twisting moments, and shear force may

be written as

_ 0%, dn OW
M= 3¢ * 34, om

E
M, = %% L (2.26)

o
F
=
g

2.2 Boundary Conditions

Four types of classic boundary conditions in their dimensionless form, that have been

studied thoroughly in the literature, for example Gorman [3], are presented here. In all the
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following expressions of boundary conditions, we take those on theedge x =aor § =1 asan

illustrative example.
2.2.1 Simply Supported Edges
For a simply supported edge at £ = 1 , we have

W=20
Y, =0 (2.27)

M=0

Considering equations (2.17) and (2.26) for isotropic plates and symmetric cross-ply

laminated plates, respectively, the third condition becomes

_ ol
M - _a_F =0 (2.28)

Hence the boundary conditions for a simply supported edge at £ =1 are

W=10
q]" =0 (2.29)
oW,/ % = 0
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2.2.2 Clamped Edges

The boundary conditions for a clamped edge at £ = 1 are

W= 0
¥ = 0 (2.30)
g, =0

2.2.3 Free Edges

For a free edge at £ =1 , we have

M =0
M,=0 2.31)
QE--O

In the case of isotropic plates, using equations (2.17), these conditions become

Ellji-l-_\’_a_qj'l:O
& ¢ M

10y oY,
E_gn_h_a%l_o (2.32)
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‘l’z*'(-'jf:o

In the case of symmetric cross-ply laminates, using equations (2.26), these conditions

become

=0 (2.33)

2.2.4 Slip Shear Edges

The slip shear support requires that the edge is free of transverse shear forces and twisting
moments. In addition, the plate cross section lying along such a boundary, cannot rotate about
an axis parallel to the edge. This kind of boundary condition is of a type that would rarely be
encountered along the edges of an actual plate. Nevertheless, it will serve as a valuable
mathematical device in analyzing plate vibration problems by the superposition method. For a

slip shear edge at £ = 1 , we have
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Q =0 (2.34)

Incorporating equations (2.17) and (2.26) for isotropic plates and symmetric cross-ply

plates, respectively, these boundary conditions become

%V -0 (2.35)
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Chapter 3

The Traditional Superposition Method for Analyzing

Completely Free Rectangular Plates

In chapter 2, we developed the governing differential equations (2.15) and (2.24) for
isotropic thick plates and symmetric cross-ply laminated plates, respectively. We now exploit the
traditional superposition method to obtain accurate solutions for the natural frequencies and mode

shapes of these plates with completely free edges.

3.1 Completely Free Isotropic Thick Plates

3.1.1 Mathematical Procedure

The governing differential equations for isotropic thick plates are those developed in
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chapter 2, equations (2.15). In order to obtain a solution for the completely free plate problem
four building blocks (forced vibration problem solutions) are employed. They are represented

schematically in Figure 1.

We begin by focusing attention on the first building block. It is subjected to a harmonic
edge rotation distributed along the edge, n = 1 . The amplitude of this distributed edge rotation

is expressed in series form as

Y, = W;I E, cos mm 3.1

In addition, this driven edge is free of transverse shear stress and twisting moment. The three
non-driven edges of this building block are given slip-shear support. This type of support is

indicated in the figure by two small circles adjacent to the edge.

One has the option here of driving building blocks instead with 2 distributed harmonic
bending moment. It is found preferable to utilize distributed harmonic edge rotation when
analyzing plates with free edges. One thereby avoids the problem of uncovering false cigenvalues

(rejection mode eigenvalues) as discussed by Gorman 13}

Levy type solutions are obtained for each of the dependent variables, W, ¢ and {;, . The
trigonometric functions in the following expressions are selected so that the boundary conditions

at extremities of their arguments will be satisfied, as required by Levy solution. We therefore

26



write,

W(En) = mi] X () cos mmt (3.2)
W& m) = W)T'jz Y,(n)sin mm§ (3.3)
y,(&n) = m;l Z,(n)cos mmk (3.4)

The next step required is to substitute the above expressions for the plate lateral
displacement, and slope functions, into the governing differential equations, (2.15). One then

obtains, for m = 1 , the following set of coupled ordinary homogenous differential equations

which are written in matrix form as

X 0 0 a1 (X)) [babme 0 1(X.) (0
YO | 0 0 apy ¥} +|bmsbme 0 |{Yn ={o} (3.5)
z! Gn3 8me 0 | | 7/ 0 0 b,s||Zn 0

where the primes indicate differentiation with respect to the variable 7 .

Performir - the above substitution, it is found that, for the problem under study, the

matrix elements become
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am1=¢’

Bz =~V (mm) [ v, (3.6)
a,3 < 'V3¢/ Qb%
Qg = v2¢(m)
and
M
b = [ 22 ()] 2
3
bopa = (""""’)‘i’2
v ¢?(mm)
b, = 2T (3.7
? V1¢ﬁ
)L‘*qbz v
b= SL 5" - () - 23
Xt
s = P12 - vy(mm)? - 3]

o

We now seek solutions for the functions X{n) , Y,{n) and Z,(n) ,for m21 .
Introducing the symbol D to indicate differentiation with respect to 7 we find that the three

equations of matrix equations (3.5) can be written as

(D25, ) X(m) * bp¥() + @piDZy(m) = 0 (38)
bosXn(M) + (D?+b, )Y (M) + apDZ,(m) =0 (3.9)
b, DX(1) *+ BngDYp(m) + (D2+b, Zy(m) = O (3.10)
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Operating on these equations with judiciously selected operators, and combining equations
(3.8) and (3.9), and then (3.8) and (3.10), we can easily arrive at a pair of equations from which

the quantity Z, (%) is eliminated. These two equations are

[ am2( D2+bm1) B amibm.?] Xm( )

+ [Qppb s = i D*+b ) 1Y, () = 0 (3.11)

and

[(D2+bm5)(D2+bml) - amlam.iDz]Xm('n)
+ [ by D*+bys) = @8 eD?] Yo(m) =0 (3.12)

We are now in a position to combine equations (3.11) and (3.12) in order to obtain an
ordinary differential equation involving one of the dependent variables, only. It has been found
to be highly desirable, from a computational point of view, to eliminate the variable X (%) .

The reasons for the gains experienced in computational efficiency will be addressed shortly.

It is found that after eliminating the variable X (7) the ordinary differential equation

governing the variable Y,{n) may be written as

(D% + ay D' + apD? + 0y3)Y,{n) =0 (3.13)

where
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ay = -(ay - @@y - agg)l ey
ay = -(ase) - @@ - &)/ e (3.14)
ay = -(a3a, - asag)/ oy
and
a, = bml +bys = Cpfim s oy = bm]bmj ;
a; = “mzbmz - amlbm4 ; Gy = Qpy s
as = amzbml - amlbm.i > G = Ao (3.15)
a; = bmz TR Qg = bmzbm_s H

ag = asas + asa7 '

We look on the characteristic equation related to equation (3.13) as a cubic equation with
associated roots R, , R, and R; . For isotropic materials, theoretical discussions put forth by
Cleghorn and Yu [13], indicate these roots will always be real although they may be positive or
negative. One of these roots is obtained through a numerical search. Denoting the first root as

R, , the other two roots become

R, = -(ay + R - XX)/2 (3.16)
and

Ry = «(ay + R, + XX)/2 3.17)
where

XX = (a, *+ R)?+ day/ R (3.18)

Now, redesignating the roots R, , R, and R; if necessary, so that R >Ry, >Ry, we
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introduce « ,B and y associated with each value of m, where

a=yRT : B=yIRI ; v=/RIl 319

It will be appreciated that associated with negative values of R, , R, , etc., there will
be a pair of solutions involving trigonometric functions. Conversely, associated with positive
values, there will be a pair of hyperbolic functions. It is found expedient at this time to introduce
a case number which decides which path the computations are to follow. The parameter "case”
is assigned values as follows

case = 1, R ,R and Ry < 0

case = 2, R, and R, < 0} Ry> 0 (3.20)

case = 3, R < 0,R;, and Ry>0

case = 4, R, R, and Ry, > 0

It will be apparent from the prescribed boundary conditions , at the edge n = 0, that the
functions X,(7) and Y,(7) must be symmetric with respect to the §-axis. Similar reasoning
allows us to conclude that the functions Z () must be antisymmetric with respect to the same
axis. This means that X (n) and Y,(7) are even functions of 1, and Z,(7) is an odd
function of 7. We are thus able to eliminate three of the six constants associated with each

function. For illustrative purposes, we consider the solution when, case=1. We then have

Y, (n) = A,cos an + B,cos Bn + C.cos Y7 (3.21)
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Of course, had the case been equal to two, the last term of equation (3.21) would have involved

cosh ym. It is not difficult to write solutions associated with other case numbers.

Because of the coupling of the three differential equations, solutions similar in form to
equation (3.21) can be written for the functions X, (n) and Z,(7) . For the situation, case=1,

they take the form

X (m) = AR08 an + B R, ,cos By + C R, 508 yn (3.22)

and

Z,(m) = AuSncos en + B,S, cos Bn + C.S,;c08 ¥ (3.23)

Similar forms of these equations exist for the other case numbers. It is now necessary o

develop expressions for the quantities R, ,S,, ., etc. .

Consider the first terms of equations (3.21) and (3.22). Substituting them into equation

(3.11) and performing differentiation indicated, it is easily shown that,

-Rm - amf(bmf'az) - amZbMZ (324)
: Ao D=0%) = Apibog

Identical expressions are obtained for R, and R,; of equation (3.22), where a is replaced by
B and y , respectively. Expressions for R,,; , R, , etc. , for the other case numbers are obtained

in an identical fashion,
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The functions Y,(7) and Z {n) may be uniquely related by combining equations (3.8)

and (3.10) and eliminating the function X, (n) . We then obtain

[@p3Dma — am4(D2+me)]DYm(n)

- [D‘1 - (amaamt"bml‘bms)Dz + bbbl Z,(n) =0 (3.25)

Focusing now on the first term of equations (3.22) and (3.23), and substituting them into

equation (3.25), we obtain

§ . = [20® = (AP mi—8msbmd | @
! at + az(am.?aml_bml“bnﬁ) + bmlbms

(3.26)

Other expressions for S, , S, . etc. , for the various cases can be obtained in an

identical fashion.

At this stage, it is appropriate to comment on the decision to solve initially for the
function Y,(n) and then express the functions X,(7) and Z{n) as given in equations (3.22)
and (3.23). In fact, in initial computations, a solution was first obtained for the functions X{m
and expressions similar to those of equations (3.22) and (3.23) were utilized to represent the other
two functions. It was found that following such a procedure, the quantities R,; , S,y . etC. ,
took on values ranging from about ten to the twelfth to ten to the fifteenth power. These massive
quantities were generally arrived at through appearance in their denominators of the summation

of a pair of equally massive quantities of different signs. This tends to make the computations

33



unstable as the denominators hovered around zero. Recognizing that the quantities Y,{7) and
Z,(m) differed, in general, by only two or three orders of magnitude, it was decided to use the
quantity Y,(n) as the reference, as has been done here. The parameters R, S, €l a8
expected, were found to be extremely small and the summations of massive quantities of almost
equal magnitude, but opposite sign appeared in the numerators. This, as expected, has led to a
vast improvement in the stability of the computations and the procedure as described here will

be followed in future explorations.

Finally, in order to solve for the response of the building block in terms of the Fourier
driving coefficients, with m = 1 , it is necessary to establish values for the coefficients 4, .B,,
etc. , of the above equations. Focusing attention on the edge , 7 =1, of the first building block
we require that the twisting moment M, and the transverse shear force O should vanish. This
is in keeping with Mindlin plate boundary conditions as discussed by Dawe and Roufaeil [21].
Utilizing the expressions provided for twisting moment and transverse shear, equations (2.17),
and considering for illustrative purpose the solution when case=1, it is easily shown that we may
write

Y, (m) =A,(cos an + XIcos Bn + X2cos yn) (3.27)

where X1 and X2 are established through enforcement of the above two boundary conditions.

Next, enforcing the condition of matching of the imposed edge rotation , equation (3.1)

and the parameter {j, , equation (3.4), along the driven edge, we obtain
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E, = A8, a,+ XIS, sin B, + X25,55in ¥,) (3.28)

Denoting the quantity within braces on the right hand side of equation (3.28) as X3, we

obtain
E,
Y1) = 33 (cos e, + Xlcos B,m + X2cos y,7) (3.29)
and for X (1) we have

Xn(m) = %(Rm:cos a,n + XIR, ,cos B, + X2R, ;008 ¥,1) (3.30)

with a corresponding expression for Z,(7) . There is no difficulty in developing similar

expressions for solutions with case=2,3, or 4.

We thus have available an analytical solution for the first building block driven by a
harmonic distributed edge rotation where the Fourier subscript m is equal or greater than one.
Before generating the eigenvalue matrix, we must examine the case of m =0, which is a simpler
problem where the first building block is driven by a single uniformly distributed harmonic edge

rotation.

This is essentially a strip problem. The response of the first building block to this uniform
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harmonic edge rotation will be a function of the dimensionless space variable 7 . Only two

equilibrium differential equations are applicable and are written as

2 44212
?;';V‘f ¢‘:nq;" * M\,f"w= 0 (3.31)

Py vt 1A | Moy

i A XD Z 0 (332

The dependent variables W and s, , both functions of 7 are written as

W(m) = X(m) (3.33)

and

v (n) = Z(7) (3.34)

We therefore have, following earlier nomenclature and substituting in equations (3.31) and (3.32)

X"(m) +amZ(m) +byX(n) =0 (3.35)

and

Z'(m) + @pgX'(m) + bysZ(m) = O (3.36)

which are the one dimensional counterpart of equations (3.5) and where

aml=¢
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m2 _VB‘M ¢%
wt = MRl v, (3.37)

s = MdPgh 12 - vyl &

o
!

o
i

Again, introducing the differential operator D, we have

(D*+b, ) X(n) + a,DZ(n) =0 - (338)
and

a,;DX(n) + (D*+b,5)Z(n) =0 (3.39)

For this first term of the building block representation, we choose to eliminate the quantity

Z(m) from equations (3.38) and (3.39), and we obtain

(D' + a;, D* + an)X(7m) =0 (3.40)
where
oy = bm5 + bml = Q8,3

@y = bysbp (3.40a)

The characteristic equation associated with equation (3.40) may be considered as a

quadratic equation with roots R, and R, .

We now have three possible cases as follows
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case = I, R,andR, < 0
case = 2, R, <0; R >0 (3.41)

case = 3, R andR, > 0

Designating the roots in such a way that R, >R, . and introducing

a= /IR : B= /Rl (3.42)

we write for case=1

X(7m) = A,cos an + B,cos Bn (3.43)

and

Z(m) = A,S,cos an + B,S,,cos Bn (3.44)

with similar expressions involving hyperbolic and trigonometric functions, or hyperbolic functions
only for case=2, and case=3, respectively. Again, two of the constants have been eliminated

because of boundary conditions along the edge, 1 =0.

Following steps parallel to those described earlier, we are able to develop expressions for
the quantities S ,,; and S, for each case. Finally, enforcing boundary conditions imposed along
the edge, m =1, we express the functions X(7n) and Z(7) in terms of the harmonic edge

rotation E,, (m=0).
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We then write, for case=],

X(m) = ZAE) (cos an + X1c05 i) (3.45)
and
=0
Z(n) = E"'(;fnz ) (8,sc08 an + X1S,,,cos Bn) (3.46)

where X1 and X2 depend on the boundary conditions.
Similar expressions are obtained for the other two cases.

The second building block of Figure 1 differs from the first only in that it is driven aleng
the edge, £ =!. To avoid confusion, we will designate the Fourier driving coefficients for this
building block by the symbols E, . The solution for the response of this building block is
available from that of the first provided we take the following steps
a) replace A2 by A%¢* ,

b) replace ¢, by ¢,/ &,
c) replace ¢ by 1/ ¢,

d) replace the symbol m by n.

The lateral displacement for the second building block will take the form

WEm) = ng:l X,(E) cos nmm (3.47)
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The third and fourth building blocks are also driven by distributed harmonic edge
rotations. We use the subscripts p and gq, respectively, for the Fourier driving cocfficient
subscripts. Beyond this, the third building block solution differs from the first only in that the
n of the first building block must be replaced by I-n . Similarly, the fourth building block

solution is extracted from that of the second building block through replacing § with 1-£ .

We are now ready to construct the eigenvalue matrix. Such a matrix, based on a three

term solution for the building blocks, is shown schematically in Figure 2.

The matrix is developed in a manner identical to that followed for thin plates, Gorman
[3]. Small inset figures at the top of the main figure indicate the building blocks pertinent to the
column below. Other small insets to the right of the figure indicate the boundary conditions to

be satisfied.

It will be recognized that the net bending moment along the edge, n=1, of the
superimposed set of building blocks must be equal to zero. Toward this end, the contributions .
of each building block to moment along this edge are expanded in a cosine series. Each term in
this series is set equal to zero. This gives rise to a set of K+1 homogenous algebraic equations
relating the Fourier driving coefficients. K equals the upper limit of subscripts in the Fourier
expressions. Similar equations are obtained for the other three edges. We thus arrive at a set of
4K+4 equations relating the 4K+4 Fourier unknown driving coefficients. The coefficient matrix

of this set of equations forms our eigenvalue matrix. Eigenvalues for the problem are equal to
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those values of the parameter A% which cause the determinant of the matrix to vanish.

It is worth noting that with the aid of physical reasoning, much of the work normally
required in generating the eigenvalue matrix can be avoided. This leads to a reduction in the
possibility of error. It will be noted that there is a 4 by 4 array of segments in the matrix, Figure
2. Let us suppose we have computed the four segments immediately underneath the first building
biock. An identical computer algorithm can be used to generate the four segments immediately
beneath the second building block provided we make the changes (a) to (d) as itemized earlier
for generation of this second building block. Of course, the matrix element subscripts will have
to be adjusted as required.

There is no need to generate the matrix segment immediately beneath the third and fourth
building block. They can be transferred from segments beneath the first two building block, with
sign modifications as required. Let us denote the segments by the subscripts (i,j). It is found that
the following pairs of matrix segments are identical,

segment (1,1) = segment (3,3)

segment (3,1) = segment (1,3)

segment (4,4) = segment (2,2)

segment (2,4) = segment (4,2)

The following segments beneath the third and fourth building blocks may be transferred

from corresponding segment of the first two building blocks provided a sign change is introduced
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in the second, fourth, sixth rows, etc. , as the transfer is made.
segment (2,3) is obtained from segment (2,1)
segment (4,3) is obtained from segment (4.1)
segment (1,4) is obtained from segment (1.2)
segment (3,4} is obtained from segment (3,2)

Similar, but not identical, matrix segment transfer rules apply when all plate edges are clamped.

3.1.2 Presentation of Computed Results

Eigenvalues were computed for the first ten modes of flexural vibration with value of the
parameter ¢, equal to 0.01, 0.02, 0.04, 0.06, 0.08 and 0.10 . Plate aspect ratios employed were
1.0, 1.25, 1.5, 2.0, 2.5, and 3.0 . Due to symmetry, it was not necessary o investigate behaviour
of plates with aspect ratio less than 1 . For low values of thickness parameter one expects the
computed eigenvalues to be in close accord with those computed by the thin plate theory,

Gorman [4] . In fact, this latter set of eigenvalues provided jumping-off points for Mindlin plate

study.

Computed eigenvalues are tabulated in Table A.1 and A.6 , a different plate aspect ratio
is associated with each table. It will also be noted that oﬁe column, designated by the symbol,
TPT (thin-plate theory), is provided in each table. Taken from Gorman [4], this column provides
limits which the computed results are expected to closely approach as the parameter ¢, is

allowed to approach zero. One must recall, however, that the T.P.T. results were computed
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without inclusion of rotary inertia effects. Furthermore, the Mindlin plate theory may be
considered as slightly more restrictive, as a condition of zero twisting moment and zero
transverse shear is enforced along the plate edges. In the thin-plate theory, of course, only the
condition of zero vertical edge reaction, as developed by Kirchhoff, is enforced. A value of the
parameter x? equal to 0.8601 was employed in all computations. This is the same value as
utilized by Dawe & Roufaeil [21], in their fully clamped plate calculations. They used slightly
different vaiues in some of their other calculations in order to facilitate comparison of their
results with that of some of their predecessors. There are two very close commonly used values,
5/6 and 72/12, which were first introduced by Reissner [1] and Mindlin [2],respectively.
However in tests conducted during the present research, it was found that a limited range of

variation in the assumed values of %2 had no significant effect on the computed eigenvalues.

The character of the mode shapes associated with each thin-plate-theory eigenvalue is
indicated in each table under the heading "Type". Modes symmetric and antisymmetric, about
plate central axis, running parallel to the § and 7 directions are indicated by the symbol "SYM"
and "ASYM", respectively. The symbol "S-A" indicates modes symmetric about the central axis
running in the E -direction and antisymmetric about the other central axis. The symbol "A-8" has
just the opposite significance. All symmetric-antisymmetric modes of the square plate , Table
A.1, will have double roots, or double eigenvalues, associated with them. For illustrate purposes,

the first three mode shapes of the square plate are presented in Figure A.1 through A3 .

All data presented has been computed utilizing 7-term expansions for the plate lateral
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displacement and slope functions. It was found that utilization of more terms did not affect the
fourth digit in the computed eigenvalues. A study of these tables indicates that for each mode
the eigenvalue approaches extremely close to that of thin-plate-theory as the parameter ¢,
decreases. For ¢, = 0.01, it is found in most cases that any difference between the computed
eigenvalues and the thin-plate-theory eigenvaiues involves the fourth digit only. This is in

keeping with experience of Cleghorn and Yu [13], for example.

It will be noted that, in general, the rate of decrease in computed eigenvalue with increase
in the parameter ¢, is much greater for the higher modes. It is generally agreed that even the
Mindlin theory will not be reliable if one applies it to very high mode studies. This is because
the ratio of plate thickness to inter-node distances will become too large. Even though the present
calculations have been utilized to study up to 10 modes, it will be recognized that because of the
various mode families involved, the ratio of plate thickness to inter-node distance is still

reasonable.

3.2 Completely Free Symmetric Cross-ply Plates

3.2.1 Mathematical Procedure

The governing differential equations for symmetric cross-ply plates are those developed
in chapter 2, equation (2.24). The same four building blocks, edge driven forced vibration

problems, as presented schemnatically in Figure 1, are employed here to obtain the solution to the
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free vibration problem of completely free symmetric cross-ply plates.

Only the obtaining of a solution for the first building block needs to be described in
detail. The three non-driven edges of this building block are still given slip shear support. The
driven edge of the first building block is free of transverse shear stress and twisting moment. It
is subjected to a distributed harmonic edge rotation with amplitude given as equation (3.1). The
Levy type solutions which are used for completely free isotropic thick plate, equations (3.2) to
(3.4) can still be used here as solutions for the first building block. Substituting these Levy type
solutions into governing differential equations (2.24), we obtain a set of three simultaneous
coupled ordinary differential equations which are represented in same matrix form as equations
(3.5), but the values of the matrix element a,,, , b,,; , etc. are different from those of equations

(3.6) and (3.7). They take on the following expressions

Qpy = d’
@y = ~(dyp+de) mrd/ deg (3.48)
a,; = -Ka b/ dhdy

m¢ = (dip+deg) mw/ des

and

2 2
l4¢h -(m) qua 55 ¢2
K2a 4

_ ass(mm) o
b= an ¢
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K2a(mmr) |,

bz = 2 (3.49)
Ghd g
Aop-d., (mm) -xa/ & .,
b,, = @i —dy ( dﬁ: ss/ & &
b o Mei-dg(mm) Cayl di
ms = ¢

I,

Following the same procedures as we did before, we finaily get a sixth order ordinary
homogeneous differential equation involving the function Y,(n) after eliminating the functions

X (n) and Z,(n) . The characteristic equation related to this equation is written as

g5 + ay et + apel? vag =0 (3.50)

where @, , a@,, etc. have the same expressions as defined in equations (3.14) and (3.13).

This is a cubic equation in the quantity £2 . For &2 there will be one real root, positive
or negative, which must be found by a numerical search. With this root found, the characteristic
equation is reduced to a quadratic equation. For composite materials, the two remaining roots
could be a real or a complex conjugate pair. Associated with each of the three roots for g2,
there will be a further pair of roots, each pair providing terms contributing toward the formulation

of the function Y,{(n) . We will see that the complex roots constitute more complicated
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expressions.

It is not advisable here to try and discuss all possible combinations of roots and the
associated form of the solution for Y, (1) . Let us assume, for illustrative purpose, that all three
roots for the quantity € 2 are real and negative. Denote the magnitude of these roots as e? &3
and £3 . The same reasoning from the prescribed boundary conditions at the edge n =0, as we
did before, allows us to conclude that the functions X,(7) and Y,(n) must be symmetric with

respect to the £ -axis, and the function Z () must be anti-symmetric with respect to the same

axis. Thus we can write function Y (%) as
Y (n) = A,cos £,m + B,cos g,m + C,cos &3m (3.52)

Similarly, if all the roots for the quantity £2 were real and positive, the trigonometric
functions, sine and cosine of equation (3.52), would have to be replaced respectively by
hyperbolic sine and hyperbolic cosine functions. Up to now, the expressions for Y,(7) are

similar to those in previous isotropic thick plate case.

We now illustrate the solution for Y,(7) in the situation where a pair of complex roots
for the &2 are obtained. Let us suppose we have a pair of complex conjugate roots where
e% = g+bi and e% = g-bi . We introduce X = W ,and Y = tan “(b/a) , next,
introduce R = X sin(Y/2), and S = X cos(Y/2). Assuming g} .is negative, dropping terms anti-

symmetric with respect to &-axis, we obtain for Y, (7)
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Y,(n) = A,cos e,n + B,cos Rncosh Sn + C,sin Rpsinh §7 (3.53)

Having obtained expressions for Y,{%) , corresponding expressions for the functions
X (7m) and Z,(7m) are obtained. For example, with Y, (n) written as equation (3.52), the

functions X, {n) and Z (n) are written as

X,(m) = AR, c0s & + B,R,,c08 &;m + C,R, ;08 £3m (3.54)

and

Z,(m) = A,S,sin €,m + B,S,.sin g,m + C.S,:5n g4m (3.55)

where the quantities R, , S, . etc. are obtained through manipulation of equations (3.5).

With Y,{7) written as equation (3.53), the functions X,(n) and Z,(7) are wrilten as

X.(m) = A,R,cos €, + (R,B,+R,;C,) cos Rncosh Sn
+ (=R 3B+ R,,C,) sin Rnsinh §7 (3.56)

and

Z(n) = AR, sin €m + (8,2B,+S n3C,) cos Rnsinh Sn

where the quantities R,,; , S, » €tc. can also be obtained through manipulation of equations

(3.5).
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With provision made in the analysis for all possible combinations of roots of the
characteristic equation (3.50} and associated solutions, we must turn to evaluation of the
boundary conditions along the edge, n =1. Again we must enforce the conditions of zero twisting
moment, zero transverse shear force, and matching of imposed edge rotation and the parameter
g, at the edge n=1. Referring to equations (2.26), (3.1}, (3.2), (3.3) and (3.4}, it is seen that
the boundary conditions are formulated respectively as

';_5 oY, (1) _ mwZ,(m) =0

Z(m) + g aX"gf,”) = 0 (3.58)

Yy, = &,

Enforcing these boundary conditions for each solution form of interest, we establish the
coefficients 4,,, B, and G, , as discussed earlier. We now have the exact forced vibration
response available for the first building block, for any distributed harmonic edge rotation as

represented in equation (3.1) with subscript m greater than zero.

We turn now briefly to the situation when the above subscript m takes on the value zero.
Examining the first building block of Figure 1, it is seen that under this condition the driven edge
is subjected to a uniform rotation and the response of the building biock will coincide with that

of a beam o strip. This means that the slope function Y will be everywhere zero. Furthermore,
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all derivatives with respect to the coordinate £ will also equal zero. Displacement W and rotation
i, will be functions of 7 only. From equations (3.2) and (3.4), again we write the solutions for

W and ¥, in the same form as equations (3.33) and (3.34).

Returning to the equilibrium equations, we see that only first and third equations of
equation (2.24) are applicable. Deleting terms involving derivatives with respect to the coordinate
E , and substituting from equations (3.33) and (3.34) as before, we obtain the pair of coupled
ordinary differential equations which have the same expressions as equations (3.35) and (3.36).
However, the quantities a,,; , b,,; , etc. differ from those of equations (3.37). They have the
similar form to those of equations (3.48) and (3.49), the only difference lies in that components

involving the mzr must be dropped. Again, primes imply differentiation with respect to 7 .

Equations (3.35) and (3.36) are solved in a similar manner identical to that described
earlier for the set of equations (3.5). In the work undertaken here, it was decided to eliminate the
function Z(n) by manipulation of equations (3.35) and (3.36). The resulting differential equation
is therefore quadratic in the parameter s2 as discussed earlier. The roots of the characteristic
equation may therefore be written immediately. Expressions for X{n) and Z(%) will contain
only two unknowns after enforcement of the required symmetry or antisymmetry about the origin.
These two unknowns are evaluated through enforcement of conditions of zero lateral shear force
and matching of edge rotations at the edge, 1 =1. This completes computation of response of the

first building block to the harmonic rotation distributed along its driven edge.
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It is obvious that a solution for the second building block of Figure 1 can be obtained by
following steps identical to those described above for the first building block, provided
appropriate changes in the input parameters are introduced. In fact, the second building block
constitutes a mirror image of the first one. These changes in the input parameters will be
discussed shortly. It is also apparent that solutions for the third and fourth building blocks can
be extracted from those of the first and second by simply replacing the variables § and 7 with

(1- £ ) and (1- 1 ), respectively.

With solutions for the four building blocks available, the eigenvalue matrix is generated
following established procedures. First, the four building block solutions are superimposed one
upon the other. Then, the net bending moment along each edge is expanded in a series of K

terms where K is also the number of terms used in the building block solution series.

It is found advantageous to use the same cosine series as used in the individual solutions
to represent the net bending moment expansions. Each net coefficient in the four bending moment
expansions is set equal to zero. This gives rise to a set of 4K+1 simultaneous homogenous
algebraic equations relating the 4K+1 unknown Fourier driven coefficients. The coefficient matrix
of this set of equations becomes the eigenvalue matrix. Eigenvalues are those values of the
parameter A2 which cause the determinant of the eigenvalue matrix to vanish. With eigenvalues
established the associated mode shapes are obtained by setting one of the non-zero driving
coefficients equal to unity and solving for the other coefficients. Mode shapes can then be

plotted.
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3.2.2 Presentation of Computed Results

The illustrative cross-ply problem utilized is that described by Khdeir [19]. The laminated
plate copsists of three identical orthotropic laminae in a (0°/ 90°/ 0%) configuration. Utilizing

conventional notation, the orthotropic properties are given as

EJE, =40 , Gyl E, = G5/ Ey = 0.6, Gy/E, =0.5 and v, = 0.25

From equations (2.19), (2.21) and (2.25), we have

Gy = 2(Gyl Ey+0. 5Gy/ Ey)

Qss = %(O-SG.’J/Ez“Gls/Ez)

dy = (E,] E;+0.0385 )/ 1. 0385 XX
dyy = Vil XX

dy, = (1+0. 0385 E;/ E;)/ 1. 0385 XX
de = Gol 12E,

Before presenting the computed data, it is appropriate to point out certain simplifications

which have been utilized in computations related to the present work.
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The schematic representation of the eigenvalue matrix is the same presented in Figure 2.
It will be appreciated that with the solution for the first building block available, all of the

clements of the four matrix segments immediately below this building block are entered.

The same computer routine utilized to generate the above elements may also be utilized
to generate the elements of the matrix components immediately below the second building block

in Figure 2. It is only necessary to make the following modifications to the input parameters.

a) replace A2 with A2¢? /ETTE;
replace ¢, with ¢,/ ¢

replace ¢ with 1/ ¢
b) setE,lEQ=1/40,GulEz=Gl3/Q=0.6/40, G,/ E, = 0.5/40
and vy, = 0.25/40

The solution for the second building block lateral displacement will now take the form as

equation (3.47).

Finally, physical reasoning tells us that elements required for completing the matrix
segments beneath the third and fourth building blocks of Figure 2 can be transferred with
appropriate sign changes, in the same way described earlier in the thick isotropic plate case, from

ihose beneath the first and second building blocks.
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Before generating eigenvalues for problems of interest, it is necessary to select a value
for K, the number of terms in the solution series expansions, and k® , the shear correction

factor.

After conducting a sequence of convergence studies, it was decided to adopt a value of
K=7. Experience indicated that increasing this number would not change the fourth significant
digit in computed eigenvalues. Following the practice of Yu et al [15), a value of 0.8601 was
adopted for the parameter x2 . It was found that eigenvalues wers not very sensitive to small

changes in this parameier.

Becanse in the authors experience there appears to be no published results pertaining to
the completely free cross-ply problem of interest, it was decided to run verification tests on the
present analysis by comparing computed results with those obtained by Gorman [6] in a study
of completely free thin orthotropic plates. In this earlier study, attention was focused on the
family of problems where flexural rigidities were considered to satisfy the condition /DD, ,
where D, and Dy are flexural rigidities associated with the x, (E) and y, (m) directions
respectively, and H is the plate torsional rigidity. It was decided to compare results obtained by
the present analysis with those of the earlier one for the situation where D,/ D, = 4. 0 . Since
the thin plate analysis essentially assumes that the parameters G, and G, are equal to infinity,
large values ( three times G, ) were given to them when employing the present analysis. Of
course the earlier orthotropic problem corresponds to the present problem where we have only

one ply in the assemblage.
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in Table A.7, cigenvalues computed by the present method are compared with those
reported in reference [6] for a thin plate with D,/ D, = 4.0 and A = VOO, . Results are

compared for six modes and various plate aspect ratios.

It is seen that there is very good agreement between the two sets of results. Where there
are slight differences (usually involving the fourth significant digit only) the results of the present
study are seen to be slightly lower, This is to be expected since the earlier thin plate analysis
neglects effects of rotary inertia and assumes zero transverse shear induced deformation. Both
of these factors lead to the prediction of slightly higher eigenvalues, We can conclude therefore
that the results of Table A.7 constitute strong evidence supporting the validity of the present

analysis.

In Table A.8, computed eigenvalues are presented for the 0/90/0 laminated cross-ply plate
as used for illustrative purposes by Khdeir but with completely free edges. For a thickness-to-
length ratio, h/a = 0.1, and results are tabulated for the first four modes with aspect ratio varying
between 1.0 and 2.0 . Further results are presented in Table A.9 where the inverse of the aspect
ratio varies between 1.0 and 2.0 . There is unfortunately no known published results against

which the present data can be compared.

The associated first three mode shapes of the symmetric cross-ply square plate are

presented in Figure A.4 through A.6 .
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Chapter 4

The Superposition-Galerkin Method for Analyzing Rectangular Plates With

Combinations of Clamped and Simply Supported Edge Conditions

As we have already seen in chapter 3, the exploitation of the traditional superposition
method for analyzing free vibration problems becomes a more and more demanding and
complicated task when one moves away from the thin isotropic theory to the thick plate Mindlin
theory, and to analysis of laminated plates. Difficulties arise because of the vast families of roots
encountered, real and complex, when solving associated differential equations. The presence of
hyperbolic functions tends to produce computer over-flow and under-flow and even computational

instability problems.

In this chapter, the modified "Superposition-Galerkin" method is introduced as a much
more viable means for resolving the problems of free vibration of symmetric cross-ply laminated

plates with any combination of clamped and simply supported boundary conditions. It is shown
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how this new approach leads to vast simplification in the computational procedure with the same

accurate eigenvalues being obtained.

4.1 Mathematical Procedure

The governing differential equations for clamped and simply supported laminated plates
are still those developed in chapter 2, equations (2.24). A solution to the free vibration of a fully
clamped symmetric cross-ply laminated plates is achieved by superimposing individual solutions
to the four forced vibration problems (building block), represented schematically in Figure 3.
Following superposition, Fourier driving coefficients appearing in the problem are so constrained

as to fulfil the condition of zero net slope along all four edges of the plate.
We now focus attention on the first building block for which the forced vibration will

now be obtained by the Galerkin technique. This building block, which has simple support along

all non-driven edges, is driven by a harmonic bending moment with amplitude distribution
M, = YE,,sin mu CAY
ml
The solution is written in the form proposed by Levy as
W(E n) =Y X,(m)sin mm§ (4.2)
ml
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W (& m) = 21 Y, (n)cos mm 4.3)
¥, (& m) = Elzm(n) sin mrE 4.4)

Choosing any arbitrary value of "m" and substituting equations (4.2) to (4.4) into
governing differential equations, equations (2.24), we obtain a set of coupled ordinary differential
equations which are written in same matrix form as equations (3.5), but the values of the matrix

elements are different, they have the following expressions

Ay = ¢
By = (dyy+dgs) mmd] dgg
A, = k2,0 didy (4.5)
g = ~(dyp +dgg) mmd] doy
and
AP -xPa o (mm) ?
b = Pi 255( ) &
K2a,,
b _ “assm
m2 - g
44
~k20 o T
m3 = ___255_..._ (4.6)
Pidl g
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n

M2 12 -d,, (mm) 2 -xPa s/ i &
dt’»ﬁ

m4d

1

MY 12 ~d g (mm) 2 -x2ay/ ¢ &
dp

mS

We now expand function X,{%) , Y,(n) and Z,(n) into series form. Because we will
be employing the Galerkin method, the boundary conditions must be satisfied exactly by each
term in these series. The functions X (%) and Y,{7) must equal zero at each extremity. We

therefore write

k

X.(m) = ZZE,-sin i ™ (4.7)
i=l,
k
Y.(m) = Zzﬁ}sin jm (4.8)
j“ln

It will be obvious that the function Z,{7) must be symmetrically distributed with
respect to the § axis. It must also be distributed in such a way that the moment equilibrium

condition is satisfied along the edge, n=1 . We achieved these goals by expressing Z,(n) as
k 2
Z(n) = ¥ Ecos (I-1)m + E, L (4.9)
11,2 2

With the series for the dependent variables selected, the standard Galerkin procedure is

followed. First the series of equations (4.7) to (4.9) are differentiated term by term and
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substituted into the governing differential equations (3.5). This provides three quantities which

we designateas O, , @ and O

k k
Q = L E[byy-(i m)?]sin i + b,y Eysin jm
al

B 7
k
- amI;EI(l _1)"8in (l -1)mn + amlEnn
=1
k K
G = b,,,gzlE,-sin L Z;bmzf-‘}[bmr(f m) 2] sin j
is i=
k
-amsz,(l-l)'n'sin (I-1)mm + a,,.En (4.10)
=
k k
Q =@, E (imcosim +a,d E(jm)cosjm
tu] J-}
k 2
* f\‘;E,[bmj-(t -1)2m] cos (1 -1)m + E(1+bps-)
=

Each quantity contains the driving coefficients E,, , the Fourier coefficients E; , L'J , etc.,

and may be thought of as representing the error in the differential equation solutions.

Finally, we expand each of the quantities, 0, , @ , etc. , in an appropriate Fourier series
and require that each coefficient in these series should vanish, This provides us with 3K

simultaneous non-homogeneous algebraic equations relating the above Fourier coefficients. A
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solution for these coefficients is obtained immediately and we thus have available the response

of the building block to the harmonic driving moment component.

It is found advantageous to expand the functions @ and @, in sine series while &
is expanded in a cosine series. In this way we take advantage of orthogonality of the
trigonometric series and the problem of setting up the matrix associated with above set of
equations is greatly simplified. A schematic representation of these equations in matrix form is
shown in Figure 4 for four-term expansions of the series representing the dependent variables.
It will be observed that the main matrix divides naturally into nine segments. Only diagonal, or
off-diagonal elements in these segments are non-zero. Furthermore, all integrals required for

generating the main matrix will equal one half.

With the coefficient of equations (4.7) to (4.9) established, the response of the first
building block is known. It is obvicus that with a simple interchange of variables, similar to what
we did before in chapter 3, one can achieve the response of the second building block. Responses
of the third and fourth building block may be obtained from that of the first and second by

replacing the variable £ and 7 ,with1-§ and1-7 , respectively.

A solution to free vibration problem is achieved following established procedures. The
four building blocks are superimposed and their contributions to slope along each edge are
expanded in a Fourier series. It is required that the net coefficient in each of these series must

vanish. Let us say there are KK terms in the building block expansions. Expanding the
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contributions to slope along each edge gives rise to a set of 4KK homogenous algebraic equations
relating 4KK unknown Fourier driving coefficients. Eigenvalues of the problem are obtained by

requiring the determinant of the coefficient matrix for the above set of equations to vanish.

It is already apparent that the Galerkin modification vastly simplifies the problem of
analyzing free vibration of symmetric cross-ply laminated plates by the superposition method.

These simplifications will be discussed in detail later.

4.2 Presentation of Computed Results

The illustrative cross-ply problem utilized here is still that described by Khdeir [19]. The

materials properties and input parameters are the same presented before in section 3.2.2 .

Before presenting the computed data it is appropriate to point out certain simplifications

which have been utilized in computations related to present work.

A schematic representation of the eigenvalue matrix is presented in Figure 5. Tt is
observed that the matrix is made up of 16 segments. four under each building block. Small insert
to the right indicate edges along which the net slope, (SL), is constrained to equal zero. It will
be appreciated that with the solution for the first building block available all of the elements of
the four matrix segments immediately below the first building block are entered. Sine series have

been utilized to expanded the net slope along each edge.
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The same computer routine utilized to generate the above elements may also be utilized
to generate the elements of the matrix components immediately below the second building block
in Figure 5. It is only necessary to make the same modifications to the input parameters as we

did before in section 3.2.2 .

The solution for the second building block displacement will now take the form
W(Em) = Y X,(&)sin nm @.11)
n=l

Finally, physical reasoning tells us that elements required for completing the matrix
segments beneath the third and fourth building blocks of Figure 5 can be transferred, with

appropriate sign changes, from those of the first and second building blocks.

Let us denote each of the 4 by 4 array of segments making up the eigenvalue matrix of
Figure 5 by the letter (i,j), where i indicates the row and j indicate the column, Then we have

segment (3,3) = - segment (1,1) |

segment (1,3) = - segment (3,1)

segment (4,4) = - segment (2,2)

segment (2,4) = - segment (4,2)

The remaining segments may be obtained from those on the left hand side of Figure

provided a sign change is introduced in every second row of the new segments. We proceed as
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follows
obtain segment (2,3) from segment (2,1)
obtain segment (4,3) from segment (4,1)
obtain segment (1,4) from segment (1,2)

obtain segment (3,4) from segment (3,2)

Before computing eigenvalues, it is necessary to decide on the number of terms to be
utilized in the series expansions in order to obtain the required convergence. Two limits must be
established. They are the number of terms, K, to be utilized in the Galerkin solutions, and the
number of terms, KK, to be utilized in the building block driving moment expansions. The
eigenvalue matrix will be of size 4KK by 4KK. Experience has shown that values of 22 and 7,
for K and KK, respectively, will give four significant digits in the computed eigenvalues. These
were the values employed in the Superposition-Galerkin method studies reported here. A value
of 0.8601 has been utilized for k2 , the shear correction factor, in all computations reported here.

The same value was utilized by Yu et al.

While the analysis as described up to this point relates to the fully clamped plate, it will
be appreciated that by deleting appropriate building blocks, and corresponding sections of the
eigenvalue matrix, plates with any combination of clamped and simply supporicd boundary
conditions can be analyzed. Using the letter C and § to indicate clamped and simply supported
edges, respectively, each plate is designated by a sequence of four letters. These letter

designations indicate the edge conditions beginning at the edge, £ =0, and moving anti-clockwise
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around the plate.

In Table A.10 eigenvalues computed by various methods are tabulated for SSSC and
SCSC square plates, for various values of the ratio E,/ E, . The thickness ratio ¢, is equal to
0.1 . The symbols HSDPT and HSDT refer to eigenvalues listed by Khdeir [19] and obtained
by means of higher order shear deformation theories. It is seen that results obtained by the
present method (Superposition-Galerkin) are identical to those reported by Yu et al [15] using
the traditional superposition approach. Both differ slightly from the higher order shear results

tabulated by Khdeir [19].

Further results are compared in Table A.11 for square plates with the same boundary
conditions, but with the ratio E,/E, fixed at 40.0 and the thickness ratio ¢, allowed to vary.
Again, results obtained by the superposition, and modified superposition methods are seen to be

identical.

Finally, in Table A.12, the first six eigenvalues are tabulated for a fully clamped , CCCC,
plate with thickness ratio equal to 0.1 and ratio E;/ E; = 40.0 . The plate aspect ratio is allowed
to take on a number of discrete values and results obtained by the traditional superposition
method and the Superposition-Galerkin method introduced here are compared. It is seen that
agreement between the two sets of results is excellent. The associated mode shapes of the fully

clamped square plate is also presented in Figure A.7 through A.9 .
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Chapter 5

Summary

5.1 Discussion and Conclusions

(N

Two major achievements have been made in this study. They are

The traditional superposition method has been used suct:zssfully to obtain the analyiical
solutions for the natural frequencies and mode shapes of shear deformable plates, namely.
thick isotropic plates and symmetric cross-ply laminated plates, with completely free
edges. The solutions obtained satisfy the governing differential equations exactly
throughout the domain of the plate, and the boundary conditions can be satisfied to any

desired degree of accuracy by taking more terms in the displacement solutions.
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(2)

The efiects of transverse shear deformation and rotary inertia have been taken into
account by means of the first order shear deformation relationship as developed by
Mindlin. It is found that the transverse shear deformation plays an essential role in the
natural frequencies. It reduces the value of natural frequencies predicted by the classic
thin plate theory. This is more pronounced in the composite plates due to the low

transverse shear moduli relative to the in-plane Young's moduli.

To the author's knowledge, these solutions constitute the first accurate analytical approach
to resolving these important plate vibration problems. It is expected that the tabulated
eigenvalues may prove useful to designers as well as providing reference values against

which future researchers may compare their results,

A new modified Superposition-Galerkin methad is developed to solve the free vibration
problem of symmetric cross-ply plates with various combinations of clamped and simply
supported edge conditions. The major difference between the modified Superposition-
Galerkin method and traditional superposition method centres around the much simpler
manner in which solutions are obtained for the basic building block. It is well
demonstrated here that the modified Superposition-Galerkin method allows all of the
advantages of the traditional superposition method to be retained while vastly simplifying

the computational procedure. These computational simplifications are listed as follows:

The problem of reducing the set of equilibrium equations to a single sixth order ordinary
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b)

d)

differential equation containing one dependent variable is eliminated. Because of the
nature of governing differential equations, the associated characteristic equation can have
numerous combinations of real, complex and/or imaginary roots, depending on the
problen: input parameters. Following the traditional superposition method, solutions
associated with all possible combinations of such roots must be provided for in the
solution procedure. The Superposition-Galerkin method eliminates the need to provide for

solutions related to any combination of characteristic equation roots.

The formidable problem in the traditional superposition method of establishing proper
expressions for the other dependent variables, once solutions for the first dependent

variable are obtained, is eliminated.

It is known that because of the hyperbolic functions appearing in almost all possible
forms of the solutions encountered when following the traditional superposition approach,
serious problems related to computer over-flow, under-flow, or computational instability
may be encountered. The Superposition-Galerkin method described here permits one to
avoid such problems as only trigonometric functions and simple low power polynomials

are involved.

In the generation of the eigenvalue matrix, integrals involving the same hyperbolic
functions will be required when following the traditional superposition method. With the

Superposition-Galerkin method only trigonometric functions and low polynomials appear
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in these integrals. In fact, due to orthogonality associated with trigonometric functions,

many such integrals will equal zero.

In summary, it is seen that the modified Superposition-Galerkin method leads to a vast
simplification of computational procedures in comparison to the traditional superposition method.
Nevertheless it is seen, as expected, that excellent agreement is encountered when results
obtained by Superposition-Galerkin method are compared with those published by other
researchers. It is hoped that this new modified approach is capable of handling a large family

of laminated plate vibration problems.

5.2 Further Research

The present research includes isotropic thick plates with completely free edges, and
symmetric cross-ply laminated plates with various clamped and simply supported edges as well

as completely free edges. Further research can be extended to the following areas:

(1)  Free vibration analysis of composite plates with more complicated material fabrications,

such as angle-ply laminates, etc. .

(2)  Free vibration analysis of composite plates with more complicated classic boundary

conditions, such as elastic edge support and point supports, etc. .
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(3)  Free vibration analysis of composite plates subjected to in-plane forces or thermal

stresses.

(4)  Buckling analysis of composite plates.

(5) Free vibration and buckling analysis of composite open shells.
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Computed Eigenvalues

and Associated Mode Shapes
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Table A.8  First four eigenvalues, A2 = wa?/p/E;h° , for completely free 09/ 909/ 0°
symmetric cross-ply plates. Material properties as given by Khdeir[19].

(¢21i ¢h =0'1)

N PLATE ASPECT RATIO b/a ]
MODE 1.0 1.5 20
1 4.873 3.258 2431
2 9.662 4.399 2.497
3 13.33 7175 5479
4 24.57 11.65 6.723

Table A.9  First four eigenvalues, A2 = wa2,/p/ E;h°, for completely free 09/ 909/ 0°
symmetric cross-ply plates. Material properties as given by Khdeir[19].
(1/¢21,¢,=0.1)

——————  INVERSE OF PLATE ASPECTRATIOba |
MODE 1.0 1.5 2.0
1 4873 3.186 : 2.325
2 9.662 9.198 7.384
3 1333 10.76 8.071 “
4 ‘ 24.57 13.13 8.673 I

20



Table A.10 Comparison of computed eigenvalues, A* = wa?/p/ Esh 3, for square

symmetric cross-ply plates { ¢, = 0.1). HSDPT and HSDT results taken from
publication of Khdeir [19].

E,/ E, (SSSC) ) "E,/ E, (SCSO)
SOURCE 20 30 40 20 30 40
HSDPT 15.036 16.458 17.427 18.124 19.448 20,315
HSDT 14.888 16.203 17.069 17.727 18.830 19.500
Yu et al 15.05% 16.430 17.336 18.017 10.187 19.898
Present 15.059 16.430 17.336 18.017 19.187 19.898

Tabje A.11 Comparison of computed eigenvalues, A* = wafp/ Eh ¥, for square

symmetric cross-ply plates ( £,/ E, = 40 ). HSDPT and HSDT results taken
from publication of Khdeir [19].

— 1/¢, 85O | lU¢ scs0 ]
SOURCE 5 10 15 5 10 15
HSDPT 11.156 17.427 21.325 12.333 20.315 26.183
HSDT 10.576 17.069 21.131 11.164 19.500 25.652
Yu et al 10.768 17.336 21.373 11411 19.898 26.072
Present 10.768 17.336 21373 11411 19.898 26.072
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opic square plates by the

Figure A.1  First mode shape of completely free thick isotr
A2 =12.44 )

traditional superposition method ( ¢, = 0.1,
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Figure A.2  Second mode shape of completely free thick isotropic square plates by the
traditional superposition method ( ¢, = 0.1, A =18.58 )
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Figure A3  Third mode shape of completely free thick isotropic square plates by the
traditional superposition method ( ¢, = 0.1, A2 =23.45)
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Figure A4  First mode shape of completely free symmetric cross-ply square plates by
the traditional superposition method ( ¢, = 0.1, A? = 4.873 )
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Figure A.5 Second mode shape of completely free symmetric cross-ply square plates
by the traditional superposition method ( ¢, = 0.1 , A% =9,.662 )
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Figure A.6  Third mode shape of completely free symmetric cross-ply square plates by
the traditional superposition method ( ¢, = 0.1, A2 =13.33)
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Figure A.7  First mode shape of fully clamped symmetric cross-ply square plates by
the Superposition-Galerkin method (¢, = 0.1, A2 =21.45)

99



Figure A.8  Second mode shape of fully clamped symmetric cross-ply square plates by
the Superposition-Galerkin method ( ¢, = 0.1, A2 =29,98 )
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Figure A9  Third mode shape of fully clamped symmetric cross-ply square plates by
the Superposition-Galerkin method ( ¢, = 0.1, A2 = 40.39 )
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