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Abstract

Let G = U(1,1) denote the group of F-points of the quasi-split E/F-form of GLy, where
F' is a non-archimedean local field of residual characteristic p # 2, and E is the quadratic
unramified extension of F. In this thesis, we determine the branching of almost all irreducible
smooth representations of G upon restriction to a fixed maximal compact subgroup K. We
prove that each such restriction decomposes as a multiplicity-free direct sum of irreducible
components of distinct depth and degree, up to twisting by a quasi-character of G. Moreover,
we give an explicit description of all irreducible components that occur in this decomposition
in terms of irreducible representations of C constructed herein.

We analyze the branching rules by dividing the irreducible representations of GG into three
classes: depth-zero supercuspidal representations, positive-depth supercuspidal representa-
tions, and principal series representations. We provide two applications of this explicit de-
scription. First, we show that the higher-depth components arising in these decompositions
exhibit a striking uniformity: up to twisting by a quasi-character of GG, they coincide with
the higher-depth components obtained from a fixed collection of four depth-zero irreducible
supercuspidal representations. Second, we prove that the restriction of irreducible represen-
tations of G to a smaller subgroup of K can be described entirely in terms of the trivial
representation and certain representations arising from nilpotent orbits in the Lie algebra of
G, thereby establishing a new case of a recent conjecture in the literature.
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Chapter 1

Introduction

A very classical problem in representation theory is to study how an irreducible representa-
tion of a group decomposes upon restriction to its subgroups. Such problems are referred to
as branching problems. In the case of real reductive groups, one such problem is to study
the restriction to the maximal compact subgroup. The motivation behind this was that,
historically, much was known about representations of the maximal compact subgroups of
real reductive groups, while comparatively little was known about representations of the
group itself. Studying these restrictions therefore helped in gaining a better understanding
of representations of the group.

An analogous problem also makes sense in the case of p-adic groups; however, the situation
here is essentially reversed. While a great deal is known about representations of p-adic
groups, very little is known about representations of their maximal compact subgroups.
Thus, by studying branching problems, the hope is to gain a deeper understanding of repre-
sentations of the group and, at the same time, to obtain new insight into the representation
theory of its maximal compact subgroups. What makes the problem even more interesting
in the p-adic case is the fact that there are several conjugacy classes of maximal compact
subgroups, making it natural to study how restrictions to these different classes are related
to one another.

Let F' be a non-archimedean local field of residual characteristic p # 2, and E be an un-
ramified quadratic extension of F'. In this thesis, we focus on the unramified quasi-split
unitary group G := U(1,1), viewed as the group of F-points of an E/F-form G of GLy. We
determine the branching rules for all irreducible supercuspidal representations of G and for
its principal series representations upon restriction to a maximal compact open subgroup
IC. Since G is a rank one group, Jacquet’s theorem implies that every irreducible admissible
representation of GG is either supercuspidal, a principal series representation, or an irreducible
subrepresentation of a reducible principal series. Up to twist by a character of GG, exactly
three principal series representations are reducible. The irreducible constituents occurring
in these cases are treated separately in [Tiw25b].



Although G is closely related to SLy(F'), since the F-points of the derived subgroup of G
is isomorphic to SLy(F'), one can at best form a ballpark expectation for the decomposition
based on the SLy(F') case. Writing down the explicit decomposition for G is considerably
more delicate, and it is challenging to deduce it directly from the known results for SLy(F').
The papers of M. Nevins on branching rules for SLy(F') [Nev13, Nev05] have served as a
guiding framework for this work, and many of the resulting branching rules exhibit strong
similarities, with the main difference arising in the depth-zero supercuspidal representations.

In the p-adic setting, to date, branching rules have been established for only a few groups,
including GLy(F') [Cas73, Han87|, PGLy(F') [Sil70, Sil77], the Weil representation of Sp,,, (F)
[Pra98, MT11|, principal series representations of GL3(F") [CN09, CN10, OS14], and SLy(F')
[Nev05, Nev13|, minimal representations of split simply connected group of type D,,, (n >
4), and E,, (n = 6,7,8) [Sav96], often under the standing assumption that the residual
characteristic p # 2.

A key component of this work is the explicit construction of certain irreducible smooth rep-
resentations of our fixed maximal compact subgroup K. Since maximal compact subgroups
of reductive groups are not themselves linear algebraic groups, comparatively little is known
about their representation theory. In fact, full classifications have only been achieved in
a few cases: PGLy(O) by A. Silberger [Sil70], for p # 2; SLy(O) by J. Shalika [Sha04],
again under the assumption p # 2; GLy(O) by A. Stasinski [Sta09], valid for all p; and
ramified U(1,1)(O) by L. G. Frez [GF16], also for p # 2. Earlier contributions include
work of Kloosterman [Klo46a, Klo46b|, Tanaka |Tan66, Tan67] and Kutzko (unpublished)
on SLy(Z,) for p # 2. Nobs-Wolfart also provided a description of representations of SLy(Z,,)
for all p [Nob76, NW76]. Nagornyi provided a description for the group GLy(Z/p"Z) [Nag81].
Beyond these complete results, only partial progress is available in higher rank, where fam-
ilies of representations of GLy(Q) have been constructed by Aubert, Onn, Prasad, Stasin-
ski [AOPS10], Singla [Sin10], Crisp, Meir, Onn [CMO24| and Hill [Hil94, Hil95|, though
without full classification. We do not attempt to produce all irreducible representations of
IC; however, we do construct a large class of such representations.

To construct irreducible representations of I of depth d > 0, we select certain special
elements X in the Lie algebra g of G whose centralizer T'(X) inside K is abelian, together
with a subgroup J; of K defined in (3.2.3). Each such element X determines a character
Uy of Jy depth d .

Theorem 1. Let ¢ be a character of T'(X) whose restriction to T'(X) N Jq agrees with V.
Let Wx ¢ denote the unique extension of Ux and ¢ to T(X)Js C K. Then

Sy(X, () = Ind?(x)jd‘px,g

is an irreducible representation of K of depth d and degree (¢* — 1)q%*.

A complete proof appears later as Theorem 3.2.6 in Chapter 3.

Our principal result, stated precisely in Theorems 4.3.3, 5.2.12, 6.3.1, and Corollary 6.3.2,
gives a complete description of the restriction to I of all irreducible representations of G,



with the exception of the irreducible constituents of the three reducible principal series
representations. In terms of the notation introduced above, it may be summarized as follows.

Theorem 2. Let m be an irreducible supercuspidal representation or a principal series rep-
resentation of G of depth r with central character 6. Then

Resim & 7w, @ @Sd(X,C),
d
where, up to tuisting by a character of G,

e 7, appears only for certain supercuspidal representations and for all principal series
representations, where w is of depth r and is either irreducible or a twist of 1xc & Sty;
here 1 and Stx denote the inflations to K of the trivial and Steinberg representations
of the corresponding unitary group K/Kos over the residue field;

o the sum is taken over either all even or all odd integers d > r + % when T is a super-
cuspidal representations of integral depth, and over all integers d > r + % otherwise;

e when w has depth zero, X is a nilpotent element and ( = 6, and when 7 has positive-
depth, X and ¢ are twists of the datum used to construct 7.

Since the components occurring in the decomposition have distinct depths and degrees, the
decomposition is multiplicity-free.

More recently, there has been growing interest in understanding the decomposition of rep-
resentations of a group upon restriction to smaller neighborhoods of the identity, with the
expectation that such decompositions should involve representations of a simpler nature.
Some recent work in this direction includes results of M. Nevins on complex representations
of SLy(F) for p # 2 [Nev24], and the analysis of depth-zero supercuspidal representations of
SLy(F) in characteristic 2, due to Z. Karaganis and M. Nevins [KN25]. Related questions
were also studied by G. Henniart and M. F. Vignéras [HV25, HV24|, who considered repre-
sentations of SLy(F') and of inner forms of GL(n, F') over fields R of characteristic different
from p. These ideas led to a set of conjectures, two of which are formulated as [HV24,
Question 1.2| and [Nev24, Theorem 1.1], and which we resolve for our unitary group G.

We first answer [HV24, Question 1.2| for all smooth irreducible representations of G. This
questions asks, roughly, if there exist a finite set of representations P of GG such that for each
irreducible representation 7 of G, up to twisting 7 by a character of G, we can express 7|k as
an integral linear combination of restrictions to K’ of elements of P in the Grothendiek group
of smooth representations of G. To state our solution, we first observe that the higher-depth
components appearing in the restriction of any irreducible representation 7 of G already
coincide with those arising from depth-zero irreducible supercuspidal representations with
the same central character (Theorems 5.3.1, 6.4.1) after potentially twisting by a quasi-
character of G.



Theorem 3. Let w be an irreducible representation of G of depth r with depth-zero central
character 0. Then, for all d > 2r,

Sa(X,¢) = Sa(Xa,0),

where X4 1s a nilpotent element.

In fact, we show that one can fix four depth-zero irreducible supercuspidal representations
such that the higher-depth components of any irreducible representation 7, upon restriction
to IC, coincide with the higher-depth components, upon restriction to IC, of a subset of these
four fixed representations, up to twisting by a quasi-character of G (Theorem 5.3.2, 6.4.2).
This implies a positive answer to their question, with K’ = G, 9,

The other conjecture, formulated as a theorem for SLo(F') in [Nev24, Theorem 1.1], is a
slight variation: instead of asking for a set P of representations of G, it asks for a set P’ of
representations of K with the property that each one is constructed from the geometry of a
nilpotent orbit. We note that our unitary group G admits exactly two non-zero nilpotent
G-orbits in its Lie algebra g, which we denote by N; and N. For each depth-zero character
6 of the center of G and t € R>(, we define the following highly reducible representations
associated with these nilpotent orbits

)= P SiXea), @)= P SuXoab).

de€2Z~g, d>t d€2Z50+1, d>t

Our resolution of this conjecture for G is the following decomposition (Theorems 5.3.3, 6.4.3).

Theorem 4. Let m be an irreducible representation of G of depth r, and let 6 denote its
central character. Then there ezists an integer n(m) such that

Resi,,,m = n(m)1 @ an, Resg,,, (Th.(0)) @ an. Res,,, (T3 (0)),

where apy,, an., € {0,1} and the values of n(w) are given in Table 6.1.

This thesis is organized as follows. In Chapter 2, we present the necessary background,
including results on p-adic fields. We discuss the structure theory of the group G, where
we give explicit descriptions of G and of several important subgroups, including . In
Proposition 2.2.11, we classify all anisotropic tori of G up to conjugacy, which is essential
for constructing positive-depth supercuspidal representations of G. Finally, we recall some
classical results and definitions from the representation theory of p-adic groups, together
with examples adapted to our setting.

In Chapter 3, we construct certain irreducible representations of the maximal compact sub-
group K in Theorem 3.2.6, adapting Shalika’s method [Sha04] to the setting of G. The key
tool used in this construction is Clifford theory. We then classify the G- and KC-orbits of
nilpotent elements in the Lie algebra of G and use these elements to construct irreducible



representations of IC. Later, in §5.3 of Chapter 5, we associate a certain highly reducible rep-
resentation to each nilpotent K orbit and use it to describe the restriction of representations
to a smaller subgroup of K.

In order to study the branching, we divide the representations into three classes: the depth-
zero irreducible supercuspidal representations, the positive-depth irreducible supercuspidal
representations, and the principal series representations. Together, these irreducible repre-
sentations generate the category of smooth representations of G. For each class, we will see
that the tools used to prove the irreducibility of the components occurring in the decompo-
sition are quite different.

In Chapter 4, we determine the branching laws for our first class of representations, the
depth-zero supercuspidal representations. We first provide an explicit description of all
such representations using the construction due to Moy and Prasad [MP94, MP96| and
independently due to Morris [Mor99]. Using Mackey theory, we then write down their
decomposition upon restriction to K. We prove that each component occurring in this
decomposition, which we refer to as its Mackey components, is irreducible and has distinct
depth and degree (Theorem 4.3.3). Consequently, the decomposition is multiplicity-free.
The irreducibility of the Mackey components is established by showing that they intertwine
with irreducible representations (Lemma 3.3.2) of K of the same degree, constructed using
nilpotent elements in the Lie algebra of G. This intertwining is verified using character
theory. We also note that all components in the decomposition of a given representation are
irreducible and have distinct depth and degree.

In Chapter 5, we discuss the branching laws for positive-depth irreducible supercuspidal
representations of GG. As in the depth-zero case, we first provide an explicit description of all
such representations (Theorem 5.1.3), this time using the Adler—Fintzen—Yu method [Ad198,
YuOl, Fin2la]. We then restrict these representations to K, and Mackey theory again yields
several components. We prove that each of these Mackey components is irreducible and
has distinct depth and degree, and thus the decomposition is again multiplicity free (Theo-
rems 5.2.1, 5.2.12). To establish irreducibility, we follow the same strategy as in Chapter 4,
showing that these components intertwine with irreducible representations of the same de-
gree constructed in Theorem 3.2.6. This time, the intertwining is verified by observing that
the data defining the IC-representations appearing in the decomposition of an irreducible
representation 7w are simply twists of the datum used to construct « itself. This provides an
explicit decomposition in terms of representations of IC. We also show that the higher-depth
components occurring in the decomposition coincide with the higher-depth components ap-
pearing in the depth-zero irreducible supercuspidal representations with the same central
character (Theorem 5.3.1, Theorem 5.3.2). Finally, we restrict these representations to a
smaller subgroup of K and show that, up to a number n(m) of copies of the trivial represen-
tation, the decomposition is expressed entirely in terms of the representations we constructed
in §3.3 of Chapter 3. (Theorem 5.3.3).

In Chapter 6, we discuss the branching rules for principal series representations of G. Unlike
the previous two classes of representations, where Mackey theory played a crucial role, in this



case it yields only a single, highly reducible component. Therefore, we return to the definition
of smooth representations and deduce certain key properties, which helps in obtaining the
desired decomposition. For this class, we obtain a canonical decomposition into irreducible
IC-representations without making use of the representations constructed in Theorem 3.2.6
(Theorem 6.2.6). However, the irreducible components in this decomposition arise as quo-
tients of certain induced representations. Therefore, to make the decomposition explicit, we
show that each such component is in fact isomorphic to a representation constructed in The-
orem 3.2.6. It was challenging to identify these representations, but once found, the explicit
decomposition is remarkably satisfying to observe (Theorem 6.3.1 and Corollary 6.3.2). As
in the previous chapters, we observe the same phenomenon: the higher-depth components
coincide with those appearing in the depth-zero supercuspidal representations with the same
central character (Theorem 6.4.1, Theorem 6.4.2). Finally, we consider the restriction to
a smaller subgroup of K and obtain an analogous decomposition, governed by the trivial
representation and representations of K constructed in §5.3.2. (Theorem 6.4).

As a beginner in this area, working on this problem became my training ground. The
indices and double coset representatives that at first glance seemed impossible to compute
gradually became routine calculations as the project progressed. Working explicitly with
objects that are infinite dimensional has been challenging, yet very satisfying. With the
exception of Chapter 2, the material presented in this thesis is original. The results of this
thesis may be viewed as a first step toward understanding branching problems for higher-
rank unitary groups, with a natural next objective being the analysis of branching rules for
U(2,1). There is an intermediate step as well, namely, to solve the branching problem for
the ramified U(1, 1), which we hope to accomplish by adapting the results obtained in the
unramified setting.



Chapter 2

Background

In this chapter, we present the necessary background for the subsequent chapters. We begin
with some basic facts and lemmas about non-archimedean local fields of residual characteris-
tic p, which are Q,, finite extensions of Q,, and the field of Laurent series F,((¢)) where ¢ is
a power of p. We assume that p # 2, and for convenience, we refer to all such fields as p-adic
fields. In Section 2.2, we discuss aspects of the structure theory of p-adic groups, specializing
to the case of the unramified quasi-split unitary group U(1,1). We conclude the chapter by
recalling some basic definitions and results from the representation theory of p-adic groups.

2.1 Preliminaries on p-adic fields

Let F be a p-adic field of residual characteristic p # 2. Let E = F[y/€] be the quadratic
unramified extension of F', where € is a non-square element of O;. We fix w a uniformizer
of F and normalize the valuation v on F' so that v(w) = 1. The valuation v is extended
to E, and we use the same symbol v for this extension. We define the absolute value (also
called the analytic norm) associated with v, denoted by | - |, as

2| :=¢™, z€E,

where ¢ = |OF/pr| is the cardinality of the residue field of F'.
We denote the ring of integers of F' by Op and that of £ by Og. Their respective maximal
ideals are denoted by pr and pgr. The residue fields of ' and F are given by

fg OF/]JF and ¢ = OE/]JE,
respectively. Since the cardinality of f is ¢, the cardinality of e is ¢°.
Let o denote the nontrivial element of Gal(E/F). For z € E, we write T := o(x). The norm
and trace from E to F' are defined by

Ng/p(z) =27, forallz e EX,
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Trg/p(z) =2 +7, forallz e E.

We denote by E' C E* the subgroup consisting of elements of norm one, i.e.,

E':={x € E* | Ng/p(z) =1}.

By [Chi21, Proposition 2.3.8|, the norm map induces a surjection
Ng/p: Op = OF, (2.1.1)
and by [CF67, Proposition 3| this filters to a surjection
Ng/p: L4+ pE — 1+ p% (2.1.2)
for every d € Z>,.
Proposition 2.1.1. [LSp] For any integer d > 1, one has

[E':E'n(1+p%)] = (¢+1)g" .

Proof. By (2.1.1),(2.1.2), the norm map induces a surjection
Ng/r: Op/(1+pg) — O /(1+p%),
whose kernel is E'/(E* N (1 + p%)). Therefore,

0% :1 —i—pd]

E':E'n(1+p%) :[E—E.

[ & } [OF 1 +p?«“]

Since |OF/(14pg)| = e —1=¢*—1, and [(1 +pg)/(1 +p%) |=] pe/p%] = ¢*97Y, we have
(05 1+p%] = (¢ — D™V, [0F:1+pd] = (q— 1)g" ™,

and hence , it
¢ — 1)

(g —1)g?!

Lemma 2.1.2. If x # 0 is in the image of the norm map Ng/p, then x has even valuation.

[E':E'n(1+p})] = ( = (¢ + 1)g* . |

Proof. Suppose & € Im(Ng/p(£)). Then there exists y € £ such that
v = Np/r(y) = yy.
Since v(y) = v(y), it follows that
v(z) = v(yy) = viy) +v(y) = 2v(y),

which is even. [ |
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We now provide a set of coset representatives for the quotient F*/Ng,p(£*). Note that
F*/F*% = 7,/27, x OF]OF?; since p # 2, this has four elements. A standard choice of
representatives is {1,¢,w,ew}, where € is a nonsquare unit of Op. By local class field
theory (|CF67, Chapter VI, Theorem 2|), this quotient has index 2. For completeness, we
also give a direct proof in the lemma below.

Lemma 2.1.3. A set of coset representatives for F'* [Ng/p(E*) is given by {1,w}.
Proof. Since every non-zero element in the image of the norm map has even valuation and

v(w) = 1, we obtain that @ ¢ Im(Ng,p) and hence the norm map Ng p: E* — F* is not
surjective. This gives the chain of inclusions

F*? C Ng/p(E*) C F*.
Passing to the quotient by F*2, we obtain
{1} © Npyp(EX)/F** C F*/F*,
Since € € Ng/p(E*), it follows that Ng,p(E*)/F** = {1, €}. Therefore,

[/ 4
F">< N EX —= :—:2
| /Ng/p(E”)] |Ng/r(E¥)/F>*2| 2

Since w ¢ Ng/p(E*), the set {1,w} forms a complete set of coset representatives for

We conclude this section with an observation. If u € /e pr, then

v(1 —u?) = min{v(1),v(u?)} =0,

which shows that 1 —u? € OF. In fact, the following stronger statement holds. The next
lemma provides a proof.

Lemma 2.1.4. If u € \/eOp, then (1 —u?) € OF.

Proof. Let u = \/ex, where x € Op. Then we have u* = ez?. If (1 —u?) = 0 mod pr,
then u? = ex? = 1 mod pp, which is not possible as € is not a square in the residue field.
Therefore (1 —u?) € OF. i

2.2 Some structure theory

We adopt the convention of using blackboard bold font to denote an algebraic group G
defined over F', and the corresponding roman letter for its group of F-rational points, that
is, G = G(F). For simplicity of notation, we may refer to a group 7" as a "maximal torus of
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G" when we mean that T is the group of F-rational points of an algebraic torus T C G that
is defined over F'. Given subsets L; of F' or E, we use the shorthand notation

Ly La\ ay Qs . '
(22 ) =G ) ooy

For g € G and a subgroup K C G, we write K9 := gK¢ ! and 9K := g 'Kgy.

In this section, we provide an explicit description of the group G := U(1, 1), along with its
Lie algebra and certain important subgroups. We will also classify the maximal F-split tori
and maximal anisotropic tori in G up to conjugacy. In addition, we determine representatives
for certain double cosets that will play a significant role in subsequent chapters.

2.2.1 The group U(1,1)

Let E be the unramified quadratic extension of F'. The quasi-split unramified unitary group
G =U(1,1) is the group of F-points of an F/F-form G of GL, defined by

G:=G(F)={g€GLy(E) | g'wg =w},

where w = <(1) é), and g' = (g;;)" = (g1). More explicitly, by choosing coordinates G has
the form

G = € GLy(E - . 2.2.1

{<C d> 8) Ec,de\/EF} (2.2.1)

Note that this endows G with the structure of a group scheme over Op. The F-points of the
Lie algebra of G, denoted by g, is {X € gly(F) | X wtwX = 0} and thus has the form

o= { ()

The center of G is the subgroup Z of scalar matrices, which we identify with E'. Let Gger
denote the derived subgroup of G, and we denote its group of F-points by Ggaer = SU(1, 1).

u7v7y7Z€F}'

Explicitly,
G =4 (* %) G lad—be=1
der — c d = .
The F-points of the Lie algebra of Gge, is
_(r yVe
gder_{(z\/g —l’) xayaZEF}'

Lemma 2.2.1. We have Gger = {(ch/E bf)

a,b,c,dGF,ad—bce:l}.
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Proof. Let g = (¢%) € Gqer, With a,b,¢,d € E satistying the four conditions
ad—bc=1, ad+cb=1, ace+eF, bdec \eF.

If ¢c € F*, then the third condition implies that a € \/eF, so a +a = 0. Since ¢ = ¢, adding
the first two conditions gives (a + @)d = 2, a contradiction.

We may write ¢ = ¢o+c14/€, with ¢g, ¢; € F and ¢; # 0. Suppose for the sake of contradiction
that ¢y # 0. Then the third condition yields

a1
a = —+/€
Co

where we have written a = ao + aj+\/€ with ag,a; € F. Adding the first two conditions yields
a(d+ d) +¢(b—b) = 2. When we factor out ¢ from the expression on the left, we obtain

¢ (—@ﬁ(m@ +(b— 5)) = 2.

Co
Since the term in parentheses lies in /€F, this contradicts our assumption that ¢y # 0.

Thus ¢ € \/eF. If ¢ = 0, then the first two relations together yield a € F*. If ¢ # 0, then
the third condition forces a € F'

Recall that w = ({}) € G. Since Gg is stable under conjugation by w, we have

d c - 1
boa) TWIV

so b € \/eF and d € F, as required. |

Lemma 2.2.2. The derived subgroup Gaer is isomorphic to SLy(F).

Proof. We define a map

[1]

: SLQ(F) — Gder

=(g) = (\65 (1’) g (\/f)l 0) for g € SLa(F). (2.2.9)

by

1
Let g = (2%) € SLy(F). Then
=N a by/€
=0 =, e ")

Since ce /e = (c/€)y/e € VeF, and ad — bee e = 1, it follows that Z(g) € Gger, and hence
= is well-defined. It is immediate from the definition that = is a group homomorphism.
Furthermore, the kernel of = is trivial, so = is injective.
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To show surjectivity, let

NG
h = (C\/E d ) € Gder7
with a,b,c,d € I and ad — bce = 1. Then

and a direct computation shows that =(g) = h, establishing that = is surjective. Therefore
= is an isomorphism of groups. |

Lemma 2.2.3. The quotient group G/ZGaer has order two and the nontrivial coset of ZG ger
in G is represented by the matriz
. (€E 0

where e € OF represents the nontrivial class of O5/(Ox)2.

Proof. If g € G, then g'wg = w and it follows that det(g) € E'. The determinant of any
element of ZGye lies in (E')2.

By Hilbert’s Theorem 90 [Bou03, V.11.6 Theorem 3|, the map x — xZ~! induces an iso-
morphism O /Oy — E', so in particular (E')? is the image of the subgroup (O})?0Of/O5.
Since every element of O is a square of an element of OF (since E/F is unramified), it
follows that E'/(EY)? = OF/0Of*. We conclude that E'/(E')? has order 2, and that the
nontrivial coset is represented by v = exgg ! € E'. Now the matrix ¢ lies in G and has
determinant v € E'\ (E')2. It follows that

G:ZGderl_lﬁZGder. I

Similar to the case of SLy(F'), the group G also has two conjugacy classes of maximal compact
subgroups [M11, §3.2.2], represented by

K=G(0p) = (gi gi) NG

and

pe Or
where n = ( 2) € GLy(E) is such that it normalizes our unitary group G.

KN — (OE PEI) na,

Lemma 2.2.4. Let (i g]) € K. Then x,w € Of, ory,z € Op.



2.2. SOME STRUCTURE THEORY 13

Proof. Note that det(k) € O for all k € K, as otherwise the inverse wouldn’t be in the
group. Therefore, if k := (i g)) € IC, then we have

0 =v(zw — yz) > min{v(zw),v(yz)} > 0.
Thus at least one of zw or yz must have valuation 0, and hence z,w € O or y,z € O. 1

We now describe certain double coset representatives, which will be of use in the arguments
developed in the subsequent chapters.

Lemma 2.2.5. A set of double coset representatives for K\G/K, K\G/K", and K"\G /K"
18
—t
. w 0
- >
{or: ( 0 wt> NELS

Proof. By the Cartan decomposition [BT72, Proposition 4.2.1], where T" consists of elements
of the form diag(uw’,u'w™) with u € O} and t € Z. For any such element,

uwt 0 w 0 w0
< 0 ﬂlw_t> = (0 ﬂl> (0 w—t) €Ka'K,

so every double coset gk meets some of with ¢t € Z.

Recall that w = (¢}) € K. Then wa'w™! = a™!, so o' and ! lie in the same coset. Thus
we may assume ¢t > 0. Using Lemma 2.2.4, an entrywise case analysis of Ka!'K shows that the
minimal valuation among its entries is —¢, and this minimum is attained by at least one entry;
hence distinct ¢ yield distinct double cosets. Hence {a'};>¢ is a complete set of representatives
for K\G/K. Since n commutes with o, conjugating the Cartan decomposition of G with
respect to KC by 1 yields G = | |-, K"a'K". A similar argument gives G = | |, Ka'K". B

Let B denote the subgroup of upper triangular matrices in G intersected with K, and let B°P
denote the subgroup of lower triangular matrices in GG intersected with C. Then

BoP — i 0 Tz € \/EOFa
o z T 1 ’

S OE, z € Og
Lemma 2.2.6. A set of right coset representatives for BP\K is given by

o 1)60)

and B = BT,

u€epp,v € \/EOF}.
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Proof. Let k := (i 3}) € K. If y =0, then k£ belongs to the identity coset BPI. If y # 0

but y € pg, then Lemma 2.2.4 yields x € OF. Since ! = = and Tz € /eI, we conclude
that 712 € \/eF. We also have Tw+zy = 1, implying that w = 7' -7 1zy = 7' + 271 2y.

F0)=C2)6 ")

-1
Observe that if (© Y ) e IC, then v _(31 € IC, thus L yo has to be an element of
zZ w z T 0 1

IC, and therefore it follows that 'y € \/epp. Lastly, if y € O, then we can express k as

(-G ) )

and zy~! € \/eOp. Thus we have shown that each element of k either lies in the right coset
space B°P (3 %) with u € \/epp or in the right coset space B (% }) with v € \/eOp.

Hence we can express k as

To verify disjointness, consider (3 %), (§%) € K with u,u’ € y/epp. Then ({4) (%)™ =
( oY *1“'). Hence they represent same right coset in B°P\K if and only if v = «’. Similarly,
(48), (¥ §) withv,v" € /eOp, represent same right coset in B°?\K if and only if v = v'. Now
consider (§%),(v1) € K, where u € \/epp, and v € 1/eOp. Then we have (J4)(v1)™" =

(1{ 1:1;”). Hence they will represent same right coset if and only if u = v~!. This happens

only when u,v € v/eOj.. This concludes the proof. |

Lemma 2.2.7. A set of representatives for the right cosets in B\K is given by

) @)

and a set of right coset representatives for BT\K" is given by

1 0 0 wt
uw 1)’ w v
Proof. By Lemma 2.2.6, the set

o) ()

is a complete set of representatives for the right cosets in BP\K. Let w := (9{) € K. Then
conjugation by w defines an isomorphism between B°P\K and B\K, since B®? = wBw .
This map acts on the coset representatives by

1w\ . (10 v 1\ ., (01
Yo 1)V T\w 1) Yloo)V T\ ow)

u € \epp, ve\/EOF},

u e \/E]JF, v e \/EOF}

Ue\/EpF7 UG\/EOF}
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where u € \/epp and v € \/eOp. Therefore, the set

) @)

forms a complete and disjoint set of right coset representatives for B\KX.

u € \epp, v E VEOF}

Similarly, by definition X7 = nKn~! and B" = nBn~!. Conjugation by 7 therefore induces
an isomorphism between B\ and B"\K". This map acts on the coset representatives by

10\ , (1 0 01\ , (0 =!
Mau 1) T \uw 1) "1 )T T\ o )

where u € \/epr and v € \/eOp. Therefore, the set

1) (7))

forms a complete and disjoint set of right coset representatives for B7\K". |

UG\/EPF, Ue\/EOF}

Proposition 2.2.8. A set of double coset representatives for B\KC/B is

(60 (o) (e 1)]e=}

Proof. By Lemma 2.2.7, a set of right coset representatives for B\K is

) G)

It remains to determine which of these yield distinct double cosets in B\KC/B.

u € \epr, UG\/EOF}-

First, we claim that for all v € \/e Op and all u € /e O we have
0 1 10
00 (10) < ss

Indeed, given v € /e O and any x € OF,

0 1 z 0 0 1 T vT
(1 v) = (0 z—1> (1 o) (0 x_1> €Bwkb.
Next, suppose
1 0 T 0 1 z t
<'LL 1) - (0 igil) (1 0) (0 Z_l) s T,z € OE, y,t € OE
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Comparing the (2, 1)-entries gives u = T~ 'z € OF, whence u € \/e O. Thus (19) € BwB
if and only if u € /e OF.

Now let u € v/epr \ {0}. Write u = /emw@"® with m € OF and k = v(u) > 1. Since the
norm map O — Of is surjective, choose z € O, with 2Z = m. Then

1 0\ (=%t 0 1 0\ [z O
w 1)\ 0 z)\Vexr® 1)\0 z71)°
so any such element is B-conjugate to ( ﬁlwk (1))

Finally, we show that the double cosets represented by ( ﬁlwk’ (1]) are pairwise distinct as k
varies. Suppose for contradiction that £ > [ > 1 and

1 0 T 1 0 z t %
<\/Ewk 1> = <0 E%1> <\/Ewl 1) (O 3—1)7 .TT,ZEOE, y7t€OE-

Comparing (2, 1)-entries yields 77'2 = @w"! € pp, which is impossible since 7712 € OF.

Hence the double cosets are distinct. [ |

Finally, we conclude this section with a lemma that lets us build new double coset represen-
tatives from known ones; we will apply it in later chapters.

Lemma 2.2.9. Let G be a group and let K, J be subgroups of G such that J C K. If B
is a set of double coset representatives of K\G/K, and for all g € B, A, is a set of double
coset representatives for (K VK9 )\K/J, then {gh | g € B,h € A,} is a set of double coset
representatives for K\G/J.

Proof. Let z € G. Then x = k1gks where ki, ks € K, and g € B. Since ky € K, there exist
ke KNKY ' he A, and j € J such that ky = khj. Since gkg' € K, we obtain that
x = kigkhj = kigkg™" ghj.
——

eK

Hence gh is a double coset representative for = in K\G/J. Next we want to show that all
elements of {gh | g € B,h € A,} represent distinct double cosets in K\G/J. Let g1, g2 € B,
hy € Ay, and hy € Ay,. Let us assume that g2y and gahy represent the same double coset
in K\G/J, i.e., KgihiJ = KgshsJ. Since hy,hy € K and J C K, g; and go represent the
same double coset in K\G/K, therefore, g; = go. Thus we have

KglhlJ = Kglhgj — hl = g;lkgl th
——
€ K91

for some k € K and j € J. Since hyj, hy € K, we have that g; 'kg; € K N Kgfl, implying
that h, and hsy represent the same double coset in K N K9 1\K /J, and therefore hy = hy as
was required. |
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2.2.2 Moy—Prasad filtrations of G

In this subsection, we introduce the Moy—Prasad filtrations of parahoric subgroups of G and
recall the structure of the building of G. Our interest lies in the explicit description of these
filtrations for our unitary group G = U(1,1), so most of the definitions are presented in a
specialized form adapted to this case. For the general theory, standard references include
[KP23, MP94, MP96, BT72]|.

Let G,, denote the multiplicative group GL;. A torus L is an algebraic group over F' that
is isomorphic to (G,,)" over a separable closure F of F for some n > 0. It is F-split if
the isomorphism L to G}, is defined over F' and at the other extreme it is anisotropic if it
contains no F-split subtori.

Suppose L splits over F’. The group of characters X*(Lg) of L is the homomorphism
space Hompg (IL(F"), F'*), and the group of cocharacters X,(ILg:) is the homomorphism space
Homp (F"™,IL(F")). Moreover, there is a natural bilinear pairing

() X*(Lp) x Xo(Lpr) — Z (2.2.3)

defined by the condition that, for every x € X*(Lg ) and v € X, (Lg ), the integer d = (x, )
satisfies x(y(t)) = t for all t € G,,,(F").

We now turn to our unitary group G. Note that every maximal torus of G contains the
center Z of G. Let T be the diagonal torus of G, whose group of F-points is

T:=TF)={(3,%)]ac B} = E" (2.2.4)

Note that T is a maximally F-split maximal F-torus of G. Since G is quasi-split any other
such maximal torus of G is a G-conjugate of T [Bor91, Theorem V 20.9]. The maximal
F-split subtorus of T is S where

S:=SF)={(5,%)]ac F*}.

A direct computation shows that the centralizer of S in G, denoted Cg(5), is the same as
the centralizer of T in G. In fact, Cq(S) = Co(T) =T.

One of the ingredients in defining a parahoric subgroup is the family of filtration subgroups
of T for each real number r» > 0. Since T = Resg/rG,,, it is an induced torus, therefore
by [KP23, Lemma 2.5.18], we have T = Oj. For real numbers r > 0, the filtration on T is
defined as follows [KP23, Definition 7.2.2]:

T, ={teTy|v(x(t)—1) >rforall y e X*(Tg)}. (2.2.5)

In general, these filtration subgroups are rather difficult to compute. However, in our case
they admit a nice description given by

Toz{(g 591> aeog}, TTZ{(S 591)

a€el +p]f§1}, for r > 0. (2.2.6)
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A second ingredient required for defining parahoric subgroups are affine apartments and
affine root subgroups. We begin by describing the root system of G associated with S.

The root system ¢ := (G, S) associated with S consists of a and —a«, where for a € F*,

(G 2= ol 2=

The corresponding root subgroups are

maan= (s ) oer}
\

0 1
v - {( ) ) ]ver)

The elements X, = (8 \f) and X_, = (\/Eo—l 8) of g form a Chevalley system. Let &Y =

{a¥, —a"} denote the set of coroots of S, where for a € F*,

o (a) = (g agl), —a¥(a) = (“; 2) (2.2.7)

Since S = G,,, it follows that X,.(Sp) = Z. The pairing (-,-) (2.2.3) extends linearly to
X.(Sr) @z R R.

The affine apartment of G associated with S, denoted A(G,S, F'), is the affine space over
the real Euclidean space X, (Sr) ®z R. It is convenient for us to fix an origin and thus a
parametrization of A := A(G,S, F) with y € R corresponding to 4a". Note that (o, o) = 2
and thus we may write a(y) := (o, y) = v.
Given the root system ® = ®(G,S), we define the set of affine roots by

> ={a+n|ac® neclZ)

If ¢ € & then ¢ = a + n for some a € ® and n € Z. Each ¢ = a + n defines an affine
function on A via

ey) = (o) =(ay)+n=ay)+n, yecA
For ¢ = a +n € ® the associated affine root subgroup is defined by
Uy, .= Uy, (0Op) = Us(pF)-
Finally, for y € A, the corresponding parahoric subgroup of G is
Gyo=(To. Uy | ¢ €™, o(y) >0)

where Tj is defined in (2.2.6). If ¢ = o + n, then for y € A we have ¢(y) > 0 if and only if
a(y)+n > 0if and only if n > —a(y). In particular, with respect to our identification of A

with R we have
. OE p%—y.‘
Gy,O - (P’—Ey-‘ Op ﬂ G
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Note that by our choice of coordinates Gyy = K and K" corresponds to the parahoric
subgroup G p.

The parahoric subgroups admit a further filtration, called the Moy—Prasad filtration, given
for r > 0 by
Gyr = (T, Uy | 0 €™, p(y) > 7).

For all y € A and r > 0, the subgroup G, is normal in G, . Moreover, for each parahoric
subgroup Gy, the collection {G,, },~o forms a neighborhood basis of the identity in G, .

Explicitly, we have

_ e e
Gy = (plgﬂ,w Seplalel (2.2.8)
and we set
Gy = Gy (2.2.9)
s>r

To understand the role of these filtrations, we now describe the structure of the corresponding
quotients. The quotient G, /Gy 0+ is the group of f-points of a connected reductive group
G, defined over the residue field f of F'. For r € R+, the quotient G, , /G, ,+ is abelian and
can be naturally identified with an f-vector space [MP94, MP96].

For example, the Moy-Prasad filtration subgroups of K = Gy are indexed by nonnegative
integers and form a descending chain

of compact normal subgroups of K. For each n € Z>(, these subgroups are given by
1+ pn pn )
K, = TE E o ING.
( PE 149k

Moreover, the collection {/C,, },,>¢ forms a neighborhood basis of the identity in K; that is,
for any open subset U C K containing the identity, there exists n such that K, C U. In
fact, if U(1,1)(f) denotes the unitary group over f defined by w and the unique quadratic
extension of f, then /Ko, = U(1, 1)(f).

For y € A and r € R, we can similarly define a filtration g,, of the Lie algebra g and a
filtration g, , of the F-linear dual of the Lie algebra g as follows. Let t denote the Lie algebra
of the torus T'. Then we set

t, ={X et|v(dx(X))>r forall x € X*(Tg)},
where dy denotes the derivative of y,

Yayr = wfr—y-\ OFXOH
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for a € ¢, and
Gyr = t. D @ Ga,y,r-

aed
Thus we have
[r] [r—y]
p Vep

We define the filtration subspace g, _, of the dual of the Lie algebra by
g, »=1AE€G|ANY) €pp, VY €9, s>1}. (2.2.11)

We can identify g* with g by using the trace form. In particular, for X € g, we define Ax € g*
by the equation A\x(Y') = Tr(XY) for all Y’ € g. Under this identification, g; . = g, for all
y € Aand all r € Ry.

There is an isomorphism, often referred to as the Moy—Prasad isomorphism, relating the
filtration on the group to the corresponding filtration on its Lie algebra. It has the form

Gm,r/G:c,r+ = g:p,r/gx,rJra

and is valid for all » € R.g. More generally, for r,s € Ryy with 2r > s > r, one has an
isomorphism

G$,'I‘/GIE,$ = gil‘,?‘/g.l’,S‘

For our unitary group U(1, 1), it is the isomorphism that sends a coset represented by ¢ to
the coset represented by g — I.

We are now ready to introduce the building of G. The Weyl group W of G is
W= Na(5)/Ca(S) = Na(5)/T = 2/2Z = {I,w}.
The affine Weyl group, denoted by W is defined as
Wt .= No(T) /Ty = T/Ty x W.

The group T'/Ty acts on the apartment A by translations. Specifically, for each ¢t € T and
y € A we have

ty = y—2(),
where v(t) denotes the valuation of the upper-left entry of the matrix ¢t € 7' [Tit79, §1.2].
Moreover the nontrivial element w acts by reflection with fixed point y = 0 [KP23, Chap-

ter 3(d)].

With this action in place, the enlarged Bruhat-Tits building B (G, F) [BT72, 7.4.1] is
defined as
BG,F) = (G x AG,S,F))/ ~,

where the equivalence relation is given by

(g,7) ~ (h,y) <= 3Ine€Ng(T): y=n-z and g 'hn € G,.
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The reduced Bruhat-Tits building of G over F', denoted #(G) is the enlarged Bruhat-Tits
building of Gge, over F.

For our unitary group G, since the center Z of G is compact, we have

B(G) = B™G,F) = B(Gaer, F).

We now define parahoric subgroups corresponding to points in the building %(G). The
group G acts on the building by g[(h,x)] = [(gh,z)] for g,h € G and = € A and for every
y € B(G), there exists g € G such that g -y € A. The parahoric subgroup attached to y is
then defined by

Gy’o = gGg.%o,

and for r > 0, the corresponding Moy-Prasad filtration subgroups are
Gyr =9G gy .
For y € B(G) we denote by G, its stabilizer under the action of G.

Lemma 2.2.10. We have K = Gy = Gy, and K" = G, = G;.

Proof. Since G is quasi-split and unramified over F', and has bounded center, the stabilizer
G, of any special point y € #(G) coincides with the corresponding parahoric subgroup G, .
This follows from the discussion preceding Remark 7.7.2 together with Lemma 7.7.10 and
Proposition 7.7.11 of [KP23|.

With our chosen identification of A with R, the maximal compact subgroups K and K"
stabilize the special vertices 0 and 1, respectively. Hence K = Gy = G and K" = G = G,
as required. |

2.2.3 Anisotropic tori of G

As mentioned in the introduction, to describe the branching rules for positive-depth super-
cuspidal representations we first provide an explicit description of these representations using
the Adler-Fintzen—Yu method. One of the key ingredients required in this construction is a
sequence of twisted Levi subgroups. In our case the first element of such a sequence is an
anisotropic torus of G. We describe these sequences in greater detail in Chapter 5, but for
the present subsection our goal is to classify all anisotropic tori of G up to conjugacy and
provide filtrations on these tori.

We recall our simplified notation: by a “maximal torus of G” we mean a group 7T that is the
group of F-rational points of an algebraic torus T C G defined over F'.
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2.2.3.1 Conjugacy classes of anisotropic tori of G

In this section, we use IL to refer to a maximal anisotropic torus of G as T is our maximal di-
agonal torus. We nonetheless set 7 = LL(F"), whereas T = T(F'). Each maximal anisotropic
torus L of G splits over a finite extension of F'. We call T = L(F) unramified if its minimal
splitting field over F' is unramified, and ramified if its minimal splitting field is ramified.

Proposition 2.2.11. The group G has four conjugacy classes of mazximal anisotropic tori.

They are given by
- a by
re {2 )

(71,72) € {(1, 1), (@ o), (1,=), (1,e*1w)}.
The pairs (1,1) and (™', @) correspond to unramified tori, while (1,w@) and (1, €
respond to ramified tori.

a@ +bbyiye =1, ab € \/EF} ,
where

@) cor-

Proof. By [Bou2l, Theorem 2.2| and [Bou20, Corollary 2.1.22|, the maximal tori of G are in
bijection with the maximal tori of Gge, via the map sending L to L. N Gge,;. To enumerate all
maximal anisotropic tori of G (up to conjugacy), it therefore suffices to proceed as follows:
for each conjugacy class of maximal anisotropic torus in Gger, choose a representative 77,
find a torus 7 of G containing 7', and then determine when two such tori are conjugate.
Such a torus G is automatically anisotropic, since the center of GG is compact.

In our case, there is a simple isomorphism = : SLy(F') — Gger given in Lemma 2.2.2. The
SLy(F')-conjugacy classes of maximal anisotropic tori of SLy(F') are well-known. By [Nev13,
§2.3], each such class is represented by a matrix of the form

SLa(F) a b51
- {(5 )

where (81,02) € {(1,¢), (@™, ew), (1,@), (¢, ‘@), (1, €w), (e, w)} understanding that if —1
is not a square, then T} w(2 0N ~ 7;86 (") and TSLQ(F) ~ 7;%2( Moreover, TSL2 ") 7183; )
as they split over different field extensmns Here ~ denotes tori representlng the same

conjugacy class, whereas = denotes isomorphic tori.

CL,b € F, (12 — b25152 = 1} = F[\/ (51(52]1

The centralizer in U(1,1) of (7:5812522 F))

— 0 \/Eél . t 7“(51
T = Cu 11)((\/— 5,0 ))_{<r6_162 t)‘t,rGE}ﬂG,

where v; = 0, and v, = ¢ 10,, which is already F-points of an anisotropic torus of G. Thus
we get six anisotropic tori 75, ,, where

(192) ={(L, D), (@, @), (1, '), (e,e*m), (1, @), (e,¢ 'w)}.
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Let g := (f _\2 ) € (; then we have 1w = Teerw, and T/ -, =T 2. Since Tj -1,

and 7;  correspond to the non-isomorphic tori 7'1?;2(” and 7'1%;(}7) respectively, they are not
G-conjugates. Moreover, the unramified and ramified tori lie in distinct conjugacy classes,
since their minimal splitting fields are different.

Now let us verify the nonconjugacy of the two tori

a b - 3T B a bw!
ﬂ’lz{(b a) aa—l—bb—l} and ’Twl’w_{(bw " )

If there were an element zh € ZGger conjugating 7i 1 to To-1 4, then since Gge, is normal,
0

%E __1) be the

non-trivial coset representative of U(1,1)/ZGge as in Lemma 2.2.3. To prove that 77 ; and

Tw-1.w are not U(1, 1)-conjugate, it suffices to prove that £7;,£" is conjugate to 71 via an

element of Gyer.

ad+bl_):1}.

h would conjugate 711 N Gaer t0 Tm-1 o N Gaer, a contradiction. Let § = (

Note that since egeg € OF, Hensel’s Lemma assures us that O contains a square root of

€EER. Set
b 0 —VEEER
~ Ve 0 '

We readily verify that h € Gge,. Then

1 beper — a7
§Th.& { ( b(enTr) . aa +bb =1
(e ) ]

hTMh— .

Therefore, the conjugacy class of 771 under U(1, 1) is equal to its conjugacy class under Ger,

whence 711 # To-1 - ]

Since we have already introduced the definition of the building, it is useful to recall an
important fact. Let L be a maximal anisotropic torus of G with minimal splitting field F”.
Since p # 2, F' is tamely ramified and note that it also splits T. Therefore the Bruhat—Tits
building B(G, F) can be realized as the subset of B(G, F’) fixed by Gal(F'/F') [Tit79, 2.6.1].
Since the maximal F-split subtorus of L is trivial, by [Tit79, 2.6.1] A(G, L, F')SF/F) ig
single point, and this point coincides with A(G,L, F') N B(G, F).

Lemma 2.2.12. Let L(F') be one of the four anisotropic tori in G, represented by Ti1,

To1w: Tiw, and Ty 14, as in Proposition 2.2.11. Then the unique Galois-fized point
y € AG,L, F")NB(G, F) is given by

’Lf ]L(F) - 7'1’1,
if L(F) = To-1 1w,
ifL(F) =T or Ti 1.

<
I
o= = O
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Proof. The argument is adapted from [Nev13, §2.3]. We first recall that #(G, F”) can be
described as

%(G’ F/) = (G<F,) X A(GvT’ F/))/N>
where (g,y) ~ (h,x) if there exists n € Ngp)(Cor)(S(F'))) = Ngrry(T(F’)) such that
n-y=x and g-thn € G(F’),0. Since T and L split over F’, there exists h € G(F”) such
that L = T", and hence A(G,L, F') = h- A(G, T, F") C B(G, F’).

By the action of Gal(F#”/F') on both G(F’) and A(G, T, F”), the Galois action on the building
is given by

n(lg,y]) = n(g),n), neGal(F'/F), g€ G(F'), y € AG,T, F') [Pra01,§1.13].

Thus, the class [h,y] is fixed by Gal(F'/F) if and only if for all n € Gal(F’/F), there exists
n € Ngpy(T(F")) satistying n -y = n(y) and h~'n(h) € G(F'),,.

The splitting field F” and the Galois group depend on the anisotropic torus L(F'), as sum-
marized in Table 2.1. In particular, if L(F) = T;; or T,-1 4, then we have [’ = E, with
Gal(E/F) = {1,0}, and it acts on G(E) by o(g) = J'g'J. HL(F) = Tiw or Tic1q,
then we have F' = E[\/w]|, with Gal(F'/F) = {1,0,0,00}, where we again write o for the
unique element of Gal(F’/F[\/w]) whose restriction to E is 0. Here ¢ acts entry-wise on the

elements of G(F[v/e, /w@]).

A direct computation shows that the element

h— ( 1 Y '71_1721>
Ve 1

satisfies . = T". One verifies that for each such h and corresponding L, and for all
n € Gal(F'/F), the elements h and h™'n(h) lie in G(F"),, for the value of y stated in
the lemma. Hence the unique Galois-fixed point of A(G,L, F’) is [h,y] = [L,y] = y €
A(G, T, F)GIB/F) = A C B. |

The biquadratic extension E = F(y/e, /@) of F has three quadratic intermediate fields
PO, F/m),  F(Vem)

These are precisely the distinct quadratic extensions of F'. For any quadratic subfield F’ C E ,
we write U(1) 5 s for the group of elements of £ of norm one relative to the extension £ JF'.
Table 2.2.3.1 below provides a complete list of the conjugacy classes of anisotropic tori in G
and the corresponding points in A(G).

2.2.3.2 Filtrations on anisotropic tori of GG

In §2.2.2, we described a filtration on the maximal parahoric subgroups of G. We now use
this to define a filtration on the anisotropic tori of G as follows. Let T = 75, ,, where (71, 72)
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F’ Conjugacy classes | Gal(F'/F) B-basis Action of Gal(F'/F)
L., , of T(F) for F'/F on elements of B
E Tia, Tt {1,0} {1, ve} o(Ve) = /e
(unramified)

EVE| Too e | (L0000} | {LVEVE V) | olvE) = vE
(ramified) d(/€) = Ve

Table 2.1: Different possibilities of the field F” over which an anisotropic torus T splits,
corresponding Galois group Gal(F’/F), and the action of the Galois group on the basis
elements of F’ over F.

Isomorphism type | Anisotropic torus | A(G, T, F) = {y}
T(F> - 7;1772
U)g/r x U(1)g/r Tiq y=0
unramified torus Tt =T y=1
U g rrys

B/Fly) T y—1

ramified torus
U(l)x

SN T gt

ramified torus

Table 2.2: Representatives of conjugacy classes of anisotropic tori 75, , in G.

are as per Proposition 2.2.11. By [HMO08, §2.5|, for » > 0 the filtration on 7T is simply the
intersection of 7 with filtrations of G, where y is the point corresponding to 7 in the
building of G. In particular, for » > 0 we have

_ a bn
m={ (i, ) e T

The Lie algebra t of the torus 7 is a two-dimensional subalgebra of g, spanned by

For any r € R, by [HMO08, §2.5] the corresponding filtration subring of t is given by tN g, .,
and therefore

ael+py, by epgyw}-

t, = {az+bYT|a€p1@, bepgfy]}.
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For r € R, we define the filtration on the F-linear dual of t by
t={ et | (\Y)ewOg VY € t, withs > —r}.

We can again identify t* with t using the trace form. In particular, for I', , = uz + vYr we
define \,, € t* by the equation \,,(Y) = Tr([',,Y) forall Y € t.

2.3 Representation theory

In this section, we recall some basic definitions and concepts from representation theory, and
we state several classical results that will be used throughout the thesis.

2.3.1 Representations of locally compact and totally disconnected
groups

Let G be a locally compact and totally disconnected group. In this subsection, we recall
some basic definitions and classical results that hold in this general setting (see [Car79, §I]).

Definition 2.3.1. A representation (m, V) of G is a group homomorphism
m: G — End(V),
where V' is a complex vector space. We call (7, V') smooth if for every v € V', the stabilizer
Stabg(v) = {g € G | m(g)v = v}

is an open subgroup of GG. The representation (m, V) is called admissible if it is smooth and
for every compact subgroup K C G, the subspace

VE={veV|r(kv=uvforall ke K}
is finite-dimensional. Finally, a one-dimensional complex representation of G is called a
quasi-character.
The definition of smoothness has an immediate consequence for compact open subgroups.
In particular, for our group G, we consider the maximal compact subgroup
K =Goo=G(OF)
of G. By (2.2.8), K admits a nice filtration
K:K02K12K22

by compact normal subgroups, and the collection {/C,,},>0 forms a neighborhood basis of
the identity in IC. This leads to the following proposition.
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Proposition 2.3.2. Let (7, V) be a smooth representation of G and let K be a mazimal
compact subgroup. Then
v=[Jv

n>0

Moreover, each subspace VX is K-invariant, and any irreducible K-subrepresentation of V
is a subrepresentation of VX for some n > 0.

Proof. Let v € V. Then by the smoothness of the representation 7, the stabilizer stabg(v)
is open in G. Since K is an open subgroup of G, the intersection stabg(v) N K is open in K.
As the filtration {K, },>0 is a neighborhood basis of the identity in K, the open subgroup
stabg(v) N KC contains IC,, for some n. Therefore,

m(k)v =v forall k € IC,,
i.e., v € V& Hence,

V= Jv

n>0

To show that each VX» is K-invariant, let v € V¥ h € K, and k € K,,. Since K, < K,
hk = kR’ for some h' € K,, and we have

7(h)(w(k)v) = w(hk)v = w(kh")v = 7(k) (7 (W )v) = 7 (k)v,

as desired. Lastly, let W be an irreducible subrepresentation of (7|, V). Since K is compact,

W is finite-dimensional. Let {wy,...,w,,} be a basis for W. Then for each w;, there exists
n; € Zso such that w; € V. Let | = max{ny,...,ny,}. Then W C |, V¥ C Vi as
desired. |

Given a closed subgroup H of GG, and a representation (p, W) of H, one can define a repre-
sentation (Indgp, Indi) of G, called the induced representation, where

Indle _ {f G W ‘ §<1S locally constant, and } ’

hg) = p(h)f(g) foral he H, g € G
and the action of GG is given by

(Ind%(9)f) (z) = f(zg), forallz,ge G.

We say that this induction is compact induction if, in addition to being locally constant, f
has compact support modulo H. The resulting representation of GG is denoted by

(c-Ind% p, -Ind$W).

Lemma 2.3.3. Let (A, C) be a quasi-character of G, and let (p, V') be a smooth representation
of a subgroup H of G. Then

mdS (A ®p) = A®IndSp.
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Proof. For simplicity, set 7y := Ind% (A ® p) and 75 := Ind$ p.
The space of m; is

Vii={f: G CoV|flhg) =A@ p)h)flg). VheH, geG},
while the space of my is

Voim {1 G = V| f(hg) = p()f(9), VR € H, g€ G}.

Define ®: V; — V5 by
O(f)(9) = Mg) ™" f(9)-

We first check that ®(f) € Vo. For h € H, g € G,
O(f)(hg) = A(hg)~ f(hg) = Mg) T AMR) T A(R)p(h) f(g) = p(h)(Mg) ™' f(9)) = p(R)@(f)(9)-
Hence ®(f) € V5.

Injectivity of ® is immediate. For surjectivity, take f € V5 and define f': G — C® V by

f'(9) = Mg)f(g).- Then f' € Vi, and ®(f)(9) = Mg)"'f'(9) = Mg)'M9)f(9) = f(9)-
Finally, we need to show that, for g € G,

Pom(g) =(A®@m)(g) o ®.
Indeed, for f € V; and g € G we have
(@ omi(9))f)(h) = (2(mi(g).f))(h) = A(l) " (m1(9) ) (h) = A(h) ™" f(hg),

and

(A @) (g) 0 ©)(f))(h) = (Mg)m2(9))(2(f)))(R) = A(g)(2(f))(hg)

Hence, Ind% (A ® p) 2 A @ Ind%p. i

An entirely analogous argument yields the following result for compact induction.

Lemma 2.3.4. Let (\,C) be a quasi-character of G and (p,V') be a smooth representation
of subgroup H of G whose image in G/Z(G) is compact open. Then

c-IndG (A ® p) = A ® c-Ind%p.

We now recall two important results that we will use quite frequently in the chapters to
come [BHO6, §2.4].
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Let H be a closed subgroup of G' and (p, W) be a smooth representation of G. Then there
is a canonical H-homomorphism
a,: IndGp — W
[ fQ).
The pair (Indg, a) has the following fundamental property.

Theorem 2.3.5 (Frobenius Reciprocity). Let H be a closed subgroup of G. For a smooth
representation (p, W) of H and a smooth representation (7w, V') of G, the canonical map

Homg (7, Ind$ p) — Hompy (7, p)
P a,00

1s an 1somorphism that is functorial in both variables 7, p.

Similarly, for open subgroups H of G, compact induction has its own form of Frobenius Reci-
procity property. Let H be an open subgroup of G and let (p, W) be a smooth representation
of H. Then again there is a canonical H-homomorphism

ag: W — c-Ind%p
W fu

where f, € c-Ind$W is supported in H, and f,,(h) = p(h)w for all h € H.

Theorem 2.3.6. Let H be an open subgroup of G, let (p, W) be a smooth representation of
H and (7, V') a smooth representation of G. The canonical map

Homg (¢-Ind$ p, ) — Homp (p, 7)
f=foay,
s an isomorphism which is functorial in both variables w, p.

Remark 2.3.7. Note that if G/H is compact then c-Ind%p = Ind%p. Thus, in that case,
induction is both left and right adjoint to restriction.

We conclude this section with a theorem that will be used repeatedly throughout the thesis,
as it describes how a compactly induced representation decomposes when restricted to a
closed subgroup [Yam22, Theorem 1.1].

Theorem 2.3.8 (Mackey decomposition). Let H and K be closed subgroups of G, and let
(p, W) be a smooth representation of H. Suppose that at least one of H and K is open in
G. Then
Res$ c-Ind$p = @ c-Indf e Rest e p°.
ceK\G/H

Remark 2.3.9. In our setting, we shall see that the supercuspidal representations of GG arise
as compact inductions from compact open subgroups of the unitary group G = U(1, 1), and
to describe the branching rules we will restrict these representations to the compact open
subgroup K defined in §2.2.1. Since for topological groups every open subgroup is also closed,
the above theorem applies in our case.
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2.3.2 Representation theory of p-adic groups

Let F' be a p-adic field and let G be a connected reductive group defined over F'. We denote
by G = G(F) the group of F-rational points, called a p-adic group. We now recall some
standard definitions and results in this setting.

Let P be a parabolic subgroup of G with Levi decomposition P = M x N, and (p, W) a
smooth representation of M. Then the parabolic induction (Ind%p, IndGW) is defined by
inflating the representation (p, W) to a representation of P that is trivial on N, and then
inducing the resulting representation from P to G.

Definition 2.3.10. An irreducible smooth representation (7, V') of G is called supercuspidal
if for every proper parabolic subgroup P C G with Levi subgroup M and all irreducible
smooth representations (o, W) of M, the representation (7, V') is not a subrepresentation of
Ind%o.

In fact, a theorem of Jacquet [Jac71] promises that every irreducible smooth representation
7 of G can be realized as a subrepresentation of a representation parabolically induced from
a supercuspidal representation ¢ of a Levi subgroup M C P, for some parabolic subgroup P
of G. Therefore, supercuspidal representations are called the building blocks for all smooth
representations of G.

When G is split over a tamely ramified extension of F', and p doesn’t divide the order of
the Weyl group of G, the Adler-Fintzen-Yu method provides a well-established algorithm
for constructing all supercuspidal representations of G(F'). [Adl98, YuOl, Fin2la, Fin21b,
FKS23|.

The strategy for constructing supercuspidal representations is based on Mautner’s Theorem,
which we state below. All known constructions arise as applications of this result.

Theorem 2.3.11 (Mautner’s Theorem [Mau64]|). Let (w, V) be a smooth representation of
a subgroup K of G. Assume that K is open and compact modulo the center of G. If c-IndSn
is irreducible, then it is supercuspidal (and admissible).

We now introduce another method for obtaining a representation of a larger group from one
of its quotients, namely the inflation of a representation.

Definition 2.3.12 (Inflation of a representation). Let H be a quotient group of G, and let
(p, W) be a representation of H. The inflation of p to G is the representation (p, W) of G
defined by

plg) = p(9), gE€aG,

where ¢ denotes the image of g in H under the natural projection G — H.

In our setting, the groups under consideration are infinite. However, as we saw in §2.2.2, the
quotients of the Moy-Prasad filtration subgroups are finite. In particular, for the maximal
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compact subgroup K we have

K/Koy = UL 1)(),

and, more generally, KC/IC,; is finite for every » > 0. By the definition of smoothness,
given any smooth representation (m, V') of IC, there exists n € N such that K, C ker(m).
Consequently, every smooth representation of I factors through a finite quotient K/K,,, and
thus can be obtained by inflating a representation of IC/IC,,.

Remark 2.3.13. This observation will be fundamental in our later constructions of K-
representations. In particular, many of the representations of K that arise in the study of
branching rules will be realized as inflations of representations of the finite quotients KC/IC,,.

The following lemma shows the compatibility of induction with inflation.

Lemma 2.3.14. Let Hy, < H, < K, where Hy < K. Then the following diagram commutes
up to isomorphism.

inflate

Representations of Hy/H, ———— Representations of H;

llnd llnd

Representations of K/Ho —nflate . Representations of K.

Proof. Let (p, W) be a representation of Hy/H,. Its inflation to H; is (p, W), defined by
p(hy) := p(h1Hy), hy € Hy.
Inducing to K gives (Indg1 0, Wﬁ), where
Ws={f: K =W | fislocally constant and f(hik) = p(h1)f(k), h1 € H1, k € K},

with the action
(Indf, 5(9) f)(x) = f(zg), g.7€ K.

Since Hy < K, each f € W is constant on left cosets of Hy. Indeed, for x € K and hy € Hy
we can write xhy = hbx for some h), € Hy, and hence

f(xhs) = f(hyz) = p(hy) f(x) = f(x),
since p(hh) = p(Hy) = Id.

On the other hand, if we first induce p to a representation of K/H, and then inflate to K,

we obtain (Indgl/ 51132 p, W,), where

is locally constant, and

. f
W = {f' K/Hy =W ‘ F(hHy)(kHy)) = p(hiHy) f(kHs), hi € Hi, k€K }
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with the action

(Indgy/ 2 p(9)f)(x) = f(zg), g,x € K/H,.

Define ®: W, — W5 by
(®f)(x) = f(xHy), x€K.

This map is well-defined, bijective, and intertwines the K-actions. Hence

~ ~ K/H:
Indglp = IndH{ /I_Zp,

and the diagram commutes. |

We end this section with the definition of the depth of a representation, which provides a
fundamental link between representations, the Moy—Prasad filtrations, and the building of

G.

Definition 2.3.15. [MP96, Theorem 3.5] Let (7, V) be a smooth representation of G. The
depth of m is defined as the minimum real number r > 0 such that there exists a point = in
the building #(G) with
VGert £ {0}
Analogously, for a representation (o, W) of G, ; with ¢ > 0, we define
depth(c) := min{r >t | W+ £ {0}}. (2.3.1)

Lemma 2.3.16. Lett € Z>o, v € B(G), and let o be a nontrivial irreducible representation
of Gyt Then o has depth r € Z>¢ if and only if

Gr € ker(o) and Gyt C ker(o).

Proof. Let (o, W) be a nontrivial representation of G ; of depth r. Then W+ =£ {0} by
definition. This is equivalent to saying that the homomorphism space

Home,r+ (0-|Gm,r+7 1)
is not equal to zero. By applying Frobenius reciprocity we obtain
~ G,
Homg, . (0], .., 1) = Homg, , (0, Inde,’;]l) £ 0.

Since o is irreducible, the above homomorphism space being non-zero implies that o is a
subrepresentation of Indgz’;L As G+ < Gy, by Theorem 2.3.8 we have

Gz,t ~
Resg,, Indg 1= @ 1,

gecz,t/GI,T+
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i.e. the restriction of IndG“ 1 to G,,+ is l-isotypic. Since o is a subrepresentation of

Ind; Gt . 1, the restriction of o to G, ,+ must also be l-isotypic and hence G, .+ C ker(o).
Thus We have shown that if G, fixes one non-zero vector in W, then it must fix all vectors

in W. Since r was the minimal element satisfying the property that G, fixes a vector in
W, we obtain that G, ¢ ker(o)

Now, for the converse direction, suppose that G, ,, C ker(c) while G,, ¢ ker(c). Then
W+ £ {0}, and moreover W = {0}, since, as noted earlier, if G, fixes a non-zero,
then vector it must fix all of W. Thus r is the minimal integer with the property that
WCer+ o£ L0}, therefore the depth of o is r, as required. |

Remark 2.3.17. In particular, since K = Gy, a nontrivial irreducible representation o of
KC has depth r > 0 if and only if

K, € ker(o) and K,; C ker(o).

2.3.3 Characters and genericity

In this subsection, we discuss characters of the center Z of our unitary group G, and the
notion of genericity for characters of maximal tori in G. Both these concepts will play a
central role in the construction of representations in later chapters.

2.3.3.1 Characters of 7

As noted in §2.2.1, the center Z of G can be identified with E', the group of norm-one
elements of E over F. Let x(E') denote the group of continuous quasi-characters of E', and
define

X (EY) ={0"]0 € x(E")}.

Lemma 2.3.18. The quotient group x(E)/x*(E') has index 2. In fact, there exists a unique
nontrivial quadratic quasi-character § of E* . It has depth zero, and every character 0 of E*
can be written as either 0 = u? or 0 = 6u® for some quasi-character u of E*.

Proof. Consider the squaring homomorphism
WEY) — x(BY), 00— 6

Its kernel is precisely the subgroup of quadratic quasi-characters of E'. If 6 € ker(s), then
0: B — {+1}.

We claim that 6 is trivial on U := E' N (1 + pg). Indeed, since ker(f) is an open subgroup
of E', there exists n > 1 such that

E'0 (1 +p%) C ker(d).
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If n = 1, we are done. Suppose n > 1. Then the restriction of 6 to E' N (1 + pg) factors
through the quotient

(E' N (1+pg)/ (E' N (1+pk)).
This group has order ¢"~*, a power of ¢q. If the restriction of § were nontrivial, its image

would have order 2, forcing the index of ker(#) in this quotient to be 2, which is impossible
since ¢ is odd. Thus @ is trivial on U.

1

Consequently, every quadratic quasi-character of E' factors through E'/U. The quotient
E'/U is canonically isomorphic to the cyclic group pig41 of (g + 1)-st roots of unity. This
cyclic group has a unique nontrivial quadratic character. Let ¢ denote its inflation to E*.

Then § is nontrivial, quadratic, and (since it is trivial on U) has depth zero. Thus ker(s) =
{1, 6} has order 2, and so the image x*(E"') = im(s) has index 2 in y(E"). Equivalently,

X(EYXA(EY = 222,

with nontrivial coset represented by 0. |

2.3.3.2 Generic characters

To construct positive-depth supercuspidal representations of G, one requires G-generic char-
acters of positive depth of the anisotropic torus 7. In this subsection, we define and describe
G-generic characters of positive depth of both the diagonal torus (2.2.4) and the anisotropic
tori listed in Table 2.2.3.1.

Let L be a maximal torus of G, and let ®,,5(G,L) denote the absolute root system of G
with respect to L. For each root a € ®,,5(G, L), set

H, = dav(l) cgQr F,

where da" denotes the derivative of the coroot a¥ associated to a, and F is a separable
closure of F.

Definition 2.3.19. An element A € t* is called G-generic of depth —r if
v(\(H,)) = —r for each a € ®,5(G, ).
Since we have identified t* with t §2.2.3.2, we may equivalently say that an element I" € t_,
is G-generic of depth r if
UTr(TH,)) = —r for each a € (G, L).
Lemma 2.3.20. Let T' = L(F) be a maximal F-torus of G.

If T is the mazimally F-split torus (2.2.4), then the depth v of any G-generic element of t
satisfies r € 7.
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If T =T, ,, is an anisotropic torus from Table 2.2.5.1, then the depth r of any G-generic
element in t satisfies

reZ when T

e 18 unramified, r€5+2Z when T, ,, is ramified.

Proof. Note that for our unitary group G, the absolute root system ®,,s(G, T) has a unique
positive root «. In the split case we have

Let I'= (& %) € t_, with a = ap + a;/e. Then v(a;) > r and
Tr(I'H,) = a +a = 2ay.

The genericity condition is v(2ag) = —r, hence v(ag) = —r. Since ag € F' and valuations on
F' are integral, this forces r € Z.

On the other hand, if we take L(F) = T,, -, to be one of the anisotropic tori listed in

Table 2.2.3.1, then
h
1 0
w=(o )

1 7\/7*77271 . . . .
where h = S ! is the matrix conjugating I to T. An element I',, =
Y12 1
( uy/e vy1Ve

/e une ) € t_, is G-generic of depth —r if and only if
v(Tr(luwHa)) = V<2U\/E vV ’7172) = —T.

Thus the condition v(Tr(I', ,H,)) = —r is equivalent to

v(v) = —r —v(ynn)
Since v(,/7172) € {0, 3} and v(v) € Z, we deduce that

r € Z when v(y/7172) =0, re€i+7Z whenv(yy) =3 (2.3.2)
Since v(y/7172) = 0 precisely when 75, ,, is unramified, and v(,/7172) = 3 precisely when
75, ~, is ramified, the conclusion follows. |

We are ready to define G-generic characters of IL(F') of depth r. Set s := 7 and let e be the
Moy-Prasad isomorphisms of the abelian groups

Oyst /Byt = Gyor /Gyt
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which restricts to an isomorphism of ts, /t., — 754 /7T.+. Let ¢’ be an additive character
of the field F', chosen to be trivial on the maximal ideal pr and nontrivial on the ring of
integers Op. Using v’, we define an additive character ¢ of the quadratic extension E by

rT+7T

P(z) = W( ) forall z € E.
Note that the v is a character of E that is nontrivial on Og but trivial on pgr. We will fix
this choice of ¥ for the remainder of the thesis.

Definition 2.3.21. A smooth complex-valued character ¢ of L(F) is called G-generic of
depth r if it is trivial on L(F),,, non-trivial on L(F), and is realized by an element I' € t_,
that is G-generic of depth r, i.e., for every ¢t € L(F),,

o(t) = v(Tr(L (e (1)))).

Note that the image of I' in t_,./t_, is uniquely determined by this relation.

Remark 2.3.22. To define a GG-generic character ¢ of depth r for an anisotropic torus 7, one
requires a GG-generic element of t_,. of depth r. By Lemma 2.3.20, such an element can exist
only when r is an integer or a half-integer. Therefore, the depths of G-generic characters are
integral when 7 is unramified and half-integral when 7 is ramified.



Chapter 3

Representations of K

Shalika constructed all irreducible representations of SLy(Op) for p # 2 in his thesis [Sha04].
In this chapter, we extend the method developed by Shalika to construct certain positive-
depth irreducible representations of the compact open subgroup K. Since Gge, (Op) is isomor-
phic to SLy(OF), the construction is similar, but has not been carried out in the literature.
We also construct representations associated with the nilpotent orbits of elements in the
Lie algebra of G, using the same approach. These representations play a crucial role in
describing the branching rules in a neighborhood of the identity element.

3.1 Key concepts involved in the construction

We begin by recalling a foundational result from Clifford theory, as given in [Sha04, Lem-
mas 4.1.1 and 4.1.3|, which serves as a key tool for extending irreducible representations
from a normal subgroup to the whole group.

Theorem 3.1.1 (Clifford Theory [Sha04, Lemmas 4.1.1 and 4.1.3]). Let K be a finite group,
and let N < K be a normal subgroup.

(a) Let ¢ be an irreducible representation of N, and define
Ni(¢) = {k € K | ¢* = ¢}

to be its normalizer in K. If o; is an irreducible representation of N (¢) such that
¢ occurs as a subrepresentation of o;|y, then the induced representation Indﬁk((b)ai 18
wrreducible. Moreover,

IndﬁK(d))ai = IndﬁK(d))aj if and only of o, = 0.

(b) Suppose K = AN with A < K a subgroup and N < K. Let ¥ be a one-dimensional
representation of N that is K-invariant, i.e. Nx(V) = K. Then

37
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(a) The irreducible representations o of K satisfying o|y D W are in one-to-one
correspondence with the irreducible representations ( of A satisfying

Clany D ¥]ann

where o(an) = ((a)¥(n) for alla € A andn € N.
(b) For each o as in (a), the multiplicity of o in IndNV is equal to the degree of o.

Our goal is to use the above theorem to construct irreducible positive-depth representations of
KC. Although IC itself is not a finite group, by Remark 2.3.17, if an irreducible representation
7 of IC has depth d, then Ky, C ker(m), and therefore 7 factors through the finite quotient
K/Kqs. Hence the problem reduces to the finite group setting, and irreducible positive-depth
representations of K can be obtained by inflating irreducible representations of K/K4,. Thus
the theorem above will be applicable in the constructions that follow.

Since the construction proceeds by induction from a subgroup to the whole group, we recall
from Lemma 2.3.14 that if Hy < H; < K and o is a representation of a quotient group H;/Hs,
then inducing o to K/H, and subsequently inflating to K yields the same representation as
first inflating ¢ to H; and then inducing to K. We will use this identification throughout
the chapter.

3.2 Positive-depth representations of XC

In this section, we construct certain positive-depth representations of K by using Theo-
rem 3.1.1.

Let d € Z~ and let z,u,v € F such that v(z) > —d and v(v) > v(u) = —d. Define

X(z) = (Zf Zik) and X (u,v) = (U?ﬁ “f)

We will choose particular elements of gg _4 of the form
X = X(2) 4+ X (u,v) € go_a.

Recall that in §2.3.3.2 we fixed an additive character ¢ of E that is trivial on pz but nontrivial
on Og. We also recall that our maximal compact subgroup K corresponds to the parahoric
subgroup Gy, and it has a filtration by normal subgroups indexed by the non-negative
integers. By the Moy-Prasad isomorphism we have

Ka,/Kat = 80,4, /80a+
k+ICd+ — (k— I) +g(],d+
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Therefore, the function

k— Ux(k)=y(Tr(X(k—1))) (3.2.1)
defines a character of the group K ap of depth d. Note that z, v and u are uniquely determined

_rd
by the character ¥y only modulo p Fm.

Thus, we are precisely in the setting of Theorem 3.1.1(a). We have a normal subgroup
K dy of K and an irreducible representation of it given by Wy. To produce an irreducible
representation of /U, we need an irreducible representation of the normalizer of Uy in I
whose restriction to K dy contains Vy. Therefore, we now compute the normalizer Ni(¥x)

of Ux in K.

Lemma 3.2.1. Let Staby (X +90,_g) denote the stabilizer in IC of the coset X + 00,4 under
the adjoint action. Then Ni(Vy) = Stabg (X + ggj_g).

Proof. Since U is a character, the normalizer Ni(Vx) equals

Ne(¥x)={ke | Uk =Uy}
={k € K| Ux(k"gk) = ¥x(g) Vg € K, }
={k € K [(Te(X (k™" gk — 1)) = (Tx(X(g — 1)) Vg € K4, }
={k € K[ P(Te((kXk™ = X)(g—1))) =1Vg € Ka,}.

Note that g — I € 90,g+/90,d+v therefore we may write
Ne(Ux)={ke K| Y(Tr((kXk™ —X)Y))=1VY ¢ Go,24 -
A similar argument as in the proof of [Bou20, Proposition 3.1.12| yields
Ne(Wy) = {k ek ) Te((kXk™" = X)Y) € pp for all Y € goy%} .

For completeness, we include the argument. First note that for all Y € g, Tr((kX kL —
X)Y) € F. Assume, for contradiction, that there exists Y’ € 80,4 such that b :=

Tr((kXk™ — X)Y') € ker(¢)) \ pr. Choose b € Of with b ¢ ker(y); such a choice ex-
ists since 1) is non-trivial on Q. Then b~V € Op. Since Go,4+ is an Op-module, we have

b-1Y' € 9o,4+» and hence
Tr((kXE™" = X)(07'WY")) =00 Tr((kXk™" — X)Y') =V ¢ ker(v),
a contradiction.

Thus by (2.2.11), we have N(Ux) ={k € K | kXk™' - X € 90’7%} which is the stabilizer of
the coset X + g, d in I under the adjoint action, as required. |
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Thus to compute the normalizer of ¥y, we need to compute Staby(X + g,_a). Since
)

conjugation by K preserves g, 4, and KC centralizes X(z), it suffices to find the stabilizer of

the coset X (u,v) + go—g in K.

Note that the centralizer of X in K coincides with the centralizer of X (u,v) in K. A direct
computation yields that the centralizer T'(X) of X in K is given by

roo={(,2, )

Proposition 3.2.2. Let X = X (u,v) with val(u) = 0 and val(v) > 0. Let s > 0. Let

k= (CCL Z) € K. Then k*Xk € X + gos if and only if k = cg for some ¢ € T(X) and

a,be Og,aa+bbutv=1abe \/E(’)F} =Tiu1,NK. (3.2.2)

g c GO,s'

Proof. Replacing s with [s] we may assume s € Nog. Since go s is the intersection with g
of p3,0l,(Or), and conjugation by k € I = G preserves g and go s, we can determine the
elements k € K that satisfy k7' Xk € X + go s by a system of congruences of matrix entries.
The advantage is that kX is well-defined as an element of gly(Og).

We note first that T'(X )G, s C Stabx(X + go,s). Namely, suppose k = cg with ¢ € T'(X) and
g € G, . Since ¢ € I, it preserves go s, so we have ¢ € Stab(X + gos). As we can write
g = I+U where U is a matrix with all entries in p¥, it follows that ¢ X = Xg mod p¥%, where
this indicates a congruence of matrix coefficients. Therefore gX ¢! € X + g, yielding the
result.

Now suppose g € Stabi(X + gos). We write g = (Z b) with (among other conditions)

d
a,b,c,d € O and ad — be € O}. Noting that ¢X¢g~' = X modulo p% yields the equality
gX = X g modulo p3,. Computing the products on both sides yields the linear system

cu=bv, du=au and av=dv.

Since u € OF, this implies a = d mod p$;, and ¢ = u~'vb mod p3,. Referring back to (3.2.2),
we see that k is congruent as a matrix modulo p%, to an element of 7'(X). In fact, we can argue
by induction that there exists k' € T(X) such that (k')"'g € Gy, whence g € T(X)Gy s, as
required. As this inductive argument is an involved matrix calculation, we have relegated it
to an appendix A.1. ]

We now have all the necessary tools to compute the normalizer N (VU y).

Proposition 3.2.3. Let d € Z~( and let z,u,v € F such that v(z) > —d and v(v) > v(u) =
—d. Consider the element _
X = X(2)+ X(u,v) € go—a-

Then the normalizer of ¥x in K is T'(X) ICg.
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Proof. By Lemma 3.2.1 we have Ni(Vy) = Stabg <X +Go,_g) , and by the discussion
preceding Proposition 3.2.2 it follows that

Staby (X + 90,—%) = Staby ()?(u, v) + 90,_g) )
Multiplying the coset )N((u, v) + 9,4 by w? yields X(mdu, wl) + 90,4 and therefore

Staby ()?(u, v) + 90,7g> = Staby ()N((wdu, whv) + go’%> :

d

Since v(u) = —d and v(v) > —d, we have v(w?u) = 0 and v(w?) > 0. Moreover ¢ > 0, so

by Proposition 3.2.2 we obtain

Staby <)?(wdu, @) + 90,%) =

|
s
Ja
a&.
e
g
=
I
s
=

Hence

Staby ()"(’(u, V) + go’,%> = T(X) K.,

as required. ]

Note that when d is odd we have IC% n . Thus in this case Uy is a character of ng,
and its normalizer satisfies N(¥x) = T'(X) K a. By part (b) of Theorem 3.1.1, irreducible
representations o of

I
e

T(X)K

IR

satisfying o, D ¥x are in one-to-one correspondence with the irreducible representations
2
¢ of T(X) satisfying
Clrexone, = Yxlrxone, -
2

Nl

Since T'(X) C K is abelian, we may extend ¥x|7(x)nk, to a character of T'(X). Let ¢ denote
such an extension, and let Wx . be the unique extension of these characters to T'(X )ng.
Then, by part (a) of Theorem 3.1.1, Indg( x)c, Px,¢ is an irreducible representation of K. We
record this result in the following lemma. :

Lemma 3.2.4. Let d € 2Z~¢, and let X € go,_q be as in Proposition 3.2.3. Let ¢ be a
character of T(X) which coincides with Wx on the intersection T'(X) N Ka. Write Uy
for the unique character of T(X)IC% which extends ¢ and Vx. Then Ind?(x);cd\PX,c is an

g

irreducible representation of K of depth d and of degree q¢?~1(q* — 1).

We now turn to the case where d is even. In this case, Ka, = K4, is a proper normal
2 2
subgroup of K4, and one verifies that Wx does not extend to a character of 4. Therefore,
2 2
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the simplified argument used above no longer applies. Instead, we define the subgroup

Hprgw pr%1
14 = e Pray| ¢ NG (3.2.3)
272 pE 2 1 + pE2

Then we have proper inclusions a, C Jis C K a of subgroups and ¥ x extends to a character
of J;. We note that when d is odd, we have J; = IC%.

TJi=KanNG

[S]ISW

Lemma 3.2.5. Let d € 2Z. Then the normalizer of Vx in T(X)IC%, considered as a
character of Jy, is T(X)Jy.

Proof. It is straightforward to verify that 7'(X)J; normalizes ¥x. To prove the reverse
inclusion, we consider a set of coset representatives

we{ (vt 1) 7o)

for Ka/Jy. We will show that none of these representatives normalizes W y. As in the proof
2

of Proposition 3.2.3 we may without loss of generality assume that X = X (u,v) € go—a- We
now show that for all k € R and g € Ju, Yx(9) # Vixr-1(9).

d
2

— 1 0 1+ aw? bo
Let k = (y\/Ewg 1) € R, and let g = ( et —dwg> € Jy. Then
Ux(g) = B(Tr(X(g — 1)) = v (uey/ew ! + vby/err? ) (3.2.4)

and
Uxi-1(g) =9 <uc\/gw%+1 + vby/ew? — yuaeww — yuaewd> , (3.2.5)

where we have simplified by removing all terms of valuation at least 1. Comparing (3.2.4)
and (3.2.5) and writing a = a; + \/€ay, we find that the characters to agree if and only if

Y(—2a1yuew?) =1 for all a; € Op. (3.2.6)

Sincey € OF, € € OF, and v(u) = —d, we have yueww? € OF. Thus, as a; ranges over O, the
expression —2a;yueww? ranges over all of O, and then (3.2.6) contradicts the nontriviality
of ¢ on Op. Therefore, ¥Ux # W, y,-1, and k does not normalize V. Hence, the normalizer
of Uy in T(X)K% is T(X)Jy. |

We now present the following theorem, which gives us the key representations of K that we
will need in the sequel. It is a generalization of Shalika’s results [Sha04, Theorems 4.2.1 and
4.2.5] to the context of G.
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Theorem 3.2.6. Let X € go_q be as in Proposition 3.2.3, and let  be a character of T(X)
which coincides with Wx on the intersection T'(X)NJy. Write ¥x ¢ for the unique character
of T(X)Jy which extends ¢ and Vx. Then

Sa(X,¢) == Indl x5, ¥x. (3.2.7)

is an irreducible representation of K of depth d and of degree ¢~ 1(¢®> —1).

Proof. When d is odd, we have already established in Lemma 3.2.4 that
Sd<X7 C) = Ind?(X)jd\levg

is an irreducible representation of K. Now suppose that d is even. A direct computation
yields that J; is a normal subgroup of 7'(X)KC a. By Lemma 3.2.5 the normalizer in T'(X)KC d

of the character Wx of J; is T(X)Jy, and Wy is an extension of WUy to this group. Thus

T(X)K
by Theorem 3.1.1, Indy, v, jd Uy ¢ is an irreducible representation of T'(X )’Cd that contains
)IC
W x upon restriction to ICd . Once again using Clifford theory for IC, and Ind g 7 Y as

a representation of T'(X )IC a that contains ¥y upon restriction to K dyy, We have that

. T(X)K 4
IndT( Ky IndT(X)J

2

\I/XQ—IHdT \IIX,C :ZSd(X,C)

is an irreducible representation of /.

As Uy has depth d and Ky < K, we have K4y C ker(Sq(X,()). Now let kg € K4 such that
Ux(ky) # 1 and let k € K and f € Ind? 7,C such that f(k) # 0 . Since Ky < I, there
exists k), € Kq such that k= 'ksk = K. We then have Ind’c 07, Yxc(kg) [(k) = f(kky) =
f(kak) = Yx(kq)f(k). Since Ux(ky) # 1 and f(k) # 0, we obtam that &, ¢ ker(S4(X,()),
and hence the depth of Sy(X, () is also d.

Since Uy ¢ is one-dimensional, the degree of S;(X, () is equal to the index [K: T'(X)Jy]. We
have K4 < T(X)Ja < K, and so

[IC: IC%JF]
T(X)Ta: Tal[Ta: ’Cg+].

K:T(X)T4) =

Since T'(X) mod pgp 2 ZU, Z 2 E', and U & F', we have [T(X): T(X) N Koy] = q(q + 1).
The indices [T'(X) N Kor: T(X) N Ty, [Ta: IC%+], Ko IC%JF] are the same as the indices of
corresponding Op-module in the Lie algebra. Thus we have

[T(X)Ta: Tal = [T(X): T(X) N Ko ][T(X) N Kor: T(X) N Ta] = qq + 1)g?e172,

(Ja: Ka,] = ¢I517121),
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and
[/C: IC%+] = [/C: ,CO+H}CO+3 ’C%—I—] = ’U(l, 1)(f)WC0+: IC%_l_] = q(q — 1)((] + 1)2q4(f%1*1).
Putting everything together we obtain

q(q — 1) (g + 1)2¢* T 1-0

— (? — DT 2 — (02 — 1)
q(q+1)q2f%1—2q3((%ng) (" =1)g" = "'zl (" —1)¢“ 'l

K: T(X)T4] =

3.3 Representations associated to nilpotent orbits

Now let us focus on a special case of particular importance: when the element X is nilpotent.
We will first determine a set of representatives for nilpotent orbits of K on g.

Recall that for matrix Lie algebras, an element X in g nilpotent if and only if X™ = 0 for
some positive integer n. By [Hum12, Theorem 3.2], it follows that all nilpotent elements of
g are G-conjugate to a strictly upper triangular matrix. For § € F', we define a nilpotent

element X5 € g as
{0 oy
X5 = (0 0 ) : (3.3.1)

Lemma 3.3.1. The nilpotent G-orbits in g are parametrized by the elements
{X510€{0,1,w}}.

Foré € {0,1,w}, let N5 denote the G-orbit of Xs. Then each G-orbit Ns further decomposes
as
Ny =K - X, Ni=| | KXo, Ne= || K- Xpa

de2Z de2Z+1

Proof. Let X5, X5, € g with 01,02 € F', and suppose there exists

g= <Z Z) € G such that ¢X;9 ' = Xs,.

A direct calculation shows that if ¢ satisfies this relation, then necessarily ¢ = 0, d = a~ !,

and aa d; = 9.

Since a € E*, we deduce that d, € 61 - Ng/p(E*). In particular, if §; = 0, then d, = 0, so
X lies in its own orbit. For d; # 0, the G-orbits of X are thus parametrized by the cosets
of F*/Ng/r(E*). By Lemma 2.1.3, a set of representatives is given by {1, @}, proving the
first claim.

For the K-orbits, we now require ¢ € K. Then the above computation forces a € OF, so
aa € Op, and hence aad, = J; implies v(d1) = v(dy). Conversely, if v(d1) = v(d2), then
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d2/61 € Op, and since E/F is unramified, the norm map Ng/r : Of — Of is surjective, so
we may choose a € OF such that aa = §5/6;, which gives gX5 97! = X5, with g € K. This
establishes the stated parametrization of K-orbits. |

Let d € Z~o, and a € Of. Then X, -« € go—4. We now apply the technique (3.2.1) of
the preceding section to X5« to obtain a character Wx _, of J; given by Ux _ (g) =
UY(Tr(Xym-a(g — 1))). By direct computation it follows that the centralizer of Xawfd in IC is

given by (ZU) N K where
B 1 eb
o {5 V) |oer)

Since Z C K, (ZU)NK = Z(UNK). For convenience, set U := U N K. By Proposition 3.2.3
the normalizer of ¥y __, in K is given by ZZ/{ICg. Observe that Wx _, acts trivially on
ZUN Ty

—d —d

We are interested only in the special case where the character ¢ of T'(X) = ZU is also trivial
on U, so that it is entirely determined by its value on Z. In this case, let § be a character
of Z such that 6 |zn7,= 1. We extend 6 trivially across U to ZU and write \lem_dﬂ for the
unique character of ZUJ; that extends # and ¥ X, 4 Then from Theorem 3.2.6 we have
that

Si(Xoma,0) :=Indy, ; Ux 4 (3.3.2)
is an irreducible representation of K of depth d and of degree ¢¢~!(¢* — 1).

Lemma 3.3.2. Let a € Op. Then S4(Xy-d,0) = Si(Xye-d,0).

Proof. By Theorem 3.1.1, conjugation by any k € K sends Sy(X -4, 0) to Sq(Ad(k) X 5-a,0").
Since 6 is a character of the center Z, we have #* = 0. Moreover, X_-a and X,_—a lie in the
same K-orbit for all a € Oj. Therefore,

Sd(Xw—da 9) = Sd(Xaw_d7 9)7

as claimed. |

Recall that for z,u,v € F such that v(z) > —d and v(v) > v(u) = —d and X = X(z) +
X (u,v) € go—d4, we defined a character Uy of J;. We conclude this chapter with a lemma
that relates the characters ¥y and Wy, in a special but very informative case.

Lemma 3.3.3. When v(z),v(v) > —[2] and v(u) = —d, Then
‘;[]X = quu and T(X)jd = T(Xu)jd = ZZ/[jd

Proof. Since X = X, entrywise modulo pj ldr 1, it follows that Wx = Wy, as charac-
ters of J;. Hence, they have the same normalizer in 7'(X )IC%. By Proposition 3.2.3 and
Lemma 3.2.5, we obtain

NT(X)IC% (Ux)=T(X)Js  and NT(X)IC% (Ux,) =T(Xu)Ta = ZU Ty,

which proves the lemma. |



Chapter 4

Branching rules for depth-zero
supercuspidal representations of GG

In this chapter, we provide an explicit description of all depth-zero irreducible supercuspidal
representations of GG, together with their branching rules upon restriction to .

4.1 Construction of the representations

The depth-zero irreducible supercuspidal representations of G are induced from the cuspidal
representations of U(1, 1)(f), which are well-known; see, for example, [Cam14|. Briefly: let ¢
denote the unique quadratic extension field of the residue field § of Op, and let N: ¢* — §*
be the norm map. For distinct characters a and 3 of ker(IN) = ¢!, Deligne-Lusztig induction
associates a representation o = o(«, ) of U(1,1)(f) of degree ¢ — 1. This representation is
cuspidal, and all cuspidal representations of U(1,1)(f) arise in this way.

Since (%) = (98)(59) (94§), the matrices (§%) and (¥ 9) belong to the same conjugacy
class of G. Therefore, Table 4.1 (cf. [Cam14|) below summarizes the values of the character
Xo(a,) COrresponding to the cuspidal representation o(a, 3) of U(1, 1)(F).

Conjugacy class (29, (29), (59), (%),
representatives x et reety£0| z#y y#0
Xo(a,8) (¢ — Da(z)B(z) | —afz)B(z) 0 |alz+y)bx—y)+
a(z —y)B(z +y)

Table 4.1: Character x,(a,g) of the cuspidal representation o(c, ) of U(1,1)(f).

46
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Let o be a cuspidal representation of U(1,1)(f) = K/Ko.. Inflate o to a representation
(also denoted by o) of KC, and let 0" denote the corresponding representation of K, where
n=(329). By Lemma 2.2.10 and [MP96, Proposition 6.6], [Mor99] we obtain the following
proposition.

Proposition 4.1.1. Let o be a cuspidal representation of U(1,1)(f) = K/Kor. Then the
compact inductions
c-Indlo and c-Ind{, "

are depth-zero irreducible supercuspidal representations of G, and every depth-zero irreducible
supercuspidal representation of G arises in this way.

Remark 4.1.2. From now on, we identify a cuspidal representation o of /Ko, with its
inflation to K.

4.2 Restriction to K

In this section, we restrict the depth-zero irreducible supercuspidal representations of G to IC
and obtain a canonical decomposition using the Mackey decomposition. The Mackey com-
ponents occurring in this decomposition may a priori be reducible. Therefore, we compute
the degree of each component and determine the maximal depth of any irreducible subrep-
resentation it contains. The proof that these components are in fact irreducible is deferred
to the next section, which builds on the results established here.

Let o be a cuspidal representation of K/Kyy. Then by Theorem 2.3.8 it follows that

Res{c-Ind{o = @ Indgm(,@gag and Rescc-Ind{, 0" = @ Indfqno?".
9eR\G/K geRNG/Kn

By Lemma 2.2.5, a set of double coset representatives for K\G/K or K\G/K" is given by

v (5 2oy

Therefore, we obtain the following decomposition:

Rescc-Ind{o = @Ind]mm " and Resge-Indg,o" = @Ind]mm Lo, (4.2.1)
>0 >0
For each t > 0, the matrix 2, = w I satisfies o = zn*. Since 2z centralizes G, the

conjugated representations o and o are equal. Therefore, we may write (4.2.1) as

2t+1

Resicc- Ind,ca = @ Inde’C"% o™ and Resjcc- Ind,@an = @ Ind®__ oi0™ . (4.2.2)

t>0 t>0

KNKn
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Lemma 4.2.1. Let d € Z~qy. Then
KNK" =BK,

where B denotes the subgroup of upper triangular matrices in K.

Proof. Let a = (a;) € KNK". Then

a€KNK" if and only if (n")tan® € K and a € K.

Solving this condition yields v(as;) > d. By Lemma 2.2.4, either a1, a2 € O or a2, a9 €
OF. Since ag; € p%, it follows that aiy, as € OF. We claim that a = bk with

———1
_ [ Q22 a2 . 1 0
b= ( 0 a22> < B and k= (CL216L2_21 1) € ,Cd.

Indeed, since a € K, we have @iaa99 + a12G22 = 0 and a11a23 + a91a15 = 1, therefore

N -1 — -1 —

1 -1 1 + G2a12a21a95 . 1 — agaia91 09, _ anGoy

a2 + (12021099 = — = — =-— = an.
A22 a22 a22

Since agy € O and apzas € /eOp, we have b € B. As a = bk with a,b € K, we must
have k € K. Moreover, since ag; € pdE and age € OF, it follows that a21a2_21 € p%, and hence
k € ;. Therefore we have shown that N i C BK,.

Conversely, let h € BIC; with h = bk, where b = (b;;) € B and k = (k;;) € K4. Clearly,
h € K. Moreover, since by; = 0 and ko € p%, a direct computation shows that

(") hn® = () 'on® () kn? € K,

and hence h € KN K. Therefore, BK,; C KN, Combining both inclusions, we conclude
that £ N = BK 4, as required. |

By the preceding lemma, for any d > 0, N K" = BK4, that is, elements of BK, can
be represented by matrices (a;;) € K such that ay € p%. Consequently, (4.2.2) may be
rewritten as

Rescce-Ind{o = 0 @ @ Indg,cdand and Resyc-Ind, 0" = @ Indg,cda"d. (4.2.3)
d€2Z>0 d€2220+1

Lemma 4.2.2. Let d € Zw,. Then (BKy)" " = BPK,.

Proof. Let a = (a;;) € BK4. Then a” "t = ( a1t “12wd>. By Lemma 4.2.1 we have

aniw™ 4 ag

as € p‘fE and a1, age € Of. We claim that we can factor the matrix a’ as bk, where

-1 d
= ( - —(1)—1) €B® and k= <(1) a“alww ) € Ka.
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Since a is an element of K, we have @11as; + a11a21 = 0, and it follows that

N P —1 _ N
_1 __ 4 apjanazaz+1  —ajanana+1 0 aag
Gy1 G12021 + Q11— = = =

= 93.

an ar ar

Thus a = bk. As a1; € OF and G1as € /€Op, we have b € B, Since a = bk with a,b € K
and ajo € p% , we have k € Ky. Thus we have shown that (BICd)”_d C B°PKC,.

Conversely, let a = (a;;) € B®Ky4. Then a € (BICd)"_d if and only if ndan=¢ = a € BK,.
Since the (1, 1)-entry of any element of B lies in O} and the (1,2)-entry of any element of
K4 lies in pdE, we deduce that ao € p‘,"f;. Thus we can factor @ as a"" = bk, where

———1 —d
_ [ Q22 (12w . 1 0
b= < 0 a9 ) and = (a21a2_21wd 1) '

As in the proof of Lemma 4.2.1, since a € K, we have G1aa99+a12022 = 0 and a11023+a21012 =
1, therefore

N -1 — -1 —

1 -1 1 + G2a12a21a95 B 1 — agara91 a9, _ anGoy

a2 + A12021095 = — = — =-— =an-
Q22 a22 a22

Since a € K and a3 € pg, it follows that ax € OF and Gxaiz € /€O, hence b € B. As
a = bk with a,b € K and a5 € p%, , we have k € Ky. Thus we have shown that an’ € B4,
hence a € (BK4)" ", and therefore the inclusion BPK, C (BK4)" * follows. Combining both
the inclusions we obtain BPK, = (BKy)" " |

Proposition 4.2.3. Let o be a cuspidal representation of K/Koy. Then for any d > 0, the
mazimum depth of any wrreducible component of Indg,cdand 1s d. Moreover, there exists at
least one component that has depth d.

Proof. When d = 0, the summand is simply o, which has depth zero by hypothesis. Let
d > 0. By Lemma 4.2.2, the action of 6" on BK, is given by the action of o on BK,, and
since ¢ is trivial on K4, this is determined by Resgero. Explicitly, for a = (a;;) € BKy we

have 4
() — n—d) _ an  apw _ an 0
(@) =0 (a 7 ((Gmw_d 22 7 anw  an ') )

Since Kyr1 C Kyq and o has depth zero, we deduce that Ky C ker(a”d). As K1 is a
normal subgroup of I, it follows that KCyiq C ker(Indg,Cdand). Therefore, the maximum

possible depth of any irreducible component of Indg,cdand is d.

We claim that K4 ¢ ker(Indg,Cda”d), and hence at least one irreducible component of
Indg,cdand has depth d. Suppose, for contradiction, that Ky C kel"(IndngO'nd). Since Ky

is a normal subgroup of K, it would then follow that K; C ker(a”d). Therefore, to prove
that K, ker(Indg,Cda”d), it suffices to show that K; € ker(o").
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Let b= (19) € B, where ¢ € \/eO}, and let x, denote the character of o. From the third
column of Table 4.1, we see that x,(b) = —1, hence o(b) # Id. Now consider the element
( cwl'd (1)) € K4. Applying o™ to this element, we obtain

() 9) o

This shows that the element ( ! 0) is not in the kernel of a"d, and we conclude that

cw? 1
Kaq Z ker(a""). W

Proposition 4.2.4. Let o be a cuspidal representation of K/Koy. Then for any d > 0, the
degree of Indg,cdand is ¢ (q? — 1).

Proof. Since o has degree ¢ — 1, the degree of Indg,cd(f"d is given by (¢ — 1) times the index
[IC : BK4]. Noting the inclusions K4 C BK,; C K, and using group isomorphism theorems we
have

K K4 IC: K[y Ky IC: K[y Ky

K : BK4] = [BKq: K4~ [B: (BNKy)]  [B: BAK)[(BNKy): (BNKy)]

Since /Ky = U(1,1)(f) and B/(B N Ky) = B(f), where B(f) denotes the subgroup of
U(1,1)(f) consisting of upper triangular matrices, we obtain

/C: Kl = UL ()] = alg = Dlg+1)* and [B: BAKy = B = ala® — 1),

The indices [IC;: K4] and [(BNKy): (BNK,)| are the same as the indices of the corresponding
Op-modules in the Lie algebra. Thus we have

JCrs Kl = g0 and [(BOKY): (BN Ka)) = ¢

Thus, the degree of Indg,cda”d becomes

q(q — 1)(g +1)%¢*@=D

(q - 1) ’ [’C : B’Cd] = (q - 1) q(qg _ 1)q3(d_1) - (q

2 1)qd71. [

The central character of o is the map 6: ¢! — C* defined by o(zI) = 6(z2)Id for all z € ¢'.
From Table 4.1, we infer that 0(z) = a(2)B(z). As Z C K, the induced representations
c-Ind{o and c-Indg, 0" have the same central character as o.

Lemma 4.2.5. Let d > 0. Fori € {1,2}, let 0; be a cuspidal representation of IC/Kos

with central character ;. Then ResB;gda’fd = ResB;Cdagd if and only if 01 = 0. Furthermore,
Reslg,cda”d 15 irreducible for all o.

Proof. By Lemma 4.2.2, the action of ag’d on BK, is given by the action of o; on B°PK,,
and since o; is trivial on ICy4, this is determined by Resgopro;. It thus suffices to show that
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Resgoro1 = Respopos if and only if 8 = 5. Since these representations factor through the
finite group quotient U(1,1)(f) = /Ko, it suffices to compare their characters. Write B°P
also for the image of B°? in U(1, 1)(f). Using Table 4.1, the character x,, of Resgoro; is given
on elements of B by

(g —1)0;(a) iface, c=0;

Xo; ((a 601)> =4 —0b;(a) if a € ¢, c#0;

0 otherwise.

o

We now calculate the intertwining number between x,, and Y., to be

Z(Xor: Xow) = |Bop| > Xer (9)Xea(g

geBop
1
Tqlg - 1) Z Or(@)f(a)(q=1)"+ > 6i(a)fa(a)
acel,c=0 acel ,c£0
A @+ D=1+ (g = Dig+ 1) =1 if 6 =6y
0 otherwise.

Since Z(x,, Xo) = 1 for all o, it follows from [Ste, Corollary 4.3.15] that Resgopo is irreducible.
Moreover, as Z(Xs,, Xo,) = 1 if and only if #; = 0,, and is zero otherwise, the lemma follows
from [Ste, Theorem 4.3.9]. i

The following proposition shows that, for each d > 0 and each cuspidal representation o of
/Koy, each of the Mackey components Indg,cda"d is independent of the choice of o up to
its central character 6.

Proposition 4.2.6. Let d > 0. Fori € {1,2}, let 0; be a cuspidal representation of /Ko,
with central character 0;. Then Indg,cda?d &~ Indg,cdagd if and only if 1 = 65.

Proof. By the preceding lemma, if #; = 65 then Respgy da’fd = Respi dagd, and therefore we

K 77d ~ K nd
have Indg oy = Indpgc oy .

Conversely, assume that Indg,c O'?d = IndB,C 02 As Z C BK4, the induced representations

IndB,C 077 have the same central character as o;. Since IndB,Cdald o IndB,Cda2 , it follows
that 01 = 02. |

Since Z = E', and E'/(E")? has index two, there is a unique non-trivial quadratic character
of E'. Let § denote that character. It can be shown that § has depth-zero. We now prove a
lemma that will be used in §5.3.

Lemma 4.2.7. Every depth-zero irreducible supercuspidal representation ™ of G can be ex-
pressed as m = A @ w', where X is a character of G and 7' is a depth-zero irreducible super-
cuspidal representatzon of G whose central character is either 1 or ¢.
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Proof. Let m be a depth-zero supercuspidal representation of G with central character 6.
Then there exists a cuspidal representation o of K /Koy with central character 6 such that = =
c-Ind%o or m 2 ¢-Ind$, 0. We can write § = §%¢? for some k € {0,1}. Let & = (¢ 'odet)®0,
which is again a cuspidal representation of /Ko,. Then c-Ind¢o = (¢ odet) ® c-Ind¢a and
c-Ind{, 0" = (¢ o det) ® c-Indf, 5", and the result follows. |

4.3 Irreducibility of the Mackey components

Let o be a depth-zero irreducible cuspidal representation of IC/KCo, with central character
6. In the previous section we saw that the restrictions to K of the depth-zero irreducible
supercuspidal representations c—Ind%a and c—Ind,%, o' are given by

d d
Resy C_Indgg —o® @ Ind?zcﬂ" and Resg c—Ind,%, ol = @ Indg,cda" )
de27~0 d€2Z>0+1

In this section, we prove that for each d € Z-, each of the Mackey components Indg,cda”d
intertwines with the irreducible representation of the same degree constructed in §3.3, and,
as a consequence, we deduce their irreducibility.

We first briefly review the construction of the irreducible representations Sy(X,p-a,0) from
§3.3 where a € Op. For each § € F', we denoted

o (04

the nilpotent element of the Lie algebra of GG. For each integer d > 0, we defined the compact
open subgroup
jd =K % NG

14,
272

together with the character
na(j) = Vx, () = ¥ (Tt(Xow-a(j = 1)), j € Ta,

a

where a € OF. If 0 is a character of the center Z such that 6|zn7, = 1, we wrote Ux .0
for the unique character of ZUJ; extending both 6 and Wy __,. We proved in §3.3 that the
induced representation

Si(Xgm-a,0) :=Ind%, ; Ux o (4.3.1

is irreducible, of depth d and degree ¢%~1(q? —1). Moreover, by Lemma 3.3.2 Sy(X,0-a,0) =
Su(X5-a,0) for all a € OF.

Theorem 4.3.1. Let o be a cuspidal representation of K/ Koy with central character 6. Then
for each d € Z~q, we have Ind’é,cdand > Si(Xy-a,0). Consequently, each K-representation

d . . .
Ind%. o is irreducible.
BK,
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Proof. Since o has depth zero, for each d € Z-(, we have that 0|zn7, = 1. Therefore,
by (3.3.2)
Sa(X_-a,0) =Ind%, ; Ux 4

is an irreducible representation of K of depth d and degree (¢ — 1)¢?~!. Since both the
representations Sg(X_,-4,0) and Indg,cda"d have the same degree (Proposition 4.2.4) and
one of them is irreducible, it suffices to show that the space of intertwining operators between
them is nonzero. Since

d d
Homy (Indjge, 0™, Sa(X_5-a,0)) = @ Hompxn(zuzye (0", % 4),
gEBKN\K/ZU Ty

it is enough to show that
d
HOmBKdm(Zqu)(Un 7\IJX7w7d70) # 0.

Since 0™ and Ux __, o have depth d, they factor through the finite group quotient (BK4N
ZUT4)/Kar1. Thus our approach is to evaluate the characters of these representations of
finite groups and calculate their intertwining number Z and show that Z # 0.

Computing the characters is straightforward. The character x,a of o™ on an element g =
(gij) S BICd 1S given by

vt =1 (o7 (02 42))) = (o (e )

where g1 € OF, and go; € p%. Therefore using Table 4.1, we have

(q—1)0(g11) if g1 € 2+ pp for some z € E', and go; € pLT;

Xna(g) = § —0(g11) if 11 € 2 + pgp for some 2z € E', and go; € p%\ p‘?l;

0 otherwise.

We now provide a formula for the character Uy 40 Letge BIKq N ZUJy;. Then by

Lemma 4.2.1, go; € p%, and gy g1 € /€Op. Since ZU C B, we may factor g as g = th
where t € ZU and h = (h;;) € BKyN Jy. Then there exists z € E', such that g3 = 2
d d d
mod p%w and he; = 27 1gs;. Since g1; = z mod pgﬂ we have z € g1(1 + gﬁlp%]) which
d
implies that z~' = ¢g;;' mod p%] and therefore we have hy; = 27 go1 = g3 g1 mod pngrﬂ.

As go1 € p%, hoy = g7 g1 mod p][EdH] and 1 is trivial on pg, it follows that

Ux __0(g) = 00 U(Te(X_p-a(h — 1)) = 0(gn) e (—w har) = 0(g11) (=917 gmw ™).

Computing the intertwining number is technically challenging, but follows easily once we
arrange the sum in an appropriate way. Note that if go; € p%, then (—gp'gom™) = 1
as ¢ is trivial on pg, and it follows that

Ux _,0(9) = 0(g11)0(—g17 g™ ) = 0(g11).
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Thus, to evaluate ¥ X__ 4001t suffices to consider its restriction to the following two subsets
of
= (BKqaN ZUTq) / Kaya.

S, ;:{geN|gHEz+p[ for some z € E* and go1 Epd+1.

S i={g€ N |gn €z +ypy for some = € E' and go1 € ph \ p}.

Note that N = 5; U S,. Thus we have

9(g11) if g c Sl,
0(g1) (=g lgnw™?) if g € S,.

Ux __40(9) = {

Thus the intertwining number I(Xnd,qjxiw7d,9) = dim@(HomB;cdm(Zqu)(and,\Ifxiwfdyg)) is
given by

1 -
T0ot: Ux__a0) = 137 > X (@)¥x___,0(9)

= T Z(q — 1)0(g11)0(g11) Z (911))0(g11) (=911 gzwo—9).

geS1 9652

For convenience, set

M = Z(q — 1)0(g911)0(g11)

geSL
My =Y (=0(g1))0(g11)¢ (=911 g9
geES?2
Then Mo+ M
1 2
Z(Xya, ¥x __40) = TN

We now evaluate the sums M; and Ms. For M; note that Z/(Z N K4yq) is a subgroup of N,
and is contained inside S7, and therefore using character orthogonality relations we have

M, = (q— 1)|51’ > 0.

We now proceed to compute M. Since 1 is unitary, ¢¥(—g; gaim™?) = ¥(g1 ga1w—4) and
therefore

My = (=0(91))0(911)¢ (911 g1 ™).

g€eSa
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d
Observe that for each g;; € 2z + p%k the sum

> dlgntgmm Ve = D vly).

gar1€pE\pht yee\{0}

Since Zyeew(y) =0, and ¥(0) = 1, we obtain that

> dlgntgnm Ve = —1.

d+1
921613%\13;r

Therefore,

My = " 0(g11)0(g11) > 0.

911

Since M; > 0, and My > 0, we obtain that Z > 0. Hence the representations Indg,cdand
and Sg(X_,-a,0) intertwine. Since Sy(X_-q,0) is irreducible and has the same degree as
Indg,cdand, we conclude that Indg,cdand is irreducible and isomorphic to S;(X_ -4, #), which
by Lemma 3.3.2 is isomorphic to Sg(X4-4,0), proving the theorem. |

Remark 4.3.2. We note that in the proof of Proposition 4.3.1, it was sufficient to show
that Z # 0. However, by explicitly computing the sums M;, My, and the cardinality of N,
one obtains the precise value Z = 1.

As a corollary, we obtain our main results of this section, and our first set of branching rules.

Corollary 4.3.3 (Branching rules for depth-zero supercuspidal representations). Let o be
a cuspidal representation of KC/Koy with central character 8. Then the decomposition into
irreducible KC-representations of the restrictions to K of the corresponding depth-zero super-
cuspidal representations of G are given by

Res,cc-lndga%a@ @ Su(Xp-a,0), Res,cc-lnd%an’é EB Siy(Xp-a,0).

de?ZZl de2ZZQ+1

We conclude by noting that the components occurring in the decomposition specified in
Corollary 4.3.3 have distinct depths and degrees. Even more, the origin of the representation
determines the parity of the depths of the irreducible constituents occurring in the restriction
to IC, for compact induction from K yields only even depth components, while compact
induction from K" yields only odd depth components. We also observe that if oy and o, are
cuspidal representations of K/Ky, with the same central character, then the corresponding
depth-zero supercuspidal representations of GG have isomorphic restrictions to IC, i.e.,

Resx c—Ind,Céol >~ Resg c—Ind,%ag and Resx c—Ind,Cé,, o] = Resg c—Ind%, ay.

It is also worth comparing this behaviour with that of depth-zero irreducible supercuspidal
representations of SLy(F) [Nev13]. In the case of SLy(F), each Mackey component Indjg, da”d
decomposes further into two irreducible pieces, whereas for our unitary group each such
component remains irreducible.



Chapter 5

Branching rules for positive-depth
supercuspidal representations of GG

In this chapter, we first construct all positive-depth irreducible supercuspidal representations
of G using the construction developed by Adler and Yu [AdI98, YuOl|, further refined by
Fintzen [Fin21la|, often referred to as the Adler-Fintzen—Yu method. This construction dates
back to Corwin [Cor91| and Howe [How77|. Since p > 2, this method yields all irreducible
supercuspidal representations of G [Fin21b, Theorem 8.1]. We also note that, under the
assumption that p is sufficiently large, the exhaustiveness of this construction was established
earlier in [Kim07, Theorem 19.1].

In §5.2, we restrict these representations to C and describe their decomposition in terms of
the irreducible representations of I constructed in Theorem 3.2.6 of Chapter 3. We prove
that the various irreducible components of each restriction have distinct depths and degrees.
In particular, the decompositions are multiplicity free.

In §5.3.3, we show that the higher-depth components occurring in the decomposition of
these representations, when restricted to K, are the same as those of the depth-zero irre-
ducible supercuspidal representations with the same central character. Moreover, we prove
that one can fix four depth-zero irreducible supercuspidal representations such that, up to
twisting by a character of G, the higher-depth components of any positive-depth irreducible
supercuspidal representation coincide with the higher-depth components, upon restriction
to IC, of a subset of these four depth-zero irreducible supercuspidal representations. This
answers [HV24, Question 1.2] for all smooth irreducible representations of G.

We conclude this chapter by showing that, given an irreducible supercuspidal representation
m of G of depth r > 0, the restriction of m to KCy,.., up to twist by a quasi-character of
G, decomposes into representations constructed using nilpotent elements of the Lie algebra
of G together with the central character 6 of the original representation. This yields a
decomposition in the Grothendieck group of representations, where the components consist
of copies of the trivial representation and certain fixed, highly reducible representations

56
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associated with nilpotent C-orbits in the Lie algebra of GG, thereby verifying the analogue
for G of [Nev24, Theorem 1.1|, which concerns SLy(F').

5.1 Construction of the representations

Our goal in this section is to provide an explicit parametrization of all positive-depth irre-
ducible supercuspidal representations of G.

Note that if X is a positive-depth quasi-character of G and 7y is an irreducible depth-zero
supercuspidal representation of G, then A ® 7y is an irreducible positive-depth supercuspidal
representation of GG. Since we have already computed the branching rules for all depth-zero
irreducible supercuspidal representations of G in Chapter 4, we now turn to the construction
of those positive-depth supercuspidal representations not arising in this way:.

We begin by recalling the Adler—Fintzen—Yu method for constructing positive-depth su-
percuspidal representations of connected reductive p-adic groups (together with the twist
introduced by Fintzen, Kaletha and Spice), specializing to the case of our unitary group G.
We first present the datum required for the construction and then briefly summarize the lat-
ter. There are various equivalent ways to present the datum; here we follow the formulation
of [Fin21a, FKS23].

5.1.1 Datum for the construction

The datum for constructing positive-depth supercuspidal representations of a general group
G is quite complex, but since our group G has rank one, it can be simplified as follows.

D1) An anisotropic torus 7 of G;

D2) The unique point y € B(T) C B(G);

(D1)

(D2)

(D3) A real number r > 0, and we set s := ;

(D4) A G-generic character ¢ of T of depth r relative to y;
)

(D4’) A quasi-character ¢’ of G that is either trivial or of depth r' > r.

For the remainder of this subsection, we briefly recall Yu’s datum for constructing positive-
depth supercuspidal representations as formulated in [Fin21a, §2.1|, and explain why, in our
setting, it reduces to the simplified form above.

(a) The general construction requires a sequence

G:G12G23G33"'3Gn+1
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of twisted Levi subgroups® of G that split over a tamely ramified extension of F, with
Z(Gry1)/Z(@G) anisotropic. Since G has rank one, the only possible sequences are
G DT orG2G DT, where T is an anisotropic torus. We shall see later (5.1.3) that
representations arising from the latter are simply twists (by quasi-characters of G as
in (D4’)) of those from the former, so it suffices to consider the sequence G O T, as in
(D1).

In the general setting, one requires a point y € HB"(G,11) C B°"(G) such that the
image of y in B"((Gpn11)der) 1S & vertex. Here A" denotes the enlarged Bruhat—Tits
building. For our group G, the center is compact, and so B (Gge) is the reduced
building #(G). Moreover, since T is compact its building (enlarged or reduced) is a
single point, which is thus a vertex of Z(T), justifying (D2).

The general datum requires a decreasing sequence of real numbers r; > ry > --+ >
r, > 0, depending on the length of the chain of twisted Levi subgroups. In our case,
the two possibilities are a single parameter r > 0, or a pair 7' > r > 0, corresponding
to the sequences noted in (a). So if the sequence is G O T, we have a quasi-character
¢ of T of depth r, and if the sequence is G O G D T, then in addition to ¢, we have a
quasi-character ¢’ of G of depth r’.

One also requires, for each 1 < i < n, a quasi-character ¢; of G, of depth r;, trivial
on (Git1)yr+- If G # Giy1, we also require ¢; to be G;-generic of depth r; relative
to y. In particular for our case, for either sequence, we need a quasi-character of T,
which we will denote by ¢, that is G-generic of depth r» > 0, which is the condition
(D4); and for the sequence G O G O T we additionally need a character ¢’ of G of
depth " > r, which is the optional condition (D4’).

Another ingredient is an irreducible representation o of (Gn41)p) that is trivial on
(Gnt1)y,0+ and is a cuspidal representation of

(Gn+1)y,0/(Gn+1)y,0+7

where [y] denotes the image of y in the reduced building A(G,.1). In our case,
(Gnt1)y = T, since B°(T) = #°YT) = {y}, and o is a cuspidal representation
of T /Tos. Since this group is abelian, ¢ is one-dimensional, and without loss of gener-
ality we may absorb it into ¢ by replacing ¢ with o ® ¢ [HMO08, Theorem 6.7].

The datum in particular defines a compact open subgroup K’ and a representation p thereof
such that c—Ind% p is an irreducible supercuspidal representation as we will summarize in the
next section. In our case, the inducing subgroup is simply K’ = G, ,T.

Remark 5.1.1. Fintzen-Kaletha—Spice [FKS23, Definition 4.1.10] introduced an additional
sign character ¢ of the inducing subgroup K’. However, in our case, since G,,y1 = 7 is just
a torus, ¢ is a sign character of G, T, trivial on G, ;To4. Since

GysT/GysTor = T/ Tos,

'For us the symbol D always denotes a proper subset inclusion.
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¢ is simply a depth-zero character of 7. As in (e), we may replace ¢ with € ® ¢. We note
that Yu’s original construction did not include ¢; this correction was introduced in [FKS23]
to make Yu’s proof work — his proof relied on a typo in a published reference. Fintzen also
showed in [Fin2la] that Yu’s original construction is valid even without e, and provided a
different proof of Yu’s main theorem. For our purposes, the presence or absence of ¢ does
not affect the outcome, though it is crucial in broader contexts such as the local Langlands
correspondence [Kal21] and character theory [Spil§|.

By a quadruple (7, y,r, ¢) we shall always mean one satisfying conditions (D1)—(D4). Note
that we have already classified all anisotropic tori 7 of G up to conjugacy in Proposi-
tion 2.2.11, with corresponding vertices y listed in Table 2.1. We have also provided a
description of G-generic characters of 7 in §2.3.3.2. Having assembled the necessary ingre-
dients, we now proceed with the construction.

5.1.2 The construction

Given a quadruple (7,y,r, ¢) as in Section 5.1.1, the idea of the construction is to extend
¢ to a uniquely determined depth r representation p = p(T,y,r,¢) of the compact open
subgroup G, T, whose compact induction to G is irreducible, and hence supercuspidal. It
proceeds as follows. Recall that we denoted by e the Moy—Prasad isomorphisms of abelian
groups

tor /ey — Tor/Tos,s Orst/Bzrt — Gusy/Gory

Since the character ¢ of T has depth r, its restriction to 7y, factors through Ty /7T,4. As
established in Section 2.3.3.2, every such character is represented by an element of t_,.; that

is, there exists Iy, = (g ZZ*\/E) € t_, C g such that
¢(t) = U(Tr (Cupe (1)) for all t € T, . (5.1.1)

Moreover, as explained in that section, the image of I, in t_, /t_ is uniquely determined
by this relation, and the genericity of ¢ forces v(vy,) = —r —y.

The element I' :=I',, , also defines a character ¥r of G, ;1 /G, 1 given by
Ur(g) = ¥(Tr(Ce ' (g))) forallge G,

Since ¢ and Wr agree on the intersection 7,4 of their domains, together they define a unique
character ¢ of G 47T, given by

~

P(gt) = Vr(g)9(t) (9 € Gysy, t€T). (5.1.2)

The following lemma is a summary of the consequences of the key technical step of Yu’s
construction applied to our case.
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Lemma 5.1.2. If T is ramified, or if T is unramified and r is odd, then Gy s = Gy . In
these two cases, p = ¢ is a one-dimensional representation of G, T of depth r.

If T is unramified and r is even, then there exists an irreducible representation p of Gy T
of dimension q such that p|a, . 1. is ¢-isotypic.
15 Wp-isotypic.

In all cases p|zr,, is ¢-isotypic, and plg, .,

Proof. When 7 is ramified, Remark 2.3.22 implies that r is an half-integer, hence G, s =
Gy.s+. Similarly, when 7 is unramified and r is odd, we have G, ; = G s4+. In both these
cases, we already have a description of p = & given by (5.1.2) and by the description of qAﬁ it
follows that p|;7. is ¢-isotypic, and p|g, ,, is Vp-isotypic.

If Gys+ # Gys, then we have a representation of G+ 7T C G, 7. By [YuOl, §11] é
can be used to define a symplectic F,-vector space structure on G, /G, s+ 7Ts such that
the conjugation action by the anisotropic torus 7 preserves the symplectic form. There is
a unique representation of G, , called the Heisenberg representation, whose restriction to
Gy.ss Ts is ¢-isotypic. Tts dimension is \/|Gy.s/Gy et To| (see [Fin21a, §2.5]). Since T acts by
symplectic automorphisms on the quotient, the Heisenberg representation of G, s extends
to a representation of G, ;7 on the same space, called the Heisenberg-Weil representation
(see [YuO1, §10]). The resulting representation remains ¢-isotypic when restricted to Gy s+ Ts-
We denote this representation by p. Since G, .+ € G, T € G, T; = G, 5, using group
isomorphism theorems we have

(Gt Gysi To] = [Gys: Gyt _ [Gy,s: Gy,s—l—]_
Gyt Tot Gy st (Ts: Tay]
Since s > 0, by properties of Moy-Prasad filtration subgroups, we have G, /G, =
Oy.s/0y.s+ and Tg/Tor = t5/ts4. Therefore
. 4
[Gy,s: Gy,8+7;] = % - Z_Q - q2’
and hence dim(p) = ¢. The remaining properties, namely that p|z7;, is ¢-isotypic and that
pla, .. is Wp-isotypic, are established in [Nev13, Lemma 3|. |

We write p = p(T,y,r, ¢) for the representation produced by Lemma 5.1.2. Then by [Fin21a,
Theorem 3.1| the compactly induced representation

T, = c—IndgyysTp
is an irreducible supercuspidal representation of G of depth r.
Now suppose our datum includes a character ¢’ of G of depth ' > r, as in (D4’). Then the

representation p' = p(T,y,r, ¢,1",¢') is just ¢’ ® p. Since ¢’ is a quasi-character of G, by
applying Lemma 2.3.4 we have

endS, A(§ @p) = ¢ ® (c-Indgyﬂ-p), (5.1.3)
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and therefore c—Indgy .7(¢'®p) is also an irreducible supercuspidal representation of G, this
time of depth 7. Hence the simplification in (D1).

Theorem 5.1.3. [Fin21b, Theorem 8.1] All positive-depth irreducible supercuspidal repre-
sentations of G have the form
A® C—Indgy TP

for some quasi-character X\ of G, where p = p(T,y,r,¢) for a choice of datum; or A ®
T, where X\ is a positive-depth quasi-character of G, and m is a depth-zero supercuspidal
representation of G.

We denote the simplified datum (7, y, r, ¢) arising from (D1)—(D4) by 3. When (D4’) is also
included, we denote the extended datum (7 ,y,r, ¢,r’,¢') by X'

A natural question is: if we tensor p (or 7,) by a quasi-character of G of depth r’ > r, then it
is the representation arising from the datum (7, y,r, ¢,r’, ¢'), but what happens if we tensor
by a quasi-character of G' of depth < r? How does it arise from a datum?

Lemma 5.1.4. Let p = p(T,y,r, ¢), let %\v be a quasi-character of G of depth < r, and let 5
be a character of T such that ¢ = A|r ® ¢ . Then

1. 5 1s a G-generic character of T of depth r; and

2. if p:=p(T,y,r,¢), then with s = § we have

c—IndgyvsTﬁ = A® <c—IndgyysT p) .

Proof. We leverage the work of Hakim and Murnaghan [HMO08|, who showed when two data
produce equivalent representations. Let ¢ be a quasi-character of G of depth r; > r. Then

Z/ = (T7 y,r, (ba 71, ¢G>
is a well-defined input for the construction of a supercuspidal representation. Consequently,

by (5.1.3
y (5.1.3), .
¢ @ c-Indg, 7 p

is an irreducible supercuspidal representation of G of depth 71, where p = p(T,y,r, ¢).

To prove the lemma, consider
2 = (Ta Yy, 7, gfga 1, )‘qu)

To verify that it is a valid input, we have to prove that (Z is a G-generic quasi-character of
T of depth r. To do so, we prove that X is a refactorization of ¥’ in the sense of [HMOS,
Definition 4.19]. To verify that 3. is a refactorization of X', we must check conditions (F0),
(F1), and (F2) of Definition 4.19 in [HMO8|, which in our setting reduce to the following two
conditions:
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(FO) If gbG = ]l, then /\QZ)G = 1.

(F1) 6|7, = (6A V|7, and (Aé6)la,., = dcla,.,-

Condition (FO0) is vacuously satisfied because ¢ has depth r; > 0 and is therefore nontrivial.
For (F1), note that ¢ = |7 ® ¢, so the first equality holds immediately. Moreover, since A
has depth < r, it is trivial on G ,, which implies the second equality as well.

In [HMOS8, Proposition 4.24], Hakim and Murnaghan prove that if Y is a refactorization of
Y7, then X is also a well-defined input, and the representations

p(¥) :=dcle, . 7®p and  p(X):= (Adc)la,. 7@ P

are equivalent. As a consequence, we obtain an isomorphism
bc ® (C‘Indgy,sr P) = (Adg) ® (C‘Iﬂdgy,sT 5) )
of supercuspidal representations. Finally, canceling ¢ on both sides yields
c—IndgyysTP = A® (c—Indng ﬁ) : i

Remark 5.1.5. In the proof of the preceding lemma, we used a simplified form of the three
conditions defining refactorization from [HMOS8, Definition 4.19|. In Appendix A.2, we justify
why those three conditions reduce to the two that we verified.

We can now give a further simplification to our data, one that will be crucial in Section 5.3.

Proposition 5.1.6. Let p = p(T,y,7,¢), and set s := 5. Then there exists a quasi-character
A of G such that

c-IndgyysTp = A® c-IndgyysTﬁ,

where p = p(T,y,r, @) is chosen so that c—Indgy P 1s an irreducible supercuspidal repre-
sentation of depth r with depth-zero central character.

Proof. Let 6 denote the central character of c—IndgyysTp and let 0 denote the non-trivial
quadratic character of E'. Since Z C T, 0 coincides with the restriction to Z of the character
¢. By Lemma 2.3.18, ¢ has depth zero and we may write § = §*u? for some k € {0,1} and
some quasi-character p of E'. Consider the character u o det of G. Since c—Indgy .7 p has
depth r, its central character 6 has depth at most . Note that p o det has same aepth as
that of 8. Thus p o det is a quasi-character of G of depth < r.

Define
¢ = (utodet) ® ¢.
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Then ¢'|7 is 0%, and we may write ¢ = (1o det) ® ¢'. Applying Lemma 5.1.4 yields that ¢’
is a G-generic character of T of depth r, and

c—Indgy’sT,o > (podet) ® c—Indngﬁ

where p = p(T,y,7,¢'). Since ¢'| is 6%, it follows that the central character of c—Indngﬁ
is 0%, which has depth zero for either value of k. This completes the proof. |

The following is a direct consequence of Theorem 5.1.3 and Proposition 5.1.6. This corollary
will be used in §5.3.

Corollary 5.1.7. Every irreducible supercuspidal representation m of G of depth v > 0 can
be expressed as
TEANQT,

where A is a quasi-character of G and 7' is an irreducible supercuspidal representation of G
of depth r whose central character is either 1 or .

5.2 Restriction to K

By Theorem 5.1.3, we know that the positive-depth supercuspidal representations of G' have
the form
A® c—Indgy TP

for some quasi-character A\ of G, or A ® my, where A is a positive-depth quasi-character of
G, and 7y is a depth-zero supercuspidal representation of G. Since the decomposition of
depth-zero representations of G was already described in §4.2, and for a quasi-character A
of G

Resy ()\ ® C—Indgyﬂ-p> >~ A ® Resg (c—Indgy’sTp> ,

it suffices to describe the branching for 7, = c—Indgy 7P, where p = p(T,y,r,¢). In this
section, we do not need to assume that the depth of the central character of 7, is zero.

By Mackey theory we have

G ~ K g
Resg m, = @ c-Indignq, 70 P7-
9eER\G/Gy,sT

For each double coset representative g € K\G/G, T, the depth of the Mackey component
c-Indirg, .0 P

depends on T (via the associated point y), on g, and on r. We denote this depth by
d=4d(T,g,r).
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Theorem 5.2.1. For each double coset representative g € K\G/G, T, the corresponding

Mackey component

K
c-Indicr g, ,7)0 P

s an irreducible representation of K.

The proof of Theorem 5.2.1 proceeds in several steps. In §5.2.1 we give an explicit description
of double coset representatives for the space K\G/G, 7. Using these, we compute the
degrees of the corresponding Mackey components in §5.2.2. Finally, in §5.2.3, we show that
these Mackey components intertwine with the irreducible representations of the same degree
constructed in Theorem 3.2.6, thereby establishing their irreducibility.

5.2.1 Double coset representatives

Our goal in this section is to explicitly compute a set of double coset representatives for the
double coset space

K\G/G,ysT

for each of the anisotropic tori listed in Table 2.2.3.1, together with their corresponding point
y and s > 0. Note that, except for 7,-1 4, all such tori are contained in K. In contrast, the
torus 71 o = 77" lies inside the conjugate subgroup K", where n = (é g) . By Lemma 2.2.5
a set of representatives for C\G/K (and likewise for K"\G/K") is

(v (0 2)] 20

When 7 C K, we also have G, ;7 C K; and for the torus corresponding to y = 1, we have
T = 7'17’71 C Gy,STf?l C K. In both situations, applying Lemma 2.2.9 shows that each double
coset in C\G/T G, s has a representative of the form oS, with ¢ > 0 and § a representative
of

(KNKNK/G, T or  (K"0 (KM NK"/G,..T,

respectively. Therefore, we begin by computing sets of double coset representatives for these
latter double coset spaces.

2t 2t

Note that a~* = w'In~2, therefore KN K = KNKT ™ = (KN K7™ )™,
By Lemma 4.2.1, (XN IC”Qt) = BKy and by Lemma 4.2.2 we have (BIC%)"% = BPLCy,.
Hence

KNKY" = BPKy,. (5.2.1)

Since B®* C KNK> " and T C Gy.sT, each double coset is a union of smaller double cosets,

namely,
t

(KNK* )\K/G,sT is a union of double cosets from B\ /T.
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Similarly, as 7 and o~ commute, we have (B°?)7 C K7 N (K")* " and T C (GosTin)" =
Gy.sT. Thus

(K" N (K" \K"/G,.T is a union of double cosets from (BP)YNK" /T,
Proposition 5.2.2. Let T be one of the tori listed in Table 2.2.5.1, with T C K. Then

K- BoPT, if T ="T
| BPTUBPWT, if T is ramified

where w = (94). Similarly, K" = (B°)"(T11)".

Proof. Assume that 7., ,, C K. In Lemma 2.2.6 we saw that

o 1)60)

is a set of coset representatives for the right coset space B°P\KC. In order to find a set of
coset representatives for the double coset space BP\K /T, ,, we consider the elements listed
in (5.2.2) and check which of them give rise to distinct double cosets.

u € \epp,v € \/EOF} (5.2.2)

We claim that for u € \/epr and v € /eO}., the representatives ((1) 7;) and <11} (1]) belong

to the identity double coset, and if v € \/epp, then (U lies in the double coset space

1
10
BPwT.
Indeed, first assume that u € \/epp. Then (1 — u?y;'y,) € OF. Choose a € O} such that

aa@ = 1 —u?y; 'y,. Note that such a choice of @ is possible because the norm map Ng /F Maps
O} surjectively onto Oj. We then have

1 u a 0 a! ua "yt op
(0 1) - <—6‘1u’yll’yg 6‘1) (ua_lfyll% a! € B*T.

Now let v € /eOF. Then (7, 'y, — v?) € OF. Choose a € OF such that aa = 7, 'y, — v%.
We then have

v 1 a 0 atv a*17f171 op
(1 0) B (—Elvvflw 61) (alvflvg a tv € BT
Finally, let v € \/epr. Then 1 — 79, 'v? € OF. Choose a € OF such that a@ = 1 — vy, 'v?.
We then have

v 1\ a 0 0 1 a! (aryz) oy op
(1 0) - (—6_11)7172_1 6‘1) (1 0) ((cwg)lv% a ! € BwT.

It remains to show that when 7 is unramified, then w belongs to the identity double coset;
and when 7T is ramified, then B®T # B°°w7T. Indeed, from direct computation one can
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show that w € B°PT if and only if there exists some a € O} such that aa@ = v, 'v,. Since
Ng/r maps OF; surjectively onto O, such a choice of a is possible exactly when ~;° Ly, € O,
and this happens only when 7 is unramified.

Finally, since the groups B°?, KC, and 7;; are conjugated simultaneously, the map z
nzn~" induces a bijection between the double coset spaces BP\KC/T11 and (B®)"\K"/T/";.
Therefore, K = (B?)"(T11)". i

Lemma 5.2.3. Let T be one of the tori listed in Table 2.2.3.1 with T C K and let y =
A(G,T). Then

_J(KNK)G, T, if T ="Ti.
(KNK G, TUKNK YwG, T, if T is ramified.

Similarly, K" = (K" N (/C")a_t)Gy,sT if T = 7?,71'

Proof. As noted earlier (K NK* NK/G, T (resp. (KN (KM )N\K"/G,T) is a union
of double cosets from BP\K/T  (resp. (B°®)"\K"/T/";). When T is unramified, by Propo-
sition 5.2.2 we have K = BT  (resp. K" = (B°)"T/";) , from which we conclude that,
when 7 =Ty 1, K= (KNK*")G,,T, and, when T = T/}, K" = (K" N (K")* )G, T

It remains to show that I and w represent distinct double cosets of K N K \K/G, T

when 7T is ramified. Let 7 be a ramified torus with corresponding point y = % Since

(KN K" = BPKy (5.2.1), we have (K NK* )G, T C B®KyG,T. Since the (1,1)-

entry of any element of B?KyG, 7 will always be an element of O, we deduce that

w e (KN lCo‘ft)Gy,sT C B®KyG, T, and hence I and w must represent distinct double
cosets. |

Theorem 5.2.4. A set of representatives for the double coset space K\G/T G, is given by

M(T) = {a ]t >0} if T is unramified
" {I,af,atw |t >0} if T is ramified

—t
¢ (w 0 (0 1
where « —( 0 wt),(de—(l 0).

5.2.2 The degree of the Mackey components

For each g € M(T), we now compute the degrees of the corresponding Mackey component

K
Indina,, . 1)o0”-

Recall that for r > 0 and s = 7, the representation p = p(7T,y,7, ¢) of G, ;T is an irreducible
representation of depth r that has degree 1 when G, s = G 5+, and degree g otherwise. Thus,
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for all g € M(T), the degree of the corresponding Mackey component is

deg <Ind§m(Gy’ST)gpg> =deg(p) [K: KN (GyT)].

Thus, the computation reduces to evaluating the index [IC : KN (G, sT)Y] for each g € M(T).
Proposition 5.2.5. Let g € M(T). Then KN (G, T)? = (KNGY)KNTY).

Proof. Since G, < G, and T C G, the torus 7 normalizes G, . In particular, I N 7Y
normalizes K N GY .. Hence the product (K NGY )(K NT7) is a subgroup of K.

Consider first the case g = . If t = 0, then g = I. Since for all s > 0 we have G, C K,
we have (KNG, T) =G, (KNT), and there is nothing to prove. Assume ¢ > 0, and write
k=hueG,,T withhe Gy, and u e T. Then

k= hu € GO T

Explicitly,
gt — hiyury + higug (hy1uis + higuge )2
(horui + h22U21)w’2t ha1uia 4 hagtigg '

For k" to lie in K, the following conditions must be satisfied. Since t > 0, the (2,1) entry
lies in pg; hence, by Lemma 2.2.4, the (1,1) and (2,2) entries must lie in OF, and the (1, 2)
entry must lie in Op.

Since hy € po“” Cpr and hoy € 1+ pol solving the condition on the (2,2) entry of ko
gives ug € Of.

Next, consider the (1,2) entry of hu. Since hiy,u € OF,

v(hiyuis + hisus) > min{v(uis), v(hia)}.

If v(uja) # v(hia), then in order to have k* € K it is necessary that v(ugg), v(hia) > 2t.
This implies that both A% and u®" lie in K whenever k¥ € K. Thus we have the desired
factorization in this case.

On the other hand, if v(hjs) = v(uiz) > [s — y], more care is required. Since u € T, we
have ©;; = ugy and uy; = ulﬂfl%. Moreover,

U111 + U12U_1271_1’Y2 =1 = upuzr=1 (mod pifs_“).

Since for all n > 1 the norm map Ng/p: 1 + p% — 1+ p} is surjective when E/F is a

unramified quadratic extension, there exists ¢ € 1 + }JQE[S_y1 with Ng/p(u11) = Ng/r(c). As

NE/F(uHcfl) =1, ujic !t € E'. Therefore, we can factor

-1 -1
U1t U2\ C ClUqq U2 ui1c 0 cG. .7
—1 - —1 —1 —1 Y,84 .
U2y Y2 Un ClUyy U127Y] V2 c 0 uiic
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Thus u = hz for some h € Gys and z € Z. Hence k = hhz = hz with h € G,s. Since
2 =z e K, k' € K if and only if h" € K. This yields the desired factorization.

The case g = a'w is analogous, replacing G, , with G} and [s — y] with [s +y]. |

Let T = T, 4, and take {y} = A(G,T) as in Table 2.2.3.1. Before proceeding, for each
g € M(T) and s > 0, we describe explicitly the subgroups X N7T9 and K N GY ;.

For g € M(T), we define

2t —y if g = olw
d(g) = L,
2t+y if g =’

Let k € K. Then k € 7Y if and only if g7'kg € T. A direct computation shows that

( a b
beOp NG if g=af,
{(bvflwﬁ“ a) ¢ E} ng=a

KNTY = (5.2.3)
b
{ <57 Viw‘“ a> a,b € (’)E} NG if g=a'w.
\ /2

Similarly, k € GY , if and only if g~'kg € Gy ,, and we have

5] [s—6(g)] [s] M
L+pp P 1+p p
KNGy, =Kn [+8(9)] 1E [s] = Ta+o(0)] 1 Palpnk (5.2.4)
PE +PE Pr tPe

where M = max{0, [s —d(g)]}.

Lemma 5.2.6. Let g be o' (t € Zsg) or a'w (t € Zsg), and let {y} = A(G,T). Then for
t>0 ory+#0, we have (KNTY) =Z(KNTy,).

Proof. Since y is the point associated to T, 7o =T N Gy o+. Explicitly, we have

4
L T TS}
pe  1+pe
1
Tor = +2pE Or NT ify=1,
PE I+pe
L+pe Op NnNT ify:%.
\ PE 1+pE
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The computations required for the proof of this lemma are similar to those of (5.2.3). Let
k= (2%); then k € 7§, if and only if g~ 'kg € To;. Suppose first that ¢ = o'. Then
atkat = ( @, bw%) and we see that

cto d

ot a b
K0Ty = {<b7f172w4t a) |a € 1+pE7be(9E}mG.

Similarly, when ¢ = a'w, we have y = % and t > 0, therefore
atw a b
KNTa™ = T la€l+pp,be O NG.

a b

Now let h = (byflww‘“ a) € KNT. Then by, '@ € pp, and aa + bty = 1.

It follows that a@ € 1+pp. Since Ng/p: 1+pg — 1+pp is surjective, there exists c € 1+pp
such that Ng p(a) = Ng/p(c), and we have the decomposition

a b ac’t 0 & cath ot
(b%—lvgw‘“ a) o ( 0 acl> (calbvflfygw‘“ c ) € Z(KNT%)-

a b t
- € KNT*Y, we have by;v, 'w* € pp, aa € 1 + pp,
byivy ot a) V172 br Pr

a b ac™t 0 c ca™'b atw
(bvw{lw‘“ a) _( 0 acl) (calb%%—lw‘lt c )EZ(’Cﬂ ot )y

as was required. |

Proposition 5.2.7. Let p = p(T,y,7,¢) and let g € M(T). Then

Similarly, when h = (

and

K )@= when t = 0 and y = 0,
deg <Ind1cﬁ(Gy,s7’)9pg> - {(qz . 1)qd—1 otherwise

where d =1+ (g).

Proof. We want to compute the index [K : KN (G, ;7). By Proposition 5.2.5, this equals
[K: (KN Gy )(KNTY). From the description of these intersections (5.2.4), Gy a1 is
contained in (KX NGY)(KNT?) and therefore in . Hence

K Gy,s+2t+1] _
[(KNGYs)(KNT9): Gy aras]

K: (KNG )KNTY)] =

We also have Gy o001 € (KNGY,) € (KNGY)(KNTY), so by the third isomorphism
theorem for groups we have

(KNG )KNT): Gysior]
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—[(KNGI)KNT): KNGLIKNGE,: Gyororan].

Since (KN T7) normalizes (KN GY ), the second isomorphism theorem yields

(KNTHKNGE): KNG J=[(KNT): (KNT)Nn(KNGY )]

(KNT9): (KNT NG )]

Hence,

[K: Gy stori1]

[K: (KNG )KNTY)] = (KNT9): (KNToNGI)(KNGYs): Gysrarra]

We next compute these indices explicitly. Since Gy 51941 € Koy € K, the third isomorphism
theorem gives

[K: Gyspoa] =[K: Kot][Kot: Gyssaa] =[ UL 1)(F) | [Koy: Gyssaeqal-

The index [Koi: Gysiort1] equals the index of the corresponding Op-modules in the Lie

algebra, which is

(Kot : Gystar] = q2(8+2ﬂq(‘9+2t_ywq(s'*‘?tﬂﬂ’

SO
K: Gysiorir] = qlg—1)(g+1)2 g2 T2 glst2vlglst2tul — (g 1) (g +1)2g?Ts T80 glsvlglsul,

From (5.2.4), the quotient (K N GY Ko+ N GY ) is a unipotent subgroup of /Ky, and
y?s y78
therefore is in bijection with the corresponding Op-module in the Lie algebra. This allows
us to compute
[(K: N vas) . Gy,s+2t+1] :q2(]'s+2t+1‘\—]'s'\)q]'s+2t+1—y‘\—Mq]—s+2t+1+y‘\—]—8—0—5(9)]

— B M=Ts+3(9)] o [s=y] o [s+]
where M = max{0, [s — d(g)]}

When t = 0 and y = 0, let T(f) = 7 /7o, which is an anisotropic torus over f. We then have
(KNT9: (KNTNGI )] =[T: T)=|TH) | [Ti: Ts] = (¢ + 1)?¢*"*172. Hence

q—1)(g+ 1)*¢**1+!
q*(q + 1)%¢?Is1-2

C: (0 (TGy)2)) = (o= 1)@t

Since deg(p) = ¢ exactly when r = 2[s], and deg(p) = 1 when r = 2[s] — 1, the total degree
is (¢ — 1)¢*1*"'deg(p) = (¢ — 1)g".

In all other cases, that is, when ¢ > 0 or y # 0, since T NGy s = T, we have T9NGY . =T7.
Therefore,

[(KNT?): (KNT!NGH )] = [(KNT?): (KNTY)] = [(KNT?): (KNTE)IKN TG, ) (KNT2)).
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By Lemma 5.2.6, [(KNTY): (KNT&)] = [Z: Zoi] = [E': (1+pg)NE'], which equals g+ 1
by Proposition 2.1.1. The second factor is again the index of the corresponding Op-module
in the Lie algebra, which is ¢/*1=*¢™. Hence

deg (Indllgm(Gy,sT)g pg> — (g% — 1)g 0012400 ).

When r is an even integer, deg(p) = ¢, and 0(g) is an integer, so the expression simplifies to
(¢* — 1)@?1790)=2g = (¢> — 1)¢?!. Otherwise, we have deg(p) = 1, and either 7 is an odd
integer and y is an integer, or else r and y are half-integers. In either case, [s]|+[s+0(g)| =
25 +6(g) — 1, and we again obtain (¢* — 1)¢?~?, as desired. i

5.2.3 Proof of the main theorem

In this section, we present the proof of Theorem 5.2.1. That is, given p = p(T,y,r, ¢), we
show that for each double coset representative g € K\G/G, T, the Mackey component

K
Ind(Gy,sT)gﬁleg

is an irreducible representation of . By Proposition 5.2.5, we have

K K
Ind(cy,sT)gchg = Ind(/cm)(zmcg,s)/)ga

so it suffices to prove the irreducibility of the right-hand side.
As established in Theorem 5.2.4, the double coset space K\G/G, T admits a set M(T)
of representatives consisting of elements of the form o' with ¢ € Zso and possibly o'w

with ¢t € Z-y. Moreover, Proposition 5.2.7 gives the degree of the Mackey component
corresponding to each g € M(T).

We divide the proof of this theorem into two cases: the first case, t = y = 0, is straightfor-
ward.

Lemma 5.2.8. Let p = p(T,0,7,¢) and lett = 0. Then the Mackey component Indﬁm(GO’sT)p =

Ind’é0 7P 15 an irreducible representation of K.

Proof. Note that Go,7 C K, and therefore £ N Gy, T = Go,T. Since c—Inng’sTp is

irreducible, Indg ,.7p must be irreducible by transitivity of induction. But we prefer to offer
a direct proof. To prove the irreducibility we need to show

dimg¢ (Hom;g(lndgo,sfrp, Indgo,s’fp)> = 1.

By Frobenius reciprocity and the Mackey decomposition theorem,

Homy <Indgojsfrp, Indgo’sTp) = @ HomGoﬁsTQ(GoysT)h(ph,p).
heGo,sT\K/Go,sT
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It remains to show that if Hom g, 7rq,, 7 (0", p) # 0, then h € Go,T. Indeed, if h
intertwines p on Go T N (GoT)", it also intertwines p upon restriction to G ¢ N G&S. By
[Fin21a, Lemma 3.4|, this implies h € G sT G s. Since T normalizes Gy s, we conclude that
heTGys = GosT, as required. i

Since we have already handled the case t = y = 0, we shall, from this point onward,
assume that ¢ > 0 or y # 0. Our strategy for this case is to construct an irreducible
representation of the form Sy(X, () (Lemma 5.2.10), as in Theorem 3.2.6, having the same
degree as the corresponding Mackey component, and to show that they intertwine, thereby
deducing irreducibility (Proposition 5.2.11).

To compare with the Mackey component attached to g, it is enough to find X and ¢ such
that

Homy (Ind§(x) 2 Vxs I ro e pg> £0.

Applying Frobenius reciprocity and the Mackey decomposition theorem, this homomorphism
space decomposes as

@ Hom(mﬁ)(KmGi,s)ﬂ(T(X)Jd)h (‘1’1)16,0 Pg) :
he(KNT9) (KNGS I\K/T(X) T4

The summand corresponding to h =1 is

Hom xn7oyxcnag. nrx)g. (P x.c 07) (5.2.5)

and the non-vanishing of this term is precisely the condition we will verify. This will show
that Sy(X, () is a subrepresentation of the Mackey component, and hence the irreducibility
will follow once we confirm that their degrees coincide.

Lemma 5.2.9. Let p = p(T,y,r,¢) and let g € M(T). Then the restriction of p? to the
subgroup K NTY is ¢p9-isotypic.

Proof. By Lemma 5.2.6, we have KN TY = Z(K N 7y,.). Moreover, by Lemma 5.1.2, the
restriction of p to Z7y, is ¢-isotypic. Conjugating by g, it follows that the restriction of pY
to K NTY is ¢p9-isotypic, as claimed. |

By Lemma 5.2.9, the representation p? is ¢?-isotypic on X N7TY. Moreover, by Lemma 5.2.6,
the restriction of p to G, s+ is Wp-isotypic, where I' € t_, realizes ¢ on T,y /7,+. Consequently,
the restriction of p? to K N Gy ., is Wpe-isotypic. Since the centralizer of I' in G is T, it
follows that the centralizer T(I'Y) of I'Y in K is K N TY. Recalling that T'(X) denotes the
centralizer of X in /C, these observations naturally suggest taking X = 'Y and ( = ¢9. These
choices will be justified in the next lemma and in Proposition 5.2.11.



5.2. RESTRICTION TO K 73

Lemma 5.2.10. Let p = p(T,y,r,¢) and let I € t_,. be an element realizing ¢ on Ty [Ty .
Then, for every g € M(T) satisfying our standing assumption that t > 0 or y # 0, the
element I'Y lies in go_q and has the form

2\€ uy/e

N
with z,u,v € F satisfying v(2),v(v) > v(u) = —d. Moreover, ¢9 and VYrs agree on the
intersection T(I'9) N Jy.

Proof. Let T =T, ,,. Then by the genericity of ¢ we know that

- (e ) e

with z € p}_ﬂ and v(uy;) = —r — y. Recall that elements of M(T) are of the form o' with
t € Z>q and possibly o'w with t € Z-g. A direct computation yields

Fozt _ Z\/E u’yl’w_%\/E d Fatw _ Z\/E U’YQ’W_%\/E
T \upEte  a/e - T \umwtVe a0
Moreover,
W e) = —r —y =2 = —(r +b(a")) = —d,
and
v(uyew e )= —r—14+1-2t=~(r+2t—y)=—(r+4(g)) = —d,
1

Since d > r when ¢t > 0
2t

where, in the latter case, (71,72) € {(1,w), (1, '@w)} and y = 3.
or y # 0, we conclude that in both cases the valuations of z, uy,w?, uy,@
greater than —d. Thus Wy is a character of 7.

are strictly

It remains to show that ¢9 and Ur, agree on T(I'Y) N Jy.

If t >0 ory+#0, then §(g) > 0 and the subgroup J; is given by

Lyt et
jd: s+5€g)+1 E s 9) NG.
pE 2 1+pE 2

This subgroup lies in G, 5. Since T(I') = KNTY and J; C Gy s+, we have (KNT9)NT; C
KNTZ. Since ¢9 is realized by I'Y on K N T2, the two characters agree on the intersection

(KNT)NTq . |

By Theorem 3.2.6, there exists an irreducible representation of U constructed from the data
in Lemma 5.2.10, given by

Sy(I9, ¢9) = Ind’f,m) 7, YT 9, (5.2.6)

which has depth d and degree (¢* — 1)¢¢L.
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Proposition 5.2.11. Let p = p(T,y,r,¢) and let I' € t_,. be an element realizing ¢ on
Tsi/Trs. Then for all g € M(T) that satisfy our assumptiont > 0 ory # 0, we have

Indicng,,,mep? = Sa(l?, ¢7).

Proof. For g € M(T), our goal is to show that the representation
Sa(T9, ¢%) := Indficr7ey 7, Pro.g0 (5.2.7)
intertwines with the Mackey component

K K
c-Indicrg, ;700" = Ind(iengy gerra) P’ (5.2.8)

As discussed before Lemma 5.2.10, it suffices to prove that

Hom xnroy(knag.  ynicn o)z, (Yo g, p7) (5.2.9)

is non-zero. The subgroup on which we compare the two representations is
(K AT N GL)) N (N T)Ta) = (KN TGN o)

IfGy s = Gysp, we have G NJy C Gy . Therefore, for an element tu € (KNT7)(GY ,NTa),

with £ € KNTY and u € GJ ;N Jy, we obtain
p(tu) = ¢ () Wi (u) = ¢7() Wro (1) = Vo ro (tu).

Hence (5.2.7) and (5.2.8) intertwine. This establishes the isomorphism in the case G, =
Gy s+, which occurs either when 7 is ramified or when 7 is unramified and r is odd.

We now consider the case when G, ; # G, s+, that is, when 7 is unramified and r is even.
Note that in this case the double coset representative is just af. The subgroup G;‘; NJy is
then given by

d d Y y
51 51 s+t+[5] s+t+[5]
ijtsﬂjd: L+pg %) n NG = L+pg Pe . nG.
’ s 5 5+2 S 2
pE+2t+y 1+ pE2 pE+ t+y 1+ Py 2

This subgroup is clearly not contained in

1+ps+1 ps+1—2t—y
Gats _ ( ; E E , NG,
y,s+ pE+1+2t+y 1+ pE-‘rl

since the (2, 1)-entry of G‘;fs . lies in p3, """ whereas the (2, 1)-entry of GZ‘; N Ja lies in
pi Y and pitY & pS YT Hence the simpler argument above does not apply. In this

case, the proof is a bit convoluted and proceeds as follows.

The first point to note is that although I' is uniquely determined by ¢ in t_,. only modulo
t_s, the restriction of Uy to the subgroup Gz‘; NJ4 depends on the choice of I' modulo t_,;.
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In what follows, we show that for all distinct choices of I' modulo t_;;, the representation
Wat yot intertwines with p® on (KN 'To‘t)(GZ‘; N Ta)-

Since p has depth r, p | (G074 factors through the group Gy ++ N Ja, which is given as
follows. Set A = max{r + 1,s +t + [4]},B = max{r + 1 — d(a'),s +t + [%4]}, and

C=[r+1+4d(")]. Then
L+ps  pE
yr—i-mjd—{( p% 1+Pé NG.

Since 2(s +t+ [5]) > r +1 and 2(s+t+1) > r+ 1+ 2t+y, we obtain that the quotient
group H = (GZ; N Ja)/ (G yT+ N Ju) is abelian and finite. As H is abelian and finite,
and deg(pat) = ¢, the representation p® decomposes as a direct sum of ¢ characters upon
restriction to H. The distinct characters of H are given by Wy, where Y is an element of
the dual lattice quotient H , which is given by

~ €T Y4/ € 1 f 1+1
H = {(z\/E _\/f_> T e PEAH/PE Z/ € PFGH/PF oot 2z epp”t pp } :
Thus we have
ReSGngdepa — @ \IIY; (5210)
el

for some Y; € H. Since p®" restricted to N T is ¢ -isotypic, we obtain that

Ott ~/ Ozt ~y
P lierretyn@stngy = 9" lnretnegtngyld = @D Uyl genretyniagtngs (5.2.11)
iel
Therefore for all ¢ € I we have

o =Wy, (5.2.12)

on (KNT)N(GY,NTa), and it follows that
Res ety agt gy = ED Yy, ot (5.2.13)

iel

Since p®' is VU ..-isotypic upon restriction to G ., the characters Py, and Ups must agree

Usst
on G;; + N Jq. Next we compute the form of the elements of H that satisfy this con-

... L 14+a b at at U,\/E U\/Ew_%’)/l
dition. Let h := < . 1—|—d> € Gy NJa, I'™ = (v\/gw%’yz uy/€ and
yve

- <zf/€ -7

Y € H. Then we have

Uy (h) = Y(az + cyy/e + bzy/e — dT)

and

Upat (h) = Y(auv/e + coy/em 'y, + buy/em® vy, + duy/e).
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d d
For these characters to agree, we must have, for all a € p[b?], be pL?], and ¢ € prH1to@),

Y (a(z —uve)) =1,
W (c(yve — vv/emw™y)) =
¥ (b(z/e — vy/em®y)) =

These equalities respectively imply that

_rd
T =uve (mod pEuH)

y=vm 2y, (mod py’
(%]H)

6(at))

z=vw?y,  (mod p,

Thus we see that the elements of H that satisfy the required conditions have the form
0 \few 9" ot
v(g) =5 (0 V¢ T
0 0
d"+1

for some 3 € Op. Since the (2, 1)-entry of Y(5) is only modulo p;b
convenient coset representative as follows.

, we may pick a more

Set

0 €fro o2y ot
Y’(ﬁ)z (ﬁﬂwsy“t%_l% Ve 0 1N + e,

Then we have Y'() = fgt where

= uy/e (v 4 fo ¥y /e
Ty = . .
’ ((v + BV ) ey/e uy/e € tr C oy

and fgt € @14y, —r- Note that Y(8) and fgt represent the same coset in gosty /@214y, —s+-
By the argument above, for each Wy, that occurs in the decomposition (5.2.10), we have
Y, =Y(5) = th for some 5 € Of. Note that I's € t; therefore, by (3.2.2), I' and I's have

the same centralizer. Consequently, the centralizer of Y; = f% in Kis KN7T*. Since
(KNT)N (G, NTa) = (KNT)N T,

and, for all 7 € I, we have ¥y, = ¢ on this intersection, it follows that Uy gat 15 a well-
defined character of (K N7T%)J;. By Theorem 3.2.6, we obtain that

K
Indgerat) 7, Vi got (5.2.14)

is an irreducible representation of K of depth d and degree (¢? — 1)¢%~!. Since Wy, occurs in
the decomposition (5.2.10), we obtain that

t

K K o
HomK(Ind )Jd\IJYi#ﬁat , Ind(,mTat)(KmGgfs)p )

(knTet
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1%

h at
@ Hom 7ot Y(KNGg!)N((KNT o) T (\ij'i’qsat7p ) # 0.
he(KNT") (KNGS I\K/(KNT ") Ty

Since (5.2.14) is an irreducible representation of K, and both (5.2.14) and (5.2.8) have the
same degree, we obtain that (5.2.8) is an irreducible representation of K. Note that at this
point we have shown that the Mackey component (5.2.8) is irreducible. It remains to prove
the isomorphism stated in the proposition, that is, we may take I',¢ in place of Y;.

Since both representations (5.2.14) and (5.2.8) are irreducible, it follows that

at

Homy (Ind” U

(KNT ) Ty Yispots Indy,

~—

(KnTet)(KnGe?, )p
t

I

= Hom(mTa )(KnGstn((knTe )Jd)(\:[j Y02t p*)=C.

As the restriction of p® to (lCﬂ’T“t)(lCﬂGgfs) N((KNT)Ty) is given by (5.2.13), we obtain

Hom ety (cnagt n(enmety g (P, get s Bier Wy, gt ) = C.
Thus all the characters Wy, occurring in the decomposition (5.2.10) must be distinct. We
conclude that ResGat s = @Bequfat. Since Y(0) = I'*', we see that p* and ot

intertwine on GO‘ N Jq as was required. [ |

Having established both the irreducibility of these representations and their precise descrip-
tion, we may now state our main theorem, that gives the explicit branching rules for these
positive-depth supercuspidal representations.

Theorem 5.2.12. Let p = p(T,y,r,¢), and let I be a G-generic element of depth —r that
realizes ¢. The decomposition of the restriction of the associated supercuspidal representation
of G into irreducible IC representations is given as follows.

ReS,CC IIldTGO p = IndTGO p @ @ ST‘—l-Qt(Pat? ¢at)7

>0
Res%c-lnd?—Glysp = EB Sprarin (T, 07),
t>0
Res,cc IndTG p =S, o) D EB ( 424 L ’d)a ) @ T+2t_7(Fa w4 W)) ‘
>0

This provides an explicit and complete description of Reskm,, analogous to the one obtained
in Theorem 4.3.3 for depth-zero supercuspidal representations of our unitary group G. As
in the depth-zero case, all irreducible constituents appearing in the above decomposition
have distinct depths. The resulting decomposition aligns with the restriction behaviour of
irreducible supercuspidal representations of SLy(F') [Nev13].
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5.3 Decomposition near the identity

Let m, be an irreducible supercuspidal representation of G of depth r > 0, associated with
the datum (7, y, 7, ¢), where p = p(T,y,r,¢). Denote by 6 the central character of 7,. By
Corollary 5.1.7, we may assume that ¢ has depth zero, more precisely, # = 1 or the unique
nontrivial quadratic character § of E', at the expense of twisting our branching rules by
characters of G.

In this section, we study the relationship between the higher-depth components appearing
in the decomposition of 7, and those appearing in the decomposition of depth-zero super-
cuspidal representations with the same central character as 7.

We also examine the restriction of 7, to the subgroup Ky C K and show that its decom-
position is entirely determined by the representations of the form (3.3.2), constructed from
the nilpotent orbits in the Lie algebra of GG together with the character 6 of the center of G.

5.3.1 Connection with depth-zero representations

Recall that in Chapter 4 we constructed all depth-zero irreducible supercuspidal represen-
tations of G. Given any two distinct characters a and /3 of ¢!, we obtained two irreducible
depth-zero supercuspidal representations

c-Indlo or c-Indg, 0" (5.3.1)
of G with central character a ® f3.

Since the centre Z can be identified with E', and 6 has depth zero, the character 6 factors
through
E'/(E'N(1+pg)) =

Therefore, if 6 is nontrivial, we may take o = # and (8 to be the trivial character. If 6 is
trivial, we may take o to be any nontrivial character of ¢! and set 3 = a~!. Thus, given
any depth-zero character 6 of the centre Z, we can always produce a depth-zero irreducible

supercuspidal representation of G having central character 6.

At this stage, we have three representations: a positive-depth irreducible supercuspidal
representation m,, and two depth-zero irreducible supercuspidal representations

cIndfo and c-Ind{, o, (5.3.2)
all sharing the same central character 6.

By Theorem 4.3.3, the decomposition of a depth-zero supercuspidal representation upon
restriction to K is multiplicity free, and each component occurring in the decomposition
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has distinct depth d and is isomorphic to Sg(X-4,6). Similarly, by Theorem 5.2.12; the
corresponding decomposition in the positive-depth case is again multiplicity free, with each
component of distinct depth d, and is isomorphic to Sy(I'?, ¢9) for some g € M(T), where
[ € t_, is an element realizing ¢ on T, /7,

The following theorem formalizes the connection between these two decompositions.
Theorem 5.3.1. Ford > 2r and all g € M(T),
Sd(rga qbg) = Sd(Xw—d7 9)

Proof. Let
_ [ we vVen ct
Ve uye -
be a G-generic element of depth —r representing ¢. For g € M(T), we have I'Y € gg _4 where
d=r+(g), and we assume d > 2r.

If g = af, then
o — uye  vem 2y
ety e )

and I'Y — X, 21, € go_a/21- Hence, by Lemma 3.3.3, Ury = \I[me%l on Jy,.

Similarly, if g = o'w with ¢ > 0, then

o uye  vyewm 2y,
— \wyew?y, u\/€ '
Since ¢ > 0, we again have I'Y — X, 2., € go_fa/2], 50 ¥ry = \IIXW%72 on Jy, and
T(X)Jq=T(Xpy-2t) T

Since in both cases ¢9]; = 6, and the central character 6 has depth zero, it coincides with
L X, on ZUN J,, because ¥ X, o is also trivial on this intersection. Extend 6 trivially
to U, and let \I]waf%ﬁ denote the unique extension of 6 and \IJXWW% to T(Xyyw—2t) Ja.
Then, by (3.3.2), S¢(Xyy,m-2t,0) is an irreducible representation of K of depth d and degree

(¢* — 1)g".

Since T(X) = (K N 7TY), by Lemma 5.2.6, we have T'(X) = Z(K N 7y,), and a similar
computation as in proof of Lemma 5.2.6 yields T(X)Y ' = Z(K9 ' N Toy) C ZTz. As
d > 2r, we have T(X)? C ZT3 C Z7T,., and therefore ®9|r(x) = ¢|z = 6. Hence,

0.0 (5.3.3)

o2t

\I/Fg’(z)g — \I/X

Since T(X)jd = T(Xy,yiw—zt)jd and \Ij[‘g#)g = \IJXuyw*?tve’ we have
Sd(rg, ¢g) = Ind’llf(X)jd\I/ng(bQ = Indj]g(X)jd\Iij»yiw*Qtve = Sd(X’U"yiw_Qt7 9)
Finally, by Lemma 3.3.2, we obtain
Sa(I'?, ¢%) = Sa(Xypyym-2t, 0) = Sa(X -4, 0). |
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Thus, depending on the choice of datum (7, y,r, ¢), the components occurring in the de-
composition of m, with depth d > 2r coincide with those appearing in the decomposition
of a depth-zero irreducible supercuspidal representation having the same central character
as m,. As noted earlier in Corollary 5.1.7, we may assume that 7, has central character
5% for some k € {0,1}, where J denotes the nontrivial quadratic character of E', at the
expense of twisting our branching rules by a character of G. We fix 0y and o5 to be cuspidal
representations of K/Kyy with central characters § = 1 and 6 = §, respectively. Define

even

Tsk = C—Indg(fgk, Tg)kdd = C—Indgnggm ke {07 1}'

These are depth-zero irreducible supercuspidal representations of G with central character
6% where k € {0,1}. Let (m,)q denote the depth-d component occurring in the decomposition
of m,|x if it exists. Then, combined with Lemma 4.2.7, we obtain the following theorem.

Theorem 5.3.2. Let m, be an irreducible supercuspidal representations of depth r > 0. Then
for all d > 2r,

(mp)a € {(T57)a, (158a | k € {0,1}},
up to a twist by a character of G.

The following table lists the various possibilities: the first two columns specify the condi-
tion on (7,7), while the third column indicates the corresponding depth-zero supercuspidal
representation whose higher-depth components agree with those of 7, when restricted to K.

T r Depth-zero supercuspidal
Tia r is even T
Tia r is odd Tg’kdd
Tt 7 is even Tod
Tot o r is odd TN
T is ramified | r € % + Z>g T @ Tg,;id

Table 5.1: Correspondence between positive-depth and depth-zero supercuspidal components
upon restriction to K.

5.3.2 Representations associated with nilpotent orbits

Recall from Chapter 3 that there are three nilpotent G-orbits in g, and they are parametrized
by
{X516€{0,1,=}},
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e (0.

For § € {0,1,w}, we recall that the nilpotent orbits were denoted by Nj, and that each
G-orbit Ns decomposes into the following KC-orbits

No =K Xq, Ni= || K- Xeom, No= || K-Xemo.

me27 ne2Z+1

where

For each depth-zero character 6 of the center of G and ¢t € Rs, we define highly reducible
representations

@) = @ SuXea), T O)= P  SilXe-a,0).

d€2Z~0, d>t d€2220+17 d>t

5.3.3 Restriction to K.

Having introduced the representations associated with nilpotent orbits, we now study the
restriction of 7, to Ky, . Throughout this section, we assume that the central character ¢
of 7, is of depth zero.

We now state the main theorem of this section.

Theorem 5.3.3. Let m be an irreducible supercuspidal representation of G of depth r > 0,
and let 0 denote its central character. Then

Resk,, . m, = n(m,) 1 @ ap, Resk,,, (Tﬁﬁ(@)) ® an, Resg,,, (Tﬁfw(ﬁ)),

where ap,, ayn., € {0,1} and values of n(rw,) are listed in Table 6.1.

Proof. If 7 is a depth-zero irreducible supercuspidal representation, then Lemma 4.2.7 to-
gether with Corollary 4.3.3 gives the desired decomposition. Explicitly, there are two cases.
If 7 = c-Ind{o, where o is a cuspidal representation of U(1,1)(f), then n(r) = dim(c) = ¢—1,
an, =1, and ay, = 0. If 7 = ¢Ind{, 0", where o is a cuspidal representation of U(1,1)(f),
then n(m) =0, ay, =0, and ap,, = 1.

We now turn to the positive depth irreducible supercuspidal representaitons of GG. Let 7, =
c—Indgy’sT p be an irreducible supercuspidal representation of G of depth r» > 0, associated
with the datum p = p(T,y,r, ¢), and let 6 denote its central character. By Theorem 5.2.12,
the restriction of 7, decomposes as a direct sum of irreducible representations of the form
Sa(T9, ¢9) with d > r. Since Ky, acts trivially on the components with d < 2r; only the
terms with d > 2r contribute nontrivially to the restriction to Ko... If d > 2r, then by
Lemma 5.3.1 we have

Sa(I'?, ¢%) = Sa(Xypyym-2t, 0) = Sa(X -4, 0),
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therefore we have the desired decomposition with n(m,) = dim (7T§2’°+) .

As ¢ varies, the depths d > 2r occur with a fixed parity determined by 7 and r; even d
assemble into 7p, (#), and odd d into 7a-_(6). Therefore,

it T =T 1 with r even, if T =71 with r odd,
I, or T =751 with r odd, I, or T =751 with r even,
an, = . . N = ; ;
or 7T is ramified, or 7T is ramified,
0, otherwise, 0, otherwise.

We now compute n(m,) explicitly and record the values in Table 5.2.

Since we have already we know the values of ay, and apn-_ for the various choices of the
datum (7, y,r, ¢) with associated supercuspidal representation 7, from the preceding proof,
it remains to compute dim (7r§2r+) for all such choices of ,.

Let T" € t_, be an element realizing ¢ on Ty, /7T,,. By Theorem 5.2.12, the restriction of
7, decomposes as a direct sum of irreducible representations of the form Sy(I'?, ¢9) where
g € M(T). Moreover, the restriction of 7, to the subgroup /Co,11 acts trivially on those
components Syg(I'7, ¢9) whose depths satisfy d < 2r. Consequently, the dimension of 7r§2r+ is
equal to the sum of the dimensions of those S4(I'Y, ¢9) occurring in the decomposition with
depth parameter d ranging from r to 2r.

If T = 771, then

=(¢—1¢" + (@ -Dg" ') (&)
=q (@B —1).

Hence, when r is even we have
dim (m>) =" (¢ = 1),

and when r is odd,
dim(wa’”r) =q¢ (¢"—1).

If T =751, then

dim(mf>*) = > (¢ = D = (= 1)g" D () = (@72 - 1),
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Thus, when r is even,
dim(wf”*) =q¢ (¢ —1),
and when r is odd,
dim(w’;”*) =q" (qT+1 — 1) :

Finally, when 7T is ramified,

54
. 1 raop 1 o3
dim(my>+) = (¢* = 1)g" 2+ > (*=1g™ 2+ > (¢#—1)¢ >
t=1 t=1

N3
NI

= (¢" —q"2)(q+ 1),
n(m,) Choice of 7 and r
q (¢ —1) T =Ti1, and r is even; or T = Ty-1 4, and r is odd
q (¢"—1) T =71, and ris odd; or 7 = T-1 o, and 7 is even
(¢ — QP%)(Q +1) T is ramified

Table 5.2: Values of n(m,) for various choices of p = p(T,y,r, ¢).

Remark 5.3.4. The values of n(m,) obtained for G agree with those for the group SLy(F)
(see [Nev24, Table 2]|) when 7 is unramified. In the ramified case, however, the values for
G are precisely twice those for SLy(F).



Chapter 6

Branching rules for principal series
representations of GG

In this chapter, we describe the branching rules upon restriction to K for our third and
final class of representations, namely, the principal series representations of . For this
class of representations, we first provide a canonical decomposition without making any
use of the representations constructed in Theorem 3.2.6. Unlike the case for supercuspidal
representations where Mackey theory did most of the work and every Mackey component
turned out to be irreducible, here Mackey theory produces a single highly reducible piece. So,
instead of stopping there, we proceed in a different manner: we bring in extra representation-
theoretic tools to peel away the layers and expose the real structure hiding inside that big
Mackey component.

To obtain a more explicit and satisfying description, we then express the decomposition upon
restriction to IC in terms of the irreducible representations of K constructed in Theorem 3.2.6.
Similar to the other two classes of representations, we again obtain a multiplicity-free de-
composition characterized by distinct depth and degree.

As in the case of supercuspidal representations, we again show that the higher-depth com-
ponents occurring in the decomposition of principal series representations upon restriction
to K coincide with the higher-depth components occurring upon restriction to K of a subset
of the four fixed depth-zero irreducible supercuspidal representations of G, up to twisting by
a quasi-character of G.

Similar to the case of supercuspidal representations, we conclude this chapter by restricting
these principal series representations further to a smaller subgroup of I, obtaining a decom-
position in terms of representations arising from nilpotent elements of the Lie algebra of G
together with the central character of the original representation.

84
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6.1 Construction of the representations

Let B be the Borel subgroup of upper triangular matrices in G. Write B = TU where

T = {t(a) = (3 501> a€ EX}

is a maximally F-split maximal F-torus 1" of GG, and

o= {uwy= (5 V") |ver}

is the unipotent radical of B. Since the commutator of B is U, a character of B is defined
by its restriction to 7', and any character of 7' can be extended trivially to a character of B.
When convenient, identify y with a character ' of EX via

X <8 aef) = x'(a).

A principal series representation of G is the induced representation m, = Ind%y, where y is
a character of T' extended trivially to B.

Remark 6.1.1. In the literature, the principal series representation associated to x is often
instead defined as the normalized induced representation n-Ind§y = s on where 0(t) =

|det(Ad(t)|y)|, for t € T, and u = Lie(U). Here |- |, represents the p-adic norm. In our
setting, given t(a) € T, we have 0(t) = |aal|,. If t(a) € LN T, then a € O, and so 6(t) = 1.
We shall see that the branching rules of 7, and m,, agree whenever the restriction of y and
X' to TN K agree. So in particular n-Ind§y and Ind§y have the same branching rules.

A character y of T is said to have depth r, for some real number r > 0, if

As is standard, we also say that a character which is trivial on Ty has depth zero. We say
that x is unramified if x|z, = 1; otherwise, we say that x is ramified.

Lemma 6.1.2. Let x be a character of T', and let (my,V,) be the corresponding principal
series representation of G. If there exists a nonzero G-stable subspace W C V, such that
WHE £ {0}, then x is unramified.

Proof. Since WX £ {0}, there exists 0 # f € WX. Then for every k € K we have
m(k)f = f, and hence f(k) = (m(k)f)(I) = f(I). Since G = BK, for any g € G we may
write g = bk with b € B and k € K, and therefore f(g) = f(bk) = x(b)f(k) = x(b)f(I). In
particular, if f # 0, then necessarily f(I) # 0.
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As Ty C K, for all t € Ty we have

f) = (m @) f)T) = ft) = x (@) f(1)-

Since f(I) # 0, it follows that x(¢) = 1 for all ¢ € T. Hence y is an unramified character of
T. |

Lemma 6.1.3. Let x be a character of T, and let (m,, V) be the corresponding principal
series representation of G. If (my, V) is reducible, then x is unramified.

Proof. Suppose (my, V) is reducible. Then there exists a nonzero proper G-stable subspace
W C V,. By |Cas95, Proposition 3.3.6], we have WX # {0}. By Lemma 6.1.2, it follows
that x is unramified. |

Thus, if x is a ramified character of T, then , is irreducible. We denote by sgng, p the
quadratic character of F'* defined by

1 if z € Im(Ng/p(EX)),

sgn x) =
s E/F( ) {—1 otherwise.

Lemma 6.1.4. Let x' be the character of T defined by x'(t) = (—1)". Suppose x is a
character of T such that x|px = sgug,p. Then there exists a character ¢ of E' such that

X = (¢ odet) ®x".

Proof. Since x|rx = sgnp/r and Ng/r: O — OF is surjective for an unramified quadratic
extension, it follows that x|ox = 1.

By Hilbert’s Theorem 90 every element of E' can be written as uu~! for some u € OF. Define
a character ¢ of E' by ¢(uu') = x(u). For u,v € OF, if vu™' = vv!, then u/v = u/v,
hence u/v € OF, and therefore x(u) = x(v). Thus ¢ is well defined.

uwo”

Nowlett:( 0

ﬂ—low—n) - T Then

X(8) = x'(uw") = X (w)x(@") = X (u)(=1)" = p(um™ )X (@") = (¢ o det)(t) @ X(t)

which proves the result. |

Among the principal series representations induced from unramified characters of 7', there
are exactly three reducible ones up to twisting by a character of G, namely, the principal
series representations (m,) corresponding to x = 1, J, and 52 @Y |[Key87, Theorem 3.4].
For simplicity, in this thesis we describe the branching rules at the level of the principal
series representations themselves, treating each m, as a whole, even in the reducible cases.
A detailed analysis of the branching of the irreducible constituents in these reducible cases
can be found in [Tiw25b].
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Recall that in Chapter 2 we defined
S:={(5.) |ac P},

F-points of a maximal F-split, F-torus contained inside T. Given a character y of T', we
define the true depth of x to be the depth of its restriction to S. We say that x has minimal
depth r if the depth of y and its true depth both equal r.

Note that restricting y to S corresponds to restricting x' to F*. Since 7= E* and S & F*
whose filtrations are indexed by integers, it follows that both the depth and the true depth
of characters of 1" are integers. Moreover, for every r € Zs, we have S, C T,, and hence
the depth of a character of T' is always greater than or equal to its true depth.

Remark 6.1.5. It is worth noting that a character y of T" has minimal depth r if and only
if it is G-generic of depth 7 (see §2.3.3.2).

Lemma 6.1.6. Let m € Z>, and let x: T — C* be a character of T' of true depth m. Then
there exists a character ¢: E* — C* such that ¢ odet|r,, ., = x|r,.,,. Moreover, if x|s, =1,
then |1, = ¢ o det|g, for some character ¢ of E'.

Proof. For each n € Z>g, consider the map v, : EX/F* — E'NEX given by 7, (z) = 27"

Then by Lang’s theorem <, is an isomorphism. Let x be a character of T', that is trivial on
S,. We define ¢: E* N EX — C* given by ¢(x) = ((x) o, 1) () as in Figure 6.1.1.

E'NEX

Yn o gi=xtorn !

"

L

EX/F> X! , C

Figure 6.1.1: Commutative diagram defining the character 5 via v and .

Since 7, is an isomorphism and ' is trivial on FX, ¢ is well-defined. Let x € EX/FX. We
then have

S2T ) = d(m(x) = (X 077 ") (@) = X (). (6.1.1)

Since E! is a compact abelian group and 5 is a character of an open subgroup of E!,
there exists an extension ¢: E' — C* of ¢. Since the determinant of matrices in G lie in E*,
¢odet is a well-defined character of G. Note that for any element ¢t(z) € T, det(t(z)) = 271,
therefore taking n = m + 1, we obtain ¢ odet|r,,,, = X|z,..,, as was required. In particular,
if x|s, = 1, then taking n = 0 there exists a character ¢ of E*', such that for all x € O /05,

$az") = d(10(2)) = (x" 015 D) (0(2)) = X' (), (6.1.2)

and hence ¢ o det|7, = x|, |
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Theorem 6.1.7. Every character x of T of true depth r is of the form x = (¢ o det) ® x/,
where ¢ is a character of E', and X' is a character of minimal depth r.

Proof. First suppose that y is a character of T" of true depth r such that x|s, # 1. Then
X|s,., = 1. By Lemma 6.1.6, there exists a character ¢ of E' such that

X|rri1 = (¢ odet)|r,,.

Equivalently, ((¢~* o det) ® x)|r,,, = 1. Since (¢~* o det) is trivial on S, if x|s, # 1, then

(97" odet) ® x|s, = x|s, # L.

So, in particular y is non-trivial on 7,. Thus ((¢~! o det) ® x) has minimal depth r. Taking
X' = (¢~ odet) ® x we have

X = (¢odet) ® (¢ odet) @ x = (¢0det) @y,

as was required. Next suppose that x|s, = 1. Then by Lemma 6.1.6 there exists a character
¢: E' — C* such that ¢ o det|p = x, implying that (¢! o det) ® x = 1, and we may write
X = (¢podet) ® 1, and 1 has minimal depth 0. |

Corollary 6.1.8. Suppose the decomposition into irreducible representations of m, is known
for all x of minimal depth. Then so is the decomposition of T(godet)ay fOr every character ¢
of EY, and thus for all principal series.

Proof. Let y be a character of T of minimal depth, and suppose

Resgm, = @ Oi,

icl

where o; are irreducible K-representations and [ is some index set. Let ¢ be a character of
E'. By Lemma 2.3.3, multiplying an induced representation by a character of the group is
equivalent to instead just multiplying the inducing character, therefore we have m(godet)oy =
(¢ o det) ® 7. Hence, the restriction of m(godet)oy to K decomposes as

Resgm, = @(gﬁ o det)|x ® o,

el

and each of these components is again irreducible. Since every character of T' is of the
form (¢ o det) ® X/, where x’ has minimal depth (by Theorem 6.1.7), it follows that the
decomposition of all principal series representations is determined by that of those associated
to characters of minimal depth. |

We now introduce a normalization similar to Corollary 5.1.7 that will play a crucial role in
Section 6.4.
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Lemma 6.1.9. Let x be a character of T' of minimal depth r > 0, and let m, = Indgx be
the corresponding principal series representation of G. Then there exist a character ¢ of E*
and a character xo of T such that

X = (¢ o det) ® xo, Ty = (¢ odet) @ my,,

and moreover the central character 0 of m,, equals 6% for some k € {0,1}, where § denotes
the non-trivial quadratic character of E*.

Proof. Let § = Reszx denote the restriction of x to the center Z. As noted in §77, the
center Z of G can be identified with E', the group of norm-one elements of E over F. The
group E'/(E')? is size 2. Let § denote the non-trivial quadratic character of E'. Then §
has depth-zero and every character 6 of E' can be written as either § = ¢? or § = 6¢? for
some character ¢ of El. Define yo := (¢! o det) ® x; then Reszxo = 6%. We then have
X = (¢ odet) ® xo. Applying Lemma 2.3.3, the lemma follows. |

6.2 A canonical decomposition upon restriction to C

Let x be a character of T' of minimal depth r, and let (m,,V)) be the associated principal
series representation. In this section, we describe the decomposition of the restriction m, |k
into irreducible KC-representations.

Since G = KB, applying Mackey theory we obtain
Res¢Ind%y = Indcx (6.2.1)

Since irreducible representations of compact groups are finite dimensional, we note that V)
is highly reducible as a representation of K. Thus we need to decompose V) further into
irreducible K- representations. We also note that the branching rules of m, and 7,/ agree
whenever the restriction of x and Y’ to T'N K agree. Proposition 2.3.2 implies that the
decomposition of V) reduces to decomposing each VX’C" for all n > 0.

Lemma 6.2.1. If x has depth r then so does . In particular, if x is ramified then

ICn J—
V.r =10} foralln <r.

Proof. Let n < r. We want to show that V*» = {0}. Assume on the contrary that there
exists f £ 0 € VX’C”. Then there exists z € K such that f(z) # 0. Since x has depth r, there
exists b € BN K, such that x(b) # 1. As K, < K, the conjugate t := z71bz € K,, and it
acts trivially on f. This gives

f(@) = m () f(z) = fat) = f(bx) = x(b) f(2),
which is impossible since x(b) # 1 and f(z) # 0. Therefore, VX = {0} when n <. |
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Observe that if n is greater than the depth of y, then y acts trivially on B N C,,. Thus the
restriction of y to BN K extends trivially to a character of (BN K)K,. As in Chapter 2, for
each n > 0 let us denote BN K,, by B,. Since Ky = K we simply denote B, by B.

Lemma 6.2.2. Letr € Z>, and let x be a character of T' of depth r. Then for anyn > r+1,
we have
VX’C” = Indg,cn X-

Proof. We show that the vectors spaces on which the two representation are acting are in
fact the same. We have

W, = incn
- {f K= C ‘ F(0k) = x(0)f(k) and f(kk,) = f(k), ¥b € BNK, Vk, € /cn}.
and set
Wo = Indjge x
- {z K= C ‘ 0(bk) = x(b)e(k) and £(kok) = £(K), Vb€ B, Yk € K, Yk € /c}.

Note that W consists of function f: K — C that are constant on the left cosets of KC,,. Since
IC,, is a normal subgroup of K, the left and the right cosets agree. Therefore, the spaces W,
and W5 are equal, and hence the corresponding representations are isomorphic. |

Lemma 6.2.3. Letr € Z>, and let x be a character of T' of depth r. Then for anyn > r+1,
the depth of every irreducible component of VX’C” is less than n, and the degree of VX’C" equals

" Hg+1).

Proof. Let n > r + 1, by definition of VX’C", IC,, acts trivially on the entire representa-
tion, hence on every irreducible component. Hence the maximal depth of any irreducible
component of Vf" must be strictly less that n.

The degree of VX’C” is given by the index
K: BK,].

Since K,, < K, and K,, < BK,,, applying group isomorphism theorems the above index can
be computed as
[’CZ ICl][lClz ICn]
[BI Bl][Bli Bn] ’
Since K/K; = U(1,1)(f) and B/B; = B(f), the index [K: K] = [U(L,1)(f| = q(q +
1)(¢ — 1), and the index [B: Bi] = |B(f)] = q(¢* — 1) respectively. The remaining in-
dices [KC1: Ky, [Bi: B,] are same as the indices of corresponding Op-modules in the Lie
algebra. Thus we have

C: KiJ[Kr: K] alg® — 1)(g +1)g*" Y

K BKa] = [B: B,][B:: B, - q(q® — 1)g3=1) =(¢+1g"". 8

K: BK,] =
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We now come to the major technical result of this section, which will serve as the key
ingredient in establishing a canonical decomposition upon restriction to /.

Proposition 6.2.4. Let x be a character of T of minimal depth r. Then for d > r+ 1 we
have
d+1 ifr=0and x|s, =1,

. K K
dlm(c(HOmIC(VX <, VX d)) = {d — r otherwise.

Proof. Let d > r + 1. By Lemma 6.2.2 we have Indg,cdx = Vfd. Thus
Hom,c(VX’Cd, Vf‘i) = Hom;c(lndg,cdx, Indg,cdx).

Using Frobenius reciprocity and Mackey theory we have

Homy (Indjgc, x, Indjge, x) = @ Hom sk )n(src) (X X7)-
gEBICd\/C/B’Cd

From Proposition 2.2.8 it follows that a set of double coset representatives for (BIC,)\K/(BK,)

is given by
: 10 01 1 0
pefam (b we (01 (L rsiea) en

Thus, the dimension of the homomorphism space HomK(foi, Vfd) is equal to the number
of elements g € P such that

x(h) = x?(h) for all h € (BICq) N (BKq)?. (6.2.3)

Let bk, € BK,, where b = <g aﬂ) € B, and ky € K. Since Ky < K, we have g~ kg € Ky

for all g € P. Therefore, for all g € P, bky € (BK4)? if and only if g~tbg € BK;. Moreover,
X! (bka) = x(g™"bgg " kag) = x(9”'bg)x (9™ "kag) = x (g™ "bg).

Thus, the dimension of homomorphism space Hom;C(VX’Cd, VX’Cd) reduces to finding the number
of elements g € P such that

x(0) =x9(b)  forallbe (BN (BK,)?). (6.2.4)

Clearly g = id satisfies (6.2.4). Now let g = w. We compute

,1b_a*10_a*10 1 0
WOWEL L oa) Vo a)\a i 1)

Thus w=tbw € BKy, for all a € OF, and for all u € p% such that au € \/eF. Since y is
trivial on K4, we then have

X"(b) = x(wlbw) = x'@").
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For the characters to agree we must have x(a) = xf(a™!) for all @ € Oy, which implies
that x'(aa) = 1 for all a € O which happen only when x| ox = 1 since the norm map is

surjection on Op. Thus w satisfies (6.2.4) only if x|g, = 1.

Lastly, let gr = ( \/Elwk (1)) Then

1 a + uy/ew® u
9 bor = =—1 k 2% -1 k|-
(—a+a')yew" —uew® a ! —u/ew

It gk_lbg;C € BK,, then there exists elements ¢ := <g §%1> € B,and ky := (
K4 with z € O, y, ¢, e, f,1 € O such that

1+cw? ew? c
fod 1+ I1z?
g5 'bgr, = thq. (6.2.5)

Solving (6.2.5) for = yields x = a(l + cw) Y1 + aVew® — a7l fyw?). If k > r, then
(1+a 'Vex® —a tfywm?), (1 + cw?)~! € pii!. Since x has depth r, we have

X (0) = x' (@) = XM (1 + )TN (1 + a7 Vew" —a™ fym?) = x¥(a) = x(0).

Hence for k > r, g; satisfies (6.2.4) on the given intersection.

We claim that for 1 < k < r, the element g; does not intertwine y. Since £ < r and y
has true depth r, we have x|, ok, # 1. This key observation allows us to find elements
h € BKyN (BK,)% such that y(h) # x9(h), thereby proving the claim.

Given any a = 1 + agww® € 1 + p%., we set

-1

U= \/_kG\/—OF,

a u
h — <0 a,_l) G B

Then the (2, 1) entry of g, 'hgy equals 0, and hence h lies in By N (BK,4)%. We also have
1y (ot uy/eo” u _fa O 1+ a 'uy/ed® atu
I 119k = 0 al—uyew®) \0 a7t 0 1 — auy/e® ) -

We compute

and we define

X% (h) = x(g; "hgr) = X' (@)X (1 + " Muy/ew®).
As a ranges over all elements of 1+ p%, the term 1+ a~'u+/ew® ranges over all of 1 + pk. as
well. Therefore, we can choose a such that xT(1 + a~!u/ew”) # 1, and hence

x(h) # x*(h)
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as required.

Therefore, if x|s, = 1, then all elements of P satisfy (6.2.4), therefore the dimension equals
the cardinality of P which is d + 1. On the other hand if yx|s, # 1, then the elements of P
that satisfy (6.2.4) are id, and {g; | » < k < d}, which counts to 1 +d —r —1 = d —r. This
proves the proposition. |

As noted earlier, Proposition 2.3.2 reduces the decomposition of V, to determining the
decomposition of each VX’C" for all n > 0. Observe that if x|g, is the trivial character,
then by the preceding proposition,

dime (Homy (V1, V1)) = 2.
In contrast, if y is a character of T of true depth r > 0 such that x|s, # 1, then
dim¢ (Hom,c (VXK"“, VX’C7'+1)) —1.

Hence, in the latter case VX’CT+1 is irreducible. In the former case, by Lemma 6.1.7, there exists
a character ¢: E' — C* and an unramified character x’ of T such that y = (¢ o det) @ /.

Since the branching rules of 7, and m,, coincide whenever y and x’ agree on T'N IC, we may
in this case choose the trivial character 1 as a representative and compute the branching
rules for Indg]l which is given by the following lemma.

Lemma 6.2.5. If x = 1 s the trivial character, then
VI = 1 @ St

where 1 and St denote the inflations to K of the trivial and Steinberg representations 1, and
Sty of U(1,1)(f), respectively.

Proof. Recall that the Steinberg representation St, of U(1,1)(f) is defined by the property

that Indg((;)’l)(f)ll = 1, @ St,, where 1, denotes the trivial representation of U(1,1)(f), and

the degree of St is ¢. Let x = 1 be the trivial character of 7. Since the induced module

Indjg,, 1 is same as the induced module Indg//gfll = Indg((fl)’l)(f), we have

VI = Indjy, 1 2 1 ® St

where 1x and Stx denote the inflations to K of 1, and St,, respectively. |

We now state the main theorem of this section.

Theorem 6.2.6. Let x be a character of T of minimal depth r, and let (m,,V,) denote the
principal series representation associated to x. Then there exists irreducible representations
W, of degree (¢* — 1)¢*!, for d > r + 1 such that

Resem, = VX’C’”rl D @ Wax

d>r+1
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where Vfl =1,+5t; if x =1, and VX’C“rl is an irreducible representation of degree (q+1)q"
otherwise.

Proof. If y = 1, then VX’Cl = Ix + St by Lemma 6.2.5. If y # 1, then from Lemma 6.2.4
we have that dime(Homyer1 (VJ+1, VEr+1)) = 1, hence V*+! is irreducible. Since x is one-
dimensional the degree is given by the index [K: BK, 1] = (¢ + 1)¢" by Lemma 6.2.3.

Now let d > r + 1. Since VX’Cd - V’CC”1 by Maschke’s theorem there exists a representation
Wa of K such that VXK‘i+1 = V5 @ W, . We therefore have

dime (Homy (V¥4+1, V1)) =dime (Homy (V54, V) + 2dime (Homgen (Vi54, Wy )
+ dim¢ (Homxe Wiy, Way))-

By Lemma 6.2.4 the first term is d+ 1 — r, and the second term is d —r. Since the last term
is at least one, it follows that the cross terms are zero and W, , is irreducible. Since the
cross terms are zero, it follows that W, has zero Ky invariants, and hence it has depth d.

We now prove by induction on d that for all d > r + 1, VX’Cd @d ! Wi For the base case,
we denote VX’CT+1 by W, . Let us assume that the result holds for some d>r+1, then we

want to show that it holds for d + 1. We have already shown that V’Cd+1 V’Cd ® W, By
the induction hypothesis we have VX’Cd = @d W, ~; hence the claim. Flnally, we have

ve=Uv=U (n@l WZ-,X> = B W

n>0 n>r+1 i=r d>r

The degree of Wy, is given by dime(Vy ) — dime(V<4) = (¢2 — 1)g™ . N

Remark 6.2.7. Since the representations W;, have distinct degrees for distinct d’s, the
resulting decomposition is multiplicity-free and therefore the decomposition in Theorem 6.2.6
is canonical.

6.3 An explicit description of W,

In the previous section we obtained a canonical decomposition of Ind% sX. Ford > r+1, how-
ever, the representations W, appear only as quotients of certain induced representations.

As in the supercuspidal case, we now show that each of these representations are isomorphic
to one of the explicit representations that we constructed in Theorem 3.2.6 of Chapter 3.
More precisely, we show that for each character x of T" of minimal depth » > 0, and for

“uf) o

. > .
each integer d > r + 1, there exist an element Y, € go_4 of the form ( e /e
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z,u,v € F, v(z) > —d, v(v) > v(u) = —d, and a character ¢, of the centralizer T'(Y,) of Y,
in /C satisfying

Clreongs = yilroongs (6.3.1)
such that Wy, = Sa(Yy, ¢y)-

For all d > r+1, our strategy is to first identify elements Y, and ¢, such that S;(Y}, () is a
well-defined irreducible representation in the sense of Theorem 3.2.6 and the homomorphism
space

Homy (VI 8y(Yy, &) (6.3.2)

is not equal to zero, i.e., S4(Yy, () is a subrepresentation of Vf “

We now work toward identifying Y, and (,. As mentioned in the introduction, determining
these objects is a challenging task, and a major portion of this section is devoted to that
goal.

Applying Frobenius reciprocity and Mackey theory to (6.3.2) we obtain

Homy (Indg,. X, Indfy ) 7, Py, ) = ¢t Homgi,,,nrv) 0o (6 ¥, ¢, )-
OLEBICOH_l\IC/T(Yx)jd

Let hk € BK g1 N (T(Yy)Ja)® where h € B and k € Kqyq, and let a € B \K/T(Yy)Ta-
Note that x is trivial on ICyiy by definition; therefore x(hk) = x(h). Since K411 < K, and
Wy, ¢, has depth d, we have a~'ka € Kqp1 and 0¢ . (k) = U3 . (a”'ka) = 1. Thus it
suffices to show that for some choice of coset representative o, and Y,, (,,

x(h) = Vg . (h), forallh € BN (T(Yy)Ja)".

Note that if h € BN (T(Yy)Ja)®, then h = ata™*aja™" for some t € T(Y,), and j € Jy. We
now evaluate U3 - (h) = Wy, ¢ (tj) = ¢ (t)¥y, (j). If there exists a choice of a such that
ata~! is upper triangular, then h being upper triangular forces aja~! to be upper triangular.
For such a choice of a we would have x(h) = x(ata™')x(aja™t). Thus it suffices to find
Yy, C, satisfying (6.3.1) such that

¢, (t) = x(ata™), and Uy, (j) = x(aja™), (6.3.3)

for some choice of coset representative o that makes ¢ upper triangular whenever h =
atatajat € BN (T(Y,)Ja)®, where j € Jy.

We first assume that y has depth » > 0. Then X|T;+ /1, is realized by an element I' =
2

(?); _Of) € t_r/t%r with z € p", i.e., for all t € T%JF/TTJr we have

X(8) = $(Te(Te\(¢)). (6.3.4)

where e @ tzy/t., — T:, /T, denotes the Moy-Prasad isomorphism. In particular, for
t € Try /T,y we have

\() = $(TH(T(t - 1)), (6.3.5)
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Let d > r + 1. Recall that in Chapter 3, (, was the character of the centralizer of some
element Y, € go_q having the given form. If we can find Y, such that it is conjugate to I
by an element of G, then we can easily relate the characters x and (. Since I' is a diagonal

matrix we just need to equate the eigenvalues of (Z ¢ u\/E) with that of I'. Therefore

vye zy/e

writing x = x1 + x94/€ we should have

z\/E+ VUveE = 1 + xg\/z, z\/g —Vuve = —x1 + fEQ\/E.

Solving this yields, z = x5, and uve = z7. We also want v(v) > v(u) = —d, and v(z) > —d.
Therefore, one possible choice is to take u = ¢ 'w™? and v = 2?w?. Since d > r, and

x; € p , the above choices of u and v satisfy the valuation conditions. Thus we set

[ wme elwiyfe c
2wly/e  xa\/e 80, —d-

Let v = z1w%/e € p". Then a matrix g, in G that conjugates Y, to I' is given by

1 —17_1)
ga ‘= < 21 € Ga
g 3

and we have Y, = I'%. Since the centralizer of I' in G is T', the centralizer T'(Y,) of ¥} in K
equals to the centralizer of I'% in K which is 79¢ N KC. As x is a character of T', ¢, := x%
gives a character of T'(Y,). A direct computation gives that

Y,

X T

TY,) = {(b32 2) | @a + bby* = 1,ab € ﬁF} NK.

We choose the coset representative av = <_17 [1)) Then for any t = (biQ Z) e T(Y,), we
have
4 [a+by b
ata = ( 0 0— 57)
and

x(ata™) = x'(a+by) = x*(t) = G (1),
verifying the first relation in (6.3.3).

1+ cw[%1 yw@
2wl 1—ewltl

BN (T(Yy)Js)™ where t € T(Y,). Then

Now let j = € Ja, where ¢, y, 2z € O such that h = ata taja™! €

. 1+ cwlsl + va[%1 yzrﬂg1
ae = 141 144 _ 28] _ pyool 8 4] el
—cyw'2! + zw! 2 | —yy*w'2! —eyw'2! —yyw!2! 41 —cw!'2
Since h and ata~! are upper triangular, ajo~! must be upper triangular as well. Therefore,
the (2, 1) matrix entry of aja~! vanishes; that is,

—cvw[g] t2wl T - y’wag1 — oyl = 0. (6.3.6)
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Multiplying the above relation by v~ 'z, and grouping the terms with ¢ together we obtain
(c+ E):L’lw(%] +ayywlel — e zavew! T4 = 0. (6.3.7)

d T
Since 1 + cwl2! + yywltl € pz C pf;, applying (6.3.5) we obtain

x(aja™) = (Tr(T(aja™ = 1))) = Ura(j). (6.3.8)
From (6.3.7) it follows that

H(Te(T* = Y, ) (G — 1)) = ¥((c + D@2 + myym?) — e Lav/ew! 5 170 = ¢(0) = 1.
Hence x(aja™") = Wy, (j), thus verifying the second relation in (6.3.3).

It remains to show that Wy, , and (, agree on the intersection T'(Yy) N Jy. Indeed, let

a b _ a + by 0
hi= (672 a) € T(Yy) N Ja- Then g;'hgy = ( 0 a— by) < Tf%T C Ty

Therefore, applying (6.3.5) we obtain
Gu(h) = x%(h) = x(95 ' hga) = Y(Te(T(gg " hga — 1)) = ¥(Tr(9algy ' (h — 1)) = Ty, (h).

Let Wy, ¢, denote the unique extension of ¢, and Wy, to a character of T'(Y,)J3. Then from
Theorem 3.2.6 it follows that

Si(Yy, ¢) = Indg(yx) PSS (6.3.9)

is an irreducible representation of K of depth d and degree (¢*> — 1)¢¢~!. Thus, given a
character x of minimal depth r € Z-, for each d > r+ 1, we have constructed an irreducible
representation Sy(Yy, () which is a subrepresentation of VXK‘”l.

We now turn our attention to the case when y has depth-zero. In this case, there are no
elements of t realizing y. Instead, for all d > 1, we take

0 e twdy/e
)

and set ¢, = 6, where § = x| is the central character of m,. In this case, the centralizer of
Xe-1ma in K equals ZUJy, and (| zung, = Yy, |zung, = 1; thus applying (3.3.2) we obtain
that

Sao(Xe-10,0) = Indy, Vx| g (6.3.10)

is an irreducible representation of X of depth d and degree (¢ — 1)¢¢~!. Moreover, if

h € BN ZUJy, then h = tj, where t € ZU and j is an upper triangular matrix in J; on
which y is therefore trivial. Hence we have

x(h) = x()x(7) = x(t) = () = Ux__,_,0(h)-

Hence, Sy(X.-144,0) is a subrepresentation of VX’Cd.

We summarize the main result of this section in the following theorem.
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Theorem 6.3.1. Let x be a character of T' of minimal depth r € Z>y. Then for each
d>r+1, there exists Y, € go.—q, and C, a character of the centralizer of Y, in K, satisfying
Clrovongs = Yylrviong,: such that

Wd,x = Sd(va CX)

Proof. To show the required isomorphism of K-representations, we begin by recalling that
we have already established the decomposition

Vf‘“l = VXKd @S Way-

Since any irreducible component of Vfd must have depth at most d — 1, while S;(Y}, ;) has
depth exactly d, it follows that S;(Y,, (,) cannot be isomorphic to a subrepresentation of Vfd
and must therefore be isomorphic to a subrepresentation of W;,. But Wy, is irreducible
and has the same dimension as S4(Y,, ¢y ), hence we conclude that Wy, = Sq(Yy, (). i

The following is now an immediate corollary of Lemma 6.2.5, and Theorems 6.2.6 and 6.3.1.

Corollary 6.3.2. Let x be a character of T' of minimal depth r € Z>y. Then the restriction
of the principal series representation m, to K decomposes as a direct sum of irreducible
representations of K as follows

(Indlé:Kr+1X @ @Sd(XX, C) if x is ramified and r > 0,

d>r
Resjcmy = Indg;ch D @Sd(Xw—d, X) if x is ramified and r = 0,

d>0
1y ® St P @Sd(Xw—d, 1) if x is unramified,
\ a>0
Here,
Y, =T1%, and (, = x%,

where I' = <g _Of) € t_,/t /s is an element that realizes X on T, )o1 /T4, and

1 —iyt ) + T)w?
Jd = (7 2; ) € G, withy= ($+W
2

Thus we once again obtain a multiplicity free decomposition in which each constituent has
distinct depth and degree, with the sole exception of the case y = 1 where both 1 and Sty
have depth zero, although their degrees are different. In contrast with the supercuspidal case,
where certain representations, namely those constructed from unramified anisotropic tori and
depth-zero supercuspidal representations, exhibited the phenomenon that all constituents in
the decomposition had depths of the same parity, no such distinction arises here.
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6.4 Decomposition near the identity

In this section, we carry out an analogous decomposition to that of §5.3 of Chapter 5.

Let x be a character of 1" of minimal depth r € Z>, and let 7, be the associated principal
series representation. By Remark 6.1.9, we may assume that the central character 0 of m, is
either 1 or ¢ at the expense of twisting our branching rule by a character of G. Recall that
d denotes the nontrivial quadratic character of E*.

6.4.1 Connection with depth-zero representations

As in the case of positive-depth supercuspidal representations (see Theorem 5.3.1), in this
section we prove that the higher-depth components appearing in the decomposition upon
restriction to K of a depth-zero supercuspidal representation are identical to those appearing
in the corresponding decomposition of a principal series representation, provided the two
representations share the same central character.

Let o be a cuspidal representation of /Ky, with central character 6, and let c—Ind,%a and
c—Ind%,a be the corresponding irreducible depth-zero representation.

Note that if y is a character of minimal depth zero with central character 8, then by Corol-
lary 6.3.2, for every d > 1, the components occurring in the decomposition of Resgm, are
of the form Sy(X -1,-4,0), which, by Lemma 3.3.2, is isomorphic to Sz(X,-a,6). Thus,
in this case, all positive even-depth components coincide with those occurring in the de-
composition of c—Ind%a, and all odd-depth components coincide with those occurring in the
decomposition of ¢-Ind§, .

We now focus on the case when y has minimal depth » > 0. By Corollary 6.3.2, for
every d > r 4 1, the irreducible components occurring in the decomposition are of the form
Sa(Yy, ¢y), where

Y, =T1% and G = X%,

z 0

with T' = (o e

) € t_,/t_,; an element that realizes x on T, /o4 /T};, and
1,1 =) —d
Gu = (1 3 ) cG.  withy= ETDFVE
Y 3 2
Theorem 6.4.1. For d > 2r, we have an isomorphism
Sa(Yy, ¢) = Sa(Xp-a,6).

~1_—d
e [ T2V elwe : : i
Proof. We have Y, =T (x%wd e Tor/E € go,—a- Consider the nilpotent ele
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ment X ,-1,-4. Since d > 2r, we have —r > —‘2—1, and therefore

v(zg) > —1 > —g > = E—‘

and

d
v(irtwi/e) >d—2r > 0> — H .

Thus by Lemma 3.3.3, we have Wy, = Wy | , on Jy and T(Yy)Ja = T(Xc15-4) = ZUTy.
Since Wx | is trivial on the intersection ZU N J; and we assumed that ¢ has depth-zero,
0 and \IJXZ—IZ—d agree on ZU N Jy. Therefore, applying (3.3.2), we obtain that Sg(X -14-4, )
is an irreducible representation of K of depth d and degree ¢?~'(¢* — 1).

We claim that
Sd(YX7 CX) = Sd(Xe—lw—dv 9)

As in the case of positive-depth supercuspidal representations. It suffices to show that
\IIYX’CX = \IJXE,LG on ZZ/{jd
Since Uy, = Wx , _, on Jy, we only need to show that Clrey) = 0]z Indeed, let ¢ :=

(22 2) € T(Yy). Then Gy () = x%(t) = x(t9% ).

Note that v € p%", as d > 2r, we have that v € p’;™'. Since a@ + bby? = 1, we obtain that

aa € 1+ piﬂ(ﬂrl)? as the norm map Ng/p: 1+ p2E(T+1) -1+ piﬂ(rﬂ) is surjective, there exists
cel+ pi;(r“) such that cc = aa. Hence we may write

gt [a+by 0 _fact 0 c(1+a 'by) 0
fr = ( 0 a—-by) \ 0 ac'! 0 c(1—a 'by) €21

Since x has depth 7, we conclude that (|r(y,) = 0|z as required. Finally, by Lemma 3.3.2,
we have

Sd(Y)o Cx) = Sd(Xe—lw—dv 0) = Sd(Xw—d> 9) i

We note that, unlike in the case of positive-depth supercuspidal representations where certain
representations contributed only even depth or only odd depth components and therefore
shared components with a single depth-zero representation, in the principal series case all
depths occur. Consequently, each principal series representation shares components with
both the depth-zero supercuspidal representations c—Ind,(C;a and c—Ind,Céna.

Recall that we fixed four depth-zero irreducible supercuspidal representations

" = eIndfos, 79 = cIndg, ol ke {0,1}
where o7 and oy are cuspidal representations of /Ky, with central characters § = 1 and
6 = ¢, respectively. We denoted by ()4, the depth d component occuring in the decom-
position of m,. Given any principal series representation 7, applying Theorem 6.4.1 and
Remark 6.1.9, we obtain the following theorem



6.4. DECOMPOSITION NEAR THE IDENTITY 101

Theorem 6.4.2. Let m, be a prinicipal series representation of G of depth r > 0. Then for
all d > 2r,
(mp)a € {752 & 3 |k € 0,1},

up to a twist by a character of G.

6.4.2 Restriction to ICo,

Similar to §5.3.3, we now restrict 7, to Kq,1. Recall that in §5.3.2, for each § € F'* we wrote

ne (040

and defined the two non-zero nilpotent G-orbits in the Lie algebra g of G by N, := G - X,
and N := G- X. Then, for each depth-zero character 6 of the center of G and t € R we
defined highly reducible representations

Tﬁfl (0> = @ Sd(Xw*% 9)7 7—/t\/’w (9) = @ Sd(Xw—d, (9)

de2Z~q, d>t d€2Zs¢+1, d>t

We now state the main theorem to be proved in this section.

Theorem 6.4.3. Let x be a character of T' of minimal depth r € Z>o, and let m, be the
associated principal series representation. Then

Resic, T, = ¢*(¢+ 1)1 + Resg,,, 7x.(0) + Res,,, v (6).

Proof. We first assume that y is a character of T" of minimal depth » > 0. By Theorem 6.3.2
the restriction of m, to K has the following decomposition

Resemy, & VI @ @ Sa(Vy, G-
d>r+1

The restriction of 7, to the subgroup Ky, will act trivially on the components Sy(Y,, (y)
that have depth less than or equal to 2r. Therefore, applying Theorem 6.4.1 we obtain

RGSK2T+7TX = ‘/;C?TwL s @ ReS]CQTJrSd(wad, Q)

a>2r

Hence, we have the desired decomposition
Resi,, mr, = n(my)l + Res,@rﬂ'ffl(ﬁ) + ResK2T+Tﬁ}'W(9),

where n(m,) = dim(V}**+) = ¢*" (¢ + 1). Now let us assume that y has minimal depth 0.
Then by Corollary 6.3.2 and Theorem 6.4.1 we have

Resi, m, = VX’Cl ® @ Resi, Sg(X -4, 0)

d>1
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where Vfl = L @St if x = 1, and an irreducible representation of degree (¢+ 1) otherwise.
Therefore we have the following decomposition of 7, when restricted to K;

Resi, my = n(my )1 & Resie, 7y, (6) & Resg, 73 (6)

. K1)y —
where n(m,) = dim(V,*') = (¢ + 1) by Lemma 6.2.3. i

7w € Rep(U(1,1)) with central character depth of 7 Toen, rodd value of n(m) (any, an.)
0 = p26*, where p € x(E') and k € {0,1}
Pepth-?ero cInd§ o 0 T qg—1 (1,0)
irreducible G o
supercuspidal c-Indg, o 0 ok 0 (0,1)
representations T = 7],1 even T(;’;‘CH q"((/"H -1) (1’ [))
.Posiltivt.a{)?epth T =T, odd Todd q"(¢"—1) (0,1)
irreducible — oad o
supercuspidal T=To1w even Ton ¢(¢" 1) (0,1)
representations 7, T=To 1% odd T q (gt —=1) (1,0)

T ramified 147 reven gy rodd (1(]2" B (1,1)

> 2 ok ok (]7’7§><(/+1> )

Principal series repre- T = B Zso T @ Tl (q+1)g* (1,1)
sentations T,

Table 6.1: Summary of values of n(m), 757", Tg’,?d, an,, and ay,_ for the various representa-

tions of GG .

Thus we see that the value of n(r,) differs from that of the irreducible supercuspidal repre-
sentations of positive depth. However, it agrees with the corresponding value for the principal
series representations of SLo(F') [Nev24].

The remarkable similarity in the branching rules across these three classes of representations
motivates us to explore this problem for higher-rank unitary groups. In particular, it would
be natural to investigate whether analogous patterns persist for groups such as U(2,1) or,
more generally, U(n, 1) or U(n,m).

The results of this thesis are summarized in the papers [Tiw25a] and [Tiw25b].



Appendix A

Supplementary computations and
technical details

In this appendix, we include two technical components that were deferred from the main
text. In Section A.1, we provide a detailed proof that is essentially an application of Hensel’s
lemma, which was postponed from Proposition 3.2.2 in Chapter 3. In Section A.2, we
justify Remark 5.1.5 from Chapter 5, by showing that in our setting the three refactorization
conditions of [HMO08, Definition 4.19] reduce to the two that were verified.

A.1 The magic of Hensel’s lemma

Lemma A.1.1. Let s > 0. Suppose k = (z Z) € K satisfiesa = d mod p3, and ¢ = u~tvb
mod p%, where w'v € Op and val(u) = 0 and val(v) > 0. Then there erists a matriz
kK = b’ua/lv 2/,) € K such that a’ = a mod p3, and V' = b mod p3,; in particular,
(K)'k € G-

Proof. We wish to find z,y € O such that setting «’ = a + rw® and O/ = b+ yw*® yields a
matrix k' € K. That is, we require the following defining identities of U(1,1) to hold:

(a+2w%)(a+ 2@°) + v v(b + yw*) (b + y=®) = 1
(a+ 2w u" (b + yo®) € VeF
(b+yw*)(a+ 2w°) € VeF

Since u~'v € F, the second equation follows from the third. We produce the solution (z,y)
by induction.

103



A.2. REFACTORIZATION 104

We begin with depth ¢ < s. Then choosing x = y = 0 is a solution modulo p’. Suppose we
have a pair (z,y) that solves this system modulo p%. Then setting o’ = a+xw®, b’ = b+yw®
we know that there exists o,y € Op and § € Og, such that

dad +u bt =1+ aw' (A.1.1)

and B
Va = /ey + Bt (A.1.2)

We claim that we can find 2/, y" € Op such that (a”,0") = (a' + 2'w", V/ + y'w") satisfies
a’d" +u by € 1+ pif! (A.1.3)

and o
V'a" € /ey + piit. (A.1.4)

Write a' = ajy + aj/€, ' = by + bj\/e and B = By + f11/€; our unknowns are 2’ = z(, + 2 /€
and ' =y, + y1+/e. We will show that z(, 2, v}, y; are a solution to a nondegenerate linear
system over the residue field f of F'.

Expanding the left hand side of (A.1.3) and subtracting the left hand side of (A.1.1) reveals
that we need to solve only a’2’ + a2’ = —a mod pr. In terms of our coefficients, we need
to satisfy

! ! —
2(agxy — €ajx]) = —a mod pr.

Similarly, expanding the left hand side of (A.1.4) and subtracting the left hand side of (A.1.2)
reveals that we only require ¥z’ + a'y’ = —f mod pgr. In terms of our coefficients, this is
the system

/] / / ! !/ A
bprg — byexy + agyp — arey; = —fo mod pr

—byzy + byt + ayyp — agy) = —A1 mod pp.

Since our original matrix k has determinant in Oy, and @’ =a mod pg, V' =b mod pg, we
infer that (aj)? — €(a})? € OF, whence the linear system composed of the three preceding
displayed equations is consistent over the field Or/pr, and thus has a solution. By the
principle of mathematical induction, this process gives as a limit an element k&’ € K satisfying
the lemma. |

A.2 Refactorization

In this section, we recall the definition of refactorization from [HMO0S8, Definition 4.19] for a
generic cuspidal G-datum in the case d = 1 and justify Remark 5.1.5. Here, a generic cuspidal
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G-datum refers to a valid datum used in the construction of an irreducible supercuspidal
representation of G.

We first align the notational convention of [HMO08] with that of ours and state the definition
in the case d = 1. Let

EI = <T7 y? T? (b? 1"‘/7 (b/)

be an extended datum for the construction, where 7 > r > 0. In the notation of [HMO0S|,
this corresponds to the sequence

(é7 y7 175)7

where G = (G°,GY) = (T, @), and ¢ = (¢o, 1) = (¢, ¢'), with ¢y a G-generic character of
T of depth ro = r and ¢; a quasi-character of G of depth r; = /. The symbol 1 denotes the
trivial representation of T .

Let ‘ ' .
Z - (T7 y? r? ¢7 Tl? ¢,)
be such that gzﬁ is a quasi-character of 7 and (;5’ a quasi-character of G. For i € {0, 1}, define

Xo(9) = 6(9)(9)¢ () (9),  x1(9) = &'(9)¥(9),

where g is a quasi-character of 7 and y; a quasi-character of G. Then X is a refactorization
of X if the following conditions hold.

(F0) If ¢/ = 1, then ¢/ = 1.
(Fl) ¢|76+: (¢X1) ’76+ and Q.Sl ’Gy,rJr: Qﬁ, ’Gy,rJr‘
(F2) 1=18 (xolr).

In Lemma 5.1.4, given p = p(T,y,r, ¢), A be a quasi-character of G of depth < r, and 5 a
character of T such that

6= N1 @,

we considered extended data
E/ = (T,y,r, /\;Z;a T17¢G)7 and E - (Tay7T7 57 Tlv/\qu)'

where ¢ was a quasi-character of G of depth r; > r. In Lemma 5.1.4, we show Y is a
refactorization of ¥’ by verifying the conditions

(FO) If ¢¢ = 1, then Ao = 1.

(F1) |7, = (oA |%, and (Md6)a,..= ¢cla,, -
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We now explain why these two conditions are sufficient. Evaluating xo and y; for these data,
we obtain

Xo = 0 'pa(Moa) "t = Apo T oa(Mpe) Tt =1,
X1 = ¢a(Mpe) = AN

Since ¢ = ¢ and ¢/ = A¢¢, condition (FO) takes the simplified form stated in the lemma.
For i = 0, we have ¢ = $, O = A&, and y; = )\fl, which gives the first equality in the
simplified condition (F1). For ¢ = 1, the equality ¢’ = \pg with ¢’ = ¢ gives the second
part of (F1). Finally, since xo = 1, condition (F2) is automatically satisfied and can be
omitted, explaining the reduction to two conditions in our argument.
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