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Abstract

We present a theoretical approach to the statistical analysis of the dependence of the
gap time length between consecutive recurrent events, on a set of explanatory random
variables and in the presence of right censoring. The dependence is expressed through
regression-like and overdispersion parameters, estimated via estimating functions and
equations. The mean and variance of the length of each gap time, conditioned on the
observed history of prior events and other covariates, are known functions of parame-
ters and covariates, and are part of the estimating functions. Under certain conditions
on censoring, we construct normalized estimating functions that are asymptotically
unbiased and contain only observed data. We then use modern mathematical tech-
niques to prove the existence, consistency and asymptotic normality of a sequence of
estimators of the parameters. Simulations support our theoretical results.

Keywords: Conditional estimating functions; Recurrent events; Censoring; Covari-

ates; Strong consistency of estimators; Asymptotic normality of estimators.
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Chapter 1

Introduction

Data collected nowadays from recurrent events constitute a well studied area in statis-
tics, with application ranging from economics to engineering to biomedical. The
development of useful regression models for recurrent event data is a problem of sig-
nificant, practical and methodological interest. When the events are all considered
to be of the same type, the waiting times or gap times constitute a natural and in-
formative time scale for analysis. Studies based on gap times are of interest when
the events themselves are not of direct interest or when there is a renewal after the
occurrence of an event. Examples are in the study of system failures or in cyclical
phenomena where it is of interest to characterize the cycle length. An interesting
application was considered by Cook and Lawless in [8] on the data collected from a
carcinogenicity experiment involving female rats. The subjects were randomized to
treatment or control and then exposed to a carcinogen. They were subsequently ex-
amined for the development of new tumors whose times of occurrence were recorded.
An important question is how to estimate the mean and variance function when the
individual subjects are not observed over the same time interval. As well, there is the
issue of right censoring if the subject dies.

Recurrent event data is collected on a preferably large sample of independently
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selected individuals. We view it as longitudinal data collected on each individual
before or at the time each recurrent event occurs. Naturally, data collected on the
same individual on different occasions is correlated and therefore can be viewed as a
cluster of observations, where an intra-cluster dependence exists. Missing data in the
form of censoring, creates, for many subjects, partly observed last gap times.

Even if each individual were observed for a finite number of complete gap times,
the drop-out of subjects would create partially observed last gap times. A typical
example, which we will often refer to, is given in [18]. The authors study the menstrual
pattern of a sample of Lese women from Zaire. They parameterize and analyze the
mean length of the menstrual cycle, conditioned on the past cycles and covariates
such as age and the BMI (Body Mass Index). This study encapsulates most of the
challenges encountered in the analysis of recurrent events: the covariates are time
dependent random variables and there is right censoring.

Gap times have been studied by Cook and Lawless in [8] using parametric models
based on the hazard function. They also provide an extensive literature review of such
methods. In this thesis, we base our approach on the methodology developed in [18]
wherein they relax the stringent restrictions imposed by simpler marginal models,
while avoiding the need to fully specify how the probability of subsequent recurrence
depends on the prior events and covariate history. This approach lends itself to more
readily model similar phenomena such as, for example, the pattern of repeated work
injuries, or recurrent asthma in children (details provided in [6]).

The theoretical background developed in [17] accommodates the drop-out of
individuals from the study. The focus of the study in [18] is the identification of
factors that contribute to the menstrual cycle variability.

The approach adopted in [18] and [6]-[7] for the analysis of recurrent events is
based on the use of estimating function(s) (e.f.) to produce estimators of the param-
eters. More precisely, these authors use a particular case of generalized estimating

equation(s) (GEE) introduced in [14], which may be succinctly described as follows.
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We now use the notation in [2]-[3], [9] and [14]. Let y;; € R represent the response
variables from independent individuals and z;; € R?, p > 1 the nonrandom covariates,
for 1 < j <m;,i > 1, where j refers to the occasion on which measurements are taken
for the i*" individual. We are dealing with a regression-type model, with regression
parameter 5 € RP. In these marginal models, only the means and variances are

specified at each occasion, namely

Bayg) = plahB) = ns(B), Vars(yy) = i (@58) = 003(8),  (10.1)

where p is a canonical link function, ' its derivative and ¢ is a scaling parameter.
To estimate the true parameter [y, Liang and Zeger in [14] obtained a sequence

of estimators Bn, which are roots of the GEE

- Ipi(B) ! -1 _
;[ 95T } Vi (B, )]y — i(B)] = 0. (1.0.2)

In (1.0.2), y;, ui(B) are m;-dimensional vectors, « is a “nuisance” parameter and
Vi(B,«) is a “working” covariance matrix, which replaces the correct, but unknown
intra-cluster covariance. An important particular case occurs under the “working
independence” assumption, when the correlation matrix corresponding to V; in (1.0.2)
is the identity matrix (see (2.6.1) and Section 2.6).

It is shown in [14] that the sequence {Bn}nzl is consistent, i.e., it converges
to By, regardless of what the true covariance is, and this sequence of estimators is
asymptotically normally distributed. The penalty for using a “working” covariance
in lieu of the true one results in a decrease in efficiency.

Theoretical justification and extensions of the results in [14] where given in [27],
[2] as well as in [3]. Further applications and examples of the GEE method can be
found in [30] and [31].

We now briefly present the use of the GEE (under the working independence
assumption) in the analysis of recurrent events, as is done in [6]. We first point out

the difference in notation.
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In [6], the response process is denoted Y;;, and represents a measure of the gap
time between the (j — 1) and the j"* occurrence of the event for individual i. The
main, regression parameter 3 is denoted 6 in [6], whereas 0;;(3) in (1.0.1) is V;;(6) in
[6]. Censoring aside, it can be seen that the first expression in (2.7) of [6] generates
an e.f. that corresponds to (1.0.2), with Z;;(0) and f;;(d) defined in (2.6) of [6].
Further details on the connection between [6] and the analysis of longitudinal data
are presented in [6] and Section 2.6 of this dissertation.

Generalizing the marginal model approach to the case of random covariates re-
quires some form of conditioning in (1.0.1).

The simplest situation occurs when conditioning in (1.0.1) is done on the last
observed covariate x;; (marginal models). It is shown in [21] that, when some co-
variates are random and time-dependent, the expectation of the e.f. in (1.0.2) may
not be zero (the e.f. is biased) so the e.f. may generate estimators that may not be
consistent. The main reason is that (1.0.2) contains all components of the covariates
Zij,7 = 1,-+- ,my;, 4 > 1. This situation does not occur under the working indepen-
dence assumption. For this reason, it is suggested in [21] that the use of e.f. with
random covariates in this context be restricted to the working independence case, un-
less a strong condition on independence among covariates is imposed (see condition
(5) of [21]). Note that this condition is not needed in [28].

Within the framework of marginal models, Lai and Small in [13] showed that
the unrestricted use of the working independence assumption leads to a loss of effi-
ciency in many situations. They classified the random covariates into three types and
solved estimating equation(s) (EE) appropriate for each type. The resulting blocks
of estimating functions are then put together by applying the generalized method of
moiments.

Type I and type II covariates are those for which there is no “feed-back” from
the response process to the covariate process, whereas for type III covariates there is

such feed-back. It is only for type III that Lai and Small in [13] advocate the use of
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the working independence assumption. As an example of a type III situation, let us
consider a study meant to analyze the dependence of an individual’s blood pressure
(response process) on the individual’s amount of salt intake and daily physical exer-
cise (the covariate processes). Some participants may notice the dependence and its
direction, e.g., that a lower blood pressure follows a reduction in salt intake. They
may change their habits during the study by further reducing the salt intake to fur-
ther reduce the blood pressure at the time future measurements are recorded. In this
example, a reduction in blood pressure on one occasion induces a change in covariates
recorded on future occasions.

A similar problem of potential bias was encountered in [6], while attempting
to use the GEE method in connection with the recurrence of similar events at the
individual level. This problem was not resolved satisfactorily and, consequently, in
this dissertation we confine our research to e.f. which reflect an underlying working
independence assumption. Returning to marginal models with random covariates,
we add that the model assumptions (1.0.1) have been relaxed, in that the marginal,
conditional variance is no longer required to be related to the conditional mean.

In the context of recurrent events, conditioning in (1.0.1) is done on the history
of each individual available right after the (j — 1) occurrence of the event, for each
7 > 1. This type of model, which we use in the dissertation, is a partially conditional
model. In a fully conditional model, also called transitional model, all covariates,
past, present and future are part of the conditioning o-field.

Having established a connection between conditional models and marginal mod-
elsin (1.0.1), one can now attempt to use the techniques for GEE developed in [27] and
[2]-[3] to explore, in the first place, the statistical properties of the main, regression
estimators, within the context of analyzing data from recurrent events process. More
precisely, we aim to establish the existence, strong consistency and the asymptotic
normality of estimators of the true regression and overdispersion parameters. Before

doing so, one must slightly modify the e.f. and the GEE approach, to accommo-
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date censoring and replace the last, incompletely observed gap time, with imputed
data that fits into an appropriate model. It is known that simply discarding the
last, incompletely observed gap time leads to biased e.f. (see, for instance,[6], [18]).
Therefore, the normalized e.f. that contain imputed data must be, at the very least,
asymptotically unbiased.

An imputation method usually fits a model presumed to govern the mechanism
that generates the missing data. In [18], the last term in the main e.f., which defines
estimators of the regression parameter, is replaced by its conditional distribution,
given the observed event indicating that censoring has occurred. A similar change is
made on the e.f. defining the estimators of the overdispersion parameter ¢ in (1.0.1),
which is denoted 2 in [18]. In order to solve this system of equations, one has to ulti-
mately use actual numbers. The authors of [18] use data generated by an independent
random variable, which has the same conditional marginal mean and variance as the
incomplete gap time. Then they use the EM algorithm to produce the estimators.
From their simulation results, these estimators appear to be a.s. consistent. Their
theoretical method of imputation is based on observed data, namely the occurrence of
censoring. The model assumptions that govern the missing data mechanism are not
described in detail and there is no formal proof of either unbiasedness or asymptotic
unbiasedness of the e.f. used in the simulations.

We adopt the initial “conditional” equations in [18] and provide conditions under
which these e.f. are unbiased (e.g., our Proposition 2.4.6). Condition (A0) is taken
from [6]. Our conditions model the missing data mechanism by expressing the degree
of independence between some information on the censoring time and the recurrent
events process.

A different approach to the imputation of the incomplete gap time is presented
in [6]. The authors build a solid mathematical framework to support their work.
The contribution of each individual to the original e.f., which contains the last,

partially observed gap time (see (2.7) of [6]) is conditioned on the o-field containing
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the individual’s observed data. This produces truly conditional e.f. (see (2.8)-(2.9)
of [6]), which are unbiased, since the original e.f. are unbiased under (A0). As
remarked in [6], using only the observed data in the e.f. to produce estimators points
to a missing at random (MAR) type of mechanism that generates the nonresponse.
Under MAR, the missing data can be generated solely by a subset of the observed
data. More about MAR can be found in [16].

While the conditional e.f. corresponding to (2.8)-(2.9) in [6] have good unbi-
asedness properties, the problem of actually imputing numbers in the conditional
expectations of functions of the incompletely observed gap times still needs to be
solved. It is more complex here, because the conditioning o-field in [6] is larger than
the conditioning o-field in [18]. The authors of [6] propose a parametric solution
to this problem. They assume that the complete distribution generating the two
conditional moments in (2.8)-(2.9) is known.

Our approach to conditioning and imputation relies solely on the observed data.
Asin [18], we start with e. f. that contain the last, unknown gap-time, and condition it
on a smaller o-field than the one generated by the entire individual history. We impose
a condition that reduces our e.f. to those in [18], and prove their unbiasedness. The
last terms in the e.f. are still unknown. Under (A0), we impute these terms using the
observed data from all individuals. Our simulation results show that the estimators
that are produced by solving our EE are close to the value of the parameters and
have, overall, good statistical properties.

So far we discussed our methodological approach and compared it to that of [6]
and [18]. We now compare the mathematical techniques we use in this dissertation
with those in [6], [18] and [27].

Once we set the EE with the imputed terms, we implicitly define our estimators
and then prove the strong consistency and asymptotic normality of these estimators.
We do this in two steps. We first define én, a sequence of estimators of the main,

regression parameter, by solving an EE that contains #, but not o2. We recall that
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o2 is the overdispersion parameter. Next, we place 6, in the EE that contains (6, 02),

and prove the existence, strong consistency and asymptotic normality of a sequence

2

2 of 2. In Section 4.1, we prove the asymptotic normality of the

of estimators &
sequence of regression estimators 6,,. Then Theorem 4.2.3 gives the asymptotic normal
distribution of 62, taking into account the asymptotic distribution of 0,,. We followed
the ideas presented in Section 3.5 of [28] and adapted the technical details from
Section 3.4.2 of [20]. We recall that a repeated substitution method, similar to the
EM algorithm is used in [18], but the analogy with [18] ends here. The imputed
part of the e.f. in [18] is different from ours. Furthermore, we use the analytical
and stochastic properties of the terms of our e.f. to discuss the properties of our
estimators.

A more appropriate comparison of our mathematical techniques could be made
with [6]. The more difficult result is the existence and strong consistency of the
estimators. Clement and Strawderman (see [6]) base their theoretical results on a
1998 paper by Yuan and Jennrich (see [29]), while we apply the more modern results
in [27], which were generalized in [2]-[3]. While [29] is quite important pedagogically,
some of the conditions required are difficult to prove, e.g., conditions (A2)-(A3) listed
in [6]. With parameter n” = (07, 0?) € RP™, they consider the e.f. S,(n) defined in
(2.16) of [6]. Condition (A2) requires that S,,(n) converge uniformly in 7 in probability
to S(n), while condition (A3) requires the same type of convergence of %Sn(n) to
%S (n). By contrast, our conditions rely on analytical properties of the derivatives
D, (n) of our e.f., n > 1, without appealing to the existence of a limiting process and
any type of convergence to it (see our Theorem 3.1.1). Furthermore, our conditions
(e.g. S(ii)) can be expressed in terms of simpler random variables that make-up our
e.f. (see, for instance, our Section 3.2).

While we base our technical approach on [27] and [2]-[3], some differences are
worth mentioning. Since we consider independent individuals as opposed to martin-

gales (see [3]), our results on the asymptotic behaviour of the terms of the derivatives
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containing the residuals require much weaker conditions than those in [3].

On the other hand, we are dealing here with a more general model. In our case
the conditional variance need not be analytically linked with the conditional mean.
Furthermore, the function representing this mean cannot be decomposed to contain
the scalar product of the vector of parameters and covariates, so we had to introduce
and study an additional function. More importantly, we had to develop the technical
approach to deal with censoring and the imputed data. We treated the observed and
the imputed parts separately. The advantage is that the treatment of the observed
part is valid regardless of the imputation method used. To treat the imputed part,
we expanded the method we used for the observed part.

This dissertation is organized as follows. Chapter 2 presents the basic assump-
tions, and our suggested e.f. Chapter 3 is dedicated to the strong consistency of our
estimators, while their asymptotic normality is discussed in Chapter 4. In Chapter 5

we present and discuss simulation results.



Chapter 2

The Model and Basic Assumptions

In Section 2.1 of this chapter we introduce the model we use and the basic assumptions
needed to prove the main results. We follow the formal set-up in [6], but also adopt
ideas from [18]. Tt allows us to use as covariates values of the previous gap times,
which might be strong predictors of current and future gap times. Section 2.2 gives
a short description of the related literature. In Section 2.3 we introduce various
e.f., which are tools for generating estimators of the parameters associated with the
conditional model. In Section 2.4, we present our observed e.f. and discuss their
unbiasedness. In Section 2.5, we propose other e.f., while in Section 2.6 we outline
the connection with other longitudinal models. In Section 2.7 we give a preliminary

result, while Section 2.8 is devoted to examples.

2.1 Model Assumptions and Examples

In this section we introduce the set-up and the e. f. defined in [6], with a slightly differ-
ent notation. We state the conditional model used and the conditional independence
assumptions governing the censoring times.

Data d;, collected on each subject ¢, is generated by a distribution indexed by a

10
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true parameter 1y = (6F,02)7 € RP i > 1. Viewed as random vectors, {d;};> are
independent and identically distributed (i.i.d.).

Assume that the time of origin for the analysis is S;y = 0, with subsequent events
occurring at times 0 < ;1 < Sjp--- < S;; < ---, and terminating at an observed
censoring time C; > 0, ¢ > 1. The observed, uncensored data for subject ¢ at time j,

generate the o-field
]:ij = U(Sﬂ, Sigy e 7Sij7 Ti1, 5 Ly, xz’,j+1)a (2-1-1)

where z;; denotes the covariate information (available at time S; ;_1),4,j > 1. There-
fore, Fi; may include covariates, measured at or before S, and events or summaries
of past events up to and including time Sy, k < j,j > 1. Note that {F;;} is a fil-
tration, meaning that F;; C F; 11,4, > 1. Let h(.) be a monotone nondecreasing

transformation h : R — R, and define
Yij = h(Si — Sij-1),

where S;; — S; j_1 is the j' gap time.
We assume throughout that each Y;; has a finite second moment, j,7 > 1. With

n=(07,0)" € RPL, the basic modeling assumption is:
ElYij|Fij1] = pi5(0) and  Vary[Yy|Fij] = 0?Vi(0), j > 1, (2.1.2)

where 1;;(#) € R and V;;(6) > 0 are known scalar functions of the parameter vector
0 € RP, and of covariates, which will be displayed in the detailed examples. The model
in (2.1.2) specifies conditional marginal means and variances, given the past of each

2

individual. We think of 6 as a regression parameter and of ¢° as the overdispersion

parameter.

Remark 2.1.1 While (2.1.2) holds for possible values of the parameter n, conver-
gence results, which involve the true parameter ng hold when the probability measure

15 Py, .
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Examples:
L h(z) =z, BYij|Fij] = pij(0),  Var,[Yy|Fij] = a?V30),
2. h(x) =z, EplYylFija] = py(0), VaryYylFija] = o?ui(0),
3. h(z) =logw, Eg[Yyj|Fijo1] = pi;(0), Vary[Yi|Fj—1] = o?V2(0),

where 7,7 > 1.

When no confusion may arise, we omit writing the subscript of E.

The models in 1 and 3 do not specify a connection between p;;(#) and V;;(#). The
models in 2 and 3 generalize the accelerated gap times (AGT) model proposed in [24],
which assumes that the gap times of the recurrent event process satisfy S;; —S; ;-1 =
R;;p(8), where {R;;}; j>1 are i.i.d. random variables, with distribution independent of
0. Here p(0) accelerates or decelerates the baseline gap times based on the values of
the time-independent covariates. When E[R;;] = 1, model 2 is a direct generalization
of this AGT model with p;;(0) = u(0),Vi;(8) = p(6) and o = Var[R;],i,7 > 1. An
alternative version of this model specifies log(S;; — S j—1) = logu(0) + logR;;, and
is covered by model 3, with p;;(0) = logu(), EllogR;;] = 0,0* = Var[logR;;] and
Vij(0)=1,i,j > 1.

The following example, taken from [18], will often be invoked to illustrate the

conditions under which our results hold. In this example h(z) = x.

Example 2.1.2 As in (3.3) of [6], we assume that 11;;(0) and V;;(6) are given by

J Jj—1

1135 (0) :70+71_BMIij+p(]_1 g {Z} E(voﬂlBMlu)], (2.1.3)
1/2
= p or L. — .. 1.
GO = (114l l) o GO =l®) @1

where 07 = (y0,71, p). In (2.1.3), BMI;; represents an average of several measure-
ments of the Body Mass Index taken on individual i at the (j — 1) occurrence of the

event. We note that the constant 28 in [6] was incorporated in .
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The model in Example 2.1.2, where the conditional variance is given by the first

formula in (2.1.4), constitutes our main example.

Remark 2.1.3 Ezample 2.1.2 illustrates a major difference between the marginal
models introduced in [14] and the conditional models studied here. While for marginal
models, each marginal mean and variance can be expressed as a function of a linear
combination of covariates and parameters, the conditional mean in (2.1.8), though
linear in covariates, is not a function of a scalar product of the parameter vector and

the vector of covariates.

The following example of a more general conditional model serves as the basis

for our theoretical results.

Example 2.1.4 In this example, only the conditional mean in (2.1.2) is specified,
and it is of the form

pig (0) = plcly(0)zs;), (2.1.5)
where p1: R — R, ¢;;(6) € R are nonrandom and x;;(w) € R is the random vector

of covariates available before the occurrence of the j™* event. The function i, and the

components c;jn,h =1,2,--- ,q are three times continuously differentiable.

Remark 2.1.5 The number of covariates generally increases with j > 1. We assume

that there is an upper bound q for this number.

Example 2.1.6 This is the generalization of the (AGT) model described earlier. The
gap times are modeled as Y;; = Rijexp(—QTxi), where x; is a baseline vector of co-
variates that is not time dependent and is thus F;;-measurable for any j > 1,4 > 1.
The R;; are independent in both i and j and also of the covariates, and E[R;;] = 1.
Then

E[Y;j|Fij1] = B[R] exp(—0" ;) = exp(—0" ;) == i (0),

E[Y;|Fij-1] = B[R] (0),
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hence
Var[Yi|Fij1] = (B[R] — )i (0) := o?17(0),

since by definition Var[Ry] = E[R;| =1 := o*. It follows that Vi;(0) in (2.1.2) equals
wi(0). We have u(x) = exp(—60Tx),z € RY.

In Example 2.1.7 below, we show that j;;(¢) in Example 2.1.2 is of the form
(2.1.5).

Example 2.1.7 Let u(t) =t,t € R, 07 = (v, 71, p), and 65(9) and x;; are g— dimensional

vectors, with components:

(=Dop T
Yo~ nn—, Fh=1

i dL<h<y,
cijn(0) = {7 ifh=7j4+1,

S E— ifj+1<h<2j,

0 25 <h<q.

1 iFh=1,
BMI,p ., ifl<h<j
Lijh = BMIU th:]+1,

Yin-gry Jj+1<h<2g,

0 2] < h<gq.

\

Then (2.1.3) can be expressed as u;;(0) = cl-

ii(0)zi5. Note that h =1 gives the inter-

cept. Indeed,

T (= Dyop - T
i)z = - — + : BMTI,
e pi—1)+1=p “p(i-1)+1-p
2j p
+ ’}/1BM[¢]' + Z Y;,h—(j—l-l)

h=j+2
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i—1
p(j — 1o p o

— — BMI,
R T p(j—1>+1—p§’” :

j—1

N YE s p
+ mBMI;; + — Y
' ’ P(J—1)+1—PZ

=1

j—1 j—1
_ p —_
= Y +tmBMIj; + — { Yi — 7+WBML-:1.
o p(J—1)+1—p; ;(0 ' )

We note that the sum on the right hand side above looks like a sum of linear regression
residuals, where

en=Ya—v—-—mBMIy), 1<1<j-1
As in [6], we adopt the following notation:

i () = O gge)%jl(e) and Zij(e):%vtfw, (2.1.6)

We assume that EyZ7;(6) < oo, for all j > 1. Note that f;;(6) is a p-dimensional
vector. From (2.1.2), it follows that f;;(6) is F; j_1-measurable.

We now define a filtration larger than {F;;},,j > 1, which contains some infor-
mation about censoring times C;, ¢ > 1.

Let

gij = U(Ejasik <, {Sz’k = Ci}ak =1,2,... ,j), 6,5 2 1. <2'1'7)

The i.i.d. vectors d; can now be written d; = {S;j,z;;,Ci,j > 1}, where z;; are
random covariates. As in [6], we make the following basic assumptions:

(AO) Eg[Yij|Gij1] = EolYij|Fij1] and Var,[Yi;|Gi 1] = Var,[Yi|Fija] i,5 > 1.

Remark 2.1.8 Assumption (A0) holds if, conditional on F; j_1, the sigma fields gen-
erated by {Si, < C;},{Si = C;},1 <k < j, and Y;;, are independent, for all i > 1.
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We now give some insight into the meaning of (A0) (see Exercise 34.11 in [4]).
First, we recall that S;; = 0,7 > 1 and note that C; > 0, for all individuals 7,

which are part of the survey.

Example 2.1.9 Consider Example 2.1.7 and let us examine (AO) for j = 1,2. At
Sio = 0,1 1s known, so, by convention, we set Fiy := o(wx;1). At j = 1, the only
past information on the position of C; is C; > 0, which is the entire probability space
of events. Therefore, no new information is contained in Gy, Fio = Gio and (A0)

holds for j = 1. Consider now j = 2, and let us examine F;; and G;1. We have

Fi = o(xin, 22, 581) and Gy = o(Fn, {Sa < Ci},{Sn = Ci}). For j = 2, (A0)
tells us that, in predicting the value of Y;o, past information, given by the covariate
and response process, prevails over some information on the position of the censoring
times, relative to the time of occurrence of the previous event. In other words, the

information provided by o({Sxy < C;},{Si = C;}) is irrelevant in the presence of

Fi. A similar interpretation holds for j > 2.

2.2 Short Description of Previous Work

We now give a short description of the estimating methodologies used in [6] and [18].
As in [6], we define
Ni = max{j 2 ]-7Sij S CZ}, 1 Z 1,

which is the number of events up to and including the censoring time C;, ¢ > 1.
We introduce the (p + 1)-dimensional vector (2.7) of [6], which constitutes the

following set of e. f.:

Gun(®) = 2 D" FaOZ40), Guoln) =30 X byn)(Z4(6) %), (221

where b;;(n) is an F;;_i-measurable scalar function, which serves as weight. We

assume that all terms in (2.2.1) are P,-integrable.
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In [6], data observed on subject i generate the o-field:

0; = U(Sﬂ, Sigy -+ ,Sz'N”l‘z‘h%Qa T TN+ Ci)'

The e.f. (2.2.1) cannot be used directly for estimating the true parameter 7, from
the observed data, since, for each individual, the last terms in (2.2.1) are unobserved.

As in [6], define the transform:
Wz(n) = O-_IZij<0)7i7j > 17

and the normalized e. f.

Suali) = £ 30 | SO HOWs) + finnOFi()|. 222
Suali) = £ 3 | by V() = D + b (Fals() D], (223
where
Ky (wi(n)) = EyWin, M IHA{Win1(n) > wi(m)} O3], r=1,2. (2.2.4)
o MG = Sing) = v (0)
wil) = oVini1(0) ‘
In (2.24), K, (w) = [° #Ew_)dﬁb(u) r = 1,2, where it is assumed that the con-

ditional distribution of W; n,4+1(n), given some of the observed data, is fully specified
It is shown in [6] that the e.f. in (2.2.1) are unbiased, i.e.,

This is also true of (2.2.2)-(2.2.3), which can be viewed as normalized projections of
(2.2.1) on the observed data. This parametric approach requires that the distribution

Fy be known.



2. The Model and Basic Assumptions 18

The approach to this problem is slightly different in [18]. With h(z) = z, the

e.f. used to estimate the main regression parameter 6 is :

ZZ}”Z] (O)I{Si; 1 < Ci}. (2.2.5)

=1 j=1

The projection of this e.f. on the observed data is given in [18] as

ZZfzy 0)(Ep[Yijlobs] — pi;(0))1{S: ;-1 < Ci}, (2.2.6)
=1 j=1
J
where EyYijlobs] =Y, if > Y;<C; and
=1

Ey[Yijlobs] = Ey[Yi;|Yi; > Ci — Z Y], otherwise.

In [18], two EE (one of which is generated by (2.2.6) above and the other by (2) in
[18]) are solved for # and o2 using an idea from the EM algorithm.

The e.f. in (2.2.6) is not the projection of an unbiased e.f. on a o-field. It is
only the gap times Y; that are projected on the o-field generated by the knowledge
that censoring has occurred, an idea that we borrow in defining the e.f. we need. The
e.f. in (2.2.6) is, in general, not unbiased, unless additional conditions are imposed

on modeling the data.

2.3 Unbiased Estimating Functions

In this section we introduce the observed e. f., which will be used throughout, and we
study their unbiasedness properties.

From here on, we assume that (A0) holds. We often appeal to the strong law
of large numbers (SLLN) for the i.i.d. case, which is Theorem 22.1 of [4]. We al-
ways assume that the hypotheses of Theorem 22.1 hold, i.e., the appropriate random

variables have finite expectations.
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Recalling (2.2.1) and the conditions on its terms, we consider now the e.f.:

gna(0) = D D fii(0)Zi;(0)I{Si;-1 < Ci},

i=1 j=1

gna(n) = DD bi(m)Z5(0) — *1{S;;1 < Ci}, (2.3.1)

i=1 j=1
where we assume that the second sums are a.s. finite.

The definition of a stopping time is given in (7.18) of [4]. In our set-up, we have

Definition 2.3.1 Let 7, = min{j > 1 : S;; > C;}, if such j exists, and 7, = o0

otherwise.

We assume throughout that 7; < oo a.s.

Proposition 2.3.2 For every i,7; is a stopping time with respect to the filtration
{Gij}izo-

Proof. We have {Ti = j} = {Si,jfl < CZ S SZJ} € Qij,j 2 1. OJ
Now (2.3.1) can be written :

Gor®) = 3 15(0)2;(0),

i=1 j=1

Gos(n) = 33 by Z3(0) — 0*). (23.2)

i=1 j=1

Remark 2.3.3 We have that 7, < N; + 1. As in [6], our last gap time Y;; could be
fully observed. On the other hand, we ignore f; n,+1(0)Z; n,+1(0) when Sy, = C;. In
other words, we only account for gap times that are at least partially observed. This

is also the approach in [18].

We consider the following conditions:

(T0) E[r] < o0,
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(T'1) For each i > 1, we assume that 7; is bounded, i.e, there exists a nonrandom
integer m; such that 7; < m;, a.s.
(T2) There exists a non-random integer m, such that 7, < m, for all ¢ > 1.

Note that (172) = (T'1) = (70).

Remark 2.3.4 Assume that P{7, > 0} = 1. Then condition (T0), which is the

weakest of the three conditions above, implies that 0 < 7; < 00 a.s., © > 1. Indeed,
E[r| = ElmI{n < oo} + E[rI{m = o0}] < o0,
implies that P{T = oo} = 0.

Under (T'1), our e.f. in (2.3.1) become:

n o m;

n1(0) = Z Z [i3(0)Zi5(O) {551 < Ci, (2.3.3)
mai) = YD b0 - (S <Gl (234)

where the terms with j > 7; are zero.

Remark 2.3.5 Condition (T2) is not unreasonable. In practice, there is always a
time the entire study ends, say, for lack of funds. Furthermore, for many recurrent
events processes, there is a minimum amount of time separating consecutive events.
In such cases, the sequence of event times does not accumulate and is bounded, for

all individuals.

As in [6], we have the following result.

Proposition 2.3.6 Under assumptions (A0) and (T'1), the e.f. in (2.5.3)-(2.3.4) are
unbiased. If (T'2) holds, then

N gni(n) =0 as. in P, i=12 (2.3.5)
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Proof.

Eo[gn1(0)] = ZZEO [i3(0)Zij (0)1{Si ;-1 < Ci}]

=1 j=1

= ZiEe[Ee[fij(g)Zij(Q)I{Sz‘,j—l < Ci}|Gij1l]

i=1 j=1

=¥ Z Eg[fi;(0)I{S; ;-1 < C:}Eg[Z:;(0)|Gi 1]

i=1 j=1

= D > Eolfi(0)I{Si;1 < C:YEg[Zi5(0)|Fij 1]
i=1 j=1
= 0.
The third equality holds because f;;(8)1{S; ;-1 < C;} is G; j_1-measurable, the fourth
by assumption (A0) and the last by (2.1.2).
Similarly,

Egna(m] = 33 Eyby()(Z2(0) - o) I{S0s 1 < C)]

i=1 j=1

=SS BB b )(Z2(60) — )1{Sis 1 < CHGus 1]

iljl

= ZZE (M I{Sijo1 < CYE,[Z2(8) — 0%1Giy1]]

Zl]l

= ZZE 1] I{Sz] 1<C}E [ ( )_0-2“/_';7.7*1]]
=1 j5=1
= 0.
As before, the third equality holds because b;;(n)[{S; ;-1 < C;} is G; j_1-measurable,
the fourth by assumption (A0) and the last by (2.1.2).

To prove (2.3.5), it suffices to show that, for each j < m, we have, a.s. in P,

nil Xn:fm(ﬁo)Z,](eo)[{Swl < CZ} — 0, (236)
n_l wa(ng)[ij(Ho) — Ug]]{si,j—l < Cz} — 0. (237)

=1
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This follows from the SLLN, since the expectation of each term in (2.3.6)-(2.3.7) is

zero, by the proof of the first statement of the proposition. [

Remark 2.3.7 In the course of the proof of Proposition 2.3.6, we showed that
Eg[Zij(0)|Qi,j_1] =0 and En[ij(H) - O'2|gi’j_1] = O,j,i Z 1. ThUS, m (233}—(234),

each sum in j forms a martingale difference.

We introduce some notation. For 4, j > 1, consider the set {S; ;-1 < C; < S;;} =
{Sij = Sij—1 > C; — S;;—1 > 0} and note that it belongs to G;;. The complement of
this set is {S; ;-1 > C;} U{S:; < Ci} = {Ci—Si -1 <0} U{Sij—5ij-1 < Ci—Si -1},
i.e., it is a union of two disjoint sets. We define the set indicators:

I = I1{S;; < Gy}, I = I{S; ;1 < C; < Sy}, 15 = 1{S; -1 > Cy}.
Here “obs” stands for to fully observed gap times, “cen” for censored gap times, and
“out” for fully unobserved gap times. Note that Ifj“t is G; j_1-measurable and the
other two set indicators are G;;-measurable.

Since {S; ;-1 < C;} = {S;; < C;} U{Sij—1 < C; < Si;}, we can express the e.f.
n (2.3.1) as

n

g (0) = Z fii(0)Zi(O) I + £15(0)Zi3(0) I, (2.3.8)

=1 j=1
Gu2(n) =D ¥ bi()(Z5(8) — o*) I + L), (2.3.9)
i=1 j=1

In the expressions above, it is the terms restricted to [;¥",4,j > 1 that have to be

imputed, using the observed data.

Let
zmputed Z Z f” ]obs + szp(g)[icjen], (2310)
=1 j5=1
) = 3 S B O+ ORI o0 ), (31
=1 j=1

where in defining Zf;”p (0) we will be using the observed data. This is done in Section

24.
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2.4 Observed Estimating Functions

In this section we describe a three-step procedure for imputing and estimating the
last terms of (2.3.10)-(2.3.11). We also discuss the unbiasedness properties of the

resulting e. f. We start with (2.3.10).
Ey[Zi;(0)155"] .
EolL7™]

The first step consists of replacing Z; ?mp (0) by n (2.3.10) and showing
that, under certain conditions, the resulting gObS(G) is unbiased.

The second step consists in showing that
Eo[Zij(0) I = — B[ Zi;(0) 1], 5 > 1,

which justifies the definition of the e.f. g2 (0) in (2.4.2) below.

Finally, we show that g"bs(Q) and g"bs(ﬁ) defined below are, in some sense, asymp-
totically equivalent.

First, we write

- EG[Z,(H)I??”]} (2.4.1)

obs obs cen J ()

9n. fi O + fu(O) " — e —

0= 33 [0z + s 2
i=1 j

Let us now define an empirical e. f., where we subtract only terms with Ey[I"] > 0.

/\O S - o0s cen Zn: Zk(e)llgbs
50 =2 [0z0m - e ESOE] o)
i=1 j=1 k=1 "kj

We note that gObs(H) is used in our simulations in Chapter 5.

For estimating o, we consider the following e.f.:

=33 {bij ((Z2(6) — )12 + by (10 2 F )~ T L ey

B I
i=1 j=1 Tty

n n 2 2\ 70bs
Aobs 2\ robs cen Zk:l(zkj (9> — g >ij
i=1 j=1 k=1 "kj

When b;;(n) = 1,4, > 1, (2.4.4) becomes:

n n_ Z2' 6 2 ]ol?s
Aobs ZZ{ 0_2)Iiojbs _[icjenZk_l( k]( ) o ) kj } (245>

n cen
22 S I
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Remark 2.4.1 Since
> (23 ( ) — o?) IR -
Iz T N (2(6) - I

the e.f. g"bs( ) = 0 and hence cannot be used in the estimation of 0® when bi;j(n) = 1.

We give in Section 2.7 a direct proof of the consistency of the estimators of o2,

when b;;(n) = 1,4, > 1.

Remark 2.4.2 When b;;(n) = 1,i,5 > 1 for some n € RP™, we can replace the e.f.
in (2.4.5) by:

n Z2 0) — 2 Iobs
Aszm ZZ{ UZ)IiO]-bs Izcjenz:k 1( kj( ) ) kj } (246)

cen
=1 j=1 Zk lk;é'LI

It is seen that gs””(n) 1s not zero and it has the same asymptotic properties as g

obs(n) .

While gs””( ) may not satisfy all the conditions required for our theoretical results, it

gives good results in our simulations.

We now turn our attention to (2.4.1) and its estimator (2.4.2), justify their
definition and study their unbiasedness properties.
We proceed with the first step in proving the unbiasedness of (2.4.1). Following

an idea in [6], we define a sigma-field, for each ¢ > 1:

O(fi(0)) = o (f5(O) 5", 1", 5 = 1) (2.4.7)
We recall that I I5" = 0 if j # j'.
We introduce a new condition (By)):
(Bro) L7 EplZi; (0)|0(fi(0))] = 17" Eo 255 (O) 15"], 4,5 = 1.

We illustrate next condition (By)) for j = 1,2, and compare it to condition (A0),
described in Example 2.1.9. We refer to examples 2.1.2 and 2.1.7. For simplicity, we

introduce the notation

BM1Ij := w4511, ZYi ] Y, Z%gh —IJ
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1

filp) = [

p#0,1;4,5>1.  (248)
Then (2.1.3) can be written, for p # 0,1
15 (0) = 0 + Mz + LYV = (G = Do — mal).

Example 2.4.3 Consider ezamples 2.1.2 and 2.1.7, where V;;(8) is given by the first
formula in (2.1.4). We first identify the generators of o(fi;(9)),t,7 > 1. Since Vi; is

nonrandom in this case, we only need to look at 8’%4'0(0). We have
Opi; (0) .
o0 — LU= Di),
ajvi T

Opi(0) _ dfi(p) v G- . )
Bp = dp [Yi (J 1)70 N, ]

So the generators of 0(8’%—{;9)) are Tijj+1 — fj(p)mgj) and Y;(j_l) - %xgj), which are

both F; ;_1-measurable. Consider the case j = 1. Since xz(l) and Yi(o) are not defined,
we take only v; 5 = BMI;; as generator of 0(6“8—19(0)). Condition (By)) tells us that,
forj =1,
LB Za (0)|o(zin 27", I7)] = 17" B2 (0)| 17",

while (AO) imposes no restriction (see Example 2.1.9). In other words, if censor-
ing happens before S;1, the incomplete value of S;1 — Sip would be influenced by the
occurrence of censoring, regardless of xjoI{". For j = 2, we recall from Evam-
ple 2.1.9 that, according to (A0), in the presence of Fi1, information of the type
{C; < Su},{C; = Su},{C; > Sa} can be discarded in predicting the future gap

time Zi. Let us now interpret (Byg)) in this case. The generators of 0(8“3—29(0)) are

Ti23 — fz(P)ZUzQ,z = BMI;; — f2(P)BMIi1 and Y; — NMTiz2 = Yy — nBMI;, both
Fii-measurable. Thus, o(fi(0)) C Fi i.e., fia(0) contains only partial information

from the history of the recurrent events process. The event {S;; < C; < Si2}, which,
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for j =2, does not belong to G; j_1, tells us that censoring has “ just” occurred. Con-
dition (Byg)) tells us here that such current information about censoring prevails over
the incomplete information on the history of the process provided by o(fix(0)I%™) in

influencing the value of Z(0).

Remark 2.4.4 Examples 2.1.9 and 2.4.3 show that conditions (A0) and (Byy) do
not contradict each other, rather they complement each other. The following example

describes a practical situation.

Example 2.4.5 Let us envisage a process where recurrent events consist of work
related injuries that occur while operating some complex piece of equipment. The
censoring time C; is the time at which individual © participates in a training session
meant to refresh the knowledge of the safety procedures that need to be observed while
operating this equipment. An analyst is interested in finding a connection between
work related accidents and covariates such as individual training, experience, age,
some physical health indicators, and the history of previous work related accidents.
This information is available at time C;, but not after that. It would be expensive to
follow-up a large number of individuals until the next work related accident occurs, so
the analyst will have to use an incomplete data set. To obtain unbiased estimators, the
analyst will have to impute the last, incomplete gap time, in an appropriate manner.
One reasonable assumption would be that, the information provided by all covariates,
past and present, should override the usefulness of the information that the training
session took place, even in the not-so-distant past (condition (A0)). On the other
hand, if the individual training session just happened, it will have a stronger influence
on the length of the next gap time than some partial information about past and

present covariates (condition (Byq))).

Proposition 2.4.6 Assume that (T'1), (A0) and (By)) hold. Then g2 (6) is unbi-

n,l1

ased.
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Proof. By (2.3.8) and Proposition 2.3.6, it suffices to show that, for i,j > 1

E[Z;(0)I5"]

i ]cen
f ( ) E[]chen]

= Elfi;(0) 155" Zi;(0)]. (2.4.9)

Since

E[Z;;(0)15"]

(L)1) = 1
ij

the left hand side of (2.4.9) is
Elfi; O) 5" ElZ; 0I5 = Elfi;(0)15" E[Zi;(0)|0(f:(60))]]

= E[E[f;(0)I5" Zi;(0)|O(f:(0))]]
= Elf;(0)1;"Z;(0)].

The first equality above is due to (By)), and the second to (2.4.7). O

Remark 2.4.7 Euxpression (2.4.1) for g2%(0) coincides with our (2.2.6), which is
used in [18]. Note that we needed (Byg)) to prove unbiasedness.

We now proceed with step two, embodied in the following lemma which provides the

calculation of the expectation under censoring.

Lemma 2.4.8 Let g;;(6) be G; j_1-measurable, 1,5 > 1. We have, when all integrals
exist:

Eylgii(0) Zi;(0) 15" |Gij—1] = — Eolgis (0) Zi5 (0) 117 |Gi j-1]- (2.4.10)
Similarly, with h;j(n) G; —1-measurable, we have:
E,[hiy(m)[Z5(0) — 0”5 Gij—1] = —Eylhis(n)[Z5(0) — 01 I7°1Gija]. (2.4.11)

Consequently:
Eo[Zi;(0)I5") = —Eg[Zi;(0)I77], (2.4.12)

E,[[Z5(0) — oI5 = —E,[[27:(0) — 0?11, i, 5 > 1. (2.4.13)
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Proof. Since (2.4.12)-(2.4.13) follow from (2.4.10)-(2.4.11) with g;;(8) = 1, hyj(n) =
1,7, > 1 by taking expectations, it suffices to prove (2.4.10)-(2.4.11).
Since 1 = I?* + I¢" + I it follows from (A0) and (2.1.2) that

iy

0 = Ebl9:;(0)E0[Zi;(0)|Gij—1]]
= E9[gij(9)E0[Z 1C )[Obs|gw 1]]+E6[9U(9)E9[Z (0 )[Cen’gw 1]
‘|‘E¢9[gz‘j(9)E€[ ( )Iout|gw 1]]

Continuing the argument, we have
By Zi;(0)I5|Gij—1] = I{Sij—1 > Ci}Eg[Zi;(0)|Gij-1] = 0, by (A0) and the model
assumptions (2.1.2), which proves (2.4.10).

To prove (2.4.11), we write

0 = Eylhij(n)Ey[(Z25(0) — 0%)[Gij-1]]
= Eylhy(n)Eyl(Z7(0) — 0*)I°|Gij1l] + Enlhaj(n) Ey[(275(0) — 0*) I (G j-1l]
+Ey[hig(n) Ey[(Z5(0) — 0*) [5G j ]l

where the first equality is due to (40) and (2.1.2). Now E,[(Z}(0) — 0°)[*|Gi ;1] =

obs obs

Expressmn (2 4. 12) Justlﬁes the use of g;’7 as “estimator” of gy’

We now continue with step three, which shows the asymptotic equivalence of the

obs

normalized e.f. g;’f and g"bs
We recall the definition of f;;(6) in (2.1.6). Below we will use the Euclidean norm

for each vector v € RP.

Theorem 2.4.9 Assume that (AO), (Byg)) and (12) hold. Furthermore, assume
that, there exists C' > 0, such that, in Pp,,

sup || fi;(6) |1 C < o0 a.s. (2.4.14)

i,j>1
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Then
| g5 (00) — 2% (60) || 0 a.s. m— oo, (2.4.15)

Furthermore,

| gna(fo) — 925 (60) || 0 a.s. n— oo, (2.4.16)
and therefore, by (2.3.5), n='§2%(6y) — 0 a.s., when n — oo.

Proof. From (2.4.1)-(2.4.2), to prove the first assertion, we see that

n g"bs( 0) = gni(0o) |

E[Zy;(00) 155 > op_y Zij(00) IR0
S nil Icenfz 90{ cen — - < n cen : }
;]Zl ’ E[]U ] > k1 IS
< oy E[Z1i(00)I7°] ko1 Zui(00) 15
Bl B S it

where the second inequality follows from (2.4.14).

Now, for each j we can apply the SLLN to both numerator and denominator of

LR Zyj(00) 1208 . . .
- nz_:f in 1”5627)1 M- and (2.4.15) follows, as m is nonrandom and independent of 1.
k=1"1kj

We now prove (2.4.16). We write

(B I5
a0 = s 0)] = 3 Y g ) - Z e

=1 j=1
By SLLN, the right hand side above converges to

E[Z,(00) 75" B [fly(eo)fffn]}
E 557 '

m

> { [f15(00) 155" Z4;(60)] —

J=1

By assumption (By)) and (2.4.7),

Elfi;(00) 15" Zi5(00)|0(fi(00))] = fi;(00) 155" E[Zi;(00) 155" |O(fi(60))]
= fii(00) 55" ElZi5(00) 15" 155")

ElZ15(90)155"]
fii(00) 7" o
T Bl
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Taking expectation above and looking at the first and last expression in these equal-

ities, we conclude that, for each 1 < j < m,

cen cen E[Zl (eo)llcen]

E[f1;(00)11;" Z15(00)] = E[f1;(60) 175 ]—EJ[ICG"] —,
1

which proves (2.4.16). O

Remark 2.4.10 By (2.4.15)-(2.4.16), the normalized g,1(0y) and §3'5(6y) are also

asymptotically equivalent.

Condition (By()) was needed to ensure the unbiasedness of the e.f. g2%(6). We

n,1

now define, for each ¢ > 1, the o-field

azl’[’i — cen azlul(e) — cen jcen
O(fi, 80T€)6’Vi 1) = U(fij(‘90)lz'j aae+aeovijl(90)fij JIij Jj > 1), (2.4.17)
and the corresponding condition
cen azlul —1 cen cen ..
(B<f»82§t;9‘/—1)) [ij Eeo[Ziij)’@(fia 89T39Vi )] = ]ij EGo[Zij<90)|Iij ]a 1] 2 L.

We note that the o-field in (2.4.17) is larger than O(f;(6y)) in (2.4.7), and thus ensures
the unbiasedness of ¢°% (). Condition (B

i 924 1,_1,), which will be used in Chapter
" (5076 V") )
3, is stronger than condition (Bj,)). We further note that O(f;, 5#4V; ") contains

less information than F;;_1,j > 1, and so Remark 2.4.4 also applies here.

2.5 Other Estimating Functions

We start this section by examining the properties of the estimator ¢o%(n) defined in

(2.4.4), when b;;(n) # 1. As in Section 2.4, the first step is to study the unbiasedness
of g2%(n) defined by (2.4.3). First, we define, for each n and i > 1, the o-field

O(bi(n)) := o(by () L5", L7, 5 = 1). (2.5.1)
We introduce the condition:

(Bon)) L5 B[ Z5(0)|0(bi(m)] = L5 Ey[Z5(0)| 157 i3 > 1,
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which is similar to (Bjfg)). We note that, when b;; are nonrandom, (By,)) holds.

The next result is similar to Proposition 2.4.6.

Proposition 2.5.1 Assume that (T1), (AO) and (Byg,)) hold. Then g3’5(n) defined
in (2.4.3) is unbiased.

Proof. By (2.3.9) and Proposition 2.3.6, it suffices to show

Ey[(Z3(0) — o) 15"

nlt1y

= B, [by;(n)IT5"(Z3;(0) — o). (2.5.2)
We start with the left hand side, and observe that it can be written

Ey by () 135" By [(Z235(0) — o) [I57]).

1j

By (Buy)), this equals E,[by;(n)I{"E,[(Z3;(0) — 0*)|Q(by(n))]], which is
Ey [Ey[by;(n)I7(Z3;(0) — 0*)|O(by(n))]], the right hand side of (2.5.2). O
The next result corresponds to Theorem 2.4.9. Let b;; := b;;(no).

Theorem 2.5.2 Assume that (AO), (By) and (12) hold. Furthermore, assume that
there exists C' > 0 such that, in P,

707
sup |b;;(no)| < C < o0 a.s. (2.5.3)
i,j>1

Then

n g5 (no) — 4o (o) = 0 as. (2.5.4)

Furthermore,

nfllgn,z(ﬁo) - 92{15(770)! —0 as., n— oo, (2.5.5)

and therefore, by (2.3.5), n=' g% () = 0 a.s., when n — co.

Proof. By (2.4.3)-(2.4.4),

~obs

n g2 (mo) — 425 (o)
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Z3,(60) = oI55 3k (Z25(60) — o) IR

< nil Z Z |bz] 770

2.2 BT S T
< n-l Z zm: Z)Ifjen] B 22:1(21%(00) - ‘78)]13?8
s AL ff;”] S gt |

where the second inequality follows from (2.5.3). As before, for each j we can apply

o, bs
f > k= 1(221:(?)[1&0)]’” to obtain (254)

SLLN to both numerator and denominator o

To prove (2.5.5), we write

~ cen E((Z7,(00) — 03) 175"
n 1[gn,2<770> gn2 770 =n Zzbm 770 I |: sz(e(])_o-g)_ S FJcen e :|
15

=1 j=1
By SLLN, the right hand side above converges to

Elbyj(no) IS E 72 (0. — g2)Jcen
Z{ oy ) (2, (8) — o217 — L 0) 1]]E[<]c£< ) — o2) ]}
1j

To show that this is 0, we use (2.5.1) and (Bjy,)) to write

Eyo[bi(n0)(Z;
= bij(no) I B [(Z75(60) — 03)|O(bi(no))]

5 (0
(

= bu(no)fce"E [(22(90) o) "]
(2

En[(Z3;(00) — o) 155"
Lo 175"

0) = 05) 15" |O(bi(mo))]

— b ( )ICGT’L

We now apply E,, to this string of equalities. Looking at the first and the last

expression, we conclude that, for each 1 < j < m,

ey B[ (Z2(60) — o8) 75"
B b1, (10) (Z35(00) = 03)557] = B oy (o) 155") ==~
Mo L4154

which concludes the proof of (2.5.5). O
For the rest of the section, we consider a marginal model in which p,;(#) and
V;;() in (2.1.2) depend on x;; only, which becomes available at the (j—1)" occurrence,

1,5 > 1. We can also think of a conditional model where only the covariate measured
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last is influential. We note that in a bona fide marginal model xz;; is measured at the
same time as the response variable (see, for instance [28]).

The e.f. g;f that we define next captures the influence of the covariates last
observed before censoring. It also captures the presence of censoring. In this sense,
it is more general than g"bs In Example 2.1.7, this would be either Wij, or Y, 1.

To define g5’} we need further notation. We start by considering scalar covariates
with a finite number of values.

Let a;;, be the possible values of x;;,1 < k& < k;;. We define the following

partitions of the entire space of events. For ¢ > 1, let
Ej,k — x;jl(aij,k) - J—'.z',jfl; 1< k < k,’j, j > 1.

Let
O(x;) == o(xijuli" 15" 1 < k<K

ij 0 tig 0 E

j>1), (2.5.6)

where x;; is the characteristic function of Fj;;. We write, for each 7,7 > 1

(Bz) L5 By 25 (0)|O ()] = 7" Eg[ Zi5(0) o (i 17", I55")],

ij g

which is valid in this scenario.

Let

Zii;w Z Xij L (BalXijnls™) " Eol Zij (0) Xijn sy (2.5.7)

Assuming that (7'1) holds, define

w0 -3 S nolaom s pare). s
=1 j5=1
The imputed term (2.5.7) is a conditional expectation of Z;;(#), given the finite field

COov

o7, we proceed

(2.5.6), and expressed in terms of its atoms. To prove unbiasedness of g

as in Section 2.4. We need to show:

Elf;(0) 15" Z7(0)) = E[fi; (0I5 Zi (0). (2.5.9)
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We start with the left hand side of (2.5.9), which we write

Elf;(O) 5" E[Zi;(0)|O(z:)]] = Elfi(0) 15" E[Zi;(0)|o (i 15", I7)]]

J5ig 0 g

= E[E[fi;(0)15" Zi;(0)|o (i 15", 15)]]

J*ig 0 g

= E[fi;(0) 15" Z:;(0)].

The second equality holds because f;;(¢) is an analytic function of z;;,4,j > 1. As
before, the next step in estimating Zf;-"p (0) using only collected data is to replace
E[Zi;(0)xij I by —E[Zi5(0)xi5,6L3)%], which is possible by Lemma 2.4.8, since X
are JF; j_j-measurable. Finally, to estimate the expectations in (2.5.7), we use data
from all sampled individuals, as in (2.4.2).

Consider now the more general situation, when z;; is a vector with components
that have a continuous range. It is known that such measurable vectors can be

approximated, componentwise, by simple functions. For z;; scalar, we can apply

(13.6) in Theorem 13.5 of [4] to obtain simple functions acgl) such that, for each
1,7 >1
xﬁ?) — z;;  a.s., n— 00,
We then replace x;;x in (B;) by XE%: for a sufficiently large n > 1.
In this case of infinite range for the components, the left hand side of (B,) is
only an approximation of the right hand side, where we stop at a convenient value of
n. To go from components to the vector, one can take as partitions associated with

the vector the intersection of the partitions corresponding to all components.

cov
n,l

In this dissertation we do not pursue the study of ¢¢°y and its associated estimator
of 8p,n > 1. It is, however worthwhile doing so when the covariate x;; has few discrete
values.

When z;; is continuous, or has many possible discrete values (e.g., multinomial,
Poisson distributions), obtaining a good estimator for 6y from g5y is problematic.

The sample of individuals participating in the study would have to be fairly large to

obtain good estimators for each of the k;;,, categories, as we did in (2.4.2).
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2.6 Connection with Other Longitudinal Studies

We first complete the comparison between our EE and GEE under working indepen-
dence assumption, as presented in Chapter 1. Under this assumption, we have that

the variances in (1.0.2) are the diagonal matrices

Vi(B) = diaglgjgmi{O-ij<6)}]midiag1§j§mi{Uij (B)} = dia&gjgmi{gfj (B)},

where 1,,,, is the m; x m,; identity matrix and the diagonal entries o,;(3) are defined

in (1.0.1), 2 > 1. So the GEE in (1.0.2) becomes:

" Tom()]" .
Z{ SB(TB)] diag, <<, {055 (B)Hyi — ma(B)] = 0. (2.6.1)

=1
Returning now to the first EE of (2.3.2) and in the context of recurrent events, we

recall (2.1.6) and the definition of V;;(6) in (2.1.2) to write this EE as:

Z algée)diaglﬁjémi{vij2<9)}[yi — ni(0)] = 0. (2.6.2)

Since opi(0) _ [6#1(9

T
Rl %T)} , the similarity with (2.6.1) is now apparent, due to the corre-

spondence in notation established in Chapter 1.
Consider a longitudinal study, where each individual ¢ is observed at random

times S;;,1 < j < 7,1 > 1. The covariates x;; are available at time S;;_1, while

j
the response variable y;; is recorded at time S;;. The response variable satisfies the
model assumptions (2.1.2). It could represent, for instance, the result of a blood test,
or some characteristic that may require some costly effort to obtain (e.g., a personal
interview to obtain some sensitive data). In other words, in this case the recurrent
events are the object of the analysis, rather than the gap times. In the study of
asthma in children we could be interested in the intensity, duration or type of the
asthma episodes, rather than the time gaps between the end of one episode and the

beginning of the next. Covariates could contain similar information from previous

episodes and on the application of the treatment.
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In our set-up, for each individual 7, the study ends at a random time C}, subject to
the conditions spelt out in Section 2.1. We note a practical difference in the recording
of y;; versus Y;;, where the latter response variable is based on the gap time S;;—S; ;1.
In the event that S;; = C;, we can still observe S;; with relative ease and at low cost,
and calculate S;; —5; j_1, the just-completed gap time. Recording an important event
occurring at S;; may be done routinely by organizations that are not even involved in
the study. For instance, health units or hospitals can provide information on events
such as work injuries or serious asthma attacks (see the examples in [6]). On the
other hand, obtaining y;; might be costly, and we may forgo doing so at the time
C; when the study has just ended. We may consider using our e.f. (2.3.1), since all
the necessary information is available and no imputation is required. The important
thing is to ensure that the e.f. used to obtain our estimators are unbiased in all cases.
Note that this approach also provides estimators for the overdispersion parameter.

Since our research can cover a large class of longitudinal models, we can include as
examples specific conditional distributions of the response variable, e.g., the normal,
log-linear for count-type regression and the logistic distributions, for binary responses,
which are not necessarily related to the analysis of recurrent events. In these cases,

and with our notation, we have the following examples:

(4) EolYij|Fija] = 0", Varg[Vy|Fija] =1,

(5) Eo[Yy|Fij1] = exp(6 i) = Vare[Yy| Fijl,
exp(67z;;)
(1 + exp(07x;;))?

exp(07z;;)
E Y r. = ‘/ Y . | =
(6) 9[ l]‘ ,J 1] 1+ exp(GT:cij) ) (17"9[ j ’ ,] 1]

2.7 A Preliminary Result

In this section, we give a sequence of consistent estimator of o? when b;;(n) = 1. In
the process of doing this, we obtain asymptotic results that will be used in subsequent

proofs.
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From here on, we will use the following form of the Cauchy-Schwarz inequality,

for vectors a,b € R™, for some m > 1.

n 1/2r n 1/2
i=1

=1

T
i bi

Lemma 2.7.1 Assume that (T0) holds. Then (2.7.2) holds:

nil Z Z 22 60 I{Si,jfl < C,L} — O-(%ETIO (7'1) a.s. n P’?O' (272)

=1 j5=1

In particular, the left hand side above is a.s. asymptotically bounded.

Proof. We first look at

,70 |:ZZ2 00 [{Si7j_1 < Cl}:| = Z 22 (90 I{Si,j—l < OZ}]

o0

= Y Ep[I{Sij 1 < C}EW[Z5(00)|Gi1]]
j=1

= USEUO |:Z]{Si’j_1 < Cz}
j=1
= 0, [n] < co. (2.7.3)

In the first and the third equality above we used the monotone convergence theorem
(Theorem 16.2 of [4]). For the third equality, we used (A0) and E,[Z7(n0)|Fij—1] =
% = o5, which follows from (2.1.2) and (2.1.6). By SLLN, since the
summands are 7.i.d. for each 4, (2.7.2) holds. O

Remark 2.7.2 The firste.f. in (2.3.1) does not depend on 0. Therefore, g, 1(0) = 0
can be solved first in 0, to obtain an estimator 0, of 6y. Next, 6,, can be placed in the

second e.f. to find an estimator 62(0,) of o2.

In (2.3.1), when b;(n) = 1,i,j > 1,62(0) can be written explicitly, for any
6 € RP, as

:Z’L 12]1 ()I{Su 1<C}
ZZLlTZ

G(0) (2.7.4)
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We use the following notation:

B (0) ={0' € R":|| &' — 6 ||<r}, (2.7.5)
1255 (0) — 1145 (0")]

on(r) := su max , 2.7.6

) 9,9’6313(90) 1<i<n,1<j<, Vi;(0) ( )

|15 (0) — f1i;(0)]

67[11} r):= su max ’ 277

( ) G,Q’EBIT-)(@()) 1<i<n,1<j<7;, ‘/Z](e) ( )
i (0) — i1 (0

57[3](T) = sup max |15 (0) — jiis )” (2.7.8)

0,0'€B, () 1Si<n,1<j <, Vi;(0)

VA(O) - V2(®)

Mn(r) == sup “max. 2.7.9
(r) 0.0 By (09) 1<1<n <5< V;?(Q) ( )
We will be using the following conditions:
lim lim sup 6,(r) =0 a.s., (2.7.10)
r—0 N—00
lim lim sup 7,(r) =0 a.s. (2.7.11)
r—0 n—00

These conditions will be illustrated in Section 2.8.

We have the following result.

Theorem 2.7.3 Letb;j(n) =1in (2.5.1) and assume that (2.7.10)-(2.7.11) and (T'1)
hold. Assume further that 6, — 6 a.s. in P,,. Then 62(6,) — 08 a.s. in Py, as

n — oo, where 62(0,) is given by (2.7.4) with 0 = 0,.

Proof. For § € R? and g,» in (2.3.1), we solve for o2 the equation g, 2(6,0?) = 0

and obtain . . )
52(9) = Doy 2oy 0ij(0,67(0)) 22 (0)1{Si ;1 < Ci}
" Doicn Do big(0,62(0)) I{Si -1 < Ci}

When b;;(n) = 1,4, > 1, (2.7.12 ) becomes (2.7.4), since > 7=, I{S;;-1 < Ci} =

(2.7.12)

7;,4 > 1. We now take 6 = 6 in (2.7.4), divide the numerator and the denominator
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by n, and study separately their asymptotic behaviour. The denominator is now
Tn =n~1 3" 7, which converges a.s. in P, to E,[r] < co, by (T'1) and the SLLN
for the i.i.d. case.
For the numerator of (2.7.4), we have that (2.7.2) holds. Consequently, 62(6y) — o2
a.s., when n — oo. To complete the proof, it suffices to show that
nt ii | ZE(0,) — Z3(00) | I{Sijo1 < Ci} >0 as. in Py, (2.7.13)
i=1 j=1

We start by writing

2
22(0,) = <Kj‘ﬂﬁz(@0> (%)
;3 (0o) V2(6,,)
Since X R R
Vi(0o) _ Vi(0o) = Vi5(0n) + Vi5(0n) _ Vi5(00) — Vi5(0n)
V2(6,) V2(6,) V2(6,) ’

(Yz‘j - Mij(én)>2

250 = S (1 va0)
:(m—%@0+%@xy —11y(0,))
V2(00) V3(00)
= a{"(i,5) + vy (9)al" i, j)
= al" (i, ) + a4, ). (2.7.14)

The first term above can be written:

2

Vi (00) [Yis — g 0)] = Vir2(00) [V = ps(60) + 1y 00) = s 00|
=V (90){[ — 155 (00)]* + 2[Yij — 1135 (00)] [ (0) — 15 (0,)]
+mme—man}

= a0, §) + a5 (i, 7) + al3 3, 5). (2.7.15)
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By Lemma 2.7.1,

I~
Aﬁ) == Z aY{) (i,7) 1is a.s. asymptotically bounded.
g
We will show that

1 n Ti
: ZEZZag)(i,j)%O a.s. Py, as n— oo, (2.7.16)
i=1 j=1
ZZ“B ) =0 as. Py, as n— oo, (2.7.17)
i=1 j=1
Aé" = ZZ ) =0 as. P, as n— oo. (2.7.18)
i=1 j=1

To obtain (2.7.13), it suffices to prove (2.7.16)-(2.7.18), as (2.7.13) and the de-
composition (2.7.15) shows.
By (2.7.1) and the definition of a¥ (i, ) in (2.7.15), we have
43| < 2(A1) VA AR) 2,
where we used (2.7.1) with
aij = Zij(00),  bij = Vi (00)[ij(00) — i (0n)), 5 = 1,2, ,m,i=1,2,--- ,n.

From (2.7.15), (2.7.17) and (2.7.6) A% < §2(r)7,, where 6,, € B,(6,), which happens
for n > ny(w), since 0, — 0y a.s. The first factor converges to 0, as r — 0, by
condition (2.7.10), while 7,, = E, (71) < oo a.s., by SLLN, which proves (2.7.17).
Combining (2.7.2) with (2.7.17) gives (2.7.16).

It remains to prove (2.7.18). Let us write
AP = AR + A + AT,
By (2.7.2), (2.7.16) and (2.7.17), which we have proved, Ag") is a.s. asymptotically
bounded. Since

|ASY] < ()| AT,

when 6, € B,(6,), A ) 5 0a.s. in P,,, asn — oo and r — 0, by assumption (2.7.11).
This proves Theorem 2.7.3. [
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2.8 Examples
We first illustrate conditions (2.7.10)-(2.7.11) on Example 2.1.2.

Example 2.8.1 We start with condition (2.7.11). Assume that py € (0,1) in Ex-
ample 2.1.2, with the first formula for Vi;j(p) and po the true parameter, and select

ro € RT, 0 <rg <min{py,1 — po}. We write

1
p —1

———— =1t —F——, 4, j2>1pEB, M (0, 1),
PO o 12 L€ BN 0.1)

2
V;j(P) =1+

and evaluate :
Vi (p) = Vi3 (0')
Vilp) 7
We define the family of functions {f;};>1, where, as in (2.4.8),

Ps p, € Bro(pO) N (07 1) (281)

fi(p) : !

Note that fy(p) < £(p), F5(0) < F5(0),if of < p.7' > § 2 1, e, fy(p) is increasing
in p and decreasing in j. We show first that the denominator in (2.8.1) is equibounded
ini,j > 1, for p € By (po). Since 0 < pg— 1o < p < po + 10, we have, from the
definitions:

1+ fi(po — o) < Vi5(p) < 1+ fi(po + 70)- (2.8.2)

From (2.8.2) and the properties of f;(p), we obtain:
1 <14 fr(po—70) < Vii(p) < 1+ filpo+ ro), (2.8.3)

since the denominator of fr.(po — 7o) is s — 2+ (po — 10)™* > =1+ (po — 70) " > 0.
The upper and the lower bound in (2.8.3) are independent of j,i,p € By, (po), and so
the same holds for the bounds of ‘/;;2(,0), 1<j<m7,i>1.
To prove (2.7.11), it suffices to show that
lir% lim sup sup max _ |Vi(p) — Vi3(po)| = 0. (2.8.4)
r—

n—300 p€ By (po) LSISM1SI<T:
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From (2.8.2) we have, fori,j>1:

fi(po = 10) = fi(po) < Vis(p) = Vi3 (po) < Filpo +10) — fi(po)- (2.8.5)

From the definition and the properties of f;(p),

max{ f;(po — 70), f3(po), f(po +70)} = fi(po +10) — 0, as j — oco.
Thus, fore > 0, let jo(ro,€) be the first integer such that jo(rg,e) > 1 L2

=& potro

This ensures that f;j(po + ro) < €, for all j > jo(ro,e). Since r < ro implies that

Jo(rye) < jo(ro,€), we have that, with 0 < r < gy

max{f;(po = 1), f;(po), fi(po + 1)} <& for all  j = jo(ro,€) := jo- (2.8.6)

Since f; is continuous at py for each j > 1, for e > 0, we can find ro(e, jo) > 0 such

that, for any p € Bry(.jo)(po),

max | V2(o) ~ Va(po) |< & (2.8.7)

1<j<jo 9
Let ro(e) := min{ro,7o(€, jo) }, p € Broe)(P0), mi5(p) =] Vi3 (p) — Vi3 (po) |,
7™M .= max 7;. Then

1<i<n

max 7;;(p) < max max 7;;(p)

i<n,j<m;, T I<Ki<ni<i<r(m)
< g (n) « 5 g iy (n) ;
< poax|max mi(p)I{T™ < jo} + max { max mij(p), max o (p)HAT™ > Go}
< eI{r™ < jo} + 2e1{r™ > jo} < 2e. (2.8.8)

In the last inequality we used (2.8.5)-(2.8.7). This completes the proof of (2.8.4).
We now discuss conditions under which (2.7.10) holds. Since, by (2.8.3), the
denominator of 6,(r) is equibounded, we concentrate on the numerator. Let 67 =
(Y071, ) € Bry(60), 608 = (700, Yo1, po). From here on in this ezample we use ;) as
mentioned in Example 2.1.7, so
j

pii(0) =70 + £i(p) Y [wij i1 — (Yo + Mzig0)] + NTijgr, J<Ti>1 (2.8.9)
=2
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: (-1 ._ -1 .
With x;” " == > "1_| Tiji41, we have:

wii(0) — 1ij(6o) = v —v0 — (G — D[0fi(p) —v00f;(po)]
+[fj (10) - fj(Po)]Si,j_l — [’Ylfj(ﬂ) — 701fj(P0)]$§j71)

+n = yo1]zij g1 (2.8.10)
Since v fi(p) — Yorfi(po) = Velfi(p) — fi(po)] + fi(po) vk — Yor), & = 0,1,

| fi(p) = v0rfi(p0) 1< 70 | £i(p) = filpo) | +F1(po) vk — Youl,

where we used the fact that f;(p) decreases with j > 1, with ry = 1o + max | Yox |-

Now

| 155(0) — 1i500) | < |90 — 00 | +(7i = Drg | £5(p) = £i(po) | +C | %0 — 700 |]
+ 1 £5(p) = fi(po) | Sijr + [ro | Fi(p) = fi(po) |

+C v =y 129V [+ | =0 | |gm] (2811)

Let 0 < r < 1o and define p,(r) := sup = max | fi(p) — fi(po) |- Recall that
lp=pol<r Z=1=Th1=)=
we have previously shown that

7lnl_r>r(1) lim sup pn(r) = 0. (2.8.12)

With 6 € B,.(6y), (2.8.11) implies that, for 1 < j < 7;,i < n and appropriately chosen

constants,
| lh‘j(@) - Mz’j(‘go) | <] 70 — Y00 | +Co7'(n) max{pn(r),| v0 — Yoo |} + pn(r ) max Sz Ti—

+ Cymax{pn(r),| 71 — Y01 |} max Z |Zsj041]. (2.8.13)

1<i<n

Since max{| v0 — Y00 |, | 1 — 01 |} <[ 0 — 6o ||< 7,

3 (0) = i (600) | <16 = 6o |l +Cor™ max{pn(r), || 6 — 0o ||}

SISN,IS)ST,
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+ pn(r) max Sir—1
+ Crmax{pa(r), || 0 — 0o |} max > |ijpia
=1

Then, a.s.,

limlimsup max | p;(0) — wij(6o) |= 0, if

=0 500 1<i<n,1<j<7;

SISN,IS)ST,

lim lim sup 7™ max{p, (1), r} = 0, (2.8.14)

=0 nco

71ﬂ1_1)]% hinjip Pn(7) max Sir—1=0, (2.8.15)
and llir(l) hin—igp max{p,(r),r} max Z | Zijie1 |= 0. (2.8.16)

We now discuss these conditions. If (T'2) holds, (2.8. 14) holds because (2.8.12) holds.
In this example there is a common bound for all x;;;11, as they estimate the BMI of
each individual i at the time of the jth event. Thus, in this case, (T2) also implies
(2.8.16). If limsup ;-1 = 00, then (2.8.15) controls the rate of this convergence,
by (2.8.12). ]\;o_;fzothat Simi—1 < Ci, so, if Sl>111) C; < oo, then (2.8.15) holds. O

In the following examples, we will be using the exponential inequality:
|1 —exp(z) [<|z|exp(]x]), x€ R. (2.8.17)
In what follows, we take 0 € B,.(0y),r > 0.

Example 2.8.2 This is Example 2.1.6 revisited. We have

|12(0) — pi5(6o)| | exp(—0"x;) — exp(—6] ;)|
Vii(6) exp(—07z;)
= |1 —exp(—(6y — H)T:ci)\

(60 — )| exp(] (6 — 0)"; |)

< v || exp(r ma || ),

IN

where we used (2.8.17) in the first inequality. If

hin_)soljp max | z; [|< o0, (2.8.18)
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then

lgrg)llglﬁsogprlrgé | z; || exp(r max |z ) =0,

which gives (2.7.10).
Next, using (2.8.17), we obtain
|VZ§(9) - Vg(‘%ﬂ B | exp(—207z;) — exp(—2600z;)|

Vj(@) exp(—20Tz;)
= |1 —exp(—2(6y — 0)"'z;)|

IN

| —2(0p — 0) ;| exp(| — 2(0p — 0)z4])

< . )
< 2rmax ||z || exp(2r max || = |)).

Therefore, if (2.8.18) holds, then (2.7.11) holds.

Example 2.8.3 This is the linear model example (example (4), Section 2.6). Clearly,
(2.7.11) holds. To prove (2.7.10), we write

‘:“ij(e) - Mij<‘90)| _ |9T37ij - 90Tx¢j|

Vi (0) 1

< r max | zij |l -

el >/ >

Let us assume that

Too i= hin_ilip L | zij || < oo. (2.8.19)
Then
limlimsupr max || 2 [|=0,

r=0 oo 1<i<n1<j<n

Il

which proves (2.7.10).

Example 2.8.4 This is example (5) of Section 2.6. We assume that (2.8.19) holds.
We start with

10(0) — 1i5(00)] [ exp(0T ;) — exp(6 ;)]
Vij(0) exp(3607 ;)
exp(07x;)|1 — exp((0o — 0)  x;5)|
exp (%QTZL‘U)
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1
< rllay e [ ey (510110 1)

3
< rllay Lo (Gl ) loalll oy I, (2820

The first inequality is due to (2.8.17) and the second to || 6 ||<|| 6o || +r, since
0 € B.(6p). Applying limsup  max  on both sides of (2.8.20) and using (2.8.19),

n—,oo F=t=fhi=J>=
we obtain
: 1255 (0) — 1145 (00)| 3 c
< —_
hgf;ip 19511,211991 Vi;(9) = %o €XP 21"3300 [exp(o) )"

Taking now the limit as r — 0 on both sides of the above inequality gives (2.7.10).
To prove (2.7.11), we evaluate
Vii(0) = Vii(0o)l _ [exp(6"y) — exp(65 ziy)|
Viz(0) exp(07 ;)
= |1 —exp((6o — 0)"xs5)]

< 1| g || exp(r || 2y ),

by (2.8.17). Again, if (2.8.19) holds, then so does (2.7.11).

Example 2.8.5 This is example (6) of Section 2.6. As before, we assume (2.8.19).
To prove (2.7.10), we write

|Mij(9) i ( )| _ |eXp(9Txij) — exp(@érxijﬂ
exXp (%ngij) |1 — exp[(6o — 0)" 4]
exp (%QT%]) 11— exp[(6p — 0)T ;]|

exp(0F z;;)

1 1
= exp <§(6’ - HO)TIU> exp (—§€gxij> 11 — exp[(6p — )" zy]|

< oxp (7 o ) explll s DI = expltta — 0]
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1
< 7@y || exp(r [ 2y ||) exp (57“ Il s H) [exp(|l 5 )

3
= vl Hewp (r 1 1) esoll s 11 (28.21)

where C was defined after (2.8.20).
Ezpression (2.8.21) was obtained by reasoning as we did to obtain (2.8.20). As in
Ezxample 2.8.4, we apply lim sup _ max _on both sides of (2.8.21), and then we
n—,oo ==t/
take the limit as v — 0 to obtain (2.7.10).
For (2.7.11), we write:

Vi) —Vi0) _ | exp oxw)(lJreXp(@Txij))Q

(
‘/3(9) B exp(0Txi;) \ 1+ eXp(ngij)

(

(

= 1—exp((6y — ) ay;) x I?

= 1—exp((60 — 0)"xy)
+ exp((0p — 0) xy)(1 = I?), (2.8.22)
where
7= 1+ eXp(GT:UZ-j) '
1+ eXp(Gépxij)
Now
1 +exp(07wi;) | exp(68 z;;) — exp(6' z;;)
1+ exp(@{xij) B 1+ eXP(egxij)

exp(0] xi;)|1 — exp((0 — 09)" ;)|
1+ exp(6¢ ;)
exp(05 ;)1 — exp((0 — 0p)" ;)|

<

- exp(6Fz;;)

= |1 —exp((0 — 60)" zy;)]

< (0= 80) 1| exp(1(6 — 0Tz

< 71l @iy [ exp(r || zij [])- (2.8.23)

If (2.8.19) holds, we apply lim sup Inax _on both sides of (2.8.23). Then we

n—oo 1<i<n,1<j<7;

Il >

take the limit as r — 0 to conclude that the right hand side of (2.8.23) goes to zero.
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Returning to (2.8.22), we have

Vi3 (6) — Vi3 (6o)
Vi;(0)

IN

11— exp((0p — 0) ;)| + exp((6p — 0) wi;) |1 — I

< vl I exp(r | i 1) + exp(r | 2 DL - 1], (2.8.24)

where we applied (2.8.17) to the last inequality. Since 1 — I* = (1 —I)(1+ 1), and

1+ exp(6T2;;)
1+ exp(6F ;)

1+71=1+

is bounded (see (2.8.19)), we now apply limsup  max  on both sides of (2.8.24),

oo 1<i<n 1<j<r;

and take the limit as r — 0 to obtain (2.7.11).

I B e



Chapter 3

Strong Consistency

In this chapter we fix 79, the true, unknown value of the parameter 1, and construct a
sequence {7, }n>1 of strongly consistent estimators of 7y. In Section 3.1 we introduce
a general result, which guarantees the existence and a.s. convergence of a sequence
of estimators of ny, defined as roots of EE. The asymptotic behaviour of terms of
the derivative of the e.f. is treated in Section 3.2. Section 3.3 concludes the proof of
strong consistency.

Throughout this chapter, all random variables are defined on a probability space,

and almost sure relations are assumed to hold in the probability measure P, .

3.1 General Results

As in [27], the spectral radius of a p X p matrix A is
[|A]|| := sup [ATAN|, X\ € RP.
IAl=1
We denote by Apax(A) the largest eigenvalue of the matrix A. The operator norm
| A || and the Euclidean norm || A || are defined in Appendix A of [9], for instance. It
is shown there that these three norms are equivalent, and, depending on the situation,

one can use the norm that is the most convenient to prove asymptotic results. Let

49
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gn(n) = Y1, wi(n), where n € T C RPT! is a parameter, u;(n) € RPT are random
vectors, which are square integrable and continuously differentiable in 7. Let D, (n) =
_6?#(7?) be the (p+ 1) x (p+ 1) matrix of derivatives.

The following theorem gives sufficient conditions for the a.s. existence and strong

consistency of a sequence of estimators of 7.

Theorem 3.1.1 Assume that the following conditions hold a.s.:
(LN) n~1q,(n) — 0, a.s., when n — oo,

(S) There exist random variables Cy > 0, r1 > 0, a.s. and a random integer ny > 1,
such that, with B,,(no) defined as in (2.7.5), for all X\ € RPTI || X ||= 1,

1 inf inf |ATD,(n)\| > 0;

() nf it NID, ()

(i7)  limlimsup sup n7||D,.(n) — Dn(no)||| = 0;

T=0 n—oo  neB,(no)

(¢ii)  inf n YATD,(no)A| > Cp.

n2ny
Then, there exists a sequence of random vectors {n,} C RP™, and a random integer
ng, such that:
(@) P(qu(in) =0, for all n>ng)=1;
(b) 1y — 1m0 a.s., n— oo.

Proof. The proof is identical to the proof of Theorem 4.2 in [3], once oz}/ 20 4s replaced

by n. Conditions S(i) and S(éii) ensure nonsingularity and S(i7) the equicontinuity
of the derivatives at ny. U
The proof of Theorem 3.1.1 presupposes that the GEE’s considered have unique

roots, which may not be the case. A discussion of this more general situation is given

in [23].
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Remark 3.1.2 Condition (LN) replaces the unbiasedness of q,(n) at no,n > 1. It is
satisfied if we can find an e.f. ¢,0(n), for which (LN) holds at 1y, and such that:

n g (o) = @uo(no)] = 0 a.s., n— oo. (3.1.1)

To apply the theorem, we could take qu(n) = (32%(n), 3%5(n) from (2.4.2), (2.4.4)
and qno(n) = (9575(n), 925 (n)) from (2.4.1), (2.4.3) to obtain (3.1.1) and iy, such
that gn,(M,) =0, a.s.,n > ng and 1, — 1o a.s. To check condition (LN), by (2.4.15)-
(2.4.16), (2.5.4)-(2.5.5) we just need to check that

ngui(no) =0 and n'g,a(n) — 0.
both hold, a.s. This was discussed in Proposition 2.3.6.

However, in this dissertation we will be using Remark 3.1.2 differently. We will find
a specific sequence of estimators 7, of 7y, which is consistent and has a well-defined
asymptotic distribution. This sequence is obtained in two steps, by contrast to the
one-step procedure described in Remark 3.1.2.

Noting that g2’ € RP is a function of § € R alone (see (2.4.2)), we first “solve”
the system of p-equations gg{’f(@) = 0, and obtain én, én — 6y a.s. We then place én
in g% and “solve” gg{’g(én, 0?) = 0, to obtain 62 := 02(0,) — 02 a.s., when n — co.
Put together, (én,&i) is a sequence of consistent estimators of ny. The advantage
of this method is two-fold. Firstly, if the practitioner is interested only in the main
regression parameter ¢, he/she has to deal with a simpler, self-contained version of

Theorem 3.1.1, as 02, along with QZ?S (n), can be completely ignored. Next, to obtain

2

n’

o-, one has to “solve” a scalar equation. Secondly, from a technical point of view,
fewer conditions have to be verified. Most conditions involve the partial derivatives
of (9% (n), 35’5 (n)) (see condition (S) of Theorem 3.1.1) and D,(n) in the one-step
procedure is a (p+ 1) X (p + 1), non-sparse matrix. On the other hand, solving the

initial problem in two steps requires first a p X p matrix of derivatives and then a

scalar derivative. In all cases, the number of derivatives has to be multiplied by two,
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as we have to account for both the non-imputed and the imputed terms of the e.f.,
which strengthens the case for our two-step procedure.

Asin [3], in order to apply Theorem 3.1.1, we provide conditions that are easier to
verify. These conditions are imposed on the moduli of continuity of functions related
to the derivative and on the matrix of covariates. Thus, properties of the derivatives
rely on analytical properties of the functions pu, c;;(0),V;;(0),bi;(n),i,7 > 1. In [3],
only the analytical properties of ;1 are present, as V;;(0) is a function of p;;(0) (see
(2.1.5)), and ¢;;(f) is a linear function there. As for b;;(n), it is not present in [3],
since the EE for the overdispersion parameter is not considered there. Therefore, in
this sense, the results presented here are more general than those presented in [3] and
27].

An additional complication we encountered is the necessity to deal with deriva-
tives of two distinct sums: the sum representing the observed terms (e.g., Section
3.2.1) and that corresponding to the imputed term (e.g., Section 3.2.2). Our strategy
was to prove results for the observed term first, which are valid regardless of what

imputation method is used, and then adapt them for use with the imputed term.

3.2 Asymptotic Results for the Derivatives

The use of the analytical properties of the derivative in proving the consistency of
the sequence of EE was introduced in [27] and expanded on in [2]-[3]. Technically,
the main difference between earlier results and ours is that we have to deal with
the additional factor ¢;;(#) (see (2.1.5)), which is not necessarily linear in 6 € RP.
Another major difference is the presence of censoring in our work.

This section gives sufficient conditions for (5)(i7) in Theorem 3.1.1 to hold. It
also gives preliminary conditions for (S5)(:) and (S)(i¢) to hold. In Sections 3.2.1-
3.2.3 we examine the behaviour of the derivative of g;’ff, whereas in Section 3.2.4, we

deal with the derivative of ggbg The nonimputed and the imputed terms are treated
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separately.

Following ideas from [27], we decompose the derivative into three types of terms.
The first is the leading term in the asymptotics and corresponds to the design matrix
(3.2.1) in the linear regression case. The normalized second-type terms converge to
0, and the third contain the residuals. Each of these terms is treated separately, and
may be further decomposed into simpler terms. We note that we considerably relaxed
the hypotheses required in [3] to prove (5)(ii) for the third type of terms.

To simplify notation, C denotes a generic constant, which may differ from one
case to another. We now introduce some notation, in conjunction with Example 2.1.4.

Notation:

With p : R — R and g/, p its first two derivatives, let fi;(0) = p/(c];(0)xs;),
fiij(0) == p"(c];(0)z;). Let X; denote the 7; x ¢ matrix of covariates, with (a, b)-entry
(Xi)ab = Tigp,a = 1,2,--- /7, = 1,2,--- ¢, where ¢ is the maximum number of
covariates over all individuals, assumed to be finite. Now X7 X; is a ¢ x ¢ matrix,

and we use the following notation, for the design matrix of covariates.

D,:=)Y X/'X;, n>1 (3.2.1)

=1

obs

3.2.1 The Derivative of the Non-imputed Terms of g’

In this section we prove several lemmas, which, when put together, provide sufficient
conditions for S(ii) to hold for the non-imputed part of g2’ .

We first calculate the derivative of

S5 (02 (0) 12 zzé‘“” SOV — s (O

i=1 j=1 =1 j=1

= g (0) + 95 (0), (3.2.2)
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where
n Ti a . 0 ~ "
o20) = 350 POy e ) ) — O] (3.2.3)
i=1 j=1
n T (‘3,uz 9 - "
o20) = 25 LDy e oypys, — o1 (3.2.4)
i=1 j=1

Taking the derivative in (3.2.3) gives rise to terms corresponding to the first two types
mentioned above.

)
00"

= H,(0) = BY(0) — B(0) — B(0), (3.2.5)

where the leading term in the asymptotic is

a,uz a/LZ (9) obs
ZZ ] l] aéT Iz]b7 (326)
i=1 j=1
- (0260, 0 (0) "
B0 ZZ Oy ()t = [y (B0) — g O, (327)
n T Q)I‘Zj] .
B0) =2, 2 i) T Oy g o) - o, (329
5 Dra(0) g ) OVis(0 "
BJ(0) = =2 ]( Vi ag;)[um(%)—uuw)]lzf, (3.2.9)
=1 j=1
3
0) = B). (3.2.10)
=1

We note that BYf (90) =0,k=1,2,3.
For the second term in (3.2.2),

g (6)

00T En(l) := 57[3](9) + 5[2](9)7 (3.2.11)
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where
821u1 obs
89;89 2(0)[Vij — pij (60)) 177", (3.2.12)
=1 j5=1
o O gy Vi (0 s
() = 233 POy o) Pty g 213
=1 j=1

We will evaluate the difference D% (0) — D55 (6p) by way of three lemmas, where

Dgnr () 0gis (9)
obs ___7Inl . n,1
D) =~ it (3.2.14)

Before we proceed, we introduce some notation.

With 4,7 > 1, let

dl(0) == v (0) — v](6). (3.2.15)

For an arbitrary r > 0, let

va(r) = supmax | Vi (@) (0) |l (3.2.16)

0,0'€ B (60) 1<i<n,1<j<7;

d,(r) := sup max || V;;l(@)dij(ﬁ) Il - (3.2.17)

0€ B, (6p) 1S1Sn, 1)<,

Lemma 3.2.1 Assume that, a.s.

lim lim sup ™ d,, (1) () Amax (D) = 0, (3.2.18)
=0 pooo
lim lim sup 71, (7) [V ()2 Amax (Dn) = 0. (3.2.19)
=0 psoo
Then
limlimsupn™ sup |||H,(0) — H.(0)|| =0, a.s. (3.2.20)

=0 nooo 0€B,(6o)
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Proof. We write

H,(6) — Ho(6) = HI(6) + HP (6) + HI (), (3.2.21)
where
- Opig(0)  Oij(0o) \ (-2, Ok (0)
[1 J J —2 J obs
=3 -3 (Hgf - D Yoo By

n

Z a:ul] (90 1 (9) _ ‘/;]—2(90)) a:ulj<9) ]obs

i=1 j=1 aeT v
- Opij (90 Opii(0)  Opii(0o)
H[3] YHij\Y0) J\Y) _ YHij Jobs
= Z vt (Y - L)

Let 7 > 0 be arbitrarily chosen. We first examine the spectral radius of HL’ (9),
0 € B,(6y). Note that

n

alg) = ZAT(H)Ai(Q), where, with 7 > 1,

%
i=1

ATO)y = vy (0)| a0 - i),

A= Vi 020D e < ki=120
l

Let A be a p x 1 vector of norm 1. By (2.7.1) with m = 7;,

AT AT () Ay (0)A > CNTAT(0)Ai(0)A
=1 =1

< TV 12 3.2.22
1 2

L =Y ATAT(0)A(0)N, I = >0 ATAT(0) A;(0)\. Expanding I, we obtain

i=1 j=1

Z 2

=1 j=1

L] =

2

IN

)\TdT )Zlfij
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< D s 1P Vi (0)di (0) |1
=1 j=1

n

A DD D

i=1 j=1 k=1

IN

< di(r) Z trace(X] X;).

i=1
The second last inequality is due to (3.2.17) and the last inequality follows from the
fact that

Z | x5 |I°= szwk = trace(X] X;).

7=1 k=1

Hence

L] < d*(r)trace(D,)
< C?d2 (1) Amax(Dn),

where C' is a positive constant. The last inequality is due to the fact that trace(D,,)

is also the sum of all eigenvalues of D,,, which are all positive. Consequently,

I}* < Cd,(r)AY2 (D,). (3.2.23)

max

For
0/'“ a:ul(e) obs
Z Z )\T ] Zj (0) aéT A]zjb )

i=1 j=1

we have the string of inequalities:

T
L] < ZZA J Vi O) =57

< ug(r)t'r’ace(Dn)

< C’Qy,%(r))\max(Dn).

The second inequality is due to (3.2.16) and the third follows by the same reasoning
that led to (3.2.23). Therefore, we obtain,

L% < Cup(r)AY2(D,). (3.2.24)

max
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Combining (3.2.22)-(3.2.24), we can write the inequality,
NHP O[] < Cdo (1) (1) Amax (D). (3.2.25)

To obtain a bound for the spectral radius of H,L,Q}(Q) (defined after (3.2.21)), we

write:

| )‘THT[?](9))\| < nalr ZZ)\Ta:U’U 0o) (90>8Mm(9) Ao

=1 j5=1 86T v
with 7, (r) defined by (2.7.9). Next, by (2.7.1)
| NTHPO)A |< na(r) 17,
where

]3 _ Z Z )\T a:u’l] 00 'ij (90) 8/“]'(60))\10&9

a@T L/
=1 j5=1

8[11 alu’l (9) obs
L :_ZZAT Vi (00) oo A
=1 j=1

Since ]%bs < 1 a.s., I3 and I, have the same upper bound as I5. Therefore, with
0 € B.(6h),
IO < Ca (1) [2a (1)) Amax(Da). (3.2.26)

We now turn to |||H7[13](9)||| From the definitions following (3.2.21), the upper

bound of || |H7[L1](9)H| is also appropriate here. Therefore

[[Hn(0) = Hn(00)[|] < v (r)[Cradn(r) + Conn(r)vn(7)] Amax(Dn).

The conclusion of the lemma follows now from the hypotheses. [
We introduce further notation.

k[l} )= Ssu max |Ml]( : 3227
n (1) 9’9/633(9 ) 1<i<n1<j<7 Vij(g/) ( )

Il R s
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k() = msi%c[k,[}}(r)]i, (3.2.28)

n
1=

o i35 (O)] 3.2.29
w (1) eesgi%o) 1<idnaSj<r, Vij(0) | |

Let ¢;;(r) be the p x ¢ matrix with (a,b) entry sup

9€B,(6) ’
and
W) =
e (r) o= dmax |l é(r) Il (3.2.30)
&l(r) == max [ (r)]". (3.2.31)
i=1,2,3
Similarly
0?ciin(0)
D(r) = =) 3.2.32
& (r) eesslil(aeo) 1<i<nifi<rh<q|| 0070 |’ ( )
where 82(;;%}5(69) is a p X p matrix, for every 1 < h < ¢ and || a';%ée) || is the A"

component of a g-dimensional vector. Furthermore, let

oV;;(0)
() = Volg) =) 3.2.33
vy (1) HESBE%O) 1<¢<r7£l%}<{j<Ti t (9) 00 H ( )

Il o e

Remark 3.2.2 With d,(r) defined in (3.2.17) and st (r) defined in (2.7.7), we have
the inequality
4a(r) < () () + K ()2 ()

n

Lemma 3.2.3 Assume that, a.s.

lim limn sup =tk ()el! () {RR ()AL (D) + e () + 0l(r) } Aax(Dn) = 0,
(3.2.34)
then
limlimsupn™ sup |||B.(0)]|]|=0 a.s. (3.2.35)

=0 nooco 0€B, (o)
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Proof. Since, by (3.2.7)
) 250) 06, 0)

ZZ M” g@ xlﬂxz; 00T [:u’ij(eo) _,uij(e)]jzo]bsa
=1 j=1
(9) 301'(9) _
/\TB[l )N < ZZ |,uzj ])\T 86’ xwxz; 8J¢9T )\‘Mz’j(eo) _ /’Lij(9>"/ij1<9)
=1 j5=1
< kP(r)I;10%, where
- dei; (0)
. T l] T 1]
Iy ‘_ZZIJZI/\ xzjxij 00T A,
ls := ZZ‘NU 0o) — puis( >|2VU_2(0>
=1 j=1
We have
Oeyji( )
I = ZZ A J ezl
=1 j=1
< C[cw)wmwn» (3.2.36)

From the mean value theorem, it follows that

ZZVU )£ui(6)]?

=1 j=1

1?|[cij(60) — ci5(0)]

for some point 0, |6 — 6y|| < ||0 — 6o||. Next,

Is < [k:}j](r)]QZi: I ¢i(B0) — ci () IIP]| @iy |
Now | ¢;j(60) — i) II° = ) [eizn(6o) — cijn(6))?
o acij,h 92]hkz ?

IN

00y,

; [Mr 16— 0 |
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< quzp:l sup dcijn(0) ]27’2 since 0 € B,()
’ r\Uo).
—1 k=1 0B (00) aek
Therefore,
Iy < CriEl(r QZZ“ i (r) 112 s |12
i=1 j=1
< Clrk ()l (r)]* Amax(Din). (3.2.37)
Finally,

sup [[|BI(0)[]| < Crkl(r)k
0€B.(6o)

1) e () O (D), (3:2:38)

which gives, using (3.2.34)

limlimsupn~" sup |||BY(9)[|| = 0.

=0 p oo 6€ B, (60)

We now turn to BY (f) defined in (3.2.8). To evaluate the spectral radius, we

write, using (2.7.1)

n 1/2
BION < [V O] 1
=1 j=1
= PR (3.2.39)
Here w;;(0) is the p x p matrix with (a, b)-entry Y 7 _, 3001—50(9)xij,h, and [ was defined

previously. Now

P D 9) SRR
" | = * 00,00, h

M;

IN
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In the last inequality, we use the expression (3.2.32). Returning to I7, and using

expression (3.2.27), we have
Ir < CIR(r) e (1) Anax(Dn).-
Combining (3.2.37), (3.2.39) and (3.2.40), we obtain

sup ||| BRO)]|| < Crlky (r)]e]) (r) el (1) Amax(Dn)-
6eBr(60)

Then, by (3.2.34)
limlimsupn~' sup |[||BZ(#)||| = 0.

=0 nooo 0€B,- (o)

(3.2.40)

To complete the proof of Lemma 3.2.3, we find a bound for the spectral radius

of B (6) in (3.2.9).

n

8Vzg |:U/zj 6)0

— i (0)]

)\TM” ()

ZJ

[ATBROA] < 2 Z

= 1

IN

where we used (2.7.1) with j =1,2,--- |7,

89T Vii(0)

1=
n Ti a/[(/l(e) B a‘/;(e) 2 1/2
T YHij —2 J

O (9) - 8%-(9) |Mz"(90) - Mi'(9)|
al); = N2V (0)—=5=N and (b); = ’
( 7 )J 86 1) ( ) aeT ( )J ‘/”(6)
. Dpui; (6 AZIONE
Let Ig: = ;1;1[% 2 ,2(9) aéT A}
aﬂw 9) ? -1 8‘/1'3'(9)
< >
< zz Vi)

Using (3.2.33), the chain rule, (3.2.27) and (3.2.30) and , we have

Iy < ZZ Vi (0) g (0) 11| €35(0)is 11°

i=1 j=1

< ORI ()l ()2 Zi s [

i=1 j=1
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Then
17 < CRY (el ) ell (AL 2d(Dn).
Using the upper bound of /4 in (3.2.37), we obtain
sup ||| BRO)]]| < Crlky) ()]0 (r) (e (1) Asnax(Da)- (3.2.42)
QEBr(Go)
By (3.2.34),
limlimsupn~' sup |||BE()]|| = 0.
=0 poo 6€ B, (6o)
This completes the proof of Lemma 3.2.3. [J
To formulate the next result, we need the following definitions:
Vi (0)
vp(r) == su ma, — 3.2.43
") 9,9/6313(60) 1<idniSj<n Vii(6) ( )
Op(r) = n_l’%;[vn(r)]i, (3.2.44)
Vii(0) — Vi (6
$u(r) :==  sup max [V (6) = Vi >|, (3.2.45)
0,0'€ B, (8p) 1SiSn,1<j<Ti Vi; (0)
fii; (0)]
KBy = sup max |]—, 3.2.46
(r) 0.0cB, (00) 1<isn1<j<mi Vi(0') ( )
Dciin(0)
3] o ij,h
e (1) 959111(390) 1<idn 1277 abi<ph<q 00,060,060, |’ (8:2.47)
_ oVi;(0)  0Vi;(0o)
(1] — - 1 ] o iJ
wn (1) be Brog) 1SiSmISI<T Yy (90)( 907 0T )| (3.2.48)

Note that v,(r) > 1, for all n > 1.

Remark 3.2.4 We have

Vii(0o) — Vis(0) _ [Vig(Bo) — Vi ()] [Vi(0o) + Vi ()]
Vi;(0) N Vii (0) Vi;(6)
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< sp(r)(a(r) + 1) < 28,(r)v,(r).

Note that this implies n,(r) < 28, (r)v,(r), with n,(r) defined in (2.7.9).

Vig(60) = Vi3(0) _ [Vis(6o) — Vis(0)] [Vi5(80) + Vi (60)Vis (0) + Vi3 (0)]
Vi(0) a Vi;(6) Vi3(0)
< sp(P)(WE(r) +va(r) + 1) < Cs,(7)0(r). (3.2.49)

The conditions in Lemma 3.2.5 below are a lot weaker than the corresponding condi-

tions of Lemma 4.9 of [3].

Lemma 3.2.5 Assume that (T1) and (2.7.10)-(2.7.11) hold. In addition, assume
that, a.s.

lim lim sup n I/QA%I{EfX(Dn) { k;,[j] (T)Enl] (r) [wE] (r)+ sn(r)@n(r)vg] (r)]

=0 5 500

lim lim sup n~Y20, (r)c (1) AY2 (D, ){sn(r)k

max
=0 oo

o
P
=
SN—
_l’_
=
s=
P
=
S~—
H/_/
|
o
—~~
)
N}
ot
—_
N—

lim lim sup n =23, (r)é (7 ))\maX(Dn){(FE](r) —i—sn(r)k:g](r)} =0, (3.2.52)

=0 poco

it sup 25, ()L (D) Kl 1)+ K0 (20 (D)} =0
r=0 nooo

(3.2.53)
Then

limlimsupn™' sup || E.(0) — E.(0) [[=0 a.s.

=0 noo 9€B;,(60)
Proof. We return to expressions (3.2.11)-(3.2.13) and deal first with (3.2.12). Let us
write

AT1eM @) — W@) N = UM (6, X)) + U8, \), (3.2.54)

n



3. Strong Consistency 65

where

n 0? ,uz 62#1(0 ) - 028
U, ) ZZAT( g~ g Vi O = s 6,
1 j=1

- 82[1/1 9 — obs
0200, = 3 3N L) s ) vy, — 0. (3259
i=1 j=1

The aim here is to show that

lim lim n™' sup sup |[UM@,N)| =0, k=12 (3.2.56)
r—0 n—oo HEBT(GO) ”)‘H:]-
Since
Pui(0) . 305(9) N r0ci;(0) . 3205(9) N

aaTon — Fi(0)—pg—TiuTi—gar + ii(0) arag

we decompose Ug](ﬁ, A) into a sum of five terms:

.. dc};(0) 7 0c;; (0
= ZZAT fig(8) = i (Bo) 50 T aégr ))‘V;j2(9)‘/1'3'(90)2@(90)]9?’5
=1 j=1

LI (D0) OhB)Y L 0ey(6) -
Ué”—ZZA%W( T ) 000D NV OV 00) 24 00) 2
i=1 j=1

n ( ) 8Ci' 9 8ci- 9 _ obs
U?El - Z Z A g ‘90 Tij® ”( 0j9(T ) N GJQ(TO)))\VU 2(0)Vij(00) Zi (OO)IiJ'b ’
=1 j5=1

n_o T GQCT 0
UM =375 N (s (8) — fuis(60)) aeTée) i AVi; 2 (0)Vij (00) Zi (00) 15",
i=1 j=1
Tl 9%cL(0)  0%cL(y) _
vy =ZZATW(QO)( 600 00700 )xiMsz(@)Vw(%) 5 (B0) 37"
i=1 j=1

We first find an upper bound for Ul[l]:

\U”!<Z

=1 j5=1

2

0 ‘90)| V;J (90) ‘Z“(eo)ud)s
ij ij

Vi (6)

T@c%(@)

A&@
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Since

]%bs = I{S; < C;} < I{S;j-1 < Ci}, (3.2.58)

then, using (2.7.8) and (3.2.43)

2
L,

n

01 <5200 3 Y

i=1 j=1

dc};(0)

/\T 89 lL‘ij

where

Iy = ZZZQ 00)1{S; ;1 < Ci}. (3.2.59)

=1 j=1

By (2.7.2), n='/2I}/% is asymptotically bounded. We now write:

ol < P ZZ

] ||2 nl/Z(n—llo)l/Z

= o(r ZZ zij || n'20p(1)
< 6§]<r>vn<r>[c£ﬁ< )Ptrace(D,)n"?0p(1)

< (6 2](T)vn(r)[cg}(T)]2)\max(Dn)n1/2Op(1).

n

where we used (3.2.30) for the second last inequality.
Therefore, if

lim lim sup 7~ 262 (1) v, (1) [ (1) Amax (Dn) = 0 a.s. (3.2.60)

r—=0 5500

which follows by (3.2.52),

limlimsupn ™ sup sup |UM| =o0.
"0 n—oo 6€B;(6) | A =1

For the rest of the section we will be consistently using (3.2.59) and (2.7.2).
To find an upper bound for U2[1], we write, with 6 € B,.(6p) and [ in (3.2.59),

<ac3;(9) - 305(90) o 06i(0) |

Tzl %3(90)
00 06 VT 99T

Vi (9)

,uzj

i=1 j=1 l]

|Zi5(60) 157"

o <
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Al GCT.(QO) Jcii(0)
[2] 7 T 1] 1/2
= ZZ ( 39 )” aor [0
dc};(0) 80 ocl(0)
< Kem 33 [ ALY P e | 0n)
i=1 j=1

< C’kf} (r)vn(r)cg} (T’)CE] (T)T/\maX(Dn>7’Ll/20p(]_).

We used (3.2.29) and (3.2.43) for the second inequality, (2.7.2) for the third. The
fourth inequality follows from the mean value theorem, (3.2.30) and (3.2.32).
Therefore, if

lim lim sup 7~ 27 k2 (1), (1) el (1) e (1) Amax(Dy) = 0 a.s. (3.2.61)

=0 oo

which follows from (3.2.53), then

limlimsupn™' sup sup |U2[1]| =0.
70 n—oo 6€B:(60) |A|=1

The upper bound of U?E” is the same as the upper bound of UQM.

We now turn to UE],

< o Il 1240 AV vz
< a(ron(r) ,-nl 2 8;9:(2? (001 1{Si5-1 < Ci}
< 5E](r)vn(r)(§;{)\ a;@;ég) Ar)m[ép
SRTCTNE0 9p i el NPEN RV
i=1 j=1

< OO () va ()P (rN2 (Do),
)

= OO (ryua(r) e (AL (Da)n'0p(1).

max

We used (2.7.7) and (3.2.43) for the second inequality. The third inequality follows
by applying (2.7.1) with 1 <i <mn,1 <j <7, and

82 T(@)
2070 "

Clij—)\ )\,

bij = | Zij(00)|1{Si ;-1 < Ci}.
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We also used notation (3.2.59). We appealed to (3.2.32) for the fifth inequality, and
to (2.7.2) for the last equality.
Therefore, if

lim lim sup 7~ 260 (r)v, (1) (r)AY2 (D) = 0 a.s. (3.2.62)

max
r—0 00

which follows from (3.2.51), then

limlimsupn™' sup sup ]U£1]| = 0.

r=0 neo 0€B,(60) |\ =1

Next, we find an upper bound for UEEI],

9%cL (0 0%cL (0
U[l ‘ < Z )\T( Cz]( ) CZ]( 0))%]‘/\

=1 j=1

90

Vi (0)Vij(00)[ Zi; (60) 1157

06700 06700

)\T 82 T 9) 8265(90)
20798 ooTon )

n

ZZ

1 =1

< Ok (r)va(r)e (r)rAe (Da)n' 0p(1).

max

i (00) [ I{Si 1 < Ci}

We used (3.2.27) and (3.2.43) in the second inequality. The last inequality follows by
first applying (2.7.1) with 1 <i <n,1 <j <,

(240 _ogm),

bij = [ Zij(00)[I{Si ;-1 < Ci},

aij =

06700 06700

and then by applying the mean value theorem, coupled with definition (3.2.47).

More precisely,

"G 92T(0) 92T (6y)
K ANNZA(OMNILS,: A
;; (aeTae 9790 )% 12 B0l {5151 < C)
n n 2\ 1/2
< < {)\T(a%{{(@) B 82c§(90))xij>\] ) / 13/2
i1 e 00700 00700
noT 82 T ) 82 T(QO) 1/2
< 12 /2
= ( - ]21 gTag 00T o0 | @i || > 0

=
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< Ocl(r (E:E:H%AF) I

i=1 j=1

< O\ (Dn) 1" = C(r)rAl2 (Da)n' 20p(1).

max max

Therefore, if

lln(l)llmsupn V2 (Yo, (r) B (1)AY2 (D) =0 a.s. (3.2.63)
=0 n—oo
which follows from (3.2.53), then

limlimsupn™ sup sup |U5[1]| = 0.

"0 nvoo 6€B;(00) |A|=1

Let us turn to UE](G, A), which, by (3.2.55) and (3.2.57) can be written as

U202 =2 +ul,  with
jiij (60) Oci; (0o) dcij(0) [Vi3(0o) — Vi3 (0)] obs
Z)\T J 50 Tt aje(TO) 770) Zij(00) I A,
i=1 j=1 v
2 fii3(00) 0 (Bo) [V (o) — Vi5(0)] obs
Uy ZZAT ] 9 aeTae I A
=1 j=1 ” O 1
For Ul[z], we have
(2] O (90)‘ 80 (‘90) acl 90 obs
Ul ‘ < 77n(7’>zz V](e()) AT o0 Lijlij 6]0T | 90 |I
i=1 j=1 "
< [2] ZZ O Zij‘Tj anéfO)/\ 13/2
=1 j=1

< %(T)ka[f](T)[CL”(T)]kaax(Dn)nWOP(l)

We used (2.7.9) for the first inequality, (3.2.29) for the second, (2.7.2) and (3.2.30)
for the third.
Therefore, if

(K (M) [ ()P Amax (Dn) =0 as. (3.2.64)

lim lim supn™
=0 oo
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which follows by Remark 3.2.4 and (3.2.52), then

=0.

limlimsupn™ sup sup ‘U
=0 noo 0€B,(60) |A|=1

Turning to the term UZ[Q],

n

U < kD) S Z

9T30 x%j/\ |Zij(‘90)|ji3bs
i=1 j=1
n TL 62 T (0 2\ 1/2
< minio (S35 L, o) iy
Pl 20790

< Cna(r)k)(r)el? (T)Aifx( Wn'?0p(1).

We used (2.7.9) and (3.2.27) for the first inequality. For the second inequality, we
used (2.7.1) with 1<i<n, 1<j<m

82 T(QO)

A 9070 "

TijA|,

CLZ']' =

bij = | Zij(00)|1{Si ;-1 < Ci}.

We applied (2.7.2) and (3.2.32) for the third inequality.
Therefore, if

lim lim sup 7~ 20, () kW (r) 2 (1) A2 (D,) =0 a.s. (3.2.65)

=0 poco
which follows from (3.2.51) and Remark 3.2.4, then
limlimsupn™ sup sup ‘UQ[ ]’ =0.
=0 noo 0€ B, (60) |A|=1
Returning to (3.2.11) and (3.2.13), we write

—%)\T[é’f](@) — ER BN = UB6, ) + UM, \) + UP(B, N), (3.2.66)

where

- Opij(0)  Oij(00) \ -3, Vi (0)
3 T 3 obs
J0.0) ;;)‘ ( ) 59 Vi (0) aéT (Yij — g (60)) I A,
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B3 (6) Vi, (0 obs
00,3 = 03N 2 s gy s D v, o,
=1 j=1

Opi ( 90 aVi;(8)  9Vi;(6o)
T obs
;]ZI)\ RS (00)< g~ —ggr ) (Vi = 1 (00)) TN

We now give conditions for

n~! sup sup ‘U,[lk](H, )\)} —0, as., k=3,4,5.
0€B, (0) |\ =1

For k = 3, we have:

EUVEDS)S

AT (aﬂ” _ i3 (%0) ) V2 (0) Wiy (0) (Yij — pij (00)) I ° A

Pl 06 " 00T
. @Mz 6/% 0 - 8
<, (r ZZ AT( i 52 0))%2(&) s 'yZ,] (00)|I{Si ;1 < Ci}
=1 j5=1
. Opii(0) O (00)\ 1 -1 [l st Vi (O) |7\ 2
(S5 (252 - 250 ) o280 s
=1 j=1
n.oT 1/2
1 T)(ZZ Il 171 Vi (0)di (6) IIQ) n'20p(1)
i=1 j=1
< CUH(T)UHI]( )dn(r))\rln/sx( n)n1/20P<1)'

We used (3.2.43) for the second inequality. For the third inequality we applied (2.7.1)

for1<j<7,1<i<n,and

o = | (L) Q) sty ) A by = 12 G051 < €

We also used (2.7.2), (3.2.15) and (3.2.33) for the fourth inequality, while the final
inequality followed from (3.2.17).
Therefore, if

lim lim sup ™20, (r) ol (r)d, (1) A2 (D,) =0 a.s. (3.2.67)

max
r—0 5500
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which follows from (3.2.50), then

limlimsupn~! sup sup |[UP| = 0.
T nooo 6€Br(60) || Al|=1

For k£ = 4, we have:

Opi;(6o) oVi;(0 obs

vtio.n] < 303 2 sy o) DOy, oz
i=1 j=1
Opij (00) [Vid(6o) — V(O] aVi; (0
< ZZ AT j o) V30) Vi;*(60) ]g ) |Zi5(00)|1{Sij—1 < Ci}
=1 j=1

O ( 00 v;

< OSn ;]Zl )\T -7 (90) a@T ‘|ZZ] 90 |I{SZ] 1 < O}
Op1i: (60 Vi (0) |2\
< O (1)in( (ZZ AT 2 Vi 2(6p) S I
i=1 j=1

D115 (60) 2 v, 2\ 1/2

< Csn(r)n ( > sty v oo o ) Iy
=1 j=1
a¢T (9 2\ 1/2
< OS ( [1] ( Z 00 ,U/'LJ 00) ca(e O)xl] ) nl/QOP(]‘)
=1 j=1

< Csu(r)on(r)v) (n kL (r) e (r) A (Da)n' 2 0p(1).

max

The third inequality follows by using (3.2.49), the fourth inequality by using (2.7.1)
for 1 <j<7,1<i<n,

Opij(6o)
00

aVi;(0)

_ I\T
9= | 967

Vi 2(0o)

A, by = |Zij(00)[1{S; -1 < Ci},

and for the sixth inequality we used (2.7.2) and (3.2.33). For the last inequality, we
applied (3.2.27) and (3.2.30).
Therefore, if

lim lim sup n~ 25, ()0, (r) ol (M EW (r) M (A2 (D) = 0 a.s. (3.2.68)

n max
=0 psoo

which holds if (3.2.50) holds, then

limlimsupn~' sup sup |[UMY| =0.
"0 noo 6B, (0) X =1
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Now we turn to the final term U7[15],

5] 9 )\ ZZ )\Taﬂl] 90 i' (9 )(a%]<9) _ a%](eo)

) (Y — 155 (00) 122\

Pl 07 o007
D115 (o) oVi;(0)  9Vi;(6o)
<ZZ N2 J 0) i‘ (9)( 8é;> aJQTO) ‘| (00)[I{5i ;-1 < Ci}

< (23
>

1=

2\ 1/2
)"

2\ 1/2
)"

O (0o) oV (0 oV;:(0
/\T lu] 0 (00>( aé;)_ 8]0(710))A

2

a,uzg 90

IN

g Wel0) _ Vi)

>
7j=1
]Zl Vij 1(‘9‘))( 96T 067

k) () el (r)wi () Az (Da)n'2Op(1).

IN

For the third inequality we applied (2.7.1) for 1 < j < 7,1 <i<n

Opij(0o) aVi;(#)  9Vi;(6o)
= T <9°)( ot~ oo )

;b = |Zii(00)|1{Si ;-1 < Ci}.

By using (2.7.2), (3.2.27), (3.2.30) and (3.2.48), we obtained the final inequality.
Therefore, if

lim lim sup 7~ 2wl () EW (r) (M) AY2 (D) =0 a.s. (3.2.69)

max
r=0 oo

which holds under (3.2.50), then

limlimsupn™ sup sup !UE]‘:O a.s.
720 oo 6B, (60) | Al|=1

This completes the proof of Lemma 3.2.5. [J

3.2.2 The Derivative of the Imputed Part of gObs

In this section we give the proof of S(ii) for the derivative of the imputed term of
g22(0) using the corresponding proof for the derivative of the non-imputed term,

given in Section 3.2.1.
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Let
Vi = j,n > 1. (3.2.70)

Zk 1 [Cen’

From (3.2.70), we obtain
Z sen e = (3.2.71)

We have the following result.

Lemma 3.2.6 Assume that (T2) holds. Let 0 < e, := min E, [I{;"]. Then, for

1<5<m
0 < e < ey, there exists an integer ng(e), such that, for alln > ng(e),1 <j<m

0<em—c<n” Z[Cﬁ“<E +e, (3.2.72)
where E,, 1= = max By [I55"]. Furthermore
<5<
0< (En+e)! -1 (3.2.73)

< —
N Zk llcen B (em 6)

Proof. The first string of inequalities (3.2.72) follows from SLLN applied to a finite
number of occurrences, i.e., 7 < m, and (3.2.73) follows directly from (3.2.72). O
The imputed part of (2.4.2) is

g ( 7;?: Fii(OVI5 Ziy (0) 17, (3.2.74)
i=1 k=1 j=1

with 759" defined in (3.2.70). We note that, in contrast to the non-imputed part, the

imputed part contains n~! as a factor.

Remark 3.2.7 In (3.2.7}) we actually have i # k in the first two sums, because
Ifj?”[,??s =01 =k We could use v, = #;1" in liew of v$5¢ in (3.2.74).
However, the asymptotic results are identical.

To compute the derivative of (3.2.74), we split it into two terms, as in (3.2.3)-
(3.2.4):

Gut'(0) = g0 (0)™ + 923 (0)™,  where

n,1
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n

Z 730?]01] Ic'envkgl(e)[ﬂkj(eﬂ) - “kj(e)]jlg?s’ (3'2'75)
1 j=1

1 im —
gL]l P._ 12
k=1

n n

g2 (0 = T O IV (O — g O (32.76)
k=

=1 j=1

1=

1
Taking the derivative in (3.2.75) gives:

gt = Hal0)™ = ByA0)™ = BR(O)™ — BRA(0)™ — B 0)™, (3.2.77)
where:
lm n n Ti con on - 8/1/ ' 9 .
H,(0)™ = n~! yeen £ (0) I ij1<0) a%é )[k;) (3.2.78)
k=1 i=1 j=1

The following decomposition is similar to (3.2.21):
H™(0) — Hi"(6,) = HY(0)™ + HP(0)™ + HE(0)™ + H1(0)™, (3.2.79)

where

Hgl](g)zmp — L Z Z,yqen (aﬂl](0> i 8H’Z]<00)>‘/U—1(9>Ilc]envk;1(9) 8luk](9) Jovs

2. 2in " ap 0 ogT *
i,k=1 j=1
zm < cena:ul 0 - ceny/ - a'u (0 008
HE gy . ZZ —0 J Vi 1 (0) = Vi (00)) L5 Vi (0) akgj; >Ik?
i,k=1 j=1
Vij (o) — Vi (0) O (60) Oy (9)
cen .7 J J cen J obs
i3S 9) 9y o) Vi ) s e
i,k=1 j=1
zm < cen a:ul 9 cen a'u J 008
H0 =t 3 S )y ) peon oy 106) — vy 6 2 e
i,k=1 j=1

0 9 cen a 8 a 0 obs
H[ Jmp = = ZZV;? /M 0) Vi, (6, )L Vij (60)( Makejé ) _ Makégpo))]k?.
i,k=1 j=1
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Returning to (3.2.77), we have

im — . - cen aCT (9> acl 0 — cen
BT[LH(Q) Peo= n! Z Z {’yjn M”LJ(Q) 0]9 xl]xrzl; aJQ(T )‘/’Lj 1(6>IZ]
ik=1 j=1
VO O0) — eI, (3.2.80)

0)x;; bs
B0 = 32 S g (0) Ly ) et ) o 00) s O} 2

i,k=1 j=1
m; = cena/sz av 8 cen obs
B0y = = 30 3 2O ) Vil oy ) 00) s O 2
i,k=1 j=1
im; cen cen av ] 8 obs
B = —nt 303 e 1 01V A o) — o1
i,k=1 j=1
4
B, (0)" :="> " BL(6)". (3.2.81)
=1

We note that B (Bp)™r =0,k =1,2,3,4.
For the second term in (3.2.76)

5] 2] 4 imp ‘ ' ' 4
gngéT) — gn(e)zmp — g}ll](e)zmp + (c/;[f](@)zmp + 51[13}(6)lmp’ (3.2.82)
where
S en O ( Vii (6)
[1 zmp cen =z Y\’ Jeen “KIAY) J 7 [obs 9
5 zkzljz J,m aeTae (9) iJ ij(e) kj<90) kj > (3 83)
N eon O (0 OVi;(0) ... Vii(6o)
[2} zmp cen J —~2(9 J Jeen J 7.0 IObS
gn ( l%:l; 7,] ( ) aeT i Vk](e) k]( 0) kj o
(3.2.84)
im; cen cenyy— oV, (0 obs
£ (g)me ZZ%HLJ VIV (0) ak5§ Vi (60) 2y ()T, (3.2.85)

i,k=1 j=1
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The following decomposition is similar to (3.2.54). Let us write:

3
NTEE 0y — el (o)™ )\ =Y UM (@6, N,k =1,2,3. (3.2.86)

k=1

where

im - & = cen a Hij (9) 82ﬂl(60) — cen
o=t 325 It (g~ “ata ) Va0
k=1 j=1

x ngl<9mj<eo>zkj<eo>fz§%},

i — - < cena ?, 9 — cen
v =t 3 Yo { v R (v - v )

i k=1 j=1

< vk;%e)vkj(ewzkj<eo)zz§SA},

Pz (0o) ., Viej(0o) — Vi (0)

3] 1mp T cen Z PPy, -1 f.) Jeen J J 7,..(0 IOZ?S)\'
U (0 )\) e 1)\ in 00T H0 ‘/:Lj ( 0) Vk](e) kﬂ( 0) kj
Let

im - ahu cenaui’(g) — cenyy— aW(Q)
Vo)™ = —n"ty" {m aje VN O) IV (0) aéT
=1 ik=1

x v,;(e)vkj<eo>zkj<eo>fz§'s}.

Note that, when [ = i we obtain (3.2.84), whereas for | = k we obtain (3.2.85).

The following decomposition is similar to (3.2.66):

7
=NTEN(0) ™ — EM(00)" X =D U6, )™, (3.2.87)

c=4

where

U[4 l](@ )\ imp . =1 Z { ]C%nlzcjen)\T<a/JJge(6) . 8/1%5290)>‘/”—1(9) av}j(0> V_1<9)
7=114k=1

< v,;<9>vkj<eo>zkj<eo>fzssx},
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U[5l(9 )\ mp . 12”1: - { cen]cen)\Ta:uU(eo) [V] (9)‘/—1(9) _Vfl(eo)vgj—l(eo)]

]n () 89 K Lj Y
7=1 i,k=1
oV (6
X 6Ié(T >)\V] (G)ka(eo)ZkJ(QO)]ggs}’
m n 0 i
U9, )P = 'S {ﬁ"fff"AT Majé o o)
7=1 i,k=1
oVi;(0) V(6 - o
TR W
mon Opuij (6o) V()
[7,0] 'Lm -1 cen yeen T
U6, A7 1 ; l{jnfm AT )V (00) =N

(V) = Vi 60 Vi 80) g G0 12 |
We use the following extension of the Cauchy-Schwarz inequality.

Lemma 3.2.8 Let a;j, b, 1 < i,k <n,1 <j<m be real numbers, and let

=D al )= b
=1 k=1
Then o . e, m "
780 30 SLTES 6 97 A%)) RN 6 97 17) ISR CELS
=1 ik=1 j=1 =1
Furthermore, if a;j > 0, and I.:= 377 Y70 aij,
then

n

m
nt)

j=1 i,k=1

m 1/2 m 1/2
a;ibr; < n_1/2IC<ZIb(j)> < IC(ZIb(j)) . (3.2.89)
j=1

j=1
Proof. Since, by (2.7.1)

1/2

n n 1/2 n n
Z ai; < n'/? < Z afj.) : Z by < n'/? ( Z bij) : (3.2.90)
k=1 k=1

i=1 =1

the left hand side of (3.2.88) is bounded above by > 7" | ];/2(]-)[1/2( ). Using (2.7.1)
again, we have that the left hand side of (3.2.88) is smaller than the right hand side
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of (3.2.88). To prove (3.2.89), we use (3.2.90) only for by;, then use the fact that I.(j)
is non negative. [J

We now look for upper bounds for the derivatives above by comparing each term
with the corresponding term of the non-imputed derivatives.

Note that, when (T72) holds, by (3.2.73), the factor v§5',1 < j < m can be
ignored in finding these upper bounds, since this factor is bounded from above and
below. We also note the similarities between Hy'(6)™ and HY ()™, or HI(6)™P
and H ().

Lemma 3.2.9 Assume that (T2) holds, along with the conditions of Lemma 3.2.1.
Then
1 A .
limlimsup — sup |||H,™(0) — H""(6p)||| =0 a.s. (3.2.91)

=0 nooo M geB,.(60)
Proof. We start with HT[L”(H)imp, where 7, <m,i > 1, by (T2). With A € RP ||\|| =
1, we take in Lemma 3.2.8, with d;(#) defined in (3.2.15):

Z ON'dL(0)zyjxldi; (O)NIE"

1] )

aluk aluk? (0) obs
Z)\T aéT kj (Q)a—JeAIk? )

and conclude that the upper bound in (3.2.25) is also an upper bound for H|H,[f] (6)me|]|,
1 = 1,4, with a modified constant.

Similarly, to find an upper bound for |||H7[12](9)imp|||, after extracting the factor
N () defined in (2.7.9), we take

aﬂz alj”b ( )
T cen
Z)\ aJQT (90) 8]0 )\Iz] )

a:uk a,uk(e) obs
ZAT aéT (0) aje AT

We conclude that the upper bound in (3.2.26) is also an upper bound for ||| HE (8)™||],
1 = 2,3, with a modified constant. This concludes the proof of Lemma 3.2.9. [J
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Lemma 3.2.10 Assume that (T2) holds, along with the assumptions of Lemma 3.2.5.
Then
limlimsupn™ sup |||BZ™(0)||| =0 a.s. (3.2.92)

=0 poo 0€ B, (60)

Proof. For BE](H)””?’ defined in (3.2.80), after extracting the factor k2 (1) defined in
(3.2.29), we take in Lemma 3.2.8

m 2L 9CLB) 9 (6)
. E E T~ T 2 cen
Ic = A 59 xijxij J )\I,Lj S [5,

j=1 i=1 00"
L(j) =) | (00) — g (0) PV, 2 () IR < I, (3.2.93)
k=1

where [, Ig are defined in Lemma 3.2.3, above (3.2.36). We conclude that the upper
bound in (3.2.38) is also an upper bound for |||B,[L1](9)imp]|\, with a modified constant.

Similarly, to find an upper bound for |||BT[L2 ](Q)imp ||, we take

0*[cf;(0)zi] \1°
S\ L -1 - 2 (T ) 2 cen
Ia(]) T ;[V;] (0):“@](0)] |:)‘ 89T89 /\:| ]ij S ]7a
with I7 in (3.2.39) and I,(j) as in (3.2.93), to conclude that the upper bound in
(3.2.41) is also an upper bound for |||Bf,[12](0)imp|||, with a modified constant.

Turning to ||| BE (8)™?]||, we take

, - i (0) .y Vi (0) 17 .o
L) =3 2o 7| 1 <
i=1

with Ig from Lemma 3.2.3, above (3.2.42), and [,(j) as in (3.2.93), to conclude that
the upper bound in (3.2.42) is also an upper bound for |||BE!(6)™P|||, with a modified
constant.

For BY(0)™ we take in Lemma 3.2.8 I,(j) < Is as above,

L(j) == kz:: \T 3ng9(9)vk;2(9)a‘gz§9) A {“kj@%;e/;kj(e)] I,
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To evaluate the spectral radius, we write

m 1/2
s < 17 (Y 60)) (3:2.94)

=1

Recalling v}’ (r) defined in (3.2.33) and I as in (3.2.93) above, we obtain
m 2
> L) < (v,[ﬁ(r)) Is. (3.2.95)
j=1

Combining (3.2.94) and (3.2.95), and using the evaluation of I5 in Lemma 3.2.3, we
can conclude that (3.2.42) also hold for |HBy[L4](9)imp |||. This concludes the proof of
Lemma 3.2.10. [

Lemma 3.2.11 Assume (1T2) holds, along with the conditions of Lemma 3.2.5. Then
limlimsupn™ sup |[|£,(0)™ — £,(00)™||| =0 a.s.
=0 noo 9€B,(60)

Proof. We will use the decomposition (3.2.86)-(3.2.87) and prove that

limlimsup sup n 'UM@,N)™ =0, k=123 (3.2.96)

=0 n—oo 9eB,(6))

limlimsup sup n 'UFI(G,N)™ =0, k=4,56,T. (3.2.97)

=0 noo 9eB,(60)

As justified earlier, we can and will ignore the factor 755, 7,n > 1. The idea of the
proof is to use upper bounds already obtained in Lemma 3.2.5. In that lemma, as
well as in this proof, expression (3.2.57) is often used. We will also extensively use
Lemma 3.2.8.

We first deal with the decomposition (3.2.86) and start with UT[LI](G, AP, Based
on (3.2.57), we decompose UT[LI](H, )P into five terms, as we did with Uy](ﬁ, A) in
Lemma 3.2.5. ;

ulo, )™ =>" U0, 0™, where
=1

m n

Ulm (0, )\)imp =n! Z Z a%},lbg’l, 1=1,2,---,5.

j=1 i,k=1
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| 1 (0) = fiii(6o)] Tac?j(@) Qjm
17,1 ‘/23(9) 89 ij
| _ |ii(6o)]| AT Jci;(0) B dci;(6o) Y 8c,~j(0))\ Jeen
A Vi(0) a0 00 AT TR A
m | i (00)]] 7 0c(B0) g (9cis(0)  9cii(B0) | reen
e R i K
| 1 (0) = (60| \T 7 0c;(9) | 1o
i v, (6) I A
S| 1 (0o)l] 7 0?cij(0)  9*cij(6o) v 1een
I V,(0) 00T00 0670 i
il | _ Vii(6o) obs 1
bk‘]l bk‘] V]j](e) ’ij(90>|[kj , l_ 17... 75’

with v,(r) defined in (3.2.43).

We now apply (3.2.89) to the sequences (\am| bkj)zkg with [ = 1,2,3, and
(3.2.88) with [ = 4,5, and we obtain the same upper bounds as those of Ulm,l =
1,2,---.,5 in Lemma 3.2.5. Therefore (3.2.96) holds with Ul[l](H,)\)imp in lieu of
Ul (9, \yime 1 =1,2,--- 5.

We now look at Uq[f](Q, A)P and compare it to U,[LQ}(H, A) in (3.2.55), which can
be similarly split into two terms. We have here, based on (3.2.57)

U (0, )™ = U (0, \)™ + UL (0, \)™,

where
n

UP0, 0™ =03 albe, 1=1,2

7=1 i,k=1
. acli(0o) 717 _ _
21 = s 60) [AT} Vi 0) - Vi ol

)\ 82 T (90)
60T89

] = 1fiis (60)| M Vi (0) = Vi (00) | 155,
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1 obs
6] = b < 0a(F)| Zig (B0)| I, 1=1,2.

We have ,

|i3(60)] Tacz;((%)m”
Vij(6o) o0
with s,(r) in (3.2.45). We now apply (3.2.89) with (\aw 1 bEj})m and find that, via

Remark 3.2.4, (3.2.52) implies (3.2.96) for U (6, \)™» .

|a’Lj 1| < STL( ) A

)

Now
113;(00)| | 7 0%l (00)
V,;(00) | “o0Tae "

This time we apply (3.2.88) with (aj7y, b} ))ix;. By (3.2.51) and via Remark 3.2.4, we
obtain (3.2.96) for UQ[Q](Q,/\)WP.
We now deal with UE](G, AP and, using (3.2.57), we split into two terms, as

AT TijA|.

|a132| < Sn( )

before, with

|a

| | (00)| )\Tacz;(eo)x 2]cen
ij,1 j(eo) 80 v) ij

a

B _ Hi(00) [y 7 79%¢i5(00) i\ | 1o
2 ‘/;,](90) 86T8(9 v

bl = by = 02 = [V21(0) — Vi (00)] Vi (B0) Zis (B0) 122,

< sn(r)vn(r)\ij(Ho)\I,?gs, as  wv,(r) > 1.

For Ul[g](ﬁ, AP we use (3.2.89), condition (3.2.64) and Remark 3.2.4 to obtain
(3.2.96).

Now, turning to UQ[B}(Q, AP we use (3.2.88). By (3.2.65), which follows from
(3.2.51) and Remark 3.2.4, we have (3.2.96) for U (6, A)™»,

We now turn to

U[4l (6 )\ imp _ . —1 Z CL[4l bglj,

7=114k=1
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the first term in (3.2.87), where

O (0 Op;i (0 _ ovi;(0) .
a%,l} :/\T( Maje( ) . :ua]é 0))‘/1]1(9) alé; )%jl(e)’

’b[4]’ = |Vk ( )ij(eo)ij(go)I;??S| < Un(r)’ij(e(])’[l??s'

We apply (3.2.88). From condition (3.2.67), with d,(r) defined in (3.2.17), (3.2.97)
follows for UL (6, \)mp,

We write
n

UBlg, \yme = p IZ a[5lb5’], where

7=1 4,k=1
a5 Opaj (0) - OV (6)
= ATV OV 6) - Vi )V (00)] =
Bl = 1Vigs" (0)Vis (80) Zis (B0)I2%] < ()| Zis (B0) IS

An elementary calculation shows that

Vi 1OV H(0) = Vi 1 (00)Vi; H(00)] < [ViyH(0) + Viy ' (00)]sn (1) Vi (60),

ij ly
where s,(r) is defined in (3.2.45). We now put this together with the other factors
of a[5 1 and bkj,
(3.2.97) holds for UF (6, N)imp,
We now consider UT[LG’”(Q AP and use (3.2.88) with

8Mz 0 — - oV (0 oVi; (0 cen
R ] o LRI KL PVAR)

5] = 0] < va (1) Zg (00) | 122,

and appeal to (3.2.68), which follows from (3.2.50), to conclude that

By (3.2.69), which follows from hypothesis (3.2.50), (3.2.97) holds for UL (g, A)ime.
The last term is UL (6, \)™P, we apply (3.2.88) with

7 ] a,uz (00> 8‘/2 (00) cen
a; Y 59 Vi (60) Vi (60) ajeT AT,

by = by = [V (6) = Vi (60) Vi (60) Zs (o) 5"
Following the search for an upper bound for UT[LE’](G,)\) in Lemma 3.2.5, and since
(3.2.69) holds by hypotheses (3.2.50), we conclude that (3.2.97) holds for Ul (6, \)m?.
This concludes the proof of Lemma 3.2.11. [J
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3.2.3 Further Results on the Derivative of gg{’f

We first put together the results of sections 3.2.1-3.2.2. Next, we use some results
from these sections to prove Proposition 3.2.13, which is further used to prove S(i)

and S(iii) for the derivative of §o%.

Proposition 3.2.12 Assume that (T2) and the assumptions of lemmas 3.2.1, 3.2.3
and 3.2.5 hold. Then S(ii) in Theorem 3.1.1 holds, with D,,;(0) := —a%gfl{’f(@).

Proof. We first note that the hypotheses imply that the conclusions of lemmas
3.2.9-3.2.11 hold. Let us now recall the notation (3.2.78)-(3.2.85) and, define

HmP(0) »= Hy(0)—H,"(0),  ByP(0) := Ba(0)—=B,"(0),  E7"7(0) := E,(0)—E,""(0).

We have, by recalling (3.2.2)-(3.2.14)

0 ~obs em em em

The conclusion of the proposition follows now from lemmas 3.2.1, 3.2.3, 3.2.5 and
3.2.9-3.2.11. [J
The following results will be used to prove S(i) and S(iii) in Section 3.3.1.
For convenience, we recall definition (3.2.27).
. |13 (00)|
' - I<ignizi<n, Vii(6o)

In a similar vein and using (3.2.30) and (3.2.33), we recall Mol We also recall

the definitions of &,(6y), EF(6),k = 1,2 in (3.2.11)-(3.2.13), E™P(6,), EX (6,)im?,
k=1,2,31in (3.2.82)-(3.2.85) and +$" in (3.2.70) to prove the following result.

Proposition 3.2.13 Assume that (1T2) and (B ) with (2.4.17) hold. As-

(g5 V)
. 02p1;(00) v —1 ' 9?p15(00) 1 —1
sume further that the Eg,-expectations of —5gtasVi; (00)Z15(00) and —55t45 Vi (0)
exist. Then
lim n~! || EM(0) — EW(B)™ |=0 a.s. (3.2.98)

n—oo
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If, in addition, a.s.

lim n~ Y20y UNY2 (D) = 0, (3.2.99)
n—oo
then, a.s.
lim n~t EP(6) ||= 0, (3.2.100)
lim n~t || M ()™ |=0, k=23 (3.2.101)
n—o0
Therefore, a.s.
lim n™' || £,(60) — E.(00)"™ ||= 0. (3.2.102)
n—oo

Proof. To prove (3.2.98), by SLLN, we have that

— — a Hij 80 obs
n~INTEM NN = n 1ZZAT 5 97{ 5 Vi1 (00) Zi(00) 15,

converges a.s. to

i N Ey, {Mmjl(eo)zu(eo)ffﬂ A

Similarly, and applying SLLN three times in (3.2.83), with § = 6y, we have that
n~IATEW (9PN —

- T rr—17ycen 82/’61j<90) -1 cen obs
ZA Ey 175" Egy WVU (00)I75™ | Ego[Z15(60) 177 ] A

j=1
To prove (3.2.98), it suffices to show that, for every j > 1,

9 pu1;(0o)

T
A Eo, [ 867 50

‘G}I(QO)le(QO)fffs]A

9 p1;(0o)

T rp—117cen
B [ 2

‘/191(90)155”} Egy[Z1j(60)I7%]A = 0. (3.2.103)
To show this, note first that, by (2.4.12)

Egy[Zi5(00)I55"] = — By [ Zi5(00) I7"].
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Now (3.2.103) becomes

0?p15(0o) ., obs
AT Ey, {aelTjéeo)Vul(eo)le(eo)h? } A

00700
Note that the second term in (3.2.104) is

9?1115 (0o)
ATE@O{ P0To0 i

0?11 (6
_ ATEGO{“I—MW(eo)ff;”EeO [Zuwo)ulc;“]}x

06T 90
o, 2t - >]}A

T rp—17 reen 82/’“3'(90) -1 cen ) cenly __
+ N B 5 By |~ Ve (00) 115" | By [Z15(00) 15" ]A = 0. (3.2.104)

(Bo) 155" B 1557 By [Zuwo)ff;f”]}A

39T89
0? _
O, V)| A

The first equality in the chain above follows from the definition of the conditional

0% 111 (0
- /\TEeo{algTjéeo)Vljl(eo)ffaneo [Z15(60)

82” (0 ) — cen
= /\TE90{E90 lﬁ‘ful(@oﬂu Z15(6o)

expectation. The second equality is due to (B (2 - )) and the last to the fact
00T 00
that 88’;112820)‘/1] (00)I75™ is O( f1, B%TH(;O ~!)-measurable (see (2.4.17)). Thus (3.2.104)
reduces to
62M1 (90) obs cen
A7 | 2 o) Zion) 1 + 1573 =0,
or
P pij(0o) .
M By, [&Tjﬁevljl(@g)le(Qo)]{Su_l < C1}A=0, (3.2.105)

since 172 + I7s" = I{S1 ;-1 < C1} € Gy j1.

To prove (3.2.105) we note that Zaf0)y -1

06Ton "1j
o Haj (90)
060700

(6p) is Fi j_1-measurable, therefore,

X' By, { ‘/1;1(‘90)211‘(90)[{51,]'71 < 01}} A

T 0?11 (6o)

=X Eoy\ Boo | —50r50 Vi; ' (00)Z15(00) I1{S1j-1 < C1}|Grj1| ¢ A
2111,(0

_ AE{;O—M Y00) {8151 < C}Ew, Z45(600)(G1- 1]}A —0.

The last equality is due to (AO) and the model assumptions (2.1.2). This proves
(3.2.104) for all j > 1 and thus (3.2.98).
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The following proof uses some steps of the proof of Lemma 3.2.5, to which we
refer here. Under condition (3.2.99) we now prove (3.2.100).

We write

= O (0o) oVi;(0 obs
ZZ)\T ” 0) Vi 2(60) GJQ(TO)ZU(%)J; A
i=1 j=1

< /fE]CE]v“]AiI{aQX(Dn)n” 20p(1). (3.2.106)

n

‘ — %)\TSE](GO))\’ -

To obtain (3.2.106), we used the evaluation of the bound of UL, defined after (3.2.66)
and evaluated after (3.2.68), with wl)! (r) replaced by oi). This proves (3.2.100).
Similarly, to prove (3.2.101) when k = 2, we first examine (3.2.84). Let

[a(j> = Z

aIuU (00) 8‘/;] (9()) cen
o0 —ag Vi (00) o0 A I”’

= Z Z;fj(%)fz??s-

k=1
By (3.2.88) in Lemma 3.2.8, we conclude that the upper bound in (3.2.106) is also an

upper bound for ||&[L2} (6p)"?|| with a modified constant. Using (3.2.99), this completes
the proof of (3.2.101) when k = 2.
To prove (3.2.101) when k = 3 (see (3.2.85)), let

Optij 90 O (0o)
T J cen
Z)\ ] i' (90) o0 >\I7,j )

Vi ( Vi, (6 e
Z/\T ’” ) gé&o)AZ,fj(eo)Ik;?.

By (3.2.88) in Lemma 3.2.8, we conclude that the upper bound in (3.2.106) is also
an upper bound for H&[?} (6p)™™P|| with a modified constant. Using (3.2.99) completes
the proof of (3.2.101) when k = 3 and thus (3.2.102). This concludes the proof of
Proposition 3.2.13. [J
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3.2.4 Results for the Derivative of gg{’;

In this section we obtain results for the derivative of gg{’; , which parallel the results

in sections 3.2.1-3.2.3 for the derivative of go%. We write g3’s(n) as:

G5 m) =D by () (Z2(0) — )Y = G (n) = ghh(n) — G (),

i=1 j=1
where |
gih(m) =33 by () (22(0) — 0PI, (3.2.107)
i=1 j=1
AT, 1 L cen cen n obs
Gy (n) =3 > b (I Y (Z5(0) — o*) I (3.2.108)
=1 j=1 k=1

Taking the partial derivative in (3.2.107) gives:

agg} (n) O abz obs obs
a; - Z Z { 830(277) (ZZ(Q) - 0-2)11‘]‘}) — bij(n)]ijb } (3.2.109)

i=1 j=1

We introduce more notation and conditions.

b,(r) :== sup max__ |b;;(n) — bij(n')], (3.2.110)

0,1 €Br(no) 1<i<n,1<j<7;

Obij(n) _ 9by(r') |

bl (r) = 3.2.111
w(r) ,7777/2%13(%) 1<i<n,1<j<r | Do do? ( )
Assume that
limlimsupb,(r) =0 a.s. (3.2.112)
=0 poco
lim limsup bJ () =0 a.s. (3.2.113)
=0 nsoo
Assume further that, » > 0, almost surely,
i g 2\ <
hin—igp (e |b:;(60, 05)| < C, (3.2.114)
0b;;
limsup sup max 3(27])) <C, (3.2.115)
n—oo  neB,(ny) 1Sisn1<isTi | 0o
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where C' is some constant.
We first note that, if 0,, — 0, a.s., then, given r > 0, there exists n(w) such that
| 6, — 0y ||< r/v/2, for all n > n(w). If we also take 0% € B%(Ug), then (6,,02) €

891[11,]2 (é" 702)

5.2 » it suffices to prove Proposition 3.2.14

B,.(no). Therefore, to prove S(ii) for

below.

Proposition 3.2.14 Assume 0, — 0, a.s., (T1), (2.7.10)-(2.7.11) and (3.2.112)-
(3.2.115) hold. Then

dgly én,a dglV Qn,O'Q
lim lim supn ™" sup gn2l 5 ) gn2 5 ) =0 a.s. (3.2.116)
0 noee (8n.0*)€Bx (10) do 2

Proof. Consider

0gs(0n, ) Dgns(0n, 3)
802 Oo?

=JU 4+ g2 (3.2.117)

where

- abz 07’1,70_ ~ obs 6()1 én,O'z ~ obs
=2 { Jagz ZZj(Qn) — o) - %(ij(e ) — o)Ly }
1

=1 j=

=N (bij (0, 0®) = bij (0, o) I (3.2.118)
=1

=1 j=1

We can split JM into four terms, as follows

Obij(0,,0%) b0, 0f X e
J7[zl] - ZZ( ]802 ]((902 0)> (Zi2j<9n)_0'2)lijb

=1 j=1
Oby; (6, 05) Hmao .
— Z Z _ O.O)[O S
=1 j=1 80-2
abzg Qn,O' ) abw(énaa(Q)) 2 /) 2 obs
- ; 321 { ( Ho? Ho2 <Zij(9n) - Zij(eﬂ))lij

Abi;(0n,0%) b (0,,02) s
( oot ) Zullo) — o)l
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8bij (én, 0'8)

. (8[)1-]-(@”,02) _

Oo? Oo?
-y Bl
Oo?
=1 j=1
= g g gt g

) (0% — JO)I"bS}

o UO)IObS

(3.2.119)

We now find an upper bound for n_ljl[l]:

n_lJl[l]

abij(én, o2)

ob;;(0,,, 0
]zz(fw

11]1

bl(r ZZ!

lel

0p(1),

IA

= )

— ) (2 (60) — Z2 (00 15

Z2 @0) |Iobs

(3.2.120)

with bf! (r) defined in (3.2.111). For the last equality, we used (2.7.13), since 6, — 6,

a.s. By (3.2.113), we conclude that the left hand side of (3.2.120) converges to zero,

when n — oo and then » — 0.

To find the upper bound of n_lJQm, we write

~ Obij(0n, 3)

—1 7[1] -1 asz On,a 2 obs
ot = ZZ( o, @, )(Zijwo) )
- Obij(0n, %) Obij(0r, 03)
1 z] ns 12\Y1ny» Y0 ZQ 0 ]{7.175
’ ;; ( o2 do2 > Z]( 0) iJ
i Obij (0, 0%)  Obij(0n, 03)
-1 z] n 1g\Yn>» ¥ 2 yobs
o ZZ( )
< b[l] Z Z Iobs + b[l] Z Z ]obs
=1 j=1 =1 j=1

< b)(r)Op(1) +

b[1 (r )O’OTn

(3.2.121)

In the last equality, for the first term we use the asymptotic boundedness given by

(2.7.2). Since (70) holds, 7,, — E(m) < oo, by SLLN. Using (3.2.113), we conclude
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that the expression on the left of (3.2.121) converges a.s. to zero, as n — oo, and
then r — 0.

For the normalized of Jg[)”, an upper bound is

-1 [1] abl] GTL?O- abZ]<én7O-8) 2 obs
n o Jy'| < ‘ ;;( 902 507 (o —JO)I
< Wt -ty
=1 j=1
< B(r)]o® — og|7, < B (r)r, (3.2.122)

with bg}(r) defined in (3.2.111). Since (7°0) holds, 7,, = E(m1) < oo, by SLLN. Using
(3.2.113), we conclude that the expression on the left of the last inequality converges

a.s. to zero, as n — 0o, and then r» — 0.
(1]

To evaluate the normalized J; ', we write

Obi; (0,
= ‘ ZZ ]60200 _O_O)Iobs

=1 j=1

1 n Ti
< LY ot

i=1 j=1
< Clo*—oap |7 < COrr, (3.2.123)

n_lJE]

where we used (3.2.115) in the second inequality. Since (7°0) holds, 7,, = E(m1) < o0,
by SLLN. As before, the expression on the right of the last inequality converges a.s.
to zero, as n — oo, and then r — 0.

2 .

For the normalized J;" in (3.2.118), we have following inequalities:

n_lj,[f] = %zn: i: (bz‘j(énv %) — bw(ena UO)) IObS
1=1 j—].
< Z Z ]obs
i=1 j=1
< bo(7) T, (3.2.124)

with b, (r) defined in (3.2.110). Since (7°0) holds, 7,, — E(71) < oo, by SLLN. Com-
bining this with (3.2.112), we conclude that the expression on the right of (3.2.124)
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converges a.s. to zero, as n — oo, and then r — 0. [J

Corollary 3.2.15 Assume that the conditions of Proposition 3.2.14 hold. Then

1 1
lim li -1 89[ ] (07170-8) 897[1,12(6070-8) —0
rlg(l) imsupn~  sup 952 — 952 = a.s.
n—00 eneBr(OO)
and so
lim lim supn* 89 (9n,a ) 5’g (GO,UO> =
pn sup 7 E) 5 =0 a.s.

T oo (0,0%)€By (o) 0 g

Proof. The proof of the first assertion is a simpler version of the proof of Proposition

3.2.14. The second assertion follows from the first and from (3.2.116). O

Proposition 3.2.16 Assume that (T2) and the conditions of Proposition 3.2.1/ hold.
Then

- 1 09 (0, 0%) 03,0 (O, 38)
lim lim supn sup 5 — 5 =0 a.s.
=0 noes Guonen )| 90 do

. . . o3I 05T (no)
Proof. The decomposition (3.2.119) is also valid for =527~ — —=>5—. We use the
notations J, ,El] (n)mp k=1,2,3,4, J? (n)™? for the corresponding term defined before.

Let us focus on the first term Jlm (n)™?_ which is

- Obij(0,,0%)  Obij(0,,02) u A
[1] Zm cen ? ns ? ny Y0 cen obs
. - ZZ < Jacr? - ]802 157" D (23 (0n) = Z55(00)) 155

=1 j=1 k=1

Therefore

‘n‘lJl[” ()™

- cen abl 9”’ o ) abl(éna 02) cen - ) obs
ZZZ ( j&f? - ]802 NI (2 (0n) — Z500) I
=1 j=1 —1

Ti

ZZ cen

i=1 j=1

b ( Qn,a ) 6b” 9n,00
0o? Jo?

]cen Z |ij Zz2g (80) |Iobs
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1 - 1 - cen rcen - N obs
<)Y (330 ) 31260 - ZA oI
j=1 i=1 k=1
1L A .
)33 122, 6, - Z2 eI
k=1 j=1

by (3.2.71). Hence, both n='JM ()™ and n='J"(n) have the same upper bound
(3.2.120).

Similarly, the upper bound of n 'J!" k = 2,34, in (3.2.121)-(3.2.123) are also
upper bounds for n*IJlE}(n)imp. Moreover, the normalized upper bound of JZ in
(3.2.124) can also serve as the normalized upper bound for J}ﬂ(n)imp . This concludes
the proof of Proposition 3.2.16. [J

The proof of the next result is very similar to the proof of Corollary 3.2.15 and

will be omitted.

Corollary 3.2.17 Assume that the conditions of Proposition 3.2.16 hold. Then

- o g3 (O, 08) 03,75 (0o, 7)
lim lim sup n sup 5 — 5 =0 a.s.
r—0 n—o0 énEBr(eo) 80' 80'
and so
.t 4 0, (0, 0°) 03, (60, 07)
lim lim sup n sup — — — =0 a.s. 0
=0 pnooo (énan)EBr(UO) OJo oo

3.3 The Strong Consistency Theorem

3.3.1 The Strong Consistency of 0,

In this section we use Theorem 3.1.1 to show the existence and strong consistency of
a sequence of estimators 6,,, which are roots of the EE associated with gfff(&). While
condition (LN) of Theorem 3.1.1 is discussed in Theorem 2.4.9 and S(i7) in sections
3.2.1-3.2.2, it remains to give sufficient conditions for S(i) and S(iii) to hold. To this
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end, we introduce condition (S”), which is similar to condition (ii) of Theorem 4.13
in [3], or (S;) in [9] with normalizing factor n,n > 1.
For the rest of this section # = 6y and so, for the sake of simplicity, we omit

writing it.

(S") There exists a random integer N > 1 and a constant Cy > 0, such that, for
alln > N

)\min[Hn — H;mp] > O()TL.
In accordance with (2.1.6), we define here

Opij (o)

fij = 00

Vil (0p), 4, > 1, A€ R?, | A= 1.
The next result gives a condition for (S”) to hold.

Proposition 3.3.1 Assume that (T2) holds, and that there exists Cy > 0, such that,
for all A € RP

A [Z{E Ful G = BT LA T BT | A > Co, (3:3.1)
then
lim n~'M\T[H,, — H™|\ > C,. (3.3.2)
n—oo

In (3.3.1), we assumed that all expectations exist.

Proof. We first write:

n m

n_leme —2 Z fwlcen cen Z fk]llg?sa (333)
1

=1 j=
and note that when E[If5"] > 0 by the definition of e.f., 757 — E~'[I{5"] by the
SLLN. Applying SLLN three times in (3.3.3), we obtain that, a.s. and as n — oo

,1)\THzmp)\ N Z B~ Icen])\TE[flj[cen] [fl]IObs] ) (334)

7j=1
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Now
nT Hy=n""Y > fi I, and, by SLLN,
i=1 j=1
n T NTH, N = Y O XTE[fi; LI (3.3.5)
j=1

Using (3.3.1) with (3.3.4)-(3.3.5) gives (3.3.2). O
Next, we give an example to illustrate condition (3.3.1). For simplicity, we take

p = 1 and assume that, for some 0 < m < M,

Condition (3.3.6) is satisfied if the derivatives are continuous and the covariates are

equibounded, which is often the case in medical studies.

Example 3.3.2 First, we intend to set, before the study starts, a censoring time
Ci, such that jo recurrent events can be included in the study, for each individual
1 > 1. Assume that we have a good idea of what C; should be, either from previous,
similar studies, or because, as in [18], we know the expected length of time between
two consecutive events, and the variability of this length is not large. Still, when we

actually carry out the study, we cannot expect C; = S;j,, rather that
Sijo—1 < Ci < Sijos1,

which means that we can have ]i‘;%s > 0, 5" > 0 on disjoint sets, each with nonzero

probability. Under these conditions, (3.5.1) becomes

Jo—1

> BUL+ Elf, 1] — E B 5 1 Bl fua 1) > Co, (3.3.7)

j=1

for some Cy > 0. This is so because Iiojbs =1L =0 forj <jo—1

By Proposition 3.3.1, in order to carry out the analysis for this study, we need
to pick jo so that (3.3.7) holds. By (3.3.6)

jo—1

Z E[ff]] + E[ffjofffi] > (jo — 1)"”2-
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We also have

E- [Icen] [fl]o Icen] [fl]o ]obs] < MQE[IObs] < M2

1jo 1j0 1j0 Ljo

It follows that, if we take
2

. M
Jo— 1> W’ (338)
then (5.3.7) holds with Cy = (jo — 1)m? — M? > 0.

This example shows that, in order to impute the incomplete gap time using observed

data, we must observe a sufficiently large number of gap times (inequality (3.3.8)).

Theorem 3.3.3 Assume that the conclusions of Theorem 2.4.9 and the hypotheses
of Proposition 3.2.12 hold. Furthermore, assume that (S’) and the hypotheses of
Proposition 3.2.13 hold. Then there exists a sequence 0., of estimators of the main
parameter 0y € RP, and a random integer no(w), such that

(a) P(gflb‘f( n) =0, forall n>ng)=1;

(b) 6, — 0y a.s., n—oco.

Proof. We apply Theorem 3.1.1 to ¢, = g"bs and restrict it to the set of parameters
6 € RP. Assumption (LN) holds by the last conclusion of Theorem 2.4.9. By Propo-
sition 3.2.12, condition S(i¢) holds for D, ;(#). It remains to prove S(i) and S(iii).
Now (3.2.102) from Proposition 3.2.13 is

lim n~! || £ (6y) ||= 0.

n—oo

With
Dna(0) = H™(0) — B,"™(0) — £;77(0),

we write, for a large enough n > N from (5’), and a small enough r; > 0,

| XDy 1 ()X | = ATH™(6o) X |
| N'[Dp1(0) — Dt (60) — E™(60)|\ |
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9
C;O” _ % >0, forall 0¢€ B, (0.

We used above the results of propositions 3.2.12-3.2.13. Then S(i) and S(#ii) hold

and the conclusions of Theorem 3.3.3 follow by Theorem 3.1.1. [

3.3.2 The Strong Consistency of 52

We first give sufficient conditions for gObS(Qn, 02) to satisfy (LN) in Theorem 3.1.1.
We use Remark 3.1.2 with ¢, 0(c?) := §2’5(6p, 0%), then combine the last conclusion

of Theorem 2.5.2 with the result below.

Lemma 3.3.4 Assume that (T2), (2.7.10)-(2.7.11) and (3.2.112), (3.2.114) hold.
Assume further that b, is a sequence of a.s. consistent estimators of Oy i.e., 6, — 6o
a.s. Then

09055 (0n, 05) — 45500, 00)] = 0 a.s., n— o0,

obs obs

Proof. We evaluate the difference n~ [gnz(en,ao) 9205 (60, 05)] and show that it
converges to 0 a.s. From (2.4.4), this difference can be broken into the sum of two

terms, (3.3.9) and (3.3.10):

_IZZ ] 07170-0 é ) - bl](00700)22 (90)]10178

=1 j=1
=07ty D (0, 08) = iy (00, o) I, (3.3.9)
i=1 j=1
n” va (0, 08) — by (00, oDIE™ S [22,(0,) — o2 I
i=1 j=1 k—1

S0 S b B R I SN2 ) — ZR I = L+ L. (3310)
1 j=1

1= k=1

We start with the expression (3.3.9), the first double summation. A bound for
the summands can be found as follows, with b, (r) defined in (3.2.110).

|bij (Qm 00)22 (én) - bij(UO)Zz?ij)’
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< |bij(0n, 03) — big (o) || Z2(0,)| + i (mo) || 22 (6) — ZE(60))|
< ()12 (0n) = Z5(00)] + ba(r) Z5(60) + | max_|bi; (n0) | 25 (0n) — Z55(60)].

SISN, LSS,

Using the hypotheses (3.2.114), an upper bound for the first double sum of (3.3.9) is

C’nlii | Z2(0n) — Z2(00) |15 + b ZZZQ () 157" (3.3.11)

i=1 j=1 i=1 j=1

Since If}* = I{S;; < Ci} < I{S; ;-1 < C;}, the first term above converges a.s. to zero,
as in (2.7.13). Notice that for this term to converge to zero, the weaker assumption
(T'1) is used in lieu of (7'2). By Lemma 2.7.1 and (3.2.112), the second term converges
a.s. to zero.

Now

n

nY 0N i (0, 08) — bij(6o, 00) |1

i=1 j=1

8

3

o0

< (1)) 0 I{Sijo1 < Ci} = ba(r)T, (3.3.12)

i=1 j=1
with b, (r) defined in (3.2.110). Since 7,, — E[n] < oo, the last expression converges
to zero a.s., by (3.2.112). This completes the proof of the convergence of (3.3.9).
We now show how the proof of convergence of the terms in (3.3.10) reduces to

the result proven above. For this purpose, let us look at

ILi| < n~ ZZ V5 bij (O, o2) — bij (0o, 02) |IC€"Z|Z,3]é — o2|Igte

i=1 j5=1
< 0 on( ZZlZm — ool Iy
k=1 j=1
< n b, (r ZZ@] — Z(00)| 15 + n b (r ZZZ,@ (60) I7%
k=1 j=1 k=1 j=1

+ oo () Y Y I (3.3.13)

k=1 j=1
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In the second inequality, we made use of (3.2.71). Since the first and second terms of

(3.3.13) are less than (3.3.11), which converges to zero, so they also converge to zero.

Using (3.3.12), the third term of (3.3.13) converges to zero too.
We also use (3.2.71) and hypothesis (3.2.114) to obtain

|Lo| < O "N [ 22(0,) — ZE(00) |13

k=1 j=1

(3.3.14)

Because the right hand side of (3.3.14) is the first part of (3.3.11), it converges to

zero too. This completes the proof of Lemma 3.3.4. [

We dealt with S(ii) in Section 3.2.4. To deal with S(i) and S(iii), recall (3.2.107)-

(3.2.109) and rewrite them as:

gnn (1)
e = Hn - Sn ;
5o 2(n) = &En2(n)
where
> by,
=1 j=1
. Z abl] )[obs
2 'LJ 1y
=1 j=1 80'
and
aglmp( ) im; m
- 80'2 - Hn,2p(77) - n,2p(n)7
H:L”;P ZZ cenb ]cenzlz;)57
i=1 j=1
imp( ) L nfl Zn:i: cengblj( )[cen Z(ZZ (9) )Iobs
n,2 n) = Pan oo 2 J kj kj o
i=1 j=1 k=1

HWP(n) = Hyo(n) — HYY(n),  E05P(n) i= Ena(n) — EL5F ().

The next result is similar to Proposition 3.3.1.

(3.3.15)
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Proposition 3.3.5 Assume that (T2) holds, and [max Elbyj(no)| < oo.
>ysm

Furthermore, there exists Cy > 0, such that

> AEby (o) 7] = E7 I B by (o) I E[I7°]} > Co. (3.3.16)
j=1
Then
nh—>n;olo n_l[HmQ(no) — an(?’]o)imp] > Co. (3317)

In (3.3.16), we assumed that expectations exist.

Proof. We first write

n

n " H, 5 (o)™ == QZZ i IC@”Z[;;?S. (3.3.18)

=1 j5=1

We note that, when E[I{$"] > 0, y5%" — E~'[I{s"] by the SLLN. Applying the SLLN

three times in (3.3.18), we obtain that, a.s. and when n — oo

n= Hy, 5(1o)"™ — Z B I By (o) 5" E(I7%]. (3.3.19)
Now
ntH,5(no) =n" Z Z bw(no)lfjbs, and, by the SLLN,
i=1 j=1
n~ Hyo(no) = Y Elbi; (o) I77°]. (3.3.20)
j=1

Using (3.3.16) with (3.3.19)-(3.3.20) gives (3.3.17), which concludes our proof. [J

Proposition 3.3.6 Assume that (T2) holds and that ° ” nO)Ice” is O(b;(no)) measur-

able. Furthermore, assume that

abl]( )
Oo?

Aby1;(10)
Jo?

E

10

Ay i(0p) <oo and E,

Then
n 1 Ena(no) — Eﬂp(no)] — 0, a.s., n-—oo. (3.3.21)
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Proof. By SLLN, we have that

- - . abl obs
n 1 n2 7’]0 IZ 8]02 Z2 00) —O'O)]l]b,

7j=1 =1

converges a.s. to

Z {abh 770 Z3;(00) — UO)IO”S}. (3.3.22)

Similarly, and applying the SLLN three times in (3.3.15), we have that

“m — — cen ab cen obs
w30 B 1 | P 1 B, (200 - A1 (32

j=1
To prove the proposition, it suffices to show that, for every j7 > 1,

Abi;(n obs|  p1ppeen b on "
Eno[ 510(20) (ij(eo)—ag)llj?1_1;”01[[” 1En, [ g< >[ }Eno[(ij(Go)—ag)[ljl.’ ] =0.

(3.3.24)

To show this, note first that, by (2.4.13)
Eyy[(235(00) — 00)I75") = — By [(Z75(00) — 05) 135",

Now (3.3.24) becomes

ob, '(770)
E770 ajo_g

(%1]( )
Jo?

(ij(eo)—ag)lfﬂ +E7;)1 L5 { ICS"} Ey, [(ij(eo)—ag)ff;"] =0.
(3.3.25)

Note that the second term in (3.3.25) is

ab 77 cen cen cen
_ 5 8b1] 7]0

10

1657 B, (22, (60) —03>|f;;“]}

{
— B { P 1, (2 00) - IO )]
5

[861] 770 Z%,(00) — o) 15" O(by (770))] }

70
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The second equality in the chain above is due to (B, ) and the last to the fact that

%183(2"0)1“" is O(by1(no))-measurable. Thus (3.3.25) reduces to

| HN 2 00) - o)1z + 157 =

or

E770 |: 80‘2 <Z12]<60> — O'(Z))I{Sld‘,l < Cl}:| =0, (3326)

since ]105?8 Ce”—I{SU 1 <C1} EQU 1-
To prove (3.3.26), we note that M is Fy j_1-measurable, as is by;(n). There-

fore

|:ab1](770) (ZZ (9 ) O'g)[{sl,jfl < Ol}

70 80'

= Eno{Eno {8172)( )(ij(eo) — o) I{S1;1 < Cl}|91,j1”
o)

= B { P, 1 < B, (2300 - )Gl | 0.

The last equality is due to (A0) and the model assumptions (2.1.2). This proves
(3.3.25) for all j > 1 and thus (3.3.21). O

To summarize the above results, we state the following theorem.

Theorem 3.3.7 We adopt the hypotheses and notation of Theorem 2.5.2 and Theo-
rem 3.3.3. We also assume the hypotheses of propositions 3.2.14 and 3.2.16, Lemma
38.8.4 and propositions 3.3.5-3.5.6. Then there erists a sequence 7). = (977:, 52) of es-
timators of the parameter ny € RPT', and a random integer ng(w), such that

(a) P(szg( mUn) 0, forall n>ngy) =1;

(b) 5, =m0 a.s., n— 0.

Proof. We apply Theorem 3.1.1 to g,(02) == §%%(6,,0?). Assumption (LN) holds
by Lemma 3.3.4 and the last conclusion of Theorem 2.5.2. By propositions 3.2.14
and 3.2.16, condition S(i7) holds for Dmg(én, 0?). Tt remains to prove S(i) and S(iii).
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From the results of Proposition 3.3.6, we have

lim n~ &P (no) = 0.
n—00 ’

~obs
With D, 2(n) = _%nim) H5P(n) — &,57(n), we write, for a large enough n > ny

Oc?

and a small enough r; > 0,

| Da2(0n,0%) 2] Hi3" (o) |

— | Dn,2(énv ‘72) — Dna(m0) — SEZLPWO) |
20071 . @

> Cyn —
= Mo 3

>0, forall ne B, (n).

We used above the results of corollaries 3.2.15 and 3.2.17 and propositions 3.3.5-3.3.6.
Then S(i) and S(éi7) hold. O



Chapter 4

The Asymptotic Normality of

Estimators

In this chapter we present the asymptotic normality of sequences of consistent esti-
mators 6, and 62, of the parameters , and o2, which are defined in Theorems 3.3.3
and 3.3.7, respectively.

In order to simplify the exposition, we further assume that the conditions of
Theorems 3.3.3 and 3.3.7 actually hold.

It is well known that, under certain conditions, estimators Bn that are implicit
roots of unbiased estimating equations are asymptotically normal with mean 0 and
covariance matrix commonly referred to as “sandwich”. The proofs given in the lit-
erature are usually sketchy and proceed in two steps. First, it is shown that a CLT
holds for the original e. f.’s evaluated at a true parameter, say Jy. The limiting distri-
bution is normal, with mean 0 and covariance X2, say, which is nonsingular. Secondly,
using the mean value theorem, a normal asymptotic distribution for n'/? (Bn — Bo) is

obtained, with mean zero and variance
D (Bo)[D~(Bo)]",
where D(3) is nonsingular and equal to the limit of n™1D,(5), while —D,, () is the

105
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derivative of the e.f. with respect to the parameter (3, evaluated at 3.

In our case, the situation is more complicated and an additional step is required.
This is so because the initial e.f.’s also contain imputed terms, so they no longer
consist of simple sums of random vectors. A further complication arises in determining
the asymptotic distribution of 62. Tt is due to the fact that the e.f.’s, which define 62,
also contain én, which has a distribution of its own that must be taken into account.
In what follows, we give complete proofs of our results, following the ideas and proofs

in [20], Section 3.4.

4.1 The Asymptotic Normality of 0,

In this section we present three results. The first demonstrates that n=/2g2%(6,), is
asymptotically normal with mean zero and covariance . The second result shows
that the asymptotic distribution of n™/2g2% (6y) is also N(0,%). Finally using the
mean value theorem, we show that \/ﬁ(én — 0p) is asymptotically normal with mean

0 and a covariance matrix of a sandwich from,

Dy (00)%[Dy 1 (60)]7,

where
. 9573 (6o)
Dl(eo) = nh—>nc}on IDHJ(@()), and Dml(@()) = —#, n Z 1, (411)
with Dj(6p) nonrandom and nonsingular.
Let us write
gﬁi’f(@o) = Z Us 1, Ui = Z[&S)Igbs — bfjl)jzc]en]’
i=1 j=1
where
Eo,[Z1(00)12%]
GS) = fi;(00) Zi;(6p), bf»;) = [3(60)— d & (4.1.2)

E90 [I lcjn]
In the course of proving the following result, we calculate all entries of the variance

matrix.
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Theorem 4.1.1 Assume that (T2) holds, and that

max. Ego[|| f15(00) * Z3;(60)] < oo, (4.1.3)
max. Eq, || f15(60) |I>< oo. (4.1.4)

Then
262 (00) = N(0, %), (4.1.5)

where N(0,%) is a p-dimensional random vector normally distributed with zero mean

and covariance matriz X2. The (kl)-entry of X is:

obs cen
E : Ego al_] kalj’l max{j,j’ } § E90 a'lj kI bl]’ l]

Ji'=1 j=1,3">3
cen (1 cen
—~ Z Eeo[alj,ll b +ZE90 (b1 b1, Ieem). (4.1.6)

Proof. To simplify the proof, we write u; = u; 1, with w] = (u,)k=12..p, ¢ > 1. Since
Ey,[u1] = 0 by Proposition 2.4.6, the proof of Theorem 4.1.1 follows from Theorem
29.5 of [4], once we show that

max Eg,[u3,] < 0. (4.1.7)

To this end, we first calculate the entries of ¥. We have, for a fixed 7, and 1 < &k, < p.

m m
1 1)
Uikl = Z al(]),ﬁagj,)ll"bs]"bs - Z ag; kbij/zfzbsfffn
jj/:l jj’=1
Z al]'l ij, klObS[cen + Z bzy k zgl’)l[zcjen[zc]en- (4.1.8)
33'=1 Gi'=1
Since ]i‘}bsli‘}bs =1 ffrfax{ i the expectation of the first double sum in (4.1.8) is given

by the first double sum in (4.1.6). Because IJ°IS" = I75", if j' > j, and is zero

ij’

otherwise, the expectation of the second double sum in (4.1.8) equals the second

double sum in (4.1.6) and the same reasoning applies to the third double sum. Now
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the fourth double sum in (4.1.8) reduces to > " b b reen hecause IEn e = I

3=1"iz,k7 izl 715 >

if 7/ = j, and is zero otherwise.

We now show that the expectations of all terms in (4.1.8) exist, which implies

(4.1.7). Starting with the first, we have
m 2 m
1 1
<(Sha ) <o
=1 j=1
C

<O | fiy(80) 17 ZE(60)-
j=1

m

(1) (1) robs
Z kg 1 Limascl 1)
j.g'=1

For the next two terms, we have

1 1
<3 lag g |

Jy'=1

Z a(l) b(l) IgbsIgen

i5,kYig’ 1" tag’

J'=1

<C Z || fi5(00) || 1Zi5(00)| || fij(6o) || -

Jy'=1

Taking expectations in the last inequality above gives

> Eoo | f1560) 11 Z05(80)] || f1y:(60) |

Jd'=1
m 1/2 1/2
< 3 (Bnll o) 1 24601) (Bl iro) 1?)
Jg'=1
1/2 1/2
< e (Bll futen) 1P 22,000) e (Bl o) 1)
Finally,

1 1) rcen 1
ST < ST P Y fi00) 112 -
j=1 j=1 j=1

Note that C contains as factor the square of

| Eo[Z1;(00) 72|

D5 By I

(4.1.9)

(4.1.10)

(4.1.11)

By (4.1.3)-(4.1.4) and (4.1.9)-(4.1.11), (4.1.7) holds. This completes the proof of the

theorem. [
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Proposition 4.1.2 Under the conditions of Theorem 4.1.1, n='/?§%%(6,) and

n’l/Qggbf(Ho) are asymptotically equivalent and have the asymptotic distribution N (0, ).

Proof. We write
nY2g0 (00) = n= g% (Bo) + 0”207 (6o) — g5 (Bo))- (4.1.12)
We prove first that
n 2 (g2 (0g) — g% (6p)] — 0 in probability. (4.1.13)

Since condition (7'2) holds, we have

Egy[Z1j(00) 1T D 5y Zaj(00) I7°
obs obs cen 0 J 1j k=1 J kj
Gn, (00) _gn I fl 90 { cen + n cen }
' 1 ;; ’ E9o[]1j ] Zk:1 [kj

Z Z Icen fz] 5cen

=1 j=1

Thus
n= 292 (00) — 25 (00)] = D (n‘1/22f¢j(90)1$") o, (4.1.14)
j=1 i=1

where

e BalZO0I) S 20T
n,J E90 [chen] Zk:l ]Igjn
With condition (4.1.4), by Theorem 29.5 of [4] for i.i.d. random vectors, we have, for

each1 <j53<m

n*1/2 Zfij(eo)jicfn i> N<E]¢en(60)7zgen(90))’

where the k" component of E$(6y) is Eg,[f1)x(60)I{5"] and the ki-entry of 35 ()
is, for 1 < k1 <p

By [(f15.0(00) 177" — E53(00)) (f10(00) 175" — E57"(60))]-
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For each j, 0777 — 0 a.s., when n — oo, by SLLN applied to both numerators and
denominators. Therefore, by Slutsky’s Theorem 7.7.1 of [1], each term in (4.1.14)
converges to zero in distribution, hence in probability, therefore the finite sum in
(4.1.14) converges to zero in probability. Now the conclusion of Proposition 4.1.2
follows form (4.1.12) by Slutsky’s Theorem. [J

Let us recall D,, ; defined in (4.1.1).

Theorem 4.1.3 Assume that the conditions of Theorems 3.3.3 and 4.1.1 hold. As-
sume further thatn= "D, 1(6y) — D1(6y), and that D1(6y) is nonrandom and invertible.

Then \/n(60,, — 6y) converges to a normal distribution with mean zero and covariance

matriz Dy (00) XDy (6p)]T .
Proof. We use the mean value theorem to write
3% (0n) = 3% (090) = D1 (0) (0 — b0),
where 6, is defined by Theorem 3.3.3 and ||, — 6o|| < ||0, — 0o||. Then
923 (60) = Dn1(6n) (G — b0)
= {0 Dus(B) = D] + 17 Do 00) 6~ 0
= nfop(1) + 1 Dy60) = Dalt) + Dy (60) | 6 o)

where we used condition S(i4) of Theorem 3.3.3 and the consistency of 6, for the last

equality. By hypothesis, we obtain
324(00) = n{ 0n(1) + D100 } 0 — 60
Multiplying both sides of the equality by n~/2, we have
w7 2g5560) = {op(1) + Dy 60) {20, — bo).

Now

-1
n'’2(6,, — 0y) = {op(1) + Dl(eo)} n 2 (6,), (4.1.15)
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~1/2gob(6y) is asymptotically normal with mean zero and

and by Proposition 4.1.2, n
covariance matrix ¥. Then by Theorem 3.2.1 of [25], n!/ Q(én — 6p) is asymptotically

normally distributed with mean zero and covariance Dy (6p)X[D; ! (6p)]F. O

Remark 4.1.4 The convergence of the normalized derivative in the hypotheses of

Theorem 4.1.3 justifies the use of condition (S)(iii) in Theorem 3.1.1.

4.2 The Asymptotic Normality of 52

The presentation in this section is similar to that of the previous section. The second
result, Proposition 4.2.2, gives the asymptotic distribution of n='/2§2%(ng), which
is the same as that of n~!/ 292{’5 (no), obtained in Theorem 4.2.1. The final result,
Theorem 4.2.3, gives the asymptotic distribution of v/n(62 — o2), taking into account
the asymptotic behaviour of O,

Let us write

m

o0s 2 o0s 2 cen
9n?2(770) = E U2, U2 = E :[az(j)]ijb _bz('j)]ij J;
i=1

J=1

En[(Z35(00) — o) I77°]

= bigm0) (Z5(00) = o6, b7 = biglo) == e (42.1)
mo 415
We have the following result.
Theorem 4.2.1 Assume that (T2) holds, and that
max E,,[b;(no) max{1, Z3,(6o), Z1;(60)}] < oo. (4.2.2)

1<j<m

Then
n=2gs (ne) 5 N(0,9), (4.2.3)
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where €2 is:

- 2) (2) yobs (2 eny (2)
Q= Z By [agj @y ]rrfax{m} Z 2E770 Ilcj’ blj/]

J,3'=1 Jj=13'>3

Z ()21, (4.2.4)

Proof. Since Ey,[ui 2] = 0 by Proposition 2.5.1, the proof of Theorem 4.2.1 follows

from Theorem 29.5 of [4], once we show that
Eplus 5] < o0. (4.2.5)

To this end, we first calculate 2. We have, for a fixed ¢

u?g _ Z al CL ]obslobs _ Z al [obsb ]cen o Z al ]obsb [cgn

».7/_1 7g'=1 73g'=1
+ Z Db Teen e, (4.2.6)
39'=1
Since I7° I =1 Z"f;fax{ jny» the expectation of the first double sum in (4.2.6) is given

by the first double sum in (4.2.4). Because Iffsficﬁ" = It if 7/ > j, and is zero

ij’
otherwise, the expectation of the second plus the third double sum in (4.2.6) equals
the second double sum in (4.2.4). Now the fourth double sum in (4.2.6) reduces to

S i1 bg)b(m[ff”, because [;7" 7" = I;7" if j' =7, and is zero otherwise.

We now show that the expectations of all terms in (4.2.6) exist. Starting with

the first, we have

m m 2 m
(2) ( ) obs (2) (2)72
> aPul | < (1) <0l
Jy'=1 J=1 J=1
< CZ b?j (Uo)(Zin(eo) —a3)”. (4.2.7)
j=1

For the next two terms, we have

Z al Iobs [cen

J:3'=1

2 2
< > a5

33'=1
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m

Z ij 770 ) Ug)l‘bij’(noﬂ'

Taking expectations in the last inequality above gives

C Y Eullbi; (m0)(Z75(60) — o5)[br (o) ]

J'=1

=0 Z < 010 (Z5(00) — 03)201/2 (Enob?j/(no)>

J:3'=1

1/2

< € s (B, 8,00 (22 60) - 03)2])1/2 max (Emb%j/mo))l/g. (125)

1<j<m 1<j'<m

Finally,

zmj[bg < Cwa o). (4.2.9)

j=1

i z [cen

Note that C contains as factor the square of

1B, [(Z2(00) — o) 152
max .
ST Bl

By (4.2.2) and (4.2.7)-(4.2.9), (4.2.5) holds. This completes the proof of Theorem
4.2.1. O

Proposition 4.2.2 Under the conditions of Theorem 4.2.1, n‘l/Qg;Zf’S(no) and

n=12g%% (ne) have the same asymptotic distribution N(0,).

Proof. We write
n 2G5 (no) = n 295 (no) + n 2[5 (mo) — 925 (mo))]. (4.2.10)
We prove first that
n_1/2[gzbs(77 ) — g2%(no)] = 0, in probability. (4.2.11)

Then, since n=/2g2% (o) —£4 N(0,9), by Theorem 4.2.1 and Theorem 25.4 of [4],
the right hand side of (4.2.10) converges to N(0,€2). We now return to the proof of
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(4.2.11). Since condition (72) holds, we have

obs obs cen [(Z2 (90> 0-2)]01')8]
gnb2(n0 - gan 770 Zzbw 770 I j { - E [Jeen S
=1 =1 ol 15 ]

L 245 (00) — 2]12?28}
Zk 15"

= Z bij(no) 15" 037

i=1 j=1

Y2 [ges (o) — G (o) Z ( 1/22513'(7]0)[%6”) seen. (4.2.12)
=1

Note that b;(n)If" are independent in i > 1. With condition (4.2.2), by Theorem

29.5 of [4] for i.i.d. random variable, we have, for 1 < j < m,
— . cen ‘C cen cen
n Y Tbi(no) It = N(Eby ()15, Var by () I55™).

Now each term 07" — 0 a.s., when n — oo, by the SLLN applied to both numerators
and denominators. Therefore, by Slutsky’s Theorem 7.7.1 of [1], each term in (4.2.12)
converges to zero in distribution, hence in probability. Therefore, the right hand side
of (4.2.12) converges to zero in probability. [

The following result gives the asymptotic distribution of a sequence of estimators
of the parameter o2, when a sequence of consistent estimators of 6 is available as in
Theorem 3.3.3. We follow an idea from [28] and the approach in [20], Section 3.4.

We write our e.f. in (2.4.2) and (2.4.4) as

§be (0) == Zﬁi,1(9)7 and ggbég 0,0° Zu’LQ (0,0 (4.2.13)
Let b 2 b 2
9950, 0°) 9950, 0°)
Dn72(6,0'2) = —T, Dn73(9,02) = _&T’

where D, 5(0,0?%) is a scalar and D, 3(0,0?) is of dimension 1 x p. We recall the

definitions of w;; in (4.1.2) and u; in (4.2.1), 7 > 1.
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Theorem 4.2.3 Let (én,@%),n > 1 be such that the hypotheses of Theorems 3.3.3,
8.8.7 and 4.1.3 hold for these sequences of estimators of (0F,02)T. Assume further

that
995’50, 0%) 390'”(90 73)
lim i -1 LA ’ =0 4.2.14
rl_r% 1£ln_>s;1pn ne%%%o) 00T 00T ) ( )
and
n"" Dy (o) = Da(mo) #0, 1~ "Dy 3(m0) = Ds(mo), (4.2.15)

where the convergence above is a.s., with Da(ng) and D3(ng) nonrandom. Then

V6, — o) = N(0,Dy*(n0) ),

where
= E[Qi(00,07)], Q1(0o,00) := u12 — D3(no) Dy " (6o )ua 1,

with Dy(0y) defined in (4.1.1).

Proof. Part of the proof is similar to that of Theorem 4.1.3. We apply the mean

value theorem to g% (0, 0?)

A~

~obs ~obs ~obs obs obs ~obs

gn 2<0n,& ) gn 2(90’0-0) - gn 2(07175-721) - gn2(907 n) + gn2(0075-n) - gn 2(0070-(%)

890b8< ) 721) A 890bs(90’672z) N
T(en —0o) + T(Ui - 03),

where || 0, — 0o [|<|| 6 — 6o ||, || 62 — o3 |<| 62 — o |-
Since gObS(Qn, 62) = 0, this leads to the following relation

A agobs gnaa—% A agobs 9 75—7% ~
— 355 (60, 05) = %(Gn —bp) + %(qﬁ — o). (4.2.16)

Relation (4.2.16) can be written as follows:

obs 10935 (0n,67) 19g7%5(00,53) .
— 925 (00, 00) = nT(Q — ) +nnT(Ui p)
1 890b8(0n7 5-721) 1 890bs(007 UO) 1 890b8(00’ 0-(%)

R PPV Ty 00T T o7 (0 = o)
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1 890b8(90? 5-7%) 1 agobs(eo’ 0‘0) 1 ('990bs(90, 03) ~2 2

o n o2 n Oo? n Oo? (6= o0)
1 agobs 6 o
— nlop(1) n%} (0, — )

+ nlop(l)+ - 507 05— 0p)

= n[;)P(l) — D3(10)] (6 — b0) + nlop(1) — Da()](67, — 073).(4.2.17)

1agob8(60703>}(2 9

The third equality uses (4.2.14), S(ii) of Theorem 3.3.7( see (3.2.116)) and the con-
sistency of the sequences 0, and 0n, which follows from the hypotheses. The last
equality uses (4.2.15).

Rearranging terms of (4.2.17) results in

(Da(n0) — op(1))n(67 — o)
= §25(00.03) — (Ds(n0) — op(1))v/nv/n(0, — 6y)
= §%5(00,07) — (D3(mo) — op(1))v/n{D1(6o) + op(1)} '~ "255"% (6o)
( (

0o, 75) — (Ds(10) — 0p(1){D1(0) + 0p(1)} 15 (6o), (4.2.18)

_ ~obs
- gn2

where we used (4.1.15) from the proof of Theorem 4.1.3 for the second equality.
Using notation (4.2.13), we obtain from (4.2.18)

(Da(m0) — 0p(1))v/n(G7, — 07) \/— Z wi2(n0) — Ds(no) Dy (60) i1 (60)] + 0p(1).

We also used Theorem 4.1.3, which implies that n='/2§5%(6,) is Op(1). By theorems
4.1.1 and 4.2.1 and propositions 4.1.2 and 4.2.2, we can replace 4, 1(6p) and 1, 2(no)
above by u; 1 and u; > which are defined in (4.1.2) and (4.2.1), respectively. Now

1 n
Vin(oy, —og) = Dz_l(ﬁo)ﬁ 121 Qi(00,03) +op(1), almost surely.
Since {Q;(6y, 02) }i>1 are i.i.d. of mean 0 and variance €2y, by the central limit theorem,

% > " Qilbo, 07) = N(0,Q).
=1
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Therefore, we have

. 1 ¢ .
Dy (m0)—= Y Qilb, 5) — N (0, D5 (o) ).
Vi
This concludes our proof. [

Remark 4.2.4 Condition (4.2.14) differs from (3.2.116), used in the proof of con-
sistency of our 62. Condition (4.2.14) is needed in Theorem 4.2.3 because we deal
with the analytical properties of D, 3(0,0?), the partial derivative of QZ?S(Q,O'Z) with
respect to 0, which is not required in the proof of S(ii) of Theorem 3.53.7, with our

definition of 62.



Chapter 5

Simulations Results

In this chapter, we investigate whether our proposed estimators in (2.4.2) and (2.4.6)
can be implemented and compare their performance to the conditional GEE estima-
tors proposed by Clement and Strawderman in [6] (available through the R package
condGEE) in a simulated setting, reproducing their simulation approach. In both sec-
tions of this chapter, the mean function is the same. However, the sections differ in
how the variance function is defined. In Section 5.1, the variance function is given
by (5.0.2), where variance is independently defined from the mean. In section 5.2,
the variance function is the absolute value of the mean function. This makes finite
sample convergence of the estimates more challenging.

The simulation is ultimately motivated by the work of Murphy et al. in [18],
which modeled the menstrual cycle patterns among Lease women of the Ituri Forest,
Zaire, based on multiple covariates. Insight into the relationship between cycle length
and covariates such as location, Body Mass Index(BMI), and age is given in [6],
henceforth abbreviated C&S in the tables.

To examine the performance of our proposed estimators, we consider an ex-
panded version of these simulations. We consider a factorial design with 4 parame-

ters: two sample sizes (n € {50,200}), two censoring schemes (Cpax € {125,225}, or

118
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Crax ~ N(C,0) for C' = 125 and C' = 225, to follow the notation in [6]), four stan-
dardized distributions of error terms (normal, exponential, uniform and log-normal),
and, finally two variance functions V;;(#) described below, which we will call our two
scenarios. For each combination of the design parameters, 1000 simulated studies are
done to obtain parameter estimates, which are then compared in terms of bias and
estimated standard error.

The simulated gap times (in days) are generated according to the model Y;; =

1}, 5> 1,1=1,2--- ,n, where ;i = p;;(8) + oV;;(0)e;; and ¢;; are in-

max{Y: f

ij>
dependent, identically distributed observations from a density with mean zero and
variance one. This translates to each of the following schemes: N (0, 1), shifted expo-
nential with mean 0 and rate one, uniform on [—+/3,/3], and lognormal exp (X) —
exp (0.4812119), where X ~ N(0,+/0.4812119).

We assume the following conditional mean and variance functions specifications

(our Example 2.1.2 is a slightly simplified version of it):

pij(0) = 28+ +mnBMIy
j—1
Y; (28 BMIy)|, 0.1
b [z IR l>} (5.0.1
p 1/2
Vi-&::(‘u . D : 5.0.2
i) pG—1+1-p (502)
where 79 = 0.6,7; = —0.4 and p = 0.03. A single time-varying covariate is used:

BM1I;; = BM1I;; — 21, where BM I;; is assumed to decrease linearly from 22 k:g/m2
on day 1 to 20 kg/m? on day 195, increase linearly to 21 kg/m? on day 225, and
then remain constant thereafter. We consider the specification (5.0.2) for V;;(6) in

conjunction with o2 = 11, which we cover in the next section, and finally, in Section

5.2, Vi;(0) = |pi;(0)]-
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With simulated observation periods of 125 and 225 days (corresponding roughly
to 4 and 7.5 months), the average number of events per subject under an observation
period is approximately 3.9 and 7.4, with little noise between subjects as one would
expect from a study of menstrual cycles. All simulations were run using b;;(n) = 1.

Ultimately, the data structure is of the following form, to match the requirements

of the condGEE package:

Table 5.1: Simulated data format

Subject ID | Gap Time Event Indicator BMI
1 Y11 1 BMI,,
1 Yio 1 BM1I, 5
| Vi, 0 BTy,
2 Yo 1 BM1I5,
n Yo mn 0 BMI,, ,,

While this is the “long” format for recurrent events (as opposed to the wide), it
does not quite conform to the idea of “tidy data” introduced by Wickham in [26] to
make analyses more straight-forward, reproducible and extensible. While every nec-
essary quantity can be rederived from this format, to make things more compatible
with other modern packages in R, particularly for the survival package, this would

be the format of choice:
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Table 5.2: Simulated tidy data format

Subject ID | Start Time FEnd Time Gap Time Event Indicator Event Number BMI
1 0 Sia Yia 1 1 BM1I,,
1 Sia S1.2 Yo 1 2 BMI,
1 Sl,'ml—l Cl Yi,rrLl 0 my BMIl,nn
2 0 Sa2.1 Yo1 1 1 BM1Iy,
n Shmn—1 C, Yo mn 0 My, BMI,, m,

Only the results for normal errors are presented in this chapter, comparing our
method to a correctly specified conditional model from [6]. The full tables with the
other error distributions are in Appendix A, to assess and compare behavior of our

methods when the Fj in [6] is misspecified.

5.1 First Scenario: the Mean and the Variance
Functions are Unrelated

We first simulated with the variance function (5.0.2), which depends only on the
correlation parameter p and the event number j within an individual.

Figures 5.1 and 5.2 summarize scenario 1 for bias and empirical standard error.
We note that our proposed method is quite biased in estimating p, but seems to
perform somewhat better than in [6] for 7, and ~;, especially on a shorter observation
period with a small sample. On a large sample with a long observation period, the
method from [6] when correctly specified is hard to beat. It would appear that the
standard errors are similar for both methods, except on a small sample with a short

observation period, where, again, our proposed method performs rather well. Note
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that the range of the y axis depends on the value of C.x in the graphs.

Figure 5.1: Bias Comparison for Scenario 1

Comparison for normal errors in terms of absolute relative bias
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Figure 5.2: Standard Error Comparison for Scenario 1
Comparison for normal errors in terms of estimated standard error
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Tables 5.3 through 5.6 summarize the results for the four combinations of sample
sizes n and observation periods in the design. Note that in all tables, we use the

following abbreviations:
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ENOES: Expected number of events

IrBias|: Absolute relative bias: |2-£| where O, E stand for “Observed” and

“Expected” respecitvely

ESE: Empirical standard error

ASE: Asymptotic standard error (when available)

First, we consider a small sample with a long observation period.

Table 5.3: Comparison with C&S, n = 50, V;; in (5.0.2), Ciax = 225

ENOES=7.4 Our method C&S Fy = Normal
Estimator Parameter |rBias| ESE ASE |rBias| ESE ASE
Normal Yo 0.045 0.202 0.227 0.050 0.185 0.192
pij(0) :== (5.0.1) Y1 0.024 0.263 0.353 0.054 0.242 0.270
Vi (0) := (5.0.2) p 0.537 0.036 0.037 0.086 0.028 0.033
o? 0.003 0.882 0.900 0.008 0.828 0.815

Next, we have a small sample and a short observation period.

Table 5.4: Comparison with C&S, n = 50, V;; in (5.0.2), Chuax = 125

ENOES=3.9 Our method C&S Fy = Normal
Estimator Parameter  |rBias| ESE Bias |r Bias| ESE Bias
Normal Yo 0.027 0.772 -0.016 0.051 1.246 —0.030
wi;(0) == (5.0.1) olt 0.074 1.027 0.029 0.095 1.289 0.038
Vi (0) == (5.0.2) p 0.500 0.122 0.015 0.084 0.067 0.003
o? 2.376 1.471 7.843 2.305 4.431 7.606

Next, we show the results for a large sample size with a long study period. This
takes quite a bit more time to run due to fact that the data generation has to be

serial and cannot be done completely in parallel.
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Table 5.5: Comparison with C&S, n = 200, V;; in (5.0.2), Cyax = 225

ENOES=7.4 Our method C&S Fy = Normal
Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal Yo 0.025 0.110 -0.015 0.002 0.097 -0.001
i (6) == (5.0.1) ol 0.180 0.169 0.072 0.019 0.137 0.008
Vi;(6) :== (5.0.2) p 0.239 0.028 0.007 0.010 0.017 -0.000
a? 0.011 0.485 0.125 0.012 0.427 0.141

Finally, we present the results for large sample size, short observation period.

Table 5.6: Comparison with C&S, n = 200, V;; in (5.0.2), Ciax = 125

ENOES=3.9 Our method C&S Fy = Normal
Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal Yo 0.049 0.438 0.029 0.008 0.249 0.005
115(0) == (5.0.1) " 0.095 0583  -0.038  0.021 0.359 -0.008
Vi;(0) :== (5.0.2) P 0.606 0.070 0.018 0.023 0.033 -0.001
a? 0.008 0.730 0.089 0.012 0.604 0.134

Overall, as expected, increasing sample size improves estimation for both meth-
ods, as does the increased observation period, but our method is relatively better

suited for small sample size and shorter studies.

5.2 Second Scenario: the Variance Function is the

Absolute Value of the Mean Function

The second simulation scenario uses the variance function V;;(0) = |u;(0)|. The nu-
merical solving of this set of GEEs being less stable, bootstrap methods are used to
obtain standard error estimates. All conditions in this scenario are otherwise essen-

tially the same as in Section 5.1. However, as V;;(6) = |u;;(6)|, the corresponding o
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is 1/72.2, or approximately 0.014.

Again, we first visualize the comparison for bias and standard error in Figures
5.3 and 5.4. Note that the absolute relative bias of 62 is omitted in the first figure due
to its size, which dwarfs that of the other estimates. As in Scenario 1, our proposed
estimators have trouble estimating p, but perform relatively better for small sample

size and observation period.

Figure 5.3: Bias Comparison for Scenario 2
Comparison for normal errors in terms of absolute relative bias
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Figure 5.4: Standard Error Comparison for Scenario 2

Comparison for normal errors in terms of estimated standard error
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Tables 5.7 to 5.10, which, as before, correspond to the four design parameters,
give more details, including the bias for o2, which is quite bad for both methods.
This is in part due to the true value of o being rather small and thus inflating the
relative bias.

First, we consider small sample and long observation period.

Table 5.7: Comparison with C&S, n = 50, V;;(6) = [11;;(0)], Ciax = 225

ENOES=7.4 Our method C&S Fy = Normal
Estimator Parameter  |rBias| ESE Bias |r Bias| ESE Bias
Normal Yo 0.019 0.206 -0.011 0.006 0.192 -0.004
i (0) == (5.0.1) " 0.149 0.307 0.060 0.024 0.271 0.010
Vii(0) = |115;(0)] p 0.331 0.040 0.010 0.040 0.033 -0.001

a? 27.285 0.031 0.378 27.210 0.030 0.377
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Table 5.8: Comparison with C&S, n = 50, V;;(6) = |11:;(0)], Ciax = 125

ENOES=3.9 Our method C&S Fy = Normal
Estimator Parameter  |rBias| ESE Bias |r Bias| ESE Bias
Normal Yo 0.082 0.745 -0.049 0.126 0.456 -0.076
wi(0) == (5.0.1) ol 0.073 0.983 0.029 0.155 0.666 0.062
Vii(0) = |pi;(0)] p 0.401 0.126 0.012 0.126 0.062 -0.004
a? 27.045 0.062 0.375 26.533 0.042 0.367

Table 5.9: Comparison with C&S, n = 200, V;;(8) = [11:;(0)], Ciax = 225

ENOES=74 Our method C&S Fy = Normal
Estimator Parameter  |rBias| ESE Bias |r Bias| ESE Bias
Normal Y 0.027 0.106 -0.016 0.002 0.095 -0.001
115(0) = (5.0.1) " 0.172 0.166 0.069 0.006 0.137 0.002
Vij(0) == |pi;(0)] P 0.227 0.026 0.007 0.014 0.017 -0.000
a? 27.524 0.016 0.381 27.535 0.015 0.381

Table 5.10: Comparison with C&S, n = 200, V;;(0) = |1i;(8)], Crax = 125

ENOES=3.9 Our method C&S Fy = Normal
Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal Y 0.028 0.452 0.017 0.013 0.236 0.008
i (0) == (5.0.1) ol 0.066 0.596 -0.026 0.037 0.359 -0.014936
Vi (0) := |15 (0)] P 0.467 0.070 0.014 0.014 0.029 -0.000
a? 27.275 0.023 0.378 27.250 0.019 0.377

5.3 Discussion

Overall, the simulation scenarios, including the extended ones presented in Appendix
A, shed some light on the behaviour of our proposed estimators that make no assump-

tions on the error distribution. In Appendix A, one can see that while the method in
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6] is robust to some misspecifications, it is less so for others, while our method is more
consistent in its bias, regardless of the error distribution. The relative robustness of
[6] also is quite dependent on sample size and length of observation period, as can
be seen by comparing the log-normal cases of tables A.1 and A.2. This shows that
there may be reason to prefer our method on samples with fewer events and asym-
metric errors. It should be noted that for numerical stability, the implementation of
equations (2.4.2) and (2.4.6) require some minor adjustments in “edge cases”, that
is, some individual terms may return values of NA (“not available” that is, a missing
value) or NaN (“not a number”), which can propagate to the solution and prevent
convergence. This can occur if a denominator is zero or if an entry is missing. Those
problematic terms are mapped to zero. This effectively perturbs the equation but
helps prevent failures of convergence.

One of the main limitations of these simulations is that only one set of values of
7 is used, thus we are not assessing behaviour under the null hypothesis (no effect of
the covariates) or within a range of weak to strong effects. Additionally, having only
one covariate with the exact same deterministic behaviour for all subjects is quite a
strong assumption of lack of noise compared to what would be a realistic setting (a
varied distribution of BMI, with random fluctuation in time). This plays in favor of
any estimation procedure. However, modeling recurrent events with a “full history”
as in (5.0.1) (as opposed to, say, a Markov model based only on the previous event)
is quite complex even with a single covariate, as the number of entities to input
into the formula grows linearly with the number of events. This is quite tricky to
implement, hard to parallelize and difficult for subject matter experts to interpret.
In our simulations, individuals with longer past gap times will have the mean log-gap
tend to be longer as well, and similarly, those with shorter gap times will see their
next event tend to have shorter mean log-gap. The effect size of this is harder to
explain in simple terms to a data user, unlike, say, the effect size from a proportional

hazard model. It is not surprising that the default setup of the condGEE package
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actually models independent gap times within individuals, even if as a model it is
rather uninteresting. Some level of programming expertise is necessary to code a
more elaborate model, and adding multiple covariates requires some skills in software
engineering. Thus, while it would be worthwhile to try our methods on a real data

set, it will remain a future goal for the time being.



Appendix A

Extended Simulation Tables

Models were fitted with four scenarios of errors (all with mean zero and variance
one), and comparison was always with [6] assuming normal errors. The four scenarios
are standard normal errors, shifted exponential with rate one, uniform[—a, a] where

a = /3, and log-normal distribution.

A.1 Full Tables for Independent Mean and Vari-
ance Function

As explained in Chapter 5, y;;(6) is given by equation (5.0.1) and the variance function
Vi;(0) is defined by equation (5.0.2). Tables A.1 to A.4 present the results for all
combinations of n € {50,200} and Ch.x € {125,225}.

130
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Table A.1: Comparison with C&S, n =50, Vj; in (5.0.2), Cpax = 225
ENOES=7.4 Our method C&S Fy = Normal

Estimator Parameter |rBias| ESE ASE |rBias| ESE ASE
Normal errors Yo 0.045 0.202 0.227 0.050 0.185 0.192
pij(0) := (5.0.1) Y1 0.024 0.263 0.353 0.054 0.242 0.270
Vij(0) == (5.0.2) o 0.537 0.036 0.037 0.086 0.028 0.033

a? 0.003 0.882 0.900 0.008 0.828 0.815
Exponential errors Yo 0.050 0.403 0.240 0.091 0.444 0.199
1 (0) = (5.0.1) 7 0.071 0.777 0.371 0.316 0.949 0.289
Vi;(0) == (5.0.2) p 0.321 0.180 0.036 0.236 0.068 0.031

o? 0.068 4.718 1.049 0.074 5.255 0.938
Uniform errors Yo 0.018 0.206 0.221 0.006 0.192 0.189
1ij(6) :== (5.0.1) " 0.137 0.308 0.342 0.004 0.292 0.273
Vij () := (5.0.2) p 0.330 0.040 0.035 0.054 0.034 0.032

o? 0.004 0.558 0.591 0.010 1.365 0.542
Log-normal errors Yo 0.032 0.240 0.254 0.010 0.191 0.190
1ij () :== (5.0.1) Y 0.184 0.527 0.441 0.007 0.276 0.253
Vi (0) == (5.0.2) p 0.350 0.112 0.049 0.015 0.037 0.031

o? 0.013 3.302 2.667 0.043 2.295 1.931

|rBias|: Absolute relative bias; ESE: Estimated Standard Error; ASE: Asymptotic

Standard Error.
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Table A.2: Comparison with C&S, n = 50, Vj; in (5.0.2), Cpax = 125

ENOES=3.9 Our method C&S Fy = Normal

Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal errors Yo 0.027 0.772 -0.016 0.051 1.246 -0.030
wi;(0) == (5.0.1) " 0.074 1.027 0.029 0.095 1.289 0.038
Vi;(0) := (5.0.2) p 0.500 0.122 0.015 0.084 0.067 0.003

o? 2.376 1471 7.843 2.305 4.431 7.606
Exponential errors Y 0.027 0.763 -0.016 0.182 0.709 -0.109
wi;(0) :== (5.0.1) " 0.078 1.015 0.031 0.348 0.770 0.139
Vi;(60) == (5.0.2) p 0.988 0.151 0.030 0.096 0.076 -0.003

o? 2.328 2.482 7.681 2.154 2.081 7.110
Uniform errors Yo 0.017 0.766 -0.010 0.012 0.455 0.007
i (0) == (5.0.1) " 0.076 1.033 0.030 0.022 0.694 0.009
Vi;i(0) := (5.0.2) p 0.311 0.119 0.009 0.092 0.059 -0.003

o? 2.381 1.078 7.856 2.357 0.812 7.778
Log-normal errors Yo 0.069 0.751 -0.041 1.116 16.019 -0.669
wi;(0) = (5.0.1) " 0.205 0.985 0.082 1.749 15.348 0.700
Vii(0) = (5.0.2) p 0.997 0.153 0.030 0.121 0.122 0.004

o? 2.325 4.211 7.672 2.098 3.999 6.903

|r Bias|: Absolute relative bias; ESE: Estimated Standard Error.
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Table A.3: Comparison with C&S, n =200, V;; in (5.0.2), Cyax = 225

ENOES=7.4 Our method C&S Fy = Normal

Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal errors Yo 0.025 0.110 -0.015 0.002 0.097 -0.001
wi;(0) == (5.0.1) " 0.180 0.169 0.072 0.019 0.137 0.008
Vi;(0) := (5.0.2) p 0.239 0.028 0.007 0.010 0.017 -0.000

o? 0.011 0.485 0.125 0.013 0.428 0.141
Exponential errors Y 0.032 0.109 -0.019 0.016 0.131 0.010
wi;(0) :== (5.0.1) " 0.203 0.172 0.081 0.011 0.167 -0.004
Vi;(60) == (5.0.2) p 0.273 0.034 0.008 0.250 0.128 -0.008

o? 0.015 0.912 0.170 0.006 1.672 -0.064
Uniform errors Yo 0.024 0.108 -0.014 0.003 0.094 -0.002
i (0) == (5.0.1) " 0.144 0.170 0.058 0.012 0.139 -0.005
Vi;i(0) := (5.0.2) p 0.257 0.027 0.008 0.014 0.017 -0.000

o’ 0.010 0.308 0.110 0.011 0.265 0.122
Log-normal errors Yo 0.046 0.109 -0.028 0.003 0.124 -0.002
i (0) == (5.0.1) " 0.208 0.166 0.083 0.000 0.161 0.000
Vi;(0) :== (5.0.2) p 0.232 0.040 0.007 0.151 0.084 -0.005

o? 0.007 1.631 0.078 0.030 1.896 -0.326

|r Bias|: Absolute relative bias; ESE: Estimated Standard Error.
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Table A.4: Comparison with C&S, n =200, V;; in (5.0.2), Cyax = 125

ENOES=3.9 Our method C&S Fy = Normal

Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal errors Yo 0.049 0.438 0.029 0.008 0.249 0.005
wij(0) == (5.0.1) " 0.095 0.583 -0.038 0.021 0.359 -0.008
Vi;(0) := (5.0.2) p 0.606 0.070 0.018 0.023 0.033 -0.001

o? 0.008 0.730 0.089 0.012 0.604 0.134
Exponential errors Yo 0.062 0.451 0.037 0.045 0.232 -0.027
wi(0) == (5.0.1) " 0.112 0.591 -0.045 0.086 0.347 0.034
Vi;(0) :== (5.0.2) p 1.069 0.092 0.032 0.123 0.031 -0.004

o? 0.008 1.302 0.084 0.024 1.081 -0.264
Uniform errors Yo 0.064 0.440 0.039 0.035 0.233 0.021
wij(0) == (5.0.1) " 0.130 0.591 -0.052 0.075 0.355 -0.030
Vi;(0) := (5.0.2) p 0.502 0.067 0.015 0.038 0.029 -0.001

o? 0.007 0.525 0.079 0.011 0.381 0.124
Log-normal errors Yo 0.068 0.465 0.041 0.085 0.226 -0.051
wii(0) == (5.0.1) " 0.106 0.631 — 0.042 0.157 0.345 0.063
Vi;(0) :== (5.0.2) p 0.765 0.358 0.023 0.033 0.031 0.001

o? 0.016 2.693 —0.181 0.064 1.300 -0.703

|rBias|: Absolute relative bias; ESE: Estimated Standard Error.

A.2 Full Tables for Simulations where Variance

Function is the Absolute Mean

Here, while 1;;(6) is still given by equation (5.0.1), the variance function V;;(0) is
defined by |p;;(0)|. Tables A.5 to A.8 present the results for all combinations of
n € {50,200} and Chax € {125,225},
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Table A.5: Comparison with C&S, n = 50, V;;(0) = |1;;(0)|, Cmax = 225

ENOES=7.4 Our method C&S Fy = Normal

Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal errors Yo 0.0191 0.206 -0.011 0.006 0.192 -0.004
wi;(0) == (5.0.1) " 0.149 0.307 0.060 0.024 0.271 0.010
Vij (0) == |1i5(0)] p 0.330 0.040 0.010 0.040 0.033 -0.001

o’ 27.285 0.031 0.378 27.210 0.030 0.377
Exponential errors Y 0.011 0.228 -0.001 0.003 0.207 -0.002
wi;(0) :== (5.0.1) " 0.110 0.334 0.044 0.003 0.291 -0.001
Vij (0) == |1i5(0)] p 0.654 0.104 0.020 0.008 0.038 -0.000

o’ 27.253 0.068 0.377 26.204 0.058 0.363
Uniform errors Yo 0.011 0.208 -0.007 0.001 0.199 -0.000
i (0) == (5.0.1) " 0.113 0.295 0.045 0.013 0.259 -0.005
Vi (0) == |15(0)] p 0.305 0.039 0.009 0.038 0.033 -0.001

o? 27.429 0.030 0.380 27.737 0.018 0.379
Log-normal errors Yo 0.028 0.242 -0.017 0.009 0.207 -0.005
i (0) == (5.0.1) " 0.166 0.335 0.067 0.045 0.286 0.018
Vij (0) == |15(0)] p 0.163 0.635 -0.005 0.027 0.038 0.001

o? 27.160 0.145 0.376 25.976 0.081 0.360

|r Bias|: Absolute relative bias; ESE: Estimated Standard Error.
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Table A.6: Comparison with C&S, n = 50, V;;(0) = |1;;(0)|, Cmax = 125

ENOES=3.9 Our method C&S Fy = Normal

Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal errors Yo 0.082 0.745 -0.049 0.126 0.456 -0.076
wi;(0) == (5.0.1) " 0.073 0.983 0.029 0.155 0.666 0.062
Vij (0) == |1i5(0)] p 0.401 0.126 0.012 0.126 0.062 -0.004

o? 27.045 0.062 0.375 26.533 0.042 0.367
Exponential errors Yo 0.079 0.760 -0.047 0.156 0.428 -0.094
wi;(0) :== (5.0.1) " 0.211 1.016 0.084 0.346 0.650 0.138
Vij (0) == |1i5(0)] p 0.922 0.145 0.028 0.047 0.065 0.001

o? 27.359 0.092 0.379 25.635 0.073 0.355
Uniform errors Yo 0.044 0.767 -0.026 0.053 0.472 -0.032
i (0) == (5.0.1) " 0.088 1.016 0.035 0.099 0.721 0.039
Vi (0) == |15(0)] p 0.121 0.121 -0.004 0.491 0.068 -0.015

o? 27.246 0.032 0.377 26.661 0.043 0.369
Log-normal errors Yo 0.018 0.757 -0.011 0.137 0.430 -0.082
i (0) == (5.0.1) " 0.058 0.990 0.023 0.286 0.637 0.114
Vij (0) == |15(0)] p 0.051 0.813 0.002 0.046 0.066 -0.001

o? 26.620 0.126 0.369 24.572 0.088 0.340

|r Bias|: Absolute relative bias; ESE: Estimated Standard Error.
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Table A.7: Comparison with C&S, n = 200, V;;(0) = |1i;(0)|, Cmax = 225

ENOES=7.4 Our method C&S Fy = Normal

Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal errors Yo 0.027 0.106 -0.016 0.002 0.095 -0.001
wi;(0) == (5.0.1) " 0.172 0.166 0.069 0.006 0.138 0.002
Vij (0) == |1i5(0)] p 0.227 0.026 0.007 0.014 0.017 -0.000

o? 27.525 0.016 0.381 27.535 0.015 0.381
Exponential errors Y 0.042 0.109 -0.025 0.001 0.130 -0.000
wi;(0) :== (5.0.1) " 0.209 0.169 0.083 0.003 0.160 -0.001
Vij (0) == |1i5(0)] p 0.246 0.034 0.007 0.267 0.140 -0.008

o? 27.302 0.031 0.378 26.444 0.071 0.366
Uniform errors Yo 0.023 0.111 -0.014 0.000 0.095 0.000
i (0) == (5.0.1) " 0.186 0.172 0.075 0.024 0.135 0.010
Vi (0) == |15(0)] p 0.243 0.027 0.007 0.018 0.017 -0.001

o? 27.491 0.010 0.381 27.478 0.009 0.381
Log-normal errors Yo 0.018 0.757 -0.011 0.137 0.430 -0.082
i (0) == (5.0.1) " 0.058 0.990 0.023 0.286 0.637 0.114
Vij (0) == |15(0)] p 0.051 0.813 0.002 0.046 0.066 -0.001

o? 26.620 0.126 0.369 24.572 0.088 0.340

|r Bias|: Absolute relative bias; ESE: Estimated Standard Error.
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Table A.8: Comparison with C&S, n = 200, V;;(0) = |pi;(0)|, Cmax = 125

ENOES=3.9 Our method C&S Fy = Normal

Estimator Parameter  |rBias| ESE Bias |rBias| ESE Bias
Normal errors Yo 0.028 0.452 0.017 0.013 0.236 0.008
wi(0) == (5.0.1) " 0.066 0.596 -0.026 0.037 0.359 -0.015
Vij(0) = |pi; ()] p 0.467 0.070 0.014 0.014 0.029 -0.000

o? 27.275 0.023 0.378 27.25 0.019 0.377
Exponential errors Yo 0.052 0.777 -0.031 0.118 0.435 -0.071
wi;(0) == (5.0.1) " 0.107 1.039 0.043 0.223 0.653 0.089
Vij(0) := | ()] p 0.902 0.149 0.027 0.034 0.066 0.001

o? 27.229 0.087 0.377 25.518 0.068 0.353
Uniform errors Y 0.058 0.436 0.035 0.035 0.233 0.021
wii(0) == (5.0.1) "M 0.095 0.568 -0.038 0.057 0.354 -0.023
Vij(0) = |pi; (0)] P 0.405 0.068 0.012 0.109 0.031 -0.003

o? 27.299 0.015 0.378 0.27.268 0.013 0.378
Log-normal errors Yo 0.036 0.264 0.297 0.210 0.185 0.191
wi;(0) == (5.0.1) " 0.201 0.543 0.494 0.037 0.268 0.259
Vij(0) = |pi; (0)] P 0.338 0.115 0.057 0.060 0.033 0.031

o 84.755 4.345 2.511 80.008 3.529 1.781

|rBias|: Absolute relative bias; ESE: Estimated Standard Error.
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