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Groundwater level fluctuations (log- transformed) are

considéred as the response of a watershed fluvial-system to
riverflow {log transformed) in an inpdt-qutput_dynamic model

formulation of a groundwater regime. The model 1is hypoth-

esized as a lumped linear system, -with another superimposed

- " -

P

lfnear.sysfeﬁ rep;gsenting the erroés (e{g.} in sampling,
discretizing etc.) with white'hoise as inpu;. | .

Frequency and time< domain methods of time ééries tech-
niques Qere"eéploygd in the analysis of "two ‘wateggheQS in
éasterh Ontqrid. The results have shown that a paESimdnious
linear input-output model 1is aacequate to 'represéEt the
five-daily nonstationary groundwatgr level and riverflow ée-
ries. a sécond order dynamic model (with . five parameters)
was found adeguate to describe the groundwater level fluctu-
ation process. This msdel expfains 92 to S5 perceng of to-
tal variance. |

‘The remaining noise (error) component acéountipé for 5

to 8 percent of variance in the five-daily groundwater level

fluctuation was found to be a white noise series.



Unit step and freguency responée functi‘rons weré found
to provide further information on modeling and i_nterpretin'g
the watershed fluvial characteristics. The memory conten-t _
of the groundwater-levél —‘riverflow system, as "indicatéd by
the frequency .response function, was found to be insignifi-

-

cant.
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INTRODUCTION

1.1 MOTIVATION

The simulation of the watertable 1in a given aguifer is
a problem of extreme importance to hydrology.  For optimal
groundwater management purposes it. is necessary to be able
to simulate with reasonable accuracy the responses of the
aguifer system. Therefore many related models have been de-
veloped. Such models can be useé to study the response of a
groundwater system to various inputs. However, great va}i-
ability of geological formations (agquifers) and hydrologic
processes affecting groundwater levels‘create a very complex
hydrblogic response.

Starting from the basic fact that these hydrologic‘pro-
cesses are time dependent and contain a significant amount
of uncertainty, it seems plausible to consider them as ran-
dom variables. Random variables, then, are best described

by stochastic means therefore the need arises to.develop a

Chapter I . .
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stochastic model for simulation purposes. The objective of

this study therefore is to develop such a stochastic model

by employing time series analysis techniques.

-

1.2 GROUNDWATER.LEVEL FLUCTUATIONS IN GENERAL

A‘groundwéter level depends on many interrelated fac-
tors, the impoftégf ones being precipitation, rivérflow, and
is also influenced by other hydrological and meteorological
processes (see ’Figure'l.l). The -primary séurce of water
supply is from‘grecipitation, which must pass throﬁgh many

systems (i.e. surfac€ retention, snow pack, etc.). However,

[t

rainfall is not an accurate 1indicator of groundwater chang-

<

es: it is estimated [13]* that in the study area approxi-
mately 99% of rainfall either runs off or evaporates immedi-
ately, only  the remainder infiltrates the topsoil and
permeates downwards.dntil it reaches a zone saturated with-
water.

Other .storagé changes are -produced by variations of
flow in surface waters. A rise 6}5decline of water level in
surface waters will cause vari;tions in groundwater levels.

The level of a watertable may also exhibit changes due to

infiow from surﬁaéé waters during flood periods.

-

T

! Numerals in brackets refer to corresponding items 1n the
Bibliography.

-
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Nat;}ql.discharges may be in the form of evaporation
and/or transpiration to the atmosphere, surfase discharges
such as springs, br‘séepage to deep lying groundwater zones.
Evaperation and transpiration are highly ceorrelated with
temperature.. Also, the atmospheric pressuré is related to
groundwater level fluctuations.

\ The movement d of groundwater in both ver-
tical gnd horizontal diregtions are controlled by the geolo-
gic environment.

Superimposed on the natural hydrologic regime aré man's
various activities: These influences include artificial
discharge (e.g.xbumping) and artificial recharge (e.g. irri-
gation). Infiltration, evapotranspiration and overlénd flow
are also affected by land use and cultivation.

It is clear therefore that the great heterogeneity of
soil types and the very'irrégular pattern of precipitation
in both time and space creates a.very complex hydrologic re-
gime to be hodeled.

Hydrologists have been undertaking sﬁudies aimed di-
rectly or indirectly at providing a model suitable for
groundwater level simulation. Because simulation entails a
mathematical abstraction of real world systems, some degree
of misrepresentation of system behaviour can occur. It has

to be recognized that the levels of accuracy of the simula-

~



- ' ' ‘ S _ : 5
tion depend on the accuracy with which the model can account
. Eér thf real process. The more detailed the model the hoge
aécurate the fesults are likely to be. This in turn neces-
sitates greater data demands and time requirements fo}ﬁgg-
veloping and refininé the model. _

Groundwater models are characterized by large dimen-
sionality and a large number of variables which are in prac-
tice very difficult to obtain. Therefore, for practical
purposes models are of necessity greatly simplified. In
spite of this, for the- anélysis of complex water resources .
systems comprised .of many interacting components, such as
the groundwater level fluctuation process, computer simula-
tion often proves to be the only feasible tool.

A brief, but general overview is presented of various

mathematical models in the following section.

1.3  MATHEMATICAL MODELS

One of the major aims of hydrology is the mathematical
description of the response of a hydrologic system to a se-
ries of events during a selected time period. Simulation
models are designed so as to contain within their paraméters
all of the information concerﬁing the system and its re-

sponse characteristics.
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There are two major approaches to simulation modeling:

optimization methods and nonoptimization methods. The for-.

mer te;hniques are concerned with the select?on of the best
set of conditions to satisfy a set of objectives for a giveﬁ
set of constraints. _Nonoptimizatioh methods in mathematical
ﬁodeling'consist _Sé the technique where the res;onse of a
system is analyzed for partiéular sets of data.

These models may be used: among others, either for ‘sim-
ulation v("description“ of actual process), or syﬁihésis
("generation™ of data). In th%s study, only the simulatioq
problem will be considered further. Simulation modeling
consists of deterministic and statistical techniques. ~

The deterministic simulation techniques are categorized
into empirCEEi and concepfual methods. The former describes
the hydrol gic process based on the assumption that the in-
put aﬁd'loutput observations do not contain errors, and a
unique transformation from input to output exists. This
‘type of model, being governed by known-physical-laws, does
not include’probabilistic interpretation of the results.

Conceptual models rely heavily on theory to interpret
phenomena rather than represent the physical érocess: Since
the information {data) content in this case 1is not complete,

the equation describing the process is only an approximate

one, therefore such a deterministic conceptual model is not

. -
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very realistic. In order to account for uncertainties in
_the data, model} and parameters, many sta;isticalﬁmodels:
have been introduced. )

Tﬁese stétisﬁical methodé'inélude regression and corre-
lation analyses, probabilistic analysis, stochastic methods,
and systems analysis. Long records of hydrological-vari-
ables can be treated as time series in the statist;cal‘
sense, and as such, could be employed in simulation prob-
lems. . | .

‘Hydrological simulation models, whether stochastic or
deterministic, may be either linear or non—-linear [30]. A
model 1is linewf if the principle of superposition holds:
that ig, given that ¥(t}, y(t) are the outputs corresponding
to inputs X(t), x(t), a model is linear if the output, cor-
responding to input X(t)+x(t), 1s f(t)+y(t).

Stochaétic linear models are constructed froﬁ random
events andé allow fbr a 'memory' effect so that:éach observa-
tion is dependent to some dJdegree upon its predecessors in
time. Therefore, statistical properties of observed time
series provide . a means in attempting to identify the sto-
chastic process. This identification épproach consists of

an a priori model postulation and acceptance oOr rejection of

the model in terms of statistical tests. )
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The stochaéti; methods. of time series analysis with a
conceptual representation in the form of an..input—output
system will be _considered further in this thesis as it re-
lates to the simulation problem.

The-inﬁut-output ‘stoéhastic models were mainly devel-
oped for rainfall-runoff relations. However,‘ not much re-
search was repo}ted in the literature using these methods in
groundwagér hydrology. In the past, deterministic methods
were mainly used. These methods were extended £9 very com-
plex models [24],[23] but their data requirehents are impos-
sible to obtain in practice. ~ Therefore, the systems methods
of 'input-output analysis might be useful, since they do not
require such an extensive amount of data.  Furthermore, the
systems methods incorporate ‘the stochastic nature of the-
variables éffecting the groundwater level fluctuation éro-
cess, and as such are more re;listic.

1t can thes be concluded, that due to the random nature
of the observed groundwater level time series, it would be
advantageous to employ stocﬁastic models in the analysis.

Groundwater level modeling based on the input-output
concept mentioned earlier will be employed in this study
which transfers inputs of érecipitation, riverflow, evapo-
trénspiration, etc. information into gfoundwater level as

output. In this approach the inputs are deterministic-sto-
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chastic ones to a probabilisfic fluvial system with ground-

~water level as a deterministic-stochastic output.

\



Chapter-II

LITERATURE REVIEW_

2.1 GROUNDWATER LEVEL MODELING

In its earliest days, hydrologic-modelling dealt with
the most visible aspects of the hydrologic cycle, namely
with rainfali and runoff. These modeis were simple: re-
flecting knowledge at that-time on the one hand, and the ne-
ceséity of hand computation limited the complexity'lon the
other. As understanding was gained, the developing complexi-
t; forced scientists to create anq use more complex models.
With complexity came the separation of major components of
the hydrologic cycle; these being infiltration, evapotran-

spiration, aquifer response, and surface streamflow routing.

The emerging speéialists developed empirical f?cmulas to 5p-

proximate theoretical physical laws for each of these compo-

nents.
Early work in aguifer response goes back ay far as Hen-
s

ry Darcy (1803-1858), but the main developments have ,Jbeen in

!

\

N~
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the past 30 years.  In the middle of the twentieth century,
the need for more sophisticated watershed management techni-
ques was recognized, therefore the methods of well hydrau-
lics, field designs, +as well as regional groundwater flow
studies were developed. These studies were pioneered by Hub-
bert [32] who showed that groundﬁater flow can be represent-
ed by a three-dimensional potential field. The model was
based on a solution of Laplace's equation, which in turn was
first improved by Toth [58], who classified,the groundwater
flow into local, intermediate, and reéional flow systems,
then bj Freeze [23] who introduced a steady state model for
groundwater flow systems. For unsteady flows, howev;f, the
latter model is not sufficient; nonlinear partial differeh-
tial eguations govern groundwater flow in ‘this case. These
eguations can not be solved directly except upon replaciné
the differential equations by a finite difference eguivalent:
which can then be solved by repeated arithmetic calcula-
tions, as was demonstrated by Freeze [24],

' This .and similar numerical analysis procedures have
been applied to a variety of‘groundwater probiems. Included
are relaxation technigues for flow net analysis [60], for
problems relating to seepage [57] and with the introduction
of computers, possibilities in ‘groundwater basin modelling
have considerably widened (see for example Skibitzke [53],

and Remson et al. [46]).



.

‘ 12

The application of computers, and numerical methods
just described, had profouﬁdly changed groundwater hydrolo-
gical investigations. Since the applicable mathematical
model for groundwater flow systems 'is usually written in fi-
nite.di%ference form, digital computers proved to be versa-
tile tools because of their speed and large capacity. These
favourable characteristics enabled hydrologists to extem{
mathematical methods to groundwater studies. To analysé‘
groundwater aquifers,several techniques have been employed,
among those analytical [59], empirical [39], and numerical
[24] methods while utilizing the rapid development of digi-
tal computers.

In the analyticél study [59] it was concluded that the
regulating effect of creeks draining the groundwater flow
system determines the zone_o} fluctuation. This fluctuation
is likely to be smaller in discharge areas than in recharge
areas. Daily grouﬁdwater- losses may include ;ater table
draining to adjacent surfacer waters and evapotranspiration.
This latter one was found to be directly related to the
depth of the water téble [39]. Freeze [24] developed a
mathematical model b& assuming that a system 1is in dYnaﬁic
equilibrium, 1i.e. the water table is in an almost steady

state condition. These, and other [7], [56], by now classi-

cal investigations of groundwater agquifers are most often

<
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confined to the study of the aquifer's deterministic proper-
ties. Recently, Smith et al. [54] using Monte Carlo experi-
ments extended these models to include probasilistic.inter~
pretation. - |

As it was mentioned in the preceeding chapter, all hy-
drologic variables effecting groundwater levels are random
processes. Given that hydrologic processes are random or
stochastié_by nzture, 1t is hardly-su:prising that many hy-
drologists are preolific users of"statistical metheds and
time series or stochastic analysis. The use of time series
analyéis 1s common in many other fields, but before explor-
ing applications in groundwater hydrology, several statisti-
cal concepts need to be explained, therefore the following

section 1s devoted to this purpose.

2.2 TIME SERIES APPROACH

-

A time series 1s a set of even time-spaced observations

on some given natural phenomenon. If the séries contain some
unpredictable elements the variable making up the series
is considered a stochastic variable [41]. A time series is
called stationary if it has finite variance and all covari-
ances depend only on the difference between time points. 1In
the case of non4stationarity, these very time points are of

f\

™ os

g
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extreme importance; the series then are Elassifiéd as evolu-
tionary, or stochastic [38]. | | ‘

A stationafy'seriés may contain cogpletely predictable
deterministic components such as trends, jumps, and periodic
components. Thé%é'components can be interpreted as linearlf
superimposed on’a.time series generated by some linear sto-
) - chastic process [29].

Trends are gradual increases or decreases of variables

b "~
’

which happened in the past and will continue for a reason-
able future period. These can be removed either by regres-

sion analysis or by the moving average method.

' Sudden increases or decreases in variableé in tHe pro-
~///h\\-//T\~/;ess that produceslthe variable are considered as jumps.
These slippages are to be appropriately removed according to

the situation in which they have occured.

The basic pfoperty of a periodic variable is that it
repeats itself at fegular time intervals’ with unmistakable
connections to astronomical events. The variation is likely
to be sinusoidal of some sort * (higher harmonics are also to
be regarded as deterministic components) and is conveniently
removed by " fitting a Fourier series with the appropriate
number of harmonics to the stationary series [1].

Upon removal of the above mentioﬁed deterministic com-

ponents the remaining series consists of only the random el-

T
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ement. A stationary stéchastic érocess generates a time se-
ries wﬁich show fluctuations and this has led to the concept
of the f:equency'spectrum density  which explains the manner
in which the total variance of a stochastié vériable is dis-
tributed in various freguencies. The notiSh, called white
noise spectrum [28], states that the variance is expected to
be evenly distributed over all possiﬁle frequéncies. Siﬁce
spectrum density functions are computeé from time series, it
is possible to obtain a conden;ed picture of the statistical
"properties of a time series. r

A model, called ARIMA (autoregressive-integrated- .
moving-average) process, has been developed by Box and Jen—:
kins [10] and 1is capable of describing a wide range of be—.'
haviour of time series observed in hydrology..

It belongé to a lumped stationary dynam}c linear sys-
tem, a system that is.said to be dynémic in the sense that
it receives certain guantitative inputs and accordingly acts
to produce certain quantitative outputs [17]. The mathemati-
cal relation between input and output is provided uniquely
by ;he impulse response function of the system. Once this
function is known, the output can be determined for ény
specified input for a given linear system. This‘fﬁn;tion may
be determined through analytical or numerical méans if the

¢

internal structure of the system is accounted for.

kY
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Generally the internal system can not be mathematically

described accdrately and therefore observed sets of input

< - . . . .
and output data-are used to identify the response function.

The identification procedure includes cross-spectral analy-

" sis and model diagnostic checking. The latter is for verify-

Ll

ing the adeguacy of the model developed by cross-spectral
bprocedures.

‘Therefore a further objective of this study is to give
a statistical description of the internal structure of the
system through response functions generated by observed in-
pu£ and output variables. . |

As was éigtinguished before, there are two aspects in
modelling, namely simulation . and synfhesis (generakion).
Since the §tétistical and modelling aspects aré of concern
in this thesis, thus generation of equally likely sequences
are not considered further in this study.
The stochastically simulated series of groundwater lev-

els may be wused to estimate the response of the aquifer to

- various hypothetical inputs of streamflow, which is in turn

useful in the management of an aquifer.
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2.3 APPLICATIONS OF TIME SERIES ANALYSIS IN HYDROLOGY

The use of time series analysis is common in many other

fields, as well as in water resources. Numerous methods of
time series analysis have been performed on various subsys-
tems of the hydrologic system in order to determine their

stochastic properties. Examples of application' include

“open channel flow [14], studies of streamflow [22]}[44];‘

precipitation [4]; monthly streamflow and precipitation

analysis [49]; monitoring of water gquality by using time in-
dependent data [55]; and water use studies [50].

The foundation of studies dealing with timé series
analysis in groundwater hydrology; to the best knowledge of
tﬁe writer, h3s been laid by Eriksson [20]. This study de-
parts from the classical investigations of groundwéfer aqui-
fers which most‘b%ten stress their deterministic properties.
In this study, local river stages, air temperature, and pre-
cipitation was used in conjunction with groundwater levels
from a glaciofluvial deposit. The investigation showed that
strong persistence exists in all records except 1in records
of precipitation. A stochastic model, based on the continu-
ity egquation, was dévelobed to give estimates of the mean

annual infiltration of the deposit,  however no impulse re-

sponse function of the system was presented. Therefore, the

Sy
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médel in 1ts present state is not capable of simulating the
groundwater level fluctuation process. |

Eriksson, nevertheless, provided impetus for others to
extend his zork. In a stochasticanélysis of groundwater lev-
el time series [37], a univariate mod;l was presented. The.
Study followed technigues of structural decomposition of se-
ries, and the res;lting stochastic series was examined for

dependence using Markov models of lag 1,2,3. including the

. periodicity in'the autocorrelation coefficients. When the

dependence effects were removed, the resulting process was
tested for 'independenée. " Thus the original nonstatiénary
process is reduced to a second order stationary and indepen-
dent stochastic component process. The final independent
stochastic residuals were analyzed to find their probability
distribution functions. The results indicated that the mod-
el may be rightfully used for other groundwater level time
series, and suggested the inclusion of precipitation process
for a more detailed description of the system.

The above models were further developed by Rao et al.
[45] in a2 landmark paper where the previous work was éxtend—

ed to bivariate processes of precipitation and groundwater
levels. The study illustrated the construction and valida-
tion of the model and the results -indicated that the ground-

water level series can be successfully modelled by stochas-
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tic models. A fourth-order autoregressive model was found
adequate to describe the groundwater system. The model fit-
ted to the research data revealeds that 77% of the variation
in.the stochastic component of groundwater leveis was ex-
plained. The authors caution that perhaps a strict casuali-
ty can not be completely inferred from slatisﬁical'consider-
ations alone. “The model developed can be used to evaluate
the time lag between precipifétion and changes iﬁ groundwé-
ter levels and in evaluating ‘the groundwater resources in a
region. ’

The next step in formulating a multivariate model islto.
develop and vali@ate,' through reéiaual testing, a model to
evaluate the effect of 'various inputs of riverflow on water
levels in adjacent wells through input-output analysis.
This is another of the objectives of this thesis.

Several studies in the nydrologic literature 5ave veen
performed to determine the impulse response funcpion of
linear systems via input-output analygis. Multiple frequency
response analysis provided one way to establish a relation-
ship between inputs and outputs of a multiple input-single
output system set up for water quality monitoring ‘[33].
Cross-correlation and cross-spectral 'analysis were employed

in the analysis of rainfall and runoff to explain the rela-

tionéhib in this single inpﬁt-single eutput system {9].

-
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Similar techniques were used t& identify the cause-effect

interrelationships between runoff and sediment vyield [481],
again a single input-single output system was considered. .

In sﬁbsurface hydrology there have also been some ad-

vances in specifying impulse response functions of groundwa-

ter fibﬁgsystemé.

+

Parifetric linear programing f42] was shown capable of-
providing astable and physically realizable response func-
tion. Transformation of the data into anotﬁer domain pro-
vided one way to determine the fesponse fuﬂction. An ap-
proach based on fast Fourier transforms has been~§erformed
[21] using above procedure. The method of linear algebraic
equations by matrix inversion [40] also ~gave satisfactory
solution for response function. Similarly, various optimi}
zation techniques for coordinate functions, such as Laguerre
functions [5), wWalsh functions [lé], proved to be anocther
possible way to determine thé response functions. Others
suggesteé different approaches to obtain positive response
function [16], to determipe a stable solution b§ applying
the averaée of respohse functions resulting from several
events [40], to use the least squares criterion [19] in es-
timating the response function. -

These methods allow the imposition of upper and lower

bounds on the individual discrete response function, and
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hence to smooth continuously the résult along the computa-
tional process; .

From the literature review it is evident that the re-
sponse functions were studied mainly by deterministic mod-
els, - Studies of Eriksson [2U] and 'Rao et al. [45], used
time series analysis, but did not formulate the problem for
the multivariate case. Therefore, this thesis will extend
these works into the multivariate case. | |

It, however;, should be pointed out that the developed
model in this study will not be compared directly with any
other and different models éxisting in the literature. The
main purpose of this thesis is to hypothesize and develop a
systems model and lay the mathematical foundation for such a
model. The practicality. and relative  usefulness of such a
model will not be explored in this study.

2.4 OBJECTIVES

The objectives of this study are to use time series

and systems analysis to:

]

1. Postulate and investigate the structure of a multi-

variate lumped linear dynamic model of groundwater

- -

level fluctuations;
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Detect and\remove the deterministic components in the
system3
Investigate the struéture of the stochastic compo-
ﬁent:
Develop =a parsimonious lumped 1linear input-output
modél for groundwater level fluctuation:
Interpret the fluvial characteristics of the selected
watersheds based on unit step and frequency response

functions.

At
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Chapter III 2

RESEARCH DATA

3.1 WATERSHEDS SELECTED

For the numerical analysis two watersheds were used
which aré located in eastern Ontario (see Figure 3.1). The
Castor River watershed lies east-southeast of .- Ottawa with
approximately 782 km® total surface aréa drained by the Ca-
stor at the confluence of South Natien River. The second
watershed is of the Carp River with a drainage area of ap-
proximately 332 km?3.

The watersheds have been gauged for groundwater level
observation since-l§72, other hydroloéical and meteogglogi—
cal observation stations are also operating nearby sinée the
early twentieth century. The locations of the observation
wells; riverflow, precipitation, temperatureAmeasuring sta-
tions are shown on the map (Figure 3.1} where the outline of
each watershed is shown by dashed lines. Additional fea-
tures of these watersheds relevant to this study are shown

in Table 4.1.
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FIGURE 31" LOCATION OF SELECTED WATERSHEDS
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TABLE 3.1

3.1 FEATURES OF SAMPLING STATIONS IN SELECTED
WATERSHEDS - - -

-

Period of

Watershed~- Sampling station Location
records available
for analysis
Castor Metcalfe 75°29'W 1872.11. - 1975.04.
{well) 45°13'N
Russell 75°24'W 1970.01. - 1979.06.
(flow) 45°15'N .
Int'l Airport 75°40'W 1970.01. -~ 1979.06.
(precipitation) 45°20'N
Int'l Airport - 75°40'W 1970.01. - 1979.06.
(evapotranspiration) 45°20'N
Int'l Airport 75°40'W 1972.11. - 1979.04.
(temperature) 45°20'N '
Int'l Airport 75°40'W 1972.11. - 1979.04.
B (hourly sunshine) 45°20'N
Carp Carp 1 76°02'W 1972.11. - 1979.04.
(well) 45°22'N
Carp 2 76°02'W 1972.11., - 1979.04.
(well) 45°22'N
Kinborn 76°13'W 1971.01. - 1979.06.
{(flow) 45°24'N
Woodlawn 76°09'W 1870.01. - 1979.06.
{precipitation) 45°28°'N
Cent., Exp. Farm 75°45'W 1970.01. - 1979.04.
{evapotranspiration) 45°23'N
Cent. Exp. Farm 75°45'W 18972.11. - 1979.04.
(temperature) 45°23'N :
Cent. Exp. Farm 75°45'W 1972.11. - 1979.04.
(hourly sunshine) 45°23'N

-

<2
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3.2 HYDROGEOQOLOGY

3.2.1 Hydreology

The average annual temperature .at Ottawa International
Airpo}t is approximately 5.5 C° and the averagé annual pre-
cipitation is approximately 876 mm. For about four months
snow remains on the ground. Précipitation is exceeded by .
the potential evapotranspiration during four months 'of the
year.

Examination of groundwater levels shows a yearly fluc-
tuation pattern which is considered 'typical in most shallow
aguifers generally found in the stuay area. Groundwater
recharge begins at‘the-end of March and during early April.
This coincides with the large-scale flooding at the same
time period. The groundwater 1levels usually reach their
highgst level between May and June. Throughout the summer
groundwater levels gradually fall, . reaching their lowest
level around the end of Sepfember. During the fall there is
some ‘recharge before deep frost penetration occurs. Ground-
water levels remain fairly static throughout the period of

continuous frost.
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Streamflows are generally unevenly distributéd from
year to yéar and during each year. Since there.are.no natu-
ral lakes, few swampy éfqas, and shallow till soil with poor
drainage characteristics, flooding is the most prominent
feature of the study area and 1is an annual occurence during
spring [36]. Lowest flows usually occur between May and Oc-
tober; During the period of deep frost on the ground sur-
face, streamflows are retarded by continucus surface ice for
about four months ¢f the year. '.
Y

/ - - . . ._-‘

3.2.2 Geology

. .

The rate at which the watef moves below the ground sur-
face depends on the permeability of "the successive layers of
geologic formations. Sand and rock layers permit greater
mobility then clays, silts, or glacial tills would. The
characteristic topographic feature in the watergheds under
study is the low relief ranging between 45.7 m ;ﬁd 122 m
above mean sea-level.

The bedrock below the overburden consist mainly [12] of
limestone of the Ottawa Formation with the occasional shale
of Ordovician age. Surficial overburden deposits consist

primarily of marine clays, silts, and glacial deposits of
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till. ,The'éverburden deposits are generally thin (less than
15 m)_ énd, because of their characteristics, are poorly
permeabié. This restricted perheability prevents any §ub—
stantial percolation _of water ‘to deepér watertable zones.
In confrast, silty sand and shallow water sand formations,
which are moderately to highly permeable by naturé, occur
along the river banks t27]. ‘ -

The clay loam soils which- cover much of thg watersheds
require éxtensivé tile and surface drainage works because of
their poor Eermeability.{ These drainage methods are likely
to contribute to a higher rate of runoff and therefore to
spring floods resulting from snowmelt. However, flooding 1is
aiso (primarily) caused by low streambed gradients and small

channel capacities.

3.3 DATA SELECTION

——

For the numerical analysis, the groundwater level data
selected was collected by the Agrometeorology Résearch and "
Serﬁice, Land Resource Research Institute, Canada Department
of Agriculture. From the records kept by this organization
eight wells were selected for possible analysis. The data

for five wells could not be ‘used because a portion of the
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record was missing thus, the remaining three wells wefe
subjected to analysis. All the three wells had a period of
record stretching from 1972 to 1978. |

. The frequenc of the depth-to-water measurements for
the selected wells in the Castor River and Carp River was
five days of the month: 3, 8, 13, 18, 23;.and EMO (i.e. the
end-of-month) reading. This system results in a time series
with a constént five day time "interval. |

The corresponding observations of riverflow rate of ad-
jacent rivers (Castor and Carp), of precipitation, of temp-
erature, of evapotranspiration, and of bright sunshine were
also available. ’ | | |

Riverflow data was available from the Inland Waters Di-
rectorate, Water Resources Branch, Water Survey of Canada on
punched cards for the Carp River (near Kinborn, Ontario) and
Castor River (at Russell, Oﬁtario).

Teéperature data coriginates from the Atmospheric Envi-
ronment Service, Environment Canada for Ottawa International
Airport, and igrometeqrologﬁ Section, Research Branch, Cen-
trai Expérimental Farm, Canada Departmént of Agriculture,

Precipitation data was abstracted from "Monthly Meteo-
rological Summaries”, a monthly publication of Atmospheric

Environment Service, Environment Canada for the following

_stationsy Woodlawn, Ontario {(Carp River watershed), Ottawa

International Airport (Castor River watershed).
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Daily meteorological observations at the Central

Experimental Farm; CanadalDepartment of Agriculture and at

the QOttawa ‘Internafional Airport, Atmospheric Environment

Service, Environment Canada were the basis for evapotranspi-
ration and bright sunshine data.

It was possible to analyze observations‘fsr the common
yearé betwéen'1972-1979 for all variables. Thus, groundwatér
level and riverflow data represent levels/rates at these
times, whereas temperature represents averages for theée
periods: ana precipitation, evapotranspiration, and bright
sunshine the collected amount for each interval.

Ail data were éonverted to metric units beforé beingl
‘used for anal&tical purposes: flow was converted to m?/s,
precipitation and evapotranspiration to mm, and temperature

to C°.



Chapter IV

-

THEORETICAL DEVELOPMENTS

4.1 MODEL HYPOTHESIS

‘To represent the groundwater level fluctuation process

it can be assumed that the watershed 1is a 'black box! or

lumped system. The inputs to this system can be all factors

which may trigger the proceés within the system .yielding.

some Sutput. Inputs such as precipitation, riverflow, evapo-
transpiration, température, and bright sunshine are the cau-
sative factors in the system, whereas the groundwater levels
are outputs. The physical processes oOperating 1inside the
system are not considered (i.e. "black box" formulation) and
all properties of a watershed are reflected in a set of sys-
ﬁem,parameters. These properties 1include topography, soil
characteristics, land use, permeability, etc. 1In order to
transform inputs into output,  system parameters may be used

to set up the characteristic function of the system.

t
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A typical input-black box-output configuration is shown in
Figure 4.1.

4.2 MATHEMATICAL REPRESENTATION OF THE PROCESS

A hypothesized mathematical relationship between inputs and

output is as follows:

G = f(Qt?Q t_llQ t.-zl’."lQ t_mlP

t t' =12
P -,T ,T , T roes,T E ,E . B
t-r "t -1 Te-2 t—f T’ -1 T -2
vee,B JA LA A P )
t-n t -1 t- t-s .
. - ) : Y 4

where G is the groundwater level (cm) at the present time

interval t; Q , Q. ¢Q t_zr--'rgt_m

(m>/s) at the present time interval t and preceeding times

are riverflow rates

t-1 ,t-2,...,t-m; P , P ., P ,..., P are precipitation
t t-1 =2 t-r

depths (mm) at the present time interval ¢t and preceeding
times t-1, t-2,...,t-r: Tt, Tt-l’ Tt_z,...,Tt_f are tempera-
ture values (C°) at the present time interval t and preceed-
in i - -2,...,t-f; E s B reee, B

ing times t-1, t=2 .t EF, -1 e B
evapotranspiration guantities (mm) at the ‘present time in-

are

terval t and at preceeding times t-1, £t=2,...,t-n; A,
. t

A, At_z,...,At_s, are bright sunshine amounts (hrs) at

present time interval ¢, and preceeding' times t-1,
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FIGURE 4.1 BLACK BOX REPRESENTATION OF GROUNDWATER LEVEL

FLUCTUATION PROCESS
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t;2,...,t—s. The  time intervals, depending 6n the analysis,
can be .any discrete time intervals such as months, days,
€tc. Fbr shorter notation the right hand side of Eq. 4.1

_will be denoted by f(*).
In the physical sense it can be argued that if the riv-
erflow rate approaches a constant rate in the long run, such

that @ =1Q = ¢ =Q then it follows that the re-
T t=-1 t-m 0

quirement for this .¢ondition is such that P . ﬁ}" T -+ Tb'
t : t
E LE A 4, A G .G where Q ’ P ' T BE A G are
t 0' ¢ 0t 0 : ,0 0 o’ 0r o Q
steady state values of riverflow, precipitation, tempera-

ture, evapotranspiration: bright sunshine, and groundwater
level guantities [51]. Therefore the use of Taylor-series
expansion of mulfiple variables 1is applied to the steady
state values of Qs Qec1r QponreresQpigr Pro Peyr Pecnrenns

P T, T Ty pre--sT

t-r '’ t’ t=1" E

B

t~f’ t’ t=-1"' t=-27 * t-n". tr

-At—l’ At_z,...,A 1.e. about Qb, PO’ TO’ EO’ and AO .
Thus, the Taylor-series expansion applied to BEgq. 4.1 is ex-

t-s '

pressed in the following form:



where 2 is the gquantity inside {

are the partial derivatives of f(*) evaluated at QO, P

Eq

£{*)
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% Py T g Egrdyg

k is a dummy variable,

Y;
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ET 2 [(Q Qo + (Q - ) +
— = Qo t-1
k= Ol t : aQc-l
) _ 3 _ 3
+ Q. QO-) : oo+ Qo QO)-aQ +
Qt—Z t-m
3
- + - +
+ (P Py - (P, = Byls——

t t-1
+(p_,-P )2 +...+ (P - P )3 T+
-2 0 Peo2 . t-r 0 c) S

+ (T =T ) _ 3 + (T.4 Tp) 2 .. +
t 0 B’I‘t . 8 Tey
$ (T -T2 sl (T -7 70 *
t-2 0 3T, t-f 0 T, ¢
+(E ~E)_2_ + (E -g)_23 +
t 0 -1 0" -
3
Et aEt_l
+ (E - B )23 +...+ (B -E )_23 +
t=2 aE t-n 0 BE .
.-. 3 t=-2 3 t=-n
+ (A - a) + (A - A ) +
t 0. EAt t-1 0 SA._y
5 3 k
- ; e} - a
* (A, T A= oot (A= Ap) 1-
C’A cA
t=-2 t-s
p
s E(*) 1= Lo
Q ,P ,T ,E ,A J k=0 k
0 0 Y S

-"

r T r
0 0

and p is the order up to
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which the expansion approximates. the feél process. The con-
tributions for th; first three k values of each term are
listed below. The remaining terms in the Taylor-series ex-
pansion contribute negligibly towards the total when com-

pared to the first three terms.

k = s+ & = f ,P ,T ,E ,A_) =
k=039, 1 Qo PorTorBy rdy) = 2 -
k=1: ¢ =(Q -0 ) a + (Q -QYa .+
1 £ 0 10 Se-1 Y011
oot Qe - Q) oAy, .
+ (Pt - PO) blO + (pt_1 - PO) lzh +
*eeut (P __ - P )b+
+ {Te - To) c + (T -T ) c +
LT G, -1 o 11
+...% (T -7 ) c +
t-f 0 1f |
T (Be 7 Bo) dyg * (B - Bl 6y ¢
) ) ...+ (Et_n - BO) d1n +
YA A e v (A TR e, t
+...+ (A - A
- ( t-s 0) e1s
where
3 E(*)
a = — :
10 ' 3 QO’PO’TO’E‘O IAO’ *
| 3 (%)
a, =~
" g P.,T ,BE ,A_,
_ Qom [ Qo P TorBy iR
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Pog =5 (Qp m )t apg * (Qpy T Qgltoapy ¢

ceat (Qt m QO)' asn *

1 (B, = B)) byg * (By_y = Pl byq

et (Py_. = Pg)i by #

3 (Ty = Tht cpg * (Tyy = T ey *

cent (Ty ¢ = Tl e * )

3 (B, - EQ? dpg + (B, = Bg)F Gy

et By T BpdT G

1A, = Ay e, (Bg_y = Ag)? ey *

..t (At-s - AO)= e, +

cross product terms
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Upon substitution and rearrangeménts, Eq. 4,2 becomes:

-t
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m r
G, = a + r a,.Q + ¢ b .P
f n S
+ I .T r 4,.E T e, LA,
j=0 W t-3 g0 13Tt-d 0 5o 13Tt
1 m l
+ - ¢ a,.Qd + = 1 b, .P? +
2 §=0 237 t-3 2 j=p 23 t-J
I i l n
+ - ¢ c,.T¢ + - ¢ 4,.Ef +
2 320 23 t-J 2329 23 t-j
1 s
+ - ¢ e_ . A* _ + cross product terms +
2 §=0 2J t-J

+ cubic terms and higher order terms

Examination of EQ. 4.3 reveals the following:

The coefficients a r--. €tc. are depen-

_ 00- " 24 * iy
dent oq the steady state values of QO . PO . T0 , EO . AO_

Time variability in the values of these coefficiedts might
be expected, then infinite sets of these values could exist.
bn the cther hand, Eq. 4.3 could describe the behaviour of
a lumped non-linear time invariant dynamic system if the

assumption that these values are constants is assumed, as it

will be for further analysis.

Another assumption is made that a non-linear relation-
ship exists between Gt + Q¢+ Pt . Tt , Et , and At and it
requires the inclusion of the second and higher order terms

in Bg. 4.3.
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It can be, seen that a large number of functions exist
which could be expanded in the form of BEg. 4.4. One of these

functions, to represent the system behaviour, is given be-

low:
v v v F 13 F
- 0 1 - 0 1 r
Gt J Qt Qt—l .o Qt—m Pt Pt-l .o %—r
Ro Ri Rs Do D1 Dn
Tt Tt"l v e = T =1 E t E t=] e Et—-n
K K K.
0 1 5
- Ap Ay ... Agg

...-4.4

in which J, vkv(i=0,...,m), F, (i=0,....,r), Ry (i=0,...,f),
Di (i=0,...,n), Ki (i=0,...,s) are éonstants. It can also
be seen. that the model shown above is easily linearizable
through logarithmic transformation, which in turn suggests
that the non-linear approach can be éhelved. Therefore, ap-
plying logarithmic trénsformation on BEg. 4.4 the model is
linearized but. retains its non-linear character.

Development of a dynamic relationship between inputs
and output or modeling the system behaviour ¢an be achieved -
by conducting system analysis on the linearizea model. The

model therefore can be written in terms of the logarithmic

transformed variables as follows:
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lnGt = 1lnJ. .+ Voant + V]ant_] L leth_m +

+ F.lnP,_ + F lnPt_ +...% FrlnP +

—~ 0 t 1 1 t-r

Roln';‘t + R1ln'I‘t_.| +...F RflnTt_f +

. .
DolnBt + D1lnEt-1 +.0.F DnlnEt-n +

+ Kolna, + KilnA, o +...+ K 1na

4

t-s
ceod .5

InJ = 7,

[}
[Vs}

Simplification of Eg. 4.5 by using ln_Gt

l = ; = = -
éQt of lnPt pt, lnTt ?t' lnEt e , lnaA

; a ields
t t t t ¥

Thus Eqg. ;.6 represents a discrete lumped linear time invar-
“iant dynamic model of the groundwater level fluctuation pro-

cess, provided the constants V; (i=0,...,m), F, (i=0,...,T7),

(i=0,...,n), K.

R; (1=0,...,f), D: ;

; (i=0,...,8) ané jO’ are

assumeé to be independent of time.



4.3 ERROR ANALYSIS .

* The model should take into consideration the stochastic
hature‘of the process and hence da;a.gﬁd modeling errors as
' ;éll. Errors in the observed data for input and output in-
“formation include‘sampling errors associated with the non-
homoéeneous periodic sampling of éroundwater levels, errors
introduced by smoothiné thelsampiéd values to obtain ground-
water level hydrographs; errors are also present‘iszya—
potranspiration; precipitation, temperature, riverflowf;tc.'
(i;e, input) data. _ |

_ ‘Since the above data are used to fit model parameters,
the errors are thus tfansferred to the parameter values and'
ah error component is introduced in the simulated output.
-The model is naturally only an approximation of the process,
therefore by being an approkimation introduces further exr-
rors.

The output values are contaminated by all of the above
‘errors, which are referred ﬁo as the white cnoisé series.
Therefore to.simulate the‘effect of this noise, it is con-
ceivable to assume the errors as inputs to a linear system:
from which output is a noise component [10j. A diagram of

the groundwater level fluctuation process in the presence of

the noise term (Nt) is shown in Figure 4.2, where W., repre-
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sents a white noise series. This W series consists of ran-
dom values drawn from a fixed distribution. This distribu-
tion is said to ;Be normal with'zerb mean and variance ﬂ; .

Accordingly, BEg. 4.6 changes to: ¢

F -4
= 5.+ V + Vv S +
gt J 0 0] qt lqt—l ‘1[1 qt—m
+Fp +F *e.u* F +
"0 pt lpc-l rpt—r -
+ Rt + Rt +...% R t +
0t 1 =1 £ =£f
+ De +De +...+ D e +
N— ) 0t 1 e-1 nt-n
*Rap Y Kja g teetKa ot N
- )
where %: is a white .noise - error - series (having mean

, :
zero, homogeneous variance 5} and the effect of errors

mentioned previously are assumeé to be incorporated in this
term. Since the W series is not correlated with the input
series, it could be auto-correlated and can be modeled by a

linear process from the ARIMA family [10].

4,4 MULTIPLE LINEAR REGRESSION ANALYSIS

It was hypothesized in Section 4.2, that the logarithms
of groundwater levels are to be linearly related to the log-
arithms of riverflow, of temperature, of evapotranspiration,

of érecipitation, and of bright sunshine.
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Since there is a relatively large number of independent
variables, i.e. precipitation, riverflow, temperature, eva-
pétranépiration, bright sunshine, it is necessary to esti-
mate their relative contributions in influencing the ground-
" water level fluctuation process. Thus, a multiple linear
regression was run betwéen the five-daily values of the in-
debendént variables Agnd five-daily groundwater levels - -as
dependent variable- at simultaneous five days (December
‘through November). As it was stated in Section 4.3, river-
flow rates obtained at the gauging stations selected for
each watershed have five-daiiy values, therefore temperature
.values are avetraged over;aﬁive day periods.. Accumulated
amounts of precipitation, bright sunshine, and evapotranspi-
ration data are justified in view of published studies, such
@5 in [20] where it was shown that collected amounts for
each interval could be used for stochastic analysis and
yielded satisfactory results.

The results of the multiple linear regression are shown
in Table 4.1. The results suggest that the riverflow rates
contribute a higher percentage towards explaining the vari-
ance in the five-daily groundwater levels than do the other
independent variables. -

Therefore the riverflow rdtes can be considered the

main causative factor in the groundwater . level fluctuation



' TABLE 4.1 RESULTS OF MULTIPLE LINEAR REGRESSION ANALYSIS
' {log transformed variables)

‘—"—-
12 = correlation coefficient between [1] and [2]
I correlation coefficient between [1] and [3]
Fly S correlation coefficient between [1] and [4]
Lo = correlation coefficient between [1] and [5]
T correlation coefficient between [1] and [6]
Watershed
Castor Carp 1 Carp 2
r - 0.8158 - 0.7244 - 0.7258
Simple rl2 - 0.0018 - 0.0110 - 0.0013
linear 13 0.2485 - 0.0066 - 0.0563
correlations 14 0.4282 0.1421 0.0788
r:g 0.4578 0.2056 0.1375
2 £6.52 52.47 52.68
3 {given 2) 0.13 - 0.01 0.01
% variance ¢ (given 2,3) 0.54 1.23 0.83
due to S (given 2,3,4) 2.42 0.01 0.02
6 (given 2,3,4,5) 0.11 0.32 3.10

where

- groundwater level
- riverflow

- precipitation
bright sunshine

- temperature

- evapotranspiration

— e ey

o O W

[N T VY PP S P
1
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process. It is understood that the precipitation is the
primary source of groundwater, which may percolate the soil
directly to the groundwater table or may enter rivers and
percolate from these streams to the groundwater. Since the
groundwater'has the lowest priority on the water from bre-
cipitation; inferception, depression storage; and soil mois-
ture must be satisfied before any large amount of water can
percolate to thg groundwater table. Therefore water from
rivers is the main source of recharge for the groundwater in
geologically favaurable terrains, as is the case 1in this
study. However, precipitatiﬁn might be the main factér in
other conditions [45]. -

The response of the groundwater is dependent on storage
characteristics of the watershed [31,18]. These are usually
time dependent phenéﬁena [3}:° the groundwater-level series
may lag behind the riverflow series.

It is suggested by the résults of Q;e multiple linear
regression, (Table 4.1) that the riverflow is transferred to
the aguifer and the groundwater level fluctuation process 1is
sh%ped by riverflow irrespective of precipitation effects.

Such results were expected for studied watersheds as was

suggested in Chapter 4.
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4.5 HYPOTHESIZED INPUT-OUTPUT MODEL

a

In view of the results of the multiple linear regres-
sion, the model represented by Egq. 4.7 can be reduced into

(i.e. single input-output system) the following form:

-~

L0l.4.8

where, as before 9. = lnGt; g, = 1nQ. ;7 gy = 1nQ y (Q'=
riverflow, Gt= groundwater levels), and so on. By employing

a delay parameter b, Eg. 4.8 can be written as

g =3j +Vag + Vg +...*V g + N
t 0 0 t-b 1 t=b-l m t=b-m t

. vea.4.9
Introducing the backshift operator B [10], then the follow-

ing changes can be made:

g = Bg
t-1 bt
Uep = 2%
Vien = B°g t
q =®q__=8B"" g
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By substitutiﬁg above terms in Eg. 4.9, gives
1

A
g = g+ (Vg + VB + VBE +L GBIy ¥ N,
t
Pe..4.10
which can be simpiified to.yield
1
g =3 + V(Blg + N
, t t- t
ee--4.11

where V(B) = (V(J+ %.B + V, B? S Vmﬁn) -is called the im-

pulse response function of ‘the system.

D=

It is to be noted, that since the terms below ar

equivalent

- Bb &
V(B)g ., = V(B)E q,
therefore when series g, g, are standardized for their
means or are expressed in terms of the deviations from their
respective means g, q (jO ‘terms cancel out) Eq. 4.11 be-

comes:

. (3.- = VIBF (g, - @) + N,
ce..t.12



51

Using (g, - g) = y. and (q, - Q) = x., Eq. .12 can be

written as:

S
]

. V(B)F X, N

or

o+
]

v(B)x  + N
b

Two systems.are represented by the model described in
Eg. 4.13, namely a deterministic linear dynémic system with
X, as input, and y., as outgﬁg, ahd a stochastic linear dy-
namic system with white noise W, as input and noise N as
output (Figure 4.3). .

The deterministic input-output model in terms.of a more

parsimonious form can be written as

ce..4.14

or

-G(B’,)yt w(B}x X = w(B)B x

t_
e..4.15
v oo

in which;_



52

FIGURE 4.3 LUMPED LINEAR REPRESENTATION OF THE .GROUNDWATER

LEVEL FLUCTUATION P.ROCESS AS HYPOTHESIZED
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(w - w B =-w B? -.,,-w BM)
0 1 2 n

r

i.e. §(B} is a polynomial of degree p and w(B) is a polyno-

mial of degree n, spch that

AB)EP

3(B)

- = V(B)

ce..8.16

EQ. 4.15 in terms of g, and q. takes the form

s(Blg =8, * w(B?qt-b * R

- T

where g, is a constént function of g, g, 5(%), w(B).

In moét hydreologic studies the problem of non-commensu-
rate units on the variables has been handled by standardiz-
ing them through a linear }ransformation. Such an approach
takes into account the non-linear effects due to varying
levels of input, and presumes that the seasonal fluctuation
in the lag one correlation coefficient can be ignored. .
Therefore, 1if the input g, and output g series are stan-

dardized {(for both means and variances) then
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where a, and are the standard deviations of <input and

3 %
output series respectively. In this case, Eq. 4.12 through
4.16 would run parallel for the X and Y, series with param-

-
eters

which will have different values. The operators for X  and
Y séries will assume the following relationships:

V(B) =_9 V(B)
. o]

' 4
?(%2') o 3(B)

g
w(B) = 9 w{B)
Then,
_ 5 (B)
v(B} = —
é (B)

ce..4.18
Substituting and rearranging in Eg. 4.18

—_ o (B) 1
vV(B) = 4 = [hw(B)]

B 5B
q, | ) . .o( )
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will yield the following:
1

V() = ,(B) [———]
gq G (B) - -

8 . B ...4.19

where V(B), &(B), w{B) are operators for the standardized
(for their means). series, qc and gt, while-§13), TF(B), and
w(B) are the operators for the qt and 9 standardized’(féf
"both means and variances) series.

The hypothesized model for groundwater level fluctua-
tion process on a five-daily basis is therefore given in'Eq.

4.17; the computational version is described in Eq. 4.14.

For practical purpoées,_ physical systems can most likeiy be

modeled (by using multiple linear regression) with orders p

and n = 2. A diagram of the hypothesized groundwater level

fluctuation process is shown in Figure 4.3,

The techniqﬁes for the proéess identification, parame-
ter estimation, and model'hypothesié application to the
groundwater level fluctuation process are discuésed in the

subsequent chapters. - -

"
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METHODS OF ANALYSIS

5.1 . INTRODUCTION

The tools aQailablg for descfibing‘ the behaviour of
linear processes are.thé-qpérelation analysis and the spec-
tral analysis. Correﬁation functions are useful in analyz—r
ing the time series in the time domain. Usuallypthe period-
icities contained. in the data can best be explained by a
fregquency domain analysis, that is by spectral analysis. The
spectral density function determines the éxplained variance
of the time series contributed to various frequenéiés, and
its mathematical development suggest a close relationship
between the correlation function and the spectral density
function. Some difficulities may arise in interpreting the
correlation’ function, if neighbouring lags exhibit high cor-.
relations and ‘the spectral density function does not show
this kind of dependency at a discrete set of,frequencfés. in
the statistical sense this latter property is helpful indeed

—

_56_
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in interpfeting spectfal esﬁimates, and seem§_ inferior_to
the correlation function. Because both functions are mathe-
matically equivalent, each contributes valuable information
(although via different approaches) ~ on the stochastic pro-
cess in question, and shopid be regarded as tompleméntaries
in the system identification and ;ﬁalysis processes.

Correlation and spectral analyses werehsﬁbjected ‘to
many investigations in which the question often raised was
on the necessity of stationarizing.' Authors, such as
{52,32], do favour stationarizing, however, numerocus others,
:éuch as [2,35,47] do not. This clearly shows that there is
no one approaqh which should be followed in all situations.
Therefbre it was decided that both ways be pursued in de-
.veloping a successful parsimonious model of sysStems behav-

iour in this study.

5.2 INPUT-QUTPUT ANALYSIS

.

The riverflow as 1input (g, and groundwd?é} level as
output (gt) series are assumed to ;e trend and jdgﬁ—free and
also to contain periodic (noﬁstétionary) and stochastic
(stationary) components. The folléwing 1inéar additive mmod-

el thaasfore is assumed:

..
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q =E + o
T t . t .
. o~ c...5.1
-t '7 ..I.5I2

qhere'a; is the deterministic periodic component of the in-
put series,'a;*}s of the output series. The stochastic com-
ponents at} and st(for input and output series respective-

LS

ly) are vieﬁEé as statistically independent of deterministic

components.. )
Equations 5.1 and 5.2 can be rewritten accordingly to
. the assumption ‘that linear ' linkage models are functioning

"between the stochastic and the deterministic pair5. Thus the

_equations S / |
9¢ © Y, (Bla : O
| . | ....5.3
. ! : .
P
. - ’
k ?t=v3(B)at/+;et = .
eee.D.4

represent. two systems with system impulse response functioens

- -

V&(B); V;YB), and in each one a delay pé}éMetef'is included.
In the miodel given by Eq. 5.3, the inpﬁt iE;Efé whereas- the
. - R " . . "

outﬁuﬁ,is.az, However, Eq: 5.4 contains the noise, e;, to-

-~

gether with o, as input, and 8, as output.. If the noise

-~

»
-4

'i\\
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Eerm'is statistically independent of &., and hence of q¢, it
could be autocorrelated and could ‘be represented by an ARIMA
[10] type model. ' _ : -

Howeﬁer, after substituting EgQ .5.3 and 5.4 in Eqg.

5.2, and assuming that there is no significant difference

" between the nthtationary and stationary input-output pairs,

then in this case V(B) = V3(B), and one may obtain:
. v '
g =V (B) (@ +a ) +e
o2 t t -
. +...5.5

.

or becausefof'al *o,.=4q,, and Y, (B).= V(B), ?ne may arrive

at:

s . A : ceeeD.6

which is a system with nonstationary input (g,) and output

(gtJ series. Also included are the noise term, e and the

t”.

. system impulse response function _containing a delay parame-

‘ .
ter. The system described above was also obtained in Eq.

4.13, but through a different approach. The proposed model
above is possibly inadequate in some éircumstances,' such as
when feedback is present between the output and the inpué,
however, it is assumed in this study that no feedback oc-

curs.
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»

5.3 INPUT-OUTPUT ANALYSIS IN THE FREQUENCY DOMAIN

-

Using Fourier transformation, one may obtain the equiv-

Y

alent system in the frequency domain. It is as follows:

GUE) + o (£)

g(f) =
cees5.7
g({f) =g(f) + s(f)
‘ ...5.8
J(E) = H,(£)q(E)
o | ....5.9
3(£) = H (£)e(f) + e(f)
AR o)
then
E(f)-= H, (£)QUE) + Hy(£)g (£) + e(f) . ~
| 3 ....5.11

and similarly as before, if K _(f) = 33(f) = KE(f), then Eq.

5.11 becomes -

g(f) = H(f)g(f) +le(f)

ee..5.12

.

Fourier transforms of Qr Qs 9 %y ower Bt e, ané of

v (8), v_(3), V(B) take the form of g(f), (), gl£), £,
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e(£), olf), s(£), B (£), H (£), H(E) in which the latter
three components are the frequencyiresponse functions. These
fﬁnctions' polar formsinvolves the-ga;n and phase functions,

as expressed below

H(f) = G(f) ed¥D
) heeaD.13
: 3o (£)
Hz(f) = Gz(f) e < 5
' — . ..5.14
59, (£)
H () = G4(f) el 3
' ] ....5.15

In Egs. 5.13 thréugh 5.15 G(f), Gz(f); GB(f) represent the
gain functions, while o(£3, ¢2(f), @B(f) stand for tpe
phase functions.

| The gain function méasures‘the\ ultimate amplification

of a unit step change after the Systeh has been allowed to

settle down to its new steady state value, and is interpret—-

ed as a regression coefficient of one series upon the other -

one at a given freqguency. The phaée function gives the time
delay needed for changes in one series to be reflected by
similar changes in the other series.

Since the covariance functions Y;;{k} and v;, (k) are
known for all values of lag -k, the Wiener-Hopf integral

equation yields the impulse response functions. The in-

......
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tegral equation Yeplaced by an equivalent summation as shown

.in Eg. 5.16.

ce..5.16

where v (i=1,2,...) are the impulse response functions,
-Yll(k) is the auto-covarian?e of the input (g,) process,
Y 1Jk) is the cross-covariance between input‘and output (gt)
series. However, correlation functions  pj33(k) and P15 (k)
éould be employed in place of covariance functions once both;
'input and output series are'standardized for their respec-
tive means and variances. .

Transforming the cross covariance function in Eg. 5.16

L

gives:

P, (£) = H{f)P,,(f)

ee..5.17

Therefore, the frequency response function may be obtained

from

P1g (£)

H(f) = :
Py (£)

....5.18
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where P ll(f) is the auto power spectfum, whereas Plo(f)
stands for the cross power spectrum. Rewriting Eg. 5.18 in

polar form yields:

A - (£) JF(£)
—_— e

H(EfY =
P,y (£)

....5.18

where Al?(f) is the amplitude and F(f) 1is the phase func-

tions. It is clearly seen that Eg. 5.19 embodies the gain

and phase functions of the linear system, such that

Alz(f).
G(f) =——
pll(f)

ang
F(f) = ¢ (f).

On pursuing further the aspects of autocovariance of the

output, the result can be expressed as

Pzz(f) = G{(f) Pll (£) + Pzz(f) '

....5.20

which includes the power spectrum of the noise component. A
term known as squared coherency ( « *) between the input and
output at frequency (f) reflects the level of noise, such

'that, 1f the output power spectrum is identical to the noise
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power spectrum, the squared coherency amountw®to zero. This

)
can be expressed as:

Py, (£)

....5.21
where
Axs ()
<) = (£) (£)
o P .
e ee..5.22

Comparison of. Egs. 5.20 and 5.22 shows that P,, (f) can be

eliminated, therefore

1 +p (£)/G:(£)P (f)
A 11

cese9.23

where Pzz(f), isas before, the power spectrum of the noise
term. ° ‘

Egs. 5.18 through 5.23 provide a means to determine
the gain,\phase, coherency, and noise spectra for each sys-
tem represented by Egs. 5.9, 5.10, 5.12. The individual
autocovariance y(k), and autocorrelation. e(k), functions
are estimated by the sample autocovariance estimators cll(k)
for.inputs and ¢, (k) for outputs, and by the sample .corre-

lograms rll(k) for inp@ts and r

2,)(k)'for outputs respective-

—t
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ly. Simila;ly, the crossacovariance functions Yli(k)‘are es-
timated by sample estimators cjs(k), the cross correlation
functions p;,(k) and Qthk), for both posi;}véﬂand negative,’
are estimatgd‘ by the sample crosé éorreiograms rlz(k).
Smoothed sample spectral estimators for the power spectrumé;
Pll(f), Ptzéf)' Péz(f): amplitude function, Alz (f)}. phase
function, F'(f); gain function, G'(f); and coherence func-
tion, K*'(f): are needed for the power spectra, amplitude,
phasg, gain, and coherence functions. bocumentation of prop-

erffies and estimation technigues are 1in abundance in hydro-

logic literature, the most standard being [12,34,593.

5.4 COMPUTATIONAL PROCEDURE

The analysis in Section 5.2 points out that when_either
the impulse response or frequency response fﬁnc;ions are not
different from each other significantly, then the nonsta-
tionary input-output series could be wused throughout the
systems analysis procedure. On the other hand, when the
difference between the impulse response or freguency re-
sponse functions is significant, then separate linkage mod-

els are needed for the deterministic and stochastic input-

output pairs.
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The course of the analysis is as follows. Periodic and
stochastic series are ﬁo be formed through decomposition of
the original nonstationa}y inpyt-output series. Several ways
can be:chosen to achieve this and they are to be discussed
later in this chapﬁer. The nonstationa;y and newly formed
stochastic input-output series are then subjected to spec-
tral analysis, to determine whether the frequency response
functions for nonstationafy and stochastic input-output se-
ries are identical or different ﬁrom each other. Spectral
analysig is a convenient method to extract useful informa-
tion on system behaviour without éophisticated parameter es-
timation. |
'Estimates of the- power spectrum of the noise term, for
both .the nonstationary input-output pairs and stochastic
pairs, are also obtained through the spectral analyses.
These power spectrum estimates should be ideqtical, 1f the
frequency response functions were found to be idénticai
through the above spéctral analyses: which inéidentally
would also reveal informat%on on whether or not the noise
component is a white noise. Should -the power spectrum of the
ncise component fluctuate about a constant value, it is a
white noise term; otherwise the noise term may belong to the

Box and Jenkins' [10] ARIMA famfly.
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For both nonstatioﬁary and stochastic input-output se-
ries gagn, phase, cohe;encé, and noise spectra should be
computed and inspected whether any significant difference
occurs between each other. Signifigant differences suggest "
separate models for deterministic and stochastic pairs, in-
difference would imply that the use of nonstationary input~
output series are suitable. Numerous tests can be applied
in testing hypdthesés that the above spectra are coalescent
for both nonstationary and stochastic input-output pairs.
Gain a;d phase spectra may reveal some aspects on the
memory content and delay parameter of the input-output pro-
cess. Time domain analysis should be carried out to ascer-
tain the nature'of the delay parameter, impulse resgpnsé
function, and the orders of input—outéut operators. If
.trends are encountered in gain: and phase functions, it can
be expected that the system has memory and shpuld be provid-
ed for inl the system identification. It is khéwn that the
basic information 1in time domain analysis is _contained in
the auto- and crosscovariance and correlation functions.
If the analyses of the gain, noise, phase spectra indi-
cate that separate models are necessary to describe the pro-
cess properly, than the delay parameter is to be determined

for both models separately from the cross correlogram. The

use of multiple linear regression analyses for both deter-
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minisﬁic and stochastic input-output pairs may help to de-
termine the reguired models. Harmonic éhalysis for determin-
istic pairs and other methods ‘proposed for stdéﬁast{c pairs
are further ways of estimating Ehe essentlial parameters of
the respective‘system§ [101].

If; however, a single model éould be produced by using
the nonstationary input-output series, than the delay param-
eter could be obtained from the cross correlogram. As it was
demonstrated [8], the delay parameter is the individual lag
value at.which the cross correlation function peaks in the.
cross correlogram. Orders of operators of input-outpu? se~"
ries can be determined through a.linear least sguares algor-
ithm used in multiplé regression analyses.

Transfer function models are used to evaluate the noise
gomponent. he noise term in turn is subjected to auto cor-
relation analysis order to finé‘estimates of -parameters
associafed with ARIMA models. 1f the nolise component is
identified as white noise, then a2 linear least squares tech-
niqué(would proviae sufficient estimates of pérémeters for
the ARIMA model chosen.

The model structure for Iinput-output and noise tgrms
thus could be identified, parameters estimated, model ade-

quacy checked.i This latter verification consists of testing

the residudls obtained from fitting,the data to the model.

-

§

X
.
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Tests, such as auto- and crqss'correlétion checks are re- .
garded as relevant to show any discrepancies of the model in
question. As long as no satisfactory characteristics of res-

iduals attained, model reconstruction is necessary.

5.4.1 Periodic component

There are several options in wuse today to remove the
periodic compeonent in monthly, daily (or in any other se-
lected time interval) hydrologic series. In the following, a
brief description of few a&ailable mgthodé are presented,
where ;, represents the mean, and o, denotes the standard
deviation of the variable at any subscripted time period t.
| A time series could be standardized by using the simple

formula:

t ceseD.24

where z 1is the standardized series with zero mean and unit
t . "

variance, x_ is the original series, . and ¢_-are 'as de-

scribed before. The standardized series still retains the

random and nonrandom properties of the original series.



It was also determined [62] that all;the important
periodic components could be removed by.subtractiﬁg the com-

‘puted mean values for each time period from the original se-

ries, such that in case of monthly series: T =1, 2,...,12;

‘provided that 9. remains unchanged for all time periods.

Thus,

cea.5.25

removes thé periodicity.

A‘nonstatioﬁary process could be transformed to a sta-
tionary process by introducing a seasonal differencing oper-
ator [10]. Such a differencing is performed in an important
class of models, called the autoregressive-integrated-moving
average (ARIMA) process. In this very powerful models, for
example, a monthly series reguires 12 monthly differencing,
whereas for a daily sequence 365:days differencing is neces-
sary. . ' . Fd
Natural conditions of a watershed are changing with
time, causing nonstationary time series. However, these var-
iations might be negligible over a short period of time.

Also, it is known that a mean value of an observed time se-

ries is not constant but changes in time. So does the stan-

5
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“'dard deviation, but the coefficient of variation remains

'constént, which implies that different parts of the time se-

ries behave alike. Therefore the periodicity can be removed

—_—

with theé transformation

t g c...5.26

. Series is stationary stochastic such that the

"mean is equal to * /%, and the variance is.unity.

The hydrologiclvariables (e.g: e 9w etc.) exhibit
very pfonounced regular.fluctuations, which'periodiéities
can be mathematically described hy a series of sine and co-
sine functions. Such a harmonic analysis results in a quel
which’ﬁay involve up to six harmonics in monthly, and up to
twelve harmonics in daily series. After twelve harmonics,
however, significant peaks are not common occurenc?% [611.

- /

5.4.2 Linear system identification

» As-it was postula;éd in Sectiocn 4.5, 1if a model could
be developed ;5y considering nopstationary input_(q_t) and
output (gt) series, then multiple linear regression provides
one way of.détermining the orders (p,n) associated with thé
operators of input and output series. The systeﬁ can be rep;

resented as {(see BEg. 4.14)

[
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'might also. be autocorrelated:
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Y

+ee.5.27

where b is %hg delay parameter and e. 1is the noise oompo-

nent. A linear least squares algorithm-is used in the mul-

~ tiple linear regression analy$is for parameter estimation in

J- .
Eg. 5.27 for %ﬁf =1,2,...,p) and Lﬁ(i =0,1,2,...,n) [18].

The value of ,the delay parameter can be determined from the

cross correlogram; a% it was stated befofo; the lag at which

"thg cross correlation function peaks is the numerical value

-_qi_the‘délay parameter.

It is also necessary to point out, .that the noise se-

Co o / _
ries should be uncross-correlated with the input series in

2

order to ensure the validihty of Eg..5.27. The noise series,

however, might- Be modele by available methods [31) and

: F
= . - -

' The.orders of operators for 1nput output series can be

<1n1t1ally estlmated by wrocedures outlzned in [10} Re51dur

als obtalned through multlple llneag regre551on analysis

with orders p=0, n=0 are the estihates of the noise compo-

~ . 2

nent. A cross correlation analysis may shed light on whether

or not the input‘and noise series are cross correlated at

\present and, past lags. If they are unoross-correlated,-then‘

the postulated model with p=0, n=0 is adeguate and the noiso'
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term can be modeled. If the noise and.input series are found to

be cross cor:elaﬁed, higher orders should be proposed uptil

the condition of uncross-correlation is satisfied. Since at

each’ step residuals are computed, and crosscorrelation analysis

conducted, ‘it is likely that a step will Jpe encountered
where no . cross correlation exists between input- and noise
series. Thus, the assumed orders at that step will represent

r

proper orders of p and n.

- | ,
Most physical systems, however, can be modeled with p°~

and nfé [10]. - Therefore: some other model structure should

be considered if the noi§? and “input series show cross cor-

relation tendencies at values higher then p and n=2.

. 5.4.3 Harmonic analysis .

P v

'fhére is the possibility, as it was noted in Section

5.4, that two separate models are‘needeq.to desc;ibe the
process in guestion. The original'Series'then should be de-
composed into déterministic periodic pai;s and stochastic
'statdonaré pairs. Hence the two separate models. The delay
" parameter can be -determined from the’crosgs cbrrglogfam for
each sysiem, and harmonic analysis may furnish answers in

modeling the deterministic periodic pairs.

"

£

%
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Suppose, that ¢ and g  are the periodic components
t t

' in the input-output series respectively. For finite, even,

and equally time spaced series, Fourier series expansion is

viable such that

w

n

w

+ .
ntra

(A cosf kt + B
n 0 .

sinf kt)
! 0

t 0 k=1

....5.28

-

in which A and B, are the Fourier coefficients. However,
Fourier series containing only cosine series with phase an-
-

gle can be represented as

—_ - m
q =a_+2 t]a| cos(f kt +¥ ) -
t 0 " k=1 k 0 k _
. : ; . < ' ee+.5.28
‘and - .
— - m '
= . Z -+ o=
9. b0 + 2 k=11bk| cos(fokt 6 k) ‘ |
' ....5.30

.-

~ o .

* ° '
where m is the number Qf harmonics, £ is the fundamental

-frequencylalJandlbklare ﬁggbgute values of amplitudes of the

k-th harmonic; i's the input phase of the k-th harmonic,

Vi

& is the output phase of the k-th harmonic; . 2,

the mean of the input and output series respectively. It is

nd b are
and "

also worth noting that



af

75

-
-

and that the procedures for estimating above characteristics
are summed up by [59,60].

| The response of the system to a sinusoidal input of the
type ) .

a

. q =
T

cos(f kt + v )
0 k

»

can be rep}esented by

ey cos(fokt Ut ak) : -

8¢ =i %

It is to be noted that the output will have the same harmon-
ic frequency but will include some gain, and corresponding
phase factors. Therefore,ﬂaz can be related tojik directly

by

g = + 2
gt £ a

00 k

m
)
= k

1|EJ’ak|cos(§3kt + bt )
S ....5.31

where'|€,| represents the gain and ®, stands for the phase

shift. Comparison of Egs. 5.30 and 5.31 reveals that

koo ' . +...5.32

also
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b
E0.= 0 .
a
o - ....5.33
and
\ 8 = 6 T v ' '
ko Ok _k g ....5.34

where k=l,2,...,n,

However, if ¥ﬁe input and ‘output series are coﬁpensated
for means, then in. Eg. 5.33 ao_=AQ} b0 = 0 and coﬁsequenply
e g = 0. Thérefore, the estimates of amplitudes, phase an-
gles, and fundamentaf freguency can determine the gain, and
phase shift at each harmonic_freqﬁengy.

The periodic components'a;, g, thus can be removed by~

o
fitting Fourier series with a finite number of harmonics to
h_the nonstationary input-output series qt'and g{. The -perio-
dogram analysis would provide a means to estimgﬁe the number
Y: harmonics involved in the harmonic analysis. In practice,
however, the number of harmonics ﬁseﬁ in the analysis’'is de-

termined by

N
m = —
max 2

where N is the number of data points in the series.
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5.5 MODEL DIAGNOSTIC CHECKING

It is necessary to apply .diagnostic tests after model
specificafion and estimation of its parameters to see wheth-
er thére is any serious inadequacy in the postulated model.
The model consists of two parts, . namely the transfer func-

tion model

é(B)gt = w(Blg .y

....5.35
and the noise model
2
6(B)(1 - B)d e = a(B) a
...25.36 -
-~

Thé'npise model has an autoregressive operator of order p,
represented Qy o(B); a moving averégé operator of order g,
répresented by §(B); and a differencing operator of order &,
fépresented by (1-3)7°, in Eg. 5.36.

Useful types of diagnostic checks include gutocorrela-
tion and cross correlation techniques to assess the statis-
-tical significance of departures from,zero of both auto- and
_cross-ﬁorrelations; This would provide for detecting lack. of

fittness.

o
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One method employs the residuals obtained by substract-.

ihg estimated vélues from observed ones. If the residuals,
obtained from fitting a ﬁodel, correspond to the character-
istics of a white noise process, .than it }s indicated by
near zero autocorrelations among the :esidﬁals. Therefore
the inadequacy .of the noise model is 'indicated by autocorre-
lation of residuals, which are essentially estimates of the

whéte noise series.

'!-If the transfer functiqn model was inadequately mod-
eled, it would be shown by crosscorrelation check. If, on
the other hand, the noise model is inadeqguate the autocorre-
lation check would indicate this fact.

5.5.1 Cross correlation check

Thé inadequacy of the transfer function mﬁdel is indi-
cated ;by cross correlation between inputs and residuals.
‘This is the test to be used_k@en checking the cross cofreia;
tion between the inputs and white noise series if a multiple
linear regression algoriﬁhm was used to identify the trans-
fer function model. ' |

The cross correlation can be regarded as normally dis-
tributed with 'zerqﬂmean for two uncross-correlated series.

The standard error associated with, the cross correlation is

given below:
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eee5.37

‘where n and k are the sample size and lag respectively.
'Confidence limits . for the cross correlation are determined

according to Eq. 5.38.

«...5.38

5.5.2 Auto correlation check

The following are the brief descriptions of auto corre-
» .

lation tests. that can be applied on the white noise series.
5.5.2.1 Testing the. power spectrum

Periodicity in residuals may be deﬁected by fregquency
domain checks. "The power spectrum of the residuals are in-
dependent of frequency, if the fesiduals are belong to a
Pure white noise p}ocess. In this case the variance of the
residuals would fall in ° the frquency range described by
-0.5 < £= 0.5, where f is the frequency in cycles per unit
time. Fourier transformation of the sample auto covariance

function would provide estimates for the power spectrum.-
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.Confidence limits for the power spectrum at a given
level of confidence is determined.accordingly to the degrees
of freedomlrequired for the chi-séuared distribution. It is
to be noted that the degrees of freedom are highly dependent
upon_the shape and banéwiéth of the smoothing window used to
obtain smooth sample power specf:al estimates.
Direct es;imation of power épectrum is also possible‘
from the sample v?lues of the series. The following section
details associated procedq;es.

5

5.5.2.2 Periodogram testing method

From the sample values of the series the ‘power spectrum
can directly be estimated. This is known as cummulative per-
: bl
iodogram method, where the periodogram P(f ) ofsthe white

noise series at(i), is.given as:
a (1) cos2uf,i. }* +
1

' 2
p{f,) = — [
N

n ooz

1
- N
+ { £ a {i) sin27f i )* ]
i=1 © f

. ...0.39
in which N is the sample size, r 1is a dummy variable
(r=0,1,2,...,k). Depending on the sample sizé} k could as-
sume the value of (N-1)/2 if N is odd, or (N-2)/2 if N is

even. n
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Finally, £f_ is defined as

T
h

.f:———
. - N

r
«...5.40

The normalised periodogram, according to [10] takes the fol-
lowing form:
i P(E£.)
e (£) = % T
n ]

t - cee.D.41

where j=0,l,2J.;.,N/2. Any n&n-randomnéss can be detected
By the estimate of the variance of £ﬁe - white noise series.
This test is also helpful in detecting sinusoiaal‘trend com-
ponenté in the residual series.  The vhite noise series is
presented as an approximate sﬁraight line from (0.0,0.0) to
(0.5,1.0) when plotting the -normalized periodogram against
frequency, which is called the 'white noise line'.

The confidence limits can be determined by choosing a -
band + cA/Eiaround the 'white noise 1ine"joining (0.0,0.0)
té.(O,S}l.O). The value .of ¢ according to normal tables af

-

95% level of significance is * 1.36.



5.5.2.3 Portmanteau test

In the Portmanteau test, the whiteness of the residual

series is tested according to Eg. 5.42,

‘ A}
[ ri(at) ]: h ~

d{(a) =N
1 ¢ 1 r (a )
0 t

n I'IB

1
....D.42

-

where m is a dummy variable usually equal to one-tenth of
the length of the series (N), r; (a.} 1is the autocorrelation
of the a series at lag i,'ro(at) is the lag zero autocorre-
lation of the a, series.

The Portmanteau statistic is calculated as

g.(a,.) = dilayd - xlo.os

ee..D.43
&

-

where the random variable d]fat) is chi-square distributed

with m degrees of freedom.  The value of 3 can be

0.05

»

determined from standard chi-square tables.

s
LI
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Chapter VI ' .

RESULTS AND DISCUSSION

\ 6.1 INTRCDUCTION

- The available riverflow and groundwater level data for =
the selected watersheds in.the Ottawa Region (see page 24)
were used in the numerical analysis and subseguent applica-

tion of model hypothesis. Transforming of the input (river-

" flow) and output (groundwater level) data was in accordance

with the hypothesized linear linkage model. All computatiéns

were accomptished by using accessible subroutines from the
computational libraries on an. IBM 360/65 computer available.

at the Computing Operations Centre, University of Ottawa,

-

Ottawa, Ontario, Canada.

»
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6.2  MODEL CONSTRUCTION

-

6.2.1 Stochastic component deduction

The .significant periédicitiés  present in a -periodic
stochastic series can be éonveniently détected by‘performing
power spectral aﬁalysis. Accordingly, £Hé trabsformed river-
flow and groundwafer 1level data.were subjected " to spectral
-analysis using‘BMD (Biomedical Computer Programs) subroutine
%ﬂDOZT.  Good frequency resolution fgr smpo;hed sample spec-
éral estimates were obtained by - using lags of 45.:Ehe number
of lags were determined by 1=N/10, where N is the number of
five days used 'for the analysis. '

The data was standardized (i.e. . the transformed series
.had mean zero and variance.unity) before they have been sub-
jected to spectral analysis and power spectral compdtations..
Because of standardigation, .the power specfra}:?séimates be-
came spectral density estimétes. The adyéntage of standard-’
ization is cleafly seen since the spécpral_aensity estimates
provide first hand knowledgé cf periodicities present in the
data. By examining the plots"of power sSpectrum, ‘showp in

figures 6.1, 6.2, 6.3, it became evident that peaks occured.

at annual, Semiannual, and quarterly cycles (i.e. at 0.0137,

-

-~ ’ ' . .
L
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"variation is independent of the position of time (in non-log

-_—

1

-
-

| '\ !
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0.0274, and 0.0411 cﬁcles/five-days respectively), . hawever,

the annual cycle dominated the whole spectrum 1in all.thréb

. - . . -
cases. It seemed natural then to analyse these. periodici-.

—

ties with harmonic analysis of five-daily means and standard
deviations for riverflow and groundwater level series.

% was noted in Chapter 5, that when the coefficient of

transformed 'series) - then the ‘periodicity is shown in.ﬁﬁe .
‘five-daily means' periodic behaviour. Furthlermore; the hdmo- °
geneity. of , the variance 1in the iog transformed series is.

also ensured by-logarithmic transformation, 1if above inde--

.

pendence is upheld.

It is necessary therefore to check how constant the’

coefficient of variation is. A hypothesis %f the relation

between the coefficient of variation and mears of five-daily

means is shown below: T .
G - L
. = O M .

_....e.i

where ¢, is the cqéffﬁcient of ‘variation, ¢. are the stan-
qPrd debiatioﬁs, Ly are the 'means of five-daily hydrologic
series, and h is an exponént og'the mean. The test consis;s
of checking whether this exponent is significantly different
than 1.0. A t-test proceaurg [62] was used to test the hy-

pothesis of h=1l. . - o o

ey

-
\q_."
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FIGURE 6.1 POWER SPECTRA OF NON-STATIONARY FIVE-DAILY SERIES
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FIGURE 6.2 POWER SPECTRA OF NON-STATIONARY FIVE-DAILY SERIES

(CARP 1 WATERSHED)
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FIGURE 6.3 POWER SPEé&RA OF NON-STATIONARY FIVE-DAILY SERIES
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The relationship of Eq. 6.1 in linear form is presentea

below:

Ino, = 1Inc, + hlny,

cee.6.2

Therefore the test essentiélly becomes of a check on the
significance of linear-.correlation between the log trans-
formed standard deviations and means. An appropriately doc-
umented test [26], which is based on the normal distribution
(z-statistic) was used. The test ihvolves a functional-esti-
mate of the correlation coefficient Tyq-

tests are tabulated in Tables 6.1 and 6.2.

Results from above

In light of 'these results, the hypothesis that h being
insignificantly different than 1.0 was accepted for all wat-
ersheds. The hypothesis of linear correlation between the
~log transformed standard deviations and means is accepted
for all watersheds, the éoefficients being significant at
the 10% level of significance. Therefore, harmonic analysis
of the fdve~aaily input-output series would be advantageous
in' deducing the stationary stochastic component.

Fisher's G-test [62] was used to test the significance
of the harmonics. Results of this test revealed in general,
that the first three harmonics .contain the majority of the

explained variahce {see Tables 6.3 and 6.4). The corre-



90

TABLE 6.1 RESULTS OF HYPOTHESIS TESTING = FIVE-DAILY GROUND-
WATER LEVELS '

"

-

Watershed Coefficient of Statistic Hypothesis

correlation "z" . Ho
"2
Castor: . 0.5835 2.003¢ accepted
Carp 1 0.5770 1,5738 accepted
Carp 2 0.5698 1.58416 accepted
Watershed Value of tatistic Hypothesis
h "t Ho
Castor 0.8201 - 0.3527 accepted
Carp 1 1.3031 - 3.1354 accepted

Carp 2 0.9524 - 0.3827 accepted

’
’

Ho : (i) linear correlatlon exist (ii) h = 1
Hl : (i) linear correlation does not exist (ii) h # 1

Hypotheses were tested at the 10% level of 51gn1f1cance.
At this level the test statistics are:

ct N

0.01 =
0.01,10
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TABLE 6.2 RESULTS OF HYPOTHESIS TESTING - FIVE-DAILY RIVER-‘
FLOW

-

Watershed Coefficient of Statistic Hypothesis

. correlation "z" Ho
' T12
Castor 0.8822 7.0705% accepted
Carp 1 0.9720 6.3818 accepted
Carp 2 0.5720 ~ 6.3819 accepted
Watershed. - Value. of Stat*stlc Hyéothesis‘
h : "e" Ho
Castor 1.1883 2.6212  accepted
Carp 1 0.5721 - 0.3748 accepted
Carp 2 0.9721 - 0.3748 accepted
~N
Ho : (i) linear correlation exist (ii) h = 1
El : (i) linear.correlation does not exist (ii) h # 1

Hypotheses were tested at the 10% level of 51gnlflcance:
At this level the test statlstlcs are;:

z = +1.645
. %0.01 T 2
t0.0~|.]o" 1'3.169

L
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sponding harmonic.coefficients ére also shown in Tables 6.5
and 6.6. As can be seen from the results, the harmonic mod-
el'explains up to lSé of the. wvariation in the five-daily
groundwater level and up to 32% of the variation in the.riv—_
erflow series. This not only shows that the riverflow series
composition is built up by a greater percent of stochéstic
component than the groundwater level series, but that both
series are composed of a large percentage of sfochastic com-
ponent not accoéunted for by the harmonic analysis.

It.can also be stated that if a model is needed at this
point, then it is possible to develop one to describe the
stochastic component of the five-daily groundwater - level
fluctuaﬁion procesg. That is, if separate models (for deter-
minisgic and for stocha;tic input-output pairs) are reguired
to describe the process under study, whiéﬁ will be deter-

-r

mined later on.
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TABLE 6.3 PERCENT WARIANCE EXPLAINED ' BY HARMONICS - FIVE-
.DAILY GROUNDWATER LEVELS
Watershed . Percent variance explained by
I II ITI IV . v Vi Total
harmonics
Castor 14.44 0.58 2.35 0.01 0.21 0.29 17.89
Fisher's G yes no ves no no no
Carp 1 7.80 5.82 0.70 0.314 0.06 0.07 14.59
Fisher's G vyes yes no, ne no no
Carp 2 8.05-4.65 1.20 0.04 0.08 0.12 14.13
Fisher's G ves ves yes no no no
The statistic used was the ratio of
A® + BF
G = max max
m
I (A% + B?)
j=l n n
where A, and B, are Fourier coefficients, Amax @nd Bpay are
the largest vafues of the coefficients in Eq 5 28. ? G is

greater than the <c¢ritical value the harmonic assoc:ated
with the Fourier coefficients is significant, otherwise it
is not.

Critical value for Fisher'skG test is: 0.17137.
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" TABLE 6.4 PERCENT VARIANCE EXDLAINED BY HARMONICS =~ FIVE-
DAILY RIVERFLOW SERIES

Watershed Percent variance explained by
I II I11° Iv v \'2! Total
harmonics

Castor 25.77 3.33 2.25 0.0% 0.49 (.05 31.58

Fisher's G vyes ves yves no ne no
Carp 1 26.62 3.11 1.26 ©.07 0.10 0.09 31.25

Fisher's G yes ves yes no no no
Carp 2 26,62 3.11 1.26 0.07 0,10 0.0% 31.25

Fisher's G yes ves ves no no no-

The statistic used was the ratio of

Amax Zmax
G = -
- m
" R H
L (af + Bi)
j=1
where Ap and By are Fourier coefficients, Ap,, and B are

the largest values of the coefficients in Eg. 5.28. T8 G is
greater than the critical value the harmonic associated
with the Fourier coefficients is significant, otherwise it
is not.

Critical value fcor Fisher's G test is: 0.17137.
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TABLE 6.5 VALUES OF HARMONIC COEFFICIENTS - FIVE-DAILY
GROUNDWATER LEVEL SERIES

-l

Watershed Ist harmonic Iind harmonic IIIrd harmonic -

Castor 0.2928 0.2423 0.0681 -0.0343 -0.0929 -0.1220

Carp 1 -0.1266 0.2488 0.2386 -0.0356 -0.0540 -0.0641

Carp 2 -0.1895 0.2111 0.2131 -0.0335 -0.0416 -0.1011
\Watershed IVth harmonic vth harmonic  VIth harmonic
a, .b4 | a; bs 2 b6

.Castor -0.0068 -0.C0085 10,0450 0.0093 0.0184 -0.0502

Carp 1 -0.0367 -0.0066 0.0084 0.0227 -0.0062 -0.0267

Carp 2 -0.0187 0©.0052 0.0204 0.0186 0.0023 -0.0351

The harmonic model used for the periodic series is

{a cos&l ¢ + bi sin ? t)

i
2
but since the series are standardized (i.e. mean zero, vari-

ance unity)

a, = 0.0000C
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TABLE 6.6 VALUES OF HARMONIC COEFFICIENTS - FIVE-DAILY RIV-
ERFLOW SERIES |

Watershed Ist harmonic IInd harmonic  IIIrd harmonic

a4 5, 2, \<2 2y bs
Castor 0.2670 -0.4310 -0.1335 0.1242 0.1355 0.0639
Carp 1 0.3804 -0.3486 -0.1566 0.0809 0.0995 0.0524
Carp 2 0.3804 -0.3486 -0.1566 -0.0809 0.0995 0.0524
Watershed 1IVth harmonic . Vth harmeonic vIith harmonic

24 5, ag Bs 35 o
Castor ~0.0041 -0.0040 -0.0091 -0.0696 -0.0193 0.0051
Carp 1 -0.0174 -0.0211 0.0193 -0.0241 -0.0207 -0.0216
Carp 2 -0.0174 -0.0211 0.0153 -0.0241 -0.0207 -0.0216

The harmonic model used for the periodic series is-

6
= ZTI' - 3 271’
= + . Tt + b, s St
9, = 2y El (a;cos = ; Sin = )

‘but since the series ame standardized (i.e. mean zero, vari-
ance unity)

ay = 0.0000

| /S



6.2.2 Cross spectral and cross correlation analysis

To arrive at smoothéd sample auto- and cross spectral
estimates, an_IMSL (Iﬁternational Mathemgtical aﬁd Statisti-
cal Library) subroutine was used, namely subroutine FTFREQ,
which yields all the estimates of relevant functions. The
number of lags used was determined earlier in 6.2.1, acéord-
ing to 1=N/10, where N is the number of five-daily periods
used for the analysis. Output from the computations includes
the, sample auto- and cross. covariance, and auto- and cross
correlation functions, the auto power spectra for both the
input and output series, the £frequency, cross power and
quadrature spectra, phase and gain spectra along Ewith the

coherence spectrum. The power spectrum of the output series

/éhd coherence spectrum provided a means for the computation
s .

i
by

of the noise componeﬁt (i.e. the power spectrum of the resi-
duals). Indication as to the form of the ARIMA process for
the noise component can then be extracted from the power
spectrum of the residuals; |

The nonstationary input (riverflow) and output (ground-
water level) series were standardized using Eg. 5.24 before

being subjected to cross correlation and cross spectral

‘analyses. These analyses provide insight on the nature of
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the delay parameter, and memory content of the system. Mod-"

eling requirements can also be determined ffom the phase and
‘gain funétioqs, such that if these-functions are not differ-
ent'from- each other for both the nonstationary input and
output series significantly, then system idenﬁification may

be accomplished by a multiple linear regression algorithm.

Different models are in order if the difference between them.

found to be significant: one for the deterministic (period-
icd and one for the stochastic input-output pairs. |

y \

6:2.2.1 Cross correlogram

Inspection of the cross correlograms reveals that the
cross correlation functions between riverflows and groundwa-
ter levels for both the stationary and nonstationary series
are almost symmetrical and damp out very slowly (see Figures
6.4, 6.5 and 6.6). For both watersheds the cross correlo-
grams have well defined peaks at near zero l;%, indicating
that the‘delay parameter is zero. This in turn suggests a
concurrent occurence of the riverflow and groundwater pro-

cesses.

Another point emerges by noting that the cross correla-

tions are negative, and this suggests that an increase in,

input produces a decrease”in the output. However, the con-
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tradiction may be explained by the watershed groundwater
storage. Both rivers have high flows at spring when ground-
water levels are at their” low levels, vwhereas during‘the
rest of the year the 'grouqdwater levels exhibit high values
compared to the low flows recorded at cbrreséon@ing river-
flow stations. The concurrent -occurences of low grbundwater
levels and low riverflows during'autumn remain to be ex-
plained.

If the.meﬁbry' terms are disregarded in the model, it
.canﬁ be determined that more. than 52% variability in the
éroundwater level fluctuation can be explained by the vari-
ability in the riverflow, in terms of the anstationarf se-
ries (Table 6.7). However; less than 10% variance in the
groundwater level fluctuation is explained by the riverflow
in terms of the stationary series. This suggest to-uti}ize
nonstationary input-output series in setting up a linear
model for the process under study. )

In conclusion, the peak cross cortelation at the near
zerc lag suggests close correlation in riverflow and ground-
water level for both nonstationary and stationary series;

and they are in phase when each series is considered as a

whole.
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TABLE 6.7 VALUES OF CROSS CORRELATION COEFFICIENTS AT ZERO
. .'LAG AND THE VARIANCE EXPLAINED

Watershed Non-stationary series Stationary series

Ty r]é%) yio riﬁ%)
Castor - 0.814 66.26 - 0.312 9,73
Carp 1 . = 0.723 52.27 - 0.303 9.18

Carp 2 . - 0.72¢ - 52.42 - - 0.280 7.84
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6.2.2.2 Phase spectra

Results from the phase diagram, in general, yiélé much
more accurately the difference in phase between ' the annual
cycles in.both series than the cross cqrreiogram, due to the
fact thatjwhen' working in tﬁe time domain we consider each
process as a whole without any consideration of frequency
components. From the phase diagrams in Figures 6.7, 6.8,
6.9, it is observed that oscillation occures around the val-
ve of .475 (on a scale from 0 to 1), or in other words, the
riverflow series appears to be, as a whole, 1.14 fiv; days
(i.e. 5.7 éays) ahead of the groundwater level series. This
corresponds to some instability in the linear model for high
frequencies, which -as it.will be shown- is algo the‘con&lu—
sion in the analysis of coherence spectra. On long.term ba-
sis (i.e. low frequencies - long cyclic periods), however, a
linear relationship between riverflow and groundwater levels
appears to be a fair apprqximation.

This. is supported by the fact that no appreciable lag
or lead (+1.14 five-days) is present for both stationary and
nonstationary inputjoutput series; therefore the delay pa-
rametef can be accepted to be equal to zero. Furthermore, if
the presence of trend is shown by the phase function with

delay parameter being zero, then the system contains memory.
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-TABLE 6.8 RESULTS OF TEST OF RANDOMNESS FOR THE PHASE FUNC-

TION
Watershed Non-stationary series Stationary series’
Run Hypothesis Run Hvpothesis
statistic : statistic
Castor | - 1.676 rejected - 2.320 rejected
Carp 1 -~ 1.742 rejected -= 1,765 rejected
Carp 2 - - 1.784 rejected - 0.850 accepted

. . ' 5
The hypothesis of randomness was tested at 10% level
of significance. The critical value of test statistic
at this level is = + 1.65 .

.
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TABLE 6.9 RESULTS OF MANN-WHITNEY U TEST OF IDENTICAL POPU-

LATION FOR PHASE FUNCTIGN

Watershed Phase functien
‘ Statistic Hypothesis
"Uﬂ ‘
Casteor 0.000 accepted
Carp 1 - 0.340 accepted
Carp 2 - 0.718 accepted

~ The hypothesis of identical population was tested
at 5% level of significance. The critical value of
test statistic at this level is = % 1.96 .
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If this memory is very small, trends can be hardly detected

in the estimated phase: function because of the inéonsistency
of the spectral estimates.

Thus, non-paramétric tests were employed to investigate

vhether the phase fynctions for both nonstaticonary and sta-

tionary input—-output series are identical or not. The test

used was the Mann-Whitney U-test of identical population
[11]. Also a run test of randomness [43] about zero radian
was condﬁcted to see whether or not the phase function is
trend free. Results from above tests are given in Tables 6.8
and 6.9.

The nonparametric tests reveal that the phase functions
for nonstationary and stationary‘inﬁut-output series are in-
significantly different, with the exception of Carp 2 wat-
ershed, thus suggesting that ¢(f)=°3(f) in Eq.'s 5.13
throughlS.ls. Also the fun test of randomness indicates thé
p;esence of some memory associated with the nonrahdom fluc-
tuations in the phase function.

In conclusion, the phase spectra indicate that the de-
lay parameter is zero, and no appreciable memory is present
in the system. Therefore the proposed linear systems model
can be accepted. Moreover, the freguency response functions
H(f) and H4(f) can be considered insignificantly different,
pending results from the nonparametric tests of gain func-

tion.

"
=L
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6.2.2.3 Gain specEra

The ratio between the amplitudes of the frequency com-
ponents of input-éutput series at each frequency is called
the gain function, and the particular gain functions, for
each watershed, are sﬁoﬁn in Figures 6.10{ 6.11, and 6.12.
The gain function should fluctuate about a constant value
throughout the freQuency range if the system is memoryless.
In case of significant memory, the gain function will show
some trend of variation with respect to frequency.

Keeping the above in mind, tests were conducted to see
whether the gain functions are trend free and whether they
are random about their median or not, by using run test of
randomness [45]. Also Mann-Whitney U-test [11] of identical
~ population was employed to.determine whether or not the gain
functions for both stationary and nonstatibnary input-output
series are identical. |

The nonparametric tests reveal that the gain functions
for nonstationary and stationéry input-output series.are in-
significantly different, thus suggesting that G(f)=G3(f) in
Egs. 5.13 through 5.15., Some trend can be detected in the
fluctuations of the gain funétion with respect to frequen-
cies. However, Carp 2 watershea defies both hypothesis at

10% level of significance.
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" TABLE 6.10 RESULTS OF TEST OF RANDOMNESS FOR THE- GAIN FUNC-
TION ' ' .

Watershed Non-stationary series Stationary series
_ Run Hypothesis Run Hypothesis
~statistic statistic
. 3
Castor - 2.926 rejected - 2.528 rejected
Carp 1 - 2.130 rejected - 2.14S rejected
Carp 2 - 2.187 rejected . - 2,338 accepted

The hypothesis of randomness was tested at 10% level
of significance. The critical value of test statistic
at this level is = + 1.65 :
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TABLE 6.11 RESULTS OF MANN-WHITNEY U TEST OF IDENTICAL POPU-
LATION FOR GAIN FUNCTION

,

Watershed Gain function
Statistic Hypothesis
WUH
Castor - 1.788 accepted
Carp 1 - 0.836 accepted
Carp 2 - 3.178 rejected

The hypothesis of identical population was tested
at 5% level of significance. The critical value of
test statistic at this level is = + 1,96
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Cursory éxamination -of gain spectra reveals that some
.decrease in gaiﬁ can be observed at high freguencies rela-
tive to that 'of at low frequencies. Results of the tests are
shown in Tables 6.10 and 6.11.

In conclusion it can be definitely stated that the fre-
guency response functions H(f) and H3(f) are satisfying the
criterion of equality ih light of the nonparametric tests
conducted on the phase and gain functions. Conseqguently, in
BEg.'s 5.13 through 5.15 H(f)=H2(f)=H3(i),- therefore a model
in terms of nonstationary input-output series would be more
realistic than separate models for the periodic and stochas-

tic input-output series.
6.2.2.4 Coherency spectra

The coherence 1s insignificantly different from zero at
frequgncies higher than 0.11 cycles/five-days -based on a
chi-square test- for all watersheds and for both stationary
and nonstationary input-putput series (see Figures 6.13,
6.14, and 6.15). The main features of the coherency sﬁectra
are the presence of a large peak around 0.0l cycles/five-
days and a flatter region with an average value of approxi-
mately «*(f)=0.13, stretching over the entire frequency

range. Since the coherence estimates are obtained by using
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TABLE 6.12 COHERENCE  VALUES AT ANNUAL CYCLE  FOR
NON-STATTONARY AND STATIONARY SERIES

~ . '
Watershed Non-stationary Stationary Test statistic at

series series 5% level of sign.
Castor 0.889 0.888 0.451
Carp 1 D.738 ¢.831 0.451

Carp 2 0.822 0.745 0.451
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' “IMSL subroutine .FTFREQ, they were based on the smoothed sam-
ple auto- and cross spectral estimates of input-output se-:
ries. :

The ghaﬁé of the coherence spectra indicate that there
is very little coherence beyond 0.11 cycles/fivg:dayé. It ié'
noted that approaching very low freguencies the coherence is
decreasing. This would indicate that the groundwater storage
is more sensitive to long term changes than the riverflow.
Therefore on the 1long term basis a 1linear relationship ap-
pears to be a good approximation. The validity of a line§§
regression model at annual cycle is evident from the high
values of coherence for nonstationary series except for Carp
1 watershed. On fhe average, however, the coherence is lower
at low frequencies for s%ationary series than for the corre-
sponding nonstationary series.

The values of ¢oherence ét annual cycle for both nons-
tationary and stationary series are shown in Table 6.12. As
it has been shown, the larger part of wvariance for the
groundwater and riverflow proceéses is contained in the low-
er freguencies and as it can be seen the coherence is higher

" at the same frequencies for the nonstationary series than
for th% stationary ones. It follows then, that a successful
attempt can be made to explore a linear model in terms of

the nonstationary input-output series.
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6.2.2.5 Power spectra of the noise component

It was stated in Section 6.2.2. that the coherence and
power'~séectra of the output‘.series provide an excellent
means to obtain the poﬁer'spectrum of the noise component.
As can be seen from Figures 6.16, 6.17, 6.18 nearly egual
power 1s exhibited at all frequencies in the spectrum of the
noise cbmponent.- Therefore, the noise component can be re-
garded as a white noise series by virtue of the Qefinition,
which states that a pfocess is terméd white noise if it has
approximately the same intensity at all frequencies [34].

The ‘hypothesis of equélity of the impulse response
functions VE(B); VS(B)' V(B) -Egs. 5.3 through 5.6~ is sup-
ported by the results of the Mann-Whitney U-test (Table
6.13) whereby it was shown thaf the‘poyer spectrum of the
noise component for the nonstationary (qg,gt) and stationary

(o ) input—output series are identical. It is therefore

vBe
possible to develop a linear model using either the nonsta-
tionary or stationary input-output series, since the noise
component is identical for both cases and most importantly
they\are white noise. It is ‘generally accepted that if the

noise component. found to be white noise series, - then the

model fitting process is simplified.



" os”

124

(SAYQ S/537042) AJQHINOD3IUI . . . . . ‘o .
icp 550 ¥ or'p i £e0 o oo e sip K 1o 0P £0°0 70 .M
r+l|.-|l.|.rl.lll|||-rrrlfrr-.|.|l.|\\|..|r- .
Lo
o
h’)
o
o
Ho
(%)
.
m
o}
P
°c
x
]
St 3
59
w0
m
- ...u-.u
wnl
ox
-2
a
Lo
4y
(2]

INTNOIIYIS _—
LUYN01ivi8- MmN —_—

\

(4OLSVD) LNANOdWOD dSION FAHL JO WNULIAJS HAMOd

./

1°9 JuNOI1d




125

(SAYQ S/5310A2) AQHANDIHY
e st P 0zp no

I LY N L Y 1 ¥ L)

— e E —

i
T
—_— —_— . —— e ——

e ———

—_—

S AT

LT lavis ——
LHTRELYIN- MO — . . .

(T du¥D) ININOAWOD ASION FHL 40 WNELOAAS ¥EMOd (1'9 FINOIJ

W‘é

o

T

oz:0

aL'o
Wi3l 3SION -~ WRN1J3dS d3M0d

v

T

L]

0$D

‘o

o3

020



126

{5AY0 S/SFDAD AJNINDIYI

g . 1
LY LY BN 0 ep wep ot s kT o orpe e sip o 010 00 $0°0 00 0074,
e T e e — e — — .
e 8
‘ /11\\1.:./ o —
— —
ln
9 4 h-
(=]
r o
o
ox
2§
I
' o
m
of}
P
L
3
)
9=
35
in
m
Gls
. By
=
3
(=]
-~
a3
-~
[+]

ymjivig — —
ANTYNOILYIE-RON

(Z 3d¥D) LNENOAW0D aSION AHL d0 WN¥LOAdS WEMOd g1°9 F¥NOI14A

ud



TABLE 6.13

127

MANN-WHITNEY U-TEST OF IDENTICAL POPULATION FbR

5 -

NOISE COMPONENT

Watershed o . Noise component
: : U statistic ~lypothesis
Castor - 1.5379 accepted
Carp 1 R - 1.8737 accepted

Carp 2 - 1.,9127 accepted

L

Hypothesis of identical population was tested at
of significance. The critical value associated
level is + 1.96. ‘

95% level
with this
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‘In light of the results obtained by examining the gain,
phase and power spectra (of the noise térm), it was decided
that fof model' fitting procedures the ‘nonstationary input-

output series will be utilized.

6.3 MODEL FITTING FOR FIVE-DAILY GROUNDWATER AND RIVERFLOW
' PROCESSES

6.3.1 Freguency versus time domain analy§is

EN

The preceeding analyses of the five-déily grouridwater
level and riverflow processes led to the acceptance of using
nonstationary input-output series in bu11d1ng a parszmonlous
model. However, both time domain (a multiple linear regres-
sion) and frequency domain (phase and gain spectra) techni-
ques could be used for idéntifying the groundwater level and
fiverflow'processes as a linear system.

in order to employ frequency domain techniques for a
linear system identification it is noted that the low fre-
quency range is dominant (see Figures 6.1 through 6.3),
therefore to achieve proper freguency resolution (for five-
daily series) one is required to work with a large number of.
lags, which in turn, requires considerable computing time

for Fourier transformation of the auto- and cross—-covariance
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functions in estimating the auto- and croés-spectra. Sup-
pose, if one is determined to employ freguency domain proce-
dures there~ will still be a need for time domain analysis
because of parameter estimation for the governing equation

of the system.. Besides, mﬁdel éiagnostic checks may indi-
cate that further 1mprovements ére due in the mo@el struc-
‘ture, therefore an alternative model may bg considered and
fitting procedures are to be executed again. i
Time domain analysis do provide advantages not only in
computing time; but in }esulting satisfactory systems egua-
tion-through a more simple multiple regression procedure.
Accordingly, tbe'modgl hypothesis was implemented by ﬁsing
time domain techniques in fitting a satisfactory systems
model. Since the noise component was found to be white noise
and the delay parameter has been equél to zero, 1t was de-
~cided that for model building purposes the procedure de-

scribed in Section 5.4.1 should be utilized.

6.3.2 Model fitting in terms of time domain techniques

The model sought was in the form of
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It is different from the model given bf Eg. '5.27, since the
delay parameter was found to be =zero and the noise term was
shown béing a white npiée series, warranted above changesll

Td identify the orders, P aﬁé n, associateé with the .
model described in Eq. 6.2, ‘the IMSL subroutine RLSTP was
utilized. This subroutine not only provides estimators for
model orders, But the corresponding parameters are also es-
fimated. RLSTP uses’'a forward stepwise algorithm in the re-
gression model selection and forces the chosen independent
variables into the model [18].

A zero order model (p=0;h=0) was tried first, reéiduals
obtained and diagnostic checks performed. The autocorrela-
tions were.found‘to be significantly different than zero at
past lags. The result was the same for the cross-correla-
ﬁions at present and past lags.

A model‘ﬁith p=1, n=0 _was attempted next, but the resi-
duals still exhibited significantly different than zero
auto- anéd cross-correlations. First order model (p=1,n=1}
model was then tested and again the auto- and cross-correla-
tion checks gave doubtful results.

Finally, a model with p=2 and n=0 yielded residuals for
which the auto- and cross-correlation checks revealed that

insignificant differences from =zero exist at present and

past lags (Tables 6.14 and 6.15). In general, model orders
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TABLE 6.16 TESTING OF RESIDUALS -FOR WHITENESS (PORTMANTEAU
TEST) . :

Watershed . Portmanteau Chi-squre . Hypothesis
: statistic statistic Ho
h X43,0.05
Castor 32,33 ' 60.5 accepted
Carp 1 30.14 60.5 accepted
Carp 2 21.54 60.5 accepted
Ho :

The residuals are 1ndependent and trend-free, with zero
mean and variance o *

Ha : The residuals obey."an AR (or ARIMA)} process.
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p=2, n=0 were accepted for éll watersheds in light of the
reéulté of diagnostic checks. Portmanteau statistic (Table
6.16) 5ana cumulative peribdogram (Figurés 6.19 throhgh
6:21) _demonstraéed that the residuals, from models.fitted,
can be considered white and trend-free. g

It was menticned before; that the multiple regression
analysis uses a linear least squares algorithm for parameter
“estimation. These ‘estimates can be considered acceptable‘
since ﬁhe residuals (noise component) 'were found to be un-
autocorrelated, therefore poésess the characteristics of a
white noise series. _

The final model of the five-daily groundwater and riv-

erflow process therefore takes the following form:

9t = ¢19¢-1 T %29:-2 = 8gtuwyg. * a;

cee.6.4

where a, is a white noise series with mean zero, and vari-

ance ¢ . It can be seen, that some memory is present in
t

the system, since the condition ﬂfo and wfo is not com-
pletely fulfilled. The parameter estimates associated with
the accepted model orders, along with the residuals' vari- -
ance, are shown in Table 6.17.

Stability conditians require that, for a éecoﬁd order .

model,

b3
}—
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TABLE 6.17 PARAMETER ESTIMATES FOR ACCEPTED MODEL ORDERS

A A A A
~ Watershed N 8y 8y wgy Model  Variance of
orders . residuals
L n
“Castor 0.002 .1.103 -0.249 -0.141 2 0O . 0.047
Carp 1 0.020 1.1i39 -0.271 -0.121 2 O 0.060
Carp 2 0.015 1.081 -0.216 ~-0.128 2 O 0.055

. Residuals ar€ whité noise. Accdrdingly obey ARIMA (0,0,0)
model where p=0,d=0,g=0.

For stability:

Watershed Szt 6]< 1 -1 < 62 < 1
Castor 0.854 - 0.249
Carp 1 0.868 - 0.271
Carp 2 0.865 - 0.216
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TABLE 6.18 ANALYSIS OF VARIANCE

Watershed Variance of Variance of Variance Nature of

groundwater residuals explained residuals
levels s:J_(percent)
Castor. 2.366 0.047 . 95.37 white noisei
“Carp 1 0.165 . 0.060 g92.22 white noise

Carp 2 -.0.276 . 0.055. 94.03 white noise
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and oo

-1 < 52';1

be true. These réquireménts‘for model stability are met (see

Table 6.17), therefore the d}namic groundwater level-river-
flow model shown by Ed. 6.4 1is stable for all watersheds

considered.

6.3.3 Remarks on &he performance é; model hypothesis

A thorough examination of the variance provides an ac;:
ceptable way in evaluating-the model hypothesis for the
groundwater level fluctuation process. -The model arrived at
was $f a:second order (p=2,n=0)}, and the results of diagnos-
tic checks suggested that the residuals follow ;n ARIMA mod-
el, namely ARIMA (0,0,0). As can be seen from Table 6.18,
the model with five parameters explained more than 92% vari;
ance in all wétersheds for five-daily groundwatef level se-

ries. The remaining less than 8% variance is therefore ac-

counted for by the residual white noise component.

Thus, the model hypothesis is accepted in view of the
nigh values of the explained variance. Furthermore, the ap-
plication of the model hypothesis' provides a gquick and sen-

sible way to simulate groundwater level - riverflow system,

*
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~——f

since a simple multiple linear regression algorithm is used

to identify relevant parameters in fitting the model.

6.4 DISCUSSION ON GROUNDWATER LEVEL FLUCTUATION PROCESS

-

6.4:1 Introduction

The unit step and frequency response functions of the
groundwater level - riverflow system allows meaningful in-.
te}pretations on the béhéviour of the watershed'groundwater
level fluctuation process. Therefore, the dynamic models
secured on a five-daily basis for all watersheds were used
to calculate?fhe'dnit step and frequency response .functions.
To be able to compare the systems' response functions, the”
input (rivé}flow).and output (groundwater level) series were

standardized. The standardization results in a series which

will have zero mean and unit wvariance.

6.4.2 Unit step response function

The unit step response function is defined as the vari-
ation of the output (groundwater levels) with respect to
time (t=0 to t<*), when the input (riverflow) to the system

is made unity throughout the timespan t=0 to t<=,
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As it has been determined earlier, the second ordef
model proposed- éxplafns more than 92% .variance in the
gr&undgater series while the noise component contributes
only*{;és than 8% variance towards the total. Since the
noise”térm is small, one could neglect its contribution to
. attain the .unit step response function of a given system.

Therefore the model for five-daily gfoundwate: level fluctu-

ation process can be reduced to

T T 891 T Sfeep U 09
| ....6.5

or by employing the backshift operator, Eg. 6.5 can be writ-

ten as

(x - B - 5235)gt = wQq,
....0.6

Present and past values of the input can be represented in

the frame of Eq. 6.6 as

B +...+ v Bk)

g, = (vor viB * v, k° 79

t 4]
ceeab.?
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where the impulse - response weights are denoted by vy

(i=0,1,...,k). The two equations then can be equated to

yield:

. : k
(1 - élB ‘.-‘6231)(\’0"' VlB + sz: oot VkB ) = ""JO

-‘.I6.’8

By equating the coefficients in Eq. 6.8, the impulse re-
sponse weights can easily be obtained. Therefore, the equa-
tions below represent the computational version of the im-

pulse response weights

VO = uwp
Vi ¥ Vo ©1
v, = 3 + 5. v
2T "1 T %Yy
vi = vy + 8w,

Since the step input is q:O for t<0 and q:l for t20, the im-
pulse response weights can be utilized to obtain the sys-
tem's step response to unit step input ‘in the following man-

ner:

W
r
1

= v, = vy : -t t=0
e " Ve " V191 T Vg T Yy ' at t=1

e ™ % T VNTg TV T VgtV TV, at t=2
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9= Vode * V19 o *...t YeDe-k =

L - -
=vyt vl+...+-vk at -t=k

Using above expwessions, the step response weights were cal-
culatea and plotted for all watersheds under_considerafion
(see Figure 6.22). B

It is wo}thwhile to mention that because of the stan-
ddraization (i.e. to be able to cpmpafe among the systems'
‘response functions) the parameter(s) associated with the
riverflow series has to be adjusted as well, however values
corresponding to the groundwatef level series would remain
ﬁnchanged. The values to be used . fhen can be calculated by
multiplying the parameter, wo,i in Table 6.17 by UTbg'
which are estimates of the standard deviations of series o
and g, respectively. )

Examination of the plot of wunit step functions indi-
éates that a sudden rise in the riverflow to unity is fol-
lowed by a gradual increase in the groundwater level, In
general the groundwater level then rises rather rapidly al-
though the input rate remained constant. However, after a
lag of 18 days the output reaches a constant plateau, which
suggest that the regime conditions. are established by then.

It is well known, that any natural disruption causes

changes in the level of the groundwater table, but man made
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inflpences are particularly pronounced [6]. For example cul-
tivation affects infiltration, evapotranspiration, and over-
land flow; pumping or artificially récharging_groundwater
aquifers, irrigation further accentuates the fluctuation in
the;grohndwater table. 1In severe cases the effect of river-
f;oﬁ'may diminish altogether. It is expected that above
changes may amplify the fluctuation in grodndwater levels
befo}e finally reaching regime conditions.

The general shape of the unit step response function of
the watershea groundwater level - riverfiow system also re-
veals that no particular chaﬁges expected during the rising
phase of floodﬁ A stream is reacting steadily to high sea;
sonal differences such as spring thaw and consequent runoff,
the groundwater in an aquifer connected to this stream pro-
bably exhibit rise also, but not as pronounced. On the later
stages of flood when it maintains near constant volume, one
could expect high values 'in groundwater leveis. While the
flood volume diminishes sharply in the receding phase, the
groﬁndwater level may be still rising before finally level-
ling off to a conétant value.

It is also evident, that if a unit step input is intro-
duced to the watershed fluvial system, the unit step func-
tion reaches an eqguilibrium value in approximately 20 days

for studied watersheds.
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6.4.3 Freguency response function
[—

The calculation of the frequency response function is
simple by making use of Fourier analysis, which transforms
the system's impulse response into freguency 'domain. The
frequency response function éohtéins the system's response
to a signal at certain freguency, but scaled in amplitude by
the gain function and shifted in phése by a phase angle. The
frequency response function, as is well known, 1is a complex

valued function and is shown below in mathematical terms

H(f) = G(£) e oE) | ™~

....6.9

The phase -function, denoted by ¢(f), measures the phase
shift at a given fregquency, while tfie gain function (G(f)})
gives the amplitude magnification at the same frequency.
Therefore, the eguation governing the system yields the fre-
guency response . function upon Fourier transformation. It
should@ also be noted that because of the noise component's
riegligible contribution to the variance explained (less than
8%}, it was disregardéd throughout the following calcula-
tions. The model for five-daily groundwater level fluctua-

tion' process therefore is presented below in the absence of

the noise term as:
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gt = Glgt"‘l - 628t_9 "“woqt . - ...-6.10

The difference equation shown in Egq. 6.10 can beﬁteproduced
by employing groundwater level and riverflow values at cho-

sen discrete time points. The amounts 9. 9 can

-1 92 G,
be regarded as continuous g. and° g: series at times t=tr,
(t-1)t, (t-2) 1, where - is equal to one five-day interval in

our case. Accordingly Eg. 6.10 becomes:

g(t) -4 gle-1) - 5,g(t-2) = wpa(t)

ceeaB.11
which after transformation yields
wo
gif) = S =rerait Ay
1 - 5,8 §2e
or
gl{f) = H(f)g(f) '
y c...6.12

=

The complex exponentials can be expressed in terms of sine
and cosine functions, therefore

L

H{f) = 0 —
1 - 61(c052wf - j sin2vf) - § (cos4nf - j singnf)

ee..6.13
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Defining the real and imaginary components as R(f) and I(f)

inEg. 6.9, the following can be obtained:

H(g) = 6(e) e¥E < ree) + 5 1(D)
: ...6.14

' s
After equating the right hand side of Egs. 6.13 and 6.14

and performing algebraic simplifications, the real and imag-

inary components can be written as

we -olmo cos27f

R(f) = —
-1 - s+ 8y - 2(§l-_6152)c052rf - 25 cosdqt
...6.15
. and
§,uw, singff - §. wysin2nf
1(f) = 2 0 1 )
- 1 =683 +383 -2(61—6152)c052rrf-262cos4~.rf
.6.16
Accordingly from Eg. 6.14
G(f) = [R2(£f) + I’(f)]i
. 6.17
and -~
= arctan [I(f)/R(f)]

s (£)
' ....6.18

X
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provide a means to compute the gain and phase functions.

Graphical representation of theée functions are shown in

Figures 6.23 and 6.24. _
Generally speaking, the gain ranges between 1.3 and 0.5

at all frequencies (i.e. 0.0 = 0.5 cycles/five-days}). Affer

an initial rise, the gain function {(Figure 6.23) damps out

‘quickly indicating that the low (frequency components of the

groundwater level fluctuation process ‘have greater ampli-
tudes then of the high,frequgncy components. The variability
in the groundwater levels for rare £106ds thus is higher
than for the more frequently occuring riverflow events as it
is suggested by the high values of gain at low frequencies
(which correspond to 'monthly, yearly, and higher tiﬁe inter-
vals). In other words the groundwater level fluctuation
process seems more probabilistié in the‘l$w flow range than
in the range of high flows.

) Examination of the phase diagram (Figure 6.24) reveals
that in general the groundwater level process - slightly (on
the averﬁée by 0.2 days for all watershed) 1lags behind the
riverflow process at all freguencies and that the phase
shift ranges between 0.00-1.60 days. This observation sug-
gests a tendency for peak riverflows to precede the maximum.

groundwater ‘levels.
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TABLE 6.19 VARIANCES EXPLAINED BY MODEL ORDERS

Watershed Zero order . First order ‘Second order
: r s c (%) r s (%) r s c* (%)

‘r.‘
Castor

0 0 79.65 . 1 0 95.18 2 0 95.37
Carp 1 0 0 76.62 1 0 92.10 2 0 92.22
Carp 2 0 0 2 0 S4.03

78.69 1 0 93.94

Note: The results of model diagnostic checks indicate, that
the second order 'model adequately describe the groundwater
level fluctuation riverflow process. :

s
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Thé gradual change. in gaiﬁ and phase 1in the frequency
range of 0.0 to 0.5 cycles/five-days implies the appaféﬁt
presence of mem&ry terms. The extent of the coﬁtribution of
memory components towards expiaining the vgriance ﬁn the
groundwater process is an indication of whether this memory
is wgak or strong. In case of weak memory or memoryless mod-
el in terms of groundwater level and riverflow would not ex-
plain significant amount of variance when comparing zero,
first, and second order models. In fact the contribution is

small as can be seen from Table 6.19.



Chapter VII
< CONCLUSION N

_ Thg sﬁ;g&e input, single output model deveiéped in this

'l}hesis can be wused to describe the effects of riverflow on
groundwater. These models were developed for two eastern
Ontario watersheds. ' A

' The analyses performed would'imbly-that the groundwater
level %luctuation procesg can ét‘ any point in' time and/or.
fréquency be adequately describeeHEijyf@bseamoéels. Gfounq_
water hydrology would certainly be benefitéd-by the use of
'input-outpgt techniques for Simulétion ana/or -forecqﬁting.

- purposes. The conclusﬁops therefd;e can be collected in th;.
. .
‘*i fol%§w1n? p01n5§%‘ . . - |
l. Logarithmic transformed riverflow and groundwater
level series on a five-daily basis can be regarded as
input and output for the watershed fluvial system and
« discrete linear dynamic model for groundwate; level
fluctuation process can thus be developed; -

. 2;"éfthough,the§e series ére 5ﬁonéta£ioﬁary'in _nature,

4

freQﬁéhcy'and time domain analyses have proved that a

: paf§imonibﬁs systems model can be built directly in
. terms of these series without stationariziﬁg;

e © ek

R S - 155 -
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Both the groundwater level and riverflow series have

shown periodicities in the mean and standard devia-

-

tions, *which were promptly described by Fourier se-~

ries with its principal and subharmonics, and accord-

ingly removed as deterministic components;

A second order model was found to be yielding satis-

factory deécription of the watershed'é fluvial system

with riverflow and groundwater level as input . and -

output respectively;
The noise component present in the watershed fluvial
system on a five-daily basis was found to possess the

characteristics of a white noise series, while con-

taining less than -8% wariance 1in the five-daily

groundwater level series;
The variance of the five-daily groundwater level se-

ries was explained by the linear dynamic input-output

model in the excess of 92%;

I

The parsimonious structure of the linear dynamic mod-

els enables synthesizing .groundwater levél data by
coﬁsidering fiverflow series only;

The unit step and frequency response functions have
shown to be useful in providing a better understand-
ing and insight to . the groundwater level fluctuation

and riverflow processes, while the information con-

r

156
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tent regarding the odel was also improved by these
fuﬁctions. The frequency response function also indi-
‘cated the presence of weak memory compdnents “in the
groundwater level fluctuation =~ riverflow précess,
which provéd to be insignificant.
In conclusion it is worthwhile to mentio@,' that the
- model validation procedure; namely testing the characteris-
tics of residuals is not a common occurence in the hydrolo-
gic literature. It has to be stressed‘hére,lthat unless the
residuals are found to be uncorrelated the models have to bé
rejected. The_médef proposed in this stﬁdy has passed these

tests and found to satisfactorily describe. “the groundwater

level fluctuation - riverflow process.
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Chapter VIII
SUGGESTIONS FOR FUTURE STUDIES .

Groundwater levels in @ watershed environment -and pro-
cesses related to them can be modelled by stochastlc techni-
ques. The stochastic models obtained can be use@ in turn for
simulation and/or forecast:ng. In the present study only a
single .input and single output system was identified. 1It is
possible, however to extend thls work to multivariate pro-
cesses of groundwater level, rlverflow precipitation ang
other related processes, since the more variables 1ntro-
duced, the more accurate the reselts are likely to be.

Further 1nvestlgatlon should 'be directed towards apply-
ing other than logarlthmzc transformatlon methods such as
square, cube Squareroot, etc. {10], in the hope of improv-
ing the structure of the residuals. Exploration of other
methods in supplement to correlation analysis of residﬁals
would also be of great use whlle working with hydrologlc se-
ries. - . .

Also the present model disregards the problem posed by
1nterm1ttent streams. Future studies 'could address this
phenomenon and a satisfactory solution will be found, there-
by allowing anal}ees to be made with increased accuracy.

)

. -~ - 158 -
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‘Across Canada there afé numerous‘waﬁgrsﬁeds gauged for
groundwater level qbgervation, a legacy of the International
Hydrologic Decade (1965-1974). The data provided by these
experimental stations could be a basis for fitting improved
dynamic input-output médéls. The pargméters obtained may be
.correlated with other watersheds similar characteristics,
thus forming a nﬁcleus for an information base of fluvial

characteristics in several regions in Canada.
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