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ABSTRACT

—%
- hd

L5

theory of optimal £323back cen*rel which has b

cently develepeé by Lukes and Willems*eino [1,2], is prasan<-

i
i

2n

=X

z2d. Thz prcef of <h= =xistzance cf a vnigue cptiral ccantrol,
in the case of the Zre:z ené problem, and tk2 metheds of cal-

cula+ing lipear as w2ll as " nonwlirccar fezxdback ccntrcls are
given. The stability of an cptimally regulated systsm, usina
liapunov theory, is investigazed.

The arplicaticn oI the optimal ccntoel thzery [1,2] is

ccnsidered for the analysis and design of an crtimal satel-

ct
H+

lite regulater. For +his purpose, twc prcklems are invzas
In the £first problen, éhe optimal regula<ticn ¢f satellize
using a ccrtination of reacticn jeots apd flywhecls, is cce-
sideraé. An algo;ithm for computing the ZIZc2ékack control is
p:ovidéd. 3 systam:cont:ol mod=1, which minimizes <h=2 cost
of fuel and energy, is devzloped. :Using this medel, the ef-
£ectiveness ¢ 1linear as w2ll as ncn-linzar fezdtack cen-
trols is justified. Furthac, the sizz of <the dcmain ovar
which reaction jets are shut off and thz flywheels activat-
ed, is alsc indicated. .

-

nal zeguvlaticn of thz sa-~-

In the seccnd problem, <+hs opt

tellite, using reaction jets wich flywheels having £ixed an-
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‘{ ¢f linecar, non-

gular vazlocities, is ccnsidarad. The

1 )

ffec

A

;

lirpasar =second orédar and <hirzd c¢rdar feed%ack ccntrcls on

syst2m kehaviour, is swudiad. The ccst/’ cecrresponding to

each zegulascr, unéar diffsremt 1nitial ;e:turtations, is
indicatéd. Turther, the rang2 in the state spac2 §F  , Over
which thase ragulatcrs are capakle cf regu?ating +he éystem,
is studied. The problem encoun+zrced .in %he arplicazion of

+he previous theory is also discussed iIn detail.

C - -

Fipally, it is iaportant tc¢ ncte *has. the theccy of opti-~

zal feedback control presented here“cqgfcnly tea applied whan

. _ .
tke state ané control remain in the neigkkcrhcod ¢f the ori-

gin in the state space E%..



- - -
"

~he autkor wish2s 4c express his vary deep cratitud: =o

his adviscr, proliessor N.UJLAHM3D, fcr his genezcus encour-

‘agemant, understanding and guidance throughout +this wark,

withcut whick +Lis thesis weuld nct bs nossitle.,

Special <hanks ars also tc profassor K.F.SCEE¥K for Rhis
helpful suggestiens, encouragmant and discussione.

Sracial <hanks <¢ ¥r. M.xittal, ¥z. S$.Fo0oy, Mr. S.Biswas
13 ¥y

angd ™

s ]

hl .
. Y.Chan o< long discussions and anccuragement.
Thk2 author wishes alsc to exbrzss his apprecia*icm tc the

= F

the D2par<tm3nt cf Flectrical Engipear=-

[4J]

o

facul+4y apd staff o
Iing, Universiry o Cttawa, for +keir kindneses and meral sup-

ECTt.

Thanks *o” the National Research Ccuncil and University of

Cttawa for <financial assistance during <hke period of %his

rasearch. ) .



DRI COBTENIS

AES:EACT - .‘I'-.‘T'._*o e » ® * = ... a & ®= ®* * 3 & = = =*

CCK'CIUSIG}:S - - - - L] .' - - - - - - - - -

-"gii =

- - L] - - :.v
ACKNCWLEDGEEERTS= co. v o« % e o o = o o o o =« o o = o o o o Vi
Charter page
IC IKKFCDUCTION - - - L ] - ‘ - - - - L] - L] - - - - - - 1
IT. 'EHEOEE:ICAL BACKGECUOND o o « = o o o o o = » o« = « U4
. INTFCDOCTION o v o o o o o o o o s o o e . 4
FASTIC THEQEY. OF OPTINAL FEZELEACK FE GUIPICB° . 6
BCSUBPTIONS - - ‘. - - - - L] - ‘. - - -* - - - - 6
Class of admpissikle contrcls . . . « « « + & 7
Cefipition ¢f optimal feedtack ccmtzel . . . 8
Theory of optimal feedback regulators . . . . 8
CCNSTIRUCTION OF THE OPTIMAL EZECBACK CCHNTIRCL . . 10
A METHCD PGP CALCULATING TEE CETIPAL CCRTIRCL . . 32
STAEILITY OF OPTIMALLY FEGULATEL SYSTEE . . . . 35
SUHHRBI .' - - - - - - - - - - - - L ] .- - - - - L ] 38
ITT. FEGDLATION OF SATELLITE ANGUOL2F MCMENTIA OUSING JEIS
AFD FIYBHEELS - - - - - - - - - - - - - - - - 39
INiBCBUCTICN » - - - - - . ‘e L] - - - - 39
SYSTEM MODEL AND FCB!UIETICH CF FEGCLAICF
PBOBIEH - L] - L ] L] - - - - - - - - - - - - uo
STEUCTUFE OF OPTIMAL PEECEACK REGUILATOF « o o 448
SYSTEM COKTROL MCDEL .v =« « o o o o = = = = « « » 46
EFFECTIVENESS OF PEEDBACK FEGULATICERSE . « « « o U489
SUEHARY L] - - - - - - - - - - L] - . - - - - - » 60
Tv. SEGULATION OF SATELLITE AKCUIAR MCMEXIR USING
FECTION JETS ONLY © 4 & & o o o o o o~ » o o 61
SYSTEM RODEL AND FOQEUEA*ICE OF TEE FEGULATOR
EROBLEH L J L] Ll - T . » - - - L] - . - - L ] - 62
STROCTUERE OF OPT:HAL FEELBACK REGUIATCF . « . '« B8
TEFCTIVENESS OF FEELCBACK REGOLATCES .+ « « « . o+ 6S
SUEHARY - - - - ‘o - L] - - - - - » = - - - - L ] - 90
v.‘ - - - L ] - 91



-

-~

A, DEFIVA'IiQN OF THE MATRIX SICC2TTI ECUa2TICN

< viii -

Y



.’. :
/'7‘

' LIST OF FIGURES . . .

Figure . . . ' ~ - H Page
2.1 - Satellite Optimal Control System Model 51
2.2 Satellite Angular Momentum X - direction (with linear control) 5,
2.3 Satellite Angﬁlar Homentum X - direction (with non-linear control) 54
2.4 Satellite Angular Momentum Y - direction (with linear control) 55
2,5 Satellite Angular Momentum Y - direction (with non-linear control) 55 .
2.6 = Satellite Angular Momentum Z - direction. (with linear control) 56
2.7 Satellite Angular Momentum Z - direction (with non-linear control) 56
2.8 Distance from the State to Origin (with linear control) 52
2.9 ' Distance from the State to Origin (with non~linear contrel) 7.
2.10 Distance from Flywheel State to the Origin(with linear control) 58

2.11 Distance from Flywheel State to the Origin(with non-linear Control) 58
3.1 Satellite Angular Mosentum X - direction:(with Jet comtrol),

d(0)=0.866 61
. 3.2 Satellite Angular Momentum X - direction (with Jet control),
d(0)=1.368 o : 68
3.3 Satellite Angular Momentum X - direction (with Jet control),
- d(0)=13,164 . . _ 69
3.4 Satellite Angular Momentum Y - dir-~ction (with Jet control),
d(0)=0.866 70

- 3.5 Satellite Angular Momentum Y - direction (with Jet comtrol), _
d(0)=1.368 . 71

3.6 Satellite Angular Momentum Y - direction (with Jet controi),
d(0)=13.164 . 72

3.7 .Satellite Angular Momentum Z - direction (with Jet control), iy
d(0)=0.866 . 73

3.8 Satellite Angular Momentum Z - direction (with Jet comtrol), . -
d(0)=1.368 . , 74

{
3.9 Satellite Angular Momentum Z - direction (with Jet control),
d(0)=13.164 C ' 15

3.10 Distance frgg the State to Origin (with Jet control), d(0)=0.866 76
3.11 Distance from the State to Origin (with Jectéontrgl), d(O)-l.§68 o)
3.12 Distance from the State to Origin (with Jet control), d(O)-i§.164 .78
3.13 Linear Feed-back Control, d{0)=0,866 ' N
3.14 Linear Feed=-back Control, 4(0)=1,368 .
3.15 Non-linear Second order Feed-back Control, &(0)-0.866

3.16 Non-linear_Second-order Feed-back Conirol, d(0)=1.368

Berad



—_— - ' - - L4

:

~ Figure
. '

3.17 . Non-linear Third order Feed-back-Control, d(0)=0.866

3.18 DNon-linear Third order Feed-back Control, d(0)=1.368
/ :

-

- X -

Paée

83
84



0 ) LIST OF TABLES
Table
) I Size. of Stability Domain : -
Il ostGorresponding to Each Regulator
-III iumber of Differential Equations required to generate
the Control Sequence -
;f\ ‘:.n' " .-
£ s ;
n":
- ! * .‘
; /
%

Page

85
86

P



ool

- . Chapter I

INTEODUCTION :

Witk presepnt day tachnclogy, +he physical rrocesses which
p 3

ate, as a rule, controllable can ks realized bty varicus as-

s

ars dep=nding on the system raquiremen+s.In *kis cenanecticrn,

there arises the gquestion of £indipg an cpiimal centrel of

. -
the preocess. This control functicns represent tte feedback

. -

[R D)

the

devices which <c¢perate upen tﬁg ips*antanecus state o

system to generate contrcl sigmals. Then the ccntrol signals

R -
autcmatically rsturn the system *c a ©prescrilked state of

equilibtrium whanever ap impulsive - disturkance cccurs in <ke

stata, Ttese regulator devices are widsly uvs®d in aircraft
flight ccotrcls and many other comn+rol Sys*ems.

In the early €0's, <he problem cf optiral £fgzdback ragu-

laticn fer linszar systea {as ‘gtudiéd Ey Xalman and ze2xa-

rined bty Lvukes and others. In [ 6] Lukes has €curnd a precef of
1 < :

the fact that <he stabalizability of fha syster is equiva-

lent <o the solvability of the Kalmpan-Ficcati matrix 2gua-

[

tior. . T - ..

. P,

Th2 first attempt to tr2at tke Froblem of feedback regqu-
latic¢n fcr ncr-lipear sys+tem was ~déne by Rl'brekht who stu-
disd the analytic systems artound AS€1-1563 and discovezd thz

optimal ccotrecl as a formal powsr series by ccmsidering Lia-

-



. . | , 2

punov functicms. In 19€9-1975 “the ncn-linear cpiimal feed-

tack ccrtzcl problems was reexamined by Lukes [1] ‘and Wil-
lemst2in [2] ard others.Ic-[1] and [2] <«he av+hcres developed

*beir thecry under the assumption <+hat ke s+ta*es and ths

xed pcint (which

lJ-

cecoticls rewain in a neighberhecod cf a £

withcut loss of ganerality can be the origin) where the sys-

[
.

tagr dyrtamics can be expandad in a power saties.
"In‘thie research, the applicaticn of the crtipal feedback

" centzel theory, developed in [1,2], is considered for study \

cf the cptimal regulaticno prcblen _of a sa*elli+e, Baszd °“\,/)
+his theory.,a numerical *echanique,which sclve§ the cpéimal
Tegulaticn rpreblem is developed. Thﬁ effects of "tke fesdback
cintrcl cr thé systen tehaviour, dnsignéd co. +te pasis of

is technigue discvrssed. Furthez, +he range in the Stats

+ is
Y/ L/‘
- space ¥ ,cver which the razgulatcr can b2 used, without de-

stabilizing the system, is also indicated. —
An cutline of the thesis is presented ir what £cllows :

In chapter (i), a brief review <¢f +the thecry ¢f optimal

regulater as developsd inm [1,2] is presented. This inclades
the prece “cf the 2xistence of a upmigu2 ortimal gccntrol in

- 9f free endéd problams The proca2dure whkich has bean

+ke cas

1)

- - - ~ - -
d ¢ detzrmine <ke optimal feedback contrcl is alsc indi-
. e ,

c
n
W

N -~

catzd. Purther the. stability of the optimally regulated. sys-
. v ';\ . to- "

«cm is dicussed.~ S0 the knowledge of th= author, this ques-

e

tion has been considexd for the first time in +his thesis.
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In chapter (II) and chapter (ZZ0), = ery cf cpziral

[N

S

[=]

ragulater, ivan in chap+er (I), sed for +he analysis
P

@nd’design cf an opeimal regulater for a satellite, . .
In chaptexn (II), the satellite regula+icn preblem using a
‘ < : F

ccmtipation ¢f ceaction jews and flywhsals is censiderad. an .

in

crtimal f:zedback comtrcl modal which minizizes ¢he  cost 2f
- * . .
frel and en2rgy is d2velopsd. Using such mcdel, tke sig: of

the decmain.cver whichk reaction jets ar: ac<ive and thza cero-

responding fucl cost are discussed. Th2 quality of regula-

“ion wk=2n ceacticn j%ts are shut cff and flywkecls activated

i stud

.

ed. TFurther, the problzpm encountersd In ccmputing
the cptimal centrol is krisfly indicated.

In ctkapter (IZI),

t
e
7

satellits cptimal regulation tsing

14

Ie]
th

reacticn jets with flywheals havin ix2d angular velccitias

is studied. Ths e°ffectivensess of linear, ncn-lipear saceond
N )

. N : . .
crder and thirdéd order ragularers and <heir ccrresponding
costs, under diff=cent initial pecturbations, arec compared.

. ; 1 . -
The range in the state space ¥ c¢ver which these raqula-ccs

are stakle is obtained. Furthar, <+te majcr rrcklea esncoun-

o

Al
-

il

d Zn £inding +he optimal <£ecdback cor<rcl, using "the

2vious thecrcy, is cdiscussed with mere datails,

s
H

Fipally, 3in the concluding =s2¢ticn-r=zcompendatsons forc

fur+ter work are also indicat=ad.
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. Chapter II

- -THEORETICAL BACKGRCUND >

Refore p:océe‘ding tc the Zormulaticn of Satellite cptimal
feedback regrlaticn precblems,. *he basic thacrarps ¢f cptimal
"fezdback control wﬁich are develcped In“[1,2] will £irst be.
cutlined. This outlinz is expected *o prcvide an idea abcus
the powsar.and limitaticas cof this +hecry. The precef of these
‘tesunlts In  the ca§e of free en&lproblem, and +“he mathcéds

which can be used t¢ compuzes the optimal feedback cecntrol

-

~ ¥
are given. Finally, thke s*tability of the optirally regulated

system, using Liapurnov theory, i< alsc investigated.

Tc fcrmulate our proklem, consider the ccntrcl process in

'm’m
1]

X = F(X,u,t) (2.7)
for te[t,,7], where x is the Astate cf the p-ccess and 0 is
+he ccrtrcl. X
The .l:asic“ rroblem is +e¢ f£ind a becundz2d £f:zedback centrel

“u{x,t) which minimizes *he integral

~

J(x,u,t) = L{x(T)) +fG(x(G) u(x(6),e),6) (2.2)

’
-
~

Y
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ipitial states x(T,) = X, ip a neigtberkecd cf the

for al

/H

n. - - . . . - . .
n ® ‘and Tt &(0,T]¢ Tha scluticn of the ateva cptirzal

pa
o

cC

centrel prcklem, -whken' F 'is linear and 6 2

ain

.

1]

guadzasic, 1is

vell kpwem (s€a [3]). The situaticn when F

.6 _is nct cnly gradratic lbut centains scee ctier higher crdez

fep
tn

nce-lin=ar and

terps has Leen only recently ccosidered Ly lukes [3] ané
%illemsein [Z3. .fﬁg.basic idea uvsad in [1,2§\tc devalep th2
nén-line;: cptimal regulatces thec:é_tgé .bé gtmmeiizéd' as
€cllows: the Sunction F is assumed %c con*ain a linear tec

and higher créer terms having " erall ncrrs. Sigilarly, <tkhe
£uncticniG is assumed tc contain a guadratic tarr and aighat
c:dér terms alsc having small:ncrﬁs. Uﬁdﬁ: “tese assumpticns

~

thke criginal ncn-lipear zegulaticr grcklern cén te agppzecxi-
rated ty a lipear-gquadratic ?roﬁlem afte:.dﬁifting the kigh-
sr crder <¢ergs.This truncated gpIckblen is kcewr =c have a
cemplete soluticn whick 3is given ty a linear feedbtack con-
trol law with the optimal feedback mat-ix gain cktainsd from
+he scluticn of ; matrix Riccati =zqua+ticn. Tte nco=-linearc
regulaticrc prcblem is then solved Lty using tke scluticﬁ of
the trurcated problem as a £irst aprroxime<icn and then ad-

ding c¢crrection terms «cktcained by

[+H]

recursive technique,

Ttis technigue is develcped and discussed in detail la+*er Iin

thie chLapter. The main resul=s~and +their prccf aze alsc in-
* -

c¢luded.



.-

XCTAIIONS = - L .

The inner product ¢f two victers x,y will e denotad by
x'y, <thz lengtih cf a tgfto: x by |x|-= Jx'x and the trans-

Fcse c¢f a matrix M by ¥'. The notaticns M>C acd M»0 mean

-, bl

- -
“Fat M represents a positiv:s d2finite and nen-negative defi-
I‘ b

nite matrix, respectively. o = \
. ) . . . 4

4 r
. T b . . - . -~

»

2.2 BASIC TEEORY OF OPTIMAL PEETLBACK RPGOULATOES

- -

2.2.1  ASSUMETIONS .
. . ~ Iy

(i) Let the function F{x,u,t) in (2.1) be given Ly

Al

(3]

(X, 8, £)=5 (2) X+B (T)ut £ (x,0,%) : (2.3)

wkere A{(*) and B(t) arc continucus real matrix functions cf

dimension nxn and nxm, Traspectively. "The functicm f(x,u,%t)

centains thke bigher crder terms in x and u and is ccntinuous
z -t '

with respect tc t. Furtker, the functicn €(x,u,%t) can be ex-

'

~panded as a pcwer series in (x,u) vhich estarts with second '
crder terms and converges about +he crigire, urifexmly for
+€{0,T]. , N

{(ii) Let +the function G(x,u,%t} ke cexpressed as

G(x,u,2)=x'Q{) x+ulB{L)urg(x,u,%) _ (2.4)

wher2 Q(t) and E(t) arzs coatinucus reoal matrix functicns of

dimension nxn and mxm ,respectively. Th2 func*icon g({x,u,t)
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ccntains the highér créder %tezs ia (x,u) . and is centiguous

‘witk respect to t. Furthker, g{x,t,*) can be 2xpressad as a

.power, secies in  (x,u) wkich stacts with third crder tarms

-

‘and ccnve:gesmﬁbout the crigin, upifermly ¢z *€[C,Z].

[}

(11i) Q(ti;d ané F (£)>0 (pen-singular) fes e[ C,T7].

; _ ¢
(iv) Tk2 function L{x) in (1,2) is givzn by

-

1

L{x) = x"Mx + 1(x) . 12.5)

'
<
\ . .

wherz ¥ 3is a r=al ma+rix of dimension nxn. Trhe function
l1(x) iIs given as a power sarias in x which stazts with *hird

-

crder terms and convarges abou+t *the crigin

Fipally, the class of faedback con%rols are given Lty

8

( Cuix,tT) = D(%)x + h(x,t) . i B (2.€)

L4

Bere L (t)'is a contiduous matrix function c¢f dimension mxn.

-

The functice h(x,t) contairs the high

b}

=7 ¢rder *eres in x apd

b=

i1s centinncous with raspect to %, furthermera, h{x,%) is giv-~

2T as a power series in x which s*tatts wi+h <secend croéer

terrs and ccoverg2s about the origin, unifcrrly fcr te[C,T].

2.2.2 Class of admissible comntrols

The ‘class cf admissible consrols {U) is given ty all measu-
tatle, Ekcunded and piecewisa coc+ipucus fnrc+icns defined on

n . . . . .
H X(0,T] with values in ﬁf.and satisfying the crcrercties

@) [xixg 0| <,

and ‘

N



(5) . JuxeT| € T,

j2 7]

* where x(%) :s the solvticn cf «ke differential eguatiom
- x=F(x,u(x,t),%) with <ks initial .condi<isn x (%, ) =Xy tkat

lies in the - neighberkood ¥ of thé crigin inm 2 for .te %

-

. ,;] #To € (0,T) and T,,1, 2 C. . X ) .
. 2.2.3 Defipition of optimal feedback conmtrcl

» feedback control u €U is called optimal if
‘ J(XeU, stg} £ J(Xg,U,%) & .
- _ for all (X,,%p} NuX(O,T] and uel.

2.2.8 Theory of optimal feedback regulaters

-=pn thic section, the thecry of ncn-linear cptimal £feedback

regulatcrs is presented in Thsorem Z.1 which is tas=d on the
coluticn cf the cerresponding fruncated rprcblem given" in

Thecrem Z.2. For convernizanca, +he precis of ttrese +hecc-ens
are presented In several steps in the fcrm cf lemmas as giv-

en in Section 2.3.

- bod .
Fcr the control preccess in F o,

X = F(x,u,%)

(2-7)
2{%5) = X e Tg € (0,T] ., .
witt the tverfcrmance index ,
JUXy ¢UsTy) = LUX(T)I* [G(x{L),uIX,T),0) 4% 2.7

-
b

v
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a4
wher2 x is the response of the systzm (2.7), *tcre exis<s a

. ] S T .
urigqus cp=iral fezdback ccntrol o, {x,*). Thls f2edtack ccn-

th

trol Is tke unigue solu+itn of th:z functicral cquation

Folx,u(0et) o2F 3 (X,u,%) +C (X, u(X,%),%)=C ° (2.8)
u X _u

fcr small |x| ‘and t€ [%,,T ). Furtkezrere

¢ -
1, (x,t) = L, (t)x + h*(x,t) .
J(% »C, +%0) =Xy K (o) Xy +‘j*(x°.t°)
where the ma+rix fucctions D*(:} " and K*it) (z 0) decend

-

cnly cn the truncated prcblamas defined ip Thecrzem 2.1. The

t e
fvnecticn b is as defined in (2.6) and the func+ion j, ccm=
tains tte kighar order terms in x,. o .
IHEZCRZM Z.Z (IRUNCATED F5QBITN).

For th2 special case in whick +the pcr-linear fuhcticns
1ixy, f(x,u,tf anéd g(x,u,t) are egual tc¢ ze¢rc, +hs cptimal
ccotzcl is given by : . )

U, (x,t) = D, (t)x (2.9)
where
-1 .
L, (t) = =R (t)B'(t)K* {<). (z.9)'

The matrix K*{t) (20) is th2 soluzicn of %ta Ficcati equa-

tion (s<e. 2ppendix 2)



-1

&(t)+c(t)+xct)att)+A-(t)5(t)-xttyett)s (L) Bt (£) K (¢)=C"

-
-

K{Ty = 2>

10

{<.10)

Furthecr, D*(t)x"is a global cptiral ccn+xecl 3in <ke sanse

tha+t we can take ¥ = 3% and r,,z, =00 in the definiticn of

u 1°72

cptimal cont:cl: Finally,

J(xo,u*,;b) = xo'K*(:o)x°

fer all x,g 8%, to€ (0,T].

-

2.3 CCNSTRUCTION OF THE OPTIMAY FEELBACK CCNTECIL

2s indicated w@arlier, +th2 proof of <hecrems 2.1

will be given Witk the aid of the follcuing leomas.

IENKA 2.1

Fer eack feedback control ue U’iaving the fcro

u({x,t) = D(t)yx + hi{x,*)

14

+here exists a neighborhecod XN c¢f +he crigin in ®°
. u

(2) J({xy ,0,t,) = XJK(E 1 X, + Jix,,t5)

vhere j(x,,%) contains the higher crder terms

t4
=]

matrix.fucticn‘ %(t) (> Oj depends only cr  +he

proklem , and

{b) Ike functional equation (Eellman's equaticn)

-

and 2.2

such that

X,ahd the

«runcated

¥
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TR, (X0t} 1) T3 (X, U0T) #T (X, U, E) 46 (XLT (Xe %) 0 8) =0

w6lds for all x€ 5 and £te[t,,T] « _
' u

ERCCE. _ .

Aol
-t

.

Since +he fesedback ccntrcl u €U is given by

uf{x.*) = D(o)x +« h{x,%)

-agquazicao (2.3) can be written as

X o= (B(H*E(EID(L))x + B(Y)h(x,t) + S(x,u(x,),*) -

x(to) = xo r :oe (Oll: *

Define -

A o(%) 2a(t) + B{(3)D (%)

*
and
vi(x,t) & B(t)k(x,t) + £(x,u,t)
then
X = A* {(=)x + v{x,%)

(2.771)

Frca the definiticn c¢f +the class <c¢f the adgissicle cecn-

trols, It is clear tkhat in a neighbcrhcod Nu cf tte ocigin

e}

ty

in , the sclution of (2.711) 2xists cn the Interval [%,,7].

€ince tte fupction v(x,*t) contains <he Ligher c¢zéder <erms in
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x anéd it is keyndad (since the fupctions h(i,t} and £(x,u,%t)

are bcunded as indicated in section Z:2.1) ttere exists a
frncticn €(x), witk the prepacty Ix}i% 8({x(ty) =C, ‘guch | 7
that : L ~

.lv(x(t} <l € exsyy ke v fer te[%,I]e

_ | fe SRR

! .t . : o ‘

e+ ¢ (t) te +h Zundamental wmatrix soluticn cf the l¥near

Y
-t

equatics x= A, (t)x (¢ is a ncn- 51ngu1ar mattix funczpcn of
S 3
dimensicn nxn which satisfies the differgntial <£quaticn

LS

- é(t) =3, (t)¢(*), ¢(*= =I for te(tp."]) . Heq?é: tthe spluticn

~ . ".:,.'-
ct (2.11) ig ghggn by tke scluticn cfwtﬁg ncr=<linear Voltez~-

ra iIntegraltequatiorn - -
‘ ' T f
-

¢t‘)¢ (_o)x, ]d:&*l ¢ (s)V(x(SJ.s) de {Z.12)

[ ¥ 1]

t€[+%,7]. The contipuity of ¢ on the interval [ty ,T] im=-

*

rlies that é(t}¢'%s) is bounded for all t,se¢ [+,,7]. Thers-

fcre,~here exis+ts some conmstant m>C such that -
‘ -1

|¢ltJ¢ fSJ[ (t,s) € [+, ,T]X{t, ,T 1.

Rence -

fcro
\

. -
[xt)] <€ mx,] +jmje-(x(sn 'x(s)]ds .

t° - r



a3

Ey chcesing. $>0 suck that _ e(x(s))} €1 fer [ o] < S_,ahd

s€[ty,1]. It follows that”

Y ) +

| [x(t)] < mlx)] fJ[;lx(S)l des . N "7“_,,.ﬁ-
. v oo .
b+

.

Using Grenwall in2quality, it fcllows Izecn this <tra=
. h 3

-
[x (£) | €. B|%,| exp(m(t=%,)) ' (2.13)

O
.
JREp__

fer x| €8, t€[terT ] e

-‘ A
Sipcz the fupcticn v{x(t).%) in (2.32) ccetains tke highar

L Créer terms In x starting with seccné crder tsres, in view
cf (Z.13), «e can ccnclude tha* +here cxis+*s a cocpstant 4>0
such that]v(x(t),t)] £ 8 |x(t)| e for t€[%,T]. Thar=zforcsz,

for all € [*5,,I]

Y
-1 2
|x(£)-¢ 187 =) x| <0 [ vixisy.syas|< pa [ x(9)] as.
“o Lty '

Substite+ing (2.13) intc th2 previcus inequali<ty, it is

clear that
2
x(2) = 0P (%)%, v CUx,]) (2.14)

unifcermly fer ¢ € [%*y.,T]. Hence, frcm (Z.4) and the expr=s-
A h

sicn feor u we hava
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GUx(t) ,ui{x(t),L) %} = x()° (*}x(*)tx(tJ‘E'tt)R(*)Dt*Jx(tl-<

. . c(|x(t)|) - . R
-1 -1
- =Xy (¢ (ta)) ¢(t)'{Q(t)+‘-"{t)"(")E(t)'1‘¢It)¢ {te) X,
+0(Jrul) (2. 15).

uniformly for t£ [ty »T]. Furtiermerz, £rcm (2.5) ve get

< ' '3
Lix{1)) = xc”)'"x( ) + O(le”ﬂ

o> - 5@ (:un'th t'*)*ﬂ¢('*‘}¢ (t,,)x * Ctlx,[). (2.16)

Substituting (2.15) amnd (2.16) intc (£.Z2) wue cttain
3(XpeUate) = XFK (L) %o+ 0(1x,|1

whare

.

\

; -1 -1
K{t,) = (P (5)) '™ ad(T)d (%)

-1 . ’ -1
1 (£)) (LR +D () FIT() ()¢ (%) dr .

{ .

. ., |
J* %u"

_It ig clear +hat ﬁ(to};o'and ﬁ(:);m. This prcvas part (a) of

- ~
>

+he- lemma.
et x(t), denote the sclutica -cf the differential equation
iht)=F(x(t),u(x,t),t) with x(t°)=x,eNufcr arkitrary tq € (0,7
; - , _

suck that thke trajectory x (%) lies in_thke neighkkecrheed Ru of

+he crigin in £ for all te [t,,T]. Then

L

-

Jx (%) ,u,H)=L(x(T)) +fG(X(el.u(X(9}.GJ € .. - -

t



&

-
. Since the function 6 (x(%) 4U(XeT),t) is ¢efined on X XUX[3,
eT1, bcunég@ and analytic, then
N A .
‘.
Sdp (X {E) UL = FAX(T) LU{X(T) L2 %) NI (X (E) ,u,t)
* G(X(L) ,u(x(t),%) ,%)

- where.Jt,and,Jx denote the partials of J with zespect to ¢

and x, respectively. .

The previcus zquatior holds for any X, € &; anc¢ alsc hoalids

aleng the trajectozy x(t) , te {*ereT]s This ccmpletes3the

ercct ¢f £he lemma. 0O
IIMME 2.2
The Zunctionaly equation

v : B

) Eo(x,u ,z2)'V *G (x,u " t)=0 (2.18)
has a scluticno u=u, (x,¥,%t) near *he c:igin'in 3" fgor which

{2) u;(0,0,t)=O for te'[tD,T]

and _

- -1

(E) 0 {Xswet) = =1/2 B (L) ET ()% +h, (xi¥,*)

wvhere h,(x,¥,%) contains the higher crder tarms in (x,y).

EBCCF

Fcr fix=d but arbitrary x,¥y ¢ F®, define

Bi{xsyev,t) = Fi{x,u ,t) "y +G{x,u ,%} (2.19)
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vhera u € ¥ and te [0,T]. We wish ¢c shcw that %hare exists

a fu:cti;n u£{gay,t) suck that Hu(xpy,u*;t) =0, and ug kLas

+he fcrmr as stated in (b).

sybstiteting (2.3) and (2.4) intc (Z.19) we cktain

H(X,yrU,t) = [A(T)X+BLE)u +E(x,u ,t) 'y (2.20)

+ x*0(t)yx+u'(t)u +g{x,u ,%t) .

Taking the seccnd partial of H with respect tc u, we have

B, (XY, 0,3) = 25(%) + Bou (z.21)

vhere B = (£%(x,u, %)V + g(x,u,t)).

_Since F{t) > 0 and the functions I,g have suéli nCrms nearw

the e¢xigqin, it is cleaf frem (2.21) that Hmlixny,u,t) > b.
Thersfcre, Ly +he implicit fdngtion +heoren _,it fcllows

that thers exists a fupction u, : FUXFPX[(0,T]—— 5 such

that Hu(x,w,u*,t)=0. Thus from (2.20) we have
B'(t)ﬁf*23(t}u;(x;§,:)+(higher crder teress in ({x,y))=0C

for all x,y in % . This completes *he prccf cf the lemma. Qg

1

Tt

1F:

M%)

-3

mn

vppcss there exists a feedback centrel u,eU with the form

e (X,T) = D*(t)x + h*(},t)

satisfying tke ncrn-linear functicnal equaticn

-

3 (x,uoti,t),th (X,9 ,t)+G (x,u (x,t),%)=0 ' (2.22)
u x S u
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fcr small |x| and t€[t,,T). Then

-

(2) vy is the unigua optimal £feedback ccntrcl ,

. - -
(£) 1o (x,T) = =F (£)B' (DK _()x + C([x] )
and ‘

(€) JU% eBeoto) = XK (50X + I, (Xo s%c)"

for te[t, ,T1 wkeze K (%) is the scluticn ¢f <he Piccati

2quaticn and th2 fuacticn J, (X, %) ccntains +he tickez oxd-

er terrs im x, starting with third crdec.

EECC

F. .
. V_'\ .
Consider the follewing r2al valved <uncticn defined oz

.. . n+m -
{x,u} rear thke crigin ir the space ¥ and € [=,,I] :

Qux,u(x,t},t}) = F(X,u(X,t),%) "I (X,05,%) ¢

I, (X,85,%) + GUX,UIX,T) ") -

Ey lzmma (2.1{, Q(x,up (x,t) ,%)=C ncaz x=C and €or e[+, ,7].

let C, (XeUo (X,%t) »=)=0 near x=0 and for <€ %, .T]. Sinc=

Cuu(O,C,t)=2E(t)+ﬁuu; (wkere B is as giver irp (2.21))is po-

sitive definite en {+,,T] for small |x| and [u], <the func-
+icp Q attaics its-minimum at u,. Hence
g =

CiX,8, (X,%),t) € QX,U, (X)) 02) €or u €U.

Thaerefore,

f(!,ul ]X.t),t .Jx(x'uO‘t) * Jt{x'uO;t} )

+ G(g,ul(x,t),:) > 0 (z.23)
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for u € U. lLet N, be a neighto-rhccd Gt the éiigin ip 3R
g1ch that fcr each xqeLN; the sblutién-x*(i) oﬁ +he diffar-—-
antial eguaticn %=F(x,h01x,t),t), X(to)=X,, exists for 2ach
te[%,7), and that ix*(t!l £ :l and untx*(t),t)] < rz.'
Furttier, 1let ule d\bel an arbirtrary £esedtack ccntrel such
that tre soluticn xl(t) of i=E(x,u1!x,* i), X(t,)=%,,is de-

€ined cn [t,.T], and satigfies

]xl(t)lsrfand lul(xl(t),t) <€ :2,for X, € N, . Then
g

T
' +
f[F(xl (t)- .311 (x) (8], 2) o) 10X, (L) 40, (X, (X),%) %)

%o

I tx) (2.0, (x, () eT) ot) o Glx, (2)0U, (x, ,2)pt) ] ¢t >0 .
Hence

T
d ’ '
_J -t " b 4 't F) dt+ G X ‘t t t 't dt)o -
95 (903, (5, (9 0% 0%) (x (£) 08, (X (£)4%),0)

0 ~e

ot

Integrating the f£irst term, w2 cttain

J (xl {I) .U (I* () Ty ,Z)=Jd (xO 'Uo’ (‘xc rTp)

Laal

t £),%) ,t) 4t >0
+\/;(xl( )'ullxl( )ot) e t)
.to

and since , G » 0, thkis implies that

I(Xg 40 #tg) < T (X U 4%0)
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L%

fo:‘allxu1 in the admissible class. Therefore, u, is =zk=2

unigue ¢ptical control.

By lerza 2.2, u, cat be expressed as

- -1 : 2
Ug {X,%) = =1/2 2 (5)B' () J_(X,Up,%) + Ctlx]| 3

uniferely fcr té[te,T]. But £rom Leorma Z.1 we have ,

I (XeUe.t) = 2Ry x + C(]If ) .
Thes, ——
S -1 . 2
U (X,t) = =5 (%) E'"(2)K{%)x + C{|x{ ) {2.24)
unifcroly fex te[z2p+T]e Trem lepma 2.1
Q{x,up {x,t),t) = C _ {2.25)

: N
|x|] and te[to,.T] @and the matrix functicn XK(z} in

'.J

for smal
{2.24) 3ig +ke solution of the Ficcati =qua%ticn with K (T) =M.
Therefcre, by tﬂe uniquensss of its scluticno, ?(t)=K*(t) on
[to,T]- Ihis'implies *hat

-1 2
to{x,t) = -F (Y)B'{5)K_(tyx « O(lx] )

and

3
J(Xgalg,Tg) = XJK (to) Xy + C(IX] )

fcr all +, € (0,T] and IOEN*. 0
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Since +ke prcof of Theccem 2.1 mairly-édsperds ¢n the trun-
catsd prcklem, the proof of Theorem 2.2 will be given first.

ML)

EECCE CF IBECEEM Z.

[[%]
Ity

In the special case where the functicns £i(x,u,t}, g(x,u,%)

ard 1{x) are egqual *t¢ zero, <the o_ptimal feedback cecntrol

P i

u, (x,t) is given by (see Appendix )

———— .
U, {x,t} = l:"t (=) x
-1 o
where D (%) = -R (t) B (1)K, (%) and tke matrix K (t) (20) is

‘the scluticn ¢f tha Ficcati equaticn -

- =1 .
K(t)+C{t) +K (L)X (£) +A" (1)K (D) =K (T)E(£) 2 (L) E'(¥) K(%) =0,

E(Ty = ¥ .

Pence ty lexma 2.1 the fupncticnal eguaticn

. XT[R_(£)+Q () +K, (T)A () +A* (£) K, (t)
-1
- K, (0)B(2)B (£)E' (0K (t)]x = C

with the tcdundary condition

‘K*{'I) = H
- . | .““
hclds for all x€ 3%and t€[t,,T]. Ey rearranging the pravi-

cus agquation we have .

. -1 g
x'K* {tyx+2[ (3 (¥)-B(t)F (t)B? (t)K* m)x]'x* (t) x

. -1 .
+ X' x+x*K (£)B(E)R (HE' (YK (t)x = 0 .
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Tsing the exprassion for 3*(t) given akbova, it fohf;}h,:ha:

x'k*(‘:;) x + 2[ (A(L)+B (t)D* (t)}x]'K*-(l't]x

+ X0 X ¢ X'DU(DF(OT (B)x = 0 . . (2.26)

ferall (x,%)€ EBX[C,T) . . . 7
Fer .the - trupcated problem with <he crtiral centrol
u*(t)=r*(t)x¥included, we have
TY T A0 ¢ B(OT,(RIY(E) = (RA(R)*BLT (2}) ¥ (%)
. ' *
Y(to)"-‘. X

and

T
J(fu.u*.to)=J[[y'(t)Q(tJy(tJ B AR MO ER LSRR AL
4 T,

*{ (Y*' (TYKY(T))

wvhere y is the optimal t:ajeétcry stacting f£rcm any arbi-
trary rpcict (x;.,.%,) € ?2X{0,T]. Sincz =he exrpressicn (2.26)

helds £c¢xr any (x,:)eanx[o,:], it is

1)

lear that “Lis expres-

siocbnshclds also along the optimal trajsctcry. Eence -

YUK (DT + 229 +BTIT, (Y10 K (D7)

£ YTICITIY () ¢ YU (EIDA(R)B(TIT, ) Y% =C
*

A -

fcr t€ [t,,T], whick is squivalent *c

PTRK (1Y + 25 (DK D7)
Lyt cE y(E) » Y (E)BI(RIE ()T _(T)y () 1 =C

3
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yda

for te€ [%,,T]. Integrating the previcus cn over +h

1D

¥rress

0

iptarval [t, ,T] and noting that the axpression within the

rarentkesis .is the cost integral given aktcve, we have

"

d
-;-' (Y' ()R, (0¥ (t)) é%
£, :
1
L) :
DY) YU ) +F (DL FIOIT (2 Y tE) ] =0 .
to

[

ct

Integrating the first <texzm bty rparts and recallirmg cha

Ke (T)=M, we Lave

"

y' (1) Hy (T) ’-/ {(y'(v)c )y} -

t,
+ YD (DBLID (1) y(t) 18t ~ XJK (%)%, = O

whick is equivalent to

I (XgelUyety) = x;K*(to)x;-.

Since (X,.%t,) s any arbitrary pcict in 505 te,T 1s

ct
& d
w
o
H
1]
I

vious eguality holds for all (xg.%;).

Since .the guestion of stabili+y is <+rzatzd for a mors g=n-
.eral prcblemr in se=cticn 2.5, the prcof of <th2 glchbal st lt:i.l-
ity of linear feedback ccntzel will ke postpened until then.

This c¢crpletes the rz-cecf of tha Thscrem. O
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. QE .
x = W = F(x{t).u*lx(t)._ \}'lt).":);.t) » .
.. m ) )
Y == =-Fx(X(thu*(x(t).ﬂﬂt).t),t)' wit)
X

= G_(X(t) ,u, (X (%), ¥ (£} ,3) %)

with +he tcupdary conditions

-

X(%) = x, "and Ww(T) :‘I.-xtx('i‘))
cver the iInterval [t,,T”]. H2r:z tke Hamiltecnian ¥ is evalu-
a+ad alcng tke ceontrol u, (se2 L2cra 2.2) and <he ccrﬁés-i
rFcncéing state and ccstate trajectories x ardw. .
In crder to éomplete thé prcof ¢f Theorem z.1, It is suffi-
¢ciept %c prcvs that
~ () The cprimalixty systeu_(2.27) has a écluuicn . (this
will te indicated in Lemma Z.AT,
and that ‘
(ii} Aleng the scluticn trajectcry c£ tte o
systea, the ccst funciticmnal J satisfizs <he prepe:zt
3 (x(3) 08 1) = ie)
for all t€{t.,T].
LEMRA 2.4 °
Thg-cptimality system (2.27)* has a scluticn (x*lt).‘ﬁ {z))

cn the interval {t,,T] and for small |x]| , and

. | = )
V) = 2K (0x () + o(]x ©)] )



uniforply fcr te€[%,,.2].

Using (2.3) and (2.4), =quation {Z2.27) can ke writter as

. Co=1
X LR R) =-1/2 B{2)E (t)EB'(%) x

= . _ +ho (X9, t) (2.28)
v -2G (%) -37 (&)

hd

whers the <function ho(x,y ,%) ccrtains tke tigker czder
terms In (x,v). L2t us ficst prove *ha*t the lezma hclds for

the truncatedé case. For the truncated prectlecm, system (2.28)

reduces to 2

. -1

x E(T) =172 B(Z)R (T)B'(%)|| x .
- . (2.29)
- i ~ .

.\;, -zC (M) =A' (%) v

The syster (2.29) must be solved with <he kcurdary ccndi-

tions .
-
X(tp) = %, for acbizrarcy x, near thz crigin in 5 ’
te .1,
and
V(L) = 2Mx(T)

{2.20)

ghe:e 2Mx(T) = Lx(x(I); (seé section 2.5). The cptimal

feedback ccntrol u, (x,t), fer the t-uncatac¢ trctlem, is giv-

2n by (s€e lenmma 2.2(b) and lLemma 2.2(k))
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N “1 s ‘ -1
Uy(X,t) = -2 {T)BY (D)X, (E)x = =-1,2 F (E'(2)VY -

where,
Vix,t) = 2K*(t)x {<y . ' : [2.31)

Sinca A(t;,E(t{.E(t) (>0) and C(*) are ccotinucus tcunded

matrix functicns, <there exists a sclution (X, (%), v, (%))

~

fer (2.29) satisfying (2.39) for all = €{%0,T]. <This linear.

£ystem cam te considezed as a final value ctrekbler with <he

Ecurndary conditicns x(T)=x*T and #ﬂt)=ﬂ¥*T. Ino *thkis case, the

.scluticr cap ke written in <he Zcllowing fcrx

¢

A
. _-l T
= ¢(£) ¢ (T) - (2.32)

x (t)

Yi(t) ) Var

vhere ¢(t) is a fundamental matrix scluticr cf {2.29).
-1 i i
Tke matrix P ()¢ (T) canm ke written as

&  {£,T 8. (%,T
-1 1 &9 - 12 )
¢ty ¢ () = . (2.33)

6,y (%47 6. (*,T)

Substituting (2.33) into (2.32) we cktain
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X fx*.r . *T:t)\.'-= "“:011(‘:0:) x*’_.r * 012(": 'T)\P*T R

ViXap Vo D) T Opqlta T Xy * CpfTe TGy

R

where we bave included the <terminal values';*T and ¥, in
+the arguments bf x and ¥ tc indicate their <d¢erendenc2 ©on
+hese paragpeters. Frcm the above <wucC aquaticns and (2.30).,

e Lkave

=X,. Ib cther words, ZIor

and at t = t,; « x(x*,rqznx*,rrto)

to.T] there exists x*TEE

- n . .
all x,é3® and t€[t,,T guch that

s

'40-

-

whickh indicates tkat the matrix (€ 1 (to ,'1:)+::e12 (to ,T) M)

rcnsicgular. Ncw consider the pcnlinear systeam (z.28) as a
becundary cenditions x(I)=x .
%xT .

£inal value problem with the
systen can

VIT) =Wy » Tn view of (2.32) the solution cf this

ke uritten as

X (%)
-1
=0 ‘¢ (7) VO Yt

*

-

contains ths higher crder <erms in

where V(X eVW,qp %)
(x*T,\V*B starting-witk second crder terms. Ey artgumentis si-
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[

zilar tc thecse used in lemma 2.1, it fecllews frem (2.32) and

{2.33) that S

2

X (X ) = 6., (£,T)X . +E. . (T "')\\‘4+C T P
ap # Wape ) T By (Te=) Xyp®Eyp (F0 20 gt
— M
X oo
\y(x*T ,xy*,l,..) = 821 (t,“..) x*T +622. (.,_?\&T+ C
Yot

vniformly foz t€ [ty.T73.
' . . . .
We wisk zc prove that fecr arbitrary x,¢¥, wi+th small cerm,

there exists a vector xtfsn such that x(x*T,Lx(x*T),:o)=xo.
>

™

Befine the Ffunctizn S as

= x(x

S{x5¢X *7

*T ) cI-x (I*T le%g) - Xo -

gisce I is at leasz guadratic ir x, it fcllcws <hacs

s(,C) = ¢ and
< = - oy "
. -x*T (C 'CJ ~ (ell (to IT’ + 2812 ('0 '—) P) ’
where £ (C,C) is nonsingular. Therosfors, i+t fcllows freom

*T ; .
implicit fupcticn thecrem, *hat there exists a mneighborhcad
. . . . . A n.
C c¢cf thk2 crigin 1n EP and a functicn T C——=F such tha=
(1) X (%) = o . for x4 = 0
i3 S(xo,;T(io)) =0 for x,ecC .

Hencsz x(?&(xo),lx(;&(xb),:o)=xo. Ccnsequently, “he optimal-~

ity system (2.26), and hence (2.27).,has a =scluticn c¢no the

E

interval [¢,,T] Zor small [x,| with ¢he rrcperty

-

- 2
Yalxet) = 2K, ()2 (1) + O (%, () | )
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unifermly for t€ [to,T).. This cémpletes the préct of tha

According to lemma 2.3 i+t repains tc estatlisk <he exis-

tence of a <feesdback contrecl u, €0 which .satisfies the func-

L e

tioral sguaticn (Z.B)Q,Defiie R

U, (Xet) & U (X, (X,8) ,t)

" where W;(x,t} is théesolhtipn of (iLg?f apd v, (x,y,t) is as’

~a .

defired in Ileczma 2.2. Then

-1 . 2
=172 B (£)B'(t)y, (x,t} + C{|x|)

u, (X,%)
-1 . 2
‘=3 (t)E!(th*(th;+ cllx] )

I

.
unifcriely fer te %ty ,T)] and X near the crigin ip F. let
s€fty 1] be fixed and choose y € F near the criginm such

that, tke sclution. ¢f the system X=F(x,y (X,t),%t). with

) X (s)=y exists_pn7(s «TJs Fucthzr, let Wx,] ke ¢ srall such

ttat the scluticn of (2.27) exists. Fror the cceptinuity and

aralyticity cffphe functicn G, it fcllows that



e,
i,

¢

. —-J(y,u*.s) =jLG(x(t) ,u*(x(.t) fL),T) 4t
) _ 2y S 8
; s -
+—fa—1(X('I))
T ay
: 9x %G(x(t).u*fx(t).t:y )
9y x .
1t 3
&
Ju DG (X(T) ou, (X{Tt)ht) et
& *.\ T yet ¢ D 1ix(m)
P - du, Y
Frem {Z.27) we have
03 (Y,u, S) 2x . ‘ >
= [ ('\y*(x {(ty ™) N
Y Y |
S
OF (x (%) cu* (x{Z),Y).%)
- ‘ ) N (X (1) .4))
dx
D8y, DG (X (L) ,u, (X (T),t),T)
. —_— x 1as e 2 1ixem)
oy o, oY

Frco lerma 2.3,

it follows that

Fox(t),u (x(%),1), 1) " Hix(t), %)

+ 6, (X(0),u, (x(E),),t) = O -

Hence ,

~
)

he

-

v

hJ
0

Sy s
1

i

M
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3 171, «S) x4
+ _.L..__ = - —_ e Y (x (%) .3 d%
: oY 9y ¢t i
s .
T _ .
% ?E (x{%) (1 (x{t),=),%)
-ﬁ x ) Walx(t) .8 4t

9y CRS

-

-

T

/’( Fu,  FFLX(E) X (T} ) %)

Y, (x(e) ) @t + 2 _1(x(D)

oY 9u, ks
T ™
) d o9x - d 73x = \
z = | e [y (x(t),t) ]Jéx + [ — — IV tx(t) t)de
at 9y dt 9y _
& 5
7T 2% FFAX(E) 4T, (X (E) o) ¢ %)
- ['a - ¥, (x (1) 2y dte D L(x(T))
* Y ' ?x _ 2y
s
1
du, IF(x(t),q (X(2),%) 0]
- [ z b ~ ] Wetx (t) ) d

oY U,

"w
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. 3 ty.z, .S) x

= - x| v 2 1ix(m)
i ) A 9y

in

Lol
-

- /[ -;ay— Flx(t) »u (x(2),t),2) 1V, (x(t) .1yt
- 1

+ /[33—‘ F(x(z) 'u* (x(v),.Y),o) ]\'P* {(x(t),t)dx
Y -

=
- ~

9x (=) , 9x(T) 2
N {x(s),s) = Vi (X (T).T) +
Y v Y

H

L(x(7)

9x (T)
L (x(mye 2
oy 97

1]

V(Y. S)~

Lix(Z))
=V, (y,s) .

Therefere, Jy(y,u*,S) =¥, (¥,s8) fer small |y] and sef{<,,7].

Since thkis is true for all y ¢ Bnhav:'.ng small nccm and se [ ¢,

+7], then the functional equaticn

!
~

Fu {Xe U, {X,T) (t) "Jx_(xtu.*ct) "'Gu ('X,U* (x,%y,%)=C

hclds fcr swall x| and t e [%.2]. This ipplies tha<
U, (x,t) <=atisfies the functicnal eguaticn (2.8). 7Tkis ccm-

pletes <te prcof of Thecrem 2.1.



2.4 A EETHOD POR CALCULATING THE CPTINAL CCNTECL

Tn this section, we shall use the follwirg rctaticn:

S{x) is a pcver sries in x then the ith crder %ecm will be

denoted Ly S(ihx). Furthker, thke ccs* functicpal J(X,4 %) is.

defineé as

-~

) u, u
Jix,u, 0 =3 (x,1)= 6Ly 181, (¥ €),0) .6 o

-~
-
-

™

= Inf JG(y“te).u (y*(€),€),.8) de
1

where yY satisfies the initial valus prchblerw

g€y = F(y(E) »u{y(€).2).8)
yet) = x - T
u

Bere y “ig tlLe sclution of +he akcv:z system ccrrsspendig to

Using thecrem 2.1, the optimal ccntrol law u*(x,t) and the

cest furcticmal J*(;,t) can be zxranded In a pewer sarics as

(1) {2)
u*(x.t) = u* (x,%t} + u* (%) * ceevenscnce
(2) {3)

delx,t) = I, (x,5) + J* (Xgt) + eececsccens

(2.34)
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. : . % . .
where the lcwsst coder terms in ¢he previcus ecuaticn acs
civen Lty .
{(n =1
Uy (x,*) = =F (%)} B? (:)K* (x)x ,
. (2.35)
tZ)
Ja (X,%) = x'K (L)X

and Ky (t) Is the sclution of matrix Ficca:i equaticn back-
ward ic tips (with K (T)=M and te[to,Ij). Itce methed wus=z4 in
(1,27 tec écmpute the kigher crder %orms im series (2.34). is
Lased oﬁ the fact that uvg(x,t) ig the scluticrn ¢f the fecl-

lcwirg twc Zurctiornal eguaticns

Fxevy (x,1)03) "0, (x02) ] +0d, {x,2) L +6 (X, 0, (X,8),3) =C,
; ' (2.36)

Fy (Kol (x,2) %) "[ Iy (xe®) L+ G, (X,0, (x,T),t) =C .

-

Sukstiteting (2.34) ZIntec (2.36) apd squa%ting *ke¢ co=zffi-
cents cf similar créer, J, (x,t)} and u, (x,t) can re calcu-

latzd using the following agquaticns
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. .ﬂ p
(m) (m) | ,
fa,tox]*Ld, “"t’_]x *L9, xem]o = | .
mA (m=k+1) (k) .
- E £B(t,u* (x, Q) ]'I'J* (x.%) 1‘
k=3 .
A o= 1 (m=k+1) f . (k)
* ] - 'kzz [f (x,u* (X,%).*%) ]'[J*- {(x,t) ]x
) o _ ' (2.37)
(= /2] (k) “(m-ky
-z [u, (x.%)J'EtE)un, (x,%)
k=2 ‘ :
(m/2) (n/2} = ()
=fe, {(x,t} 'F{o)u (x,%}~g (x,u, (X,t),%) .
* .
(k) -1 (k+1)

u, (x,%t) ==1/2F (t) (B*(%)[J, (xe2) 1,

=1 (3) . (k=3+7)
o b (xeu (x,%),.%)fJ {(x,*%) 1]
* * x

3=1
(2.38)
_ (k)
g (x,u (X,Y) 1)
u
r-'.1‘:
Hhs:e m=3’u,5'-o-.-.-' and k=2"3'u'..... - . "-:
Fere the matrix functiceo A (X)) = (Y + E(t)S*(t) ; [k] de-~
(m/2)

nctes the integer part of k. Further, the tern u; tc be
crit+ed for cdd values cf n.
Using equaticns (2.37) and (2.38) . a8 LCWEer se-ies .cf
u, (X, 1) and J, (x,t) can ke generated. The szcquence

(1) (2) (m=2) . (2) {z=1)

[ u « B P
* * * *x . *
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deterripes J, {fcz all w33) it (2.37) Lty sclving a sys-

o

ten cf differential equations. The sequenc

1)

(1) 2) (k-1) (2) (k+1)

[ u* . ‘u* '-O-.-'u* : J* 'oo---'J* ]
. N
determinzs u, in (2.38), fcr all k32 .

-

2.5  SIABILITI OF QPTIBALLY REGUIATEL s¥siER

‘Eefcre fcrnuifting.:he satellite .cptiﬁal feecdlack r2a2gula-
ticr prckler, ;he s:abilityrof the ovntirally regula:ed'sys—
tam X =F[x(?),u*(x,t),t) is investigatéd. This qbesticy can
ke sclvzd with the aid of +the result dsvelcped Ly liapuncv.

T¢r cerverience, this resule will te pressnted Zirst witheout

precf., Then by Lemzma 2.5, the as?ﬁé&ptic s+takility ¢f the

"syster will be indicated.

Ccnsider tte follcwing system (in an[C,I]) R

x = BE(x,t)
(s)
x(0) = x, = 0

where fer x=(, we assume that H((,t)=C".
Tt is kncwn that if tkez-e existe a scalar function (Liapu=-

crcv functiorn)
1,1

Vi(x,t) €C (F®X[0,T7)) which satisfies the prcperties
iy v(0,%t)y = 0 fo- x = ¢ ,
(ii) vi{x,xt) > 0 fer x #.0 .

(131) T(x,t) = V_(x,£) + (V_(X,%),H(x,%)) < ¢

+hen system (s) 1s asymtotically stakle akcut tke'origin.
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hHith tte aid c¢f the previcus result, we can show that
. the cp%imallg.regulated #}szem.(2.7) is pecessary asymtoti-
cally‘§tablé. Tﬁis is indicated Lty %ke fcllevwing lemma. °

-

1IrEA2.S

Ccpsider the system (2.7) and surpcs€ there exists a

ot

feedback ccetrol law u*{xéfi which minicizes “ke ccst func-

tiomal (2:7)'. Furtker, sucpcse thez value functicn

I, (x,t) = Inf[f Gly(&),u(y(e).0),e)cde] ,
u 4
t

with y beirng <the solutionr of *he ipitial value pcokblenm

il
L]
-

{2.7) with y{(t) satisfies thet Bellman's equaticn

RO

D 3, (x,t) + IRE[{F(X,V(x,t)st) [, (x,%) 1)
It v
, + G(x,v(x,t),t)] = ¢C
ard if ,
(A1) E(0.0,;) = ¢ for x,v = 0
{A2) G(0,0,%)y = 0 for X,v = 0‘:
(E3) Gix,v,t) > 0 for x,v # 0

“then the crtimally regula+2d systern §=F(y(t),u*{y,t),t). is

asymptctically stable akout +the crzigin .

It sufficles to verify <hat J, satisfies +he prIcperties

{i)=(iii). Clearly, under the given assumgticns we can w-ite

i’
’7“6 :

/

ry

{

™~
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3 Ju (X032 #{FLx (%) u, (X,2)00) [T, (x,4 1) .
9t _

. . ’ . (2039)
. + G(x(t),u*(x,t),t) =0 -

wherz x(t), t>t Is any sclution cf the differsntial equa-

ticco
X = F(x(t},u, (X,t),%) .
\ (2.40)
Fer pen-zsio  Inizial state, squaticn (2.40) kas a
ncn=trivial sclution. Thus, due <o assurcticns (A1) and

{A2), the function J, (xe1)>0 for x#C. Further, Zfor x={ ané
u*(c):)=c We have J*(C,:)=O.'Again,for any ncon-%rivial s?lu;
tion cf (Z.UO); tke function G(x,u_,t)>0 ané kance the Frop-=
Tty (3ii) Zcllews £rem (2.39). Finally, since u C,t)=C (as

indicatzd akeve) it follew

tn

frem  assumpticn (27) that thz

crigin (in F%) is a rest point for the system (2.39). * o

ty
}ae
0

ccexplates tke précf of +he Lemma , 10

In the next two chapteﬁs, the applicaticn of Thacram
2.1 is ccnsidered  for study c¢f the optimal regrlaticn of a
satellite acgular momentum dynarics using a ccatinaticn of
reaction jets and flywheels: Fucther, the majcr rrebleas eﬁ-
ccuntered in <ke applica+ticn of +his <thecry are alse dis-

cussed.
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UEEARY

. In +his ckapter, tha theory cf cptimal cep-rcl daval-

cped in [1,2)}-zas been presented. The precf ¢f the existsance

it

¢f a uricue cptimal feedback ccocr+rcl, in the <case cf frzz

[(F]

enéd prcklem, was given (s€2 Thecram Z2.1). The methods which
‘can k2 uvsad in ozder tc computs th= lipnear as well as ncn=-
lipear cp=cmal <£f2eéback cont;ois WETa& fpresented. Fi#ally,
witk +he aid cf Liaguncv theory, it was shcwn +hat the 6yti-

rally rzgqulatséd systen {2.7) is nifessary asymptotically

stabtle atout the originm.



[

Chapter IIZ

REGUIATICN OF SATELLITE ANGULAR MCEERTA USING JETS AND
FLYWHEEZIS

.

3.1 INTECCOCTION

In tkis chapter, %th2 the2oxy cf cptimal cecn*tzcl, rpra-

vicusly rresented, 15 ussd fer =study ¢f ar cp+imal ragunla-
ticr prcblem cf satellite angular wmerentur dynavics usiag a

A . - . - e
ccmkina+ion ¢f reacticn jets and flywheels. } sui+atl €24~

L1 1]
[ ]

tack centzcller whick minimizeS™ek?¥ ccst ¢f fuel and znazgy
is dsvelcped.’ This contrel modsl is designed ir such a way

that system regulaticn,under large psrturktatice, %c a progparc
-

bcurd=d sctkse+ in is achieved by usirg reaction jats,.

'

Thereaftsr, £flywheels ace activated *o bring “he sy
LY

the rest (desired) state. The decrain and i+ts =izc gove

n

t

0

o *tc

H

e

whic
reacticr jets are active and the cerrespending fuel ceost aca

fect c¢f linear as well as ncrc-li-

1
ih

discussed. TFurther, +he

near seccnd crder feedback regulatczs cn systew Lehavicur is

irdicated. The range (in <he state sprace %) cver whichk the

flywheels are capable of :egulatinq the systemw is studizd.

Finally, th

0]

precblems ancountezed ip cemputing “he cptimal

ccntrcl ace triefly discussed.
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Satellite angular - pcmentum dyparics,using bet

rection jets and flywheels, can ke described as fcllows [4]:

IxF*( 2 y’ {(g=wp )+ x x, Cy v !*Cz A g J:x
- a T = Q - Q - Q :t'l"
.Lyq"'(-x Iz}pr+cx " ..+Cy a Cz . T -

LY

I+ (T, =T, (g=w) p=C a+q, S, pec, §L = T

(3-1)

where p,q,r rapresent the angular mcmenta cf satellize body

space craft).The" quantit:‘.ech . ,Qy R Qz are the angular
velecities c¢cf <the flywkeels and Ty ,\‘i\z—.':zare tte (arplied)

tcrques due tc reactiom jets. The zest cf the syrkcls are
the ‘parametgrs of " the syste.; (Satellite and flywheel acmants
¢f ipertia) . |

Tor the purpcs_é of .regulaticn we ¢cnsider ttke tergues (T, T

. . v
«Tz) and tke flywheel acceleraticas (.Qx .Qy .Qz ) as the

ccotxcl variables, and we define +henm by +he vectcr

= ceee v )t =T 7 1,81 .00, '
. v (vl,war2 . . v6) (x‘ y, ;s % Qz )
» . (3.2)
K uhere‘gx.,_()y and Q are the £lywheel angular velocities in

E the x,¥ and z directions, rsespsactively.
Usging (3.1) and (3.2), <h=2 overall sys*em mcdel is given

.ty



S ——————— e e . .
.

L1

T p+ (I =3 - c v -z §) Q =
-xF"‘(-z ) (§ ”o)Ifo Y4 vy I"'Cz z 9 v

ﬁy 1
I g+ (I, =I ) pr+Cx93: :*cy ¥5C, Qz 3 T
I I -T0) g-ve) p=C_ S} 9*<y Q? PrC, Y6 T3
‘ | 3.3)
L Q.
T
) ‘ %, R

Ny .

Tlke otjective is tc design a regulater (cr a feedback cco-

]
}ie

trol law) ttat brings tkhe system %c a rzst (de red) state .
fcllcwing a sudder perturkbazicn. Frrtker, ¢hke ccntzcl syszenm

skould ke such that it achi:ves *he abeovs cbiective with mi-

nimum ccst ¢f fuel and energy. A sctitakle ccst furcticn that

catisfics the atcve requirsments is given ky

I

Jd(v) = f[f/\ltpz +g% +x? )&2 (Qi +Q§ +Qi)
0

2 2 2 2 2 2 . (3.48)
+)\3(vl +v, v, )1-3‘!‘(1:4 +v5 +v6 ) 1+t

for Al,ﬁz,ﬁsand Aa>0 and té[ty,T). The first twec tezms in
the abcve equation represent the kinetic cnergy cf the sys-
tem. The last two terms represan* the cost cf =hs fcedback

ccntrcls which are osed to reguola*e the systeam, Neow. our

-probler is g5 find an optimal fgedhack“ccr¥:c1 law which

Tinimizes tke integral (3.4) ..



{3.3) ard (3.8), in matrix nctaticn, as

. _ X = 2x + BV (X,t) + fx,t)y

o

T
i 3wy = f[x'Qx + vy ] dt
) 0

L3

-

For ccnvenience of furthar - dsvelopment we H&i\? eguation

{3.5)

where x = (p,q,r,ﬂx,_ﬂy,%)' and v = (vl,vz,......ve)' « The

Pl

ratrices 3,E,£,0 and B are given ty

r

0] 0 al = C 7 o]
i )
0 0 0 € 0
A = a2 0 0 i '(L 0
0 0 a 7 ¢ C
0 0 0 C 0
0 0 0 C C
) N
X bllj C 0 | tl& 0
0 bosy 0 /C boy
E = 0 0 b33 C b}
0 0 0 taa Y
8] 0 0 c hSS
0 0 0 C 0
L.

66

¥

"N aw
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clqr + cﬁﬂy.’ T + ‘CS.Qz g -
8= * g il i o,k ¢
= »
£ capg + caﬂx q ‘+ ch),y P _
»N .
0
¢
i 0
* B .
-’ -—
) A 0 0 0 ¢ ]
0 }\1 c C 0 0 |
Fd
c
0 0 Y }‘2 C
0 -C ¢ o ¢
;\2
G 0 ) c 9
L AZ_
i "X3 40 0 ¢ c e )
o c "0 0
A N
) F=1 0 0 2\3 T 0 0
0 0 : 0 0
N
0 0 0 0 c
;‘4
r 0 o 0 0 ) }‘Q
where,
(1,-I) , (T -1) o ea (X-I) - (1-1).
- ’ a. m .
> S Yo r 2T T » & I 2T -
(I -1) c. .. ¢ ¢ 3 c. . c_
- L] B ow S—— c B e c ‘_ —
3T TI » ST 2 © 2% "I T %
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¥

H

z .
r the fcllewing section, " an algerithm fer cerputing the

n.

. linear and ncnlinear ‘feedback ccnerels 3

e

rrevided. Thken
with the aid cf this algorithm, an cptimal feedktack ceptrol
systen mcdel, which minimizes the cost ¢f fuel and §nergy
will te develcped. The basic idaa of this ccntrcl-mcdel will

te discussed in detail in section 3.4.

3.3  SIBROCIUEE OF OPTIN

H
Ira
(18]
Ity
=]
ity
(2
N
=
(o
7]
la

et — ——

2s incéicated earlier in chapter_LII), the fezdkback contfél
whick mipimizes the cosz funct%cnal (3.5), can te expressed
in pewer series as o [

=

(1) (2) ,
C*(I,t) = u* (xrt)_ + u* (X,‘:) +Omr

i (3.€)
where the first term in the s2r-ies is giver by
(1) -1 .
T, {x,t) = -8 B'K*(t)x . .
: (3.7

The matrix function Ke(ty 1is the scluticn cf‘the‘Eiccaﬁi
eguaticn (2.&0} (see Appindex A). Once the valu; of K, is
fcund, <+he linear cptimal feedback ccn+rcl {f£cr <le linear .
.€ysten) cén ke obtaiped using (3.7). The ncr-linear second
ctder term in (3.6) is calculated using +<he fcllowing algor-

i+bhp 2
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STEE- (i) )

Tetermine J, (x,t) using the eguaticn

12) ’
J, (X,t).= X'K (t)X -
3

Itn

Ld
-

I
im

{

.
-
-

-

‘ - (3) .
=3 in {2.37) and define J, (x,t)= ¢'dl'°'°°°'dk e Xot}

vhere § is a homogenucus polyncmial in. the variables «x ,

b

1]
rt

1€ign,. of deg¢ree exactly three (cr ir genmeral m) aad «'s ace

ccefficients (in general functicns ¢f <ime). This yiegp 3

system cf differential equations for the «'s. Thasze =23ua-

tions can k= written as

_ (3
[ﬁ*xl'[J* (x.t)]x+ {a

ta)

)

(
. (x.:)]t =

. (2} (2)
~-[£ (I.u*ot)l' [J* {x.t)]x .
SIEE (2ii).
Solve *he differsntial equations (ckttained in (ii)) for

‘“1(t)'°“"°&it))' withk the final ccrpditicns lo&tt),.......

C.

Hn
[E]

z

Im
™

).

Set k=Z in equatior (2.38) and cktain the pcr-~linear second
2)
crder ccrtrcl u, (x,T).

Following the same proc248ure,  the higher crder terms of u

can te easily'fcund; Fcr system (3.%5), we have cemruted the

(¢))

crtizal feedtack control up t¢ secend c¢rder. Crcee u, and u
( -
are foupnd, limear and ne¢n-linear seconé crdey feedkack ccn-

trcls can te expreséad.gﬁespect;vely as

(2)

* -
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n (1) '13'

. W = (x,t) =-=F K_{%yx . .

= -k * (2.8)
(2) &) (2) -1

¢}
1}

=u,  (x.t)+u  (X,t)=-F E'(R*(é)i+

(3)
17203, (x4 1)

{3)
whera the terp [J (x,t)}x is tlke partial derivativa of
) '

‘J.*_(x,t) with -respect to the sta%e x.

In the fcllowing Séztion, system (3.5) and the fz2dkack
centrol law,given in (3.8), are used tc develcr the overall

systenm gedel. -

3.4 SYSIEM CONIROL MODEL

As ipdicated earlier, +the syster cecntrel medel presented
here is develcped in suck a way *that under lérge rerturkta-
tidns system regulation, +tc anvcpen tounded sukset in R ,is
acﬁieved Lty tha reaction jets. .Then the reacticn jets ars
stut cff and flywheols are activated +o bripg +the systep to
a8 rest (desired) state. During this pericd, flywkeels can be
gither under ncn~-saturating or* saturating mcdes of opera-
tion.

In tze non-saturat*ing mod=z, the flywheels are staticnary at

the intial tinme. They ‘ar2 then acc2lerated im a prescribad

fashicn ‘te correct +the disturbance such thkat their kinetic

-

epergy (acgular velocities) ,when +he disturktance is removed,
"are equal %o zero. OCbvicusly this type cf ccntrol cam not

ccrrect any 3initial disturktapce in the angular Lkcdy rates
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ke net change in angular nomantur for the ¢verall

syétem, in tkis case, ic zero.' Tue %0 this disadvantaga, we
have cénside:ed the flyuheéls- tc ke under the saturating
mcde to ke capable cf minimizihg tke sa:ellﬁte\kinezic ener-
a9y {51 |

Tc satisfy the raquiramant as stated in tte intrcducticn of

+his secticn, we have defin=2d the feedback cer+irel law as

-

v{x,t) = T(x,%) allx,t)

(3.9)

where the ccontrol variablz: u = W (i =1 cr 2) (see =gua-
“.tion (3.8)). The matrix functionm Z (x,t) ip (2.9) is a decis-
sion maker which prevides +he systen with *he arprcpiate

ccptzcl (eithzr jet ¢r flywhe=2l). This matrix is given by

- -
4 0 0 C c C
0 e2 0 C C C
E(x,%) = 0& 0 2, C 0 C
0 c 0 ea Q C
0 ¢ a ¢ e C
»
L 0 C 0 C o . e
6

{3.10)

The zlenents ai(i=1,2,.....,6) are defiped as



[

s
" 172[ 1+sign (fixl-2) ] ~ .for x£ s, 1Kig3

(3.11)

1,20 T+sign (z=|1x|]) ] " .fer x es;,usise

where.

s =1 x¢38 :|xli<c , fer scme €] .

and

. :_""—._-u--

. e :
The equaticos (3.9),(3.10} and (3.11) can ke ip%tsrcreted in

the fcllcwing sznse; under largs perturtaticas ( [ix|| 3T,

[l

2,1 fer 1¢ig3 and 0 for 4¢ig6 . TFor srall perttrbationms

{nixll <T). éi =0 for 1€i¢3 and 1 for u4<ig€. Using this matrix
in (3.9), we have
(Vie¥, #75,0,0,C)' fcr |Ix|| 2z
V(xrt_, =
(C'D'O‘vlb'vs ,vﬁ)' ' fcr ”x” <r -

Suksti+tting (3.9) ipto system (3.5), +he cverall system

nedel is given by
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X = Ax * BE(x,T)u(x,t) + £(x,t)

L . (3.12)

~

-

J(En) = \[{ x'gx + (Eu)'ﬁtEu)] dt .
0 . ) ) Q

Fer ccnveniegce‘ of represaentatice <¢f ¢the cerrlete systen
rcdel, vusing 2 combipaticn ¢f reaction jets and flywkeals,
we Fave used equaticns (3.8) and (3.12) t¢ develcp the sys-
ter tlcck diagram shewr in f£fig.3.2. Tkrcuchecut cur study we
tave used =such model tc justify the c¢ffectivensss of the

-

differert regulators (sce figurss 3.z - 3.11) .

3.5 - EFEECTIVENESS O EEDBEACK EEGUILRZTOES -

In this sectioh, thke contrel medel develepsd in tke previ-
cus sectign kas been uged tc study the cffect of differant
requlatcrs (linear or ncn:linear) " en the system Ekehaviour.

s

(XD

Since the ckjective of the regulazer

o

€ steer the systen
state tc the crigin (affer a sudden per+urbaticn), w2 have
censidered tte follcu;ng measures t¢ svaluate thk2 merits of
tke prcrcsed schame (£ig.3.71):

a- Cistance of the (space craft) édyramic state
(E(t),g(t) ,o(t))"' from the crigin and its variation with
tire

b- Distance of the Zflywheel state (§L|t),§g(t),£lz(t))r

frcon the eorigin and its variaticr wi+h tire
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¢~ The decmain and its size. cver which reacticn Jjets are

-active and tte cerrespondiang fuel cost. {(pcte that tha size

cf¥ the dcpain depends on the Zintial parturkaticn and the - | .

. R
prescrited radius of the ball S cr tha tcundary of whick
the recticn Jjets are shut off and the £lyuwkeels activatzd).
d- The.quality of regulaticn depéqding ce the radius of
tha kall s (in which the flyvheels are active}. -
lv/ ‘
. , . .
- = \ .
- —_— -
TN
\\-—-’ .
'."‘j L
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e- The ramnge (in the stafe space -t ‘oyer which the

rcr—linear second -order regul;to;. using £lywkeel alcne, is

capakle cf requlating the systep tcwards the origin aftar a
sudden perturtaticn.

Fcr the purpose of numarical- simulaticn, <*ke following

rarapetzrs have been used

Ii = €45 slug-ft:2 : c, = 1.2 slug-_ftz
1, = 100 slug~£f<? A "210.0
I, = €65 slug-ft’ LAy =10
c_ = 1.0 . slug-ft? - Ay=1.0
c, = €.02: slug-£t A, =C.01 -
Wy = ':'.29:&10"s rad/sec.

Using these parametars, the differential egquaticno

x = & X + B v(x,%) + £{x,t)

representing the optimal ragulator of £ig.3.1, was simulat-
ed cn the upiversity cf Ottawa's TCigital Ccoputer AMDAHL
470,v613. Fer v = E i(l) {see fig.3.1), let tp (*},q (£) .
{t)) ' dencte <he state of th2 space craft and ( fki(t) }
fg(_) Sl (1) denote the state of the flywheel. Let ths ccr-
responéﬁng distance (to the origin) ke dencted.ty d (t) and
Eitt), 'xespegtively.similarly, for v = I éZ) W2 have ths
cchesponding-distances dz(tj and Eé(t), respectively. The
nvmerical results obtained, corresponding tc linear as well
ncn;linear second crder feedkback regula+crs, are c<hown in

figures 3.2-3.13. Tor ccanvenient cchpariscn ¢f the results,

+ke fcllowing notations are used ip figures 2.2-2.11



aa = Eeacticn jets alcne, linear feedback regulatcr,

bt = Sea __on jets alcne, pcrn—=linear feedtack ragula-:

tex,

aa) = Feaction jets and flywheels, 1lincar feedback re-
gulater, r =0.2, ) -
\ bb, = Fe ction jets and flywhkeels, ncn-linzar feedback

regulatcr,r=C.3.
similarly, for £=0.7 we havs the results {2a,,tL,].
Frcz these results cpe cbserves the fellewing

(1) . Opndec the given initial perturbatico (di(C)=3.u6r,

syster regulaticn using ncn-linéa; second crder re<gulatcr (H(Z)

) is ccxparatively better thanm tkat obtained Ly lipear ra2gu-
- .l
(x 43

later {see curves aa,bbjaa, ,bb ;aaz,tbz;_ in figqures

! 1
3.8 and 3.9). < . 3

{ii) As the r=gion ovar which readticn jests are cperat-
ed sbrinks (i.e,r lncreases), tte .time taken by tke system

+c attain tte rest¥state increases: ( fcr example se€e curves

.

aa ,2a in fig.3.8). Hcvever, +h= ccrresperding fdrl,ccst

required tc run tke jets is reduced. Cn the ctler hand, ex-

[i]

panding the cperatinq region cf the reacticmn je*s (i.e,: de-
creasing I), yieids a tetter regulatica but the correspend-
ing fuel ccst is comparativeiy bigh (ccmpar= éurves aa,th;aaﬁ
,hhzin figs. 3.8,3.§). Therefore, a reascnatle value 3f ¢
can ke chesen on the basis c¢f zTalative imppcrtance cf acéura-

M

cy of regulaticn and £fuel expenses

2 tey
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d(0)=3.46 (Lindar control 13’;;@@)' 54
\‘;_\_
aa— -only jets are used

= jets and flywheels are used ™=0.2 - .
aa,~ jets and flywheels are used, r=0.7

: a
N 1
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pz(t) 0.4
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A Time sec. .
i ) ?ig. 3.2 Satellite angular momentum.
‘ in the x-directicm. .
d(d)-3.46 (non-linear second order control)
is used .

" bb= only jets are used
bb,~ Jets and flywheels are used, r=0.2
bb ~ jets and flyuheels are used, r-O 7

==l !

Time sec.

- ..L.' .
Fig. 3.3 Satellite angular momentum in
the x—direction.
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as- jers are only used ‘

- jets and flywheels are used, r=0.2
aaz— jets and flywheels are used, r=0.7
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Linear (1’3 control is

used.

"=

/\mw
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8 \J3# 16 &, 24 28

S : Time sec.

Fig.¥.4 Satellite angular momentum
in the y—directiom.

L

d(0)=3.46
is used

(non-linear 2ad-order control)

bb- only jets are used

bb,~ jets and flywheels are used, r=0.2
bb - jets and flywheels are used r=0.7

Time sec.

Fig. 3.5 Satellite angular momentum
in the y-directionm.
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d(0)=3.45 (Linear cont:rol is used)

aa- only jets are used
an,~- Jjets and flywheels are used, r=0, 2
aa,- jets and flywheels are used =07

1

. Fig.3.6 Satellite angular momentum LiB€ Sec.
. ~ in the x-direction.

H‘ d(0)=3,46 (non-l.near second order control)

is used

— 4
bb- only jets are used

bb.~ jets and flywheels are used, r=0, 2
- b = jets and flywheels are used, ™=0.7

et o Sl Ve e N it

~0.4

-0.8 |

40 44 48

-b Time sec.

Fig, 3.7 Satellite angular momentum in
the z-direction.
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d(0)=3.46 (Linear control is used)
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Fig.'3.8 Distance from the state t5° sec.
the origin.

d(0)=3.46 (non-linear second order control)
is used

N bb=- jets are only used
bb.~ jets and flywheels are used, r=0.2
bb,~ jets and flywheels are used, r=0,7

Time sec.

Fig. 3.9 Distance from the state to
the origin.
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Fig. 3.1l Distance From
Flywheel State.to the origin
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{tii) Fecr large peturbatien (r>0.7), i+ was fcund that

T N 2)
tte rcr-lip2ar second order feedtack regulater (W e using

flywkeel alone, fails tc“:egulafe tke systém (becdmes‘unsta—
tle). Cn thke other hand, 1linear regulater (E(l%,when it is
apﬁiied éc tke pcn-linear syétam (é.S), is glctally statlg
tut tke time taken by the system *c attaip the resst state is
quite large. Hewaver,the behavicur cf the néﬁ—linsar feed-
Lack regulater can be improved.ty iptrcducicg &mere non-li-
near tergr inp series (3.€). Th? enly difficul«y in doing
that is <%te ~large number of differential egua‘ticns cne has”
'tc sclve in crder tC compute *he coefficients w's ané csnse-
quertly tke cc:respondfhg'qfd (séé stéps {ii),(3ii) in sec~
tion 3.3). This pfcblem will discussed with mcre details in
tke next charter.

{iv) The distance E;(t) of flywheel angular velocities.ﬁé
(Qk,Cly,fg V' frem the qriggn attains a cerstant value after
disturbénce kas bean remcved {see figs. 3.1C,3.11). ZIndeced
suchk result was expected since the veigtting facter 32 in;
(2.8) thas bcen chosen quite small t¢ serve asz a creventive
rechapnisrn aéainSt baving a.;hn asay situaticﬁ in the angular
velecities., In cther words, the use of a satura+ing flywheel
has a major advantége of keing capalle cf ecrrepting the in-
itial ¢isturtance in the satellite Lcdy angular. mcmentum
[ij Hcwever, for practical conveniencs, thke flywheel angu-
lar veleccifies (or kinetic energy) sheculd Le reé d tc zero

after the disturbance has been reroved. A zears cf doing
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~ +kis is tc provide an crposing tergue (impact) t¢ desaturate

((4], EE. 40€,808) the flywheel (fig.3.1). -

In this , chapter, th? arplicaticn cf Thecrem 2.1 has
teen considered for the study of Satellite \cptimal regula-
tion. . 3 suitabls cocmtrcl mcdel, whick minimizes the cost of
fuei ané energy; has been develcpad using a ccatipaticn of
reacticf jets (for larger pertuxtations) Vand f£lywheels (for
mild perturhaticn#)‘ (se2 £ig.3.1). Using such a mcdel, we 
have chserveé that; under some initial getvrbationms Letter
regulaticr can he achiveq by applyingq nco-lirszar seccnd ord-
er.ccntrcl. As the regicn, cver whkich +he reaction jets'cp-
erate, is shrinkeé, the ccr;espcnéing ;cst cf fuel reduces
but larger +time is required foxr the system tc¢ attain the
rest (desired) state., Howaver, using the ecntrcl mcdel pro-
vided here, cne can choose a suitakle regqicm cf cperaticn of
+he reacticn jets (by cganging T) such ttat +the system can

attain the rest state fairly fast with reascrakle fuel cost,



Chapter IV

= .

BEGULATION CF SATELLITE ANGULAR MCEENTA USIKG FECTION JEIS
ONLY

-

IRIBCCOCIION

In ttre previcuélchapter, +ke cptimal :egulatién cf sa-
tellite dypamics using a'cémbinaticn of reac+ic¢cn jets (for
large per*trkaticms) and flywheels (fcr niléd ce:turbations)
bas been investigated. . In this cbant__, the cptieral ragula-

tion prepeties of a satellitza using'reacticn jets with fly-
wheels having f£ix=2d angular ﬁelccitiés, ie ccnsidezed, The
effécfs cf licrear, ncn:linea: sebond crder and third c¢rderx
centrcls cn the system;behaviou: are ccprared. Zka-cost
cerrespending to  each regulater, under different initial
terterktaticns, are obtained. The rangz ‘in +he state space
cver wiich +these regulatoss are c§pab1e c¢f regulating the

system is indicatéd.?inally, the prctlen enccuntersd in <the

s d

'Y
'.I'

arplicaticn cf the previous contrcl thecry scussed with

gcre details.
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8.1 SYSTFM MODEL AND FORMULATICN CF THE SEGDLATCR PROELENM
The Satellite angular mcmentum_dynamicé, using reaction

jets with €lywheel ha&ing ﬁixed _angulqr.velccities. caﬁ be

deszibed as [s8l =

Txi’* (I,-Iy) (g=v )r-cyﬂy T+ .qu T

g+ (I -I N --c N =7
Iyq (x z)\pr*cx. X zZ 2 F Yy

. . ‘ (4.1)
T Pe(I =T )(g-w)p-C Sl gec 1 p =T

z y x - x x Yy ¥ z

where (F.ge.Ir)"' represent the angular mogentum cf Satallite
tody, (Qx.ﬂ&.fé) are the.flywheel angular velocities (which
aTe fiied guartities) and (?x;T .E;) ars +he -tagpplizd) tér-
gues due to reaction jets. 7

Here we bave ccensidsred the torques (Ix,Iy,Iz) as the con-

+r¢l variatklss, which can be defiped Ly the vecterT

L A PYAS R ‘Tx'Ty'Tz)' . .
{8.2)

Using (4.1) and (4.2), system 2quaticn can re uritten as

E=2q ¢+ 2 ¢ en v ay
g = hlp + h2.: + hapr + b4u2
(3.3)

e
|

C1P * G 3 * P9 * O
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-

where
N i-I c I -1 1 .
a =— —%.% _ g = __Z_JLHO— —-X , a =i I 3 =—
1 1 I T 3 I . 4 I
x x x X x
' -T
t.= cznz oL =—_C.§_n ¢« b =-£-£x...:2-_. e £ .= ! .
1 \ 2 T 3 ) - 4 -
Iy ~y v v
. {Ly-Ig Gy {1l (Tym%) 1
C1= w M Cz- P = . CA,__ -
Iz Iz Iz Iz - :z

A suitakle cost functiopal wtick minimizes +he satellite
kinetic energy is given by .
T )
' 2 2.: 2 2.2 2
J{n) = A +A g AN © +u +u +u ] ds
) f[_lp ,9 3 1Y 3]
0
(8.4)
for 'Al,ﬁ\zand }3>0 and t€ (0,17 .
Eguaticns (4.3) and{4.4), in matrix nctaticm, can ke writ-

;o
. -\
ten as \‘

x = Ax + Bu + £(x,t)

(4.5)
T J
J{u)y = f[x'Qx + utPu] dt
J .
where x = (g,g9,I)"' and u = (ul,uz,us)'. The matrices A,B,%,0

apd F are given by
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c a, a a, 0 0 .
A = b1 0 b s B = ¢ I:4 e
Lcl <, 0 ¢ C c
A
anr 1 c 0
£ = b3pr . Q = o }2 c
¢_gr 0 0 A
3
and R=[I] .

In the special case, where Qx Q}_ =-Qz= ¢ and ﬁl-_-.>~2= f\3 R
i+ is igpertant to note that the cptimal ccptrcl preblem
(4.5) has ar analytical sclution [7].

Using'system zquation (4.5) and tte algcrithe developed in -

secticn =,3, linear and necnlinear feedtack ccrtrcls can be

cenmputed as Ipdicated in the follewing section,

) noz . : {':
STROCTURE OP OPTIMAL FEELEACK BEGULATOR

In this section the algorithm develcped in section 3.3 is

used tc,generate the sequence cf contrcls qu . Using this

technique we have ccmputéd the +the feedback certrel dup to
’ 1y @ @&

+hiréd crder. Once the ternms 8, fu, ,0, , aze fcund, linear,

rcn-linear second order and thiré c¢rder ccptrecls can ke ex-

presszd as fclleows
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Using tte ateve expressions, the sffect of the feedback re-
1) () (3
gulaters & L% and-w cn  the system tebavicur is édiscusssd

in the next section. 3 '

. P
6.3 EFFCIIVENESS OF FEELBACK BEGUIATCES

: ) : L) (2 (3)
In crder tc study the 2ffect c¢f the regulatcrs W W LW

fGiven ty (4.7), cn the system tehaviour, <+te fcllowing fac-

tcrs have keen considered :

a- The distance of the state (p,q,I)' frcr the origin
and its variaticn with tiame,

b~ The behviour ¢f different regulators.

c- The cost correspcnding tc each regtlator.

d- The size ¢f tke domain cver which cach regulatcer is
statle. | )

Ferx tﬁe purpose of numerical simulatiqn,.the parametars
1.1,z ,0.,C,C and w, , which are given in chapter (II),
X ¥y z. x yv.z2 N )
are used fcr system (4.3). Purtter,tha veighkfing factc:s)i,

 » and A3in {4.4) are chosen as
-2

Ap= 0.685  ,  A,= 0.1, A =c.e69 .
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Osing the atcve parametars,ﬂ\ the syster differential egua=-
. ‘ : AN

tzon o . .

% = Ax .+ Bu(x,t) .+ £i{x.t) i
o S S (L
can ke sclved using Eunge-Kutta techmique, For u= , lex
{Fy (t) »q {t) . T, (t)) * demote the state of the space craft and
let the cerresponding distanc2 denoted by dltt). Sigilarly,

2) (3) . :
fer u=W and uv=KR , we have the ccrresponding distances de-
ncted Lty 4, (t) and qB(t), reépécfively. Tke ryeperical re-
suvlts cktaiced for the state (p (t}.q9 (*).,r (t))'; the con~

{) i 1 i E
trols 8 and the distances di(t), under tke given initial
perturkaticns, are showa in figures &4.1-4.18.

Frcm these results cne observes the follcﬁing :
(1) Opder _the given 1initial pertukations (d
kC)=C.866, 1.368 and 13.164),- system regulaticn using non
2) . o
linear seccnd crder ccntrol (¥ ) 3is c¢crparatively better

than that cbtained by linear and nc¢n-linear thixd order comn-
- (1) (3) .
tj;#s (F and W ) (see figs. 4.1=4.,12).

{ii) when ncn-linear third crder ccmtrol is applied,
regulaticn tecomes pcor and system oscillates (see figs.

B.1-4.8}).
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Fig.4.18 Non-linear third order control,

-

(JETS are only used),
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"‘(iii)'For §0me_perturbgﬁicns (d_(C)§1.3€E)} non~-1i-

‘near third ctaér- ccotrol fails tc tegulaig the systen 1be-
_ccmes unstakle). On tha cther hand,'sys%em fegula;icn'c;n ba

achived Lty linear amnd secend créer'cdnt;cls “tsee figs.

b,3,8.€,8,9 apd 4.12).

[

{iv) For very largé par-urtaticns Ad (C)>12.164),
ncn-linear second crdexr ccntrel teccres unstahie ané regula~

tico, in};ﬁig‘case; can only ke achived tky lineacs :egulatcr.ﬁ

. TAELE I

| oiesindeiindlddbadhs ettty 5nhh® 2o it e e |
) I { 1 I
[} 1 1 ] t
. ' o | . :
' CONTECL | LINEAR | 2%& crdsr | 3zd crder !
) ) T - T !
! * o I : :
i e e S “mmteee
! ! ' 1 .
1. : : N :
} srzz cr ! ! " g
] i !

‘ 1 .0 ! ] !
;STAEILIT! : 0 <d<e> | C<d<13.164 1 (<a<1.368 !
I . 1 o ' LA }
| pepAIN, : : s
! . ) Lt t '
1 | N | o
) 1 o ! . |
rcmeeeea—-— e TSR { . |

- . 9.
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B¢

TABLE I
. ~ ‘1; -
pessTessssesssese= T LT T e e eEeme 1
1 t |
b ' : }
] L.
' ! CCST COPRESECNTING 10 EACE FIGULATCS ;
L = | |
| FEGULATOR Fm—————————- e e Fos e o oomos e
[ i ! - .
: : E ! :
! 1 €(0)=0.866 | d(C)=1.36€ | &(0)=13.1€4 ]
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l | I 1 l
: i | 1 |
j LINEAF L 2.€7 l €.9 l 7C .
l
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| 1 l ' |
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l 1 \ 1 |
[ 1 1 1 1
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! 2nd CEFDEF I 2.79 . 7.85 . €5 :
| t H
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NS S SU— S - 3
| : R I | |
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1
| 3rd CEDEF L 3,79 ¢ 22 '~ TEsTABLE
! ' 1 t
| i
: [ | l |
Iy e e e - - [ - U |

In the atcve tables, the numerical results cttained for tk2
cize of stability démain of each regulatc:z and the cor:és-
pcnding cest, upder different initial cexturktaticns, aze
rresented. Frcm these results 1t is claar that system (4.5),
when limear control is applied, is glcbally statle (this re-
sults agree ;ith thcse ottained by wsing Liagpuncv tkzcry).
Furtter, as the initial pe:;uébaticn incrases tte cosi cor-
respending to each regulator alsc increases and the lowest

value is cttained in the casz of linear requlatcr ({see tatle
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< -}g U - . < .
II}.i Thése results, are, however, ‘expacted Lkzcause of <he

-

fclléwiﬂg'ﬁacts :
_fi?i - . N‘Asuindicated earlier, tha ccntrel sequence [R ] cas

he‘definéd aé . . " ’ L S . e

{4.8)

where u  can te generated by u%ing the algcrithm given in
.secti;n 4,8, It is impcitanf +é note that <+he sequence of
cests [J(H(i%, i=1.é4.:.j, ccr:éspcnding tc tke seéuenc; ot
ccntrcls [ﬁ‘iﬁ generafgd’éy (4. 8), is net ﬁeéessarily a’ mo-

N nctone decreasing'seguencg {(i.2, J(a(rﬂj)¢3(“(i)))- This is -
hecaus; such cons;:aints wersa nct"@mpcsed in +tte construc-
tion of the optimal centrel suggested in [1.2]. Houévef, if

there exists an optimal feedback cecntrol .u*{x,i), for x¢ i

and t€ [to,‘:};from the admissabl@ class and if tte sequence
H(i) i ,

Te in  some épproptiate tcpclcgy then ve can expect

‘that for all i greatef than scme i , the inequality

{i+1) fi) } .
J (% ) <.J(W ) o, i3 i,

holds prcvided that the cost functional J is continu-

- s s . ‘ : i
cus.further, foz all i<i,, +he sequence cf ccntrols [H() ]
is nct crtimal and censequently by lemma 1.5 we can not as-

sert ttat 'thz systen )

- a . L]
. ..

. /— e . (1)
] . . - S F(x(‘t)_,ﬂ (Xet) %) -

e e s e A S T
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is asysptctically stable. ' ‘ R -

Frcr the above discussicn,. it is clear that in crder tc

ccmpute the optimal feedback cout:&l u;(x.t), using the re-

~gults developed in [1,2], 2all the Ligher crde:x ferms;iﬁ sS2r=..

ies (4.8) shculd be included."ﬂcweﬁer.. as tl2°c¢rder ol the
) D - ' .
sequence [W ] increases, the numbter cf .éifferential equa-.

.

O

‘ticrs cne needs to sclve: every step . alsc increases (se

[l
t 21

steps ( 1,('ii) and_ (iv) in séciién 4.z). In ;atlé'IZI, tﬁgﬂ
nuaher cf difsrential equations reguired <*c cenerate the
-series'(u.s), for system (4.5), is indicated.

frcm this tatle, it is clear that evern in khe-éase of a
ttree dimensicnal ‘rroblem the nhmper of ‘differential'aqua-
tions cre 'seeds to sclve in order +tc computé tkae 6ptim§l
ccntrcl, .is quite large. dhviogsly, in +he cése cf.lérga
gcale system, oktaining thé.cptimal centrel, 'Usipg éhe_pre—
* vicus algcrithm,-requires'édlviné a iarger rurcker qf diffa;—
1entiai eqﬁaticns. fhis difficuolty can:bg‘ccnsidered as a ma-

jer prectles in the applicaticn cf +his +«kecry.

P
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In this c¢ha p*er. the tkeory develcped in [1 2] tas teen ap-

plled for study of optlmal :egulatlcn cf a s=atellite using

-

reactice jets -with flywheals thaving €ixed angular veloci-

-

ties. For tﬁisfprbbleh, i+ was fcund that, -undec the given

.

. initial gperttrbatiors, bet+er rsgulaticn can te cttainad by

usipg nenlinear second crdar ¢entrcl. When third crder con=

¢rol is appliad, rcegulation beccmss. tccer arnd system cscil-
.~ - \ . :

lates. CUsicg Lliapuncv thecTy, i+ was fcynd that sys*=2c
(8.5), whem linszar contrecl is-appli?a, Ig asypptetically

stakle. Further, as <he initial‘pe:;u:haticn increases, the

- K
- * B

ccst ccrzespcnding to each regulator*falsc inc:eases and +he
chnst value is obtaineé in th2 case cf lineat ccmtrcl. How=
ever, as irdicated earlier, by *ncludlng all *he kigher ord-

e: terms ip <serizs (4.8) systam hehaViou: aréd +*he ccst of

-

the ccrresgonding regulater gen ke impreved.r The cnly diffi-

P -

¢ulty ir irtzcducing +hdse higher crder.terzs iIs the lafge

nunker cf Jdifferen<ial equaticres cne ngeds tc  sclve every
- : w7 '

stepr tc generate the.contrcl s=guence U, in serxiesg (4.8).

[}
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In this‘thes%é. the théc;y cf cptimal £=zedtack cchtrcl de~
velcped ip[1,2] has been é;ésentéd. The prcecf cf the exis-
tence ¢cf a uzique‘optimal\écntrol, in the case of the free
end preblen, is given.-fhé methods wkich can be used tc cem-
rute linear as well as fﬁcn-finear cptimal feedtack cecntrcls

were indicated. Furthqﬁ; with the -aid of Liapuncv tkeory, it .

- 5
- L

was shcwn that the opﬁimally ragulated system (2.7) is ne-

cessarily stable. )
“//ﬁff‘“thé crtimal reguiaticn Frctlem presented im chapter
(IT), a svitable contrcl model, whichk mirimizes the cost of.

fuel arcd ene:g}. hes been develcged using a ccotipatioh of

-

. reactior jets (fé:!la:ger- perturbaticns) and flyutgels-for
'(mild petﬁrbg?ionskf‘tdsing such a mcaei, ug.haﬁe.cb5§rved
ttat fo} tbé givegiinitial perturkations syster regtlation
usicg ncnviigear s%bond erder ccntrpl is ccmparatively bet-

ter than - that obﬁgined*by. ;ineér contrcl. As the region,
.céer which reactica :jétg opé:ate, is shrinked | the corre§4
pcnéiﬁg cost of‘fuelgreqﬁired t¢ zun the-jets is reducad.‘In

. this case, lcngé;-time is ;equi:gé-fct the system to at+ain.

: o - o L .
. .*he rest (desired) state. On the cther hapd, as the jets cp-

erating region increases (i.e, T decreases), syster regula-

-



tior is imprcved byt the fu=l cost is muckt higher. Eewever,

using *he cedtrel medel developed in fig.3I.7, cre can choose

a suitatle region ¢f creraticn for the reacticn’ jets (by
'changing r) such that tha %ysteu can attain tte rast staef

. €airly fast with reascnakla fuel ceost.

In the seccnd contrcl prcklem, - a presznted ip chapter

\- n

11i+te argular mecmen-

n

at

@

.4III), *the cptimal regulaticn ¢f a

=1 dyn?micé} using reaction jets witkh flywkeels Faving fix-
» ’ - "

4

€d argular velocities was considered. Fer this problem is

was found 'that under scme reascnatle initial perturbations,
. . ‘-' " ) ) . . . s .
. ketter regﬁiﬁficn can te obtaine¢ Ly using pcp-lirear seccnd

-

crée: ccn:tcl. When third crder cecntrel is agrlied, regula- .’

tion teccmes pceor and'system ¢scillates. Using 1liagunov

thecry, it has been found that system (4.%), when linear .

.

ccentrel is arplied, is asymptotically'stable. Eurthei, as
tke initial pérturbaticn incregases, the cest ccrrespending

to’each regulator aiso increases.and the lcwest cost is ob-

taired 3 the case cf lirear contrcl. BHewvever, ky including

all tte kigher-crdératerqé in series (4.8), =<systen requia-
+icn and the cost of £he corresrending ccrtrel can ke im}{
prcfed; The cnly difficulty in ;ntrcducing.thcse kigher ord-
er_terﬁs is ' the iarge number of g&ifferential equaticms cne

~kas tc sclve in crder - to generate the sequence [HS

(B0

sidered as a majc;'pfohlem in ' the applicaticn cf tte thecry

. . L '
develcged ie [1,2], specially fcr large scale systes.’

. ] o

1)

=2437eee..] (see table III). Suct difficul+y can te cen--
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.SO'»fa# na sit;sfgctczf :ééult vkick sclves tte cptical
'géedhack_ccnt:ol problém-has béen,develcpéd; Hoséver, the
authos fée1s,thqt tkis problém haj.he sclved ty aeve16ping a
suitable ,numeriéal' téchnique.ﬁhicq prcvides sclution_ te
Bellzan's eqca;ion {(by sclving’a systen-cf rer-linear par-
tial diffe:ential.&quations). : Ccﬂseguehtly. tke optimal.

feedtack ccntrol can be found.
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Appendix A

: DEEFVLIIGH OF THE MATRIX 'FICCATI ECUATICR

- . . — —

Cersider the linear-gquadratic ccn*rcl precess 3in.E

X = A.(t))'c + B(t)u(x.‘:.}“

.

b 3 . . L (A‘l) hd
with the perfcrmanca index '

| ) - - 3y = J(.{1/2(Q(t)x.x) + 1/2(u,B(¥y)u) ] d¢
0

+X "Mx

The tasic rfroblem is tec find a tcunded feedlack coentrol.
t{x,t) %hich cinimizes-the aktove in+teqral. "Thigc yretlem can

. ‘. . \ .
ke sclved by using Bellman's principle cf c¢ptirality.- For

gach t€[{0,7) and x€¢ & ,dzfin=2

el -
-

T (x,%)

Inf [ [1/2(Q(8) ¥ (X,t),¥(X,t))
U :

rt

+ 1/2(u(t),5(vyu(t)) 14y | -

vhere

= K(6)y(x,8) + E(®)u(e) ,

= x . for ee(t,I]1 .
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L - . T es .
< It -is kzewer that ¥, as defined atove, satisfies . the

-Bellran's equation :
. . - —

o

IV ] o= InE [ (RO XCE(@)U, Ve UxeE)) ¥
- . . ) ‘.

(a2)

1/2(Q () X, X) + (U,F(t)u))} ]
with the bcundary ccndition :

. ) n
_j?Jx.T).= o} for {(x,t)e F X[C,T] .

.

. eipnca there is mec ccostraint on the contzcl values and R {%t)

—

4

s pecsitive definite, the';hfimum can te cttaineé ty equat-

ing tc zerc the partial with ©rTEspect tc u cf the exprassion
. . P - - P

within the bracket in’ (A2). This gives us

. =1

v = u (x,t) = =BT (D)R (%)Y (xX,%) .
. ) ) ) - < {A3)

Substituting (A3) intc (A2) ve_gttain )

. R | )
- [.V(xrt)]t= [(A{Y)x =B(H)F (L) V (x,%)) .V, (x,t)]
| -1 ' sy

© ot o+ 172(C(B)xX.x) + V1/2[ET(Y)R (t)ﬁx(x-t)'ﬁ'(t)vx(X.:)] .

Since the syétem‘ (31) is linear and J is quadratic, the

functicr V is also quadratic in x. _ Assuping tte guad}é%&c

fcrm fcr this function we can write ;>
’ v

V(x.t). = 1/2(K (£) X, %)

where K is ap unknown quantify to te determined. Substitut-

ing the previcus expression intec (At) and ncting that

’

S A S et el




5 L (xR = 1/2(R(E) X.3)
ST () = 2UEENXLT) ¢ 120K (113K
ve oktain o . o . -
-1 2R (8) X, X) = 1720 ((K(£) A (%) .+ A% (£)K(%))X,X)
. _l .
- 2{K(£)B(T)B (t)BT'(t)x,x) + (C(=)x,Xx)
-1

¢ tR(L)B(L)R (L) E' (£)K(£) X,X) ]

Frcn the previous aguation, it fecllcws that
- . - Y . N
= (K(1)X,X) = [(R(£JA(E) + 2" (S)K(£}Ix,x]

-

= (R(E)E(E)ET(E) BT (£)R(t)x,X) + (C(t)X,xX)

-

with the Ekcundary ¢cndition

V(x,T) = 1/2(K(T)x,x) =" 1/2(¥X,.x) .

3

n

Since equaticn (26) I5 true -for all x€F ané t€[ty,T7], it ~

.fgllcus that

-
V

: . ) -1 :
= BE(E)=R(L)R(L)*R' (L) K(t)-K(L)E(L)E (L)B'{L)K(L)+C ()
K(T) = M ' '

"which is s¢ called thé matrix Siccati equa<icn fer. the sys-

- .

‘tenm (A1f; Further, it follows frco (A3)  that ;ye op+<imal.

centrcl i3\ given by
\ - .
/ s
/ u (XB) = -BY ()R (£)K(t)x .

~.46 L
4.
!
(ES)
1
'.:'_
(A6)
S
(A7)~
“
3
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/7 JOB »*DABBIUS T .E 'oMbGLEVEL (2.0)- :
S/ CLASS=C.TYPRUN=HOLD
s/ EXZEC FCPTuCLu.TIM:.G”‘(B.O)oREuION GC=1000K

ZESETUP ***tt*t*#*t**t*t*8***#**:&**!******#*!**tt#t*t .
SEMESSAGE . CORE=1000K +TIME=(3,0) +MERCI .
/RJIETUP ****t*ttt***t**tt******t***t**t*#****#tttttt***t

//FCRT«SYSIN_ __ DD *

€ THIS PRCGRAM COMPUTES THE OPTIMAL FEEDBACK CONTRCL FCR NuNLINEAR
C OYNAMICAL S3YSTZM. AS AN EXAMPLS, SATELL ITE OPTIMAL REGULATION IS
C CCNSILERED. - -
CCMMON/MAM/P(6+5)+Q(653)+R2(256)+L2+XJ(0) -
COMMOCN/DADZUNIZ) oL1 »UZ2(3)+CL(3+6)sU(3)VeDsS51
COMMON/DADIZUIC3) WUNI(3)+U2J(3) oK JNSTEP ’ T .
CGMHCN/MA“A/AY 65504.21) - : R
EXTERNAL _FCTOUTPFCTJ - ‘

, .

JIMENSION Y(?).DERY(?).PRMT(SI *
IF Li=1 LINSEAR CONTSOL IS5 USSD., IF L1=2 SECOND CRODER CONTROL IS
USED. THEZ PARAMETZIR Z REPRESENTS THE INITIAL CCNDITION,.

Ll=2 . ) * . > 'S

rtz=1 R

L3=1 ] . . S

Z=2.2 N

o IE_D>51, REACTICM JE TS ARE US D LCTHERWISE FLYWHFEEL

0N

S ARE USSD.

51=0.2 ~ -
S~ NsTehlesoe S
PRMT £1=0 40

PRMT(2)=65.0 N
PRMT(2)=0.01 - : 4

N PRMT(4)=0.0
PRMT(S5)=04.0 -

e C_LULﬂIADES ol S W3 MAIRAE__JC£AIJ_£QQF1§§EL -
I=1 47
Y(I)=0.0. ) /

1 DERY(I)=0.0
DG 61 I=1.NSTERS ‘ .

- READI(1) (AY(I--’)sj=l;7) .
READ(1) (AY(I34)+J=8,414)

61 READ(1) (AY{1+304+4=15+21)

Pl{l1,1)=AYI{NSTEE.1l) ' e I
P(1e2)=AY.INSTEP, 2)
P{1+2)=AY(NSTEF,3)
( 1.“}=A‘!(NSTEP-4}
*  P{1+5)=AY (N3TEP,.S)

P(ls+E)=AY(NSTEP,&)
P(2s1)=P(1+2)
P{2.2)=AY(NSTEP+7) %
Pl{2:32)=AYINSTEP+3) ; ————
P{2:+4)=AY{({NSTEP+3)
P(2+E)=AY(NSTEP.12)
PL2.E£I=AY(NSTEP, 11} .
P(3+1)=P({1.3) . . L . . -
P(3,2)=P(2+3) . ‘) : 3

s P(3+3)=AY (NSTEP,12) ‘ _ (
P(3+2)=AY(NSTEP.13) ’ ' ' \ !
Pl{3.s)=AY(NSTEDP,14) -4 . S
P(3+6)TAY{NSTEF.15)" 7 N
Pla,1)=2(t54) : \ ‘
_p(QQZ)':P(on) . - )
Pla.3)=P(3+8) , . . ' ‘ .

. P(498)=AYI(NSTEP 16) _ : ‘ :
P4 +5S)=AY(NSTER,17) - . .
P(4+E)=AYI(NSTEPRP,18) - S ) .
PLSe1)=P (1.5} -

P(S+2)=2(245) . ot

hY

-



. e
’

PR,

P(65+2)=P(225) _ ' T‘
P{S+2)=P4»5)
N P{S+SI=AYINSTEP, 13} .
P{S+6)=AY (NSTEP+20)
P(5+1)=P(146) ‘ D
Pl(6+:2)=P(2s0} * ~
P{E+3)=P(3+£) : “ '
P(5+s4)=P(4s0) . 3 - .
" P(6«5)=P(S5,0) <]
P{o+EI=AY(NSTER,,21) : .
DO 55 I=1,.3. : ]
WICI)=0.0 = .. '
V2J{I)=0.0 * *
25 UNJ(I)=0.0 '
DC 105 I=1.3 h
02 105 J=1.0 2
10% Q2A(IL+J)I=Ce
DC 6 I=1.,23
UEI)=0,0
: UW2{1)=0.0
o UN(I)=0.0"
* DC 8 I=1.& .
. READ(S+108) (QRI+J)sJd=14+3)
108 FCRMAT(3F7.4
00 1S 1I=1.3 ° .
DC 15 J=146
—_— XA Jd)=DaD -
" 15 Ql(Is«J)=Q8Ja1)
173 N=J3 .
MM=6&
LL=¢ ! -
CALL- MPED(C1 OPOR‘ZON.' MMGEL)
F=3%(2%%2) .
D=SGRT(F)
_‘_lQ___lELLl‘:QALL_thI—LQAAO) - -
. IF(L1.EQe2) WwRITE(0+50) ! .
IF{L2.EQ.2) WRITE(6.,200) .
WRITE(S6+602) .
&0 FEORMAT(" J* 340X"TIM— VAFIENT KEJ ARE U$EC')
> WRITE( S, 70) g :
WRITE(6+80) PRMT(1)+PRMT(2)
.WRITE(GcGO) L
WRITE(ﬁ-lOO)
&9 CQMAT(‘O'-AOX-'LINEAP FLYWHEEL CCNTROLS ARE USED")
- 90 FORMAT('O'.4OX;'NO LINEAR 2ND 'QRDER CONTRCL IS-USED*)
70 FORMAT ("0 *+38X o " ¥EXERFE RS R RKXEFEXREARERERRI KK KR RRERRERKKE )
80 FORMAT (" 0" 450X e? TIME FRCM® 42XsFG6e312Xs*'TO" 92X sFG3)
90 FORMAT('O'-BOX-'SGLN- OF SATELLITE EQUN. WITH FLYWHEEL I5') -
. 1CO0 FOGRMATI*J1',28X,"* ********t**t*t***t#***#***********t***##*#**' )
S 200 FORMAT ("0 "+30X +*FLYWHEEL AND JET7 CONTRIOLS ARE USED'}
[ HERS W= CHIUK IBAI 1IE THE= DIS[QﬂgE 1S GREATERQ THAN S$S1 OF NC NOT.
B IF{L3.E02) GO T2 127 -
126 IF(C.LE.S1l) GO TC 127" - .
. IF{L1.EQa.2) GC TC 128 a
NDIM=4 . . S . A
DC_ 129 I=1,NDIM . =
DERY(I)=0.0 . - ) ~ ,
129  Y(1)=0.0 . AT ] i
. Y{1)=Z" I -~ . '
Y(2x=2Z . - , |
Yy{3)=27 - .
K=0 .
. GC. TC 130
128 NDIM=4 o .
’ OC 131 1I=1+NDIM
: DERY(I)=0.0 N
131 Y(1)=0.0 u
¥{1)=2 .
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o
NN

130
127

0

I(PPMT-Y.DEPYoNDIM.FCTJ.QUTP.!)
2) GO TG 132

i Iihows
ON< <L

[N

laatalal (i V. .
~UN SO0
— g (N7

[ ]
(o}
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[EDERSE—— L L,

|

14 )%kY(Q)=R2(1+35)*Y{S)-R2(1.6)%Y
-4)*Y(4J—R2{205)*Y(5)—92%§-6)*Y
24)%xY{3)=R2{3+5)*Y(S5)=R2 s6) *Y
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%

Y{4)~R2(3.5)*Y(5

*
*Y (&) -R¢_L2.5 1¥Y (S
x
+P+DERY+XJe Gy AA)

DERYUH OoO
DERY{(S)=0.0
DERY(E)=0.,0

(6))=t}
(£3)*x10
(6F)%1

0
0

0
0

L W
111 1
o0 D
N o
N
J. -
oo
k
oo
i\-f
I* %
oo
[N »]
oro

l3a

CERY(T)I=0 .0 . ' ‘
T CAaLL q'(uq("-’:"MTlYaD:?Y.NDIM.f‘CT CUTF)
stas .

END - *

SUBRIOUT INE FCTUXsYsNL sDERYNDINM)
CCMMON/MAM/P(E+0) s Q{6 +3)eR2(3e6)eL 2% XJ(5)
CLUHAMEN/DADZUNIIY »L1 2sU2(3)5sC1(346)+U(3)+D+51

CMMON IJANSCI s UNJI (T »U2I(3) 2Ky NSTER

COMMON/MANMAZAY (6504 ,21) ———
DIMENSICN Y(7)OERY(T7)+PRMT(S])
L=NSTEP-N1+1 . .
P{ls1)=AY(L,1) - -
P{(leZ)=AY (L2}

+33=AYX(L.2)

GI=AY{(L +4)

SIFAY(LLs5)

J=AY (L,

VUuvovOLOLTODODT

(1
(1
(1
(1
(2
(2
(2
(2
(2
(2
(3
(3
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£

Pl3+2)=A ). -
P{3+a)=AY(Ls23) * ’ .
P{3+5)=AY(L+14%) :
Pl3.e)=ay{L,15) . -
- Pla,12=P(1+4)
P(&.2)=P{2+%]}
Plae3)=RP{3¢%)"
P{4+s4)}=AY(Ls1lo)
P&,sS)=aY(L.17) “
Pl{asc)=AY(L.18) -
P(Se1)=P(1+5)
P o.2)=P(2+5) ‘ t .
P(S+3)=P(3+3) ' .
CP{S+a)=RP(4+0) -
P(S+:S)=AY(L.1%) .
P(S+&)=AY(L+20) P
Pl{cgs1)=P(1le0) .
PO +2)=P(2+&)
P {5+ 3)=P{3s0) __ __ '
PlEs&)I=P(&+5)
PlEYS =P (Se0) .
PlEW6)=AY (LY21)
173 N=3 ’ )
MM=5 . . _ : N
LLaE * o ) -

CALL MPRD (Cl 2P R 240N, MN;LL)
FoX (4} RR24Y(5) #x2+Y () %% 2

O=SQRA (F )

D(1)=(=R2(1,1)%Y(1)=R2(1,2)%Y(2)~ azt1.3)*v(3)-92(1.a:*vt4)-
XR2C1+5I%kY{D)—R2(1+6)%Y(6))*100 . -
U(2)=(=R2(2e1) KY (1) =R2(2+2)¥Y(2)~R2(2,3)%Y(3)=R2(2va) *Y {2}~
' XR2(24SI%Y(5)=R2(2.,6)%Y(6))*100
. UCD) (=R 2(D+1) 2 Y (1) =R2(3,2)%Y(2)~ R2(3o3)*Y(3)-92(3.A)*Y(a)—_
XR2(3+48)%Y(5)=R2({3+0)%Y(6))*100 .
IFf{l 1e=0e2) G TC =
. DERY(1)=uU(l) : '
DERY(2}=U(2) - , J/
ERY(3)=U(3)
72 DERY(G)=—0.382%Y(S5)%*Y{(6)+0.0003%kY{2)%xY(6)—
S 0. 002%Y(3)XY(S5)=0.002%U{1)+0.000064%Y(5)
DESY(S5)=0.24%Y(4)*Y(5)=0e01%Y{1)%Y(5)+0.01*Y(a)*Y(3)-
X 0+002%U(2)
. DERY(£)= 028155 Y.(4)XY.(5)+0.002%Y (1) %Y (5)=00003%
XY(2)*Y{4)=0.002%U(3)=C.000C6*Y (&) .
STIY(1)%E*2)+(Y(2)%*¥2)+{Y(3)%%*2)+0.000001%{Y( .
X G)%EX2)+0. 000001%(Y(S5)%k%2)+0.000001%k(Y(6)%*x2)

DERY(T)=(S+0,01%(U{1)**2)+0,01%{(U(2)**2)+0,01*%(U(3)*%2))*0,00001
GC TC 4 .

-

2 CALL MFCTEY»R2+7, DERY.XJ-Q;AA)
4 RETURN _ 3
- '-N.D ) -
SUBRCUT INE MFCT(Y-REoP-DERY-&J.QvAA)
COMMEN/DADZUNITZ) oL 1 4UZ2{3)+C1(3+46)+U{3)4sD.S1
DIMENSION Y(T)sR2(3. «5YsP(6sS) s DERY (T )2 XJ(BE) 4
rx - AA(GSs5 )+ CRIC 1B ) sCN(E +E) s Q(E 4 3)
XJ(1)=0.0003*Y(3l*Y(5)+CoOO2*Y(3)*Y(6)-20 GxY(S)*¥Y{(6)—
XJ«002%Y({2)%Y (&) .
AJ(2)= O-OCOZ*Y(Q)*Y(4)+0.014*Y{3)* (4)+2 SI*Y(A)*Y(6)+
X220001*%(Y{H) *%k2) =0 ,0022%Y(1)*xY(5)
XJ(3)=040003%Y{1)%Y(S5)+0.01a%XY(2)*Y (¢)+23.23*Y(¢)*Y(5)+

X0.0003%Y(S)*xY{( &) . -
XJ(4)=0. 7Y (4) %Y (S)+0.014%Y(2) Y(3L+0.0004*Y(2T*Y(¢)+0.002*
XY{L)XY(S)+2. 0% Y¥{ 2)*Y( 6} +23.23%Y(3) XY {(5) +1 046 .9*Y(S)*xY (6)
XJ(3)==0.02%Y(6)xY{O)+0.39*%Y (4 )XY (3)+0.0003*Y{1)*%xY{3)+0s,002%
XY(L)*Y{4) —20.0%Y (L)FY(€}423.23%Y(3)*Y(2)+0.0003*%Y(3)%xY(E)+
TX1246.5%Y(Q)4Y(6)
XJ(ml-DJDQu_ﬁY(Z)HY(b)—D_QQ*YLS)*Ylb}-D DO22%Y( 1)1RY(2)1=20.6%

XY{LIEY (D) +2.51%Y(2) %Y (4)+0.0003%Y (3} %Y (S5)+1046.9%Y(4)*Y(5)

-

YO



N=3 - - . . "-.'E:‘-._'. .

M“_ . . . ! - N . T

—gl=1 . o o e e e
CALL “pRD(QI.XJLUZQNoMM’LL) - ’ - . -

DC 20 I=1+3- . . . - . ™

20 UNCI)=U(T)=(U2(1)*50.0) - . ' : -
« . DESY(L)=UN(1)
DERY(.2)=UN(2) M

 JERY(I)=UN(3) .
2 DERY(8)=—J.382%¥ (SI*Y(6)+042003%Y(2) *Y (o)~ .

X Qa0 02% 2Y(5)=0.002%UNC1)+0.000064%Y(E)Y .
JERY(S)=042a%Y (&)%Y (E)=0e0LXY ( L) ¥Y (6D +22 Q1KY (21 %Y (3)= .

A C+002%UNC(2)
DERY (6)20%BLlSRY (L) XL(S)+0.002%Y (1) *Y(5)-0.0203% .

X (2) %Y (3} =0, 002*u~(é‘70.oocoe*v(4) : ]
SACY(1)%%2) + (Y (2) %%+ (Y (33 %x%2)+0000001%( Y

L)XX2)+3.00000i%(Y(S5)%%2)+0.000001%(Y(6Ix*2)

DEQY(?)=(S+O;QE§(UN(1)**2)+0-01*&pﬂ(2}**2)+0 e XLE(UNCI)ERZ ) )%

UJI(3)==Ce 177%xY(1}=0. 0103*‘((2) Q.72¥Y (3)

IF(LTI«320e2) GO TC 3

D:RY(L)——J-BB&*Y(&)*Y(-J)-PD OOOOE*Y(J)-I-O 15"3*UJ(1)+D 21550*Y(3)~
i - XJ e IOC*Y(EJ

: X 02001

; 4’ RETURN : I : i

i . ZIND

| - 3JBFOUTINS FOTJUXe Yo D7RY JNDTH)

: COMMON/MAM/P (5+5) 12693 I1+R2(326) L2+ XI(6)

. : - CCMMCN/OACZ/UNC3) oL 1 sU2(3)+01(3+6)U03)+D+51

R CCMMCN/DATI/UIC3),UNI{3)»U2J(3) K .
l DIMENSICN Y(T)sOERY(T) o :

b, (U (A== 00 434%Y(1)+0,0377%Y(2)~0, 18 3%Y{3)

| UJ(2)=04243%Y(1)-0+414%Y (2)-0.109%Y(3) -
I

J‘PY(;Q*U.24*Y(11 Y(2)+UI(2)=0. 6*Y(3)+0-"*Y(1) i t . .
. DERY(31=0.815%Y(1)%Y(2)~C.00006%X({)+0.15%UJ(3)=0.015% ‘
_______KiiLJ+O-OQ*YLZl T e e
SS0el*(Y(1)*%*2)+0e1%(Y(2) %% 2RO 15 (Y (31%%2) . )
1 DERY(2)}=(S+(UJ (1) %%x2)+(UJ(2) B 2) +(UI(3)%%2) ) %D, 01 :
; F—Y(l)**2+Y(2)**2+Y§3J**2 RN ' ) -
; . O=SCRT(F) . - % LS.
! . ' GC T2 &4 -
i 3 U2U(1) =l 2% (Y (L) *¥%2)=0e00a% (Y (2)%%2) 40, 67%Y (3 ) %Y (3)~
| X0o21%Y(1)®Y(2)=0412%kY{2)%Y{3)=0eSEXY{1)XY(3)
| ——L—u#____uaJLZlf:QLQSHLLLLJLLLL_QLQQa!thJ*YL&J+QJ53*(Y(3l**2jfm_J___mm______
i X0.055*¥( T ¥ Y(2)=0.08* Y( 2)%Y(3)=0e79%xY (1) *xY{3) .
UZ2J{3)==0.2%Y(1)%xY(1)=0e006%¥Y(2)*Y(2)=0.50%(Y(3)%x2)— .
| XIe12XY(L)HY(2) 402 LS*Y (21KY (3) +1.294Y(1I*Y(3). -« .
| D0 8 I=1:3"
i 3 UNJ(T)=UJ(I»+U20(1)
b DERY(1)==0.882%Y(2)*Y(3)+0. 00006*Y(1)+0.155*UNJ(1)+0 01550%Y(3)-.
P X0e109%Y(2) , ‘
i jol =] = e * 3_]_4-0 TxY (1)
> DERY (3)=0.515%Y(1)%Y(2)=-0. 0000c*Y(1)+0.15*UNJ(3)-0 o15%
- XY(1l)+Q.239%Y(2)
. S=0e1%(YL1)%R2)+0u 1R( Y(2)RE2)+0, 1% (Y(3)#%2)
DERY (4)Z(S+(UNJ(1)I%*%2) + (UNJ (2} %%2) +(UNJ(3)*#%2))%3.01
‘ . F= Y{l)**2+Y(2)*¥2+Y(3)**2
Iy . . D=SCRT(F) . '
; & RETURN - . ) : -
; ENG - .

- SUHRCUTINE QUTP (XsYeNLsSCERY NDIMPRMT)
CCMMCN/MA'M/;(O-O)10(00.5)! 2(3408):L2+XJ(6)
COMMCN/DAC/UN(3T oL 1+U2(3)4C1(3+6)4U(3) D51
COMMEN/DATI/UI(3 1 2UNJI(3) 4U23{3) K )

DIMENSION Y(T)4DERY(7),PRMT(S)

AF(DeGT«S51) G3 TZ 9

$2=5S T(Y(l)**d+Y(d)**a+Y(3)**2) :
Go. T o) S

52-:0 . _

)

7
r



-
. . . -
-
L.

. . A IF(XeGTaLe0) fo0 1O Tf
. "o B xr\-—o:o
o ¢ " 38_ _ IF{X.LTXNJ GC TC 5 )
~ XN=XN+0, 1
ARITE(S,11 X
H FORMAT('0'.28X.'TIM:='.F9.5)
ARITE(S+27)
27 FOQMAT("07'.acx.'***t‘*x*#t****’ttt*') 4
- WRITE(G+2) (Y(I)eI=144). . :
FCRAMAT( " 0% 45X +4{FlZeS +3X)) ‘ - O ‘
WRITEL(6.7) tvtglli-s 7)eDeS24K . . :
7 FORMAT('0"'.5 XeB{Fl2e543X)s2X,12) . *
< IF(D+GTaS1) GC TCQ 12 v .
IF(L1+5Qe1) WRITE(Dws13) {U(I)sI=1,23)
IF{L1.EQs2) WRITE(S413) (UN(I}+I=1.3)"
: GC TQ 5 ) . . .
o 12 IF(L1.EQa1} warrece.ig;_(ua(13.1=1,3r
- 5 . IF(L145042) WRITE(os1 (UNJ(I)eI=143)
i 13 FORMAT(* qﬂ,ox,sg_u&&_gu&)) ; : ;
3 RETUSEN
. -—ND *. .
. SUBROUTINE MFERO(A+BsRys NMM,LL ).
DIMENSION Al1)+8(1).R(1) .
IR=Q
IK==MM
o DC 10 K=1,LL
. IK=TK+MM
. DG 10 J=1.N.
. _ ‘ IR=IR+1 : s ~
- JI=J=N = —
IB=1K .
R(IR)=
OC 10 I=1 +MM
JISJSI+N s .
- IE=18+1 - s
10 ROIRI=SR(IR)+A(JII*BLIB) .
RETURN .
END . . .
SUBROUT INE RKGS(PRMT,Y "DERY NDIMeFCT -QUTP)
. - . COMMON/D AD/JUN(3) sL1sU2{3)eQLlI3+6) +UI3) +D 51
. . DIMENS ION Y(?).D“RY(?).R1(7)-R2(7)-R3(7). .
. . 1 R&(7),PIMT(S),Y2(7) .
. X=PRMI{1) -
C e ) XENC=PRMT (2 . »
. - . H=PEMT(3) - . '
- NI .
b CALL FCT(XsY NI 'DERY'ND““)
) . CALL OUTPCX-Y.NI DEQYaf\DIMQppMT)
1 OC 6 I=1,NDIM
. 6 Y201)=y(1I)
. h=PRMT (3)

. OO "2 I=1.,NDINM
R1(I)=HxZERY(]1)
2 Y(II=Y2(I)+0.5%R1(1)
XITX+045%H
CALL FCT(XI.Y N1r3=RY.NDINJ
DO S5 T=1NDOIM
: : R2(I)=H*DERY(I)
. 3 YLId=Y2({I)+0,5%R2 (1)

CALL FCT(X1l+YsNI1+DERY,NDIM)
. DO 4 I=15NDIN
- R3{I)=H*CERY(])
4 Y(II=Y2(I)+R3(]1)

X1=X+4 -
TALL FCT(X1sYW+N1+DE QY.NDI“)
.DD S I=1.NDIM .
R4 {II=H*CFRY(T)

R=(R1(I)+2.0%R2(1)+2.0%R2 (1) +R4(1)) 7640

s ay \



. - . ]
i ’ ha 1
; , _ .
L .« 3 YULI=Y2(1) R s
- . X=X +H N . -
; LS LY L3 :

CaLL GJTP(K.YoNl.D:FY.hDIPcPw“T) . .
IF(X.LZ«XEND) GO T 1

( 17 RETURN
’ - hND .
S5UBRIUT INE R<651{Pavr.v.osav.NDIM.FCTJ.QUTD.uJ .
S o . COMMIN/DAS/ZUNCS) oLl »U2(3) 431 (346)2UC314DeS1 .
LT e DIMENSION Y(7)WDERY(Z)eRI{T)+R2{T)+RI(TI» g
i j;mghv_%#_L__R&Lz)LPNHILSJszLJQ S .
£l . : X=PRMT(1) : " .
XENS=PRMT (2} -
. H=POMT (3]
. ‘ CALL FCTUAIX Y sDERY«NDIWM) T L e
: CALL curp(x.aiNx.DEnY.NDIM\pqu)- T,
1 VC & I=1WNZI *
. - I vy ()
oL, el __REPINT(3)_ T .
. e SO 2 I=1.NOIM
. . SR H1(I)=HXCERY (1) ’/ff
: i, 2 YOI)=SY2(I)#0e54R1(1)
’ s X1=X+0eS53H
e - : CALL FCTJ{X1l, Y‘DEGYoNDIMJ
: _ OC 3 ISleNDIM ..
S R2EI)=H*2ERY( 1) .
3 X(CI)=Y2( 1) +r0.5%R2( 1) B o
TCALL FCTJ{Kl.Y.D-RY'NDIM) ' .
: . ) - DC 4 I=1.MNIIM . T )
1 . R3I(I)=H=*CERY (1) . .
E - 4 YCI)=Y201)+R3(1) : ‘
X1=X+H ) .
CALL- FCTJ(XlnYouERYshQIM)
B . , DO 5 IS1.NDIM
- R4 LI ) =oixCERY (1) I }
) P=({RITI ) +2.0%R2(1)+2 0%R3 (11 +Ra([))1 /6.0
S Y(I)=Y2(I)+R .
E - X=X+H ) o - '
: ° - w=x
Pt e : : _CALL ﬁuTP(x.Y.Nz.oERY NDIMyPRMT)
: IF(D.LZs51) GC 10 17
: IF({XLTLXEND) G5 YT 1
! 17 h—IUnN i R e e e s
~ //GCa svSIN D> x -
. 10000 040000 0.0000
Q0000 140000 2.5000
~ © 0.0003 2430292 1.3002
=0.0020 0.0000 G.0000
Je 000 0=-0.0023 U.J000
—— Da0200 3a3933=0.002) e
_ - ¥/GCFTO1FOC1 OC UNIT= DIbK-V”L SER=USERIC.DISP= oo,
i : /7 DSN=SSD.TDA,CATAI, .
| 77 DCu=(RECFM=VBS,. LRECL= 1aooa.aLKszz=—120033
. :/*' . . )
. -~ -
Al ’ -
ﬁg
. -
. _
A . ;/ ~ R +
. . 2
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