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AM.Sc. Thesis Céline Rochon

Abstract

Correspondences of von Neumann Algebras

In the early 1980's, Alain Connes introduced a morphism between von Neumann
algebras in order to define a property formerly defined only for groups and extending
Kazhdan’s property T. This morphism is called a correspondence.

Let M and N be von Neumann algebras. A correspondence from M to N is a Hilbert
space H which is an N — M bimodule. Equivalently, a correspondence from M to N is
a unital *-representation of the algebraic tensor product N ® M® which is normal when
restricted to N® 1 and 1 @ M°.

In this thesis, we show that a correspondence is indeed a morphism between von
Neumann algebras and we show its link to two other morphisms between von Neumann
algebras: normal involutive algebra homomorphisms and completely positive normal linear
maps.

To achieve this objective, we study some important examples of von Neumann algebras
and the Tomita-Takesaki theory.

University of Ottawa, June 1996.
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Introduction

In the early 1980°s, Alain Connes introduced a morphism between von Neumann
algebras in order to define a property formerly defined only for groups and extending
Kazhdan's property T. This morphism is called a correspondence.

Let M and N be von Neumann algebras. A correspondence from M to N is a Hilbert
space } which is an N — M bimodule. Equivalently, a correspondence from M to N is
a unital *-representation of the algebraic tensor product N ® M° which is normal when
restricted to N@1 and 1 @ M°.

Normsal involutive algebra homomorphisms and completely positive normal linear
maps are well known morphisms between von Neumann algebras. Qur goal will be to
demonstrate that a correspondence is indeed a morphism between von Neumann algebras
and to relate this new morphism to those mentioned above.

We first consider the case wherein both von Neumann algebras are commutative.
Then, for an arbitrary von Neumann algebra M, we construct, giving all details, the
identity correspondence, denoted L2(M). We demonstrate that this correspondence is
equivalent to the standard form of M.

Subsequently, we will define the composition of correspondences, which is known as
Connes’ fusion, and show that it is associative. We will also see that the composition of
correspondences is connected to the composition of *-homomorphisms.

Finally, we look at some properties of the contragredient of a correspondence.

The presentation of chapter 3 will essentially follow that of Connes in [Co;). The object
of the thesis is to elaborate upon Connes’ exposition and to combine in one manuscript
the mathematical tools needed to understand his work.

In order to study correspondences, we define and examine in chapter 1 some important
examples of von Neumann algebras. Among them, the group von Neurnann algebra, abelian
von Neumann algebras, tensor products of von Neumann algebras and crossed products.
We will also give the general form of any normal involutive algebre homomorphism and
present some properties of completely positive maps.

In chapter 2, we review the Tomita-Takesaki theory. We shall see that any von
Neumann algebra M is isomorphic to 2 von Neumann algebra in standard form. To reach
this result, we will introduce the notion of left Hilbert algebras and see that to any pair
{M, ¢} (where M is a von Neumann algebra and ¢ is a faithful seminite normal weight
on M) there corresponds a von Neumann algebra associated to a left Hilbert algebra

(depending on ¢).
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Furthermore, we shall see that to any pair {M. ¢}. there is associated 2 one parameter
group {of} of automorphisms of M, known as the modular automorphism group. We will
then present the Kubo-Martin-Schwinger (KMS) boundary condition. which characterizes
the group {¢?} without making use of the GNS construction for ¢.

We demonstrate in chapter 2 that the KMS boundary condition can be generalized.
This result will be important in the construction of the identity correspondence. Finally,
we present the Radon-Nikodym theorem.

Some terminology and important characteristics of unbounded operators in Hilbert
spaces will be presented in the appendix. These notions will be used freely in chapter 2,
where such operators occur repeatedly.
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Chapter 1

von Neumann Algebras

In this chapter, we present the elements of the theory of von Neumann algebras
needed in our study of correspondences. We treat maximal abelian von Neumann slgebras,
tensor products of von Neumann algebras, and crossed products. Moreover, we present
some important facts concerning linear forms on von Neumann algebras, projections and
completely positive maps. Trace-class and Hilbert-Schmidt operators will be considered.
In addition, we discuss measurable fields on Hilbert spaces.

For the sake of brevity, complete proofs will be omitted; the results will be illustrated
by means of examples.

1.1 Definitions and examples

In this section, we give the algebraic definition of von Neumann algebras; the topo-
logical description will be given in section 4.

The notion of reduced von Neumann algebra and group von Neumann algebra will be
introduced and some common notation will be recalled. |

Let H be a complex Hilbert space and L(J) be the algebra of continuous linear
operators of H into 3. For every z € L(JH), there exists a unique bounded linear operator
z" on 3, called the adjoint operator, such that

(€ n)=(£|z"n) foral§ neXH.
Moreover, the map

L) = L(H), zr——z"

is an involution on L{F).
Proposition 1.1.1: (L(H), || - ||) is a Banach *-algebra with the norm defined by:

lell =sup{ll=gll: £ € 3, el <1}, =€ L.
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Definition 1.1.2: Let M be any subset of L(H). The commutant of M, denoted M’ is
the set of elements of L(%H) which commute with all the elements of M. The bicommutent
of M, (M')’, will be denoted M".

Example 1.1 a: L(H) =Clg.

Remarks:

i) Mc M
i) if M and N are subsets of L(H) and M C N, then N’ ¢ M’ and M” c N”; in
particular, M" = (M") ¢ M’ and M’ € (M) = M". We thus have:

M=M"=MZ=. and McM =M =__

A subset of L(H) is said to be self-adjoint if it contsins the adjoint of each of its
elements. A self-adjoint subalgebra of L(H) is called a *-subalgebre.

Definition 1.1.3: A von Neumenn algebra in H is 2 *-subalgebra M of L(H) such that
M=M"

Remark: For every von Neamann algebra M, the identity element 1 of L(3H) belongs to
M.

Example 1.1 b: The algebra £(H) is 2 von Neumann algebra.

Definition 1.1.4: A factor is a von Neumann algebra M whose centre Z(M) = M N M’
only contains the scalar operators.

. Remark: By Example 1.1 a, L(%) is a factor.

Lemma 1.1.5: Let N C L(H) be a von Neumann algebra. Suppose X is a N-invariant
closed subspace of H{; then the orthogonal projection e : H — X belongs to the commutant
of N. '
Proof: Let £ € X, y € N; then e = £ and y€ € K. Thus ye§ = y& = ey£. Now, let
&€ € X*. Then, e = 0; thus ye§ =0 forally € N. AsSC'Lisa.IsoN-invaria.nt,yfefK"'
for all y € N and ey €& = 0. We thus have the desired result.

Q.E.D.

. Definition 1.1.6: Let M be a von Neumann algebra. The opposite von Neumann alge-
bra, M, is defined to be the set M equipped with the same structure as M except that
multiplicatior is defined by: :
Ip T2 (=ToX).
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Definition 1.1.7: Let M be a *-subalgebra of L ().
i) M™ will denote the set of positive self-adjoint elements of M: thus r € M™ if and only
if £ =y y. for some y € M.

ii) U(M) will denote the set of unitary operators in M: thus x € U(M) if and only if
r'r=zx" =1.

Remarks:

i) Let M be a *-subalgebra of L{JH). Every z € M can be uniquely wTitten in the form
T = I) + iT2, where z; and z> are self-adjoint elements of M. Indeed,

& =%(:r+x')EM and :cg=%(:r‘—x)EM.

ii} Each element of 2 von Neumann algebra M is a finite linear combination of elements
of U(M). [K-R; 242]

ili) Each element of 2 von Neumann algebra M is a linear combination of at most four
elements of M*. [K-R; p.247]

Definition 1.1.8:

i) Let M and N be von Neumann algebras. A *-homomorphisrn ® : M — N is an algebra
homomorphism from M to N such that for all z € M, &(z*) = ®(x)*. If in addition
® is a bijection, it is called a *-isomorphism.

ii) Let 3 and X be Hilbert spaces and M C L(#) and N C L(%) be two von Neumann
algebras. A *-isomorphism = : M — N is spatial if there exists a bijective isometric
linear mapping U/ : H{ — X such that UzU* = =n(z) for all z € M.

ili) Let N be a von Neumann algebra. A *-isomorphism ¢ : N — N is called an automor-
phism of N. The set of *-antomorphisms of N will be denoted Aut(N). The set of
inner automorphisms of N, that is,

{6 € Aut(N) : there exists V € U(N) such that 8(z) = VzV" for ail z € N}

will be denoted Inn(N). Moreover, Out{N) = Aut(N)/Inn(N) will denote the set of -
outer gutomorphisms of N.

We now describe the reduwd von Neumeann algebra.

Let H be 2 Hilbert space and X a closed linear subspace of . Let e = Py : H — X
be the orthogonal projection onto X and z € L(H). Recall that e = €2 = ¢*. Let
us denote by z. the restriction of ex to X, which is an element of L(X). Note that
T, = (z€)e = (€z). = (ez€)..
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If M is a subset of L(H). let M, = {z. : z € M}. Consider the two following cases:
Case 1: M is a *-algebra of operators and e € M.
LaN={reM:ze=ez =z} ={r e M:z(X) C X and z(X*) = 0}.
The set N is 2 "-subalgebra of M and N = eMe. The map z — z, is a *-isomorphism
of N onto M,.
Remark: Suppose M is a von Neumann algebra and e € M. Then eMe is a *-subalgebra
of L(H) which is closed with respect to the weak operator topology. As 1 € eMe, then
eMe is not a2 von Neumann algebra. However, eMe can be viewed as 2 von Neumann
algebra on the closed subspace e} since its elements operate only in eJH.
Case 2: M is a *-algebra of operators and = € M'.
Every £ € M leaves X and X~ invariant. The map r — . is a *~homomorphism of
M onto M..
Proposition 1.1.9: Let M be a von Neumann algebra and e = Py a projection in M.
Then M. and (M) are von Neumann algebras and (M'), = (M.)".
Proof: [Dj; p.18]
Definition 1.1.10:
i) The algebra M, is called the von Neumann algebra induced by M’ in X.
ii) The homomorphism 2’ — z/, of M’ onto M}, is called the induction of M’ on M.

iii) Every von Neumaun algebra of the form M, is called a reduced von Neumann algebra
of M. :

Let M C L£(H) be a von Neumann algebra.

Definition 1.1.11: Let S be a subset of 3. Then S is
i) cyclic for M if the closed subspace spanned by MS, denoted [MS], equals I;
ii) sepmﬁngforMifforzeM,a:=0ifandonlyifa:S={0}.
Remark: AsubsetSofﬂfiscyclicforavonNeumannalgebraMinﬂfifand only if it
is separating for M. [K-R; p.337]
Example 1.1 ¢:
Let G be a countable discrete group and

B(G)= {E=G—»c 2 D lE@P < oo},
teC
the Hilbert space of square-summable functions on G. Consider the canonical orthonormsl.
basis of I2(G): S

{&:t€G), where -5,(3)=a,(s)={3 iy
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For alit € G. let ), be the unitary operator corresponding to left translation by #:
(A&)(s)=&(t71s). foralls €G. €€ F(G).

The mapping ¢t — A, gives a unitary representation of G in I2(G). called the left regular
representation of G. The von Neumann algebra M = {); : t € G}” is called the group von
Neumann algebra of G. We denote it vN(G).

The right reguler representation t — p, is the unitary representation of G in I2(G)
defined by

(peE)(s) = £&(st), forall s € G, £ € I*{G).
Note that {p, :t € G} C M.

We shall see in the next chapter that the commutant of the left-regular representation
is the von Neumann algebra generated by the right-regular representation.

We observe that Q = &, is a cyclic and separating vecter for M, where e denotes
the identity in G. Indeed, A = & for all ¢ and therefore, Q is cyclic for M. Moreover,
pel = £, for all ¢, and thus, Q is cyclic for M.

1.2 Maximal abelian von Neumann algebras

Definition 1.2.1: An abelian von Neumann algebra M on a Hilbert space K is mazrimal
if it is not contained in any other abelian von Neumann algebra on .
Remarks:

i) By Zorn’s Lemma, every abelian von Neumann algebra is contained in 2 maximal
such.

ii) An abelian von Neumann algebra M on a Hilbert space ¥ is maximal if and only if
M=M'. Indeed, if M is abelian, then M C M’. Now M is not maximal abelian in
L () if and only if there exists z € L(J{)\ M that commutes with z* and with M and
thus M # M. Consequentiy, M is maximal abelian in £(3) if and only if M = M".

Theorem 1.2.2: IfM is a maximal abelian von Neumann algebra on a separable Hilbert
space, then M has a cyclic vector.

Proof: [M; p.135]
Example 1.2 a: Let (X, F, i) be a separable o-finite measure space. The map

Lm(xnu) - L(L"’(X,p.)), f —my,

where my denotes the multiplicetion operator: {(mg€)(z) = f(2)&(z), £ € L3*(X, p), is an
isometric *-isomorphism of L®(X, ) into L(L?*(X, u)).
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Let M = {my: f € L(X,p)}: then M = M’ [M: p.117 for the case of finite . Thus
M is a maximal abelian von Neumann algebra.

Theorem 1.2.3: Let M be an abelian von Neumann algebra on a separable Hilbert
space H. Then there exists a second countable compact Hausdorff space X and a positive
regular Borel complex measure u on X such that M is *-isomorphic to L*=(X, p).

Proof: [M; p.136]
1.3 Trace-class and Hilbert-Schmidt operators

In this section, we will see that there exists a connection between L(H) and the
trace-class operators. In addition, we will introduce the Hilbert-Schmidt operators; these
operators will provide us with an example of a correspondence, namely, the coarse corre-
spondence.

Let X(3) denote the set of compact linear operators of H into H. Recall that a linear
operator z on H is compact if the ncrm-closure of {z £ : ||€]] < 1} is compact in H.

Let {& : ¢ € I} be an orthonormal basis of 3. Let us define a trace on L(H) as
follows:

Trz=) (z&1&), zeL(H)™
i€l
The definition of Tr is independent of the choice of the orthonormal basis. Indeed let
{& :i€ I} and {n; : j € J} be two orthonormal basis of H. Define

Pp:H—H,  we (w|n)m.

Then F,, is a projection and

(Z-Pn,)(w) Z‘Pﬂj (w) = z:(w I n5) 0 = w.

JeJ JeJ JeJ
Thus 3°; P, = 1. Let z € L(H)*; then
Trz= 2(’5& | &) = Z(me £ | &) = Z(Pﬂj z& | &)
i€l i€l jeJ
= Z(-‘c& | Py, &) = Z(ﬂf&e | (& Pnidms) = Z & i)=& | m5)
= Z(m [&)=& | n;) = Etz (75 | &) & [ ) = Z(ﬂ-‘Ps. 75 | ;)

= Z(z (S Pe) s 1) = X )

JeJ i€l JEJ



1.3 Trace-class and Hilbert-Schmidt operators

This satisfies:

i) Tr(zr"z) = Tr{zz"). & L(H):

i) Tr(uzu’) = Trz. 7€ L(H)*. ue UL(H):
iii) _ lz|| < Trz. =z e L(30)H;

iv) C Tr(yry) < llyy'liTrz. z e L(H) .y e L(F).

Relation i) is obsained as follows:
Tr(zz) =) (@ &1&) =3 (> P,z & &) =S (=P, "6 | &)
1 1 3 1,3
=D EE&16)616) =D @ &16)=6 16 =S (" (& 18)& &)
1,7 1,7 i,J
=> (@ Pyz&1&) = (= DoPezb86) = (2728 | &) = T (z°2).
ig 3 i j
Note that given an orthonormal basis {£; : i € I} of K, the set {u&; : i € I} is an
orthonormal basis of H{ for any » € U(M). Hence we get relation ii). Relation iii) is
immediate and relation iv) is proved using:
Tr(y'zy) = Tr(zdyy'zt) and zdyyzt <2
for any = € L{H)* and y € L(H).
Definition 1.3.1:
i) L1(H) = span {z € K(H) : = 2 0, Trz < oo} is called the set of trace-class operators.
ii) L3(H) = {z € K(H) : Tr (=) < oo} is called the set of Hilbert-Schmidt operators.
Proposition 1.3.2:
i) L1(3) and L*(3) are self-adjoint ideals in L(3).
i) £Y(H) = {z € L(H) : Tr|z| < oo}, where |z| = (z°z)3.
Proof: [P; p.118]
Lemma 1.3.3:
i) L2(H) is a Hilbert space under the inner product

) =T (¥'z), =,y L3H).

ii) LY(%) is 2 Banach algebra under the norm
Izl = Trlzl, = eL'(3).

Proof: {P; p.118]
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Consider the following rank one operator:

tea($) =(C )¢, ¢ € H,

which is determined by £. 7 € H. Note that every self-adjoint operator  in L!(%) can be
written in the form
T = Z )\jt&_s,, [P; p.lO'T]

for some orthonormal basis {¢; : j € J} and real eigenvalues A; with 3 |A;| = ||zl -

Moreover, for every orthonormal basis {¢; : € J} in H, the set {ig, & - (i,7) € J*}
of rank one operators form an orthonormal basis for £2(%) [P; p-121]. These operators
are important in the proof of the next theorem.

Theorem 1.3.4: The dual space of X(%H) is £(3) and the dual space of £ (H) is £(3).
Proof: [P; p.120]

1.4 Locally convex topologies on £(%)

We now describe different locally convex topologies on L(H); these will allow us to
characterize von Neumann algebras topologically.

Theorem 1.4.1: Suppose V is a complex vector space and I is a family of seminorms on
V that separates the points of V. Then there is a locally convex topology on V in which,
for each x, € V, the family of all sets

V(zo;Ph--an; G) = {:l'.' eV :pj(z = 30) <g, j =1,.., n},

(where € > 0, py,...,pn €T') is a base of neighborhoods of z,. With this topology, each of
the seminorms in I" is continuous. Moreover, every locally convex topology on V. arises in
this way, from a suitable family of seminorms.

Proof: [K-R; p.17)
1. Norm topology

The operator norm determines a locally convex topology on L(H) called the norm
topology. The family of all sets

V(zoi€) = {z € L(H) : |z — z,|l < €},

where ¢ > 0, forms 2 base of neighborhoods of z, € L().
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2. Strong operator topology

The equation pe(x) = [[z€]]. £ € H. defines a seminorm on L(3). The collection of all
these seminorms determines a locally convex topology on L{J). called the strong operator
topology. The family of all sets

V(Zo:&15 i bni€) = {2 € L(H) : Iz ~ 2)65l < e 5 =1...om},

where € > 0, &, ..., &, € H, forms a base of neighborhoods of z, € L(F).
For £, 11 € H, we define a linear form we , on L(H)} by:

wea(z) = (z€[n), z€L(H).

Let £(H).. be the vector subspace of the dual space L(H)" of L(H) generated by the
forms wg ,, (for £, n € ), and let L{H). be the norm-closure of L(H}.. in L(FH)".

3. Weak operator topology

For &, € H, the equation peq(-) = | (-£ | 7)| defines a seminorm on L(H). The
collection of all these seminorms determines « loczally convex topology on L(3), called the
weak operator topology.

The family of all sets

V(Io§P€1.mv ---yP&...n..; E) = {z E L(:’{) : l ((.'.B - zO) €J an) l < 6, j = 11 "-’n}v

where € > 0, §1,---,&n M1y - T € H, forms a base of neighborhoods of z, € L{H). The
weak operator topology is therefore the o(L(3H), L(H)..)-topology.

4. Ultra-strong topology

Let (£,62,...) be & sequence of elements of 3{ such that 322, [|§;]|> < co. The
equation

3=1

oo 3
Piea(z) = [Z ||==65||2] ,

defines a seminorm on L(J). The collection of all these seminorms determines 2 locally
convex topology on L(3(), called the ultra-strong topology. |
For every sequence {£;} of elements of H satisfying 3°22) [I§;]|® < oo, the family of all
sets oo
V(zoie) ={z € £(30): Y Iz~ 2) 1 < €},

=1

where ¢ > 0, forms a base of neighborhoods of =, € L(J).
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5. Ultra-weak topology
Let (£1.&a....) and (7,72, ...} be sequences of elements of H such that both

YsIP <o, ST InlR < .
J=t =1
The function
> (=&n;)

=1

I —

defines a seminorm on L(X). The collection of all these seminorms determines a locally
convex topology on L(3), called the ultra-weak topology.
The uitra-weak topology is therefore the o(L({H), £ (H). )-topology.

We will define two other important topologies in the next section, once we have dis-
cussed normal forms on a von Neumann algebra M.

Theorem 1.4.2: Let H be a Hilbert space and M a *-subalgebra of L(J) containing
the identity operator 1. Then M = M" if and only if M is a strongly closed *-subalgebra
of L(H).

Proof: [M; p.116)

Theorem 1.4.3: Let 3 be a Hilbert space and M a *-subalgebra of L(H) containing
the identity operator. M is a von Neumann algebra if and only if it is weakly closed.

Proof: [M; p.127)] '
1.5 Linear forms

Let M be a unital *-subalgebra of L(J). A linear functional ¢ on M is positive if
#(z) 2 0 for all z € M*, and faithful if for = € M, the condition ¢(z) = 0 implies z = 0.
A positive linear functional ¢ on M satisfies:

#(z*) =¢(z) and &(z"z) >0, foralzeM.
Moreover, ¢ satisfies the Cauchy Schwarz’s inequality:
" 9) < $(z"R)é(y"y), forallz,y e M.
In particular, we have

B@) < $1)$(z"z) < $(1)? [lz"z]] = S(1)? 2.
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We thus observe that o is continuous and has norm equal to o(1).

Definition 1.5.1: Let M C L(¥) be 2 von Neumann algebra. A positive linear functional
¢ on M is normal if for all monotone increasing net {z:} in M*,

é(szxp(:z:,-)) = Sl:P(é(Iz‘))-

Theorem 1.5.2: Let M C £(H) be a von Neumann algebra and ¢ 2 positive linear
functional on M. The following conditions are equivalent:
1) ¢ is normal;
ii) ¢ is ultra-weakly continuous:
) ¢ =32, we, with T2, [I6* < oo, where we, is the linear form on £(3) defined
by we,(z) = (z&: | &), for all T € M.
Every ultra-weakly continuous linear form on M is a linear combination of normal
positive linear forms.
Proof: [Dj; p.57]
Proposition 1.5.3: Let M C L(H) be 2 von Neumann algebra. Then M = (M.)",
where M. denotes the set of all normal forms on M.
Proof: {S-Z; p.19]

Definition 1.5.4: M. is called the predual of M.

Example 1.5 a:
i) The predual of £L(3{) is the set of trace-class operators, L(3). [Thm 1.1.19]

ii) Let (X, i) be a o-finite measure space. The predual of L*=(X, p) is LY(X, p). [C; p.75]
Theorem 1.5.5 (GNS construction): Let ¢ be a positive linear functional on a C*-
algebra A satisfying ¢(1) = 1. Then there exists a triple (34,74, Q) where

i) My is a Hilbert space and 7y : A — L(Hs) is a *-homomorphism;

i) Q4 € Hy and Hy = 14 (A)s;

iil) ¢(z) = (me(z) | Q) for all z € A.

Such a triple is unique in the sense that if (3, ', ') is another such triple, there exists
a unique unitary operator w : Hy — H' such that wQy = § and 7'(2) = wry(z)w*, for
all z € A. ' ‘

Proof: [K-R; p.278]

Remark: Let M be a von Neumann algebra and let ¢ be a faithful normal positive
linear functional on M. Then Theorem 1.5.5 remains valid. Moreover, the image 74(M)
is a von Neumann algebra of operators on H,; w4 is norm-preserving and a ultra-weak
homeomorphism of M onto 74(M). [Su; p.40]
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Example 1.5 b: Let M = M>(C) and ¢ be the trace on M,(C). The GNS triple is given

by:
"C\e d)

where 7, : M2(C) — H, is the mapping defined by:

1 0
10 0 (01 1
ell=(0 O)H 01} el2_(0 O)H(O '
0 0
0 0
821=(0 0)-—» 0 822=(0 O)H 0)
10 1]’ 01 0
0 1

Ho =C4, Qo =7o(1) =

H O O W
o OR
0O OoOR O
O RO o
RO OO
14
N
O R
f, o
N—
@
—
!‘-.1

and

To(z) : Ho = Ho,  wo(zIne(y) = n6(zy).
Now, let

Po M= L(Ho),  ps(@)ns(y) = ne(yz');
then

a b
Py (c d) =
Note that py (M) = 7y (M)'.

Let M C L(J) be a von Neumann algebra. In addition to the topologies defined on
L(H) in section 1.4, we can consider the following topologies on M:

glg@(z 3)

L= =0~ P~

0
0
a
c

(== i o= o T
RO O

The s-topology

Let ¢ be 2 normal form on M. The equation s¢(z) = ¢(z"z)} defines a seminorm
on M. The collection of all these seminorms determines a locally convex topology on M,
called the s-topology.

The family of all sets
V{zo; é1, ...,q&,,;é) ={zeM:d;((z—=2,)"(z - zo))i <eg j=1,..,n},

where ¢ > 0 and ¢1,...,¢n are normal forms on M, forms a base of neighborhoods of
To M.
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The s*-topology

Let ¢ be a normal form on M. The equations
so(z) = o(z°2)} and s3(z) = ¢(zr")?

define seminorms on M. The collection of all these seminorms determines a locally convex
topology on M, called the s"-topology.

The family of all sets

V(zc;¢1v---v ¢ﬂ;€)
={z € M:¢;((z ~zo)" (&~ 2o))? <€, $5((z — TNz - 2o))E <€ j=1,...m},

where ¢ > 0 and +,,...,¢n are normal forms on M, forms a base of neighborhoods of
To EM.

1.6 Projections

Let M C £(3) be a von Neumann algebra and x € M be a self-adjoint element. Then
the spectral projections of = belong to M. Indeed, the Spectral Theorem [R; p.324] states
that there exists a unique resolution of the identity E : B(o(z)) = M C L(H) defined on
the Borel subsets of the spectrum of 2 which satisfies

z=| AEQ).

a(x)

In addition, every projection E(w) belongs to M"” = M. Consequently, projections abound
in any von Neumann algebra.
Definition 1.6.1: Let M be a von Neumann algebra and p, ¢ two projections in M.
i) The projections p and g are said to be equivalent, written p ~ g, if there exists a
partial isometry u € M such that uu® = p and u*u =gq.
ii) We will write p X ¢ whenever the projection p is equivalent to a subprojection of g;
- that is, there exists a projection p; € M such that p~ p; <q.
iii) A projection p in M is finite relative to M if the condition p ~ ¢ < p for some
projection ¢ in M implies p =gq. ‘
iv) A projection p in M is infinite relative to M if p ~ g < p for some projection g in M.
v) A projection p in M is properly infinite relative to M if p is infinite and pg is either 0
or infinite for each central projection gin M.
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Definition 1.6.2:
i) A von Neumann algebra M is finite if 1 is finite.
ii) A von Neumann algebra M is properly tnfinite if there is a sequence {p, }32, of pairwise
orthogonal projections in M such that 3 p, =1 and p, ~ 1 (relative to M) for all n.

Remarks:
i) A von Neumann algebra M is finite if and only if for every nonzero element z € M¥,
there exists a finite normal trace 7 on M such that (z) # 0.
ii) A von Neumann algebra M is properly infinite if and only if the only finite normal
trace on M¥ is 0.

Example 1.6 a:

i) M,(C) is a finite von Neurnann algebra.

ii) If G is a discrete group, then v/N{G) is a finite von Neumann algebra.
ili) L(H) is a properly infinite von Neumann algebra.

Definition 1.6.3: A projection p in M is said to be countably decomposable relative to M

if each orthogonal family of non-zero subprojections of p is countable. We say that M is
countably decomposable if the identity 1 is countably decomposable relative to M.

Definition 1.6.4: Let ¢ be a normal positive linear form on the von Neumann algebra M.
The set of all projections p in M such that ¢(p) = 0 has a greatest element [D; p.63); let ¢
denote this projection. The projection 1 — g is called the support of ¢. It will be denoted
s(#).
Remarks:
i) A projection p in M is countably decomposable if and only if it is the support of a
normal form on M; a von Neumann algebra M is countably decomposable if and only
if there exists a normal form ¢ on M such that s(¢) =1 [S-Z; E.5.6].
ii) If 3 is a separable Hilbert space, L(J{) and each von Neumann algebra on ¥ are
countably decomposable. [K-R; p.338]
Definition 1.6.5:
i) Let z € L(3). Consider the following orthogonal projections:

n(z): H—{{€H:2£=0}, the projection on the kernel of z;
Kz) : H — 23, the projection on the closure of the image of z;
r(z) =1 - n{z).
1(z), called #he left support of z, is the smallest projection in £ (J) such that I(z)z = =

and r(z), called the right support of z, is the smallest projection in £ (%) such that
zr(z) = z. If z is self-adjoint, then s(z) = }(z) = r(z) is called the support of z.
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ii) Let M C L(H) be a von Neumann algebra and r € M. The projection
z{z) : H — [(Mz)H]

is called the central support of z. It is the smallest projecticn p in M N M’ such that

pT =1ZI.

Lemma 1.6.6: Let M C L({XH) be a von Neumann algebra such that M’ C L(K) is prop-
erly infinite. Then M has a separating vector if and only if M is countably decomposable.
Proof: If M C L(3) has a separating vector £ € H, then s(we) = 1 and thus, by the
above remark, M is countably decomposable.

Now, suppose M is countably decomposable and M’ is properly infinite. We can also
suppose that there exists 7 € H such that the projection p, : H — [M7] is the identity.
Then the projections p, : H — [M'7] and 1 in M are countably decomposable, properly
infinite and they have the same central support. It follows that p, ~ 1. Thus there exists
v € M such that v*v = p, and vv* = 1. Let £ = v7. Then the projection pe : H — [M'¢]
is the identity and thus £ is a separating vector for M.

Q.E.D.

1.7 Tensor products of Hilbert spaces and of von Neumann
algebras

Let H, and 3, be Hilbert spaces and let us depote byl H; © H, their algebraic tensor
product. A general element of H; ® Hs is of the form:

Z:El.i OFIN &: €H, &. EHs, i=1,...n
=1
3 0H, f§=31,6.:0&: and n=3""1) m; On, then

Elm =D (&rs I ms)Ees | myg)

=1 j=1
defines an inner product.

Definition 1.7.1: The completion of 3{; ® Hz with respect to the norm induced by the
above inner product is called the Hilbert space tensor product of H; and H,. It will be
denoted 3H; ® Ho.

Recall that if 3 is a Hilbert space, then the conjugate Hilbert space, H, is the same
set H, with the algebraic structure and inner product defined by the mappings:

HxH3(@En)—E+neXH,
CxH3(e,n)—eleXH,
Hx H S (€,m)— E 17 € C.
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Then we have the following proposition:

Proposition 1.7.2: If H and X are Hilbert spaces, then for each £ € H and 5 € X, the

equation _
Tequ=(u[f)n=(§|u)}n, ueXH

defines a Hilbert-Schmidt operator z¢ ,, from H into K. There is 2 unitary transformation

U:HO®X — L3FH,X) such that

U®n)=xc, E€H,neX.

Proof: [K-R; p.142]

Let z; € L(})) and 2 € L(3(2). Let us denote by z, ® z» the operator on H; @ Ho
defined by:

(1 @ 22)(£1 © &2) = (21 &) © (T2 &)

The operator 1) ® T extends to a bounded operator on H; ® Hp, called the tensor
product of z; and z3, with the following properties:

(Az) + py1) @ 22 = A(z) ® 72) + u(y) © z2);
z1 ® (Azz + pye) = A(21 @ 22) + (71 @ 12);
(z1 ® 22) (11 @ 32) = T1n @ Tagp;
(71822)" = 2] ® 3;

lz1822|| = [l 2.

Definition 1.7.3: Let M) C £(H;) and M, C L(H3) be von Neumann algebras. The
von Neumann algebra on 3, ® H, generated by z) ® z2, z; € My, z2 € My is called the
tensor product of M; and M,. It will be denoted M; M.

Remark: Let M and N be von Neumann algebras. If M is properly infinite, then so is
M®N. [Di; p.126]

Definition 1.7.4: Let M be a von Neumann algebra. The *-isomorphism
M-MRClg, T—IQ®ly

is called an empliation.

Definition 1.7.5: Let M and N be von Neumann algebras. A linear mapping & : M — N

is positwe is B(M*) C N¥; such a & is normal if for every monotone increasing net {z:}
" in MY, ®(sup(z;)) = sup(d(z:)).
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Theorem 1.7.6: Let M and N be von Neumann algebras and let & be a normal *
homomorphism of M into N. Then there exists an ampliation &, of M into a von Neu-
mann algebra M,. an induction ®2 of M, into a von Neumann algebra N,. and a spatial
isomorphism ®3 of Ny onto N such that & = 30 $,0 ;.

Proof: [Di; p.61]
1.8 Tensor products of C*-algebras

Let A and B be C*-algebras and consider their algebraic tensor product A @ B. Any
z € A © B has the following form:

zxi®yi, T; €A, y: € B.

Note that A ® B is a *-algebra:

(Z1 NNz @w) =n1Z2 @y, (T1®W)" =2} @y}, 1,22 €A, 31,3 € B.

Definition 1.8.1: Let A and B be two C*-algebras and A © B their algebraic tensor
product. A norm || - || on A ® B is called a cross-norm if

1 ® z2|| = llza}llz2ll, z: €A, z2 € B.

Definition 1.8.2: Let A and B be two C*-algebras. A seminorm p on A® B is
i) a C*-seminorm if p(z*z) = p(2)?, z€ AO B,
il) a C*-norm if p is also a norm.
Let
SAOB)={f:AQB—C: fislinear, f(z"z) >0(z € A0 B), fQ1)=1}

be the state space of A © B. If we apply the GNS construction [section 1.5} to any
f € S(A© B) we obtain a Hilbert space }y, a homomorphism 7, : A©® B — L({3;) and
a cyclic unit vector £, such that:

f(z)=(mp(2)€714s), 2€AOB.
Let f € S(A ® B) and define

pr(z) = =g (2}, z€AOS,
pr =sup{py: f€T}; T CSAOB).

Then py é.nd pr are C"-seminorms on A ® B.
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Definition 1.8.3: We say that the set I is a seperating subset of S(A ® B) when pr is a
C~-norm: the C"-algebra obtained by completing A B with respect to pr will be denoted
A @r B.

Let A" & B” denote the vector space tensor product of A* and B”, viewed as a space
of linear functions on .A ® B.

Definition 1.8.4: The minimal and mazimal tensor products of A and ‘B, denoted
A ®min B and A @mar B
respectively, are the completion of A © B with respect t0 prmin and pmer, where
min=(A" OB )NS(AGB) and maz = S(A O B).

Pmin a0d Pmqr are respectively the least and the greatest C*-norms on A @ B. They are
both cross-norms.

Remark: Let p be a state on .A ®maz B; its restriction to A® B is in S{(A © B). We can
thus define a bijective mapping from S(A ®me- B) onto S(A © B).

Definition 1.8.5 [E-L]: Let M and N be von Neumann algebras. The binormal tensor
product M ®pin N of M and N is the completior of M ® N with respect t0 py:r, Where

bin = bin(MON) = {f € SMMON) : (z,9) — f(z,y) is separately normal}.
Remarks:

i) The set bin defined above will be referred to as the set of binormal states.
i) On M ON, it can be shown [E-L] that

Pmin < Pbin < Pmaz-

1.9 Completely positive maps

Let M and N be von Neumann algebras. In section 3.4, we demonstrate that to any
completely positive normal map P : M — N is associated a correspondence from M to N.
Let us now study some properties of these maps.

Let A be a C*-algebra. Let us denote by My (A) the set of all » x 7 matrices a = [a;;]
with entries in A. Equipped with the following operations, M,(A) is an involutive algebra:
Aa+ pb = [Aay; + ubys],

=1 ‘
a" = [a}}],

where a = [a;;], b = [b;;] € M,(A4) and A\, z € C.
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 Copics

F a8
Let 74 : A — L(X) be a faithful representation of A. Let H, = H&..&H. and
define = : M,(A) — L(H,,) by

i

7 7

(a)§ = (Zﬁﬂ(alj)ﬁjv---»Z""_A(aﬂj)'s_w) . &= (5 6n) € Ha.

M, (A) is a C"-algebra under the norm defined by jlaj| = |[j=(a)|l. Note that this norm
does not depend on the particular space H on which A acts faithfully, as an isomorphism
of C*-algebras is an isometry. '

Remark: An element a € M,,(A) is positive if (a& | &) > 0, for all £ € H,,, that is

Z(G‘J 6J | El) 2 0? &11-"7611. € H.
i,J

Lemma 1.9.1:

i) An element of M, (A) is positive if and only if it is a finite sum of matrices of the
form {a}a;], ay,...,an € A.
i) A matrix a = [a;;] € M, (A) is positive if and only if

n
Z zia;;z; 20, forall oy,...,z, € A
i,7=1

Proof: [Tak,; p.193]

Definition 1.9.2: Let A and B be C*-algebras and ¢ : A — B be a linear mapping.
Define a linear mapping ¥, : Mp{A) — M,(B) by

®n([ais]) = [(as;))-

The map & is said to be n-positive if ®,, is positive and completely positive if P is n-positive
for all n.

Example 1.9 a: |
i) Let A and B be C"-aigebras. If B is abelian, then any positive linear map ¢: A — B
is completely positive. In particular, a positive linear functional on a C*-algebra is
completely positive. '
ii) Any *-homomorphism between C*-algebras is completely positive.
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From Lemma 1.9.1. we get
Lemma 1.9.3: Let A and B be C"-algebras. A linear map ¢ : A — B is n-positive if
and only if

y; ®(ziz;)y; 20, forallz,.. .z, €A, y1,....yn €B.
=1

Proof: [Tak;; p.194]

Lemma 1.9.4: Let A and B be C*-algebras. If & : A — B is a completely positive map,
then
¥(a)" ®(a) < ||®]|®(c"a), a€A.

Proof: [Tak;; p-199]

Definition 1.9.5: Let A be a C*-algebra. M,(A") will denote the set of n x n matrices
f = [f;;] with entries f;; € A".

Remark: It is possible to identify M,(A") with the dual M,,(A)" of M,(A). Indeed, the
equation

£(a) =) fii(ess)
I
gives the desired correspondence.
From Lemma 1.9.1, we obtain:

£20 <<= D fij(afe;) 20, a1,.m0n €A
J

1.10 Crossed products

Let M and N be von Neumann algebras. In chapter 3, we study the link between
normal *-homomorphisms from M to N and correspondences from M to N. As an example,
we will consider the case where M = N is the crossed product of 2 von Neumann algebra
by an action of a locally compact group.

‘We will now see how this new von Neumann algebra is constructed.

Throughout this section, M C L(J) will be a von Neumann algebra and G will be a
locally compact group.
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Let a : G — Aut()\{) be a continuous action of G on M, that is. a is a homomorphism
of G into the group of automorphisms of M such that for all + € M. the map s — a,(r)
1s continuous, where M is considered with its strong topology.

Let ds denote the left invariant Haar measure on G and let L*(G) be the Hilbert space

of (equivalence classes of} square integrable functions from G into C with respect to the
Haar measure.

Given a continuous action a of a locally compact group G on a von Neumann algebra
M, it is possible to construct a new von Neumann algebra, denoted

M@, G,

called the crossed product of M by the action a of G. This von Neumann algebra acts in
the Hilbert space tensor product H ® L3(G).

Let us denote by Cc (G, H) the complex vector space of H-valued functions on G with
compact support. Denote (- | -) the scalar product in 3.

For every pair §,7 € Cc(G, H), the function s — (£(s) | n(s)) is 2 continuous complex-
valued function with compact support in G. Then

€1 = j (&(s) I n(s)) ds

is & scalar product on Cc(G, H). The completion of Cc(G,H) with respect to this scalar
product will be denoted L3(G, H).

Proposition 1.10.1: There is an isomorphism U of H® L*(G) onto L*(G, H) such that
(UG ® N)s) =f(s)so forall§ €H, feCc(G),

where Cc(G) is the set of complex-valued continuous functions with compact support in
G.

Proof: [VD; p.4]
For all z € M, define 2 bounded operator 7. (z) on L*(G, ) by

(ma(z))(s) = 0:—1(3')5(3)' § € Cc(G,H).
Proposition 1.10.2: =, is a faithful normaI -representation of M in L*(G, }).
Proof: [VD; p.7]

Example 1.10 a: Let G =Z, = {0,1,...,n — 1}. Using the appropriate normalization of
the Haar measure, we get the following isomorphism: .

LG, H) S HOHO..0K, &~ (£(0),6(1), . Em—1)

ncopies
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The matrix representation of = (x) is then given by:

ao(T) 0 0

0 Q_I(I) e 0

TalZ) = ) ) ’ )
0 0 e @o(no1)(Z)

Now, for every t € G, define a bounded operator A(t) on L2(G,H) by

(AR)E)(s) = &(t71s), £€Cc(G,H),seG.

Proposition 1.10.3: ) is a strongly continuous unitary representation of G in L2(G, ).
Proof: [VD; p.9]
Lemma 1.10.4:

M) (Z)A(R)" = Toloe(z)), forallzeM, t€G.

Proof: [VD; p.10)
Note that by the above Lemma, the linear combinations of operators of the form
Ta(z)A(t) (for z € M, t € G) form a *-algebra. Indeed, for z,y € M and ¢,s € G,
(ma(2)A())" = A()"7a(z") = Mt )ma(z")AE"L)"M(t™T)
= ma(ae-1{z"))A(E™Y)
and
Ta(Z)A(E)7a(¥)A(s) = Ta(Z)A(t)7a(Y)A[E)° AE)A(s)
= Ta(Z)Ta (e (¥)) A(ts)
= wa(zae(y))A(ts).

Definition 1.10.5: The crossed product of M by the action o« of G is the von Neumann
algebra generated by the operators

{7a(Z), AM(s):z €M, s G G},

and is denoted M ®, G. It is the strong <losure of the *-algebra of linear combinations of
products mo(x)A\(s) forz €M, s € G. .
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Example 1.10 b: Let G = Z3. As in the previous example, L*(G.H) is identified with

HeHeH and
T 0 0
Ta(Z) = (O as(x) 0 .
0 0 o:;(:r)

as ag(z) = 7, a_;(z) = a2(z} and a_2(z) = a;(z). Moreover,

100 0 0 1 010
A0)=l0 1 o), MD={1 0 0| and Ax2)={0 0 1}.
c 01 010 100

Example 1.10 ¢: Let H = C and M = L{H) = C. Let G be a countable discrete group
and @, = 1y for all ¢ € G. In this case, H ® I*(G) is identified with I*(G). The unitary
representation m, : M — L(I3(G)) is given by

(ma(B)E)(s) = as-1(B) §(s) = BE(s), forall B € C, £ € *(G),

and the representation A : G — L(13(G)) is given by
A@)E)(s) =&(x71s),  £€¥(G),
that is, A(u) is identified with the left regular representation ), of G. Hence
M®a G = AMG)” = vN(G),

the group von Neumann algebra of G. [Example 1.1 c]

1.11 Measurable fields of Hilbert spaces

Let M and N be von Neumann algebras. In our study of correspondences from M
to N, we first consider the particular case where M and N are both commutative. We
shall see that in such a case, the correspondence that we get is the direct integral of a
measurable field of Hilbert spaces.

Definition 1.11.1: '
i) Let Z be a Borel space equipped with a o-finite Borel measure g. A field of complez
Hilbert spaces over Z is a mapping z — H(z), defined on Z, such thet H(z) is a
complex Hilbert space for every z € Z.
i) V =J],cz H(z) is a complex vector space. The elements of V' are called vector fields
over Z. Specifically, an element £ € V is a mapping z — £(z) defined on Z such that
£(z) € H(z), forall z € Z.
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Let z — H(z) be a field of complex Hilbert spaces over Z and V the vector space of
the vector fields.

Definition 1.11.2: The H(z} form a u-measurable field of compler Hilbert spaces if there
exists a subspace W of V' with the following properties:
i) for all { € W, the function z — [|¢(z)}] is p-measurable;

ii) If £ € V is such that for all { € W, the function z € Z — (¢(z) | £(z)) € C is
p-measurable, then £ € W.

ili) There exists a sequence (&),£2,...) of elements of W such that for all z € Z, the set
{€n(2) : n=1,2,...} is total in H(z).
The vector fields belonging to W are called u-meesurable vector fields. The family in
iii) is called a fundamental sequence of p-measurable vector fields.
Remark: The above definition depends only on the equivalence class of x.
Proposition 1.11.3: Let (Z,u) be as above and z — H(z) be 2 p-measurable field of
Hilbert spaces over Z. The function z € Z v n(z) = dim(H(z)) is measurable.
Proof: [Tak,; Lemma 8.12 p.270]

Let z — 3(z) be a u-measurable field of complex Hilbert spaces over Z. A -
measurable vector field £ satisfying

et ={ [ le@P au)} < oo

is said to be square-integrable. The set of square-integrable fields is 2 complex vector space
H. For §,n € 3, (§(2) | n(2)) is an integrable function of z and the sesquilinear form

€= ]z (€(2) | n(2)) du(z)

makes H 2 pre-Hilbert space. Let us still denote by J the ebove pre-Hilbert space in which
two vector fields will be identified if they are equal p-almost everywhere. It is shown in
[Di; prop 5i) p.169] that X is a Hilbert space.

Definition 1.11.4: The Hilbert space H is called the direct mtegml of measurable fields
of Hilbert spaces and is denoted e

/ H(z) du(=).
z

Example 1.11 a: Let Hy be & separable complex Hilbert space. The constant field
corresponding to 3o over Z is the p-measurable field z — H(z) defined by

1) Hz)=Hoforall z€ Z,
ii) the p-measurable vector fields are the p—meesura.ble'mappings of Z into H.
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In this case, the square-integrable vector fields are the square-integrable mappings of
Z into Hy and

=]
[ @ duta) = L (2.0) = 122 056

Let Z be a Borel space, y a o-finite measure on Z and = — H(z) a y-measurable field
of complex Hilbert spaces over Z. Let

=]
H = /z H(z) dp(z).

For every z € Z, let T'(z) € L(H(2)).
Definition 1.11.5:

i) The mapping z ~— T'(z) is called a measurable field of operators over Z if for every
measurable vector field z — £(2) € H(z), the vector field z — T(2)€(z) € H(z) is
measurable.

ii) A measurable field z — T'(z) € L(3(z2)) is essentially bounded if the essential supre-
mum of the function z — ||T'(z)|| is finite.

Definition 1.11.6: A mapping T € L(X) is decomposable if it is defined by an essentially
bounded measurable field z — T'(z). We then write:

)
T= fz T(z) du(z).

Let LE(Z, i2) be the set of essentially bounded measurable complex-valued functions
on Z (in whmh we identify two functions that are equal almost everywhere). If Z is a locally
compact space, countable at infinity, let Loo(Z) be the set of complex-valued functions on
Z which are continuous and vanish at infinity. Consider LF(Z, z) and Loo(Z) with their
usual *-algebra and Banach space structures. For f € LE(Z, ) or f € Loo(2), the field
of operators

z€Z v f(2)1 € L(H(2))

is measurable and essentially bounded. Ty will denote the operator in L(H) associated to
this field of operators:

=)
Ty = jz F(2)1du(z).

Definition 1.11.7: The operators of the form Ty, where f € LE(Z, ) (resp. f € Loo(Z))
are said to be diagonalisable (resp. continuously diagonalisable).
Remark: The mapping f — Ty is a homomorphism of the *-algebra LE(Z, ) (resp.

Leo(Z)) onto the *-algebra D (resp. D?) of diagonalisable (resp. continuously diegonalis-
able) operators.
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Let us now recall a result due to von Neumann:

Proposition 1.11.8: Let Z and Z; be two second-countable locally compact spaces, v a
positive measure on Z, v\ a positive measure on Z) and ¥ an isomorphism of the *-algebra
LE(Z,v) onto the *-algebra LE(Z,.v,). Then, there exists:
i) a v-negligible set A in Z and a v)-negligible set A, in Z;;
ii) a Borel isomorphism © of Z \ A onto Z, \ A; which transforms v into a measure
equivalent to vy with (¥(f))(7(¢)) = f(C) for every f € LE(Z,v) and ( € Z\ A.
Proof: [Di, p. 367)

Theorem 1.11.9: Let H be a separable complex Hilbert space, and D an abelian von
Neumann algebra in H. Then, there exist a compact metrizable space Z, a positive measure
 on Z with support Z, a u-measurable field z — H(z) of non-zero complex Hilbert spaces
over Z, and an isomorphism of H onto [ 2 H(z) du(z) which transforms D into the algebra
of diagonalisable operators.

Proof: [Di; Thm 2 p.236]

Theorem 1.11.10: Let Z be a Borel space, v a standard positive measure on Z, E =
(3(2)) a v-measurable field of non-zero complex Hilbert spaces over Z, 3 = [© H(z) du(z),
and D the algebra of diagonalisable operators in H. Define Z,, vy, Ey = (H,(z1)), H; and
D, analogously. Let U be an isomorphism of 3 onto H; tranforming D into D,. Then
there exist:
i) a v-negligible Borel set N in Z and a v,-negligible Borel set Ny in Z;
if) 2 Borel isomorphism 7 of Z\ N onto Z, \ Ny which transforms v into 2 measure &,
equivalent to 1y;
iii) an isomorphism (V(z)) of E| Z\ N onto E; | Z, \ N,, which defines an isomorphism
V of H onto H; = f 9{1(zl)du1(zl) in such a way that U = WV, where W is the
canonical isomorphism of H, onto H;.

Proof: [Di; Thm 4 p.238]



Chapter I

Tomita-Takesaki Theory

Given a von Neumann algebra M and a weight ¢ on M, Tomita and Takesaki showed,
among numerous results, the existence of a one-parameter group of automorphisms of M,
the group of modular automorphisms associated with the left Hilbert algebra U,.

In this chapter, we present Tomita's theorem, the GNS construction for weights, the
KMS boundary condition, the Radon-Nikodym theorem and the notion of standard form.
These notions will play a significant role in the study of correspondences.

Instead of presenting detailed proofs, examples will be given to illustrate the results
and complete references will be provided.

2.1 Left Hilbert algebras

We shall see that every von Neumann algebra M is isomorphic to the von Neumann
algebra of a left Hilbert algebra. Let us now present the notion of left Hilbert algebras,
which will lead to Tomita’s theorem.

Definition 2.1.1: A lefi Hilbert algebre is an involutive algebra U over C, where the
involution in U is denoted by £ € U — & € U, equipped with an inner product and
satisfying the following conditions:

i) neUw— £neUis a bounded linear operator, for every £ € U;

i) (Enl¢) =€), forany &n(e; '

iii) The involution £ — &% is a preclosed antilinear operator;

iv) The subalgebra U® spanned linearly by £7 for £,7 € U is dense in U. .
Similarly, one can define a right Hilbert algebra U. The involution is then denoted by
n— 7 and it satisfies (67| ¢) = (€ | (v*), for any &, 9, € U

Fix a left Filbert algebra U, and denote by H the Hilbert space obtained by the.
completion 6f7,_'l§\. |
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Remarks:
- Condition i) implies that to each £ € U one can associate a bounded operator =;(£)
on H defined by
m{§)n=E&n. Enel

- Condition ii) implies that
7€) =m(€)”, Eel.
7y : U — L(FH) is therefore a »-representation of U.
- Condition iv) implies that m;(U) is non-degenerate on X, that is = (U) H] = H.
Example 2.1 a: Let M be a vor Neumann algebra on a Hilbert space Hand § € H a
cyclic and separating vector. In the set U = M &, define the following operations:

(z£0)(vé0) = zy o, (z&)F =2"8& =z,yeM,

and take as inner product the one inherited from H. Then U is a left Hilbert algebra and
€o is the unit of U. If z,y € M, then m(z£0)(y &) = (z&) (V&) = zy&o = z(y&o). Thus
m(M&) =M.

Example 2.1 b: Let G be a locally compact group, equipped with 2 left Haar measure
dg, and let 6 be the modular function on G. Let K(G) be the lirear space of all contin-
uous complex-valued functions on G with compact support. With the following algebraic
structure and inner product, K(G) is 2 left Hilbert algebra:
En)ia) = [ &hmn(h~to)n
£4(9) = bc(9)~'8(g™),

€1 = [ eomGrds.
G
If we define the involution b in K(G) as
£(g) = &™),

then K(G) is a- right Hilbert algebra.

Definition 2.1.2:
i) The von Neumann algebra generated by m;(U) is called the left vor Neurnann clgebra
of U. It is denoted by R;(U). '
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ii) If Uis a right Hilbert algebra. then to each 7 € U. one can associate a bounded operator
=~(n) on H defined by =.(n)€ = 7 for .17 € U. =, is an anti =-representation of U,
and the von Neumann algebra generated by =.(U} is called the right von Neumann
algebra of U. It is denoted by R.(U).

Example 2.1 c: Consider the left Hilbert algebra U = M £ introduced in Example 2.1
a. The left von Neumann algebra R;(U) of U is the weak closure of 7;(M &), which is
precisely M.

Fix a left Hilbert algebra U and denote by H the Hilbert space obtained by completion
of U.

The involution £ — £F is a conjugate linear preclosed operator. Let S be the closure
of this operator. By definition, the involution is its own inverse; therefore, $ = S~!. Let
D* be the domain of S and D the domain of the adjoint operator S* of S, defined by

(S¢1m)=(S"n€), £eDbneD'.
The polar decomposition of S is given by
S=Jal?

where A = S*S is a positive self-adjoint linear operator and J is a conjugate linear
isometry. As S =571, we get:

JAT=A"Y, S§=A"Y%], S =JAWV2=AV?] =1, J=J°'=J°L

Definition 2.1.3:

i) The conjugate lineer i~vmetry J : H — K is calied the modular conjugation associated
to the left Hilbert algebra U.

ii) The positive self-adjoint linear operator A is called the moduler operator associated
to the left Hilbert algebra .

Definition 2.1.4: A vector 77 € H is right bounded if

sup{l| m(&)n [: £ € L, || § IS 1} = ¢ < +oo.

Let us denote by B’ the set of all right bounded vectors.
Thusa.vectorne!}fisrightboundedifandonlyifthereg:dstsbeL(J{) such that

b€=ﬂl(€)n$ el

This operator b is unique. Denote it by =,.(7). Note that =.(7) € .'R;(‘L[)’ and 7,.(B') is a
left ideal of R;{U)’. Define a product in B” as follows:

mm=7(R)m, MmmeB.
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Then, B is an aigebra and U’ = B'N D’ is a right Hilbert algebra under the involution
17 = 877 (for n € UW'). Note that for £.1.¢ € U, we have:

(€1Cn°) = (€' ¢S n) = (C°€ | S™n) = (1] S(¢°€))
= (§6)F)=(n1€¢)=(n]Q).
We say that U’ is the right Hilbert algebra associated to 1.
Theorem 2.1.5: R (U) = R (U).

Starting from the right Hilbert algebra U’ = B’ N D’, we can define the notion of left
boundedn.ss for a vector £ € H analogously. B will denote the set of all left bounded
vectors of JH.

Definition 2.1.6: Let U” be the left Hilbert algebra BND:. If U =U", then U is said to
be full

Example 2.1 d: As in Example 2.1 &, let U = M&. Then U = U". Moreover, U’ = Mg,
and R (U) = M’ = R.(LL).

Theorem 2.1.7 (Tomita): Let U be a left Hilbert algebra with modular operator A
and modular conjugation J.
i) If Ri(U) is the left von Neumann algebra of U, then

JR(WJT =R(U),  JR(UYT =R (U),
A“SE;('L[)A“" = Jh(u)’ Aitﬂl(u)lA—it - fRz('L[)', te R..
ii) The one parameter unitary group {A : t € R} gives rise to a one parameter auto-
morphism group of U’ and U’ respectively.
iii) The modular conjugation J gives an anti-isomorphism of U onto U’.
iv) If a € R (U) N R (WY, then JaJ = a°.
Proof: [Teks; Thm 1.13 p.12]
Definition 2.1.8: The one parameter automorphism group {o:} of Ri(U) defined by

ot (z) = A¥zA~H, ze€R(U),teR,
is called the modular automorphism group of the left von Neumann algebra of U.

2.2 Weights and representations

Weights are important in the study of von Neumann algebras as they are the equivalent
of infinite positive measures. The interesting fact is that while it is not always possible to
find 2 faithful semifinite normal trace on 2 von Neumann algebre, every such algebra has
a faithful semifinite normal weight. In this section, we present the GNS construction for
these “unbounded forms™.
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Definition 2.2.1: A weight on a von Neumann algebra M is a mapping o : M™ — [0. ]
such that
oAt + y) = Ao(2) + S(y). r.y € MY A€ [0.).

where 0-oc = 0.
The weight ¢ is

i) faithful, if $(z) = 0 implies z = 0;

ii) normal, if é(supz;) = sup é(zx;) for every bounded increasing net {z,} in M*;
iii) finite if ¢(z) < +oo for all z € M¥. As z°z < ||z|° 1, then ¢ is finite if and only if

$(1) < +o0;
iv) a trace if ¢(z°z) = ¢(zz"} for all z € M.

It :s to note that the proof of the following lemma relies on the next two inequalities:
fora,z,y €M,

(zxy)"(zxy) <2z"z+y"y), (ez)(ez) <l a2

Lemma 2.2.2: For a weight ¢ on M, define

B, = {r € MT : ¢(z) < +o0},
Ny = {z € M : ¢(z"z) < +c0},
Lo ={zeM:¢(z°z) =0},

n
My = ‘Jt,,,"‘.)’t., = {Zy{zg XY € ‘J‘t¢,i = 1....,n}.
i=1
i) 9’!¢ and £y are left ideals of M.
ii) ¢ can be naturally extended to a linear functional on g, that will also be denoted
.
iii) Py = My NM™ and every element of My can be expressed as a linear combination
of four elements of P,

Proof: [Take; Lemma 2.2 p.13]
Definition 2.2.3: A weight ¢ on M is semifinite if M, is o(M, M. )-dense in M.
Remarks:

i) Let ¢ be a normal weight on a von Neumann algebra M. There exists two projections
p and ¢ such that £5 = Mg and M, = Mp (where N, denotes the (M, N..) closure
of 9,). Consequently, Ty = pMp and for z € M,

¢(z) = ¢(pzp) = ¢((p — 9)z(p — 9))-
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The projection p — g is called the support of ¢. It will be denoted s(¢). Note that ¢
is a faithful semifinite normal weight on the reduced algebra

Muo) = {z € M:5(6)z = z5(g) = z}.

ii) Any von Neumann algebra M has a faithful semifinite normal weight. Indeed, if {¢;}
is a maximal family of normal forms on M, whose supports are mutually orthogonal,
then

&(z) = qu,—(z), zeMt

is a faithful semifinite normal weight on M.

Proposition 2.2.4 (GNS construction for weights): Let ¢ be a faithful, normal,
semifinite weight on M. Let B, My and M, be the associated subspaces of M, as defined
above. Then there exists a triple (Hy, 7, 73), where

i) Hy is a Hilbert space,

ii) my is a »-algebra homomorphism of M into L(3,),
ili) 74 : My — Hy is a linear map which satisfies

(16(z) [ 6(¥)) = $(¥°2),  7o(2)ma(z) =mo(22), zyEMy, zeM

and such that 14(MNy) is dense in 3.
The triple is unique, ie. if (3',«’,7) is another such triple, there exists a unique unitary
operator U : Hy — 3 such that Uny(z) = 7/(z) for all z € Ny and 7'(2) = Uy (2)U" for
every z € M. Moreover, ny is isometric and is a ultra-weak bomeomorphism of M onte
W¢(M).
Proof: [Su; Prop. 2.4.10 p.58)

Example 2.2 a: Let (X, , 2) be a separable o-finite measure space and M = L®(X, T, p).
The equation ¢(f) = [ fdv, where v is a o-finite measure absolutely continuous with
respect to u, defines a normal weight ¢ on M. Note that ¢ is a trace as M is abelian. We
have

RN = L2(X,p) L3 (X,v),  He=TG M,  xy(f) =my,

where (m£)(s) = f(s)&(s) for all £ € H,. Moreover, 7(f) = £ for all f € .

Remark: Let (X, ¥, 1) be a separable o-finite measure space and M = L°(X, , zz). The
o-finite measures which are absolutely continuous with respect to y are in bijection with
the semifinite normal weights on M.

Indeed, every positive o-finite measure » on (X, ¥) which is absolutely continuous with
respect to ;, defines a normal semifinite weight 1, on M by the equation 1, (f) = [ fdv,
where f € M*.
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Conversely. if ¥ is a normal semifinite weight on M, then the equation v(E) = ¥(xg)
defines a countably additive o-finite measure » on (X, ). Moreover, v = v,.
The normal semifinite weight ¢, on M is faithful when v is equivalent to p.

Example 2.2 b: Let M = M>(C), equipped with the following linear form:

&(-) = 7(h-), where h=()61 )?2), A+ =1, AL A > 0.

As Ay, A2 > 0, then ¢ is faithful. The GNS triple is given by: Hy = C4, the mapping
Ne : M2(C) — H,, defined by:

Vi 0
01 A
en = (é g)'-’ g = fi, 812=(0 0)'—* \/0—2 = fa,
0 0
0 0
e =0 0Y [ O =f Eon = 00y | O =
21 — 10 m =3 22 = 01 0 = Ja
0 Vaz

and the representation 74 : M2(C) — £(C?) defined by

a 0

o @ 2Y_[0 a

*\ec d/"{c o

0 ¢

with respect to the basis {f1, f2, f3, f1}- Consider the mapping S : Hy — H3 defined by:

A, O 00O

b
0
d
0

:c=(: Z)Hz-=(§ 5) S(Az) =XS(z), forall z€H,, A eC.

The matrix representations of § and S* are

1000 10 0 0
[0 01 0 [0 0 2o
S=1010 0 and 5'-030’0
0001 00 o0 1
‘We have: :
10 00 ;(;)a g g
Ay=58= OX:BO and thus A¥ = 2 i
0 0 0 o o (B) o
00 0 1 o o o

—
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Moreover

o
I

‘/iz
Al

0
0
0

oo»&klo
»
= O oo

oo O

Finally, we obtain

e B L
ollen) = 75 (Ade(en)A;™) = (3-:5) ex-

Example 2.2 c: Let M = L(FH) and ¢(z) = tr{pz) where p is a positive trace-class
operator [section 1.3}, with canonical decomposition given by:

pP=) ante. .,

where an, > 0, 3 an < 00 and {£,} is an orthonormal basis for H, and

tr(pz) = Zan (Tén | n)-

The GNS triple is given by:

He = PN, H) ={£:N=3H: > [|E(n)I|> < oo},

(ro(@)E)(m) =2€(n),  Q(n) = adén.
An orthonormal basis for 3, is given by

{€&™ :n,m € N}, where EI™(k) = 6n(k)én.

For n,m € N, define
24 = amdte, g

then,

) 3
7ozt = &M, ms((™)") Qs = (g) £,

Hence

3 3
Fm) _ [ @r.\" Zn) fm) — [ Om \ " Z=n)
S&x ( ) &, STEY ( a,.) &n'-
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As A =55 we get: i
(AE) (k) = (ax) ' pE(K)

for all £ in the linear span of {6-,(;"') :n,m € N}. Finally, from the equality S = JA?} we
get
JE™ =) forallnmeN

and
of(z)=p"zp™", forallzeM, tcR.

Example 2.2 d: Let G be 2 countable discrete group. Let M = vN(G), the group von
Neumann algebra of G, as described in Example 1.1 ¢. As seen previously, Q = . isa
cyclic and separating vec.or for M, where e denotes the identity in G. Hence we can view
MCQ as a left Hilbert algebr: Ex. 2.1 a]. We have:

(SE)t)=&(t 1), forallt € G,E€l3(G), J=85"=S and A=1.

Moreover, JA;J = p; therefore, M' = JMJ = {p, : t € G}", that is, the commutant of
the left-regular representation is the von Neumann algebra generated by the right-regular
representation.

2.3 Left Hilbert algebras and weights

In this section, the notation introduced in the preceding sections will be used.
Theorem 2.3.1:
i) IfU is a full left Hilbert algebra with M = ZR;(’U.), ..."efl.mctxon ¢ on M* defined by

= JNEIR iFz/2=m(g), s €y,
¢(z) = {+oo otherw.ise,,

is & faithful semifinite normal weight on M such that

k
Ne=m(B)CM, Mg=T3Mg={) zit:%i, 4 € Mpi =1,...,k},

i=1

dmm)mE)= (¢, &neB.

Note that m(U) = %y, N N,.
ii) Conversely, 1f¢1$aﬁxthﬁﬂsemxﬁmtenorma1waghtonawnNeumannaIgeme
then the subspace
| Ue = 14(Ns NITY)
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of H, becomes a full Hilbert algebra with respect to the following algebraic structure:

No(T )16 (y) = ne(zy), 77-:(1'): = ns(z"), z.y € NN ‘J‘I;.
Moreover, the left von Neumann algebra Ri(Uy) is the image 74(M) of M under the
GNS representation, and the weight corresponding to Uy in i) is given by ¢ o =3
Proof: [Taks; Thm 3.1 p.15]

Consequently, any von Neumann algebra is *-isomorphic to a von Neumann algebra
of the form Ry (U), where U is a left Hilbert algebra.

2.4 Weights and modular automorphism groups

Let ¢ be a faithful semifinite normal weight on a von Neumann algebra M and R;(U)
the left von Neumann algebra of U given by Theorem 2.3.1. Let A and J be the modular
operator and the modular conjugation associated to U, and H the Hilbert space obtained
by the completion of L.

The following lemma is an important tool in the proof of the next theorem:

Lemma 24.1: If&n € D(A”z)(— D), the function f(z) = (A€,n) is defined,
bounded and continuous on the strip D = {z € C : 0 < Re(z) < 1}, and is analytic
on the interior D of D.

Proof: Note that by polarization, it is enough to prove the resuit for E=m. Let FE be
the spectral resolution of the operator A. Then, using the spectral theory for unbounded

operators, we get
[ aEeo=lgF <o and [ A(EAE,€) = | Ake)P < oo.
[0.00] [0.00]
For z =2+iy € D and X > 0, we have:
A% =2 <max(1,A) <1+A
as0<z < i. Thus
[ WPaEes < [ a+names
10,00} [0.0c]

< €% + 1a2€]? < o

We observe that £ € D(A®) and }|A%¢|| is bounded for z € D. Hence the function
J(z) = (A%, §) is defined and bounded on D and

f2) = ][o _Yamen.
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Define a complex-valued function f, (for n € N) on C by

fal2) = f[ XN d(ErE.S).

.L-n]

n

Note that the power series expansion of A* = exp(zLogl) in z converges uniformly for
AE [% n]. Hence for all n, the function f, has a power series expansion and thus is entire.
In addition, [A|= A" <1+ Aforz=z+iy €D and

1f(z) ~ fa(2)] =

f A d(BAE. )
[0.1]U[r.00}

< / (1+A)d(ErE, ).
[0.3]ufn.e0)

The last term of the inequality is independent of z and converges to zero as n — oo. Hence
fa(2) = f(z) uniformly on D. Finally, as each f, is analytic on C, " follows that f is
continuous on D and analytic on D.

Q.E.D.

Theorem 2.4.2: With the notation introduced in the beginning of the section, Jet
o(z) = A¥ZA™®, teR,zeM

be the modular automorphism group of the von Neumann algebra M [Theorem 2.1.7].
Then

i) ¢°O';=¢,tER-

ii) For every pair z,y € My N9, there exists 2 bounded continuous function

F=F,,:D={a€C:0< Re(a) <1} = C
holomorphic on the interior D of D and satisfying

F(it) = ¢(zo:(y)),  Fl+it)=¢(oe(y)z), teR.

The one parameter automorphism group {o:} is uniquely determined by ¢ subject to
conditions i) and ii).
Proof: [Tako; Thm 4.1 p.16] / [S-Z; 10.17 p.288]

Definiton 2.4.3: The automorphism group {¢:} determined by conditons i) and i) in
the above theorem is called the moduler eutomorphism group associated with ¢. It will be
denoted by {¢?}.
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o
&N

Conditions i) and ii) together are called the modular condition for ¢ and {o:}. We
also say that the weight & saticfies the KMS boundary condition (Kubo-Martin-Schwinger)

with respect to {o,}
2.5 Generalized KMS boundary condition

To define the identity correspondence, we will need a generalized version of the KMS
boundary condition. Before presenting this new version of the KMS condition, let us first
recall the Three line theorem and Hartogs’ theorem.

Theorem 2.5.1 [Three line theorem]: Let F be a bounded analytic function of the
complex variables 21, ..., zn, where z; = z; + iy;, which is defined for = = (z1,....Zn) lying
in a convex set D C R" and y = (y1,...,yn) unrestricted. Suppose F has values in a
complex Banach space B, and let M be defined on D by

M(z) =sup{|F(z +iy)| : —o0 < yj < 0, j =1,...,n}.

Then Log M(z) is a convex function of the vector variable z in D.
Proof: [D-S; p.521]

Let D be an open set in C® and w,, ..., w,, € C. Let
Dj‘w = {z €C: (wl, ey W14, 2, Wi, ...,w,,) € D}.

For any function f on D, let us denote by fj.w the function on D;,, defined by

fj,w(z) = f(wl’ vony Woimty 25 Wik y aeny w,,).

Theorem 2.5.2 [Hartogs): Let f be a function defined on D such that for any 7,
l1<j<nandw,,..,w, €C, the function fix0 is analytic on D;,,,. Then f is analytic on
D.

Proof: [N; p.43]

Let M be a von Neumann algebra and ¢ a faithful normal positive linear functional on
M. Asseen in sections 1.5 and 2.1, associated to {M, ¢} are {4, Hy, 74, Qq, Dy, Jg, Ug}.
Recall that the vector Q, € 3, which is cyclic and separating for. 7 (M), satisfies

Hz)=(zQs | Qy) forallzeM
(Note that we have identified M and 74{M)). Moreover, Ay Q, = Q4. Indeed, as

Se : MOy =My Q20



25 Genaralized KMS boundary condiition 39

and

S; . }l{"go —_— M'QQ IQ° — T. Qo.
we get A, Q, = 5,5,0, = Q. Hence AY Q, =Q, forallt € R.

Define
D, = {(z1..... Ta—1) E R®*™ : z; > 0 and Zz,- <1}

Cn = {(21, - 2n-1) € C*" 1 : (Re(z1), ..., Re(2n_1)) € D, }.
We are now ready to state the generalized version of the KMS condition:

Proposition 2.5.3: Let ay,...,an € M. There exists a function F : C,, — C continuous
and bounded in C, and analytic in C, such that

F(ity, ity itno1) = $(a105, (02)-0F 4 1e_, (an)).

Remark: If n = 2, then D2 = (0,1) and C2 = {z € C : 0 < Re(z) < 1}. Consequently,
the above proposition corresponds to Theorem 2.4.2.

Let us now consider the case n = 3; then
Dy ={(z1,22) ER%:z; >0and z; + 2, < 1}
Cs = {(21,22) € C? : Re(z;) > 0 and Re(z;) + Re(z2) < 1}.
Consider the function
f:BCC3—C (z,w)— (A3a2AY¥a3Qy | a} Q)

where a; € M for all i and B = {(2,w) € C5:0 < Re(z), Re(w) < 1}.

i) Let us fix s € R. Then _
zm (Ajaz Ay a3y | 2] Q)

is continuous and bounded in
{z€ C:0< Re(z) < 3},

and analytic in {z € C: 0 < Re(z) < 3}. Indeed,
az A': a3y =ap A:: as A;“ A;f’ Qs =a20%(a3) Qs € D(Aﬁ)

and e} 2y € D(Ag). Hence, by Lemma 2.4.1, we have the desired result. Note that
for z = it, we have
(*)

(Ag a2 A‘; a3y | 05 Qo) = (09 (a2) 0f,(a3) Qo | 2] Q) = d(a1 of (a2) 52, ,(a3)).
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For s € R fixed, the map
we— (A7 a3 | a3 AT a7 Q)
is continuous and bounded in
{we C:0< Re(w) < 1},
and analytic in {w € C: 0 < Re{w) < 1}. Indeed,
a3 857 a5 Oy = a5 87" 0] AF A7 04 = a3 0%, (a}) Q4 € D(AL)
and a3 Q4 € D(A}). Hence, by Lemma 2.4.1, we have the desired result.
i) Now, for z € C fixed, with 0 < Re(z) < 1, the map
we (AF a3 Qg | @347 af Q)
is continuous and bounded in

{fweC:0< Re(w) < 1}

and analytic in {w € C : 0 < Re(w) < }. Indeed, as o]0y € D(A}), then

aj Qg € D(A3), by Proposition A.1.11. Moreover, a3 Q, € D(Ai). Hence by Lemma
2.4.1, we have the desired result. For w € C fixed, with 0 < Re(w) < 1, the map

Z— (A; az Ag a3 Q¢ I 0.;_ Q¢)
is continuous and bounded in
{z€C:0< Re(2) < 4}

and analytic in {z € C : 0 < Re(z) < }}. Indeed as a3 € D(A}) then by

Proposition A.1.11, a3 Q4 € D(AY). Moreover, 0] Q4 € D(Ag). Thus by Lemma
2.4.1 again, we get the result.

iii) Note that for z = 1 + it we have:

(837 02 83 0305 | 07 0%) = (A} 02 A3 03 24 | Si(a1 24))
= (Ai"'“az AF a3y | A;* Joa; Q)
= (Ag’ az A': g Qd, I J¢G1 Qé)
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For (z.w) € By = {(z.w) € C3: 5 < Re(z) < 1. 0 < Re(w) < 1}. puwt

filzow) = (a2 A5 a3 Q6 | Jo A“’ a; Q)
then f1(3 + it,w) = f(3 + it,w). For fixed w, the function
z— fi{z,w)
is continuous in {z € C: 4 < Re(z) < 1} and analyticin {z € C: 3 < Re(z) < 1}.

Moreover, for (z,w) € B, the map f) is bounded. Indeed, for any pair (z,w) € B;,
with 2 = 2 + it and w = ¢ + s, we have:

f1 (z,w) = (02 A; Af: as Q¢ I J¢ A:-i Ag (43 Q¢)
= (a2 8302 (a5) Qo | Jo 53 % 02 (a1) Q).

Thus, by Cauchy-Schwarz inequality, we obtain:

|fu(z,w) < llazll2IAL 02(as) QulFIAZE 62 (ay) Q42
< llazl(llo? (a3) Qll? + A3 02 (as) Ql2)(lof (a1) Rull2 + 1A o8 (ar) Ql?)

<0

since we have:

a?(as) Qp € D(BY), oP(@)Q e D(AY), 0<u<land0<z—1i<

Wre

[Proof of Lemma 2.4.1).

iv) Finally, note that for w = 1 + it, we have:

(A3 0504 | 03 AF 0] Q) = (A3 54(03¢) | a3 AT 01 Q)
= (a3 871 7,039, | 0 AT 0} Q)
= (8% Jy 630 | a3 AF 01 Qo).
For (z,w) € Bo = {(z,w) €C3:0< Re(z) < 1 53 % 1 < Re(w) <1}, put
Pl w) = (Jo 8% 6306 | a3 A3} Q0);
then fa(z, 3 +it) = f(z,3 +it). For fixed z, the function

w — fa(z,w)
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is continuous in {w € C :

z < Re(w} £ 1}, analyticin {w e C : 5 < Re(w) < 1}.
Moreover, for (z.w) € Bs, the map fo is bounded. Indeed, for any pa.n' (z,w) € B,

with z = z + it and w = u + is, we have:
“‘:15 i3 -
fo(z,w) = (Lo A -’-\.9

= (Jo Ay 02(a3) 0, | a5 A302,(a}) Q).
Thus, by Cauchy-Schwarz inequality, we obtain

300 | a3 AT AZ 01 Q)

f2(z. 0 < 1ALE 02(a3) Qel2lla3IP1AZ 02, (a]) Qo2

< (lo?(e3) 2l + 182 62(a3) Q6D lIa312 o (a3) Qell? + 142 02, (a2) 4 ]7)
< o0

since we have

02(a3)0% € D(A}), 0%,(a}) 0% € D(A}), 0<u-

Wi

[Proof of Lemma 2.4.1].
Consequently, the function F : C3 — C defined by

f(z,w),

(z,w) € B={(2,w) € C3:0 < Re(2) < 3» 0 < Re(w) < 1}
F(z,w) =

Hi(z,w), (2,w)eB)={(z,w) €C5: 3 < Re(z) <1, 0 < Re(w) < 1}
fo(z,w), (z,w)€Br={(2,w)€C3:0< Re(z) < 3, 3 S Re{w) < 1}

is bounded and continuous in C; and analytic in Cs by Hartog’s Theorem. Moreover
Fity,ity) = (A3 a2 82 a3Qy | af Q) = (a1 02 (a2) of, 1t,(as))
For n = k, one would proceed in the same way.

2.6 The Tomita algebra

Let U C H be a left Hitbert algebra. Consider the vector space

foralla € C, A* e U NU,
T= 5 € n D{Aa) D(Ac-n(e)a-u) D(A““) and Aa‘fl'z(f)A—a - WI(A"&),
C -
ac D(Aoﬂ-‘_(e)é-c) = D(A-ﬁ) and A%z (§)A™* C 7r(A%E)
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Theorem 2.6.1: T is a left Hilbert subalgebra of " and
T=U.7T=u".

Moreover,
TC Daey. A°T=Tand A% [T =A%, a e C:
JT=17
A°JE=JAT, €€T, a€C;
A%(&n) ={A%)(A%), & neT, aeC;
JEN=JMJE), &neT

Proof: [S-Z; 10.20 p.298)
T is called the Tomita algebra associated to the left Hilbert algebra U.

Let ¢ be a normal semifinite faithful weight on the von Neumann algebra M and
Uy C Hy be the associated left Hilbert algebra. Denote To the associated Tomita algebra.

Proposition 2.6.2:
i) For € € H, we have

£€Ts <= £€ () Dag) and AJE€NyCH,, forallneZ.
acC

ii) For every z € M, there exists a sequence {z,} C T, such that

lzall S llzll, Tn =z and |ine(za) — ns(z)lls — O;

the sequence {z,} can be chosen to be:

~+o0
Tn =\/n/7 / e'“‘zof’(:c) dt.
—o0
If x € My NI, we also have

252" and  |ne(z) — me(z)lle — O.

Proof: [S; 2.12) / [S-Z; 10.21]
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o

2.7 Analytic elements

Let ¢ be a normal semifinite faithful weight on the von Neumann algebra M, and let
a € M.

Definition 2.7.1: The element a is called anelytic in the vertical strip
D={aeC: - < Re(a) < e}

(where €;,e2 € R*) if there exists an M-valued function F, defined and ultra-weakly
continuous on D and analytic [A.1.19] in the interior of D such that

F(it) =of(a) forallteR.
Then, for all « € C with —¢; < Re(a) < €, we write
o?, () = F(a).

Furthermore, for a € C, we will write ¢ € D(02) whenever the element a is analytic in
some vertical strip containing ic.
Remarks:

i) If a € D(08), then o* € D(02) and o5(a") —-a"‘(a)

ii) If a,b € D(02), then ab € D(02) and o2(ab) = o2(a)o2(b).
iii) If a € D(c§) and a3(c) € D(c?), then a € D(o-:_,_p) and 02, ;(a) = 02(c2(a)).
iv) If e € D(02), then o2(a) € D(c?,) and o2 _(c2(a)) = a.

v) From the relation 74(a? (@))AF € = Alfmy(a)é, it follows, using Proposition A.1.17,
that if ¢ € D(02;,) and £ € D(A3), then

we(0)6€D(A3) and  Agmy(a)€ =melo®,(a)ASE.

Equivalertly, using Proposition A.1.20, it follows that if a € D(o?) then

: me(08(a)) = Afme(a) A5 | D(AS™).

It can be shown that ﬁthedementalsamlyucmc {a € C:0 < Re(a) < ¢},
then the function a_m (@) is norm continuous and norm bounded on C.

Proposition 2.7.2: Let ¢ be a2 normal faithful semifinite weight on the von Neumann
algebra M, e € M, and X € (0, o). ThefaHomngstatementsareeqmmlent-

1) ¢(az*za®) < X¢(z°z) for all z € M;

ii) z € Ny implies za™ € Ny and [Ing(za”)lle < Alno(z)lls;
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iii) e € D(¢?,) and |lo?, (a}]] £ X

Ifae D(af*), then

ne(za®) = Jowé(af%(a)).f‘,%(:r), z € M.
and if moreover of (aa*) = aa” for allt € R, then

¢(o‘fi (@) z"zo® 3 (a)) = d(ea"z"z), T €N,

Proof: [S; 2.14 p.31]

Definition 2.7.3: An element a € M such that a € D(02) for all o € C is called entire
analytic. The subset of M of all entire analytic elements will be denoted MZ,. -

Remark: fa € T, thena € Mgo and ¢2(a) € T, for all a € C, where T, is the Tomita
algebra associated to the left Hilbert algebra U,.

Proposition 2.7.4: M2, is a s*-dense “-subalgebra of M.
Proof: {S-Z; 10.16 p.284]

Moreover we have:

Proposition 2.7.5: Let ¢ be a normal semifinite faithful weight on the von Neumann
algebra M. Let {zx}xex C Uy be 2 net such that

- 0
i =1, supllze[i<1l and ap=+/ llwf e“zaf‘(zk) dt (k€ K).
k -0
Then, {ar}rex C Ts C M2, and for every a € C,k € K, we have

o(ax) 51, llod(ax)ll < exp((Ima)?).

Proof: [S; 2.16 p.33]

Proposition 2.7.6: Let ¢ be a normal semifinite faithful weight on the von Neumann .

algebraM, z,yeManda e C. If

zeMND(e? ), a2 i(r) €Ny and yeNYND(ol), oi(y) €N,
then '
9(zy) = $(08@)o5_i(=))-

Proof: {S; 2.17 p.34]

i
i



28 The Radon-Nikodvm derivative 46

2.8 The Radon-Nikodym derivative

Theorem 2.8.1 (Connes): Let M be a von Neuwmann algebra, ¢ a faithful semifinite
normal weight on M, and ¢ a normal semifinite weight on M. There exists a unique
s°-continuous mapping u : R — M such that:

i)
wu; =s(¥) =uwo,  uiw =07 (s(¥)),
Uty = ugaf’(ut:),
Uy = ait (ue),
of (z) =wmol(2)u,  (z € s(¥)Ms(¥)).
if) For every = = zs(¢) € 9y NN and every y = s(¥)y € Ny NNy, there exists a
function F defined, continuous and bounded on the strip {a € C : 0 < Re(a) < 1},
analytic in tle interior of this strip, such that
F(it) = (zuol(y)),  F(l+it) = g(o¥ (y)uz)
forallt € R.
Proof: [S; 3.1 p.46]
Definition 2.8.2: The mapping R 3 t — u, € M uniquely determined above is called

the Connes Radon-Nikodym cocycle associated with the normal semifinite weight ¢ with
respect to the normal semifinite faithful weight ¢, and is denoted

. Ut = (.D’l,b : D¢)g.
Remark: In the above theorem, if 3 is faithful, then u; € U(M). Indeed, in that case,
s(¥) = 1 and thus u,u; = s(¥y) = 1. Moreover, when ¢ is faithful, of e Aut(M), and
hence wu, = o (s(¥)) = 1.
Example 2.8 a: Let M = L*(X, u), where (X, ) is & o-finite measure space. Let ¢ be
the weight on M given by u, that is,

8(f) = fx f@)du(z), feXt.

As seen in section 2.2, every faithful semifinite normal weight 1 on M corresponds to
a o-finite measure v which is absolutely continuous with respect to p. Hence

¥(f) = fx f@)avl), fent.

Note that as M is abelian, then ¢ and % are both traces; thus Ag = 1 = A,. Let
h(z) = (dv/du)(z) for z € X. Then h** satisfies the conditions stated in Theorem 2.8.1
. for all t € R. Hence by unicity of the cocycle, h* = (Dt : D¢p), forallt e R.
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Example 2.8 b: Let M = M2(C) and . be defined by:

A O

o(-) = 7(h), where h= ( 0 o

),4\1+}\2=1,)\1.Ag>0

0
¥(-) = 7(k-), where k= (? #2) yM1F pa =1, uy, us > 0.

As seen in Example 2.2 b,

_ A\ it
af(ek,)=(-f) ex; and o, (ekz)— (%) ext.

Then,

ity —i itA—it 0
(DY : D) = k*h™H = ('ul 01 I_é:'\;iz)-

Lemma 2.8.3 (Chain rule): Let ¢, $2,$3 be normal semifinite faithful weights on the
von Neumann algebra M. Then

(Déy : D¢3)e = (Do : Dge)e(Dé2 : Depy):.

Proof: [S; 3.5 p.49]
The following lemma is the tool used to prove the next proposition:

Lemma 2.8.4: Let M be a von Neumann algebra, ¢ 2 faithful normal semifinite weight
on M and z € M. The map t — of(z) (for t € R) extends to an M-valued bounded
ultra-weakly continuous map on B_; = {z € C: Im(z) € {—3},0]} which is analytic in the
interior of B_, and satisfies |jo® 3 @I <1 if and only if

$(zyz") < ¢(y) forally € M*.

Proof: [Coy]

Proposition 2.8.5: Let ¢ and ¥ be normal semifinite faithful weights on the von Neu-
mann algebra M. The following statements are equivalent: |
i) ¥ < ¢ (that is, ¥(z) < ¢(z) for all z € M*);
ii) there exists an M-valued ftmctxon u, defined and ultra-weakly contmuous on the strip
B_;={zeC:Im(z)e[- 1,0}}, analytic in the interior of B_;, such that

: w=(DY:D), (tER), fu_yl<L.
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If condition i) or ii) hold, then

v(zz) = ¢(u‘_i:c'xu_i), for all z € 9,

Proof: [Coz] / [S; 3.13 p.56]

Lemma 2.8.6: Let M C L(H) be 2 von Neumann algebra and ¢ 2 normal positive linear
functional on M. Let h € M be such that the functional ¢(h-) satisfies é(hz") = ¢(hz)
for all z € M. Then |p(hz)| < ||h|ld(z) for all z € M™.

Proof: [Di; p.69)

Definition 2.8.7: The fixed point algebra under the modular automorphism group {o?},
called the centralizer of ¢, is defined by

M ={zeM:6¥(x)=2z for all t € R}.

Remark: Let ¢ be a faithful normal positive linear functional on 2 von Neumann algebra
M and k € (M®)*. The implication i) = ii) of the next proposition depends on the
following observations:

i) By Lemma 2.8.6, {¢(kz)| < ||klié(z) for all = € M*.

i) ¢‘o‘crf = ¢.
Proposition 2.8.8: Let ¢ be a faithful normal positive linear functionsl on M. The
following conditions on a normal positive linear functional % on M are equivalent:

1) ¥(-) = ¢(h-), for some h € (M?)*;

ii) ¥ < g, for somee >0, and poof =9 forallt € R.
Proof: [Su; Prop. 2.6.2 p.74]

Definition 2.8.9: Let ¢ be a normal semifinite weight on the von Neumann algebra M
and a € (M®)*. The map ¢, : M+ — [0, o} given by

da(z) = qb(a*zai), zeMt

defines a weight on M.
Remarks:
i) ¢q is normal and as ¢ € M®, then ¢,(z) = ¢(az) = ¢(ze) for all z € MWty. Moreover
S(¢a) = s(a). | |
ii) Let a,b € (M®)*. Then Gasb = do + ¢s and thus, ¢, < ¢y if a < b.
iii) Let e € (M")"" and {a;};er C M® be a net of positive elements. ¥ a;  a, then
boi / be | -
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Now, let ¢ be a normal semifinite weight on the von Neumann algebra M and 4 a
positive self-adjoint operator affiliated to M°. We would like to give meaning to ¢ 4.

Cousider the bounded positive operators
A= AQl+ed) P eM® (e>0).

It can be shown that 4, /" Aas e\ 0. [S; p-65]

Definition 2.8.10: Let ¢ be a normal semifinite weight on the von Neumann algebra M
and A a positive self-adjoint operator affiliated to M®. The map ¢4 : M* — [0, o0] given

by

Palz) = sggm. (z) = imga(z) zeM*
defines a normal weight on M.
Remarks:

i) If the operator A in Definition 2.8.10 were bounded, then ¢4 would coincide with the
weight described in Definition 2.8.9.

ii) s(@a) = s(4).
Lemma 2.8.11: Let ¢ be a normal semifinite weight on the von Neumann algebra M
and A a positive self-adjoint operator affiliated to M®. Then

i) of*(z) = A%P(2)A* for z € S(A)Ms(A), t € R

i) (Dga: Do), = A* fort € R.
Proof: [S; p.67]

2.9 The standard form of von Neumann algebras

We shall see that given a von Neumann algebra M, the identity correspondence from
M to M is in fact equivalent to the standard form of M. .
Let us now examine the properties of the standard form of a von Neumann algebra.

Definition 2.9.1: Let 3 be a Hilbert space. A subset P of K is 2 conver cone with verter
i) P+PC?;
i) APCPforall A>0.
If0 € P, P is said to be 2 convex pointed cone with vertex origin.

Definition 2.9.2: kt?beaconvmcpointed cone with vertex origin in a Hilbert space
H.
i) Theset P° ={neH:(§]|9) >0, for 2ll £ € P} is called the dual cone.

ii) If P = P°, then P is said to be selfdual
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Let us fix a2 von Neumann algebra M and a normal semifinite faithful weight ¢ on M.
To the pair {M, 6}. we associate {7, Ho. 76, Ao, Jo, Us} [Prop. 2.2.4, Thm 2.3.1]. Let us
identify M and 7,(M) (and omit ). Define

- . . T -
Po={ne(z'2) :2 €M}, Pp=JoP;, P =(A3F).

Proposition 2.9.3 With the above setting, we have:
i) P% and P}, are mutuvally dual convex cones.

ii) P}, is a selfdual convex cone. Every vector in H,, is represented as a linear combination
of four elements of ?i. If§ = Ju&, then £ is represented uniquely as the difference of
orthogonal vectors of P%.

iii) eJoaJoPi C P, aeM.

iv) To each w € M7, there corresponds a unique £ € ?5, such that w = we. Moreover,

e =7l < llwe —woll S NE—nllllE +nll,  &me P

Proof: [Tak,; p30]
Example 2.9 a: In example 2.2 b, we calculated, for M = M,(C) and ¢ = 7(k-) (where
h = ’B‘ ;’2 ) M +22 =1, Ay, > 0), the associated 7o, H, 716, Ay, Js. Note that
Ny = M2(C). Therefore, Uy = n4(M2(C)), by Theorem 2.3.1.

The cones introduced above are given by:

P = {,,,,(z-z) = (‘: 3) € Mg(C)}
[ (VAallal® + [ef?)y *
ab+ad , (: 3) € M»(C)

=«

-
-

ab+ cd
C\ V(B2 + 1) / )
([ VAilial® +1cf?) )
\/i—z(a3+c3) . (a

1| VR@+s |

L\ V(102 + [d]?) / ,
[ ( VAa(al +]ef?) *
_|| @i .
° (32)%(ab + cd)

L \ V(B2 + 1d]2) / )

3) eM(C)Y, and

N
00
A, o
——’
.M
8
o~
8
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Example 2.9 b: Let M = L¥(R.\) C L(L?*(R.))). where ) represents the Lebesgue
measure.

o(f) = ]R Fdr feL®R.N)

is a faithful normal semifinite trace on L*® (R, }).
No = {f € L2R, A) : ¢(If*} < o0} = L*(R) N L*(R).
e : L°(R)NL2R) — L2(R), [~ f.
Se=8;=Jo: fr fithus Ay =85S =1.

P4 = {ne(IfP) : f € L°R)NLAR)} = {|f): f € L®(R) n L3(R)},

" » i
P=IP = md P=(alF) =2

Definition 2.9.4: If a von Neumann algebra {M, 3} admits a conjugate linear isometric
involution J : H — H and a selfdual convex cone P in H with the following properties,
then {M,H, J, P} is said to be a standard form:

i) JMI=M,
i) JaJ=a", aeMnNM =2Z(M),
i) JE=¢ £€P,
iv) aJeJPCP, eeM.
Theorem 2.9.5: Let {M;, H;, Ji, Pi},¢ = 1,2 be standard forms. If 7 is an isomorphism
of M; onto M2, then there exists a unique unitary U of H; onto Hy such that:
1) w(z)=UzU", zeM,
i) Ja=UHU",
iil) Pa=UP.
Proof: [Taks; p.30] / [H; Thm 2.3]
.. Proposition 2.9.6: For any left Hilbert algebra U C 3, the von Neumann algebra
Ri(W) C L(H) is a standard form.
Proof: [S-Z; 10.23 p.308]

Remark: By Thm 2.3.1 and Prop. 2.9.6, any von Neumann algebra is *-isomorphic to a
vor Neumann algebra which is & standard form.

Lemma 2.9.7: Let {M,H,J,P} be 2 standard form.
i) Any ¢ €M has the form ¢ = we for a unique vector £ € P.
i) For&ne?®,

" 11§ = 7ll? < liwe — 2wyl < 1€ — AlllI€ +7ll-
In particular, themap&—»wexsahomeomoxphxsmof?ontowr_"
Proof: [H; Lemma 2.10]
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Proposition 2.9.8: Let {M.H.J. P} be a standard form and £ a vector in H. Then
there exists a unique pair (u,n), where u is a partial isometry in M and 7 is a vector in P,

such that
E=uv-n,  uwu=s(y),
where s(n) € M denotes the projection onto m
Proof: [H; Prop. 4.3]
Definition 2.9.9:
i) The vector 7 in the above proposition is denoted |£|, and the equation £ = u|€] is
called the polar decomposition of £.
ii) Let {M,3,J,P} be a standard form and ¢ € M. Then ¢* will denote the unique
vector in P such that w o = @.

Proposition 2.9.10: Let {M,3,J, P} be 2 standard form and ¢, ¥ be positive normal
forms on M such that ¢ < . Then there is a unique operator a € M such that

¢t =apt,  a"a<s(v)

Proof: [H; Prop. 4.8



Chapter III

Correspondences

In this chapter, we will only consider separable Hilbert spaces and von Neumann
algebras with separable preduals.

3.1 Definitions and examples

Definition 3.1.1: Let M and N be von Neumann algebras. A correspondence from M
to N is a Hilbert space H which is an N-M bimodule, i.e. there are two bilinear product
maps,

b :NxH—=H,  by=y-§

b : HxM—=H, béz)=¢£-2
which are separately weakly continuous and satisfy:

Iy-§=§- Iy =,
n-w-H=mw) & (Wmtw)-f=n-f+r-§
(E-z1) - 22=€-(m122), (Z1+Z2)-E=21-E+22-E,

y-§-z=y-(§-2)
for all nyL¥2 € N1 z,T1,T2 € M.
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Remarks:
i) The maps b; and b, define mutually commuting normal unital *-representations TN

of N and myr. of M° (the opposite von Neumann algebra of M [section 1.1]) in H. As
a matter of notation, we will often write:

NN (z°) =y-E-z, forallEeH,yeN,zeM.

ii) A correspondence from M to N can be viewed as a unital *-representation TN Mo of
the algebraic tensor product N ® M° on the Hilbert space H, which is normal when
restricted to N©1 and 1 © M°. As seen in section 1.8, N @ ez MP is the completion
of N ©® M’ with respect to the C*-norm ppmq.. Therefore, any unital *.representation
71 2 N @maz M® — L(3H) defines a correspondence (as long as 7! is normal when
restricted to N® 1 and 1 ©@ M°).

Definition 3.1.2:
i) Let 3 and 3’ be two correspondences from M to N. We will say that these corre-
spondences are equivalent, written H ~ 3, if they are equivalent as N—M bimodules.
If we make use of remark i), it means that the corresponding representations of NOM®
are unitarily equivalent. The set of all equivalence classes of correspondences from M
to N will be denoted Corr(N, M).

ii) Let J{ be a correspondence from M to N. A subcorrespondence Hy of H is a Hilbert
subspace of }, invariant under the actions of N and M (i.e. NH,M C Ho). A
subcorrespondence is therefore a subrepresentation of N ® M°.

iif) A correspondence H' from M to N is subequivalent (or contained) in a correspondence
H, written H' C 3, if it is equivalent to a subcorrespondence of .

iv) Let 3 be a correspondence from M to N and let M; and N; be von Neumann sub-
algebras of M and N respectively. By restriction of the bimodule structure of H, we
obtain a correspondence from M; to Nj.

Before considering in details particular aspects of correspondences, let us examine a
few examples.

1. Commutative case:

Let M = L®(X, ux) and N = L°(Y, py), where (X, uix) and (Y, py) are standard
measure spaces. Let y be 2 measure on X x Y whose projections prx (i), pry{p) defined
by:

Prx(u)(4) = p(AXY), VA€ B(X) and pry(u)(4) = u(X x A'), VA’ € B(Y),

are absolutely continuous with respect to px and uy.
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Consider the measure space (X x Y, ). As seen in section 1.11, given (X x Y, pu)
and a p-measurable field (z,y) — H(z.y) of Hilbert spaces over X x Y, we can construct
a Hilbert space, namely the direct integral of the H(z,y)'s. For all (z,y) € X x Y, the
dimension n(z,y) of H(z,y) is y-measurable {Prop. 1.11.3). The Hilbert space

)
H= H(z,y) dp(z, )
XxY

is in fact a correspondence for the action

(961)(z.y) = g(v)f(z) &(z,y), foralléeH, feM, geN,

where for all (z,y) € X x Y, £(z,3) € H(z,v). Indeed, the mappings 7+ N — L(FH) and
e : M — L(H) given by

NG =98  mae(f)E =S¢

are normal *-representations that commute. ¥ is therefore a N — M correspondence.
This example is in fact the general case:

Proposition 3.1.3: Let (X,ux) and (Y, ny) be standard measure spaces and  a cor-

respondence from M = L*°(X, ux) C LH)toN= L*=®(Y, py) C L(H). Then there exists

amegsure v on X x Y, av-measurableﬁmctionn:XxY-—»_I\_Tandav-measumbIe

field of Hilbert spaces (x,y) H(z,y), where H(z,y) is of dimension n(z,y) for all

(#,v) € X x Y, such that H = [3 . H(z,y) dv(z,y), with N~ M himodule structure
described in the above example.

Proof: Let 7 : L®(X xY, px x #y) — L{H) be the normsl *_representation describing the
correspondence H and D = m(L°(X xY, px X By)) C L(H). Asacountably deccmposable
abelian von Neumann algebra possesses a separating element [Di; p.20], D’ has a cyclic
vector, say £ € H. The equation '

U(F) = vee(F) = (m(F)E|§), for Fe L®(X x Y, ux x pry)

defines a finite positive measure on X x Y. Hence

&
% = j %(z,y) dv(z,3)
XxY

by the existence and unicity theorems 1.11.9 and 1.11.10. By Theorem 1.11.3, the map
n(z,y) = dim(3(z,y)) is v-measurable. Moreover, by definition, the projections

rx()(4) =r4xY), VAeB(X),
pry(V)(4) =v(X x &), VA eB(Y),
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are absolutely continuous with respect to ux and puy respectively. The structure of bi-
module is given by:

(96fNz.y) = g(y)f(z)é(z.y), VYfeM, geN eH

Q.E.D.

Note that in general the measure v is not absolutely continuous with respect to the

measure gx X py.
Connes noted that this measure represents the graph G of the correspondence and the
function n rep_esents the multiplicity of the correspondence, where

G = {(z,y) € X x Y : y € supp(vz) for almost all z}
= {(z,y) € X x Y : = € supp(y,) for almost all y}
and n: X x Y — N is v-measurable.
2. Identity correspondence:

Let us now consider & particular case of Example 1. In the above example, take
(X, ux) = (Y, py), # equal to the image of ux = gy on the diagonal A = {(z,z) : z € X},
and n{z,z) =1 forall z € X. In that case, the messure  on X X X is nothing but

P‘:f 6 dux(z),
X

where 8. is the point mass concentrated at z. Following the above construction, the
associated M — M correspondence H takes the following form:

= [ ) duxte) = IR dt(5)) duxa)

=L/ ec,d«&(y)) dux(z)

-]
- f C. dux(z) cos
X

=IL*(X;px)  [Example 1.11 a, with 3y = C]

The bimodule structure ™ H coincides with the standard representation L2(M) of
M (= L*°(X, px)). Indeed, the standard representation L2(L®(X, ux)) of L(X, px) is
by definition the closure of L°°(X, u1x) with rcspect to the norm induced by the following
inner product: : '

(fle)= fx fadux, forall f,g€ L®(X, ux) N L3 (X px),

which is exactly L2(X, ux) [Example 2.9 b].
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3.2 Half densities and the identity correspondence

We now describe the identity correspondence, denoted by L2(M), for an arbitrary von
Neumann algebra M.

Let M be a countably decomposable von Neumann algebra and M7} the positive cone
of the predual of M. Any ¢ € M7 has a well defined support, denoted s(¢) = e € M, and
the modular automorphism group o? is a one parameter group of automorphisms of the
reduced von Neumann algebra M, = {z € M : ze = ez = z}.

Let v be a faithful semifinite normal weight on M. Using the GNS construction for
weights [Proposition 2.2.4], we get a Hilbert space H, = L2(M, v) (which is the completion
of M, = {z € M : v(z"z) < oo} with respect to the inner product (z | y). = v(v"z)),
equipped with a normal *-representation

7t M = L(L3(M, 1))

defined as follows: let 7, : 9, — L?(M,v) be the canonical map from 9, to L2(M,v).
Ther

() (v) =n.(zy), foralzeM,yeM,.

As seen in Theorem 2.3.1, associated with » is a full left Hilbert algebra U, whose
left von Neumann algebra R;(U,) is canonically identified with M (in fact, Ry (U,) is the
image 7, (M) of M under =,,, defined above).

Let us denote by A, and J,, the corresponding modular operator and modular conju-
gation {which is an antilineer isometry). By Theorem 2.1.7,

7 (ot (7)) = AYm(2)AT", teR.
Note that for any ¢ € M7, we have, by Theorem 2.8.1,
of(z) = (D¢ : Dv)o} (z)(Dg: Dv);  for all z € Mygq).

Thus
“v(até(x)) =m,((D¢ : Dv)e) Ay 7, (z)A; %7, (D¢ : Dv);), teR.

To simplify the notation, we shall no longer write ,, and we shall write
. ¢‘t = (D¢ H DV):A?.

Furthermore, we shall write v% = A¥.
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Remarks:
i) ¢* € L(L3*(M,v)) for all 6 € MT.
ii) If ¢ is a faithful semifinite normal weight on M, then ¢** exists and is an operator on
L3 (M, v).
iii) 6P(z) = ¢**zgp~ for all £ € Myiey- I of(z) exists by analytic continuation, then
ol(z) = ¢**x¢~** [section 2.7).
iv} Using the properties of the Connes Radon-Nikodym cocycle [Theorem 2.8.1], we get:
i) ¢tg™ = ¢HtHe),
i) (¢) = 7.
i) ¢* =s(¢).
iv) ¥ = (Dv : D¢) @™, for o, ¢ € M.
The above discussion motivates the construction of the identity correspondence that
now follows:

Let us consider the following set:
Da = {a167' 625" -0n67"Gns1 : @ €M, ¢ €EMI, 2 € C, Re(z:) >0, Yz =a}.

Following Connes, the elements of D, are called o~densities. By concatenation, we get a
composition law:

Do % Dg = Dats, (61,82) — 6162
On D,,, consider the eqmva.lence relation ~ generated by-
i) ¢+ = gh1g72,

| i) ¢* = (D¢ : DY)-is¥, if (D¢ : D) iz € M,
i) 0P(z) = ¢*zg~%, for all z € Myyg), t R This relation will also be used for imagi-

nary values of ¢ and elements of M,4) for which o¥(z) exists by analytic contmua.t:on

Note that we will identify D,/ ~ and D,. Let E, = (Do,) deno..e the vector space H

genera.ted by D,. -~
Definition 8.2.1: Fora € R, the map

*: Do = Dy, °1¢1 02652 -.8n 7 Gn 1 ""'an+1¢='an “245:‘“1
defines an involution on Ec | -t

N

Recall that by Proposition 2.8.5, we have: | ‘ -

Lemma 3.2.2: Let ¢,% € M} be faithful and supposz- <% I Re(z) < L, then =

2

(D¢ : Dp)—iz € M. o L e

S

)
sy

¢y
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Remarks:
i) Let § = a1 &7'...an &3" @ny1 € Di. We can always assume that Re(z,) <
Indeed, suppose that Re(z;) > 1 for some j. Then

for all j.

13—

‘T x

z . = zn
b~aydy...a; %‘T ‘.bj' Qjg1--. Qn O Qnt1-

ii) It is always possible to find a faithful form ¥ on M such that ¥ > 3 ¢;. Indeed, as
M is countably decomposable, there exists ¢ € M7 faithful. Now let ¥ = ¢ + 3 @5
Then % has the desired properties.

iii) It can be shown that Proposition 2.8.5 and hence Lemma 3.2.2 remain valid if only
one of the weights is faithful.

Define
Dq = {a) ¥™ a2 ¥™...an Y™ any1 € Dy : 9 € MY is faithful }.

Lemma 3.2.3: For all § € Dy, there exists an element §, € D, such that § ~ §,.

Proof: Let 6 = @; ¢3'...an 97" any1 € D;; by Remark i) above, we may assume that
Re(z;) < 1 for all j. Let ¥ € M} be faithful and such that 9 > ¥ ¢;. By Lermma 3.2.2
and Remark iti) above, u_iz; = (D¢; : D)_iz; € M for all j. Hence

& ~ @) Umizy Yo @ Uiz, Y™ Qg1 € D

. Q.E.D.
We now define a notior. of integral or expectation value for the elements of D.

Definition 3.2.4: For all § = a; ¥** a2 ¥/™2... ant™ @y € Dy, define
(6) = F(21, .- 2n)

-2 where F is the unique bounded holomorphic function in the tube

{(21,-2n) €C" : Re(2;) >0 and )z =1}
with boundary values given for #;, ...,t,-1 ER by

n-1

Flity, itno1,1 =1 t5) = ¢(ala;‘;(az)a.,+.,(as) Gni1)-
J=1

Remark. The funct:on F defined above is a function of »n variables, with z, = 1—21_1 z;.
Hence, if we view F as a function of n— 1 mdependent variables, it eorresponds to the
function F' defined in sectizn 2.5.
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Lemma 3.2.5: If§;. 62 € D; and 6, ~ 62 then {§;) = (62).
Proof: According to the definition of ~, it is enough to check the following special cases:
i) 61 = a; 619 @s...an 6™ @nt1 € D1 2nd 62 = a; 6% ¢ @g... @p O™ Ay € Dy
i) 8; = a; ¢™...an ¢ anyy € Dy 2nd 62 = @) uoyz, Y& e @ Uiz, V™™ @nyy € D, where
¥ 2 ¢ is faithful and u_;;, = (D¢ : D)_i:, for all j;
iii) 6, = @) 6™ 67(z) $™...6" ans1 € Dy and 63 = a; ¢*1 ¢ 26~ ¢72...¢% anyy € D)
where € My(q)-

Case i)
(1) = F1(z1 + 21, ..., zn) where F} is the unique bounded holomorphic function in the

tube
B.l = {(wls--qwﬂ,) € C‘ﬂ- :Re(w:) > 0 and ij = 1}

with boundary values given for t;,1],...,tn—1 € R by

n-1

Fi(ity + 81, itn-1,1 = i)t +§)) = ¢(ar 02 & (a2)-Gns1)
i=l1

and (62) = F2(zy, 21, .., 2») Where F is the unique bounded holomorphic function in the
tube
By = {(01, s Wnt1) € C**! : Re(w;) > 0and 3 w; =1}

with boundary values given for t),%1,....,tn—1 € R by

n=1

Fp(ity, ity .. itn—y, 1 = “(2 tj +4)) = ¢ler of; (1)o? %, +i; (82)-@ni1}.
=1

Consider the function

F:Bo—=B1 (w1, W2,y Wny1) — (w1 + w2, w3, ey Wny1).

Note that F> and Fj o f are two bounded holomorphic functions in the tube B, which are

equal on the boundary. They therefore coincide everywhere, that is, {(5;) = (52).

Case ii)
(&1) = Fi(21, ..., zn) where F] is the unique bounded holomorphic function in the tube

{(w1,....wn) € C" : Re(w;) > 0and Y w; =1}

" * with boundary values given for ¢, ...,tn—1 € R by

n=1

Fl (‘tls ) 3tn—1 2 —1 Z ty) ¢(al at; (02) aﬂ+1)

=1
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and (62) = Fa(zi.....3n) where F» is the unique bounded holomorphic function in the tube
{(w1, ... wn) € C" : Re(w;) >0and Y w; =1}
with boundary values given for ¢,....tn—; € R by

n—-1

Fz(itl,..., ttn_1,1 _zz tJ)

5=1
= P((u—is2)” 010f, (@2)---@n+1 U_is2) = ¢(a1 65, (@2)..Qn41)

by Proposition 2.8.5. As F} and F> are two bounded holomorphic functions in the tube
{(w1, .y wn) € C™ : Re(w;) >0and Y w; =1}

which are equal on the boundary, they are equal everywhere and thus {§;) = {(&2).
Case i)
{61) = Fi(z1, -.-, 2n) where F] is the unique bounded holomorphic function in the tube

{(w1, ... wn) € C* : Re(w;) >0 and Y w; =1}

with boundary values given for ¢, ...,tn-1 € R by

n—1

Fi(ity, . itn,1—i ) _t) = ¢(¢1 Oty (0} (2))--an+1)

3=t

and (62) = Fa(z1, ..., 2n) Where F; is the unique bounded holomorphic function in the tube
{(w;,...,wn) eC": Re(w_.,) > 0 and ij = 1}
with boundary values given for ¢, ...,tn—1 € R by
n-1

F2("t11 - 7't'l'l—1$ -1 E t_‘l) == ¢(a'1 at1+t(z) at;-l-t:(as) a‘u'i'l)

j=-_--
= ?’ (a1 ‘7:;( (3)) °'z;+t= (@3).-@n41)-
As F, and F> are two bounded holomorphic functions in the tube
{(1, - ®a) € C" : Re(w;) > 0and > w; =1}

which are equal on the boundary, they coincide everywhere and thus (&) = (62).
Q.E.D.
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o

Definition 3.2.6: For all § € D). define (6) := (6;), where 6, € D, and § ~ §,.
Define a map {-.-) : D% X D,} — C by (8).62) = {6, 63).

Remark: If §; ~ 6] and 6, ~ 65 (where §,, 6 € D, ). then (6,.62) = (§},63) .
Proposition 3.2.7: Letu=3,0:6},v=73,5;67 € E}. The map

(,):EyxE; =C  (u,9)~> o F; (61(82))
1,3
defines a positive sesquilinear form on Ey, satisfying (61, 82) = (62, 6;) for all 6,, 62 € E,}.

Proof: By definition, the map (-, ) is 2 sesquilinear form. Let us show that (§,8) > 0 for
R D§. Write § = @07 @z...6™an41 € ‘Di; then

(6,6) = (68") = (@16™ a2...0™ Gn 110}, 16705 -.a5 07 a] )
= F(Zl, Z2y veey Ty z’t-: eevy ﬁ)

= (axﬁi‘az---A;"an-i-chb | GIA;'Gz---AZ"GnﬂQé) 0.
Now, let §;, 82 € Di; we may assume that
6y = a16™...and™ens1  and & =5 brd™bny
for some ¢ € M faithful. Then
{61,62) = (5:63) = (a1A1;= B U1 B AT BAT B, | Q,)
= (b1 A5 BATHO, | 04,1 AT . a3ATe10)

= (ahn1 870387610y | B A B3ATTbI06)

= (B AT bns10n, AT 030710y | 0y)
= 267) = Gz, 00)-

Q.E.D.

Now, let ) ‘
N={6€Ey: {58 =|6* =0}.

- Then, (-,-} defines an inner product on E} /N. Let us denote by L?(M). the Hilbert space
that we obtain by completing E} /N with respect to the inner product (-,-).
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Lemma 3.2.8: For § € D, fixed, the map
T-M—-C r—{x6).

defines a normal linear form on M.

Proof: Note that § can be written as the composition of two elements of D;. Then
(z8) = (261 62) = (z6:.83), where 6.8, € D;. Note that:

4(x61,83) =(z (61 + 83), (61 + 82)) — (z (61 — 82). (6, — &2))
+i{z (81 +83), (81 +163)) — i (z (& — i3), (&) — i63)) .
It is therefore enough to consider the case § = 6, 4], for some §, € D%‘ Let
b1 =197 co...cndp™cny1 € 1-75
and let (bm)m>1 be 2 monotone increasing net in M*; then

(sup(8m) 6) = {sup(bm) 267)
= (mp(%) adg el cn1Q | czAi‘cz---an?‘cnnﬂo)
= (sup(bm) 16 | 76)

where 7y = 1A ¢2...ca AT Cr 41 € Hy. As for any 7 € 3, the form

M—-C, y—(yn|n)
is normel, we have the desired result.
) Q.E.D.

Lemma 3.2.9: For any z € M and § € D, {(z6) = (6z).
Proof: We will only give the proof in the case § = b;¢*ba¢p'—=. For such a 6,

(26) = (zhi$"026"~) = Fi(2)

where F} is the unique bounded holomorphic function in {z € C : 0 < Re(z) < 1} such
that
Fy(it) = (zhi¢"52¢' ") = $lzbr o7 (b2))  and
Fy(1+it) = (zhi¢" ¥bo¢ ™) = $(of (b2)hy).
- Now, i

(62) = (16"02¢"z) = F(2)
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where F» is the unique bounded holomorphic function in {z € C: 0 < Re(z) < 1} such

that _
Fa(it) = (5167620 " z) = 6(zb167(b2))  and

Fa(l +it) = (016" b7 ) = ¢(0F (b2)zb) ).

As Fy and F3 are two bounded holomorphic functions in {z € C: 0 < Re(z) < 1} that

coincide on the boundary, they therefore coincide everywhere.
Q.E.D.

The canonical involution J of L2(M), defined as follows:
J§=§, forall § & L*(M)
is isometric.
Lemma 3.2.10: L2(M) is a normal bimodule for the action:

(z,6,y)—zby, for all z,y € M, 6 € L*(M).

Proof: Let m : M — L(L?*(M)) be defined by =, (z)6 = 25 and 72 : M° — L(L?(M)) be
defined by 2(y°)6 = 6y, for all § € L2(M) and 7,y € M. Let us show that 7, and 7, are
normal: let (z;);>; be 2 monotone increasing net in M* which converges to the element
z € M*. For all § € L2(M), we have:

(m1(2:)6,8) = (2:6,6) = (2:66") — (2867) = (x1(z)$,6)
by Lemma 3.2.8. Thus 7 (z;) — m1{z). We also have
(72(2)8,6) = (63:,6) = (J§, J (8z:)) = (6", 238") = (676z;) — (8 8z) = (2(2°)8, 6)

by Lemma 3.2.9. Thus ma(z¢) — m2(2°).
Q.E.D.
Remark: J exchanges the left and right actions of M on L2(M).
Let ¢ € M7 be faithful. Then ¢} € L?(M) is cyclic and separating for M. Indeed,
let y € M. If ypt =0, then
0= (vot,uot) = (sy);

as ¢ is faithful, then y = 0. Thus ¢} is separating for M. Moreover, M¢p? is dense in
L2(M). We can thus write: .
s L2(M) = [Mgh].
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Remark: As seen in Example 2.1 d. Mé? is a full left Hilbert algebra with the following
operations:

(zof)(yo?) = (zy)ot.  (zo}) =20} forallz.ye M.

Moreover, M’ corresponds to the right action of M on L*(M) [Theorem 2.1.5] and the set

Po = {zJszJsdt : x € M} C L3 (M)

is a selfdual closed convex cone.

Consider the operator S, on L*(M) defined by Se(z¢?) = z°¢%. Then S, = JoA3
where
Jo(zgt) = ¢tz",  Al(zet) =iz
Thus J, = J for all ¢ € M7 faithful.

Remarks:
i) On Mgt  D(A}), we have AZ(:) = 63 - 674, as A} (z6}) = ¥z = ¢t (zpd)p~2.
ii) For all & € C with 0 < Re(a) < 3,

D(A3) =D(A})  and  AY(zpt) =gozpte.

In particular, A} (z¢?) = gtzgt.

iif) P4 =M*o? and P = AIP, = {glzg? iz € ).
iv) If z € T, then

piz zgt = piz g igtetzgt =0? Ney ¢iag(a:) =06%,(z") ot (c® &)

Hence

‘y: = {zptz* 1z € Ty} = {zptz* : T € M}.

Lemma 3.2.11: Let M be a countably decomposable von Neumann algebra and ¢ € M7
be faithful. Then the set Face(¢) = {¥ € MY : ¥ < a¢ for some o> 0} is dense in M.
Proof: [H; Lemma 2.16) )

Let ¢ be a normal semifinite faithful weight on M and v a normal semifinite weight

on M such that ¥ < ¢. Let 8 = 6(¢, %) be the normal semifinite weight on M2(M) defined
by

e(zn :cu) = dlau) + Y(am), for (zn, 312) € Ma(M)*.

X2y T2 Iy I22
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. 1 0 .
Then the support s(8) of 8 is equal to (0 s(2) ) We have:

s(G)Mg(M)s(9)=( M Ms(v) )

s(V)M  s(¥)Ms(y)

Now, let z, = s(9)) @ ez and y = (z b) € M2(M)™; we have:

o009 =0 ({0 o) (5 ) (& 2) (5 ) (0 )

0 0
=0(0 stopmey) =P8 = v(e) < 66).

Lemma 2.8.4 applied to (6, s(§)M2(M)s(6)) and z, implies that the map ¢ ad(z,),
for t € R, extends to an s(§)Mz(M)s(6)-valued bounded ultra-weakly continuous map on
B_) = {z € C: Im(z) € [-3,0]} which is analytic in the interior of B_; and satisfies

||a° 4 (Zo)l| < 1. Note that for t € R,
o (%o) = mof (s(¥)) ® €21 = s(P)u: @ ez

where u; = (D4 : D¢),. Thus, t — u; extends to a s(t))Ms(1)-valued bounded ultra-
weakly continuous map on B_; which is analytic in the interior of B_; and satisfies
llu_* | < 1. Note that by the properties of the Radon-Nikodym cocycle, we have

Ue = U0 = U0} (o) = Beufue = S(th)ue.

Consequently, we have:

Lemma 3.2.12: Let ¢ € M be fuithful. Then {$} : € Face(¢)} C P

Proof: Let 1 € Face(¢) and u, = (D¢ : Dg), be the Radon-Nikodym cocycle associated
to the forms ¢ and 1. We have

Uppt = Up0P (%) = 1P u 6™
hence, u,¢* = u,,:¢*u;. Let £ = —%; then
U6 = ugdul, =uggt(c i("g)) =uz¢"c 5(“5) =ugpfugp¥.

'Bythepreoedmgdxscussxon,themappmgs—»u,actendsanalytma]lyfromseRto
Im(s) € [-3,0]. By setting s = —% in the equation ¥** = u,¢*, we get:

v =u_gotu gt —u_yotuy),

as (gb*)' t[)i' ‘We thus have the desired result.
‘ Q.E.D.
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Proposition 3.2.13: The map
T:MF = L2, ¢ o}

is a homeomorphism, where L2(M)* = {¢* : ¢ € M} ).

Proof: As the surjectivity of T is clear, let us verify that T is indeed injective. Suppose
T(¢) = T() for any ¢,% € M7 . Then

o(z) = (26,01 ) = (v}, v}) = u(z)

for all £ € M. Thus ¢ = 1. Now, let us show that 7-1 is continuous. Let ¢4 € L2 (M)*
and (¢4)m>1 € L2(M)* such that ¢4, — ¢}. Then for all z € M,

|(zoh, ok) - (zot, 0% )| <i(z(h - o), 68 ) | + | (201,64 - 9% )]

< le(od — o)1 F 1ok 112 + oot Nt led — 022
— 0.

Let ¢ € M} be faithful; then by Lemma 3.2.11, Face(d) is dense in M. Moreover, note
that T(Face(4)) C L2(M)*. Let (¥x)i>1 C Face(d) such that g — % in MF. Let us
show that %} — ¥ in L2(M)*. By Lemma 3.2.12, %)} & P4 for all k. Suppose first that
3 € Face(¢); then % € P} and

Wi —vtP<lwe—wl  [Prop. 293]

Hence Tpype(y is continuous. Now suppose that ¢ ¢ Face(¢). Then x =¥+ ¢ € M

and is faithful. In addition, 9 € Face(x) and ¥ € Face(x) for all k. Thus ¥¥,%} € P2
[Lemma 3.2.12] and

o =y <lwe—-ol  [Prop. 29.3].

Consequently, T has a continuous extension to M.
Q.E.D.

Lemma 3.2.14: Let ¢ € M} be feithful. Then L2(M)* = Pi. .
Proof: Let £ € P% and wg the associated form in M which is defined by we(z) = (z£ | £).
By Lemma 3.2.11 there exists a sequence (Px)e>1 C Face() such that ¢p — we. Thus
qbé —£in :Pi [Prop. 2.9.3] and ¢i‘ - wg‘ [Prop. 3.2.13]. Hence wg = § € L*(M)*, and
consequently, ?& = L}(M)*.
- Q.E.D.
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'io

(M. L3(M), L*(M)™*, J) is a standard form [section 2.9] and by Proposition 2.9.8, any
element of L2(M) admits a left polar decomposition:

6=u¢’l‘

where ¢ € M} and u is a partial isometry with initial support u*u = s(¢).
Definition 3.2.15: Let M be 2 von Neumann algebra. The identity correspondence
L*(M) between M and M is the bimodule of i-densities on M.

Let v be a faithful normal semifinite weight on M. As seen in the beginning of this
section, we can associate to v, via the GNS construction and Tomita-Takesaki theory,
(Lz(M1 'V)i ﬂ'&’? nlﬂ uvv JU! Av)-

Remark: =, is normal since v is.

By Theorem 2.1.7, _
Jom,(M)J, =, (M),

Now, consider the map
70t M® — L(Z*(M,v))

defined by

w5(2°) = Jumu(z)*J,.

This map is a normal *-representation of M° in L2(M,») and therefore L?(M,») is an
M — M bimodule. In addition, the Hilbert space LZ2(M, v) comes equipped with 2 natural
selfdual cone L?(M, »)*, given by:

LOM,v)* =5 = (A$PE)  [section 2.9].

Hence (M, L*(M, v), L*(M,»)*, J, ) is a stendard form [section 2.9].
By Lemma 2.9.7, the elements of L*(M,»)* are in bijection with the positive cone
M of the predual of M:
€ € LM, vyt r— wge € MF

where we ¢(z) = (m,(2)§ | €) for all z € M. It follows that there exists a unique unitary
equivalence U : LZ(M, v) — L*(M) satisfying: .

U€) = (wee)t,  for all £ € L2(M,0)*.

Remark: Denote U : I3(M,v)* — L?(M) the map defined as sbove (that is, Ut(g) =
(wee)?). U can easily be extended to U as L2(M,)* is defined in such a way that any
element of L?(M,v) is a linear combination of four elements of L2(M, v)* [Proposition
2.9.3]. Thus U is completely determined by U and it is unique.
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Using the canonical map 7, from 9, (also denoted Dom; (v)) to L2(M, »). the isom-
etry U allows to extend the notation ¢%*. ¢ € M} to weights:

vl = Un,(x), forallzem,.

3.3 Correspondences and *-homomorphisms

Let M and N be von Neumann algebras. Let p : M — N be a normal *-homomorphism.
Suppose we do not necessarily have p(1) = 1. Then, p(1) = e is a projection. We will
denote by L?(p) the subspace of L2(N):

{€e L’(N): ge=¢}.

As e is a projection of L2(N), then L?(p) is a Hilbert space. Moreover, L2(p) is an N — M
bimodule with:

N T () E = yEp(z), forallyeN,zeM.

The properties that a bimodule must satisfy are verified easily. Note that for £ € L*(p)
and z € M, as £ p(z) = £ p(z1) = £ p(z) p(1) = £ p(z)e, then £ p(z) € L2(p).

Assume that both M and N have separable preduals and % is separable.

Proposition 3.3.1: Suppose N is a properly infinite von Neumann algebra.
i) Every correspondence H between M and N is equivalent to an L2(p).
ii) If p; is a normal *-homomorphism of M in N for i = 1,2, then the intertwining
operators T : L?(py) — L?(p2) are the elements y of p2(1) N p1(1) such that:

p(x)y=ypi(z), forallzeM.

Proof:
iy As 3 is separable, N is countably decomposable [section 1.6}; by applying Lemma
1.6.6 to N, it follows that N' has a separating vector, say £, which is therefore cyclic
for N [section 1.1]. Hence, [N€] = H. Let » € NI be defined by v(-) = (-£ | £) and
consider the map U : N§ € H — L*(N) defined by y£ — yv*. Note that U is a
N-module linear isometry:-

Utyn) =yU(n), forallyeN,neNg;

el = (v | v8) = Wy 1 &) = v(y"y);
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We.Uwe) = (vt yvt) = (yhviy) = wry) =267y
U can therefore be extended to a linear map from  to L?*(N). Let
e: L3N) — U(H) = [Nvt]

be the orthogonal projection. As U(J) is N-invariant, e belongs to the commutant
of N in L3(N) by Lemma 1.1.5. The Hilbert space H will therefore be identified to

U(H) = L*(N)e. Let
i N = L(LAN)e), mN)E=yE VyeN, £€L’(N)e,
= N—=LLAN), =@)E=yE VyeN, £eL*(N).
Then, we have:
o) =7(N) ={z€n(N):2e=ez=2} and
aNN) = (@(N))e = {2 €7(N)' : e = ez’ = '} = ex(N)'e,

that is, mg(N)' is the algebra of right multiplications in L?*(N) e by elements of eNe.
As mygo describes the right action, we get a normal *_homomorphism p : M — eNe
satisfying p(1) = e and defined by

e (2°)E=€p(z), forallzeM,§€ L*(N)e.

if) Let us write L?(p;) = L?*(N) e;, where e; = p;(1) for i = 1,2. Let

w N LN e), @& =v& VWeN, &el’Ne,i=12
e : M o LAV &), Me@E)&=&alz), VZEM, &€ P*N)e,i=1,2.
Let V : I2(N) ez — L%(N) €, be an intertwining operator. Then

y(VE) =V(ys), forallécL*N)es, yeN.
Hence, V € N'. Note that
N(I2N) &) = LE(N)e;, :=1,2; |
therefore, V € ea N ;. Moreover, V' satisfies: i
(Fe@ OV =y (2)EV),  E€L*Ne, €,

that is (€ p2(z)) V = (V) pr() for all £ € L*(N) ep. Thercfore, p2(z) V = V p1(2)
forallzeM. - _
Q.E.D.
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Let N be a2 von Neumann algebra and ¢ : Aut(N) — Qut(N) denote the canonical
surjection. We have:

Corollary 3.3.2: Let 6,. 82 € Aut(N): then L*(6,) is equivalent to L2(6) if and only if
€(61) = €(82) in Our(N).
Proof: First recall that if # € Aut(N), then 8 is normal. For i = 1,2, we have

L*(6:) = {§ € L*(N) : £6:(1) = €} = L*(N).

Suppose L%(6;) ~ L?(62); by definition 3.1.2 i) and Proposition 3.3.1 ii), there exists a
unitary V : L2(6;) — L?(62) such that V € 62(1)N6; (1) = N and

Gg(x)V = V01(:c), forall z e N.

Now, suppose 8 (z) = V62(z)}V*, for some V € U(N). Let m; : NON° — L(L2(6;)) be the
*-representation corresponding to L%(6;), for i = 1,2 and ¥ : L2(N) — LZ(N) be defined
by ¥(£) =&V, for £ € L(N). Then ¥ is a linear surjection and

(L), W) = (§V™.£V") = (EV"V. &) = (£,8) -

Moreover, for all (z,y) € NON°, £ € L2(N), we have:

(2, y)¥(§) = z¥(§)61(y) =26V 0i(y) = zEV VO(y)V" = z&6(y)V"

and .
W(ra(z, y)§) =¥ (z £62(y)) = zE62(y)V™.
| Q.E.D.
Remark: If N is not properly infinite, Proposition 3.3.1 does not hold. Indeed, let N
be a finite von Neumann algebra and M a properly infinite von Neumann algebra. The

coarse correspondence between M and N always exists [Example 3.3 2] but there exists no
nonzero *-homomorphism of M into N. .

Lemma 38.3.3: Let p: M — N be 2 nonzero normal *—bdmomorphism ﬁ'om MtoN. If -
" N is finite, then M is not properly infinite. _
Proof: Let T € M be such that p(z°z) # 0. As N is finite [section 1.6], thereex:stsa
finite normal trace T on N such that r(p(z" x));EO Asrop:saﬁmtenormaltraoeonM,
we have the desired result. :

. . QED.

Fortunately it is possible to circumvent the problem. Let F be the fact.or of type I, of
all bounded operators in (N}, The von Neumann algebra N = NSF is properly infinite
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[section 1.7] ard the correspondences from M to N are not modified if N is replaced by N.
Indeed, consider
Corr(N, M) =~ Corr(N = NSL(I2(N)), M)
H — H=HSQPEN)

H=HRPE(N}isa correspondence from M to N: note that

H2= BN, H) = {(Endnz1 1 6n € Hand Y [l&]l* < o0}.

Leté&ffand:r:(_:r,-,-)Eﬁ;theleftactionisgivenby:

zé= (zzljfjazzﬁfj,---) .
3 J
Note that (N®F)’ = N®F' = N'@C; the right action is given by:

fy=(1y. 629, ), yeMcN.

Now, let €j; = 1®e;; € N be a system of matrix units in N, where (€:j)ijen is the
canonical system of matrix units in F and write € = 1 ® e;;. Consider

Corr(N, M) =+ Corr(N =N, M)
H — H=eH

Jf:eﬂ':fis\:_;correspondence from M to N with left action given by:

eZe (e€) = eze(£,0,0,..) = €2(£,6,0,...)
=e(m,m,..) = (m,0,0, )

where % € N, £ € H. The right action is defined as on .

The important fact is that ¢ and 4 are inverses of each other, that is, the N— M
correspondence JH is equivalent to the N = e(N®F)e—M correspondence H = e(H@I? (N)).
Indeed | '

 w:Hoe(HOBMN), £-—(£0,0,..)

is the umtary which gives the equivalence.
Remark: In the above discussion, we have used the same notation for 2 correspondence
and the class of that correspondence.
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Example 3.3 a: Let M and N be von Neumann algebras. The coarse correspondence is the
bimodule of Hilbert-Schmidt operators from L3*(M) to L3(N). For T € LALLM L2 (ON).

aN@)FNe ()T = yTz, forallye N,z e M.
Note that yTz € L3(L3(M), L*(N)) [K-R: p.141]. As seen in section 1.7, L3(L2(M). L2(N)
is isomorphic to L2(M) ® L?(N). Therefore, the coarse correspondence can be viewed as
L3 (M) ® L*(N) with bimodule structure given by:
TN TN (@ )E®R D) =2°EQyn, forallye N, ze M.

Suppose M = L*°(X, zx) and N = L®(Y, iy ), where (X, x) and (Y, uy ) are o-finite
measure spaces; then

LX) @ L*(N) = I2(X, ux) ® L*(Y, py) X I3(X x Yy pox x py)  [K-R; p.143].

Hence, if we use the notation introduced in section 3.1, we get:

L3 (X x Y, px * py) = f: YCd(#x x py);

x

in other words, the coarse correspondence is determined by the measure g = px x py
and the multiplicity function n(z,y) = 1, for all (z,y) € X x Y. The graph of the
correspcadence is X x Y.

Example 3.3 b: Let I be a discrete countable group acting freely by nonsingular trans-
formations of the measure space (X, ux). Suppose that the measure px is I-invariant.
Let Rr be the relation on X defined by:
T~y <= there exists ¥ € I such that yz = y.

Note that as I acts freely,

T ~y <= there exists a uniquey € I' such that yz = y;
this property also infers that Tz 2T px-almost everywhere. We can thus write

Rr={(z.y)eXxX:z2~y}={(z,72):z€ X, yeT}.

Let v be the measure on Rr defined by

V(A4) = ]x ve(As)dux(z), ACRr
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where A, = {y € X : (z.y) € A} = {vx: (2.4 z) € A} and v, is the counting measure on
I'. Then

L*(Rr.v) = {f : Rr — C: f is v-measurable and /R [f(z.v)]? dv(z,y) < oc}.

By definition of v, we have:
[ teuraey = [ x| 3 1rEe) = [ dux | S 1@ v2)P
Ry X yel.z X ~er
Note that the application
L(X,ux)®PT) — L*(Rr,v) f®g—F

where F(z,y) = F(z,7z) = f(z)g(7) for all (z,y) € Rr extends to an isomorphism.
We will now recall the construction of the crossed product, as presented in [F-M]. Let
@ : Rr — C be such that there exists n € N such that for all z,y € X,

(i) [{yz € X :a(z,72) #0}| + [{vy € X : a(vy,3) #0}| < n.
~ Define, for ¥ € L2(Rr,v),
L. (¢)(3v z) = Za(:z:, y)¢(yt Z):

T
(that is, La(#)(. 72) = Tper alz,72)9(12,72)) and

Ra(¥)(z,2) = ) _ ¥(z,v)aly,2),
Y~z
(t.hat is, Ra($)(: 1) = Tper ¢(z,qz)a(nz,'ra:)). Then Lo, R, € L(Z3(Rr,v)).
Suppose a,b: Rr — C both satisfy (i?. Define
ab(z,2) = 3 _ a(z, y)b(y, 2),

Y~z
that iS, 05(3»‘71) = Enel‘ a(zv"iz)b(‘-? I,‘y.‘.‘ﬂ) and
e*(z,y) = a(y,z).

Then the sets | : .
L ={L,: the map a : Rr — C satisfies (i)}
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and
R ={R;: the map a: Rr — C satisfies (i}}
are *-subalgebras of L(L*(Rr.v)).
Definition bl: M(Rr) = L” and M(Rr) = R".
Proposition b2:

i) M(RrY = M(Rr).
ii) If ¢ € L2(721-,y) is defined by

_J]0 fy#z
¢o(xvy)—{1 l'fy=I
then La(¢o)(z,2) = a(z,2) and Ra(#o)(z,2) = a(z,z). Moreover, ¢, is cyclic and sepa-

rating for M(Rr) and J:‘[('R.r).

Remark: If ¢ € L*(X, ux), we can view a as a measurable function defined on Rr as

follows: 0 if 24
- T#y
o(@) = {a(z:) if z=y

Then {L, : a € L™(X, 2x)} is an abelian subalgebra of M(Rr) and {R, : ¢ € L™°(X, #x)}
is an abelian subalgebra of M(Rr)’. Moreover, for any ¥ € L*(Ry,v), we have

Lo(¥)(z,y) =a(z)ip(z,y) and  Ra(¥)(z,y) = ¥(z. y)a(y)-

Let us identify the subalgebras {L, : a € L™(X,ux)} and {R, : a € L®(X, ux)} with
L*(X, px). Note that by Proposition b2, L*(Rr, ) = [M(Rr) ¢o]- Thus (M, L*(Rr,v))
is a standard form. Consider the restriction of the identity correspondence of M(Rr) to
L°°(X, ,ux). Then

Lz(M(Rr)) B Lz(Rr,V) - je Hedpx(a) = ./.g (fe Hiza) d"z(!l)) dux(z)
fe Hizy) dv(z,y) = f (1) dpx

w1th actions described as follows:
(Le - % - Ro)(z,y) = a(z)¥(z,v)b(y) for all a,b € L®(X, ux), ¥ € L*(Rr, v).

The graph of the correspondence is Ry and the multiplicity functionn: X x X —- N is

defined as '
l z~y

n(zy) = 0 otherwise
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Example 3.3 c: Let M = N®, G be the crossed product of a von Neumann algebra N
by the action o of the locaily compact group G [section 1.10], and = : G — L(H.) be a
unitary representation of G in a Hilbert space H.. Then = defines a correspondence from
M to M as follows:

H. =L} (M) ® Ha:

the right action is given by:
1"'Jv‘[°(zm)('$ ®@n)=&zx®mn, forall e Lz(M)s neH:, zeM,
and the left action is given by:

M(ENE®N) =2E®7, forallzeN, £ € L2(M), n € H,
MGNE®N) =g @7(g)n, forallge G, £ € L* (M), 5 € H,.

3.4 Coefficients of correspondences and completely positive
maps

As seen in section 3.1, a correspondence from the von Neumann algebra M to the von
Neumann algebra N is a representation 7 of the C"-algebra N®mo- M° which is binormal,
that is, whose restrictions to both M° and N are normal representations. The functionals

2 EN®maz M = (n(z)£,8) €C,

are called the coefficients of such representations and correspond to the so-called binormal
states that enter in the definition of N @y M [section 1.8]. In this section, we will see
the link between these coefficients and the completely positive normal maps from M to N.

Proposition 8.4.1 [Cos}: Let v be a faithful semifinite normal weight on the von Neu-
mann algebra N and 3 a normal left N-module. Then
D({v)={§ €3 : there exists c < oo such that |ly€|| < cv(y™y)? for all y e M, }

is dense in 3.
Proof: Let U : N — £(H) be the representation associated to the left N-module . Note

that the kernel Ker(U) of U is a ultra-weakly closed two-sided ideal of N. Therefore, there
exists a central projection ¢ in N such that

Ker(U)={zeN:zc=cx=2}=N. [Di; p46]. |
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Hence U(N) = N/RKer(U) := Ny_. Let vi_. be the restriction of v to Ny_. and (&, )¢z
be a family of vectors in H such that

vi—e(z) = Y (U(@)& &), forall r € (N_o)*.
1194

Forallic I and y € N,

W@ &R =T & I U@E&) = U y)& | &)
<> UE Y& &) =v(yy).

i€l

Hence §; is a v-bounded vector. Let E : H — D{H, ) be the orthogonal projection of
H on the closure of D(3,r). We must show that E = 1. First note that D(H,v) is
U(N)'-invariant. Indeed, for any £ € D(3,v), 2 € UN) and y € N,,,

llyz’ &% = (v’ € | v’ €) = (y=' € | 2'y€)
=((=)z'y€ | ¥€) <N NwEl®
<av(y'y), as€eDH,v).

Hence E € U(N)" by Lemma 1.1.5. It follows that E = U(e), for some e € Ny_ (recall
that Ny_. = U(N)). Suppose e # 1 — ¢; then as v is faithful,

W(l-c)—e)=> (U(1-c)-e)&]&)>0.

Thus there exists i such that U((1 — ¢) — e}& # 0. By construction, E§; = & (since
& € D(H,v)). However, this equality does not hold whene # 1 —c:

0FU((1~c)-e)&i=U(1l-)&-Ule)&i= U(e)& - E§;.

Therefore e = 1 — ¢, which implies that E = U(1 — ¢) = 1. We thus have the desired
result. ‘
Q.E.D.

Definition 3.4.2: With the notation of the above proposition, a vector 5 € JH is called
v-bounded if £ € D(H, v).

Lemma 3.4.8: Let v and 7 be weights on a von Neumann algebra N such that ¢ < v
(ie. ¥(z) < v{z) for all T € N*). Then there exists a unique element o’ € N' C L(H,)
(where 3, is the Hilbert space obtained from the GNS construction for v) such that
0<e <1 and ¥(y"z) = (an.(z) | 7.(y)) forall z,y € N,..
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Proof: Let us apply the GNS construction to both v and 7. We thus obtain twc triples,
(Ho. 7. m0) and (Hey. 7y M) such that 7,(9N,) is dense in H, = L2(N,v) and 7.(M,.) is
dense in Hy.. As ¥ < v, then M, C MN,.: by hypothesis, for all z € TN, we have:

I (2)IZ = ¥(z"z) < v(z"z) = . (2)]2.

Hence there exists a unique linear operator b : H, — 3, with [|5']| < 1 such that
¥ (nu(z)) = 5y (x) for all z € M,. Note that b**b’ is positive as

(6”00, () | 1(2)) = (s(2) | 7 (2)) = I (2)]I2 2 0.
Therefore, ¢ = (b)) € L(H,) = L(L*(N,v)) and 0 < & < 1. Now, for all € N and
1, y2 € N, we have:
P(¥231) = () | w(y2))e = O (n) | 8 (@2))e = (n.(1) | 7(32))
and
b7 {z)m (1) | 2(32)) = BV nu(z31) | 2.(32)),
= (me(zy1) | 1e(v2))w = ¥(3223) = ¥((z"w)"n1)
= (' (w1) [ 87 (z"92))e = B'm(an) | b7 ()0 (32)).
= ') | (7 (2)6") 0 (22))o
= (7 (2)6"V' 0 (1) | 7 (32))s-
Hence 2 = b’ € m,(N)' ~ N'. Let o’ = b"™¥'; as
Y(n) = (@) | @) nwpeN,

is uniquely determined by » and %, e’ is unique.
Q.E.D.
Let v be a faithful semifinite normal weight on N € L(L2(N)). Recall that the domain
of v in N is the set Dt, = N, N, and that every element of M, can be written as a linear
combination of four elements of P8, = T, N N* [section 2.2]. Consider the map

I.,:Faoe(v)—»mt,,, ¢ ay

where Face (v) = {¢ € NJ : ¢ < \v for some A > 0} and ay € N’ is the linear operator
obtained by applying Lemma 3.4.3 to ¢. Note that we view N’ as N acting on the Tight
on L?(N). Symbolically, we shall write I,.(¢) = v~ pu=1 for all ¢ € Face (v). We have:
Proposition 3.4.4 [E-L]: Let v be a faithful semifinite normal weight on N. The
equality

L(¢)=vi¢v~}, forall ¢€ Face(v)
defines a completely positive linear map I, from the face of v in N, to the domain of v in
N. Its inverse, v*zvf, for all z € M, is also completely positive.
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Proof: As above. let
I, : Face(v) — MM, o—v-oy~t = a,
where a, is the linear operator obtained by applving Lemma 3.4.3 to ¢. Consider the map
Iun : Mn(span(Face (v))) — Ma(T,),  (6ij)i; — (L(@i;))s;-
We need to show that (I,(¢))i; is positive, that is ((ae, )€ | &) > O, for all £ €

LN, ) [section 1.9], where a,,, = b;;b:; is the operator obtained by applying Lemma
3.4.3 to ¢;;. Write £ = (,.(21), ..., T (Zn)) where z; € N, for all i: then

(26, )618) =D (ibism(z;) | ma(=:))
1.

= Z(%(zj) | ne(x:))
= Zm(zi)llz 20

and thus I, is completely positive. Let us now show that the inverse I, of I, is also
completely positive. Consider the maps

I:P,cN* sFace(v) N}, d=z"zvidid =g,
where gu(z) = (zvdz"zud) = (zvhen, ph2) and
In: Ma(B,) = Ma(ND),  (dij)is = (=5 235)i5 — (bs3,24; )is-
Let y = (y1,--»¥n) € ©2;N. Then
Z bapy=s (WiWi) = E (yE yivtagz; V*)
i i

= z (yj v&zzj,yiyiz{,) >0
iJ

by the remark following Definition 1.9.5. Thus I, is completely positive.
Q.E.D.

Remark: Let J{ be a correspondence from M to N. (s DH,v)andzeMC N, then
&z € D(H,v). ; '
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Proposition 3.4.5: Let M and N be von Neumann algebras, and v a faithful semifinite

normal weight on N,
i) Let H be a correspondence from M to N, and € a v-bounded vector. Then there exists
a unique completely positive map P from M to N such that foranyx € M, y € N,

one has

(¥Ez.8) = (yviP(z)vt).

i) Let P be a completely positive normal map from M to N such that v(P(1)) < oc.
Then there exists a unique pair (H,£) where H is a correspondence from M to N,
£ € H and:

a) NEM is dense in H,
B) & is a v-bounded vector and for any z € M and y € N such that v(y"y) < oo, one
has
(wE=,8) = (yviP(z)vt).

Proof:
i} For any z € M, define
Y::N=C, yr (y&z,8).

For z € M™ C (N')*, then 9, € Face(v). Indeed, if z € M*, then = = 22" for some
z €M; thus

P=(y°y) = (¥"y€22",6) = (y&2,y€2) = [y &z| < kr(y"y)
for any y € 91, by the above Remark. Define
P:M—N CL(IL*N,v), Pl)=Lg:)=veg 3t
Then by Proposition 3.4.4, P is completely positive and
(z"y&z,8) = ¥=(2"y) = (P(z) % (¥) | m(z)) [Lemma 3.4.3]

= <y uiP(x),zv§> [section 3.2}

= (z’:y uiP(z) v?f)
for all y,z € 91,. Note that as v is semifinite, t, = 9N, is dense in N [section
2.2]; thus the above equality remains valid for the elements of N. Now, suppose
P,Q : M — N are two completely positive maps such that

- | (yv*P(:B)V§> = (yy*Q(ﬂ:)V*), forallzeM,y €N,
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that is
<yu'}.ui‘P(I)'> = <yu%.v’3Q(:r)'>.

For fixed z € M, the equation
(yu’f,u’l'P(x)') = <yu’3,v§Q(:r)'> . forallyeN

implies that v’-‘P(:r)‘ = ui‘Q(:r)'. Asvtisa cyclic and separating vector for N, then
P=0Q.

As v(P(1)) < co and P is completely positive, P(M) belongs to the domain m, of v
[section 2.2]. Indeed, let z € M*; then z = 2z for some = € M and we have:

v(P(2)) £ [lzIPv(P(1)) < co.

Thus P(z) € P, for all z € M; since every element of M is a linear combination of
four elements of M* and every element of M, is a linear combination of four elements
of B,,, we have the result. Hence, uiP(z) v} € Face (v) for all z € M [Proposition
3.4.4]. Let

$:NOM’~C,  ¢ly®z°) =viP(z)ri(y).

Then ¢ is normal and finite as
$(1®1)=viP)ri(1) = (uipa)u*) = u(P(1)) < o0

by hypothesis. Applying the GNS construction to ¢, we get (7o, Hyp, £), where:

He =mg(NOM°)E = NEM,
and foralzeM, yen,,

¢y ®@z°) = (me(y ®2°) £ | §) = (yéz,8)
=viP(z) vt (v) = (y v P(z) v*) .

Finally, £ € D(%, v) since for all y € M,,,
lvél? = vy &.6) = (yyrt PQ)ot)
=viP() vt (yy) < kv(y'y)

as v} P(1) v* € Face (V).
Q.E.D.
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Corollary 3.4.6: IfNis properly infiniteand P: M — Nisa completely positive normal
map, there exists a normal *-homomorphism p : M — N and a partial isometry V € N,
V*V < p(1), VV* = s(P(1)) with P(z) = P(1)}Vp(z)V* P(1)%.

Proof: Let ¢ be a faithful normal positive linear form on N. Then ¢(P(1)) < oc and by
Proposition 3.4.5 ii), there exists a unique pair {}.£} where K is a correspondence from
M1to N, £ € H and for z € M and y € N, we have:

(y€z,8) = (yéi‘ P(z) ¢’.‘> .

As N is properly infinite, it follows from Proposition 3.3.1 that H ~ L2 (p) for some normal
*-homomorphism p : M — N. Let us assume that 3 = L?(p). Consider the two subspaces

of L3(N):
Ho=NE  H,=NgiP(1)}.

Note that [jy£Jj2 = ||y I P(1)% II? for all y € N. Let V' be the partial isometry from ¥, to
H, which maps y 2 P(1)} to y£ (for all y € N). As H,, and H, are both left N-invariant,
V belongs to N'. Moreover, as H, = L%(N)e for some projection e € N, e < p(1) and
Ho = L*(N)s(P(1)), we have

VvV < p(1) and VV* =s(P(1)).

Finally, for all z € M and y € N we have:

(WE(z).8) = (vt PO}V p(a), 2 P(1)} V)
= (vt PR} v plz) v P(1)} o)
= (v¢tP(@)4t).

Hence P(z) = P(1)} V p(z) V* P(1)} for all z € M.
Q.E.D.

Definition 3.4.7: Let M, N,» and H be as in Prqp. 3.4.5 i). For any v-bounded vectors
§1,& € K, the unique normal map P from M to 2. such that

y&z,6) = (yV*P(-‘c) V*>, forallzeM,yeN

will be denoted (&;,£2),.-
Lemma 3.4.8: Fora € M, we have

(Elaw&)v(z) = (€1,€2)v(ﬂz) a'nd (f;,&c)p(-‘t) = (51*52)”(3‘1.)’ Vz € M.
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Proof: By definition. (§;a.&2), is the unique normal map P : M — N such that
v(&0)z.6) = whilar).&) = (yviPlar)vt).  wyeNzeM
and (§,.£2). is the unique normal map Q : M — N such that
(¥&12,62) = (yvi Q(z) V*) , Yy eN, = e M.

If we put z = az in the above equation, we obtain the desired result. Similarly, (£, &2a),
is the unique normal map P : M — N such that

&z, 60) = (&i(20"), &) = (yriP(za’)sd),  WyeNzeM

and (&,&2), is the unique normal map Q : M — N such that

wazne)=(vr1QE1), weN :zeM

If we put z = za" in the above equation, we obtain the desired resutt.
Q.E.D.
Lemma 3.4.9:

i) Let b € N be such that the map t — o¥(b) € N extends analytically from ¢t € R to
Im(t) € [0, 3]. Then for any & € D(H,v), one has b&; € D(H,v) and for all z € M,

(041,82)u(2) = a5 (0)(§1,&)(z) and  (§1,b&)u(2) = (61,£2)u(z) (e} (B))".

if) Let+/ be another weight on N, with v/ > \v for some ) > 0; then D(H, v} C D(H, V),
the Radon-Nikodym derivative (Dv : DV'), € R extends analytically from t € R to
Im(t) € [~3,0], and with b = (Dv : Dv')_; one has for any &, €2 € D(H,v), z € M,

(51 ’ 62)0" (:l‘.') =b" (&1 ’ &),(I)b.

Proof:

i)LetflGD(Z}{u)andbGNsuchthatthemaptHa"(b)ENextendsanalyucelly
from ¢t € R to Im(t) € {0,4]. As noted in section 3.2, for t € C with Im(2) € [0, 3
we will still write 0¥ (b) = v**br%. Let y € M,; then yb € N, as

V((yb)"yb) = v(6°y'W) < ku(y'y) <oo  (Prop. 2.7.2,

and i
lyb&all < kv(y*y)?  as & € D).
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Thus b&; € D(H.v). By definition, (b§;,£2), is the unique normal map P: M — N
such that forall z e M, y € N,

(y(b&1)z,&2) = (wb) € ,62) = (wbwi Pla) v}
= (yrirtbuiP(z) vt)
= (yviot (B)P(z) vt).
As (&1,&2), is the unique normal map P : M — N such that
W&z, &) = (yrAP(z)ot),

we have: a; (5)(£1,£2)u(z) = (b&1,&).(z) for all z € M. Similarly, (&,b&), is the
unique normal map P : M — N such that for all z € M, y € N,

Waz,bes) = (69 &1z, &) = (Fyvi P(z) vt
= (y viP(z) vt b') fsection 3.2]
= (yriP@E) Vi iot)
= (veAP@)towt) ot)
= (vAP@E) O vH).
As (&,&2), is the unique normal map P : M — N such that
Wam &) = (yP@E)vt),

we have: (€1,£2),(@)(0} (3))" = (€1,562)u(z) for all z € M.
ii) Wewmﬁrstshowthaw(af ¥) C D(HK, V). Let £ € D(%, v); then

~\ -~

lyéll < kv(y*y)t < ——u'(y y)t

forall y € ‘It., Thus £ € D(H, /). By application of Proposition 2.8.5, the Radon-
Nikodym derivative (Dv : Dv/), extends analytically from ¢ € R to Im(t) € [-1,0].
Note that

(W) = (DI : DV ) (V') = X¢(Dv : D)o ()%,

hence, by analytic continuation we get

)t =2 (Dv: Dv')_ipp(v) = Ab()3.
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Thus, vt = b(v/ )’3. Now, (£1.£2), is the unique normal map P : M — N such that
(v&z.6) = (y () P(2) 0)F), forallyeNren
and (£3,&2), is the unique normal map P, : M — N such that
(¥&1z,62) = <yU’1’Py(z) u*) , forallyeN,ze M.

Using the fact that v} = b(/)¥, we get

(w&z.&) = (9 () REBEN) = (y () Pula)b ()} )

and thus " P,(z)b = P, (z), for all z € M as desired.
Q.E.D.

3.5 Composition of correspondences

Let N be a von Neumann algebra, H; a left N-module and 3, a right N-module. As
seen in section 3.4, given a faithful positive normal form » on N, the set of »-bounded
elements D(H;,v) is dense in H;. Let us consider the algebraic tensor product

9{2 oD (9{1’ P)
of Hz and D(3,,v). We will now define a sesquilinear form on this algebraic tensor
product which will enable us to define a new Hilbert space, namely the tensor product

H = Ho @, H, of the modules H, and 3H;. Note that the basic tensors generating JH are
symbolically (and conveniently) written in the following form:

(1) Lovly, el

These elements are bilinear in & and &. We will show that the tensor product is not

modified when v is replaced by a semifinite faithful normal weight. Moreover, we will o

show that the above basic tensors possess the following properties:
(2) Lzoviag =ev-ipizv g, frallzeNAD(” 3
and

(3) &£ ()t =L e iepi) Y,



3.3 Compesition of correspondences 36

whenever one has v < v'. so that v3(/)"% = (Dv : Dv'y_,,» € N [Prop. 2.8.5]. Note
that relation (3) allows, using v/ = v; + v for v, € N7 . comparison of simple tensors (1)
for different faithful v; € N7.

The sesquilinear form on H, @ D(H,.v) that we consider is defined in the following
way:

@) Loviamerin) = e iow )

where ¢; € N, are given by

#1(y) = (y&,m) forally €N,
@2(y) = (Loy, ) forallyeN.

Remark: As seen in section 3.4, for all ¢ € Face (v), the elements of the form v~} ¢v—%
belong to N. Thus the above notation makes sense.

Proposition 3.5.1:

i} The equality (4) defines a positive sesquilinear form and relation (2) holds in the
associated Hilbert space Hs ®, H,.
ii) Let v,/ € N} be faithful and suppose v < V/'; then with b = (Dv : DV')_;/,, an

isometry Hy ®, H, - Hp ®, H; is defined by

V(e® ) ta)=6evibe, forall & ey, & € DY)

Proof: ‘
i} The sesquilinear form defined by equation (4) is positive as the map I,(-) = =% .o~}
from N, to N is completely positive [Prop. 3.4.4]. To prove relation (2), we will show
that for z € D(a":*),

(&z@ u‘h;'l,nz ® u‘hh) = (Ez ® u‘*(uizu"i){;,m ® u"*m)

for all &2, 2 € Ho and &, 1h € D(H,,v). Letz € D(a‘_’i); by definition,

(20vi6mev-in) = bt
.. where _
é1(y) = Wo.m),  d2(y) ={(&2)y.m), yeEN
© Thus
el o) = (rview T m) = (G2l (1), m).
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Now,
<62 @ V-é(f/t-‘f”_ﬁ)fl-m @ U-%?‘l1> = @(V"%C';W_i)
where ) ) ‘ .
o1{y) = '\y(v*rf*&)-m>, &2(y) = {f2y.72), yYyEN.
Thus

bo(v i) = <52V-'1’<51V—§'172> = <§2Iy(q§1),7}2> .

To have the desired equality, we need to show that zI,(¢1) = I(¢1). Letb=vizv—};
asz € D(a‘:i) we have org (b} = z. Note that ¢;(y) = ¢;(yb). Using Lemma 3.4.9,
we get -

L(1) = (b&,m)u(1) = o (B)E0, m)u(1) = 2L (61)-

ii) Let h = & ® (V)~1&;, where & € 3, & € D(3Hy,v’). We need to show that

[IR]? = V&2

Ibf? = (2@ ()46, & @ ()46 ) = g2((v) 2 () )

where
a(y) ={w&.6), H2) =(y.&), yeN
Thus
$2((V) "2 (V)Y = (2L (1), &2) -
Now,
IWVRI? = (& @46, 6 @ v b6 ) = da(v=2 1 h)
where
é1(y) = @Wbé,b&),  doly) = (&y.&), yeN

Thus

b2 H) = (L), &)

To have the desired equality, we need to show that I,.(¢) = I, (#;). Using Lemma
3.4.9, we get: -
Lo (é1) = (€1, &) (1) = 0" (61, &2) (1)b = L (¢1)-

Moreover, V(3(z ®, H1) = H2®, ;. Indeed, let k = £,0/~2£,, where & € K, and
& € D(30:,V'); then V(h) = & ® v~1 b&;. Note that by Proposition 3.4.1, D(H;, »)
is dense in ;. Therefore, we need to show that b&; € D(3,,v) and bD(H,,v) is
dense in D(J,,v). Note that for y € N,,,

V(50" 9b) = V'(b"y"58) = »(y°'y)  [Prop 2.8.5].
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Thus. yb € M,r. As & € D(Hi.v'). for any y € M,.. we have
lwb&ill* < k/((39)°yd) = kv(y'y)  [Prop. 2.8.5].

Thus b§; € D(H;.v). Now, let 7 € D(H,.v): we will show that b"n € D(H,.v'}). Let
¥ € N,-; then yb* € M,,:

v((gb") yb") = v(by yd*) = v/ (b°(by"yb")b) = v/ (y"y)  [Prop. 2.8.5]

as b is unitary. Hence, for y € M., we have:
llyd™nll® < ko((y5™)"yb™) = ku(by"yb") = ko' (b* (by”yb")b) = kv (3" ).

Q.E.D.
Definition 3.5.2: Let # be a faithful semifinite normal weight on N; using Proposition
3.5.1, we define Ho ®; H; as Hp ® H,, for any ¢ € Face(D).
Remark: The second part of the above proposition ensures that H = H, ®, M is
independent of the choice of a faithful positive normal form » on N. From now ¢n, we will
therefore write H = H, S Ha-
Theorem 3.5.3:

i) Let N be a von Neumann algebra, H; a normasl left module and H, 2 normal right
module over N. There is a canonical Hilbert space H = Ha @) H; generated by
the elements &, ® v~1&;, where & € Ha, v € N} is faithful and €, € D(%(,,v) and
satisfying the relations (2), (3) and (4).

if) Let 3; (resp. Hz) be a correspondence from M, to N (resp. from N to Mz) and

H = H2@9;H; asini). Then the following equality defines 2 correspondence between
M, and Mz:

T2 @ v 16)z) = (226) ® v &zy)

for all x; € M;, v € NI, &2 € 33, & € D(H,,v).
Proof:
i) Follows from Proposition 3.5.1.
ii)) We will show that the map

Vide@nH » 0Nt &£8vig —(m:&)eriEs)
is an isometry, for all z; e UM;), veNT, &£ €30, 6 € D(341,v). We have:
(eovineovia) =g ot

where

h(y) = We,&),  6:00) = En8), veEN
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Thus ! :
S2(v™ I v7 %) = (£a1,(61).E2) -
Now,
(@&)@r i), (26) @ v Han)) = v iqy)
where

61(y) = vz, &) = Wazzl, &) = (¥&1,8), yEN,
¢-2(y) = {32 &yr I2 &2) = (:B;.‘Iz &yv 62) = (&yv 62) , yeE N-;
as x; € U(MJ). Thus

ba(v v 7h) = (£L(4),&) = (E&1($1).&) = do(v e )
as desired. By the remark following Definition 1.1.7, the result follows.

Q.E.D.

Definition 3.5.4: The correspondence H, @ H; from M,; to My is called the composition
of the correspondences H, and 3;. It is commonly referred to as Connes Fusion.

In the next proposition, we show that the coefficients of the composition are obtained
by composing the coefficients of the correspondences.

Proposition 3.5.5: Let H;, Hp and K = Hz @)y Hy be as above. Let v be a faithful
semifinite normal weight on N and let v be'a faithful semifinite normal weight on Ma.
Then for any &1, m € D(30,v) and &, 2 € D(Ha, ),

@ evia,merin), = (€ mh, o (G.m)-

Proof: By definition, (&2 ®@v—3&6, @v‘im).,, is the unique normal map P : M; — M,
such that for all z, € My, z; € My,

(zz(& erig)n,me v"*m) = (zz V§ P(z;) V§ ) .

Note that i i
(2l @vta)m,mevin) = foidut)
where N ) ‘
a1y} =hHz,m),  GAy)=(n2&y,m), yeN

b2 = B(LR)) = (22 6L(6),m).-
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Now. (§2.72).. is the unique normal map P : N — Mo, such that
(T2 oz.10) = <:rg v._f" Pa(zx) u;) . To&€MazeN

Note that (£2 EaT. 1) = é2(z). Moreover, (£;.7), is the unique normal map Py : M; — N
such that

{x&Tiom) = <IV’}P1($1)V%> v TME€Mp.zeN

Note that (z&2;,m) = 61(:1:) and Py(z;) = I (¢1). As

$2(Pi(z1)) = (2203 Po(Pr(21)) v} )
we have the desired result, that is, P = Py o P;.
Q.E.D.

Let py : M; — N and p2 : N — M2 be *-homomorphisms and L?(p;) the associated
correspondences.

Proposition 3.5.6: The correspondence L2(ps) ® L?(p1) is canonically equivalent to
L3(p2 o p1). -

The proof of the above proposition depends or the next lemma.
Let H> be any correspondence from N to Ma. Consider the following M2-M,; bimodule:

Hop(1), w(z2@2E=226pm(z1), forall z; € M; and £ € Hapr(1).

Then

Lemma 3.5.7: The bimodule 3z p;(1) is canonically equivalent to 3, ®y L*(p1).
Proof: Let » be a faithful semifinite normal weight on N. Let £ € L?(p;) C L*(N) be
of the form £ = av¥p, (1), where a € N, [section 2.7]; then in particular, a € D(a;) and
thus a* € D(a:?k)' Hence for all y € NM,,,

Iy €12 < ller(DIPllyard I? < o (D)IPv(e"y"ye) < Im(D)IPke(y™y) [Prop. 2.7.2),
that is, £ = evipy(1) € D(L3(p1),v) and v=2€ = v=tavip (1) = a;(a)pl(l) €N. As
L2(N) = [9t,v3], then

L¥p) = LN (1) = Prot o (1))

By PrOposiﬁOI{ 2.74, for all y € N,, there exists a sequence (an)n>1 C Ng, such that
an Sy, that is, for all € > 0, there exists K € N such that for all n > K, then

(y—aa)'(y—an)) <6  v(y—an)(y—en)’) <e
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Hence, for all n > K,

lgrtp1(1) = anvt oy (DI < (D { (5 — an)t, (3 — an)o? )

=v({{y—as)" (y—an)) <€

and
v ipi(1) - a3t (DI < eI {(y - ea) v}, (v — an) v )

=v((y~an)(y—an)”) <e

Note that the set A = {&2 ® v~ tavdp)(1) :a € N, & € H,} is dense in Hp @9y L2(p1).
Now, for all &, € Hz and §; = auipl(l) for some a € N, let

ViA-3ml), &Levia—&ria)=&d@n0)

and 7 and =) be the representations of M2®M] associated to the correspondences H p (1)
and Hp @) L3(p1). Let £ = & @ v~14; then

(T2 @ ZVE = w(z2 @ 23)(E2(v26)) = z2(&(v~36))or(z1)  and

Vmi(z2 ® 256 = V(z2(& ®v 2 6)pi(z1))
= V((z262) @ v~} (1 (21)) = 2 &(v 2 ean ().
Thus V intertwines the representations associated to the correspondences Hz py(1) and
32 @)y L?(py). Let us show that V is an isometry.

(e8vta.60v1a) = b ie ) = g(L(6)

where
hi) = W&, &) = (yartmWerin), e,
$2(y) = (L29,62), yeEN
Thus 7
. L)) = (EL41). &) -
Note that

) = (vartp@),avta ) = (yoh v larh)m1), i tat)n())
= (yvie} (@m 1), A (@n (1) = (yic}(@m1)e2 (o), vt).
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By definition of I,,. we have I,(¢,) = a",.’:(a) o1(1) o¥ . (a"): hence
<~‘;'2 Qv .6 ® V—§El> = (&1.(61).%2)
= (&0} (@)oY, (a).&2)
= (&05(@m(1).E0%@n ).

(Vi 8vta),Vieevia)) = (&0 ta). 00 i0))
= (& tar)n),eetarh)n ()

= (&0} @n1).&0 @A M)

The isometry V extends to an isometry V : Ha @y L%(p1) — Ha ;1(1). In addition, V is
surjective as V(4) = {gza;(a)pl (1)} is dense in Hy py(1). Note that for any & € L3(p,),
then &(v~3&) = &(v~161,(1)); moreover v—1€ € N for all & € D(L%(p),v). Thus
&(v—26) € Hapm (1)

Q.E.D.

Proof of Prop. 3.5.6: Let us use Lemma 3.5.7, with {2 = L*(p2); then

L(p2) p1(1) ~ L*(p2) @ L*(p1)-
As .
T: M2 OM; = L(L () (1)), (22 @ 29)E = z2£p2(p1(z1))
and
7: M2 0M} = L(L¥ (o)),  F(z2@23)% =2z28(p2 0 ) (m1),

then L2(p2)p1(1) ~ L*(p2 © p1) and we have the desired equivalence.

Q.E.D.

Proposition 3.5.8: The composition of correspondences is associative.
Proof: Let ; be a correspondence from M;;; to M;, for 1 < i < 3. Asseen in Proposition
3.3.1 and the remark following Corollary 3.3.2, H; is equivalent to an L?(p;) (for all 1),
where p; : M4, — M; is a normal *-homomorphism. Thus, by Proposition 3.5.6,

L*(p1) @9y, (L%(p2) @, L (p3)) ~ L*(p1) @, L¥(p2 © p3) ~ L*(p1 © (p2 0 p3))

and

(Z?(p1) @9y, L(02)) @, L?(p3) ~ L(p1 © p2) ®opg, L?(p3) ~ L*((p1 0 p2) 0 p3).

As the composition of *-homomorphisms is associative, we have the desired result.
| Q.E.D.
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Definition 3.5.9: Let H be 2 correspondence from M to N: then its contrugredient H is
the correspondence from N to M given by

z€y=(y*€zx"), forallféeH. zeM yeN,

with H the conjugate Hilbert space of H [section 1.7].
Remark: We have used the canonical antilinear isometry £ — £ from H to H.
Proposition 3.5.10: Let p: M — N be a normal *-isomorphism; then L%(p) = L*(p~1).

Proof: L?(p) = L?(N) and L?(p™!) = L?(M) are M-N correspondences, with actions
described by the following representations of M @ N°:

Tyop=t : MO N — L(L2(N,vo 1)), Toop—1 (z® y°)3 =y~ &p(z°)

7, :MON® = L(L’(M,v)), w(z@y°)=z&p'(y)
where we have used the identifications

L*(M) = L*(M,v) (for some faithful v e MF) and IZ(N) = L2(N,v 0 p~1)
introduced in section 3.2. Let
V:L3M,v) = I2(N,vop-1), z€ M~ p(2").

Consider the map

L) —~I3N),  av? o (vop)ip(z*)
for all z € M; via this identification, V' is an isometry. Indeed:
(z12)=(zvt,zvt) =u(z"s), zeM
and |
(Vz[V2) = (@wor™)alz"), (vo p™)Ep(e")) = wor ™) (pla"2)) =u(z"2).

Moreover, for all z € M, we have:

V(m(z®3°)2) = V(zzp7'(y)) = p((zz 271 F))") =plp~ (y*)z°z") = ¥" p((22)")

- and

Frepms (2 @YWz = Fyoges (2 @YIA) = ¥ A1) = F AA(E)).
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Note that as v € M7 is faithful. then L*(M.v) = ™. furthermore. p is normal. Thus
for any & € L?(M.v). the above argument applies. Consequently. we have the desired
equivalence.

Q.E.D.
Theorem 3.5.11: Let H; be a correspondence from M; to N and H. a correspondence
from N to Ma; then one kas a canonical equivalence of correspondences from Ma to M;:

(Ha & Hy) = H; @ o

Proof: Let v be a faithful normal semifinite weight on N. Note that in the construction
of Hz ®¢ H;, we could have used expressions of the form &, v @&, with §&2 € D(Ho.v)
and & € H;, and defined the inner product as follows:

(rvioamvten)=nten )
with
a(y) = w&.m),  dAy) =(Ey.m), yeEN

Let
VieenH —~FioxH, &riea~govig
for all £; € D(3{;,v) and

T M OM s L(He @ THy),  m(z @xD)E = (23 £2])

T MOM - LEHIONTR), mnmexn)Eer iR =Grerving
the associated representations. Then

Vim(z )6 r-?t &) = V(z(Er-? @ 6))
= V((z3&)vt @ (a12})) = Gz @ v iT3E;

and
ma(z1 @ )V ((2v~ @ &1)) = ma(z1 @ 2)(& © v 1E) = Gz @ v i35,

Moreover, V is an isometry:

(erteg.aries)= (et o1&} ®&) = (v igh)

where

Hn(¥) =wa.&), 2y)=(Ey.&), yeN
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-
i}

Thus
01(13(92)) = (Iv(o'-!) ‘EI?&I) -

Now - }
(ForimbertE)=d s

where for all y € N,

62(y) = (v8.&) = (&v". &) = (£2,6297) = (E24,E2) = Ha(y)

and

a)=Ev.6) = ¥ &.8) =(a.y" &) = W&, &) = é1(y).

Thus . _
¢1(Iv(¢2)) = (Iv(¢2) 61,61) -

Q.E.D.



Appendix I

A.1 Unbounded linear operators in Hilbert spaces

Let H and X be Hilbert spaces.
Definition A.1.1:

1) T is a linear operator from H to X if T is a Linear mapping of a vector subspace Dy
of H into the vector space X; D7 is called the domain (of definition) of T. f H = X,

then T is called a linear operator in K.

ii) Let S, T' be linear operators from J{ to . We say that these operators are equal if
Dr = Dg and T€ = S£ for all £ € Dy = Ds. This relation is denoted 7' = S.

iif) Let S, T be linear operators from 3 to K. We say that T is an extension of S {or S is
a restriction of T), if Dy D Dg and T¢ = S¢ for all £ € Dg. This relation is denoted

T>S.

iv) Let S, T be linear operators from 3 to X.
Tke multiplication by scalars A € C, AT, is defined by:

Dar=Dr, (AN)=XT¥), &€ Dar;
- the sum T + S is defined by:
Dris=DrNDs, (T+SY=TE+SE €€ Drys;
- the composition S o T = ST is defined by:
Dsr={6€Dr:T{€Ds}, (ST) =(S5(T¢)), €€ Dsr;
- the inverse T~ (if the mapping T : D — X is injective) is defined by:
Dr-:=TDr, T ln=¢(aTé=n, neDI.
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Definition A.1.2: Let T be a linear operator from H into X.
i) The greph G+ of T is the vector subspace of H & K defined as follows:

Gr={(§.T¢): £ € Dr}.

ii} T is densely defined if Dt is dense in .

iii) T is preclosed if it is densely defined and if the closure of Gr in H @ X is the graph
of a linear operator, denoted T and called the closure of T.

iv) T is closed if it is preclosed and T =T.
v) T is bounded if sup{||T¢[| : £ € Dr, |I€}]] < 1} < +o0 . Whenever this condition is

not satisfied, T is said to be unbounded and then T is continuous at no point of its
domain of definition.

vi) If T is closed, the kernel of T is a closed vector subspace of 3. The projection of H
onto this subspace will be denoted n(T') and r(T) = 1 — n(T’) will be called the right
support of T. The projection of X onto the closure of the vector subspace 7D will
be denoted I(T") and called the left support of T.

Let T be a densely defined linear operator from ¥ into %. The set
D={n€X:Dr dE&~ (T¢|n) is bounded}

is a vector subspace of X. As Dr is dense in H, we conclude (from the Riesz theorem)
that for all 7 € D, there exists a unique 5* € X satisfying

T&In=EIn"), &e€Dr.
Definition A.1.3: The edjoint T~ of T is the linear operator from X into H defined by:

Dr~-=D, T'p=7%", 5€Dr.

Remarks:
i) T" is determined by: (T¢{n) =(£|T*7), &€ Dr,7n€ Dr-.
ii) If the operators §,T,T + S, ST are densely defined and A € C, then

(AT)=3XT", T>S=TCS, (@T+8'>T+5, (ST)>TS,

and if T~! exists and is densely defined, then (T-1)* = (T~)~L.
Definition A.1.4: Let Tbea linear operator in H.
i) T is symmetric if it is densely defined and T C T™. Equivalently, T is symmetric if
and only if it is densely defined and (T¢{ %) = (¢| Tn), £, € Dr.
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i) T is positive if it is densely defined and (T<|€) >0, £ € Dr.
iii) T is self-adjoint if it is densely defined and T = T

Remark: If T is a self-adjoint operator in H, then one denotes s(T)} = r(T) = I(T) and
the projection s(T') is called the support of T.

Lemma A.1.5: Let A be a positive linear operator in H. Then A is self-adjoint if and
only if (14 AYD4=3H.

Proof: [S-Z; 9.5 p.193]

Definition A.1.6: Let M C £() be a von Neumann algebra and T be a linear operator
in 3. If for all unitary ' € M, v*Tv' =T, then T is said to be affiliated to M.

Note that if T is densely defined and affiliated to M, then T™ is affiliated to M.
Moreover, if T is preclosed and affiliated to M, then T is affiliated to M.

Let A be a positive self-adjoint operator in H and f € B([0, o0)), (where B([0, %)) is
the *-algebra of all Borel measurable complex functions defined on [0, cc) and bounded on
compact sets). We would like to give meaning to f(A4).

Let @ = (1 + A)™!; then ¢ is self-adjoint and by Lemma A.15, a € L(H). By
the symbolic calculus for bounded self-adjoint operators [R; p.325), there exists a unique
resolution of the identity E on the Borel subsets of the spectrum o(a) of @ such that

e= AdE()).
o(a)

Denote by x» the characteristic function of the set ((n + 1)~1,00). Then

en = Xa(a) = dE(2).
(n+1)=2

Note that e, € {a}”, the von Neumann algebra generated by a. Moreover, e, C D, and
Ae, C L(H).

For any f € B([0,00)), f | 5(Aen) € B(c(Aey,)), where o(Ae,) denotes the spectrum
of Aen; making use of the symbolic calculus for bounded self-adjoint operators again, the
operator f(Ae,) € L(H) is defined by

f(Aes) = f

olhen

) fA)dEQ)

where E is the resolution of the identity of the operator Ae,.

For any f € B([0,00)), f(A) will denote the linear operator in J{, defined by the
following relations:

Dyay={6€H : the sequence {f(Aen)€}n is norm convergent },
FlA) = nllrgof (Aen)E, € € Dya).
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We will now state the rules of the operational calculus for positive self adjoint opera-

tors.
Theorem A.1.7: Let A be a positive self-adjoint linear operator in the Hilbert space
H;

i) for fo(A) = c€ C, A € [0,+00), fold) =¢;

ii) for fo(A) = A, A€ [0,400), folA) = A;

iii) for all f € B([0, )},

Dyay={£€H: sup || f(Aea)éll < +00},

the linear operator f(A) is closed and f(A) |84 = f(A), where S5 = 2, en ™ ;
iv) for all f € B([0,00)), f(A)* = F(A);
v} for all f,g € B([0,+00)), the linear operator f(A) + g(A) is preclosed and

F(A) +g(4) = (f + 9)(A);

vi) for all f,g € B([0, +00)), the linear operator f(A)g(A) is preclosed,
Dyarotay = Disoya) NDgray and  F(A)g(A) = (Fg)(A);

vii) for any sequence {fi}: C B([0,+00)), which is uniformly bounded on compact sets
and pointwise convergent to f, € B([0, +00)),

JolA)E = lim fu(A)E, €€ Sa.

viii) if f,g € B([0,+00)) and |f| < |g|, then
Dgta) C Dsray,  UF(AEN S liglA)ENl, € € Dgeay:

if f is bounded, then f(A) € L(H) and |{f(4)|| < sup{|f(M)] : A € [0, +00)}.
Proof: [S-Z; 9.11-9.12]
Corollary A.1.8: Let A be a positive self-adjoint linear operator in H;
i) for any real f € B([0,+00)), f(A) is self-adjoint;
ii) for any positive f € B({0,+00)), f(A) is self-adjoint and positive;
iif) for any characteristic function f € B([0, +00)), f{A) € L(I) is a projection; moreover,
. 8(A4) = X(0,+00)(A);
iv) for all f € B([0,+0o0)) such that [f| = 1, f(A) € L(H) is unitary.
Proof: [S-Z; 9.13]
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Definition A.1.9: Let T be 2 linear operator in K. T is normal if it is closed and
TT" =T"T.

Remark: For any positive self-adjoint linear operator A in H and any f € B([0.+2o¢)).
the linear operator f(A) is normal.

Definition A.1.10: Let H be a Hilbert space.
i} A function f: D C C — H is said to be weakly analyticin Dif¢o f: DC C—C is
analytic for any continuous form ¢ on H.
il) A function f: D C C — H is said to be enalyticin D if

i £09) = £(2)
w—z Ww—2z
exists in the norm topology of  for every z € D.
In the set C = C\ {A: Re()) < 0 and Im()) = 0}, define the function Log as follows:

Logh = In|A\| + arg(}), —=x < arg()) <.
Let @ € C, Re(a) > 0. Consider the mapping f, defined by

fa(A) = A% := exp(aLog)) for all A € (0,+0),
=0 fA=0.
Then fo € B([0,+c0)). For any positive self-adjoini linear operator A in H, we define the
operator
fa(A) = A=.
Proposition A.1.11: Let A be a positive self-adjoint linear operator in 3, £ € H and
€ > 0. The following statements are equivalent:
i) £€Dae;
ii) £ € Dao for all @ € C, 0 < Re(a) < ¢, and the mapping o = A®¢ is continuous on
{a € C:0 < Re(a) < €} and analytic in {« € C:0 < Re(e) < €};
iii) the mspping
it — AYE,
defined on the imaginary axis, has & continuous extension to {a € C : 0 < Re(e) < ¢},
which is analytic in {a € C: 0 < Re(a) < ¢}.
Proof: [S-Z; 9.15 p.205]
Definition A.1.12: Let H be a Hilbert space.
i) A femily {u, : t € R} C L(J) of unitary operators satisfying

u=1 and Utis = Utlly, LL,SER

is called 2 one parameter group of unitary operators.
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it) The group {u.} is so-continuous (resp. wo-continuous) if the mapping
R3tru € L(KH)

is so-continuous (resp. wo-continuous).

Let A be a positive self-adjoint linear operator in H such that s(4) = 1. With the
help of A.1.7, A.1.8, and A.1.11, it can be shown that the operators A%, ¢ € R are unitary
and that {A"} is a so-continuous group of unitary operators.

Definition A.1.13: A mapping into X is weakly continuous (resp. weakly enalytic, resp.
weakly entire) if it is continuous (resp. analytic; resp. entire) for the weak topology in H,
that is, the topology induced by the family of seminorms p,(€) = |(€ | )|, &7 € H.

Lemma A.1.14: Let {u,} be a wo-continuous group of unitary operators in H. Then
the set
{§ € 3 the mapping it = u.£ has a weakly entire extension}

is a dense vector subspace of H.
Proof: [S-Z; 9.17]

Let {u,} be a wo-continuous group of unitary operators in H. For any € > 0, denote

cex the mapping it — u£ has a weakly continuous extension to
cH:
D = {a € C:0 < Re(a) < €}, weakly analytic in the interior of D

For any £ € D, we will denote by F the weakly continuous extension of the mapping
it — u,£ to the set D = {e € C: 0 < Re(a) < €}, which is weakly analytic in the interior
of D.

For any € > 0, let A, be the linear operator in 3 defined by the relations:
Dy, =D, Al =Fce), €€ Da,-
Lemma A.1.15: For any ¢ > 0, the operator A, is self-adjoint and positive; moreover

A(.rl-(: =A¢; +A¢:: for any €;,¢2 > 0.

The above self-adjoint o;;erators are important in the proof of the followiu'g theorem.
Theorem A.1.16 (Stone representation thm): Let {u: : t € R} C—‘L(ﬂ{) The
following statements are equivalent:

i) {ue} is a wo-continuous group of unitary operators;
ii) {uc} is a so-continuous group of unitary operators;
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ili) there exists a positive self-adjoint linear operator A in H such that s(4) = 1 and
u, = A¥, teR;:
A is given by the equivalence
the mapping it — u.£ has a weakly continuous extension to
§:mM€Gae | D={aeC:0< Re(a) <1}, which is weakly analytic in
{a € C:0 < Re(a) < 1} and has the value 5 at 1

Moreover, the relation u; = A%, t € R establishes a one-to-one correspondence be-
tween the so-continuous groups {u.} of unitary operators on 3 and the positive self-adjoint
linear operators in H, such that s(A) = 1.

Proof: {S-Z; 9.20]

Remark: Let A be a positive self-adjoint operator in H such that s(4) = 1. We have
seen that A is a unitary operator, and (4*)~! = A~%*. Moreover, A~ is also a positive
self-adjoint operator such that s(4) = 1. In fact, we have: (A~!)* =A~% teR.

For any positive self-adjoint operator A in H and a € C, Re(a) > 0, we have defined
the operator A%; if s{A4) = 1, we can define A* for any a € C:

o A® if Re(a) > 0,
Tl if Re(e) <0.
‘We thus obtain the following extension of Proposition A.1.11:

Proposition A.1.17: Let A be a positive self-adjoint linear operator in H such that

s(A)=1,§€Hande <0, & >0. Thefoﬂomgstatementsameqmvalent

1) &eDAI; nDA.-_.,

i) £ € Dao forall a € C, ¢ £ Re(e) < ¢2, and the mapping a — A*£ is continuous
on D = {a € C: g < Re(a) < e} and analytic in {a € C : ; < Re(a) < €} (the
interior of D);

iii) the mapping

it — A%,
defined on the imaginary axis, has a continuous extension to the set D deﬁnedmn),
which is analytic in the interior of D.

Proof: [S-Z, 9.21]

Proposition A.1.18: Let A be a positive self-adjoint operator, such that s(A) = 1,

and let f,g € B([0,+0)) be bounded functions. I f()) = g(A™?), A € (0 +00), then
f(4) =g(4™).

Proof: [S-Z; 9.22]
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Lemma A.1.19: LetQ C C bearopensetand F : Q — L(H). The following statements

are equivalent:
i) F is analytic for the norm topology;
ii) for any £, € H, the function {2 3 a — (F(a)§ | n) is analytic.
Proof: [S-Z; 9.24]
Proposition A.1.20: Let A, B be positive self-adjoint operators in H such that s(A) =
s(B) =1,z € L(H) and ¢; £ 0 £ 2. The following statements are equivalent:
i) there exists vector subspaces D1 C Diaazp-1), D2 C D(ge225-42), Such that

Fa[Di=5", BalD;=5"

and the operators
' A*zB™% | D,, A®zB™% | D,

are bounded;
ii) for any a € C, ¢; < Re(e) < €2, we have D(gazg-0) = Dp-a, the operator A%zB~¢
is bounded and the mapping
a— A%zB™¢
is so-continuous on D = {a € C: ¢ < Re(a) < €2} and analytic in the interior of D,
{a € C: ¢ < Re(a) < e};
ili) the mapping |
it— A¥zB~%* teR,
has a wo-continuous extension to the set D = {@ € C : ¢ < Re(a) < e}, which is
analytic in {a € C: ¢; < Re(a) < €2}
Proof: [S-Z; 9.24]
Theorem A.1.21 (Polar decomposition): Let T be a closed linear operator from H
into X. Then there exists a positive self-adjoint linear operator A in H, and a partial
isometry v : H — X, such that

T =vA, 2"y = s(A).
These conditions determine in a unique manner the operators A and v. Moreover,

A=|T|, v=r(T), w" =1T).

Proof: [S-Z;9.29].
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