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Abstract

In this thesis, we develop the methodology for exploring the electronic and optical
properties of an artificial benzene ring, both analytically as well as numerically
through direct diagonalization using the configuration interaction method. We
use the extended Hubbard Hamiltonian to model the interactions with different
numbers of electrons, with spin projection and total spin resolved as good quantum
numbers. The focus in this work is on the charged case and the emergence of an
artificial gauge field and how it can be detected optically. We also examine three
other cases of the artificial benzene ring, the single electron case, the charge neutral
or half filled case, and the quarter filled case. Ground state properties, excited

state spectra, and interactions with light are described.
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1 Introduction

There has been interest in creating artificial atoms at a mesoscopic scale!?. This
has been done through the creation of lateral quantum dots, where when a gate
is added, electrons can be confined and controlled through electronic means. Sin-

24732 quantum dot structures have been

gle®® double® 1!, triple'? 23 and quadruple
extensively studied, both theoretically as well as experimentally. It is now possi-
ble to create artificial molecules with 6 quantum dots, an artificial benzene ring
(ABR). This is interesting due to the ABR being the building block of graphene
and graphite. An ABR can also be created as a ring within a semiconducting
nanowire. All semiconducting nanowires have a hexagonal shape due to the crys-
talline structure citeBlmers, Albert, Poole. This topology, that of a ring configu-
ration, can confine the electrons to the corners of the hexagon, thereby creating 6
1D electron gases which, with additional metallic gates, creates the quantum dots

within the wire36.

The benzene molecule3™#° is made up of six carbon atoms in a planar hexagon
formation, where each carbon atom is bonded to two neighboring carbons and a
hydrogen atom (figure 1.). This bonding comes from the hybridization of the 2s,
2p,, and 2p, orbitals into sp? hybrids which then form o bonds with two other
carbon atoms and one hydrogen atom. This leaves one unpaired electron in the
2p, orbital. These unpaired electrons become delocalized and form six 7m bonds
that are spread over the whole ring. These six delocalized electrons fill up the

3 lowest energy molecular orbitals, two in each, leaving the three remaining m

orbitals empty.



An ABR is a two dimensional structure made of 6 quantum dots, each with
orbitals equivalent of the 2p. orbitals of the benzene molecule. The ABR is tunable
through the variation of the separation of quantum dots, and the strength of
electron-electron interactions, whereas the benzene molecule has set values. By
increasing the scale of this structure, created with gated dots, or a nanowire, thus
allowing the potentials to be controlled through either design of the structure
or by adding electrodes in order to control it electronically after construction.
The tuning of this structure can be accomplished by the changing of distances
between dots, as well as changing their sizes, or through purely electronic means
by attaching gates between the dots allowing for tunability after construction.
Work has been done experimentally creating hexagonal nanowires (figure 2.) as
well as lateral quantum dots and graphene-like structures*?.

In this thesis, we explore the electronic and optical properties of the ABR,
both analytically as well as numerically through direct diagonalization. We use
the extended Hubbard Hamiltonian to model the interactions between electrons.
The focus in this work is on four main cases of the ABR with variable numbers
of electrons, with the single electron case, the charge neutral or half filled case,
the charged case, and the quarter filled case, considered in detail. Ground state

properties, excited state spectra, and interaction with light are described.



Figure 1: Representation of the benzene ring!.
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Figure 2: Representation of the artificial benzene ring construction, electron chan-

/\ .
nels are marked blue, insulator material is marked white, conductive material is
marked red, and electrodes are marked black, a) nanowire with and without outer

layer, b) crosssection of wire without (left) and with (right) electrodes added to

confine electrons to the corners of the hexagon.



2 The Model

2.1 The Extended Hubbard Hamiltonian

Electronic properties of an ABR are described in the extended Hubbard model
with one spin degenerate orbital per dot 82539 In the Hubbard model, the Hamil-
tonian is characterized by the energy levels of the ith quantum dot Ej;, the on-site
Hubbard repulsion U;, the tunneling element ¢;; and direct Coulomb matrix ele-
ments V;; between electron in dots i and j. The Hamiltonian in site representation

1s written as

6 6 6 6
N 1
H= ZEiC;Z,Cw - Ztijczgcja + ZUmnnu + 52‘@/}1‘%7 (1)
oi=1 o(i,j) i=1 (4,9)
where ¢ (c;,) are operators creating (annihilating) an electron with spin o on the

orbital of the ith dot, |i). Here, n;, = c;;cw and p; = n;; + n; are the number
operator and charge density, respectively. We sum over the nearest-neighbor (NN)
dots (i,7) for the interactions V;, and ¢;;, between dots (figure 3.). There is a
single energy level per dot, allowing up to N, = 12 electrons to occupy the artificial
benzene molecule. In an ABR it is possible to control and vary the electron density.
In this work we look at the cases with N. = 1 (the single particle case), N, = 3
(the quarter filled case), N. = 5 (charged ABR), and N, = 6 (charge neutral
case), with focus on the N=1 and N=5 cases.

To diagonalize the single particle Hamiltonian we express the Hamiltonian in

Fourier space using the Fourier transformed creation/annihilation operators3’

1
cf = %Ze fraipt (2)

Ki



Figure 3: Graphical representation of electron interactions, where ¢;;, V;;, and U;
are the tunneling energy, electron-electron repulsion, and onsite repulsion, respec-
tively.

where b creates an electron on a molecular orbital, and where the allowed

T 21 —%ﬁ,ﬂ} . These are the wavevec-

wavevectors of the electron are k = {0, 5T 5

tors allowed due to the orthogonality of the creation (annihilation) operators. In
this work the dots are assumed to be identical and on resonance, i.e., F; = E,
Ui =U, V;j = V. Then using equation (2) in concert with equation (1), we can

represent the Hamiltonian in Fourier space as?,

) 1
H=> e.b b0+ 5 D (Riokjor| Vee [Kbor 1) b7 b5 by b, - (3)

o, ijkl,oo’

Here V.. is the electron-electron interaction, €, is the energy of the molecular state,
€, = B — 2|t| cos k;3°. This is the diagonalized single particle Hamiltonian. The

Coulomb scattering term was obtained by solving separately for terms containing

V and U.
Hy = Y (Kiokjor| Vee [korio) b, b3 b, /b, (4)
ijkl,oo’
— Z (Riohijor| Vee |Kjorkio) F, bbb, (5)
<ij>,00’'



H, = LZ Ze—miiwze—mﬂw Zelnwbnkzelwbm ’ (6)

<iJ>  Kg
H = zzzz(ze—”w e Hj_w]])b;%%, "
Ki Kj Kg K| <1)>

Where we have V., equal to V. Since we are dealing with nearest neighbor inter-

actions only, we have j =i+ 1, and

ZZZZ (Z —I[ Ki—ki+kj—KE)i+(kj—FKE)]

Kj Kj KRk Kl

+e—[[(ni—nz+f€j—fik)i_(’ij_’ik)]}) b:z b:] bmk bﬁz

ZZZZ(Z B Gl e—fw-*fwn)b;:b:jbmbm. (8)

Ki Kj Kk K

This is only nonzero for (k; — k; + k; — k) = 0 which gives us our selection

rules, 0 (k; + Kj — K + Ki).

2Vecos(k; — K
Hy = ZZZZ( (63 k>(5 (/{i + Kj — K + Hl)) b:ib;b'ikbﬂz , (9)

Ki Kj Kg K
The on-site Hubbard repulsion energy is between two electrons of opposing spin
on the same quantum dot, therefore the only position index we have is 7.

HU = Z <Hi0’iia’| Vvee |Hia”iia> b+ b+ blik /bnlU s

1,00’

Hy = ZZZZ Z —I[(ki—Ki+Kj—Kg Z])b:#),€ ibﬁkib,{n, (10)

Ki Kj Kk K
where V. is equal to U in this case. This summation is only nonzero when

Ki — K + Kj — K = 0, therefore:



Hy = %22225 (ki + Kj — kg + k) b:mb:jﬁwbm ' (11)

Ki Kj K K]

Therefore, putting the two interaction terms together gives us our Fourier trans-

formed Coulomb interaction term,

(Kitij| Vie |kikr) = (kirj| Hy + Hy |k (12)

U + 2V cos(x; —
(Rikj| Vee |Reki) = COGS(RJ Kk)é (ki + Kj — Kk + K1) (13)

In order to use this Hamiltonian in the configuration interaction method*® we
define the Coulomb interaction part of the Hamiltonian,

1
HC = 5 Z </€io"ija" ‘/ee |K’kO'/K’lO’> b:wb:] nkgzbmg . (14)

o!

ijkl,oo’

Next we split the sum into those with £ < [ and k£ > [, this gives us two summations

with a pair of constrained indices.

1
He = 5 < Z <’ficr/{ja’| Vee |’€ka’/{lo> b:m b:jo’ bfc,w/ bnlg

i7,k<l,o0’

+ > (Kiokjor| Vee Ko ko) b:wb:jo,bnk(,/bma>~ (15)

ij,k>1l,00’

By exchanging the ko’ and lo indices in the second term and following the same
procedure for the io and jo’ indices, we can simplify this expression into a two

term summation over two pairs of constrained indices,

HC’ - Z (<K'ia'%ja’| Vvee |K’]€O'/K’ZO'>

i>j,k<l,o0’

- <’ii0/{jo’|‘/ee |/{laﬁka’> 500’) b+ b+ b

Kioc “Kjq/ Kko!

b, , (16)

where we have now separated out the direct and exchange Coulomb interactions,
the first and second term, respectively. The exchange energy is only active for

7



two electrons with the same spin, and the direct interaction is active between any
two electrons regardless of spin. Putting the Coulomb interaction expression back
into the original equation gives us the following Fourier transformed Hamiltonian

suitable for numerical configuration interaction study:

Z (<’fia"ija” V;ae |/€ka’/€la>

i>j,k<l,o0’

<I€iglij0/| ‘/ee |I<nglikgl> (Sggl)b:wb:jul b”ka’ blilo . (17)

N —

H=> ebibre +

We now have two Hamiltonians, one in site representation, suitable for strong
electron-electron interactions, and one in molecular orbitals, suitable for weak

electron-electron interactions.

2.2 Configuration Interaction Method

To solve for the electronic structure we create Hamiltonians in the space of elec-
tronic configurations. We distribute IV electrons on either lattice sites, or molecu-
lar orbitals, and create all possible configurations. These configurations are char-
acterized by their spin projections, .S., and for molecular states by the configu-
ration’s total angular momentum, which is calculated by adding the individual
angular momenta of the electrons, which are conserved and allow us to block di-
agonalize our Hamiltonian. The non-interacting energies for each configuration
consist of the kinetic energy of all the electrons on the different energy levels.
These terms we have on the diagonal of our Hamiltonian matrix. In addition, we
add interaction energy of electrons in a given configuration. We then introduce all
of the Coulomb scattering interactions between the configurations, which couple
one configuration to another. To do this we use equations (12) and (17), which

8



|A} |B} [}
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Figure 4: Example configurations A, B, and C for configuration interaction
method. We use bars to describe our molecular orbitals with increasing energy, as

opposed to using the hexagonal diagram with shown sites for our atomic orbitals.

allowed us to create our complete Hamiltonian matrix.

For example, we consider three five-electron configurations shown in figure 4,
with the convention that the lowest numbered molecular orbital goes to the left
most position and gets higher the farther right you go while keeping the spin-up
electrons together at the front: [A) = [by by )[b] b3 bg ), |B) = |bs, b5, )1b3, b3 b, ),
and |C) = |by, by )[b7 by b3 ), where configuration B is just A but with the electrons
5 and 3 exchanging spins, and configuration C is just B but with two down spins
moved, one to allow us to look at double occupation of molecular levels, and the
other one to adjust for total angular momentum. For the diagonal components
of our matrix we have the first and second terms in equation (17). In molecular

basis we solve for the kinetic energy and Coulomb interaction by looking at how



the configuration interacts with itself:

A‘Zﬁm Ko obrio| A
<A‘Z€mb:abn oA

(b, bs, ba, bz b, | Y e, b b e

o,

= =2t (COS(K,b;LT) + cos(/@b;)

+ cos(ky+ ) + cos(kyr ) + cos(ky+ )) ; (18)
4 3 6)
Where kyr = —7/3, kyr =7/3, Ky =2m/3, Ky = —21/3, and Ky =
A|Zenl broA) = +2t. (19)

This is our non-interacting energy for configuration |A). Now we look at the

electron-electron interactions within the configuration.

<A| Z (</€i0ﬁja’|%e |"ika""ila> - </i'i0"€j0/| ‘/;ze |"£lal€ko’> 50’0’)

i>j,k<l,o0’

b;a b:ja/ b“ka/ b”la ‘A> ) (20)

<b6¢b5¢b4¢b3Tb2T| Z <</€io'/{/ja"/ee "‘ik:o""ila> - <Klio/€ja’| ‘/ee "‘fla'%kcr’> 500’)

i>j,k<l,00’

D5 Ve Db, 03,0505, 0508,) - (21)

After summing over all indices that give nonzero values, we are left with:

<A| Z (</{i0lij0"/ee |/{k0"‘{la> - <Hi0’{ja’| V;ie |/{l0/{ka’> 500’)

i>j,k<l,o0’

Ay —v+ O (22)

bt bt b
Kio . 3

Kjo! Rio! Hla

10



Therefore our diagonal matrix element for configuration |A) is 2t + U + %. We
perform similar calculations for our |B) and |C) configurations. This leaves us
with a 3x3 matrix, in the space of A, B, and C configurations, with configuration

interactions on the off diagonal to be determined,

2t + U + 19X Vap Vac
H = Via 2%+ U + 3V Vie
VCA VCB 2t + U + %

To solve for these off diagonal elements, we follow the same process as for the
diagonal elements. The kinetic energy goes to zero. Comparing |A) and |B), we

compute the interaction energy,

Vap = (bg,bs, by b3 bo,| Z ((Kiokjor | Vee |Fkor Kio)

i1>7,k<l,00’

<l€w/ija/| ‘/ee |l€lg/€]w/> (Sog/)b:w b:ja’ b,{ka,b |b£b;b§lbiba> y (23)

Rlo

Vap = (be, b5, bs, b3, | Z ((Kiokjor| Vee |"fka//ila>)b:wb:ja, [ .

1>7,k<l,o0’

bbb bl b ), (24)

2175473,74, 76

Vap = (bs,bs,| Y (Riotjor| Vee [Rkortito) )bk, b b, b, |03,03) 5 (25)

i>jk<l,oo’
Vap = (bs,bs,|((Karkisy| Vee [Rayhist) )b, bl bia, s, 05,035, ) (26)
Vip = 2 Cozwa il (Kat + K5y — kg + Kst) (27)
Vap = vy COE?(_T% —~ §>5 (K3t + K5y — Ky + Ksp) (28)
Vap = v _62V5 (Kt + K5, — Kgp + Kst) - (29)

Doing these calculations for Vs and Vpe as well fills up our matrix:

11



6 6
H = y=2v 20+ U +3V L
U—2v 1% 11V

This method allows us to create the Hamiltonian matrix for all configurations and,

diagonalizing, obtain the eigenenergies and eigenstates we are looking for.

3 Electronic Structure of the Artificial Benzene
Ring

3.1 One Electron Case

To begin looking at the ABR, we look at the simplest case available to us, that of
the one electron. This case, discussed already, only has tunneling energy compo-
nents and onsite energy, which leaves us with only the first two terms in equation
(1), or in the Fourier basis described by equation (17), only the first term. The
basis consists of six orthogonal states {|1),[2),|3),[4),|5),|6)}, where |i) = ¢ |0)
which represents the creation of an electron on dot i. The diagonal elements of

a

the Hamiltonian are the onsite energies of the dot, <@ z> = Fj;, in this model
we take this energy as zero. The off diagonal elements correspond to the tunneling

of the electron from one dot to its nearest neighbor, < ¥ ’ﬁ ’ z> = —t;;. The one

electron moving through the ring gives us the following Hamiltonian matrix:

12



Energy

— ) —
I z?ﬂ I —%
e — - %T L] _%r

— -2t —

Figure 5: Representation of the artificial benzene ring as well as the single particle
energy levels of the artificial benzene ring, showing both the energies of the levels

(left) as well as the angular momentum of the individual levels (right).

-t 0 0 0 —t 0

This matrix was diagonalized using equation (2), which rotates the matrix from
site representation to molecular orbitals, which diagonalizes the single particle
Hamiltonian. This gives us the eigenenergies {—2t, —t, —t, +t, +t, +2t}, how these
energies relate to their corresponding wavevector can be seen in figure 5, and
directly as €,, = E — 2|t| cos k;, where k = 0, £7/3,+£27/3, 7, respectively for the

eigenenergies.

13



3.2 Charge Neutral Case (Six Electrons)

Next we move to the charge neutral case with six electrons on the ABR. We call
the six electron case charge neutral, this is because in the real benzene ring six
carbon atoms and six electrons create a charge neutral molecule, and five electrons
make it charged. Therefore we define the charge neutral case for our system as
one electron per site. We begin this case by using the same technique described in
section 2.2. We use the Fourier transformed equation (17) to look at finite U and
V interactions for all configurations of the six electrons, i.e. 5,=3,2,1,and 0 which
correspond to the spin polarized, one, two, and three minority spins, respectively.
We then resolve total spin using our numerical code by separating the total spin
states from the spin projection configurations, which requires the calculation of the
interactions between configurations of sizes 1, 36, 225, and 400 for S,=3,2,1,and
0 respectively. To get a sense of how the ground state energies of the different
total spin states are affected by Coulomb interactions, we plot them in figure 6 as
a function of U/t and V/t. We normalize both U and V' to the tunneling energy
t, because t is the smallest change in molecular orbital energy. We see that the
ordering of the total spin ground states stays the same over changing U/t and V/t.
The ground state, for 6 electrons, stays as the S = 0 state, then the first excited
state is the S = 1, then S = 2, and finally the spin polarized S = 3 state. The
chosen starting value for U/t is in keeping with U being greater than V' to keep
this in the realistic regime. Whereas the chosen ending point for V/t is when it
becomes equal with the fixed U. For example, for a U = 5, V/t has a maximum

of 5.

14



For U > t we have a situation where each dot is only singly occupied in order
to achieve the lowest total energy of the system. The interaction energy determines
the charge distribution of the system. Therefore the only degree of freedom is the
spin distribution of the system. However, if we consider the kinetic energy as a
perturbation, we see that if electrons can have the option to tunnel to neighboring
dots we have a virtual delocalization, where electrons are allowed to double occupy
for infinitesimally small durations before exchanging dot positions, which reduces
the kinetic energy and we have an effective interaction that favors neighboring
electrons to have opposite spins. This makes our Hubbard model very similar to
the Heisenberg model, equation (30), where only single occupation is allowed and

the spins have lowest energy when they are anti parallel in orientation:

N N
H= JZO']‘O']‘+1 - hZJj y (30)
i=1 i=1

where J is the coupling constant, h is an external magnetic field, and o; tracks the
spin of an electron while o, tracks the spin of its neighbor. This is an interesting
case due to its focus on the lower energy levels only, specifically the first Hubbard
band. For calculations interested only in single occupation, the Heisenberg model

provides a simplified expression to the Hubbard Hamiltonian.

15
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Figure 6: Six electron case: a) Graph of ground state energy versus change of U/t

with V/t = 3. b) Graph of ground state energy versus change of V/t with U/t =5
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3.3 Charged Case (Five Electrons)
3.3.1 Analytical Solution for the U = oo Case

To get an initial understanding of five electrons moving and interacting on six
quantum dots, we call this the charged case since a benzene ring made of carbon
atoms with five or seven electrons would be charged. We look at a simplified case
of very strong interactions, with U = oo, where double occupation is not allowed.
We will work here in site representation. For five electrons there are three spin
projections, S, = g with 6 configurations, S, = % with 30 configurations, and
S, = % with 60 configurations.

A. S, =5/2 Case

We start by defining the ground state (GS) of a spin polarized C6 molecule,

IGS) = Hcg 0) . (31)

Then we define the five electron system by removing one electron from the C6

molecule’s ground state, thus creating a quasi hole,
[nh) = n, |GS) (32)

This gives us our spin polarized S, = g system. Comparing different hole positions

allows us to create our Hamiltonian matrix, with U = co, £ = 0, and V = 0, it

17



reads:

0O + 0 0 0 +¢
+ 0 4+t 0 0 0
0O + 0 +t 0 O
H =
0 0 +t 0 4+t 0
0 0 0 +t 0 +¢
+ 0 0 0 +¢t O

This is the matrix of the single electron Hamiltonian, however, since we are track-
ing a hole instead of an electron, we have positive tunneling elements instead of
negative. This is due to the method we used to construct the five electron system,
where we have a negative factor on every even numbered hole position, which
results from equation (32).

B. S, =3/2 Case

To create the S, = % configurations we flip the spin of one of the electrons by using
the annihilation operator to destroy a spin-down electron and a creation operator

to create a spin-up electron.

(33)

[nhg) = cheiy Inn)

We then create an orthogonal basis of states for a given hole at n; dressed with
the quantum number x to track the minority spin j. To keep our phases consistent
and our states orthogonal we, in our summation, look at the electrons on the dots

before the one with the hole and then at the ones after3°.

5 5
, , 2
Z olFi 17) + E : elri=1) 15), ,@:%q% n=0,1,...,4. (34)

J=0,j<np

""i’ nh,j> =
7=0,7>np

18



Using this condition and method of writing out the state of the system, we look
at different positions of the hole on the dots which takes our 30 states and gives
us 6 states made up of a linear combination of 5 configurations , and we have the

resulting 6x6 Hamiltonian matrix for each spin state «:

0 +t 0 0 0 Hteln
+t 0 +t 0 0 0
0 +t 0 4+t O 0
H = (35)
0 0 +t 0 -+t 0
0 0 0 4+t 0 +t
+tetls 0 0 0 +t 0

We see that this matrix is similar to the the spin polarized case, except for positive
tunneling values, as well as these added phase factors when tunneling between
quantum dots one and six. These added phase factors act as if there is a magnetic
field threading through the ring, we call this an artificial gauge field, which defines
how different values of x affect the eigenenergies, since without these phase factors
we would have a 5 fold degenerate system. To diagonalize this Hamiltonian,

equation (35), we create the following eigenfunctions:

6

Qik) = > e @mel o iy ) (36)

np=1
Diagonalizing the Hamiltonian with these eigenfunctions, we have that the added
factor ¢ tracks the phase accumulated by the hole from every tunneling event
across the ring, leading to ¢ = ¢. Solving for () using the condition of orthogonal-

ity, results in () = %’rn, where n = 0,1...,5. This leads to eigenvalues of the form

19



(figure 7.):

Eg = —2t cos(Q + g) , (37)

2

where kK = .

m, m = 0,1...,4. Now we have a new wavevector, G, made up of
two independent variables @ and k: G = @ + §. In figure 7a we plot the allowed
eigenenergies as a function of this wavevector G.
C. S, =1/2 Case
For the S, = % case we take a slightly different approach in defining the basis, this
method is based on the Caspers and Iske method** using their cyclic permutation
operator P.

P {o1,09,...;0n} = {on,01,...;0n_1}
This operator shuffles all of the electrons to the right, while ignoring the hole
position. This allows us to recreate the whole Hilbert space by creating unique
subspaces that do not interact with each other. Using this operator we can define
two separate subspaces, one where the two up electrons travel together, 11, as

they are permuted around the benzene ring, and one where a grouping of three

electrons in the configuration 1|1 moves through the system together (figure 8.).

|A;) = |C§;C?:CI¢C;:C§1> , |A}) = |c£c§:ci;cglcéz> :
P|A)) = |Ay) = [CRSRGRNPE P|A)) = |A) = |c5,c3.¢c4,c8.¢5,)
P|A,y) = |A43) = ]cicicjl;c;;ca) . PlAL) = |AL) = |CZC§F¢C4+¢C;F¢C§¢> :
P|As) = |4,) = |c§:c§lczc$cg;) . PlAL) = |A) = |c;c?’,:czc;;ca> :
P|A,) = |45) = |c5.¢c3, ¢4, €3, ¢6.) » P|A}) = |AL) = |c5,c3.¢4, 63, ¢5.)
P|A;) = |4;) = ]c;c?:czcglca) . PIAL) = A7) = |c;c§r¢cz;cg:ca> .

This shows us that we have five configurations in total that can be created
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Figure 7: a) Allowed energy levels as a function of the wavevector G = Q+£/6. b)
Allowed energy levels graphed against eigenvalue index to show where degeneracies

occur. These degeneracies come from the circular symmetry of the ring.
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Figure 8: The permutation operator acting on a five electron system with no

double occupation in the a) first subspace and the b) second subspace.

by the permutation operator for each subspace for each hole position. These two
are non interacting due to the inability to reproduce a configuration from one
subspace into another using the operator P, while these two subspaces together
reproduce the whole Hilbert space. To create our new basis, we create a linear
combination of these states, within each subspace, that we then use to create our

Hamiltonian matrix:

‘(I)jljz...jn(/’i;0'10'2---0'n)> = \/ﬁ elmkc;rlpm(gl)"'clpm(gn) ‘O> ) (38)

m=0
where n' is the number of configurations possible using the permutation operator
P, j, is the position of the created electron, and p™ (0, ) is the permutation operator
acting m times on a spin o,. Adding in the condition for orthogonality we see

that k = 5 Zn,n=0,1,...,4. Using these new states in combination with Eq.1 we
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can create our full Hamiltonian as:

- 0 +t 0 0 0 +tel® 0 0 0 0 0 0 _
+t 0 +t 0 0 0 0 0 0 0 0 0
0 +t 0 +t 0 0 0 0 0 0 0 0
0 0 +t 0 +t 0 0 0 0 0 0 0
0 0 0 +t 0  +t 0 0 0 0 0 0
+tet™ 0 0 0 +t 0 0 0 0 0 0 0

H =
0 0 0 0 0 0 0 + 0 0 0 +tel®
0 0 0 0 0 0 +t 0 +t 0 0 0
0 0 0 0 0 0 0 +t 0 +t 0 0
0 0 0 0 0 0 0 0 +t 0 +t 0
0 0 0 0 0 0 0 0 0 +t 0 +t
|0 0 0 0 0 0 +tet™™ 0 0 0 +t 0 |

Here we see that the two subspaces are independent of each other and that they

are degenerate. These blocks we can see are the exact solution to the S, = % case,

therefore we have the same eigenvalues and eigenstates.

Unfortunately using this method we cannot identify the total spin states using

A

the permutation operator P as we can with the S? operator, 52 = % + 52 —
> chccjci, where N is the number of electrons in the ABR, and S, is the
]

representation of the number of spin-up and spin-down electrons in the system.

contain total spin

This is required as the spin projections S, = 2 and S, = %

2

configurations of § = g, %, and S = g, g, % respectively. Therefore, to separate

the total spin configurations from the spin projections we turn to “spin currents”.

To do this we first define a spin current operator°:
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. A 2
Jn:Ze[””]c}cﬂ,/ﬁ:n: %n,n: {1,2,3,4,5} . (39)

J

This operator will take an electron, flip its spin, and shuffle it through the occu-

pied sites to obtain an expression for a state of a minority spin electron in the

ring.

Pl oA AN TR | A A 260 | 4 A A o+ o+
Therefore: Jn’C2¢C3¢C4J,CS¢C6'¢> =e'" ’c2TC3ic4¢CS¢C6¢>+e r ’c:ﬁcucﬂcuc{i&—i—
I3kn | F o+ A A Tdkn | o+ A+ A+ + o+ ISk |4 A+ 4 4+
ef¥n |chie ey e cqy) + et ehes cf el ey ) + e e e eredy) -

This is an example of using this spin current operator once, but as we have two
spins flipped we need to apply this operator twice: Jodom |C;¢C;¢CLC5+¢CQ_¢>'

With this expression it would seem as though we would have 25 terms, five possible
configurations for each of the two independent indices, each with 25(k; - ko) states.
However, we only have 10 unique configurations of 7,7 indices, this comes from five
of the 25 states being nonexistent: cjic;jcfic;; = 0 when i = j, and the remaining
20 being just 10 due to c;cuc}cﬂ = c}cﬂc%cu. Next, looking at the spin current
states we see that k1 + ko = Ko + k1 which means that ordering is irrelevant, which

leaves us with 15 states remaining. This leaves us with the same subspaces as we

had in figure 8 and the permutation operator method, which we define as A and A’.

T 7 |4 4N I(knntrmm) + + + A At T
Indm ‘02¢C3¢C4¢C5¢66¢> o ZZ (6 (nnre m)chcnicmTcmi) ‘CQ¢C3¢C4¢C5¢CG¢ : (40)
n m

Here |A,) and |A!) are the unique configuration subspaces:
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(A1) = Jegesp)leqyegiee,) 1A = legrein)lesyes cqy)
[A2) = Jegreip)lesyegieqy) 1AR) = legreq)les cicqy)
|As) = |CI¢C;T>|C;¢C;¢CEL¢> ;o |Ag) = |CLCZ;FT>|C§L¢C;¢C;¢> )
[Ay) = |c§rTch>|c;1c3+¢cL) A = ]c}c&}\cic}yé@ ;
|As) = |C;TC§T>|C;¢CLC;¢> ;o |Ag) = |C;,FTC(J3FT>|C;¢CLC;¢> :

To separate the configurations by total spin, we first divide the configurations

according to their total spin current, k1 + ko, this gives us five subspaces.

kit =1| |k +K,=2 Ky + Ky =3 K+ K, =4 Ky +Ky =5
(L5 (2.5} (3.5 (4.5} (5.5)
(3.3} (L1} (4.4} 22} (1.4}
{24} (3.4} (1.2} {13} {2.3}

Figure 9: Table of our total spin currents within individual subspaces, where the

numbers in brackets are k1 or ks.

Applying the 52 operator to these states, we find that all ko = 5 states, where

K1 # b, are S = % and the state with both x; =5 and Kk, =51is S = g However

when the S2 operator is applied to all the remaining states we find that they are
not eigenfunctions of the 52 operator, and are also not orthogonal within their

subspace. To solve this, we use the Gram-Schmidt method to orthogonalize the

5

states with no definite spin*®. This is done by taking the state and subtracting

off its projection onto the higher spin state.

Th Th
) =1, - a2
Rtot

2 Ktot

1h

2 Ktot

) (41)

where \%:t t> is the newly obtained orthogonal S = % state in the h, Kk, subspace,

h

w...) 15 the non orthogonal state that we are

where h is the position of the hole. |1
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looking to create a |%th> out of, and |§Zwt) is the 3 or 2 state within the subspace
that we are removing from the projection of the |17 ) state. We find that the
states that had no definite spin are the same state, within their subspace, this
leaves us with only five S = % states. We can then make our total S states out of
a linear combination of |A) and |A’) states we created earlier, as well as expanding

and simplifying equation (40).

KRtot

1
h _ IKktotn Ik1 Iko 12Kk 12kK2 /
Jiror) = Nze ([ + e [Ap) + [ + 7] |AL)) (42)

where the normalization factor N is equal to 2v/10 for k1 = ky and /15 for
k1 # Kko. This form is the consequence of using the spin current operator twice
on the subspaces A and A’. The phases k; and ko track the two minority carriers
in the configurations, which is why for the B subspace we have a factor of 2
in the phase, as the two carriers are separated by a majority carrier whereas the
common phase factor is due to there being two minority carriers in both subspaces.
Performing this rotation for every position of the hole gives us a block diagonal
Hamiltonian, ten 6x6 blocks for a hole moving in a certain total spin and total
current subspace. This Hamiltonian matrix is the same as we have found in the

previous subsection although now we have separated the subspaces by total spin.

3.3.2 Results of Direct Diagonalization for Finite U and V

Now that we have the simplified case solved, we reintroduce electron-electron
interactions into the system and re-allow double occupation. To take into account
the interactions in our system, we look at the Fourier transformed Hamiltonian in

equation (17) and solve for all configurations for a given S,. We look specifically
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at how the ground states of the different total spin configurations are affected by
changes in Coulomb interaction. figures 10 and 11 show how the total spin ground
states evolve as U/t and V//t change, and how at high U/t (in this case U/t = 70),
there is a crossing of the S = % ground state with the S = g ground state resulting
in a reordering of the excited states of the system. Whereas for changes in V/t
we notice no such change in the system, but rather that the splitting between the
states seems to widen.

As we can see in figure 10a, the ground state energy of the five electron system

N

is ordered as S = %, S=%5 and S = g for U # 0. But as the interaction energy
U is increased we see the S = % ground state approach the S = g state, while the

S = % is now the highest energy state.

3.4 Quarter Filled Case (Three Electrons)
3.4.1 Orthogonal Basis (52)

To create the quarter filled case we chose to create an orthogonal basis that would
allow us to separate the total spin. We do this by using the total spin operator, 52,
The three electron case has two unique S, configurations, either the spin polar-
ized case, which is clearly an eigenstate of S 2 and the spin depolarized case which
contains both total S = % and S = % configurations and therefore has to have

the higher spin state separated out. By applying the 52 operator on the S, = %

case, and then diagonalizing the corresponding matrix, we get the orthogonal basis,
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Figure 10: Five electron case with V = 3: a) Ground state versus change of U/t.

b) Close up of the ground state versus U/t to show a crossing of the S = 2 state

with S = g
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Figure 11: Five electron case with U = 5: Ground state versus change of V/t.
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|A) is the higher spin state with S = 2 and the other two are in the two orthogonal

subspaces with S = % This notation is used for the singly occupied configurations,

with the convention that the lowest numbered dot goes to the left most position
and gets higher the farther right you go. For the doubly occupied configurations
we only have one spin configuration since the up and down spin electrons on the

same dot are indistinguishable. Therefore we have just a convention we follow

which has the doubly occupied configurations defined by their double occupancy,
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eg. )cic?{TcZ>. We then solve for the eigenenergies by running through the inter-

actions between all possible configurations, and subspaces, to fill our Hamiltonian

matrix.

3.4.2 Results of Direct Diagonalization for Finite U and V

Looking at the ground state energies of the two configurations as a function of U/t

and V/t we see that for small interaction energy, the S = % state is the ground
state of the system. As we increase U, we notice that there is a crossing between
the S = % and the S = % states leading to S = % being the new ground state, as
shown in figure 12. When looking outside of realistic conditions (V' > U), we can

see a double crossing of the ground state (figure 13.), where due to a high value of

to S = 2, however as V/t

U the ground state of the system changes from S = %

increases S = % again becomes the ground state. This is due to a change of the
ground state of S = % from its initial ground state to one of its excited states due
to the increase of interaction energy. This change of ground state is accompanied

with a shift in the total angular momentum of the system from % to 0 (figure 13.).

4 Optical Properties of the Artificial Benzene Ring

4.1 Dipole Approximation and Fermi’s Golden Rule

For absorption of light by the ABR we use Fermi’s golden rule. This is used
for calculating the transition rate from the lowest energy eigenstate to excited,

higher energy eigenstates due to the absorption of a photon, which we take as a
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Figure 12: Three electron case: a) Ground state versus change of U/t, with V =

3. b) Ground state versus change of V/t, with U = 5.
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Figure 13: Three electron case with U = 5: a) Ground state versus change of V/t
with V being greater than U (hence unrealistic situation). b) Ground state versus

change of V/t close up where we can see a double crossing of the ground states.
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perturbation.

Toss(w) = 3 (1 1GS)| 8 (B — Bas —w) (43)
f

Here I5sr is the intensity of the transition from the groundstate to a final excited

state. P is the polarization operator given by:

=D d(p.9) by, b (44)

pgo

where p and ¢ are Fourier basis states. The dipole moment d(p, q) is defined by *°:

d(p,q) = (p|"-7|q) = ZZA ile-rlj) (45)
i=1 j=1
where the coefficients A7 ; and A, ; are the Fourier transform coefficients. We next

solve for the dipole element, (i| £~ 7|j), by evaluating it in the basis of localized

orbitals 1(7 — R;). We have:
-7l == [ dro (7= R) o (7~ ) (46)

Replacing 7 — 7+ ﬁ,-,

My
Q.
R
<
*
—~
=y
~—F
—
=
+
oot
NP
<
N
=l
|
—~
oL
|
o]l
N—
N———
—
e
\]
SN—

(l2-7l7) =
Ql2-7li) =

oy

. / Ay (7)) (7 = (R; - )
B, / dip* (P (F— (R, — Z-)) . (48)

+
My
L

Using the orthogonality of the orbitals, and using our constraint for nearest neigh-

bor interactions only, we get our dipole interactions between p, orbitals as*’

(i|&-7|j) = D& (R;— Ri)ouj +&- Ridij , (49)



where D = ’f drot (7)o, (F— ﬁ<ij>>‘ = 0.3433 in units of nearest neighbor dis-
tance, where ¢, is the three dimensional Slater p, orbital that we exchanged for
our state .

Following Ozfidan®®, we rotate out of on-site notation into the molecular orbital

notation through Fourier transformation:

1<
q) = %;6 Vg) . (50)

We will consider circularly polarized light, therefore we use e where: &% - R, =

|R| e*1%™ and so:

5 5
. 1 i 1 S o
(pl&x-7lg) = %Ze v %Zem (il & - 7lj) (51)

(|- 7lg) = -zze o) [p|R| (=151 - ) o,

=0 7=0

+ |R| eﬂ%ﬂiéij] . (52)

We next limit the summation to only nearest neighbors, which forces ¢+ = j + 1,

and we simplify:

(plex-7lq) = ’R‘Ze“ p£5) [1+2D <cos ((p:l: 3)) — cos (p))} . (53)

7=0

This summation is only nonzero for p=q+ %

(p|€x - 7|q) = |R| [1 +2D <cos ((pj: g)) — cos (p))} J (q —p+ g) . (b4)

<p|5i-77!q>=0-5<q—pig>- (55)
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C' is a constant in front of the selection rules 0. Therefore we now have selection

rules in the dipole allowed transitions during the absorption of a photon.

4.2 Simplified Model of Absorption Spectrum Without In-
teractions
4.2.1 Lowest Energy Excitations for Half Filled ABR

To start we look at a simplified case to be able to develop some intuition. We
do this by looking at the eight lowest excitations available from the ground state
of our half filled case with interactions turned off (figure 14.). The first two
configurations of each row of excited states are dark states because the electron
is moved within the same rotational subspace with a change in total angular
momentum of 7, whereas the dipole allowed excitations have a change in angular
momentum of Z. This gives us a total of four bright states and four dark ones

when the electron-electron interactions are turned off.

4.2.2 Singlet and Triplet Excitons

To solve for the optical spectra we generate configurations by exciting spin-down

and spin-up electrons, |A,) and |B,), respectively shown in figure 14.

1st class 2nd class

[Ar) = [bi b3 b3 )by b3 b3,),  [Br) = [by 03 b5 )by b3,05))

1,02, 03, 1,92, 95,
As) = [bf b5 b b3 bi ), IBa) = [bi b b )|bi b b )
[Az) = [by b3 03 ) [bf b3, 01 ), [Bs) = [bY by by |0y b3 05))
Ag) = IO bbb b ), [Ba) = [bibd b3 )b b b )
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Figure 14: The lowest energy excitations from the ground state of neutral ABR.
Polarization 1 and 2 are left circularly polarized light and right circularly polarized

light respectively.

To find the absorption intensity we compare each of these above configurations
with each other, requiring the movement of one electron to be identical. Those
with one electron differences between configurations contribute non zero elements
to the 8x8 dipole matrix by using equation (54), which compares the different
electron states to see if the movement of the electron is valid in creating a dipole,
and gives a relative intensity between those configurations. Let us consider an
electron being excited from the ground state, i.e., |GS) = [142:3;1,2,3,), to the
excited state |A;). Here the electron moves from an energy level with angular
momentum % to one with _TZW According to our selection rules in equation (54),
this will result in a dipole element of zero. Next let us consider an excitation
to |Asz), where the electron moves from an energy level with angular momentum
3 to one with %’r This is an allowed transition according to the selection rules,

therefore we evaluate the dipole matrix element.
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Z> — |R| {1+2D(cos((7r))

- cos(%”))]é (g - 2?” + g) , (56)

Z> — 1+2D(~1+0.5), (57)

= 0.656476 . (58)

This method is used to fill our dipole matrix; we can then use equation (43)
to find all of the intensities of transitions from the ground state to the excited
states. Turning Coulomb interactions on, we have a mixing of configurations.
This mixing creates singlets and triplets out of the different configurations, i.e.,
\/lﬁ (]A1> + ]Bl)) Only singlets are optically active. Now that we have a good

idea of how the simple case works we can expand to the full system.

4.3 Charge Neutral Optical Case

For the half filled case we looked at the S = % state, this is due to this spin
state being the ground state for the six electron case. For small interactions it
can be seen (figure 15 left.), that the simplified model, section 4.2, is a good
approximation as we only expected a single peak in each polarization and this
is indeed what we observe at low U. As the interaction energy U is increased
we observe the creation of Hubbard bands (figure 15 right.), which represent the
amount of doubly occupied dots in the system. These bands have a separation

from each other that is based on the interaction energy U, since it costs more

energy to doubly occupy a dot.
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Figure 15: Absorption spectrum of charge neutral ABR, with V = 0: Absorption
spectrum for values of U ranging from 1 to 100, we have the intensities and the

energy levels side by side to show which are bright.

4.4 Charged Optical Case
4.4.1 S=5/2 Case

We then look at the charged ABR case. For the spin 5/2 case we have the same
result as for the simplified case, i.e., we have one intensity peak in each polariza-

tion.

4.4.2 S=3/2 Case

For the 3/2 case we have, as in the six electron case, a splitting into Hubbard

bands.

38



0.8 T T T T T T T 0.8
I U=40
06 g 06
04 - 04
02 ‘ ll 4 02
0.0 ll L ! L L L L 1 0.0
I U=30
06 g 06
04 g 04
o
2 ome I. L L L L l 1 - L [ )
2 I U-20 5
L o072 4 > 072
= 2
048 4 T 048
a
024 I“ p 024
N | | || | oo
I u=10
081 E 081
054 4 054
027 “ I_ i 027
ooo LUl ow .i | 0.00 L
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
Energy (1 Energy (1)
a)
0 1 2 3 4 5 10 15 20 25 30 35 40 45 50
0.8 T T T 0.8 T T T T T
U=40 U=40
06} i 06} ]
04} p 04t ]
02 p 02} ll i
00 0.0 . . L . L
U=30 U=30
06 H p 06 ]
04 H p 04} i
02 p 02} I_“l p
2 ome 2 ome L L | LR L
g U=20 g U=20
£ on2p p £ on2p p
048 | E 048 | E
024 i 024 [ || p
oo ool bl oo
U=10 U=10
081 F p 081 F ]
054 [ p 054 [ ]
027 | J p oz7-| p
000 . . I N oollbdbe oo v v
0 1 2 3 4 5 10 15 20 25 30 35 40 45 50

Energy (1 Energy (1 b)

Figure 16: Absorption spectrum of charged ABR, S = 3/2, with V = 0: a)
Absorption spectrum for values of U ranging from 10 to 40, we have the intensities
and the energy levels side by side to show which are bright. b) Magnified look at

two of the lowest Hubbard bands.
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4.4.3 Change of Ground State

However, a difference becomes visible when we look closer at the individual bands
(figure 16b.), there seems to be a regime change between U/t = 30 and U/t = 40,
which can be seen by the bright excitations not occupying the same energies above
U/t = 30 as for lower values of U/t. To get a better idea of where this change
is coming from and what is causing it we look at the change of ground state
and excited state energies with respect to changes in U/t (figure 17a.). Looking
closer at the two lowest energy states (figure 17b.), we can see a definite crossing
of ground states from a total angular momentum of 27/3 to one of 7/3. It is
this change which accounts for the regime change that we observe in the optical

emission spectrum.

4.4.4 S=1/2 Case

Next we look at the total spin 1/2 case which is the actual ground state of the five
electron system for finite U. This case also allows the creation of Hubbard bands,
with an additional band to account for the added minority spin, as we can see in

figure 18a.

4.4.5 Change of Ground State

As in the 3/2 case, we notice a change of regime, and so we take a closer look
at the Hubbard bands (figure 18b.), the ground, and the excited state energies
(figure 19a.). We observe that this optical change results from a crossing of the

degenerate ground state with a non degenerate excited state (figure 19b.). This
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Figure 18: Absorption spectrum of charged ABR, S = 1/2, with V = 0: a)
Absorption spectrum for values of U ranging from 80 to 110, we have the intensities
and the energy levels side by side to show which are bright. b) Magnified look at

two of the lowest Hubbard bands.
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Figure 19: Five electron spin 1/2 case, with V = 0: a) Ground state and first five
excited energy levels changing with respect to U/t. b) Magnified portion of U/t
= 90 to 100 to show the crossing of an excited state with the ground state, the
dominant configurations for the states are shown, with the original ground state

on the left, and the new one on the right.
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crossing also results in a change of total angular momentum from 7/3 to 0.

5 Summary

To summarize, this thesis has presented a theory of the electronic and optical
properties of an ABR with up to six electrons. This structure was described by
the extended Hubbard model and was solved using exact diagonalization in real
and Fourier space using the configuration interaction method. We determined
that the ground states, the dominant configurations of the electrons at lowest
energy, for the three and the five electron case can be tuned both between their
excited states in the same total spin, and even the total spin ordering of the
system can be changed. In the charged case, we see an emergence of an artificial
gauge field when minority carriers were present. The total spin of the electron
configurations were resolved by S2 constructed bases, through the use of spin
currents, as well as numerically. The optical spectra of the charge neutral and
charged cases were explored and examined, both analytically in a simplified case
as well as numerically. For the N, = 5 cases we see how the ground states change

for high interactions through the change of the optical spectra.
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