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Abstract
Quantum computers hold the promise of solving computational problems that are
intractable for classical computers, by harnessing the principles of quantum mechanics.
However, quantum computations are highly susceptible to noise and decoherence,
which place strict limits on the size and depth of the circuits that can be reliably
executed on current hardware. Topological quantum computing (TQC) has emerged
as one of the promising approaches to building fault-tolerant quantum computers. The
key idea is to store quantum information in the global properties of a physical system,
making it naturally resilient to the local noise and errors that affect conventional qubits.
This thesis focuses on synthetic topological quantum matter, the physical platform on
which TQC is built, and investigates its electronic structure and topological properties.
We study the conditions under which these systems enter a topological phase and host
Majorana zero modes (MZMs), exotic zero-energy quasiparticles that appear at the
boundaries of the system. MZMs are the key building block of TQC, as their quantum
mechanical properties allow them to encode and process quantum information in a way
that is protected from errors. We demonstrate the existence of MZMs in two canoni-
cal topological systems, the Kitaev chain and the semiconducting-superconducting
nanowire. To address the experimental challenge of detecting MZMs, we develop an
optical spectroscopy technique based on excitonic interactions, which provides clear
and measurable signatures of the topological phase. We also explore the variational
quantum eigensolver as a quantum algorithmic approach to approximating the ground-
state energy of the many-body spectrum of topological systems. Furthermore, we
discuss the practical setups for topological quantum matter and simulate them through
numerical analysis. Altogether, we present several theoretical and numerical methods
that can be used for numerical simulations and practical purposes of detecting MZMs
in topological quantum matter.
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Chapter 1

Introduction

1.1 The Quantum Computing Landscape

The idea of using quantum mechanical systems to perform computation was first pro-
posed by Feynman in 1982, who observed that classical computers face an exponential
overhead when simulating quantum systems, and that a computer operating according
to the laws of quantum mechanics could overcome this limitation [1]. This insight
gave rise to the field of quantum computing (QC), which has since grown into one of
the most active frontiers of modern physics and computer science [2].

A quantum computer operates on quantum bits, or qubits, which unlike their
classical counterparts can exist in a coherent superposition of the basis states |0⟩
and |1⟩ [2]. More generally, a register of N qubits can simultaneously represent a
superposition of all 2N computational basis states, giving access to an exponentially
large Hilbert space that a classical register of N bits can only traverse sequentially.
A quantum computer harnesses three fundamental quantum mechanical resources:
superposition, which enables parallel exploration of the state space; entanglement,
which generates correlations between qubits that have no classical analogue; and
unitary evolution, which manipulates these states through quantum gates, with the
final result extracted via classical measurement [2, 3].

The potential of this paradigm was made concrete by a series of landmark algo-
rithmic results. Shor’s factoring algorithm [4] demonstrated that a quantum computer
could break Rivest–Shamir–Adleman (RSA) encryption in polynomial time, a task be-
lieved to be classically intractable. Grover’s search algorithm [5] provided a quadratic
speedup for unstructured search problems. Perhaps most directly relevant to the physi-
cal sciences, quantum phase estimation and related algorithms provide the potential for
substantial speedups in simulating quantum many-body systems, with transformative
implications for quantum chemistry, materials design, and drug discovery [6, 7].

The pursuit of practical quantum advantage has driven rapid experimental progress
across a wide variety of physical platforms. These include superconducting transmon
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qubits [8], trapped ions [9], photonic circuits [10], spin qubits in semiconductor quantum
dots [11], and neutral atoms in optical tweezer arrays [12]. Each platform offers a
different balance between coherence time, gate fidelity, scalability, and connectivity.
Recent demonstrations of quantum processors with hundreds of qubits have begun
exploring computational regimes that challenge classical simulation [13].

Yet, the path from today’s noisy devices to a large-scale, programmable quantum
computers remain formidable. As quantum circuits scale to larger sizes, their per-
formance is increasingly limited by quantum decoherence, the inevitable leakage of
quantum information into environmental degrees of freedom, which collapses coherent
superpositions into classical mixtures on a timescale set by the system’s coherence
time [14, 15]. Beyond decoherence, practical systems suffer from imperfect gate opera-
tions [16], leakage to non-computational states [17], and crosstalk between qubits [18].
Collectively, these noise processes impose a hard limit on the depth of quantum circuits
that can be executed reliably, and therefore on the complexity of computations that
can be performed. We are presently in the Noisy Intermediate-Scale Quantum (NISQ)
era [13], a regime of devices with tens to hundreds of physical qubits that operate
without full quantum error correction, powerful enough to explore near-term appli-
cations but not yet capable of running the deep circuits required by transformative
algorithms such as Shor’s.

Overcoming these limitations requires fault-tolerant quantum computation, the
ability to perform arbitrarily long quantum computations in the presence of noise [19,
20]. Standard approaches to fault tolerance, such as the surface code [21], rely on
encoding a single logical qubit in many physical qubits and performing error detection
and correction at every step of the computation. While these schemes are in principle
scalable, their overhead is enormous. Estimates for practically useful algorithms
suggest the need for thousands of physical qubits per logical qubit at the error rates
achievable today [20]. This resource burden motivates the search for an alternative
paradigm, one in which qubits are intrinsically protected against local errors by the
laws of physics rather than by active correction.

1.2 The Problem of Fault-Tolerance

The concept of fault-tolerant quantum computation addresses a fundamental question:
can a quantum computer perform a reliable computation of arbitrary length, even when
every physical component is noisy [19, 22]? The answer, established by the quantum
threshold theorem [19, 22], is yes, provided that the noise affecting each physical
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operation falls below a critical threshold value. Below this threshold, errors can be
suppressed to arbitrarily low levels by encoding logical qubits redundantly across
many physical qubits and by performing error correction continuously throughout the
computation [2, 19, 22].

Classical computers have long employed error correction, a bit can be protected
simply by tripling it and taking a majority vote [23]. Quantum error correction is
considerably more subtle, for three reasons rooted in the laws of quantum mechanics [2].
First, quantum states cannot be copied: the no-cloning theorem forbids the duplication
of an unknown quantum state, ruling out the straightforward classical strategy [24].
Second, quantum errors are continuous; unlike a classical bit-flip, a qubit can suffer
an error of any magnitude and in any direction on the Bloch sphere [2]. Third, any
attempt to measure the state of a qubit to diagnose its errors will in general disturb
the very quantum information one is trying to protect [2]. The resolution to all
three obstacles lies in encoding quantum information non-locally across an entangled
register of physical qubits, measuring only collective stabilizer operators that reveal
the syndrome of any error without exposing the encoded information [2, 25].

Among the many quantum error-correcting codes that have been developed, the
surface code [21] stands out as the leading candidate for near-term fault-tolerant
hardware, owing to its high-threshold error rate (approximately 1% per gate) and
its requirement of only local, nearest-neighbour interactions on a two-dimensional
qubit array. The surface code and related topological stabilizer codes [26] achieve
their resilience by distributing logical information across the global topology of the
code, so that any local error affects only a correctable syndrome. Here, the Clifford
gates, generated by the Hadamard, phase, and CNOT gates, are those mapping the
Pauli group to itself under conjugation; by the Gottesman-Knill theorem, circuits
built solely from them can classically be simulated and hence not universal [2, 27]. A
non-Clifford gate, such as the T gate T = diag(1, eiπ/4), lies outside this group, and
adding one to the Clifford set suffices for universal quantum computation [2].

Fault-tolerant implementations of non-Clifford gates, which are necessary for
universal quantum computation [28], incur additional overhead through resource-
intensive procedures such as magic state distillation [29], further multiplying the
physical qubit count.

The combined effect of all these overheads is severe. The most recent resource
estimates indicate that factoring a cryptographically relevant 2048-bit RSA integer
with Shor’s algorithm would require on the order of one million noisy physical qubits
running for several days, and even this figure represents a roughly twenty-fold reduction
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in the estimated qubit count achieved between 2019 and 2025 through algorithmic
and error-correction improvements [30, 31]. Since current devices operate at the scale
of hundreds to a few thousand noisy physical qubits, a fully fault-tolerant quantum
computer capable of breaking real-world encryption remains far beyond the reach of
current hardware [31]. This sobering assessment has stimulated intense interest in
approaches that reduce or eliminate the need for active error correction by engineering
qubits that are passively protected against noise at the physical level [26, 32, 33].

The central idea behind passive protection is to encode quantum information not
in the fragile state of any single physical component, but in a global degree of freedom
of a many-body quantum system, one that is invisible to any local perturbation. If
the logical qubit is stored in a global property of the system that cannot be altered
by any local perturbation, then the dominant source of errors in realistic devices
is automatically suppressed, exponentially in the system size [26, 32]. This is the
operating principle of topological quantum computing; rather than correcting errors
after they occur, the encoding itself makes the logical qubit immune to them [26, 32,
34]. The physical systems capable of realizing this vision are topological phases of
matter [35, 36], and the exotic quasiparticles they host, non-Abelian anyons, serve as
the hardware for topologically protected qubits [26, 32, 34].

1.3 Topological Quantum Computing and Majo-
rana Zero Modes

Topological Phases of Matter and the Role of Geometry

The notion that quantum information could be stored in the global, topological prop-
erties of a many-body system was placed on a firm theoretical footing by Kitaev [26],
building on earlier ideas connecting topology and quantum statistics [37, 38]. The
key insight is that the dimensionality of space has profound consequences for how
quantum particles can behave. In two spatial dimensions, the topological properties of
particles are fundamentally richer than in three dimensions, giving rise to an entirely
new class of quantum particles called anyons, whose exchange properties have no
three-dimensional analogue [32, 38].

The central property of a topological phase of matter is that it harbours a ground
state degeneracy that is globally protected, meaning that the degenerate ground states
cannot be distinguished by any local measurement, and no local perturbation can
induce transitions between them [26, 32, 35]. This is in sharp contrast to conventional
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ordered phases, where the ground state is selected by local order parameters and is
readily perturbed by local noise. In a topological phase, quantum information encoded
in the degenerate ground state manifold is therefore intrinsically protected against
the local errors that plague conventional qubit architectures [26, 39].

Topological quantum computing exploits this structure directly [26, 34, 40]. Quan-
tum information is encoded in the ground-state space of a topological system hosting
a collection of exotic quasiparticles, and quantum gates are executed by adiabatically
exchanging or "braiding" pairs of these quasiparticles. The outcome of such a braiding
operation depends only on the topology of the exchange sequence. Gate errors due to
environmental noise are therefore exponentially suppressed in the ratio of the bulk
energy gap to the temperature [26, 32, 34]. The physical systems capable of realizing
this vision support non-Abelian quasiparticles [41, 42] whose braiding implements
non-trivial unitary operations on the ground-state manifold [32, 43], and these quasi-
particles serve as the hardware for topologically protected qubits [26, 33, 34]. The
most experimentally accessible and extensively studied candidates are Majorana zero
modes [44–47]. A Majorana fermion is a particle that is its own antiparticle, first
conceived by Ettore Majorana in 1937 as a real solution to the Dirac equation [48].
While fundamental Majorana fermions have not been observed in high-energy physics,
their condensed-matter analogues Majorana zero modes (MZMs) emerge as zero-energy
quasiparticle excitations localized at the boundaries of certain superconducting sys-
tems [44, 49, 50]. MZMs arise in pairs. Two spatially separated MZMs encode a single
non-local conventional fermion. The two degenerate ground states corresponding to
this fermion being empty or occupied differ in fermion parity but are otherwise identical
in energy [32, 50]. This non-local encoding is the source of the topological protection.
Any local perturbation couples only to one of the two MZMs at a time, and because
a single Majorana operator cannot change the fermion parity of the state, it cannot
induce transitions between the ground states [33, 50]. The energy splitting between
the two ground states is exponentially small in the separation between the two MZMs
divided by the superconducting coherence length, vanishing in the thermodynamic
limit [46, 50]. This means that in a sufficiently long wire, the two ground states are
effectively degenerate, and the topological qubit encoded in them is well protected
against any local source of noise or decoherence. This degeneracy, however, is only one
of the two ingredients required for protection. The ground-state manifold is separated
from all excited states by a finite topological gap Egap, defined as the minimum energy
needed to create a bulk quasiparticle excitation above the manifold. The two re-
quirements are complementary: the exponentially small ground-state splitting ensures
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that local operators cannot mix the two qubit states, while the finite topological gap
ensures that no local perturbation or thermal fluctuation with energy below Egap can
excite the system out of the ground-state manifold. The encoded qubit is therefore
isolated both from itself, by the exponentially small splitting, and from the rest of
the spectrum, by the topological gap with residual errors suppressed exponentially in
the ratio Egap/kBT [26, 32, 34]. For the systems studied in this thesis, Egap is of the
order of the induced superconducting gap, typically ∼ 0.1 meV (∼ 1 K), so that at
the millikelvin operating temperatures of dilution refrigerators this ratio is large.

Several properties make MZMs uniquely attractive as a platform for TQC. Their
topological protection is intrinsic, i.e, the non-local fermionic qubit formed by a pair
of MZMs is strongly protected against local perturbations, since no local operator can
distinguish the two ground states [32, 50]. MZMs are predicted to arise in a variety of
solid-state systems that can be engineered and controlled in the laboratory, providing
a realistic experimental target. Their zero-energy pinning inside the bulk gap produces
distinctive, detectable signatures in spectroscopic and transport measurements [51–53],
giving a clear route to experimental verification. These properties have made the
search for and manipulation of MZMs one of the most active areas in condensed matter
physics over the past two decades [46, 47, 54], and they provide the central motivation
for the theoretical and numerical investigations that constitute this thesis.

1.4 Physical Platforms for Majorana Zero Modes

The theoretical prediction of MZMs in condensed matter systems has motivated an
extensive experimental effort to engineer and detect them in the laboratory [44–46,
49, 50]. The common ingredient across all platforms is topological superconductivity,
a phase of matter in which the superconducting pairing has a non-trivial topological
character, giving rise to a bulk energy gap and protected zero-energy modes at the
boundaries [49, 50, 55]. While intrinsic topological superconductors are rare in nature,
a key insight that has driven the field is that topological superconductivity can be
engineered by combining conventional materials, ordinary superconductors, semicon-
ductors, magnets, and topological insulators in carefully designed heterostructures [56–
58].
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The Kitaev Chain

The conceptual starting point for all MZM platforms is the Kitaev chain, a theoretical
model proposed by Kitaev in 2001 [50]. It describes a one-dimensional wire of spinless
electrons coupled by spinless p-wave superconducting pairing between neighbouring
sites. In a certain regime of parameters, this simple model enters a topological phase
in which an unpaired Majorana is localized at each end of the wire, while the bulk
of the chain remains fully gapped. Despite its simplicity, the Kitaev chain captures
the essential physics of topological superconductivity and serves as the theoretical
benchmark against which all more realistic platforms are measured [33, 44, 45, 50].

The practical obstacle to directly realizing the Kitaev chain is that p-wave super-
conductivity does not occur naturally in most materials. For more than two decades,
Sr2RuO4 was the leading candidate intrinsic chiral p-wave superconductor [59]. How-
ever, recent 17O nuclear magnetic resonance measurements have observed a pronounced
drop in the spin susceptibility below Tc [60], incompatible with the odd-parity (triplet)
pairing required for a p-wave state, and subsequent work has placed constraints tight
enough to exclude essentially all pure p-wave order parameters [61]. While the precise
pairing symmetry of Sr2RuO4 remains unresolved, it is now widely regarded as unlikely
to be a p-wave superconductor. The scarcity of robust intrinsic p-wave supercon-
ductivity, even in its most intensively studied candidate, motivates the engineered
(synthetic) route to topological superconductivity described below.

Semiconductor-Superconductor Nanowires

The most extensively studied experimental platform is the semiconducting-superconducting
(SM-SC) nanowire, proposed independently by Lutchyn et al. [57] and Oreg et al. [58]
in 2010. In a conventional s-wave superconductor, the most common type, in which
electrons with opposite spins pair up to form Cooper pairs, the pairing is topologically
trivial and does not support MZMs [62]. What is needed instead is p-wave supercon-
ductivity, in which electrons of the same spin pair up, giving rise to a topologically
non-trivial pairing that can host MZMs [49, 50]. While intrinsic p-wave superconduc-
tors are rare and difficult to work with, the key insight of Lutchyn et al. and Oreg
et al. is that p-wave-like pairing can be engineered by placing an ordinary s-wave
superconductor in close proximity to a semiconductor nanowire with strong spin-orbit
coupling and subjecting it to a magnetic field [57, 58]. The spin-orbit coupling mixes
spin-up and spin-down electrons, while the magnetic field lifts their degeneracy through
the Zeeman effect. Together, these two ingredients effectively transform the s-wave
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pairing of the superconductor into p-wave-like pairing in the nanowire through the
superconducting proximity effect. When the magnetic field exceeds a critical value,
the system undergoes a topological phase transition and MZMs appear at the two
ends of the nanowire [44, 57, 58].

This proposal triggered a wave of experimental activity. The first reported sig-
natures of MZMs came from the Kouwenhoven group at Delft in 2012, using InSb
nanowires coupled to a NbTiN superconductor [52]. The experiment observed a zero-
bias conductance peak in tunnelling spectroscopy, a hallmark of a zero-energy bound
state at the wire’s end that emerged when the magnetic field exceeded the predicted
topological threshold. These early measurements reported zero-bias conductance peaks
consistent with Majorana zero modes, but did not constitute unambiguous proof. Sub-
sequent experiments on similar InAs and InSb nanowire devices reported increasingly
robust zero-bias peaks [63], and more recently, near-quantized conductance values
consistent with theoretical predictions for MZMs [47]. Proposals [64] and experimental
realizations of minimal Kitaev chains assembled from just two quantum dots coupled
by a superconductor have further advanced the field [64, 65]. However, a later claim
of quantized Majorana conductance was retracted in 2021 after inconsistencies were
identified in the data analysis [66], and it is now widely recognized that a zero-bias
peak alone is not a definitive signature, since trivial Andreev bound states can produce
strikingly similar features. This experience underscores the need for complementary
and more discriminating detection strategies, which forms part of the motivation for
the present thesis.

1.5 The Many-Body Problem and Zero Mode De-
tection

The theoretical and numerical study of topological systems hosting MZMs presents two
fundamental challenges that run throughout this thesis. The first is computational in
nature: topological superconductors are interacting quantum many-body systems, and
simulating them exactly becomes rapidly intractable as the system size grows [67–69].
This intractability is a fundamental consequence of quantum mechanics; the dimension
of the Hilbert space grows exponentially with the number of particles, making an exact
description computationally expensive [2]. The second is experimental. Even once a
topological phase has been identified theoretically, detecting its hallmark MZMs in a
real device is far from straightforward [46, 47, 53, 70]. We discuss each challenge in
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turn.

The Many-Body Problem

A quantum system of N interacting particles is described by a wave function that
lives in a Hilbert space whose dimension grows exponentially with N [2, 69, 71]. For
a chain of N fermionic sites, each of which can be occupied or empty, the number
of independent quantum states is 2N . Even for a modest chain of N = 50 sites,
this already exceeds 1015 states, far beyond what can be stored or manipulated on
any classical computer [2, 67]. This exponential wall is the central obstacle in the
theoretical study of quantum many-body systems [67, 68], and it is not merely a
limitation of current hardware, but it is a fundamental consequence of quantum
mechanics itself [1, 2].

In the context of topological systems, this challenge manifests in several ways.
Computing the energy spectrum of a topological chain, which is essential for identifying
the topological phase and detecting the zero-energy regime requires diagonalizing a
Hamiltonian matrix whose size grows exponentially with the chain length [67, 72, 73].

The system size and the visibility of topological features are among the factors
that contribute to the choice of the numerical method throughout this thesis. A key
message that emerges from our calculations is that the choice of numerical method
must be carefully matched to the physical regime of interest.

The Detection of Majorana Zero Modes

A second and equally important problem is how to detect MZMs in an experiment.
The difficulty stems from the property that makes MZMs attractive for quantum
computing, which is their non-local character [32, 33, 50]. Because the quantum
information stored in a pair of MZMs is distributed across the entire system, no
single local measurement can directly reveal it [32, 50]. Instead, one must rely on
indirect signatures such as observable quantities that are sensitive to the presence
of zero-energy boundary modes, and which can be calculated theoretically and then
compared with experiment [45, 46, 53, 74].

The most widely used experimental probe to date is tunnelling spectroscopy.
It is based on measuring the differential conductance at the end of a nanowire as
a function of bias voltage. A MZM localized at the wire ends produces a sharp
peak in the conductance at zero bias voltage, the so-called zero-bias peak, because
it provides a resonant channel for electrons to tunnel into the superconductor via
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Andreev reflection [51, 52]. In the ideal limit of a perfectly separated MZM, this
peak is predicted to be quantized [51]. This signature has been observed in numerous
experiments [47, 52, 63], and has been widely interpreted as evidence for MZMs.

However, as discussed in the previous section, a zero-bias peak is not uniquely
diagnostic of a topological MZM. Trivial subgap states such as Andreev bound states,
which can form near the wire ends due to disorder or smooth confinement potentials,
produce strikingly similar conductance features [46, 53]. Distinguishing between
the two cases is experimentally demanding and has been the source of considerable
controversy in the field [47, 70]. What is needed are additional theoretical tools that go
beyond the zero-bias peak and provide complementary, more discriminating signatures
of the topological phase [33, 46, 47, 53, 70].

This thesis contributes to this effort in two directions. The first is the development
of an optical detection scheme based on excitonic spectroscopy. It works by adding an
electron-hole pair to the topological system and studying the resulting absorption spec-
trum. We show that MZMs created by photon absorption leave distinctive fingerprints
in the optical response of the system, including characteristic peak splittings and
edge-localized intensity patterns that are directly accessible in optical measurements
on InAsP quantum dot nanowires [75]. The second is the calculation of the local
spectral function of the semiconducting-superconducting nanowire, which provides a
spatially resolved map of the low-energy quasiparticle excitations and reveals the edge
localization of the zero-energy mode in a manner directly analogous to the zero-bias
conductance peaks sought in tunnelling experiments [76].

1.6 Thesis Contributions and Outline

The contents of this thesis are based on research published in peer-reviewed journals
and a manuscript currently under peer review. A list of manuscripts related to this
thesis is:

1. M. Mohseni, H. Allami, D. Miravet, D. J. Gayowsky, M. Korkusinski, and P.
Hawrylak, “Majorana Excitons in a Kitaev Chain of Semiconductor Quantum
Dots in a Nanowire,” Nanomaterials, vol. 13, no. 16, p. 2293, 2023. [75]

2. M. Mohseni, I. Cunha, D. Miravet, A. Wania Rodrigues, H. Allami, I. Assi, M.
Korkusinski, and P. Hawrylak, “Designing Majorana Quasiparticles in InAsP
Quantum Dots in InP Nanowires with Variational Quantum Eigenvalue Solver,”
physica status solidi (b), vol. 262, no. 7, p. 2400552, 2025. [77]
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3. M. Islam, M. Mohseni, I. Assi, D. Miravet, and P. Hawrylak, “Majorana
Fermions in Spin Up and Down Electronic Complexes in Spin-Orbit Coupled
Array of Semiconductor Quantum Dots in Proximity to s-type Superconductor
and in Magnetic Field,” arXiv preprint, arXiv:2601.14527, 2026. [76]

Figures 4.3, 4.4, 6.1, 6.3, 6.4, 6.5, 6.6, 6.7, 6.12, 6.13, 6.14, 7.1, 7.3, 7.4, and 7.8
are reused from the publications.

After reviewing the basics of topological quantum computing in Chapter 2, we
provide a self-contained development of the methods employed throughout the thesis
in Chapter 3. We introduce the configuration interaction approach, illustrated on
spinless and spinful tight-binding chains. We develop the Hartree-Fock mean-field
approximation as a computationally efficient complement to exact methods. We then
present the variational quantum eigensolver in detail, including the Jordan-Wigner
transformation that maps fermionic Hamiltonians onto spin operators, the construction
of physically motivated variational ansätze, and the classical optimization strategies
used to minimize the energy. Finally, we introduce the density matrix renormalization
group and its formulation in terms of matrix product states, which underpins our
treatment of longer chains in later chapters.

Our first main contribution concerns the Kitaev chain and its topological properties.
In Chapter 4, we establish an exact analytical and numerical characterization of the
Kitaev model by working in the Majorana and bond fermion representations. We show
that a bond fermion transformation diagonalizes the Kitaev Hamiltonian exactly in
the topological regime, making the non-local character of the zero modes transparent
and providing an analytical benchmark for all subsequent numerical work. Through
exact diagonalization, we compute the full energy spectrum of the chain as a function
of the Hamiltonian parameters and demonstrate the emergence of zero-energy states
as the system is tuned across the topological phase transition. We complement this
with a probability density analysis that directly visualizes the spatial localization of
the MZMs at the chain ends in the topological phase. This exact solution identifies
the topological phase, and explains why MZMs are robust against local perturbations.

Chapter 5 extends the analysis to the semiconducting-superconducting nanowire.
Starting from the Bogoliubov-de-Gennes (BdG) Hamiltonian for a semiconductor
nanowire with spin-orbit coupling and Zeeman splitting in proximity to an s-wave
superconductor, we carry out a systematic study of the band structure of this system.
We examine the effects of each physical ingredient, the Zeeman field, spin-orbit coupling,
and superconducting pairing on the band structure and spin texture of the nanowire,
and show how their interplay drives the system through a topological phase transition.
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We identify the precise condition on the Hamiltonian parameters under which the
gap closes and reopens in a topologically non-trivial fashion, and demonstrate the
emergence of MZMs in the open-boundary spectrum. This analysis establishes a clear
and quantitative connection between the microscopic parameters of the device and
the topological phase diagram, which is essential for guiding experimental efforts.

In the first part of Chapter 6, we introduce the optical detection scheme based on
optical spectroscopy [75]. We model an InAsP quantum dot nanowire in proximity
to a p-wave superconductor and add an excitonic interaction to the Kitaev chain
by coupling a mobile or localized hole to the electronic degrees of freedom. Using
exact diagonalization in the bond fermion representation, we calculate the absorption
spectrum of this interacting system. We show the characteristic peak splittings and
edge-localized intensity patterns that are qualitatively distinct from the response of
the trivial phase and are related to MZMs. For the case of a localized hole we derive
an analytical solution for the absorption spectrum that is valid for chains of arbitrary
length, enabling the results to be directly compared with optical measurements without
requiring large-scale numerical simulations. This work introduces optical spectroscopy
as a new tool in the MZM detection toolkit.

The second part of Chapter 6 addresses the question of whether near-term quantum
computers can be used to simulate topological phases of matter. We apply the
variational quantum eigensolver to the Kitaev chain, constructing symmetry-adapted
variational ansätze that respect the parity structure of the Hamiltonian and are
therefore capable of correctly capturing the ground-state degeneracy of the topological
phase [77]. We benchmark four ansätze including physically motivated and hardware-
efficient designs against the exact solution, demonstrating that a suitably constructed
VQE reliably reproduces the ground-state energy throughout the topological phase.
We further map out the performance of each ansatz across the topological phase
diagram, identifying the parameter regimes where each approach is most effective.
This work establishes a concrete framework for quantum simulation of topological
matter on near-term quantum hardware, and points toward a route for extending
quantum algorithmic methods to experimentally relevant topological platforms.

Chapter 7 returns to the SM-SC nanowire and develops a comprehensive numerical
analysis of its many-body spectrum [76]. We begin with exact diagonalization of
short chains and demonstrate the emergence of near-degenerate even and odd parity
ground states in the topological regime, a direct signature of the MZMs. We then
address the finite-size limitation of exact diagonalization by employing density matrix
renormalization group (DMRG) to study longer chains, and perform a finite-size
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scaling analysis of the parity splitting that reveals the minimum chain length required
for the topological features to become clearly visible. We introduce an exact analytical
mapping between the SM-SC model and a pair of coupled Kitaev chains, which
makes the connection between the two topological platforms explicit and provides an
analytical handle on the conditions required for MZMs to form. Using this mapping,
we calculate the local spectral function of the system by exact diagonalization, and
show that it displays a sharp low-energy peak exclusively at the chain boundaries,
which is a direct numerical counterpart of the zero-bias conductance peaks sought in
tunnelling experiments, and a spatially resolved confirmation of the edge localization
of the MZMs.

Taken together, the contributions of this thesis advance the field of topological
quantum matter in three interconnected directions. First, we provide exact analytical
and numerical benchmarks for two canonical MZM platforms, the Kitaev chain and
the SM-SC nanowire that clarify the conditions for topological behaviour and establish
reliable reference points for future theoretical and experimental work. Second, we
introduce and develop two new detection strategies for MZMs, optical excitonic
spectroscopy and the local spectral function that go beyond the standard zero-bias
peak and bring the theoretical analysis into direct contact with experiment. Third,
we demonstrate that hybrid quantum-classical algorithms are capable of correctly
capturing the topological ground state of the Kitaev chain, opening a concrete path
toward quantum simulation of topological phases on near-term quantum hardware.
Together, these results lower the barrier between theoretical models of topological
matter and the experimental and computational tools available to probe them.
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Chapter 2

Topological Quantum Computing
In this chapter, we introduce topological quantum computing (TQC) with non-abelian
anyons, quasiparticles that are generalizations of bosons and fermions [26, 32]. TQC
is considered as a promising fault-tolerant version of quantum computing (QC) [34].
This is done through storing the information in the geometrical features of the system,
which are robust against local errors. We begin by discussing the limitations of QC,
then defining the basics of anyons and their statistics [32, 34]. We then show how
non-Abelian anyons are used for TQC. Next, we introduce a promising candidate for
realizing non-Abelian anyons: Majorana zero modes (MZM)s [54, 78]. We conclude
the chapter by giving examples of systems that host MZMs [32, 79]. These will serve
as motivation for all the work that follows.

2.1 Motivation and Limitations of Quantum Com-
puting

The ultimate goal of QC is to build a real-world quantum computer with, for example,
a few million logical quantum bits (qubits) to provide us with capabilities to solve
computationally challenging tasks, such as simulating quantum systems for chemistry
and material science [26, 80]. A quantum computer, in principle, uses the quantum
mechanical resources of linear superposition, unitary evolution, and the exponentially
large Hilbert space of the entangled and non-entangled states; however the final
read-out process is still a classical measurement [3, 20].

When scaling up to larger scales, many problems appear, such as interconnectivity,
leaking, and most importantly, quantum decoherence: a physical system will remain
in a coherent superposition of states only for a finite and short coherence time
(compared to the quantum gates operation time) [14, 81]. Any interaction with the
rest of the world or any measurement that leads phenomena such as wavefunction
collapse will decohere the system [2, 15, 82]. Apart from decoherence, there are also
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coherent sources of error such as leakage error [17] and crosstalk error [18], to name a
few. This leads to the concept of quantum error correction, or fault-tolerant
quantum computation. Error correction looks to detect and correct both coherent
and decoherent sources of error [19]. In other words, quantum decoherence is the noise
in quantum computation and error correction minimizes or eliminates the noise in the
computer [19, 83–85] . On the other hand, there exists other alternatives, which do
not try to make the system noiseless, but instead, they make it immune to the usual
sources of quantum decoherence. One of these approaches is topological quantum
computation [32, 86, 87] . In TQC, quantum decoherence becomes irrelevant due to
the globally robust topological nature of the computation.

As proposed by Alexi Kitaev in 2003, if a physical system has topological degrees
of freedom that are insensitive to local perturbations, then information contained in
those degrees of freedom would be intrinsically protected against errors caused by
local interactions with the environment [26]. The topological degrees of freedom refer
to the fundamental, irreducible components of a system that cannot be continuously
altered or eliminated while preserving the system’s essential topological structure [39] .
Most physical systems have local degrees of freedom that react to local perturbations
[88] . Take the famous 2-level spin quantum system used to represent the so-called
qubit [11] , in particular, the spin-up |↑⟩ and spin-down |↓⟩ states of an electron in a
magnetic field. Any variation in the local magnetic field B(t) alters the Zeeman energy
splitting between these two states, thereby changing the relative phase between them.

The qubit is defined as:

|0⟩ ≡ |↑⟩ , |1⟩ ≡ |↓⟩ . (2.1)

The Hamiltonian for a spin-1
2 particle in a magnetic field is given by

H = −γ S ·B, (2.2)

where γ is the gyromagnetic ratio and S is the vector of spin operators. Fluctuations
or inhomogeneities in the magnetic field lead to changes in the Zeeman splitting, which
will be given by ∆E = ℏγBz if we take the magnetic field along z-axis. This in turn
modifies the relative phase between the two spin states in the superposition

|ψ(t)⟩ = c↑e
−iω↑t |↑⟩+ c↓e

−iω↓t |↓⟩ , (2.3)

with ω↑ − ω↓ = γBz. Such variations cause dephasing in the qubit’s superposition,
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representing a key source of decoherence in spin-based quantum systems [11]. So
at first sight the TQC solution does not sound too realistic until we recall that
condensed phases of matter do exist that are insensitive to local perturbations that
are called "topological phases" that are topologically invariant at low temperatures.
A topological phase is a gapped quantum phase of matter whose long wavelength,
low-energy properties are invariant under any smooth local deformation that does
not close the bulk gap [35] . Illustratively, topological phases are special quantum
states of matter whose global properties remain unchanged even if you gently distort
the system, as long as you don’t cause a phase transition (i.e., close the energy gap
between the ground and excited states). “Gapped” means there’s a finite energy gap
between the ground state and the first excited state:

Egap = E1 − E0 > 0 (2.4)

Because of this gap, low-energy excitations (with energy E ≪ Egap ) cannot easily
excite the system, so the system is stable. Moreover, long wavelength means the
system is being probed over large distances, much larger than the atomic spacing a of
your system. For a wavevector k,

λ = 2π
k
≫ a. (2.5)

Low energy excitations correspond to slow, collective modes of the system (not atomic
vibrations or microscopic fluctuations). At these scales, as the distance between two
particles (say fermions for instance) is changed by stretching the system, the other
fermions in the system will rearrange themselves so as to keep the energy unchanged.

2.2 Basics of Anyons and Braiding Statistics

2.2.1 Topology of 3+1 and 2+1 dimensional Spaces

In quantum mechanics, the statistical properties of identical particles are determined by
how their many-body wavefunction transforms under particle exchange [37] . Particles
in (3+1) spatial+time dimensional systems are categorized into two groups, namely
bosons and fermions. This essentially describes the two possible symmetries of a
many-body system wave function. Under the exchange of any two particles, the
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bosonic wave function remains symmetric,

ψ(r1, r2) = ψ(r2, r1), (2.6)

while that of fermions is anti-symmetric,

ψ(r1, r2) = −ψ(r2, r1). (2.7)

The symmetry of the wave function leads to many prominent features, such as the
Pauli principle, superfluidity, the metallic state, and Bose-Einstein condensation, to
name a few [89] . For bosons and fermions in three dimensions (3D), interchanging
twice corresponds to a 2π rotation of one particle around the other, since rotations
in 3D are topologically trivial (one can continuously deform a loop to a point). If
we denote each interchange by eiθ for θ being an arbitrary angle, the acquired phase
after interchanging twice becomes ei2θ = 1. This is topologically equivalent to the
case where none of the particles move at all, and the wave function remains unaltered
by two such interchanges of particles.

In the language of path integral, we consider all possible trajectories in (3+1)
dimensions that take N particles from initial positions R1, R2, ..., RN at time ti to
final positions R′

1, R
′
2, . . . , R

′
N at time tf . When the particles are distinguishable, all

trajectories can be continuously deformed into the trajectory in which the particles do
not move at all. However, when the particles are indistinguishable, the permutation
group SN will classify each trajectory [90]. The group SN contains all N ! possible
permutations of N identical particles, and each element of SN represents a distinct
way of exchanging particle positions, specifying how the initial positions are permuted
to obtain the final positions. In quantum mechanics, the representation of SN under
which the many-body wavefunction transforms determines the quantum statistics of
the particles: symmetric representations correspond to bosons, antisymmetric ones to
fermions [37, 38].

Now we focus on (2+1) dimensional systems. A particle loop that encircles another
particle in 2d cannot be deformed to a point without cutting through the other
particle. As a result, the trajectory of double interchange is nontrivial, and the system
does not necessarily come back to the same initial state. This is the basis of the
(2+1)d statistics, which is called "braiding statistics", and the particles that obey these
statistics are called "anyons" [32] . Let us denote the operation of exchanging particles
i and i + 1 with the operator σi, illustrated in Fig. 2.1.. By convention we choose
the exchange to be counterclockwise through the operator σi. These exchanges form
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1 · · · i i+1 · · · N
σi

time

Figure 2.1: The braid generator σi exchanges neighbouring particles i and i+ 1. Time
flows upward, so each line is the worldline of a particle. By convention σi denotes
the counterclockwise exchange; here strand i+1 passes over strand i. The inverse σ−1

i

corresponds to the opposite (clockwise) crossing, in which strand i+1 passes under.
In contrast to a transposition in the permutation group, a double exchange σ2

i leaves
both particles in their original positions but is a non-trivial braid that cannot be
undone in the plane, i.e. σ2

i ̸= 1.

the braid group BN , which differs fundamentally from the permutation group. For N
particles, the braid group is generated by σ1, σ2, . . . , σN−1 and obeys the relations

σiσj = σjσi for |i− j| > 1
σiσi+1σi = σi+1σiσi+1.

(2.8)

Unlike the permutation group, σ2
i ̸= 1, allowing more general representations [80, 91].

2.2.2 Abelian and non-Abelian Anyons

There are two categories of anyons, Abelian and non-Abelian. For Abelian anyons,
the effect of an exchange is a global phase θ [32]. When two anyons are exchanged,
the wavefunction transforms as

ψ(r1, r2)→ eiθψ(r2, r1). (2.9)

Performing the exchange twice gives

ψ(r1, r2)→ e2iθψ(r1, r2). (2.10)

Bosons correspond to θ = 0, fermions to θ = π, and anyons have 0 < θ < π [38] .
In general, the topological interaction between anyons of different types a and b is
encoded by mutual statistics θab, the phase acquired when anyon of type a encircles
anyon of type b. These phases define the statistics and can be fractional, which
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underpins phenomena like the fractional quantum Hall effect [92].
In addition to Abelian anyons, there exist non-Abelian anyons whose exchange op-

erations correspond to non-commuting unitary transformations acting on a degenerate
ground-state manifold. In such systems, the many-body wavefunction does not simply
pick up a scalar phase eiθ upon particle exchange; instead, the system’s state vector is
rotated within a multidimensional Hilbert space that depends on the braiding history
of the particles. Consequently, successive exchanges of non-Abelian anyons do not,
in general, commute, giving rise to rich topological quantum statistics distinct from
both bosons, fermions, and Abelian anyons.

The presence of non-Abelian anyons implies that the ground state of the system
is degenerate. This degeneracy arises because different exchanges of anyons, known
as fusion channels, correspond to orthogonal ground states with identical energy, as
long as the particles remain spatially well separated and the bulk energy gap remains
open. Since no local operator can distinguish between these globally different fusion
outcomes, the degeneracy is intrinsically robust against local perturbations. The
collection of these degenerate ground states forms a finite-dimensional Hilbert space in
which the braiding operations are represented by unitary matrices and act as unitary
transformations [32, 41, 93].

Suppose there are g-fold degenerate ground states {ψα}gα=1 associated with a fixed
configuration of non-Abelian anyons. When the two neighbouring anyons at positions
i and i+1 are exchanged, the system remains in the degenerate ground-state manifold,
but the wavefunction undergoes a nontrivial unitary transformation described by

ψα −→
g∑

β=1
ρ(σi)αβ ψβ, (2.11)

where σi is the braid generator introduced above, which exchanges the anyons in
positions i and i + 1 (with i = 1, . . . , N − 1 for N anyons), and ρ(σi) ∈ U(g) is its
unitary representation. It is important to distinguish the two index families appearing
here: the positional index i specifies which adjacent pair of anyons is braided, whereas
the indices α, β = 1, . . . , g label the basis states of the g-fold degenerate ground-state
manifold on which the matrix ρ(σi) acts. The matrices ρ(σi) act on the g-dimensional
Hilbert space spanned by the degenerate ground states. Since ρ is a representation
(a group homomorphism) of the braid group BN , these matrices inherit the braid
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relations,

ρ(σi) ρ(σj) = ρ(σj) ρ(σi) for |i− j| > 1,
ρ(σi) ρ(σi+1) ρ(σi) = ρ(σi+1) ρ(σi) ρ(σi+1).

(2.12)

Physically, the set of all unitary operations that can be realised by adiabatically
braiding the N anyons is the image of the representation ρ, i.e. the subgroup of U(g)
generated by the braid matrices ρ(σi):

ρ(BN) =
〈
ρ(σ1), ρ(σ2), . . . , ρ(σN−1)

〉
⊆ U(g), (2.13)

that is, all unitary transformations obtainable by composing the elementary braids.
The explicit form of ρ(σi) (and hence U(g)) depends on the underlying topological
field theory that describes the anyons, such as SU(2)k Chern–Simons theory, the Ising
anyon model, or the Moore–Read state in the fractional quantum Hall effect [32, 41,
42]. In practice, these matrices are obtained by solving the consistency relations of
the braiding rules of the anyons, as we will illustrate in our examples.

Braiding operations do not commute in general

[ρ(σi), ρ(σj)] ̸= 0 for some i, j (2.14)

This non-commutativity is the signature of non-Abelian statistics and underlies
their potential use for topological quantum computing, where quantum gates are
implemented by physically braiding particles. Unlike Abelian anyons, whose braiding
results only in an overall phase factor and therefore cannot transform quantum
states within a degenerate manifold [13, 26, 32], non-Abelian anyons act as non-
commuting unitary operators on a topologically protected ground-state subspace. This
property allows braiding to implement robust quantum gates, with information encoded
nonlocally and thus intrinsically protected against local sources of decoherence [26,
32, 39].

2.2.3 Fusion Channels and Topological Charges

In systems hosting anyons, not only can particles be braided around one another,
but they can also be fused together. Fusion describes the process of adiabatically
bringing two anyons to within a separation much smaller than their distance to all
other anyons, so that the pair appears from outside as a single composite excitation
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with a definite total topological charge. The fusion rules describe the possible values
c of this combined charge when anyons of types a and b are fused. The outcome is
unique for Abelian anyons and generally multi-valued for non-Abelian anyons. This
behaviour is governed by fusion rules [32, 94, 95]. Fusion rules describe the possible
outcomes when two anyons of types a and b are brought together. Mathematically,
this is written as

a× b =
∑
c

N c
ab c, (2.15)

where:

• c labels all the possible resulting particle types,

• N c
ab ∈ Z≥0 counts how many times type c appears in the fusion of a and b.

If N c
ab = 0, then fusion into c is forbidden. If N c

ab > 1, the fusion space is degenerate
and spans multiple orthogonal states. A prototypical example of non-Abelian anyons
is the Ising anyon model, relevant to Majorana zero modes [32, 44, 50] (we will discuss
this in 2.4). This model includes three types of particles:

• 1: the vacuum (trivial particle),

• σ: the non-Abelian anyon (associated with Majorana zero modes),

• ψ: a fermionic excitation.

The fusion rules are
σ × σ = 1 + ψ

σ × ψ = σ

ψ × ψ = 1

(2.16)

These rules imply that fusing two σ-anyons may result in either the vacuum or
a fermion ψ. In section 2.2.4 we will illustrate the basics of topological quantum
computing with this model. It is important to note that these fusion rules are axioms
of the effective topological quantum field theory defining the Ising anyon model, rather
than properties derived from a microscopic system.

2.2.4 Fusion Spaces

When multiple anyons are present, the total fusion space becomes a high-dimensional
Hilbert space [32, 40]. The Ising fusion rules in Eq. (2.16) imply that each pair of σ
anyons can fuse either into the vacuum (1) or into the fermion (ψ) channel. When
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multiple anyons are present, the number of possible consistent fusion outcomes grows
exponentially with n, but the total topological charge constraint reduces the count by
one binary factor, yielding a Hilbert space of dimension 2n−1 [32, 43, 95]. Therefore,
for a system of 2n Ising anyons with their topological charged being constrained to
the vacuum sector 1, the dimension of the corresponding fusion space (or degenerate
ground-state manifold) is 2n−1. Each allowed fusion path defines a state in this space,
often visualized using fusion trees, where branching represents intermediate fusion
outcomes. A schematic representation of this process is shown below

σ1 σ2 σ3

σ

1 or ψ

Figure 2.2: Fusion tree for three Ising anyons. The figure is read from bottom to top.
The intermediate fusion channel between σ1 and σ2 can be either the vacuum 1 or the
fermion ψ, leading to a two-dimensional fusion space [94, 95].

Each anyon carries a topological charge, a label that defines the superselection
sector it belongs to. A superselection rule means that the topological charge commutes
with every local observable, so that all local operators are block-diagonal with respect
to these sectors [32, 42]. The statement that states of different topological charge
“cannot be coherently superposed” is thus an in-principle one rather than a practical
limitation: although such a superposition can be written down formally, no local oper-
ator possesses matrix elements between the two sectors, so the relative phase between
them is unobservable by any local measurement, and the superposition is physically
indistinguishable from an incoherent (classical) mixture. What singles out topological
charge is its non-locality, meaning that it cannot be created, altered, or detected by
any operator acting within a bounded region, but only by a non-local process such
as bringing in another anyon or braiding a test anyon around it. It is precisely this
requirement of non-locality that protects the quantum information encoded in the
topological charge from local noise, while still permitting its manipulation through
controlled non-local (braiding) operations. In systems with topological order, each
distinct type of anyon then defines a separate superselection sector, and the possible
charge combinations obey the system’s fusion rules.

The set of all topological charges in a theory forms a fusion algebra, which includes
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the vacuum as identity and is associative under fusion. Each topological charge a is
associated with a quantum dimension da, which characterizes how the dimension of the
fusion space grows as more anyons of type a are added to the system. Mathematically,
the quantum dimensions satisfy the fusion algebra constraint

dadb =
∑
c

N c
ab dc, (2.17)

where N c
ab are the fusion coefficients appearing in the rules a × b = ∑

cN
c

ab c.
Formally, if n identical anyons of type a are fused together, the total dimension of the
resulting Hilbert space scales asymptotically as dna for large n. For Abelian anyons,
the fusion outcome is unique, so da = 1. In contrast, non-Abelian anyons can fuse
in multiple distinct ways, leading to da > 1. The quantum dimension thus quantifies
the internal degrees of freedom associated with each anyon type and determines the
system’s total topological ground-state degeneracy on nontrivial manifolds For Abelian
anyons, da = 1. Applying this relation to the Ising fusion rules gives

d2
σ = d1 + dψ, dσdψ = dσ, d2

ψ = d1.

Since the vacuum 1 always has dimension d1 = 1, the second and third equations
imply dψ = 1. Substituting into the first equation yields

d2
σ = 1 + 1 = 2 ⇒ dσ =

√
2.

Therefore, the quantum dimensions for the Ising theory are

d1 = 1, dψ = 1, dσ =
√

2. (2.18)

These values indicate that the vacuum and the fermion ψ are Abelian particles (since
d = 1), while the non-Abelian anyon σ has a quantum dimension dσ =

√
2, reflecting

its two possible fusion outcomes and the resulting internal fusion-space degeneracy. A
non-integer quantum dimension may at first appear puzzling, since the Hilbert space
of any finite collection of anyons is necessarily of integer dimension. The resolution is
that da is not the dimension of a single anyon’s state space, but rather the asymptotic
rate at which the collective fusion-space dimension grows as anyons of type a are
added. For N such anyons, the dimension scales as dNa . For Abelian particles (d = 1)
this rate is unity, so no additional states are generated and no quantum information
can be stored. For the non-Abelian σ anyon, dσ =

√
2 means that each additional

23



σ multiplies the available Hilbert space by
√

2 asymptotically, so that a pair of σ
anyons contributes a two-dimensional space (one qubit). The non-integer value reflects
the fundamentally non-local character of this degeneracy: a single σ anyon does not
possess a well-defined state space of its own, and only collections of anyons do.

2.3 Topological Quantum Computing with Non-
Abelian Anyons

Topological quantum computing (TQC) leverages the exotic properties of non-Abelian
anyons to encode and manipulate quantum information in a way that is intrinsically
protected from local sources of noise, including local fluctuations in electric and
magnetic fields, lattice vibrations (phonons), charge impurities, or other forms of
environmental coupling that induce unwanted transitions or dephasing of the qubit
states [26, 32, 96]. This protection arises from the non-local nature of the topological
degrees of freedom associated with anyons. In TQC, qubits are encoded in the fusion
space of non-Abelian anyons. Consider the Ising anyons (σ) with their first fusion rule

σ × σ = 1 + ψ. (2.19)

A qubit can be encoded using four σ-anyons with total topological charge fixed to
the vacuum [26, 32] . The two basis states correspond to two distinct fusion paths,
that is, two possible sequences of intermediate fusion outcomes consistent with the
overall constraint of total topological charge being the vacuum. In a system of four
Ising anyons (σ1, σ2, σ3, σ4), one convenient choice of fusion path is to first fuse the
pair (σ1, σ2), and then combine the result with the remaining two anyons. The two
possible fusion outcomes of the first pair define the logical basis states:

|0⟩ ≡ (σ1 × σ2 → 1), |1⟩ ≡ (σ1 × σ2 → ψ),

where the total fusion outcome of all four anyons is constrained to the vacuum. This
choice of fusion order defines one particular fusion basis [32, 94, 95].

Braiding anyons around each other implements unitary operations on the degenerate
fusion-space manifold. In the Ising anyon model, exchanging two σ anyons corresponds
to applying a braid operator ρ(σi) that acts nontrivially on the qubit basis. For

24



σ1 σ2

1

|0⟩
σ1 σ2

ψ

|1⟩

Figure 2.3: Fusion-tree basis for an Ising-anyon qubit with total topological charge
fixed to the vacuum: |0⟩ ≡ (σ1× σ2 → 1) and |1⟩ ≡ (σ1× σ2 → ψ) (see, e.g., [32, 95]).

example, exchanging σ1 and σ2 performs the unitary transformation

ρ(σ1) = e−iπ
8

1 0

0 i

 ,
which acts as a phase gate (also known as the π/4 or T -gate up to an overall phase) on
the computational basis { |0⟩, |1⟩ } defined earlier. Because these braiding operations
do not depend on the microscopic details of the trajectories of particles, they are
intrinsically fault-tolerant and robust to local sources of noise [32, 43, 95]. This
robustness can be made precise at the level of the computational basis. Because
the states |0⟩ and |1⟩ are distinguished only by the non-local fusion channel of well-
separated anyons, they are locally indistinguishable, meaning that any operator Oloc

supported in a bounded region acts within the computational subspace as a multiple
of the identity, up to corrections exponentially small in the anyon separation L,

⟨i|Oloc |j⟩ = c δij +O
(
e−L/ξ

)
, (2.20)

where ξ is the correlation length. A local perturbation can therefore neither connect the
two basis states, so there is no bit-flip error, since ⟨0|Oloc |1⟩ ≈ 0 nor distinguish them,
so there is no dephasing, since ⟨0|Oloc |0⟩ ≈ ⟨1|Oloc |1⟩. The encoded information is
thus invisible to local noise.

To determine how the braid operator ρ(σ1) acts on the qubit encoded in four Ising
anyons, we start from the algebraic structure of the Ising anyon model

σ × σ = 1 + ψ, σ × ψ = σ, ψ × ψ = 1.

For four σ anyons (σ1, σ2, σ3, σ4) with total topological charge fixed to the vacuum
1, the Hilbert space is two-dimensional, spanned by the basis |0⟩ , |1⟩. It is worth
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clarifying why four σ anyons (two pairs), where each is able to fuse to 1 or ψ, encode a
two-dimensional space rather than a four-dimensional one. Without any constraint on
the total charge, the two pairwise fusion outcomes a (for σ1 × σ2) and b (for σ3 × σ4)
would indeed give 2× 2 = 4 states. However, the total topological charge of all four
anyons is the fusion a× b, and fixing it to the vacuum requires a× b = 1. By the Ising
fusion rules this holds only when a = b (since 1× 1 = ψ × ψ = 1, whereas 1× ψ = ψ),
so the two pairs are forced to fuse into the same channel. The outcome of the second
pair is locked to that of the first and is not an independent degree of freedom. Only
one binary label therefore remains, which is the common fusion channel of the pairs,
and it gives the two basis states

|0⟩ = |(σ1σ2)1, (σ3σ4)1⟩ , |1⟩ = |(σ1σ2)ψ, (σ3σ4)ψ⟩ , (2.21)

in agreement with the dimension 2n−1 = 2 2−1 = 2 established above. Figure 2.2
accordingly labels the qubit by the fusion channel of a single pair, the channel of the
remaining pair being fixed by the total-charge constraint. This also explains why four
anyons, rather than two, are required to encode one qubit: for a single pair, fixing the
total charge to the vacuum forces the unique outcome σ1 × σ2 = 1, leaving no free
label and hence no qubit.

The operator ρ(σi) represents the effect of exchanging the i-th and (i + 1)-th
anyons counterclockwise. For the Ising theory, these operators form a non-Abelian
representation of the braid group Bn. The elementary exchange of two anyons is
governed by the R-matrix

Rab
c : V ab

c → V ba
c , (2.22)

which introduces a phase factor depending on the fusion channel c. For two σ anyons,

Rσσ
1 = e−iπ/8, Rσσ

ψ = ei3π/8.

These phases are derived from the conformal spins of the Ising primary fields h1 = 0,
hσ = 1/16, and hψ = 1/2, through

Rσσ
c = e−iπ(hc−2hσ).

The exchange of σ1 and σ2 acts within a fixed fusion channel, since both anyons are
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fused first in our chosen basis. Therefore, ρ(σ1) is diagonal in the {|0⟩, |1⟩} basis:

ρ(σ1) =

Rσσ
1 0

0 Rσσ
ψ

 = e−iπ/8

1 0

0 i

 .
This unitary operation multiplies the two basis states by different topological phases,
implementing a relative π/2 phase rotation between |0⟩ and |1⟩. Up to a global phase,
this corresponds to the phase gate S = diag(1, i), a Clifford gate (in some conventions
called the π/4 phase gate). Note that this is distinct from the non-Clifford T (or π/8)
gate diag(1, eiπ/4):

ρ(σ1) ∼

1 0

0 i

 .
This operator acts on the encoded qubit purely through the topological exchange of
σ1 and σ2 and it depends only on the braid topology, not on microscopic details of
motion [32, 43, 95].

The single-qubit construction generalizes directly. Since 2n Ising anyons with
total topological charge fixed to the vacuum span a fusion space of dimension 2n−1,
encoding two logical qubits (a four-dimensional space) requires 2n−1 = 4, i.e. n = 3, or
six σ anyons (σ1, . . . , σ6) with total charge 1. Grouping them into three pairs (σ1σ2),
(σ3σ4), (σ5σ6), each pair fuses to a channel a, b, c ∈ {1, ψ}. The total-charge constraint
a× b× c = 1 fixes the third channel in terms of the first two, c = a× b (each Ising
charge being its own inverse), leaving two free binary labels that are precisely the two
logical qubits. Identifying the channel 1 with |0⟩ and ψ with |1⟩, and assigning the
first qubit to (σ1σ2) and the second to (σ3σ4), the computational basis is

|00⟩ = |(σ1σ2)1, (σ3σ4)1, (σ5σ6)1⟩ ,

|01⟩ = |(σ1σ2)1, (σ3σ4)ψ, (σ5σ6)ψ⟩ ,
|10⟩ = |(σ1σ2)ψ, (σ3σ4)1, (σ5σ6)ψ⟩ , (2.23)
|11⟩ = |(σ1σ2)ψ, (σ3σ4)ψ, (σ5σ6)1⟩ ,

where the third pair (σ5σ6) is kept to the first two so as to keep the total charge
in the vacuum sector. The four states are those containing an even number of ψ
pairs, consistent with dimH = 2n−1 = 4. In practice a “sparse” encoding using eight
anyons (two independent groups of four), (σ1 . . . σ4) and (σ5 . . . σ8), each with its own
sub-charge fixed to the vacuum is often preferred, since it keeps the two qubits in
separate fusion subspaces and reduces leakage out of the computational space during
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braiding. The six-anyon encoding above is the minimal one; both are consistent with
the rule that 2n anyons of fixed total charge encode n− 1 logical qubits.

For Ising anyons, braiding alone is not computationally universal [32, 97]. The
reason can be read directly from the braid relations of Eq. (2.2.2): the generators ρ(σi)
they constrain generate only a finite subgroup of the unitary group, which for the Ising
theory is (a subgroup of) the Clifford group. The single-pair exchange computed above
gives the phase gate S = diag(1, i), while braiding within and between groups of four
anyons generates the Hadamard gate and an entangling two-qubit gate; together these
are the Clifford operations. By the Gottesman–Knill theorem, any circuit composed
solely of Clifford gates can be simulated efficiently on a classical computer [27, 98], so
the Clifford group is not universal. What braiding cannot produce is a non-Clifford
gate such as the T (or π/8) gate T = diag(1, eiπ/4), which lies outside the finite
image ρ(BN). Universality is recovered only by supplementing braiding with such a
gate, for instance through magic-state distillation [29] or a non-topologically protected
operation. This limitation motivates the search for richer anyon models whose braiding
is computationally universal, which we turn to next. The operators ρ(σi) represent the
elementary exchanges (or braids) of the i-th and (i+ 1)-th anyons. These exchanges
are not simple swaps, but rather topologically distinct operations corresponding to
one particle moving counterclockwise around another in two dimensions. The set of
all possible braids of N anyons forms a group, known as the braid group BN , whose
generators {σ1, σ2, . . . , σN−1} obey the relations in Eq. 2.2.2. These relations are
known as the Yang-Baxter equation [32, 99, 100]. It encodes the associativity of three
consecutive exchanges: braiding particles i and i + 1 first, then (i + 1) and (i + 2),
produces the same overall braid as doing them in the opposite order. Geometrically,
this ensures that different smooth deformations of the same braid correspond to the
same topological operation.

The second relation,

ρ(σi)ρ(σj) = ρ(σj)ρ(σi) for |i− j| ≥ 2,

means that exchanges of well-separated pairs of anyons commute: braiding disjoint
pairs in either order yields the same final state.

Together, these relations define a non-Abelian group when the ρ(σi) are represented
by non-commuting unitary matrices, as in the case of non-Abelian anyons. Thus,
the exchange (braiding) operations generate a non-trivial representation of BN on
the degenerate fusion Hilbert space, forming the foundation of topological quantum
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computation [26, 32, 95].
Another anyonic model is the Fibonacci anyons. Fibonacci anyons can achieve

universality through braiding alone [29, 32, 101]. The Fibonacci theory has a single
nontrivial anyon τ (besides the vacuum 1) with fusion

τ × τ = 1 + τ. (2.24)

It is the minimal non-Abelian model whose braiding is computationally universal. The
quantum dimensions {da} satisfy the fusion–algebra constraint

da db =
∑
c

N c
ab dc, (2.25)

where N c
ab are the fusion coefficients [32, 42, 95]. For the Fibonacci theory,

d2
τ = d1 + dτ = 1 + dτ . (2.26)

Thus dτ satisfies the quadratic

d2
τ − dτ − 1 = 0, (2.27)

whose positive root is the golden ratio φ

dτ = 1 +
√

5
2 = φ. (2.28)

The non-Abelian fusion rule of this model implies that the Hilbert-space dimension
grows non-trivially with the number of anyons. The dimension of the fusion space
for n τ -anyons with total topological charge fixed to 1 or τ is given by the (n− 1)-th
Fibonacci number Fn−1

dimH(a)
n = Fn−1, (2.29)

where a denotes the total topological charge [32, 94, 95].

(i) Three-τ encoding. For three τ anyons, the possible fusion channels can be
found recursively:

(τ1 × τ2)× τ3.
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The first pair τ1 × τ2 can fuse into either 1 or τ . If the total charge of all three anyons
is constrained to τ , only the following two fusion paths are consistent:

|0⟩ ≡ ((τ1 × τ2 → 1)× τ3 → τ), (2.30)
|1⟩ ≡ ((τ1 × τ2 → τ)× τ3 → τ). (2.31)

These two independent fusion channels form a two-dimensional fusion space, which
can be used to encode a single logical qubit. The total charge being τ ensures the
system remains within a nontrivial topological sector.

(ii) Four-τ encoding. Similarly, for four anyons,

((τ1 × τ2)× τ3)× τ4,

and the total charge is now fixed to 1 (the vacuum). The allowed intermediate fusion
outcomes yield again two consistent paths:

|0⟩ ≡ ((τ1 × τ2 → 1)× (τ3 × τ4 → 1)→ 1), (2.32)
|1⟩ ≡ ((τ1 × τ2 → τ)× (τ3 × τ4 → τ)→ 1). (2.33)

Thus, the logical subspace spanned by |0⟩ and |1⟩ is two-dimensional. This encoding
is topologically equivalent to the three-τ construction, but with total charge 1 instead
of τ .The four-anyon scheme is often preferred for two related reasons. First, fixing
the total topological charge (equivalently, the total fermion parity) of the group of
four anyons confines all braiding operations to a single charge-conserving subspace.
Braids permute the basis states within this subspace without leaking the qubit into a
sector of different total charge, so the encoded information remains protected. Second,
this encoding is naturally compatible with measurement-only topological quantum
computation [94], in which logical gates are realized not by physically transporting
anyons but by an adaptive sequence of joint topological-charge (parity) measurements
of anyon pairs. Since the qubit is defined through the fusion channels (pair parities)
of the four anyons, the same measurements that define the qubit can be used to
manipulate and read it out, making the four-anyon unit the natural building block
for measurement-based architectures [33]. It should be emphasized that Fibonacci
anyons have not yet been unambiguously realized in any physical system. The
leading candidate is the ν = 12/5 fractional quantum Hall plateau, proposed to be
described by the k = 3 Read–Rezayi state, whose quasiparticles include Fibonacci
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anyons [102, 103]; numerical density-matrix renormalization-group studies support
this identification, but the non-Abelian nature of the state remains experimentally
unconfirmed and the plateau is fragile. Engineered platforms have also been proposed,
for example coupled networks of parafermion modes in superconductor-quantum-Hall
heterostructures [86]. More recently, the non-Abelian braiding of Fibonacci anyons has
been emulated digitally on a superconducting quantum processor [104], demonstrating
the braiding rules in a synthetic setting, though this is a programmable simulation
rather than a solid-state realization. Fibonacci anyons therefore remain, at present,
primarily a theoretical model, albeit one of great interest, since their braiding alone is
computationally universal.

In both cases, the two possible fusion channels form a logical qubit:

Hlogical = span{ |0⟩, |1⟩ }. (2.34)

Because braiding of τ anyons corresponds to unitary transformations that depend only
on the topology of the exchange, this qubit enjoys intrinsic protection from local sources
of noise. Furthermore, Fibonacci anyons are computationally universal: their braiding
matrices densely generate the full unitary group SU(2) on this two-dimensional logical
space [32, 95, 105].

We use ρ(σi) for the braid representation on the fusion space of three τ anyons
τ1, τ2, τ3, consistent with earlier notation. To write ρ(σi) explicitly we first define
the F -matrix, which encodes the associativity of anyon fusion at the level of Hilbert
spaces.

For three anyons of types a, b, c fusing to a total charge d, the fusion can be carried
out in two natural orders: either by fusing a and b first into an intermediate charge
e and then fusing the result with c, or by fusing b and c first into an intermediate
charge f and then fusing with a. Each order provides a basis of the same fusion
space, indexed by the allowed intermediate charge. The F -matrix F abc

d is the unitary
transformation between these two bases,

∣∣∣(ab)e c→ d
〉

=
∑
f

[
F abc
d

]
ef

∣∣∣a (bc)f → d
〉
, (2.35)

with e running over the allowed channels of a × b and f over those of b × c. The
F -symbols are not free. They are constrained, up to gauge, by the pentagon equation,
which requires that the different sequences of F -moves on any fusion tree of four
anyons commute [32, 42, 95]. Together with the R-matrix encoding pairwise exchange
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(constrained by an analogous hexagon equation, the F - and R-symbols specify the
modular category that defines a given anyon model.

Specializing to Fibonacci, the only non-trivial F -matrix in the theory is F τττ
τ , since

this is the unique choice of external charges (a, b, c, d) for which both intermediate
channels can take more than one value (e, f ∈ {1, τ}). The pentagon equation then
determines this 2× 2 unitary uniquely (up to gauge), as follows. Both fusion orders
span the same two-dimensional Hilbert space with total charge τ . The matrix F τ

τττ is
obtained by demanding consistency with the Fibonacci fusion rule τ × τ = 1 + τ and
by solving the pentagon equation, the fundamental associativity condition of anyon
fusion [32, 42, 94]. For the Fibonacci theory, this equation uniquely fixes the absolute
values of the F -matrix elements (up to overall phases), leading to the simple real
orthogonal form expressed in terms of the golden ratio

F ≡ F τ
τττ =

 φ−1 φ−1/2

φ−1/2 −φ−1

 , F−1 = FT = F. (2.36)

The R-matrix describes the phase accumulated when two anyons are exchanged
(braided) within a given fusion channel, given in EQ. (2.22). For Fibonacci anyons,
the only nontrivial fusion channel is τ ×τ = 1+τ, so the exchange operator is diagonal
in the channel basis:

R ≡ R ·
ττ =

R1
ττ 0
0 Rτ

ττ

 =
e−4πi/5 0

0 e+3πi/5

 . (2.37)

The specific phases e−4πi/5 and e3πi/5 are determined by the topological spins h1 = 0
and hτ = 2/5 of the Fibonacci conformal field theory via

Rττ
c = e−2πi(hc−2hτ ). (2.38)

These values ensure consistency with the hexagon equations, which enforce compati-
bility between fusion and braiding operations. Conventions differing by overall phases
are physically equivalent; the choice above follows the standard unitary normalization
used in Refs. [32, 80, 94, 95].

For three anyons in the order (τ1, τ2, τ3),

ρ(σ1) = R =
e−4πi/5 0

0 e+3πi/5

 , ρ(σ2) = F−1RF = FRF. (2.39)
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τ1 τ2 τ3

Figure 2.4: Schematic braid on three Fibonacci anyons (exchange of strands 1 and 2).
Adapted from [32].

These two unitaries satisfy the braid relation ρ(σ1)ρ(σ2)ρ(σ1) = ρ(σ2)ρ(σ1)ρ(σ2) and,
under repeated products, generate a set that is dense in SU(2) on the encoded qubit,
as shown in Fig. 2.4. Thus braiding Fibonacci anyons alone implements universal gate
set [32, 101, 105].

The topological nature of the encoding provides protection against local perturba-
tions. Errors that do not involve braiding or fusion of anyons cannot affect the stored
quantum information. This makes TQC inherently fault-tolerant. Topological charge
measurements can be performed by fusing anyons and detecting the resulting particle
type [26, 32, 94]. We next show a promising candidate for non-Abelian anyons that
could be used for TQC.

2.4 Majorana Zero Modes as Non-Abelian Anyons

In this section we introduce Majorana zero modes (MZMs) and how they can be
considered as Non-Abelian anyons. MZMs are quasiparticle excitations that emerge at
zero energy in certain topological superconductors. We discuss their difference with
bosons and fermions and why their topological protection makes them one of the most
promising platforms for TQC [32, 43, 50].

2.4.1 From the Dirac equation to Majorana Fermions

The Dirac equation is the fundamental wave equation describing spin-1
2 particles such

as electrons. It was introduced by Paul Dirac in 1928 [106] in order to combine two
key principles of physics: quantum mechanics, which describes the wave-like behavior
of particles, and special relativity, which requires that all physical laws take the same
form in every inertial reference frame [106].

In natural units we take ℏ and c (speed of light) to be one (ℏ = c = 1), the Dirac
equation reads

(iγµ∂µ −m)ψ = 0. (2.40)
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Here each symbol has a clear physical meaning: ψ is the Dirac spinor, a four-component
complex wavefunction describing the quantum state of a spin-1

2 particle. Two compo-
nents represent spin-up and spin-down states of a particle, and the other two represent
those of its antiparticle [107, 108]. m is the rest mass of the particle, usually expressed
in units of energy (for example, electron mass me = 0.511 MeV). ∂µ denotes differ-
entiation with respect to spacetime coordinates: ∂µ = (∂t,−∇), where ∂t = ∂

∂t
and

∇ = (∂x, ∂y, ∂z). The indices µ and ν label the four spacetime directions (0, 1, 2, 3),
corresponding to time and the three spatial dimensions. These indices are summed
over whenever repeated (Einstein summation convention).

The γµ operators appearing in the Dirac equation are 4×4 matrices that generalize
the Pauli matrices to relativistic four-component spinors. They satisfy

{γµ, γν} = 2 ηµν , ηµν = diag(1,−1,−1,−1), (2.41)

which ensures the Lorentz invariance of the Dirac equation [107–109].
A convenient representation for explicit calculations is the chiral (or Weyl) basis,

in which the gamma matrices take the block form

γ0 =
0 I

I 0

 , γi =
 0 σi

−σi 0

 , (i = 1, 2, 3), (2.42)

where the σi are the 2× 2 Pauli matrices,

σ1 =
0 1

1 0

 , σ2 =
0 −i

i 0

 , σ3 =
1 0

0 −1

 . (2.43)

Here, I denotes the 2× 2 identity matrix. It is also useful to define the fifth gamma
matrix,

γ5 = i γ0γ1γ2γ3 =
−I 0

0 I

 . (2.44)

In the Dirac representation (often used in relativistic quantum mechanics), the gamma
matrices take the form

γ0 =
I 0

0 −I

 , γi =
 0 σi

−σi 0

 . (2.45)

The Dirac and Weyl representations are related by a unitary transformation, so
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physical predictions are identical in either basis [109].
Majorana fermions emerge as a special solution to the Dirac equation, obtained by

imposing a reality condition on the Dirac field. To understand this, it is helpful to
look at how a Dirac spinor can be decomposed and what its components represent
physically. A Dirac spinor ψ has four complex components, which can be organized
into two two-component spinors:

ψ =
χL
χR

 , (2.46)

where χL and χR are known as the left-handed and right-handed components (or
chiral components) of the field. This decomposition is most naturally expressed in the
Weyl or chiral basis of the Dirac matrices [107, 109].

The labels “left” and “right” refer to the particle’s chirality, a property related
to how the particle’s intrinsic spin is oriented relative to its momentum. For a left-
handed (right-handed) particle, the spin points in the opposite (same) direction as its
momentum. In the massless limit, chirality coincides with helicity, the direction of
spin relative to motion. When mass is introduced, the two components χL and χR

become coupled by the Dirac mass term, allowing a left-handed particle to transform
into a right-handed one and vice versa.

In the standard (Dirac or Weyl) representation, one convenient choice is the charge-
conjugation matrix C = −iγ2, which satisfies C−1γµC = −(γµ)∗. A Majorana fermion
is obtained by requiring ψ = ψc.

To see the resulting reality condition explicitly, the Dirac spinor decomposes into
its left- and right-handed Weyl components, ψ = (χL, χR)T with γ5χL = −χL and

γ5χR = +χR. Writing γ2 =
 0 σ2

−σ2 0

, the charge-conjugation matrix is block

off-diagonal,

C = −iγ2 =
 0 −iσ2

iσ2 0

 . (2.47)

Acting on ψ∗ = (χ∗
L, χ

∗
R)T gives

ψc = Cψ∗ =
 0 −iσ2

iσ2 0

χ∗
L

χ∗
R

 =
−iσ2 χ∗

R

iσ2 χ∗
L

 . (2.48)
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Imposing the Majorana condition ψ = ψc and equating components yields

χL = −iσ2 χ∗
R, χR = iσ2 χ∗

L. (2.49)

The two relations are not independent: conjugating the second and using (σ2)∗ = −σ2

together with (σ2)2 = ⊮ returns the first, so the Majorana condition expresses χR
entirely in terms of χL. This precisely halves the number of independent components
of the field (from two complex Weyl spinors to one). This relation shows that the
right-handed part χR is not independent but completely determined by the complex
conjugate of χL. As a result, a Majorana fermion contains only two real degrees of
freedom, half that of a Dirac fermion.

The Majorana condition eliminates any distinction between particle and antiparticle
states. Because the field equals its own conjugate, it cannot carry an electric charge
or any conserved U(1) quantum number. Such a fermion is therefore neutral by
definition. This property underlies the concept of Majorana zero modes in condensed-
matter systems: localized, charge-neutral quasiparticle excitations that are their own
antiparticles and emerge as zero-energy solutions of the effective Dirac equation [33,
74].

2.4.2 Majorana Zero Modes

Having introduced the concept of Majorana fermions as self-conjugate particles, we
now turn to their physical realization in condensed-matter systems: Majorana zero
modes (MZMs). These are quasiparticle excitations that appear at zero energy in
certain superconductors, typically localized at the edges, ends, or topological defects
of the system [33, 44, 50, 74].

To describe such a mode at the operator level, an ordinary fermion is described
by creation and annihilation operators c† and c obeying {c, c†} = 1 and c2 = 0. A
pair of Majorana operators is obtained by taking the Hermitian and anti-Hermitian
combinations of these,

γ1 = c+ c†, γ2 = −i (c− c†), (2.50)

which invert to reconstruct the fermion,

c = 1
2(γ1 + iγ2), c† = 1

2(γ1 − iγ2). (2.51)
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By construction, each Majorana operator is its own Hermitian conjugate,

γi = γ†
i , (2.52)

which is the operator analogue of the reality condition ψ = ψc introduced earlier and
expresses that a Majorana mode is its own antiparticle. Using {c, c†} = 1 and c2 = 0,
the operators in Eq. (2.50) satisfy

{γi, γj} = 2δij, γ2
i = 1, (2.53)

in contrast to ordinary fermions, for which c2 = 0.
Equations (2.50)–(2.51) make explicit that a single ordinary (Dirac) fermion mode

is equivalent to two Majorana modes, and conversely that two Majorana operators
combine into one fermion. In this sense a Majorana zero mode represents half of a
conventional fermion. The occupation number of the reconstructed fermion is

n = c†c = 1
2 (1 + iγ1γ2), (2.54)

so its two eigenvalues n = 0, 1 are encoded jointly in the pair (γ1, γ2) rather than in
either operator alone.

MZMs typically arise in systems that combine superconductivity, spin-orbit cou-
pling, and time-reversal-symmetry breaking (for instance, due to a magnetic field) [33,
44, 57, 58]; two such systems are introduced in Chapters 4 and 5. Because they
are neither ordinary fermions nor bosons but emergent zero-energy quasiparticles,
MZMs are natural candidates to realize the non-Abelian anyons discussed earlier
in this chapter. Establishing this connection is what would make the systems that
host MZMs useful for topological quantum computation, and it is the central theme
pursued in the remainder of this thesis.

2.4.3 Ising Anyons from Majorana Zero Modes

Majorana zero modes (MZMs) provide a concrete physical realization of non-Abelian
anyons, specifically of the Ising type [32, 43, 44, 50, 110].

The combined state of the two Majoranas is characterized by their fermion parity,
defined as

P12 = iγ1γ2 = 2n− 1 =

−1, n = 0 (even parity),

+1, n = 1 (odd parity).
(2.55)
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The parity operator P12 distinguishes whether the joint fermionic mode formed by
γ1 and γ2 is in an even (no unpaired electron) or odd (one unpaired electron) state.
Because γ1 and γ2 can be localized far apart, the encoded information stored in the
parity P12 = ±1 is nonlocal and hence robust against any local perturbations [33, 50].

This structure is precisely that of the Ising anyon model introduced in Section 2.2.2.
The name refers to the fact that the three superselection sectors of this anyon theory
(the vacuum 1, the non-Abelian anyon σ, and the fermion ψ) coincide with the
three primary fields of the two-dimensional critical Ising conformal field theory, with
conformal weights h1 = 0, hσ = 1/16, and hψ = 1/2 (the same fields whose conformal
spins fixed the R-matrix). Majorana zero modes realize this model under the following
identifications: a single MZM carries the non-Abelian charge σ, while the complex
fermion

f = 1
2(γ1 + iγ2), f † = 1

2(γ1 − iγ2) (2.56)

built from two MZMs carries the fermion charge ψ in its odd-parity (occupied) state
and the vacuum charge 1 in its even-parity (empty) state. Combining two Majoranas
into one complex fermion therefore corresponds to fusing two σ anyons, σ× σ = 1 +ψ,
with the outcome (1 or ψ) selected by the fermion parity P12 = ±1. In this sense the
Majorana system is a physical realization of the fusion and braiding rules of the Ising
anyon model [32, 43, 50].

Based on the fermionic parity, when the occupation is even (n = 0), the pair
fuses to the vacuum (1); when it is odd (n = 1), the pair fuses to the fermion (ψ).
Therefore, the parity P12 distinguishes between the two possible fusion channels of
σ1 × σ2, directly linking fermion parity in the Majorana picture to the Ising anyon
fusion outcomes [32, 44].

Exchanging two neighbouring Majoranas γi and γj can be represented via a unitary
braid operator

Uij = exp
(
π

4 γiγj
)
. (2.57)

To see this, note that the product γiγj is anti-Hermitian:

(γiγj)† = − γiγj,

so that γiγj acts as a generator of infinitesimal unitary rotations. And because
(γiγj)2 = −1, the exponential of this operator produces a unitary rotation, just as the
exponential of Pauli matrices generates rotations in spin space

eθγiγj = cos θ + γiγj sin θ. (2.58)

38



This unitary can be viewed as a rotation by angle 2θ in the two-dimensional plane
spanned by (γi, γj).

Applying this unitary rotation to γi and γj gives

eθγiγj γi e
−θγiγj = γi cos(2θ) + γj sin(2θ),

eθγiγj γj e
−θγiγj = γj cos(2θ)− γi sin(2θ).

(2.59)

Setting θ = π/4 produces a rotation by 90◦:

γi −→ γj, γj −→ −γi,

which exactly corresponds to the counterclockwise exchange (braiding) of the two
Majorana modes.

The operator Uij therefore represents the process of physically exchanging (or
winding) the Majorana γi around γj. Because such an exchange acts nontrivially, Uij
performs a non-Abelian unitary transformation that depends only on the topology of
the braid, not on microscopic details of the path [32, 43, 44]. These operators form a
non-Abelian representation of the braid group, satisfying

UjUj+1Uj = Uj+1UjUj+1, [Uj, Uk] = 0 (|j − k| ≥ 2). (2.60)

This non-commutative algebra is what endows Majorana zero modes with non-Abelian
exchange statistics, central to topological quantum computation.

Using the Majorana algebra, one can verify that

UijγiU
†
ij = γj, UijγjU

†
ij = −γi, UijγkU

†
ij = γk (k ̸= i, j). (2.61)

This transformation corresponds to a counterclockwise exchange of γi and γj . Because
the operations for successive exchanges do not generally commute,

U12U23 ̸= U23U12,

the set of braid operators {Uij} provides a non-Abelian representation of the braid
group, as was expected for Ising anyons [32, 43].

Four-Majorana Qubit and Braiding Gates. A system containing four Ma-
jorana modes (γ1, γ2, γ3, γ4) with fixed total parity (iγ1γ2)(iγ3γ4) = +1 defines a
two-dimensional Hilbert space, i.e. one logical qubit. Introducing the two pair parities
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P12 = iγ1γ2 and P34 = iγ3γ4, the total-parity constraint P12P34 = +1 fixes P34 = P12.
The two parities are not independent, and specifying P12 determines P34. We encode
one logical qubit (the subscript L denoting the encoded or logical qubit) in this fixed
total-parity sector, with logical basis states

|0L⟩ : P12 = +1, P34 = +1, |1L⟩ : P12 = −1, P34 = −1. (2.62)

The logical information is therefore stored in the shared parity of the two Majorana
pairs which is a nonlocal quantity rather than in any single Majorana mode. In the
anyonic language, |0L⟩ corresponds to both pairs fusing to the vacuum channel and
|1L⟩ to both fusing to the fermion channel ψ, consistent with the total charge being
fixed to the vacuum.

Within this space, the braid operators act as single-qubit gates:

U12 = ei
π
4Z , U23 = ei

π
4X , U34 = ei

π
4Z , (2.63)

where X and Z are Pauli matrices acting on the encoded qubit subspace. Explicitly,
in the computational basis {|0L⟩, |1L⟩}, these operators have the matrix forms

U12 =
eiπ/4 0

0 e−iπ/4

 , U23 = 1√
2

1 i

i 1

 , U34 =
eiπ/4 0

0 e−iπ/4

 . (2.64)

The action of these gates on the logical states is then

U12|0L⟩ = e iπ/4|0L⟩, U12|1L⟩ = e−iπ/4|1L⟩, (2.65)

U23|0L⟩ = 1√
2(|0L⟩+ i|1L⟩), U23|1L⟩ = 1√

2(i|0L⟩+ |1L⟩). (2.66)

The operator U23 thus performs a π/2 rotation about the X axis on the Bloch sphere,
while U12 and U34 implement π/2 rotations about the Z axis.

Since these unitaries do not commute,

U12U23 ̸= U23U12,

their composition yields a nontrivial rotation in Hilbert space, illustrating the non-
Abelian nature of Majorana braiding.
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Scaling to Multiple Qubits and Two-Qubit Gates. Each logical qubit uses
four Majorana modes with their total parity fixed, as constructed above. This four-
Majorana unit is often called a tetron [111]. A register of N logical qubits is built
from N such groups, that is 4N Majorana modes in total. The total parity of each
group is fixed separately, and each group stores one qubit in its own protected parity
sector. This per-group scheme is the sparse encoding introduced earlier for anyons.
It keeps every qubit in a separate fusion subspace, which reduces leakage out of the
computational space during braiding [33, 110]. Adding qubits in a physical device
therefore means adding more such groups of Majorana modes, for example more wire
segments or more tetrons in a scalable array [111].

Single-qubit gates act inside one group. They are exactly the braids U12, U23, and
U34 written above, which rotate the encoded qubit about the Z and X axes. Two-qubit
gates act between groups. They are obtained by braiding a Majorana of one group
with a Majorana of a neighbouring group. The operator has the same form as before,

Ujk = exp
(
π
4 γjγk

)
, (2.67)

now with γj belonging to the first qubit and γk to the second. This braid does not
factorize into separate operations on the two qubits. It therefore entangles them
and realizes a two-qubit Clifford gate, equivalent to a controlled-Z gate up to single-
qubit gates [32, 44]. In many Majorana platforms these gates are realized without
physically moving the Majorana modes. Instead one performs an adaptive sequence
of joint fermion-parity measurements of Majorana pairs. The entangling gate uses a
pair taken from two different qubits. This measurement-based route is the basis of
measurement-only topological quantum computation [94, 111].

Although these braiding rotations are not by themselves sufficient for universal
quantum computation, they form the fundamental building blocks of topological
quantum gates in Majorana-based qubits [32, 43, 110]. As discussed for Ising anyons,
braiding Majorana zero modes generates only the Clifford group, comprising the
single-qubit Clifford gates from braids within a four-Majorana qubit together with
an entangling two-qubit gate from braids between qubits. By the Gottesman-Knill
theorem, this gate set is efficiently classically simulable and therefore not universal [27,
98]. Universality requires supplementing these protected braiding operations with a
single non-Clifford gate, the canonical choice being the T (or π/8) gate. This gate
cannot be realized by braiding and must instead be implemented by an unprotected
operation. For example, by bringing two Majoranas close together for a controlled
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time so that their finite energy splitting accumulates the required dynamical phase,
or by coupling the qubit to an ancillary system [110, 111]. Because such operations
lack topological protection, they introduce errors. The non-Clifford gate they provide
can nonetheless be made fault-tolerant. A noisy auxiliary state prepared by the
unprotected operation is purified to arbitrarily high fidelity using only the protected
Clifford operations, and then used to apply the T gate by gate teleportation [29]. In
this hybrid scheme the bulk of the computation remains topologically protected, and
only the comparatively rare non-Clifford gates carry this additional, non-topological
cost.

2.5 Physical Realizations of MZMs

While Majorana fermions were originally introduced as mathematical solutions of the
Dirac equation by Ettore Majorana in 1937 [48], condensed-matter systems can realize
them as emergent quasiparticle excitations in topological superconductors. Over the
past two decades, several promising platforms have been theoretically proposed and
experimentally explored as hosts for MZMs. These implementations share the key
ingredients of superconductivity, spin–orbit coupling, and time-reversal symmetry
breaking, which together enable the formation of topological superconducting phases
supporting localized zero-energy modes at defects or boundaries [32, 44, 45, 50, 112].

The explicit construction of how these ingredients combine to produce a topological
superconducting phase and its localized Majorana zero modes is developed in the
following two chapters, which present the two systems studied in this thesis. Chapter 4
introduces the one-dimensional Kitaev chain, the abstract model of a spinless p-
wave topological superconductor, in which the Majorana end modes appear most
transparently. Chapter 5 then presents the semiconductor-superconductor nanowire
of Lutchyn and Oreg [57, 58], in which proximity-induced superconductivity, Rashba
spin-orbit coupling, and a Zeeman field that breaks time-reversal symmetry combine
to realize an effective spinless p-wave superconductor hosting Majorana zero modes at
the wire ends. Each system provides a distinct pathway to realize, manipulate, and
potentially braid MZMs, forming the foundation for topological quantum computing.
Our overarching goal is to introduce and implement analytical and numerical methods
for detecting MZMs, so as to better characterize the topological systems that could
serve as a basis for topological quantum computing.
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Chapter 3

Methodology
In this chapter, we dive into the theoretical and numerical methods used throughout
the rest of the work. The focus is on four different subjects: Exact Diagonalization
(ED) sometimes known as Configuration Interaction (CI), Hartree Fock mean field,
Variational Quantum Eigensolver (VQE), and Density Matrix Renormalization Group
(DMRG). We begin by introducing the many-body problem, first and second quanti-
zation notation followed by ED. Spinless and spinful tight-binding (TB) models are
provided as examples of ED. We then continue with the mean-field approximations,
in particular Hartree Fock method. VQE is then introduced to show how we can
formulate the problem of finding the ground state of a many-body system by using
a quantum algorithm. Finally we conclude the chapter by presenting the DMRG
method, along with Matrix Product States (MPS) and the computational benefits
that will be of great use in the many-body problem.

3.1 Many-body Problem

We begin by defining the many-body system. Let us consider N interacting electrons
subject to the potential of nuclei [69, 71, 113]. Our Hamiltonian is given by

Ĥ =
N∑
i=1

[
− ℏ2

2m∗∇
2
i + Vext(r⃗i)

]
+ 1

2

N∑
i̸=j

e2

|r⃗i − r⃗j|
. (3.1)

The first term in the Hamiltonian corresponds to the kinetic energy of electrons
with effective mass m∗. The second term Vext(r⃗i) is the Coulomb interaction between
electrons and ions. If we have M ionic positive charges, Vext(r⃗i) is given by

Vext(r⃗i) = −
M∑
α=1

Zαe
2

|r⃗i − R⃗α|
, (3.2)

with r⃗i being the electron position, R⃗α the ion position, Zα the atomic number and e
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the electron charge. The final term in Eq. (3.1) describes the Coulomb interaction
among pairs of electrons.

We can rewrite the Hamiltonian in terms of one and two-body operators [69, 71,
113]. We introduce a one-body Hamiltonian term Ĥ0 and a two-body interaction term
V̂ee,

Ĥ = Ĥ0 + V̂ee. (3.3)

The one-body part is a sum over the N electrons of a single-particle Hamiltonian h0,

Ĥ0 =
N∑
i=1

h0(r⃗i), h0(r⃗) = − ℏ2

2m∗∇
2 + Vext(r⃗). (3.4)

Here r⃗i is the position of the i-th electron, and ∇i differentiates with respect to r⃗i.
The symbol r⃗ denotes the position of a single electron. We focus on the single-particle
part first. In first quantization, the Hamiltonian acts on a many-electron wavefunction

Ψ(r⃗1, σ1; . . . ; r⃗N , σN), (3.5)

where σi labels the spin degree of freedom of the i-th electron. This wavefunction
contains explicit sums over particle coordinates as well as spin indices.

Second quantization provides a more compact and powerful representation by
expressing the Hamiltonian in terms of field operators that create and annihilate
particles with a given spin at position r⃗ [69, 71, 113]. To move from first to second
quantization, we introduce the fermionic field operators Ψ̂σ(r⃗) and Ψ̂†

σ(r⃗), which
annihilate and create, respectively, an electron with spin σ at position r⃗. These
operators satisfy the canonical anticommutation relations

{Ψ̂σ(r⃗), Ψ̂†
σ′(r⃗′)} = δσσ′ δ(r⃗ − r⃗′), {Ψ̂σ(r⃗), Ψ̂σ′(r⃗′)} = 0. (3.6)

These operators allow us to write the Hamiltonian in a basis-independent way, where
both particle labels and spin labels are absorbed into the algebra of the field operators.

In second quantization, a general one-body operator Ô1 that may act on both
spatial and spin degrees of freedom is written in the form [69, 71]

Ô1 =
∑
σ,σ′

∫
dr⃗ Ψ̂†

σ(r⃗) Ôσσ′(r⃗) Ψ̂σ′(r⃗). (3.7)

This expression follows from the fact that Ψ̂†
σ(r⃗)Ψ̂σ′(r⃗) acts on the spin-resolved

fermionic density at position r⃗, while Ôσσ′(r⃗) operates in spin space and may include
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spin-independent terms.
Applying this general rule to the single-particle Hamiltonian Ĥ0, we obtain

Ĥ0 =
∑
σ,σ′

∫
dr⃗ Ψ̂†

σ(r⃗) Ĥ0,σσ′(r⃗) Ψ̂σ′(r⃗). (3.8)

This formula expresses the kinetic energy and external one-body potentials, including
possible spin-dependent terms, in terms of field operators. The dependence on the
spin indices σ and σ′ arises from the fact that the single-particle Hamiltonian acts
not only in real space but also in spin space [69, 71, 113]. In first quantization, the
one-body operator is generally written as

Ĥ0 = Ĥ0(r⃗, p⃗)⊗ Ŝ, (3.9)

where Ŝ is a spin operator that acts on the internal spin degree of freedom. If
the Hamiltonian is spin-independent (e.g., purely kinetic energy and scalar external
potential), then it is proportional to the identity in spin space,

Ĥ0,σσ′(r⃗) =
[
− ℏ2

2m∗∇
2 + Vext(r⃗)

]
δσσ′ . (3.10)

In this case, the operator is diagonal in the spin basis. The advantage is that the
particle and spin labels no longer appear explicitly in the many-body wavefunction;
instead, fermionic statistics and spin structure are automatically encoded in the
anticommutation relations of Ψ̂σ and Ψ̂†

σ.
Similarly, a two-body operator of the form

Ô2 = 1
2

N∑
i,j=1
i̸=j

Ŵ (r⃗i, σi; r⃗j, σj) (3.11)

is written in second quantization as

Ô2 = 1
2
∑
σ,σ′

∫∫
dr⃗ dr⃗ ′ Ψ̂†(r⃗, σ)Ψ̂†(r⃗ ′, σ′)Ŵ (r⃗, σ; r⃗ ′, σ′)Ψ̂(r⃗ ′, σ′)Ψ̂(r⃗, σ). (3.12)

To proceed further, we expand the field operators in a complete orthonormal set
of single-particle orbitals {ϕi(r⃗)}, for example Wannier functions localized at lattice
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sites [114, 115]:

Ψ̂(r⃗, σ) =
∑
i

ϕi(r⃗) ĉiσ, (3.13)

Ψ̂†(r⃗, σ) =
∑
i

ϕ∗
i (r⃗) ĉ

†
iσ. (3.14)

Here ĉiσ annihilates an electron in orbital i with spin σ, and ĉ†
iσ creates one electron

in orbital i with spin σ. They obey the anti-commutation relations

{ĉiσ, ĉ†
jσ′} = δijδσσ′ , {ĉiσ, ĉjσ′} = 0, {ĉ†

iσ, ĉ
†
jσ′} = 0. (3.15)

Substituting the expansion of the field operators gives

Ĥ0 =
∑
σ

∫
dr⃗

∑
i

ϕ∗
i (r⃗) ĉ

†
iσ

H0(r⃗)
∑

j

ϕj(r⃗) ĉjσ


=
∑
σ

∑
i,j

ĉ†
iσ ĉjσ

∫
dr⃗ ϕ∗

i (r⃗)H0(r⃗)ϕj(r⃗). (3.16)

We define the one-body matrix elements

tij =
∫
dr⃗ ϕ∗

i (r⃗)H0(r⃗)ϕj(r⃗), (3.17)

so that the one-body Hamiltonian becomes

Ĥ0 =
∑
σ

∑
i,j

tij ĉ
†
iσ ĉjσ. (3.18)

The choice of single-particle orbitals {ϕi(r⃗)} is not unique. In general, they only
need to form a complete orthonormal basis. They are eigenstates of H0 only if we
deliberately choose the single-particle energy eigenbasis [69, 113].

If we select ϕi to be eigenfunctions of the one-body Hamiltonian,

H0(r⃗)ϕi(r⃗) = εiϕi(r⃗), (3.19)

then the matrix elements tij become diagonal due to orthonormality,

tij = εiδij, (3.20)
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and the Hamiltonian is diagonal in the orbital index,

Ĥ0 =
∑
i,σ

εiĉ
†
iσ ĉiσ. (3.21)

This situation corresponds to working in the energy (or band) basis.
However, in lattice models it is often advantageous to use localized orbitals, such

as Wannier functions centered at lattice sites [114, 115]. A Wannier function is a
localized orbital built from the extended Bloch eigenstates of a periodic single-particle
Hamiltonian. In a crystal the eigenstates of H0 are Bloch functions ψnk⃗(r⃗), labelled
by a band index n and a crystal momentum k⃗, and each one is spread over the whole
crystal. The Wannier function for band n tied to lattice site R⃗ is defined as their
Fourier transform over the Brillouin zone,

wnR⃗(r⃗) = 1√
Nk

∑
k⃗

e−ik⃗·R⃗ ψnk⃗(r⃗), (3.22)

where Nk is the number of k⃗ points. These functions are localized around R⃗, form
an orthonormal set, and are translates of one another, wnR⃗(r⃗) = wn0(r⃗ − R⃗). They
are not unique. The Bloch states carry a gauge freedom, namely an arbitrary k⃗

dependent phase, or for several bands a unitary mixing Umn(k⃗), and different choices
give Wannier functions with different localization. A common way to fix this freedom
is to choose the gauge that minimizes the spatial spread of the orbitals. This defines
the maximally localized Wannier functions [116, 117], which are obtained numerically
from a band-structure calculation, for example with the Wannier90 package [118].
With the orbitals ϕi taken to be such Wannier functions, the matrix elements tij
defined above become the onsite energies and hopping amplitudes of the lattice model.
Wannier functions are generally not eigenstates of H0. In this case the matrix tij is
not diagonal, and the Hamiltonian naturally separates into onsite and hopping terms,

Ĥ0 =
∑
i,σ

εiĉ
†
iσ ĉiσ +

∑
i̸=j,σ

tij ĉ
†
iσ ĉjσ, (3.23)

where
εi ≡ tii (3.24)

are the onsite energies and tij (i ≠ j) are hopping amplitudes. This is the most
general form of a second-quantized Hamiltonian in terms of creation and annihilation
operators of the single-particle.
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We now treat the electron-electron interaction term. In first quantization it is

V̂ee = 1
2

N∑
i,j=1
i̸=j

V (r⃗i − r⃗j). (3.25)

Using Eq. (3.12), the corresponding second-quantized form is

V̂ee = 1
2
∑
σ,σ′

∫∫
dr⃗ dr⃗ ′ Ψ̂†(r⃗, σ)Ψ̂†(r⃗ ′, σ′)V (r⃗ − r⃗ ′)Ψ̂(r⃗ ′, σ′)Ψ̂(r⃗, σ). (3.26)

We again expand the field operators in the orbital basis:

Ψ̂(r⃗, σ) =
∑
i

ϕi(r⃗) ĉiσ, (3.27)

Ψ̂†(r⃗, σ) =
∑
i

ϕ∗
i (r⃗) ĉ

†
iσ. (3.28)

Substituting these into Eq. (3.26) yields

V̂ee = 1
2
∑
σ,σ′

∫∫
dr⃗ dr⃗ ′

∑
i

ϕ∗
i (r⃗)ĉ

†
iσ

∑
j

ϕ∗
j(r⃗ ′)ĉ†

jσ′


× V (r⃗ − r⃗ ′)

∑
k

ϕk(r⃗ ′)ĉkσ′

∑
l

ϕl(r⃗)ĉlσ


= 1

2
∑
σ,σ′

∑
i,j,k,l

ĉ†
iσ ĉ

†
jσ′ ĉkσ′ ĉlσ

∫∫
dr⃗ dr⃗ ′ ϕ∗

i (r⃗)ϕ∗
j(r⃗ ′)V (r⃗ − r⃗ ′)ϕk(r⃗ ′)ϕl(r⃗). (3.29)

We define the two-body Coulomb elements

Vijkl =
∫∫

dr⃗ dr⃗ ′ ϕ∗
i (r⃗)ϕ∗

j(r⃗ ′)V (r⃗ − r⃗ ′)ϕk(r⃗ ′)ϕl(r⃗), (3.30)

so the interaction term becomes

V̂ee = 1
2
∑
σ,σ′

∑
i,j,k,l

Vijkl ĉ
†
iσ ĉ

†
jσ′ ĉkσ′ ĉlσ. (3.31)

If the interaction does not depend explicitly on spin (as is the case for the Coulomb
interaction), the spin indices only appear in the creation and annihilation operators,
and the matrix elements Vijkl are spin-independent.

Combining the one-body and two-body parts, Eqs. (3.18) and (3.31), the full
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many-body Hamiltonian in second quantization reads

Ĥ =
∑
σ

∑
i,j

tij ĉ
†
iσ ĉjσ + 1

2
∑
σ,σ′

∑
i,j,k,l

Vijkl ĉ
†
iσ ĉ

†
jσ′ ĉkσ′ ĉlσ. (3.32)

which is the standard second-quantized form of the interacting tight-binding Hamilto-
nian. This completes the formulation of a many-body problem. In the subsequent
sections, we introduce various approaches to solve a many-body problem.

3.2 Configuration Interaction

The configuration interaction (CI) method, also known as exact diagonalization (ED),
takes the many-body Hamiltonian and finds its energy spectrum by representing the
Hamiltonian as a matrix in a chosen many-body basis and then diagonalizing this
matrix [69, 119, 120]. In this way, the ground state and all excited states within the
chosen Hilbert space are obtained in a numerically exact manner.

The starting point of the CI method is a set of single-particle orbitals {ϕi(r⃗, σ)},
where i labels the orbital quantum numbers and σ denotes the spin degree of freedom.
These orbitals may be atomic, molecular, or lattice Wannier orbitals, or any other
convenient orthonormal basis [119–121]. Associated to each orbital we introduce
fermionic creation and annihilation operators ĉ†

iσ and ĉiσ, satisfying

{ĉiσ, ĉ†
jσ′} = δij δσσ′ , {ĉiσ, ĉjσ′} = {ĉ†

iσ, ĉ
†
jσ′} = 0. (3.33)

We then construct the many-body Fock space by acting with the creation operators
on the vacuum state |0⟩:

|Φα⟩ =
∏

(i,σ)∈α
ĉ†
iσ |0⟩ , (3.34)

where α denotes a configuration, i.e. a specific pattern of occupied single-particle
orbitals. In most cases such as the many-body Hamiltonian shown before, one usually
restricts to a sector with fixed particle number N (and often fixed spin projection), so
that the basis states {|Φα⟩} form an orthonormal basis of this N -particle subspace.

The dimension D of this Hilbert space grows combinatorially with the number of
available single-particle orbitals [69]. For example, if there areM distinct single-particle
spin-orbitals and the particle number is fixed to N , then

D =
(
M

N

)
. (3.35)
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The growth becomes most severe near half filling, N = M/2. Using Stirling’s
approximation n! ≈

√
2πn (n/e)n for large n, one finds

(
M

M/2

)
= M !(

M
2 !
)2 ≈

2M√
πM/2

, (3.36)

which scales asymptotically as

D ∼ 2M√
M
. (3.37)

Thus, at half filling the Hilbert space dimension grows exponentially with M , up to a
subleading algebraic prefactor. This exponential scaling of the Hilbert space is the
fundamental limitation of exact diagonalization methods for interacting many-body
systems.

Second-quantized Hamiltonian and matrix elements

We now demonstrate the application of ED on the many-body Hamiltonian in Eq. 3.32.
The coefficients are assumed to be known from the underlying microscopic model or
from ab initio calculations.

The CI method proceeds by computing all matrix elements of Ĥ in the basis
{|Φα⟩}:

Hαβ = ⟨Φα| Ĥ |Φβ⟩ . (3.38)

Using the fermionic anticommutation relations, these matrix elements can be evaluated
analytically in terms of tij and Vijkl and the occupation patterns defining |Φα⟩ and
|Φβ⟩. The resulting matrix H is a D ×D Hermitian matrix that fully encodes the
many-body Hamiltonian within the chosen Hilbert space.

To reduce computational cost, it is advantageous to exploit all symmetries of the
Hamiltonian. If Ĥ commutes with a set of conserved quantities {Q̂µ},

[Ĥ, Q̂µ] = 0, (3.39)

then Ĥ and all Q̂µ can be simultaneously diagonalized [69, 122]. This implies that the
Hilbert space decomposes into invariant subspaces characterized by definite eigenvalues
(quantum numbers) of the conserved operators.

Let Γ denote the collection of quantum numbers associated with {Q̂µ}. The full
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Hilbert space H can then be written as a direct sum of orthogonal symmetry sectors,

H =
⊕

Γ
H(Γ), (3.40)

where each subspace H(Γ) consists of states satisfying

Q̂µ |ψ(Γ)⟩ = q(Γ)
µ |ψ(Γ)⟩ . (3.41)

Because Ĥ preserves these quantum numbers, it maps each symmetry sector onto
itself,

ĤH(Γ) ⊆ H(Γ). (3.42)

As a result, in a basis ordered according to symmetry sectors, the Hamiltonian matrix
takes block-diagonal form,

Ĥ =
⊕

Γ
Ĥ(Γ), (3.43)

where Ĥ(Γ) denotes the restriction of Ĥ to the subspace H(Γ). The symbol ⊕ denotes
a direct sum. It indicates that the full operator acts independently on mutually
orthogonal subspaces, so that matrix elements connecting different symmetry sectors
vanish:

⟨ψ(Γ)| Ĥ |ψ(Γ′)⟩ = 0 for Γ ̸= Γ′. (3.44)

Thus, diagonalizing Ĥ reduces to diagonalizing each block Ĥ(Γ) separately. The CI
procedure can then be applied independently in each block, which significantly reduces
the effective matrix dimension in comparison to considering the full Hilbert space at
once. In particular, when one is interested in the ground state, it is often sufficient to
focus on the sector containing the physical ground-state quantum numbers.

Numerical diagonalization

After constructing the Hamiltonian matrix in a given symmetry sector, the next step
is to obtain its eigenvalues and eigenvectors. In principle, one can perform a full
diagonalization,

H(Γ)v(Γ)
n = E(Γ)

n v(Γ)
n , (3.45)

which yields the complete spectrum {E(Γ)
n } and the corresponding eigenstates {|Ψ(Γ)

n ⟩},
with

|Ψ(Γ)
n ⟩ =

∑
α∈Γ

v(Γ)
n,α |Φα⟩ . (3.46)
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For moderate matrix dimensions D = dimH(Γ), full dense diagonalization can be
performed using standard O(D3) algorithms such as QR or divide-and-conquer methods
implemented in LAPACK [73, 123, 124]. Here, “moderate” typically refers to matrix
sizes D ≲ 104–105, for which storing the full dense matrix (requiring O(D2) memory)
and performing cubic-time diagonalization remain computationally feasible. Since
dense diagonalization scales as O(D3) in time and O(D2) in memory, the computational
cost rapidly becomes prohibitive beyond this regime.

Once the eigenstates have been obtained for a given symmetry sector, any observable
represented by an operator Ô can be evaluated straightforwardly. For an eigenstate
|Ψn⟩, the expectation value is

⟨Ô⟩n = ⟨Ψn| Ô |Ψn⟩ =
∑
α,β

(vn,α)∗vn,β ⟨Φα| Ô |Φβ⟩ . (3.47)

For operators that are expressed in second quantization (e.g. densities, currents,
spin operators, or correlation functions), the matrix elements ⟨Φα| Ô |Φβ⟩ are again
evaluated using the algebra of creation and annihilation operators.

In this way, the CI/ED method provides access not only to the full many-body
spectrum but also to a wide range of static and dynamical observables, limited only
by the size of the Hilbert space that can be handled numerically [67, 69, 125].

Computational Limitations

Despite its simplicity and numerical exactness within the chosen Hilbert space, the
CI method suffers from an exponential growth of the Hilbert space dimension with
system size [67, 68, 72]. For example, a one-dimensional spinless chain of L sites has a
Hilbert-space dimension D = 2L. Here each of the L sites is either empty or occupied
by a single spinless fermion, so there are two states per site. The dimension 2L is
therefore that of the full Fock space, and it sums over all particle numbers from 0 to
L.

The computational cost is directly determined by this dimension. If the Hamiltonian
is stored as a dense matrix, the memory requirement scales as O(D2), while full
diagonalization scales as O(D3) in time using standard eigensolvers [73, 123]. Even for
sparse representations, iterative methods such as the Lanczos algorithm do not form
the full matrix. They keep only a small, fixed number of vectors of length D, together
with the sparse Hamiltonian. For example, the Lanczos three-term recurrence retains
only about three such vectors at a time. The memory therefore scales linearly with D,
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as O(D), rather than as the O(D2) of a dense matrix [126].
To illustrate the hardware limitation, consider L = 16, for which D = 216 = 65,536.

These estimates assume real double-precision numbers, which occupy 8 bytes each. A
single state vector then requires 8D ≈ 0.5 MB of memory, while a dense Hamiltonian
requires 8D2 ≈ 34 GB, already approaching the limits of typical workstation hardware.
If the Hamiltonian is complex, each entry occupies 16 bytes and these figures roughly
double, to about 1 MB per vector and 69 GB for the dense matrix. Since dense
diagonalization scales as D3, the computational time rapidly becomes prohibitive
beyond this range.

As a consequence, ED is restricted to systems with a modest number of degrees of
freedom, typically one-dimensional spinless chains with L ∼ 10–16 sites on present-day
hardware [67, 72, 126]. To reach such system sizes in practice, careful use of symmetries
and optimized numerical techniques (e.g., sparse-matrix representations, Krylov or
Lanczos eigensolvers, and parallelization) is essential [68, 126].

In practice, ED is therefore most powerful as a benchmarking tool and for gaining
detailed insight into the many-body physics of small clusters, which can then guide
the development and validation of more scalable approximate methods [67, 68, 126].

3.2.1 Spinless Tight-binding Chain

To illustrate the CI procedure, we now consider a spinless tight-binding Hamiltonian
with nearest-neighbour hopping and onsite energy ε. In second quantization, for a
chain of L sites with open boundary conditions, the Hamiltonian reads

Ĥ = ε
L∑
i=1

n̂i − t
L−1∑
i=1

(
ĉ†
i ĉi+1 + ĉ†

i+1ĉi
)
, (3.48)

where ĉ†
i and ĉi create and annihilate a spinless fermion on site i, and

n̂i = ĉ†
i ĉi (3.49)

is the local number operator. The first term in Eq. (3.48) assigns an energy ε to each
occupied site, while the second term allows particles to hop between neighbouring
sites with amplitude t.

For spinless fermions there are only two possible local states at each site, empty or
occupied

• |0⟩i : site i empty,
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• |1⟩i = ĉ†
i |0⟩i : one fermion at site i.

As an example, we take a chain of L = 3 sites. The full Fock space is obtained by
taking tensor products of these local states. A convenient notation is to write a basis
state as a binary occupation string

|n1n2n3⟩ ≡ (ĉ†
1)n1(ĉ†

2)n2(ĉ†
3)n3 |0⟩ , (3.50)

where ni ∈ {0, 1} and |0⟩ is the vacuum with all sites empty. For 3 sites, we will have
23 = 8 configurations. The eight many-body basis states are

|0⟩ = |000⟩, ĉ†
1 |0⟩ = |100⟩,

ĉ†
2 |0⟩ = |010⟩, ĉ†

3 |0⟩ = |001⟩,
ĉ†

1ĉ
†
2 |0⟩ = |110⟩, ĉ†

1ĉ
†
3 |0⟩ = |101⟩,

ĉ†
2ĉ

†
3 |0⟩ = |011⟩, ĉ†

1ĉ
†
2ĉ

†
3 |0⟩ = |111⟩.

In CI, we use these states as a basis in which to represent the Hamiltonian. In
numerical implementations it is convenient to associate each binary string with the
corresponding integer obtained by interpreting it as a bit pattern, e.g.

|n1n2n3⟩ ↔ n = n122 + n221 + n320, (3.51)

so that
|000⟩ → 0, |001⟩ → 1, |010⟩ → 2, |011⟩ → 3,
|100⟩ → 4, |101⟩ → 5, |110⟩ → 6, |111⟩ → 7.

(3.52)

This indexing allows us to store state coefficients in arrays and to use bit operations
to implement the action of Ĥ. For efficient implementation on a computer, we store
these binary strings in objects such as dictionaries.

Action of the Hamiltonian on basis states. We now compute the action of Ĥ
on some basis states to illustrate how matrix elements are obtained.

Onsite term. The onsite part is diagonal in the occupation basis:

Ĥε = ε
3∑
i=1

n̂i. (3.53)

For a given basis state |n1n2n3⟩, we count the number of occupied sites:

Ĥε |n1n2n3⟩ = ε(n1 + n2 + n3) |n1n2n3⟩ . (3.54)
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For example,

Ĥε |100⟩ = ε |100⟩ , (3.55)
Ĥε |110⟩ = 2ε |110⟩ . (3.56)

Hopping term. The hopping part for L = 3 is

Ĥt = −t
(
ĉ†

1ĉ2 + ĉ†
2ĉ1 + ĉ†

2ĉ3 + ĉ†
3ĉ2
)
. (3.57)

Each term moves a particle between neighbouring sites provided that the departure
site is occupied and the arrival site is empty. Fermi statistics enter through possible
sign factors, but for spinless fermions with the standard ordering 1 < 2 < 3 the
examples below are straightforward.

Consider first the one-particle state |100⟩:

Ĥt |100⟩ = −t
(
ĉ†

1ĉ2 + ĉ†
2ĉ1 + ĉ†

2ĉ3 + ĉ†
3ĉ2

)
|100⟩ . (3.58)

Only the term ĉ†
2ĉ1 gives a non-zero contribution:

ĉ1 |100⟩ = |000⟩ , (3.59)
ĉ†

2 |000⟩ = |010⟩ , (3.60)

so that
Ĥt |100⟩ = −t |010⟩ . (3.61)

All other terms annihilate the state because either the departure site is empty or the
arrival site is already occupied.

Similarly, for |010⟩ we obtain

ĉ†
1ĉ2 |010⟩ = ĉ†

1 |000⟩ = |100⟩ , (3.62)
ĉ†

3ĉ2 |010⟩ = ĉ†
3 |000⟩ = |001⟩ , (3.63)

while the other two terms give zero, so

Ĥt |010⟩ = −t
(
|100⟩+ |001⟩

)
. (3.64)

Finally,
Ĥt |001⟩ = −t |010⟩ . (3.65)
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The CI method often exploits particle-number conservation to work within a
fixed-N sector. For L = 3 and N = 1 the basis states are

|ϕ1⟩ = |100⟩ , |ϕ2⟩ = |010⟩ , |ϕ3⟩ = |001⟩ . (3.66)

Using the results above, we can read off the 3× 3 Hamiltonian matrix H(N=1) defined
by

Ĥ |ϕj⟩ =
3∑
i=1

H
(N=1)
ij |ϕi⟩ . (3.67)

We find

Ĥ |ϕ1⟩ = (ε |100⟩)− t |010⟩ = ε |ϕ1⟩ − t |ϕ2⟩ , (3.68)
Ĥ |ϕ2⟩ = (ε |010⟩)− t(|100⟩+ |001⟩) = −t |ϕ1⟩+ ε |ϕ2⟩ − t |ϕ3⟩ , (3.69)
Ĥ |ϕ3⟩ = (ε |001⟩)− t |010⟩ = −t |ϕ2⟩+ ε |ϕ3⟩ . (3.70)

Therefore,

H(N=1) =


ε −t 0
−t ε −t
0 −t ε

 . (3.71)

Diagonalizing this small matrix yields the exact one-particle energy spectrum for the
three-site chain. The entire 8× 8 Hamiltonian is shown in table (3.1), and the energy
levels are displayed in Fig. 3.1.

Growth of the Hilbert space with system size. For a spinless fermionic chain
with L sites, each site can be either empty or occupied. The dimension of the full
Fock space is therefore

dimHfull = 2L. (3.72)

If we restrict ourselves to a fixed particle number N , the relevant Hilbert space is the
N -particle sector, whose dimension is given by the binomial coefficient

dimHN =
(
L

N

)
, (3.73)

corresponding to the number of ways to distribute N indistinguishable fermions over
L sites with at most one fermion per site. Summing over all possible particle numbers
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recovers the full Fock-space dimension:

L∑
N=0

(
L

N

)
= 2L. (3.74)

This exponential growth with L is the fundamental limitation of the CI approach:
although the method is conceptually straightforward and numerically exact within
the chosen Hilbert space, the size of the Hamiltonian matrix increases so rapidly that
only relatively small systems can be treated in practice.

|000⟩ |100⟩ |010⟩ |001⟩ |110⟩ |101⟩ |011⟩ |111⟩
⟨000| 0 0 0 0 0 0 0 0
⟨100| 0 ε −t 0 0 0 0 0
⟨010| 0 −t ε −t 0 0 0 0
⟨001| 0 0 −t ε 0 0 0 0
⟨110| 0 0 0 0 2ε −t 0 0
⟨101| 0 0 0 0 −t 2ε −t 0
⟨011| 0 0 0 0 0 −t 2ε 0
⟨111| 0 0 0 0 0 0 0 3ε

Table 3.1: Hamiltonian matrix for the spinless three-site tight-binding chain in
the Fock basis {|000⟩ , |100⟩ , |010⟩ , |001⟩ , |110⟩ , |101⟩ , |011⟩ , |111⟩}. The diagonal
elements count the number of occupied sites and thus carry factors of ε, while the
off-diagonal elements −t connect configurations that differ by a single hop of a fermion
between neighbouring sites. The matrix is block diagonal in the particle-number
sectors N = 0, 1, 2, 3.

3.2.2 Spinful Tight-binding Chain

We now extend the CI construction to a spinful tight-binding Hamiltonian with onsite
energy. In contrast to the spinless case, each lattice site can now host up to two
electrons, distinguished by their spin projection σ =↑, ↓. This increases the size of the
local Hilbert space and leads to a faster growth of the many-body Hilbert space with
system size.

We consider a one-dimensional chain of L sites with nearest-neighbour hopping
and a spin-independent onsite energy ε. In second quantization the Hamiltonian reads

Ĥ = ε
L∑
i=1

∑
σ=↑,↓

n̂iσ − t
L−1∑
i=1

∑
σ=↑,↓

(
ĉ†
iσ ĉi+1,σ + ĉ†

i+1,σ ĉiσ
)
, (3.75)
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Figure 3.1: Full energy spectrum of the 3-sites spinless tight-binding Hamiltonian
with t = 1 and ϵ = 0.5 using CI.

where ĉ†
iσ (ĉiσ) creates (annihilates) an electron with spin σ on site i, and

n̂iσ = ĉ†
iσ ĉiσ (3.76)

is the corresponding number operator. The first term in Eq. (3.75) assigns an energy ε
to each electron, independent of its spin, while the second term allows spin-conserving
hopping between neighbouring sites with amplitude t.

The Hamiltonian conserves both the total particle number

N̂ =
∑
i,σ

n̂iσ (3.77)

and the spin projection
Ŝz = 1

2
∑
i

(
n̂i↑ − n̂i↓

)
. (3.78)

Therefore, the Hilbert space naturally decomposes into sectors labelled by N , N↑ and
N↓ (or equivalently N and Sz).

For each site i there are now four possible local configurations:

• |0⟩i : site i is empty;

• |↑⟩i = ĉ†
i↑ |0⟩i : one electron with spin up;

• |↓⟩i = ĉ†
i↓ |0⟩i : one electron with spin down;

• |↑↓⟩i = ĉ†
i↑ĉ

†
i↓ |0⟩i : a doubly occupied site.

58



Thus the local Hilbert space on a single site has dimension 4.
The full Fock space for the chain is obtained as the tensor product of the local

spaces. A generic basis state can be written as

|Φα⟩ =
∏

(i,σ)∈α
ĉ†
iσ |0⟩ , (3.79)

where we can order the product according to a fixed convention (for example, increasing
site index and, for each site, spin-up before spin-down), and α denotes a particular
configuration specifying which spin-orbitals (i, σ) are occupied. In an equivalent
occupation-number notation we can write

|{ni↑, ni↓}⟩ =
L∏
i=1

(ĉ†
i↑)ni↑(ĉ†

i↓)ni↓ |0⟩ , niσ ∈ {0, 1}. (3.80)

Since there are 2L spin-orbitals (i, σ) and each can be either empty or occupied,
the dimension of the full Fock space is

dimHfull = 22L = 4L, (3.81)

reflecting the four local states per site.
To use the symmetries of the spinful chain, we typically fix the total number of

electrons N and often also the spin projection Sz, or equivalently the numbers N↑ and
N↓. These are related by

N = N↑ +N↓, Sz = 1
2(N↑ −N↓). (3.82)

The dimension of the Hilbert space in a fixed (N↑, N↓) sector is obtained by a
simple combinatorial argument: there are L possible sites for spin-up electrons and
L independent sites for spin-down electrons. Choosing N↑ spin-up electrons and N↓

spin-down electrons gives

dimHN↑,N↓ =
(
L

N↑

)(
L

N↓

)
. (3.83)

Summing over all N↑, N↓ reproduces the full Fock-space dimension:

L∑
N↑=0

L∑
N↓=0

(
L

N↑

)(
L

N↓

)
=
(

L∑
N↑=0

(
L

N↑

))(
L∑

N↓=0

(
L

N↓

))
= 2L · 2L = 4L. (3.84)
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In practice, the CI basis is constructed explicitly in the desired sector by enumerating
all configurations with the given values of N↑ and N↓ and assigning each of them a
unique index.

To illustrate these general considerations, we now work out explicitly the Hamilto-
nian matrices for a short chain with L = 3 sites in several (N↑, N↓) sectors. In the
one-particle sector N = 1 the Hamiltonian matrix in the basis {|1 ↑⟩ , |2 ↑⟩ , |3 ↑⟩ ,
|1 ↓⟩ , |2 ↓⟩ , |3 ↓⟩} is shown in Table 3.2.The two-particle sectors with parallel spins,
(N↑, N↓) = (2, 0) and (0, 2), are summarized in Tables 3.3 and 3.4, respectively, while
the fully polarized three-particle sectors (3, 0) and (0, 3), which each contain a single
basis state, are shown in Tables 3.5 and 3.6. Finally, the mixed-spin three-particle
sector (N↑, N↓) = (2, 1) is represented in Table 3.7. The full many-body energy
spectrum for L = 3 is plotted in Fig. 3.2.

Now we proceed to construct the Hamiltonian matrix. Once the basis {|Φα⟩} in a
fixed sector is constructed, the CI method requires the matrix elements

Hαβ = ⟨Φα| Ĥ |Φβ⟩ . (3.85)

The diagonal matrix element is
Hαα = εNα, (3.86)

where Nα is the total number of electrons in configuration α.

The hopping part of the Hamiltonian is

Ĥt = −t
L−1∑
i=1

∑
σ

(
ĉ†
iσ ĉi+1,σ + ĉ†

i+1,σ ĉiσ
)
. (3.87)

Each term ĉ†
iσ ĉjσ moves an electron with spin σ from site j to site j + 1. Acting on a

basis state |{nkσ′}⟩, such a term yields a non-zero result only if

njσ = 1, niσ = 0, (3.88)

i.e. there is an electron at (j, σ) and the target (i, σ) is empty. The resulting state is
another basis configuration in which the occupations at (i, σ) and (j, σ) have been
exchanged:

ĉ†
iσ ĉjσ |. . . , niσ = 0, . . . , njσ = 1, . . .⟩ = ± |. . . , niσ = 1, . . . , njσ = 0, . . .⟩ . (3.89)

The overall sign ± arises from commuting the fermionic operators through the string
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of creation operators defining the basis state; it is given by (−1)P , where P is the
number of occupied spin-orbitals between (i, σ) and (j, σ) in the chosen ordering. In
an actual implementation, this sign is computed efficiently using bit operations.

Thus, for two basis states |Φα⟩ and |Φβ⟩ that differ by the motion of exactly one
electron with spin σ from site j to i = j±1, the hopping term generates an off-diagonal
matrix element

Hαβ = −t× (±1), (3.90)

with the sign determined as above. If the two configurations differ by more than
one single-particle occupation, the hopping term does not connect them directly and
Hαβ = 0.

Because Ĥ commutes with both N̂ and Ŝz, the Hamiltonian matrix constructed in
this way is block diagonal in sectors labeled by (N↑, N↓). The CI method proceeds by:

1. Enumerating all configurations in the chosen (N↑, N↓) sector and assigning them
indices to form the basis {|Φα⟩}.

2. Computing the diagonal onsite energies from Ĥε, which depend only on the total
particle number in each configuration.

3. Applying the hopping operator Ĥt to each basis state to find the connected
configurations and their associated matrix elements ±t.

4. Assembling the resulting sparse Hermitian matrix Hαβ and diagonalizing it
(typically using iterative eigensolvers such as Lanczos) to obtain the many-body
spectrum in that sector [125, 126].

Growth of the Hilbert space. The spinful tight-binding model already exhibits
a rapid growth of the Hilbert space. For L sites the full Fock space has dimension
4L, and even restricted sectors such as half filling (N = L) with Sz = 0 still have
dimensions of order

dimHN↑=N↓=L/2 =
(
L

L/2

)2

. (3.91)

For example, for L = 3 sites,

dimHfull = 43 = 64, (3.92)

which already exceeds the 23 = 8 states of a spinless chain of the same length. This
combinatorial growth ultimately limits the CI/ED approach to relatively small system
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sizes, despite the conceptual simplicity of the method and the absence of interactions
in the present example. Nonetheless, for small L the CI method yields the numerically
exact many-body eigenstates, which makes it a valuable benchmark for more advanced
and scalable techniques discussed later in this chapter. An explicit example of the full
spectrum for L = 3 is shown in Fig. 3.2.

|1; 0⟩ |2; 0⟩ |3; 0⟩ |0; 1⟩ |0; 2⟩ |0; 3⟩

⟨1; 0| ε −t 0 0 0 0

⟨2 0| −t ε −t 0 0 0

⟨3 0| 0 −t ε 0 0 0

⟨0; 1| 0 0 0 ε −t 0

⟨0; 2| 0 0 0 −t ε −t

⟨0; 3| 0 0 0 0 −t ε

Table 3.2: Hamiltonian matrix for a spinful three-site tight-binding chain in the
one-particle sector N = 1. The matrix is block diagonal in spin due to spin-conserving
hopping. Each block is identical to the spinless tight-binding Hamiltonian, with onsite
energy ε and nearest-neighbour hopping −t.

|12; 0⟩ |13; 0⟩ |23; 0⟩

⟨12; 0| 2ε −t 0

⟨13; 0| −t 2ε −t

⟨23; 0| 0 −t 2ε

Table 3.3: L = 3 spinful tight-binding Hamiltonian in the (N↑, N↓) = (2, 0) sector.

|0; 12⟩ |0; 13⟩ |0; 23⟩

⟨0; 12| 2ε −t 0

⟨0; 13| −t 2ε −t

⟨0; 23| 0 −t 2ε

Table 3.4: L = 3 spinful tight-binding Hamiltonian in the (N↑, N↓) = (0, 2) sector.
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|123; 0⟩

⟨123; 0| 3ε

Table 3.5: L = 3 spinful tight-binding Hamiltonian in the (N↑, N↓) = (3, 0) sector.

|0; 123⟩

⟨0; 123| 3ε

Table 3.6: L = 3 spinful tight-binding Hamiltonian in the (N↑, N↓) = (0, 3) sector.

|12; 1⟩ |12; 2⟩ |12; 3⟩ |13; 1⟩ |13; 2⟩ |13; 3⟩ |23; 1⟩ |23; 2⟩ |23; 3⟩

⟨12; 1| 3ε −t 0 −t 0 0 0 0 0
⟨12; 2| −t 3ε −t 0 −t 0 0 0 0
⟨12; 3| 0 −t 3ε 0 0 −t 0 0 0
⟨13; 1| −t 0 0 3ε −t 0 −t 0 0
⟨13; 2| 0 −t 0 −t 3ε −t 0 −t 0
⟨13; 3| 0 0 −t 0 −t 3ε 0 0 −t
⟨23; 1| 0 0 0 −t 0 0 3ε −t 0
⟨23; 2| 0 0 0 0 −t 0 −t 3ε −t
⟨23; 3| 0 0 0 0 0 −t 0 −t 3ε

Table 3.7: L = 3 spinful tight-binding Hamiltonian in the (N↑, N↓) = (2, 1) sector,
basis |ij↑; k↓⟩.

Figure 3.2: Full energy spectrum of the L = 3 spinful tight-binding Hamiltonian with
t = 1 and ϵ = 0.5 using CI.
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3.3 Mean-field approximations

So far we have discussed both non-interacting systems (single-particle Hamiltoni-
ans) and fully interacting many-body systems treated by exact diagonalization in
a restricted Hilbert space. While configuration interaction or exact diagonalization
provide numerically exact results within the chosen basis, their computational cost
grows exponentially with system size [67, 68, 72]. This makes them impractical for
larger systems, or for systematic scans over many parameters.

In this section we describe the mean-field approaches employed in this work to treat
electron–electron interactions at reduced cost. The central idea of mean-field theory
is to replace the full interacting many-body problem by an effective single-particle
problem, in which each electron moves in a self-consistent potential generated by the
average distribution of all the other electrons [69, 113].

We focus on the Hartree–Fock (HF) approximation, which explicitly treats both
direct (Hartree) and exchange (Fock) contributions at the mean-field level [69, 71,
119].

3.3.1 Hartree–Fock approximation

We start from the general many-body Hamiltonian written in second quantization
in an orthonormal single-particle basis {φp(r⃗)}, with fermionic operators c†

iσ and ciσ

creating and annihilating an electron in orbital i with spin σ [69, 71, 113]:

H =
∑
i,j,σ

ϵij c
†
iσcjσ + 1

2
∑
i,j,k,l

∑
σ,σ′
⟨i, j|V |k, l⟩ c†

iσc
†
jσ′ckσ′clσ. (3.93)

Here ϵij contains all one-body contributions such as onsite energy or hopping, and

⟨i, j|V |k, l⟩ =
∫
dr⃗ d˜⃗r φ∗

i (r⃗)φ∗
j(˜⃗r)V (r⃗ − ˜⃗r)φk(˜⃗r)φl(r⃗) (3.94)

are the two-body Coulomb matrix elements [69, 119]. They satisfy the symmetry
properties

⟨i, j|V |k, l⟩ = ⟨j, i|V |l, k⟩ = ⟨k, l|V |i, j⟩∗. (3.95)

The first term in Eq. (3.93) is quadratic in the fermionic operators and can be
diagonalized straightforwardly. The second term is quartic and is responsible for the
complexity of the interacting many-body problem.

In the Hartree–Fock approximation we assume that the many-body ground state
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can be approximated by
|HF⟩ =

occ∏
λ,σ

b†
λσ|0⟩, (3.96)

where b†
λσ creates an electron in a Hartree–Fock orbital labelled by λ and spin σ. The

symbol “occ” indicates that the product runs over all occupied single-particle orbitals
in the Hartree–Fock ground state. That is, for a system with N electrons, exactly N
orbitals {λ} are filled, and the remaining orbitals are empty. These orbitals are linear
combinations of the original basis states:

b†
λσ =

∑
p

aσλpc
†
pσ, c†

pσ =
∑
λ

aσ∗
λpb

†
λσ. (3.97)

Because |HF⟩ is a Slater determinant, Wick’s theorem applies: any expectation value of
a product of fermionic operators can be expressed as a sum of products of two-operator
contractions [69, 71, 127].

It is convenient to introduce the one-body density matrix in the original basis

ρσij = ⟨HF|c†
iσcjσ|HF⟩. (3.98)

Since the Hartree–Fock Hamiltonian conserves the spin projection Sz, the up- and
down-spin sectors remain independent [69, 113]. Consequently, the Hartree–Fock
ground state factorizes into a tensor product of two independent Slater determinants,

|HF⟩ = |HF↑⟩ ⊗ |HF↓⟩. (3.99)

Because of this factorization, operators that mix different spin projections connect
orthogonal Fock sectors and therefore have vanishing expectation values. In particular,
the one-body density matrix becomes diagonal in spin space,

⟨c†
iσcjσ′⟩ = δσσ′ ρσij, (3.100)

where
ρσij = ⟨c†

iσcjσ⟩ (3.101)

is the spin-resolved density matrix. This case is known as a collinear Hartree–Fock
solution. Collinear means that the spin moments everywhere point along a single
common axis, taken here as the spin quantization axis z. Equivalently, the single-
particle states are eigenstates of Sz, and the mean-field Hamiltonian contains no
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spin-flip terms connecting ↑ and ↓. The spin structure therefore remains block
diagonal, and each spin sector can be treated independently. A non-collinear solution,
by contrast, allows the spin moments to point in different directions. The two spin
sectors then mix, Sz is no longer conserved, and the block-diagonal structure is lost.
Such solutions are required when spin-flip terms are present.

We now focus on the interaction part of the Hamiltonian,

V̂ee = 1
2
∑
i,j,k,l

∑
σ,σ′
⟨i, j|V |k, l⟩ c†

iσc
†
jσ′ckσ′clσ. (3.102)

As noted above, because |HF⟩ is a Slater determinant, Wick’s theorem applies, and
it is exact. Written out for a product of four fermion operators, it expresses the
expectation value as a sum of two-operator contractions,

⟨c†
iσc

†
jσ′ckσ′clσ⟩ = ⟨c†

iσclσ⟩⟨c
†
jσ′ckσ′⟩ − ⟨c†

iσckσ′⟩⟨c†
jσ′clσ⟩. (3.103)

This is an identity and involves no approximation.
The approximation enters at a separate step, as the mean-field decoupling of the

operator. We write each fermion bilinear as its average plus a fluctuation, δÂ = Â−⟨Â⟩.
For any two bilinears this gives the exact relation

ÂB̂ = ⟨Â⟩B̂ + Â⟨B̂⟩ − ⟨Â⟩⟨B̂⟩+ δÂ δB̂. (3.104)

The Hartree–Fock approximation neglects the last term, δÂ δB̂, which carries the
correlations beyond mean field. Applying this to the four-operator product, in both the
direct (Hartree) and exchange (Fock) channels, and absorbing the resulting constant
into an overall energy shift, we obtain

c†
iσc

†
jσ′ckσ′clσ ≈ ⟨c†

jσ′ckσ′⟩c†
iσclσ︸ ︷︷ ︸

direct (Hartree)

+ ⟨c†
iσclσ⟩c

†
jσ′ckσ′︸ ︷︷ ︸

direct (Hartree)

− ⟨c†
jσ′clσ⟩c†

iσckσ′︸ ︷︷ ︸
exchange (Fock)

−⟨c†
iσckσ′⟩c†

jσ′clσ︸ ︷︷ ︸
exchange (Fock)

. (3.105)

The symbol ≈ here denotes the mean-field neglect of the fluctuation term in
Eq. (3.104), not Wick’s theorem, which is exact. Using Eq. (3.100), the expectation
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values are written in terms of the density matrix:

⟨c†
jσ′ckσ′⟩ = ρσ

′

jk, ⟨c†
iσclσ⟩ = ρσil, (3.106)

⟨c†
jσ′clσ⟩ = δσσ′ρσjl, ⟨c†

iσckσ′⟩ = δσσ′ρσik. (3.107)

Substituting Eq. (3.105) into Eq. (3.102) we obtain

V̂ee ≈
1
2
∑
i,j,k,l

∑
σ,σ′
⟨i, j|V |k, l⟩

[
ρσ

′

kjc
†
iσclσ + ρσlic

†
jσ′ckσ′

− δσσ′ρσljc
†
iσckσ − δσσ′ρσkic

†
jσclσ

]
. (3.108)

We now simplify term by term.

Direct (Hartree) contribution. Consider the first two terms in the square brackets.
The first one reads

V̂
(1)

H = 1
2
∑
i,l,σ

∑
j,k,σ′
⟨i, j|V |k, l⟩ ρσ′

kj

 c†
iσclσ. (3.109)

The second Hartree term has operator structure c†
jσ′ckσ′ ; by relabelling dummy indices

(i, σ) ↔ (j, σ′) and (l, k) ↔ (k, l) and using the symmetry of the Coulomb matrix
elements, we obtain an identical contribution. Therefore the factor of 1/2 cancels and
the full Hartree term is

V̂H =
∑
i,l,σ

∑
j,k,σ′
⟨i, j|V |k, l⟩ ρσ′

kj

 c†
iσclσ. (3.110)

Exchange (Fock) contribution. The third term in Eq. (3.108) reads

V̂
(1)

F = −1
2
∑
i,k,σ

∑
j,l

⟨i, j|V |k, l⟩ ρσlj

 c†
iσckσ, (3.111)

where the Kronecker delta δσσ′ has been used to perform the spin sum σ′. The fourth
term in Eq. (3.108) can be treated in exactly the same way by relabelling dummy
indices, leading to an identical contribution. Again, the factor 1/2 cancels and we
obtain

V̂F = −
∑
i,k,σ

∑
j,l

⟨i, j|V |k, l⟩ ρσlj

 c†
iσckσ. (3.112)
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Quadratic Hartree–Fock Hamiltonian. Collecting the Hartree and Fock contri-
butions, the interaction part in the Hartree–Fock approximation becomes

V̂ HF
ee =

∑
i,l,σ

∑
j,k,σ′

(
⟨i, j|V |k, l⟩ ρσ′

kj − ⟨i, j|V |k, l⟩ ρσkjδσσ′

) c†
iσclσ. (3.113)

It is convenient to define the Hartree–Fock self-energy (or effective mean-field potential)

Σσ
il[ρ] =

∑
j,k,σ′

(
⟨i, j|V |k, l⟩ ρσ′

kj − ⟨i, j|V |l, k⟩ ρσkjδσσ′

)
, (3.114)

so that
V̂ HF
ee =

∑
i,l,σ

Σσ
il[ρ] c

†
iσclσ. (3.115)

Adding the one-body part of the Hamiltonian, the full HF Hamiltonian is purely
quadratic:

HHF =
∑
i,l,σ

hHF
il,σ c

†
iσclσ, hHF

il,σ = ϵil + Σσ
il[ρ]. (3.116)

This is of the same form as the non-interacting Hamiltonian, but with an effective
single-particle matrix hHF[ρ] that depends on the density matrix itself.

The Hartree–Fock ground-state energy is obtained by taking the expectation value
of the full Hamiltonian with respect to |HF⟩:

EHF = ⟨HF|H|HF⟩

=
∑
i,j,σ

ϵij ρ
σ
ij + 1

2
∑
i,j,k,l

∑
σ,σ′
⟨i, j|V |k, l⟩

(
⟨c†
iσc

†
jσ′ckσ′clσ⟩HF

)
. (3.117)

Evaluating the four-operator expectation value by Wick’s theorem and using the same
contractions as in Eq. (3.105), we find

EHF =
∑
i,j,σ

ϵij ρ
σ
ij + 1

2
∑
i,j,k,l

∑
σ,σ′
⟨i, j|V |k, l⟩

(
ρσilρ

σ′

jk − δσσ′ρσikρ
σ
jl

)
. (3.118)

The first term inside the parentheses is the Hartree (direct) energy, while the second
term is the Fock (exchange) contribution. The prefactor 1/2 ensures that each pair
interaction is counted only once, avoiding double counting when summing over all
indices.

Using the effective single-particle matrix hHF defined in Eq. (3.116), one can
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equivalently write

EHF =
∑
i,j,σ

hHF
ij,σ ρ

σ
ij −

1
2
∑
i,j,k,l

∑
σ,σ′
⟨i, j|V |k, l⟩

(
ρσilρ

σ′

jk − δσσ′ρσikρ
σ
jl

)
, (3.119)

which makes explicit that, although hHF already contains mean-field interaction effects,
a separate interaction energy must be subtracted to avoid double counting.

Since the Hartree–Fock Hamiltonian HHF depends on the density matrix ρ through
Eq. (3.114), the HF equations must be solved self-consistently. The practical algorithm
proceeds as follows:

1. Initial guess. Choose an initial density matrix ρ(0), e.g., from the non-
interacting ground state or a simple trial configuration.

2. Build HF Hamiltonian. Construct hHF[ρ(n)] via Eq. (3.116).

3. Diagonalize. Solve the single-particle eigenvalue problem

∑
s

hHF
il,σ[ρ(n)]ψ(n)

λlσ = ε
(n)
λσ ψ

(n)
λiσ (3.120)

and fill the lowest-energy orbitals according to the required particle number and
spin sector.

4. Update density matrix. Construct a new density matrix

ρ
σ,(n+1)
ij =

∑
λ∈ occ

ψ
(n)∗
λiσ ψ

(n)
λjσ. (3.121)

5. Convergence check. Compare ρ(n+1) (or E(n+1)
HF ) with ρ(n); if the change is

smaller than a chosen tolerance, the self-consistent solution has been found.
Otherwise, set n→ n+ 1 and repeat.

Compared to exact diagonalization, HF replaces the exponential growth of the
many-body Hilbert space by a polynomial-cost sequence of single-particle diagonaliza-
tions. The price is that correlations beyond a single Slater determinant are neglected
[119–121].

3.4 Variational Quantum Eigensolver

In this section we introduce the variational quantum eigensolver (VQE), a hybrid
quantum–classical algorithm designed to approximate ground-state properties of
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interacting quantum many-body systems. VQE was first demonstrated by Peruzzo [128]
and has since become one of the most widely studied approaches for exploiting near-
term quantum devices for electronic structure and other many-body problems [129,
130]. The exact diagonalization method scales exponentially with system size because
it requires explicit storage and manipulation of the full many-body wavefunction.
VQE instead represents the wavefunction implicitly as a parametrized quantum circuit
acting on a register of qubits and uses measurements on the quantum device, combined
with a classical optimizer, to minimize the energy expectation value, thus providing
an approximation of the ground state energy [128–131].

3.4.1 Variational principle and cost function

The starting point of the variational quantum eigensolver (VQE) is the Rayleigh–Ritz
variational principle [69, 122]. We consider a Hamiltonian Ĥ with (unknown) ground-
state energy E0 and choose a family of normalized trial states |ψ(θ)⟩, parametrized by
a set of real parameters θ = (θ1, θ2, . . . , θNθ

). The corresponding energy functional,

E(θ) = ⟨ψ(θ)| Ĥ |ψ(θ)⟩ , (3.122)

satisfies the variational bound

E(θ) ≥ E0 for all θ, (3.123)

with equality only when |ψ(θ)⟩ coincides with the exact ground state (up to a global
phase). The variational bound follows directly from the Rayleigh–Ritz variational
principle [69, 122]. Let {|En⟩} be the complete orthonormal set of eigenstates of Ĥ,

Ĥ |En⟩ = En |En⟩ , E0 ≤ E1 ≤ E2 ≤ . . . . (3.124)

Any normalized trial state |ψ⟩ can be expanded in this basis,

|ψ⟩ =
∑
n

cn |En⟩ ,
∑
n

|cn|2 = 1. (3.125)

The expectation value of the Hamiltonian is therefore

⟨ψ| Ĥ |ψ⟩ =
∑
n

|cn|2En. (3.126)
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Since En ≥ E0 for all n, we obtain

⟨ψ| Ĥ |ψ⟩ = E0
∑
n

|cn|2 +
∑
n>0
|cn|2(En − E0) ≥ E0. (3.127)

The inequality becomes an equality only if |cn|2 = 0 for all n > 0, i.e., when |ψ⟩
coincides with the exact ground state |E0⟩.

The VQE algorithm aims to solve the optimization problem

EVQE = min
θ
⟨ψ(θ)| Ĥ |ψ(θ)⟩ . (3.128)

In practice, Ĥ could be an interacting many-body Hamiltonian acting on a high-
dimensional Hilbert space, and the trial state |ψ(θ)⟩ is generated by a parametrized
quantum circuit (ansatz) on a qubit register.

VQE is a hybrid algorithm: state preparation and measurement are carried out on
a quantum device, while the optimization over θ is performed on a classical computer.
The algorithm proceeds iteratively as follows:

1. Hamiltonian of the problem. One first specifies the quantum many-body
system of interest (for instance, an interacting electronic system or a lattice
spin model) and writes down the target Hamiltonian Ĥ in a form suitable for
implementation on a quantum computer, which will be clarified. For VQE to
be efficient, Ĥ must decompose into a sum of a polynomial number of terms
whose expectation values can be measured separately (e.g. a sum of few-body
interaction terms). Details of the Hamiltonian representation and fermion-to-
qubit mapping are discussed in later sections.

2. Definition of the ansatz. One chooses a parametrized quantum circuit Û(θ)
acting on n qubits, and defines the trial state as

|ψ(θ)⟩ = Û(θ) |ψref⟩ , (3.129)

where |ψref⟩ is a fixed reference state. The circuit is built from a sequence of
one and two-qubit gates, some of which depend explicitly on the parameters
θ = (θ1, . . . , θNθ

). Typically, these parameters enter as rotation angles in single-
qubit gates,

Rα(θ) = e−iθσα/2, (3.130)

where σα ∈ {σx, σy, σz} are Pauli matrices, or as continuous parameters in
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entangling gates such as controlled rotations or parametrized two-qubit evolutions.
In this way, each θk controls the strength of a unitary transformation generated
by a chosen Hermitian operator, and the full unitary takes the structured form

Û(θ) =
∏
k

e−iθkĜk , (3.131)

where {Ĝk} are Hermitian generators determined by the ansatz design.

The depth and structure of the circuit determine the expressiveness of the ansatz
and its sensitivity to hardware noise [129, 132, 133].

3. State preparation on the quantum device. For a given parameter vec-
tor θ, the circuit Û(θ) is executed on the quantum hardware, preparing the
corresponding n-qubit state |ψ(θ)⟩.

4. Measurement of observables. The expectation value E(θ) is estimated by
repeated projective measurements of Ĥ on |ψ(θ)⟩.The Hamiltonian is decom-
posed into a sum of measurement-friendly terms (e.g. tensor products of Pauli
operators), and each group of mutually commuting terms is measured separately.
The resulting bit strings are collected over many repetitions (shots) and used to
estimate E(θ) as a statistical average. The number of required measurements
grows with the number of Hamiltonian terms and with the inverse square of the
desired statistical precision (error).

5. Classical optimization. The estimated energy E(θ) is passed to a classical
optimizer which proposes an updated parameter set θ′, attempting to reduce
the cost function. Gradient-free (Nelder–Mead, COBYLA, SPSA) and gradient-
based (stochastic gradient, L-BFGS) optimizers are both commonly used [129,
131, 134–137]. Because measurements are noisy and each evaluation of E(θ) is
stochastic, the choice of optimizer matters, and the methods listed above are not
equally robust to this noise [129, 138]. Stochastic optimizers such as SPSA and
stochastic gradient descent are built for noisy function and gradient estimates,
and they tolerate sampling noise comparatively well [129, 136]. Methods that
fit local models or curvature approximations to the sampled values, such as
Nelder-Mead, COBYLA, and L-BFGS, are more sensitive to noise. They tend
to perform well only when E(θ) is estimated with many measurement shots or
in noiseless simulation [134, 135, 137]. On present-day hardware, noise-robust
optimizers together with error-mitigation techniques are therefore often required
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[131, 139, 140].

6. Convergence and post-processing. Steps 3–5 are repeated until a conver-
gence criterion is satisfied, for example when the change in the energy estimate
between successive iterations falls below a given threshold or after a fixed maxi-
mum number of iterations. Once converged, the final parameter set θ⋆ provides
an approximation to the ground state, from which other observables can be
measured straightforwardly on the quantum device.

3.4.2 VQE for quantum many-body systems

The VQE framework can be used for quantum many-body problems, where the size
of the Hilbert space grows exponentially with the number of degrees of freedom. By
encoding the relevant many-body degrees of freedom into a register of qubits, VQE
can represent states using a number of parameters and gate operations that scale only
polynomially with system size, provided a suitable ansatz is chosen [128–132].

From the perspective of many-body methods, it is useful to compare VQE, CI,
and mean-field approaches:

• Compared to CI, VQE does not require explicit construction and full diago-
nalization of the many-body Hamiltonian matrix: the Hilbert-space dimension
appears only implicitly through the number of qubits and the structure of the
ansatz and Hamiltonian decomposition. In practice, however, this advantage is
offset by several serious challenges on current noisy devices. For small systems,
CI/ED is routinely used to benchmark VQE: even for modest problem sizes,
classical diagonalization (possibly with symmetry reduction or sparse methods)
always remains more accurate and more predictable in cost, whereas VQE can
suffer from noise, barren plateaus, ansatz expressibility issues, and difficult
classical optimization landscapes.[6, 128, 129, 133] For larger systems where CI
becomes intractable, VQE is in principle a candidate route to capturing correla-
tion effects beyond mean-field on quantum hardware, but recent studies indicate
that achieving a practical quantum advantage will likely require substantial error
mitigation, problem-specific ansätze, and improved optimization strategies, and
remains an open challenge on near-term devices.[130, 141, 142]

• Compared to mean-field methods, VQE can represent entangled many-body
states that go far beyond a single Slater determinant or product state [128, 129,
131, 143, 144]. While mean-field approaches replace the full interaction with
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an effective one-body potential, VQE keeps the full interacting Hamiltonian
and uses the variational freedom of the ansatz to approximate its ground state
within the accessible variational manifold.

Whether VQE provides an actual computational advantage over classical many-
body methods depends on several factors: the expressiveness and trainability of
the chosen ansatz, the scaling of measurement requirements, the performance of
the classical optimizer, and the noise characteristics of the underlying hardware.
[130] discusses in detail how these aspects affect the overall resources needed and
formulates conditions under which VQE could achieve a genuine quantum advantage
for many-body problems [129, 133].

To summarize the VQE approach:

1. Choose the many-body Hamiltonian Ĥ.

2. Select a parametrized ansatz circuit Û(θ) acting on qubits and a reference state
|ψref⟩.

3. Prepare |ψ(θ)⟩ = Û(θ) |ψref⟩ on the quantum device.

4. Estimate E(θ) by repeated measurements of Ĥ on |ψ(θ)⟩.

5. Use a classical optimizer to update θ so as to reduce E(θ).

6. Iterate steps 3–6 until convergence, and then extract ground-state properties
from the optimized state |ψ(θ⋆)⟩.
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Figure 3.3: Schematic flowchart of the VQE optimization loop.

It is graphically shown in Fig. 3.3. In the remainder of this section we will specify
how we can represent a many-body Hamiltonian in a suitable form to be used for
VQE, through applying the Jordan-Wigner transformation.

3.4.3 Jordan–Wigner Transformation

In the previous sections we have formulated our many-body problem in second
quantization using fermionic creation and annihilation operators c†

j and cj (or c†
jσ and

cjσ for spinful systems). To implement these Hamiltonians on a quantum computer, or
to recast them as spin models, it is convenient to map fermionic operators to operators
acting on spin-1/2 degrees of freedom. The main difficulty is that fermionic operators
satisfy non-local anti-commutation relations,

{cp, cq} = 0, {c†
p, c

†
q} = 0, {cp, c†

q} = δpq, (3.132)

whereas local spin operators acting on different sites commute. The Jordan–Wigner
(JW) transformation provides an explicit, invertible mapping between fermionic
operators and tensor products of spin-1/2 operators such that the anti-commutation
relations in Eq.(3.132) are exactly preserved [145–147]. In this way an interacting
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fermionic Hamiltonian can be rewritten as a sum of spin (Pauli) strings, which is the
form required by VQE and other quantum-algorithmic approaches.

We consider a one-dimensional ordering of the fermionic modes, labelled by j =
1, . . . ,M . On each site j we introduce a spin-1/2 degree of freedom with spin operators
Ŝxj , Ŝ

y
j , Ŝ

z
j (equivalently Pauli matrices σ̂αj = 2Ŝαj , α = x, y, z). We also define the spin

raising and lowering operators

Ŝ+
j = Ŝxj + iŜyj , Ŝ−

j = Ŝxj − iŜ
y
j , (3.133)

which satisfy the usual su(2) algebra together with Ŝzj . Operators acting on different
sites commute:

[Sαp , Sβq ] = 0 for p ̸= q, (3.134)

for any α, β ∈ {x, y, z,+,−}. If we naively tried to identify cj ∼ Ŝ−
j , operators on

different sites would commute instead of anti-commute, in contradiction with (3.132).
The key idea of the JW transformation is therefore to attach to each fermionic mode
a phase string that keeps track of the fermion parity of all sites to the “left” of j in
the chosen ordering.

For each site j we introduce the phase operator

Φj = π
j−1∑
m=1

(
1
2 + Ŝzm

)
, (3.135)

and its exponential

eiΦj =
j−1∏
m=1

(−2Ŝzm), (3.136)

which plays the role of the Jordan–Wigner string. Because (2Szm)2 = 1 and Szm

commutes with Ŝ±
j for m ≠ j, this operator simply keeps track of whether the number

of fermions on sites 1, . . . , j − 1 is even or odd. The JW map for spinless fermions is
then defined as

c†
j = e−iΦj Ŝ+

j , cj = Ŝ−
j eiΦj . (3.137)

One can verify explicitly that Eq.(3.137) satisfies the canonical fermionic anti-commutation
relations Eq.(3.132). The non-local phase string eiΦj ensures that exchanging the
order of cp and cq (with p ̸= q) produces the required minus sign.

In this convention the local fermionic number operator becomes

nj = c†
jcj = Ŝ+

j Ŝ
−
j = 1

2 + Ŝzj , (3.138)
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so that an empty fermionic mode corresponds to the spin-down state |↓⟩j with
eigenvalue −1

2 and nj = 0, while an occupied mode corresponds to the spin-up state
|↑⟩j with eigenvalue 1

2 and nj = 1. This establishes a direct correspondence between
the fermionic basis {|0⟩ , |1⟩} and the spin basis {|↓⟩ , |↑⟩} on each site.

In the following we apply this JW construction to a spinless tight-binding model,
expressing the basic second-quantized operators in terms of products of spin operators
Ŝxj , Ŝ

y
j , Ŝ

z
j (or equivalently Pauli matrices), as required for implementation on a

quantum computer.

Nearest-neighbour hopping. Consider a generic hopping term between sites i
and j (with i < j for definiteness),

Tij = c†
icj + c†

jci. (3.139)

Using the commutation relations between Ŝ± and Ŝz, one finds

c†
icj = e−iΦiŜ+

i Ŝ
−
j eiΦj = Ŝ+

i

 j−1∏
k=i

(
2Ŝzk

) Ŝ−
j , (3.140)

and similarly for c†
jci. It is convenient to write

Tij =
(
Ŝ+
i Ŝ

−
j + Ŝ+

j Ŝ
−
i

) j−1∏
k=i+1

(
2Ŝzk

)
. (3.141)

Expressing Ŝ± in terms of Ŝx and Ŝy via Eq.(3.133) yields

Tij = 2
[
Ŝxi Ŝ

x
j + Ŝyi Ŝ

y
j

] j−1∏
k=i+1

(
2Ŝzk

)
. (3.142)

For nearest neighbours (j = i+ 1) the string between i and j is empty and the product
reduces to the identity, so the hopping term reduces to a purely local XX + Y Y

coupling,
Ti,i+1 = 2

(
Ŝxi Ŝ

x
i+1 + Ŝyi Ŝ

y
i+1

)
. (3.143)

Example: spinless tight-binding chain with on-site energy For the one-
dimensional spinless tight-binding Hamiltonian with a uniform on-site energy ϵ and
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nearest-neighbour hopping t on a chain of N sites,

H = ϵ
N∑
j=1

c†
jcj − t

N−1∑
j=1

(
c†
jcj+1 + c†

j+1cj
)
. (3.144)

The on-site term becomes

ϵ
N∑
j=1

c†
jcj = ϵ

N∑
j=1

nj = ϵ
N∑
j=1

(1
2 + Ŝzj

)
. (3.145)

For nearest neighbours j and j + 1 we start from the Jordan–Wigner map for spinless
fermions

c†
j = e−iΦj Ŝ+

j , cj+1 = Ŝ−
j+1e

iΦj+1 , (3.146)

with

Φj = π
j−1∑
m=1

(
1
2 + Ŝzm

)
, Φj+1 = π

j∑
m=1

(
1
2 + Ŝzm

)
= Φj + π

(
1
2 Ŝ

z
j

)
. (3.147)

Then

c†
jcj+1 = e−iΦj Ŝ+

j Ŝ
−
j+1e

iΦj+1

= e−iΦj Ŝ+
j Ŝ

−
j+1e

iΦjeiπ( 1
2 +Ŝz

j ). (3.148)

The operators e±iΦj depend only on Ŝzm with m < j, so they commute with both Ŝ+
j

and Ŝ−
j+1. Thus, we can move them together and cancel them:

c†
jcj+1 = Ŝ+

j Ŝ
−
j+1e

iπ( 1
2 +Ŝz

j ). (3.149)

Next we simplify the exponential. Since Ŝzj has eigenvalues ±1
2 , we have

eiπ( 1
2 +Ŝz

j ) =


eiπ(1) = −1,

eiπ(0) = +1,
(3.150)

so as an operator identity
eiπ( 1

2 +Ŝz
j ) = −2Ŝzj . (3.151)

Hence
c†
jcj+1 = −2Ŝ+

j Ŝ
−
j+1Ŝ

z
j . (3.152)
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Because Ŝ−
j+1 acts on site j + 1, it commutes with Ŝzj , so we can rewrite

c†
jcj+1 = −2Ŝ+

j Ŝ
z
j Ŝ

−
j+1. (3.153)

Using the spin-1
2 identity

Ŝ+
j Ŝ

z
j = −1

2 Ŝ
+
j ⇒ Ŝ+

j (−2Ŝzj ) = Ŝ+
j , (3.154)

we obtain
c†
jcj+1 = Ŝ+

j Ŝ
−
j+1. (3.155)

Similarly, starting from

c†
j+1 = e−iΦj+1Ŝ+

j+1, cj = Ŝ−
j e

iΦj , (3.156)

one finds, by analogous steps (or by taking the Hermitian conjugate of the previous
result),

c†
j+1cj = Ŝ+

j+1Ŝ
−
j . (3.157)

Therefore, for nearest neighbours the Jordan–Wigner strings cancel, and we arrive at

c†
jcj+1 + c†

j+1cj = Ŝ+
j Ŝ

−
j+1 + Ŝ+

j+1Ŝ
−
j . (3.158)

We now express this in terms of Ŝx and Ŝy using

Ŝ+
j = Ŝxj + iŜyj , Ŝ−

j = Ŝxj − iŜ
y
j . (3.159)

First,

Ŝ+
j Ŝ

−
j+1 = (Ŝxj + iŜyj )(Ŝxj+1 − iŜ

y
j+1)

= Ŝxj Ŝ
x
j+1 − iŜxj Ŝ

y
j+1 + iŜyj Ŝ

x
j+1 + Ŝyj Ŝ

y
j+1, (3.160)

Ŝ+
j+1Ŝ

−
j = (Ŝxj+1 + iŜyj+1)(Ŝxj − iŜ

y
j )

= Ŝxj+1Ŝ
x
j − iŜxj+1Ŝ

y
j + iŜyj+1Ŝ

x
j + Ŝyj+1Ŝ

y
j . (3.161)

Using the fact that spin operators on different sites commute, Ŝαj Ŝ
β
j+1 = Ŝβj+1Ŝ

α
j , we

can rewrite the second expression with the same ordering of sites:

Ŝ+
j+1Ŝ

−
j = Ŝxj Ŝ

x
j+1 + iŜyj Ŝ

x
j+1 − iŜxj Ŝ

y
j+1 + Ŝyj Ŝ

y
j+1. (3.162)
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Adding the two,

Ŝ+
j Ŝ

−
j+1 + Ŝ+

j+1Ŝ
−
j =

[
Ŝxj Ŝ

x
j+1 + Ŝxj Ŝ

x
j+1

]
+
[
−iŜxj Ŝ

y
j+1 − iŜxj Ŝ

y
j+1

]
+
[
iŜyj Ŝ

x
j+1 + iŜyj Ŝ

x
j+1

]
+
[
Ŝyj Ŝ

y
j+1 + Ŝyj Ŝ

y
j+1

]
= 2

(
Ŝxj Ŝ

x
j+1 + Ŝyj Ŝ

y
j+1

)
, (3.163)

because the mixed terms ∝ Ŝxj Ŝ
y
j+1 and Ŝyj Ŝ

x
j+1 cancel pairwise.

Therefore the hopping term in Eq. (3.144) becomes

−t
N−1∑
j=1

(
c†
jcj+1 + c†

j+1cj
)

= −2t
N−1∑
j=1

(
Ŝxj Ŝ

x
j+1 + Ŝyj Ŝ

y
j+1

)
. (3.164)

Equation (3.164) expresses the original fermionic tight-binding model entirely in terms
of spin operators (or, equivalently, Pauli matrices via σαj = 2Ŝαj ), and serves as the
starting point for the VQE simulations.

3.4.4 Pauli–string Representation of Many-body Hamiltoni-
ans

Combining the above ingredients, any second–quantized fermionic Hamiltonian with
one and two–body operators can be mapped to a qubit Hamiltonian of the form

Ĥ =
∑
α

hα P̂α, P̂α =
M⊗
p=1

σ̂αp
p , αp ∈ {0, x, y, z}, (3.165)

where σ̂0 = Î is the identity operator on a single qubit and M is the total number of
qubits introduced by the Jordan–Wigner mapping (equal to the number of fermionic
modes) [145–147]. Each operator P̂α is thus a tensor product (“Pauli string”) of
single–qubit operators, and the real coefficients hα encode the microscopic parameters
of the original many–body model: on–site energies, hopping amplitudes, interaction
strengths, and pairing amplitudes [2, 131].

From the point of view of many–body physics, the transformation Eq.(3.165)
replaces the original Fock–space problem (whose dimension grows combinatorially
with particle number and system size) by an equivalent spin–1/2 model acting on M
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qubits [147]. The nonlocal fermionic statistics are carried entirely by the structure of
the Pauli strings, while the spectrum and eigenstates of Ĥ are identical to those of the
original interacting fermionic Hamiltonian [145, 146]. In particular, all many–body
properties of interest—ground–state energy, excitation spectrum, correlation functions,
and entanglement measures—can be recovered from Eq.(3.165).

In the VQE framework, Eq. (3.165) is the natural endpoint of the mapping stage and
the starting point of the variational optimization [128, 129, 131]. Given a parametrized
many–body trial state |ψ(θ)⟩ prepared on M qubits, the energy expectation value can
be written as

E(θ) = ⟨ψ(θ)| Ĥ |ψ(θ)⟩ =
∑
α

hα ⟨ψ(θ)| P̂α |ψ(θ)⟩ . (3.166)

Hence the interacting many–body energy is obtained as a weighted sum of expectation
values of Pauli strings, each of which corresponds to a measurable observable on the
quantum device [128, 131]. In practice, the strings P̂α are grouped into mutually
commuting sets so that the corresponding many–body observables can be measured
in a common basis, reducing the total measurement overhead [130, 140].

This Pauli–string representation plays the same role for VQE that the matrix
representation of the Hamiltonian plays for exact diagonalization: it provides the
complete description of the interacting many–body problem in a fixed basis. The key
difference is that, instead of constructing and diagonalizing the full Hamiltonian matrix
in classical memory, VQE evaluates Eq.(3.166) by sampling the expectation values of
Pauli strings on a quantum processor and uses a classical optimizer to variationally
approach the ground state [128–130]. We will later specify the particular many–body
Hamiltonians and ansätze used in this work, always starting from their Pauli–string
representation Eq.(3.165).

3.5 Density Matrix Renormalization Group

We return to the exponential growth of the Hilbert space of many-body systems.
For a chain of L spin-1/2 degrees of freedom the Hilbert-space dimension is 2L.
Even for modest system sizes, configuration interaction becomes impractical. The
ground states and low-lying excitations of local Hamiltonians, however, occupy only
a small and structured corner of this large space. Tensor-network methods exploit
this structure. The Density Matrix Renormalization Group (DMRG) is the most
important of these methods in one dimension [68, 148–150]. In short, DMRG is an
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algorithm that optimizes a matrix-product-state (MPS) ansatz for the ground state of
a local Hamiltonian on a chain [148–151].

In this section we introduce the tensor-network notation that underlies DMRG.
The goal is a compact graphical language for many-body tensors. In this language the
structure of a state and the cost of manipulating it are both easy to see.

We build up to the algorithm in four steps. First we introduce tensors and the
few operations that DMRG needs. These are products, traces, contractions, and the
singular value decomposition. Second we use the singular value decomposition to
define the matrix product state, which is the variational form that DMRG optimizes.
Third we explain why this form is so efficient in one dimension, using the area law for
entanglement. Finally we describe the DMRG algorithm itself on a concrete spinless
chain.

3.5.1 Tensors and Tensor Operations

A pure state of L local degrees of freedom, each with on-site Hilbert-space dimension
d, can be written in a local basis as

|ψ⟩ =
d−1∑

j1,...,jL=0
Cj1j2...jL |j1⟩ ⊗ |j2⟩ ⊗ · · · ⊗ |jL⟩ , (3.167)

The coefficients Cj1j2...jL form a rank-L tensor [69, 71]. More generally, a rank-r tensor
is an array of complex numbers

Ti1i2...ir ∈ Cd1×d2×···×dr , (3.168)

with one index ik for each factor space of dimension dk. Scalars, vectors, and matrices
are the rank-0, rank-1, and rank-2 cases.

In tensor-network notation, a tensor is drawn as a node (a geometric shape) with
one leg for each index [150–152]. For instance, a rank-four tensor Rρσµν is drawn as

Rρσµν ←→ R

ρ

σ

µ

ν . (3.169)

In many-body applications it is convenient to distinguish two kinds of index.
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Physical indices label the local basis states |j⟩ on each site. Virtual or bond indices
connect tensors and encode the entanglement between subsystems [150, 153]. In
diagrams we keep track only of which legs are connected. The choice of node shape or
leg orientation carries no extra meaning.

DMRG manipulates tensors through a small set of operations. These are tensor
products, traces, contractions, and singular value decompositions. Each has a simple
graphical rule. The rules mirror Einstein summation, but without writing the indices
explicitly.

The tensor (outer) product of a rank-r tensor A and a rank-s tensor B is the
rank-(r + s) tensor shown below.

The value of a disconnected network is the product of the values of its connected
components.

Given a tensor Ti1...ir whose x-th and y-th indices have the same dimension, the
partial trace over these indices is

[Trx,yT ]i1...ix−1ix+1...iy−1iy+1...ir =
dx∑
α=1

Ti1...ix−1 α ix+1...iy−1 α iy+1...ir . (3.170)

In the diagram, summation over a shared index is shown by connecting the corre-
sponding legs.
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The usual trace of a matrix and the partial trace of a density matrix over a
subsystem are special cases of this operation.

The most common operation in a tensor network is contraction. To contract two
tensors, we take their tensor product and then trace over a shared set of indices. For
instance, contracting the last index of Aiα with the first index of Bαj gives

Cij =
∑
α

AiαBαj, (3.171)

which is ordinary matrix multiplication. We draw this contraction below.

In DMRG, inner products, expectation values, correlation functions, and effective
Hamiltonians are all expressed as such contractions of the state with the local operators.

3.5.2 Grouping, splitting and the singular-value decomposi-
tion

A central idea behind tensor-network methods is that a high-rank tensor can be treated
as a matrix. We do this by grouping several indices into a single combined index. For
a tensor Ti1...inj1...jm , we define

TI,J := Ti1...inj1...jm , (3.172)

where I runs over all combined values of (i1, . . . , in) and J over all combined values of
(j1, . . . , jm). We can now apply standard matrix operations to T . The most important
is the singular value decomposition (SVD),

TI,J =
∑
α

UIαSαV
†
αJ , (3.173)

shown in graphical form below.
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Here U and V are isometric tensors. Their legs across the decomposition satisfy
U †U = I and V †V = I. The matrix S is diagonal, with non-negative singular values
Sα.

In many-body physics the singular values are the Schmidt coefficients of a biparti-
tion of the chain. Their distribution measures the entanglement across the cut. It also
guides truncation. By discarding the small singular values, we obtain the best low-rank
approximation of the state. DMRG uses this property directly. After optimizing the
local tensors, it applies an SVD to compress the state back to a fixed bond dimension,
keeping only the largest Schmidt modes.

3.5.3 Tensor Networks for Quantum Many-body States and
Matrix Product States

With these ingredients we can define a tensor network. It is a set of tensors together
with a pattern of contracted legs. The uncontracted legs are the external indices, and
they fix the rank of the overall object. To evaluate the network for a fixed assignment
of the external indices, we multiply all tensor entries and sum over all internal indices
allowed by the connections.

We saw that the wave function of a one-dimensional many-body system of length
L can be written in a local basis as

|Ψ⟩ =
d∑

j1,...,jL=1
Cj1j2...jL |j1⟩ ⊗ |j2⟩ ⊗ · · · ⊗ |jL⟩ , (3.174)

Here d is the on-site Hilbert-space dimension. The coefficient Cj1j2...jL is a rank-L
tensor with d components along each physical index. The Hilbert space has dimension
dL, which grows exponentially with system size. This growth is the source of the
difficulty of exact diagonalization.

A matrix product state (MPS) parametrizes a many-body state |Ψ⟩ as a product of
local tensors with bounded internal dimension. The idea is to factorize the coefficient
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tensor into a product of low-rank objects,

Cj1j2...jL =
∑
{αi}

A[1] j1
α0α1A

[2] j2
α1α2 · · ·A

[L] jL
αL−1αL

, (3.175)

The indices αi with i = 0, . . . , L are auxiliary bond indices of dimension Di. For open
boundary conditions we set D0 = DL = 1, so the first and last tensors are row and
column vectors. The maximum bond dimension

D = max
i
Di (3.176)

controls how much the ansatz can express. It is the main variational parameter of the
DMRG calculations below.

Equation (3.175) defines an MPS with open boundary conditions. Inserting it into
Eq. (3.174) gives the standard MPS form

|Ψ⟩ =
∑

j1,...,jL

A[1] j1A[2] j2 · · ·A[L] jL |j1j2 . . . jL⟩ , (3.177)

For each configuration (j1, . . . , jL) the product of matrices A[1] j1A[2] j2 · · ·A[L] jL is a
scalar, because D0 = DL = 1.

In the tensor-network language, each tensor A[i] is a node with three legs. One leg
is physical, of dimension d. The other two are bond legs, of dimensions Di−1 and Di.
The MPS in Eq. (3.177) is then a chain of such nodes with their bond legs contracted,
as drawn below.

A[1] A[2] · · · A[L]

j1 j2 jL

Each horizontal line is a contracted bond index. Each vertical line is an uncontracted
physical index.

The power of the MPS form comes from the entanglement structure of low-energy
states of local Hamiltonians. Consider a bipartition of the chain into a left block
L = {1, . . . , ℓ} and a right block R = {ℓ+1, . . . , L}. Any pure state |Ψ⟩ has a Schmidt
decomposition across this cut,

|Ψ⟩ =
χ∑
α=1

λα |ϕ[L]
α ⟩ ⊗ |ϕ[R]

α ⟩ , (3.178)

The Schmidt coefficients satisfy λα ≥ 0 and ∑
α λ

2
α = 1. The Schmidt rank χ is at
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most dmin(ℓ,L−ℓ). The entanglement entropy across the cut is

SvN = −
χ∑
α=1

λ2
α log λ2

α. (3.179)

The MPS form encodes this structure directly. The bond dimension Dℓ across the
cut between sites ℓ and ℓ+ 1 bounds the Schmidt rank, χ ≤ Dℓ. It therefore bounds
the entanglement entropy as well,

SvN ≤ logDℓ. (3.180)

Ground states of gapped local one-dimensional Hamiltonians obey an area law for
entanglement. That is, SvN saturates to a constant in the thermodynamic limit.
The entropy therefore does not grow with system size. This is why a modest bond
dimension suffices, and why MPS and DMRG work so well for one-dimensional systems
[150, 151].

It is convenient to bring an MPS into a canonical form [150, 151, 153]. In this form
the tensors to the left of a chosen bond build an orthonormal basis for the left block.
The tensors to the right build an orthonormal basis for the right block. One reaches
this form by a sequence of singular value decompositions along the chain. This is
equivalent to a sequence of Schmidt decompositions. Each site tensor then factorizes
as

A[i] ji = Γ[i] jiΛ[i], (3.181)

where Λ[i] is a diagonal matrix of singular values, which are the Schmidt coefficients,
and Γ[i] ji is an isometric tensor obeying the orthonormality conditions of the canonical
form.

The number of variational parameters in an open-boundary MPS is of order

NMPS ∼ LdD2, (3.182)

This scales only linearly with the system size L. A generic many-body state needs dL

parameters, which is exponential. For moderate D the MPS therefore explores only a
small slice of the Hilbert space. That slice is the important one, because it matches
the entanglement structure of low-energy states in one dimension.

Local observables and correlation functions are computed by contracting the
matching tensor network. For a nearest-neighbour Hamiltonian, the cost of evaluating
⟨Ψ| Ĥ |Ψ⟩ scales as O(Ld2D3). This is polynomial in L, not exponential. DMRG is
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then a variational energy minimization over the manifold of MPS with fixed bond
dimension D.

3.5.4 DMRG for a spinless tight-binding chain

To illustrate how DMRG operates in practice, we consider again the one-dimensional
spinless tight-binding model with on-site energies and nearest-neighbour hopping
introduced earlier.

Before the details, here is the idea of the algorithm. DMRG searches for the ground
state within the set of matrix product states of a fixed bond dimension D. It does
not vary all the tensors at once. It works on two neighbouring tensors at a time and
holds the rest of the chain fixed. For that small local problem it solves a standard
eigenvalue problem and keeps the lowest eigenvector. It then splits this result back
into two tensors with a singular value decomposition, and it truncates the bond back
to dimension D. Moving this active pair along the chain, and sweeping back and forth,
lowers the energy until it converges. The rest of this section makes each step precise.

For a chain of L sites with open boundary conditions, the second-quantized
Hamiltonian reads

Ĥ = ϵ
L∑
j=1

n̂j − t
L−1∑
j=1

(
ĉ†
j ĉj+1 + ĉ†

j+1ĉj
)
, (3.183)

where ĉ†
j (ĉj) creates (annihilates) a spinless fermion on site j, and n̂j = ĉ†

j ĉj is the
number operator.

Each lattice site has a local Hilbert space spanned by the occupation number basis

|0⟩j = (1, 0)T ≡ empty, |1⟩j = (0, 1)T ≡ one fermion, (3.184)

so the local dimension is d = 2. In this basis the local operators are the 2× 2 matrices

ĉj =
0 1

0 0

 , ĉ†
j =

0 0
1 0

 , n̂j =
0 0

0 1

 , Ij =
1 0

0 1

 . (3.185)

An arbitrary many-body state is written in the occupation basis as

|Ψ⟩ =
∑

j1,...,jL=0,1
Cj1j2...jL |j1j2 . . . jL⟩ . (3.186)

Rather than store the full coefficient tensor Cj1...jL , we represent |Ψ⟩ as a matrix
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product state with open boundary conditions,

|Ψ⟩ =
∑

j1,...,jL

A[1] j1A[2] j2 · · ·A[L] jL |j1j2 . . . jL⟩ , (3.187)

Here A[1] j1 is a 1 × D1 row vector and A[L] jL is a DL−1 × 1 column vector. For
2 ≤ i ≤ L − 1, each A[i] ji is a Di−1 × Di matrix. The maximum bond dimension
D = maxiDi sets how much entanglement the state can hold. It is the main variational
parameter of DMRG.

To evaluate expectation values efficiently, we bring the MPS into a mixed canonical
form. The purpose of this form is simple. It makes the left and right block bases
orthonormal, which turns the local energy minimization into a small standard eigen-
value problem. We reach it by performing successive singular value decompositions
along the chain, so that the tensors obey orthonormality conditions on their bond
indices [150–152].

A tensor A[k]jk is left-orthonormal if it satisfies

∑
jk,αk−1

A[k]jk
αk−1αk

(
A

[k]jk
αk−1α

′
k

)∗
= δαkα

′
k
. (3.188)

View this tensor as a matrix with row index (αk−1, jk) and column index αk. The
condition says that its columns are orthonormal. Equivalently, contracting the tensor
with its conjugate over the physical index jk and the left bond index αk−1 gives the
identity on the right bond space.

Similarly, a tensor is right-orthonormal if

∑
jk,αk

(
A[k]jk
αk−1αk

)∗
A

[k]jk
α′

k−1αk
= δαk−1α

′
k−1
. (3.189)

Now view it as a matrix with row index αk−1 and column index (jk, αk). The condition
says that its rows are orthonormal.

These conditions have a simple meaning. They make the block states built from
the tensors orthonormal. If all tensors to the left of bond (ℓ, ℓ+1) are left-orthonormal,
then the left block states form an orthonormal basis,

⟨Φ[L]
α |Φ

[L]
β ⟩ = δαβ. (3.190)
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If all tensors to the right are right-orthonormal, the right block states do as well,

⟨Φ[R]
α |Φ

[R]
β ⟩ = δαβ. (3.191)

In this mixed canonical form, the full state reads

|Ψ⟩ =
∑

αℓ−1,jℓ,jℓ+1,αℓ+1

Θαℓ−1jℓjℓ+1αℓ+1 |Φ[L]
αℓ−1
⟩ ⊗ |jℓ⟩ ⊗ |jℓ+1⟩ ⊗ |Φ[R]

αℓ+1
⟩ , (3.192)

where the left and right block bases are orthonormal, as above. The central tensor

Θαℓ−1jℓjℓ+1αℓ+1 =
∑
αℓ

Λ[ℓ−1]
αℓ−1

Γ[ℓ] jℓ
αℓ−1αℓ

Γ[ℓ+1] jℓ+1
αℓαℓ+1

Λ[ℓ+1]
αℓ+1

(3.193)

collects the two active site tensors and the neighbouring Schmidt coefficients Λ[ℓ−1]

and Λ[ℓ+1]. The objects Γ[ℓ] jℓ
αℓ−1αℓ

are the site tensors of the canonical MPS. Each Γ[ℓ] is
a rank-three tensor with three indices.

• one physical index jℓ = 0, . . . , d− 1,

• one left bond index αℓ−1 = 1, . . . , Dℓ−1,

• one right bond index αℓ = 1, . . . , Dℓ.

For each fixed physical index jℓ, the object Γ[ℓ] jℓ is a Dℓ−1 × Dℓ matrix. The
bond indices αℓ−1 and αℓ connect neighbouring sites and carry the entanglement. The
physical index jℓ selects the local state |jℓ⟩ at site ℓ [150–152].

In canonical form, the Γ tensors are separated from the Schmidt coefficients Λ.
The MPS then takes the structured form

A[ℓ] jℓ = Λ[ℓ−1]Γ[ℓ] jℓΛ[ℓ]. (3.194)

The diagonal matrices Λ[ℓ] hold the Schmidt values for the bipartition at bond ℓ. The
Γ tensors give the change of basis between neighbouring Schmidt spaces.

In the product
Γ[ℓ] jℓ
αℓ−1αℓ

Γ[ℓ+1] jℓ+1
αℓαℓ+1

, (3.195)

the shared bond index αℓ is summed over. This is the contraction between adjacent
sites. It propagates entanglement along the chain. The Λ tensors control the magnitude
of that entanglement through the Schmidt spectrum.

90



The Hamiltonian in Eq. (3.183) is a sum of on-site and nearest-neighbour terms,

Ĥ =
L∑
i=1

ĥi +
L−1∑
i=1

ĥi,i+1, (3.196)

with
ĥi = ϵin̂i, ĥi,i+1 = −t

(
ĉ†
i ĉi+1 + ĉ†

i+1ĉi
)
. (3.197)

On two neighbouring sites (ℓ, ℓ+ 1), the Hamiltonian restricted to those sites is

Ĥ
[ℓ,ℓ+1]
loc = ĥℓ + ĥℓ+1 + ĥℓ,ℓ+1. (3.198)

We build its matrix in the local basis {|00⟩ , |01⟩ , |10⟩ , |11⟩} = {|0ℓ0ℓ+1⟩ , . . . } from
tensor products of the local operators,

ĥℓ = ϵℓ n̂⊗ I, (3.199)
ĥℓ+1 = ϵℓ+1 I ⊗ n̂, (3.200)
ĥℓ,ℓ+1 = −t

(
ĉ† ⊗ ĉ+ ĉ⊗ ĉ†

)
. (3.201)

Using the explicit matrices for ĉ, ĉ†, and n̂, we find

Ĥ
[ℓ,ℓ+1]
loc =


0 0 0 0
0 ϵℓ+1 −t 0
0 −t ϵℓ 0
0 0 0 ϵℓ + ϵℓ+1

 . (3.202)

This 4× 4 matrix enters the effective Hamiltonian used in the DMRG update.
DMRG minimizes the energy over the MPS manifold of fixed bond dimension D,

E[Ψ] = ⟨Ψ| Ĥ |Ψ⟩
⟨Ψ|Ψ⟩ . (3.203)

It does so by optimizing two neighbouring tensors at a time. We take the two central
tensors, collected in Θ of Eq. (3.192), as the variational object. The left and right
block states are held fixed. These block states are orthonormal, so the norm of the
state reduces to the norm of Θ alone,

⟨Ψ|Ψ⟩ =
∑

αℓ−1,jℓ,jℓ+1,αℓ+1

∣∣∣Θαℓ−1jℓjℓ+1αℓ+1

∣∣∣2 . (3.204)
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Thus Θ is a normalized vector in a small effective space. Its dimension is Dℓ−1 × d2 ×
Dℓ+1, which is far smaller than the full Hilbert space.

The energy of the full state can then be written as an expectation value of Θ alone,

⟨Ψ| Ĥ |Ψ⟩ = ⟨Θ| Ĥ [ℓ,ℓ+1]
eff |Θ⟩ . (3.205)

Here Ĥ [ℓ,ℓ+1]
eff is an effective Hamiltonian that acts only on Θ. It collects the following

pieces.

• the local Hamiltonian terms acting on the active bond (ℓ, ℓ+ 1), denoted Ĥ [ℓ,ℓ+1]
loc

in Eq. (3.202),

• all contributions that lie entirely within the left block, summarized by a left
environment tensor L[ℓ−1],

• all contributions that lie entirely within the right block, summarized by a right
environment tensor R[ℓ+1],

• the remaining terms that couple the active bond to its neighbouring blocks.

In the tensor-network language, we obtain Ĥ [ℓ,ℓ+1]
eff by contracting all tensors of the

MPS and of the (matrix-product) Hamiltonian except those at sites ℓ and ℓ+ 1. We
then solve the eigenvalue problem

Ĥ
[ℓ,ℓ+1]
eff |Θ⟩ = E |Θ⟩ (3.206)

for its lowest eigenvector, using an iterative sparse-matrix method such as Lanczos or
Davidson. The resulting eigenvector ΘGS minimizes the energy while the rest of the
MPS is held fixed.

Once we have the optimal two-site tensor ΘGS, we reshape it into a matrix by
grouping indices,

Θαℓ−1jℓjℓ+1αℓ+1 −→ Θ(αℓ−1jℓ),(jℓ+1αℓ+1), (3.207)

and perform a singular value decomposition,

Θ(αℓ−1jℓ),(jℓ+1αℓ+1) =
∑
α̃ℓ

U(αℓ−1jℓ),α̃ℓ
Sα̃ℓ

V †
α̃ℓ,(jℓ+1αℓ+1). (3.208)

Here S is diagonal, with the singular values in non-increasing order. DMRG truncates
the bond by keeping only the largest D singular values, that is α̃ℓ = 1, . . . , D. The
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discarded weight
ϵdisc =

∑
α̃ℓ>D

S2
α̃ℓ

(3.209)

measures the truncation error at this bond.
We then define the new MPS tensors as

Γ[ℓ] jℓ
αℓ−1α̃ℓ

= U(αℓ−1jℓ),α̃ℓ
, (3.210)

Λ[ℓ]
α̃ℓ

= Sα̃ℓ
, (3.211)

Γ[ℓ+1] jℓ+1
α̃ℓαℓ+1 =

(
S−1V †

)
α̃ℓ,(jℓ+1αℓ+1)

. (3.212)

This restores the canonical form, with the orthonormality conditions now imposed on
the updated tensors. Finally we update the environments L[ℓ] and R[ℓ] by contracting
the new tensors with the local Hamiltonian terms.

The full DMRG algorithm is a sequence of sweeps through the chain.

1. Initialization. Start from an initial MPS, for example a product state such as
all sites empty or a half-filled configuration, with bond dimension D. Build the
initial left and right environments for Eq. (3.183).

2. Left-to-right sweep. For ℓ = 1, 2, . . . , L− 1, carry out the following steps.

(a) Bring the MPS into mixed canonical form around bond (ℓ, ℓ+ 1).

(b) Construct the effective Hamiltonian Ĥ [ℓ,ℓ+1]
eff by contracting all tensors except

those on sites ℓ and ℓ+ 1.

(c) Solve the eigenproblem in Eq. (3.206) for its lowest eigenvector ΘGS.

(d) Perform the SVD, truncate to bond dimension D, and update the tensors
A[ℓ] and A[ℓ+1].

(e) Update the left environment L[ℓ].

3. Right-to-left sweep. Repeat the same steps for ℓ = L− 1, L− 2, . . . , 1, now
updating the right environments R[ℓ].

4. Convergence check. After each full sweep, compute the ground-state energy
EGS and the discarded weight. Repeat the sweeps until the change in energy
and the discarded weight fall below set thresholds.

In the non-interacting case treated here, the exact ground state can also be found
by diagonalizing the single-particle hopping matrix and filling the lowest orbitals. The
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value of the DMRG formulation is that it carries over directly to interacting versions of
Eq. (3.183), where no simple single-particle picture exists. The spinless tight-binding
chain therefore serves as a convenient benchmark for the MPS and DMRG machinery
used later in this thesis for more complex many-body Hamiltonians.
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Chapter 4

Majorana Zero Modes in the Kitaev
Model
Parts of this chapter including the numerical diagonalization of the Hamiltonian are
based on Ref. [75], with more derivations and detail shown. I have done all calculations
in this paper.

In this chapter we introduce the Kitaev model and how it describes a system
with topological degrees of freedom, making it a candidate for topological quantum
computing. We show the existence of MZMs through Majorana and bond mathematical
transformations of the Hamiltonian. Finally we discuss why this model is not suitable
for experimental purposes due to the nature of the superconductivity.

4.1 Topological Superconductors

A superconductor is a phase of matter that, below a critical temperature Tc, shows
two hallmark properties [154, 155]. The first is zero electrical resistance, meaning
that an electric current can flow indefinitely without energy dissipation. The second
is the Meissner effect, the expulsion of magnetic flux from the bulk of the material.
These properties arise from the formation of Cooper pairs, which are bound states of
two electrons with opposite momenta and spins. The Cooper pairs condense into a
macroscopic quantum state described by a complex order parameter

∆(r) = |∆(r)|eiϕ(r). (4.1)

where |∆| is the magnitude of the so-called superconducting gap and ϕ is the macro-
scopic phase and r denotes the position in real space, i.e., the spatial coordinate
where the superconducting order parameter (or pair potential) is defined. It represents
the energy required to break a Cooper pair and create two quasiparticle excitations.
In the normal metallic state, electronic excitations can occur with arbitrarily small
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energy near the Fermi surface. In contrast, in the superconducting phase there exists
an energy window of width 2|∆| around the Fermi level in which no single-particle
states are available. This energy gap is a direct consequence of Cooper pairing and is
responsible for the stability of the superconducting state. The order parameter ∆(r)
is defined at each point in real space. It describes the local strength and phase of the
Cooper pair condensate. Here r is the position of the pair in the material, which we
take to be the center of mass of its two electrons. The dependence of ∆ on r therefore
tells us how the condensate varies from place to place, for example near a vortex or
close to a sample boundary.

The pairing symmetry is set by a separate coordinate. The two electrons of a pair
sit at positions r1 and r2, and their relative separation is

r12 = r1 − r2. (4.2)

This separation is the distance of one electron from the other. It is not a position
in the material. The way the pair amplitude depends on r12, or equivalently on the
relative momentum after a Fourier transform, fixes the type of superconductivity. This
dependence is what distinguishes s-wave, p-wave, and d-wave pairing [156]).

A topological superconductor (TSC) is a superconducting phase that is distin-
guished not only by the presence of a finite pairing gap in the bulk, but also by
a nontrivial topological invariant defined for its quasiparticle band structure [55,
157]. Unlike a conventional superconductor, whose properties are fully described by
spontaneous symmetry breaking and the magnitude of the order parameter, a TSC
possesses a global topological property that cannot change unless the bulk energy gap
closes [36, 158].

In the Bogoliubov–de Gennes (BdG) description, the superconducting state is
described in terms of quasiparticle excitations, which are coherent superpositions of
electrons and holes [159–161]. The corresponding quasiparticle spectrum forms energy
bands in momentum space. If these bands are separated by a finite bulk gap, one can
define a topological invariant from the structure of the occupied BdG bands [36, 158].
For a one-dimensional superconductor with particle-hole symmetry, this invariant is a
Z2 number. It takes only two values, which label the trivial phase and the topological
phase. This invariant is the Majorana number [50].

We start with a simple metal with spin degeneracy given by the single-particle
Hamiltonian

H =
(
p2

2m − µ
)
I2×2, (4.3)
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where µ is the chemical potential that defines the Fermi surface, m is the electron mass,
and I2×2 is the identity matrix in the spin variables. The total momentum is the vector
p = (p1, . . . , pd) in d spatial dimensions, and p = |p| is its magnitude. Assuming
isotropy, the Hamiltonian depends on the momentum only through p2 = ∑d

i=1 p
2
i ,

which is the square of this magnitude. If we include many electrons, the system must
be described by a many-body Hamiltonian written in second quantization. It takes
the form

H =
∑
p,σ

c†
pσ

(
p2

2m − µ
)
cpσ =

∑
p,σ

ϵ(p) c†
pσcpσ, (4.4)

where c†
pσ creates a fermion with momentum p and spin σ, and

ϵ(p) = p2

2m − µ. (4.5)

Here µ is the chemical potential. At zero temperature, the chemical potential
coincides with the Fermi energy EF , which is defined as the energy of the highest
occupied single-particle state in the ground state. The set of momenta satisfying
ϵ(p) = 0 defines the Fermi surface. States with ϵ(p) < 0 lie below the Fermi level and
are occupied in the ground state, while states with ϵ(p) > 0 are empty.

The many-body ground state is therefore obtained by filling all single-particle
states with energies below the Fermi level. It can be written as

|FS⟩ =
ϵ(p)<0∏

p,σ
c†

pσ |0⟩, (4.6)

where |0⟩ is the vacuum state defined by cpσ|0⟩ = 0 for all p, σ.
The notation |FS⟩ emphasizes that this state is the Fermi sea: all momentum

states inside the Fermi surface are filled, and all states outside are empty. This state
minimizes the total energy of the Hamiltonian in Eq. (4.4).

The operators c†
pσ, cp′σ′ obey the anti-commutation relation

{c†
pσ, cp′σ′} = δσσ′δpp′ , (4.7)

which implies
cpσc

†
pσ = 1− c†

pσcpσ. (4.8)

Using Eq. (4.8), we can rewrite the number operator as

c†
pσcpσ = 1

2
(
c†

pσcpσ − cpσc
†
pσ

)
+ 1

2 . (4.9)
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Substituting this into the Hamiltonian gives

H =
∑
p,σ

ϵ(p)
[1
2
(
c†

pσcpσ − cpσc
†
pσ

)
+ 1

2

]

= 1
2
∑
p,σ

ϵ(p)
(
c†

pσcpσ − cpσc
†
pσ

)
+ 1

2
∑
p,σ

ϵ(p). (4.10)

The last term is a constant energy shift. The summand ϵ(p) does not depend on
σ. The sum over the two spin values σ =↑, ↓ therefore gives a factor of 2. This factor
cancels the prefactor 1

2 , so the constant becomes

1
2
∑
p,σ

ϵ(p) = 1
2
∑

p
2 ϵ(p) =

∑
p
ϵ(p). (4.11)

Therefore, we can rewrite the Hamiltonian as

H = 1
2
∑
p,σ

[
c†

pσ ϵ(p) cpσ − cpσ ϵ(p) c†
pσ

]
+
∑

p
ϵ(p)

= 1
2
∑
p,σ

[
c†

pσ ϵ(p) cpσ − c−pσ ϵ(−p) c†
−pσ

]
+
∑

p
ϵ(p),

(4.12)

where we also relabeled the sum index p in the second term to −p. Because the
sum runs over the full momentum space, this relabeling does not change the value
of the sum. For a free particle dispersion ϵ(p) = ϵ(−p), the spectrum is even in
momentum, which makes the expression explicitly symmetric between p and −p.

In order to write the Hamiltonian in a more compact form, we introduce the
Nambu spinor

Ψp =


cp↑

cp↓

c†
−p↑

c†
−p↓

 , (4.13)

The reason for introducing the Nambu spinor is that superconductivity mixes particle
and hole degrees of freedom. In a superconducting state, the pairing term creates
or annihilates pairs of electrons with opposite momenta and spins. As a result, the
Hamiltonian no longer conserves the particle number. Writing them together in the
Nambu spinor allows us to treat particle and hole operators on equal footing. The
Hamiltonian then becomes

H =
∑

p
Ψ†

pHBdG(p)Ψp + constant, (4.14)
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with

HBdG(p) = 1
2


ϵ(p) 0 0 0

0 ϵ(p) 0 0
0 0 −ϵ(−p) 0
0 0 0 −ϵ(−p)

 . (4.15)

The matrix HBdG(p) is called the Bogoliubov–de Gennes (BdG) Hamiltonian. It
describes the dynamics of Bogoliubov quasiparticles, which are coherent superpositions
of electrons and holes. The eigenvalues of this matrix give the quasiparticle excitation
spectrum of the superconductor. In this way, the many-body problem is reduced
to considering an effective single-particle matrix in the enlarged Nambu space. The
additional constant term originates from rewriting the Hamiltonian in symmetric
form using fermionic anticommutation relations. This term is proportional to ∑p ϵ(p)
and represents a uniform shift of the total energy. Since physical observables such
as excitation energies depend only on energy differences, adding a constant does
not modify the spectrum of excitations or the eigenstates of the system. Therefore,
dropping this constant does not change the physical properties of the model.

It can be seen that the block Hamiltonian HBdG(p) is invariant under

HBdG(p) = −CH∗
BdG(−p)C−1, (4.16)

where C = τx ⊗ I2×2 and

τx =
0 1

1 0

 . (4.17)

This represents the particle–hole (or charge-conjugation) symmetry of the BdG Hamil-
tonian. It becomes more important when we consider superconducting pairing. Note
that instead of having two degrees of freedom (one band and two spins), the BdG
Hamiltonian has four. These four energy eigenvalues of HBdG are two copies of ϵ(p) and
two copies of −ϵ(−p). The point of this formalism becomes clear once we introduce
superconducting pairing.

4.2 p-Wave Superconductors in One Dimension

One of the topological superconductor models is mean-field BdG Hamiltonian of
spinless fermions in one and two dimensions [50, 162]. Spinless fermions can be
viewed as fermions that are fully spin-polarized due to a source of time-reversal (TR)
breaking such as a magnetic field [44, 55]. We consider a one-dimensional wire with
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p-wave superconductivity as an illustration for the topological superconductor model.
This was first introduced by Kitaev [50]. We begin with a non-superconducting
one-dimensional metal of spinless (or spin-polarized) fermions:

H =
∑
p

c†
p

(
p2

2m − µ
)
cp, (4.18)

where µ is the chemical potential and m is the fermion mass, and the operator c†
p (cp)

creates (annihilates) a fermion with momentum p. We will use a momentum-dependent
p-wave potential:

H∆ = 1
2
∑
p

(
∆ p c†

pc
†
−p + ∆∗ p c−pcp

)
. (4.19)

The p-wave potential pairs the electrons with the same spin but opposite momenta
with strength ∆, and as it can be seen from its form, it does not conserve the number
of fermions. The name p-wave refers to the momentum dependence of the pairing. The
gap function is ∆(p) = ∆ p, which is odd under p→ −p. This odd form is required
by the Pauli principle. The two paired fermions carry the same spin, so the orbital
part of the pair must be antisymmetric. In the classification of Cooper pairs by their
orbital angular momentum ℓ, the channels ℓ = 0, 1, 2 are named s-wave, p-wave, and
d-wave, after the atomic orbitals. An even gap belongs to the ℓ = 0 channel. A gap
that is odd and linear in momentum belongs to the ℓ = 1 channel. The form ∆(p) ∝ p

is therefore a p-wave gap.
It is useful to compare this with conventional Bardeen-Cooper-Schrieffer (BCS)

superconductivity [154]. The BCS pairing term is

HBCS
∆ =

∑
p

(
∆ c†

p↑c
†
−p↓ + ∆∗ c−p↓cp↑

)
, (4.20)

where the gap ∆ is constant in momentum. It pairs electrons of opposite spin at
opposite momenta, forming a spin singlet. The singlet is antisymmetric in spin, so
the orbital part is allowed to be symmetric, which is why a constant gap is permitted.
The p-wave case is the mirror of this. The spins are aligned, so the orbital part must
be antisymmetric, and the gap must be odd in momentum. One consequence is a
difference in the gap structure. The BCS gap is finite everywhere on the Fermi surface,
while the p-wave gap ∆(p) ∝ p vanishes at p = 0. Throughout this work, we only take
discrete lattices, but for the sake of generality the continuous version of the above
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Hamiltonian is [44]

H =
∫
dx

[
Ψ†(x)

(
p2
x

2m − µ
)

Ψ(x) + Ψ(x)|∆|eiϕpxΨ(x) + h.c.
]
, (4.21)

where Ψ†(x) (Ψ(x)) is the real-space creation (annihilation) operator, m is the effective
electron mass, and px = −iℏ ∂x is the momentum operator along the wire. In contrast
to the momentum-space form in Eq. (4.63), where p is a momentum eigenvalue, here
px is a differential operator that acts on Ψ(x).

We now combine the normal-state Hamiltonian in Eq. (4.18) with the pairing term
in Eq. (4.63). The total Hamiltonian becomes

H =
∑
p

ϵ(p) c†
pcp + 1

2
∑
p

(
∆ p c†

pc
†
−p + ∆∗ p c−pcp

)
, (4.22)

where
ϵ(p) = p2

2m − µ. (4.23)

Because of the pairing terms, the Hamiltonian no longer conserves particle number.
Instead, it mixes states with different fermion numbers. To diagonalize the Hamiltonian,
we group the operators cp and c†

−p into a Nambu spinor,

Ψp =
 cp

c†
−p

 . (4.24)

In this basis, the Hamiltonian can be written in matrix form as

H =
∑
p

1
2Ψ†

p

ϵ(p) ∆p
∆∗p −ϵ(p)

Ψp + constant. (4.25)

The off-diagonal entries ∆p and ∆∗p are linear in the momentum p. A momentum that
enters linearly is the hallmark of a Dirac Hamiltonian. The 2× 2 matrix appearing
above is the BdG Hamiltonian for a one-dimensional p-wave superconductor. The
negative sign in the lower diagonal element reflects the particle–hole structure.

The quasiparticle energy bands are obtained by diagonalizing this matrix. They
are given by the eigenvalues of

HBdG(p) =
ϵ(p) ∆p

∆∗p −ϵ(p)

 . (4.26)
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Solving the characteristic equation

det(HBdG(p)− EI) = 0 (4.27)

gives
E±(p) = ±

√
ϵ(p)2 + |∆|2p2. (4.28)

The spectrum consists of two symmetric bands, E+(p) and E−(p), which reflect
the particle–hole symmetry of the BdG Hamiltonian. It is shown in Fig. 4.1. The
system remains gapped for all µ ≠ 0, while the gap closes at the critical point µ = 0.

This critical point separates two distinct physical regimes: the weak-pairing phase
(µ > 0) and the strong-pairing phase (µ < 0).

To understand the difference between these two phases, it is useful to first consider
the system in the absence of pairing, i.e., when ∆ = 0. In that case, the dispersion
reduces to the following spectrum

ϵ(p) = p2

2m − µ. (4.29)

For µ > 0, the system has a Fermi surface defined by ϵ(p) = 0. Low-energy
fermionic states exist near the Fermi momentum ±pF . When a small pairing term
∆ is introduced, it couples states close to the Fermi surface and opens a gap there.
This is the usual BCS mechanism: pairing occurs between fermions near the Fermi
level, and the superconducting state can be viewed as a weak instability of a metal.
In this regime, the system is called the weak-pairing phase. Although the pairing is
p-wave and momentum-dependent, the basic picture remains similar to conventional
BCS theory.

In contrast, for µ < 0, the normal-state dispersion has no Fermi surface. All
single-particle states lie above zero energy, meaning the system is already gapped even
before pairing is introduced. Adding the pairing term does not open a gap at a Fermi
surface, since no such surface exists. Instead, the system forms tightly bound pairs,
and the resulting superconducting state does not arise from a weak instability of a
metal. For this reason, this regime is called the strong-pairing phase.

Although both phases are superconducting and gapped, they are topologically
distinct. The gap closing at µ = 0 marks a topological phase transition between them.

To decide which phase is topological, it is useful to rewrite the BdG Hamiltonian
in a form where its direction in Pauli-matrix space is explicit. The phase transition
occurs when the bulk gap closes. In this model the gap closes at p = 0 when µ = 0.
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Figure 4.1: Plot of the dispersion relation for a 1D p-wave superconductor. The solid
lines correspond to E±(p) = ±

√
ϵ(p)2 + |∆|2p2 with m = 1.0, µ = ±0.1, |∆| = 0.1.

The dashed line shows the normal metal case ∆ = 0. The left figure shows the
"strong-pairing phase" where µ < 0. The middle figure is the critical µ = 0 case, and
the right figure is the "weak-pairing" phase.

Therefore, to study the structure near the transition, we expand around small p and
keep the leading terms. Since ϵ(p) = p2/2m − µ, for sufficiently small |p| we may
approximate

ϵ(p) ≈ −µ, (4.30)

so that

HBdG(p) ≈
 −µ ∆ p

∆∗ p µ

 . (4.31)

Any 2× 2 Hermitian matrix can be expanded as

H = d0 I + dxσ
x + dyσ

y + dzσ
z, (4.32)

with the Pauli matrices

σx =
0 1

1 0

 , σy =
0 −i
i 0

 , σz =
1 0

0 −1

 , (4.33)

and dis being coefficients. Now write the pairing amplitude as ∆ = ∆R + i∆I , where
∆R = Re ∆ and ∆I = Im ∆. Then the off-diagonal term becomes

∆ p = (∆R + i∆I)p. (4.34)

Using Eq. (4.31), we can separate the real and imaginary parts in the off-diagonal
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entries: −µ (∆R + i∆I)p
(∆R − i∆I)p µ

 = −µ
1 0

0 −1

+ ∆Rp

0 1
1 0

−∆Ip

0 −i
i 0

 .
(4.35)

Therefore,
HBdG(p) = (Re ∆) p σx − (Im ∆) p σy − µσz. (4.36)

For a single uniform superconductor, the overall phase of ∆ is not physical, it can
be removed by a global U(1) redefinition of the fermion operators (the usual gauge
freedom of the mean-field description) [154, 159]. If we write ∆ = |∆|eiϕ, then under

cp → eiϕ/2cp, c†
−p → e−iϕ/2c†

−p, (4.37)

the pairing term ∆p c†
pc

†
−p + h.c. becomes real. We may therefore take ∆ to be real

and positive, and Eq. (4.36) reduces to

HBdG(p) = ∆ p σx − µσz. (4.38)

Equation (4.38) has the same structure as a one-dimensional massive Dirac Hamil-
tonian written in a 2× 2 representation,

HDirac(p) = v p σx +mσz, (4.39)

where v plays the role of a velocity and m is the Dirac mass. Diagonalizing Eq. (4.39)
gives

E±(p) = ±
√

(vp)2 +m2, (4.40)

so the mass term opens a bulk gap of size 2|m| at p = 0.
Comparing Eq. (4.38) and Eq. (4.39), we identify

v = ∆, m = −µ. (4.41)

This is the main reason the Dirac viewpoint is helpful. The sign of the mass is
controlled by the sign of µ. In Dirac-type models, changing the sign of the mass
requires the bulk gap to close, and it separates phases that cannot be smoothly
connected without a gap closing. Therefore, the weak-pairing regime (µ > 0) is the
topological phase, while the strong-pairing regime (µ < 0) is trivial [50].

In this system, MZMs appear as bound-state zero-energy modes localized at the
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edges of an open wire. To make this property more clear, we move from the momentum
description to a lattice (site) representation. This allows us to explicitly describe a
finite chain with boundaries.

We begin by discretizing the one-dimensional wire into N sites with lattice spacing
a. In the continuum model, the kinetic energy is given by p2/2m. On a lattice, this
term is replaced by a nearest-neighbour hopping amplitude t, which describes the
tunneling of fermions between adjacent sites. In the long-wavelength limit, we have

t ∼ 1
2ma2 , (4.42)

so that the lattice model reproduces the continuum dispersion at small momenta.
Restricting ourselves to nearest-neighbour hopping, the Hamiltonian of the chain

becomes

Ĥchain = −µ
N∑
i=1

ni − t
N−1∑
i=1

(c†
ici+1 + c†

i+1ci) + ∆
N−1∑
i=1

(cici+1 + c†
i+1c

†
i ), (4.43)

where ni = c†
ici is the number operator at site i. We have chosen the superconducting

phase to be zero, so that ∆ = |∆| is real. The pairing term now couples fermions on
neighbouring sites. This reflects the p-wave nature of the superconductivity. Because
the fermions are spinless, each site can be either empty or occupied by a single fermion;
double occupancy is forbidden by the Pauli exclusion principle. Therefore, the pairing
is between different sites, leading to the nearest-neighbour term cici+1.

Equation (4.43) is the lattice model introduced by Kitaev [50]. From now on, we
refer to this system as the Kitaev chain or the Kitaev model. To obtain the dispersion
relation of the Kitaev chain, we first consider the system with periodic boundary
conditions. In this case, the chain forms a closed ring. As a result, the wavevector
k becomes a good quantum number, and the Hamiltonian can be diagonalized in
momentum space. This allows us to define the bulk energy spectrum of the system.
Once the bulk properties are understood, we can return to the open chain to study
edge states.

With periodic boundary conditions, the fermionic operators can be expanded in
plane waves through the Fourier transformation

cj = 1√
N

∑
k

ck e
ikj, c†

j = 1√
N

∑
k

c†
k e

−ikj, (4.44)

where N is the number of lattice sites and k = 2πn/N with n = 0, 1, . . . , N − 1. The
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inverse transformation is
ck = 1√

N

∑
j

cj e
−ikj. (4.45)

We now explicitly substitute the Fourier transform into the real-space Kitaev
Hamiltonian with periodic boundary conditions.

First consider the chemical potential term. Substituting the Fourier expressions,

∑
j

c†
jcj = 1

N

∑
j

∑
k,q

c†
kcqe

−ikjeiqj (4.46)

= 1
N

∑
k,q

c†
kcq

∑
j

ei(q−k)j. (4.47)

Using the orthogonality relation

∑
j

ei(q−k)j = N δk,q, (4.48)

we obtain ∑
j

c†
jcj =

∑
k

c†
kck. (4.49)

Therefore,
−µ

∑
j

c†
jcj = −µ

∑
k

c†
kck. (4.50)

Next consider the hopping term. Substituting,

∑
j

c†
jcj+1 = 1

N

∑
j

∑
k,q

c†
kcqe

−ikjeiq(j+1) (4.51)

= 1
N

∑
k,q

c†
kcqe

iq
∑
j

ei(q−k)j. (4.52)

Again using orthogonality, ∑
j

c†
jcj+1 =

∑
k

eikc†
kck. (4.53)

Including the Hermitian conjugate term gives

−t
∑
j

(
c†
jcj+1 + h.c.

)
= −t

∑
k

(
eik + e−ik

)
c†
kck = −2t

∑
k

cos k c†
kck, (4.54)

Which is also diagonal and can be combined with the chemical potential term to
obtain

ξk = −µ− 2t cos k. (4.55)
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Now consider the pairing term

∑
j

cjcj+1 = 1
N

∑
j

∑
k,q

ckcqe
ikjeiq(j+1) (4.56)

= 1
N

∑
k,q

ckcqe
iq
∑
j

ei(k+q)j. (4.57)

The orthogonality condition now gives

∑
j

ei(k+q)j = N δk,−q, (4.58)

so ∑
j

cjcj+1 =
∑
k

e−ikckc−k. (4.59)

The sum runs over the full Brillouin zone, so we may relabel the dummy index
k → −k without changing its value,

∑
k

e−ikckc−k =
∑
k

eikc−kck. (4.60)

The fermion operators anticommute, so c−kck = −ckc−k. Substituting this,

∑
k

e−ikckc−k = −
∑
k

eikckc−k. (4.61)

We now have the same sum written in two ways. Adding them and dividing by two
gives a manifestly antisymmetric form,

∑
j

cjcj+1 = 1
2
∑
k

(
e−ik − eik

)
ckc−k = − i

∑
k

sin k ckc−k, (4.62)

where e−ik − eik = −2i sin k.
Including the amplitude ∆ and the Hermitian conjugate, and using the same

anticommutation to order the operators symmetrically in the Nambu indices, the
pairing term becomes

−
∑
j

(∆ cjcj+1 + h.c.) = 1
2
∑
k

(
∆k c

†
kc

†
−k + ∆∗

k c−kck
)
, (4.63)

with
∆k = 2i∆ sin k. (4.64)
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Collecting all terms, the Hamiltonian becomes

Ĥchain =
∑
k

[
ξk c

†
kck + 1

2

(
∆k c

†
kc

†
−k + ∆∗

k c−kck

)]
. (4.65)

Since the pairing term creates two particles of k and −k, the Hamiltonian does
not conserve particle number. As before, we introduce the Nambu spinor

Ψk = (ck, c†
−k)T, (4.66)

which allows us to write the Hamiltonian in BdG form,

Ĥchain = 1
2
∑
k

Ψ†
kHBdG(k)Ψk + const, (4.67)

with

HBdG(k) =
 ξk ∆k

∆∗
k −ξk

 = ξk σz + 2∆ sin k σy. (4.68)

Here σi are Pauli matrices acting in particle–hole (Nambu) space.
The quasiparticle energies are obtained by diagonalizing HBdG(k), which gives

E±(k) = ±
√
ξ 2
k + 4∆2 sin2 k = ±

√
(−µ− 2t cos k)2 + 4∆2 sin2 k . (4.69)

These two symmetric bands describe the bulk quasiparticle excitation spectrum
of the Kitaev chain, as shown in Fig. 4.2. Because the square root is a sum of two
nonnegative terms, the bulk gap can close only if both contributions vanish at the
same momentum:

ξk = 0 and sin k = 0. (4.70)

The condition sin k = 0 holds only at

k = 0 or k = π. (4.71)

Evaluating ξk at these momenta gives

ξ0 = −µ− 2t cos 0 = −µ− 2t, ξπ = −µ− 2t cosπ = −µ+ 2t. (4.72)

Imposing ξ0 = 0 or ξπ = 0 yields the two gap-closing (critical) points,

ξ0 = 0 ⇒ µ = −2t, ξπ = 0 ⇒ µ = +2t. (4.73)
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To understand the topological distinction between the phases, it is helpful to look
at the BdG Hamiltonian in Pauli-matrix form in Eq. (4.68). This can be viewed as a
two-level system with an effective pseudospin field

d(k) =
(
0, 2∆ sin k, ξk

)
, HBdG(k) = d(k) · σ. (4.74)

As k varies from −π to π, the vector d(k) traces a curve in the (dy, dz) plane. A
topological phase corresponds to a curve that winds around the origin, while a trivial
phase does not. The only places where the curve can switch between these two
behaviours are the points where it passes through the origin, i.e., where the bulk
gap closes. This is the geometric reason why the gap closings in Eq. (4.73) mark
topological phase transitions.

Since sin k = 0 at k = 0, π, we have

d(0) = (0, 0, ξ0), d(π) = (0, 0, ξπ). (4.75)

So at k = 0 and k = π the vector d(k) lies purely on the dz axis, pointing either “up”
or “down” depending on the sign of ξk. In other words, the signs

sgn[ξ0] = sgn[−µ− 2t], sgn[ξπ] = sgn[−µ+ 2t] (4.76)

tell us whether d(k) points to +dz or to −dz. A qualitative difference occurs depending
on whether d(0) and d(π) point in the same direction or in opposite directions: If
sgn[ξ0] = sgn[ξπ], then d(k) starts and ends on the same side of the dz axis. In this
case the curve traced by d(k) can be continuously deformed away from the origin
without crossing it, and the phase is topologically trivial.

If sgn[ξ0] ̸= sgn[ξπ], then d(k) points in opposite directions at k = 0 and k = π.
Since d(k) varies continuously with k, it must rotate from one side of the dz axis
to the other as k goes from 0 to π. When |∆| ̸= 0, this rotation is provided by the
dy(k) = 2∆ sin k component. Geometrically, this means the curve winds around the
origin, which is the signature of the nontrivial topological phase.

This criterion can be written compactly using the product ξ0ξπ:

ξ0ξπ = (−µ− 2t)(−µ+ 2t) = µ2 − 4t2. (4.77)

Therefore,
ξ0ξπ < 0 ⇐⇒ µ2 < 4t2 ⇐⇒ |µ| < 2t. (4.78)
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So the topological phase occurs precisely when ξ0 and ξπ have opposite signs, i.e.,
when |µ| < 2t. Crossing µ = ±2t flips the sign of either ξ0 or ξπ, which forces the gap
to close at k = 0 or k = π and produces a topological phase transition.

The phrase band inversion refers to this sign flip. At the critical points, the pairing
term vanishes, so the BdG energies reduce to ±|ξk|. When the sign of ξk flips at
one critical point, the ordering of the positive- and negative-energy BdG levels at
that momentum is exchanged relative to the other critical point. This rearrangement
cannot happen without a gap closing and is another way to see that the transition is
topological.

The sign criterion in Eq. (4.78) also has an interpretation in the normal state
(∆ = 0). Then E(k) = ξk, and the band runs between

ξmin = −µ− 2t, ξmax = −µ+ 2t, (4.79)

corresponding to k = 0 and k = π. If |µ| > 2t, then ξk does not cross zero anywhere:
the chemical potential lies outside the normal-state band, and there are no Fermi points.
Turning on pairing does not gap out any Fermi crossings; the resulting superconductor
is topologically trivial, as shown in the left panel of Fig. 4.2.

At |µ| = 2t, the normal band touches zero at k = 0 or k = π, and the super-
conducting gap closes there (critical case, middle panel). Finally, when |µ| < 2t, ξk
crosses zero at two momenta ±kF , so the normal state is metallic with two Fermi
points. The p-wave pairing then opens a gap around these Fermi points, producing the
topological superconducting phase (right panel). In an open chain, this is the regime
where Majorana zero modes appear at the ends, as we show in the next section.

4.3 Majorana and Bond Transformations

A direct way to display the existence of Majorana zero modes (MZMs) in the Kitaev
chain is to rewrite the Hamiltonian in terms of Majorana operators and diagonalize it
explicitly [44, 50]. This procedure makes the zero-energy edge modes transparent.

We proceed in two steps. First, we rewrite the fermionic Hamiltonian in terms of
Majorana operators (Majorana transformation). Second, we apply a bond transforma-
tion that pairs Majoranas on neighbouring sites. This ultimately yields a diagonal
form of the Hamiltonian where the presence of unpaired Majoranas becomes explicit.
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Figure 4.2: Dispersion of the Kitaev chain with t = 1 for (left) µ = 2.5 (trivial), (middle)
µ = 2.0 (critical), and (right) µ = 0 (topological). Solid lines show the superconducting
quasiparticle bands, while dashed lines show the normal-state dispersion (∆ = 0). The
transition between trivial and topological phases occurs when |µ| = 2t.

4.3.1 Majorana Operators

Consider a system with 2N spatially separated Majorana fermions (MFs), γ1, . . . , γ2N .
The number of Majoranas must be even, since one Majorana operator carries only
half of the degrees of freedom of a fermion operator [50, 162].

A fermion operator can be decomposed into two Majorana operators as

ci = 1
2 (γ2i−1 + iγ2i) . (4.80)

The inverse relations are
γ2i−1 = c†

i + ci, (4.81)

γ2i = i(c†
i − ci). (4.82)

The Majorana operators satisfy hermiticity

γj = γ†
j ,

and anti-commutation relation

{γi, γj} = 2δij. (4.83)

Setting i = j in Eq. (4.83) gives

γ2
i = 1.
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This differs from fermions, for which c2
i = 0. A single Majorana operator therefore does

not define an occupation number in the usual sense. If we try to define a Majorana
number operator as

nMi = γ†
i γi,

we find
nMi = γ2

i = 1.

Thus, a single Majorana cannot be occupied or empty. Only when two Majoranas are
combined into a fermion does a meaningful number operator appear. The physical
number states are therefore defined through fermions

ni = c†
ici, ni = 0, 1.

If two Majorana operators, say γ2i−1 and γ2i, are spatially close, their wavefunctions
can overlap. This overlap lifts the zero-energy degeneracy and generates a finite energy
splitting [44, 50].

A Hermitian quadratic coupling between two distinct Majoranas γa and γb has the
form i γaγb. The bare product γaγb is anti-Hermitian, since (γaγb)† = γbγa = −γaγb,
and the factor of i restores Hermiticity. Such a coupling can occur between any
pair of Majoranas. The simplest case is the pair on the same site, γ2i−1 and γ2i,
which are the two halves of the fermion ci. We treat this case first, because it shows
most directly how an overlap between two Majoranas becomes an energy splitting.
Couplings between Majoranas on different sites, such as γ2iγ2i+1, also occur. They
appear when we write the full Kitaev Hamiltonian in the Majorana basis. For now we
keep the same-site pair. Using Eqs. (4.81)–(4.82),

γ2i−1γ2i = (c†
i + ci) i(c†

i − ci) (4.84)
= i

[
c†
ic

†
i − c

†
ici + cic

†
i − cici

]
. (4.85)

Using fermionic relations

c2
i = 0, (c†

i )2 = 0, cic
†
i = 1− c†

ici,

this simplifies to

γ2i−1γ2i = i
[
−c†

ici + (1− c†
ici)

]
(4.86)

= i(1− 2ni). (4.87)
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Therefore,

i

2γ2i−1γ2i = i

2 · i(1− 2ni) = 1
2(2ni − 1) = ni −

1
2 . (4.88)

Including an overlap amplitude t, we obtain

it

2 γ2i−1γ2i = t
(
ni −

1
2

)
. (4.89)

This result shows that Majorana overlap is equivalent to introducing an energy
splitting between the occupied and empty states of the corresponding fermions. If
ni = 0, the energy contribution is −t/2. If ni = 1, the energy contribution is +t/2.

The experimentally measurable quantities are the occupation numbers ni. Such
a measurement can be done by bringing two MFs close together and measuring the
energy splitting according to Eq. (4.89), which reveals the occupation through the
coupling term [44]. Note that it does not make sense to talk about the “state of a
MF” since a single MF contains only half a degree of freedom.

4.3.2 Kitaev Hamiltonian in Majorana Representation

We now express the Kitaev Hamiltonian in Eq. (4.43) in terms of Majorana Fermions.
First, as schematically shown in fig. 4.3, we write each electron operator, c and c†, in
terms of two Majorana Fermion operators, γ1 and γ2, as

a1 a2 aN-2 aN-1

c1 c2 cN-1 cN

γ1,2 γ1,1 γ2,2 γ2,1 γ
N-1,2

γ
N-1,1

γN,2 γN,1

aN

Figure 4.3: Schematic of Kitaev chain in the Majorana and bond representation, with
non-zero bond Fermions in purple, and the nonlocal zero mode aN living on the two
ends of the chain. Adapted from [163]

.

cj = 1
2(γj,1 + iγj,2), c†

j = 1
2(γj,1 − iγj,2), (4.90)

where the γ’s are Majorana Fermion operators with the anti-commutation relation
{γi,α, γj,β} = 2δijδαβ.
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Using (4.90) and Majorana anti-commutation relations, the Kitaev Hamiltonian
in Eq. (4.43) can be written in terms of Majorana Fermions as

Ĥchain = i

2

(t+ ∆)
N−1∑
j=1

γj,1γj+1,2 + (t−∆)
N−1∑
j=1

γj+1,1γj,2 − µ
N∑
j=1

(γj,1γj,2 − i)
 .
(4.91)

The form in (4.91) shows the pairing between Majoranas of different types in adjacent
sites. But it also shows that the Hamiltonian is not diagonal in Majorana Fermions,
they are not quasiparticles of the Kitaev Hamiltonian. The form in Eq. (4.91) shows
the pairing between Majoranas of different types on adjacent sites.

4.3.3 Bond Operators

To illustrate the zero modes explicitly in the Hamiltonian, we define a new transfor-
mation as "bond transformation". In this transformation, two Majoranas of different
types from adjacent sites are combined as

aj = 1
2(γj,1 + iγj+1,2) = 1

2(c†
j + cj + cj+1 − c†

j+1), (4.92a)

aN = 1
2(γN,1 + iγ1,2) = 1

2(c†
N + cN + c1 − c†

1), (4.92b)

where we also defined aN , to which we refer as the zero mode, from the two unpaired
Majoranas at the two ends of the chain, as shown in Fig. 4.3. Then, the Hamiltonian
in terms of bond operators is

Ĥchain = 1
2

(t+ ∆)
N−1∑
j=1

(2a†
jaj − 1) + (t−∆)

N−1∑
j=1

(a†
j+1aj−1 + aj+1aj−1 + h.c.)

−µ
N∑
j=1

(1 + (a†
jaj−1 + ajaj−1 + h.c.))

 , (4.93)

where in the second and the third sum one should identify a0 ≡ aN . The Hamiltonian
is still not diagonal, but we notice the diagonal term corresponding to the t+ ∆ term.
We know that as long as |µ| < 2|t| the system remains in the topological phase. For a
specific example, we take a special case of t = ∆ and µ = 0. This choice of parameters
ensures the system to be within the topological phase. As a result, the bond Fermions
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diagonalize the Hamiltonian in (4.93) and reduce it to

Ĥchain = t
N−1∑
j=1

(2a†
jaj − 1) + 0× a†

NaN , (4.94)

which implies a set of N − 1 quasiparticles with energy 2t, and one non-local quasi-
particle aN with zero energy, hence the name zero mode. In this case, since bond
fermions are the quasiparticles of the Kitaev Hamiltonian, their configurations are the
eigenstates of the system.

4.3.4 Energy Spectrum

In order to verify the validity of the bond transformation, we need to confirm energy
spectra matching between normal and bond fermions. We use ED to calculate the
energy spectrum of the Kitaev Hamiltonian. Beginning with normal fermions, for a
chain of N sites, there are

(
N
0

)
+
(
N
1

)
+ ...+

(
N
N−1

)
+
(
N
N

)
= 2N possible configurations

for spinless fermions, which we construct as

|α1 . . . αN⟩ =
N∏
i=1

(c†
i )αi |0⟩ , (4.95)

where |0⟩ is the vacuum of fermions, αi = 1 or 0, corresponds to having (1) or not
having (0) fermions at site i.

For a given number of fermions M , there are pM fermionic configurations. But
since the superconducting term does not conserve particle number, the eigenstates
of the Hamiltonian are coherent linear combinations of fermionic configurations with
different fermion numbers. Based on this, the νth eigenstate is written as

|ψν⟩ =
∑
M,pM

Cν
M,pM

|M, pM⟩ , (4.96)

where we are populatingN sites withM = 0, 1, . . . , N fermions. To solve for coefficients
Cν
M,pM

, we apply the Hamiltonian on this state, and by using the orthogonality of the
configurations we obtain the eigenvalue equation

∑
pM ,M

⟨qM ′ ,M ′| Ĥchain |pM ,M⟩Cν
M,pM

= EνCν
M ′,qM′ . (4.97)

However, since the Kitaev Hamiltonian only changes particle number in pairs, the
matrix element ⟨qM ′ ,M ′| ĤKC |pM ,M⟩ is non-zero only if M and M ′ have the same
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parity, i.e. if they are both even or odd. This parity symmetry allows us to break the
Hilbert space into two decoupled subspaces of even and odd configurations.

For bond fermions, we construct any bond fermion configurations just as in
Eq. (4.95)

|α1 . . . αN⟩ =
N∏
i=1

(a†
i )αi |0a⟩ , (4.98)

where |0a⟩ is the vacuum of bond Fermions, and we used the overline to distinguish
these configurations from the normal Fermion configurations. In the special case
of t = ∆ and µ = 0, the Hamiltonian in bond fermions is diagonal, as expressed
in Eq. (4.94). This is the usefulness of bond fermion basis that makes the energy
spectrum calculations easier. We now describe the energy spectrum of a chain of
N = 3 quantum dots, obtained both in the normal and bond fermion basis using ED.

1 2 3 4 5 6 7 8

Index

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

E
/|t
|

Normal basis

odd

even

1 2 3 4 5 6 7 8

Index

Bond basis

odd

even

N=3 , ∆ = t < 0, µ = 0

Figure 4.4: Energy spectra of Kitaev chain in normal (left) and bond (right) basis,
where ∆ = t = −1 and µ = 0. Energy is normalized to |t|. The energy spectrum in
normal fermions matches the spectrum in bond fermions. As a result of being in the
topological regime, the spectra of even and odd parity subspaces also match in both
bases.

Figure 4.4 shows the energy spectrum for the case of ∆ = t = −1. As mentioned
above, in this case, the configurations of bond fermions are also the eigenstates of
the system since the Hamiltonian is diagonal. Being in the topological regime, the
system has a doubly degenerate ground state, one in the odd subspace |GS⟩ = |111⟩
with all bond fermions, and the other in the even subspace |GS⟩ = |110⟩, which is
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missing the zero energy bond fermion aN ≡ a3. Next, we have the singly excited
states, missing one non-zero bond Fermion, with excitation energy 2|t|, from which
we have two in each subspace, |a1⟩ = |011⟩ and |a2⟩ = |101⟩ in the even subspace, and
|a1⟩ = |010⟩ and |a2⟩ = |100⟩ in the odd subspace. Finally, in each subspace, there is
one doubly excited state, missing two non-zero bond fermions with excitation energy
4|t|, |a1a2⟩ = |000⟩ in the even subspace, and |a1a2⟩ = |001⟩ in the odd subspace.
Table 4.1 summarizes the description of the spectrum in terms of bond Fermions.

Table 4.1: Describing the spectra plotted in Fig. 4.4. Configurations of bond fermions
are the eigenstates of the Kitaev Hamiltonian when ∆ = t and µ = 0. The configuration
labels are chosen to sort the corresponding energies from lower to higher.

index 1 2 3 4 5 6 7 8

configuration |111⟩ |110⟩ |010⟩ |011⟩ |100⟩ |101⟩ |001⟩ |000⟩

label |GS⟩ |GS⟩ |a1⟩ |a1⟩ |a2⟩ |a2⟩ |a1a2⟩ |a1a2⟩

parity odd even odd even odd even odd even

excitation
energy

0 0 2|t| 2|t| 2|t| 2|t| 4|t| 4|t|

4.3.5 Probability Density Distribution

Once the eigenstates |ψν⟩ of the Kitaev Hamiltonian are obtained by ED according
to Eq. (4.97), we can compute the site-resolved probability density to visualize the
localization properties of the quasiparticle states, in particular the Majorana edge
modes.

The local fermionic occupation operator n̂j = c†
jcj at site j and its expectation

value in an eigenstate |ψν⟩ defines the probability density at site j

ρ
(ν)
j = ⟨ψν | n̂j |ψν⟩ . (4.99)

Using the configuration basis introduced in Eq. (4.96), we write

|ψν⟩ =
∑
M,pM

Cν
M,pM

|M, pM⟩ , ⟨ψν | =
∑

M ′,pM′

(Cν
M ′,pM′ )

∗ ⟨M ′, pM ′| . (4.100)
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Substituting Eq. (4.100) into Eq. (4.99) gives

ρ
(ν)
j =

 ∑
M ′,pM′

(
Cν
M ′,pM′

)∗
⟨M ′, pM ′|

 n̂j
 ∑
M,pM

Cν
M,pM

|M, pM⟩


=

∑
M ′,pM′

∑
M,pM

(
Cν
M ′,pM′

)∗
Cν
M,pM

⟨M ′, pM ′| n̂j |M, pM⟩ . (4.101)

A configuration state |M, pM⟩ is an eigenstate of every number operator n̂j because it
has a definite occupation (either 0 or 1) on each site. Therefore,

n̂j |M, pM⟩ = nj(M, pM) |M, pM⟩ , (4.102)

where

nj(M, pM) =


1, if site j is occupied in the configuration |M, pM⟩,

0, if site j is empty in the configuration |M, pM⟩.
(4.103)

Taking the overlap with ⟨M ′, pM ′ | and using orthonormality of the configuration
basis,

⟨M ′, pM ′| |M, pM⟩ = δM ′,M δpM′ ,pM
, (4.104)

we obtain

⟨M ′, pM ′ | n̂j |M, pM⟩ = nj(M, pM) ⟨M ′, pM ′ | |M, pM⟩

= nj(M, pM) δM ′,M δpM′ ,pM
. (4.105)

Substituting Eq. (4.105) into Eq. (4.101) gives

ρ
(ν)
j =

∑
M ′,pM′

∑
M,pM

(
Cν
M ′,pM′

)∗
Cν
M,pM

nj(M, pM) δM ′,M δpM′ ,pM

=
∑
M,pM

(
Cν
M,pM

)∗
Cν
M,pM

nj(M, pM)

=
∑
M,pM

∣∣∣Cν
M,pM

∣∣∣2 nj(M, pM). (4.106)

Since ⟨M, pM | n̂j |M, pM⟩ = nj(M, pM) equals 1 when site j is occupied and 0
otherwise, ρ(ν)

j is simply the total probability of finding a fermion on site j in the
eigenstate ν, obtained by summing the probabilities of all basis configurations that
have site j occupied.
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Plotting ρ(ν)
j across the chain reveals the spatial structure of the eigenstate: for

trivial superconducting phases (|µ| > 2t) the lowest-energy eigenstate is extended
throughout the bulk, while in the topological phase (|µ| < 2t) the lowest-energy
eigenstate shows localization at the chain ends, the Majorana zero modes as shown in
Fig. 4.5.

(a) Topological regime (b) Trivial regime

Figure 4.5: Probability density ρ(ν)
j = ⟨ψν | c†

jcj |ψν⟩ of the ground state along a Kitaev
chain of 200 sites. In the trivial phase, ρj is delocalized, while in the topological phase,
it is strongly localized at the two ends.

4.4 Experimental Realizations and Limitations of
the Kitaev Chain

The Kitaev chain model provides one of the most elegant theoretical realizations of a
topological superconductor, exhibiting localized MZMs at its ends [50]. Its minimal
form, however, assumes a one-dimensional (1D) lattice of spinless fermions with
intrinsic p-wave pairing [50]. Although this model captures the essential topological
physics, its direct experimental realization in condensed matter systems is highly
nontrivial.

Conventional superconductors found in nature are generally of the s-wave type,
where Cooper pairs form between electrons of opposite spin and momentum, leading
to a spin-singlet, isotropic pairing potential ∆s(r) ∝ ⟨c↑(r)c↓(r)⟩ [154, 159]. In
contrast, the Kitaev model assumes a p-wave, spinless, spin-triplet pairing of the
form ∆p(r, r′) ∝ ⟨c(r)c(r′)⟩, which is odd under exchange of spatial coordinates and
corresponds to parallel-spin pairing [44, 162]. Such superconductors are extremely
rare in nature and usually occur in strongly correlated materials such as Sr2RuO4,
where the pairing symmetry remains under debate [59].

The absence of robust, intrinsic p-wave superconductors poses a fundamental
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obstacle to implementing the Kitaev chain directly in the laboratory. This conceptual
mapping between the idealized Kitaev model and real semiconductor–superconductor
hybrid systems has guided many experimental efforts [44, 164, 165]. Signatures
consistent with Majorana zero modes, such as zero-bias conductance peaks, have
been reported in InSb and InAs nanowires proximitized by aluminum [52, 63]. While
the unambiguous identification of topological superconductivity remains a subject of
active investigation, these systems provide the most promising and controllable route
toward realizing Majorana-based qubits.

While the Kitaev chain remains a powerful theoretical model for understanding
topological superconductivity and Majorana modes [44, 50], its assumption of intrinsic
p-wave pairing is experimentally unrealistic. The search for realizable platforms has
thus shifted toward spin–orbit coupled semiconductor nanowires and related hybrid
systems, where conventional s-wave superconductivity is transformed into effective
p-wave pairing by spin–orbit interaction and Zeeman splitting [44, 164, 165]. This
motivates the study of the Rashba nanowire Hamiltonian, which we introduce in the
next chapter.
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Chapter 5

Majorana Zero Modes in the
Semiconducting-Superconducting
Nanowire
In this chapter, we describe the semiconducting-superconducting (SM-SC) model that
is shown to exhibit topological features and host MZMs [47, 50, 166–169]. The reason
we turn to this system is the nature of its superconductivity which is a natural choice
for experimental purposes [47, 168]. As we will see throughout the chapter, this model
is theoretically more challenging compared to the 1D spinless chain described by the
Kitaev Hamiltonian. Moreover, it is only an approximate topological system which
shows MZMs under certain conditions. Despite that, it is much more experimentally
friendly, so a comprehensive theoretical introduction is required. We will begin by
introducing the s-wave superconductivity, which plays an essential role in this model,
and the key differences of this type of superconductor compared to the p-wave one.
We then proceed by presenting the 1D SM-SC system and its features. In doing so,
we first study the semiconducting nanowire, and then we add the superconductor and
see its effects. Finally, we discuss the superconductivity gap and how we derive the
condition in which keeps the system in the topological phase.

5.1 S-wave Superconductivity

Following the discussion of superconductivity in sec. 4.1, starting from equations (4.14)
and (4.15), we include the s-wave pairing to the BdG Hamiltonian. The s-wave pairing
couples the spin up and down with opposite momenta [166, 167]. It has the following
form

Ĥ∆ = ∆ c†
p↑c

†
−p↓ + ∆∗c−p↓cp↑ (5.1)
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where ∆ is the strength of superconductivity and is a complex number. To be able to
add this term into our BdG form, we need to write it in an antisymmetrized form.
Through using the anti-commutation relations [69]

{c†
p↑, c

†
−p↓} = 0, {c−p↓, cp↑} = 0 (5.2)

we obtain
c†
p↑c

†
−p↓ = − c†

−p↓c
†
p↑, c−p↓cp↑ = − cp↑c−p↓. (5.3)

Using these identities, each term can be written in an explicitly antisymmetric
form

c†
p↑c

†
−p↓ = 1

2
(
c†
p↑c

†
−p↓ − c

†
−p↓c

†
p↑

)
, (5.4)

c−p↓cp↑ = 1
2
(
c−p↓cp↑ − cp↑c−p↓

)
. (5.5)

Substituting these expressions back into Ĥ∆ gives

Ĥ∆ = ∆
2
(
c†
p↑c

†
−p↓ − c

†
−p↓c

†
p↑

)
+ ∆∗

2
(
c−p↓cp↑ − cp↑c−p↓

)
(5.6)

= 1
2

[
∆
(
c†
p↑c

†
−p↓ − c

†
−p↓c

†
p↑

)
+ ∆∗

(
c−p↓cp↑ − cp↑c−p↓

)]
. (5.7)

The superconductivity term creates a Cooper pair by forming two electrons or two
holes (absence of electrons) [159, 160, 168].

The total Hamiltonian (the BdG Hamiltonian in Eq. (4.14) plus the s-wave pairing
term) is given by

Ĥ + Ĥ∆ =
∑

p
Ψ†

pĤBdG(p,∆)Ψp (5.8)

ĤBdG(p,∆) = 1
2


ϵ(p) 0 0 ∆

0 ϵ(p) −∆ 0
0 −∆∗ −ϵ(−p) 0

∆∗ 0 0 −ϵ(−p)

 . (5.9)

It can be rewritten in terms of Pauli matrices

ĤBdG(p,∆) = ϵ(p) τ z ⊗ I2×2 − (Re ∆) τx ⊗ σy − (Im ∆) τ y ⊗ σy, (5.10)

where τs are Pauli matrices in the particle-hole basis and σs are the Pauli matrices in
the spin basis. τs take the same form of the Pauli matrices, but we are denoting them
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with different notation to indicate that they act on particle and hole bases. To find
the energy spectrum, we proceed as follows. We can write the Hamiltonian as

ĤBdG(p,∆) ≡ aΓ1 + bΓ2 + cΓ3, (5.11)

with
Γ1 = τ z ⊗ I2, Γ2 = τx ⊗ σy, Γ3 = τ y ⊗ σy,

a = ϵ(p), b = −Re ∆, c = −Im ∆.

Using the Pauli algebra {τ i, τ j} = 2δijI2, {σi, σj} = 2δijI2, and (τ i)2 = (σi)2 = I2,
we have

Γ2
i = I4×4, {Γi,Γj} = 0 (i ̸= j).

Therefore,

(ĤBdG)2 = (aΓ1 + bΓ2 + cΓ3)2

= a2Γ2
1 + b2Γ2

2 + c2Γ2
3 + ab{Γ1,Γ2}+ ac{Γ1,Γ3}+ bc{Γ2,Γ3}

= (a2 + b2 + c2) I4×4 =
(
ϵ(p)2 + |∆|2

)
I4×4. (5.12)

Since the final form is diagonal, the eigenvalues are simply the diagonal elements.
Hence the spectrum consists of two doubly degenerate bands with energies

E±(p) = ±
√
ϵ(p)2 + |∆|2, (5.13)

where the twofold degeneracy is due to spin (the Hamiltonian squared is proportional
to I2 in spin space and I2 in particle–hole space). If ∆ ̸= 0, the spectrum has an
energy gap which is called the superconducting gap, as shown in Fig. 5.1. This picture
becomes important when we calculate the band structure of the SM-SC system.

5.2 SM-SC Model

The system we consider is a 1D semiconducting (SM) nanowire of length L with
Rashba spin-orbit coupling of strength α and a Zeeman field Vz [47, 166–168]. The
SM nanowire is placed in contact with a conventional s-wave superconductor. The
nanowire is not superconducting on its own. Through the superconducting proximity
effect, Cooper pairs from the adjacent superconductor tunnel into the nanowire across
the interface, and this induces an effective s-wave pairing in the wire [166–168]. This
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Figure 5.1: Energy dispersion of an s-wave superconductor (m = 1, µ = 0.1, |∆| = 0.1).
The solid curves represent E±(p) = ±

√
ϵ(p)2 + |∆|2, while the dashed lines correspond

to the normal-state dispersion ±ϵ(p). The characteristic energy scales 2|∆| and 2µ
are indicated.

induced pairing is the term ĤSC given below. Its amplitude ∆(x) is the induced gap,
which is generally smaller than the gap of the parent superconductor. The Hamiltonian
of the system is given by

Ĥ = ĤSM + ĤSC, (5.14)

ĤSM =
∫ L

0
dxψ†(x)

[
(−ℏ2∂2

x

2m∗ − µ)I + iαℏσy∂x + Vxσx

]
ψ(x), (5.15)

ĤSC =
∫ L

0
dx
[
∆(x)ψ†

↑(x)ψ†
↓(x) + h.c.

]
, (5.16)

where we have taken the nanowire along the x-axis. Note that ψ(x) here is not the
wave function, but is a column spinor of annihilation field operators

ψ(x) =
ψ↑(x)
ψ↓(x)

 .
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The first term of ĤSM is the kinetic energy p2
x

2m⋆ with m⋆ being the effective mass of the
electron. µ is the chemical potential, α is the spin-orbit coupling, and Vx is the Zeeman
field parallel to the nanowire (later we will show that one can take the Zeeman field
perpendicular to the nanowire, but that will not change the physics of the problem).
∆(x) is the strength of the proximity-induced s-wave pairing in the nanowire, and
I, σx, σy are the 2× 2 identity, Pauli-x, and Pauli-y matrices, respectively.

The Zeeman term is in fact

−µ ·B = gSMµBB

2 σx = Vz σx, Vz = gSMµBB

2 , (5.17)

where µ is the magnetic moment of the electron, defined as µ = −gSMµB σ/2, where
the negative sign reflects the electron’s negative charge [115, 122]. B is the externally
applied magnetic field vector, and the letter Z denotes Zeeman. In this case, it
is taken along the x-direction, i.e., B = B x̂, which couples to the spin through σx.
gSM is the dimensionless Landé g-factor (or effective g-factor) of the semiconductor
material. It characterizes the strength of the spin coupling to the magnetic field
and can be very large in narrow-gap semiconductors such as InSb or InAs (typically
|gSM| ∼ 10–50) [170, 171]. µB = eℏ/(2me) is the Bohr magneton, the natural scale
for the magnetic moment of an electron, where e is the elementary charge and me is
the bare electron mass [122, 172]. B is the magnitude of the external magnetic field.
Vz is the resulting Zeeman field, which quantifies the spin splitting between spin-up
and spin-down states induced by the magnetic field [115, 122, 166, 167].

The spin–orbit coupling (SOC) term in the Hamiltonian is given by

ĤR = α (σ × p) · ẑ, (5.18)

where σ = (σx, σy, σz) are the Pauli matrices acting on the electron spin, p = −iℏ∇ is
the momentum operator, and ẑ is the unit vector perpendicular to the xy plane. This
term arises due to the relativistic coupling between an electron’s spin and its motion
in an electric field E, which in the electron’s rest frame acts as an effective magnetic
field Beff ∝ E× p that couples to the spin through the Zeeman interaction [171, 173].

In semiconductor nanowires the electric field E originates from either the confining
potential at the heterostructure interface or from an applied gate voltage [171, 173].
When E is along ẑ, the effective magnetic field points along ŷ for motion along x̂, and
the Rashba Hamiltonian reduces to

ĤR = α pxσy. (5.19)
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This couples the electron’s spin and momentum, and resulting in two helically spin-
polarized bands displaced in momentum space [168, 171, 173, 174]. The Rashba effect
is essential for realizing topological superconductivity when combined with Zeeman
coupling and proximity-induced s-wave pairing [166–168], as will be explained later
on.

5.2.1 BdG Formalism: Periodic Boundary Conditions

Diagonalizing the Hamiltonian in Eq. (5.14) is possible using Fourier transformation
for periodic boundary conditions, where the field operators for each spin σ =↑, ↓ are
expanded as

ψσ(x) = 1√
L

∑
k

eikxcσ,kχ
σ
z , (5.20)

with k = 2πn/L (n ∈ Z), and χσz are the eigenstates of Pauli z-matrix, i.e. σzχ↑(↓)
z =

+(−)χ↑(↓)
z . We first focus on the SM nanowire. Through using

∫ L

0
dx eixq = L δq,0, q = 2πn

L
,

we apply the Fourier transformation to the SM Hamiltonian from Eq. (5.14) to obtain
the BdG form. The chemical potential term transforms as

−µ
∫ L

0
dxψ†(x)ψ(x) = −µ

∑
σ

1
L

∑
k,k′

∫ L

0
dx ei(k

′−k)xc†
σ,k′cσ,k = −µ

∑
σ

∑
k

c†
σ,kcσ,k.

The kinetic energy term gives

∫ L

0
dxψ†(x)

(
−ℏ2∂2

x

2m⋆

)
ψ(x) = − ℏ2

2m⋆

∑
σ

1
L

∑
k,k′

∫ L

0
dx e−ik′x ∂2

x

(
eikx

)
c†
σ,k′cσ,k.

Since ∂2
xe
ikx = −k2eikx, ∫ L

0
dxψ†(x)

(
−ℏ2∂2

x

2m⋆

)
ψ(x)

= ℏ2

2m⋆

∑
σ

1
L

∑
k,k′

∫ L

0
dx ei(k−k′)xk2 c†

σ,k′cσ,k =
∑
σ

∑
k

ℏ2k2

2m⋆
c†
σ,kcσ,k.

The SOC term gives

iαℏ
∫ L

0
dxψ†(x)σy∂xψ(x) = iαℏ

1
L

∑
k,k′

∫ L

0
dx e−ik′xc†

k′σy
(
∂xe

ikx
)
ck,
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where ck = [c↑,k, c↓,k]T . Since ∂xeikx = ikeikx,

= iαℏ
1
L

∑
k,k′

∫ L

0
dx ei(k−k′)x(ik) c†

k′σyck = iαℏ
∑
k

(ik) c†
kσyck = −αℏ

∑
k

k c†
kσyck.

The Zeeman term gives

Vz

∫ L

0
dxψ†(x)σxψ(x) = Vz

1
L

∑
k,k′

∫ L

0
dx ei(k−k′)x c†

k′σxck = Vz
∑
k

c†
kσxck.

Collecting all the terms, we obtain the SM Hamiltonian in k-space

ĤSM =
∑
k

c†
k

(
ℏ2k2

2m⋆
− µ− αℏk σy + Vz σx

)
ck, (5.21)

with ck = [c↑,k, c↓,k]T being the spinor of annihilation operators. The s-wave pairing
term transforms as

∫ L

0
dxψ↑(x)ψ↓(x) = 1

L

∑
k,k′

∫ L

0
dx ei(k+k′)x c↑,kc↓,k′ =

∑
k

c↑,kc↓,−k.

Therefore
ĤSC =

∑
k

(
∆ c↑,kc↓,−k + h.c.

)
. (5.22)

We can write the (ℏ2k2

2m⋆ − µ− αℏk σy + Vz σx) in the SM Hamiltonian as
 ℏ2k2

2m − µ αiℏk + Vz

−αiℏk + Vz
ℏ2k2

2m − µ

 , (5.23)

and the eigenvalues of this matrix are the two bands

ε±(k) = ℏ2k2

2m − µ±
√

(αℏk)2 + V 2
z , (5.24)

with k = 2πn/L (n ∈ Z).

5.2.2 Spin Texture of the Bands

It will be advantageous to study the SM nanowire itself and all its parameters to get
a better sense of the system. Having the eigenvalues of the kernel of the Hamiltonian
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in Eq. (5.23), we can easily find the corresponding eigenvectors, given by

v+ = 1√
2

 αiℏk+Vz√
V 2

z +(αℏk)2

1

 (5.25)

v− = 1√
2

− αiℏk+Vz√
V 2

z +(αℏk)2

1

 . (5.26)

Firstly, we find the angle ϕ that each vector v± makes in the xy-plane

tan±(ϕ) = ± Vz
αℏk

(5.27)

This angle determines the phase difference between each vector. To determine the
number of electronic states available at each energy level, we compute the density of
states (DOS). The DOS represents how many electron states exist per unit energy
interval within the electronic bands [114, 115]. As electrons move through a lattice
with different momenta k, they occupy distinct energy levels ϵ(k) given by the band
structure Eq. (5.24). The DOS essentially “unfolds” this band structure from k-space
to energy-space, providing a measure of the density of available states as a function of
energy. In our system, the DOS is given by

ρPBC(ω) = 1
L

∑
k

δ(ω − Ek) (5.28)

where the wavevector k takes discrete values determined by the periodic boundary
conditions

k = 2πn
L
, n = 0,±1,±2, . . . (5.29)

and δ(ω−Ek) is the Dirac delta function that picks out states at energy Ek, and L
is the length of the system in one dimension. The DOS formula arises from converting
the discrete k-space distribution to energy-space. With periodic boundary conditions,
available wavevectors are quantized as k = 2πn/L, meaning states are discrete in
k-space with spacing ∆k = 2π/L. The density of k-states per length is therefore
ρk = L/(2π), meaning that there is one k-state per interval 2π/L. To measure states
in energy-space instead, we use the Dirac delta function δ(ω−Ek) to “pick out” which
discrete k-states contribute to a given energy ω. The sum ∑

k δ(ω − Ek) counts all
states at energy ω. The prefactor 1/L appears as the appropriate normalization: it
converts the raw count of k-states into a density per unit system length. This ensures
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the DOS has proper physical dimensions [1/energy/length] and that integrating over
all energies recovers the total number of electronic states divided by system size. In the
continuum limit (L→∞), this sum can be replaced by an integral using the density
of states in k-space, which naturally produces the familiar forms ρ(E) = g(k)

2π |dk/dE|
for parabolic bands.

Another quantity that will help us to know the SM nanowire, is the spin texture.
Spin texture refers to the spatial distribution and orientation of electron spins across
the Brillouin zone in momentum space. The spin polarization varies with wavevector
k, creating a texture of spin orientations.

The spin texture is quantified by computing the expectation values of the Pauli
spin matrices σx, σy, and σz

σx =
0 1

1 0

 , σy =
0 −i
i 0

 , σz =
1 0

0 −1

 (5.30)

in each band. For v+, the spin components are:

S(+)
x = ⟨v+|σx|v+⟩, S(+)

y = ⟨v+|σy|v+⟩, S(+)
z = ⟨v+|σz|v+⟩ (5.31)

Evaluating the spin expectation values yield

⟨v+|σx|v+⟩ = 1√
2

(
Vz−iαℏk√
V 2

z +(αℏk)2
1
) 1√

2

 1
Vz+iαℏk√
V 2

z +(αℏk)2

 (5.32)

= 1
2

 Vz − iαℏk√
V 2
z + (αℏk)2

· 1 + 1 · Vz + iαℏk√
V 2
z + (αℏk)2

 (5.33)

= 1
2

Vz − iαℏk + Vz + iαℏk√
V 2
z + (αℏk)2

 (5.34)

= 1
2 ·

2Vz√
V 2
z + (αℏk)2

(5.35)

= Vz√
V 2
z + (αℏk)2

(5.36)

Therefore
S(+)
x (k) = Vz√

V 2
z + (αℏk)2

(5.37)
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⟨v+|σy|v+⟩ = 1√
2

(
Vz−iαℏk√
V 2

z +(αℏk)2
1
) 1√

2

 −i
iVz−αℏk√
V 2

z +(αℏk)2

 (5.38)

= 1
2

 Vz − iαℏk√
V 2
z + (αℏk)2

· (−i) + 1 · iVz − αℏk√
V 2
z + (αℏk)2

 (5.39)

= 1
2
√
V 2
z + (αℏk)2

[−(Vz − iαℏk) · i+ (iVz − αℏk)] (5.40)

= 1
2 [−iVz − αℏk + iVz − αℏk] (5.41)

= 1
2
√
V 2
z + (αℏk)2

[−2αℏk] (5.42)

= − αℏk√
V 2
z + (αℏk)2

(5.43)

giving
S(+)
y (k) = − αℏk√

V 2
z + (αℏk)2

. (5.44)

And finally

⟨v+|σz|v+⟩ = 1√
2

(
Vz−iαℏk√
V 2

z +(αℏk)2
1
) 1√

2

 Vz+iαℏk√
V 2

z +(αℏk)2

−1

 (5.45)

= 1
2

 Vz − iαℏk√
V 2
z + (αℏk)2

· Vz + iαℏk√
V 2
z + (αℏk)2

+ 1 · (−1)
 (5.46)

= 1
2

(Vz − iαℏk)(Vz + iαℏk)
(
√
V 2
z + (αℏk)2)2

− 1
 (5.47)

= 1
2

 V 2
z + (αℏk)2

(
√
V 2
z + (αℏk)2)2

− 1
 (5.48)

= 1
2

(
√
V 2
z + (αℏk)2)2

(
√
V 2
z + (αℏk)2)2

− 1
 (5.49)

= 1
2 [1− 1] (5.50)

= 0 (5.51)

leading to
S(+)
z (k) = 0 (5.52)
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In the same fashion, we can compute the spin texture of v−

S(−)
x (k) = − Vz√

V 2
z + (αℏk)2

(5.53)

S(−)
y (k) = αℏk√

V 2
z + (αℏk)2

(5.54)

S(−)
z (k) = 0 (5.55)

The spin texture results do make physical sense. Since we have taken the magnetic
field along x direction, and the SOC along y direction, the spin texture has no z

component. Moreover, v+ and v− have opposite spin components, which was expected
from their form.

For the numerical calculations, we take InAs or InP as our candidate materials for
SM nanowire. InAs has an effective mass of m⋆ = 0.02me, and SOC strength within
the range [0, 0.2] eV ÅInP has the same SOC strength range, but an effective mass
of m⋆ = 0.08me [47, 170, 175, 176] . The length of SOC can be calculated from ℏ

αm⋆ .
We take the length of the chain to be L = 100µm, which is considered to be a long
nanowire chain.

5.2.3 SM Band Structure

We consider various cases of parameters of the nanowire, and compute the band
structure, spin texture, and DOS. In all cases, we set µ = 0 since it only shifts the
energy, and we use InP for the nanowire. The first case is the Zeeman field, shown
in figure 5.2 We can clearly see the π phase difference between the two parabolic
bands. The spin texture also shows the spin orientation of the eigenvectors. Since
the magnetic field is in the x direction, spins are polarized in the ± x directions, and
they are not affected by the SOC as it is turned off. The DOS on the right shows the
occupation of electronic states at each energy. There is no occupation for energies
below -10 µeV, and the two peaks correspond to the energies -10 and 10 µeV for the
ϵ− and ϵ+ bands, respectively. The occupation decreases as we go to higher energy
values. The Zeeman field controls the gap between the two bands. As it can be seen
in figure 5.3, with higher Zeeman field (30 µeV), the gap between the two bands opens
up.

The next case is the SOC only, shown in figure 5.4. We set the Zeeman field to be
zero, and take αℏ = 5µeV. µm. In the SOC only case, the bands change phase as they
pass through the k = 0 point. It can be seen from the equation of the band structure

131



Figure 5.2: Band structure (left) as a function of k and the normalized density of
states (right) and spin texture (bottom panel) for the SM nanowire with Zeeman field
of strength 10 µeV. SOC and µ are set to 0. The energy is in units of µeV. The colour
of the energy bands shows the angle ϕ in the xy-plane, calculated using Eq. (5.27).

Eq. (5.24), when Vz = 0 it is reduced to

ε±(k) = k2

2m − µ± |αk
2|, (5.56)

and k = 0 is when the bands change phase. The highest occupation is localized around
energy −10µeV, which is the two minima of ϵ− band, and it shows a small bump at
the point k = 0 due to the phase change of the band structures. As expected, the
spins are polarized along ±y axis, changing directions at k = 0.

In the final case, we consider both the Zeeman field and SOC to see their sum
effect on the band structure and spin texture. The result is shown in figure 5.5, where
αℏ = 5µeV. µm and Vz = 10µeV. We can see that the phase of the bands change at
every point k, going from 0 to −π for the lower band ϵ−, and π to 0 for the upper
band ϵ+. The highest DOS is located at the two minima of ϵ− at energy around
−15µeV. Then the next peak is at the maximum of ϵ− at energy −10µeV, and the
last peak is related to the minimum of ϵ+ at energy 10µeV. Moreover, spin texture
now has components in both x and y directions, changing orientation at point k = 0.
At the point k = 0 the spin is purely in the ± x direction, since it only depends on the
Zeeman field, as it can be seen from the spin texture equations. If we take a higher
Zeeman field, the gap between two bands will open up, resulting in a more flattened
ϵ− band. This effect is displayed in figure 5.6, where we are taking a Zeeman field of
strength Vz = 30µeV.
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Figure 5.3: Band structure (left) as a function of k and normalized density of states
(right) and spin texture (bottom panel) for the SM nanowire with Zeeman field of
strength 30 µeV. The gap between the bands is larger compared to the case with the
Zeeman field of strength 10 µeV

5.2.4 Comparison of the Magnetic Field Directions

As stated earlier, the direction of the magnetic field does not change the physics
of the problem, and is rather a subtle choice for experimental purposes [166, 167].
So far, we have taken the magnetic field to be along the nanowire axis (the x-
direction). Alternatively, one may consider a field applied perpendicular to the wire
along the z-direction. In that case, the Zeeman term Vzσx is replaced by Vzσz, and
the semiconductor (SM) Hamiltonian in k-space becomes

ĤSM =
∑
k

c†
k

(
k2

2m⋆
− µ− αk σy + Vz σz

)
ck. (5.57)

Following the same procedure in section 5.2.1, we rewrite the SM Hamiltonian asℏ2k2

2m⋆ − µ+ Vz αiℏk
−αiℏk ℏ2k2

2m⋆ − µ− Vz

 . (5.58)

The eigenvalues of this matirx give the two energy bands

ε±(k) = ℏ2k2

2m⋆
− µ±

√
(αk)2 + V 2

z , (5.59)

which is equal to Eq. (5.24) for a magnetic field along x direction. This equivalence
arises because a global spin rotation about the y-axis by π/2 transforms σx→σz while
leaving σy unchanged. Consequently, the energy spectrum is invariant under such a
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Figure 5.4: Band structure (left) as a function of k and normalized density of states
(right) and spin texture (bottom panel) for the SM nanowire with spin-orbit coupling
of strength αℏ = 5µeV. µm. Note that the ϵ− band is the lower pink line for negative
k, and continues as the yellow line for positive k, whereas the ϵ+ band is the top
yellow one for negative k, and pink for positive k.

unitary transformation. However, the spin texture changes: it now lies in the yz-plane
instead of the xy-plane, acquiring no component along x. Hence, all spin-related
interpretations previously made with respect to the x-axis will now correspond to the
z-axis. Conclusively, the direction of the magnetic field (either along the x or z axis)
does not alter the underlying physics of the system, but rather represents a convenient
convention chosen for experimental or numerical purposes.

5.2.5 Complete band Structure with the S-wave Supercon-
ductor

Now that we have studied all the elements of the SM nanowire, we include the s-wave
superconductivity and calculate the band structure. Starting from Eq. (5.22), we
introduce the Nambu operator ck = (ck↑, ck↓)T, which allows us to use the identity
ck,↑c−k,↓ = 1

2 cT
k (iσy)c−k. The SC Hamiltonian can be expressed in matrix form as

ĤSC = 1
2
∑
k

[
c†
k (∆ iσy) c†T

−k + cT
−k (−∆ iσy) ck

]
. (5.60)

We now define the four-component Nambu spinor

C†
k =

[
c†
k↑, c

†
k↓, c−k↑, c−k↓

]
, (5.61)
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Figure 5.5: Band structure (left) as a function of k and normalized density of states
(right) and spin texture (bottom panel) for the SM nanowire with Zeeman field of
strength 10 µeV and αℏ = 5µeV. µm.

Figure 5.6: Band structure (left) as a function of k and normalized density of states
(right) and spin texture (bottom panel) for the SM nanowire with Zeeman field of
strength 30 µeV and αℏ = 5µeV. µm.

and write the semiconductor Hamiltonian kernel from Eq. (5.23) as

ĤSM(k) =
(
ℏ2k2

2m⋆
− µ

)
I2 − αℏk σy + Vz σx. (5.62)

Then the total Hamiltonian including both the semiconductor and superconductor
contributions becomes

ĤBdG(k) = 1
2
∑
k

C†
k

HSM(k) −i∆∗σy

i∆σy −H∗
SM(−k)

Ck + Tk, (5.63)

where Tk = ℏ2k2

2m⋆ − µ is the constant shift term arising from fermionic commutation
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relations such as c†
σ,kcσ,k = 1

2

(
1 + c†

σ,kcσ,k − cσ,kc
†
σ,k

)
. The explicit form of the 4 × 4

matrix is given by


Tk Vz + iαℏk 0 ∆
Vz − iαℏk Tk −∆ 0

0 −∆∗ −Tk −(Vz + iαℏk)
∆∗ 0 −(Vz − iαℏk) −Tk

 . (5.64)

We will now show that this Hamiltonian conserves the particle-hole symmetry.
The particle–hole conjugation operator C is defined as an antiunitary operator acting
on the Nambu spinor as

CCk C−1 = τxC
∗
−k, CC†

k C−1 = CT
−kτx, (5.65)

where τx is the Pauli matrix acting in particle–hole (Nambu) space. If we show the
complex conjugation of the coefficients by the operator K, the particle–hole operator
becomes

C = τxK, C2 = +1. (5.66)

Under this operation, the BdG kernel transforms as

C ĤBdG(k) C−1 = τxĤ∗
BdG(k)τx

= τx

Ĥ∗
SM(k) i∆σy
−i∆∗σy −ĤSM(−k)

 τx. (5.67)

Using the property τx( A B
C D )τx = (D C

B A ), one finds

C ĤBdG(k) C−1 =
− ĤSM(−k) −i∆∗σy

i∆σy Ĥ∗
SM(k)

 = −ĤBdG(−k). (5.68)

Equation (5.68) shows that the BdG Hamiltonian satisfies the fundamental particle–
hole symmetry condition

C HBdG(k) C−1 = −HBdG(−k) . (5.69)

Although the kernel changes sign, the full Hamiltonian

Ĥ = 1
2
∑
k

C†
kĤBdG(k)Ck + Tk
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remains invariant under C because the spinor transforms as in Eq. (5.65):

CĤ C−1 = 1
2
∑
k

(CC†
kC−1)(CĤBdG(k)C−1)(CCkC−1) + Tk

= 1
2
∑
k

CT
−kτx

[
− ĤBdG(−k)

]
τxC

∗
−k + Tk

= 1
2
∑
−k
C†

−kĤBdG(−k)C−k + Tk = Ĥ. (5.70)

Thus, despite the minus sign in Eq. (5.69), the total Hamiltonian is invariant under C.
Note that Tk remains the same under the transformation. This symmetry guarantees
that the quasiparticle spectrum satisfies En(k) = −En(−k), leading to eigenvalue pairs
±En(k). From the particle–hole symmetry condition in Eq. (5.69), every eigenstate
Φk of ĤBdG(k) with energy Ek has a corresponding conjugate state CΦk that is an
eigenstate of −ĤBdG(−k) with energy −Ek:

ĤBdG(k) Φk = Ek Φk =⇒ ĤBdG(−k) (CΦk) = −Ek (CΦk). (5.71)

Thus, all quasiparticle excitations come in pairs at ±Ek. However, when the system
parameters (for instance the Zeeman field Vz) are tuned such that one of these energy
pairs satisfies Ek = 0, the corresponding state is its own particle–hole conjugate.
Indeed, for E = 0, the eigenvector Φ0 satisfies

ĤBdG(k) Φ0 = 0. (5.72)

Applying the C operator to both sides gives

C ĤBdG(k) Φ0 = 0. (5.73)

Using the commutation relation C ĤBdG(k) = −ĤBdG(−k) C (from Eq. (5.68)), we
obtain

−ĤBdG(−k) (CΦ0) = 0 ⇒ ĤBdG(−k) (CΦ0) = 0. (5.74)

This means CΦ0 is also a zero-energy eigenstate. Since the zero-energy eigenspace
may be degenerate, we write

CΦ0 = λΦ0 (5.75)

137



for some eigenvalue λ. Applying C again and using C2 = +1:

Φ0 = C(CΦ0) = C(λΦ0) = λ∗ (CΦ0) = λ∗λΦ0. (5.76)

Therefore |λ|2 = 1, implying λ = eiφ for some real phase angle φ. This yields

CΦ0 = eiφΦ0. (5.77)

The zero-energy state is thus its own particle–hole conjugate (up to a phase). This
is the same self-conjugacy we met in Chapter 2. There the Majorana condition ψ = ψc

in Eq. (5.72) states that a Majorana field equals its own charge conjugate, and the
operator form γ = γ† in Eq. (4.83) states that a Majorana mode is its own antiparticle.
We obtained the same statement from the BdG formalism of the SM-SC Hamiltonian.

Physically, this symmetry reflects the fact that a quasiparticle excitation with
energy E above the Fermi level is indistinguishable from a missing quasiparticle
(a hole) with energy −E below it [159]. The ground state of the superconductor—
the condensate of Cooper pairs—defines the reference point E = 0, around which
these excitations are symmetric. Consequently, the BdG Hamiltonian effectively
“doubles” the number of modes compared to the normal-state Hamiltonian, but this
redundancy is constrained by particle-hole symmetry: the particle and hole sectors
are not independent [160].

In topological superconductors, this intrinsic particle–hole symmetry plays a central
role: at certain parameter values the gap can close and reopen, yielding zero-energy
modes that are their own particle–hole conjugates, as we saw earlier when we introduced
the s-wave superconductivity [49, 50, 166–168] . We will see this explicitly in the band
structure of the SM-SC system.

Because of particle-hole symmetry, the eigenvalues occur in ±E pairs. To find the
band energies, we solve the eigenvalue problem ĤBdG(k) Φk = E Φk, whose eigenvalues
are the roots of the secular equation det

[
ĤBdG(k) − E ⊮

]
= 0. Using the compact

form
ĤBdG(k) = Tk τz + αℏk σyτz + Vz σx + ∆ τx,

this gives the characteristic polynomial

E4 − 2AkE2 +Bk = 0,
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with

Ak = T 2
k + (αℏk)2 + V 2

z + |∆|2, (5.78)
Bk = A2

k − 4Ck, (5.79)
Ck = T 2

k

(
(αℏk)2 + V 2

z

)
+ |∆|2V 2

z . (5.80)

Only even powers of E appear, which is the particle-hole symmetry at work. The
equation is therefore quadratic in E2, and solving it gives the two positive branches

E2
±(k) = Ak ±

√
A2
k −Bk = Ak ± 2

√
Ck.

Hence the band energies are

E±(k) =
√
T 2
k + (αℏk)2 + V 2

z + |∆|2 ± 2
√
T 2
k

(
(αℏk)2 + V 2

z

)
+ |∆|2V 2

z , (5.81)

and the remaining two are their particle-hole partners −E±(k).
We can check that when ∆→ 0: E±(k) =

∣∣∣Tk ±√(αℏk)2 + V 2
z

∣∣∣ it gives the SM
bands. Now we are in a position to show how adding the superconductivity term will
open the superconducting gap, as was promised to show in figure 5.1.

5.2.6 Superconducting Gap and Topological Phase Transition

The three panels in Fig. 5.7 show the evolution of the quasiparticle band structure
obtained from Eq. (5.81) as the Zeeman field Vz is varied. The key feature that
distinguishes the trivial and topological superconducting phases is the behaviour of the
energy gap at k = 0. At this point, the kinetic and spin–orbit terms vanish (T0 = −µ,
αℏk = 0), leading to

E±(0) =
∣∣∣Vz ±√µ2 + |∆|2

∣∣∣. (5.82)

The lower branch E−(0) thus closes when

V c
z =

√
µ2 + |∆|2, (5.83)

which marks the critical point of a topological quantum phase transition.
In case (a), we apply a Zeeman field smaller than the critical value Vz <

√
µ2 + |∆|2.

The system is in a conventional s-wave superconducting phase, characterized by a
finite energy gap of size 2|∆| that separates the occupied and unoccupied quasiparticle
states. Both spin subbands are degenerate, and the lowest positive-energy branch
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Figure 5.7: BdG band structure from Eq. (5.81) for µ = 0.5µeV, αℏ = 5µeV. µm,
and ∆ = 0.6µ eV. Top: gapped spectrum for Vz <

√
µ2 + ∆2. This system is in the

trivial phase. Middle: gap closing at Vz =
√
µ2 + ∆2. This is where the topological

phase transition occurs. Bottom: gapped spectrum for Vz >
√
µ2 + ∆2. This system

is in the topological phase.
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±E−(k) remains gapped for all k. Particle-hole symmetry is clearly preserved: the red
and blue bands (+E±(k)) are exact reflections of the yellow and green bands (−E+(k))
about the zero energy line, respectively. Similarly, the blue band (+E−(k)) mirrors
the orange band (−E−(k)). Although the spectrum is gapped, no topological order is
present. For Vz < V c

z the Zeeman splitting is insufficient to invert the two spin-split
parabolic bands at k = 0. The order of the occupied and unoccupied states remains
the same as in the normal state: the lower band is predominantly spin-down and the
upper band is predominantly spin-up (or vice versa, depending on convention). Thus,
the energy gap visible in panel (a) is a conventional s-wave superconducting gap, not
a topological one. We refer to this regime as the trivial regime or phase.

At the critical field, shown in Fig. 5.7 (b), the Zeeman energy exactly compensates
the energy scale that maintains the separation between the two spin-split subbands.
As a result, the two lowest quasiparticle branches ±E−(k) touch each other at k =
0, and the bulk superconducting gap closes. This is the precise point where the
superconducting spectrum switches from trivial to topological. Physically, the closing
of the gap means that the lowest electron-like and hole-like states at k = 0 become
degenerate in energy. The spin character of the bands begins to interchange: the
state that used to belong to the lower band moves upward in energy, while the one
that belonged to the upper band moves downward. This marks the onset of a band
inversion. At this critical field the system is extremely sensitive to perturbations. A
tiny increase or decrease of Vz immediately opens a new gap, but with a different
character: for Vz slightly smaller than the critical value, the gap is still the ordinary
s-wave gap of the trivial phase, whereas for Vz slightly larger, the gap reopens after the
inversion, signaling the topological regime. Therefore, the gap-closing point represents
the boundary between two qualitatively different superconducting states. In a finite
nanowire, this is the parameter point where Majorana modes start to emerge at the
ends of the system as the topological phase sets in.

In Fig. 5.7 (c), the Zeeman field exceeds the critical value, Vz >
√
µ2 + |∆|2. The

superconducting gap that had closed at the transition point now reopens, but with a
completely different character. This reopened gap marks the onset of the topological
superconducting phase. The most important change occurs in the structure of the
bands near k = 0. After the transition, the order of the two lowest energy bands is
reversed compared to the trivial phase (the previously two flat lines are now replaced
by two symmetric parabolas): the state that was previously above the Fermi level now
lies below it, and vice versa. This band inversion is the key signature that the system
has changed its topological character [36, 177–180]. The quasiparticle wavefunctions
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on either side of the inversion carry different spin textures, so the reopened gap does
not simply correspond to the same s-wave pairing as before—it now has a built-in
spin–momentum locking that mimics an effective spinless p-wave superconductor [56,
166]. Figure 5.8 makes this explicit. The colour gives the electron-sector spin of
each band. The component ⟨σy⟩ is odd in k, which is the Rashba spin-momentum
locking. Across the transition the lowest band at k = 0 flips its ⟨σx⟩ from negative to
positive, the spin signature of the band inversion. Although the bulk remains gapped,
the nature of this new gap is topologically distinct from the ordinary s-wave gap in
panel (a). If the nanowire were cut open, the bulk–boundary correspondence ensures
that a pair of localized zero-energy states would appear at its ends [44, 167]. These
states are protected by the reopened bulk gap and cannot be removed by any local
perturbation unless the bulk gap closes again [32, 168].

5.3 Discrete lattice Formulation with Open Bound-
ary Conditions

To analyze finite-size effects and study the emergence of localized edge states, it is useful
to move from the continuous k-space description of the SM-SC nanowire to a discrete
real-space (tight-binding) representation [50, 166–168] . We will do this in two ways.
First, through representing the continuous Hamiltonian in the orbital mode formalism,
where we expand each field operator in the basis of a 1D quantum well. And second,
the nanowire is modeled as a one-dimensional chain of sites indexed by j = 1, . . . , N ,
hosting spinful electron operators cj,σ, c†

j,σ, for σ =↑, ↓. The continuous derivatives
and momentum-dependent terms in the Hamiltonian are replaced by discrete hopping
terms between neighbouring lattice sites. The second approach naturally allows the
imposition of open boundary conditions (OBC), which are essential for capturing
boundary physics such as the appearance of Majorana zero modes at the nanowire ends.
Moreover, the lattice representation provides a convenient framework for numerical
diagonalization and for connecting the continuum parameters (µ, α, Vz, ∆, m⋆) to
experimentally relevant discrete energy scales such as hopping amplitudes and on-site
potentials [50, 114, 166–168] . In the following, we construct the tight-binding version
of the SM–SC Hamiltonian that faithfully reproduces the continuum model in the
long-wavelength limit, and explicitly implement open boundary conditions to reveal
the real-space structure of the topological superconducting phase.
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Figure 5.8: Electron-sector spin texture of the Bogoliubov-de Gennes bands of the
SM-SC nanowire, in the trivial phase (left) and the topological phase (right). The top
row colours each band by ⟨σy⟩ and the bottom row by ⟨σx⟩. The colour is the spin of
the electron component of each quasiparticle, normalised by its electron weight. The
odd-in-k pattern of ⟨σy⟩ is the Rashba spin-momentum locking. At k = 0 the lowest
band flips its ⟨σx⟩ from negative in the trivial phase to positive in the topological
phase, which is the spin signature of the band inversion. The parameters are α = 1,
∆ = 0.5, and µ = 0 in units ℏ = 2m∗ = 1, with Vz below and above V c

z =
√
µ2 + |∆|2.
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5.3.1 Orbital Mode Representation

We now rewrite the continuum SM-SC Hamiltonian in a basis suited to a finite nanowire.
The wire has length L, so the electrons are confined to the interval x ∈ [0, L]. With
open boundary conditions the wavefunction vanishes at both ends. This confinement
is a one-dimensional quantum well, or particle in a box. Its single-particle eigenstates
are the standing waves

Φn(x) =
√

2
L

sin(knx), kn = nπ

L
, n = 1, 2, . . . , (5.84)

satisfying
∫ L

0
dxΦn(x)Φm(x) = 2

L

∫ L

0
dx sin(kmx) sin(knx)

= 2
L

(
1
2 −

sin(2πn)
4πn

)
L = 1, m = n = 1, 2, . . . (5.85)

= 2
L
· n sin(mπ) cos(nπ)−m sin(nπ) cos(mπ)

π(m2 − n2) · L = 0, m ̸= n (5.86)

which yields ∫ L

0
dxΦnΦm = δnm (5.87)

We expand the field operators in this basis

ψσ(x) =
∑
n≥1

cn,σ Φn(x)χσz , (5.88)

where cn,σ annihilates a fermion with spin σ ∈ {↑, ↓} in mode n, and χσz are the
eigenstates of Pauli z-matrix, i.e. σzχ↑(↓)

z = +(−)χ↑(↓)
z .

We now rewrite the entire SM-SC Hamiltonian in the orbital mode basis

ĤSM =
∫ L

0
dxψ†(x)

[
− ℏ2

2m⋆
∂2
x − µ+ iαℏ σy ∂x + Vz σx

]
ψ(x), (5.89)

ĤSC =
∫ L

0
dx
(

∆ψ↑(x)ψ↓(x) + h.c.
)
, (5.90)

with ψ = (ψ↑, ψ↓)T , and real, uniform ∆ for clarity (phase may be reinstated as
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needed). Using (5.84)–(5.88) one needs the overlap matrices

∫ L

0
dxΦn(x)Φm(x) = δnm, (5.91)∫ L

0
dxΦn(x) ∂xΦm(x) = 2

L
km

∫ L

0
dx sin(knx) cos(kmx)

=


0, n = m (mod 2),

4n km
π (m2 − n2) , n ̸= m (mod 2),

(5.92)

so the second integral vanishes when n and m have the same parity and is nonzero
otherwise, making a selection rule for Rashba SOC term.

Kinetic, chemical, and Zeeman terms. The kinetic operator is diagonal in n:

∫ L

0
dxΦn(x)

(
− ℏ2

2m⋆
∂2
x

)
Φm(x) = δnm

ℏ2k2
n

2m⋆
. (5.93)

Hence
Ĥ0 =

∑
n≥1

∑
σ

(ℏ2k2
n

2m⋆
− µ

)
c†
n,σcn,σ. (5.94)

The Zeeman term Vz σx is on–site in n and flips spin:

Vz
∑
n≥1

(
c†
n,↑cn,↓ + c†

n,↓cn,↑
)
. (5.95)

Collecting these, the n–diagonal block in the spin basis (cn,↑, cn,↓) is

(
c†
n,↑ c†

n,↓

) 
ℏ2k2

n

2m⋆
− µ Vz

Vz
ℏ2k2

n

2m⋆
− µ


cn,↑
cn,↓

 . (5.96)

Rashba spin–orbit coupling. Using (5.92), the SOC matrix elements are

ĤSO = iαℏ
∑
n,m

∑
σ,σ′

c†
n,σ (σy)σσ′ cm,σ′

∫ L

0
dxΦn ∂xΦm

=
∑

n,m≥1
n̸≡m (mod 2)

4αℏmn

(m2 − n2)L

(
c†
n,↑cm,↓ − c

†
n,↓cm,↑ + h.c.

)
. (5.97)

The sign structure follows from σy = ( 0 −i
i 0 ). Equation (5.97) shows explicitly the

inter–mode nature of SOC under OBC and its parity selection rule.
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Superconducting Term And lastly, the superconducting term is written as

ĤSC =
∫ L

0
dx
(
∆ψ↑ψ↓ + h.c.

)
=
∑
n≥1

(
∆ cn,↑cn,↓ + ∆ c†

n,↓c
†
n,↑

)
, (5.98)

since
∫ L

0 ΦnΦm = δnm.
Putting everything together,

ĤSM =
∑
n≥1

(
c†
n,↑ c†

n,↓

) εn h

h εn


cn,↑
cn,↓



+
∑

n,m≥1
n̸≡m (mod 2)

4αℏmn

(m2 − n2)L

(
c†
n,↑cm,↓ − c

†
n,↓cm,↑ + h.c.

)
, (5.99)

ĤSC =
∑
n≥1

(
∆ cn,↑cn,↓ + ∆ c†

n,↓c
†
n,↑

)
, (5.100)

with single–particle level energies

εn = ℏ2k2
n

2m⋆
− µ = ℏ2

2m⋆

(
nπ

L

)2
− µ. (5.101)

Equations (5.99)–(5.100) are the desired orbital representation of the SM–SC Hamil-
tonian under OBC.

For numerical simulations it is convenient to scale energies by the Rydberg energy

ERy = ℏ2

2m⋆a2 , (5.102)

where a is a chosen length in units of angstrom. We now introduce the dimensionless
parameters represented by tildes

L̃ = L

a
, µ̃ = µ

ERy
, Ṽz = Vz

ERy
, ∆̃ = ∆

ERy
, α̃ = 2m⋆a

ℏ
α, (5.103)

so that
ℏ2k2

n

2m⋆
= ERy

(nπ)2

L̃2
,

4αℏmn

(m2 − n2)L = ERy
4mn α̃

(m2 − n2) L̃
. (5.104)
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Dividing HSM +HSC by ERy, one obtains

H̃SM =
∑
n≥1

∑
σ

((nπ)2

L̃2
− µ̃

)
c†
n,σcn,σ + Ṽz

∑
n≥1

(
c†
n,↑cn,↓ + c†

n,↓cn,↑
)

+
∑

n,m≥1
n̸≡m (mod 2)

4mn α̃
(m2 − n2) L̃

(
c†
n,↑cm,↓ − c

†
n,↓cm,↑ + h.c.

)
, (5.105)

H̃SC =
∑
n≥1

(
∆̃ cn,↑cn,↓ + ∆̃ c†

n,↓c
†
n,↑

)
, (5.106)

with H̃SM = HSM
ERy

and H̃SC = HSC
ERy

. Equations (5.105)–(5.106) are the mode–space
Hamiltonian in fully dimensionless form. Since each level can be occupied by up to two
electrons with different spins, a system of n levels will have 22N = 4N configurations.

5.3.2 Lattice (site) Representation

Now we obtain a second-quantized lattice Hamiltonian in terms of fermionic operator
ci,σ (c†

i,σ) that annihilates (creates) an electron with spin σ =↑, ↓ on site (or dot)
i = 1, . . . , N . We discretize the wire into N sites with lattice spacing a:

xi = ia, i = 1, . . . , N, L = Na.

To preserve the fermionic anti-commutation relations, we define

ψσ(xi) = 1√
a
ciσ, ψ†

σ(xi) = 1√
a
c†
iσ, (5.107)

so that {ψσ(x), ψ†
σ′(x′)} = δσσ′δ(x− x′) is mapped to {ciσ, c†

jσ′} = δijδσσ′ .

The spatial integral is replaced by a sum,

∫ L

0
dx f(x) → a

N∑
i=1

f(xi). (5.108)

Spatial derivatives are approximated by finite differences:

∂xψσ(xi) ≈
ψσ(xi+1)− ψσ(xi−1)

2a , (5.109)

∂2
xψσ(xi) ≈

ψσ(xi+1)− 2ψσ(xi) + ψσ(xi−1)
a2 . (5.110)

We impose OBC: there are no sites beyond 1 and N , so terms involving i = 0 or
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i = N + 1 are simply omitted.

Kinetic energy and chemical potential

We first consider the kinetic plus chemical potential part, since they have the same
functionality

H0 =
∫ L

0
dx ψ†(x)

(
− ℏ2

2m⋆
∂2
x − µ

)
ψ(x). (5.111)

Discretizing using Eq.(5.108)–(5.110) and Eq.(5.107):

H0 ≈ a
∑
i,σ

1
a
c†
iσ

[
− ℏ2

2m⋆

ψσ(xi+1)− 2ψσ(xi) + ψσ(xi−1)
a2 − µψσ(xi)

]

=
∑
i,σ

[
− ℏ2

2m⋆a2

(
c†
iσci+1σ + c†

iσci−1σ − 2c†
iσciσ

)
− µ c†

iσciσ

]
. (5.112)

For the second term, relabel i→ i− 1 in ∑i c
†
iσci−1σ gives

∑
i

c†
iσci−1σ =

∑
i′
c†
i′−1σci′,σ =

∑
i

c†
i−1σciσ =

∑
i

c†
iσci−1σ + h.c. (5.113)

Grouping the kinetic energy terms symmetrically gives

− ℏ2

2m⋆a2

(
c†
iσci+1σ + c†

iσci−1σ

)
= −t

(
c†
i+1σciσ + c†

iσci+1σ

)
, (5.114)

where we define the hopping amplitude as

t ≡ ℏ2

2m⋆a2 . (5.115)

The on-site diagonal term combines the kinetic energy contribution and chemical
potential:

− ℏ2

2m⋆a2 · 2c
†
iσciσ − µ c

†
iσciσ = −

(
ℏ2

m⋆a2 + µ

)
c†
iσciσ ≡ ε0 c

†
iσciσ, (5.116)

with an on-site energy
ε0 = 2t− µ. (5.117)

we can redefine the chemical potential to absorb the 2t shift µeff = µ− 2t, and write

H0 = −t
N−1∑
i=1

∑
σ

(
c†
i+1σciσ + h.c.

)
− µeff

N∑
i=1

∑
σ

c†
iσciσ. (5.118)
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Zeeman term

The Zeeman contribution is

HZ =
∫ L

0
dx ψ†(x)Vzσx ψ(x). (5.119)

Using Eq.(5.108)–(5.107),

HZ ≈ a
∑
i

1
a

∑
σ,σ′

c†
iσ(Vzσx)σσ′ciσ′

= Vz
N∑
i=1

(
c†
i↑ci↓ + c†

i↓ci↑
)
, (5.120)

which also makes physical sense since σx is the spin-flip operator.

Rashba spin–orbit coupling

The Rashba term is

HSO =
∫ L

0
dx ψ†(x)

(
iαℏ σy∂x

)
ψ(x). (5.121)

Discretizing the derivative as in Eq.(5.109),

HSO ≈ a
∑
i

1
a

∑
σ,σ′

c†
iσ

[
iαℏ (σy)σσ′

ψσ′(xi+1)− ψσ′(xi−1)
2a

]

= iαℏ
2a

∑
i

∑
σ,σ′

c†
iσ(σy)σσ′

(
ci+1σ′ − ci−1σ′

)
. (5.122)

Separating the forward and backward terms gives

iαℏ
2a

∑
i

∑
σ,σ′

c†
iσ(σy)σσ′ci+1σ′ − iαℏ

2a
∑
i

∑
σ,σ′

c†
iσ(σy)σσ′ci−1σ′ . (5.123)

For the second term, relabel the summation index i→ i+ 1 gives

∑
i

c†
iσ(σy)σσ′ci−1σ′ =

∑
i′
c†
i′+1σ(σy)σσ′ci′σ′ =

∑
i

c†
i+1σ(σy)σσ′ciσ′ . (5.124)

Using the anticommutation relations for fermions we can write

c†
i+1,σ(σy)σσ′ci,σ′ = −c†

i,σ′(σy)σ′σci+1,σ. (5.125)
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Grouping the forward and backward hopping symmetrically gives

HSO = iαℏ
2a

∑
i

∑
σ,σ′

c†
iσ(σy)σσ′ci+1,σ′ −

∑
σ,σ′

c†
i+1,σ(σy)σσ′ci,σ′

 . (5.126)

Writing in spinor notation ci = (ci↑, ci↓)T, this becomes:

HSO = iαℏ
2a

∑
i

(
c†
i+1σyci − c

†
iσyci+1

)
. (5.127)

By defining the lattice Rashba coupling strength

αlat ≡
2αℏ
a
, (5.128)

we obtain the final form

HSO = iαlat

2

N−1∑
i=1

(
c†
i+1σyci − c

†
iσyci+1

)
. (5.129)

Equivalently, in components,

HSO = αSO

N−1∑
i=1

(
c†
i+1,↑ci↓ − c

†
i+1,↓ci↑ + h.c.

)
, (5.130)

where αSO = iαlat
2 is an effective spin–orbit hopping amplitude.

s-wave pairing

The superconducting part becomes

HSC =
∫ L

0
dx

(
∆ψ↑(x)ψ↓(x) + ∆∗ ψ†

↓(x)ψ†
↑(x)

)
≈ a

∑
i

1
a

(
∆ ci↑ci↓ + ∆∗ c†

i↓c
†
i↑

)
. (5.131)

Thus
HSC =

N∑
i=1

(
∆ ci↑ci↓ + ∆∗ c†

i↓c
†
i↑

)
. (5.132)

This is an on-site (local) s-wave pairing between opposite spins on the same site.
Collecting Eq.(5.118), (5.120), (5.130), and Eq.(5.132), we obtain the second-
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quantized lattice version of the SM–SC nanowire:

H = −t
N−1∑
i=1

∑
σ

(
c†
i+1,σciσ + h.c.

)
− µeff

N∑
i=1

∑
σ

c†
iσciσ (5.133)

+ Vz
N∑
i=1

(
c†
i↑ci↓ + c†

i↓ci↑

)

+ αSO

N−1∑
i=1

(
c†
i+1,↑ci↓ − c

†
i+1,↓ci↑ − h.c.

)

+
N∑
i=1

(
∆ ci↑ci↓ + ∆∗ c†

i↓c
†
i↑

)
.

Here

• t = ℏ2

2m⋆a2 is the nearest-neighbour hopping amplitude,

• µeff = µ−2t is the effective chemical potential (after absorbing the discretization
shift),

• Vz is the Zeeman energy coupling opposite spins on the same site,

• αSO is the effective spin–orbit hopping between neighbouring sites (proportional
to the continuum Rashba coefficient α),

• and ∆ is the on-site induced s-wave pairing.

The sum over i = 1, . . . , N − 1 in the hopping and spin–orbit terms reflects open
boundary conditions: there is no hopping or SOC between site N and site 1. This lattice
Hamiltonian is the standard tight-binding SM–SC model used to study topological
superconductivity and Majorana bound states in a chain of quantum dots or a
discretized nanowire, and we will be using this model in the numerical simulations.
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Chapter 6

Optical Absorption Signatures and
Variational Quantum Simulation of
Majorana Zero Modes in the Kitaev
Chain
This chapter is based on Refs. [75, 77], with more derivations and detail shown. I
have conducted all the calculations in this chapter.

In this chapter we use the methods from Chap. 3 on the nanowire chain of quantum
dots in contact with a p-wave superconductor described by the Kitaev Hamiltonian,
to better comprehend the topological phase and to find a non-transport signature of
it, and in particular, MZMs. This is done in two ways. In the first section, we begin
with a Kitaev chain of semiconductor quantum dots in a nanowire with proximity to a
p-wave superconductor, and we introduce excitonic interactions. This is done through
shining light (photon) to the nanowire, which causes the excitation of an electron from
the conduction band, and a hole from the valence band. This creates an exciton which
will interact with MZMs, and we analyze its behaviour in the absorption spectrum.

We then proceed to use VQE to reproduce the ground state and topological
properties of the spinless Kitaev chain to serve as an illustration of a quantum
algorithm for a topological many-body system to approximate the ground state energy.
We study the performance of the hybrid classical-quantum algorithm with several
variational wave functions. We also calculate the relative error for each variational
wave function within the topological phase of the system.
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6.1 Microscopic Framework for Optically Probing
Majorana Excitons

In this section, we construct a microscopic theory of Majorana excitons, which are
photoexcited conduction-band electrons and valence-band holes coupled to MZMs in a
Kitaev chain. We further demonstrate how these composite excitations create distinct
and experimentally measurable signatures in optical absorption spectra [75]. Through
using analytical and numerical approaches with exact diagonalization, we will observe
that MZMs can be identified through characteristic features in the electron–hole
excitation spectrum. This provides an optical way for detecting MZMs in this system.

Semiconductor–superconductor nanowires, quantum-dot arrays, magnetic atomic
chains, and vortex-bound states in two-dimensional materials are among some of
the systems that have been used for better understanding Kitaev-like topological
superconductors [64, 65, 163, 166, 169, 181, 182]. Tunneling spectroscopy and scanning
tunneling microscopy measurements [51, 169, 183] are among zero-mode detection
methods. These methods measure zero-bias conductance peaks, but these peaks can
also arise from more conventional mechanisms, including disorder-induced Andreev
bound states, smooth confinement, or mesoscopic effects [53, 184]. Among other
approaches to better understand the nature of the trivial and topological phases, are
transport through quantum dots, phase-sensitive ring geometries, or multiterminal
devices [70, 185]. However, these are experimentally challenging due to sophisticated
nanofabrication, fine control over disorder and coupling strengths, and low quasiparticle
poisoning rates [53, 70, 184, 185]. All of these challenges motivate us to look for
another practical approach to detect MZMs.

The system we consider is an array of InAsP quantum dots embedded in an
InP nanowire and proximitized by a p-wave superconductor [75, 186, 187]. In such
nanowire quantum-dot structures, modern growth techniques enable precise control
over dot size, composition, and spacing, and optical experiments on single and coupled
dots are routinely performed [188–193]. Optical excitation across the band gap then
creates a conduction-band electron and a valence-band hole: the electron enters the
superconducting many-body background, while the hole interacts with all quasiparticles
of the chain, including the localized Majoranas at the edges of the chain. The resulting
bound complexes—Majorana excitons—produce a structured, parameter-dependent
absorption spectrum. In this section, we show how specific spectral peaks and their
spatial dependence can be traced directly to the presence of MZMs and used as
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optical fingerprints of the topological phase. In this way, we propose an experimentally
realistic, spectroscopy-based probe that complements transport and scanning tunneling
microscopy measurements, and is naturally suited to semiconductor quantum-dot
nanowire platforms.

6.1.1 Interacting Kitaev Chain in a Semiconducting Nanowire

The physical system consists of a hexagonal InP nanowire with a sequence of InAsP
quantum dots, placed in proximity to a p-wave superconductor and subjected to an
external magnetic field [194–199], as is shown in Fig. 6.1 (a). These systems have
been experimentally and theoretically studied [188–193].

Figure 6.1: (a) Hexagonal InP nanowire with InAsP quantum dots in contact with a
p-wave superconductor and an external magnetic field, used for the optical experiment.
(b) Parameters of the Hamiltonian. Conduction(valence) levels are labeled by ci(hi)
operators. We use the conduction level as the reference of energy, so the downward
arrow indicates negative µ. Reproduced from [75].

In our description, each quantum dot is modeled by retaining a single spin-resolved
level from the lowest conduction band (CB) and a single spin-resolved level from
the highest valence band (VB). Under the applied magnetic field, both levels are
taken to be spin-polarized. Consequently, superconducting pairing is restricted to
electrons on neighbouring dots, since each dot provides only one available spin-polarized
conduction state. The field strength is chosen such that the Zeeman splitting exceeds
the hopping and pairing energy scales, while remaining smaller than the single-dot
level spacing [188, 189, 192, 200]. Although the magnetic field can in principle be
applied in any direction, aligning it along the nanowire axis avoids additional effects
such as Landau quantization and level repulsion between adjacent dots [188, 189, 191].

Optical spectroscopy is considered with light entering along the growth direction of
the nanowire, as shown in Fig. 6.1(a). In equilibrium, the valence band is completely
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filled, and the low-energy electronic behaviour is described by the Kitaev Hamiltonian.
When light with energy close to the InAsP band gap is applied, it generates an
electron–hole pair: an electron is excited to the conduction band, leaving a hole in the
valence band [75, 201–203].

The Hamiltonian of the entire system can be decomposed into three parts

Ĥ = Ĥe + Ĥh + Ĥint, (6.1)

where Ĥe describes the superconducting conduction electrons, Ĥh the valence-band
hole, and Ĥint their mutual Coulomb attraction. Equation (6.1.1) is the matter
Hamiltonian of the interacting electron-hole system. It carries no coupling to the light
field, and this is deliberate. The light is a weak external probe, not part of the system
we diagonalize. The eigenstates and energies obtained from Ĥ alone fix the positions
of the absorption peaks. The optical coupling is treated separately, and only to first
order in the field, within linear-response theory. It enters the absorption spectrum
through the Fermi golden-rule matrix elements.

Explicitly,

Ĥe = t
N−1∑
i=1

(
c†
i+1ci + h.c.

)
+ ∆

N−1∑
i=1

(
c†
i+1c

†
i + h.c.

)
− µ

N∑
i=1

c†
ici, (6.2)

Ĥh = −τ
N−1∑
i=1

(
h†
i+1hi + h.c.

)
+ η

N∑
i=1

h†
ihi, (6.3)

Ĥint = −V
N∑
i=1

nein
h
i . (6.4)

Here, c†
i (h†

i ) creates a conduction-band electron (valence-band hole) on dot i. The
parameter t denotes the hopping amplitude between neighbouring conduction levels,
while ∆ represents the induced p-wave pairing between electrons on adjacent dots. The
chemical potential µ is measured relative to the conduction-band level and is tuned to
bring the system close to half filling in the absence of superconductivity. The hole
Hamiltonian Ĥh is described by a simple tight-binding model with hopping amplitude
τ and an on-site energy η, corresponding to the CB–VB energy gap. Finally, Ĥint

accounts for the local Coulomb attraction between an electron and a hole occupying
the same quantum dot, with nei = c†

ici and nhi = h†
ihi. The action of these parameters

is schematically shown in Fig.6.1(b).
We normalize energies by units of |t|, which can be tuned experimentally over

a range from µeV to meV [189]. In typical nanowire quantum-dot structures, the
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electron–hole interaction strength V is significantly larger than |t|, while the hole
hopping τ is much smaller due to the heavier effective mass of valence-band states [188,
189, 193]. The induced pairing ∆ is also expected to lie in the µeV–meV range, and
tuning t relative to ∆ allows access to the topological regime of the Kitaev model.

6.1.2 Exact Diagonalization of the Interacting Kitaev Hamil-
tonian

Now we calculate the energy spectrum of the interacting Kitaev Hamiltonian using
ED. Since we are looking for the interacting MZMS, we need to ensure that the
system is in the topological phase. From chap. 4 we had seen that when |µ| < 2t,
the superconductivity gap opens up and the system hosts MZMs. Furthermore, the
electronic part of the Kitaev Hamiltonian in bond fermion representation is diagonal
when t = ∆ and µ = 0 and is given by Eq.(4.94). The ED for the non-interacting
Kitaev Hamiltonian was described in Sec. 4.3.4. In the interacting case, for a chain
of N quantum dots with up to N electrons and one hole, there are 2N ×N possible
configurations, which considers all the electronic and one hole configurations. In bond
fermion configurations, we denote a basis state as |M, pM ;m⟩, meaning the electrons
occupy the bond-fermion configuration |M, pM⟩, and the hole sits on site m. To show
this clearly, we take N = 3. In each parity sector (even/odd) there are 4 electronic
bond-fermion configurations, and the hole can be at m = 1, 2, 3, giving 12 basis states
per parity. Let

nj ≡ a†
jaj, nj |α1 · · ·αN⟩ = αj |α1 · · ·αN⟩ . (6.5)

Acting the Hamiltonian in Eq.(4.94) on a configuration state in Eq.(4.95) gives

t
N−1∑
j=1

(2αj − 1) |α1 · · ·αN⟩ = E({α}) |α1 · · ·αN⟩ , (6.6)

E({α}) = t
N−1∑
j=1

(2αj − 1), (6.7)

which is independent of αN , the last bond fermion. We use t < 0 for the conduction
bands hopping integrals. For each j ≤ N − 1,

(2αj − 1) =

+1, αj = 1,

−1, αj = 0,
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so the contribution of mode j to the energy is

t(2αj − 1) =

t (< 0), αj = 1,

−t (> 0), αj = 0.

Therefore, to minimize the energy when t < 0, we must choose

αj = 1, j = 1, . . . , N − 1, (6.8)

i.e., all N −1 finite-energy bond fermions are occupied. Since E({α}) does not depend
on αN , the zero mode could be either empty or filled with no energy cost, producing
a two-fold degenerate ground state, with each ground state corresponding to a parity
sector. The odd-parity ground state (zero mode occupied, αN = 1) is given by

|GS⟩ =
N∏
j=1

a†
j |0a⟩ , (6.9)

and the even-parity ground state (zero mode empty, αN = 0):

|GS⟩ =
N−1∏
j=1

a†
j |0a⟩ . (6.10)

Equations (6.9)–(6.10) are thus the two configurations that fill all N − 1 modes
appearing in Ĥe, and differ only by the occupancy of the zero-energy bond fermion
aN , which is absent from Ĥe at ∆ = t and µ = 0. The rest of the configurations for
N = 3 with one hole are shown in Table 6.1.

Table 6.1: Configurations of bond Fermions with one hole for N = 3 dots.

Even Odd

|GS; 1⟩ |a1; 1⟩ |a2; 1⟩ |a1a2; 1⟩

|GS; 2⟩ |a1; 2⟩ |a2; 2⟩ |a1a2; 2⟩

|GS; 3⟩ |a1; 3⟩ |a2; 3⟩ |a1a2; 3⟩

|GS; 1⟩ |a1; 1⟩ |a2; 1⟩ |a1a2; 1⟩

|GS; 2⟩ |a1; 2⟩ |a2; 2⟩ |a1a2; 2⟩

|GS; 3⟩ |a1; 3⟩ |a2; 3⟩ |a1a2; 3⟩

A basis state is denoted by

|Φ;m⟩ ≡ |Φ⟩ ⊗ |m⟩ , (6.11)
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where |Φ⟩ labels a bond-fermion configuration of the electronic Kitaev chain (e.g. |GS⟩,
|GS⟩, |a1⟩, |a1a2⟩ for N = 3), and m = 1, 2, 3 denotes the position of the hole.

The action of the hole Hamiltonian in these configurations is as follows

Ĥonsite
h = η

∑
m

|m⟩ ⟨m| , (6.12)

which acts trivially on the hole configuration. Therefore, for any configuration |Φ⟩,

Ĥonsite
h |Φ;m⟩ = η |Φ;m⟩ . (6.13)

The hole hopping term is

Ĥhop
h = −τ

∑
m

(
|m+ 1⟩ ⟨m|+ |m⟩ ⟨m+ 1|

)
, (6.14)

and again does not act on the electronic degrees of freedom. Its action on a configura-
tion state is therefore

Ĥhop
h |Φ;m⟩ = −τ

(
|Φ;m+ 1⟩+ |Φ;m− 1⟩

)
, (6.15)

provided the neighbouring site exists.
For example, for N = 3,

Ĥhop
h |GS; 2⟩ = −τ

(
|GS; 1⟩+ |GS; 3⟩

)
, (6.16)

Ĥhop
h |a1a2; 1⟩ = −τ |a1a2; 2⟩ . (6.17)

This demonstrates that hole hopping couples states with identical bond-fermion content
but different hole positions.

To summarize, in this one-hole subspace, the hole Hamiltonian contributes (i) an
overall onsite energy shift η and (ii) nearest-neighbour hopping with amplitude τ ,
which couples states with the same electronic configuration but different hole positions
m → m ± 1. Therefore, if we order the basis by grouping states with fixed m (as
in Table 6.1), the full Hamiltonian in a given parity sector acquires a 3 × 3 block
structure, where each block is 4× 4 (acting on the electronic configurations):

Ĥ =


H1 −τ I4 0
−τ I4 H2 −τ I4

0 −τ I4 H3

 + η. (6.18)
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τ multiplies the 4 × 4 identity because hole hopping does not alter the electronic
bond-fermion configuration, while each diagonal block Hj is the restriction of the
electronic Hamiltonian plus interaction to the four bond-fermion configurations at
fixed hole site m = j.

The interaction term Ĥint for each of the diagonal blocks Hj is −V nej (for the hole
located at site j), and it mixes up different bond Fermion configurations as we have

nej = c†
jcj = 1

2 + 1
2(a†

j−1aj + a†
j−1a

†
j + h.c.), 1 < j ≤ N, (6.19a)

ne1 = c†
1c1 = 1

2 + 1
2(a†

Na1 + a†
Na

†
1 + h.c.), j = 1, (6.19b)

where we have used the transformation between normal and bond fermions from
Eq. (4.92). This shows that for interior sites (1 < j ≤ N) the interaction mixes the
two non-zero-energy bond fermions adjacent to site j, whereas at the edge (j = 1, and
similarly j = N) the density couples the zero-mode aN to a1. This distinction is the
microscopic origin of why an edge-localized hole couples directly to the MZM sector.

For N = 3, the diagonal block for a hole at site j has the form

Hj = He − V nej , (6.20)

where He is diagonal in the bond-fermion configuration basis at t = ∆, µ = 0, while
−V nej is the mixing term. To build Hj explicitly, we therefore need the 4× 4 matrix
of nej in the chosen electronic basis. In the even configuration basis ordered as

{
|GS⟩ , |a1⟩ , |a2⟩ , |a1a2⟩

}
, (6.21)

the following matrices for ne1 and ne2 are

ne1 = 1
2


1 −1 0 0
−1 1 0 0
0 0 1 −1
0 0 −1 1

 , ne2 = 1
2


1 0 0 1
0 1 −1 0
0 −1 1 0
1 0 0 1

 . (6.22)

These follow directly from evaluating matrix elements ⟨ϕ|nej |ϕ′⟩ between the four bond-
fermion configurations: for j = 1, ne1 mixes the pairs (|GS⟩ , |a1⟩) and (|a2⟩ , |a1a2⟩);
for j = 2, ne2 mixes (|GS⟩ , |a1a2⟩) and (|a1⟩ , |a2⟩). The operator ne3 has the same
structure as ne1 (edge case) and similarly mixes |GS⟩ ↔ |a2⟩ and |a1⟩ ↔ |a1a2⟩.
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Figure 6.2: Energy spectrum of the interacting Kitaev chain with a single hole for
N = 3 sites at t = ∆ = −1 and µ = η = 0 and τ = 0.3|t| and V = 1.5|t| in bond
fermion representation using ED. The spectra are shown separately in the even-parity
(left panel) and odd-parity (right panel) electronic sectors. Energies are normalized in
units of |t| as a function of the eigenvalue index.

This completes the usage of ED for N = 3 in each parity sector: one constructs
the 12 × 12 Hamiltonian by (i) using the block structure in Eq. (6.18), (ii) setting
Hj = He − V nej as in Eq. (6.20), with He diagonal in the bond basis at t = ∆, µ = 0,
and (iii) diagonalizing H separately in the even and odd sectors to find the energy
spectrum. The numerical analysis of the energy spectrum is shown in Fig. 6.2. Since
we are in the topological regime, the spectra of the even and odd subspaces match.
We also have 12 energy levels in each subspace, leading to a total of 24 energy levels
for the entire system of 3 sites.

6.1.3 Absorption Spectrum

When a photon is absorbed, it creates an electron–hole pair in the system. As a result,
the optically excited states belong to the subspace with exactly one hole. The extra
electron disturbs the superconducting ground state and can excite its quasiparticles,
while the hole couples to the electrons. These interactions can form bound states
that appear as clear features in the optical absorption spectrum, including signatures
related to Majorana zero modes localized at the ends of the chain [75].

In an absorption experiment, a photon probes the chain along the nanowire axis.
Since InAsP quantum dots have a much smaller band gap than the surrounding InP
nanowire material [204], the photon is absorbed only by the dots. The relevant light is
in the near-infrared. Its photon energy is set by the interband transition of the InAsP
dots, which is the conduction-band to valence-band gap η. In InAsP dots embedded
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in InP nanowires this transition lies in the range from about 0.8 to 1.4 eV, that is,
wavelengths from about 1550 to 880 nm [204]. We take the photon energy in this
window. It lies above the InAsP dot gap, so an electron-hole pair is created on a dot.
It lies below the InP host gap of about 1.4 to 1.5 eV, so the surrounding nanowire
stays transparent and does not absorb [204]. The spectral features that carry the
Majorana signatures are small shifts of order t, ∆, and V on top of this large gap
energy. The photon is therefore tuned to η plus a small detuning of the same order.
This fine structure, resolved on the scale of |t|, is what the absorption spectra in this
chapter display. For calculating the absorption spectrum of the chain, we assume that
the photon creates an electron–hole pair with uniform probability along the nanowire,
and so define the polarization operator as

P = 1√
N

N∑
i=1

c†
ih

†
i = 1√

N

N∑
i=1

Pi, (6.23)

where we also introduced the local electron-hole pair operator Pi = c†
ih

†
i . We assume

that the system can be prepared so that the electron–hole pair is created on a selected
quantum dot i, that is, by acting with the operator Pi on the chain instead of the
global operator P . Creating the pair on a chosen dot is realistic in this platform. The
dots are grown at deterministic positions with controllable spacing, so for the short
chains studied here they can be set far enough apart to be addressed individually
This local control is important for identifying the optical signature of the MZM. The
polarization operator Pi connects the ground state of the system to an excited state
containing one hole and one electron in the conduction band (CB). Since the ground
state is degenerate in the topological phase (in particular at ∆ = t and µ = 0), the
absorption spectrum separates into even and odd contributions, each associated with
one of the degenerate ground states

A(i)(E) = |βeven|2
∑
ϕodd

|⟨ϕodd|Pi |GSeven⟩ |2δ(E − Eϕodd + EGS)

+ |βodd|2
∑
ϕeven

|⟨ϕeven|Pi |GSodd⟩ |2δ(E − Eϕeven + EGS)

= |βeven|2Aeven
(i) (E) + |βodd|2Aodd

(i) (E), (6.24)

where |ϕeven(odd)⟩ are the eigenstates of the one hole subspace and the corresponding
electron parity.
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Localized Hole In the case of t = ∆ and µ = 0, the Kitaev Hamiltonian is diagonal
in bond fermions, and we have an analytical solution of the ground state energies of
different parity sectors, given in Eq.(6.9) and Eq.(6.10). From Eq.(4.92) we have

cj = 1
2(a†

j + aj + aj−1 − a†
j−1), 1 < j ≤ N (6.25a)

c1 = 1
2(a†

1 + a1 + aN − a†
N), j = 1. (6.25b)

and for 1 < j < N we have

Pj |GS⟩ = c†
jh

†
j |GS⟩ = 1

2(aj − aj−1) |GS; j⟩ = 1
2(|aj; j⟩ − |aj−1; j⟩), (6.26)

where we used the same notation as in Table 6.1 for the excited states. From Eq.(6.19a)
we have

nej

|aj−1⟩
|aj⟩

 = 1
2

 1 −1
−1 1

|aj−1⟩
|aj⟩

 . (6.27)

Since both |aj⟩ and |aj−1⟩ are eigenstates of Ĥe with excitation energy 2|t|, in the basis
{|aj; j⟩ , |aj−1; j⟩}, the full Hamiltonian for a localized hole (τ = 0) Ĥ = Ĥe + η− V nej
is

H = 2|t|+ η − V

2

 1 −1
−1 1

 , (6.28)

with the following two eigenstates

|a−
j ; j⟩ = 1√

2
(|aj; j⟩ − |aj−1; j⟩) , E0 = η + 2|t| − V (6.29a)

|a+
j ; j⟩ = 1√

2
(|aj; j⟩+ |aj−1; j⟩) , E1 = η + 2|t|. (6.29b)

Through using Eq.(6.26) we have
∣∣∣⟨a−

j ; j|Pj |GS⟩
∣∣∣2 = 1

2 , and
∣∣∣⟨a+

j ; j|Pj |GS⟩
∣∣∣2 = 0. In

the case of j = 1, by using Eq.(6.25b) we have

P1 |GS⟩ = c†
1h

†
1 |GS⟩ = 1

2(a1 − aN) |GS; 1⟩ = 1
2(|a1; 1⟩ − |aN ; 1⟩), (6.30)

where |aN⟩ is identical to the other ground state |GS⟩ up to a global phase, hence its
excitation energy is zero. Then from Eq.(6.19b) we have

ne1

|aN⟩
|a1⟩

 = 1
2

 1 −1
−1 1

|aN⟩
|a1⟩

 . (6.31)
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Since |a1⟩ and |aN⟩ are eigenstates of Ĥe with excitation energy 2|t| and zero, re-
spectively, the full Hamiltonian Ĥ = Ĥe + η − V ne1 in the basis {|aN ; 1⟩ , |a1; 1⟩}
is

Ĥ = η − V

2 +
0 V

2
V
2 2|t|

 , (6.32)

with two eigenstates

|a−
1 ; 1⟩ = cos(θ) |a1; 1⟩ − sin(θ) |aN ; 1⟩ , E− = η + |t| − V

2 −
√
t2 +

(
V

2

)2
, (6.33a)

|a+
1 ; 1⟩ = sin(θ) |a1; 1⟩+ cos(θ) |aN ; 1⟩ , E+ = η + |t| − V

2 +
√
t2 +

(
V

2

)2
, (6.33b)

with

cos(θ) =
√

1
2 + t2√

4t2 + V 2
, sin(θ) =

√
1
2 −

t2√
4t2 + V 2

. (6.34)

Now using Eq.(6.30) we have
∣∣∣⟨a−

1 ; 1|P1 |GS⟩
∣∣∣2 = 1

2(cos(θ) + sin(θ))2 = 1
2A−, and∣∣∣⟨a+

1 ; 1|P1 |GS⟩
∣∣∣2 = 1

2(cos(θ)− sin(θ))2 = 1
2A+. Altogether, the final result is

Ai(E) = 1
2

δ(E − E0) 1 < i < N

A−δ(E − E−) + A+δ(E − E+) i = 1, N
, (6.35)

where

E0 = η + 2|t| − V, (6.36a)

E± = η + |t| − V

2 ±
√
t2 +

(
V

2

)2
, (6.36b)

A± = 1
2

(
1∓ V√

4t2 + V 2

)
, (6.36c)

Therefore, if the electron is created at one of the two ends, one of the bond fermions
is the zero mode aN . On the other hand, when the hole is at site i, the interaction
−V neinhi mixes the two bond fermions, as shown in Fig. 6.3, and expressed in Eq. (6.27)
and Eq.(6.31). The evolution of the energies E0 and E± as a function of the interaction
V is shown in Fig. 6.4, where we are using ED to calculate the energy spectrum of a
chain of 3 QDs.
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i–2 ii–1 i+2i+1

Figure 6.3: c†
i is a superposition of creation and annihilation operators of two bond

fermions a(†)
i and a(†)

i−1, according to Eq.(6.25). The interaction −V neinhi mixes up the
two bond fermions according to Eq.(6.27). Note that when i is one of the two ends,
then one of the bond fermions is the zero mode aN [75].
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τ = 0.3|t|
Even Subspace, N=3 , ∆ = t < 0, µ = 0

Figure 6.4: Energy spectra of the full Hamiltonian with one hole in the even subspace,
as a function of electron-hole interaction V , for N = 3 dots, ∆ = t and µ = 0. (left)
for the case of localized hole, τ = 0, (right) for a mobile hole with τ = 0.3|t|. The
overlap of transparent markers makes the degenerate levels look darker. The peak
energies E0 and E± are also shown according to Eq.(6.36a) and Eq.(6.36b) [75].
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Note that the full absorption spectrum is given by the sum in

A(E) = 1
N

N∑
i=1

Ai(E). (6.37)

The bottom row of Fig. 6.5 shows the results in Eq.(6.35) and Eq.(6.36) for the
case of N = 3. The lines in each panel mark the positions of the absorption peaks,
while the colour scale shows their intensity. The peak E0 appears only when probing
the non-edge interior dots, whereas the peaks E± are visible when probing the two
end dots of the chain. The peaks E± contain a contribution from the zero mode, while
E0 is composed only of non-zero bond fermions.

At V = 0, the peak E− comes entirely from the zero mode, while E+ is made
only of non-zero bond fermions. As V increases, E+ gradually gains more zero-mode
character, and E− mixes more strongly with non-zero bond fermions. At the same time,
the intensity of the E+ peak decreases with increasing V , as follows from Eq.(6.36c).

If V is not too small, the E+ peak provides a clearer optical signature of the MZM
than E−. This is because E+ is separated from the rest of the spectrum by an energy
scale set by V , and we typically expect V ≫ |t|. In this sense, the optical approach
offers an advantage compared to scanning tunnelling microscopy for detecting MZMs.

Furthermore, if spatially resolved absorption spectroscopy can be performed along
the chain, the zero mode can be identified by the presence of a pronounced high-energy
peak near E+ when probing the end dots, and by its absence when probing the other
dots.

Mobile Hole When the hole is allowed to move, there are N hole states that can
spread along the chain, each with its own energy. One would therefore expect N
possible transitions to a given electronic state. More importantly, as seen in Eq.(6.18),
hole hopping mixes configurations where the hole sits on different dots. Because of
this mixing, additional transitions become possible, and more peaks appear in the
absorption spectrum.

In the top row of Fig. 6.5, we compare the absorption spectrum for a mobile hole
with τ = 0.1|t| to the analytic result for a localized hole given in Eq.(6.35) (bottom
row), for N = 3. It is clear that the mobile hole case shows more peaks, although the
main features still lie close to the energies E0 and E±.

In the full spectrum A (top left panel of the figure), there is a single visible
high-energy peak near E+. The same peak is strong in A1 (top middle) and much
weaker in A2 (top right), reflecting the fact that E+ carries the localized Majorana
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Figure 6.5: (left) The averaged absorption spectrum A(E), and (middle and right)
spatially resolved absorption Ai(E), for ∆ = t, µ = 0, and for N = 3 dots. (top) for
a mobile hole with τ = 0.1|t|, (bottom) for a localized hole, τ = 0, according to the
analytic results in Eqs. (6.35 and 6.36). The spectra are plotted against (E − η)/|t|
while changing V/|t| on the y-axis. The bright curves show the location of the peaks
as V changes, and the color scale shows their heights. Gaussian profile was used for
the peaks with the width σ = 0.025|t|. The maximum value of each peak shows the
magnitude of the corresponding matrix element [75].

character at the ends of the chain (see Fig. 6.5).
In plotting Fig. 6.5, we used the averaged spectrum

A(i) = 1
2
(
Aeven

(i) + Aodd
(i)

)
,

since for a mobile hole the even and odd spectra are different. However, because
the two ground states are degenerate and neither is favored, the measured signal is
expected to correspond to their average.

The same reasoning applies to chains of arbitrary length, since the analytic result
in Eq.(6.35) is for general N . Figure. 6.6 shows the absorption spectrum for a longer
chain with N = 9, where we fix V = 10|t| and vary τ . In the limit τ → 0, we recover
the localized-hole case, in which the subspaces corresponding to the hole on different
dots are effectively independent. As τ increases, hole hopping mixes these subspaces
and the modes begin to hybridize. As a result, the zero mode gradually spreads away
from the ends of the chain.

From the first panel of Fig. 6.6, we see that at high energy there remains only
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Figure 6.6: Absorption spectrum for a chain of length N = 9, and for ∆ = t, µ =
0, V = 10|t|, and changing τ . (left) The full averaged spectrum A, (middle) the
spatially resolved spectrum for the first dot A1, and (right) the spatially resolved
spectrum for the second dot A2. The bright curves show the location of the peaks
as τ changes, and the colorscale shows their heights. Gaussian profile was used for
the peaks with the width σ = 0.025|t|. The maximum value of each peak shows the
magnitude of the corresponding matrix element [75].

one clear peak near E+ over a wide range of τ . Only around τ ≈ 0.3|t| does a faint
additional peak appear to its right. This shows that the E+ feature is quite stable
against moderate hole hopping. With spatially resolved spectroscopy, one can further
check that this peak originates from the chain ends. In the third panel, corresponding
to A2, there is no visible high-energy peak on the site next to the end dot until about
τ = 0.1|t|. By contrast, the peak at E−, which also contains a significant zero-mode
contribution and is stronger in intensity, spreads away from the end much more quickly
even for small τ .

It is worth estimating V/|t| for this platform. The interaction V is the electron-hole
interaction on a single dot, set by the dot confinement and essentially independent of
the dot spacing. For InAsP dots in InP nanowires the on-dot energies are in the meV
range, with bi-exciton binding energies near 2 meV and dot-to-dot energy fluctuations
of about 5 meV, while the exciton binding is larger, of order tens of meV. The hopping
t and the pairing ∆ are instead inter-dot couplings. In a quantum-dot Kitaev chain
they originate from elastic co-tunneling and crossed Andreev reflection through a
proximitizing superconductor, and they are tuned to the ∆ = t. These couplings are
far smaller than V , with reported Majorana scales of tens of µeV, for example a gap
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above 70µeV. The natural regime is therefore V/|t| ≳ 10.
The ratio is also broadly tunable. Since t falls off rapidly as the dots are moved

apart while V stays fixed, V/|t| can be raised from about 10 for strongly coupled dots
to of order 103 for well separated dots. The value V = 10|t| used here thus sits at
the lower edge of the accessible range, and our localized-hole result, valid for any V
and any chain length N , already covers the large V/|t| limit. The practical upper end
is set not by the ratio but by the absolute scale. The Majorana energy is t = ∆, so
reducing t to enlarge V/|t| also shrinks the spectral features. Resolving them requires
a broadening and a temperature well below t, which favors keeping t = ∆ near tens of
µeV.

Overall, the results for a mobile hole confirm that the main conclusions of the
localized-hole case remain valid. Although finite τ introduces additional mixing and
produces extra weak peaks, the absorption spectrum still shows a clear high-energy
feature at the chain edge associated with the MZM content of the excited state near
E+. For the longer chain in Fig. 6.6, the averaged spectrum A continues to display a
single dominant high-energy branch over a broad range of τ/|t|. This peak remains
strong at the end dot (A1) and strongly suppressed on nearby sites (A2) until τ
becomes sufficiently large for the zero-mode weight to spread into the bulk. These
observations indicate that E+ provides a robust and practical optical signature of the
MZM, even when the hole is mobile [75].

6.2 Majorana Zero Modes with Variational Quan-
tum Eigenvalue Solver

We now apply the variational quantum eigensolver (VQE) to the Kitaev chain realized
in InAsP quantum dots embedded in an InP semiconducting nanowire in contact with
a p-wave superconductor.

We first explain why this is worth doing. The Kitaev chain is exactly solvable,
both analytically and by exact diagonalization (ED), so VQE is not required to find its
ground-state energy. That exact solvability is why the model is the right benchmark.
The answer is known in advance, so any deviation of the VQE result measures the
quality of the algorithm and the ansatz rather than an error in the model.

The demanding test is the topological ground state, not the energy alone. In
the topological phase the Kitaev chain has a doubly-degenerate ground states of
opposite fermion parity, related by the occupation of the nonlocal Majorana mode.
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Representing this degenerate pair, and not collapsing onto a single parity sector, is
hard for a near-term variational circuit. We therefore construct symmetry-adapted
ansätze that respect the parity structure of the Hamiltonian, guided by the analytical
solution [77], and we ask whether VQE can reproduce both the even and the odd
ground state across the phase diagram.

Our aim is therefore twofold. First, we benchmark a hybrid quantum-classical
algorithm on a model where the exact result is known, using analytical and numerical
ED to compute the full spectrum [77] and comparing the VQE energies with ED at
each point. Second, we establish that such algorithms can capture the topological
ground-state degeneracy of the Kitaev Hamiltonian [205, 206]. This gives a validated
route toward simulating topological matter on near-term quantum hardware, including
regimes where exact methods become intractable, and it ties directly to the broader
goal of using quantum computers to study the Majorana systems that could host
topological qubits.

We consider the same Kitaev chain as we did in the previous section, a hexagonal
InP nanowire with an array of embedded InAsP QDs in the proximity of a p-wave
superconductor and in the presence of applied external magnetic field. The Hamiltonian
of the system is the non-interactive Kitaev Hamiltonian

Ĥ = t
N−1∑
i=1

(c†
i+1ci + h.c.) + ∆

N−1∑
i=1

(c†
i+1c

†
i + h.c.)− µ

N∑
i=1

c†
ici. (6.38)

6.2.1 Variational Quantum Eigensolver for the Kitaev Chain

As was explained in Chap. 3, the VQE is a hybrid method that estimates the ground
state energy of a given Hamiltonian through a quantum-classical computational
approach [130, 207]. The quantum advantage comes from the capacity to manage and
manipulate the variational states as quantum circuits [7, 208]. The variational state is
generated by a unitary operation (quantum circuit) acting on an initial state. By using
a classical optimizer to fine-tune the variational parameters of the quantum circuit,
VQE could be a potential candidate to minimize the energy for large systems [138,
209, 210].

We follow the regular VQE workflow: The first step is to express the Hamiltonian
Ĥ in terms of Pauli operators, through the Jordan-Wigner (JW) transformation. A
quantum circuit with adjustable gates, parameterized by parameters θ, is then applied
to generate the quantum state |ψ(θ)⟩, where θ represents a set of parameters used in a
quantum circuit, allowing the Hamiltonian to act on the state |ψ(θ)⟩. The expectation
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value of the energy in the state |ψ(θ)⟩ is given by

E(θ) = ⟨ψ(θ)| Ĥ |ψ(θ)⟩ . (6.39)

The measured energy E(θ) is fed into the classical optimizer, which adjusts the
parameters θ to minimize the energy. This process is iterated, repeating the quantum
circuit execution and measurement, with the optimizer refining θ until the minimum
energy is found. Ultimately, the variational state with the optimized parameters
corresponds to the approximate ground state of the Hamiltonian, providing a solution
to the problem. We use a chain of five QDs to show the energy spectrum of ED and
JW match, and w apply the VQE to a chain of ten QDs.

Jordan-Wigner (JW) Transformation We apply the JW transformation to the
fermionic operators to transform them into spin operators represented by the Pauli
matrices [211–213].

The JW transformation for spinless fermions was defined as

c†
j = e−iΦj Ŝ+

j , (6.40a)
cj = Ŝ−

j e
iΦj , (6.40b)

where Ŝ±
j = Ŝxj ± iŜ

y
j are the raising and lowering spin operators for site j, and ⃗̂

S = ℏ
2
⃗̂σ

are the spin-1
2 operators. The phase factor Φj can be expressed as

Φj = π
j−1∑
m=1

(1
2 + Ŝzm

)
. (6.41)

The fermionic products transform as

c†
ici = Ŝ+

i Ŝ
−
i (6.42)

c†
i+1ci = Ŝ+

i+1Ŝ
−
i , (6.43)

c†
i+1c

†
i = −Ŝ+

i+1Ŝ
+
i . (6.44)

Any fermionic states |0⟩ and |1⟩, corresponding to the empty or occupied site, will now
transform to spin-down |↓⟩ and spin-up |↑⟩, respectively. The transformed Hamiltonian
in equation (6.38) is

Ĥ = −µN2 − µ
N∑
i=1

Ŝzi + 2
N−1∑
i=1

[
(t+ ∆)Ŝyi+1Ŝ

y
i + (t−∆)Ŝxi+1Ŝ

x
i

]
, (6.45)
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Figure 6.7: Energy spectrum of the fermionic and spin Hamiltonian in the analytical
solution case. The even (odd) eigenvalue indices correspond to the even (odd) subspace
eigenvalues [77].

We can see that this is similar to the XY model

Ĥ = −h
N∑
i=1

Ŝzi +
N−1∑
i=1

[JyŜyi+1Ŝ
y
i + JxŜ

x
i+1Ŝ

x
i ], (6.46)

with µ acting as the external magnetic field h along the z-direction, Jx as the t−∆
term, and Jy as the t+ ∆ term. The energy spectrum of the Hamiltonian in fermionic
and JW representation using ED is shown in Fig. 6.7 to ensure the spectra matching
within these two representations [77].

Variational Wave Function Next we define the variational wave function, called
an ansatz. An ansatz is a trial state prepared by a quantum circuit whose gate
parameters are the variational parameters. The VQE loop tunes these angles on a
classical computer so as to minimize the energy expectation value. The choice of
circuit fixes which states are reachable, so it controls how well the true ground state
can be approximated.

We use four ansätze, namely Even, Odd, Efficient SU(2), and the Hamiltonian
variational ansatz (HVA) [214, 215]. The Even and Odd ansätze target the two parity
sectors of the Kitaev chain. The Efficient SU(2) ansatz is a hardware-efficient, while
the HVA is built directly from the terms of the Hamiltonian.

The design of the Even and Odd ansätze follows from the structure of the topological
ground state. In the topological regime the ground state is two-fold degenerate. The
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two degenerate states have opposite fermion parity and are related by the occupation
of the nonlocal Majorana mode. Within a single parity sector the ground state is not
one basis state. It is spread over the configurations of that parity, and at t = |∆|,
µ = 0 it becomes an equal-weight superposition of them. This motivates an ansatz
that can reach every configuration of one parity sector with independently tunable
amplitudes. We build one such ansatz for the even sector and one for the odd sector.

The even ansatz is designed to variationally reach the even-parity ground state.
For three qubits we start from the reference state |000⟩, which has even parity. The
circuit in Fig. 6.8 then applies a layer of single-qubit rotations, an entangling block of
CNOT gates, and a final phase rotation. The variational state reads

|ψeven(θ)⟩ = R(0)
z (θ4)Uent

 2∏
j=0

R(j)
x (θj+1)

 |000⟩ , (6.47)

where R(j)
x (θ) = e−iθσ(j)

x /2 and R(0)
z (θ) = e−iθσ(0)

z /2 act on qubit j, and the entangling
unitary is

Uent = CNOT0→1 CNOT1→2 CNOT2→1 CNOT1→0. (6.48)

The single-qubit rotations turn the reference state into a tunable product state,

2∏
j=0

R(j)
x (θj+1) |000⟩ =

2⊗
j=0

[
cos
(
θj+1

2

)
|0⟩ − i sin

(
θj+1

2

)
|1⟩
]
. (6.49)

The CNOT block then entangles the three qubits and correlates their amplitudes,
and the final R(0)

z (θ4) rotation sets a relative phase. The four even-parity states |000⟩,
|011⟩, |101⟩, |110⟩ span the even-parity sector for three qubits. The ansatz is optimized
to reproduce the even-parity ground state, which is a superposition of exactly these
four states,

|ψeven⟩ = α000 |000⟩+ α011 |011⟩+ α101 |101⟩+ α110 |110⟩ , (6.50)

where the complex amplitudes α000, α011, α101, α110 are smooth functions of the varia-
tional parameters θ = (θ1, θ2, θ3, θ4).
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|0⟩ Rx(θ1) Rz(θ4)

|0⟩ Rx(θ2)

|0⟩ Rx(θ3)

Figure 6.8: The quantum circuit for the even ansatz with 3 qubits [77].

|0⟩ Ry(θ1) Rz(θ4)

|0⟩ Ry(θ2) Rz(θ5)

|0⟩ Ry(θ3) Rz(θ6)

Figure 6.9: The quantum circuit for the odd ansatz with 3 qubits [77].

|0⟩ Ry(θ1) Rz(θ2) Ry(θ7) Rz(θ8)

|0⟩ Ry(θ3) Rz(θ4) Ry(θ9) Rz(θ10)

|0⟩ Ry(θ5) Rz(θ6) Ry(θ11) Rz(θ12)

single layer

Figure 6.10: Quantum circuit of the efficient SU(2) ansatz with 3 qubits and 1 layer
of linear entanglement [77].

|0⟩
RXX(θ1) RY Y (θ3)

RZ(θ5)

|0⟩
RXX(θ2) RY Y (θ4)

RZ(θ6)

|0⟩ RZ(θ7)

Figure 6.11: The quantum circuit for the HVA with 3 qubits [77].
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The odd ansatz is constructed to variationally reach the odd-parity ground state.
For three qubits the circuit in Fig. 6.9 prepares the variational state

|ψodd(θ)⟩ =
 2∏
j=0

R(j)
z (θ4+j)

Uent

 2∏
j=0

R(j)
y (θ1+j)

 |ψ0⟩ , (6.51)

where R(j)
y (θ) = e−iθσ(j)

y /2 and R(j)
z (θ) = e−iθσ(j)

z /2 act on qubit j, and the entangling
unitary is the same forward and reverse CNOT ladder as in the even ansatz,

Uent = CNOT0→1 CNOT1→2 CNOT2→1 CNOT1→0. (6.52)

The reference state |ψ0⟩ is chosen to be an odd-parity computational basis state, for
example |001⟩, |010⟩, or |100⟩, so that the optimization is anchored in the odd-parity
manifold. The Ry layer generates a real superposition of configurations, the entangling
unitary Uent correlates the amplitudes across qubits, and the final Rz rotations provide
independent phase control. The four odd-parity states |001⟩, |010⟩, |100⟩, |111⟩ span
the odd-parity sector for three qubits, and the ansatz is optimized to reproduce the
odd-parity ground state as their superposition,

|ψodd⟩ = β001 |001⟩+ β010 |010⟩+ β100 |100⟩+ β111 |111⟩ , (6.53)

where the complex amplitudes β001, β010, β100, β111 are smooth functions of the varia-
tional parameters θ = (θ1, θ2, θ3, θ4, θ5, θ6).

The efficient SU(2) ansatz, shown in Fig. 6.10, is a hardware-efficient reference
circuit. It uses no information about the Hamiltonian and is not tied to any parity
sector. It alternates layers of single-qubit Ry and Rz rotations with a fixed pattern
of CNOT entangling gates, which lets it explore a large part of the Hilbert space at
the cost of more parameters. It therefore serves as a flexible baseline against which
the physics-informed ansätze are measured. For N qubits and one layer of linear
entanglement, the variational state prepared by Fig. 6.10 reads

|ψSU2(θ)⟩ =
N−1∏
j=0

R(j)
y (θ2j+1)R(j)

z (θ2j+2)
Ulin

×

N−1∏
j=0

R(j)
y (θ2N+2j+1)R(j)

z (θ2N+2j+2)
 |ψ0⟩ ,

(6.54)

174



where R(j)
y,z(·) act on qubit j and the linear entangling unitary is

Ulin =
N−2∏
j=0

CNOTj→j+1, (6.55)

with the product ordered from left to right as increasing j. For the three-qubit circuit
in Fig. 6.10 with a single entangling layer, Eq. (6.54) reads

|ψSU2(θ)⟩ =
[
R(0)
y (θ1)R(0)

z (θ2) R(1)
y (θ3)R(1)

z (θ4) R(2)
y (θ5)R(2)

z (θ6)
]

×
[
CNOT0→1 CNOT1→2

]
×
[
R(0)
y (θ7)R(0)

z (θ8) R(1)
y (θ9)R(1)

z (θ10) R(2)
y (θ11)R(2)

z (θ12)
]
|ψ0⟩ . (6.56)

The final ansatz is the HVA, shown in Fig. 6.11, which is built explicitly from
the structure of the target Hamiltonian. The HVA generates the variational state
through unitary evolutions associated with the individual terms of the Hamiltonian.
This approach is well suited to lattice models with local interactions and converges
efficiently for many-body systems [215]. Starting from the Jordan-Wigner transformed
Kitaev Hamiltonian in Eq. (6.45), the spin representation reads

Ĥ = 2(t− |∆|)
N−1∑
j=1

Ŝxj+1Ŝ
x
j + 2(t+ |∆|)

N−1∑
j=1

Ŝyj+1Ŝ
y
j − µ

N∑
j=1

Ŝzj −
µN

2 . (6.57)

The constant shift −µN/2 can be dropped, since it plays no role in the optimization
and only rigidly shifts the energy. Equation (6.57) splits naturally into three sets of
mutually non-commuting terms,

Ĥ = ĤXX + ĤY Y + ĤZ , (6.58)

with

ĤXX =
N−1∑
j=1

Ŝxj+1Ŝ
x
j , (6.59)

ĤY Y =
N−1∑
j=1

Ŝyj+1Ŝ
y
j , (6.60)

ĤZ =
N∑
j=1

Ŝzj . (6.61)
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The physical coupling constants 2(t − |∆|), 2(t + |∆|), and µ are not fixed in the
ansatz. They are absorbed into the variational angles, which are free to adjust each
term independently. For a Hamiltonian written as a sum of terms Ĥ = ∑

j cjĤ
(j), the

HVA assigns a variational unitary

Ûj(θj) = exp
(
−iθjĤ(j)

)
(6.62)

to each operator Ĥ(j). The real parameters {θj} are optimized classically inside the
VQE loop. Applying this to the Kitaev Hamiltonian gives the HVA unitary

Û(θ) =
R∏
k=1

N−1∏
j=1

exp
(
−iθxj,kŜxj+1Ŝ

x
j

)N−1∏
j=1

exp
(
−iθyj,kŜ

y
j+1Ŝ

y
j

) N∏
j=1

exp
(
−iθzj,kŜzj

) ,
(6.63)

where R is the number of HVA layers. Each layer applies the two-body XX and Y Y

rotations followed by single-qubit Z rotations, which mirrors the operator content of
the Kitaev Hamiltonian. A useful property follows from this structure. The gates RXX ,
RY Y , and RZ each flip an even number of qubits or are diagonal, so they conserve
fermion parity. The HVA therefore stays in the parity sector of its reference state
throughout the optimization, by construction rather than by tuning. Increasing R
enlarges the variational manifold and lets the ansatz approach the exact ground state
arbitrarily well at large depth. In practice the exponential of the full Hamiltonian
within a layer is approximated by a second-order Trotter-Suzuki decomposition,

e−i(ĤXX+ĤY Y +ĤZ) ≈ e−iĤXX/2e−iĤY Y /2e−iĤZe−iĤY Y /2e−iĤXX/2, (6.64)

which reduces the Trotter error while preserving locality. Each exponential in Eq. (6.63)
is then realized with standard two-qubit RXX and RY Y gates and single-qubit RZ

rotations, as shown in Fig. 6.11 for N = 3 qubits.

VQE Results First we investigate how each ansatz performs for a given number of
layers (corresponding to the number of variational parameters) and the best number
of layers that gives optimized results. To do so, we plot the relative error in the
ground state energy vs. the number of layers of each ansatz, shown in Fig. 6.12.
For a given number of layers, we take the minimum energy of 10 initial runs. The
entire optimization is done using the COBYLA optimizer available in the Qiskit
package, and 30000 trials. All the calculations are done using a quantum simulator
on a classical computer. The relative error is basically the error in the VQE and ED
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calculations
Error =

∣∣∣∣1− EVQE

EED

∣∣∣∣ , (6.65)

The number of parameters per layer for the even, odd, SU2, and HVA ansätze are 11,
20, 40, and 28, respectively.

Figure 6.12: Relative error as a function of the number of parameters for different
ansätze in the analytical solution regime, ∆ = t and µ = 0, for a chain of 10 QDs.
The maximum number of layers is 10 [77].

From Fig. 6.12, we can see that HVA needs the least number of parameters to
give a zero relative error. The even and odd ansätze show a fluctuating pattern, with
the even ansatz eventually giving zero relative error for more than 100 parameters.
The efficient SU(2) gives zero relative error for a number of parameters more than 50
and up to 200. Beyond about 200 parameters the SU(2) error rises again. This is not
numerical round-off error. It is a loss of trainability. The relative error is defined as
|EVQE − EED|/|EED|, measured against the exact diagonalization ground-state energy.
All four ansätze fall to the same floor near zero once they have enough parameters,
because they all approximate the same ground state and the exact energy is a hard
lower bound. The shared plateau is therefore the convergence of VQE to the exact
result. The ansätze differ in how they reach it. The HVA attains zero error with the
fewest parameters and remains there at all sizes. The Even and Odd ansätze reach
zero but show spikes at intermediate sizes, where the optimizer is trapped in a local
minimum. The Odd and SU(2) errors grow again at the largest parameter counts,
reflecting the reduced trainability of deep circuits.

Next, to see how each ansatz performs in the ground state energy approximation,

177



we examine the loss function behaviour, which in this case is the ground state energy,
as a function of iterations.

(a) (b)

Figure 6.13: Ground state energy as a function of optimization steps for four ansätze:
Even, Odd, SU2, and HVA, for a chain of 10 QDs. The comparison highlights the
convergence pattern and efficiency of each ansatz in minimizing the ground state
energy. (a) corresponds to the analytical case with ∆ = t and µ = 0, while (b)
represents a case outside the analytical regime but still within the topological phase,
with ∆ = 2t and µ = −0.2t. The optimal number of parameters is used in both cases
from Fig. 6.12 [77].

By taking the best number of parameters from Fig. 6.12, in Fig. 6.13 (a), HVA is
the fastest ansatz to converge to the ground state, followed by the even, SU2, and
odd ansätze. Each ansatz stops at a particular optimization step once the classical
optimizer decides it has converged. This happens when the loss function reaches a
particular value of energy without changing any further.

In Fig. 6.13b, the system still lies in the topological phase, only there is no known
analytical solution based on the choice of the parameters of the Hamiltonian. The
odd ansatz gives the fastest convergence with the closest value to the actual ground
state energy. The even ansatz converges faster than HVA, but they both give almost
the same result for the ground state energy. And lastly the SU2 ansatz is the last
ansatz to converge.

Based on these observations, in the analytical case, HVA is a more suitable
candidate for representing the ground state. It converges faster than the other ansätze,
and also requires less number of parameters. The reason is that by setting t = ∆ and
µ = 0 in Eq. (6.57), we obtain

Ĥ = 2t
N−1∑
j=1

Ŝyj+1Ŝ
y
j . (6.66)
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With this simplified form, HVA is a more natural candidate to represent the ground
state, since the only active part of the ansatz is the ∏N−1

j=1 exp (−iθyj,kŜ
y
j+1Ŝ

y
j ), which is

a rotation along y-axis.
In the non-analytical case, the odd ansatz proceeds to converge faster and gives a

better approximation of the ground state energy comparede to the other ansätze. The
system is still in the topological phase, so any wave function (including the ground
state) is a linear superposition of all even or odd configurations. From Fig. 6.13b, it
can be seen that the even ansatz is the next ansatz that converges to the ground state
energy. Therefore, in the non-analytical case, these are the best candidates to display
the ground state of the system.

Error Sensitivity within the Topological Phase The next step is to check the
sensitivity of each ansatz within the topological phase. To do so, we analyze the
relative error for each ansatz while we tune the parameters within the topological
phase in the parameter space, which is shown in Fig. 6.14.

Figure 6.14: Relative error in the parameter space for all four ansätze, for a chain of
10 QDs. The choice of the parameters ∆/|t| and µ/|t| is such that the system remains
in the topological phase, using 2000 iterations. The dark regions indicate areas of
lower relative error, with the analytical solution located at the center of the plots
(t = ∆, µ = 0) [77].

In general, as we move away from the centre of the topological phase, the relative
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error increases. Once the values of the parameters (t, ∆, and µ) are chosen, Fig. 6.14
provides you with the relative error of each ansatz at that particular point in the
parameter space. Therefore, when the choice of parameters of the Hamiltonian (in
the topological phase) is given, we can make use of the error profiles to decide which
ansatz could be a better representation of the ground state of the system. The error
sensitivity, along with the loss function behaviour and the relative error vs. number
of parameters are the main factors that affect the final decision of choosing an ansatz
for approximating the ground state energy of the Kitaev chain.

This concludes the usage of VQE approach to estimate the ground state energy
of the semiconducting QD nanowire in the proximity of a p-wave superconductor.
Among the four chosen ansätze in this work, two of them, namely the Even and Odd
ansatz are constructed directly from the topological features of the wave function in
the topological phase. The HVA ansatz is built from the structure of the Hamiltonian.
The final ansatz, efficient SU(2) is a built-in ansatz in the "Qiskit" package. We
explored the performance of each ansatz within the topological phase, where the
system hosts MZMs. This is an example of how we can design a quantum algorithm
to estimate the ground state and the ground state energy of a topological system [77].
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Chapter 7

Numerical Analysis of Majorana
Zero Modes in the
Semiconducting-Superconducting
Nanowire
This chapter is based on Ref. [76], with more derivations and detail shown. I have
collaborated in doing the calculations in this paper with the first author.

Finally, we study the semiconducting-superconducting nanowire in contact with
s-wave superconductor. Our goal here is to introduce and show the application of
numerical methods such as ED and DMRG in calculating the spectrum of the system
based on the length of the chain, and how we can find the evidence of MZMs. For
short chains, we make use of ED for numerical simulations. For longer chains, we use
DMRG as a better alternative to calculate the ground state energy of the system. Then
we show how this model is connected to the spinless Kitaev chain, and under what
conditions they are equivalent. This is done through introducing a new transformation
that transforms the spinful system into two coupled spinless chains, where each chain
is associated with different spin sectors. Using this connection, we calculate the local
spectral function to give us insights about the localized edge states that correspond to
MZMs.

7.0.1 Exact Diagonalization in Fermionic Representation

We begin with a hexagonal InP nanowire of embedded InAsP quantum dots hosting
spinful electrons. The system is in contact with an s-wave superconductor. We take
the external magnetic field to be perpendicular to the nanowire, as is shown in Fig. 7.1.
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𝑦
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Figure 7.1: Schematic illustration of an InP nanowire hosting an array of embedded
InAsP quantum dots, proximity coupled to an s-wave superconductor and subjected
to a perpendicular magnetic field, chosen to be orthogonal to the effective Rashba
spin orbit coupling and thereby inducing Zeeman splitting [76].

The system is described by the following Hamiltonian

H = t
N−1∑
i=1

∑
σ=↑,↓

(
c†
i+1,σciσ + h.c.

)
− µ

N∑
i=1

∑
σ=↑,↓

c†
iσciσ (7.1)

+ Vz
N∑
i=1

(
c†
j↑cj↑ − c

†
j↓cj↓

)

+ α
N−1∑
i=1

(
c†
i+1,↑ci↓ − c

†
i+1,↓ci↑ − h.c.

)

+ ∆
N∑
i=1

(
ci↑ci↓ + c†

i↓c
†
i↑

)
.

This is the same as the Hamiltonian given in Eq. (5.133), except that we are taking
the Zeeman field along the z-axis, and we are using the letter µ instead of µeff.

We now use ED to obtain the energy spectrum of the system. We construct the
Hilbert space in a configuration basis. If we have N orbitals occupied by spinful
electrons, the dimension of the Hilbert space is 22N = 4N , as each orbital can be
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occupied by two electrons with various spins. We then construct any basis as

|n1↓...nN↓⟩ ⊗ |n1↑...nN↑⟩ =
N∏
j=1

(c†
j↓)nj↓|0↓⟩ ⊗

N∏
j=1

(c†
j↑)nj↑|0↑⟩. (7.2)

|0⟩’s show the electron vacuum in each spin basis, njσ ∈ {0, 1} specifies whether the
orbital j with spin σ is unoccupied (0) or occupied (1). Each basis state is therefore
generated by acting with creation operators on the vacuum according to its specified
occupation numbers.

The superconducting term in the Hamiltonian creates or annihilates a pair of two
electrons, thus breaking the conservation of particles, as we also saw in the case of
a p-wave superconductor. However, the parity of the particles is conserved; i.e, if
we begin with an even (odd) parity state, the Hamiltonian does not change it. The
eigenstate of the Hamiltonian must therefore be a linear superposition of different
particle number sections

|ψν⟩ =
∑
M,pM

Cν
M,pM
|M, pM⟩ (7.3)

where pM enumerates all configurations with M electrons distributed among the 2N
spin orbitals, thus giving the νth eigenstate. The superscript ν in Eq. (7.3) labels the
different eigenstates of the Hamiltonian. In other words, for each ν there exists an
eigenpair (Eν , |ψν⟩) satisfying

H|ψν⟩ = Eν |ψν⟩. (7.4)

Thus, ν plays the role of a spectral index, ordering the many-body eigenstates (for
example, ν = 0 for the ground state, ν = 1 for the first excited state, etc.).

To determine the coefficients Cν
M,pM

, we apply the Hamiltonian to this state and
use the orthogonality of the configuration basis to obtain the eigenvalue equation

∑
pM ,M

⟨qM ′ ,M ′|He|pM ,M⟩Cν
M,pM

= EνCν
M ′,q′

M
. (7.5)

The matrix element ⟨qM ′ ,M ′|He|pM ,M⟩ is non-zero only when M and M ′ have the
same fermion parity, that is, both are even or both are odd. Using the parity symmetry,
we calculate the energy spectrum in each parity subspace separately. From Eq. (5.83),
we know that if V 2

z > ∆2 + µ2, the system lies in the topological regime. In the
topological regime, the energy spectrum of the even and odd parity subspaces must
match, meaning that they give the same energy spectra. So, when we say that the
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ground state of the system is doubly degenerate, we are referring to the fact that
the ground state of the even and odd parity subspaces are the same, giving a doubly
degenerate ground state to the total system (even+odd parity). An example of ED
calculation is shown in Fig. 7.2 for a chain of 3 quantum dots.

7.0.2 Longer Chains

In the SM-SC Hamiltonian within the topological regime, short chains do not exhibit
exact zero-energy Majorana edge states due to the finite-size hybridization of the edge
modes [57, 58, 74, 168]. In a finite chain, the Majorana fermion wavefunctions localized
at the two ends have a non-negligible spatial overlap that increases as the chain length
decreases [74, 168]. This overlap allows the two edge modes to hybridize, lifting the
exact zero-energy degeneracy and instead producing a bonding-antibonding pair of
fermionic states separated by an energy splitting that decays exponentially with chain
length [58, 79]. The term “hybridize” here refers to the fact that the two Majorana
operators localized at the opposite ends of a finite chain are not strictly independent
when their wavefunctions spatially overlap. The magnitude of this splitting is controlled
by the localization length (or inverse bulk gap) ξ of the Majorana wavefunctions:
when the chain length is comparable to or shorter than this characteristic length
scale, hybridization effects dominate and preclude the observation of true topological
protection [57]. The characteristic length scale ξ is the superconducting coherence
length associated with the topological gap. In continuum models of one-dimensional
topological superconductors, it can be estimated as

ξ ∼ ℏvF
∆top

, (7.6)

where vF is the Fermi velocity and ∆top is the bulk topological gap [57, 58, 168].
Equivalently, ξ is inversely proportional to the minimum excitation gap in the bulk
spectrum.

For semiconductor nanowires with proximity-induced superconductivity, typical
parameters (∆top ∼ 0.1–0.5 meV, vF ∼ 105–106 m/s) yield coherence lengths in the
range

ξ ∼ 100 nm to 1µm. (7.7)

Therefore, if the physical chain length L satisfies L ≲ ξ, the Majorana edge wavefunc-
tions overlap strongly and the energy splitting becomes significant. True topological
protection is recovered only in the regime L≫ ξ, where the overlap—and hence the
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splitting—decays exponentially as

δE ∝ e−L/ξ. (7.8)

This requirement that L≫ ξ (where L is chain length and ξ is the Majorana localization
length) is thus essential for observing unambiguous signatures of topological protection
in finite-size systems.
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Figure 7.2: First four energy levels of the SM-SC Hamiltonian in the topological
regime through using ED for a chain with 3 quantum dots, for t = ∆ = −1, µ = 0,
α = 0.8, and Vz = 1.7, ensuring that the system is in the topological phase. All
parameters and energy levels are normalized to the unit of t. Left panel shows even
parity sector and right panel shows odd parity sector. The energy splitting between
states reflects finite-size effects and hybridization of Majorana edge modes at the chain
boundaries. Without the hybridization, we would have expected the ground states of
the even and odd parity sectors to be the same (or a doubly-degenerate ground state
energy of the entire system).

As an example, in Fig. 7.2 the first four energy levels of the even and odd parity
subspaces for a chain of length N = 3 in the topological phase are shown. This is
calculated using ED. Although energy levels of each subspace are very close to those
of the other subspace, they are not exactly the same.

ED gives the entire spectrum in an exact fashion, but we can only use it for small
system size. In our case, since the dimension of the full Hilbert space grows as 4N for
a chain of N quantum dots (each site hosting four local states), the computational
cost increases exponentially with system size. For example,

410 = 1, 048, 576, (7.9)

so that already at N = 10 the Hamiltonian matrix has dimension of order 106. A dense
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representation of such a matrix would require O(1012) complex entries, corresponding
to multiple terabytes of memory, which is far beyond the capabilities of standard
workstations.

Even when exploiting particle-number or parity conservation and using sparse-
matrix iterative eigensolvers (e.g., Lanczos), the memory requirements and CPU time
grow rapidly. On a typical multi-core desktop machine (32–128 GB RAM), exact
diagonalization of the full Hilbert space becomes impractical beyond N ≈ 10–12 sites.
Larger system sizes require high-performance computing clusters and careful symmetry
reduction. For chains longer than N = 10, we turn to the DMRG method. Being
a variational approach, DMRG gives the ground state of the system with an error
that can be controlled [68], and it works much more efficiently for longer chains. The
downside is that it does not provide us with the entire spectrum. So, as long as one is
interested only in the ground state energy for long chains, DMRG can serve as a fast
and reliable method [68, 216, 217]. We use DMRG for each subspace separately to
find its ground state, and then we find the sufficient system size for energy difference
convergence (number of quantum dots) by calculating ∆E = |EEven

GS − EOdd
GS |. We

expect that in the topological regime, as we go to longer chains, ∆E goes to zero, as
shown in Fig. 7.3.

7.0.3 Two Coupled Kitaev Chains

In this section, we illustrate how one can express the SM-SC Hamiltonian in terms of
two coupled Kitaev chains, where each chain is for one spin species. The goal of this
representation is to take advantage of the spinless Kitaev chain by imposing certain
constraints on the parameters of the Hamiltonian that ensure Majorana zero modes
to exist. This representation proves useful for spectral function calculations.

We begin with the lattice version of the Hamiltonian in Eq. (7.1). To isolate
the on–site part (chemical potential, Zeeman, and pairing), we introduce a local
electron–hole spinor built from the ↑ electrons and the ↓ holes:

Φ†
j =

(
c†
j↑, cj↓

)
, Φj =

cj↑
c†
j↓

 . (7.10)

Using cj↓c†
j↓ = 1− c†

j↓cj↓, one easily checks that

(
c†
j↑ cj↓

)1 0
0 1

cj↑
c†
j↓

 = c†
j↑cj↑ + cj↓c

†
j↓ = 1 + c†

j↑cj↑ − c
†
j↓cj↓. (7.11)
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Figure 7.3: Finite size scaling of the even odd parity splitting ∆E = |EEven
GS − EOdd

GS |
as a function of number of quantum dots in the chain using DMRG and the ITensor
library [76, 218]. The parameters are chosen to be the same as in Fig. 7.2.
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Collecting the chemical potential, Zeeman, and pairing terms, we obtain

Ĥon-site = −µ
∑
j

(
c†
j↑cj↑ + c†

j↓cj↓
)

+ Vz
∑
j

(
c†
j↑cj↑ − c

†
j↓cj↓

)
+ ∆

∑
j

(
c†
j↓c

†
j↑ + cj↑cj↓

)
. (7.12)

Using Eq. (7.11) to eliminate cj↓c†
j↓ in favor of number operators and a constant, this

can be rearranged as

Ĥon-site =
N∑
j=1

Φ†
jM Φj −N (Vz + µ), (7.13)

where the 2× 2 matrix M is

M =
Vz − µ −∆
−∆ Vz + µ

 . (7.14)

The constant −N(Vz+µ) only shifts the overall energy, with N being the total number
of quantum dots in the system. The matrix M has two eigenvalues

λ1,2 = Vz ±
√
µ2 + ∆2, (7.15)

with corresponding normalized eigenvectors

X1 = ℓ

−ξ
1

 , X2 = ℓ

1
ξ

 , (7.16)

where
ξ = ∆

(
µ+

√
µ2 + ∆2

)−1
, ℓ = (1 + ξ2)−1/2. (7.17)

The vectors X1 and X2 form an orthonormal basis of the two–component electron–hole
space at each site j.

We now define new fermionic operators djσ by expanding the electron–hole spinor
Φj in the eigenbasis of M :

Φj = X1 dj↑ +X2 dj↓, (7.18)
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or explicitly,
c†

j↑

c†
j↓

 = ℓ

−ξ 1
1 ξ

d†
j↑

d†
j↓

 , equivalently
cj↑
cj↓

 = ℓ

−ξ 1
1 ξ

dj↑
dj↓

 .
(7.19)

Because the transformation matrix is unitary, the new operators djσ, d†
jσ obey the

usual fermionic anticommutation relations. The spin label σ =↑, ↓ is now best regarded
as a band index labelling the two eigenmodes of the local problem (rather than the
original physical spin).

Using the transformation in Eq. (7.19), the chemical–potential, Zeeman and on–site
s–wave pairing terms can be combined and rewritten as

Ĥon−site = µ̃
N∑
j=1

∑
σ=↑,↓

d†
jσdjσ + Vz

N∑
j=1

d†
j↑dj↑ − Vz

N∑
j=1

d†
j↓dj↓ −N(µ̃+ µ), (7.20)

where
µ̃ =

√
µ2 + ∆2. (7.21)

This form makes it clear that the new fermions djσ still carry a spin label σ in the
sense that the Zeeman term acts on them as ±Vz for σ =↑, ↓, just as it did on the
original operators cjσ.

The nearest–neighbour hopping term t
∑
jσ[c†

j+1,σcjσ + h.c.] transforms as

t
N−1∑
j=1

∑
σ=↑,↓

[
c†
j+1,σcjσ + h.c.

]
= t̃

N−1∑
j=1

∑
σ=↑,↓

[
d†
j+1,σdjσ + h.c.

]
(7.22)

+ ∆t

N−1∑
j=1

[
d†
j↑d

†
j+1,↓ + d†

j+1,↑d
†
j↓ + h.c.

]
,

with
t̃ = −2tµ

∆ ℓ2ξ, ∆t = −2t ℓ2ξ, (7.23)

where ℓ and ξ are defined in Eq. (7.17). Thus a simple hopping term in the c-basis
becomes, in the d-basis, a renormalized hopping t̃ plus an intersite pairing term ∆t,
which has the structure of a p–wave pairing between adjacent sites.
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Similarly, the spin–orbit term −α∑j[c†
j↑cj+1,↓ − c†

j↓cj+1,↑ + h.c.] transforms into

−α
N−1∑
j=1

[
c†
j↑cj+1,↓ − c†

j↓cj+1,↑ + h.c.
]

= −α̃
N−1∑
j=1

[
d†
j↑dj+1,↓ − d†

j↓dj+1,↑ + h.c.
]

(7.24)

+ ∆α

N−1∑
j=1

∑
σ=↑,↓

[
dj+1,σdjσ + h.c.

]
,

where
α̃ = 2αµ

∆ ℓ2ξ, ∆α = 2α ℓ2ξ. (7.25)

Again, we see that the original spin–orbit coupling produces both a renormalized
spin–orbit term α̃ and an additional p–wave–like pairing term ∆α between neighboring
sites.

Putting together Eqs. (7.20), (7.22), and (7.24), the SM-SC Hamiltonian can be
written as

Ĥ = Ĥ1 + Ĥ2 + Ĥ12 −N(µ̃+ µ), (7.26)

where

Ĥ1 = t̃
N−1∑
j=1

[
d†
j+1,↓dj↓ + h.c.

]
+ ∆α

N−1∑
j=1

[
dj+1,↓dj↓ + h.c.

]

+ (µ̃− Vz)
N∑
j=1

d†
j↓dj↓, (7.27)

Ĥ2 = t̃
N−1∑
j=1

[
d†
j+1,↑dj↑ + h.c.

]
+ ∆α

N−1∑
j=1

[
dj+1,↑dj↑ + h.c.

]

+ (µ̃+ Vz)
N∑
j=1

d†
j↑dj↑, (7.28)

Ĥ12 = ∆t

N−1∑
j=1

[
d†
j↑d

†
j+1,↓ + d†

j+1,↑d
†
j↓ + h.c.

]

− α̃

2

N−1∑
j=1

[
d†
j↑dj+1,↓ − d†

j↓dj+1,↑ + h.c.
]
. (7.29)

The terms H1 and H2 describe two independent Kitaev chains, built from the
fermions dj↓ and dj↑, respectively. They have identical hopping t̃ and p–wave pairing
amplitude ∆α, but different effective chemical potentials µ̃− Vz and µ̃+ Vz. The term
H12 couples the two chains through both inter–chain pairing (∆t) and inter–chain
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spin–orbit–induced hopping (α̃). This representation makes explicit that the original
s–wave nanowire with Zeeman field and spin–orbit coupling can be viewed as two
coupled Kitaev chains with different effective parameters.

Spinful Majorana and Bond Transformations Now we apply Majorana and
bond transformations on spinful fermions of the SM-SC system, schematically shown
in Fig. 7.4. Starting from the two coupled Kitaev chains written in terms of the djσ

𝛾1,2↓ 𝛾1,1↓ 𝛾2,2↓ 𝛾2,1↓ 𝛾𝑁−1,2↓ 𝛾𝑁−1,1↓ 𝛾𝑁,2↓ 𝛾𝑁,1↓

𝑑1↓ 𝑑2↓ 𝑑𝑁−1↓ 𝑑𝑁↓

𝑎1↓ 𝑎2↓ 𝑎𝑁−1↓

𝛾1,2↑ 𝛾1,1↑ 𝛾2,2↑ 𝛾2,1↑ 𝛾𝑁−1,2↑ 𝛾𝑁−1,1↑ 𝛾𝑁,2↑ 𝛾𝑁,1↑

𝑑1↑ 𝑑2↑ 𝑑𝑁−1↑ 𝑑𝑁↑

𝑎1↑ 𝑎2↑ 𝑎𝑁−1↑

𝑎𝑁↓

𝑎𝑁↑

𝛾3,2↓ 𝛾3,1↓

𝑎3↓

𝑑3↓

𝑎3↑

𝑑3↑

𝛾3,2↑ 𝛾3,1↑

Δ𝑡 + ෤𝛼 Δ𝑡 − ෤𝛼

2
 

𝑉𝑧

Figure 7.4: Schematic of the two coupled Kitaev chains (upper for spin down and
lower for spin up) in the Majorana and bond Fermion representation, with non-zero
bond Fermions aj↓ and aj↑ (j ≠ N), and the non local zero mode positioned at the
two ends of the two chains represented as aN↓ and aN↑. The couplings between the
two chains are shown as red and blue dashed lines [76].

fermions, we first introduce on each site j and for each spin σ =↑, ↓ a pair of Majorana
operators. For the lower spin down chain we define

γj↓ = dj↓ + d†
j↓, γ̄j↓ = i

(
dj↓ − d†

j↓

)
, (7.30)

and for the upper spin up chain

γj↑ = dj↑ + d†
j↑, γ̄j↑ = i

(
dj↑ − d†

j↑

)
. (7.31)

Each Majorana operator is Hermitian, γ†
jσ = γjσ and γ̄†

jσ = γ̄jσ, and they sat-
isfy the standard anticommutation relations {γjσ, γlσ′} = {γ̄jσ, γ̄lσ′} = 2δjlδσσ′ and
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{γjσ, γ̄lσ′} = 0.

From chapter 4, we know that the spinless Kitaev Hamiltonian is diagonal for the
choice of t = ∆ and µ = 0. We choose the same point here in terms of our parameters

t̃ = ∆α, Vz = µ̃. (7.32)

The two Kitaev chains and their coupling can be rewritten in the Majorana basis as

Ĥ1 = t̃
N−1∑
j=1

i γ̄j↓ γj+1,↓, (7.33)

Ĥ2 = t̃
N−1∑
j=1

i γ̄j↑ γj+1,↑ + Vz
N∑
j=1

(
1 + i γ̄j↑γj↑

)
, (7.34)

Ĥ12 = i(2∆t + α̃)
4

N−1∑
j=1

[
γj↑ γ̄j+1,↓ + γ̄j+1↑ γj,↓

]

+ i(2∆t − α̃)
4

N−1∑
j=1

[
γj+1,↑ γ̄j↓ + γ̄j,↑ γj+1↓

]
. (7.35)

The first two terms, H1 and H2, now clearly describe Majoranas coupled on neigh-
bouring sites of each chain. The inter-chain coupling H12 contains Majorana bilinears
that connect the two chains and mix the ↑ and ↓ sectors.

Now we recombine neighbouring Majoranas into bond fermions. For the ↓ chain
we define, for j = 1, . . . , N − 1,

aj↓ = 1
2
(
γj+1,↓ − iγ̄j↓

)
, a†

j↓ = 1
2
(
γj+1,↓ + iγ̄j↓

)
, (7.36)

and the last bond fermion of the ↓ chain we set

aN↓ = 1
2
(
γ1↓ − iγ̄N↓

)
. (7.37)

Similarly, for the ↑ chain we introduce

aj↑ = 1
2
(
γj+1,↑ − iγ̄j↑

)
, a†

j↑ = 1
2
(
γj+1,↑ + iγ̄j↑

)
, (7.38)

with
aN↑ = 1

2
(
γ1↑ − iγ̄N↑

)
. (7.39)
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In terms of these bond fermions, the Hamiltonian Ĥ1 simplifies to

Ĥ1 = 2t̃
N−1∑
j=1

(
a†
j↓aj↓ −

1
2

)
+ 0

(
a†
N↓aN↓ −

1
2

)
. (7.40)

Thus, in this representation H1 is a sum over independent bond fermion number
operators (up to a constant), and the boundary mode aN↓ completely drops out,
similar to the diagonal form of the original spinless Kitaev Hamiltonian.

For the upper chain, Ĥ2 in the bond–fermion basis becomes

Ĥ2 = 2t̃
N−1∑
j=1

(
a†
j↑aj↑ −

1
2

)
+ 0

(
a†
N↑aN↑ −

1
2

)

+ Vz

[
a†

1↑a
†
N↑ + aN↑a1↑ + a†

N↑a1↑ + a†
1↑aN↑

]

+ Vz
N−1∑
j=1

[
a†
j+1,↑a

†
j↑ + aj↑aj+1,↑ + a†

j+1,↑aj↑ + a†
j↑aj+1,↑

]
+NVz. (7.41)

The first line mirrors the structure of Ĥ1, while the second and third lines show that
the Zeeman term Vz induces on-site and nearest-neighbour pairing and hopping of the
bond fermions, as well as couplings between the two boundary modes a1↑ and aN↑.

The second term of Ĥ12 in Eq. (7.35) simplifies to a pure s–wave pairing between
bond fermions on the same bond:

i(2∆t − α̃)
4

N−1∑
j=1

[
γj+1,↑ γ̄j↓ + γ̄j,↑ γj+1↓

]
= − 2∆t − α̃

2

N−1∑
j=1

(
a†
j↓a

†
j↑ + aj↑aj↓

)
. (7.42)

Note that the boundary bond fermions aN↑ and aN↓ do not appear in this term.
The other term in H12 generates longer-range pairing and spin-orbit-like couplings
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between bond fermions on different links

i(2∆t + α̃)
4

N−1∑
j=1

[
γj↑ γ̄j+1,↓ + γ̄j+1↑ γj,↓

]
=

− 2∆t + α̃

4 (
N−2∑
j=1

[
a†
j+2,↓a

†
j↑ + aj↑aj+2,↓

+ a†
j+2,↓aj↑ + a†

j↑aj+2,↓

+ a†
j↓a

†
j+2,↑ + aj+2,↑aj↓

+ a†
j+2,↑aj↓ + a†

j↓aj+2,↑

]
+
[
a†

2↓a
†
N↑ + aN↑a2↓

+ a†
2↓aN↑ + a†

N↑a2↓

+ a†
N↓a

†
2↑ + a2↑aN↓

+ a2↑a
†
N↓ + aN↓a

†
2↑

]
). (7.43)

This structure shows explicitly that Ĥ12 contains s–wave pairing and spin-orbit-induced
couplings between even-even and odd-odd numbered bond fermions (or auxiliary sites).
The boundary bond fermions again appear only through the last line, coupling the
sites near one end of the chain to those at the opposite end.

In the ideal situation where the two effective Kitaev chains are decoupled (i.e.
Ĥ12 = 0), the spin–down chain Ĥ1 is a perfect Kitaev chain in the topological regime.
In that case it is easy to show that the creation operator of the right–end bond fermion,
a†
N↓, commutes with the full Hamiltonian,

[Ĥ, a†
N↓] = 0, (7.44)

since the Hamiltonian does not contain any of the bond operators regarding the last
site N . So that a†

N↓ creates an exact zero–energy edge mode.
Once the two chains are coupled by Ĥ12, this commutator is no longer exactly zero.

A straightforward calculation using the bond fermion representation shows that

[H0, a
†
N↓] = − 2∆t + α̃

4

(
a2↑ − a†

2↑ + aN−2,↑ + a†
N−2,↑

)
, (7.45)

so the right–end spin–down bond fermion couples only to two spin–up bond fermions,
namely a†

2↑ and a†
N−2,↑. Equation (7.45) shows that the commutator can be made
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small and in the thermodynamic limit essentially zero, by imposing the constraint

2∆t + α̃ ≈ 0. (7.46)

This leads to the so-called “maximal constraints”. From the Majorana and bond–
fermion analysis, we found that, in order for Ĥ1 to describe a topological Kitaev chain
(with a well localized edge Majorana) we must choose the renormalized parameters as

t̃ = ∆α, µ̃ = Vz, (7.47)

where Vz is the Zeeman energy associated with the magnetic field along the z-direction
in our convention, and ∆α is the effective p-wave pairing amplitude within each chain.

For the second chain H2 we obtain analogous conditions,

t̃ = ∆α, µ̃ = −Vz. (7.48)

Equations (7.47) and (7.48), together with the requirement in Eq.(7.46), define a set
of maximal constraints: they make Ĥ1 diagonally solvable in terms of bond fermions,
while Ĥ2 + Ĥ12 still supports a gapped spectrum. In the thermodynamic limit the even
and odd ground states of the full Hamiltonian Ĥ = Ĥ1 + Ĥ2 + Ĥ12 form a two–fold
degenerate ground space.

With a magnetic field +Vz, the spin-down Majorana fermion is localized at the
end of the chain; reversing the field to −Vz localizes the spin-up Majorana at the end
of the chain. Thus the sign of the Zeeman field selects which spin sector hosts the
edge Majorana mode.

We now express the constraints on the renormalized parameters t̃, µ̃,∆t,∆α and α̃
in terms of the original parameters of the proximitized nanowire: nearest–neighbour
hopping t, spin–orbit strength α, chemical potential µ, s–wave pairing ∆, and Zeeman
field Vz.

From the two–chain mapping we had

µ̃ =
√
µ2 + ∆2, (7.49)

t̃ = − 2tµ
∆

ξ

1 + ξ2 , ∆α = 2α ξ
1 + ξ2 , (7.50)

where
ξ = ∆

(
µ+

√
µ2 + ∆2

)−1
. (7.51)
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The condition µ̃ = ±Vz immediately yields

Vz = ±
√
µ2 + ∆2, (7.52)

which is precisely the same criterion for gap closing and reopening that we found
from the bulk spectrum: tuning Vz through

√
µ2 + ∆2 drives the system through the

topological phase transition. It marks the phase boundary, not the topological phase
itself. Exactly at Vz =

√
µ2 + ∆2 the bulk gap vanishes, the spectrum is gapless, and

there is no protecting gap, so the system is not topologically protected at this single
point. This is expected rather than a problem. The bulk gap must close for the
topological index to change, so the closing is the fingerprint of the transition and not
a feature of the topological phase.

Next we impose t̃ = ∆α. Using Eq. (7.50), we obtain

− 2tµ
∆

ξ

1 + ξ2 = 2α ξ
1 + ξ2 =⇒ tµ = −α∆. (7.53)

Up to an overall sign convention for α (which can be absorbed by a gauge transforma-
tion), this is usually written as

t µ = ∆α. (7.54)

Equations (7.52) and (7.54) summarize the maximal constraints in terms of the
original parameters:

t µ = ∆α, Vz = ±
√
µ2 + ∆2. (7.55)

They provide a concrete recipe for engineering Majorana zero modes in a given device.
For instance, in the case of InAsP quantum dots embedded in an InP nanowire, one
can first determine the effective hopping amplitudes t, spin–orbit strength α, and
induced pairing ∆ from microscopic calculations. The relations above then specify
which combinations of chemical potential µ and magnetic field Vz optimally realize
the Kitaev–chain limit and hence maximize the localization and robustness of the
Majorana edge states. This model exhibits MZMs as we approach the thermodynamic
limit, i.e. we take a long enough chain so that the interaction term between the two
spin bands becomes negligible, and then through choosing the right set of parameters,
one of the spin bands is in the trivial phase, while the other one is in the topological
phase, in the exact diagonal form in bond fermion representation that shows the zero
mode as the last missing bond fermion.

To show these results numerically, we calculate the energy spectrum of the two
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coupled Kitaev chains using ED. We take a chain of N = 3 quantum dots, and we
choose t = ∆ = 1, α = 0.8, µ = α∆

t
, and Vz =

√
µ2 + ∆2. This way t̃ = ∆α and

Vz = µ̃ are satisfied, and the system remains in the topological phase. We show the
first four energy levels in each parity subspace. In Fig. 7.5 we see that the spectrum
of Ĥ1 shows a perfect matching of the even and odd parity subspaces, since the spin
down band is in the topological phase. As this case corresponds to the diagonal
representation of the original spinless Kiteav Hamiltonian, we see a perfect matching
in the energy spectra of the even and odd subspaces despite the small size of the chain.
Fig. 7.6 shows the spin up band spectrum, which is in the trivial phase, thus the
spectra of even and odd subspaces do not match. The spectrum of the entire system
with the spin coupling term is shown in Fig. 7.7. There is a quite small difference in
the even and odd parity energy levels. This is due to the finite system size effect as
we include the coupling between the two spin bands. As was shown in Fig. 7.3, we
need a chain with at least 30 quantum dots to be able to see the topological behaviour
of the system.
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Figure 7.5: First four energy levels of Ĥ1 showing even (blue) and odd (red) parity
states for the three-site spin down chain. There is perfect matching of the even and
odd energy spectra as Ĥ1 represents the diagonal form of the Kitaev Hamiltonian in
the topological phase.
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Figure 7.6: First four energy levels of Ĥ2 showing even (blue) and odd (red) parity states
for the three-site spin up chain. Since Ĥ2 is in the trivial regime, the corresponding
energy spectra of the even and odd parity subspaces do not match.
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Figure 7.7: First four energy levels of the entire Hamiltonian Ĥ = Ĥ1 + Ĥ2 + Ĥ12
showing even (blue) and odd (red) parity energies for the three-site spinful chain.
There is a small difference in the even and odd parity energy levels due to the finite
system size effect as we include the coupling between the two spin bands.

7.0.4 Spectral Function

Another beneficial quantity in observing MZMs is the electronic spectral function. It is
particularly useful because it provides direct access to the energy-resolved quasiparticle
spectrum together with spatial information [219, 220]. MZMs appear as a zero-energy
excitation localized at the boundaries [44, 50]. As a consequence, they produce
pronounced spectral weights near the ends of the system. In contrast, trivial bulk
states typically appear at finite energies and are spatially extended [44, 46]. The
spectral function therefore allows one to distinguish between localized zero-energy
edge modes and ordinary bulk excitations.

We focus on the spin-down band, since for our choice of parameters it is diagonal
in the topological phase. The spectral function measures the probability of adding a
spin-down fermion at site (or bond) j0 to the many-body ground state of the system
and is directly related to the single-particle Green’s function [69, 113]. The spectral
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function is energy resolved. At each energy it measures how strongly the ground
state couples to the true eigenstates of the system when a single spin-down electron
is added at a chosen site or bond. Its value at a given energy is large when adding
the electron there produces a genuine eigenstate of the many-body system at that
energy, and it is small otherwise. Added over all energies it gives the total probability
that the spin-down orbital at that site is empty and can accept an electron. The
spectral function spreads this probability across energy. It therefore plays the role
of a site-resolved density of states for adding a spin-down electron, and it is the
electron-addition part of the single-particle Green’s function. It is given by

Aj(ω) =
∑
f

|⟨Ψf |a†
j↓|ΨGS⟩|2δ(ω − (Ef − EGS)), (7.56)

where the sum runs over the entire many-body eigenstates |Ψf⟩, including the ground
state and all excited states, with corresponding energies Ef , and the delta function
enforces energy conservation during the particle addition process.

The procedure is closely related to that used for calculating absorption spectra,
except that here we add a single electron rather than creating an electron–hole pair.
We evaluate the spectral function in the full Hilbert space of the spin-down band
rather than restricting to a specific parity sector.

Any many-body wave function can be written as a linear superposition of basis
configurations with definite fermionic parity,

|Ψ⟩ =
∑
i

Dp
i |i⟩even +

∑
j

Cq
j |j⟩odd, (7.57)

where |i⟩even and |j⟩odd denote basis states with even and odd fermion parity, respec-
tively, and Dp

i and Cq
j are the corresponding expansion coefficients. Since the creation

operator a†
j↓ changes the fermion number by one, it flips the fermion parity. Therefore,

only those matrix elements contribute in which the final state has opposite parity to
the ground state. The spectral function can thus be written explicitly as

Aj(ω) =
∑
f

|⟨Ψodd
f |a

†
j↓|Ψeven

GS ⟩|2δ(ω − (Ef − EGS))

+
∑
f

|⟨Ψeven
f |a†

j↓|Ψodd
GS ⟩|2δ(ω − (Ef − EGS)).

(7.58)
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Figure 7.8: Site resolved spectral functions Aj(ω) of the down-spin bond Fermions for
chain of N = 3 quantum dots, evaluated at the chain ends and in the bulk. Low-energy
spectral weight is strongly localized at the chain ends [76].

If we observe a zero energy peak in the spectral function, that means a low-energy
quasiparticle excitation exists. In our case, this feature is associated with the zero
energy bond fermion aN↓, which plays the role of a MZM. Therefore, we expect a
sharp peak around frequency zero in the spectral function.

Figure 7.8 shows the bond resolved spectral function Aj(ω) of the down-spin chain
for a chain of 3 quantum dot system, evaluated at bonds j = 1, 2, 3. It is calculated
using ED and for t = ∆ = 1, α = 0.8, µ = α∆

t
, and Vz =

√
µ2 + ∆2. The dominant

low-energy resonance appears exclusively at the terminal bond j = 3, while the interior
bonds j = 1 and j = 2 exhibit strongly suppressed spectral weight in the low-frequency
window and are instead dominated by higher-energy excitations [76]. Although the
dominant peak at j = 3 is shifted away from exactly zero frequency, reflecting finite-
size effects, it remains clearly separated from the bulk excitation continuum. In
contrast, the interior bonds show only weak low-energy response, with spectral weight
redistributed toward higher energies, signaling enhanced mixing between edge and
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Figure 7.9: Site-resolved spectral functions Aj(ω) of the up-spin bond fermions for
a chain of N = 3 quantum dots, evaluated at the end bond and in the bulk. The
low-energy spectral weight here comes mainly from the interior bonds, while the end
bond contributes only at higher energy. The overall magnitude is also about two
orders smaller. This is the response of a trivial chain with no edge-localized zero
mode [76].

bulk sectors.
For comparison, Fig. 7.9 shows the site-resolved spectral function of the up-spin

sector, which is the trivial partner chain. The contrast with the topological down-spin
sector is clear. In the down-spin chain the low-energy spectral weight is sharply
concentrated on the end bond, which is the fingerprint of the edge-localized Majorana
mode. In the up-spin chain the low-energy weight instead comes from the interior
bonds, and the end bond contributes only at higher energy. The peak magnitudes
are also about two orders of magnitude smaller than in the down-spin sector. The
absence of an edge-localized low-energy resonance confirms that the up-spin chain is
trivial. This side-by-side comparison isolates the edge-localized zero-energy peak as
the distinguishing feature of the topological sector.

In summary, the bond-resolved spectral function provides a direct signature of
the spatial localization of low-energy excitations in the finite Kitaev chain. The
low-frequency peak observed at bond j = 3 (Fig. 7.8) demonstrates that the dominant
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quasiparticle excitation is localized at the edge of the system, consistent with the
presence of a Majorana zero mode. Despite the peak being slightly shifted away from
exactly zero energy, its clear separation from the bulk excitation continuum confirms
its edge character. The strong suppression of low-energy spectral weight in the interior
bonds further supports this interpretation, indicating that the zero-mode is located at
the boundary. Thus, even for a short three-dot chain, the spectral function shows the
emergence of boundary-localized Majorana excitations.
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Chapter 8

Conclusions and perspectives
In this thesis, we have established a systematic analytical and numerical framework
for synthetic topological quantum matter, with the goal of advancing fault-tolerant
quantum computing [32, 50, 74, 168]. The central object of study was Majorana zero
modes (MZMs), exotic zero-energy quasiparticle excitations that are prime candidates
for encoding topologically protected qubits. By combining exact diagonalization, bond-
fermion analytics, excitonic spectroscopy, hybrid quantum-classical algorithms, and
tensor-network methods, we addressed two platforms for hosting MZMs, characterized
their topological phases, and proposed concrete detection and simulation strategies.
Our results clarify the choice of the numerical method when there are certain conditions
applied to the system, and also lower the barrier between theoretical models of
topological matter and experimental protocols.

The first challenge of solving the many-body problem is the exponential scaling of
the Hilbert space dimension. Despite the topological phase transition, our systems are
still regular many-body systems, so a thorough understanding of their methodology
is vital. In Chapter 3 we introduced some of the standard methods of solving a
many-body problem, in which we included exact diagonalization (ED) and mean-
field approximations. We also explored the variational quantum eigensolver (VQE)
approach as a hybrid method of approximating the ground state energy of a many-body
system, and the density matrix renormalization group (DMRG), which is generally
used for larger systems.

In Chapter 4 we studied the Kitaev chain, our first topological system, which is a
one-dimensional nanowire in contact with a p-wave superconductor. After studying
its band structure, we showed that a bond-fermion transformation diagonalizes the
Hamiltonian exactly in the topological regime, making the spatial non-locality of the
MZMs transparent and providing an analytic benchmark for all subsequent numerical
work. This exact solution is a powerful tool, it unambiguously separates the topological
from the trivial phase and explains, at a fundamental level, why MZMs are immune
to local perturbations.
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Our second topological system, a semiconducting nanowire in contact with an
s-wave superconductor was described in Chapter 5. This system is one of the experi-
mental frameworks for detecting MZMs. Through using BdG formalism, we examined
the behaviour of the band structure, and showed that when the parameters of the
Hamiltonian obey a certain condition such that the system lies in the topological phase,
the band structure displays a p-wave superconductor pattern. This suggests that the
semiconducting-superconducting with s-wave superconductivity is an approximate
system that shows MZMs only when the chain is long enough.

The second challenge in the engineering of the topological matter is the detection
of MZMs. In the first part of Chapter 6, we provided an optical path by adding
the excitonic (electron+hole) interaction to the system. Through analytical and
numerical calculations using ED, we showed how to track zero modes in the absorption
spectrum. We identified clear spectroscopic signatures of zero modes, including
characteristic peak splittings and edge-localized intensity patterns. This is a powerful
experimental technique that provides a recipe to detect MZMs, since our results are
directly comparable to optical measurements on InAsP quantum dot nanowires. We
also showed that for a localized hole, there is an analytical solution for the absorption
spectrum, regardless of the system size. Therefore, we can generalize the procedure to
longer chains without having to consider extra calculations.

In the second part of Chapter 6, we demonstrated that MZMs can be probed and
simulated on quantum hardware. By designing symmetry-adapted variational ansätze
that respect the parity structure of the Kitaev Hamiltonian, we showed that a hybrid
variational quantum eigensolver (VQE) reliably reproduces the ground-state energy in
the topological regime. Although the process was done on a simulator, but our method
provides a framework for quantum simulation of topological matter on a quantum
computer.

In Chapter 7 we provided practical solutions to the two challenges (exponential
scaling of the Hilbert space dimension and MZM detection) for the semiconducting-
superconducting (SM-SC) nanowire with s-wave superconductivity. We began with
the short chain case, and demonstrated ED in calculating the many-body spectrum.
For long chains, we showed that DMRG could be a useful method in providing the
ground state energy of the system. Through using DMRG, we also demonstrated the
sufficient length of the chain (number of quantum dots) to ensure the system shows
MZMs explicitly. We also established an explicit mapping between the SM-SC model
and a pair of coupled Kitaev chains, demonstrating that both systems realize the same
topological phase. Through using this mapping, we then calculated the local spectral
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function of the spin-down band. The local spectral function shows sharp zero-energy
edge peaks, a direct numerical counterpart of the zero-bias conductance peaks sought
in tunneling experiments.

In summary, these results make several contributions that should be of broad
interest to the concept of topological quantum matter, from numerical and experimental
perspective. The excitonic detection scheme introduces optical spectroscopy in the
MZM detection toolkit. The symmetry-preserving VQE protocol offers a practical path
to quantum simulation of topological phases using a quantum computer. The DMRG
treatment of the SM-SC nanowire demonstrates that tensor-network methods are
applicable but well-suited for device-scale simulations. In our future work, we intend
to concentrate on interactive topological systems with Hubbard, extended Hubbard,
and excitonic interactions. This is inspiring in a way that we could explore the reaction
of MZMs to various types of interaction, and examine their detection methods. It
would also enable us to study the impacts of interactions on measurable quantities
such as energy spectrum and entanglement entropy. We also aim to generalize the
quantum algorithmic method to semiconducting-superconducting nanowire. Since
this model is the ideal type for experimental means, the quantum algorithm approach
could pave the way of simulating the model on a quantum computer.
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