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Abstract

Mixed models have been used in genome-wide association studies to correct for con-

founding by population stratification and other forms of hidden relatedness. This

class of models includes linear mixed models (LMMs) and generalized linear mixed

models (GLMMs). This thesis presents an investigation into the use and application

of LMMs within the context of extreme phenotype sampling (EPS) designs where ge-

netic covariates are missing for some participants since genotypes are only collected

on samples having extreme response variable values.

We begin by exploring whether existing mixed model approaches correct for

population stratification under an EPS design. These methods have been previously

investigated with both continuous and case/control response variables. However, they

have not been investigated in the context of EPS designs. We assess the performance

of three mixed model approaches suitable for binary traits (GMMAT, LEAP and

CARAT) and one linear mixed model approach (GEMMA) for continuous traits.

Our investigation includes an overview of mixed model methodology applicable to

binary response variables. We assess type 1 error rates and power using simulation

studies with both common and rare variants scenarios. As a practical application of

these mixed model techniques, we also compared methods when applied to a prostate

cancer dataset collected as part of the PROtEUs study conducted in Québec, Canada
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that is known to have population substructure. Our simulation results show that for

a common candidate variant, both LEAP and GMMAT had type 1 error rate close to

the nominal value and similar power. Similar type 1 error control was observed with

the analysis on the PROtEUs dataset. However, for rare variants the false positive

rate remains inflated even after correction with mixed model approaches.

Next, we present an Expectation Maximization (EM) algorithm for fitting linear

mixed models with missing genetic covariates that was motivated by EPS designs.

We used the method of weights adapted for linear mixed models to handle the missing

genotypes. We derive two hypothesis tests for genetic association, a likelihood ratio

test using importance sampling and a Monte-Carlo based Wald test.

The performance of our algorithm was then assessed. Simulation studies were

used to estimate type 1 error and power. We observed type 1 error rates below the

nominal values of 0.05, signifying a conservative test, and low power for all missing

data scenarios considered. Moreover some point estimates appear biased. We applied

our algorithm to analyze the PROtEUs dataset and although our algorithm was able

to correctly estimate most of the model parameters, the genetic effect estimated using

the EM approach was larger than values by other approaches. The false positive rate

also seemed inflated based on the p-value distribution across 5000 genetic markers.

More investigation is needed to ensure the EM-based procedure is a valid approach

to handle missing genotype data, particularly from an EPS study.
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Chapter 1

Introduction and Background

In genetic studies involving human populations, researchers are interested in how

genetic variation contributes to diseases. The Genome Wide Association Study

(GWAS), which involves genotyping a large number of individuals at hundreds of

thousands to millions of genetic markers has proved very useful in discovering the

relationship between common variants (minor allele frequency > 5%) and complex

diseases [76].

GWAS have identified numerous genetic variants associated with many traits,

for example cardiovascular diseases (coronary artery diseases and hypertension) and

cancer (prostrate, breast, colorectal and lung cancer) [77]. Genetic variants associ-

ated with autoimmune diseases such as rheumatoid arthritis have also been identified

by GWAS [76]. Though important discoveries have been made, variants identified

through GWAS only explain a fraction of the variation that is thought to be due to

genetic factors [88] (missing heritability). For this reason, researchers have explored

other genetically inherited factors to explain the missing heritability. For example,

rare variants - variants with a minor allele frequency of < 1% have been identified as

1
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a possible explanation for the missing heritability.

Due to next generation sequencing or exome sequencing, more rare variants have

been discovered and investigated in genetic association studies [78]. Next generation

sequencing is expensive and after it was introduced, new study designs were explored

to reduce costs while maintaining power even at lower sample sizes [30, 39]. One

cost-saving approach is Extreme Phenotype Sampling (EPS), which is a design that is

applicable when the continuous response variable (phenotype) has been measured on

a cohort of individuals [36, 39]. Sequencing is only done on those in the extreme tails

of the response distribution. This is motivated by the assumption that individuals

who have phenotypic extremes in the population are more likely to have the genetic

variants that influence the phenotype. This method was shown to be cost effective

when considering the costs of genotyping a large cohort [35]. Recently, EPS has

proved very important in rare variant studies. Emond et al. [17] have applied it to

exome sequencing, Guey et al. [20] showed that sampling based on strict phenotypic

extremes was likely to result in a more powerful test for rare variants and Barnett

et al. [4] have also shown that EPS has better power to detect rare variants than

random sampling.

Although the recent interest in EPS was motivated by the need to reduce se-

quencing costs, this is not a new study design. EPS was first proposed in quantitative

genetics by Lander and Botstein [32] who referred to it as selective genotyping since

it selectively samples individuals with “abnormal” phenotypes. Lander and Botstein

used selective genotyping in the context of mapping quantitative trait loci (QTL).

In genetic study designs, population stratification describes differences in allele

frequencies of genetic variants among members of a different strata within a larger

population. Strata here is used to refer to members of certain genetically differentiated
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subgroups (e.g ethnic or racial). Confounding from population stratification occurs

when false associations are discovered between genotypes and phenotypes due to an

association between ancestry (strata) and phenotype. In population based genetic

association designs, we need to account for the confounding variable (ancestry) in the

statistical association analyses to avoid false positives. A number of approaches have

been developed to correct for confounding due to population stratification in popula-

tion based study designs. These include Genomic Control [15], Structured association

[59], Principal Component Analysis (PCA) [54] and the more recent Linear Mixed

Effects models (LMMs) described in Yang et al. [81]. We gave a brief description of

these approaches in chapter 2.

In this thesis, we explore the problem of correcting for population stratification

in EPS studies using LMMs. In Chapter 1, we provide the genetic background and

fundamental terminology essential for comprehending the subsequent chapters. In

Chapter 2, we describe our investigation of existing mixed model approaches for cor-

recting population stratification in the context of extreme phenotype sampling. We

assessed their efficacy in terms of the type 1 error and power when the data comes

from an EPS study design. In Chapter 3, we present a novel approach to fitting

mixed models to data from genetic studies in order to correct for population stratifi-

cation when genetic covariate data are missing. The approach uses the Expectation

Maximization (EM) algorithm and is applicable to data that are missing at random,

which includes EPS data. In Chapter 4, we evaluate the performance of the approach

proposed in Chapter 3 in detecting and correcting the false positive rate through

simulation studies and a real data analysis.



1. INTRODUCTION AND BACKGROUND 4

1.1 Genetic background

The human genome consists of the basic biological material that is transmitted from

parents to offspring. The human genome is comprised of 23 pairs of chromosomes.

A genetic locus refers to a particular location in the genome; if that locus contains

more than one variant form it is called polymorphic. The alternate forms of a locus

are called the alleles. An individual’s genotype refers to the pair of alleles that were

inherited from that individual’s mother and father. If the two alleles are both the

same type that locus is said to be homozygous; otherwise it is heterozygous. For

example, a locus with two alleles labelled A and a will have three possible genotypes:

AA,Aa and aa where AA and aa are homozygous and Aa is heterozygous. In modern

genetic studies, we often only consider loci having two alleles (called biallelic loci) and

we code the genotypes by the number of minor alleles. For example we would code

AA,Aa and aa as 0, 1 or 2 copies of the minor allele a.

Genetic markers or markers is a term used to describe polymorphic loci through-

out the genome that have been selected for genotyping. Single nucleotide polymor-

phism (SNP) is a commonly used type of genetic marker that typically only has two

alleles and the minor allele frequency greater than 1%.

Phenotypes are the observable physical traits exhibited by an individual influ-

enced by genetic factors. Phenotypes can either be represented as categorical, binary

or quantitative. For binary traits, the phenotype Y will take on values 0 or 1 repre-

senting the unaffected and affected categories, respectively. For many human traits,

there is a complex relationship between the genotype and phenotype because the

phenotype may depend on interactions between different genetic variants and on in-

teractions between genetic factors and the environment [21].
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Genetic Models

In probabilistic genetic models, the genotypes influence the probability of disease. A

genetic model can be defined as the probability distribution for a trait conditional on

the underlying genotype at a disease influencing locus.

The penetrance function is a set of conditional probabilities which determines

the probabilistic effect of the individual’s genotype on their phenotype. i.e Pr(Y |G).

If we consider the a allele to be the disease predisposing allele for a binary trait,

then Pr(Y = 1|G = 0) represents the background probability of disease for someone

with no copies of the disease predisposing allele. For quantitative traits or continuous

traits, the penetrance function is replaced by a set of conditional density functions

f(Y |G). The normal density, with mean that depends on the genotype while the

variance does not, is a natural choice for modelling the distribution of a quantitative

trait. Hence, we assume that Y ∼ N(µG, σ
2).

The mode of inheritance refers to the way in which the mean of the phenotype

(quantitative) or the probability of disease (binary) changes based on the number of

pre-disposing alleles.

• The mode of inheritance is recessive if

Pr(Y = 1|G = 1) = Pr(Y = 1|G = 0) (Binary) or

µG=1 = µG=0 (Quantitative)

and G is the genotype at the disease predisposing locus.

• The dominant mode is used when only one copy of the disease allele is required
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to induce an effect on the phenotype; i.e

P (Y = 1|G = 2) = P (Y = 1|G = 1) (Binary) or

µG=2 = µG=1 (Quantitative)

• For the additive mode,

P (Y = 1|G = 2) = 2P (Y = 1|G = 1) (Binary) or

µG=2 = 2µG=1 (Quantitative)

• The codominant mode makes no assumptions about the relationship between

the three penetrance functions only that they are different: i.e

P (Y = 1|G = 2) ̸= P (Y = 1|G = 1) (Binary) or µG=2 ̸= µG=1 (Quantitative).

1.2 Genetic Association

Studies to find genetic factors that influence human traits can be classified as linkage

studies or association studies. Association studies can be further classified into family-

based or population-based sampling. Figure 1.1 illustrates the framework of genetic

association studies, showcasing the division between family-based and population-

based designs, with the latter further categorized into case-control and cohort stud-

ies.This work focuses on the population based association study and therefore back-

ground about this type of approach is now provided.

An association study tests for a statistical association between a genotype at
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Genetic Association Study

Family based designs Population based designs

Case-control study Cohort study

Figure 1.1: Flowchart of Genetic association designs

a locus in the genome and the phenotype. In population-based association studies,

samples are independently drawn from a population using standard genetic epidemi-

ological study designs. They can be classified into case-control studies and cohort

studies. In case-control studies, samples are recruited based on their disease status,

with cases being affected and controls unaffected. On the other hand, cohort studies

recruit and follow a group of individuals sharing a common characteristic or experi-

ence over a defined period. They are often prospective in nature, for example a birth

cohort initiated to investigate the development of diseases or outcomes of interest

within a specific population.

Statistical methods are used to test for association between the genotype and

phenotype. For binary traits, tests like the chi-square test and logistic regression can

be used. ANOVA or linear regression approaches can be used when the phenotype

is continuous. In practice, researchers test for association at many genetic markers.

For example, in a GWAS, hundreds of thousands to millions of genetic markers might

be genotyped and tested for association. To account for multiple testing, a genome-

wide level of significance of 5 × 10−8 is used. Markers significantly associated with

the trait are thought to be close to the true underlying but probably unobserved

genetic variants that influence the disease. However, as will be discussed in the next

section, population stratification can cause false positive associations in population
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based association designs.

1.2.1 Population Stratification in Genetic-Association Stud-

ies

Population stratification occurs when individuals from genetically differentiated sub-

populations, such as different ethnicities are sampled. Confounding from population

stratification can occur when individuals from the different ancestries also have differ-

ent phenotype distributions. Any locus with allele frequencies that also differ between

subpopulations may be significantly associated with the phenotype. This leads to high

false positive associations between genotype and phenotype [8]. Confounding from

population stratification has been a factor in studies like Campbell et al. [8] and

Knowler et al. [29]. Knowler et al. [29] demonstrated that a strong negative associa-

tion between a GM gene variant and type-II diabetes was caused by confounding due

to those with indigenous ancestry having both higher rates of type-II diabetes and a

particular GM variant. Campbell et al [8] showed that a SNP with varying allele fre-

quency across Europe was strongly associated with height; this apparent association

was due largely to stratification as rematching individuals on the basis of ancestry

greatly reduced the association.

As confounding due to population stratification is a known problem in genetic

association studies, statistical approaches to correct for it have been proposed. An

extensive review of the existing methods to correct for population stratification in the

literature has been discussed by Chengqing et al. [79]. The first approach developed is

called Genomic Control and it adjusts the association statistic by an inflation factor

[15]. A second class of approaches use SNP data to infer ancestry in some way;

structured association [60] and principal components analysis [57] are two examples.
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Mixed effects model that incorporate the full covariance structure of the individuals

have become popular recently [27, 84, 10]. More detail is now provided on each class

of approach.

The Genomic Control (GC) approach makes use of a variance inflation factor, λ,

which captures the extent to which test statistics are inflated [16]. The association

statistic is computed on a set of neutral genetic markers. The set of statistics are used

to compute tλ which is then used to scale the test statistic and adjust the p-value.

A critique of GC is that it uses the same variance inflation factor as correction for

all markers [57]; as some markers have larger differences in allele frequencies between

populations than other markers, this constant correction may over-correct at some

loci and under-correct at others. Hence, a constant inflation factor may be insufficient

for markers which are highly differentiated across the population.

Structured association is implemented in a program called STRUCTURE [60]

and it uses a Bayesian approach to assign individuals to subpopulations. An individ-

ual’s posterior probability of being in a subpopulation is then included in the analysis

to account for population stratification. It is an effective method for correcting for

population stratification in datasets where population structure has been detected,

but is computationally prohibitive with large datasets [58].

Principal Component Analysis (PCA) is a general statistical tool used in dimen-

sion reduction that has been applied to infer population structure in genetic data. To

carry out PCA, an orthogonal transformation of the data is carried out: the eigen-

values and eigenvectors are computed and the largest eigenvector in the direction of

the maximum variance is denoted as the first principal component. PCA was first ex-

plored in a population genetic context to detect and interpret underlying population

structure in large datasets [45, 49]. PCA is also used to correct for population strati-
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fication in association studies by including the top PCs in the model when computing

asociation statistics [57].

Finally, mixed models are becoming popular for tackling the problem of pop-

ulation stratification in genetic studies because they are able to model population

subdivision as well as hidden family structure and cryptic relatedness [86]. Mixed

modeling uses a combination of fixed and random effects to model the phenotypes in

the sample. A genetic similarity matrix is used to capture the pairwise relatedness

among individuals and it is included as part of a random variance component in the

mixed effects model. The fixed effects are usually the candidate SNPs and optional

covariates. The mixed effects approach is a very appealing method but it is also com-

putationally intensive. Computational improvements have been implemented that

make the approach feasible on genome-wide data. These have been implemented in

software such as EMMAX [27], FaSTLmm [37], BOLT-LMM [40] and more recently

lme4qtl [87], lmekin [72] and Gaston [5]. More detailed information about mixed

effects models are provided in Section 1.4.

1.3 Extreme Phenotype Sampling (EPS)

Due to the considerable costs associated with emerging genotyping technologies, geno-

typing a substantial number of samples might be economically unfeasible. An alter-

native that has been repeatedly proposed is “selective genotyping” of samples - a

term initially introduced in quantitative genetics by Lebowitz et al. [33] and Lander

and Botstein [32].

Selective genotyping refers to only genotyping subjects in a cohort whose pheno-

types are in the extremes of the response distribution. Lander and Botstein proposed
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the use of selective genotyping in the context of mapping quantitative trait loci using

animal studies requiring multiple generations of animals to be reared and using linkage

analysis. They used the term selective genotyping to mean raising a large population

of animals but genotyping only those having phenotype that deviated substantially

from the mean. Genotyping the extreme samples was motivated by the fact that

some animals in the sample will provide more linkage information than others and,

generally, those that contribute the most have genotypes that can be most clearly

inferred from their phenotype. They showed that the strategy of selective genotyping

will substantially increase efficiency whenever raising and phenotyping additional an-

imals requires less effort than completely genotyping all available animals. They also

showed that the method of selective genotyping had high power relative to completely

genotyping the whole sample.

The work by Lander and Botstein formed the basis for the use of selective geno-

typing in genetic studies and since then several authors have used the method either

directly or adapted it for uses beyond linkage analysis. For example, Dervasi et al. [12]

showed that in the linkage analysis context, it is not important to sample more than

the upper and lower 25% in a population. They also found that selective genotyping

would greatly reduce the genotyping costs even in cases where costs of sampling and

phenotyping are very great.

EPS was later proposed in the context of association studies. For example, EPS

was used in Ball et al. [3] to test for the association between general cognitive ability

as a behavioural trait and variation in candidate genes and in Vermissen et al [75] to

identify genetic risk variants for coronary heart disease.

Gestel et al. [74] explored whether EPS is statistically more powerful than using

the whole distribution when analyzing quantitative traits. In their study, a population
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measured on a specific quantitative trait was modeled using a dominant/recessive

model and an additive model. A bi-allelic genetic variant was assumed. Under the

dominant/recessive model, the phenotypes for the two genotype classes were assumed

to be normally distributed with mean that depended on the genotype, while for

the additive model, three normally distributed subgroups with different means were

assumed. Thus the marginal distribution of the phenotype was not itself normal but

an admixture of normals. Subsamples consisting of the 2.5%, 5%, and 10% extremes

were created and contingency tables of genotype by high/low phenotype category were

analysed. Odds ratios were computed for scenarios having varying parameters such as

the total sample size of the phenotyped group, allele frequency of the A alelle (0.1 to

0.9 in steps of 0.1), the mode of inheritance and the proportion of variance explained

by the quantitative trait loci. As expected, the computed odd ratios increased as the

extreme phenotype cutoff decreased; higher power is therefore expected.

For samples collected under the EPS design, the most straightforward approach

for analysis is to consider the extremes as a binary trait; chi-square tests or logistic

regression are often used to analyze such data. For example, Emond et al. [17] used

logistic regression to test for association between the phenotype groups and variant

scores collapsed by the gene. We will now review some additional analysis approaches

that have been proposed specifically to handle EPS data.

1.3.1 EPS as a binary trait

Slatkin et al. [64] proposed a procedure for analyzing a slightly different design that

consisted of samples from an extreme and a random sample from the same cohort.

He developed two tests and combined the p-values from these tests to form an overall

test. The first test compared the allele frequencies between the selected samples and
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a random sample from the population and the second test compares the mean trait

values among individuals with different genotypes using only those in the selected

sample. Slatkin compared his test to a t-test and showed that his tests were more

powerful than when the t-test was applied to a random sample with the same number

of individuals. Chen et al. [11] improved Slatkin’s design by replacing the random

samples with a sample of individuals with unusually low trait values (i.e., an EPS

design). Through simulation studies, they showed that their test was more efficient

than Slatkin’s.

Guey et al. [20] proposed an alternative approach to select extremes based on

liability scores. Liability scores are computed by fitting a regression model to the

data to correlate phenotype with observed non-genetic risk factors available on the

full sample. Using this model, each individual is then assigned a predicted value,

which is contrasted with the true phenotype to obtain a model residual called the

liability score. If the phenotype is disease status, the liability scores are defined as

the Pearson residuals [1]:

yi − π̂i√
π̂i(1− π̂i)

where yi is the observed disease status and π̂i is the predicted probability of disease

from the model for individual i. The individuals are then ranked in terms of their

liability scores and the extremes are selected for sequencing. The selection of extreme

of the liability scores is similar to the selection of extremes of the quantitative traits as

carried out by Lander and Botstein [32] and Van et al. [74]. To estimate the power to

detect a genetic association using a two tailed Fisher’s exact test, they computed the

proportion of simulations that gave rise to a rejection of the null hypothesis for a spec-

ified significance level. The simulation study showed results similar to [74]. Higher

liability thresholds systematically increased the frequency of the genetic risk factor
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in the affected individuals and decreased the frequency in unaffected individuals.

In the studies reviewed here, the extremes were treated as two groups and there-

fore the phenotype was binary. Treating the extremes as “cases” and “controls’” and

using methods for binary response variables is a simple technique that is commonly

used in this context. It is tempting to use the raw phenotype values measured on the

extreme groups in subsequent analyses. However, Lin et al. [36] showed that using

the actual trait values in an analysis without first accounting for the sampling could

lead to increased type-1 error.

1.3.2 EPS analysed as a quantitative trait

Lin et al. [36] developed methods of analysis under EPS based on a primary trait ob-

served on a cohort. Their approach also applied to studies where secondary traits were

also measured on the same cohort. Genotypes were only measured on extremes based

on the primary trait. Their approach employed an EM algorithm [13] to compute

the maximum likelihood estimates of effects of genotype on primary and secondary

traits. EM is usually employed when the maximum likelihood estimates cannot be

easily obtained using the standard maximum likelihood techniques due to incomplete

or missing data. Background on the use of an EM algorithm in handling missing

data is provided in Section 1.5.3. The algorithm was used here since the genotypes

of those not in the extremes are effectively missing. The genetic variable of interest,

denoted G, was only available on the subset of size n1. They also assumed a set of

covariates, such as ancestry related variables, denoted Z, that are also available on the

n1 selected samples. The secondary trait, Y2, can be potentially available on all the

cohort subjects or on just the genotyped n1. This implies that there will minimally

be some data missing from Z and G. Y1 and Y2 can be formulated from the bivariate
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linear model given as:

Y1 = β1
TG+ γ1

TZ + ϵ1 and Y2 = β2
TG+ γ2

TZ + ϵ2

and the observed data likelihood is:

n1∏
i=1

P (Y1i|Gi, Zi)P (Gi, Zi)
n∏

i=n1+1

∑
g,z

P (Y1i|g, z)P (g, z)
n∏

i=1

P (Y2i|Y1i, Gi, Zi)

where P is the conditional density function of the two trait variables. The summation

in the middle is over possible values of g and z for the portion of the sample with

phenotype values in the middle of the distribution (where g and z are missing). The

parameters for the primary traits were obtained from the first two expressions of the

conditional density function while the last expression gives us the parameters for the

secondary observations.

1.3.3 Effects of population stratification in EPS

Spurious associations due to population stratification are a problem in both case con-

trol and quantitative trait analysis. However, it was unclear the extent to which the

EPS design is affected by population stratification. To quantify false positive associ-

ation rate due to EPS, Panarella and Burkett [52] compared the false associations in

an EPS sample to an equivalently sized random sample from the same population.

This work is now summarized as it is background for Chapter 2.

Assume a population of size N which consists of 2 subpopulations. Within

subpopulation, assume that the phenotype is normally distributed. Let Yij represent
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the phenotype of an individual j in population i, i = 1, 2; i.e

Yij ∼ N(µi, σ
2) j = 1, . . . ji,

µ1 = −µ2 and assume that σ2 = 1. Assume a biallelic genetic locus under Hardy-

Weinberg equilibrium (HWE). HWE describes the distribution of the allele frequen-

cies in a population. Under an independence assumption, for a diallelic locus with

alleles A and a, let pi represent the frequency of the A allele and 1 − pi for the fre-

quency of the a allele in each of population 1 and 2. Then assuming the conditions

of HWE are met, the genotype frequencies in population i are given by:

P (G = AA) = p2i

P (G = Aa) = 2pi(1− pi)

P (G = aa) = (1− pi)
2

Let ωi represent the proportion of the full population from population i; therefore,

ω1 + ω2 = 1. For a random sample of size n from the full population, the number of

individuals sampled from population 1 is expected to be nω1 and nω2 individuals are

expected to be sampled from population 2. The genotype counts within a subpopu-

lation follows Hardy-Weinberg proportions and so the counts in the full population

are given by:

nAA = n(ω1p
2
1 + ω2p

2
2)

nAa = 2n(ω1p1(1− p1) + ω2p2(1− p2))

naa = n(ω1(1− p1)
2 + ω2(1− p2)

2)
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The distribution of the phenotypes is a mixture of two normal distributions which

is given by:

F (y) = ω1Φ(
y − µ1

σ
) + ω2Φ(

y − µ2

σ
).

Due to population stratification, the phenotype distribution conditional on genotype

category is a mixture distribution with normal components.

F (y|G = AA) = F (y|i = 1, G = AA) Pr(i = 1|G = AA)

+ F (y|i = 2, G = AA) Pr(i = 2|G = AA)

=
w1p

2
1

w1p21 + w2p22
Φ(

y − µ1

σ
) +

w2p
2
2

w1p21 + w2p22
Φ(

y + µ1

σ
)

= p1|AAΦ(
y − µ1

σ
) + p2|AAΦ(

y + µ1

σ
) (1.3.1)

F (y|G = Aa) = p1|AaΦ(
y − µ1

σ
) + p2|AaΦ(

y + µ1

σ
)

F (y|G = aa) = p1|aaΦ(
y − µ1

σ
) + p2|aaΦ(

y + µ1

σ
)

where pi|g denotes the probability of being in population i given genotype G. Given

the phenotype distribution conditional on genotype, Panarella and Burkett [52] de-

termined the expected counts in the phenotype extremes for the three different geno-

types. With these counts, the probability of rejecting the null assuming a Pearson

chi square test could be analytically computed since a closed form expression for the

non-centrality parameter could be derived. However, a simulation study was carried

out because it was not possible to analytically compute the false positive rate for the

random sampling scheme. This is because the probability of rejecting the ANOVA

statistic requires the distribution of the phenotypes conditional on genotypes, which

is not Gaussian as seen in equation 1.3.1. Codominant, recessive and additive models

were used for model evaluation. For each of these models considered, for the EPS
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sample, the Cochran Armitage trend test, χ2 test and a difference of proportions

test was used for association testing. For the random sample, an ANOVA or linear

regression was performed. The simulations were performed for combinations of mean

phenotype values (µi), population mixing proportions (ωi) and major allele frequen-

cies (p1, p2). For example, for α = 0.05, µ1 = 0.1(µ2 = −µ2) and p1 = p2 = 0.5, the

false positive rate equaled the nominal value of 0.05 which is expected since there was

no form of population differentiation. For differences in the major allele frequencies,

the false positive rates under an EPS study increased rapidly compared to the random

sample. Specifically, when p1 = 0.5 and p2 = 0.9, the false positive rate for the EPS

design is 0.5 while for the random sample it is 0.2. The tests were performed under all

three genetic models considered and a similar pattern of results were obtained with

the recessive model showing the lowest values. Therefore, when compared to random

sampling, EPS sampling results in even higher false positive rates due to population

stratification than with random sampling.

To assess PC-based correction for population stratification under the EPS design,

Panarella and Burkett [52] simulated genotype data as in Price et al. [57]. They found

that including the top principal components in a logistic regression model is sufficient

for controlling the type 1 error rate and that the effects of confounding were not

reduced even when the sample size was increased.

In Chapter 3, we extend this work to linear mixed models.
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1.4 Linear Mixed Models in Genetic Association

Studies

Linear mixed models (LMMs) have emerged as a powerful statistical tool for genetic

association studies, offering enhanced capability to account for population stratifi-

cation and cryptic relatedness and have largely replaced PCA as the tool of choice

for population stratification correction [58]. This section will provide an overview of

linear mixed models in the context of genetic association studies, highlighting their

advantages, key components, and applications

Linear Mixed Models (LMMs) are statistical models that incorporate both fixed

effects, which capture the effects of specific variables of interest, and random effects,

which account for correlations within the data. An LMM can be generally expressed

as:

y = Xβ +Zb+ ϵ (1.4.1)

where y is a vector of observations, X is a matrix of known covariates, β is a vector of

unknown regression coefficients, which are often called the fixed effects, Z is a known

matrix, b is a vector of random effects and ϵ is a vector of residual errors. Both b and

ϵ are unobservable. A basic assumption in the LMM is that b and ϵ have zero mean

and finite variances.

Jiang [26] have classified LMMs as Gaussian or non-Gaussian. Gaussian LMMs

assume that the random effects and residual errors are normally distributed. These

forms of models are flexible in modelling compared to the non-normal counterparts.

They can be further classified into ANOVA models, longitudinal LMMs and marginal

LMMs.
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Longitudinal linear mixed models are often used in the analysis of longitudinal

data. One feature of these models is that the observations may be divided into inde-

pendent groups with one random effect (or vector of random effects) corresponding to

each group. In practice, these groups may correspond to different individuals involved

in the longitudinal study. There maybe some serial correlations within each group

which are in addition to the random effects. A general longitudinal model may be

expressed as:

yi = Xiβ +Zibi + ϵi, i = 1, . . . ,m (1.4.2)

where yi represents the vector of observations for the ith individual; Xi and Zi are

known matrices associated with the fixed and random effects for a subject i; β is

an unknown vector of regression (fixed effects) coefficients; bi is a vector of random

effects; and ϵi is a vector of errors. It is assumed that bi and ϵi, i = 1, . . . ,m are

independent with bi ∼ N (0,Gi) , ϵi ∼ N (0,Ri), where the covariance matrices Gi

and Ri are known up to a vector θ of variance. Longitudinal LMMs could also have

time dependent covariates which may appear in X , Z or in both matrices.

In genetic association studies, linear mixed model based approaches have been

recently applied as an alternative method to principal component based approaches

when adjusting for genetic relatedness in seemingly unrelated individuals [18]. The

key idea behind using LMMs to correct for population stratification is that they

allow for the use of a genetic relatedness matrix (GRM), which quantifies the degree

of genetic similarity between pairs of individuals. The GRM is calculated based on

genome-wide genetic data, typically using single nucleotide polymorphisms (SNPs).

It captures the underlying genetic structure within the study population and serves to

effectively model the correlation structure induced by hidden population substructure
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or relatedness. We provide more details on the GRM in Section 1.4.1.

Mixed models were first applied to association mapping in maize, Arabidopsis,

and potato panels, where a reduction in false positive associations compared to ge-

nomic control, structured association, and principal components methods was demon-

strated [83, 85, 43]. However, the mixed model methods developed at the time had

several limitations in the context of model organism association mapping. These lim-

itations included potential inaccuracies in the computation of variance components

and the high computational cost associated with the numerical optimization methods

used [28]. These challenges led to the proposal of a new, more efficient mixed model

method—EMMA (Efficient Mixed Model Association)—which was designed to cor-

rect for population structure and genetic relatedness in model organism mapping [28].

The model developed in EMMA laid the foundation for the use of LMMs in genetic

association studies. The general form of LMM used in genetic association studies as

given in Kang et al. [28] is of the form:

y = Xβ +Zb+ ϵ (1.4.3)

where y is an n × 1 vector of observed phenotypes, and X is an n × q matrix of

fixed effects including the intercept, SNPs, and confounding variables. β is a q × 1

vector representing coefficients of the fixed effects. Z is an n × t design matrix, b

is the random effect of the mixed model with Var(b) = σ2
bK, where K is the n × n

GRM estimated from genotypes , and ϵ is an n × 1 matrix of residual effect such

that Var(e) = σ2
ϵ In. Hence, the overall phenotypic variance-covariance matrix can be

represented as V = σ2
bZKZ ′ + σ2

ϵ In.

In population based genetic association studies where the population consists
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of large number of individuals from the same population background, applying an

efficient implementation of a variance component method such as EMMA [28] could

be computationally intractable for large datasets consisting of thousands of individ-

uals due to the heavy computational limitation involved with the estimation of the

variance parameters. Computational adjustments were made to the EMMA method

which reduced the computational burden thus increasing the speed of computation

and making human genetic association possible at the GWAS level. The improved

expedited method from EMMA known as EMMAX (EMMA-eXpedited) leverages on

the characteristics of complex traits in humans, namely the estimation of variance

parameters only once for each dataset and then globally applying it for each marker.

The models explored in EMMA and EMMAX provide approximate results with per-

SNP computation time increasing quadratically with the number of individuals, it is

hard to know how accurate these approximations are without an exact computation

method. Hence, an exact efficient method that provides identical results to EMMA

roughly n times faster was proposed. GEMMA - Genome wide efficient mixed model

association makes exact computation for large GWAS feasible thereby eliminating

the need for approximate methods [86]. GEMMA is based on the LMM model:

y = Wα+ xβ + Zb+ ε (1.4.4)

where:

b ∼ MVNm

(
0, λτ−1K

)
ε ∼ MVNn

(
0, τ−1In

) (1.4.5)

where n is the number of individuals, m is the number of groups, strains or clusters,

y is an n1 vector of quantitative traits, W = (w1, w2. . . wc) is an n × c matrix

of covariates (fixed effects) including a column vector of 1, α is a c × 1 vector of
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corresponding coefficients including the intercept, x is an n × 1 vector of marker

genotypes (SNPs), β is the effect size of the marker, Z is an n×m loading matrix, b

is an m× 1 vector of random effects, ϵ is an n× 1 vector of errors, τ−1 is the variance

of the residual errors, λ is the ratio between the two variance components, K is a

known m ×m relatedness matrix, In is an n × n identity matrix and MVN denotes

multivariate normal distribution.

In genetic studies involving human populations, where m = n, the matrix Z is

typically an identity matrix In. This specification differs from the usual m × n Z

matrix seen in typical longitudinal LMMs, where n corresponds to groups, clusters

or time points. Despite this difference, the LMM used in GEMMA remains an iden-

tifiable model. The identifiability of the model depends on the proper specification

of the variance components and the relatedness matrix K which ensures that the

contributions of fixed and random effects can be distinctly and accurately estimated.

The use of Z = In simplifies the model by directly linking the random effects to the

individuals, allowing the variance components to be uniquely estimated. Estimation

of the fixed effect (α, β) and random effect parameters b is achieved through standard

maximum likelihood estimation (MLE) and restricted maximum likelihood estima-

tion (REML) approaches, as described in [86]. These methods are well-suited to the

LMM structure, ensuring that the model parameters can be correctly estimated even

in the context of large-scale genetic association studies. Iterative methods like the

EM algorithm have also been used to obtain the MLEs and in Chapter 3, we provide

background on the EM approach.

Although LMMs have been widely used to correct for population structure in

genetic association studies, they are not without limitations. LMMs can be computa-

tionally demanding, especially when applied to large-scale genetic association studies
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involving thousands or millions of genetic variants and individuals [27]. Performing

the necessary matrix operations for each variant and computing the GRM can be

time-consuming and can require a significant amount of computational resources. In

practice, this complexity and burden can limit the scalability and practicability of

LMMs, especially for studies where computational infrastructure is a concern. To

solve this problem, several implementations of the LMM in genetic association stud-

ies have emerged over the years. Examples of these methods includes EMMA [28],

EMMAX [27], BOLT-LMM [40], GEMMA [86] and FASTLMM [37]. These methods

have one feature in common: they all aim to improve the computational complex-

ity associated with using LMMs in a GWAS. In Eu-Ahsunthornwattana et al. [18], a

comparison of the performance of these methods was carried out and it was discovered

that they all perform quite similarly in terms of the type 1 error and/or power, hence

considerations such as speed and ease of use should be the factors to be considered

when choosing a method to use.

1.4.1 Genetic Relationship Matrix for LMMs

In quantitative genetics, the Genetic Relationship Matrix (GRM) is a fundamental

tool for quantifying the genetic relatedness among individuals in a population. It

plays a crucial role in linear mixed models (LMMs) by accounting for the genetic

covariance structure among individuals [65].

Let K denote the GRM, which is a symmetric n × n matrix, where n is the

number of individuals in the population. Each element kij of K represents the esti-

mated genetic covariance between individuals i and j. Methods for computing the

GRM matrices are broadly divided into SNP-based and haplotype-based. SNP-based

statistics, sometimes referred to as identity by state (IBS) methods, can be distin-
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guished from haplotype-based methods (identity by descent (IBD) methods) using the

idea of linkage. In this thesis, we consider only SNP-based measures for the GRM.

If Xs is a standardized n×p matrix of genotypes, a common method to compute

a GRM is using:

K =
1

p− 1
XsX

′
s

where p is the number of SNPs. Some genetic software that incorporate the compu-

tation of GRMs into their program include GEMMA [86] and Gaston [5].

1.5 Concepts in Computational Statistics

The analysis of genetic data using LMMs are often computationally intensive for a

number of reasons. LMMs usually involve working with large matrices, particularly

the covariance matrices of the random effects and residuals. When dealing with large

datasets, calculation on the large matrices can be computationally demanding. Also,

the estimation of random effects in an LMM introduces an additional layer of com-

plexity. The random effects, which are like nuisance variables, may require integration

over their distribution, which may not be analytically feasible when the distribution

is complex or multivariate. We now review some methods from computational statis-

tics that are used to facilitate maximum likelihood estimation or hypothesis testing

in this thesis.
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1.5.1 Monte Carlo Integration

Monte Carlo integration is commonly used in statistics as a way of solving complex

integrals. In statistics, integrals are often used to calculate probabilities or expected

values of a random variable. However, in many cases, the integrals are too complex or

have no closed-form solution, making them difficult or impossible to solve analytically.

Monte Carlo integration provides a solution to this problem by using random sampling

to estimate the integral. For more information about the Monte Carlo integration,

see Tanner [69].

The basic idea is to generate a large number of random samples from the dis-

tribution of interest and then use these samples to approximate the integral. To

illustrate this approach, consider the problem of calculating the expected value of a

function f(x) over a continuous distribution p(x). The expected value is

θ = E[f(x)] =

∫
f(x)p(x)dx (1.5.1)

If p(x) is a complex or high-dimensional distribution, it may be difficult to solve this

integral analytically. In this case, Monte Carlo sampling can be used to estimate the

expected value. With a random sample x1, x2, . . . xn from the distribution p(x), the

Monte Carlo estimator of the expectation above is simply the sample mean:

θ̂ =
1

n

n∑
i=1

f(xn) (1.5.2)

where θ̂ is used to denote an estimate of E[f(x)].

One factor affecting the accuracy of the Monte Carlo integration s the number

of samples used in the simulation. Generally, the more samples that are generated,
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the more accurate the estimate will be. However, even a relatively small number of

samples can provide a reasonable estimate of the expected value, making Monte Carlo

sampling a powerful tool for solving complex integrals in statistics.

On the other hand, estimation of some expected values, such as small probabili-

ties, would require a large number of samples. Therefore, variations of Monte Carlo

integration have been developed, such as importance sampling.

1.5.2 Importance Sampling

Importance sampling is an extension of Monte Carlo integration. It was initially

proposed as a means to reduce the variance of the estimators compared to standard

Monte Carlo methods [38]. We consider a situation where we want to calculate the

expectation of a function f(x) where x has a density function p(x). But what if we

can’t sample easily from p(x)? With importance sampling, we are able to estimate

the expectation (θ) based on some known and easily sampled distribution q(x), by a

simple transformation

θ = E(f(x)) =

∫
f(x)p(x)dx =

∫
f(x)

p(x)

q(x)
q(x)dx.

Therefore, we can estimate θ with

θ̂ ≈ 1

m

m∑
i=1

f(xi)
p(xi)

q(xi)

where x is now sampled from q(x) and q(x) ̸= 0. The quantity
p(x)

q(x)
is known as the

importance sampling weight to offset the sampling done from a different distribution,
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and q(x) is known as the “proposal distribution”. When using importance sampling,

it is important to carefully select the proposal distribution so that the variance of

the estimator is not too large. The density q(x) should be similar to p(x) but with

thicker tails so that the ratio
p(x)

q(x)
doesn’t get large [19].

1.5.3 The EM algorithm

The EM algorithm first appeared in the paper by Dempster et al. [13]. It was

presented as a general approach to the iterative computation of ML estimates by

viewing the observations as incomplete data [13]. Its popularity is partly due to its

simplicity and also because a wide range of problems can be modified to fit into the

incomplete data umbrella. The name of the method is obtained from the two iterative

steps that make up the algorithm: an E-Step and an M-step.

A key idea in formulating the EM algorithm is the concept of the “complete

data”. These consist of the observed data denoted by y and the unobserved (missing)

random variables or vector of random variables denoted as Ω. Let w = (y,Ω) denote

the complete data with a probability density function f(w;θ) which depends on a

vector θ of unknown parameters. The E-step of the algorithm computes the function

Q, the conditional expectation of the complete data given the observed data and the

current parameter estimates:

Q(θ | θ(t)) = E
{
log f(w;θ) | y,θ(t)

}
(1.5.3)

where θ(t) is the estimated θ at the tth iteration. In the M-step, one maximizes

Q(θ | θ(t)) with respect to θ to obtain the next step estimator, θ(t+1). The process

is then iterated until convergence. It should be noted that the missing data must be
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chosen appropriately so that the maximum likelihood estimation becomes trivial for

the complete data [26].

1.6 Missing Data Mechanisms

Missing data is a common challenge encountered in genetic data analysis, as a result

of factors such as genotyping errors, sample dropout, or the unavailability of certain

measurements. Methods for studying missing data often depend on the pattern of

missingness and the mechanism that generates the missing values. The missing data

pattern describes which values are observed and which values are missing in the data

matrix while the missing data mechanism concerns the relationship between missing

data and the values of variables in the data matrix. Missing data mechanisms can be

categorized as: missing completely at random (MCAR), missing at random (MAR),

and missing not at random (MNAR). We will give a brief discussion on these missing

data mechanisms; for more information, see Little and Rubin [38] and Rubin [62].

Consider a dataset that consists of a vector of responses y = (y1, . . . yn) that may

contain missing values and an n × p matrix X = (x1, . . . xn) of completely observed

explanatory variables.

The missing values of yi are MCAR if the probability of observing yi is inde-

pendent of X and the values of yi that are observed or would have been observed.

Under MCAR, the missingness pattern is entirely random and occurs by chance. Sta-

tistical analyses that assume MCAR typically do not introduce systematic bias into

the results, as the missingness is not connected to any underlying data characteris-

tics. Under MCAR, the missing data mechanism takes the form f(ri|Xi,Φ) where

Φ is a vector of unknown parameters and Ri = (Ri1 . . . Rim)
′ are the missing data
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indicators; Rij = 1 if Yij is observed and 0 otherwise. As an example of MCAR,

in a large epidemiological study investigating the relationship between smoking and

lung cancer, a batch of questionnaires was accidentally lost due to a clerical error or

during data collection. If the lost questionnaires were from a random subset of par-

ticipants, regardless of their smoking status or lung cancer diagnosis, this would be

an example of MCAR. The missing data are completely unrelated to any participant

characteristics.

Missing data is said to be MAR if given the observed data, the failure to observe

a value does not depend on the values of y which are unobserved. While MAR ac-

knowledges that the missingness is not completely random, it offers the opportunity

to use the observed data to predict and potentially impute the missing values. Ig-

noring MAR and performing analyses based solely on complete cases can introduce

bias if the missingness mechanism is not accounted for properly [38]. Under MAR,

the missing data mechanism is represented as: f(ri|Xi, yobs,i,Φ) where yobs,i denotes

the observed components of yi. Consider a study on the effect of physical activity on

obesity. Suppose that data on physical activity levels are more likely to be missing

for older participants. However, within each age group, the likelihood of missing data

does not depend on their obesity status or other health outcomes. In this case, the

missingness is related to age (an observed variable) but not directly to the unobserved

physical activity data. This is an example of MAR.

The missing data mechanism is said to be NMAR if the failure to observe a value

depends on the value that would have been observed. Here, the probability of data

being missing is related to the unobserved values themselves, even after accounting

for observed data. The mechanism here is f(ri|Xi, yobs,i, ymis,i,Φ). For example, in

a cohort study on alcohol consumption and liver disease, individuals who consume
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alcohol heavily might underreport or skip questions about their alcohol intake. This

missing data is directly related to the level of alcohol consumption itself, making it

MNAR

In the work presented in this thesis, we consider data missing MCAR and MAR

only.

1.7 Overview of the thesis

This thesis is organized as follows:

In Chapter 2, we evaluate the performance of existing mixed model method-

ologies to handle confounding by population stratification within the context of EPS.

While these methodologies have undergone extensive use in scenarios involving con-

tinuous variables and case-control studies, their applicability in situations where ge-

netic covariates are exclusively available for samples exhibiting extreme values of the

response variable remained unexplored. The mixed model methodologies employed

in this investigation include the Linear Mixed Models (LMMs), Generalized Linear

Mixed Models (GLMMs), and Liability Threshold Models (LTMs). The primary ob-

jective of this study was to conduct a comparative analysis of the efficacy of these

methodologies in controlling Type 1 errors attributed to population stratification

within the EPS data framework, and the response variable represented as a binary

trait (high and low extreme). This study begins with an overview of mixed model

methodology that is applicable to binary response variables. To assess Type 1 error

rates and statistical power, simulation studies were employed. As a practical appli-

cation of these mixed model techniques, we also examined their use in the context of

a prostate cancer study. Specifically, we employed these methodologies to assess the
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relationship between the BMI phenotype and genotype data in the ProTEUS study

[73].

In Chapter 3, we present a novel approach based on the EM algorithm to

estimate genetic effects in a LMM in the presence of missing genotype data. This

work was initailly motivated as an extension of the Lin [36] linear model based method

for EPS data to the linear mixed model context. Our algorithm is also applicable to

sporadically missing genotype data. Our model draws upon the method of weights,

as proposed by Ibrahim and Lipsitz [24] which involves assigning “weights” to the

missing categorical covariates. We adapt this to the context of linear mixed models

for genetic data analysis to effectively address the population structure inherent in

population-based genetic association studies. In order to test the significance of the

genetic effect, we devised a likelihood ratio test and Wald test statistic through a

Monte Carlo sampling approach.

In Chapter 4, we evaluate the performance of our Expectation-Maximization

(EM) approach, which we call EM-LMM, using data simulated under various sce-

narios and conditions. We simulated datasets with a population genetics model that

reflects population structures commonly encountered in genetic association studies.

We considered scenarios where genotype data were missing due to both EPS and

sporadic missingness. We assessed the algorithm’s performance in estimation of the

model parameters, control of type 1 error rates and statistical power. We applied

our approach in a real-world application to analyze a prostate cancer dataset [53]

considered in Chapter 2. Our primary aim was to conduct a GWAS using the EM-

algorithm, considering both an EPS design and a randomly missing scenario to mimic

real world data complexities. By comparing the parameter estimates obtained from

the EM algorithm to those derived from a traditional LMM model, we sought to
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assess the algorithm’s effectiveness.

In Chapter 5 we summarize the work presented and we describe future research

directions.



Chapter 2

Application of Mixed Model

Methods in Correcting for

Population Substructure

Population substructure is a broad term used in population genetics to refer to the

phenomenon of systematic variation of the allele frequencies across individuals in the

population. Population substructure includes population stratification, population

admixture and cryptic relatedness [31] and if not properly accounted for, it can lead

to spurious associations between genetic variants and phenotypes.

Recall that EPS designs were shown to have higher false positive rates compared

to random sampling and that PC-based corrections adequately corrected the type

1 error except with rare variants Panarella and Burkett [52]. In this chapter, we

present our work on the use of mixed model based approaches for correcting for

population structure in extreme phenotype samples. The term “mixed-models” as

used in this thesis refers to both linear mixed models (LMMs) and generalised linear

34
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mixed models (GLMMs). The use of LMMs for correcting for population stratification

has been reviewed in section 1.4. GLMMs are an extension of LMMs such that allow

the response variable to come from different distributions besides Gaussian. As with

GLMs, rather than modelling the responses directly, a link function is used to specify

the relationship between the response and covariates.

Although LMMs offer a powerful approach to address population structure by

explicitly modelling both the fixed effects (such as covariates and genetic variants)

and the random effects (such as the genetic relatedness among individuals), they

are computationally intensive. This has resulted in the development of a number of

exact and approximate solutions designed to make LMM-based analyses feasible at

the genome-wide level. All these methods assume continuous data.

Given the increasing popularity of mixed model based approaches, this chapter

presents our investigation of the efficacy of mixed model based approaches to correct

for confounding due to population stratification in the EPS context. Firstly we re-

view mixed model based approaches for correcting for population stratification with

a binary response variable. Secondly, we evaluate whether mixed model based correc-

tion is sufficient for controlling the inflated false positive rate due to confounding by

population stratification under an EPS design. Using simulation studies, we estimate

the type 1 error and power for both common and rare variants method. Third, we

compare performance on all methods on a prostrate cancer dataset.

This work has been published in a BMC Genomics article titled “Comparison

of mixed model based approaches for correcting for population substructure with

application to extreme phenotype sampling” [50]. The published article has been

copied in Section 2.2. The format of the journal requires that the methods be placed

at the end of the article; therefore the methods are described on the 7th page of the
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article.

2.1 Author Contributions

I am the first author and as such I contributed substantially to all aspects of this

work. I designed the study, outlining the research objectives and identified relevant

methodology. I programmed the simulations utilizing principles and techniques in

statistical computing to ensure the accuracy of the simulations. I conducted the data

analysis on the simulated and real data using R [71] and PLINK [61]. I summarized

and interpreted the results. I also took the lead in drafting the manuscript.

2.2 The BMC Genomics article
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Background
In genetic studies involving human populations, resear-
chers are interested in determining how genetic vari-
ation contributes to disease. Genome-Wide Associa-
tion Studies (GWAS), which involve genotyping a large
number of individuals at hundreds of thousands of
genetic markers, have been useful for discovering rela-
tionships between common variants and complex dis-
eases. Recently, sequencing has been used to discover
rare variants associated with human traits [1]. Although
the cost of genetic association studies has decreased
over the years, some technologies, including sequenc-
ing, remain relatively expensive [2]. Therefore study
designs that reduce cost while maintaining power are
desirable.
An example of a cost saving design is extreme phe-

notype sampling (EPS), a design where genetic data are
collected only on individuals in the tails of the phenotype
distribution. The use of this study design was proposed
by Lander and Botstein [3] for linkage analysis. Extreme
phenotype sampling was later used for candidate gene
association studies. For example, the EPS design was used
to investigate associations between genetic variants in the
dopamine system genes and cognitive ability [4, 5]. This
study design has also been used in GWAS, for example
in Vermissen et al. [6] to identify genetic risk variants for
coronary heart disease. Recently, EPS has been shown to
be a powerful design to detect rare variants [2, 7–9].
As with all population-based genetic association

designs, extreme phenotype sampling is prone to con-
founding by population structure or stratification. Differ-
ences in allele frequencies among members of a strata or
subgroup in the population may lead to confounding if
there are also differences in the phenotype distribution
between the subgroups. Confounding is known to inflate
the type I error rate, which can lead to spurious asso-
ciations. Methods have been developed that can correct
for the effects of population stratification using genomic
data. The earliest approaches include Genomic Con-
trol [10] and STRUCTURE/STRAT [11]. Principal com-
ponents (PC)-based corrections have also been shown
to be sufficient for controlling the false positive rate
[12, 13].
Mixed model methods have recently become popular

due to their robustness in tackling other sources of con-
founding in the study, in particular cryptic relatedness
[14]. Since mixed model based approaches are compu-
tationally intensive, a number of exact and approximate
linear mixedmodel (LMM)methods have been developed
for use in genome-wide association studies (for exam-
ple, [15–17]). Each of these methods incorporate different
strategies to make the LMM-based analyses feasible at the
genome-wide level. Eu-ahsunthornwattana et al. [18] gives
a comparison of these methods.

In human genetic studies, the phenotype of interest is
often a binary trait, such as presence or absence of dis-
ease. To correct for population stratification, binary traits
are sometimes analysed using LMMs [19–21] even though
the response variable is not continuous. Pirinen et al. [22]
gives a justification of this approach by deriving a map-
ping between the effect size estimates from the linear to
the log-odds scale, which is the natural scale for binary
traits. Although widely applied to binary traits, the LMM
assumes a continuous phenotype with a constant resid-
ual variance. However, for binary traits in the presence of
covariates, this assumption does not hold. Therefore, fit-
ting a binary response with linear mixed models may fail
to correct the type I error rate [23] or result in a loss of
power [24].
Mixed model approaches that do not treat disease sta-

tus as a continuous random variable have recently been
developed. One such approach is based on the liability
threshold model, which assumes that there is an unob-
served normally distributed latent variable known as the
‘liability’ and that individuals having liability values above
a threshold are classified as cases. Liability threshold-
based methods have been implemented in the software
LEAP [25] and LTMLM [26]. These methods estimate
the latent liabilities and association is tested using these
estimated latent response values. The generalized lin-
ear mixed model (GLMM) can also be used to model
binary traits. For example, GMMAT [23] fits a logistic
mixed model to the binary data, while CARAT [27] fits a
retrospective model using a quasi-likelihood approach.
We have previously shown that the false positive

rates due to population stratification are substantially
inflated with EPS designs relative to random sampling
[28]. Therefore, for EPS designs it is very important
to include correction for population stratification. We
have shown that including the top principal compo-
nents in a logistic regression model adequately limits
the type I error rate when the candidate variant was
common; however, there was a slight inflation when
the candidate variant was rare [28]. The mixed model-
based approaches for correcting for population sub-
structure were developed assuming binary traits from
case-control type studies. In particular, the retrospective
and liability threshold approaches model the underly-
ing case-control ascertainment. However, the sampling
scheme used in EPS designs is different from true case-
control designs as both extremes of the phenotype dis-
tribution are included. Therefore, it is unclear whether
these approaches will adequately control the false posi-
tive rate under the EPS ascertainment scheme when there
is confounding due to population stratification. Given
the increasing popularity of mixed model approaches,
it is important to assess their performance in the EPS
setting.
38



Onifade et al. BMC Genomics           (2022) 23:98 Page 3 of 12

In this work, we aim to accomplish two goals. First,
we present an overview of the mixed model-based
approaches for correcting for population stratification
with a binary response variable; we focus on the recently
proposed algorithms LEAP, LTMLM, GMMAT and
CARAT. Second, we compare the performance of these
approaches and an LMM approach (GEMMA [17]) when
the binary data comes from an EPS design.We use simula-
tion to evaluate whether the type I error rate is adequately
controlled when the candidate variant is both common
and rare. We also examine the power of the methods
shown to control the type I error rate. Finally, we compare
these methods when applied to a real dataset collected
as part of a case-control study conducted in Québec,
Canada. The participants were collected from multiple
ethnic groups and therefore we expect confounding by
population stratification with this data.

Results
Evaluation of type I error - common variant
Table 1 shows the estimated type I error rates for the EPS
samples of size 1000, 2000 and 4000, which correspond to
full cohort sample sizes of 5000, 10,000 and 20,000 indi-
viduals. These results correspond to the simulations with
the ‘1’ allele frequency of p1 = 0.25 and p2 = 0.85 and
the phenotypic means of μ1 = 0.07 and μ2 = −0.07 for
subpopulations 1 and 2, respectively. LEAP and GMMAT
show well controlled type I error rates, indicating ade-
quate correction of the population structure in the data.
For both approaches, the estimated type I error rate for
all the sample sizes ranges between 0.041 − 0.052. All but
one of these estimates are slightly lower than the nominal
level of 0.05; however, these small deviations from the true
value can be explained by Monte Carlo sampling error.
The type I error rate for the PCA approach is also close to
the nominal value, though possibly slightly elevated; sim-
ilar results for the PCA based correction were observed
in our previous work [28]. CARAT shows higher type I
error rates than the nominal level of 0.05. The false posi-
tive proportion ranges from 0.089 to 0.102, which is higher
than can be explained by Monte Carlo simulation error
alone. We therefore conclude that CARAT is not able to
adequately correct for population stratification in the EPS
setting.

We also evaluated the LMM approach GEMMA, where
we coded the categorical phenotype as 0 and 1 for the two
extreme groups and treated the 0/1 values as a continu-
ous phenotype. Results in Table 1 show that the estimated
type I error rates were around 0.05, which indicates that
erroneously analysing as a continuous trait does not affect
the correction for population substructure.
Figure 1 shows the results when the ‘1’ allele frequency

of the candidate SNP in subpopulation 2 was varied from
0.5 to 0.9, in increments of 0.1. When p1 = p2 there is
no population stratification; as expected, under this case
the type I error rate of the three methods are all close to
the nominal value of 0.05. GMMAT and LEAP show no
increase in the estimated type I error rates as p2 increases;
the estimated value remains around 0.05. However, for
CARAT the type I error rates increases as the difference
in the allele frequency between the two subpopulations
increases, which again indicates inadequate correction for
population stratification.

Evaluation of type I error - rare variants
Table 2 shows the estimated type I error rates of the Bur-
den (SMMAT-B), SKAT (SMMAT-S), SKAT-O (SMMAT-
O) and Hybrid efficient (SMMAT-E) statistics from
SMMAT assuming a significance level of 0.05. The Bur-
den test had an estimated type I error rate closest to
the specified value (0.062 versus the expected 0.05). The
three other rare variant statistics (SMMAT-S, SMMAT-O,
SMMAT-E) have estimated type I error rates that range
from 0.088 to 0.103. The inflation of the test statistics can
also be seen in the QQ plot of the -log10 of the p-values
(Fig. 2); the results with the Burden statistic appear closest
to the identity line, which is what we would expect under
no association, but there is still evidence of inflated test
statistics. The deviations between the true and estimated
type I error rates cannot be explained by simulation error
alone; we conclude that under EPS, the type I error rate is
not controlled using these rare variant tests.

Evaluation of power
Table 3 shows the estimated power to detect a common
candidate variant when the phenotype also depends on
subpopulation membership. We assessed power only for
the methods with appropriate type I error control and we

Table 1 Estimated type I error rates for the three mixed model approaches for binary traits (LEAP, GMMAT and CARAT), the LMM
method (GEMMA) and logistic regression with principal component based correction (PCA)

Cohort Sample Size (N) Sub-sample Size (0.2N) LEAP GMMAT CARAT GEMMA PCA

5000 1000 0.0405 0.04135 0.102. 0.061 0.0575

10000 2000 0.0417 0.0475 0.089 0.046 0.0605

20000 4000 0.0450 0.0515 0.0945∗ 0.052 0.0555

*Based onm=1999 simulations
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Fig. 1 Type 1 error rates for the three mixed model methods (LEAP, GMMAT and CARAT). The allele frequency in population 1, p1, was fixed at 0.5.
The allele frequency in population 2, p2, ranged from 0.5 to 0.9. The x-axis corresponds to the p2 value. The orange line represents GMMAT, the blue
line represents LEAP, and the green line represents CARAT. The horizontal line indicates the alpha value of 0.05

evaluated two effect sizes. We note that overall power for
all methods will depend on the effect size and sample size;
therefore, we focus on comparing the estimates from each
method to each other rather than on determining if power
overall is high enough. At the larger effect size (β = 0.25),
no method clearly outperforms the others. The estimated
power for all four methods ranges from 0.48 to 0.52. LEAP
has the lowest power and GEMMA the highest. The same
pattern is seen with the lower effect size (β = 0.15); LEAP
is lowest and GEMMA is highest. At the smaller effect
size, GEMMA’s estimated power is about 10% higher than
the next lowest (PCA). If we perform a test of equality of
proportions estimated for GEMMA and PCA, we would
reject the hypothesis that they are equal.

Extreme BMI phenotype in the prostate cancer
case-control study
Figure 3 shows the QQ plots of − log10 of the p-va-
lues from LEAP, GMMAT, GEMMA and the uncor-
rected logistic regression implemented in PLINK for
the genome-wide association study using the extremes
of the BMI phenotype from the prostate cancer case-
control study. For reference purposes,Manhattan plots for

each method are provided in Supplementary Figures 1-4
(Additional files 1, 2, 3 and 4), respectively.
The results from LEAP, GEMMA, and GMMAT show

well controlled type 1 error rates; in Fig. 3, the majority
of p-values tend to fall close to the identity line although
again GMMAT may slightly over-correct. The correction
for relatedness does seem to alter the results; we can
see that the points for the methods that offer correction
(GMMAT, GEMMA and LEAP) are all below the points
for the method which doesn’t correct (PLINK).

Computational time andmemory usage
We compared the computational time and memory
requirements for LEAP, GMMAT, GEMMA and CARAT

Table 2 Estimated type I error rates for the rare variant mixed
model methods implemented in SMMAT

SMMATMethod Estimated Type I Error Rate

Burden (SMMAT-B) 0.0617

SKAT (SMMAT-S) 0.1039

SKAT-O (SMMAT-O) 0.1024

Efficient (SMMAT-E) 0.0883
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Fig. 2 Quantile-Quantile Plots of the − log10 of the p-values from the
four SMMAT rare variant association tests (Burden, SKAT, SKAT-0 and
Efficient)

on a dataset of n = 1000 individuals. With the excep-
tion of GMMAT, the methods included GRM calculation
as part of the algorithm. For GMMAT, we used the GRM
computed by GEMMA; this extra step increases the over-
all computational time. The average time (across simula-
tions) to complete an association test on a single candidate
SNP was approximately 22 seconds for GMMAT, 19 sec-
onds for GEMMA, and 13 seconds for LEAP. Although
the times are similar when analysing a single SNP, these
differences between run times would be quite noticeable
for a GWAS analysis. CARAT’s run time was significantly
longer at over 5 minutes per dataset; we therefore were
unable to complete the same number of simulations for
CARAT at the larger sample size (4000 samples from
the phenotype extremes). Memory usage was compara-
ble between methods, though LEAP’s usage was higher
(GMMAT: 3 GB, GEMMA: 2 GB; LEAP: 4.25 GB; CARAT
1.34 GB).

Table 3 Estimated power for detecting a causal variant of two
different effect sizes (β = 0.15 and β = 0.25) in the presence of
population stratification

Method
Estimated Power

β=0.15 β=0.25

LEAP 0.31 0.48

GMMAT 0.34 0.51

GEMMA 0.44 0.52

PCA 0.35 0.49

Fig. 3 Quantile-Quantile plot of population stratification adjusted
GMMAT, LEAP, GEMMA and uncorrected PLINK in the GWAS analysis
of the case-control dataset

Discussion
In this work, we compared the performance under an EPS
design of several mixed model-based association methods
for binary phenotypes. We estimated the type I error rate
for all methods under both a common variant and a rare
variant scenario. We evaluated power for those methods
with appropriate type I error control and we compared
the computational requirements of the methods. We also
applied the methods to a real dataset that was known to
have population substructure.
For common variants, our simulations showed that

methods based on the generalized linear mixed model
(GMMAT), the LMM (GEMMA) and the liability thresh-
old model in conjunction with an LMM (LEAP) all have
a type 1 error rate that is close to, or at least not higher
than, the specified value. Although, Chen et al. [23] note
that the liability threshold mixed models may fail to con-
trol the type 1 error rates in the presence of moderate
to strong population stratification, we did not observe
such inflation in our simulations even when confounding
due to population stratification would have been severe.
On the other hand, we found that CARAT, which uses
a retrospective model and a quasi-likelihood framework,
did not adequately control the type 1 error rate. The
CARAT method is based on a retrospective approach
where the case-control ascertainment is modeled [24].
Though this is an appropriate approach for a true case-
control design, extreme sampling represents a different
type of ascertainment and therefore the retrospective
model may not be appropriate in this case.
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For rare variants, the type 1 error rate was inflated rel-
ative to the specified level for all statistics implemented
in the GLMM-based approach SMMAT. The burden test
had type 1 error closest to the nominal value of 0.05, which
may be explained by the lower power of the burden test
overall relative to the optimized variance component tests
like SKAT-O [29] (SMMAT-O). Under population strat-
ification there is a true difference between the genotype
distributions in the two extreme groups, though this dif-
ference is not due to a causal association between the
genetic variant and the phenotype. Therefore, methods
that have higher power overall, like SKAT-O, will be more
likely to detect this false association. Studies have shown
that the inflation due to population stratification is higher
with rare variants than with common variants (for exam-
ple, [30]). Using a SKAT-type method incorporating a
mixed model-based correction with common variants has
been shown to adequately control the type 1 error under
random sampling [31]. However, EPS inflates the effects
of population stratification to a greater extent than ran-
dom sampling [28]; therefore, conclusions drawn about
corrections with rare variant approaches under random
sampling scenarios may not apply to the EPS setting. In
addition, the SNPs we simulated for the GRM calculations
were all common. It is possible that in the context of EPS, a
mixture of rare and common variants for capturing ances-
try might have better type 1 error control since it was
shown to be slightly conservative in the random sampling
setting [31].
We also investigated the performance of LEAP,

GMMAT and GEMMA for detecting genetic variants
associated with the extremes of BMI in the prostate can-
cer case-control study. Although we do not know whether
there are true associations in this dataset, we note that
LEAP, GMMAT and GEMMA all have different genome-
wide p-value distributions than the uncorrected results
(logistic regression with PLINK), and that the corrected
distributions appear to have less overall inflation of the
test statistics. However, the results for GMMAT indicate
a slight over-correction. In our common candidate vari-
ant simulations, we also observe some over-correction
with both GMMAT and LEAP at the smaller sample sizes.
Therefore, it is possible that the over-correction can be
explained by the small sample size of the BMI EPS dataset.
The use of LMMs for binary traits has been discour-

aged due to the fact that this approach ignores the mean-
variance relationship of the binary model and instead
assumes a constant relationship [23]. Chen et al. [23]
demonstrate both an increase and decrease in false pos-
itives with an LMM approach on a stratified asthma
dataset by separating cases where the variance of theMAF
was higher/lower in one ethnic group relative to remain-
ing groups. In our simulations, GEMMA’s LMM approach
did not have an inflated false positive rate even under

moderate to strong population stratification; though we
note that our simulations were not designed to inves-
tigate this thoroughly. For example, in our simulations
we did not vary the proportion of the full cohort from
each subpopulation. In addition, in the real data anal-
ysis of the BMI phenotype, the results from GEMMA
were actually closest to what would be expected if there
were no true associations. Therefore, for both the simu-
lated and real data, GEMMA had very good correction
of the false positive rate when compared to the other
methods.
A weakness of our simulation is the use of the Bald-

ing Nichol’s model in simulating genotype data for GRM
estimation. The Balding’s Nichols’s model allows the allele
frequencies to differ between the subpopulations and
guarantees a specific Fst value. However, for a given SNP,
the actual allele frequency difference between the two
subpopulations is small. In real data, some SNPs are highly
differentiated between subpopulations [32]; these types of
SNPs would not be simulated under this model.
In this study, we model the extreme phenotypes as

binary and use methods suitable for analysing case-
control or binary data. However, Barnett et al. [33] point
out that analysing extremes as a binary phenotype rather
than using the quantitative values might lead to a reduc-
tion in power to detect genotype-phenotype associa-
tions. However, if using the quantitative phenotype values,
the extreme sampling mechanism must be modeled. For
example, Lin et al. [34] showed that parameter estimates
from the linear model are biased when the quantita-
tive phenotypes are naively analysed without account-
ing for the sampling. Linear model-based methods that
model the quantitative phenotype while accounting for
the extreme sampling scheme have been developed [34,
35]. However, no such approach currently exists for the
linear mixed model; this is therefore a topic for further
research.

Conclusions
The mixed model-based methods for population stratifi-
cation correction compared in this study do not all per-
form equally well when the data is taken from an extreme
sampling design. For common variants, LEAP, GMMAT
and GEMMA all had good type I error rates and power;
however, CARAT did not adequately control the type I
error rate. In addition, none of the available mixed model
approaches for rare variants controlled the type 1 error
rate. Therefore, when the data are from an EPS study,
care should be taken to ensure that the underlying models
used in the methods are suitable to the sampling strat-
egy and to the minor allele frequency of the candidate
SNPs. Our study highlights the need for the development
of mixed model-based approaches for population strat-
ification correction that model the underlying sampling
42
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structure of the EPS design and are applicable to variants
of all frequencies.

Methods
Overview of mixedmodel-based approaches for correcting
for population stratification
In this section, we give a brief overview of mixed mod-
els and implementations that incorporate these models to
correct for population structure. We focus on approaches
that are suitable for binary response variables.

The linearmixedmodel and the generalized linearmixed
model
A linear mixed model (LMM) to account for population
substructure and/or hidden relatedness is given by:

Y = Xβ + Zb + ε (1)

where Y is the vector of phenotype values, X is the design
matrix of genetic and non-genetic fixed-effect covariates
including a column vector of 1, β is the vector of regres-
sion coefficients including the intercept, Z is a known
design matrix corresponding to clustering that is the
identity matrix in the simplest case and b is the vec-
tor of random effects. We assume the random effects, b,
are N(0, σ 2

aG) distributed, where G is the known rela-
tionship matrix and σ 2

a is the additive genetic variance,
and ε ∼ N(0, σ 2

e I), where σ 2
e is the error variance

and I is the identity matrix. Therefore, the distribution
of Y is:

Y ∼ N
(
Xβ + Zb, σ 2

aG + σ 2
e I

)
(2)

We can infer from (2) that the matrix G imposes struc-
ture on the covariance matrix of Y ; this forms the basis of
using LMMs to correct for hidden relatedness in GWAS.
With population-based samples, the relationshipmatrixG
is estimated using genome-wide data.
Model (2) can be generalized to handle non-normal

response variables. Given a vector of random effects b, the
response variable Y is assumed to be from a distribution
in the exponential family. That is, for the ith response,

fi(yi|b) = exp
{
yiϕ − b∗(ϕ)

ai(φ)
+ ci(yi,φ)

}

where b∗(.), ai(.), ci(., .) are known functions that depend
on the underlying distribution of Y, ϕ is a parameter that is
associated with the conditional mean μi = E(Yi|b), and φ

is a dispersion parameter whichmay ormay not be known.
The linear predictor is ηi = xiβ + zib, where xi and zi
are the covariates for the ith individual and β and b are as
previously defined. Themean for individual i,μi, is related
to the linear predictor via a link function:

g(μi) = ηi.

In particular, the mixed logistic model for a binary
response variable is given by

logit(pi) = xiβ + zib, (3)

where pi = Pr(Yi = 1|b) and xi, zi and b are as defined
above.

Summary ofmixedmodel implementations
Recently, several mixed model approaches for binary
traits have been developed. In this section, we summa-
rize the different approaches that have been implemented,
which we classify as (i) approaches using the LMM, (ii)
approaches using liability threshold models in conjunc-
tion with the LMM, and (iii) GLMM-based approaches.
We provide more detail on the liability threshold (ii)
and GLMM (iii) approaches since the LMM implementa-
tions (i) have been compared and summarized elsewhere
[18, 36].
(i) Linear Mixed Model approaches
As previously mentioned, LMMs are used with binary

traits even though the response variable is neither normal
nor continuous. In order to fit LMMs in the GWAS con-
text, large sample sizes are required to achieve sufficient
statistical power. Unfortunately, the computational com-
plexity associated with fitting LMMs increases cubicly
with the number of individuals in the model [37]. This
motivated the development of several variations of the
LMMapproach designed to increase computational speed
and in turn make large scale GWAS feasible. Existing
methods include EMMA [15], EMMAX [38], FASTLMM
[16], BOLT-LMM [39, 40], GCTA [41], and GEMMA [17].
Some of these approaches have been designed to handle
some specific forms of binary data. For example, BOLT-
LMM is able to analyse balanced case-control data at large
sample sizes [40].
(ii) Liability threshold models in conjunction with the

LMM
In case-control studies, cases are over-sampled relative

to the disease prevalence. The liability threshold model
(LTM) assumes an underlying but unobserved latent trait
that is normally distributed [42, 43]. Individuals with
latent trait values beyond a threshold, t, are classified as
cases (Y = 1) and all others are classified as controls
(Y = 0). Hence the binary response variable for individual
i, can be written as:

Yi =
{
1 if zi > t
0 otherwise (4)

where Yi is the observed binary trait and zi is the unob-
served liability score, which is assumed to be N(0, 1).
Since the liability scores are not observed, using the lia-
bility threshold model requires first estimating liability
43
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scores for each individual. We now describe two imple-
mentations which differ in how the liability scores are
estimated.
In the algorithm LEAP [25], the liability for individual

i is assumed to be a sum of genetic and environmental
components, zi = gi + ei, where gi = Xt

iβg , Xt
i is the vec-

tor of genotype data and ei ∼ N(0, σ 2
e ). Estimation of zi

is achieved by first fitting a regularized probit model to
estimate the parameters βg . These are estimated with the
maximum a posteriori estimate (MAP), also known as the
posterior mode estimator. The liabilities are estimated by
ẑi = Xt

i β̂g ; these values are then used as the phenotype
values for each individual. Tests for association are per-
formed using a linear mixed model since the liabilities are
assumed to be normally distributed.
LTMLM [26] is similar to LEAP in that it models the

retrospective sampling and uses imputed liability scores;
however, the liabilities are estimated using the posterior
mean of the multivariate liability distribution (PMLs). A
Gibbs sampler is used to sample from this distribution
and the posterior mean is estimated by averaging over the
Monte Carlo iterations. A score statistic is used to test
for association between a candidate SNP and the imputed
liabilities assuming a linear mixed model.
A comparison of the estimators used by LEAP and

LTMLM showed that in the presence of population struc-
ture, theMAP yieldsmore accurate liability estimates than
the PML, often at a lower computational cost compared
to the posterior mean estimator [25].
(iii) GLMM-based approaches
The logistic mixed model is a special case of the GLMM

that can be used to analyse binary traits while accounting
for population structure and hidden relatedness. How-
ever, this model has not been widely used for GWAS
due to the computational complexity involved in fitting
logistic mixed models for a large number of genetic vari-
ants. Chen et al. [23] developed GMMAT, a logistic mixed
model that is computationally efficient enough to han-
dle genome-wide data. GMMAT first fits a null logistic
mixed model including fixed effects for any covariates
and random effects for residual population stratification
and relatedness. This fitted null model, which is the same
for all genetic variants in the study, is then used to test
for the association between a genetic variant and pheno-
type using a score test. The use of just one null model
for testing all genetic variants greatly simplifies the model
compared to fitting a full logistic mixed model for a large
GWAS.
CARAT (Case control Retrospective Association Test)

[27] is another mixed model approach for binary traits
where the response variable is modeled using a mixed
effects quasi-likelihood approach. In particular, only the
conditional mean and covariance of the response variable
given the genotypes and other covariates are specified.

The conditional mean is selected to be the same as for the
logistic model. The conditional covariance incorporates
features of the logistic model and accounts for popula-
tion substructure through the genetic relationship matrix.
Like LTMLM, CARAT uses a retrospective model where
the genotypes are treated as random and the association
is performed conditional on the phenotypes and non-
genetic covariates. However, unlike LTMLM, CARAT
does not require the knowledge of disease prevalence. Like
LTMLM, a score test is used to handle genome-wide data.

Simulations to evaluate type I error
In this section, we describe the simulation studies used to
estimate the type I error rates of themixedmodel software
implementations that handle binary data. In particular, we
focus on LEAP, GMMAT, CARAT and GEMMA as a rep-
resentative LMM approach. We excluded LTMLM as we
found that it took much longer to run than LEAP, which
uses a similar liability threshold model.

Common candidate variant
We assumed a cohort consisting of two subpopulations
of equal proportion. The total cohort size, N, was set to
5000, 10, 000 or 20,000. The Fst value between the two
populations - a measure of genetic population differen-
tiation - was set to 0.01; this value is higher than would
be expected between typical European populations but it
ensures substantial substructure [28].
Genetic data was simulated using the Balding-Nichols

method [14, 44] as previously described [28]. For each
individual, we simulated a total of p = 5000 bi-allelic
SNPs. Though true genome-wide data would consist of
much larger numbers of SNPs, our previous work with
data simulated using this model has shown that this
number of SNPs is sufficient to correct for population
stratification [28]. We label the two alleles at each SNP
as either ‘0’ or ‘1’. For each SNP, the generating allele
frequency, p, for the ‘1’ allele was first sampled from a
uniform [ 0.1, 0.9] distribution. To mimic population dif-
ferentiation, the ‘1’ allele frequency within each of the two
populations, p1 and p2, was then sampled from a Beta
distribution with shape and scale parameters p(1−Fst)

Fst and
(1−p)(1−Fst)

Fst , respectively. This approach has been shown
to generate genotype data having the desired Fst level
[44]. Using the allele frequencies generated for each pop-
ulation, the genotype data was sampled assuming Hardy
Weinberg equilibrium. The genotype data was coded as 0,
1 or 2 for genotypes 00, 01, and 11, respectively.
We simulated a candidate SNP separately. We first

assumed that the ‘1’ allele frequency for the candidate
SNP was p1 = 0.25 in the first subpopulation and p2 =
0.85 in the second subpopulation. Although this allele fre-
quency difference is probably not realistic in practice, it
was chosen to reflect a ‘worst case’ scenario of a candidate
44
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SNP showing extreme population differentiation. We also
included a smaller simulation where we varied the ‘1’ allele
frequency difference between the populations; in particular,
we set p2 to range from 0.5 − 0.9 while fixing p1 at 0.5.
In order to obtain the EPS sample, we simulated pheno-

types from a normal distribution with mean values μ1 =
0.07 and μ2 = −0.07 for subpopulation 1 and 2, respec-
tively, and a common variance of σ 2 = 1. We note here
that the genotypes and phenotypes have been simulated
independently, which implies that the genotype at the can-
didate SNP is not causally associated with the phenotype.
The EPS sample was then selected as the individuals in the
upper and lower 10th percentile of the phenotype distri-
bution. For the EPS sample, the binary response variable
is membership in the upper or lower group; in practice,
these are sometimes labelled as cases and controls, though
it should be noted that there is no true control group in
this design.
For methods requiring a GRM, the genetic data on the

p = 5000 SNPs simulated under the Balding-Nichols
method was used to compute the GRM; the candidate
SNP for the association test was not included in the GRM
calculation. LEAP and GEMMA compute the GRM as
part of the algorithm. For GMMAT, the GRM must be
computed externally and then passed to the program; we
used the standardized GRM computed by GEMMA.
We simulated m = 3000 datasets under the scenario

where the candidate variant ‘1’ allele frequency was p1 =
0.25 and p2 = 0.85 in subpopulation 1 and 2, respectively.
The computational time for CARAT is significantly longer
than the other methods, particularly for the large sample
sizes. Therefore, we were only able to complete CARAT
analysis ofm = 1999 simulated datasets for the simulation
with full cohort size of N = 10, 000. Due to limited com-
putational time, we only performedm = 1000 simulations
for each setting under the scenario where p1 = 0.5 and
p2 varied. For these simulations, we chose to focus on the
trend in the rate as p2 varied for each method separately.
GMMAT is available as an R package [23]. LEAP,

GEMMA and CARAT are stand-alone software packages
that can be run at the command line on a Unix operat-
ing system. We used default settings for all packages. For
comparison purposes, we also included a PC-based cor-
rection by including the top 5 principal components in a
logistic regressionmodel; this was also done in R. For each
method, the type I error rate was estimated by the propor-
tion of the simulated datasets where the null hypothesis
was rejected at level α = 0.05. Simulations were run in
a cluster computing environment (CAC-FRONTENAC)
and all analysis of the results was done in R [45].

Rare candidate variants
We also investigated the performance with a candidate
region having rare variants. To simulate data for the

candidate region, we simulated haplotype data in a 30kb
region using the coalescent-based simulation programms
[46]. We simulated a total of 10,000 haplotypes assuming
an effective population size of Ne = 100, 000, a per-site
mutation rate of μ = 10−8 and a per-adjacent site recom-
bination rate of ρ = 10−8. To incorporate population
structure, we again assumed two subpopulations of equal
size (i.e. 5000 haplotypes from each subpopulation) and
a migration parameter M = 10, which is representative
of the population differentiation parameter Fst = 0.01 in
the case of a common variant [30]. To create genotypes
in the candidate region for N = 5, 000 individuals, the
10,000 haplotypes were randomly paired within subpopu-
lation. The continuous phenotype values and genetic data
at 5000 non-candidate SNPs (for GRM estimation) were
generated as previously described for the common variant
simulation study.
To test for association with rare variants while account-

ing for population structure, only the generalized linear
model approach had software available. We used SMMAT
(variant set mixed model association test) [47], which is
a function available in the GMMAT package to perform
several popular rare variant tests (burden test [48], SKAT
[1], SKAT-O [49], and an efficient hybrid test that com-
bines the burden and SKAT tests [47]) in the binary mixed
model framework. We used the default values set in the
software for all tests. As with the common variant scenar-
ios, we estimated the type I error by the proportion of tests
rejected at level α = 0.05.

Simulation to investigate power
For methods that adequately controlled the type I error
rate (LEAP, GMMAT, GEMMA, PCA), we conducted
additional simulations in order to compare their perfor-
mance with respect to power. We did not include a rare
variant power simulation since none of the methods we
tested adequately controlled the type I error rate.
For the power simulations, the genetic data for estimat-

ing ancestry was simulated using the same procedure as
described for the type I error simulations. In particular, we
continue to assume that there is hidden population sub-
division. To simulate the candidate SNP, we assumed no
differences in allele frequency between the two popula-
tions and an allele frequency of 0.2 for the causal allele.
The genotypes were sampled assuming Hardy-Weinberg
equilibrium. The phenotype was again simulated assum-
ing a normal distribution, with variance 1 and mean μi +
βGij where μi, the subpopulation means, are the same as
for the type I error simulations,Gij is the genotype of indi-
vidual j in subpopulation i, and β is the effect size of the
causal allele (β = 0.15 and β = 0.25). We simulated a full
cohort size of N = 10, 000 which gives us an EPS subsam-
ple of n = 2000 when we select the top and bottom 10%.
The number of simulations for power estimation was set
45
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to m = 3000 and power was estimated by the proportion
of tests rejected at level α = 0.05.

Analysis of BMI phenotype from a prostate cancer
case-control study
We evaluated the mixed model methods for common
variants on data collected from a population-based case-
control study, conducted in Montréal, Canada. The study
has been described elsewhere (e.g. [50]). Briefly, cases
were men aged 76 and under who were newly diagnosed
with prostate cancer between 2005-2009; age-matched
controls (in 5 year age groups) were randomly recruited
from the electoral list of men in the same districts as cases.
Overall, 1933 cases and 1994 controls were recruited into
the study. Genome-wide genotyping was done using the
Illumina OmniExpress 12 platform. We performed qual-
ity control which included removing SNPs and individuals
with a missingness level above 0.02, minor allele fre-
quency (MAF) below 0.05 and those that deviated from
the Hardy-Weinberg equilibrium at a p-value of 10−6. We
also checked that all the SNPs used were autosomal (i.e on
chromosomes 1-22) and that all reported male individuals
had an F value (based on the X chromosome inbreeding
estimate) above 0.8. After quality control, genotype data
was available on 574,885 SNPs and for 1295 cases and
1248 controls.
Data was collected on several continuous variables

within this study. We found that body mass index (BMI)
was not associated with prostate cancer status in this
study (P-value=0.48); we therefore used this as our con-
tinuous phenotype and pooled the cases and controls.
We selected those in the top and bottom 15% of BMI
in our extreme sampling design. After data cleaning, we
observed that 2520 of the men with complete genotype
data also had BMI data. With these numbers, the sample
size of the final EPS sample was about 756.
The study includes men from different ethnic back-

grounds. About 77 of the men were Black, 28 were Asian,
1199 were European and 71 were of other nationalities.
The ethnicity of 14 of the total sample collected could
not be ascertained and therefore was marked as missing.
As we are interested in methods for correcting for pop-
ulation stratification, we did not stratify our analysis by
ethnicity.
We performed a GWAS comparing the methods

GMMAT, LEAP and GEMMA. We excluded CARAT
since we found that it had poor false positive rate cor-
rection in our simulations. Since this is a real dataset,
we do not know whether there are true associations
and whether population stratification is truly a prob-
lem. For this reason, we also used PLINK [51] to assess
genome-wide association with no population stratifi-
cation correction as a baseline comparison. For each
method, we compute p-values of association for all

available SNPs. We summarize the association results
with Manhattan plots and we use QQ-plots of − log10
of the p-values to visually assess the inflation of test
statistics. Both plots were created using the qqman
R package [52].
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2.2.1 Conclusion

In this work, we compared the type 1 error rate under confounding due to population

stratification and the power of several mixed model-based association methods for

binary traits under an EPS design. The results from this analysis showed that for

common variants, methods like the LEAP, GMMAT and GEMMA all had type 1 error

rates close to the nominal values and similar power. However, for rare variants, none

of these methods adequately corrected false positive rates due to confounding. The

results from this study highlights the need to develop mixed model based approaches

that will correct population substructure in the EPS setting, in particular in the rare

variant setting.

In the next chapter, we present our work developing a novel linear mixed model

method for genetic association analyses that is applicable to the EPS setting.



Chapter 3

An EM algorithm for Linear Mixed

Models with missing genotype data

3.1 Introduction

In the previous chapter, we investigated the performance of existing mixed model

based approaches to correct for the confounding due to population stratification when

the data comes from an EPS study. The results from that study highlighted the im-

portance of developing a linear mixed model for correcting for population substructure

when we have EPS data. In this chapter, we introduce a novel EM implementation

designed to estimate genetic effects within a linear mixed model framework when

there is missing genotype data. The motivation to implement this method was its

application to genotype data that is missing due to EPS sampling; however, it is also

applicable to sporadically missing genotype data. The EM algorithm [13] is a widely

used tool for maximum likelihood estimation when there is missing data.

The chapter is structured as follows: Section 3.2 provides an overview of pa-
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rameter estimation in a LMM. In Section 3.3 we derive an EM algorithm tailored to

missing categorical genetic covariates. Section 3.4 describes how to compute appro-

priate Monte Carlo based likelihood ratio and Wald tests for assessing the hypothesis

of no association.

3.2 The Linear Mixed Model

Recall from section 1.4, the linear mixed model to correct for population structure in

genetic data analysis can be expressed as:

y = Gβg +Xβx +Zb+ ϵ, (3.2.1)

where y is a n× 1 vector of observed phenotypes, G is a n× l known design matrix

for the l genetic covariates, βg is a l × 1 vector representing the coefficients of the

genetic effects, X is a n × q matrix of the non-genetic covariates with βx the q × 1

vector representing the coefficients of the fixed effects. Z is a known n × p matrix

of covariates for the p × 1 vector of random effect b. In our modelling context, we

assume that Z is the n × n identity matrix unless there is known clustering of in-

dividuals. In linear mixed models, the fixed effects are used for modelling the mean

of y while the random effects govern the variance-covariance structure of y. ϵ is a

n× 1 vector of model error. It is typically assumed that ϵ and b are independent and

they jointly form the random components. They are distributed as: b ∼ Nn(0, σ
2
bK)

and ϵ ∼ Nn(0, σ
2
eIn). Nn(0, σ

2
bK) denotes the n-variate normal distribution with a

(n× 1) mean vector of 0’s and n× n covariance matrix K, which is the genetic rela-

tionship matrix (GRM). The GRM models the relationship between individuals and

is assumed to be a known symmetric and positive definite matrix. σ2
b is the unknown
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variance component corresponding to population structure. The matrix In is the

identity matrix and σ2
e is the model error. The overall variance-covariance matrix can

be represented as Vy = σ2
bZKZ′ + σ2

eIn.

The conditional distribution of y given the random effect b is given as:

y|θ, b ∼ Nn

(
Gβg +Xβx +Zb, σ2

eIn
)

(3.2.2)

where θ = (βg,βx, σ
2
g , σ

2
e), is the set of the model parameters. The marginal distri-

bution of y is obtained by integrating out the random effect b from (3.2.1), which

gives:

y|θ ∼ Nn(Gβg +Xβx, σ
2
bZKZ′ + σ2

eIn) (3.2.3)

In our setting, the variance components are regarded as nuisance parameters and the

fixed effects are the parameters of interest. In the next section, we will discuss the

methods of obtaining estimates for the β’s , σ2
b and σ2

e .

3.2.1 Parameter Estimation in a LMM (Complete Case)

In this section, we review methods for estimating the regression parameters and vari-

ance components in linear mixed models with no missing data. In the first approach,

we present the direct approach to maximum likelihood estimation used for estimation

of the fixed effects and in the second approach, we give an EM algorithm for finding

the variance components that treat the random effects b as missing data.
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3.2.2 Maximum Likelihood Estimation of Fixed Effects

The marginal density function of the data vector y|θ ∼ N(Gβg +Xβx, σ
2
bZKZ ′ +

σ2
eIn) viewed as a function of the parameters (βg,βx, σ

2
b , σ

2
e) is known as the likelihood

function. This is given as:

L = L(βg,βx, σ
2
b , σ

2
e |y) =

e−
1
2
(y−Gβg−Xβx)′Vy

−1(y−Gβg−Xβx)

(2π)
1
2
n|Vy|

1
2

(3.2.4)

where Vy = σ2
bZKZ′ + σ2

eIn. Maximum likelihood estimation maximizes (3.2.4) with

respect to βg, βx, σ
2
b and σ2

e . By direct derivation, we will maximize the logarithm

of (3.2.4) which we will denote as ℓ. For convenience in deriving estimates, let X∗ =

(G,X) be the combined design matrix of fixed effects of dimension (n × (q + l))

and β∗ = (βg,βx) the combined regression parameter vector. The corresponding

log-likelihood is then:

ℓ(θ) = log(L)

= −n

2
log(2π)− 1

2
log |Vy| −

1

2
(y −X∗β∗)′ V −1

y (y −X∗β∗)
(3.2.5)

To maximize ℓ(θ), we differentiate equation (3.2.5) first with respect to β∗ using

well known statistical properties of the quadratic form, which are stated below for

reference. For a vector x and a symmetric matrix A, the derivative of x′Ax with

respect to x is given by:

∂

∂x
(x′Ax) =

∂x′

∂x
(Ax) +

∂

∂x
(Ax)′x

= Ax+A′x

(3.2.6)
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If A is symmetric, which is usually the case for statistical models, then

∂

∂x
(x′Ax) = 2Ax.

Using equation (3.2.6), the derivative of equation (3.2.5) with respect to β∗ is:

lβ =
∂ℓ

∂β∗ = (X∗)′V −1
y y − (X∗)′Vy

−1X∗β∗ (3.2.7)

For differentiating equation (3.2.5) with respect to σ2
b and σ2

e , we use the following

matrix relations governing the derivative of an inverse and determinants of a matrix

A:

• With a scalar t, define:

∂A

∂t
=

{
∂aij
∂t

}
.

If A is non-singular then: AA−1 = I gives

∂A

∂t
A−1 +A

∂A−1

∂t
= 0

and so:

∂A−1

∂t
= −A−1∂A

∂t
A−1.

• This next identity was obtained from Searle and Khudri [63]. Suppose that

elements of A are functions of the scalar y, then;

∂

∂y
(log |A|) = 1

|A|
∂|A|
∂y

= tr

(
A−1∂A

∂y

)
(3.2.8)

Using these properties, we differentiate equation (3.2.5) with respect to σ2
b and σ2

e .
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We obtain the derivative with respect to σ2
b as:

∂ℓ

∂σ2
b

=
1

2

{
(y −X∗β∗)′V −1

y ZKZ′Vy
−1(y −X∗β∗)− tr

(
V−1

y ZKZ′)} , (3.2.9)

which was obtained by using:

∂Vy

∂σ2
b

= ZKZ ′ (3.2.10)

The derivative with respect to σ2
e is given as:

∂ℓ

∂σ2
e

=
1

2

{
(y −X∗β∗)′V −1

y V −1
y (y −X∗β∗)− tr

(
V −1

y

)}
=

1

2

{
(y −X∗β∗)′(V −1

y )2(y −X∗β∗)− tr
(
V −1

y

)} (3.2.11)

The procedure for finding the MLE is to solve the system of equations ∂ℓ
∂β∗ = 0,

∂ℓ
∂σ2

b
= 0 and ∂ℓ

∂σ2
e
= 0. Assuming that σ̂2

b , σ̂
2
e are the MLE’s for σ̂2

b and σ̂2
e found by

from setting equations (3.2.7), (3.2.9) and (3.2.11) to 0 and solving for β, we obtain:

β̂∗ = {(X∗)′V̂−1
y (X∗)

−1}(X∗)′V̂−1
y y (3.2.12)

where V̂y = V(σ̂2
b , σ̂

2
e) is Vy with the variance components replaced by their MLE.

Hence, once the MLE of the variance components are found, the MLE of the fixed

effects are calculated using the closed form expression in equation (3.2.12).

To find the variance components, we discuss an EM algorithm for obtaining the

maximum likelihood estimates of the linear mixed model with complete data.



3. AN EM ALGORITHM FOR LINEAR MIXED MODELS WITH MISSING
GENOTYPE DATA 56

3.2.3 Estimation using an EM approach

For the linear mixed model defined in equation (3.2.1), the complete data isw = (y, b)

with the assumption that the random effect b is the “missing” data and y is the

observed data. The distribution of the complete data w can be written as a product

of the conditional distribution of y given b and the marginal distribution of b

f(w) = f(y, b) = f(y | b) f(b)

where y | (βg,βx, σ
2
e), b ∼ Nn(Gβg +Xβx +Zb, σ2

eIn) and b ∼ Nn(0, σ
2
bK).

The complete data log likelihood can now be written as:

ℓc(θ) = log (f(y, b|θ)) (3.2.13)

where θ = (βg,βx, σ
2
b , σ

2
e)

ℓc(θ) = log(f(y, b|βg,βx, σ
2
b , σ

2
e)

= log(f(y|βg,βx, σ
2
e ,b)) + log f(b|σ2

bK)

=
(
− n

2
log(2π)− n

2
log(σ2

e)

− 1

2σ2
e

(y −Gβg −Xβx −Zb)′(y −Gβg −Xβx −Zb)
)

+

(
−q

2
log(2π)− 1

2
log |σ2

bK| − 1

2
b′(σ2

bK)
−1
b

)
(3.2.14)

In the E-step, for the expectation of ℓc(θ) given the observed data and current pa-

rameter estimates θ(t) it has been shown that we need only the expected value of the
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sufficient statistics [13]; the complete data sufficient statistics for σ2
e and σ2

b are:

e′e = (y −Gβg −Xβx −Zb)′(y −Gβg −Xβx −Zb) and

b′ b.

for σ2
e and σ2

b , respectively. We therefore require E(b′b|y,θ(t))) and E(e′e|y,θ(t)).

In the next section, we show that for the (t+ 1)th iteration, these can be written as:

E
(
b′ b | y,β(t)

g ,β(t)
x , (σ2

b )
(t), (σ2

e)
(t)
)
= E

(
b|y,β(t)

g ,β(t)
x , (σ2

b )
(t), (σ2

e)
(t)
)

E
(
b′|y,β(t)

g ,β(t)
x , (σ2

b )
(t), (σ2

e)
(t)
)

+Var
(
b|y,β(t)

g ,β(t)
x , (σ2

b )
(t), (σ2

e)
(t)
)

E
(
e′e|y,β(t)

g ,β(t)
x , (σ2

b )
(t), (σ2

e)
(t)
)
= tr E

(
e′e|y,β(t)

g ,β(t)
x , (σ2

b )
(t), (σ2

e)
(t)
)
.

(3.2.15)

and we will provide expressions for each expectation and variance.

The M-step maximises the expected complete data log-likelihood to find the

current parameter estimates. In the complete data context, the MLE’s have been

shown [13, 25] to be:

σ̂2
e =

e′e

n
and

σ̂2
b =

b′b

q

(3.2.16)

For the M step, we therefore replace e′e and b′b with their expected values, i.e

E(e′e|y,θ(t)) and E(b′b|y,θ(t)) in equation 3.2.15 to estimate (σ2
b )

(t+1) and (σ2
e)

(t+1).

After obtaining these parameter estimates, the variance V
(t+1)
y can now be calculated

as:

V (t+1)
y = (σ2

b )
(t+1)ZKZ ′ + (σ2

e)
(t+1)In
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and the fixed effects parameters are found using equation 3.2.12. The E and M steps

are repeated until convergence has been reached.

To summarize, the EM algorithm for computing maximum likelihood estimates

of the parameters of a linear mixed model with no missing data is as follows:

1. Let t = 0, choose initial values for β∗(0), (σ2
b )

(0) and (σ2
e)

(0).

2. At the (t+ 1)th step:

• E-Step: compute E (b′b | y,βg,βx, σ
2
b , σ

2
e) and E (e′e|y,βg,βx, σ

2
b , σ

2
e) us-

ing formulas in equation (3.2.28) and (3.2.30) derived in the next section.

• M-Step: estimate the parameters:

(σ2
e)

(t+1) =
E
(
e′e|y,β(t)

g ,β
(t)
x , (σ2

b )
(t), (σ2

e)
(t)
)

n

(σ2
b )

(t+1) =
E
(
b′b | y,β(t)

g ,β
(t)
x , (σ2

b )
(t), (σ2

e)
(t)
)

q

V (t+1)
y = (σ2

b )
(t+1)ZKZ ′ + (σ2

e)
(t+1)In

β∗(t+1) = {(X∗)′(V (t+1)
y )−1(X∗)−1}(X∗)′(V (t+1)

y )−1y

(3.2.17)

3. Repeat step 2 until convergence. The values obtained at convergence are the

MLEs.

The mathematical details for obtaining the expected values of the sufficient statis-

tics are now derived in the next section.
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3.2.4 Expected values of the sufficient statistics given the

observed data

In this section, we discuss the method for finding the mean and covariance matrix

of the conditional distributions of y and b which are required to compute (3.2.15).

Recall that the expected value E(y) and variance of y,Var(y) for the marginal model

y|βg,βx, σ
2
g , σ

2
e are:

E(y) = µy = Gβg +Xβx

Var(y) = Vy = σ2
bZKZ ′ + σ2

eIn

(3.2.18)

and that the distribution of y is:

y|βg,βx, σ
2
g , σ

2
e ∼ Nn(µy,Vy)

The random effects b are regarded as missing with distribution:

b ∼ Nn(0,Vb)

where Vb = σ2
bK.

Hence the complete data vector w has a multivariate distribution with mean

µw = (µy,0)
′ = (Gβg +Xβx,0)

′

and covariance matrix :

Vw =

 Vy Vyb

Vby Vb

 (3.2.19)
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where Vy is given in the second line of equation (3.2.18) and Vb = σ2
bK. The off

diagonals of equation 3.2.19 are:

Vyb =Cov(Gβg +Xβx +Zb+ e, b)

=Cov(Zb, b)

=ZE(bb′)

=ZVb = Z(σ2
bK)

=σ2
bZK

(3.2.20)

since b and e are independent, and Vby = V ′
yb = σ2

bZ
′K.

Hence Vw is:

Vw =

 σ2
bZKZ ′ + σ2

eI σ2
bZK

σ2
bKZ ′ σ2

bK

 =

 σ2
b (ZKZ ′ + σ2

e

σ2
b
I) σ2

bKZ

σ2
bKZ′ σ2

bK

 (3.2.21)

The complete-data log likelihood is given by:

ℓc(θ) = log f(w|(µw,Vw))

= −1

2
log |Vw| −

1

2
(w − µw)

′V −1
w (w − µw)

(3.2.22)

The next step would be to compute the conditional distribution of b given the observed

data y. We will use the following notation:

E(b|y) ≡ µb|y and

V (b|y) ≡ Vb|y

(3.2.23)
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Using facts from multivariate normal theory, we are able to find the mean and variance

of the conditional distribution b | y. Generally, for two normal random variables x

and y such that:

x
y

 ∼ N


µx

µy

 ,

Vx Vxy

Vyx Vy


 ,

then

x | y ∼ N
(
µx|y,Vx|y

)
,

where

µx|y = µx + V ′
yxV

−1
y (y − µy),

Vx|y = Vx − V ′
yxV

−1
y Vyx,

(3.2.24)

µx is the mean vector of x, Vx and Vy are the covariance matrices of x and y, re-

spectively. Vyx is the covariance matrix of y and x. Recall the multivariate quadratic

form:

y′Ay = tr(y′Ay) = tr(Ayy′) (3.2.25)

The first equality can be proven by noting that y′Ay is a quadratic form, which

is a scalar quantity. The second equality is due to the cyclic property of the trace

operator. Now using the above facts, we can obtain the conditional distribution of

b | y as multivariate normal with mean equal to:

µb|y = µb + V ′
byV

−1
y (y − µy)

= 0 + σ2
bKZ ′(σ2

b )
−1(σ2

bZKZ ′ + σ2
eI)

−1(y −X∗β∗)

= KZ ′
(
ZKZ ′ +

σ2
e

σ2
b

I

)−1

(y −X∗β∗)

(3.2.26)
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and the variance is obtained as:

Vb|y = Vb − V ′
ybV

−1
y Vby

= (σ2
bK)− σ2

bKZ ′(σ2
bZKZ ′ + σ2

eI)
−1(σ2

b )KZ ′

= (σ2
bK)− σ2

bKZ ′(σ2
b )

−1

(
ZKZ ′ +

σ2
e

σ2
b

I

)−1

(σ2
bKZ ′)

= (σ2
bK)− σ2

bKZ′V −1
y KZ ′

(3.2.27)

We have now obtained the values of the conditional expectations necessary to obtain

the expected values of the sufficient statistic, b′b. Hence:

E
(
b′b | y,βg,βx, σ

2
b , σ

2
e

)
= E

(
b|y,βg,βx, σ

2
b , σ

2
e

)
E
(
b′|y,βg,βx, σ

2
b , σ

2
e

)
+Var

(
b|y,βg,βx, σ

2
b , σ

2
e

)
= KZ ′

(
ZKZ ′ +

σ2
e

σ2
b

I
)−1

(y −X∗β∗)

+

{
KZ ′

(
ZKZ ′ +

σ2
e

σ2
b

I
)−1
}

(
y −X∗β∗

)′

+ (σ2
bK)− σ2

bKZ′V −1
y KZ ′.

(3.2.28)

To obtain E (e′e|y,βg,βx, σ
2
b , σ

2
e), we again use the formulas for the expectation

of a quadratic form and the conditional variance as follows:

E
(
e′e|y,βg,βx, σ

2
b , σ

2
e

)
= trE

(
ee′|y,βg,βx, σ

2
b , σ

2
e

)
= tr

[
E
(
e|y,βg,βx, σ

2
b , σ

2
e

)
E
(
e′|y,βg,βx, σ

2
b , σ

2
e

)
+Var

(
e|y,βg,βx, σ

2
b , σ

2
e

)]
.

(3.2.29)

Using similar reasoning as the computations above involving the conditional distri-
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bution of the random effects b, we would have e|y as:

e|y ∼ N(µe|y,Ve|y).

where µe|y and Ve|y are obtained using formulas for the conditional mean and variance

given in equation (3.2.24). Using this, we obtain

µe|y = σ2
eInVy

−1(y −X∗β∗)

and

Ve|y = σ2
eIn − σ4

eV
−1
y .

Substituting these into equation (3.2.29), we obtain:

E
(
e′e|y,βg,βx, σ

2
b , σ

2
e

)
= tr

[
E
(
e|y,βg,βx, σ

2
b , σ

2
e

)
E
(
e′|y,βg,βx, σ

2
b , σ

2
e

)
+Var

(
e|y,βg,βx, σ

2
b , σ

2
e

)]
= tr

[
σ4
eV

−1
y (y −X∗β∗)(y −X∗β∗)′V −1

y + σ2
eI − σ4

eV
−1
y

]
(3.2.30)

In this section, we have discussed direct optimisation and an EM approach for ob-

taining the MLEs of the linear mixed model when the data is complete. In the next

section, we derive an EM algorithm for the linear mixed model with missing genotypes

that is based on the method of weights [23]. The method of weights was adapted for

LMMs by Ibrahim et al. [24, 66], which is the approach our algorithm is based on.
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3.3 Derivation of the EM algorithm when geno-

type data are missing

Recall the linear mixed model introduced in section 3.2:

y = Gβg +Xβx +Zb+ ϵ. (3.3.1)

We now assume that we are considering a single candidate locus so that l = 1 and

the genotypes at that locus are stored in a vector labelled g. As we are considering a

single biallelic locus, an individual’s genotype can be denoted by 0, 1 or 2 depending

on the number of minor alleles they have. Zn×p is a known design matrix and in our

model it is the identity matrix. With these assumptions, the model (3.3.1) can now

be written as:

y = gβg +Xβx + Inb+ ϵ (3.3.2)

where g is the n×1 vector of genetic fixed effects and the regression parameters for the

fixed effects are denoted by βg and βx for the genetic and non-genetic fixed effects

respectively. bn×1 is the vector of random effects assumed to be b ∼ Nn(0, σ
2
bK)

where K is the known genetic relationship matrix (GRM). In our context, the design

matrix for the random effects is the identity matrix and so we substitute Z with

In. The model errors ϵ ∼ Nn(0, σ
2
eIn). We assume that all b and ϵ are mutually

independent.

We are primarily interested in estimation and testing of the genetic effect (βg) in

the presence of other covariates and population substructure; the variance components

are regarded as nuisance parameters. We assume that the genetic data g are not

available on all study participants; for example genotypes in an EPS design are only
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available on the top and bottom of the phenotype distribution. We can consider

these observations missing at random since the missing data mechanism depends

only on the observed data y. To fit the model, we therefore need to handle the

missing covariate data. We will do this using an EM algorithm called the method

of weights. To simplify our approach, we will assume that the only missing data are

the genetic covariates. We will also assume that the genetic covariate is uncorrelated

with the non-genetic covariate and the random effect. We will also need to assume

a model for the missing genotypes. Since we are considering only a single locus at a

time, the genotypes can be modeled with a multinomial distribution with parameter

γ = (γ0,γ1,γ2) for the probabilities corresponding to each genotype.

Since X is fully observed and considered fixed and known, the density function

is then given as:

fY ,B,G(y, b, g;X,θ) = fY,B|g(y, b|g,X;θ)fG(g;γ). (3.3.3)

It is often helpful for parameter estimation purposes to write the joint distribution

of y and b as a product of the conditional distribution of y|b, i.e conditioning on the

random effects and marginal distribution of b. We can rewrite equation (3.3.3) with

the subscripts suppressed as:

f(y, g, b|X; θ) = f
(
y | b, g,X; βg,βx, σ

2
e

)
f
(
b | σ2

b

)
f(g | γ) (3.3.4)

The complete data log-likelihood for the LMM is:

ℓc(θ;Y ,G,X) = log f(y|g, b;βx, βg, σ
2
e) + log f(b|σ2

b ) + log f(g|γ) (3.3.5)
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If all genotypes were observed, the log-likelihood would simply be the first two terms

of equation (3.3.5); maximization of this log-likelihood has already been discussed in

Section 3.2.1. Here, we also have to take into account the missing data and we will

use the method of weights, which is an EM algorithm for handling missing categorical

covariates. In the next section, we present the method of weights.

3.3.1 Method of weights for LMMs

The EM algorithm used for the generalised linear models with missing categorical

covariate has been named the method of weights [23]. The E-step is a problem of

computing a weight of one or less for each possible value of the categorical covariate.

In our context, an individual with unknown genotype can have one of three genotypes.

The weight is the probability of the genotype conditional on the observed data. When

the underlying model is a LMM or GLMM, then the original method of weights [23]

would not be suitable, as we have to deal with the random effects b. Ibrahim et al. [24]

and Stubbendick and Ibrahim [66] proposed an extension to the method of weights

that handles both mixed models and data that are non-ignorably missing. However,

since our data is missing at random (MAR) we do not need to model the missing

data mechanism.

Let gi = 0, 1 or 2 be individual i’s genotype, which may be observed or missing.

If the genotype is observed, we may also label the genotype as gobs,i; if the genotype

is not observed, we label it as gmis,i. The set of observed genotypes on the full dataset

is denoted gobs and the set of missing genotypes is denoted gmis. The complete data

genotype vector is g = (gobs, gmis).

Let θ(t) =
(
β

(t)
g ,β

(t)
x , (σ2

b )
(t), (σ2

e)
(t),γ(t)

)
be the parameter estimates at the tth

iteration. The additional parameter γ parameterizes the genetic covariate distribu-
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tion. Normally, when maximizing the log-likelihood for a linear mixed model, this

term would not need to be included as we can consider the genetic covariates fixed

and known.

The Expectation step

The Expectation step involves computing Q
(
θ | θ(t)

)
, the conditional expected log-

likelihood of the complete-data ℓc(θ; g,x,y, b) given the observed data (gobs ,X,y)

and the current parameter estimates θ(t) :

Q
(
θ | θ(t)

)
= E

[
ℓc(θ) | gobs,X,y,θ(t)

]
(3.3.6)

Recall the complete data log likelihood ℓc(θ | X, g, b,y) is expressed in equation

(3.3.5) with:

b ∼ Nn(0,Vb) where Vb = σ2
bK,

f(g;γ) =
n∏

i=1

Pr(gi|γ)

where gi ∼ Multinomial(2, γ) and

y|g, b ∼ Nn(gβg +Xβx + b, σ2
eI).

As the covariance matrix is diagonal, the yi are all conditionally independent therefore

f(y|g, b) =
n∏

i=1

f(yi|gi, bi)

where

yi|gi, bi ∼ N(βggi +Xiβx + bi, σ
2
e).
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Hence in this case, the complete data log-likelihood can be further simplifed to:

ℓc(θ | x,g,b,y) =
n∑

i=1

log f(yi|gi, bi) + log f(b) +
n∑

i=1

log Pr(gi|γ)

However, for simplicity in computations, we will often express the distributions for y

and g in their multivariate forms.

The approach of Ibrahim et al. [24] deals with computational problems encoun-

tered with the presence of random effects b in the linear mixed model. The E-step

of this model deals with these problems by integrating out the random effect b. This

procedure makes the E-step more efficient for the normal random effects model and

greatly reduces the amount of iterations needed for convergence. The E-step is ob-

tained as:

Q
(
θ | θ(t)

)
=
∑

gmis∈G

∫
b

(
log f(y|g, βg, βx,X, σ2

e , b) + log f(b|D) + log p(g|γ)
)

× p(gmis, b | gobs,X,y,θ(t))db

≡
∑
g∈G

(I1 + I2 + I3)

(3.3.7)

where G is the set of possible genotypes for those with missing genotype data, given

the observed genotype data gobs, p(gmis, b | gobs,X,y,θ(t)) is the distribution of the

missing genotypes and random effects conditional on the observed data, and

I1 =

∫
b

(
p(gmis, b | gobs,X,y,θ(t)) log f(y|g, βg, βx,X, σ2

e , b)

)
db

I2 =

∫
b

(
p(gmis, b | gobs,X,y,θ(t)) log f(b|D)

)
db

I3 =

∫
b

(
p(gmis, b | gobs,X,y,θ(t)) log p(g|γ)

)
db

(3.3.8)
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To estimate the parameters of interest in this model, we must maximize each of I1, I2

and I3. Following Ibrahim et al. [24], we first integrate out the random effects b from

the conditional density using the expressions previously obtained for the conditional

mean and variance for the complete case LMM in section 3.2.1.

Consider I1:

I1 =

∫
Rn

log f(y|g, βg,βx,X, σ2
e , b)× p

(
gmis, b | gobs,X,y,θ(t)

)
db (3.3.9)

=

[∫
Rn

log f(y|g, βg,βx,X, σ2
e , b)p(b | y,X, g,θ(t))db

]
p(gmis|gobs,X,y,θ(t))

(3.3.10)

Let I∗1 denote the integral in I1 :

I∗1 =

∫
Rn

log p(y|g, βg,βx,X, σ2
e , b)× p(b | y,X, g,θ(t)) db (3.3.11)

=

∫
Rn

{
−1

2
log |σ2

eIn| −
1

2σ2
e

(y − gβg −Xβx − b)′(y − gβg −Xβx − b)

}

p(b | y,X, g,θ(t))db

= −1

2
log |σ2

eIn| −
∫
Rn

{
1

2σ2
e

(y − gβg −Xβx − b)′(y − gβg −Xβx − b)

}
p(b | y,X, g,θ(t))db

The first term in the last equality is obtained by noting that it does not depend on

b. Thus 1
2
log |σ2

eIn| can be factored out of the integral and the integral that remains

evaluates to 1.

To integrate out the random effects from the second term, we expand the quadratic
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form and evaluate any term involving b. Letting b(t) = Eθ(t) [b|y], we get

E[y′b|y] = y′b(t) (3.3.12)

E[(gβg)
′b|y] = (gβg)

′b(t)

E[(XβX)
′b|y] = (XβX)

′b(t)

E[b′y|y] = (b(t))′y

E[b′(gβg)|y] = (b(t))′gβg

E[b′(XβX)|y] = (b(t))′(XβX)

To compute E[b′b|y], we first note the following matrix algebra property: for X ′AX

where A is a symmetric n×n matrix, the expectation of the quantity X ′AX can be

given as:

E(X ′AX) = µ′Aµ+ tr(AΣ)

where µ and Σ are the mean and variance of X respectively. Applying this result to

E[b′b|y] yields

E[b′b|y] = (b(t))′b(t) + tr(V (t)) (3.3.13)

where V (t) = varθ(t) [b|y]. Expressions for b(t) and V (t) were derived in [24] and in

our model are given as:

b(t) =
(
(σ2

e)
(t)
)−1

V (t)(y − gβ(t)
g −Xβ

(t)
X ) (3.3.14)

V (t) =
(
(σ2

e)
(t) + (D(t))−1

)−1

. (3.3.15)

By substituting equations (3.3.12) to (3.3.13) into I1 and re-writing as a quadratic
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form, we get:

I1 = −1

2
log(σ2

e)−
1

2σ2
e

tr(V (t))− 1

2σ2
e

(y − gβg −Xβx − b(t))′ (3.3.16)

(y − gβg −Xβx − b(t))p(gmis|gobs,X,y,θ(t))

We observe that in the quadratic form, the random effects have been replaced with

their conditional expectation and therefore they are no longer random variables.

We now consider the sum of I1 over the missing genotypes in equation 3.3.7.

Since the first two terms are not functions of the genotypes they can be factored

out of the sum. The term remaining is the sum of a probability distribution over its

support and so it sums to 1. We therefore get

∑
gmis∈G

I1 = −1

2
log(σ2

e)−
1

2σ2
e

tr(V (t))− 1

2σ2
e

∑
gmis∈G

(y − gβg −Xβx − b(t))′ (3.3.17)

(y − gβg −Xβx − b(t))p(gmis|gobs,X,y,θ(t))

= −1

2
log(σ2

e)−
1

2σ2
e

tr(V (t))− 1

2σ2
e

∑
gmis∈G

( n∑
i=1

(yi − giβg − xiβx − b
(t)
i )2

)
p(gmis|gobs,X,y,θ(t))

The distribution of the missing genotype vector conditional on the observed data

can be written as a product of the probabilities for each individual genotype. However,

because each b
(t)
i depends on the entire genotype vector g, we need to compute b for

each gmis ∈ G. For this reason, computing the sum over the genotype vector requires

enumeration of all genotype vectors compatible with the observed data. As this

sum is too large to compute, we follow Ibrahim et al. [24] and use a Monte Carlo
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approximation. We first sample missing genotypes from the conditional distribution

Pr
(
gmis | gobs,X,y,θ(t)

)
.

The genotypes are independent, so we can achieve this by sampling the missing geno-

type for individual i from Pr(gi|xi, yi, θ
(t)); these probabilities are called the weights

and the procedure for sampling from them is described in Section 3.3.1. By doing

this for all the individuals with missing genotypes, we obtain a draw of size M from

the conditional genotype distribution. The sum over gmis ∈ G is then approximated

by:

1

M

M∑
l=1

(y−glβg−Xβx−b
(t)
l )′(y−glβg−Xβx−b

(t)
l ) =

1

M

M∑
l=1

n∑
i=1

(yi−gi,lβg−xiβx−b
(t)
i,l )

2

where gl = (gobs, gmis,l) is the lth sampled genotype vector, b
(t)
l is the conditional

expectation of the random effects for the lth sampled genotype vector and b
(t)
i,l is the

ith element of b
(t)
l . The expression for I1 now becomes:

I1 = −1

2
log(σ2

e)−
1

2σ2
e

tr(V (t))− (3.3.18)

1

2σ2
e

1

M

M∑
l=1

(y − glβg −Xβx − b
(t)
l )′(y − glβg −Xβx − b

(t)
l )

= −1

2
log(σ2

e)−
1

2σ2
e

tr(V (t))− 1

2σ2
e

1

M

M∑
l=1

n∑
i=1

(yi − gi,lβg − xiβx − b
(t)
i,l )

2
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For I2, we have

I2 =

∫
Rn

log p(b|D)p(gmis, b | gobs,X, z,y,θ(t))db

=

[∫
Rn

log p(b|D)p(b | g,X,y,θ(t))db

]
p(gmis | gobs,X, z,y,θ(t))

(3.3.19)

To integrate out the random effect b, consider the integral in equation 3.3.19

denoted as I∗2 :

I∗2 =

∫
Rn

log p(b|D)× p(b|y, g,X,θ(t)) db

= −1

2
log |D| − 1

2

∫
Rn

b′D−1b× p(b|y, g,X,θ(t))db

(3.3.20)

We again use the trace formula for the expectation of the quadratic form for a random

vector: for x ∼ N(µ,Σ) and a symmetric positive definite matrix A, the expectation

of the quadratic form

E [x′Ax] = µ′Aµ+ tr(AΣ). (3.3.21)

Hence

E
[
b′D−1b

]
= (b(t))′D−1b(t) + tr(D−1V (t)) (3.3.22)

where b(t) and V (t) are the conditional expectations of p(b|y, g,X,θ(t)) with formulas

given in equations 3.3.14 and 3.3.15. Therefore

I∗2 = −1

2
log |D| − 1

2
tr
(
D−1V (t)

)
− 1

2

(
b(t)′D−1(b)(t)

)
(3.3.23)
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and the expression for I2 now becomes:

I2 = −1

2
log |D|−1

2
tr
(
D−1V (t)

)
−1

2

∑
gmis∈G

(
b(t)

′
D−1(b)(t)

)
×Pr

(
gmis | gobs,y,X,θ(t)

)
(3.3.24)

where we note that b(t) is a function of the genotype vector g.

As with the calculation for I1, the number of terms to sum over is too high.

We instead use the Monte Carlo approximation by drawing M genotype vectors with

individual i’s genotype sampled from Pr(gi|xi, yi, θ
(t)). We approximate I2 with

I2 = −1

2
log |D| − 1

2
tr
(
D−1V (t)

)
− 1

2M

M∑
l=1

(
b
(t)′

l D−1b
(t)
l

)
(3.3.25)

where b
(t)
l is defined as previously.

For I3, log(p(g|γ)) does not depend on b and the genotypes are considered inde-

pendent. Therefore, I3 can be written as

I3 =
∑
g∈G

log p(g|γ)× p(gmis | gobs,y,X,θ(t))

=
n∑

i=1

2∑
j=0

log p(gi = j|γ)× p(gi = j | yi,xi,θ
(t))

(3.3.26)

We note that the final versions of I1, I2 and I3 do not involve random variables b.

The full objective function from the E-step is:

Q(θ|θ(t)) = −1

2
log(σ2

e)−
1

2σ2
e

tr(V (t))

− 1

2Mσ2
e

M∑
l=1

(y − glβg −Xβx − b
(t)
l )′(y − glβg −Xβx − b

(t)
l ) (3.3.27)



3. AN EM ALGORITHM FOR LINEAR MIXED MODELS WITH MISSING
GENOTYPE DATA 75

− 1

2
log |D| − 1

2
tr
(
D−1V (t)

)
− 1

2M

M∑
l=1

(
b
(t)′
l D−1b

(t)
l

)
+

n∑
i=1

2∑
j=0

log p(gi = j|γ) Pr(gmis | gobs,y,X,θ(t))

In the M step, we maximize Q(θ|θ(t)) to obtain the new parameter estimates. How-

ever, we first describe how to model the distribution of the missing genotypes condi-

tional on the observed data. These probabilities are called the “weights”.

Computing weights for sampling genotypes

To compute I1 to I3, we require the distribution for missing genotypes conditional on

the observed data: Pr(gmis | gobs,X,y,θ(t)). Assuming that genotypes are condition-

ally independent of each other and the non-genetic covariates X

Pr(gmis | gobs,X,y,θ(t)) =
n∏

i=1

Pr(gi = j | xi,yi,θ
(t)) (3.3.28)

The term Pr(gi = j | xi,yi,θ
(t)) is called the weight w

(t)
ij . Note that if an

individuals genotype is observed, the weight is 1 for their actual genotype and 0 for

the other two genotypes. In the last line, the term Pr(gi = j | xi,θ
(t)) simplifies

to Pr(gi = j | γ(t)) since genotypes are independent of non-genetic covariates and

depend only on the genotype frequency parameters γ(t). In a saturated genetic model

where an individual’s genotype has a multinomial distribution, the probability of the

covariate vector taking on value j at the tth iteration is γ
(t)
j , the probability of that

genotype. These parameters are estimated as part of the EM algorithm; however,

an alternative option would be to fix these parameters at values estimated from

population-based data.



3. AN EM ALGORITHM FOR LINEAR MIXED MODELS WITH MISSING
GENOTYPE DATA 76

The term P
(
yi | gi = j,xi,θ

(t)
)
is the density of the marginal normal distribu-

tion for yi evaluated when θ = θ(t) = (βg,βx, σ
2
b , σ

2
e)

(t) where βg,βx, σ
2
b , σ

2
e are all

parameters of the linear model.

To summarize, the E-step involves computing Q(θ|θ(t)), the conditional expected

value of the complete-data log-likelihood given the observed data. At the t + 1th

iteration, computing Q(θ|θ(t)) first requires determining the weights w
(t)
ij for i =

1, . . . , n and j = 0, 1, 2. To estimate the sums in equation (3.3.27) using Monte

Carlo, a genotype with level 0, 1 or 2 is sampled for each individual with missing

genotype based on the weights of each genotype for that individual. This is repeated

M times to get M genotype vectors. The weights are also required to calculate the

last term of equation (3.3.27).

The Maximization step

The conditional expected values of the complete-data log-likelihood given the ob-

served data and parameter estimates are maximized in the M step to find the new

parameter estimates. The expected complete-data log-likelihood Q(θ|θ(t)) is the sum

of three portions, a term that depends on the regression model parameters, a term

that depends on the random effects model parameters and the term that depends on

the genotype parameter. Since Q(θ|θ(t)) breaks into the three portions, the maxi-

mization to update β, the variance components (σ2
b , σ

2
e) and γ estimates can all be

derived separately.

Estimation of γ is the simplest as it is similar to the maximization of a multino-

mial likelihood. If no assumptions are made about the covariate distribution for the
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genetic model, the objective function to maximize is:

n∑
i=1

2∑
j=0

w
(t)
ij logP(gi = j;γ) =

n∑
i=1

2∑
j=0

w
(t)
ij log γj

We take derivatives with respect to γ0 and γ1; γ2 = 1− γ0 − γ1. Since the genotype

weights for an individual sum to 1, we have w
(t)
i2 = 1− w

(t)
i0 − w

(t)
i1 . This gives:

∂Q(θ|θ(t))

∂γk
=

n∑
i=1

(w(t)
ik

γk
− w

(t)
i2

1− γ0 − γ1

)
k = 0, 1

=

∑n
i=1w

(t)
ik

γk
− n−∑n

i=1 w
(t)
i0 −∑n

i=1w
(t)
i1

1− γ0 − γ1
k = 0, 1

Since
∑n

i=1

∑2
j=0w

(t)
ij = n, the maximization is similar to that of a multinomial

distribution, which has solution

γ̂k =
W

(t)
k

n

where W
(t)
k =

∑n
i=1w

(t)
ik .

We now consider the regression parameter β∗ = (βx, βg). The portion ofQ(θ|θ(t))

that depends on β is:

Q(θ|θ(t)) = − 1

2Mσ2
e

M∑
l=1

(y − glβg −Xβx − b
(t)
l )′(y − glβg −Xβx − b

(t)
l ) (3.3.29)

To simplify notation, we will let X∗
l = (X, gl) be the combined design matrix. Hence
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in the first step, we will obtain the likelihood equation for β∗ as follows:

0 =
∂Q
(
θ | θ(t)

)
∂β∗ = − 1

2Mσ2
e

M∑
l=1

∂

∂β∗

{
(y −X∗

l β
∗ − b

(t)
l )′(y −X∗

l β
∗ − b

(t)
l )
}

= − 1

2Mσ2
e

M∑
l=1

−2(y −X∗
l β

∗ − b
(t)
l )′X∗

l

=
1

Mσ2
e

M∑
l=1

(
(y − b

(t)
l )′X∗

l − β∗′
X∗′

l X
∗
l

)
(3.3.30)

We solve the likelihood equation for β∗ by noting that σ2
e > 0 to obtain the updating

equation for β at the (t+ 1)th iteration:

(β∗)(t+1) =
(( M∑

l=1

X∗′
l X

∗
l

)−1
)′( M∑

l=1

(y − b
(t)
l )′X∗

l

)′
(3.3.31)

Note that X∗′
l X

∗
l is a symmetric n× n matrix. The inverse of a symmetric matrix is

also symmetric, the sum of symmetric matrices is symmetric, and the transpose of a

symmetric matrix is itself. Therefore

(β∗)(t+1) =
(( M∑

l=1

X∗′
l X

∗
l

)−1
)( M∑

l=1

(y − b
(t)
l )′X∗

l

)′
(3.3.32)

By differentiating equation 3.3.27 with respect to σ2
e , the updating equation for

σ2
e is obtained as:

(σ2
e)

(t+1) = tr(V (t)) +
1

M

M∑
l=1

(y − glβg −Xβx − b
(t)
l )′(y − glβg −Xβx − b

(t)
l )

(3.3.33)

For the estimate and updating equation of the variance component σ2
b , we replace

D = σ2
bK and find the derivative with respect to σ2

b .
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∂Q
(
θ | θ(l)

)
∂σ2

b

=
∂

∂σ2
b

{
−1

2
log |σ2

bK| − 1

2
tr
(
(σ2

bK)−1V (t)
)
− 1

2M

M∑
l=1

b
(t)′
l (σ2

bK)−1b
(t)
l

}

= − n

2σ2
b

+
1

2(σ2
b )

2
tr(K−1V (t)) +

1

2M(σ2
b )

2

M∑
l=1

b
(t)′
l K−1b

(t)
l

(3.3.34)

Equating to 0 and solving for σ2
b , we obtain the updating equation as:

(σ2
b )

(t+1) =
1

n

(
tr(K−1V (t)) +

1

M

M∑
l=1

b
(t)′
l K−1b

(t)
l

)
(3.3.35)

To summarize, the method of weights employed in the E-step has enabled us to

obtain approximate maximum likelihood estimates for the fixed effects and variance

component parameters. In particular, we note that our estimates at each iteration

do not require knowledge of the random effects b.

3.3.2 Summary of our EM algorithm

We now provide a summary of the EM algorithm used to handle missing genotypes

in a linear mixed model setting.

• Step 1: We obtain starting values for the parameters, i.e β∗(0), σ
2(0)
b , and σ

2(0)
e ,

by fitting a LMM to the observed data only using the R packages Gaston [5]

or lme4qtl [87]. When we used Gaston, the GRM K is obtained directly from

the program. In contrast, lme4qtl does not provide an estimate of the GRM.

Therefore, we utilized GEMMA [83], which does estimate the GRM, and then

fed this GRM into lme4qtl for the analysis.

• Step 2: For the (t+ 1)th iteration:
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– For individual i with missing genotype data, compute the weights for the

jth genotype, j = 0, 1, 2 using;

w
(t+1)
ij =

P
(
yi, | gi = j,xi, (βg,βx, σ

2
b , σ

2
e)

(t)
)
Pr(gi = j | γ)∑2

k=0 P (yi, | gi = k,xi, (βg,βx, σ2
b , σ

2
e)

(t)) Pr(gi = k | γ(t))
.

Sample each individual’s genotypeM times from this distribution to obtain

genotype vectors gl = (gobs, gmis,l), l = 1, . . . ,M .

– Compute b
(t+1)
l and V

(t+1)
l from expressions

b
(t+1)
l =

(
(σ2

e)
(t)
)−1

V (t)(y − glβ
(t)
g −Xβ

(t)
X ) (3.3.36)

V
(t+1)
l =

(
(σ2

e)
(t) +

(
(σ2

b )
(t)K

)−1
)−1

. (3.3.37)

– Compute β∗(t+1) from the expression:

(β∗)(t+1) =
(( M∑

l=1

X∗′
l X

∗
l

)−1
)′( M∑

l=1

(y − b
(t+1)
l )′X∗

l

)′
– Compute σ

2(t+1)
e using the equation:

(σ2
e)

(t+1) = tr(V (t+1)) +
1

M

M∑
l=1

(y −X∗
l (β

∗)(t+1) − b
(t+1)
l )′

(y −X∗
l (β

∗)(t+1) − b
(t+1)
l )

(3.3.38)

– Compute σ
2(t+1)
b using equation:

(σ2
b )

(t+1) =
1

n

(
tr(K−1V (t+1)) +

1

M

M∑
l=1

b
(t+1)′
l K−1b

(t+1)
l

)
(3.3.39)
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– Compute γ(t+1) using:

γ
(t+1)
k =

W
(t+1)
k

n
k = 0, 1, 2

where W
(t)
k =

∑n
i=1w

(t)
ik .

– Compute convergence criteria and check if the values are smaller than the

chosen tolerance values. If yes, go to Step 3. Otherwise set t = t + 1 and

repeat Step 2. The convergence criteria used are:

1. The number of iterations must be lower than the maximum number

of iterations. The maximum will be set to 50.

2. The maximum of the absolute difference from the tth to the (t+ 1)th

iteration between any of the regression parameter estimates is below

the tolerance. The tolerance will be set to 10−3.

3. The difference in complete data likelihood from iteration t to t + 1 is

below a specified tolerance. The tolerance will be set to 10−3.

• Step 3: Return the final estimates as the desired MLEs.

3.4 Hypothesis Testing

Once the MLE estimates have been obtained using the EM algorithm, we need to

conduct a hypothesis test to determine whether the genetic factor under investigation

is significantly associated with the outcome. For our linear mixed model, we are

primarily interested in testing the hypothesis of no association against the alternative;

i.e H0 : βg = 0 vs H1 : βg ̸= 0.

There are several commonly used likelihood-based hypothesis testing frameworks
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that can be used depending on the nature of the data and the research question at

hand. In section 3.4.1, we briefly review the likelihood ratio test and describe an

approximate procedure for computing the likelihood ratio statistic in our context. In

section 3.4.3, we describe a Wald test.

3.4.1 Likelihood Ratio Test

Likelihood ratio tests (LRTs) are a class of general tests that are almost always

applicable in likelihood based inference and in most cases an optimal choice [9]. In

the context of linear mixed models, LRTs can be used to compare the fit of different

fixed and random effects models [26].

Let L(θ|x) be the likelihood function of a random variable X1, . . . Xn with a pdf

f(x|θ). We can define the LRT statistic for testing H0 : θ ∈ Θ0 versus the alternative

H1 : θ ∈ Θc
0 as

Λ = −2 logW

where W is expressed as:

W (x) =
supΘ0

L(θ|x)
supΘL(θ|x)

(3.4.1)

where Θ is used to denote the unrestricted parameter space and θ0 is the null pa-

rameter space. The numerator of (3.4.1) is the maximum probability of the observed

sample computed over the parameters in the null hypothesis while the denominator is

the maximum probability of the observed sample over all the possible parameters. If

W (x) is small, then there are parameter points in H1 for which the observed sample

is much more likely than for any parameter point in the null parameter space and we

will reject H0 in this situation.

To compute W (x), let θ̂ be the MLE of θ obtained by an unrestricted maximiza-
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tion of L(θ|x). Consider also the MLE of θ, θ̂0, obtained by a restricted maximization

over Θ0 as the parameter space. It is clear that θ̂0 = θ̂0(x) is the value θ ∈ Θ0 that

maximizes the likelihood L(θ|x). Equation (3.4.1) can be written as:

W (x) =
L(θ̂0|x)
L(θ̂|x)

(3.4.2)

From (3.4.2), we see that the likelihood ratio test depends on the likelihood (or

log-likelihood) functions of the model under the null and alternative. In the context of

missing data, this likelihood must be computed based on the observed data likelihood,

which may not be possible to compute. In particular, let x be the vector of missing

(continuous) data and y the vector of observed data. The observed data likelihood is

the marginal density of y, which is an integral expression as shown below:

L(θ) = fY (y;θ) =

∫
fX,Y (x,y;θ)dx (3.4.3)

As with parameter estimation, this integral may not be available in closed form.

Therefore likelihood ratio tests in the context of missing data are also not as straight-

forward as the non-missing data context. In fact, the literature on how to construct

and conduct a likelihood ratio test when there is missing data is quite sparse, as noted

by Yang and Kim [82] and Sung [68].

We have used the Monte Carlo EM for obtaining MLE estimates in section 3.3.1.

For approximating the observed data likelihood, we used a Monte Carlo approxima-

tion method to obtain the observed likelihood function as in Yang and Kim [82].
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3.4.2 Likelihood Ratio Test for the EM-LMM algorithm

In this subsection, we describe our approach for carrying out an LRT for testing the

hypothesis of no association in our model. The approach is based on the method of

Yang and Kim [82] which uses the concept of importance sampling to approximate

the observed likelihood.

Recall the Monte Carlo samples generated in section 4.3.1. We are not able to use

these samples to impute the data in order to compute the complete-data log-likelihood

because these samples are generated from a distribution with fixed parameter values

[82]. We use the importance sampling technique for approximating the observed

log-likelihood function. The observed density function is given as:

fobs(y, g, b;X,θ) =
∑
gmis

f(y|g, b,X;θ) f(g; γ) (3.4.4)

where the summation is taken over the missing genotype vector.

Using the marginal model we rewrite the observed density as:

fobs(y, g;θ) =
∑
gmis

[
f(y|g; βg, βx, σ

2
b , σ

2
e) f(g; γ)

Pr(gmis | gobs,X,y, θ̂)

Pr(gmis | gobs,X,y, θ̂)

]
(3.4.5)

where the distribution Pr(gmis|gobs,X,y, θ̂) now acts as the proposal distribution,

denoted h(gmis). Our choice of this distribution stems from the fact that we are able

to sample missing genotypes quite easily from it, as done in section 3.3.1.

This sum can be written as an expectation over the distribution:

Pr(gmis | gobs,X,y, θ̂)
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as:

E

[
f(y | g; βg, βx, σ

2
b , σ

2
e) f(g; γ)

Pr(gmis | gobs,X,y, θ̂)

]
(3.4.6)

The expectation can then be approximated by a simple Monte Carlo to obtain the

observed log-likelihood as:

ℓobs(θ) = log(fobs(y, g;θ)) ≈ log

(
1

M

M∑
l=1

[
f(y | gl; βg, βx, σ

2
b , σ

2
e) f(gl; γ)

h(gmis)

])
(3.4.7)

The LRT statistic is now of the form:

Λ = −2{ℓobs(θ0)− ℓobs(θ̂)}. (3.4.8)

Under the null H0 and under certain regularity conditions,

Λ
d−→ χ2

(p)

where p is the difference in the number of parameters in H0 and H1. We reject H0 if

Λ > χ2
(p),1−α

where α is the significance level.

The procedure for constructing the LRT for our model can be summarized as:

1. Under the null, we need to obtain the log-likelihood function for the marginal

linear mixed model with no genetic covariates (βg = 0). The density function

corresponding to this can be expressed as the density of the marginal normal
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distribution for y and the multinomial density of g. i.e

f(y|X; β̂x(0), σ̂
2
b(0), σ̂

2
e(0)) p(gl | γ̂) (3.4.9)

where

y | βx, σ
2
b , σ

2
e ∼ Nn (Xβx, Vy)

and

p(g;γ) =
n∏

i=1

Pr(gi | γ)

where gi ∼ Multinomial(2, γ̂).

2. For the observed likelihood underH1, we compute the approximate log-likelihood

ℓobs(θ̂) by:

• Sample missing genotypes from the proposal distribution h(gmis) given by

Pr(gmis | gobs,X,y, θ̂).

• This distribution has been named “weights” in section 3.3.1 but here, we

sample from this distribution by letting θ = θ̂. i.e θ at the MLE. For each

missing genotype sampled, we would need to keep track of the sample and

its associated weight.

• By multiplying these weights, we will obtain the density of the proposal

distribution which is the denominator in the equation 3.4.7 of the observed

log likelihood ℓobs.
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• For the numerator, we compute two densities: the marginal density eval-

uated at the MLE i.e

f(y | gl; β̂g, β̂x, σ̂2
b , σ̂

2
e)

and

f(gl; γ̂) =
n∏

i=1

Pr(gi | γ̂).

• The observed log-likelihood evaluated at the MLE is now obtained using

equation (3.4.7) above.

3. The likelihood ratio statistic is then computed based on Wilk’s theorem as:

Λ = −2
{
lobs

(
θ̂0

)
− lobs (θ̂)

}
∼ χ2

p (3.4.10)

3.4.3 The Wald Test

Another statistical test that can be used for inference on βg is an approximate Wald

test. The standard error of the βg component in β∗ is given as:

SE(β̂g) =

√
V (β̂g)

where β̂g is the MLE estimate of βg. Given the standard error estimate, the null and

alternative hypotheses H0 : βg = 0 versus HA : βg ̸= 0 can be tested by using the

following Wald statistic:

Z =
β̂g

SE(β̂g)

where SE(β̂g) is the standard error of β̂g.

The asymptotic variance of the estimators is approximated with the inverse of
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the Fisher information matrix (FIM) V (θ̂) ≈ [I(θ̂)]−1. The FIM, I(θ) is usually

approximated by the observed information matrix, I(θ) in a missing data context.

The standard error can be calculated using Louis’s method [41] given as:

I(θ) = Eθ [Ic(θ) | gobs,X,y]− var [Sc(θ) | gobs,X,y] (3.4.11)

where I(θ) is the negative hessian of the observed data log-likelihood, Ic(θ) is the

negative Hessian of the complete-data log-likelihood function and Sc(θ) is the score of

the complete-data log-likelihood function. When the expectations in equation 3.4.11

are not easily computed, a Monte Carlo approach by Tanner [69] can be used to

estimate the observed matrix. The estimated observed information matrix for θ at θ̂

is given by:

I(θ̂) =
1

M

M∑
i=1

∂2 log p (θ | Y , zi)

∂θ2

∣∣∣∣∣
θ̂

+
1

M

M∑
i=1

(
∂ log p (θ | Y , zi)

∂θ

∣∣∣∣
θ̂

)2

(3.4.12)

Using the values sampled from the Monte Carlo, we have:

I(θ̂) = Eθ [Ic(θ) | gl,X,y]− var [Sc(θ) | gl,X,y]

=
∂2

∂θθ′Q
(
θ | θ̂

)
|θ=θ̂ −

1

M

M∑
l=1

S
(
θ̂;Xl,y, b̂l

)
S
(
θ̂;Xl,y, b̂l

)′ (3.4.13)

Here, the missing genotypes have been replaced by their sampled values from the

conditional distribution at convergence and we know that Xl = [gl,X]. We are

interested in the observed information for the fixed effect parameter β∗ and we now

outline the procedure for obtaining this quantity using the Monte Carlo approach of

Tanner.
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• The observed information matrix for β∗, I(β∗) can be expressed as:

I(β̂∗) = − ∂2

∂β∗β∗′Q
(
θ | θ̂

)
|β∗=β̂∗ −

1

M

M∑
l=1

S
(
β̂∗;Xl,y, b̂l

)
S
(
β̂∗;Xl,y, b̂l

)′
(3.4.14)

• We can approximate each of these quantities by sampling from Pr(gmis |

gobs,X,y, θ̂) which are our weights from equation ??, evaluated at the MLE.

The first term is approximated by:

1

M

M∑
l=1

∂2

∂β∗β∗′Q
(
θ | θ̂

)

where
∂Q
(
θ | θ̂

)
∂β∗ =

1

Mσ̂2
e

M∑
l=1

((
y − b̂l

)′
X∗

l − β̂∗′X∗′
l X

∗
l

)
.

and

∂2Q
(
θ | θ̂

)
∂β∗β∗′ =

1

Mσ̂2
e

M∑
l=1

X∗′
l X

∗
l

• The score function is approximated by:

S
(
β̂∗;Xl,y, bl

)
=

∂ℓc(θ)

∂β∗ =
1

σ̂2
e

M∑
l=1

(
(y − b̂l)

′X∗
l − β̂∗′

X∗′
l X

∗
l

)
(3.4.15)

• The observed information matrix for I(β̂∗) under a Monte Carlo approximation
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is:

I(β̂∗) =
1

Mσ̂2
e

M∑
l=1

X∗′
l X

∗
l +

1

Mσ̂2
e

M∑
l=1

(
(y − b̂l)

′X∗
l − β̂∗′

X∗′
l X

∗
l

)
(
(y − b̂l)

′X∗
l − β̂∗′

X∗′
l X

∗
l

)′ (3.4.16)

• The asymptotic variance V (β̂∗) based on Tanner [70] is obtained as the inverse

of the fisher information for β∗ i.e

V (β̂∗) = [I(β̂∗)]−1.

3.5 Conclusion

In this chapter, we have developed an Expectation-Maximization (EM) algorithm tai-

lored to address missing genotype data in the context of linear mixed models (LMMs).

We began by introducing the concept of linear mixed models and how to estimate the

fixed and random effects parameters when we have complete data. We then described

the EM algorithm in detail, outlining the two main steps: the expectation (E) step,

where missing values are imputed based on the current parameter estimates, and

the maximization (M) step, where model parameters are updated using the complete

data. Next, we outlined our LMM model and derived the EM algorithm for mod-

elling the type of data we were interested in. We derived the EM updates for the

parameters of interest, including fixed effects coefficients and variance components.

Finally we derived two hypothesis tests and procedure. In the next chapter, we apply

our method to both simulated and real data to evaluate the type 1 error, bias and

power.



Chapter 4

Evaluating the Performance of the

EM-LMM algorithm

4.1 Introduction

In this chapter, we evaluate the performance of the EM-LMM algorithm on real

and simulated datasets. We first present a simulation study with missing data and

population stratification to assess the type 1 error and power under various conditions

of missingness. Type 1 error, also known as false positive rate, refers to the probability

of erroneously rejecting a true null hypothesis. We varied the proportion of missing

data, the missing data mechanism (EPS and randomly missing in the statistical sense

i.e MCAR), and the sample size to assess their effects on the algorithm’s accuracy

and robustness. We also conducted simulation experiments to assess the power of our

methods in these scenarios. By manipulating these factors in a controlled manner,

we aim to identify conditions under which the EM algorithm may exhibit inflated or

deflated type 1 error rates, thereby providing guidance for its practical application

91
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in real-world research settings. Quantifying the probability of this error is crucial in

determining the reliability and credibility of this approach. Power is the probability

of correctly rejecting the null. By comparing power of the EM-LMM approach to

analysis with the full dataset, we aim to determine the effect of missing data.

We also present an application of our EM algorithm on a real population-based

dataset collected to investigate prostate cancer risk factors that is known to have

population substructure. We selected extremes of the BMI response variable in order

to evaluate the estimation of model parameters.

This chapter is organized as follows: Section 4.2 first describes the data simu-

lation strategy for simulating the genotypes and phenotypes for assessing the type 1

error and power. This Section also describes the PROtEuS study, the variables in

the dataset and a comprehensive quality control carried out on the genetic data. The

analysis methods are then summarized for both the simulation study and real-data

analysis. In Section 4.3 we display and summarize the results from our analysis in

terms of the type 1 error, power and the model parameters and in Section 4.4, we

provide concluding remarks.

4.2 Data and Methods

4.2.1 Data Simulation Strategy

In this section, we describe the approach used to simulate genetic covariates and

phenotypes in our simulation studies. Assuming common variants, our approach to

simulating the genetic covariates and candidate SNP follows that described in Onifade

et al. [50].

We assumed a cohort consisting of two subpopulations of equal proportion. The
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total cohort size N , was set to 5, 000 and 10, 000. The Fst value, a measure of popu-

lation substructure between the two populations was set to 0.01. This is higher than

would be expected between typical European populations but it ensures substantial

population substructure as noted previously in [52]. We first simulated the genetic

data using the Balding-Nichols method [2, 58] and as previously described in [52]. For

each individual, we simulated a total of p = 5000 SNPs. Though true genome-wide

data would consist of much larger number of SNPs, our previous work with data sim-

ulated using this model has shown that this number of SNPs is sufficient to correct

for population stratification [52]. For each SNP, the generating allele frequency, p,

was sampled from a uniform [0.1, 0.9] distribution. To mimic population differentia-

tion, the allele frequency within each of the two populations, p1 and p2, was sampled

from a Beta distribution with shape and scale parameters p(1−Fst)
Fst

and (1−p)(1−Fst)
Fst

,

respectively. This approach has been shown to generate genotype data having the

desired Fst level [2].

Using the allele frequencies p1 and p2 the genotype data was sampled assuming

Hardy Weinberg equilibrium within each subpopulation. The genotype data was

coded as 0, 1 or 2 for the number of minor alleles. To test the hypothesis of no

association, we simulate a single locus to act as our candidate SNP. To simulate

the candidate SNP, we assumed that the ‘1’ alelle frequency was p1 = 0.25 in the

first subpopulation and p2 = 0.85 in the second subpopulation. Although this allele

frequency difference is probably not realistic in practice, it was chosen to reflect a

‘worst case’ scenario of a SNP that showed extreme population differentiation. Since

our mixed model-based method required the use of a GRM matrix to correct for

population stratification, the genetic data based on the p = 5000 SNPs simulated

under the Balding Nichols model was used to compute the GRM , K, using Gaston;
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a software for fitting genetic mixed models in R [5]. The candidate SNP for the

association test was not included in the computation of the GRM.

Simulations to assess type 1 error

After simulating genotypes, phenotypes were simulated using a linear mixed model

which required specifying the fixed effects of the genotypes and covariates, the ran-

dom effect components, accounting for the population structure in the study and

observational noise [46]. There are several existing software packages that are capa-

ble of generating realistic phenotypes by specifying these components; these include

PhenotypeSimulator [46], MultiPhen [51], MultitraitGWAS [55] and Gaston [5]. We

used Gaston mainly due to the ease of use. We selected a total genetic variance of 0.4

while leaving about 0.6 to be explained by the noise terms. Since we are simulating

data to estimate the type 1 error, the genetic fixed effect is set to 0. We did not

simulate any non-genetic covariates. To mimic EPS sampling, we ordered the phe-

notype variable and retained genotype data for only the top and bottom 20% of the

phenotype distribution. For comparison purposes, we also generated datasets with

sporadically missing genotype data. We randomly removed 5%, 10% and 20% for our

randomly missing scenarios.

For each scenario, we simulated 1000 datasets. For each simulated dataset, we

analyzed the data using the methods described in section 4.2.3 which was programmed

in R. Due to inconsistent results with the LRT, hypothesis testing used the Wald

test. We stored whether we reject or fail to reject the null hypothesis of βg = 0

at a significance level of 0.05. The type I error rate for each scenario considered is

estimated by the proportion of the simulated datasets where the null hypothesis was

rejected at level α = 0.05. If the method has good type 1 error control, we expect
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Table 4.1: Parameters for type 1 error simulations

Description Values

Population differentiation (Fst) 0.01

Number of individuals N 5000

Number of subpopulations 2

Number of SNPs p 5000

Allele frequency in population 1 p1 0.25

Allele frequency in population 2 p2 0.85

Total number of simulations n 1000

Phenotype mean µ 0

σ2
b , σ

2
e 0.4, 0.6

this proportion to be approximately 0.05. Simulations were run in a cluster computing

environment known as the Digital Research Alliance of Canada (CAC-FRONTENAC,

GRAHAM and CEDAR) and all analysis of the results was done in R [71]. Table 4.2

gives a summary of the values used in simulating both the genotypes and phenotypes

for the type 1 error estimation.

Simulations to investigate Power

To evaluate the ability of our model to detect true associations between genetic vari-

ants and the phenotype, we carried out a simulation study aimed at assessing the

power when there is no confounding due to population stratification. We simulated

genetic data for estimating ancestry using the same procedure as for the type 1 er-

ror simulations. To simulate the candidate SNP, we assumed no differences in allele

frequency between the two populations and an allele frequency of 0.2 for the causal

allele. The genotypes at the candidate SNP were sampled assuming Hardy-Weinberg

equilibrium. The phenotype was again simulated under a linear mixed model where

the genetic covariate effects βg, are set to βg = 0.10 or βg = 0.20. The EPS and
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Table 4.2: Parameters for power simulations

Description Values

Population differentiation (Fst) 0.01

Number of individuals N 5000

Number of subpopulations 2

Number of SNPs p 5000

Causal Allele frequency 0.2

Effect Sizes βg 0.10, 0.20

randomly missing genotypes are obtained using the same approach as for the type 1

error. For each scenario, we simulated 2000 datasets. The power is estimated by the

proportion of hypothesis tests rejected at α = 0.05. Simulations were again run in a

cluster computing environment.

4.2.2 The PROtEuS Study

prostate cancer is the most frequent cancer diagnosed in men in the western world

and the known risk factors leading to its development include age, family history

of prostate cancer and ancestry [67]. The data for this study was obtained from the

prostate Cancer and Environment Study (PROtEus), a case-control study undertaken

in Montreal to evaluate the role of environmental and lifestyle factors in prostate

cancer development [53]. In this section, we provide a brief summary of the PROtEuS

study; a detailed description has been described elsewhere [6, 7, 53].

The PROtEuS study contains phenotype, exposure variable and SNP (genotype)

data. The phenotypic data was available for 3969 men with about 1933 cases and

1994 controls. The eligible subjects for the study were men who are Canadian citi-

zens, under 76 years of age at the time of diagnosis or selection, are resident in the

greater Montreal area and registered on Quebec’s permanent electoral list. Data col-
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lection included face-to-face interviews with participants providing information about

socio-demographic characteristics, a wide range of lifestyle-related factors, a prostate

cancer screening history and detailed occupational histories. Ethics committees at

all participating institutions approved the protocol and subjects provided informed

consent. Cases were ascertained through pathology departments across all 11 French

hospitals, of the total of 14 hospitals that diagnose prostate cancer in the Montreal

area. All patients diagnosed with primary, histologically confirmed prostate cancer

(International Classification of Diseases, 10th revision, code C61) between Septem-

ber 2005 and June 2008 were included. Control subjects were selected concurrently

from the population-based provincial electoral French-speaking list, and frequency-

matched to cases by 5-year age groups. The electoral list is thought to represent

a nearly complete listing of Canadian citizens residing in the province of Quebec.

Controls were drawn randomly from an area comprising 39 electoral districts corre-

sponding to those of the case series. Subjects were still eligible if they had a history

of cancer other than prostate cancer.

Data was collected on several continuous variables in this study. These include

socio-demographic characteristics, anthropometric, life style and environmental fac-

tors. Due to individuals with diverse self reported ancestry in the data, we expect the

data to have some level of population substructure. Body mass index (BMI) was mea-

sured on participants and is one of the indicators of physical health that indicates

whether or not a respondent is considered overweight. The BMI values for adults

are normally categorized as follows: < 18.5 is considered underweight, an individual

between [18.5, 24.9] is considered healthy while > 30 is obese.

To apply our method, we require a continuous phenotype; we chose BMI from

the available variables. Since the cases were oversampled relative to the general
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population we carried out an ANOVA to test for the association between the BMI

and prostate cancer status. BMI was not associated with the prostate cancer status

(P-value=0.48). We also plotted a distribution of the BMI for four groups of cancer

severity: control, low severity of prostate cancer (Pca), high severity of Pca and those

with unknown status. As observed from Figure 4.1, the distribution of BMI is similar

across the control and case groups. Since there weren’t any significant differences

in the mean BMI among the groups, cases and controls were combined into a single

sample for our association analysis.

Figure 4.1: Distribution of BMI by prostate cancer status. These categories
are based on the Gleason score: Low refers to a less severe form of cancer
with Gleason <= 7 and high refers to a Gleason score > 7.

Table 4.3 provides a summary of the study population, including demographic

information, baseline characteristics, exposure and outcome variables and other rel-
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evant information. The median age of cases and controls was around 65 years and

cases were slightly younger than controls. Cases are also more likely than controls

to have a family history of prostate cancer (Pca). Compared to men of European

ancestry, African men had higher risk while Asian men had lower risks of developing

Pca. Cases and controls had similar values in terms of education.

Table 4.3: Selected summary statistics among the cases and controls in the
PROtEuS study population

Variables Cases (n = 1921) Controls (n = 1982)

Age, median (IQR) 64(59− 69) 65(61− 70)

BMI, kg/m2; median (IQR) 26.8(24.1− 29.1) 26.6(24.3− 29.5)

Ancestry, n (%)

European 1680 (87.5%) 1687 (84.8%)

African 90 (4.7%) 130 (6.7%)

Asian 73 (3.8%) 24 (1.2%)

Other 31 (1.6%) 29 (1.5%)

Do not know 14 (0.7%) 12 (0.6%)

Family history of Pca, n (%)

No 1728 (89.9%) 1411 (71.2%)

Yes 198 (10.3%) 448 (22.6%)

Do not know 56 (2.9%) 62 (3.1%)

PCa grade, n (%)

Low-grade PCa 1728 (89.9%) 807 (40.7%)

High-grade PCa 198 (10.3%) 1114 (56.2%)

Education

Primary 429 (21.5%) 449 (23.2%)

Secondary/College 953 (47.8%) 891 (46.1%)

University 611 (30.7%) 592 (30.6%)
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Quality Control (QC) for genetic data from PROtEuS Study

A vital step before genetic data analysis is quality control (QC). The aim of QC is to

remove genotype data more likely to have genotyping errors. Genotyping errors can

be due to poor quality of individual samples, cross-contamination between samples

either during or after collection and processing or storage that introduced foreign

genetic material. Genotyping errors can lead to erroneous conclusions if used in the

association analysis. Addressing these sources of errors involves implementing quality

control measures and validation techniques. We followed the QC steps from protocol

[44].

1. Remove SNPs and individuals with high levels of missingness. We removed (fil-

tered out) any individuals who have > 2% missing genotype data and removed

SNPs that have > 2% missing. It is important to perform SNP filtering be-

fore individual filtering. After this step, 11, 784 SNPs and 15 individuals were

removed.

2. Sex discrepancy: In this step, we checked for discrepancies between sex of the

individuals recorded in the dataset and their sex based on X chromosome het-

erozygosity/homozygosity rates from the genotype data. We checked that for all

the individuals reported, the X chromosome homozygosity estimate (F-value)

is > 0.8. We obtained an individual with an unknown sex and removed them

from the dataset.

3. Autosomal SNPs: We filtered out non-autosomal SNPs. These are the SNPs

that are not between chromosomes 1-22. We deleted 17, 799 non autosomal

SNPs.
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4. Minor allele frequency (MAF): In this study, we are interested in using common

variants or SNPs with a MAF > 0.05. With the study design, we have little

to no power for detecting rare SNP-phenotype associations [78]. Hence, we

removed 100, 283 SNPs that didn’t meet this condition. (Figure 4.2)

5. Hardy-Weinberg equilibrium (HWE): We also excluded SNPs / markers which

deviated from Hardy-Weinberg equilibrium. In general, for quantitative traits,

a HWE p-value of < 1e − 6 is recommended for GWAS [44]. 1279 SNPs were

removed.

Lastly, we removed the individuals with missing phenotypes. All QC and pre-

processing was done with PLINK (version 1.90b), a genome association analysis

toolset that is designed to conduct analyses in a computationally efficient manner

[61]. After the QC steps and preprocessing, we obtained a genetic sample of 2527 in-

dividuals and 574, 561 SNPs. A summary of these steps and the number of individuals

and SNPs removed at each step is shown in Figure 4.3.

4.2.3 Models and software implementation

Model for Simulation study

For the data simulated in Section 4.2.1, we are interested in carrying out a candidate

SNP study using our EM-LMM algorithm. Recall the LMM model for genetic data

analysis discussed in Chapter 3, section 3.3. We consider the model with only genetic

effects and this is given as:

y = X∗β∗ + Ib+ ϵ (4.2.1)
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Figure 4.2: The histogram showing MAF distribution of the SNPs in the
PROtEuS study. The red vertical line indicates the SNPs that will be re-
moved at MAF < 0.05 These are SNPs to the left of the vertical line.
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Figure 4.3: Summary of the quality control steps carried out: n is the number
of individuals while p is the number of SNPs.

Remove SNPs with missingness > 0.02

Remove individuals with missingness > 0.02

All individuals reported should have F-value > 0.8

Exclude non-autosomal SNPs

Remove SNPs with MAF < 0.05

Remove SNPs not in Hardy Weinberg Equilibrium

n=2578
p=704, 823

n=2563
p=693, 039

n=2562
p=693, 039

n=2542
p=675, 240

n= 2542
p=574, 885

n= 2542
p=573, 561
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where y is the n × 1 simulated phenotype values, X∗ = [1, g] is the design matrix

corresponding to the intercept and candidate SNP, β∗ = [β0, βg]
′ is the vector of

regression coefficients with β0 the intercept and βg the genetic effect. bn×1 is the

vector of random effects assumed to be b ∼ Nn(0, σ
2
bK) where K is the n×n genetic

relationship matrix (GRM) estimated from the p = 5000 SNPs simulated under the

Balding-Nichols model. The model errors are ϵ ∼ Nn(0, σ
2
eIn). We assume that all b

and ϵ are mutually independent.

Fitting the EM-LMM model involves estimation of β0 and βg and the variance

components σ2
b and σ2

e . The model was programmed in R and the initial values (fixed

effects and variance components) for starting the EM algorithm was obtained from

running a linear mixed model. For the initial genotype parameters, we used the

calculated genotype frequencies from the available SNP data. We ran the algorithm

on both the EPS and sporadically missing datasets. We used the Wald test described

in section 3.4.3 for testing the hypothesis of no association in the EM-LMM model.

Gaston and GEMMA methods.

Model for the PROtEuS study

Since the PROtEuS study consists of men from different ethnic backgrounds, we ex-

pect that there might be some level of population subdivision in the dataset and

therefore it is necessary to correct for population stratification. Linear mixed mod-

elling is an appropriate analysis strategy for this type of data. However since this is

real data, we are not sure if there are true associations or population structure.

A LMM model based on this dataset can be written as follows:

y = gβg + Ib+ ϵ (4.2.2)
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where y is the n × 1 vector of BMI for n = 2539 individuals. Performing a GWAS

using an LMM involves fitting the model to each SNP in the genome hence the genetic

factor g is a n × 1 vector of genotypes for a particular SNP. βg is the genetic effect

of each SNP and b is the random effect assumed to be distributed as b ∼ N(0, σ2
bK)

where K, the GRM is estimated from the genomewide SNPs using GEMMA. The

model error is e ∼ Nn(0, σ
2
eIn). We first analyzed a single SNP (rs903924) from the

ProtEus study as the genetic covariate and the BMI as our response variable using

Gaston [5] and lme4qtl [87] . The estimates obtained from these two methods were

similar so we used the values from Gaston as the initial values for the EM-LMM

algorithm.

4.3 Results

4.3.1 Simulation Study

Type 1 error estimation

We evaluated the type 1 error rate for a total cohort sample size of 5000 and across

different levels of missingness. Table 4.4 summarizes the findings regarding the type

1 error rate for various missing scenarios. Notably, the results indicate consistently

low values for the type 1 error rate across all simulated conditions. At a sample size

of 5000, the type 1 error rates of EM-LMM at α = 0.05 for the EPS scenario was

0.017. Therefore the method is conservative. We also estimated the type 1 error rate

for randomly missing genotype scenarios (called RM). The type 1 error rate remained

consistently low across different levels of missingness for the RM scenarios (Table

4.4, row 1.) The type 1 error decreased as missing genotypes increased. When we
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compared these values to the type 1 error rate obtained from using Gaston on the

full dataset, we obtained a type 1 error rate of 0.021, which is close to what we

obtained with the EM-LMM analyses. For example, when 5% was missing, the type

1 error with EM-LMM was 0.026 while it was 0.011 when 20% was missing. For

GEMMA, we observe values close to the nominal value of 0.05 for both the full and

randomly missing datasets indicating adequate control of the type 1 error. These

results suggests that the LMM approaches we investigated are conservative and that

EM-LMM may become more conservative when there is additional uncertainly due

to missing data.

Table 4.4: Estimated type 1 error rates for different software under various missing
data scenarios

Number of Samples Method

Type 1 error

Full EPS RM RM RM

Dataset 5% 10% 20%

5000

EM-LMM - 0.0169 0.0264 0.0252 0.0108

GASTON 0.021 - 0.021 0.022 0.025

GEMMA 0.053 - 0.053 0.051 0.052

a EPS: Extreme Phenotype Sample – A subset of the data selected based on 20% extreme
values of the phenotype.

b RM: Randomly Missing 5%, 10%, and 20% indicate cases where 5%, 10%, and 20% of the
data are randomly missing, respectively.

c EM-LMM: our EM Algorithm for Linear Mixed Models

In Table 4.5, we present a comparison of the average estimates and biases ob-

tained from two different estimation methods: EM-LMM and GASTON. We excluded

GEMMA since it doesn’t provide variance component estimates by default. These

estimates provide insights into the performance of each method in accurately esti-

mating the parameters of interest under a simulated scenario. For β0, the EM-LMM

method provides an average estimate that is very close to the true value of 1, with
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negligible bias, for both the EPS and random missing scenarios. This indicates ac-

curate estimation of β0. Gaston method is also close to the true value. For βg, both

EM-LMM provide estimates close to the true value of 0 for βg. For both EPS and

RM scenarios. GASTON applied to the full dataset also shows little bias. For the

variance component σ2
b , only GASTON yields an estimate close to the true value of

0.4 with negligible biases. With our EM algorithm, we had a highly biased estimate

of σ2
b indicating that our method is overestimating this parameter. For the EPS

sample, the average estimate is 4.5720, which also leads to a high bias of 4. Similar

bias is observed for the RM scenario. In contrast, Gaston provides a more accurate

estimates, with a bias that is close to 0. The biases for σ2
e for EPS and RM are also

observed with σ2
e . In contrast, Gaston provides a more accurate estimate, with a bias

close to 0. The genetic parameters γ0, γ1, and γ2 are only available for our EM

method. Compared to the true values, both the EPS and randomly missing (RM)

forms of our algorithm provide estimates for these parameters with negligible biases

indicating accurate estimation.

Power

Table 4.6 presents the estimated power for the two effect sizes (βg) across the missing

data scenarios. We observed that the EM-LMM demonstrates a low power of 0.30

and 0.32 for effect sizes of β = 0.10 and β = 0.20, respectively. The maximum power

would be what is obtained from the full dataset which is roughly 0.55. Power is slightly

higher but still low (0.34) under random missing scenarios. Since the approach was

shown to be conservative with missing data, the power may also be affected since

overall the procedure results in fewer rejections than expected.
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Table 4.5: Comparison of the average estimates and biases for all the parameters
estimated from the EM-LMM model and the Gaston method based on 1000 simulated
datasets.

Parameter True Value
EPS GASTON RM (5%)

θ̄EPS Bias θ̄G Bias θ̄RM Bias

β0 1 0.9996 -0.0003 0.9980 -0.0001 1.0008 0.0008

βg 0 0.0007 0.0007 -0.0003 -0.0003 0.0007 -0.0007

σ2
b 0.4 4.9720 4.5720 0.3999 -0.0000 4.9720 4.5720

σ2
ε 0.6 0.0177 -0.5822 0.6001 0.0001 0.0177 -0.5822

γ0 0.3918 0.3923 0.0005 - - 0.3922 0.0004

γ1 0.3108 0.3150 0.0042 - - 0.3149 0.0041

γ2 0.2914 0.2927 0.0012 - - 0.2927 0.0014

a The EM-LMM method was applied to both the EPS (20% in the extremes) and randomly
missing(RM) 5% scenarios while the Gaston software was applied to the full dataset.

4.3.2 Results from the PROtEuS Study

Table 4.7 shows the parameter estimates from our proposed EM-LMMmethod on EPS

with missing genotypes and the estimates from the full dataset estimated using Gaston

and Lme4qtl. To obtain these estimates, we performed a single variant association

test with our EM-LMM model for all the cases of missingness considered. To better

understand performance, we used the “rs903924” SNP with a minor allele frequency

0.40 randomly selected from the list of SNPS after QC.

We observe that the estimates of fixed effects and variance components from our

method with the EPS design are generally similar to what would be obtained by

analyzing the full dataset using lme4qtl. The estimates from Gaston are also similar

except for the estimate for the model error σ2
e . This difference could be attributed to

the different forms of GRM matrix used in fitting both models. Our EM approach,

GEMMA and lme4qtl use the same approach for calculating the GRM while Gaston
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Table 4.6: Estimation of power for all forms of
missingness considered

Method Scenario Estimated Power

βg = 0.10 βg = 0.20

EM-LMM EPS 0.30 0.32

5% Missing 0.34 0.37

Gaston Full dataset 0.43 0.56

5% Missing 0.48 0.50

GEMMA Full dataset 0.54 0.58

5% Missing 0.48 0.49

a We compared power obtained from the EPS and 5%
missing with the maximum power obtainable from the
full dataset determined by GASTON and GEMMA.

uses a standardised GRM computed directly in the program. We also note that the

regression parameter for the fixed effect, βg is higher using the EM-LMM approach

on the EPS data when compared to the estimates obtained by lme4qtl and Gaston

on the full dataset.

Table 4.7: Fixed effect and variance effect estimates for EM-LMM analysis
on the EPS dataset and Lme4qtl and Gaston on the full dataset for SNP
rs903924

Parameter EM-LMM lme4qtl GASTON

β0 26.6675 27.6220 26.9490

βg 0.4687 0.1092 0.151

σ2
b 7.1236 8.356 7.0309

σ2
e 7.6301 8.4838 10.7414

To assess whether the inflated βg value is related to the EPS sampling design,

we also considered randomly missing genotypes. Table 4.8 displays the estimated
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parameters assuming an EPS study design and randomly missing scenarios. We

observe that the estimates are generally close to each other except for the fixed effect

parameter βg. The βg estimate for the randomly missing scenarios are close to those

obtained by Gaston. It is therefore possible that the inflated βg estimate in Table 4.7

is due to the EPS sampling rather than the EM-LMM algorithm.

Table 4.8: Parameter estimates from EM-LMM analysis for various missing
data scenarios.

Parameter Estimates

Parameter EPS 5% 10% 20%

β0 26.6675 26.9176 27.0797 26.9537

βg 0.4687 0.1873 0.1678 0.1465

σ2
b 7.1236 7.1231 7.1229 7.1229

σ2
e 7.6301 7.6142 7.6039 7.6172

γ0 0.3238 0.3313 0.3373 0.3417

γ1 0.4705 0.4777 0.4612 0.4559

γ2 0.2057 0.2010 0.201 0.2022

In order to fully assess the performance of our model for each scenario of missing

data, we tested for association of 50, 000 randomly chosen SNPs from the genomewide

data. We plotted the observed p-values using a Q-Q plot (quantile-quantile plot). A

Q-Q plot is a graphical tool used to assess whether the distribution of observed p-

values in the association test deviates from the expected distribution under the null
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hypothesis of no association.
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Figure 4.4: Q-Q Plot of p-values obtained from EM-LMM and GEMMA

Figure 4.4, shows the Q-Q plot plotted for the EPS scenario using our EM-

algorithm. We also plotted the observed p-values from GEMMA. The EPS samples

were obtained from retaining 20% of the top and bottom genotypes. However, given

that we expect few SNPs to be significant, if the test statistics are not inflated, we

would expect all points to fall on the line x = y. We obtained points that have larger
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than normal values compared to the expected values (yellow points) which shows that

the test statistics are massively inflated. The distribution of p-values for GEMMA

is close to expected under the null and therefore we do not have to worry about an

inflated false positive rate. We repeated the QQ plot with a 5% missing scenario and

the Q-Q plot was similar.

4.4 Discussion

In this chapter, we applied the Expectation-Maximization (EM -LMM) algorithm to

analyze simulated datasets and a real Prostate cancer dataset and compared results

to existing LMM approaches.

Our results from the analysis of the PROtEuS dataset were unexpected given

the simulation study. When looking at a single SNP, the genetic effect estimate

was higher under the EPS design than the estimate obtained on the dataset without

missing genotypes, but the variance components were similar. On the other hand,

the estimates under randomly missing scenarios were all similar to those obtained

with the full dataset. However, when looking at the distribution of P-values from

the randomly missing scenario across 50,000 SNPs from the PROtEus study, we see

massive inflation of the number of significant hypothesis tests. This result would

indicate that the EM-LMM approach is not a valid analysis strategy. On the other

hand, the simulation study showed that the EM-LMM approach is conservative, with

estimated type 1 error rates lower than the nominal value. The approach becomes

more conservative as the proportion of missing genotypes increases. However, we have

shown that the LMM approach overall is conservative; our type 1 error estimates are

close to those estimated using the LMM approach of Gaston on the full dataset. In
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looking at power, we note that power under EPS is lower than randomly missing. This

can be explained by the conservative nature of this procedure as well as the fact that

under EPS, there are more missing data. Power was comparable to Gaston. Finally,

the EM-LMM approach estimates the fixed effects with high accuracy. However

the variance components are not estimated accurately. Further work is needed to

determine the reason for the biases of the variance components.

The most likely explanation for the discrepancy of results between the simulated

and real data analysed is an error in the real data analysis itself. We are currently

investigating this hypothesis. However, if no errors are found, then our conclusion is

that the EM-LMM approach to missing genotype data is not an appropriate analysis

strategy. For EPS designs, this means that the data should be analysed as binary,

as described in Chapter 2. For sporadically missing data, an imputation approach is

preferred.



Chapter 5

Conclusion and Future Work

In this thesis, we have conducted an investigation into the use of Linear Mixed Models

(LMMs) for handling the effects of population stratification in extreme phenotype

samples (EPS) and we have proposed a novel LMM algorithm for the analysis of such

data. Population stratification, arising from genetic ancestry differences among study

participants, poses a significant challenge in genetic association studies, particularly

when analyzing samples from an EPS design. Through our research, we have explored

LMMs as a statistical tool for accounting for population structure in both extreme

phenotype samples and when genotype data are sporadically missing. Our work

highlights the importance of considering population stratification in genetic analyses

involving EPS samples and demonstrates the use of LMMs as a tool to effectively

controlling for these confounding factors. As we conclude this thesis, we summarize

the main findings from our investigation, their implications and discuss potential

directions for future research in this field.

In Chapter 2, we compared the type 1 error and power of several mixed model

based approaches in correcting for population substructure when we have extreme
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phenotype samples. We modelled the extreme phenotypes as binary and used methods

suitable for analysing case-control or binary data. We simulated genetic data using the

Balding Nichols model and normally distributed phenotypes for each subpopulation.

We considered an extreme form of population stratification for this study by setting

p1 = 0.25 and p2 = 0.85 in each subpopulation respectively. We also considered a

real dataset. Our findings revealed adequate control of the type 1 error rate for most

of the mixed-model based approaches when the genetic variant was common. We

also considered rare variants using the available mixed-model based approaches. We

observed inadequate correction for the type 1 error under this scenario.

Drawing upon the results in Chapter 2, in Chapter 3 we developed a novel EM

algorithm in a linear mixed model framework that is applicable for missing genotype

data. Our method is an extension of the method of weights by Ibrahim et al. [23] and

we assume that only the genetic data at the candidate SNP are missing. We call this

method EM-LMM. We also derived a likelihood ratio statistic and a Wald statistic

for testing the hypothesis of no association; however, we focus on the Wald test

in subsequent work. Our Wald test was based on the Monte Carlo approximation

method of Tanner [69] as it was difficult to obtain analytical expressions for the

standard errors using the Louis’ method.

In Chapter 4, we evaluated our EM-LMM algorithm using simulation studies

and a real data analysis from the PROtEUS study. Our investigation aimed to assess

the algorithm’s efficacy in terms of controlling the type 1 error, power and how well

the fixed effects and variance components are estimated by the model. These are

all crucial for accurately drawing inference about the model we have developed and

its use in genetic association studies. Notably, our simulation studies demonstrated

that the algorithm exhibited a conservative type 1 error rate and low power for all
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forms of missing scenarios considered. Furthermore, the algorithm produced unbiased

estimates for the fixed effects, suggesting its ability in capturing the true effect sizes

of genetic variants on the phenotype of interest. However, the simulation study

also uncovered a concerning aspect of the algorithm’s performance. Specifically, we

observed highly biased estimates for variance components. This indicates a systematic

deviation from the true underlying variability within the dataset. This finding raises

important considerations regarding the algorithm’s suitability for applications where

accurate estimation of variance components is critical.

For the real data analysis when we examined a single randomly chosen SNP,

we didn’t observe bias for the variance component estimates; they were all within

an acceptable range when compared with other LMM methods applied to the full

dataset. However, the fixed genetic effect estimate from EM-LMM was larger than the

estimates from other methods. We also analysed a large subset of the genome wide

data using the EM-LMM model when data is EPS-missing and randomly missing.

Despite the rigorous testing of our algorithm, the results did not align closely with

the expected values, as evidenced by the Quantile-Quantile (Q-Q) plot. While it is

not clear if this discrepancy is from our Wald statistic or the number of SNPs that

were analysed, the results suggests potential challenges or limitations associated with

the use of EM-LMM when we have real genetic data. Identifying the underlying

causes of this discrepancy is an area for further investigation.

Overall, the evaluation of our EM-LMM algorithm points out the importance of

thoroughly assessing a proposed methodology in genetic association studies. While

the simulation studies indicated that the algorithm demonstrates promise in control-

ling the type 1 error rate and estimating fixed effects accurately, the analysis of the

ProtEus data pointed to a high false positive rate. At this time, to analyze EPS data,
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we recommend using the methods for binary data evaluated in Chapter 2. Current

and future research efforts should focus on addressing the algorithm’s limitations to

enhance its applicability in controlling for population stratification in extreme phe-

notype samples.

5.1 Limitations of the Study

While this study offers insights into the use of linear mixed models applied to missing

genotype data, it is important to acknowledge its limitations.

First, our approach like that of Lin et al. [36] requires genotype data for ances-

try estimation/GRM to be available on all samples. This would apply for example if

a GWAS was first conducted on the full cohort, but targeted sequencing of selected

regions was later only done on a subsample. However it is possible that in real studies

genomic data is not available. One of the approaches we tried was the conditional

likelihood approach used by a number of authors like Huang et al. [22], Li et al. [35]

and Barnett et al. [4]. After expressing the likelihood as a truncated normal distri-

bution taking into account the extreme sampling, we proceeded to use the method

of Derkach et al. [14] to estimate an appropriate score test for the hypotheses of

no association. Unfortunately, this could not be solved analytically and we therefore

decided to consider the problem as a missing data problem so that the EM algorithm

could be used.

In Chapter 3, we also developed a likelihood ratio test to evaluate the hypothesis

of no association. However the literature on the likelihood ratio test with missing

data is sparse because the observed likelihood, the marginal density of the observed

part of the data, is an integral expression [82]. Drawing from Yang and Kim [82], who
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proposed an approximation for the observed log likelihood, we employed importance

sampling to develop an approximate likelihood ratio statistic for handling missing

data at random. Despite implementing the likelihood ratio test, we encountered

computational errors that we hypothesize are due to extremely small numbers during

summation and division. Consequently, we explored alternative methods and our

work in Chapter 4 is based on Wald tests. However, given the scarcity of literature

on hypothesis testing on missing data, there are concerns surrounding its application

for missing genetic data.

Another limitation of our approach is the computational time. First we do not

have an inbuilt function for computing the GRM matrix. We had to rely on external

approaches to compute the GRM. Since working with extremely high dimensional

matrices requires implementation of numerical techniques, we had to rely on other

software for GRM calculation which increases the computational time. Second, our

solutions to the missing data rely on sampling many observations from the distri-

butions defined by the weights. This greatly increases the time needed to analyse a

single SNP. Since LMM-based analyses are already computationally demanding for

genome level analyses, this limits our algorithm’s utility to settings where cluster

computing is available.

5.2 Ongoing and Future Work

We have focused on using common variants in this study with hopes that we would

extend the algorithm to include rare variants, as our work in Chapter 2 showed a

lack of suitable mixed model approaches for rare variants when data are from an EPS

study. Typically, a rare variant is a genetic variant with minor allele frequency (MAF)
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< 1%. Due to their low frequency in the population, the ability to detect associations

are often poorly captured by traditional genetic association approaches. Methods for

tackling the problem of association testing for rare variants include Burden tests such

as the Combined Multivariate and Collapsing method (CMC) [34], Cohort Allelic

Sums test [47] and the Weighted Sum test [42]. These tests combine information

from all rare variants within a gene and collapse them into a single genetic variable

which is then tested for association with a phenotype of interest. The Sequence

Kernel Association test [80] aggregates evidence of individual variant effects across

the region using kernel function and uses a computationally efficient mixed model

variance component test to test for association. In the context of EPS, very limited

statistical methods have been developed for studying rare variants effects [4].

To extend our EM-LMM algorithm to accommodate rare variants, we proposed

using the gene-based collapsing method of Povysil et al. [56]. In this approach,

variants that satisfy a specific criteria (qualifying variants) are binned together as

equivalent and each individual is categorized as either having the “qualifying variant”

or not. This approach is easily accommodated in our algorithm as we would only

need to recode the expression for computing the “weights” for the missing genotypes

as allowing only 2 categories (0 = does not have “qualifying” variant, 1 = has a

“qualifying” variant) rather than 3. However, after laying down the background work

to extend the EM algorithm to rare variants, the outcomes observed upon applying

the EM-LMM algorithm to common variants from the ProtEus study suggests a

cautious approach when considering its application to an even more complex scenario

like rare variant association. Hence, we would consider this extension as future work.

The present investigation into the use of LMMs under an EPS design has provided

valuable insights into applying an EM algorithm to handle missing genotype data.
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We will now outline some alternative approaches and potential directions for further

inquiry and development.

A common approach used to handle missing genotypes in genetic association

analyses has been to perform imputation to “fill-in” the missing genotypes. Sin-

gle imputation of ungenotyped SNPs using resources like 1000 Genomes is already

very common [48]. Multiple imputation, as opposed to single imputation, is a gen-

eral statistical technique for handling missing data. The key idea here is to replace

each missing value with a set of plausible values thereby creating multiple completed

datasets. Each of these resulting completed datasets can then be analyzed using stan-

dard complete-data methods. Imputation has been used in methods for carrying out

GWAS (e.g GEMMA [86]) as it offers a way to tackle the missing genotypes typically

found in large genetic datasets even after quality control has been carried out. An

area of future work would be to compare the multiple imputation approach to our

EM-LMM algorithm especially for the real data and observe the method that offers

a better correction of the type 1 error rate due to population stratification.

In conclusion, the application of the EM algorithm in the framework of linear

mixed models represents a valuable approach for analyzing complex genetic data.

While challenges were encountered in this study, the insights gained contribute to ad-

vancing our understanding of statistical methodologies for genetic association analysis

and inform future research directions in this field.



Appendix A

Appendix A

A.1 Code for the EM-LMM algorithm

• The R code for implementing the EM-LMM algorithm are all available on the

github page (https://github.com/monif064/EM-LMM-Analysis for the research

work.
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