I* National Library
of Canada

Acquisitions and
Bibliographic Services Branch

395 Wallington Street
Otlawa, Ontario
K1A ON4 K1A ON4

NOTICE

The quality of this microform is
heavily dependent upon the
quality of the original thesis
submitted for  microfilming.
Every effort has been made to
ensure the highest quality of
reproduction possible. |

If pages are missing, contact the
university which granted the
degree.

Some pages may have indistinct
print especially if the original
pages were typed with a poor
typewriter ribbon or if the
university sent us an inferior
photocopy.

Reproduction in full or in part of
this microform is governed by
the Canadian Copyright Act,
R.S.C. 1970, ¢. C-30, and
subsequent amendments.

Canada

395, rue Wellington
Oitawa (Ontario)

Biblicthéque nationale
du Canada

Direction des acquisitions el
des services bibliographiques

Your e Voire rdldrence

Our bl Noltw riterence

AVIS

La qualité de cette microforme
dépend grandement de la qualité
de la thése soumise au
microfilmage. Nous avons tout
fait pour assurer une qualité
supérieure de reproduction.

S'il manque des pages, veuillez
communiquer avec l'université
qui a conféreé le grade.

La qualité d'impression de
certaines pages peut laisser a
désirer, surtout si les pages
originales ont eté
dactylographiées a l'aide d'un
ruban usé ou si l'université nous
a fait parvenir une photocopie de
qualité inférieure.

La reproduction, méme partielle,
de cette microforme est soumise
a la Loi canadienne sur le droit
d’auteur, SRC 1970, c. C-30, et
ses amendements subséquents.



A 3-D FEM METHOD TO PREDICT
CURRENT DENSITIES INDUCED IN
CONDUCTING OBJECTS EXPOSED TO
ELF MAGNETIC FIELDS

by

Alain R.J. Dugas

A thesis submitted to the
School of Graduate Studies and Research
in partial fulfillment of the requirements
for the degree of

Master of Applied Science

Ottawa-Carleton Institute for
Electrical Engineering

Department of Electrical Engineering

Faculty of Engineering
University of Ottawa

® Alain RJ. Dugas, Otlawa, Canada, 1993



Il i

Acquisitions and

Bibliotheque nationale
du Canada

Direction des acquisitions et

Bibliographic Services Branch  des services bibliographiques

335 Wellington Sireat
Ottawa, Ontario
K1A ONd K1A ON4

The author has granted an
irrevocable non-exclusive licence
allowing the National Library of
Canada to reproduce, Iloan,
distribute or sell copies of
his/her thesis by any means and
in any form or format, making
this thesis available to interested
persons.

The author retains ownership of
the copyright in his/her thesis.
Neither the thesis nor substantial
extracts from it may be printed or
otherwise reproduced without
his/her permission.

395, rue Wellinglon
Ottawa (Ontario)

Your ke Volte rétience

Our hig  Nolra rdldience

L'auteur a accordé une licence
irrévocable et non exclusive
permettant a la Bibliothéque
nationale du Canada de
reproduire, préter, distribuer ou
vendre des copies de sa thése
de quelque maniere et sous
quelque forme que ce soit pour
metire des exemplaires de cette
thése a la disposition des
personnes intéressées.

L'auteur conserve la propriété du
droit d'auteur qui protege sa
thése. Ni la thése ni des extraits
substantiels de celle-ci ne
doivent étre imprimés ou
autrement reproduits sans son
autorisation. .

ISBN ©0-315-82564-2

Canada



|@ UNIVERSITE DOTTAWA
- UNIVERSITY OF OTTAWA



e i e s e et T L o Pk £ e e TR Y A Ry Ry Oty b g §

To Mom and Dad



I hereby declare that I am the sole author of this document. 1 authorize the
University of Ottawa to lend this document to other institutions or individuals for
the purpose of scholarly research.

Alain R.J. Dugas

[ further authorize the University of Ottawa to reproduce this document by
photocopying or by other means, in total or in part, at the request of other
institutions or individuals for the purpose of scholarly research.

Alain R.J. Dugas



Abstract

This thesis studies a numerical method to predict the current densities induced
in conducting objects exposed to Extremely Low Frequency (ELF) magnetic fields.
The Three Dimensional Finite Element Method (3-D FEM) was chosen to
accomplish this task. The 3-D FEM numerical formulation is derived and
presented as is the resulting algorithm written in FORTRAN code. The results
are then presented and compared to other verified solutions to verify the validity
of the formulation and the code. These results show that the 3-D FEM formulation
works well for very simple objects. But, due to the fact that the developed algorithm
requires much computer memory and that the governing coupled equations to
solve produce matrices which are not always well conditioned, complex objects
cannot yet be analyzed using this method.

it
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Chapter 1 Introduction

Humans and other living organisms are exposed to extremely low frequency (ELF)
electromagnetic (EM) flelds every day. These fields are produced by many sources
such as high voltage transmission lines and power stations, computers and other
electrical office equipment, electrical appliances at home, induction furnaces and
arc-welders in electrosteel industries, and many others. There is much concern
by the scientific community as well as the public about the possible biological
effects these flelds might have on humans. "In recent years, biomedical
researchers have demonstrated low-frequency electromagnetic fields can disrupt
the body's natural immune system, modify the production of hormones and help
promote tumor growth."'. It has been known for about 100 years that
magnetophosphenes phenomenon (luminous impressions due to magnetic field
excitation of the retina) exist in electrosteel industries and other similar
industries®. In order to determine the physical effects these fields may have on
living organisms, it is necessary to determine the way in which the external fields
couple to the whole body and determine the current density levels induced inside
the exposed biological body®*. This thesis presents a numerical approach to
predict the induced currents inside a human body exposed to ELF magnetic fields.

1.1 Background

Kaune and Phillips® published a review paper in 1985 on the research that has
been done on the interaction of ELF electromagnetic fields with intact organisms
since 1967. This paper dealt mainly with electric field effects. In 1987, Tenforde
and Kaune® published a more complete review dealing with the biological effects
of magnetic flelds. It is clear from these review papers that electric field coupling
to biological bodies has received much more attention then magnetic field
coupling.

It appears that Barnes et Al,” were the first to publish a paper dealing with ELF
electromagnetic field coupling to Humans. Computer simulations were used to
study the transmission line field coupling to linemen pefforming maintenance on
these lines. The human body was modeled as an ellipsoid with perfectly



conducting boundaries and the inside was consisted of distributed resistance.
The human body has since been modeled for numerical calculations as an
ellipsoid®®, a collection of ellipsoids®®, a sphere!!, a collection of spheres!® or
cylinders®®, a grounded semi-ellipsoid**!®, and a axially symmetrical model*®*?,

Spiegel*® was the first to use a large number of small blocks to realistically
approximate the shape and properties of a human and a baboon. The method of
moments was used to calculate the current densities induced by electric fields.
His results were not in good agreement with measurements made by C'eno**® and
Kaune®®®, This may be due to the several approximations made in his analysis.
The conclusions that the current densities and the conductivities of the biological
objects are independent from one another may find its roots in his
approximations®. However, Spiegel did show that it was impossible to measure
the induced currents due to electromagnetic fields in quadrupeds (baboons) and
to extrapolate this data to the induced currents in bipeds (humans) exposed to
these same fields as was thought possible by other researchers'**'23,
Nevertheless, he did show that a more realistic model of man may be used to
perform theoretical analysis.

Prior to 1976, most studies neglected the magnetic field coupling to bodies
compared to electric field effects. This may be due to the large difference in
magnitude of the two field levels under high voltage transmission lines and
reserved sponsorship by utility companies®. However, Spiegel'* showed that
induced currents due to transmission line electric or magnetic flelds are
comparable. He showed that size of an exposed body was a major factor in
determining the amount of magnetic field coupling to humans and other animals.
"Beneath an EHV transmission line, electric field coupling dominates for biological
objects smaller than man, but magnetic field coupling is on the same order of
magnitude as electric field coupling for a man and large animals.” In his next
paper® he presented calculations of induced current densities in a homogeneous
prolate spheroid model of man caused by magnetic field coupling. Two important
facts are presented. The first fact is that "a lineman wearing a metallized suit or
working in an enclosed conductive shield for protection from the electric fleld is
not similarly protected from the magnetic field". There still doesn't exist a practical



way to shield humans against ELF Magnetic fields®. The second fact is that the
induced current density levels in the bedy are a "much better indicator of acute
electrical hazards such as loss of muscular control or heart fibrillation than the
total current”. In 1982 Hart and Marino'® modelled a man as a semi-ellipsoid on
a ground plane. They used image theory to find analytical solutions of induced
current densities in the human body due to transmission line electric and magnetic
fields.

Late in 1982, Lovsund, Oberg, and Nillson* published results of measurements
of ELF magnetic field levels present in electrosteel and welding industries in
Sweden. The measurements were performed in conditions comparable to a
realistic working environment. In these industries, the voltage levels are very low
compared to the high current levels used, thus the effect of the electric fields may
be neglected. The magnetic flux levels measured for welders and furnaces
operating -t 50 Hz were in the range 0.1 to 10 mT. Induction heaters operating
at 50 to 1 ‘000 Hz had levels up to 70 mT. In 1983 Caola, Deno, and Dymek®
measurea the magnetic flux levels in typical homes situated near 500 kV
transmiss n lines. They found these levels to be in the order of 25 uT. They also
found tha. houses offered no shielding protection against these magnetic fields.

Deford and Gandhi** used an impedance method to numerically calculate the
specific absorption rate (SAR: mass normalized rate of energy absorption in
Wats/kg) of biological bodies exposed to low frequency electromagnetic fields. The
authors calculated the SAR induced on a thin cross-section of a torso of a man
exposed to a vertically oriented 13.56 MHz magnetic field. The method has been
shown to work in the MF-HF range (below 3 MHz).

Sullivan, Borup, and Gandhi®*® used the Finite-Difference Time-Domain Method
to calculate induced currents. This method permits a very fine modeling of man
(50000 blocks) but is only suitable for the frequency range of 100-450 MHz.
Unfortunately, calculations in the ELF range would require too many iterations;
the resulting errors would be too large.



1.2 Objective

Relativelylittle research has addressed the ELF magnetic field coupling to humans
or other living organisms. It is believed that no papers concerned with finding
the induced current densities in biological bodies exposed to ELF magnetic fields
have presented results relating the induced field and current distributions with
the nonhomogeneous electrical properties of the body being studied. These papers
use homogeneous models to represent man. Kaune and Phillips® reported that
it is a difficult and very time consuming task to make measurements in saline
models.

The objective of this research is to develop a numerical formulation which predicts
current densities induced in biological objects, homogeneous or heterogeneous,
exposed to ELF magnetic fields more easily and more accurately than the
formulations presently available, A three dimensional (3-D) Finite Element
Method (FEM) is chosen to accomplish this goal. The reasons are explained below.

The conductivity of a biological body is very inhomogeneous. However, it is a
known fact that the ELF magnetic field will be unperturbed by the presence of
these bodies®!*?4?%, because they are nonmagnetic (their permeability everywhere
is equal to that of free space). Thus, the magnetic field is relatively unchanged
whether biological bodies are present or not. This problem may therefore be
identified as a boundary value problem. The boundary values are the known
magnetic fields and the unknowns are the induced current densities inside the
body.

The FEM is particularly well suited to solve boundary value problems of
heterogeneous regions of interest. The biclogical body being studied is first divided
into subregions having homogeneous conductivities (each region is allowed to
have a different conductivity). A set of partial differential equations is then
formulated for a generic subregion (FEM) using Maxwell's equations in the local
form. Galerkin's method is then applied to the resulting equations to form a
system of equations which is then appropriately solved.



1.3 Thesis Organization

The theoretical development, the corresponding FORTRAN code, and results are
presented in this thesis. The validity of this numerical method is shown by
comparing the results with known analytical solutions, proven numerical results,
and published measurements.

The analytical solution of the induced current densities inside homogeneous
cylinders exposed to magnetic fields oriented in a parallel and perpendicular
fashion to the longitudinal axis are developed in chapter 2.

The 2-D FEM variational formulation to calculate induced current densities inside
nonhomogeneous cylinders exposed to magnetic fields oriented parallel to the
longitudinal axis is presented in chapter 3. '

Chapter 4 deals with the development of the 3-D FEM formulation used to calculate
the induced current density inside an arbitrarily shaped heterogeneous biological
body exposed to an ELF magnetic field oriented in any direction.

Chapter 5 shows the algorithm of the FORTRAN code developed for this thesis
subject. It shows how to input the necessary data to model an object and how
to run the program. It also describes a typical output format.

The 3D FEM formulation results are then presented, compared to known analytical
and numerical solutions, and analyzed for different cases in Chapter 6.

The conclusions and contributions of this thesis, as well as a brief indication of
direction for further research is presented in chapter 7.



Chapter 2 Analytical Formulation

Very few published results about low frequency magnetically induced current
densities inside saline filled objects have appeared in literature so far. Thus, it
was found necessary to compare the 2-D and 3-D FEM formulation results with
analytical solutions to verify the validity of the code developed in this thesis.
Analytical solutions of current densities induced in saline filled cylinders which
are exposed to magnetic fields of twe orientations were developed by McLeod, et
AlY The two cases studied by these authors were a so called horizontal orientation
(HO) and vertical orientation (VO). As can be seen in figures 2.1 and 2.2, the HO
case refers to Helmholtz aiding coils, producing a spatially uniform magnetic field
between them, being in the longitudinal plane. The VO case refers to the Helmholtz
coils being vertical to the plane. The magnetic field in the HO case is paraliel to
the axis of symmetry of the cylinder while in the VO case, the magnetic field is
perpendicular to the axis of symmetry of the cylinder. The cylinders under test
in both cases are homogeneous.

[ Caal ] ] ]
— foee
4 i Bo
>
_ ~ -
B |obyect Bo » a
Q g
& Object 9
[ Loil ] _ Sopon
Bo
Figure 2.1: Geometry of HO case for the Figure 2.2: Geomelry of VO case for the
analytical formulation, analy(ical formulation,



2.1 Horizontal Orientation (HO)

The object being studied is a cylinder with the radius a, height 2h, and conductivity
6. The cylindrical coordinates (r,9,z) are therefore used in deriving the analytical
solutions of the fields and current densities induced in the cylinder. Figure 2.3
shows the geometry of the problem.
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Figure 2.3: Cylindrical coordinates for the HO case for the analytical formulation.

The starting point to derive the solution are Maxwell's equations. Because only
one frequency component is of interest, the phasor notation will be used.

VXE =—jwB @.1)
VxH=jwD+J (2.2)
V:D=p 2.3)
VB =0 (2.4)



The constitutive relations will also be used.
D =¢E (2.5)
B =pH (26)
Where  e=gg, and  p=pu,
It is also known that in a conductive medium
J=cE 2.7

For very low frequencies, such as 60 Hz, the displacement current is negligible
compared to the conduction current. That is:

|71 =16E| »|jeD] (2.8)
So (2.2) can now be simplified to:
VxH =1 (2.9)
Substituting (2.6) and (2.7) into (2.1) yields:
VxJ =—joucH (2.10)
The curl of the left and right hand side of (2.10) leads to:
VxVxJ=-jouc/ (2.11)

The geometry of the problem is symmetrical about the z axis, thus the operator
9/0¢=0. Assuming that the currents induced are small enough to produce
negligible EMF, the magnetic field inside the cylinder has only a z component:
ﬁ,- =2H;. Also, J, and J, must be zero as the displacement current is assumed to
be zero and the current continuity principle must hold.

Thus,
_a[12f18(d) 19/, d(a), 9, }
VxVxJ_r{ racb(r or raq)]] [az[az ar)]
[ 2122 2 12 1)
_az rop oz arlr or r o
+,{ 19 al o/, a1, %
Al rar\\ 3z Tor ra¢ rao oz
reduces to



- dJ, 9

VxVxJ _—¢[ = —+ F)r(ra (rJ,))] (2.12)

Substituting (2.12) into (2.11)
&y, 2

10 .
y—i‘;‘(;'a';(f.f‘))—_}mucj,:o (2‘13)

Making 9//dz =0 to be consistent, reduces the equation to solve to

a—ar—[-]--——-(rl¢))—jmuo.l,=0 (2.14)

It can easily be seen that this is a Bessel equation.

The solution to (2.14) is

J,=AJ\(kr)+BN,(kr) (2.15)
where k = \l-_jm—uc_s. J,(kr) is the Bessel function of the first kind, and N,(kr) is the
Newmann function of the first kind.

The current must be finite at r = 0. thus B must be set to zero due to the nature
of the Newmann function.

J,=AJ\(kr) (2.16)
From (2.10)
_JAkISkr) o
T Wuo :

and at r =a the tangential magnetic fields are matched:

H| __=H (2.18)
ylelding
A =Hh (2.19)
Jolka)
Thus,
Jykr)
Jy= kH“m'a—) (2.20)



2.2 Vertical Orientation (VO)

When the magnetic field is perpendicular to the cylinder axis the solution Is
considerably more complicated. It is much simpler to analyze a parallelipiped.
Assuming again that the induced current flow is small enough to produce
negligible EMF, the solution of J and H can be found for a cylinder by approximating
this cylinder with rectangular parallelipipeds. The cartesian coordinate system
is therefore be used to analyze the problem. Figures 2.4 and 2.5 show the
geometry of the problem.

é z %z
‘_/ z h
$tipan
e s y
./ -/ S
Ho _ Im-’ - 21 -h
| y'-o y*ro
r o—_ =

Figure 2.4: A quarter of the cylinder used in Figure 2.5: Rectanﬁular parallelipiped used In
the VO case for the analytical formulation. the VO case {or the analytical formulation,

B.R. McLeod, A.A. Pilla, and M.W, Sampsel developed solutions for induced

currents and magnetic fields in one of their publications entitled "Electromagnetic
Fields Induced by Helmholtz Aiding Coils Inside Saline-Filled Boundaries"®,
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The assumptions made were:

a) |7] »| jr.o-ﬁl (conducting currents are much larger than displacement

currents

b) dfdx =0 the boundaries are uniform in the direction of the applied
field

c) Back EMF is negligible

Using assumption a), the equation to solve is:

VxVxH=VxJ=—joucH =V(V -+ H)-VH 2.21)
or simply
VH — jopcH =0 (2.22)
From assumptions b) and ¢} (2.22) may be written as
o*H, OFH,
5y + P JjopucH, =0 (2.23)

The authors used the expanded Fourrier Series, superposition, and matched the
tangential magnetic fields at the boundary to arrive at the following solution for
the resulting magnetic field:

4H, mn cosh(oy)
= ¥ —| +cos| =— bbb D 4
H, mi mmn [-cos( TN H[ cosh(aa)]

4H, nw cosh(Ez)
* HE nx [icos( 2a” )] [ cosh(«‘;h)] 2.24)

where
] 1

2 : 2 3
=\ 55 | +i 02V s jane] )
a—[( 2h ) +Jcnu6} . & [(2::) +j(.uu0'] ,and m,n=1,3,5,...

+cos( )= alternating sign cos series
for an applied magnetic field of H=H.r

The current density can be found from (2.9): V xH =17 or

Ig——27 (2.25)

11



Thus,

]( sinh(€z) )
J cosh(Eh)

¢ 2 . (mT cosh{oy)
Z7 (is'"( 2] ] cosh(cm)] (2.26)
and
_ s 2H, nw cosh(&z)
h=Z (i“'"(z s D(coqh(gh))
4H 0. [mn sinh{oty)
-ma mmn (icos( 2h z))(cosh(aa)] 227)
If
WUT WG
.05 i .
——— < 0.0 and n2ay < 0,05

binomial expansion may be used on a and § and the higher order terms dropped,
these terms are now reduced to:

_Mmu  WUchH ' _NhE . wuog
*=7 *+ mn and E"_Za T
The resulting expressions for current densities are therefore:
. nK
_WUCH(2a) _ 4 T sinh| =z
J, = j et Z-—z[icos(-;-—y)) (2‘; ) (2.28)
T Roai 1 a coshi wh |

and

s,z ) -iz(icos(%‘zn{ sin fn"ny) (2.29)
T Mogs M coshi ETN |

Acylinder may be approximated by a series of rectangular slabs of variable widths.

Although 9/0x = 0; the boundaries are variable in the direction of applied magnetic

field, the authors have checked and published the results validating this method

by a comparison with experimental results.

S
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Chapter 3 2-D FEM Formulation

The 2-D FEM program is used to calculate the current densities induced in a
multi-layered cylinder for the Horizontal Orientation case described in chapter 2.
The 2-0 FEM program is executed for a homogeneous cylinder and compared to
the analytical solution described in chapter 2. This program is then executed for
a multi-layered cylinder; the 3-D FEM results are compared to the 2-D program.
Thus the purpose of the 2-D FEM algorithm is to verify the 3-D FEM formulation
for accuracy in determining the induced current densities in a heterogeneous
conducting object.

3.1 Requires Steps for the 2-D FEM Method

The steps to follow in order to formulate a 2-D FEM solution are listed below:
1) Determine the equation or system of equations to be solved
2) Determine the Newmann and Dirichlet boundary conditions
3) Determine appropriate functionals
4) Determine the type of finite element to be used to partition the problem
5) Formulate approximate solutions to the true solutions
6) Substitute these approximations into the functionals

7) Find the first variational on the functional and set it equal to zero. This is
the stationary point of the functional where the solutions of the unknowns
are found

8) Assemble a global matrix equation to include the effect of all elements
defining the problem

9) Solve the system of equations to find the unknowns

13



3.2 Equation to be Solved

Figure 3.1 shows the geometry of the object being studied.

4z

~

G
N[/

)

C

2o

Figure 3.1: Cylinder with magnetic field parallel (o the axis of symmetry for the 2-D FEM formulation.

The cylinder has a finite length 24, a radius a, and a conductivity 6. The magnetic

field is parallel to the axis of symmetry (z) and its intensity is #,. The only currents
that can be induced are J,.

Figure 3.2 shows a cross section of figure 3.1

| o

.
|/~

e
Ji

Figure 3.2: Normal vectors of a cross section ol half a cylinder for the 2-D FEM formulation.



Because of the symmetry, this problem may be solved as a two dimensional
problem. Using equations (2.1) to (2.8) (the displacement current is negligible
compared to conduction current and there are no sources in the body) and taking
the curl of equation (2.2)

VxVxH=VxJ (3.1)
substituting (2.1) and (2.7) into (3.1)
VxVxH=—jwcB (3.2)

using the identity

VxVxH=V(V:H)-VH
and the fact that the magnetic flux density, and therefore the magnetic field,
because of the nature of the problem: u = i1, everywhere, must have zero divergence
everywhere results in the following equation to be solved:

~V?H + joucH =0 (3.3)
where the boundary conditions are:

a) (non-homogeneous Dirichlet boundary condition) the tangential magnetic field
is continuous across the boundary:

H| _..=H, (3.4)
b) (homogeneous Newmann boundary condition) the normal component of the
magnetic fleld is continuous across the boundary:

oH
=| =0 (3.5)

8.3 Defining the Functional

The idea is to find a functional of the unknown variable I_J'. find its first variational

and equal it to zero to determine the stationary point. The symbol for the functional
of H is f(H).

15



An article titled "Computation of Electromagnetic Fields" by A. Wexler®®
demonstrates that an equation of the form:

Lu=f (3.6)
will have the corresponding functional
flw)=<Luu>-<u,f>-<fiu> (3.7

where the operator <u,v > is defined as:
<it,v >=f uv'dQ (3.8)
. Q

In this case, L, u, and f are defined as:
L=-V+jops , u=H , f=0 , Q=Volume
and because this is an axisymmetrical problem, the cylindrical coordinates are
used. Therefore dQ is defined as dQ =2nrdrdz
Thus, the functional of H may now be written as:

f(-ﬁ)=<Lu,u >—<i,fe—<fiu>

= f H (-V*H + jopcH)dQ
[4]

- ']' (ﬁ')(Vzﬁ)dQ+f(F)Umuc-ﬁ)dQ (3.9)
Q Q

Green’s identity demonstrated in M.R. Spiegel's "Mathematical Handbook of
Formulas and Tables"*® is as foliows:

8 45 = [ (V20 + V7
sana’S-L(fV;,+Vf Ve)dQ

and rearranging the terms in the above equation, Green's Identity can also be
written as:

f f(VPg)dQ= f fai ds - f (Vf+Vg)dQ (3.10)
o < on Q
Now, applying Green's identity, equation (3.9) can now be written as

fH) = J;(vﬁ‘) (VH)YdQ - fs(ﬁ“)%i:- ds + L(’ﬁ') (japcH)dQ 3.11)

16



but, from the homogeneous Newmann boundary conditions stated in (3.5), the
second term in the above equation is equal to zero and the functional may now
be written as:

f(ﬁ)=j(vﬁ“) (Vﬁ)dmL(ﬁ“)umuoﬁ)dn (3.12)
]

where: H|,..,=H, and H at any other point inside the body under study is
unknown.

The functional defined in equation (3.12) is complex. Ifitis possible, it is preferable
to choose the simplest functional possible. The following functional is simnpler
and is very similar in form to the developed functional. It has the same boundary
conditions.

fH) =f 1 wiyaa+ J' jOcH dQ (3.13)

al [yl
Because it is only a guess that (3.13) is an appropriate functional, it is necessary
tovalidate this assumption. The functional is verified by taking the first variational
and setting it to zero. If it is appropriate, the terms contained in the original

equation to be solved will be present. Thus, taking the first variational of (3.13)
and setting it to zero yields:

8f(H) = f Lo VES(VE)aQ+ f j0o2HSHAQ =0
ol [+]
which is equivalent to:
SF(H) = f 1(Vﬁ)V8ﬁdQ+I jooHSHdQ=0 (3.14)
alt Q

Green's Lemma which is demonstrated in O.C. Zienkiewicz and K. Morgan’s book
titled "Finite Element and Approximations™ is stated as:

f «(VB)dQ = — f (VoyBdQ +f oF » 7dS (3.15)
[2] Q S

Making o =iVﬁ and B =oH and applying Green's Lemma to equation (3.14) yields
the following equation:

SF(H) =~ fn ;ll (VHYSHAQ+ Lﬁvﬁ - TOH S + L jacH SHAQ =0 (3.16)

17



By combining the first and the third terms and applying the scalar triple product
rule to the second term, this equation can now be rewritten as:
J[—l(vzﬁn jmoﬁ]ﬁﬁdﬂ+fl[a—1{]8§ds =0 (317
o\ W s U\ on
Equation (3.17) can be decomposed into two parts:
a) the original equation to be solved

—-VH + juouH =0 (3.18)
b) the homogeneous Newmann boundary conditions
oH =0 (3.19)
a" r = houndary

Therefore, the functional chosen is appropriate. The equation to be solved is
satisfied as well as the Newmann Boundary conditions. The non homogeneous
Dirichlet boundary conditions are satisfied by forcing the tangential magnetic
field intensity on the surface of the cylinder to H,. '

3.4 A Look at One Element

The finite element used to solve this problem is a triangle like the one shown in
figure 8.3. The approximation used to define # and the FEM matrix form of the
equation to be solved for one element will be explained.

(l’ I %)

(s 29) (ra Z)

Figure 3.3: Typical {rlangular finite element for the 2-D FEM formulation.
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The functional f(H) is found in equation (3.13). Because of the geometry of the

object being studied (i.e. a cylinder), the cylindrical coordinate system is used in
the analysis. Thus,

dQ)=rdrdBdz (3.20)
dS = rd0d! (3.21)
and
2x
fd 0=2n (3.22)

[§]

Combining (3.20) and (3.22) and substituting into (3.13) yields:
fH)= Zn{ ;11 f (VH Y rdrdz + jmcf Ffrdrdz} (3.23)
Q Q

Linear trial functions for these triangular finite elements were chosen to solve this
problem asis shown in P.P. Sylvester and R.L. Ferrari's book titled "Finite Elements
for Electrical Engineers"®. Thus, let H, be of the form:

H =a+br+cz (3.24)
H, at node i may be written in a matrix form of equation:
H, 1L r z) {a
H: = H:Z =1 ra 2| b (3.25)
H 1 ry z3) \C
isolating a, b, and ¢ yields:
a 1 r 1 4 B Hz!
bl=t! r, 2] |Ha (3.26)
¢ 1 oz H,;

Equation (3.24) can be rewritten in matrix form:

a
H=(1 r z):|b (3.27)

2
c
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Substituting (3.26) in (3.27). 4, may now be written as a function of #, at nodes
i=123as:

1 r oz H,
H=(0 r 2|1 nn z| - |H, (3.28)
1 ry oz H,;
Which is equivalent to:
k]
H,= .2. Hon(r,2) (3.29)
where
1
0y =5 {2y = r2y) + (&= 2)r + (1= 1)z } (3.29a)
1
a,2=§{(r3z| —nz)+ (2, —z)r +(r,— 1)z} (3.29b)
1
a’:"ﬁ{(rlzz“rzzt)"'(zl-zz)""'("'z""n)z}' (3.29¢)

where 2§ is defined as twice the area of the triangle element which is equal to:

1 r g
28 = Determinant of the matrix |1 r, 2, (3.29d)
1 ry 2
A quick calculation will reveal that:
Ofori=j
(r.z;)= .29
*(rj»;) {1 fori=j (3.29¢)

Equation (3.29) is now substituted into (3.23) to yield the following equation.

JH)= 21t{ —-f[ z H,,Va,,) rdrdz + jmaf[ z H,,a,,) rdrdz} (3.30)
HJa\a=1 o\ s =1

20



Each term of this equation is expanded below.

a) the first term:
1 — 2 1 Ed 2
—J- (VH)Y rdrdz =—f Y H Va, | rdrdz
wia K Ja

%. 23: H,,{LVOL,, . Va,,,rdrdz}Hm (3.31)

1
Ua=im=1
Let S,, be defined as
s, =1 ( va, - Vo, rdrdz (3.32)
HJa
Substituting (3.29a) to (3.29d) into (3.32) and applying the operators to equation

(3.32) will produce the following results:

__.(22‘23)2‘*'("3—"2)2 s

Sy= I r (3.32a)
_(@—z)(z—z)+ (=) n—r) -
S = I r (3.32b)
_(22“23)(21“'zz)"'("z‘rz)("z"ri) -
Si3= I r (3.32¢)
Sy =Sp (3.32d)
_(23_7-1)2“‘("1_"3)2 -
Sp= e r (3.32¢)
_(z@a=2) (7 =)+ (n—r)n-n) _
Sn= I r (3.32f)
S3 =81 (3.32g)
§$3,=8x (3.32h)
_(z‘—zz)z-!-(rz-—-rl)z - .
S33 - 4Su r (3.32‘)
where
—  (tryte)
r=—j (3.32))
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Equation (3.31) can now be written as:

— 3 3
—I-J.(VH)zra'rdz= S 3 (H)(5,)(H,) (3.33)
The matrix form of (3.33) is written as:
&J;(Vﬁ)zrdrdz =[H1"1S1{H] (3.39)
where
Su S Si H,
[S1=[Sy Sp Sxpland [H]=|H
Sy Sy Sy H,

and the S, are defined in (3.32a) to (3.32i).

b) the second term:

3

2
jcoo'f Hrdrdz =jcooJ( z H,,a,,] rdrdz
] N\n=1

] 3
=joc T 3 Hn{fnaﬂ . a,,rdrdz}ﬂm (3.35)
nzlmsl
In the same manner, T,, is defined as
Tyn= jmcf (o, * o, )rdrdz (3.36)
[4]

and again going through the same procedure outlined previously for §,,

Jjoo2§

T,= 120 ———(6r,+2r,+2ry) (3.36a)
T, =4 °1"2’(2) @r,+2r,+1,) (3.36b)
T, =1 “1“2’3 @r 41,428 (3.36¢)
T, =19028 “1’;_’23 @r,+2r,4+ 1) (3.36d)
T,= j01x27(2)S (2r,+6ry,+2r;) ' (3.36¢)
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_Jwo2§

Tn="759 +2r,+2ry) (3.361)
[ G2S
Ty =i+ r) (3.368)
Tzﬁ%i(r, +2r,+2r,) (3.36h)
T,,:f“l"z’gs 2, +2r,+6r,) (3.36i)
Equation (3.35) can now be written as:
3 3
jmcj;ﬁ"rdrdz: DI NCATRICE (337)
The matrix form of {3.37) is written as:
jmcLﬁzrdrdz =(H)'[T1[H] (3.38)
where
TII Tl2 T13 H H
[T)= th Ty Tyl and [H]= H,
Tn T32 TJS H3

and the T,, are defined in (3.36a) to (3.36i).
The functional can now be represented in matrix form by substituting equations
(3.34) and (3.38) into equation (3.23) yielding
FH)=2x{[H] [S1(H]+[HT [T1(H]} (3.39)
In order to find the unknowns (H inside the body), the first variational of the
functional is found and made equal to zero (6f(H)=0).
8f(H)=8@n{[H]" S][H)+[H] [T][H]})=0 (3.40)

This is in fact minimizing the functional, or at least, finding its stationary point.
Solving (3.40) yields the following equation

[SHHI+[TI[H]=0 (341)
which may also be written as:
{(S1+[T1}[H]=0 (3.42)
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3.5 Global Matrix Assembly

The object being studied is modelled by being discretized into many triangles
(finite elements). As is described in section 3.4, each triangle is locally
characterized by three nodes and a certain conductivity., Globally, each triangle
is numbered and every node making up the object is also numbered. The [§] and [T]
matrices are then found for every element. They are then assen:bled into a global
(G) final system of equations:

[GST)-IGH]=0 (3.43)
where [GST] =[GS]+[GT]
and [GS], [GT], and [GH] are the global [S]. [T], and [H#] matrices respectively.

The following example will illustrate how the global matrix is assembled. Two
elements shown in figure 3.4 will suffice to explain the assembly procedure.

(@ element
(#) giobal node

# local node

Figure 3.4: Global Maltrlx Assembly for the 2-D FEM formulation.

The circled numbers indicate the element number. The numbers in the square
box indicate the global node numbering and the others indicate the local node
numbering for each triangular element.
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The [$T] matrix is defined as [ST|=[S]|+[T). This [ST] matrix for each element is
written below using the local node numbering scheme.

For element 1 For element 2
STy STy STR ST 5Ty ST
[STIV=|STY ST ST | (3.44a) [STI®=|ST® ST STR} (3.45a)
ST STy ST ST STY ST

The same [ST] matrices may be expressed in terms of global node numbering
scheme as described below:

STy 813 ST STS STY STy
[STIV=|STH STY ST5)| (3.44b) [ST®=|ST® ST ST?| (3.45b)
ST ST ST ST STE STY

Now [GST1=[STI"V+[ST12.

The size of the global matrix is the square of the nuraber of nodes used to describe
the object. In this case, the size of the matrix will be 4X4.

The final assembly is quite simple. The terms ST} for eacl: element (e) is placed

in the (i, /)" position of the [GST] matrix. If a term is already present, the new term
is added to it.

The global matrix is written below:

st ST 0 ST

| STS STR+STS STE STR+ST

1GST] = @ @ @ (3.46)
0 STE STE ST

ST STR+STE STY STR+STR
and now rewriting equation {3.46) in terms of local node numbering, and
substituting in (3.43), the system of equations may now be written as:
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st st 0 STY H,
ST STR+STR STG STLH+STR| | H,
0 sT®  st®  sTd) H,
STH  STR+ST® STH STR+STH ) \Hs

=0 (3.47)

Up to now, the non-homogeneous Dirichlet conditions have not been taken into
account. It is at this point that they are dealt with. For the sake of this
demonstration, let node 3 be a Dirichlet node. That is to say, H, is known and
equal to the impinging tangential magnetic fleld outside the object. Rearranging
equation (3.47) so that the source terms are now on the right hand side yields:

STV ST sT® 0
H
STR STY+STY STW+ST| | 1| | ST Hs 3.48
0 STz(? STm R = STg)'Ha (3.48)
4
ST STY+ST ST +STH _STO. 1,

Essentlally, the terms in the third column were transferred to the right hand side.
Equation (3.48) is now a system of four equations and three unknowns. Thus,
one dependent equation. Row three of the left and right hand side of these
equations are eliminated. The final system of equations to be solved, including
boundary conditions, is:

sty sty STy () (0
ST STY+STY ST +STY |-| Hy |=| =STR-H (3.49)
STO  STO+5T® STR4+5TD ) \Ha) | -5T7- H,
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3.6 Current Density Formulation

The previous section has shown how the magnetic field strength was found for
every node. It is now possible to proceed to calculate the current density at every
node. From jquaﬁ%n (2.2) the conducting current density is determined by taking
the curl of #. It ha& also been seen in section 3.2 that the only current density
which can exist is J,. Taking the curl of H gives:

— [ OH, aH,]

T=VH= oo

But H, is zero outside the object and thus must also be zero inside because of the
boundary condition (3.5) which states that the normal component of the magnetic
field must be continuous across the boundary. Equation (3.50) thus reduces to:

J¢=Vxﬁ=-<3[f’:7'] (3.51)

Numerically, J is found using the different finite differences formulae depending

(3.50)

on the positions of the element under consideration with respect to the other
elements forming the object. (3.51a), (3.51b), and (3.51c) respectively show the
equation to find 7 using the backward. central, and forward difference formulae:

'J‘=Vxﬁ=&{H'(r)—g’“_h)) (351a)
7=vXﬁ=@["’*(""1’2’h”=(’+"’) (3.516)
7=Vxﬁ=$(H‘(r+h}3-H'(r)) (3.51c)

where r is the position of the node and # is the step size between nodes along the
r axis.

The backward and forward differences are used only in conjunction with nodes
which lie on the boundary of the object. The central difference formula is used
for all other nodes inside the cbject.

For example, the situation depicted in figure 3.5 is considered.
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z N
4 5 6
2=b N
Ho
Z=l)
i ) 3 >r
r=0 r=a/2 r=g

Figure 3.5: Finite Differences Scheme (o calculate 7 for the 2-D FEM formulation.

This figure represents a disk of radius ¢ and height » with a conductivity 6. This
disk is submerged in a magnetic field H=H,j7. The magnetic field at each node is
found as described in the previous section. J, is then found at each node using
the finite differences formulae (3.51a), (3.51b), and (3.51c) substituting i =a/2.
The forward difference formula is used to find J, at nodes 1 and 4. For nodes 2
and 5 the central differences formula is used. J, is found using the backward
difference formula at the remaining nodes 3 and 6.

It has been shown how the 2-D FEM formulation has been developed. This
algorithm will be used to compare the results of the 3-D FEM algorithm.
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Chapter 4 3-D FEM Formulation

The 3-D FEM formulation allows for the complete analysis of a non symmetric
body of finite dimensions. Low frequency approximations are used. Thus the
only restriction applicable is that the body should be small compared to the
wavelength of the magnetic field. The approximation made in the analysis is that
the displacement currents are negligible compared to the conduction currents.

The method used to find the induced current densities is the finite element method
which uses the weighted residuals approach with Galerkin's option. This could
also be called Method of Moments with Galerkin's approach with sub-sectional
basis. This, in principle, yields the same system of equations as the FEM method
using the variational approach. The method is based on a similar method
developed by S.J. Salon and J.P. Peng®®. The code was written by the author of
this thesis and is original.

Maxwell's equations are used as a starting point. Then the definitions of the
vector magnetic potential A and scalar potential ¢ are used to formulate the
problem in terms of these quantities. The boundary conditions are easily solved
once A and ¢ are found everywhere inside the body being studied. It is then an
easy task to determine the current densities inside this body.

The finite element used for this analysis is the parallelipiped shown in figure 4.1.
The body under study can thus be partitioned into parallelipipeds of different
electrical properties; in this case conductivities. The human body can thus be
maodelled this way.

Figure 4.1: A typlcal finite element parallelipiped for the 3-D FEM formulation.
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4.1 Formulation of the Problem

As was stated before, the formulation starts with Maxwell's equation in local form.
The solution is then formulated using the vector magnetic potential and the scalar
potential. The current densities can then be calculated.

Maxwell's equations in local form are:

VXE =—jwB Q2.1
VxH=jwD+J (2.2)
VeD=p (2.3)
V.B=0 2.4)
and the constitutive relations are:
D =¢E (2.5)
B=uH (2.6)
T=cE (2.7)

again at low frequencies, the displacement current is negligible compared to the
conduction current

{jwD| «| T |=>VxH =7 (2.8)
also, since there are no sources in the body:
p=0=V+D=0 @.1)

The vector magnetic potential A and the scalar potential ¢ are defined below:
B=VxA (4.2)
E =—jwA -V (4.3)

Since there are two unknowns to solve for (4 and ¢) two equations are needed.

The two equations will be the current continuity Equation and the diffusion
equation.
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The current continuity equation is found by taking the divergence of (2.8). Thus

Ve (VxH)=V.] (4.4)
and substituting (2.7) and (4.3) into (4.4) ylelds the following equation
V. (6(jwA + V) =0 (4.5)

The diffusion equation is found in the following manner. Substituting (2.6} into
(4.2) ylelds

1., ~ —
—UxA=H (4.6)
H
Taking the curl on both sides of this equation
VX(-:IVxE'J=Vxﬁ=.7 4.7)
and substituting (2.7) and (4.3) yields
Vx (&V xZ) = O(~j A - V§) 438)
Recapitulating, the coupled equations to solve are
v x&V XA + GGA +V9) =0 “9)
and
Vs (o(jwA + Vo) =0 (4.10)

4.2 FEM Formulation

The two coupled equations to solve are (4.9) and (4.10). The task now is to
formulate these two equations into a Finite Element formulation. The following
will explain the steps needed to accomplish this task.

Let A and ¢ be approximate solutions to (4.9) and (4.10) and let W and W be a

vector weighting function and a scalar weighting function respectively. Next, the
method of weighted residuals is applied to the resulting equations. This method
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is in fact a scalar product between the weighting functions (W and w) and the
approximate solutions {4 and ¢). The definition of a scalar product is:

—

<,V >= f wevav
v
if v is real, this reduces to

(E,T:‘)=LIZ-Vdv 4.11)

The first step is to take the scalar products of both sides of equations (4.9) and
(4.10). The result is:

<V x&v xA +c(jod +V$),W>= L(V xiv xA +o(jod +V$)) « WdR @4.12)

and
(V+ (0(j0A +V§)),W) = L(v * (jwA +V§))WdR 4.13)
The resulting equations are:
J;W-(Vxﬁv x A +0(jod +V$))dR=R, 4.14)
and
J; W(V - (j0A +V§))dR =R, 4.15)

It was stated earlier that the body under study can be divided into many elements
with each element having a different electrical property: in this case, each element
has its own conductivity ¢. If the body is modelled by using NB elements and if
each element is allowed to have a different conductivity ¢, the coupled equations

(4.14) and (4.15) may now be written as follows:
’EU [W* .V lexﬁ*}mwj (W Umﬁ*—l-va:*»dk*]: TRE (@16)
k=l Jpt i /* km}
and
NB

z[ W'V . (o*(iwfi"+V¢*))>dR")= S g 4.17)
Ri

k=1 k=1
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NB
Forcing A and § to converge to the exact solution is accomplished by forcing JE)_“,IR{‘
ND
and k}: R7 to zero.
m]

The divergence theorem is:
.I.V-E'dV=J‘Z"-7?dS (4.18)
Vv S

It, and vector identities are applied to (4.16) and (4.17) which results in the
following equations:

1 5k ¢ k T l Sk . k
%‘,(I-—LJ;l(VxW) (V x A)dR -L‘(w x(uvm D Ads
+ jmc"f W AdrR*+o" | W+ VéarYy=0 (4.19)
R R

and

k

);( (VW* « ot (joA* + V§*)dR* - f W (jad* + V§h)) - ﬁdS") =0 (4.20)
Rt st

but, form (2.6) and (4.2): # =iV xA and from (2.7) and (4.3): J, =—c(jed + V) * 7,
the coupled equations can now be written as:

E(lf (VW) « (VxAYdR + jod* | W'+ A*qr*
£ WJp Rt

+o* [ W VitdrY = )k:f (W* x 1% + fids* 421)
& st
and
z[ VWt o*(jd* + V@*W"J: > | whitdst (4.22)
kARt b Jgt

Two terms in these equations are of particular interest. One of the terms is used
to ensure the continuity of currents and the other ensures that the boundary
conditions are satisfied.
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The term
| whildast
k Jgk

ensures the current continuation criteria. An examination of this term, leads to
the conclusion that this term must be zero. The reasons are as follows:

a) if the surface of the element of interest lies on the surface of the body, the

current normal component must be zero,

b} if the surface of the element of interest does not lie on the surface of the body,

but inside the body, the contribution of both elements sharing this surface is

such that the above term becomes zero on this surface.
Thus, to ensure the current continuation criteria:

S| whkdst =0 (4.23)
k [
The term )E' (W x %)+ 7ds*
Sk

ensures the boundary conditions. The same argument as above applies here as
for the preceding term for an element inside the body. The magnetic field must
be continuous across the boundary because the permittivity of the body is the
same as free space permittivity. But, when the element is on the surface of the
body, the magnetic field intensity cannot be zero, it must be the same as the
outside magnetic field intensity. Thus,

= () for elements inside the body

% s*(Wk xHY) - ids® { # 0 for elements on the surface of the body (4.24)
The coupled equations to solve can now be written as:
)E(ﬁj;*(v x W)« (Vx AR + jooc® J;*W* . "ide*'l'G*LW" . V@*dR“)
S s o e sttty 429
and
Z:( ; YWk ot (jwA* +V&3")dR"J= 0 (4.26)
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4.3 A Look at One Element

The previous section describes the coupled equations to solve. This section will
provide a more detailed look at the parameters used for nne element. The finite
element used is a parallelipiped. Each surface of the parallelipiped is parallel to
one of the axis in the cartesian coordinate system. The node numbering scheme
is shown below in figure 4.2,

Figure 4.2: Node numbering scheme for an element for the 3-D FEM formulation.

The table 4.1 illustrates the correlation between the local node numbering a the

local coordinates.
Node F Coordinates

1 X1 Y21

(X2 Y2, 22)

(xia y » 23)

(%4, Y45 24)

(xS: y h1] ZS)

(Xés Yoo Z6)

N Do W

(X2, Y22 27)

8 (Xg» Vs 25)

Table 4.1: Coordinates of the basic linile element nodes for the 3-D FEM formulation.
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The approximate values for the vector magnetic potential and the scalar potential,
A and §, are defined through a linear interpolation function «. The weighting
functions are functions of this exact same interpolation functions, thus the name
Galerkin's approach.

The linear interpolative function for element k (one of the elements defining the
body studied) is:

_Jron for (x,y,2) & R*
[a]“{[a,,az,...,a,,] for (x,y,z) e R* (427)
where
, oy 0fori#]
%% ) ‘{ 1 fori = j
Therefore,
o
o =| - (4.28)
L% |
where
=(x —X5) (¥ — ¥5) (z — 2y) (=2 )(y = y3)(z — 2)
= 28: = 28b
! (s —x) (V= 1) (23— 2)) (a.283) (g =x1) (=) (23— 2y) “ )
(x—x5) (¥ = 1) (z — 2) - =x) (Y =) (z—2)
= . = 4.,28d
(s=x1) g =y1) (53— 2) (4.28¢) * (Gs=x)) (V3= 1) (25— 21) ( )
(x=x) (¥ —ye)(z —2) ~x-x)(y -y (z—2)
= . . = 4,28
% Ce—x) s =) (zs—2,) (4.28¢) & (= x) (V=) (zs—2y) ( L
_—e-x) -yl -z) (4.28¢) _ b=x)-mz-2) (4.281)

%= (a—x) s—y1) (25— 2)) - (=X} (s —y1) (2 —2))
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The unknowns A and ¢ are defined as:
¢= I ay;=[o][0] (4.29)

-

8 - ~ "
A= 'zt ar' .n'x + aiA yiy + aiA z:'z
=

>

[A.]
=(lajt [a]y [a)?) [:,] (4.30)
[A,]
and the weighting functions are defined as:
W=l (4.31)
[o)'%
W=| ja)fy (4.32)
o2

where " denotes the transpose of the matrix.

The equations (4.21) and (4.22) for element £ can be written as:

lf (VW + (VxAYdR +jmo"J W Atdr*
H /e #*

+o | W V§tar =J W* x*) « nds* (4.33)
Rl _q.-l
and
f VW* « o*(joh + V)R =0 (4.34)
Rk

Equations (4.33) and (4.34) must be written in a matrix form of system of linear
equations. A first look at these equations reveals that this matrix has the form:

A1) ([F]
1A | (R
S1-| . 1= .
151 1AJ | | 1Fs) (433)
4] [0]
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The form that each term of equations (4.33) and (4.34) will take and their location
in the above [S] matrix will be shown. The calculations leading to these results
are found in Appendix 4.

1 [au] [.aul [an] |A‘x]
Ef (VW) (VxANdR =| lan] lan) lag] |+| 14,] (4.33a)
) lay] layl lay]) L(A,]
by [0 (01 (I4,]
jac* f WAdR'={ (0] [zl (0] || [4,) (4.33b)
R [01 [01 [bsl) \[4,]
[c.]
¢* lW‘-V&"dR'E CARRE() (4.33¢c)
' A
(7))
'[‘k(W'""xl’fi‘*)-ﬁdS"= )] (4.33d)
s [Fy]
14,
joot [ VWhe Akart=(d] 1] (D] 14, (4.34a)
R* "
[A,]
o [ VWt ViR = e) - (B (4.34b)
R.

It is to be noted that the size of each of the sub-matrices (i.e.: [a,], .., [,], ... [e)])

is 8x 8. Using the above equations, (4.33a) thru (4.34b}, a final matrix equation
may now be written as:

layl +[by] [a,]) (@3] [ey] 1A,] [Fl
] Topl+lbal  lal  lal| [14,)]_| (A 36
[a3]] [a:;?J [aga] + [bn] [C;;I [A ,] [F. 3]
[4,] : [d,] [d3) le;] [&)] [0]
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Thus, for one element there are eight nodes and 4x8=32 unknowns.
4.4 Global Matrix Assembly

The global matrix assembly is performed in much the same fashion as for the 2-D
FEM formulation. The procedure is somewhat complicated by the fact that four
unknowns per node (A,, A,, A,, ¢) are dealt with as opposed to only one in the 2-D
FEM formulation.

The following example will demonstrate how the assembly process is performed
when more than one unknown per node is present. Figure 4.3 shows an object
which is represented by two elements. Each element has three nodes and there
are two unknowns per node (4,¢). This is the simplest geometry which can be
used to explain the assembly procedure. Using two parallelipipeds with four
unknowns per node would have resulted in a (48X48) global matrix which is very
impractical to write on paper and would have only clouded the issue. For this
reason the geometry in figure 4.3 was chosen for this demonstration.

[ d=4
313

[a=1]<_1 @ ®2@

211 @ element
[_Il global node
b=2 # local node

Figure 4.3: Global Matrix Assembly for tue 3-D FEM formulation.
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A fictional coupled set of equations similar to that of equations {4.33) and (4.34)
will be used for this demonstration. They are as follows:

[ {AN + 0" =T4(AY (4.37)
and
LAY+ =0 (4.38)

where I, 1,5, T, and F; are arbitrary operators. The resulting matrix equation
is:
(Su Sz Si3 S Sis S.ﬂ (AIW rF,\
Sn Su Sn Sa Si Sx| |A F,
Su S Sy Su S S A

3 93z 91 Su Y Sw| | A1) [ Fy (4.39)
S4'| S42 S.n ‘S.u Sds S46 ¢| 0
551 Ss Ss3 Ssa Sss Ssq 0, 0
\Sal S S Ses Ses Sﬁﬁ) U)U 0

if the object has only one element defining it.

To get a clearer picture of what is going on when more than one unknown is
present, the matrices are divided into sub-matrices.

(S Sz Sis (Sis Sis Slﬁ“ ( Al“ ( F,“
Sa 32 Sn Su S Su A F,
Sy Sn Su \534 Sas 336) Aa/

VB o\, (4.40)
S4| 842 Sd: rSd.l de Sdﬁw ¢1 ) 0
S5 S Ss Ssi Sss Sse 0, 0
\ Sa Se Sa Lsm Ses Ses)) \\®:)) \ 0/
These sub-matrices are labelled:
rSu Sz Sus) (SM Sis Sm\
[s1=|8y Sn Sun)| (441a) [sI'% =[Sy Sps Su| (441b)
\Sa1 Sx 533; \ S S35 Sag)
(34] S42 Sdgw (SM S45 S‘lﬁ\
[s1%1=| 85 S5 Sa| (4.4lc) [s|P=]8s Sss Sss| (4.41d)
Sa S Se) \Ses Ses Ses)
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The [§] matrix can thus be represented as:

{m“” l_sl“z') @41)

|S ']|2|] [sIIZZI

Using this scheme, the [S] and solution matrices for each element is represented

in equation (4.42) and (4.43). The superscript “ denotes the element these terms
belong to.

element (1}

((s§ s s&) (s s s@)) ”[Af" Y ((Fo))

siosp sy |sE s S| ||A]] || R

S osyosy) (S sy s | [AP) || e w2
(s 5§ s§) (s9 s& s [¢<,m 0 '
S8 sg se| | sW s os@|| | e 0

s s@ s&) (& si s&)) Lled)) \ N0/

element (2)

”Sﬁ) S,‘i’ Sg)\ fsga S,‘:’ S:ﬁ)\\ K[Al(z)\\ fFlm\

s osE sE| |SR SR sR|| |40 ( FO

5P sf sR) (s 5§ s@)) AP || pe s
(59 52 s2) (2 5P s@)| [¢‘f" o o
SP sq sq| |58 sd s@| || 0
88 5@ s@) \sd s sd)) \\eF)) [\0))
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The coefficients in the [§] matrix for element “’ are now defined in terms of the

sub-matrices coefficients. Let

(e} _ (e}(11] (e) _ le)IN] {e) _ (eX(11) e) _ (e}N12) (&) _ (eX12] (e} _ L(0312]
S=8) 82 =5y Si3 =855 S =8 Sis =813 Sis =9

(e) _ (&)I11) ey _ 1) (e} _ )11 (e) _ . (e}12) (e} _ {a)12) (e} _ (2]
821 =83 Sy =53 S5 =93 Sas =8y S35 =5y Sz =Sa

SO = SO gl (Ol gl (il gl @zl gl - (a2l gl - e

(@) _ J(@21] @le) _ 21]  ole) _ Jle)12)] (@) . J0)122] ofe) _ (a)(22] ole) _ (0)]22
Sai =Sq Sa =557 58 =si Saa =81} Sis =512 5= (4.44)

() _ @21)  qle) _ (e}21) ole) _ ()21 (e} _ . (e)22] ole) _ (0){22] ole) _ . (0}[22)
Sy =53 S5y =53 Ss3 =55 S5y =53 Sss =8 Sss = 83

(e) _ (e)(21) (e) _ le}21) (e) _ (e)21) {e) _  (e)122) (e) _ . (£}[22] {e) _ .(n)122]
Se1 =Sy Sz =83 Se3 =533 Ses =8y Ses =332 Ses = 833

Equations {4.42) and (4.43) are rewritten in terms of the coefficients defined in
(4.44).

element (1)

stll)[n] sg)[ul SI(;)ul] fs::)llzl S.“z"'z' &.g)ml? ( Afl)\\ p Ff') \
Sg)"” sg)llll Sg)llll SSJIIZI “.éiz)llzl ‘\.:E:I!HIZI A;” F;”
\s?(‘:)Illl .8‘3(;"“] s;;)llll k5.;:)[!21 Sélz)[lZI .\‘3(;)"21) . A:gl)) _ F'._E'” (4.45)
4 sﬂ)m] sl(;)[zu sgm” f SI(Il)Izzl .s.g)izzl S,(,’,"nﬂ ¢(l|)\ 0
s_g)lzll s_g)ml s_g)lzll sé:”m S;;)lzzl Sg)lzzl (zl) 0

L\sﬁm" s;lznzu Sé:l,)lﬂl \sg:)ml S;;nzu S§-_l,”221U L ¢(3I)J/ \ 0 J

element (2)

rrsﬁ)uu sﬁ)”” sg’"”\ fSﬁ)IIZI s,‘i’“z' ‘,‘.gmzm { Al(zm ’ F,m \
sg)l"l sg)lllt Sg)llll Sg)lﬂl sg)[IZI 's.g)llll Aéz) Ff}

\s:ﬁ)lnl sg”'” sﬁ"”b \ngl')llzl sg)nzl _,‘.g)llzl) . A;z)) ) ng) 4.46)
( sﬁ”’“ Sgnzn Sg)lzn\ f_,.ﬁnzzl sg’ml _‘.g)lzzl\ ¢(lz) 0 g
5 g&l‘) [21) sg) (21) sg) (21 Sg) (22) 5 g) 122] Sg) [22] (22) 0

\\sg)lzll sg)l:ll sgmu) kSgnzzl 5.%)1221 sg)mlu \ ¢(32))) \ \0/ /
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Equations (4.47) and (4.48) are the same as (4.45) and (4.46) but are written using
the global node numbers as expressed by the subscripts. For element 1 the local
nodes 1, 2, and 3 are represented by the global nodes a=1, b=2, and d=4
respectively. The local nodes 1, 2, and 3 are represented by the global nodes b=2,
c=3, and d=4 respectively for element 2.

element (1)

-
-

N

(.s‘,ff,”"] sﬂm” s,ﬁ,””l\' (sﬁ,',)“z' sg)uz] s,f",,”'m ’ Ail)\ (( FOV
sﬂ""l s&)[lll s,f",””' s;‘l:)[tzl Sﬂ)hzl S&)Ilz] A,f') FE”
DNl (M i Ao i M2 "
g%))lizu Sd(l;nzll 5,1(,:'"2”< >5‘(’:)!221 ‘T‘::’)Izzl 6‘:7"22]< ’ A‘:l)< = an (41
56 s8 54 Sag S Sod ¢a 0
Sﬂ,,;,] sﬂ,"z” S&nzn s,ff,"m Sg;)[zzl Sﬂ)lzzl g) 0
\\Sg)pn s Sg)lzn) \.‘.g)lzzl s sf,:,”zz'// \ 4’9);) L 0/ )
element 2
/ sﬁ””} s,fi’"” s,ff,’"” rsg)nzn S&'mz] Séfr)"zlﬂ ( Af’? . Ff’ \
sf,’,””' sg”m -":i)!m 3:‘!2:)“” s,ff”"' sg)nz} A:z) F?)
sﬁ"m sf"” sﬁ””' \Sg)uz] s,ﬁ)“z' sd(?“z') . Af)) _ ng) (4.48)
sﬁ“m s,f?'m s,f,m” r.s‘,f,f,”"' sﬁ)lzzl s,ﬁ)m'\ &P = 0 .
s g, 211 sc(:) [21) sg) 121] $ r.(:) [22) s g) 1221 s c(i) 122) ¢(‘2) 1)
(sgmn sen gam || we o @w 1 L)) \\0J)

Each sub-matrix, as represented in (4.41), in each matrix representing an element
have the size NE X NE = 3 X 3 where NE is the number of nodes describing one
element. At this stage, the sub-matrices are expanded to a new size of NN X NN
= 4 X 4 where NN is the total number of nodes describing the object. Each
coefficient s{”®! is placed in the (i, /)" position of the expanded sub-matrices [&/]
for each element . The [§] matrices may now be written as:
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element (1)

/
fsg)nn SS’)[H] 0 sﬂ)[lil fsgmm SS,)IRI 0 sj,',”"m { A:n\\ p £ \
By il i unz o L) [z 1 ¢
See " Siy 0 S Sha Stb 0 s A F®
0 0 0 0 0 0 0 0 0 0
(13(11) (1311} (1yf11) Anfar o ml L0020 1
£ 21 1){21 121 {22 (022 vien | - y
s:ﬂ)l ] Sﬁb)[ 1 o s:d)l ] s:an | -\.fz,” I 0 si,” ] ¢m 0
Ry @) ([=1 2 2 ADi221 (1)
Sba Stb 0 sy Spa St 0 5 b 0
0 0 0 O 0 0 0 0 0 0
men Ry LA DR () L(1)[22) {n k
\\ S Sg 0 sy \ Sda Sy 0 s )) (\: Y 0},

element (2)

(fo 0 0 0Y (0 o© 0 o}”o}\ ‘(0 )

0 sg,)"” sg)[lll sﬁ)[ll] 0 s,(,i)llll sg)ll!] sﬁ)!l?l AEZ) Ff)

0 sﬂ(:)llll sg)[tll sc(z)[lll 0 sg)[l?I -‘»‘gml sﬁ)lul Af) F"’

\0 Sd(:)["] sg)llil ‘,,.‘ﬁ!)llll.J k0 s‘(‘i)llﬂ sﬁ’“""' sﬁ)lnl.} Af)} _ F}) 450
0 o o o) (o o o o I{oY Yo (4.50)
0 Sg) i21] sb(’:) (21 Sﬁ) 1 0 Sﬁ) [22} s é? 122] s ;2;) i22) f) 0

0 sg)lzu sg)[ml Sc(‘Zi)IZEI 0 s‘(:)[nl 5.::) (22 . ﬁ)m] ¢£2) 0
\LO sg)lﬂ]_ sg)Ile s‘(:l)lﬂl) \0 Sﬁ)m] s‘(;)lnl sﬁ)ﬁﬂﬂ \ ¢f’2)ﬂ \ 0 y

The [S] and solution matrices must now be written using the local node numbers.

However, the [4,$] matrices representing the unknowns keep the global node
numbering scheme. Substituting the coefficients of equation (4.44) into (4.49)
and (4.50) yields the following element equations:
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element (1)

~~

P

[ ]
=
=
ey
e
)
B o~
=
=
—
g
-

S S 0 0 Si W

s sy oo sl ofs@ sy oo s |l e

0 0 0 O c 0 0 0 0 0

S® s 0 s sk s o0 s 1AL | pw @)
f Y .
s® 59 0 sP) (52 5@ o SV (¢)] | (o

s 5§ o S| s sy 0 SD| || 0

0 0 0 O 0 0 0 0 0 0
(9 s 0 s) (s& @ 0 s2)) ()] VN

element (2)

(o o 0 oY (o o 0 OVN((OY (/oM

0 s 52 s@| |o sy s? sT|| |40 ||Fe

0 52 s 52| [0 sg s s2||]1A2] || pe

2

Lo 5P s 5] (o s@ s@ sl AP _|lF® @52)
0 0o o 0) (o 0o 0 o3[|(0) 0 ‘
0 sp 52 2| |o s2 s sP|[|[e?]| | o

0 5@ s@ 52| |o s s sP|[|[e]| | |0
o 2 s s@) o s& g s@)) \e?)) \ N0/

The global [GS)and [GF] matrix assembly is performed by simply adding the two

[§] element matrices to the [GS] matrix and adding the two element solution
matrices to the [GF] matrix respectively.
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[GS]=

[GF]=

The following final system of equation, [GS] (

[51°+151%=

(s 59 o s ) (s©
S sPes? S§ sPes| |sy
o s 57 sP 0
S0 S5 sP sBesg) s
(s s® o sy ) (5@
S sPesP s sPesP| [sY
0 s@  sp 5P 0
\\S“’ S“)+S‘2’ Sg) S"’+Sé§’J ksu)
[F1V+[F1®=

[ Flm A
FO4+F@

2%
F 4 p@

0

0

0
0

each node shown in figure 4.4, is written as:

4 g

sy 0
S+8% S
S S8
S +SS S
sy 0
SH+8% sP
S @ st
s“’+s6 S

S(l)

S84 52
S (2)
S+52

S
S
0
> S5
(n
44
S5
0
SU)

S 0
S(2)
S(Z)
S(ZJ
s“’ 0
sy s
S(l)

S(z)
Sé;)_*_s(?) SIZ)

46

SY+5

|GA]
(G ¢l

0

)
58
s

@
Sas

)
s
2)
sg
)
S65

\q’d)

>y

b
s
2}
S+
S(Z)
SW+52)
S"’ }
(l)+s
S(Z)
(1)

(4.53)

(4.54)

): [GF), to solve for A and ¢ at

(4.55)



As was stated earlier, the 3-D FEM formulation uses parallelipipeds (6 sides, 8
nodes) as elements and each node has four unknowns (4, A,, 4;, ¢}. Thus the final
system of equations for the complete 3-D FEM formulation is:

A1) (IGF.]
‘ iA, ] [GF.,]
GS1- Y= 4.56
G511 a0 17| 16y 4.56)

(] (0]

The object under study will be modelled by a certain number of adjacent elements,
each having their own electrical properties (o), in which there will be NN nodes in
total. Thus for NN nodes, each with four unknowns, the size of the global [GS]
matrix will be (4 xNN, 4xNN). The [GA,], [GA,], [GA,], [¢] matrices will be (VN x 1)
in size as will be the [GF,). [GF,], |GF,|, and [0] matrices.

4.5 Current Density Formulation

The [S] matrix for each element was calculated and then assembled into a global

matrix [GS]. The global system of equations was solved and the unknowns A and
¢ at each node defining the object was determined. The remaining step left is to
determine the current densities in the object. These current densities are found
in the center of each element. Since A and ¢ at each node of each element is now
known, it is an easy task to calculate the current density 7 inside each element.
The conduction current density is defined by equations (2.7) and (4.3) as:

7 = E = o(~jwA - V) (4.57)
Making use of the previous numerical equivalence of ¢ and A in (4.29) and (4.30):

[A,]
p=[a]-[6] ~ A=(oit [0l [0))-| (4]
[A,]

the current density can now be written as:
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1.l
J=—joo(alt laly lald)-| (4,]]|-oV(al- [4]) (4.58)
[A,]

The current density (eq. (4.58)) can be written in such a way that the contributions
of A and ¢ at each node of each element is more apparent. This equivalent equation
is:

7 =—joo(a][Ax ]2 + [a] [A 15 + (] [Az]2)

ﬂ{[ o e o] 55 9+ 5 ]rqﬂz]

which is equal to:
B o;
=0 X | =0, +j0oA,; [V (4.59)

The current density is calculated in the center of the element at (x =x, y = yz =2)

as shown in figure 4.4.

e 79

Ce
o Ypr 2

o]
o
Lo

/
]
& %o 7

X

Figure 4.4: Nodes for Current Density Calculation for the 3-D FEM formulation.
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The current density will be written in a matrix form. [, [%‘], [%’], and[

must first be calculated. These partial results are:

[~ =) (Y =y (2 = 25) )
(x—x)(y -y {z = 2)
(x =x3) (y —y) (2 —2)

_ -x=x)y - -2

19 =6 (¢ 1 (v - y0)(z = 2) (4.60)

—~(x=x) (¥ = ¥s) (z—2z)
~x=x)(y=y)(—2z)

\ (x=x)(y-x) -2z) y,

(~(y -y (z—25) )
(O =y —2)
=y (z—2)
1o 2 A B el S A Y 1 €2t

(5] =vor| oosote—e @10
—(y=ye(z—2)
-(y-n)z-z)
k (y=-y)iz—z) y

((—(x —x)(z — 25} )
(x—x,)(z—2zp)
(x —x3) (z = 2)
al’ 1 | —(x=x)(z—z ,
5| w e (610)
—~{x=x){z—2)
-(x—xx)(z—2))
L k=x)(z-2)
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( —(x =) (y =y )

(x=x)(y —¥)
(.’C "'xn) (.)' _}'l)
da " 1 —@x=-x)(y-»)
2 e .61
[az] VOL | (x=x)(y -y (4.61c)
=(x=x)(y—-»)
- (-t _xx) (J’ "y|)
 =x)0r-») )
where
VOL = (xy—x) (ys— 1) (23— 2,)
(x, . 2¢) 1s in the center of the element. These terms equal to:
X t+X, Yst 2 gtz
x§= 5 yc= 2 ~ Z§= ) (4.62)

Rewriting (4.60), (4.61a), (4.61Db), and (4.61c) at the center position of the element,
(x Yo z), yields these partial results:

1) (1
I 1
) 1
=X (=) (=291 1 111
T — — J—
[a](rny.!)=(3;.y;.=;) - SVOL 1 - 8 I (4‘63)
1 1
H i
\1) \1/
(__l 3 f_l A
1 1
-1 -1
aa]r (=) (z—z)f 1 1 1
_— m———— = (4.640)
[ ox )=z v 3) 4VOL -1 4(xy—x)| =1
| 1
-1 =1
1 1)
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,
-1
»
1
aa]" 1 1
ay = (4.64b)
[ay gz )| =1
-1
1
(1)
(—1 3\
-1
-1
do.]" 1 |-1
2z = 4.64c
[aZ ](x.y,:)-(x;.y;,z;) 4(28_21) 1 ( )
i
1
\ 1)

Substituting (4.63), (4.64a), (4.64b), and (4.64c) into equation {4.59) and defining
DX =xg—x,, DY =y,—y, and DZ=2;-z

yields the following numerical equation defining the current density in the middle
of an element.

{ 1 \

m(q)l_¢2+¢3_¢4+¢5_¢6+¢7_¢8)

\—j%(A,, +A, A FAL TAS+ASTAL+AL)
{

4_01—};(‘1)1+¢2‘¢3"¢4+¢s+¢5"¢1—¢s)

~l
]
Q

(4.65)

Q
" gl T AR T AT AL T AT A A+ Ag)

1
ZIT)-Z-@‘+¢2+¢3+¢4"¢5‘¢5"¢1"¢‘s) ’

_j%(Axl +Ax2 +A:3 +A;4 +A;5+A,5 +Az7 +Ax8)

\ /
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Chapter 5 3-D FEM Algorithm

The 3DFEM.F program that executes the simulations has been written mostly in
FORTRAN with one subroutine being written in the C programming language. A
description of the FORTRAN code developed by the author will be discussed. The
input and output file formats will be explained as well as the minor modifications
to be made to the main program in order to calculate the current density solution
everywhere inside a particular object being studied. An example of how to compile,
link, and execute the program in the ULTRIX environment on the DEC Micro-VAX
work station can be found in Appendix 4.

FORTRAN is an ideal programming language to execute calculations having
complex variables such as the solution in the thesis. The original program used
the IMSL math library subroutine ZGECO and ZGESL to solve the complex matrix
equation. These routines do not take advantage of the fact that the [GS] matrix
set up by the program, as for all of the FEM solutions, is sparse. In this case,
the matrix has on average, 10% to 20 % non-zero elements depending on the
geometry of the object being studied. As demonstrated in Chapter 4, the final
matrices used to solve for the vector magnetic potential A and the scalar electric
potential ¢ at each node grows exponentially for each additional element needed
to model the object. In order to be able to solve a larger systems of equations,
thus more elements to model the object being studied, a sparse matrix equation
solver had to be found or developed. SPARSE 1.3a written by K.S. Kundert and
A, Sangiovanni-Vincetteli at UCLA is such a subroutine®®. Because this routine
has been written in C, it is necessary to choose an environment that will allow
compilation of FORTRAN and C coded routines and permit linking them together
to form an executable file. The ULTRIX environment on the DEC Micro-VAX work
stations will permit this

The flowchart in figure 5.1 below describes the algorithm of the program.
Comparing the flowchart to the program, it is seen that each box of the flowchart
corresponds to a subroutine of the program. This eases the reading and
understanding of the program. Before running the program, the user must create
an input file FEM3D.IN and bring about some changes to the main program
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FEMS3D.F. The problem is to calculate the current density induced in an object
exposed to extra low frequency magnetic fields. The user must model the object
with brick shaped elements. One may use less elements for a coarse estimate or
more elements for a better calculation. Once the number of nodes and bricks
needed to meadel the object is now known, the first 5 lines of the program starting
with the word PARAMETER may now be modified. The variables TNODE and
TBRICK represent the total number of nodes and bricks respectively used to model
the object.

The magnetic field is represented by the variables HXR, HXI, HYR, HYI, HZR, and
HZI such that H = (HXR + JHXIX + (HYR + jHYDY + (HZR + jHZi)7. The FREQUENCY
variable is self explanatory and its value is in Hz. These are the only lines tc be
modified for every simulation executed for a different model or magneiic field used.

The input file FEM3D.IN describes the modelled object. This file has two main
parts. The first describes the global node numbering sch=me. On each line, the
user must enter the node numbers and their corresponding x, y, and z coordinates
as shown below:

Nodc t X coordinaie Y coordinate Z cootdinate
of node § ol node i of node {

The nodes must be ordered starting at 1 and in ascending order.

The second part of the input file gives the correspondence between the global
nodes and the local node numbering scheme for each brick shaped element. Also
included is the conductivity of each ciement. Each line has 10 entries describing
the element. These entries are:

elemeni local local local local local local local local conduclivity
number nodel node2 node3 node4 node3 node6 node7 node8 (S/m)

The elements must be also be ordered starting at 1 and in ascending order. For
local node i, the user must enter the number of the global node which occupies
the same position as this local node. An example of the steps needed to be applied
in order to solve a problem is given in Appendix 4 and wiil clarify what the input
file format should be.

53



Once the input file has been created and the program modified, the FORTRAN

program is compiled and then linked to the compiled C coded program SPARSE
1.3a. This file may now be executed.

Start

Determine the coordinales of the
global nodes describing the
abject

Determine which global nodes
are used to deserlbe cach element
and the conductivity of cach
clement

For cach clement, determine
which face is on the outside
boundary of the objeet

Assemble the [GS] matrx

-Calculate the |S] matrx for cach cleient
«Add cach element tutrix (o the [GS] matrix

Assemble the [CF] matrix

«Caleulate the [F] matrix for each element
Add eaels element nilax to the [GF| awtrix

Salve the Lincar system of equation l
using the
Sparsc Lincar Equatlon Solver routine

Caleulate the current density in
the center of cach element

Output results to flle

End

Figure 5.1: Algorithm for 3DFEM.F program
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The first action taken by the program is reading the input files created in the
manner discussed above. This sets up the local and global node numbering
scheme and the element numbering scheme as well as the conductivity of each
element (boxes 1 and 2). The next step (box 3) is to determine which elements
are on the surface of the object being modelled and which faces of these elements
are actually part of the outside boundary of this object. This is accomplished
quite easily. Each element has 6 faces and each face has 4 nodes attached to
them. The program takes one element at a time and compares it to all other
elements describing the object. The 4 nodes describing each face of the element
in question are compared to the 4 nodes of each surface of each element to see if
there is a match. If there is a match, the program concludes that this face is
inside the object, otherwise the program concludes that the surface is on the
boundary. A variable FACE(face#,element#) has been created to record the status
of each face of each element. FACE(face#.element#) will take on a value of 1 ifa
face is on the surface of the object and a value of O otherwise. This information
will be used in the assembly of the [GF] matrix (box 6) to ensure that the boundary
conditions are satisfied in equation (4.25).

The next action taken by the program is to assemble a global [GS] matrix. For
each element, the program calculates the [S] element matrix as show in Chapter
4 at equation (4.36) or in Appendix 5 . This matrix is then added to the global
[GS] matrix in the same manner as shown in the example of section 4.4. These
terms are stored in the [GS] matrix in such a manner that the SPARSE 1.3a
subroutine will be able to interpret it. It also takes advantage of the sparseness
of the matrix by not storing the zero terms of the matrix, thus saving valuable
memory space.

The [GF] matrix is then assembled (box 5). Again, the [F] element matrix is
calculated for each element and then added to the global [GF] matrix. Unlike the
{GS] matrix, all elements, zeroes and all. are stored in the (GF] matrix. The linear
equation is now complete. The SPARSE 1.3a subroutine inputs the [GS] and [GF]
matrix and solves for the unknowns A and ¢ at every node. A detailed explanation
of the subroutine SPARSE 1.3a and the manner it is to be used is presented in
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the user's manual entitled "Sparse User's Guide - A Sparse Linear Equation
Solver"™® . Thus, if the reader wants to know more about this subroutine, the
mantal above should be read.

The current density in the center of each brick shaped element can now easily be
calculated (box 7). Section 4.5 shows how the conduction current density equation
(4.57) can be numerically formulated (4.65). This formulation is straight forward
and is used by the program. The results are then printed to an output file.

The output file created states the magnetic field in which the object is immersed,
information about the matrix it has operated on, and the values of the current
densities in each element. The condition number helps in determining how
ill-conditioned the matrix equation is. This helps to estimate the error in the
solution. Round off error represents the errors that occur due to factorization of
the matrix. The current densities of each element are than tabulated in the order
that the elements were numbered. For each element, the number of the element
and the corresponding x, y, z coordinates of the center of that element is given.
This is then followed by the angle in degrees. The output format is shown in
Appendix 4.
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Chapter 6 Results and Analysis

This chapter presents the 3-D FEM formulation results and compares them to
analytical solutions, previously published theoretical solutions, and validated
nunierical solutions. The following cases were chosen to verify the validity of the
3-D FEM formulation. The first cases are cylinders submerged in 2 60 Hz magnetic
field oriented parallel to the longitudinal axis of the cylinders. The objects used
in these cases are: a) three homogeneous cylinders each having a different
conductivity, b) a layered cylinder with the outside layer having a higher
conductivity than the inside layer, and ¢) a square and a rectangular homogeneous
cylinder. The last two sub-cases are cylinders submerged in a 60 Hz magnetic
fleld oriented perpendicular to the longitudinal axis of the cylinders. The two
cylinders used have different lengths. The above cases are judged sufficient to
show whether the 3-D FEM formulation will yield satisfactory results when
predicting the induced current densities inside a} variously shaped homogeneous
objects each having a different conductivity value close to what is found in the
human body, b) objects which are not homogeneous, and c) objects where the
magnetic fleld orientation is arbitrary.

6.1 Homogeneous Long Cylinder with H Parallel to the Longitudinal Axis

This section compares the induced current density solutions, for a homogeneous
long cylinder immersed in a magnetic field, between the analytical, 2-D FEM and
3-D FEM formulation. The magnetic field's orientation is parallel to the
longitudinal axis of the cylinder as shown in figure 6.1a. Figure 6.1b shows how
the cylinder is modelled for the 2-D FEM formulation and figure 6.1c demonstrates
how the same cylinder is divided into 177 elements (416 nodes) for the 3-D FEM
solution.

Graphs 6.1, 6.2, 6.3, and 6.4 compare the results obtained by all three methods.
The dimensions of the cylinders used for all three cases are the same but the
conductivity differs.
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One will cbserve that for each different cylinder conductivity, the three methods
yield almost identical results. The 2-D FEM solution diverges slightly at the center
and the boundary of the cylinder. This is due to the fact that the forward and
backward differences respectively are used to calculate the current density as
opposed to the central difference used for all other points in the cylinder. As
expected, the relationship between, the induced current densities in the cylinder
and tize cylinder's conductivity, is linear, This shows that the 3-D FEM formulation
is valid for finding induced current density solutions inside homogeneous
conducting objects having a conductivity value close to that found in the human
body.

X

Figure 6.1a: Homogeneous long cylinder with
H parallel to the longitudinal axis

Figure 6.1b: Trlangularization for 2-D FEM
solution for the cylinder in Ngure 6.1a

Top View

Bide View
Figure 6.1c: Division of cylinder into elements for 3-D FEM Solution for the cylinder in figure 6.1a
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Homogeneous Long Cylinder with H Parallel to the Longitudinal Axis

radius = 0.15 m, height = 1.8 m, 6=0.04 S/m

1.6

LIS

1.4

1.2

0.8

0.6

Current Density (uA/m?)

— Analytical Solution
0.2 A 2-D FEM solution
[ .- -+ 3-D FEM solution
0 I_l [T T N | V

YT TR DU T TN ST TUY T WA [N ST VR TR SN T N SO ST U N

0 003 006 009 012 015
Radius (m)

Graph 6.1: Homogeneous long cylinder with 77 parallel {o the longitudinal axis - ¢ = 0.04 $/m
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Homogeneous Long Cylinder with A parallel to the longitudinal axis

radius = 0.15 m, height = 1.8 m, 6=0.50 S/m
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Graph 6.2: Homogeneous long cylinder with I parallel (o the longitudinal axis - o = 0.50 S/m
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Homogeneous Long Cylinder with H parallel to the longitudinal axis
radius = 0.15 m, height = 1.8 m, 6=1.00 S/m
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Graph 6.3: Homogeneous long cylinder with I7 parallel to the longitudinal axis - ¢ = 1.00 S/m
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Homogeneous Long Cylinder with H parallel to the longitudinal axis
radius = 0.15 m, height = 1.8 m, 0=2.00 S/m
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Graph 6.4; Homogeneous long cylinder with 17 paralle} to (he longitudinal axis - ¢ = 2.00 S/m
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6.2 Layered Long Cylinder with H Parallel to the Longitudinal Axis

The case being studied in this section is very similar to the previous one except
that the cylinder used is a layered cylinder having two different conductivities as
depicted in figure 6.2a. The outside layer of the cylinder has a higher conductivity
than the inside one. Figures 6.2b and 6.2c show how the cylinder is modelled
for the 2-D FEM and 3-D FEM (177 elements - 416 nodes) formulation respectively.

Graph 6.3 compares the results of the two numerical solutions. The 2-D FEM
solution is taken as the correct solution and the 3-D FEM solution is compared
to it.

The 3-D FEM formulation yield similar resuits to the 2-D FEM solution. It shows
a clear discontinuity in the induced current densities where the cylinder
conductivity abrupts changes. One can observe that the calculated current
densities are identical in the inside layers of the cylinder and slightly different in
the outside layer. In order to get a reasonable number of data points along the
different positions along the radius, very long elements had to be used because
of the computer memory limitations. This accounts for most of the errors in the
3-D FEM solution. The finite element method generally yields its best results
when the dimensions of the elements are close. If more memory was available,
more elements could have been used to model the cylinder, thus making the
shapes of the element closer to cubes rather than long rectangular parallelipipeds.

These results show the 3-D FEM formulation is valid for finding current density
solutions inside heterogeneous conducting objects.
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Figure 6.2a: Layered long cylinder with 77

parallel to the longitudinal axis %Fﬁ%%ﬁ%%

AY,
Figure 6.2b: Trlangularization for 2-D FEM
sofution for the cylinder in figure 6.2a

8ide View
Figure 6.2¢: Diviston of cylinder into elements for 3-D FEM Solution for the cylinder in figure 6.2a
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Layered Long Cylinder with H Parallel to the Longitudinal Axis
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Graph 6.5: Layered long cylinder with /T parallel to the longitudinal axis
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6.3 Homogeneous Square and Rectangular Cylinders with 7 Parallel to the
Longitudinal Axis

The results presented here show the 3-D FEM solution compared to the analytical
solution for a square and rectangular cylinder. The dimensions of the width and
height are 0.3m by 0.3m for the square cylinder and 0.3m by 0.6m for the
rectangular cylinder. The analytical solution supposes that the cylinder is of
infinite length. This is not possible for the 3-D FEM solution, thus it was given
an arbitrary length of 1m. The current densities are then calculated at the middle
points along the length and compared. It is to be noted that the 3-D FEM results
for cylinders having longer lengths were computed. In order to ensure that the
1mlength chosen was long enough to compare its results with analytical solutions.

Figure 6.3a shows the geometry of the homogeneous square cylinder and the
magnetic field orientation relative to it. Figure 6.3b displays the model
discretization for the 3-D FEM solution into 105 elements (256 nodes). All elements
have the same dimensions. The results for the square cylinder are presented in
figure 6.4.

Graph 6.6 shows the geometry of the homogeneous rectangular cylinder. The
discretization for this model is similar to that of the square cylinder: the number
of elements making it up are the same but their height is double that of the
elements making up the square cylinder. Graphs 6.7 and 6.8 present the current
density results at the center of the cylinder along the height and width respectively.

The 3-D FEM solution is in good agreement with the analytical solution for the
case of the square cylinder. It is believed that the slight discrepancy at the
boundary is due to the coarseness of the object discretization.

At first glance, graphs 6.7 and 6.8 seem to show that the 3-D FEM solution is in
agreement to a lesser degree for the rectangular cylinder. Even though the
coarseness of the discretization will cause some errors, the 3-D FEM solution still
displays the correct behavior of the current density. It shows that the current
density is higher in the narrower part of the cylinders as compared to the thicker
part - which was expected.
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These results show that the 3-D FEM program is reasonable to calculate and
predict the behavior of the induced current densities inside objects having different

shapes.

X
Figure 6.3a: Homogeneous square cylinder
with I parallel 1o the longitudinal axis

Figure 6.3b: Division of cylinder into elements
for 3-D FEM Sclution lor the cylinder in figure
6.3a
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Homogeneous Square Cylinder with H Paralle! to the Longitudinal Axis

Width = 0.3m, Height = 0.3m, ¢=0.5S/m
J, @y=0,for0<z<0.15m
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Distance from 1. .3 middle along the z axis (m)

Graph 6.6: Homogeneous square cylinder with 1T parallel to the longitudinal axis
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Figure 6.4: Homogeneous rectangular cylinder with 11 parallel to the longitudinal axis
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Homogeneous Rectangular Cylinder with # Parallel to the Longitudinal Axis

Width = 0.3m, Height = 0.6m, ¢=0.5 S/m
J, @y=0, for0<z £0.30m
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- ot - i |«3D FEM Solution
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Distance from the middle along the z axis (m)

Graph 6.7: J, in the homogeneous rectangular cy*.der with /7 parallel to the longitudinal axis
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Homogeneous Rectangular Cylinder with H Parallel to the Longitudinal Axis

Width = 0.3m, Height = 0.6m, ¢=0.5 S/m
J, @y=0,for0<y <(.15m

35 g
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Graph 6.8: J, In the homogeneous rectangular cylinder with 17 parallel to the long axis
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6.4 Homogeneous Cylinder with H Perpendicular to the Longitudinal Axis

This section presents the results of the 3-D FEM solution compared to the
analytical solution for homogeneous cylinders of different lengths submerged in
a magnetic field which is orlented perpendicular to the longitudinal axis of the
cylinder.

There are no closed form analytical solutions developed for this problem, but
McLeod, et Al*? developed and validated with measurements an approximate
analytical solution (See Chapter 2). The cylinders are approximated by a series
of rectangular slabs of variable widths and fixed heights. One would use equations
(2.33) and (2.34) to calculate the y and z component of the current density at
x =x;, in the cylinder presented in figure 6.5a. The variables # and a would be
substituted with the value which represents half the height of the cylinder and
the value representing half the width of the cylinder at x =x,.

The short cylinder and the orientation of the magnetic field in which it is submerged
is presented in figure 6.5a and the manner in which it has been modelled (185
ciements using 312 nodes) for the 3-D FEM solution is presented in figure 6.5b.
Graphs 6.9a, 6.9b, 6.9c, and 6.9d compare the analytical and 3-D FEM solutions
for the z component of the current density (/,) along the y axis for different values
of x. Graphs 6.10a, 6.10b, 6.10c, and 6.10d compare the two solutions for the y
component of the current density (/,) along the z axis for different values of x.

The situation of the longer cylinder is the same as that of the shorter one and is
presented in figures 6.6a and 6.6b. The same number of elements were used to
model both cylinders. Thevrefore, the latter case uses longer elements, Graphs
6.11a, 6.11b, 6.11¢, and 6.11d present the /, solution along the y axis at different
positions alongx and graphs 6.12a, 6.12b, 6.12c, and 6.12d present the J, solution
along the z axis at different positions along x.

A study of the results reveals that the 3-D FEM solutions are in very good
agreement with tl.e analytical solutions for positions inside the cylinder from the
center to a radius equalling approximately three quarters of the total cylinder
radius. Itisunfortunate that the 3-D FEM solutions seem to diverge for positions
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in the outside quarter of the cylinders. There are too few elements to model the
cylinder appropriately to reflect the current density behavior near the outside
boundaries of the cylinders. This is due the fact that the developed algorithm
requires much computer memory and that the governing coupled equations to
solve produce matrices which are not always well conditioned. Nevertheless, a
comparison between the 3-D FEM solution for the short cylinder and the 3-D FEM
solution for the longer cylinder shows that as the ratio of the height over the radius
gets larger, the ratio of the current density in the narrow area of the cylinder over
the current density in the larger area of the cylinder also gets larger. And, this
is in complete agreement with the analytical solutions.

These results demonstrate the 3-D FEM formulation shows promise for predicting
the induced current densities inside conducting objects submerged in a magnetic
field being oriented in any direction relative to the object.

X
Figure 6,5a: Homogeneous short cylinder with T perpendicular 1o the longitudinal axis

Top View Side View
Figure 6.5b: Division of Cylinder in figure 6.5a into elements for 3-D FEM Soiutisn
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Homogeneous Short Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.3m, ¢=0.5 S/m
J; @z=0m, x=0m, for0<y £0.15m
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Graph 6.9a: J, @ x=0m in the homogeneous short cylinder with I perpendicular to the longitudinal axis
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Homogeneous Short Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.3m, ¢=0.5 S/m
J, @z=0m, x=0.043m, for0<y <0.15m
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Graph 6.9b: J, @ Xx=0.043m in the homogeneous short cylinder with H perpendicular to the longitudinal
axis
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Homogeneous Short Cylinder with # Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.3m, ¢=0.5 S/m
J, @z=0m, x=0.086m, for0<y <0.1lm
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Graph 6.9c: J, @ x=0,086m in the homogeneous short cylinder with 77 perpendicular to the longitudine}
axis
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Homogeneous Short Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.3m, 6=0.5 S/m
J, @z=0m, x=0.129m, for0 <y £0.06m
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Graph 6.94: J, @ x=0.129m in the homogeneous short cylindsr with #f perpendicular to the longitudinal
axis
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Homogeneous Short Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.3m. 0=0.5 S/m
J, @y=0m, x=0m, for0<2<0.15m
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Graph 6.10a: J, @ x=0.0m in the homogeneous short cylinder with 77 perpendicular to the longitudinal
axls
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Homogeneous Short Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.3m, ¢=0.5 $/m
J, @y=0m, x=0.043m, for0<z<0.15m
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Homogeneous Short Cylinder with # Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.3m, 6=0.5 S/m
Jy, @y=0m, x=0.086m, for0<z <0.15m
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Graph 6.10c: J, @ x=0.086m In the homogeneous short cylinder with 77 perpendicular to the longitudinal
axis
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Homogeneous Short Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m. Height = 0.3m, 6=0.5 S/m
J, @y=0m, x=0.129m, for0 <z £0.15m
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Graph 6.10d: J, @ x=0.129m in the homogeneous short cylinder with T perpendicular to the longitudinal
axis
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Side View
Figure 6.6b: Division of cylinder in figure 6.6a inlo elements for 3-D FEM solution
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Homogeneous Long Cylinder with # Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.6m, ¢=0.5 S/m
J, @z=0m, x=0m, forO0<y <0.15m
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Graph 6.11a: J, @ x=0.0m in the homogeneous long cylinder with 77 perpendicular to the longitudinal axls
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Homogeneous Long Cylinder with H Perpendicular to the Longitudina! Axis

Radius = 0.15m, Height = 0.6m, ¢=0.5 S/m
J, @z=0m, x=0.043m, for0<y £0.15m
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Graph 6.11b: J, @ x=0.043m in the homogeneous long cylinder with # perpendicular to the longiudinal
axis
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Homogeneous Long Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.6m. 6=0.5 S/m
J; @z=0m, x =0.086m, for0<y <0.1lm
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Graph 6.11¢c: J, @ x=0.086m in the homogeneous long cylinder with I perpendicular to the longitudinal
axis
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Homogeneous Long Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.6m, ¢=0.5 S/m
J, @z=0m, x=0.129m, for 0 <y £0.06m
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Graph 6.11d: J, @ x=0,129m In the homugeneous long eylinder with I7 perpendicular to the longitudinal
axis
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Homogeneous Long Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.6m, ¢=0.5 S/m
J, @y =0m, x=0m, for( <z <0.30m
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Graph 6.12a: J, @ x=0.0m In the homogeneous long cylinder with 77 perpendicular to the longitudinal axis
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Homogeneous Long Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.6m, 6=0.5 S/m
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Graph 6.12b: J, @ x=0.043m in the homogeneous long cylinder with 1T perpendicular to the longitudinal
axis
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Homogeneous Long Cylinder with # Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.6m, 6=0.5 S/m
J, @y =0m, x=0.086m, for(0<z<0.30m
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Homogeneous Long Cylinder with H Perpendicular to the Longitudinal Axis

Radius = 0.15m, Height = 0.6m, 6=0.5 S/m
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€.5 Conclusion

The 3-D FEM results were presented and compared to proven solutions in this
chapter. These results have shown that the 3-C FEM formulation is valid for a
homogeneous or heterogeneous conducting object submerged in an arbitrarily
orlented low frequency magnetic field. The results have also shown that the
formulation has severe limitations due to the conditioning of the matrices in the
final system of equations to solve. A condition number of 1 (one) indicates that
amatrix is well conditioned. The reciprocal of the condition number®® of the matrix
described in the "Sparse User's Guide - A Sparse Linear Equation Solver"®® was
calculated as 1.3 x 10 for the situation in figure 6.5a (Homogeneous short cylinder
with H perpendicular to the longitudinal axis). Thus, this would indicate that
uncertainty in these results are unavoidable.

Nevertheless, the results show that the solutions are good within one order of
magnitude and give the user a tool to get a reasonable idea of the magnitude and
the behavior of the current densities to be present in a conducting object
submerged in a magnetic field.
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Chapter 7 Conclusion

The objective of this thesis was to develop a numerical formulation which would
predict induced current densities in biological objects, or objects having similar
conductivities, exposed to ELF magnetic fields more easily and with more accuracy
than the formulations presently available. That is to say that the task of modelling
an object being studied and using the program developed in this thesis should
be as simple as possible, and the results yielded by this formulation should be
more accurate.

A FORTRAN program was developed based on the Three Dimensional Finite
Element Method (3-D FEM) numerical formulation. The program is easy to use:
only a few lines need to be modified before it is compiled and executed, and the
input file format required by the program is simple.

The 3-D FEM program was tested for several cases to verify its validity. It has
been demonstrated that the formulation is valid but that there are severe
limitations due to the conditioning of the matrices derived from the governing
coupled equations to solve. The cases of the homogeneous and layered long
cylinders immersed 60 Hz magnetic fields oriented parailel to the longitudinal
axes have shown that the program is valid for predicting the induced current
densities inside simple homogeneous and heterogeneous objects having
conductivity values close to that found in the human body. The following cases
also have the 60 Hz magnetic field orientated parallel to the longitudinal axes of
the objects but this time, the objects have different shapes: they are homogeneous
square and rectangular cylinders. The corresponding results show that the
formulation is valid for simple objects having different shapes. These results also
start to show the limitations of the formulation. The last cases presented are
used to show that the formulation and the program are valid for objects being
immersed in arbitrarily oriented 60 Hz magnetic fields. The objects used are
round homogeneous short and long cylinders immersed in magnetic fields oriented
perpendicular to their longitudinal axes. It is seen that the formulation is still
valid, but the limitations for tliis formulation are clearly shown by these results.
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The results have shown that the program works well for very simple object under
study. These objects may be homogeneous ones having different conductivities
or may be heterogeneous. The magnetic fields in which these cbjects are immersed
may be arbitrarily oriented. Unfortunately, at the present time, it is not possible
to use this program to determine the induced current densities in complicated
biological objects due to their complexity which would require a large number of
elements to model them and the ill-conditioning of the matrices found in the
matrices found in the final system of equations to solve.

The 3-D FEM used to developed the program uses linear interpolative functions
in its formulation. It would interesting study the effect of using higher order
interpolative functions to replace the linear ones. If further work is to be continued
in this area, some means of dealing with limitations imposed by the ill-conditioning
of the matrices will have to he studied. It is worth investigating a formulation
which includes E and H instead of A and ¢ and determining if the matrices are
better conditioned and yield better solutions. Of course, the number of unknowns
per node would be increased to six from four which would imply a larger system
of equations to solve and more computer memory would be required. Also, a new
3-D finite element called the edge-element® could be used to model conducting
objects and compare those results to the ones presented in this thesis.
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Appendix 1 Program Listing for the 2-D FEM

Solution for the Homogeneous Cylinder

PROGRAM CFEM CYL1

o PROGRAM CFEM_CYL1.FOR

c OUTPUT DATA FOUND IN CFEM_CYLL.DAT
IMPLICIT NONE
PARAMETER  Ho=1.0DO
PARAMETER  SIGMA=0.04D0
PARAMETER  FREQ=60.0D0
PARAMETER  NNHS=12
PARAMETER  NiVS=91
PARAMETER  RADIUS=0.15D0
PARRMETER  HEIGHT=1.80D0
PARAMETER  EPSILON=1,0D-10

C*********************************t*ik*t*****k************************

ASIZE
H

B

NOTR
NOPTL
NDIR
NNHS
NNVS
R{i)

Z (1)

P (i)
Ivit,i)
NOU
I1,12,13
PI

R1,R2,R3
21,22,23
s

T
MUE_NOT
SIGMA
RAD_FREQ
Ho

MR (1)

MZ (1)

MB (i)

aooOOoOoQOaOOOOOOOOO00O0O0O0OOcO0a0aaan

FEM_CYL will calculate the CURRENT distribution in a cylindexr
with finite conductivity, free space permitivity and
permeability, due to a time varying magnetic field parallel
to the cylinder axix.

Because this is an axisymmetrical problem.

the cylindrical coordinate sytem are used.
AR AR A AR AR AR AR AR AR AR AR kAR R kAR Ak Ak kA h ko kdekkdkhkdkkhkhkdhhkhi

actual dimension size of the arrays used

matrix with S,T elements

vector with boundary conditions

total number of triangles

total number of nodes

number of dirichlet nodes

number of nodes on horizontal sections

number of nodes on vertical sections

R coordinate of node (i)

Z coordinate of node (i)

dirichlet potential of node (i)

node # on grid for triangle (t), node (i)

number of unknowns

Il=IV(triangle being analyzed, node 1)
3.141526. .,

R coordinates of triangle being analyzed

Z coordinates of triangle being analyzed

S shape element matrix of triangle being analyzed
T shape element matrix of triangle being analyzed
permeability of free space = 4*PI*1x10-7
conductivity of cylinder in mho/m

radial frequency of H field

strength of H field tangential to axis of symmetry
R coordinate of point i in the cylinder

Z coordinate of point i in the cylinder

Magnetic field strength of the point i in the
cylinder

AR AL AR ARA A AR RE A A AR LA RA AR AR AR A A AA AN A AR AR AR ANk hdhhhkkdk
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O

INTEGER NOTR, NOPTL, NDIR

INTEGER ASIZE, I, K

INTEGER NOLE, TNOE

INTEGER IV ( (NNHS-1) * (NNVS-1)*2, 3)

INTEGER ITR, L, LC, NOU

INTEGER 11,112,313

REAL*S R(NNHS*NNVS), 2 (NNHS*NNVS), P (NNVS)
REAL*8 PI, MR({NNHS*NNVS),MZ (NNHS*NNVS)
REAL*8 Rl, R2, R3, 21, 22, 23

REAL*S $(3,3), T(3,3)

REAL*8 MUE NOT, RAD FREQ

COMPLEX*16 H{(NNHS-1)*NNVS, (NNHS-1) *NNVS}, B{{NNHS-1)*NNVS)
COMLLEX*16 DCMPLX, MB(NNHS*NNVS)

INTEGER JOB,PIV((NNHS-1) * (NNVS))
REAL*8 RCOND

COMPLEX*16 WORK( (NNHS-1) *NNVS)
INTEGER NODE (NNVS, NIiHS)

REAL*8 DR (NNHS) ,DZ (NNVS)

COMPLEX*16 J(NNHS)

COMMON /a/ R1, R2, R3, 21, 22, 23

COMMON /B/ I1, I2, I3, ITR

COMMON /C/ S, MUE_NOT

COMMON /D/ T, RAD_FREQ

COMMON /E/ PI

OPEN (UNIT=1, FILE='M4A.DAT’,STATUS='NEW’)

FORMAT (1X,’ )

FORMAT (1X,’ CONDITION QF THE MATRIX IS: ',E15.7)
INITIALIZE $STARTING VALUES

PI=4.0D0*DATAN (1.0D0)

MUE_NOT =4,0D0*PI*1.0D-7

RAD_FREQ =2.0D0*PI*FREQ

NOTR = (NNHS~1) * (NNVS~-1) *2
NOPTL =NNHS *NNVS

NDIR =NNVS

NOU =NOPTL-NDIR

ASIZE =NQU

GRID’ will initialize R,Z,P,IV

CALL GRID (R,Z,P,IV,NDIR,Ho,NOTR,NOPTL,NNHS, NNVS,
& NODE, DR, DZ, HEIGHT, RADIUS)

——— Ak Aok A Ak e o e kS S A P g A St o et ot e T T e - g et ey

assemble the H and B matrix for the triangle elements

DG ITR=1,NOTR
calculate I1,12,13,R1,R2,R3,21,22,23
CALL CAL_IRZ(NOTR,NOPTL,R,Z,IV)
calculate S matrix
CALL $_MAT
calculate T matrix
CALL T_MAT (SIGMA)

DO I=1,3
L=IV(ITR,I)-NDIR
IF(IV(ITR,I).GT.NDIR) THEN
DO K=1,3
IF (IV(ITR,K) .GT.NDIR) THEN
LC=IV(ITR, K)-NDIR
H{L, LC)=H (L, LC) +DCMPLX (S (I, K), T(I,K))
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ELSE
B{L)=B{L)-P{IV(ITR,K)) *DCMPLX (S(I,K}, T(I,K})

ENDIF
ENDDQ
ENDIF
ENDDO

ENDDO
c _______________________________________________________________________
c Solve the system of equations [H] * x = [B]
C Results are placed in B

CALL ZGECO(H,ASIZE,ASI2E,PIV,RCOND, WORK)

JOB=0

CALL ZGESL(H,ASIZE,ASIZE,PIV,B,J0B)
(0 ot ke T R B Y L el e e
C A_GRID writes a data file containing the R and 2 coordinates
C with the corresponding magnetic field matrix ‘H’.

CALL A_GRID (NOPTL, NDIR, NNHS,NNVS, NOU,R, 2, P, B, MR, MZ, MB,

& HEIGHT, EPSILON)
Cc CURRENT will find the current distribution in the center of the
cC cylinder denoted J{COUNT}.

CALL CURRENT (NNHS, NNVS, NOPTL, MR, MZ, MB, J, RADIUS)

WRITE{1,1)

WRITE{1,2) RCOND

CLOSE (1)

CLOSE (2)

STCOP

END
O e ke

SUBROUTINE GRID (R,Z,P,IV,NDIR,Ho,NOTR,NOPTL, NNHS, NNVS,
& NODE, DR, DZ, HEIGHT, RADIUS)

IMPLICIT NONE

INTEGER NOTR,NOPTL
INTEGER NNHS, NNVS,NDIR

INTEGER I,J,M,N,K

INTEGER IV (NOTR,3), NODE (NNVS,NNHS)

REAL*8 Ho, HEIGHT, RADIUS

REAL*8 DR (NNHS),DZ (NNVS), R{NOPTL) , Z (NOPTL) , P (NDIR)

C calculate R coordinate of vertical grid line
DO I=1,NNHS
DR{I}=0.0D0+(I-1}*(RADIUS/ (NNHS-1)}
ENDDO
o calculate Z coordinate of horizontal grid line
DO I=1,NNVS
D2 {I)=HEIGHT - (I-1)* (HEIGHT/ (NNVS-1)})
ENDDO
c assign node number and potential
M=NDIR+1
N=]
DO Kwl,NNHS
DO I=1,NNVS
IF ({K.EQ.NNHS) .AND. (I.GE.1l) .AND. (I.LE.NNVS)) THEN
NODE (I,K)=N
R{N)=DR (K}
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2 (N)=DZ (I)
P (N)=Ho
N=N+1
ELSE
NODE (I, K)=M
R (M) =DR{K)
2{M)=DZ (I}
M=M+1
ENDIF
ENDDO
ENDDO
number the triangles and assign nodes to them (triangle elements)
N=0
DO J=1,NNHS-1
DO I=1,NNVS=-}
DO M=1,2
N=N+1
IV(N,1)=NODE(I,J)
IV (N, 2)=NODE (I+1, J+M-1)
IV(N,3)=NODE (I-M+2, J+1)
ENDDO
ENDDO
ENDDO
RETURN
END
SUBROUTINE CAL IRZ (NOTR,NOPTL,R,Z, IV)
IMPLICIT NONE
COMMON /A/ R1,R2,R3,21,22,23
COMMON /B/ I1,I2,13,ITR
INTEGER NOTR, NOPTL
INTEGER I1,12,13,IV{NOTR,3),ITR
REAL*8 R1,R2,R3,21,22,23,R(NOPTL), 2 {(NOPTL)
Il=IV{ITR,1)
I2=IV(ITR, 2)
I3=IV(ITR, 3}
R1=R({Il)
R2=R (I2)
R3=R (I3)
Z1=2 (Il)
Z22=2{12)
Z3=2(13)

RETURN
END

SUBROUTINE S_MAT

IMPLICIT NONE

COMMON /A/ R1,R2,R3,Z1,22,23

COMMON /C/ S,MUE_NOT

REAL*8 R1,R2,R3,21,22,23,5(3,3),MUE_NOT

REAL*8 DT,AREA,R_AVG,S_CONST

REAL*8 X1,X2,X3,Y1,Y2,Y3
CT(X1,Y1,X2,¥2,X3,¥3)=X1*Y2~X2*¥1+X2 Y3 -3 *Y2+X3I*Y1-X1*Y3
AREA=DABS (DT (R1,21,R2,22,R3,23)/2.0D0)
R_AVG=(R1+R2+R3)/3.0D0

S_CONST=R_AVG/ (4.0DO*AREA*MUE_NOT)
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S(1,1)=({22-23) **24+(R3-R2) **2) *S_CONST
$(1,2)=((22-23) *({23-21) +(R3-R2) * {R1-R3) ) *S_CONST
$(1,3)=((22-23) *(21-22) + (R3-R2) * (R2~R1}) *S_CONST
5(2,1)=5(1,2)
§(2,2)={(23-21) **2+ (R1=R3) **2) *S_CONST
5(2,3)=((23-21)*(21-22) + (R1=R3) * {R2~R1) ) *S_CONST
5(3,1)=5(1,3)

5{3,2)=5(2,3)
5(3,3)={(21-22) **2+ (R2-R1) **2} *S_CONST

RETURN

END

SUBROUTINE T_MAT (SIGMA)

IMPLICIT NONE

COMMON /a/ R1,R2,R3,21,22,23

COMMON /D/ T,RAD_FREQ

REAL*8 SIGMA

REAL*8 R1,R2,R3,21,22,23

REAL*8 RAD_FREQ, T(3,3)

REAL*8 DT, T_CONST,AREA

REAL*8 X1,X2,X3,Y1,Y2,Y3

DT (X1, Y1,X2,¥2,X3,Y3)=X1*Y2=X2*Y1+X2*¥3-X3*Y2+X3I*¥Y1-X1*Y3
AREA=DABS (DT (R1, 21, R2,22,R3,23) /2.0D0)
T_CONST=(2.0D0 * AREA * RAD_FREQ * SIGMA) / 120.0D0

T{1,1)={6.0D0*R1 + 2,0D0*R2 + 2.0D0*R3)*T_CONST
T{1,2)={2.0D0*R1 + 2.0D0*RZ + 1.0D0*R3)*T_CONST
7{1,3)={(2.0D0*R1 + 1.0D0*R2 + 2,0DQ0*R3)*T_ CONST
T(2,1)={2.0D0*R1 + 2,0D0*R2 + 1.0D0*R3)*T_CONST
T{2,2)=(2.0D0*R1 + 6.0D0*R2 + 2,0D0*R3)*T_CONST
T{(2,3)={(1.0D0*Rl + 2,0D0*R2 + 2.0D0O*R3)*T_CONST
T(3,1)={2.0D00*R1 + 1.0D0*R2 + 2.,0D0*R3)*T CONST
T(3,2)={1.0D0*R1l + 2,0D0*RZ + 2.0D0*R3)*T CONST
T{3,3)=(2.0D0*R1 + 2.0D0*R2 + &.0DQ*R3}*T_CONST
RETURN

END

SUBROUTINE A GRID (NOPTL, NDIR, NNHS, NNVS,NOU,R, Z, P, B, MR, M2, MB,
& HEIGHT, EPSLN)

IMPLICIT NONE

INTEGER NOPTL, NDIR, NNHS, NNVS, NOU
INTEGER J, I, K
REAL*8 R(NOPTL), 2Z(NOPTL), P({(NDIR)}, MR (NOPTL),MZ2 (NOPTL)
REAL*8 HEIGHT, EPSLN
COMPLEX*16 B (NOU),TEMP, MB(NOPTL)
DO I=1,NDIR

K=~I*NNHS

MR (K} =R (I)

M2 (K)=2 (1)

MB (K) =DCMPLX (P {I), 0.0D0)
ENDDO

DO J=1, (NNHS-1)
DO I=1,NDIR
K=J+ (I-1) *NNHS
MR (K) =R (I+J*NDIR)
M2 (K) =2 (I+J*NDIR)
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et

MB(K)=B(I+{J-1)*NDIR)

ENDDO
ENDDO
RETURN
END
SUBROUTINE CURRENT (NMHS, NNVS, NOPTL, MR, MZ, MB, J, RADIUS)
IMPLICIT MNONE
COMMON /D/ T, RAD_FREQ
COMMON /E/ PI
INTEGER NNHS, NNVS, NOPTL
INTEGER COUNT, I,L,K

REAL*8 RAD FREQ, T(3,3)
REAL*8 MR (NOPTL}) ,MZ (NOPTL) ,P,R, PI
REAL*S RADIUS,DIV,MJ,Ad

CCOMPLEX*16 MB (NOPTL), JTEMP,J (NOPTL)
CALCULATE THE CURRENT DISTRIBUTION
COUNT=1
DO L=1,NNVS
DO I=1,NNHS
IF (I.EQ.1l) THEN
DIV=MR{I+1+(L~1) *NNHS)-MR({I+{L=-1) *NMNHS}
JTEMP=MB (I+(L-1) *NNHS)-MB{I+1+{L-1) *NNHS}
ELSE IF (I.LT.NNHS) THEN
DIV=MR(I+1+4 (L-1)*NNHS)-MR(I-1+{L-1)*NNHS)
JTEMP=MB (I-1+(L-1) *NNHS) -MB {I+1+ (L-1) *NNHS)
ELSE
PIV=MR(I+{L-1)} *NNHS)-MR(I-1+(L-1)*NNHS)
JTEMP=MB (I-1+(L~1} *NNHS)-MB{I+{L=-1) *NNHS)
ENDIF
J{COUNT) =JTEMP/DCMPLX (DIV, 0.0D0}
COUNT=COUNT+1
ENDDOQ
ENDDO
FORMAT (1X,'CFEM_2D_CYL1.DAT CUTPUT DATA FILE’)
FORMAT (1X, ' CURRENT DENSITY DISTRIBUTION')
FORMAT (1X,’ ')
FORMAT (7X, * 2*,13X,'R’, 9%, 'MAG(J} ‘, 8X, ' ANG (J) *)
FORMAT (1X,D11.4,3X,D11.4,3%,D11.4,3%,D11.4)
WRITE(1,1)
WRITE (1, 2)
WRITE(1, 3)
WRITE(1,4)
DO I=1l,NOPTL
MJ=CDABS (J(I))
IF (MJ.EQ.0.0D0) THEN
AJ=0.0D0
ELSE
AJ=DATANZD (DIMAG{J{(I}),DREAL(J(I})))
ENDIF
WRITE(1,5) MZ({I),MR(I),MJ,Ad
ENDDO
WRITE(*,*) ‘DATA IS5 FOUND IN "MA4A.DAT"'
RETURN
END

99

e e AT



Appendix 2 Program Listing for the 2-D FEM

Solution for the Layered Cylinder

PROGRAM CFEM CYL2

PROGRAM CFEM_CYL2.FOR

OUTPUT DATA FOUND IN CFEM 2D_CYL2.DAT
IMPLICIT NONE

PARAMETER
PARAMETER
PARAMETER
PARAMETER
PARAMETER
PARAMETER
PARAMETER
PARAMETER
PARAMETER
PARAMETER

Ho=1.0D0
SIGMAl1=0,5D0
SIGMA2=1.,0D0
DRAD=(.,070D0
FREQ=60.0D0
NNHS=16
NNVS=101
RADIUS=0.15D0
HEIGHT=1.80D0
EPSILON=1.0D=-10

Ck************************t***********t*i**t**************************

CFEM_CYL2 will calculate the CURRENT distribution in a cylinder
with two different layers of finite conductivity, and homogenous

c
c
Cc
c
c
Cc
c
c
c
c
Cc
C
c
c
c
c
c
c
c
c
c

Cc
c
c
c
C
c
c
c
C
c
c
c
Cc
C
C
c

free space

permitivity and permeability, due to a time

varying magnetic field parallel to the cylinder axix.
Because this is an axisymmetrical problem.
the cylindrical coordinate sytem will be used.

ASIZE -
H -
B —
NOTR -
NOPTL -
NDIR
NNHS
NNVS
Ri{i)
2(1)
P{i}
IVit,i)
NOU
11,12,13
PI -
R1,R2,R3
21,22,23
8

LI IO I O I B | !

T
MUE_NOT -~
SIGMAl -
SIGMA2 -
DRAD -
RAD_FREQ -
Ho -
MR (1) -
MZ (i) -
MB (1) -

*******************ﬁ**********tu*i***!****tt*************************

actual dimension size of the arrays used
matrix with S, T elements

vector with boundary conditions

tetal number of triangles

total number cof nodes

number of dirichlet nodes

- number of nodes on horizontal sections

number of nodes on vertical sections

R coordinate of node (i)

Z coordinate of node (i)

dirichlet potential of node (i)

node # on grid for triangle {(t), node (i)
number of unknowns

I1=IV(triangle being analyzed, node 1)
3.141526...

R coordinates of triangle being analyzed
% coordinates of triangle being analyzed
S shape element matrix of triangle being analyzed

- T shape element matrix of triangle being analyzed

permeability of free space = 4*PI*1x10-7
conductivity of inside cylinder in mho/m
conductivity of outside cylinder in mho/m

Radius of conductivity discontinuity

radial frequency of H field

strength of H field tangential to axis of symmetry
R coordinate of point i in the cylinder

Z coordinate of point i in the cylinder

Magnetic field strength of the point i in the
cylinder

LERA R ER R DR R R R R I T T SV I LERAEEA SRR SRS SR TEESETEEEETY
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INTEGER

NOTR, NOPTL, NDIR

T e e AT S TR AT A WTRAPTIY

[ SR

INTEGER ASIZE, I, K
INTEGER NOLE, TNOE

INTEGER IV{ (NNHS=1)* (NNVS-1)*2, 33

INTEGER ITR, L, LC, NOU

INTEGER I1,12,13

REAL*S R (NNHS*NNVS), Z{NNHS*NNVS), P (NNVS)
REAL*§ PI, MR{NNHS*NNVS),MZ (NNHS*NNVS)
REAL*S Rl, R2, R3, 21, z2, 23

REAL*B S{3,3), T3,

REAL*S MUE_NOT, RAD_FREQ

COMPLEX*16 H((NNHS-1)*NNVS, (NNHS-1) *NNVS), B((NNHS-1)*NNVS)
COMPLEX*16 DCMPLX, MB (NNHS*NNVS)

INTEGER JOB, PIV ({ (NNHS=1) * (NNVS) )

REAL*S RCOND

COMPLEX*16 WORK{{NNHS-1) *NNVS)

INTEGER NODE {NNVS, NNHS)

REAL*S DR {NNHS) ,DZ (NNVS)

COMPLEX*16 J(NNHS)

COMMON /A/ R1l, R2, R3, 21, 22, 23

COMMON /B/ Il, I2, I3, ITR

COMMON /C/ S, MUE NOT

COMMON /D/ T, RAD_FREQ
COMMON /E/ PI
OPEN (UNIT=1, FILE='CFEM_2D_CYL2.DAT', STATUS='NEW’)
FORMAT (1X,* ')

FORMAT (1X,’ CONDITION OF THE MATRIX I§:
INITIALIZE STARTING VALUES
PI=4,0D0*DATAN (1.0D0)

MUE_NOT =4.0D0*PI*1,(0D-7

RAD_FREQ =2.0D0*PI*FREQ

' +E15.7)

NOTR = (NNHS-1) * (NNVS-1) *2
NOPTL =NNHS*NNVS

NDIR sNNVS

NOU =NOPTL~-NDIR

ASIZE =NOU

'GRID' will initialize R,Z,P,IV
CALL GRID (R,Z,P,IV,NDIR,HO,NOTR,NOPTL,NNHS,NNVS,
& NODE, DR, DZ, HEIGHT, RADIUS)

e o o o b ol o o o 0 o otk i o At ok A L ek T A Y ey 7 . ot 777 7 T o e

assemble the H and B matrix for the triangle elements

DO ITR=1,NOTR
calculate I1,12,I3,R1,R2,R3,21,22,23
CALL CAL_IRZ(NOTR,NOPTL,R,Z,IV)
calculate S matrix
CALL $_MAT
calculate T matrix
CALL T_MAT (SIGMAR1,SIGMA2, DRAD}

DO I=1,3
L=IV(ITR, I)-NDIR
IF (IV(ITR, I) .GT.NDIR)
DO K=1,3
IF (IV(ITR,K) .GT.NDIR)
LC=IV(ITR,K)~NDIR
H(L, LC) =H (L, L) +DCMPLX (S (I,K) , T (I, K))

THEN

THEN
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ELSE
B(L)=B(L)-P(IV(ITR,K))*DCMPLX (S (I,K},T(I,K))
ENDIF
ENDDO
ENDIF
ENDDO
ENDDO

c Solve the system of equations [H] * » = [B]
c Results are placed in B
CALL ZGECO(H,ASIZE,ASIZE,PIV, RCOND,WORK)
JOB=0
CALL ZGESL{(H,ASIZE,ASIZE,PIV,B,JOB)
A GRID writes a data file containing the R and Z coordinates
with the corresponding magnetic field matrix ‘H‘.
CALL A_GRID(NOPTL,NDIR, NNHS,NNVS,NOU,R,2,P,B,MR,MZ, MB,
& HEIGHT, EPSILCN)
c CURRENT will find the current distribution in the center of the
c cylinder denoted J(COUNT).
CALL CURRENT (NNHS, NNVS, NOPTL, MR, M2, MB, J, RADIUS)
WRITE(1,1)
WRITE(1,2) RCOND
CLOSE (1)
CLOSE ({2)
STOP
END

aQo

SUBROUTINE GRID (R, 2,E,IV,NDIR,Ho,NOTR, NOPTL, NNHS, NNVS,
& NODE, DR, D%, HEIGHT, RADIUS)

IMPLICIT NONE

INTEGER NOTR, NOPTL

INTEGER NNHS,NNVS,NDIR

INTEGER I,J,M,N,K

INTEGER IV{NOTR,3), NODE (NNVS,NNHS)

REAL*8 Ho,HEIGHT,RADIUS

REAL*8 DR{NNHS),DZ (NNVS),R(NOPTL), Z (NOPTL), P (NDIR)

c calculate R coordinate of vertical grid line
DO I=1,NNHS
DR(I)=0,0D0+(I~-1)* (RADIUS/ (NNHS-1)}
ENDDOQ
c calculate 2 coordinate of horizontal grid line
DO I=1,NNVS ,
DZ(I)=HEIGHT =- (I-1)*{HEIGHT/ (NNVS-1))
ENDDO
C assign node number and potential
M=NDIR+1
N=1
DO K=1,NNHS
DO I=]1,NNVS
IF((K.EQ.NNHS) .AND.(I.GE.1) .AND, {I.LE.NNVS)) THEN
NODE (I, K} =N
R (N} =DR (K)
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2(N)=DZ (I}
P {N) =Ho
N=N+1
ELSE
NODE (I, K)=M
R {M)=DR (K)
Z2{M)=D2(I)
M=M+1
ENDIF
ENDDO
ENDDO
number the triangles and assign nodes to them {triangle elements)
N=0
DO J=1,NNHS-1
DO I=1,NNVS-1
DO M=1,2
N=N+1
IV({N,1)=NQODE({I,J)
IV(N,2)=NODE(I+1,J+M-1)
IV(N, 3)=NODE (I-M+2,J+1)
ENDDO
ENDDO
ENDDO
RETURN
END
SUBROQUTINE CAL_ IRZ (NOTR,NOPTL,R, 2, IV)
IMPLICIT NONE
COMMON /A/ R1,R2,R3,21,22,23
COMMON /B/ I1,I2,13,ITR
INTEGER NOTR, NOPTL
INTEGER I1,1I2,1I3,IV{NOTR,3),ITR
REAL*8 R1,R2,R3,Z1,22,23,R{NOPTL), 2 (NOPTL)
I1=IV(ITR,1)
I2=IV{ITR, 2)
I3=IV(ITR, 3)
R1=R(I1)
R2=R (12)
R3=R(I3)
21=Z (I1)
22=2(I12)
Z3=Z(I3)

RETURN
END

SUBROUTINE S_MAT

IMPLICIT NONE

COMMON /A/ R1,R2,R3,21,22,23

COMMON /C/ §,MUE_NOT

REAL*8 R1,R2,R3,21,22,23,5(3,3),MUE_NOT

REAL*8 DT,AREA,R_AVG, S_CONST

REAL*8 X1,X2,X3,Y1,Y2, Y3
DT(X1,Y¥1,X2,¥2,X3,¥3)=X1*Y2~X2*¥1+X2*Y3-X3I*Y2+X3*¥Y1-X1*Y3
AREA=DABS (DT (R1,21,R2,22,R3,23)/2.0D0}

R_AVG= (R1+R2+R3) /3.0D0

5_CONST=R_AVG/ (4.0D0*AREA*MUE_NOT)
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S(1,1)=((22-23) **2+ (R3-R2) **2) *S_CONST
S{1,2)=((22-23) *(23-21)+(R3-R2) *(R1-R3)) *S_CONST
S({1,3)=((22-23)*(21-22)+(R3-R2) * (R2-R1)) *S_CONST
S(Zrl)-5(1:2)
5(2,2)=((23~21) **2+(R1-R3) #*2} *S_CONST
S5(2,3)=((23-21)*(21-22)+(R1-R3) *{R2=-R1)) *S_CONST
5(311)-5 (1; 3)
5(3,2)=8(2,3)
S$(3,3)={(21-22) **2+ (R2=-R1) **2) *§_CONST
RETURN
END
SUBROUTINE T_ MAT(SIGMAl, SIGMA2,DRAD)
IMPLICIT NONE
COMMON /A/ R1,R2,R3,21,22,23
COMMON /D/ T,RAD_FREQ
REAL*8 SIGMAl, SIGMAZ,DRAD, SIG
REAL*8 R1,R2,R3,21,22,23
REAL*8 RAD_FREQ, T(3,3)
REAL*8 DT,T_CONST, AREA
RERL*8 X1,%2,X3,Y1,Y2,Y3
DT(X1,Y1l,%X2,¥2,X3, ¥3)=X1*Y2-K2+Y1+R2*Y3-XI*Y2+X3*Y1-X1*Y3
AREA=DABS (DT (R1,21,R2,22,R3,23}/2.0D0)
IF ((R1.LE.DRAD).AND, (R2,LE.DRAD) .AND, (R3,LE.DRAD}) THEN
SIG=SIGMAl
ELSE
SIG=SIGMAZ
ENDIF
T_CONST=(2.0D0 * AREA * RAD_FREQ * SIG) / 120.0D0

T{1,1)={6.0D0*R1 + 2,0D0*RZ + 2,0D0*R3)*T_CONST
T({1,2)={(2.0D0*R]l + 2.0DO*RZ + 1.0DO0*R3)*T_CONST
T(1,3)=(2.0D0*R1 + 1.0D0*RZ2 + 2,0D0*R3)*T_ CONST
T(2,1)=(2.0D0*R1 + 2,0D0*R2 + 1.0DO*R3)*T_CONST
T(2,2)=(2,0D0*R]1 + 6.0DO*R2Z + 2.0DO0*R3)*T_ CONST
T(2,3)=(1.0D0*R1 + 2.0D0*R2 + 2.0DO*R3) *T_CONST
T(3,1)=(2.0D0*R1 + 1,0D0*R2 + 2.0DO*R3)*T_CONST
T(3,2)=(1.0D0*R1 + 2.0D0*R2 + 2.0DO*R3) *T_CONST
T(3,3)=(2,.0P0*R]1l + 2.0DO*R2 + 6.0D0*R3)*T_CONST
RETURN

END

SUBROUTINE A GRID (NOPTL, NDIR,NNHS,NNVS,NOU,R,Z,P,B, MR, M2, MB,
& HEIGHT, EPSLN)

IMPLICIT NONE

INTEGER NOPTL, NDIR, NNHS, NNVS, NQU
INTEGER Jd, I, K
REAL*S R{NOPTL), Z(NOPTL), P{NDIR), MR(NOPTL),MZ{NOPTL)
REAL*8 HEIGHT, EPSLN
COMPLEX*16 B(NOU),TEMP, MB(NOPTL)
DO I=1,NDIR

K=I*NNHS

MR (K)=R (I}

MZ (K} =2 (1)

MB (K} =DCMPLX (P (I),0.0DO0)
ENDDO
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s W

DO J=1, {NNHS-1}
DO I=1,NDIR
K=J+ (I-1) *NNHS
MR (K) =R (I+J*NDIR)
M2 (K) =2 (I+J*NDIR)
MB (K) =B (I+ (J-1) *NDIR)
ENDDO
ENDDO
RETURN
END
SUBROUTINE CURRENT (NNHS, NNVS, NOPTL, MR, MZ, MB, J, RADIUS)
IMPLICIT NONE
COMMON /D/ T, RAD_FREQ
COMMON /E/ PI
INTEGER NNHS, NNVS, NOPTL
INTEGER COUNT, I,L,K

REAL*8 RAD_FREQ, T(3,3)
REAL*8 MR (NOPTL) , MZ (NOPTL) , P, R, PI
REAL*8 RADIUS,DIV,MJ,Ad

COMPLEX*16 MB (NOPTL),JTEMP, J (NOPTL}
CALCULATE THE CURRENT DISTRIBUTION
COUNT=1
DO L=1,NNVS
DO I=1,NNHS
IF (I.EQ.1) THEN
DIV=MR (I+1+(L-1) *NNHS)-MR(I+(L~1) *NNHS)}
JTEMP=MB (I+ (L-1) *NNHS) =MB (I+1+ (L-1) *NNHS)
ELSE IF (I.LT.NNHS) THEN
DIV=MR (I+1+ (L~-1) *NNHS)-MR(I~1+{L-1) *NNHS)
JTEMP=MB (I-1+{L-1) *NNHS) =MB (I+1+ (L=1) *NNHS)
ELSE
DIV=MR {I+(L-1)*NNHS)~MR(I-1+ (L-1) *NNHS)
JTEMP=MB (I-1+ (L~1) *NNHS) -MB (I+ (L~1} *NNHS)

ENDIF

J (COUNT) =JTEMP /DCMPLX (DIV, 0.0DO0)

COUNT=COUNT+1

ENDDO

ENDDO
FORMAT (1X, ‘CFEM_2D CYL1.DAT OUTPUT DATA FILE’)
FORMAT (1X, ' CURRENT DENSITY DISTRIBUTION')
FORMAT (1X,’ ')
FORMAT (7X,’2’,13X, 'R’ ,9X, 'MAG(J) ', 8X, ANG(J) ')
FORMAT (1X,D11.4, 3X,D11.4, 3%,D11.4, 3X,D11.4)
WRITE (1,1)
WRITE(1,2)
WRITE (1, 3)
WRITE (1,4)

DO I=1,NOPTL
MJ=CDABS (J (1))
IF (MJ.EQ.0.0D0) THEN
AJ=0.0D0
ELSE
AJ=DATAN2D (DIMAG (J(I)),DREAL(J(I)))
ENDIF
WRITE(1,5) M2 (I),MR({I),MJ,AJ
ENDDO
WRITE (*,*) 'DATA I§ FOUND IN CFEM_2D_CYL2,DAT’
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RETURN
END
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Appendix 3 Program Listing for the 3-D FEM
Solution

C PROGRAM FEM3D.F
PARAMETER (TNODE=27, TBRICK=8, DIi13=TNODE*3)
PARAMETER (HXR=0,0D0,HXI=0.0D0)
PARAMETER (HYR=(.0D0,HYI=0.0D0)
PARAMETER (HZR=1.0D0,H2I=0,0D0)
PARAMETER (FREQUENCY=60.0D0)

INTEGER TNB
INTEGER TNN
INTEGER NCDE (TBRICK, 8)

total number of brick elements

total number of nodes

[ NODE(TNB, 8)]

NODE(BRICK,BRICK_NODE)

available dimension size of all arrays
[ FACE(6,TNB) ]

FACE(a,b): face a of brick b
FACE(a,b)=1 if on surface

FACE (a,b)=0 if not on surface

INTEGER NDIM
INTEGER FACE (6, TBRICK)

REAL*§ MUE permeability {H/m)
REAL*8 SIGMA (TBRICK) [ SIGMA({TNB} ]
conductivity {(siemens/m} of each element
RERL*8 FREQ freguency in Hz
REAL*8 W
REAL*8 PI PI~= 3,14159
REAL*8 XN (TNODE) [ XN{TNN) ]}
X coordinate of node (I)
REAL*8 YN (TNODE) [ YN{TNN) ]
Y coordinate of node (I)
REAL*§ ZN (TNODE) [ ZN{TNN) ]
2 coordinate of node (I}

INTEGER AS
COMPLEX*16 AF (DIM3)

assembled global S matrix

[ AF(NDIM) ]

assembled gleobal F matrix
solution matrix (new AF)
COMPLEX*16 HX X component of the magnetic field
COMPLEX*16 HY Y component of the magnetic field
COMPLEX*16 HZ ! 2 component of the magnetic field
COMPLEX*16 JX(TBRICK),JY{(TBRICK),JZ (TBRICK)

1
1
1
1
1
1
I
:
!
!
!
!
!
! radial frequency (rad/s)
|
|
|
1
!
!
1
1
!
!
COMPLEX*16 SAF (DIM3) !
t
|

COMPLEX*16 DCMPLX
INTEGER I,JC

(eArNoRrRoRs oo NeRoNo NoRoNeRe RoXoNe oo NoXeRe Re ke Ro RoReReReRe e ReRe )

IMPLICIT NONE

INTEGER TNB, TNN, NODE (TBRICK, 8) , NDIM, FACF (6, TBRICK) ,AS
REAL*8 MUE, SIGMA (TBRICK) , FREQ, W, PI

REAL*8 XN (TNODE) , YN (TNODE) , 2N ( TNODE)

COMPLEX*16 AF(DIM3), SAF(DIM3),HX, HY, H2

COMPLEX*16 JX(TBRICK),JY (TBRICK}, J2Z (TBRICK)

COMPLEX*16 DCMPLX

COMMON /A/ MUE,W
COMMON /B/ TNN
COMMON /C/ TNB
COMMON /D/ NDIM
COMMON /E/ HX,HY,HZ

107



OPEN (UNIT=1,FILE=' fem3d.out’, STATUS='NEW')
OPEN (UNIT=2,FILE=' fem3d,in’, STATUS="QLD')

110 FORMAT (1X,’H=
111  FORMAT (1X,'
112  FORMAT (1X,°’

+ +

WRITE(1,110) HXR,HXI
WRITE(1,111) HYR,HYI
WRITE(1l,112) HZR,HZI
WRITE(l,*) * '
PI = 4 0DO*DATAN(1.0D0)
MUE = PI*4,0D-7
FREQ = FREQUENCY
W = FREQ*2*PI
HX = DCMPLX (HXR, HXI)
HY = DCMPL¥X (HYR, HYI)
HZ = DCMPLX (HZR,HZI)
TNB = TBRICK
TNN = TNQDE
NDIM= DIM3
READ (2, *)
READ (2, *)
READ (2, *)
READ (2, *)
C*************** INPUT SUBROUTINES I ERE SRS SRR EES S
c enter the nodes and their coordinates
CALL NCOOR (XN, YN, ZN)
c specify which node is with which brick element
CALL NOBRIK (NODE, SIGMA)
c specify which surfaces are on the boundary
CALL BOUNDF (FACE, NODE)
C*********** CALCULATING SUBROUTINES (1B 2 SRR LSS RREEES
c asgsemble global AS matrix (NDIMxNDIM)
CALL GLOBAS (XN, YN, ZN, NODE, SIGMA,AS)
assemble glohal AF matrix {NDIMxzl)
CALL GLOBAF (XN, YN, ZN, NODE, FACE, AF)
solve the system of equations
CALL SOLVAS (AS,AF, SAF)
calculate the current densities for each element
CALL CURDEN({NDIM, SIGMA, SAF,NODE, XN, YN, ZN, JdX, JY, JZ)
CLOSE (1)
CLOSE {2}
STOP
END

oo QO 0O 0

o

CrRATARK L AR KA L H AN A A AA AR A AR XA ANk AAR A AR R A kAR AR KA KR AR K Kk hK

Chikkkkxkkhkxhkaxk SUBROUTINE SFECTION ***®kxkkkkakds ks
CHrRA IR R AR R AR AR AR AR R AR R A A AR N A AR AR A AT A AN KRR R R A A AR

SUBROIITINE NCOOR (XN, YN, Z2N)
enter the nodes and their coordinates

COMMON /B/ TNN

Q o0 oo
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IMPLICIT NONE
INTEGER I,J
INTEGER TNN
REAL*8 XN (TINN)
REAL*8 YN (TNN)
REAL*B ZN{TNN)

DO 300 I=1,TNN
READ (2, *) J,XN{(J),¥YN(J),2N{J}
300 CONTINUE
RETURN
END

SUBROUTINE NOBRIK (NODE, SIGMA)
specify which node is with which brick element

COMMON /C/ TNB

a aao aa0

IMPLICIT NONE
INTEGCER I,J
INTEGER TNB
INTEGER NODE (TNB, 8)
REAL*8 SIGMA (TNB)

DO 301 I=1,TNB
READ (2, *} J,NODE(J,1),NODE(J,2),NODE(J, 3),NCDE(J, 4),
» NODE {J, 5) ,NODE {(J, G) ,NODE(J, 7) ,NODE (J, 8) , SIGMA (J)
301 CONTINUE
RETURN
END

SUBROUTINE BOUNDF (FACE, NODE)
specify which faces of which bricks are on the boundary

CCMMON /C/ TNB

0O O O0n0

IMPLICIT NONE
INTEGER I,J
INTEGER TNB
INTEGER NODE {TNB, 8)
INTEGER FACE {6, TNB)

DO 302 I=1,TNB
DO 303 J=1,6
FACE (J, I) =1
303 CONTINUE
302 CONTINUE
DO 305 I=1,TNB
DO 306 J=1,TNB
IF { (NODE (I, 1) .EQ.NODE{J, 5) ) .AND. (NODE (I, 2) .EQ.NODE (J, 6)) .AND.
A (NODE (I, 3) .EQ.NODE(J, 7)) .AND. {NODE (1, 4) .EQ.NODE (J, 8) )}
FACE(1,I)=0
IF ( (NODE (I,1).EQ.NODE{J,3)) .AND. (NODE(I,2).EQ.NODE(J,4}}.AND.
- (NODE (I, 5) .EQ.NODE(J, 7)) .AND. (NODE (I, 6) .EQ.NODE (J, 8} })
- FACE(2,I)=0

>
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IF { {NODE (I, 1) .EQ.
(NODE (I, 5) .EQ.

FACE(3,I}=0

IF{{NODE (I, 2) .EQ.
(NODE (I, 6) .EQ.

FACE(4,I}=0

IF { {NODE (I, 3) .EQ.
{NODE (I, 7) .EQ.

FACE (5,I}=0

IF{{NODE({(I, 5) .EQ.
{NCDE (I, 7).EQ.

FACE (6, 1) =0
CONTINUE
CONTINUE
RETURN
END

NODE (J,2))
NODE (J,6) )

NODE {J, 1))
NODE (J, %))

NODE (J, 1))
NODE (J,5)}

NODE({J,1)}
NODE (J, 3))

LAND.
.AND.

LAND.
.AND,

.AND.
LAND.

.AND,
.AND.

(NODE (I, 3}
(NODE(I,T)

(NODE(I,4)
(NOLE{I, 8)

(NODE (I,4)
(NODE (I, 8)

(NODE (I, 6)
(NODE (I, 8)

SUBROUTINE GLOBAS (X, YN, ZN, NODE, SIGMA, AS)
COMMON /A/ MUE, W

COMMON /B/ TNN

COMMON /C/ TNB

COMMON /D/ NDIM

INTEGER AS ! global S matrix
INTEGER sfcreate ! variable used in
INTEGER sfgetelement! variable used in
INTEGER element ! variable used in
INTEGER BRICK ! brick number
INTEGER I,J\K, L ! do loop variables
REAL*8 8IG ! SIG=SIGMA (i)
REAL*8 DX 1 Xj-Xi

REAL*8 DY 1 oYj-vi

REAL*8 DZ ! 2j-2i

COMPLEX*16 S (24,24)

IMPLICIT NONE
INTEGER
INTEGER
REAL*8

REAL*8 ,
COMPLEX*16 §(24;24)

COMMON /F/ DX,DY,D2Z

create AS matrix

AS=gsfcreate(l,l,error)

write(l,*) '

clear AS matrix
call sfclear (AS)

load matrix
DO 309 BRICK=1,TNB
SIG=SIGMA (BRICK}

error from sfcreate=',error

DX=XN (NODE (BRICK, 8) ) -XN (NODE (BRICK, 1)}
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LEQ.
-EQ,

.EQ
.EQ.

JEQ,
.EQ.

.EQ.
.EQ.

NODE (J,4}) .AND.
NQDE (J,8}))

.NODE (J, 3)) .AND.

NODE(J,7)))

NODE (J,2) ) .AND.
NODE(J,6)))

NODE (J,2)) .AND,
NODE (J,4)))

the sparse matrix subroutine
the sparse matrix subroutine
the sparse matrix subroutine

i is the current element

TNN, TNB, NDIM, NODE (TNB, 8) ,BRICK, I, J,K,L,AS

sfcreate, sfgetelement, element, error, ROW, COLUMN

SIGMA (TNB), SIG, MUE, W, XN (TNN) , YN (TNN) , ZN (TNN) , DX, DY, D2
REAL S, IMAG_S
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DY=YN (NODE (BRICK, 8) ) —¥N (NODE (BRICK, 1))
D2=2N (NODE (BRICK, B) ) ~ZN (NODE (BRICK, 1))
CALL SMAT (S, SIG)
Do 310 1=1,8,1
DO 311 J=1,8,1
DO 312 K=0,2,1
DC 313 1=0,2,1
ROW = NCDE (BRICK, I)+K*TNN
COLUMN = NODE (BRICK,J)+L*TNN
element=sfgetelement (AS, ROW, COLUMN)
REAL S=DREAL (S (I+K*8,J+L*8))
IMAG_S=DIMAG (S{I+K*B,J+L*8))
CALL sfaddlcomplex({element,REAL_S, IMAG_S)
CONTINUE
CONTINUE
CONTINUE
CONTINUE
CONTINUE

RETURN
END

SUBROUTINE SMAT (S, SIG)

COMMON /A/ MUE,W
COMMCN /F/ DX,DY,DZ

INTEGER i,J
REAL*8 SR ! temp real varialble for §$(I,J) element
REAL*8 51 ! temp imaginary varialble for S(I,J) element

IMPLICIT NONE
REAL*8B DX,DY,DZ,SIG,MUE,W, SR, SI
COMPLEX*16 S5(24,24),DCMPLX

SR = DX*((+4.0DO*DZ**2) + (4,0DO*DY**2) )/ (MUE*36.0D0*DY*DZ)
SI = (WxSIG*DX*DY*DZ)/27.000

S{1,1) = DCMPLX{(SR,SI)
SR = DX*{ (+2,0D0*DZ**2)+ (2.0D0*DY**2) ) / (MUE*36.0D0*DY*D2)
ST = (W*SIG*DX*DY*DZ)/54.0D0

§(1,2) = DCMPLX(SR,SI)
SR = DX* ((~4.0D0*DZ**2)+(2.0D0*DY*42) )/ (MUE*26.0D0*DY*DZ)
SI = (W*SIG*DX*DY*DZ)/54.0D0

$(1,3) = DCMPLX(SR,SI)
SR = DX*((-2.0D0*DZ**2)+(1.0D0*DY**2) )/ (MUE*36.0D0*DY*D2)
sI = (W*SIG*DX*DY*D2)/108,0D0

S(1,4) = DCMPLX(SR,SI)
SR = DX* ( (+2.0D0*DZ**2) - (4.0D0O*DY**2) )/ (MUE*36,0D0*DY*D2}
SI = (W*SIG*DX*DY*DZ)/54.0D0

$(1,5 = DCMPLX(SR,SI)
SR = DX* ((+1.0D0*DZ**2) - (2.0D0*DY*#2)) / (MUE*36.0D0*DY*D2)
SI = (W*SIG*DX*DY*DZ)/108.0D0

S(1,6) = DCMPLX(SR,SI)
SR = DX*{(-2.0D0*D2**2) - (2.0DC*DY**2) )/ (MUE*36.0D0*DY*DZ)
ST = (W*SIG*DX*DY*D2)/108.0D0

§(1,7) = DCMPLX(SR,SI)
SR = DX*((~1,0D0*DZ**2)~(1.0D0*DY**2)}/(MUE*36.0D0*DY*DZ)
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51
s(1,8)
s(1,9)
S(1,10)
s(1,11)
S(1,12)
5{1,13)
s{1,14)
5{1,15)
5(1,16)
$(1,17)
$(1,18)
5(1,19)
S{1,20)
5(1,21)
5(1,22)
5(1,23)
s(1,24)
5{2,1)
$1{2,2)
5(2,3)
5(2,4)
5{(2,5)
5(2,6)
5(2,7)
5(2,8)
5(2,9)
5(2,10)
5(2,11)
5(2,12)
5(2,13)
$(2,14)
5(2,15)
5(2,16)
5(2,17)
$(2,18)
$(2,19)
${2,20)
5{2,21)
s(2,22)
$(2,23)
s(2,24)
5(3,1)
$(3,2)
5(3,3)
5(3,4)
5(3,5)
5(3,6)
5(3,7)
5(3,8)
5(3,9)
5(3,10)
§(3,11)
5(3,12)
§(3,13)
5(3,14)
5(3,1%
5(3,16)
$(3,17)

oMy g 9o %08 DNl Nd 0N ERSANDADNNR R XYDND N END XD RN YR NENRNY

(W*SIG*DX*DY*D2)/216.0D0
DCMPLX (SR, S1)
DCMPLX (-DZ/ {MUE*12.0D0},0.0D0)
-5(1,9)
+5(1,9)

-S‘ll 9)
DCMPLX {-DZ/ (MUE*24.0D0}, 0.0D0)
-5(1,13)
+5(1,13)
-5(1,13)
DCMPLX (-DY/ (MUE*12.0D0),0.0D0)
-5(1,17)
DCMPLX (-DY/ (MUE*24.0D0),0.0D0)
-5(1,19)
+5(1,17)
=-5(1,17
+5(1,19)
-5(1,19)
+5(1,2)
+5(1,1)
+§(1,4)
+$(1,3)
+8(1,6)
+8(1,3)
+5(1,8)
+S(1,7)
+5(1,9)
-5(1,9)
+51(1,9)

'S(lf 9)
+5(1,13)
=5(1,13)
+8{1,13)
"S(l: 13)
+5{1,17)
-5{(1,17)
+5(1,19)
-5(1,19)
+5(1,17)
~-5(1,17)
+5(1,19)
-5(1,18)
+5(1,3)
+5(1,4)
+5(1,1)
+5(1,2)
+5(1,T)
+5(1,8)
+5(1,5)
+8(1,6)
+5(1,9)
=5(1,9)
+5(1,9)
-S(lrla)
+5(1,13)
-S(1r13)
+5(1,13)
+8(1,19)
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5(3,18)
$¢3,19)
5(3,20)
5(3,21)
5(3,22)
5(3,23)
S(3,24)
$(4,1)
5(4,2)
5(4,3)
S(4,4)
5(4,5)
S (4, 6)
5(4,7)
S{4,8)
S(4,9)
5(4,10)
5(4,11)
S(4,12)
S{4,13)
5(4,14)
S(4,15)
$(4,16)
$(4,17)
$(4,18)
5(4,19)
$(4,20)
5(4,21)
$(4,22)

S(4,23)°

S(4,24)
$(5,1)
5(5,2)
S(5,3)
S{5,4)
5(5,5)
5(5,6)
§5(5,7)
5(5,8)
S(5,9)
$(5,10)
5(5,11)
S(5,12)
5(5,13)
5(5,14)
5(5,13)
S(5,16}
$(5,17)
S(5,18)
§(5,19)
§(5,20)
S(5,21)
S(5,22)
S(5,23)
5(5,24)
5(6,1)
5(6,2)
5(6,3)
S(6,4)

e R R R

-5(1,19)
+5(1,17)
-5(1,17)
+5(1,19)
-5(1,19)
+$(1,17)
-5(1,17)
+S5{1,4)
+5(1, 3)
+5(1,2)
+5(1,1)
+5(1, 8)
+5(1,7)
+5(1,6)
+5(1,5)
-5(1,9)
+5(1,9)
-5(1,9)
+5(1,9)
-5{1,13)
+8(1,13)
=5(1,13)
+5(1,13)
+85(1,19)
-5(1,19)
+5(1,17)
-5(1,17)
+5(1,19)
-5{1,19)
+5(1,17)
=5(1,17)
+5(1,5)
+8(1,6)
+8{1,7})
+8(1,8)
+5(1,1}
+5(1,2)
+81(1,3)
+5(1,4)
+5(1,13)
-5(1,13)
+5(1,13)
=-5(1,13)
+5(1,9)
-8(1, 9
+5(1,9)
=5(1,9)
=5(1,17)
+5(1,17)
~5(1,19)
+8(1,19)
-5(1,17)
+5(1,17)
'S(lr 19)
+$(1,19)
+5(1,6)
+8§(1,5)
+5(1,8)
+5(1,7)
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5(6,5)
5(6,6)
5({6,7)
5(6,8)
5(6,9)
5(6,10)
5(6,11)
5(6,12)
5(6,13)
5(6,14)
5(6,15)
5(6,16)
5(6,17)
5(6,18)
5(6,19)
5{6,20}
5(6,21)
5(6,22)
5(6,23)
5(6,29)
5(7,1)
§{(7,2)
5{(7,3)
5(7,4)
5(7,5)
5(7,6)
5(7,7)
${7,8)
5(7,9)
S{7,10)
s(7,11)
5(7,12)
5(7,13)
5(7,14)
§(7,15)
5{7,16)
S(7,17)
§(7,18)
s$(7,19}
§(7,20)
5{7,21)
5(7,22)
$(7,23)
S{7,24)
5(8,1)
5(8,2)
5(8,3)
S(8,4})
5(8,5)
5(8,6)
5(8,7)
5(8,8)
5(8,9)
5(8,10)
5(8,11)
5(8,12)
5(8,13)
5(8,14)
5(8,15)

B oMM oN kN0 YR K NN RN DS NEDEEADRNDNE0EDS YRS NN R NE B RN KN KENENERNNNRNE

+5(1,2}
+S¢(1,1)
+5(1,4)
+5(1,3)
+5(1,13)
~5(1,13)
+5(1,13)
-5(1,13}
+5(1, 9)
-S(Irg)
+5(1,9)
-5 (1; 9)
=-5(1,17)
+S{1,17)
-5(1,19}
+5{(1,19)
“‘S(l, 17)
+5{1,17)
~5(1,19)
+S(1,19)
+S5(1,7)
+5(1,8)
+S(1,5)
+5{1,6)
+5(1, 3)
+5(1,4)
+5(1,1)
+5(1,2)
-5{1,13)
+5(1,13)
-5(1,13)
+5(1,13)
-5(1,9
+5(1,9)
=5(1,9
+S(1, 9}
-s (1' 19)
+5(1,19)
-5(1,17)
+5¢1,17)
-5(1,19)
+5{1,19)
-5(1,17)
+5(1,17)
+5(1,8)
+S5(1,7)
+5(1,6)
+5{1,5)
+8({1,4)
+S5(1,3)
+5(1,2)
+5(1,1)
-5(1,13)
+5(1,13)
-5{1,13)
+5(1,13)
-5(1,9)
+S{1,9)
-5(1,9)
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S({8,16)
$(8,17)
$(8,18)
$(8,19)
5(8,20)
5(8,21)
S(8,22)
5(8,23)
5(8,24)
5(9,1)
5(9,2)
§(9,3)
5(9,4)
5(9,5)
5(9,6)
5(9,7)
5(9,8)
SR

SI
5(9,12)

SR

SI
§(9,13)

ST
$(9,16)
5(9,17)
S(9,18)
5(9,19)
$(9,20)
5(9,21)
§(9,22)
5(9,23)
S(9,24)
$(10,1)
S(10,2)
5(10, 3)
$(10,4)
5(10, 5)
S (10, 6)
S(10,7)
S (10, 8)
5(10,9)
$(10,10)

Boanowwmuwwnny e NN RN 0D N RN NE N NRYETRDENDERNCDOEN DR DN NA

+8 (1,9}

-8(1,19)

+5(1,19)

=5(1,17)

+5(1,17)

-5(1,19)

+5(1,19)

-5(1,17)

+5(1,17)

+5(1,9)

+5(1,9)

~5(1,9)

—5{119)

+5(1,13)

+5(1,13)

~5(1,13)

-5(1,13)

DY* ((+4.0D0*DZ**2)+ (4.0DO*DX**2) )/ {36
{(W*SIG*DX*DY*D2) /27.0D0

DCMPLX (SR, SI)

DY* ((-4.0D0*DZ**2)+ (2.0D0O*DX**2))/ (36
(W*SIG*DX*DY*D2) /54 .0D0

DCMPLX {SR, 5I)

DY* ((+2.0D0*DZ2**2)+ (2.0D0*DX**2) )/ (36
(W*SIG*DX*DY*DZ) /54 .0D0

DCMPLX {SR, SI)

DY* ((-2.0D0*D2**2) + ({1.0D0*DX**2)) / (36.

(WrSIG*DX*DY*DZ) /108.0D0

DCMPLX (SR, SI}

DY* ( (+2.0D0*DZ2**2) - (4 ,0D0*DX*%2)) /{36
{(W*SIG*DX*DY*DZ) /54 .0D0

DCMPLX (SR, SI)

DY* ((-2.0D0*DZ**2) — (2,0D0*DX**2})) /(36
(W*SIG*DX*DY*DZ) /108, 0D0

DCMPLX (SR, 5I)

DY* { (+1.0D0*DZ2**2) - (2.0D0*DX**2)) /(36
(W*SIG*DX*DY*DZ) /108.0D0

DCMPLX (SR, ST)

DY*({-1.0D0*D2**2)=(1.0D0*DX*42)}/ (36,

{(W*SIG*DX*DY*DZ) /216.0D0
DCMPLX (SR, SI)

DCMPLX (~DX/ {MUE*12.0D0), 0.0D0)
DCMPLX (-DX/ (MUE*24 . 000}, 0.0D0)
-5(9,17)

~5(9,18)

+5(9,17)

+5(9,18)

-5(9117)

-5(9,18)

-5{1,9)

=-5(1,9)

+5(1,9)

+5(1,9)

=-5(1,13)

-5(1,13)

+85(1,13)

+5(1,13)

+5(9,10)

+5(9,9)
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.0DO*MUE*DX*DZ)

.0DO*MUE*DX*DZ)

.0DO*MUE*DX*DZ)

ODO*MUE*DX*D2Z)

.0DO*MUE*DX*D3Z)

.ODO*MUE*DX*DZ)

.0DO*MUE*DX*D2Z)

ODO*MUE*DX*DZ)




5(10,11)=
$(10,12)=
$(10,13)=
5(10,14)=
$(10,15)=
$(10,16)=
5(10,17)=
${10,18)=
$(10,19)=
§(10,20)=
5(10,21)=
$(10,22)=
$(10,23) =
5(10,24)=
$(11,1) =
$(11,2) =
§(11,3) =
5(11,4)
${11,5)
S(11,6)
§(11,7)
S(11,8)
5(11,9) =
${11,10)=
§(11,11)=
§(11,12)=
$(11,13) =
S{11,14)=
S{11,15)=
S(11,16)=
§(11,17)=
S(11,18)=
S(11,19)=
S(11,20)=
5(11,21)=
5(11,22)=
$(11,23)=
S(11,24)=
$(12,1) =
5(12,2)
$(12, 3}
$(12,4)
5(12,5)
$(12,6)
$(12,7)
s{12,8)
5(12,9) =
$(12,10)=
§(12,11)=
§(12,12)=
§{12,13)=
5(12,14)=
§(12,15)=
S(12,16) =

+5(9,12)
+S(9; 11)
+5(9,14)
+5{9,13)
+5(9,16)
+5(9,15)
+5(9,18)
+5(9,17)
"S(gr 18)
-5(9,17)
+5(9,18)
+5(9,17)
-5{9,18)
-5(9, 17)
+S(1,9)

+5(1,9)

-5(1,9)

-S5(1,9)

+5(1,13)
+5(1,13)
-5(1,13)
-5(1,13)
+5(9,11)
+5(9,12)
+5(9,9)

+5(9,10)
+5(9,15)
+5(9,16)
+5(9,13)
+5(9,14)
+S(9,17)
+5(9,18)
-5(9,17)
-5(9,18)
+5(9,17)
+5(9,18)
—5(9, 17)
-5(9,18)
-5(1,9)

-5(1,9)

+5(1,9)

+5(1,9)

-5(1,13)
-5{(1,13)
+5{1,13)
+5(1,13)
+5(9,12)
+5(9,11)
+5(9,10)
+5(9,9)

+5(9,16)
+5(%,15)
+5({9,14)
+5(9,13)
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$(12,17)=
§(12,18)=
$(12,19)=
§(12,20)=
§(12,21)=
$(12,22)=
5(12,23)=
5(12,24)=
§(13,1)
$(13,2)
$(13,3)
$(13,4)
§(13,5)
$(13,6)
$(13,7)
$(13,8)
$(13,9)
$(13,10)=
$(13,11)=
$(13,12)=
$(13,13)=
$(13,14)=
$(13,15)=
$(13,16)=
${13,17)=
$(13,18)=
$(13,19)=
$(13,20)=
${13,21)=
§(13,22)=
$(13,23)=
§(13,24)=
5(14,1) =
5(14,2)
S(14, 3)
5(14,4)
S(14,5)
5(14,6)
5(14,7)
s(14,8)
$(14,9)
$(14,10)=
5(14,11)=
5(14,12)=
5(14,13)=
$(14,14)=
§(14,15)=
S(14,16)=
S(14,17)=
$(14,18)=
5(14,19)=
$(14,20)=
5(14,21)=
5(14,22)=
5(14,23)=
$(14,24)=
§(15,1) =

]
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+5(9,18)
+5(9,17)
-5(9,18)
-8(9, 17)
+5(9,18)
+5{9,17}
-5{9,18)
-5{9,17)
+5(1,13)
+5(1,13)
-5(1,13)
=5(1,13)
+5(1,9)

+5(1,9)

“5(1;9}

-5(1,9)

+5(%,13)
+5(9,14)
+5(9,15)
+8(9,16)
+5(9,9)

+5(9,10)
+5(9,11)
+5{9,12)
=5(9,17)
-5(9,18)
'f'S(gf 17
+5(9,18)
=-5(9,17)
-5(9,18)
+5(9,17)
+5(9,18)
-5 (1r13)
-5(1,13)
+5(1,13)
+5(1,13)
-5(1,9)

+5(1,9)

+8(1,9)

+5(9,14)
+5(9,13)
+5(9,16)
+5(9,15)
+5(9,10)
+5(9,9)

+5(9,12)
+5(9,11)
-5(9,18}
-5(9,17)
+5(9,18)
+5(9,17)
-5{9,18)
-5(9,17)
+5(9,18)
+5(9,17)
+5(1,13)
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5(15,2)
5(15,3)
$(15,4)
$(15,5)
5(15,6)
$(15,7)
$(15,8)
5(15,9) =
$(15,10)=
$(15,11)=
5(15,12)=
$(15,13)=
$(15,14)=
S(15,15)=
§(15,16) =
5{15,17) =
S{15,18) =
5{15,19)=
§{15,20)=
S{15,21)=
S{15,22)=
§(15,23)=
5(15,24) =
S(16,1) =
5(16,2)
S(16,3)
5(16,4)
5(16,5)
S(16,6)
5(16,7)
5(16,8)
5(16,9)
$(16,10)=
5(16,11)=
$(16,12)=
S(16,13)=
S(16,14)=
${16,15)=
S{16,16)=
${16,17)=
S{16,18)=
${16,19)=
5{16,20)=
S{16,21)=
5{16,22)=
${16,23)=
S{16,24)=
s{17,1)
5{17,2)
${17,3)
5{17,4)
5(17,5)
${17,6)
${17,7
5(17,8)
5(17,9)
$(17,10)=
$(17,11)=
$(17,12)=

B8 0Rr 0N EDR

+5(1,13)
-5(1,13)
-5{1,13}
+5(1,9)

+5(1,9)

-5{1,9)

-5(11 9)

+5{9,15)
+8(9,16)
+5(9,13)
+5(9,14)
+8(9,11)
+5(9,12)
+5(9,9)

+5(9,10)
~5(9,17)
-5 (9:18)
+5(9,17)
+5(9,18)
-5 (9; 17}
-5(9,18)
+5(9,17)
+5(9,18)
-5(1,13)
-5(1,13)
+5¢1,13)
+5(1,13)
-5(1,9)

-5{1,9)

+5({1,9)

+5(1,9)

+5(9,16)
+$(9,15)
+5(9,14)
+5(9,13)
+5(9,12)
+5(9,11)
+5(9,10)
+5(9,9)

-5(9,18)
"'5(9, 17)
+5(9,18)
+5(9,17)
-5{9,18)
-5(9,17)
+5(9,18)
+5(9,17)
+8{1,17)
+5{(1,17)
+5(1,19)
+5(1,19)
=-5{(1,17)
-5{1,17)
-5(1,19)
-5({1,19})
+5(9,17)
+5(9,18)
+5(9,17)
+8(9,18)
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$(17,13)=
§(17,14)=
S(17,15)=
$(17,16)=
SR =
ST =
$(17,17)=
SR =
ST =
${17,18)=
SR =
SI =
§(17,19)=
SR =
SI =
$(17,20)=
SR =

SI =
${17,21)=
SR =
ST =
$(17,22)=
SR =

SI =
5(17,23)=
SR =

SI =
S(17,24)=
$(18,2)
5(18,3)
S{18,4)
5(18,5)
5(18,6)
5(18,7)
5(18,8)
s(18,9) =
5(18,10)=
5(18,11)=
5(18,12)=
§(18,13)=
${18,14)=
5(18,15)=
5(18,16)=
S(18,17)=
§{18,18)=
§{18,19)=
5(18,20)=
S(18,21)=
5(18,22)=
5{18,23)=
S(18,24)=
5{19,1) =
5(19,2)
5(19,3)
5(19,4)
5(19,5)
S(19,6)
$(19,7)

]

pmnmaae

O

=5{9,17)

-5(9,18)

—S(9, 17

=5(9,18)

DZ* ({+4.0DO*DY**2)+ (4.0D0*DX**2)) /(36
(W*SIG*DX*DY*DZ)/27.0D0

DCMPLX (SR, 5I)

D2* ((-4,0D0*DY**2)+(2.0D0*DX**2)) /(36
(W*SIG*DX*DY*DZ) /54,000

DCMPLX (SR, SI)

Da* { (+2.0D0*DY**2) = (4, 0D0*DX**2})/ (36
{(W*SIG*DX*DY*DZ) /54 .0D0

DCMPLX (SR, 51)

D2* {(-2.0D0*DY**2) - (2.0D0*DX**2))/ (36
(WXSIG*DX*DY*D2) /108.0D0

DCMPLX (SR, SI)

DZ* ({+2.0D0*DY**2)+ {2, 0D0*DX**2) )/ ({36
(W*SIG*DX*DY*D2) /54.0D0

DCMPLX (SR, $I)

DZ*{ (-2.0DO*DY**2)+(1.0DO*DX**2)) /({36
{(W*SIG*DX*DY*DZ) /108.0D0

DCMPLX {SR, SI)

D2*{ (+1.0DO*DY**2)=(2,0D0*DX**2)) /(36
(W*SIG*DX*DY*DZ) /108.0D0

DCMPLX (SR, SI)

D2* ({-1.0D0*DY**2) = (1.0DN*DX**2)) /(36
(W*SIG*DX*DY*D2) /216.0D0

DCMPLX (SR, SI}

=5(1,17)

~5(1,17)

-5{1,19)

-5(1,19)

+5(1,17)

+8$(1,17)

+5(1,19)

+5{1,19)

+§(9,18)

+8(9,17)

+5(9,18)}

+5(9,17)

-5(9,18)

-5{9,17)

=5(9,18)

—8(9117)

+5(17,18)

+5(17,17)

+5{17,20)

+5(17,19)

+5(17,22)

+5(17,21)

+8(17,24)

+S(17,23)

+5(1,19)

+8(1,19)

+5{1,17)

+5(1,17)

-8(1;19)

-5(1,19)

-5(1,17)
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5(19,8) =
$(19,9) =
5{19%,10)=
${19,11)=
5(19,12)=
5(19,13) =
5(19,14)=
5(19,15)=
5(19,16)=
5(19,17)=
5{(19,18)=
5(19,19)=
5{19,20)=
5(19,21)=
5(19,22)=
${19,23)=
S5{19,24)=
5(20,1) =
§(20,2)
5(20,3)
5(20,4)
5¢(20,5)
§(20,6)
5{20,7)
5(20,8)
5(20,9)
$(20,10)=
5(20,11)=
$(20,12)=
${(20,13)=
$(20,14) =
§(20,15)=
5(20,16)=
5(20,17)=
$(20,18)=
5(20,19)=
$(20,20)=
§(20,21)=
5(20,22)=
5(20,23)=
5{(20,24)=
5{21,1) =
5{(21,2) =
§(21,3)
5(21,4)
$(21,5)
5(21,6)
5(21,7)
S(21,8)
$(2%,9) =
5(21,10) =
§{21,11)=
$(21,12)=
$(21,13)=
5(21,14)=
${21,1%)=
5{(21,16)=
${(21,17)=
5(21,18)=

nnmanwaan

-5 (1:17)
-3(9, 17}
-5(9,18)
-5(9, 17)
-5(9,18)
+5(9,17)
+5(9,18}
+5{9,17)
+5(9,18)
+5(17,19)
+5{17,20)
+5(17,17)
+5(17,18}
+5(17,23)
+8(17,24)
+5(17,21)
+5(17,22)
-5(1,19)
~-5(1,19)
-8{(1,17)
=5(1,17)
+5(1,19;}
+5(1,19)
+5(1,17)
+5(1,17)
-S(gt 18)
-5{(9,17)
~-5(9,18)
'8(9117)
+5(9,18)
+5(9,17)
+5(9,18)
+5(9,17)
+5(17,20)
+5(17,19)
+5(17,18)
+S{17,17)
+5(17,24)
+5(17,23)
+5{17,22)
+8(17,21)
+5(1,17)
+5(1,17)
+5(1,19)
+5(1,19)
] (1: 17)
=5{1,17)
-5(1,19)
-5(1,19)
+5(9,17)
+5(9,18)
+5(9,17)
+5(9,18)
—5(9; 17)
-8(9,18)
"S(gfl?)
-5(9,18)
+5(17,21)
+5{17,22)



$(21,19)=
§{21,20)=
§(21,21)=
§(21,22)=
${21,23)=
${21,24)=
$(22,1)
5(22,2)
s(22,3)
s(22,4)
s(22,5)
5(22,6)
5(22,7)
s(22,8)
5(22,9)
§(22,10)=
$(22,11)=
§(22,12)=
§(22,13)=
$(22,14)=
$(22,15)=
5(22,16)=
§(22,17)=
§(22,18)=
§(22,19)=
§(22,20)=
§(22,21)=
$(22,22)=
§(22,23)=
5(22,24)=
$(23,1)
5(23,2)
5(23,3)
5(23,4)
5(23,5)
5(23,6)
$(23,7)
5(23, 8)
$(23,9) =
$(23,10)=
5(23,11)=
5(23,12)=
5(23,13)=
$(23,14)=
§(23,15)=
§(23,16)=
5(23,17)=
$(23,18)=
$(23,19)=
5(23,20)=
$(23,21)=
$(23,22)=
5(23,23)=
$(23,24)=
$(24,1)
5(24,2)
S(24,3)
S(24,4)
S (24, 5)

ganwmumnon

=
=

gonaguwdn

Runnwme

+5(17,23)
+5(17,24)
+5(17,17)
+5(17,18)
+5(17,19)
+5{17,20)
=5{1,17)
-5(1,17}
“5(1119)
=5(1,19)
+5(1,17)
+5{(1,17)
+5(1,19)
+5(1,19)
+5(9,18)
+5(9,17)
+5(9,18)
+5{9,17)
~-5{(9,18)
=5{(9,17)
"8(9118)
-5(9,17)
+5(17,22)
+5(17,21)
+5(17,24)
+5(17,23)
+5(17,18)
+$(17,17)
+5(17,20)
+5(17,19)
+58(1,19)
+5{1,19)
+8(1,17)

+5(1,17)

-5(1,19)
-5(1,19)
-5(1,17)
-5(1,17)
-5(9,17)
~5(9,18)
-3(9117)
~5(9,18)
+5(9,17)
+5(9,18)
+5(9,17)
+5(9,18)
+§(17,23)
+5(17,24)
+5(17,21)
+5(17,22)
+8(17,19)
+8(17,20)
+5(17,17)
+5(17,18)
-5(1,19)
=5(1,19)
-5(1,17)
”S(lrl?)
+5(1,19)
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5(24,6) = +5(1,19)
§(24,7) = +5(1,17)
5(24,8) = 45(1,17)
5(24,9) = -5(9,18)

5{24,10)= =-5(9,17)
5{24,11)= -5(9,18)

$(24,12)= -5(9,17)

5(24,13)= +5(9,18)

5(24,14)= +5(9,17)

§(24,15)= +5(9,18)

5(24,16)= +5{9,17)

S(24,17)= +5(17,24)
§(24,18)= +5(17,23)
S(24,19)= +5(17,22)
5(24,20)= +5(17,21)
§(24,21)= +S5{17,20)
S{24,22)= +5{17,19)
$(24,23)= +5(17,18}
5(24,24)= +5(17,17)
RETURN

END

SUBROUTINE GLOBAF (XN, YN, ZN, NODE, FACE, AF)
assemble global AF matrix (NDIM:zl)

COMMON /B/ TNN

COMMON /C/ TNB

COMMON /D/ NDIM

COMMON /E/ HX,HY,6HZ

INTEGER BRICK ! brick number

INTEGER I,K ! do loop variables

INTEGER FAC(6) ! temp.FACE(6,b) variable for brick b

REAL*8 DX ! Xj=Xi
t
t
t

REAL*8 DY Y3-vi
REAL*S DZ 23j-zi

COMPLEX*16 F(24) F matrisx for each brick

IMPLICIT NONE

INTEGER TNN, TNB, NDIM, NODE (TNB, 8) , BRICK, I,K,FACE (6, TNB),FAC (6)
REAL*8 XN {TNN), YN(TNN), ZN{TNN},DX, DY, D2

COMPLEX*16 F (24),AF (NDIM),HX, HY, HZ

COMMON /F/ DX,DY,DZ

equal all AF matrix elements to zero
CALL ZERMAT (AF)

DO 314 BRICK=1, TNR
DX=XN {NODE {BRICK, 8) ) ~XN (NODE (BRICK, 1))
DY=YN (NODE (BRICK, 8) ) ~YN (NODE (BRICK, 1))
DZ=ZN (NODE (BRICK, 8) ) ~ZN (NODE (BRICK, 1))
FAC (1) =FACE (1, BRICK)

FAC (2)=FACE (2, BRICK)
FAC {3) =FACE (3, BRICK)
FAC (4) =FACE (4, BRICK)
FAC (5) =FACE (5, BRICK)
FAC (6) =FACE (6, BRICK)
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CALL FMAT(F,FAQC)
DO 315 K=0,2,1
DO 316 I=1,8,1
AF(NODE(BRICK,I)+K*TNN)=AF(NODE(BRICK,I)+K*TNN)+F(I+K*8)
316 CONTINUE
315 CONTINUE
314 CONTINUS
RETURN
END

SUBROUTINE ZERMAT (AF')
make AF matrices all zeroes

COMMON /D/ NDIM

INTEGER I 'DO LOOP variables

QaO 0o o0

IMPLICIT NONE
INTEGER I,NDIM
COMPLEX*16 AF (NDIM)
COMPLEX*16 DCMPLX

DO 307 I=1,NDIM,1
AF (I)=DCMPLX (0.0DO0, 0.0D0)
307 CONTINUE
RETURN
END

SUBROUTINE FMAT (F, FAC)
create the F matrix for each element

a0 Qoo

COMMON /E/ HX,HY,H2
COMMON /F/ DX,DY,D2

INTEGER I ! counter

aaa

IMPLICIT NONE

INTEGER I,FAC(6)
REAL*8 DX,DY,DZ
COMPLEX*16 F(24),HX, HY, HZ

DO 317 I = 1,24,1
F(I)=0.0D0
317 CONTINUE

F{1) (=FAC (1) *DX*DY*HY + FAC(2) *DX*D2+HZ)/4.0D0
F(2) = F (1)

F (3} (~FAC{l) *DX*DY*HY - FAC(5)*DX*DZ*HZ)/4.0D0
F(4) F(3)

F(5) { FAC(6) *DX*DY*HY + FAC(2) *DX*DZ*HZ)/4.0D0
F(6) F(5)

F(7) {~=FAC(5) *DX*DZ*HZ + FAC({6) *DX*DY*HY) /4.0D0
F(8) F(7)

F(9) = ( FAC(l)*DX*DY*HX -~ FAC(3)*DY*DZ*HZ)/4.0D0
F(10)= ( FAC(1) *DX*DY*HX + FAC(4)*DY*DZ*HZ)/4.0D0
F(l11)= F(9)

nnuwanp
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F{l2)=
F{13)=
F{l4)=
F{15)=
F{l6)=
F{17)=
F(18)=
F(19)=

F{10)
(~FAC({3) *DY*DZ*HZ
( FAC(4) *DY*DZ*HZ
F({13)
F{l4)
(~FAC(2) *DX*D2*HX
(-FAC({2) *DX*D2Z*HX
{ FAC(3) *DY*D2*HY

FAC (6) *DX*DY*HX) /4.
FAC (6) *DX*DY*HX) /4.

FAC (3) *DY*D2*HY) /4.
FAC (4) *DY*D2*HY) /4.
FAC (5) *DX*DZ*HX) /4.

oDo
opo

0Do
0D0
0Do

o O o0

G 00 00 00 000 00 o0 a0 Q0 OO

IR

F(20)= FAC (5) *DX*DZ*HX) /4.0D0
F(21)=
F(22)=
F(23)=
F(24)=
RETURN

END

{~FAC(4) *DY*DZ*HY
F(17)
F(18)
F{19)
F{20)

SUBROUTINE SOLVAS (AS,AF, SASAF)

COMMON /D/ NDIM

IMPLICIT NONE

INTEGER NDIM, AS,error,sffactor

INTEGER sffilestats

COMPLEX*16 AF (ndim), SASAF {ndim)

REAL*B 1lbefore,lafter, round,growth, sfroundoff, sflargestelement
REAL*8 norm,cond, sfnorm, sfcondition

compute L-infinity norm of AS
norm=sfnorm(AS)

find largest element prior to factorization
lbefore=sflargestelement (AS)

order and factor AS
error=gffactor (AS)

find lower bound on largest element which occured in any sub-matrices
during factorization

lafter=sflargestelement (AS)

compute growth
growth=lafter/lbefore

determine roundoff
round=sfroundoff (AS, lafter)

write stats to file
error=sffilestats(AS,"stats","stats™)

compute L-infinity condition number
cond=sfcondition(AS, norm,error)

solve the sysatem
call sfsolve (AS,AF, SASAF)
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write (1, *)
write(l, *)
write (1, *)
write (1, *)
write (1, *)
return
end

norm=‘,norm,’ cond=',cond
lbefore=’,lbefore,’ lafter=‘’,lafter
growth=',growth,’ roundoff=', round
estimated error=’, round/cond

I

- m w wm ow

SUBROUTINE CURDEN (NDIM, SIGMA, SAF, NODE, XN, ¥N, 2N, JX, JY, JZ)

o oo

COMMON /A/ MUE, W
CCMMON /B/ TNN
COMMON /C/ TNB

IMPLICIT NONE

INTEGER I

INTEGER NDIM

INTEGER TNB

INTEGER THN

INTEGER NODE (TNB, 8)

REAL*B XN (TNN) , YN (TNN) , 2N (TNN)
REARL*B MUE, W

REAL*B SIGMA (TNB}

REAL*S CX,CY,C2,MJIX,MJIY,MJIZ, AJX,AJY,AJ2
COMPLEX*16 SAF (NDIM)

COMPLEX*16 3j,DCMPLX

COMPLEX*16 JX2,JY2,J22

COMPLEX*16 JX(TNB),JY{TNB),JZ(TNB)

$=DCMPLX (0 .0DO, 1.0D0)
DO 318 I=1,TNB,1
JX2= (SAF (NODE (I, 1)) +SAF (NODE (I, 2) ) +SAF (NODE (I, 3))

~ +SAF (NODE (I,4))+SAF (NODE (I, 5))+SAF (NODE(I, 6))
” +SAF (NODE (X, 7)) +SAF (NODE(I,8)))
» *4%W/8.0D0

JX(I)=SIGMA({I)*{-JX2)
JY2=(SAF(NODE(I,1)+TNN)+SAF(NODE{I,2)+TNN)+SAF(NODE(I,3)+TNN)
" +SAF (NODE (I, 4) +TNN) +SAF {NQDE (I, 5) +TNN) +SAF (NODE (I, 6) +TNN)
+SAF (NODE (I, 7)+TNN)+SAF (NODE (1, 8) +TNN))
*J*W/8.0D0
JY(I)=5IGMA(I)*(-J¥2)
J22=(SAF (NODE (I, 1)+2.DO*TNN}+SAF (NODE (I, 2)-+2,DO*TNN)
+SAF (NODE (I, 3)+2,.D0*TNN) +SAF (NODE (1,4)+2.D0*TNN)
+SAF (NODE (I, 5} +2,D0*TNN) +SAF (NODE (I, 6)+2.D0*TNN)
+5SAF (NODE (I, 7)+2.D0*TNN) +SAF (NODE {I,8) +2.DO*PNN) )
*3%*W/8.0D0
JZ(I)=SIGMA{I) * (-J22)
318 CONTINUE
c
100 FORMAT (1X,  CURRENT DENSITIES FOR EACH ELEMENT')
101 FORMAT (1X,* ')
102 FORMAT (1X, 'BLOCK',7X,’X’,12X,'Y’',12X,'2',9%,
~*J: Current Density (A/m*x*2)')
103 FORMAT (56X, ( MAG J , ANG J )’)
104 FORMAT(1X,15,2X,Dl11.4,2%,D11.4,2X,D11.4, 4%,

>

>

L I A |
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105
106
c

319

At Tx=(',D11.4,',",D12.4,°)")
FORMAT (49X, 'Jy=(',D11.4,',7,D11.4,')")
FORMAT (49X, 'Jz=(’,D11.4,",/,D11.4,7)")

WRITE(1,100)
WRITE(1,101)
WRITE(1,102)
WRITE(1,103)
WRITE (1,101)
DO 319 I=1,TNB
CX= (XN (NODE (I, 8) ) +XN{(NODE(I,1)))/2.0D0
CY= (YN (NODE (I, 8) )+¥YN(NODE(I,1)))/2.0D0
C2Z= (ZN (NODE (I, 8) ) +ZN(NODE(I,1)))/2.0D0
MIX=CDABS (JIX (I))
IF {(JX(I).EQ.DCMPLX(0.0D0,0.0D0)) THEN
AJX=0.0D0
ELSE

AJX=DATANZD (DIMAG(JX({I)}),DREAL(JX(I)))

ENDIF

MJY=CDABS (JY (I))

IF (JY(I).EQ.DCMPLX(0.0D0,0.0D0)) THEN
AJY=0.0D0

ELSE

AJY=DATANZD {DIMAG (JY (I1}),DREAL{(JY(I)))

ENDIF

MJIZ=CDABS (JZ {I))

IF (J2(I).EQ.DCMPLX(0.0D0,0.0D0)) THEN
AJZ2=0.0D0

ELSE

AJZ=DATANZ2D (DIMAG(JZ (I}),DREAL(JZ(I)))

ENDIF
WRITE(1,104) I,CX,CY,CZ,MJIX,AJ%
WRITE (1,105) MJY,AJY
WRITE (1,106) MJZ,ARJZ
WRITE(1,101)
CONTINUE
RETURN
END
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Appendix 4 FEMS3D.F Program Demonstration in the
DEC ULTRIX Environment

This section demonstrates how to use the fem3d.f program. It shows how an
object being studied is to be modelled and how the input data file to the fem3d.f
program must be written. It then shows how the user must modify the
PARAMETER lines in the program before compilation and linkage. A sample
output file is then presented.

fem3d.fis written in FORTRAN and the subroutine used to solve the sparse linear
system of equations resulting from the formulation of the solution is written in
C. The ULTRIX environment on the DEC Micro-VAX work stations can compile
programs written in both languages. link them together, and create a single
executable file, This appendix shows the steps necessary to run the program
correctly with the help of an example. The flowchart in figure A4.c presents these
steps.

The object modeled is a cube of dimensions 0.2m x 0.2m x 0.2m and the magnetic
field chosen is ﬁ=H‘,z‘ where H,=1. Figure A4.a sets up the problem. The
conductivity of the cube is chosen to be 0.1 S/m. This cube is modelled by 8
cube shaped elements of equal dimensions. In this figure, the circled numbers

identify the elements and the squared ones identify the global node numbering
scheme.

The global node numbering scheme for both elements and the nodes are the same.
The first node is identified as node 1 and is located by first identifying the nodes
located at the lowest value z coordinates, then identifying which of these nodes
are located at the lowest y coordinate, and finally, of these nodes, which one is
located at the lowest value x coordinate. The next node, and subsequent nodes,
is found in the same manner but excluding the node that has been numbered.
The local node numbering scheme is found the same way as for the global scheme
but is done for each element. Figure A4.b shows the global and local node
numbering scheme for element 6 in figure Ad.a.
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® global node #
[#] element #

]
v

Figure Ad.a: Exainple object for the FEM3D.F program demonstration

) &
® T ®
element 6
| 3. A
I T ®
v @ @
® global node #

[#] local node #

Figure A4.b: Example element for the FEM3D.F program demonstration
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As indicated by the user flowchart, the input file must be created. It is named
fem3d.in. The first four lines may be used by the user for identification purposes.
It is suggested to include the name of the original file name, the total number of
elements and nodes modelling the object. The input file formats is described in
chapter 5 and is written below:

The input file is: INPUT1.IN
Total number of blocks is: 8
Total number of nodes is : 27

=-1.0b-01 ~1.0D-01

0.0D+00 -1,0D-01
+1.0D-01 -1.0D~01
-1.0D-01 0.0p+00

1 .0D-01
2

3

4

5 0.0D+00 0.0D+00

6

7

8

3

.0p-01
.0D-01
.0D-01
.0D-01
.op-01
.GD-01
0.0D+00 +1.0D-01 .0D-01

-1
-1
-1
-1
-1
+1.0D-01 0.0D+00 -1
-1
-1
+1.0D-01 +1.0D-01 -1.0D-01
0
0
0
0
0
0
0
0
0

-1.0D-01 +1.0D-01

10 ~1.0D-01 -1.0D-01 .0D+00
11 0.0D+00 -1.0D~01 .0D400
12 +1.0D-01 -1.0D-01 .0D+00
13 -1.,0p-01 0.0D+00 .0D+00
14 0.0D+00 ¢.0D+00 .0D+00
15 +1.,0D-01 0.0D0+00 .0D+00
16 ~-1.0D-01 +1.0D-01 .0D+00
17 0.0D+00 +1.0D-01 .0D+00
18 +1.0D-01 +1.0D-01 .0D+Q0
19 ~1.0D-01 ~1.0D~-01 +1.0D-01
20 0.0D+00 -1.0D-01 +1.0D-01
21  +1.0D-01 -1.0D-01 4+1.00-01
22 -1.0D-01 0.0D+00 +1.0D-01
23 0.0D+00 0.0D+00 +1.0D-01
24 +1.0D-01 0.0D+00 +1.0D-01
25 -1.00-01 +1.0D-01 +1.0D~01
26 0.0D+00 +1.0D-01 +1.0D0-01
27 +1.00-01  +1.0D-01 +1.0D-01
1 1 2 5 10 11 13 14 1.00-01
2 2 3 5 6 i1 12 14 15 1.0p-01
3 4 5 8 13 14 16 17 1.0D-01
4 5 6 8 9 14 15 17 18 1.0p0-01
5 10 11 13 14 19 20 22 23 1.0D0-01
6 11 12 14 15 20 21 23 24 1.0D-01
7 13 14 16 17 22 23 25 26 1.0p-01
8 14 15 17 18 23 24 26 27 1.0D-01
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The parameter lines of the fem3d.f program must be modified accordingly. For
this problem, these lines should be written as:

PARAMETER (TNODE=27, TBRICK=8, DIM3=TNODE*3)
PARAMETER (HXR=0.0D0,HXI=0.0D0)

PARAMETER (HYR=0.0D0,HYI=0,0D0)

PARAMETER (HZR=1.0D0,HZI=0.0D0)

PARAMETER (FREQUENCY=60.0D0)

fem3d.f is ready to be compiled with the FORTRAN compiler via the command:

£77 -c fem3d.f
The next stepis tolink the compiled versions of the FORTRAN and C coded routines
together and create an executable file. The command is:

£77 fem3d.o sparse.a -¢o fem3d
The program is in executable form and is run by simply entering the word:

fam3d
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The output file fem3d.out is created and its contents are shown below:

+3
+ 3 (
+3 ¢

202000 . X

Y
{m)

=0.5000D-01
=-0.5000D-01
0.5000D-01
0.5000D-01
-0.5000D-01
-0.5000D-01

0.5000D~01

H= ( ( 0.0000D+00 )
+ ( ( 0.0000D+00 )
+ ( ( 0.12000D401 )}

arror from sforeata=
NOTMECIAXK . XX
lbeforamxxtst . xx
growthe=oooox . xx
estimated errormxxsoox.xx

BLOCK X

{m)
1 -0.5000D-01
2 0.5000D-01
3 =-0.5000D-01
4 0.5000D-01
$ -0.5000D-01
6 0.5000D-01
7 =0.5000D-01
8 ¢.5000D-01

0.5000D-01

CURRENT DENSITIES FOR EACH ELEMENT

-0

0.0000D+00 ) ) x
0.0000D+00 ) ) y
0.0000D+00 ) ) =z

condmeery . XX

laftersxxxxx .xx
roundo £ ook . e

-/
(m)

.5000D~01

.5000D-01

.5000D-01

.5000D-01

.5000D-01

.5000D~01

.5000D-01

.5000D-01

J: Current Density (A/m#%w2)

Jx=(

Jy=(
Jz=(

Jx=

Jy={(
JTzm {

Jam {

Jy={(
Jz=(

Jxe {

Jy=(
Jzm {

Jx= (

Jy=(
Jz=(

Txem= (

Ty=(
Jz=(

Ixm (

Jy={
Jze=

Jaxcm= (

Ty= (
Jz=(

(MAG T,

0.1184D-05,
0.1184D-05,
0.6707D-16,

0.1184D-05,
0.1184D-05,
0.9992D-16,

0.1184D-05,
0.1184D-05,
0.1708D-16,

0.1184D-05,
0.1184D-05,

ANG J )

~0.9000D+02)
0.9000D+02)
-0.7693D~03)

-0.9000D+02)
-0.9000D+02)}
0.1800D+03)

0.9000D+02)
0.9000D+02)
©.1846D~02)

0.9000D4+02)
-0.9000D4+02)

0.9495D~-16, -0, 4775D-03)

0.1184D-05, -0.9000D+4-02)
0.1184D-05, ©.9000D402)
0.6045D-16, 0.6623D~03)

0.1184D-05, -0.9000D+02)
0.1184D-05, -0.9000D+02)

0.1065D-15,

0.1184D-0S,
0.1184D-05,
0.1046D-16,

0.1184D-05,
0.1184D-05,
0.8834D-16,

~0,1800D+03)

0.9000D+02)
0.9000D+02)
0.2815D-03)

0.9000D+02)
~0.9000D+02)
0.5043D-03)
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Create input file

Modify the PARAMETER

lines at the beginning
of the program

Compile main program

Link compiled FORTRAN and C
routines together and create
an executable file

Figure A4.c: User flowchart for the FEM3D.F program demonstration
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Appendix 5 Calculations of the [S] and [F] Matrix
Elements

The coupled equations to solve for element & in the 3-D FEM formulation are

found in Chapter 4 as equations (4.25) and {4.26). It is understood that the
following equation developments are for element 4 and thus the & superscripts
have been omitted in this appendix.

lf(v xW)« (VxA)dR +jmofWAdR
HJr R

+of“u7- VédR =£(Wxﬁ)-ﬁ'ds (4.25)
R h
and
']' YW « (@A + V)R =0 (4.26)
R

The unknowns A and $ are defined as:

-~ H ~ ~
o= I ou0;=[clio] (4.29)
i=3 oA+ oA oA E
i=1
[4,]
=(lalt (aly [alf)|{A,] (4.30)
[4,]
and the weighting functions are defined as:
W=laf 4.31)
o)
W=\ oy (4.32)
la]'z

where T denotes the transpose of the matrix.
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The linear interpolative function for element k is:

0] for (x,y.z) & R*
= 4.2
fod {[al,%.---,asl for (x,y,z) € R* “.27)
where
Ofori «j
A5 I B = for 4 =
Therefore,
o] (107)
& |
where
="'(x —Xg) (y — ys) (2 — 24) o= (x=—x)(y—-yp)(z—2)
! (xs—=x) (s= ) (z—2) (e —x1) (Pa—y1) (23— 2;)
- (x—x}(y=y)(z—2) - —xX=x) (¥ =) (z—2)
(e—x)) (= y ) (2% —2)) ) (xs=x) s —21) (z3—2))
o= (x=x) (¥ —ys) (2 —2)) b= -yl -2)
3 (s —x) (ys— Y1) (z—2)) ; (g=x) (V=) (2zs—2))
_ o -x)(y -y —z) o= X -x)(y-y)(z-2z)
Ca=x) (- y) (z—2) (s ~x1) (Y5 =) (z3—z,)
The terms in equations (4.25) and (4.26) are developed below.
lf(v xW)« (VxA)dR (AS.1)
HJr




e’ K 7]
Fy leg” ola’

R oz a y
[a]Tf V X [a]rx
(VxW>=V><[ [a]T)?] -[ } ool dla”

=| Vx o]y e (AS.2)
T T
[a] Z V X [a] z aialT ala]'l
N
[A,]
(VxA)=Vx[ali [aly T[odf]| [4,]
[4,]
1A,]
=[Vx[alf Vx[oly Vx[o)s]«|l4,]
14,]
;Olol_dlod 3] dle] el 3l 2
[3’ 2z ‘3 ‘ax Yo toy Y ax]' [[';’]l %53

Substituting (A5.2) and (A5.3) in (A5.1) yields:

1 — R
EL(VXW)'(VXA)dR
1 [a’y] [a’p] (ay) [Ax]
=EJ; [@’n] [a'%] [a’] |- [A‘,]
a’yl [a'y]l [a's] M‘J
where
I G I I dle)" o) _9lo]" o)
B T T Tl e o

o) dfed  , _olalde) Aol Doy __dlo]" 9l
ox dy la1= x ox 0z oz laz') = dz dy

__ola]"3[a] a[al’alal ol e . 9l afe]
ay]=- ox 0z [a,,7]= |2 = ox ox | dy dy

[l']_
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1'[ fa’y]
- 1| la’y]
Mok [a’;]

[a’,]  a’;] 14,
[.a '22'] [a '23] * IA‘ ¥ I
la '31.1 la '33] (A,]

(1 , 1 , 1 . )
"I_L[ﬂuldR EJ;IH 12JdR EJ;IG 13ldR A
1¢ ., 1(,, 1( , AT
- EL'all]dR E,Ll-azz]dR E'f;lan]dﬁ [:2‘)’:]
1(., 1r, 17 ,. "
R L T
(la,] layl lan)) (14,
=|lay] lax]l lagyl |- [-A‘yl (A5.4)
\l.a:n] [agz] [as:;] IA‘,]
where
1 ,
la,] = EL[% |dR
jmcf WAdR (A5.5)
R
([a]"2 [4,]
Wed=|(oy| (o}t [oly (o))« |4,
\[(X.]Tf [A,]
(lo)7lo]  [0] 0] I4,]
= 0 [oflel (0] |*][A] (45.6)
L [0] [0 (e} A

Substituting (A5.6) in (A5.5) yields:
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[ @] 0] 0] i,
jos [WeddR=jos[| 10 lofl 10 ||,

[0] 0] ol ol
by 101 101 (1A.]
=| [01 (by] 10] |- I4,]
01 [0l [byl) |IA,]

(5,1 = | [0 ToddR

where

(A5.7)

GJ;W « VédR

(A5.8)

Vo = V(e [§]) = V[ [$]

[, o], o],
‘[ x Ty ]

)

¥

'4 [ O.]T.f 1
[o]"y
&,
4 \
- [a]fga[%] 18]

ro[c]
\ [a] = J

¥
<]
I

a[a] a[a] a[al
[a ayy 3 ][tbl

Substituting (A5.10) in (A5.8) yields:
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4

[c,)
=| lea)
[cs)

o] ~5—
\ dz )

G

rolal )
o] ox

roled
[a 3y

rola]

;3o
Lo ox
rala]
"5
Talal

]' [9]

le,] = of[a]"MdR
led=o [ o5 ar

[c;]= cf lalra[al

" [§ldR

dR|9]

(AS.11)

I(Wxﬁ)-pids
S

(A5.12)

[a]"2

=| [o)y [* (H £ +H Y +H,7)

o2
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([0l (H,2 - H, )
(WxH)eii=| [ (Hi—H,zE) |+ (5 +n,5+n7)
[0 (H,y - H,2)
( [o] (Hyn,—H,n)
=| ()" (#H,n,~H,n,)
[l (Hn, ~Hon,)

Substitudng (A5.14) in (A5.12) yields:

LF,]
L(Wxﬁ)-ﬁdS: [F,]

[F3]

where

[fl= fs[a]T (H,n,~H,n )dS
[Al= fs (o) (H,n,— H,n,)dS

(1= [ 01" (H,m, ~ Hyn, s

(A5.14)

(A5.15)

va-c(iméw@):o

(A5.16)

fvw-o(;mé +V$)=jmof Vw-AdR+ofvw-V¢dR
R R R

jmcf YW+ AdR
R

(A5.17)

_wreir[3led” . dled” . dla)” .
VW =Via] —[ ™ X+ 3 ¥+ % -
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(A,]
T T T -
VW . A— ala] f+a[al }' +a|0’.] ([or.lx lalj; lalf) . lAy]
ox dy dz 1A]

IA,l
I R () U [+ ;

Substituting (A5.18) in (A5.17) yields:

. . [4,]
N T I 17 A
jo)oJ;VW +AdR =jm0L(a[To;]—[a] ag;’ [ot] aiaoztl Ia]] . [[{,]]dh

[4,]
o, . 2 Ao 2
=jmcj;[-—‘§x—|a'1 o 1oy 2L 1}% (4,
[4,]
1A,
=(ld] Il ld))-]|14,] (A5.19)
1A,]
where
. dfa]”
[d,]—jmch; 1 {alar
[dz]-JmL 3 [aldR
T
[dy]=j mcfal—oq—[a]dR
cf VW « VodR (A5.20)
R
VW=V[G.]T=[a[a]Tf+alalT 1+alal'r7‘- (AS 21)
- ax ay ° e C :
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Vo = V([a] [6]) = V[c] [§]
T T T
=[ 6[0!.] a[a] " a[(I.] -] [a‘)]

X+ y+ Z

x Ty 0 e (45.22)

VW . v¢=[a[°‘113[a] . dlod"dlo] +ala|"'a1'a|] A

ax or oy 9y ez o) O (43.23)
Substituting (A5.23) in (A5.20) yields:

LR dla)"dlc]  Alel Alal , Al Al ], (2
o oW Vq’)‘“J;[ ax ox T ay oy e oz ] [pldR

_ ([ dlel"d{c]  dlal"dfa] , Al Aal] o0
'GJ;[ ox ox oy ay T oz oz |10

= [e,] [] (A5.24)

where

- dled’ Al | Ao’ dje ol dlal
[el]—cj;[ * oax dy dy MFTIR R

The submatrices [ay],... [az), [By].... [bx]. [¢/].... |5l 1], |dy), and [g,] are all 8x8

matrices. For example [q,,] represents an 8x8 matrix such that:

((all)" (all)m L (all)]-,v (all)m\
(@), . Coe . (@),
[a,)= o (A5.25)
(an),, . e . (e )y
\ (all)s] (all)32 I (al I)g‘; (all)gg)
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The (5] matrix is formed by the developed submatrices above to form a 32x32
matrix such that:

fay ] +[by] [a,,] [yl [e)}
[a:u] [a,,] + [bzz] [az] ey
= . AS5.2
151 [031] [agz] [a:nl + [bzzl ICJI (45.26)
(d)] [d.] [d;] le)]

Using the formulas above to calculate the values of the elements of the
submatrices, the values of the elements of the [§] matrix are listed below:

Let

Ax = (x3—x,)

AV =AxAyA:z
sa=(ay), +oy),, = 35;3’;4&2
$1.2= @), + By, .= '%_HA:'}_,EZ-
Sa=lay) ,+ by, , = 36;3}-4&2
Sa=(ay),  +0y), = 35&;&
$1,= @), ¢+ by, 5= 'ﬁ'u%x'},_&'
S1.6= (1), ¢+ (011, 4 =§E§;T‘z

Ax

Sia= (e, + by, = 3e o 36payA:

Ax
Sia= (@), y + b, =527 36uAyAz

Az
f9=(a1),, =_ﬁﬁ

S =1, s = 51

Az
sl.l] = (all)Lg = _m

S5 =012, ;=50

Ay
S =), = T2

(482 + a(ay)) +
(2(A2)*+ A4y )) +
(~4(a2)*+ 2By )+ ——
(~2(82)+ (ay)) + L2
(2Az)*-4(ay)) +
((A2) - 24y +
(-2A2)* - 2Ay)) + =

(a2’ - (Ay)) + =

Ay =(y;—y)

oAV
27

JwoAV
54

JwoAV
54

108
JWoAV
54

JWCAV
108
JjuoAY
108
JwaAV
216

S= @), =y

Saa =), (=N

Sias =8y), o= 103

Stae = (@), = 5103

S =), =S
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Ay
= (au),,; = “Zap

= (au)l‘s =8

fn= (als)m =dhae

CAyAz
Sp8 = (Cl)l., = "1_3;

CAyAz
Sa=(6) =3¢

= (Cl),,, =857z

CAyAz
slq’l = (CI)I.T = _-_72_-

S = (@), +(bn), =52
$a= (“n)z,"' (bu)m =54
8257 (an),‘_.,'* (bu),', =816
832= (an)z-,"' (b")” =858
$9= (1), , =81

S = (81, ;=510

Sn= (“n)z_, =5

5205= (81, ,= 51,1

S =Gy, =519

5300= (B1), 3= 51,59

R CV I

S =(ay),, =55

5= (@), = 512

Son = (cl)z'g =57

S =€)y =51z

S = (cl)z.-; =8

5= (ay), +(by), =5
1= (au)m + (bu),_, =8
Fys= (au),_, +(by, h,s = 91,7

S30= (A, + (01, ;=51

S0 = (A1), = ~Fp

5=, ==Sn
SHu= ("u)” =119

S =€), =512
51, =€), , =Sz

fHw= {c,)l. o= S1n

IR ((:l)l'g =513

$22= (@), + (Bu), ;=51
Fou = (all)u + (b“)ll =ha
S36= (“n)l‘b"‘ (b“)‘l.n =55
Sap=lay),  + by, =5,
S0 = ((l,z)z‘2 ==84

$312 = (“12),_4 = =8y

$1a = ("‘2)11. == 3

5206 = (@), s = ~H1ny

S ={a1);,= ~N1n

S220 = (@3)y = =519

S22 (s)y o = =810
Sa= (“IJ)M ==8 1

520 = (0 )2.1 =8

Sy = (C1)2.-l ==5n

S0 = (cl)z,, ==

S =6y) = ~Hy

S32 = () + ), =51
8345 (311),.‘ + (buJM =82
Sho =Ny + (By)y =8y

S =)y, + By =51
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Sy = (“n),_, = =519

= (a,,)m =89
= (an);.s ==5n
S315= (a”)s.'l ==51
= (a”):.t =51

Sy19= (a“):!.: =850

Sy = (@y3), = 51,19
5,n=(8p),,= 51,1
5,16, bt =S

55 =(61)y 3= 51,8

fin= (Ca),', =83

S =6y ;=0

Sy =ap), +(by),, =8
Sa3= (@) 3+ 0y =51,
Sas= @), (By), 5= 51p
N1 = (0")4',‘ + (b, =16
So9=(q = e

S =)= =51
Sann={a2), ;= 1n
Sa15= () 1= "L
San= (al:,),,'l =59

San9 ™ (a'3)4.1 =817

Sa2 = {83), = 5118
Saz=(8y),,= S

San= (Cl)‘., =50

San= (c')'l.! =5

Saz =61, =51

Su= (01)4.-, =50

S3a=(an),, + Byl =5

S0 = (82), = 51

S = (A =51y

5316 = i)y = S

S = (a”)!.l' =50

S50 = (@13)y 3 = =51
F0=(813);, = 5112
S50~ (013)3.6 ==f.
Su= (013)3'“ ==f)

53,26 = (c')s.z =—fn

S5, = (€1)y 4 = 512

S350 = (€)= ~Sm

S350 7 (€1 =~z

Saa= (@), + (By), ;= 51y
$aa= (a")‘-‘ + (b”).:..a =
Sas ™ (a”)-'.ﬂ + by, e = 17
Son=lan), * (b”)g.u =88
S0 = (‘,12)4.2 =5

Sa2= (“12)4_4 =X

Sa1a = {@12), = 13

Fa6 = (all)a.s =50

T (au)_u ==
So0= (@), =51
Sin= (“13)4.6 =~519
Sau= (013)4,1: =N

S = (Cl)d,z ==S.n

Som = ((.‘,)“ =N

Sa30 (cl).:.u = =S

553 =00, 4= ~Sum

S5 (@), + by, = 516
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3= (a")s.s + by, 53 = 917 858 =(ay)g  + (D), = 8514
"‘5.5 = (aﬂ)_’.s"' (bll)s_s = sl.l 'Ts_e. = ((1")5& + (b")ﬁ.b = -‘.|_3

Ss2=(8y)s,+(By),, =513 S =(ay), By =5,

S5 =), =513
Ssn = (“195.3 =5,
3= (au),.s =59
Ss15= (@1, = 519
S5 = (an),., =S
S519 = (an),.s =%
Ss = ("13),'5 =S
Ssn = (au),.-; ==S119
Ss25= (‘-'1),,1 =fHa
Ssm= (Ci),,, =5
S5, = (Cl),,, =8,

S5 = (C:),J =S.,n
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Sus= (“11).,; ==fn

Sus= (@), = 511

Sun= (a!l)..-; =5

S = (A3)y | = =55 14

Sa,n = @3y =51y

Sa,13 = (Bag)y = 5y 1

53,13 = (32)y , = 55,1

Su,= (Gy)y  +{by), | =51
Su9= @yl 3 +{by)y =Sy
S = (g),  +(05), =512,
Sy, = (ay)y o+ (by)y = 517
Sy = (c,)‘. L =S

S0 = (€3 y = 128

S, = (€3)y s = =S

Sun = (‘33).,7 ==,

JwoAyAz
S = (dl);' e T

JwoAyAz
2= (), =g
T2, (dl)|'5 =S

_jwoAyAz

sag= (), =~

Span = (l3), ,+ By, , = 515,
Sp,0 = (ay), +(Bp), =50
S22 =0y},  + (b::)-,_a =3,0
S0 = (Ayady , + )y = 51744
59,20 ={C3); = S19.3

S =€)y (= S0,

Sp,30 = (€3) o = —S1n,

52,32 = (€3), = =S12,n

Su,2= Ay , = 510

Suq = (azu)m ==d

$u= (“Jl)u.,ﬁ S

Soaw = (“'.u),._,. =50

Su10= (”32)..,; =S

Sz = (Ay), (= =So1

Spu,1a = (Ga3), = Sp.19

Suue= Ayl =Sy

S30 = (), + D), , = S17
S30,m = (),  + )y, = S,
S = ay), +y), =517
Sy = )y F (D) (= 5110
S = (03) = Spp

S, = (03 =83,

Sa30 =03 (= S

530,32 = (C3)y o = =513,

S350 =), ;= S 1
Sag =(d), = 5x,

S0 =), = 824

Sux= (dl)._.. = S0
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jooAxAz
st = (d?)l.l = —T

Sun = (dz)l_; =59

JWOAYAz

S0 = (d:),'g == 16

Sa13=(d), , = Sas 10

Sy = =S flooAx Az
= ()= S = ), ==
S8 = (d7)1.7 = 82,10 Sua0 = (dz),,, = N4
jwoArAy jwoAray
Sy =), =~ Sy = (), ===
Sog 19 = =5 fWCAXA
10 = (B3 =S Sy = dy), = _L“ﬁ—_y-
S = (ds)l s = 5u,17 S5, = (0h), (= 20
Sun= (ds)l 7= 5218 S =) = Sum
G [ 4AyAz 4AxAz 4AxA
S8 = (")u='é[ v * Azy)
o (dayaz ?.AxAz 2AxAy
0= (0,236 | ~ax T
o] —4AxAz 2AxA
S5, 77 —'(el)"’:._ﬁ.( zx + Az y)
6 ( -24yAz —2AxAz AxAy
S0 = (€1) “=_6( Ax T J
o 2AyAz ZA):AZ —4AxAy
s = (€05 =36 A 22
o yAz AxAz —2AxAy
S0 (€, 6= _6 Ax Az
ofayaz —2AxAz ~2AxAy
fum = (31 =35\ TAx Az
o (-AyAz —AxAz —AxAy
-"-.-.s.:z"(e: 1g='_6. Ax Az
(), ==5x, San2 = (), , = =5,
={@d), =52, $n,a = (), = =525

S, = (), g= 5253
Sa2= (@), =523
S5 = (), | = Sas,10
Sas,1 = (4,3 = 525,10
Sa3 =), = 525,14

Sas18 = (dz)z-, = Sa5,14

S0 = (), = =F2s3
Sapn =), = =85
$ap 10 = (dgu = Ky
Sz = (dz)1 Py
Sap10 = )y, = S25.00

S0 = (d:)u =300



Swa1 = (ds)u =
S,19 = (d;),‘, = S,m
S0 = (dy), = S5,
Sun~= (d:),,-, =S5,
S22 = (€1),, = S5,
Sun= (el),,, = Sas,
S, =01, = 52,30
S =(€1);7= 55,2
Saa = (dl),.l DTS
Spy={d); =52,
Sns= (dl)3_5 =7
Sna= (dl)g;; =83
Spe= (A, = =Sus
San = (dz)-_,_, =S
San= (d:);,s ==Su,10
Sps = (), 4 = ~S2510
S, = (dy)y | = S
Sa,0 = (ds)y = S0
Sna = (dl)3_5 = Sag,m
San=dy), ;= 5nn
Snas T (el),_. =S,
Spm =€)y 5= S22
Spae=(€ l);,, =S
Spa=(e l);_-, =S
S0 = (dl)“ =—Sn3
Sma = (d1)4_; ==,
3= (dx),_, = =59
Sma=(d), ;= =52,

Sas=(d),, =~Su10

S0 = (), 3 = 2,10
S = (), , = Sas
Sy = (dy), (= Sas 7
Sa6,3 = (da)y = S2s,1
S36,06 = (€)= 525,28
S =), ;= Sx.n
Sana0= (€)= Sy
Sz =€)y, = S23
Sp2=(dh), = 525
Spa= (d,)j' 4SS
Spa= (dl)M =S54
Spu={d, b= Y3
Sp.00= )y 3= "5 0
Sm2 = (d,)“ ==fu10
S = (dl)g_“ PR
Sni6 ™ (dz)m = =F2,14
Sp,m = (th)y ;= Sas.m
S, = (dh)y = Sos14
fna® (d'.l)g'b =m0
85,30 = (), = Sasm
Sn. = ("':)M = S
S =0)), = Su
S =), = Sun
fnn~™ (‘*'l)m = $as,30
Sw2 = dy )4_2 =S8,
Sy o = (dy )“ =Sy
S o= (dy) oo = S
Syy=d, =523

S =), =~
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San = (d:)“; ==8x,10
Su,13= (dz)‘_, ==S00
Smas= (d':).,-, = =S4
S =(dy), , =Snm
S0 = (dz)..., =Su,18
Sma = (d,)“s =S
S =), , = S8
Smas=(€), = Sxa
S =(81), 3= 5.2
Smn= (ex).‘., = Sa4,32
San= (‘-’1).,7 =S,
Sy1 = (dl)s'l =83
S = (dl)s'g =S
S9,s5= (dl)s_, =S
Fi97= (dl),_-, =83
Sn,9=(d)y ;= 52510
S, = (dn),_, = 52,10
Sxn= (da),,, =539
53,15 = (d?)s" =S
S99 (dz),‘l ==Su,1
S20,19 = () = =525,
Sou ™ (ds),_, =317
Sym= (ds)s,-, =S8
w25 = (€1); ) = 525,29
S0~ ("’l),,; =S
Sun = (el)s‘g = 525,28
Som= (31),_-, =Sum
301 =(d)g | =52,

S102= (@) =52,

Sz = (), = =¥
Saaa = (dz)..,g ==8s,10
S0 = (dﬁ.._,. =S50
Soan = dh), , = Sa0 1
Sman= (), ,= S0
Sy = (), (= a5 1
fnn= ld_\h_.; = Sys11
S =(€y) 2= Sun
Sa o= (c,)_'_4 = Fag 26
Saa0 =81, = S0
Spa=(0)), =S
Sw,0=(d) 2= 9283
Swa={d))s = S25y
S0 =(dh)g = 82,
S =(d) =525
Sy10 = (dy), ;= 25,14
2= {d), , = 814
Sg,14 = (dl)m =530
Su,16= (dz),,g =10
S8 =)y ;= =Sag 1n
S, = (d3)5_4 ==V
Sa,2 = (o) = =¥35 14
S =), = S22
5,0 = (€)= $as, 3
S =€) = S5
S2,30 = (&) (= Tas.0n
S5 = (el)m = Sas 2
Sp2=(d), ;= =5ns

Sua ={d)), = ~52
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S5 ={eh)g s = S5,
S,7= (), = =52,
S0, = (), = Sas,14
Ssor = (o) 3 = 56,14
Su,13=(d) o= 510
S35 = (&) ;= S0
10,07 = (dh)g , = 525,18
f30,19 = (dz)ﬁ.; ==Sum
Su0 = (ds)qs i T RT
Syun = (ds)m =S50
S30,25 = (€)= S2s,30
S0 = (€)= S2u,m
S30,00 = (€1)g 5 = S22
Spn = ("-’l)“ = Sasm
Sy, =(dh), | = 8a9
S0 = (dl)-m =J5ua
Sy = (dt)-,., =Su,
Sy = (d1)1_1 = Fa
S5 =), | = =531
Ty = (dﬂm ==F,10
Sn= (dz)-,., =S
S8 (d:)-,_-, S=Sx9
Sy = (d:)-,., ==Snu
Syae = () 3= =519
Swa = (d,),._,. = —S,18
LT (ds)a,.-, ==Ssn
Sy =€), = Sus
Swan = (el)-m =82

Syn = (‘-'1)-,_, =Sun

Sy = (), (= =52,
S0 = (dl)ﬁ.a ==Su3
S0 = () = 5,10
w02 = ‘dz)f." =00
530,10 =l o= S5
S30,16 = (dl)e.g =Fag
Syoun = () , = =825,
530,00 = () o = =551
I,z = (dl)ﬁ.b =17
S30,24 = (d:)(,',. ==
3000 = (€1, = S22
S =€), = 513
S30,30 = (€)= S5,
Sx,32 =€)y = S5,
Sp.2= (A}, = 5255
53,4 = (d, )-;.4 =3
51,6 (di)-,,.-. = a8
Sy = (d:)-,,,. =5,
e = (d:)u ==dag1e
a2 = (d:)-,'., = =8,14
a0 = (d), (= =510
LR (d?)?.g = =510
Snan = (i), , = ~Su.;
S, = (‘13)7.4 ==
Sy = (dy)y = =83 30
Sa T (d:)-,_,; =—%,15
S =€)y = S
Sym =8, = S5

0= (‘—'1)-,_5 = S,
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LR (el)-,_-, =Sy,
Sy =), | =S5x,
323~ (dl).., = =S
S328= (dl).ls ==Su3
Syp7=(d)y =5,
5329= (dz)g_l =S4
Sy = (d:)m =S54
S~ (d:).,, ==Ss,10
S5 = (d:).,-; = =53s,10
S = (ds),ll =Sy,
Syz19 = (da)g 3 = ~S25,15
2= (ds),_s = =Sus,20
S35 = (dy)y = 525,18
S35 = (el)m = 835,32
Spn= (el)m = 525,30
S, = (el)n,s =S,

Spn= (e,)m = 85,26

Snar=(e), = 50
S ={d), y= =524
Spa = (dl)a.-t ==fu.
T T (dl)n_,, =i
Sy = (d,)“ ==Su,
32,00 = (), o = =F25 10
Y= (dz),..., ==¥,10
4= (dz),..‘, = =Sy
83396 = (d,)“.“ =¥y
S~ (da)m =N
S = (dﬂu_,, =~fas17
San s (dl),,_., = —Fasm
Suu= (ds),;_,; ==S517
S, =€)y 5 = Sy
Sy, =€), = S,
S0 = (cl)g_u =Sun

S50 = (€)= S22
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The (F) matrix is a column matrix of the form:
[Fi]
(£l
[F5]
(0]
it has 32 elements in all. The values of the elements of the [F) matrix are listed
below.

[Fl= (A5.27)

fi=(F), =%(-Face, Axdyll +Face, Axdzll)

L=F),= ],

L=(F), =%(—Face, AxAyll - Faces AxAzll)
= (F),=Ah

fi=(F), =%(F aces AxAyll, + Face, AxAzll,)

fe=F)=f;

L=, =%(—Face, AxAzli, +Faceg AxAyH,)

h=(F), =1,

1
Li=(F), =5(F ace, AxAyll, - Face, AyAzll)

1
Jio=(Fy,= E(F ace, AxAyil, +Face, AyAzlt)

fa=(F)=4y
fu= (Fa)4 = fio

1
fis=(F)y=7(-Face, Aybzl,—Face, AxAyll,)

1
_;‘“=(!",)“=-Z(I-‘.rme‘l AyAzH ~Face, AxAyll)

Ss=(F), =1
fie=(F) =/

1

Ja=1(F,s |=Z(-Fa“2 AxAzH, + Facey AyAzll)
1

Ju=(F, 2=Z(—Face2 AxAzll, - Face, AyAzll)

1
f=(Fy) = Z(F ace, AyAzH Faces AxAzll)
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Jo=(F3), =%(—Face¢ AyAzH Faces AxAzH)

fu=(F1)5=ﬁ7
fn=(F3)5=fu
fn=(F3)-,=f19
fu=(F3),=fm
Js=0 ... fru=0
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