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ABSTRACT

An alternative form of the electric dipcle transition
operator which can %est ithe correciness of wave functions
at small distances from th: centre of mass of the nucleus is
derived to calculate the level widih of the 3/2 + state in
He5 nucleus using cluster model wave functions.

The result is found to be iwo times larger than the
experimental value. This indicates that the cluster model
wave functions are not very good at small distances. It is
shown that the large calculated value for the level width may
result from the fact that the effect of the hard core of
- the nuclear force is not taken inte account in the cluster

model wave funciions.
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INTRODHCTION

In the last few dcecades, = nunber of nuclear models and
theories have beén developed in order to explain the behaviour
-of the nucleus. Although they have been partially successful.
in fitting a large quantily of experimental data, none is able
to explain the properties of‘the nucleus as a whole. There
does not yet exist & well established unified theory of the
nucleuws such as exists in the case of the atom. 'The main
difficulty lies in the fact that the nuclear force is not com-
pPletely known. However, the verious nuclear models are helpful
in correlating the behaviour of the nucleus;

From various measurable properties of the nucleus, both
collective end individual particle features can be seen. The
models which reflect the properties of these two extreme cases
are the liquid droplet model and the single particle model.

The liquid droplet model predicts the binding energy, iansta—
bility toward fission and {S—decay, nuclear radius and other
properties, while the single particle model is quite successful
in predicting energy levels, magic Aumbers and spins. However,
in some nuclei, particularly light nuclei, the theoretical values
of the energy levels of some excited states calculated from

the single particle model are not in good agrecment with the
experimental values. There is evidence that the nucleons group

-

together to form clusters. The nucleons within a cluster are bound



more tightly together than to the others, and show collective

features. The cluster wodel is based cssentially on this

jar

o

s
O

evidence, and ribe many phenomena in

is apspropriate Lo
light nuclei(l)*.
i. The He5 Nucleus

We shall use He5 as an example to review briefly the
formulation of the cluster model.

The He5 nucleus is composed of three neutrons and two
protons. The ground state of this nucleus has total angular
monentum 3/2 with odd parity. In ihe single particle model
(see Fig.1-1), two neutrons and two protons occupy the 1s
level, and one neutron is in the 1p level. The 1s nucleons
couple to give zero spin, and the 1p neutron has s=%, 1=1
with a resultant j=3/2. Since in the single particle model,
2ll nucleons are assumed to move in a simple harmonic oscilla-~
tor potential, calculations show that the 1p neutron has
energy ?iu)relative to the 1s level. In the cluster model,
we look upon the 1s nucleons as an ¢ -particle cluster which
is tightly bound, so that the outside neutron moves relative
to the ¢ ~particle in a simple harmonic potential with energy
?iu). Since the A -particle has large binding energy, it is

unlikely that it has internal excitation in the ground state.

* The number enclosed in parentheses refers to the references

listed at the end of +the “hesis.

AL
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Therefore, the spatial part of the ground state wave function

¢an bhe written as

3 . \ . ~, - o
D (£ =) =)@ n) KE-T) wE_ ) | (1-1)

Iy cm /

where qj(ok), %P(n) dénote the ¢! ~particle and neutron

. b —
wave functions respectively, 3((Rd— Rn) represents the

relative motion between ithem, and W(Rcm) is the wave function
of the centre of mass.

The solutiocn of inec Schrodinger equation of the three-

=X 1 1+t o0 omy :
= N ¢ - i, “{r" Y8 -
WVa,im=¥e SRS (1-2)
1+
k

polynomial, Y? is a spherical harmonic and x» is measured

i

]

where N is a pormalization constant, L a Laguerre
in units of (R/mw)® with w®= K/m, K being the force -
constant, 1 specifies the orbital angular momentum and
k= 4 (n-1), where n is the principal quaﬁtum number, related
o the energy by
E = (o+ 3/2}hw

The orbital angular momentum of the nucleorns in the
o{ cluster is assumed to be zero in the ground state, i.e.
1=0. For the neutron outside the ol cluster, l=1, n=1 and

hence k=0. Therefore, eq.(1-1) can be written as

4

‘s 282 2
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=% -% - | (1-4)
L = 1/5 (‘?1+ Fovr Tov T4 ?5) |

I the same forcee constanits were used in QP(n)_gnd
3(('§a—'ﬁn), the cluster model wave function would be exactly
equivalent to the single particle model wavgliqnction, and no
cluster correlations would be included. 1In ofﬁer to get a
wave function close to the exaét one, ol and B’ must be
treated as parameters and a variationai method used %o deter-
mine their values. This has been done by Pearlstein et al (22

The 3/2+ excited state of He® at 16.7 Mev. can be described
in‘thé single particle m&del as a single protoﬁ excitation
to the 1? state (seg Fig. 1-2). This gives a system with two
quanta ﬁf energy 2?&0, so that in the cluster model wave func-
tion, the relative motion of the two clusters must be desﬁfibed
by a functior having two quanta of oscillation. It has been
shown by Pearlstein et al.(z) that the alpha~neutron configu-
ration does not give & minimum as a result of variational
calculation with respect to width parametérs. We therefore
have to use the deuteron-triton picture for the 3/2 + state.
This configuration also accounts for the well known resonance
in the deuteron-triton scattering cross-section.

The wave function for the 3/2 + state is then

QG +) = Q1) @la) XE-TF) W) (1-5)

In this state, n=2‘and 1=0, so that k=1 in eq.(1—2).

The triton and deuieron are assumed to be in their ground

states. With



-B

= 3/2 - r2 (1-6)

the wave function of the 3/2 + state can be written explictly

oY il

L

in the following form

3 ¢ & 2 2 & 2
oA - - v - =
PE+)=exp (-5 Xy riﬁ s j=2 %j ) .
2 0 3 2 5%
RS ¥ () exp(- == R%) exp(- 5~ R_ ) (1-7)
where
?;: -,i"-ﬁt ( 1 = 1)2’3)
?3—.- —'J_ U ( 3 =4,5)
Re= 1/3 ( T+ To+ Fy) (1-8)
B=1/2 ( ¥+ Ty)

The first term in eq.(1-56) vanishes under antisymmetri-
zation.

Again the parameteré ol.,'ﬁ)and X are determined by the
variational method (2). The factors in eqs.{1-3) and (1-7)
corresponding to the motion of the cenire of mass will be
aropped in the calculation, since the harmonic osciilator
potential is fixed in space and.not invariant to the trans-

formation to the centre of mass system.

(3)

2. Antisymmetrized Wave PFunctions
A complete wave function to describe a nuclear system
mast include both spatial and spin wave functions. Further-
moxre, since protons and neutrons are fermions, the Wave func-
tion must be antisymmetric with respect to exchange of the

spatial and spin coordinates of two identical particles.
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In this work, proton and neutron are looked uﬁon as distinct
particles, so that the iso£opic. spin formalism need not be
used.

The complete antisymmetrized wave functions of the ground
state have been found by Tran Duc (3), and their explicit
forms are given in Appendix A.

In the calculation of the transition probability, only

unantisymmefrized wave functions of the excited state with

(3)

MJ = + % are used. Theyare found to be

N.
QP ; (%) =J-1——8-" [(04.{3; o) (ol Ke By % Rafdq Ag
t e Ag) -2 Kifsa s (ol fBe+ fu Ae) .
— 2R %B30, o ] (1235 45) (1-9)

N.
Qi3 = = [(afstficts) (afafis + Brckafis

aY pzﬁ4 0(5') -2 [5' O(I/")?’(d‘*'(&}'*p‘r 0(-‘_) |
- 20(1/310(3/54/5}_J (123;4_5) (1-10)

where Ni is a normalization constant.

The notations are the same as those used by Tran Duec.
(123;45) and (1234;5) represent the spatial wave functions
of the excited state and the ground state respectively; the
first two and fifth positions denote neutrons; +the third and
fourth positions denote protons; the numbers denote different
particles. & denotes the particle k with m_= %+, while f}k

denotes the particle k with m_ = -%.

3. Radiative Transition Probability (3) (%)

The 3/2 + excited state of the He° nucleus is unstable

4
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to gamma decay to the 3/2 - ground state (see Fig.1-3). The
level width has been determined experimentally to be of order
1.32 ev (5). Using the wave functions in the previous section,

it is possible to calculate theoretically the itransition pro-

bebility of this transition.

The transition is from the initial state J.= 3/2 to the
final state Jf= 3/2 with parity change. Therefore, according
to the selection rules of multipole radiation (6), the only
allowed transitions are 1 = 1, 3 for electric radiation and
1 =2 for magﬁetic radiation, where 1 is the quantum number
Specifying the angular momentum of the emitted photon., Con-
tribution due to 1 = 2, 3 +transitions are small compared to
1 = 1 +transition and can be neglected.

V)The expression for transition probability of E1 transi-

(3)(7)

vion is shown to be

2, 3
. 4T o7k z . 2
(1) = S5 Mi,Mf‘<; RIS (1-11)
where R1m=:§: ;iY?*(SYi) (1-12)

the summation being over all protons, and ;i being the coor-
dinate in the centre of mass éystem.

By the selection rule and the orthogonality property of
the spin coordinates, it can be shown(s) that the summation

on the right hand side of eq.(1-11) is
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¥Fig.1-3, Energy level diagram for the He5 nucleus.



b & Ay iyyy2 =z 3 & 1yv2
PRl R0 30T - D IR 8L (- Y
(1-13)
Carrying out the integration in eq.(1-13), the transi-
. L ' (3) {(4)
tion probability was found to be
" 1.85 ¥ 10%%  gec™?

T.(1} = « . |

5 1.70 x10%°  geci q

The two values of TE(l) correspond to two different values
of parameter /Slin the wave functions. The level widths

are then

[ﬂ { 1.23 ev

1.12 ev
which is related to TE(l) by the equation

-15
1= o.66x10 (1) =R (1) .



CHAPTER IX

ALTEBNATIVE FORMS OF THE

ELECTRIC DIPOLE TRANSITION OPERATOR

In the preiious chapter, it was shown how the operator
le can be used to calculate the eleciric dipole transition
probability. le depends only on the cooxrdinates of the
protons relativevto the centre of mass of the nucleus. It
will be shown in this chapter that an alternative form of
this operator can be derived which depends on momentum, spin

and coordinates of the particles.

1. Derivation of Operator(g)
Let H denote the operator corresponding to the Hamiltonian

of a nuclear system consisting of neutrons and protons.
A p?
Py

He=y, S

[ .
where A is the mass number of the nucleus, and the potential

+ V {2-1)

energy V is in general a function of the coordinates, momente
and spins of all nucleons.
If |£) and (i) are two eigenstates of the hamil-

tonian H with energy eigenvalues Ef and Ei’ then

HI2) =B, |2)

(2-2)
Let
xz?:.,%'_ T (2-3)

La
where 7. denotes the summation of index i over all protons,
and r. is the coordinate of particle i in the cenire of mass

system, i.e.
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= - 3 .
r. =r., -1 : 2~
i i cm ’ (2-4)
= - - . \J D
Rcm being the position veector of the centre of mass. N

Since there are two protons in the nucleus, by eas.(2-3)
and (2-4), we have
7,
- — -—r - -—
Bp=e 22 ¥, =28 =T - 21 .
i i
- =
The matrix element of ithe commutator of Ry,and H between [ £

end | i) is then, by eq.(2-2)

| (R, )| i

(el Ru-ER i)
(Ei- E.) (% \-il_:pl id (2-5)

From this equation, it is seen that the operator ﬁp, whose

components are linear coubinations of le, can be replaced by
( &, H]/(Ei- E,) .
The commutation rule for x and Py of any particle is
X Py= PX = ik
Meltiplying both sides by Pys We have
2 e
Xp, -~ PXp, = l’npx

or xp;-px(i'ﬁ-i-pxx):xi'l‘tpx

2 2

X--pxx=2:f.1;ipx .

X p
Adding the other two components, we obtain
Tp2-p2T=2ihy . (2-6)

For ¥ and P belornging to different particles,
¥

=0 (i = j) | ' (2-7)
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Z 1 S 2 2(¢ 1 2 2
= [%:r:‘ »‘%—Z-‘Pi-"'vj - '5‘[3:3 :5§‘Pi+v]
By eqs.(2-6) and (2-7), we have
(R, u)
i

A—&v 2 $p"!—o 1
z¥ -5 2% . V)

?
. Z
=ik STy L (T, V) -
i Pj
J
ih %, ?—Z-’ 2 vy 2713,
Tm (.Tpa's;,:“’i)*[n"'v)'sfh’v] (2-8)
where
= é% ¥ =51
‘ ‘4 em (2-9)

2. Evaluation of [ﬁp, V] and [—ﬁ', V]

The explicit expression for V was chosen to be the
Serber potential in the calculation of the energy levels of
He5 (2).

V., .= -V exp(- k r2 ) [w(l + PS ) + b( pS .- PT )]

ij i ij) ij g
2 = 2
-VL exp(- Arxs ) (? j)X(pi- 'ﬁJ)(G + 3. ) 'F\,

(2-10)
25 -2
where V = 68.6 Mev, X = 4.16X10" cm °, w = 0.21, b = 0.09
and P?. PS. PT. represent the space, spin and isotopic
ij, “ij, Tij P P » SP p
4
exchange operators respectively. di. is the Pauli spin
operator. The range A and depth VLs of the spin-orbit
potential are also éonstants and will be discussed later,
The total potential energy is then
= all pairs Vij
Since r, commutes with all coordinate and exchange operators,

-l
the commutator of Rpand the first iterm in (2~-10) vanishes,

and only the term involving the spin-orbit votential remains.
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Therefore, we have

V,. (57:._* /
[R‘,,Vln-?——-\-{. ri, J.-——-]- '{p( 7~r )(r—r)

where j and k are summed over all pairs of nucleons, and

Z denotes the summation excludes j = k. Then

J'K
V. YA ’
";’: LS Z Z: - e - - — - - ]
(®,, v} = - 3h & j,k[ri ' Vi rj_'?k) ><(p.j pk).( oj+ 51{)
V. Z
= - 3Ry LT T By Bx B Fyx By Bex3)(F J
Vv Z ’
2% 1 j,k v;jk{(ri , T5% P50 0 5 + (7] 5 Fpx By ng]
= — — - - - — ->
- [‘1 » FyX Py 631{] [?i ’ rkxp3'63k]}
(2-11)
where the following abbreviations have been used
V.. = exp(—hr?.) ' ‘

ij ij

yed -
and dij = 3i+°j

Expanding the first bracket in eq.{2-11) into componenis

yields

(% Tix Fj' 35k )

= 1xi+3yi+kz.,y.p.6 G- T

. . .+ 2. . .
i iP2i Oxix” %3Py SxjxT %iPxiSyik

- X, . . . . aq . . .
P23 S yik® *iPy3% 2k ViPxj S zhx ]
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Using the fact that x; commutes with 'x'"j, 8j (any j) and

(i x i), the x component reduces to

(%5 v 2Py Sy YiPys S une)
c[xi ? \3] ygx [xi ’ ij] y'jézjk
= i'ﬁé‘ii (z.8 - y.é ~1_)

% o
= 1?«. (6 ,_X XJ}x O :

Similarly, the y and z components can be written as

. ..
(¥i v = 25056 ciu* ¥5Py56250) = ‘“ g* Ty 8a5 N

and [z, YiP2j Sxjx~ *jPz3Syji] = ”‘(3 xFj), gij

. -—y -y - . p - -

so [_ri » Ty 'p’j.éjk] = iR Ejk" rjgij , (2-12)

and by exchanging the subseripts j and k,

- - -ty - . -
(7 Fx By Syc) = iR ST 85y (2-13)

Next, we shall calculate the third bracket in eq.{2-11),

i.e. [ri , rjx Py - ‘5jk] . By the same technique used above,

the x component is

-

U5 0 Y5P2x0 k™ 25Ppk S xjk* Z5Pxk 6 yik~ *iP2k S yiKk )

= .+ -
1 gik (zjéyjk yjézjk)
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and the y and z components are

‘R 2 ’
iR, %), €

ik

and iR ( S g X ﬁj)z 8 ix
respectively.
Hence,
(F o Fia BT g) = iR (B x Fo) 84y (2-14)
and [E"'i s :':k"-is,j‘ gjk] = ih (-63'):" ?k ) gij (2-15)
From eq.{2-12) to eq.{2-15), we have
(%, v} = - l‘z-@% .i%:' v,ik('s,;kx ?J' gia‘" g.a'k" Ty Sk

=Bt ¥ 5 8ipm B g By S
Z ’
2o ] Z Z L 3 4 ' : .
P Vs T 5% VxS k* T (§,:~ 8, (2-16)
‘ 3 ik
The last step arises simply from an exchange of the dummy
indices j and k.
Summing over j and k first, and making use of the property

of the Kronecker delta gij’ eq.(2-16) becomes

(R, V] = - 1S 2 (2, v, 8, x Ty oy v 8 gk Fo)
Py 2~ T kel Vik%ir* TiT j=1 V3i® ji*
iv,o 4 A )
e o-—t2 TS v, B X (BT -1
2 T i 158 15% Fim 7)) (2-17)
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of particles. The condition j x k is taken into account

automatically becs e ap; ce of  §.. - .
matically because of the appearance o O ij &ik
Eq.(2—17) vanishes if the index i is summed over all

nucleons. By eq.(2-9), Li' , V] differs from [—ﬁP’ V] ‘

only in the summation over index i. Ve hav'e therefore
(B, v] =0 .

The purpose of calculating [ﬁp, V] was to allow the
evaluation of [EP, H] » in order to use explicitly the

relation ' Q

Fot_ (5, &

4

&=
|
bt

]
w
4
<
oy
n
{
Y
0]
o

wbere k is the wave number defined by

2w 616
k= =C {2-19)
and ~ is the wave length related to the energy difference by
. _ he =920
B~ By = 3 . (2-20)

The operator B in eq.(1-23) can now.be written in ternms

im

of the Cartesian components of Rp .

R

1m ;iYI:Ill*( w;) (2-21)

2
1
7
R, = %; Yg*(w.)

10 _
% : -

=2 >z . f_ﬁ_ =Y _
= Jarw §T% < Jiw &, (2-22)
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i

A

% yA -
. =yl _ [y 3 - i,
R:l = le‘lfl ((—k)l) = (ii) (_ SK)? ri € sin B

Z

- 3 <™ . -, -
=t lsm G iy
= ¥ /5%5 (Rx ¥i Ry) (2-23)

Therefore, the transition probabi lity can be calculated
by using the components of the right hand side of eq.(2-18),
where the momentum operator P is replaced by - ik¥v.

With the initial and final state wave functions expli-
citly known, and all constants in the potential given, the

celculation is straightforward but tedious and lengthy. The

details are given in the next chapter.



CHAPTER IIX
MATRIX ELEMENT OF THE MBMENTUM OPERATOR

In the previous chapter, it was shown that the coordinate
operator can be replaced by the sum of a momentum operator
and an operator proportional to the spin-orbit potential.
The evaluation of the former w111 be done in detail in this
chapter.

From eq.(1—13), the square of the matrix element is
' . 2
e, 18 2y 1]
2
ézi: e ®y, + vyl

rzﬁi \ (r} Kim >+ (¢ [Vlmli> ‘2 (3-1) ‘

By (1)

where Klm and V1m are related to & and'v in the same manner

=z :
as R, is related to Ry in eqs.(2-22) and (2-213).

When a scalar product of two wave functions4<\¥1\ HJ2>
is to be computed, the spin coordinates are summed up first.
The remaining terms are products wiose spin coordinates are
the same in both states; this follows from ihe orthogonality
property of the spin wave functions. Therefore, when we make
the replacement of ﬁ}by —E;'V » the spatial wave functions
on both sides of the operator are the same as those used by

(3) . B oo . . -
Tran Duc » because neither Rpnor melr ¥ contain spin operators.
1S
The matrix elements (f [er li> in eq.(1-13), after the

summations over spin coordinates are carried cut, are found

to be(3)
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1{31_1\ (123';45)";

. NN
(‘Pf(%)\nl_ﬂq’i(%)) = GJ';"

(3-2)
<§>f( ) 10‘ LP (= )) = J.3 ((0234 1) - (1234; 5)01R | (128;45) >
(3-3)
(3. DR, | (-2 e
f@DNR P35 =55 «5234;1_)1' (1234;5),| R, _,|(123;45))
(3-4)
(B~ Hlnyl @, D) - 5s |
(= DR 9,35 =575 {(5234;1) ;- (1234;5)_,\ R, | (123;45)}
(3-5)
CRE ){1110[(9 )= 6J—-<(5234 1)o- (1234; 5)ol Byl (123;45))
| (3-8)
3 NN,
Qs (- Py, P (- 1)) = 775 {(5284;1)_;- (1284;5)_y| R, | (123545))
| (3-7)
To calculate the matrix element of Klm’ we only need |,
to replace le by a differential operator according to
eqs.(2-18), (2-22) and (2-28). For example, B, is replaced
by
i ih ’a 2
fck lm (Z" -5 122:1 2%, )
2 2 2
=mck ,J4‘rt (% -5 122:1 224 ) ‘ (3-8)
Let
I = {(5234;1) - (1234;5) |¥, | (123;45)) (3-9)
with m= 0, + 1 . Also let
Doy = 47t —glz— (3-10)
D .. =7 [—2 (—2—3Fi-2—) (3-11)

+1i & TC ZRN 275
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Then, analogous to eq.(3-8), X

im
K& 3 o
Kiew = wek ( i -mi~ 5 i=1

and eq .(3-9) can be written as
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becomes

) (3-12)

—mi

A A
2
o= mcx- ((‘,234 1) - (1234;5) l%n_mi- £ i§1 D_mi[(123;45)>
- Qs
mele (le— L2m) (3-13)
where
> z &
L, = ((5234;1)m| e D_pg- 5 2y D [ (123548) ) 2-14)
YA A
L, = ((1234;5)ml21: D_.- 2 Z; ;| (123545) ) (3-15)
1. Evaluation of L1
m
The explicit form of (5234;1): is given by eq.(1-3), i.e.
.?_._é'z Sroz
(5234;1) = exp(- Zr"z) Ry *(ﬂl) e-5R' o~ 2 Hem (3-186)
where
?'i"‘_fi'ﬁx (i =5, 2, 3, 4)
-1 (Fo+ Ty 2o+ T,)
o 4 ) 2 3 4
(8-17)
Rl = Ro( - 1'1
il ; i (B, +F, +F, +F + %)
cm S 1 2 3 4 5

For convenience of calculation, we first transform the

wave function to the system with ﬁ,

-—

— - —
Toy Tg, Tys B,n as new
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coordinates. The transformation equations are

i
i

oo
wl
H

Hi
f

P, = Tg+ I (3-18)

iy 6 = ol e
r5 = o 5 R ~rr + R

where R is the relative coordinate of the deuteron and the
triton in (123;45). It is seen that eq.(3-18) is consistent
with the definition of & in eq.(1-8). The reasons for choosing
this particular transformation with R and ﬁ;m as new coor-
dinates are that the factor R° appears in {(1223;45) and the
motion of the centre of mass can be separated from the other
variables, as can be seen later. This will simplify the
calculation.

The Jacobian of the transformation is

(R 5,5, F.E )
Using eq.(3-18), the quantities in eq.(3-16) can he

expressed in terms of the new coordinates as follow:

02 oL 36 p2 =2 =2 836wz 192 o =
2 16 ( o5 B+ 9 Fo + Tg + 5= R.rg- 5 k.rg- 6 r,.T, )
2 1 ,.386,2 =2 =2 12 == 36 = L=z
réﬂ = To ( o5 RS + rg+ 9 Xy - 55 R.r, + T R.r, -8 TpeTg




2 1 36 ..2 =2 =2 -2 12 = - 12 =
v = T e - I‘w 'y b - T ab, e .
Pt 76 ( 55 B gty v 16 ) s Bery - TR T3
= T = e = =
+ 2 ri.r3 -3 .2.r4 - 8 T, r, )
2
2 i 187 . 2 =2 =2 -2 36 = = 6 =
UL 3 =2 z A 22
r! 6 ( 55 kT o+ Yo +To+ 16 T, + 5 t.r, + S.ﬁ r,
144 - - = = = = = =
TS ET, 27,5, + 8 T,.r, + 8 Ty.T, )
1 2 =2 -2 = =
Ry = 135 ( 36 R® + 25 r, + 25 T3 - 60 R.r, - 60 R.ra + 50 r,.r, )
Ry’“*(_o_)..-1-(-6RY’“*(Q)+5EY’“*(w)+5rY“‘(w))
171 1 4 1 271 2 371 3
= e - ] - S T S
vhere R, T Toy Tg, r, are the magnitudes of R, Tis Ty, Ty, T,

Eq.(3-16) can then be written as

* 1 * - m¥* — m*
(5234;1)m = z’[- 6 R Yi () +s T (032) + 5 T Y, (u)a)]

2 -2 2
-exp [ = ( ART + B T T3 1

The exponential will be abbreviated to exp(-(ﬁl).
The coefficients 4,, Bl’ «+++y K, are functions of the
Variational parameters. Their forms and numerical values
are given in Appendix B.

It is interesting to note here that the transfqrmed
wave functioen contains ﬁcm only in the exponential. I¢ will

be scen later that the Same situation oceurs in (123;45),
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In fact, in the matrix element, the only dependence on Rcm

is of the form

* 3
v‘//:V:Q:m }pbm d Rcm =1
and seo in calculating Liw, the integration over ﬁcm can be
separated from the other variables and will be dropped.
tnitial X .
The #4mel state wave function {(123;45) can also be

transformed by eq.(3»18) Y6 the new coordinate system. It

is
3 - 5 _3_[5 2 Sr.2
o 3 o 2 2 =R =R
1“" a[': = X3 PO . :Z: . 8 A=t eds l"‘, . 9 . = L
( :.d,.t"e) axp ( P ri o JZ- J ) R7e €
(3-20)
where T o= ¥, wuﬁ* {i = 1, 2, 3)
b i &
- — - vy i e '}
I'J = rj hd {J 4, B}
Bt = % (11+ ?é+ r3) (3-21)
B o & g Y
Rd 5 ir4+ ?5!

- .ﬁt - R

By eq.(3-18)}, this becoumes

-

. y -2 -
(128;45} = R? exp | - (a.R% + B.F2 . C2r2

(]
=
ol
bl
v
.,
i
-0~
2]
R
7~~~
W
)
o
V]
N
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The numerical values of the coefficients Ay Ba,...,Kz

and their dependence on the variational parameters are
given in Abpendix B.

It is now clear that the particular choice of the tran-
sformation, eq.(3-18),is most appropriate for this problem
because R is an independent variable, and hence RZ in (123;45)
need not be transformed into a quadratic form.

The operators in eq.(3-14) must now be expressed in

terms of the new coordinate system.

2 9% 5 23, , 223 5 2%,
223

= r - —
323 2%g o 4 3z3 222 223 224 2%, 224 Zcm

Using the transformation inverse to eq,(3-18), i.ec.

- 1 1 i 1.
BR=g ¥ +53T,+35%; -5 7%
F =1z .2z E 1= 1
2T "5 M1 75 T2"5% "5 "5 75
= 1 - 1 4 _, 1 1
Fa=-5TF) ~5Tg+5T3-5¥% -5
= 1. 1. Iz .45 1
4 T -5 TF1 TF T " 5T3+t5 Yy —-FTp
1 —r - - -
ﬁ;m =5 ('?i + Ty, + T + T, + Ty ) |,
this becomes
aaz ‘%222'?1;2? *% > ’% ““%’z
3 d 2y 92 A RN

Similarly,



X 2% 922 224 224 9zcm
and :%; 2 2
= = ’
. 2 23 J Zcm
and so >
S 2 2 2 . 12 22,33 .32
i=3 22z, 5 1=1 CEN 6 22 5222 5 224 527.4
(3-23)
Similar equations can be written for the x and Y components.
Let
| =4
. Zp .2 : _
R RIS ST NP (3-2¢)
by eqs.(3-10) and {3-11),
-3 12 22 2. 2,32
D6=4—rc( 692”5952+5953+52§4)

s (2372 )+-§-(—2=-:i-9—_;)] (3-25)

Combining eqs.(3-14), (3-19), (3-22) and (3-24), Ly

can be written as
Lig = ((5234;1)m[1)_'_m|(123;45)>

Ef « - -
== [.. 6 R Y‘f () + 5 L 4 (wz) + 5 r3YI; (‘*’3)]

5 |
D!y (2% exp ( "4’2)] dT (3-26)
| 8p 48= .3z 3= .3
where dT= a°R a°F, a°F, a°F, a’k__

Ty



-7

Now
by (2% exp (-, )]

a .2
=(D6R -1 D(')c‘g

o) exp (=¢,)

(5 (1, 2¢(_ 1, 2, ,8c .8 ;
47:['3“"*“('3_A2'5P2+5Gz+5nz)z

1. _4 -2

2

(911
=
+

e

Nﬁc
N

BT
+

Py
{

- [ =

rom

ujro

3 - 1 3 8 -
-‘-EK )23+ ( _gﬂ2— J +—5‘K +'5'D2 ) 24]exp ( "'<|b2)
/‘Hr[3Z..R(fZ+fz2+f33+f44)]exp(-q>2)

i, .0 2 0 = 40 £ y0
= {- 3R Y () - n% (2R Y (Q) + £1,7,Y,(0,) + £,F,Y;(w,)

. 2,7 4Y1(w4)} exp (-, ) C (s-27)

where fi’ f2, f3, and £, are defined by eq.(3-27).

Similarly, it can be showan that

D::;_l[k.z exp ( --<$)2 )]

-{-— tryii(Q) - %2 [er 7HQ) + £,F,Y7H(0,) + £57,¥7H (o)

n

3

2537w )]} exp ( -, ) (3-28)

It is to be noted that only negative signs ( instead of ¥ )
appear and that the spherical harmonics have m = -1 ,

Eq.(3-26) then becomes
J
= (-1)® | 1‘j Ym*(Q) + 5 T, Ym (wz) + 5 1'3Y1 (u.),\)]
f. FRYN@) - (2 R ) - 2,5 ¥%00,) ¢ 1,500 0)

+ f4r4Y1(w4)]} exp (-(P) dT ‘ (8-29)
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with Cbn(bl + d>2

= {A, +A ‘)112+ (3 +B.) 75 « P (K, +KL) T
1¥s R T T ARyFRy) TgeTy,
3 ) D U A 2) . - 7 G
w A Brl + o7+ DT + B LT I Ror, + k.r
(¥ Y - ¢2 v / t} p V3 cm r 2 3

+ H R.r4 + I ra.ra + J 1'2.1'4 + K r3.r4

In order to evaluate the integral in eq.(3-—29), it is |
necessary to eliminate the cross-product terms in <}> . A
further transformation of the coordinates will be used to
accomplish this reduction.

These kinds of transformaticns are not unique. Since

R2 appears in eq.{3-29), it is most convenient to have one

of the new variables equal (or propbrtional) to R. The

method of finding such a transformation is given in Appendix C.
Let f,, s ,33, p, and P be the new variables.

The transformation equations are

~ay —
R=(31

el

2 = 291 P1* Po % 2g3P3 *2p, Py

wi

3= 2311 * ?3 + ag, Pa (3-30)
=
t,=a, Pt Py

Rcm = ?5

where the a's are constants related to A, B, C, ...., K as

given in Appendix C.
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The Jacobian of this transformation is
a( ﬁ’ ; ’ ; ’ ; ﬁ )

2 = b—d -ty - - g \
2 (‘Pl' on FS’ F:L' ;05 /

By eq.(3-30), L, can be expressed in terms of the new

J

variables as

o 9 ‘3 |J 3 * m*
L= (-1) --1—;—é—j [91P1Ym (.Ql) + esz‘{ (.Qz)
v oy YT () + 0, YT (2) {‘ 3PY1(2y)

- P2 [eyP Y3(a,) + ey PYIQ,) + o5 PoY5(05)

* ey F4Y?(Q4)J} exp[-(a,P 3+ BL + CoPg " 2P )J

. I et -
apy af, 4f, dF4 [‘e F!dps (3~-31)

/
where ‘Ql’ Rgs N3, 2y and .Q.5 are the golid angles of

?1, (32’ (33, (-5’4 and ‘,5"5 ; and

e1=_6+5a21+5a31

(8-32)

e =5a24+5a34

f b

1 =%, +a 4184

1 o1fg + a54%5 + 2

o
[\
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c3= a23f2 + f3

c4- a24f2 + a34f3 + f4
2
I
Co=C - 35
o2 (k-2hH?
D. =D - &= = =
0 oB 4 C,
2 (¢ - &2
A A - L 2B 1 [H
0" * T 4B T 4 Cqy - 4D -

The numerical values of these constants are

From eq.(3-31), it is obvious that the

rJ

——

2B

(3-33)

(3-34)

1 Fiv,. JIge
" %, (6 - 5 - '2'?3')]

given in Appendix D.

motion of the

-y
centre of mass (f>5) is separated from the relative motion

of the clusters. The last integral involving F)S in eq.(3-31)

caa be dropped, since in calculating the normalization constants,

this factor also appeared, and hence it can be cancelled.

The volume element can be separated into radial and

angular parts.
2 _.
dp1= Pls1n91d6]_d?1dpl

= lof dp, ey

Similar expressions can be written for dig d F3’ d F;,,
2 2 . -

In eq.(3-31), it is seen that all variables are separable

and the integral can he carried out analytically term by

term.

q
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Making use of the orthonormality properties of the

spherical harmonics, i.e.

jY‘f*(.Q) Y9 () an = &, , (3-25)

O um!

it is found that the non-vanishing terms in eq.{(3-31) are

3
J ¥*
Lim = (”1)m+1 'Liij(\?li €t Pi‘ Ynf (Q1) Yx:(ﬂl)

1

v5 (0

) Y7(2,)

N o

2 2 2* — \
* Py ["’1"1 P1 Y: (02:) YI(0,) + eye, O

~t

2 ’ * 2 * N !
+ cgeg (g \? (£2,) Y?(Qs) *egey Py Y? (£2,) Y?(Qf;);( [

-

RS PaPspPs exe [- (agPi+ BP S « coph + P2 )]

AP, apPyaPyap, an, 402, 40y 40, (3-36)

Using eq.(8-35) and carrying out the integration, we have

mel 81 1o 3 5 ©1%1 3 2%
Lin= (1) 4 A(ascoy ' 3* T a *t 3B
o\&gP CoPyg 0
. ¢e._.C e.C
3 ®3%3 3 ©4%4 .
r It Bt (3-27)

2. Evaluation of L
2n

The evaluation of L2m can be done in exactly the same

way as that of le .

. 9%
1234:5 = _Q‘_, ¥ 2 ¥ -
( 2. 4.0)m exp { 2‘ i% r:! ) RlYm (Qi) e
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with
'ifi"a?l -‘ﬁ“ (i =1, 2,3, 4)
i’l-ﬁd_?s

By eq.(3-18), this wave function is transformed from

the ?i, ?2, ?é, ?4, ?5 system to the'ﬁ,‘¥ ¥, r., R

9r Tg» r. , om SYStem.

Y?*(fl) +5 §4YT*(UJ4)] exp [~ ( A} r2

—

=2 [ =2 "'2 ] 2 T ¢]
+ B! r2 f C r3 + D r4 + E Rcm + 'R

or2 “‘q’v
, u = = L, 2= , = =
+ G R.r3 + H"ﬁ.r4 +I' r,rg + J Ty.r,
+ K" ?3.54 )] (3-39)

The numerical valucs of A', B', C',...., K' are given
in Appendix B.

(3

Lo,= ((1234;5)_ [D i1 Dy | (223545) ) (8-40)

+ D %

-m3 -m4"

The differentiation on the right-hand side of eq.(3-40)

is the same as that in L1

»

By eq.(3-29), this reduces to

tJ.° r.
- - m Bl m* — m* l n Vel
Log= (-1)" LE _} (s r ) + 5 T (0w, )].{_ 5 B YI (2

)

2 m - iy ‘p - ﬁ
-k° [eryYNQ) + 700 (Wy) + 257,77 (w,)

* f4r4YT(w4)]} exp (-¢') a7



) 2 . ’ -2 " -2
@ n(Ai+A2) R 4+ (.1'1+,32) T, F (Ci*"z) Ty # eeeenns
2 =
r
+ (kl + K2) ry.r,
=A'R% 4+ B' T2 4 C'To 4D Fo4 B R+ FET,
o ¥ ry
'_.: r."-h-: I_-, = l_‘ = l—" =
+ G R.r3 + H R.r4 + I TyeXg + J ToeX, + K TgeTy

To eliminate the cross-product terms in the quadratic
form ¢', the transformation (8-30) will be used again.
The numerical values of the coefficients ( the a's ) are
different from those in le. They will be denoted by a prime.
i

The transformed L2

- (aym i i ng[ PYT(0y) + ey PYT(Q)]
{" 3 PIYi(ay) - Pl (1 P1YT(24) + e Pori(02p)

+ oy PoYT(0,) + o PYTQ, ﬂ}m - (ayp2 « Bep2
+ G4 L3+ DypL V] APy af, afyap, g ap s

with e! = 6 + 5 a!'

1 41
ea = 5
The ¢'s and Ab, Cb, Dé have the saue form as in eq.(3-323)
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and (3-34), but different numerical values.

In analogy to eqs.(3-36) and (3-37),
Lyg= (-1)™* liif- f{% e} PAT(Q,) YHQ,)
+P.2 [es e"}Pi Y"l‘*(ﬂ4) Y3(Q,) + o} ey P3 YT (12,) Ynl’(ﬂl)]}
P P3 P3 P3 exp[- (apf+ 3PS+ cpd v pipd)]

¢pidpy,dpsap,dN; 4N, 40540,

o (_1)m+1 81 78 °1 . 5e ¢ N 36, ¢4 )
4 Ai(arproipe 3 2 Aj 2 D)
AO(AOB cono) 0 0
(8-42)

Using eqs.{(3-13) and (3-9), the first part of BE(l) in

eq.(3-1) can be calculated.

The expression <f lKimli > can now be written in terms

of 1. { Note that I,=1I,=-1, )
B (2) kP (3D =- % .
(203 IRy of 93(5)) = a—;—f T,
(D5 8] P = ‘2‘% To
(By- b [xy o 9,205 oL oe)
(@9 [xy o @053 - z'if_}f‘ Io.
<§?f(“ 2 ‘K1 A P, (- 3> = - S s




=35 -

where

0 = mer ( Lyo = Lo




CHAPTER IV
METHOD OF CALCULATION of {f |V i)

In this chapter, the second term in eq.(3-1), the matrix

element of V. will be calculated. As in the case of X, , V
1m im im

=
is related to the components of V in a manner similar to

-—lp
eqs.(2-22) and (2-23), where V is given by eq.(2-18), which

is
Ve-i m T vij (614- 8]) X(r i rj) (a-1)

This operator contains spin operators and hence the
complete original wave functions eq.(A-1) to (A-4) and
eqs.(1-9),(1-10) must be used in calculating the matrix
element, eq.(1—13).

V'can be written in terms of its components. Let

VLs V.

e . . 1S - - -
Vea+igze= U - i SRen (1 U+ Uy +k U, ) (4-2)

where
% A .
Ux= El;g vij [(?i- -FJ)Y( gi“' -3j)z" (?i" ?j)z(gi"' -g.])y]
. (4-3)
Up= 32§ vy (- 70,0850 8 ) = (7 7)), (8,4 3 )]
(4-4)
Z A
U= §J§ Vij [(?i— ?j)x(-gi‘* -gj)y- (—fi- ?j)y(_gi+ zj’j)x]
(4-5)

The subscripts denote components. The spatial operators
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commute with spin operators, so their orders are immaterial.

Our problem is then reduced to evaluating the integral,
eq.(1-13), with U, U, + i Uy substituted for R, ., Rlil’ and
(Pi (Mi) substituted for q)i (Mi)' This can be done because
Ulm commutes with the antisymmetrization operator A, and Ais
hermitian and idempotent(3).

These integrals are of the form

&, 0u) LUy, | @, 04>

3
where U10 = [I7¢ Uz (4-6)
U, =% [ (v.Tivu ) (4-7)
1+1 8T X y

1. Matrix Element of Ulm

Since the spin operators change the spin coordinates when
they operate on the initial state vector, the terms in eq.(1-13)
must be calculated separately. Only the calculation of
<§f(%) \ Ul-—l‘(pi (é—)> is given in detail here. All other terms
can be evaluated using the same method.

From éqs.(l-ﬂ) and (1-10), it is seen that the spatial
part of the initial state wave function, om which Ulm bperates,
is always (123;45). Therefore, expanding the summation in

eq.(4-3), U  can be written as
Uy = gy [ (ag- 24005y +015) = (rg= 5)(S5,+ 04,) ]
* Vg [(253m 25) (ogyr Soy) = (rg= ¥5)(65,+ 0,,) ]

+ v, [(zg- 24) (6 35+ 0,4) = gy ) (v 0,0 ]+




ing

the

can

first.

* V35 (('23"’ 25){ Ggy* S 5,)

* V. [(24- z

* Vo [(24- z

+ vag (2 2)( 6.+ 6 |

-38~

+ v45 [(24-— 25)(64y+ 65y)

= P + P + P

x31 x32 x34

The Px operators are defined by eq.(4-8), each correspond-—

to one bracket.

.Since

D
x4 ]

- (rg= y5) (65,4 65,0 ]

-

(y4— yl)( G4t 61z) ]

- 0= 7)) (6,4 6,,) )

(4= 73)C6 4% 64,) ]

(5’4" 5’5)( 64Z+ 652)]

xX42

+ P

two terms P +P cancel one another.
“ erms ¥ e34% 143%% €

be written for

U
3)'

and U
Z

x43% Px45 (4-8)

Similar expressions

The summation over spin coordinates will be carried out

éxd~—=/3)
Gy &= if5
G, k= ot

Gx 5= ok
Syfo= - ik

Sz3=-p

The spin operators have the following properties

(4-9)
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The initial state wave function LPi(-zl-) is, from eq.(1-9)
Lpi(%) =J1-:;81- ('ot.o(;[s,ou,/zr + d.dx/Bg/ﬁqu- aUEVEL
P didsde By & 3,0 By s + 30,0k Glachs "2, 00434
~ 2 APl Bads - Q/s’.o(zﬂgdqotf) (123;45)

Using eq.(4~9), and noting that spin,coordinates of :

different particles commite, we have

N.
61y (3) = i T (BreefBs defs 30 BafBachs ¥ 51 ooy dhects

= vzl d#ﬁ; - 1o 0‘3/340‘5‘ -'O‘»ﬂz'dsdd; dy“.?ﬂ:ﬂ:“;ofq/fs. l

-2 /5,/32 ol;/Sq Re + 2 0(\0(1/33 0(40(}—) (123;45)

N.
i . i
Oqu?i('é') = i ,—fﬁ (0(\/51/530(4 ﬁ5—+ o(\/b./));ﬂlrdy ~ dtd;ﬂ; 0<¢ﬂ5.
“'/3,/}2053d4p$- +/Z|pzd3/34.0(5—-/3‘0(z0<3ol40(5- + 2d.d, 0{;0{4/3;
+ 2 O‘cd:_d;/};,o('}-—Zﬁ‘/S?/ﬁ;O(é 0(3_) (123;45)
N 8
s 1y . . i B
Gay(‘?iké—) =1 1; (*‘O{\O(&di 0(4/35- “'d| 0(20(3540(? - dtﬂ;&(s 0(40‘5' ' ,-

F B defBe ¥ BiotifBs Bucks (313 3; 0la s “2Baf30lass ¢

~ 2ABufhf340s + 23, Aeclydla s ) (123;45)

1 . N -
Gay W (5) =1 == (d.dﬁﬁslfsqﬂ;—of\d;_/ﬁ;dqdy+o(./31ﬁ3[54_035_

=

+/3|0<10(}/34/35. ‘[5.0\,2.-7(; dqd;- +v//3|/32_d5ﬁ40($' -Zd'ﬂ:d%@i\"/}'j

+ 204 /3,0 el ~ 2/s.oez/z;/34dj.) (123;45)




for k=1,2,3, 4, 5 .

.Yy

‘ N
1 . 3
O 5,P;(3) = 111:: (- otiotuBs 0t ks + o, 35 g Bs T o f3. B3 oty By
- /3|O(z. A3 0(4. 0(_5- +/3| Ax d} p‘@ﬁ; <+ /3:/-)’2. 0‘; dﬂ-ﬁj—"‘ Zdnﬁz A Aq 0(5-
- 2B B3 - 25 dz/—”;'“#ﬂr)(123;45)

The explicit expression for @f(-g-) is, by eq.(a-1) - ;
= /3 Ny ., E'
cPf('é') 15 dﬁzdzﬂéfdr -3 Aol Balks =0 3235 ols e + 3, oo f3; oty o) (1234;5)

+ ("’d.ﬁz 0(3/3“0(}— -+ d'dldJﬁQ‘ﬂ}' “+ dlﬂzﬂjdc-o‘j' "d\dlﬁ; d4ﬂ$-)(5234;1)

+ (ﬁld‘diﬂ‘td}‘ *d\d;d}ﬁq{)’q '/30d2ﬂ3d4d3~‘* d|0(4./>’30(<‘,)(1534,2>1

(4-11)
Since each term in @f(-g-) has an odd mumber of A's,
while each term in ka"Pi (-;-) has an even number of X 's,
by the orthogonality property of spin functions,
1
{ &, "') | kaf P;(5) ) =0 " (¢-12)

The action of the z-component of § on (Pi (é—) can be

computed in a similar way.
1ch (-) ~F8_ (O(nd /ZJO(Q»ﬂ_{" +d‘d3ﬁ3ﬁqd} + A ﬂlﬂj 0<4o($_
-Bndzd;d4f3$- ‘ﬂ:dzdsﬁqd} ’ﬁ:ﬁzdidlr O(r "20(i820(3 quﬂ_;.

2B Bads + 2 B0 3, ARy Ay )(123;45)
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22(-9 ("‘) '=:"' (0(0( 8 d46/‘+0( 7 ﬂzﬂ 0(--—0(/ /)30’\40<3,—

Jis |
- /540(:_0()\,11«;’(‘ 't‘,/",'-;yl-,_ 04;’//.5(_. &7(;— '—,@\ﬂzd}dqdf'f'?dl‘/)?:a{}dqﬂfi

+ 2 0(\/.7)7. d;/?)q— 0{; - Qﬂ:dzﬂ; A4 d,l-) (123;45)

\'

632(_?51(%) =J:i_"_§' ("a{m(zﬂgdq/ﬁ; —d‘dlﬂSﬂQdf —d‘/}zﬂ;dqo(_s-

* /;'0{10(5 014/3;- */;' dw&fﬂ@ Ar +/3tﬁz A3 Aa As -Zd./ﬁzdxolar/&r

- 23R Badle + 208, A3; Aq 0@) (123;45)
x .

G4z i 7?1." ﬁ-?;— (0(‘0("/33 A4 /3 Ay 3y Back st of1/3:/3s Ko A ¢

Al ﬂualxdsdér/;;- ’ﬁndzd;ﬁng— +ﬂnﬁza‘50(q«0(5- - 204:&20(30145:
*2AiBadsfie Ay - 2 Biotaf3;s dadhy) (123;45)
N, '
S5.05 (3) --j};— (=& deBsclafls + oliahfBsBacks + i bs By ek
- (5.0‘,20(3014/3,(- +ﬁ|0(zd}/lqo(_g-+ﬂ\/$zoz30<qd:+ 20{‘(330(30(4/;; :

=2l s = 23, 4.3 K¢ oy ) (123;45)
. (4-13)
Taking the scalar product of éf(z) with 6 (.10 ( )

and retaining only terms having the same spin configurations

leads to the expressions

- N N
<@f(%) l61z! @5 (é‘» = p

(& Dle, 19, 3> = 2 ﬁ- 4 (5234;1) 1+ 4 (158452) ] a7

.1.1.6 J

Fz (s224;1) - 2 (1534;2)1] aT  (4-14)
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N.N '
(é_{)f(-g-) ]6321 %(%))-a 1zf§§f[2 (5234;1) - 2 (1534;2),] aT
4 N.;\I.v ,"
<@f(-‘g-) ]6‘,2] Q'pi(g)> L i g';”_ 2 (5234;1)1+ 2 (1534;2)] atT
x 12 fts j °
3 1\ N:;Nf r’ Y
<@f(§) '65zl Q5> = .;Jr,-. P- 8 (1284;8),+ 4 (5234;1),
22Jis

+ 2 (1534;2)1] aT

An expression for Uy similar to eq.(4-8) can be written

symbolically as

= I > -
Uy = Pyar* Pyao* Puast Poagt Pyao® Pyas (4-15)

It can be shown that the action of ka on (Pi (-;'—) gives

an expression with each term having an even number of A's.,

Therefore, by the same argument as in ka

@f@) (kaltpi(%D -0 k=1, 2, 3,4, 5

Combining eqs.(4-80), (4-14), (4-15) yields
@@ (0GB <[5 (@D [vs 5 v g d)
N.N
=i»/-8_?f 1; is {[6 v35(x3- iy3) + 6 v-’}s(x‘l— IY4)

*
+ (=6 vym 6 v, ) (x,- iy.)] (1234;5)]

+ [4v13(x1+ iyl) + (- 2v23- 6v24)(x2+ iy2) + (—4V13+2V23—6V35)

(x3+1y3) + (6v24-2v45)(x4+1y4) + (6v35+2v45)(x5+1y5)](5234-;1)1
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+ [-4v13(x1+iy1) + (2v23+6v24)(x2+iy2) + (4v13-2v23)(x3+iy3)

*
+ (-6v24-4v45)(x4+iy4) + 4v45(x5+iy5)] (1534;2)%}(123;45) aT

\
Nihf

12 18

= - i

M, (x+iy) o = (2-16)

where Ml(x+iy) stands for the integr#l, the subscript 1 denot-
ing M.=1 for the final siate spatial wave funciion, and (x+iy)
denoting the fact thgt the denendence of Ml on the x and y
is always of this form. |

This integral can be evaluated by using a method similar

to that used in evaluating le given on page 27. The detailed

calculation will be given later.

We have now summed over the spin coordinates of the
first term in eq.(1-13), The other term can also be expressed
in an integral form in exactly the same manner. The second

term of eq.(1-13) is

{&,3) {upl @, 3> - ﬂ% (%3 |v,| @, (D> (4-17)

where

‘U =P

z z31+ Pz

+ P235+ PZ + P + P (4—18)

32 41 z42 z45

and @f(%) is given by eq.(A-2).

I# is seen from eq.(4—13)that each ternm in(SkZ(Pi(%) has

1
an odd number of (X 's, wherecas é@¢(3) has an even number of



A's. Therefore,

4l

= 1 L . -\
<<Pf(':1>f)|! sz; ¢; (51> =0 (=1, 2,8 4,5)

Por the x and y components, it can he shown that

-

(&:3 |6y,

(&, |Gox| @)D=

{2, 63:;}(‘?1 3 =

]

CH TR

(2:@ |og, |0 D>

NN, (
ML( 234;5),+ 2(5284; ;1) ,~ 3(1834; }
-l <@.,.-(l) , Siy ! wi(é)>

NN, ' -

-{1234;5) - 2(5234;1) + 4(1534;2) !
12f_J18 (¢ : Tt L

G P RO CO)S

NN
5(1234 ;5) 3(103 W

12J_JI: [ i
1,2 1.1 i
§ {25 | C 3y | @3>

N, N

it £ N y)
——— [-3(1234;5) + 3(1534;2). i
12f3fis ~ 1 1
1, ,i 1
£ () | 64 | @ D)

NN,

123 fis -

£ €2:3) 54y |03

(-6(1234;5) + 3(5234;1) 3(1534;2)1]

-

—~~
1
!
po
[{»]

S
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3 NN,
= i / . N (x+1y) (4—29)

NET 123 iE

wihere the subscript and the parenthesis in N has the game

meaning as the M in eq.{4-16).

Similarly, it can be shown that

(B, (-d) [u,,]@. (- _’%_\_> - — s L3 NN, N {xeiy) (491}
7 Uhol®al= 900 = -3 o T Taleiw) (ee)
grm— \ \g
_ 3y i 1 TR R U
<§§f(“ 5) ib }LPI '5)) {j81t 15 i3 M~1{x*1f} (4—;4)

S R
(O, (5 o,

AL
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2. EIEvaluation of N and i

From the last section, we sce that there are five inte-

grals involved: N {x+iy), N  (x-iy), N.{x}, Ml(x+iy) and
Let
1 2) 3)
N e 3 = . 2
51(x+1y) = #1 ; ﬁi + ﬁi (4f25>
Zach term on the right hand side of eg.{4-25) is ecqual to
one integral in eq.{4-20), i.e.
™
(1) [ ~ATr2 -7\3:"
g 13 .o - s B> 3 R —t ot
Ni = | [4e (x3v1y3 Xy 1y1) + 2e > {xgviyg—x, 1y2)
’ 2
~Ar, . . AT .
~3e 35 (x,+iy.—x_-iy.) - W (x +iy —x -iy,
(xg+iyg-x -iy;) - 2e (x +iy, -x -iy.)
2 2
—AT ~Ax, .
- ol 24 o - - - g 5 z 3 L
e (:.4+1y4 X 1y2) 9e™ 45 (34**Y4 X lyu{J
(1234;5), (128;45) a< {4-28)
- .. . -xzs .
in this equation, ¢ 3 nas oveen substituted for vij

and the terms have been rearranged. Similar expressions
2)
1

can be written for ﬁ and ﬁ? .

Let §2¥ij) denote an integral of the form

2
én).- “AY . . . / * =
ij)= | e W (x +iy.-x.-iy.) { n 123;:45) T
mtid) (xj+iyy-xi-iy) (n) (123;45) a7
where n=1, 2, 8
moe= O, 4+ 2
i? jhig 2, 3, 4.,5 °
{( o )m stands for the final state wave function, where

n =1, 2, 3 represent {1234;3), (5234;1) and (1534;2)
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respectively. : -

NG

Using this notation, N7, N7/ N can be written as follows
Y

¥ o as(a1) o 2 s2) - edM(as) - o8

- leks ) (4-27)

¥ = 28%(a1) - ad¥(s2) 4 36%(35) + 25%a1) - 2d (42)

1
2)

+ 3S (45) (4-28)

ﬁf)= - sé?%31) + é?k32) §3Q42) + 63 kﬂo) (4-29)

The quantities Mi can alsc he written in terms of in-—

tegrals of the form S

. (2) )
i, (eriy) = o 4 2 é)

WY = - es(ss) - 6 s1l45) (2-20)

P = 48%(31) - 29%(32) + 6d¥(ss) - 637(42) + 253(25)
(4-31)

ﬁ?)~ - 4s® (31) + 238 (32, + 65°{42) + 4§3k 5) (a-32)

The problem is solved when the 18 integrals of the form
S > ren s v, ‘m.. . s
are evaluatved. The method t¢ evaluate 51(13) is given
in Appendix E.

IY¥ is also proved in Appendix . thai
. s o

N L (x-iy) = - Nigx+1y}

—d

M_l(x—iy) = - Ml(x+iy)




~48-

1 .
N, (2) = -J-:- N, (x+iy)

2
In terms of N ( = N, (x+1y) Y and M ( = Ml(x+iy) ),

egs .(4-16), (4-20) to (4-24) can be written as
—— NN, -

(B oyl @) -+ fo% =
T\I N

@ ol D) =1/ L

N N
{P; (- ';‘) [0l Q@3 (%» ﬁ ',—'— N

(4-33)
- 3 ‘
@l 9 [ogl oy = ws [T L
— Vl (. 2w
(Qf( ) Uyl @, G 5)) = \/_‘ 1215 (“{’J—é- 1‘.)
N.N
(®,(- -)‘UII!(P].( )y =-i sﬁrj—i—i (M‘J—E—N)
Combining eqs.(3-43) and (4-33), we have
. N.N v,
(P, ¢ 2)(31 1“’ '.%/ J—f("lo'* sir 12her ¥ )
v
%D [0l es®) - T Cxo - fo e
1 . NiNp 5
- "2') [Rloiﬁpi(%» = Jg— ( o~ ,\.STE 4[——;]:1’_ N
= 1 N, 5 Tis (#-a2
<qff ) ’R_L S(\x) (5 ),> 704_\8“ N M)







CHAP?Im v
NUMERICAL CALCULATION

The explicit form for tie trancition rrobability has
been worked out in previous chapters, The equations needed
for its calculation are summarized here.

The Bl transition probability is given by

3 2
161 kY o
TE(l) ol ik i Bg (1) (5-1)

where

T 1R (2| 0DY | ® + [P D 3,0 0, B2
WIS ZN L CACE LR IC WO N EW TN
TR DB @5 2D Be- D | 0, (- 2|2
Bach term is expressed in terms of Ig» M and N by eq.{4-24).

The problem is now reduced te the evaluation of I 54

and N, IO is given by

- 5 y fx o
16 = mow (L1o = Log/ (5-3)
where
. 81 7 5 (1, Pl degcy
= -7z 2\ 50 Y ThAT t T
10 4 AO(AOB coné) 84, 24, 2
de,c, 3e . ¢,
R (¥ =g /
+ 5o ST ) (51
=70 0

and



S =M Selc! de' c‘
L 81 7 P 193 4 (5-5)
0= = BRI AR L v
P, A . ks
' 0
My - . . < e e . . B U -
e Constanits are 7.won L Lorn. 0L e o wanriational para-—

_ . 7
metersol,d , 5,0, and 3.

N = \1()+ \1(.‘)4_ N(?) . (5-58)
i i
Lﬁ 2, \1‘3’ (5-7)

n .. .
Here the ﬁ?’s and N,Ls can be wriitten.as linear combination$
= s N / 47 /2 S
of 5 (13) as in eqs.{4-27) io {4-32); éﬁ%x;; is of the

form

énk..) 81 81m° i ( bcii - 3022
1 IJ = e 3 8 JA"<A"B"C"D“)3/2 AS v B"

0
3¢, 3¢, ,
+ Cfu + Djt ) (5-8)
0 0

. { . .
and ¢ n assumes the values 1, 2 and 3, and \13) asgumes

44 °
. o . 4 £ e
the values (31), (382), {85), (41), (42) ana {45). Theretfore,
there are 18 separate 31(13) which must be calculated.
Before carrying out this calculation, some constantis

) N 233
which are known or have been calculated are listed here ( /( 2

The variational parameters in the wave functions are

ok = 2.81x 102° opn—%

— 25 -2

0{ = 4,78 x 10 C it
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o

0.422 v 1029 op~2

il

s

Chy

2.33 x102% cn~?

1

2.25 .
&/=( §x1025 cm
13.25

The range (AN ) and depth (V,S) of the spin orbit poten-—
tial in eq.(2-10) are

2.657
A ={ }X 1025 cm-z
4.16

The squares of the normalization constants have been

computed to be (3)

; -1
J? = 3.03 ;(10197 cm 6
3.50 4
+ 8.45

The wave number is

AR i -3
k= 2= = 8.45% 10" cm
e
& E being the energy difference of thc two states.

Donie of the above constanis are given two different

values; this vresults from +two different
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choices of the range and depth of the gpin-orbii pctential(z)‘

both give good agreement with the.energy levels of the two
states. Therefore, there will bhe two valués for each quan-
tity in the following calculations.

The numerical values of the constants in eqs.(5-4) and
Inserting these values into

(5-3) are given in Appendix D.

the two equations leads to the results:

-0.437
-0.228

-1,214 1
L20 = { X 107178 ptt
-C.649

and by eq.(5-3),

1.924 .
}x o-201 16

/
I =

07 Ui04a
The 18 sets of values of the constants in eq.(5—8) are

given in Appendix F. Making use of eqs.(4-27) to (4-32),

we obtain

11.725 .
i o { Lx 16199 op?t
3.386/

& 1.427 PPy -
2 { }X 10195 cml6
0.118

3




ﬁ3}, { —a;Ucbéf Loy
= -5.263J
£ 9.2307 199 ig
NL; = j;( 10 e
2.760
2. 453 aq
@) -6.222 199 16 N(3?= z,x (o cm'®
N2) . X 10 cm . 2 J
1 —4.964 ~22-63%
. 5.072) . .
M o= ﬁi)+ ﬁ§)+ ﬁf)= { (x 10399 0
: ~1.782 )
‘ © 24,4637 :
N = N%)+ ﬁ@)+ ﬁ§)= {- tX 10199 cm16
* * —24.638.)

Substituting the values of Iy, M and N into egs.(4-34)

and (5-2), we obtain

( i 2.129} 59 c
B, (1) = X 1067 cm”
= 1.754)

.

3y eq.(5—l), the ¢ransition probabilily is therefore

H

The level width i

To

[4)
i
[4
s
v
¢
&1
4
7
[ 4
oy
o]
"l
[
53
[¢]
]
o)
c+
®
o

the transition probability by

ET; = R

E

s

~n



or numerically

i .= O u =i PR
k - = 0.638 X iG T_.)-\ H / [V s
S50
2.6 ev
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CONCLUSION

For the transition between these two energy levels, no
experiment has ever been performed to messure directly the
width of the 3/2 + level. However, the width can be deduced
L2 4 m ‘ v 5 m T 4 .
+trom experiments on the ;(d,?‘)he and 1(d,n)ﬁe reactions

(7)(8)

£y is known(4) that the radiative width is approximately

I_; = 1.3 ev

Comparing this value with the caiculated values, it is

»

seen that the latter are about two times larger than the

experimental value, and are alse larger than the values cal-—

A . Ly . = .
culated by using vne conventicnal operaior ¥ (see

b 43
1
-

able 1).
However, it is still far better than the prediction of +the

single particle model(3)(4>.

f Experimental Theory Theory Theory

|

, value (Tran Duc) (This work) (Single parti-
l cle model)

!

; 1.283 ev 2.68 ev

| 1.32 ev i84.8 ev

j 1,12 ev 2.18 ev

—

Table 1. Radiative Widsth of the 3/2 + Level in the

Hes Nuel cus
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It is apparent that the cluster model provides a better
[24 '
- 3 . o~ '.) - . ’
description of the Me” nucleus than does the single particle
model. However, the single particle model is itself a very
. y . . 3 . - o .
poor model due to the many approximations and assumptions in-
volved in its formulation. A more realistic model which does
not assume clustering features in the nucleus is the shell
. (12) . oy
model. It has been shown by Wilkinson that the distribu-
vion of E1 transition matrix elements of light nuclei is con-
sistent with shell model expectations. Bui, as indicated in
the same paper, froum the observed transitions of higher multi-
volarities in light nuclei, there seems to be clear indications
of collective behaviour in nuclear siructure, and this can be
taken as implying that some ciustering actually occurs in these
nuclei.
' s R C) :

As has been shown by Bethe and Salpeter , in caleula-
tions of atomic transition probabilities, the operator ¥ is
preferred when the wave funciion ig importani at distances
Pl 0 [y LI T:k = . S ™ . o
iar irom the centre of mass, while —2— v 18 preferred if

mw

the wave function is important at intermediate distances.

In other words, ¥ can test the correciness of the wave function

. . ., - - o o= . .

i a region far from the centre of mass, while Y tesis
N ala

the correctness of the wave function in a region close ts the

centre of mass.

0)

1 . .
Chandrasekhar( tsed these two metheods for transitions

from the ground state to states in the continuum of the
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H —ion. lis results justified the above statement. In the
case of nuclear radiative transitions, this statement is still
valid, because, as c¢an be seen in Chapter II, the replacenment
of one operator by the others involves only quantum lmechanical
considerations, and is independent of the system to which it
is applied.

Although in this work, ¥ is replaced by a gradient opera-
tor and an operator coataining spins, the former contributes

most to the results; therefore, we shall Negleect the latter

Uy
-

in the following discussion, ke relative unimportance of the

Second term can most clearly be seen by noting that if it is
heglected in eqs.(4-34) {i.e. i¥ the explicit spin-orbit term
is neglected), thé level widths are found to be 2.68 ev or
1.90 ev, as compared 1o the totel level widths 2.6i ev or

.15 ev.

The wave functions used iz the previous chapters do not
&Ssume a saturation character for the nuclear forece; two nucleons
Cal get closer than the diameter of the hard core of the nuclear
force. Experimental evidence indicates. thait the hard core
does exist, and wave functions must vanish at and within +the
hard core. The radius of this core is known %o be approximately
0.4 x19~13 em, a distance which is comparable to the root mean

Square values of the radii of the cluster wave functions (which

Q=10 ., -13 ) .
are 1.5 ® 10 3 cm, 1.8 X10 e and 1,4 K10 et for the
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¢t particle, triton, and deuteron respectively). Thaﬁ”ﬁhis'
effect is not negligible can be secen as follows.

The wave function of the relative motion of twe nueleons
in a Permi gas which interact through a squere well potential
with hard core has been investigated by Gomes, Walecka and
Weisskopf(ll), who obtained the s-state (I = 0) solution for
two distinguishable pa%ticles. The radial part of the wave:
function for the relative motion of the two particles for
the case of no interaction {b) and for the case witl inter-
action (a) are shown in Fig.6-1.

The potential which is used in the cluster model is a
simple harmonic oscillator potential. Suppose for simplicity

‘that all particles in the nucleus are distinguishable and move

“pute

& & common oscillator potential well. From the Zaet that the

‘4

[ 53

orm of the wave function of a single particle does not change
appreciably between a simple harmonic oscillator, a square weil

that

e

0

I3

and an infinite square well potential, and the situat
perticles in an infinite square well poiential are equivalent

1o non-interacting particles in a box, we infer that the average
form of the pair wave function for a nen—identical s-state

Pair in the clusters has roughly the same behaviour as curve

(b) in Fig.6-1. However, in the treatment by Gomes et al.,

the nucleons are considered to be in an infinite nucleus and

)

[

XN

. . . oy 5 . ; .
Ori2 & Yermi gas. But in the He"” nuclseus, there are only five

nuecleons and these hardily constitute & Ferm: oas.
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(b) {a)
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o

The wave function of +the relative motion of +wo
particles embedded in = Fermi gas with (a) anda
without (b} interaction. The heavy lipe shows

the iateraction potential. {talien from

Y

L
et al. Anpals of Physics 3, 241 (1958) J

) . o S o 33 H b ;o
The pair wave Tunction for a realistic nucleus {a)

,u‘
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jo]
w
o
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=
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¥
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and for the cpzu gusum 3
heavy line indicastes the position of the hard core

of the nuelear force. -
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As poianted out in the same article, for very .small

distances ( r<< Az, where Mg is the Fermi wavelength and

-13

e = 0.67 10 em ), the pair wave function in a Permi

gas is equal to the pair wave functior of the isolated pair.
Therefore, the pair weve function of the cluster model is
approximately equal to curve () i= Fig.6-1 ét r =0, and
will not deviate much from it for r<:KF;

For pairs of higher orbital angular momentum, which corres—
pond to pairs from different clusters, it is shown in the same

article that the wave furction is practically equal to that

&

without interaction. For pairs of identical particles with

anti-parallel spins, the probability that they coincide is large

due to the effect of antisymmetrization. TFor pairs with para-—

[ 2

el spins, the two particles interact as if there were a re-
yalsi 1 h h ; the 5
pulsive force between them. In both energy states of the He
2ucleus, the number of attractive pairs is greater than the

auwber of repulsive pairs; we expect that the arplitude of

O will

15
i

the average cluster model pair wave function at
Ge lerger than that of curve (b) in Fig.6-1i. This is the case
for the wave function which we have been using in this work.
In a realigstie nucleus, the saturation character and the
atiractive nature of the nuclear force do exist. The general
catures of the average pair wave function would not deviate

much from curve {a) in FPig.6-1 for small ». To compare the

two cases, a probable form of the pair wave function for a
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realistic nucleus (a) and for the case agssuming cluster modél
(b) are shown in Fig.5-2.

It has been shown “hat the coniribution to the transition
probability obtained in this calculation results predominantly
from a relatively small region in space. If the volume of the

nucleus is small, the average distance between the nucleons is

=y

also small. Therefore, %he partv of the integration region in
Fi1ig.6-2 in which r is small contributes a major part of the
integral. In this region, the wave function used in this work
(v) is larger than the realistic one (a), and since the transi-
tion probability is proportional to the sguare of the matrix
element, e high value for transition probability is obitained.
In Tran Ducts calculation, since the wave function at

large distances from the centre of mass is more important, the
region of large r in Fig.6-2 contributes a wmajor part of the

2atrix element. The results he cbtained are quite close to

(&)

e experimental value. This faect indicates that the cluster
model wave functions arc good at large distences from the cen-—
tre of mass of the nucleus, but not so good at small distances
becauge the effect of the hard core of the nuclear force is
neglected.

& account, we can

o~

To take the effeet of the havd core in

trd

.

3
mualtiply the wave function by a facH the form(‘)

b

¥

[ac]

or O

11 . -7 \)
a1 BOVF - F )
pairs
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where K is a function which wanishes when l?i— }k‘ is smaller
than the diameter of the hard core and approaches one asymp-
totically. Calculations orn wave Tuneiions invoiving this fac-
tor are much more difficulz.

Because of the large difforcence between the results using
the two methods of calculetion, and the relatively small differ-
¢nce beiween the values using different parameters, it is diffi-
cult to judge which set of parameiers is more favourable to
describe the nucleus.

In spite of these shortcomings, the general feature of
clustering in light nuclei is still a reasonable assumpvion
for the behaviour of the nucleus,as can be seen by comparing
the values for the transition provability by using the single
particle model and the cluster model. The cluster model is
especiaily appropriate to describe qualitatively problems in
nuclear physics where calculations are impossible<1s).

From the foregoing discussion, it can be scen that for
theoretical calculations of the nuclear properties, the cluster
model wave funetion will give a good result if the operators
in the matrix elements are such that the contribution from
large distances from the centre of mass is more important than
from small distances.

(13

It has been recently reported ) that the radiative tran-

eition from the 3/2 + %o the 1/2 - state in Li° nucleus has

been observed; a similar transition in He” has not yvet been
’ v
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observed. The parameters of the wave function of the 1/2 -

5 . : < s .
state of He" cannot be obtained by a variational calculation
: . (2) £
of the energy of this state . The calculated value of the

radiative transition probability from the 3/2 + to the 3/2 -

-
state (using the conventional operator Z;e r_ ) agrees guite
i

P

well with experiment. There is thercfore some justification
for using such a calculadion for the 3/2 + — 1/2 - 4ransition
for determining a suitable set of varameters for the 1/2 -

state of Hes.
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APPENDIN A

The Complete Antigvmmeirized

-

ia - P ) ~ 3 2.
Wave Tunciions ¢f tlie Cround State

The antisymmetrized ground state cluster model wave

(3)

. 5 .
functions for He“ are given by Tran Duc

N
Be(3) = 5ra7 (oPa-s0te) [ (otfe-fuck) s (12345 ),
- (l@ZdF'dlﬂs') (5234"’ l). + Oy (16|0<5"0{\ﬁ5)(l534'32).]
y (a-1)
T |
Qf(z = 3!2i;ﬁ- (0‘3/34—{53014’){[(0(\61 -ﬁndl)ﬁf((234‘55)|

—{30([520(5" 0(2/35)(5234‘} l)l+ﬁ‘(ﬁ'o<5—d‘ﬁ;)(’534}2)‘]

+(Z [ (A fa-rcds) G (123455), - o (Backs -R2B5) (52345 9; |

— (s - i) 153452, ) (a-2)
- 1 Nf '
De(-3) = oo (AbeProte) (T [(famfiot)Brli23455),

By (Backs - ctufss) (523 451),- B, (d[-“’s-ﬁao&)(15‘3+»z)]

v [ (o= Brta)ds (1234550, —ot, (&P -ﬁ.df) (153452)

-

)
__‘0(\’(/5:_0(_5- - 0(2/35-) (.5—23 -’-f-} ])_‘ ,5-:( (A....{;‘,)
N

3 £ ,
5) = 5ioi Cots /J4-'3J [\0('5 -, 0(2)165.(1234.55—)_‘

3
.‘h
—
|

“BiBids-anf){523450) =B~ Biety) 153 452), ]
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The number in the perenthesis on the left hand side
of ecach equation denotes the magnevic guartwr number MJ .
Nf is a normalization constant » which can be determined

from the equation

Ej?fl Z?f> =

andtisymmetrize

where CPf is the unanti

'nl
I
VS
L
(L8 2)
¥y
A4
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APPENDIX B

1. Coefficients of the Quadratic

*_
Polynomial of the Lxponential in (5234,1)m
D, 42 . g =2 =2 . =2 . w02 Lepm -
Y1l = AlR + Blr2 + C1‘3 + Dyry = “LRcm 1R.&2 + GlR.r3
+ Hlﬂ.ré + 1122.23 - Jir: r.o+ hlra.ré
T . i - .
Coefficients !ﬁsp;?:t:i?m,, ! Numerical values ( 102° ca™3)
12 g . \ 4.1034
A 55 %t Ig P 5.0034
3 5 , 3.030
By gk+g P 3.655
3.030
3 5 /
€y g X+ g5 B 53.655
"‘1 dl 4.33
. FYRre. | -2.076
1 10 'Y T 2 & i ~3.576
3 3 , -2.078
€4 6% -5 B ~3.576
H 5 £y 5.196
1 S
1 5 ' 1.78
— JET—. /
I1 T4 Gy + g /5 2.98
Jl ro dependence G
Kl no depexndence , 0
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2. Coefficients of the Quadratic

Polynomial of the Bxnonential in (123;45)

$p= a8+ 3,72 4 ¢72 « pF2 L pnd . Fol.Fy + GR.F,

+ HR '54 + 12:?2.53 + 3252.5_1 + K2§3.§4
Coefficient Dependence Ntm.er%cal value
on parameters ( 1020 om— 2 )

A, TR + 28 3.3228
282 - 2.81
02 A 2.81
D2 g 4.78
F, - % A -3.372
G, - -g- o d -3.372
B, 2 X 5.736
12 X 2.81
J2 no denendence ' . 0
K2 no cdenendence 0
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3. Coefficients of the Quadratic

w*
Polynomial of the Exponential in (1234,5)m
2 =2 -2 -2 . 2 -
= T ¢ - i 4+ Wt - 1M .
i Ai R + B! Ty, *+ c Ty - Dl r, i Rcm I‘l R r,
* G RoFg o+ M ORLT 4+ I TouTo o+ JY BT, ¢ K ro.r,
Coefficient ' Jc*cc:i:? o ! .r:m:zei:gc al_galue
i on parmaeters | { 102° em—2 )
|
o 27, L9 b .sc02
*1 T S I TR ‘ 5.2832
L. 33
Bi O(l 4,33
' 4,33
Cl A
3.03
3 5 ¢ ,
Dj g% v gf 5.855
8
Fi -z A, -5.196
5
T - = -5.196
Cl 5 O<l
2.0786
. 3 3 40
By RN & 3.567
Ii A 4.33
I1 - = ~1.0825
1 |
X} T % 1.0825 g
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A
-

1

T
-

G

5

LReduct

rm'(14)

O}
-\

Ty

al be

<

¢ pelynomi

3

Let the quadrat

<}

1
LA

Using the trans

<

Y}

)

]
R EAY

N
R

r

.

[Ap} it
] 4]
i il

L <t
~ <

P becomes

2

P = m:? + BX2



=7 Qem

o 2 2
- ~ & o (Y X L TAY N\ s ) F “r 7"'2 , g 2
= COA3 P O X+ 1=x3x4 w{a - = )xl - BXG 4 {(» - T )x4
FI ~, \
+ (H - 2B X,
-3
where C. =C = =
0 AT
‘ FL
(- -
G =G 2B
JI
'- -— -
Ki-= K 58

Rearranging terms in P, we have

G'X, XK'X,

, 1 2 1 , 2
P = co(x3 * Tt a )é - = (G'x1 + K'X, )
0 0 0
7% |2 2 I FI
+ (4 - = X+ BX + (O - = )x4 + (I - Eﬁ-)x1x4

Y, = X

1 i
Y, = X,
2 2
G X
Y, =X, + 57— X, + = X
3 3 2C 17 2C 4
0 0
Y4 = X4 )
the only remaining cross product term is Y1Y4
) o Ik S
P =C.Y" - _‘é_ (G'Y»: L vreur L2 S YL 4 BYf
UG ';C., = s -~ 124
C
2
-



= 1 o r‘: . < o TItWw N
A Yl + BY2 : \‘OYS - DG'-‘E : .u.’z.IYé
J2 2
where DO = D - ol
O
H H-55- 30
0
PO Uy
- B8 T "&CO

To eliminate the term Y Y , we use the same procedure

as before.

- BY2 -2 TP o2 1 2 )
P =BY; + C Yo + DO(Y4 + B Y,)7 - 2, (H'Yl) + A'YT

= (4 -—Eﬂ-z)y2 BY> + €. Y2 + D (Y, + — ¥,)2

T 4D, /T1 Y %P2 T Tots 0''4 7 2D, "1

Finally, using the transformation

Pl =¥

Pg = ¥

(c-2)

Py = ¥

P is transformed into a diagonal form.

2 o 2 2
= A T o+ - s
P = AP e BP+ Cy Py D DT

2

X
where C, =C - ZE

0



2 1 . g 71 J1 2
=A-F - @ - (F-E-m c-PE-D)]

ppe]

0
Combining the tlrce srearslormatiens in egs.(C-1}), (C~2)

and (€C-3), the. total *ranzformaiion is

P1=r1

P T P S A
2 2 25 “1 213 38 on T4
. ‘ (C-4)
[] >
P = 3G+%1 * T3 * 56T

Pa

The Jacobian of this transformation is

HQ
op'F1 t Ty

n

3( rl’ rz: r39 7—"4 )

T 2Py Par P3r Pa )

J

N
®

Phe transformation inverse to {C-4)

r1=()1

o = 893 Py o+

‘;\
T
| a\]
©
0o
Co
RS
Co
0
®
no
s
N
12N

~ )
r. o= &a P,. b P" 2; o p
3 31t 4 3 34 (T4

o]
s

I

)
N
WY
R
b

4
20



where

31

34

21

24

41

23

it

2D
X' G
4C D~ 2C
Kt
2C
1 5
2B “31 T 2B
L

oB

1 J
o8 234 * ZB

—— »

— o,

(c-5)
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APPENDIX D

2m
, |
L
im 2m
2.316 -2 .| 2.2631 25 -2
AO 5 467} )’\ 10 cm AO .2.538) X 10 cm
84 - n - -2
B | 2 462} X 162° em~2 B | 7.140 X 10%° em
c | 4.9577 4028 -2 N « . 1025 o2
0 5. 1683 e cm bo 5.355 A 10 c
.25 -2 | 7.04370 , .25 -2
DO 9.110 X 0 cm 5y 8.2’;‘3} X310 cm
o | -2.641 | o3laas
(<]
1 | —2.288 1] 3 186
e, | 5.0
. 3.056
3 | 2.761
e, | o0 ey | 5.0
~0.264) , .25 _ =2 0.559) 95 -2
€1 -0.165} X 107" cm e} | g.333) X 107 o=
02 0
o -
¢y | 2.81 X 10°% em 2
_2 55 -2
¢, | 4.78 X 10%° em ! | 4.852 x 10%° en




t
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APPENDIX ¥

SR . . . . o g
S;klg) is an integral of the fornm

: . - Ax . ) *
é?(lj) = e~ M (xi+1\i—xj—1yj) (o )1 (123;45) aT

with n=1, 2, 8, and i,j=1, 2, 3, 4, 5
(n )1 stands for the final state‘wave functign where
n =1, 2, 3 represent (1234;;:»)1, (5234;1); and (1534;2),
‘respectively.

Here only the method to evaluate Sll'(31) will be given
in detail; all the others can be obtained in a similar

way.

(1 -NTh . . *
31)(31) = | e~ 3 (x3+1y3-x’-1y1) (1234;5), (123;43) aT

-
-

(2-1)
4s in Chapter I, the coordinates can be transformed
. D = = = =2
into & frame with X, ~r ¥ r, and R as independent
? T2 T3 Ta cm
variables.
2 - - 2
T = r, — ¥
13 ( 3 i )
63 = SN2+
=(—-5R-:-r2+2r3)
386 2 =2 2 L2 =% = 24 = = o=
= o= 0% + v + 4 5 - =T, - ST, v 4T, T, Fm g A0
25 2 3 S 4 S 3 273 La—2ay
s D 'T r o -
. . . [ A3 { \ - \ — s £ v 1
— § oot -— D1 0 ~7 ~ .
Xg+iy o= =1y, a Rl - ry {02} + "'2*1((‘02/ v 2 ¥ Y (Wi



iy

The transformed wave functicns are given by eqs.(3-22)

‘ 1%
and (3-39) with rY] (W) used in nlace of .‘éit z,

i

ce D nay v |
In the new coordinate system, bi(u—} becones

D 3 1% T
s,(31) = - ‘L 1, j[s ¥, (2) + 57,%) (w,*)]

[-—RY () = F Y (w,) + oF Y (w )]R exp(- (avr®
o -2 -2 2 - =2 - = e
WnS L QuES L peRS L TeR® . PYLL I, Wiz, 3
+ B Ty o+ C T b DVry o BUAC F'R T, + G"R ry + 1 €y
: u? = e T n.. = ] — -
+ I'Ty.xy + IVE,.T, v Tl av (B-3)
, . oy S
where the exponential term is equal to the product of e '3
and the exponential terxs (1234;5):(123;45). Thus, by
eq.(E-1a)
- 36
9w [] s
AY = A +257\,

Bl' = Bl + 7\

C"=C'+47\

Dll = D|
" = Y o .%..2. ~
(E-2)
G" = G' —~ %é. ~
1{" = Hl
I"=1I'" + 4
J" = Jl

K" = K



=TT -

where A', B', C', .... .., X' are the constants in eq.(3—41).

Using eqs.(3-30), eq.(E-2) is transformed to a new
coor.inate system such that all eross product terms in the
exponential vanish. The product of r and the spherical

. . 1., \ ~ .

harmonic function Y.{w ) can be transformed as an ordirary

. . . ) S £3,3 S A 1
coordinate in a quadratic form. To see this, we writve rYl(uJ)

as e

1 3_ ;
Y Aw) = - g% E = "JETO:' {z + 3y)

# [ o .
= e T (M- :‘-._'y':'r

, (B-3)
rYi*(w ) = -

The product of two linear combinations of rYj{uo) can be

written in the form
a.. 3. d.. ¥ cd 2Yy sa En
118181 v dopfa g ¥ were ? sa8ada ¥ 808580

* R
+ d13%123 F e eaaees F d34.77364_

This can be transformed o another quadratic form by
a transformation; <“he coefficients of the transformed qua-

dratic form are given by the matrix egquation

C=TDT (1-6)

. TRy

where D and C are the matrices corresponding %o ac coeffi-

o

cients of the original and the transformed quadratic form,
m 0 . : .
and T and T are the transformation matrix and its transpose.

W-5), the new guadratic form can be written

Then, using eqs.(E-8),
in terms of the new coordinates Pi; P2, F%, p@ and the

corresponding spherical harmonics.




T8

5 ' :
éi(31) is transformed into new coordinate system 231,

?32’ F%, F?L by eqs.(S-EO}.

~ |
2 = ff.u SEOTE 2o31% yord Ay
$(81) = - 2053 J 211 P Y7 (207 (€2) + ey 2 1 e )11'~Qg)
9 1% 1 9 1% 1
+egglgYy (25 \1‘03) vey, 0y Yy (297,(2)
¢ ogy Py B, Y QYA « oy P, Py YEN (2, )YN(2)
12102 %1 17717027 T a3 vty T o/t =g
1 X7 "
Feriann, ey, Py P, V(G2 1(9. )PP exp(-(a502

+B"P“2‘+C"Q - J"?Z)JP (> (9 94 dﬂdﬂdﬂdﬂ

(2-7)
where the c's are given by eq.(E-6).

Here the term correspornding to the motion of the centre

of mass has been dropped for the same reason as it was in the
calculation of L ( page 30 ) . It is obvious frem eqg.(E-7)
that all variables are separable and the integration can be
carried out analytically term by term. The contributions
from terms of the form P P Y“ ( .) -%(Slj) (i % 3)

vanish due to the orthogonality of the spherical harmonics.

Then,
" . 5 S¢ Sc.
o4 8T 81T 1 ( 11 - 22
1("‘ = - 3 8 ‘lll(A"BnCHT T )3/2 AB . B
3¢qa 3¢, ,
+ C‘l)o + D:—nx ) (E-S)
o GO
For the other éf%ij); e .(-8) is alsc valid. Only

numerical changes of the values for the e's and As, B, Ca,
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Da are needed.
(
The evaluation of Sf%i4} differ

only in the wave funciion used; that is, {5234

substituted in place of (1234;5)? . From eq.(3-19)

o i 1
(5234;1)] -2 [_ 6-.Y *ay . 57,Y (W) + 5F,Y; (w3)]
exp [ -(1,2% + 8,7 + 0,70 + D70 K,Ta.7, ))
I AR7 + BES ¢ OyTg + DT, 4.+ K TLT, )

S2) 8T R JEL S T
ss1) = - &R 10 ® 2] - e () + 55,7 (wy) + 55,71 (wy)]
1 1 3 L2

[— - RYl(fl) - rng(oJ ) + 2% Y1(¢o3)J R exp[f(A"R

+ BURD o+ L., £Kuu"r4 } at

t=

The relations ir eqgs.{E-4) hold for this integral.

A', B', C', ....., X' in eqgs.(E-4) are row the coefficients

rS

of the exponential term in (o 34;1).{ ;45).

oY
C' >

23

N

The subsequent stens follow directly Zfrom egs.(E-4)

Y

to (E-8); only the numerical values of the coastants in

S

eq.(E-S) are different. Expressions for 51\13) for other

i,j can be worked out in a similar way.

1
3 . - .
Tor the evaluation of é (i3), since the wave function

-

Se ’
(1534;2)1 has not been calculated =revicusly, we have to

oy, -3
oe result

[P



-3

2.2 Sr.2
* ST e 1w -k -=R
04, . oA = Ny e TS N = Ly . 2 ttem
(103:,2)1 = exp (- 5 T joeea \521) e 9 e
1 3 - 2 =z =
- = =T W / : F_{» 125 _ r
1 [ Sr Y, \.f?_)J exp!l, ("C“ - B3r2 LR K3 3.r4)]
-y - - R \
where rY =T, - R, (i =1, 5, 3, 4)
ol 1 e - - —>
-
It = - e - .+ X RO A
% 4 ( J‘1 < 3 “x )
-y
R - H — -:!
1 ‘a” *2
i, . s . . . .
The factor & s heen daken out iz order to give it a
N 4 . . .
form analogous to (ZIZ-:;0; the wooLullt is applicable

. - . n . L3, .
without change of numerical factors. The Zora of 51\13)

is given by eq.(BE-8).

2. Bvaluation of‘M_l(x—iy), N_l(x~iy) and NO(Z)

To calculate m_l(x-iy), N_l(x—iy) and No(z), it is only
necessary to change a few things in the derivation for Nl(x+iy)
and Hl(x+iy).

Let

. ) 2) 3)
N_l(x—zy) = ﬁil + ﬁ:l + Nﬁl

ﬁul is given by eq.{(4-26) with x+iy-x-iy replaced by

x-iy—{(x-iy). TFrom eas.(2=27) to {1-232), S.{ij) is replaced
e

e
3
=3
O
(o]
it
&)
2
o
o3
o
kel
¢ ]
o
(&)
[
[oF
o]
H
(0]

by énl(ij). To evaluate S (:

from eq.(E—2) to eq.(E—S). La.i2-2; is changed to



. : {STt 6 .1 _ -1 _ 1
x3-1y3-(x1-1y1) =175 [f é’h}l (1) + Yy (002)'+ 2F Y (boa)}

By comparing this equatiocn with eq.(E-2), it is seen

that there is a change of sign for the m in Y? and for the
k)

whole expression. Henceforth, the changes from eq.(E—2) ‘e

A -
~ .x_ l
2

-1 % —
eq.(E—S) are the replacenent of Y by Y, ., Yl , and

Pt pes

pr jed

on. secause the m

poe

2 change of sisgn for ithe whole cexnroess
o & . -

in the spherical harmonics docs not enter eq.{E—S), we conclude

that

N_;(x-iy) = = N (x+iy)

M_l(x—iy) = —.Mi(x+iy)

{

Finally, for No(z), é?(ij) ig replaced by bg%ij) firom

eq.{4-27) to eq.{4-32), and instecad of eq.{E-2), we have

Here both sign and gpumerical factor have beenr changed.

4 7 0
3 1

In the subsequent steps, - iééi rY% is replaced by

Therefore,

1) S Y P
éé(31) - - =2 W)

2
and
NO(Z) = - L Ni(x+iy)
J2
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Numerical Values of the Congtants

in the Integrals 4“)(13) ‘and Values of bc:)(zg)

In the following teble, for each (3(ij) , the first

two rows are values of A", B", C? and D@ , corresponding

0 Y Yo 0
to two different values of the paranetiers fjl, A and VLS .
The third and fourth rows are values oI Ci47 ©o90 C335 €4y
and Sui)(ij).
). . - 25 =2V o~y Sy 25 -
1)(1,)) Aa((o"scm’) Br(10% ) c,c' ;o Senl?) Dg{to )
o .\.zl}/ 118
€11 €20 €33 Cre sy (o om )
2.269 9.797 5,721 7.57C
@ 0.544 11.8 11,269 8.302
$(81) T 5 107 o o ~0.304 ~0.685
0.081 0 o -0.227 ~0.196
2.288 9.797 6,712 7.744
2.574 11.3 11,269 8,388
1(32) 0.213 0 ) ~0.609 ~1.307
0.163 0 0 -0.455 ~0.37%
4.178 7.1z 8.0i2 8.624
ay 4.989 7.14 9.515 0.959
1(85) 1.529 0 o 2.535 —6.257
1.084 0 G | 2.887 ~1.654
3.852 9.797 5.829 | ©.s481
@ 4.230 11.3 6.012 10.6153
4.
1(41) [T 5082 0 0 5.841 |  4.051
-1.754 0 0  o.814 1,867
{ }
3.32¢ | w.7vy 1 5.833 S.924
@ 4,085 | 1..3 | 6.012 0.051
1442) M oss | . | U 2.855 7.355
-1.666 0 | o 9.387 2.008




-82~

, A8 ({0 | B (187 em™)) O (0™ om™)| D (107 em™) .
&n(. . -
1 (I . . 93 1
143 11 o2 €33 Cag $H(13) (o Mem)
2.2908 7.14 5.355 18.272
@ 5.546 7 .14 5.355 54.913
1(45) 0.237 o 0 10.0 _13.084
0.075 0 0 10.0 -3.088
}
5.351 8.497 9.698 9.11
@) 2.476 10.625 11.267 9.11
1(81) 0.156 5.0 5.504 | 0 ~11.734
0.051 5.0 ~0.262 o _3.729 |
5.316 | 8.407 | ©£.479 } 9.11
@) 2,467 | io.ras o L0L.TE R |
j(32 0 5.0 s | 0
0 oD R R 0
3.500 5 54 L 7.814 | 10.839
@ 4.193 6.465 9.328 1, .44
1(38) I 1 782 0 5.0656 —0.604 5.100
_1.436 o .761 —0.682 1.383
4.534 8 .497 5.64 10.715
- 4.432 | 10.628 5. 940 11,312
1(41) 0.578 5.0 0.882 —+.195 _.468
0.128 5.0 0.554 ~1.245 —11697
3.590 8.497 5.233 10.829
o 4.202 10.525 5.676 1i.at4
142) 1.782 ~5.0 0.978 0.594 ~5.300
1.392 _5.0 0.591 0.682 ~1.299
5.316 5840 4.957 19.738
2.467 6 .465 5.168 05.730 |
12) !
1(45) 0 0 0 o 0
0 0 0 0 0
i
2.575 3 .497 8.479 9.11
. 5.610 10.125 9.817 0.11
Lu)(al .
1(31) o —5.0 4,089 0 0
0 | =50 4.543 0 0




{ - o sl o
,Agu&%wjnﬁm%mvsm(w%myp%0$%n)
16\ PRSI : : - — .
i ; ' -' (637 198, 16

1(29) C11 Can - Cen | €44 s (i3l o)
2.611 8.497 5.698 9.11

@) 2.736 10,625 | 11,267 9.1i1

1(32) 1.222 0.0, 0.6s2 | O —24.034
0.956 16.0 —g.2e8 O ~9.058
3.849 5.84 7.614 10.839

@ 4.462 6.285 9.223 11,414

1(38) [ _1.782 0 3.056 ~0.602 3.795

-1.392 o 5.7¢1 -0.682 1.005

3.849 8.497 5.233 10.839

@) 4.229 10,125 5.208 1.381

(41) f .

1 1.782 -5.0 0.798 0.694 ~3.795
1.480 ~5.0 0.903 0.741 ~1.518
1.423 3..07 5.62 7.55C

- 4.207 10.125 5.881 4.969

1(42) ~0.160 5.0 0.882 ~0.824 -5 .455

~0.531 5.0 | o.821 ~0.012 -5.625
{

2.576 5.840 | 4.957 19,738

) 92.618 5.465 | 5.168 25,450

9

1(45) 0 5 — 0 0
0.032 o L0 0 | ~6.201
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