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Abstract

The dynamics of blood flow within an artificial heart (AH) chamber are governed by the
time-periodic Navier-Stokes (NS) equations. These equations are coupled with a hyperbolic
partial differential equation (PDE) that describes the dynamic behavior of the membrane
(diaphragm). This coupled system of PDEs is subject to a moving boundary.

In this work, we decouple the system by assuming that the solution of the membrane
equation is known within a well-defined Banach space. Subsequently, we solve only the NS
problem and not the coupled fluid-structure problem. We conduct an analysis, specifically
examining the existence and uniqueness of a time-periodic strong solution for the Navier-
Stokes (NS) problem in dimensions N = 2,3 within a moving domain. The moving domain
; is supposed to be a L™ (Wm*) N H'(H?)N H?(L?) local perturbation of a C1+! reference
domain Qg where 2* = 2—}—%, e>0if N =2and 2* = 3+ 15, € € (0,3]if N = 3. Typically,
our moving domain €2 is of class L™ (WZQ*) N H'(H?)N H%(L?), which is weaker that the
C3 in space regularity presented in the literature.

Subsequently, we proceed to numerically solve the problem in dimension N = 2 using
radial basis neural network (RBNN) functions. To validate our computational framework,
we compare our results against existing literature, particularly by solving benchmark-driven
cavity problems up to a Reynolds number Re = 10,000. Finally, we solve numerically the
time-periodic NS equations for different AH geometries. The results we obtain demonstrate
the strong dependence of the blood flow behavior on the AH geometry and motivate the
optimal shape design of AH, which we plan to address in future work.
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Chapter 1

Introduction

1.1 Motivation

In this thesis, we analyze the time-periodic Navier-Stokes (NS) equations in a moving
domain, which describe the blood flow in an artificial heart. We also perform numerical
computations using neural networks. The problem is periodic with a period of 47, where
T > 0. Figure 1.1 illustrates the design of the artificial heart (AH) domain considered here
during the first and second half-periods.

L 0

R,

o o

(a) First half period [-T,T) (b) Second half period [T, 3T)

Figure 1.1: A schematic view of an artificial heart: €2; is the moving domain
occupied by the blood, I is the inlet valve, O the outlet valve, [, the rigid boundary,
M; the membrane moving up and down.

The Navier-Stokes (NS) equations are nonlinear partial differential equations (PDEs) that
describe the motion of Newtonian fluids, such as gases and most liquids. These equations
are essential for modeling phenomena such as weather patterns, airflow around airplane
wings, and blood flow through vessels and organs. In this thesis, we use the NS equations
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to model blood flow in an artificial heart.

The NS equations hold significant interest in mathematics, particularly because the ex-
istence of a smooth solution in three dimensions (known as the NS millennium problem)
remains unresolved. Specifically, if we assume that the external force in the NS equations
is identically zero, and that for any smooth and divergence-free initial velocity, a certain
growth condition hypothesis holds, and the initial kinetic energy is globally bounded, the
challenge is to determine whether a global smooth solution exists such that the kinetic en-
ergy remains globally bounded at all times. This problem is one of the seven most important
open problems in mathematics.

This thesis, proposed to me by my thesis supervisor Arian Novruzi, is a part of his
project on the optimal shape design of artificial hearts. Here we consider only the analysis
and numerical computations of the time-periodic NS equations, describing the blood flow
in a moving AH domain.

1.2 Presentation of the mathematical model of artificial hearts

In this section, we present our mathematical model. The dynamics of blood in an AH are
governed by the NS equations, coupled with the hyperbolic PDEs describing the motion of
the membrane or diaphragm. An external compressor activates the motion of the membrane,
which creates the flow of the blood. Figure 1.1 shows us the flow of the blood in an AH
design during the first and the second half-periods.

We will present the complete mathematical model as introduced by Ahmed et al. [2]. We
start by presenting the mathematical model of the membrane, which is a hyperbolic and
time-periodic PDE with homogeneous Dirichlet boundary conditions. Next, we will present
the equations of blood flow in the heart chamber, which are nonlinear time-periodic NS
equations, subject to the incompressibility condition as well as non-homogeneous Dirichlet
boundary conditions. This gives rise to the complete coupled system of nonlinear PDEs
with moving boundaries, describing the complete fluid-structure system of the blood flowing
in an AH.

1.2.1 Mathematical model of the membrane

The motion of the fluid in an AH is generated by the motion of the membrane. In this
paragraph, we will describe the mathematical model of the membrane.

The mathematical model of the membrane can be derived by applying the D’Alembert
principle of least action to an appropriate integral function. We denote by N the dimension
of the space. We denote by p,, the mass density of the membrane, and z = z(x1, ..., zy_1, t)
the distance from the membrane at time ¢ to the base of the heart chamber By_1(¢y) where
the membrane is attached. Here By_1(fy) represents the open ball in RV ~! of center 0 and
with radius fy. The kinetic and potential energies of the membrane are respectively given
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by
1 2 Ly
K = ipm(ﬁtz) and V = 3 (Vz)-0-Vz,
where o = (0;;) represents the stress (force per unit of area) tensor of the membrane assumed
to be symmetric matrix with constant entries, p,, the mass density of the membrane and the
symbol “-” stands for the standard matrix-vector product. We introduce the Lagrangian

operator, which is here the difference between the kinetic energy and the potential energy.
To fix the idea, in the case N = 3, the Lagrangian operator is given by

L(2,00,2,04,2,02) = K =V

1
= i[Pm(atz)Q — (011(0y 2)* + 20190, 205, 2 + 022(0, 2)?)].

The action is defined by the following integral
I :—/ L(z, 04,2, 03,2, 0rz) day das.
Bn-1(¢o)

By the D’Alembert principle of least action, we have the following Fuler- Lagrange equation
which describes the dynamic of the membrane,

pmOuz — 1z = f, (1.21)
where
lz = (71183;1112 + 201289013@2 + 022(9%227227

and
fi=pm — p(x1, 22, 2(21, 22, 1), ),

represents the difference between the internal pressure inside the compressor acting on the
membrane and the pressure of the blood inside the heart chamber. We use the fact that
the volume mg of the blood being sucked during the first half period (—7,7) is equal to
the volume of the blood being pumped out during the second half period (7, 3T) to write

T
— ,0/ (/ Oz(x1, ey xN_1,1) dxl...d:cN_1>dt
-T Bn-1(4o)

3T
= ,0/ (/ Oz(x1y .y xN_1,1) d:cl...de,l)dt
T Bn_1(fo)

= mo, (1.2.2)

which is equivalent to write after integration with respect to ¢ and using the 47T time-
periodicity of z

/ (Z(l'l, ...,l'N_l,?)T) — z(:cl, ...,xN_l,T)) d:pl...de_l = @ (1.2.3)
Bn_1(to) P
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Now, by taking into consideration the boundary conditions, the periodicity and the equation
(1.2.3), we have the following mathematical model of the membrane

(pm(t)att'z('?t) - lz('7t) = pm(-,t) —p(-,z(-,t),t) in BN—1<£0)ﬂ ( )
z=0on 8BN_1(€0), ( )
Z(',t) =z(-,t+ 4T) in By_1(¥o), (126)
8tZ(',t) = 6tz(-,t + 4T) in BN—1(€0)7 ( )
/ (2(,37) = 2(.T)) dor.odday -y = 72 (1.2.8)

My

where p is the mass density of the fluid and 47 is the period.

1.2.2 Mathematical model of the blood flow

We denote by Q; the moving domain of AH, which is an open and bounded set of RV. The
vector u € RY represents the velocity of the fluid and p is a scalar function representing
the pressure. From the Newton fundamental principle of fluid dynamics associated with
the incompressibility condition (divergence-free), and taking into consideration the time-
periodicity, we know that the fluid motion is governed by the following time-periodic NS
equations

pou+ p(u-V)u— pAu+ Vp = pg in Q; x {t}, (1.2.9)
V.ou=0inQ x {t}, (1.2.10)
u(-,t) =u(-,t+47) in Q, Vt € R, (1.2.11)

where g is the gravity vector (acceleration), p the mass density of the fluid (blood) and u
its kinematic viscosity. The boundary of our moving domain 0f2;, consists of four parts
described as

89,5 = Mt U FT U Fz U FO,

where M, is the flexible membrane boundary, moving with time, I',. is the rigid membrane
boundary on which the velocity vanishes, I'; is the inlet valve which opens during the diastole
phase (general rest of the heart), i.e., in [=T,T) to receive the blood inside the chamber,
and closes during the systole phase (contraction phase of the membrane), i.e., in [T,3T).
On the other hand, I', is the outlet valve which opens during the systole phase and closes
during the diastole. We define the boundary conditions on each part as:

u(z,t) =0, (x,t) el xR, (1.2.12)
u(z,t) = ki(t)u(z), (x,t) €Ty xR, (1.2.13)
u(z,t) = ko(tHue(z), (z,t) €Ty xR, (1.2.14)
u(z,t) = (0,...,0,0z(x1, ..., zn_1,t)), (z,t) € My x {t}, (1.2.15)

where z is the solution to the membrane dynamic equations (1.2.4) — (1.2.8), u; and u,
are the Poiseuille flow conditions, which are given parabolic velocity profiles. The periodic
scalar function k; resp. k,, defined on [-T1,T) resp. [1,3T) is the flux condition on I
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resp. I', and they are chosen such that the free divergence condition (1.2.10) holds. The
expression for u, and k,, o € {i,0}, will be precise later in Chapter 3, where we carry out
the analysis of the fluid system.

1.2.3 Presentation of the mathematical problem and the main result

In this thesis, we assume that we know z, the solution of the mathematical model of the
membrane (1.2.4) — (1.2.8) in a well defined Banach space to be defined later in Chapter 3,
and we consider the NS problem (1.2.18) — (1.2.24). The objective is to prove the existence
and uniqueness of a time-periodic solution to the NS problem (1.2.18)—(1.2.24) in dimension
N = 2,3 and numerically simulate the flow using a neural network method.

Since the membrane is moving with time, €; represents the domain inside the heart
chamber at time ¢, and M; represents the position of the membrane at time ¢, which is
given by

M; = {(:131, ...,QSN_l,Z(.CL‘l, ...,.Z‘N_l,t)) S RN, (.1‘1, ...,.Z‘N_l) S BN—l(eo), te R},
(1.2.16)
and which is moving around the position My given by

MO = BNfl(fo) X {0} (1.2.17)
The mathematical problem we are considering reads

poru+ p(u-Viu— pAu+ Vp =pgin Q; x {t}, teR, ( )
V-u=0in Q x{t}, teR, ( )
) =u(,t+4T) in @, tER, (1.2.20)

0, (z,t)el, xR, (1.2.21)
=ki(t)wi(z), (x,t) el xR, ( )

ko(t)us(z), (z,t) €Ty xR, ( )
=(0,...,0,02(x1, ..., xN—-1,1)), (x,t) € My x {t}, teR. ( )

There are a number of works in the literature dealing with the time-periodic NS equa-
tions in a moving domain. Hiroko [11] initiated the existence theory for time-periodic
incompressible NS equations in a periodic moving domain. He proved the existence of solu-
tion in dimension N = 2,3, with the assumption that the moving domain is C3. Miyakawa
and Teramoto [75] proved the existence of a global weak time-periodic solution in a domain
whose boundary moves smoothly. They used a C'*° diffeomorphism to set the problem on
a fixed domain. Next, they proved the existence of a global weak time-periodic solution of
the newly defined problem by a Faedo-Galerkin approach. Salvi [36] proved the existence
of a time-periodic weak solution to NS equations on a moving domain using the elliptic
regularization in a case of a C® moving boundary. Farwig et al. [31] proved an existence
and uniqueness result of a time-periodic solution in the case of C® moving domains and
dimension N > 2. In the case when the analysis is related directly to an application,
Casanova [11] proved the existence of a time-periodic solution to the time-dependent NS
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equations coupled with a forth order equation of a beam, in a moving domain which turns
out to have regularity H* in dimension N = 2. Knobloch and Krechetnikov [52] presented
a list of problems leading to time-periodic NS problems in moving domain, and discussed
related dynamics and challenges.

In this thesis, we prove the existence and uniqueness of a strong time-periodic solution
(u,p) to the NS equations (1.2.18) — (1.2.24) with (u,p) € L?(H?) N H'(L?) x L?>(H') in
dimension N = 2,3 using the implicit function theorem. We weakened the standard C?
regularity of the moving domain §2; as presented in the literature. Here we assume that the
moving domain € is a L°(W22" )0 HY(H?) N H?(L?) local perturbation of a C! reference
domain €, where 2* = 24 2 with e > 0 if N = 2 and 2* = 3+ ;= with € € (0,3] if N = 3.
Therefore, our moving domain is of class L™ (Wm*) N H'(H?) N H?(L?) which is weaker
that C3. To the best of our knowledge, this is a new result in comparison with the C? in
space regularity of €; in the literature. We also present numerical simulations in Python of
the blood flow in an AH domain using radial basis neural network (RBNN) functions. We
use the benchmark lid-driven cavity problem on a NS flow up to Re = 10,000 to validate
our numerical method.

This thesis is organized as follows: In Chapter 2, we will provide the mathematical
background. We will start by presenting useful fundamental vector spaces and theorems for
the analysis. We will also present background information on the analysis of Stokes and NS
equations on a fixed domain because after transformation, the analysis of our problem will
be done on a fixed domain.

Next, in Chapter 3, we will assume knowledge of z, the solution of the membrane equation
in a well-defined Banach space, and we will solve the fluid system (1.2.18) — (1.2.24), which
is a time-periodic NS equation in a variable domain ;. More precisely, we will prove
the existence and uniqueness of a strong time-periodic solution using the implicit function
theorem.

In Chapter 4, we will present our numerical method. Since we have chosen a neural
network method, we will start by including a general background information on neural
networks method for solving PDEs. Next, we will introduce the RBNN method for solving
PDEs. Additionally, we will present our numerical results using the RBNN method on
the augmented Lagrangian formulation. We will test our method on several benchmark
problems such as the lid-driven cavity problem for both the Stokes flow and a Navier-
Stokes flow up to Re = 10,000. Finally, we solve the time-periodic NS equations on four
artificial heart domains and visually observe a strong dependence of vortices development
on domain geometry. This observation aligns with the findings reported in [97].



Chapter 2

Mathematical background

This chapter provides background on the analysis of weak solutions to Stokes and NS

equations, namely, existence and uniqueness results, as discussed by Leray [60], Lions [63, (4,
], Lions and Magenes [(6], Serrin [88, 89, 90, 91], Ladyzhenskaya [54], Raviart and Girault
[25], Temam [98], Farwig [29]. This provides a comprehensive foundation for understanding

the concepts involved.

This background is instructive for our problem. Indeed, though our problem is NS equa-
tions in a moving domain, the analysis is made on a fixed domain using a transformation.
This background deals with the standard analysis of Stokes and NS on a fixed domain.

We will present results and useful tools regarding the existence and uniqueness of the
linear, nonlinear, steady, and unsteady cases of the NS equations on a fixed domain. We
start this chapter by defining fundamental spaces for the study of NS equations. Most
importantly, functional spaces with free divergence are emphasized. Next, we will examine
the steady-state Stokes equation, discussing the existence and uniqueness of a weak solution.
Then, we address the steady-state nonlinear NS equation, providing a general result of the
existence of a weak solution for all N > 2, and uniqueness only for N < 4. Finally,
we discuss the time-dependent Navier-Stokes equations, covering both the linear and the
nonlinear cases. For the linear case, we present a general result of existence and uniqueness,
and for the nonlinear case, known as the full NS equation, we state a result of existence for
N < 4 and uniqueness for N = 2. In this review, we follow the reference by Temam [98].

2.1 Some functional spaces

Let p, g € [1,00], s > 0, where R is the set of real numbers. We denote by |s| the integer
part of s. Let k € N, where N is the set of non-negative integers. We denote by N € N* the
dimension of the space, where N* is the set of positive integers. In our case N = 2, 3. Let
X; C RN be a smooth open and bounded set, depending on a variable ¢ € R, such that for
every t € R and for every open set w C RV, if w C Xy, ie. wCw C Xy, then w C Xyyp, for
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all |h| small and
where here | - | denote the Lebesgue measure in R,

We denote by LP(X;) the classical LP space in X;, and by LF(X;) the class of LP space
in X; with zero mean. More precisely

LE(X;) == {f €LM(X), [ fla)de = o}. (2.1.2)

We denote by W#P(X,) the classical Sobolev space of order k in X; defined as

W (X;) = {u € (X)), Dwe I'(X), Va NV, |a] <k} (2.1.3)
endowed with the norm
1
(3 1D%ullpqx,y)” i # 00 (2.0.4)
— ) i<k
HuHkaP(Xt) = '

> D% ooy if p = o0 (2.1.5)
la|<k

For k = 0, the space W*P(X,) becomes the usual LP(X;) space. For s > 0 and p € [1,4+0c0),
we introduce W5P(X}) the classical Besov space in X; defined as

s,p - Ls],p |Da — D% ( )|p
1474 (Xt).—{UEW (X1), = / /Xt |x_ |N+ps ) dxdy<oo} (2.1.6)

endowed with the norm

|[D%u(x) — Du(y)|? »
[ullwen(x,) = (Hullwmxt +ale$J/ /X |x_ |N+p(s oy de dy) .(21)

We denote by D(X;) the set of C*° functions with compact support in X; and its topological
dual D'(X};) represents the usual space of distribution in X;. We introduce the space

Wyt (Xy) == m” lwepox i.e., the closure of the space D(X;) with the norm of W*P(X,).
For s > 0, we introduce the space W™5P(X;) := (Wy*(X;))" which is the topological dual
of WP (X;). For p = 2 we write H*(X;) instead of W*2(X3).

In our case, t represents the time variable and the problem is periodic with period 47. For
a given Banach space, we will use the under-script “I” to denote the 4T time-periodicity.
Precisely, we consider the following time-dependent Sobolev’s spaces.

LL(W*P(X;)) = {u(~,7’) € WoP(X,), for a.e. 7€R,
u(-,7) =u(-,7+4T) for a.e. T €R and
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3T 1
Hu||LqT(WS,p(Xt)) = (/T Hu(.,T)H%VW(Xt)d )q < 00, if ¢ € [1,00) and,
[ull Lge (ww (x0)) = sup{ [ T)lwsrxy)s 7 € (=T,3T)} < 00}7 (2.1.8)

endowed with the norm || - HLqT(Ws,p(Xt)) defined in (2.1.8). For k € N, ¢ € [1,00], p € [1, 00)
and s > 0, we can also introduce the following space

WP (X,)) = {u € LL(W*P(X,)), diu(z,7) € LI(WP(Xy)), i=0, k:} (2.1.9)

endowed with the norm
HUHWM Wsp(X H@ ull La(wsp(x4)) (2.1.10)
( ( t)

Since the domain X; is moving with time, we need to give a sense to the i*" time derivative
Olu. Indeed, it is understood in the weak sense. Precisely, O,u is defined as the element of
LI(W*P(X,)) such that, for all w C X;, and t € R, we have

d
(Orul, ), weryxwer)y = 3 Wl 1), woryxwerw)y: ¥ EE (WP (w ), (2.1.11)

where ¢+ (u(:,1), ) wsn(w)x(Wer(w))y is a real valued function and (W*P(w))" is the dual
space of W*P(w). By induction, we define higher order time derivatives diu, i > 2.

Similarly, we define the space
WEIWEP(X,)) = {u e LLWSP(Xy)), Oiu(z,7) € LYWEP(Xy)),i =0, .. k:} (2.1.12)

endowed with the norm

HUHW;?‘] WP (X)) Z ||6 U”Lq(wg P(X))" (2.1.13)

Finally, we define the space
Cpwor(x) = {u e LFV(), T (fulot+B) = uC,0)lwesx, o

+ ||u(’ t + h)||Ws’p(Xt+h\Xt)
+ [Juls O llwsn(x\x40n) = 0}. (2.1.14)

Vector spaces and vector functions will be written in bold font to distinguish them from
scalar spaces and scalar functions. Namely,

LP(X;) = LP(Xy;RY) and LY(X;) = LH( Xy RY), (2.1.15)
D(X;) = D(X;; RY) and D'(X;) = D'(X4; RY) (2.1.16)
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WP (X,) = W (X RY) with [ullwesgxn = 3 uilles (). (2.1.17)

WP (Xp) = WP (X RY) with [lullwse(x,) = D luillwerx,)- (2.1.18)

Similarly, for the time dependent vector Sobolev spaces we have

W (WP (X)) = WEH(WP(X; RY)),
W (WP (Xy) = Wl (WP (Xe RY)),
CPHWHP(Xy)) = C%(W P(Xi RYY),
CHUWEP (X)) = CHWEP (X RY)).

Note that because of the time-periodicity, we have X; = X147, Vt € R.

The implicit function theorem will be applied in the context of Banach spaces and it
involves the concept of Fréchet differentiation. More precisely, let X, Y and Z be three
Banach spaces and U resp. V be a nonempty and open set of X resp. Y. We denote by
B(X,Y) the set of linear and continuous function from X to Y.

Definition 2.1.1 (Fréchet derivative).

A function f: U — Y is said to be Fréchet differentiable (or simply differentiable) at a
point xo € U if there exists a linear and continuous map, denote here by D f(xg) € B(X,Y)

such that
lim Ilf(zo +y) — f(xo) — D f(xo0)(W)lly
y—0, yeX HyHX

The function f is said to be differentiable in U if it is differentiable at every point of U.
Furthermore, if the map x +— D f(x) from U to B(X,Y) is continuous, then f is said to be
of Fréchet C' (or of class C*) in U.

Remark 2.1.2. If f: U — Y is differentiable, then D f(x) exists for all x € U. Moreover,
if the map Df : v € U — Df(x) € B(X,Y) is differentiable, its derivative is called the
second derivative of f and denoted by D>f : U — B(X,B(X,Y)). Inductively we can define
higher order derivatives of all orders.

= 0. (2.1.19)

Definition 2.1.3 (Fréchet C* function).

A function f : U — Y is said to be Fréchet C* (or of class C*), where k > 1, is a
positive integer, if the k' order (Fréchet) derivative of f ewists and is continuous.

The function f is said to be Fréchet C* (or of class C™) if it is of class C* for all positive
integer k € N.

Now we can state the implicit function theorem for Banach spaces, which is crucial in
proving our existence result of our NS problem.
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Theorem 2.1.4 (Implicit function theorem).

Let f € C*(U x V;2), (k> 1) and (wg,y0) € U x V such that f(xo,y0) = 20 € Z. If the
partial Fréchet derivative of f with respect to y at (xg,yo) denoted by D, f(xo,yo) fromY to
Z is a topological isomorphism (ie a linear homeomorphism or a linear bi-continuous map),
then there exists a unique C* map ¢ from a sufficiently small neighborhood Uy, C U of xq
to V' such that

¢(xo) = yo and (2.1.20)
V(2,y) € Uy, x V, flz,y) = 20 &=y = p(). (2.1.21)
Proof:  Lang [56, pp 19-20], [17, Theorem 3, 4, pp 138-139] 1

Let 0 be a fixed (time-independent) open and bounded set with regular boundary, con-
tained in RY. The following Sobolev embedding theorem, is crucial for the analysis of the
NS problem in a fix domain and we will heavily rely on it. We choose to present it in the
context of vector functions and spaces.

Theorem 2.1.5 (Sobolev’s embeddings).
If Qq is open and Lipschitz, and p € (0,+00) we have:
1

N 1 s
if s < —, then W%P(Qq) — LY(Qq), Vq € [p,p] with - = — — — 2.1.22a
; () = L(Q0). Vg € [p ] with 5=~ % (2:1.220)
N
if 5 — P 0, then W*P(Qqg) < L4(), Vq € [p, +o0) (2.1.22b)
N _
if0<s—— &N, then W*P(Qq) — C"™7(£) (2.1.22¢)
p

. _ N A N
where o € [0,6] andm = [s — )] and 6 =s— - —m € (0,1).

Moreover, if Qg is bounded then the embedding (2.1.22a) resp. (2.1.22b) resp. (2.1.22¢) are
compact for q € [p,p), resp. q € [p,+0) resp. o € [0,5).

Proof: Adams and Fournier [I, Theorem 4.12, pp 86-87], Evans [28, Thereom 6, pp
284], Brezis [1 1, Corollary 9.14 and Corollary 9.15 pp 284-285], Gilbarg and Trudinger [30,
Corollary 7.11, pp 151]. 1

Now we will provide some helpful tools for the analysis of a weak solution to the Stokes
and NS equations. Further details can be found in [98, 85, 37]. We begin by introducing
the space

E(Q) := {uc L*(Q), V-uc L*Q)}, (2.1.23)
which is a Hilbert space endowed with the following scalar product and norm:

(0, V)E(y) = (W )20 + (V- 1, V- V) 121y and [[u]|g(a,) = [(u,0)go,)]"?. (2.1.24)
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For p € [1,00), we also introduce the space LT (€) of locally p-integrable functions on Qg
as

loc

LY (Qo) :={f : Qo — R mesurable, / |f(z)]P dx < o0, V K C Qp, K compact}. (2.1.25)
K

Let us suppose that €y is open, bounded and Lipschitz. We have the following results.
Theorem 2.1.6. The space D(Qo) is dense in E(Qp).

Proof:  Temam [93, Theorem 1.1, pp 6]. 1

We have the following trace theorem.
Theorem 2.1.7 (The trace theorem in H!()).

There exists a linear and continuous map v, € B(H(Q0), L2(0)) called the trace operator
such that
You = ulpn,, ¥V u e H'(Q).

We note that HY/2(0Q) = ~o(H'(Q)) and H(Q) is the kernel of vy . The space
H'/2(0Q0) is dense in L2(0) and moreover, there exists a linear an continuous oper-
ator 1y € B(HY2(9Q0), H (Q)) called the lifting operator and such that ~,o0lg = id, where
id is the identity operator in HY?(9%y).

Proof:  Lions and Magenes [66, Theorem 8.3, pp 39] |

More generally, we have the following total trace theorem.
Theorem 2.1.8 (The total trace Theorem in W*P(Qy)).

Let k €N, p € [1,4+00) and Qo open and bounded domain of class C*. Then there exists a
linear and bounded operator

T WhP(Qg) — LP(9Q0)
u— I'(u) := (yg(a),...,vp_1(0)) (2.1.26)

where v; () = (y;(u1), -, v (un)), §=0,.... k =1, with

My 4! —
v5(wi) == 87;|690 = > ‘aDan‘aQo v, Va=(u,..ay) e NV, Vue CHQ)
llexll=j
(2.1.27)
called the ™" order normal derivative of u;, with ||| := Zfil | and v = (V7 VY,

where v := (v1, ...,vN) represents the unit outward normal vector.

Moreover, if u € WFP(Qq) then

I'(u) = 0 if and only if u € ng’p(ﬂo)

k—1
LW (o) = [J W75 7(000), pe (1, 40)
j=0
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k—2
T(W5(Q)) = [T WH 7711 (090) x L' (99).
§=0
Proof: Domenico and Provenzano [27, Theorem 3.4, pp 8|, Lions and Magenes [(0,
Theorem 8.3, pp 39]. |

The following theorem, is crucial because it utilizes the density of D(€p) in E(£), as
1

given by Theorem 2.1.6, to comprehend the space H _%(OQO) = (HE(0))" as the trace
of E(€). This result will be beneficial for the weak analysis of the Stokes problem.

Theorem 2.1.9. There exists a linear and continuous operator 7 € B(E(Qq), H~/2(0))
such that -
F(u) =u-v|sa,, Vue D) (2.1.28)

and we have the following generalized Stokes formula
(11, Vw)Lz(QO) + (V . u,w)Lz(QO) = <7yu,70w>, Yu € E(Qo), w e HI(QO) (2129)
Moreover the operator 7 maps E(Qq) onto H=Y2(9).

Proof: Temam [98, Theorem 1.2, pp 9] |

We recall D'(€) := D' (Q0; RY) is the space a vector distribution on Qg (see (2.1.16)) and
we introduce the following functional spaces with free divergence.

D, () = D(Qo; RY)N{V-u=0inD'(Q)}, (2.1.30)

L2(Q0) = L*(Q0;RY) N {V-u=0in D'(Q)}, (2.1.31)

H{ ,(Q0) = Hy(Q; RY) N {V-u =0 in D'(Q)}, (2.1.32)

H?(Q9) NHy,(Q) = H*(Q0;RY) N Hy , (), (2.1.33)

endow it with the inner products

(u, v)L2 () :/ u-vdr,

Qo
N
(W, V) () = Vu-Vvdz:= Z Vu; - Vu; de,
0,0 QO ] QO
(u, V)HQ(QO)OH&U(QO) = 0 Au . AV dx
0

More generally, the underscript o before a Banach space X will always denote the associated
space with free divergence, i.e.,

Xo:=XN{V-u=0inD'(Q)}. (2.1.34)

The following results are also very useful for the analysis of the Stokes problem in the spaces
of free divergence.
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Proposition 2.1.10. If f € D'(Qq) then the assertions (i) and (ii) are equivalent:

(i) £ = Vp for some scalar function p € D'(Qp),
(1) (f,v) =0 Vv e D;(Q),
where here (-,-) represents the distribution pairing between D' (Qg) and D(€).
Proof:  Temam [93, Proposition 1.1, pp 14] 1

Proposition 2.1.11.
(i) If a scalar distribution p € D'(Qq) satisfies Vp € L2(Q), then

p € L*(Q) and ||pll 1200 < C(Q0)VPL2(00)
(ii) If a scalar distribution p € D'(Qo) satisfies Vp € H71(Qg) then

p € L*(Q0) and ||plr2(0y) < C(Q0)IVPllE-1(00)-

Proof:  Temam [98, Proposition 1.2, pp 14] |

The following theorem gives the Helmholtz decomposition of L? functions which is highly
used in our case. Precisely, the differential of the function F we use to set the implicit
function theorem depends a time-periodic Stokes problem. However, as the right hand
side of that problem will not be in a space of free divergence, we will need the following
Helmholtz decomposition theorem.

Theorem 2.1.12 ( Helmholtz decomposition of L?).

Let Qg be a Lipschitz, open and bounded set of RN, then we have the following Helmholtz
decomposition

L?(Q0) = L3 (€0) ® Hy © Hy (2.1.35)
where
H, = {u e L}Q), u=Vp, for somepe H (Qy) and Ap =0} (2.1.36)
H, = {u € L*(Q), u = Vp, for some p € H}(Q)}. (2.1.37)
Proof: Temam [98, Theorem 1.5, pp 16] |

Remark 2.1.13. We note that the equation (2.1.35) in Theorem 2.1.12 above represents
the Helmholtz decomposition of L? spaces. It states that every function £ € L?() can be
decomposed as f = £,4Vq, where f, € L2 () is a free divergence function and ¢ € H'(Qp).
A more detailed proof of the Helmholtz decomposition can also be found in Raviart and
Girault [55].
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We will need the following definition of a Gelfand triple for the analysis of weak solution to
Stokes and NS equations.

Definition 2.1.14 (Gelfand triple).

Let (H, (-,-)u) be a separable Hilbert space and V a reflexive Banach space such that 'V is
dense in H and the canonical embedding V — H is continuous. If V' resp. H' denote the
topological dual of V resp. H such that

VoH=H <V (2.1.38)

then the triplet (V,H, V') is called a Gelfand triple.

The Gelfand triple is very useful in the analysis of parabolic PDEs such as the time-
dependent NS equations. When the solutions are understood in a distribution sense, most
of the time we need to give a sense to the initial or time-periodic condition. Proposition
2.1.15 is very important because it uses the Gelfand triple to set the problem in a time
continuous Banach space.

Proposition 2.1.15.

Let V, H and V' be three Hilbert spaces such that (V,H, V') is a Gelfand triple. If u €
LZ(V) and 0’ € L2(V') then after modification on a set of zero measure, we have u €

CY%(H) and we have

d
3Ol = 2, whvrey. (2.1.39)

Proof: Temam [98, Lemma 1.2, pp 260] |

When V = H, we have the following corollary.
Corollary 2.1.16.

Ifu € H}(V), then after possibly modification on a set of zero measure, we have u € CH(V)
and we have

t
u(-,t) =u(-,s) +/ u'(-,7)dr, forall —T <s<t<3T. (2.1.40)
Moreover, we have
g vy < CO g v, (2.1.41)
where C(T) is a constant depending only on T.

Proof:  Evans [28, Theorem 2, pp 302] 1

The following proposition, concerns the application of the Gelfand triple when (V,H) =
(H}(90), L%(Q0)). Tt will be highly useful for the analysis of weak solutions to Stokes and
NS equations.
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Proposition 2.1.17.

Ifu e LA(H}(Q0)) and u' € LZ(H1(Qy)) then after possibly modification on a set of zero
measure we have u € CH(L*(Qp)). Moreover, the map t [ul:, D)llL2 (o) is absolutely
continuous and we have

%Hu(-,t)”iz(ﬂo) =20/ (-, 1), u(-,1)), a.et € [~T,3T]. (2.1.42)

Furthermore, we have the estimation

I Olleg caan < OO [z + 10w @) (2.1.43)
where the constant C(T) depends only on T'.
Proof: Evans [28, Theorem 3, pp 303]. 1
More generally, when (V,H) = (H™2(Qq), H"*(Qp)), for all positive (non-negative)
integers m € N, Proposition 2.1.18 presents another application of the Gelfand triple.

However, a direct proof is given in [2&] using mollifiers by convolution. This application is
very important as we will use it in our problem, particularly in the case where m = 0.

Proposition 2.1.18.
Ifu € LA(H™2(Qp)) and v’ € L2(H™(Q)), then after possibly modification on a set of
zero measure, we have u € CX(H™1(Qy)). Furthermore, we have the estimation

lallco grm+1(0y)) < C(T',€0) [HUHL%(HmH(QO)) + ||u/HL2T(Hm(QO))]7 (2.1.44)
where the constant C(T,Qo) depends only on T and .
Proof:  Evans [28, Theorem 4, pp 304]. |

The Proposition 2.1.18 will be very useful in proving the existence of a time-periodic solution
for NS in an artificial heart domain. Indeed, we aim to prove the H? regularity of the
solution, and we may need to give a sense of the periodicity using the continuity. More
precisely, for m = 0 we will use in our case the following result.

Proposition 2.1.19.

If u € L7(H?*(Q0) N H{ ,(Q0)) and v’ € LFH(L2(Q)), then u € Cp(H} () up to a set
of zero measure. Moreover, we have the following equality which is understood in the scalar
distribution sense on (—T,3T),

d
aHuH%g(QO) = 2(u’, u)L2(00)xL.2(00) - (2.1.45)
Furthermore, we have the estimation

lullco e 0y < C(T5 Qo) | 1ull 2. (12 (00)) + 1101l 22, (2 (020)) | (2.1.46)

where the constant C(T,Q) depends only on T and .
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Proof:  Evans [28, Theorem 4, pp 304]. 1

The following definition will be helpful in defining the notion of a very weak solution for
the divergence problem, which we will heavily use. For more details, see Schumacher [37].

Definition 2.1.20 (Mackenhoupt weight).

Let g € (1,40). A Mackenhoupt weight function w associated to q is a positive and locally
integrable function which satisfies

sup

Sup <@ o w(x) dx) (@ /Q(w(q:)q_—ll) d:c>q*1 < +00, (2.1.47)

where Q is a cube in RY.

We denote by A, the class of Mackenhoupt weight function associated to ¢. With this
definition, we can introduce similarly the weighted Lebesgue space and Sobolev’s spaces.
Namely, we define

L3,(00) = {u € L(@0),  [ullg = ( /Q juf)|9 w dzr) " < +o00}. (2.1.48)

Its topological dual is defined as (L{,(Qp)) := LZJ/, (Q) where ¢’ is the conjugate of ¢

(% + % =1) and v’ := wiT € Ay. For m € N, we can also define the weighted Sobolev’s

space as

Wi1(Qo) :={u € LL(Qo), |ullmgw = Z | D%ul|g,w < +00}. (2.1.49)

|a|<m
We denote by W,'y'(Q0) the closure of D(Qp) in Wey"?(Qp). We also define the space
W;,m’ql (Q0) to be the topological dual of the space W, 'i. Similarly, we denote by W, "4 ()
the closure of D(Q) in Wy, ™(Q), and we define the space W, 1"(Q0) as the topological

dual of (W$7q’(90))/ (see [37]). We will use similar definition in bold for vector functionals
and their spaces. Precisely, we will need to define the following functional space to prove
the existence of solution to our problem in Chapter 3.

Y27 (Q) :={u e Wi}f’/(Qo), ulsn, = 0},
Y, 29(Q0) = (Yo (Q0))

Y2 (Q0) = {p € Y2 (), V-¢=0}
Y, 20(0) == (Yo (20))’
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2.2 Analysis of weak solution to Stokes and Navier-Stokes
equations

2.2.1 The Stokes equations

In this section, we review the analysis of the time-independent Stokes equations. This
review helps us to understand the use of free divergence spaces in the analysis of the Stokes
problem. Note that the differential of the functional F used in Chapter 3 to apply the
implicit function theorem defines a time-periodic Stokes problem, and we analyze it to
demonstrate that this differential defines an isomorphism. We will also make use of the
free divergence spaces in a similar way. We also note that the analysis of our time-periodic
Stokes problem follows the line of [98, 5], which is a Faedo-Galerkin approach, and the
method works for both initial value or time-periodic Stokes problems. We will also solve
this problem numerically as a benchmark problem in the context of a lid-driven cavity.

Here, we present results on the existence and uniqueness of the associated weak variational
formulation. Let f € L2(Q)) and denote by u a vector function representing the velocity
of the fluid and p a scalar function representing the pressure of the fluid, both defined in
Qp. Let v denote the kinematic viscosity of the fluid, which is a (strictly) positive constant
(v > 0). The steady-state Stokes problem reads:

Find (u,p) € H?() x H(Qp) such that:

—vAu+ Vp =1 in Qy, (2.2.1a)
V-u=0in Oy, (2.2.1b)
u = 0 on 0. (2.2.1¢)

We want to know in which functional space to search the unique solution (u, p) of equations
(2.2.1a) — (2.2.1c) and in which sense should we understand them. Because of (2.2.1b) and
(2.2.1c), it makes sense to search the solution u in the space Hy ,(€) defined in equation
(2.1.32). Then if we take the L?— scalar product in (2.2.1a) with a test function v still in
Hj ,(Q0), we obtain:

V(u’V)Hé,g(Qo) = (£, V)L, VVE H(l)p(QO). (2.2.2)

Now we can write what we call the variational formulation of the steady state Stokes
problem:

Find u € Hy ,(Q) such that:
V(u’v)Hé,c,(Qo) = (£, v)L2(qy), YV E HY (). (2.2.3a)

We can see that the problem (2.2.3a) is equivalent to the problem (2.2.1a)—(2.2.1c) in some
sense. In fact, if u satisfies (2.2.3a) then u € H} (). We can only expect (2.2.1a) — (2.2.1c)

to be satisfied in a weaker sense. Since u € H}(€)), then the trace yo(u) is in H%@QO).
Moreover, u € H(I),U(Qo) implies V- u = 0 in D/(Qp). From the equation (2.2.3a) we have

(—vAu—f£,v) =0, Vv € Dy(Q). (2.2.4)
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By Proposition 2.1.10 and Proposition 2.1.11 there exists p € L%(€)), such that:
—vAu—f =-Vp. (2.2.5)

Moreover, we have the following Lemma:

Lemma 2.2.1.

Let Qg be a bounded and Lipschitz domain. Then the following conditions are equivalent:

(i) ue H(l),g(Qg) and satisfies the variational formulation (2.2.3a).

(i) u € H(Qo) and satisfies the equations (2.2.1a) — (2.2.1c) in the following sense:

There exists p € L*(Q) such that:

—vAu+ Vp=f in D'(Q) (2.2.6a)
V-u=0 inD'(Q) (2.2.6b)
vo(u) = 0 in H2(9Q) (2.2.6¢)
Proof:  [93, Lemma 2.1, pp 22] 1

The following theorem gives the existence and uniqueness of the variational formulation of
the steady state Stokes problem (2.2.1a) — (2.2.1c).

Theorem 2.2.2 (Existence and Uniquenes).

If Qq is a Lipschitz domain and £ € L?(Qo) then the problem (2.2.3a) has a unique solution
u (the result is also valid if £ € H™1(Qp)). Moreover, there exists p in the space L2, .(Q0)
defined in (2.1.25) such that (2.2.6a) — (2.2.6b) are satisfied.

If Qo is a bounded and Lipschitz domain, then p € L*(€) and (2.2.6a)—(2.2.6¢) are satisfied
by u and p.

Proof:  Temam [98, Theorem 2.1, pp 23]. 1

The following result concerns the non-homogeneous Stokes problem. This result is impor-
tant because our problem involves a NS equation with non-homogeneous boundary condi-
tions.

Theorem 2.2.3 (Existence and uniqueness for the non-homogeneous case).
If Qo is a bounded and Lipschitz domain, if £ € H™1(Qp), g € L*(Q) and ¢ € H%(OQO)

and under the following general flux condition

/ gdr = ¢-vds, (2.2.7)
Qo Qo
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then there exists u € H' () and p € L*(Q) solution to the following non-homogeneous
Stokes problem

—vAu+ Vp = f in D'(Q), (2.2.8a)
V-u=gin D'(Q), (2.2.8b)
Yo(u) = ¢ on Hz (), (2.2.8¢)

The vector function u is unique, whereas p is unique up to an additive constant (ie., p €
L% (Q0) := L*() /R which is isomorphic to L3(§)).

Proof:  Temam [98, Theorem 2.4, pp 31] 1

Now we will introduce the steady-state and nonlinear NS problem. First, we will provide the
variational formulation of the homogeneous problem. Next, we will discuss the properties
of the trilinear form arising from the nonlinear term in the variational formulation. Finally,
we will present results on the existence and uniqueness of a weak solution to the associated
problem.

2.2.2 The steady state Navier-Stokes equation

In this paragraph, we review the steady-state and nonlinear NS equations. Although our
problem is time-dependent, it makes sense to review this background to see classical results
of existence of nonlinear NS and understand the difficulty of such a problem in dimension
N < 4. Moreover we utilize this problem heavily for numerical evaluation of our code in
the context of the driven cavity problem up to Re = 10, 000.

This problem is closer to our problem than the previous steady state Stokes problem.
Here, we encounter the appearance of the nonlinear term (u - V)u. We will demonstrate
how to address this term and how it impacts the space where we search the solution (u,p).
We assume g to be an open, bounded, and Lipschitz set in RY. If f € L2(€)), then the
homogeneous and steady-state and nonlinear NS problem reads:

Find a vector function u and a scalar function p such that:

—vAu+ (u-V)u+ Vp={£in Qo, (2.2.9a)
V-u=0in Q, (2.2.9b)
u = 0 on 0. (2.2.9¢)

For the same reason as in the Stokes problem (2.2.1a) — (2.2.1¢), it makes sense to search
for the solution u in Hévg(ﬂg). Then, if we take again the scalar product in (2.2.9a) (p
being smooth) with a test function v € D, (), and after integrating by parts, we obtain:

V(u,V)HéJ(QO) +b(u,u,v) = (f,v)12(qy), V'V E Ds(f) (2.2.10)

where b is the trilinear form defined by:

N
ov;
b(u,v,w) = ((u- V)V, W)r2(q) = Z/Q uia—m{wj da. (2.2.11)
0

i.j=1 ‘
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Conversely, if u € Hj ,(€) and satisfies (2.2.10) for all v € Dy (L), we know by Proposition
2.1.10 that there exists a distribution p € D’'(£2p) such that (2.2.9a) and (2.2.9b) are satisfied
in the weak sense, and (2.2.9¢) is satisfied in the trace sense .

Note that in (2.2.11), if u, v, and w are in Hé,a(QO)v then the trilinear form is not a priori
well-defined in dimension N > 4. Indeed, if u € H(l]ya(Qo), then by Sobolev’s embedding

(2.1.22a), u; € L%(Qo). If v e Hj (), then v; € Hg(0) and therefore, % € L?(y).

If we H(I)J(Qo), the problem we encounter is that w is not in LV(Q) and therefore the
integral in (2.2.11) in not well-defined.

For the trilinear form to be well-defined in any dimension N > 2, it is enough to have w;
in LN (). So, let us introduce the space H(l)yo_(Qo) N LY (Qg), endowed with the norm:
[ullas o)y 9o) = Il 9q) + lalluy @) (2.2.12)
The space H%)’J(QO)QLN(QO) is a subspace of Hj ,(Q0) and there are equal only for N = 2, 3
or 4. The trilinear form b has the following properties:

Lemma 2.2.4. For Qg Lipschitz domain, bounded or unbounded, the trilinear form b is
continuous on H§(Qp) x H(Qo) x H(Qo) NLY(Qo) for all N > 2.

Proof:  Temam [98, Lemma 1.1, pp 161] 1

Remark 2.2.5. in dimension N = 2,3,4, because of the Sobolev’s embedding H' () —
LY (Q) we have H'(Q9) N LY (Qg) = HY(Qq). Therefore, under the hypothesis of Lemma
2.2.4, we can conclude that the trilinear form b is continuous on Hy(Q0) x H}(Q0) x H§ (Q0)
for N =2,3.4.

More precisely, we have the following lemma.

Lemma 2.2.6. If Qg is open and Lipschitz, and N > 2 then the trilinear form b is contin-
wous in H(Qo) x Hy(Qo) x Hy(Q0) NLY (Qo) and in Hg ,(Q0) x H , x Hj ,(Q0) NLY ().

Furthermore, if Qo is bounded and N < 4, then the trilinear form b is continuous on

H(l)(QQ) X Hé(QO) X Hé(QQ) and in H(%’U(Qo) X H(l),U(Qo) X H(1)7U(Q0).
Proof:  Temam [98, Lemma 1.1, pp 161 and Lemma 1.2, pp 162] 1

Now, we give some properties of the nonlinear term b useful in the analysis on the nonlinear
NS problem.

Lemma 2.2.7. If Qq is open and Lipschitz and N > 2, then we have:

b(u,v,v) =0, Vue Hj,(Q), veHj(Q)NLY(Q) (2.2.13a)
b(u,v,w) = —b(u,w,v), Vu e Hj_(Q), v,w € Hj(Q) NLY(Q) (2.2.13b)

Proof:  Temam [98, Lemma 1.3, pp 163] |
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Now, we want to provide the equivalent weak variational formulation of the nonlinear NS
problem (2.2.9a) — (2.2.9¢). We assume )y to be open, bounded, and Lipschitz, and N > 2.
If f € H71(Qp), then its weak variational formulation reads:

Find a vector function u € H(l)ya(QO) such that:

I/(u, V)Hé’U(QO) + b(ll, u, V) = <f, V>H—1(QO)XH(1)(QO)7 Vve H(ILU(Q()) N LN(Q()) (2214&)
It is easy to see that the new problem (2.2.14a) is equivalent to (2.2.9a)—(2.2.9¢), understood
in the sense mentioned in the above lemma, referred to as Lemma 2.2.1.

Theorem 2.2.8 (Existence).

Let Qg be open, bounded and Lipschitz set of RN and N > 2. If £ € H™1(Qq) then the
variational problem (2.2.14a) has at least one solution u € H%)’U(Qo) and there exists a

distribution p € L} (Q) such that the problem (2.2.9a) — (2.2.9¢) are satisfied.
Proof: = Temam [98, Theorem 1.2, pp 164] 1

For the uniqueness, we only have this restricted result.
Theorem 2.2.9 (Uniqueness).

If N < 4 and if the kinetic viscosity coefficient v is large enough (or £ small enough) so that
V2 > C(N)IIfllexz () (2.2.15)

then the problem (2.2.14a) has a unique solution.

Proof: Temam [98, Theorem 1.3, pp 167] |

Finally, we will address the time-dependent NS problem, which is closely related to our
case. We will present results on the existence and uniqueness of the variational formulation
for both the linear and nonlinear cases.

2.2.3 The evolution Navier-Stokes equations

In this paragraph, we delve into the review of the time-dependent NS equations, which is
the nature of our problem. The distinction between this equation and ours lies in the fact
that our problem is time-periodic and involves moving boundaries. Though this problem
is not periodic, its analysis involves crucial concepts (Gelfand triplet and its applications,
use of functions with free divergence) which are helpful in our case and we will use them
similarly.

Here, we begin with the linear case, followed by the nonlinear case, which is more relevant
to our specific problem.

Let Qg be a bounded and Lipschitz domain in RY, and let T > 0 be fixed. Here, Q
denotes the cylinder Qg x [0, T]. For the linear case, the problem is formulated as follows:
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Find a vector function u : Q — RY and a scalar function p : Q — R such that:

Ju—vAu+Vp=1~fin Q, (2.2.16)
V-u=0in Q, (2.2.17)
u =0 on 9 x [0,7], (2.2.18)
u(z,0) = up(z) in Qo, (2.2.19)

where f and ug are given functions defined on @ and €2y respectively. If we suppose that
u and p are classical solutions to (2.2.16) — (2.2.19), we can see that by taking the scalar
product with a test function v € D,(£2p) in (2.2.16), after integrating by parts we get

(O, V)L2(g) + V(u’V)H(l)J(Qo) = (£,v)L2(0y), V'V € Do(Qo). (2.2.20)

By density, equation (2.2.20) can hold for all v € H(l]ya(Qo).

If X is a given Banach space, and a,b € R such that a < b, and p € [1, 00] we introduce
the following space

b
LP(a,b; X) :={f : [a,b] - Xmesurable, / 1 F@)|% dt < oo if p € [1,00),

or sup [|f(t)||x < oo if p=o0} (2.2.21)
tela,b]
endow with the norm
b 1
(/ LF@)I% dt)” if p € [1,00) (2.2.22)
HfHLP(a,b;X) = @ .
sup || f(t)]x if p = cc. (2.2.23)
t€la,b]
For p € (1,00), if p* is the conjugate of p, i.e., % + pi =1 and X’ the topological dual of
X, then we can define the dual space of LP(a,b; X) as
(LP(a,b; X)) := LP (a,b; X). (2.2.24)

Moreover, if f € LP (a,b; X') and g € LP(a,b; X), then by the Holder inequality, the map
t > (f(t),9(t))xxx is integrable because t + ||f(t)||x € L ((a,b)) and t — [|g(t)||x €
L?((a,b)). Therefore, we define the duality pairing between LP" (a,b; X') and LP(a, b; X) as

b
<f7g>LP*(a7b;X/)XLP(a,b;X) 3:/ (f(),9(1) xxx dt. (2.2.25)

Similarly if X := X x ... x X = XV is a vector Banach space, and p € [1, 0o, we define in
bold font the following vector Banach space

L?(a,b; X) := LP(a,b; X)V, (2.2.26)
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endow with the norm

N
Il @) = D Ifill oo (apsx)- (2.2.27)
=1

If the function f resp. f is periodic of period 4T as it will often be the case in this thesis,
and if a = —7T and b = 3T, we will use the notation L7 (X) instead of LP(—T,3T; X)) resp.
L.(X) instead of LP(—T,3T;X).

We will need the following lemma. This lemma is very useful in the analysis of the
time-dependent NS equations.

Lemma 2.2.10. Let X be a given (vector) Banach space, and X' its topological dual. Let
u and g be two functions in L (a,b; X). The following conditions are equivalent:

(i) ' =ga.e. i.e:

u(-,t) =¢ +/ g(-,s)ds, for&eX, a.e.t € la,b (2.2.28a)
0
(i) V¢ € D((a, b)),
b b
/ u(-, )¢ (£)dt = — / g(-, t)p(t)dt (¢>’ - %) (2.2.28b)
(iii) Vn € X/,
%Mn)xm = (g, mxxx’ in D'((a,b)). (2.2.28¢)

Furthermore, if one of the conditions (i) — (iii) is satisfied, then u in particular is a.e. equal
to a continuous function from [a,b] into X.

Proof: Temam [98, Lemma 1.1, pp 250] |

Note that according to Lemma 2.2.10, in the case X = L2(Qg), and by identifying L?(£)
with its topological dual, the following remark is highly used in the analysis of the time-
dependent NS equation.

Remark 2.2.11.
Ifu e Whi(a,b,L%(Qq)) then we have

d
(O, M)r20g) = 7 (W MLz, Y1 E L%(Q). (2.2.29)

By Lemma 2.2.10 and Remark 2.2.11, we have:

d
(O, V)L2(00) = &(u,v)Lz(QO), Vv e Dy(Q). (2.2.30)

This leads to the following weak variational formulation of the problem (2.2.16) — (2.2.19):
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For f € L*(0,T; (H ,(Q0))"), for ug € L2 (), find u € L*(0, T; Hj ,(€0)) such that:

d
a(U,V)]’_ﬁ(QO) + l/(u,V)H(l)YU(QO) = <f7V>(Hé,a(90))/XH(1)’U(QO) V vV € H(l),U(QO)7 (2231&)

u(-,0) = up. (2.2.31b)

We need to give a meaning of equation (2.2.31b). If we write equation (2.2.31a) as

%(u, v) = (f —vAu,v), Vv € Hj ,(Q) (2.2.32)

where (-, -) is the duality between H(l],o(Qo)’ and H(l)’g () and A is a linear and continuous
map from Hg ,(Q) to H{ ,(Qo)" defined by
(Au,v) = (0, V) (0, VUE Hj ,(Q0), Vv € Hy ,(Q0), (2.2.33)
then according to Lemma 2.2.10,
v =f—vAue L*0,T;Hj,(Q)"), and u € C°([0, T]; Hy ,(Q0)"). (2.2.34)

We can also use the fact that (Hj ,(€0), L2 (Q0), Hj ,(0)") is a Gelfand triple (see Definition
2.1.14) and use Proposition 2.1.15 to conclude that u € C°([0, T|, L2(€p)) after modification

on a set of zero measure. This result gives a sense to equation (2.2.31b). An alternative
formulation of the weak problem (2.2.31a) — (2.2.31b) reads:

For f € L2(0,T; H%)’U(Qg)’), for up € L2(£), find u € L%(0, T; H(l)J(Qo)) such that:

u' € L*(0, 75 Hy ,(Q0)') (2.2.35a)
u +vAu=fon (0,7) (2.2.35b)
u(-,0) = up. (2.2.35¢)

Using Lemma 2.2.10, we can see that the two variational formulations are equivalent.
Theorem 2.2.12 (Existence and Uniqueness).

For f ¢ L2(0,T; H(l)J(QO)’), for ug € L2(Q), there exists a unique u satisfying (2.2.35a) —
(2.2.35¢). Moreover, u € C°([0,T); LZ(Q0)) .

Proof:  Temam [93, Theorem 1.1, 254]. |

Now we consider the time-dependent and nonlinear case, known as the full NS equations.
Here we are going to present results on the existence and uniqueness of a weak solution in
dimension N < 4 for the homogeneous boundary condition and when an initial condition
is given. The trilinear form b can therefore be defined on Hf ,(Q0) x H{ ,(Q0) x Hj ,(Q0)
and it is continuous. According to equation (2.2.13a) of Lemma 2.2.7, we have:

b(u,v,v) =0, Vue H(l)yo.(Qg), Vv eH (D). (2.2.36)
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For u, v € Hj ,(Q0), we denote by B(u, v) the element of Hj ,(Q0)" defined by:
(B(u,v),w) =b(u,v,w), Vw € H(l),U(QO) (2.2.37)

and we defined B(u) := B(u,u) € H67U(QO)’ . The classical formulation of the full Navier-
Stokes equation reads:

Find a vector function u: @ — RY and a scalar function p: Q — R such that:

du+ (u-Viju—rvAu+Vp=~£finQ, (2.2.38a)
V-u=0inQ, (2.2.38b)
u =0 on 09 x (0,7), (2.2.38¢)
u(z,0) = up in Qo, (2.2.38d)

where the function f and ug are given and defined in Q) and 2 respectively. If u and p are
classical solution, (let us say u € C*(Q) and p € C'(Q)) then u € L*(0,T;Hj ,(€0)) and
satisfy:

d
a(u,v)lﬂ(go) + V(u,v)H%LU(QO) +b(u,u,v) = (f,v)r2(qy), V'V € Ds(Qo). (2.2.39)

Again by density, equation (2.2.39) holds for all v in H%)’U(Qo) and the weak formulation
reads:

For f € L*(0,T; Hg ,(Q)') and ug € L2 (), find u € L*(0,T; H{ ,(Q)) such that:

a(u, V)Lz () T v (1, V)H(I)J(QO) +b(u,u,v)
= (£,v) @y o)y xH} (20) TV E H; ,(Q) (2.2.40a)
u(0) = up. (2.2.40b)
We have the following lemma
Lemma 2.2.13.
We suppose that N < 4. If u € L2(0,T; H&U(Qo)), then the function Bu defined by:
(Bu(t),v) :=b(u(t),u(t),v), Vv e Hé’U(QO) a.e.t € [0,T] (2.2.41)
belongs to L'(0,T; Hy ,(Q)').
Proof:  Temam [98, Lemma 3.1, pp 281]. |

As in the linear case, we give an equivalent variational formulation of the problem (2.2.38a)—
(2.2.38d).

For f € L*(0,T; Hg ,(Q)') and ug € L2 (), find u € L*(0,T; H{ ,(Q)) such that:

u € LY0,T; Hy(Q)'), (2.2.42a)
u' +vAu+Bu=f on [0,7], (2.2.42b)
u(0) = up. (2.2.42c)

The existence of a weak solution is ensured by the following theorem.
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Theorem 2.2.14 (Existence of the full Navier-Stokes equation).

We suppose that N < 4. If f € L?*(0,T; H(l)ﬁ(Q(])l) and ug € L2(Qp), then there exists at
least one function u € L?(0,T; H[I)J(Qo)) which satisfies (2.2.42a) — (2.2.42c). Moreover,
u € 0%0,T;L2(Q0)) and satisfies the following strong energy inequality

a0l co ey < C@) |ullzz 100y + HuIHLQT(H}](QO)’)}a (2.2.43)

Proof:  Temam [98, Theorem 3.1, pp 282] 1

We have the following results on the uniqueness and regularities in dimension two and three.
The set € is still open bounded and Lipschitz. Proofs are founds in [958, 85].

Theorem 2.2.15 (Uniqueness in dimension N = 2).

If N = 2, then the solution u of the problem (2.2.42a) — (2.2.42c) given by the existence
Theorem 2.2.14 is unique. Moreover, u is almost everywhere equal to a continuous function
in CO([0,T); L2()) and

u(t) — ug in L2(Q), when t — 0. (2.2.44)

Proof:  Temam [98, Theorem 3.2, pp 294] 1

This result gives uniqueness of Navier-Stokes in cases N = 3.
Theorem 2.2.16 (Uniqueness in dimension N > 2).

If N > 2, then there exists at most one solution u of (2.2.42a) — (2.2.42c) given by the
existence theorem, Theorem 2.2.14 satisfying:

u € L*(0, 75 Hy ,(20)) N C°(0, T3 L2 (20)), (2.2.45)
ue L°(0,T; L7 ()), (2.2.46)
with % + % < 1 when Qg is bounded and with % + % =1 when Qo is unbounded.

Proof: Temam [98, Theorem 3.4, pp 297 for N = 3, s = 8, r = 4; Remark 3.6, pp 298
for N > 2] 1

We also have the following results which give uniqueness and regularity.
Theorem 2.2.17 (Uniqueness and regularity in dimension N = 2).

We suppose N = 2. If £ and £’ belong to L*(0,T; Hg ,(Q)), £(0,-) € LZ(0) and uy €
H?(Q0) NHy ,(Q), then the unique solution u of the problem (2.2.42a) — (2.2.42c) given by
Theorem 2.2.15 satisfies

u' € L*(0, 75 Hy ,(Q0)) N L0, T; L3(Q)). (2.2.47)
Moreover, if 0Qq is C? and £ € L>(0,T;L2(Q)), then the function u satisfies
ue L®0,T; H3(Q)). (2.2.48)
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Proof: Temam [98, Theorem 3.5, pp 299 and Theorem 3.6, pp 301] |

Theorem 2.2.18 (Uniqueness and regularity in dimension N = 3).

We suppose N = 3. If £ and ug satisfy
uy € H*(Q0) N H{ (), (2.2.49)
f e L0, T;L3(Q)), f € L*(0,T;L2(Q)). (2.2.50)

If the following condition which is satisfied when the kinematic viscosity coefficient v is large
enough or when f and ug are small enough holds, namely

d2 2 2 Td2 % T / V3
2 4 1+ &) (JluollEay + 2 ) " exp ( RLACIIES dt) < 5, (2.2.51)

v
where the positive constants di and ds are given by

di = [[£(0) L2 (qy) + veollvollaz(a,) + 01||uoH%{2(QO), (2.2.52)
d2 = Hf”%‘x’(O,T;Hé’U(QO)/)’ (2253)

and where cy, ¢1 and ¢ are positive constants such that

1 3
e ) < eollullfaqgy 1l o) ¥ 1 € (). (2.254)
’b(uv u,v)| < ClHuH%‘l(Qo)||V||H(1)70(Qo)7 Vu, ve H(l),U(QO)a (2255)
b, v, )| < el IVl oWl o ¥ v, w e HY (@), (2:2.56)

then there exists a unique solution of the problem (2.2.42a) — (2.2.42¢) given by Theorem
2.2.14 which satisfies

u' € L*(0, 75 Hy ,(Q0)) N L0, T; LZ(Q)). (2.2.57)
Moreover, if the boundary 0 is C™, then

uc L0, T; H*(Q)). (2.2.58)

Proof: Temam [98, Theorem 3.7, pp 303 and Theorem 3.8, pp 306] |



Chapter 3

Analysis of the fluids dynamics
system of artificial heart

In this chapter, we delve into the analysis of a fluid dynamics system characterized by a
time-periodic NS equation within a moving domain. Our primary focus is on establishing
the existence and uniqueness of a time-periodic strong solution through the application of
the implicit function theorem.

3.1 The problem and main result

Let t € R and €4 be a bounded and Lipschitz domain (a non-empty and simply connected
open set) in RY, where N = 2,3, depending on t. Its boundary is denoted as

0 =T, UT; UT, U M,. (3.1.1)

The domain €2; represents the moving blood chamber of the artificial heart. The boundaries
Iy, where o € {r, i, 0}, respectively represent the rigid boundary, and the inlet and outlet,
which are valves that can open or close to allow blood to enter or exit the heart chamber.
Finally, we have the boundary M;, representing the position of the moving membrane. Its
motion is responsible for the blood flow.

A periodic pressure generated by an external compressor activates the membrane M;,
causing it to move up and down periodically with a period of 47, where T' > 0. The
motion of the membrane, in turn, activates the blood flow inside the heart chamber. More
precisely, the artificial heart operates as follows: At time t = —T', the membrane is at its
upper position M_7, and its velocity is zero. The valve at T', closes, and the valve at T';
opens. During the time (=7, 7T), the membrane moves progressively downward, pulling the
blood in from the inlet, which fills the heart chamber. At a certain time, let us say ¢t = 0 for
instance, we assume the membrane to be flat, i.e., in the horizontal position (see assumption
(3.1.4) and (3.1.14)), and its velocity to have reached its minimum value (most negative
value). After reaching its minimum value, the velocity starts increasing, and the membrane

29
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continues to move downward until the time ¢ = T, when the membrane reaches its lower
position My with zero velocity, and the valve at I'; closes, while the valve at I', opens.
During the time (7,3T"), the membrane moves progressively upward, pushing the blood out
through I',. At a certain time again, let us say at time ¢t = 27", the membrane reaches its flat
position (see (3.1.14)) with its maximum velocity (most positive value). Next, the velocity
starts decreasing, and the membrane continues to move upward until the time ¢t = 37", when
the membrane reaches its upper position with M3y = M_7 and with zero velocity, and the
periodic cycle continues.

Let us denote by By_1({y) the open ball in RN=1, centered at the origin with radius £
and for o € {i, 0}, we denote by By_1(Ca,7s) the open ball in R¥~! centered at C,, with
radius r,. We denote by h, the high at which I'y is formed. Throughout this work we
make the following assumptions:

1) Pi = BN—l(Ci;ri) X {hz}, FO = BN_l(CO,TO) X {ho}, M() = BN_l(eo) X {0}, (3.1.2)
2) I, near T';, resp. T',, forms a right angle with base I';, resp. T,
3) M; = {(a:’,z(x’,t)), x = (:Cl, .. .,.%'N_l) S BN_l(eo), t e R}, with

z BN_l(eo) XR =R, My= Mo := {(I‘I,O), e BN—1<€0)}7 (3.1.4)
4)MyUT,, is CY1, and (3.1.5)
5)We denote by Qg the domain that I'; UT, UT, U M encloses. (3.1.6)

More precisely, we have the following picture:

H
S]

R,

1

(a) First half period [-T,T) (b) Second half period [T, 3T)

Figure 3.1: A schematic view of an artificial heart: €2; is the moving domain
occupied by the blood, [ is the inlet valve, O the outlet valve, |, the rigid boundary,
the membrane moving up and down.

Note that there is no discontinuities in the fluid domain. We assume that the membrane
M; moves across the boundary My. With these notations introduced, we can now proceed
to introduce the mathematical model of the fluid, which is the blood here. All through this
thesis, we assume the blood to be an incompressible Newtonian fluid with constant viscosity
coefficient and constant density (see Ahmed et al. [2], Tavoularis et al. [97], Casanova [11]).
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For all z € RV, we will use the notation 2’ = (1, ...,xx_1) such that z = (2/, 2x). Let
z = z(2',t), where 2/ € By_1(fy) and t € R, be the function defining the motion of the
membrane M;. Let u = u(z,t) and p = p(z,t) represent the blood velocity and pressure,
respectively, where z = (x1,...,zy) € € C RY. Then, u and p satisfy:

popu+ p(u-Viu—pAu+Vp=pg inQ x{t}, teR, (3.1.7a)
V-ou=0inQ x {t}, teR, (3.1.7b)
u(z,—T)=u(z,3T), =€ Q_p, (3.1.7¢)
u(z,t) =0, (x,t) el xR, (3.1.7d)
u(z,t) = ki(tH)u(z), (x,t) el xR, (3.1.7e)
u(z,t) = ko(t)ue(z), (z,t) €Ty xR, (3.1.7f)
u(z,t) = (0,...,0,0;2(z',t), (z,t) € My x R. (3.1.7g)

Here p is the blood density, u the blood viscosity and ¢ is the gravity vector and we can
suppose that § = (0,...,0,gx). The functions u; and u, are given “parabolic velocity
profiles” on I'; and I',. Namely we have

_ d2 (x7 8Qt\rz)

u;(z) = fri (2, 9U\T) PRI ely, (3.1.8)
_ d2 (l‘, aQt\FO)

u,(z) = fro (2, 00\, I el,, (3.1.9)

where v;, resp. v,, is the unit exterior normal vecor on I';, resp. I',. The function k; resp.
ko is equal to zero in [T,3T) 4+ ATZ resp. [—T,T) + ATZ. Moreover, k; and k, are chosen
so that the divergence free condition (3.1.7b) is satisfied, and for a given set A C RY, and
x € RV, d(x, A) represents the distance from z to A. Integrating (3.1.7b) in Q; gives

k’i(t)]l[_TJ“) (t) + ko(t)ﬂ[TﬁT) (t) + / (O, veey O, 8152) c Vg do = 0, Vte [—T, ST], (3110)
M,

where for a given subset A C R, the notation 1 4 represents the characteristic function of
A and v; is the normal exterior unit vector on M; defined as

vy = (Vyz, —1)(1+ |Vaz(a!, t)[2) "1/

Therefore,

ki(t) = ]lE‘F_TT) (t)/ Opz(2 t) o,
' Bn_1(to)

ko(t) = ]l[TT73T) (t)/ Opz(2',t) do,
Bn-1(t)
where ]lE‘F_T T Tesp. ]l[TT a7) Tepresents the characteristics function of the set [T, T) + 4TZ

resp. [T,3T) + 4T7Z. We can introduce the following vector function which represents the
boundary data.

g(x,t) = (u;(2)ki(t) + uo(x)ko(t))Ir,ur, (z) + (0,..., 0, Oz (2, £)) 1y, ()
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= (Uz’(if)]l[T—T,T) (t)
08 L (1)) T, (2) / Ou(a’, £)da’
Bn_1(fo)

+(0,...,0,0pz(2, )1 py, (), (3.1.11)

where the characteristic function of My, which depends on z is defined as

Lif z € {(2/,2(2',t)), 2’ € Bn_1({0)},
]lMt (1’) =
0 else. (3.1.12)
Therefore, the equations (3.1.7a) — (3.1.7g) can be written as

poru+ p(u-V)u—pAu+Vp=pg, inQ x{t}, teR, (3.1.13a)
V-u=0inQ x {t}, teR, (3.1.13b)
u(z,-T)=u(z,3T), ze€Q_r, (3.1.13c)
u(z,t) =g(z,t), (z,t) €0 xR (3.1.13d)

In the following, we will assume that the periodic motion of the membrane z is known. We
will prove the existence of a unique solution (u,p) to (3.1.13a) — (3.1.13d) for ||z||z, < 1.

We start by introducing the following specific Banach spaces. We recall that the under-
script “I"” on a given Banach space will always denote the 47" time-periodicity.

12*

Zr = L (Wog " (By-1(60))) 0 HE(Hgh (Br—1(60))) N H3(LA(B-1(ko)))

N {atz <0 in (-T,T), &z>0 in (T,3T), =2(-0)=z(-,2T) =0,
= 2(- —2( o =10 1.
Bi2( (2k + D)) =0, VkeZ, /BNMO)( (,37) — 2(-,T)) d ; } (3.1.14)
Zy = LF (WY () N HE(H(Q0)) N HE (L*())
N{z /Vte (=T,3T), supp (z(-,t)) N0y C My}

N{z / Oz(-,(2k + 1)T) =0, YV k € Z}, (3.1.15)

Uy := LA(H?()) N HR(L (), (3.1.16)
Vo= L3 (H? () N Hg()) N Hp (L2 (), (3.1.17)
Pr = L3(H' () N L§($0)), (3.1.18)
W = L7.(H?(0) N Hg(€0)) N Hp (L (Q)), (3.1.19)
Wh .= LZ(H?(Q0)) N HX(L?(Q)), (3.1.20)
Qr = L3(H' () N L§(Q)), (3.1.21)
Ry = L2 (L3(Q)), (3.1.22)
R, := Qr N Hy(H' ()", (3.1.23)
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27#,@* _ 1 5=
where the spaces W, > (Bn—1({p)) resp. H(%Q(BN_l(EO)) are functions in W2 22 (Bn-1(4p))

resp. H3/?(Byn_1(fo)) which have zero extension in W2se? (RN=1) resp. H32(RN-1) and

2=2+¢ 2=6—¢
N=2: A ’ N=3: - ’ i .1.24
{2*_2+‘€‘, €>0, 5 {2*:3+466, €€ (0,3] (8.1.24)

Note that the assumptions placed on the description of the space Zp essentially serve to
describe the motion of the membrane, i.e., moving downward during the first half period
(=T,T) and upward during the second half period, taking the horizontal position at the
times ¢ = 0 and 27" and having zero velocity at the upper and lower position. The regularity
we assumed on z, i.e., z € Zp, is sufficient to construct its extension on the space Zr.
Therefore, the local perturbation will be of class Z7, and since our reference domain {2 is
essentially C'1!, except near the inlet and outlet, we will have a Z7 moving domain €; which
is weaker than the C3 assumption presented in the literature ([14, 31, 44, 75]). Because
of the L%O(WQ_QL*’T(BNA(EO))) regularity of z, that extension defines a L%O(WQ’Q*(QO))—
diffeomorphism. The space Ur x Pr is where we prove the existence result of a strong
solution to our original time-periodic NS problem. However, the analysis of the original
NS problem involves a series of transformations. So, we begin by transforming the original
non-homogeneous NS problem onto a homogeneous NS problem where the solution is sought
in Vr x Ppr. We then use the diffeomorphism we built to set the homogeneous NS problem
on a fixed domain, and the space W x Q7 is where we find the solution using the implicit
function theorem. The extension of the boundary data on the fixed domain will then be in
the space W% The range of the map on which we apply the implicit function theorem is
Rw x Ry.

Remark 3.1.1 (Motivation for the choice of 2 and 2*).

We have chosen 2 and 2* such that they satisfy the following properties:

e 1> 2% so that the Sobolev’s embedding WL < € holds.

e The Sobolev’s embeddings H(Qp) — LQ(QO) and HY(Qp) — LQ*(QO) hold for N =
2, 3.

o The number 2, 2* satisfy % + 2% = %, such that we can apply the generalized Holder’s

inequality. Precisely, if [ € LQ(QO) and g € LQ*(QO) then the product fg € L*(Qp)
with the estimation || fg|12(qq) < ”fHLQ(QO)HgHLQ*(QO).

Indeed, for N = 2, since 1 = %, we have the Sobolev’s embedding H'(Qq) < LI(Qq) for all
q > 2 and for N =3, since 1 < & we have the Sobolev’s embedding H' (o) — LI(Q) for
all g € [2,6]. We can take 2 = 6 — € and denote by 2* the number such that 2% + % = %,
i.e 2* = 3+ ;5. Note that for e € (0,3], we have 2, 2* € (3,6] which implies H(Qp) —

L2 (Q) and HY(Q) — L2(Q).

We will assume knowledge of the solution to the membrane dynamic equation z in the
Banach space Zp, defined in (3.1.14) and we will prove the existence and the uniqueness of
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a time-periodic solution (u,p) to the problem (3.1.13b) — (3.1.13d) in the space Up x Pr,
defined in (3.1.16) and (3.1.18). The main result of this chapter reads.

Theorem 3.1.2 (Main result).

Assume the hypotheses (3.1.2)-(3.1.6) hold. For ||z|z, < 1, we consider its extension by
zero in RN=1 still denoted z, we set 0% = {(2',zn + 2(2',t)), (z',2Nn) € ON}. Then O
encloses an open set y, which is 4T periodic and there exists a unique time-periodic strong
solution (u,p) € Ur x Pr of the Navier-Stokes problem (3.1.13a) — (3.1.13d). Furthermore,
u e CLHYQ)).

The technique we will use is the implicit function theorem. More precisely, we will
transform the NS equations (3.1.13a)-(3.1.13d) in a fixed domain. Next, we prove that
the differential of the new NS equations on a fixed domain depends on a time-periodic
Stokes problem which defines an isomorphism. This allows to conclude with existence of
the solution by using the implicit function theorem.

There are a number of works in the literature dealing with the time-periodic NS equa-
tions in a moving domain. Hiroko [11] initiated the existence theory for time-periodic
incompressible NS equations in a periodic moving domain. He proved the existence of so-
lution in dimension N = 2,3, with the assumptions that the moving domain is C3. It was
followed by Miyakawa and Teramoto [75], who proved the existence of a global weak solution
in a domain whose boundary moves smoothly. He used a C* diffeomorphism to set the
problem on a fixed domain. Next, he proved the existence of a weak solution of the newly
defined problem by a Faedo-Galerkin approach. Salvi [$6] proved the existence of a periodic
weak solution to NS equations on a moving domain using the elliptic regularization in a
case of a C® moving boundary. Farwig et al. [31] prove an existence and uniqueness result
in the case of C® moving domains and dimension N > 2. In the case when the analysis is
related directly to an application, Casanova [11] proved the existence of a solution to the
time-dependent NS equation coupled with a forth order equation of a beam, in a moving
domain which turns out to have regularity H* and in dimension N = 2.

In our case, with the assumptions (3.1.2) — (3.1.6) on the reference domain €y, we have
a Zp regularity on the moving domain €2; which is weaker than the result available in the
literature. We prove a result of existence and uniqueness of a time-periodic strong solution
in the moving domain 2;.

The outline of this chapter is as follows. We begin by presenting auxiliary results that
are useful for proving the (Fréchet) C' regularity of a map we will define later and which we
will use for the implicit function theorem. Next, we set the problem within a fixed domain.
Following this, we establish the existence of the transformation and boundary data in the
appropriate Banach spaces. Finally, we apply the implicit function theorem to the newly
defined problem on a fixed domain, proving both existence and uniqueness.
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3.2 Some auxiliary results

In this section we present a few classical functional analysis results that we will use.
Mainly, the following propositions show results about the C! regularity of a product. It
will be very useful when showing the C! regularity of the map F (see (3.3.25)). Though the
results seems classic, we did not find any explicit reference. This is why we prove it here.

Proposition 3.2.1. Let f : Z x W — Ry be a function such that f(z,w) = a(z)b(w), with
a:7Z = Ry andb: W — Ry, two C' functions, where Z, W, Ra, Ry, Ry are Banach
spaces. We assume that there exists C > 0 such that for all (a,b) € R, X Ry we have

ab € Ry and ||abll, < Cllallr, |3]z,- (3.2.1)

Then f € CY(Z x W; Ry).
Proof: For z,h,a € Z and w, k, B € W, we set

Aa(z,h) :==a(z+ h) —a(z), Ab(w, k) = b(w + k) — b(w),
da(z,h) :=a(z + h) —a(z) — d'(z; h), Sb(w, k) := b(w + k) — b(w) — V' (w; k),
Ad' (z,h;a) :==d'(z + h;a) — d'(z; ), AV (w, k; B) := b (w + k; B) — b (w; B),

where a(z; h) resp. b'(w; k) represents the Fréchet derivative of a resp. b in the direction h
resp. k. We also set

(Af(z,w,h, k) = f(z+ h,w+ k) — f(z,w)
= Aa(z, h)b(w + k) 4+ a(z)Ab(w, k),
D, ) f(z,w; b k) := d'(z; h)b(w) + a(2)b' (w; k)
of(z,w; h, k) == Af(z,w, h, k) — D, ) f(2, w5 b, k)
= da(z, h)b(w + k) + a(2)db(w, k) + a'(z; h) Ab(w, k) (3.2.4)
AD(wy f(z,w, b, k50, B) i= Doy f(2 + hyw + ks, ) — D,y f (2, w5 0, B)
= Ad'(z,h; a)b(w + k) + d(z; @) Ab(w, k)
L +Aa(z, RV (w + k; B) + a(2) A (w, k; B). (3.2.5)

!.\3
w N
= =

Claim: f € C%(Z x W; Ry).
Indeed, from (3.2.1) and (3.2.2) we have
[1Af(z,w, h, k)l gy < [[Aa(z, h)b(w + k)|, + [la(2) Ab(w, k) || &

< Cl|Aa(z, h)||r,[[b(w + K|, + Cll|a(2) ]| r, [|Ab(w, k)| g,
— 0 as ||h||z — 0 and ||k||w — O, (3.2.6)

because the maps z — a(z) and w +— b(w) are continue.

Claim: f is (Fréchet) differentiable at (z,w) at its Fréchet derivative reads

Dy f(z,w) (b k) € Z X W = D, f(z,w; h, k) € Ry. (3.2.7)
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Indeed, using (3.2.1) and (3.2.4) we get
165 (2, w; b k), < 6a(z, W)b(w + B) |, + la(=)6b(w, K)l|m, + la' (2 ) Ab(w, )|,
< C(J18a(z, 1) [, 16w + B) |, + lla(2) |z, 80w, B)l| s,
+ Nl (25 1), | 80w, 1) 1, )

< o([[hllz) + o(l[k[lw)
< o([[(h, B) | zxw), (3.2.8)

because the maps z +— a(z) and z +— b(z) are differentiable. Here for « € {h,k, (h,k)} and
X e{Z,W,Z x W}, o(||x||x) is a real function satisfying % — 0 as [|z]|x — 0.

[l x
Claim: The map D, ) f : (z,w) € Z X W = D, ) f(2,w) € B(Z x W; Ry) is continuous.
Indeed, using again (3.2.1) and (3.2.5) and the C! regularity of a and b, we get
IAD ;) f (2w, by ks o, B) | vy < (A (2, hs c)b(w + k)[R, + [la’ (23 @) Ab(w, k)| v,
+ [ Aalz, WV (w + k; B) || g, + lla(2) AV (w, k; B)|r,
< C(HAa'(Z’ h; )| g, Ib(w + k)| g, + lld'(2; &)l R, | Ab(w, k) r,
+ | Aalz, )[R, IV (0 + &3 B) || R, + lla(2)]| R, | AY (w, k; B)HRb)
< C(llad (2,5 )R, [b(w + B,
+op(Dllellz + on(WIBllw + lla(z) ||z, | AV (w, k; /B)HRb)
(3.2.9)

Taking the sup over {(«o,8) € Z x W, |[(e, B)||zxw < 1}, by the continuity of the maps

z€Zw—d(z) € B(Z,R,) and w € W+ b(w;-) € B(W, Ry,) we get

JAD . uy f (200, R K Y zwim < C(on(D)b(w + B)ll, + 04(1) + 0n(1) + 0g(1)la(2) )
= op(1) + o (1). (3.2.10)

where for x € {h,k} and X € {Z, W} we have 0,(1) = 0 as ||z]|x — 0. 1

The following proposition is a generalization of Proposition 3.2.1.

Proposition 3.2.2. Let p > 2 an integer and Z, R, and R:, i € {1,...,p} a collection of
Banach spaces. Leta: Z — R, a function such that a(z) =[5, ai(2) with a; € CYZ;RY).
We assume that there exists a constant C' > 0 such that for all a; € R}, we have

p p
H&i € R, and H Hdi
i=1 i=1

p
i C I laillg; - (3.2.11)
“ i=1

Then a € CY(Z; R,).



3. ANALYSIS OF THE FLUIDS DYNAMICS SYSTEM OF ARTIFICIAL HEART 37

Proof: Let z,h,a € Z. We set

=> di(zh) [ a2, (3.2.12)
i=1 j=1,j#i
Aa(z,h):=a(z+h) —a(z) = Hai(z +h)— Hai(z)
i=1 i=1
P i—1 p
=Y aatzm [Taiz) I aitz+h), (3.2.13)
i=1 j=1 j=i+1

da(z,h) = Aa(z h) —ad'(z;h)

_ZH% (Aalzh Ha]z—i—h)—a (z;h) Haz )

= 1] 1 Jj=i+1 Jj=i+1
p

—ZHCL] (5azh Hajz-i-h + a; zh(Ha]Z-i-h Hai(z)>)

=1 j=1 Jj=i+1 Jj=t+1 j=i+1

p i—1

ZH% (5azh Ha]z—i-h)

=1 j=1 J=i+1

D Jj—1 D
+ aj(z; h) Z Aaj(z, h) H a;j(z) H aj(z+h)), (3.2.14)
j=i+1 k=i+1 k=j+1
Ad (z,h;a) :==d (z + h;a) — d'(z; )

p p p p
=Y diz+hia) [T ajz+h) = di(za) J] ai(»)

i=1 j=1,j#i i=1 J=1,j#i

p P p p
=Y (adznma) I a+m+daEa( [ ae+n- I «@))

i—1 =L =g =Ly

p p
= Z (Aa;(z, h; a) H aj(z+h)

i=1 J=1,j#i

J—1 P
+ aj(z; @) Z Aaj(z, h) H a;(z) H aj(z—i—h)). (3.2.15)
j=1,j#1 j=1k#1 k=j+1,k#i

Claim: a € C%(Z; R,,).

Indeed, from the continuity of the maps z — a;, i € {1,...,p} and (3.2.11) and (3.2.13), we
have

i—1 p
1Aa(z, h)[|R, < CZ 18ai(z W) gy [T a2 gg TT Naiz+h)lgg — 0as ||z = 0.
=1 j=1 J=i+1

(3.2.16)
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Claim: The map z — a(z) is Fréchet differentiable and its derivative reads
z€Zw—d(z) € B(Z,R,). (3.2.17)

Indeed, from (3.2.11) and (3.2.14) and using the fact that for i € {1,...,p}. a; € CY(Z; RY)
we get

p i—1 p
8aCz,m) I, < €3 TT llas ()l (oRlz) TT NlasCz + Bl
i=1 j=1 j=i+1
p -1 p
Uz Y on() TT las@lgy T lasz +m)llgy) < ollibllz). (3.2.18)
j=i+1 k=i+1 k=j+1

Claim: The map z € Z — d/(z;-) € B(Z, R,) is continuous.

Indeed, from (3.2.11) and (3.2.15) and using the fact that for all i € {1, ..., p}, z > a}(2) is
continue, we have

p p
|80 (2, b o), < C Y (I1Adi(z,hs @)l T llas(z + 0l
i=1 j=1,j#i
P Jj—1 P
tlallz > on) TT Ny T lasCz+mllgy).
j=1,j7i j=1,ki k=j+1,k#i
Taking the sup over {a € Z, |laf|z <1}, we get
p p
180/ (2, b Yszma < €D (on(W) T llasCz + Bl
i=1 J=1j#
P -1 P
+ 3 o) [T sl TT lasz+ i)
J=14#i j=1,k#i k=j+1,k#£i

=op(1) — 0 as ||hl|z — 0.

3.3 Setting the problem in a fixed domain

To proceed with the solution of (3.1.13a) — (3.1.13d) in the moving space-time domain
O x {t}, where t € (—T,3T), we make a series of transformations so that the problem
becomes more approachable from a functional viewpoint. First, we perform the change
of variable v. = u — g, i.e., u = v 4+ g, such that v satisfies the homogeneous boundary
condition on M;. Then, we transform the problem into a fixed domain, where the final
existence result will be established.
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For this reason, we assume that g has an extension denoted by the same letter, g € Urp.
Since, according to (3.1.11), g depends on z, its extension will also depend on z in a way
that will become clearer later. With u = v + g, we transform (3.1.13a) — (3.1.13d) into the
following problem:

Find (v,p) € Vr x Pr solving

p(atv +(v-V)v+(g-V)v+ (v V)g) — AV + Vp
=f in Qx{t}, te(-T,37), (3.3.1a)
V.v=-V.g on Qx{t} te(-T,37), (3.3.1b)
v(,=T)=v(,3T), (3.3.1c)
(v=0, on 0Q x{t}, te(-T,37), (3.3.1d)
where the space Vp resp. Pr is defined in (3.1.17) resp. (3.1.18), and
f:=p(G—0g— (g V)g)+pAg. (3.3.2)

3.3.1 Transformation to a fixed domain

Before we transform (3.3.1a)-(3.3.1d) in a fixed domain, let us first present some prelim-
inary calculations that relates the derivatives of functions in a variable domain with those
in a fixed domain.

Assume T(t) = (T1(t),...,Tn(t)) : Qo + Q is a 4T periodic L?(WQ’Q*(QO))— diffeomor-
phism such that T(My) = M; and T(I',) = 'y, « € {i,0,7}. The existence of such a
diffeomorphism is proven later in Lemma 3.3.2. Let T~! = (Tl_l, ...,TJQI) : Q= Qo be
its inverse. For a given smooth scalar function v in ); we set ¢ = 1 o T, or equivalently
Y = o T~ We will write the formulas that connect the derivatives of ¢ and 1.

First, let us precise the notations for the gradient and the derivatives of scalar and vector
functions. If h is a scalar function and h = [h;] is a column vector function, then Vh is a
column vector and [Vh] is a matrix. For example, for N = 3 we have

o h O1h1  Ohi O3hy
Vh = [8jh]j = oh |, [Vh] = [8]/7/2]” = O1hy Oghg 0Oshs | . (333)
osh O1hs Oxha Oshs

Note that here we are considering the standard derivative which applies for functions
f: R® — R™ with m, n positive integers, in a Cartesian coordinate system. Whereas the
Fréchet derivative generalizes the standards derivative to functions defined on Banach spaces
as in Definition 2.1.1. Most of the time, we will write “Fréchet derivative” to differentiate
with the standard derivative or simply write “derivative” when there is no confusion.

Next, using the relations T~! o T(z) = z, for all z € Qy and T o T~(z) = z, for all
x € Q, we find that the gradient of T and T~! are related by

VT !oT- [VT] =1 (3.3.4)
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Indeed, if we set y = T(z), then T~! o T(z) =

T
N

0ij = Ou; i = 00, (T () = D 0y (T (9))0s, (T ()
k=

The equation (3.3.4) is equivalent to
VT oT=[VT] . (3.3.5)
For the functions ¢ and v, as ¥ o T = ¢ we get
HVT] - [VY] o T = [V, (3.3.6)
hence
[Vl o T =HVT|™! - [Vl (3.3.7)
Taking 0;¢ instead of 1 and (Y[VT]™! - [V¢)]); instead of {[VT]™! - [Vy], using again the
formula above (3.3.7) we have
'IVT]- [V o T = [V([VT]™" - [Ve])i, (3.3.8)
hence
[Vow]oT = VI~ - [V( VI [Vel)i] (3.9)
Taking the transpose of (3.3.9) for all i gives
[D*] o T =" [VOp)]oT
_ [V(t vt [w])} v (3.3.10)
Assuming furthermore that T = T(x,t), ¥ = ¢¥(x,t) and ¢(z,t) ;== 1p o T = (T (x,t),1),

we have
By = () o T+ 9, T - ([Ve)] o T), (3.3.11)

hence
(Op)) o T = dyp — O, T - ([VT]~L- [Vy)). (3.3.12)

If v = [v;], p and g are given smooth function in Q; x {t}, as in (3.3.1a) — (3.3.1d), then we
define w = [w;], h and ¢ with w := vo T, h:=go T and ¢ := po T. Moreover, the time
derivative of v is given by

(Ov) o T := [Oyv] o T
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= 0w — O, T-'[VT] ' - [Vw]. (3.3.13)

To compute the gradient of v in terms of the gradient of w we first use equation (3.3.7) at
each component. Precisely, for all j we have

[Vo;loT = '[VT] ! [Vuw,]. (3.3.14)
Taking the transpose in equation (3.3.14) we get
[Vv]oT = [Vw] - [VT]~ L. (3.3.15)

The terms with first order derivatives in space of v and p are given by

(v-V)g)oT = [Z(vj oT)(0; gi) o T}

= [Vh]- [VT] ™' - w, (3.3.16)

((g ’ V)V) oT = [Z(gj o T)(é)] 1}1‘) o T}
= [Vw] - [VT]™! -, (3.3.17)
(Vp)oT ="'[VT|™'- Vg, (3.3.18)
(V-v)oT = tr([Vv] o T) = tr([Vw] - [VT] 1), (3.3.19)

and the Laplacian of v is given by
(Av)o T = [tx([D?] o T)]
= (! [V VT [Va)| - (VT
= tr(* [V(t vt [VW])} v Y. (3.3.20)

Now, assume that (v,p) € Vp x Pr solves the problem (3.3.1a) — (3.3.1d), and assume
that g is the boundary condition of the problem (3.1.13a) — (3.1.13d) given by the equation
(3.1.11), then we define the function h in Qy x R by

h(z,t) := (u;(2)ki(t) + uo(x)ko(t))1r,ur, (z) + (0,..., 0, 0z (2, £)) L ag, (), (3.3.21)

where the characteristic function of My is defined by

1if z € {(2/,0), 2’ € Bn_1(fo)},

Lps,(x) := {

0 else. (3.3.22)
Define w = [w;] and ¢ with w := vo T, g:=po T. Then (w,q) is solution the problem
Find (w,q) € Wp x Qr, solving

p(Oyw — 0T -{[VT] ™ - [Vw])

+p([VB] - [VT] " w + [Vw] - [VT] b+ [Vw] - [VT] - w)

—ptx(* |V (V)™ [Vw)] - (V)

+ VT Vg
—e=0, in Qox(-T,37), (3.3.23a)
tr([Vw] - [VT] ') + tx([Vh] - [VT] ™) = 0, in Q x (=T, 37), (3.3.23b)
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where the space W resp. Qr is defined in (3.1.19) resp. (3.1.21) and

e=p(7—dh+ 0T - VT [Vh] — [Vh]- [VT] "' - h)
+ ptr (! [V(t v ! [vh)] - [vI]Y, (3.3.24)
and T = I+ z, where z is an element of the space Zp given by (3.1.15) and is the extension
of (0,...,0, z) given by Lemma 3.3.5.

We will find (w, ¢) solution to the problem (3.3.23a)—(3.3.23b) using the implicit function
theorem associated to the map

F:ZTXWTXQT—>RW><Rq,
(z,w,q) — (F1(z,w,q), Fa(z,w)), (3.3.25)

where
Fi(z,w,q) := p(Oyw — &, T -'[VT] "' - [Vw])
+p([Vh)- (VT w o+ (V] - [V b+ [Vw] - [9T] 7 w)

_ ,utr(t [v(t [VT]*l Lt [VW]) . [VT]fl)
—1

+1[VvT] ! Vyq
—e, (3.3.26)
Fy(z,w) := (tr([Vw] - [VT]™Y) + tr([Vh] - [VT] 1) |VT. (3.3.27)

We recall the spaces Ry = L%(L?(Q0)) and R, = QrNH-(H'(Q)’) (see (3.1.22), (3.1.23)).

To set the implicit function theorem, we will firstly show that the function F given
by (3.3.25) is well-defined. Secondly, we will show that F is Fréchet C! near a point
((20,w0),q0), defined later and which is such that F((zo, wo),q0) = (0,0). Finally, we will
show the differential of F with respect to (z,w) at ((20, Wo), o) called D, w)F((20, Wo), 20),
is an isomorphism.

Since the analysis is made in the fixed space (W, @), we need the following Proposi-
tion 3.3.1 which shows the link between the variable space (Vr, Pr) and the fixed space
(W, Qr). Precisely, they are equal up to a diffeomorphism.

Proposition 3.3.1 (Link between the spaces (Vr, Pr) and (Wr, Qr)).

Let z € Zp. Assume T =1+ 2z is a L%O(WQ’Q* (Q0))—diffeomorphism from By to itself,
where By C RY is a ball large enough to contain Qg. Then

Wpr=VyroT, (3.3.28)

Qr=ProT, (3.3.29)
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“o” here stands for the the composition. For example,

where the sign
VroT:= {V oT, ve VT}, (3.3.30)

where for all v € Vi, the composition v o T is defined as

voT(z,t):=v(T(x,t),t), V(x,t)€ Qo xR. (3.3.31)
Proof: Claim:

L3(L*(Q)) = L7(L* (%)) o T, (3.3.32)

L3(H'(Q)) = L7(H' () o T, (3.3.33)

L7 (Hp(0)) = L7 (Hg () o T, (3.3.34)

L3 (H?(Qp)) = LF(H?*(Q)) o T, (3.3.35)

L7 (H?(€0) N Hy()) = L7((H?(2) N Hg())) o T, (3.3.36)

LA(HY(Q)) = LA(H*(Q)) o T. (3.3.37)

We will only prove (3.3.32), (3.3.33), (3.3.34), (3.3.35) and (3.3.36) for vector functions be-
cause (3.3.37) can be carried out with the same calculations as in (3.3.33) for scalar func-
tions. Since T is an Li’?(WZQ* (©0))— diffeomorphism for ||z||z, < 1, then due to the
injection W22 (Q)) < WL(Q), we have T, T~! € L(W2()).

Let w € L2(L?(€)), then v := wo T~! € LZ(L?(Q)). Indeed, we set + = T(y,-) and
we introduce the notation |VT| := det([VT]) (the determinant of the Jacobian matrix) to
have

3T 3T
/ |v(z,t)|? do dt = / / lwo T Yz, )| dz dt
-T JQ, -T T(QQ)

3T
- / w(y, t) |V dy di
-T JQo

3T
< Tlzowemon [ [ WEOP aydi<oe. (3339
~-7 JQo
This show that v € LZ(L?*(Q)) and therefore w = vo T € L2(L%*(Q)) o T and we have
LA(L%(Q)) € L3H(L%()) o T. (3.3.39)

Let w € LZ(H!(Qp)), then as before we have v := wo T~ € L2(H'(€)). Indeed, using
(3.3.15) and we have

3T 3T
/ Vv|? dz dt:/ / [[Vv] o T*|VT| dy dt
=T JQ -T JQo

3T
= / [[Vw] - [VT]H?|VT| dy dt
—T JQo
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3T
< ||T||fz%c(w1,oo(90)) /T /Q IVw|? dy dt < 4o0. (3.3.40)
- 0

From (3.3.38) and (3.3.40), we have w = vo T € L2(H'(Q;)) o T and we have
L3(H'(Q)) € LA (H () o T. (3.3.41)

Moreover, if w|gg, = 0 then v|po, = 0. Indeed, Let us suppose that w|pn, = 0 and let

x € 0. Since T(0Q,t) = 0, there exists y € 0 such that z = T(y,t). So, since
W|aq, = 0, we have

v(z,t) =wo T (z,t) = w(y,t) = 0. (3.3.42)

This show that if w € H}() then w = vo T € H}(€%) o T, which implies that H} () C
H}(Q) o T. Therefore, we have

L3(H)(0)) C L3(H}(Q)) o T. (3.3.43)

Now, let w € LZ(H?(Q)), then v := wo T~! € L2(H?(2;)). Indeed, using (3.3.10) we
have

3T 3T
/ |D*v|? dz dt = / / I[D?v] o T? |[VT| dy dt
Qt =T QO

-T
3T
B [T /Q()
3 o 2m 2 2 21 2|2
SC”T”L;O(WLM(Q()))/T/Q |D*T[Vw|” + [VT|*| D w|” dy dt
- 0

3T

t[v( VTt t[vW])} : [VT]_1‘2 IV'T| dy dt

2 2 2
(ID* T2 g IV W25 0+

3
< CHT”L%O(WLOO(QO)) / L2* L2(Q

-T
IV e ) 1D 32 ) e

4 2
< CHT”L%O(WZQ* (Qo))HWHL%(HQ(QO)) < 400. (3344)

The estimations (3.3.38), (3.3.40), (3.3.44) show that if w € L2 (H?(Qp)) then w :=voT €
LZ(H?(Q4)) o T. Therefore,

LA(H?(Q)) € L2(H*(Qy)) o T. (3.3.45)

Hence
L (H?(Q0) N Hg(Q)) C L7 (H?(Q4) N Hg()) o T. (3.3.46)

The opposite inclusions of (3.3.39), (3.3.41), (3.3.43), (3.3.45) and (3.3.46) are similar by us-
ing the change of variable y = T~!(x, -), which proves the claims (3.3.32), (3.3.33), (3.3.34),
(3.3.35), (3.3.36)(3.3.37).

Now, let us show (3.3.28) and (3.3.29). We start by showing that Wy C Vo T and
Qr C ProT. Let we Wy and g € Q7. We will show that

vi=woT leVy, (3.3.47)
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p:=qoT !t — q|VT|dy € Pr. (3.3.48)

1| Jay,

Note that the function p defined in (3.3.48) has zero mean in €. Indeed,

1 1 1
— pdr=— goT tde — — q |[VT| dy
1| Ja, €| Ja, %] Jay, Vel
1 1
= — q|VT|dy — / q|VT|dy =0. (3.3.49)
%] Ja, %] Ja,

Moreover, with (3.3.37) and (3.3.49), we have p € L4(H'(Q0) N L3(Q%)) = Pr, which proves
(3.3.48). Therefore, if ¢ € Q7 then g =poT € Pro T and we have

Qr C ProT. (3.3.50)

Additionally, with (3.3.36) and (3.3.33), we have v € LZ(H?*(Q;) N H}()). To complete
the proof of (3.3.47), it remains to show that

v € Hr(L*()). (3.3.51)

Since w € L2(L%(y)), according to (3.3.32), we have v € LZ(L3(Q)).

Let t € (—T,3T). We will show that ;v € L2(L?(€;)). Here we define ;v as the element
of L2,(L%(%)) such that

d

v - pdr = —/ v Oip dx + / v-pdr Yo eDp(D()). (3.3.52)
o o dt Jaq,

Note that this definition in compatible with the classical Reynolds control theorem (see

Niven et al. [77, Theorem 2.1, pp 4]) when v have more regularity in time because since

v(-,t) € H}(), in this case we have

4 v-pdr = at(v~<p)dx+/ v-p(v-vy)ds
dt Jo, o o0,
= [ O(v-p)dx
Q4
= [ Ov-pdr+ / v-Oipdr, Ve Dr(D(Q)), (3.3.53)
Q4 Q

since v(-,t) € H}(Q4)), where vy is the unit outward vector to the moving boundary 9.
Hence, we recover the definition (3.3.52).

Let ¢ € Dr(D(92:)). We have

g A dac*g
dt Jo,© T T dt Jo,

:/Qoat<w-<poT]VT]> da

w-poT|VT|dx
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= / (&gw o T|VT|+wd|VT| - po T) de+ | w-0i(poT)VT|dx
QQ Q()

_ / (Orw) o T 4+ (W V) o T VT ) - o da +
Q¢

/ v~8tcpdx+/ v (0z - [Ve]) dz
Qt Qt

:/ ((&W)OT*l+(W8t|VT])oT*1\VT’1\) wpdx—i—/ v - Oip dx
Q

t

=: Ov - pdx + / v - Opp dz, (3.3.54)
Qt Qt

where we use the formula 9;(¢ o T) = (9ip) o T+ 0z [Ve] o T (See (3.3.12)) and the fact
that 0,z =g = 0 in ;. Let us show that

v = (Oyw) o T + (WO VT|) o T-HVT | € LZ(L%()). (3.3.55)

For the first term of (3.3.55), since w € H-(L?(Qy)), then 9w € L2.(L?()). Therefore,
using (3.3.32), we have (9yw) o T~! € LZ(L?()). For the second term of (3.3.55), since

T € HL(H2(Q)) — HL(WL2'(Qg)) and T~ € L2 (WL (By)), we have
3T
Iy

3T
< IT‘llli%O(Wl,w(Bo))/T/Q \w(8,|VT))|? de dt
- 0

2
(wat|VTy)oT*1\VT*1\\ dz dt

3T

2 2
o Wl 10V Tl e g At

<N (wreoe (o)) /

< HT_l”%%O(WLOO(Bo))”W”%%O(Hl(ﬁo))”THJQL[%(H%QO)) < +00, (3.3.56)

which shows that (wd;|VT|) o T-HVT™!| € L2(L?(£)). Therefore (3.3.55) holds. This
proves (3.3.51) and hence (3.3.47).

So,if we Wy thenv:i=woT e Vyand w=voTe VyoT. Hence,

Wy C VyoT. (3.3.57)

Similarly, using the change of variable y = T~!(z,-), we can show that for (v,p) €
V1 x Pr we have

w:=voT e Wr, (3.3.58)
1
gi=poT— — p |[VT | dz € Qr, (3.3.59)
1] Jo,

which proves the inverse inclusions

VroT C Wrp,
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PTOTCQTv

and completes the proof. |

3.3.2 Extension of the perturbation and of the boundary data

In this section, we construct the transformation T and the extension h describing the
boundary condition based on the assumption z € Zp. Indeed, the function z is used to
construct the transformation T = I+ z, where z is an appropriate extension of (0, ...,0, z),
and the function h defines the boundary condition g for the problem (3.1.13a) — (3.1.13d).
The regularity of z clearly affects the smoothness of the function F defined in (3.3.25).
We will show that under the assumptions (3.1.2) — (3.1.6), and the regularity of z, we can
construct a sufficiently smooth function z, which allows the use of the implicit function
theorem, and we will construct the extension h.

Lemma 3.3.2 (Existence of an extension of z).

Under the assumptions (3.1.2)-(3.1.6) on the fized domain Qy, and given z € Zr, there
exists a linear and continuous extension z € Zp of (0,...,0,z), where Zp is the space de-
fined in (3.1.15). Moreover, for z such that ||z||z, < 1, the operator T := 1+ z is a
L%O(WQ’Q*(QO))f diffeomorphism from By to itself, where By C RN is a large ball contain-
ing Q. Furthermore, if 0 =T, UT, UL, UM, with M, = {(z, z(z,t)), t € R}, and Q is
the domain 0 encloses then T(Q9) = Q4 and T(T'y) =Ty, a € {i,0,7}, T(My) = M;.

Proof:

Let t € (—=T,3T) and consider the extension by zero of z = z(-,t) in RV, still denoted
by z. Following Demengel [25], we define the operator

N-1

S 1) i M lEN) / 2o +5,t)ds Ve e RY =RV n{zy >0},  (3.3.60)
xN (07 xN)N_l

where 7, € D(R) is a cut-off function such that 7,,(0) = 1 and n,(xn) = 0 for |xn| > €,
where 0 < € < 1, i.e., supp (m) C [—¢,¢]. We set

z(z,t) = (0,..,0,2(z,t)), Vo e RY, V¢t € R, (3.3.61)
and we will show that z is the required extension.
e Claim 1: z € L (W2 (RY)) N HL(H2(RY)) N HA(L*(RY)).
Indeed, note that according to [25, Theorem 3.67, Exercise 3.12], the map

k-1, —
W e P®RN=1) — WhP(RY)
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where Z is defined as in (3.3.60), is linear and continuous for all integer, k¥ > 0 and p €
(1,400) and we have

2 lhwsaeyy < CIell g (3363
Since for a.e. t € (=T,3T), we have
2(,t) € W2 (RV-1) n H32(RV 1) 0 L2(RN D), (3.3.64)
then according to (3.3.62) we have
z2(,t) e W2 ®RY) n B2RY) N L2(RY), (3.3.65)
and because of (3.3.63) we have the estimations
Z(- 5% < . 5% 9.
12( vt)”ww ®Y) = Cl2( ’t)”WQ*Q%Q (RN-1)’ (3.3.66)
1Z2C: Ol 2y < CllzCs Ol oo @-1y, (3.3.67)
125 Ol 2@y < CllzC Ol 2@y-1), (3.3.68)

which gives by taking the sup on (3.3.66), and raising to the square and integration over
(=T,3T) (3.3.67), (3.3.68),

ze LE(W>¥ (RY)) n L3 (HA(RY)) N LH(LA(RY)), (3.3.69)

with the estimations

121 oo (w22 mavy) = CHZHL?(W2—Q%,2*(RN71)Y (3.3.70)
12l 2 2@y < Cllzlliz arsrz@n-1y); (3.3.711)
H5||L2T(L2(M)) < Cllzll gz (2 @n-1y)- (3.3.72)
Note that for all ¢t € (=7, 3T') and for all h > 0, we have
Z2(,t+h) = 2(5t) _ nm(an) / z2(a' + 8/t +h) — z(a' + 5,t) 4’
7 A Joma 7
— ”’;‘%{7 ) /( - Ouz(d) +8,t) ds' = Bz (-,t).  (3.3.73)

So, we have 9;Z = 0;z. Similarly, we can show that 0;:Z = ;2 by replacing z by 0,z and z
by Oz in (3.3.73). Since

Oz € LA(H3?(RN=1)) N LA(LA(RN 1Y), (3.3.74)

and
Ouz € LA(L2(RNYY), (3.3.75)
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on one side, we will use (3.3.71), (3.3.72) by replacing z by 0z and Z by 0,Z = 0,z and on
another side we use (3.3.72) by replacing z by dyz and z by 0z = Jyz. We get the claim
1 with the estimations

12l a2y y) < Cllzll s omsz@y-1y), (3.3.76)
12l m2 2@y < Cllzllmz@e@y-1y)- (3.3.77)

e Claim2: T=I+1zisa L%O(WQ’Q* (Qp))— diffeomorphism for z small.

Indeed, in view of the estimations (3.3.70), (3.3.76), (3.3.77), and the equation (3.3.61),
we have clearly z € Zp (see (3.1.15)). Since for all ¢, z(,t) and 7, are functions with
compact support, then Z(+, ) has compact support and we can suppose that supp (z(-,t)) C
By, where By is a ball in RY large enough to contains Q. Therefore, we have supp (z(-,t)) C
By and we can choose z small enough such that T(By) = (I + z(+,t))(By) = Bo.

Note that since 2* > N, then by the Sobolev’s embedding, we have T € L (WQ’Q* (By)) —
L (W (By)) (see [1, Theorem 4.12]). Therefore we have T € L (W1°(By)). Moreover,
since for all ¢ € R, the determinant of the Jacobian matrix is given by

On—1,1 .
a[TTC0D = FTCOI= || s ) 1] [ =1+ O30 20,
(3.3.78)
from the inverse function theorem for Lipschitz functions (see [20, Theorem 1]), T(-,t) is a
W1 (Bg)— diffeomorphism, which implies that,

T(-,t) € WH(By). (3.3.79)

Moreover, since By is bounded and independent of ¢, then
1 e LE(L™®(By)). (3.3.80)

Since T~ € L®(L*®(By)) — L%O(LQ*(BO)), it remains to handle the space regularity of
T

Now, since T € L¥(W22"(By)) we have [VT] € L(Wh2' (By)). Therefore, from the
equation T~! o T(x,t) = x € By, and using (3.3.5), we have

[VT*] =[VT] toT (3.3.81)

We note that the matrix [V'T|~! ~1 explicitly reads

+ Vz]
IN 1 On—11
HV ,12) 1 . (3382)
Since z € L%O(WQQ*(BO)) — LP(WLH>(By)), then for z € Zp such that |z]z, < 1 we
have 5.5
1+ dyz € LF(L®(By)) and —2— € LW (By)). (3.3.83)

1+ 0nZ
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Therefore, all the entries of the matrix [VT]~! defined in (3.3.82) belong to L%O(WI’Q* (Bo))
and we have [VT 1] € L¥ (W12 (By)), which implies
T-! e LP(W2 (By)). (3.3.84)

So, T is a L3 (W22"(By))— diffeomorphism.

Finally, with the equation of Z given by equation (3.3.60), we have for all ¢ € [T, 3T],

2(,4)=0 in {x eRY, |7 > b+ Wm} U {x eRY, |oy|> 5}, (3.3.85)
because supp (z(+,t)) € By—_1(¢o) and supp (1) € [e,¢]. Hence

supp (2(-,1)) C {x eRY, || <lo+ mm/ﬁ} N {x eRY, |on|<e} (3.3.50)

e Claim 3: T(I'y) =T, a € {o,i,1}, T(My) = M and T(y) = €,

Indeed, as Qg is a C™! domain, it is enough to show that
supp (z(+,t)) N9y C M. (3.3.87)

Let x = (2/,zn) € supp (Z(-, 1)) NOQy. By contradiction, let us suppose that = ¢ My. Then
since Z is the extension of z and supp (z) = By_1({y), we have supp (z(-,t)) N T, =0, and
since 0 < € < 1, we have supp (Z(-,t)) N (I’; UT,) = (). Therefore, we have

= (2',xn) €supp (2(,1)) N (T, UT; UT,) =0 (3.3.88)

which is a contradiction. Therefore, z € My and (3.3.87) holds. By taking the closure in
(3.3.87), we get
supp (z(+,t)) N0y C My, (3.3.89)

and since T = I + z, this proves the Claim 3 and completes the proof of Lemma 3.3.2.

Remark 3.3.3. We remark that from the above Lemma 3.3.2 and the choice of the number
2% there exists a constant C' > 0 such that for all z € Zp,

z € LF (W (o)),

Il 25 (waoe @iy < Cllzll ooy < Clel < Clzllzy (33.90)

oo 27%*2*
LT (W 2 (BN_lfo))

Lemma 3.3.4 (Existence of an extension of h).

Under the assumptions (3.1.2)-(3.1.6) on the domain Qq, and given z € Zp, there exists an
extension h of the function h defined in (3.3.21) withh € Wh := L2,(H2(Q0))NHA(L?())
(see (3.1.20)). Moreover, the map z € Z +— h € W is linear and continuous.
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Note that the extension h is different from the one defined in (3.3.21) due to the appear-
ance of cut-off functions 7; and 7, and also due to the appearance of the new function z
which itself extend z, but they are equal on the boundary. However, this extension called
again h is smoother than the one we defined in (3.3.21).

Proof: Since the function g is given by the formula (3.1.11), then we will look for the
extension of h in the form

h(z,t) = ni(z)w(z)ki(t) + no(z)uo(z)ko(t) + (0, ...,0,0:z(x, t))

= (@)1 g (i() / dyx(a 1) da’
Bn—1(¢o)

oy Onla) [ dralelt) a
’ Bn_1(%0)
+(0,...,0,0:Z(x, 1)), Vo = («/,zy) e RN, ¥Vt € R, (3.3.91)

where 7;, resp. 7, is a positive (i.e non-negative) cut-off function which worth one on I';,
resp. 'y, and zero outside of a small neighborhood of T';, resp. I',. The function z is the
zero extension on RV~! of the membrane equation (1.2.4) — (1.2.8). Note that, from the
expression of h defined in (3.3.91), we have

h(z,t) = u;(x)ki(t) + up(z)ko(t), V¥ (z,t) e [ UT, x R, (3.3.92)
h(z,t) = (0,...,0,0:z(x,t)) = (0, ..,0,0:2(', 1)), V (z,t) € Mp x R. (3.3.93)
This shows that the function defined in (3.3.91) is indeed the extension of the function

defined in (3.3.21). It remains to show that h € W and the map z € Zr — h € W is
linear and continuous.

By construction, we have u, € H2(Qp), a € {i,0}. Moreover, since z € H2(L*(By_1({o))),
its zero extension in RV~ still denoted z, belongs to H%(LQ(RN —1)). Therefore, 0,z €
HL(L*(RN~1)), which implies ¢ fBN_l(Eo) Oz(y',t) dy’ € HA(R). Therefore, the second
and the third line of the right-hand side of equation (3.3.91) belong to HL(H?(Qp)). In-
deed, for all o € {4, 0} since 1o, Vo, D1, are bounded, and since k,(t) € L?(R) we have
No(T) U (7)ka(t) € LA(H?(Qp)) with

attakall 2 g2y < Cllkallz @y luallieia) < Cllzlize uals@y.  (3:3.99
Now, we will show the HL(L?()) regularity of n,uqks. Note that
ki(t) = 5(—T)/ Oyz(x',—T) da’ — 5(T)/ Oz(2',T) da’
Bn-_1(to) Bn_1(fo)

+ ]l[T—T,T) (t) / 8tt2(33/, t)d:c/
Bn_1(fo)

=1Lrn(®) / Ouz(a',t)da’, (3.3.95)
' Bn—_1(4o)
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because the membrane has zero velocity at the upper and lower position i.e., d.z(-, (2k +
1)T) =0, V k € Z. Here for arbitrarily a € R, d(a) € D'(R) is the Dirac distribution
centered at the point a and defined as

(0(a), ) == ¢(a), ¥ ¢ € D(R). (3.3.96)
Similarly

KL(t) = ]l%% 37) (t)/ Opz(2', t)da'. (3.3.97)
7 Bn-1(to)

Therefore, k/,(t) € L?(R) because

/]klalz dtS/ ‘/ Onz(2',t) da’
R R ' JBy_1(t)

= C/ / |0z (2, t)? da’ At < C|l2[32 12y 0y < T00-  (3:3.98)
R/ By-1(fo)

2
dt

This permits to have 1, (z)uq(z)k, (t) € LA(H?(Qo)) with
Imataky || 2 (12 (o)) < Clikallzz @ lIuallBz,) < Cllzllz: lvallmz(9y)- (3.3.99)
Therefore,
N ()0 (2)ka(t) € Hi(H?(Q0)) < L7(H?(Q)) N Hp (L2 (Q0)) := WH  (3.3.100)
and from (3.3.94), (3.3.99), (3.3.100) we get

[Matakallws < Clinavakallgrmz(9,) < Clikallas@ lluallnze,) < Cllzllzr lualnz )
(3.3.101)
It remains to show that the fourth line in the right-hand side of equation (3.3.91) belongs
to WH. Note that the extension z satisfies 0,z € L2.(H2(RY))NH:(L*(RY)). This permits
us to conclude that

(0,...,0,8;2) = dyz € LA(H?*(Q)) N HA(L2(Qp)) = WE, (3.3.102)
with the estimation
10czllwn < CllOZ]| L2 (2@ y)nEL (L2 RY))

< Cll0rzll g2 (m3/2 ®@V-1)) 3 (L2 RN 1))
< Clzllz- (3.3.103)

From the formula (3.3.91), the map z € Zr — h € W2 is clearly linear by construction
and because of the estimations (3.3.101) and (3.3.103) we have

Ihllws < iz, (3.3.104)
which proves the continuity. 1

The following lemma shows that the map F is well defined. Precisely, we need to show that
Fi(z,w,q) € Ry and Fy(z,w) € Ry, (see (3.1.22), (3.1.23)).
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Lemma 3.3.5.  Assume the hypotheses (3.1.2)-(3.1.6) hold. If (w,q) € W x Qr where
W resp. Qr is given by (3.1.19) resp. (3.1.21) then Fi(z,w,q) € Ry and Fy(z,w) € R,.

Proof: We note that the term F, depends on the determinant of the Jacobian matrix
|[VT|. In addition, the terms [VT] and [VT]~! will sometimes appear in the estimations of
both F} and Fy, but since for z small, T is a L5 (W1(£)g))—diffeomorphism (see Lemma
3.3.2), they are all bounded in space and time. Therefore, we will estimate them with a
generic constant C' = C(T') > 0. Let us suppose that (w,q) € Wrp x Q7.

To simplify and make the following computations more explicit, it is worth noting that

In—1 On_1,1 1 In—1  On-1 -

T)= ’ T = : T|=1 .

[V ] t(vxlz) 1+ 8N2:| ) [v ] _ ;%ﬁ:f? 1+éN2 ; |v | +8NZ
(3.3.105)

Indeed, we note that the proof is lengthy and technical. Essentially, it considers each term
of F in the form of products a(z)b(w) and carries out the computations in the spirit of
Propositions 3.2.1 and 3.2.2. These propositions will be useful for demonstrating the C!
regularity of F.

(i) We start by proving that Fj(z,w,q) € Ry.

Indeed, note that every term of (3.3.26) is of the form f(z,w) = a(z)b(w), where a and
b and two C! functions to be precised for each term of (3.3.26).

For the first term of the first line of (3.3.26), taking only the general term of O;w, we

have
flz,w)=0w, a(z)=1, bw)=0w;, (3.3.106)

with the estimation

3T
a(z)B) s (12(6y) = /_T /QO la(=)|?[b(w)[? de dt
< HQ(Z)H%%OLN(QO)||b(w)||%%(L2(QO)) (33107)

< ClIwliF r2(y))- (3.3.108)

For the second term of the first line of (3.3.26) we have (we consider only the highest
order terms in z; the estimation of the lower order terms is similar and simpler)

fzw) == 8T - VI - [Vw], a(z) = a1(2)az(z) = Bz—20—, b(w) := by(w) = guw;,

(3.3.109)
with the estimations

3T
W) 13 oy = | / 2)2b(w)[? da dt

g/THM@ﬁwmmewém@@
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< ”CL(Z)H%%(Loo(QO))Hb(W)H%%?(L?(Qo))

=: [la(2) 1, 16(w)II%, (3.3.110)

< Cllar(2)|Fullas(2) 132 b(w) 17, (3.3.111)
0;Z 2

L =112 Y 12

= CllOlIL (200 || T3 aNz‘ Bt 63 02000

2 2
< Cllellap el o2 )

2
HWHL%(HQ(QO))OH%(LQ(QO))7 (3.3.112)
where we used the embedding WL (Q0) — L>®().

Here it is important to make the following remark (the proof of Lemma 3.3.5 will continue
after the remark).

Remark 3.3.6. First, observe that in the estimations (3.3.110), (3.3.111), we have used the
notations of Propositions 3.2.1 and 3.2.2. The reason s that we will use these propositions
to prove the C* regularity of F. Note also that the estimation (3.3.110) holds if instead of
(a(z),b(w)) we take (a,b) € Ry x Ry. Furthermore, the estimation (3.3.111) holds separately
for lla(2)||r, resp. [|b(W)||lr, in terms of the product of |lai(2)||g: resp. Hbi(W)HR;‘) i.e.
la(llr, < CTI, lai(2)lng, and [Ib(w)llr, < CTIL, Ibs(w)llg;. These inequalities hold
also if we replace a;(2) resp. bi(w) by any a; € R, resp. b; € R

In other words, if the functions z +— a;(z) and w + b;(w) are C', and the function
z — a(z) and w — b(w) satisfy the condition of Proposition 3.2.2 and the function z —
f(z,w) = a(2)b(w) satisfies the condition of Proposition 3.2.1, therefore, f is C'. This
remark holds for all the estimations of the terms of F that we will present hereafter. For
each of them, the functions a;, b; and the spaces R, and RZ are clear from the context. We
will highlight them only for the most complex terms.

For the first term of the second line of (3.3.26), we proceed similarly, taking again the
dominant terms and we have

flzow) = [Vh] - VT - w, a(z) = 8y (2)—22 | b(w) = wy. (3.3.113)

Since 9;h; € H(Qp) — Lﬁ*(Qo) and w; € HY(Qo) — LQ(QO)), we have the estimations

3T
la(2)bw) 22 (120 < / a(2)125- ) W)

S ||(I( )HLZ LZ* O))Hb( )”LOO(LQ(Q (33114)
8kz 2 2
< ||5¢hj”L2 (H'(0)) |1 _|_3N2} L%O(LOO(QO))”leL%O(Hl(QO))

< CHhHL? H2(Q)) HZHQOO (W2.2%( O))leH%%O(Hl(QO))

< Cll2l; S 2
LZ(H3/2(Bn-1(£0))) Loo(W 2 5507 (Bn-1(£0)))
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HwH%%(HQ(Q()))PIH%«(LQ(Q())) (3.3.115)

where we used the fact that the map z € L2.(H*?(By_1(f))) = h € L2.(H?*(Qp)) is
continuous.

Similarly, for the second term of the second line of (3.3.26), and we have

0|z

f(z,w) = [Vw] - [VT]"'-h, a(z) = h(2)———, b(w)=dwyj, (3.3.116)
1+ 0nZ
with the estimations
2 - 2 2
(B oy < [ 10 o 609 2
< ”(I(Z)H%%(Loo(go))Hb(W)H%;O(LZ(Qo)) (3.3.117)

07
HMHL%"(W(QO))

< CHthigT(LOO(QO)) Haz‘ij%g?(L?(Qo))
< OB o 1212 vty 1W 1 o200 200

2 2
= C"Z‘|L%<H3/2(BN_1<eo>>>”Z”L%o(wz—a%?* (Bn-1(t0)))

2

Similarly, for the third term of the second line of (3.3.26), we have

Flz,w) = [Vw]- [VT] - w,  a(z) = ai(z) = 1?;2’
bl(W) = 8jwk, bQ(W) = wy, b(W) = bl(W)bQ(W) (3.3.119)

Since w; € H%(Q0) < L*°(p), we have the estimations

3T
=)o) 3 120 < o e | () 2 ) e

< Hal(z)H%;o(Loo(Qo))||bl(W)H%;O(B(Qo))Hb?(W)HizT(Hz(QO))
= [laz (2) 7 162 (W) [ 7t B2 (W) 72 (3.3.120)

< C||z||2%o(wz,g*(QO))IIWIl‘i;s(Hz(ﬂo»nH;(Lmo))

<Clz|I? .. 3.3.121
< IIL%(WQ_Q%,Q( ( )

4
ooy W 2 @@t @200
The third line of (3.3.26), after expanding the gradient, we have two dominant terms.
One with second order space derivative on w, and the other with the second order space
on T (so on z). For the term with the second order derivative on w we have the following

general expression

few) =t [ VT v W) v,
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8i28j2

a(z) = Aty b(w) = O 1w, (3.3.122)

where p is a positive integer, with the estimations

la(2)b(W)IIZ2 (12(04)) < la(2)]Zz0 (1oe o) IP(W)IIZ2 (120 (3.3.123)
< CHZ”%OO Wl,00 QO ||WH%2 LQ(QO))
< Clzl o e o IIWIZ3 (L2
< Cll2l4 N , 3.3.124
SO oo oy I3 200 (8.3.124)

where we used the embedding Wl’é*(Qo) — L%(Qp). Similarly, for the term with the
second order derivative on T, we have

Jew) = (V9T 9w 9T,
0,20,z _
a(z) = m@kﬂ, b(w) = Opwn, (3.3.125)

with the estimations

3T
la(2)b(W)II72 20y < /T a1 5+ (o) 1B 172,

ﬂwm%p*ww»@p% (3.3.126)
_ 0;,20;z )
< 100271 12 0 ’ (5 0y 2 | zas 2oy 100l 00

<cwwmwyowmﬁ%ﬂ%»

6 2

(Bn-1(£0)))

For the term of the forth line of (3.3.26) we have

0;z
—t -1 . — d —= -
with the estimations
Ha(z)b(Q)Hig(p(Qo)) < ||a(Z)H%%°(L°°(QO))Hb(Q)H%%(LQ(QO)) (3.3.129)
< CHZH‘Q/VZQ*(QO)||q|‘%%(H1(QO))
<Clzl* L, ||q”iQT(H1(QO)), (3.3.130)

LyW™ 227 (Bn-1(f0)))

We can show that each term of the fifth line of (3.3.26) is in Ry = L% (L?(£)) by proceed-
ing exactly as in (3.3.107), (3.3.108), (3.3.110), (3.3.111), (3.3.112), (3.3.114), (3.3.115), (3.3.117),
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(3.3.118), (3.3.120), (3.3.121), (3.3.123), (3.3.124), (3.3.126), (3.3.127), (3.3.129), (3.3.130), with
h instead of w, and noting the continuity of the map

z € Lp(HY*(By-1(t))) = h € L7(H?()) with [hl|z2 22(0)) < Cll2ll 222055 00))-

The estimations (3.3.108), (3.3.112), (3.3.115), (3.3.118), (3.3.121), (3.3.124), (3.3.127), (3.3.130)
prove that F; € Ry, for z € Zp small.
(ii) Now, we prove that Fy(z,w) € Ry, = L2(H(Q0) N LE(Q0)) N HL(HY(Q)").
Note that taking into account (3.3.105) we have
Fy(z,w) = tr([V(w +h)] - [VT]H)|VT|
oz
14+ 0nZ

= (81(w1 + h1) — On (w1 + h1)

ON_1%Z 8N(wN + hN) _
On—1(wn—1+hn-1) —On(wN_1+ hN_1) 11 ons = )(1 + 0OnZ)
(w+h)+ Z ( (wi + hi)ONE — On(wi + hi)d; z> (3.3.131)

Firstly we will show that Fy(z,w) € L2(H'())). Again here we will consider only the
terms with highest order derivative. We consider the general terms

f(z, W) = O;w;0kz, with a(z) = 0xz, b(w) = Jyw;. (3.3.132)

We have the estimations

la(2)b(W) 172 (17109 < /_STT la(2)b(W)l[72(0) + 1a(2)VE(W) 120y + I Va(2)b(W)[[72(q,) dt
< Nla(2) 7 (poe o)) 10(W) |72 2 (L2(Q0)) T Ha(Z)H%%O(LOO(QO))HVb(W)H%%(LZ(QO))
+ ||Va(z)
< Clla(2)
<Ozl

”LOO(LZ* Qo)) Hb( )HL2 L2 (Q0))
HLOO(Wl’Q*(QO))”b( )”L%«(Hl(ﬂo)) (33133)

2
oo W2 2* 0))HWHL%(H2(Q()))

< Cllzl12 . wll? , 3.3.134
= H HLOTO(W27QL*,2 (BN_1(€0)))H HL%(HQ(QO)) ( )

where we used the embedding 12" (Qo) = L>®(Q).

Similarly, for the other term in h; we have
f(Z) = 8ihj(2)8k2, with a(z) = 0z, b(z) = &hj(z), (3.3.135)
with the estimations

||a(z)b(z)||%%(H1(Qo)) < Ha(z)H%;O(LOO(QO))||b(Z)||i2T(L2(QO)) + Ha(z)”%%O(LOO(QO))HVZ)(Z)||igr(1,2(go))
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+ 1Y) s g0 (o 12 130
S CH ( Hzoo Wl o% QO Hb( )HL%(HI(QO)) (33136)

< CHz”QOO (W22 (9 )Hh”L%(HQ(QO))

< Ol N LII2 , 3.3.137
<C| IILOTO(W%Q%,Q (BM(ZO)))H 53728y 1(00)) ( )

Estimations (3.3.134) and (3.3.137) prove that Fy(z,w) € LZ(H!(Qp)). Moreover, if we
set v:=woT ! and g := hoT™! then by the regularity of w and h, we have v € Vp
and g € LA(H?(Q)) N HA(L%(€)). Also, using the fact that the function k; and k, are
constructed to satisfy equation (3.1.10), and the fact that v vanishes on the boundary, we
have

/QOF2(z,w)d:E: QtV-(v+g)dx:/

(v+g)-vtda:/ g-vydo
BQz 6Qt

= k:z(t)/ u; - v, do + ka(t)/ u, - v, do + / 0,...,0,0iz(2" ;1)) - vy do
Fi Ty My
= ki(t) + ko(t) —i—/ (0,...,0,0pz(2', 1)) - vy do = 0. (3.3.138)
My

This shows that Fa(z, w) € LZ(H(Q0) N L3(Q0)) = Qr.

Finally, we need to show that Fy(z, w) € Hh(H'(Qp)). Since we already have Fy(z,w) €
LZ(HY(Q)) = LZ(H(Q0)’), it remains to show that 8;F2(z,w) € L3 (H(Qo)’).

We note that we cannot proceed with the calculation straightforward as before because
of the presence of the term 0;(w + h) and the fact that the maximal regularity of w in ¢ is
HL(L?()). So, a priori the term d;Vw have no sense.

Note that 0;F»(z,w) € L2(H'(Qp)’) is equivalent to show the existence of an element in
LZ(H'()"), denoted 0, Fy(z, w) such that

3T 3T
/ (O Fy(zw), ) € dt = — / (Fa(z,w),0) € dt, ¥ o € H(Q), ¥ € € D(—T,37).

-T =T
(3.3.139)
We have
3T
/ (Fo(z,w), ) & dt = / Z / KL (t x)p dx +/ Opz(x' t)p(z',0) da’
- aelio} By _1(to)
+ d(w+h)-Vepdex
Qo
N-1

/ Z Op(w; + hi)(On20;p — 0;Z0Np) dx
Q

0 =1
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/ Z w; + h;) (0 NZ0ip — O1iZ0Np) d:c)§ dt
Q

0 =1
::/ (O Fa(z,w), ) £ dt. (3.3.140)
-T

In the calculations above, we used the facts that w € H}(€2) and that the second order
space derivatives of Z cancel.

It remains to show that 0, Fy(z, w) € L2(H'(p)"). We will show that each of its term
as defined in (3.3.140) belong to L (H(€y)").

For the term defined on the boundary Iy, « € {i,0} we have

flz,w) =k (z), a(z) =K., (t), bw)=ul(z), (3.3.141)

(e
with the estimations,

o o = [ (s [ atpwipar)

HS"”Hl(QO)Sl a
< Clla(2) 172, ) I6(W) 720 (100 )
=: Clla(2) || %, Ib(w)]|%, (3.3.142)

3T 2
< C/ ‘ / 8ttZ(LL’/,t) dIL’/
-T Bn_1(4o)

2
7(H?(Bn-1(60)))

(3.3.143)
(3.3.144)

using (3.3.95) and (3.3.97)).

For the term with the integral in By_1(¢y) we have
flz,w) = yz(2',t), bw)=1, (3.3.145)
with the estimations

la(=)o(w) 172 (111 () < Cllal) 32 22y @ IO s Byt (3:3:146)
< C\|z||§%(H2(BN_1(£0))). (3.3.147)

Now, we will estimate the terms with integral in g, and we will see only the terms of
highest order as follows. We have

flz,w) = Oww;0;2, a(z) =0;Z, b(w)= O, (3.3.148)

with the estimations

3T 9
Ha('z)b(w)”i%([{l(go)/) 3:/ ( sup 8twi8j28kap da:) dt

||4P||H1§1 Qo
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< Ha(Z)H%g?(LOO(QO))”b(w)”%%(m(go))
=: [la(2)II, 1b(w)]I%,

2 2
<Cl= ”L‘X’(W QL*,Q*(QO))HWHH}(LQ(QO))'

Similarly, for the terms of the same type with w; replace by h; we have
a(z) = 8thi(2)8j2, a1 (Z) = 8]'2, CLQ(Z) = 8thi(2),

with the estimations

la1 (2)az ()72 111 )y < a1 () Fze (roo o la2(2) 172, 120y
=: [la1(2) || %1 a2
2 2
= C”Z”L%(WZ*@%?*(m))HhHH%(L?(ﬂo))

< C 2 5% 2 :
< ||Z||L%O(W2_Q%,2 (QO))||Z||L2T(L2(BN,1(40)))

For the terms involving w;0; ;Z we have
f(z,w) = w;0j2Z, a(z)=0;Z, b(wW)=uw;,
with the estimations
) 3T 2
Ha(z)b(w)HLgT(Hl(Qo),) = /T ( sup /Qo w;Oy,; 20k da:) dt

H‘P”Hl§1

< a5 20y W) 2

5 (L2())
< Cllal2) 72,z o 16720 (11120
< CH’E‘E‘{%(H?(QO))”WH%%O(Hl(QO))
< Clllig rs/208 oy IV 22 2 0 pnmp 200
since H'(€) < L2 (Qp) and H(Qy) = L2(Q)).
For the similar terms with h;0; ;Z we have

f(z,w) = hi(2)0:;2, ai1(z) =0z, az(z) = hy,
with the estimations
la1(=)22(2) 125 s anyy < a2 23 e o 02 e 2y
< Cllax(= )HLz (H(9%)) Hh||L°° (H' ()

2
#1iap 1972 s oy 1R 25 cerz g ez

(3.3.149)
(3.3.150)

(3.3.151)

(3.3.152)

(3.3.153)

(3.3.154)

(3.3.155)

(3.3.156)

(3.3.157)

(3.3.158)

2 2
< Cllelay vz o |2l 2 (B )iz 2By @)

(3.3.159)
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The estimations (3.3.134), (3.3.137), (3.3.143), (3.3.147), (3.3.150), (3.3.153), (3.3.156), (3.3.159)
show that 0;Fy(z,w) € L2(H'(€)") which completes the proof. 1

3.4 Analysis of the Navier-Stokes equation

In this section, we analyze the time-periodic NS equations (3.3.23a) — (3.3.23b). We will
show the existence of a strong time-periodic solution in the space W x Qp. We will show
that F is Fréchet C! near a certain point ((20, wo), go) which is such that F((z0, W), qo) =
(0,0), and that its differential with respect to (z,w) at ((z0, Wo), qo) is an isomorphism.

3.4.1 Existence of a local strong time-periodic solution

The aim is to solve the problem (3.3.23a) — (3.3.23b). We will use the implicit function
theorem, applied to the following map

F:ZTXWTXQT—>RWXRq,
(vavq) — (Fl(Z,W,Q)7F2(Z,W))7 (341)

where Fy(z,w,q) resp. Fy(z,w) is given by (3.3.26) resp. (3.3.27). Because of the Lemma
3.3.5, the map F is well defined.

To begin with, we choose to implement the implicit function theorem on the function F
near the point (zo, wo, qo) = (0,0, gz) where gz is such that F(zo, wo,qz) = (0,0). Indeed,
if zo = 0 then we have T = I and h = 0. Moreover, if wyg = 0 then Fy(zp,wg) = 0 and
F1(z0,wo,q0) = Vqo — pg. Since g = (0,...,0,gn), we can take

G =qzx)=pf-x— L [ G-adr, Voe. (3.4.2)

10| Jay,

We will show that F is C" near (2o, (Wo, go)) and that Dy, )F(z0, (Wo,q0)) is a topological
isomorphism from Wz x Qr onto Ry X Ry, depending on the Stokes problem. More
precisely, we have the following result.

Proposition 3.4.1 (Differentiability).

The map F defined in (3.4.1) is C* in a neighborhood of (0,(0,qo)). Moreover, its Fréchet
differential with respect to (w,q) at (0,(0,qo)) reads

D(w’q)F(O, (0,(]0)) :Wop X QT — Rw X Rq
(W7 Q) — (l)(w,q)F1 (07 (07 QO))(W, Q), DWFQ(Oa 0)(W))7 (343)
with

{ D (w,q)F1(0,(0,90)) (W, q) = pOyw — pAw + Vg, (3.4.4)
Dy F5(0,0)(w) =V - w. (3.4.5)
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Proof: The proof relies on Proposition 3.2.1 and Proposition 3.2.2 and the estimations

of Lemma 3.3.5, precisely (3.3.108), (3.3.111), (3.3.112), (3.3.115), (3.3.118), (3.3.121), (3.3.124),
(3.3.127), (3.3.130) for F1(z,w,q) and (3.3.134), (3.3.137), (3.3.143), (3.3.147), (3.3.150), (3.3.153),
(3.3.156), (3.3.159) for Fs(z,w).

Indeed, based on Remark 3.3.6, each term f(z, w) = a(z)b(w) will be in C'(Zr x Wr; Ry)
if a; € CY(Zr; RY) and b; € CY(Zp; RY) under the assumptions (3.2.11), (3.2.1) of Proposi-
tion 3.2.2 and Proposition 3.2.1.

Moreover, all these factors, except terms of the form a(z) = m, p positive integer
m is also CI(ZT;RG)
with R, = L (W% (Qp)). The proof of this result can be carried out by straightforward
calculations. A more elegant proof is by considering the map

are linear and continuous, so they are C'. The factor a(z) =

m: Zp x LW () — LW (Qp))
(z,w) = (14 0nZ2)Pw — 1, (3.4.6)

where p is a positive integer and apply the implicit function theorem at the point (z,w) =
(0,1).

Indeed, based on Proposition 3.2.2 and Proposition 3.2.1, the map m is C! and we have
m(0,1) = 0. Moreover, the (Fréchet) differential of m at (0, 1) reads

Dym(0,1) 1 % € L (WH2(Qq)) = @ € L (W (Qp)) (3.4.7)

is a diffeomorphism. Therefore, by the implicit function theorem, there exists a unique C!
function ¢ defined on a neighborhood Uy of 0 such that

(L+onaPe() =1, ie () =1 L view, (3.4.8)

1+ onZ)P

which show that the map z +— m is C! for z small.
Finally, we obtain (3.4.4) and (3.4.5) by differentiating F with respect to (w,q) at
(0,(0,q0)). Precisely, if we denote by G;, i = 1,...,4, the function defined by the i

line of (3.3.26), then we have

DwF(0,0)(w) =V - w,¥ w € Wr, (3.4.9)

DwG1(0,0)(w) = p Oyw, YW € W, (3.4.10)

DwG2(0,0)(w) =0, Vw € Wrp, (3.4.11)

DwG3(0,0)(w) = —pAw, Vw € Wy, (3.4.12)

D,G4(0,0)(q) =Vgq, VqeQr. (3.4.13)

From (3.4.10) — (3.4.13), we can deduce that

D(w,q)F1(0,(0,0)) (W, q) = porw — pAw + Vgq. (3.4.14)

1

We need the following result in order to apply the implicit function theorem on the map F.
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Theorem 3.4.2 (Existence and uniqueness of the associated Stokes Problem).
The map (W, q) = D(w.oF(0,(0,q0))(W,q) defined by (3.4.3) is a topological isomorphism.

Before we continue with the proof of this theorem which starts at page 67, we will present
a few auxiliary results.

Note that the proof of Theorem 3.4.2 is based on classical results on homogeneous time-
periodic Stokes equations for C? domains (see [3, 4, 23, 22]). As our domain is not C? and
the implicit function theorem requires initially non homogeneous Stokes equations, we will
need the following lemma.

Lemma 3.4.3 (Divergence).

Assume the hypotheses (3.1.2)-(3.1.6) on Qo hold. If g € Ry, (see (3.1.23)), then there
exists wg € W (see (3.1.19)) solving

V.-wy=g9 in Qx (-T,37), (3.4.15)
such that,
HWg||L2T(H2(QO)) < CHQHL%(Hl(QO))a (3.4.16)
and
HWgHH;(m(Qo)) < CHQHH;(Hl(QO)/)a (3.4.17)

with C = C(T) > 0.
The proof of this lemma starts at page 64.
Theorem 3.4.4 (Existence of a very weak solution for Stokes).

Let Qg be bounded domain with C*' boundary. Let f € Yu>(Qp) and g € W;é’q(Qo)
such that (g,1) = 0. Then, there exists a unique very weak solution u € L2 () to the

Stokes problem
—Au+Vp=~£finQy V-u=gin Qo (3.4.18)

in the sense that u uniquely satisfies

—(u,Ap) = (£,0), V¢ € Yo (), (3.4.19)
(w, V) = (g,%), ¥ € WhT (Q), (3.4.20)

where (-,-) represents here the duality pairing. Furthermore, we have the estimation
s @ < C(IEllyg2a) + 19w 1oy ) (3.4.21)

Proof: Schumacher [37, Theorem 3.1, pp 130-131]. 1
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Remark 3.4.5.

If we take g = 2, w =1, then g € (H'(Q))" with {g,1) =0 and £ € H2(Qp) := (H3(Q))'.
Moreover, if we take £ = 0, then according Theorem 3.4.4, the divergence problem V-u = g
has a very weak solution u € L2(Q) with the estimation

lallrzg) < Cllglla o)y - (3.4.22)

Proof: (Proof of Lemma 3.4.3)
We first suppose that the whole boundary 0y is C'!. This is essential to obtain H? x H*
regularity for the Stokes problem. Let us consider the Stokes problem

“Aw+ Vg =0, in Qg x (~T,37), (3.4.23)
V-w=g, inQyx (-T,37), (3.4.24)
w =0, on dQy x (—T,3T). (3.4.25)

Since g € L2 (H(Q0)NL3(Q0)) then a.e., t € (=T,3T), g(-,t) € H(Q9)NLE(Q). According
to Da Veiga [23], Solonnikov [92], Da Veiga [22], Amrouche and Girault [1, 3], the problem
(3.4.23) — (3.4.25) has a unique solution (w(-,t),q(-,t)) € H2(Q0) N H{(Qo) x H(Qo) N
L3(Q0). Moreover, for a.e t € (=T, 3T), we have the estimation

W (s D lla20) + 190 Dl E100) < CllgC Ol a1 (00)- (3.4.26)
Estimation (3.4.26) implies
[w (s D)l[m2(00) < Cllg( Ol (00)- (3.4.27)

Then by raising to the square (3.4.27) and integration over (—7,3T'), we obtain w €
L2(H%(Q0) N H()), and the estimation

Wl L2E12(0)) < Cllgll L2 (020))- (3.4.28)

Now, let us show the periodicity. It comes from the periodicity of g and the estimation
(3.4.26). Indeed, set w := w(-,—T) —w(-,37) and ¢ = q(-,—T) — ¢(-,3T). Then, (W,q) €
H2(Q0) NH(Q0) x HL(Q0) N LE(Q0) is the unique solution to the Stokes problem

~AW + V=0, in Q, (3.4.29)
VW =g(,~T) - g(-,3T) = 0, in Qo, (3.4.30)
w =0, on 99, (3.4.31)
and from (3.4.26) we have
[WllE2(00) + 12l z11(00) £ 0 = (W, ¢) = (0,0) (3.4.32)

which shows the periodicity of (w,q).

Now, let us suppose that g is as in our case, i.e. satisfying the assumptions (3.1.2)-
(3.1.6). From classical regularity results of elliptic PDEs systems, we know that for a.e.
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t € (=T, 3T), we have the existence result w(-,t), resp. p(-,t), in H2, resp. H', in Qg except
near the corners. We will extend this solution to have the desired regularity even near the
corners of I'; and T',.

Let us consider the case of I';, the case of I', is similar. Without loss of generality, we
take a local coordinate system on I'; such that I'; = By_1(0,7;) x {0} and Qy C RY :=
{r e RN, zny <0} Let Qg = QUT; U{z = («/,zn) € RY, (2/,—zy) € Q}. Note
that the new domain € is 1! except near I', and symmetric with respect to xy = 0. We
can extend w, ¢ and ¢ in Qq as follows. Let us denote by w = (w1, ...,0N), G and g the
extension of w = (wy,..,wy), g and g respectively. We set

) , wy (2, zn,t) if zy <O,
’LUN(I' 7xNat) = / .
—wpy (2, —zy,t) if zy >0,

and for alli =1,..., N — 1 we set

wi(2', xn,t) if oy <O,
wi(x’,xN,w:{ o) Ao

wi(z', —xn,t) if x>0,

and

q(2’ N, t) if 2y <O,

e 1) = {q( ,
(

', —xpn,t) if zy >0,

g(xlvaat) = /

{g o xn,t)if xy <0,
g(z', —xnN,t) if xny > 0.

Note that § € LA(H'(Q) N LE(Q0)) and (W, §) € LA(H(Q)) x LA(L3(Q)) and (W, §)
solves weakly in Qo the Stokes problem

—~AW+V§=0 in Qo x (=T, 37), (3.4.33)
V.-w =g inQyx (=T,37), (3.4.34)
W =0 on dQy x (=T,37T). (3.4.35)

Indeed, in Qp N {zy < 0} = Q we have § = g € LA(H' () N L3()), (W,§) = (w,q) €
LZ(H{(Q0)) x L2(L*(€)) and the problem is already solved in .

Now, in Qo N {zy > 0} x (=T,3T) we have
— AN (z,t) + Oy §(z,t) = Awr (2, —z N, t) — Opyq(a’, —zN, t) = 0,
and foralli=1,.... N — 1
— A (z,t) + Oy, G(z,t) = —Aw; (2, —z N, t) + Op,q(2, —x N, t) = 0,
and

Oy W1 (2,8) + oo + Opy 0N (2, ) = Oy w1 (2, =0y t) + oo + Oz ywn (2, —2 N, t)
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= g(l’l, —IN, t)

Classical local regularity results for the Stokes system, see [4, 3, 23, 22], imply that the prob-
lem (3.4.33) — (3.4.35) has a unique solution (W, ¢) € L&(H?(Q0) NH}(Q)) x L2(H' ()N
L3(€)) except in a neighborhood of T',, and the estimation (3.4.26) hold for Q. Repeating
the same argument on I', permits to obtain the same regularity even near T',.

Now, we assume g € H'(H'()') then for a.e, t € (~T,3T), g(-,t) € H'(Qp)" and
Oig(-,t) € HY (). Therefore, according to [37], w(-,t) € L?(£)) is the unique very weak
solution to (3.4.23) — (3.4.25) with the estimation

W (-, D)Lz < CllgCs Dl o) - (3.4.36)
By raising to the square (3.4.36) and integrating it over (—7,3T") we get
IWllLe@2(a0)) < CllgllLzca @oy- (3.4.37)

Now, let us consider the problem

—A(Oyw) + V(dg) =0, in Qo x (—T,37) (3.4.38)

V- (8tW) = 8,59, in QO X (—T, 3T) (3439)

dw =0 on 0 x (—T,3T). (3.4.40)

Using again [37], the problem (3.4.38) — (3.4.40) has a unique very weak solution Oyw €
L2() such that

10w L2(12(00)) < CllOigll L2 (a1 (020 ))- (3.4.41)

Now, we show that d;w is actually the time derivative of w. For all A > 0, we set

w(,t+h) —w(,t)

Ow = Y — Ow (-, t),
t+h) —q(-t
5‘1 = q< }1 Q( ) - 8tQ('7t)7
t4+h)—g(-,t
0y = ( f)L 90t _ Og (-, ).
Then we have
—Adw + Vi, =0, in Qg x (=T,37), (3.4.42)
V0w =0g4, in Qo x (=T,3T), (3.4.43)
dw =0 on 90Qy x (=T,3T). (3.4.44)

Therefore, since d, € L2T(H 1(Qq)"), then dy is the unique very weak solution to the problem
(3.4.42) — (3.4.44), and as in (3.4.37), we have

10wl L2(r2(020)) < ClldgllL2 (a1 (00)) v 0, (3.4.45)
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which show that d;w is the time derivative of w and w € HL(L?(Qp)) with the estimation

Wz 12 00)) = IWllz2@2 o)) + 196wl 2212 (00))
< Clgllzzc o)y + 196l L2 (920)))
= Cllgll a1 (11 (20))>

which ends the proof. |

Now, we can start the proof of Theorem 3.4.2.

Proof: (Proof of Thereom 3.4.2)

Theorem 3.4.2, is basically a result of existence and uniqueness of the time-periodic non-
homogeneous Stokes problem given by equations (3.4.4) — (3.4.5). This will be done in three
major steps. Firstly, we prove the injectivity of the differential operator Dy 4)F(0, (0, qo)).
This is equivalent to prove the uniqueness of the Stokes Problem (3.4.4) — (3.4.5). Secondly,
we prove its surjectivity, which is the existence. And finally, we prove the continuity of the
map Dy F(0,(0,q)) and its inverse. This will end the proof because the linearity comes
directly from the linearity of the integrals and the differential operators involved.

e Injectivity.
Let (w,q) in Wp X Qr, solution to the homogeneous Stokes problem

{ pOw — pAw + Vg =0, in Qg (3.4.46)
V-w=0, in Q. (3.4.47)

We will show that (w,q) = (0,0). By multiplying equation (3.4.46) and (3.4.47) by test
functions ¢ € H} () and x € L*(Qp) and after integrating by parts, we get the following
equivalent problem

Find (w,q) € Wr x Qr such that
/ p 0w -+ uVw: V¢ —qV-¢dy =0, V¢ € HY(Q), (3.4.482a)
Qo
/ xV-wdy=0,VyxeL*Q),. (3.4.48b)
Qo

Since equations (3.4.48a) and (3.4.48b) are true for arbitrary ¢ € H} () and x € L?(£),
in particular, for { = w(t), and x = ¢ the equations (3.4.48a) — (3.4.48b) imply

/ p Oyw - w + p|Vw|? dy =0 (3.4.49)
Qo

for almost every t € [—T,3T]. Therefore according to Proposition 2.1.17, we have

d

P&HW('at)Hi%QO) +2p ||w('7t)||%—[(1)(90) =0, (3.4.50)
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ie

because w(-,—T) = w(-,3T). So, w = 0.

Now, using again equation (3.4.48a), we have for all ¢t € [T, 3T

| avecdy=o. v e mi@n) — [ ¢Vady=0. ¢ < ().

QO Q0

Therefore Vg = 0 in H}(Qp), i.e, ¢ = c € R. As q € L3(Q0), we get ¢ = 0 which proves
the injectivity and therefore the uniqueness of the solution to the problem (3.4.4) — (3.4.5).
The next step is the surjectivity, which is the existence.

e Surjectivity
Let (f,g) € L2(L?()) x LA(H'(20) N LE(2)) N HAL(H(Q)). We search (w,q) € Wy x
Qr, solution to the following Stokes problem
{ pOw — pAw + Vg =f£, in Qp (3.4.52)
V.-w =g in Q. (3.4.53)

By applying integrals over € for a.e. t € (=T, 3T), and taking test functions in H§(Qo) x
L?(£), this problem is equivalent to

Search (w,q) € Wr x Qr / ae. t € (=T,37),

p [ o) cdyrn [ Vwln:vedy- [
Qo Qo Qo

q(-,tw-cay:/ £(,1)- ¢ dy,

Qo
v ¢ € Hy(Q), (3.4.54a)

/ X V-w(,t)dy = / g9(-,t) x dy, ¥ x € L*(), (3.4.54b)
Q0 Qo

Note that the problem (3.4.54a)—(3.4.54b) consists in looking for a strong solution to a weak
formulation. So, since by hypothesis (w,q) € L2(H?(y)) x L2(H(Q0)), by integrating by
part, we recover (3.4.52) — (3.4.53), such that the equivalence holds.

We will solve the problem (3.4.54a) — (3.4.54b) in several steps. The first consists in
setting again an equivalent version of (3.4.54a) — (3.4.54b) in the space of divergence free
functions, using an appropriate change of variables. The second consists in solving the
equivalent Stokes problem by a Faedo approach.

Step 1: Transformation to a divergence free problem.

Since g € La(H(Q0) N L3(0)) N HR(H'(p)’) then by the Lemma 3.4.3, there exists a
unique w, € Wr such that

V-wy=g inQgx (~T,37). (3.4.55)
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Next, we search a solution to (3.4.54a) — (3.4.54b) on the form w = v+ w,, where - is such
that (v, q) solves the Stokes problem

Find (v, q) € W x Q7 such that for a.e. t € (=T,3T)

p an(-,t>~<dy+u/Q Vv(',t):VCdy—/Qq(',t)V-Cdy=/ r(1) - C dy,

Qo Q0
V¢ € HY(Qo), (3.4.56a)
/ X V(1) dy =0,V x € L*(Q), (3.4.56D)
Qo
where
r:=f — poyw, + pAw, € L*(L*(Qp)) (3.4.57)
and

/Q I'(-,t) 'Cdy:/ (f(‘vt)_patwg(‘vt)) 'Cdy_ﬂ ng('at) : VC dy-

QO Q0

Proposition 3.4.6.  Let f € L2(L?()) and we setr € L?(L?(Qp)) given as in (3.4.57).
Then (7,q) € Wr x Qr and solves the problem (3.4.56a) — (3.4.56b) if and only if (w,q) €
W X Qr and solves the problem (3.4.54a) — (3.4.54b).

The proof of Proposition 3.4.6 is straightforward, so we place it at the end of this chapter
to maintain focus.

Step 2: Formulation in the divergent free space.

From (3.4.56b) clearly we have V - = 0 and then the problem (3.4.56a) — (3.4.56b) can be
written equivalently in the following form:

Find vy € Wr, :={w € Wp, V-w =0} such that

d

Pa /Qo Y(,t) - Cdy + V(- t) : V¢dy = / r(-,t)-¢dy, V¢ e H(l),g(Qo)~ (3.4.58a)

Qo Qo

Indeed, if (v, q) € W1 x Qr solves (3.4.56a) — (3.4.56b) then by (3.4.56b) we have V-~ =0
a.e. in (—7,3T) and therefore v € Wr,. Furthermore, as from Proposition 2.1.19 we have

d
Oy -Cdy=— [ ~-¢dy, V¢ eHj,(Q), (3.4.59)
Q dt Jq,
taking ¢ € Hj ,(Qo) in (3.4.56a) implies (3.4.584).

Inversely, if v € W1, and solves (3.4.58a) then v € Wy and satisfies equation (3.4.56b).
Using again (3.4.59) we have

pl Ov(t)-C+p | V(1) :VCdy— / r(t)-¢dy=0, V¢ €Dy (Q) (3.4.60)
Qo Qo Qo
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i.e.

(pOry — pAy —r,¢ ) =0, V¢ € Dy(Q). (3.4.61)
Since §2¢ is open, bounded and Lipschitz, according to the Proposition 2.1.10, there exists
a distribution ¢ = ¢(+,t) € D'(£) such that
p Oy (- t) — A (-, t) + Vq(-,t) —r(,t) =0 in D, (Q), ae. te (-T,3T). (3.4.62)
But since
oy, Ay, re L*(L*(Q0)), (3.4.63)

3.4.62) in co binatio it emma 2.1.11 implies
( ) in combination with Lemm p
g € L3(H' (Q0) N L§(Q)) = Qr, (3.4.64)

and (v, q) solves (3.4.56a) — (3.4.56b) which completes the proof of the claim.
Step 3: Solution of (3.4.58a):

Before we solve (3.4.58a), without loss of generality, we can suppose that r € L?(L2(£))
because since r(t) € L2(p), for almost every ¢ € (—T,3T), according to Proposition 2.1.12
and Remark 2.1.13, we have the following Helmoltz decomposition

r(-,t) =ry(-,t) + Vg (-, 1), in L%(Qy), for ae. t € (—T,3T), (3.4.65)

with r, (-, ) € L2(Q) and qr(+,t) € H'(Q0) N LE(Q). And since r € L*(L?()), then r, €
L2(LZ(Q)) and g € L*(H'(Q0) N L§(Q)). Then for a.e. ¢ € (—T,3T) and ¢ € Hj ,(Qo)

we have

/ r~§dy:/ (rg+Vqr)'Cdy:/ r, - ¢ dy, (3.4.66)
Qo Qo Qo
since V- ¢ =0 in ©y and ¢ = 0 on 0€.

The rest of the proof continues as in [5, 53, 98]. More precisely, let —A : H(l),U(Qo) —
H_'(Q0) = (H},(Q0))" with —Au = f. Then —A defines an isomorphism from Hj , (o)
onto H,1(Qp). If we consider (—A)~1: L2(Qg) — L2(Qp), (—A)"If = uif —Au = f then
(—A)~!is compact and self-adjoint. Therefore it has a countable sequence of eigenfunctions
and eigenvectors denoted by (¢,,, tin), wWith g, > 0 and u, — 0 as n — oco. It follows that
~A@, = AP, An = pi, 1 — 0o. The system (¢,,) can be chosen orthonormal in L2 ()
and orthogonal in Hj ,(Qo). It turns out that

L200) = (=3 cupr 3 lenl? < o). (3.4.6)
n=1 n=1

H(l),cr(QO) = {ll = Z CnPn>» Z )\n|cn‘2 < 00}7 (3.4.68)
n=1 n=1

oo

H3(Q0) NH,(Q) = {u=> cup,, > Aenl* < oo} (3.4.69)
n=1

n=1
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So, let r € L2.(L2(Q0)), so r(t) = 302, rn(t)p,, with o0 f 70 (t)]? < 0o. We look for

n=1

Y(t) = > 07 m(t)p, € Wi, such that pdyy — pAy =r. Hence necessarily

Pt + Ay = Ta(t), so (3.4.70)
1 t
mt) = [ e (s)ds
pJ-T
1 1 B (s—t)
+ - e"r rn(s)ds. 3.4.71
p T /T 5) ( )

Note that v, (=T1") = v,(37"). Multiplying (3.4.70) by ~,, and integrating in (—7",3T) gives

3T 3T
2 = T . 4.
i [Pt = [ runo (3.4.72)

Since the sequence A, tends to co, we can suppose that A\, > i, V n. Then we have

() () < () @)] < [ra(t) vV EAe 1 ()] < %!rn(t)ﬁ + ’%” Y ()2 (3.4.73)

i.e.

3T 3T 37
:u)\n /—T |’7n(t)|2 dt :/ ’f’n(t)’)/n(t) dt < ;/ |Tn( )‘2 dt + 22 :u)\ /;T | n(t)|2 dt.

=T =T

(3.4.74)
Therefore -
An 1
Eon \%( 1% dt < / [ra(t)[? dt. (3.4.75)
2 J_ 2/ 7
Taking the sum over n in the above inequality (3.4.75) we get
37 0
/ Z)\nhn ‘ dt < Z/ |7 (t | dt,
n=1
=)
v € L*(Hj . (). (3.4.76)
Similarly, multiplying (3.4.70) by «/, and itegrating in (=7, 3T) gives
3T 3T
p [ rhwra= [ o so
37
o[ Sy [ ok
=)
~ € L*(L:(Q)) (3.4.77)

and therefore
~y € HY(L2(Q)). (3.4.78)
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Note that (3.4.70) implies also
WXL l? < 2|l + P21 (3.4.79)

This inequality gives

37T ©°° 3T ©°° 3T °©
i [ R <2 [ S Pt [ S P <,
n=1 -T n=1 T n=1

which shows that
v € L*(H?*(Q0) N H{ ,(20)) N H'(LZ(Q)). (3.4.80)

Therefore, according to Proposition 2.1.19 we have up to a modification on a set of zero
measure

v € C([-T,3T); Hj , (). (3.4.81)

As v, (=T) = v, (3T) implies v(—T) = v(3T), we have the periodicity. From (3.4.80) we
get v € W, and solve (3.4.58a).

So, for all (f, g) € Rw x R, there exists a solution (w,q) € W7 NCX(H(Qp)) x Qr to the
Stokes problem (3.4.54a)—(3.4.54b), obtained by constructing g as in (3.4.64) and by setting
w =v+w, € Wy, where (v, q) € Wr x Qr solves the Stokes problem (3.4.56a) — (3.4.56b)
and w, solution to the divergence problem given by Lemma 3.4.3 and r being the right hand
side defined in (3.4.57).

e Bi-continuity.

For all (w,q) € W x Qr we have

1Dy Fi 0, (0,60) Iy, = 10w — pdw + Vgl < C(Iwlws + s ), (3:4:82)
and
| Du F2(0,0) (W)l = IV - wllg, < Cllwiw, (3.4.83)

On the other-hand, let (f,g) € L2(L?(0) x L2 (H(20) N L&())) such that (w,q) solves
the non-homogeneous Stokes problem (3.4.52) — (3.4.53), as given by Proposition 3.4.6.
Since V - w = g, according to Lemma 3.4.3 we have the estimation

Iwlw, < Cllglr, (3.4.84)
and
IVallrz e o)) < lallcz o)) < IIF = 0w + nAWI| 12 12(0,))

< C(lfllrw + Iwllwz)
< C(lfllrw + llgllg,); (3.4.85)

which show the isomorphism of the map D(y, o F (0, (0,q0)) and ends the proof of Proposi-
tion 3.4.2. 1
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Theorem 3.4.7 (Existence and uniquesness of (w, q)).

The problem (3.3.23a) — (3.3.23b) has a unique time-periodic strong solution (w,q) € W X
Qr for ||z||lz; < 1. Moreover, w € C3(H(Q)).

Proof:

We have shown in Proposition 3.4.1 that the map F is C'! in a neighborhood of (0, (0, qo)),
with F(0, (0,q0)) = (0,0). Moreover, from Theorem 3.4.2, we have shown that (w,q) —
D (w,F(0,(0,q0))(w, q) is a topological isomorphism. Therefore by the implicit function
theorem, there exists a unique C! map ¢ from a small neighborhood Ny C Zr of 0 to
W x Qr such that

F(z,¢0(2)) = (0,0), ¥ z € Np. (3.4.86)

It turns out that for a given z € Ny, if po(z) = (W,,q.), then (w,,q.) € W X Qr is the
unique local solution to the periodic NS problem (3.3.23a) — (3.3.23b). Since w, € W —
LZ(H?(Q0)) N H-(L?(Q0)), by Proposition 2.1.18, we have w, € C2(H*(Qp)). 1

Theorem 3.4.8 (Existence and uniqueness of (u,p)).

The problem (3.1.13a)-(3.1.13d) has a unique time-periodic strong solution (u,p) € Up N
Cp(H () x Pr for ||2]z, < 1.

Proof:

For z small, we still denote by z its zero extension in RN =1, We construct Z as in equation
(3.3.60) and we denote by z € Zr the extension of (0,...,0,2) in Zp. Weset T =1+ z.
According to Lemma 3.3.2, T is a diffecomorphism of class L (Wzé*(Qo)). According to
Lemma 3.3.4, we know that the extension of h is in WH := LZ(H?(Q)) N HA(L?(Qp)) and
is given by the formula (3.3.91). Therefore, we set

g=g(z,t):=hoT ™! =h(T (z,1),1). (3.4.87)

Let (w,q) € Wr N CY(H(Q))) x Qr be the unique solution of (3.3.23a) — (3.3.23b) given
by Theorem 3.4.7. Therefore, F(z,w,q) = (0,0). We set

v=v(z,t):=woT ' =w(T !(z,1),1), (3.4.88)

u=v-+g, (3.4.89)

p=p(x,t)=qoT 1 — — q |VT| dy. (3.4.90)
€| Joy,

Note that such p has zero mean in ;. Since (w,q) € W X Q7, then, according Proposition
3.3.1, we have
v € V= LA(H*(Q) N H(Q)) N HR(L2(Q)), (3.4.91)
p € Pp:= LA(H () N L)), (3.4.92)
g € Up = L3(H2(%)) N HA(L?()). (3.4.93)
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It remains to show that v € C3(H!(2;)) and g € C2(H(Q:)). We will prove only the case
of v since the case of g is similar. Without loss of generality we prove it at t = 0. We
recall that the space C(H'(€)) is defined in (2.1.14). The proof relies on the property
w € CO(H'(Qp)). We set

5(8) = V() = (-, Ol a0y + IV Ol o) + IVE Ol @oans  (34.94)
=: 01(t) + d2(¢) + d3(¢). (3.4.95)
We will show that

lim 6(t) = 0. (3.4.96)

We will prove this only for the H' semi-norm because the proof for the L? norm is similar
and easier. Let us first consider the term do(¢). By contradiction, let us assume that

lim 05(t) = Cy > 0, which implies lim §3(t) = C35 > 0. (3.4.97)
t—0 t—0

Therefore, using (3.3.15), we have

53@):/ Vv(z, 8) dz
Q:\Qo

_ / [Vv(z,t)] o T(-,t)[? [VT(-,1)| dz
T-1(Q2:\Q0)

/ Vw(z,t)] - [VT(2,t)] 7’|V (2, 1)| dz
T1(2\Q)

IA

2 / [V (w(z,1) — w(z,0))] - [VT(a, )] PV (2, 1)] da
T—1(Q2:\Q0)
+ 2/ [Vw(z,0)] - [VT(z,t)]}|VT(z,t)| dz. (3.4.98)
T—1(Q2:\Q0)

By passing the limit as ¢t — 0, in (3.4.98), using the fact that w € C%(H'(Qp)) and applying
the Lebesgue dominated convergence theorem, we get

0<C:< 2/ lm Lp-1(0\00) (%) VW (2,0)[* dz = 0, (3.4.99)
Qo t—0
since
lim [€2; \ Qo = 0, (3.4.100)

which is a contradiction. Therefore, Cy = 0.

Similarly, we prove that

lim d3(t) = 0. (3.4.101)
t—0

For §; we after changing the variable and using (3.3.15), we have

61()% = /Q . \V(v(z,t) —v(-,0)) dz
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< / [V (w(z,t)] - [VT(x,t)]71|VT(x,t)| = W(a:,()))\2 dx
Qo

<C ; [Vw(z,t)] — [Vw(z,0)]|? dz

+C [ [Vw(z,0)]- ([Vw(x, O VT (2, )] — 1) d

Qo
< C(Iw(s1) = W, 0l g + IWC 0 @ IV DI VTG O] = 11 )
—0ast—0, (3.4.102)

because w € CO(H'(Q)), [VT| € LF(L>®(Qp)) and T € HX(HZ(Q)) — CL(HZ(Qy)) —
CHWH ().

The same way, we prove that g € CO(H(;)).

Since (w,q) solves (3.3.23a) — (3.3.23b), then by doing the change of variable in the
opposite sense as in section 3.3.1, we have (v, p) solve the problem (3.3.1a) — (3.3.1d). This
proves that (u,p) € Ur N CX(H(€)) x Pr and solves the problem (3.1.13a)-(3.1.13d).

Note that the uniqueness of (u,p) is assured by the uniqueness of (w,q). Indeed, for
i € {1,2}, if (u’,p’) € Ur x Pr are two solutions of (3.1.13a)-(3.1.13d), then we set
(wig)=(uoT—-goT,poT — ﬁ Jo, p' |[VT~Y dz). Therefore, (w',q") € Wt x Qr
and solve the problem (3.3.23a) — (3.3.23b) and moreover, we have F(z,w?,¢') = (0,0).
Therefore (w!, ¢') = (w2, ¢?) which implies (u!,p') = (u?,p?). |

Proof: (Proof of Proposition 3.4.6)

—) Let us suppose that (v,q) € W x Qp and solves the problem (3.4.56a) — (3.4.56b).
Then w = v + w, € Wr. Therefore, for a.e t € (=T,3T), equation (3.4.56a) with v =
w — w, becomes

p [ om0 cdyn [ Iw):Vedy- [ alt)V-cdy
Q Q Qo
= / r(-,t)-¢ dy+p/ Owy(-,t) - ¢ dy—l—u/ Vwy(-,t): V¢ dy
Q Q Q
= [t cay ve e Ty
Qo
which proves equation (3.4.54a). Similarly, equation (3.4.56b) with v = w — w, becomes
0= [ XVt dy= [ XV (wlt) —wy( ) dy
Q() Q()
=/ X V-w(,t) dy—/ XV -g(-,t) dy, ¥V x € L*(Q)
Qo QO

which proves equation (3.4.54b).
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<=) On the other-hand, if (w, ¢) € Wr x Q7 and solves the problem (3.4.54a) — (3.4.54b),
then v = w —w, € Wy and by similar calculations, we find that (v, ¢) solves that problem
(3.4.56a) — (3.4.56b). |



Chapter 4

Numerical solution of the
time-periodic Navier-Stokes
equations using neural networks

Numerical methods for solving PDEs were effectively utilized in the mid-1940s by John
Von Neumann. Among the successful methods are the finite difference method (FDM), the
finite element method (FEM), and the finite volume method (FVM) (see Courant et al.

[21])-

FDM involves discretizing the domain and using divided differences to create a finite
difference scheme that approximates the original PDEs. It offers advantages such as math-
ematical ease of understanding, flexibility in implementing divided differences (forward,
backward, or centered), suitability for both linear and nonlinear PDEs, and the fact that
finite difference numerical schemes often result in algebraic equations that can sometimes
be solved directly (particularly for forward approximations). Additionally, error analysis
in this method, including truncation and approximation errors, is well-developed in the
literature (see LeVeque [62], Dimov et al. [20]).

FEM offers flexibility in modeling PDEs with complex (polygonal) geometries, making
it widely used in science and engineering for mechanical and fluid dynamics problems (see
Strand and Fix [94], Ciarlet [13], Johnson [19], Ciarlet et al. [19], Hughes [1(], Brenner
[10]). It involves partitioning the domain into sets of non-overlapping polygonal finite ele-
ments, then finding piece-wise approximation functions and the subspace of approximation
where the finite element numerical scheme is defined. Error analysis for FEM is also well-
developed.

FVM presents advantages such as ease in handling complex geometries using unstructured
meshes. The method is well-suited for approximating problems or functions with large
gradients or jump discontinuities (see Godlewski and Raviart [38], Tadmor [95], LeVeque
[61]). It ensures the conservation of mass, momentum, and energy within each control

7
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volume and across the entire domain. Error analysis for FVM is also well-developed.

In the last 15 years, deep learning, in the form of deep neural networks (NN), has been
effectively used in diverse domains (see LeCun et al. [58], Lu et al. [67], Lagaris et al. [55, 55]),
such as computer vision and natural language processing and it has been quite extensively
used in the pass few years in the field of scientific computing. In addition, solving PDEs with
deep learning has emerged. In particular, we can replace traditional discretization methods
such as FDM, FDM, and FVM with a NN method for solving PDEs. Although the error
analysis is not yet well-developed, there are experimental results in the literature showing
great success (see Lu et al. [67], Raissi et al. [33, 8], Lee and Kang [59], Wang and Mendel
[99], Yentis and Zaghloul [101]) using a neural network method called physics informed
neural networks (PINNs). The idea of the method is as follows: given a PDE, we suppose
that the solution is approximated with a NN function, which is a composition of linear and
nonlinear transformations (depending on the unknown parameters) of the inputs (space
and time variables) followed by a nonlinear transformation through an activation function.
Then, our new problem consists of minimizing the residual of the PDE with respect to the
parameters. The network with the optimized parameters provides an approximation of the
solution to the PDE.

Compared with traditional mesh-based approaches such as FEM, FDM, and FVM, the
NN method is mesh-free. It takes advantage of automatic differentiation (see Raissi et al.
[33]). With automatic differentiation, we can directly differentiate functions and avoid
truncation errors which appear when we approach the derivatives with finite difference
schemes. It also breaks the curse of dimensionality (see Poggio et al. [31], Grohs et al.
[39]) since it deals with scanning points i.e., randomly distributed points scatter inside
the domain and on the boundary. Another general advantage of this approach is that it
solves forward and inverse PDEs with just slight modifications to the code (see Raissi et al.

[33, 81], Tartakovsky et al. [96], He et al. [13], Chen et al. [16]). Additionally, an extension
of this method applies to solving integro-differential PDEs, fractional PDEs, and stochastic
PDEs (see Zhang et al. [102], Yang et al. [L00], Nabian and Meidani [76], Zhang et al. [103]).

There are many types of existing NNs such as convolutional NNs and recurrent NNs, but
the simplest is the feedforward neural network (FNN), also called multi-layer Perceptron
(MLP).

In this thesis, we are going to use a special case of FNN architecture, called radial basis
neural network (RBNN). A RBNN function is a special case of FNN function with only
one hidden layer. The reason behind this choice is that as a function of the parameters,
a RBNN function is a convex function and the optimization is more accurate than the
traditional FNN function with multiple hidden layers (see [57, 24, 69, 32, 9, 47]). We will
apply the RBNN methods to solve the time-independent Stokes, Steady state NS problem
in the context of lid-driven cavity problem. We will also use it to solve our time-dependent
NS equations.

For the Stokes problem, we first consider its equivalent augmented Lagrangian formula-
tion. This approach transforms the Stokes problem into a minimization problem in terms of
the parameters of the NN-approximated solution, which we solve using Uzawa’s algorithm
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(see [33, 35,6, 7,93, 78, 85, 37]). In the case of the time dependent Navier-Stokes problem,
we approach the nonlinear term using the backward differential formula of order 2 (BDF2)
coupled with a second order Runge-Kutta as described by Bermejo and Saavedra [%], which
transforms the time-dependent NS equations into a time-dependent Stokes equations. Like
before, we solve the Stokes problem using again Uzawa’s algorithm. Note also that, since
our method use integrals, we use the Gauss-Legendre quadrature numerical method avail-
able in the python NumPy library. This approximation is of degree 2n — 1, where n here is
the given number of points, meaning that we have an exact approximation of the integral
for all polynomial of degree less or equal to 2n — 1. We took Gauss points as training points
to compute the integrals. This method provides very good accuracy of integrals.

To test the efficiency of our method, we solve some benchmark problems. We start by
solving what we choose to call here “toy” problem. Indeed, the “toy” problem is a simple
time-periodic NS problem. Here the advantage is the fact that the exact solution is known
(see Pedergnana et al. [79]). Therefore, we can compare the result (neural network solution)
given by our code with the exact solution and compute the error of accuracy. Next, we solve
the lid-driven cavity problem for Stokes and NS flow up to Re = 10,000 and compare it
with some results in the literature. Finally, we apply this method for our time-periodic NS
problem in the context of AH and present numerical results.

4.1 General formulation of the feed-forward neural network
method

In this section, we provide an overview of feedforward neural networks (FFNNs) with
multiple hidden layers and describe their use in approximating general Dirichlet partial
differential equations (PDEs). While our simulations utilize a neural network model similar
to a single hidden layer FFNN, known as the radial basis neural network (RBNN), the
underlying approximation method remains the same which is basically by minimization of
a certain loss function. Notably, due to the convex nature of the RBNN with respect to
its parameters, it often outperforms traditional FFNNs with multiple hidden layers (see

[ ’ ’ ’ ? ’ ])

We begin by presenting a general description of the FFNN method for approximating
arbitrary functions. This is followed by an illustration of how FFNNs can be applied to
solve general PDEs, as outlined in [55, 41, 72, 73]. This discussion serves as a foundational
background, covering essential concepts before delving into the specifics of our approach.
Additionally, examples of neural network methods applied to classic PDEs are included to
provide practical insights.

4.1.1 Neural networks and approximation of functions

Let z € RV, and d > 1 an integer. A single-layer FNN with input = and output y € R™
is given by the following construction

reRY  — y=wl. oW x4+ +b' cR™ (4.1.1)
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where the couples (W0, 8%) € RN x R? and (W, b') € R™*? x R™ are the parameters
of the network called weights and biases, and ¢ is the nonlinear activation function. More
precisely, our single hidden layer has d neurons and at the k" neuron, we have the linear
and nonlinear transformations on the input x as:

N
(WP -z + b)) = U(Z Woa; + bg), Vke{l,..d} (4.1.2)
j=1

where W) := [W,?vl, ey W,?, ] is the k' row of the weight matrix W°. The parameters W,gj

is the weight from the input unit x; to the k' neuron and bg is the bias associated to the
k" neuron. It can be illustrates with the Figure 4.1.

\
——

X
output
X ( Sigmoid RelLU
%
In ! max(0,x)
1+e*
() : activation function
b ‘f( ) { TanH Leaky
RelLU
tanh(x) | max(0.1x, x)
\

Figure 4.1: Artificial neuron.

Some common activation functions read:

ReLU : z — max(0, x),

1
I+ exp(—z)’
exp(z) — exp(—z)
exp(z) + exp(—z)’

Sigmoid : x —

tanh : z —

Note that in our case, we use the radial Gaussian activation function r +— exp(—(er)?),
where ¢ is called the shape parameter. Unlike the aforementioned activation functions,
the Gaussian possesses the advantage of preserving the local properties of its derivatives,
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making it more suitable for solving PDEs. Moreover, the gradient vanishing problem, which
is common in other activation functions, does not occur here, particularly near the origin.
In practice, the Gaussian activation function performs better than all the other activation
functions mentioned above (see Jiang et al. [17]).

To construct a FNN with L hidden layers, (L > 2, integer), we need to define at each
layer the transformation

Y= e RV s = o (WL T ) e RN Vie {1,.., L), (4.1.3)

where '~ ! resp. ' is the inputs resp. outputs of the i*” hidden layer, N;_; is the number of
neurons of the i** hidden layer with Ny = N. The parameters (W1, pi—1) € RN Ni-1  RN:
are the weights and biases of the i*” hidden layer. Namely, given z := 20 € RY as the main
input, the output of our multi-layers FNN reads

y=wb. (2o . ox%x)) + bL, (4.1.4)
where the output y := N(z, P) depends on the main input z and the parameter
P:={W'b, i=0,..,L}c0O,

where © denote the set of parameters. In a general way, a NN with parameters P is a
function of the variable z in RY and will be denoted by N(z, P). The Figure 4.2 represents
a multi-layer FNN with three hidden layers and four neurons each.

()

& Vi
N Y
WM
r M}\./I}&./“\ ,
"3 v‘\v V[‘\V v‘\v 3
AN
4 U \J Vs

Figure 4.2: Multi-Layer feed-forward neural network.

When we approximate a function using the NN method, the parameter P € © of the
network is optimized through a minimization algorithm. For instance let us assume that
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we want to approximate a general functional z + f(x) defined in a domain Q C RY with
a multi-layer FNN. The method consists in minimizing the following Loss functional.

P = Loss(P) = || f(z) = N(z, P)lmsE = Z |f(x P, (4.1.5)

xEQ

where (1 is the set of discrete training points randomly distributed in 2 and on the boundary
and [Q| the number of its elements and || - ||assg is the mean squared error defined as in
equation (4.1.5). Many other norms could be used to define the Loss function such as the
the absolute norm or the L? — norm. We then need to numerically solve the following
minimization problem

Search P € © such that:

Loss(P) = mlg Loss(P), (4.1.6a)
Pe

where © is the set of parameters. Since the optimization problem (4.1.6a) in non convex,
we may need many trials to find optimal parameters. The function x — N (z, ]5), where
P is the optimal parameter, will represents what we called the NN approximation of the
function f.

4.1.2 The neural network method for solving Dirichlet PDEs

In this section, we give a description on how to use the neural network method to solve
a general initial and Dirichlet boundary value problem.

For K =2 and T > 0, we suppose ) is a bounded domain of RY with regular boundary
09). Let us consider the following nonlinear Dirichlet problem:

Find a smooth function u : 2 x R +— R solving:

fla,t,u, 0pu, 0% u) = 0 in Q x (0,7), (4.1.7a)
u=gon o2 x (0,7), (4.1.7b)
u(-,0) = ¢ in Q, (4.1.7¢)

where for simplicity of presentation, 8§iu denotes a vector of all first and second order
derivatives of u, with k =1,...K,7=1,..., N. The function f is a nonlinear scalar function
such that the problem (4.1.7a) — (4.1.7¢) is well-posed and g resp. ¢ represents the Dirichlet
boundary condition resp. initial condition.

We present a method for finding an NN approximation to the problem (4.1.7a) — (4.1.7¢)
by minimizing an appropriate Loss function which depends on the parameters of the NN.
Let us denote by @ the NN solution of (4.1.7a) — (4.1.7c) we are looking for. We have

@ = N(z,t,P). (4.1.8)

The goal is to find the parameter P € ©, so that 4 approximates (4.1.7a) — (4.1.7c) as well
as possible. In practice, there are two methods to consider.
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e First method

The first method consists in including the BC and the IC into the Loss function defined
by

1 4 i knr(od 40 K AT(od 4 2

Loss(P NZ‘ xf,tf,N xf,tf,P),at N(:Uf,tf,P),@ziN(mf,tf,P))‘
1 Nse . C2 Nr¢ S2
N Z N (@ thos P) = 9o the)| + Z [N (@00, P) = ()

(4.1.9)

Here, (x;, t;c) ;j represents the Ny training data randomly distributed inside the space-time
domain Q x (0,7, (.’L‘jBC,thC)j are the Npc training data on the boundary 0Q x (0,7T)
and (x7.); are the Nyc training data chosen inside the domain € to enforce the initial

condition. The first method consist in finding the optimal parameter by solving the following
optimization problem:

Find P € © such that:

Loss(P) = glig Loss(P). (4.1.10a)
€

e Second method

The second method consists in including the boundary and initial condition directly inside
the network when it is possible. More precisely, we consider the following new network

Ni(z,t,P) := A(z,t) + F(x,t, N(x,t, P)), (4.1.11)

where A(z,t) satisfies only the boundary and initial condition and does not depend on the
parameter P. The network Ni(z,t, P) is build with the particularity to satisfy automatically
the boundary and initial condition. The term F'(z,t, N(z,t, P)) is constructed such as to
have no contribution for the boundary and initial condition. In this case, the Loss function
to minimize reads

N
1 f

2
Nf P))

Loss(P) = ‘f l‘f,tf,Nl(.%J;, P), 8kN1(xf, P),@k Nl(:vj;,

f7

(4.1.12)
So, the approximation & = Ni(z,t, P) is identified by the parameters P which solve the
following problem. Find P € © such that:

Loss(P) = PIpig Loss(P). (4.1.13a)
€

In this case, the approximated solution of our PDE (4.1.7a) — (4.1.7¢) is given by
o= Ny(z,t,P). (4.1.14)

We can consider the minimization problems (4.1.10a) and (4.1.13a) as the training procedure
of the NN. It involves the computation of the gradient of the Loss with respect to the
parameters.
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4.1.2.1 Some examples of using neural network to solve initial value problems

Here we give an illustration of the NN method on simple PDEs. We start with the first
method and then the second method follows.

(7) Let us consider the following initial value problem:
Find u, a C! function solving:

{u'(x) = f(z,u) in [0, 1], (4.1.15a)
u(0) = a, (4.1.15b)

where f : R? — R is a nonlinear scalar function. If we apply the first method, we have the
following Loss function

1 Y . , , 2
Loss(P) = EZ 0. N (%, P) — f(x%, N (2}, P))| +|N(0, P) —al*. (4.1.16)

J=1

The solution is given by @ = N(z, P), where P is obtained by solving the following mini-
mization problem:

Search P € © such that:

~

Loss(P) = glig Loss(P). (4.1.17a)
€

Now we give the formulation using the second method. For the Problem (4.1.15a) —
(4.1.15b), we introduce the new network N; as

Ni(z,P) =a+ zN(z, P), (4.1.18)
with
Oz (Ni(z, P)) = N(x, P) + 20y N (z, P).
Here A(x) = a satisfies the BC and F'(z, N(x,p)) = xN(z, P). The network is trained only

inside the domain because the boundary condition is imposed on the new network. The
Loss function reads

Ny

Loss(P) = Ni Z

. . . 2
8IN1(:U§,P)—f(x;,Nl(xgc,P)) , (4.1.19)
f j=1

and the solution is @& = Ny (x, P), where P solves

Find P € © such that:

Loss(P) = glig Loss(P) (4.1.20a)
€

(74) Another example is the following second order an nonlinear ODE:
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Find u, a C? function solving:

u’(z) = f(x,u,u’) in [0, 1] (4.1.21a)
u(0) =a (4.1.21b)
u'(0) = b. (4.1.21c)
The Loss function is given by
1 Y . . . 2
Loss(P N o N (x - f(x}, N(x;, P), 8IN(:E;7 P))
=
+|N(0,P) — a|* 4 |0, N(0, P) — b|%. (4.1.22)
and the solution is given by @ = N(x, 13), where P solves
Search P € © such that: R
L P)=min L P). 4.1.2
0ss(P) min 0ss(P) ( 3a)
For the problem (4.1.21a) — (4.1.21c), the new network reads
Ni(z, P) = a+ bx + 2> N(x, P).
If the BC were u(0) = a and u(1) = b then we would choose:
Ni(z,P)=a(l —z)+ bz + (1 —2)N(z, P).
The Loss function reads
Ny ) , . , 2
Loss(P Z‘ (2N1)(wh, P) — f(ah, Ni(h, P), (9.N1) (}, P)) (4.1.24)
and the solution is still & = Ni(z, P), where P solves
Find P € © such that: )
Loss(P) = min Loss(P). (4.1.25a)

Pco

4.2 General formulation of the radial basis neural network
functions

Here, we introduce the formulation of a special type of FNN architecture, called a radial
basis neural network (RBNN). A RBNN is a specific case of an FNN with only one hidden
layer. The advantage of this network is that, as a function of its weight parameters w;, a
RBNN is a convex function, making the optimization more accurate than the traditional
FNNs with multiple hidden layers (see [57, 24, 69, 32, 9, 47]).
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The concept of radial basis neural network functions (RBNNF) was first proposed by

Hardy [12] using multi-variate scattered nodes interpolation and was gradually developed
by Micchelli [74] and Powell [32] and his collaborators at the university of Cambridge. It
was initially used by Kansa [50, 51] to solve PDEs. So far, many authors are using RBNNFs
to solve PDEs (see [57, 24, 69, 32, 9, 17]). The idea of the method is as follow.

For a given input z € RV, N € N and a given radial activation function ¢, the output of
our network with n neurons (n € N\{0}) reads

n
N(z,P) = wje(lz — ), (4.2.1)

j=1
where P = [wy, ---,w,] is a vector representing the set of parameters and ¢ = f[c!, ..., c"]
a vector of vectors representing the different centers. We recall that here || - || represents

the Euclidean norm in R¥.

Let f be a scalar function known only on distinct collocation points {z’, i = 1,...,m},
with m € N'\ {0}. The function f can be approximated using RBNN functions by solving
the linear system

AP = b, (4.2.2)
where b = ![f(z!),.., f(#™)], P = *[wi,...,w,], the unknown set of parameters and
A=la; ], i=1.,..,m, j=1,..,nis the interpolation matrix defined by a; ; = ¢(||z*—’|).

If n = m and the matrix A is non-singular, then the solution of the linear system (4.2.2) is
given by P = A~'p. As in the previous section, if we denote by f the approximation of f
by RBNN functions then we have

f = N(z,P). (4.2.3)

The singularity of the interpolation matrix A highly depends on the choice of the radial
activation function and its parameters and how the training points are scattered in the
domain. In practice, when n = m we take ¢/ = z7. In this case, the matrix A becomes
symmetric. And since it is a non negative matrix, therefore, A is non-singular if it is positive
definite, that is ‘24z > 0, Vz € R™\ {0} (see [18, 32]). This implies that all the eigenvalues
are strictly positive.

Fornberg and Flyer [32], Bochner [9] have proven that for the Gaussian radial function
i.e, p(r) = exp(—(er)?), the interpolation matrix is positive definite. The number ¢ is called
the shape parameter. Table 4.3 represents some examples of radial functions which were
proven in [32] to be non-singular for any number of points scattered in the domain in the
case n =m and a;; = o(||z* — 27|)).
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Type of basis function Radial function ¢(r)

Piecewise smooth RBFs
Polyharmonic spline (PHS) rom=1,3,5,...
r™log(r),m = 2,4,6,...

Compact support (‘Wendland’) (1 —er)Pp(er), p certain polynomials

Infinitely simooth RBFs

Gaussian (GA) e=(en)?

Multiquadric (MQ) 1+ (er)?

Inverse quadratic (IQ) 1/(1+ (er)?)
Inverse multiquadric (IMQ) 1/4/1+ (er)?

Bessel (BE) (d=1,2,...) Jaja—1(er)/(er)¥/21

Table 4.3: Some examples of RBF's

The unknown parameter P in (4.2.2) is also found by minimizing the following Loss
function
1 & . . 1 & n . . N2
Loss(P) = — > (N(a', P) = f@))? = — > (Y wyp(lla’ =) - f@a)) . (4.2.4)
i=1 i=1  j=1
RBNNTFs is also used to solve PDEs by minimizing the associated loss function. Precisely,
let us consider the following general scalar-valued PDEs

Lu)=f inQ
B(u) =g on 09, (4.2.5)
where L and B are differential operators. The idea is to approximate the solution of (4.2.5)

with a NN function of the form (4.2.1), next the new problem will be to minimize the loss
function

Nyp, Np
Loss(P) = 3 > (NG ) = 1) + + > (BOVleh,P) —gleh) (120

where for o € {L, B}, 2, is the collocation points inside the domain, resp. on the boundary
and N, is the number of collocation points inside the domain resp. on the boundary. This
corresponds to the first method described in Section 4.1.2 for the FNN.

Whenever it is possible, we look for the neural solution of (4.2.5) in the following new
form

Niy(z,P) = A(z)N(z, P) + g(z), (4.2.7)
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where x — A(x) is a function which vanishes on the boundary and x — g(z) enforces the
boundary condition. This corresponds to the second method described in Section 4.1.2 for
the FNN. Therefore, the boundary condition becomes strongly imposed. In this case, we
consider the following Loss function

Np,

Y (L(Ni(a, P)) = f(x))". (4.2.8)

i=1

1

Loss(P) = N
L

If P is the optimal parameter, then the solution @ to the PDEs (4.2.5) is given by 4 =
N1 (1‘, P)

4.3 Application of the radial basis neural network functions
to solve the Stokes problem: The augmented Lagrangian
approach

Let  be a bounded domain of RY, (N = 2) with smooth boundary 9. We consider the
following generalized Stokes problem

ou—pAu+Vp=fin Q, (4.3.1)
V-u=0in , (4.3.2)
u =g on 01}, (4.3.3)

where the unknown u and p represent respectively the velocity field and the pressure of an
incompressible fluid. We know according to [37, 98, 30] that if (f,g) € H™1(Qg) x H2 (0Q),
under the general flux condition

/ g-vds=0, (4.3.4)
Qo

where g is open, bounded and C!!, then there exists a unique weak solution (u,p) €
H!(Q9) x L3() to the problem (4.3.1) — (4.3.3) for every o € R or a € C satisfying a
certain condition (see Theorem 2.2.3).

For the Stokes problem (4.3.1) — (4.3.3), the difficulty is on the numerical implementation
of both the incompressibility condition (4.3.2) and the boundary condition (4.3.3). When
we use neural network, it is possible to impose only one of those conditions on the network
but not both at the same time. For instance, in dimension N = 2, looking the velocity
u = (u1,us) as the rotational of a scalar stream function ¢ (i.e u1 = 9y, and uy = —0y, )
permits to impose the free divergence condition. On the other-hand, using the new network
Nj as described in equation (4.2.7) permits to impose the boundary condition. However, if
the geometry of the domain is complex, the function x — A(zx) can be very difficult to find.
Moreover, it is more difficult to find a network on which both the free divergence and the
boundary condition are imposed. The augmented Lagrangian formulation appears to be a
way out.
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Firstly, we imposing the boundary condition by using the network N; as
Ny(z, P) = A()N(z, P) + g(z), (4.3.5)

where A is as before a scalar function which vanished on the boundary, g is the boundary
condition and N is the RBNN vector function. In practice, in the case where the geometry
of the domain is complex as it is in the case for an AH domain, the function A(z) is obtained
by training a network to have a characteristic function of the domain.

Secondly, we introduce the Lagrangian functional associated to the problem (4.3.1) —
(4.3.3) as

L(u,p) :/ %|u]2+ g|Vu\2—pV-u—f~udx. (4.3.6)
Q
We know according to [35, 34] that the solution to the Stokes problem (4.3.1) — (4.3.3) is
also solution to the following saddle point problem

Find (u,p) such that

L(u,q) < L(u,p) < L(v,p) Y (v,q) (4.3.7)
which implies that
minmax £(v, ¢) = maxmin £(v,q) = L(u,p). (4.3.8)
v q q v

Now, following [34, 35], we introduce the augmented Lagrangian as

L, (u,p) = / %\u[Q + g\VuIQ —pV-u—f.u+ %(V -u)? dz, (4.3.9)
Q
which characterizes the problem
Find (u,p) such that:
ou— pAu+Vp—rV(V-u)=fin Q (4.3.10)
V-u=0in (4.3.11)
u =g on 0N. (4.3.12)

In fact, the problem (4.3.1) — (4.3.3) and (4.3.10) — (4.3.12) are equivalent. The advantage
of the augmented Lagrangian formulation is on the use of the penalty term rV(V -u) which
help to implement well the free divergence condition, especially using Uzawa’s algorithm
(see [33, 35, 6, 7, 93, 78, 85, 37]). In practice, when we use Uzawa’s algorithm, r is chosen
in term of p as given by equation (4.3.15) and Figure 4.4.

Description of the Uzawa algorithm

e We initialize the pressure as p° = p(z, P°), where P is the given initial parameter.
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e We suppose known the pressure at the n'”* iteration p™ = p(z, P"), and we compute
the network representing the velocity u™ = u(z, P") by minimizing the augmented
Lagrangian, i.e., solving

Ly(u",p") = m‘}n{ﬁr(v,pn)}. (4.3.13)

So, for p™ fixed, we are looking for the parameter P™ such that u” := u(-, P"*) mini-
mizes the augmented Lagrangian.

e Finally, we update the pressure using the formula

Pt =p" —pV-u" (4.3.14)

e Repeat the process until the algorithm converges, meaning the Lagrangian no longer
updates with each iteration.

The convergence of the Uzawa algorithm highly depends on the choice of the penalty r
and the choice of p. In general, according to [35, 34], the algorithm converges under the

condition |
p € (0,2(r + ;)). (4.3.15)

One experimental result they found is that for a given r sufficiently large, we should take p
slightly larger that r as described the following Figure 4.4.
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Figure 4.4: Agreement between r and p
taken from the reference Fortin and Thomasset [35]

4.4 Application of radial basis neural network on a Navier-
Stokes problem: The augmented Lagrangian formulation

In this section, we consider the time-dependent and nonlinear NS problem (4.4.1)—(4.4.3).
Our goal is to solve it numerically using radial basis neural network (RBNN) functions,
which typically is a Galerkin method. We opt for the RBNN instead of the traditional
feedforward neural network (FNN) because the RBNN function as a function parameter is
convex and this enables standard minimization algorithms (e.g., gradient descent, Krylov,
L-BFGS) to perform more efficiently. Indeed, we have tried classical FNN methods as
descibed in Section 4.1, but our algorithm did not provide good results.

To achieve this, we discretize the time derivative term dyu using the backward differen-
tiation formula of second order (BDF2), as introduced in Section (4.4.3), combined with a
second-order Runge-Kutta method following Bermejo and Saavedra [3]. Additionally, we
apply a Crank-Nicolson scheme to the diffusion and augmented terms. In the subsequent
sections, we provide a detailed explanation of the methodology. At each time step, we solve
a problem of the type (4.3.1) — (4.3.3), as previously described for the Stokes problem.
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4.4.1 Lagrangian approach

For T > 0, we consider the following incompressible NS equation for a Newtonian fluid

p(Opu+ (u-V)u) — pAu + Vp = pf in Q x (0,7), (4.4.1)
V-u=0inQx(0,7), (4.4.2)
u=gondx(0,T), (4.4.3)

where p is the density of the fluid and i the dynamic viscosity of the fluid. We can suppose
that we have initial or periodic condition. Note that in Chapter 3 we proved the existence
and uniqueness of solution to this kind of problem in the periodic case. For the initial case,
the analysis can be found in [958, 85, 37, 75]. Here we focus only on the implementation of
our numerical method.

We will first change the problem into its equivalent dimensionless formulation. Let us
make the following change of variable
1 tUu u
F=—z, tF=—, ut =

. D
4.4.4
[ 5 P (4.4.4)

vt - pU?

where U and D represent respectively the velocity of the fluid flow (m/s) and the charac-

teristic length (m). Therefore, the new differential operators for the dimensionless variables

read ) ) U

V==-V"A=_—A" 0 =—=0-. 4.4.5
D ) D2 , Ut _D 3 ( )

By multiplying equation (4.4.1) — (4.4.3) by the factor p% and setting Re = %, we can

rewrite the equation (4.4.1) — (4.4.3) in terms of the new (dimensionless) variables and

operators as

1
du+ (u-V)u— ﬁAu +Vp=£fin Q x(0,7), (4.4.6)
V-u=0inQx (0,7), (4.4.7)
u=gondx(0,7T), (4.4.8)

where all the stars on the variables and the operators were dropped to ease the notations.

The dimensionless number Re represents the Reynolds number which is also defined as

the ratio between the inertia and the viscus forces. Here we denote the new dimensionless
D

boundary condition and source term by g* = g/U and f* = f.

Let us suppose that u = u(X(z,s,t),t) where the map ¢t — X (z,s,t) represents the
trajectory of a fluid particle that at ¢ = s is at the position 2 € R, Therefore, t — X (z, 5, 1)
solves the following Cauchy problem

dX(z,s,t)
— = u(X(z,s,t),t) (4.4.9)

X(z,s,s) =x. (4.4.10)
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We know that if u € CO(C%!(R")) then Cauchy problem (4.4.9) — (4.4.10) has a unique
solution given by the following formula

X(z,s,t) =z + /t w(X(z,s,7),7)dr. (4.4.11)

By the chain rule, the time derivative % of the map t — u(X(z, s,t),t) reads

Du Ou
E - a + (u . V)u (4.4.12)

Note that the term %‘t‘ includes the nonlinear term of the NSE (4.4.6) — (4.4.8). The ex-

pression (4.4.12) is also called material derivative of the velocity u. Therefore, the equation
(4.4.6) — (4.4.8) becomes

Du 1 .
V-u=0in 2 x (0,7) (4.4.14)
u=gondQx(0,T), (4.4.15)

which represents the Lagrangian formulation of (4.4.6) — (4.4.8).

4.4.2 Implementation of the backward differential formula of order one

In this paragraph, we implement the first order semi-discrete Lagrangian scheme by applying
a backward differential formula of order 1 (BDF1) for the problem (4.4.13) — (4.4.15),
following [%].

We will discretize the time interval [0, 7] in (t5)n=o,.. K, With tgo = 0 and tx = T', where
K € N\ {0}. We denote by At := ¢, — t,—1 the uniform time step. We remark that
x — X(z,s,t) has a group property in the sense that

Vi1, t2 €10, 7], X(x,s,t2) = X(-,t1,t2) o X(2,5,t1) = X(X(2,s,t1),t1,t2),  (4.4.16)

meaning that the trajectory of a particle from s to ¢y is equal to the trajectory form s to

some arbitrarily time ¢; plus the trajectory from time ¢; to to. As in [3], we will use the
notation

XP(z) .= X (x,t;,tg), Yk, €N, (4.4.17)

Taking as initial time s = t, > 0, we approach the material derivative % with the

following differentiation formula of order 1.

Du Cu(z,ty) —u(X" (@), ty)
u”? — unfl o anl,n
= A 4.4.1
N +o(At), (44.19)
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where we used the notation u” := u(-,t,) and u" ! o X? 1" := u(X" 1" (2),t,_1). We
recall that X"~ 1" = X (z,t,,t,_1), is the solution at time ¢, 1 to the ODE

d
&X(:c,tn,t) =u(X(z,ty,t),t), in [tn_1,tn] (4.4.20)
X(z,ty,ty) = x, (4.4.21)

which we solve at each iteration by a second order Runge-Kutta. Precisely, the solution
X"~1n is approximated by
n—1,n At
X" — 7(u(:p, tn) +u(z — At u(z,t,), th—1)). (4.4.22)
This permits us to write the following BDF1 semi-discrete Lagrangian scheme for the NS
equations, for all integer n > 1

u” — un—l o Xn—l,n 1
— —Au" " —f"=01in 4.4.23
Az oo u" 4+ Vp in ( )
V-u"=0 inQ (4.4.24)
u” ! known, (4.4.25)

where we use the notation f" := f(-, t,).

The above semi-discrete Lagrangian scheme initially proposed by Pironneau [30] gives an
approximation of the weak solution (u,p) of order O(At). It is very important to precise
that at each time n, since u" ! is known, equation (4.4.23) — (4.4.25) can be rewrite as the
following Stokes equation

1, 1

— Au" " =F" 4.4.2
ArY T ReAW VP (4.4.26)
u" =g". (4.4.28)

where F" := f* + Lu""1 o X"~1" We remark that equation (4.4.26) — (4.4.28) is of the

Stokes form (4.3.1) — (4.3.3) which we described in the previous section with a = < and

= é. Therefore, in the case of the nonlinear NS equation, we solve by applying the same

Uzawa’s algorithm at each time step n > 1.

The BDF1 is simple to implement and produce reasonable results for Stokes and NS
equation with moderate Re. But as the Re increases, we needed to applied the BDF2
described in the next paragraph (4.4.3), which produce a more accurate results.

4.4.3 Implementation of the of the backward differential formula of order
two

In paragraph, we will implement a second order semi-discrete Lagrangian scheme by apply-
ing a backward differential formula of order 2 (BDF2) as in [3].
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Taking again as initial time s = ¢, > 0, we approach the material derivative 2% with the

Dt
following differentiation formula of order 2.

D 3u(w, t,) — du(X" 1 (z), - X720 () b,
?ltl(w,tn) _ 3ul@,tn) — 4u (x)2’A’; D) +ul @htn-2) | oA)  (4.4.29)
3u” — 4un71 o anl,n + un72 o Xn72,n

_ 2
= N +o(AP). (4.4.30)

For all integer n > 2, we numerically solve the following BDF2

3u™ — 4un—1 o Xn—l,n 4 un—2 o Xn—Q,n

—iAu”—i—Vp”—f”:OinQ

4.4.31

2At Re ( )
V.u"=0inQ (4.4.32)
u" !, u"? known. (4.4.33)

According to [3], the above scheme gives an approximation of a weak solution (u,p) of the

order O(At?). Here at each time step n > 2 we solve successively X"~ 1" and X"~ 2" using
a second order Runge-Kutta. Indeed, X"~ 1" is given by equation (4.4.22) and X" 2" is
approximated by
At
Xnhn o xnoln 7(u(X”_1’”, tno1) Fu(X"E — At a(X"N 4, 1), ts), (4.4.34)
The problem (4.4.31) — (4.4.33) can be rewrite into the following model Stokes problem
(4.3.1) — (4.3.3) we described earlier

3 1
—u" — —Au" " =H" in Q 4.4.
oAl T peAu +Vp in (4.4.35)
V-u"=0inQ (4.4.36)
u" ! u"2 known, (4.4.37)

with H" .= f" + %Atu"_l o Xn—ln 4 %Atu"_z o X"=2" We solve again at each time step
n > 2 the Stokes problem (4.4.35) — (4.4.37) using Uzawa’s algorithm.

4.4.4 Implementation of the augmented Lagrangian method and Crank-
Nicolson scheme

In this paragraph, we apply the augmented Lagrangian method to the Stokes problem
(4.4.35) — (4.4.36). We recall that the boundary condition is automatically imposed in
the network and the augmented Lagrangian method will help us to solve well the free
divergence problem. We also add the Crank-Nicolson (CN) scheme on both the diffusion
and the augmented term by averaging them at two consecutive time steps. It is important
to mention that adding a CN scheme was really important in the sense that it has helped
improving the accuracy for the lid-driven cavity benchmark problem for NS flow. Indeed,
without implementation of the CN scheme, the result were reasonable up to Re = 1,000 and
with the CN scheme implemented, we are able to go until Re = 10,000, while maintaining
a good agreement with the results from the literature.
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For all interger n > 2, the equivalent augmented Lagrangian formulation associated to
the problem (4.4.35) — (4.4.37) reads

1
Qimun AWV HY V(Y ) =0 in 0 (4.4.38)
V.u"=0inQ (4.4.39)
u" !, u" 2 known, (4.4.40)
where rV(V - u") is called the augmented term. We apply the CN scheme (see [68, 70]) by

averaging both the diffusion and augmented term at time ¢,_; and ¢,, and get the following
scheme

3 n 1 n n—1 n__ N _ f n n—1\ _n;
Ve 2R@(Au +Au"" )+ Vp" —H 2V(V u"+V-u"")=0in Q (4.4.41)
V.u"=0inQ (4.4.42)
u" !t u"? known, (4.4.43)

which can be put in the form of the model Stokes problem (4.3.10) — (4.3.12)

3 1 r
e n no_ ) =G" i 4.4.44
Az Y 2R€Au +Vp 2V(V u”)=G" in Q (4.4.44)
V.u"=0inQ (4.4.45)
u" ! u"? known (4.4.46)

with G" := H" + g Au""! + IV(V - u""!). At each time step, we solves again the
problem (4.4.44) — (4.4.46) using Uzawa’s algorithm with the following full expression of
the augmented Lagrangian

1
2At

1 1
v/ n|2 vnfl‘v nq
+72Re Q2| u"|“ + Vu u” dz

—/p”V'u”dx
Q

—l—/f”-u”dx
Q

+3 /Q SV w4 (V) (V) do (4.4.47)

3
Er(un’pn) / §|un‘2 o 4un—1 o Xn—l,n .ut + un—2 ° Xn—2,n u” dr
Q

4.5 Some numerical results

In this section, we present some numerical simulations in 2D. The aims is to solve numer-
ically our time-periodic NS problem on fixed domain, with time dependent velocity profile
given on the inlet, outlet and membrane.

To reach this target, our approach is to gradually solve numerically several benchmark
problems for the Stokes, and Navier-Stokes flow. Indeed, we start by presenting our result
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for a particular time-periodic NS problem called here “toy” problem. For this problem,
the exact solution can be found in [79]. Next, we solve the lid-driven cavity problem for
the Stokes flow and compare it with the existing literature by Brian and Housam [12].
Additionally, we solve the lid-driven cavity problem on a NS flow with Reynold number
(Re) up to 10,000. We proceed by solving the Steady state NS on some artificial heart
domains. Here the velocity profile on the inlet, outlet and membrane is time independent.
Finally, we solve, the time-periodic NS problem on several fixed AH domains, with a given
time dependent velocity profile on the inlet, outlet and membrane.

4.5.1 A time-dependent “toy” problem

In this section we consider the time-periodic and nonlinear NS problem (4.4.6) — (4.4.8),
where f = 0 and the exact solution is given explicitly in [79] and simple. Moreover, the
solution is the same regardless the value of Re. This is why we call it here “toy” problem.
Therefore, here we solve it for Re = 1. We use a RBNN with a Gaussian non linear
radial function exp(—(er)?) with the shape parameter ¢ = 19.19. Here we took Ng =
50X50 = 2500 Gauss points inside the domain to compute the integrals and we took
Npat = 50X 50 = 2500 radial basis hat functions (or neurons).

The objective is to capture the exact solution, evaluate the error since the exact solution

is known. We take Q := (—1,1)? and the period is T = Z. The exact solution u., =

(Utex, U2ey) 1S given by ’
Ulex (T, y,t) : = xsin(4t) + y(cos(4t) + 2) (4.5.1)
Ugez (T, Yy, 1) : = x(cos(4t) — 2) — ysin(4t)
Pex(T,y,t) : = g(azQ + 9?) + dzy sin(4t) — 2(2? — y?) cos(4t). (4.5.3)
We imposed the boundary condition on the network by taking
Ni(z,y,t, P) = N(z,y,t, P)(x — 1)(z + 1)(y — 1)(y + 1) + g(x, y, t). (4.5.4)

The boundary condition g is constructed by perturbing the exact solution with a cosine
function, such that it matches the exact solution only on the boundary. Specifically, we
took

(s, 0) = cos (K7 (o = D+ D= D+ 1) )ueale,9.0)
=cos(8(z — 1)(z+ 1)(y — 1)(y + 1)) uez(z,y, 1), (4.5.5)

with &£ = 2 and we note that
g = U, on dy x (O,T) (456)

and in (0,7, the function g has 2 oscillations around the exact solution and in (0,27) =
(0,7), it has 4 oscillations.

We use the BDF2 augmented Lagrangian scheme associated with CN. The following
Figure 4.5 represents the neural network solution of the “toy” problem at time ¢ = 7.
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Streamfunction at t = 60*dt ul(x, y, 60*dt)

u2(x, y, 60*dt)
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Figure 4.5: Approximated solution of the time-periodic Navier-Stokes equations
(“toy” problem) at time t = 7 i.e., u(x,y, ), using RBNNFs. a) Stream function,
b) approximated velocity (u1(z,y, ), us(z,y, 7))

The following Figure 4.6 represents the exact solution of the “toy” problem.

Exact treamfunction at time t = 60*dt
[ ]

ulex(x, y, 60*dt)

u2ex(x, y, 60*dt)
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0.5 -24-0.75
-32-1.00

0.0 0.5 10 -10  -05 0.0 0.5 10
X X

(a) (b)

Figure 4.6: Exact solution of the time-periodic Navier-Stokes equations (“toy”
problem) at time t = 7 i.e., Uez(z,y, 7). a) Exact Stream function, b) Exact
velocity (Uiex (T, Y, T), U2ex (T, Yy, T))

On the following Figure 4.7, we can see that our approximated solution is time-periodic.
The period here is T' = § = 30At. We visually compare u(z,y, 5At) and u(z,y, 35At) and
we can notice that they are similar.
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(a) u(z,y,5At) (b) u(z,y, 35At)

Figure 4.7: Time-periodicity of the approximated solution using RBNNF's

We can see from the analytic expression of the exact solution that it is time-periodic of
period T' = § = 30At. The following Figure 4.8 permits to see the periodicity of the exact
solution.

1.00 = 1.00 =

0.75 35 0757 35
0.50 3.0 0.50 3.0
0.25 55 025 {4 25
> 000 20 > 000 20
-0.25 15 -0.25 15
-0.50 10 -0.50 10
-0.75 05 -0.75 05

-1.00 -1.00

“10 -1.0
X X
(a) ver(z,y, HAL) (b) ez (,y, 35AL)

Figure 4.8: Time-periodicity of the exact solution to the “toy” problem

We compute L? relative error of the solution, which is the L? — norm of the difference over
the L? — norm of the exact solution. For this problem the error is at the order of 1072
Precisely the error is 0.003056923626 for u; and 0.009981707670 for wus.

4.5.2 Stationary Stokes and Navier stokes flow on the lid-driven cavity
problem

The lid-driven cavity is a classic problem in computational fluid dynamic. It usually serves
as a benchmark for validating numerical methods. The cavity has a square shape fill with
a fluid. At the top boundary of the cavity, we apply a tangential velocity in order to drive
the fluid flow inside the cavity. On the three remaining boundaries (left, right and down),
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we apply a no-slip condition, i.e. zero velocity. Figure 4.9 represents the dimensionless 2D
driven cavity we are considering.

U1:O
ug = 0

Figure 4.9: The dimensionless 2D lid-driven cavity.

4.5.2.1 Case of a stationary Stokes flow in a driven cavity

Let us consider the motion of a fluid in the above lid-driven cavity along the following
Stokes flow

—Au+Vp=0in Q, (4.5.7)
V-u=0in Q.

Here we impose the boundary condition on the network as
u(.fl?,y, P) = N1($7 Y, P) = N(I’,y, P):Ey(l - '17)(1 - y) + le(l',y), (459)

where N(z,y, P) := (Ni(z,y, P), Nao(x,y, P)) is a vector network, P the parameter to
optimize and up = (u1p, ugp) is a vector function which satisfies the boundary condition.
Here we took

1 1
N R R/ RS o g o

urp(z,y) = zy(1 — CL‘)( ), ugp(z,y) = 0. (4.5.10)

More precisely, we have

ui(x,y, P) = N(z,y, P)zy(1 —z)(1 — y) + uwp(z, y) (4.5.11)
uz(x,y, P) = Na(z,y, P)zy(1 —x)(1 — y). (4.5.12)

Applying Uzawa’s algorithm with p = r = 10. Figure 4.10a represents our neural network
solution for the driven cavity problem on a Stokes flow and Figure 4.10b represents the
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result from the literature [12]. Here we took Ng = 80X80 = 6400 Gauss points inside
the domain to compute the integrals and we took Np.; = 50X 50 = 2500 radial basis hat
functions. We used the Gaussian RBF exp(—(er)?) with small support. We took & = 49.

Stokes flow

1.0

1.0 4

0.8

0.6 1

0.4 4

0.2 1

0.0 BEESAS

0.0

Figure 4.10: Stream function of the lid-driven cavity problem on a Stokes flow.
a) Neural network solution, b) Solution given by the reference Brian and Housam
[17]

4.5.2.2 Case of a stationary nonlinear Navier-Stokes flow in a lid-driven cavity

Here we consider the driven cavity problem on a steady state nonlinear NS flow. Precisely,
we solve the problem

(u-V)u-— éAu +Vp=0inQ, (4.5.13)
V-u=0in Q. (4.5.14)

We can solve this problem the same way we solved the time-dependent NS equation (4.4.6) —
(4.4.8) and obtain the solution of (4.5.13) — (4.5.14) as the limit when the time step At goes
to 0 of the solution to time dependent NS equation. Indeed, since the boundary condition
is time independent, the solution is also time independent (see [98, 85] for the existence of
steady state NS). Therefore, the material derivative defined in (4.4.12) becomes

Du
We recall that the idea of the Lagrangian method is to approach the material derivative
(4.4.12) with a BDF. Meaning that, as the time step At goes to zero, the BDF (one or two)
scheme converges to the material derivative. Therefore, in this case, the BDF scheme will

converge to the right side of equation (4.5.15), allowing us to apply the same technique.
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Since the boundary conditions are the same with the Stokes problem, we look for the
neural network solution in the form describes in equation (4.5.9). This case is more inter-
esting because the problem becomes difficult as the Re increases. We will solve it up to
Re = 10,000 and compare our result with an existing literature, see [71, 40, 15]. Here we
use the BDF2 augmented Lagrangian scheme associated with the CN scheme. We apply
Uzawa’s algorithm at each time step and we take r = p = 10. We took Ng = 81 x 81 = 6561
Gauss points inside the domain to compute the integrals and we took N, = 81 x 81 = 6561
radial basis hat functions. We used the Gaussian radial function exp(—(er)?) with small
support. We took ¢ = 49.

NS: Re = 100

k T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.11: Driven cavity problem on a steady state Navier-Stokes flow at Re =
100., a) Neural network result, b) Result from McKay [71]
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NS: Re = 1000

Figure 4.12

Figure 4.13: Driven cavity problem on a steady state Navier-Stokes flow at Re =
1000. a) Neural network result, b) Result from McKay [71]

NS: Re = 5000
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Figure 4.14: Driven cavity problem on a steady state Navier-Stokes flow at Re =
5000. a) Neural network result, b) Result from Hachem et al. [10]
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NS: Re = 10000
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Figure 4.15: Driven cavity problem on a steady state Navier-Stokes flow at Re =
10000. a) Neural network result, b) Result from Hachem et al. [10]

As a conclusion for the driven cavity problem for Stokes flow and NS flow at Reynolds
numbers up to Re = 10,000, our code successfully captures the general flow patterns.
However, its precision is less accurate, particularly near the corners of the cavity. This
limitation may stem from the influence of the shape parameter . Indeed, the RBNN
responds rather sensitively to e. Meaning that accuracy of the solution is limited by the ill-
conditioning issue of the interpolation matrix caused by the value of the shape parameter ¢
(see Bustamante et al. [13, Introduction], Chen and Leng [15, Section 2]). Moving forward,
we will apply the same method to a more realistic scenario which is modeling blood flow in
an AH domain. Given that the Reynolds number of blood is approximately Re = 298, we
expect to have a reasonable general representation of the flow with our method.

4.5.3 Navier-Stokes problem on an artificial heart domain

In this section, we consider the time-periodic NS flow in an AH domain in dimension
2, with velocity profile given in the inlet, outlet and membrane. This case is supposed to
simulate the problem we considered in the chapter 3 of this thesis. We note that this work
is in the context of a project proposed to me by my thesis supervisor regarding the shape
optimization of artificial hearts. The optimal shape can be found through the analysis of
shape optimization and its numerical simulation, which we kept for future works. Here
we do some “naive” shape optimization perturbing the rigid boundary I'.. Precisely, we
propose four admissible shapes and we will numerically choose the optimal shape amount
them, which would be the one presenting less vortices inside the heart chamber. Figure
4.16 gives us the admissible set of shapes we are considering. We choose to name them
Dl, DQ, D3, and D4.

Let us consider the following problem where 2y can represent one of the four AH admis-



4. NUMERICAL SOLUTION OF THE TIME-PERIODIC NAVIER-STOKES
EQUATIONS USING NEURAL NETWORKS 105

sible domains

(pOu+ p(u-V)u—pAu+Vp=pg inQyx (0,4T), teR, (4.5.16a)
V-u=0in Qo x (0,47, (4.5.16b)
u(z,0) = u(z,4T), x € Qy, (4.5.16¢)
u(z,t) =0, (x,t) el xR, (4.5.16d)
u(x,t) = ki(t)u(x), (x,t) ey xR, (4.5.16¢)
u(z,t) = ko(t)us(z), (z,t) €Ty x R, (4.5.16f)

L u(z,t) = kp(t)un(z), (z,t) € My x R. (4.5.16g)

For a human blood, we have p ~ 1.043g/cm? and u ~ 0.0035¢m?/S. Therefore, the Re is
around Re ~ £ = 298, since we took into consideration the dimensions of a human heart.
We suppose that the inlet is T'; = (a1, a2) X {bs}, the outlet is T', = (a3, as) x {b2} and the
membrane is My = (¢1,c2) X {b1}. We apply the following velocity profiles

u;(r) = (z — a1)(z — a2)r,(z,y) '0,1] (4.5.17)
u,(7) = (x — a3)(z — as)lr,(z,7) [0, 1] (4.5.18)
un(z) = (x —c1)(x — ca)lag (z,9) 1[0, 1], (4.5.19)

where we took

ki(t) = %(m (ﬂt;T‘))) + ’sin (”G;T‘))) ) (4.5.20)
bot) = — % (sin (U)o ain (TETIY)), (15.21)
ko (1) = g(sin (W) (4.5.22)

where To = 0, T1 = Ty + 27 and 27T is the length of the first half period. Knowing that the
stroke volume of the blood is around SV = 66cm?/beat and the depth of a human heart
is around d = 6¢m, the constant a and 8 are determined such that the volume of blood
sucked during each half period has a constant value SV/2 = 33cm?. Therefore, o and 3 are
such that

_d/a2 oz — ar)(@ — as) dx = SV/2 = 33, (4.5.23)
al
—d/CQ B(x — e1)(& — e9) dx = SV/2 = 33. (4.5.24)
c1
Therefore,
a= (agigal)?’ and = (013302)3 (4.5.25)

Here the time is discretized as tgp = 0 and t, = t,—1 + At, Vn € N\{0}. We took At = %
with V = 10. Since each beat of heart last around g ~ 0.857 S, we took 2T = % ~ 0.429.
This implies that in all those simulations At ~ 0.0429S5. Here we use the BDF2 coupled
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with a CN scheme. We took Ng = 80X80 = 6561 Gauss points inside the domain to
compute the integrals and we took Np, = 30X30 = 900 radial basis hat functions. We
used the Gaussian radial function exp(—(er)?) with e = 2.24.

1 1
0 0
14 -1
-2 -2
-3 -3
—4 -4
-5 4 -5
-6 - —6
-7 -7
_8 -8
-9 -9
101 -10
~11 -11
2321012 3 4 4-32-1012 3 4
(a) The domain D, (b) The domain Do
1 1
0 0
1 -1
-2 1 -2
3 73
-4 4 -4
-5 -5
-6 -6
-7 -7
-8 1 -8
-9 A1 —9
—101 -10
11 -11
4321012 3 4 a5 51015 3 4
(¢) The domain Ds (d) The domain Dy

Figure 4.16: The admissible sets of AH domains.

4.5.3.1 Steady state Navier-Stokes problem on an artificial heart domain

In this section, we solve the steady state NS in all the four “toy” design AH domains.
We recall that here as before, the steady state NS equation is solved as the limit when the
time ¢ goes to infinity (At goes to zero) of the time-dependent NS equation. We fixed the
velocity profile at a particular instance. We have chosen the instance of the first half period
where the inlet is open, the outlet is closed and the amplitude of the velocity is maximal.
Figure 4.17 illustrate the various domains and the velocity profiles on the inlet, outlet and
membrane.
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Figure 4.17: Four “toy” design of AH domains and the velocity profiles on the
inlet, outlet and membrane.

Figure 4.18 represents the motion of the blood in our four domains at that particular
instance. We remark that the flow in D presents a big vortice at the center of the chamber
and another vortice close to the membrane. In the domain Dy the big vortice diminishes
and the second vortice which was close to the membrane increase a little bit. In domain D3
there is no big vortice anymore. The flow presents only small vortices in the heart chamber.
In the domain Dy, still there is no big vortice and the size of the vortices are smaller.
So, when we perturb the upper rigid boundary of the heart chamber, the number and size
of vortices diminishes and they are located in an area where their motions are limited.
Finally, we remark that amount the four admissible domains, the domain D4 seems to have
less vortices inside the heart chamber.
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(a) The steady flow in the Domain Dy

AH, Re= 298

(¢) The steady flow in the Domain Dj

(b) The steady flow in the Domain Do

AH, Re= 298

A

(d) The steady flow in the Domain Dy

AH, Re= 298

\
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Figure 4.18: The steady state NS flow in an AH domain

4.5.3.2 Time periodic Navier-Stokes problem on an artificial heart domain

Here, the boundary conditions vary with time due to the non-static nature of the system.
We present a complete simulation of blood flow within an artificial heart. For each domain,
we visualize the flow at different time intervals. Our primary focus is to visually identify,
among the four domains, the one with the least vortices inside the heart chamber, as vortices
contribute to clot formation, which can damage the blood (see [97]).

Since the problem exhibits periodic behavior, we also anticipate observing a periodic
pattern in the flow. We note that our analysis here relies on visual inspection of the flow

2T

dynamics and their periodicity. The time step is defined as At = 35, with the period given

by AT = 20At.

Figure 4.19 below illustrates the blood motion within the artificial heart domain D; at

various time points.



4. NUMERICAL SOLUTION OF THE TIME-PERIODIC NAVIER-STOKES

EQUATIONS USING NEURAL NETWORKS

109

AH, Re= 298, t = 2*dt
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AH, Re= 298, t = 18*dt

Figure 4.19: The flow of the blood in the domain Dy, the period is 4T = 20 At
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Figure 4.20 shows the periodic behavior of the flow inside the AH domain D;.

AH, Re= 298, t = 25*dt

AH, Re= 298, t = 5*dt
Al

&

Figure 4.20: The periodic behavior of the flow in D1, the period is 4T = 20 At

Figure 4.21 presents the flow of the blood inside the AH domain Ds.
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AH, Re= 298, t = 2*dt AH, Re= 298, t = 5*dt

-

Figure 4.21: The flow of the blood in the domain Ds, the period is 47 = 20 At
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Figure 4.22 presents the periodic behavior inside the AH domain Ds.

AH, Re= 298, t = 5*dt AH, Re= 298, t = 25*dt

Figure 4.22: The periodic behavior of the flow in Do, the period is 4T = 20 At

Figure 4.23 presents the motion of the blood inside the AH domain Dj.

0
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AH, Re= 298, t = 2*dt AH, Re= 298, t = 5*dt
N

o

o

(d)

IS

Figure 4.23: The flow of the blood in the domain D3, the period is 4T = 20 At
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Figure 4.24 presents the periodic behavior inside the the AH domain Ds.

AH, Re= 298, t = 5*dt AH, Re= 298, t = 25*dt
m

Figure 4.24: The periodic behavior of the flow in Ds, the period is 47T = 20 At

Figure 4.25 presents the motion of the blood inside the AH domain D,.
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AH, Re= 298, t = 2*dt AH, Re= 298, t = 5*dt
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AH, Re= 298, t = 20*dt

Figure 4.25: The flow of the blood in the domain Dy, the period is 4T = 20 At
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Figure 4.26 presents the periodic behavior inside the AH domain Dy.

AH, Re= 298, t = 5*dt AH, Re= 298, t = 25*dt
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(c)
Figure 4.26: The periodic behavior of the flow in Dy, the period is 4T = 20 At

After observation of our numerical results, we remark that the flow seems reasonable and
periodic in all the four domains we have considered. We also remark that in all those
domains, the domain D, seems to present less vortices inside the heart chamber.



Chapter 5

Conclusion

We are at the end of this PhD thesis. The goal was to carry on the analysis and numerical
computation of blood flow in an AH design. To reach this goal, we needed to split it into
two main objectives.

The first objective was the analysis of a time-periodic Navier-Stokes flow in a moving
domain, with application to the blood flow in artificial hearts. More precisely, we aimed
to find results regarding the existence and uniqueness of a time-periodic strong solution of
the NS problem (1.2.18) — (1.2.24) in a moving domain using the implicit function theorem.
This goal was reached in Chapter 3. Mainly, with the assumptions (3.1.2) -(3.1.6) on the
reference domain €y which is essentially C'! and with the Zp regularity we imposed on z,
solution to the membrane equation (1.2.4) — (1.2.8), our moving domain () is essentially a
L®(W22')n HY(H?) N H%(L?) perturbation of 9. Note that this regularity of the moving
domain is weaker than the standard assumption available in the literature, i.e., C? in space.
We were able to prove the existence and uniqueness of a strong time-periodic solution to
our nonlinear NS problem on the moving domain £2;.

The second objective was to numerically simulate the motion of the blood in a given
artificial heart domain using a neural networks approach. We achieved that goal in Chapter
4. We used a special kind of neural neural with only one hidden layer called radial basis
neural networks and we used the augmented Lagrangian formulation of the NS equations
with a backward differentiation scheme in time of order 2 as described in [¢] and we coupled
it with a Crank-Nicolson scheme. Before using our code to solve the time-periodic NS
equation in an artificial heart domain, we tested it on several benchmark problems. We
used our code to solve the lid-driven cavity problem on a Stokes flow and compared it with
the existing literature [12]. We also solved a particular time-periodic NS problem called
the “toy” problem. The advantage of examining this problem is that the exact solution
is given in [79]. Our code solved this problem with the L2-relative error less than 1072
Additionally, we solved the lid-driven cavity problem on a Stokes and Navier-Stokes flow up
to Reynolds number 10,000, and we compared our results with the reference [12, 10]. Next,
we applied our code to solve our time-periodic Navier-Stokes problem with a velocity profile

117
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on the inlet, outlet, and membrane. Finally, we did a “naive” numerical shape optimization
by considering four artificial heart shapes Dy, D2, D3, and D4. We solved the problem in
each domain and selected the best shape among them.

This thesis is a part of a bigger project led by my thesis supervisor Arian Novruzi, which
consists in finding the optimal shape design of an artificial heart. As future work, we planned
to finish that project which involves the analysis of shape optimization. The problem is
to minimize the energy associated with the system (1.2.18) — (1.2.24). Precisely, given an
admissible rigid boundary I' :=I',, if (u,p) := (u(T"), p(I")) is solution to NS on the domain
Q := (), the problem is to optimize the following shape functional (see Tavoularis et al.

[97])

1 /T 2
B(T) = 2/ [/ (el VP 49 x ) de | (5.0.1)
-T Qy

where wg, w,, and w,, are positive weights. The term with ws; minimizes the shear stress
and contributes to reducing blood damage. The term with w, minimizes the vorticity and
helps to prevent blood clot formation, and the term with w,, contributes to minimizing
pump operating energy.

Also, knowing that the motion of the blood in an artificial heart design is activated by
the motion of the membrane z, solving the equation of the membrane is a topic we are
interested in exploring in the future.
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