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Abstract

This thesis is intended to contribute to an analytical understanding of refraction and
reflection phenomena of monochromatic electromagnetic fields at the interface between
homogeneous media and two-dimensional PhCs by studying the k-space (Fourier do-
main) representation of the refracted and reflected fields. The goal is to provide physical
explanations of distortion effects experienced by the fields when interacting with the
periodic medium, and to evaluate quantitatively such effects through the analysis of

the fields’ angular spectra.

The motivation for this investigation is the interesting reflection and refraction phe-
nomena observed when light propagates across the interfaces between homogeneous
dielectric regions and photonic crystals (PhCs), which is a situation often found in in-
tegrated optical systems. Such reflective and refractive phenomena play an important

role in the operation of such systems.

In order to achieve the above goal a new method of analysis has been developed
for studying the behavior of electromagnetic wave propagation in (and into) PhCs.
A k-space picture of the PhC response to non-idealized finite-cross-section beams is
made possible. The most important capability offered by this method is the ability to
separate the field distribution into physically interpretable beams by employing useful
Fourier techniques. This allows one to interpret the computed field’s behavior in terms
of physically meaningful incident, refracted and reflected beams. It also allows one to
examine details such as beam distortion and the power carried by each of these beams.
Particularly, one can obtain a clear understanding of the behavior of the field refracted
into the PhC since it is possible to analyze independently the Fourier components of the
refracted mode in both real space and k-space. The mathematical formulations that
allow one to interpret the above-mentioned physical phenomena from the numerical

solutions are given.



“Almighty God, Who hast created man in Thine own image and made him a living
soul that he might seek after Thee and have dominion over Thy creatures, teach us to

study the works of Thy hands that we may subdue the earth to our use and strengthen
our reason for Thy service...”

— James Clerk Maxwell (1831-1879).
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Chapter 1

Introduction

1.1 Photonic crystals

Media with periodically varying material properties, such as the refractive index, are
well known for their ability to control the propagation of electromagnetic waves over
specific frequency ranges. When the periodicity of the medium is on the order of
optical wavelengths, these artificial composite structures receive the name of photonic
crystals (PhCs). The control of electromagnetic radiation is restricted to the plane(s)
of periodicity. Therefore, one often refers to these structures as one-, two-, or three-
dimensional PhCs in accordance with the number of spatial dimensions in which the
periodicity has been introduced!. By adequate selection of the PhC parameters, i.e.,
lattice geometry, periodicity scale, and refractive index, a range of forbidden frequencies
in the electromagnetic dispersion relation will appear. It is referred to as the photonic
band gap. Indispensable conditions, yet not sufficient, for the presence of a photonic
band gap are strong refractive index modulation and periodicity scale on the order of

the wavelength.

IThere is a fairly extensive existing body of literature on the use of one- and two-dimensional
periodic structures for applications in the microwave frequency regime, stretching from 1950’s to the
present. A brief review is given in Ref. [1]. However, in such applications, three-dimensional structures
and two-dimensional structures periodic in the direction of propagation do not appear to have been
considered.



The first complete treatment of electromagnetic waves in three-dimensional periodic
dielectric structures with large refractive index modulation was formulated by Ohtaka
[2], in 1979, as an extension of the KKR (Korringa-Kohn-Rokester) method [3, 4] using
vector-spherical wave expansions. However, it was only after the seminal publications
of Yablonovitch [5] and John [6], in 1987, that the control of electromagnetic radiation
through three-dimensional periodically modulated dielectric media became popular. In
his publication, Yablonovitch proposed the idea of inhibited spontaneous emission of
electromagnetic waves through the photonic band gap of a three-dimensional PhC as
an alternative to improve the efficiency of semiconductor lasers; John, on the other
hand, demonstrated the existence of localized electromagnetic modes in certain disor-
dered periodic structures. These publications triggered the investigation of photons
in strongly modulated periodic media as an analogy to electrons in crystalline solids.
Since then, researchers in diverse fields of classical electromagnetics, solid-state physics,
optics, and materials science have been contributing significantly to the understanding

of novel phenomena in such structures.

Early investigations in PhCs were focused on potential applications based on the
inhibition of electromagnetic states. Indeed, an important property of PhCs is the
emergence of localized modes in the frequency range of the photonic band gap when
deliberate disorders are introduced to their periodicity. A line-defect introduced in the
periodicity of a PhC provides a versatile mechanism of light-propagation control when
operated at frequencies in the gap. This concept changed the paradigm of light guidance
through the so-called PhC waveguides, which have demonstrated the possibility of
guiding light through sharp bends [7, 8, 9]. Moreover, ultrahigh-Q PhC resonant
cavities can be designed by introducing point-defects in the structure; they have been
used to construct add-drop filters [10] and low-threshold lasers sources [11].

It was after the publications of Lin [12] and Kosaka [13] in 1996 and 1998, respectively,
that a new exciting area of research was opened through the study of light refraction
in PhCs. In his publication, Lin proposed a PhC-based prism, which provides high

frequency sensitivity and compact size for frequencies in the infrared-visible regime;



Kosaka, on the other hand, reported the observation of extraordinary angle-sensitive
refraction in a three-dimensional PhC, which is found as a consequence of the highly
anisotropic properties of the periodic medium. The refraction phenomenon in PhC
has been actively investigated since then, uncovering interesting effects. For example,
a PhC can be designed to operate as a homogeneous left-handed medium, in which
electromagnetic waves are refracted negatively [14, 15]. A recent investigation [16]
has proposed that a slab of such a medium can amplify evanescent waves through
resonant coupling mechanisms of surface-bounded electromagnetic states, suggesting
the possibility to create super-lenses capable of reproducing a monochromatic image
with subwavelength resolution [17]. Another interesting phenomenon is the super-
collimation effect [18], which limits the divergence of light beams and serves as an

efficient mechanism of light guidance in particular directions.

The difficulties in fabricating fully three-dimensional PhCs have led researchers to ex-
plore potential applications of two-dimensional PhC-slabs, which can be fabricated with
the lithographic techniques presently used in microelectronics. The two-dimensional
approach provides full control of electromagnetic propagation in the periodic plane,
while it confines the waves in the transverse direction by means of total internal re-
flection. Two-dimensional PhC-slabs have been shown to be excellent candidates for
integrated optics applications [11, 19, 20, 21].

It is the purpose of this thesis to investigate the refraction and reflection of monochro-
matic electromagnetic fields at the interface between homogeneous media and two-
dimensional PhCs by studying the angular spectra of the refracted and reflected fields.
The main goal of this work is to provide physical explanations of distortion effects
experienced by the fields when interacting with the periodic medium, and to evaluate

quantitatively such effects through the analysis of the fields’ angular spectra.



1.2 Thesis organization

The remainder of this thesis is organized as follows. Chapter 2 gives the basic theo-
retical concepts of electromagnetic wave propagation in PhCs. It discusses the general
properties of the wave equations and the characteristics of the natural modes in pe-
riodic media. It also gives insights into anomalous refraction phenomena analyzed
in later chapters. Chapter 3 provides a derivation for the mathematical expression
of the angular spectra of arbitrary monochromatic field distributions in PhCs. Such
an expression is used to support the results generated in the following chapters. In
Chapter 4, a novel method of analysis is developed to study the angular spectra of ar-
bitrary monochromatic field distributions in periodic media. The method is employed
in this chapter to describe the process of obtaining the reflectance and transmittance
at the interface between a PhC and a homogeneous dielectric. Chapter 5 applies the
fundamental ideas discussed in Chapters 3 and 4 to study the reflection and refrac-
tion of electromagnetic waves at the interface between homogeneous media and PhCs.
Two-dimensional semi-infinite PhCs with hexagonal- and square-lattice geometries are
considered in the analysis. Anomalous refraction phenomena such as negative refrac-
tion and super-collimation are studied in detail. In Chapter 6, the method of analysis
is employed to characterize the performance of a PhC device. The proposed device is
a PhC-based beam shifter, whose objective is to translate the beam axis of the inci-
dent beam to a different position. Quantitative results of power efficiency and beam
distortion are given as a result of the analysis. The overall conclusions of this work are

given in Chapter 7.



Chapter 2

Principles of photonic crystals

This chapter introduces the main mathematical tools and physical concepts that sup-
port the theory of electromagnetic wave propagation in dielectric periodic media,
namely PhCs. The properties of electromagnetic waves in PhCs are exposed and de-
scribed using the fundamental concepts in the band theory of crystalline solids [22].
The discussion is concentrated on the two-dimensional case. However, the concepts

can be extended to three dimensions straightforwardly.

2.1 Periodic dielectric media: basic concepts

The periodic arrangement of dielectric scatterers that form a PhC resembles the atomic
structure of crystalline solids. It is therefore convenient to define the structural pa-
rameters of PhCs using the concepts of crystal lattices. Thus, a PhC is regarded as a
lattice of scatterers, which play the role of the atoms in the analogy with crystalline

solids.

2.1.1 Real space and Bravais lattice

The mathematical domain that describes the position of the “atoms” over a space is

called the real space. It is defined in two dimensions by the position vector r = zXx+yy.
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The periodic array in which the “atoms” are arranged in the real space is described
by the concept of the Bravais lattice. For a two-dimensional space, the Bravais lattice

consists of an infinite set of points with position vectors given by

2
R=) psa,, (2.1)
o=1

where a, are the primitive vectors, and p, are integers. Hence, it defines a set of points
that remain invariant under translation through any vector R, and so it is said to have
translational symmetry. The Bravais lattice in the real space is called the direct lattice,
and the vectors R that form it are often referred to as the direct lattice vectors. The
distance between points in the direct lattice is called the lattice constant, and it is

denoted by the letter a.

The area of space that, when translated from one point of the Bravais lattice to the
points next to it, does not overlap or leave voids is called the primitive cell. There is
not a unique way to choose the shape of the primitive cell; yet, its area is always given
by A = a; - (ay X 2). A particular choice of the primitive cell is the Wigner-Seitz cell.
It consists of the region generated by bisecting the translation vector from a particular
point of the Bravais lattice to the nearest adjacent points. The Wigner-Seitz cell has
the symmetry of the Bravais lattice and it is, in general, the most widely used choice

of the primitive cell.

2.1.2 Reciprocal space and reciprocal lattice

The reciprocal space is related to the real space by the Fourier transform. It describes

a function in terms of its wave vector, k. Hence, it also receives the name of k-space.

The reciprocal lattice is also a Bravais lattice. It consists of the set of wave vectors,
G, that satisfy the relation exp (G -R) = 1, for any direct lattice vector, R. Or

equivalently, G - R = 2mp, where p is an integer. The reciprocal lattice can be defined
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as a linear combination of basis vectors in the following form

2
G=) 48, (2.2)
o=1

where ¢, are integers. The vectors g, are called the primitive vectors of the reciprocal

lattice. The set of primitive vectors can be generated from the direct lattice as [22]

or . 2,
glzq(a2xz)ag2:z—4—(zxal)a (2.3)

where a, (0 = 1,2) are the primitive vectors of the direct lattice, and A is the area of

the primitive cell of the direct lattice.

2.1.3 Brillouin zones

Brillouin zones are regions in the reciprocal space defined by the Bragg planes of re-
ciprocal lattice. Bragg planes are perpendicular bisectors of the lines formed by the
reciprocal lattice vectors, G. The first Brillouin zone (1BZ) is defined to be the Wigner-
Seitz cell of the reciprocal lattice centered at the origin. It consists of the set of points
in k-space that can be reached from the origin without crossing any Bragg plane. The
1BZs of the hexagonal and square reciprocal lattices, are shown in bold in Figs. 2.1(a)
and 2.1(b), respectively. Particularly, the 1BZ is important because it defines the prim-
itive cell of the reciprocal lattice. The 1BZ can be further reduced by symmetry to
the so-called irreducible Brillouin zone, which is represented by the shaded region in
Figs. 2.1(a) and 2.1(b). The symmetry points of the 1BZ are thus given by the vertices
of the irreducible BZ. They are designated by the symbols I', M, K for the hexagonal
lattice; and T', M, X, for the square lattice as illustrated in the figure.

In general, the n-th Brillouin zone is formed by the set of points in the k-space that
can be reached from the origin by crossing n — 1 Bragg planes, but no fewer. Examples
of the first few Brillouin zones for the two-dimensional square and hexagonal lattices

are illustrated in Appendix B.
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Figure 2.1: The (a) hexagonal and (b) square reciprocal lattices. The first Brillouin zone
for each lattice is shown in bold with their respective symmetry points labeled. The Wigner-
Seitz primitive cell is shown replicated at every point G. The shaded regions indicate the
irreducible Brillouin zone for each lattice.

2.1.4 Dielectric function

The position-dependent relative permittivity of a PhC is denoted by the dielectric
function € (r), which is a periodic function. It is convenient to define this periodic

function in terms of a Bravais lattice as
e(r+R)=¢€(r), (2.4)

where R denotes the direct lattice vectors and r is the position vector. Furthermore,
we shall find it useful to represent the inverse dielectric function (¢! (r)) in terms of a

“plane-wave” basis. For this, we obtain its Fourier transform, or k-space representation,

é (k) :/e_l(r) exp (—jk - r) d°r, (2.5)



which is also a periodic function with the periodicity of the Bravais lattice. Thus, € (k)

also has translational symmetry under vectors R, i.e.,
é(k) =é(k)exp (jk-R). (2.6)

For Eq. (2.6) to hold, the exponential term must equal unity or the function € (k)
must be zero. For a non-trivial dielectric function, this means that é (k) is zero ev-
erywhere except at those points k where exp (jk - R) = 1, which are the points of the
reciprocal lattice. The inverse dielectric function is therefore represented in terms of

its k-space analogue as the Fourier series

elr)=> é(G)exp(jG 1), (2.7)

G

where the summation is over all the vectors (= in the reciprocal lattice.

2.2 Wave equations

The properties of electromagnetic fields are governed by Maxwell’s equations. In a
linear and non-magnetic dielectric medium, Maxwell’s equations in (cgs) units for the

source-free case are given by

YV x E(r, ) —%%ﬁ’” (2.9)
V x H(r,t) = %e(r)aE;’t) (2.9)
V-E(r,t) = 0 (2.10)
V- H(r,t) = 0 (2.11)

where ¢ is the speed of light in vacuum and the functions E(r,t) and H(r,t) describe,
respectively, the time-dependent distribution of the electric and magnetic vector fields.

Combining Maxwell’s equations (2.8-2.11) to eliminate H(r,¢) in Eq. (2.8), or E(r,t)
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in Eq. (2.9), one obtains the following wave equations:

1 1 O*E(r,t)
@VXVXE(I‘,”‘FET = 0
1 1 O*H(r,t)
— T 2.12
V x E(r)V x H(r,t) + R 0 (2.12)

2.2.1 Eigenvalue problem and Bloch eigenmodes

For the time harmonic case we seek for solutions of the form F(r,t) = F(r) exp(—jwt),
where w is the angular frequency and F(r) is the complex field distribution of either
the electric field, E, or the magnetic field, H. From Eqs. (2.12), one can readily see

that the functions F(r) satisfy the following eigenvalue equations:

LEM (r) = {E(}BV x VX} E™ (1) = (‘“-;)2 E™ (r) (2.13)
L H® (1) = {v x E—(lr—)Vx}H(”)(r) - (“-5)2 HO (1), (2.14)

with eigenvalues (w,/c)? and eigenfunctions E(r) and H™(r), respectively. The

differential operators L, and L, are defined by the terms between brackets.

When the dielectric function €(r) is periodic, Bloch’s Theorem states that the solu-
tions of the wave equations (2.13, 2.14) have the form of a plane wave multiplied by a

periodic function with the periodicity of the Bravais lattice,
F™(r;K) = u"(r; K) exp(jK - 1), (2.15)

where u(™(.) is a periodic function. These eigenfunctions represent the natural modes
in a periodic medium. They receive the name of Bloch modes. Fach Bloch mode is
associated with a particular wave vector k’, which is called the Bloch vector and is
restricted to the 1BZ!. For a given Bloch vector, the solutions of the wave equations

(2.13, 2.14) form an infinite set of discrete values. Each element in the solution set is

!The proof is given at the end of Section 2.2.3
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denoted by the superscript (n).

In general, the characteristics of the periodic function, u™ (), also depend on the
Bloch vector, and so it is explicitly indicated as one of its arguments. Furthermore,
because it has the periodicity of the Bravais lattice, the function has translational
symmetry, i.e.,

u™(r; k) = u™(r + R; k). (2.16)

2.2.2 Orthogonality properties of the wave equations

It can be shown that the differential operator, £, in the wave equation (2.14) is Hermi-
tian [23]. Consequently, the magnetic-field eigenproblem has two important properties:
(1) the eigenfrequencies, w,(k), must be real; (2) the resulting eigenfunctions form a

complete set of orthogonal functions under the inner product

(P(x), Q(r)) = / P(r) - Q'(r)d’r, (2.17)

where P(r) and Q(r) are complex vectorial functions, * denotes complex conjugate,
and S is the two-dimensional region where the two vectorial functions exist. From the

second property, it follows that the magnetic-field eigenfunctions satisfy the expression
(H™(r; k), H™(1;K)) = 6(k — X)6,m, (2.18)

where §(-) is the Dirac delta function and 6, ,, is the Kronecker delta function. The
previous expression holds for all indices n and m, as well as all wave vectors k and
k' in the 1BZ. Hence, any solution of the wave equation (2.14) can be expressed as a

linear combination of its eigenfunctions.

On the other hand, the operator L. in the wave equation (2.13), is not Hermitian.
Hence, the eigenfunctions of the electric-field eigenproblem are not necessarily orthogo-
nal [23]. However, Bloch modes are intrinsically orthogonal to each other if their Bloch

vectors are different (see Appendix A). It follows that the electric-field eigenfunctions
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satisfy the expression
(EM™(r; k), E™(r; X)) = A™™(k,K)é(k — K), (2.19)

where A™™(k, k') is a vectorial function, which is, in general, different than zero.
Hence, provided that k # k', any solution of the wave equation (2.13) can be expressed

as a linear combination of its eigenfunctions.

2.2.3 Bloch space-harmonics

The Bloch wave in Eq. (2.15) can be expanded in terms of a continuous plane-wave

basis. For this purpose, we represent its periodic part as
u™ (r; k) = / U™ (k; k') exp (jk - r) d°k, (2.20)

where U (k; k') is the Fourier transform of u(r; k'), and the integration is over the
entire k-space. Then we notice that, because the periodic function has translational

symmetry, the previous equation can be written as follows:

u™ (r; k) = Z U™ (G;K)exp (G - 1) . (2.21)
G
Then, using Eq. (2.15) and defining Ug)(k’ )= UM (G;X), we can express the Bloch
mode as

(r; k') = ZU (K)exp[j (K +G) - r]. (2.22)

Hence, a Bloch mode consists of an infinite number of plane waves with wave vectors
of the form kg = k' + G and complex amplitudes given by their respective Fourier-
coefficient functions, Ug) (k). These plane waves are referred to as the Bloch space-

harmonics.

Consider now a generic wave vector of the form k = k' + G’, where k'’ is in the 1BZ,

and G’ is a particular reciprocal lattice vector. From Eq. (2.22), the Bloch mode
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associated with such a wave vector takes the form

FV(r;k) = ZUglG,(k’) exp|j (k' +G' +G) 1]
G

= > UL K)exp[j(K +G)-1]. (2.23)

G-G
The second line follows after redefining G + G’ — G. Thus, because G is an infinite
set of vectors, the previous expression equals Eq. (2.22), indicating that a Bloch mode

is entirely defined by a wave vector within the 1BZ — the Bloch vector.

2.2.4 TE/TM Bloch modes

In the two-dimensional case, we shall restrict the wave propagation to the (z, y)-plane.
In such a case, either the electric vector, E, or the magnetic vector, H, lies completely
in the propagation plane, forcing the polarization of the other vector field to be in the
z-direction. In the PhC context, polarization with the E field in the propagation plane
is called transverse electric (TE) because the electric field is transverse to the homoge-
neous direction. On the other hand, polarization with the H field in the propagation

plane is called transverse magnetic (TM).

For a TE- or TM-polarized electromagnetic field, one can always obtain the field
distribution of the transverse components from the z-polarized field. It is therefore

convenient to consider the problem in terms of a scalar field, which has the form
F™(r;K) = u™(r; k) exp(jK - 1), (2.24)

where u(™(-) = [u™(.)| as defined in Eq. (2.16) and F, represents either the scalar
electric field, E,, for a TM-polarized field, or the scalar magnetic field, H,, for a TE-

polarized field. Equivalently, the scalar Bloch wave can be expressed in terms of a
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plane-wave basis as

(r; k) = ZU " (KYexp| j (K +G)-1], (2.25)
G

where Ug) k') = |U(£) (k)| as defined in Eq. (2.22).

2.2.5 Plane-wave expansion

The plane-wave ezpansion (PWE) formalism consists of expressing Eq. (2.13) or (2.14)
in terms of a plane-wave basis, in order to obtain a linear system of equations for the
unknown eigenvalues and eigenfunctions. From Section 2.1.4, the plane-wave expansion
of the inverse dielectric function is given by Eq. (2.7). In addition, from Eq. (2.25), the
plane-wave expansion for the TM-polarized electric field and TE-polarized magnetic

field of a Bloch mode are, respectively, given by

EM(r;K) = EEG (K)exp[j (K +G) - r] (2.26)
HO(rK) =Y HE (K)exp[ j (K +G)-1]. (2.27)

Substituting Eqs. (2.26) and (2.7) into the wave equation (2.13), one obtains an
infinite linear system of homogeneous equations for the electric-field eigenfunctions. It

is given by

wn (k)

> {é(G ~ G |G + k|2} ES (k) = < )2 ES (k). (2.28)

G/

A similar system of equations for the magnetic-field eigenfunctions results from substi-

tuting Egs. (2.27) and (2.7) into the wave equation (2.14). It reads
wn(k)\’
S {HG -GG +K - [G + K} HE (k) = (“T) HE(K). (2.29)
G/
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By truncating the number of reciprocal lattice vectors in the two previous expres-
sions, one can find the fields inside the periodic medium from a linear algebra eigenvalue
problem over the 1BZ. It can be solved through standard eigen-decomposition, with
the square matrix entries defined by the terms between brackets. The resulting eigen-
values, [w,(k)/c]?, and eigenfunctions, [E(fo ) (k), Hg ) (k)], are discrete sets of functions
that vary continuously with k. Each function in the solution sets is labeled by the

index n.

The PWE method is the workhorse for obtaining the PhC’s dispersion relations.
However, it is known that its accuracy diminishes when the amplitude of the spatial
variation of the dielectric constant is large [24, 25]. In turn, different proposals were
made recently in order to improve its convergence [26, 27, 28, 29]. Particularly, the
methodology proposed by Guo [29] is employed for PWE calculations in this work.
This technique reduces the computation time and improves the accuracy by obtaining
analytically the Fourier transform of the dielectric-function unit cell (provided that the
‘atoms’ have regular shape). Hence, there is no need to use the numerical FFT routine

and one can avoid the step of dividing the space into small grids.

2.2.6 Photonic band structure

The discrete set of functions described by the eigenvalues of the wave equations (2.13,
2.14), determine the dispersion relations of the PhC, i.e., w = w,(k). From the contin-
uum of frequencies, only those values in the solution set can exist inside the PhC; the
rest are forbidden. Thus, the functions w, (k) form a discrete set of n frequency bands,
which define the structure of the allowed modes. It receives the name of photonic band

structure in analogy to the electronic band structure of crystalline solids.

In general, the photonic band structure may present bands separated by a range
of forbidden frequencies [30], which is referred to as the photonic band gap. For this
frequency range, mode propagation is restricted in all directions, and so it is said to
be a full band gap. Nonetheless, for some other frequencies, mode propagation may be

restricted only for specific wave vectors. In such a case, one talks about a partial band
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gap [31].

The photonic band structure is often computed for wave vectors within the 1BZ,
since the Bloch vector is limited to this region of the k-space. This representation
is said to be in the reduced zone scheme. However, in some particular cases, it is
necessary to emphasize the periodicity of the dispersion relations by representing the
band structure over a larger range of wave vectors covering several primitive cells. Such

a representation is said to be in the repeated zone scheme.
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Figure 2.2: Photonic band structures of two infinite 2-D PhCs composed of air holes of radius
0.4a etched in a background dielectric with refractive index n, = 3.6. (a) Hexagonal-lattice
geometry ~ dotted line denotes the frequency where bands 3 and 4 degenerate at the I' point.
(b) Square-lattice geometry — solid line denotes a frequency where bands 2 and 3 overlap.

At particular frequencies some band structures can present overlapping bands. This
is when the excited Bloch modes are associated with more than one frequency band for
a single operation frequency. A special case of band overlapping occurs at degenerate
eigenfrequencies, where two or more frequency bands present identical eigenfrequencies

for the same Bloch vector.

The photonic band structures in Fig. 2.2(a) and 2.2(b) correspond, respectively, to
hexagonal- and square-lattice PhCs. Their structural parameters are described in the
figure’s caption. Both band structures are shown in the reduced zone scheme for wave

vectors along contour of the irreducible Brillouin zone. The vertical frequency axis is
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given in normalized units, defined as

aw a
o2me N’

f=

where a is the lattice constant and A is the wavelength in vacuum. The horizontal
dotted line in Fig. 2.2(a) indicates the frequency at which the third and fourth bands
degenerate at the point I On the other hand, the horizontal solid line in Fig. 2.2(b)

shows the case when the second and third bands overlap.

2.3 Refraction and reflection

Waves refracted from a homogeneous medium into a PhC must match their tangential
wave vector components at the interface between the two media with those of the inci-
dent and reflected waves. This phenomenon is often referred to as the tangential wave
vector conservation condition (kj—conservation condition). The perpendicular compo-
nent of the wave vectors on both sides of the interface is then dictated by the contours

of constant frequency of the dispersion relation in the corresponding medium [32].

In a two-dimensional, homogeneous, and isotropic medium the contour of constant
frequency describes a circle of radius k = 27/, the wave number. We will refer to this
circle as the k-shell. It denotes all possible propagating wave vectors at the particular

frequency. Hence, propagating waves satisfy the shell condition
K=K+ k. (2.30)

In a two-dimensional PhC, on the other hand, the contours of constant frequency are

obtained from the photonic band structure by solving the equation
wn(k) =wp,  wp = constant, (2.31)

independently for every frequency band, n. The solutions of Eq. (2.31) are also called

17



the equifrequency contours (EFCs), and they describe the propagating Bloch modes
allowed for the specific frequency wy. Consider for example Fig. 2.3(a) and 2.3(b),
which show the three-dimensional representation of the photonic band structures in
Fig. 2.2(a) and 2.2(b), respectively. They give the values of w,(k) for all the wave
vectors within the 1BZ. The constant frequency planes in both band structures indicate
the frequency a/\ = 0.3, or equivalently wy = 0.6w. Therefore, the values of w, (k)

that intersect the constant frequency plane in each band structure give the respective

EFC at wyq.

The propagation direction and velocity of the electromagnetic energy carried by a
wave is given by the energy velocity vector v.. In homogeneous media this quantity
equals the group velocity vector [33], which is defined as the gradient of the dispersion

curve, i.e.,

vy = Viw(k). (2.32)

It can be shown that in a lossless periodic medium, the relation v, = v, also holds; the
mathematical proof is given in [32]. Hence, the propagation direction of a monochro-

matic wave refracted into a PhC is given by the direction of the vector v,. From

Normalized frequency (a/A)

kxa/x 1 7 kyQ/T kxa/x . T kyQ/T

Figure 2.3: Three-dimensional representation of the photonic band structures shown in
(a) Fig. 2.2(a) and (b) Fig. 2.2(b). The constant planes represent the constant frequency
a/A=0.3.
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Eq. (2.32), it follows that v, is a vector perpendicular to the EFC; its magnitude is
given by the slope of the dispersion curve evaluated at the particular frequency and
Bloch vector, and its direction points toward the direction of positive rate of frequency

increase.

An intuitive way to visualize the refraction phenomenon is given in Fig. 2.4(a) and
2.4(b), which show, respectively, the EFCs at the frequency a/A = 0.3 associated with
the photonic band structures in Fig. 2.3(a) and 2.3(b). In addition, the figures show
a homogeneous medium k-shell at the same frequency; the orientation of the interface
between the homogeneous and periodic media is indicated by the vertical dashed line.
For a given wave incident from the homogeneous medium, one can easily determine
the direction of the refracted Bloch wave — given by v4(k) — simply by tracing the k-
conservation line (horizontal dotted lines) on the diagrams in Fig. 2.4. For example,
consider the case for the wave vector ks in Fig. 2.4(a). The wave vector represents
a wave in the homogeneous medium propagating from left to right with an angle of
approximately 15° with respect to the k, axis. The wave is refracted into the PhC, and
hence, the tangential components of the incident and refracted wave vectors must match
at the k, value indicated by the kj-conservation line. The direction of the refracted
wave is then given by a vector perpendicular to the EFC at the point intersected by the
k;-conservation line. In this case, the vector v, points towards the inside of the EFC
because the second frequency band has a maximum at the I' point, which is located
at the center of the EFC. This indicates that the positive rate of frequency increase
is in the direction toward the inside of the EFC. Notice that, for any case, there are
two possible solutions for the group velocity vector because the kj-conservation line
always cuts the EFC at two points. One must always choose the solution that gives a
refracted-wave propagation direction moving away from the incident wave because the

other solution is not physically possible.
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Figure 2.4: The k-space representation of the refraction process of three waves, ki, ko, and
ks, incident from a homogeneous medium into (a) a hexagonal-lattice PhC and (b) a square-
lattice PhC at the frequency a/A = 0.3. The EFCs are shown in the reduced zone scheme.
The thin circle in both figures represents the k-shell and the vertical dashed lines indicate
the interface orientation.

2.3.1 Anomalous refraction

We already mentioned how the refracted-wave’s propagation direction depends on the
EFC at the operation frequency. In what follows we address a number of interest-
ing anomalous-refraction phenomena observed in PhCs due to the large anisotropy

generally presented by the EFC.

Negative refraction

The dispersion relations of a PhC may present negative slopes at some points of specific
frequency bands. For instance, the second band in Fig. 2.3(a) resembles a negative
parabola centered at the I' point. For such cases, it follows from Eq. (2.32) that v,
points towards the inside of the EFC, being opposite to the case observed for normal
dispersion. It is thereby said that the group velocity is negative. Hence, a positive slope

about a point in the frequency band (the magnitude of the Bloch vector increases as
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the frequency increases) implies positive group velocity, while a negative slope (the
magnitude of the Bloch vector decreases as the frequency increases) implies negative

group velocity.

Under certain conditions, a negative group velocity implies a negative refraction
phenomenon. This phenomenon is studied extensively by Notomi in Ref. [14]. In
this publication, Notomi shows that a PhC can resemble a homogeneous medium with
negative refractive index, which is obtained when the EFC is circular and the group
velocity is negative. In such a medium, v, points towards the inside of the isotropic
EFC, being anti-parallel to the Bloch vector. This case is illustrated in Fig. 2.4(a). At
the same time, these two conditions, namely circular EFC and negative group velocity,

imply left-handed (LH) behavior [15], which is denoted by the relation
v, k' =v. kK <0, (2.33)

where k' is the Bloch vector. If Eq. (2.33) does not hold, then the medium is said to
be right-handed (RH). For the anisotropic case, on the other hand, v, and k’ are not
anti-parallel (see for example Fig. 2.4(b) for the case k;). In such a case, Eq. (2.33) is
not obvious, and hence, it is necessary to compute the scalar product numerically in
order to determine whether the system is right-handed or left-handed. Alternatively,

one can determine the ‘rightness’ of the system by following the procedure in Ref. [15].

Negative refraction can also be achieved with positive group velocity, i.e., v, pointing
towards the outside of the EFC. Yet, from Eq. (2.33) it is obvious that LH behavior is
not possible for this case. In this case, the phenomenon is rather the result of a strong
anisotropy in the EFC [34]. An example of negative refraction with positive group

velocity (and hence RH behavior) is shown in Fig. 2.4(b) for the k3 case.

Beam steering and super-collimation

In general, the EFC can be highly anisotropic, as with the case shown in Fig. 2.4(b).

This property results in beam steering [35], which is the manipulation of the energy
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propagation direction, based on the EFC shape. The phenomenon is illustrated in
Fig. 2.4(b), which shows the different directions taken by v,(k) as a consequence of the
anisotropic EFC. The energy propagation direction can also be controlled by changing
the operation frequency in such a way that, for a fixed angle of incidence, the EFC
modifies its shape, affecting the direction of v,. This phenomenon is called the super-
prism effect [36].

A case of particular importance in Fig. 2.4(b) is denoted by the wave vector k.
This phenomenon is referred to as the super-collimation effect [18, 37] and involves
limiting the beam divergence in PhCs by means of a straight EFC shape. A PhC
operated under super-collimation conditions can serve as an efficient waveguide that
provides clean transmission over a particular direction [35]. Furthermore, efficient light
coupling [38], sharp bends with nearly perfect efficiency, and optical splitters [39] have
been proposed for guiding light in different directions through the super-collimation

mechanism.

2.3.2 Grating-like reflection

Several reflected waves might be generated when a wave impinges onto the PhC in-
terface from a homogeneous medium. The different reflected waves are often referred
to as backward-diffraction orders or just diffraction orders, because they follow a sim-
ilar behavior than in a diffraction grating device [40, 41]. Backward diffraction arises
because at the interface between the two media, the tangential wave vectors of the
Bloch space-harmonics must match similar wave vectors in the homogeneous medium.

Hence, each diffraction order satisfies the kj—conservation condition
(r _
kq7|| = kh + Gq7|[, (2.34)

where ¢ indexes the different diffraction orders, kgr\)‘ is the tangential wave vector com-
ponent of the ¢-th diffraction order, and k' + Gy defines the tangential wave vector

component of Bloch-space harmonics with common tangential reciprocal lattice vector,
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In general, not all the diffracted orders represent propagating waves for the mag-
nitude of the vectors kf;i)l can be larger than the wave number in the homogeneous

medium; hence, such wave vectors do not satisfy the shell condition.

2.3.3 Evanescent waves

Evanescent waves exist in the vicinity of the interface between a homogeneous medium
and a PhC in order to satisfy the boundary conditions that cannot be fulfilled by prop-
agating waves. On the homogenous side of the interface, they are generated by Bloch-
space harmonics with tangential wave vectors that do not satisfy the shell-condition,
Eq. (2.30). Hence, they are represented in the k-space by points located off the k-shell.
Furthermore, because the tangential wave vector component must be conserved across
the interface, it follows from Eq. (2.30) that the resulting wave vectors in the homo-

geneous medium have perpendicular components with imaginary magnitudes, given

by
kool = Jy/ kg 12 =K% [kqyl > &, (2.35)

where k, | represents the tangential wave vector component of Bloch-space harmonics
with common tangential reciprocal lattice vector, and k is the wave number in the

homogeneous medium.

Similarly, on the periodic side of the interface, evanescent waves are generated by
plane waves in the homogeneous medium that are unable to match their tangential
wave vectors with similar vectors of propagating Bloch modes. Consequently, their
wave vectors define points in the k-space located off the EFCs. As for the case in the
homogeneous medium, the wave vectors of evanescent waves inside periodic media are
complex [42]. These complex wave vectors can be obtained numerically by employing
the complex band structure technique [43], which is widely used in surface physics of

crystalline solids [44, 45, 46].
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Chapter 3

Derivation of expression for angular

spectra of Bloch modes

This chapter studies the mathematical expression for the angular spectra of arbitrary
monochromatic fields inside PhCs. A derivation for such an expression is given in
terms of the Fourier-coefficient function, which represents the Fourier components of
Bloch-modes in a particular PhC. This function is obtained numerically by employing

the PWE method previously described in Chapter 2.

3.1 Fourier-coefficient function

Consider a two-dimensional periodic medium characterized by the dielectric function
e(r) = e(r + R) for every R in the Bravais lattice. The scalar component of a elec-
tromagnetic field in such a medium, restricted to the n-th frequency band, is given by
Eq. (2.22) as
W5k =y UG (k) exp [ (k+ G) - xl, (3.1)
G

where 9 is either E, for TM-polarizations or H, for TE-polarizations; k are the field’s
Bloch vectors, which are limited to the 1BZ; and Ug ) (k) is the Fourier-coefficient

function associated with modes in the n-th frequency band.
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The domain of the Fourier-coefficient functions is defined for values of k within the
1BZ, and for every point G in the reciprocal lattice. One can combine these Fourier-
coefficient functions into a continuous function in the entire k-space, by shifting them

to their respective reciprocal primitive cells
Un(k) =Y U (k- G). (3.2)
G

Since the Ug ) (k) functions are zero outside of the 1BZ, their shifted versions do not
overlap. The resulting combined Fourier-coefficient function, U™ (k), represents the

Fourier spectra of all the Bloch modes in the n-th frequency band.

3.2 Bloch mode expansion

The angular spectra of an arbitrary monochromatic field can be expressed in terms
of the Fourier-coefficient function, U™ (k). For this, we expand the field in terms of

Bloch modes,

W) = [ Q)

= / > MK )US (K) exp [(G + K) - 1] K/, (3.3)
IBZ °G

where o™ (k) is the Bloch-coefficient function that represents the complex amplitudes
of the excited Bloch modes in the n-th frequency band. The angular spectra (spatial

Fourier transform) of such a field is given by

T(kK) = / MK)UE (K6 [k — (G + K] dK’
1BZ G

= Y ad"(k-GU (k- G)

=) o kGZU(”k G)

G
= aM(K)UM(K). (3.4)

p
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The third line follows from the second line because both o(™ (k) and Ug ) (k) are only

nonzero inside the 1BZ. The periodic Bloch-coefficient function,
k) = > aM(k-G), (3.5)
G

is formed by duplicating a(k), which is zero outside the 1BZ, in every primitive cell
over the entire k-space. Furthermore, for the general case, one must take into account
all the bands that overlap at the operation frequency in order to represent the complete

angular spectra, i.e.,

T(k) => ol (kU™ (K), (3.6)

where n represents the band number of the frequency bands that overlap at the oper-

ation frequency.

At this point, we shall stress that since the electric-field eigenproblem defined in
Eq. (2.28) is not Hermitian, its eigenfunctions (Fourier-coefficient functions) are not
necessarily orthogonal to each other. Hence, caution must be taken when represent-
ing the electric field angular spectra with Eq. (3.6), since it is valid only when Bloch
modes in different overlapping bands have distinct Bloch vectors (see Section 2.2.2).
Specifically, this thesis studies the electric field of monochromatic TM-polarized waves.
Further analyses are therefore limited to cases with no overlapping bands and overlap-

ping bands with non-degenerate eigenfrequencies in order to avoid non-orthogonality.

From Eq. (3.6) one can conclude that the angular spectra of an arbitrary monochro-
matic field distribution inside a PhC can be expressed as the product of a periodic
Bloch-coeflicient function agn') (k), which is unique for every specific field distribution,
and the Fourier coefficient function U™ (k), which is determined by the PhC but not

by the particular field distribution.
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3.3 Fourier-coefficient function for the square and

hexagonal lattices

We now consider two particular PhCs with important geometries: the square lattice
and the hexagonal lattice. Both PhCs consist of air holes of radius 0.4a etched in a
background dielectric with refractive index n, = 3.6. We will use these two structures
in the following chapters and study the fields inside them through the k-space analysis.
It is therefore convenient to review the properties of their respective Fourier-coefficient

functions.

The Fourier-coefficient function, U™ (k), was computed for a TM-polarized electric
field (E,) for several bands. For this, we employed the PWE method described in
Section 2.2.5. The magnitude of the functions obtained for the first three frequency
bands are shown in Figs. 3.1(a), 3.1(b), and 3.1(c) for the hexagonal lattice and in
Figs. 3.1(d), 3.1(e), and 3.1(f) for the square lattice. The primitive cells of the reciprocal
lattice are shown superimposed on the figures. From these results, one can observe that
the amplitudes of the Fourier coefficients for the first band, UM (k), are concentrated
inside the 1BZ, while those in the second and third bands are mostly concentrated
in the annular band of primitive cells neighboring the 1BZ. From here on, this group
of primitive cells will be referred to as the first harmonic annular zone (1HAZ), the
subsequent annular bands of primitive cells will be referred to as the second harmonic
annular zone (2HAZ), and so forth. In particular, the amplitudes located in the ITHAZ
follow closely the shape of the n-th Brillouin zone, where n indicates the band number?.
The amplitudes peak inside the n-th BZ, decrease rapidly at the edges, and become
very weak outside n-th BZ. However, one can notice that the magnitudes gradually

spread out of the n-th BZ for higher frequency bands.

The magnitude of the Fourier-coefficient functions associated with the fourth and
fifth bands are shown in Figs. 3.2(a) and 3.2(b) for the hexagonal lattice and in 3.2(c)
and Figs. 3.2(d) for the square lattice. For these cases, although the peak amplitudes

1Refer to Appendix B for Brillouin zone maps.
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are located in the n-th BZ, other significant amplitudes are also located outside it. In
fact, one can notice for the hexagonal lattice that significant amplitudes extend over
large areas that cover almost completely the 1HAZ. The amplitude variations are more
abrupt for the square-lattice and the significant amplitudes rather extend over the BZs
neighboring the n-th BZ. Yet, even though the significant amplitudes are distributed
over broader regions than in the first three frequency bands, they all are predominantly

located in the 1HAZ.

The shape and slopes of the Fourier-coefficient function play an important role in

the behavior of Bloch waves. This phenomenon will be discussed in Chapter 5.

3.4 Minimum Bloch mode wavelength

Whenever one employs numerical techniques to perform a real-domain analysis of the
fields inside a PhC, such fields must be sampled well below the shortest wavelength in
order to obtain accurate results. It is thus necessary to know the shortest wavelength

inside the periodic medium.

From the results in Figs. 3.1 and 3.2, one can approximate the shortest wavelength of
a specific Bloch mode, which is deduced by the shortest wavelength of its Bloch space-
harmonics. Particularly, for the two structures under analysis, the first five bands
always concentrate significant spectral amplitudes in the IHAZ, predominantly. Thus,

over this range of frequencies, the shortest wavelength can be approximated by

27

)\min N,
|k’ + Ginazl

(3.7)

where k'’ is the Bloch vector and Gigaz is the reciprocal lattice vector pointing to the

center of one of the primitive cells forming the 1HAZ.

Furthermore, it was found that for frequencies in the first five bands the term
|k’ + Ginaz| is always less than the wave number of a plane wave in the unpatterned

background dielectric (homogeneous background dielectric), and that these two quan-
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Figure 3.1: Fourier-coefficient functions for the (a) first, (b) second, and (c) third frequency
bands of the TM-mode electric field in a 2-D hexagonal-lattice PhC; and for the (d) first,
(e) second, and (f) third frequency bands in a 2-D square-lattice PhC. The structures are
composed of air holes of radius r = 0.4a etched in a background dielectric with refractive
index n, = 3.6.
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Figure 3.2: Fourier-coefficient functions for the (a) fourth and (b) fifth frequency bands of
the TM-mode electric field in a 2-D hexagonal-lattice PhC; and for the (¢) fourth and (d)
fifth frequency bands in a 2-D square-lattice PhC. The PhCs are the same as those considered
in Fig. 3.1.

tities are very close to each other. Thus, the shortest wavelength can be taken as the

wavelength in the homogeneous background dielectric,

Aomin & Np. (3.8)

3.5 Summary

The theoretical basis of a new method for examining and understanding the charac-
teristics of propagating electromagnetic waves in a PhC has been developed in this
chapter. It was shown that the angular spectra of an arbitrary monochromatic field

distribution inside a PhC is given by the product of the Bloch coefficient function
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(which gives the expansion of the field in terms of the Bloch modes) and the Fourier
coefficient function (which gives the expansion of the Bloch modes in terms of plane
waves). The former is determined by the angular spectrum of the incident field and the
boundary conditions imposed at the interface between the PhC and the homogeneous

medium; the latter can be obtained numerically using the PWE method.

The Fourier-coefficient functions for two PhC geometries, hexagonal and square lat-
tice, were presented. It was shown that the magnitude of these functions for the first,
second, and third bands vary accordingly to the shape of the first, second, and third
BZs respectively. It was also shown that, for the first five bands, the Fourier-coefficient
function concentrates the significant amplitudes predominantly in the 1HAZ of the

reciprocal space.

Finally, for the two PhCs under consideration, it was found that for frequencies in
the first five bands, the minimum wavelength of the Bloch mode can be approximated

as the wavelength in the unpatterned dielectric medium.
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Chapter 4

Method of analysis

This chapter describes a practical method to study the reflection and refraction phe-
nomena of arbitrary monochromatic fields at the interface between homogeneous and
periodic media. It combines the finite difference time domain (FDTD) method [47] with
Fourier analysis to study the fields in both real and reciprocal spaces. Henceforth, we

shall refer to this technique as the FDTD-Fourier method.

Recently, a similar approach has been proposed by Srinivasan and Painter [48, 49)
. to design high-Q PhC optical cavities. Such a method also obtains the k-space repre-
sentation of a particular field distribution from an FDTD simulation, but the problem
formulation has been limited to the analysis of resonant devices. The latter type of
problem often assumes an omni-directional electromagnetic field distribution confined
inside the PhC. This, in turn, excludes from the problem any refraction/refraction
phenomenon and limits the k-space analysis to the study of the mode profiles in or-
der to reduce radiation losses and improve the Q-factor [50, 51]. The goal of the
method described in this chapter, on the other hand, is the analysis of generalized
reflection /refraction phenomena with the consideration of arbitrary field distributions.
The main advantage of the FDTD-Fourier method applied to this type of problem
is the ability to filter specific spatial frequency components in order to analyze them
separately. This feature is exploited in Section 4.4 to analyze the power-coupling pa-

rameters at the interface between a homogeneous dielectric and a PhC.
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4.1 Numerical real space

When analyzing the reflection and refraction phenomena between homogeneous and
periodic media, one is often interested in the near field distribution of arbitrary fields.
For this type of problem, the FDTD method is an adequate tool to obtain the electro-
magnetic fields in real space. The proposed methodology employs the FDTD method
in linear, non-magnetic, and lossless media to compute the fields in real space while

interacting with a PhC.

4.1.1 FDTD formulation

This section should not be considered a comprehensive introduction to the FDTD
method. For details on the numerical technique the reader is referred to the book cited

in Ref. [47], which extensively covers the method as applied to electromagnetics.

A two-dimensional FDTD algorithm was developed for purposes of this work. The
code was validated by comparing numerical and analytical solutions for a number of
Gaussian beams with different parameters propagating in a homogeneous medium. For
all the FDTD simulations in this thesis, the two-dimensional numerical space is formed
by N, and N, rectangular cells in the x and y directions, respectively, and it is truncated
using a 64-layer Berenger’s perfectly matched layer (PML) absorbing boundary [52].
The PMLs are applied equally on the four sides of the numerical space. However, in
order to truncate the PhC edges, when possible, one must terminate the PhC in such
a way that the refractive index does not vary along the PML. The values for N, and
N, are not necessarily equal, and vary from 2000 to 3000 cells for the different cases.
On the other hand, the sampling factors (distances between samples) in the z and y
directions are identical and the symbol A is used to denote this parameter for either
direction. The time step is given by A; = SA/¢, where ¢ is the speed of light in vacuum

and S = 0.5 is the Courant stability factor.
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4.1.2 Real space resolution

The sampling distance, A, must be fine enough to obtain an accurate sampling of the
electromagnetic fields and to resolve satisfactorily the shape of the periodic elements.
To achieve a reliable sampling of the electromagnetic field distribution the value of A
must be less than one tenth of the shortest wavelength in the entire numerical space
[53]. Such a criterion automatically sets an upper bound to the sampling distance over

the periodic elements.

The FDTD simulations in this work consider homogeneous and PhC half spaces,
where the PhC consists of air-holes etched in a high index background dielectric ma-
terial. In such a PhC the minimum wavelength of a field can be approximated by
the wavelength in the unpatterned background dielectric!. Thus, provided that the
refractive index of the homogeneous medium is smaller than the index of the PhC
background dielectric, the sampling condition for the electromagnetic field is restricted
by

A< —, (4.1)

where A , is the wavelength in the unpatterned background dielectric.

The sampling distance considered in the FDTD simulations presented in further
chapters is A < A ,/20. For the highest frequency employed in the simulations
(a/\ = 0.425) the sampling distance, A = X /20, is well below the limit dictated by
Eq. (4.1). On the other hand, the periodic element (air-hole etched in the PhC back-
ground dielectric) is resolved with an array of 30 x 30 cells, which implies A = a/30.
This resolution is adequate to define the shape of the periodic element accurately. In
addition, the staircasing edges of the air-hole that result from the discretization are
smoothed by applying a dielectric-constant averaging method [53]. This reproduces

the effect of a truly circular shape.

The electromagnetic field distribution of a two-dimensional TM-mode point source (a

3-D line source) is computed by applying the FDTD formulation previously described.

1Refer to Section 3.4 for details.
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(a) (b

Figure 4.1: (a) Semi-infinite PhC composed of air holes of radius » = 0.4a etched in a
background dielectric with refractive index nj, = 3.6. The interface between the two media is
located at g = 20a. The PhC’s surface termination is shown in the inset, where ¢, = 0.2a.
(b) Electric field distribution obtained with the FDTD method for a unit-amplitude 2-D point
source (i.e., a line source) located at z = 7.5a, y = 22.5a.

The point source sits in free space and its field impinges onto a two-dimensional hexag-
onal lattice composed of air-holes of radius 0.4a etched in a background dielectric with
refractive index ny = 3.6. The PhC is assumed to be infinite and homogeneous in the
(y, z)-plane and exists in the half space for 2 > 20a as illustrated in Fig. 4.1(a). The
PhC interface is in the I'- K direction of the crystal and its termination is shown in the
inset of Fig. 4.1(a), where 0, = 0.2a. The incident field is monochromatic with unit
amplitude and free-space wavelength A = a/0.3. Fig. 4.1(b) shows the electric field
(E,) distribution after 20000 time steps, which corresponds to 0.033us approximately.

4.2 Numerical angular spectra

The angular spectra are obtained numerically from the FDTD data by applying a
two-dimensional Fast Fourier Transform (FFT). Since the FDTD method is a time-

domain solution technique, the computed field distribution is represented by a real-
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valued traveling-wave type function. Such a function only provides information about
its amplitude distribution over the space but not about its phase. The lack of phase
information results in an ambiguous angular spectrum, where each wave vector is du-
plicated by its complex conjugate. The first step leading us to work in k-space is

therefore the transformation of the real-valued expression into a complex-phasor form.

4.2.1 Complex-phasor field representation

Provided that the field under analysis is monochromatic, one can recover the phase
information by using two real-valued fields, one of which is delayed by a quarter-

wavelength with respect to the other, i.e.,

P (r;t) = 1 (r)exp (—jwot)
= ¢ (r;t) — jv (r;t——>, (4.2)

where ¢ (r;t) is the real-valued time dependent spatial distribution of a particular field
component, A is the free-space wavelength, and c¢ is the velocity of light in vacuum.
The angular spectra of ¢ (r;t) at a particular time ¢ = t; are then obtained by applying

a two-dimensional FFT routine,

W (k) = FFT {4 (1; o)} . (43)

4.2.2 k-space resolution

The FFT operates on a discrete function with sampling distance A, bounding the
k-space by kJ**= k%"= w/A. The sampling distance must satisfy the condition
given in Eq. (4.1). Therefore, the resulting k-space has k'**= k* > 5k, where
k, is the wave number in the PhC background dielectric. A considerable resolution

reduction in the k-space follows from this fact because the region containing useful
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spectral information is limited by a circle of radius k, 2. To overcome this problem,
we provide a convenient method to increase the resolution of the k-space without
increasing the FDTD numerical data. To this end, we consider the sampling factor,

A}, which determines the resolution of the k-space. It is given by

M= 5 (4.4)
where N¢ is either IV, or N,. From the previous expression, we note that the resolution
in the k-space increases (i.e., Aj, becomes smaller) when the number of sampled points
increases, even if the resolution in real space is kept fixed. Hence, one can increase the
resolution in the k-space by padding the FDTD field solution with zero-amplitude fields
before applying the FFT routine. This process leads to interpolation of the k-space,
since the FFT routine is able to resolve more precisely the propagation angles in real
space. In this way, the resolution in the k-space is improved by a factor of N ad /Ne,
where Ng “d is the number of cells in the FDTD grid along the &-direction after the
padding.

4.2.3 Numerical artifacts

The angular spectra of the field in Fig. 4.1(b) are computed per Eq. (4.3) applying a
padding factor of NV{ ad/N,S = 4 in both z and y directions. The results are shown in
Figs. 4.2(a) and 4.2(b), which correspond to the angular spectra of the fields in the
homogeneous medium and inside the PhC, respectively. The superimposed contours in
Figs. 4.2(a) and 4.2(b) represent, respectively, the k-shell and the EFC in the repeated

zone scheme, both at the operating frequency.

Whenever the analysis in k-space is performed through the method described above,
one must consider important numerical artifacts that arise when obtaining the angular
spectra or when they are processed. In what follows we discuss such artifacts and give

suggestions to minimize their effects.

2Refer to Section 3.1 for details.
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Figure 4.2: Angular spectra of the field shown in Fig. 4.1(b) for (a) the field in the free-space
region and for (b) the field inside the PhC. The superimposed circle in (a) represents the free-
space k-shell and the superimposed contours in (b) represent the EFC in the repeated zone
scheme.

Spectral-amplitude scaling

When computing the angular spectra, the FFT takes into account the area over which
the field is distributed in order to execute the transformation. Consequently, the nu-
merical angular spectra do not represent the true amplitudes of the Fourier components;
they are proportional to the area over which the filed is distributed in the numerical
space. Furthermore, if the field is not symmetrically distributed over the space, the
computed angular spectra may present artificial variations on their amplitudes. To
illustrate this anomaly we consider the angular spectrum in Fig. 4.2(a). We notice
that the spectrum describes spatial frequencies on the free-space k-shell, which is su-
perimposed in Fig. 4.2(a); yet, observe that the spectral amplitudes are not uniform
for every point on the k-shell even though the source is a perfect point source. This is
because the field in the homogeneous region is able to propagate a longer distance in
the vertical direction than in the horizontal direction (see Fig 4.1(b)). Therefore, the

spectra shows larger amplitudes and better angular resolution for components near the

39



k, axis.

To reduce this effect, one must try to configure the problem in such a way that the
field components of interest are symmetrically distributed over the space. In such a
case, the amplitudes of the angular spectra differ from the real ones by an arbitrary

constant factor, which is proportional to the area covered by the field in the numerical

space.

This same artifact has a large impact on evanescent modes. The nature of evanescent
modes allows them to exist only over small areas for they decay exponentially as they
propagate. Therefore, their angular spectra show small amplitudes, which are not
necessarily proportional to their real amplitudes. It is important to take into account

this fact since it can lead to a misinterpretation of the physical phenomenon.

Spurious evanescent modes

Spurious evanescent modes are artifacts created by the finite computational domain.
Such artifacts can be identified in Fig. 4.2(a) as the angular spectra located off the
free-space k-shell, which presents decaying amplitudes that extend inside and outside

its circumference.

To explore the nature of these artifacts, we take into account the finite problem space
by defining a window transfer function with rectangular shape. Such a function has

unit amplitude for points inside the rectangle and zero amplitude for points outside,

e (25 (525, 45

where {; and [, define the dimensions of the rectangle in the = and y directions, respec-

i.e.,

tively. The new field distribution that explicitly takes into account the finite problem
space, ¥, (r), is then expressed as the product of the original field distribution, ¥ (r),
and the window transfer function, h(r). By applying a Fourier transform to ¢y (r),
one obtains

Uy (k) = F{(r) h(r)} =V (k) * H k), (4.6)

40



where the operator x denotes convolution. This indicates that the k-space representa-

tion of a plane wave is given by the Fourier transform of the window function, which

reads [54]
Lk-X k-y
H (k) = |l113| sinc ( 127TX) sinc <l22 y) : (4.7)

7T

Spurious evanescent modes have therefore sinc-like distributions extended in direc-
tions perpendicular to the sharp cuts that bound the problem space, and their am-
plitudes are proportional to those of the angular spectra that generate them. These
artifacts are often produced when computing the angular spectra from fields that are
isolated in the real domain, creating sharp cuts on their distributions. In order to
overcome this problem, whenever possible, one should isolate the portion of the field in

such a way that the sharp cuts are made in regions where the amplitudes are minima.

Spurious fields

Spurious fields are artifacts generated by the inverse FFT routine when one isolates a
portion of the angular spectra and then transforms it back to the real domain. In gen-
eral, spurious fields have small amplitudes and usually their impact is not significant.
However, if the angular spectrum to be transformed has small amplitudes, comparable
to the amplitudes of the spurious fields, then the resulting field will show distortions

due to these artifacts.

4.3 Analysis of reflection and refraction

It is difficult to characterize the field refracted into a PhC, especially when the field is
highly divergent as in Fig. 4.1(b). In such cases, the analysis in real space only provides
qualitative conclusions in terms of the overall field profile and propagation direction.
On the other hand, the angular spectra of a field distribution represent each plane-wave
component in terms of its wave vector, which is a unique point in the k-space. This

feature allows one to analyze plane-wave components separately and to characterize
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independently their amplitude profile and propagation direction.

In later chapters the analysis of reflection and refraction phenomena is carried out
based on the numerical angular spectra of arbitrary monochromatic fields obtained
through the methodology previously presented. Through this technique we shall study
the Fourier components of excited Bloch modes individually and characterize the com-
plicated reflected-field pattern in both real and reciprocal spaces. Some procedures
that follow from useful Fourier theorems can be applied to the numerical data in order

to enrich the analysis; they are described in what follows.

4.3.1 Field isolation

The analysis of individual beams, or particular portions of the field of interest, can be
achieved through field isolation. This consists of extracting part of the total field in
order to study its angular spectrum individually. For example, the separated angular
spectra in Fig. 4.2(a) and 4.2(b) are obtained by isolating the field distribution in the
homogeneous region from the fields inside the PhC and then computing their respective

angular spectra individually.

4.3.2 Spectrum isolation

The main advantage provided by the analysis in k-space is the ability to filter specific
spatial frequency components. For example, consider Fig. 4.2(b); it shows the angular
spectra of the field in the PhC. Observe that these spectra describe spatial frequencies
on the EFC in the repeated zone scheme, which is superimposed in the figure. One
can filter the Bloch space-harmonics located in a particular EFC and analyze their
characteristics, independently from the rest, in both real and reciprocal spaces. This

will be done in Chapter 5, for example.
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4.3.3 Spatial demodulation

A Bloch mode consists of an infinite number of Bloch space-harmonics; each harmonic
is spatially modulated by the reciprocal lattice vector. We shall find it useful to apply
the shift theorem of the Fourier transforms in order to demodulate particular groups

of Bloch space-harmonics and analyze their field envelope in real space.

4.4 Analysis of reflectance and transmittance

Two important parameters when analyzing the reflection and refraction phenomena are
the reflectance and transmittance. They are defined as the ratio of the power fluxes of
the reflected and transmitted fields, respectively, to the power flux of the incident field.
These parameters characterize the power coupling across the interface between any
two media. Particularly, at the interface between a homogeneous medium and a PhC,
the power coupling has a complicated angular-dependent behavior [56, 57, 58, 59, 60|
and, in general, such behavior cannot be described analytically. However, a number
of different numerical techniques have been employed. For example, Ruan et al. [61]
proposed a technique based on the cylindrical-wave KKR, (Korringa-Kohn-Rokester)
method (2, 62], and Sakoda [63, 64] introduced a general technique based on the PWE
method.

In this section we develop a way to use the FDTD-Fourier method in order to obtain
the power coupling parameters at the interface of between a homogeneous medium
and a PhC. This methodology will be used in Chapter 6 to study the reflectance and
transmittance in a real PhC device. Here, we consider the setup shown in Fig. 4.3(a),
which consists of a homogeneous dielectric medium with refractive index n, = 3.6 and
a two-dimensional hexagonal lattice of air holes etched in the same dielectric medium.
The interface between the two media is located at zo = 20a. The structural parameters
of the PhC are identical to those corresponding to the PhC previously presented in this
chapter, except that in this case the PhC has complete surface termination (see inset

in Fig. 4.3(a)).
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4.4.1 Computing the Poynting vector and power flux

Prior to obtaining the power coupling parameters we shall discuss a method for acquir-
ing the time-averaged power flux from the FDTD data. To this end, we consider the
average power density carried by an electromagnetic wave, which is represented by the

time-averaged Poynting vector
1 *
S(r) = §Re{E (r) x H (r)}, (4.8)

where E and H are complex functions describing the electric and magnetic fields,
respectively; it represents the average power per unit area in Watts per square-meter

(W/m?). It is straightforward to obtain the power density from the FDTD data. For

(a) B  (b)

Figure 4.3: (a) Semi-infinite PhC made of air holes of radius r = 0.4a etched in a background
dielectric with refractive index n, = 3.6. The background dielectric is extended into the
homogeneous region and the PhC interface is located at zg = 20a. (b) Magnitude of the
Poynting vector of a Gaussian beam impinging onto the PhC shown in (a).
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example, for TM modes, the time-averaged Poynting vector is given by

S(r) = SRe(B.(r)H;(0} — sRe{ B0 H; (1)}%
= 5,09 - S (1.9)

where the complex fields, E,(r), H,(r), and H,(r) are obtained directly from Eq. (4.2)
using the FDTD-Fourier method. On the other hand, the time-averaged power flux
crossing an arbitrary contour (or a surface for 3-D distributions) is obtained through

the following expression,

pP= /CS(r) ‘R dC, (4.10)

where C denotes the coordinates forming such an arbitrary contour, and 1 is a unit vec-

tor normal to C at every point. This expression provides the power flux in Watts/meter.

Henceforth, we shall consider average quantities assuming that the fields have reached
the steady state. Therefore, the time-averaged Poynting vector and the time-averaged
power flux will be simply referred to as Poynting vector and power fluz. Furthermore,
we will focus the discussion on TM modes with Gaussian distribution only, i.e., Gaus-

sian beams with the magnetic vector laying in the (z,y)-plane.

4.4.2 Computing the reflectance and transmittance

In what follows, we develop a method to calculate the reflectance, R, and transmit-
tance, 7. For this purpose, we consider the propagation of a Gaussian beam from
the homogeneous medium into the PhC shown in Fig. 4.3(a). The magnitude of its
Poynting vector is shown Fig. 4.3(b) after 0.04 us. The elapsed time corresponds to
25000 time iterations in the FDTD algorithm and is long enough for the fields to reach
the steady state. The beam propagates from left to right at an angle of ¢ = 10° with
respect to the horizontal axis. It has a waist of wg = 2.7a and is located at the left edge

of the homogeneous medium from where it is launched. The normalized frequency of

the beam is a/A = 0.3.
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Figure 4.4: Normalized power flux as a function of x obtained from the Poynting vector
distribution in Fig. 4.3(b).

The power carried by the fields is obtained directly by integrating the Poynting vector
distribution per Eq. (4.10). Two contours of integration are indicated in Fig. 4.3(b).
They are placed to the left and right hand sides of the interface. Both contours are
divided into three segments, as indicated by the dashed lines. The contour on the left,
C™ = Z?:l C;, defines the integration contour used to compute the power flux in the
homogeneous region; the one on the right, C* = Zle C;, is used to compute the power
flux inside the PhC. The definition of the contour-normal vectors (1) is also illustrated
by the arrows, indicating the direction of the positive flux. The power flux is therefore

given by the following expressions

P(CT) = — Sy(x,yf)d:ch/

cr cy

P(CT) = /c+ Sy(z,y7) dz + /c+ S.(z3,y) dy + /c+ Sy(z,y7y) dx. (4.11)

2

Sy(z3,y) dy — /C‘ Sy(z,y5) dx
3

The power flux associated with the Poynting vector distribution in Fig. 4.3(b) is
illustrated in Fig. 4.4. It is normalized to the power flux carried by the incident

beam, P,. The vertical dashed line indicates the interface between the homogeneous
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and periodic media. The values to the left of the vertical line represent P(C™) as
the contour C~ is swept from z = 0 to x = 20a. Similarly, the values on the right
indicate P(C*) as C™ moves from z = 20a to z = 40a. A constant power flux of
0.64P; was obtained over the entire plane, expressing the conservation of the energy
in the lossless medium. The small variations in the flux are attributed to numerical
errors that arise from the time-space interleaving of the electric and magnetic fields
in the FDTD formulation [47, 55]. These variations represent a standard deviation of
approximately 1.5%; hence, they can be considered to be small enough to be ignored.
The quantity P(C™) is the power transmitted into the periodic structure. On the other
hand, the quantity P(C™) equals the sum of the power carried by the incident beam
and the power carried by the field reflected at the interface. The latter corresponds to
the sum of the power fluxes of the different backward-diffraction orders that comprise

the reflected field.

4.4.3 Computing the diffraction efficiencies

The diffraction efficiency measures the portion of the total power carried by the in-
dividual diffraction orders. This parameter has been obtained experimentally [40, 66]
and numerically [56, 64] in the PhC context by employing a number of different tech-
niques. Here, the power carried by individual backward-diffracted orders, and by the
incident beam, can be obtained by filtering their corresponding spatial frequencies in
the k-space and then transforming the filtered angular spectra back to the real domain
in order to calculate their respective power fluxes. The magnitudes of the resulting
Poynting vector distributions after the field isolation process are shown in the left pane
of Fig. 4.5(a), for the incident beam, and in the left pane of Figs. 4.5(b) and 4.5(c),
respectively, for the zeroth and the —1 backward-diffraction orders. The power fluxes
for the isolated fields, shown on the right pane of Fig. 4.5, are obtained following the

same procedure used to compute the power flux shown in Fig. 4.4.
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Figure 4.5: Normalized magnitude of the Poynting vector distribution and normalized power

flux corresponding to (a) the incident Gaussian beam, (b) the zeroth backward-diffraction
order, and (c¢) the —1 backward-diffraction order.
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4.4.4 Quantitative results

The results in Fig. 4.4 and Fig. 4.5 are summarized in Table 4.1. The values given
in the table denote the mean values of the power fluxes and their respective standard
deviations. The power transmitted into the PhC and the power reflected at the interface
between the two media are denoted by P, and P,, respectively. Moreover, the power
carried by the zeroth and —1 backward-diffraction orders that comprise the reflected

field are denoted by PT(O) and Pr('l), respectively.

Table 4.1: Calculated power fluxes of the incident, reflected, and transmitted fields. )
Obtained from the result in Fig. 4.4. ***) Obtained as the sum of the power fluxes of the
zeroth and —1 backward-diffraction orders.

Designator Power flux Standard Dev.
P, 1W -
P, 0.640P, 1.5%
P, 0.355P, ") 1.0%
pYo 0.155P, 0.8%
Py 0.200P, 0.2%

From the results in Table 4.1, one can immediately compute the transmittance and

reflectance for the TM field as,

P,
T = —==~0.64
2 0.6

i

R = 1-T =0.36.

The reflectance can also be calculated as R = P,/P; = 0.355; the small discrepancy
is due to the error involved in the power flux calculations. Moreover, the backward-

diffraction efficiency of the two diffracted orders is readily obtained as

P
RO = 5~ 0.155
(-1)
REY = P}D ~ 0.2



4.5 Summary

This chapter introduced the FDTD-Fourier method of analysis, which is applicable to
more general PhC field situations than similar approaches described by other authors.
The most important capability offered by this technique is the ability to separate the
field distribution into physically interpretable beams. The method consists of obtaining
the angular spectra of an arbitrary monochromatic field distribution from an FDTD
simulation in order to study the fields in both real and reciprocal spaces. The process
to obtain the angular spectra numerically follows three main steps: (1) Compute the
electromagnetic fields using the FDTD method, (2) transform the real-valued fields
into a complex phasor form, and (3) apply a FFT routine to obtain its angular spectra.
This methodology will be used in later chapters to study the reflection and refraction

phenomena at the interface between homogeneous and periodic media.

The impact of the finite computation domain and numerical data manipulation on
the resulting angular spectra were highlighted. It was indicated that the amplitudes
of the angular spectra are proportional to the area covered by their respective fields
in the numerical real domain. Therefore, it is important to specify the dimensions of
the computation domain in such a way that the fields of interest are symmetrically
distributed over the space. It was shown that spurious evanescent modes are a conse-
quence of the finite computation domain, and that they are also generated when fields
in real space are isolated in order to compute their angular spectra. Similarly, spurious
fields are introduced when part of the angular spectra is isolated and transformed back
to the real domain. In general, the impact of these artifacts is only significant when
analyzing fields with small amplitudes that are comparable to the amplitudes of the

spurious fields introduced.

The method was applied to compute the reflectance and transmittance at the inter-
face between a homogeneous medium and a PhC. To this end, the total field obtained
from an FDTD simulation was decomposed into incident, reflected, and transmitted

fields by using the FDTD-Fourier method. Then the power flux carried by the three
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separate fields was calculated in the real domain to determine the transmittance and
the reflectance, as well as the diffraction efficiencies of the different backward-diffraction
orders that constitute the reflected field. This procedure will be employed in Chapter 6

to study the reflectance and transmittance in a real PhC device.
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Chapter 5

Reflection /refraction analysis in

square and hexagonal lattices

This chapter exploits the FDTD-Fourier method to study the reflection and refraction
phenomena at the interface between homogeneous media and semi-infinite PhCs. Sec-
tions 5.1 and 5.2 present, respectively, the analysis for hexagonal and square lattices.
The importance of the Fourier-coefficient function is discussed in order to understand
the field inside a PhC and to evaluate the distortion on the different beams (Bloch
space-harmonics) that form the overall mode profile. The analysis allows us to ex-
plain a number of interesting phenomena, and to obtain quantitative estimations of

distortion on the refracted and reflected fields.

5.1 The hexagonal-lattice PhC

In this section we consider the propagation of Gaussian beams from a homogeneous
dielectric medium with refractive index n, = 3.6 into a two-dimensional hexagonal
lattice of air-holes etched in the same dielectric medium. The holes have a radius of
0.4a, where a is the lattice constant. The PhC has complete surface termination, as for
the case shown in Fig. 4.3(a). The two-dimensional space is assumed to be infinite and

homogeneous in the z-direction. For the PhC half space, the plane of periodicity is in
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Figure 5.1: The EFC in the repeated zone scheme for several frequencies in the second
frequency band of the hexagonal-lattice PhC under consideration. The 1BZ is denoted by
the hexagon at the center. The normalized frequencies are indicated on the contours.

the (z,y)-plane. The interface between the homogeneous medium and the PhC is in
the (y, z)-plane in the I'-K direction of the crystal. Beams with normalized frequency

a/A = 0.3 and various propagation angles are considered for the analysis.

The photonic band structure of the PhC under consideration is shown in Fig. 2.2(a);
the horizontal solid line indicates the operation frequency for the present case. The
EFC in the repeated zone scheme for sevéral frequencies in the second band is shown
in Fig. 5.1. The normalized frequencies associated with the different contours are
indicated on the contours located inside the 1BZ; the bold contours denote the EFC
at the operation frequency. We notice that the EFC is almost a perfect circle of radius
0.67/a. Furthermore, we notice that radius of the EFC decreases as the frequency
increases, which implies negative group velocity. Hence, at the operation frequency,
The EFC in the 1BZ is similar to the k-shell of a homogeneous medium with refractive

index n.s; = —1, describing an isotropic left-handed medium.
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In the present setup, the refractive index in the homogeneous dielectric is much larger
than the magnitude of the effective index in the PhC, |n.f¢|. As a result, the boundary
condition at the various possible angles of incidence can be matched by beams from
different EFCs located in different primitive cells. This is illustrated schematically in
Fig. 5.2(a). It shows the EFC in the repeated zone scheme (small circles) and the k-
shell of the homogeneous dielectric (large circle) both at the operation frequency. The
vertical dashed line indicates the orientation of the interface, the dashed hexagon at
the center of the k-space represents the reciprocal primitive cell, and the parameter g
on the right hand side indicates the transverse row number for the row of primitive cells
perpendicular to the interface. Notice that the incident plane wave, denoted by the
wave vector k(¥ is able to satisfy the k;;—conservation condition with EFCs located in
the row of primitive cells ¢ = +1. In addition, for some ranges of incidence angle, none
of the EFCs can provide propagating wave that would match the boundary condition;
hence, a partial gap exists over this angular range. Also notice that if the PhC interface
is oriented in the I'-M direction of the crystal a partial gap will appear for incidence
angles around zero degrees. This is in fact the reason why the interface was selected
rather in the I'- K direction, so refraction is also possible for waves with small incidence
angles. The refraction phenomenon is therefore limited to incident waves that match
their tangential wave vectors with EFCs in any of the three rows of primitive cells,
g=—1,q=+1 or ¢ =0. We shall now study in more detail the interesting refraction

phenomenon.

5.1.1 Ranges of incidence angle

Refraction at an interface between a homogeneous medium and a periodic medium is
governed by Snell’s law of refraction when the EFCs are circular, and the dominant
wave vectors in the PhC lie inside the 1BZ. However, if the wave vectors are located
beyond the 1BZ in other primitive cells, Snell’s law does not always apply (as shown
below). The reason is that under these conditions, the tangential components of the

incident wave vector must equal the tangential component of the sum of the refracted
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Figure 5.2: (a) The EFC in the repeated zone scheme for the hexagonal-lattice PhC under
consideration and the k-shell for the homogeneous medium, both at the operation frequency.
The vertical line indicates the orientation of the interface. (b) Definition of the incident and
refraction angles and vectors in the k-space representation.

wave vector and the relevant reciprocal lattice vector,
ki =Ky + Gqy. (5.1)

where kﬁi)(z knysin ¢;) is the tangential component of the incident wave vector with
k being the wave vector in vacuum, n, being the refractive index of the homogeneous
medium, and ¢; being the incidence angle; kK'q (= kn.sssin ¢,) is the tangential com-
ponent of the Bloch vector with n. ¢ being the effective refractive index in the PhC and
¢, being the refracted angle of the g-th beam; and G is the reciprocal lattice vector.
The definition of the angles and vectors is shown in Fig. 5.2(b). For the PhC under

consideration, the tangential component of the reciprocal lattice vector is given by

q2m
G =—, (5.2)

a
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Table 5.1: Propagation conditions and primitive cell row number as function of the incidence
angle for the k-space diagram shown in Fig. 5.2(b).

incidence angle Condition q
0° < ¢; < 16.1° negative refraction 0
16.1° < ¢; < 404° partial gap -

—

40.4° < ¢, < 90° anomalous refraction

where ¢ is an integer indicating the row-number for the rows of primitive cells perpen-
dicular to the interface, as shown in Fig. 5.2(a). For the row containing the 1BZ ¢ =0
(the tangential components of the reciprocal lattice vectors are zero). Only one value
of ¢ can be satisfied for each case. From Egs. (5.1) and (5.2) a generalized refraction

equation follows, namely

A
Ny SINQ; = Neppsin gy + %, (5.3)

where A is the wavelength in vacuum. In the primitive cells for which ¢ = 0 the
generalized refraction equation in Eq. (5.3) reduces to Snell’s law, and the effect is
regarded as (positive or negative) refraction. For negative refraction, n.sy is negative,
which implies a change in the sign of the refraction angle. For ¢ # 0 the behavior is
regarded as an anomalous refraction process. The generalized refraction equation in

Eq. (5.3) is valid only when the EFC is circular.

If the incidence angle is such that the condition in Eq. (5.1) cannot be satisfied (i.e.,
the wave vector falls in a partial gap), then all the power is reflected back into the

homogeneous medium and the field inside the PhC consists only of evanescent waves.

In the case under consideration, a variety of conditions exist depending on the inci-
dence angle. These conditions are summarized in Table 5.1 for incidence angles ranging
from 0° to 90°. It also gives the value for ¢, the number for the row of primitive cells
that contain the EFCs where the kj-conservation condition is satisfied. The behavior

follows the same pattern for negative angles.

Examples of each of these conditions are now considered in more detail. In each
case we have a Gaussian beam with its waist at the left-hand edge of the homogeneous

medium from where it is launched. It then propagates from left to right toward the
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interface between the homogeneous medium and the PhC. At the interface, various
refracted and reflected beams are generated. We shall study them using the FDTD-

Fourier method of analysis.

5.1.2 (Gaussian beam incident at 10°

The electric field distribution of the Gaussian beam is shown in Fig. 5.3(a). The beam
has a waist radius wg = 1.7a at x = 0. It propagates with an angle ¢ = 10° with
respect to the horizontal axis and impinges onto the PhC surface located at xg = 20a.
There are three reflected waves denoted by Al, A2, and A3. One of them, A3, is
barely visible and propagates upward almost parallel to the interface. The other two
have larger amplitudes and produce fringes in the incident beam. Inside the periodic
medium, the field undergoes negative refraction, converges to a focal point, and then

diverges faster than its homogeneous counterpart due to the smaller effective index

A3 |

A2

Xo;

(a) | . (b)

Figure 5.3: (a) Electric field distribution of the incident, reflected, and refracted fields for
the ¢ = 10° case. The PhC interface is located at xo = 20a. (b) Angular spectra of the field
distribution shown in (a).
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magnitude. Moreover, the refraction angle of approximately —42° is in fair agreement

with the angle of —38° that Eq. (5.3) predicts.

The magnitude of the angular spectra for the field distribution in Fig. 5.3(a) is
shown in Fig. 5.3(b). The superimposed circles represent the k-shell and the EFCs
in the repeated zone scheme, both at the operation frequency. One can see that the
incident and reflected waves have spatial frequencies associated with the k-shell, and
all the refracted waves have spatial frequencies associated with the EFCs of the PhC.
There are also evanescent waves, which are neither located on the k-shell nor on the

EFCs, and are very faint. These evanescent waves are generated at the interface.

We now proceed with the analysis in the Fourier domain to obtain a better under-
standing of the fields inside the periodic medium. We shall consider first the field
refracted into the PhC.

Refracted beams

The incident Gaussian mode excites multiple Bloch modes to form the refracted field.
Fach Bloch mode consists of plane-wave components, or space-harmonics, located in
different reciprocal primitive cells. We shall regard the group of Bloch space-harmonics
located in common primitive cells as individual beams. These beams are not indepen-
dent of each other since Bloch space-harmonics do not satisfy Maxwell’s equations on
their own. However, representing the fields inside the PhC as a collection of beams is

useful to understand its behavior.

Fig. 5.4(a) shows the angular spectra of the field inside the PhC. Refracted beams
with relevant spectral amplitudes are labeled B0, B1, B2, and B3. The location of
the peak associated with the spectrum of a particular refracted beam indicates its
direction of propagation, as given by the group velocity vector at that location. Since
the peaks of the different beam spectra are located at more or less the same location
on the respective EFCs, the different refracted beams propagate in more or less the

same direction.

The angular spectra of the field inside the PhC can be represented as a Fourier-
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coefficient function associated with Bloch-modes in the second frequency band, U® (k),
that modulates the periodic Bloch-coefficient function, a,(k). The modulation effect
causes the magnitude of the beam spectrum in the 1BZ to be significantly suppressed,

while the magnitudes are enhanced in the 1HAZ.

The Fourier coefficient function is also responsible for other phenomena. If U® (k)
has a large slope at the location where a,,(k) has a peak, then the product will produce
a slightly shifted peak. The result is that the beam associated with that peak will
propagate in a slightly different direction. This effect depends on the width of the peak
in a,(k); if the peak is very narrow (i.e., the beam is very wide), then the shift may be
negligibly small. The beam spectra in Fig. 5.4(a) are wide enough to give a noticeable
shift as a result of the modulation of U® (k). Consider, for example, the beam spectra
labeled by B1, B2, and B3 in Fig. 5.4(a). These beam spectra can be separated and
transformed back to the real domain. Their respective normalized field distributions
are shown in Figs. 5.5(a), 5.5(b), and 5.5(c). First we note that their respective wave
vectors are not parallel to their propagation directions— an effect called walk-off. The
wave vectors are given by kg = kg + G, where kg is the wave vector of the peak of the
beam spectrum relative to the origin of the entire k-space; ki is the wave vector of the
peak of the beam spectrum relative to the origin of the particular primitive cell in which
the beam spectrum is located and G is the reciprocal lattice vector associated with this
primitive cell. The subscripts are used to distinguish the different primitive cells. The
propagation directions of the beams are given by the group velocity vector, v,(kg).
This walk-off effect can be seen as a consequence of the spatial frequency modulation
introduced by shifting the spectrum by G. One can remove this modulation to study
the propagation direction, as well as the development of the envelope of the beam
as it propagates through the PhC. The demodulated version of Figs. 5.5(a), 5.5(b),
and 5.5(c) is shown in Figs. 5.5(d), 5.5(e), and 5.5(f), respectively. Notice that the
propagation directions, as indicated by the arrows in the figures, are visibly different.
These propagation directions can be compared with the k;-vectors of the corresponding

beam spectra shown in the insets. The propagation direction and the k-vectors point
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Figure 5.4: (a) Angular spectra of the refracted field for the ¢ = 10° case. (b) Magnitude
of the Fourier-coefficient function for the second frequency band.

in opposite directions because of the negative effective refractive index. Based on the
directions of the kig-vectors, the propagation angles are estimated to be ¢ = —41+£2°,
¢y = —32£2° and ¢f = —26 £ 2° for B1, B2, and B3, respectively, where the margin
of error is due to the limited resolution. Note that none of these propagation angles
are in agreement with the angle predicted by Snell’s law, ¢/ = —38.7°. The reason
for the discrepancy is that the slope of the Fourier-coefficient function, U®) (k), at the
location of the peak in the beam spectrum shifts the peak to a different location. The
propagation direction of the overall refracted beam is determined predominantly by

the contribution of these three components.

The shapes of the beam spectra are determined (in part) by the incident Gaussian
beam. However, from the envelope of the beams in Figs. 5.5(d), 5.5(e), and 5.5(f)
one can see that these beams are not purely Gaussian. The distortion is, in the first
place, caused by a clipping effect, which is in turn caused by the fact that the higher
spatial frequency components of the incident Gaussian mode fall in the partial gap,

and therefore, do not propagate inside the PhC. This effect is shown in the inset of
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(d) T e

Figure 5.5: The normalized electric field distributions of the beam spectra labeled BI,
B2, and B3 in Fig. 5.4(a) are respectively shown in (a)., (b), and (c). The demodulated
version of the fields in (a), (b), and (c) are shown in (d), (e), and (f). The insets show the
associated beam spectrum for each refracted beam, with arrows indicating the corresponding
wave vectors k. The arrows in real space show the direction of propagation of the peak
plane-wave component (anti-parallel to k).

Fig. 5.3(b), where the dotted line represents the edge of the EFC, which separates it
from the partial gap. Because the clipping effect is a result of the boundary condition,
it determines the shape of the periodic Bloch-coefficient function ay,(k). Therefore
it applies equally to all the beam spectra inside the PhC. In the second place, the
distortion of the beams is also caused by the Fourier-coefficient function, U® (k). In
addition to changing the propagation direction of the beams, U (k) also distorts the
beams. Contrary to the clipping effect, this distortion affects each refracted beam
differently, because each beam spectrum is modulated by different parts of U @) (k)

where the magnitudes and slopes are different.

Reflected beams

Backward-diffracted waves are generated at the PhC interface to satisfy the periodic

boundary condition, Eq. (2.34). The propagation direction of the different diffraction
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orders is obtained by substituting Eq. (2.34) into Eq. (2.30). The result is the well

known grating equation
oy

sin ¢, = sin ¢; + ap

(5.4)

where ¢; is the incidence angle, ¢, is the diffraction angle of the ¢-th backward-
diffraction order, A, is the wavelength in the homogeneous medium, and ay is the
lattice constant in the direction parallel to the interface, which is equal to a in this
case. Note that the index g does not necessarily follow the numbering of the transverse
rows of primitive cells as labeled in Fig. 5.2(a). This is because the zeroth backward-
diffraction order must coincide with the specular reflection. Therefore, when analyzing
the reflected field one must assign ¢ = 0 to the row of primitive cells on which the

k;-conservation condition takes place.

The reflected field at the PhC interface resembles the one generated by a one-
dimensional diffraction grating. Yet the PhC interface has a peculiarity, for it can
suddenly increase the reflectivity of incident waves falling within partial gaps. In such
a case, one can compare the PhC interface with a reflection grating. For incident
waves able to couple into the PhC, on the other hand, the reflected field is rather
similar to the one generated by a transmission grating. Furthermore, in the latter case
and under some circumstances, the Bloch-coefficient function may alter significantly
the propagation direction of the backward-diffraction orders. We shall next analyze

such phenomena.

Consider for example Fig. 5.6, which shows the spectra of the incident beam on
the right-hand side on the k-shell and the three backward-diffraction orders on the
left-hand side. The spectrum of the zeroth diffraction order, which is located on the
same level as the incident beam’s spectrum, is much narrower than that of the incident
beam, and its peak gives a diffraction angle of ¢y = 17 £ 0.5°, which is significantly
larger than the angle ¢y = 10° predicted by the grating equation. The reason for this
deviation can be found in the behavior of the fields inside the PhC. For this purpose, we
consider the angular spectra shown in Fig. 5.3(b). To satisfy the boundary condition,

a field is excited inside the PhC such that the tangential components of all the wave
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Figure 5.6: Angular spectra of the incident and reflected fields for the ¢ = 10° case. Insets
(1) and (2) show, respectively, the spectrum of the —1 and +1 backward-diffraction order.

vectors are represented by similar wave vectors inside the PhC. Since the spectrum of
the incident beam extends beyond the EFC (see the inset in Fig. 5.3(b)), not all of the
wave vectors can match propagating plane waves inside the PhC. The result is that
those plane waves with wave vectors beyond the EFC produce evanescent waves that
cannot penetrate into the PhC. The wave must therefore be reflected. Those plane
waves with wave vectors within the EFC can penetrate into the PhC, and they do
not produce such strongly reflected waves. Therefore, the narrow zeroth order beam is

mostly due to that part of the incident beam that could not penetrate into the PhC.

The peak of the beam spectrum located on the lower left-hand side on the k-shell
represents the —1 backward-diffraction order, which is labeled Al in Fig. 5.3(a). It
gives a diffraction angle ¢_; = —46 £ 0.5°, which is approximately equal to the diffrac-
tion angle given by Eq. (5.4), ¢_; = —48.7°. To explain the discrepancy we consider
again the angular spectra in Fig. 5.3(b) and the angular spectra in Fig. 5.4(a). Ob-
serve that the —1 backward-diffraction order satisfies the k)-conservation condition on
the refracted beam spectra in the row of primitive cells ¢ = —1, which is predomi-

nantly formed by the beam spectra B0 and Bl in Fig. 5.4(a). These beam spectra
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are slightly shifted toward a less negative k, value due to the slope of the Fourier-
coefficient function. Consequently, the reflected beam spectrum is also shifted toward
a less negative k, value, resulting in a less negative propagation angle. In addition, we
notice in Fig. 5.6 that part of the plane-wave components that form the spectrum of the
—1 backward-diffraction order do not match their tangential wave-vector components
with wave vectors on the EFCs in the row ¢ = —1. This phenomenon is highlighted
in the inset (1), where the dotted line indicates the limit between the EFC and the
partial gap. The plane-wave components above the dotted line correspond to the —1
backward-diffraction order generated by the portion of the incident beam that cannot
penetrate the PhC. They present strong amplitudes and so they contribute to shift the
peak of this diffraction order toward a less negative k, value. Furthermore, notice that
the spectral distribution of this diffraction order looks similar to that of the incident
beam; yet, it is wider. This is because the tangential components of BO and Bl are
projected onto a very oblique section of the k-shell, widening the spectrum of this

order. This effect will be referred to as projective beam scaling.

One can also identify a very weak +1 backward-diffraction order on the upper part of
the k-shell in Fig. 5.6, whose spectrum is enlarged in the inset (2). This diffraction order
attempts to satisfy the boundary condition for the refracted beam B3 in Fig. 5.4(a),
but in this case, only a small portion of the refracted beam’s spectrum can be matched
by components on the k-shell; the rest will exist as evanescent waves. Note that this
diffraction order has a wide peak even though only a small portion of the refracted
beam’s peak is involved. The reason is that the peak is projected onto a highly oblique
section of the k-shell. This fact agrees with the grating equation, since the +1 order

cannot be fully generated with the incidence angle under consideration.

Note that the accuracy of the beam angle in the homogeneous medium is higher than
for beams in the PhC. The reason is that the radius of the k-shell is larger than the
radius of the EFC. As a result, the uncertainty in the beam angle for the homogeneous

medium is smaller.
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Figure 5.7: (a) Electric field distribution of the incident and scattered fields for the ¢ = 30°
case. The PhC interface is located at zg = 20a. (b) Angular spectra of the field in (a).

5.1.3 Gaussian beam incident at 30°

Now we consider a Gaussian beam with a waist radius of wg = 2.7a, incident at an
angle of ¢ = 30°, onto the PhC interface located at zy = 20a. The incident and
scattered fields obtained from the FDTD simulation are shown in Fig. 5.7(a), and the
corresponding angular spectra are shown in Fig. 5.7(b), together with the EFCs. In
this case, we note that the field penetrates only a small depth (on the order of a) into
the PhC, forming evanescent waves at the interface to satisfy the boundary conditions.
One can notice these evanescent waves in the k—sp'ace shown in Fig. 5.7(b) as the
off-shell streaks extending inward from the incident and reflected beam spectra. The
reason for the lack of penetration is that the spectrum of the incident beam is located
in the partial gap between the ¢ = 0 and ¢ = +1 rows of primitive cells. Therefore the

incident beam is completely reflected.

Because no propagating modes are excited inside the PhC, it acts purely as a reflec-
tion grating, generating the zeroth and —1 diffraction orders. The peak of the zeroth
order beam spectrum gives a propagation angle of ¢ = 30 £ 0.5° with respect to the

normal, and that of the —1 order gives a propagation angle of ¢ = —25 £ 0.5°, which
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means that it propagates almost exactly into the incident beam. Both of these angles

agree with those obtained from the grating equation, Eq. (5.4).

5.1.4 Gaussian beam incident at 55°

Finally, we consider a Gaussian beam with a waist radius of wy = 2.7a, incident at
an angle of ¢ = 55° onto the PhC interface, which is located at zo = 10a. This gives
the beams inside the PhC more room to get a better definition of their spectra, which
would otherwise be rather faint. The incident, reflected, and refracted fields obtained

from the FDTD simulation are shown in Fig. 5.8(a).

(,,

Figure 5.8: (a) Electric field distribution of the incident, reflected, and refracted fields for
the ¢ = 55° case. The PhC interface is located at zg = 10a. (b) Angular spectra of the field
in (a).

The k-space representation of the fields is shown in Fig. 5.8(b). Note that in this case,
the dominant refracted beams are C2 and C3. This differs from the 10° case, where
the spectra labeled B1 and B2 in Fig. 5.4(a) dominate. This difference is caused by the
magnitude of the Fourier-coefficient function (shown in Fig. 5.4(b)) at the locations

of the beam spectra. Furthermore, observe that the kj-components of the incident
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Figure 5.9: Normalized electric field distribution of the demodulated version of the beam
spectrum labeled C2 in Fig. 5.8(b). The normalized beam spectrum is shown in the inset.

\

beam are matched by kj-components on the EFCs located in the row of primitive cells
with ¢ = 1, which does not include the 1BZ. The refraction of the beam in the PhC is

therefore anomalous.

The spectrum of the incident beam on the k-shell of the homogeneous medium is
very oblique. Therefore, due to the projective scaling onto the EFC, it gives a much
narrower peak (see inset in Fig. 5.8(b)), and thus a much wider beam inside the PhC.
Since the beam spectra inside the PhC are much narrower, they are not affected as
severely by the Fourier-coefficient function, U® (k). Therefore, the beams are less
distorted, and their propagation directions are closer to the value given by Eq. (5.3)
than what we had for the 10° case in Section 5.1.2. The propagation angles and the
spectral distributions of the dominant refracted beams (those located in the 1HAZ) are
approximately identical. The estimated refracted angle based on the beam spectra is
¢’ = 22° 4 2°. which is in good agreement with the result of ¢ = 22.6° obtained from
Eq. (5.3).

The projective scaling causes some distortion in the beams due to the curvature of
the EFC. To see this, we focus our discussion on the spectrum of the refracted beam

labeled C2 in Fig. 5.8(b). The normalized field distribution of its demodulated version
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is shown in Fig. 5.9 and the normalized spatial frequency spectrum is shown in the
inset. Observe that the phase fronts above the beam axis are curved, converging to the
point labeled F, while those below the beam axis remain flat. After the point F, the
wave fronts both above and below the beam axis start to diverge in a non-symmetrical
fashion. The distortion can also be detected in its spectral distribution. Although the
spectrum is very narrow, a small asymmetry is visible in the spectral profile — the peak
is slightly shifted to a larger spatial frequency. The projective scaling is a consequence
of the anomalous refraction. Since it allows refraction at large incidence angles, the
spectrum of the incident beam is severely modified, producing asymmetric refracted

beams.

5.2 The square-lattice PhC

This section studies the propagation of Gaussian beams from a homogeneous dielectric
medium with refractive index n, = 3.6 into a half space PhC composed of a square
lattice of air-holes of radius 0.4a etched in the same dielectric medium. The two-
dimensional space is assumed to be infinite and homogeneous in the z-direction. For
the PhC half space, the plane of periodicity is in the (z, y)-plane. The interface between
the homogeneous medium and the PhC is in the (y, z)-plane in the I'- X direction of the
crystal. Beams with normalized frequency a/\ = 0.3 and various propagation angles

are considered for the analysis.

The photonic band structure of the PhC under consideration is shown in Fig. 2.2(b).
On it, the horizontal line indicates the operation frequency for the present case. At this
frequency, the second and third bands overlap. Furthermore, notice that for frequencies
around the operation frequency, the second band approaches in shape to an inverted
parabola centered at I', having therefore negative slope; the third band is similar to a
positive parabola centered at M, and hence, its slope is positive. This indicates that
the group velocity is negative for Bloch modes in the second frequency band, while it

is positive for those in the third band.
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The EFC in the repeated zone scheme is shown in Fig. 5.10(a). It is composed of
square-like contours of two different sizes. The large contours are centered at the M
points of the reciprocal space and describe modes in the third band. On the other
hand, the small contours are centered at the I' points and describe modes in the
second band. The circular contour stands for the homogeneous medium k-shell at the
operation frequency. The vertical dashed line indicates the orientation of the interface,
the dashed square at the center represents a reciprocal primitive cell, and the parameter
g on the right-hand side indicates the transverse row-number for the row of primitive

cells perpendicular to the interface.

Figure 5.10: (a) The EFC in the repeated zone scheme for the square-lattice PhC under
consideration and the k-shell for the homogeneous medium, both at the operation frequency.
The vertical dashed line indicates the orientation of the interface. (b) Refraction for modes
in the second frequency band. (c) Refraction for modes in the third frequency band.
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5.2.1 Ranges of incidence angle

Since the EFCs are not circular the refraction phenomenon does not follow the gen-
eralized refraction equation deduced in the previous section. However, the refraction
direction is easily obtained as the direction of the group velocity vector. In this case
the refracted Bloch waves behave differently depending on whether they satisty the
boundary conditions with modes in the second or third frequency bands. The incident
wave vectors, kgi) and kéi), shown in Fig. 5.10(a) illustrate the phenomenon. For exam-

ple, the plane wave denoted by kgl)

is refracted with negative group velocity as shown
in Fig. 5.10(b); hence, the vector v, must be normal to a point on the left-hand side of
the EFC, pointing toward the inside of the contour. On the other hand, the plane wave
denoted by kéi) is refracted with positive group velocity as shown in Fig. 5.10(c). The

vector vg is therefore normal to a point on the right-hand side of the EFC, pointing

toward the outside of the contour.

The various conditions that exist depending on the incidence angle are summarized
in Table 5.2 for incidence angles ranging from 0° to 90°. It also indicates the number,
g, for the row of primitive cells that contain the EFCs where the kj-conservation
condition is satisfied and whether the refracted wave has positive (+) or negative (-)

group velocity. The behavior follows the same pattern for negative angles.

Table 5.2: Propagation conditions and primitive cell row number as functions of the incidence
angle. ) The boundary between ¢ = 0 and ¢ = 1 corresponds to ¢ = 27.5°.

incidence angle Condition q sgn(v,)
0° <o, < & Band 2 mode 0 -

8 < ¢; < 10.6° partial gap
10.6° < ¢; < 47.8° Band 3 mode 0,19 +
47.8° < ¢; < 52.3°  partial gap
52.3° < ¢, < 90° Band 2 mode 1 -

Examples of each of these conditions are now considered in more detail. In each
case, we have a Gaussian beam with its waist at the left-hand edge of the homogeneous
medium from where it is launched. It then propagates from left to right toward the

interface between the homogeneous medium and the PhC. At the interface, various
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refracted and reflected beams are generated. We shall study them using the FDTD-

Fourier method of analysis.

5.2.2 (Gaussian beam incident at 0°

First, we consider a Gaussian beam with waist radius wy = 2.7a at = = 0, normally
incident onto the PhC interface located at z = 20a. The corresponding electric field

distribution is shown in Fig. 5.11(a).

The incident Gaussian beam impinges onto the PhC interface and generates three re-
flected waves, which correspond to zeroth, —1, and +1 backward-diffractions of orders.
The —1 and +1 diffraction orders are respectively labeled Al and A2 in Fig. 5.11(a);
the specular reflection falls on top of the incident beam and is not visible in the real
space. The transmitted field, on the other hand, experiences super-collimation due
to the EFC shape. The EFCs are squarish geometries composed of straight sides and
rounded corners. Particularly, for the EFCs in the central row of primitive cells (¢ = 0),
the vertical sides cover the range —0.3 < kya/m < 0.3 with straight sectioﬁs ranging
over —0.2 < kya/m < 0.2. It follows that the structure is capable of collimating plane
waves with propagation angles in the range —8° < ¢ < 8°. For the present case, the
numerical aperture of the incident Gaussian beam is NA = sin(6.2°); thus, one can

conclude that most of its plane-wave components are collimated into the PhC!.

The magnitude of the angular spectra of the field distribution in Fig. 5.11(a) is
shown in Fig. 5.11(b). The k-shell for the homogeneous dielectric is represented by the
superimposed circle and the EFC in the repeated zone scheme for the second frequency
band is indicated by the squarish contours. The angular spectra of the refracted beam
are located on the left-hand side of the EFCs due to the negative group velocity on this
section of the frequency band and the angular spectra of the three backward-diffraction
orders are located on the left-hand side of the k-shell. We shall proceed to study in

more detail the reflected and refracted beams by analyzing their angular spectra.

'For a numerical aperture of sin(6.2°), approximately 86% of the energy is carried by plane-wave
components with propagation angles in the range —6.2° < ¢ < 6.2° [67]
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Figure 5.11: (a) Electric field distribution of the incident, reflected, and refracted beams for
the ¢ = 0° case. The PhC interface is located at zyp = 20a. (b) Angular spectra of the field
in (a).

Refracted beams

The magnitude of the spectra associated with the transmitted field and the magni-
tude of the Fourier-coefficient function for the second band, U®(k), are shown in
Figs. 5.12(a) and 5.12(b), respectively. In this case, the transmitted field’s spectra are
severely suppressed by U (k) in primitive cells beyond the 1HAZ. However, spectra
with noticeable amplitudes exist in the 1HAZ and the 1BZ. Here we shall limit the
analysis to the dominant beam spectrum labeled B0 in Fig. 5.12(a), approximating the

field inside the PhC by a single beam i.e., single beam behavior.

The values of the Fourier-coefficient function that determine the magnitude of the
spectrum B0 are shown in the inset of Fig. 5.12(b). In the first place, we notice
that the function is fairly constant along the straight part of the EFC. This fact is of
great importance for it suggests that the Fourier-coefficient function does not distort
significantly the collimated plane-wave components. In the second place, the function
shows a sudden slope on both corners of the EFC, which indicates that not-collimated

plane-wave components (in the range 0.2 < |k,a/7| < 0.3) are suppressed by the sharp
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Figure 5.12: (a) Angular spectra of the refracted field for the ¢ = 0° case. (b) Magnitude
of the Fourier-coefficient function for the second frequency band.

slope of U®) (k). The effects of the Fourier-coefficient function on the beam spectrum
B0 are clearly illustrated in Fig. 5.13(a). It shows the normalized magnitude of the
spectrum B0, projected onto the k, axis. The solid lines indicate the boundary of the
EFC, the dotted lines indicate the angular range for super-collimation, and the dashed
curve describes the normalized spectrum of the incident Gaussian beam projected
onto the k, axis. One can observe that the spectrum B0 conserves the Gaussian
characteristics of the incident spectrum within the collimation range, |k,a/m| < 0.2.
On the other hand, for 0.3 < |k,a/7| < 0.2, the spectrum is severely attenuated by the
slope of U®)(k) and for |k,a/n| > 0.3, the spectrum consists of evanescent modes that
arise to satisfy the boundary conditions for the angular components of the incident
Gaussian spectrum that fall within the partial gaps. These plane-wave components
are identified in the inset of Fig. 5.11(b) as the tips of the incident Gaussian spectrum
outside the EFC.

The implications in the real domain are visible in Fig. 5.13(b), which illustrates the

coupling process between the incident Gaussian mode and the Bloch space-harmonics
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that constitute BO. The dashed line indicates the PhC interface. The beam on the
left-hand side of the interface is the incident Gaussian beam; the one on the right-hand
side is the real-space representation of BO. The peak amplitude of B0 in real space
represents 88% of the incident beam’s peak amplitude. Hence it is a reliable indicator
of the field behavior inside the PhC. We notice that the bulk of the beam is collimated,
keeping flat phase fronts and constant amplitude as it propagates through the PhC.
The collimated portion is free of distortion, following the same Gaussian profile as
the incident beam. However, one can notice that the phase fronts are curved above
and below the collimated bulk. This effect is due to the plane-wave components that
fall on the rounded corners of the EFC; they propagate in directions pointed by the
arrows in the inset of Fig. 5.13(b) due to the negative group velocity. Notice that the
plane-wave components on the lower corner of the EFC propagate upward generating
the divergent field above the beam’s body and those on the upper corner propagate
downward producing the same effect below the beam’s body. This self-interference

process creates the fringes present above and below the collimated portion.

Reflected beams

In order to study the reflected beams we consider the angular spectra in Fig. 5.11(b).
In the figure, the angular spectra of the +1 and —1 backward-diffraction orders are
located on the left-hand side of k-shell at the same level as the rows of primitive cells
g = +1 and g = —1, respectively. The amplitude of the zeroth diffraction order is very
small, and although not visible in the real domain, it can be detected in the k-space
as the angular spectrum located on the left-hand side of the k-shell at the same level

as the incident spectrum.

The propagation directions of the two higher backward-diffraction orders, as obtained
from the peaks of their angular spectra, are ¢,; = 63° = 0.5° and ¢_; = —63° £
0.5°. They differ from the angles predicted by the grating equation, ¢, = 67.2° and
¢_1 = —67.2°. This discrepancy follows the same explanation given in Section 5.1.2

for the 10° case in the hexagonal-lattice PhC. In the present case, the +1 and —1
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Figure 5.13: (a) Magnitude of the beam spectrum B0 projected onto the k, axis. The
dashed curve denotes the incident Gaussian beam’s spectrum, the solid lines indicate the
EFC boundaries, and the dotted lines indicate the range for super-collimation. (b) Electric
field distribution of the incident beam and BO. The vertical line denotes the PhC interface
and the inset shows the angular spectra of the field distribution.

diffraction order satisfy the boundary conditions with the refracted-beam spectra in
the row of primitive cells ¢ = +1 and ¢ = —1, respectively. The spectra in the row
g = —1 is mostly concentrated in the spectrum Bl and those in the row ¢ = 41 are
mostly concentrated in the spectrum B2; hence, the two higher diffraction orders are
predominantly determined by these two spectra. The discrepancy in the diffraction
angles arises because the Fourier-coefficient function shifts the spectra Bl and B2
toward a lower spatial frequency along the k, axis. This is illustrated in the inset
of Fig. 5.11(b) for B2. As a result, the peaks of the spectra of the two backward-
diffraction orders are also shifted toward a smaller spatial frequency along the same

direction producing smaller diffraction angles for both backward-diffraction orders.

One can also note that the angular spectra of higher backward-diffraction orders
widen as a consequence of the projective scaling onto an oblique section of the k-shell.

This phenomenon is also highlighted in the inset of Fig. 5.11(b) for the +1 diffraction
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order. As a result, the two higher diffraction orders have narrower beam-width than

the incident Gaussian beam, and therefore, diverge faster.

5.2.3 Gaussian beam incident at 28°

Now we consider a Gaussian beam of waist radius wy = 2.7a at x = 0 incident with a
propagation angle of 28°. The electric field distribution is shown in Fig. 5.14(a). The
Gaussian beam is launched from the lower left corner and hits the PhC interface located
at o = 15a. Two backward-diffraction orders are generated at the interface; one falls
on top of the incident beam and the other is the specular reflection. The magnitude
of the angular spectra of the field in Fig. 5.14(a) is shown in Fig. 5.14(b). The EFC in
the repeated zone scheme for the third frequency band and the homogeneous dielectric
k-shell, both at the operation frequency, are indicated respectively by the squarish
contours and the circle superimposed on the figure. The two reflections are identified
as the spectra on the left-hand side of the k-shell. Their angular profiles are similar to
that of incident Gaussian beam. Notice that the angular spectra of Bloch modes are
now located on the right-hand side of the EFCs due to the positive group velocity on

this section of the frequency band.

Refracted beams

To analyze the refraction phenomenon we consider the magnitude of the angular spec-
tra associated with the refracted field, which is shown in Fig. 5.15(a), and the magni-
tude of the Fourier-coefficient function for the third frequency band, U®)(k), shown in
Fig. 5.15(b). In this case, the refracted field exhibits multiple-beam behavior imposed
by two dominating beam spectra labeled CO and C1 — this is in contradistinction with
the previous case in Section 5.2.2, where only one beam spectrum dominates. The
other beam spectra are suppressed by the Fourier-coefficient function. Therefore, for

the following analysis, we shall consider only the two dominant spectra, C0 and C1.

The two dominant spectra experience slight distortions due to the Fourier-coefficient
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Figure 5.14: (a) Electric field distribution of the incident, reflected, and refracted beams for
the ¢ = 28° case. The PhC interface is located at zg = 15a. (b) Angular spectra of the field
in (a).

function and the boundary conditions. To understand such distortions we consider
Fig. 5.15(c). It shows the normalized magnitudes of the two dominant beam spectra
projected onto the k, axis. In the present case, the incident Gaussian mode satisfies
the kj-conservation condition with the spectra in the same row of primitive cells as C1
(see inset of Fig. 5.14(b)). The peak of the Gaussian spectrum projected onto the k,
axis is slightly shifted toward a higher spatial frequency from the center of the EFCs
in such row of primitive cells?, which is located at k, = n/a. However, we note that
C1 does not locate its peak at the same k, location as the incident spectrum, but it is
slightly shifted toward a smaller spatial frequency from the center of the EFC. On the
other hand, the peak of the spectrum CO is shifted toward a higher spatial frequency
from the center of its respective EFC, which is located at k, = —7/a. The magnitude
of the shift corresponds exactly to the relative shift of the incident Gaussian beam. In
addition, we notice that the two spectra have similar shapes, describing quasi-Gaussian
distributions with elongated left tail, and they have slightly different amplitudes with
the peak amplitude of CO being around 98% the peak amplitude of C1.

2The incident Gaussian spectrum, projected onto the k, axis, locates its peak at the center of the
EFCs in the row g = +1 when the incidence angle is 27.5°
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Figure 5.15: (a) Angular spectra of the refracted field for the ¢ = 28° case. (b) Magnitude of
the Fourier-coefficient function for the third frequency band. (c) Magnitude of the dominant
beam spectra CO and C1 projected onto the k, axis. The EFCs associated with C0 and C1
are centered at k, = —7w/a and k, = 7/a, respectively.
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In order to illustrate clearly the nature of these distortions, we first obtain numeri-

cally the Bloch-coefficient function as

lI"r(k B Gq)

ak— Gy = —— "
o U (k - G,)

(5.5)
where G, is the reciprocal lattice vector associated with a particular primitive cell
and k takes values within the 1BZ and W,(k) is the angular spectra of the refracted
field. Eq. (5.5) follows directly from Eq. (3.4) by considering only one element of
the summation, i.e., making G = G,. The Bloch-coefficient function is obtained for
the reciprocal lattice vector, G, associated with the beam spectrum C1. Then, we
replicate the Bloch-coefficient function in the primitive cell associated with CO in order

to reproduce the angular spectra of both C0 and C1 as

Tooc1(k) =UP(K)D ak—G,), Gy {Gy, G}, (5.6)
Gq

where Gy and G, are the respective reciprocal lattice vectors associated with the
primitive cells where CO and C1 are located. At this point, we shall remark that the
angular spectra obtained numerically do not represent the real amplitudes. This is
because the FFT routine takes into account the area over which the fields are dis-
tributed in real space in order to perform the transformation. However, the different
Bloch space-harmonics are distributed over more or less the same area in the real space.-
Consequently, their relative amplitudes coincide with the relative amplitudes of the real
angular spectra but scaled by a constant factor. It follows that the values resulting
from Egs. (5.5) and (5.6) will be scaled as well. It is therefore convenient to consider

normalized values in this case.

The magnitudes of the resulting spectra C0 and C1, projected onto the k, axis, are
denoted by the solid curve in Fig. 5.16. In addition, the figure shows the magnitude of
the replicated Bloch-coefficient function (circular markers) projected onto the k, axis,

and the magnitudes of U®) (k) that modulate the Bloch-coefficients (cross markers).

SRefer to Section 4.2.3 for details.

80



-

o
©

08

0.7

06

05

0.4

0.3

02

Normalized magnitude

01

kya/m

Figure 5.16: (a) Magnitude of the angular spectra CO and C1 obtained per Eq. (5.6) (solid
line), normalized magnitudes of the Bloch-coeflicient function replicated at Gy and Gy (cir-
clular markers), and normalized magnitudes of the Fourier coefficients that modulate the
Bloch-coefficient function (cross markers). All functions are projected onto the &, axis.

The vertical lines indicate the center of each EFC and the horizontal dashed line
indicates the peak value of Cl. These results reveal that, in this case, the shape
of the beam spectra is defined essentially by the Bloch-coefficient function. That is,
the left tail elongation on CO and C1 is predominantly the result of the projective
scaling and the effect of the boundary conditions that define the overall Bloch-mode
profile, a(k). The Fourier-coefficient function, on the other hand, produces slight
changes on their amplitudes and positions. For instance, the tail elongation in CO is
less pronounced than in C1 because the amplitudes of U® (k) rather suppress the tail
effect. Furthermore, the Fourier-coefficient function also causes the peak amplitude of

CO0 to be smaller than the peak of C1.

We now proceed to analyze the distortion effects in the real domain. The demodu-
lated versions of the normalized electric field distributions associated with the spectra
CO0 and C1 are shown in Figs. 5.17(a) and 5.17(b), respectively. The insets illustrate
the normalized magnitude of their angular spectra with the EFC superimposed. The

EFC has concave curvature (curves outwards) on the central section. The approximate
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Figure 5.17: Electric field distribution of the two dominant beam spectra (a) CO and (b)
C1. The normalized magnitudes of their respective angular spectra are shown in the insets.
The concave curvature shown with the EFC denotes its radius of curvature.

radius of curvature is 2.5a/m. Therefore, for propagation toward the right, the angular
components on the curved section behave as if they were located on the left hand side
of an homogeneous k-shell, which indicates negative refraction. This is therefore an

example of negative refraction without negative effective refractive index [68].

The focusing effect due to the negative refraction phenomenon can be observed in the
figures. Notice that the wave fronts above the beam axis are curved converging slowly
to the point labeled F and then diverge in the same fashion. The slow convergence
is due to the large radius of curvature of the EFC. The wave fronts below the beam
axis also converge to the point F; yet, they present distortion caused by the angular
components that fall out of the concavely curved region of the EFC. These angular
components experience a sudden change of direction due to the inflection point on this
section of the contour. This phenomenon is illustrated by the arrows in the insets,
which indicate the direction of the group velocity vector at the different points on the
EFC. The angular components responsible for such distortion correspond precisely to
the elongated tails of both spectra. Hence the distortion is more pronounced in C1 for

its tail goes further beyond the section defined by the radius of curvature.
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Figure 5.18: Magnitude of the incident beam’s angular spectrum (circular markers) and
normalized magnitude of the angular spectrum C1 (solid line), both projected onto the ky
axis.

Reflected beams

We shall continue with the analysis of the reflected beams. We first notice that be-
cause the EFCs are centered at the M point of the reciprocal primitive cell, they are
shifted in the k, axis by a factor of m/a from the center of their corresponding row of
primitive cells, g. This can be seen in Figs. 5.10(a) and 5.10(c). However, the recip-
rocal primitive cell is not unique and one can redefine it by redefining the reciprocal
lattice vector. Hence, we can add a fixed vector to the reciprocal lattice vectors, G, in
order to shift all the primitive cells in the k, axis by an amount of 7/a so each EFC
is contained in a single primitive cell. Furthermore, to be consistent with the grating
equation, the row of primitive cells ¢ = 0 must correspond to that of the refracted-
beam spectra matching their tangential wave vectors with the incident beam and the
zeroth backward-diffraction order. By doing so, the predicted propagation angles from
Eq. (5.4) are ¢ = 28° and ¢_; = —27.1°. On the other hand, the propagation di-
rections as obtained from the angular spectra in Fig. 5.14(b) are ¢y = 29° £ 0.5° and

¢_1 = —27°+0.5°. We notice that theoretical and numerical results are in good agree-
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ment for ¢_; with a small discrepancy for ¢y. In order to explain the reason for such a
discrepancy one needs to analyze the behavior of the incident Gaussian beam and the
refracted beams with angular spectra located in the row of primitive cells ¢ = 0. In
the present case C1 dominates over the other spectra in the row g = 0; hence, we shall
consider only C1 for purposes of this explanation. The normalized magnitude of C1
and the magnitude of the incident Gaussian beam’s spectrum are denoted in Fig. 5.18,
respectively, as the solid curve and the circular markers. Observe that the peak of
the spectrum C1 is shifted to the left; this indicates a larger reduction in the ampli-
tudes of angular components with higher spatial frequencies along the k, axis (those
on the right tail of the spectrum). However, the electric fields of the incident beam,
the zeroth backward-diffraction order, and the group of Bloch space-harmonics in the
row of primitive cells ¢ = 0 must be continuous across the interface. Consequently the
zeroth backward-diffraction order must have larger amplitudes in angular components
with higher spatial frequencies along the &, axis. This causes a slight shift in its peak
amplitude, and hence, the diffraction angle is slightly larger than the one predicted by

the grating equation.

5.3 Summary

This chapter studied the refraction and reflection at an interface between a homo-
geneous medium and two-dimensional PhCs. The analysis was carried out in the
k-domain from the results obtained using the FDTD-Fourier method. The analysis re-
veals a number of interesting phenomena and helped to clarify them. This appears to
be the first time that a detailed study of beam behavior (i.e., angular profile, distortion,
and propagation angle) in PhCs has been given.

It was found that the various beams that form the overall Bloch mode experience a
number of distortions, some of which are caused by the shape of the Fourier-coefficient
function of the Bloch modes. Distortions that are caused by boundary conditions are

the same for all the beams. An example is the clipping effect mentioned in Section 5.1.2,
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and the projective scaling mentioned in Section 5.2.3. On the other hand, those distor-
tions that are caused by the Fourier-coefficient function are different for the different
beams because of the different values and slopes of the Fourier-coeflicient function at
the locations of the different beams. The effect is that the Fourier-coefficient function

causes the multiple beams to behave differently.

For the cases considered here, the magnitude of the effective refractive index is much
smaller than the background refractive index. As a result, the boundary condition
at the various possible incidence angles are matched by beams from different EFCs
located in different primitive cells. In addition, for some range of incidence angles,
none of the EFCs can provided propagating wave that would match the boundary
condition. Therefore a partial gap exists over this range of angles. The propagation of

light through the PhC was analyzed for the different ranges of incidence angle.

It was shown that the characteristics of the refracted beam into the PhC strongly
depend on the propagation angle and spectral width of the incident beam. When
the plane-wave spectrum of the incident beam is wide, the resulting refracted beams’
spectra broaden due to the scaling on the EFCs. Under such conditions, the Fourier-
coefficient function distorts the spectral profiles of the refracted beams more severely,
producing asymmetrical distributions. Moreover, when the angle of incidence ap-
proaches the edge with the partial-gap, the beam spectrum is cut off, causing a spectral
clipping effect, which leads to additional distortion. At large incidence angles, anoma-
lous refraction occurs. In this case, projective scaling may narrow (widen) the refracted
beam spectra, producing wider (narrower) refracted beams. Moreover, the refracted
beams often suffer from distortions caused by projective scaling, which results in asym-
metrical beams. The reflection behavior was also studied. For incident plane waves
that match modes inside the PhC the reflections behave as expected according to the
grating equation. However, the shapes and diffraction angles of the reflected beams
are modified when the spectra of the refracted beam that satisfy the baoundary con-
ditions are distorted by the Fourier-coefficient function. Similarly, for incidence angles

falling in the partial-gap, the reflections also behave according to the grating equation;
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yet, the shapes and diffraction angles of the reflected beams can be severely modified

depending on whether or not the planes waves can penetrate the PhC.
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Chapter 6

A photonic-crystal-based beam
shifter

A beam shifter is an optical device that translates the axis of a given light beam
to a different position. The beam-shift effect can be obtained with slabs of birefrin-
gent material [69] or left-handed meta-materials [70]. These devices are used as beam
routers in free-space optical switching networks [71]. This chapter proposes a photonic-
crystal-based beam shifter, which operates based on the beam-steering properties of
the periodic medium. This particular structure can be used as an optical nano-switch
for monochromatic beams. The device’s performance is studied by employing the

FDTD-Fourier method of analysis.

6.1 Device description

A top view of the beam shifter analyzed in this chapter is shown in Fig. 6.1. It consists
of a hexagonal-lattice PhC made of air holes of radius 0.4a etched in a dielectric material
with refractive index n, = 3.6. The PhC structural parameters are identical to those of
the structure previously analyzed in Chapter 5. The plane of periodicity is the (z,y)-
plane. The PhC’s width in the z-direction is 26.6a and its height in the y-direction

is 60a. The PhC background dielectric, denoted by the gray areas in the figure, is
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Figure 6.1: Top view of the proposed beam-shifter device embedded in a homogeneous
dielectric medium with refractive index n, = 3.6. The beam-shift effect is shown schematically
by the arrows.

extended into the two homogeneous regions that surround the PhC. The interfaces
between the PhC and the homogeneous dielectrics are in the (y, z)-plane in the I' — K
direction of the crystal. Furthermore, we shall assume that the structure has finite
thickness in the z-direction and sits in free space. The effect of the finite thickness will

be explained in the following section.

The proposed device operates on TM-polarized monochromatic waves with free-space
wavelength of A = a/0.425. For telecommunication frequencies, say A = 1550nm, this
means that the PhC’s lattice constant is @ = 658.75nm. The shift effect follows from
a simple, yet peculiar, refractive principle. It is shown schematically by the arrows
in Fig. 6.1. An incident wave propagating from left to right in the first homogeneous
medium impinges onto the input interface at an angle ¢;. Subsequently, the refracted
wave propagates in the periodic medium with an angle ¢; and reaches the output
interface after being displaced a distance A, in the y-direction. The wave is then

transmitted into the second homogeneous medium with the same angle as the incident
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wave. At the operation frequency, the PhC’s effective refractive index is much smaller
than the index of the homogeneous dielectric. As a result, the incident wave is refracted
with a relatively large propagation angle enhancing the beam-shift effect. Furthermore,
due to the anisotropy of the PhC’s dispersion relation, the refractive phenomenon is
fairly insensitive to variations in the incidence angle over certain range. It provides a
fairly uniform beam displacement for waves with incidence angles in such range. This
effect would not be possible with a simple homogeneous medium of smaller refractive

index.

6.2 Two-dimensional analysis

In this case, we consider a three-dimensional device in which waves propagate in the
(x,y)-plane and are confined in the z-direction via of total internal reflection. The
different components of a Bloch mode are no longer plane waves; they are now defined
by the guided modes in the slab which depend on the slab thickness and the incidence

angle in the (y, z)-plane; ¢,. The guided Bloch-mode is obtained as

BGK) k) = (e [exp(ik.2) + exp(—jk.2)]
= 2cos(k.2)Y(r; k), (6.1)

where ¢(r; kj) is the Bloch mode in the (z, y)-plane, and the cosine factor is the mode
profile in the z-direction. The Bloch vector of a guided mode, k'), is smaller than its

counterpart in an unbounded two-dimensional PhC, k/, and they are related per
k' | =k cos(oy). (6.2)

It has been shown that the dispersion characteristics of a PhC-slab and its pure two-
dimensional analogue differ merely in a frequency shift [37]. This frequency shift can
be understood from the Bloch vector scaling given in Eq. (6.2). Additionally, in a PhC-

slab, some Bloch-mode components may leak out. For example, in the present case,
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Figure 6.2: Fourth band of the PhC’s dispersion relations and the light cone. The constant
frequency plane represents the operation frequency.

the PhC-slab sits in free space. Hence, the guided modes must lie below the light cone
[72], which represents the dispersion relation of modes in free space’. Fig. 6.2 shows the
fourth frequency band of the PhC’s dispersion relations; the light cone, located at the
center of the k-space; and the constant-frequency plane, which denotes the operation
frequency. Observe that the fundamental Bloch space-harmonic (the one in the 1BZ)
is located above the light cone, and hence it leaks into free space; the rest of the Bloch
space-harmonics are guided in the slab. There will always be a certain amount of loss
due to the Bloch-mode plane-wave components above the light cone if the amplitudes
of such plane-wave components are not identically zero. This loss is often referred to

as out-of-plane radiation loss [73].

The analysis of effects due to the finite thickness in the z-direction is considered
out of the scope of this thesis. Therefore, for the present analysis, we shall consider
a paraxial approximation for which cos(¢,) = 1 in Eq.(6.2). In such a case, kh ~ K,
and hence, the Bloch-vector scaling can be neglected. Furthermore, the out-of-plane
radiation shall be considered only qualitatively. Thus, we will proceed with the analysis

of the beam shifter assuming that it is a pure two-dimensional structure.

!The light cone is formed by k-shells of increasing radius for increasing frequencies.
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6.3 Principle of operation

In order to describe the principle of operation, we consider the EFC at the operation
frequency, which describes modes in the fourth frequency band. The EFC is shown in
the repeated zone scheme in Fig. 6.3(a) together with the k-shell associated with the
light cone (small circle) and the k-shell of the homogeneous dielectric medium (large
circle). The wave vector k() represents a wave with propagation angle ¢; incident from
the homogeneous dielectric into the PhC. It satisfies the kj-conservation condition on
EFCs in the row of primitive cells ¢ = 0, exciting a Bloch mode with group velocity
vector v, as shown in Fig. 6.3(b). In this case, the refraction angle is relatively larger
than the incidence angle because the EFC size is much smaller than the k-shell size.
Moreover, the flat contours of the EFC provide a collimation effect for a specific range
of incidence angles, which results in a fairly insensitive refraction angle to incidence

angles in such range.

kya/n

(a) - kxa/m (b)  kea/m

Figure 6.3: (a) The EFC in the repeated zone scheme at the operation frequency for the PhC
under consideration. The small and large circles denote, respectively, the free-space k-shell
and the homogeneous dielectric k-shell; the vertical dashed line indicate the orientation of
the interface; and k) is a wave incident into the PhC from the first homogeneous dielectric.
(b) Description of the group velocity vectors for the forward-propagating Bloch mode (v,)
and the Bloch mode reflected at the output interface (v}).
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The refracted wave propagates inside the PhC and reaches the output interface after
being shifted in the y-direction by A, = wtan(¢y), where w is the width of the PhC.
At that point, a reflected mode with group velocity vector v is generated inside the
PhC. On the other hand, the field transmitted into the second homogeneous dielectric
consists of a number of diffraction orders with the tangential wave vector of the g-th
diffraction order being k((;?' =Gy + kfr ). The zeroth diffraction order, denoted by két)
in the figure, propagates in the same direction as the incident wave, representing its

shifted version.

Since the EFC has mirror symmetry about the &, axis, the same mechanism follows
for negative incidence angles. Hence, by providing an incident wave with propagation
angle of —¢; one obtains a negative shift in the y-direction. The device can therefore
be used to construct an optical selector-switch triggered by a fairly small change in the

incidence angle (around £5°).

6.4 Device specifications

The device performance is (in part) limited by the size and location of the EFCs,
implying that the incident beam’s angular spectrum is restricted to a range of prop-
agation angles. For example, from Fig. 6.3(b) we note that the incident beam must
restrict its tangential wave-vector components to match points on the EFC, other-
wise they fall in a partial gap and are reflected. The EFC is extended over the range
—0.67/a < k, < 0.6w/a. However, since it has mirror symmetry about the k, axis, we
shall consider only positive k, values. Furthermore, the device must steer the incident
beam’s plane-wave components rather uniformly over a wide enough range of wave
vectors in the adequate direction to achieve the beam-shift effect. Hence, we must
further restrict their tangential components to fall within a range where the EFC is to

some extent straight.



6.4.1 Angular operation range

To specify the operation parameters for this device one must face a trade-oft between
variation of ¢, and permitted range for the incidence angle, ¢;. For example, con-
sider Fig. 6.4, which shows the refracted beam propagation angle, ¢, obtained as the
gradient of the EFC. Notice that ¢, presents small variations about k, = 0.37/a and
these variations increase as the angular range becomes broader. Hence, if the varia-
tion of ¢ is intended to be very small, then one must restrict the angular spectrum
of the incident beam to a very narrow range of angular components. For the present
design, the maximum variation of ¢, has been restricted to £5°. This is with the
purpose of presenting clearly the k-space analysis using wide angular spectra. For such
a specification, the allowed tangential wave-vector range is 0.067/a < k, < 5.47/a,
which is denoted by the shaded region in Fig. 6.4. We shall refer to this range as the
angular operation range. The values of ¢, vary from 25° to 35° over the entire range
of operation. This indicates that angular components within this range are steered
more or less uniformly with a propagation angle of approximately 30°. Moreover, note
that the EFC has a slight concave curvature, which provides a slight focusing effect
for angular components on the concave section. This is represented in the inset by the

group velocity vectors indicated by the arrows.

By providing an incident beam such that its plane-wave components have tangential
wave vectors within the angular operation range, the proposed device shifts the beam’s

plane-wave components by a distance

A, = 26.6a tan(30 £5°). (6.3)

6.4.2 Input source

It is important to consider the fact that incident waves with tangential wave-vector
components out of the angular operation range may lead to power loss and beam

distortion. In the first place, this is because those tangential wave vectors beyond the
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Figure 6.4: Bloch-mode propagation angle, ¢, as a function of the tangential wave vector
component, k,. The shaded region denotes the angular operation range.

range covered by the EFC are unable to match propagating Bloch modes; therefore,
the waves are completely reflected. In the second place, the refraction angle, ¢y,
increases (decreases) rapidly as the tangential wave vector goes beyond the upper
(lower) limit of the angular operation range (see Fig. 6.4). Those excited Bloch modes
with large propagation angles reach the output interface with different shifts, A,
causing distortion that generates losses when the output beam couples to a subsequent
device. Hence, we shall specify parameters for the input beam such that most of the
beam’s energy is contained in plane-wave components within the angular operation

range.

We shall consider a Gaussian beam to model the input source. For this example,
the specification requires the Gaussian spectrum, projected onto the k, axis, to be
centered in the angular operation range. In addition, the spectfum’s width must allow
the angular components that form the beam radius to fall in such a range. We must
also consider a tolerance for possible variations in the incidence angle. Taking into

account a tolerance of £1°, the incident Gaussian beam must have a waist and an
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incidence angle according to the following expression:
wg > 3.3a for ¢; =5.6"£1°. (6.4)

Following this specification, at least 86% of the optical power is contained in plane-wave

components within the angular operation range.

6.4.3 Frequency/lattice-constant deviation

In practical situations the incident beam may have deviations from the operation fre-
quency, or equivalently, the lattice constant may have certain deviation due to fabrica-
tion issues. To determine the effect of such deviations on the device’s performance, one
must consider the shape of the EFC at frequencies neighboring the operation frequency.
Fig. 6.5 shows the EFC for different frequencies, which are labeled accordingly on each
contour. The bold EFC denotes the operation frequency.

As the frequency decreases the EFC size decreases and the collimation effect is grad-
ually lost because the shape becomes rounded. As a result, a refracted beam would
experience a large divergence. On the other hand, for larger frequencies, the EFC be-
comes larger and their segments develop with concave curvature. At those frequencies
for which EFCs have pronounced concave curvature the refracted beam would expe-
rience a focusing effect with large divergence after the focal point. Large divergence
effects are undesirable for this application because they lead to large modifications of
the beam profile in the real space. Therefore, we must restrict the acceptable fre-
quency (or lattice constant) deviation to those values describing EFCs with rather
straight shapes.

An adequate frequency range that conserves the PhC’s collimation properties is
0.42 < a/X < 0.43. This is, for example, 1532nm < A <1568nm or 651nm< @ <667nm
if the operation frequency is A = 1550nm. However, to conserve the variation of
¢y, within the specification of £5°, the angular operation range must be reduced to

0.27/a < k, < 0.47/a. This range is denoted by the shaded region in Fig. 6.5.
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Figure 6.5: The EFC at different frequencies around the operation frequency. The EFC at
the operation frequency is shown in bold.

For purposes of the following analysis, we shall employ an ideal monochromatic
source applying the specifications defined in the two previous subsections, i.e., the
angular operation range as denoted by the shaded region in Fig. 6.4 and the Gaussian
beam parameters as given in expression 6.4. In practical situations, however, it is
convenient considering the effect of a deviation in the operation frequency by using the

reduced specification for the angular operation range.

6.5 Performance

To study the device’s performance, we use a Gaussian beam with waist wy = 3.3a
incident at an angle ¢; = 4.6°. These conditions are for the extreme case where the
angular components that form the beam’s radius fall just above the lower limit of the
angular operation range. The peak of the Gaussian beam’s angular spectrum projected
onto the k, axis is located at k, = 0.257/a, and its magnitude reduces to 36% of the

peak value at the lower limit of the operation range.
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Figure 6.6: Electric field distribution after 0.057us of a Gaussian beam incident onto the
beam-shifter’s interface. The beam propagates with an angle of 4.6°. The vertical dashed
lines denote the interfaces of the beam shifter. The shifted version of the incident beam is
labeled AO.

The electric field distribution after 0.057us is shown in Fig. 6.6. The incident Gaus-
sian beam impinges onto the PhC interface and is refracted with an angle ¢ ~ 30°.
At the same time, three backward-diffraction orders are generated at the input in-
terface. The refracted wave reaches the output interface, then part of the energy is
transmitted into the second homogeneous medium and the rest is reflected inside the
PhC. The reflected Bloch wave eventually reaches the input interface and couples into
the first homogeneous medium, generating the weak field labeled A3. Subsequently,
another forward-propagating Bloch wave, with very weak amplitude, is generated at
the input interface. Such a wave is then absorbed by the upper FDTD boundary. On
the other hand, the field transmitted into the second homogeneous medium consists
of three diffraction orders, labeled A0Q, A1, and A2. The zeroth diffraction order, AQ,
represents the shifted version of the incident beam. The shift distance at the output

is A, ~ 17a. This value is in good agreement with the value A, = 16.6a predicted by
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Eq. (6.3) when ¢ = 32°, which corresponds to the refraction angle for ¢; = 4.6° (see
Fig. 6.4).

The magnitudes of the refracted and transmitted fields’ angular spectra are shown
in Fig. 6.7(a). The magnitudes are normalized to the overall peak value, which corre-
sponds to the peak of the spectrum labeled B1. The angular spectra of the incident
and reflected beams that exist in the first homogeneous dielectric have been omitted
for clarity. The magnitude of the Fourier-coefficient function, U®(k), is shown in
Fig. 6.7(b). The EFC in the repeated zone scheme and the free-space k-shell at the
operation frequency are superimposed in both figures. Furthermore, the k-shell for
the homogeneous dielectric at the operation frequency is denoted by the large circle in
Fig. 6.7(a). We shall study the characteristics of the refracted and transmitted beams

in the k-space in order to evaluate the performance of the device.

6.5.1 Refracted beams

At the operation frequency, Bloch waves propagate with positive group velocity. There-
fore, the angular spectra of forward-propagating beams are represented by the spectra
on the right-hand side of the EFCs, whereas the spectra on the left-hand side correspond
to the Bloch modes reflected at the output interface. Leaky Bloch-mode components
are represented by the angular spectra that lie above the light cone, or equivalently,
inside the free space k-shell. Their amplitudes are severely suppressed by the Fourier-
coefficient function, and therefore, they do not represent a significant part of the guided
mode. The weak angular spectra streaking off the EFCs from the propagating-beam
spectra are spurious evanescent modes? created by removing the incident and reflected

fields prior to the k-space transformation.

The angular spectra presents five dominant beams, which are labeled BO to B4 in
Fig. 6.7(a). Their magnitudes are shown in Fig. 6.7(c) projected onto the k, axis. The
vertical lines in this figure indicate the spatial frequency at the peak-location of the

incident Gaussian spectrum and the shaded regions denote the angular operation range.

2Refer to Section 4.2.3 for details.
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Figure 6.7: (a) Magnitude of the angular spectra of the refracted and transmitted fields in
Fig. 6.6. (b) Magnitude of the Fourier-coefficient function for the fourth frequency band. (c)
Magnitudes of dominant beam spectra projected onto the k, axis. (d) Normalized magnitudes
of the Fourier coefficients that modulate the dominant beam spectra projected onto the k,
axis. Each curve in (d) is associated with the beam spectrum above it.

The normalized magnitudes of the Fourier-coefficient function at the locations of the
dominant beam spectra are shown in Fig. 6.7(d). Here, each curve is associated with
the beam spectra above it and the shaded region denotes the angular operation range.
Note that the Fourier-coefficient function has small gradual variations at the locations
of B0, B1, B2, and B4 over the angular operation range. Hence, the amplitude profiles
of these spectra are not significantly distorted regardless of their wide distribution.
On the other hand, the slope of the Fourier-coefficient function at the location of B3
presents considerable variations that noticeably shift the peak of B3 toward a lower

spatial frequency. Moreover, all the dominant beam spectra extend amplitudes below
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the lower limit of the angular operation range. These amplitudes are more or less the
same for the different spectra, representing plane-wave components with amplitudes of
around 36% of the overall peak amplitude. These plane-wave components propagate
with smaller angles, ranging between 0° to 25° (see Fig. 6.4), and are visible in the
real domain as the weak field distribution that appears below the collimated beam in

Fig. 6.6.

6.5.2 Transmitted beams

The energy transmitted into the second homogeneous medium is concentrated in three
diffraction orders. In Fig. 6.7(a) one can identify the +1, —1, and zeroth diffraction-
orders as the spectra located on the right-hand side of the homogeneous dielectric
k-shell at the same level as the rows ¢ = +1, ¢ = —1, and ¢ = 0, respectively. These
three beam spectra are respectively associated with the beams A2, A1, and A0 in the

real space field distribution, shown in Fig. 6.6.

Note in the real-space field distribution that the zeroth diffraction order contains the
majority of the energy, followed by the —1 and +1 diffraction orders. To explain the
physical phenomenon that determines the distribution of the transmitted energy in the
different forward-diffraction orders we explore the mechanism of light transmission at
the output interface. It follows from the kj-conservation condition and the continuity
of the tangential electric field across any interface that the phase matched electric fields

at the output interface are given in terms of their angular spectra per
Aglkeq) = o (k)UP (kp) = ol (k)UP (ko). Koy =kpy=ks,  (65)

where k; and k, are, respectively, the Bloch vectors of the forward- and backward-
propagating modes; A,(+) is the electric-field angular spectrum of the g-th diffraction
order with k;, denoting its wave vectors; aéf )() and a,()b)(-) are the respective Bloch-
coefficient functions of the forward- and backward-propagating Bloch modes replicated

over the primitive cells in the g¢-th row, this is, o,(k) = ZGan(k — Gyj); and
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Uq(4)(k) = ZGM Ug(k — Gy,) is the Fourier-coefficient function over the g-th row of

primitive cells.

We note from Eq. (6.5) that the amplitude of the ¢-th diffraction order is given by
the amplitudes of both forward- and backward-propagating Bloch space-harmonics in
the g-th row of primitive cells. Therefore, the amplitude of such a diffraction order
varies depending on whether the Fourier-coeflicient function, U(54) (k), has small or large
amplitudes for the different Bloch vectors of the reflected mode. If the amplitudes of
Ul§4) (k) suppress the reflected Bloch space-harmonics, then the g¢-th diffraction order is
more intense. Conversely, if U(§4) (k) allows reflected Bloch space-harmonics with large
amplitudes, then the. ¢-th diffraction order is weaker. For example, from Fig. 6.7(a)
and 6.7(b) one can deduce that the amplitude of the —1 diffraction order is larger
than the amplitude of the +1 diffraction order because the Fourier-coefficient function
reduces the amplitudes of reflected beams in the row of primitive cells ¢ = —1 in larger

extent than for the reflected beams in the row ¢ = +1.

6.5.3 Shifted-beam distortion

The shifted-beam is distorted due to the reflections at the input and output interfaces.
To analyze such a distortion we shall consider its angular spectrum. At this point we
must remark that in order to give a correct interpretation to the beam distortion in
terms of the angular spectrum, it is important to consider that the angular spectrum
represents the amplitudes of the plane-wave components regardless of their spatial
distribution in the real space. For example, consider the electric field distribution in
the real space, shown in Fig. 6.6. The field below the collimated bulk reaches the output
interface and couples to the second homogeneous medium generating three diffracted
waves with weak amplitudes. These waves are spatially separated from the diffraction
orders from which the shifted-beam is obtained. Such a distortion cannot be detected
in the angular spectra. In the present case, these waves have negligible amplitudes.
Hence, the angular spectrum gives a good estimation of the beam distortion. Otherwise,

one should also consider the distortion analysis in the real space.
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Figure 6.8: (a) Magnitude of the incident beam’s angular spectrum (solid line) and nor-
malized magnitude of the shifted beam’s angular spectrum (circular markes), both projected
onto the k, axis. (b) Magnitude of the incident beam’s angular spectrum displaced by
A; = —0.3k, (solid line) and normalized magnitude of the shifted beamn’s angular spectrum
(circular markes). both projected onto the k, axis.

We now proceed with the analysis of distortion. To illustrate the degree of distortion
introduced by the PhC, we consider Fig. 6.8(a). The solid line denotes the magnitude of
the incident beam’s angular spectrum and the circular markers describe the normalized
magnitude of the angular spectrum associated with the shifted beam at the output,
both projected onto the k, axis. The angular operation range covers the shaded region.
The peak amplitude of the shifted-beam’s spectrum is displaced by approximately
A} = —0.03k,. This implies that the shifted-beam’s propagation direction differ from
the incident beam’s by A¢ =~ 0.6°. Furthermore, we observe a considerable distortion
in plane-wave components with tangential wave vectors over the range —0.l7/a <
k, < 0.157/a and a slight distortion over the range 0.457/a < k, < 0.6m/a. From
Eq. (6.5) one concludes that such distortions are the result of two factors: In the first
place, the shifted-beam’s angular spectrum is shaped in accordance to the spectra of
forward-propagating Bloch space-harmonics in the row of primitive cells ¢ = 0, namely,
the factor a(()f ) (kf)Ué4) (kf) in Eq.(6.5). Hence, the distortion is in part due to the
boundary conditions that define the (forward) Bloch-coefficient function and by Fourier

coefficients that modulate such function in the row of primitive cells ¢ = 0. In the
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second place, additional distortion results from reflections of Bloch space-harmonics in
this same row of primitive cells. These reflections are not uniform but their amplitudes
are defined by the spectra of backward-propagating Bloch space-harmonics in the row
of primitive cells ¢ = 0, namely, aéb) (kb)UéA‘) (kp). Thus, the distortion also depends
on the boundary conditions at the output interface that define the (backward) Bloch-
coefficient function and on the Fourier-coefficients that modulate such function in the
row of primitive cells ¢ = 0. Hence, apart from the boundary conditions at both
interfaces, we note that the Fourier-coefficient function plays an important role in

determining the distortion of the transmitted beam.

The solid curve in Fig. 6.8(b) denotes the incident Gaussian spectrum displaced by
A}, = —0.3k, to fit the curve of the shifted beam at the output. Observe that within
the range 0.177/a < k, < 0.477/a (shaded region), there is practically no distortion
other than the shift A]. The maximum distortion represents 7% of the normalized
amplitude and corresponds to the lower limit of this range. To reduce the distortion
one must specify the waist and propagation angle of the incident beam such that its
spectrum locates the angular components with larger amplitudes in the low-distortion
angular operation range. Hence, the specification for the incident Gaussian beam in
order to achieve low distortion, taking into account a maximum deviation of £1° in

the incidence angle, is given by

wo > 6.4a for ¢; =5.8° +1°. (6.6)

6.5.4 Power efficiency

The power fluxes carried by different diffraction orders are computed following the
procedure explained in Section 4.4. The results, shown in Fig. 6.9, are normalized to
the incident power flux, P;,. The figure shows the power flux at several points along
the z axis. The three regions bounded by the vertical dashed lines are associated with
the three different media. From left to right, the first and third regions correspond

to the homogeneous dielectric media, while the second region corresponds to the PhC.
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Figure 6.9: Normalized power flux of the three lowest diffraction orders as a function of x.
The dashed lines bound the region where the PhC is located.

The power flux of the backward- and forward-diffraction orders, generated at the input
and output interfaces, are denoted, respectively, by the values in the first and third
regions. The zeroth, —1, and +1 (backward and forward) diffraction orders are labeled
accordingly. On the other hand, the values in the second region are associated with the
group of Bloch space-harmonics that generate both forward- and backward-diffraction
orders. Particularly, the results for the second region may be helpful in obtaining
an understanding of the energy-interchange process among the different Bloch space-
harmonics. However, the analysis of power fluxes inside the PhC is beyond the scope of

this thesis, and thus, we shall limit the analysis to obtain the device’s power efficiency.

At the input interface, the power coupled into the PhC is estimated as 0.61F;; how-
ever, at the output interface the total transmitted power is 7 = 0.60F;. The reason
for the difference is that part of the energy carried by the reflections is absorbed by
the upper FDTD boundary (see Fig. 6.6). This implies that approximately 0.01F% is
reflected forward at the input interface and absorbed by the FDTD boundary. The

power flux carried by the different diffraction orders generated at the output interface
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are 7y = 0.44P,, 71 = 0.11P,, and 7,1 = 0.05F;, where 7, corresponds to the g-th
diffraction order. The device’s power efficiency, given as the ratio of the incident power

to the power flux transmitted in the zeroth diffraction order, is approximately 44%.

From the previous power analysis, we note that the device’s transmission efficiency
is poor. One can detect two types of loss; one type is associated with the zeroth-order
diffraction efficiency and the other type corresponds to the insertion loss. The former
is 16% of the optical power whereas the latter is approximately 40%. The main part
of the insertion loss is attributed to reflections at the input interface; the loss due to
reflections at the output interface is estimated to be 0.02F;. This value was calculated
by isolating the reflected electric field labeled A3 in Fig. 6.6 and the associated magnetic
fields, in order to compute the power flux carried by them. It is therefore possible to
reduce considerably the insertion loss by applying reflection suppression techniques to
the input interface. For example, one can design a mode-matching interface as proposed
by Witzens [74]. It consists of a stack of diffraction gratings designed to match the
modes in both homogeneous and periodic media. Alternatively, the power efficiency
may be improved by designing an interface for high transmission as suggested by Baba
[75]. This technique consists of varying the shape or size of the air-holes at both input

and output interfaces in order to improve the transmission.

6.6 Summary

In order to demonstrate the usefulness of the analysis technique developed in this thesis
a PhC-based device has been proposed in this chapter and its operation as a possible
beam-shifter examined. The purpose of a beam-shifter is to shift the incident beam’s
axis to a different position. The device is three-dimensional with finite dimensions and

sits in free space.

In the proposed device, light propagates in the (z,y)-plane and is confined in the
z-direction by means of total internal reflection. It was shown that the two-dimensional

analysis is still relevant for such a device by taking into account factors such as out-of-
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plane radiation and conditions for vertical confinement. These two factors may affect
the behavior of the guided mode. For example, the out-of-plane radiation, which is due
to the Bloch space-harmonics with spatial frequencies above the light cone, represents
a loss in the guided mode. On the other hand, the conditions of vertical confinement,
which depend on the incidence angle in the (y, z)-plane, produce a scaling effect on
the in-plane Bloch vector. For purposes of this thesis, we approached the analysis
of the device making a paraxial approximation such that the effects of the vertical
confinement (i.e., the in-plane Bloch-vector scaling) can be neglected. Furthermore, it
was shown that for the proposed design only the Bloch space-harmonics in the 1BZ
can radiate into free space and that their magnitudes are severely suppressed by the
Fourier-coefficient function in the fourth frequency band. As a result, the out-of-plane

radiation does not represent a significant part of the guided mode.

Specifications for the device were stated taking as reference the operation frequency
A = a/0.425. At this frequency, the device collimates the refracted beam providing
fairly uniform shifts for plane waves with tangential wave-vector components within the
angular operation range 0.067w/a < k, < 0.547/a. Specifications for the input source,
which is modeled as a Gaussian beam, are given such that the plane-wave components
that form the beam’s radius fall within the angular operation range. The effect of
deviations from the operation frequency or lattice constant was also addressed. The
selection of an adequate operation frequency (or lattice constant) range was discussed.
The performance analysis was carried out for a monochromatic Gaussian beam of
frequency A = a/0.425 considering the worst case allowed by the specifications for such

a beam.

The mechanism of light transmission at the output interface was investigated. The
analysis provides an explanation of the physical grounds behind the distribution of the
transmitted energy in the different diffraction orders generated at the output interface;
it also states the importance of the Fourier-coeflicient function in such a phenomenon.
The distortion of the shifted beam at the output was quantitatively characterized

in terms of its angular spectrum. It was shown that the beam distortion strongly
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depends on the angular profile of the forward- and backward-propagating Bloch modes
and on the Fourier-coefficient function. This distortion is not desirable because it
leads to insertion losses when coupling the output beam into subsequent devices, such
as waveguides or an optical fiber. In order to minimize the beam distortion, a low-
distortion specification for the incident Gaussian beam was deduced from the distortion

analysis.

A power analysis was carried out using the methodology provided in Section 4.4. The
effective power loss is estimated to be 56%. The insertion loss represents approximately
40% and the remaining loss factor (16%) is related to the diffraction efficiencies of the
different beams diffracted at the output interface. The high insertion loss is due to
the poor coupling efficiency between the incident Gaussian mode and the refracted
Bloch mode. Methods for improving the power efficiency are suggested. They consist
of reducing the insertion logs by using mode-matching or high transmission-efficiency
interfaces, which are detailed in Refs. [74] and [75], respectively. The analysis of power
fluxes was limited to the homogeneous media surrounding the PhC. The author believes
that the energy-interchange phenomenon among the different Bloch space-harmonics

deserves a more detailed study.
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Chapter 7

Conclusions

In integrated optical systems, one may often find interfaces between homogeneous
dielectric regions and PhCs. When light propagates across such interfaces, interesting
reflection and refraction phenomena are observed; they play an important role in the
operation of such systems. The study presented in this thesis is intended to contribute
to an analytical understanding of reflection and refraction phenomena of arbitrary
monochromatic fields at interfaces between homogeneous and periodic media, based

on the analysis of their angular spectra (or k-space representation).

The use of k-space analysis is an effective technique for understanding the reflection
and refraction phenomena; yet, it is often limited to providing qualitative estimations of
the field’s intensity and angular spectrum. In this thesis, a novel method of analysis is
proposed for the quantitative evaluation of angular-spectrum distortions experienced by
monochromatic fields when interacting with a PhC. The method is applicable to more
general PhC field situations than similar approaches described by other authors. The
most important capability offered by this technique is the ability to separate the field
distribution into physically interpretable beams. It also allows one to carry out power
analyses, which provide quantitative estimations of the reflectance, transmittance, and
diffraction efficiencies at the interface between PhCs and homogeneous media. The
method consists of obtaining the field’s angular spectra from an FDTD simulation. The

resulting spectra allow one to regard the fields inside a PhC as a collection of beams
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with different propagation directions and amplitude profiles. Then, by employing useful
Fourier techniques, one can analyze each beam independently in real- and k-space. The
analysis in the k-space is based on a mathematical expression for the angular spectra
of arbitrary monochromatic fields in PhCs, derived in Chapter 3. It states that such
fields can be represented as the product of a Bloch-coefficient function (which gives
the expansion of the field in terms of Bloch modes) and the Fourier-coefficient function
(which gives the expansion of the Bloch-modes in terms of plane waves). The former is
determined by the angular spectrum of the incident field and the boundary conditions;
the latter is characteristic of the PhC and can be obtained numerically using the PWE

method.

This thesis approaches the analysis of reflection and refraction by considering semi-
infinite PhCs with hexagonal- and square-lattice geometries, operated under negative
refraction and super collimation conditions, respectively. Both PhCs present partial
band gaps for particular ranges of incidence angle, which means that waves incident at
such angles are completely reflected. This appears to be the first time that a detailed
study of beam behavior (i.e., angular profile, distortion, and propagation angle) in
PhCs has been given. The results of the analysis show that the characteristics of the
beam refracted into the PhC strongly depend on the propagation angle and spectral
width of the incident beam. When the plane-wave spectrum of the incident beam is
wide, the resulting refracted beams’ spectra broaden due to the scaling on the EFCs.
Under such conditions, the Fourier-coefficient function distorts the spectral profiles of
the refracted beams more severely, producing asymmetrical distributions. Moreover,
when the angle of incidence approaches the edge with the partial-gap, the beam spec-
trum is cut off, causing a spectral clipping effect, which leads to additional distortion.
At large incidence angles, anomalous refraction occurs. In this case, projective scaling
may narrow (widen) the refracted beam spectra, producing wider (narrower) refracted
beams. The reflection behavior is also studied. For incident plane waves that match
modes inside the PhC, the reflections behave as expected according to the grating

equation. However, the shapes and diffraction angles of the reflected beams are mod-
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ified when the spectra of the refracted beam that satisfy the boundary conditions are
distorted by the Fourier-coefficient function. Similarly, for incidence angles falling in
the partial-gap, the reflections also behave according to the grating equation; yet, the
shapes and diffraction angles of the reflected beams can be severely modified depending

on whether or not the planes waves can penetrate the PhC.

Finally, in order to demonstrate the usefulness of the analysis technique developed
in this thesis a PhC-based real device is proposed and its operation as a possible beam-
shifter examined. The three-dimensional device has finite dimensions and sits in free
space. Light propagates in the (x, y)-plane and is confined in the z-direction by means
of total internal reflection. It is shown that the proposed two-dimensional analysis is
still relevant for such a device by considering factors such as out-of-plane radiation and
conditions for vertical confinement. Furthermore, the impact of a frequency or lattice-
constant deviation is discussed. The effects of the finite thickness in the z-direction
and frequency /lattice-constant inaccuracies are beyond the scope of this thesis. Hence,
the PhC is regarded as perfectly periodic structure and a paraxial approximation is
made on the perfectly monochromatic incident beam to approach the analysis. The
mechanism of light transmission at the output interface is investigated. The analysis
provides an explanation of the physical reasons for the distribution of the transmitted
energy in the different diffraction orders generated at the output interface; it also shows
the importance of the Fourier-coefficient function in such a phenomenon. Moreover, the
distortion of the shifted beam at the output is quantitatively characterized in terms
of its angular spectrum. It is shown that the beam distortion strongly depends on
the angular profile of the forward- and backward-propagating Bloch modes and on
the Fourier-coefficient function. Such a distortion is not desirable because it leads
to insertion losses when the output beam is coupled into subsequent devices, such as
waveguides. In order to minimize the beam distortion a low-distortion specification
for the incident Gaussian beam is deduced from the distortion analysis. Furthermore,
a power analysis is carried out using the methodology provided in Section 4.4. It

reveals a large power loss of 56%, of which 40% corresponds to insertion loss and 16%
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is associated with the diffraction efficiencies of the diffraction orders generated at the
output interface. Methods for improving the power efficiency are suggested. They
consist of reducing the insertion loss by using mode-matching or high transmission-
efficiency interfaces, which are detailed in Refs. [74] and [75]. The analysis of power
fluxes was limited to the homogeneous media surrounding the PhC. The author believes
that the energy-interchange phenomenon among the different Bloch space-harmonics

deserves a more detailed study.

Some of the distortion phenomena discussed in this thesis may adversely affect the
performance of any PhC device. These effects have a considerable impact when the
incident beam has a wide angular spectrum and when the magnitude of the effective
index in the periodic medium is much smaller than the background refractive index —
a situation that may often be found in integrated optics. The author hopes that the
analysis presented in this work contributes to the general understanding of reflection

and refraction of electromagnetic waves in dielectric PhC.
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Appendix A

Orthogonality of Bloch modes

Consider the inner product defined by

(P(r), Qr)) = / P(r) - Q (r)d’r, (A1)

where P(r) and Q(r) are complex vectorial functions, * denotes complex conjugate,
and S is an infinite two-dimensional region in which the two vectorial functions exist.
In what follows, it is shown that two Bloch-modes with distinct Bloch-vectors, k and
k’, are orthogonal under the inner product defined above. The two Bloch modes are

described by the following expressions:

P(rk) = ) Ug exp(j[G+k 1)
G

Q(rik) = > UL exp(j[G' +K] 1), (A.2)
o

where U(g) (k) is the Fourier-coefficient function of the n-th band. Substituting Egs. (A.2)
in Eq. (A.1), one finds

(P(r;k), Qr;k)) = Y UGk UL (K) / exp(j [G — G' +k — K] -r)d’r

GG’ $
= Y UPK) UK (G - G+K —k), (A.3)
G,G’
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where the function 4(+) is the Dirac delta function, which is undefined at the origin.

First we notice that since both G and G’ are reciprocal lattice vectors their difference
is also a reciprocal lattice vector. Furthermore, because k and k' are both wave vectors
in the 1BZ, their difference coincides with a reciprocal lattice vector only when k =
pg/2and k' = —k, where g represents any of the two primitive vectors of the reciprocal
lattice and p is an integer. However, k = p g/2 is the Bragg condition, for which modes
are forbidden inside the crystal (i.e., all the energy of the Bloch-mode associated with
k is coupled back to the Bloch-mode associated with k’). Therefore, the argument of
6(+) in Eq. (A.3) vanishes if, and only if, the following two equations are satisfied,

G-G =0
k—k = 0 (A.4)

From these conditions, it follows that Eq. (A.3) can be written as

(P(r;k), Qr;k)) = > UK UL (K)daad (k-K)

G,G’
= Y UP (k) - UG"(K)5 (k- K)
G
= Ak K)o (k- k), (A.5)

which indicates that the two Bloch modes are orthogonal with A™™) (k, k') being the
orthogonality constant for the orthogonality condition. However, notice that the or-

thogonality does not imply that the Fourier-coefficient functions are orthogonal as well.
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Appendix B

Brillouin zone maps

Figure B.1: The first seven Brillouin zones of the hexagonal lattice. The sixth and seventh
BZs are not labeled.
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Figure B.2: The first seven Brillouin zones of the square lattice. The sixth and seventh BZs
are not labeled.
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