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Abstract 

In the present thesis, we are concerned with reliable data reconstruction and stability of 

dynamical systems which are controlled over limited capacity communication channels. 

Necessary conditions for reliable data reconstruction and stability of sequences in r-mean 

and probability are derived which depend on the entropy rate of the input to the encoder 

and the type of reconstruction and stability criteria. These conditions are given in terms of 

the Shannon lower bound and they are applicable to linear and nonlinear systems. Using 

these conditions, some of necessary conditions which are already available in the literature, 

are obtained as a special case. We discuss some of them throughout the thesis. Moreover, 

under certain conditions these necessary conditions are also sufficient. The results are ap­

plied to a linear stochastic partially observed control system subject to measurement noise 

when the channel is an Additive White Gaussian Noise (AWGN) channel. Here, we derive 

an encoder, decoder, and controller for mean square stability and reconstruction using the 

standard detectability and stabilizability assumptions of Linear Quadratic Gaussian (LQG) 

theory. From obtained conditions for reliable data reconstruction and stability, it is con­

cluded that the Shannon capacity is still an adequate measure for describing the conditions 

for moment reliable data reconstruction and stability. 

We find the continuous version of the well known eigenvalue rate condition for continuous 

time systems when they are controlled over continuous time AWGN channels. This condi­

tion is described by the summation of the real parts of the unstable eigenvalues of the open 

loop time-invariant system. This eigenvalue rate condition is obtained by addressing the 

necessary condition for stability of a fully observed linear continuous time-invariant noise­

less plant; and by constructing an encoding scheme and a stability scheme for reliable data 

reconstruction and stability of a continuous time plant driven by Brownian motion. 

Necessary conditions for uniform reliable data reconstruction and robust stability of the 

uncertain dynamical systems which are controlled over communication channels, are also 

in 
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derived. These conditions are given in terms of the robust entropy rate of the inputs to the 

encoder and an additional term which is related to the reconstruction and stability criteria. 

The uncertainty in the dynamical system is described by a relative entropy constraint. Such 

uncertainty description is a natural generalization of the sum quadratic uncertainty descrip­

tion. These conditions are applied to. specific uncertain systems by computing the robust 

entropy rate. Moreover, a relation between robust entropy rate and the Algebraic Riccati 

equation appearing in the H°° estimation and control problem, is established. Under certain 

conditions the obtained necessary conditions are also sufficient. Furthermore, We study the 

stability problem of a fully observed controlled Gauss Markov uncertain system which is 

subject to the sum quadratic uncertainty restriction. 

In addition, throughout it is shown that the Shannon lower bound is an adequate measure for 

describing the conditions for reliable data reconstruction and stability of sequences related 

to a dynamical system which is controlled over a limited capacity communication channel. 
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Chapter 1 

Introduction 

Recent advances in technology have created an increasing demand on networks. Recently, 

extensive research activity has been devoted to the question of how much capacity must be 

allocated to each component of a network. Questions of this kind are motivated by appli­

cations with limited communication resource that demand one transmits information under 

minimum possible capacity. In such applications, due to limited capacity constraint, the 

main assumption is that the source outputs (messages) can not be reproduced exactly as the 

original messages (i.e., with high precision) at the end of communication; and subsequently 

a distorted version of source outputs is available. Therefore, for a given distortion criterion 

it is essential to transmit information under minimum possible capacity, while the reliable 

data reconstruction of the source messages at the end of communication with respect to the 

given distortion criterion and/or stability of the controlled source, are guaranteed. Such 

restrictions on capacity is a common feature of the large scale communication networks such 

as internet or sensor networks. Such constraint is also a common feature of the tele-operation 

system of the space exploration devices and bio-instrumentations. 

In the present thesis, we try to address above question. We consider a feedback control 

system which consists of a dynamical system (treated as the information source) and a 

controller, where the connection from sensors to controller is subject to limited capacity 

constraint and noise. 

This introduction is divided to three sections. In Section 1.1, we describe the problem of 

reliable data reconstruction and stability subject to limited capacity constraint. In Section 

1.2, we review some of the already existing results in the literature which are concerned with 

reliable data reconstruction and/or stability subject to limited capacity constraint. Finally, 

in Section 1.3, we discuss the problem considered in this thesis and contributions; and we 

1 
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Figure 1.1: A basic block diagram of distributed systems 

give a summary of chapters. 

1.1 Limited Capacity Problems 

Research on reliable data reconstruction and stability subject to limited capacity constraint 

is concerned with situations involving limited capacity communication links which can be 

often corrupted by noise. 

Figure 1.1 illustrates a basic block diagram for studying reliable data reconstruction and 

stability subject to limited capacity constraint. Due to capacity constraint, the main as­

sumption is that the source and the controller outputs can not be represented at the end of 

communication with high precision; and therefore a distorted version of the source and the 

control outputs are available. 

In the literature, for understanding the interaction between control and (noisy) communica­

tion channels subject to limited capacity constraint, the focus has been mostly on the simpli­

fied model of Figure 1.2, in which throughout the thesis we call it the control/communication 
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system. In this model, there is a limited communication link from sensors to controller, while 

the connection from controller to plant is direct. 

The control/communication system of Figure 1.2 can correspond to some real life problems. 

For example, it can correspond to the networked control system of Figure 1.3 where the plant 

and the corresponding controller are connected through a shared communication media, while 

there is an unshared or high capacity communication link from controller to plant. In this 

case, the connection from sensors to controller is subject to limited capacity constraint, while 

the connection from controller to plant is unconstraint (direct). The control/communication 

system of Figure 1.2 can also correspond to the tele-operation system of the space explo­

ration devices such as the tele-operation system of Cassini-Huygens of Figure 1.4. Huygens 

is a space probe landed on Titan (one of the moons of the planet Saturn). The information 

produced by Huygens is transmitted to Cassini (mother ship), which is orbiting around the 

Saturn. Huygens is subject to limited power supply. Subsequently, the transmission from 

Huygens to Cassini is subject to limited capacity constraint. Nevertheless, due to the large 

power supply of Cassini, the transmission from Cassini to Huygens is not subject to such 

restriction on capacity. Please note that in addition of above constraint, the tele-operation 

system of Cassini-Huygens is also subject to long transmission delays, in which analysis of 
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the control/communication systems subject to long transmission delays is beyond the scope 

of this thesis. The control/communication system of Figure 1.2 can also correspond to bio-

instrumentation devices which are used to monitor /regulate the human body /organs (see 

Figure 1.5). In such applications, it is important that the connection among the different 

components (sensors, actuators, and monitoring/regulator device) is wireless. Furthermore, 

in such applications the sensors are small in size; and subsequently they have limited power 

supply. Consequently, the connection from sensors to remote monitoring/regulator device 

is subject to limited capacity constraint. Nevertheless, the monitoring/regulator device is 

normally supported by the large amount of power supply. Subsequently, the connection from 

this device to the system which is supposed to be regulated is not subject to restriction on ca­

pacity. Please note that in the open loop case (i.e., when Ut = 0), the control/communication 

system of Figure 1.2 is also reduced to the communication system of Figure 1.6 subject to 

limited capacity constraint, which is a basic model for sensors network applications. 

Due to broad range of applications of the control/communication system of Figure 1.2, 

throughout the thesis, we consider the problem of reliable data reconstruction and stability 

of this control/communication system. 

Throughout, it is assumed that plant, communication channel, criteria for reliable data re-
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construction and stability are given. The objective is to design an encoder, decoder and 

controller for reliable data reconstruction and stability when the capacity is the minimum 

required. 

This objective is achieved by taking the following steps. First, we find a necessary condition 

in the form of a lower bound on the capacity in which if the capacity is less than this lower 

bound, there is no encoding scheme and stability scheme for reliable data reconstruction and 

stability. Then, we construct an encoder, decoder and controller which guarantee reliable 

data reconstruction and stability when the capacity is equivalent to the lower bound found 

as a necessary condition. Thus, this construction results in a sufficient condition on the 

capacity for reliable data reconstruction and stability. Following this approach, the mini­

mum capacity under which there are an encoding scheme and a stability scheme for reliable 

data reconstruction and stability as well as encoder, decoder and controller that guarantee 

reliability and stability, are found. 

Please note that in the literature, reliable data reconstruction is also known as observability. 

1.2 Literature Review 

There are two distinct research directions in simultaneously addressing communication and 

control aspects in modern systems and networks. In the first direction, the goal is the reliable 

data reconstruction and stability over (noisy) communication channels subject to limited ca­

pacity constraint [l]-[22]. Intuitively, the results in this direction provide a quantitative 

understanding of the way in which restriction on the data rate of the exchanged information 

among components of the system, degrades the performance of the system. This is the direc­

tion taken in this thesis. In the second direction, the goal is to stabilize a dynamical system 

over communication channels subject to noise, delay and loss, while there is no restriction 

on the transmission data rate [24]-[39]. 
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For most part, research on reliable data reconstruction and stability subject to limited ca­

pacity constraint has been focused on the basic problem of Figure 1.2, beginning with [1] 

and [2] and continuing with [3]-[22]. Various publications have introduced necessary and 

sufficient conditions for observability and stability of Figure 1.2 [1], [4]-[ll], [14], [15], [19]. 

In most part, these conditions are given in the form of a lower bound on the capacity in 

terms of rate of change of dynamical system (measured in bits per time). In particular, it 

is already known that the eigenvalue rate condition (i.e., C > X {̂i;|Ai(A)|>i} l°g l̂ »C )̂l> where 

C is the capacity and Aj(A)'s are the eigenvalues of the system matrix A of a linear discrete 

time-invariant system) represents the minimum capacity under which there are an encoding 

scheme and a stability scheme for observability and stability of linear time-invariant plants 

[4]-[13]. In other words, the eigenvalue rate condition is a necessary and sufficient condition 

(i.e., if and only if condition) on the channel capacity under which there are an encoding 

and/or stability schemes for observability and stability. 

In most part, after finding a necessary condition in the form of a lower bound on the capac­

ity, an encoder, decoder and controller have been proposed which guarantee reliable data 

reconstruction and/or stability when the capacity is equivalent to the lower bound found as 

a necessary condition. Subsequently, in these publications this lower bound on the capacity 

represents the necessary and sufficient condition (i.e., if and only if condition) on the channel 

capacity for observability and/or stability. In other words, this lower bound is the minimum 

capacity under which there are an encoding and/or stability schemes for observability and/or 

stability. 

Delchamps in [1] addressed the problem of stability of an unstable fully observed linear time-

invariant discrete time noiseless plant subject to random initial condition. He used a state 

feedback subject to the quantized measurements. In [1], it has been concluded that if the un­

derlying system is unstable, there is no control strategy for global asymptotic stability, while 

if the system is stable, one can implement feedback control law which brings the closed loop 

system trajectory arbitrary close to zero for an arbitrary long time. Furthermore, Wong and 

Brockett in [2] investigated the state estimation problem of a partially observed continuous 

time-invariant system involving finite communication capacity constraint. Unlike classical 

estimation problems where the observation is a continuous process corrupted by noise, in 

[2], there is a constraint that the observations must be coded and transmitted over a digital 

communication channel with finite bit rate (i.e., finite capacity). In [2], it is assumed that the 
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observation data, once obtained, are encoded to form a codeword according to a predefined 

prefix coding scheme [40]. Since transmission of the coded information imposes a transmis­

sion delay, the estimation problem of the corresponding discrete time system over digital 

noiseless channel with finite bit rate is analyzed. In [2], some recursive coder-estimator algo­

rithms have been developed and various conditions connecting the communication data rate 

with the rate of change of the underlying dynamics (measured in bits per sampling time) 

have been established for bounded or asymptotic mean square estimation. 

Observability and Stability of Linear Systems 

In [3]-[13], authors considered observability and/or stability of linear plants subject to lim­

ited capacity constraint. 

Wong and Brockett in [3] considered the stability of a partially observed noiseless linear con­

tinuous time-invariant plant subject to random initial condition over limited capacity digital 

communication channels. In [3], the observation is transmitted to a remote decision maker 

and vice versa from the controller to the plant (see Figure 1.2). Unlike the classical models, 

the observed information is not transmitted continuously. Hence, the observed information 

is sampled with varying sampling period. Since this system can not be asymptotically sta­

bilized when the underlying dynamics are unstable (Definition 6.2.38), a weaker stabilizing 

concept which is called containability condition is introduced. Containability condition re­

quires that for any sphere N centered at the origin there exists an open neighborhood of 

the origin M and coding and feedback control laws such that any trajectory started in M 

remains in N for all time. Necessary and sufficient conditions for containability are derived. 

Sufficient condition is obtained by constructing a coding and feedback control law which 

guarantees the containability condition under proposed sufficient condition. There is a large 

gap between the obtained necessary and sufficient conditions. Nevertheless, for the scalar 

case, it is possible to tighten the sufficient condition to find a condition in the form of a 

necessary and sufficient condition (i.e., if and only if condition) relating the channel capacity 

to the rate of change of the underlying dynamic. 

Moreover, Sahai in [4] considered observability and stability of a fully observed scalar linear 

discrete time-invariant plant subject to bounded but arbitrary disturbances over a discrete 

time noisy channel subject to limited capacity constraint (see Figure 1.2). That is, he consid­

ered the following dynamical system < *+* v
 l ' where Xt,Ut,Zt,Yt £ 3ft, 

{ it = *t, 
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Xt is the state process, Ut is the control signal, Zt is the disturbance such that ||Z t | | < d 

almost surely (d is known, and ||.|| is the Euclidian norm), and Yt is the observation process 

(observed by sensors). In [4], the observability and stability criterion are the moment crite­

ria. That is, E\\Xt - Xt\\
r < Dv and E\\Xt\\

r < Dc
v, Vt > 0, where Xt is the reproduction 

of Xt at the end of communication; r > 0, Dv > 0 and Dc
v > 0 are finite. It has been shown 

that the eigenvalue rate condition described by Shannon capacity does not represent a tight 

bound (i.e., the necessary and sufficient condition) for moment observability and stability. 

Consequently, it has been concluded that a single number like Shannon capacity is not ade­

quate to present the conditions for moment observability and stability. Subsequently, Sahai 

introduced the notion of anytime capacity (which is a parameterized notion of capacity; and 

it depends on the order of moment observability and stability criterion), in which the eigen­

value rate condition described by this capacity notion (i.e., Canytime > 5Z{i;|Ai(A)|>i} 1°S 1^(^)1 

bits per time step , where Canytime is the anytime capacity and Ai(A)'s are the eigenvalues 

of the linear time-invariant system) represents a tight bound for moment observability and 

stability. 

Furthermore, Nair and Evans in [5] considered a fully observed linear time-varying plant 

over a digital noiseless channel with finite data rate (see Figure 1.2). In [5], it has been 

shown that the optimal coder-controller under a certain finite horizon rth mean power cost, 

is given by a causally reformulated optimal quantizer for the initial output. Subsequently, 

by combining this result with asymptotic quantization theory, Nair and Evans derived an 

optimal coder-controller. Following this construction, a necessary and sufficient condition 

has been derived for existence of coder-controller that asymptotically stabilizes the plant in 

the sense that the rth moment output is taken to zero with time. The obtained necessary 

and sufficient condition relates the minimum channel capacity to the rate of change of the 

underlying dynamic. For the special case of finite dimensional and time-invariant plants, the 

results are simplified to the well known eigenvalue rate condition [4]-[13]. Moreover, Nair and 

Evans in [6] and [7] considered bounded mean square stability of a partially observed discrete 

time-invariant stochastic linear system subject to both process noise and measurement noise 

over digital noiseless channels with finite data rate (see Figure 1.2). The objective is to find 

the minimum capacity and designing a coder-controller for bounded mean square stability. 

This goal is achieved by finding a lower bound for the mean square of the state variables 

which is independent of the coder-controller. Following this lower bound, a necessary con-
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dition for stability is derived in terms of the eigenvalue rate condition [4]-[13]. Then, by 

constructing a specific coding scheme and a control scheme, authors establish the bounded 

mean square stability; and subsequently it is concluded that the eigenvalue rate condition 

is the minimum capacity for bounded mean square stability. Furthermore, Nair, Dey and 

Evans in [8] considered the stability of a fully observed noiseless jump linear plant subject 

to random initial condition over a noiseless digital channel with variable bit rate (see Figure 

1.2). The objective is to define the coder-controller for the rth bounded output moment sta­

bility. Authors find a condition in the form of necessary and sufficient condition connecting 

the asymptotic average channel bit rates (i.e., 71 = liminfT^oo ifJ^f-oTlt, where 1Zt is the 

number of bits transmitted in each time step) to the rate of change of underlying dynamic. 

The sufficient condition is obtained by constructing the coder-controller that provides sta­

bility under the minimum asymptotic average bit rates. In the special case of fully observed 

linear noiseless plant, the obtained conditions are simplified to the well known eigenvalue 

rate condition [4]-[13]. 

In addition, Tatikonda and Mitter in [9] considered almost sure asymptotic observability 

and stability of a noiseless partially observed linear discrete time-invariant plant subject 

to random initial condition over discrete time memoryless channels (see Figure 1.2). That 

is, they considered the following dynamical system < *tl „ * *' ° where 

Xt e W, Ut G 9fc°, Yt £$ld,A£ Wxq, N G Wxo and C G $idxq. The observability and stabil­

ity criterion considered in [9] are almost sure asymptotic observability and stability which are 

defined as follows. Let the error be Et = Xt — Xt where Xt is the state of the plant and Xt is 

the estimated state at the end of communication. The plant is almost surely asymptotically 

observable if there exists a control sequence {Ut} and an encoder and a decoder such that 

11Et\ | —*• 0 (| 1.11 is the Euclidian norm) almost surely. Furthermore, the plant is almost surely 

asymptotically stabilizable if there exists an encoder, a decoder, and a controller such that 

\\Xt\\ —*• 0 almost surely. Using an information theoretic approach by invoking the informa­

tion transmission theorem and by finding a lower bound for the rate distortion, authors find 

a necessary condition for the stability of the given plant. Then, by designing an encoding 

scheme, it is shown that the obtained necessary condition is also a sufficient condition over 

erasure channels. Further, Tatikonda and Mitter in [10] considered asymptotic observability 

and stability of a noiseless partially observed linear discrete time-invariant plant subject to 

random initial condition over digital noiseless channels (see Figure 1.2). Using information 
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theoretic approach, a necessary condition is derived for the given plant. Then, by construct­

ing an encoder, a decoder and a controller, it is shown that the obtained necessary condition 

is also a sufficient condition. Furthermore, Tatikonda, Sahai, and Mitter in [11] considered 

the control/communication system of Figure 1.2 described by a fully observed linear discrete 

time stochastic controlled system driven by Gaussian noise, over digital noiseless and dis­

crete time Additive White Gaussian Noise (AWGN) channels. That is, they considered the 

following dynamical system i Xt+) = ^Xt + NUt + Wt' where Xt e^,Ute 3ft°, Wt G W, 

Yt E$lq,A£ 3f̂ xg, N e 3^X o , and Wt i.i.d. ~ N(0, Ew) (Example 6.2.2) is the process noise. 

The objective is to design encoder, decoder and controller to minimize the Linear Quadratic 

Gaussian (LQG) cost functional. A decoder minimizing the mean square state decoding 

error is used; and subsequently the conditions under which the classical separation property 

between the design of the state estimator (decoder) and controller holds and the certainly 

equivalent controller is optimal, are presented. Furthermore, the sequential rate distortion 

framework is introduced. In [11], it has been shown that the optimal LQG cost functional 

is decomposed into two terms: A full knowledge cost (i.e., the optimal LQG cost functional 

when there is no communication constraint) plus an additional term which is caused by the 

decoding error. It has been also shown that this decomposition is valid if AWGN channel is 

matched to the source sequential rate distortion. In this case, the sequential rate distortion 

function of the fully observed linear discrete time stochastic uncontrolled system is a tight 

bound for the mean square observability over AWGN channels. That is, C > Rseq(Dv) is the 

necessary and sufficient condition for the mean square observability, where C is the capacity 

and Rseq(Dv) denotes the sequential rate distortion (Definition 6.2.23). 

In another direction, Elia in [12] considered the basic control/communication system of Fig­

ure 1.2 described by a partially observed noiseless discrete time-invariant single-input-output 

unstable noiseless plant subject to random initial condition over a discrete time AWGN chan­

nel with memory. The desired stability is the internal stability. It has been shown that the 

successful stabilization of an unstable linear system over a Gaussian channel corresponds 

to an actual communication system which uses feedback and transmits at a rate which is 

equivalent to E ^ A ^ M } hog 1-̂ (̂ )1) where A;(A)'s are the eigenvalues of the system matrix 

A of the open loop system. 

In addition, Li and Baillieul in [13] have introduced the Digital Finite Communication Band­

width (DFCB) control framework which consists of a fully observed unstable linear scalar 
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continuous-time invariant noiseless plant subject to random initial condition over digital 

noiseless channels. This control/communication system is subject to non-uniform asynchro-

nism of plant sampling and control actions; and subsequently packet loss. Nevertheless, 

in [13] the objective is mostly to design a control scheme for bounded asymptotic stabil­

ity around the origin when the state of the system is sampled uniformly and sampling and 

control actions are simultaneous. In [13], the encoded information is used to produce the 

control sequence which takes values from a finite set. For a given number of control values, 

Li and Baillieul propose the so called regular control strategy for stability which achieves 

the minimum possible bit rate. It has been concluded that the binary control strategy 

can tolerate the lowest minimum bit rate (i.e., capacity) in which this rate is equivalent to 

max{0,log|A(A)|}. 

Stability of Nonlinear and Uncertain Systems 

Nair, Evans, Mareels and Morgan in [14] considered stability of nonlinear systems. The 

objective is stability of a fully observed noiseless nonlinear time-invariant dynamical system 

subject to unknown initial condition over a digital noiseless channel. This problem can 

be modeled by the basic block diagram of Figure 1.2 described by such plant and digital 

noiseless channel. In [14], authors have developed the notion of topological feedback entropy 

rate hwi(-s^ for completely deterministic system which measures the fastest rate at which 

initial state information can be generated. They have also shown that C > hW1^ is the 

necessary and sufficient condition on the channel capacity C for stability over digital noiseless 

channels. Furthermore, Liberzon and Hespanha in [15] considered the global asymptotic 

stability of a fully observed continuous time-invariant nonlinear dynamical systems where 

the measurements must be received by controller at discrete times; and the data available to 

the controller is a stream of binaries. That is, they considered the control/communication 

system of Figure 1.2 described by such nonlinear dynamical system over digital noiseless 

channels; and they found a sufficient condition for stability relating the channel capacity to 

parameters describing the nonlinear dynamical system. 

In addition, in [4], [9], [10], and [16] authors considered stability of uncertain systems. In [4], 

[9], and [10] authors considered stability of fully observed linear time-invariant dynamical 

systems subject to bounded but arbitrary disturbances over erasure [4], [9], and digital 

noiseless channels [10], respectively. That is, they considered the following dynamical system 
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I Xtv- vXt + NUt + Zu w h e r e *t e^,Ute 5ft°, Z t e 3fc», y t G §R̂ , A G aft***, N G 3ft9XO 

[ it — -X-t, 

and Zt is the disturbance such that \\Zt\\ <d almost surely. Moreover, Martins, Dahleh and 

Elia in [16] considered stability in the asymptotic rth mean sense of the fully observed scalar 

linear discrete time uncertain stochastic systems over a stochastic digital link. That is, they 

considered the following dynamical system { X t + l = A^1 + At)Xt + Ut + Gt^X) + Zu Xt, 
{ *t — Xt, 

At, At, Ut, G(.), Zt, Yt G 3ft, At is an Independent Identically Distributed (i.i.d.) process with 

known distribution, while the stochastic process At, the operator Gt(X), and the process 

Zt are such that \At\ < a, \\G\\oo < 9, and \Zt\ < d, where a G [0,1), g G [0,1) and d > 0 

are known constants and ||.||oo is the infinity norm (see [16], definition 1.2). The stability 

criterion is the rth mean moment asymptotic stability, that is, lim^oo JE
,||Xt||

r < Z)°, where 

r > 0 and D^ are finite. The problem considered in [16] can be described by the basic block 

diagram of Figure 1.2 subject to uncertainty. In [16], authors studied the case where the 

communication is performed at a nominal rate and it is affected by an uncertain fluctuation 

governed by an Independent Identically Distributed (i.i.d) zero mean process. Such case are 

common in network communications subject to the unpredictable traffic loads. A control 

scheme which stabilizes the system under a condition relating the nominal bit rate to the 

dynamical system and additional terms which are caused by uncertainty in the plant and 

fluctuation on the nominal bit rate, is proposed. Furthermore, using a counting argument 

when there is no uncertainty effects on the plant, a necessary condition for the existence 

of the stabilizing control scheme is proposed. Subsequently, it is concluded that for the 

scalar time-invariant plants when there is no uncertainty effects on the plant, the nominal 

minimum bit rate for stability is equivalent to max{0,log |A(A)|} plus an additional term 

which is caused by the fluctuation on the nominal bit rate. 

Stability of Distributed Control Systems 

Some of the results for stability of Distributed Control Systems (DCS's) subject to limited 

capacity constraint are given in [17]-[21]. Tatikonda in [17], Yuksel and Basar in [18] and 

Matveev and Savkin in [19] considered the case of multiple sensors and centralized decoder 

where there is communication constraint from sensors to controller, while there is no com­

munication constraint from controller to plant (see Figure 1.2). The dynamical system is a 

• i r .- • • . • i i + + w J Xt+1=AXt + NUt, , 
single linear time-invariant noiseless plant, that is, < ^ ___ (i) . _ wnere 

I *-t — (s Xt, i — L,2,...,M 
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Xt G 3^, Ut G 3?°, y / ° G Kd% A G 3^x<?, AT G 3^X o , and C » G 3?*x<? . In [17]-[19] authors 

give the tightest lower bounds on the channel capacity (i.e., the minimum capacity) for which 

stability is possible. In particular, in [17] and [18] authors considered the stability of multiple 

senor systems via digital noiseless channel connecting sensors to controller. In [17] and [18], 

the assumption is that the sensors know the control signals. In addition, in [19] authors 

considered stability via finite alphabet communication channels subject to delay and loss. 

The information pattern of sensors is independent of the control signals. Nevertheless, it is 

assumed that the observation vectors at each of the sensors are sufficient to extract each of 

the observable modes. Such a restriction reduces the problem to a number of centralized 

encoding problems. 

Furthermore, Nair, Evans and Caines in [20] and Li and Baillieul in [21] studied the stability 

of distributed linear time invariant feedback control systems subject to limited capacity digi­

tal noiseless channels. They propose necessary and sufficient conditions for stability in which 

under certain conditions they present the tightest lower bounds for stability. In particular, in 

[20] authors considered stability of distributed linear time invariant noiseless systems under 

pre-assumption that the system is diagonalizable and there are limited capacity digital chan­

nels connecting the sensors to the controllers. That is, they considered the following model 

f X& = A^X? + Ef- i N^uij\ Ki<M , , , . + „ w ^ . . 
{ y / 5 = C^[X[1Y ... xfM)'}' 1 < k <Y ~ 6 transpose, X\ G 3fc* is 

the state of the ith distributed plant, U? G 3?% Yt
{k) G 3 ? \ A™ G 3 ? M , N<& G 3 ^ x % 

and C^ G $ldkXq; q = q\ + ... + qM- They used Slepian-Wolf idea to construct stabilizing 

scheme. Nevertheless, in [21] authors observed that tiny amount of noise and asynchronism 

of the distributed sensors dramatically degrades the control performance of the scalar sys-

t e m ( vS) = n^y^f^l < v whe re X- UP> G« e », A e », tfCfl e », Gt 

{ Yt = Uk{Xt + Gt), 1 < k < Y 

is bounded and uniformly distributed, Yt is a binary digit and Ok(.) : 3? —> {0,1} is an 

operator. Subsequently, in [21] authors proposed a novel source-coding strategy which is 

similar but different from the Gray code for stability of such cases. 
Stability over Feedforward and Feedback Channels 

In addition to [3] and [13], Yuksel and Basar in [22] also considered the problem of remote 

stability when both feedforward (i.e., from the sensors to the controller) and feedback (i.e., 

from the controller to the plant) are subject to limited capacity constraint (see Figure 1.1). 

In [13], authors used a control strategy in which the control values are restricted to a finite 
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set and subsequently, the connection from the controller to the plant is also via a digital 

noiseless channel with finite bit rate (i.e., finite capacity). In [22] authors considered a fully 

observed linear time-invariant scalar plant subject to Borwnian motion over finite alphabet 

memoryless noisy channels. In [22], the objective is bounded mean square stability. By re­

writing the stability problem in the form of state estimation problem, a necessary condition 

is derived for stability over memoryless channels using information transmission results over 

a degraded relay channel. Then, by constructing a control scheme consisting of encoders, 

decoders and controller, it is observed that the obtained necessary conditions are far from 

being sufficient as long as the channel is noisy. 

Open Problems 

A quick look at existing results in the literature reveals that although some of the basic prob­

lems in reliable data reconstruction and stability subject to limited capacity constraint have 

been addressed, there are still plenty of issues that need to be addressed for the fundamen­

tal understanding of the interaction between control and limited capacity communication 

channels. Most results have been developed for fully observed systems [4], [5], [8], [11], [13], 

[14], [15] [22], that is, { X%= AXt+ NUt + BWu where Xt G W, Ut G 5?°, Wt G K"\ 

Yt G 9fc«, A G $tqXq, N G 5RgXo, B G Wxm (B = 0 in [4], [5], [8], [13], [14], [15]) and Wt 

i.i.d. ~ JV(0, £W)); or partially observed systems without considering the effects of the mea­

surement noise [3], [9], [10], [12], [16]-[20], that is, { Xttl Z ^ + NUu X° = X where 

Xt G 3ft9, Ut G 3?°, Yt G 3^, A G $lqxq, N G 3?9*° and G G 3^X q . Nevertheless, in practical 

applications the effects of measurement noise are often present. In fact, in few published 

results authors considered the partially observed cases subject to the measurement noise [6], 

[7], that is, { Xt+X =^Xt tJ?Ut + Wu where Xt G 3ft*, Ut G 3*°, Yt G &, Wt G Uq is the 
[ 11 = L>JLt + Ut, 

process noise, Gt G $td is the measurement noise, A G ^Xq, N G 3^ x o , C G $dXq, Wt i.i.d 

~ N(0, Ew), and Gt i.i.d. ~ N(0, EG). In [6] and [7] authors considered stability over digital 

noiseless channels. 

In addition, most results have been developed for reliable data reconstruction and stability 

over digital noiseless or erasure channel which are models for noise free or internet like com­

munication links, respectively [3], [5]-[10], [13]-[22]. Nevertheless, in most applications, the 

effects of communication noise are present. In fact, in few publications authors considered 

the cases over noisy communication channels in which they considered reliable data recon-
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struction and stability of fully observed systems over AWGN channel [4], [11], [12]. 

Although for a quite broad class of channels (i.e., memoryless channels) in [9] and [22] neces­

sary conditions for stability have been presented, these results have been developed for a spe­

cific dynamical system and criterion for stability. In addition, in few publications the effects 

of uncertainty in the dynamical system in the observability and the stability performance 

have been studied, in which the results of these publications are limited to the fully ob­

served uncertain systems subject to the bounded uncertainty over noise free communication 

channels [4], [9], [10] and [16]. That is, { Xt£ = £** + NUt + Zu where XuZhYt £ W, 

Ut G 3ft° and Zt is the disturbance such that \\Zt\\ < d almost surely. Furthermore, little 

effort has been devoted to address the stability question of nonlinear systems [14, 15], and 

the cases where there are communication constraints in both feedforward and feedback links, 

in which these results have been developed for stability over digital noiseless channels [3], 

[13],[22]. In [13] and [22], the plant is fully observed and scalar, while in [3], it is noiseless 

partially observed. 

In addition, since a discrete time model is more consistent with today's digital communica­

tion links, in almost all published results in the literature, authors considered the discrete 

time framework. Nevertheless, in some applications, the analog modulation schemes may 

be interesting due to simplicity in building such schemes. Furthermore, having a complete 

theory which deals with continuous time systems will help us gain additional insight and 

understanding into building control/communuication systems in discrete time framework. 

Therefore, there is a lack of stability results dealing with cases where all subsystems are 

continuous time. 

1.3 Contributions and Summary of Thesis 

The aim of the current thesis is to address some of the mentioned open problems for reliable 

data reconstruction and stability. Throughout, the observability and stability of sequences 

(in probability and r-mean) are considered. For such an observability and stability criteria, 

it is shown that the Shannon lower bound (Lemma 6.2.24) which is a tight lower bound 

for the rate distortion function, is an adequate measure for describing the conditions for 

observability and stability. 

Since tools from probability theory, control, and information/communication theory are go­

ing to be used extensively throughout the thesis to derive new results, in Appendix 6.2, 
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we summarized some of the well known concepts, measures, and results from probability 

theory, information theory, and systems and control theory that we are going to use them 

throughout. 

The main results and contributions given in the subsequent chapters are described below. 

Chapter 2. In this chapter necessary conditions for observability and stability of discrete 

time systems over discrete time memoryless channels subject to limited capacity constraint, 

are derived. These conditions are given in Section 2.4.2. The necessary conditions are given 

in the form of a lower bound on the Shannon capacity in terms of the Shannon lower bound. 

These conditions are general and they are applicable to linear and nonlinear systems and 

time and frequency domains, while the already existing conditions have been derived for 

a specific dynamical system and observability and stability criteria [4]-[16]. These results 

particularly complements the results of [9], [11], and [22] in which for a specific dynam­

ical system and stability criterion, the conditions for stability have been derived. Using 

these necessary conditions, some of necessary conditions found in the literature such as the 

one presented in [41], are obtained as a special case. Furthermore, by implementing the 

Bode integral formula, we apply the obtained necessary conditions to a dynamical system 

described in frequency domain. This result is given in Section 2.4.3. The method is then 

applied to a linear stochastic partially observed Gaussian control system subject to measure-
. . ™ , . ,, , „ • , • , . J Xt+i = AXt + NUt + BWt, , 

ment noise. That is, the following dynamical system < 7. n v n „ where 
[ It — Cy At + JJUt, 

Xt G $lq, Ut G ft°, Yt G $ld, Wt G 9?m is the process noise, Gt G $ is the measurement noise, 

A G 3^X 9 , iV G ftqXo, B G 3^ X m , G G 3^x<3, D e ft4*1, Wt i.i.d ~ N(0,Im), and Gt i.i.d. 

~ N(0,li), where Im G 3fJmXm and Ii G 3^X ' are identity matrices. For such system over 

Additive White Gaussian Noise (AWGN) channels, we also derive an encoder, decoder, and 

controller for mean-square stability and observability, using the standard detectability and 

stabilizability assumptions of LQG theory, without assuming the knowledge of the control 

sequence at the encoder/decoder. Thus, necessary and sufficient conditions for mean-square 

stability and observability are derived. These results are given in Section 2.4.4. From these 

conditions, it is concluded that the Shannon capacity is still an adequate measure for mo­

ment observability and stability. Moreover, a separation principle between the design of 

the control and communication systems, is shown. These results extend the results of [11] 

and [42] which are concerned with the mean square stability of the following fully observed 

Gaussian dynamical system over AWGN channels. That is, < fy _ „ 
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where Xt <EW,Ut£ &°, Wt G 3**, Yt G 3F, A G 3?qXq, iV € 3^X o , and Wt i.i.d. ~ AT(0, EW). 

In summary, the main contributions of this chapter are the fallowings, i) Necessary condi­

tions are derived for observability and stability which are applicable to linear and nonlinear 

systems and time and frequency domains, ii) Mean square observability and stability of a 

partially observed controlled dynamical system subject to the Gaussian process and mea­

surement noises are addressed when this system is controlled over AWGN channels. 

Chapter 3. In this chapter, we consider mean square observability and stability of a linear 

continuous time controlled system subject to the Brownian motion over flat fading continuous 

time AWGN channels subject to the limited capacity constraint. This problem is a contin­

uous version of the problem considered in [11] and [42] which are concerned with stability 

of the control/communication system of Figure 1.2 described by a discrete time-invariant 

controlled system over a discrete time AWGN channel (i.e., no fading effects). We follow a 

quite similar methodology developed in Chapter 2. First, we show that the summation of 

the real parts of the unstable eigenvalues of the open loop system is the required capacity 

(i.e., a necessary condition on capacity) for mean square stability of the linear continuous 

time-invariant noiseless plant subject to the random initial condition over continuous time 

AWGN channels. This result is given in Section 3.3. Then, we propose an encoding scheme 

which achieves capacity and it provides mean square observability with the corresponding 

mean square decoding error as minimum as possible. Subsequently, we conclude that the 

summation of the real parts of the unstable eigenvalues of the open loop continuous time-

invariant system is also the minimum capacity for mean square observability over AWGN 

channels. These results are given in Section 3.4. Next, using this encoding scheme, we 

propose a control scheme which minimizes an LQG cost functional and stabilizes the time-

invariant system in the mean square sense when it is controlled over AWGN channels with 

a capacity at least equivalent to the summation of the real parts of the unstable eigenvalues 

of the open loop system. These results are given in Section 3.5. 

The main contribution of this chapter is the following. The continuous version of the eigen­

value rate condition [4]-[13] for continuous time systems which are controlled over continuous 

time AWGN channels, are derived. This condition is described by the summation of the real 

parts of the unstable eigenvalues of the open loop time-invariant system. 

Chapter 4. In this chapter by developing and invoking a robust version of the information 

transmission theorem and the Shannon lower bound, necessary conditions for uniform ob-
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servability and robust stability of an uncertain dynamical system which is controlled over 

a limited capacity communication channel, are derived. These conditions relate the chan­

nel capacity to the robust Shannon lower bound. These conditions are given in Section 

4.4.2. The uncertainty in the dynamical system is described by a relative entropy constraint. 

Such uncertainty description is a natural generalization of the sum quadratic uncertainty 

description. The obtained necessary conditions are applied to specific uncertain systems by 

calculating the corresponding robust entropy rate. In particular, a relation between robust 

entropy rate and the solution of the Algebraic Riccati equation appearing in the H°° control 

and estimation problem, is shown. These results are given in Section 4.3.2. Furthermore, the 

robust stability of a fully observed controlled uncertain Gauss Markov system subject to the 

sum quadratic uncertainty description is also considered; and subsequently it is shown that 

the obtained necessary condition for uniform observability can be also a sufficient condition. 

This result is given in Section 4.4.3. 

The problem of uniform observability and/or robust stability of fully observed uncertain dy­

namical systems subject to the bounded uncertainty has been considered in [4], [9], [10], [16]. 

In [4], [9], [10] authors considered the following uncertain system < t^1
 v

 t * *' 
[ *t — -&t, 

where Xt,Zt,Yt G 3ft9, Ut G 3ft°, and Zt is the disturbance such that \\Zt\\ < d almost surely. 

Furthermore, in [16] authors considered the following dynamical system 

f Xt+1 = At{l + At)Xt + Ut + Gt(X) + Zt, 
\ Yt = Xu 

where Xt G 3ft, At G 3ft, At G 3ft, Ut G 3ft, G(.) G 3ft, Zt e 3ft, Yt G 3ft, At is an i.i.d. process with 

known distribution, while the stochastic process At, the operator Gt(X) and the process 

Zt are such that \At\ < a, \\G\loo < g, and \Zt\ < d, where a G [0,1), g G [0,1), 

and d > 0 are known constants. This chapter complements the already existing results 

in the literature by considering the uncertainty in the dynamical system described by a 

relative entropy constraint which is a natural generalization of the sum quadratic uncer­

tainty description. Sum quadratic uncertainty description is a more suitable description 

for modeling uncertain dynamical systems than bounded uncertainty description considered 

in [4], [9], [10], [16]. We consider the observability and stability problem of the follow-
f Xt+i = AXt + NUt + BWt + BWt, , v „ ,- » , rr r- *>o mg uncertain system I 7 / v where Xt,Yt G 3ftg, Ut G 3ft°, 
[ *t = *t, 

Wt,Wt G 3ftm, A G 3ftqxg, Â  G 3ft9XO, B G 3ftgXm, Wt orthogonal - W(0,Ew), ^w > 0, 

and Wt is perturbed noise process such that it satisfies the following sum quadratic con-

file:////G/loo
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straint ± Y%=a E\W'tY^Wt] < Rc + ^ Tj=o E[Y^MYt], where Rc is a non-negative scalar, 

M = M' e K9Xq > 0 and T can be arbitrary large. 

The problem of reliable data reconstruction and stability of above uncertain dynamical sys­

tem over limited capacity communication channels has not been considered elsewhere; and 

thus this chapter contains original results. 

In addition, from the results of Chapter 2 and Chapter 4, it follows that the Shannon lower 

bound is a tight bound (i.e., a necessary and sufficient condition) on capacity for control­

ling purposes (Remark 2.4.7,ii and Remark 4.4.6). Shannon lower bound is given in terms 

of entropy rate and an additional term which is related to the observability and stability 

criteria. This bound appears to be an adequate bound for describing the conditions for ob­

servability and stability of sequences related to the dynamical system. It can be calculated 

easily (Sections 2.3 and 4.3.2). For linear time-invariant systems, it results in the well known 

eigenvalue rate condition (Remark 2.3.3 and Corollary 2.4.5). It is applicable to both time 

domain (Sections 2.3 and 4.3.2) and frequency domain (Corollary 2.4.5 and 4.3.11). It is 

also applicable to both linear systems (Section 2.3) and nonlinear systems (Section 4.3.2). 

Publications. Some of the contributions of the current thesis have been already pub­

lished in the conference proceedings; or they are accepted for publication in the refereed 

journals. Below is the list of these publications. 

Articles accepted in refereed journals 

1- C. D. Charalambous, Alireza Farhadi, and S. Z. Denic, Control of continuous-time linear 

Gaussian systems over additive Gaussian wireless fading channels: a separation principle, 

accepted in the IEEE Transactions on Automatic Control. It was scheduled to be published 

in the March edition of transactions in 7 pages. 

2- C. D. Charalambous and Alireza Farhadi, LQG optimality and separation principle for 

general discrete time partially observed systems over finite capacity communication chan­

nels, accepted in Automatica. 

3- Alireza Farhadi and C. D. Charalambous, Robust coding for a class of sources: applica-
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tions in control and reliable communication over limited capacity channels, accepted (subject 

to a minor revision) in Systems and Control Letters. 

Other contributions (e.g., communications, papers in refereed conference proceedings, etc.) 

1- Alireza Farhadi and C. D. Charalambous, Robust stabilizing scheme for uncertain systems 

controlled over limited capacity Additive White Gaussian Noise channels, in proceedings of 

the 2008 American Control Conference, June 11-13, 2008. 

2- Alireza Farhadi and C. D. Charalambous, Robust control of feedback systems subject 

to limited capacity constraints, in proceedings of 46th IEEE Conference on Decision and 

Control, December 2007. 

3- C. D. Charalambous and Alireza Farhadi, Control of feedback systems subject to the finite 

rate constraints via Shannon lower bound, in 5th International Symposium on Modeling and 

Optimization in Mobile, Ad Hoc, and Wireless Networks, Cyprus, April 16-20, 2007. 

4- Alireza Farhadi and C. D. Charalambous, Control of tele-operation systems subject to 

capacity limited channels and uncertainty, in proceedings of CCECE/CCGEI, Ottawa, May 

7-10, 2006, pp. 492-497. 

5- C. D. Charalambous and Alireza Farhadi, A mathematical framework for robust control 

over uncertain communication channels, in proceedings of 44th IEEE Conference on Decision 

and Control, Seville, Spain, December 12-15, 2005, pp. 2530-2535. 

6- C. D. Charalambous, S. Denic and Alireza Farhadi, Control over wireless communication 

channel for continuous-time systems, in proceedings of 44th IEEE Conference on Decision 

and Control, Seville, Spain, December 12-15, 2005, pp. 3225-3230. 

7- C. D. Charalambous and Alireza Farhadi, Robust entropy rate for uncertain sources and 

its applications in controlling systems subject to capacity constraints, in proceedings of 43rd 

Annual Allerton Conference on Communication, Control, and Computation, Allerton House, 

Chicago, September 28-30, 2005. 
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8- C. D. Charalambous, Alireza Farhadi, S. Denic and F. Rezaei, Robust control over uncer­

tain communication channels, in proceedings of 13th Mediterranean Conference on Control 

and Automation, Cyprus, June 27-29, 2005, pp. 737-742. 

9- C. D. Charalambous and Alireza Farhadi, Robust entropy rate for uncertain sources: ap­

plications to communication and control systems, in proceedings of 9th Canadian Workshop 

on Information Theory, Montreal, June 5-8, 2005, pp. 307-310. 

10- C. D. Charalambous, F. Rezaei, S. Denic, A. Kyprianou, and Alireza Farhadi, Robust 

information transmission and control subject to uncertainty and power constraints, workshop 

H-2 (half a day) presented by above authors in 43rd IEEE Conference on Decision and 

Control, Bahamas, December 2004. 



Chapter 2 

Control of Discrete Time Systems 

2.1 Introduction 

Control of dynamical systems subject to finite communication channel capacity are often 

represented by the block diagram of Figure 2.1. This system can be viewed as a general 

communication system in which the output of the control system is the information source 

which is transmitted over a feedback communication channel to the controller whose output 

is the input to the controlled system. 

Specific questions which have been addressed in the literature via a variety of methods in­

clude necessary and sufficient conditions for stability and observability of unstable control 

systems subject to limited channel capacity [1], [4]-[22]. For linear time-invariant systems 

the rate at which information is generated must be bounded below by the summation of the 

logarithms of the unstable eigenvalues of the source, that is, C > 5D{i;iAi(A)|>i} l°g l^i(^-)U 

where C is the channel capacity (measured in bits per time step) and Ai(A)'s are the eigen­

values of the open loop system. 

Using different methods, including information/communication theory tools, necessary 

conditions for observability and stability have been derived in [4]-[16]. Nevertheless, already 

existing conditions in the literature have been developed for specific dynamical systems and 

observability and stability criteria. One of the main contributions of this chapter is to derive 

necessary conditions for observability and stability of sequences in r-mean and probability 

for general systems. These necessary conditions depend on the entropy rate of the input 

to the encoder and the type of observability and stability criteria. Using these necessary 

conditions, some of the necessary conditions found in [4], [9]-[16], [41] are obtained as a 

special case. We discussed some of them throughout this chapter. Moreover, under certain 

23 
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Figure 2.1: Discrete time control/communication system 

conditions these necessary conditions are also sufficient. From these general conditions it is 

concluded that the Shannon capacity is still an adequate measure for describing conditions 

for moment observability and stability. This overcomes the drawback of using Shannon ca­

pacity in describing conditions for moment observability and stability, as discussed in [4]. 

In [4] author has concluded that the eigenvalue rate (i.e., S{i;|Ai(A)|>i}l°g|^i(^)l) is n ° t & 

tight bound (i.e., a necessary and sufficient condition) on Shannon capacity for moment 

observability and stability of linear time invariant systems over noisy channels; and a bigger 

bound is required. Consequently, author has concluded that the Shannon capacity is not 

an adequate measure for describing the conditions for moment observability and stability. 

Subsequently, he introduced the anytime capacity notion which is a parameterized notion of 

capacity which depends on the order of moment observability and stability; and he showed 

that the eigenvalue rate condition described by anytime capacity is the necessary and suffi­

cient condition for moment observability and stability. 

The general information theoretic concepts employed to derive necessary and sufficient con­

ditions for observability and stability, and the results discussed above are the followings. 

First, the information transmission theorem is employed which states that the (Shannon) 

channel capacity must be bounded below by the information rate distortion for reliable data 

reconstruction up to the distortion value Dv, that is, C > R(DV), where C is the capacity 

and R(DV) is the rate distortion function. Second, the rate distortion, R(DV), with a given 

distortion measure (fidelity criterion) which is related to the observability and stability cri-
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teria, is considered. This step may be viewed as a generalization of the almost sure criterion 

which was first used in [9]. Finally, the Shannon lower bound Rs(Dv) (which under certain 

conditions is equivalent to the rate distortion function) is employed to obtain the inequalities 

C > R(DV) > RS(DV) as a necessary condition for observability and stability of the con­

trol/communication system of Figure 2.1. This result particularly compliments the results 

found in [9] and [22], in which for a specific dynamical system and stability criterion, the 

conditions for stability have been derived. The framework developed in this chapter is ap­

plicable to both linear and nonlinear systems; and the necessary conditions for observability 

and stability depend explicitly on the observability and stability criterion, hence different 

criterion corresponds to different necessary condition. The methodology described above 

has two practical advantages, namely, i) The Shannon lower bound is given in terms of the 

Shannon entropy rate of the source output and an additional term which depends on the 

type of observability and stability criteria (fidelity criteria) employed, ii) For certain fidelity 

criteria in the limit as Dv —*• 0, the Shannon lower bound converges (weakly) to the rate 

distortion function, that is, lim^_^0 (R(DV) — Rs(Dv)j = 0 [43], (Lemma 6.2.24,ii). The 

first is important in having a simple computation as Shannon entropy rate is often easily 

computed. The second is also of practical important because the rate distortion function 

can be rarely computed explicitly. Therefore, the second is particularly important when a 

tight necessary condition on the capacity is required. In this chapter, the importance of the 

second is illustrated by showing that for certain sources and channels the Shannon lower 

bound is a sufficient condition since there exists an encoder, decoder, and controller so that 

C = R(DV) = RS(DV). 

Throughout the chapter, we apply the obtained necessary conditions to specific systems de­

scribed in time and frequency domains, and we relate the necessary conditions to the unstable 

eigenvalues of the open loop system. This method does not require a precise description of 

the encoder, decoder and controller. 

The results of this chapter are applied to a linear stochastic partially observed control sys­

tem subject to measurement noise when the channel is an Additive White Gaussian Noise 

(AWGN) channel. That is, we consider the following plant < t t 1 „ v
t
 n ~ * *' 

where Xt G 3£9, Ut G 3?°, Yt G 3ftd, Wt G 3£m is the process noise, Gt € 52* is the measurement 

noise, A G $qXq, N G stf9Xo, B G 3*»xm, C G $ldXq, D G ^xl, Wt i.i.d - N{0,Im), and Gt 

i.i.d. ~ N(Q,Ii), where Im G UmXm and // G $llxl are identity matrices. Here, we derive 
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an encoder, decoder, and controller for mean-square stability and observability using the 

standard detectability and stabilizability assumptions of Linear Quadratic Gaussian (LQG) 

theory [23], without assuming knowledge of the control sequence at the encoder/decoder. 

Thus, necessary and sufficient conditions for mean-square stability and observability are de­

rived. Moreover, a separation principle between the design of the control and communication 

systems is shown. This result extends the results of [11] which is concerned with the stability 

of the following fully observed system 1 Xtt) = ^Xt + NUt + Wu where Xt G W, Ut G 3ft°, 
{ it = At, 

Wt €W,Yte 3^, A G 3^ x g , N G 9^Xo, and Wt i.i.d. ~ iV(0, Ew), over AWGN channels. 

This chapter is organized as follows. In Section 2.2, the problem formulation is given. Since 

Shannon lower bound is given in terms of Shannon entropy rate and an additional term, the 

Shannon entropy rate is calculated in Section 2.3. In Section 2.4, necessary conditions are 

derived for observability and stability of the control/communication system of Figure 2.1. 

Moreover, sufficient conditions are derived for a linear partially observed control Gaussian 

system which is controlled over AWGN channels. In this section, it is also shown that 

Shannon lower bound is the minimum capacity that guarantees mean square observability. 

Long proofs are given in Appendix 6.1. Since tools from probability theory, system and 

control, and information/communication theory are used throughout this chapter to derive 

new results, in Appendix 6.2 we summarized known concepts, measures, and results from 

probability theory, information theory and systems and control that we are going to use 

them throughout this chapter. 

2.2 Problem Formulation 

A 
Throughout, sequences of Random Variables (R.V.'s) are denoted by YT = (Y0,Y1,...,YT) 

for T G N + = {0,1,2,...}. log(.) and loge(.) denote the logarithm of base 2 and natural 

logarithm, respectively. 

Consider the control/communication system of Figure 2.1, where Yt G $ld, Zt G Zt, Zt G Zt, 

Yt G 82**, Ut G 3£° are R.V.'s denoting the source message, channel input, channel output, 

reproduced source message, and the control input to the source, respectively, at time t G N+. 

It is assumed that Zt, and Zt are complete separable metric spaces denoting the channel 

input and the channel output codeword alphabet sets, respectively; and (Zt,F(Zt)) and 

(Zt,T(Zt)), Zt C Zt are measurable spaces (e.g., T{Z^) is an cr-algebra of subsets of the set 

Zt generated by closed set). For T,n G N + , sequences of R.V.'s with length T and n of the 
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source and channel, are identified with the product measurable spaces. 

The different blocks of Figure 2.1 are described below. 

Information Source: The information source is the plant output (i.e., Yt). Throughout 

this chapter, we are particularly interested to the following partially observed stochastic 

control system with input Ut and output Yt. 

\ Xt+1 = AXt + NUt + BWt, XQ = X, . , 
\ Yt = Ht + DGt, Ht = CXt,

 {Z-l) 

where Xt G 9ft9 is the unobserved (state) process, Yt G 3^ is the observed (measurement) 

process, Ut G ^R° is the control signal, Ht G 3^ is the signal to be controlled, Wt G 3ftm, 

Gt G !ftz, in which {Wt; t G N + } is Independent Identically Distributed (i.i.d.)~ N(0,Im) 

and {Gt;t G N + } is i.i.d. ~ N(0,li). Moreover, X0 ~ N(x0,V0) and {Wt,Gt,X0;t G N + } 

are mutually independent. 

Models similar to (2.1) have been considered in many places [4], [9]- [14], [16], [41] to de­

rive various type of results, via information theoretic as well as non-information theoretic 

concepts. In [9] authors addressed the question of almost sure asymptotic observability 

and stability of a linear time-invariant noiseless system subject to the random initial condi­

tion. That is, they considered the following plant. ' t j « ' *' ° where 

Xt G 3«9, Ut G 3?°, Yt G 3^, A G 3^x<z, N G $lqXo and C G 3^x<7. In [11] authors studied sta-
,.,., . , .. , , „ . , . ^ ^ , . { Xt+i = AXt + NUt + Wtt 1 
bihty of a fully observed Gauss-Markov system, that is, < J, „ where 

[ Yt — At , 
Xt G 3£9, Ut G 9?°, Wt G 3£9, Yt £W, A € 3^x<?, N G $lqXo, and Wt i.i.d. ~ N{0,Ew). 
In [41] authors studied bounded input, bounded output stability of a linear time-invariant 

, ^ • ; . „ , . f Xt+i = AXt + NUt, 
system subject to the scalar Gaussian measurement noise, that is, < ' _ ~ y ~ 
where Xt G W, Ut G 3£, Yt G 3ft, Gt G 3?, ,4 G 3^ x" , N G 3f^xl, and Gt i.i.d. ~ iV(0,1). 

Communication Channel: The communication channels with input Zn and output Zn is 

modeled by a stochastic kernel (Definition 6.2.1) {P{dZt\z
t,zt~1);t G N + } . 

Encoder: We define and discuss the following types of encoders. 

Class A) The encoder at any time t G N + is modeled by a stochastic kernel P(dZt; y1). 
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Class B) The encoder at any time t G N + is modeled by a stochastic kernel P(dZt; yl, wt_1, zt_1) 

Class C) The encoder at any time t G N + is modeled by a stochastic kernel P(dZt;y
t,zt~1). 

As an example, consider an encoder of Class B. This encoder corresponds to an encoding 

law which by the knowledge of the control signals and the outputs of the channel up to time 

t — 1; also by the knowledge of the source messages up to time £, it can produce the encoded 

information at time t. A deterministic encoder of Class B is described by a Dirac measure; 

and similarly for the other encoders in different classes. 

Decoder: We define and discuss the following types of decoders. 

Class A) The decoder at any time t 6 N + is modeled by a stochastic kernel P(dYt\ zl). 

Class B) The decoder at any time t G N+ is modeled by a stochastic kernel P{dYt\ 5
i ,« t _ 1). 

Controller: The control law at any time t G N + is modeled by a stochastic kernel 

Please note that the descriptions presented above for channel, encoder, decoder and con­

troller, are similar to the descriptions presented in [11]. 

Observability and stability of the control/communication system of Figure 2.1 are defined 

next. 

Definition 2.2.1 (Observability in Probability and r-Mean). Consider the system of Figure 

2.1. 

i) For a given S > 0 and Dv G [0,1], the plant is called (6, Dv)- observable in probability if 

there exist an encoder and a decoder such that 

Urn i £ Pr(ll^ -M>S)< A,, (2-2) 

where \\.\\ is the Euclidean norm on the space of$ld. 

ii) For a given r > 0 and finite Dv > 0, the plant is called (r, Dv)-observable z/limT^oo ^ Y,J=Q 

E\\Yt-Yt\\
r<Dv. 

Definition 2.2.2 (Stability in Probability and r-Mean). Consider the system of Figure 2.1 

in which Yt = Ht + Tt, where Ht is the signal to be controlled and Tt represents the effects 
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of the measurement noise. 

i) For a given 6 >0 and Dv G [0,1], the plant is called (6,DV)- stabilizable in probability if 

there exist a controller, encoder, and decoder such that 

l^~Y,Pr(\\Ht\\>5)<Dv. (2.3) 

ii) For a given r > 0 and finite Dv > 0, the plant is (r, Dv)- stabilizable z/limT^0 -f YH=<$ E\\ 

Ht\\
r<Dv. 

The above definitions of observability and stability which use sequences, are variants of the 

almost sure observability and stability criterion introduced in [9]. In [9] the following plant 

has been considered. { Xt*) = ^ * * + NUt + Wt' where Xt G 3J9, Ut G 3£°, Wt eW,Yte 
{ it — A*> 

3£g, A G K9*9, N G 3^Xo , and Wt i.i.d. ~ N(Q, Ew). The observability and stability criterion 

considered in [9] are almost sure criteria described as follows Pr(lim t^00 \\Yt — Yt\\ = 0) = 1 

(for observability) and Pr(limt-»oo ||-Xt|| = 0) = 1 (for stability). Although the proposed 

encoding/decoding scheme and the controller in [9] guarantee observability and stability 

in asymptotic sense, but the transition behavior can be poor since the criteria to address 

observability and stability are defined in asymptotic sense. More appropriate criteria for 

observability and stability are the ones defined over sequences as we defined in Definitions 

2.2.1 and 2.2.2. The encoding scheme and stability scheme for observability and stability 

in the sense of Definitions 2.2.1 and 2.2.2, not only guarantee observability and stability in 

asymptotic sense, but also they guarantee smooth transition behavior. 

Throughout this chapter, it is assumed that plant, communication channel, the types of 

encoder, decoder and controller are given. The objective is to design encoder, decoder and 

controller for observability and stability in probability and r-mean as defined in Definitions 

2.2.1 and 2.2.2, when the capacity is as minimum as possible. 

Throughout this chapter, we are particularly interested to the control/communication system 

of Figure 2.2 described by the controlled dynamical system (2.1) and the AWGN channel 

(i.e., Zt = Zt + Wt, where Zt is the channel input, Zt is the channel output, and Wt i.i.d. 

~ iV(0,Wc) is the channel noise). In this control/communication system the encoder and 

the decoder are of Class B. Please note that the control/communication system of Figure 

2.2 is a special case of the general control/communication system of Figure 2.1. 

Next, consider the control/communication system of Figure 2.2. The observations process 
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Figure 2.2: Discrete time control/communication system 

of system (2.1) can be written as follow. 

t-x t-\ 
Yt = CA'XQ + J2 CA'-^BWi + DGt + J2 CA^-'NUt. (2.4) 

By the knowledge of the control sequence £/'_1 at the encoder and the communication end, 

the last term in (2.4) (i.e., E-lJ CAt~l~iNUi) is reconstructed perfectly at the encoder and 

at the communication end. Thus, in the system of Figure 2.2, the problem of reliable 

data reconstruction of Yt is equivalent to the problem of reliable data reconstruction of the 

remaining terms in (2.4). That is, Yt given as follow. 

t - i 

Yt = CA'Xo + ]T CA'-^BWi + DGt, (2.5) 
i=0 

where, Yt is the output of the following dynamical system 

J Xt+1 = AXt + BWt, X0 = X, 
1 Yt = Ht + DGti Ht = CXt, 

(2.6) 

which is the uncontrolled analogous of system (2.1). Thus, in addressing the observability 

question of the control/communication system of Figure 2.2, without loss of generality, we 
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can consider the uncontrolled dynamical system (2.6). 

It is evident that, if there are no encoder and decoder that guarantee reliable data reconstruc­

tion of the observations process, then there are no encoder, decoder and stabilizing controller 

that stabilize the controlled dynamical system (2.1) because the stabilizing controller in sys­

tem of Figure 2.2 is a feedback stabilizing controller, in which it can stabilize the unstable 

controlled dynamical system if only there is a reliable feedback loop. In other words, any 

necessary condition for observability of the control/communication system of Figure 2.2 is 

also a necessary condition for stability of this system. Thus, in addressing the necessary 

conditions for stability of the control/communication system of Figure 2.2, without loss of 

generality, we can also consider the uncontrolled dynamical system (2.6). 

Following above discussion, in the control/communication system of Figure 2.2 by the knowl­

edge of the control sequence in encoder and decoder, the observability problem of the ob­

servations process is equivalent to the observability problem of the observations process of 

the uncontrolled analogous system. Thus, when the observability Definition 2.2.1 is applied 

to this control/communication system, the observability in probability and r-mean involve 

the existence of the control sequence, encoder and decoder. Furthermore, the distributions 

of the control sequence does not contribute to the expectation (used in r-mean observability 

Definition 2.2.1, ii) and the probability criterion (2.2). 

2.3 Shannon Entropy Rate and Kalman Filtering 

The observability and stability of sequences as defined in Definitions 2.2.1 and 2.2.2 are 

addressed by finding the entropy rate of the observations process. 

In this section, we calculate the Shannon entropy rate of the observations process of the 

uncontrolled version of system (2.1) (i.e., {Ut = 0; t G N + }) . Here, a connection is established 

between the error covariance of the Kalman filter, the innovations process of the source 

and Shannon entropy rate. The results of this section will be used in the next section to 

address the conditions for observability and stability of the control/communication system 

of Figure 2.2, defined by the dynamical system (2.1). The main results of this section which 

are concerned with the calculation of the Shannon entropy rate of the partially observed 

systems, are given in Lemma 2.3.2, Remark 2.3.3 and Corollary 2.3.4, in which this lemma, 

remark and corollary are new contributions of this chapter. We shall need the following 

Lemma which can be found in ([23], pp. 44). 
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Lemma 2.3.1 Let {Yt;t G N+} ; Y : Q x N + -> W* be a Gaussian process. Let TYT-I = 

Cov[(Yo Y[ ... y ; _ ! ) V 0 andKt = Yt-Ep^Y*-1}], At = Cov{Kt) andA^ = l i m ^ AT 

^ 0, where cr{Yt~'1}— denotes the a-algebra of events generated by the sequence Yt_1. Then, 

the Shannon entropy rate of {Yt; t G N + } in bits per time step denoted by Hs{y) is given by 

the following 

Hs{y) = l imi / f s (y r - 1 ) = ^log(27re)+ lim^logdetTyr-! 
1 •—>oo ± Z 1 —*oo Zl 

= -log(27re) + -logdetA0 0 , (2.7) 

where HS(Y
T~1) denotes the Shannon entropy of' y T _ 1 (Definition 6.2.9). Moreover, if 

{Yt;t G N + } is an (asymptotic) stationary Gaussian process with power spectral density 

SY(ejw) then Hs(y) = \ log(27re) + £ f*Jogdet SY(ejw)dw. 

Proof: Follows for Szego limit formula and Cholesky decomposition (see, [23], pp. 44). 

2.3.1 Uncontrolled Stochastic Dynamical Systems 

Consider the uncontrolled version of system (2.1) (i.e., system (2.6)). Sufficient Conditions 

for existence of the limiting R.V. are given in terms of stabilizability (Definition 6.2.39) and 

detectability (Definition 6.2.40) of (2.6). 

Lemma 2.3.2 Consider the uncontrolled version of system (2.1) corresponding to {Ut = 

0;t G N + } (i.e., system (2.6)), and assume (C,A) is detectable (Definition 6.240), (A, (BB )* 

) is stabilizable (Definition 6.2.39), and D ^ 0. 

Then, Aoo = CV^C + DD', where Vt ~ E[XtX't],Xt = Xt - E ^ I ^ Y ' " 1 } ] , t G N + , 

and Voo = lim^oo Vt is the unique positive semi-definite solution of the following Algebraic 

Riccati-equation 

Voz = AVcoA' - AV^C'iCV^C' + DD'^CVooA' + BB'. (2.8) 

Moreover, Hs(y) = |log(27re) + |logdet(C%oC' + DD'), where Hs{y) is the Shannon 

entropy rate of the observations process of the uncontrolled system (2.6). 

Proof: Follows from Definition 6.2.44 and Lemma 2.3.1. 

We have the following remark regarding the results of Lemma 2.3.2. 
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Remark 2.3.3 i) Consider the scalar version of the uncontrolled system (2.6) with q = 1 

and d = 1. Then, (2.8) can be solved explicitly and then substituted into the Shannon entropy 

rate Hs(y) found in Lemma 2.3.2 to obtain 

Hs(y) = \ log(27re) + \ log A^ > 1 log(27re£>2) + max{0, log \A\} (2.9) 

Moreover, the inequality in (2.9) holds with equality when B = 0. Notice that (2.9) relates 

Shannon entropy rate and the system matrix A, via max{0,log \A\}. 

ii) Consider the uncontrolled system (2.6) with scalar observation and measurement noise 

(i.e., d = I = 1) under detectability and stabilizability conditions of Lemma 2.3.2 when 

D^O. Then, Hs{y) = \ log(27re) + £ ^logSK{ejw)dw, where SK(ejw) is the power spec­

tral density of the asymptotic stationary innovations process {Kt = Yt — ElYtlalY1'1}]-^ G 

N + } . From standard Kalman filtering equations (Definition 6.2.44) follows that K(z) = 

M(z)W(z) + S(z)DG(z), where M(z) = C(zlq - A)~XB, A = A- A^C (it has eigen­

values inside the unit circle), Aoo = AVocC'A^ and S(z) = 1 — C(zlq — v4)-1Aoo (K{z), 

W(z), G(z) are the z-transform of the innovations, process and measurement noises, re­

spectively). Subsequently, SK{ejw) = M(ejw)M'(e-jw) + \S(ejw)\2D2 > \S{ejw)\2D2; and 

HsQt) => \ log(27re) + \ logD2 + ^ / ^ l o g \S{ejw)\2dw. Next, consider S(z) as the sensi­

tivity transfer function of a stable unit negative feedback system. That is, S(z) = 1 — C(zlq — 

A)~1A00= 1 - T{z), where T(z) = C(zlq - A)_1Aoo is the complementary sensitivity func­

tion (closed loop transfer function) of this stable feedback system. In the state space form 

this system is represented by I £ _ „ ' n ^ ' That is, S(z) = D^L = 

1 * , s , where L(z) = C(zlq — A)_1A0o is the transfer function of the open loop system 

\ JSX~mo1 °° *' Subsequently, from Bode integral formula [44] (Theorem 6.2.41), 
[ Kt = ubt 

we have JZW |lS
,(eJ',")|2Gfc<; = 47rE{i;|Ai(A)|>i}log|Aj(J(4)| , where Xi(A)'s are the eigenvalues of 

the system matrix A. Thus, 

Hs(y) > \ log(27re£>2) + £ log \\^A)\ (2.10) 

Notice that (2.10) relates Shannon entropy rate and the unstable eigenvalues of the system 

matrix A, via E{i;A*(A)>i} log |Xt(A)\. 
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2.3.2 Controlled Stochastic Dynamical Systems 

Next, we will show that the Shannon entropy rate of the controlled system is bounded below 

by the Shannon entropy rate of the uncontrolled system. 

Corollary 2.3.4 Consider the controlled system (2.1) and assume (C,A) is detectable, 

(A, (BB )a) is stabilizable, and D ^ 0. Then, the Shannon entropy rate of the controlled 

system (2.1) is bounded below by that of the uncontrolled system via 

«s0>)= Km ^Hs{YT-')= lim ±j: HspilY*-1) > Urn ^ E ^ M * * " 1 . ^ 1 ) 
T^oo £ T - o o 1 . = Q T-^oo T t^0 

= -log(27re) + -logdetAoo =Hs(y), (2.11) 

where, YT~1 is a sequence with length T of the observations process associated with the 

controlled system (2.1), A^ is given in Lemma 2.3.2, Tis{y) is the Shannon entropy rate 

of the observations process of system (2.1) and Tis{y) is the Shannon entropy rate of the 

observations process of the uncontrolled system (2.6). 

Proof: The proof is original and it is given in Appendix. 

2.4 Conditions for Observability and Stability 

In this section, we state necessary conditions for observability and stability in terms of 

Shannon entropy rate and the observability and stability criteria considered, which can be 

applied to variety of sources and channels. We then derive sufficient conditions for mean 

square observability and stability of the controlled system when the communication channel 

is an AWGN channel. Here, we illustrate the Shannon lower bound is equivalent to the rate 

distortion, verifying the tightness of the bound. Moreover, we present an encoder and a 

decoder so that the source is matched to the channel, generalizing the results found in [11] 

to the partially observed system. 

2.4.1 Rate Distortion Solution and Information Transmission The­
orem 

In order to address sufficient conditions for observability and stability, we need to compute 

the rate distortion function for a given source distribution and distortion measure. On the 
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other hand, the necessary conditions are obtained by applying the information transmis­

sion theorem which relates the channel capacity (per source message) to the rate distortion 

function. The next remark identifies a sufficient condition so that the minimizing stochastic 

kernel of the rate distortion function RT{DV) (Definition 6.2.22) is a causal operation on the 

source sequence, and subsequently the rate distortion is sequential (causal) rate distortion 

(Definition 6.2.23), as introduced in [11], [45]. This sufficient condition which is given in the 

following lemma, is a new contribution of this chapter. 

Lemma 2.4.1 Let {Kt G ^;t G N + } be an independent stochastic process. Consider 

the single letter mean square distortion measure pr(A;T_1, kT~1) = ^ YHt=o p{kt, kt), where 

Kt G $ld is the reconstruction of Kt and p(kt, kt) : ?Rd x 3^ —• [0, oo) is continuous and 

non-negative. Then, the minimizing stochastic kernel P*(dKT~1; kT~l) of the rate distortion 

function RT(DV) (Definition 6.2.22) is a causal operation on the source sequence and it is 

given by 

r - i _ r - i ±s{Dv)p(kukt) piAv\ 

where s{Dv) = d R ^ . 

Proof: The proof follows from (6.112) and by taking into account that Kt is an independent 

process. 

Next, in the following theorem we present a necessary condition for end to end transmis­

sion up to distortion value Dv > 0. Here, we assume the Markovian property which is 

equivalent to the conditional independence of the various blocks of system of Figure 2.1. 

The Markovian property of the source output sequence YT~l, the channel input sequence 

Zn~x and the channel output sequence Z" _ 1 is equivalent to the conditional independence 

P(dZt;z
t,zt-1,yT-1) = P{dZt\^,^-1),P- a.s (t G {0,1,...,n- 1}), and similarly for the 

rest of the blocks. In the following theorem, it is also assumed that the channel is a Discrete 

Memoryless Channel (DMC) or AWGN channel (Definition 6.2.17, v). For DMC's or AWGN 

channel, without feedback, the information channel capacity C (Definition 6.2.18) represents 

the operational capacity. Furthermore, the capacity of those channels with feedback which 

is described by the directed information [46] is the same as the capacity without feedback 

[40], [47]. Examples in which feedback increases the capacity are given in [48]. However, our 

source model (2.1) and Gaussian channel considered in subsequent sections does not give rise 
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to feedback that increases the capacity. Rather, in our context feedback is used to achieve 

the capacity of the channel and to stabilize the plant. 

Theorem 2.4.2 (Information Transmission Theorem) Consider the control/communication 

system of Figure 2.1 under the conditional independence assumption. A necessary condition 

on the capacity for n channel uses, i.e., Cn (Definition 6.2.18) for reproducing a sequence of 

source messages YT~l up to distortion value Dv by YT~l at the output of the decoder (i.e., 

EPT(YT~1,YT~1) < Dv, where pr(-,-) is the distortion measure) using a sequence of the 

channel inputs and channel outputs with length n (T < n), is given as follow 

Cn > RT(DV), (2.13) 

where RT{DV) is the rate distortion function (see Definition 6.2.22). 

Proof: The proof is the variant of the one presented for the classical information transmission 

theorem in ([49], pp. 72) and it follows from the data processing inequality (Remark 6.2.14, 

ii). The detail of the proof is given in Appendix. 

2.4.2 Necessary Conditions for Observability and Stability for Gen­
eral Systems 

For the general control/communication system of Figure 2.1, the main theorem which con­

nects capacity, observability and stability is given next. This is applied to the system of 

Figure 2.2 described by system (2.1). The following theorem is a direct result of Theorem 

2.4.2; and it is obtained following the same methodology used in [9] and [11] by implementing 

a slight modification. 

Theorem 2.4.3 Consider the system of Figure 2.1 under conditional independence assump­

tion in which Yt e 3^ is the observed process. Assume the Shannon entropy rate correspond­

ing to the observed process exists and it is finite. 

Then, for observability in probability (Definition 2.2.1, i), a necessary condition on the chan­

nel capacity is 

C > Hs(y)-^log[(2<Ke)ddetrg] = Rs(Dv), (2.14) 

where Hs(y) is the Shannon entropy rate of the observed process, Rs(Dv) is the Shan­

non lower bound, and Vg is the covariance matrix of the Gaussian distribution h*(t,) ~ 
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^ (0 , Tg), (f e 3?d) which satisfies 

L hm(tW = Dv (2-15) 
ll£ll>* 

Moreover, a necessary condition on the channel capacity for r-mean observability (Definition 

2.2.1, ii) is 

C > Hs(y) - loge^ + b g ( ^ ^ ( - f L - ) * ) £ Rg(Dv), (2.16) 

where T(.) is the gamma function and Vd is the volume of the unit sphere (e.g., Vd — Vol(Sd); 

Sa*tfe» l;|K||<l};. 
Furthermore, for the case where the observed process Yt and the signal to be controlled Ht 

are related by Yt = Ht + Tt, (2.14) and (2.16) are also necessary conditions for stability in 

probability and r-mean (Definition 2.2.2). 

Proof: See Appendix. 

Remark 2.4.4 We have the followings remarks regarding the results of Theorem 2.4-3. 

i) The capacity used in (2.14) and (2.16) are measured in bits per source message; or bits 

per time (since each message is generated in each time step). Consequently, this capacity is 

related to the transmission data rate, H. For AWGN, erasure, and digital noiseless channels, 

the direct relationship between this capacity and transmission bit rate has been illustrated in 

Example 6.2.19. 

ii) The conditions (2.14) and (2.16) are new. If the capacity is less than the bounds (2.14) 

and (2.16), there are no encoding and/or stabilizing schemes for observability and/or stability 

of sequences related to the dynamical system. That is, bounds (2.14) and (2.16) are the 

fundamental limits on the Shannon capacity for observability and/or stability of sequences. 

Hi) The lower bounds (2.14) and (2.16) given in Theorem 2.4-3 hold for any observed process 

no matter what the information patterns for encoder, decoder and controller are. Hence, when 

Theorem 2-4-3 is applied to the controlled system (2.1), then the Shannon entropy rate of 

the controlled output of system (2.1) must be used. However, under assumption that (C,A) 

is detectable, (A,(BB')z) is stabilizable, and D ^ O when the encoder and decoder are of 

Class A, by Corollary 2.3.4 we deduce that bounds (2.14) and (2.16) also hold when the 

Shannon entropy rate is replaced by the Shannon entropy rate of the observations process of 

the uncontrolled version of system (2.1), which has been calculated in Lemma 2.3.2. Following 
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discussion of Section 2.2, for the control/communication system of Figure 2.2 described by 

the encoder/decoder of type B, the Shannon entropy rate of the observations process of the 

uncontrolled version of system (2.1) which has been calculated in Lemma 2.3.2, can be used 

in the lower bounds (2.14) and (2.16) to address a necessary condition for observability and 

stability. 

iv) The condition (2.14) and (2.16) are given in terms of the Shannon entropy rate which 

can be easily computed. Further, by Remark 2.3.3, these conditions result in a lower bound 

on the channel capacity in terms of the eigenvalue rate (i.e., S{j;|Ai(A)|>i}l°g|^i(^)lj which 

has appeared in the literature [4]-[13]. 

v) For the case of d = 1, condition (2.15) is reduced to 

2$( j L ) = Dv, $(*) = f -^e-^du. (2.17) 

Using a table for this integral, we notice that for a given S > 0, Tg < ^ gives a small value 

for Dv. Furthermore, using a Tg smaller than |g does not yield significantly different result 

for observability and stability performance. So, for a small quantity of Dv, Tg = |g can be 

used in (2.14). Further, for d = 1 and r = 2, the extra term — loge^ + log( Z^.dJ^-)^) 

in (2.16) is given by —\\og{2,neDv) which implies that smaller Dv requires bigger channel 

capacity for mean square observability and stability. 

vi) As it will be shown in Section 2.4-4 for the case of r = 2, the lower bound (2.16) is a 

tight bound (i.e., a necessary and sufficient condition on channel capacity) for observability 

of the innovations as well as the observations process over AWGN channels. For the fully 

observed analogous system of (2.1), under similar conditions, a tight bound is given in [11]. 

vii) In [4], it has been concluded that a single number like Shannon capacity is not an adequate 

measure to present conditions for moment observability and stability of linear time-invariant 

systems controlled over noisy channels. In fact, as it has been shown in [16] for moment 

stability of linear stochastic systems over noisy channels, a tight bound on Shannon capacity 

for stability in addition to the eigenvalue rate also involves an additional term which depends 

on the order of moment stability. Similarly, the lower bound (2.16) (in which, it can be a 

tight bound as discussed in Remark 2.4-4; v^)> ^n addition to the eigenvalue rate (which is 

resulted from the entropy rate) also involves an additional term dependent on the order of 

moment stability and observability. The tightness of the bound (2.16) under certain condi­

tions (as discussed in Remark 2-4-4) vi) overcomes the drawback of using Shannon capacity 
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in describing conditions for moment observability. 

viii) (2.14) and (2.16) are similar to the condition presented in [14], in which a condition 

for stability of deterministic nonlinear systems in terms of topological entropy rate has been 

found. However, since here we deal with stochastic dynamical systems, the statistical infor­

mation theoretic measures such as Shannon entropy rate have been used. 

2.4.3 Necessary Conditions for Stability of Partially Observed Lin­
ear Gaussian Systems 

In this section, we employ the conclusion of Theorem 2.4.3 to find necessary conditions for 

stability of the following special case of system (2.1) 

j Xt+1 = AXt + NUt + BWt, X0~N(x0,V0), , 0 1 Rx 
\ Yt = CXt + DGt,

 {ZAb) 

in which, Xt G W, Wt G 3?m, Yt G 3ft, Ut G 9ft, and Gt G 3ft1. This result is given in 

the following corollary, in which it presents a new necessary condition for stability of the 

control/communication system of Figure 2.3. 

Corollary 2.4.5 Consider the system (2.18) over a linear time-invariant, single-input and 

single-output AWGN channel (see Figure 2.3). That is, in compact notation, Y(z) = Y(z) + 

W(z), where W(z) is the z- transform of the channel noise {W(t) £ f i ; f G N + } which is 

a Gaussian process noise with mean zero and variance Wc and it is mutually independent 

of {Wt,Gt,X0;t G N + } . Also, assume the controller is stable linear time-invariant (e.g., 

the controller transfer function —Kc(z) has poles inside the unit circle) and the open loop 

transfer function L(z) = P(z)Kc(z), where P(z) = C(zlq - A^N, is strictly proper (i.e., 

P{z) — |^-4, where the degree of polynomial D(z) is greater than the degree of polynomial 

N(z)). 

Then, a necessary condition for stability in r-mean for the observed sequence {Yt\ t G N + } 

(e.g., l i m r ^ A Tj^ E\\Xk%,c <Dv,r> 0) is 

C > Hs(y)-A= J2 log|A,(,4)| + ilog(27re) 
{i;\Xi(A)\>l} 

+ J L T log(F(ejw)F\e-jw) + DD' + L(ejw)L'\e-
jw)Wc)dw - A, (2.19) 

47T J—K 

where F(ejw) = C{eiwIq-A)-1B, L(ejw) = P(ejw)Kc{ejw), and A = loge^-log ( ^ ( ^ J ; ) 

bits per time step. 



40 CHAPTER 2. CONTROL OF DISCRETE TIME SYSTEMS 

P(z> - + Q * - DG{z) 

V(z) 

Plant 

nz) 

Q « - WW 
AWGN 
Channl 

-KM 

Y(z) 

Figure 2.3: Control/commmunication system 

Proof: The proof is original and it is given in Appendix. 

Remark 2.4.6 i) We can view the observed process {Yt; t G N + } as a consequence of passing 

the Gaussian process {Et = Z-1[F(z)W(z) + DG(z) - L(z)W(z)}; t e N + } (Z'^.} denotes 

the inverse z-transform) through a stable linear filter with transfer function S(z) = l+\tz\ • 

Subsequently, from Lemma 6.2.43, it follows that 

Hs{y) = H3(S) + — f log \S(e>")\dw = HS{S) + £ log \\i(A) 
1% J—IT r. . , , , W n 1 

(2.20) 
{i;A;(A)>l} 

where 7i.s(£) is the Shannon conditional entropy rate of the process {Et; t E N + } (Definition 

6.2.11). Subsequently, comparing this result with (2.19), it follows that 

Hs{S) = I log(27re) + ^- T log{F{ejw)F'(e'jw) + DD' + L(ejw)L'(e-
jw)Wc)dw. (2.21) 

Z 47T J —7T 

Thus, the lower bound (2.19) is also given by C > E{i;|A;(A)|>i}l°g IM^)I + ^ s ( £ ) - A. 

ii) Condition (2.19) gives as special case the result derived in [41] in which a digital noiseless 

channel (e.g., C = %), with sufficiently large transmission data rate K is used. This follows 

from the result of Corollary 2.4-5, condition (2.19) by letting r = 2 and setting D = 1 and 

B = 0 in the controlled system (2.18) and Wc = 0 for the channel. Substituting these values 

in (2.19), we have 

71 > -log(2?re) + £ log\Xi(A)\ - -log(27reDfl), (bits/time step). (2.22) 
2 {i;IMA)|>i} 

Clearly, (2.22) is the condition derived in [41] in which a uniform quantizer is used. 
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2.4.4 Design of Communication System for the Controlled System 

One of the main goals of this section is to show that under certain conditions, the necessary 

conditions of Theorem 2.4.3 can be also sufficient conditions. Here, we consider a single 

letter mean square distortion criterion with distortion value Dv (i.e., EpT(YT~1,YT~1) < 

A , PT{yT~l•,yT~1) = T^t==o \\Vt ~ y\\2) f° r reliable data reconstruction of the controlled 

system (2.1) over AWGN channels. We design an encoder of Class B (resp. Class C) and 

decoder of Class B (resp. Class A) to guarantee reliable data reconstruction when the 

capacity (measured in bits per time step) is as minimum as possible for such reliable data 

reconstruction. Moreover, we show a separation principle between the design of the control 

and communication systems. The problem of reliable data reconstruction and stability of 

the partially observed system (2.1) over AWGN channels has not been considered elsewhere. 

So, in this section new encoding/decoding scheme and stability method are proposed for 

stability of the control/communication systems. Please note that in [11], the problem of 

reliable data reconstruction and stability of the fully observed version of system (2.1) has 

been addressed. We start with the case of Yt G 3ft. The general case is treated similarly. 

The case of Yt G 3ft 

Consider the control/communication system of Figure 2.4 which is the system of Figure 

2.1 described by the stochastic control system (2.1) when Yt G 3ft and the encoder and the 

decoder are of Class B, and the communication channel is the following AWGN channel. 

Zt = Zt + Wt, Wt orthogonal ~ N(0, Wc), Zt G 3ft, E\Z\\ < Pt < oo, (2.23) 

where Zt G 3ft is the channel input, Zt G 3ft is the channel output, Wt G 3ft is the channel 

noise and Pt represents the power constraint. In this control/communication system at and 

7t (see Figure 2.4) are non-negative scalars. 

Encoder and Decoder: The encoder consists of a pre-encoder which produces the orthog­

onal Gaussian innovations process {Kt;t G N + } ; Kt = Yt — E\Yt\(r{Kt~1, t/<_1}]= Yt — 

CE[X t |cr{X*-1,^ t-1}]= Yt - CXt (Xt = ElXtlaiK'-1,^-1}]) using feedback channel in­

formation K^1 (Kt = jtZt) and the previous control sequence Ut_1 (see Figure 2.4). 

By the knowledge of the control sequence and the channel outputs at the decoder, Xt can 

be produced at the decoder. That is, at each instance of time t, Xt is known for the de­

coder. Therefore, since at each time instant t, Xt is also known at the encoder, from relation 
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Partially Observed System (2.1) 
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Figure 2.4: Discrete time control/communication system 

Kt = Yt — CXt (or equivalently Yt — Kt + CXt) follows that the problem of reliable data 

reconstruction of Yt is equivalent to the problem of reliable data reconstruction of Kt which 

is easier to work with. Therefore, we design an encoder and a decoder that guarantee mean 

square observability of the innovations process Kt. 

Here, we use the source-channel matching technique [50] which is a well developed tech­

nique in the information theory literature. This technique allows us to design an encoding 

scheme for reliable data reconstruction in the absence of complexity and delay which is es­

sential in the control applications. Source channel matching technique states that when a 

rnemoryless source (i.e., a source producing i.i.d. messages) is probabilistically matched to 

a rnemoryless channel, that is, the source message to reconstruction message behaves like 

the minimizing kernel (of the rate distortion function of the rnemoryless source), then the 

optimal cost-distortion trade-off, is achieved in the absence of complexity and delay. 

Roughly speaking, the source-channel matching technique requires that the stochastic ker­

nel describing message to reconstruction message to be the same as the minimizing ker­

nel of the rate distortion function. As discussed in [50], implementing this technique re-
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suits in a joint source-channel encoding/decoding scheme which is different from common 

used encoding/decoding schemes. Common used encoding/decoding schemes are resulted 

from separation principle, i.e., the strategy of splitting the encoding into two stages, source 

encoder/decoder (e.g., quantizer/de-quantizer) and channel encoder/decoder (e.g., turbo 

codes). As discussed in [50] such strategy results in complexity and delay which are not 

suitable for control applications. 

The encoder and decoder for the mean square observability of the innovations process Kt 

which is an independent process are Zt = atKt and Kt = 7t-Zt-, respectively, where at and 

7t are non-negative scalars to be determined so that the link from Kt to Kt (i.e., the recon­

struction of Kt) is matched to the minimizing kernel. 

Define the mean square state estimator by Xt = £'[Xt|cr{K't_1, W'1}}; then it is given by 

the following recursive Kalman filter 

Xt+1 = AXt + — AUtC'(CUtC' + DD' + ^)~lkt + NUt, X0 = xQ = E[X0], (2.24) 

where the control is of the form Ut = (j,(t, K*-1, f/t_1) (/i(-) will be defined shortly) and Ylt is 

the mean square state estimation error (i.e., IIf = E(Xt — Xt)
2) which satisfies the following 

recursive equation. 

Ut+1=AUtA'-AUtC'(CIltC'+ DD'+ ^)-1CUtA'+ BB' U0 = V0. (2.25) 

Next, consider the independent innovations process Kt = Yt — J5'[yi|cr{^t_1,C/i_1}],i £ 

N + corresponding to the control system (2.1) with Ut = ^{t^K^1, U*-1). At each time 

instant t, Kt is a Gaussian R.V. with mean zero and variance Wt = CTItC' + DD'. That is, 

Kt ~ N(0, ^ i ) . The minimizing stochastic kernel of the rate distortion RT(DV) (Definition 

6.2.22) with single letter mean square distortion measure for a sequence with length T of the 

innovations process when the distortion value Dv satisfies Dv < min i e N + Wj, is given by the 

following. 

P*{dKT-\ kT'1) = Tf[QhKt
dkT~^ & | * ~ N{mh,VtDvUt = 1 - ^ . (2.26) 

Then, the corresponding information rate distortion function is the causal rate distortion 

function and it is given by RT(DV) = \ Y%=Q log | £ , Dv < min t e N + *t-

Next, consider the control/communication system of Figure 2.4. The stochastic kernel de­

scribing KT~1 and KT~X is given by the following. 

P ( d X r - 1 ; F " 1 ) = TX\qKt\KdKT-\ qRt{Kt ~ N{atltkul
2
tWc). (2.27) 
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Subsequently, a matched communication link (i.e., a communication channel equipped with 

an encoder and decoder such that the innovations process-to-reconstruction behaves like the 

rate distortion minimizing stochastic kernel) is obtained if at = A/^D a n ( i It = \[w^ 

(please note that for this at and 7t, q*^ ,R = q^Kt)- The power constraint corresponding to 

this encoding scheme is E[Zf] = a^t = ^jf^^t = Pt < oo. Subsequently, for the distortion 

value Dv < mint€N+ ^t5
 w e have the followings 

i + 3. = -i + u^i = i i ( 1 - %>** 
Wc ^ Dv Dv 

% 

Dv 

l0^l+wJ = l o g l : (2-28) 
Consequently for Zt = Zt + Wt, Zt = atKt, the capacity for T channel uses i.e., CT (see 

Definition 6.2.18) corresponding to T time steps; and subsequently the capacity C (measured 

in bits per time step) are given as follows. 

CT= sup /(Z r-1;Z r-1) = i £ l o g ( l + | f ) 

X—>oo 1 A JJV 

(2.29) 

where R(DV) is the rate distortion function (see Definition 6.2.22) of the innovation process 

and \lZoo = CilooC' + DD' where under the assumption that (C, A) is detectable (Definition 

6.2.40) and (A, (BB')i) is stabilizable ( Definition 6.2.39), then n ^ = lim^ooIlT exists and 

it is given as the solution of the following equation 

IIoo = AU^A'-AU^C'iCU^C'+ DD'+ ^)-1CIi00A'+ BB', 

v~ = 1~CIIJ'\DD'-
 (2'30) 

Furthermore, corresponding to this encoding/decoding scheme, we have an end to end trans­

mission with distortion 

E(Kt - Ktf = E(Kt - VtKt - ltWtf = (1 - Vt)2E[K?\ + -tfE[W*] 

file:///lZoo
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Subsequently, using this encoding scheme for the distortion value Dv < miniSN+ ^t, we have 

mean square reliable data reconstruction of Kt by Kt, that is, E(Kt — Kt)
2 = Dv, Vi G N + 

and thus we have a mean square observability of the innovations process in the form of 

5; YHJQ E(Kt — Kt)
2 = Dv, VT > 1, over the communication channel (2.23), when the ca­

pacity is C = R(DV) bits in each time step. 

Furthermore, from the expression of the pre-encoding scheme it follows that Yt = Kt + CXt 

is the reconstruction of Yt, at the communication end. For this reconstruction, we have 

E(Yt — Yt)
2= E(Kt — Kt)

2 = Dv, V£ G N + ; and subsequently we have mean square observ­

ability of the observations process (i.e., ^ T,J=o E(Yt - Yt)
2 = Dv, VT > 1). 

Separation Principle: Here, we shall show that the proposed encoder/decoder is independent 

of the control sequence UT~l, and hence the encoder and decoder do not need access to the 

control sequence. 

Let Qt,u — ^{K*, U*} and Qt,a = a{Kt'0}, t G N + , where the superscript u denotes 

dependence on the control sequence t/*, K*'0 is the decoder output arising from Kt = 

•ftZt, %t = octKt when Ut = 0, and K® — Yt — CXt is the innovations process when 

Ut = 0. First, note that Ut G ^*"1,u = ©-{Z*-1,^*-1}, and Xt G Q1'1^. Following 

an induction method as in ([23], pages 688, 689), we deduce that, Yt — CXt = K® and 

kt-Eiktig*-1'*} = aat(Yt-CXt) + itWt-0 = K?, and that Q^ = 0*>°,X4 G £''°, t G N + , 

Hence, the encoder, decoder and feedback information provided to the decoder is indepen­

dent of the control Ut. Consequently, the encoder can be of Class C, while the decoder of 

Class A, and thus in Figure 2.4, the link between the output of the controller and the input 

to the encoder/decoder can be removed. Thus, separation holds between the design of the 

communication system (encoder, decoder) and the controller. 

Computation of Shannon Lower Bound: Following the minimizing kernel (2.26), it has been 

shown that the rate distortion function of the innovations process is given by R(DV) = 

Wr. 
(i _ 1 + £if% + £^iWr. 

D2 

^ t + r)tDv 

D2 D 
^ + (1 - ^)DV 

D2 D2 

ZJL + D - —̂ -

(2.31) 
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5 l o g ^ S when the distortion value Dv satisfies Dv < min t eN+ tyt. For the same distor­

tion measure, as above, the Shannon lower bound (i.e., RS{DV), see Lemma 6.2.24) of the 

innovations process is given by 

1 T~1 

R{DV) > RS(DV) = HS(JC) - max Hs(h) = lim - V Hs^K*-1) - max Hs(h) 
h&GD T—>oo ± T^i h£GD 

= - l o g * 0 0 - - l o g ^ , (2.32) 

where Hs()C) is the Shannon entropy rate of the innovations process and max/j£Gj, Hs(h) 

has been described in Lemma 6.2.24. 

Subsequently, for the distortion value Dv < min t€N+ tyt, the Shannon lower bound is equiv­

alent to rate distortion R(DV). 

Control Law: Suppose in addition to the previous assumptions for existence of the rate dis­

tortion function, ((C'C)^, A) is detectable and (A,N) is stabilizable. Then the control law 

which minimizes the following LQG cost functional lim^oo ^£'X^o1( | |^ ' t | |^ 'C + ||!7t||#) 

(H E 3fJoXo > 0) is given by Ut = -AXt, where A = (H + N'P^N)-^1P^A and P^ 

is the unique positive semi-definite solution of the following Algebraic Riccati equation 

Poo = '̂-Poc-4 - A'P^NiH + N,P0ON)~1N'PO0A + C'C (Definition 6.2.45). This shows 

that via the above feedback channel information the sequence HT_1 = (H0,..., Ht,..., HT_x), 

Ht = CXt, is mean-square stable. 

Moreover, from the above construction it is evident that the design of the controller (sta­

bility) is independent of the design of the communication system (reconstruction), hence a 

separation principle holds, and the control is a certainty equivalence control law. 

Remark 2.4.7 i) In this section we used feedback channel and source-channel matching 

technique for reliable data reconstruction and subsequently stability of a controlled dynami­

cal system over a limited capacity communication channel. Using feedback channel we can 

achieve the capacity by implementing a codeword with finite length. Furthermore, using 

source-channel matching technique we can achieve the rate distortion function when the re­

construction is instantaneous (i.e., E{Yt — Yt)
2 — E(Kt — Kt)

2 = Dv, Vt G N+/). 

ii) In this section, for a given single letter mean square distortion criterion with distortion 

value Dv, we have proposed an encoding scheme and a stability scheme for mean square 

reliable data reconstruction and stability by transmitting C = Rs(Dv) bits per time step, 

where C is the capacity and Rs{Dv) is the Shannon lower bound of the innovations process. 

Following the necessary condition (2.16) (applied to the innovations process), the proposed 
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encoding/decoding scheme guarantees reliable data reconstruction of the innovations process 

by transmitting minimum capacity C = Rs(Dv) where the distortion value Dv satisfies 

Dv < i n in t e N + ^ t . From (2.30) and (2.8) follows that for Dv sufficiently small (e.g., Dv 

is mush smaller than d l ^ C ' + DD') we have U^ fa V^; and thus HS()C)= Hs(y), where 

T~(-s(}C) = \ log(27re) + \ logdel^CTIooC + DD') is the Shannon entropy rate of the innova­

tions process and 7is(y) = ^log(27re) + \\og{CVooCf + DD')is the Shannon entropy rate 

of the observations process of the uncontrolled analogous system. Subsequently, the Shan­

non lower bound of these two processes are the same (for Dv sufficiently small); and thus 

following Remark 2.4-4,Hh the rate C = R$(DV) is the minimum capacity for mean square 

reliable data reconstruction of the innovations as well as observations process (when Dv is 

sufficiently small). Therefore, for the partially observed controlled system (2.1) over AWGN 

channels subject to the single letter mean square distortion criterion with distortion value 

Dv (sufficiently small), using the proposed encoding scheme and stability scheme, the mean 

square stability in the form of"limy-^ ^ E^o 1 -E||^t||^>c < D%, Dc
v > D*v, (D*v is the value of 

the cost functional when Ut = — AX t and H is small) is achieved by transmitting minimum 

capacity which reliably reconstructs the observations process. 

Hi) The case of Dv f»0 corresponds to the case where the transmission power Pt and sub­

sequently capacity are unlimited. For the distortion value Dv fa 0, Yt = Yt and thus the 

encoder, channel and decoder in Figure 2.4 can be replaced by a straight line. Subsequently, 

the recursive estimator (2.24) and the proposed certainly equivalent controller are reduced to 

the standard LQG results (Definition 6.2.45) [23]. Thus, our proposed stability scheme and 

encoding scheme extend the standard LQG results to the cases where the observed process Yt 

is transmitted over an AWGN channel subject to the limited transmission power and subse­

quently limited capacity. 

iv) The problem of mean square state estimation over communication channels has been also 

considered in [24], in which the goal is the successful state estimation over a noisy channel 

subject to loss when there are no restriction on the capacity. In this section, one of the 

goals is to have a successful state estimation over noisy channel (2.23) subject to capacity 

constraint. Therefore, in the presence of limited capacity constraint, the design of the mean 

square state estimator must be done based on the Kalman filter (2.24) and (2.25). Regard­

less, of the difference in the problem formulation considered in this chapter (i.e., restriction 

on capacity) and [24] (i.e., no restriction on capacity), the conditions relating the parameters 
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of the communication channel to the dynamical system for successful state estimation, are 

given in terms of the unstable eigenvalues of the open loop system. 

v) The mean square observability scheme and stability scheme proposed in this section can be 

used to address observability and stability questions of the systems described in Section 1.1 

when these systems are described by the partially observed system (2.1) and AWGN channels. 

In these applications, it is assumed that the desired stability criterion (i.e., Dc
v in Remark 

2.4.7, ii) is given. Desired stability criterion determines the acceptable distortion value Dv 

for reconstruction of the observations process Yt (following the relation Dc
v = D*v, where D*v 

is the value of the cost functional when Ut = —AXt and H is small). Subsequently, by im­

plementing the proposed encoding scheme the mean square observability up to the admissible 

distortion value Dv is achieved, while the capacity is as minimum as possible and the stability 

is being guaranteed using the proposed controller. Please note that following our discussion 

in Remark 2.4-7, ii, for a given partially observed system with a given admissible distortion 

value Dv, if we have 7Ys(/C) pa 7is{y) (where Hs(JQ is the Shannon entropy rate of the 

innovations process and Ti-s(y) is the Shannon entropy rate of the observations process of 

the uncontrolled analogous system), then the reliability of the observations process is guar­

anteed, while the capacity is minimum for this reliable reconstruction. Nevertheless, if the 

entropy rate of the innovations process is much bigger than the entropy rate of the observa­

tions process of the uncontrolled analogous system, then reliability of the observations process 

is guaranteed by using (possibly) more capacity than the minimum capacity required for such 

reconstruction. However, for this case the capacity is minimum for reliable reconstruction of 

the innovations process. 

The Case of Yt <E 3^ 

In the previous section, we have proposed an encoding scheme and a control scheme which 

guarantee mean square observability and stability of system (2.1) when Yt G 3ft. In this 

section, we intend to extend these results to the case where Yt E $ld. 

Here, we are concerned with the following AWGN channel 

Zt = Zt + Wt, Wt orthogonal ~ N(0,Wc), 

Zt = [Ztl...Ztd]'eftl E[Zl] < PH < 00, l<i<d (2.33) 

where Wc G $?i*d is diagonal (i.e., Wc = diag{Wi ... Wd)). The encoder is of Class B 

(resp. Class C) and the decoder is of Class B (resp. Class A). The encoder consists of a 
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pre-encoder which produces the innovations process Kt = Yt — CXt G $ld ~ N(0, \Pt), where 

Xt = ElXtlaiK'-1,^-1}] and % = CUtC' + DD' (Ut G ^xd will be denned shortly). 

Then, the encoder pre-processes the innovations process by applying E't (Et G 3tdxd and 

' denotes matrix transpose) and At — diag(.m^x ... , h*^4) to produce Zt = AtE'tKt, 

where diag(...) denotes the diagonal matrix, Dv is the distortion value and it is such that 

^f < minie{1]2 d} \i, Vt G N + , r}u = \ — ^- and Et is the unitary matrix that diagonalizes 

\&t, i.e., tyt — EtEtE't, T,t = diag(Xti ... Xtd)- The power constraint associated with this 

encoding scheme is E[Z^\ = m^iXu = Pa, VI < % < d. On the other hand, the decoder 
d 

multiplies the channel outputs by Bt = diag(J^-^ ... i / ^ -^ r ) and then by Et to produce 

the corresponding reproduced innovation process Kt = EtBtZt. Subsequently, using this 

encoding scheme, it is shown that (for ^ < min^i^,...^} Xti, Vt G N + ) , the capacity for T 

channel uses is given by the following. 

CT = sup / ( Z r - 1 ; Z r - 1 ) 
{P{dZT-^);E\Z^}<Pti^Q<t<T-l, l<i<d} 

i T-l d p i T- l J t y. 

= i £ E l o g ( l + S = ^ E l Q g ^ = MA,), (2.34) 
^ t=o i = i vv% z t=0 — 

where RT{DV) is the rate distortion function of the innovations process KT~X with single 

letter mean square distortion measure. Furthermore, 

E\\Kt-Kt\\
2 = E\\{Id-AtBt)E'tKt-BtWt\\

2 

d D2 d D D 

= Dv, (2.35) 

where Id G $t.dxd is the identity matrix. 

Consequently ±Y££ E\\Kt - Kt\\
2 = Dv, VT > 1, and thus %Y%=o E\\Yt - Yt\\

2 = Dv, 

VT > 1, where Yt = Kt + CXt in which Xt is given by the following recursive Kalman filter 

Xt+1 = AXt + AUtC'(CIitC' + DD' + (EtAt1)Wc(EtAT1)')-1(EtBtAtE't)-
1Kt + NUt, 

(2.36) 

where X0 = x0 and Il t is the mean square state estimation error which can be determined 

from the following recursive equation 

n t + 1 = AUtA'-AUt(f(CUtC' + DD' + {EtAT1)Wc(EtAT1)')-1CUtA' + BB\ 

(2.37) 
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where n 0 = VQ. 

Next, along the same lines of previous part it is shown that separation holds and the Shannon 

lower bound of the innovations process and the observations process of the uncontrolled 

analogous system, are the same (for sufficiently small distortion value Dv). 

Prom Lemma 6.2.24, ii follows that the Shannon lower bound is equivalent to the rate 

distortion as the distortion value Dv tends to zero. Therefore, for sufficiently small Dv under 

assumption that (C,A) is detectable and (A,(BBs)) is stabilizable, we have the following 

result for channel capacity C. 

c = ft w £ ios nsr = \ los T = RM = Rs^ <2-38) 
j-toozi t=Q d Z d 

where R(DV) and Rs(Dv) are the rate distortion and the Shannon lower bound of the inno­

vations process, respectively, Ŝ o is the diagonalized version of *oo = CTIooC + DD (i.e., 

\foo = î ooSooE'oo), and IIoo is the solution of the Algebraic Riccati equation associated with 

the Riccati equation (2.37). 

Furthermore, under the assumption that {(CC)z,A) is detectable and (A,N) is stabi­

lizable, the mean-square stabilizing controller in which it minimizes the cost functional 

lim^oo f E Y,t=o 

(\\Xt\\2
c,c+\\Ut\\

2
H) (H > 0), is given by Ut = ~AXt where A = (H+N'P^N)'1 N'P^A and 

Poo is the unique positive semi-definite solution of the following Algebraic Riccati equation 

Poo = A'P^A - A'PocNiH + N'P00N)-1N'P00A + C'C. 

2.5 Conclusion 

In this chapter, using the information theoretic tools and by invoking the information trans­

mission theorem and the Shannon lower bound, we introduced a set of necessary conditions 

for observability and stability of sequences. The necessary conditions were given in the form 

of a lower bound on the Shannon capacity in terms of the Shannon lower bound. Under 

certain conditions these necessary conditions were also sufficient. Shannon lower bound are 

given in terms of Shannon entropy rate of the inputs to the encoder and an additional term 

which is related to the observability and stability criteria. Subsequently, Shannon lower 

bound depends on the observability and stability criteria; and thus it has been concluded 

that the Shannon capacity is still an adequate measure for describing conditions for moment 

observability and stability. Shannon lower bound appears to be quite nice to use. In Remark 



2.5. CONCLUSION 51 

2.3.3, it has been shown that for linear time-invariant systems, Shannon entropy rate and 

subsequently Shannon lower bound is related to Z){i;|Ai(A)|>i} l°g l-M^)l- Consequently, con­

ditions on channel capacity in terms of Shannon lower bound result in the well known eigen­

value rate condition for linear-time invariant systems (i.e., C > £{i;|Ai(A)|>i} 1°S l^i(-^)l + F'i 

F > 0 ). Moreover, Shannon entropy rate is applicable to time domain (Section 2.3) and 

frequency domain (Section 2.4.3); and subsequently, Shannon lower bound is also applicable 

to time domain and frequency domain. Furthermore, Shannon lower bound can be easily 

computed. In addition, since it is given in terms of the Shannon entropy rate which can be 

calculated for both linear and nonlinear systems, Shannon lower bound can be also used to 

address the observability and stability question of nonlinear dynamical systems. 
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Chapter 3 

Control of Continuous Time Systems 

3.1 Introduction 

Since a discrete time model is more consistent with today's digital communication links, the 

focus on the observability and stability subject to limited capacity constraint has been on 

the observability and/or stability of discrete time systems which are controlled over a dis­

crete time communication channel with finite capacity [l]-[22], [42]. Nevertheless, in some 

applications, analog modulation schemes may be interesting due to simplicity in building 

such schemes. Furthermore, having a complete theory which deals with continuous time 

systems will help us gain additional insight and understanding into building reliable data 

reconstruction and controlling schemes when the subsystems are discrete time. 

In this chapter, we are concerned with the mean square observability and stability of the 

control/communication system of Figure 3.1 described by a linear continuous time system 

driven by Brownian motion (Definition 6.2.5) over a flat fading continuous time AWGN 

channel. The results of this chapter is the continuous version of [11] and [42]. In [11] and 

[42] authors considered the following dynamical system < ^ v * * *' (where 

Xt €W,Ut£ 3ft°, Wt e 3*9, Yt e K9, A e 3^ x q , N e 3^X o , and Wt i.i.d. ~ N(0, EW)) which 

is controlled over the following AWGN channel Zt = Zt + Wt; Wt orthogonal ~ N(0, Wc). In 

[11] and [42] authors have proposed a stabilizing scheme which minimizes a Linear Quadratic 

Gaussian (LQG) cost functional and guarantees the mean square stability, by transmitting 

C — E{i;|Ai(A)|>i}l°g|Ai(^)l where C is the capacity of the AWGN channel and Ai(A)'s are 

the eigenvalues of the system matrix A. 

The main contribution of this chapter is the following. The continuous version of the eigen­

value rate condition (i.e., C > E{i;|Ai(A)|>i} log lAi(^)l [4]-[13]) is derived for continuous time 

53 
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systems which are controlled over continuous time AWGN channels. The obtained condition 

is described by the summation of the real parts of the unstable eigenvalues of the open loop 

time-invariant system (i.e., C > E{i;Re(Ai(A))>o} Re{K{A)), where Re(.) is an operator which 

returns the real parts of the complex numbers). 

The steps taken to obtain above contribution are described below. 

First we consider the problem of stability of the control/communication system of Figure 

3.1 described by a fully observed linear continuous time-invariant noiseless plant which is 

controlled over a continuous time AWGN channel. By implementing Bode integral formu­

lae, a necessary condition for existence of a stabilizing controller is found in terms of the 

summation of the real parts of the unstable eigenvalues of the open loop system. Then, we 

consider a fully observed linear continuous time-varying stochastic Gaussian system driven 

by Brownian motion which is controlled over a flat fading continuous time AWGN channel. 

Here, we assume complete knowledge of the channel throughout the transmission, at the 

transmitter and the receiver ends. That is, the encoder and decoder know the Channel State 

Information (CSI) (i.e., 9{t) £ 3£9), in which at each instant of time t is a vector including 

the information about transmission such as amount of attenuation on the amplitude of the 

received signal, Doppler shift, and phase difference. Under this assumption, we derive opti­

mal encoding and decoding strategies which minimize the mean square decoding error, and 

achieve the channel capacity. We further show that under certain conditions, the proposed 

encoding and decoding strategies yield mean square observability. Furthermore, using this 

encoding scheme and standard LQG results, a mean square stability scheme is proposed for 

time-invariant system. 

Following these constructions, it is concluded that the summation of the real parts of the 

unstable eigenvalues of the open loop time-invariant system is the minimum capacity under 

which there is an encoding scheme for mean square observability of fully observed linear 

time-invariant Gaussian systems driven by Brownian motion, over AWGN channels. Fur­

ther, by transmitting with a rate equal to the summation of the real parts of the unstable 

eigenvalues of the open loop system, a mean square stability is possible. Due to similarity 

between the conditions found for observability and stability and the eigenvalues rate condi­

tion, it is concluded that the summation of the real parts of the unstable eigenvalues of the 

open loop continuous time-invariant systems is the continuous version of the eigenvalue rate 

condition for continuous time-invariant systems. 



3.2. PROBLEM FORMULATION 
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Figure 3.1: Continuous time control/communication system 

This chapter is organized as follows. In Section 3.2, the problem formulation is given. In 

Section 3.3, a necessary condition is presented for stability of the control/communication 

system of Figure 3.1 when it is described by a linear continuous time-invariant noiseless 

plant which is controlled over a continuous time AWGN channel. In Section 3.4, the opti­

mal encoding/decoding scheme that ensures mean square observability is given. Finally, in 

Section 3.5, a stabilizing control scheme is proposed. Long proofs are given in Appendix 

6.1. Since tools from probability theory, information/communication theory, and systems 

and control theory are going to be used throughout this chapter to derive new results, in 

Appendix 6.2, we summarized these results. 

3.2 Problem Formulation 

Consider the block diagram of Figure 3.1. As in any typical communication system, the 

source which corresponds to the controlled plant output is communicated via a flat fad­

ing wireless AWGN channel. Let (Q, T, P) be a complete probability space with a filtration 

{Ft}t>Q (Definition 6.2.3) and time t G [0,T], T > 0. Let x = {x(s) G 3ft«; 0 < s < t < T} de­

note the output of the controlled plant (transmitted signal), u = {u(s) G 5ft°; 0 < s < t < T} 

the control signal, y = {y{s) G 3?; 0 < 5 < t < T} the output of the communication chan­

nel, 9 = {0(s) G SK3; 0 < s < t < T} the channel state information (which is assumed to 

be known throughout transmission), v = {v(s) G 3ft;0 < s < t < T} the channel noise, 
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w = {w(s) <E 5ftm; 0 < s < t < T} the plant process noise, and x = {x(s) £ 3ft«; 0 < s < T} 

the decoder output. Denote the fading process by z — {z(s,6(s)) <E !ft,0 < s < T}. 

The plant noise w, and the channel noise v are independent standard Browning motions 

(Ev2(t) = N0t,Cov(w(t)) = Im-t), which are independent of the initial state x(0). Let 

{Fo,t}t>o, {^o,t}t>o, {Fo,t}t>o, {^a,t)t>Q and {^o>t}i>o denote the complete filtration gener­

ated by Tlt = a{x(s)-0 < s < t}, T*it ^ a{x(s);0 < s < t}, ^ = <x{y(s);0 < s < t}, 

?h = (r{u{t);Q < s < t} and J%t = <r{0(s);O < s < t}, respectively, which are sub-sigma 

fields of {Ft}t>o- Here, T%t, TQU T^^ J^t and T^t are the Borel cr-algebras on the space of 

continuous functions C{[Q,T};W),C{[0,T}; W), C([0,T]; 3?), C ( [ 0 , T ] , ^ ) and C([0,T];K9) 

respectively. 

Next, the blocks of Figure 3.1 are defined as follows. 

Plant. The state of the plant is described by a continuous time, controlled diffusion process 

given by the ltd equation 

dx(t) = A{t)x{t)dt + N(t)u(t)dt + G(t)dw(t), x(0), (3.1) 

where A : [0,T] -»• WXq, N : [0,T] -» ^ X o , and G : [0,T] - • ^ X m and :r(0) is Gaussian 

random variable a;(0) ~ N(x0,V0), which is independent of standard Brownian motion w. 

The control u is also {Toit}t>o adapted (Definition 6.2.4); and A(t), N(t) and G{t) are uni­

formly bounded. 

Encoder. The encoder / is a non-anticipative (i.e., causal) functional of the state of 

the plant a;, the decoder output x, and the channel state information 9. Define F%f' = 

x FttM H,tM H,f T h e set of admissible encoders is defined by ?„* = {/ : [0,T]xC([0,T];^) 

C([0,T];^) x C{[V,T]-W) - 3*;/ is {^ f 0 } t > o adapted; and E[\f(t,x,x,e)\2\^t} < P}. 

For simplicity in notation, sometimes we may denote the encoder by f(t). 

Remark 3.2.1 Please notice that the hard power constraint E\ \f(t, x, x,9)\2 3~o,t\ < P on 

the transmitted signal is the main difference between the problem considered in this chapter 

and the standard LQG results (Definition 6.2.46). The aim of this chapter is to relate this 

power constraint to the parameters of system (3.1) for observability and stability. Through­

out, this relation is given in the form of necessary conditions and sufficient conditions for 

observability and stability, in which these conditions are new. 
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Channel. The communication channel is a flat fading continuous time AWGN wireless 

channel whose output y is defined by the following stochastic differential equation 

dy(t) = z(t, 9{t))f(t, x, x, 9)dt + dv(t), y(0) = 0, 0 < t < T, (3.2) 

where v is the standard Brownian motion with Ev2(t) = N0t. Throughout, we shall as­

sume that (3.2) has a unique strong solution [51], and that JQ E[z(t,9(t))f(t,x,x,9)]2 < oo, 

for finite T. Further, we shall assume that limimV^oo -^ fj E[z2(t,9(t))]dt is finite. If 

limt^0O.E'[2:2(t, #(£))] exists then liminf can be replaced by lim. 

Decoder. The decoder map {y(s),u(s),z(s, 9(s))} —» x(t, y, 9) (= x(t) in compact notation) 

is adapted to {?%£' }t>o, where J^^' = FQ^ \J J^t V Fotf The set of admissible decoders is 

denoted by Vadmi- The decoder plays the role of a state estimator. 

Controller. The controller u is a non-anticipative functional of the output of the decoder 

and the channel state information (e.g., u is {J^'t }t>o adapted). The set of admissible con­

troller is denoted by Uad-

The objective is to design encoder, decoder and controller for mean square observability and 

stability of system (3.1) over communication channel (3.2), defined as follows. 

Definition 3.2.2 (Bounded Asymptotic and Asymptotic Observability in the Mean Square 

Sense). Define £{t) = E[{x{t)-x(t,y,u,9))'(x{t)-x{t,y,u,9))\F%f}. System (3.1), (3.2) is 

bounded asymptotically (resp. asymptotically) observable, in the mean square sense, if there 

exists an encoder f G Tad, and decoder x E Vadmin such that limi_+00£(t) < oo; a.s. (resp. 

lim^oc £(t) = 0, a.s.). 

Definition 3.2.3 (Bounded Stability and Stability in the Mean Square Sense). Define \\XWQ = 

x'Qx, x e 3ft9, Q £ Wxq, Q = Q' > 0. System (3.1), (3.2) is bounded stabilizable (resp. stabi-

lizable) in the mean square sense, if there exists a controller, encoder and decoder, such that 

l i m r _ + o o J / 0
T £ [ | | x ( t ) | | ^ t o d t < c » , a.s.,(resp. l i m ^ ± tf E[\\x(t)\\2

Q Kt\dt = Q> a-8)-

file:////xWq
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Figure 3.2: Control/communication system over AWGN 

3.3 Necessary Condition for Stability 

In this section, we consider the time-invariant noiseless version of system (3.1) in which, 

u(t) £ 9£. That is, the plant is given by 

x(t) = Ax(t) + Nu(t), x{0) e K9, u(t) € *R, x(0) ~ N(x0, V0). (3.3) 

The communication channel is a continuous time AWGN channel (i.e., (3.2) when z = 1). 

That is, the output of the channel is given by 

y(t) = f(t) + n(t), y(0) G », E[\f(t)\2] < P (3.4) 

where n is a Gaussian white noise process with power spectral density Sn(w) = iVo, / i s 

a stochastic process with power spectral density Sf(w) in which it is CF%t adapted (Defini­

tion 6.2.4), subject to instantaneous power constraint and it is such that dy(t) = f(t)dt + 

d/0*n(s)ds has a unique strong solution. Here, it is assumed that (/, n) are independent 

and encoder, decoder and controller are linear time-invariant (see Figure 3.2). Please 

note that the Brownian motion and the white noise are related by v(t) = jQn(s)ds with 

E[v(t)v{s)] = N0mm(t,s). 
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The mutual information between the state of plant x and the channel output y is given by 

Jrfoy)^ ^ ) y [ l o g e ( ^ ^ ) ] (3.5) 

where loge(.) denotes natural logarithm ,Ex<y[.} denotes expectation with respect to sample 

paths x and y, P(dy;x) is the stochastic kernel between sample paths y and x, P{dy) is 

the probability distribution of sample path y, and ffi ^ is Radon-Nikodym derivative. 

Subsequently, the channel capacity is given by [52] 

C= lim sup -IT(x;y) (3.6) 

where X is the set of all possible continuous sample paths x's. 

Let Aj(A)'s denote the eigenvalues of A. We shall show that C > Y,{i-Re(Xi(A))>o} Re(Xi(A)) 

is a necessary condition for the existence of a stabilizing controller. 

In this section, a controller is called stabilizable if the corresponding closed loop sensitivity 

transfer function S(jw) = Nf^l, from n to y, is strictly stable (i.e., all of its poles have 

negative real parts); or alternatively lim^oo E\y(t)\2 < oo or lim^oo i£||a;(£)||2 < oo. 

The main result of this section is given in the following theorem. This theorem presents a 

new result. 

Theorem 3.3.1 Consider the control/communication system (3.3), (3.4) given in Figure 

3.2. A necessary condition for the existence of a stabilizing controller is given by 

C> X) Re(MA)), (3.7) 
{i:Re(\i(A))>0} 

where C is the capacity of the AWGN channel. 

Proof: The proof is original and it is given in Appendix. 

Remark 3.3.2 Condition (3.7) is important in designing the control/communication sys­

tem described by (3.3), (3.4) and linear time-invariant encoder, decoder and controller. In 

particular, if the capacity is less than Yl{i:Re(Xi(A))>o} Re(Xi(A)), there is no stability scheme 

for stability of system (3.3). That is, E{i;Re(Ai(A))>o}-Re(Ai(A)) is a fundamental limit on 

capacity for stability. 
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3.4 Optimal Encoding/Decoding Scheme for Observ­
ability 

In this section, we design an optimal encoder/decoder pair for the time-varying system 

defined by (3.1) and (3.2) (in this section and the next sections, we assume N0 — 1) that 

guarantees the observability condition defined in the sense of Definition 3.2.2. The necessary 

and sufficient condition for the existence of such encoder/decoder pair is given in terms of 

the capacity of the channel and the time varying system matrix A(t). First, we consider the 

scalar case of system (3.1) because it is easier to present the idea developed which is based 

on [51, 53], and then we extend the result to the vector case. 

3.4.1 Optimal Encoding/Decoding Scheme for Observability: The 
Scalar Case 

In this section, we recall the definition of the channel capacity of the flat fading continuous 

time AWGN channel when the channel state information 6 is known to the transmitter and 

the receiver (since the main objective of this chapter is to find the continuous version of 

the eigenvalue rate condition for continuous time systems, for simplicity in analyzing, we 

consider the case with known channel state information which correspond to slow fading 

case). Further, we design an encoding scheme which minimizes the mean square decoding 

error, and achieves the channel capacity. In particular, the mean square error is bounded if 

G(t) is non-zero, and tends to zero asymptotically if G(t) is zero. This can be explained by 

the fact that if G(t) is non-zero, the state equation is driven by Brownian motion which has 

unbounded variation. Finally, we state the necessary and sufficient conditions for bounded 

asymptotic and asymptotic observability in the mean square sense. 

Capacity of Feedback Systems 

The definition of channel capacity for a Gaussian flat fading channel, when CSI is fully 

known is given next. 

Definition 3.4.1 Consider the model given by (3.1) and (3.2) subject to the following in­

stantaneous power constraint, when the fading process z or 6 is completely known to the 
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transmitter, and receiver 

E \f(t,x,x,6)\2^t}<P. (3.8) 

Cj^ sup -IT(x;y\9), Cf^limmfCj, (3.9) 

Then, the finite-time and infinite time channel capacity are defined by 

— sup r ' — ' m ^ — 
(x,f)eXxFad 

where lT{x\y\9) is defined in Theorem 6.2.16. Here, the supremum is taken over all state 

processes x G X which gives strong solutions to (3.1) and over all encoding functions f G Fad 

that satisfy (3.8) (see [51, 52, 54, 55}). 

In Lemma 6.2.20, an upper bound on the mutual information is introduced and subsequently, 
p_ 
2T 

Optimal Encoding and Decoding 

it is shown that C/ = liminfj^oo ^ JQ E[z2(t, 6(t))]dt. 

In this section, we design an encoding/decoding scheme that achieves the channel capac­

ity Cj,Cf. The proposed encoding/decoding scheme is optimal in the sense that among all 

admissible encoding/decoding schemes that satisfy condition (3.8), it minimizes the mean 

square decoding error and at the same time achieves the channel capacity. We then, employ 

the expression for the minimum mean square decoding error to obtain necessary and suf­

ficient conditions for bounded asymptotic and asymptotic observability. In the subsequent 

development, only linear encoders are considered, because along the same lines of ([51], 

Section 16.4), it can be shown that linear encoders achieve the channel capacity and the 

minimum mean square decoding error. 

Definition 3.4.2 (Set of Linear Admissible Encoders). The set of linear admissible en­

coders Cad C Tad, is the set of linear non-anticipative functionals f(t, x, x, 9) which have the 

following form 

f{t, x, x, 9) = f0(t, x, 9) + h(t, x,9)x(t), (3.10) 

Using linear encoders, the received signal y is given by 

dy(t) = z(t,9(t))[f0(t,x,9) + f1(t,x,9)x(t)]dt + dv(t): y(0) = 0. (3.11) 

Decoding. Since the desired observability criterion is the minimum mean square decoding 

error and because the decoded signal x is a function of the received signal y and the channel 



62 CHAPTER 3. CONTROL OF CONTINUOUS TIME SYSTEMS 

state 9, the optimal decoder minimizing the mean square decoding error is the conditional 

expectation given by 

x(t,y,u,9) = E[x{t)\j^fl n?* = FltV?ZMH,r (3-12) 

The conditional error variance for the decoder defined by (3.12) is 

V(t, y, 9) = E[(x(t) - x(t, y, u, 9)f \ftf]. (3.13) 

Moreover, following Definition 6.2.46 the decoder x(t, y, u, 9) and the corresponding condi­

tional error variance V(t, y, 9) satisfy the following Generalized Kalman Filtering equations. 

dx(t, y, u, 9) = A(t)x(t, y, u, 9)dt + N(t)u(t)dt + z(t, 6(t))V(t,y, 6>)/i (t, x, 9) 

\dy(t)-z(t,9(t))(f0(t,x,9) + h(t,x,9)x(t,y,u,9))dt}, 

(3.14) 

V(t, y, 9) = 2A{t)V(t, y, 9) - z2(t, 0{t))ft(t, x, 9)V2(t, y, 9) + G2(t), (3.15) 

with initial conditions x(0) = Xo, and V (̂0) = VQ. 

Encoding. From the point of view of the coding theorem, an encoder is efficient if it operates 

near the channel capacity, while ensuring a decoding error that tends to zero exponentially 

fast. In our case, the choice of an efficient linear encoder of the form (3.10), described by the 

pair (/o, / i ) is directly related to the expression for the conditional error variance (3.15). By 

choosing (/o, /i) appropriately, the conditional error variance is minimized, and the channel 

capacity Cf is achieved. 

The optimal encoder and decoder as well as the corresponding conditional error variance 

are given in Theorem 6.2.21. The methodology is similar to one found in ([51], section 16.4), 

except that the channel state information 9 has to be taken into account here, by working 

with the conditional mutual information instead of the unconditional. Figure 3.3 illustrates 

the optimal encoder and decoder. 

From (6.109) (see Appendix), it follows that by employing the proposed optimal encod­

ing/decoding scheme of Theorem 6.2.21, the mean square estimation error V*(t, y,9) is 

independent of a control signal. Hence, under certain conditions, the decoding error can 

be made arbitrary small, regardless of the control signals. This suggests that the encoder 
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x(t) 

v(t) 
x (t,y,u,0) 

V (t,y,0) 
z{t,9{t)) Decoder 

y(t)\ 

Figure 3.3: Optimal encoder and decoder 

and decoder, can be designed independently of the controller. In other words, a separation 

principle holds between the control, and the communication part of the design. 

Next, following the results of Theorem 6.2.21, we have the following necessary and sufficient 

conditions for mean square observability. These conditions are new. 

Theorem 3.4.3 i) When G(t) ^ 0, a sufficient condition for bounded asymptotic observ­

ability in the form o / l i m s u p ^ ^ ^ t ) < oo is 

inf (Pz2(t,d(t))-2[A(t)}+)>0, a.a., 
te[o,oo) 

(3.16) 

where [a}+ = a if a > 0 and [a]+ = 0 otherwise. 

ii) When G(t) = 0, (3.16) is a sufficient condition for asymptotic observability in the mean 

square sense (i.e., l im^oo^i ) = 0). 

Hi) For the time-invariant case of (3.1) when G / 0 and z = I, a sufficient condition for 

bounded asymptotic observability (i.e., limt_(00£(t) < oo,) is given by 

C = Cf = ^>[A}+. 

Moreover, a necessary condition for such observability is given by 

C = Cf> [A}+. 

(3.17) 

(3.18) 

Furthermore, (3.17) and (3.18) are also sufficient and necessary condition (ifV0 ^ 0,) for 

asymptotic observability (i.e., lim^oo £(t) = 0), respectively, for the case of G = 0. 

Proof: The proof is original and it is given in Appendix. 
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Remark 3.4.4 i) When G(t) = 0, l i m s u p ^ ^ \ /„ A(s)ds is bounded, and the channel is 

the continuous time AWGN channel (i.e., z = I), for which the channel capacity is C = ^, 

it is easily shown that another sufficient condition for asymptotic observability is 

P 1 /•* 
C = — > limsup - / A{s)ds. (3.19) 

2 £->oo t JO 

Moreover, a necessary condition for asymptotic observability is 

1 /"* 
C > Hminf- / A(s)ds. (3.20) 

ii) Theorem 3.4-3 (or Remark 3.4-4, i) together with Theorem 6.2.21 provide conditions on 

the transmission power P under which using the coding scheme of Theorem 6.2.21, the source 

(3.1) over the communication channel (3.2) is reliably reconstructed in the mean square sense. 

In particular, for time-invariant analogous plant over AWGN channels, P = 2[A}+ is the 

minimum transmission power to be allocated for reliable mean square reconstruction. 

3.4.2 Optimal Encoding/Decoding Scheme for Observability: The 
Vector Case 

In this section, we extend the previous results to the vector case. Here, we assume A(t) 

is time-invariant (i.e., A(t) = A) and there exists a similarity transformation S such that 

SAS*1 = A = diag{\\{A) ... \q(A)) (e.g., A has linearly independent eigenvectors), where 

diag(...) denotes diagonal matrix and Ai(A)'s are eigenvalues of A. It is also assumed that 

Aj(v4)'s are real numbers (e.g., A is a symmetric matrix). We apply this similarity transfor­

mation 7(£) = Sx(t) to transform system (3.1) into the following system 

drf(t) = Af{t)dt + SN{t)u{t)dt + SG(t)dw(t), 7(0) = Sx0, (3.21) 

where A = ( _s . ], in which As block corresponds to the stable subspace and Aus block 

corresponds to unstable subspace. From previous part, we noticed that the stable eigenvalues 

do not contribute to capacity requirement for observability. Thus, without loss of generality 

we can restrict our attention to A matrices which contains only unstable eigenvalues (e.g., 

A is positive semi-definite). Similar idea, as above, for discrete time systems is used in [9]. 

In order to extend the previous result, the following extra assumptions are introduced re­

garding system (3.21). 

Assumptions 3.4.5 SG(t)G'(t)S' and SVQS' are diagonal matrices. 
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Remark 3.4.6 Notice that Assumptions 3.4-5 are satisfied if G(t)G'(t) = Iq (e.g., G is 

orthogonal), A is a symmetric system matrix (note that for A symmetric, S' — S'1), and 

the initial condition x(0) has a corresponding covariance matrix of the form VQ = a.Iq, a > 0. 

Under Assumptions 3.4.5, it can be shown that the optimal mean square decoding error 

obtained by transmitting ^(t) is diagonal since under these assumptions the uncontrolled 

version of the system (3.21) decomposed into q stochastically decoupled subsystems (please 

note that, as it was shown for the scalar case, the mean square decoding error is going to be 

independent of the control signal). 

Please notice that ^(t)'Q/y{t)= x'(t)S'QSx(t). Thus, stability of ^(t) is equivalent to the 

stability of x(t) and vice versa. Further, observability of 7(£) is equivalent to observability 

of x(t), particularly for A symmetric. Therefore, without loss of generality, we can consider 

the transformed system (3.21) instead of system (3.1) in our analysis. 

By replacing 7(£) with x(t), the results obtained in Section 3.4.1 for the channel capacity 

do not change, and therefore the capacity of the flat fading AWGN channel is given by 

Cf = liminfr^oo £ J? E0[z2(t,d(t))]dt. 

Next, by defining fi(t,7,9) = [fn(t,7,9) ... fqq(t,7,9)], the set of admissible linear encoders 

will be similar to (3.10). Subsequently, the received signal is 

dy(t) = z(t,e(t))[f0(t,7,0) + h(t,7,0ft{t)]dt + dv(t), y(0) = 0, (3.22) 

and the optimal mean square decoder is 

ftt,y,ut0) = E[>y{t)\7%?% (3.23) 

with the following error covariance 

V(t,y,6) = E[^(t)-^y,u,d))^(t)-^t,y,u,9))'\j^f}. (3.24) 

Moreover, following Definition 6.2.46, the decoder y(t,y,u,9) and the corresponding error 

covariance V(t, y, 9) satisfy the following Generalized Kalman Filter equation. 

dj(t, y, u, 9) = A7(*, y, u, 8)dt + SN(t)u{t)dt + V(t, y, 8)/^ 7,9)z{t, 9(t)) 

.[dy(t)-z(t,9(t))(f0(t^,8) + f1(t,7,9m,y,u,9))dt}, 

(3.25) 
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V(t, y, 9) = 2AV(t, y, 9) - z2(t, 9(t))V(t, y, 9)f[(t, 7, 0)/i(t, 7,0)V(t, y, 9) 

+SG(t)G'(t)S\ (3.26) 

where 7(0) = Sx0, and V(0) = SV0S'. 

Applying Assumptions 3.4.5, V(t,y,d) is diagonal (e.g., V(t,y,9) = diag(Vn(t,y,9) ... 

Vqq(t,y,9)), and the «th diagonal element of (3.26), is given by 

Vu(t,V,0) = 2Xi(A)Vu(t,y,0) - z2(t,9(t))V£(t,y,9)fUt,l,9) + [SG(t)C?(t)&]u, (3.27) 

where [SG(t)G'(t)S']u is the i-th diagonal element of SG(t)G(t)'S'. Consequently, following 

the same methodology used to prove Theorem 6.2.21, we have the following theorem. 

Theorem 3.4.7 Suppose Assumptions 3.4-5 hold, the received signal is defined by (3.22) 

and the source by (3.21). Then the encoder, which achieves the channel capacity Cj = 

^ JQ E[z2(t, 9(t))]dt, the optimal decoder and the corresponding error covariance are respec­

tively given by 

f*(t,1,r,9) = mt,Y,9) + i:f;i(t1T,9hi(t), 

mn*,9) = -J2f;i(t,r,9n:(t,y,u,9), 

df (t,y,u,6) = A7* (t, y, u, 9)dt + SN(t)u{t)dt 

+z{t,d)yaiPV&(t,y,6) ... ^aqPV*q{t,yMdy{t), 

(3.28) 

VZ(t,y,9) = [SyoS']..e(2f^i(A)ds-f*aizHs,e(s))Pds) 

+ A5(s)G(s)G' ' ( s ) ( S
, , (s ) ] i i e

( 2 / s
t A i ( ^ u -^^ 2 M ( u ) ) P ^ ) ds , 

Jo 

(3.29) 

where 7*(£,y,it,9) is the i-th element of ^*(t,y,u,9) and 0 < c^ < 1, Yli=i<Xi = 1-

Next, we have the following theorem that extends Theorem 3.4.3 to the vector case. 
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Theorem 3.4.8 Suppose Assumptions 3.4-5 hold. 

i) If there exists a set of {ca}q
i=1 such that 0 < a* < I, E L i a. = 1 « which 

inf (aiPz2(t,9(t))-2[Re(\i(A))]+)>0, \/i = 1,2, ...,q, (3.30) 

te[o,oo) 

where Re(.) is an operator which returns the real parts of complex numbers and \i{A) 's are the 

eigenvalues, then we have bounded asymptotic observability in the form o / l imsup^^ E[('j(t)— 

7(*)) (7(*) ~~ 7(*)) ^o',t ] < °° for the case of G(t) ^ 0; and asymptotic observability in the 

mean square sense (i.e., l i m ^ ^ £[(7(i)-7(£))'(7(£)-7(£)) FQ$] = 0) for the case ofG(t)=0. 

ii) For the time-invariant case of (3.21) when G / 0 and z = 1, a sufficient condition for 

bounded asymptotic observability (i.e., lim.t_tooE[('y(t) — 7(£))'(7(£) — l(t)) Fftf] < ooj is 

given by 

C = Cf = ^> J2 Re(Xi(A)). (3.31) 
Z {i;Re(Xi(A))>0} 

Moreover, a necessary condition for such observability is given by 

C = Cf = ^> £ ReiHA)). (3.32) 
{i;Re(\i(A))>Q} 

Furthermore, the above conditions are also sufficient and necessary conditions for asymptotic 

observability (i.e., lim^ooE[(^y(t) — l(t))'(i(t) — 7(t)) J^'t ] = 0), respectively, for G = 0. 

Proof: The proof is original and it is given in Appendix. 

3.5 Optimal Controller 

In this section, we propose a state feedback controller that minimizes a quadratic pay­

off for stability of the time-invariant version of system (3.1) (e.g., A(t) = A, N(i) = N 

and G(t) = G). The stability problem considered in this section has not been considered 

elsewhere; and thus this section presents a new stability scheme for stability of the con­

trol/communication systems. Here, similar to the previous section, we assume there exists 

a similarity transformation S such that SAS~l = A in which we can consider the time-

invariant version of the transformed system (3.21) instead of system (3.1) in our analysis. 

Since it is assumed that the channel state information is known, the average pay-off is de­

fined for a fixed channel sample path. That is, for a fixed channel sample path 9, the state 

feedback controller is chosen to minimize the following quadratic pay-off 

JT = ±E{ Fh'iW^t) + u'(t)Ru(t)]dt}, (3.33) 
1 Jo 
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where Q > 0 and R > 0 are symmetric weighting matrices. Moreover, we also consider the 

infinite-horizon J = lim supT_^oo JT. For the infinite-horizon we assume the controllability 

rank condition (Definition 6.2.37) Rank(Co) = q, Co = [N AN ... A^N}. The time-

invariant version of system (3.21) over the communication channel (3.22) subject to the 

linear encoder, can be viewed as the following partially observed controlled system at the 

communication end. 

' d7(t) = A7(£)cft + SNu(t)dt + SGdw{t) 7(0) = Sx0 

(3.34) 
k dy{t) - z{t,9(t))f0(t,i,e)dt = *M(*))/i(*,7,0h(*)<ft + dv(t), j/(0) = 0, 

Next, according to the classical separation theorem of estimation and control (Definition 

6.2.46), the optimal controller that minimizes (3.33) subject to a flat fading AWGN commu­

nication channel and the linear encoder /(£, 7,7,9) = fo(t, 7,9) + fi(t, 7,0)7(£), is separated 

into a state estimator and a certainty equivalent controller given by 

u*(t) = ~K(t)^(t,y,u,9), K(t) = R-1N'P(t), (3.35) 

where j(t, y, % 9) is the solution of (3.25) with the corresponding observer Riccati equation 

(3.26) and P(t) is the solution of the following regulator Riccati equation 

-P(t) = Q-P(t)SNR-1N'S'P{t) + 2AP(t), P(T) = 0. (3.36) 

For a fixed sample path of the channel 9, it follows that if the observer and regulator Riccati 

equations have steady state solution V = limt_00 V(t, y, 9) (V(t, y, 9) is the solution of the 

observer Riccati equation (3.26))and P = lim i^0OP(i), respectively, the averaged criterion 

J = lim sup -E{ f [7' (t)Cft(t) + u*' (t)Ru* {t)]dt} (3.37) 

can be expressed in the alternative form 

J = lim ^E{ fTh'(t)Qi(t) + u*'(t)Ru*{t)]dt} = trac[PSGG's' + VK'RR], (3.38) 
T-»oo J Jo 

where K = R^N'P. From Lemma 6.2.47 follows that the regulator Riccati equation (3.36) 

has the steady state solution P as t —»• 00, if the rank condition holds. Moreover, under 

Assumptions 3.4.5, from Theorem 3.4.8 follows that the observer Riccati equation (3.26) 

has the steady-state solution, V = ]imt^ooV(t,y,9) a.s., if the optimal encoding/decoding 

scheme of Theorem 3.4.7 is used, condition (3.30) holds and G = 0; or G ^ 0, but z = 1. 
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Under these assumptions when (7 = 0, then V = 0, a.s.; and when G ^ 0 but z = 1, then 

V' = ^ a g ^ p f ^ f c ) ... j p-2A (I))- Next, for a time-invariant version of system (3.21), we 

have the following proposition for stability defined in the sense of Definition 3.2.3. This 

proposition contains new results. 

Proposition 3.5.1 Consider the time-invariant version of system (3.21) and assume the 

rank condition holds. 

Then, for a fixed sample path of the channel, we have the followings (a.s.). 

i) Assuming G / 0 and V(t,y,9) —• V as t —> oo; by using the optimal policy (3.35), 

h m T _ i / 0
T £ | | 7 ( i ) | | ^ < o o . 

ii) Assuming G = 0 and V(t,y,6) —> 0 as t —> oo, by using the optimal policy (3.35), 

l i m T _ i / 0
T £ | | 7 ( t ) | | ^ = 0. 

Proof: The proof is original and it is given in Appendix. 

Next, from Theorem 3.4.8 and Proposition 3.5.1, we have the following theorem for bounded 

stability and stability in the mean square sense. This theorem contains new results. 

Theorem 3.5.2 Consider the time-invariant version of the system (3.21). Assume the rank 

condition and Assumptions 3.4-5 hold and the sample path of the channel is completely 

known. 

Then 

i) For the case of G ^ 0 and z = 1, a sufficient condition for bounded stability in the mean 

square sense is given by 

C = j > £ Re(\(A)), (3.39) 
{i;Re(Xi(A))>0} 

where C is the capacity, Re(.) is an operator which returns the real parts of complex numbers 

and \i(A) 's are the eigenvalues of the system matrix A. ii) For the case ofG = 0 and z — \, 

(3.39) is also a sufficient condition for stability in the mean square sense. 

Hi) For the case of G = 0 and in the presence of fading (i.e., z ^ I), (3.30) is a sufficient 

condition for stability in the mean square sense. 

Proof: i) Suppose the condition (3.39) is satisfied. Then, by using the optimal encod­

ing/decoding scheme of Theorem 3.4.7, V(t,y,9) —> V. Consequently, from Proposition 
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3.5.1, it follows that by using the optimal control policy (3.35), and the optimal encod­

ing/decoding scheme of Theorem 3.4.7, the stability condition is guaranteed, 

ii) It is shown along the same lines of i. 

iii) It is shown along the same lines of i. 

Remark 3.5.3 i) First, we note that the above conditions are new. 

ii) Theorem 3.5.2 provides condition on the transmission power under which using the en­

coding scheme of Theorem 3.4-7 and certainly equivalent controller (3.35), the plant is mean 

square stabilizable, while the reliable mean square reconstruction is also guaranteed. In partic­

ular for time-invariant analogous plant over AWGN channels, P = 2 S{i;fle(Ai(A))>o} Re(Xi(A)) 

is the minimum transmission power to be allocated to have reliable mean square reconstruc­

tion, in which the mean square stability is also achieved using the encoding scheme of Theorem 

3.4-7 and certainly equivalent controller (3.35). 

iii) The case of P = oo corresponds to the case of unlimited capacity. In this case from 

(3.29) follows that ^(t) = ^(t) (i.e., x(t) = x(t)) and subsequently, encoder, channel and 

decoder in Figure 3.1 can be replaced by a straight line; and thus the proposed stability 

scheme is reduced to the standard results (Definition 6.2.46). That is, our proposed stability 

and encoding schemes extend the standard results to the cases where the observed process is 

transmitted over an AWGN channel subject to limited transmission power and subsequently 

limited capacity. 

3.6 Conclusion 

In this chapter, we first found a necessary condition for bounded stability in the mean square 

sense for a fully observed linear continuous time-invariant noiseless plant over continuous 

time AWGN communication channels when the subsystems are linear and time-invariant. 

Then, for the fully observed linear continuous time-varying systems driven by Brownian 

motion over flat fading continuous time AWGN channels, the optimal encoding scheme was 

constructed for bounded asymptotic and asymptotic observability in the mean square sense. 

From this construction, necessary and sufficient conditions for bounded asymptotic and 

asymptotic observability in the mean square sense were derived. Following this construction, 

we also proposed a mean square stabilizing control scheme which stabilizes the fully observed 

linear continuous time-invariant systems subject to Brownian motion. From the obtained 

conditions, it is concluded that a lower bound on the capacity in terms of the summation 
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of the real parts of the unstable eigenvalues of the open loop time-invariant system, is the 

continuous version of the eigenvalue rate condition. 
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Chapter 4 

Uniform Observability and Robust 
Control 

4.1 Introduction 

This chapter is concerned with uniform reliable data reconstruction (i.e., uniform observabil­

ity) and robust stability of discrete time uncertain dynamical systems which are controlled 

over discrete time channels subject to limited capacity constraint (see Figure 4.1). The 

uncertainty in the dynamical system is described by a relative entropy constraint. As it 

will be shown, such uncertainty description is a natural generalization of the sum quadratic 

uncertainty description [57], [58]. The methodology used to address uniform reliable data 

reconstruction and robust stability is information theoretic and it invokes a robust version 

of the Shannon lower bound. 

The problem of uniform observability and/or robust stability of fully observed uncertain 

dynamical systems subject to bounded uncertainty have been considered in [4], [9], [10] and 

[16]. In particular, the cited references are concerned with the following dynamical system 

i Xt+X = ^Xt + NUt + Zu where Xt, Zt, Yt € W, Ut € &° and Zt is the disturbance such 
[ Yt — -At, 

that \\Zt\\ < d almost surely. This chapter complements the already existing results in the 

literature by considering the uncertainty in the dynamical system described by a relative 

entropy constraint in which this description is a natural generalization of the sum quadratic 

uncertainty description. Sum quadratic uncertainty description is more suitable description 

for modeling uncertain dynamical systems than bounded uncertainty description considered 

in [4], [9], [10], [16]. We study the observability and stability problem of the following 

73 
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Figure 4.1: Control/communication system described by an uncertain plant 

uncertain dynamical system 

Xt+i = AXt + NUt + BWt + BWt, 
Yt = Xu 

(4.1) 

where Xt,Yt G ^ , ^ 6 SR°, Wt,Wt e$lm, Ae Wx<1, N G 3^X o , B G WXm, Wt orthogonal 

~ iV(0, Y,\y), ^w > 0, and Wt is the perturbed noise process such that it satisfies the follow­

ing sum quadratic constraint ^ YJ[SQ ElW^^Wt] < Rc + ^ YJ[SQ E[YfMYt], where Rc is 

a non-negative scalar, M = M' G 3ftq,Xq > 0 and T can be arbitrary large. 

The problem of reliable data reconstruction and stability of uncertain system (4.1) over 

limited capacity communication channels has not been considered elsewhere; and thus this 

chapter contains original results. 

In this chapter first the robust entropy defined as a maximization of the Shannon entropy 

over the class of sources is considered. When the class of sources is described by a rela­

tive entropy constraint, the explicit solution to the maximization problem is found and the 

connection between this solution and Renyi and TsaTlis entropies is established. Then, by 

developing and invoking a robust version of the information transmission theorem and the 

Shannon lower bound, necessary conditions for uniform observability and robust stability of 

the control/communication system of Figure 4.1 are derived. These conditions are given in 

the form of a lower bound on the capacity in terms of the robust entropy rate. 
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Throughout by calculating the robust entropy rate, the obtained necessary conditions are 

applied to specific uncertain plants described by a relative entropy constraint. Furthermore 

for the uncertain system (4.1), a relation between the robust entropy rate with the solution 

of the Algebraic Riccati equation appearing in the #°° estimation and control problem, is 

established. In addition, a description of a class of sources using power spectral density 

functions is briefly discussed and the robust entropy rate is calculated for a class of sources 

with the corresponding Gaussian nominal distribution. Subsequently, necessary conditions 

for uniform observability and robust stability of such system are also given. 

In addition, the robust stability of the fully observed control uncertain Gauss Markov system 

(4.1) over AWGN channels, is addressed; and subsequently, it is concluded that the necessary 

condition for uniform observability is also a sufficient condition. 

This chapter is organized as follows. In Section 4.2, the problem formulation is given. 

Then, in Section 4.3, the definition of robust entropy is recalled; and the explicit solution 

to the robust entropy when the class of sources is described by a relative entropy uncer­

tainty constraint, is found. Then, specific examples are worked out. In Section 4.4, the 

robust information transmission theorem and the robust Shannon lower bound are devel­

oped. Subsequently, the necessary conditions for uniform observability and robust stability 

of the control/communication system of Figure 4.1 are presented. Furthermore, stability 

problem of system (4.1) over AWGN channels is addressed. Long proofs are given in Appen­

dix 6.1. Similar to previous chapters, in Appendix 6.2 we summarized the known concepts, 

measures, and results from different fields that we are going to use them throughout this 

chapter, to derive new results. 

4.2 Problem Formulation 

In this chapter, we are concerned with the control/communication system of Figure 4.1. The 

description of signals and spaces associated with Figure 4.1 are similar to Figure 2.1 (see Sec­

tion 2.2). Throughout, log(.) and loge(.) denote logarithm of base 2 and natural logarithm, 

respectively, and Mi{$lTd) is the set of all finitely additive probability measures on Borel 

measurable space ($lTd,B($lTd)), where the sequence of R.V.'s Y7'1 = (y0,Yi,...,Yr_i) is 

defined on this space. 

The different blocks of Figure 4.1 are described below. 
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Information Source. The information source is the output of the controlled dynamical sys­

tem with input Ut and output Yt. Throughout this chapter it is assumed that the controlled 

dynamical system is subject to certain unknown terms (known as perturbed terms) which 

are unknown but they belong to certain known classes. Different values for the perturbed 

terms correspond to different controlled dynamical systems. Throughout this chapter we are 

particularly interested to those uncertain controlled dynamical systems which are described 

by the following relative entropy constraint. 

/ y r - i G Vsuigyr-i) = {/yr-i; ^ ( / y r - i \\gyr-i) <RC + EfyT_,[^- £ Y'tMYt}} (4.2) 

where /yr- i is the joint density function of the observations process YT~1 associated with 

the controlled dynamical system subject to the perturbed terms, gyr-i is the joint density 

function of the observations process of the controlled dynamical system in the absence of 

perturbed terms (i.e., nominal density), H(.\\.) is the relative entropy (Definition 6.2.27), Rc 

is a non-negative scalar and M = M' G $i.dxd is a positive semi-definite matrix, and Ef T_1 [.] 

is the expectation with respect to the joint density function /y r - i . 

Thus, the relative entropy H(fYT-i\\gYT-i) can be thought of as a measure of the difference 

between the controlled dynamical system subject to the perturbed terms; and the controlled 

dynamical system in the absence of the perturbed terms (i.e., nominal system). Therefore, 

this relative entropy constraint sets a restriction on the class where the perturbed terms 

belong to. Particularly, this relative entropy constraint does not set any constraints on 

the control sequence and subsequently encoder, decoder, and controller. Please note that 

the most restrictive case on the relative entropy constraint (4.2) occurs when Rc = 0 and 

M = 0. But, this case implies /yr-i = flyr-i which corresponds to the case where the 

perturbed terms belong to the empty set. That is, more restriction on the relative entropy 

constraint puts more restriction only on the class where the perturbed terms belong to. 

One example of controlled dynamical systems subject to the perturbed terms (i.e., uncertain 

dynamical systems) that can be described by the relative entropy constraint (4.2) is the 

following family of fully observed Gauss Markov systems. 

(a m), P-. {***) = { \ : ft;
+m +

H™£ m" x°= x' («) 
where Xt G 3**, Ut G 3*°, Wt G &"\ Wt G » " \ X0 ~ N(x0,V0), Yt, Ht G W, Wt is i.i.d. 

~ N(0,Ew), ^w > 0, Wt is the perturbed noise random process which is {a{Wi};l = 

file:////gyr-i
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1,2,..., t — 1} adapted (Definition 6.2.4) (<x{.} denotes the cr-algebra) and Ht is the signal to 

be controlled. 

The nominal system associated with the above uncertain system, is the following fully ob­

served system. 

(fi, :F(fi), H; {Tt}t>o) : j *<£ I # f + ^ X ^ ^ = ^ ^ 

In [59], it is shown that for the uncertain system (4.3) with the nominal system (4.4), 

we have # ( / y r - i | | # r T- i ) = ±EP[zJJ W^Wt], where PidY^1) = fYT^dYT~l and 

U(dYT~1) = gyr-idY71-1. That is, the relative entropy constraint (4.2) holds for the un­

certain system (4.3) with the nominal system (4.4), provided the following sum quadratic 

constraint holds. 

{{Wt}JJ;EP[^- E(WWWi)] < Rc + EP[±j:(Y;MYt)}}, (4.5) 
Z J £=0 Z1 t=0 

where Rc is a non-negative scalar and M = M' G K9*9 > 0. 

Remark 4.2.1 J4S ^ is clear from above examples, our motivations for introducing the rel­

ative entropy uncertainty description (4-2) is that it provides a natural stochastic generaliza­

tion of the sum quadratic constraint uncertainty description. Such uncertainty description 

has been considered in [57], [58], [59]; and for continuous time systems (in the form of in­

tegral quadratic constraint uncertainty description) has been considered in [60]-[62]. Sum 

quadratic uncertainty description is an appropriate description for modeling uncertain dy­

namical systems. 

Communication Channel: The communication channel at time t G N + is modeled by a 

feedback channel with memory via a sequence of stochastic kernels {P(dZt; zf, 5 t_1); t G N + } , 

t G N+ = {0,1,2,...}, where Zl = zf is the specific realization of the channel input, and 

Zl~x = z*-1, is the specific realization of the previous channel outputs. 

Encoder: We define and discuss the following types of encoders. 

Class A) The encoder at any time t G N + is modeled by a stochastic kernel P(dZt; y*, u1'1,2i_1). 

Class B) The encoder at any time t G N + is modeled by a stochastic kernel P{dZt\ y*, it*-1). 

Class C) The encoder at any time t G N + is modeled by a stochastic kernel P(dZt;y
t,zt~1). 
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Decoder: We define and discuss the following types of decoders. 

Class A) The decoder at any time t G N + is modeled by a stochastic kernel P(dYt; z
l). 

Class B) The decoder at any time t G N + is modeled by a stochastic kernel P(dYt; z*, w*-1). 

Controller: The controller at any time t G N + is modeled by a stochastic kernel P(dUt; z
f, it*-1). 

Please note that the above descriptions for channel, encoder, decoder and controller are 

similar to the descriptions presented in [9] and [11]. 
In this chapter, we are concerned with the following observability and stability criterion. 

Definition 4.2.2 (Uniform Observability in Probability and r- Mean). Consider the general 

control/communication system of Figure 4-1 described by an uncertain plant, 

i) For a given 5 > 0 and Dv G [0,1), the uncertain plant is called (6, Dv)- uniform observable 

in probability if there exist an encoder and decoder such that 

lim sup ± £ P r ( | | y t - y « | | > * ) < ! > , , (4.6) 

where M^u is the set of all admissible probability measure associated with the observations 

process YT~X of the uncertain plant. 

ii) For a given r > 0 and a finite Dv > 0, the uncertain plant is called (r, Dv)-uniform observ­

able if there exist an encoder and a decoder such that limr_>00 sii'Pp(dYT-1)eMT T ^t=o ^p 

\\Yt-Yt\Y<Dv. 

Definition 4.2.3 (Robust Stability in Probability and r- Mean). Consider the general con­

trol/communication system of Figure J^.l described by an uncertain plant, in which Yt = 

Ht + Tt where Ht is the signal to be controlled and Tt represents the effects of measurement 

noise and the perturbed terms. 

i) For a given 5 > 0 and Dv G [0,1), the uncertain plant is called (5, Dv)- robust stabilizable 

in probability if there exist a controller, an encoder, and decoder such that 

lim sup ±jrPi(\\Ht\\>6)<Dv. (4.7) 

ii) For a given r > 0 and finite Dv > 0, the uncertain plant is called (r, Dv)- robust stabilizable 

if there exist a controller, encoder and a decoder such that limr^oo S U P P ^ Y ^ - I ^ A ^ T ^t=o 

EP\\Ht\Y <DV. 
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Figure 4.2: Control/communication system described by the fully observed uncertainty plant 

The above definitions for observability and stability which uses sequences, are variants of 

the almost sure observability and stability criterion introduced in [9]. 

Here, it is assumed that the uncertain controlled dynamical system, communication channel, 

the types of encoder, decoder and controller are given. The objective is to design encoder, 

decoder and controller for uniform observability and robust stability in probability and r-

mean when the capacity is as minimum as possible. 

Throughout this chapter we are particularly interested to the control/communication system 

of Figure 4.2 (which is a special case of the control/communication system of Figure 4.1) 

described by the uncertain controlled dynamical system (4.3) subject to the sum quadratic 

uncertainty description (4.5), over the following AWGN channel when the encoder is of type 

A and the decoder is of type B. 

Zt = Zt + Wt, Wt orthogonal ~ iV(0, WC), EP[Z'tZt) < Pt, (4.8) 

where Zt is the channel input, Zt is the channel output, Wt is the channel noise and Pt is 

the power constraint. 
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The observations process of system (4.3) is written as follows. 

t - i t - i _ t - i 

Yt = A'Xo + Y^ A'-^BWt + Y, A-^BWi + £ A'-^NUu 0 < t < T - 1, (4.9) 
j=0 i=0 i=0 

where Wt belongs to the following class 

{{Wt}JJ;EP[^- J2(W't^Wt)} < Rc + EP[±j:(Y;MYt)]}. (4.10) 

But, by the knowledge of the control sequence U1"1 at the encoder and decoder, the last 

term in (4.9) (i.e., £*=o At~1'iNUi) is reconstructed perfectly at the encoder and at the 

communication end. Thus, the problem of reliable data reconstruction of Yt is equivalent to 

the problem of reliable data reconstruction of Yt, given as follow. 

t - i t - i 

Yt = A'XQ + Y A'-^BWi + Y A'-^BWi. (4.11) 
i=0 i=0 

But, Yt is the outputs of the uncontrolled analogous system, that is, the following system. 

(fl, T(n\ P; {Tt}t>_0) : { * ' t i = f< + BWt + BWt, X0 = X, {^2) 

where for this system, the perturbed term Wt belongs to the following class. 

{mj^Epl^YiW'^WA} < Rc + Epl^Y&MYA]}. (4.13) 

But, this class is independent of the control sequence. Thus, without loss of generality in 

addressing the uniform observability of the control/communication system of Figure 4.2, 

we can consider the uncontrolled uncertain system (4.12). Furthermore, following similar 

discussion that we had in ( Chapter 2, Section 2.2), in addressing the necessary conditions 

for robust stability of the control/communication system of Figure 4.2, we can also con­

sider the uncontrolled uncertain system (4.12). Subsequently, when we are concerned with 

the control/communication system of Figure 4.2, the definition of uniform observability 4.2.2 

involves the existence of a control sequence, an encoder and a decoder. Furthermore, the dis­

tribution of the control sequence does not contribute to the expectation and the probability 

criterion (4.6). 

4.3 Robust Entropy Rate 

The uniform observability and robust stability of the control/communication system of Fig­

ure 4.1 are addressed by finding the entropy rate of the observations process. Since in this 
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chapter the information source belongs to a class, the robust entropy rate must be calcu­

lated. The robust entropy is defined as the maximum of the Shannon entropy over the class 

of sources. When the class of sources is described by a relative entropy constraint, the ex­

plicit solution to the robust entropy is derived. Then, specific examples are presented to 

illustrate the theory. The results of this section is used in Section 4.4 to address the question 

of uniform observability and robust stability of the uncertain plants which are described via 

the relative entropy constraint. An example of such systems is the uncertain system (4.3) 

subject to the sum quadratic constraint (4.5). 

4.3.1 Robust Entropy Rate-Definition and Solution 

In this section, first we define the robust entropy and the robust entropy rate. Then, we 

provide the explicit solution to the robust entropy when the class of sources is described 

by a relative entropy constraint. The main results of this section which are concerned with 

the calculation of the robust entropy when the maximization is over the relative entropy 

constraint, are given in Lemma 4.3.2, Theorem 4.3.3, Lemma 4.3.4, Example 4.3.5 and 

Remark 4.3.6. This lemma, theorem, example and remark are new contributions of this 

chapter. 

Definition 4.3.1 (Robust Entropy and Robust Entropy Rate) 

i) Probabilistic Model. Let Y be a R. V. corresponding to a source with probability measure 

P(dY) = fydY, where the density function fy £ VSu C V is unknown, Vsu is set of 

admissible source density functions and V is the set of all possible density functions associated 

with a R.V., Y. The robust entropy associated with the class VSu is defined by 

Hr(m= sup Hs(fY) (4.14) 
fy^Vsu 

where Hs{fy) is the Shannon entropy (Definition 6.2.9). 

Moreover, for the sequence Y T _ 1 with the unknown probability measure P(dYT~1) = fyr-i 

dY7'1 where the joint density function fyr-i € Tf^C VT is unknown (V^u is the set of all 

admissible joint density functions and VT is the set of all possible joint density functions ) , 

the robust entropy rate associated with the family VT
SU is defined by 

Hr(y) = lim i f f r ( # r _ i ) , 
1 —>co ± 

ffr(#r-i) = sup Hsifyr-i), (4.15) 
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provided the limit exists. 

ii) Frequency Domain Model. Consider a class of Random Processes (R.P's) {Yt e.Ud;tG 

N + } of Wide Sense Stationary (WSS) Gaussian processes, which generates a class of Power 

Spectral Density's (PSD's), SY(ejw) G VSU-

The robust entropy rate associated with the class Vsu is defined by 

Hr{y)= sup HS(SY), (4.16) 
SySPsU 

where Hs(SY) is the Shannon entropy rate of the WSS Gaussian random process {Yt G 

9ftd; t G N + } in which from lemma 2.3.1 is given by 

HS(SY) = i loge(27re) + i - j T loge det Sy^dw. (4.17) 

The above extension of entropy corresponds to the maximum amount of information gener­

ated by a class of sources. 

Throughout this section, we are concerned with the relative entropy constraint set Vsuigy) 

defined by 

Vsuigy) = {/y € V; H(fY\\gY) <RC + EfY[L(Y)}} C V, (4.18) 

where Rc G [0, oo) is fixed, gY is the nominal (known) density function and L(Y) > 0. 

Next, consider the robust entropy definition (4.14) over the class of sources (4.18). That is, 

sup Hs(fY). (4.19) 

The constraint problem (4.19) can be converted into an unconstraint problem by introducing 

the Lagrangian function and its dual, as follows. 

For s G [0, oo), define the Lagrangian associated with (4.19) by 

L(s, fY) = Hs{fy) - a(H(fy\\9Y) ~ ̂  - EfY[L(Y)}) (4.20) 

and its associated dual function by 

L(s,fr)= supL(s , /v) . (4.21) 
fy&V 

In addition, define the quantity 

L(s*jy*)^minL(sJps). (4.22) 
s>0 

Next, by invoking the duality theorem (Lemma 6.2.33), we show that the constraint problem 

(4.19) is equivalent to the unconstraint problem (4.22). 
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Lemma 4.3.2 The constraint problem (4-19) is equivalent to the unconstraint problem (4-

Proof: It follows from duality theorem. See Appendix. 

Next, by invoking Remark 6.2.28, i, the solution to the problem (4.19) is given by solving 

the unconstraint problem (4.22). 

Theorem 4.3.3 Suppose for some s e [0,oo), (eL{y)gY(y))^ € Li(3^,^+), where Li(3£d,K+) 

denotes the set of all integrable functions defined on 3ftrf which take values in 3ft"1" (the set of 

non-negative real numbers). 

Then, 

i) 

L(s, fY's) = sRc + loge J(eL^gY(y))^dy (4.23) 

and subsequently, 

L(s*, fps*) = rmn{sRc + (1 + s)loge f(eL^gY(y))^dy} (4.24) 
s>0 J 

Further, if for some s > 0, {^L(y) - ^rslogegY{y))e^L{y)gY(y)-^ G Li(^,R), then 

the suprimizing fY
s is given by 

= (ff»*(rt)* (4.25) 
J(eL(y)gY(y))i+°dy 

ii) If for some s e [0,oo), {eL^gY(y))^{L{y)+\ogegY{y))£ L ^ f t ) and (eL^gY{y))^( 

L(y) +loge5fy(y))2G i1(5ftd, 3£+). T/ien, L(s,fY's*) is a convex function of s > 0. 

m) Under the assumption that ii holds, the minimizing s* > 0, in which it minimizes 

L(s, fY
s) is the solution of the following equation 

T(s) = H(fps\\gY) - Efr[L(Y)}\s^ = Rc (4.26) 

That is, the solution, fY
s*, occurs on the boundary of the relative entropy uncertainty con­

straint (4-18). 

Moreover, T(s) is a non-increasing function of s > 0, that is 

0 < T(s) < T{s) < T{s) =RC, 0 < s* < si < s2. (4.27) 
S=S2 S=S1 S=S* 
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Proof: The proof is original and it is given in Appendix. 

Above solution is related to the Renyi entropy HR(fY) (see (6.92) for definition) and sub­

sequently to the Tsallis entropy HT(fY) (see (6.93)) as follows (notice that HR(fY) = 

jz^ loge(l + (1 - a)HT{fY))). Assume s* > 0 and let a = -^, s > 0. Then, 

min HR(eL^gY) < Hr(fp
s*) < ~ R C + HR(eL^gY). (4.28) 

ae(o,i) L — a 

Clearly, the results of Theorem 4.3.3 are also applicable to the sequences of R.V.'s. We 

summarize it in the following Lemma. 

Lemma 4.3.4 Consider a sequence of R. V. 's, YT~l with the joint density function fyr-i G 

T^SU{9YT-1) C VT, where 

A " -^T-fH(fYT-r\\gYT-i)<Rc + EfYT_1[^T^T-1' T>SU(9YT-I) = {/yr-i e VT- -H{fYT-r\\gYT-i) <RC + E<T_X [ - L ^ " 1 ) ] } . (4.29) 

Then, the statement of Theorem 4-3.3 holds for the sequences of R. V. 's, YT 1 by replacing 

Rc -^ TRC. 

Next, in the following example, using the results of the Lemma 4.3.4, we find the robust 

entropy rate when the nominal source is Gaussian distributed. 

Example 4.3.5 Let the nominal source be the Gaussian distributed. That is, gYr-i ~ 

iV(0,ryr-i), IYT- I e ^TdxTd; and let L(y T - 1 ) = lYj^Y^MYt; M e 3 ^ x d
; M = M' > 0. 

Further, assume a{YYr-iM) < 1 where &(.) denotes the maximum singular value and 

M = MITd £ $lTdxTd where ITd G RTdxTd denotes the identity matrix. 

Then, 

1 + s* 
fY'r-r ~ ^ ( O , — — T Y T ^ ( I T d - T Y T - , M ) - X ) 

Td 1 -I- s* 1 
Hr(fY'r^) = -f l o g e ( - ^ - ) + Hslgyr-i) - - loge det( / r d - ry r - iM) (4.30) 

where Ixd is the identity matrix with dimension Td and s* > 0 is the solution of the following 

equation 

- 2 loSe ^~r~ - 2 + 2 T l 0 g e d 6 t ( / ™ ~ TYT-IM"> 

1 1 + S*-trac[{ITd- MTYT-i)-1(ITd-rYT-iM)} = Rc. (4.31) 
IT s* 
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Proof: It follows from Lemma 4.3.4 and by direct substitution. 

Remark 4.3.6 For the special case of M = 0, Wt <E N + ; Example 4.3.5 is reduced to the 

following results. 

, Trl 1 -I- s* 
# • ( # ? - ! ) = T loge - ~ - + ffsQ*r-i) (4.32) 

in which, s* > 0 is the unique solution of the following equation 

d, 1 + s* d „ . 
- 2 l 0 & ^ ^ + 2 ? = ^ ( 4 ' 3 3 ) 

Subsequently, if the Shannon entropy rate Hs{y) = limy-**) ^Hs{gyT-1) exists, then the 

robust entropy rate is given by the following. 

d. 1 + s* 
2 l 0 g e ^ 

nr(y) = 77 ioge - ^ - + n3(y). (4.34) 

Proof: It follows from Example 4.3.5. See Appendix. 

4.3.2 Example 

In this section, the robust entropy rate is calculated for the uncontrolled version of the 

uncertain system (4.3) when it is subject to the sum quadratic constraint. 

Furthermore, the robust entropy rate of a class of fully observed nonlinear system and the 

robust entropy rate of a class of sources which is described by the power spectral density, are 

calculated. These calculations are used in the next section to address the question of uniform 

observability and robust stability of these uncertain systems when they are controlled over 

limited capacity communication channels. The robust entropy rate which are calculated in 

this section, are new contributions of this chapter. 

Uncertain Fully Observed Gauss Markov System 

In this section, we are concerned with the following uncertain system 

(0, F{Q), P; {^>0) : { ^ = ̂ ' + Tl+/^' *° = *' (^) 

where Xt e 9ft9, Wt G 3fT\ Wt <E 3£m, Yt,Ht £ W, X0 ~ N(x0,V0), Wt is i.i.d. ~ 

N(Q,EW), ^w > 0, Wt is the perturbed (unknown) noise process which is {a{Wi};l < 
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t — 1} adapted (a{} denotes the cr-algebra); {X0,Wt,Wt} are mutually independent and 

limr^oo ±EPIY,JJ0
2 W^Wt] < oo. 

The nominal system corresponding to the uncertain system (4.35) is the following fully ob­

served system 

( n ^ ( f t ) , II; {Ft}t>_0) : { $™ = AXt + B™«=
 Xo = * ' (4.36) 

In [59], it is shown that for the sequence YT~\ H(P\\U) = %EP[£jj? W^Wt}. 

For PidY?-1) = fYT-idYT-1 and UidY^1) = gYr-idYT-1 associated with the uncertain 

and the nominal systems (4.35) and (4.36), respectively, consider the following robust entropy 

rate problem. 

±Hr(fYT-i)= sup ^Hgtfyt-x) (4.37) 
1 / y T-ieX>su(g y T-i) 1 

where 

Vsu{gYT-,) = {fYT^lH{fYT-A\gYT~r)<Rc + EfYT_1[^Y,YlMYt\} (4.38) 

Since 

^ s ( / y r - i ) = - # ( / Y T - i | | 0 ^ - i ) - . E p [ l o g e 0 y T - i ] , 

ff(/yr-i||^r-i) = ^ p l E ^ S ^ W i ] , (4.39) 

the problem (4.37) is equivalent to the following problem 

-Hr(fYT-i) = sup - # s ( / y r - i ) 

sup - J W T ~ 2 ) (4.40) 

where 
ATI O 

f(WT~2) = ^ P E WjS5?Wi] + - ^ [ l o g ^ y r - ! ] . (4.41) 

Next, under the assumption that B'\BY>WB'YXB < ^wi the conditions for applying La­

grange duality theorem (Lemma 6.2.33) are satisfied. 

Subsequently, by applying Lemma 6.2.33, we have 

i f f P ( / # - i ) = nun sup {-^EP[J2W^Wt} 

T - l 

~EP[\ogegYT-,\ + sRc+^EP[f: Y;MYt}}. (4.42) 
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Thus, the robust entropy rate is given by 

WrOO = lim ^Hrtfg-J. (4.43) 

Next, the solution to the robust entropy problem (4.43) is given in the following theorem. 

Theorem 4.3.7 Consider the robust entropy problem (443) and (442). LetB'' (BYlWB')-1B 

< (1 + s ) S ^ for some s > 0. Then, 

i) 

W* = -[B'{BY.WB')-1B - (1 + s ) E ^ + B'S^B^BfEt^AXt (4.44) 

where Et is a real symmetric solution of the following Riccati equation. 

Et = A%+1A-AEwB[B\BY,wB')-1B-(l + s)Y,^ + B'Et+lB}-1B'3t+1A + sM 

ET-i = sM (4.45) 

and s > 0 is the minimizing solution of the following equation 

Z(s*) = mm{sRc + l-trac(E0V0) + ~ £ trac(B'~tBXw)} (4.46) 
~ z i 21 ^ 

ii) If (A,B) is controllable (Definition 6.2.37), A and B'{BY.WB')-1B - (1 + s ) £ ^ are 

invertible, and j3{rj) > 0 for some r\; \r\\ = 1 where (3{r)) is the rational matrix function given 

by the following. 

(3{ri) = B\BT,wB'YlB - (1 + s)Z$ + B'frX- X)sM{qIq- A)~lB, s > 0. (4.47) 

Then 

Kr{y) = £ loge(27re) + ]• loge det{BEwB') + mm{sRc + -traciB'Z^BEw)} (4.48) 
2 2 s>o 2 

where "E^ is the solution of the following Algebraic Riccati equation appearing in the H°° 

estimation and control problem 

Soo = XE^A - A'E^BlB'iBZwB'^B - (1 + s ) S ^ + B'E^B}'1 B'E^A + sM. (4.49) 

Proof: The proof is original and it is given in Appendix. 
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Remark 4.3.8 Since the Algebraic Riccati equation (4-49) is quadratic, it has two symmet­

ric solutions. Nevertheless, in (4-48) the solution under which {sRc + ^trac(B'E00BEw)} 

is bigger, must be used. Please note that conditions of Theorem 4-3.7, ii guarantee that 

the Algebraic Riccati equation (4-49) has real solutions. These conditions just need to be 

valid for s > 0 which minimizes {sRc + \trac(B ,E<X)BTlw)}- Furthermore, the condition 

B (BEWB )_1B — (1 + s ) £ ^ < 0 is critical for the validity of the results. Similarly, this 

condition must be hold just for s > 0 which minimizes {sRc + ^trac(B Hoo-BEjy)}• 

Class of Fully Observed Nonlinear System 

Consider the following fully observed nonlinear nominal system 

(fi, ^(ft) , II; {Tt}t>_0) : | Xt+\T=
F£f] + ^ G ^ + ; * ' (4-50) 

where Xt G 3ft9 is the state process, Yt G 3ft9 is the observation process, Wt G 3ftm is i.i.d 

with distribution Wt ~ N(Q, Ew) = 9w, ^w > 0, X0 G 3ft9 is the initial condition with 

distribution X0 ~ N(x0,Va) = gx0 independent of Wt, and Ft(.) defines a Borel measurable 

mapping 3ft9(t+1) -> 3ft9. 

Denote by gyr-i G VT the joint density function of the sequence YT~1 produced by the 

nominal system (4.50), and consider the relative entropy constraint (4.2) with M = 0. Since 

Pr(X t < XtlX*'1 = x'-1) = fXt<Xtgw(Xt - Ftix'-^dXt, then gYr-i = Y^1 gw(xt ~ 

Ft^'^gxoixo). Subsequently, the maximizing density is given by (4.25) with gy replaced 

by gyr-x, while the entropy for this class is computed from Theorem 4.3.3 when Rc is replaced 

by TRC. 

Note that a specific uncertain system that can be described by the relative entropy constraint 

(4.2) with the nominal system (4.50), is the following system [59] 

(«,W;W},20):{
 X'^ft[

) + BW'+BW
t''Ji:X' (4.5D 

where Xt, Yt G 3ft9, Ft(.) : Sft9^1) -»3ft9 defines a Borel measurable function, X0 ~ N(x0, V0), 

Wt G 3ftm i.i.d. ~ iV(0,Sw), Ew > 0, (X0,Wt) are independent, and Wt is a mean square 

summable perturbed noise process adapted to the filtration {Ft}t>o which is subject to the 

following sum quadratic constraint. 

H{fYT-.\\gYT^) = \f^ EP[W^Wt) < TRC. (4.52) 
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In (4.52) Ep[.] denotes expectation with respect to the probability measure P, P(dYT~1) = 

fYT-idY7-1 and n (dy T - x ) = gyr-idY*-1. 

Prom Theorem 4.3.3 follows that for the class of systems described by the relative entropy 

constraint (4.2), we have the following result for the entropy rate of the class of systems. 

Proposition 4.3.9 For the class of systems described by the relative entropy constraint (4-2) 

with M = 0 and the nominal system (4-50), the robust entropy rate is given by 

nr(y) = f i o g ( ^ ) + WsO>), (4-53) 

where Hs(y) = | log e ((2-Ke)qdet(BT,wB')) is the Shannon entropy rate of the nominal 

system; and for a given Rc G [0, oo), s* > 0 is the unique solution of the following nonlinear 

equation. 

fl, = -|lo&(^) + ^ . (4.54) 

Proof: It follows from Theorem 4.3.3. See Appendix. 

Remark 4.3.10 For the special case of Ft(A"*) = AXt, the robust entropy rate of (4-53) 

also represents the robust entropy rate of the uncontrolled version of uncertain system (4-3) 

subject to the sum quadratic constraint (with M = 0). This robust entropy rate calculation 

for such uncertain system is a valuable result since when M = 0, the conditions for having 

the robust entropy rate (448) do not hold. 

Class of Systems Described by the Power Spectral Density 

Let (3(1) — {z; \z\ > 1} where z is a complex number, and let H°° be the space of scalar, 

rational proper transfer functions of z (e.g., the space of -j4f|, where the degree of the 

polynomial D(z) is greater or equal to the degree of the polynomial N(z)), in which these 

rational functions are analytic functions of z G /5(1). When this space is endowed with the 

norm \\HWn = sup_w<w<T \H(ejw)\, H{z) G H°°, (z = e>) , then (H°°, | | . |U) is a Banach 

space. 

The class of systems is obtained by passing a stationary Gaussian random process {Xt;t G 

N + } , Xt G 9fc with known PSD Sx(e
jw) through an unknown linear filter H(z) G H°°, in 

which H(z) belongs to the following class 

H(z) G D ^ {H(z) G H"; H(Z) = H(z) + A(z)W(z); H(z), H(z), A(z), W(z) G H~, 

H(z), W{z) are fixed (known), A(z) is unknown with HAH^ < l } , (4.55) 

file:////HWn
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where H(z) G H°° is the nominal (known) system transfer function based on previous 

experience or belief, and A(z)W(z) represents the unknown (uncertain) part of the system. 

Clearly, this model implies \H(ejw) - H(ejw)\ < \W(ejw)\, Vw G [-TT.TT] and thus the class 

(4.55) is described by a ball in the H°° space, centered at H(ejw), with radius W(ejw) which 

is a function of frequency. 

Since {Xt;t G N + } , Xt G 9ft is a Gaussian random process and H(z) G H°°, {Yt;t G N + } 

is an asymptotic stationary Gaussian random process. Consequently, from Lemma 2.3.1 

follows that the entropy rate of the class of systems obtained by passing {Xt;t G N + } , 

Xt G 9ft through the linear filter H{z) G if00, in nats per time step, is given by 

Hs(SY) = -hoge(27re) + -L f fog.Syi^dw, Sy(e^) = \H(en\2Sx(e
jw) G Vsu, 

Z 47T J-ir 

(4.56) 

where Vsu = {SY(ejw);SY(ejw) = \H(ejw)\2Sx(e
jw), H(z) G Vad}. Subsequently, the robust 

entropy rate associated with the uncertain system is defined by Hr(y) = supSye7>g(/ HS(SY)-

Next, in the following proposition, the robust entropy rate associated with the family Vsu 

is calculated. 

Proposition 4.3.11 Let the observed process {Yt; t G N + } is obtained by passing a station­

ary Gaussian random process {Xt G 3ft; £ G N + } with the known PSD, Sx(ejw) through an 

unknown linear filter H(z) G H°°, described by (4-55). Then, the robust entropy rate of this 

system, in nats per time step, is given by 

HrO>) = ^loge(27re) + - L ^ l o g , , ((|ff(e*")| + \W(en\?Sx{eiw))dw, (4.57) 

where |A*(e^)| = 1, arg(A*(eJtu)) = &rg(H{ejw)) - a r g ( ^ ( e ^ ) ) . 

Proof: The proof is original and it is given in Appendix. 

One may consider different uncertain models as well as generalization of (4.56) to the vector 

case. However, this is beyond the scoop of this expository section. 

4.4 Necessary Conditions for Observability and Stabil­
ity 

In this section, we develop a robust version of information transmission theorem and a 

robust version of the Shannon lower bound. Subsequently, by invoking these results, we 
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find necessary conditions for uniform observability and robust stability in the form of a 

lower bound on the capacity in terms of the robust Shannon lower bound. In addition, the 

robust stability problem of the uncertain fully observed controlled Gauss Markov system 

(4.3) subject to the sum quadratic constraint (4.5) over AWGN channels, is also considered. 

4.4.1 Robust Information Transmission Theorem and Robust Shan­
non Lower Bound 

In this section, we develop a robust version of information transmission theory and the 

Shannon lower bound. These results are used in the next section to relate the channel 

capacity to the robust Shannon lower bound for uniform observability and robust stability. 

In the following, we present a robust version of the information transmission theorem. Here, 

we assume the channel is DMC's or AWGN channel. The following theorem is obtained 

following the same methodology used in [63] by implementing a slight modification. 

Theorem 4.4.1 (Robust Information Transmission Theorem) Consider the block diagram of 

Figure 4-1 subject to the conditional independence assumption (as discussed in Section 2.4-1)'• 

Let the source belong to the following class P(dYT~l) G M%u c Mi{$rd). Then, a necessary 

condition on n channel uses capacity, i.e., Cn (Definition 6.2.18) for reproducing a sequence 

of the source messages y T _ 1 by YT~1 up to the distortion value Dv at the communication 

end (i.e., EpT{YT-\YT-1) < Dv, VP(dy r - x ) G MT
SU C Mi($lTd)) using a sequence of the 

channel inputs and channel outputs with length n (T <n) is 

Cn > RTADV), (4.58) 

where RT<r{Dv) is the robust (Sakrison) rate distortion function (Definition 6.2.35). 

Proof: See Appendix. 

Finding an explicit solution for the robust rate distortion is very difficult. Thus, it is im­

portant to approximate it by a lower bound that can be computed easily. In the following 

lemma, we present a lower bound for the robust rate distortion in terms of the robust entropy 

of the source messages. The following lemma is obtained following a slight modification on 

the Shannon lower bound. 

Lemma 4.4.2 (Robust Shannon Lower Bound) Let YT~1, Yt^^,^<t<T-lbea 

sequence with lengthT of the source messages and P(dYT~1) = fYT-idYT~1, where the joint 
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density function /yr- i belong to the set /yr-i G P ^ C P T where VT
SU is the set of admissi­

ble joint density functions and VT is the set of all possible joint density functions. Consider 

the following single letter distortion measure Pr{yT~l, yT~1)= if YH=Q p(yt, Vt) where the dif­

ference distortion measure p{yt,y~t) — p(yt — Vt) '• ^ —• [0,oo) is continuous. 

Then, a lower bound for ^RTjr{Dv) is given by 

^RTADV) > sup i ^ s ( / y T - i ) - max Hs(h), (4.59) 

where h(£) is a density function which belongs to the set GD defined as follow. 

GD^{h:^^ [0,oo); f M)d£ = 1, [ P(OHO^ < A,,* G ff1}. (4.60) 

Moreover, when f^d e sp^d£ < oo for all s < 0, then h*(£) G GD that maximizes Hs(h) is 

given by 

h'® = TZ*®*' t*«>*•«>« = B- (4'61) 

Subsequently, when the robust rate distortion Rr(Dv) (Definition 6.2.35) and Hr(y) exist, 

the robust Shannon lower bound is given by 

Rr(Dv) > Hr(y) - max Hs(h) = Rs,r(Dv), (4.62) 

where Hr(y) is the robust entropy rate and Rs,r(Dv) is the robust Shannon lower bound. 

Proof: See Appendix. 

When we have the equality (6.125) (see Appendix) for the robust rate distortion, then under 

certain conditions the lower bound described above is equivalent to the robust rare distortion 

function when distortion value Dv is small. Subsequently, this lower bound can be refereed 

as the robust version of the Shannon lower bound (which is a tight lower bound for the rate 

distortion function). 

4.4.2 Necessary Conditions for Uniform Observability and Robust 
Stability 

The main theorem which connects capacity, uniform observability and robust stability is 

given next. This is applied to the control/communication system of Figure 4.1 described by 
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the stochastic uncertain control systems of Section 4.2. The following theorem is a direct 

result of Theorem 4.4.1 and Lemma 4.4.2 and it is obtained following similar methodology 

used in [9] and [11]. 

Theorem 4.4.3 Consider the control/communication system of Figure 4-1 described by a 

class of sources (Yt £ ffl) and under conditional independence assumption. Assume the 

robust entropy rate of the class of sources exists and it is finite. 

Then 

i) A necessary condition for uniform observability in probability in nats per time step is 

C > Hr(y) - iloge[(27re)ddet Tg] = Rs,r(Dv), (4.63) 

whereC is the capacity, Hr(y) is the robust entropy rate of the observations process, Rs,r{Dv) 

is the robust Shannon lower bound, and Tg is the covariance matrix of the Gaussian distrib­

ution h*(£) ~ N(0,Tg), (f G 3ff) which satisfies 

f h*(t)d£ = Dv. (4.64) 
J\\t\\>6 

ii) A necessary condition for r-mean uniform observability in nats per time step is 

c > nr(y) - - + l 0 § e ( ^ ^ ( ^ ) " ) = RsAD^ ( 4 6 5 ) 

where Y(.) is the gamma function and Vd is the volume of the unit sphere (e.g., Vd = 

Vol(Sd);Sd^{U^m\<l}). 

Further, when Yt = Ht + Vt for the class of sources, (4-63) and (4-65) are also necessary 

conditions for robust stability in probability and r-mean, respectively. 

Proof: See Appendix. 

Remark 4.4.4 We have the following remarks regarding the results of Theorem 4-4-3-

i) First, we notice that the conditions (4-63) and (4-65) are new. These conditions are 

important in designing control/communication systems subject to the perturbations in the 

dynamical system. If the capacity is less than the bounds (4-63) and (4-65), there are no 

encoding scheme and/or stability scheme for uniform observability and/or robust stability. 

That is, conditions (4-63) and (4-65) provide fundamental limits on the capacity for uniform 

observability and/or robust stability of sequences. 

ii) The lower bounds (4-63) and (4-65) given in Theorem 4-4-3 hold for any observed process 

and they are independent of the encoder and decoder information patterns. 
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Next, in the following corollary, we apply the results of Theorem 4.4.3 to the specific uncertain 

dynamical systems. The necessary conditions presented in the following corollary for uniform 

reliable data reconstruction and robust stability, are new. 

Corollary 4.4.5 i) For a class of sources which is described by the relative entropy con­

straint (4-2), a necessary condition for uniform observability is given by conditions (4-63) 

and (4-65) when these conditions are described by the robust entropy of Lemma 4-3.4- In 

particular, when the nominal source is Gaussian distributed, the robust entropy solution of 

Example 4-3.5 must be used in (4-63) and (4-65). 

ii) Consider the control/communication system of Figure 4-2 described by the uncertain sys­

tem (4-3) subject to the sum quadratic constraint. Let {X0,Wt,Wt} are mutually indepen­

dent. Then, conditions (4-63) and (4-65) when they are described by the robust entropy rate 

of (Theorem 4-3.7, (4-48)) are necessary conditions for uniform observability and robust sta­

bility of the uncertain dynamical system (4-3) subject to the sum quadratic constraint. 

Hi) Consider a class of controlled systems described by relative entropy (4-2) with M = 0, 

where the nominal system is a controlled version of the nominal system (4-50) described by 

the following state space model. 

(fi, *-(0), II; {^}t>0) : | ^XJ^ + ^ ^ + BW\ / ^ *' (4-66) 

Here, Ut G 9ft° and Gt{.) defines a Borel measurable mapping. Then, following the same 

methodology used in Corollary 2.3.4, the robust entropy rate of this class of controlled systems 

is bounded below by the robust entropy rate of the uncontrolled analogous systems which is 

given by (4-53). 

Subsequently, no matter what the information patterns of the encoder and decoder are (either 

A, B, or C), the lower bound (4-53) must be used in conditions (4-63) and (4-65) to address 

the necessary condition for uniform observability and/or robust stability of such uncertain 

systems. 

iv) Let the class of systems is described by Y(z) = H(z)X(z) + Hu{z)U{z), where H(z) is 

an uncertain filter described by (4-55), {Xt G 3ft; t G N + } is a stationary Gaussian R.P. with 

known PSD, Sx(e
jw), Hv(z) G H°° is known filter and {Ut G 3ft; t G N + } (the control signal) 

is a Gaussian R.P. independent of the process {Xt;t G N + } with PSD, Su{ejw). Then, it 

can be easily shown that 

Hr{y) = sup Hs(y) 
SytVsU 
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> ^loge(27re) + j-J\oge(\H(en\ + \W(en\)2Sx(endw (4.67) 

where 

SY{ejw) = \H{ejw)\2Sx{ejw) + \Hu{ejw)\2Su{eiw) 

Hs{y) = lloge(27re)+ ±£^loge SY(endw 

Vsu = {SY(ejw);H(z)eVad}. (4.68) 

Subsequently, no matter what the information patterns of the encoder and decoder are (either 

A, B, orC), the lower bound (4-67) must be used in conditions (4-63) and (4-65) to address 

the necessary condition for uniform observability and/or robust stability of such uncertain 

system. Furthermore, these results also hold for an arbitrary control signal (i.e., not neces­

sarily Gaussian and independent of process Xt) if the encoder is of Class A or B and decoder 

is of Class B such that the reliability of the observations process associated with the controlled 

system is reduced to the equivalent reliability of the observations process of the uncontrolled 

analogous system. 

4A.3 Controlled Uncertain System 

In this section we axe concerned with the robust stability of the uncertain system (4.3) subject 

to the sum quadratic constraint (4.5), over AWGN channels. Throughout, we consider the 

case of Yt G 3ft. The vector case is treated similarly. The problem considered in this section 

has not been considered elsewhere. Therefore, in this section a new encoding/decoding 

scheme and a stability scheme are proposed for robust stability of the control/communication 

systems. 

Consider the control/communication system of Figure 4.3 described by the following fully 

observed uncertain system which is the system of (4.3) with Yt, Xt G 3ft. 

(fl, *0), P; WW) = { \ I f^ + NU' + f j ; + BW" X° = X' (4.69) 

where Xt G 3ft, Ut G 3ft°, Wt G 3ftm, Wt G 3ft"\ X0 ~ N(x0,V0), YuHt G 3ft, Wt is i.i.d. 

~ N(0, Sw), T,w > 0, and Wt is the perturbed noise random process which is {cr{Wz}; I = 

1,2, ...,t — 1} adapted; and it is subject to the following sum quadratic constraint. 

{{Wt}£o;EP[^r E(wWwi)] < RC + EP[^- E W 2 ) ] } , (4-70) 
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Y, = X,eyi 

Fully Observed Uncertain System 
(43) 

u, 

Controller 

Encoder 

Z„E[Zf]<.P, 

( + )+. W,-N10,W, 

Simple 
Operator 

Decoder 

Figure 4.3: Encoder, decoder and controller for robust stability of the uncertain system 

where Rc and M are non-negative scalars. The control/communication system of Figure 4.3 

is described by the following AWGN channel. 

Zt = Zt + Wt, Wt orthogonal ~ N{0, Wc), E[Zf] < Pt < oo, (4.71) 

where Zt E 3ft is the channel input, Zt E 3ft is the channel output and Wt E 3ft is the channel 

noise. 
Please note that in the control/communication system of Figure 4.3, at and 7* are non-

negative scalars. 

Encoder and Decoder. The encoder is of type A and the decoder is of type B. Here, we use 

the same methodology used in Section 2.4.4 to design encoder and decoder. The encoder 

consists of a pre-encoding producing the innovations process Kt = Xt — Xt, where Xt is the 

mean square state estimation in the presence of uncertainty in the plant, in which this esti­

mation is obtained by the knowledge of U1"1 and Z t _ 1 at the encoder (a recursive equation 

for Xt will be presented shortly). The decoder scales the channel outputs by 7* and produces 

Kt = 7 tZ t (Kt is the reconstruction of Kt); and subsequently it produces Yt = Kt + Xt (Yt is 

the reconstruction of the observations process Yt). The parameters at and 7* must be chosen 
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such that the innovations process is matched to the AWGN channel. 

Robust Stabilizing Controller. 

At the communication end, decoder receives the process Kt which is produced by the fol­

lowing dynamic 

where X t, y t E$l,Ut£ 3fc°, Wt, Wi G 9ft"\ X0 ~ A^(x0, F0), Wt i.i.d. ~ W(0, E w ) , Zw > 0. 

Let t/t G Wt = {E/t : Kt(1+o) - ^ ^ ^ G &-!>, 0? = <r{K0, - , Kt, U0,..., Ut}. Then, following 

the same methodology used in [59], by implementing the Legendre-Fenchel transformation 

(Remark 6.2.28, i) and by using the partial information risk sensitive optimal control results, 

a control Ut which stabilizes the uncertain system (4.72) (and subsequently the system (4.69)) 

in the sense that ^ Y,Jjo Ep\\Xt\\
2 < D%, when it is subject to the sum quadratic constraint 

(4.70), is given by the followings. 

Ut = -H-'N'[ut+1-Ut+1[(NH-'N'~^^)^ + Ut+1}-'Ut+1}A(l-^) 

•Xt. 

Ut = 1 + TM + Attt+1 A -AUt+xKNH-1 N' 

t = 0 , l , . . . , T - l 

nT = o 
n t - +

1
1 - ^ > o 

St T 

(4.73) 

^ V + Ut+Irut+1A. (4.74) 

nr1 —- > o 
r 

(4.75) 

-AVU 

X0 

Gt 

2 - i -i 

AXt + NUt + GtKt + A\Et- Et[& M ) - 1 + E ^ S t ] ( - + M)Xt 
1 Wr T J T 

x0 

rv2 1 
St - S t [ ( ^ M) - 1 + E t ^ S t 

Oit 

7tWc 

Et+i = 5 E ^ , + A S i A - A E t [ ( ^ - - - M ) - 1 + Et]-1EtA 

En 

^ +Wr 

(4.76) 

(4.77) 

(4.78) 

- - M > 0 
r 

E t > 0 (4.79) 

where H G 3ftoXO is a positive definite matrix and r > 0 is a scalar which is defined shortly. 
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Next, in the limit as T —» co, the controller Riccati equation is reduced to the following 

Algebraic (indefinite) Riccati equation. 

IIoo = 1 + TM + AU^A - AU^KNH-'N' - BEwB T 1 + nool^IIooA (4.80) 
r 

Similarly, the observer Riccati equation (4.78) is reduced to the following Algebraic (indefi­

nite) Riccati equation 

a2 1 
E ^ = BY,WB +AZoaA-AY>o0[{-£r M)'1 + E ^ ^ E ^ A , (4.81) 

Wc T 

in which the solution to these Riccati equations are required to satisfy the followings. II^1 — 

^ - > 0, n - 1 - ^ > 0, E^ > 0, and E"1 + ^ - ± - M > 0. 

For the case of T —• oo, let r > 0 be the one that minimizes r(limr_>0o ^ + Re) where 

lim ^ = - I loge[(l -(- + M)Ko)] - 5 loge Ooo (4.82) 

in which, Goo = (1 - J G O O ^ W C + T ^ E " 1 - J - M)"1]G'00(n-1 - &*)-*), and <?«, = 

A [ E 0 O - E o o [ ( ^ - i - M ) - 1 + E 0 O ] - 1 S 0 o ] T ^ : . Then, the controller (4.73) with n t + 1 , E t and 

Ili replaced by n ^ , E ^ and IIoo, along with the estimator (4.76) stabilizes the uncertain sys­

tem (4.72) (and subsequently the system (4.69)) in the sense that l imx-^ ^ Yj=o EP\\Xt\\
2 < 

Dc
v ( where Dc

v = 2r(limT_+oo ¥p + Rc)), when it is subject to the sum quadratic constraint 

(4.70). Please note that when Rc — 0 and M = 0 (i.e., the case without uncertainty) cor­

responds to the case where r —»• oo. For this case, the equations (4.73)-(4.79) are reduced 

to the standard Linear Quadratic Gaussian (LQG) results with the following cost functional 

J = jf ^=o EP[X'tXt + U'tHUt}. 

Selecting at and it: 

In this section we find at and 7< s u c n that the innovations process Kt to be matched to 

the AWGN channel (as discussed in Section 2.4.4). The innovation process Kt is an orthog­

onal process; and the process Kt associated with the maximum entropy (robust entropy) 

a n d subsequent ly associated wi th t h e m a x i m u m ra t e d is tor t ion (maximiza t ion is over t h e 

class where the innovations process belong to), is the one with the following distribution 

Kt ~ i\r(0,£ t), where E t is the solution of the recursive equation (4.78). Subsequently, the 

minimizing kernel associated with the maximum rate distortion is given by 

P*(dKT-1; h?-1) = (TlqktWykT-\ q*R,Kt ~ N(Vtkt,VtDv),Vt = 1 - ~ , (4-83) 
£=0 ^ 
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where E* is the solution of the recursive equation (4.78) and the distortion value Dv satisfies 

Dv < min i eN+ E t. 

Consequently, following the solution (4.83), if at and % are chosen as follows, then the 

innovations process to reconstructions (i.e., Kt to Kt) behalves like the minimizing kernel 

(4.83). 

at=i-L\> 7 t = v i ^ - ' * = i - s r - (4-84) 

The power constraint of this encoding scheme is EP[Zf] < ^ ^ E t . It is easily shown that 

when at and -yt is given by (4.84), then EP(Kt - Kt)
2 < Dv over all values for the perturbed 

term (and subsequently EP(Yt — Yt)
2 < Dv where Yt = Kt + Xt is the reconstruction of Yt at 

the communication end). Furthermore, under assumption that the solution to the Riccati 

equation (4.78) converges to the solution of the Algebraic Riccati equation (4.81), then the 

capacity C is given as follow. C = Hr(K.) — |loge(27reD„) where Hr{K) = |loge(27re) + 

| loge EQO is the robust entropy rate of the innovations process. 

Remark 4.4.6 i) From (4-65) and following above analysis follows that for a given distor­

tion value Dv, C = RStr{Dv)= Hr()C) — ^logg^TreZ).,;) is the minimum capacity for uniform 

observability of the innovations process, where Rstr(Dv) is the robust Shannon lower bound 

of the innovations process. 

ii) In the real life application the desired stability criterion (i.e., l im^K, ^ Y%=Q Ep\\Xt\\
2 < 

Dc
v) is given. The desired stability criterion determines the admissible distortion value Dv 

via the relation Dc
v = 2r(limT_>00 ^ + RC) (where H is chosen to be small). Subsequently, by 

implementing the proposed encoding scheme and stability scheme we have uniform observ­

ability (of the observations as well as innovations process) up to the admissible distortion 

value Dv, while the capacity is as minimum as possible (for uniform observability of the 

innovations process); and the robust stability is being guaranteed. Please note that the nec­

essary condition presented in Corollary 4-4-5,ii will be very useful to determine if our design 

is optimal for a given uncertain plant and an admissible distortion value Dv. In particular, 

if the capacity C = Hr(JC) — | loge(27reA,) is close to the necessary condition presented in 

Corollary 4-4-5,H, then we know that the stability is guaranteed when the capacity is also 

minimum for uniform observability of the observations process. This will happen when the 

distortion value Dv is sufficiently small. 
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4.5 Conclusion 

In this chapter we addressed uniform observability and robust stability of discrete time un­

certain systems. The uncertainty in the dynamical system is described by a relative entropy 

constraint which is a natural generalization of the sum quadratic uncertainty description. 

By developing and invoking a robust version of the information transmission theorem and 

the Shannon lower bound, we derived necessary conditions for uniform observability and 

robust stability. These conditions are given in terms of the robust Shannon lower bound. 

Robust Shannon lower bound is given in terms of the robust entropy rate of the inputs to 

the encoder and an extra term which is related to the observability and stability criteria. 

We have shown that under certain conditions these necessary conditions are also sufficient. 

From the results of this chapter, it is concluded that the (robust) Shannon lower bound 

is also an adequate measure for describing conditions for uniform observability and robust 

stability of sequences. It can be easily calculated (Section 4.3.2) and it is applicable to time 

domain (Section 4.3.2) and frequency domain (Proposition 4.3.11). Furthermore, it can be 

applied to nonlinear systems (Proposition 4.3.9). 



Chapter 5 

Conclusion 

5.1 Synopsis 

In the present thesis we addressed the problem of reliable data reconstruction and stability 

of dynamical systems controlled over limited capacity communication channels. Through­

out, it has been shown that the Shannon lower bound is an adequate measure for describing 

conditions for reliable data reconstruction and stability of sequences. This conclusion was 

obtained throughout the thesis by considering the discrete time case in Chapter 2 and dis­

crete time case subject to uncertainty in Chapter 4. 

In Chapter 2 using the information theoretic tools and by invoking the information trans­

mission theorem and the Shannon lower bound, we derived necessary conditions for reliable 

data reconstruction and stability of general discrete time systems in terms of Shannon lower 

bound. These conditions are independent of the information patterns of encoder, decoder, 

and controller; and they are applicable to both linear and nonlinear systems and time and 

frequency domains. Using these necessary conditions, some of necessary conditions found in 

the literature (e.g., [41]) were obtained as a special case. It has been also shown that under 

certain conditions these necessary conditions are also sufficient. The obtained conditions 

are important because the already existing conditions in the literature have been developed 

for specific dynamical systems and observability and stability criteria (e.g., [4]-[13]). Fur­

thermore, from these conditions we can conclude that, unlike [4], the Shannon capacity is 

an adequate measure for describing the conditions for moment observability and stability. 

We then applied the results to linear stochastic partially observed control systems subject 

to measurement noise over AWGN channels. Here, we derived an encoder, decoder, and 

controller for mean square stability and reconstruction. These results have extended the 

101 
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results of [11] and [42] which are concerned with stability of fully observed systems over 

AWGN channels. Shannon lower bound appeared to be quite nice to use because it was 

related to the existing necessary and sufficient conditions derived in the literature; and it 

was applicable to time domain and frequency domain methods. 

In Chapter 3 we considered the mean square reliable data reconstruction and stability of 

a fully observed linear continuous time system driven by Brownian motion over flat fading 

AWGN channels. The problem considered in this chapter was the continuous version of the 

problem considered in [11] and [42]. In this chapter, it has been shown that the summation 

of the real parts of the unstable eigenvalues of the open loop time-invariant systems is the 

continuous version of the eigenvalue rate condition [4]-[13] for continuous time-invariant sys­

tems controlled over analog channels. 

In Chapter 4 we considered uniform reliable data reconstruction and robust stability of un­

certain dynamical systems controlled over limited capacity communication channels. By 

developing and invoking a robust version of the information transmission theory and the 

Shannon lower bound, we derived necessary conditions for uniform reliable data reconstruc­

tion and robust stability of sequences. The uncertainty in the dynamical system was de­

scribed by a relative entropy constraint. As it was shown such uncertainty description is a 

natural generalization of the sum quadratic uncertainty description. These necessary condi­

tions are given in the form of a lower bound on the Shannon capacity in terms of the robust 

Shannon lower bound. Throughout, we applied these conditions to several uncertain dynam­

ical systems by calculating the corresponding robust entropy rate. Furthermore, a relation 

between the robust entropy rate of an uncertain system with the Algebraic Riccati equation 

of the type appearing in the H°° estimation and control problem was established. Under 

certain conditions, these necessary conditions were also sufficient. Subsequently, it has been 

concluded that the robust Shannon lower bound is also an adequate measure for describing 

conditions for uniform reliable data reconstruction and robust stability of sequences. This 

chapter particularly complemented the already existing results presented in [4], [9], [10] and 

[16] by considering the sum quadratic uncertainty description. 

5.2 Direction for the Future Research 

In the present thesis we addressed some basic problems in reliable data reconstruction and 

stability of dynamical systems controlled over limited capacity communication channels. In 
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particular, we addressed reliable data reconstruction and stability problem of linear systems 

over AWGN channels. Nevertheless, AWGN channel is a basic model for wireless communi­

cation channels. Wireless communication channels are mostly subject to fading, interference 

and sometimes transmission delay. Although in Chapter 3 we considered slow flat fading 

AWGN channels when the criteria for reliable reconstruction was mean square criterion, 

throughout this chapter it was assumed that the transmitter and receiver knew the fading 

process. Nevertheless, for fast fading or frequency nonselective multiple fading channels, 

in which the received carrier amplitude is modeled by the fading amplitude, it is hard for 

transmitter and receiver to measure the fading process. They may only know the distribu­

tion of this process. For such channels the expected value of the mean square criterion with 

respect to the fading process (i.e., Eg[(x(t) — x^t))2]^^ ]) which is independent of the fading 

process, can be used to design decoding scheme. It is clear that when the fading process 

is slow, this design scheme is optimal. Nevertheless, the lack of knowledge of the value of 

the fading process in the transmitter results in smaller capacity. In addition, the capacity 

of fading channels for non-i.i.d. fading process when just the statistic of the fading process 

is known, is an open problem for almost all fading distributions. Furthermore, how we can 

extend our results for the encoder (presented in Chapter 3) to achieve this capacity must be 

investigated. 

On the other hand; most of the controlled systems are subject to the nonlinear terms. 

In the present thesis the obtained conditions for reliable data reconstruction and stability 

were given in terms of the information theoretic measures such as Shannon lower bound. 

Subsequently, the obtained conditions (particularly, necessary conditions) are applicable to 

nonlinear dynamical systems (see Section 4.3.2). By designing an encoding scheme and a 

stability scheme that guarantee reliability/stability of a given nonlinear system, by transmit­

ting with a rate close to the bounds found as necessary conditions, we can also address the 

reliability/stability of the nonlinear systems controlled over limited capacity communication 

channels. 

Furthermore, throughout the thesis we considered the cases where there was high capacity 

communication link from the controller to the dynamical system. Nevertheless, in many 

practical applications this assumption may not be feasible and the effects of limited capacity 

communication constraint in both feedforward (i.e., from sensors to controller) and feedback 

(i.e., from controller to the dynamical system) must be considered. 
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Therefore, for creating a mathematical framework which can be used to address real life 

problems, we suggest the following extension on the results of the present thesis for the 

future direction. 

i) Reliable data reconstruction and stability subject to fading, interference and transmis­

sion delay. 

ii) Reliable data reconstruction and stability of nonlinear dynamical systems. 

iii) Reliable data reconstruction and stability subject to communication constraints in both 

feedforward and feedback direction. 
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Chapter 6 

Appendix 

6.1 Proofs 

6 .1 .1 C h a p t e r 2 

Proof of Corollary 2.3.4. 

Let y r _ 1 be a sequence with length T of the observation process corresponding to (2.1). 

Then, from chain rule of the Shannon entropy (Remark 6.2.12, ii) and Remark 6.2.12, i, it 

follows that 

HsiY*-1) = J2 HsinY'-1) > J^HsinY'-1,^-1). (6.1) 
i=0 j=0 

The conditional probability density function fYi\Y
i-1,ui-1(yi) corresponding to the R.V. Yj 

conditioned on (Yl~1,W1) is Gaussian distributed. Consequently, 

HsWY*-1,!;'-1) 

= / •, • (~ / ^dfY^-\ui-AVi)]fYi\Yi-\u^{Vi)dy?\fYi-\u^dyz'ldu1-1 

= f (^log(2ire) + llogdetCov(Yi\Y
i-\Ui-1))fYi-i!Ui-idyi-1dui-1, (6.2) 

where C o u ^ l Y * - 1 , ^ " 1 ) = #[(Y - £(Yi|Y i_1, t/i~1))(Yi - E ^ Y * - 1 , tf*-1))'^-1, IT*"1]. 

Consequently, by the total probability theorem 

oL ,„ , 1 
^ ( Y I Y 1 " 1 , ^ - 1 ) = -log(27re) + - logdet i i ; (Y i-£;(Y i |Y

l- 1 , (7 i- 1)) 
2 ov , 2 

. ( Y i - ^ Y . I Y 1 " 1 , ^ - 1 ) ) 

^ log(27re) + i logdet[C^C' + DD% (6.3) 
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where Vi is defined in Lemma 2.3.2. 

Subsequently, from (6.1), it follows that 

Td 1 T _ 1 

Hs(YT~1) > — log(27re) + - £ log det[CV-C/ + DD']. (6.4) 

^ ^ i=o 

Next, using Cesaro average formula (Lemma 6.2.32), limT_>oo i?J2[ja logdet[CViC' + DD'} 

= logdet AQO. Subsequently, dividing both sides of (6.4) by T and taking T —y oo, yields the 

result. 

Proof of Theorem 2.4.2. 

Under the assumption that there exists an encoding scheme that provides a reliable data 

reconstruction up to the distortion value Dv, from data processing inequality, it follows that 

/ (Z""1 ; Zn~l) > I{YT~1\ YT~X). (6.5) 

subsequently, 

Cn= sup / (Z"- 1 ;^"" 1 ) > I(YT-1;YT-1) 
P(dZ"-i)€MCi 

> inf I(YT-1]YT-1) = Rr{Dv). 
P(dYT-1;yT-1)eMDc 

(6.6) 

That is, (6.6) is a necessary condition for existence of such encoding scheme. 

Proof of Theorem 2.4.3. (Observability). Assume there exists an encoder/decoder pair 

such that the observability in probability is obtained. This implies that for a given 5 > 0 and 

Dv e [0,1), there exists T(5,DV) such that Vi > T(S,DV), ±Efc=oPr(ll*fc - Yk\\ > 6) < Dv. 

Define the distortion measure pt 
(y t - i . y t - i j = ±Y,kiiP(Yk,Yk), where p(.,.) is defined as 

follow p(y,y) = | £ j j y l y | j < * Then, for t>T(5,Dv), 

EptiY'-1^-1) = 7E#p(n,yfc) = jEPrdin-nii > s) < A , (6.7) 
t fc=0 Z fc=0 

That is, a rate distortion with distortion value Dv is obtained for t > T(6,DV). Then by 

Theorem 2.4.2 the channel capacity and rate distortion must for all t > T(5,DV) satisfy 

-A>-Rt{Dv) & XiTa-Ctyiim-HsiY^-m^Hsih) 
t t *-*°° t *-»°° t h£GD 

& C>Hs(y)-m^Hs(h). (6.8) 
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Since among all distributions with the same covariance, the Gaussian distribution has the 

biggest entropy (Remark 6.2.12, v), h*(£) G GD that maximizes Hs(h) is a Gaussian distrib­

uted which occurs on the boundary of GD. That is, h*(£) ~ N(0,rg) in which Tg satisfies 

(2.15). Consequently, letting Hs(h*) = \log[(27re)ddetTg] (Remark 6.2.12, iv), the result 

follows. 

Necessary condition for observability in r-mean is obtained along the same lines of the above 

proof. The only difference is that from Remark 6.2.25, iii, it follows that for this case, 

vaaxheGD Hs(h) = loge" - log( d V . J , ( i ) (^ ) r ) bits per time step. 

(Stability). Follows similarly by considering the rate distortion between Yl~l and T t _ 1 . 

Proof of Corollary 2.4.5. Assume the system of Figure 2.3 is r-mean stable via the 

linear time-invariant stable controller —Kc(z). 

From Figure 2.3, it follows that 

Y(z) = S(z)F(z)W(z) + S(z)DG(z) - S(z)L(z)W(z), (6.9) 

where S(z) = 1 *, , is the closed loop sensitivity transfer function and W(z) and G(z) are 

the ^-transformation of the Gaussian processes {Wt; t G N + } and {Gt\ t G N + } , respectively. 

Since we have assumed the r-mean stability, S(z) is stable transfer function (e.g., S(z) has 

poles inside the unit circle), r-mean stability implies that the jointly Gaussian process 

{Yt;t G N + } is a stationary Gaussian process. Consequently, from Lemma 2.3.1, it follows 

that 

Hs(y) = ^log(27re) + ±-j\ogSY{ejw)dw, (6.10) 

where from (6.9), SY{e^) = \S{e^)\2[F{e^w)F'(e-^) + DD' + L(e^w)L'(e^w)Wc). Then, 

an application of the Bode integral formula (Theorem 6.2.41) results that 

_L_ r 
Air 

r logSY(ejw)dw = J2 l°g IM^)I 
J~W {i;|A*(vl)|>l} 

+ — f log(F(e^)F ' (e -^) + DD' + L{ejw)L'{e~iw)Wc)dw. 
Air J--K . 

(6.11) 

Consequently, substituting the resulting Hs(y) in (2.16), we obtain the desired result. 
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6 .1 .2 C h a p t e r 3 

Proof of Theorem 3.3.1. 

Assume there exist a stabilizing controller, and an encoder/decoder pair such that the system 

(3.3) over the communication channel (3.4) is stable. Define l(t) = /oy(s)ds. Then, l(t) = 

Jo f(s)ds + /o n(s)ds, a.s. Since v(t) = /Q n(s)ds is Brownian motion, then we can apply 

Lemma 6.2.15 to get 

7l* »> = W0
E€ I'M " «f»l2rf(l = W0 f *«><«> ~ 'WI1* = W0 f

 s ' * <6'12) 

where f(t) = E[f(t) ?oit], and E t = JE?[|/(£) - /(i)|2]- From data processing inequality 

(Remark 6.2.14, ii), it follows that 

IT{y;x)>IT(l;x). (6.13) 

Thus, 

IT{v\x)>^- f\tdt. (6.14) 
INn JO 

On the other hand, the mean square error is related to the power spectral densities via 

Lemma 6.2.15 as follow 

Nn r+°° Sf(w) 
lim S r = - M loge(l + -%~1)dw, (6.15) 

T—>oo Z1T J-cx> iVo 

where Sf(w) is the PSD of / . Moreover, from Lemma 6.1.1 

1 rT Nn r+°° Sf(w) 
l i m - / E,eft = lim £ r = - M loge(l + ^ ) d ™ . (6.16) 

T-*oo J Jo T-»oo ^7f J_oo iVo 

Next, an application of Bode integral formula (Theorem 6.2.42) results that 

1 1 fT„ , 1 / ,+oci / , 5 f(w)\ , 

= ±f° b g . (^ +
w

g /W) < i m = ' - r°b g .^ ( h, 
4TT J - O O toe v JV0 ' 47r J -oo £ n (u>) 
1 r+oo 

= j - loge\S(w)\2dw = £ Re(HA)). (6.17) 
4 7 r • / _ ° 0 {i:ite(Ai(A))>0} 

Please notice that in above derivation, the Bode integral formula is employed under mild 

assumption that the stabilizing controller is chosen such that the corresponding open loop 

transfer function (i.e., multiplications of channel, encoder, plant, controller, and decoder 
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transfer functions) is strictly proper with degree at least two. Next, from (6.14) and (6.17), 

it follows that 

1 1 1 1 fT 

sup -/T(y;z) > rh{y;x)>—-- ztdt 

(x,f)exxrad 1 1 2N01 Jo 

C ^ l i m sup hT(y\x) > ]jm-LL[TEtdt= £ MW))-

(6.18) 

That is, C > J2{v.Re(Xi(A))>o} Re(\i(A)) is a necessary condition for existence of a stabilizing 

controller. 

Lemma 6.1.1 If\[mt->oo at = a and h = \ Jo asds, then lim^oo bt = a. 

Proof: As lim^oo at = a, Ve > 0,3 T(e) > 0; such that|a t - a\ < e, V£ > T(e). Hence 

1 /•* 1 /•* 
|&t - a| = | - / (as -a)ds\ < - \as - a\ds 

t Jo t Jo 
1 /-T(e) 1 ft 

< - \as — a\ds + ~ / |as — aids t Jo t Jr(e) 

< - / \as- a\ds + ^ e , Vt > T(e). (6.19) 
t 7o £ 

Since the first right side term in (6.19) goes to 0 as t —» oo, we can make \bt — a\ < e by 

taking £ large enough. Hence, lim^oo h = a as t —»• oo. 

Proof of Theorem 3.4.3. 

(Sufficient part) i) Suppose (3.16) holds. Then, from (6.109), it follows that by using the 

optimal encoder and decoder proposed in Theorem 6.2.21, lim.swpt_f<x>V*(t,y,9) < oo a.s 

(see Lemma 6.1.2, i,ii). 

ii) This follows from Lemma 6.1.2, i, along the same lines of i. 

iii) Follows easily from Lemma 6.1.2, iii. 

(Necessary part) iii) Consider the case of G ^ 0. If condition (3.18) is not satisfied, 

then A > £ and consequently, V*(t, y, 6) —> oo, as t —»• oo, a.s. Therefore, since among 

all admissible encoding/decoding schemes (including nonlinear ones), the proposed encod­

ing/decoding scheme is optimal (i.e.,£(t) > V*(t,y,9), a.s.), the mean square estimation 

error E(t) associated with all other admissible encoding scheme is going to be unbounded 
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asymptotically, a.s. This implies that condition (3.18) is a necessary condition for bounded 

asymptotic observability. The result for the case of G = 0 follows similarly. 

Lemma 6.1.2 Let t = inf te[OiOo)(iV(i,0(t)) - 2[A(t)]+) > 0, a.s. Then, 

i) 

lim e(2 /o A^ds~Io *3MM>™0 = 0 ( 6 20) 

ii) For uniformly bounded G(t), we have 

limsup fG2(s)eOfsMu)du-f\Hu,e(u))Pdu)ds < Q0> ( 6 < 2 1 ) 

Hi) If ^ > [A]+ we have the following 

lim f'GPeVf.^-f.^ds = ^ - r . (6.22) 
*-oo J0 2 A - P v ' 

Proof: i) Under the assumptions of the Lemma, 

2A{t)-z2(t,9(t))P < - e a.e. - £ > 0, a.s. (6.23) 

2 / A ( s ) d s - / z2(s,0(s))Pds < -et, a.s. 
Jo Jo 

e(2f*M')ds-f*zH:H'))PdB) < e-rf j 0 - S < 

lim sup e(2 /o A ^ ~ / o *2 WW)*3*) < i i m s u p e - r f = lim e~
et = Q, a.s. 

i—>oo t-*oo t—>oo 

(6.24) 

On the other hand, 
e(2flA{s)ds-flz'i{sfi(s))P)ds > Q 

l iminfe ( 2 /oA ( s ) < i s- /o^( s^^)p^ > 0. (6.25) 
t—>oo 

This completes the proof of (6.20). 

ii) From (6.23), it also follows that, a.s., 

ftG2(s)ei2^Aiu)du-^z2{u'0{u))Pdu)ds < f' G2(s)e-£{t-s^ds. (6.26) 
JO Jo 

Consequently, as G(t) is uniformly bounded (i.e., there exist G = suptG[0oo) \G(t)\ < oo such 

that G(t) <G,\/t>0) 
rt Q2 

limsup / G2(s)e-e{t-s)ds < liminf — (1 - exp (-et)) 

= lim — (1 - e~£t) = — < oo, (6.27) 
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and hence (6.21) follows. 

iii) It is easily obtained by direct calculation. 

Proof of Theorem 3.4.8. 

(Sufficient part) i) Follows from Lemma 6.1.2 and (3.29). 

ii) If condition (3.31) holds there exists a set of {«i}f=i such that 0 < c^ < 1 and £?=i a* = 1 

in which 

a-P 
-f- > [Re(Xi{A))]+. (6.28) 

Subsequently, from Lemma 6.1.2 and (3.29) the result is obtained. 

(Necessary part) ii) Consider the case of G ^ 0. If condition (3.32) is not satisfied, then for 

each set {a,i}1=1 such that 0 < cti < 1, and YA=I «i = 1> there exists one element etj £ {ai}J=1 

such that Zf- < [Re(\j(A))]+. This implies that V£(t,y,0) —> co as t —»• co. Subsequently, 

there is no other encoding scheme with asymptotic bounded mean square estimation error. 

The result for the case of G = 0 follows similarly. 

Proof of Proposition 3.5.1. 

i) Under the assumption that the rank condition holds, from Lemma 6.2.47 follows that 

P(t) = P > 0 exists, which is the solution of the following Algebraic Riccati equation 

0 = Q - PSBR-^B'S'P + 2AP. (6.29) 

Therefore, since V(t, y, 9) tends to V, as t —* co, the optimal cost functional (3.37) is equal 

to the right side of (3.38) which is bounded. Consequently, from (3.38) it follows that for a 

fixed sample path 9, lim^oo if So EWliWqdt < co. 

ii) Again under the assumption that the rank condition holds, P(t) = P > 0 exists. More­

over, as V(t, y, 9) —> V = 0, for a fixed sample path of the channel, the right side of (3.38) is 

zero. Consequently, from (3.38), it follows that J — 0. This implies that for a fixed sample 

path of the channel lim-r^oo \ J0
T E\ |7(t) | \2

Qdt = 0. 
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6.1.3 Chapter 4 

Proof of the Lemma 4.3.2. 

Prom Remark 6.2.12, vi follows that Hs(fy) is concave so —Hs(fy) is a convex function 

of fy G V in which I? is a convex subset of vector space 7^ (3^, 3ft+) with the ground field 

3ft+, where L1($Rd,3fJ+) denotes the set of all integrable functions which are defined on the 

space 3^ and taking values in 3ft+ (the set of non-negative scalars). Let Tl(dY) = gydY be 

the probability measure associated with the nominal density gy G V and P(dY) = fydY 

be a positive measure associated with fy G Li(3ftd,3ft+). Then, from Remark 6.2.28, iv 

follows that H{P\\H) = H(fy\\gY) is a real valued convex function of fy G L^di4,9ft+). 

Moreover, as EP(dY)[L(Y)}= EfY[L(Y)} is a linear function of fy G L ^ , ^ ) , G(fY) = 

H(fy\\gy) — Rc — EfY[L(Y)] is a convex mapping from vector space Li(3ftd, 3ft+) to the normed 

space 3ft. Furthermore, for fY = gY, G(fy) < 0. Subsequently, the conditions for applying 

the Lagrange Duality Theorem (Lemma 6.2.33, with / = —Hs{fy), G — G{fy), Vi = £>, 

X = L\ (3ftd, 3ft+) and Z = 3ft) are satisfied and the constraint problem (4.19) is equivalent to 

the following unconstraint problem. 

sup Hs(fy) = - hf -H3{fy) 
fy^Vsuigy) fYeVsu(gY) 

= -m^irdv(-Hs(fy) + s(H(fY\\gy)-Rc-EfY[L(Y)})) 

= mm sup L(s, fy) 

= L(s*Jps*). (6.30) 

Proof of Theorem 4.3.3. 

i) 

L(sJY) = Hs(fY)-sH(fy\\gY) + sRc + sEfY[L(Y)} 

= -Jfy(y)logefy(y)dy-sH(fy\\gY) + sRc + sEfY[L(Y)} 

= - [loge(tM.gY{y))fY(y)dy-sH(fy\\gY) + SRc + sEfY[L(Y)} 

= -H{fY\\gY) - EfY[logegy] - sH(fY\\gY) + sRc + sEfy[L(Y)} 

= sRc + (l + s)(EfYl^L(Y)-T±-sloSegy}-H(fy\\gY)). (6.31) 

Subsequently, from Remark 6.2.28, i, it follows that 

£(s, fys) = sup L(s, fy) 
JV€Z> 



6.1. PROOFS 115 

= sRc+ (1 + s)loge J\eL(y)gY(y))^dy (6.32) 

where 

r,s = ( e ^ ) ^ ( y ) ) i t i 
y I(eL^9Y(y))^dy [ • j 

provided (j*rsL(y) ~ i f c t o & ^ M X e ^ W f o ) ) 1 ^ £ L i ^ f t ) for some s > 0. 

ii) In the following, we will show that £iL{s, fY's) > 0, Vs > 0. This means that L(s, fps) 

is a convex function of s > 0. 

fsL(sJvS) = Jsb^+^ + ^eJ^dYiy^dy] 

= Rc + loge J\eL^gY(y))^dy 

, 1 /(L(y) + log e 5 y(y) ) (e L ^ 5 y(y) )^dy 

1 + s /(eL(w)5y(y))i+-dj/ 

Subsequently, 

^ # ^ = ( r ^ 3 { / ( ^ ( y ) + iog e^(y)) 2 /y ' s(?/)^ 

- ( / ( ^ ( y ) + ioge5y(y))/y' s(y)^)2} 

(6.34) 

= ^7^VarfP°{L(Y)+l°ge9Y(y))>0, V s > 0 (6.35) 

where for f(x) positive function, Varf(x)[X] = J(x — J xf{x)dx)2f{x)dx. In the above analy­

sis, under the assumptions of part ii (see Theorem 4.3.3), we can exchange the differentiation 

with the integral since for any real valued function k(s,y) G Li(3ft x 3fJd,$ft) in which it is 

differentiate with respect to s, we have 

d_ fi-<- -A J.. A i :~ [ Hsn,y) - k{s,y) 
ds 

On the other hand, by the mean value theorem, there exists a cn between sn and s such that 

HSn,V) - k(8,V) _ d_ Ak{^y) ( 6 3 7 ) 

• / k(s, y)dy ± Urn / k(^y) - k{s,y) 
J sn-+sj S„ — S 

and lim„_»00cn = s. Subsequently, if k(s,y) G Li(3? x 3^ ,̂ 5R), from Lebesgue's dominated 

convergence theorem (Lemma 6.2.34) follows that 

d f,f •>, A .. r k(sn,y) - k(s,y) 
— / k(s,y)dy = hm / -^ ^ K-^-dy 
ds J s~-»s J s„- s 

k{sn,y) - k(s,y) [ hm ^,y)-^s,y)dy 

Jk(s,y)dy. (6.38) 
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iii) Since L(s, fyS) is a convex function of s > 0, there exists s* > 0 such that L(s, fY's) 

attains its minimum at this point. This minimizing point, s* > 0, is the solution of the 

following equation 

d 
dsnsjy) 0 

Rc + loge J(eL^gY(y))T^dy + —Lj J(L(y) + loge gY(y))fps*(y) = 0 

(6.39) 

On the other hand, 

H{fY's\\gy) = jL(y)fr(y)dy-T^jL(y)fr(y)dy-Y^sJloge(gy(y))fPs(y)dy 

-loge j{Sy)gy{y))^dy 

= Efr[L{Y)\ -TL-J(L(y) + logegY(y))fr(y)dy 

- log. J\eL^gY(y))^dy. (6.40) 

Subsequently, s* > 0 is the solution of the following equation 

Rc + Efps* [L(Y)} - H(fY's* | \gY) = 0 

T(s*) ± H{fy°* I \gY) - Ef,s* [L(Y)] = Rc. (6.41) 

Moreover, from (6.41), (6.40) and (6.39), it follows that 

^-L(sjps) = RC-T(S) 

T(s) = Rc-±L(sjr) 
dT(s) d '2 

ds ds2 

and since £sL(s, fy's) > 0, Vs > 0 (part ii), 

dT(s) 

= ~ir,L(sJy'S) (6-42) 

ds 

Thus, T(s) is a non-increasing function of s > 0. 

< 0, Vs > 0. (6.43) 

Proof of Remark 4.3.6. 
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(4.32) and (4.33) are the direct result of (4.30) and (4.31). Thus, we just need to show that 

for a given Rc G [0,oo), there exists a unique solution (i.e., unique s* > 0) for equations 

(4.33). 

(4.33) can be written into the following form 

* ,1 + s* 
e 

-2Rc __ = e-^(^-)d = M(s*). (6.44) 

Since ^ P > 0, M(s*) is a strictly increasing function of s* > 0. Further, since M(s*) 

is a continuous function of s* > 0, the minimum and the maximum of M(s*) are obtained 

at s* —> 0 and s* —> oo, respectively. That is, the minimum is lims*^o M(s*) = 0 and the 

maximum is linv-^oo M(s*) = 1. Subsequently, M(s*) G (0,1). On the other hand, Vi?c > 0, 

e-2Rc g (Q^ ij Consequently, since M(s*) is a continuous and strictly increasing function of 

s* > 0 which covers the range of e~2Rc, for each Rc > 0, there exists a unique s* > 0 such 

that 

e-2Rc = M ( s * ) ; ( 6 - 4 5 ) 

or equivalently, there exists a unique s* > 0 such that 

tfc = - ^ l o g e ( ^ ) + ^ , i?cG[0,oo). (6.46) 

Proof of Theorem 4.3.7. 

Prom (4.42), we have 

T-2 

; U r ( / # - i ) = mm sup { - ^ ± £ £ P [ £ W^Wt[ 
1 - {Wt}J~0

2 A1 t=0 

-TfEpyo&gyT-i] + sRc + ^EP[£ YiMYt]}. (6-47) 

On the other hand, 

lofefoyr-i] = - ^ loge(27r) - \ loge det V0 - ^ logedet(BZwB') - ^YX-'YO 

~\ E ( n f i - AYt)'(B2wB')-1(YH.i ~ AYt) (6.48) 
z t=o 

Subsequently, (6.47) is equal to the following. 

i#r(/#-i) = nun ^p {-^EP[f:W^Wt} - U-^loge(2ir) 
T s - ° {w«}£-0

2 21 <=o J ^ 
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- i loge det V0 - ^ - loge det(BEwB') - ^EP^V^YQ] 

-IEP{E(YW ~ AYt)\BVwB')-\Yt+x - AYt)} + sRc 

+7^EP[ZY;MYt}}}. (6.49) 

Next, since 

2 ^ t=0 

\EP\^V^YQ] = ^EpitraciY^Yo)} 

= ^EpltraciVo^YoYl)] 

= ^traciV^Vo) 

q 
2 

(6.50) 

and 

T-2 

EP[Y;{Yt+i - AYt)'(BEwB')-\Yt+1 - AYt)] 

T-2 

= EP[J2(Wt + Wt)'B\B^wB')-1B{Wt + Wt)] 
t=Q 
T-2 T-2 

= EP[J2 WtB'iBVwB'^BWt] + EP[J2 W'tB'{BY,wB')-lBWt] 
t=o t=o 

T-2 T-2 

= Yl trac(B'(BZwB')-1BEp[WtWl]) + EP[Y, WtB'(BY,wB')-1BWt] 
t=0 t=0 
T-2 T-2 

= J2 tracUBEwB'yiBEwB') + £P[]T w'tB'{BT,wB')-lBWt} 
t=o t=o 

T-2 
= (T- l)q + EP{J2 W'tB'iBZwB'y'BWt] (6.51) 

t=o 

Then, (6.49) is equal to the following 

-Hr(ft*\) = mm sup {sRc + floge(27r) + — logedet % + —~logedet(BEwB') 

+ 2T + ^Fq + ^EP(iy?t(B'{BVwB')-1B - (1 + s)Itf)Wt 

+Y;sMYt] + ±yT_l9MYT-i]} (6-52) 
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and subsequently, 

+ mm{sRc + ^- sup EP['£[W't(B'(Bi:wB,)-1B 

- ( 1 + s)E$)Wt + Y;sMYt) + -^Y^SMYT^}}. (6.53) 

Under the assumption that B'(BY>wB')~lB < (1 + s ) E ^ for some s > 0, 

sup { ^ P [ ^ [ ^ ' ( ^ ' ( S S ^ ^ ' ) - 1 ^ - (1 + s)T$)Wt + Y^sMYt] + ^ . ^ M ^ ! ] } (6.54) 

has a unique solution which can be obtained by invoking the stochastic dynamic programming 

[23] as follows. 

Define the value function 

r-2 
J{k,Y) = sup {Ep^lWliB'iBEwB'^B-il + s^^Wt + YtsMYt] 

+YT_1SMYT_1\YIC]} (6.55) 

Then, this value function satisfies the following stochastic dynamic programming [23] 

J(k,Y) = snpEpiW^B'iBZwB'y'B - (1 + s)Y$)Wk + Y'ksMYk + J(k + l,Y) Yk] 

wk 

(6.56) 

where 
T-2 

sup {EpiYslwUB'iBZwB'^B - (1 + s)Z$)Wt + Y^sMYt] + Y^SMYT^} 

= EPJ(0,Y). (6.57) 
Next, we pick up the following candidate as the solution of the dynamic programming (6.56). 

J(k, Y) = YkEkYk + &k, Sfc is symmetric. (6.58) 

Subsequently, 

YkEkYk + Qk = SMvEp[W'k(B\BY,wB')-lB-{l + s)Y,^)Wk 

wk 

+YksMYk + Yk+1Ek+1Yk+1 + 6 fc+1 Yk}. (6.59) 
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On the other hand 

Ep l^k+i^k+iYk+i \Yk] — EP[(AYk + BWk + BWk)'Zk+1(AYk + BWk 

+BWk) Yk] 

EP[YkA'Ek+1AYk\Yk} 

+EP[W'kB'Zk+1BWk\Yk] 

+EP[W'kB'Ek+1BWk\Yk] 

+2Ep[WkB'Ek+1AYk\Yk] 

(6.60) 

where 

/ /, , EP[WkBEk+lBWk\Yk] = trac(BEk+1BEP[WkWk]) 

= trac(B'Zk+1BEw)- (6.61) 

Subsequently, 

, ^ » ' , „ / . 
YkEkYk + Qk = supEP[Wk(B(BEwB)-1B-(l + s)E^ + BEk+1B)Wk 

I , - ) / ,—, 
+YksMYk + trac{B Ek+1BEW) + 2WkB Ek+1AYk + 9fc+1|Yfc].(6.62) 

where Wk that suprimizes the right side of (6.62) is given by 

W*k = -[B'iBZwB'y'B - (1 + s ) S ^ + B'Zk+iB^B'SwAYk (6.63) 

where 

Ek = A'Ek+1A- X~.k+1B[B\BY.WB')-1B - (1 + s ) E ^ + B'Ek+1B]-1B'Ek+1A + sM 

®k = Qk+1 + trac(B'Zk+1BZw) (6.64) 

in which HT_i and 9 r - i are defined from the following equations. 

Yi^Br-iYT-i + e r _ i = YT_ISMYT-I. (6.65) 

That is, 

eT_i = o 

ST_! = sM. (6.66) 
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Subsequently, 

T-l 
EPJ(0,Y) = £p[Y0'~0Y0] + X > a c ( B ' ~ t 5 E w ) 

T - l 

= trac(E0VQ) + ]T *rac(B'S tBSw) (6.67) 

Thus, 

i f f r ( # £ 0 = |loge(27r) + ^ g + i l o g e d e t y 0 + ^ l o g e d e t ( i ? E w , J B ' ) + ^ 

+ min{sRc + —trac(E0V0) + ~f^ trac(B'ZtBZw)} (6.68) 

where Et is obtained from the following Riccati equation which appears in the H°° control 

problem 

Et = A%+1A-A'Zt+1B[B'(BZwB')-1B-(l + s)Erf + B'Et+1B]-1B'Et+1A + sM 

ST_a = sM. (6.69) 

Next, under the assumption that (A,B) is controllable, A and 5'(SS^-B') - 1-B — (1 + s ) S ^ 

are invertible, and j3{rf) > 0 (see (4.47)) for some 77; |-̂71 = 1, from Lemma 6.2.48 follows 

that the Riccati equation (6.69) has a real symmetric steady state solution SQO which is 

the solution of the Algebraic Riccati equation associated with the Riccati equation (6.69). 

Subsequently, 

T - l 

. f e 77F E trac(B'ZtBZw) = -trac^'E^B^w) (6.70) 

Thus, 

r - o ° 2 ! T ^ v 7 2 

K ( ^ ) = ? loge(27re) + I loge det(BSwfi') + min{si?c + \trac{B'E^B^w)} (6.71) 
Z Z s>Q Z 

where H^ is the solution of the following equation 

SM = A'E^A - A'~O0B[B\BY,wB')-1B - (1 + s ) E ^ + B'E^B^B'E^A + sM. 

(6.72) 

Proof of Proposition 4.3.9. 

The entropy for this class of systems is computed from Theorem 4.3.3 when Rc is replaced 

by TRC and gY by gyr-i. In particular, 

J Tq(9YT^(yT-1))^dyT-1 = ( 2 7 r ) ^ ^ ( d e t ( B S V K B , ) ) 2 ^ ^ ( ^ ) ^ ( d e t F 0 ) ^ . ( 6 . 7 3 ) 
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Furthermore, the maximizing density is given by (4.25) with gY replaced by gYr-i. Sub­

sequently, from Theorem 4.3.3, iii follows that the minimizing s* > 0 is the solution of 

#(/yT-i||gyT-i) _ ^ = — ̂ lloge( i±r-) + 0 - = TRC. Consequently, the robust entropy is 

computed from (4.23) with minimizing s > 0 replaced by s* > 0 which is the solution of the 

following nonlinear equation. 

-£log(i±^) + 7£- = i?c. (6.74) 
2 6V s* ' 2s* v ' 

Proof of Proposit ion 4.3.11. 

Since H A ^ < 1, it follows that \H(ejw) + A{ejw)W(ejw)\ < \H(ejw)\ + \W(ejw)\. Conse­

quently, 

log eS y (e^) < log e(( | / f (e^) | + | ^ ( e ^ ) | ) 2 ^ ( e ^ ) ) , VSY G Vsu 

J^logeSY(ejw)dw < J\oge((\H(en\ + \W(ejw)\)2Sx(e
jw))dw, VSYcVSu 

sup [W logeSY{ejw)dw < [* loge({\H(ejw)\ + \W(ejw)\)2Sx(e
jw))dw. (6.75) 

SY€PSUJ-'K J-* 

On the other hand, it is easily shown that there exists a A*(eJ™), with |A*(eJ'lu)| = 1, and 

arg(A*(e*")) = arg(f l"(e^))-arg(^(e^)) so that \H(ejw)+A*(ejw)W(ejw)\2 = (\H(ejw)\ + 

\W(ejw)\)2. Consequently, for A(ejw) = A*(ejw), 

j T log, (\H(en\ + \W(en\)2Sx(endw = f\oge SY(ejw)dw, (6.76) 

where SY(ejw) = \H(ejw)+A*(ejw)W(ejw)\2Sx(e
jw) G Vsu- It is evident that flJogeSY(ejw) 

dw < supSyg7,s£/ /^logg SY(ejw)dw. Subsequently, from (6.76), it follows that 

f loge ((\H(ejw) + W(ejw)\)2Sx(e
jw))dw < sup f loge SY(ejw)dw. (6.77) 

J-w v y sY&VsuJ-^ 

Thus, from (6.75) and (6.77), the result is obtained. 

Proof of Theorem 4.4.1. 

If the encoding scheme yields an average distortion EPT{YT~1,YT~1) < Dv for a class of 

sources, then from data processing inequality (Remark 6.2.14, ii) follows that 

I{Za-\Zn~x) > I{YT-i;YT-1), \/P(dYT-1) e MTsu C Mx(^
Td), 

sup / ( Z " - 1 ; . ^ - 1 ) ^ sup I(YT-1;YT-1), 
{PidZn-^PidYT-^&Mljj} P{dYT-l)GMT 
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sup / ( Z " - 1 ; ^ " " 1 ) ^ sup / (Z" - 1 ; ^ " - 1 ) 

> sup I(YT-1;YT-1), 
P(dYT-^MT

su 

cn= sup / ( r - 1 ; ^ - 1 ) ^ inf sup /(yr-1
;y

T-1) 
{P(dZ"-l)eMcf/} P(<fi>T-1;!,

T-1)£MDc P ^ Y ^ - l ^ A ^ 

= RT,r{Dv) 

(6.78) 

where the second inequality follows by taking supremum over a class of sources (please note 

that the channel inputs distribution is affected by the source distribution); and the third in­

equality follows since the class of channel inputs power constraint must include those channel 

inputs distribution which are affected by the class of sources; otherwise the reliable commu­

nication for the class of sources is not possible. 

That is, Cn > Rr,r(Dv) under the assumption that there exists an encoding scheme that 

yields an average distortion Epr(YT~1 ,YT~1) < Dv for a class of sources. This means that 

Cn > RT,T{DV) is a necessary condition for existence of such encoding scheme. 

For channels with feedback, the directed information from channel inputs to outputs must 

be used instead of the mutual information in (6.78), in which this capacity is the same as 

the capacity without feedback, i.e., Cn. 

Proof of Lemma 4.4.2. 

From Lemma 6.2.24, it follows that 

. mf ± J ( Y T - 1 ; y T - 1 ) > ^ ( / y r - O - max Hs(h), 

VP(dFT-1) = fyT-.dY7-1- /yr- i G VT
SU. 

(6.79) 

Further, when J^d esp(e)d£ < oo, Vs < 0, the maximizer h*(£) G GD is given by (4.61). 

Subsequently, 

^RTADV) = . mf sup ± / ( y T - 1 ; Y T - 1 ) 
T p(dYT-i-yT-i)eMDc p(dY?^)eMT

su
 1 

> sup . inf I / ( y r - i . y T - i ) 
P(dYT^)£MT

su P(dYT-1;yT-1)eMDc J-

> sup l-HsifYT-^-maxHgih). (6.80) 
JYT-l±L'8U 
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Proof of Theorem 4.4.3. 

(Uniform Observability). Consider the case where the class of sources is described by 

a class of probability measures, that is, P(dYT~1) — fYr-idYT~1 G M^v — {P(dYT~1) = 

fYT-idYT~l\ fYT-i G ^st /}- Assume for a given control signal, there exist an encoder and 

decoder such that uniform observability in probability in the sense of Definition 4.2.2 is ob­

tained. Prom (4.6), it follows that for a fixed 5 > 0 and DV>Q, there exists T(5, Dv) G N + 

such that, VT>T(S,DV) 

T-l 

sup ± ] T ; P r ( | | Y t - Y t | | ><*)<£, , . (6.81) 
P(dYT-i)eM%a

 J t=0 

This implies that 

T - l 

\ £ Pr(||Yt -Yt\\>$)< Dv, VP(dYT-') G MT
SU. (6.82) 

1 t=o 

Next, define the following single letter distortion measure PT(YT~1, Y T _ 1 ) = ^ J2f=o p(Yt,Yt), 

where p(.,.) is defined by p(Y,Y) = { l' ! K ~ S ! ^ f • Then, for T > T(6,DV) 
[ 0, \\Y - Y\\ < d 

EpT{YT-\YT~') = ^j:Pv(\\Yt-Yt\\>5)<Dv, 

VP(rfYT-x) G MT
SU. 

(6.83) 

That is, a robust rate distortion with distortion value Dv is obtained for T > T(5,DV). 

Then, by Theorem 4.4.1 and Lemma 4.4.2, the capacity and robust rate distortion must for 

all T > T(6, Dv) satisfy 

Urn -Cr > lim -Hr{fYT-,)-m^Hs{h) 
1 —>oo ± 1 —»oo ± rat(jr£) 

C > Hr{y)-max Hs(h). (6.84) 

Since among all distributions with the same covariance, the Gaussian distribution has the 

biggest entropy, h*(£) G Go that maximizes Hs{h) is a Gaussian distributed which satisfies 

the boundary conditions of GD. That is, h*(g) ~ N(0,Vg), in which Tg satisfies (4.64). 

Consequently, by substituting maxhGGD Hs(h) = Hs(h*) = |loge[(27re)cidetr!?] in (6.84), 
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the lower bound (4.63) is obtained. 

Following the same procedure, a necessary condition for uniform observability in r-mean is 

given by (4.65) in which, from Remark 6.2.25, iii, max&eGlJ Hs(h) = f- l o g e ( ^ I y ( ^ ; ) - ) 

nats per time step. 

For the case when the class of sources is described by the class of PSD's, by considering the 

class of source probability measures induced by this class of PSD's and following the same 

procedure, it can be shown that (4.63) and (4.65) are also necessary conditions for uniform 

observability in probability and r-mean, respectively. 

(Robust Stability). Follows similarly by considering the rate distortion between YT~l and 
p T - l 

6.2 Concepts and Results From the Literature 

Tools from probability theory, system and control, and information/communication theory 

are used extensively throughout the thesis to derive new results. Therefore, in this section 

we summarized known concepts, measures, and results from probability theory, information 

theory, and system and control that we used them throughout the thesis. 

6.2.1 Concepts and Results From Probability Theory 

In this section, we recall some of the well known concepts and results from probability theory. 

Definition 6.2.1 (Stochastic Kernel) Consider the Borel measurable spaces (A,B(A)) and 

(A,8(A)) where R.V.'s X and Y are taking values in A and A, respectively. A stochastic 

kernel denoted by P(dX; y) is a mapping P : B(A) x A —* [0,1] which satisfies 

i) For every y £ A, the set function P(.; y) is a probability measure on 13(A); 

ii) For every x G B(A), the function P(dX;.) is B(A) measurable. 

Example 6.2.2 (Gaussian R.V.'s) A R.V., Y : (fi ,^) - • (3^,23(3^)) with K = Cov{Y) > 

0 is called Gaussian and it is denoted byY ~ N(m,K) if it has density function fy(y) given 

by 
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where e is the base of natural logarithm and m = E[Y]. For the case of K = Cov(Y) = 0, 

there is an alternative description for the Gaussian R. V. using the characteristic function 

[64]. 

A sequence of R.V.'s YT = (YQ,Y1,...,YT) is called jointly Gaussian if 

f f T\ l _{Y-m) K~\Y-m) 

fyr{y ) = , = e 2 (6.86) 
v

/(27r)rddet(X) 

where rn = E[(Y0X, ...,YT)'\ and K = Cau{{Y^ Y[ ... Y^)'). 

Definition 6.2.3 (Random Process) Let (il, T, P) be a probability space, [0, T] C 3ft an index 

set and (9^,5(3^)) a Borel measurable space. 

A stochastic process or Random Process (R.P.) on (£l,T,P) is a function 

Y : [0,T\ x to-> W* (6.87) 

such that Vt G [0, T] 

Y{t,.) : fl - • 3?* (6.88) 

is a R. V. 

For convenience we denote continues time R.P. 's by y(t) and discrete time R.P's byYt. 

In the study of R.P. {Yt\t G [0,T]} (resp. {y(t);t G [0,T]}^ defined on the probability space 

(Q.,T,P), it is important to keep track of past, present and future information, through the 

time dependent component of the R.P. For this reason, we shall equip the sample space (Q, F) 

with a monotone increasing family, {Ft\t G [0,T]}, of the sub-a-field of T called filtration, 

meaning that ^ C ^ C ^ O ^ s ^ t ^ T . With respect to filtration {Ft;t G [0,T]}, we 

can define the a-field of events prior to t G (0,T] by Ft_ = o-(\Js<tFs), and the a-field of 

events immediately after t G [0,T), by !Ft+ = o-(f)t>QFt+e). We say that {Ft\t G [0,T]} is 

right-continuous if Ft+ = Ft and left continuous if Ft- = Ft- The space (fi, F, P, {Ft}t>o) 

is called a filtered probability space. Finally, we say that (fi, F, P, {Ft}t>o) satisfies the usual 

conditions if {£l, F, P) is complete, !FQ contains all P sets of measure zero in T, and {Ft}t>o 

is right-continuous. 

Definition 6.2.4 Consider the continuous or discrete time R.P., {Yt;t G [0,T]} defined 

on the measurable space (^:F) with filtration {Ft;t G [0,T*]}, which takes values on Borel 

measurable space (^ftd,B(^id)). 
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The R.P. {Yt;t G [0,T]} is called {Tt\t G [0,T]}- adapted if for all t G [0,T], Yt is an Tt 

measurable R.V. That is, for all t G [0,T], the mapping 

Y(t,.) : (ft, F) -> (3^, B(&)) (6.89) 

is Tt/Bffi?)-measurable. 

One of the well known and frequently used continuous time stochastic process is Brownian 

motion. In the following we recall one dimensional standard Brownian motion. 

Definition 6.2.5 (Standard Brownian Motion)[65] Let {w(t) G 3ft; t G I C 3?} be a R.P. 

defined on I x ft. w(t) is said to be standard Wiener process or standard Brownian motion, 

if 

i) w(0) = 0, a.s. (i.e., P(w G ft;w(0) = 0) = I), 

ii) w(t) has independent increments {w(t) — w(r)} for all r,t £ I with r <t, and this set of 

increments is stationary with correlation function E[\w(t) — w(r)\2] = \t — r\ for all t,r E I, 

Hi) The trajectory ofw(t) is continuous a.s. with respect to the time variable t G I, 

iv) E[w(t)) = 0. 

Next, we list some of the important properties of standard Brownian motion. 

Remark 6.2.6 (Properties of Brownian Motion)([65], Theorem 3.2, pp. 68) Let (ft, J7, P) 

be a probability space, I C$1 a time interval, andw(t) G 9£ a standard Wiener process defined 

on I x ft. Then, 

i) w(t) is a Gaussian process. 

ii) For each n = 1,2,..., the increments {w(ti) — w(£j_i) : U G / , t0 < h < ... < tn} 

are orthogonal in the Hilbert space of second order R. V. 's in the sense that E[(w(ti) — 

wiU^Xwitj) - wfo.i))] = 0, Vi ± J-
Hi) The covariance of w(t) is given by Cov(w(t),w(T)) = min(t,r), t,r E I. 

Remark 6.2.7 i)If two R.V.'s are independent then they are uncorrelated and the reverse 

implication holds only if they are Gaussian. 

ii) An i.i.d. Gaussian process is an i.i.d. process in which for every {ti,t2,---,tn} C [0,T], 

it is jointly Gaussian distributed. 

Hi) R. V. 's X, Y, Z are said to be conditionally independent or forms a Markov chain denoted 

by X —> Y —*• Z if knowing Y, X and Z are independent. Please note that X —> Y —> Z 

implies Z-+Y -^ X ([40], pp. 32). 
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In the following lemma a relation between the Power Spectral Density (PSD's) of the input 

and output of a stable linear system with transfer function H(z) when the input is stationary 

process, is given. 

Lemma 6.2.8 ([66], pp. 15) Ifanmxl stationary process Xt with PSD, Sx{ejw) is applied 

to anpx m stable linear system with transfer matrix H{z) to yield an output process Yt, we 

have the following relation between the PSD's of Xt and Yt. 

SY(ejw) = H(ejw)Sx(e
jw)H'{e-jw) (6.90) 

where ' denotes matrix transpose. 

6.2.2 Information Theoretic Measures and Results 

Classical Information Theory 

One of the elementary information theoretic measures is Shannon (differential) entropy which 

is a quantity to measure the amount of uncertainty conveyed by a R.V. 

Definition 6.2.'9 (Shannon Entropy) ([40], pp. 224) The Shannon entropy of a R.V. Y e 

9^ with PDF, fy is defined by 

HS(Y) = Hs(fY) = - fjY(ynogfY(y)dy (6.91) 
J3ld 

where log(.) denotes the logarithm of base 2. 

Other forms of entropy are the Renyi entropy [67] defined by 

HR(Y) = HR(fY) ± - i — log / fp{y)dyt a > 0,a ? 1, (6.92) 

and the Tsallis entropy [68] defined by 

HT{Y) = HTUY) = T^~(fjY(y)dy-l). (6.93) 
1 — a J3id 

The Renyi and Tsallis entropies give as special case the Shannon entropy. Specifically, 

HSUY) = l i rn^ i HRUY) = l n r w HT(fY). 

If R.V.'s X and Y have the joint density function fx>y, the conditional entropy, HS(X\Y), 

is defined as follow. 
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Definition 6.2.10 (Conditional Entropy) ([40], pp. 230) Let R.V.'s X and Y have the 

joint density function fxy with conditional density function fx\Y- Then, 

HS(X\Y) = - J fXiY(x,y)logfxlY(x,y)dxdy. (6.94) 

The conditional entropy Hs(X\Y) measures the amount of uncertainty conveyed by R.V. X 

when R.V. Y is known. 

For a sequence of R.V.'s, the Shannon entropy rate is a quantity to measure the rate of 

growing of entropy with respect to the length of sequence. It is defined as follow. 

Definition 6.2.11 (Shannon Entropy Rate) ([40], pp. 63) For a sequence of R. V. 's {Yt; t € 

N + = {0,1,2,...}}, the Shannon entropy rate is defined by 

Ks{y) = lim ±Hs<yT-1), YT~' ± <y0,Yu ..., YT-i) (6.95) 
1 —KX) ± 

provided the limit exists. 

In addition to the Shannon entropy rate, we have the conditional entropy rate. The condi­

tional Shannon entropy rate is defined by ([40], pp. 64) 

Hs{y) = Hm HaWY7"-1), YT~' = (Y0,Ylt ..., YT-i) (6.96) 
1 —>oo 

provided the limit exists. 

From ([40], Theorem 4.2.1, pp. 64) follows that for a stationary discrete stochastic process, 

the limits in (6.95) and (6.96) exist; and they are equal, i.e., 1is(y) = Hs(y)-

We have the following properties for Shannon entropy. 

Remark 6.2.12 (Shannon Entropy Properties) 

i) Conditioning reduces the entropy. That is, HS(X\Y) < HS(X) with equality if and only 

if X andY are independent ([40], pp. 232). 

ii) Chain rule for Shannon entropy: HS(Y
T) = E L ^ s O ^ - 1 ) (HS^Y-1) = HS(Y0)) 

([40], pp. 232). 

iii) Hs(AY) = HS(Y) + log | det(A)\ ([40], pp. 234). 

iv) Let (>o,Y1,...,Yr-i); Y» G 3^, 0 < i < T — 1 have a multivariate normal distribution 

with mean m and covariance TYT-I, that is, YT~1 ~ N(m,TYT-I). Then, Hs{YT~l) = 

|log(27re)Tddet(ryT-i)) ([40], Theorem 9.4.1, pp. 230). 

v) Let the R.V.Y G St4 has zero mean and covariance TY. Then, HS{Y) < \ log {i2-Ke)d det(if 
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)) with equality if and only ifY ~ N(0,K) ([40], Theorem 9.6.5, pp. 234). 

vi) Hs{fy) is a concave function of density function fy (follows from [69]). 

•vii) Translation does not change the Shannon entropy. That is, HS(Y + c) = HS(Y) for a 

fixed c ([40], Theorem 9.6.3, pp. 

We now introduce mutual information which is a measure of the amount of information that 

one random variable conveys about another [40]. 

Definition 6.2.13 (Mutual Information) Consider two R.V.'s X and Y with probability 

measure P(dX) and P(dY) respectively. Then, the mutual information I (X;Y) between X 

and Y is defined by 

I(X; Y)^J l o g ( P ^ j V ( ^ ; X)P{dX) (6.97) 

where P(dY; x) is stochastic kernel and p,dy\ ^ Radon-Nikodym derivative [77]. 

We have the following important properties for mutual information. 

Remark 6.2.14 (Mutual Information Properties) i) I(X;Y) > 0 ([70], Lemma 1.4-1) with 

equality if and only if X and Y are independent. 

ii) (Data Processing Inequality) Let the R. V. 's X, Y, Z be absolutely continuous with respect 

to the Lebesgue measure; and form a Markov chain (Remark 6.2.7, Hi), that is, X —> Y —> Z. 

Then, I{X; Y) > I(X; Z) ([40], pp. 32). 

Hi) I(X-Y) = I(Y;X) (by definition). 

iv) I(X;Y) = HS(X) - HS(X\Y)= HS(Y) - HS(Y\X) ([40], pp. 231). 

Next, we have the following results from [52, 71] which relates the mutual information of 

continuous time R.P.'s to the mean square estimation error; and subsequently, to PSD. 

Lemma 6.2.15 Consider the following Ito differential equation dy(t) = f(t,y(t),x(t))dt + 

dw(t), where y(t),w(t) G 3^, x(t) G 3ft9, w(t) is Brownian motion with E\w(t) — W(T)\ = 

N0\t-r\ and it is independent of the process y(t) G 3^. Let J0
T E[f (t,y(t),x(t))f(t,y(t),x(t)) 

}dt < 00 and y(Q) = 0 a.s. Then, for y = {y(s); 0 < s < T} and x = {x(s); 0 < s < T}, we 

have [71] 

IT(y;x) = \E[j\f{t,y{tU{t)) - f(t,y(t)))'(f(t,y(t),x(t)) - /(*,y(t)))dt], (6.98) 



6.2. CONCEPTS AND RESULTS FROM THE LITERATURE 131 

where ir( . ; •) denotes the mutual information between sample paths x and y and f(t,y(t)) = 

E[f(t,y(i),x(i)) Fo^]; ^o>t — °"{?/(s);0 < s < t}, where a{.} denotes the a-algebra. 

Further, for the case of d = I, from explicit results for the mean square error for linear 

causal filtering in white noise [52] ([72], Section 7), we have 

Nn r+°° 
lim E[\f(t,y(t)Mt)) ~ f(tMt))\2] = IT / lo§e(l + N^Sf(w))dw (6.99) 

where Sf(w) is the PSD of P.P. f(t) (provided it is stationary). 

Furthermore, the conditional mutual information of R.V.'s X and Y given Z is defined by 

I(X; Y\Z)^J l0g(^^-)P(dY; X, Z)P(dX; Z)P(dZ). (6.100) 

Theorem 6.2.16 [53] Consider the model given by (3.1), (3.2), shown in Figure 3.1. The 

mutual information between the state of plant x = {x(s); 0 < s < T}, and the channel output 

V — {?/(s);0 < s < T}, conditional on the channel state 9 = {9(s);0 < s < T} is given by 

the following equivalent expressions 

P(dy;x,9Y 
i) IT{x;y\9) = Ex>y>e l°ge (6.101) 

P(dy; 9) 

n)7T(o;;y|0) = ^ ^ r ^ ( t , ^ ) ) s [ | / ( i , a ; , f ^ ) | 2 - | / > , 5 ^ ) | 2 | j - j J ^ (6.102) 

where EXtVte[] represents expectation with respect to the sample paths x, y, 9, Eo[.] denotes 

expectation with respect to the sample path 9, and f(t,x,9) = E[f(t,x,x,9) FQJ]- Here, 

P(dy;x,9) and P(dy;9) are stochastic kernels and puX'e\ is Radon-Nikodym derivative. 

Proof: ii) By using the methodology of [51] or Lemma 6.2.15 applied to mutual information, 

we deduce (6.102). 

Next, we describe the communication channel; and subsequently we define the channel ca­

pacity. 

Definition 6.2.17 A communication channel at time t G N + is modeled by a sequence of 

stochastic kernels (channel law) {P(dZt; zf, z t _ 1 ) } t e N + , where Zl = zt is the specific realiza­

tion of the channel input, and Z*'1 = z*~l, is the specific realization of the previous channel 

outputs. 

i) A communication channel is called memoryless if the stochastic kernel satisfies P(dZt; zl, 

zt_1) — P(dZt; zt) which means that Zt is conditionally independent of Z*'1 and Z i _ 1 given 
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zt. 
ii) A communication channel is used without feedback if the stochastic kernel satisfies. P(dZt; 

z*-1,?-1) = PidZt;*-1). 

Hi) A feedback communication channel with memory is called non-anticipative or causal if 

the stochastic kernel satisfies P(dZt; zn, S'_1) = P(dZt; z*, S i_1), Vn > t. 

iv) A communication channel in which the channel input and output are restricted to the fi­

nite alphabet sets and it processes the successive channel input independently of one another, 

is called a Discrete Memoryless Channel (DMC) [40]. 

v) An Additive White Gaussian Noise (AWGN) channel is described by Zt = Zt + Wt, where 

Zt G !ftd and Zt € $td are the channel input and output at time t and the orthogonal process 

{Wt\t&i+ (i.e., E[WiWj] = 0, i ^ j) is a zero mean Gaussian process. This channel is 

subject to the power constraint E[Z'tZt] < Pt. 

vi) A digital noiseless channel with transmission rate 1Z is a memoryless channel with chan­

nel input and output alphabet with size 2n which includes the strings of binaries with length 

1Z, in which P(dZt;z
t,zt~1) = 8rZt_Zt\

 where 5{,y is the Dirac measure [9]. 

vii) An erasure channel with transmission rate TZ and packet erasure probability a is a mem­

oryless channel with channel input alphabet of size 2n which includes the string of binaries 

with length K; but string of binaries with length V. or erasure symbol as output, in which 

P(dZt; z\ zt_1) = (1 — CY.)5{Zt_Zty + ct5{2;t-er}> where er stands for the erasure symbol [9]. 

viii) A delayed digital noiseless channel with transmission delay TL and time delay A is a 

noiseless digital channel, in which P(dZt;z
t,zt~1) = 8szt-zt-A} fil-

Next, we define information channel capacity, in which for some channels (e.g., DMC's and 

AWGN without feedback) represents (operational) channel capacity which is the highest rate 

per channel use at which information can be sent with arbitrary low probability of error. 

Definition 6.2.18 (Information Capacity)[40] Consider a communication channel and let 

Zn~l and Zn~l be the channel input and output sequences, respectively. Let M.ci denotes 

the set of joint probability measures P(dZn~1) which satisfy certain channel input power 

constraint. The Shannon information capacity for the time horizon n (i.e., n channel uses) 

is defined by 

Cn = sup / (Z"" 1 ; ^ " - 1 ) . (6.103) 
P(dZ"-1)e-Mci 
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Subsequently, the information capacity in bits per channel use is C = lim^oo -Cn, provided 

the limit exists. 

For DMC's without feedback and AWGN channel without feedback, the information channel 

capacity of Definition 6.2.18 represents the operational capacity [40]; or simply the channel 

capacity. 

Example 6.2.19 i) AWGN Channel: The capacity of an AWGN channel (see Definition 

6.2.17, v) under the power constraint E\Zf\ < P; Zt € 9ft when E[W^] = Wc for n channel 

uses (see Definition 6.2.18) is Cn = f log(l + ^-) bits per n channel uses; and subsequently 

C = | log( l + ^-) bits per channel use [9] ([40], Theorem 10.1.1, pp. 242). 

ii) Digital Noiseless Channel: The capacity of a digital noiseless channel with rate 1Z (Def­

inition 6.2.17, vi) for n channel uses is Cn = nlZ bits per n channel uses; and subsequently 

the capacity is C = 1Z bits per channel use. Moreover, if at each time instant t G N + , this 

channel transmits a source message, the capacity in bits per source message (bits per time 

step) is also C = K [9]. Here, H is the transmission data rate measured in bits per time 

step. We have similar results for the capacity of the delayed digital noiseless channel. 

Hi) Erasure Channel: The capacity of an erasure channel with rate 1Z (Definition 6.2.17, 

vii) and packet erasure probability a for n channel uses is Cn = (1 — a)nTZ bits per channel 

uses; and subsequently the capacity is C = (1 — a)7Z bits per channel use. Moreover, if at 

each time instant t £ N+, this channel transmits a source message, the capacity in bits per 

source message (bits per time step) is also C = (1 — a)7£ [9J. 

Lemma 6.2.20 [53]. Consider the model given by (3.1), (3.2) subject to the power con­

straint E[\f(t, x, x, 0) |2 TQ t] < P and when the channel state information is known for trans­

mitter and receiver. Then, the mutual information between the state of plant x = {x(s); 0 < 

s < T}, and the channel output y = {y(s);0 < s < T}, conditional on the channel state 

9 = {0{s)\ 0 < s <T} (see Theorem 6.2.16 for definition) is given by, 

j;lT(x;y\0) < ±P£E[z\t,d(t))]dt. (6.104) 

Moreover, the channel capacity for communication channel (3.2) subject to the power con­

straint E[\f(t,x,x,9)\2 J^it] < P, is given by (see Definition (3.4-1)) 

Cf = liminf JL £ E[z2(t,e(t))}dt (6.105) 
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Proof: According to (6.102) and by considering the instantaneous power constraint 

IT{x-y\0) < \E9 I z2(t,9{t))E\\F(t,x,x,9)\2 rft]dt < ~ f E[z2(t,9(t))]dt. (6.106) 
2 Jo <- ' J 2 Jo 

Then, following the same methodology as in ([51], Section 16.4), it is shown that the above 

upper bound determines the channel capacity. Namely, the signal x that reaches the channel 

capacity is a white Gaussian noise. 

Theorem 6.2.21 (Coding Theorem) [53]. Suppose the received signal is defined by (3.2), 

and the source by (3.1). Then, the encoder, which achieves the channel capacity (6.105), the 

optimal decoder, and the corresponding error variance, are respectively, given by 

f(t,x,x*,9) = ]Jv^Jye)(x(t)~-x*(t,y,u,9)) (6.107) 

dx*{t, y, u, 9) = A(t)x*(t, y, u, 9)dt + N(t)u(t)dt + z(t, 9(t))<JPV*(t,y,9)dy(t), (6.108) 

V*(t, y, 9) = V*(0)e{2Io ^W*-/,,' *aW(»»™»> + / ' G2(s)e(2/« A^du~!l *aMW)P«*«)ds 
Jo 

(6.109) 

where x*(0) = x0, and V*(0) — V0. 

Proof: We first find ( / O J / D that minimizes the conditional error variance V(t,y, 9) de­

scribed by the differential equation (3.15). Then, by substituting the corresponding encoder, 

decoder, and conditional error variance given in (6.107)-(6.109), into the conditional mutual 

information of Theorem 6.2.16, we deduce that the upper bound of Lemma 6.2.20 is achieved 

in capacity given by (6.105) (the proof is a variant of the one given in [51], Section 16.4). 

Next, we recall information rate distortion function in which for certain sources (e.g., mem-

oryless stationary sources) represents the (operational) rate distortion function which is the 

minimum bit rate under which a reliable data reproduction up to a given distortion value is 

possible. 

Definition 6.2.22 (Shannon Information Rate Distortion)[49] Let YT~1 and y T _ 1 be se­

quences of length T of the source and the reproduction of the source messages, respectively, 
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and MDC = {P{dyT~1\yT~1)\EpT{YT-1,YT~1) < Dv} denote the set of distortion con­

straints in which Dv>0 is the distortion value and pr E [0, oo) is the distortion measure. 

Then, the information rate distortion for time horizon T is defined by 

RT(DV)= inf I(YT~1;YT-1) (6.110) 
{P(dYT-l;yT-l)eMDc} 

and subsequently, the information rate distortion is 

R(DV)^ lim ±RT(DV), (6.111) 
1 —>oo _/ 

provided the limit exists. 

It can be shown that ([49], Section 4.2) the stochastic kernel which achieves the minimum 

of the rate distortion function is given by 

P'^T-1^ = v ^ s . W - . ^ g y , ) , •<*) < 0, (6.n2) 

where s(Dv) is the solution of s(Dv) = ^§f-. 

In control applications the sequential rate distortion is important since it assumes instan­

taneous (causal) reconstruction. That is, the current output symbol at the communication 

end, is determined by looking into the past and current values of source messages. To the 

best of our knowledge, this measure first introduced in [45] as follows. 

Definition 6.2.23 (Sequential Rate Distortion) [45] Sequential rate distortion for time hori­

zon T is given by 

R%RD(DV)^ inf I(YT-1
]Y

T-1) (6.113) 

where MS
D

R
C

D = { { P ^ l ^ W ) } ^ ; W * ; * i ) < A,,Vt}. 

Next, we present the Shannon lower bound which is equivalent to the Shannon rate distortion 

function under certain conditions. 

Lemma 6.2.24 (Shannon Lower Bound). Let YT~1, Yte$ld,Q<t<T-l be a sequence 

with length T produced by the source P(dYT~1) = fyr-idY7"1. Consider the following single 

letter distortion measure PT(yr~1,yT""1) = ^Td=a PiVuVt), where p(yt,yt) = p{yt - Vt) • 
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$ld —> [0, oo) is continuous. Then, 

i) A lower bound for ^RT{DV) is given by 

^RT(DV) > ^HsiY7'1) - max Hs(h), (6.114) 

where h(£) is a density function which belongs to the set GD, in which it is defined by 

GD = {h : 3^ _• [0,oo); J^HOd!; = 1, /Rd p(£)h(Z)d£ < Dv, ^ G 3^}. Moreover, when 

/Rd esp(®d£, < oo for all s < 0, then h*(£) G GD that maximizes Hs(h) is 

h * ( « = ^ ^ ' L»(Oh>(m = D„. (6.115) 

Subsequently, when R(DV) and TCs{y) exist, the Shannon lower bound is given by 

R(DV) > Hs(y) - max Hs(h) = RS(DV). (6.116) 

ii) Suppose the difference distortion measure p(.) satisfies the following conditions a) p(£) — 0 

if and only iff; = 0, lim||£||_0p(0 = 0, and l im^^eo p(£) = oo. b) There exists a monotone 

increasing function # : [0, oo) —• [0, oo) such that ^(u) > 0 if u > 0 and p(£) > *(||£||) 

for all £ G $ld. c) J^d e
sp(-®d£, < oo for all s < 0. d) There exists an c > 0 such that 

p(£ + i) < cp(0 + cp(i) for all £, £ € 3ftd. e) Hs{y) > -oo . f) There exists an £* G 3^ suc/i 

too* #p(£ ~ f ) < oo, V£ G 5Rd. 

T/ien, in the limit as Dv —• 0, t/ie /ower bound is asymptotically exact. That is, for the case 

where R(DV) and Hs(y) exist, lim0„_o [R(DV) - (H3(y) - Hs(h*))] = 0. 

Proof: Follows from [43] by considering the method proposed in ([49], pp. 140) or [73]. 

Remark 6.2.25 i) A sufficient condition for the existence of R(DV) is stationarity of the 

source [49]. 

ii) For distortion measure p(y,y) = \\y — y\\r (fory G ft?1, ||.|| is the Euclidian norm), in the 

limit as Dv —> Q, the Shannon lower bound is equal to the rate distortion function [43]. 

Hi) For p(yt,yt) = \\yt - Vt\\r> ^axheGD Hs{h) = loge^ - log(d V ,J , ( ! i )(^)r) bits per time 

step, where V(.) is the gamma function and Vj, is the volume of the unit sphere (e.g., Vd = 

Vol(Sd);Sd^{^e^-m\<l})[43]. 

Next, we present a solution to the rate distortion function RT(DV) associated with the or­

thogonal Gaussian Random Process (R.P.) and single letter mean square distortion measure. 
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Example 6.2.26 (Rate Distortion For a Parallel Gaussian Source) Let Yt £ 9ft ~ JV(0, At), 

t G {0,1,...,T — 1} be independent (orthogonal) Gaussian random variables and consider 

the following single letter mean square distortion measure PT{yT~1\yT~1) = ^J2j~o(yt — 

yt)
2. Then, under the assumption that Dv < minte{0,i,...,r-i} At, the rate distortion function 

associated with this source and distortion measure is given by 

MDV) = J: hog ^~ (6.117) 

where this distortion is achieved by the following minimizing stochastic kernel 

tlKt)dKT~1; q*kAKt ~ N(f3tkt,(3tDv), A = 1 - A P*(dKT-\ F " 1 ) = (Tf[QhKt)dKT-1; qhKt ~ N(f3tku(3tDv), A = 1 - ^ . (6.118) 
t=o 

Proof: Follows from ([40], Theorem 13.3.3) by considering the single letter distortion measure. 

(6.118) also follows from ([49], pp. 99-100). 

Next, we recall relative entropy [70]. Relative entropy plays a key role in the definition 

of every rate function. The relative entropy between two probability measures P(dY) and 

Il(dY) defined on the measurable space (9^, B(did)) is defined as follows. 

Definition 6.2.27 (Relative Entropy)([70], pp. 32) The relative entropy between probability 

measures P(dY) and Ii(dY) defined on the measurable space (3t,d,B($?*)) is a mapping into 

extended real line defined as follows. 

i) If P(dY) is absolutely continuous with respect to H(dY), that is, P(dY) « II(dY) (« 

denotes the absolute continuity relation), the relative entropy is defined by 

w^L^Ym^^ ^KeLmdY)) (fU19) 

where L\(P{dY)) denotes the set of integrable functions with respect to probability measure 

P(dY) which are defined on the measurable space (9^; 23(9^)); and u,dYl denotes Radon 

Nikodym Derivative (RND) [77]. 

ii) Otherwise, we set H(P\\H) = oo. 

Remark 6.2.28 (Properties of Relative Entropy) Let P(dY) e Miffi1) and Il(dY) e 

Miffi1) be two probability measures on the Borel measurable space ($td,B($ld)) (Mi($ld) 

is the set of all countably additive probability measures defined on the measurable space 

(9^,5(9^)),). Then, the relative entropy H(.\\.) has the following properties. 
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i) (Legendre-Fenchel Transformation)[74] For every $(y) bounded from below and P{dY), 

U{dY) 

loge [e*MlL{dy)= sup { f ^(y)P(dY) - H(P\\U)} (6.120) 
J P(dY);H(P\\a)<oo J 

where loge() denotes logarithm of natural number. 

Moreover, tf *(y)e*<tf> G Li(II(dY)), then the supremum in (6.120) is attained at P*(dY) 
given by 

P*(dY) _ e*fr> 

IL(dY) ~ /e*(")n(dy) ' ( l) 

ii) (Convexity) ([70], pp.37) i/(P||II) is a convex, lower semi-continuous function of (P, II). 

In addition, for a fixed U(dY), H(.\\Il) is strictly convex on the set {P(dY); H(P\\U) < oo}. 

Hi) (Compactness) ([70], pp. 37) For a fixed U(dY), H(.\\IV) has a compact level sets. That 

is, for each Rc < oo, the set {P(dY); H(P\\Tl) < Rc} is a compact subset ofMi($ld), where 

M-iCffi?) is the set of all countably additive probability measures defined on the measurable 

space (3^,5(3^)). 

iv) The definition of relative entropy can be extended to two arbitrary positive measures. 

In particular, if fy,gy G Liffi?, 5R+) (Xi(3Jd, !ft+) is the set of integrable functions defined 

on the space 3ld which take values in 3£+J; then P(dY) = fydY and II (dY) = gydY are 

positive measures associated with fy and gy and H(P\\H)= H(fy\\gy)= floge(—)fydy. 

Furthermore, using ([40], p. 29, Theorem 2.7.1), it follows that for a fixed gy G Li(3ftd, $t+), 

H(fy\\gy) is strictly convex function of fy G Li(9ftd,3ft+). 

Next, we recall the information transmission theorem which relates the channel capacity (per 

source message) to the rate distortion function for reliable communication. 

Theorem 6.2.29 (Direct Information Transmission Theorem) ([49], pp. 72) For all e > 0 

the discrete (finite alphabet) memoryless source {Yt,P{dYt)} can be reproduced with fidelity 

Dv-\-e at the output of an DMC of capacity C > R(DV) + e bits per source message. 

Under conditional independence assumption between source, channel input-output, and re­

construction of the source, we have the converse of information transmission theorem as 

follow. 

Theorem 6.2.30 (Converse Information Transmission Theorem) ([49], pp. 72) It is im­

possible to reproduce the discrete memoryless source of {Yt,P(dYt)} with fidelity Dv at the 

receiving end of any DMC of capacity C < R(DV) bits per source message. 
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Remark 6.2.31 The extension of these results to the case of continuous memoryless sources 

can be found in ([75], Theorem 9.6.3, pp. 473) in which an extension of this result to 

continuous amplitude stationary ergodic source is also given in ([75], Theorem 9.8.3, pp. 

500). The Converse Information Transmission Theorem is also valid for AWGN channels. 

Finally, we close this section by recalling some interesting results from analysis that we used 

throughout thesis. 

Lemma 6.2.32 (Cesaro Mean) ([40], Theorem 4.2.3, pp. 64) If an -»• a andbn = J £™=1 ai; 

then bn —> a. 

Lemma 6.2.33 (Lagrange Duality)([76], pp. 224) Let f be a real valued convex function 

defined on convex subset Q of a vector space X, and let G be a convex mapping of X into a 

normed space Z. Suppose there exists an x\ such that G(xi) < 0 and that mi{f{x) : G(x) < 

9;x E £1} is finite. 

Then, 

inf f(x) = m^ml[f(x) + z*(G(x)-e)} (6.122) 
G(x)<e-,x£Cl z*>6 x€£2 

where z* belongs to the dual space of Z and the maximum on the right side is achieved by 

some ZQ>0. 

Lemma 6.2.34 (Lebesgue's Dominated Convergence Theorem)([77], Theorem 2.2.4, pp-

72) Let {y,T^) be a measurable space, g be a [0,+oo]-valued integrable function on y, 

and f and / i , / 2 , . . . be [—oo,+oo]-valued T measurable functions on y such that the rela­

tions 

i) f(v) = lini^oo fn(y) 

and 

n)\Uy)\<g{y), n = i,2,. . . 

hold at almost every y iny. Then, f and / 1 ; f2, ... are integrable and f fdy = lim^oo / fnd/j,. 

Information Theory and Uncertainty 

In this section, we recall some of information theoretic measures and results such as Sakrison 

(robust) rate distortion which have been developed to study reliable communication in the 

presence of uncertainty in the source of information. 

An information source is uncertain if the source probability measure P(dYT) is unknown, 
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but it belongs to the known class M'su- In the presence of uncertainty in the source, the 

rate distortion function is defined as follows. 

Definition 6.2.35 (Sakrison Information Rate Distortion) [63] Let y T _ 1 and YT~l be se­

quences of length T of the source and the corresponding reproduction of the source messages, 

respectively; and let P(dYT~1) G M'su denote the probability measure ofYT~1 which belongs 

to the class MT
SU. Let also MDC = {P(dYT-1;yT-1)-EpT{YT-1,YT-1) < Dv} be the set 

of distortion constraint, in which Dv > 0 is the distortion value and px G [0, oo) is the 

distortion measure. 

Then, the robust information rate distortion for the time horizon T and for the family M^u 

is defined by 

RTr{Dv)= inf sup I{YT-1-YT~1) (6.123) 

and subsequently, the robust information rate distortion in each time step is given by 

Rr(Dv) = lim ^RTADV). (6.124) 

If the uncertain source is memory less, distortion measure is single letter, and the uncertainty 

set is a compact set, then the above information definition for rate distortion represents the 

minimum bit rate for uniform reliable data reconstruction of the uncertain source, up to 

distortion value Dv. 

Remark 6.2.36 An extension of Theorems 6.2.29 and 6.2.30 to the case of uncertain con­

tinuous memoryless source when the source probability measure belongs to a compact set 

M^u and the distortion measure is single letter, is given in [63], in which it is shown that 

RTr(Dv)= sup inf I(YT-1]YT-1). (6.125) 

6.2.3 System and Control Theory Results 

Review of System Theoretic Concepts 

In this section we recall elementary concepts such as controllability, Stabilizability, and 

detectability. Throughout, we denote continuous time variables by the lowercase letters 

(e.g., y(t)) and the discrete time variables by the capital letters (e.g., Yt). The system 

matrices are also shown by the capital letters. 
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Definition 6.2.37 Consider the following time-invariant system 

x(t) = Ax(t) + Nu{t), x{t) G 3^, u(t) G 3fc°. (6.126) 

For time-invariant system (6.126) we have the following condition for controllability ([56], 

Theorem 1.23, pp. 55). 

The q-dimensional time-invariant system (6.126) is controllable if and only if the column vec­

tors of the controllable matrix P = ( N AN A2N . . . Aq~xN) span the q-dimensional 

space. That is, Rank(P) = q. For this case (A, N) is called a controllable pair. For discrete 

time-invariant analogous system, we have similar definition for controllability. 

Next, we define stable and unstable systems. 

Definition 6.2.38 (Stable and Unstable System) Consider the continuous time-invariant 

system x(t) = Ax(t) + NU(t) (resp. Xt+i = AXt + NUt for discrete time version). This 

system is stable if and only if its eigenvalues are all stable (i.e., for continuous time systems 

all the eigenvalues have negative real parts; and for discrete time systems all eigenvalues are 

inside the unit circle). 

Now, we are ready to recall the stabilizability concept. 

Definition 6.2.39 Continuous time (resp. discrete time) system (6.126) is stabilizable if 

and only if there exists a matrix K such that A+NK is stable matrix (i.e., all the eigenvalues 

of A + NK have negative real part for continuous system; or they are inside unit circle for 

discrete time system). For this case, (A, N) is called a stabilizable pair which simply means 

that there exists a matrix K such that A + NK is a stable matrix. 

Next, we recall detectability concept for the following linear time-invariant continuous-time 

system. 

x(t) = Ax(t) + Nu(t), x(0) G W, u(t) G 3£°, , , 
y(t) = Cx(t), yit)G^ [bAZ{) 

where x(t) is the state of system, u(t) is the control signal, and y(t) is the observation 

provided by sensors. 

Definition 6.2.40 [23] The continuous time (resp. discrete time analogous) system (6.127) 

is detectable if and only if there exists a matrix K such that A +C K is stable matrix (i.e., 
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the eigenvalues of A +C K have negative real parts for continuous system; or they are inside 

the unit circle for discrete time system). For this case, (C, A) is called a detectable pair which 

simply means that there exists a matrix K such that A' + C'K is a stable matrix. 

System Theoretic Results 

In this section, we recall some of the frequently used system and control results such as Bode 

integral formula and the LQG control. 

We start this section by Bode integral formula. Bode integral formula relates sensitivity 

transfer function of single input, single output linear time-invariant systems to unstable 

eigenvalues of system. 

Theorem 6.2.41 (Discrete Generalized Bode's Theorem)[44] Consider a discrete, single 

input, single-output, linear, time invariant system with open-loop transfer function L(z) ~ 
KY\m (z—z) 

rrni=} f- where K / 0 and it is chosen to stabilize the closed-loop system. The pi's 

are open-loop poles, some of them being allowed outside the open-unit disk. The sensitivity 

function of the system is defined as S(z) = 1+\iz\ • Then, 

/ : 
log \S(ejw)\dw = 2nC£log \pUi\ - log | 7 + 1|), (6.128) 

A 
where pUi's are the unstable (i.e., outside the closed-unit disk) open-loop poles, and 7 

l i m . , ^ L(z). 

Please recall that if 7 = 0, then L(z) is strictly proper (i.e., L{z) = | ^ 4 , where the degree 

of the polynomial D(z) is greater than the degree of polynomial N(z)), and if 7 / 0, L(z) 

is proper (i.e., L(z) = ^ 4 , where the degree of the polynomial D(z) is greater or equal to 

the degree of polynomial N(z)). 

Theorem 6.2.42 (Revised Generalized Bode's Theorem) [44] Consider a single-input, single-

output, linear, continuous, time-invariant system with open loop transfer function L(s) = 

•rtk=} ^ where K ^ 0 and it is chosen such that the closed loop system is asymptotically 

stable, and the Pi's are the open loop poles, some of them being allowed on the imaginary 

axis. Let v = n — m. The sensitivity function is S(s) = 1 +L ^. Then, 

loge\S{jw)\dw 

+00 if v = 0 and - 2 < K < 0 
-00 if v = 0 and K > 0 or K < - 2 

27r(EiRe(zi)-EiRe{pSi)) if v = 0 and K = - 2 (6.129) 
1-K Y.% R&iPui) - 77f if v—\ where 7 = lims^oo sL(s) 

2irY.iRe{pUi) if v>2 
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where pUi,pSi and Zi denote the ith unstable open-loop pole, the ith stable open-loop pole, and 

the ith open-loop zero, respectively. 

Please recall that if v = 0, L(s) is proper and if v > 1, L(s) is strictly proper. 

In addition to above results, we have the following result from [78] which relates conditional 

Shannon entropy rate to the transfer function of a linear discrete time-invariant stable system. 

Lemma 6.2.43 ([78], Lemma 1) Let the random process {Yt;t G N + } be obtained by pass­

ing the random process {Ut;t G N + } through a stable linear discrete time-invariant system 

described by transfer function F(z). Then, 

H{y) = H{U) + f loge \F{ejw)\dw, (6.130) 
J— -K 

where 7i{.) denotes the conditional Shannon entropy rate (see (6.96)). 

Next, we recall one of the well known mean square estimators, known as Kalman filter. 

Definition 6.2.44 (Discrete Time Kalman Filter) ([23], Theorem 1^.1, pp. 158) Consider 

the following dynamical system 

( n ^ ( O ) , F ; { ^ } t > 0 ) : j ^ ^ ^ * ° ' (6-131) 

where Xt G 9ft9 is the state of system, X0 is the initial state in which XQ = -B[^o], t̂ o = 

E[(X0 -x0)(X0 - x0)'], Wt G 3ftm is the process noise with E[WtWk] = QStj and E[Wt] = 0, 

Yt G 3^ is the observation obtained by sensors, Gt G 3ftz is the measurement noise with 

E[GtG'k] = R5tk, E[Gt] = 0 and {Wt, Gt, XQ} are mutually orthogonal. Then, the solution of 

the estimation problem Xt\t-i = J5[Xt|cr{yt_1}] is given by the following recursive equation 

known as the Kalman filter equation. 

Xt+i\t = AXt\t-i + A t(y t — CX t | t_i), Xo|_i = xQ 

A t = AVtC'{CVtC' + R)-\ (6.132) 

where Vt is the solution of the following forward recursive equation known as Riccati equation 

Vt+l = AVtX -AVtC'(CVtC' + R)-1CVtA'+Q, V0 = V0, (6.133) 

where from ([23], Theorem 4-2) under the assumption that (C,A) is detectable and (A,Q,2) 

is stabilizable, there exists a unique positive semi-definite V^ = lim^oo Vt. 
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Next, we recall one of the well known quadratic regulators, known as LQG control. 

Definition 6.2.45 (Linear Quadratic Gaussian Control) ([23], Theorem 9.2, pp. 697) Con­

sider the following dynamical system 

j Xt+1 = AXt + NUt + Wu X0, ( . 
\ Yt = CXt + Gt,

 l b > i d 4 j 

where Xt G W, Ut G ®° is the control signal, Wt G ^m, Yt G 3^, and Gt G 3ftz, X0 ~ 

N{x0,Vo), Wt lid. ~ N(0,Q), Gt i.i.d. ~ N(0,R), R>0. 

Let (C,A) be detectable and (A,Q^) be stabilizable. Let also ((C'C)i,A) be detectable and 

(A, N) be stabilizable. Then, the stabilizing control law, Ut G Ut = {Ut : 3?i(o+rf) -> 5R°; Ut G 

Q^-ii) Qf = ^{^o? •••) Yt-, UQ, ..., Ut}, that minimizes the following cost functional 

^JnnJ^ „ ^ E ^(11^*11^+ll^tllir)}, (H>0) (6.135) 

is given by 

Ut = -AXt\t-i, (6.136) 

where 

A=(H + N,PO0N)~1N'PO0A, (6.137) 

in which P^ is the unique positive semi definite solution of the following control Riccati 

equation 

Poo = A'P^A - A'PooNiN'P^N + H^A'PocN + C'C (6.138) 

and Xt\t-\ is the Kalman filter state estimation, given by (see (6.132)) 

Xt+1]t = AXt\t_x + At(Yt - C X t , M ) + NUt, X0|_i = x0. (6.139) 

Furthermore, the optimal cost is equal to 

1 —»00 U1 1GUQX...XUT-\ -L t_Q 

= traciC'CVoo) + traciAV^C'(CV^C' + R^CV^A'P^) 

(6.140) 

where Voo is the unique positive semi definite solution of the following Algebraic Riccati 

equation 

Voo = AV00A' - AV00C{CVooC' + RYlCVooA' + Q. (6.141) 
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The continuous time version of Definition 6.2.45 is given below. 

Definition 6.2.46 (Linear Quadratic Gaussian Control) ([56], Theorem 5.4, VV- 394) Con­

sider the dynamical system 

( " ' ^ ( " } ' P ' W * o ) • \ y(t) = C(t)x(t) + g^ <6-142) 

where x(t) G 9fP», u(t) G 9ft°, w(£) G sftm, y(i) G Kd, g(t) G 32*, z(0) is stochastic vector, 

with mean XQ and covariance matrix %, and w(t), g(t) are zero mean orthogonal white 

noises. That is, Cov(w(t),w(r)) = Vi(t)8(t - T), Cov{g{t),g{r)) = V2(t)6(t - r), and 

Cov(w{t),g(t)) = 0. 

Then, the stabilizing controller that minimizes the following cost functional 

J=^E{[ [x(t)R3{t)x(t) + u'(t)R2(t)u(t)}dt}, R2(t) > 0, R3(t) > 0 (6.143) 
1 Jo 

is given by u(t) = —F(t)x(t), where F(t) = R^1(t)N'(t)P(t) in which the non-negative 

definite matrix P(t) is the solution of the following Riccati equation 

-P(t) = Rs(t) - P(t)N{t)R^(t)N\t)P(t) + A\t)P{t) + P(t)A(t), P(T) = 0. (6.144) 

Further, x(t) = E[x(t)\a{y(s); 0 < s < t}] is obtained as a solution of the following general­

ized Kalman filter equation. 

x{t) = A(t)x{t) + K(t)(y(t) - C{t)x{t)) + N(t)u(t), x(0) = x0, (6.145) 

where K(t) = V[t)C'{t)V2~
l[t) in which the covariance matrix V(t) is the solution of the 

following Riccati equation 

V(t) = Vrit) - VWCfWYTWCitMt) + A(t)V(t) + V(t)A'(t), V(0) = %. (6.146) 

Furthermore, 

J = lim ^trac([ [P(t)K(t)V2(t)R'(t)+ V(t)R1{t)}dt) 
T-»oo 1 Jo 

= lim hrac{[T[P{t)V1(t) + V{t)F'{t)R2{t)F(t)]dt) (6.147) 
T-KX> 1 Jo 

where P(t) is the steady state solution of the Riccati equation (6.144), V(i) = lim^x, V(t), 

K(t) = V\t)C'(fyVf1(t) is the gain corresponding to the steady state solutions ofV(t) and 

F(t) = R2
1(t)N'(t)P(t). 
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In addition, in the time-invariant case where V(t) = V, P(t) = P and thus also F(t) — 

R^N'P and K(t) = VC'V2~
1 are constant matrices, the following expression holds 

J = trac(PKV2R' + VRx) = trac(PVx + VF'R2F) (6.148) 

Please notice that from (6.144)-(6.146) follows that separation principle holds between esti­

mation and control. 

Next, in the following lemma, we present conditions under which the Riccati equation (6.144) 

has a steady state solution. 

Lemma 6.2.47 ([56], Theorem 3.7 (c), pp. 238) For the time-invariant analogous system 

of (6.142) (i.e., when A(t) = A, N(t) = N and C(t) = C), when R3(t) = R3 > 0 and 

R2(t) = R2> 0, if the system is controllable, P(t) = P is a non-negative definite symmetric 

solution to the following Algebraic Riccati equation. 

Q = R3- PNR^N'P + A'P + PA. (6.149) 

In addition to above result for existence of the steady state solution, we have the following 

result for the existence of the solution for the Discrete Algebraic Riccati Equation (DARE). 

Lemma 6.2.48 ([79], Theorem 12.7.1, pp. 302) Consider the following DARE 

X = A'XA + Q-(C + B'XA)'(R + B'XB)-\C + B'XA) (6.150) 

where A G $lnxn, B e Unxm, C G UmXn, Q = Q' G UnXn, R = R' G 3ftmxm and X G 3ft"xn is 

a real symmetric matrix which must be found. 

If (A,B) is controllable, A and R are invertible, and ty(n) > 0 for some rj, \r)\ = 1, where 

\P(z) is the rational matrix function given by 

y{z) = R + B'{z-1In-A')-1Q{zIn-A)-1B, (6.151) 

DARE (6.150) has a real symmetric solution. 
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