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Abstract

To the pair (E,0), where E is a countable Borel equivalence relation on a standard
Borel space (X, o) and o a normalized Borel T-valued 2-cocycle on E, we associate a
sequentially weakly closed Borel x-algebra B(E, o), contained in the bounded linear
operators on (*(E).

Associated to B} (F, o) is a natural (Borel) Cartan subalgebra (Definition 6.4.10)
L(B,(X)) isomorphic to the bounded Borel functions on X. Then L(B,(X)) and
its normalizer (the set of the unitaries u € B(FE, o) such that v*fu € L(B,(X)),
f € L(B,(X))) countably generates the Borel x-algebra B(E, o).

In this thesis, we study B(E, o) and in particular prove that:

i) If £ is smooth, then B (F, o) is a type I Borel x-algebra (Definition 6.3.10).
ii) If F is a hyperfinite, then B}(E, o) is a Borel AF-algebra (Definition 7.5.1).

iii) Generalizing Kumjian’s definition, we define a Borel twist ' over E and its

associated sequentially closed Borel x-algebra B(I).

iv) Let a Borel Cartan pair (B, By) denote a sequentially closed Borel x-algebra B
with a Borel Cartan subalgebra By, where B is countably By-generated. Gen-
eralizing Feldman-Moore’s result, we prove that any pair (B, By) can be real-
ized uniquely as a pair (B(E,0), L(B,(X))). Moreover, we show that the pair
(B:(E), L(B,(X))) is a complete invariant of the countable Borel equivalence

relation E.

il



il

v) We prove a Krieger type theorem, by showing that two aperiodic hyperfinite
countable equivalence relations are isomorphic if and only if their associated

Borel x-algebras B(F;) and B(E,) are isomorphic.
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Chapter 1

Introduction

The interplay between operator algebras and dynamical systems has been very
important since the early work of Murray and von Neumann. Several of the first
examples of von Neumann factors were obtained by the so-called group measure
space construction W*(X, u, G) associated to the measurable action of a discrete
countable group G on a measured space (X, u). In his fundamental work on orbit
equivalence, H. Dye in [Dyel] and [Dye2] studied measurable dynamical systems of the
form (X, p, T'), with T a finite measure-preserving ergodic transformation and proved
that any two such dynamical systems are orbit equivalent. In a sequence of papers (in
particular [Krl] and [Kr2]), W. Krieger studied and classified up to orbit equivalence
nonsingular ergodic transformations 7" on a Lebesgue space (X, u). He associated to
(X, 1, T) an ergodic flow and proved that two systems are orbit equivalent if and only
if their associated flow are conjugate and if and only if their associated von Neumann
factor are isomorphic.

Recall that a C*-subalgebra (resp. W*-subalgebra) B of A is regular if the
normalizer {a € A;aBa* C B and a*Ba C B} generates A as a C*-algebra (resp. as a
W*-algebra). In 1977, Feldman and Moore in [FM1] and [FM2] studied von Neumann

algebras associated to countable Borel equivalence relations £ on a measurable space



(X, o, ). The abelian algebra L>(X, i) is a natural Cartan subalgebra of the von
Neumann algebra associated to E. Then a Cartan subalgebra B of a C*-algebra (resp.
von Neumann algebra) A is a regular maximal abelian subalgebra of A, containing
an approximate unit of A and with a faithful (resp. normal) conditional expectation
from A to B.

The main result of [FM2] implies that two countable Borel equivalence rela-
tions are measurewise orbit equivalent if and only if there is an isomorphism of the
corresponding von Neumann algebras keeping L>°(X, i) globally fixed. In fact, Feld-
man and Moore associate a von Neumann algebra W*(E, o) to a measurable twisted
groupoid (F,0) where F is as above and o is a 2-cocycle on E with values in T.
They prove that any pair (M, A) of a von Neumann algebra M acting on a sepa-
rable Hilbert space and a Cartan subalgebra A of M can be uniquely realized as
(W*(E,0), L*(X, 1)),

The topological analogue of Krieger’s result was studied by Giordano, Putnam
and Skau in [GPS1]. They classified up to strong orbit equivalence minimal home-
omorphisms ¢ on the Cantor set X; denoted (X, ¢). They proved that two Cantor
minimal systems are strongly orbit equivalent if and only if their associated C*-
algebras (the cross-product) C*(X, ¢) are isomorphic. As in the measurable setting,
the abelian subalgebra C'(X) is a natural Cartan subalgebra of the cross-product
C*(X,¢). Moreover, any two Cantor systems (X, ¢) and (X, ) are flip conjugate
(i.e. ¢ is conjugate to v or 1~1) if and only if there is an isomorphism of the corre-
sponding cross-products, keeping C'(X) globally fixed.

Any freely acting topological dynamical system (X, ¢) can be viewed as a topo-
logical groupoid £, C X x X. In, for example, [Re|, [Rel] and [Re2], J. Renault
analyzes topological groupoids ¢ using the reduced C*-algebras C*(¥) associated to
¢. In the case of Cantor minimal systems, the pair of C*-algebras (C*(X, ¢),C(X))
corresponds to the pair (C}(Ey), C’(E(O))).

¢
In [Re], J. Renault gives a detailed analysis of the C*-algebra C*(E, o) associated



to a topological twisted groupoid (E, o) where F is a principal r-discrete groupoid
and o is 2-cocycle on F with values in T. In this setting, the abelian subalgebra
Co(E©®) is still a Cartan subalgebra of C*(F, ¢), in a stronger sense (see 6.6.1). Then
Renault proves that any pair (A, B) of a separable C*-algebra A and a (strong) Cartan
subalgebra B can be uniquely realized as a pair (C/(E, o), Co(E®)). Renault’s result
is a topological analogue to Feldman and Moore’s result, but with a stronger notion
of Cartan subalgebra.

In [Ku], A. Kumjian introduces the notion of a principal twist ' over F and
studies the C*-algebra C(I', F) associated to it. Topological twisted groupoid (F, o)
is a special case of principal twist (I', F'). In this setting, the abelian subalgebra
Co(E®) is a natural diagonal subalgebra of C*(I', E). A diagonal subalgebra is a
Cartan subalgebra whose pure states can be extended uniquely to the whole alge-
bra. Kumjian proves that to any pair (A, B) composed of a separable C*-algebra A
and a diagonal subalgebra B can be uniquely realized as a pair (C*(I', E), Co(E©)).
Kumjian improved the result of Renault in [Re], but principal twists are not general
enough to recover Cartan pairs (A, B).

In 2008, Renault in [Re2] showed that any Cartan pair (A, B) as above can
be realized uniquely as (C#(T, E), Co(E®)) where T is a twist over a topologically
principal groupoid E. This is the algebraic topological analogue of Feldman and
Moore’s result. It is interesting to parallel the results of Renault and of Feldman
and Moore in terms of groupoid and operator algebra: Renault’s result in [Re] is the
topological groupoid analogue, while his second in [Re2] is the C*-algebra analogue.

While von Neumann algebras are in correspondence with measurable dynami-
cal systems and C*-algebras with topological dynamical systems, the link between
operator algebras and Borel dynamical systems has not yet been so studied.

In Borel dynamical systems, we study countable groups G of Borel automor-
phisms on a standard (typically uncountable) Borel space (X,.o/). To any such

group of Borel automorphism, we associate a countable Borel equivalence relation



Eq C X x X. In [FM1], Feldman and Moore prove that any countable Borel equiva-
lence relation E of (X, .o) is induced by a countable group of Borel automorphisms.

Smooth countable Borel equivalence relations F on (X, /), can be classified by
studying their quotient spaces X/E. Note that finite Borel equivalence relations (i.e.,
the equivalence class of any € X is finite) are smooth. In 1982, B. Weiss in [W]
proved that any hyperfinite Borel equivalence relation E (i.e., increasing union of finite
Borel subequivalence relations F,,) is induced by a Borel automorphism ¢ of (X, .o7).
In 1994, R. Dougherty, S. Jackson and A.S. Kechris classified in [DJKe] aperiodic
non-smooth hyperfinite countable Borel equivalence relations up to orbit equivalence
by the cardinality of their non-atomic invariant ergodic probability measures. In
2007, B. Miller and C. Rosendal in [MRo] showed that the full group [E] of E (as
an abstract group) is a complete invariant of orbit equivalence of countable Borel
equivalence relations E whose equivalence classes are all of cardinality of at least 3.

The interplay between Borel dynamical systems and operator algebras started in
the late 60s. In a sequence of papers [Davl], [Dav2] and [Dav3], E.B. Davies studied
sequentially weakly closed C*-algebras and called them X*-algebras. In particular
in [Dav3], he studied the ¥*-algebra #(X,G) associated to a Borel G-space and
showed that if G acts freely on X, then there is a natural one-to-one correspondence
between the set of non-atomic invariant ergodic probability measures on X and the
set of normalized sequentially normal extremal traces of Z(X,G). One cannot fail to
foresee how this results will be linked with the classification result of [DJKe]. Moreover
from Davies’s work, we can deduce the existence of a faithful sequentially normal
conditional expectation from Z(X,G) to the bounded Borel functions B,(X) and
that the normalizer of the maximal abelian subalgebra of B,(X) generates Z(X, G)
as a X *-algebra.

In 1986, D. Sullivan, B. Weiss and J.D.M. Wright in [SulWWr| studied actions
of a countable group G of homeomorphisms on a Polish space X. They proved that

any two generically free and generically ergodic (i.e., any nonatomic open invariant



subset of X is meagre) such actions are generically orbit equivalent. They also defined
and studied the Y*-algebra M*(FEq) associated to the Borel equivalence relation Eg
induced by the action of G. Moreover from their work, we can deduce the existence of
a sequentially normal conditional expectation A : M*(Eg) — B,(X) and that the
subalgebra of bounded Borel function B,(X) is maximal abelian in M*(E¢). In fact,
the main focus of [SuUlWWr]| is on the monotone complete AW*-algebra M*(E¢)/J
where J is the two-sided ideal {f € M*(FEq) : supp(A(ff*)) is meagre} and D. We
denote this algebra by M*(D,G) where D is the Dixmier algebra B,(X)/J. This
algebra M*(D,G) is a type III AW*-factor. The first examples were constructed
independently by Takenouchi and Dyer, answering a long standing problem of Ka-
plansky. In [SulWWr], the authors prove that any two type IIT AW*-factor M*(D, G),
associated to a generically free and generically ergodic action of any countable group
G are isomorphic.

Let X be a compact separable metric space with no isolated points and G be a
countable discrete group of homeomorphisms of X. In 1990, J.D.M. Wright in [Wr4]
studied the Borel closure @77 of the reduced crossed-product C(X) x, G acting on
the Hilbert space (*(G) ® £*(X). He proves in the Borel x-algebra setting, that the
subalgebra of bounded Borel functions B,(X) is a Cartan subalgebra. The study of
the AW*-algebra «77 /%, where & = {z € &/7;supp(A(ff*)) is meagre}, is then the
focus of [Wr4].

The papers of [Dav3], [SulWWr] and [Wr4] lead us to use Borel *-algebras to
further develop the interplay between Borel dynamical systems and operator algebras.

The first goal of this thesis is to associate a (weakly sequentially closed) Borel
x-algebra to a countable Borel equivalence relation £ and a T-valued normalized 2-
cocycle o of E. In Chapter 7, we present two constructions of the Borel x-algebra
Bi(E, o). The first one follows Feldman and Moore’s construction of [FM2], but in a
measure-free context. In the second construction, we follow Kumjian’s construction

in [Ku] by viewing (E, o) as a Borel twist. In both approaches, the main difficulty



is to construct a faithful family of sequentially normal representations. Notice that,
contrary to the topological case, any Borel twist can be realized by a T-valued 2-
cocycle on E.

We then show that the abelian subalgebra B,(X) is a (Borel) Cartan subalgebra
of B(E,o). Moreover the (Borel) Cartan subalgebras are (Borel) diagonal subalge-
bras. Thus, as in the measurable setting, we only have one case to consider in the
Borel setting (unlike the three levels of [Re], [Ku] and [Re2] in the topological setting).

In Chapter 7, we prove the analogue of Feldman and Moore’s result for Borel
x-algebras; more precisely, if B is a (sequentially weakly closed) Borel x-algebra, and
By is an abelian (standard) Borel x-subalgebra, and if B is countable By-generated
then the pair (B, By) can be realized uniquely as a pair (B}(E, o), B,(X)).

In this chapter, we also study how a second countable Hausdorff principal étale
groupoid and its associated C*-algebra C(E, o) embeds in B}(F, o). We show that
for any smooth countable Borel equivalence relation FE, its associated Borel x-algebra
Bi(E,0) is of type I. We give a definition of approximatively finite Borel (BAF)
x-algebra, and show that if £ is hyperfinite, then B}(FE, o) is a BAF x-algebra.

As in [Dav3], we obtain a natural one-to-one correspondence between the set of
non-atomic invariant ergodic probability measures on X and the set of normalized
sequentially normal extremal traces of B(E, o). We combine this result with the
Theorem 9.1 of [DJKe| to obtain in Chapter 8 a Borel analogue of Krieger’s result
(that we call a Borel-Krieger type Theorem), i.e., two aperiodic hyperfinite countable
Borel equivalence relations are orbit equivalent if and only if their associated Borel
x-algebras are isomorphic.

In Chapter 2, we recall the basic definitions of topological, Borel and measur-
able spaces. In Chapter 3, we present topological, Borel, and measured groupoids.
In Chapter 4, we take a deeper look at the theory of countable Borel equivalence
relations. In Chapter 5, we present the cohomology of countable Borel equivalence

relations and the Borel twist of countable Borel equivalence relations. In Chapter



6, we present operator algebras, starting with C*-algebras, von Neumann algebras
and more importantly for our cause, Borel x-algebras. We also surveys results in the
measured and topological setting of [FM2], [Re|, [Ku] and [Re2] for Cartan pairs of
C*-algebras.



Chapter 2

Spaces

In this chapter we recall definitions and terminology for topological, Borel and mea-

surable spaces. We follow the notations and definitions of [Ke].

2.1 Topological Spaces

Let X be aspace. If T is a collection of subsets of X which contains the empty set and
X and is closed under arbitrary unions and under finite intersections, then the pair
(X, T) is a topological space. For any set in A C X, let T|4 = {UNA with U € T}
The pair (A, T |4) is called the topological space restricted to A. When A € T,
the pair (A, 7T|4) is also known as a topological subspace of (X, 7).

Let &€ be a collection of subsets of X. The smallest topology on X which contains
£ is denoted T¢ and the elements of £ form a subbasis, or a set of generators of
(X,Te). When € is a countable collection of clopen subsets of X, then (X, 7g) is
zero-dimensional.

For i € I, let (X;,T;) be topological spaces. Let X = [[..; X; be the product
space and 7; : X — X; be the canonical projections. Let & = {m; }(A): A€ T;,i € I}

then 7¢ is the product topology on X. It is the smallest topology which makes
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the canonical projection continuous (see definition below). For two topological spaces
(X,T) and (Y,S) we simply use the notation (X x Y, T x §) for the product space,
with the product topology.

Definition 2.1.1 A subset D of a topological space (X, T) is dense if for allU € T,
U #0, then DNU # (. If X contains a countable dense subset, then (X,T) is

separable.

Definition 2.1.2 A topological space (X,T) is Hausdorff if every two distinct

points of X have disjoint open neighborhoods.

Definition 2.1.3 Letd: X x X — be a distance on X. The pair (X,d) is a metric
space. The topology Ty generated by the open balls B(x,e) = {y € X :d(x,y) < &},
for any € > 0, is called the topology induced by d. The metric space (X,d) is

complete if every Cauchy sequence in X has a limit point in X.

Definition 2.1.4 Let (X,7T) be a topological space. If the topology T can be induced
by a distance d, then (X, T) is metrizable. We say that the distance d is compatible
with the topology T .

Hence by definition, metrizable spaces are Hausdorff.

Definition 2.1.5 We call (X,7T) a Polish space, if it is separable and it admits a
compatible distance d such that (X, d) is complete.

The strictly positive integers are denoted N*. For any space X, we denote by #(X)

the collection of all subsets of X.

Example 2.1.6 For each k € N*, let (Ax, Tx) be a topological space with Ay countable
and Ty = P(Ay). Moreover, assume that the number of Ay with more than one point
is infinite. If dy, : Ag x Ay, — {0, 1} is the distance defined by d(x,y) = 0 if and only if
x =y, then this distance is compatible with the topology Tr. The space K = [ ], cn+ Ak



2.2. BOREL SPACES 10

with the product topology T = []en+ T s Polish. A compatible distance on K for
the topology T is

d(x,y) =) d(gi;lyi)-

keN*
Let € > 0; then the balls B(x,e) are open and closed. Thus (K, T) is totally discon-

nected with no isolated points. Moreover, K it is compact if every Ay is finite.

Definition 2.1.7 Let (X, T) be a topological space. If (X,T) is totally disconnected,

metrizable, compact, and without isolated points, then (X, T) is a Cantor space.

Example 2.1.8 From the previous example, if all the Ay are finite then, the topo-
logical space (K,T) is a Cantor space.

Definition 2.1.9 Let (X, T) and (Y,S) be topological spaces. A map f: X — Y is
continuous if for every open set V inside Y then the set f~1(V)={x € X : f(z) €
V'}is an open set in X. A map f: X — Y is open if for every open set U inside X
then the set f(U) ={y €Y :3x € U such that f(x) =y} is an open set in Y.

Definition 2.1.10 Let (X,T) and (Y,S) be topological spaces. If there is a continu-
ous map ¢ : X — Y which is bijective and open then the two topological spaces (X, T)

and (Y, S) are homeomorphic.

Theorem 2.1.11 [CANTOR]| The Cantor space is unique up to homeomorphism.

2.2 Borel Spaces

Let X be a space. A collection of subsets &7 of X which contain the empty set and
is closed under complements and arbitrary countable unions is called a o-algebra.
A measurable space is a pair (X, .o/) where X is a space and & is a o-algebra. For
any set A C X, the measurable space restricted to A is the pair (A, &/|4) where

/| 4 is the restricted o-algebra.
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Let &€ be a collection of subsets of X. The smallest o-algebra on X containing £
is denoted % and the elements of £ are called the generators of (X, o).

Let (X, %) be measurable spaces indexed by i € I. Let X = []..; X; and
7+ X — X, be the canonical projections. If & = {m;'(A) : A € &,i € I}, then

el

e is the product o-algebra on X. It is the smallest o-algebra which makes the
canonical projection measurable maps (see definition below). For two measurable
spaces (X1, .27) and (X, o%) we simply use the notation (X; x Xy, .27 x @) for the
measurable product space. In that case, the sigma algebra @7 x o7 is equivalent to

the smallest o-algebra generated by P = {A x B: A€ @4 and B € a}.

Definition 2.2.1 Let (X, 94) and (Xo, 9%) be measurable spaces. Let f: X1 — X5
be a map. The map f is called a measurable map if for all A € o then f~1(A) €
/1. The measurable map f is called a measurable isomorphism if it is bijective
and if =1 is a measurable map. If there is a measurable isomorphism between two

measurable spaces, then the measurable spaces are measurably isomorphic.

Definition 2.2.2 Let (X, o) be a measurable space. A measurable isomorphism f

from X to X is called a measurable automorphism.

Let f be a map defined between two subsets A and B of two spaces X and Y
respectively. The set graph(f) = {(z,y) € X x Y : f(z) = y)} is the graph of f.

Definition 2.2.3 Let (X, %) and (Xo, 9%) be measurable spaces. Let Ay € < and
Ay € 9. A partial measurable map f: Ay — Ay is a measurable map between

the measurable spaces (Ay, o/ |a,) and (Ag, o |4,).

Definition 2.2.4 Let (X,T) be a topological space. If of = o7, then (X, o) is
called a Borel space and the elements of &/ are called the Borel subsets of X .

When the measurable spaces are Borel spaces, then we will use the word Borel

instead of measurable for the corresponding definitions.
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Definition 2.2.5 Let (X, ) be a Borel space. If there is a Polish topology T on X
such that of = ot then (X, ) is called a standard Borel space.

Example 2.2.6 Let X,, = {x1,...,x,} (n distinct points) and T, be the discrete topol-
ogy on X,. Then </, is the collection of all subsets of X,, and (X, </1,) are standard

Borel spaces.

Example 2.2.7 Let T be the discrete topology on N. Then (N, o77) is a standard

Borel spaces.

Example 2.2.8 Let £ = {B(z,e) C R : x,e € Q withe > 0} be the open balls
centred on rational points with rational radiuses (with the usual metric on R). Then

(R, o) is a standard Borel space.

The following are standard results.

Theorem 2.2.9 Let (X1, ) and (Xs, %) be standard Borel spaces. Let f : Y] — Y3
be a map for'Y) € & and Ys € of5. The following are equivalent:

i) f is a Borel map and
i) graph(f) is a Borel set in (X1 X Xa, o) X ).

Moreover, a Borel graph is a subset U € o X @ty such that if (x,y) € U and
(x,y') € U then y =y'. Clearly, if f is a Borel map, then graph(f) is a Borel graph
and for any Borel graph U, you can define a Borel map fy where if (x,y) € U then

fv(z) =y.

The cardinality of a set A is denoted |A|. We use the following notation: || = 0,
H{z1,22,...;x,}| = n (here i # j iff x; # z;), [N| = w (countably infinite) and |R| = c.

Theorem 2.2.10 Let (X, /) be a standard Borel space. Then |X| € {w,¢,1,2,...,n,...}.
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Theorem 2.2.11 Let (X, 94) and (Xa, 9%) be standard Borel spaces. Then (X, <)
and (Xo, o) are Borel isomorphic if and only if | X1| = | Xa|.

From this theorem, any standard Borel space is Borel isomorphic to one of our

previous examples of standard Borel spaces.

2.3 Measured Spaces

Definition 2.3.1 Let (X,.o/) be a standard Borel space. Let u be a measure on
(X, ). The triple (X, o, ) is called a measured space.

2.4 Functions

We end this chapter by introducing important function spaces and some standard

results used throughout this thesis.

Definition 2.4.1 Let (X, T) be a locally compact Hausdorff space. The set of con-
tinuous functions with compact support, denoted C.(X), consists of all con-
tinuous complex-valued functions f such that there exists a compact set K C X with

the property that for every x ¢ K, then f(x) = 0.

The functions in C.(X) are always bounded with respect to the sup-norm.

Definition 2.4.2 Let (X, T) be a locally compact Hausdorff space. The set of con-
tinuous functions vanishing at infinity, denoted Co(X), consists of all contin-

uous complez-valued functions f such that for any € > 0, there exists a compact set

K C X with the property that for every x ¢ K, then |f(x)| < e.

Then C.(X) is dense in Cy(X). Moreover Cy(X) is a Banach space with respect

to the sup-norm.
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Definition 2.4.3 Let (X, /) be a measurable space. The set of bounded mea-
surable functions (with respect to the sup-norm), denoted Mo(X), consists of all
complex-valued measurable functions f, such that there exists M < oo such that
|f(z)| < M for all x € X. When & are Borel sets, then the bounded measurable

functions are called the bounded Borel functions, denoted B,(X).

Theorem 2.4.4 Let (X, o7) be a measurable space. Let {f,} be a bounded sequence
of bounded measurable functions. If the sequence {f,} converges pointwise to f, i.e.,
for every x € X the sequence of complex numbers {f,(x)} converges to f(x), then f

18 a bounded measurable function.

The proof of this theorem can be found in [Ru] (Corollaries p.14). In particular,
M(X) is closed under bounded pointwise limit.

Theorem 2.4.5 Let (X,T) be a Polish space and (X, o) be its corresponding stan-
dard Borel space. The class of real-valued bounded Borel functions of B,(X) is the
smallest class of real-valued functions containing the real-valued continuous functions
with compact support of C.(X), which is closed under taking bounded pointwise limits
of monotone (increasing or decreasing) sequences of functions (i.e., if {f,} are in the
class, with |f,| < M for some M < oo, and f, /7 f or fn \( f pointwise, then f is

in the class).

The proof of this theorem can be found in [Ped8] (Proposition 6.2.9).



Chapter 3

Groupoids

We begin with an introductory example. This example motivates the definition of a
more general object called groupoid. We follow loosely the example given by [Red] in
the beginning of Section 2.3.1.

Let G be a group of automorphisms of a space X. The action a: X x G — X
given by a((x,g)) = g(x) for g € G and x € X turns X into a G-space. If the action
is free, i.e., a((x,g)) = x if and only if ¢ = idyx (the identity on X), then X is a free
G-space.

We define

Y =9X.G)={(r,9,y) e X xGx X :2=g(y)}
and endow ¢ with the following algebraic structure:
1) a product map m : ¥ — & where
G ={((x,9,y), (y,h,2)) €EGxG} CYGxYG
is the set of composable pairs such that m((z, g,v), (y, h, 2)) = (x, gh, 2),

1

2) an inverse map ¢4 — ¢ such that (z,g9,y)™' = (y,97 !, ),

15



3.1. GROUPOIDS 16

3) arange map and source map, r: ¥4 — X and s : ¢4 — X given by r(z,9,y) =

and s(z,g,y) =y, and
4) an inclusion map i : X — ¢ given by i(x) = (x,idx, z).

The resulting object is called a transformation group groupoid.

If X has a topology, a Borel structure or a measurable structure, then we want
G to be a group of homeomorphisms, Borel automorphisms or measurable automor-
phisms. We also want to endow the transformation group groupoid with a correspond-
ing structure to make the partially defined product map and inverse map continuous,
Borel or measurable.

We recall definitions and terminology in the study of topological groupoids, Borel

groupoids and measurable groupoids.

3.1 Groupoids
In this section, we follow mainly the notations of [Re].

Definition 3.1.1 (/Re/, Definition 1.1) A groupoid is a set Y endowed with a prod-
uct map (g1, g2) — G192 : 92 — G where 9 C G x 9 is called set of composable
pairs, and an inverse map g — g ' 94 — 4 such that it satisfy the following

properties:

i) (7)) =g forallge 9.

i) If (g1,92) and (g2, g3) are in 92, then (g1g2, g3) and (g1, gags) are in 9@ with

(9192)93 =0 (9293)~
i) (97',9) €9 forallg €Y, and if (g9.9:) € 9, then g~ (gg) = g1.

w) (9,97") €4 forallge ¥, and if (¢1,9) € 9®), then (919)97" = g1.
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Definition 3.1.2 Let 4 a groupoid. The mapsr:9 — 9 and s: 94 — 9 defined by

r(g) =99~ " and s(g) =g 'g

are called the range map and source map respectively.

Remark 3.1.3 Let 9 be a groupoid and let g and h be elements of 4. The pair (g, h)
is in 92 if and only if r(h) = s(g).

Definition 3.1.4 Let ¥ a groupoid. The set of units of 4, denoted 99, is defined

by
GO = (@)

Definition 3.1.5 Let 4 be a groupoid. Let x and y be in 4. The fibers of the

range and source maps are denoted 9° =r~'(x) and 4, = s~ (y) respectively.

Remark 3.1.6 Forallge€ ¥, r(g)g =g and gs(g) = g. The set of units could have
been defined using s(9).

Definition 3.1.7 Let 4 be a groupoid and v € 9. The isotropy group of =,
denoted 947, is defined by
9 =9"NY,.

If 47 is the trivial group, then we say that the point x has trivial isotropy.

Definition 3.1.8 Let & be a groupoid. The isotropy bundle of 4, denoted 4’ is
defined by

G ={9e9:r(9) =59}
Remark 3.1.9 Clearly 99 C 9 and 9' = [{,cy0 9*.

Example 3.1.10 If G is a group with neutral element e, then G® = G x G, G©) =
{e} and G' =G.
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Example 3.1.11 Let E be an equivalence relation on a space X (i.e., E C X x X ).
We can equip the equivalence relation with a natural groupoid structure. Let w, x, y

and z be any points in X.

1) Propuct MAP: ((w,z), (y,2)) € E® if and only if v = y and then (w, z)(x, z) =

(w, 2).
2) INVERSE MAP: (z,y)" ' = (y, ).

Let (z,y) € E. Sincer(z,y) = (z,y)(y,z) = (z,2) and s(z,y) = (y,2)(z,y) = (4, 9),
then the unit space of E is its diagonal, i.e., E© = {(z,2) : 2 € X} = X. Moreover
E=X.

Example 3.1.12 Let (X,G) be a G-space as in the introduction of this chapter and
9(X, Q) be a the corresponding transformation group groupoid. Since r((x,g,y)) =
(z,9,9)(y, 97", 2) = (2, idx, ), then 9O = {(z,idx,z) : 2 € X} 2 X. IfY is a free

transformation group groupoid then 4’ = X.

Definition 3.1.13 Let 4 be a groupoid. If 9' = 9O, then 4 is a principal

groupoid.

Remark 3.1.14 There is a bijective correspondence between principal groupoids and

equivalence relations. Indeed, a groupoid 4 induces a canonical equivalence relation
on 90 x 4O given by
Eg ={(r(9).s(9));9 €9}

If 9 is principal, then the homomorphism ® : 9 — Eg, given by ®(g) = (r(g),s(g))

18 bijective.

3.2 Topological Groupoids

Now we introduce the notion of a topological groupoid.
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Definition 3.2.1 [Re2] Let &4 be a groupoid. Suppose (4,T) is a topological space.
If the structure product and inverse maps are continuous and the source and range
maps are continuous and open, where 9@ C 4 x & has the restricted topology of
(G x94T xT) and 9 C 4 has the restricted topology of (4,T), then 9 is a

topological groupoid.

Definition 3.2.2 Let & be a locally compact Hausdorff groupoid. A continuous
Haar system is a family of nonnegative measures {\"}, .y with the following

properties;
1) supp(\*) =9*, 2 € 900,
2) for a function f:%9 — C continuous and with compact support, the function
x = N(f)
on 9O is continuous and with compact support, and

3) is invariant in the sense that
/ Fl991)ax"? (g1) = / Flg0)dN" (1), for every g € 4.

From now on, unless otherwise specified, we will assume that a topological
groupoid ¥ is locally compact, Hausdorff, second countable and that it possesses

a Haar system.

Definition 3.2.3 [Re2] Let 4 be a topological groupoid. If the range and source maps

are local homeomorphisms, then ¢ is étale.

Remark 3.2.4 [Re2] When 4 is an étale groupoid and x € 9, the counting mea-

sures {\*} on the set 4* form a canonical Haar system.

Definition 3.2.5 [Ku/ Let ¥ be an étale groupoid. If9 is principal, then it is referred

as a topological equivalence relation.
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Definition 3.2.6 [Re2] Let 4 be an étale groupoid. If the interior of 4’ is 4©) then

¢ is topologically principal.

Proposition 3.2.7 [Re2] Let 4 be an étale groupoid. If 9 has the Baire property,

then the following are equivalent:
1) 9 1is essentially principal.

2) The set of points in G with trivial isotropy is dense.
Definition 3.2.8 [Re3] A twist over a groupoid ¢ is a groupoid extension
TxX—>I—>¥

where I' and & are topological groupoids, T is the circle group, X is a space and, at
the level of unit spaces, X — I'© — @O qre identification maps. In the topological
setting, we require that all maps to be continuous and the identification maps to be
homeomorphisms. So one says that I is twist over & or that the pair (I',9) is a

twisted groupoid.

Here for a complex number z € C, we denote by z its complex conjugate.

Example 3.2.9 Let 4 be a topological equivalence relation and o : 43 — T be a

continuous 2-cocycle, so that it satisfies o(g1, g2)0(g192, 93) = 0(g2, 93)0 (g1, g2g3) for
all (g1,92), (g2, 93) €GP . Let T =T x G endowed with the following operations;

1) ProDUCT MAP: (5,01)(t, g2) = (sto(g1, 92), g192),
2) INVERSE MAP: (s,9)"" = (30(g,971),g7") and
3) T-ACTION: s(t,g) = (st,g),

with s,t € T and g, 1,92 €9, then I is a twist over 4.
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The previous example was studied extensively by Renault in [Re] but was not
called a twist. It is in fact a particular case of a twisted groupoid of the form (I',¥)
with ¢ étale, second countable locally compact Hausdorff and principal. This type of
twisted groupoids was studied by Kumjian in [Ku]. Later Renault in [Re2] extended
the study to a twisted groupoid of the form (I',¥) with ¢ étale, second countable
locally compact Hausdorff and topologically principal. In Section 6.6, we study the
C*-algebra associated to a twisted groupoid and their algebraic structure. The results
on the algebraic structure of these C*-algebras motivate the definition of twisted

groupoids.

3.3 Borel Groupoids

Now we introduce definitions and results for groupoids with Borel a structure.

Definition 3.3.1 [AnaRe] Let 9 be a groupoid. Suppose (4, ) is a standard Borel
space. If the product, inverse, source and range maps are Borel, where 4® C 4 x &4
has the restricted Borel structure of (4 x 9,4 x <) and 4©) C & has the restricted
Borel structure of (4,4), then 4 is a Borel groupoid.

Definition 3.3.2 [AnaRe] Let 4 be a Borel groupoid. A Borel Haar system is a

family of nonnegative sigma-finite measures {A\*},cq© with the following properties;
1) supp(\*) =97, 2 € 900,

2) for every nonnegative Borel function f : 9 — C, the function \(f) : 9 — C,
defined by x — X*(f), is Borel,

3) is invariant in the sense that for every g € ¢, then

/ F(99)dN9) (gy) = / F(g1)dN ) (gy)
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4) and is proper in the sense that there is a positive Borel function f : 9 — C

such that A(f) is the constant function one.

Definition 3.3.3 [AnaRe] A Borel groupoid ¢ is r-discrete if for all x € 9, 4~

1s countable. The counting measures on 9% form a natural Borel Haar system for ¥ .

Remark 3.3.4 As in Remark 3.1.14, there is a bijective correspondence between

principal (and r-discrete) Borel groupoids and (countable) Borel equivalence relations.

We will study countable Borel equivalence relations in depth in Chapter 4.

Definition 3.3.5 Let I' be a Borel groupoid and T be the circle group. Let ky, ko € T
and (11, 72) € T®. IfT is a free T-space such that

i) 9 =T /T is a countable Borel equivalence relation, where the canonical quotient

map q: ' — 9 is a groupoid homomorphism,
i) (ki71, kory) € T3,
iii) (k1m1)(komo) = (k1k2)(Ti72) and
i) I' =2 T x T©
then (I',9) is called a Borel twist or we say that I is a twist over 9.

As in the topological setting (see Definition 3.2.8), this definition can be gener-
alized by not requiring that ¢ is a countable Borel equivalence relation. We study

Borel twists in Section 5.3.

Definition 3.3.6 Two Borel twists are isomorphic, if there is a groupoid isomor-

phism @ : 'y — 'y, such that the following diagram commutes:

q1

Tx X2 >T, %

iidqrxx i@ lidg

Tx X -2 >Ty,—2 @
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Following Kumjian in [Ku], we introduce the following definition.

Definition 3.3.7 Let E be a countable Borel equivalence relation on (X, </). The
set of isomorphism classes of Borel twists I' such that I'/T = E is denoted by Tw(E).

3.4 Countable Measured Equivalence Relations
We now extend the definitions to groupoids with a measurable structure.

Definition 3.4.1 [AnaRe] Let 4 be a Borel groupoid with a Borel Haar system \ =
{X"},eq@. Let p be a measure on 9. The measure p is quasi-invariant with

respect to & and X if the measure po X is such that o AN(G) = 0 if and only if
po NG =0 for all Borel subset G of 4.

Definition 3.4.2 [AnaRe] If9 is a Borel groupoid with a be Borel Haar system A and
a quasi-invariant measure p on 4. Then the triple (G, \, 1) is called a measured

groupotid.

We now introduce an important countable Borel equivalence relation, the so-

called tail equivalence relation.

Definition 3.4.3 Let X = [],_y.{0, 1} be the Cantor space. The equivalence relation

given by
Ey={(z,y) € X x X;3N > 0 such that x, = y,,¥n > N}
18 a countable Borel equivalence relation, called tail equivalence.

Example 3.4.4 Let Ey be tail equivalence on X with the canonical Borel Haar system
A of counting measures. For any a € [0,1], let d, be the measure on {0,1} such that
do(0) = 1= and do(1) = 1% and define a measure on X by pia = [[pen- da- Then

(E, A, pa) s a measured Borel groupoid.
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Measured groupoids coming from countable Borel equivalence relations with a
measure on the unit space and a measurable 2-cocycle were studied by Feldman and
Moore in [FM1] and [FM2]. In particular in [FM2], they study von Neumann algebras
associated to these measure groupoids. We will present their construction and their

results in Section 6.5.



Chapter 4

Borel Equivalence Relations

One of the goal of this thesis was to associate to countable Borel equivalence relations
canonical operators algebras and to study their properties. In the measured case,
the most general construction was obtained in [FM2] by Feldman and Moore. To
a measured countable equivalence relation F on a Lebesgue space (X, p) and a 2-
cocycle o on E with value in the circle group T, they associate a von Neumann algebra
W*(E, o) generalizing Murray-von Neumann group measure space construction.

In this chapter, we recall the notion and first properties of countable Borel equiv-
alence relations. We then present examples of hyperfinite Borel equivalence relations

using the notion of tail equivalence on a Bratteli diagram.

4.1 Countable Borel Equivalence Relation

In this section, we present definitions and results related to countable Borel equiva-
lence relations (Borel principal r-discrete groupoids). We follow mainly [DJKe].
Recall that an equivalence relation E on a set X is a subset of X x X such that

for all z,y,2z € X,
i) E is reflexive; V,ex ((z,2) € E),

25
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ii) E is symmetric; (z,y) € E = (y,z) € F and
ili) E is transitive; (z,y) € F and (y,2) € E = (z,2) € E.

For z € X, let [x]g or simply [z] denote the equivalence class of z. For two
equivalent elements x and y in X, we use the notation zEy, x ~g y or v ~ y. We
will denote by

¢: X — X/E
the canonical quotient map.

E is a countable equivalence relation if [x]g is countable for all z € X.

Let (X, «7) be a standard Borel space. Then an equivalence relation F on (X, &)
is a Borel equivalence relation if £ C X x X belongs to the o-algebra &/ x <.
Notice that (E, o/ x &/|g) is a standard Borel space.

We endow X/FE with the Borel o-algebra &7 /E = q(<7).

Definition 4.1.1 Let E be a Borel equivalence relation on (X, 7). Then E is finite
if every equivalence class is finite, uniformly finite of order n if every equivalence

class is of cardinality at most n and aperiodic if every equivalence class is infinite.

Example 4.1.2 Let G be a countable group of Borel automorphisms of (X, <) and
let

Eg = {(z,y) € X X X;34ec(g(x) = y)}
be the orbit equivalence relation. Then Eg is a countable Borel equivalence relation.
Moreover, if G is infinite and acts freely on (X, /), then Eq is aperiodic.
Conversely in [FM1], Theorem 1, Feldman and Moore prove.
Theorem 4.1.3 Let E be a countable Borel equivalence relation on (X, o) with X

with X uncountable. Then there is a countable group G of Borel automorphisms such

that E = Eg. Moreover, G can be chosen such that

2By < (Jyea(g® =1 A g(z) = y)).
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Remark 4.1.4 In [Ad], S. Adams showed that in Theorem 4.1.3, the group G cannot

be chosen to act freely in general.

Definition 4.1.5 Two Borel equivalence relations E1 and Eo on standard Borel spaces
(X, ) and (Y,C), are isomorphic, noted Ey = E,, if there is a Borel isomorphism
f: X —Y such that xEyy < f(z)Eaf(y).

Remark 4.1.6 Recall that if E is a Borel equivalence relation on a standard Borel
space (X, o), then (E, o x o/ |g) is a standard Borel space. Keeping the notation of
Definition 4.1.5, note that if f : X — Y is a Borel isomorphism such that xEy <
f(z)Esf(y), then f x f: X x X =Y XY is a Borel isomorphism and a bijection

from Ey to Es, thus the spaces Ey and Ey are Borel isomorphic.

Definition 4.1.7 Let E be a Borel equivalence relation on (X, o). LetY be a Borel
subset of X. The restriction of E to Y, noted Ely, is

Ely =En(Y xY).

Definition 4.1.8 A subset A of X is E-itnvariant, or simply invariant when no

confusion arises, if x € A and xEy, then y € A.

Definition 4.1.9 Let E be a Borel equivalence relation on (X, o) and A be a subset
of X. The E-saturation of A, denoted [A]g, is defined by

[Alp = {z € X[Fyea(zEy)}.
The subset [A]g is the smallest F-invariant set containing A.

Theorem 4.1.10 Let E be a countable Borel equivalence relation on (X, /). Let
Kk X — N* be the the map which associate to each v € X, the cardinality of its

equivalence class [x]. Then k is a Borel function.
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Proof: By Theorem 4.1.3, there exists a countable group of Borel automorphisms
G = {gr; k € N} such that £ = Ugey graph(gi). Let N = {gx,, ..., gx, } be any subset

of G of n elements. The subset
J(N) ={z € X : gi,(x) # gr,(x) for all i # j}
is a Borel subset of X. For n € N* let
X(n)={z € X :|[x]g| =n} ="' (n).
To complete the proof it suffices to show that X (n) is Borel. The set

T.=J J(V)

NCG

is also a Borel subset of X. Moreover since J, = {z € X : |[z]g] > n}, then

Jns1 \ Jn = X (n) is Borel. |

Definition 4.1.11 The pseudo-group of an equivalence relation E, denoted [[E]],
1s the set of partial Borel bijections f : A — B between Borel subsets A and B of
X, such that f(x)Ex for all x € A. The full group of an equivalence relation E,
denoted [E], is the set of Borel automorphisms f : X — X such that f(x)Ex for all
reX.

By Theorem 1.1 of [MRo] the full group, as an abstract group, is an invariant of iso-
morphism for the countable Borel equivalence relations provided that the cardinality

of any class is at least 2.

Theorem 4.1.12 [MRo] Let Ey and Ey be two countable Borel equivalence relations
on (X1,9) and (Xa, of) respectively. Suppose |[xg]g,| > 2 for all z, € X, k= 1,2.
Then Ey = Ey if and only if [Eq] = [Ey].
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With this theorem we can easily construct an invariant for all countable Borel equiv-

alence relations. Recall, for n € N*,
X(n)={x € X :|[z]g| =n}.
The sets X (n) are E-invariant Borel subsets of X. Let ¢(n) be the cardinality of

X(n) and Z = X \ (X (1) U X(2)).

Corollary 4.1.13 Let E; and E, be two countable Borel equivalence relations on
(X1, 9) and (X, 9%) respectively. For i = 1,2, let ¢;(n), X;(n) and Z; be defined
as above but for E;. Then Ey and Es are isomorphic if and only if c1(1) = co(1),
c1(2) = 2(2) and [E1|z,] = [E2z,)].

Definition 4.1.14 Let E be a countable Borel equivalence relation on (X, o). Two
Borel subsets A and B are Hopf equivalent (A ~ B) if there exists a partial Borel
bijection f € [[E]] such that f(A) = B.

We look now at the notions of subequivalence relation and embeddable relation.

Definition 4.1.15 Let E and E' be two countable Borel equivalence relations on

(X, o). If E' C E, then E' is a subequivalence relation of E.

Definition 4.1.16 Let E; and E5 be two countable Borel equivalence relations. The
Borel equivalence relation E; is embeddable into Es, denoted Fy T FEs, if there is

an injective Borel map f : X1 — X5 such that

(z.9) € v <= (f(2),[(y)) € Ex.

If By C Ey and Es C Ey, then we call E; and Es bi-embeddable, denoted Fi ~ F>.

Remark 4.1.17 The following are equivalent:

1) Ey is embeddable into Es.

2) There exists a Borel subset Yo of Xo such that Ey = Esly,.
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4.2 Invariant and Ergodic Measures on E

In this section we recall the notion of an invariant and an ergodic measure on a

countable Borel equivalence relation, introduced in [FM1].

Definition 4.2.1 [FM1] Let yu be a measure on X. Let \* be the counting measure

on the set {(x,y) € E;y € X} and A\, be the counting measure on the set {(y,z) €
E;y € X}, then the measures on E [ A*du(z) and [ Aydu(x) are denoted by v and

v1

Theorem 4.2.2 [FM1] Let E be a countable Borel equivalence relation on (X, <),
i a probability measure on (X, o) and G be a countable Borel group of Borel auto-

morphisms such that E = Eq. The following are equivalent;
1) p=ug for all g € G, where pg(A) = pu(g=1(A)) for all A € .
2) If f € [E], then p = uf, where uf(A) = u(f~*(A)) for all A € .
3) If f € [[F]], with f: A — B, then u(A) = u(B).
4) v=vL

Definition 4.2.3 Let E be a countable Borel equivalence relation on (X,</). A
probability measure p on (X, o) is E-invariant, if it satisfies one of the equivalent
conditions of the previous theorem. If (A) = 0 or u(A) = 1 for all invariant Borel
subsets A € o/, then u is E-ergodic.

Notation 4.2.4 Let E be a countable Borel equivalence relation. Then let T denote
the set of all E-invariant probability measures, Eg denote the set of all E-ergodic
probability measures and ZE g = Ir N Eg. If we are considering only non-atomic

measures, then let Ty, Ex and IEY, denote the corresponding sets.
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4.3 Compressible Equivalence Relations

In this section we define compressible countable Borel equivalence relations and
present some of their properties. We follow [DJKe]. As above, E denotes a countable

Borel equivalence relation on (X, .o7).

Definition 4.3.1 A Borel subset A is E-full if it has non-empty intersection with

every equivalence class of E, i.e. if AN[x]g £ 0 for allx € X.

Definition 4.3.2 A Borel equivalence relation E is compressible if there is a non-

empty Borel subset A of X such that A ~ X and X \ A is E-full.
Definition 4.3.3 A subset A of X is E-compressible if E|4 is compressible.

Definition 4.3.4 Let A and B be Borel subsets of X. Then A < B if there is a
Borel subset C' C B such that A ~ C'. Thus we get, by the usual Schroeder-Bernstein
argument, that A ~ B if and only if (A < B) and (B < A).

Theorem 4.3.5 E is not compressible if and only if E admits an E-invariant prob-

ability measure.

Definition 4.3.6 A Borel subset A of X is E-paradoxical if there is there are
disjoint Borel subsets B and C of A such that A~ B and A ~ C.

Theorem 4.3.7 Then the following are equivalent:
1) E is compressible,

2) There is a sequence {A,} of pairwise disjoint full Borel sets with A, ~ A,, for

all n, m and

3) X is E-paradozical (with B and C subsets of | J A, ).
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4.4 Smooth Borel Equivalence Relations

In this section we introduce the class of smooth countable Borel equivalence relations.
All definitions and results can be found in [KeM]. As in the preceding sections, E

denotes a countable Borel equivalence relation on (X, .o7).

Definition 4.4.1 Let E be a countable Borel equivalence relation. Then E is smooth,
if there is a Borel surjection ¢ : X — Y, where (Y,C) is a standard Borel space,

such that
Veyex(@BEy <= é(z) = ¢(v)).

Remark 4.4.2

1) This definition is equivalent to the ezistence of a Borel separating family,

i.e. a sequence {Bp}nen of Borel subsets of X such that

Veyex(xEBy <= Vpen(z € B, & y € By)).

2) For a countable Borel equivalence relation E, recall that a Borel transversal
for E is a Borel set B C X which intersects each class of E at exactly one
point. Then E is smooth if and only if E as a Borel selector, i.e. a Borel

function f: X — X whose image is a Borel transversal for E.

For the next lemma we need the uniformization theorem whose proof can be

found in [Ke| Theorem 18.10.

Theorem 4.4.3 Let (X,B) and (Y,C) be standard Borel spaces and let P C X x Y
be a Borel subset. If every section P, = {(z,y) € P;z = x} is countable, then there
exist P* C P such that

V:ceX (HyEX((x7y) € P) — EI!yEX((I7y) S P*))
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P* s called a uniformization of P. Moreover P = UpenP,, where P, are a Borel

graphs of X x Y.

Lemma 4.4.4 If E is a smooth countable Borel equivalence relation, then E admits
a Borel transversal. If E is uniformly finite of order n, then there is a finite set of
Borel selectors { f;}1, for E, whose images partition X. If E is aperiodic, then there

is a countable set of Borel selectors { f;}ien for E, whose images partition X .

Proof: Let ¢ : X — Y be a map witnessing that E is smooth, and define
ACY x X by
(y,7) € A= ¢(x) = .

By the uniformization theorem (4.4.3), it follows that A has a uniformization f :

Y — X and that f o ¢ is the desired Borel selector. |

Theorem 4.4.5 Let E be a countable Borel equivalence relation on (X, <7). Then

E is smooth if and only if X/E is a standard Borel space.

Proof:

Let ¢ : X — Y be a Borel surjection verifying that E is smooth. Let ¢ : X — X/F
be the quotient map and let ® = ¢ o ¢~!, where ®([x]) = ¢(x) for all z € X, be the
induced bijection (well-defined) from X/FE to Y. Since ¢ is countable to one, it
sends Borel sets to Borel sets. Thus an FE-invariant set B is Borel if and only if
®(¢(B)) = ¢(B) is Borel.

Conversely, since X/FE is a standard Borel space there exists a a countable family
{B,}nen of sets which separate points of X/FE. Define A, = p~'(B,), then {A,}nen

is a Borel separating family for E. i
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A direct consequence of Theorem 4.4.5 is that a finite Borel equivalence relation is
smooth.

If : X — X is a (Borel) automorphism, let

Es={(z,y) € X x X;Fhezd®(x) = y}

denote the countable (Borel) equivalence relation induced by ¢.

Theorem 4.4.6 Let E be a countable Borel equivalence relation. If E is smooth,

then there exists a Borel automorphism ¢ such that £ = Ey.

Proof:  Forn € N*U{oo}, define A,, = {x € X : |[z]g| = n} and E,, = E|4,. Then
A,, are E-invariant Borel sets. Thus F is a disjoint union of the E,, for n € N*U{oo}.
For n € N*, partition A,, with Borel transversals f, : A, — B, for k=1,...,n
such that A, = | |i_; Bg. Define the partial Borel map ¢, : A, — A, by
fl(l‘), if S Bn
on(z) =

karl(.Z'), ifx € B, k<n

For n = oo, partition A, with Borel transversals f; : Ao — By for k € 7Z such

that A, = |_|ZEZ By.. Define the partial Borel map ¢ : Ao —> A by

¢oo(x> = {fk+1($), ifx € By -

Finally with ¢(z) = ¢, (z) if x € A, for n € N* U {oc}, it follows that E = E,. |

Corollary 4.4.7 Fori = 1,2, let E; be two smooth countable Borel equivalence re-
lations. Then Ey = FEy if and only if the cardinalities of the standard Borel space

Al /E; are equal, where A, = {x € X : |[z]g,| = k}, for k € {0,1,2,...}.

Recall that if E' is a countable Borel equivalence relation on (X, o), ZE g (resp. ZEY)

denotes the set of E-invariant, ergordic (resp. non-atomic) probability measures on

(X, o).
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Theorem 4.4.8 Let E be a countable Borel equivalence relation. If ZES, is not empty,

then E is not smooth.

Proof:  Suppose E is smooth and p € ZE . Then there is a sequence € = {4, }ien
of Borel sets separating the points in X/FE (and % is closed under taking complement).
Let ¢ : X — X/FE be the quotient map and define v(A) = u(q~*(A)), where A is
a Borel set of X/FE. Then by ergodicity of u, v(A) is equal to zero or one. Let
¢ ={Ae€%;v(A) =1} and

Then v(B) = 1.

Claim : B is a singleton; this implies that u is atomic (ZE% = 0).

If not, suppose x,y € B and = # y, then there is is a set D € ¥ such that x € D
and y ¢ D. If v(D) = 0 then « ¢ B and if v(D) = 1 then y ¢ B which leads to a

contradiction. |

The next theorem will give another formulation of non-smoothness. Recall that
Ey denotes tail equivalence (see Definition 3.4.3) and that F; is embeddable in Fj is
denoted by E; T F5 (see Definition 4.1.16).

Theorem 4.4.9 Let E be a countable Borel equivalence relation on (X, 7). Then
E is non-smooth if and only if Eg E E.
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4.5 Hyperfinite Borel Equivalence Relations

In this section we introduce the class of hyperfinite countable Borel equivalence rela-

tions.

Definition 4.5.1 A countable Borel equivalence relation E is hyperfinite if £ =
Unens En. where the E,’s are an increasing sequence (i.e., B, C E,.| for alln € N)

of finite Borel equivalence relations.

The next theorem shows, as in the smooth case, that countable hyperfinite Borel

equivalence relations can be written E; for some Borel automorphism ¢ : X — X.

Theorem 4.5.2 [W] Let E be a countable Borel equivalence on a standard Borel

space (X, o). The following conditions are equivalent:

1) E=FEs={(z,y) € X x X|Fpez(d*(x) = y)}, where ¢ : X — X is a Borel

automorphism.

2) E = U,en- En, where the (E,)n>1 forms an increasing sequence of uniformly

finite Borel equivalence relations E,, of order n.

3) E = U, en+ En, where the (Ey)n>1 forms an increasing sequence of finite Borel

equivalence relations.

By Theorem 4.4.6, a smooth countable Borel equivalence relation is hyperfinite. In the
next section we give examples of countable non-smooth hyperfinite Borel equivalence

relations.
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4.6 Bratteli Diagram and Tail Equivalence

Let us first recall the definition of a Bratteli diagram. They were introduced by O.
Bratteli in [Bra] to classify approximatively finite (AF) C*-algebras.

Definition 4.6.1 (See for ezample [GPS3]) A Bratteli diagram is an infinite di-
rected graph D = (V,&), where V is the vertex set and & is the edge set. They are

disjoint unions of non-empty finite sets;

Y = Ij Vi and E= |j E;.
i=1 i=1

The graph has the following property:

1) An edge e € E; goes form a vertex V;, noted s(e), to a vertex in Vi1, noted

r(e). The map s is called the source map and r is called the range map.

2) The graph has no sink;
vvev (571(’1)) §£ @) .

To a Bratteli diagram D we can associate its path space, denoted p, as follows:

Start with a source v € V, i.e. r~!(v) = () and define
Q, ={(e)2, - ei € E;, s(ey) =0, s(ejy1) =1(e;), i =n}.

For each n > 1, we endow F, with its discrete topology and the product space

[I;5, Ei with the corresponding product topology. Then Q, C [],., £ with the

=n
relative topology is compact metrizable and zero dimensional. Then Qp is the disjoint
union of the €2, and equipped with the topological sum topology is a locally compact,

metrizable and zero dimensional space and the clopen cylinder sets
Utensem) = 1T €EQp 1 Ty =€y, ooy Ty = €0}

form a basis for the topology of €2,.
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Definition 4.6.2 Tail equivalence on the Bratteli diagram D is the equivalence

relation Ep defined on Qp by
Ep ={(x,y) € Qp x Qp;IN > 0 such that x, = y,, ¥n > N}.
For each n > 1, let E(Dn ) be the finite subequivalence relation of Ep defined by
B = {(z,y) € Op x Opia; = yi, i > n}

(i.e., two paths in Qp are EgL )—equivalent if they agree from level n).
By construction, (E(Dn ))@1 forms an increasing sequence of subequivalence rela-

tions of Ep and
o0

Ep=|JEp.

i=1
Forn > 1, Ez()" Jisa compact, open subset of the product space 2p x {2p, and therefore
Borel. Hence, Ep is a hyperfinite countable Borel equivalence relation on {2p.
Using Bratteli diagrams and tail equivalence, we now construct examples of hy-
perfinite countable Borel equivalence relations.
We start with the Bratteli diagram of the UHF C*-algebra 2°°. Tail equivalence

on this diagram is the tail equivalence E; for the Definition 3.4.3.
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Example 4.6.3 Let Dy be the Bratteli diagram:

Figure 4.1: D,

. Vl
E:

° Vs
E

° Vs
Es

° Ve
E.

° Vs

° Vi

| 3

Vn+ 1

For each i € N*, V; = {v'} and E; = {¢},ei}. The range of all edges in F; is vt

and the source for the edges in Ej is v*. The product measure

= (1 1
= (5% + §5ei>
i=1

is the only non-atomic ergodic Ep,-invariant probability measure. Moreover Ep, is

isomorphic to Ej.
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Example 4.6.4 Let Dy be the Bratteli diagram:

Figure 4.2: D,

S

For each i € N*, V; = {v{, v} } and E; = {e], €}, a}, ..., al }. The range of all edges
in E; is vy, the source of the edges e;, 7 =0or 1, is v} and the source of the edges

ai, k=1,..,2% is vi. In this example, the map
¢ : QDO — QDm

defined by

o((apei™, ) = (azfﬂi, )
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and

for j = 0 or 1 is a Borel injection, belonging to [[Ep,]]-

If A; is the subset of Qp, of all paths beginning with an edge ai, k =1, ..., 2%

A= |_|AZ- and B ={(e});i>1,j= 0orl},
i=1
then
¢(QDO) =4

and for 7 > 1,

Lemma 4.6.5 The Borel space Sdp, does not carry any Ep,-invariant measure.

Proof:  If u were such an Ep -invariant probability measure, then 1 = u(Qp,) =
W(A) + p(B) and 1 = p(@p,) = p(é(@p,)) = p(A), then u(B) = 0 and p(B) =
w(¢'(B)) = u(A;). Thus u(A) =0 and u(Qp,) = 0 which is a contradiction. |

Then, since {2p, ~ A, and A€ full, then
Fact: The tail equivalence Ep, on Dy is a compressible countable Borel equivalence
relation.

The sets (A;);>1 form a sequence of pairwise disjoints, Fp,-invariant, full Borel
sets (with A; ~ A; for all i, j > 0). As Ep,|p is isomorphic to Ey, then

Fact: Ep, is non-smooth.
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Example 4.6.6 For m > 1, let D,, be the Bratteli diagram:

Figure 4.3: D,,

® Vi
// m\\ E:

o o o o Ve
E

o o o o Vs
Es

o o (I Vs
E.

o o o o Vs

o o o o Vi
| | 3

Vi

Let Vi = {v'} and E; = {e},...,el }. For each i € N*, i > 1, V; = {vi,...,0! } and
E;, = {eéo,w 6%171), 6%072), 621,2)’ . e’('()’m), 621,m)}‘ The vertex v is the source of all edges
in £ and the range of the edge e} is vz, for k = 1,...,m. For i > 1, the source of
the edges eéo’k) and 6%1,1{) is v and the range of the edges e’&o’k) and 6%1,k) is vit!. For
k € {1,...,m}, the product measures

> (1 1
P = 66% ¥ <® (56620,10 * 55621,10))

1=2
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are the m measures in ZE3, .
Dm

Example 4.6.7 Let D, be the Bratteli diagram:

Figure 4.4: D,
V1

. V2
/ ‘ =
. V3

°® ® °® Vs

Here Vi = {v'} and E, = {b},b],a'}. For each i € N* i > 1,
Vi = {v',w!,...,wi_,} and E; = {b}, b}, a’, 62071), 62171), s 6%0,1;1)7 621@;1)}-

The source of b} and b} is v* and their range is v*"!. The source of a’ is v’ and its

range is w'™. For k = 1,...,i—1, the source of eéo ry and el('l Ky 18 wi and their range

%

is w}jl. The measure

(1 1
=@ (54 30)

=1

together with the measures py, for £ > 2, given by
i 1 = /1 1
oo (@ (e 1)) o600 (& (30

are the measures in ZE%, | .
Dw
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Example 4.6.8 Let D, be the following Bratteli diagram;

Figure 4.5: D,

° Vi
/ \ £

o o Ve
NN e

® o o 0 v
;N\ !\ ;N ;N E3

That example can be described as follows: Let W; be the set of all binary words
of length i. For each ¢« > 1, let 7 : W; — W,;_; be the truncation of the last
digit. Let W, be the set of (countable) infinite binary words and 7; : W, — W
be the truncation that keeps the first n digits of the word. Let V; = {v'} and
Ey = Upew, {ap, by} Fori € N*, i > 1,

V= U {vi} and E; = U {a},b.}.

keW, _1 keW;

The vertex v! is the source of all edges in E;. For any k € W;, the vertex 'Ui(k) is the
source of the (four) edges a} and b%. The range for the (two) edges ai and b% is vi'.

Let k € W,,, the measures
(1 1
Hi = @ (ééaii(k) + §5bi¢(’€)>
are the measures in ZEy .
Fact: For any Dy, k € {c,w,0,1,2,3,..}, Ep, is an aperiodic, non-smooth and

hyperfinite countable Borel equivalence relation.
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4.7 Classification of Hyperfinite Borel Equivalence
Relations

The goal of this section is to survey the classification of all hyperfinite Borel equiv-
alence relations up to isomorphism (orbit equivalence) on the standard Borel space
(X, o). We will first give the classification of the smooth hyperfinite Borel equiv-
alence relations. The classification of the non-smooth Borel equivalence relation is
based (almost entirely) on the result of Theorem 9.1 of [DJKe].

Let us recall the smooth case (see Section 4.4), for n € N* U {00}, let X (n) be
the points in X with orbits of cardinality n and let E,, = E|x(,). Then E is a disjoint
union of the E,. Now since F,, is smooth, the quotient space X (n)/FE, is a standard
Borel space and let g, be its cardinality. Then (from Corollary 4.4.7), two smooth
Borel equivalence relations F and E’ are isomorphic if and only if ¢, = ¢/, for all
n € N*U {oo}.

In the non-smooth case we can assume that the Borel equivalence relation is
aperiodic. If not, let A = X (00) be the points in X with orbits of infinite cardinality
and decompose E = FE|, ¢ U F|4 (periodic and aperiodic blocks). The restriction
of E to its periodic part is smooth; this was handle above. We now present the
classification up to isomorphism of countable, aperiodic, non-smooth and hyperfinite

Borel equivalence relations.

Theorem 4.7.1 [DJKe] Let Ey and Ey be two countable, aperiodic, non-smooth and

hyperfinite Borel equivalence relations. Then
B = FEy <~ |I€OE1| = |I€OE2|

Corollary 4.7.2 Let E be a countable, aperiodic, non-smooth and hyperfinite Borel

equivalence relation. Then there ezists unique k € {w,c,0,1,2,...} such that

E = Ep,.



Chapter 5

Cohomology

5.1 Cocycles and coboundaries

In this section we present definitions and results on cohomology of countable Borel
equivalence relations. We follow closely the definitions and results of [FM1], but they
are given in a purely Borel context (with no reference to a measure on X). In this
section (A, +) is an abelian Polish group with neutral element denoted 0, and F is a
countable Borel equivalence relation on (X, .o7).

n+1
Definition 5.1.1 Forn > 1, let E™ be the Borel subset of H(X, o) given by

k=1

77777

Clearly, EV) = E.

Definition 5.1.2 Letn > 1. A Borel function f : E™ — A is a n-cochain if there
erists k € {1,...,n}, such that xy = x4, entails f(z1,...,xn11) = 0. The n-cochains,

denoted C"(E, A), form an abelian group.

Definition 5.1.3 For n = 0, E©® = X and C°(E,A) is the set of Borel functions
from X to A.

46
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Definition 5.1.4 For anyn > 1, the maps 6, : C" ' (E,A) — C™(E, A) are defined

by
n+1
<5nf)(x17 s anrl) = Z(_l)kJrlf(xl? "'7‘%167 ...,anrl),
k=1
where

(l’h ceey i‘k, e xn+1) c E(n_l)
denote the element of E™V obtained by removing the k'™ variable of (X1, ey Tpy1)-

The following computation shows that 9,1 o d,, = O:
For n > 1,

n+2

5n+1(5nf)(mla ceey xn+2) = Z(_l)k+l(6nf)<xla ceny jk» ey xn+2>

k=1

which expands and simplifies to

k=1 \k'=1 k' =k+1
(when k = 1 (resp. k = n + 2) the first (resp. second) inside sum is empty) and

forany 1 <i < j < n+2, the term f(xy, ..., &, ..., T, ..., Tnio) appears exactly twice in

n+2 [k—1 n+2
/ ~ ~ / A~ ~
E ( E (=DM ¥ flay, o Bpry ooy By ooy Trgn) + E (=D)FFH (), By oy Bty ey Tpn)

)

Ont1(0nf) (1, ..., Tpya), one with &' = i and k = j leading to (—1)" f(z1, ..., &4, ooy B, ooy Tpg2)

and one with k& = ¢ and &’ = j leading to (—=1)"*! f(zy, ..., &4, ..., &}, ..., Tpt2) Whose
sum is 0, this implies that 6,41(0,f)(x1, ..., Tpy2) = 0 for any f € C*(E, A). Thus we

get a long exact sequence:
02 O(X,A) 25 O(B,A) 22 CX(E,A) 25 ...
where dg is the inclusion map.

Definition 5.1.5 For n > 0, a Borel n-cocycle is an element of ker(d,+1). The set
of all n-cocycles will be denoted Z™(E,A). A Borel n-coboundary is an element of
im(8,). The set of all n-coboundaries will be denoted B™(E,A). The n-cohomology
group is Z"(E,A)/B"(E,A), denoted H"(E, A).
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By definition for n > 2, two cocycles f and ¢ in Z"(E,A) are cohomologous if
f—g€ B"(E,A).

Theorem 5.1.6 Let E be a smooth countable Borel equivalence relation, and A be

an abelian Polish group. Then for alln > 1, H*(E,A) = 0.

Proof: As FE is smooth, let us fix a Borel selector f : X — X of E. Then, let us

associate to any n-cocycle o € Z"(E,A), the (n — 1)-cochain ¢ : B~ — A given
by
c(x1, oy xp) = o(f(21), 21, oy Tny)-
As
n+1
(5n+10')(.1'0, Ty, ...,xn+1) = Z(—l)k()’(%o, ceey .]Ai‘k, ...,$n+1) = O,
k=0
it follows that
n+1
(X1, ey Tpry) = — Z(—l)ka(ato, ooy Thy ey Tt 1)
k=1
n+1
= (=D e(zy, o Ty ooy T
k=1
=(0n0) (1, ovey Tnt1),
with zg = f(z1). Thus o € B"(E, A). |

The next theorem follows a proof, in the topological setting, of H. Matui [Mat],
which also applies in the Borel setting.

Theorem 5.1.7 Let E = U;>1 E; be a hyperfinite countable Borel equivalence relation,
where (E;)i>1 is an increasing sequence of finite equivalence relations. Let A be an

abelian Polish group. For allmn > 2, H"(E,A) = 0.
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Proof: Letn > 2. Let o € ker(6""!). We construct inductively a sequence (7;);>1,
€ C"1(E,A), such that
(1)) = o(€), VE € B and 7ia(n) =), Yn € B
Then if we define 7 € C"*(E, A) by
7(n) = lim 75(n), ¥y € EY,
1—r 00
then we get 0"(7) = 0. Hence H"(E,A) = 0.
For 71, since H"(E), A) = 0 there exists 7, € C""!(E, A) such that

3"(1)(€) = a(€), VE € B

Suppose 7; is constructed. Since H"(F; 1, A) = 0, then there exists f € C"1(E, A),
with supp(f) C EZ(L Y such that

F(f)(€) = o(€), VE € BT,

Hence we have

5 (f = T)(€) =0, ¥ € E
The restriction of f — 7; to EZ-(n*l) is in H"'(E;,A). Since H"'(E;, A) = 0, then
there exists g € C"2(E, A), with supp(f) C EZ-(n_Z), such that

"M g)(n) = (f = 7:)(n), ¥m € BV,
Set 7341 = f — 0""'(g). Then
0" (1i41)(€) = 3" (f)(€) = a(8),
for all ¢ € B, and
Tira(n) = f(n) = 0" g)(n) = f(n) — (f = =) () = 7a(n),

for all n € E'i(n_l) , which completes the proof. i
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5.2 2-cocycles

We identify by T the set of complex numbers of modulus 1. The T-valued Borel
2-cocycles play an important role in this thesis. Thus we review the definitions and
give some results in that specific context. In this section E denotes a countable Borel

equivalence relation on (X, .&7).

Definition 5.2.1 A T-valued Borel 2-cocycle o € Z?(E,T) of E is a Borel function

o : E® — T which satisfies the following property
o(z,y,2)o Hw,y, 2)o(w,z, 2)0 H(w,z,y) =1

or

o(w,y, z)o(w,x,y) = o(x,y, z)o(w, x, z)

forallw ~gx ~gy~g 2.

If there is a c € C(E, A), such that a Borel 2-cocycle o can be written as
1s a Borel 2-coboundary.

Definition 5.2.2 Two Borel 2-cocycles o, and o5 are cohomologous if there exists

c € B*(E,T) such that

o1(x,y, 2) = oa(x, y, 2)c(z, y)e (x, 2)e(y, 2)
forallx ~gpy~pg 2.

From now on a 2-cocycle on E will always refer to a T-valued Borel 2-cocycle.

Definition 5.2.3 A 2-cocycle o is normalized if it is equal to 1 whenever two or

three variables are identical.
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Hence a normalized 2-cocycle satisfies the extra condition that o(z,y,z) = 1 for all

(x,y) € E.

Lemma 5.2.4 Fvery 2-cocycle is cohomologous to a normalized one.
Proof: Let o be a 2-cocycle. We have
o(a,c,d)o(a,b,c) =o(b,c,d)o(a,b,d);
then if a = ¢ = x and b = d = x, we obtain
oz, z,y)o(x,y,x) = oy, z,y)o(z,y,y)
olz,y,2) = o(y,2,y).

If /o : T — T denotes the Borel map defined by ve2" = e™ for § € [0, 1], then
the function g : £ — T defined by

9(r,y) = vol(z,y,z)

is Borel and such that g(z,y) = g(y,z) and g(z,z) =1 for all (z,y) € F and x € X.
If 7: E® — T denotes the Borel function defined by

T=0(dg)"",
then for all z € X and (z,y) € E we have:
1) 7(z,x,x) =1,
2) 7(z,2,y) = oz, z,y)(g(z,y)g (x,y)g(x, )" = 1,
3) 7(x,y,y) = o(x,y,9)(9(y, )9~ (z,y)g(x,y)) " = 1 and

4) 7(x,y,x) = o(x,y,2)(9(y, x)g " (z, x)g(z,y)) "

o(x,y,z)(g(y, z)g(x,y)) "
o(x,y,z)(g(z,y)*) "
1
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Hence 7 is a normalized 2-cocycle. i

Lemma 5.2.5 A normalized 2-cocycle is skew symmetric, i.e. permuting any two

variables inverses (conjugates) the value of the 2-cocycle.
Proof: Let 7 : E®® — T be a normalized 2-cocycle. We have
7(a,c,d)7(a,b,c) = 7(b,c,d)7(a,b,d);

then if a = x, b = d = y and ¢ = 2z, we obtain

(@, 2z, y)7(2,y,2) = 7(y, 2, 9)7(2, 9, 9)

T(x,z,y) =1

T(x,2,y) = T’l(ac,y, 2).

Similarly if a = ¢ = 2, b =y and d = z, then 7(z,y,2) = 77 (y,2,2). Ifa=d =z,
b=z and c =y, then 7(2,y,2) = 7(z, 2,y) = 7 ' (x,y, 2). i
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5.3 The Borel Twist

In this section, for a countable Borel equivalence relation F on (X, /), we establish
the link between isomorphism classes of Borel twists Tw(E) (see Definitions 3.3.5 and
3.3.7) and the 2-cohomology group H?(E,T). We first associate a Borel twist to a
2-cocycle, defined on a countable Borel equivalence relation, and then show that any
Borel twist arises this way.

Let F be a countable Borel equivalence relation and ¢ be a normalized 2-cocycle
on E with values in the torus T. Let I' be the set of pairs of the form (a, (z,y)) € TxE.

We then define a multiplication on I" by

(a, (2, ) (b, (y, 2)) = (abo(2,y, 2), (x,2)), if w =y,

an involution by
(a,(z,y))™" = (@ (y,2)),

and a free Borel T-action by

b(a, (2,y)) = (ab, (z,y)),

for all (w, z,y, 2) € E® and a,b € T. Then I is a Borel twist, that we will (sometimes)
refer to as E twisted by o.

In the Borel case, we will show that any Borel twist of a countable equivalence
relation is induced by a 2-cocycle of E. The proof follows closely the proof of the
topological analogue by Kumjian in [Ku] and uses the following result of Kallman

[Kall].

Proposition 5.3.1 (/Kall/, Proposition 7.1) Let G be a locally compact group with
a countable basis, and let I be a standard Borel G-space such that T'/G is countably

separated. Then I'/G is standard, and there is a Borel cross-section

h:T/G—T.
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Theorem 5.3.2 Let E be a countable Borel equivalence relation on (X, </). For any
twist I' in Tw(E), there exists a 2-cocycle o of E such that I' = (E, o). Moreover if

(E,01) = (E,0,), then o1 and oy are cohomologous.

Proof: The construction above associates to E and o a Borel twist. More-
over, straightforward computations show that Borel twists associated to cohomolo-
gous (normalized) 2-cocycles of a Borel equivalence relation are isomorphic. Hence,
we only have to show that each Borel twist is associated to a normalized 2-cocycle.

Let I' be a Borel twist with £ = I'/T. By 5.3.1, there exists a Borel cross-section
s B —T.
Let 0, : E® — T denote the Borel function such that
0.y, 2)s(x,2) = s(x.y)s(y, 2)
for all (z,y,2) € E®. Since

s(w, x)s(x,y)s(y, z) = os(w, z, y)s(w, y)s(y, )

= og(w, z,y)os(w,y, 2)s(w, 2)

and
s(w, x)s(z,y)s(y, z) = s(w, x)os(x,y, 2)s(x, 2)
= os(z,y, 2)s(w,z)s(z, 2)
= o(x,y, 2)os(w, z, z)s(w, z)
then

Us(wa xz, y)as(w, Y, Z) = Os(xa Y, Z)Js(wv xz, 2)7

and therefore o, € Z?(E,T). If
t: b —T
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is an other Borel cross-section and o, : F? — T such that

oz, y, 2)t(x, z) = t(z,y)t(y, 2),

then consider the Borel function k : E — T such that for (z,y) € F

t(z,y) = k(z,y)s(z,y).

Since
oz, y, 2)t(x, 2) = t(z, y)t(y, 2)
O-t(‘ra y7 Z)k(ﬂf, Z)S(.I‘, Z) = k?(l', y)S(l’, y)k(ya Z)S(y7 Z)
Ut(xu Y, Z)k(.f, Z)S(ZE, Z) = k'(.T, y)k<y7 2)0'5(1'7 Y, Z)S(I, Z)
then
O-t(x7 yv Z) = k?(ZE, y)k’(l’, Z)k(y7 Z)O'S(ZE, y7 Z)a
thus o, and o; are cohomologous. |

This result does differ from the result of Kumjian in the topological setting:
only topological twists with a continuous cross-section are induced by continuous 2-
cocycles. Some topological twists do not have a continuous cross-section, while all

Borel twists do have Borel cross-sections.

Remark 5.3.3 We can equip Tw(E) with a group structure (as in Remark 2 and
Proposition 3 of [Ku]) which makes the bijection between Tw(E) and H?(E,T) of

Theorem 5.3.2 a group isomorphism.



Chapter 6

Borel x-algebras

The first three sections of this chapter introduce the facts on the theory of C*-algebras,
von Neumann algebras and Borel *-algebras that we will use in the rest of the thesis,
and we review in the fourth one the definitions of Cartan subalgebras. In the last
section, we review AF-algebras.

Recall that we want to associate to a countable Borel equivalence relation a
Borel x-algebra. In Section 5, we present the measurable-von Neumann algebra case,
following Feldman and Moore’s results in [FM1] and [FM2], and in Section 6 the
topological-C*-algebra case, following Renault in [Re], [Rel] and [Re2] and Kumjian
in [Ku].

The construction of the Borel x-algebra associated to a countable Borel equiva-
lence relation is presented in Chapter 7.

Throughout this chapter, H will denote a Hilbert space and B(#) the involutive

algebra of bounded linear operator on H.

26



6.1. C*-ALGEBRAS 57

6.1 (*-algebras

Definition 6.1.1 A C*-algebra A is an involutive Banach algebra whose norm sat-

isfies, for all f € A, || f*fIl = | f]I*.
Example 6.1.2

1) B(H), with the operator norm, is a C*-algebra. Note that if H is infinite di-

mensional, then B(H) is not separable.

2) Any norm-closed involutive subalgebra of B(H) is a C*-algebra. Such an algebra

1s called a concrete C*-algebra.

3) If X be a locally compact Hausdorff space, then Cy(X), the continuous functions
vanishing at infinity on X (see Definition 2.4.2), equipped with the sup-norm is

an abelian C*-algebra.

In fact, any C*-algebra has a concrete representation. To concretise this last sentence,
we recall the definition of a representation and in particular of the GNS-representation

of a C*-algebra.

Definition 6.1.3 A representation of C*-algebra A is a pair (7, H), where H is
a Hilbert space and © : A — B(H) is a x-homomorphism from A to B(H). The

representation (w,H) is faithful when it is injective.

Remark 6.1.4 If (m,H) is a representation of a C*-algebra A, then ||m(a)|| < ||all
for all a € A.

Definition 6.1.5 Let A be a C*-algebra. A bounded positive linear form of norm

one ¢ : A — C 1is called a state.

Notation 6.1.6 The set of all states on A will be denoted S(A). Then S(A) is a
convex set. The extreme points in S(A) are called the pure states and are denoted

P(A).
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Example 6.1.7 By Riesz representation theorem, the states on Cy(X) correspond to

the probability measures on X and the pure states to the Dirac measures on X.

We know present the GNS-representation, following [Ped], Theorem 3.3.3.

Theorem 6.1.8 Let A be a C*-algebra and ¢ € S(A). There exist a representation
(mg, Hy) of A and a vector of norm one, noted &;, such that $(A) = (€, mp(A)Ey) for
all A € A and m4(A)E, is dense in Hy.

Definition 6.1.9 Let A be a C*-algebra and ¢ € S(A). The representation (mg, Hy)
of Theorem 6.1.8 is called the Gelfand-Naimark-Segal (GNS) representation
induced by ¢.

Definition 6.1.10 (/Ped/, 3.7.6 and 4.3.7) Let A be a C*-algebra. Let (mg, H,p) be
the GNS representation induced by ¢ € S(A). The universal representation of A
is defined by

(WU,HU) == @ (7T¢,H¢).

$eS(A)

The atomic representation of A is defined by

(Ta, Ha) = @ (7T¢7H¢)-

peP(A)

Theorem 6.1.11 ([Ped], 4.3.11) Let A be a C*-algebra. The atomic representation
18 faithful.

Corollary 6.1.12 ([Ped], Theorem 1.1.7) If A is a commutative C*-algebra, then A
is isomorphic to Co(P(A)).

We end this section with two useful theorems for C*-algebras.

Theorem 6.1.13 ([An/, Theorem 3.2) Let Ay be a C*-subalgebra of a C*-algebra A
and ¢ be a pure state of Ag. Then there exists a unique pure state ® of A such that
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|4, = ¢ if and only if for each x € A ande > 0 thereisb € A, with ||b|| = ¢(b) = 1,
and y € Ay such that
[bxb — y|| < e.

Definition 6.1.14 ([An/, Definition 3.3) Let Ay be a C*-subalgebra of a C*-algebra
A. Then Ay has the extension property relative to A if every pure state of Ay

can be extended uniquely to a pure state of A.

6.2 von Neumann algebras

Throughout this section, H denotes a Hilbert space and (e|e) its inner product.
Moreover {x;} C B(#H) will denote a bounded net of operators (||z;|| < k < oo for all

i) and {z,} C B(H) is a bounded sequence. This section follows closely Sections 2.1
and 2.2 of [Ped].

Definition 6.2.1 A net {x;} is weakly convergent to x € B(H), denoted v; — =,

if for every vectors £, m € H the net {{x;&|n)} converges to (x&|n).

Definition 6.2.2 A net {;} is strongly convergent to x € B(H), denoted x; —
x, if for each vector § € H the net {{x;{|x;£)} converges to (x&|xE).

Notation 6.2.3 Let M be a subset of B(H). We will denote by M™ (resp. M?) its

weak closure (resp. strong closure).

Remark 6.2.4 As any strongly convergent net in B(H) is weakly convergent, then
for any M C B(H), M* C M™.

Definition 6.2.5 Let M C B(H). The commutant of M is the set

M ={z€BH):Viemxf = fx}.
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Theorem 6.2.6 ([Ped], Theorem 2.2.2) Let W be a C*-algebra containing the iden-
tity of B(H). The following are equivalent:

AW=W'"  HW=W' )W=W"

Definition 6.2.7 Let W be a C*-algebra containing the identity of B(H). If W =

W' then W is called a von Neumann algebra.

Example 6.2.8
1) B(H) is a von Neumann algebra.

2) Let (X, u) be a measured space. Any f € L®(X,pn) defines a multiplication
operator My € B(L*(X, p)), by

(Mfé)(z) = f(x)é(x), €€ L*(X,p),x € X.

Then {My; f € L=(X,u)} is an abelian von Neumann algebra of B(L*(X, u)).

6.3 Borel x-algebra

In this section, we introduce Borel x-algebra. They will be used, in Chapter 7, to
study countable Borel equivalence relations. From a topological space (X, T), recall
from Theorem 2.4.5 that any bounded Borel function on X is a pointwise limit of
a sequence of continuous functions. Borel *-algebras can be seen as a possible non-
commutative analogue of this result. The definitions and results are taken from

Pedersen’s book [Ped].

Definition 6.3.1 (/Ped], 4.5.2) Let H be an Hilbert space and B(H)sq be the set of
self-adjoint elements of B(H). Let M C B(H)sa, © € B(H)sq and {z,} be elements
in B(H)sa. Then
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1) By (M) will denote the smallest subset of B(H)sa containing M and such that
if {zn} is a norm bounded, monotone (increasing or decreasing) sequence of

B (M) converging strongly to x, then x € B (M).

2) PB5,(M) will denote the smallest subset of B(H)s. containing M and such that
if {xn} is a norm bounded sequence of %B5,(M) converging strongly to x, then

3) B, (M) will denote the smallest subset of B(H)sq containing M and such that
if {zn} is a norm bounded sequence of Ay (M) converging weakly to x, then
Remark 6.3.2 By definition, it follows that
B (M) € £5, (M) € By (M).

Definition 6.3.3 ([Ped], 4.5.14) Let A be a C*-subalgebra of B(H).
The monotone Borel envelope of A in B(H), denoted %Y(A), is

B3 (A) = B (Asa) + 185 (Asa)-
The strong Borel envelope of A in B(H), denoted %5,(A), is
B5,(A) = B (Asa) + 185, (Asa)-
The weak Borel envelope of A in B(H), denoted %3;(A), is
B (A) = By (Asa) + 185 (Asa).
These envelopes are all C*-algebras.

Theorem 6.3.4 ([Ped/, Theorem 4.5.4) Let A be a C*-algebra of B(H). Then
By (A) is the self-adjoint part of a C*-algebra.
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Definition 6.3.5 ([Ped], 4.5.5) Let B C B(H) be a concrete C*-algebra. Then B is

a Borel x-algebra if

Definition 6.3.6 (/Davi1]) Let B C B(H) be a concrete C*-algebra. Then B is a
Y *-algebra if
Bso = %3(Bsa)-

The X*-algebras were first introduced and studied by Davies in [Davl], [Dav2]
and [Dav3]. By definition, if B C B(H) is a concrete C*-algebra and if By, = %5,(Bsa)
or By, = #4(Bsa), then B is a Borel *-algebra. In particular, a ¥*-algebra is a Borel
x-algebra. Let W C B(H) be a von Neumann algebra. Since Wy, C B (Ws,) C WY,

then any von Neumann algebra is a Borel *-algebra. The converse is not always true

(see Example 6.3.8).

Theorem 6.3.7 ([Ped], 4.5.5) If H is a separable Hilbert space, then any Borel *-

algebra in B(H) is a von Neumann algebra.

Example 6.3.8

Let (X, /) be the uncountable standard Borel space. Let H = (*(X) denote the
Hilbert space of complex valued functions such that

€16y =D ¢(x) < o0

zeX
If ¢ € (?(X), then its support supp(§) = {x € X : £(z) # 0} is countable. Thus
any element in ¢2(X) is a bounded Borel functions. For xz € X, let X, denote the
characteristic function of the singleton {z}. Then {X, : z € X} forms an orthonormal
basis of £?(X), therefore £?(X) is not separable.

To a bounded Borel function f € B,(X), we associate the multiplication operator
M; given by

(My€)() = [(2)€(x), 7 € X, € € E(X).
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Then [[My[l = [[fllec = supex [f(2)]-

We will frequently identify a function f € B,(X) with its associated multiplica-
tion operator M; € B((*(X)).

Let {f.} C B,(X) be a bounded sequence of Borel function converging weakly
to f. As (fnXe|Xy) = fu(z), then (fX,|X,) = f(z) which means that {f,} converges
pointwise to f, thus f € B,(X). Hence B,(X) is a Borel *-algebra in B(¢£*(X)). Since
B,(X)" = Bnd(X), the bounded complex-valued functions of X, then B,(X) is not a
von Neumann algebra.

Thus B,(X) is an example of Borel x-algebra which is also a >*-algebra. This is

also the case of a larger class of Borel x-algebra.

Theorem 6.3.9 Let {X) : k = 1,2,...,00} be a sequence of standard Borel spaces
and Hy, be the Hilbert space of dimension k. Let

B =[] Bo(Xk. B(Hy))
k=1
where Bo( Xy, B(Hy)) is the x-algebra of bounded Borel functions of the form f : X), —
B(Hy). Then B is sequentially weakly closed, thus a Borel x-algebra.

Recall that if X is a standard Borel space, | X| denotes its cardinal.

Definition 6.3.10 Any Borel x-algebra of the form

B =[] Bo(Xk, B(Hx))

k=1
is called a type I Borel x-algebra. It follows that the ordered sequence of cardinals
{|Xk| : k = 1,2,...,00} is an invariant of class of isomorphism of type I Borel x-

algebras.

The previous theorem and definition follow Theorem 6.3.4, Corollary 6.3.5 and
paragraph 6.3.5 of [Ped].



6.3. BOREL *-ALGEBRA 64

For a locally compact Hausdorff space (X, 7T), we identify Co(X) with {M; €
B(*(X)); f € Co(X)}. Then, from Theorem 2.4.5, the monotone Borel envelope of
Co(X) is B,(X). Moreover, since B,(X) is closed under pointwise limits of bounded
sequences, then the weak Borel envelope of Cy(X) is also B,(X). Thus in the abelian
case there is no distinction between the three Borel envelopes. In this thesis, we
use the weak Borel envelope for our purposes (to associate a Borel x-algebra to a

countable Borel equivalence relation).

Definition 6.3.11 Let A be a C*-algebra in B(H). The Borel envelope of A in
B(H), denoted B (A), is chosen to be the weak Borel envelope.

We now turn our attention on representations of Borel x-algebras.

Definition 6.3.12 Let K be a Hilbert space and B be a Borel x-subalgebra of B(K).
A o-representation of B is a representation (w,H) such that if {x,} is a bounded

sequence of self-adjoint elements of B then
T, — x if and only if T(x,) = w(z).

By definition, if ¢ is a g-normal state, the GNS-representation (my, Hy) is a o-
normal representation. Moreover if F' is a separating family of o-normal states of a
Borel *-algebra B, then the representation

P o, M)
¢eF
is a faithful o-representation of B (see paragraph 4.5.5 of [Ped]).

The Borel envelope of a C*-algebra depends on the Hilbert space on which it
is acting. For example, %2 (x)(Co(X)) = Bo(X), but Br2(x,)(Co(X)) = L=(X, ).
But if the Hilbert spaces are spatially isomorphic, then the Borel envelopes are iso-
morphic.

Gert K. Pedersen in his book [Ped] and some of his articles [Pedk], k = 1,...,7,

for example, studies monotone Borel envelopes of C*-algebras taken in their universal
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representation. Thus we make a definition, by sticking the word universal in front,

when we are making reference to this Borel envelope.

Definition 6.3.13 ([Ped], paragraph 4.5.6) Let A be a C*-algebra and (m,, H,) its
universal representation. The universal enveloping Borel x-algebra of A is given
by
Bu(A) = Py, (Tu(Asa)) + i85, (Tu(Asa))-
The universal enveloping Borel *-algebra associated to A could be defined using

the atomic representation (m,, H,). This is a direct consequence of the following two

lemmas.

Lemma 6.3.14 ([Ped], 4.5.9) Let A be a C*-algebra. Any representation (m,H)
of A can be uniquely extended to a o-representation (7", H) of B.(A) such that
T(Bu(A)sa) = Bu(m(Asa))-

Lemma 6.3.15 (/Ped], 4.5.13) The o-representation (7!, H,) of B.(A) is faithful.

Thus for any C*-algebra A, then
Bu(A) = By, (Ta(Asa)) + 187, (Ta(Asa))-

There is also an interesting non-commutative generalization of the notion stan-
dard Borel spaces, given by Pedersen in [Ped], to Borel #-algebras motivated by the

example following the definition.

Definition 6.3.16 ([Ped], 4.6.1) We say that a Borel x-algebra B is standard if
there is a separable C*-algebra A with universal enveloping Borel x-algebra A,(A),

and a central projection z € B,(A), such that B is isomorphic (as a C*-algebra) to
2R, (A).

Example 6.3.17 ([Ped], 4.6.9) The Borel x-algebra of bounded Borel functions B,(X),
over a Borel space (X, ), is standard if and only if (X, /) is standard.
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We finish this section with a definition and a technical result used later in the

thesis.

Definition 6.3.18 ([Ped], paragraph 4.5.5) Let B be a Borel x-algebra of B(H). Then
B is countably generated if there is a sequence {x,} C B such that no proper Borel

x-subalgebra of B contains that sequence.

For a C*-algebra A, recall that if x € A, then |z| = Vaz*z € A.

Theorem 6.3.19 ([Ped], Proposition 4.5.17) Let {x,} be a sequence in a Borel *-
algebra B. If Y |x,| and >~ |zk| are convergent (and thus belong to B), then > x,, is

convergent and belongs to B.

6.4 Cartan Subalgebras

In the constructions of operator algebras associated to dynamical systems, the so-
called Cartan subalgebras play a crucial role. In this section, we introduce them in
the measurable (mainly following [FM1]), topological (mainly following [Re2]) and

Borel context.

Definition 6.4.1 Let A be a C*-algebra. An abelian C*-subalgebra Aqy of A is mazx-

imal abelian if

Ay N A=A,
Definition 6.4.2 Let A be a C*-algebra and Ay be a C*-subalgebra.

a) The map A : A — Aqy is a conditional expectation if it satisfies the fol-

lowing properties,

i) A is a linear and surjective,

i) A(f) = A(A(f)) = A(f),
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iii) A(f) =0 for all f >0, and

i) Alafb) = aA(f)b
for all a and b in Ay and f in A.

b) A conditional expectation A is faithful if A(ff*) = 0, then f = 0 for all
feA

c) A conditional expectation A is mnormal if for all bounded nets {fi}rex in A

converging weakly to f, {A(fx) }rex is a bounded net converging weakly to A(f).

d) A conditional expectation A is sequentially mormal if for all bounded se-
quences { fn}22, in A converging weakly to f, {A(f,)}2, is a bounded sequence
converging weakly to A(f).

Definition 6.4.3

a) ([Kul, p.970) Let A be a C*-algebra and Ay be a C*-subalgebra. The set of all
operators a in A such aAyga* C Ay and a* Aga C Ay is called the normalizer

of Ao, denoted N4(Ay).

b) Let B be a Borel x-algebra and By be a Borel x-subalgebra. The (Borel) nor-
malizer of By is

Np(Bo) = {u € U(B); uBou" = Bo}-.
Remark 6.4.4 Keeping the notations of the previous definition, we have:
1) Ay € Na(Ay) and By € Na(By).
2) If A is unital, then Na(Ao) NU(A) = Na(Ay).

We now define regular subalgebras for C*-algebras, von Neumann algebras and

Borel *x-algebras.
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Definition 6.4.5 Let A be a unital C*-algebra and Ay be a C*-subalgebra. If N 4(Ap)

is norm dense in A, then Ay is called regular.

Definition 6.4.6 Let W, be a von Neumann subalgebra of a von Neumann algebra

W. If Nyy(Wh) is weakly dense in W, then W is called (von Neumann) regular.

Definition 6.4.7 Let By be a Borel x-subalgebra of B a Borel x-algebra. If the Borel
envelope of Np(By) is B, then By is called (Borel) regular.

We now define Cartan subalgebras for C*-algebras, von Neumann algebras and

Borel *x-algebras.

Definition 6.4.8 (/Re2]) Let A be a C*-algebra and Ay be a C*-subalgebra. If Ay is
a reqular, maximal abelian C*-subalgebra of A and if there exists a faithful conditional

expectation A : A — Ay, then Ay is called a Cartan subalgebra.

Definition 6.4.9 (/[FM2]) Let W be a von Neumann algebra. If Wy is a (von Neu-
mann) reqular, maximal abelian and if there ezists a faithful normal conditional expec-

tation A from W to Wy, then W is called a (von Neumann) Cartan subalgebra.

Definition 6.4.10 Let B be a Borel x-algebra and By be an Borel x-subalgebra. If
By is (Borel) reqular, mazimal abelian and if there exists a faithful sequentially nor-
mal conditional expectation A from B to By, then By is called a (Borel) Cartan

subalgebra.

Clearly, the von Neumann and Borel definitions of regular (or Cartan) are the

same for subalgebras of B(#H) with H separable.

Definition 6.4.11 (/Ku/, p.971) Let A be a C*-algebra and Ay be a Cartan subalge-
bra. If Ay has the extension property relative to A (6.1.14), then we say that Ay is a

diagonal subalgebra.

The next two definitions are the analogue in the Borel setting.
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Definition 6.4.12 Let By be a Borel x-subalgebra of a Borel x-algebra B. Then By
has the (Borel) extension property relative to B if every sequentially normal pure

state of By can be extended uniquely to a sequentially normal pure state of B.

Definition 6.4.13 Let B be a Borel x-algebra and By be a Cartan subalgebra. If By

has the extension property relative to B, then By is a (Borel) diagonal subalgebra.

It is known in the topological setting that some Cartan subalgebras are not
diagonal (see [Ku] or [Re2]). The next proposition shows that in the Borel case the

notions of Borel diagonal subalgebra and Borel Cartan subalgebra coincide.

Proposition 6.4.14 Let B be an unital Borel x-algebra, By be an abelian Borel *-
subalgebra of B. If By = B,(X) is (Borel) Cartan, then it is diagonal.

Proof: = Without loss of generality we will identify By with B,(X). Since B,(X)
is Cartan in B, then we denote by A the sequentially normal conditional expectation
from B to B,(X). For z € X, recall that the Dirac measures ¢, are the sequentially
normal pure states of B,(X) (see for example [Davl]). We want to show that for
any r € X the corresponding sequentially normal pure states ¢, can be extended
uniquely to B. Since ®, : B — C given by ®,.(f) = ¢.(A(f)), for f € B, is a
sequentially normal pure state which extends ¢,, it will be the unique extension of
¢,. For x € X fixed, recall from Theorem 6.1.13 that showing that ¢, as a unique
extension is equivalent to show that for any f € B and ¢ > 0, there are b € B,(X)™,
with ||b]] = ¢.(b) =1, and y € B,(X) such that

160 —yll <e.

Set b = X, € B,(X) the characteristic function of the point x € X (clearly
16]] = ¢.(b) = 1). For any a € B,(X), set A\, = a(x)I, where I is the identity, then
ab = ba = \;b = bA,.
Claim: The element bfb is in B,(X).
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Since B,(X) is maximal abelian, we have

(bfb)a = bf(ba)
=bf(bA)
= (bfb)A,
= Az (bf0)
= (Ab) fb
= a(bfb),
hence bfb € B,(X). Since b € B,(X), then A(bfb) = bA(f)b and A(bfb) = bfb.

Thus bfb = bA(f)b and
|bfb — bA(f)b]| =0 < e.

Hence by Theorem 6.1.13 (choosing y = bA(f)b), the (sequentially normal) pure state
¢, can be extended uniquely to a (sequentially normal pure) state of B. Since the
choice of x (thus the choice of the sequentially normal pure state of By) is arbitrary,

the Borel *-subalgebra By has the extension property. Thus By is diagonal in B. |}

Definition 6.4.15 Let B be a Borel x-algebra and By be a Borel x-subalgebra. The
Weyl group, denoted Wi(By), is defined by

Wi(Bo) = N5(Bo)/U(By).

Definition 6.4.16 Let By be a Borel x-subalgebra of a Borel x-algebra B. The Borel
x-algebra B is countably By-generated if B is generated by By and Ng(By) and if
W5(By) is countably generated.

In particular, when (X, /) is a standard Borel space, B,(X) is countably gener-
ated, hence if By = B,(X) and the Borel x-algebra is B is countably By-generated, then
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B is countably generated. We will see later in Chapter 7, that the Borel x-algebra
B associated to a Borel twist is always By-countably generated by a distinguished

diagonal Borel x-subalgebra Bj.

6.5 The von Neumann Algebra W*(E, o, u)

Let FE be a countable Borel equivalence relation on (X, .o), o a Borel 2-cocycle of
E and p be a probability measure on X. In this section we present the construction
of the von Neumann algebra W*(E, o, u), given by Feldman and Moore [FM2]. It
generalizes Krieger’s result in [Krl].

We denote by B(E), the set of Borel functions f: £ — C, and let

[fllee = sup [f(z,y)]

(z,y)EE

be its sup-norm. Then B,(F) will denote the set of bounded Borel functions.

Definition 6.5.1 [FM2] Let f € B(E). The band of f, denoted band(f), is the

smallest number n € NU {co} such that
Vaex (Hy € X5 fz,y) # 0} + {y € X5 f(y, ) # 0} <n).
Then B.(E) will denote the set of band-limited bounded Borel functions, i.ec.,
B.E) ={f € B,(E); band(f) < oo}.

The set of band-limited bounded Borel functions is a complex vector space. Now
if o is a normalized 2-cocycle on F, then B.(E) becomes a x-algebra with the following
operations: for f and g € B.(E) and (z,y) € E:

1. multiplication: (f - g)(z,y) Z f(z,2)g(z,9)0(x, z,y).

z€[x]

2. involution: f*(z,y) = f(y, z).
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Definition 6.5.2 The x-algebra associated to E and to the normalized 2-cocycle o is

denoted B.(E,0).

Notation 6.5.3 There is a (Borel) bijection between B,(X) and the elements of
B.(E,0) whose support is on the diagonal of E. Thus we will also use the nota-

tion B,(X) for this x-subalgebra.

Recall that to a measure u on X, we associate two measures v and v~ ! on E
(Definition 4.2.1). Then let
H,=L*E,v )

denote the Hilbert space of square v~ !-measurable functions on E. Hence a Borel

function & € B(E) belongs to H,, if

| X letw. 0 duta) < .

y~z

The let (L, H,) denote the x-representation of B.(E, o), defined by

(Lu()E) (w,9) = D flx,2)E(z y)o(x,2,y)

for all f € B.(E,0) and £ € H,,.
Definition 6.5.4 The von Neumann algebra associated to (E,0) and p is
W*(E,0, 1) = Lu(Bu(E, 0))" < B(H,)
The abelian von Neumann subalgebra L, (B,(X)) is denoted L>(X, ).

Theorem 6.5.5 ([FM2], Proposition 2.9) Let E be a countable Borel equivalence
relation on (X, o), o a normalized 2-cocycle and p be a quasi-invariant ergodic prob-
ability measure on X. Then the subalgebra L™ (X, n) of W*(E, o, i) has the following

properties:

1) L*>®(X, p) is mazimal abelian.
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2) L*>®(X, p) is reqular.

3) There ezists a faithful normal conditional expectation from W*(E, o, ) onto

L*(X, p).
This theorem admits a converse (Theorem 6.5.7).

Definition 6.5.6 Let Ay (resp. By) be a C*-subalgebra of A (resp. B). The pairs
(A, Ag) and (B,By) are isomorphic as pairs if there exists an isomorphism @ :

A — B of C*-algebras such that ®(Agy) = By, denoted by (A, Ay) = (B, By).

Theorem 6.5.7 ([FM2], Theorem 1.) Let Wy be a Cartan subalgebra of a von Neu-
mann algebra W acting on a separable Hilbert space. Then there exist a countable
Borel equivalence relation E on a measurable space (X, p), a o a normalized T-valued

2-cocycle and an isomorphism of pairs such that
W, W) = (WH(E, 0, p), L=(X, ).

The countable measured equivalence relation E on (X, p) is unique up to isomorphism

and the 2-cocycle o on E is unique up to coboundary.

6.6 (C*-Algebras Associated to Twisted Groupoids.

In this section, we present the C*-algebra version of the results discussed in Section
6.5. They were obtained in several papers by Kumjian and Renault, more precisely
[Ku], [Re] and [Re2].

We begin this section by presenting how a C*-algebra is associated to a topo-
logical twisted groupoid (I', %) (Definition 3.2.8). This construction can be found in
many articles like [Ku] or [Re2].

A function f : ' — C is equivariant if Af(y) = f(\y) for all A € T and for all
veTl. Let £ € 99 = X and let ¢ : ' — ¢ be the quotient map.



6.6. C*-ALGEBRAS ASSOCIATED TO TWISTED GROUPOIDS. 74

Let C.(T',%) denote the vector space of equivariant functions with compact sup-
port. For g € ¢4 we denote by § an element in ¢~!(g). Equipped with the following
operations, for f,h € C.(I',9),

1) multiplication

(f ()= D fOah@™)

ge%d("/)

2) involution

C.(I',¥) becomes a *-algebra. Notice that the multiplication is well-defined since the
functions f and g are equivariant.
The set of equivariant functions £ : I' — C such that
> @) < oo,
9€Yx
is a Hilbert space, denoted L*(T",¥,4,). Let £ € L*(T',¥9,4,).
For any # € X, let 7, be the *-representation of C.(I',¥) into B(L*(I",¥,4,)),
defined by

(m(HO() =Y Fd)EE™).

geye
The reduced C*-algebra associated to (I', %), denoted C}(I',¥), is the completion

of C.(I',¥) with the norm
[f1I' = sup [[ma (f)]]
reX

The first topological result which parallels the work of Feldman and Moore was
obtained by Renault. Here the topological twist comes from a topological countable

equivalence relation with a continuous 2-cocycle.

Theorem 6.6.1 ([Re/, Proposition 4.13) Let (I',9) be a twisted groupoid. Suppose
' is a twist over an equivalence relation & given by a continuous 2-cocycle. Let

A= CHT,9) and Ay = Co(4 ). Then the pair (A, Ao) has the following properties:



6.6. C*-ALGEBRAS ASSOCIATED TO TWISTED GROUPOIDS. 75

1) Ay is mazimal abelian,
2) Ay is regular,
3) there exists a faithful conditional expectation from A onto Ay,

4) each element of the ample semigroup (in this case, the set of partial of home-
omorphism of the unit space of 4, see [Re] p.105) acts relatively freely on the
unit space (see [Re/, 1.2.14) and

5) let Na(Ap) = {a € Uy(A) : r(a),d(a) € Ay and a(Apd(a))a* = Agr(a)} where
U,(A) are the partial isometry of A and P(Ay) the projections in Ay, then the

exact sequence of semigroups (see Remark p.105 in [Re])

splits, i.e., there exists a continuous section k for s such that k(se) = k(s)e,

k(es) = ek(s) and k(e) = e, for every e € P(Ay) and s € [[¢]].

The result of Renault gives a pair of C*-algebras with very specific algebraic

properties. This theorem has a converse.

Theorem 6.6.2 (/Re], Theorem 4.15) Let (A, Ay) be a pair of C*-algebra with the
algebraic properties of the previous theorem. Then there exists a twisted groupoid
(I'9) where T' is a twist over an equivalence relation ¢ given by a continuous 2-

cocycle, such that

(A, Ay) = (CH(T,9),Co(4D)).
The twisted groupoid (I',9) is unique up to isomorphism.

In their respective settings, Renault’s theorems and Feldman and Moore’s theo-
rems have the same starting point: an equivalence relation with a 2-cocycle. But the
parallel is not perfect since Renault’s pair of C*-algebras has more algebraic proper-

ties then Feldman and Moore’s pair of von Neumann algebras. The next development
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in the topological setting to get closer to the algebraic setup of Feldman and Moore
was obtained by A. Kumjian in [Ku].

The starting point of Kumjian’s construction is a twisted groupoid (I', %)), with
¢ an equivalence relation (principal groupoid). Here the twist I over ¢ is not neces-
sarily arising from a continuous 2-cocycle of ¢, making the class of the objects (I', %)

more general than in Renault’s result.

Theorem 6.6.3 ([Ku/, Section 2, 9° Theorem) Let (I';9) be a twisted groupoid.
Suppose 9 is an equivalence relation. Let A = C*([',4) and Ay = Co(4®). Then
the pair (A, Ao) satisfies:

1) Agy is mazimal abelian,

2) Ay is regular,

3) there exists a faithful conditional expectation from A onto Ay and

4) Every pure state of Ay can be extended uniquely to a pure state of A.

This theorem also has a converse.

Theorem 6.6.4 ([Ku/, Section 1, 1° Theorem) Let (A, Ay) be a pair of C*-algebras
with the algebraic properties 1) to 4) of the previous theorem. Then there exists a

twisted groupoid (I',9) where I is a twist over an equivalence relation &, such that
(A, Ao) = (CI(L,9), Co(9)).

The twisted groupoid (I',9) is unique up to isomorphism.

The following results were obtained (again) by Renault in [Re2]. It characterizes
pairs of C*-algebras arising from from twisted groupoids (I', ¢) with ¢ a topologically

principal groupoid.
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Theorem 6.6.5 ([Re2], Theorem 4.2 + Proposition 4.3 + Corollary 4.9) Let (I',9)
be a twisted groupoids. Let (A, Ay) = (C*(I',9),Co(4Y)), where 4 is topologically

principal. Then the pair (A, Ag) satisfies:
1) Ay is mazimal abelian,
2) Ay is regular and
3) there exists a faithful conditional expectation from A onto Ag.

This result is the C*-algebraic equivalent of Feldman and Moore’s result. Again

this result has a converse.

Theorem 6.6.6 (/Re2/, Theorem 5.9) Let (A, Ay) be a pair of C*-algebras with the
algebraic properties 1) to 3) of the previous theorem. Then there ezists a twisted

groupoid (I',9) where T is a twist over a topologically principal groupoid &, such that
(A, Ao) = (CI(L,9), Co(9)).

The twisted groupoid (I',9) is unique up to isomorphism.

Thus in the topological setting we have three “levels” of results: the theorems
from [Ku] generalized the theorems from [Re], which in turn were generalized by the
theorems from [Re2]. As in the measurable setting, we will see in Chapter 7 that all

three “levels” coincide in the Borel setting.

6.7 AF-Algebras

In this section, we introduce the class of approximatively finite C*-algebras (AF-
algebras). Then we make the connection between AF-algebra, Bratteli diagram and
the reduced C*-algebra associated with the tail equivalence relation on a Bratteli

diagram. (See for example [Da], Chapter 3, for general properties of AF-algebras.)
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Definition 6.7.1 Let A be a C*-algebra. The following conditions are equivalent;

i) For any € > 0 and for any finite set of elements {ay,...,a,} C A, there ezists
a finite dimensional C*-algebra A({ay, ...,a,},€) containing a subset {b1, ...,b,}

such that ||ax, — bi|| < e for all k =1,...,n.

it) There exists an increasing sequence Ay C Ay C ... of finite dimensional algebras

such that | J;~, Ax is norm dense in A.

If A satisfies one of the above (equivalent) conditions, then A is called an AF-

algebra.

In [Bra], O. Bratteli associates to any Bratteli diagram D an AF-algebra. He

also defines an equivalence between Bratteli diagrams, and proves

Proposition 6.7.2 ([Bra/, Theorem 2.7) Let Dy and Dy be two Bratteli diagrams.
Ap, = Ap, if and only if Dy and Dy are equivalent.

With this proposition, we can now associate to any AF-algebra A a unique, up to
equivalence, Bratteli diagram, denoted D 4. (See Section 3 of [GPS], for example, for
more details on AF-algebras and equivalency between Bratteli diagrams.) Now tail
equivalence on Dy, Ep ,, is a topological equivalence relation. The reduced C*-algebra

associated to Ep,, C(Ep,), allows us to reconstruct the original AF-algebras.
Theorem 6.7.3 Let A be an AF-algebra and let Dy be its Bratteli diagram. Then
A=Cr(Ep,).

The details of this result can be found in [ExRe], for example.

In this thesis, we focus on countable Borel equivalence relations. Thus tail equiv-
alence on Bratteli diagrams, Ep ,, provides many examples of countable hyperfinite
Borel equivalence relations to study. The next set of conditions, presented in [Ped],

are results used to define in general the notion of a type I C*-algebra.
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Definition 6.7.4 Let A be a separable C*-algebra. The following conditions are

equivalent;
i) A*™* is (a von Neumann) algebra of type I.
ii) B,(A) is (a Borel x-algebra) of type I
iii) A has no factor representation of type I1.
iv) A has no factor representation of type I11.

Example 6.7.5 Any AF-algebra
A= D Co( Xy, K(Hy)),
k=1

where { Xy} is a sequence of zero-dimensional Hausdorff spaces and Co( Xy, K(Hy))
are the continuous functions f : Xy — K(Hy) vanishing at infinity with K(Hy) the
compact operators in the Hilbert space Hy of dimension k, for k =1,2,....,00, is an

example of a smooth AF-algebra.

The Corollary 4.7.2 gives examples of Bratteli diagrams associated to non-smooth

aperiodic and hyperfinite Borel equivalence relations.



Chapter 7

A Non-Commutative Algebra of

Borel Functions

In this chapter we associate to a Borel twist (I', ') a (sequentially weakly closed) Borel
x-algebra B(I"). In this construction, that the algebra of bounded Borel functions
B,(X) is a natural abelian subalgebra of B (I"). We then study the algebraic structure
of the pair (B}(I'), B,(X)) and we show that

1. B,(X) is a (Borel) Cartan subalgebra of B(I),
2. B(T') is B,(X)-countably generated.

Moreover, any pair (A, B) of sequentially weakly closed Borel x-algebras satisfying
conditions 1 and 2 can be realized uniquely as (B(I"), B,(X)) for a Borel twist (I', £))
up to isomorphism.
More precisely, the Borel twist I' over F is part of the following diagram
q

TxX——T E

S

where (X, /) is a standard Borel space, E' a countable Borel equivalence relation on

X such that E® = X, ¢ : ' — E is the quotient map and s : E — I" is a Borel

80
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cross-section. Recall from Theorem 5.3.2 that any twist [' over F is induced by a

Borel 2-cocycle 0 € H*(E,T).

7.1 Band Limited Bounded Borel Functions

Let E be a countable Borel equivalence relation over a standard Borel space (X, o)
and o a T-valued Borel 2-cocycle of E. Following closely section 2 of [FM2]|, we

associate in this section a x-algebra B.(E, o) of Borel functions on (£, o).

Notation 7.1.1 We will denote by B(E) the complezx vector space of Borel func-
tions on E and by B,(FE) the subspace of bounded Borel functions on E. If

f € B(E), its sup-norm is given by:

[fllee = sup (|f(z,9)]).

(z,y)EE

Definition 7.1.2 Let f € B(FE) and

Ny ={n € N;Voex({y € X; f(z,y) # 0} + {y € X; f(y,x) # 0} < n)}.
Then the band of f, denoted band(f), is defined by

band(f) = :
inf(Ny) if Ny #0

Definition 7.1.3 ([FM2], Definition 2.1) We denote by B.(E) the linear subspace of
B,(E) of band limited bounded Borel functions:

B.(E)={f € B,(E); band(f) < co}.

If f,g € B.(F) and 0 € Z?(E,T) is a T-valued 2-cocycle of E, then the function
f+g: E — C defined for (z,y) € E, by
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(f-9)@.y) =) flx.2)g(z.y)o(x,2,y)

z€[x]
is in B.(E).
With this product, and the involution given for (z,y) € E, by

fxy) = fly, z)o(z,y, )
B.(E) becomes a x-algebra that we denote by B.(E, o).

Proposition 7.1.4 Let E be a countable Borel equivalence relation and o1 and oo be
two T-valued 2-cocycles. If o1 and o9 are cohomologous, then B.(E,o1) and B.(E, 09)

are isomorphic x-algebras.

Proof: By assumption, there exists ¢ € C*(E,T) such that

oo, y, 2) = o1(x, y, 2)c(z, y)e (x, 2)ely, 2).

Let @ : B.(E,09) — B.(E,01) be given for f € B.(E, 03) by

(I)(f)<‘ruy) :f<I,y)C<:U,y), ('T,y> e k.

Let f and g be in B.(E, 09). The map ® is obviously linear. Now

(D(f) - @(9)(x,2) = Y P(f)(w,y)@(9)(y: 2)on1(x,y, 2)

y€lr|p

= > flay)e(z,y)gly, 2)ely, 2)o1(x,y, 2)

y€lz]p

= Y f&9)g(y. 2)e(w, 2)e(w, y)e (2, 2)e(y, 2)on (2, y, 2)

SEp)

=c(z,2) Y fle.y)g(y, 2)os(z,y,2)

y€lr|p

= (- 9)(z, 2)c(z, 2)
= (I)(f ' g)('ra Z)



7.1. BAND LIMITED BOUNDED BOREL FUNCTIONS 83

and

Consequently, by 5.2.4 we can and will without loss of generality assume that in
the definition of B.(FE, o) the 2-cocycle o is normalized and therefore the involution

is given for f € B.(F,0) and (z,y) € E by

[ (zy) = fly, x).

Recall that (E,01) and (E2, 09) are (Borel) isomorphic if there is a Borel bijec-
tion ¢ : X1 — Xy such (z,y) € E; if and only if (¢(x), ¢(y)) € Ey. For every n > 0,
¢ induces an isomorphism ¢ from the n-cochains C™(E,, T) to C™(E,,T).

Proposition 7.1.5 Let (Ey,01) and (E2,03) be two countable Borel equivalence re-
lations on (X, /) with o1 and o9 two normalized Borel 2-cocycles. If ¢ is a Borel
1somorphism between E and Ey and z'fqg(aQ) and oy are cohomologuous then the two

x-algebras B.(Ey,01) and B.(Es, 02) are isomorphic.

Proof: By Proposition 7.1.4, we only have to show that the isomorphism ¢ :
X: — X, induces an isomorphism from BC(El,é(Ug)) to B.(Es,09). Recall that
¢ X ¢ : By — Ey is a Borel isomorphism. Let ® : B(Ey) — B(E}) be defined by

O(f)(z,y) = f(o(x), d(y)),
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for f € B(E2), (z,y) € Ey. A straightforward computation shows that ® induces an
isomorphism from Be(Ey, ¢(03)) to Be(Es, 03). |

In the second part of this section, we embed the bounded Borel functions on

(X, o) and the elements of the pseudo-group [[E]] of E in B.(E, o).

Example 7.1.6 To a function f € B,(X), we associate the function my € B.(E,0),
defined by

0 ifx #y
Then my is an element of B.(E, o) such that band(my) = 1.

mf(x7y) =

Example 7.1.7 Let ¢ : A — B be an element of the pseudo-group [[E]] and let
ug : £ — C be the function given by

1, ifye Aand ¢(y) =z
(ug)(w,y) = -
0, if not
Then uy is the characteristic function of the graph of =% in X x X, thus uy is a band
one element of B.(E, o).
One checks easily that uj = ug-1. We then have

<U¢ ' Uj;)(ﬂf, Z) = Z U¢($, y)u:b(ya Z)U(l’, Y, Z)

y~z

= Z%(l‘a Y)ug-1(y, 2)o(z, y, 2)

y~x
1, ifr=zandz€ B
0, else

= max, (T, 2),
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and

(u;‘) ’ U¢)(ZL‘, Z) = Z U:;(:L‘, y)u¢(y7 Z>O-(x> Y, Z)

Y~z

=D (. 9)uo(y. o (.9, )

yr~x
1, ifr=zandz€ A

0, else

=my,(z,2).

Then {m(f),ug; f € Bo(X), ¢ € [[E]]} is a set of generators of B.(E,0). As in
Proposition 2.3 of [FM2], we have;

Proposition 7.1.8 For all f € B.(E,0), there exist N > 0, fr € B,(X) and ¢, €
[[E]] for 1 <k < N, such that

N
f= mek " Ugy, -
k=1

Proof:  Let F = {(z,y) € E; f(x,y) # 0} be the support of f; . : ' — X be the
right projection (i.e. m.(x,y) =y) and 7, : F' — X be the left one (i.e. m/(z,y) = x).
As in the proof of Theorem 1 of [FM1], F' can be partitioned
F=||F
i€N
where 7, is injective on every F;.
As mentioned in Proposition 2.3 of [FM2], we can rearrange the partition using the

following algorithm:
Fori >0

Forj>i+1
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The set A;; = (FjNm, Y (m.(F;))) is the subset of F; whose right
projection is disjoint from the right projection of F;. Annex this set
to Fj, i.e.

Fi=F,UA;;,

and then remove it from F}, i.e.
Fy=F;\ Aij.
end.
end.

This new partition of F'is such that m, is injective on every F; and m,(F};) C m,.(F})
for all j > 4. Since f € B.(E, o), then there is at most a finite number of non-empty
F;, i.e. there exists an s € N such that Fj, = () for all £ > s (in fact s = band(Jf)).
Thus

F=||F,
p=1
Similarly F' can be partitioned by
t
F=||F,
q=1

where 7 is injective on every F; and m(F}) C m/(F}) for all j > 4. With
F/ =F,,=F,N Fé,
forp=1,....,sand ¢ =1,...,t, then
st
F=||F
k=1
where 7, and ; are injective on each F}'. Let ¢y € [[E]] be such that

Fy = graph(¢y '),
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and define
f(z, gb,:l(x)), if v € dom(gb,;l)

0, else

fr(x) =

(mfk 'u¢k)(l‘7y) - mek(m,z)quk(z,y)a(m,z,y)

- fk(l')u%(x,y)
flz, ¢ (@), if guly) =2
0, else

we then have

st
= Z My, - Ugy,.
k=1

As in [FM2], Proposition 2.4, we show that every element of B.(E, o) is linear
combination of elements of the form my-u, with f € B,(X) with |f| =1 and ¢ € [E],

the full group of E. To achieve this goal, we need the following.

Lemma 7.1.9 Let f € B,(X). Then f € B,(X) is a linear combination of four

Borel functions of modulus one.

Proof: Without loss of generality, we can assume that f is real-valued and that
|fIl < 1. Then fy = % (f:l:i\/l — f2> is of modulus one and f = f, + f_. i

Lemma 7.1.10 Let E be a countable Borel equivalence relation on (X, o). For any
¢ A— Bin[[E]]\ [E], there exist two Borel automorphisms hy and hy in [E] and
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two disjoints Borel sets Ag and Ay of X such that A = Ay U A, and

o(z) = ho(x) if x € Ag |

hi(z) if x € Ay

Proof:  Let ¢ € [[E]], but ¢ ¢ [E], with ¢ : A — B. We say that a point x € B\ A
has a negative orbit if for all k > 0, then ¢~ *(z) € AN B. We denote that (infinite)
orbit Ugso{¢™"(x)} by O (x). We say that a point € A\ B has a positive orbit
if for all k > 0, then ¢*(x) € AN B. We denote that (infinite) orbit Ugso{d"(x)}
by O (x). We say that a point € AN B has an orbit if for all k¥ € Z, then
¢*(x) € AN B. We denote that orbit Uxez{¢"(x)} by Oy(x). Notice that under this

definition, any fixed point of ¢ has an orbit. Let n > 0. Define the following sets;

B

{z € B\ A;0,(z) C AN B},
¢~"(B),
A={xe A\ B;O}(x) Cc An B},

B,

A, = ¢"(A),
C={re ANB;04(x) C AN B},
D= (ANB)\ (CU (Un>04n) U (Um=0Bn)) ,
A" = {zr € A\ B;¢"(x) € B\ A},
B™ = ¢"(A™).
Ag=AUCUDU (Upn>0A™) U (Ums0A2m) U (Um>0B2m-1)

A=A\ A4
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The two following Borel automorphisms of (X, .o7)

x, ifx e (AU B)°

¢~ (x), if x € BU (Un>0Azm-1) U (Un>0Bom)
ho(i[)) =

¢ "(x), ifxe B™

\qb(x), else.

and

x, ifrec (AUB)UAURB

¢ (x), if x € (UnsoAam) U (UmsoBam-1)
hl(l') =

¢ "(x), ifxe B™

o(x), else.

are elements of [E] such that

gb(x) _ ho(ﬂf) if v e AO ‘
hi(z) ifxe A

Theorem 7.1.11 The vector space B.(E, o) is generated by
G ={mys uy; f € Bo(X),[|fllc =1 and ¢ € [E]}.

Proof:  Let ¢ : A — B be an element of [[E]] \ [£]. By Lemma 7.1.10, there exist
for i =0,1, A; € & and h; € [E] such that A = Ay U A; and, for z € A,

¢(I) _ ho(l‘) ifx e AO .
hi(z) ifxe Ay



7.1. BAND LIMITED BOUNDED BOREL FUNCTIONS 90

Then let us check that

U¢ = de)(A()) * Upy -+ mX¢(A1) *Up, -

For 7 = 0,1, we have

(mX¢(Aj) ' uhj)(x7 y) = Z qua(Aj)(:B? Z)uhj (Za y)O‘(l’, Zs y)

zZ~T

(uhj (z,y), ifx e p(4)

0, else
\

(
X(j)(Aj), if hj(y) =X

0, else
\

Hence, we have

<m‘X¢(A0) : uh() + mX¢<A1) : uhl) ('T’ y) = ..
(

_ ) Peao(@), iTho(y) =2 Xocan(@), i haly) =2

0, else 0, else

1, ifze¢(A) and ¢(y) ==

0, else

- U¢(I,y).

Thus u, € span{G}. |
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7.2 The Borel x-Algebra of (E,0)

In this section we associate a Borel x-algebra to (F,c). In order to do this we first
define a sequentially normal representation of B.(E, o). Throughout this section,

denotes a probability measure on (X, .2/) and

vt = //\md,u(x)
is the associated measure on the standard Borel space (E, A x A|g) (Definition 4.2.1).

Definition 7.2.1 Let
H,=L*(E,v")

denote the Hilbert space of the v~'-square summable functions on E. Then the rep-

resentation (L, H,) of B.(E, o) is defined by

(L,M(f>£) (l’, y) = Z f<x7 Z)g(Z, y)O'(LL’, 2 y)

zZ~T

forall f € B.(E,0) and £ € H,,.

If feB.E, o), with M = ||f|lc and n = band(f), then by Theorem 7.1.11 we have

n
f= Z AR, = Ugy s
k=1
and therefore

ILa(FEIR = / S (L (6w, ) du()

n 2

> (Lu(wmy, - ug, )y, )| dp(x)

< [ 03 (o ) )P

y~z k=1

<y | Sl ) oPduta)

Y~z
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=M"n|i¢]l3,
This shows that L,(f) € B(H,), for any f € B.(E,0).

Definition 7.2.2 The representation given by
(L, *(E)) = P (Ls, Hs,)-
zeX
is called the (left) reduced representation of B.(E, o) and let ||L(f)||. denote the op-
erator norm of L(f), for f € B.(E, o).

Recall that the elements in /?(E) are (Borel) functions £ : E — C with count-

able support on E such that

> ey < oo

(zy)ekE
Let us denote by
(v)
{5;’ }(m,y)GE

W) the characteristic function of the point

the orthonormal basis for £2(E) given by &
(z,y) € E.

For f € B.(E,0), L(f) is a decomposable operator (Section 2.5 of [Dix]), i.e.,

L(f) e D =[] B(Hs.)
reX
Recall that, any operator in a € D can be written as
= @
rzeX

where
a(y, z) = (ag{™|ElM) .

Then for a € D,

lall, = sup [la™ ],
rzeX
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where || - ||, is the operator norm in B(H;,). Therefore,

L(f) =P Ln®,

zeX

with L(f)@(y, z) = <L(f) f,z)\fg(f)> = f(y,z)o(y,z,x). Thus the reduced represen-
tation is faithful of B.(E, o).

Remark that if f € B(F), then its associated operator is not necessarily bounded
(take the constant function f(z,y) = 1 for example). We introduce the following

definition.

Definition 7.2.3 Let E be a countable Borel equivalence relation and o be a T-valued
Borel 2-cocycle. The set of Borel operators associated to (E, o), denoted M(E, o),

1s the set

M(E,o) = L(B,,(E,0)) C D
where B,,(E,0) = {f € B(E)|L(f) € D}.

The previous definition follows closely the construction in Section 2 of [SulWWr],
where they associate to a countable Borel equivalence relation £ a weakly sequentially
closed algebra M (FE). Here the definition was adapted to include the Borel 2-cocycle

g.

Definition 7.2.4 Let a € D. The coordinate function associated to the operator

a, denoted c(a), is a function c(a) : E — C defined by
c(a)(x,y) = (a&V|E) |
where 59) is the characteristic function of the point (z,x).

Remark 7.2.5 For any Borel operators f and & € (*(E), then

(L(NHE,2) =D fa, )&y, 2)o(x,y, 2),

y~w
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and therefore
c(L(f)(w,y) = (LIHEDES) = fla,y).

Thus for any f € Bop(E,0), then ¢(L(f)) = f.

Lemma 7.2.6
BOP<E,O') C By(E).

Proof:  Let f € B,,(E,0), then ||L(f)]|, < co. For any (z,y) € E, then

ILOHIZ = (LUNHEDILUES)

=Y fwy)l

wn~y

> | f(z,y).

Thus || fl|e < |L(f)|,. Hence f € B,(E). i

Theorem 7.2.7 The set of Borel operators M(E, ) is a C*-subalgebra of B((*(E))
which is sequentially closed with respect to the weak operator topology, thus is a Borel

x-algebra.

Proof:  Let f and g be in B,,(E,0) and A € C.

Since f + g and \f are Borel functions and (L, ¢*(E)) is a representation, then
it follows immediately that M (E, o) is a complex vector space.

For the involution, the map ¢ : £ — E defined by 0(x,y) = (y,z) is Borel

isomorphism. Then f* = f o0 is a bounded Borel function. Since

(LEDNET) = (f )y, 2)o(w,y, 2)
[y, =

(y,2)o(z,y, 2)

f(z,9)o(z,y,2)
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= (EWIL(f)E)
= (L(f) ey,
then L(f*) = L(f)*.

For multiplication, in general we don’t know if f - g is a bounded function, but

since L(f)L(g) is a bounded operator, straightforward computation shows that

c(L(f)L(g)) = (LN L)1) = Y =z, 2)g(z,y)o(x, 2,y) = (f - 9) (@, v),

z€[x]
which shows that f - g is a bounded function on E such that L(f -g) = L(g)L(f). It
remains to show that ¢(L(f - g)) = f - g is a Borel function. Let G = {¢;}°, be a

countable group of Borel automorphisms of (X, &) such that £ = Eg. Let
A, ={(z,¢p(x))|lr € X} CE

for n > 1. The A, are not necessarily disjoint since the group G is not assumed to
act freely. Let D; = Ay, and
Dn = An \ Dn—l

for n > 2. The D,, are disjoints and

.
n=1

For n > 1, define f,(z,y) = Xp, (x,y)f(z,y) where (z,y) € E, which is a bounded
Borel function since it is the pointwise product of two bounded Borel functions. For

n > 1 define the Borel functions,
a, : B — E by ay(z, 2) = (x, g.(x)),

b, : E — E by b,(z, 2) = (gn(x), 2)

and

Cn: B — B® by co(,2) = (2, ga(2), 2).
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Now for (z,2) € E,

(f-9)@,2) =D fl@,9)g(y, 2)o(x,y,2)
y€(z]

= Z fn(xa Cbn(x))g(gbn(x)’ 2)0'(:13, Qs"(x)’ Z)

n=1
[eS)

= (fnOan)(x’2)<gObn)(x>z>(aocn>($vz)

n=1

which is the the pointwise limit of the Borel functions

N
>l
n=1

where h,(z,2) = (fn, 0 an)(z,2)(g 0 by)(z,2)(0 0 ¢,)(x,2). Thus f - g is a bounded

Borel function.

For weak sequential closure, let {f,}2; be a (bounded) sequence in B,,(E, o)
such that L(f,) converges weakly to a and let f = c(a). Clearly for all (z,y) € E
fn(z,y) converges to f(x,y) making the sequence { f,,}°2; converging pointwise to f,

thus f is a bounded Borel function. i

Remark 7.2.8 The previous proof is an adaptation of Lemma 2.1 of [SulWWr[. We
make the connection between the two constructions. Let (E,o) be such that o is

trivial. If f € By, (E, o) with

L(f) =P L(H™,

rzeX
then for x ~ y we have L(f)® = L(f)¥. From f € B,,(E,0) construct a bounded
operator Q(L(f)) on

CX)= P A,

[z]eX/E
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defined by

z]eX/FE

where y € [z]. Explicitly, if f € Boy(E,0) and £ € (*(X) then

(QL(NE) (x) = Y fla,y)E(y).

y€lz]
The resulting Borel x-algebra Q(M (E, c)) is then the construction defined in [Sul WWr].

Then we get the following result.
Corollary 7.2.9 Let (E,0) be such that o is trivial. Then
M(E,0) = Q(M(E. o)

Proof: By construction M (FE, ) is the amplification of Q(M(E, 0)). |

We now define a Borel *x-algebra, by following the construction of the reduced

C*-algebra associated to a topological groupoid, like in [Re], [Mu] or [Pat2].

Definition 7.2.10 The reduced Borel x-algebra associated to (E,o), denoted
B*(E, o), is the Borel envelope of L(B.(E, o)) in B((*(E)).

Example 7.2.11 (Decomposition of the Borel x-algebra B:(E, o) by E-invariant Borel
subsets) If A be an E-invariant subset (see Definition 4.1.8), then

Bi(E,0) = Bi(E|4,0) P B(E|ac, 0).

Remark 7.2.12 Since B.(E,0) C M(E,0) and M(E,0) is a weakly sequentially
closed Borel x-algebra, it follows that BX(E, o) C M(FE,c). We will show later that

they coincide when E is hyperfinite. We do not know if they coincide in general.

Proposition 7.2.13 The subalgebra L(B,(X)) of Bi(E, o) is mazimal abelian.
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Proof:  Let a and b be in B,(X) and £ in (?(E). We have

(L(@)L®)E)(z,y) = Y alw,w)(L©)E)(w,y)o(z, w,y)

wE|[z]

= a(z, 2)(L(b)¢)(x,y)
=a(z,) (Z b(x, 2)€(z,y)o(z, z, y))
z€|[z]

= CL(J;’ l‘)b(l’, l‘)f(l‘, y)

and similary (L(b)L(a)¢)(z,y) = b(z,z)a(z, x)&(z,y). This shows that L(B,(X)) is
abelian. Let A be an abelian subalgebra of B*(E, ¢) containing L(B,(X)). Let f € A

A

and f = ¢(f). We need to show that f € B,(X). Suppose that there exists (z,y) € E
with * # y and f(z,y) # 0. Pick a € B,(X) such that a(z,z) # a(y,y). Since
L(f)L(a) = L(a)L(f), the computations

= Z [z, w) (Z a(w,w’)féz)(w’,z)a(w,w’,z)) o(x,w,y)

— Z f(z,w)a(w,y)o(w,y, 2)o(z,w,y)

we|[z]

= f(z,w)aly,y)

and

(L@)L(NED) (@, 2) = Y ala,w) (L)) (w, 2)o (2, w,y)

we[z]
= a(z, 2)(L()&7) (2, 2)
= a(z, ) (Z f(x,w')ﬁzsz)(w’,z)a(x,w’,z))
w’ €[x]

= a(z,z)f(z,w)
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show that a(z,z) = a(y,y) which is a contradiction. Since the function f is bounded

by Lemma 7.2.6, then f € B,(X) and f € L(B,(X)). |

Proposition 7.2.14 The map A : B} (E,0) — L(B,(X)) defined by
A(f) = L(e(f)a);

with f € B*(E,0) and f = ¢(f) and where

(Falay) = c(f)xy) ifr=y

0 else
1s a sequentially normal faithful conditional expectation.

Proof: Let f € B*(E,0). The coordinate function ¢(f) (bounded, by Lemma
7.2.6) multiplied pointwise by the characteristic function of the diagonal A in X x X

is a Borel function that can be viewed as an element of B,(X). The operator A(f) is

the representation of that function, i.e.

A(f) = L(Xac(f))-

Clearly this is a linear map which is surjective. Let e be the identity element of

B((?(E))). Since c(e) = Xa, then A(e) = e. The computation

A(A(S)) = L(Xac(L(Xac(f))))

shows that A is a projection. Let @ and b be in L(B,(X)). Let a = ¢(a), b = ¢(b) and

A

f=c(f). Let (z,y) € E. The computations
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a-f-b)(x,x) ifx=
(a_f'b)A(x’y){< Fov)ea) o=y

0 else

where

(@ f-b)(z,z) = Z a(z,w) (f -b) (w,x)

we|[z]

= a(a:,x) (f ’ b) (a:,x)

= a(z,z)f(z,z)b(z, x)

and

(CL ’ fA ' b)(l‘,y) - Z a’(wi) (fA : b) (wvy)

we|z]

=a(z,r) (fa-b)(z,y)

e
w' €[]

=a(z,z)fa(x,y)b

b(x,x) ifx=y
else
show that aA(f)b = A(afb).
Now if A(ff*) =0 then (f - f*)a = 0. Since

fow

we|x]

= > [fz,w)?

we|[z]
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then f(z,w) = 0 for all (z,w) € E, thus f = 0.

Finally if { fn}neN is a bounded sequence of operators in B (E, o) that converges
weakly to f, then e fn)zozl is a bounded sequence that converges pointwise to ¢( f)
Thus {Xac(fn)}52, is a bounded sequence that converges pointwise to Xac(f). Since
weak sequential convergence on L(B,(X)) is equivalent to pointwise convergence on

B,(X), it follows that A is a sequentially normal conditional expectation. i

We now give an explicit description of an element of the normalizer of L(B,(X)) in

B:(E, o). Recall
Np:(8.0) (L(Bo(X))) = {u € U(BI(E, 0)); uL(Bo(X))u" = L(Bo(X))}.

Proposition 7.2.15 Let i € Np: (o) (L(Bo(X))). There exists f : X — T an (uni-
tary) element of B,(X) and a Borel automorphism ¢ of (X, o) such that

c(t) =my - ug.

Proof:  Let u = c(a) and for any a € L(B,(X)), let a = ¢(a). Then there exists a
Borel injection ¢ : X — X such that

Since

(u " u*)(m, l’) = Z UJ(x’y) (CL’LL*) (yv J})O’(:L‘, Y I)

Y€z

= Z u(z,y) Z a(y, 2)u*(z,x)o(y, z, )

yela] =r
= > ulz, y)aly, y)u*(y, z)
USIEd

=Y Julz, y)[aly, )

y€[z]
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then

(aog! Z|u:1:y 2 Y).

y€lz]

If @ = 04-1(,) (the characteristic function of the singleton {¢~'(z)} , for € X), then

L= Julz,y)*0p-10) (¥ ).

y€[z]

Thus ¢~ () € [z] and |u(z, ¢~ (x))|* =1 for all x € X. Then
re X flx)=ulz,¢ Y(z)eT
is a Borel function. For any (x,2) € E, 2 # ¢~ '(z), we have for a = ¢,

0= Z lu(z,y)*.(y, v).

y€[7]

This implies that u(z, z) = 0. The conclusion of the proposition follows. |

As a corollary, we get a Borel analogue of part (3) of Proposition 2.10 of [FM2].
Corollary 7.2.16 Let B = B} (E,0) and By = L(B,(X)). The Weyl group
Wi(Bo) = Ni(Bo)/U(Bo)

is isomorphic to [E].

Recall that for countable Borel equivalence relation that [E] is a countably gen-

erated (as a group). Thus we get the following corollary.
Corollary 7.2.17 B}(E, o) is countably L(B,(X))-generated.

Proposition 7.2.18 Let i € Np:(po)(L(B,(X))) and fe B*( o). The sequen-
tially normal conditional expectation A is such that A(afa*) = aA(f)a*.
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~

Proof:  Let f =c¢(f) and u = ¢(@). Let (z,y) € E. To prove the proposition, it is
enough to show that the two functions c(A(afa*)) and c(aA(f)a*) are equal, which

follows from the following computations. For (z,y) € E, we have:

R w- fou)(x,x) ifz=
c<A<afa*>><x,y>{( Frten e

0 else
where
(w- fu) () = ul,w)(f-u) (w,x)
we|z]
=u(z, ¢~ (x)) (f -u*) (7 (2), 2)
= u(z, ¢~ (2)) (Z flo~H @), w)u (W', 2)o (o 1(x),w’,w))
w’ €[]
=u(x, ¢~ (2) f(¢~ (2), o7 (x))u* (2, o~} (2))
= f(¢7 (x), 07 (2))
= falo™!(z), 07 (2))
and

(@A(f)ia)(wy) = Y ule,w) (fau) (w,y)o(e, w,y)

we|z]

= u(z, 6" (2)) (fau") (w, y)o(z, ¢~ (2),y)

= u(z, ¢~ (2)) (Z fa(¢1($),w')u*(w',y)0(¢1(iv)>w’,x)) o(z, 07 (2),y)

w’ €[]

= u(z,¢"'(2)) (fal¢™ (@), 07 (@)u" (67" (2),9)) o (z, ¢~ (), y)
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The Propositions 7.2.13, 7.2.14 and 7.2.15 can be summarized with the next

Corollary.
Corollary 7.2.19 The subalgebra L(B,(X)) of BX(E,0) is a Cartan subalgebra.

Theorem 7.2.20 The subalgebra L(B,(X)) has the extension property (see Defini-
tion 6.4.12) relative to B(E, o).

Proof: This follows directly from Proposition 6.4.14. Nevertheless we give a
proof in this context. Let f € B:(E,o) and ¢ be a sequentially normal pure state of
L(B,(X)). Since L(B,(X)) = B,(X), then ¢ is a Dirac measure d,, for some = € X.
Let A = ¢(f)(2,x) and § = L(AX,). Clearly § € L(B,(X)). Then h = L(X,) is

positive, of norm one and ﬁfﬁ =g. i

The pair (B(E, o), L(B,(X))) is a pair of a Borel x-algebra and a (Borel) Cartan
subalgebra L(B,(X)). In Section 7.7, we will state and prove a generalization to the

Borel case of Feldman and Moore converse statement.
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7.3 Borel Envelope of C}(E, o)

An étale equivalence relation (E, o) twisted by a continuous normalized 2-cocycle o,
can also be viewed as a countable Borel equivalence relation. In this section we study

the C*-algebras C*(F, o) and B (E, o) as subalgebras of B((*(F)).

Theorem 7.3.1 Let (E,0) be an étale, Hausdorff, locally compact, second countable,
principal groupoid twisted by a continuous normalized 2-cocycle o. Then the Borel

envelope B ) (Cr(E,0)) of Cr(E, o) is equal to Bi(E,0).

Proof:  Recall that B(E, o) is the Borel envelope of L(B.(E, o)) inside B({*(E))
(see Definition 7.2.10). As any element of C.(E, o) is also a band-limited Borel
function in B.(E,0), then C}(E,0) C B (E,0) and therefore By g (Cr(E,0)) C
B:(E, o).

To prove the converse, it suffice to show that the generators L(B.(E, o)) of
Bi(E,o0) are inside B = Bp ) (Cy(E,0)). By Theorem 7.1.11, any element f €
B.(E, o) is finite linear combination of elements of the form f - u,, with f € B,(X)
and ¢ € [E]. It is enough to show that L(B,(X)) C B and that L(ugs) € B for all
¢ € [E]. As Cy(X) C C(E, o), then B,(X) C B.

Now let ¢ € [E]. As E is étale, for any point ¢ = (x,y) € FE there exist an
open subset U, of £ and a partial homeomorphism ¢, : D, — C,, C,; and D, open
subsets of X, such that graph(¢,) = U,. Thus UyegU, is an open cover of E. As E
is second countable, by Lindel6f’s Theorem (see for example [Sch] Theorem 2 section
1.74 p.72), UyepU, as a countable sub-cover.

Let {¢x} be a countable family of partial homeomorphisms of X, ¢y : Dy — Cy,
such that {graph(¢x)} is a countable family of open bisections which covers E. Let
Ay = graph(¢) N graph(¢,). This is a Borel set. Let Dy = {z € Dy : (z,¢1(x)) € A}
and C} = ¢1(Dy), which are both Borel sets of X. Thus Xp, € B,(X) and Xp, -uy, €
B. Let B, = X \ D;.
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For k > 1, let A;, = graph(¢) N graph(¢|s,_,). This is a Borel set. Let Dy, =
{z € Dy : (z,¢0r(x)) € Az} and Cy = ¢r(Dy,), which are both Borel sets of X. Thus
Xp, € Bo(X) and Xp, -uy, € B. Let By = X \ (u§:15j>.

By construction some Dy, could be empty and are such that X = ey Dy. Since
>l - X, | =3 /(g - Xp,)* - (1 - Xp,)
= \/ka S U, Xp)

and

then by Theorem 6.3.19 the element

o0
U= Zu¢k 'XDk
k=1
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converges to an element of B. Since

1 ify e Dy and ¢(y) =z
(ugy, - Xp, ) (@) = :
0 else

then u = uy. The conclusions follows by definition. i

Remark 7.3.2

In [Re3], J. Renault construct the following Cartan pair of C*-algebra (A, B) which
does not have the extension property. The C*-algebra A, associated to the groupoid
of germs of the pseudogroup generated by T'(z) = —z on [—1,1] of germs I' =
{(£z,£1,z) : x € [-1,1]} and the subalgebra B are

a b
A=< f:]0,1] = Ms|f continuous and f(0) =
b a
and - .
a 0O
B = f:[0,1] — Dy|f continuous and f(0) =
0 a

where M are the (2 x 2) matrices and Dy are the diagonal (2 x 2) matrices. The

Borel envelope of the pair (A, B) inside B(H), where H = @p1jC?, is then

Py (A) = ¢ f:[0,1] = My|f Borel and f(0) = ’
a
and
Py (B) =< f:]0,1] = Dy|f Borel and f(0) = a0
0 a

Then %y (B) is not maximal abelian in %y,(A), as the Borel subalgebra

C = f:0,1] = M,|f Borel, f(z) € Dy, €]0,1] and £(0) = | ,
b
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contains By (B).
This example shows that Theorem 7.3.1 does not extend directly to Renault’s

generalized notion of a twist.

7.4 The Smooth Case

The goal of this section is to study Borel x-algebras constructed from smooth count-
able Borel equivalence relations. We will establish the correspondence between smooth
countable Borel equivalence relations and type I Borel x-algebras.

Recall that a countable Borel equivalence relation F on (X, .47) is smooth if
X/E is a standard Borel space (see Definition 4.4.1 and Theorem 4.4.5). Also a Borel

x-algebra of type I can be written as

B= ﬁ Bo(Xy, B(Hk)),

where By(Xy, B(Hy)) is the Borel x-algebra of bounded Borel functions a standard
Borel space f from X} to B(Hj) the bounded linear operators on the Hilbert space
of dimension & (see Definition 6.3.10).

In general, straightforward computation shows that for any Borel twist (F, o)

the centre of B,,(E, o) (Definition 7.2.3)
B,y (E,0) N B,y(E,0)

can be identified with By(X/E) (as in the proof of Theorem 4.2 of [Dav3]|). By
combining Definition 4.4.1 and Example 6.3.17, F is smooth if and only if By(X/E)
is a standard Borel x-algebra. Thus the centre of B,,(E, o) is an abelian standard

Borel *-algebra if and only if E is smooth.

Theorem 7.4.1 Let E be a smooth countable Borel equivalence relation. Then B (E, o)
18 a type I Borel x-algebra.
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Proof: Forn € N*U{w},let A, = {x € X : |[z]| = n}. Define M = {n € N*U{w} :
X, # 0} and M = M\ {w}. For any n € M, the Borel subset A, is E-invariant
by Theorem 4.1.10. Moreover the space (A,,<|4,) is a standard Borel space and
the quotient space X,, = A,/F is a standard Borel space with the quotient Borel
structure, such that X/F is the disjoint union of the X,,. Since E' is smooth, we can
assume that o is trivial by Theorem 5.1.7. Thus B}(E,0) = Q(B}(E,0)) as defined
in Remark 7.2.8. Thus any f € Q(B;(E,0)) can be written as f = Dy f1#1. Then
if H, is the Hilbert space of dimension n, then fI* € B(H,,) if and only if [x] € X,,.

Thus we can rewrite the operator f as

=@ D M =D

neM \ [z]e Xy neM

where f, : X,, — B(H,,) is a bounded Borel function defined by f,([z]) = f*.
Suppose first that E is aperiodic. In this case, any band-limited bounded Borel

function is an element of the weakly sequentially closed Borel x-algebra By(X,,, B(H.)),

thus we have
Q(L(B.(E,0))) C QB}(E,0)) € Bo(Xu, B(H.,))-

Now we can find a compact Hausdorff topology on X, which generates the Borel
structure of X, such that the Borel envelope of C.(X,, C(H,,)) (here every continu-
ous function from X, to K(H,) has compact support) is By(X,,, B(H,)) (see [Ped]
paragraph 6.3.6). Since any function of compact support is a band-limited bounded
Borel function then C.(X,,, K(H,)) C Q(L(B.(E,0))), and by taking the Borel enve-
lope of the following:

Ce(Xu, K(Hy)) € QL(B:(E, 0))) C Bo(Xw, B(H.))
the Borel x-algebra Q(B*(FE, o)) is squeezed and equals to By(X,,, B(H.))-

Now suppose F is finite. In this case, since the sequentially closed Borel *-algebra

[T Bo(X.. B(H.))

neMF
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contains any band-limited bounded Borel function, then we have

Q(L(B(E,0))) C QBI(E,0)) € ] Bo(Xn B(Ha)):

neMF
Let f € [],cmr Bo(Xn, B(Hn)). Let B, = Lj_A,. For any n ¢ M, the function
gn = L(Xp,) fL(Xp,) is a band-limited bounded Borel function (actually band(g,) =
n). Then the sequence of operators {g,}nemr is such that g, > f. thus f €
Q(B!(E,0)). This shows that

QB (E,0)) = [] Bo(Xu, B(H.)).
neMF
Now let E be any smooth countable Borel equivalence relation. Let A, = X'\ A4,

be E-invariant Borel subset of X of periodic points (points in X with finite orbit).

Then we can decompose Q(B}(F,0)) as the following direct sum
QB (E,0)) = QB (Ela,;0p)) © QB (Ela,, 0u))

and by the first two cases the results is verified. i

Using the notation of the previous theorem for the X, k =1,2,...,00, if B is a

type I Borel x-algebra, then the centre of B is
BN B = By(Up2 1 Xk).

It follows that a countable Borel equivalence relation E is smooth if and only if
B:(E,o0) is a type I Borel x-algebra. The next proposition shows how to associate
to a type I Borel x-algebra B a smooth countable Borel equivalence relation F, such

that B = B:(F,0).

Proposition 7.4.2 FEvery type I Borel x-algebra is the Borel x-algebra associated to

a smooth countable Borel equivalence relation.
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Proof: Let B be any Borel x-algebra of type I,
B = | [ Bo( X, B(Hx)).
k=1
For n < oo, let X7 = X,, and
n—1
Zy=|]x}
§=0
be the standard Borel space of the disjoint union of n copies of X,,. For n = oo, let
X7 = X, and
Zoo=| | X1,

JEL
be the standard Borel space of the disjoint union of infinitely countably many copies

of X. The point x € X,, on the j-th copy X7 is denoted z7. Let
Z=|]2
k=1
and let ¢ : Z — Z be defined as

Ittt modnif g e 7,
¢(x) =

s ifx e Zy

Then ¢ is a smooth Borel automorphism of Z such that Q(B}(Es,0)) = B. |
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7.5 The Hyperfinite Case

The goal of this section is to study the Borel *-algebras constructed from hyperfinite
countable Borel equivalence relations (F, o) (recall that o can be assumed to be
trivial for F hyperfinite). We give a (possible) definition for a Borel AF-algebras
(BAF-algebra) and show that if the reduced Borel x-algebra B} (E, o) (Definition
7.2.10) is hyperfinite then B}(E, o) is a BAF-algebra. We will also established the
equality between B(E, o) and the Borel operators M (E, o) (Definition 7.2.3), when
E' is hyperfinite.

To characterize abstractly Borel x-algebras arising from hyperfinite countable

Borel equivalence relations is an important problem.

Definition 7.5.1 Let B be a Borel x-algebra inside B(H). If there exist a separable
AF-algebra A C B such that $y(A) = B, then we say that B is a Borel approzima-

tively finite x-algebra or a BAF-algebra.

Of course if the Hilbert space H is separable and B is a BAF-algebra, then B is an
AF von Neumann algebra and is equal to A” C B(H).

Example 7.5.2 The Borel envelope of

D Col(Xx K(Hy)),
k=1

(from the Exzample 6.7.5) is
1 Bo(Xx, B(H1)).
k=1

Thus any Borel x-algebra of type I is a BAF-algebra.

Example 7.5.3 From the topological (also Borel) tail equivalence on Ep,, we can
compute C*(Ep,) which is an AF-algebra and by Theorem 7.3.1, the Borel envelope
of C*(Ep,) inside B((*(E)) is B (Ep, ), thus a BAF-algebra.
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This result says that every reduced Borel x-algebra constructed from an hyper-
finite Borel equivalence relation is a BAF-algebra. We do not know if every BAF-

algebra arises this way.

Theorem 7.5.4 Let E be a hyperfinite countable Borel equivalence relation on (X, o).
Then
B (E,o0) = M(E,o0).

Proof: = We already know by definition that B} (F,0) C M(FE,o). To show that
M(E,o) C B:(E, o), we will show that for any f € M(E, o) there is a bounded
sequence {f,} C L(B.(E, o)) such that f, — f.

When FE is hyperfinite, any 2-cocycle o is cohomologuous to the trivial one, and
E can be written as F = U,en+ Ey, with E,, uniformly finite and F,, C E,, ;.

Let f € M (E,0) and f = ¢( f ) be the corresponding coordinate function. Define

j(x,y) 7if(xay)€‘E%

fn<x?y) = .
0 if (z,y) ¢ E,

As E, is uniformly finite then f, is in B.(F,0). The functions f, are such that
for any (z,y) € E there exists N(x,y) > 0 such that for all m > N(z,y), then
f(z,y) = fm(z,y) (in particular, the functions f,, converge pointwise to f).
Let f, = L(f,). The sequence {f, }nen- is a bounded sequence (|| foll < |I1])-
Since f is a bounded operator in B:(E, o), then for any ¢ € ¢2(E) such that
1€]12 < 1, we have || f€]|2 < || f||2. In particular, for any element £ (the characteristic
function of the point (x,y) € E) of the orthonormal basis of (?(FE), we have

€913 =D 1(f - €M) (w, )2

wn~xT

=1 w2V (=)

w2y

=) fwa)P < |

wn~x
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Then for any € > 0, there is a finite subset Fi.,) C [x] such that
Yo lfwa)P< Y If(w )] +e
w~T WEF (¢ z)

Recall that any vector £ € (*(F) is of the form

= g,

kel
where [ is a countable index and (zg,yx) € E. Since finite linear combinations of
elements of the basis {fg(cy)}(x,y)e g form a dense subset of ¢*(F), then for any & > 0,
there exists a vector

Z AREH),

keF
where F' C [ is a finite index, such that

e~ &l < g

With this we get

I1(F = F&ll3 =I1(F = £ O €PN

keF
=11Y " Nlf = fu)€W 3
keF
< AR = fa)e)13
keF
=N NP = f)(w z) P (k)
keF w~zy,

Now for & = (here |F| is the cardinality of the set F), let Fl, ,,) be the finite
subset of [xy] such that

Solfwa)* < Y 1f(w ) + e

WL weF(Ekvzk)

Thus the line (%) equals to:

S DD =)+ D (= f)wz)

keF WEF (<) 2p) WEF ey ap)
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and since (f — fo)(w,z) = f(w,zx) or (f — fu)(w,zx) = 0, the previous line is

bounded by

DNEL DS = )P Y f(wm)f

ker wWEF(¢) o) WEF(e) 2y
ST S 16 - ) a)P es
keF wePF, | F12] A2
(epp)

ST P — ),z P + TFr

keF \weF(s; o)

=X S WA - Sl |+

keF wEF(Ek!Ik*)

Now for every (w, zj) there exists N(w, z)) € N* such that for all n > N(w, x)) then
flw,zx) = fu(w,x). Let N = max{N(w,x)}. Now if n > N, then

I(f = fa)&oll <

DN ™

Finally, since (with n > N)

1Cf = £)EllE =I1(F = £u) (€ = & + &)l
< = £ (€ = Sz + I(f = fu)éoll2

<If = FullPle = &oll3 + -

g I
< (55) 5

:E’

then f, —— f which in turn implies weak convergence. i

Remark 7.5.5 The above proof shows also that the strong Borel envelope of L(B.(E, o))
is M(E, o).



7.6. THE BOREL *-ALGEBRA OF A BOREL TWIST 116

7.6 The Borel x-Algebra of a Borel Twist

This section generalize to the Borel case the work of A. Kumjian in [Ku]. We associate
to a Borel twist I' a Borel *-algebra B} (I'). Recall (see Section 5.3) that, the Borel

twist [ over E is given by the following diagram

q

TxX——T E

S

where (X, «7) is a standard Borel space, E' a countable Borel equivalence relation on
X such that E© = X, ¢: ' — E is the quotient map and s : E — I' is a Borel
cross-section. Moreover ¢(T x X) = E(® = X. Recall from Theorem 5.3.2, any twist
[ over E is induced by a Borel 2-cocycle o € H*(E, T).

Definition 7.6.1
1) The equivariant Borel functions over I', denoted B(I'), are defined as
B(I') ={f:I — C Borel, VxerVyer (Af(y) = fF(M))}-

2) For f € B(I'), let
1o = ilég{|f(7)l}-

The bounded equivariant Borel functions over I, denoted B,(I"), are the

functions f € B(T) such that || f||s < 0.
Remark 7.6.2 If v € supp(f) = {y € T; f(7) # 0}, then for all A € T
fy) =Af(v) #0,
thus Ay € supp(f).

Definition 7.6.3 Let f € B(I'). The band of f, denoted band(f), is

band(f) = SUP}{#{Q € E;r(s(g)) = d(v) and f(ys(g)) # 01+

NU{oco
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#{g € E;d(s(g)) =r(7) and f(s(g)y) # 0}}.
The band limited bounded equivariant Borel functions over I' are defined as
B.(T') ={f € B,(I"); band(f) is finite}.

Definition 7.6.4 The vector space B.(I') becomes a *-algebra with the following op-

erations:

i) multiplication: (f-h)(7) = S fys(g))h(s(9) ™).

geEa()
ii) involution: f*(v) = f(y=1).
Definition 7.6.5

1) The equivariant normalizer functions of I', denoted N(I'), are functions
u € B,(T) such that u*u = vwu* = 1 and q(supp(u)) = graph(¢p~') for some
¢ € [E]. It follows that if u € N(I') then band(u) = 1, hence N(I') C B.(I').

2) The equivariant diagonal functions of I', denoted D(T'), are functions f €
B,(T") such that q(supp(u)) C X. It follows that if f € D(I') and f # 0, then
band(f) =1, hence D(I") C B.(T").

Proposition 7.6.6 There is a natural isomorphism between B.(I") to B.(E, o).

Proof:  Let f € B.(D'), f' € B.(E,0), g € E and v € ¢ '(g) with v = k,s(g) € T".
Define @ : B.(I') — B.(E, o) by

In this case Q! : B.(E,0) — B.(T) is

Q) =k, f'(9)-

Then @Q can be used to show that B.(T') and B.(E, o) are isomorphic as *-algebra. 1l
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For any € X, we consider the vector space,
L*(T, B, 6,) = {€ € Bo(T) : Q&) € Hs, }.
Then we have:

Lemma 7.6.7

1) Endowed with the inner product,

{Elm), =D EGs(9)n(s(9)),

gEb,

€ andn in L*(T, E,6,), then L*(T, E,§,) is a Hilbert space.

2) {&}ger,, with & = QY X,) where X, € B.(E, o) is the characteristic function
of the point g € E, forms an orthogonal basis for L*(T', E,d,).

3) Since &, € B.(T'), then for any x € X, B.(T') is a dense subspace in L*(T, E, 0,,).

For all x € X, we now define a representation Ls, of B.(T'") in L*(T, E, §,) by,
(Ls, (HEM) = D F(vs(9)€(s(g) ™)
gekR®
Definition 7.6.8 Let
(L, (1) = @P(Ls,, (T, E, b))
zeX

The reduced Borel x-algebra associate to I', denoted B;(1), is the Borel envelope

of L(B.(I)) in B(¢*(I')).
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7.7 The Feldman-Moore Theorem for Borel Twist

Throughout this section, A denotes a (weakly sequentially closed) Borel x-algebra
with a (Borel) Cartan subalgebra such that B = B,(X), where X is a standard Borel
space (X is also the space of sequentially normal pure states of B) and such that A
is countably B-generated. We shall refer to this pair (A, B) as a Borel Cartan pair.

Let N4(B) the the normalizer of B in A. Recall that for any u € N4(B) we can
associate a Borel automorphism ¢, : X — X, such that v* fu = fo ¢, forall f € B.
Let A : A — B be the sequentially normal conditional expectation from A to B. For
any x € X, then the pure state z o A : A — C is the unique (by Proposition 6.4.14)
extension of x to A. To simplify notation, we shall use again = for the corresponding
pure state on A.

We first associate a Borel twist to the Borel Cartan pair (A, B).
Notation 7.7.1 Let (A, B) be a Borel Cartan pair. Let us denote by
1) I'(B) ={Ju,z] € A*;u € Ns(B),x € X}, where [u,z|(a) = z(u*a), a € A,
2) F(B) ={[u,z] € A;u € Ns(B),z € X, p,(z) = x},
3) E(B) = {q([u, z]) = (¢u(z),2) € X x X;[u,2] € I'(B)}.

Lemma 7.7.2 Let (A, B) be a Borel Cartan pair. If [u,z] € I'(B), then z(u) # 0 if
and only if ¢,(x) = x.

Proof:  If ¢,(z) # x, then
z(u) = 2(Xpu) = z(uw Xpu) = 2(uly, () = 2(w)2(Xy, ) = 0.

If ¢u(x) = x, then u*X,u = X,, hence X,u = uX,. Let us show first that uX, =
x(u)X,. Let f,g € B. Then gX, = fAX, if and only if g(z) = f(x). We have

(uX,)f = ufX,
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=ufXu u
= (fod, )Xy myu
= fXu
= f(udy)
and B is maximal abelian, thus uX, is in B. If y # x then y(z(u)&X,) = y(uX,) =0
and z(uX,) = z(x(u)X,) = x(u). This shows that
uX, = x(u)X,
Xpu* = Xpx(u®).
Since x(u*X,u) = z(X;) = 1 and z(u*Xu) = z(x(u)X,2(u)) = z(u*)z(u), then
z(uw)x(u) = 1, which implies that z(u) € T. |

Proposition 7.7.3 Let (A, B) be a Borel Cartan pair. Then I'(B) can be endowed

with a Borel twist structure over E(B).

Proof:  Equip ['(B) with the following operations:
1) (Probuct) [v,yllu, z] = [vu, z] if and only if ¢, (z) = y.
2) (INVERSE) [u,z]|* = [u*, ¢u(x)].

The the range and the source maps are given by:

r([u, 7)) = [u, z][u, z]" = [1, ¢u(z)]
and
d([u, z]) = [, 2] [u, z] = [1, 2],

and the object I'(B)® can be identified by X. Then I' becomes a free T-space under

the action given, for A € T, by

Mu, z] = [Au, z].
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Since A is countably B-generated, let U be a countable group of unitaries in
N4(B) generating A. Define
E = U graph(¢,') € X x X,
uelU

since ¢, are Borel automorphisms and U is countable, then £ = E(B) is a countable

Borel equivalence relation. Let ¢ : ['(B) — E(B) be defined by

Q([ua m]) = ((bU(x)a x)

The map ¢ is T-invariant, since ¢, = @y,. Moreover ¢([u, x]) = (x, x), a unit of E(B),
if and only if [u, z] € F(B). Recall by construction that z(a) = z(X,aX}). Let [u, z]
be such that ¢,(x) = x, then we want to show that [u, z] = [z(u), z].

By Lemma 7.7.2, if ¢, (z) = x, then z(u)X, = uX,. Now this implies that for

any a € A, then

[u, 2](a) = z(u*a)
= 2(Xutal,)
= 2(Xz(ut)ak,)
— z(z(u*)a)
= [z(u),z](a)
which shows that [u,2] = [z(u),2] = 2(u*)[1,2]. Thus an element of F(B) can be

written as an element of T x X.

Now if [u, z] and [v, z] are two elements of I' such that ¢([u, z]) = q([v, z]), then
z =z and ¢y (z) = ¢,(x). Moreover [v*, ¢, (2)]|[u, x] = [v*u, z], with ¢, () = =,
then [v*u,x] = z(u*v)[1, 2] and [u, x| = z(u*v)[v, z]. In particular, [u,x] = [v,x] if

and only if x(v*u) = 1. Tt follows that I'(B) is a Borel twist. |
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The following proposition is a Borel analogue of Proposition 4.15 of [Re2]. It
shows that for a Borel twist (I', F) the Borel twist associated to the Borel Cartan
pair (BX(I'), L(B,(X))) is again (I, E).

Proposition 7.7.4 Keeping the notation of Proposition 7.7.3, let (I', E) be a Borel
twist. Let A= B:(I') and B = L(B,(X)). We have an isomorphism of Borel twist:

F(B) ——~T(B) i E(B)

Tx X ——T E

s

Proof: = We verified already in the previous proposition that F(B) = E.
Let € X, v € I', with v = k,s(¢(7))) and k, € T, such that d(y) =z, r(y) =y
and ¢ € [E], with ¢(z) = y. In general for any ¢ € [E], let u, € N(I') be such that

ky if @(d(y)) =7(7)

0 else

ug(y) =

Let u € Na(B). Let @ : I'(B) — I be defined by

O([u, 2]) = u(5(du(z), 2))8(¢u(1), ).

The map ® is a groupoid homomorphism: For [u, ],

O([u, z])" = (u(s((¢u(2), 7)))5((¢u(x)
= (u(s((¢u(@), 2)))s((Pu(), )"
“(s((u(x), 2)) ) s((du

“(s((2, du(2))))s((2, du(
= O([u, gu(2)]),

and now with [v,y], ¢,(z) =y and ¢,(y) = z,

O([vu, 2]) = (vu)(s((Puv(7), )))s((Pus(2), 7))

I
S

)
)
)"
)

Il
S
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Moreover ®([u,z]) € T x X if and only if [u,z] € F(B).
Let W : I' — I'(B) be defined by

V() = [up(v)ue 2,

where ¢ € [E] is chosen such that (¢(z),z) = (r(7),d(y)). The map ¥ does not
depend on the choice of ¢ and is a groupoid homomorphism. Moreover, we get

(Vo ®)([u,x]) = [u,z] and (P o ¥)(y) = v, since

and
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Theorem 7.7.5 Let A be a Borel x-algebra with a Cartan subalgebra B = B,(X),
where X is a standard Borel space (X is also the space of sequentially normal pure
states of B), such that A is countably B-generated. Then there exists (FE,0), E unique
up to isomorphism and o unique up to a 2-coboundary, such that A = BX(E,0) and

where the isomorphism sends B onto L(B,(X)).

Proof:
We divide the proof in four steps:

1. By Proposition 7.7.3, we associate to the Borel Cartan pair (A, B) a Borel twist
[' = T'(B) over the countable Borel equivalence relation £ = E(B).

2. To any operator, we associate an equivariant (bounded) Borel function over I'.

3. Show that (A, B) and (B(I"), L(B,(X))) can be realized as algebras of operators

acting in spatially equivalent Hilbert spaces.
4. By Theorem 5.3.2, there exists a normalized 2-cocycle o such that I' = (E, o).

The steps 2. and 3. need to be verified.

2. For any a € A, we denote by L(a) : I' — C the equivariant complex valued
function defined by
L(a)([v, z]) = [v, z](a).
By Lemma 7.7.2, if L(N4(B)) € N(I') and £(B) € D(I'). Let us show that
L(Na(B)) = N(I').
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We want to show that for any element @ € N(I") , there is u € N4(B) such that
L(u) = . By hypothesis on A, let {uy, }neny of Na(B) be a countable subset which

together with B generated A. Let E be the countable Borel equivalence relation

E = graph(¢,").

neN

We can assume that ug, = 1. Now set
Ao = {z € X; 6(z) = 2}
and By = Ap and for k£ > 0 define inductively
Apn={z € X\ By_1;0(x) = ¢u(x)} and B, = OAi‘
=0
Then {A, },en forms a Borel partition of the space X. Let h,, € B be defined by
2(hn) = a([ug,, ])¥a, (), v € X,

and

Gn = Ug, hy € A.

By construction, the elements

N N N N
an = ZO 90| = ZO V Inn = ZO hiul g, hn = ZO Xy = X(Uf:o ) = Xp, |

and

N N
by = Z; 95| = Z; N

ME
T
<

3

>

3

>

3 *
<
o

3

I
ME
|

<

3

=

3

:-X—

Il
ME
e

b

N

2

n=0 n=0 n=0
N
- Z Xo(an) = qu(uf;’zo An) T Xo(By_1)
n=0
are such that ay 1 and by " 1 strongly, thus by Theorem 6.3.19, 22[:0 Jn 18

convergent to an element u =) > g, in A and, the element u € N4(B) is such that

L(u) = a.
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The map L is clearly linear. Moreover L(a)* = L(a*), for any a € A, since

Let [v,2] €T, b€ B, u € No(B) and a € A. First L(ab) = L(a) - L(b), since
L(ab)([v, x]) = x(v*ab)

and

We also have L(au) = L(a) - L(u), since
L(au)([v,z]) = (v au)
and

(L(a) - L(w)([v,2]) = Y L(a)([v, 2]e(9)L(w)(c(9)™)

geEE®

= L(a)([kvu’, gu(x)])EL(w)([u, 2])
= ¢u(z)(kuv*a)k

= z(u uwv*au)
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= z(v*au).

If A. denote the linear span of {B, N4(B)}, then by restriction the map L is a
s-homomorphism between A. and B.(I).
3. Since the conditional expectation A : A — B is faithful and z : A — C is a se-
quentially normal pure state then, by using the GNS construction, the representation

(7T7 7_[) = @(ﬂ—xa %x)

zeX

is a faithful sequentially normal representation of A. Thus for all a € A we have

lal| = sup{ sup {[|ad|, = z(d"a"ad)}}.
rzeX deH,
z(d*d)<1

Thus we identify A with 7(A) C B(H).

Recall that by Lemma 7.6.7 {{,},cp, is an orthonormal basis for the Hilbert
space L*(I", E, 8,). For any element &, of the basis {,},er,, by definition, there is an
element [ug, 2] € T such that &, ([ug, z]) = 1, thus by taking X, € B and u, € Ns(B),
then d, = u,A&;, is such that £(d,;) = £,. Thus for any vector

£=D A& € LT E,0,),
gEEL

we can associate a vector

d= Y Ady €MH,,

gEE,

via the same map £, which is a linear surjective isometry from H, to L*(I', E,J,).
Since {&, }4er, is an orthonormal basis for H,, then {£,},cp, is an orthonormal basis
for L*(T, E, §,).

For any = € X, we get a map
L,:H, — L*(T,E,6,)

such that Vd € H,,
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The matrix representation for both operators 7, (a) in A and Ls, (L(f)) in B(L*(T', E, d,))

are the identical, since

mo(f)ig = 2(d; fd;)
= L(d; fd;)([1, 2])

= (L(d7) - L(fd;))([1, z])

Thus || f|| = [|£(f)||. The map L, : d — £ is an unitary between the Hilbert spaces
H, and L*(T, E,J,) which make them spatially isomorphic. The map £ is an unitary
between the Hilbert bundle spaces H and ¢?(T") which make them spatially isomorphic.

Since A, and L(B.(T")) are isomorphic *-algebras acting in spatially equivalent

Hilbert spaces then their corresponding Borel closures are isomorphic, i.e.,
A= pB(I).

Remark that the uniqueness of (E, o), up to isomorphism, follows from Proposi-

tion 7.7.4.

Remark 7.7.6 The previous proof is the Borel analogue of Theorem 1° of Section 3
of [KuJ, where the unicity part was adapted from [Re2], and some ideas came from

the lines of the proof in [Rel] (Theorem p.439).
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7.8 Invariants of Borel Equivalence Relations

In this section, we present two results on invariants of countable Borel equivalence
relation. The first one is a particular case of Theorem 1.1 of [MRo]. Our second

result uses isomorphism of Cartan pairs between Borel x-algebras.

Theorem 7.8.1 (/MRo], Theorem 1.1) Let Ey and Ey be two countable Borel equiv-
alence relations on (X, o/) such that |[x]g,| = 3, for all x € X and i = 1,2. The

following are equivalent.
1) Ej is isomorphic to Es, and
2) [E1] is isomorphic to [Es].

The cardinality condition of the previous theorem cannot be removed. Here is an

example given by [M].

Example 7.8.2 Let ¢ : X — X and ¢ : X — X be two Borel automorphisms such
that p o ¢ = Ix and 1 op = Ix (i.e., there is at most two points in the orbit of any
points). Denote by Ay, By € A the points with exactly two points in their orbits for ¢
and v respectively. Suppose Ay and By are infinite with different cardinalities. Then
[Ey] and [Ey] are both isomorphic to the unique abelian group, with the cardinality
of the continuum, whose elements are of order at most 2, but the standard Borel
spaces X/E, and X/Ey, are not isomorphic, as Ay/Eys and By/Ey have different

cardinalities.

As a consequence of Theorem 7.7.5, we have the following invariant:

Corollary 7.8.3 Let E; and Ey be two countable Borel equivalence relations on

(X, ). The following are equivalent:

1) E; is isomorphic to Es, and



7.8. INVARIANTS OF BOREL EQUIVALENCE RELATIONS 130

2) (B:(E4),B,(X)) is isomorphic to (Bi(Es), B,(X)).

Proof:  This follows by the unicity of the (in this case trivial) Borel twist associ-

ated to a Borel Cartan pair of Theorem 7.7.5. i



Chapter 8

A Borel Krieger Type Theorem

Let (X, <) be a standard Borel space and p a measure on X. Recall that a Borel
automorhism 7" : X — X is a nonsingular transformation (here we use the

terminology transformation for an automorphism) if for any B € <7,
u(T~H(B)) = 0iff u(B) = 0.
T is an ergodic transformation if for any B € &7,
T-'(B) = B implies u(B) = 0 or u(B°) = 0.

In [Krl], W. Krieger associates to any nonsingular transformation 7" acting ergodi-
cally on a Lebesgue space (X, u) an ergodic R-flow, the so-called associated flow. If
W*(X, u, T) denotes the von Neumann algebra associated to the ergodic dynamical
system (X, u, T'), then Krieger proves:

Theorem. Let (X, i, T;), i = 1,2, be two nonsingular ergodic transformations. The

following statements are equivalent:
1) (X1, 11, T1) and (Xa, 2, T) are measurably orbit equivalent.
2) W*( X1, p1,Th) and W*( Xy, o, Ts) are isomorphic.
3) The associated flows of (X1, u1,T1) and (Xa, ua, Tz) are conjugate.
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As any ergodic nonsingular dynamical system (X, p, T') is orbit equivalent to an
ergodic hyperfinite countable equivalence relation Er on (X, ), Krieger’'s theorem
can be stated as follows:

Theorem. Let (X, u;,T;), i = 1,2, be two nonsingular ergodic transformations. The

following statements are equivalent:
1) E7, and E7, are orbit equivalent.
2) W*(Xy, Er,) and W*(Xs, Er,) are isomorphic.
3) The associated flows of (X1, p1, E,) and (X, ua, ET,) are conjugate.

In Section 8.4, we will prove a Krieger type theorem in the Borel setting. To
get this result, we first make, in Section 8.1, the connection between invariant (er-
godic) probability measures on E and (extremal) normalized sequentially normal
traces of Bf(FE,o). This correspondence established, we recall and use, in Section
8.2, the Dougherty-Jackson-Kechris classification theorem of aperiodic non-smooth
hyperfinite countable Borel equivalence relations to get a classification of their Borel
x-algebras. The classification of smooth countable Borel equivalence relations classi-

fication is covered in Section 8.3.
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8.1 Traces on B (E,0)

Let E be a countable Borel equivalence relation on (X, <) and o be a normalized
T-valued 2-cocycle on E.

If A denotes the sequentially normal conditional expectation from B(E, o) onto
L(B,(X)), defined in Proposition 7.2.14, and if 11 is an E-invariant measure on (X, .27),
we verify in Lemma 8.1.2 that

A

rlf) = / Ay, f e B (E,o),

defines a sequentially normal trace on B} (F, ¢) and we show in Proposition 8.1.3, that
i — 7, induces a bijective correspondence between F-invariant probability measures

on (X, .«) and normalized sequentially normal traces on B} (E, o).

Definition 8.1.1 Let B be a Borel x-algebra. A normalized sequentially normal
trace T is a sequentially normal state of B such that 7(x*x) = 7(xz*), for all x € B.
The set of all normalized sequentially normal traces of B is denoted T (B). The
extreme points of T (B) are called the (normalized sequentially normal) characters.

The set of all normalized sequentially normal characters of B is denoted OT (B).

Lemma 8.1.2 Let E be a countable Borel equivalence relation on (X, .o/) and o be
a normalized T-valued 2-cocycle on E. If u is an E-invariant measure on (X, .o/)

and A denotes the sequentially normal conditional expectation from Bi(E,o) onto

L(B,(X)), then 1, belongs to T (B:(E,0)).

Proof: As A and integration with respect to u are linear and preserve positivity,
7, is a positive linear form. Moreover, as A is sequentially normal, A(I) = 1 and
as [t is a probability measure, 7, is a sequentially normal state. Let us check that
7, is a trace. Let f e B(E,0) and f = ¢(f) be the coordinate function of f. By

Proposition 7.2.14, we have

A(fF)=LUS - f)a)
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and

(f Zf:vz ,T).

z€[x]

Hence

() /Zlfo\du) V(1F7),

z€|[x]

and similarly

nld f) = [ X 18 Pdu(o) = v (P,

z€[x]

As p is F-invariant, v = v~! and therefore 7, is a trace. |

Proposition 8.1.3 Let E be a countable Borel equivalence relation on (X, .o/) and
o be a normalized T-valued 2-cocycle on E. If Ip denotes the set of E-invariant

probability measures on (X, /), then the convexr map
M= Ty
is a bijective correspondence between Tr and T (B (E, 0)).
Proof:  Let 7 € T(B:(F,0)), and u be defined by
r(A) = T(L(X)), A€ .

As 7 is a normalized normal state, u is a probability measure on 7.
Let ¢ € [[E]] be a partial Borel transformation from A to B and let w4 be the
partial isometry of B (E, o) such that ujus = L(Xa) and uguj, = L(Xp). Then

pr(A) = 7(L(Xa)) = T(ugug) = 7(ugug) = 7(L(Xp)) = pz(B).

This shows that u, € Zg.
As 7, =7 and p,, = i, and as the correspondance p € Ip — 7 € T(B;(E, 0))

preserves convex combinations, the proposition is proved. i
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As the set of E-invariant and ergodic probability measures of (X, .o/) are the

extreme points of Zg, we have:

Corollary 8.1.4 Let E be a countable Borel equivalence relation on (X, /) and o
be a normalized T — valued 2-cocycle of E. There is a bijection between the set ZE g,
E-invariant and E-ergodic probability measures on (X, o), and the set of normalized

sequentially normal characters of Bf(E, o).

Remark 8.1.5 The Proposition 8.1.3 and Corollary 8.1.4 are just Theorem 4.2 and
Corollary 4.3 of the article of Davies [Dav2] adapted to countable Borel equivalence

relations.
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8.2 The Non-Smooth Classification

For i = 1,2, let ¢; : X — X be a Borel automorphism of (X, <) and E; be its
associated countable hyperfinite Borel equivalence relation (as defined in Theorem
4.5.2). We say that ¢; and ¢, are Borel orbit equivalent if £} = E, (see Definition
4.1.5).

In this section, we will moreover assume that ¢, and ¢, are aperiodic non-smooth
Borel automorphisms, and therefore F; and Es are non-smooth aperiodic hyperfinite
countable Borel equivalence relations. Recall from Theorem 4.7.1 that two aperiodic
countable non-smooth hyperfinite Borel equivalence relations are isomorphic if and
only if the cardinalities of their sets of non-atomic, invariant and ergodic probability

measures are equal.

Theorem 8.2.1 Let E; and Es be two non-smooth aperiodic hyperfinite countable
Borel equivalence relations. Then Ey = Ey if and only if BX(E1) = B(E»).

Proof: That Ey = E, implies B (E;) = B (FE,) is true in general. For the con-
verse, if Bi(Fy) = B:(FE,), then the cardinality of 0T (B} (E;)) and 0T (B:(E,)) are
the same which implies by Lemma 8.1.4 that the cardinality of ZEG, and ZEG, are
also the same. Thus by Theorem 4.7.1, E; = Ej. i
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8.3 The Smooth Classification

In this section, ¢; and ¢, are smooth Borel automorphisms, i.e., E; and Ej are
smooth. Recall as a consequence of Theorem 7.4.1 that a countable Borel equivalence
relation F is smooth if and only if B} (F, o) is a type I Borel x-algebra (see Definition
6.3.10).

Theorem 8.3.1 Let E; and Es5 be two smooth countable Borel equivalence relations

on (X,o7). Then Ey = Es if and only if Bf(Ey) = B (Es).

Proof:  That F; = E, implies B}(E,) = B!(FE,) is true in general. To prove the
converse statement, keeping the notation of Theorem 7.4.1, note that as F; and FE,

are smooth countable Borel equivalence relations, we have, for i = 1, 2,

B (E;) = H Bo(X}, B(Hy))-

k=1
Moreover, for k € 1,2, ..., 00, we have by 7.4.1, that X} = A% /E;, where Al = {x €
X : |[z]g| = k} are Ej-invariant Borel subset of X. As B(E;) = B}(E,), then
| X} = |X?| for all k € {1,2,...,00} (see Definition 6.3.10). Thus by Corollary 4.4.7,
we have that F; = Es. |
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8.4 The Borel Krieger Type Theorem

In this section, we use the results of the Sections 8.2 and 8.3 to state a Borel Krieger

type Theorem:

Theorem 8.4.1 Let E| and Ey be two aperiodic hyperfinite countable Borel equiva-
lence relations. Then Ey = Ey if and only if Bi(E,) = Bi(E,).

Proof:  That E, = E, implies B}(E,) = B}(FE,) is true in general.

If E; and E, are smooth countable Borel equivalence relations, then by Theorem
8.3.1, BX(E,) = B!(E,) if and only if £ = Fs.

If F, and FE5 are aperiodic non-smooth hyperfinite countable Borel equivalence

relations, then by Theorem 8.2.1, Bf(FE;) = B (E>) if and only if E; = Fs. |
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