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PREFACE

Beams are common structural elements -of mechanical
design. Their importance in structural engineering is
attested to by their extremely extensive usage in all
sorts of load-carrying applications. In a similar
fashion, the vibration of beams is an important aspect
of the vibration of continuous system because such beams
are very common. It is often necessary to design these
elements so that they have either a selected natural
frequency or sco that their natural frequencies are
sufficiently far-removed from excitation frequencies to
avoid resonance. |

Tables given in this thesis provide a quick pro-
cedure for establishing natural frequencies of uniform
and non-uniform beams. Linear interpolation may be
used for analyzing beams with parameter values falling
between those for which eigenvalues are tabulated. For
each case, linear interpolation involving any of these
parameters has’generally been found to give frequencies
with maximum error not greater than about 1%. These
data enable the designer to assess the effect of changing
the dimensions, type of support and material of the
structural element. In addition, information required
for establishing modal shapes is also provided.

The numerical results were obtained on an IBM 360/65
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computer. The machine program is appended for the
convenience of any user who may wish to carry out
computations in a range not covered by the tables

given here.
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LIST OF SYMBOLS

See context for precise meanings of the symbols.

A = beam cross-sectional area, in2

Bn = constants associated with the fungtion £(t)

Cn = Dn/L = constants associated with the function X (&)

D, = constants associated with beam deflection function Y (x)
E = modulus of elasticity in tension and compression,

1b/in?
f = w/27 = circular frequency, cycles/sec or Hz
f(t) = function of time
g = acceleration of gravity, in/sec2
i = an integer in general
I = moment of inertia of area about neutral axis, in4

I = polar moment of inertia, in4

p
L = length of beam, in
m = p2A2/plAl = mass ratio
m' = (pzAz/plAl)%
n = an integer in general
S = EZIZ/ElIl.? bending stiffness ratio
S' = (E2I2/ElIl)%
t = time, sec
V = transverse shear force, 1lb
w = weight or load per unit of length on beam, 1b/in
X, = spatial coordinate along beam, in
X(g) = ¥(x)/L
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y(x, t) = Y(x) £(t) = total lateral deflection of beam, in

Y(x) = function of x

BIH

o = (E2I2/E1Il) = bending stiffness ratio

Bl = T Eili wz = eigenvalue for non-uniform beam
By = 684

y = dimensionless segment or span length-

Y' = weight density, lb/in3

A = a small increment

Ei = xi/L = dimensionless spatial coordinate along beam
8 = ¢/a

An = eigenvalue for uniform beam

v = dimensionless segment or span length

p = mass density, 1b - secz/in4

¢ = (?ZAZ/PlAl)% = mass ratio

w = 27f = natural circular frequency, rad/sec



INTRODUCTION

While the solution to the linear differential equation governing
the lateral vibration of beams has been known for many years, it is
frequently found by analysts that computation of frequencies and
modes of vibration requires use of a digital computer. In the case
of uniform beams with classical boundary conditions the work is
greatly diminished since tabulated values of the appropriate
eigenvalues exist [1, 5, 6]. However, in the more general case of
beams with step changes in the mass per unit length pA and the flexural
rigidity EI, the appropriate eigenvalues are not to be found in the
Titerature and the solution must be obtained from the basic
differential equation.

There exists a requirement for a set of tables so that the need
for much of the time consuming work devoted to obtaining so]utions
to such problems would be obviated. Furthermore, such a set of
tables would bring the analysis of vibration problems much more
within the capability of the engineer who is not a vibration

specialist.



CHAPTER 1
BEAMS WITH SINGLE DISCONTINUITY

IN CROSS SECTION PROPERTIES

(1) Egquation of motion
The classical theory of beam vibration, often called
the Bernoulli-Euler theory, is based on the same assumption

as elementary theory of flexural bending, namely,

(1) the beam is prismatic and it has an axial
plane of symmetry, bending is in the plane of
symmetry;

(ii) the material is homogeneous and it obeys Hooke's
law, the modulus of elasticity in tensioﬁ being
the same as that in compression;

(iii) plane sections remain plane and normal to the
longitudinal fibers of the beam after bending;

(iv) slopes of the deflection curve are small compa-
red to unity;

(v) deflection due to shear.is negligible.

In the wvarious textbooks on strengfh of materials?l
the differential equation of the static loading of a

beam is usually given in the following form:

1. Timonshenko, S. Strength of Materials, Part I. Princeton: D. van
Nostrand Co., Inc. 1955.
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Combining, the following relation is obtained for the
intensity of the distributed transverse load w(x),
the deflection y(x) of the elastic line of a bar and

its flexural rigidity E I(x)

a? a’y (x)
— [ E I(x) ——;-’—-2—] = W (x) _. (2)
X X

In this treatment, the only inertia forces considered
are those due to the lateral translation of a beam
elementl. To derive the equation of motion for trans-
verse vibration of a bar we use Eq. (2) and apply the
D'Alembkert principle. To the external force w(x) we
add the "inertia force" per unit length of the bar

given by

1. Actually, during vibration, each element of the
beam rotates through an angle 3y/3x, and there is
thus _a distributed inertia couple equal to -Ip33y/
9x3t2 per unit length, which is called the rotatory
inertia effect. Correction for this rotatory inertia
becomes important when the cross-sectional dimensions
of the beam are not small compared with the beam
length. These assumptions must be kept in mind when

" determining frequencies from the tables.
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In Eq. (3) p is the mass density of the material of
the bar and A(x) is its cross section area. The equation

of motion is then [4]

2 2 L2
2 [ E I(x) E—XL§LEL ]==W(x,t) - p A(x) ﬁ—ziélil (4)
9xX X ot

WJ -
___——””’) ,
———— X _____“._ dx

- L

{(a) The non-uniform bar
l . wi({x,t)
yi{x,t) V(x,t)\1 M(x,t) * aMa(z,t) ax
") — IV (x,t)
'V(X,t) + ——}&—' dX
PA(X)B_—-Z‘Y(X’t) RS 9x
dt2

(b) Free-body diagram of a beam element

Fig. 1.



Eg. (4) represents the general equation of motion for any
beam that satisfies the requirements previously set down.
For the case of free vibrations, w(x,t) = 0;

Eg. (4) becomes

2 2 : 2
lﬁ_ [ E I(x) 9 Y(Xr'lz:) I = -5 A(x) 0 82 (x,t) (5)
3 X 9 X t

To solve Eg. (5) we assume that the solution of Eag. (5)

is separable in time and space and of the form
y{x,t) = ¥(x)£(t) (6)

Introducing Eg. (6) in Eg. (5) and then separating the

variables, we obtain the equation

2 2 : 2
1 d d Y (x) _ 1 d™f (t)
E I(x) = - (7)
o A(x) Y(x) ax’ [ x> ) £(t)  at?

\

The left side of Eq. (7) depends on x only, and the right
side depends on t only. Both x and t are independent
variables, so Eg. (7) has a solution only if both sides
are constant. On the basis of physical consideration,

we must choo;e a positive value, wz, for this constant.

Eg. (7) leads to two ordinary differential equations

2

2
Lo TEE Y20 Ak v =0 (8)
dx dx
a%f (t) 2
+ wo f(t) =0 (9)

dt



Eg. (9) gives a harmonic rather than an exponential
solution, which is consistent with the fact that a
conservative system has constant total energy.

The general solution of Eq. (9) is

f(t) = B, cos wt + B, sin uwt

1 2

If the beam has constant cross section, then A and I

are constant, and Eg. (8) becomes

4
d’¥(x) _ .4 —
Tad YT

where

13|
Hi
e

The general solution of Eq. (11) is

Y(x) = Dl sin kx «+ D2 cos kx +'D3 sinh kx + D4 cosh kx

where Dl’ D2, D3 and D, are arbitrary constants which
should be determined in each particular case from the
boundary conditions at the ends of the bar. The most
common types -of boundary conditions encbuntered in the

bending vibration of bars are the following:

(1) Simply-supported Ends. In this case of simply
supported ends, both the deflection and bending

moment at an end must vanish. This means that

Y =0, a"y

(10)

(11)

(12)

(13)

(14)



(ii) Clamped Ends. 1In this case, both the deflection
and slope must vanish when it is built into a
rigid wall. This condition may be expressed

as

Y =0, ay _
ax 0 : (15)

(iii) Free Ends. 1In this case of a completely free
end, both the bending moment and shearing force

acting at that end must vanish. Hence one may

write
&’y a’y
=0 I =0 (16)
dx ' dx3 -

For the two ends of a vibrating bar we always will
have a total of four end conditions from which the ratios
between the constants of the general solution (13) and the
frequency equation can be obtained. In this manner the
modes of natural vibration and their frequencies will be
established. Bf superimposing all possible normél vibra-
tions, the general expression for the free lateral vibra-
tions becomeé{

(1)
1

(1)

yvi(x,t) = z Yi(x) (B 5

cos w,t + B sin w.t) (17)
i i

where

— i) . (1) (i), (i)
Yi(g) Dl sin kix + D2 coSs kix + D3 sinh kix-*-D4 cosh kix

(18)



(2) Method of Analysis

Free lateral vibration of beams whose mass and
stiffness can vary from segment to segment but are kept
constant within the segment is analyzed. we will be
interested in step changes in the mass per unit length pA,
and in the flexural rigidity EI of the beam. Such
changes might arise from an abrupt change in cross sectional
geometry or beam material. Also, they could result from
the joining of beam sections of the same cross sectional
geometry but of different material properties, or from
the addition of uniformly distributed mass.

In order to facilitate presentation of the back-
ground underlying the preparation of the tables, it is
advantageous to discuss a particular case in detail. We
therefore look into the problem of free vibration of a
beam with simple support at each end, as shown in Fig. 2.
The beam cross sectional properties are shown to be cons-—
tant over the dimensionless distance u from the left end,

and y( =1 - u), the remainder of the beam.

}— u e =] - ——-
: v

Fig. 12.



For each segment of the beam, the vibration is

given by a solution of Eqg. (5)

4 2
) Y; (xi, t) piAi 3%y, (x., t)

-+ =
axﬁ E.I; 2

0 (5"

of the type
v, (x t) = Y., (x.) ( (i)cos wt + B(i)sin wt)
i Xy 1 (%30 (B 2

where Yi(xi) is the general solution of Eg. (11). In the
analysis discussed here it is advantageous to nondimensiona-
lize the beam displacement and the spatial variable X, .

This is achieved through dividing them by the beam.length

L. It is reddily shown that Eq. (13) can be written as

= ~{1i) . (1) :
Xi(Ei) Cl sin Bigi + C2 cos Bigi +
C(i)sinh B.E. + C(i)cosh B.E (19)
3 ivi 4 i®i
where
= (1) _ (1)
X, (8) =Y, (x:)/L, c, D" /L

(20a b, c, 4)

8, T x/L, B, TF 1 ¢ L

Let El be the dimensionless distance to the right of
a generic section from the left support on the first
segment, and £2 be the dimensionless distance to the left
of a generic section from right support on the second seg-

ment (see Fig. 2). It follows that the first and second



segment deflections are

(1)

- ~(1) .
Xl(gl) C1 sin Blgl + C2 cos 8151 +

(1) . (1)
C3 sinh 8151 + C4 cosh Blgl
and
- ~(2) . (2)
X2(£2) Cl sin 82£2 + C2 cos 8252 +
(2) . (2)
C3 sinh Bzgz + C.4 cosh 62£2
where
4 _P1%1 5 4 4 PR, 2 .4
By T g1 W L, B2 = 5T w- L
171 171

There are evidently eight boundary conditions required.
Four are obtained by prescribing conditions at the beam
outer ends, the remaining four are obtained by requiring
the continuity of displacement, slope, bending moment and
shear force across the interface of the two beam segments.,

From the conditions that at the left support, the
displacement and the bending moment are zero, it is

readily shown that
(L) _ ~(1) _
C2 = C4 =0

In the same way, from the condition that at the right
support, the displacement and the bending moment are zero,

we have
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(2) (2)
C, =C, " =0

Hence

= 1) . 1) .
Xl(gl) —‘C{ )51n BiEy * Cé )51nh B1Eq (21)

and

(2)

2 . .
Xz(gz) = C{ )51n Boboy *+ C3 sinh ByEo (22)

The remaining four boundary conditions are written
as follows

(i) Continuity of displacement, Xl(u) = XZ(Y)

(1)

(1) . . (2) ,__.
Cl sin Blu + C3 sinh Blu + Cl (-sin 82Y) +

Céz)(—sinh B,¥) =0 (23)

(ii) Continuity of slope,

ax, (&) A,y
dE _ dz

P os g + ¢ eosh B u + C(z)(ez) +

1 1M G By T B (g rices Byy

B
C(z)(—zocosh B

=0 (24)
3 By

2Y

(iii) Continuity of bending moment,

a%x. (g.) a’x. (e.)

B T 1'51 _ 2452
_ = B I —% <

171 ac2 272 ac2
1 £4=u 2 Es =Y
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C{l)(—sin Blu) + Céi)sinh Blu + C{z)
2
«  EalaBa\2y | 2y ¢ ExI, (8,
E.I. \B. sin By * GV o\ J
111 VB 111 VB

X sinh BZY =0 (25)

(iv) Continuity of shear force,

%%, (&) 3%, (g,)
BE.TI = B I, —0_
171 3 272 3
dg - dg -
1 E1= U 2 E,=Y
1l 2
(1) ,_ (1) (2)
Cl (-cos Blu) + C3 cosh Blu + Cl
) E,I, /6513 (2) ¢ Ealy /By 3
TE T.\E. cos Byy * Cy E- T, \E. )
‘ 171 1 171 1
x cosh B,y = 0 ' (26)

From the definition of Bi’ we have

1
a3
By [ roBy ElIl)
P1fy Byl
Thus, given any values of u(0 < u o< l){ the mass ratio
(p2A2/plAl) and the bending stiffness ratio (E212/Elll),
we can determine the eigenvalues By or B, of the system
by requiring that the determinant of the coefficient matrix

of Egs. (23) to (26) must vanish. Hence

ICs4

is the frequency equation.

| =0 (27)
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(3) Choice of Parameters.

We see that the frequency equation in the form of
a determinant contains array elements that are being
multiplied by the factors (82/81), (E212/E111)(82/81)2
or (EZIZ/ElIl)(62/61)3, all of which can be expressed
in terms of mass ratio and bending stiffness ratio.

With yu, (°2A2/°1A1) and (EZIZ/ElIl) known, we can deter-
mine an infinite number of eigenvalues which are related
to the natural frequencies of the system, Eg. (204).
Thus, there exist three parameters for the determination
of eigenvalues.

It is natural to divide the beam into ten equal
portions, i.e. p ranges from 0 to 1 in increments of 0.1.
The values py=0 and y = 1 are discarded as the former
represents a beam of uniform properties Por A2, E2, and
I, while the latter represents a beam of uniform pro-
perties oqr Al, El’ and Il' Hence p is chosen to range
from 0.1 to 0.9 'in increments of 0.1.

To start with, we take

both of which range from 0.1 to 1.0 in increments of 0.1.
We look into the error associated with linear interpo-
lation for By between two values of a parameter while the

other two parameters are kept constant. The errors en-
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countered through interpolation involving u are generally
greater than 1% for m and s smaller than 0.4, while those
encountered through interpolation involving m or s are
generally greater than 1% for m and s smaller than 0.2.
Also, fhe number of tables required to cover this range
of m and s is too large (at least lOO.tables for each
case). In order to see the dependence of Bl upon m (u
and s fixed) or s(p and m fixed), 81 vsn1and By vs S
curves are plotted. We see that both the lensm and
B]_VS s curves have greater slope when m or s is small
and flatten out when m or s is large (see Figs. 3 and 4).
If we take the abscissa of By vsm and By Vs s curves to
be-{ﬁ and s respectively, we see that the original
curves will be transformed into curves with more uni-
form slope, thus facilitating linear interpolation and
yet with fewer points (Ja'and s varies from 0.3 to 1.0
in increment of 0.1, see Figs 5 and 6)

Using the same range of u and

1 i
m' =(°2A ) 5" =(E212) 2
’ ;
1P NI

where m' and s' range from 0.3 to 1.0 (thus the associa-
ted mass ratio and stiffness ratio range from 0.09

to 1.0), the same error analysis is performed. The errors
encountered through interpolation involving u are generally

greater than 1% for m' and s' less than and equal to 0.5.
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Linear interpolation involving m' and s' shows that error
in frequency is generally less than 2%. The number of
tables, though reduced, is large (at least 64 tables for
each case).

We see that we could have more linear curves and
yet with fewer values of m' and s' by choosing

1 1

5 = PoBiy ) @ L _f P22 \®

) 272
Pqhq Byl

both of which range from 0.6 to 1.0, at interval of
0.1 (the associated mass ratio and stiffness ratio vary
from 0.1296 to 1.0). As concluded from previous choice
of u, linear interpolation involving p at intervals of
0.1 is unsatisfactory. We thus reduce the interval to
0.05 and let u vary from 0.15 to 0.85, with the antici-
pation that this would cover most beams of practical
interest. Linear interpolation involving any parameter
yields error in frequency that is generally less than
1%. The ad&antage of raising the mass ratio and stiffness
ratio to their one-fourth power is to provide linearity
for 61 —.¢ and Bl = o curves, and also to reduce the

number of tables.

(4) Modal Shape

Introducing the parameters

1
B p2A2 1 =(E212 > 3
= and o T,

P18 171
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it is seen, from the definition of B, that 82/8l = ¢/a.
Let 6 = ¢/a, then 82 = 681 and Egs. (23) to (26) are

rewritten as follows.

(1)

(1)
€y 3

sin Blu + C sinh Blu + C{z)(—sin Bley)

+ céZ)(—sinh BL8Y) = O (23")

C{l)cos Blu + Cél)cosh Blu + C{Z)( 0 cos Bley)

(2)
+ C3 ( 8 cosh Bley) =0 (24')

(1)
Cl (-sin Blu) + Cél)sinh Blu + C{Z)(a4ezsin sley)

+ cf? (~a*e2sinn B,8Y) — 0 (251)
C{l)(—cos Byu) + Cél)cosh Bym + C{Z)(—a463cos BleY)
+ Céz)(a4e3cosh Bley) =0 (261")

Egs. (23') to (26') form a set of homogeneous
equations in the four unknown constants C{l), Cél), C{z)
and Céz). By arbitrarily setting one of the non-zero

constants C{l) or Cél) to one, Egs. (23') to (26') are
converted into a non-homogeneous set. Only three
equations are required to solve for the other three
constants, and we choose the first three. Solving these

" equations by Cramer's rule, the constant Cél), C{z) and
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C§2) may be obtained. Thus the modal shape is determined
leaving the amplitude arbitrary. The solution of the
frequency equation consists of an infinite sequence of
discrete eigenvalues related to the natural frequencies
W, (n=1, 2, 3, ...). To each of the natural frequencies
corresponds an eigenfunction An Yn(x)(n =1, 2, 3, ...),
where An can be looked upon as the arbitrary amplitude and
Yn(x) is the unique modal shape associated with the
frequency W The function AnYn(x) are the natural modes,
which upon normalization become the normal modes of
vibration. The normal modes Yn(x) and the associated
natural frequencies w.  evidently depend on u, the mass
ratio (p2A2/plAl), and the bending stiffness ratio
(EZIZ/ElIl) and, of course, the boundary conditions.
There may arise cases for which C{l) is zero. This
situation will manifest itself in the obtaining of infi-
nite or indeterminate values for the other constants.
In such a case, since both C{l) and Cél)cannot both
equal zero, it is evident that Cél) should be set equal
to one. Solutions for C{z) and Céz) can be obtained by
neglecting the right hand side of the non-homogeneous
equations provided, setting Cél) equal to one, and sol-

ving for C{z) and Céz) from the first two equations of

the new non-homogeneous set.
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(5) Numerical Computations
The eidgenvalues Bl associated with the left segment
of the beam are obtained by solving the frequency

equation

= 0. (27)

using the method of false position (regula falsi). The
first four roots of the frequency equations were computed
for various values of U, ¢ and a. The numerical compu-
tations were done on the IBM 360/65 computer of the
Computing Centre, University of Ottawa.

For fixed values of v, ¢ and o, the determinant (27)
is a function of By alone. It is evaluated starting from
an initial value of Bl and proceeding at discrete inter-
vals ABl until the first four roots are computed. A
change of sign of the determinant across a ABl interval
indicates a root in that interval. An approximation to

a root of the equation ]Cij] = 0 is

(487)  [£(8,) ]

= : 28
PR T TEGTE TEGT (28)

The process is repeéted until a root is obtained within
a prescribed accuracy. Additional roots are obtained
by re-entering successively into the iteration with a
new initial value of Bl just above the last computed

.root.
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£ ()
4 (8, £(8,))

Fig. 7.

The scanning interval cannot be too large, if it is
so large that two roots may exist between two successive
evaluation points, no change of sign of the déterminant
will be observed, and consequently the two roots will be
missed. "

The following range of parameters was used in the
computation:

0.15 « u 5 0.85, 0.6 < ¢ < 1.0, 0.6 < a < 1.0,

0.15 ¢« u ¢ 0.85, 0.6 < 1/¢ €« 1.0, 0.6 ¢ 1/a < 1.0.

The accuracy of the computation, i.e. the difference of
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. . . . -6
the two successive approximations, is 10 .

(6) Check for Correctness
It is important that the output be examined for its

correctness before it is accepted for use.

r TOr any value of yu, the
eigenvalues By of a beam with simple support at each end
are given by nn(n = 1, 2, 3, 4), the classical values.,
This is the case, as the values ¢ = 1 and ¢ = 1 represent
a uniform beam of constant geometry and material proper-
ty throughout its length.

For any combination of vélues of ¢ and a, when
v =1, the eigenvalues are given by nn(n = 1, 2, 3, 4),
which is the case as the value v = 1 represents a
uniform beam of properties Py Al; El’ and Il. Whereas
for any value of ¢ and o, when y = 0, the eigenvalues
are given by (¢/a)81. The value p = 0 represents a uni-
form beam of properties Por A2, EZ’ and I2, whose eigen-
values are Bz. From the definition of g, we have
62/3l = ¢/0, whence 62 == (¢/a)Bl. ?or example, when
¢ = 0.6, a=0.8, u=0.0, Y6, =4.1888, then
132 = (0.6/0.8) (4.1888) = 3.1416 = n, where the super-
script denotes the mode number. As another example,

when ¢ = 0.8, o = 0.6, y = 0.0, 231 — 4.7124, hence

262 ~ (0.8/0.6) (4.7124) = 6.2832 = 21,

As another check, we must have, for any value of yu,
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the eigenvalues approaching the classical values of
nr(n =1, 2, 3, 4) when (i) ¢ =1 and o » 1, and (ii)
@ =1and ¢ ~ 1. Curves are plotted for verifying the
above mentioned limits (see Figs. 8 and 9).

Similarly, the outputs of the other three cases

are checked for their correctness.

(7) Presentation of Results

One should always bear in mind that the elementary
theory used is valid for the lower modes only, as the
mode number increases the effects of shearing deformation
and rotatory inertia become significant.

The first four eigenvalues are presented in the

tables. Based on the definition of Bl’ wWe may write

i

and, having obtained a value for Bl from the tables we

NhJN

may obtain the beam frequency from the expression

mhdw

1
f = 5 (29)

In order to minimize Storage requirements it has
been decided to prepare the tables on the assumption that
the stiffness ratio and mass ratio for any beam will

both be either greater or less than 1.0. Combinations

where one parameter is greater than 1.0 and the other is
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less than 1.0 are expected to be rare and are not given
in the tables.

In the tables the three parameters of interest are
vr ¢, and o. The tables are provided with values of U
vafying from 0.15to 0.85 in increments of 0.05, while ¢
and ¢ range from 0.6 to 1.0 in infervals of 0.1. The
same is true for the inverse of the parameters 1/¢
and 1/a. Linear interpolation may be used for analyzing
beams with parameter values falling between those for
which eigenvalues are tabulated. For each case, linear
interpolation involving u has generally been found to
give frequencies with maximum error not greater than
about 1%. On the other hand, maximum errors encountered
through interpolation involving ¢ or o (also 1/¢
or 1/a) will be less than about 1%,

Note that for beams that possess symmetry in
boundary conditions, no inverse of the parameter 1/¢
and 1/a is needed. Where this symmetry does not
exist we will be interested in eigenvalues for the full
range of ¢ and o, also that of 1/¢ and 1l/a.

In presenting the data, each case is given a case
number. The same number is utilized in the corresponding
table. For each case the modal shape expressions and the
three non-homogeneous equations which must be solved to
obtain the constants appearing in the expressions are

given.
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Case 1. Beam clamped at one end and free at the other.

vm—————g E o
Z 1
7
u y=1 -p——=
< | '
xl(gl) | x2(£2)

X)(£;) = sin 6,8, - sinh B, +'c2(l) (cos 8,8, - cosh B&,)

= ~2) .. . (2)
XZ(Ez) Cl (sin 31652 *+ sinh 81952) + C2 (cos 81952
+ cosh Bleiz)
Cél)(cos Blu - cosh Slu) + C{z%—sin Bley - sinh’Bley) +
C(z)(—cos B,8y - cosh B.8y) = sinh B.u - sin B.u
2 ' 1 1 1 1

(1) ,_ .. s (2)
C2 (-sin B.q sinh Blu) + Cl 8 (cos BlBY + cosh sleyy+

1

(2) 4 /s . — _
C2 6 ( s1p Bley + sinh Blev) cosh Blu cos Blu

Cél)(—cos Blu - cosh Blu) + C(z) 46 (sin Bley-—51nh B By) +

(2) 46 (cos B 8y - cosh Bley) = gin Blu + sinh Blu
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Case 2. Beam clamped at one end and with simple support

at the other.

3 —

W

=y
g

s e C (1)

Xl(gl) = gin Blgl sinh Blgl + C2 (cos Blgl
— ~(2) . (2) _.

X2(§2) Cl sin Blegz + C3 sinh Blegz

1 2 .
Cé )(cos Blu - cosh Blu) + C{ )(—51n Bley) +

Céz)(—sinh 8,0Y) = sinh B u - sin g

111
Cél)(—sin slu ~ sinh Blu) + c{z)e(cos Bley) +
C(Z)e(cosh B.6y) = cosh B - cos B
3 1Y iR 1

1 4 2, .
Cé )(—cos‘Blu ~ cosh B,u) + C{Z)a &~ (sin Bi8y) +

(1) 4.2 s - s .
C3 a 87 (-sinh Bley) sinh Blu + sin Blu

- cosh Blgl)
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Case 3. Beam with simple support at each end.

*2

Xy (&,) X, (£,)

= o (1) _.
Xl(€l) sin 8151 + C3 sinh Blgl

— ~(2) . (2) .
XZ(EZ) C;""sin B,OE, + C3 sinh B,0E,
cgl)sinh B u * C{z)(—sin B, 0Y) + Céz)(—sinh B,0Y)

= « gin Blu

(2)

1 2
Cé )cosh Blu + C{ )e(cos Bley) + C3

8 (cosh BleY)

= - COs Blu

(1) 4 2
C3

= gin Blu

sinh Blu + C{z)a462(sin Bley) +~C§2)a 8“ (- sinh B

1

8y)
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Case 4. Beam clamped at each end.
2 o Y
—— /
2 Z
-——— U - Y S 1l-y0
‘l
Xl(El) ' XZ(EZ)
= ai - a4 (1) _
Xl(El) sin B,&; sinh By *+ C,7’ (cos ByEq cosh BiEq)

= (2) 1 — 3 (2)
X2(£2) Cl (sin 81652 sinh 81652) + C2 {(cos 61652

- cosh Blegz)

Cél)(cos Blu - cosh Blu) + C{z)(—sin Bley + sinh sley) +

Céz)(—cos Bley + cosh Bley) = ginh Blu - sin Blu

(2)

Cél)(-sin Blu - sinh Blu) + Cl 9 (cos Bley-cosh Bley) +

(2) 5 (s o e - _
C2 0 (-sin Bley sinh Bley) cosh Blu cos Blu

(2) 49 (sin Bley + sinh B ey) +

(2) 4 2(cos sley + cosh B ey) = gin Blu + sinh Blu
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Examples are given to illustrate the method to
use the tables for obtaining natural frequencies of a

beamn.

Illustrative Example 1. A solid shaft has an abrupt
change in cross section as shown in Fig. 10. Determine

’ .
the fundamental mode of vibration. Take Yy = 0.283 1lb/in 3

and E = 30 x 106psi.
Solution:
_ 45.5
i T=O.65
% T 13,2V
) =<02A2) _ (74—) (T)
P1%1 (3 ()2
/Tg 0.9015
1 1
4 m 1344
. ;(E212) _ (ﬁ) (,T)
E. I T 4
171 (-67) (4)
e 0.8125
. 4" diam R .
3z" diam
V/
é I_ ) r
A— =, pr—
Z
A i ¢
[ 45 ,5"—~———wsm-04 5¥
Xl(El) X2(€2)
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As an. approximation to the value of lsl without linear
interpolation, we take w=20.65, ¢ = 0.9, « = 0.8.

From Table 8.1, we have

1

Bl = 2.035
1.2 6 T 4
£ - 1 Bl ElIl _ 1 (2-035 2 (30 x 10 )('@-) (4)
2w 2 A 27 70 0.283 T 2
L 171 (W) (T) (4)
= 27.2, Hz

Substitution of the values of]Bl, v, v, and 8 into the

three equations given yields the following eugations,

-1.7620ci1) - 1.5854c(2) _ 2.0324c{?) = 0.7739

~2.7126c () 2.6881c ) . 0.2176¢2) = 1.7640

~2.2554c(t) - 0.0883c.?) - 0.3353¢5%) = 2.7126
Solving,

it = 1.3027, c{?) = _g.8713, cl?) = 1.5076

The modal shapes are
X1(£7) = sin(2.035 ¢,) - sinh(2.035 £)) *+ (1.3927)
x [cos(2.035 g,) - cosh(2.035 gl)]
X, (,) = (-0.8713) [§in(2.258 £,) * sinh(2.258 52)] +

(1.5076) [90s(2.258 £,) + cosh(2.258 52))
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Illustrative Example 2. The simply supported beam of
Fig. 11(a) has the cross section shown in Fig. 11(b).
Determine the fundamental frequency and modal shape of
vibration. Assume mass does not part from beam. Take

= 0.283 1b/in> and E = 30 x 10%psi:

30 1b/in

W

8' 8' 1

=5

Xl(é'l) X, (&,)
(a) 2" 2" 2"
\ Fig. 11.
Solution: Bl (b)
u =20.5
%

ExIoN "

o BT =1.0

: 171
.2
A, =R, = (2x6) + (2 x6) = 24, 1in

gblAl = (0.283) (24) + 30 = 6.792 + 30 =~ 36.792, 1lb/in
ngAZ = (0.283) (24) = 6.792, 1b/in

;
2

P 3
2 P2y 6.792Y\ _ 3
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From Table 8.3:

¢ o u 181
0.6 1.0 0.5 3.599
0.7 1.0 0.5 . 3.525
0.6555 1.0 0.5 A 3.558

Location of centroidal axis:

24y =-(12) (7) + (12) (3)
y = 5, in. from bottom fibre
Moment of inertia:

I, =1I ==E%§ X 6 % 23

3

+ 12 x 22 jf+ fﬁ x 2 x 65 + 12 x 22j

~ (4 + 48) + (36 + 48) — 136, in®

1,2
-1 B /Elll:= 1 (.3.558 7 [(30 x 10%) (136)
27 L2 plAl 27 16 x 12 36.792

(22225
= 11.31, Hz 386

The following equations are obtained by substituting the

values of'lsl, u, vy, and 6 into the equations provided.

2.8773C§l) - o;9192c{2) - 1.4489C§2) ~ -0.9784
3.046lC§l) N 0.2581C£2) ¥ 1.1540c§2) = 0.2066
2.8773C§1) + o.3950c{2) - 0.6226C§2) — 0.9784
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Solving, we have
c3(1) = 0.04219, C{Z) = 1.6832, C3f2) = —0.3088

Therefore, the fundamental modal shape is

Xl(gl) = sin(3.558 gl) + (0.04219) sinh(3.558 gl)

X2(£2) = (1.6832) sin(2.332 52) *

(-0.3086) sinh(2.332 52)
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CHAPTER 2
DOUBLE SPAN BEAM
WITH SINGLE DISCONTINUITY

IN CROSS SECTION PROPERTIES

(8) General Consideration

The family of beams under discussion is that whose
mass and stiffness can vary from span to span but are
kept constant within the span. Also there is an inter-
mediate simple support located at the discontinuity.

The method of analysis for this family of beams
is the same as that for the family of beams discussed
in Chapter 1. For this family of beams, we see that it
is possible to eliminate two of the constants appearing
in the modal shape expressions.

For illustrative purposes, the case of a beam with ‘
simple support at each end will be considered in
detail (see Fig. 12). The non-dimensional length of
the first span is designated as u (ratio of span to
beam length), where in general, 0 <. p < 1. The remaining
span has iéngth Yy =1 - u. The definition of Xi(gi)

and €i are as given in Chapter 1.

&2

| -

% H Y=1 = p ——s

xl(gl) Fig. 12. Xo(%,)
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In order to simplify the problem of enforcing the
boundary conditions, gl aﬁd 52 are measured in each
span from the beam outer end. As derived in Chapter

1, the first and second spand deflections are

= ~(1) _. (1) .
Xl(El) Cl sin Blgl + C3 s;nh Blgl (21)
and
= ~(2) . (2) .
X2(£2) Cl sin BZEZ + C3 sinh 8262 (22)

respectively, where

4 _ PRy 5 4 4 _ PaAg 2 4
E.I, ¢ L 8
1t

There are evidently four boundary conditioﬁs‘
required. Two are obtained by requiring zero displacement
at the intermediate support, and tWo more are obtained by
requiring continuity of beam slope and bending moment

across the intermediate support, i.e.

(1) X (w) =0 (i1)  X,(y) =0
ax, (g;) | dx, (£,)
(i) —5F T T A,
1 £,=w 2 €=
a®x, (£) | a®x, (5,
(iv) B I, 3 = By, 2
de dg
1 €l=l-1 2 €2=Y
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From boundary condition (i), we have

oLy _ _ Sin By o (D)
3 Sinh Blu ‘1

while boundary condition (ii) yields

S i U )
3 sSinh 32y 1

Thus Egs. (21) and (22) become

(1) . sin B,u .
% (gy) = ¢ [sin pygy ~ STRR &pn Sih 816y )

and
(@) . sin BZY .
Xy(8y) = ¢ (Sln 282 T 5Inm g,y STMR ByE, )

Boundary conditions (iii) and (iv) imply that

(1) _ Sin By (2)f B2
c1 (cos sy SRR By CoSh Bpm ] + ¢ B

sin B,y
x [ cos B,y - —_— cosh By j =0
2 sinh Bzy 2

and
E,T B, 2
(1) . (2) 272 2 . _
¢yt sin gyu + cf?) (- Er) D) sin sy ) =0

The determinant formed by the coefficients of Egs.

(30) and (31), when set equal to zero, constitutes the

(21")

(227")

(30)

(31)
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frequency equation for this particular beam. From the

definition of By and Byr We have

S

6./8, _ (P2%2 . E1lp
271 = A E.I
P11 272
Thus, given any values of u(0 < p < 1), the mass ratio
(pzAz/plAl) and the bending stiffness ratio (E212/ElIl),
we can determine the eigenvalues B, Or B, of the system
by requiring that the determinant of the coefficient
matrix for Egs. (30) and (31) must vanish.
The same set of parameters is used for evaluating
the eigenvalues Byr i.e.
3 3
p2A2 E212

P18 By

o = (

|

—~
e}
H

both of which range from 0.6 to 1.0 at interval of 0.1,
and y varies from 0.15 to 0.85 at interval of 0.05.
Linear interpolation involving u, ¢ or o« shows that
associated error in frequency is generally below 1%.

In determining expressions for modal shapes, one of
the non-zero coefficients may be arbitrarily set equal to
unity. We choose to set C{l) equal to unity. From Eq.

(21') we may write

sin B.u

¥p(6y) = sin 818) — gramg y sinh 815 (32)
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(1)
1

both Egs. (21') and (22') by C{l). Eg. (22') may be

Setting C equal to unity is equivalent to dividing

written as

o (2)

1 ' Sin 8y ' (33)
X2(€2) = Ty (sin BZEZ ~ sinh By sinh 8252)
Cl : 2
where, from Eq. (30),
(2) .
cl _ El ] sinh Bzy
C{lj 32 sinh Blu
§ cos Blu s%nh Blu - s%n Blu cosh Blu
cos BZY sinh Bzy - sin 82y cosh Bzy
Introducing the parameters, 82/8l = ¢/a = 8. Hence
(2) .
Cl _1 sinh sley
(1) 6 sinh B, u
Cl 1
sin Blu cosh Blu - cos Blu sinh Blu (34)

cos eley s1lnh sley— sin Bley cosh Bley

Following the same procedure, the frequency equation
and expréssions for the modal shapes may be obtained for

the remaining choice of boundary conditions.

(9) Check for Correctness
It is important that the output be examined for its

correctness before it is accepted for use.
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For arbitrary value of u, when ¢ =1 and o =1,
we have uniform double span beams of constant geometry
and material property thoughout its length. The inter-
mediate simple support is located at a distance of eL
from the left support. The eigenvalues Bl are checked
against those given in [ 6 ].

As another check, when ¢ = 1 and o = l, we must
have the eigenvalues approaching the well-known values
for single span beam as the intermediate support
approaches the beam ends. For example, in Case (7),
the eigenvalues approach . those of a clamped-hinged
beam and hinged-clamped beam as u approaches zero and
one, respectively.

For any combination of values of ¢ and a, when p
approaches 1, the eigenvalues approach the classical
values as given in (3), Appendix A. This is the case
as the value u = 1 represents a uniform beam of pro-
17 El and Il. Whereas for any value of
¢ and o, when up approaches zero, the eigenvalues

perties pl,-A

approach those given in (3), Appendix A. The value

MW = 0 represents a uniform beam of properties P or Ay,

E2, and I2, whose eigenvalues are By = (¢/a)81.
Finally, for any value of u, we must have the ei-

genvalues approaching those given in [6], when

(i) ¢ =1 and o« + 1, and (ii) o« = 1 and o » 1.
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Curves are plotted for verifying the above mentioned
limits.
In a similar way, the outputs of the other cases

are checked for their correctness.

(10) Presentation of Results.

It is readily shown that there exists Ffive practical
cases for double span beams of the type under considera-
tion. Each case is given a case number. The same
number is utilized in the corresponding tables. For
each case the modal shape expressions are given.

The discussion given in>Section 7, Chapter 1,

applies to this family of beams.
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Case 5. Beam clamped at one end, free at the other,

and with simple support at the discontinuity.

Z 3
’ ﬂ 2
4
H r B Y=1 -v .}
# Y
X, (£)) X, (£,)

Xl(El) = sin B1&; — sinh BiEy *+

( sinh Blu - sin Blu

cos Bl“ — cosh Blu:>(COS Blgl - cosh B

181)

Xz(gz) =Yy [sin 81652 + sinh Blegz -

sin Bley + sinh Bley
(cos Bley + cosh Bley>(cos B16‘52 * cosh 8leg2)]

where

Ccos Bley + cosh Bley 1l - cos Blu cosh Blu
cosh Blu - CcOs Blu - T ¥ cos Bley cosh Bley

=1,
E

Y1
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Case 6. Beam clamped at one end, simply supported at

Xl(gl) = gin Blgl ~ sinh Blgl + (

the other, and with simple support at the dis-

continuity.

£

—

r!
—J«—

&1

NN

=
4
e E— i, 88

—~ e
.

£.)

sinh Blu - sin Blu )

cos Blu - cosh Blu

X

{(cos Blgl - cosh BlEl)

sin Bléy

%p(55) = vy (sin 8y08, "(m) sinh 8,08, ]

where

Y1

X

1. 2(1 - cos Blu cosh Blu) ]
8 cosh Blu - CcOoSs Blu
sinh Bley

cos Bley sinh-Bley - sin eley cosh Bley
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Case 7. Beam with simple support at each end and with

simple support at the discontinuity.

€2

—X

%

I R
j |

j -

sin B.pu
X1 (81) = sin gy&; - sinh Bow sinh B, &,
sin Sley

Xz(gz) = Yl (sin 61852 - E_i_nh—ﬁl—e‘y sinh Blegzj

where
y _ 1. sinh Bley ]
1 ] sinh Blu

sin B.,u cosh B8 - cos B.u sinh B
x 1 1

1 1
cos Bley sinh Bley - sin Bley cosh Bley
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Case 8. Beam clamped at each end and with simple support

at the discontinuity.

P € ¥
Z 2 Z
A——- = e 7
4 2 —
7 i 7
7 ’ 4 Z
1 , Y =1l-u— .
! |
Xy (€9) X, (£,)

Xl(gl) = gin Blgl - sinh B

- sinh slu - sin Blu
1°1

cos Blu -

x (cos Blgl - cosh Blgl)

X2(£2) = Y1 [sin slegz - sinh Blegz +

sinh Bley - sin Bley
(’cos Bley - cosh Bley >(COS 816€2 - cosh 81652)j

.cos sley =~ cosh Bley

cosh Blu - COs Blu

1l -~ cos Blu cosh Blu

1l - cos Bley cosh Bley
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Case 9. Beam with simple support at one end, free at
the other, and with simple support at the dis-

continuity.

SR s—
]

.

l Y=1-u —_—
X1 (&) X, (£,)
sin B, u
B T eI 88y - oy sioh fpgy

X2(€2) = Yl [sin Blegz + sinh Blegz -

sin Bley + sinh Bley
<.cos Bley + cosh Bley )' (cos B1952 * cosh B1652)3

where

' cos B,0y + cosh B0y
2(1 + cos Bley cosh slefT )

[
(Dll—‘

siﬂ'Blu cosh Slu - CcOs Blu sinh Blu

© sinh Blu
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Illustrative Example 3. The simply supported beam of

Illustrative Example 2 has simple support at the middle

of the beam. Determine the fundamental frequency and

modal shape of vibration.

Solution:
v = 0.5
a = 1.0
¢ = 0.6555

From Table 8.7:

1
9 o H Bl
0.6 1.0 0.5 6.827
0.7 1.0 0.5 6.781
0.6555 1.0 0.5 6.801
30 1b/in.

E2 T

I o)

X (El)

1
2
_ (6.801 _

v1= -=0.7619
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Substituting the values olel, Wre Yr Yqo and 6 into

the modal shape expression given, we have

X, (£y) = sin (6.801g;) + (0.0171) sinh (6.801 &,)
X, (£,) = (-0.7619) [sin (4.4588,) - (0.1722)
x sinh (4.458&2)J

which is the required fundamental modal shape of

vibration.
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CHAPTER 3
BEAMS WITH SYMMETRIC DISCONTINUITIES

IN CROSS SECTION PROPERTIES

(11) General Discussion

This family of beams has a discontinuity in cross
section properties distributed symmetrically about the
center of the beam as shown in Fig. 12. There exists
three cases of practical interest for this type of beam,
namely (i) S$--s, (ii) C--C, and (iii) C--S, where S
stands for simply supported end, C for clamped end and

F for free end.

e |1 Y = » U

Fig. 12. S--S beam.

A. - Beams with Identical End'Supports.

It is noted that the boundary conditions of the
first two cases also present symmetry with respect to
the center of the beam. It is known that beams of this
type will vibrate in modal shapes that are alternatively

symmetric and antisymmetric with respect tc the center.
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of the beam, i.e. the first mode will be symmetric,
the second antisymmetric and the third symmetric, etc.
It is of utmost importance to observe that the
antisymmetric modes of vibration can be determined by
focussing our attention on half the beam only, say the
left half. Since for an antisymmetric mode, the dis-
placement and bending moment must be zero at the
center of the beam, we may consider the left half to
be severed from the right half and to be given simple

support at the end where it is severed, as shown in

Fig. 13.
— o-— TR
fe— u Y
Xl(:l) Xj(&2)

Fig. 13.

Since the gedmetry and material properties of the
original beam of Fig. 12 are knowﬁ, we also know the geo-
metry and material properties of the beam of Fig. 13
which has half the length of the original beam. We
can determine the first and second modes of vibration from
Tables 8.3 of Chapter 1. The first and second modes of

the half beam correspond to the second and fourth modes
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of the original beam. When the modal shape of the left
half of the beam is determined that of the right half

of the beam can be immediately inferred from the anti-
symmetry. Therefore the information necessary for esta-
blishing the antisymmetric (second and fourth) modes of
vibration of the first two cases (S--S, C--C) is
available in Chapter 1.

Next, we turn to the first and third modes of
vibration of the beam, i.e. the symmetric modes. Again,
we need only focus our attention on half the beam by
taking advantage of the symmetry. For symmetric modes
of vibration of the original beam, no slope or shear
force can exist at the center of the beam. In order to
analyze the left half of the beam only, we must enforce
the condition of zero slope and zero shear force at the
right hand end. The half beam of interest is shown
schematically in Fig. 14 where the guided end of the

half beam forbids the existence of slope and shear.

v

X1 (8p) Fig. 14. X5 (8))

The method of analysis of the half beam above is

. similar to that described for the beams of Chapter 1,
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Section 2. The boundary conditions at the guided end are

dx, (¢,) .
dg ‘
2 —
gz—'
d3x2(£2)
. S =0
dag
2 —_
52—0

The first and second modes of vibration of the half
beam correspond to the first and third (symmetric) modes
of wvibration of the original beam. Modal shapes can

be obtained in a manner identical to that described in

Section 4, Chapter 1.

B. Beams with Differing End Supports

In cases where the end supports are not the same,
it is necessary to introduce three displacement functions
as shown in Fig. 15. Initially there are a total of 12
unknown constants in the functions. It is always pos-
sible to eliminate four of them by enforcing the
boundary conditions at each end of the beam. There are
evidentiy eight boundary conditions required which are
obtained by requiring continuity of dispacement, slope,
bending moment and shear force at the cross section dis-
continuities.

The beam with one end clamped and the other simply

supported is considered in detail. The first and last
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7
Z
% El 52 53 -
7
et 11 - y=1-2u u
' ‘ | v

Xy (&q) X5 (E5) X3(€3)

Fig. 15. C--S beam.

segments are of dimensionless length u, where, in general,
0 <uw < 0.5. The central portion has dimensionless
length vy =1 - 2u.

The three displacement functions are

— ~(1) . (1)

Xl(El) C; " 'sin B;&, * C, 'cos BiEq +
(1) _. (1)

C3 sinh Blgl + C4 cosh Blgl

X, (85) C; "sin 8,E, * C,%"cos ByEy *

(2) . (2)
C3 sinh 6252 + C4 gosh 8252

l

(3) . (3)
X3(g3) Cl sin 63g3 + C2 cos 8353 +

o (3)

3 + C(3)cosh B

sinh 6353 4

3%3
From the conditions that the deflection and slope

at the left support are zero, it is readily shown that’
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(1) _ (1)
C,”. =-¢,

(1) _ (1)
Ci77 = - C3

In the same way, from the condition that at the right
support the displacement and bending moment are zero,

we have
(3) _ ~(3) _
C2 == C4 0

From the definition of Bl and 63, we see that B, =

Thus, the deflections of the three segments are

1 . .
Xl(gl) = C{ )(51n B1Eq ~ sinh Blgl) +

Cél) (cos Blgl - cosh Slgl)

. 2
X2(g2) = C{2)51n 8252 + Cé )cos 8252 +

C(2)sinh 32g2 + C(z)cosh B8

3 4 282

+ C(3)sinh B

X3(53) = C(3)sin 8 3

1 183 183

The remaining eight boundary conditions are written

as follows:
(1) X (w) = %,(0)
C{l)(sin Blu - sinh Blu) + Cél)(cos Blu -

cosh g u) - céZ) - céZ) =0 (34)
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(iii)

(iv)

(v)
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-ax, () S ax,(gy)
dEl 352
€1 wu €2=0

C{l)(cos Blu - cosh Blu) + Cél)(—sin Blu -

. (2) ,_ c(2),
sinh 8yu) + ;%' (-e) + cf?) (-p) =0 (35)
a®x; (g;) a®x, (&) '
B 5y ——— = Eyly, ———
dgl d£2 ,
E.=u £.,=0
1 2 ‘
C{l)(—sin Blu ~ sinh Blu) + Cél)(~cos Blu -
cosh Byu) * c§2)<a492) + Ciz)(—a462) =0 (36)
@k () a’x, (5,
E. T —E 1.2 2"
1ty T 2T 3
dgy dg,
1= £,=
Cfl)(—cos Blu - cosh Blu) + Cél)(sin Blu -
sinh gyw) + ol (afed) c{? (-a%63) =0 (37)

X, (v) =.X3(u)

(2)

(2) . (2)
Cl sin Bley + C2 cos Bley + C3

sinh Bley +

Céz)cosh B 0y + C{3)(—sin B o) C§3)(—sinh By )

=90 - (38)
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(vi) = ax,(g,) ’ _ ;__dX3(§3)
352 dE3
’ €2=Y €3=u

C{Z)(e cos Bley) + Céz)(—e sin Bley) +

Céz)(ecoshslsy) + CéZ)(e sinh Bley) +

C{3)cos Blu + C§3)cosh Blu = 0 (39)
(vii) d2X2(€2) d2X3(g3)

Baly =™ 2 =B —

4 2

C{z)(—a 8 sin Bley) + Céz)(—a462

cos Bley) +

2 2

Céz)(a46 sinh Bley) + Céz)(a46 cosh Bley) +

C{B)sin B u + c§3)(—sinh BLu) =0 ' (40)

VD a3y (e, a*x, (z,)

Eyly ———3— - B 3
d 52 dE3

62~Y ' E3=u

4 3

C{z)(-a ] 4g3

cos Bley) + Céz)(a 8 sin Bley) +

4 3

C§2)(a 8~ cosh Bley) + Céz)(a4 3

8 sinh Bley) +

c{3)(-cos Bu) + c§3)cosh Byu =0 (41)
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where
3 3
4
_ [ P2R2 _( BT B2 _ 4 _
Y\ © F\ET, g, o ®
1717, 171" , 1

The determinant formed by the coefficients of
the above eight homogeneous equations, when set equal
to zero, constitutes the frequency equation for this
particular beam. Given any value of u(0 < p < 0.5),
the mass ratio (p2A2/plAl) and the bending stiffness
ratio (EZIz/ElIl)’ we can determine the eigenvalues
B, or B, of the system by requiring that the determinant
of the coefficient matrix must vanish. With both )
and o ranging from 0.6 to 1.0 at interval of 0;1, and
u varying from 0.075 to 0.425 in increment of 0.025,
linear interpolation involving u; ¢ or o shows that
associated error in frequency is generally less than
1%.

We next focus our attention on the modal shapes .
Egs. (34) to (41) form a set of homogeneous equations
in the eight unknown constants C{l?, Cél), C{Z), Céz),

Céz), Céz), C{3) and C§3). By arbitrarily setting one

(1) (1)
1 2

of the nonzero constants C or C equal to one,

Egs. (34) to (41) are converted into a non-homogeneous set.

Only seven egquations are required to solve for the other
seven constants, and we choose the first seven. Solving

these equations, the constants Cél), C{Z), céZ), C§2)r'



- 60 -

Céz), C{3) and C§3) may be obtained. Thus the modal
shape is determined leaving the amplitude arbitrary.

There may arise cases for which Cil) is zero.

In such a case, since both C{l) and Cél) cannot both

equal zero, it is evident that Cél) should be set

equal to one. Solutions for C{z), Céz), Céz); Céz),
(3)
3

C{3) and C can be obtained by neglecting the right

hand side of the non-homogeneous equations provided,

(1)
2

six unknowns from the first six equations of the new

setting C equal to one, and solving for the remaining

non-homogeneous set.

(12) Check for Correctness
It is important the the output be examined for

its correctness before it is accepted for use.

A. Beams with IdenticelEnd Supports

As concluded from the previous section, we need
only to evaluate the eigenvalues of the symmetric (first
and third) modes of vibration. Thus we need to conduct
checking.qf these two modes only.

When ¢ =1 and o« = 1, for any value of ¢, the ei-
genvalues By of caée (i) are given by (2n - 1)n/2
(n =1, 2), the classical values. This is case, as the
values ¢ = 1 and o = 1 represents a uniform beam of
constant geometry and material property throughout its

length.
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For any combination of values of ¢ and o, when
uw = 1, the eigenvalues are given by (2n - 1)7/2 which
is the case as the value y = 1 represents a uniform
Whereas for any

beam of properties Py A E, and I

1’ 1
value of ¢ and o, when y = 0, the eigenvalues are given
by (¢/a)sl. The value p = 0 represents a uniform beam
E

of properties Py A and 12, whose eigenvalues are

27 72

By-

As another check, we must have, for any value of
u, the eigenvalues approaching the classical values of
(2n - 1)n/2 when (i) ¢ = 1 and o« - 1, and (ii) ¢« =1
and ¢ - 1. Curves are plotted for verifying the above

mentioned limits.

B. Beams with Differing End Supports

In contrast to cases (i) and (ii), we need to per-
form checking of all the four modes for case (iii).

When ¢ =1 and ¢« = 1, for any value of yu, the ei-
genvalues él of case (iii) are given by those in (3),
Appendix A. This is the case, as the values ¢ = 1 and
a = 1 répresent a uniform beam of constant geometry and
material property throughout its length.

For any combination of values of ¢ and o, when
v = 0.5, the eigenvalues are again given by (3),
Appendix A, which is the case as the value u = 0.5

represents a uniform beam of properties o1 Al’ El,



]

- 62 -

and Il‘ Whereas for any. value of ¢ and o, when u = 0
the eigenvalues are given by (¢/u)61. The value pu = 0
represents a uniform beam of properties Por A2, E2, and
IZ’ whose eigenvalues are 82.

We must have, for any value’of L, the eigenvalues
approaching the classical value of (3), Appendix A,

when (i) ¢ =1 and o + 1, and (ii) o« = 1 and ¢ - 1.

Curves are plotted for verifying these limits.

(13) Presentation of Results

All of the beams are given a reference number.
Beside each reference number is a sketch of the beam
and a brief description as in the previous chépters.

In order to minimize storage requirements it has
been decided to prepare the tablés on the assumption
that the stiffness ratio and mass ratio for any beam will
both be either greater or less than 1.0. Combinations
where one parameter is greater than 1.0 and the other is
less than 1.0 are expected to be rare and are rot pro-
vided in the tables.

The'ébjective of the tables is to permit beam
vibration analysis; with the length of the middle section
of the original beam varying from 0.15 to 0.85 of the beam

overall length.

A. Beams with Identical End Supports.

As indicated above, the antisymmetric modes can be
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analyzed using existing cases of Chapter 1. These will
be referred to by case number for each of the beam. In
addition, information for the analysis of the half
beams with zero shear and slope are given. Tables have
numbers corresponding to the case.numbers. In the tables
for the half beams, uvaries from 0.15 to 0.85 in incre-
ments of 0.05, while ¢ and o range from 0.6 to 1.0 in
intervals of 0.1. The same is true for the inverse of
the parameters 1/¢ and 1l/a.

Non-homogeneous equations for evaluating the
constants are given. These equations are to be solved

in a manner similar to that described in Chapter 1.

B. Beams with Differing End Supports

In the tables, uvaries from 0.075 to 0.425 in
increments of 0.025 (the corresponding dimensionless
length of the central segment y varies from 0.85 to
0.15) while. ¢ and o range from 0.6 to 1.0 in intervalé
of 0.1. The same is true for the inverse of the para-
meters 1/¢ and 1/a.

Seven non-homogeneous equations are provided. The
unknown constants in modal shape expressions can be

obtained by solving these seven equations.



B R A U S N

Case 10.

B

- 64 -

Beam with simple support at each end and with

symmetric discontinuity in cross section.

X

X

Antisymmetric modes and frequencies (2nd and 4th modes) :

utilize first and second mode data of Case 8.3. Symmetric

modes and frequencies (lst and 3rd modes): Utilize

first and second mode data, Tables 8.10, and modal

shape information given below.

by =
7
U T —— ———m
Xl(gl) = gin Blgl + C3 sinh Blgl
_ ~(2) (2)
Xy(gy) = €% cos gy08, + Cp“ cosh g, 6¢E,
. 2 2 .
C§1)51nh Byu * Cé )(—cos sley) + Cé )(—cosh Bley)==—51n By
o 2 . 2 .
Cél)cosh Blu + Cé )6(—51n Bley) + Cé )6(51nh sley)
= - cos Blu
1) . 2) 4 2 2) 4 2
Cé )51nh Blu + Cé )a 8" (cos Bley) + Cé )a 8~ (—cosh sley)
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Case 1ll. Beam clamped at each end and with symmetric

discontinuity in cross section.

PN
NN

Antisymmetric modes and frequencies (2nd and 4th modes):
utilize first and second mode data of Case 8.2.
Symmetric modes and frequencies (lst and 3rd modes) :
utilize first and second mode data, Tables 8.11, and

modal shape information given below.

v/

7

A—°5 i

Z Z

U - Y
Y |
Xl(gl) X2(§2)
X,(&) = sin B,&, - sinh B.&, + C(l)(cos B,E, — cosh B.E.)
1'=1 : 1~1 1°1 2 1°1 1°1

~ c(2) (2)
X,(8,) =cC,% cos B8, + C,“'cosh B10E,

Cél)(cos Bqu - cosh Blu) + Céz)(—cos Bley) +

Céz)(-cosh Bley) = gsinh Blu - sin Blu

Cél)('Sin B¢ — sinh gqu) + Céz)e(-sin B,0Y) *
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2 .
Cé )6(51nh Bley) = cosh Blu - cos B

1
Cé )(-cos Blu

Céz)a492
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- cosh slu) + Céz)a462

(-cosh sley) = sinh Blu

111
(cos eley) +

+ sin Slu
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T N e

Case 12. Beam clamped at one end, with simple support
at the other, and with symmetric discontinuity

in cross section. Utilize Tables 8.15

i ‘é'—_" ——"'F’Z q——}
7

L H o Yy = 1- ZU‘DI'-— U

? ¥ !

; Xy (g7) Xy (E5) X3 (£3)

= 1 -_— 3 (l) -—
Xl(gl) sin 8151 sinh Blgl + C2 (cos Blgl cosh Blgl)

(2)

(2) .
Cl sin 81652 + C2 cos Bleg2 +

X, (8,) =

(2)

(2) .
C3 sinh 81652 + C4 cosh 81652

(3) . 3) ..
X3(g3) = Cq )51n BiE3 * Cé )51nh B1E4

i) (cos B u - cosh gu) + eV (o) + cf? (-1
cfV ) + cf? (1) = sinn Byn - sin gou
Cél)(sin.élu + sinh Byu) + C{z)(e) + céZ)(o) + c§2)(e)+
Céz)(O) = COS gu ~ cosh By

c;V (cos 1y + cosh g + cfP (0) + o2 (mate?) -
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cs? o) + ¢f? (a%e?) = - sin By# - sinh B u

Cél)(sin By# - sinh Blu) + Ciz)(a4e3) + Céz)(O) +
C§2)(~a463) + Céz)(o) = cos Blu + cosh Blu

C{z)sin Bley + Céz)cosﬁley+céz)sinh sley + Céz)cosh sley +
C{3)(-sin Blu) + C§3)(—sinh Bim) =0

C{Z)e(cos Bley) + Céz)e(—sin Bley) + Céz)e(cosh Sley) +
c/?)6(sinh 8 0v) + ¢ (cos By +
C§3)(cosh Blu) =0

(2)a462( -sin B ey) + C(2) 4 2

(-cos B ey)+

(2) 4 (2) 4

e (sinh B 8y) + c e (cosh B ey) +

( )(31n B u) + C( )( -sinh Blu) =0
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Illustrative Example 4. A shaft with symmetric discon-
tinuity in cross section is mounted on self-aligning
bearings on rigid foundation. Determine the first

and second modes of vibration. Take Y’= 0.283 lb/in3,

E =30 x 106psi.

( 2" diam — 13" diam

\

4" 12" A"

20" o

Solution: For the original beam

- 4 _
11—'2——0.2

O

c.for the half beam, p = 0.4.

1lst mode -
" 4" 6l| ‘
X; (€ ) X NE,)
.. A 3 T (2)2 z
A =<°2 2) _ |z _ |4
plAl ™ (2)2 3
4 2
1 _
Xy 0.866
1 T 4 %
., =(E212)“ _| sz @ _ 4
E.T o Z 3
11 Ll
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S E =0.75
[0
From Taylor's series
1 f(x+h,y'.*'k):,'f(x, y) + [th(X, v) +kfy(X’ Y)]
_
;’ ~ f(x, y) +n BT 0% y) = Flx, y)
|
é‘ + Ex, v o+ AY) - £(x, y)
y

; Using first mode data of Tables 8.10,

) = l81(0.866, 0.75)

_1 0.066 ¢ 1
= 781(0.8, 0.7) + Z=—= [ 7B (0.9, 0.7) -

1

0.05 [ 1

B1(0.8, 0.7) ] + S

81(0.8, 0.8) -

1
B, (0.8, 0.7)]

= 1.710 + (0.66)(1.908 - 1.710) =+
(0.5) (1.546 - 1.710)

= 1.759

2

1 2 6 T 3

lf _ Bl ElIl _ _l_ (1.759)2 (30. x 10 )(ﬁ)(f)
onn2 § PpIy 2 10 0.283

(25283, (")’(3)2
386 4’ \7

= 373.55, Hz
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Solving the following equations,

0.7631c{t) - 0.6106c ) - 1.4476c () = - 0.6469
1.2579c5) - 0.6859c{?) + 0.9065¢(?) = - 0.7625

0.7631c§1) + 1.4474c)?) - 3.4315¢2) = 0.6469
we have
é c{t) = - 0.2689, ci? - o.6s61, c ? = 0.0284
i? Thus, the modal shape is

xl(gl) = sin(1.759 El) - (0.2689) sinh(l.759 El)

XZ(EZ) = (0.6561) cos(1.523 Ez) + (0.0284) cosh(1.523 52)

2nd mode

X— &3 £

v 6"——_’1‘—- 4" ———id

|

Xq(g7) X5 (E5)

u = 0.6, ¢ = 0.866, a = 0.75.
Similarly, using Taylor's series and first mode data

of Tables 8.3,

231 = 2.837 + (0.66) (2.745 - 2.837)

+ (0.5)(3.048 - 2.837)
= 2.882
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. 6 T 4
882 2 .(BO.x_lO,)(gZ)(Z)

N

1
£ =55 |

- 0.283

T 2
fj@g—o (I) (2)

=1,337.06, Hz
Solving the equations

2.7291cé1) - o.9714c{2) - 1.7604C§2) = -0.9875
2.9065c§1) + o.2742c{2) + 2.3377c§2) — 0.1576

2.7291c§1) ¥ 0.4098C{2) - 0.7426c§2) — 0.9875

we have
(1)

C3

= 0.0691, sz) = 1.5801, c§2) = - 0.2038

Thus, the modal shape is

Xl(El) = sin(2.882 gl) + (0.0691) sinh(2.882 El)
X2(€2) = (1.5801) sin(3.328 52) - (0.2038)

sinh (3.328 52)
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CHAPTER 4
THREE-SPAN BEAMS
WITH SYMMETRIC DISCONTINUITIES

IN CRCSS SECTION PROPERTIES

(14) General Consideration

The family of beams under discussion has a dis-
continuity in cross section properties distributed sym-
metrically about the center of the beam. Also there are
intermediate supports located at the discontinuties,
as shown in Fig. 16. There exists six cases of practi-
cal interest for this type of beam, namely, (i) SssSsS,
(ii) cssc, (iii) FSSF, (iv) CSSS, (v) CSSF, and (vi)
SSSF, where S stands for simply supported condition, C

for clamped condition, and F for free condition.

‘] g

X ¥ X

K

|

u L) Y u et g

Fig. 16. SSSS beam.

A. Beams with Identical End Supports.
It is noted that the end supports of the first
three cases also present symmetry with respect to the
| center of the beam. It is known that beams of this

type will vibrate in modal shapes that are alternately
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symmetric and antisymmetric with respect to the center
of the beam, i.e. the first mode will be symmetric, the
second antisymmetric, and the third symmetric, etc.

As discussed in Section 11, Chapter 3, both the
symmetric and antisymmetric modes can be determined by
analyzing half the beam only, say the left half. For
antisymmetric modes, we can consider the left half to
be severed from the righ half and to be given simple
support at the end where it is severed, as shown in
Fig. 17(a). Whereas for symmetric modes, we can consi-
der the left half to be severed from the right half and
to be given a guided end at the end where it is severed

r

as shown in Fig. 17 (b).

g gy
L 8
jeg— |l Y H ‘—"'L—— Y —
v .
Xl(El) : X2 EZ) Xl(gl) X?_}(Sz)
(a) Fig. 17. . ()

The first and the second modes of vibration of the
half beam, Fig. 17(a), correspond to the second and
fourth modes of §ibration of the original beam, Fig. 16.
The modes of vibration can be determined from Table 8.7

of Chapter 2. When the modal shape of the left half of
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the beam is determined,_that of the right half of the
beam can be immediately inferred from the antisymmetry.
The information necessary for establishing the anti-
symmetric (second and fourth) modes of vibration of the
first three cases is available in Chapter 2.

The first and second modes 6f vibration of the
half beam, Fig. 17 (b), correspond to the first and
third modes of vibration of the original beam, Fig. 16.
The method of analysis of the half beam is similar to
that described for the beams of Chapter 2 (see Section

8). The boundary conditions at the guided end are

dxz(az) Y
dg
2 £ =
2
3
a“x, (g,)
2452 ~ 0
dg =
2 £,=0

Following the same procedure as déscribed in Section 8,

the expressions for modal shapes may be obtained.

B. -Beams with Differing End Supports.

For cases (iv), (v), and (vi) where the end
Supports are not the same, it is necessary to introduce
three displacement functions as shown in Fig. 18.
Initially there are a total of 12 unknown constants in

the functions. It is always possible to eliminate four
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of them by enforcing the boundary conditions at each
end of the beam. There are evidently eight boundary
conditions required which are obtained by requiring
continuity of displacement, slope, and bending moment
at the cross section discontinuities. Four more un-
known constants can be eliminated during the course of
enforcing continuity conditions at the intermediate

simple supports.
€1 €

o 3

— j%-——" £,

-

* -
IR Yy = 1-2y —! uwl

X (8) X,y (Es) X4 (€5)

NN

i

Fig. 18.

For illustrative purposes, the case of a beam with .
one end clamped and the other simply supported is con-
sidered in .detail. The first and third segment are of
dimensionless length y(ratio of span length to beam
length) where, in general, 0 < u < 0.5. The central
portion has dimensionless length vy = 1 - 2yu.

As derived in Section 11, the first and third span
deflections are
Xl(gl) = C{l)(sin 3151 - sinh Blgl) + Cél)(cos Blgl -

cosh Blg (42)

1)
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= ~(3)_. (3) .,
X5 (E3) Cy 'sin B, &5 * C3” 'sinh B &, (43)

Considering the second span and observing that the
deflection at 52 = 0 is equal to zero, the displacement

function for the second span is
X2(£2) Cy""sin B,g, + C,"" (cos ByE,
cosh B, £,) + C(Z)sinh B,E
2°2 3 2°2 (44)

The remaining seven boundary conditions are

written as follows:

(1) Xy () =0

(1) sin Blu - sinh Blu (1)
) *'_(cos B.p - cosh .1/ 1 @5)
1 1

(ii) _dxl(gl) _ dXZ(gZ) '
dg - dg -
1 g,=u 2 ' £ 0

2 - 2 cos‘Blu cosh B,y

(1) (2)
C1 [ cos B u - cosh B W 1’+cl (-8) +

cfP-e) =0 | (46)
(i11) dzxi(el) dzxz(gz)
E. I = E.I
171 2 272 2

dgl £ = dgz £o=
1 ¥ 2

C(l) [ sin Blu cosh Blu - cos.Blu.51nh Blu]+
1 cos Blu - cosh Blu ‘
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ci? (?e?) = 0. (47)
(iv) X,(y) =0

C{z)sin BleY + Céz)(cos By oY ~ cosh SleY) +

ciP sinh gloy = 0 (48)
(v) Xj(u) =0

c;? - ( §;§H$E$j) ey (49)

(vi)  ax,(e,) o axy(gy)

o (2)

1 8 (cos gley) +

(2)

(2)
C, 3

8 (~-sin Bley - sinh Bley) + C

0(3) [ cos Blu sinh Blu - sin Blu cosh B

8 (cosh Bley) +

sinh Blu
=0
(vii) a’x, (5,) ax, (¢,)
Iy 2 - B4 1 2
E, =y 2 3
2
(2) 4 2 (2) 4

(-sin Bley) + C 6 (~cos B. 0y

1

(2) 4 2

cosh Bley) + C (sinh B By) +

)

(50)
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C£3)(2 sin Blu) =0

where

als-‘
zslv-'

m

¢ = (pyAy/pqA) ", a = (E,I,/E 1) By/By = ¢/a = 6.

The eigenvalues g, can then be found, as was done
L

in Chapter 1, by obtaining those values of 8. which

1
make the determinant of the coefficient matrix of
the unknowns, Eqgs. (46), (47), (48), (50), and (51),
vanish.

Next, we focus our attention on the modal shape.
Only one unknown, C{l), is associated with the first
span deflection. Since it can never be equal ﬁo zero,

it is set equal to unity. Substituting Egs. (45) and

(49) in Egs. (42) and (43) respectively, we have

sin Blu - sinh B

(51)

%1(81) = sin gy&, - sinh g g, "(cos B, v - Cosh B

x (cos Blgl - cosh Blgl)

. (3) _ ('51n B.u _
3065 = ¢;>) [ sin Bi83 - EIHH‘EIE) sinh 8153]
From Eq. (48), we have

C(z) _ (51n B ey ) c(z) .
3 sinh B ey

( cosh Bley-cos sley') C(z)
sinh Bley 2

(52)
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Substitution of the above equation into Eqg. (44), we

obtain

(2) ( ' . (s.in. .Ble_y
Xy(85) = ¢ sin 8188, — \ simmsoy Bley)

X ginh Blegz j + Cézi [cos 81652 - cosh 81652 +

cosh eley - cos. sley
. A
( sinh B 6y ) sinh 8 0¢, ] (447)

where, from Eq. (47),

lU

C(z) 1 cos Blu 51nh Blu -~ sin Bl“ cosh 8 '
2 ' (47")

u492 cos Blu - cosh Blu

after setting Cil) equal to unity.

The other two unknown constapts C{z) and C£3) can be
obtained by solving the following equations which are
obtained by substituting Eg. (52) into Egs. (46) and (50)

respectively.

C(2)< sinh Bley - sin Bley ) s c(2)< cosh Bley - CoOs Sley )
1 sinh BleY 2 sinh 616Y

1l - cos Blu cosh Blu

mlm

cos Blp - cosh Blu (53)

. oy
(2) _ Sin By
Cl e[COS Ble‘Y W cosh BleYj +

By +

(2) cosh ﬁley f.cos.Bley
C2 6[—51n sley - sinh Bl ( SThh BleY )
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(3) [ sin B,
cosh Ble'Y ] + Cl | cos Blu - g—in—thu— cosh BllJ ] =0 (54)

Following the same procedure, the frequency

equation and expressions for modal shape may be obtained

for the remaining two cases.

(15) Check for Correctness

It is important that the output be examined for its

correctness before it is accepted for use.

A. Beams with Identical End Supports

As concluded from the previous sections we need
only to evaluate the eigenvalues of the symmetric (first
and third) modes of vibration. Thus we need to conduct
checking of these two modes only.

For arbitrary value of u, when ¢ =1 and o = 1,
we have double span beams of constant geometry and material
property throughout its length. The eigenvlues Bl are
checked against those given in Mr. R.X. Sharma's workl;

As anofher check, when ¢ = 1 and o = 1, we must
have the eigenvalues approaching the well known values
for single'épan beam as the intermediate supports
approach the beam ends. For example, in case (i), the

first mode eigenvalue approaches that of a clamped-

guided beam and hinged~-clamped beam as U approaches zero

1. R.K. Sharma: PhH.D. Dissertation work (in progress)
Dept. of Mechanical Engineering, Univ. of Ottawa, 1974.
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and one, respectively,

For any combination of values of ¢ and o, when u + 1,
the eigenvalues approach the classical values as given
in (3), Appendix A. This is the case as the value py = 1

represents a uniform beam of properties oqr Al, El’ and

Il' Whereas for any value of ¢ and o, when u = 0, the
eigenvalues are given by (¢/a)81. The value p = 0
represents a uniform beam of properties Por AZ' E2, and

12, whose eigenvalues are 32.

Finally, for any value of v, we must have the
eigenvalues approaching those obtained by Mr. R.K. Sharma
when (i) ¢ =1 and o » 1, and (ii) o« = 1 and ¢ >~ 1.
Curves are plotted for verifying the above mentioned

limits.

B. Beams with Differing End Supports

In contrast to cases (i), (ii), and (iii), we need
to perform checking of all the four modes for cases (iv),
(v), and (vif.

When ¢ =1 and o« = 1, for any value of u, we have
three span beams of uniform geometric and material pro-
perties throughout its length, with intermediate simple
supports located at distances uL from the left and right
ends of the beam, respectively. The eigenvalues Bl

are checked against those given in Mr. R.K. Sharma's work.
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As another check, when ¢ =1 and o = 1l, we must
have the eigenvalues approaching the well known values
for single span beams as the intermediate supports
approach the beam ends. For example, in case (iv), the
first mode eigenvalue approaches that of a clamped-
clamped beam as u approaches zero. When U approaches
0.5, the first mode eigenvalue approaches twice the
first mode eigenvalue of a clamped-hinged beam; the
second mode eigenvalue approaches twice the first mode
eigenvalue of a clmaped-clamped beam, etc. This is in
accordance with the work of Mr. R.K. Sharma.

For any combination of ¢ and «, when p - 0.5, the
eigenvalues approach those of clamped-hinged and clam-
ped-clamped beams alternately, as mentioned in the pre-
ceding paragraph. This is the case as the value 'y = 0.5

represents a uniform beam of properties Py Al’ E, and

1

Il' Whereas for any value of ¢ and a, when ¢ =+ 0, the
eigenvalues of, say, case (iv) approach those of a uni-
form clamped-clamped beam, and are given by (¢/a)81.
The value u = 0 represents a uniform beam of properties

Por A2, Ez, and I whose eigenvalues are 8.

27 2

Finally, for any value of y, we must have the eigen-
values approaching those obtained by Mr. R.K. Sharma when
(1) ¢ =1 and o + 1 and (ii) o = 1 and ¢ - 1. Curves are

plotted for verifying the above mentioned limits.
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(16) Presentation of Results

The discussion given in Section (13), Chapter 3,
applies to this family of beams, except that for beams
with identical end supports, there is only one unknown
constant, while for beams with differing end supports,

there are three unknown constants.
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Case 13. Three span beam with simple support at each
end, and with symmetric discontinuity in cross

section.

I | N

y S

Antisymmetric modes and frequencies (2nd and 4th modes) :
Utilize first and second mode data of case 8.7. Symmetric
modes and frequencies (lst and 3rd modes): utilize first
and second mode data, Tables 8.12, and modal shape infor-

mation given below.

£ '
e £, =—f
/4
f——— | e Y g
i 7
x, (&) X, (£,)
_ sin Bl )
Xy (&1) = sin g g, (sn.nh SInh 8% ) Sinh 8,8,

(cos Bley
Xy (85) = vq [COS 1982 —\ cosn 5% eley'> cosh B16’32]

where
1 cosh Bley ] cos Blu sinh Blu - sin Blu cosh slu
Y3 [} sinh Blu sin sley cosh Bley + cos sley sinh Bley
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Case 1l4. Three span beam clamped at each end and with %

symmetric discontinuity in cross section.

! T

NN

AN

Antisymmetric modes and frequencies (2nd and 4th modes) :
Utilize first and second mode data of Case 8.6. Symmetric
modes and frequencies (lst and 3rd modes): Utilize

first and second mode data, Tables 8.13, and modal shape

information given below.

Xy (£1) X, (€,)

sin Blu - sinh Blu)

Xl(gl) = sin Blgl = sinh S1Elin’(cosh Blu - COoS Blu

X

(cos gy&q - cosh By 1)

(cos BleY
— - —_— 0
X,(5) = v, (cos 605, cosh Bley)COSh 08, )
where
2 cosh B10Y ( 1 - cos Byn cosh Bk . )
"17F * oS Byw - cosh 8 u \ sin g 6y cosh B8y +COS g6y Sinh gi6y/
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Case 15. Three span beam .free at each end and with

symmetric discontinuity in cross section.

* [

| S | §

Antisymmetric modes and frequencies (2nd and 4th modes) :
Utilize first and second mode data of Case 8.9. Symmetric
modes and frequencies (lst and 3rd modes): Utilize first
and second mode data, Tables 8.14, and modal shape infor-

mation given below.

1
——— b 4 €2 -——
/Z
— b e Y —
J |
Xy (&) X, (8,)

sin 81“ + sinh Blpl)

Xl(El) = sin Blgl + sinh 8181 _'(cos B n + cosh By

b

(COS Blgl + cosh Blgl)

r (cos Bley
Xp(85) = v; (co0s 8108, -\ ook Bley> cosh B1652]

where

1M cosh Bl“

2 cosh sley ( 1 + cos B8
z -

Y : =
1 cos Bl“ + cosh Blp Sin g0y cosh sley + COS B18Y sinh Bley

)
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Three span beam clamped at one end, with simple

support at the other, and with symmetric dis-

continuity in cross section. Utilize Tables 8.16.

3
1

NN

H - Y

X)) X, (g)

= sin 3151 - sinh 8151 -~ (

x (cos Blgl

_(2) r. _ (
¢ (Sl“ B108, sinh g ey

(2) -
C, _[éos B10E, cosh B

- cosh B

181)

siﬁ Bley

1985

~ Cos Bley

cosh Bley
( sinh B

= ~(3) .
Cl [s1n 81€3

sinh Bley - sin

sin Blu - sinh Blu>
cos Blu - ¢cosh slu

) sinh Bleg2 ] +

+

leY ) sinh Bleg2 ]

(sin Blu

sinh 81}1> sinh B8,&, ]

sinh Bley

B, 6
SR

cosh Bley - cos Bley

sinh Bley

)
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_2 . 1 - cos g,u cosh By u
6 cos Byu - cosh B
C(z) _ 1 . cos Blu sinh Blu - s1n.Blu cosh 81“
2 a462 cos Blu - cosh Bl“
sin B 0y .
Cl 6|cos BlBY EIHH_§157 cosh BIGY ) + C2

Ll - sin Bley sinh Bley — COs Bley cosh Bley

(3)
sinh B OY J *Cy

sin B_u
- 1 _
X (cos Blu (.ﬁ_—sn_nh Blu) cosh Blku) 0



Case 17. Three span beam clamped at one end, free at the
other, and with symmetric discontinuity in cross

section. Utilize Tables 8.17.

v/,
é 1 - 53
gz-——ﬂ- *&——'-52 *‘ -
2% -1 _j

L-—-U y =1-2y W H ——

# |
Xl(El) XZ(EZ) X3(€3)

. sin slu_— sinh Blu
X1 (8;) = sin gi&) - sinh 8¢, - (cos B w ~ cosh 81“>
x (cos Blgl - cosh 8151)

( sin sley

_(2) ¢ . _ ) . (2)
X,(85) = ¢4 (Sln 6108, s5Inh g ey / Sinh B1‘”52]+C2

(cosh sley - COos sley>

b (?os 81852 ~ cosh 81652 + STER BleY

X ginh Bleng

(35' ( sin Blu + sinh Blu )
X3(83) =c¢;7’ [sin B183 * sinh B g5 - | o B n * Cosh B

x (cos Blg3 + cosh 8153)]

(2)( sinh Bley_— sin sley ) (2) (,cosh Bley - Ccos Bley )
cl sinh Bley * C2 sinh Bley
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l‘r.cos.BlpACOsh.slu

- 2 .
6 cos Byu - cosh By u
_ 1 . cos Blu sinh .B.lll, - sin Blu_ cosh B_lu
a462 cos Byu - cosh T
sin.BleY

G(QOS Bley - <

sin Bley sinh Bley

sinh B8

’ (2)
) cosh Bleyj-+C2

—- COs Bley cosh Bley

sinh B

+ cos Blu cosh_elu)

2(1
“ (

cOs Bu * cosh B, u J =

19 )+

0

(3)
€1
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Case 18. Three span beam with simple support at one end,
free at the other, and with symmetric disconti-

nuity in cross section. Utilize Tables 8.18.

E.
1 3
4 gy - 2

e %— &> T

u { y =1 - 2p - U —

XNED X (gy) X;(s3)
. (sin Blu )
f1l6n) Tosin eey - gy ) sinnoegg

( sin eley

_ A(2) : _ ) . (2)
X (g)) =g (Sln B19E, Sinh 86y Sinh slegzj G

x [cos Blegz - cosh 81952 +

cosh Bley - COs Bley‘>
( ST sinh 86t )

_ L {(3) . .
X3(g3) = Cl [51n 3153 + sinh 6163 -

(sin Blu + sinh Bl“)
cos Blu + cosh Blu (cos B153 * cosh B153)]

(2) (sinh B16y - sin Bl&y) (2) (cosh B10y - cos Bley)
Cy e sinh B, 6y *Cyle sinh g6y

sin By cosh‘slu

= COS Byu - SInk Bn

(2) - 1 . .
C2 ) sin Blu
a6
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sin Bley,cosh

sinh BleY

8.0y
1 . A (2)
) " S

- COS Bley cosh.Bley

‘s <1 - sin B0y sinh B 0y

sinh Bley
o (3) ( 2(1 + cos Byu cosh Blp)j ~
1 cos Blu + cosh Blu

) -

B |
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Illustrative Example 5. The continuous beam is a 12WF27
and is loaded as shown. Determine the first and second
modes of vibration. Assume mass does not part from beam.

Take E =30 x 106psi.

5.4k/ft
1.8k/ft 1.8k/ft
ST LU
5&%% 'é%% 7 7
40" —! 20" ! 40" ﬁJ

Solution: From tables on properties of rolled steel
shapes, for a 12WF27 section,

weight per foot = 27 1b
Area of cross section= 7.97 in2

I = 204.1 in4

For the original beam,

H ——-W 0.4

.'. for the half beam, Y =0.8.

3 £2
lst modes 1 | pa—
I a— 7
- 40" l10
X, (&) X,y (£,)

1.8k/ft =1800/12=1b/in = 150 1lb/in
5.4 k/ft = 450 1b/in
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gplAl = 13 * 150 = 152.25, 1b/in

= 27 .
ngAZ = 13 * 450 452.25, 1lb/in

PR N 3 3
] ==( 2 2) =,(452.25 ~ 1313

o A, 152.25 /. .

1

= = 0.7616

¢

l:

% 1.0

Taking 1 as the only independent variable, we have, from

Tables 8.12,

1

81(0.7616) = 81(0.7) + (0.0616)

1 1 8,(0.8)
0.1

= 4.274 + (0.616) (4.314 - 4.274)

= 4,299

- l31(0.7)]

1,2
1, =:;£_( 31> /ElIl =_;_<4.299 2 [ (30 x 105 (204.1)
2r \T /oA T 2w\ 750 (152.25,

(7.97)

= 51.92, Hz 386

The modal shape is

Xl(gl) = sin(4.299 gl) + (0.0188) sinh(4.299 gl)

Xy(83) = (-0.4036) [cos(5.645 £,) - (0.2505) cosh(5.645 £5)]
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4 10 40
X; (€9) X, (€,)
u = 0.2, ¢ = 0.7616, a = 1.0

Similarly, from Tables 8.7,

2 2
81(0.8) - 81(0.7)]

_ 2
8, (0.7616) 8 (0.7) + (0.0616) [ 5T

= 6.593 + (0.616) (5.771 - 6.593)

= 6.087
=_3;( Bl) 1 1_ 1 6. 087) {30 x 10%) (204.1)

2 J 3 27 452.25
P18 L__ggg—) (7.97)

— 60.41, Hz

The modal shape is

Xl(gl) = sin(6.087 gl) - (0.6088) sinh(6.087 gl)

X,(Ey) = (=3.3159) [sin(4.636 £,) + (0.0263) sinh(4.636 £,))



CONCLUSION

The main factor taken into consideration. in selecting a format
for the vibration tables described herein has been to prepare tables
which can be easily utilized by the design engineer with a minimum of
effort. Once a set of specified values of fhe parameters is known,
one can quickly determine the natural frequencies and establish the
corresponding normal modes of vibration. The simplicity of the
presentation makes it particularly useful to the designer who is
not a vibration specialist.

The decision to limit the tables to the first four modes was
made after taking several factors into consideration. In practice,
it often is necessary to know only a few of the natural frequencies.
Sometimes only one, usually the lowest frequency is the most
important. As the mode number increases the effects of shearing
deformation and rotatary inertia become significant and the
Bernoulli-Euler assumptions are no longer applicable.

As pointed out earlier, the tables can be used to obtain
frequencies with an accuracy generally within one percent.
Exceptions are some fourth mode frequencies. Tt is very important
to note that, in general, error in computed frequencies arising from
uncertainty in beam properties will be greater than one percent
and therefore nothing is to be gained by spacing the tabulated

values at closer intervals.
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TABLESl OF EIGENVALUES Bl FOR BEAMS WITH DISCONTINUITIES

IN CROSS SECTION PROPERTIES

Beams with single discontinuities.
8.1 - Beam clamped at one end and free at the other.
8.2 - Beam clamped at one end and with simple support :

at thé other.

8.3 - Beam with simple support at each end.
8.4 - Beam clamped at each end.
8.5 =~ Beam clamped at one end, free at the other, and f

with simple support at the discontinuity.

8.6 - Beam clamped at one end, with simple support at
the other, and with simple support at the’
discontinuity.

8.7 - Beam with simple support at each end and with
simple support at the discontinuity.

8.8 - Beam clamped at each end and with simple support
at the discontinuity.

8.9 - Beanm with simple support at one end, free at the

other, and with simple support at the discontinuity.

Beams with symmetric discontinuitites in cross section.
8.10 - Beam with simple support at each end.

8.11 - Beam clamped at each end.

l. As the tables are prepared for another publication,
they are preceeded by the numeral 8.
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Beam with simple support at each end, and with
simple supports at the discontinuities.

Beam clamped at each end, and with simple
supports at the discontinuities.

Beam free at each end, and with simple supports
at the discontinuities. |

Beam clamped at one end and with simple

support at the other.

Beam clamped at one end, with simple support

at the other, and with simple supports at the
discontinuities.

Beam clamped at one end, free at the other,

and with simple supports at the discontinuities.
Beam with simple supportat one end, free at the
other, and with simple supports at the disconti-

nuities.
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APPENDIXES

Eigenvalues for Single-Span Uniform Beams

Eigenvalues for Double-Span Uniform Beams

Eigenvalues for Triple-Span Uniform Beams

Computer Program
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