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ABSTRACT

This thesis is concerned with the reduction of
sensitivity in Linecar Optimal Control Systems. The classical concept
of Sensitivity and the important results, in context of modern Control
Theory have been summarized. The potentials of adding the sensitivity
terms in the quadratic performance index for the reduction of the Plant
Sensitivity to small parameter perturbations have been investigated,
Some design criteria and theoretical results in the role of weighting
matrices, that are significant in the Sensitivity Reduction Design

approaches have also been presented,
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CHAFTER I

INTROIUCTION

The study of sensitivity of dynamic system in recent
years has become increasingly important. Its applications arc no
longer confined in the ficld of Control theory, but has sprcad to areas

such as Network and System theory, Reliability, and Circuit design.

In the ficld of Control theory, despite the rapid development
of the theory of Optimal Control Systems, its applications to practical
system design seems to be stagnant at some points. This is mainly
because of too many gross idealizations that are made. The difference
between the mathematical model and the actual plant is not as small
as is often thought. Various factors such as aging, noise, not only need

to be considered, but also to be counteracted.

In mathematical language, engineers are interested in
analyzing the effects of disturbances or parameter variation on the
solution of differential equations. These disturbances may have widely
differing character, they may be small or large, momentary or permanent,
they may be related to initial conditions etc. These disturbances often
lead to the violation of the given constraints on states, and control
variables, resulting in the degradation of the system perfomance.

The property of adaptive system demands that system
be able to monitor its parameters as disturbance changes, while satisfying
an optimal control strategy. If adaptive systems arc ever to become

a reality, then the sensitivty problem from the Optimal Control point of




view first nceds to be resolved.

The primary objective of this thesis was to investigate the
potentials of adding the sensitivity term into the performance index
to be optimized in order to achieve a reduction iﬁ sensitivity to plant
parameter deviations. The secondary objective is to present the practical
and theoreﬁcal problems that are encountered, and that need to be

solved to achieve further simplicity in the sensitivity reduction techniques.

Chapter II introduces certain basic classical concepts of sensitivity.
A relation between two classical definitions is established for linear

systems, and a proof for the same relationship is extended to regulators,

Chapter 1II is devoted to sensitivity in context of Optimal Control
systems. It presents some of the basic relationship of sensitivity theory,
and provides a new derivation of the relationship between the closed

and open-loop sensitivity.

In chapter IV, the sensitivity reduction technique is posed as an
overall optimization problem. The technique for improving the performance
sensitivity is discussed. The detailed formulation of the trajectory
sensitivity reduction problem is presented. The technique is also
extended to include the case of large paramecter deviations. In the
concluding section of this chapter some immportant design considerations
for comparison of the proposed augmerited system with the original

system arc discussed.

Chapter V presents an illustrative example which highlights

the practical implications of the points discussed in the preceeding




chapter. The concluding section is devoted to the designers dilemma

that exists in the choice of the weighting matrix.

Chapter VI basically presents some important theoritical
results regarding the weighting matrix. These results arc extracted
from the current literature, and may serve as very important design

tools.

It should be noted that because of the nature of this
thesis, the conclusions and suggestions for further rescarch are

made at the end of cach chapter.




CHAPTER II

THE SENSITIVITY PROBLEM

The objective of this chapter is to introduce two basic (classical)

concepts of sensitivity, and to present the relationship between the two.

In the later part some discussions of the basic results will be presented.

1I.1 CLASSICAL SENSITIVITY.

Two notions of sensitivity considered classical are:-

a) The dependence of solutions of differential cquation on parameters.

This is a well covered subject in the theory of differential equations.

b) The Bode's sensitivity function, which relates the sensitivity to
transfer function representation.

For notational simplicity, the discussion will be re stricted to
a single parameter variation. However the translation to a sct of
parameters is straight forward.

a) Sensitivity of Solutions of Differential Equations.

Consider the vector differential equation

x= f[x, t,u, p] x(tg)= xq (1)
T_r. o . .
where x"= [J\l,kz, .......... xn] is the state vector,
u = [ul,uz, ............ u is the control vector, p is a time

.invariant parameter, andt is the independent variable (time).

The vector 3?)%. (t)= 0 (1) (2)
is called the sensitivity vector, or simply sensitivity, and%—?= 'H

is called sensitivity variable( sometimes referred to in the technical



literature as sensitivity cocfficient or parameter coefficient),

Undcr mild asqumpuonq of continuous diffcrentiability,
and umform Lipschitz cond1t10ns the solution of (1) exists uniquely

and G:‘.(t) satlsﬁes the linear time varying differential equation

n 3 i
05 £ (t,%,u,p) T +E (txu,p) T, (t) =0 (3)

i . . . . .
where fx = P Solutions of these equations contain all the information

about small parameter deviations, because
Ax(t) TA(t) A for small Ap (4)

F5r the lincar system, cquations (I) and (2) have the
form

[

x = A(t, p)x+B(t, p)u , X(to) = (5)

*0
¢ A(t,p) 0 +Ap.(t,p.) x + Bp.(t,p.) u, G'(to) =0 (6)

. . . s aiy(t,
where Ap. is the matrix of the partial derivatives aﬁ(——ﬁ. For and
only for lincar systems, we can write a differential cquation for

the difference caused by large parameter deviations.

)
*If in the closed interval (a,b) the function f(x) has a derivative f (x)

on (a,b) with an upper bound M, then for any n such that
n> 2M (b a)? /7 the sum;
5 =Z ¥ 0 Ax: A= b—"i , x=at ‘(bn'a)

intregal I f(x) dx w1th1n so that S -I {W.provided M is such
R,

approaximates the

pruNS——— ]

————— e e



Let

Ax(t) =x1(t) - x{t)

where x(t) is the solution of (5) and xl(t) is the solution of

;<1= .ﬁ(t) x1+ Bl(t) u

It can be easily shown that

Ox = Alt) &x + AA(Y) x + AB(t) u  Ax(t,) =0 (7)
where
AA =A1-AandAB =B1-B
Unlike equation (6) which determines Ax(t) for any sufficiently
small Ap, the change of matrices to Al and B, must be known in

1
advance for (7).

However the functions @ (t) and Ax(t) are not measurcs of sensitivity.
To obtain a mecasure, one must choosec an approapriate norm of
these functions of time( that is reducing to a number expressing

the '"'size'' of the function) such as

t
(t{UZ(t) * ) ' t:1<atx<tllmt)" la(tl)l

The first of these measures is a root mean square, while
the sccond is concerned only with the rr.Iaximum, and the third is
merely the magnitude of the sensitivity at a particular time.

The choice depends of course on the application, and on the

_mathematical tool to be cmployed. The survey of literatu re shows

that the Lipschitz condition

f(xz)-f(xl)

<M ‘ Xr x) I is satisfied.

P —————— -]




that far more complex measures can be defined, but the question
is always whether they can be oi; any use. A measure is cssential
for the purpose of precise comparison of two systems: however

it hardly uncovers the entire story, and might be misleading unless

used with caution.

b) Bode's Sensitivity Function. ( Sensitivity of Linecar Time-

invariant Feedback Systems)

Feedback is employed in Control systems from

two points o view, that is to achieve:-

I) monitored,. instead of pre -programmed control.

2) reduction of sensitivity to parameter changes,

and noise disturbances, and also to obtain stability improvement, : i

increase of input impedence, decrease of output impedence. i

In this section the sensitivity of the closed -loop
transfer function with respect to deviations in the plant transfer
function is derived, and a brief discussion of this is function is
included.
Consider the the single loop, time invariant lincar
fe‘edback system of Fig.l. P is the plant to be controlled, with
the variable parémcter #, with the output y, and the control input u.

G and H arc compensating networks. The transfer function from

r———



H

B

b e o

Figure.l.




the reference input r to the output y is given by

_Y(s) _G(s) P(s,p) (8)

T (s,p) = R (s) 1+G (s)P (s,n) H (s)

It is evident that if the magnitude of G(s) P (s,u) H(s) { the
loop transmission) is l:rgc compared to unity, then the closed loop
system is approaximately independent ( insensitive ) of the plant P,
The classical sensitivity function of a transfer function P(s,p) with

respect to a parameter p is defined by

SP= B OP (s,p)
B P (s,p) Op (9)

When this definition is applied to the system of Fig 1, then
the transfer function T(s) with respect to deviations in P(s, ) is

then casily found to be

T, . P(s) JT(s)
5p(s) = T(s)  3P(e)
) ] (10)

1 + G(s) P(s) H(s)

The expression 1 + G(s) P(s) H(s) represents the so called
' return difference ''. From (10) we c'onclude the classical result
that for the fcedback to reduce sensitivity, the magnitude of the
return difference must be larger than unity. The sensitivity of T with

respect to parameter p is given by




-10 -

= 8. S

T, dT/T T P
poodp/p P

A point to note that the sensitivity function is a function o s or
jw and is therefore not a measure of sensitivity. Ameasure of sensitivity

is for example the real number
. oo

fs;f (-5 S (e doo
-0

In lincar fcedback systems, it is of somece interest to study the
sensitivity of the closed-loop system's characteristic roots with respect
to open-loop parameters. The difficulty lies in evaluating how various
sensitivitics can be used in a sensitivity control (as distinghuiscd from
sensitivity analysis) design procedure. The effect of paramecter deviation
on the stability of a transfer function T has been also studicd via the

sensitivity function.1

II.2 R elation between classical Scnsitivitics.

Cruz and Perkins2 found an interesting relation between the
sensitivity variable 0 (t) = %)I;— (t), where y(t) is the out;r;‘ut of the
feedback system of Fig.1, and the sensitivity function SP in (10).
This relation cnables one to interpret an exiension of equatin (10)
to multi-variable systems (where r,c,u,y of Fig.l are vectors)

and to regulators (where r = 0)
Consider an open-loop system with transfer function

Yb(s)

= T (s,p) =G (s,p) P(s,p)
R (s) o o

which is equivalent to the system of Fig.1 characterized by equation (8)

e a




=11~

in the sense that

T (s.p) = G (s) P (s,p).

That is in the absence of initial conditions and disturbances, the
output yo(t) of the open-loop system is identical to yc(t) of the fcedback
system for all r(t). Cruz and Perkins 2 then showed that if P(s, )
changes from ''nominal'' value to P1= P(s,p.l), then the Laplace transform
of the differences

AY S Y.~ ¥, and Ay =y -y

C

1 1 °

are rclated by

AY (s) = (1 +P (s) G(s) H(s)) ! AY (s) (11)

This exprcssion is valid for multivariable systems where
P,G,H are transfer matrices and the unity in (11) is the unit matrix
and rcciprocal is matrix inversion. The existence of the inverse in

(11) follows from the assumption that the feedback is physically

meaningful.

For differential parameter deviations, equation (11) becomes

T(s)=(1+PG H‘)-lzo(s) (12)

3(s) = L{G(t)} = L{g—;{-(t)} .

Obviously, for the single variable case, (1 + I"GH)‘-l is the

where

scnsitivity function,

The reclation (12) is also valid for regulators. Consider Fig. i
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with r=0. The output yc(t) is generatcd by initial conditio.ns in the plant P,
and through the networks H and G a control u(t) is gencrated. The same
output yo(t) Eyc(t) can also be generated in an open-loop manner by
applying uo(t) z uc(t) to the identical plant with the same initial conditions .
Then it can be shown as below that O'C (t) and O'O(t) are related by the
cquation (12).

To show this consider linear plant

x = A(p) x + B(p) u , x(0) = x
y = C(p) x

0

The matrix of transfer function from control inputs u to the

outputs y is given by
P(s,p) = C(p)d(s, ) B(s,p)

where &(s, ) =[sI-A(u)] !
The output y is given by

Y(s) = P(s,u) Uls) + Clu)  (s,m) x, (13)

Suppose the loop is now closed by a feedback network F, then

U(s) = - F(s) Y(s) (14)

Then the closed-loop output yc(t) is given by

Y (s) = “Ps.p) Fs) ¥ () + C) P (s, 1) x, (15)

Let the closed loop sensitivity be denoted by

S () =1fr } - {::f (o}

[N ——

———— e e e
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Then differentiating (15) with respect to p

Z (s) = Ps,p) F(s) T (s) -P (s,1) F(s) Y(s) ”[‘"“’@‘s'*"’-]u *o

Solving (15) and (16) for Yc(s) and Ec(s), we have
Y () =[1+P(s,0) F(s)] ™ Cl G (s, 0)
c 0
Z (8) =1+ P(sa) F(sl) P (.0 Fls,m) [T 4 P(s,0) F(s] !
CluIBls, 1) %, +[Cluls, b)), X}

Supposing the systcm is operated open-loop as indicated in

(13). Then the open-loop sensitivity is given by
Z (s) =P (s,p) Uls) +[Clu)d(s, )] x
o ® s TR)

Assumc now that the open-loop control is identical to the control
of the closed-loop system. The open-loop control is given by (14) and

(19) becomes

-1 -
z,(8) = -P (s,1) F(s) [I+P(s,p) F(s)] ~Clwls,p) xot [Cldls,w] x,

Comparing (20) with (18) we sce that
-1
= (s) =[1+P(s,p) F(s)] = (s)
which is the relation (12) with G(s) H(s) = F(s).

The reduction of sensitivity by feedback when the magnitude of return

diffcrence is larger than unity, can now be given a new and precise

meaning. The feedback system can be considered less sensitive

(16)

(17)

(18)

(19)

(20)

(21)
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than the equivalent open -loop system,if some measure of g (t) is
less than that of @ (t)

In particul:n let us conszder

fq (t)zcr(t) dt <& f(rjzt)zo’(t) dt (22)

0
whcre Z is a positivg definite matrix, ¢ is a row vector, and

g Z 0" is a positive definite quadratic form. Applying Parseval's

thcorem to (22) and using (12), it follws that if the Hermetian matrix
. . . T . . .
[I + P(-jw)G( - jw)H{ -_]co)] Z[I + P(Jw)G(Jw)H(_]w):] -Z (23)

is positive semi-definite for all w, then (22) holds for all t (prowded

the intregal is finite).
For the scalar case (23) reduces to familiar:-

I +P(ju)G(juH(jw) | = magnitude of return difference

greater or cqual to unity for all w.

If a paticular tlis considered in (22) then it is sufficient that matrix
(23) be positive semi-definite only for w=K Ztl » K=0,+1,42, ..

instead for all w. 2 i
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CHAPTER III

SENSITIVITY IN OPTIMAL CONTROL SYETEMS

In this chapter, we shall discuss the seusitivity problem in
context of Optimal control theory, as formulated below. Furthermore,

we shall present a few basic results, followed by a relevant discussion.

LI. 1: Optimal Control Problem Formulation,

1) The cquations of motion of the dynamical system satisly the vector

differential equation

x(t) = £[x(t), ut)] (1)

x(t) being an n-dimensional state vector, and u(t) is an r-vector
reprcsenting control input. The vector wvalucd function f depends on

x and u.

2) The control u(t) is constraincd to have values in a set Q in

Euclidian space Er.

that is u(t) ¢ Q, forallt (2)

3) The initial and final states of the system are constrained in

the usual manner,
x(ti) € M1 (3)
X(tz) € M2 (4)

Mi’ MZ being sets in n-dimensional space.
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4) The preformance index or cost functional is given by
t,

. T = 5 L{ %(t), ult)) dt ' ()
The performance index ascertams how the state transfer is realized,
and the choice of the cost functional poses a difficult engineering
problem. The optimization problem is to find a u(t) satisfying (1) and
(2) and transferring the states from x(ti)eMl to x(tz)eMz, while

minimizing the 'cost' J(u).

The sensitivity problem arises, when we realize that the function
f appearing in (1) is, in general an idealization of the actual behaviour
of a physical system. The most common difficulty is, that f actually
depends upon certain parameters, say i,» Boreececnn B whose values
are either not known exactly or may change , during the life span of
the system. Hence for more realistic representation of the system,

ode must replace (1) by
x(t) = £ [x{t) ult), ] S

As a consequence of dependence of f on parameter p, one is
jnclined to expect that the optimal control will be a function of par?meters
p. If such control is possible to derive and implement( in context of

the problem formulated above), then it may be called an 'Optimal
Adaptive Control'. *

The dependence of the system dynamics on a set of parameters

mmakes the cost, the solution x(t), the optimal control u (t), and the final !

states dependent on these parameters.

* For definition of the term see reference 27.
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Depending upon the paticular problem at hand, the engincer may

take interst in

1) the dependence of J on = normally regarded as the

'"Performance scnsiti vity problem'.

- 2) dependence of x on |+, regarded as the "Trajectory

sensitivity problem’

III.2 Basic Results:-

3
The first basic result” can be expresscd as follows: -

Let u = u* be the optimal control for the system

x = f [x(t), u(t), t,p]

with respect to the performance index,

t2

J= J'L(x(t).u(tm.t) at
151

where p=p* , p* denoting the nominal value of the vector parameter pu.

Then the first variation §J of the performance functional, caused by a

variation 6p of the parameter p, is the same whether an open or

closcd loop implementation of the control uft) is used.

This result tends to suggest, that some of the benifits, that a
fecdback implementation normally provides, are not achieved in

optimal systems.

. N .3
We shall summarize a derivation of Pagurck's result” due to

4
Kokotovic and Sannuti .

(6)

(7)

PrESE— -
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Let the initial and target manifolds be M1 and M2 respectively, that is

x(tl)E‘. M1 (8a)
x(tz) c M2 (8b)
Let H be thg: Hamiltonian,
T
H=-L+p'f (9)
the costate p(t) satisfies
p(t) =-VxH ' (10)
where _ .
OH
ox {
VxI-I = ! éaH
ax?_
oH
| 2% |

For the functional (7), system equation (6), and the condition (10), the

first variation 67 is

t t
2 2
57 = - f{1vmT su HYH s} at 4 (pTox) (11)
t ty
1

Now a point to note is that (11) holds whether the control is implemented

in open or closed-loop form because &u can depend on 6x or not.

For p = p*
VYV H=0 (12)
u
and hence (11) simplifies to
ta
67=- {(vT spdt+(pT bx) | (13)
g " t
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Denoting the open and closed loop quantities by the subscriptso. and

Crespectively, we have from (13)
t

T 2
GJo- SJc= {p (Gxo- 5xc)}l (14)

1
The expression (14) is the gencralized form of Pagurcek's result.

In certain special cases, for instance, if M, is a point, M_ is the

1 2

whole spacec of x, that is
6x°(t1) - ch(ti) =0
and p(tz) = 0; then it reduces to the original result
6 -8J =0
o c

The second basic result that we are going to consider, is a direcct
' 5 e c s s
consequence of a result by Kalman™. This is more restrictive in a
sense, since it was originally derived for single-input, linear time

invariant control systems.

Consider a completely controllable plant of nth order:-

x(t) = A x(t) + B u{t) (15)
let
u(t) = CTx(t) (16)

be the optimal control law for the performance index

oo
T =fde) @ x(t) + u’(e] at (17)
[+]

where Q is positive definite; then the following condition is satisfied

by the controller C;

t-clga -0 s[> 1 | (18)
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Fig. 2. Single -input plant, andQOptimal Feedback Control.
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where the equality may hold for some but not all w. Kalman also
proved an inverse thcorem which states: that if a stable control law C
satisfies (18), then it is optimal with respect to a performance index

of the type (17), for some Q.

The expression (18) simply means that the return difference of the

optimal control system has a magnitude not less than { for all frequencies.

We shall now establish the mecaning of the expression (18) on the
trajectory sensitiv{ty of optimal systems. As is well known, for
completely controllable systems, we can assume A to be of companion
form, and b to have all entries zero but the last bn = 1. We shall prime
the actual quantities in order to dis.tinguish them from the nominal

quantities:

e () = x_(t) - x(t)

and
e (t) =x (1) - x(t)

4
where x (t), and xio(t) denote the actual closed-loop, and open-loop
c /
state, and x(1) the nominal optimal state. The actual plant matrix A

is expressed as

A/ = A+ baT
where a is defined by
/
= - i=1,2,.....
a, (A)ni (A)ni i= 1 n

A » ,
We shall now derive the relationship between the actual state x(t) and

the nominal optiinal state x(t), for both the open and the closed-loop

case.

(19)

(20)

(21)

(22)
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Open-loop case:

nominal x(t) = A x(t) + b u(t)
Laplace transform, and further rearrangement give
{sI - A) x(s) = b uls)

actual; x;(t) = A’ x;(t) + b ul(t)

=(A +bal) x/(1) + b u(t)
Similarly, we have

[(sI - A) - baT] x;(s) = b u(s)
From (23) and (24), we have

[(sI - A) - baT] x_(s) = (sI - A) x(s)

that is -1
x’(s) = [(s1 - a) - ba'l] (sI - A) x(s)

-1
x;(s) = [1 - (sI - A)“baT] x(s)

Let -1
(sI -A) b=c: then

x;(s) = [I - caT]“1 | x(s)

Using the matrix inversion lemma;

-1 T
[I + ghT] =}I -~ "g‘}}——
n n T
t+h g
we have | ' . aT
X (s) =1+ T x(s)

(23)

(24)

e e A P
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- T
(st - A)" ! pa

1 - ar(sI a7y

I+

x;(s) x(s )

Closed-loop casec

*

nomiinal; ;:(t) = A x(t) + b u(t)

= A x(t) +b Cx(t)

Laplace transform gives

[SI -A-b CT]x(s) =0

actual;

’ T / T +
xc(t) ={A +ba’) xc(t) +L C xc(t)
Similarly
[sI -A-bal.-p CT] x;(s) =0

From(26) and (27), we have

[(sI -A-bCTy . baT] x::(s) =(sI-A -bCT) x(s)

T Z
t -C (sl -A) 1b

that is -1
x:(s) = [(51 -A-bCh - baT] (s -A -b CT) x(s)
-1
= [1 -(sI-A-b cT)"baT] x(s)
Let T -1
[(sI-A) -bC ] b=4d
therefore
-1
d =[1 - (st - A) Y cT] (sI - A)-ib
-1 T
=[1+ (L-A) bS gty

(25)

(26)

(27)

oy
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From the preceeding page, it follows;
-1

x;(s) =[I -d aTJ x(s)

using the same inversion lemma;

d '1T
xé(s) =|1I+ - T x(s)
1 -a d
that is - .
-1 T
[1+ LA bC | (o ay Ty aT
’ {1 -C (sl -A) b
xc(s) =l + = T
. aT[I (st :rA) bc_1 ] (sI - )Ly
1 -C(sI -A) b
-1 T
x::(s) = "I +F(s) (sI - A,)r ba 1 x(s)
f -pP)a (sI -A) b
where

pls)

1
CT(sI - A)”b

Thus we have: ,
x (s) = M (s) x(s)
c c
/

xo(s) = Mo(s) x(s)

where matrices Mc(s) and Mo(s) arc given by
I, T

M _(s) =I+p(s) (sI-A) Tb —
i -/J(s)a (sl -A) b

x(s)

(28)

(28)

(25)
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and
(s - A) 1p 2T

1 - a'I(sI - A)'lb

Mo(s) = I+

The scalarp(s) is given by

VA
- 1 28
f -C (sl -A) b

That is the inverse of the 'return difference!'.

Now the closed-loop crror is given by

. ec(s) = x:(s) - x(s)

={P(s) (s - A) 1y a7
1

1 -P(=) aT(sI -A) b

x(s)

and the open-loop error is given by

-1 T
’ (sI -A) ba
c (s) =x (s) - x(s) = [ x(s)
° ° [ { -al(st-A) )

The rclationship between the closed-loop error ec(s) and the open-loop
error co(s) is ther obtained as

1-at(sl - A) 1o
]

1 -P(s) aT(sI -A) b

e (s) =

P(s) e (s) (29)

For infinitesimally small variations a , (29) rcduccs to
e (s) = P (s) e (s) (30)

If Kalman's result, as expressed in (18) is now taken into account,
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thenwe sce ( bearing in mind p(s) =(1 - Cr(ij - A)-ib)—i) that

]
(o | < | te o,

The subscript i stands for the ith component of the vector efjw).
The result (31) which is a frequency domain characterisation can be
shown by the application of Parscval's thecorem to be the sufficient

condition for the incquality (expressed in time domain)

- ﬁcc(t))ijz dt <j[(eo(t))i]2 dt, i=1,2..... (32)
(¢}

(o]
to be truc.

The basic result on the trajecfory sensitivity as expressed by (32)
summed up as follows:- 'If a single input lincar system is optimal
with respect to a performance index of the type ' intregal of a quadratic
form in the state plus uz', then the closed-loop implementation is better
than the open-loop implementation in the sense that the intregal of error
square in cach of the state components is smaller for the closed-loop -

case'.

II1.3 Discussion.

The basic results expressed by (14) and (32) have in common the

comparison between the open and the closed-loop solutions. This is a
common characteristic used modernmscnsitivity analysis, and owes its
origin to a well known result obtained by Cruz and Pcrkins6. In their
approach of sensitivity analysis, they definced sensitivity of a system,
as the operator, which when applied to the open-loop error, gives the
closed loop error. For instance, for the single input system described

by (15), they showed that { for infinitesimal variations)

fori=1,2,.... (31)

—— -]
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e (s) =5(s) e (s) (33)
where ¢ ‘ o -1
S(s) =[1-(s1-A)'1bcT] (34)

The matrix S(s) is called the 'Sensitivity matrix'. The concept of
sensitivity matrix is of some benifit to the designers. A sensitivity
index can be defined as an integral of a quadratic form in the error

vector. If the ine quality criterion
el o
f( ToweTwn actTowe (o a (35
Jlee W e (0 dicfe [0 W e, )
¢

is satisfied, then the control signal should be implemented in the
closed-loop form, and the designer has to choose some appropriate

positive -definite matrix W to satisfy the criterion (35).

Actually, for the optimal closed-loop control be better than the

open-loop control, in the sense of (35), it is sufficient to show that

el Wefiw) - e (ju) W e (j6)<0 (39) |
According to (30)
T 2 T, | .
e. (-jw) W ec( -jw) =,F(jw)ll e, (-jw) W e, (jw)
In view of (Zé’) and (1 8) we have
2
[F(ﬁ», <1

and thercfore, an optimal single input lincar system satisfies (35) and
(35). It may be worthwhile to mention that J.P.Herncr7 derived an

interesting relationship among S(s), p(s) and co(s)

S(s) co(S) =pls) eo(S)




that is p(s) is an eigen valuc of S(s) corresponding to the eigen vector

e (s).
o

The basic results that we have so far considered, points out two

fundamental propertics of the optimal linear systems; -

(i) If variations of the performance index are our main concern,

then both the open and closed-loop implementation of controls are

equivalent.

(ii) If variations in the statc arc of prime significance, then in a

certain sense a closed-loop system is better than an opcn-loop system.

These allow the designer the choice of implementation of the control
signal, however they are not dircctly suitable for design purposes, as

will be discussecd in the follo wing chapters.

e v vtom 3 e <~ RS ]




-28-

CHAPTER IV

SENSITIVITY REDUCTION AS AN AUGMENTED OPTIMIZATION

PROBL EM,

In this chapter we shall present the details of performance and
trajectory sensitivity in the opcen-loop non-linear optimal system, and
the trajectory sensitivity in the linear 0}')tima1 regulators. The basic
idca is to introduce the sensitivity terms in the performance index,
and sensitivity reduction is poscd as an overall optimization problem.
A discussion on several aspects of this method that must be considered

prior to design will also be presented.

IV. 1 Open-loop Non-linear Optimal Systems.

We shall denote the system optimized without the sensitivity terms
in the performance index by S , and the system optimized with sensitivity
terms in the performance index by SZ' These will be described fully
below. Also for notational simplicity we shall consider on ly a single

scalar parameter p subject to perturbations.

The system S

g
is given by
x = f(x,u,pn); X(to) =X,

x being n-dimensional state, u the m-dimensonal control, and with

(1)
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the performance index
S
I, o) =Flx(t ) + (Lix(0), u(t)) at (2)
to

The performance functional I is a function of a nominal parameter
B, as well as the actual value p, because the control is computed on
the basis of.po while the actual trajectory depends on the actual value

of p. Therefore I(w,p ). The functions T and L are scalar,
o

Now due to optimality

I

— =0

[* a1~

I being the optimal value of I,
Now I{p, po) as defined above has the following properties: -

(i) If the nominal parameter is not specified, I becomes a function
of whatever control is used, I{u, u) If the actual value is known and used
in computing the optimal control u (t) then, of course, I (p. p) = ' (p)

represents the best that can be achieved if p is known. Thus

I (u, ko) 2> I' ()

(ii) The control which minimises the cost functional is not necessarily

the same for all values of p , unless it is proved, or assumed so.
o

(iii) We shall assumec that for cach valuc of the paramecter p, the

e
bxd

control u (t. 1) which minimizes I{y,p) = I(p) is unique.

Supposing we are concerned about the steep risc of I (p. H } with p,

'-

I being the optimal value of I, then we are naturally mclmcd to consider
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the minimization of the functional

2K

S (I (§f—-) (3)

where N\ is a positive integer.

More explicitly, this can be described as follows: -

We have 1,
Ol T . T .
STL_ = Fx (.\(tl)) a(t1) +~ Lx (x,u) 0 (t) dt
o
where{(t) = %‘ﬁﬂl— satisfies
1 \: b M =
ai fx(x,u,p.)d'-*' fp(\c,u,p), (]"(to) 0 (4)

In the above Fx.Lx, and f}1 are vectors of partial derivatives

gT [_D_F_
X

matrix,

Supposing, we let

. T
G°= L, (x,u)6

) reduces to

then (b L
B

o

o1
Op

.......

......

1
§-§-i » and fx is given by the
nd
of
'''''''' n
ox
......... Ofn i
0%, J
o
¢t ) = 0

2L - Flow,) + o)
x 1 i
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Now wc are in a position to 1ntroducc the system S

The system S

is then the system

M.
5

f(x, u, p) x(t ) =x

L:‘(x,u)d" o’ (to) =0

6‘ = fx(xruv P')o-+ fp(x, u, ll)f q(to) =

where the performance index
Y T ' o 2K
J = F( x(tl)) +fL(x, u) dt + [F.x (x(tl))o'(tl) +q (tl)}
t
is to be minimized over the same class of admissible controls u(t)

as in (2). This is a standard Bolza-type optimization problem.

Let us denotc the optimal value of I for S1 by I1 and that for J ;
in (3) for S by I . It is obvious that

I.:: st
2 71

also bIZ >611
oK |7 dn

TR psto , because if the inequality is reversed,

'4

then u1 applied to SZ’ yiclds a lower value of J, than that given by u,.

In general these are strict inequalitics.

ats
Exd

If we compute I for scveral values of parameter p, then we shall
be .able to discuss the relative merits of the optimization of the systems

S

1 and SZ. Let us consider a purely hypothetical example as shown

in Fig 3.
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Fig.3. Comparison of I?(p.,po) and IZ(p,po).




-32-

We see from the Figure 3, that at a sacrifice of performance

and at the cost of a more complex computation, the sensitivity of the
o1

2 op |
5, H o

system S_ as mecasured by » will be lower than that in the system

As cvident from Fig 3, only when the deviation Ap. is such that

TR p,0+ Ap is greater than Iy then
Lkopg) £ I(uop)

However such an improvement might be obtained in the original optimization
of I, with far less complexity in computation by choosing a larger value

for the nominal parameter Ky because obviously

ICe,.my) < Lk, 1)

Thus scveral serious doubts may arise with regards to the justification
of optimization of the system SZ, with the sensitivity terms in the performance
index. Thus for a particular problem or restricted class of problems,
considerable investigation is neceded to determine, if any worthwhile
benifits can be claimed from the use of a performance index of the type

as in equation (3)

In addition to these doubts, it is only in a few cases that the minimum
valuc of I, and S_: are of practical interest. Usually the performance
index is a weighted sum of several components, and the designer must
bear in mind that it is the proper balance among these components
and their individual scensitiyity which is important. Moreover, even the

few cases, where I and-,o?-}ll-— arc of interest, are further reduced in

number because the performance index of the type (3) is not applicable
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to cases. such as the minimum fuel minimum time, and minimum cnergy,
where L and F are independent of Xx. In these cases and in the open

loop operation I depends only on 4, and not on Mo and when p % . the
terminal condition, gencrally , will not be met. This may explain

the scarcity of papers in the literature in this particﬁlar aspect of the

sensitivity problem.

One question may arise is whether the trajectory sensitivity, that
is the deviations of the optimal responsé can be controlled in open loop
manner. The performance index may be reformulated, and it is scnsible

to consider
J=1I4+XP(ag(t) A>0 (5)

where P(d (t))is some non-negative functional of a(t), for example

4
P(g (1)) =GT(tl) GO’(tl) + qT(t) Sa'(t) dt

te
where G, and S arc positive, semidefinite symmetric matrices. Again

a compromise between the performance and sensitivity can be expected.
The performance index (5) is suitable for problems like minimum time

and minimum fuecl, where x(t) does not appear explicitly, and the on-off
nature of the optimal control is then preserved in SZ.
It may be noted that both periormance indices (3) and (5) are special

cases of the gencral problem of minimizing

t
J = Fz(x(ti),(f(tl))+JL2(x,G’,u,p.) at
with ) to
x = f (x,u,p) x(to) =%,

0= fx (x,u,p)d + fp(x,u,p.) U(to) =0

IESS—— ¥ * )
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By viewing the variablesg(s) as additional state variables, this
problem is basically a standard optimization problem, except the fact,

i
that: when the control u (t) is converted to an equivalent closed loop

N
control u (x), then the variabled(t) given by cqun (4) no longer represents
DX

on

increased, a compromise between performance and sensitivity can be

of the closed loop system. Although the dimension of the problem is

expected. For a closcd loop  solution the additional difficully arises in

sy, OX ‘
that, the closed loop sensitivity e is unknown in advance,
1)

IV.2: Closcd loop Lincar Opti mal Regulators,

In this section, we consider the so called state regulator problem.
Basically, the solution of the state regulator problem for lincar plants,
lcads to an Optimal feced back system with the property that the components
of the state vector x(t) are kept near zero, without excessive expenditure
of the ccontrol cnergy. By and large, the quadratic performance index
is used for computational convenience, and the linearity property of the
fecd back system. The minimum value of the performance index under
such formulation is of no interest, and hence for the purpose of sensitivity,
it is sensible to consider a performance index of the type(5) rather than (3),
because the term(g-:—)‘—is not only of little interest, but the addition of

this term will destroy the lincarity property of the closed loop system.

a) Time invariant system:-

Let us consider the linear time invariant plant
x = Alp) x + B(p) u: x(0) = x, (6)

and the performance index
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oQ

I= 1/2“qu X + uTR qut (7)
¢ .

where Q is a positive semi definite symmetric matrix, and R is a
symmetric positive definite matrix. x is an n-vector representing the
states, and control u is unconstrained. The matrix A and B may depend
on the time t, and the time invariant parameter . The optimal control

is given by
um(x) =- K x (8)

where the matrix K, known as the'feedback gain matrix' is given by

K =R '8Tp (9)

and P is the steady-state solution(at t =®) of the non lincar first order ;

matrix diffcrential equation

i

P() =P()A + A TP(t) - P()BR" BIP(t) +Q: P(0) = 0 (10) |

This equation is of the Riccati type, and is often referred to as

'Riccati Equation’'.

The closed loop optimal system is thercfore given by

x = ( Al) - B(w) K) x x(0) =x (11)
and the closed-loop scnsitivity @ = %E— by
T = (Al - Blp) K) @ +( AW -B W K)x: 00 =0 (12)

If the system (6) is completely controllable and the matrix Q is such
T ’ .
that x (t) Q x(t) } 0 for solutions x(t) of x = A x for all initial conditions

( a complcte observability condition ), then a solution of the Riccati
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Equation (10) secttles down to a unique steady state solution P (o) for
any positive semi-definite and symmetrical initial condition matrix
P(0),cn (10), and the closed -loop system (11) is asymptotically stable
even if x = A X, is not stable. This is a brief summary from Athans

and Falbh,

The optimal system described so far will be referred to as S! in
contrast with the system S2 where sensitivity terms will be added to

the performance index (7).
Consider now the plant (6) minimized with respect to
oo
T T T T
J=1/2f[x Qx+tu Ru+2x Wp+tp SP]dt (13)
O

where W and S are symmetric matrices and P(t) is an approaximation
of the closed-loop scnsitivity. The p;'oblcm of equation for P(l) arises,
The open-loop sensitivity is given by

T A + AX+Bu, a (0) =0 (14)
and may be quite different from the closed-loop sensitivityg(t) which
is the important one, but unfortunately thi s is unknown until the problem
is solved. The closed-loop sensitivity may be so diffcrent from the
open-loop sensitivity that the addition of quadratic sensitivity term
involving p, to form the augmented performance index may be
detrimental rather than benificial. It is therefore essential that an
equation for p(t) must be assumed, which should approaximate the
closed-loop sensitivity. Taking a clue from (12), we assumec a linear

equation of the form

p=Kp+Bx P(0) = 0 . (18)
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where A, B are as yet undetermined matrices. The problem of minimi zing
the performance index (13) subject to the constraints (6) and (15) may be

considerced as an augmented optimization problem, with the augmented

state
x 1
Z =["' (16)
A7)
which satisfies
. -— XO
Z=AZ+B 0) =f-en-
“ 2(0) [ 0 } (17)
and minimizes
00
i T
J=1/2-f[Z QZ +u'R u)dt (18)
o)
where the augmented matrices are of the form
' B | [ LW
— ) —— — t
A =[-é—-:——f-g--] : B =[----J : Q= --9--:—-—---4] (19)
B : A 0 w ! S

and where Q is positive semi-definite { S must therefore be a positive

semi-definite matrix)

The optimal control is therefore given by

2Z)=u - Kz=-[KiK]Z= K x-
u(2) =u(xp) = -KZ=-[KiK ]z Kx -K,p (20)
and the closed-loop system by
x=(A-BK1)x-BK2P x(0)=x0
(21)
. ~ s
-P=ApP+Bx p(0) =0

Note that in (21) is not the cxact closed-loop sensitivity =a§- which
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is obtained by differentiating the first cquation in (21) and is now

given by
: 2p
=(A -BK )J+(A -B K )x - - —— = ;
g = 1) ( M " 1)x. BpKZP BK2 " a(o) =0 (22)
where
d /3Py _ /s 0P \ .
—_—f— = — 1+ BJ =
L (3)- %L pro -0

The closcd-loop sensitivityg(t) is therefore, in general, the solution
op

t).
5o (0
Comparing (22) with (15), we can sce that in order that p(t) closely

of 4n coupled differcntial cquations for x(t), p(t),0(t) and

approaximates@(t), we should have

rv ~ ~ ~ ~
A=A -BK, -BK, and B=A -B K
1 po2 13 VO |

where assumed ?{l and KZ arc close to the actual K1 and KZ of (20).

The last term, BKZ%E- , is neglected in (15). Thus, if ?{‘13‘ Ki' and
~7 . y

g 2 I
KZ KZ and BK

> gi is negligible, then p(t) is given by

~ ~/ ~
=(A -BK ,-B K +{(A -B K : 0) =0
P =( "B E)pHA -BR)x: (o)
and is a good approaximation tog(t) given by (15).

If the first order approaximation given by (25) fails because

op
20p
another vector equation for a vector vy(t) to approaximate the cquation

BK is not negligible, then this term must be added to (25) and

for 25 must be added to (21). This will still leave P (t) only an
approaximation, a second order one, tof(t). Sincc the optimal

control for the second order approaximation is of the form

u = -le -KZP-K3Y

(23)

(24)

(25)
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then the closed loop optimal system is given by the cquations {26) to (28)
x=(A -BK,) x - BK_p - BK_y
| 2 3
p=(A-BK, - B K A-BK BK_+ B K
= -BK - D+ - PR : - +
P=(A-DK -B K+ (A - B K ) x (BK,+ B K v

» la'd ~y ~t
=(A - BK, - 3 + -
y =( K, B”Ixz) Y (Ap Bpl<1)p

Differentiating these equations with respect to i, and keeping in mind
that the matrices A and B in (27) and (28) depend only on the nominal
parameter B and not on p, we have

. ap o)
= (A-BK J0HA -B K,}x-B KP-BK_ — -B K _v-BK -2Y
7= Ko B ! B 2P 2oy p3) 3 op

+B l( )——l-

d /0p ¥ o ¥ ,OP
—(—=—=]=(A- -B K -—+A - I\ 3
dt(bp) (A BKI Bp Z)OP- ( B )U (£ KZ On

d /a2 ~ ~ ) cP
—(<X)- (A-BK -B K ——Y-+A -B K ) =&
dt('du) ( 1t p 2) op ( ® )au

By comparison of (27) with (29) and of (28) with (30), it is evident

2y _ O'x . X .
that when 5—:— = —‘OTLY 1s very small, then the last term in (29) and (30)

may be negligible. If in addition Ki_ I( K.ZE' KZ' and 'K3'=V K3, then
P (t) =0 (t) and y(t) = T(‘)

If one obtains i{.=[K1: KZ] by solving the sct of quadratic algebraic
equations

PA + ATP -PBR"BTP +Q =0

K=R !BTP

then one can substitute Kl= K1 and K2= Kzin (24) and (19) and there

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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is no necd to assume the values of these matrices. This is applicable
to low order systems. It should be cﬁuphasised at this point, that one
should not underestimate the difficulty in isolating the proper solution
of thesc algebraic ecquations. For higher systems, where a numerical
solution by digital computer is desired, it is casier to solve the Riccati
differential equation (10) with the augmented matrices than the above
sct of algebraic equations. One may also substitute 'I;"1=K1, and /}\(,2= KZ
into the Riccati equation as well, but unfortunately this will transform

it from a relatively casy initial value problem to a complicated two-point

boundary value problem:

}'1(']{ P(t) = P(AK) + A (R)P(1) - P(UBR B P(1) + 0 : P(0) = 0 (33)
wh=0  RO=R-rTBRe <[] 30
where .,
[, .
A(K) = - ---------------- (35)
A,-BK L A-BK -BK

153TB (1) into (33) and

It may also be fcasible to substitute R(t) =R
then solve the resulting initial value problem for —}5(00). What one should
take great care to note here is, that since A and B contain elements of
P, the cquation (33) is then no longer qQf the Riccati type. At this
exploratory stage, the stability properties of this equation are not

established. The cquation may be unstable, it may have more than one

stable critical point.
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In brief, the optimization problem of Szis computationally identical
to th: standard optimization of Sl’ éxcept the fact that the values offl\él
and K2 must be assumed and the dimension of the problem is generally
doubled. Since the vector p(t) does not cxist physically, the cquation (15)
has to be simulated. Hence in addition to the lincar memory-less
state -fecdback as in Sl’ » the controller in the augmented system S2 will
have to include the simulation of the lincar dynamical system as shown
in Fig.4. The matrix transfer function of the dynamic controller is

given by

+K (sl - Al

1
g BJ X(s)

U(s) = -[K

where A and B are given by (24).

b) Time-variant system,

We shall briefly sketch the formulation of the problem for the time
varying casc, where A and B arc time varying, or the integration in
the performance index is over a finite time interval. The performance

index in the standard system Sl to be minimized is
ty
J=1/2 xT(tl)Fx(tl) + 1/2f[xTQ x + uTR u] dt
te
The control u(t) as usual, is assumed unconstrained. The term

xT(tl) F x(ti) is often called the terminal cost and its purpose is to

gurantee that the error at the terminal time t, is small. It may be

1
pointed out herc that F = 0 in the time invariant case, because the
terminal cost at t1->0°docs not make much engineering sense, since
the engineer is always intercsted in the response of a system in

finite time. One may question why then let tivoo. It is done for the

(36)

(37)
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Fig. 4. Structure of the system SZ
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following reasons:

1) to gurantee that the state stays near zcro after an initial

transient interval.

2) to avoid the (somewhat arbitrary) specification of a large

terminal time ti .

A natural extension of the linear optimal regulator problem given
by (16) and (37) with a view towards rcducing the sensitivity is to consider

the performance index

T T,
I=1/2fx (ti)F‘x(tl): ZPTtl)Hx(tl) +pl(t,)G ple)

1
T T T,
+f{xox+u Ru+2pwa+PSP]dt} (38)
o
The problem is then to minimize (38) subject to
x =tfAx+Bu x(0) =%, (39)
- ~ ~ ~ ’
P =[A-BK (1) - Bpxz(t)]er[Ap- BpKi(t)] x; plo)=0 (40)
where the terms between the brackets represent the augmented matrices
K and ’ﬁ as given by (24). The matrices A,B,Q,R,W and S appecaring in
the equations representing the system and the performance index may
be time varying. The optimal control is then given by
*
u (x,p,t) =- Kl(t) X - Kz(t) P (41)
where
K1) =[K (0K ()] = RT'B P (42)

P(t) is the solution for to«;t gti of the Riccati equation
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d%‘ P(t) =P()A + A B(1) - PWBR'BTB() + 5 B(t,) - F (43)
where
f A ! 0 ] [ B ]
f
7 S I e ! Befomns ; (44)
o : ~J ~J ! {
| 4,-BR @ a-BR (@ - BpKz(t)—; 0 |
Q ! w | [ F | H
Q =|----- S i Foa|omm--- S (45)
Wi s | H ! G

c) Large Parameter-Deviation.

The theory dcveloped under IV. 2a is for differential parameter
variaton problem. It wouicd be interesting to see, if the theory can

be cxtended to plants, with large parameter deviations,

For lincar plants, a differential cquation for Ax
Ax = x1 - X
where
x = A(}xl) x + B(pl) u

-’ - +
x, = Alp,) X+ Bu,) u,

can be written as shown below :-

Let
= - A K = - A

AB = B(uz) - B(nl) =B, - IBl

From above,

td
'
b
"

Ax -Ax+Bu -B
1 2X AXtBu,-Bu
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that is
= - A + A x.- X + - -
Ax Ale 2x Azx Aix BZUZ Bzu + Bzu Biu
X = x, - x) + -A ) x+ - -
Ax /\2(‘41 x) (AZ Ai) x }32(112 u) + (132 Bi) u
that is

Ax = AZ Ax '+ AA x + BzAu + AB u : where Au = uz- u.

Just as in the case of differential parametcr-variations, we can

consider the minimization of

e
T T T T
J:l/ZJ’[x Qx+u Ru+2x We+p Sﬂdt (46)
subject to 0
x :Aix + B‘u x(0) =0 (47)
¢ = - K - AB’IZ + - K X 3 =
p (A2 BZKi 2)() {(AA ABKI) x;p(0)=0 (48)

Note that the equation (48) is analogous to equation(25), bearing in
mind that the current values are A2= A, B2=B, and the derivatives
A ,B are replaced by the deviations AA, and AB respectively. The
c:uat}ilon (48) for p(t) has to be so chosen thatit approaximates the

equation for Ax(t). The result is

sk
u (x,p) = - le - KZP (49)
As shown above
A;::AZAX +AA x +B,Au+ABu
Also

= -K Ax -K_A .
Au le ZP

X = Ax + - X - A t - X -
£5 = A 0% + BA x + B,(-K Ax - K Ap) + AB(-K x - K,p)

. - Ax - ABK P +H{AA - A x-B KA
Ax (AZ BZKi) x ZP (AA BKx)\c oK, P
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The actual Ax(t) is given by the additional equations
x=(A_-B K )ax -4 - . : Ax(0) =
Ax (A2 BZ 1) x BK2P+ (AA ABKl) X BKZAP Ax(0) = 0

Aé:(AZ-BZ?{' -AB'RZ) AP+ (AA -Anﬁl)Ax: Ap(0) = 0

1

Comparing the equation (48) for with (50) for Ax, we sec that if?{i and
~s .

KZ are chosen close enough to the actual resulting K1 and KZ in (49) then,
if the effect of the term BZKZAP of (50) is negligiblc,f)(t) is an

approaximation of Ax(t).

It should be noted that the above cquations are entirely analogous to
those of section IV.2a ( sec equn 21 ) for the differcntial sensitivity and

in fact, the same algorithm can be used with the augmented matrices

A, ; 0 ' ! B }
A = -----------% --------------- B= |a---- i
AA - ABK | iA,-B,K - ABK,)| 0
[ Q i 0w ]
J U
ERE

for the sensitivity minimization.

(50)

(51)

(52)
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d) Multiple Paramecter - Deviations,

So far we have only considered a scalar parameter. The theory
proposcd however can be cxtended to take care of multiple parameter
deviations. Let us consider the case where two parameters My and M,

arc subject to deviations. The system cquation thercefore is given by

sz(pi,pZ)x+B(pl,p2)u: x(0)=x0
_oX _ ox
Pl_f"ui P2 oK,

From above it follws:

c A x+Ap+B u+Bu , and
f By A By By

o A x+A‘o+B u+Bu .
2 By 2 u, By

The control law will be approaximatcly givenby

-~ ~ ns ~
u=-Kx-K2Pi—K3PZ

1
7~ ~s 1 t. .
= -K M = -K p : neglecting higher
u 1 ]pi N u 1{2 g g ghe

order derivatives, that is

. - . -~ : —N -iz
P, AplxiA(D1+ B}li( Kx-K,p -K,P,

=(A-BK-B K.)p-B K.Pp+(A -B K
p,=(a-BK K,) p-B, K, 0+ ) x

By My LR
Similarly,
. ~~ ~s L ~
= 3 - - -K -BK
PZ Af>2+ Apzx-l'sz( le K2 P! 3 PZ) 192
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P.=(A-BK -B K)p.-B K.p+(A -B K)x
2 t p23P2 ny 200 T P

We can now consider the equations,

X = Alp o) x + Bl ,p,)u x(0) = 0
p=(A-BK -B K B K A R
= - - O - + - < =
= ", 2) Py p.1K3PZ ( " Bplxt)" ©(0) = 0
=(A-BK, -B K )p.-B K_p+ -3 K)x: -
Fé ( K1 " 3)(32 Bp. KZ'DI (A“l BP- Ki)x PZ(O) 0
2 2 2 2
and the performance index,
® T T T T T
= B + + < + : +
hj 1/2§L\Qx WRutZx W op+2Zx W,p,+2p VP,
T T
+ + :
Py Syt h SR
where Ri'EZ'E3 are assumed matrices close enough to the actual Kl'
KZ, and K3 of the minimizing control

*
=-K,x -K -K
“ R SR
Again, we should bear in mind that p1 and (32 arc only approaximations
of the actual closed-loop sensitivities. We can introduce some further

simplification, if in the above cquations, we choose

Then the transfer functions {from x to £y and to (32 will all have the same
denominator, thus the number of parameters will affect only the zeroces
of the transfer functions. This suggests that in many cascs one may

use an approaximately cquivalent single parameter, instcad of considering
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multiple parameters. However, the difficulty in the task of determining
such an equivalent single parameter should not be underestimated,

and it may require some trial and error simulation.

IV.3 Discussions and Conmments.

The technique of minimizing the trajectory sensitivity by introducing
the scensitivity terms in the performance index has been studied by
several authors, tt-16 The idea was first introduced by Tuel 13' and
later considerable investigation has been done by others, such as
Kriendler, De Russo, Dougherty. In this section, we shall summarize
the important design features of the techniques vroposed by several

8 -1
authors. 7

As has been pointed out earlier, to generate p(t), for the control
law given by (20), the equation (25) has to be simulated in one rath of
the feedback controller as shown in Fig. 4. Thus the controller of S2
contains dynamics, generally of order n. This of course renders the

system SZ, complicated compared to the system S1 .

Kalman 18 postulated, that matrices F, Q are required to be
non-negative, along with certain controllability and observability
conditions, to cncure e:xistence and uniqueness of solution. These
postulates, natural for the original systemm{A, B, Q} may not be
fulfilled in the augmented system{A, B, Q}, and weaker conditions

might hold.
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. ~
The differential equation for p (t) depends on the matrices Kl(t) and
~
K_(t). A very natural question is, then how does one obtain the matices

~ 2 ~
t).
Ki(t) and KZ( )

One way is to substitute in (44), that is, in the equation for the

augmented matrix A,
~J a4
1) = K (t d K (t) = t
Ki() 1()an 2() KZ()

The equation (43) is then no longer of Riccati type, because the augmented
matrices A and B contain clements of P. However, the resulting?( is
correct if the modified equation has a unique solution in the control
interval. Having obtainedflz1 and ?(lz, K can be checked by resolving (43)
as a Riccati equation. Intuitively, it scems that since the variation %%
was neglected in approximmation of p(t) to @ (t), substituting ’lzl(t) = Kl(t)

andnléz(t) =K2(t) will generally, not give the best results.

The other alternative approach is somewhat similar to that adopted
by Mcrriaml.9 This approach avoids the uncertainty of the modified
cquation, and allows the provision of studying the effect of changing
K and’l\éz. The matrices weighting the sensitivity terms arc usually
left at the designer's disposal, and the final choice is made to satisfy
several realistic design constraints. The values of these are gradually
increased in trial and error fashion. Thus one can initially assume

~v ~ ~
for K1 the value of K in S1 and then update K, and K.2 as the trial

{
and error design proceeds. The essential thing is that ¢ (t) closely
approximates p(t), especially when p(t) decreases with the increasing
values of the sensitivity weighting matrices. It does not seem

difficult to devisc an algorithm, for this procedure, but substantial
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amount of investigation is required before any generalized algorithm

is attempted.

If the approximation of G (t) by p(t) does not work, namely G (t) is
' cn
| o p
into account. This requires addition of the term BKZY to the differential

larger than p(t), then the neglected term BKZ(t) should be taken

cquation for p(t), and addition of the vcclor differential equation for vy

{
to that for x and p. Incorporation of cach higher order term, it should
be noted, increases the dimension of the nroblem and of the controller

by n.

:
IV.4 Comparison of § and SZ. ’
1

f

The problem of sensitivity reduction posed as an overall augmented !
optimization problem, unfortunately is not frce of complications. Although
the augmented problem is likely to reduce the sensitivity of the system,
the crucial question is whether the additional trouble is worthwhile.
Although there is no clear cut answer to it, it is only fair to noint out,
that the decision should be based on the selection of suitable basis for

comparison of the system S_ with system S .

2 1

It is always assumed that some or all the clements of the matrices
entering the perfromance indices of the system Sl and SZ, arc at the
disposal of the designer to achieve satisfactory response, of course,
under certain control limitation. The fact that the minimization of the
quadratic cost criteria is only a mcans to and end, changes the
optimization procedure from synthesis to design, introduces a measure

of subjectivity in the design evaluation, and makes comparison of S1
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and SZ considerably difficult. The addition of sensitivity term into the
performance index of the system S1 » affects besides the sensitivity,

both the control u(t) and the response xz(t). It is by and large unsatisfactory
to design SZ by merely adding a sensitivity term to the performance index

of Si, and then just accepting the design, if the sensitivity of S2 is lower
than that of Si- The basic question is, whether S2 is significantly better

than S1 in satisfying often conflicting design goals and constraints as

reduced sensitivity, speed of response, maximum overshoot, maximum
control magnitude, and noisc immunity. Considcrable amount of

numerical experimentation is nec essary for cach case, before any

practically meaningful answer can be found.

It should be noted that different basis for comparison may lcad
to different conclusions. If there is no limitations on the magnitude
of the control and the feedback coefficients, a criterion for the

usefulness of S2 is provided by the question:-

Given a particular desirable response of Sl. is it possible to produce
this response in SZ, with reduced sensitivity, perhaps at the expense of

highcr magnitude of control ?

In the next chapter an illustrative example will be presented which
will clarify most of the points discussed under this section and bring

out several design criteria worthy of carcful consideration.

EE———— |
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CHAPTER V

AN ILLUSTRATIVE EXAMPLE,

V.1 Design of S1 and SZ_._( for a first order plant )

The system S1 is the first order plant
X =ax +u: a°=-i : x(0) = 1
where a is the nominal value of a, and the performance index is

[+ 24
1=1/2 {(sz‘f uz) dt
0

where Q is a positiw real number. The minimizing control is easily

found to be

x 2
u = -k x : k=a+‘\/a +0

The closed loop system is therefore given by

;c=(a-k)x: x(0) = 1
hence

T=(a-k)+x a{0) =0 i

Qa

that is the transfer functions are:

X(s) = s -x:xoi k
and
T(s) = 0.
(s -a+k)

The system S, is the same plant (1), but the performance index

2

(1)

(2)

(3)

(4)

(5)

(6}

(7)
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[

5 = 172l (x4 (w4 s (p(?] at

o

with Q >0, and $,0,is to be minimized. p (t) is given by
. ~4
r =(ao-ki)p+>g: e(0) =0

The minimizing control is given by

e

u =-k1x-k2p

where ki and k,) are, as outlined in the preceeding chapter, obtained

(5

from the steady state solution P = P(x) of the Riccati equation

1

P(t) =P(t) A + ATP(t) -P(1)B R 'BTRP(1) + O

In this example,

T 7 1
= - | -
k=bP=11 o = Py P

hence

k =p“and k

1 2" P12

At steady state, ].) = 0, and the matrix Riccati type differential equation

reduces to a sct of quadratic algebraic cquations for the elements of P.

In the example the algebraic equations, after rearrangements
reduce to

2
- : + - =0
k1 2( ak kZ) 0

1

k. -[(a -%. + 1 =
kik,-[ta -k +a) ky+p,)] 0

2 ~
- - -S =0
kZ 2( a ki) Pys

(8)

(9)

(10)

(11)

[ ——— ]
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The closcd loop system is given by

x=(a-k1)x—k2p : x(0) = 1
~ (12)
P=(ao-k1)p + x : pl(0) =0
and the closed loop sensitivity ¢ (t) =-%-’-c- is given by the additional
a
equations
E)':(a-k)(f+x-k-—b-E g(0) =0 (13)
1 2 Va
d 0Py ~ onr 0P, _
" éaa)-(ao K,) vl Taw)_o (14)
If the quadratic algebraic equations are solved, rather than the Riccati
differential equations, the assumed value in (9) can be taken as kl'
Then if we neglect the term kz%;: the equation (9) for p(t) is
identical to the equation (13) forg(t).
For a = a_= -1, and ’1:1: kl' the cquations (11) reduce to
kz +2k, -2k -Q =0
1 1 2
=0 (15)

+ -
2k(1+k) -p,,

+ - =
kKy+2(1+k)p,,-5 =0

[aSI o4

The signs of the roots are given by the condition that the matrix

P =P(») must be positive definite. This gives the conditions

2
k>0 : KyPyp- K, >0 (16)
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the equation for k, is given by,

1

‘/ 2
2 4 + 40 :
- k1= a.i'*z 2 = ai,,/a'l-Q (16)

which is the same as the equation indicated by (3).

The system SZ has the configuration shown in Fig.5, with the transfer
function

(s -a +T<'1) x(0)
X(s) = — 2 ~ (17
s°+ ( k1+ia’1- a-a)s+ (ki-ai)(ki- a) +k,

The closed loop sensitivity ¢ (t) has the following Laplace transform

f 8 - a0+’l‘€1 2
Z(s) =[ > ~ - x(0)  (18)
8 +(kl+k1-a -ao) s +(k1-a)(k‘1-ao) +k2
Since k2>0’ for 'IZ‘1= l::1 and a = a°= -1, it can be written as
> (s +1 ‘+‘k‘l) x(0)
X(s) = (19)

(s+1+3kz) (s+i-sz)

clearly, if Q»’S, then k 1>> kz, and

x(0)

X(s) = (s+i+ki)

which is the same the Laplace transform of the response of Sl' Thus,
when the sensitivity term S 2 has an appreciable effect, the response
xz(t) is that of an underdamped second order system, while ?‘i(t) is

the response of the forst order system. $
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Fig.5. Configuration of SZ.
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V.2. Comparison of S1 and SZ._

Since the responses of Siand S2 are of a different nature, the
two systems were compared on the basis of equal maximum magnitude

of the control u(t). In the present example

osntlixm Ium l ) ,u(O) ; "y

and hence Sland S‘2 are comparcd on the basis of k = ki'

The closed loop sensitivitics are shown in Figure. 6. Figures. 7 and
8 show the responses of the systems Sl and S‘2 respectively. The control
functions are shown in Fig.9. Figures.7 and 8 also show the responses
when the parameter deviates by Aa, that is

a=a +Aa=-1+4
o

That A a = 4 cannot be considered'small’ is evident from the fact that

Ax(t) for A a = - 4 are quite different.

It is scen that at no extra effort in terms of the maximum magnitude

of the control, there is some improvement ofg(t) in S_, as well as the

2
nominal response. For example, the 5% settling time of S1 is 0.75 sec

while that of S2 is 0.47 scc. Another important point to note, that while

the improvement in differential sensitivity is not spectacular, considerable
improvement is achieved in large -parameter deviations: for instance

at a = ao+ Aa = 3, the system S1 is on the verge of instability while the

response of S, is slower, but reasonably good and well behaved. It should

2
be also noted that the approximate closed loop sensitivity p(t) is reasonably

close to the exact sensitivityg(t).

[ —— - -
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The stability margin with respect to A a can be ecasily obtained for

S, and SZ. From the characteristic equation for S

i 1

s-a-Aa+t+k=0
o
the critical A a is given by

Aacl= -ao+k (20}

The characteristic equation {or SZ' for 'i<'1= ki' is given by
2
s * s( Zki- Zao- Aa) +( kl- ao) ( ki- a - Aa) +k2— 0
If k (k-a)z'thnA =2(k )
22 FyT ) fthe te2” 17 %'
2
If k,7z{(k, -a)”: then
A i o

Aa _=-a +k + —2 (21)
(o]

Since the first of equations (11) limits k2 to

2 2 2 e .
kz.{\ 1/2 ( kl- 2 aoki) =1/2( ki— ao) -1/2 a_ which is less
than ( kl- ao) : the only alternative (21) is valid. Hence on the basis
of k = kl, the system SZ always has a larger margin of stability with
respect to deviations in the parameter a than that for the system S, .

1

In this case, for example, for ao= -1, k1= 3, k2= 7.5, we have

Aacl=4 : Aac2= 5.875

The entire root locus of SZ for the parameter a is shown in Fig. 10.

The value of Q = 0 was chosen in this case to obtain the largest

possible k2 consistent with kl= 3 to give the best results. It was found,
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that for
Q=10: S =31.25; k1=3: k.=2.5

the 5% settling time is 0.59, and the peak of the graph fore(t) is 0,087,
which is somewhat worsc than the case shown in figurcs 6 and 8, The
choice of © =0, as was found, is not necessarily always the best.

For example k1= 9, Q =0 gave a responsc with an overshoot larger

than 5%. As was pointcd out in the later ‘section of the preceeding

chapter, considerable amount of difficulty was encountered in the sclection
of proper Q to give desired response with significant reduction in the
system sensitivity, Although no clear cut design procedure exists, with
regards to the choice of weighting matrix, some knowledge has becn

gaincd about its role. The next chapter will be basically devoted to it.

It is obvious from Fig. 6, that for this particular example,

o0

ftomi®a < Ja, ) at @2

Just as a matter of interest we tried to sec if the sufficient condition
obtaincd by applying Parseval's theorem is valid for this example.

By Parseval's thcorem (22) becomes equivalent to

[1Z,60]% a0 < {lzl(jw)lzdw (23)
0
Let,
Z (o)
= T (jw)
=, (jo)

Hence a sufficient condition for (22) is

lT (jw)>1 for all w0 (24)

i
SMTKT S
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From (7) and (18), for k = ki’

k2

(jo+1+ ki)

T (jw) = |1 + >

It is clear that at some = w_, the plot of T (jw) crosses the unit

A 1’
circle and remains within it for w>w1, violating (24). The sufficient

condition (23), we thus found out is too restriclive for this example.

T
V.3 Usc of the term x” Wp in the Performance index.

The addition of the term S ()2 to the performance index (2) of S1 ,
as we found out, resulted in an underdamped second order system
SZ with state x(t) overshooting zero. Supposing that such an overshoot
of x(t) is not permissible, Some numerical experimentation was
donc with this particular problem, and the purpose of this section
is to explain the possibility of achicving an overdamped responses
in the system SZ' similar to those in Si'

2 to have real roots, (11) shows that k2 must be

negative. Also from (15) we find that since k1 and pzzmust be positive,

for kZ to be negative, the middle equation of {(15) should be of the form

For the system S

+ - - = W<o
2 kZ( { kZ) Py, W =0 .

This corresponds to the modified performance index

oo

1=1/2 [ [Q(x(6)%+ (ut) )2+ 2Wxpt S (p(t) 2] at
) .

At first, we tricd to adjust the performance index so that T<1= k1= 3

and the response is overdamped with a 5% secttling time of 0. 75,
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comparable with results for 81 presented in Figures. 6 and 7.
Unfortunately, the scensitivity dz(f) was larger than Cfl(t), and the design
of S2 therefore could not be accepted. In the process of experimentation,
it became clear that inorder to get an overdamped response in SZ,
with reduced sensitivity, higher gains must be used. The graphs for
such a case are shown in Figures. 1t and 12, where the state xl(t)
and xz(t) for both systems have the same settling time. Evidently

S‘2 is less sensitive, at the price of a thirteen times larger maximum

magnitude of the control.

From Fig. 12, it is seen that Pz(t) is much smaller thanﬂz(t), which
suggests that further improvement can be achicved using a higher order
approximation of (rz(t), which means the addition of additional cquations
to (12). Increasing the gains does not solve all problems. During
numerical experimentation it was found that the approximation ofo(t)
by p(t) deteriorates, as gain is increased to reduce the scnsitivity of

the system S, . Although the addition of the cross product term 2Wx e

2
does prescrve the damped nature of the response, and allows us the

basis of 5% settling time, for the comparison of two systems, it certainly
is not above criticism. Extensive amount of computational investigation

has to be done, before the introduction of this cross product term

in the performance index , can be positively claimed as benificial.

L TIET




V.4 Comments and Conclusions.

The results and conclusions of the study of the augmented optimiz

problem for the scnsitivity reduction can be summarized as follows: -

The closed loop sensitivity can be introduced in the formulation of

the problem only approximately. The simulation of the equation for the
approximate closed loop sensitivity introduces dynamics into the usually

static state fecdback controller. This provides theoretical justification

for using dynamic feedback even though all the state components are

used by the controller.

The design of SZ is more complicated than S1 because of addition
of n differential cquations for ¢, containing unknown components of
matrices IEI and RZ » and also due to the addition of more weighting
multipliers in the performance index. In higher order systems therc

might be severe complications, and these should not be under -rated.

In some cases the approximation ¢% ¢ may break down. This
requires the need to check the accuracy of p(t), by solving fora(t).

This includes solving 4n diffcrential cquations.

The addition of the sensitivity terms alters the response xi(t)
of the system Sl' In general, a specificd responsc of Sl' may not

be attainable in S2 with an appreciable sensitivity reduction. It may

be attainable with difficulty, and at the cost of higher control magnitudes.

Although the reduction of sensitivity in S2 enumerated in the

example may not scem as much, one should bear in mind, that

large sensitivity reduction achievable by linear feedback systems
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is associated with tremendous amount of increase in the loop gain
( sometimes hundred folds ), where as in the example the maximum
magnitude of the control was limited. Also this basis for comparison

of sensitivity between two systems was very severe.,

It is by and large true to say, that the practical importance of
the sensitivity.problem suggests further investigation to determine
situations where Szis superior to Sl' Int.'uitivcly, it seems that by
employing ' obscrver's principle ' the system S2 may prove to be
advantageous where the entire state is not available for measurcment.
It may also be feasible, in certain multi-input plants to achieve

parametric invariance, or reducing the terminal sensitivity

The present investigation can hardly be regarded as complete,
and the scope for considerable amount of theoritical and experimental
work exists. Devoloping a systematic approach for the design of the

system SZ( and that of S, as well ) involves systematizing the selction

of the weighting matrice; in the performance index, and this will be

of considerable benifit to the designers. Other areas of investigation
may include the study of the margin of stability of S1 and S2 with
respect to large parameter deviations, and extension of the augmented

problem to the gencral non-linear case.

e
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GRAPHICAL RESULTS FOR THE EXAMPLE

COMPARING THE STANDARD SYSTEM WITH

THE AUGMENTED SYSTEM AND THL ROLE

OF THE WEIGHTING MATRIX.

List of graphs.

Sensitivities of Systems S1 and SZ

Responses of System S1 for several values of 'a’,
Responses of System Szfor several values of 'a’'.
Controls of Systems S1 and SZ.

Root-Locus of the Characteristic Equation for SZ.
Responses of Systems S1 and SZ.

Sensitivities of Systems Sl and SZ.
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CHAPTER VI

ON EQUIVALENT QUADRATIC WEIGHTING MATRIX,

In the carlier chapters, it has been borne out that the optimal system
synthesis virtually becomes a system design, under realistic performance
constraints, because of the role playced by the \veighting matrix in the
performance index, The purpose of this chapter is to present some
important theorétical findings on the equivalent weighting matrix. Most
of the contents have been extracted from several recent publications

in the literature.

VI. 1 Introduction.

Consider a linear time-invariant plant given by
x=Ax+Bu: x(0)=x0 (1)

where x is an n-vector state, and u is a r-vector control to be determined
to minimize the performance index

w r

1.—.1/zg(xrox+uTRu)dt. (2
Q is a symmetric non-negative definite matrix.
It is well known that the optimal control law is given by
u=-Kx: K=R B R (3)
where B, is the steady state solution of‘the Matrix Riccati Equation
1T

P=PA+AP-PBR BTP +0: P(0) = 0 (4)

To ensure the existence of a unique, symmetric and positive definite
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P ,and the stability of the closed loop optimal ststem when A has
characteristic roots with non ncgative real parts, it is assumed as a
sufficient but ot a necessary condition that the olant given by (1) is
completely coutrollable and that even though O may be only non negative,
x Qx # 0 for any solution of x(1) of X = A x, x(0) = 0. This is due to
Kalman.’8 A symmetric non negative Q satisfying this condition and a

positive definite R will be called admissible.

It has been pointed out by several authors that the pair[O,R} that
determines the feedback gain matrix K via the Riccati equation is not
unique. Two pairs, [Q,R] and [Qe.R J, that yield the same matrix K

c

will be considered equivalent. In particular, since the
1/2in{n+1) tr{r+t)]
clements of Q,R determine only rn clements of K which shows that
2
1/2 n(n+1)+1/2 r(r+t)-nr = 1/2[(n-r) +n+r]

clements are rcedundant, it is convenient to reduce the number of elements

in the equivalent O ,R
c e

a minimum of parameters.

1to a minimum, or to paramecterizelQ ,Re]by
e

The study of equivalent {O,Rlhas both theorctical and practical
significance. Kalmansoriginally started the theoretical investigation
in studying the asymptotic properties of lincar optimal systems.

In practice, the minimization of (2) serves as a design tool, for
the determination of satisfactory control law (3). A suitable [Q,R]
is determined purely by trial and error, and the common practice is

to try only diagonal Q,R with as many zero clements as possible.

e e - < AU ST
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A designer has little feel for the role of cross-product terms in the
performance index. A common problem is to know whether a non-
diagonal admissible [Q,R]gives a better control, well suited to meet
the design specifications. It is certainly very convenient to know

that for cvcry non-diagonal adimissible |Q,R? there exists an oqulva]ent

diagonal | Q R? : if there is, a search over only diagonal admissible

{Q,R7 is fully justified.

Unfortunately the knowledge about the problems as posed above
is not clear-cut. In the multi-input case, a diagonal equivalentO,R]J

does not cxist since it is shown thatl© ,R 1 must depend on rn parameters.
e ¢

VI.2 Some theoretical developments,

In this section we shall briefly summarize the theorctical developments
that have appearcd currcently in the literature, and are proving to be
of importance for design purposes. We shall duly refe~ to the
approapriate papers for detailed proof or analysis, as it is hard to

provide a broad coverage of the developments,

The single -input case: diagonal Qe.

T
When u is a scalar, we replace B in (1) by the vector b, u” R u in

(2) by uz, K in (3) by kTand (4) becomes

P =PA+A P-PbL PiQ, P(0) =0 (5)

The solution P is an cquilibrium point of (5), hence must satisfy the

matrix quadratic cquation

0= PA+ATP -PbbTP +Q (6)
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If we denote a solution of (6) with Q replaced by an equivalent Q ,
e

P by Pe’ then we have

0 =P A+ATP -P bbTP +Q (7)
C [] Q c C )

In order to be equivalent to Q, Qe and Pc must satisfy

P_b=Pb=k (8)

L(‘t
P - Po= M (9)

substracting (7) from (6} and using (9), we have
T,
MA+A M+0-0 =0 (10)
Mb =0 (11)

We need to climinate the symmetric matrix M between (10) and (11)
and solve for Qc in terms of Q. Such a Qe clearly satisfies (7) but

it may not be an admissible Q. It is interesting that the admissibility
of Qe is not be needed, as the following result shows. This is due

to Karl Hedric .21

Lemma., Given an admissible Q leading for t —»o0, to the solution
7/
B, of the Riccati equation (5), and given a symmetric matrix Q leading

to a solution P‘,: of the quadratic cquation

0 =PA+A P -Pbb P+Q’ (12)

such that ,
P,b=Pb (13)

/
then P__nis also a solution for t—wof
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P = PA4ATP -PLLIP+0 P(0) = 0

/
Proof:- We need to show that B is a completely stable equilibrium
point of (14). Consider a translation of (5) to the equilibrium point .

IJC‘.
P() =P(t) - P,

which satisfies

P=PAATD -PLb P-B bb P-Pbb BiP, A+ATE-P bb B40
that is
s T s T - .
P=PA+A P -Pob P: P(O)=-E
where
T
A=A -bk : k=B b

k

(14)

(15)

(16)

(17)

By assumption of complete controllability of (A, bl and the admissibility

of Q, the matrix Ak of the closced loop system is asymptotically stable
and cquation (5) for P is completely stable with respect to P =R,

This stability is not affected by translation (15) of the origin of (5) to

18 -
the point B,;, and toP = 0. Consider now a translation of the origin of

(14) to P, . This equation for
= /
(B,) =P -E

is identical to equation (16) for P(1):

'.— = =T — =3 p /
P=Fa + AEP -Bub1P, P(0) = -B,,

and is therefore also completely stable with respect to P = 0. Thus P is

a completely stable equilibrium point of (14).
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. 21 . '
We will now state a few thecorems , which are relevant and may

prove useful for design purposc'of single -input systems.

Consider Oe in (10) to be a diagonal matrix denoted by Q*. The
1/2 n(n - 1) off-diagonal equations of the symmetric matrix equn (10)
arc

n

-q.. =5 a .+
94572 C MG T 2k Mg )

and together with the n equations in (11),they form 1/2 n(n+{) equations
for 1/2 n{n+1) unknown m's, the elements of the symmetric matrix M.
Having M, one can solve for Q*in terms of Q from the diagonal equns
in (10).

- n
= + = s i=1,2,........ .
9y = Yyt 25 My gt 1T L2 n

We can now state the following result: -

Theorem. 1 { Kriendler and Hedric) For a single-input plant given
by (1) and a performance index (2) with R=1,there exists a unique
cquivalent diagonal matrix Q*i'or all admissible matrices O, if and
only if the set of 1/2 n(n+1) equations of (11) and (18) has the rank of
1/2 n(n+1).

The proof is presented in the reference 21.

The condition Theorem {, imposes on A and b has no relation to
such other properties of the plant as complete controllability, and
stability. The condition of the thcorem is met by the important special

casc when (1) is in the phase-variable cannonical form

(18)

(19)
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xi=xi+1, i=1,2,........ ,n-1
. n (20)
= =% a . x +tu
n 1= 1
This is shown in the reference 20.
Theorem 2. (Krivndler and Hedric) In the casec of a vlant given by
(20) and a performance index (2) with R=1, for each admissible matrix
sk sk
Q, there exists a unique equivalent diagonal matrix O ,and O is related
to Q by
- 2 +2 i=1,2 ' 21
RETIR TR PR Yoz,i42” v G um (21)
where the alternating sum is continued, until all the available qQ's are
exhausted.
Theorem 3. (kalman) Two matrices O and Oe are equivalent only if
T, T T.T |
b & (-s) OeQ(S)b =b O (-5)0 B(s) b, (22)

&(s) = [s1 - A) 7!

if the control laws k and ke corresponding to O and O , respectively
are stable ( that is the eigen values of A-ka and A —bkz have negative
real parts), then (22) is also a sufficient condition for equivalence of

Q and Oe.

The proof is given in reference 18.
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VI. 3. The multi-input case.

Given an arbitrary admissible pair [Q,R] in (2) leading to the
control law {3), we wish to find the number of parameters needed

for a parameterization of the equivglent pair LOC,Re] that must

satisfy:
p ataTe -P R IBTp 10 =0 (23)
e c e e e e
-4 T |
R 1B P =K (24)
e [
combining (23) and (24) we have
P A+ATP =K' R K -0 (25)
e e e e

Assuming the rcal parts of the sum of any two eigen values of A is

not zero, (25) can be solved for Pc in the form

P =N(K'R K) - N(Q ) (26)
C e C

T .
where N(K ReK) and N(Q ) are non-singular matrices N, whose
¢
T .
elements are lincar combinations of clements K ReK and Oe respectively.

Substituting (26) into (24) gives
ReK - BTN(KTReK) + BTN(Oe) =0 (27)

The matrix equation (27) represents a set of nr lincar homogencous :
equations in the clements of Re and Qc', assuming that nonc of the clements [
of the matrix on the left side of (27) are identically zero for all K's
in the set {K} corresponding to the sct {Qe,Ré} of all admissible couples
[Qe,Re].

Consider an element of ReK-BTN(KTReK). It is a linear combination
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of elements of Rc and the cocfﬁ;cients are of the form ka+2dkka, where
ko.'kb' and kY are sonme elements of K, and d is some number. For
those coecfficients to be identically zero, the corresponding k's of all

K in K must be confined to a quadratic surface. Thir cannot occurr

if some K has a neighbourhood in alincar sub-space of nr space.
Consider the coupl'c[Q,R=Ithere Q is positivedefinite, and cousider
the corresponding steady state solution of P of (4) and the matrix K
given by (3). For a sufficiently smalle the matrix Q+<6Q remains
positive definite for all §Q bounded by some number. In the limit ¢-0,

8P corresponding to 6Q is given by

T T
GPAK+AK6P--GQ. AK—A-BB P=A-BK

which, since the eigen values of A have all a negative real part,

K
has a unique solution &P for all §Q. Thus, corresponding to a
neighbourhood of O, there is a neighbourhood of P, and hence,
provided B of (1) has maximum rank, also a neighbourhood of K in

nr space. If B has less than maximum rank, the neighbourhood of

K is confined to a linear sub-space.

Thus there are nr equations in (27) and therefore [Qe,Re:\ must
depend on at least nr parameters. For the linear set (27) to have
a non-trivial solution, it must have a nullity ofat least one and thus
more than nr paramctcers may be needed. The solution [Qc,Re] of
(27) is non-unique to a degree equal to the nullity of (27). (since (2)
can always be multiplied by some posi.tivc number without changing
K, [Qe,Re] has always a one- degree non-uniqueness.). The type of
Aparamcterizat‘ion or structure of Qe’Re that requires the smallest

number of parameters or the least degree of non-uniqueness of [Qe,Re]

(28)

ERR—— . ]

——
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is not known.

The theoretical findings as outlined in this chapter are gradually
being accepted as important design aids. Although no numerical work
incorporating these theoretical observations has yet appearcd in the
literature, several authors have expressced their optimism with rcgards

to the optimal control system design,

Other approaches on selection of weighting matrices arc through

the Eigen value aﬁproacllzz, Butterworth function, and Root Locus23
approach. The most common difficulty with these approaches however,
is the increased complexity for hi ghcr order systems. Applications
of these are quite common in the literature in the optimal control system
design, and also in sensitivity reduction techniques. It is fclt that a
better understanding of the role of the weighting matrices in the

erformance index is almost mandatory, before any effective sensitivity

reduction design approach can be proposcd,

e MRS

Pt e e o e e
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