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Abstract

The model of Turing machines has been studied since its birth in 1936. Researchers have
coutinuously proposed variants of such a model. Upon imposing different constraints. the
power of cach model varies or even remains the same. accordingly. Some well-known result
(for example. the equivalence of finite state automata and one-tape lincar-time deterministic
Turing machines) has proven that the abilities of overwriting the tape content and scauning
the tape content more than once cannot gain any advantage under certain restrictions.

In this thesis. we study the behaviors and the fundamental properties of variants of one-
tape Turing machines. such as deterministic. reversible. nondeterministic. probabilistic.
(uantum Turing machines. This gives us a better understanding about the strength and the
weakness of each machine type. For example. under the one-tape linear-time restriction. re-
versible. nondeterministic. co-nondeterministic, and bounded-error probabilistic computations
recognize exactly regular languages whereas probabilistic and quantum Turing maclines can
recoguize even non-regular languages.
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Introduction

0.1 History

To describe the history of theoretical computer science. one cannot avoid nmentioning mathe-
matics. Theoretical computer science have adapted insights. definitions. problems. and tech-
niues from several fields of mathematics such as set theory. graph theory. recursion theory.
munber theory. and so forth.

Theory of Computation

The history began when logicians first started to think about the computation for mathemarical
problems. A well-known question is Hilbert's (1862-1943) tenth problem [34] proposed in
1901. The question asks if there exists a process of finite operations to determine whether
a polynomial has an integral root. To show that such a process does not exist!. we st
first have a clear definition of a process of operations (called an algorithm). The weaning of
“algorithm™ was not defined until 1936.

In 1928 Hilbert addressed another question: is mathematics complete. consistent. and
decidable? Completeness means that every mathematical statement can be proved or disproved.
cousistency wmeans that no valid statement can prove an invalid statement. and decidability
means that. upon given a mathematical problem. there exists a mathematical method to apply
in order to have an ves/no answer at the end. In 1931 Gédel [32] (1906-1978) gave solutions o
the first two sub-questions. In 1936 Turing [v0] (1912-1954) solved the third one by defining a
wachine. known as Turing machine. and showed that some question (for example. the Halting
Problem) is not decidable. His machine gave a precise definition to “algorithm.” Mcanwhile.
Clhurch [13] (1903-1995) solely defined algorithm using A-calculus. Later. both definitions were
proven to be equivalent [13. 41]. Independently. a similar mathematical model. Post wmachine.
was proposed by Emil Post [64] (1897-1954). Thereafter. researchers have expanded these ideas
and introduced variants of Turing machines.

Furthermore. Kleene's (1909-1994) research on the development of recursion theory [43]
with Church. Goédel. Turing. and Post have played an important role in the foundations of
theoretical computer science. His work provides methods of identifying solvable and unsolvable
problems. This lead to the study of computational complexity.

In 1970 Matijasevi¢ [54] showed that such an algorithm does not exist.
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Computational Complexity

Several polynomial-time solvable problems were brought to attention by Cobham [I4] and
Edmonds [24] in the mid 1960's. In addition. Edmonds [25] argued that polyuomial-time
computations were efficient and gave an informal description of nondeterministic polynoial-
time. The class of sets recognized nondeterministically in polynowial time is called NP.

[u the 1970°s Cook [17] and Levin [49] introduced the notion of NP-complete problewms.
This has given researchers advantages of targeting only on these probleins while tryving to solve
all NP problems. Shortly. Karp [39] showed that inany natural combinatorial problems are
indeed NP-complete. Henceforth. many questions hzw e arisen concerning NP. Among all. the
most well-known headache to researchers is the P = NP problem. People have tried to tind
a cure for such a headache: however. no one has yvet succeeded. Until now. many interesting
ideas have been shown. many approaches have been taken. many techniques ave been created.
and theorems have been proven. In 1975 Ladner [48] showed that if P is different from NP.
then there are incomplete sets in NP: and in 1982 Mahaney [33] showed that if there oxist?
sparse complete sets for NP. then P equals NP. Moreover. in 1972 Mever and Stockmever [56]
defined the polvnomml-tune hierarchy. Thereafter. separating this hicrarchy has beconie a new
approach to solve the P = NP problem. An obvious implication is rhat if P = NP. then the
polynomial-time hierarchy collapses.

Quantum Computational Complexity

The history of quantum computers began with the creation of quantwn mechanies. Since the
world is quantum mechanical. we might be able to build a machine that follows the rules of
quantum physics and benefits from the quantum effect. [n the 1980°s scientists started to
transfer such an idea to computer science. Astonishing results have been shown ever since.

Subsequent to Feynman's [28] idea of “quantum computer” in 1932. its massive parallelism
has been attracting much attention. He indicated that the natural simulation of a quantin
physical system on a probabilistic Turing machine requires an exponential slowdown. [n other
words. computing devices using the quantum mechanism might be more powertul than anv
classical device since a quantum mechanical process may not be simulated efficiently by classical
computers.

Quantum information theory requires any quantum computation to be reversible. In clas-
sical theory. such a constraint is not necessary. In 1973 Bennett [6] showed the possibility of
reversing a deterministic computation. The trick is to record all the information during rhe
computation to a “history” tape and retrieve them later by back-tracking. In 1980 Beuiott (5]
described a computing device based on quantum mechanism. He extended the earlier work of
Bennett and showed that a reversible Turing machine is theoretically possible. If we cousider
a reversible Turing machine as a dynamic system. then it can be run forward and backward
during the entire computation. and there is no loss of information.

In 1985 Deutsch {19] described the first quantum Turing machine and then introduced the

“A sparse set is a set that is polvnomial in size.



notion of quantum networks {20] in 1989. How fast can a quantum Turing machine simulate an-
other quantum Turing machine? Deutsch showed the existence of a universal quantun Turing
machine and questioned whether such a machine needs an exponential slowdown to simmulate
another quantum Turing machine. This problem had remained opeu until 1993, when Bern-
stein and Vazirani 8]. and Yao [77] showed that such a simulation required polynomial-time
slowdown. Another open question that concerns researchers is the computability of a ¢uantum
computer in comparison with classical computers. However. some solid evidence has proven
that. in an oracle setting. quantum Turing machines are more powerful than probabilistic Tur-
ing machines. This was first proven by Berthiaume and Brassard [9] and improved by Berustein
and Vazirani [8]. and Simon [67].

0.2 Goals and Purposes of the Thesis

Although. polynomial-time algorithms are cousidered to be efficient iu theory. it is more prac-
tical in reality to restrict resources such as the number of tapes. the number of heads. or oven
swaller time/space bounds. One practical reason is that even a cubic-time computation would
take long in real-life to execute.

Since finite state automata are the simplest mathematical model in the theory of compu-
tation. it is rcasonable to take this model and improve its computability by allowing wmore
resources and equipping it with more computation powers. The tnost direct way mighe be o
add to the automata the abilities of writing and to scanning the tape content more than once.
To go one step further. we allow such a model with the power of nondeterminisim. reversibility.
probabilistic coin-flip. and quantum interference and quantum superposition. This has helped
us indicate the strength and the weakness of each variant of Turing machines. In general.
nuder the one-tape lincar-time restriction. the models with unbiased probabilistic coin-tlip and
quantum effect have more computational power over the others. Moreover. since. in poly-
nomial time. many problems have remained unsolved. studying more restricted and simpler
models would give a better understanding of the fundamental structure and the hehavior of
cacl computing device. In addition. studying variants of Turing machines also gives a ditferent
perspective on solving problems. A well-known example is the model of alternating Turing
wachines® introduced by Chandra. Kozen. and Stockmever [11] in 1981 to characterize the
polynomial-time hierarchy.

In this thesis. we study the behaviors of variants of Turing machines: deterministic. re-
versible. nondeterministic. probabilistic. and quantum Turing machines. We impose the one-
tape constraint as well as the time coustraints. accordingly. For the time constraints. we mainlyv
focus on the O(n) time. o(n logn) time. and O(n log n) time bounds. In general. this thesis is
mainly sectioned into three chapters: deterministic and nondeterministic classes. probabilistic
and counting classes. and quantum computation.

In Chapter 1. we briefly introduce the concept of formal languages and the theory of

3An alternating Turing machine performs in turn nondeterministic computations and co-nondeterministic
computations.
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computation. This thesis includes most results that appeared in [51] along with some additional
coucepts. techniques. and results. Chapter 2 consists of three parts: deterministic computation.
uondeterministic computation. and set-theoretical difference of two languages. In Section 2.1.
we sketch some results. techniques. and ideas.

[t is often hard to find a desired method to separate complexity classes. Compurer sci-
entists have developed tools such as the crossing sequence (see Section 2.1.3). KNolmogorov
complexity (see Section 2.1.4). and communication complexity (see Section 2.2.4). In seneral.
the crossing sequence technique views a computation by observing the ordered sequence of
states on a particular inter-cell boundary (a boundary between two adjacent cells in a tape
of a Turing machine). Kolinogorov complexity measures the amount of information cucap-
sulated within a given string. and communication complexity measures the number of bits
interchanged bhetween two parties. In Section 2.2. we expand several results on determin-
istic computation to nondeterministic and co-nondeterministic computations. We show the
equivalence of the class of regular languages. one-tape o(n log n)-time nondeterministic ¢liss.
and one-tape o(n log n)-time co-nondeterministic class. This further implies that the one-tape
o(log n)-time nondeterministic class is closed under complementation. To show the separa-
tion among deterministic. nondeterministic. and co-noundeterministic conputations. we relax
the time bound from o(n logn) to O(nlogn). Rather interestingly. we show that rhe comple-
mentation property of one-tape O(n log n)-time nondeterministic class fails. Furthermore. we
show that the one-tape O(nlog n)-time deterministic class is strictly included in the oue-tape
O(n log n)-time nondeterministic class and the one-tape O(n log nn)-time co-nondeterministic
class.

The first half of Chapter 3 deals with the bounded-error probabilistic class. and in the
secoud half of this chapter. a counting class is studied. In Section 3.1. we extend the crossing
sequence technique and prove the equivalence of the class of regular languages and the one-
tape o(n log n)-time bounded-error probabilistic class. This implies that. under the one-rape
o(n log n)-time restriction. any bounded-error probabilistic computation is equivalent ro some
nondeterministic computation as well as co-nondeterministic computation. Iu Section 3.2, we
first show the existence of a non-regular language and a non-context-free language in a counting
class that returns the difference between the number of accepting paths and the number of
rejecting paths in a nondeterministic computation. Later in the section. we show its non-closure
property on complementation using the proof technique in [22. 59)].

Would quantum effect benefit our computation with such a restricted condition” In Chap-
ter 4. we show that the class of regular languages is strictly included iu (one-tape lincar-
time) co-nondeterministic quantum class by defining a quantum algorithm that recognizes a
non-regular language under such a restriction. This further implies that. by suhstituting a
quantum Turing machine for a nondeterministic Turing machine. the computability increases.
which gives an affirmative answer to our question earlier. In what follows. we show that. ru-
der the one-tape linear-time restriction. nondeterministic quantum class is not closed nnder
complementation using the same technique in the previous chapter along with the properties
of unitary transformation. In addition. we show that the counting class studied in Chapter 3
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is a subset of one-tape linear-time co-nondeterministic quantum class.

0.3 Author’s Contribution to This Thesis

Here is the list of the author’s contribution to this thesis.
Section 2.2.5: Lemma 2.2.16. Proposition 2.2.17. Theorem 2.2.18. and Theoreimn 2.2.19.
Section 2.3: Lemnma 2.3.2 and Lemma 2.3.3.

Section 3.1.3: the author revises the proof and gives a different method to bound the
probability.

Section 3.2.3: Lemma 3.2.5. Proposition 3.2.6. Proposition 3.2.7. and Proposition 3.2.8.
Section 3.2.4: Theorem 3.2.10. Lemnma 3.2.11. Theorewn 3.2.12. and Theorent 3.2, 13,
Section 4.4 Leminas 4.4.1. Lemma 4.4.4. Corollary 4.4.5. and Lemma 4.4.6.

Section -1.5: Theorem 4.5.1. Lemma 4.3.2. Theorem 4.5.3. and Theorem 4.5.4,

Section 4.6: Theorem -1.6.1.
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Chapter 1

Preliminary

In this chapter. we give an introduction to linear algebra. formal language. and the rheorv of
computation. In Section L.1. we define. in general. some notions and notations in linear algebra.
In Section 1.2. we give an introduce to formal language and the theory of cowpuration. More
precisely. we give formal definitions of regular languages and coutext-free langnages along with
some examples in the first half of this section and some insight about the compurarions of
Turing machines and recursion theory in the reinaining section.

1.1 Linear Algebra

1.1.1 Notations

Let Z. N. Q. R. and C be the sets of all integers. nonnegative integers. rational munbers.
real numbers. and complex numbers. respectively. In particular. N¥ denotes rhe set of all
positive integers. R2? denotes the set of all nonnegative real numbers and C denotes the set
of computable complex numbers.

For convention. we denote w.r.y.z to be strings over alphabet €. The lexicographieal
ordering is the standard order of basis that can be seen as increments of lengths and integers:
F<0<1<00<01<10<11<000<.... A setof strings is called a lunguage or a problem.
For simplicity. we use a binary representation. that is. & = {0.1} unless otherwise specified.
We clenote M and .V to be Turing machines or finite state automata. L to be a language. and
- and B to be sets. The parallel bars | - | represents the length of a string or the cardinality
of a set. Let A be a set. The complement of A is written as 4 where 4 = * — 1. The power
set of A. denote P(A). is the set of all subsets of 4. Assume that A = { a.h}. The power set
of Ais P(A) = {{}.{a}. {b}. {a.b}}. We write a € A if a is a member or an element of A:
otherwise. we write a € 4. Let B be a set. We write B C A if B is a subsct of 4 and possibly
cquals to A. and B C A or B C A if B is a proper subset of A. or B is strictly included in A.

If o € C. we denote a* as its complex conjugate: that is. if @ = @ + bi. then a" = a — hi.
Notice that ounly the image part of complex number number is flipped. From now ou. we
will define everything over the complex field unless otherwise specified. The same propertices
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and definitions apply to the real field without taking conjugation. Let .r.y be two strings.
Then (...) denotes the pair function. which concatenates two strings. and log is base 2 unless
otherwise specified.

1.1.2 Functions and Relations

A tuple is a finite sequence. A k-tuple is a sequence of k elements. A function that takes i
arguments is called k-ary function. A predicate is a function that returns ouly true or false.
A k-ary relation is a predicate whose domain is a set of k-tuples A x--- x A, It/ = 2. we

have a binary relation. An equivalence relation R is a binary relation satisfving the following

-

conditions:

L. R is reflexive if Vo [rR].

[

R is symmetric if Yo,y [rRy <= yRx]. and
3. Ris transitive if V. y. : [t Ry A yR: = rR2].

Definition 1.1.1 (equivalence class) Let A be a set and R be an equivalence relation. For
each element a € A. the equivalence class of a. denoted [a]. is the set of all elewents » € A
such that . is related to a by R. It is equivalently stated as

[a] = {x € A | rRa}.
Myhill and Nerode [36] provided us the following definition to partition sets.

Definition 1.1.2 Let L be a language over alphabet €. the Myhill- Nerode equivalence relation
R; on T* is defined by:

l[:'
rRry &l y. €l [r:el = yzel.
Definition 1.1.3 Let f.g be two functions map N — R+,

L. f(n) = O(y(n)) if for some ¢ > 0. there exists an ng such that for every iuteger n > ny.
f(n) < e-g(n). We say that g(n) is an upper bound for f(n).

[
H

fQn) = o(g(n)) if for some ¢ > 0. there exists an ng such that for every iuteger n > ny.

f(n) < c-g(n). Moreover. lim,, ?E—Z;— = 2.

3. f(n) = Q(g(n)) if for some ¢ > 0. there exists an ng such that for every integer n > ny.
f(n) 2 c-g(n). We say that g(n) is a lower bound for f(n).

4. f(n) = w(g(n)) if for some c > 0. there exists an ng such that for every integer n > ny.

f(n) > c-g(n). Moreover. lim, iﬁ—:; =0.

5. f(n) = O(g(n)) if O(y(n)) = Qg(n)). or equivalently lim, _ K2 = 1.

11



1.1.3 Inner-product

Let 17 be a vector space over C. An inner-product. written (.). over V" is a complex tunction:
1" x V" — C that satisfies the the following conditions:

L. (Positivity) Ve € V [(v.¢) 20A((v.0) =0 < v =0)].
2. (Linearity) Ve.u.z €V {(av + Ju. z) = a(r. 2) + 3(u. 2)]. and
3. (Skew symmetry) Ve.u € V [(v.u) = (u.v)].

Here is one of useful properties of inner-product: (v.au) = (au.r)* =a"(u.r)" =n “(r.ou)
where (u. )" = (v.u). An inner-product space is a vector space V" over C together with an
inner product (...). An infinite dimensional inner-product space H over C is a Hilbert spuce.
and it is a complete matrix space with respect to the matrix generated by inner-product. Lot
V" be any inner-product space and v be any vector in V. We define a linear function. = :

V" — C. such that v*(u) = (v.u). The set of such lincar functions is also an inner-product
space. and it is known as vector dual of V" and denoted V*. The norm of a vector is derermined

as |lef} = V(e e).

1.1.4 Linear Transformation

[n any inner-product space 17, there is a usual vector space basis {r bicr. We define every
vector ¢ € 17 as a finite linear combination of basis vectors. and the basis is orthonormal if
ill = L and (i) =0 forall i # j. We write each vector v € V7 with respect to orthonorinal
hasis as ¢ = erl a.r; where a; = (.. v). Similarly. cach dual vector ¢* € 17 can be writren
as ¢ = ZIE[ Jir] where 3 = (o). An operator is a map that transforms one vector into
another. and it can be expressed as: A : ¢ — u. Each element ¢ € 17 can be visualized as a
column vector of the a;’s. and each element ¢* € 1™ can be visualized as a row veetor of the
3i's. A linear operator U is a square matrix with row and column both indexed by [ thar is
represented by a set of matric elements {(x;. U i) }ijer- A linear operator must satisfv rhe
following conditions:

I. U(e+u)=Cv+Cu. and

2. U(au)=alu

where a is a complex constant. and v and u are vectors. If U is described as | ) . the
= 4

operator {” applied to the vector ¢ (written Ur = u) where v = ar + by and v = a'r + Iy are

a 3 rz a’

ST bh W

the adjoint of U if (LTv.u) = (v.0*uw). If an operator is its own adjoint: that is. (™ = (", it is

in the standard basis {.. y}. can be expressed as

L7 is ealled

called Hermitian or self-adjoint. The linear operator is called unitary if its adjoint exists. and
it satisfies {0 = LU = [ where [ is an identity operator. In addition. a matrix is stochastic
if each of its rows has nonnegative real entries that sum up to 1.

12



Lemma 1.1.4 Let V" be an inner-product space and U be a linear operator on V. Assume
that U* exists. Then U preserves norm if and only if U*U = [.

Proof. Note that for any v € V. ||U¢||* = (Uv.Uv) = (¢.U*Ur). It is clear that if 00 = [,

then |[U¢]|* = (v.v) = |je||*. Thus U preserves norm. For the converse. let M = ["*" — [.
Since U preserves norm. (¢.L™Ur) = [|Uv|]* = ||¢f|*> = (v.v) for any v € V. Therefore. for
every v € V. (v. Me) = (0. (U0 = Ne) = (0. U*Cv) — (v.0) = 0. Thus M = 0. and it follows
that U0 = [. O

An eigenvalue X € C of an operator U is a scalar such that for some nonzero vector r.
U'r = Av. Every vector that satisfies this relation is called an crgenvector of aperator 7
belonging to the eigenvalue A. Moreover. if A is positive. r does not change direction when it
is operated by U0 if A is negative. the direction of v reverses when it is operated by [ and if
A is zero. ¢ is transformed into the zero vector by L.

Let ¢ be a nouzero vector such that () - v = M- v where ) is an cigenvalue of U'(a). Then
the determinant of {U(ar) — N - 1] has the following form:

( Tl ot Tham A oo 0
det|Ur) =A™ = det|| -+ |- - |
\-ln.l “tt Snn 0 - A
/ T A e "l
= (l(‘tl : Tel : !
K Tn.l vt Qo — A

= {(7[.[ - ’\) "'(.ln.n) - ’\I Ralie o [(‘?l.u) M I T )]
~[Ga) - el + -+ [ = N - ()]

The characteristic polynomial can be written as follows:

0 = LN —au A" P—iimqA = Qagp. Or

-\ = Q,,_la\"_l+'-'+O[1\+(k()

where each ay is composed of ~;; with 1 <i.j < n.

1.2 Formal Language

In 1959 Chomski [12] introduced the hierarchy of grammars (see Figure 1.3). known as Chomsky
hierarchy. which comprises four types of languages: regular language. context-free language.
context-sensitive language. and recursive enumerable language. He also showecl that the class
of languages recognized by Turing machines is recursive enumerable.

13



1.2.1 Regular Languages
Finite State Automata

Finite state automata were first studied by Huffman [37] (1925-1999). Mealy [55]. and Moore [33]
in the mid 1950’s. There was no concept of nondeterminism until 1959. when Rabin and
Scott [66] introduced the idea of nondeterministic machines along with their decision proh-
lewr. Later. in 1963 Rabin [65] generalized their finite automata and introduced probabilistic
atttomata.

Intuitively. a deterministic finite state automaton. shown in Fig L.1. is the simplest com-
puting device that consists of a set of states. an input alphabet. a sct of rules for moving. an
initial state. and a set of final states. This device can only read symbols and according to some
rules. change from one state to another while moving the head from one svuibol o the next
one within the input range.

read head

CPU

nput x 0 0 1 0 I I ]

Figure 1.1: The schematic of a finite state automaton.

Definition 1.2.1 (Deterministic Finite State Automata) A deterministic finire state an-
tomaton (or DFA for short) is a 3-tuple (Q.X.46. ¢g. F) where

Q is a finite set of internal states.

T is a finite alphabet with a distinguished blank symbol {u} ¢ T.
o is a transition function: Q x [ — Q.

qo € Q is the initial state. and

F C @ is the set of final states.

Definition 1.2.2 (recognizability) Let L be a language over alphabet € and M bea T urine
machine. \We say that M recognizes L if for every input .. x € L if and only if 1/ aceepts o,
If L is recognized by some Turing machine. L is recursively enumerable (or r.e. for short). In
addition. the complement of L is co-r.e.

Definition 1.2.3 A language L is regular if and only if some DFA recognizes it.
Definition 1.2.4 The class of regular languages is denoted as REG.

Example 1.2.5 The following DFA M = (Q.<.4.¢qq. F) recognizes L = {w | w starts with 0
and had odd length. or starts with 1 and has even length }.

14



L. Q={qo-q1-q2-q3.q4}.
2. T ={0.1}.

3. F={q.q1}. and

L. 0 can be represented as the following transition table

0 1
o | 91 43
n |42 4
@ rqa q
qs | 4
q4 qs qs3

or as the following tinite state diagram.

Figure 1.2: A finite state diagram.

Lemma 1.2.6 REG is closed under complementation.

Proof. Let L be any language over ©. Then L = $* - [ = {rlr € & and » € L}, Assume
that a DFA M = (Q.X.96.qg. F) recognizes L. A new DFA [/ = (Q.E8 gl F') is ddefined
as follows:

L =0
2, ¥ =%,
3. O =08

4. ¢f = qo. and
5. FF=Q-F.

We want to show that M/’ recognizes L. \We need to show that for every . if .+ € L. M’
accepts x; and if M’ accepts x. o € L.



Casel: Since & = §. any computation of M on input r is the computation of M/’ on the same
input. Assume that & € L. Clearly. M does not accept . since . € L. Thus when M/
halts. it is in a state not in F. From the definition of F’. it follows that M/’ acceprs .
Therefore. if x € L. M’ accepts .c.

Case2:  Assume that M/’ accepts . Namely. M’ halts in a final state in F’. This implies rhat M/
does not accept . since FFNF=0. Thuswisin S - L =T,

a

To wmake nse of Definition 1.1.2. Condon [15] provided a nice lemma that builds a bridge
between Myhill-Nerode equivalence relation and regular languages.

Lemma 1.2.7 ([15]) Let L be a language over alphabet . Suppose that there crists an
equivalence relation E on T* such that

L. the number of equivalence clusses of E is finite. and
2. forall v and y. vEy implies tRpy.
Then L ois reqular.

The pumping lemnma for regular languages was first introduced in 1961 by Bar-Hillel. Perles.
and Shamir [4]. It is used to show the non-regularity of a language.

Lemma 1.2.8 (pumping lemma for regular languages [68]) Let L be a language. [f L

ts reqular. there erists o number p (called pumping length) such that for any strang w € L of

=

length at least p. w can be divided into w = ryz satisfying the following conditions:
. forewhi>0.0ry'z€l.
2. |yl > 0. and
3o eyl < p.

The formal proof is given in Appendix A.

1.2.2 Context-Free Language

Definition 1.2.9 (context-free grammar) A context-free grammaris a 4-tuple (V.. R. S)
where

L. V is the set of variables,
2. Y is the set of terminals that is disjoint from V",

3. R is the set of rules. each consists of a variable. a string of variables. and terminals: and

16



1. S is the initial variable.
Example 1.2.10 To show that L = {a™b"c" | m,n > 0} is context-free. we define the
following CFG. Let G = (V.Z. R. S) be a CFG for L where

L. V={X.5T}.

2. ©={a.b.c}. and

3. IR is defined :

u

S —TNX.
T — Ta|e¢. and

X — bXc | e where "|” is used as an “or”.

Definition 1.2.11 A language is called contert-free if there is a context-free sranunar that
generates it.

Definition 1.2.12 CFL is the collection of context-free languages.

Lemma 1.2.13 (pumping lemma for context-free languages [68]) Let L be a lunguage.
If L s context-free. there erists a number p (called pumnpeng length) such that for uny string

w € L of length at least p. w can be divided into w = wvry= satisfying the following conditions:
L. foreuchi>0. utry'z € L.
2. leyl > 0. and

1. Jeary] < p.
The formal proof is given in Appendix A.

1.2.3 Turing Machines

In general. a Turing machine is a computing device that consists of an infinitely bilateral tape.
a read/write head. and a finite state control.

We allow the tape to be hoth readable and writable and possibly divided iuto wmultiple
tracks. The tape consists of infinitely many cells indexed by Z to both cuds. The tape head is
initially at the start cell with index 0. At each step. the tape head is allowed to move along the
tape. one cell away. either left or right to its adjacent cell. from its current location or Stavs
still. In the classical Turing machine model. each cell contains classical bits 0 or I where in
quantum case. each cell contains a quantum bit. The finite control changes from state(s) ro
state(s) according to some rules defined by a transition function.

A segment is a region on the tape that consists of only finitely many non-blank symbols. A
configuration of a Turing machine is the full descriptions of the tape content. the head position.
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and the current state of the finite control. At all times. only a finite number of tape cells may
contain non-blank symbols. For each configuration ¢ of some Turing machine M. we denote
the successor configuration ¢’ as a result from one application of the transition function to tlhe
current state ¢ and the current symbol o. The notation ¢ ~—ar ¢/ means that configuration ¢
precedes configuration ¢/, For convenience. we define the initial coufiguration of M as when
rhe tape head is at its start cell. and the machine is at state qo- An enitial configuration has
an input . that cousists of non-blank symbols for finitely numbered cells. and all other tape
cells are blank. We say that M halts on input r if it eventually enters its final state qr- The
running time of a Turing machine is the minimal number of steps that M/ halts on input ..
For convention. we write M (x) if M accepts . and M(x) if M rejects . Moreover. [ M )]
denotes the number of accepting paths and vice versa.

Let T(n) denote a time-bounding function of a given Turing machine. which maps from N
to N. The running time of M on . is defined in accordance to each variaut of Turing machines
as some function I'(n) with respect to the length of input ». In general. the outpur of M is
a character in € returned by M when halting occurs. If M caleulates a function. irs ourput
is & string in £*. which consists of those tape contents from the leftmost nou-blank svinbol to
the rightmost non-blank symbol or the empty string if the entire tape is blauk. Moreover. a
machine is said to accept or reject the given input if. at the end of computation. it retwrns 1
or 0. respectively: otherwise. the outcome is undetermined.

[n addition. we give the formal definition for each variant of Turing machine at the beginning
of cach related section. However. in this thesis. we deal only with higher level description of
Turing machines. It is not difficult to show the equivalence of the two.

1.2.4 Universal Turing Machines

The idea of universal Turing machines is to construct a machine that reads an encoding of
another machine with its input. then interprets and simulates its behaviors. [magine a Turing
machine as a program and a universal Turing machine as a compiuter. We can surely run any
program of correct format using a computer. A real-life example is to run a Java program on
a Java platform or to compile a Java program using Java interpretor. Let {7 be a universal
Turing machine that takes the encoded description of M concatenated with the ipur o of
M. The input w of the machine U is the binary encoding of the formn (M..r). We write
U((M.x)) = M () to denote the simulation of a universal Turing iachine {7 over the hehaviors
of an arbitrary M on its input .r.



Figure 1.3: The Chomsky hierarchy.
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Chapter 2

Deterministic and Nondeterministic
Classes

2.1 Deterministic Computations

2.1.1 Background

[n 1963 Evey [26] showed the equivalence of nondeterministic and deterministic Turing -
chines without time bound. Since we often want to compare the efficiency ot alzorithins.
imposing time and space bounds becomes essential.

[t is shown that the simulation of some two-tape deterministic Turing wmachine by anv
one-tape deterministic Turing machine requires quadratic slowdown. This implies rhat. in
polynomial time. the number of tapes does not make any difference in terms of computabiliry.
This gives researchers some convenience to use multi-tape machines without effecting che run-
ning time. However. things are ditferent with the one-tape linear-time restriction. An obvious
example is to make a copy of an input string right next to it (if we copy it right helow it
on the secoud track. it takes only real time.). Since. each time. the head can carry a oue-hit
information. and it must repeat for at least n times where n is the length of input. any one-tape
Turing machine requires at least O(n?) time.

How much computation power does a one-tape linear-time deterininistic Turing iachine
possess? Surprisingly. it has the same computation power as finite state automata {33, -L4].
In linear time. the ability of changing the contents of tape cells and the flexibility of using at
most linear-space! do not give any advantage in computation.

2.1.2 Deterministic Turing Machines

Figure 2.1 illustrates the behaviors of one-tape deterministic Turing machines. The tape head
shifts. reads and/or writes according to some transition function. A svmbol ¢ is overwritten

'Note that if we impose a time bound. we. at the same time. impose a space bound. However. the backward
inuplication does not apply.
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by 7 along the computation. At finite state control (or CPU). the current state changes
accordingly.

CPU

resd/write head

nput x o T

tape

Figure 2.1: A schematic for one-tape deterministic Turing machines.

Formally. the definition of a one-tape deterministic Turing machine is given as follows.

Definition 2.1.1 (one-tape deterministic Turing machines) A one-tape deterministic
Turing machine (or IDTM for short) is a T-tuple (Q. .. 0. 40+ Yuce- frej; ) Where

Q is a finite set of internal states.

T is a finite alphabet with a distinguished blank symbol {u} ¢ £

[ is a tape alphabet with Su{u} C T.

o is a transition function: (Q = {qacc-¢re;}) x T — Q x [ x {L.N.R}.
qo € Q is the initial state.

Yace € Q is the accepting state. and

qre; € Q is the rejecting state where gre; # qoce-

Each entry of the transition function is described as 8(¢. o) = (¢q'.7.d) where ¢ is the enrrent
state. ¢’ is the next state. ¢ € [ is the symbol read at the current cell. 7 € [ is the syvbol
written over the same cell. and d € {L. V. R} = {—1.0.1} is the direction of the head move.
Directions L and R represents the head movement to left and right. respectively. and direction
N represents no movement.

Definition 2.1.2 (T(n)-time 1DTM) Let T:N — N. A T(n)-time IDTM (abbreviated
T(n)-1DTM) is a one-tape deterministic Turing machine 1/ such that. for any input .r. the
uumber of steps of M on input . is at most T'(|.c}).

Definition 2.1.3 Let T:N — N. We say that a DTM )M is T(n) tine-bounded if it al-
ways halts in either gue: or ¢r.; at most T(n) steps where n is the size of input. The class
1-DTime(T'(n)) is defined as the set of languages L such that there exists a T(n)-1DTM that
recognizes L.



2.1.3 Crossing Sequence

In 1965 Hennie [33] used the crossing sequence technique to show that. in linear timeo. auy one-
rape deterministic Turing machine is equivalent to some deterministic finite state automaton.
The idea of the crossing sequence argument is that. instead of looking at the whole computation
of a Turing machine. one simply observes the series of ordered states crossed over some inter-
cell houndary (a boundary between two adjacent cells). Upon being given those sequences. we
can retrieve the whole computation. Later. in 1985 Kobayashi [-4] improved the result and
showed that any one-tape o(n log n)-time deterministic Turing machine is also equivalent to
sowe finite state automaton. The deterministic crossing sequence techinique is given as follows.

Definition 2.1.4 (crossing sequence for deterministic computation [33]) Let M/ bhea
T(n)-1DTM. Each pair of adjacent cells on the tape of M is separated by an inter-cell hound-
ary (a boundary between two adjacent cells). In the computation of )/. consider an inrer-coll
houndary h and the sequence of states of M at the steps when the head crosses h. first from
left to right then alternatingly in both directions. This ordered sequence of states is called the
crossing sequence at the inter-cell boundary b in the computation of M.

Definition 2.1.5 Auny inter-cell boundary between the right-boundary and the left-honundary
of r (including both ends) is called a critical-boundary of .r.

X y
vl
vy _D
C iv3
vd!
v5
v6
|
1v7 -

Figure 2.2: An example for the deterministic crossing sequence technique.

The following two properties are keys to the crossing sequence technique. They are based
ou the fact that a machine cannot distinguish two segments of computations if they share the
saue crossing sequence. Hence we can replace or cut a segment of computation.

Lemma 2.1.6 (replace) Let M be a Turing machine. and iy, and Lays be two input
strings. Suppose that by and by are the inter-cell boundaries for r1y, and ray». respectively. [f
by and ba are identical. the strings xyyy. riys. ray;. and £Lays are treated identically. [n other

words. if M accepts xyy, and rays. M accepts ryys and rayy and vice versa (see Figure 2..1).

Proof Sketch. Upon given a sequence of states. say s. at the boundary ¢ ou input .. since
the head always starts at the leftmost symbol of x. every odd-th state in s is a crossing from
left to right at i. and every even-th state is a crossing from right to left. Without loss of
generality. we assume that if the tape head stops on the right of the boundary i. it accepts:
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otherwise. it rejects. This can be done simply by moving the head to the desired side of 7 at
the end of the computation without effecting the total running tine.

Now suppose that we divide the computation of . into two segments. say f; and fp. which
cover ouly non-blank cells. Notice that we. in fact. divide the sequence s such that at the
boundary i. t; contains all the even-th states and tp contains all the odd-the states. The idea
is that. whenever the head moves out of the boundary. we push it back and change it to rhe next
odd-th/even-th state. respectively according to the sequence s. Hence we separate the compu-
tatious on both sides and we can reconstruct them by matching the correspouding sequences.
Therefore. if by and by are identical. xyy;. ryys Tayy. and .oy canuot be distinguished. For
the formal definition. see Definition 3.1.6. .

boundary 1 boumdary +

2)

Figure 2.3: An example of the replace operation.

Lernma 2.1.7 (cut) Let wyz be an input string and by and by be the mter-cell bowndaries
for vy and y=. respectively. [f by and bs are identical. then xyz and @z are treated identically
(see Figure 2.4).

Proof. Let £y, fs.t3,.t; be the tape segments for .. y=. xy. and z. respectively. According
to lemma 2.1.6. ¢;t4 and t3t> must be treated identically. Since £1¢; = r= and tibs = ryz. ays

and .z are treated identically. o
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h 2)

Figure 2.4: An example of the cut operation.

2.1.4 Kolmogorov Complexity

[u 1965 KNolmogorov proposed his idea about measuring the amount of murnal information
in one object about another. It became apparent that some objects are more complex rhan
others. Thercafter. numerous researchers have coutinued developing the idea of Kolmogoroy
cowplexity. Nolinogorov complexity is a complexity measure based ou the existence of nniversal
Turing machines. According to Kolmogorov. a complexity can be measured by the Iengeh of
the shortest program run by a universal Turing machine to produce the desived dara correetly.
[t has heen shown that the corresponding complexities to different choices of nuniversal Turing
machines ouly differ by at most an additive constant.

Information is one of the fundamental concepts in computer science. [utuirively. we want
to measure the amount of information a given string contains. In general. the more the srrine
“looks random™ the more the information it contains. [n other words. we are looking at
the structure (or randomness) of a string. For example. upon given strings + = 00000000
and y = 010010L1. we can say that . is “easier to coustruct”™ than y by observing rheir
patterns. To construct . we can possibly give an instruction: ~write eight zeros™ where in
comparison. specifying the value of each bit might be necessary to construet y. Note that
we can also coustruct o by specifying each bit. Obviously. the length of the description for
constructing a given object depends crucially ou the specitication method. However. we want
the descriptional complexities of . and y to depend only on the strings themselves. Theretore.
we restrict our specification methods to be effective and universal. We then are abloe to colpare
the descriptional complexities of & and y independently and say that y is more complex rhan
. This concept of complexity is known as Kolmogorov complexity.

Resource Unbounded Kolmogorov Complexity

In retrospect. the Kolmogorov complexity of a string is the shortest program that produces ir.
Formally. we describe the Kolmogorov complexity relatively to some Turing machine.
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Definition 2.1.8 Let M be a Turing machine. Then for any . € S*. the Kolmogorov comn-
plexity of .r. denote A'(x). with respect to M is defined as

Ky (x) = min{|p| | M(p) =ux}.

The next proposition says that the Kolmogorov complexity of any string @ is at most the
sum of the length of . itself plus the length of the description of some machine. which is a
constant.

Proposition 2.1.9 There exists a constant ¢ such that for any input r. K(r) < ]+ o

Proof.

Let M/ be a Turing machine that halts right after it starts. Hence M reads the inpur e oaad
outputs .. The description of .« is the encoding of M concatenated with 2 that is. ((M)y.r).
Let ¢ = [{M)]. and the proof is completed.

—
{

We previously wentioned that the complexity measure should purely depend on the input.
Henee we want to show that the choice of universal Turing machines is irrelevant.

Proposition 2.1.10 Let Uy and Uy be two universal Turing machaes. Then there crists o
constant ¢ such that for wny input . K- (x) < K, (0) + ¢ where ¢ depends only on U} and

&

Proof.  Siuce a universal Turing machine can simulate any Turing wachine including avorler
nniversal Turing machine. we can assume that {7 simulates {5 on w where e = ({">.0r). By
letting = [(L7)] + |(L7)]. we cowplete the proof. O

Hence we assunie that the universal Turing machine is fixed without any loss of generaliey.

Incompressibility

Obviously. there exist strings that can be described by some significantly shorter progriins.
These strings are compressible. [ncompressible strings. on the other hand. arc patrern-less.
[ntuitively. a compressible string has a description of length ¢ bits shorter than its length
wliere ¢ is some constant. On the other hand. the length of any incompressible string is its
own length.

Definition 2.1.11 A string r is said to be c-compressible if K(.r) < ] — . If o is nor
c-compressible. it is incompressible.

The next theorem shows the existence of incompressible strings.

Theorem 2.1.12 For each length. there exist incompressible strings.



Proof. Let £ be the set of strings of length n. The number of hinary strings . of length n is
2. The number of descriptions d(x) shorter than n is S27 128 = 20421 4224 Lan—t — on
Since each description describes at most one string, and the number of the descriptions is less
than the number of strings of length n. there exists at least one string of length » that is
incompressible. O

Corollary 2.1.13 For each length n and each constant ¢ € NT. there are at least 2" —

2= L | strings a0 with fr| < n that are incompressible by c.

Proof.  We apply an argument similar to the proof of Theoreni 2.1.12. The uumber of hinary
strings . of length n is 2", The numnber of descriptions d(.) shorter than n — ¢ js 27~+1 — |
Ecquivalently. there are at most 27! — | strings of length n that ave c-compressible (or have
Nolmogorov complexity A'(x) < n —c¢). Hence there exist at least 2" — 2#—c+1 4 | strings that
are incompressible by c. O

The following lemma was stated in [50]. We give a different proof that is easior to nuder-
stand.

Lemnma 2.1.14 Let +2 be the reverse of x. Then the sct of palindromes Lyt ts defined to he
{ryler=y"Ar.ye £}, Let M be any IDTM. Then M recognizes Ly en SUn=) steps.

Proof. [u order to apply Kolmogorov complexity for this proof. we need to use the crossing
sequence technique.  In general. we want to count the nwnber of the “erossings” on cach
boundary since the running time is equal to the summation of the mumber of states listed in
all boundaries crossed.

By Corollary 2.1.13. assume that the given string .r of length » has Kolmogorov complexity
Ky(.r) 2 n. The essential idea is to find the minimum information required to construct a. M
takes an input w of the form £0"y and runs in time T(n). Let S(u. i) be the crossing sequence
at the position 7 of the segment 0". To indicate the inter-cell boundary at the position /. we
write the input in the form »0'0"~*y. We first consider the case where the length of every
crossing sequence at each boundary is greater than the average running time speut ou each
boundary. Assume that |S(n.{)| > @ for all ;. Then we have

T(n)=n- TEI”) <Y IStn. i)

i=1

Since the total number of “crossings™ during the computation is less or equal to the toral
running time. we have

T(n) <) _|S(n.i)] < T(n).
=1



Therefore. we have a contradiction since T'(n) < T(n) is obtained. This implies that there
exists some compressible information at some houndary. We now assuine that there exists
. . T . . ;

i such that [S(n.i)| < T) - wWe first prove the following claini.

n

Claim 1 [fS(n.i)=S(n'.i"). thenn=n" andi =1 foralln.n'.i and i'.

Proof of Claim L. Consider two strings £0'0"~‘y. 200" ="y’ € L, where S(n.i) is

thie crossing sequence at i on the first string. and S(n’'.#) is the crossin sequence at
g 1

on the second string. By Lemma 2.1.6 and assumption that S(n.i) = S(n'.i"). we have
. '_"I Ng . ; ’_'I . . R

r00T Ty L 0M 0"y € Ly, If 2007 Yy € Lpa (the other case is svimmetric). we have

r=uy=y and r =y = R hence n’ = n. Since i + n' — i = n. we have i = /. !

Claim 1 implies that. by using the crossing sequence techinique. we can reconstrucr o by
veritying all binary strings of length n. In other word. we rebuild the string . by checking each
candidate of binary strings of length .r|. Hence we have

n = |rj

IA

Ryr(r) (by assumption)

IA

|S(n.i)| + log i

where logi is the location of /7 in binary representation. Since log 7 < log n. we have

n < |Sn.i)| + logn.
. H . T(n) T(ny | ) Lo ops .
Recall that by assumption. |S(n.i)| < —— we have n < —— +logn. By simplitication.
we have

T(n) 2 n-(n-logn)
2 logn

(loun

n —— is negligible)

n
2
c-n-.

v

0l

The next proposition follows essentially the proof of Lemma 2.1.14.

Proposition 2.1.15 Let M be any IDTM. Then M recognizes pul n Qn?) steps.

Similarly. we prove the following lemma.

Lemma 2.1.16 Let M be any IDTM. Then M recognizes Lput in ©(n?) steps.



Proof. The lower bound is obtained by Lemma 2.1.14. To show the upper bonud. we
coustruct a IDTM M that recognizes Lyw in O(n?) time. This can be done by checking each
pair of corresponding bits on & and y back and forth. Since there are n pairs to check and the
of input is n: thus the running time is quadratic. Therefore. T(n) = Qn>) = O(n?) = O(n?).
O

2.2 Nondeterminism
2.2.1 Background

Since the idea of noudeterminism had been presented [66]. it hecame a field that has inspived
inmnerably any researchers.  Nevertheless. there are hmportaut properties that are still
unkuown. For example. it has been well-known that NP is closed under union awud inrersection:
however. the complementation property has remained open for sowetime. In this section. we
sive a partial solution to this problem. Under the one-tape o(n log n)-tine restriction. we prove
the equivalence of nondeterministic computations and co-nondeterministic compurations: rhatr
is. the complementation property holds. Moreover. they both collapse to REG. Such a
result implies that neither nondeterminism nor co-nondeterminisin gives anv advantage in
computation with such limitation. In what follows. we relax the time bound a little to he
O(nlog n). This relaxation has given both nondeterminism and co-nondeterminisin advaintages
over some deterministic computation.

2.2.2 Nondeterministic Turing Machines

Intuitively. a nondeterministic Turing machine is a deterministic Turing machine that has the
power of making “nondeterministic choice”. The concept of nondeterminisi is to allow a
machine to perform different configurations in the tollowing step. In Figure 2.3. rwo nondeter-
ministic choices are made at each step. and according to each choice. the machine performs a
deterministic computation.

Siwiilar to deterministic Turing machine. we allow our nondeterministic Turing machines
to be equipped with an infinitely bilateral tape. a read/write head and a finite state coutrol.
Formally. a one-tape nondeterministic Turing machine is defined as follows.

Definition 2.2.1 (one-tape nondeterministic Turing machines) A oune-tape noudeter-
ministic Turing machine (or INTM for short) M is a T-tuple (Q.S.T. 6. qv- Fuce- Frv)) where

Q@ is a finite set of internal states.
T is a finite alphabet with a distinguished blank symbol {ut g =.
[ is a tape alphabet with Su {1} C T,

d is a transition function: (Q ~ F, — Frej}) x T — P(Q xT x {L.N. R}.
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Figure 2.5: A schematic for a one-tape nondeterministic Turing machine.

qo is the initial srare.
Foee C Q is a set of accepting states. and
F.., C Q is a set of rejecting states where F,.. N Fr., =0.

If we restrict the number of nondeterministic choice to L. we. in fact. have a deterininistic
Turing machine. This leads to a trivial inclusion that P € NP. Siwilar to deterministic Turing
machines. we define the recognizability for nondeterministic Turing machines. However. sinee
we allow a computation to “branch” (see Figure 2.6). cach path in a computation tree must
be considered.

Definition 2.2.2 (T(n)-time 1INTM) Let T:N — N. A one-tape T(n)-time INTM (ab-
breviated T(n)-INTM) is a one-tape nondeterministic Turing machine M/ such that. for each
input .. the length of every computation path of M oun input . is at most I(|.c})-

Definition 2.2.3 Let T:N — N. We say a T(n)-INTM M recognizes a language L if for
every ..

rel = |M(x)|>0.and
rg L = |M(c)|=0.
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The class 1-NTime(T'(n)) is defined as the set of languages L such that there exists a
T(n)-INTM that recognizes L.

Similarly. we define co-1-NLIN. Figure 2.6 depicts the computation tree for hoth non-
cdeterministic computation and co-nondeterministic coniputation. In (a). an NTM accepes if
there exists an accepting path (the results of the remaining paths do not matter). anc rejects
if all paths lead to the rejecting states where in (b). an NTM accepts if all computation paths
accept. and rejects if there exists a rejecting path (similarly. the results of the otlher paths
o not matter). Moreover. both nondeterministic and co-nondeterministic computations are
defined using nondeterministic Turing machines. It is only the accepting criteria that makes
rhe differences.

dwaepting criteria rejecting crierna

N N
I o Lo )

) A pondeternumstic computation

aceepting cnteria rejecting Criter

Y N
i 0 Mhloor?

th) A co-nondeterministic computabon

Figure 2.6: Compuration trees for a nondeterministic computation and a co-nondeterministic
compitation.

Definition 2.2.4 (crossing sequence for nondeterministic computation [51]) Ler M/
be a T(n)-INTM. Each pair of adjacent cells on the tape of M is separated by an inter-cell
boundary. In a computation path s of M. consider an inter-cell boundary b and the seqrence
of states of M at the steps when the head crosses b. first from left to right then alternatingly in
both directions. This ordered sequence of states is called the crossing sequence at the inter-cell
boundary b in the computation path s of Af.
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2.2.3 1-NTime(o(nlog n))

Michel [57] showed the existence of some non-regular set in 1-NLIN by using a weaker def-

paths to have hound T'(|.r|).

As our main result in [51]. we expand Kobayashi’'s earlier result on one-tape o n log n)-time
deterministic Turing machines and show that any language recognized by sowne o(n log n)-time
ILNTM is vegular.

Definition 2.2.5 (n-fold T(n)-INTM) Let T:N — N. An n-fold T(n)-INTM is a nonde-
terministic Turing machine M such that

L. the whole computation is folded under the segment of input. and

2. for cach input .r. the length of every computation path of M on input o is at wost Tilr}).
[ntuitively. we can simulate a machine’s computation in a zig-zag fashion using only the
space under rhe input segment.

Lermmma 2.2.6 Let T(n) = o(nlogn). Then n-fold T(n)-INTM is cquivalent to reqular T(n)-
INTM.

Proof Sketch. The direction that any n-fold T(n)-INTM is a vegular T(n)-1NTM is trivial.
To show the second direction. let .V he a regular T(n)-INTM. Note that. within T(n) rime.
N cannot not visit more than n(logn — 1) cells of blank tape. Let N be a T(n)-INTM with
ot log n) tracks that simulates V. N’ first writes the input .o on the first track and hehaves
exactly the same until the head of .V moves out of the boundary. say the rightinost hit of .r.
Whenever that happens. .V’ turns around and performs the cotnputation on the next track.
Each time .V’ moves beyond n-th cell. V' simply turns around and simulates tlhe compurarion
on the next track in zig-zag fashion. At the end of simulation. V' “folds™ the computation rhar
is outside of rightmost houndary of . under the range of . Similarly. we construet another
T(n)-INTM N that folds the computation of N’ outside of the other end. Therefore, wo foled
the entire computation of .V underneath of r. a

Using essentially Kobayashi's technique in [44]. we prove the following lemmnia.

Theorem 2.2.7 ([51]) Let M be an n-fold o(nlog n)-INTM. Then there exists ¢ € I such
that for every r. the length of the crossing sequence of every inter-cell boundary i crery

computation path of M on input r is at most c.

Proof.  Our poof extracts the crossing sequence technique used in (44]. Let T(n) be rhe
running time. Recall that

_ .. nlogn
T(n)=o(nlogn) < "lggc T(n) = x.
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Let ¢ be the number of states of M and f(n) be a function defined as

nlogn

fln) = T(n)

(2.1)
for all n > 2. Note that f is strictly increasing by definition. that is. T(n) grows slower thau
nlog n during the computation. Choose the smallest number ¢ € N such that for every n > 2,

log n

3(q T — 1) < (J.— 1 C o fin)
qg-1 - fny) " Tlogn

Assume. in contrary. that there exist a crossing sequence ~ of length longer than ¢ and an

input a with |e| > 2 such that ~ is a crossing sequence at some critical-boundary b of .+ along
soule accepting computation path s of M on xr. Such a crossing sequence is ealled long and
the other crossing sequences are called short.

Let g be lexicographically the first input string that has a long crossing sequence. Let
ny = rol. Let sg be the shortest accepting computation path of 1/ on input .y rhat generares
a long crossing sequence. Note that |sol < T(Jeol) by our assuwmnption. Moreover. lor by be the
leftinost inter-cell boundary in the tape that corresponds to a certain long crossing sequence,
sayv vg. i path sg.

Counsider all critical-boundaries of .rg along path sy that have crossing sequences of lengths
less than log ng/f(ng). Let h be the number of all such critical-boundaries. Since the roral
computation steps in sq is equal to the sum of the lengths of any crossing sequences of every
inter-cell boundary. we have

log nq
T(ng) >c+(ng —h)—=—.
f(no)
The inequality comes from the assumption that the length of ~¢ is longer than . Thus we
have

h 1 ng - f(ng)
3 > 3 ("0 - f(ng) + log ngq

lugng_,.[
([f("()) -1

>
- qg—1
Uogna/flna)]
> > 4
=0

which is equal to the number of all crossing sequences of lengths swmaller than log no/ flng).
Hence there exist at least four distinct critical-boundaries by. 6. hy. by that have an identical
crossing sequence in path so. Thus at least two of them. say b; and hs. are on the same side
of bg. Now we remove the region between b; and b, from the tape. Let g be the input string
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obtained from .rg by this deletion. Clearly. [xg] < o). Moreover. the new path obtained from
so by this deletion is a computation path of M on input g and still has a crossing sequence
whose length is greater than ¢. This contradicts the minimality of .&g. This completes the
proof. a3

Heunie {33] proved that any deterministic computation with crossing seqiences of constant
leugth recognizes only regular languages. We generalize his result ro the nondeterministic case.
Our proof relies on Lemma 1.2.7.

Lemma 2.2.8 ([51]) Let L be a language over alphabet S and M be a INTM that recognezes
L. Assume that there erists a constant ¢ € N such that for every o € L. the length of any
crossing sequence at each inter-cell boundary in each accepling computation path of M on input

s at most ¢. Then L is reqular.

Proof. Let S be the set of sequences of states of M whose engths are at most . For cach
+ € E% and each v € S. we say that & supports v if there exists = € £* such that »- € L.
and ¢ is the crossing sequence at the inter-cell houndary between . and = on some accepting
computation path of 3/ on input wz. For each r € £~. let

Sup(r) = {v € §|.r supports v'}. (2.2)
Note that
Va.y. 2 € &7 [Sup(r) = Sup(y) = Sup(zz) = Sup(y=)}. (2.3
and
Vr.y € 7 [r € L ASup(x) = Sup(y) = y € L]. (2.1)

We now define the equivalence relation £ on £* as follows:
Ve.y [tEy < Sup(r) = Sup(y)].

Since Sup(.r) is a subset of the finite set S for every . € ¥*, the first condition in Letnma
L1.2.7 holds. Furthermore .

rEy <= Sup(r)= Suply)
= V:€ I [Sup(rz) = Sup(yz)] {bv Equation 2.3)
= rz€l = yzel
(by Equation 2.4 and the definition of support)

<~ rRpy.

Therefore. the second condition in Lemma 1.2.7 holds. Hence L is regular. o



Theorem 2.2.9 ([51]) Let T(n) = o(nlogn). Then
REG = 1-NTime(T(n)) = co-1-NTime(T(n)).

Proof. REG C 1-NTime(T(n)) is obvious since 1-DTime(7T(n)) C 1-NTime(T(n)). [t
follows from Lemmas 2.2.7 and 2.2.8 that 1-NTime(T(n)) € REG. Thus we Lhave REG =
1-NTime(T'(n)). The second equality follows from the fact that REG is closed under COnt-
plementation (see Lemma 1.2.6). Therefore. REG = co-REG = c¢o-1-NTime( T(n)). O

This implies that nondeterminisin/co-nondeterminism does not gain any advantage over de-
rerministic compurations under the one-tape o(n log 1 )-time restriction. The following covollary
is an immediate consequence of Theorem 2.2.9.

Corollary 2.2.10 ([51]) Let L be a non-regular language and M be o T(n)-INT that
recognizes Lo Then there exists a constant ¢ > 0 such that for wfinetely many n. Tin) >

o log .

[u other words. the running time for any INTM recognizing a non-regular language is at
least O(n log n).

2.2.4 Communication Complexity

The concept of communication complexity was first introduced by Yao (v6] in 1979, Yao's model
can be generalized as the following scenario. Assume that there are two parties. sav Alice and
Bob. who on given some fixed input information. try to perform some task (that is. ro ealenlare
sowe function) by communicating to cach other. Communication complexity is a measure of
the unmber of communications needed to achieve the goal such that the computational power
tor each party is not considered.

« e, . . (

Definition 2.2.11 ([16]) For a given language L over alphabet <. ‘\[,‘") denotes the r, < 1,
0-1 matrix whose rows and columns are indexed by strings in =" such that overy (. g l-eutry
M "'r. y] satistics:

.\[}_"’[J:.y] =1 &= ryel

where r, =[S} Let b € {0.1}. A b-tiling is a sub-matrix of “[(L") specified by a pair (R. C)
where R.C' € T=". and all entries have value b. The size of a h-tiling is the number of irs
entries: that is. |R| - |C'|. The nondeterministic communication complerity of L at n. denored
N}(n). is the minimal size of a 1-tiling of M (L'”. The sum NP(n) + N}(n) of L at n is simply
denoted Np(n).

Figure 2.7 demonstrates a 1-tiling such that the middle 1 can be included in both squares.



Figure 2.7: A L-tiling

Definition 2.2.12 Let L be any language and M be a 1DTM. We say that )/ recognizes L
if for each input .r. there exists a certificate y such that

rel = M{r.y)) =1.and
r&L = M{r.y))#1

where a certificate is a binary string of length log(7T(n)). More precisely. it is a series of
nondeterministic choices of a “correct™ path. If = € L. the certificate y leads ro an aceepting
state: otherwise. it leads to a non-accepting state.

Lemma 2.2.13 Definition 2.2.3 = Definition 2.2.12.

Proof. By definitions. Definition 2.2.3 includes Definition 2.2.12 since the certificite is onlv
oue of paths in a nondeterininistic computation.

Let L be any language and N be a T(n)-INTM that recognizes L. Let M be a IDTM.
Then for any string .+ and sowe constant c¢. let y be a certificate of length log(T(n)) = low(en)
such that M take (r.y) as input and performs the computation according to y. Note that g is
the certificate from the computation of .V that alwavs leads to the correct answer.

Claim 2 M simulates N according to y in T(n) steps.

Proof of Claim 2. Since y is a correct computation path of .N'. 1/ accepts whenever there
is an accepting path in .\V's computation and rejects if all .V's computation paths rejecr. Note
that the encoding (r.y) has length of ¢ - Jey| = ¢/ - (n + log n) for some constant " aud rhe
expected number of “visits”™ to each inter-cell boundary is some constaut A" therefore. rhe
total running time is &\ - ¢- (n + logn) = K'n for some constant A”. c

By Claim 2. Definition 2.2.12 includes Definition 2.2.3. and this completes the proof. O

The following lemma was stated in [47]. We modify the proof for probabilistic commmni-
cation complexity and prove the following lemma.

Lemma 2.2.14 Let f:{0.1}* x {0.1}" — {0.1} be a function M be a INTM that rans in
teme T(n) on enputs of the form cQ"y of size m = 3n where || = |y|. Assume that L is the
set of such strings. [f M accepts all inputs such that f(x.y) = L. and rejects all inputs such

-
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that f(x.y) = Q. then the nondeterministic communication complezity to compute f. N f).
s O((T(n))/n + logn).

Proof. Let M be a INTM and = be a certificate defined by Definition 2.2.12. Alice and
Bob. on input (. y). simulate A/ on input r0"y using some nondeterministic protocol. Assune
that both Alice and Bob reads the value of =. which represents the location of O-region or the
chaunel. At each round. Alice and Bob communicate through the location specified by the
certificate.  Alice simulates ) whenever the head is on the left of this location. and Bob
simulates M whenever the hiead is on the right of this location. Each tinie the head crosses
this location. only the state of the finite control needs to e sent. Since T(n) he the total
riuning time. the expected number of crossings on each location is T(n)/n. At each location.
NY(n) — log n messages are sent where log n is the length of =. Thus

. T(n)
Nyn) = — 4 log n.
n
Therefore. the expected number of communications is O(T(n)/n +logn). C

2.2.5 c¢o-1-NTime(O(nlogn))

[n this section. we consider the nondeterministic computation and the co-nondeterministic
computation with broader time bound. All the results in this section are shown by the author.

Lemma 2.2.15 L,u € 1-NTime(©O(n?)).

Proof. To obtain rhe lower bound we use Lemma 2.2.14. Let v = .r0"y be an input of size
m = 3n where |.t| = |yl = n. Then we can formulate a 2" x 2" matrix shown as Fig 2.8, Since
NYF) =log2™ = n. by Lemma 2.2.14. we have N(f)= O((T(n))/n +logn) = n. Hence the
running time T(n) = (n — logn) - n = ¢ - n*. Thercfore. the lower bound for the runuing tine
is Q(n?).

~0Jo o 0 0 0 00

0o o afiJo oo
wlo oJov o o v o
o0 o0 oo

0
=lo[Jo o v o oo
mloo o0 oo o
wlo o ofJo o o o
wlo o 00 0 0 ofQ]

Figure 2.8: The 1-tiling for palindrome where || = |y| = 3

The upper bound can be obtained by using the same argument as in Lemma 2.1.16. There-
fore. T(n) = Q(n?) = O(n?) = O(n?). -



The following lemma is the main result in this section.

Lemma 2.2.16 ([51]) L,u € co-1-NTime(&(nlogn)).

Proof Sketch. The proof consists of two essential ideas:

L. If we observe the nondeterministic and co-nondeterministic computations. notice that

the accepting criteria for a nondeterministic computation holds when at least oune of the

computation paths returns L where on the other hand. a co-uondeterministic computation
requires all the computation paths to return 1 (Figure 2.9). Thus if oue of the paths

retiurus 0 for a co-nondeterministic computation tree. the input will be rejecred.

Agcepting criteria for Aceepting criteria tor
nondeternmustic computation co-nondeterminisiic computation
L

Figure 2.9: The accepting criteria for nondererministic and co-nondeterministic coupitarions

Our algorithn takes the fact that if a string is not a palindrome. there exists an index

i such that o, # y,—, where ; and y,_; are the ith svmbol of string » and (n - /)th

symbol of 4.

9

2. Each path consists of a series of nondeterministic choices: each of which has the size

of log n where n is the length of input. Imagine each character in a given string as a
representation of even or odd. Then we can find the position indicated from the given
series. Figure 2.10 demnonstrates the essential idea of the algorithm. Suppose that a
machine is given a binary string 0101: that is. position indexed 3. Whenever it reads a
L (0. respectively). it crosses out all the odd-th (even. respectively) cells. At the step 3.

the machine find the desired position.

Proof.  Since L, € REG. T(n) = Q(nlogn). To show the upper bound. we construct a

INTXI M as follows:

write the input on the tape and place the head at the start cell



Given a random string 0101 (that is. position 5)

stepl
i
' 0 1 2 3 4 5 6 8 9 10 1 12
stepl
=0

¢ 1 2 3 4 5 6 8% 9 [0 11 12
step3

O 1 2 3 4 5 6 8 9 10 11 12

Result: position 3 is located.

Figure 2.10: An exawple on cach deterministic path of a co-nondeterministic computarion

by scanuing once from left to right. check if w is of the form Iy
if w is not of such a form. reject
else

loop

from lefr to right. check the enrrent lengths of & and Yy
if [.r] = L or |y] = L. exit the loop
else
move the head back to the start cell
choose in a co-nondeterministic manner: i =1 ori =0
ifti=1
on .r-region. frowm left to right. overwrite all the odd-th symbols by 7 and stop
at #
place the head on the rightmost cell of y

on y-region. from right to left. overwrite all the odd-th symbols v 7 and stop

at #
place the head back to the start cell
else (if i = 0)

on .-region. from left to right. overwrite all the even-th symbols by 2 and
stop at #



place the head on the rightmost cell of y

ou y-region. from right to left. overwrite all the even-th syinbols hy 9 and
stop at #

place the head back to the start cell

eud loop
check the lengths of » and y
it frf > 1 or ly] > L. reject
check if the symbol left in r-region is the samne as the symbol left in the y-region
it they are the identical. accept

else reject

According to our algorithm. it is easy to see that if the lengths of . and gy are ditferent. M
rejects. Now we cousider the following two cases where || = |y|.

Casel: If r € L. all computation paths of M will accept. This is true stuce, on eaclt compn-
! l

ration path. cach remaining pair of » and y must be the same.

Case2:r If o & L. at least one of computation paths of M will reject. This tollows the fact that
oue of the remaining pair of .- and y must be different.

For the running time analysis. we verify the following steps. Checking the formar of rhe
input string takes linear time. It also takes linear time to check if ol = 1 or lyl = L. At each
iteration of the loops. M overwrites half of the syinbols on eacl of s-region and y-region. This.
in total. takes O(n log n) time since [w| = 2n + 1. Finally. checking the length of o and 4 rakes
linear time. and checking if the remaining bit is identical takes at most linear time. Thus the
total running is O(n log n).

[u conclusion. L,,.; € co-1-NTime(O(n log n)): therefore. T n=nlogn)=0(nlogn) =
O(n log n). -

Similarly. we show the following proposition.

Proposition 2.2.17 Ly € 1-NTime(O(nlog n)). and
m ¢ co-1-NTime(O(n log n))
Since 1-NTime(O(n log n)) # co-1-NTime(O(n log n)). the following theoremn applies.
Theorem 2.2.18 1-NTime(O(nlogn)) is not closed under complementation

By combining the results shown previously. we conclude the following theorem.



Theorem 2.2.19 Let T(n) = O(nlogn). Then

1. 1-DTime(T(n)) C 1-NTime(T(n))

2. 1-DTime(T(n)) € co-1-NTime(T(n))
Proof.

L. By Proposition 2.1.15 and Proposition 2.2.17.

2. By Lemma 2.1.14 and Lemma 2.2.16.

!

2.3 Set-theoretical Difference of Two Languages

The class DP was fivst introduced by Papadimitrion and Yannakakis. The word “D” stands
for ~difference”. which is the set-theoretical difference hetween languages in NP. A comon
wisconception is that one might think DP is equal to NP Nco-NP. [n fact. it is helieved that
DP might uot he contained even in NP Uco-NP. We give a ouc-tape linear-time detinition as
follows.

Definition 2.3.1 Let L be a language. L is in 1-DP Time(o(n log n)) it and ouly it there
exists a language L} € 1-NTime(o(n logn)) and a language L, € co-1-NTime(o(n log )
such that L=L, N L,.

Lemma 2.3.2 REG = 1-DP Time(o(n logn)).

Proof. Let L be any language in 1-DPTime(o( nlogn)). By definition. there must exist
languages L; € 1-NTime(o(nlog n)) and L, € co-1-NTime(o(n log n)) such that L = L, L..
We prove the following lemma.

Lemmma 2.3.3 REG is closed under intersection.
Proof of Lemma 2.3.3. Let L, and L, be languages recognized by some DFA 1/, and .
respectively. We construct a T(n)-1DTM I as follows:

imput w = (r. (M) (L))

simulate /| on &

if M| rejects. reject and halt
else M simulate M, on 2

if M, accepts. accept and halt

40



else reject and halt

By the algorithm. it is clear that Al accepts only when both )/ t and 1y accept. Thus M/
recognizes LyNLy. Note that |(3,)| and |(M,)| are constants: thus the running time T(n) = en
where ¢ is some constant. Since 1-DTime(O(n)) = REG. LinL, e REG. c

Since all languages in 1-NTime(o(nlogn)) and co-1-NTime(o(n log 1)) are regular. by
Lewuna 2.3.3. L is regular. Hence 1-DP Time(o(n log n)) = REG. g
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Chapter 3

Probabilistic and Counting Classes

3.1 Probabilistic Computations

3.1.1 Background

A variant of Turing machines. probabilistic Tuning machine. was introduced by DeLeonw.
Moore. Shannon. and Shapiro in 1956. It is a Turing machine with the ability to “coin-Hip™
betore cach computation step. Surprisingly. this model gives solutions to soue problems that
are believed to be unsolvable using deterministic Turing machines. In 1977 Gill introdnced
cowmplexity class PP (probabilistic polynomial) and showed that PP is closed nnder comple-
mentation. Ever since the power of probabilistic computation were discovered. researchers have
tried to discover more of its properties. In 1995 Beigel. Reingold. and Spielinan showed the
closure properties of PP under union. By DeMorgan's Law. since PP is closed under nnion
aud complementation. it is also closed under intersection.

3.1.2 Probabilistic Turing Machines

The formal definition of a one-tape probabilistic Turing machine is given as follows.

Definition 3.1.1 (one-tape probabilistic Turing machines) A one-tape probabilistic Tur-
ing wachine (or IPTM for short) M is a T-tuple (Q-X.T.8.qq. Fuce. Fre)) where

Q) is a fuite set of internal states.

¥ is a finite alphabet with a distinguished blank symbol {U} & <.
[ is a tape alphabet with Su {u} CT.

§ is a transition function: (Q — F,ec — Fiej) x € — RExQx{L.N.R}
qo is the initial state.

F.cc CQ is a set of accepting states. and



F..; C Q is a set of rejecting states where Frej # Fyec.

We define one-tape T'(n)-time probabilistic Turing machines as follows.

Definition 3.1.2 (T(n)-time 1PTM) Let T:N — N. A T(n)-titne IPTM (abbroviated
T(n)-1PTM) is a one-tape probabilistic Turing machine such that. for cach iuputr .r. there are
exactly two probabilistic choices at each step in a non-final configuration. and the length of
every computation path of M on input v is at most T(].x]).

[ Definition 3.1.2. we do not require that for every ». all of computations of a T(n)-1DPTN
ou input r halt after the same number of steps. In Figure 3.1. the probability on each node
is the product of probabilitics on proceeding edges where each edge represeuts a probabilistic
choice with probability a half.

oo Sum= |l

Figure 3.1: A probabilistic computation tree.

Definition 3.1.3 (accepting probability) Let T:N — N and M be a T(n)-1PTM. We
write M (.r) for the set of all accepting computation paths of M on input .. Here the length
of a computation patl is the number of applications to the transition function along the path.
The accepting probability of M on input & is denoted by PM () and is detined as

¥
Pz (é) _ (3.1)

s= M {r)

3.1.3 Bounded-Error Probabilistic Computations

The class BPP was first introduced by Gill and Las been attracting much atrenrion. If we
counsider making a probabilistic computation as Hipping a fair coin. bounded-error probabilistic
computation is as flipping a biased coin (Figure 3.2). A rather interesting result. BPP C PP.
inplies that a biased-coin flip does not give a machine extra computation power over a tair-coin
flip. Interestingly. the equivalence of BPP and NP remains open.

Definition 3.1.4 (bounded-error probability) Let L be a langnage. We say that M rec-
ognizes L with bounded error probability if there exists an = > 0 such that

rel = PMu) /’-i-_.dnd
rg€L = PMuy<i1/2--
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accepting criteria rejecting criteria

. S A /
N N

PY X1> 2+ PY Xy < 12- ¢

Figure 3.2: A schematic for bounded-error probabilistic computation tree.

Definition 3.1.5 Let T:N — N. The class 1-BPTime(T(n)) is defined as the set of lau-
guages L such that there exists a T(n)-1PTM that recognizes L with bouuded-error probabiliry.

[ this section. we prove 1-BPTime(o(nlogn)) = REG using a crossing sequence arsi-
went. This further implies the equivalence of 1-NTime(o(n log n)). co-1-NTime(o(n log n)).
aud 1-BPTime(o(n log n)).

Recall the proof for Lemma 2.1.6. we can separate a computation at the given bonndary.
We formally define the left-end and right-end configurations as follows.

Definition 3.1.6 Let T:N — N and M = (Q.X.[.é.qo. Fuce. Frry) be oo Tin)-1PTM. A
right-eud configuration of M is a 3-tuple: the contents of the segment on the tape that has
a right-end and infinite cells to the left. the location of the tape head and the stare q € Q) of
the tinite control of M. Similarly. a left-end configuration of M is a 3-tuple: the coutents of
the segment on the tape that has a left-end and infinite cells to the right. the location of the
tape head aud the state ¢ € Q of the finite control of M. Let + = rraep € £° he an input
and ¢ = vyey... e € Q7 be a crossing sequence where v; € Q. We sayv that a finite sequence
of right-end coufigurations Cy.Cy.....C, of M is consistent with ~ from the left on o fon
seguent f). if the following conditions hold:

L. Initially. )M starts with configuration Cy where the tape content is .y (the initial coutent
of f1) ending at the rightmost cell and is filled with » elsewhere. the tape head is in rhe
lefrmost cell of £/, and the current state is ¢q.
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~
”
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=
-
=
=
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o,
1)
=
T
—t—
P
X

....... [m/21} — {0.1.....n} that satisfies the
tfollowing conditions:

(i) For each k. the tape content is C'f (). the tape head is in the rightmost cell of the
tape. and the state is vr. For each k. there exists a probabilistic choice from Criky
by which the tape head leaves the right-end of ¢; to the right. the tape content
changes from Crry 10 Crry4y (in the case where f(k) + 1 < n). and the state of M
changes into vyx—;. Similar to the proof of Lemma 2.1.6. the head is pushed back.
For each &. if f(k) + 1 < n. then 2k is less or equal to m. the tape head is in the
rightmost cell of t,. the tape content stays Criry+1- and the state of Crpypy is .
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(if) For each i, if i # f(k) for every k and i < n. then Ciyy is obtained by applving the
transition function é to C; in an obvious way.

3. If m is even. the state of C), is in Fl..

This definition of “consistency from the left” works in the case where » = e. Recall the
prootof Lemma2.1.6. we define our machine to enter the accepting state if and only if rhe head
stops at the right of any given inter-cell boundary. I[n that case. we create one extra crossing
tor cach inter-cell boundary when an empty string € is in the set: otherwise. the head stavs
on the left of some inter-cell boundary. Since 0 is cousidered to he even and I to be add. the
definition given above holds.

We say a tinite sequence of left-end configuratious Cy. C... .. C, of M is consistent witl »
from the right on .- (on segment tp) if the following conditions hold:

L. Initially. M starts with configuration C where the tape content is .rp (the initial content
of tp) beginning from the lefemost cell and is filled with » elsewlore. the tape head is in
the leftmost cell of segment tp. and the current state is ry.

2. There exists an increasing function f: {1.2..... [(m=1)/21} — {0, 1..... n} thar satisties
the following conditions:

(i) For cach k. the tape content is Crky- the tape head is in the lefomost cell of the
tape. and the state is vy For cach k. there exists a probabilistic ¢hoice from Crr,
by which the tape head leaves the left-end of £p to the left. the tape content chauges
trom Cygy to Cppyey (in the case where f(k) + 1 < n).and the state of M changes
into ¢a. Similar to the proof of Lemma 2.1.6. the head is pushed back. For cach k.
if fOl)+ 1 <un.then 2k + 1 is less or equal to . the tape head is in the rightimost
cell of t. the tape content stays Criy+1- and the state of Crikret Is gy,

(i) For cach i, if ¢ # f(k) for everv k and i < n. then Ci+1 is obtained by applying rhe
transition function & to C; in an obvious way.

3. If mn is odd. the state of C,, is in F,..

The definition of “cousistency from the right™ also holds for the case where + = «. The
whole schematic for the right-end and left-end configuration is shown in Figure 3.3.

Next. we write C.V'S '[‘f (r:v) for the set of finite sequences of right-cnd configurations of A/
that arc consistent with ¢ from the left on r and C.\"S}‘—{(U:.L') for the set of Huite sequences
of left-end configurations of A that are consistent with ¢ from the right on . Finallv. we
define accepting probability of left-end configuration W, (.2 ¢) and the accepting probability
of right-end configuration Wr* (¢:2) by

1\ Isi
WM (x:v) = Z (-;) .and
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Figure 3.3: A schematic for right-end/left-end coufigurations
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where [5] is the number of applications of the transition function & along s. In other words.
|s| + 1 is the number of right-end (left-end. respectively) configurations in .

Remark 3.1.7 Let M he a T(n)-1PTM. Then for each » € £ and each v € Q.
0 < WeMrio) WeM(eir) < L. (3.2)

Theorem 3.1.8 ([51]) Let L be a lunguage over & and M be a T(n)-1PTM. Suppose that
M recognizes L with bouwnded-error probability. If there exists ¢ € N such that for every - € L.
the length of crossing sequence of every inter-cell boundary in every computation path of M on
enput o ois ab most . L is regular.

Proof. Let S be the set of sequences of states of M whose lengths are at most . Since M
recognizes L with bounded-error probability. there exists an = > 0 such that

rel = PMu)> 1/2+ = and
r¢ L = PMur)<1/2--.
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There are several ways to bound W, (x; v). The author takes the first squadron of the
unit circle and divides it into n segments to obtain a new bound that is different frows [51].

Remark 3.1.9 For any a € [0. 1/2]. 0 < sin(arw) < 1. and the interval between is increasing
(see Figure 3.4).

toln

Figure 3.4: Unit circle.

We chioose n € N* such that |S]-sin ,L ) < 2z and bound WY (i e) as follows. For each

L e X vach /i with 1 <7< n.and each v € S. we say that o supports (/. ) if

! !
sin(——w) < Wy U(l'(') < sin(—m). (:3.3)
2n 2n
For cach r € £, let
Sup(r) = {(i.e)|1<i<n A r€S A .rsupports (/. )} (3.4)
We define an equivalence relation £ on ©* by
-lef
rEy == Sup(r) = Sup(y).
Since Sup(r) is a subset of the finite set {1..... n} xS forevery o € T*. the first coudition
iu Lenuna 1.2.7 holds for E.
Note that for every r.z € ©*,
U( rz) = Z VVL;'”(.L': u)l/V—R"[(c': z). (3.3)

veES

Remark 3.1.10 Since we divide [0.1/2] into n segments. every segment will he equal in size.

and the last segment will be equal to or less than the average size of segment.

Suppose that rEy. By Remark 3.1.10. if i = 1. 0 < Wet(eie) < sin(il,—,x). Thus. for

every r € S.
et (e e) = WeH (g v)| < sing;

Hence. for each - € ©*.



1P rs) = BM (o)l < DT WM (ese) = WeM (g o) WM (e: 5)

nES

< Dot ey =Wty e)|
veS

< IS'[-sin(—l-ﬁ)

- 2n

< 2=

[t follows that 'z € L if and only if yz € L: therefore. »rRy is properly defined. Thus the
second condition in Lemma 1.2.7 holds for E. Hence L is regular. O

Using Theorem 3.1.8. we prove the following theorem.

Theorem 3.1.11 ([51]) Let T:N — N. Suppose that n + 1L < T(n) and T(n) = o(n log n.
Then

REG = 1-BPTime(T(n)).

Proof. REG = 1-DLIN C 1-BPTime(T(n)) is trivial. It follows fromn Lemuma 2.2.7 and
Theorem 3.1.8 that 1-BPTime(T(n)) € REG. Thus the result is obtained. |

We have the following from Theorem 3.1.11.

Corollary 3.1.12 ([51]) Let T:N — N and M be « T(n)-1PTM. Suppose that L is « non-
reqular language and M recognizes L with bounded-error probability. Then there erists ¢ > ()
such. that. for infinitely many n. T(n) > cnlogn.

The following Theorem follows immediately from Theorem 3.1.11.

Theorem 3.1.13 ([51]) REG = 1-BPLIN.

3.2 Counting

3.2.1 Background

The counting class C=P was first introduced by Wagner [72]. This class can be defined nsing
counting machines or gap functions. The main characteristic is that. instead of checking the
existence of an accepting path among a nondeterministic computation. a machine or a function
checks if the number of accepting paths is equal to the number of rejecting paths. Similar ro
NP. the complementation property for this class remains open.
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3.2.2 Models and Definitions
Generalized 1-C_LIN

First we define the class 1-C=LIN using counting machines. Intuitively. a counting machine
is 2 nondeterministic Turing machine that does a extra step at the end of computation: that
is. it returns the difference between the accepting paths and the rejecting paths. We use it to
define the generalized 1-C_LIN. Figure 3.5 shows the computation tree of 1-C_LIN.

Definition 3.2.1 (one-tape T'(n)-time CM) Let T:N — N. A one-tape T(n)-time count-
ing machine (abbreviated T(n)-1CM) is a INTM M such that for cach input .. M counrs
and returns | ()| — [M(.xr)| at the end of computation. and every computation path of 1/ on
input . is at most T(|r]).

Definition 3.2.2 Let L be a language and let T:N — N, e say that a T(n)-1CNL M
recoguizes L if for every ..

IN() = |.T"(.r)| = .o € L. and
V() # |V = ré&L.

The class 1-C_Time(T(n)) is defined as the set of languages L such that there exists a
T'(n)-1C)N that recognizes L. Then the class 1-C_LIN is defined by

1-C-LIN = 1-C_Time(O(n)). (3.6)

Therefore. 1-C-LIN is the set of languages recognized by one-tape lincar-tite conuting
machines.

CzLIN computanon

L1 1l 1100000000

Figure 3.5: Computation tree for 1-C_LIN

Synchronized 1-C_LIN

Similar to counting machines. a gap function also counts the difference between the the niumber
of accepting paths and the number of rejecting paths of a nondeterministic computation.
However. the definition of 1-C-LIN given using such a function is synchronized. which means
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that a computation tree forms a complete binary tree. It is still an open question whether the
syuchronized 1-C-LIN is equal to the generalized 1-C_LIN.

Definition 3.2.3 (1-GapLIN) Given any L € £* over alphabet £. Lot L:={yeZ|
(r-y) € L}. A function f: {0.1}* — Z is in 1-GapLIN if there is a language L in 1-DLIN
and a coustant ¢ such that

IEerA L — ]S — L

2

flx)

where n is the length of r. Moreover. since we previously prove that 1-DLIN = REG. the
language L is regular.

Definition 3.2.4 A language L is said to be in the class 1-C_LIN if there is a 1-GapLIN
fauction f such that for any . & € L if and only if f(r) = 0. The class co-1-C=LIN is the
set of all languages not in 1-C_LIN

3.2.3 A Non-Regular Language in 1-C_LIN

The following lenuma shows that 1-C_LIN recognizes a non-regular set.

Lemnma 3.2.5 Let L,,,, ={a"" | n = m}. L., € 1-C-LIN.

Proof Sketch.  The power of 1-C_LIN contains hoth noundeterminisin ancd conuting., At
first glance. it may not be convineing that this class contains more than regular languages sinee
1I-NLIN = co-1-NLIN = REG. In retrospect. a counting machine for this class returns the
ditference between the number of accepting paths and the number of rejecting paths. [f we
visualize all ¢’s to be accepting paths and all b's to he rejecting paths. the machine is. in faer.
counting the difference between a’s and b's. If the difference calenlared is zero. the munber of
a’s and the number of O’s are the same. a

Proof.  \We define a LCM M as follows. The tape of M is formated into two tracks whore
the first track is used to store the input string. and the second track is initially empty. M/ is
coustructed as follows:

write the input o on the first track and move the head back to the start cell

deterministically check if .« is of the form «™6™ for some n >0and m >0

if .r is not of the required form. reject

clse move the head back to the start cell

by scanning the tape once from left to right. perform the following tasks:
nondeterministically choose 0 or 1 for each « and b

record all the nondeterministic choices under the corresponding symbols reacd
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(all the nondeterministic choices for a’s and b’s are called a-choices and h-choices.
respectively).

a scan is said to be a success for «’s if

all a-choices are 1's. and at least one of b-choices is 0
a scan is said to be a success for I’s if

all h-choices are 1's. and at least one of a-choices is 0
finally. make an extra nondeterministic cloice
accept if and only if

L. a success ftor a’s occurs. or

2. neither a success for a's nor a success tor b's ocenrs. and the Last nondetrermin-
istic choice is a L.
Let #tot( M) = {M ()| + | M ()] be the total number of computation paths of M that

reaches the final configuration (that is. accept or reject). Lot #Fsue(a) bhe the mnber of

suceesses for s and #sue(h) be the number of suceesses for b's. Then

#suc(la) = —l— - FEtot(M.r) - (1 - —)

mn

— I~ gntmtl  H—m (.)m -1

= 2mrl o
Shwilarly. we have
L A L
#Fsuc(h) = 5o Flot(M.)- (1 - 50)

- 2—m . zn-é-m-é-l . .-)—n . (.2': _ [)

2Il+[ —_9

Each success for «s and b’s counsists of two parts: that is. all their own noudeteruiuistic
choices must be L's. and at least one of their “opponent’s™ choices must be 0. The rotal
nutuber of paths for each success depend on how likely their enemy makes a mistake (that is.
return a 0). Thus the numbers of #suc(a) and #suc(h) depend ou the numbers of s aud «'s.
respectively.

Moreover. the first accepting condition also holds for the occurrence of a success for b's.
The second coudition tells our machine to split equally the remaining (beside the successes for
a’s and the successes for b’s) paths into two portions. The result is demoustrated as Figure
3.6.

Note that #suc(a) — #suc(b) = 2m+L — 27+ We have the total nunmber of accepting peatlhs:



#yucta) %#tnu.\u):-l-muu.\l.x; Bsucth)

Figure 3.6: Computation tree at the end of the algorithm.

Mol = ghsucta) + (#’Ot(“’[- x) = F#Esuca) — #suc(h)) - -;
= Fouca) + 5 fHtot(M.r) — é - FFsuc(a) — é Fsue(h)
= 1. grot(M.) +-- (#sucta) = #Esuc(b)). -

By Equation 3.7. the accepting conditions require 3 to take #suc(a) and compare with
#Fsuc(h). The the number of accepting paths is initially equal to the number of rejecting paths.
Then the gap varies according to the number of «'s and the number of bs.

Casel: Ifn =m.

|M(2)] = = - #tot(M. ).
Case2: If n > m.
M) = 5 #toH(M.x) + 3 - (#Esucta) = Fsuc(h)
= _—i-»#tof(.l[..c) é (2m+l —an+ly
< %-#tot(;\r[..zf).
Caseld: If n < m.
AL = 5 #tot(M.2) + 1 - (Hsucla) — #suc(b)
= é»#tot(‘\/[..r) é (2m+t g+ ly
> é—-#tot(:l[,.1>).

]}
no



[t is clear that checking the correctness of the input format takes linear time as well as
making and checking the nondeterministic choices. Therefore. L., € 1-C-LIN.
a

The following proposition is obtained by showing L., ¢ REG is in CFL.
Proposition 3.2.6 There erists « CFL in 1-C_LIN.

Proof. Lemma A.0.4 shows the non-regularity of L.y. To show that L., is context-free. we
define G = (V. E.R. S) as follows.

L. 1" ={S}.

(M
H

= {a.b}. and

3. Ris defined : S — aSh|e.

The rest of the proof follows by Lemma 3.2.5. G

By the proof of Lemina 3.2.5. we obtain the following propositiou.
3 P gD

Proposition 3.2.7 Let Lyeqg={a |n#EmAn.m> 0}. L,., € co-1-C_LIN.

By wodifving the language and the proof of Lemma 3.2.5. the following proposition is
obtained.

Proposition 3.2.8 There exists a non-contect-free language in 1-C_LIN.

Proof. Let L.y, = {a*t™c" | k = n = m}. We want to show thar L., is not context-free,
and L,,, € 1-C-LIN.

Lemma A.0.5 shows that L., is not context-free. To show that L.,, € 1-C.LIN. we
situply perforin the algorithm in Lemma 3.2.5 twice. 3

3.2.4 Closure Property of 1-C_LIN

A probabilistic finite state automaton (or PFA for short) .V is a five tuple N = (Q. Z. 73y { M(r) |
r € T} F) where

Q is the set of states.

T is the set of alphabet.

7o 18 a row vector that represents the initial distribution.
M () is a matrix of order |Q| = k for each . and

F C Q is the set of final states.



For each entry «;;(xr)ij>0. we assign a probability such that cach row sums up to 1 (to
form a stochastic matrix) where each «i; represents the probability from state s, to state s ;-

Let I be the 2 x 2 identity matrix and I°* be the k dimensional identity matrix. For
each input string u € T~ where u = xg---1,. we define M(u) = [ if lu] = 0: otherwise.
M(u) = M(axg)--- M(ry). Since each M(r;) is stochastic. M (u) is also stochastic.

The following is a modification of the Definition 3.2.3. Instead of mapping to an integer.
the function maps to a real range [0. 1].

Definition 3.2.9 A fuuction f : {0.1}* — [0.1] is defined as f(u) = 7o M ()t where pf
is a column vector whose i-th component is either 1 if s; € F: otherwise. it is 0. Let .\ be a

PFA. The language L(V) = {u € ©*| fy(u) = 7} is in 1-C=LIN if r = %
Since fx calculates an acceptance probability then fy calculates w where n is the
fren]

length of .r.

We obtain the next theorem by following the proof of Theorem | in [22].

Theorem 3.2.10 Assume that L € 1-C_LIN. Then there exists an n € N such that for any
roy. e,

yroyrz.---.ya" s e [ = V¥m >0 [yr"z € L]

Proof. Let L € 1-C-LIN. Then there exists a PFA N such that L = {v e | fyluy =1L},

Let Q be the set of state for N of cardinality n. Then the linear transformation Mir) is an
n X n stochastic matrix.

The characteristic polynomial can be written as follows:

0 = L- AN —a A" P —ii2ad=ag. or

L-A" = iyt /) n—=l1 +’"'+Q[1\+0’0.

Nasu and Honda [59] remarked that the characteristic polynomial of a stochastic wmatrix
has the following form

Gpop+---+ap4+ag =1.

Recall thart
n

prmm———
M(r)-v=\N-vand M")=M(r)--- M(r).

We replace each eigenvalue A by M(2!). Thus for any string @& € ©*.

MUY = M@ 4o+ o M) + ag.



and for any i > 0.

M"Yy = M(xr™M)A(2F)
Cn M"Y M () + -+ a M ()M (&) + ag M (o)
= o M"Y oo o MY + ag M ().

Similarly. for any 5. - € ©*.

Mgae"t'z) = My)M (" F)M(z)
= MyNap, M"F =)W (2) +-- +
."[(.'/)(Ck[.‘"[(.L‘i+l)).‘\[(:) + M(y)(agM (e ) M(2)
= aan Mye"M )  a) M (gt + ag M (gt s).
Thus

I ) = an i (e T ) by (e + ao (g s). (3.8)

Assue that yzogrz--- yr*~lz € L. Let 0 < k < n — L. we have

n—1

fvyz) = fulya""ts)y = p. (3.9)

By Equation 3.8. we have. for any n — L < k < m.
Fxlyez) = auoifx(ua™'s) + -+ o fvlpes) + anfyiys)
= (ap_t+---+a;y+ag)p

= p (since oy + -+ +ap +ag = 1)

Felpe"™'2) = anoi (gl s g fr (et + g falya )
(Qp—y +---+ a1 + ag)p
= p (since apy +---+a; +ag = 1).
Therefore. by letting p = % we have fy(ya™z:) = -f; for any m > 0. o

Lemma 3.2.11 Lney € 1-C-LIN.

Proof. The proof starts by assuming. in contrary. that Lyeqis in 1-C-LIN. Let i =k +1

for any £ € N. We set £ = «. y =a. and = = b™. Then by definition. we have yz = al™. yr= =
ahm. ... ._l/.r""l: = amlpm ¢ L,.,. By Theorem 3.2.10. we obtain _l/.L‘kI)'“ = a™b™ € L,
heuce we have a contradiction. Therefore. L,eq € 1-C_LIN. a

The following theorem is an immediate result from Lemma 3.2.11.

(]}
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Theorem 3.2.12 There exists a contezt-free langnage not belonging to co-1-C_LIN.

As our main theorem in this section. we have

Theorem 3.2.13 cequalin is not closed under complementation.

Proof. Since Proposition 3.2.7 shows that Lyeq € c0-1-C-LIN. and by Lemma 3.2.11.
Ly.q € 1-C-LIN: therefore. the proof is completed. ]



Chapter 4

Quantum Computation

4.1 Quantum Mechanics

4.1.1 Notations

To distinguish quantum state from classical state. we use Dirac’s notation. In Dirac's notation.
sowe symbols are placed inside the ~ket™ notation | ) and the “bra™ notation ( | to idenrify
an clement in an inner-product space ¥ and in V7", respectively. For a vector [¢) and a dual
vector (of. the result of applying |¢+) to (0] is denoted as (o). and it is called “bracket™. Note
that (¢’]o) is a real scalar. and o) (0| is a matrix.

Let M De a unitary matrix whose rows and columns are indexed by configurations and
|o) be a probability distribution at each time step. Then the product M|o) represents the
distribution of next step. The unitary matrix M is referred as the time evolution operator. the
distribution at cach step is called the linear superposition of configuration. and the coetficient
of each configuration is the probability known as the amplitude.

A state in quantum mechanics describes a physical system in some way. A\ ray is an
cquivalence class of vectors ditfered by the multiplication of a nonzero complex scalar: {ar.a €
C}. A normalized vector is a vector with the norm 1: that is. -]l = L. A quantum state is a
rayv in Hilbert space.

4.1.2 Qubits

[n contrast to classical bits 0 and 1. a quantum bit (or qubit for short) can be visualized as a
small vector protruding from the center of a Bloch sphere (see Figure 4.1).

Mathematically. let H,, denote the Hilbert space of dimension n for cach natural number .
A qubit is an element of Ha2 that has the unit norm. By choosing the standard basis {]0). [1)}.
a qubit |o) is written as ag|0) + a;|1) where ag.a; € C satisfying |ay|® + |a|* = L. Let B,
be the standard basis of H,,. A quantum string is a vector of H, with unit length. that is.
> se{o.1}n @sls) where a, € C with 2 seqo.1pn las|? = 1. Note that a qubit is a quantum string
of length 1.



Figure 4.1: A qubit representation in Bloch sphere.

Example 4.1.1
L. The standard basis of a one-qubit system : {]0).|1)}.
2. The standard basis of a two-qubit system : {]00).{01).]10).]11) }.
Some exatples of qubit system are expressed as wmathematical structures as follows.
Example 4.1.2 (oune-qubit system) |;2) = a[0) + h{1) wiere a. b € € and |af? + h° = 1.

Example 4.1.3 (two-qubit system) |) = ]00) + h{01) + |10) + /|11) where a. b, . d € T
and |al? + |b]* + |c|* + |d]? = 1.
00) = z
Remark 4.1.4 100) = 10) i 10) ~
[10) = |1) = |0) # |0) = [1)
£) = (d']0) + 1)) (a”]0) + b"|1))
a'a”|0) |0y + a'b"|0) = |L) + a"H|1) 2 |0) + B'B|1) |1)
= a'd"|00) + a'b"|01) + «"¥'|10) + b'H"|11).

Example 4.1.5 (k-qubit system)
[2) = (171 = -+ © %)) where [1).---.Jzi) are single qubits. |y7) = 3,,_, mili) where
a; € Cand ¥ |ai)? = L.
4.1.3 Superposition
A superposition of a quantum Turing machine M (or QTM for short) is defined as an element

|o) in the inner-product space of finite complex linear combination of configuration of M with
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Euclidean norm. The principle of superposition is an ability for quantum systems to exist in
a blend of all their allowed states simultaneously rather than existing in just one allowed state
at a time. This is impossible in classical implementations.

[t is often useful to picture the state of a two-state quantum systeni as a vector contained
in a sphere. The angle that this vector makes with the vertical axis is related to the relative
contributions of [¢7) and |¢) eigenstares to the whole state (see Figure 1.2). Therefore. a qubit
is a combinarion of 0 and 1 such that the vector pointing straight up represents the classical
bit 0. aud the vector pointing straight down represents the classical bit 1 (see Figure -1.2).
The angle that the vector is rotated about the vertical axis corresponds to the “phase.” The
phase factors do not affect the relative contributions of the eigeustates to the whole stare:
however. they are crucially important in so-called quantum interference etfects. Thus a state
can have the some proportions of 0-ness and l-ness with different amplitudes in accordance to
different phase factors. Mathematically. a quantum systewl can exist in any of n cigenstates

leo).Jen) few)o -+ en—y). and it can also exist in the “superposed” state
n—|
le) =D e (4.1)
i=0

10> >

Figure 4.2: Qubit representations of |0) and |L).

4.1.4 Eigenstates

Let |og) and |@;) be two cigenstates of a two-state system. Then the formula [0) = alog) +bioy)
describes the general state of two-state system as the superposition of these cigenstates. The
entire state vector is specified by the two amplitudes « and b of the basis {log). lor)}. Cousider
now the standard basis of a one-qubit system: {|0).

1}}. In order to represent the binarv digit
0.let @ = 1 and b = 0. and to represent the binary 1. let « = 0 and b = L. Mathemartically.

. 1 .
|éo) and o) can be written as the column vectors 0 and . respectively. Thus the
. . . . , 0
binary value 0 is represented as [0) = Nk and binary value 1 is represented as |1) = L

The superposition |0) can then be written as:
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o) = alog) + Do)

1 0
a +b
0

i

a

4.1.5 Measurement

Physically. a qubit can be seen as an electron existing in some space at the same rime. We
can measure the position of the electron by the light ray and get one point in the space
with some probability: however. the measurement destroys the electron state. The similar
situation occurs in the quantum state. We can observe the quantum state to ger the classical
bit 0 or 1 with sonie probability. After observing a measurement. one cannot stmply “undo”
the weasurement to restore the amplitudes and all states to their original values. [n fact.
when the original superposition is destroyved. all further measurciments on the svstem will be
i accordance with new collapsed superposition. Note that the measurement only gers the
classical information instead of quantum information. It can be defffered nutil the end of
computation so that the quantum state remains the same during the computation.

4.2 Models and Definitions

4.2.1 Quantum Turing Machines

A quantum Turing machine is a Turing machine whose read. write. and shift operations are
accomplished by quantum mechanical interactions and wlose tape content. current stare. and
head position can exist in a quantum state so-called “superposition™ of 0°s aud L. simulti-
ncously. In other words. all possible computations happen at the same rime. Such a power
is dubbed as "quantun parallelism™ and has the potential to encode inputs of a problew in
quantum state to perforu computations simultaneously on the same tape with one calenlation.
Cufortunately. we cannot obtain all possible outputs due to the measurement (since (Ut
state collapses). The final superposed state vields only one output (only classical outcomes
can be obtained for human eves).

There are different ways to understand quantum Turing machines. Oue is to visualize an
exponential number of deterministic Turing machines running simultaneously. cach of which
happens with some associated amplitude (see Figure 4.3).

The second view (shown in Figure 4.4) of a quantum Turing machine is to see the internal
states. the head moves. and the tape contents as vectors in Bloch sphere. Suppose we have a
qubit in the finite state control, we can then create a superposition of two states. Similarly.
we create superposition with head moves and tape contents.
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Figure 4.3: Classical view of a quantum Turing machine.
tinite state control
J, read/write head

IGQORREEE S

Figure 4.4: Quantum Turing machine from vector space aspect

The formal definition of a one-tape quantum Turing machine is given as follows.

Definition 4.2.1 (one-tape quantum Turing machines) A one-tape quantum Turing ma-
chine (or LQTM for short) M is a T-tuple (Q.E.T.6.qp. Fore. F..,) where

Q is a finite set of internal states.

T is a finite alphabet with a distinguished blauk symbol {up g .
[ is a tape alphabet with Tu {u} CT.

& is a transition function: (Q — F,cc — Frej) x ¥ — CExQx{L.N.R}
(o is the initial state.

Face C Q is a set of accepting states. and

F,.; C Q is a set of rejecting states where Frej # Face-

4.2.2 A Quantum Analog of co-1-NLIN

Since NP is such a popular class. it is understandable that researchers are inspired to explore
its quantum analog. It is still controversial whether the quantum analog of NP is NQP or
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QMA. The class NQP was first defined by Adleman. Demarrais. aud Huang [1] who also
showed that NQP C PP. [t takes the definition of NP and substitutes quantim Turing
machines for nondeterministic Turing machines with the same accepting criteria. QMA. on
the other hand. is a quantum version of Arthur-Merlin game. In this section. we take the
first definition and focus on the computation of co-1-NQLIN. which is a quantium analog of
co-1-NLIN.

Definition 4.2.2 (T(n)-time 1QTM) Let T:N — N. A T(n )-rime 1QTN (abbreviared
T(n)-1QTM) is a quantum Turing machine A as defined above such that. for each inpnr .r.
the length of every computation path of M ou input . is at most T(|.r])-

We define the oue-tape linear-time version of co-NQP as follows.

Definition 4.2.3 (co-1-NQLIN) Let T:N — N. We say that a T(n)-1QTM M/ recognizes
a language L if for every .r.

r €L == Prob [M accepts r] = L. and

r &L = Prob [M rejects ] > 0.

The class co-1-NQTime(T (1)) is defined as the set of languages L such thar rhere exises
a T(n)-1QTM that recognizes L. Then the class co-1-NQLIN is defined by

co-1-NQLIN = co-1-NQTime(O(n)). (-1.2)

Therefore. co-1-NQLIN is the set of languages recognized by oue-tape linear-rine quantim
Turing machines.

Recall that a noudeterministic Turing machine is a ordinary Turing machine with the
power of making nondeterministic choice. In the case of co-1-NQLIN. even it is called “co-
nonceterministic quantum”. the power of co-nondeterninism disappears in the implemenration
of & quantum algorithm. There is no easy way to simulate co-uoudeterminism by quantun
mechanism. The class co-1-NQLIN is categorized by the accepting probability since. after
the measuremnent (quantum state collapses). the result obtained is probabilistic. In addition.
the main constraint that ensures a quantum Turing machine to keeps the sum of probabilities
equal to 1 is the unitarity of a linear transformation.

4.2.3 Quantum Finite State Automata

A finite state automaton is said to be two-way if the head is allowed to move back and forth
along the tape. For simplicity. we assume that end-markers # and $ indicate. respectively. the
leftmost and the rightinost of tape boundaries.

A two-way quantum finite automaton (or 2QFA for short) is defined as foliows.

Definition 4.2.4 (2QFA [46]) A 2QFA )M is a 6-tuple (Q. <. 6. go- Foce. Fre ;) where
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Q is a finite set of internal states,

T is a finite alphabet with {#.$} ¢ <.

8 is a transition function: Q x £ x {L. N.R} — C.
¢o is the initial state.

F.e CQ is a set of accepting states. and

F..; C Qis a set of rejecting states where F.. N Fro; = 0.

Definition 4.2.5 A quantum Turing machine or a quantum finite state antowmaton is well-
formed it. at cach step. the time evolution matrix is unitary.

4.3 Reversibility

The reversibility of a deterministic computation was first described by Bennett [6]. In rerro-
spect. AV D and OR gates are irreversible because of the information loss. The main charac-
teristic of these two gates is that. on given a two-bit information. ouly a one-bit informarion is
returned. If we can somchow keep the original two-bit information. we can surely reverse the
computation. This also implies that if we have only one predecessor (that is. one incowning hit
of information) to cach successor. we can then reverse the cotuputation.

4.3.1 Reversible Turing Machines

We now define a reversible Turing machine as follows.

Definition 4.3.1 (reversible Turing machines) A one-tape reversible Turing machine (or
LrevTM for short) is a IDTM such that each confignration has at most one predecessor.

Definition 4.3.2 (T(n)-time lrevITM) Let T:N — N. A T(n)-time LrevTM (abbreviated
T(n)-lrevTM) is a reversible Turing machine A such that for cach iput .. the munber of
steps of M on input « is at most T(|.x}).

Definition 4.3.3 Let T:N — N. We say that a lrevTM M is T(n) time-bounded if it always
halts in either state ¢uce or gr; at most T(n) steps where n is the size of input. The class
l-revDTime(T(n)) is defined as the set of languages L such that there exists a T(n)-LrevT)M
that recognizes L.

4.3.2 Reversible Computation

To prove the equivalence of REG and 1-revDTime(o(n logn)). it suffices to show the following
lemma.

Lemma 4.3.4 1-DTime(o(nlogn)) = 1-resDTime(o(n log n)).
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By definition. it is trivial to see that 1-revDTime(o(n logn)) € 1-DTime(o(nlogn)). The
other inclusion is not obvious since our model is restricted to one-tape linear-time computa-
tions. Recently. Kondacs and Watrous [46] demonstrated that any DFA can be simulated by
sonme two-way reversible finite automaton (or 2RFA for short). Since any 2RFA is indeed a
lrevTM. we can obtain that 1-DTime(o(n logn)) C 1-revDTime(o(n log n)). For completion
purpose. we provide the proposition shown by Kondacs and Watrous.

Proposition 4.3.5 ([46]) For any DFA M. there exists a 2RFA N such that for any w € T,
if M accepts w. N accepts w in O(|w]) steps: and if M does not accept w. N rejects woin O(|we})

steps.,

Proof. In essence. a 2QFA is constructed since a 2RFA is a well-formed 2QFA with amn-
plitudes only 0 and L. Let L be any language and M, = (- .81 qo. F1) be a DEA that
recognizes L. First, define a 2DFA 1\, = (Q2.Z. 82. qf. F2) as follows.

Q'.’ = Ql U {(1(,]'(IIIKCC'(I:'EJ} where {(16'(IIILCC'(I:'P_i} € Ql-

— ! / .
F.Z - {(/ucc'(lrcj }' and

[ 01(q.a) ¢E€QAacE.
o qg= !16 ANa = #.
(g.a) =< o g€ FiNa=8.
’liq qeEQr—-FiAa=8. and
[ undefined  otherwise.

. J/

Figure 4.5: DFA to 2DFA.

Let [jo = {p € Q| 82(p.a) = &:(q.a)} be the be the collection of states that has the same
next state as ¢q. Let Jyo = {p € Q| da(p.a) = ¢} be the set of incoming states of . Assuue
that all clements in Q, are in an increasing order. and min and maz are the wminimum and
the maximum of such an ordering. For any subset T C Q.. let nexrt(q. T) be the least element
larger than ¢ € T assuming that such an element exists.

2QFA NV = (Q~. N q). Fx,..- Fy,

Nace “Vrey

) is defined as follows:

Qv =Q2={-1L+1}

70 = (qq. +1).
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F.Vncc = {(qfu:c' +1)}'

Fy.., = {(¢r;-+1)}. and

(pIValg) D(p) =d. and

0 D(p) #d

where 17, is a lincar transformation mapping: /4(Q) — f2(Q). D is a mapping: Q —
{—1.0.+1} such that D((¢.+1)) = +1 and D((y.—1)) = 1. and a € .

ox(q.a.p.d) =

For each ¢ € Q3 and a € T for which 8:(q. a) is defined. let

(nect(q. Iya). —1)) p# max(l,,). and

";r v L = )
D= Gatgead+1) = mart Ly,

aud for cach ¢ € Qs and o € . let

Val(g. = 1)) = (q. +1)) Jpa = 0. and
fmin(Jyo.—10) Jyu #0

The set of configurations of M, on any input w of length n is Qy x Z, .. (including rhe
sybols # and $) since. for any finite state automaton. ouly the enrrent stares aed the hend
positions are essential. At cach step. the head moves either to left (-1) or right (+1) according
to the transition function.

Let & be an undirected graph with set of vertices Qu x Z,,.n. and there exists an odge
between (qp. &) and (go. b + 1) whenever 8a(qy. ux) = ¢2. Let Gy be the conneeted coupouent
of & that contains the initial configuration (¢j.0) with no cycle. Gy contains exactly one
vertex to a halting state: that is. either ¢/, or (/:e_j‘ To reverse the compitation. we srart at
the halting state of Gy. all the leave nodes and all the states that do not have any predecessor.
By traversing Gy in a reversible manner. NV can simulate M on input .

For each configuration (q.a) of M. there are two corresponding configurations of \:
({q.+1).+1) and ((q. —1). =1). Configuration ((¢.+1). +1) represents that the subtree rooted
at (¢. k) has just heen traversed. and configuration ((g. —1). —1) represents that the subtree

rooted at (q. k) is about to be traversed. Let J, ., = Ly w, ={qy.- -4l } foreach i = 1.--- .
shown in Figure -1.6. and assume that ¢} < ¢ < --- < ¢,,_; < ¢, according to the ordering of
Qs
(. k+1
gy Ky (q3.K) o K g K

Figure 4.6: A subtree for 2QFA.



Casel: .V is in configuration ((¢!.+1).k) for / < m. Since q: # mar(ly . ). we have, by
definition.

Valllgi- +1).k)) = |(next(q}. Lp 4, ).k~ 1))
= |((gier. —=1)-k = 1)).

Now the subtree rooted at ((¢i4 - —1).k = 1) is about to be traversed.

Case2: .V is in configuration ((q),.+1). k). Since ¢! = mar(Ly ., ). we have. by definition.

Val((@h: +1).8)) = [((82(qnr @). +1). k + 1))
= [((q.+1). &k + 1)).
Note that the children of subtree rooted at ((¢. +1). & + 1) have just been traversed.

Cased: Vs in confignration ((¢. —1). &). Since Ty e F O, we have. by definition.

Valllg. =1) k) = [(minCJy, )k = 1))
= |((I[l[.—'l).k—l)>.

Now the subtree rooted at ((¢}.—1).k — 1) is about to be traversed.

Cased: .V is iu configuration ((¢. —1).4) and has no predecessors: that is. & = 0 and ¢ £ ¢.

7

Since J,, ., = O. we have. by definition.

Valllg. =1). %)) = |((q-+1).k + 1)).

Since the subtree rooted at ((q.+1).k + 1) has ouly one vertex. it has been traversed.

By traversing Gy in the above manner. NV will eventually reach oue of the two configurations
((¢hec- +1).0) or ((qie_,». +1).0) and consequently accepts or rejects. accordingly. It is clear that
2V lhalts after O(jw]) steps. since there are O(Jw|) contigurations of .V. and no configurarion
may be entered more than once before a halting configuration is reaclied. This is trie of any
2RFA that eventually halts. Since L can be recognized by some DFA. there exists a 2RFA
that recognizes L. C

The next proposition follows by the previous lemma and the fact that 1-DTime(o(n log n))
collapses to REG.

Proposition 4.3.6 REG = 1-revDTime(o(nlogn)).
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4.4 Non-regular Sets in co-1-NQLIN

We define a one-tape linear-time quantum Turing machine that recognizes a context-free lan-
guage using essentially the method shown by Abainis and Watrous [2].

Lemma 4.4.1 L.,, = {a'lWc*|i.j. k >0 and either i =j orj =k} € co-1-NQLIN
3

Proof Sketch.  The nain idea is to create a superposition of two states using one qubir.
Initially. & quantum Turing machine starts with one of the states. At each step. It is rorated
with some angle. and meanwhile it creates the superpaosition.

For cach a read. the qubit gets rotated until a b is encountered. For cach b read. the
machine rotates the qubit (superposed states) in the oppasite direction. Clearly. if the wnnber
of a’s and §'s are the same. the initial state should be reached. Oun the other haud. if the
uber is different. the machine has to ensure the probability is less than L. At this iustauce.
we have ro chose a irrational number. If a rational number is chosel. it is possible thar the
initial state would be reached even the numbers of a's and b's are different. We denonstrare
an example (see Figure 4.7) by assuming that the angle is (w/4). Then the number of a's only
needs to be the multiple of the number of b's and vice versa. In addition. the rotation tor s
is an exact opposite angle of «’s to ensure the numbers for both s and b's are identical.

h.‘{

Figure -£.7: An example for rational aneles.
(=) o=

Therefore. the angle /27 is chosen. Note that it does not work on the arbitrary irrational
numbers. The proof depends on the property of /2. [ ]

Proof of Lemmma 4.4.1. Let

U= cos(\/§7r) —sin(\/§7r) and U = cos(V27)  sin{V2x)
7\ sin(v3r)  cos(V27) ‘ T T\ —sin(v2Zr) os(V27) |

Ua and U_,, are unitary matrices. and one reverses the other since

cos( \/:u —sin(v2x) cos(V2x) sin(

.U = V2r)
aTTe sin(v/27x) cos(V2x —sin(V27) cos(V27)
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cos*(V27) + sin®(V27) 0
0 cos*(V27) + sin*(V27)

We define a well-formed 1QTM M that applies the unitary transformations £, and

—ry

Each time a transformation is applied. M alternates between state ¢q and state i1 where ¢y is
the initial state. For example. let 0 be the initial-distribution such that the amplitude of

qo is 1. and the amplitude of ¢ is 0. After applying the first transforination £7,. we obrain

0 1 _ cos(v2%) - sin(v2#) l
“\ o - sin(v2xr) cos(v27) 0

cos( \/'57)
—sin( \/57.')

which changes the amplitude of ¢ from 1 to cos(v27) and the amplitude of i from 0 to
—=sin(v27). M is constructed as follows:

write the input o on the first track and move the head back to the start cell
from left to right. deterministically check if & is of the form a'iVe*

if o is not of such a forni. reject

else move the head back to the leftmost symbol of «f (the starr cell) and proceed

roundl:
(creating the superposition of ¢g and ¢,)
start with the leftmost symbol of @' to the rightmost sviubol of «'. apply 7, and
overwrite each a‘ by 2
start with the leftmost symbol of # to the rightmost symbol of &, apply OU_,, and
overwrite each b by 1
overwrite each ¢ by 0
move the head back to the cell indexed -1
write the quantum state (linear combination of ¢y and ¢y)
set the superposed state to ¢4 by changing both ¢g and ¢; to .

move the head to the first symbol of 1/
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round?2:
(creating the superposition of ¢4 and g¢s)
start with the leftmost symbol of 1/ to the rightmost symbol of 1/. apply 5,
start with the leftmost symbol of 0% to the rightmost symbol of 0. apply _,,
move the head to the cell indexed -2 (2 cells to the right of the start cell)

write the quantum state (linear combination of ¢4 and ¢3)
measure both qubits
if qo or ¢4 is read. write 1: otherwise. write 0
deterministically. check if any of cells indexed -1 and -2 is 1
accept if at least one 1 is read: otherwise. reject.

Since we have to check w in two rounds. we nced to ensure that cach successor has at
most one predecessor. [n that case. we overwrite the original ’. i and o to distingnish the
applications of {7, and U_, between each round.

Remark 4.4.2 Note that for any integer ¢ > 1.

cos(e - V27) —sin(ce - \/57.’) and [ cos(c- V27)  sin(e- V2r)

(" = = .
sin(e - \/:fﬁ) cos(c - \/‘57.') " —sin(c- V27) cos(e- V27)

"

Lemma 4.4.3 Let p,., be the probability of observing q, after n applications of U, s followed

by m applications of U_,, 's. where n # m. Then Prej > sormE

Proof of Lemma 4.4.3. By the Remark 4.4.2. ¢g gets rotated by v2(n —m)x. and Q reaches
the superposition
cos(V2(n — m)wlqgo) + sin(V2(n — m)w)lqy)-
Then the probability of observing ¢ is sin®*(v2(n — m)=). Let & be the closest integer to

\/5( n — nr). The following two cases are considered:

Casel: If (V2(n —m) > k).

k2 < 2(n—m)?
< 2ln—m)* -1
E < V2(n—m)?-1.
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Therefore.

V2(n = m) — /2(n = m)2 = 1)(V2(n — m)+2(n —m)2=1)

(
An—m)* =2(n—m)* +1

I

and

\/§(n -m)—k > \/’5(71 —m)—2n—-—m)*~1

L
V2(n — m) +/2(n—m)? -1
1

2\/§(n —m).

Case2: If(V2(n - m) < k.

A2

2n — m)?

2An —m)* + 1

v IV vV

2n —m)? + 1.

Therefore.
(\/Z(n. -m)32+1- \/5(11 —m)(V2n—m)2 + 1+ V20 - my)
= 2n—-m)P*=2n—-m)+1
= 1.
and

l..'—\/:i(n—m) > —(V2{n-m)2+ —\/'E(n—m))
1

B V(i —m)2+1+V2n = m)
1

2v/2(n — )’

> -

0



Figure 4.3: Unit circle.

Since & is the closest integer to v2(n — ). we have —% < V2 —m)—k < % We now
consider the two intervals (see Figure 4.3): [—4.0] and [0. 3]. For any y in the first interval.
sin(ymw) < 2y since this is true for y = —-% and y = 0. and sin is negative and concave in this
interval. Secondly. for any y is the latter interval. sin(ym) > 2y since this is true for y = 0 and

y = 3. and siu is positive and concave in this interval. [n both cases. sin?(yw) > 4y?. Thus

siu"’(\/§( n —)w)

sinz(ﬁ(n —m)—k)7)
~l(\/§(n —m) = k)?

4
(2vV2(n - mj)=

——

20n — m)*’

v

\%

a Lemna +.-0.3

Casel: (/= j = k) In this case. we have (UT}{) = (LAUF) = I since i = j = k. Thus we have
1 L

[ 0o 1= 0 | Hence the probability of measuring ¢q is exactly 1

Case2: (7 = j Aj # k) [n this case. we have (U("‘L'ﬁn) =[.(L3Ck )y =CiCk o Since 1 = . The
accepting probability is 1 since the first qubit is measured with probability 1

Case3d: (1 # j Aj = k) In this case. we have (Uc',(,/ o) =CLLY

-

(Cal*,.) = I since j = I-. The
accepting probability is 1 since the last qubit is measured with probability 1

Cased: (1 # j # k) In tlu:. case. we have (U7} C")( Uitk Za)- By Lemma 4.4.3. the rejecring
probability is - + 55= LF > Q.

)( J)-
In conclusion. M accepts & with probability 1 if © € L.q,. and M rejects » with proba-
bility greater than 0 if & ¢ Ly, . Therefore. L., € co-1-NQLIN.
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Lemma 4.4.4 There erists ¢ non-regular language in co-1-NQLIN.

Proof.  The proof for non-regularity of Le,, is similar to the proof of Appendix A Lemna
A.0.4. Since L,,, is not regular. the rest of proof is followed by Lemuna .11, m]
3

Corollary 4.4.5 L., € co-1-NQLIN.

The proof of the ahove corollary followed by changing the accepting criteria of Lemma 4.4.1
such that M accepts if exactly two 1's are measured.

Lemma 4.4.6 There erists o non-context-free language in co-1-NQLIN.

Proof.  The proof that L., is context-free is shown in Appendix A Lenuna A.0.5 The rest
of proof is followed by Corollary 4.4.5 since Leq, is not context-free. O

4.5 Closure Property of co-1-NQLIN

By using the properties of unitary matrices and the characteristics of quantumn superposition.
we modify the proof of Theorem 3.2.10 and give the following theoren.

Theorem 4.5.1 Assume that L € co-1-NQLIN. Then there exists an n € N such that for
wny Ly € T,

oy gl e L = v >0 [gar'"= € L].

Proof.  The proof is based ou the proof for Theorem 3.2.10. Let L & co-1-NQLIN. Then
there exists a well-formed LQTM .V such that L = {ue€ | fy(u) =1} Let Q be the set
of states for .V of cardinality n. Theun linear transformation U(.r) is an n x n unitary matrix.
Let ¢ be nonzero vector such that U(.) - v = X - v where \ is an eigenvalue of {(.r). Then the
characteristic function of U'(x) has the following form:

0 = 1- N —q N =i —a\d = ag. or

l'/\" = O.’,,_ll "_[-{-----i-a[z\-{'-ao.

We use the remark from Nasu and Honda [59] that the characteristic polyuomial of a
stochastic matrix has the following property

Qp_ 1+ ---+ap+ag = 1.

Since each step of .\ can be interpreted as a linear transformation {, applied to current
quantum state. say |@). and by the property of unitary matrix. the result of {7, = C, © for sowe
integer ¢. remains unitary. Thus we have the following characteristic polynonial for {7,

L-A" = 3, A" e N+ 4.



By the property of unitary matrix. Ube,, = [. we obtain the characteristic polyvuowmial of
.T_
Ly

LAt =3 A e e 310+ 35
such that
'jn—l:-};..[ + -4+ 3 3{ -+ 1036 = 1.

Recall that each .4 37 is equal to the probability distribution of each nomial. and their sum
is equal to 1. Also

n

r——
() -e=X-vand U(e") =C(x)---U(r) .

We replace each eigenvalue A by 05(f). Thus for any string o € ¥,

C-b(-"") = jn—lL'b(-'-‘"_[) +- 4+ ‘jl L.h(-") + "()-

and. for any i > 0.

Ch(a™) = (™) 0yt
'jn—l['-b(-l’"—l)L‘h(":’) + -+ ‘))[ L.b(-r)(.b(ml) -+ 'f()(——h(-"’)
= Jna b o J 0 + Jolp(a").

Thus we obtain. for any r.y. - € ©=.

L.I.(!/-""_H:) = [-’b(!/)c‘h(-""+i)UI.(Z)
= O Lo ™) 0(2) + -+ +
Co() A G 03(2) + Ul (ol (2)
= Juo1Up(ya" T 7h2) o+ A0 2) + Uiy’ =),

and similarly we obtain
L‘f N D 3= C‘f nei—l . jxc,-f NE - U j*(ff' o
p (" Tiz) = 30 Uy (ya ) H -+ (' )+ g0 (g =)

Therefore.

Fx(yaiz) = B i3 fo(ya™ sy + o 4 LI (™) + S35 fn (' 2). (+.3)

Assume that yz.yaxz.---.y2" s € L. Let 0 < k < n— 1. we have

w3



fylyz)=--- fy(ye""ts) = p. (4.4)

By Equation 4.3. we have for any n -1 < k < m.

Fxlyez) = Supdn i fxya™ o)+ oo BT fvlyes) + S0 85 Falys)
= (J,,_[-J):_[ +"’+'j['3:['+‘j0r'3(a)‘)/)
= p (since Jo_ydi_, +--- + S+ Jydy = 1)
Fntueis) = Bu B (TR e BT (T ) + Jodo f gtz

(')'n—l'j:—[ +e- Jl }r + .dOij(;)p
P (since Jp1 35 + -+ NI+ Jdy = 1)

]

Therefore. by letting p = L. we have fy(ye™z) = L for any m > 0. O

Lemma 4.5.2 L., € co-1-NQLIN.

Proof. The proof starts by assuming. in contrary. that L,y is in co-1-NQLIN. Let
m=hk+1forany k€ N. Weset r =a. y=aand : =", Then by definition. we have y: =

skl = gm=tym g [ By Theorem 4.5.1. g = o™i & L.,
henee we have a contradiction. Therefore. L,.q & co-1-NQLIN. 3

mn n

*y
al™ . yrs = ash

The following theoren follows Lemma 4.3.2.

Theorem 4.5.3 There erists a contert-free language not belonging to ¢co-1-NQLIN.
Here. we have our main theorem in this section.
Theorem 4.5.4 co-1-NQLIN s not closed under complementation.

Proof. Similar to Lemma 4.4.1. we can prove L,eq € 1-NQLIN. The remaining proof
follows Lemma 4.5.2 such that Leq € co-1-NQLIN. 4

4.6 1-C_LIN C co-1-NQLIN

We obtain the following theorem by applying the main idea of Fenner and Greeu [27]. which
used the essentially the techniques shown by Deutsch {19] and Simon.

Theorem 4.6.1 Let T(n) = O(n) and L be any language in the synchronized 1-C_LIN.
Then there exist @ T(n)-1QTM N such and a constant ¢ such that for each o of length n.
PrN(r) accepts] = L)

syeon -



Proof. In this proof. we take Definition 3.2.3 using gap function. Let ¢ € N and L be a
regular language such that, for all x of length n.

_|EErn LN — |9 — L(V))]
- 2

flx)

where .V is a 1QTM that recognizes L. Let T(n) = O(n) and M be a T(n)-1DTM that recog-
nizes L such that for all (x. y). (r.y) € L if and only if M accepts (r.y). Without loss of seler-
ality. we replace .M with a T(n)-1revDTM M’. Since 1-DTime(O(n)) = 1-revDTime( O(n)).
' also recognizes L. Fix an input .« of length n. and let m = ¢-n. Let N be a threo-track
LQTM such that the first track contains the input string r. the second track contains m < rn
non-empty cells. and the last track contains one non-empty cell. Let the content of the reserved
cells on the second track be y and the content of the reserved cell on the last cell be . The
second track will be the actual working space. and the cell on the last track is the answer
bit. The machine .V accepts if b is 1: otherwise. it rejects. We denote a possible contignration
of N'(r) as a basic state . y.b) where |y) is a vector of m qubits and [b) is a single qubir.
Luitially. we have y = 0. h = 0. and the tape head stays at the start cell. Then from lefr ro
right. .\ applies Hadamard transformation

w510
to |y) (to create the superposition on the second track) by scanning the tape once.
Remark 4.6.2 Note that
L. H|[0) = v2(|0) +[1)). and
2. HI1) = V2(]0) — |1)).

Hence. by applying A to a given string. .\ can create the superposition of length of iupur.
Furthermore.

L. H(V2(|0) +11))) = [0). and
2. H(V2(|0) - [1))) = |1).
This shows that H is reversible.
Thus we obtain

: - 1
R ppim m _ [
[ H=™2.0™.0) = ——x > jr.y.0).
T plyl=m
-V then simulates the reversible deterministic computation of M’ on input {x.y). Since A’
runs in linear time. and every lrevTM is a special case of a well-formed 1QTM.. the simulation

time is linear. Let M'(r.y) =b'. N sets b = §'. Thus we have the superposition



1
Qnf2 Z ey by,

ylyl=m

Afterwards. N repeatedly performs the scan using Hadamard transformation over m -+ 1
qubits. This time. the contents of both y and b are in the scan. N. in fact. simulates all
possible computations of W’ ou y and returns the answer b’ according to the calenlation on y.
This leads .V into a new superposition

lb')=%2% IS > (=) ey,

glyl=m gy ly |l=m b0 | =1

We now project (or measure) jwr) onto {(r.0™. 1} and obtain

1 1 Qb1
(.I'.O”’.].ll,") = —_—— Z (_l)y(). )y
9 m
\/: ylyi=m
1 1 '
= a2 -V
= y:lyl=m
1 1

= s/

Finally. .V deterministically checks the m + 1 bits. If N reads the string 07" L. ir acceprs:

otherwise. it rejects. Therefore. .0 . 1) is the unique accepting contiguration of N, and ir
. . . . . 2 2.

has rhe probability amplitude —:%._,—,,,lﬁ-f(.z:). Therefore. the probability is 2w = W o

D=2 T T -




Conclusions and Further Discussions

We might need more mathematics to help develop theories of computer science and separate
classes. One example is the complementation property of nondeterministic logarithmic space.
NL = co-NL. shown by Immerman [33] and Szelepesényi [69] in 1988, The proof depends ou
the logical characterizations of NL.

[u this thesis. we have shown some applications of a crossing sequence. Nolmogorov come-
plexity. and comnmmication complexity in the study of variants of Turing machines.  For
example. nsing the crossing sequence technique. we have shown that I-NTime(o(n log n)) is
closed nnder complementation. and. in contrast. it is known that I-NTime(O(n logn)) is nor.
[t would be interesting to show some applications of techniques like diagonalizatiou (a method
to separate infinite sets) or query complexity (a complexity that conuts only the nunber of
(ueries or “helps”™ needed during the computation) since techniques such as a crossing sequence
inight not be able to separate the classes in the polynomial-time hierarchy.

We have also showed that. in O(nlogn) time. nondeterministic and co-nondererministic
computations are more powerful than deterministic computarions. However. we o not know
if nondeterminism and co-nondeterminism still posses wmore compnutation power over cerer-
winism beyond such a time bound. Moreover. it is known that the simulation of a 2DTMI
by some IDTM takes quadratic time. By combining our result. L-NTime(o(n log 1)) =
co-Ll-NTime(o(n logn)) = REG. it is reasonable to substitute a 2NTM for a ENTM aud
consider what classes would 2-NTime(o(n log n)) and co-2-N'Time(o( n log n)) recognize.

It is known that PP is closed under intersection and union. However. it is still open whether
L-PLIN has the same closure properties since. under the onc-tape linear-time restriction. a
machine cannot even make a copy of the given input. In the bounded-error probabilistic case.
if we substitute a 1QTM for 1PTM. we might possibly increase it computability. Furthermore.
we proved that 1-C-LIN contains non-regular languages and non-context-free langnages: vet
it is interesting to learn what class it recognizes exactly. The author has showu that 1-C - LIN
is not closed under complementation: however. this does not imply that C_P £ c0-C_P.
Before solving this long open problem. we might consider the one-tape version of it to srasp
some idea about their characterizations. Moreover. we might ask if solving this problem implies
the complementation property of NP since they both use nondeterministic coulputations.

In Section 4.5. we used the property of unitary matrices and the property of characteristic
polynomial of a stochastic matrix. and proved the non-closure property of co-1-NQLIN uunder
complementation. Unfortunately. the same strategy does not apply for all classical techniques



due to the characteristics of quantum computations. For example. there is no obvious way to
trauslate and use the crossing sequence technique due to the quantun interference. Moreover.
even if researchers proposed a quantun: version of a classical technique. other difficulties oceur.
For example. Berthiaume. van Dam. and Laplante [10]. and Vitdnyi [7T1] independeutly pro-
posed the idea of quantum Kolmogorov complexity using different approaches: however. there
is 1o casy way or suitable problems to apply those techniques. [nterestingly. we can prove
the quadratic lower bound for IDTM recognizing palindromes using Kolmogorov complexity:
however. it does not seem doable in quantum case using quantum Kolmogorov complexiry.

Moreover. we have shown that O(n)-1QTM can recognize some non-regular languages and
soute non-context-free languages: however. it is still an open question that such a class con-
rains the set of palindromes. which is also context-free. In addition. we Lave proven thar the
synchronized 1-C_LIN is included in co-1-NQLIN. we might further consider the opposire
direction. Furthermore. solving the problem whether the synchronized 1-C=LIN is equal to
the generalized 1-CoLIN would clarifv the difference or the similarity of the two classes.

-1
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Appendix A

Definition A.0.3 (pigeonhole principle) Let n be the number of holes and 7 + L be the
nmumber of pigeons. Assume that each pigeon must stay in one of the holes. Then there is at
least one hole that has more than one pigeon.

Lemmma 1.2.8. Let L be a language. If L is regular. there exists a number p (called pumpng
length) such that for any string w € L of length at least p. w can be divided mto w = Yy

satisfying the following conditions:
L. foreachi>0.ryz€L.
2. |yl > 0. and
A |yl < p.
=

Proof.  Let L be any regular language and M = (Q..68.qy. F) he a DFA that recognizes

L. Let p = |Q|. Let w be any string in L of length n > p. Assume that o = wy s,
where w; € £. Let C' = (¢1.---.¢u+1) be an accepting computation of M/ on inpur « where

Qi+t = 8(qi.wi) for all # with 1 </ < n. Since |Q| =p < n + 1 = |C}|. by pigeonhole principle.
there are at least two states in C' being the same state. Let ¢; be the first of the pair and ¢, be
the second where / # j and ¢; = ¢;. Note that ¢ j must occur among first p + L places starting
q1 to ¢, that is. j < p + 1: otherwise. |Q] > j > p. and we have a contradiction.

We now define strings r. y. = € ©* as follows.

=\ s Wiy
Y =witisy ---wj_j. and

- = lb‘le‘j+1 LA { AFPOR

Since w = wy---wy. |yl = j — i > 0. and |ry] = j — 1 < p. the first three conditions are
satisfied. We now prove the forth condition as follows (see Figure A.1).

Let / > 0. Consider the computation of M on input ry*z. When M reads ». M's state
changes from ¢ to ¢;. Note that q; = 8(qi—;.wi_1). If i = 0. M starts at state qj(= q;) on
input = and reaches states ¢,4;. which is a final (an accepting) state. Thus 1/ accepts oz,

85



s(qi-l.wi-l )=q; 6“*j-|.“j-[ )=q

}
N /; N / %/_/
W . M .
\vl; ”“'l-l . \vi. - “‘j-l K “j coewy
e itimes .7

Figure A.1: An example showing .cy‘z recognizes by M.

[t/ > 0. M starts at state ¢; on input y and reaches state qj after reading y. Since ¢; = ;.
M returns its original state ¢, after reading y. Now M/ repeats this procedure / tiwes after
reading 4* and reaches state ¢j. Obviously. M accepts .wy'z. Hence ry'z € L. ]

Lemma 1.2.13. Let L be a language. If L is contert-free. there crists « number p (called
pumping length) such that for any string w € L of length at least p. w can be divided into
w = wvays: satisfying the following conditions:

1. foreachi>0.urry'=¢eL.

2. |ryl > 0. and

A fearyl < p.

g

Proof. Let L be any CFL and G = (V.. R.S) be a CFG that venerates L. Let b be the
waximum number of symbols in the body of each rule in R. If b = [. L(G) C N e} since @
can ouly generate strings of length at most L. If we take p = 2. the theorem holds since there
is no string of length greater than p.

We now consider the case where § > 2.
Clarm 3 For any w in L. let h be the maxrimum height of some parse tree for w. Then
lw] < bh.
Proof of Claim 3. The proof is shown by induction ou i where £ > L
(Basis: /1 = 1) It is trivial since jw| < b.

(Induction step: i > 1) Assume that the claim is true for the height < h — L. Counsider
any parse tree for w. Let § — U7y ---U,, be the first rule applied. Note that m <bh. Let
w; be the string generated from U; by rules such that w = wy - - w,y,. By the induction
hypothesis. |w;] < b for i = 1.---.m. Thus lw] < b-bor—L = bt
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12 11542}

Figure A.2: An example for Claim 3.

]

Let p = bV1+2. Note that p > 0V1+1 since b > 2. Let w € L be any string of lengrh
n > p. We pump w as follows. Let 7 be a parse tree for w that has the minimum number of
nodes. Cousider the height /v of the parse tree 7. Since b > [w| > p. by Claim 3. it follows
that i > [V'] + 2: otherwise. Jw] < WY1+ < . and we have a contradiction. Thus there is a
path r in 7 that has length greater than [V] + 2. Note that » has at least [V] + | variables (or
nouterminal svmbols). Since G has [V] variables. by pigeonhole principle. there is a variable T
that appears at least twice in r. Assume that T is the variable that repeats among the lowest

U 4 1 variables on path r. Next we define u. e..e.y. = as in Figure A.3.
/)

parse tree
T

Figure A.3: An example for parse tree 7.

Clearly. the first condition holds since w = uwewryz. To prove the sccond condition. assuime.
in contrary. that ¢ = y = e. In this case. we substitute the lower ocenrrence of T tor the upper
occurrence of T. Let 7/ be the new parse tree shown in Figure A.4. Notice that 7 is a parse
tree of w that has the number of nodes less than 7. Thus this contradicts the choice of = that

7 has the minimum number of nodes. Therefore. |ey| > 0.

D> Dw

Figure A.4: An example for parse tree 7.



Since r is the longest path. and T is chosen to fall within the bottom [V + 1 variables on
r. Hence the length of the subtree of the upper occurrence of T that generates r.ry is at wost
[Vl + 2. By Claim 3, |vay| < bIVI+2 = p_ Therefore, the third condition Lolds.

Finally. we show that wvizry’z € L for every { > 0. If i = 0. we substitute the lower
occurrence of T for the upper occurrence of T (see Figure A.4) and obtain a valid parse tree
tor wrz. Thus wes € L. Assume that i > 0. Let 70. 71 be subtrees of the lower occurrence

and upper occurrence. respectively in the parse tree =. We substitute 7 for m and obtain a

- . ") i - . - . N -
valid parse tree for ueay®z. If we repeat this procedure for i times. a valid parse ur'ry' s is
obtained. Thus uetry'z € L. O

Lemrna A.0.4 [.m,; is not reqular.
i

Proof. We show that L., is not regular by contradiction. Assume that L., is vegular. By
the pumping lemma (for regular language). let p be the pumping length. Consider the string
w = alh’. Since [w] > p. there are r. y. and = where « = ry= that sarisfy the puniping lennna:
that is,

i. forevery i >0.0yz € L"’"E .

ii. |yl > 0. and

i, |y < p.

Since [ry| < p. we have o = a™ and y = «* for some m.k € N. Since ly| > 0. we have & > 0.

Thus = = aP~("m+8)pr Note that. for any i > 0. .xy's = a™ (k) ar—tm=kpp = gpko—tp Gl
ry'z € Log. p+ k(i = 1) = p. which implies k(i = 1) = 0. Since / is arbitrarv. we have & = ().
This coutradicts the fact that & > 0. Therefore. L., is not regular. &

Lemma A.0.5 L., is not context-free.

Proof.  We assume that L., is context-free. Since Leys s a CFL. by the pumping lemma
(for context-free language). let p he the pumping length. Consider w = aPh?e#_ Clearly. - is a
member of L., of length at least p. Since Is| > p. there are u. ¢. 2. y. and = where v = werys.
that satisfy the pumping lemma: that is.

i. for every i > 0. uvryz € A.
ii. |eyl > 0. and
iii. |vay| < p.

Since all a’s and s have fixed order. thus we consider v and y. each with a substring of
only either a's or b's. The second condition states that v and y cannot both be empty. The
string vay must be a substring of either a?b?. aPb?. or a”b?. Consider the case that rry is a
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substring of a”h?. When we pump w twice. we have v*xy®. which includes either more pasor
h's. Thus we?ry? is not in Leyy. For the other cases. we follow the similar argument to obtain
contradictions. Therefore. L.,; is uot context-free. a
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