
Efficient Characterization and
Manipulation of States of Light

Arman Mansouri

Thesis submitted to the University of Ottawa in partial
fulfillment of the requirements for the degree of

Doctorate in Philosophy, Physics

Department of Physics
Faculty of Science

University of Ottawa

Under the Supervision of Prof. Jeff S. Lundeen

©Arman Mansouri, Ottawa, Canada, 2026



Declaration of Authorship

I hereby certify that this thesis is entirely my own original work except where otherwise
indicated. I am aware of the University’s regulations concerning plagiarism, including those
concerning consequent disciplinary actions. Any use of the works of any other author, in
any form, is properly acknowledged at their point of use.

ii



Abstract

Quantum science and technology have seen rapid progress in recent decades, finding ap-
plications in computation, information processing, communication, and sensing. Accurate
characterization and manipulation of quantum states is essential to the successful imple-
mentation of these applications. Moreover, optimal quantum state estimation is closely
related to fundamental questions, such as limits on how fast information can be extracted
about quantum systems. In this thesis, we present several contributions to efficiently esti-
mating and transforming quantum states. We discuss optimal quantum state estimation,
both in the regime of few available quantum systems as well as the asymptotic regime.
We numerically investigate how assuming a pure-state can affect the performance of tomo-
graphic methods, and where adaptive quantum state tomography is in fact advantageous.
While collective measurements have been formally considered as optimal solutions to var-
ious problems in quantum information, their implementation has been largely neglected
due to experimental challenges. We present a proof-of-concept experiment realizing Mas-
sar and Popescu’s optimal collective measurement for quantum state estimation, utilizing
two-photon interference and polarization-dependent loss to achieve non-maximally entan-
gled state projections. We demonstrate that collective strategies can outperform the best
separable measurements. Furthermore, we introduce and experimentally implement a fast
and automated optical polarization compensation scheme using liquid crystal variable re-
tarders and rotating quarter-wave plate tomography. Desired accuracy thresholds can be
achieved within a few compensation steps. Finally, we use a matrix-model approach to
investigate the realization of spatial unitary transformations via sequences of thin phase
gratings and free-space propagation. We numerically demonstrate that the grating pa-
rameters and propagation distances can be optimized to achieve various two-beam and
three-beam unitary transformations, such as Pauli gates and the discrete Fourier trans-
form. Through experimental and numerical approaches, this thesis offers new perspectives
on methods for quantum state estimation and unitary transformation.

Résumé

La science et la technologie quantiques ont connu d’importantes avancées au cours des
dernières décennies, avec des applications dans le calcul, le traitement de l’information, la
communication et la détection. La mise en œuvre réussie de ces applications repose sur une
caractérisation et une manipulation précises des états quantiques. De plus, il existe une
étroite relation entre l’estimation optimale de l’état quantique et des questions fondamen-
tales, telles que les limites sur la vitesse d’extraction de l’information à propos des systèmes
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quantiques. Dans cette thèse, nous présentons plusieurs contributions à l’estimation et à la
transformation efficaces des états quantiques. Nous considérons l’estimation optimale des
états quantiques dans le régime des quelques systèmes quantiques disponibles ainsi que dans
le régime asymptotique. Nous mettons en évidence numériquement comment l’hypothèse
d’un état pur affecte la performance des méthodes tomographiques, et où la tomographie
adaptative est en fait avantageuse. Bien que les mesures collectives aient été formellement
considérées comme des solutions optimales à divers problèmes liés à l’information quan-
tique, leur mise en œuvre a été largement négligée en raison de défis expérimentaux. Nous
présentons une expérience de preuve de concept réalisant la mesure collective optimale de
Massar et Popescu pour l’estimation de l’état quantique, en utilisant l’interférence à deux
photons et la perte dépendante de la polarisation pour obtenir des projections d’états non
maximalement intriquées. Nous démontrons que les stratégies collectives peuvent surpasser
les meilleures mesures séparables. De plus, nous introduisons et mettons en œuvre expéri-
mentalement un schéma de compensation de polarisation rapide et automatisé utilisant
des retardateurs variables à cristaux liquides et la tomographie par une lame quart d’onde
en rotation. En quelques étapes de compensation, on peut atteindre les seuils de précision
souhaités. Enfin, nous utilisons une approche matricielle pour étudier la réalisation de
transformations unitaires spatiales via des séquences de réseaux de phases minces et la
propagation en espace libre. Nous illustrons numériquement que les paramètres du réseau
et les distances de propagation peuvent être optimisés pour réaliser diverses transforma-
tions unitaires à deux et trois faisceaux, telles que les portes de Pauli et la transformée
de Fourier discrète. Par des approches expérimentales et numériques, cette thèse offre de
nouvelles perspectives sur les méthodes d’estimation d’état quantique et de transformation
unitaire.
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Chapter 1

Introduction

Quantum information processing is a rapidly advancing field that promises to transform
various areas, including communication, sensing, and computing [1–3]. At its core are
quantum states, which encode the information being processed. Accurate characterization
of the state of quantum systems is crucial, since it allows one to predict the outcome statis-
tics for any measurement of the system. Unreliable preparation or characterization of the
states can significantly degrade the performance of information processing schemes. How-
ever, characterizing quantum states is a challenging task due to their high dimensionality
and the invasive nature of most quantum measurements. In contrast to classical systems,
quantum measurements generally alter the state, making the measured system unsuitable
for further use in state estimation. To estimate a general d-dimensional quantum state,
at least d2 − 1 operators need to be measured [4,5], and a significant number of measured
systems are necessary for each operator to achieve reliable estimates. Therefore, efficient
measurement strategies are essential to overcome the challenges of statistical uncertainty
and high dimensionality.

Collective measurements, which entangle the states of multiple particles through the
measurement process, are a powerful tool for quantum state estimation and metrology.
While theoretically optimal measurements have been proposed, their experimental imple-
mentation has largely remained a challenge. In Chapter 3, I discuss the experimental
realization of a multi-particle collective measurement, demonstrating its feasibility and ef-
fectiveness in estimating quantum states. The results support the long-standing prediction
that collective measurements can provide more accurate estimates of quantum states than
local measurement strategies.
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Optical polarization errors can impact the performance of polarization-sensitive devices
and quantum communication protocols. In Chapter 4, I present a fast and automated
scheme for polarization compensation, which we experimentally demonstrated. We showed
that this scheme is capable of achieving the desired accuracy in a few steps, and can be
completed in a few minutes.

Realizing unitary transformations on multiple beams is a crucial component of various
quantum information processing and imaging applications. While integrated optics offer a
promising platform for these transformations, free-space optics may be more accessible for
building and testing. Recently, the multi-plane light converter scheme has been proposed
as a method for realizing complex unitary transformations in free-space. However, most
implementations of this scheme rely on complicated optimization procedures with many
parameters, which can be inscrutable and require additional heuristics. In Chapter 5,
I consider a simpler approach in a matrix model for a sequence of spaced thin phase
gratings with free-space between them. I present numerical optimization results for the
thin grating parameters needed to achieve common unitary transformations, demonstrating
the potential of this approach for realizing spatial unitaries in free-space.

This introduction provides an overview of the relevant background and context, includ-
ing the fundamentals of quantum states, unitary transformations, quantum measurements,
two-photon interference, quantum state estimation, and fidelity. These concepts form the
basis for the work presented in this thesis.

1.1 Quantum States

The state of a quantum system can be described by a normalized vector in a complex
vector space equipped with an inner product (a Hilbert space). This state vector, called a
ket, is be denoted by |ψ⟩. Addition of kets or their multiplication by a complex number,
results in another ket (after normalization). The state of a qubit can be represented in
terms of the orthonormal computational basis states |0⟩ and |1⟩ as [6]:

|ψ⟩ = cos θ/2|0⟩+ eiϕ sin θ/2 |1⟩ , (1.1)

where 0 ≤ θ ≤ π and 0 ≤ ϕ < 2π. Geometrically, these states correspond to points on the
surface of a unit-sphere, called the Bloch sphere (Fig. 1.1), with the computational basis
states |0⟩ and |1⟩ located at the poles. Alternatively, the ket |ψ⟩ can be represented by a
complex two-dimensional column-vector of norm one:

|ψ⟩ −→
[

cos θ/2
eiϕ sin θ/2

]
. (1.2)
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Figure 1.1: Bloch sphere. Any arbitrary pure qubit state |ψ⟩ corresponds to a point on the surface of this
unit sphere, specified by the angles θ and ϕ. Points inside the sphere correspond to mixed qubit states.

As an example, the polarization state of a photon can be represented in terms of the
linear basis states |H⟩ ≡ |0⟩ (horizontally polarized) and |V ⟩ ≡ |1⟩ (vertically polarized).
It can also be expressed in terms of the diagonal and antidiagonal basis states {|D⟩ , |A⟩},
or the left-circular and right-circular basis states {|L⟩ , |R⟩}. These states are the following
equal superpositions of |H⟩ and |V ⟩ [7]:

|D⟩ ≡ 1√
2
(|H⟩+ |V ⟩); |A⟩ ≡ 1√

2
(|H⟩ − |V ⟩) (1.3)

|L⟩ ≡ 1√
2
(|H⟩+ i |V ⟩); |R⟩ ≡ 1√

2
(|H⟩ − i |V ⟩) (1.4)

More generally, given an orthonormal basis {|ϕi⟩}di=1, the arbitrary state |Ψ⟩ can be
written as [8]:

|Ψ⟩ = c1 |ϕ1⟩+ c2 |ϕ2⟩+ · · ·+ cd |ϕd⟩ , (1.5)
where the complex coefficients ci are known as probability amplitudes. Eq. (1.5) represents
a system that is in a coherent superposition of the states |ϕi⟩. Using Born’s rule, the
probability of |Ψ⟩ to be found in the state |ϕi⟩ is given by |ci|2. Therefore, we must have∑n

i=1 |ci|
2 = |⟨Ψ|Ψ⟩|2 = 1. This explains the normalization requirement for state-vectors.

The vector space dual to the ket space, is a bra space. The bra corresponding to
the ket |ψ⟩ is denoted by ⟨ψ|, and may be represented by a normalized row-vector. The
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corresponding bra for a ket is obtained by taking the conjugate-transpose. The bra qubit
is spanned by {⟨0|, ⟨1|}. Using the bra-ket notation, the overlap between two states can be
calculated as their inner-product. The modulus-squared of the overlap, |⟨ψ|ϕ⟩|2, gives the
probability of the state |ϕ⟩ to be found in |ψ⟩. Their outer-product |ψ⟩⟨ϕ|, on the other
hand, forms an operator, which can be seen as a matrix acting on the state-space.

The state-space of a composite physical system is the tensor product of the state-spaces
of the component physical systems. For example, a general two-photon polarization state
in spatial modes a and b can be expressed as:

|ψ2Q⟩ = cHH |Ha⟩ ⊗ |Hb⟩+ cHV |Ha⟩ ⊗ |Vb⟩+ cV H |Va⟩ ⊗ |Hb⟩+ cV V |Va⟩ ⊗ |Vb⟩
≡ cHH |HaHb⟩+ cHV |HaVb⟩+ cV H |VaHb⟩+ cV V |VaVb⟩ , (1.6)

where cHH , cHV , cV H , and cV V are complex coefficients satisfying the normalization |cHH |2+
|cHV |2 + |cV H |2 + |cV V |2 = 1. The state |ψ2Q⟩ is called separable if it can be written as
a product-state in the form |ψ2Q⟩ = |ψa⟩ ⊗ |ψb⟩, where |ψa⟩ and |ψb⟩ are the states of the
subsystems a and b, respectively. Bipartite states that do not fulfill this condition are
entangled. Note that |ψ2Q⟩ is separable if and only if cHHcV V = cHV cV H (see Appendix
B).

Entanglement results in correlations between measurement outcomes of the system in
any basis. It is one of the most striking features of quantum mechanics and is a unique
resource playing a crucial role in many applications of quantum information and quantum
computation, such as superdense coding and quantum teleportation.

The states discussed so far are known as pure states, and can describe coherent superpo-
sitions. In many quantum-computing algorithms, taking advantage of superposition allows
probing systems in parallel, which can also help reduce the computational complexity of
certain problems [6, 9].

A more general way to describe the state of a quantum system is using a density matrix
ρ. The density matrix corresponding to the pure state |ψ⟩ is simply |ψ⟩⟨ψ|. Mathematically,
this corresponds to an operator that projects onto the state |ψ⟩, as (|ψ⟩⟨ψ|) |ϕ⟩ = ⟨ψ|ϕ⟩ |ψ⟩.

More broadly, density matrices allow the representation of incoherent mixtures of pure
states, such as partially polarized or unpolarized light. In general, the presence of noise,
decoherence, or measurements in a quantum system can necessitate the use of density
matrices to accurately represent its state. A density matrix can be defined as

ρ ≡
m∑
i=1

pi |ψi⟩⟨ψi| , (1.7)
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where the probabilities pi of the mixture sum to one. For example, the density matrix
formalism allows the representation of an ensemble of photons, for which there is a p1 = 2/3
probability of having |ψ1⟩ = |H⟩, and a p2 = 1/3 probability of having |ψ2⟩ = |V ⟩. The
states |ψi⟩ need not form an orthonormal basis, and Eq. (1.7) does not uniquely describe
the ensemble corresponding to ρ [10–16].

From the definition Eq. (1.7), it follows that density matrices are Hermitian, positive
semi-definite, and have trace unity. More explicitly, the conjugate-transpose ρ† = ρ, all
eigenvalues pi of ρ are non-negative, and tr(ρ) =

∑m
i=1 pi = 1. Since ρ is diagonalizable, it

can be written in terms of its unique eigenvalues and normalized eigenstates. From these
properties, we can also conclude that a d×d density matrix has d2−1 real free parameters.

The level of mixedness of the state is determined by the purity tr(ρ2), where tr(ρ2) = 1/d
for a maximally mixed state, and tr(ρ2) = 1 for a pure state. For a composite physical
system having n subsystems with subsystem i prepared in ρi, the joint state is ρ1⊗ρ2⊗· · · ρn
[6]. A mixed state ρ is separable if it can be expressed as a convex sum of product states;
otherwise, it is entangled and of form [17,18]:

ρ ̸=
∑
i

piρ
i
1 ⊗ · · · ⊗ ρin. (1.8)

1.2 Unitary Transformations

Unitary transformations are one of the most common types of operations in closed quantum
systems. A unitary transformation U preserves the norm of states — meaning

∥U |ψ⟩∥ = ∥|ψ⟩∥, (1.9)

for any arbitrary |ψ⟩ in the state-space — and more generally, the inner product, such
that:

(⟨ϕ|U †)(U |ψ⟩) = ⟨ϕ|ψ⟩ , (1.10)

for any arbitrary |ψ⟩ and |ϕ⟩ in the state-space. From Eq. (1.10), we see that U is invertible,
with its inverse given by U †:

UU † = U †U = I. (1.11)
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The set U(d) of unitary matrices of size d forms a group under matrix multiplication
(group axioms shown in Appendix C). Moreover, for any unitary matrix U of finite size,
the following important properties hold [19]:

• The rows of U form an orthonormal basis for the state-space.

• The columns of U form an orthonormal basis for the state-space.

• The matrix U is normal, meaning U †U = UU †.

• By the Spectral Theorem, U is diagonalizable. Therefore, U can be decomposed as
U = V DV †, where D is diagonal and V is unitary.

• The eigenvalues of U have modulus one, and |detU | = 1. The subset of unitaries
with determinant 1 form the special unitary subgroup SU(d).

• The matrix U can be written as the matrix-exponential U = eiH , where H is a
Hermitian matrix.

1.2.1 Some Notable Unitary Transformations

The time-evolution of a closed quantum system is described by a unitary transformation.
That is, the state |ψ⟩ of a system at reference time 0 is related to its state |ψ′⟩ at some
time t by a unitary operator as [20]:

|ψ′⟩ = e−iĤt/ℏ |ψ⟩ , (1.12)

where the Hermitian energy operator Ĥ is the Hamiltonian of the system and ℏ = h/(2π)
is the reduced Planck constant. Eq. (1.12) is valid provided Ĥ is time-independent.

Other prominent examples of unitaries are the translation operator Tx and the spin ro-
tation operator Rz(ϕ). The operator Tx(a) = e−ipxa/ℏ, where px is the momentum operator
along x, translates a position state |x⟩ as [20]:

T (a) |x⟩ = |x+ a⟩ . (1.13)

The spin rotation operator Rz(ϕ) = e−iSzϕ/ℏ, where Sz is the z spin angular momentum
operator, causes a spin rotation of angle ϕ about the z-axis.

Unitary transformations can be used as quantum logic gates, with applications in quan-
tum information processing, quantum communication, quantum computing, metrology,
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and sensing. A ubiquitious example is the action of a beamsplitter. A 50:50 beasmplitter
may be represented as:

H =
1√
2

[
1 1
1 −1

]
. (1.14)

The matrix H above is also known as the Hadamard gate. Other notable 2 × 2 unitary
transformations include the Hermitian, traceless, and involutory Pauli operators:

σx =

[
0 1
1 0

]
; σy =

[
0 −i
i 0

]
; σz =

[
1 0
0 −1

]
. (1.15)

Along with the identity matrix I2, Pauli operators form a basis for 2×2 Hermitian matrices.
There are two notable approaches to generalize Pauli matrices to higher dimensions.

The generalized Gell-Mann matrices, acting on qudits, form a basis for Hermitian d × d
matrices. On the other hand, Sylvester’s generalized Pauli matrices X and Z are a non-
Hermitian extension to d dimensions which maintain the relations

σ2
x = σ2

z = I, σxσz = −σzσx. (1.16)

The shift matrix

X =



0 0 0 · · · 0 1
1 0 0 · · · 0 0
0 1 0 · · · 0 0
0 0 1 · · · 0 0
...

...
... . . . ...

...
0 0 0 · · · 1 0


(1.17)

and the clock matrix

Z =


1 0 0 · · · 0
0 ω 0 · · · 0
0 0 ω2 · · · 0
...

...
... . . . ...

0 0 0 · · · ωd−1

 (1.18)

where ω = e2πi/d generalize σx and σz, respectively [21].
The discrete Fourier transform matrix,

DFTd =
1√
d


1 1 1 · · · 1
1 ω ω2 · · · ωd−1

1 ω2 ω4 · · · ω2(d−1)

...
...

... . . . ...
1 ωd−1 ω2(d−1) · · · ω(d−1)(d−1)

 (1.19)
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where ω = e2πi/d, is a unitary operation with many interesting applications, for example
as a subroutine in efficient quantum algorithms for the prime factorization and discrete
logarithm problems [2].

A common type of gate used in quantum computation is a controlled gate, whose
action depends on the state of another qubit (or other qubits). A notable example is the
entangling two-qubit controlled-NOT gate, which acts as CNOT(|x⟩ ⊗ |y⟩) = |x⟩ ⊗ |y ⊕ x⟩
for |x⟩ , |y⟩ ∈ {|0⟩ , |1⟩}, where ⊕ represents addition modulo two. The target qubit |y⟩
remains unchanged for the control qubit state |x⟩ = |0⟩, whereas the σx (NOT) gate is
performed on |y⟩ for |x⟩ = |1⟩. The control and target qubit states could of course be in a
superposition of the computational basis states.

Figure 1.2: Quantum circuit representation of a controlled-NOT gate.

In matrix form, the CNOT gate in Fig. 1.2 can be expressed as

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 . (1.20)

Clifford gates map tensor products of Pauli operators to tensor products of Pauli op-
erators under conjugation, meaning a unitary U is Clifford if

U(σi1 ⊗ · · · ⊗ σin)U
† = σj1 ⊗ · · · ⊗ σjn . (1.21)

This property plays a key role in the context of understanding achievable operations using
a set of gates in quantum computing. Examples of Clifford gates are the Hadamard gate
H, the CNOT gate, and the

√
σz gate. A set of quantum gates is universal if finite

products of its elements can approximate any unitary operation, in terms of yielding similar
measurement outcome statistics [6, 22]. Clifford gates alone do not form a universal set of
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quantum gates. However, the Clifford set {H,CNOT,√σz} along with the non-Clifford T
gate,

T2 =

[
1 0
0 eiπ/4

]
, (1.22)

which simply acts as a phase-shift, do form a universal set. For a qutrit (three-level)
system, the T gate is given by [23]

T3 =

1 0 0
0 e2πi/9 0
0 0 e16πi/9

 . (1.23)

1.2.2 Polarization Transformations

In this subsection, we introduce the mathematical framework used to describe and manip-
ulate the polarization state of light, which is a key property of transverse electromagnetic
waves that underlies their interaction with various materials and optical devices.

For a plane-wave propagating in the z-direction, the electric field may be decomposed
into two orthogonal components Ex,0 and Ey,0, with phases δx and δy [24, 25]:

Ex(z, t) = Ex,0 cos(ωt− kz + δx), (1.24)
Ey(z, t) = Ey,0 cos(ωt− kz + δy), (1.25)

where ω is the angular frequency, k = 2π/λ is the wave number, and λ is the wavelength.

Jones Formalism

The Jones vector provides a representation of the polarization state of a plane-wave in
terms of the amplitudes and phases of its orthogonal components as [26][

Ex,0e
iδx

Ey,0e
iδy

]
. (1.26)

It is convenient to use the normalized Jones vector — when we are only interested in
the polarization state — so as to have a linear superposition of the polarization states
|H⟩ =

[
1 0

]T and |V ⟩ =
[
0 1

]T (discussed in Section 1.1). For a plane wave with an
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electric field oscillating at an azimuth angle ψ relative to the x-axis and a phase difference
δ = δy − δx between its components, the normalized Jones vector is given by [27]:

J(ψ, δ) =

[
cosψ
eiδ sinψ

]
. (1.27)

The polarization state can be altered with birefringent optical elements such as wave-
plates and general retarders, in which the refractive index depends on the polarization. In
a uniaxial birefringent crystal, the two principal polarization states are the ordinary and
extraordinary rays, whose electric field vectors are orthogonal and indicate the “slow” and
“fast” axes of the medium. The refractive indices along these axes are ns and nf , respec-
tively.

Unitary Jones matrices can describe the polarization transformation associated with
waveplates and arbitrary phase retarders based on their action on Jones vectors. A linear
phase retarder of thickness l with phase retardation Γ = 2πl(ns−nf )/λ can be represented
by the Jones matrix [27]:

JLin. Ret. =

[
e−iΓ/2 cos2 θ + eiΓ/2 sin2 θ −i sin(Γ/2) sin(2θ)

−i sin(Γ/2) sin(2θ) e−iΓ/2 sin2 θ + eiΓ/2 cos2 θ

]
, (1.28)

where θ is the angle between the fast axis of the retarder and the x-axis. For a half-wave
plate, Γ = π, while for a quarter-wave plate, Γ = π/2.

Stokes Parameters and Mueller Matrix Formalism

In many practical light sources, such as ensembles of randomly oriented atomic emitters,
the polarization state fluctuates rapidly and irregularly and can therefore be partially
polarized or fully unpolarized. The Stokes formalism provides a general description for
any degree of polarization.

For a plane-wave propagating in the z-direction (see Eq. (1.24)-(1.25)), the Stokes
parameters are defined as follows [28]:

S0 = E2
x,0 + E2

y,0, (1.29)
S1 = E2

x,0 − E2
y,0, (1.30)

S2 = 2Ex,0Ey,0 cos(δ), (1.31)
S3 = 2Ex,0Ey,0 sin(δ), (1.32)
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where δ = δy − δx. They are usually written as a vector, called the Stokes vector S⃗:

S⃗ =


S0

S1

S2

S3

 = S0


1
S1

S2

S3

 , (1.33)

where S0 describes the intensity of the wave, S1 the intensity difference between horizontally
(H) polarized light and vertically (V) polarized light, S2 the intensity difference between
diagonally (D) polarized light and anti-diagonally (A) polarized light, and S3 the intensity
difference between right-hand (R) circularly polarized light and left-hand (L) circularly
polarized light. In Eq. (1.33), Si = Si/S0 represent the normalized Stokes parameters.

The Stokes parameters satisfy the inequality:

S2
0 ≥ S2

1 + S2
2 + S2

3 . (1.34)

When the light is fully polarized, Eq. (1.34) becomes an equality.

States of polarization can be represented using a sphere known as the Poincaré sphere,
analogous to the Bloch sphere for qubit states. The three-component vector S⃗ = (S1, S2, S3)
describes the Cartesian coordinates of the polarization state within the Poincaré sphere.
Fully polarized (pure) states lie on the surface, while partially polarized (mixed) states are
represented by points inside the sphere.

The polarization of light can be changed using unitary optical elements such as wave-
plates and arbitrary retarders. It may also undergo a lossy transformation through polar-
izers or depolarizers. Any of these changes to the Stokes parameters can be described by
a Mueller matrix M with elements mij as:

S⃗ ′ =


S

′
0

S
′
1

S
′
2

S
′
3

 =


m00 m01 m02 m03

m10 m11 m12 m13

m20 m21 m22 m23

m30 m31 m32 m33

 ·


S0

S1

S2

S3

 = M · S⃗. (1.35)

For a system of n optical elements, the Mueller matrices can be multiplied to get the
Mueller matrix describing the entire system:

S⃗ ′ = Mn · ... ·M2 ·M1 · S⃗ = Msys · S⃗. (1.36)
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The action of a liquid crystal variable retarder (LCVR) can be described by the following
Mueller matrix:

MLCVR(θ, δ) =


1 0 0 0
0 cos2 2θ + sin2 2θ cos δ cos 2θ sin 2θ(1− cos δ) − sin 2θ sin δ
0 cos 2θ sin 2θ(1− cos δ) cos2 2θ cos δ + sin2 2θ cos 2θ sin δ
0 sin 2θ sin δ − cos 2θ sin δ cos δ

. (1.37)

Here, θ is the angle of the liquid crystal birefringent fast axis relative to the horizontal axis,
and δ is the relative phase retardance between the horizontal and vertical polarizations
(which varies with voltage).

The Mueller matrix M corresponding to a Jones matrix J can be obtained using the
relation [29]:

M = A(J⊗ J∗)A−1, (1.38)

where ∗ indicates the complex-conjugate, and

A =


1 0 0 1
1 0 0 −1
0 1 1 0
0 i −i 0

 . (1.39)

A thorough treatment of polarization theory can be found in Refs. [30,31].

1.2.3 Arbitrary Unitaries on Spatial Modes

In this subsection, we discuss the realization of d×d unitary matrices transforming d input
states into d output states. A lossless variable beamsplitter with a phase shifter at one
output transforms an input state with modes (k1, k2) into the output state with modes
(k′1, k

′
2) as follows [32]: [

k′1
k′2

]
=

[
eiϕ sinω eiϕ cosω
cosω − sinω

] [
k1
k2

]
. (1.40)

The parameter 0 ≤ ω < 2π describes the beamsplitter transmittance (|t| = cosω) and
the reflectivity (|r| = sinω). The parameter ϕ is a phase shift that can be added at one
output. Alternatively, the beamsplitter with variable reflectivity can be replaced by a
Mach-Zehnder interferometer with symmetric 50 : 50 beamsplitters. Phases at the input
ports (as well as a global phase at the output) can be chosen such that the beamsplitter
matrix achieves any transformation in the U(2) group [33, 34]. A variable beamsplitter
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can alternatively be realized using a Mach-Zehnder interferometer (Fig. 1.3). As we will
discuss next, the decomposition of d× d unitaries can be achieved through successive two-
mode unitaries [32].

Figure 1.3: A variable beamsplitter can alternatively be realized using a Mach-Zehnder interferometer.
A phase shift ϕ is added at one output. Input phases (and a global phase at the output) can be used to
achieve any two-by-two unitary.

Reck Unitary Decomposition Scheme

Reck et al. [32] presented a deterministic algorithm to decompose a general unitary Ud

of dimension d into the action of beamsplitters and phase shifters. In other words, any
d × d unitary transformation can be realized using successive unitary transformations on
two-dimensional subspaces.

Let Tpq(ωpq, ϕpq) denote a d×d identity matrix with elements Ipp, Ipq, Iqp, Iqq replaced by
beamsplitter elements, as defined in Eq. (1.40). This matrix performs a unitary transforma-
tion on a two-dimensional subspace and leaves a (d− 2)-dimensional subspace unchanged.
To find a decomposition, we consider the problem in reverse. Suppose we successively
multiply the desired unitary Ud on the right by Tdq(ωdq, ϕdq) for q = d− 1, · · · , 1, realized
with beamsplitter devices between ports d and q:

Ud(Td,d−1Td,d−2 · · ·Td,1) =

 Ud−1 0

0 eiαd

 . (1.41)

The resulting matrix contains only zeros in the last row (and also in the last column due to
unitarity) except for the diagonal element. Later transformations will not affect this row.
The dimension of Ud has been reduced to d−1. We may view R(d) ≡ Td,d−1Td,d−2 · · ·Td,1 as
a generalized rotation of the last row of Ud in a d-dimensional vector space. From Eq. (1.40)
for each pair of modes, R(d) transforms a unit row vector into a general d-dimensional row
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vector, such that: 

0
0
0
...
0
1



T

R−1(d) =



e−iϕ1 cosω1

−e−iϕ2 cosω2 sinω1

e−iϕ3 cosω3 sinω2 sinω1
...

∓e−iϕd−1 cosωd−1 · · · sinω1

± sinωd−1 sinωd−2 · · · sinω1



T

. (1.42)

In Eq. (1.42), the parameters ωi and ϕi define general spherical coordinates in d-dimensions.

Recursively following this procedure of applying sequences of beamsplitter transforma-
tions (rotations) from the right, we obtain a diagonal matrix

D−1 = UdR(d)R(d− 1) · · ·R(2) (1.43)
= Ud(Td,d−1Td,d−2 · · ·Td,1)(Td−1,d−1Td−1,d−2 · · ·Td−1,1) · · · (T2,d−1T2,d−2 · · ·T2,1) (1.44)
= Ud(Td,d−1Td,d−2 · · ·T2,1) (1.45)

with elements that have modulus 1. We can then multiply the result by the diagonal
matrix

D =

e
−iα1

. . .
e−iαd

 , (1.46)

which is simply a phase shifter on each mode. This allows us to obtain the d× d identity
matrix Id:

Ud(Td,d−1Td,d−2 · · ·T2,1)D = Id. (1.47)

Having found a recipe for transforming Ud to Id, we can simply invert Eq. (1.47) to get
the decomposition of Ud into 2× 2 beamsplitter and phase shift unitaries:

Ud = (Td,d−1Td,d−2 · · ·T2,1D)−1 (1.48)
= (R(d)R(d− 1) · · ·R(2)D)−1 (1.49)

The reflectivity ω and phase ϕ of each of the d(d− 1)/2 beamsplitter devices are chosen so
that R(p) rotates the p-th row of the unitary Ud into [0, 0, . . . , eiαp , . . . , 0], where the eiαp

is in the p-th position.
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Figure 1.4: Reck et al.’s decomposition setup. A mesh of beamsplitters and phase shifters arranged
in a triangular lattice form a large interferometer with d2 arms that can implement any d × d unitary
transformation.

The result of the decomposition is a mesh of beamsplitters in a large interferometer with
∼ d2 arms, as depicted in Fig. 1.4. Despite the powerful nature of the decomposition, its
implementation requires phase stability in each of the arms to lengths much smaller than
the optical wavelength. For this reason, most of the successful applications of the Reck (as
well as the more compact square-lattice Clements [35]) decomposition schemes have been
realized in integrated optics. Integrated waveguide devices with several evanescent couplers
and thermo-optic phase shifters have been used to experimentally demonstrate important
tasks in linear optical quantum computing: single-qubit and two-qubit quantum logic gates
(e.g. Controlled-NOT), boson sampling, and random unitary transformations [36]. They
have also been applied to matrix multiplication in optical neural networks on nanophotonic
circuits [37]. The latter application makes use of singular-value decomposition to extend
the range of accessible matrices from unitaries to arbitrary real-valued matrices.

Unitary Implementation through a Multi-Plane Light Converter

A multi-plane light converter (MPLC) is another possible way to implement spatial unitary
transformations. It consists of alternating layers of phase-masks and free-space propagation
(or optical Fourier transform), denoted by P and D, respectively. Together, an MPLC
consisting of P blocks of phase-masks and free-space propagation can perform a unitary
transformation

U = DPPP · · · D1P1. (1.50)

For illustration, an example of an MPLC is depicted in Fig. 1.5. This type of scheme
facilitates the implementation of unitary transformations in free-space.
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Figure 1.5: A multi-plane light converter (MPLC) uses alternating layers of phase-masks and free-space
propagation to realize spatial unitaries in free-space between input modes fi and output modes bi.

In most applications of MPLC to date, numerical optimization has been used to deter-
mine the required phase planes for a particular transformation. A common optimization
method used is a wavefront matching algorithm. Wavefront matching consists of propa-
gating the input fields fi forward and the output fields bi backward through the system.
The phase fronts of fi and bi need to match at every spatial coordinate for an input to
excite an output. If the fields do not match, the phase error at each spatial coordinate
is calculated and subtracted from that phase plane. In multi-plane systems, all fi and bi
are moved together to the next plane or backwards together to the previous plane. This
process iterates until the error is minimized [38].

Many implementations of MPLCs utilize liquid crystal spatial light modulators (SLMs)
to apply the desired phase masks with high resolution. Wavefront matching and MPLCs
have been used to demonstrate mode multiplexing and de-multiplexing between Gaussian
beams and modes of a graded index fibre [38], mode-sorting for 210 Laguerre-Gaussian
transverse spatial modes using only seven phase planes [39], and high-dimensional quantum
gates using the orbital angular momentum degree of freedom of photons [40]. Different
choices of basis for the modes fi and bi have been considered including the pixel basis
of SLM devices, the Hermite-Gaussian basis [38], an array of Gaussian beams [41], or
Laguerre-Gaussian beams [39].

Despite successful applications of wavefront matching, the complex optimization can
be computationally slow, provide inscrutable results, and require additional heuristics for
high performance. The wavefront-matching optimization algorithm can converge to local
minima. Constraints on limiting the angle space or the size of the masks, avoiding updates
in low power areas, forcing similarity between adjacent masks, zeroing masks, and averaging
the optimization over multiple wavelengths have been considered to mitigate the issue of
local minima [38]. Resulting phase masks can involve sudden phase jumps, but thresholding
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and optimization over multiple wavelengths can help produce smoother masks. Moreover,
several aspects in the design of general MPLC systems, such as the SLM pixel size, the use
of free-space propagation or an optical Fourier transform, the choice of mode basis, and the
mode size require fine tuning (often through trial and error). These challenges motivate
the use of a more limited class of phase masks with fewer parameters such as gratings. We
consider this approach using a matrix model in Chapter 5.

More recently, a deterministic algorithm for an exact implementation of any unitary
using Fourier transforms and phase masks was proposed in Ref. [42]. This decomposition
is achieved using 6d discrete Fourier transforms and 6d+ 1 diagonal phase masks.

1.3 Quantum Measurements

Quantum measurements can be described by a set of measurement operators {Mm} acting
on the state-space, which satisfy the completeness relation

∑
mM

†
mMm = I . The index

m refers to the possible measurement outcomes. For a quantum system in state |ψ⟩ before
the measurement, the probability of obtaining the outcome m is [6]:

p(m) = ⟨ψ|M †
mMm|ψ⟩ , (1.51)

and the system’s state after the measurement is

|ψf⟩ =
Mm |ψ⟩√

⟨ψ|M †
mMm|ψ⟩

. (1.52)

The completeness relation equivalently means that the outcome probabilities sum to one:∑
m

p(m) =
∑
m

⟨ψ|M †
mMm|ψ⟩ = 1. (1.53)

Eq. (1.52) expresses a striking feature of measurements in quantum mechanics compared
to classical systems: the quantum measurement back-action. The post-measurement state
is generally altered through the measurement process. As I will explain, this implies
that an unknown state |ψ⟩ cannot be determined with a single measurement, or repeated
measurements of the same system.
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1.3.1 Projective Measurements and Observables

An important special case is that of projective measurements. A projective measurement
can be described by an observable M , which is a Hermitian operator acting on the state-
space of the system being measured, with the spectral decomposition [6]:

M =
∑
m

mPm, (1.54)

where Pm is the projector onto the eigenspace of M corresponding to the real eigenvalue
(outcome) m. Projectors Pm are Hermitian and by definition satisfy P 2

m = Pm. Therefore,
Eq. (1.51) for a projective measurement reduces to

p(m) = ⟨ψ|Pm|ψ⟩ (1.55)

and the post-measurement state is

|ψf⟩ =
Pm |ψ⟩√
p(m)

. (1.56)

Stated differently, projective measurements are the special case where the measurement
operators Mm are orthonormal projectors, i.e., MmMm′ = δm,m′Mm. If the spectrum of
M is non-degenerate, any projector would be a rank-1 projector Pm = |m⟩⟨m|. This type
of projective measurement is known as a von Neumann measurement [43]. An example of
a rank-1 projector in optics is PH = |H⟩⟨H|, projecting onto horizontally polarized light
using the transmission port of a polarizing beamsplitter. Whereas a rank-2 projector in
the 2-dimensional polarization space is the identity I = |H⟩⟨H|+ |V ⟩⟨V |. Coupling into a
single-mode fiber can be seen as a rank-1 projector |u0⟩⟨u0| in the spatial state-space, but
the identity (rank-2) in the polarization state-space (as the fiber supports two polarization
modes). Thus in the composite space, |u0⟩⟨u0| ⊗ I is a rank-2 projector.

The action of an iris is to project onto a flat distribution of transverse-position eigen-
states inside the diameter, and can be represented by a diagonal matrix in the transverse-
position space. Unlike the single-mode fiber, it has a very large or infinite rank. It is still
idempotent: placing a second identical iris yields the same output.
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The expectation (or average) value of an observable M is given by the weighted average
of the possible measurement outcomes m:

⟨M⟩ =
∑
m

mp(m) (1.57)

=
∑
m

m ⟨ψ|Pm|ψ⟩ (1.58)

= ⟨ψ|

(∑
m

mPm

)
|ψ⟩ (1.59)

= ⟨ψ|M |ψ⟩ . (1.60)

Equivalently, if the system being measured is in a state described by the density matrix ρ,
then [43]

⟨M⟩ = Tr(ρM). (1.61)

The standard deviation associated with observations of M is given by:

∆M =
√

⟨(M − ⟨M⟩)2⟩ (1.62)

=

√
⟨M2⟩ − ⟨M⟩2. (1.63)

If a large number of experiments measuring M are performed on systems prepared in the
state |ψ⟩, a spread ∆M of measured values would be observed.

1.3.2 Positive Operator-Valued Measures (POVMs)

A positive operator valued measure (POVM) {Πi} is a set of positive semi-definite operators
acting on the state-space that sum to the identity. POVMs allow the representation of
generalized measurements in quantum mechanics, going beyond the paradigm of projective
measurements, which leave the system’s state in an operator eigenspace. Unlike the case
of a projection-valued measure (PVM), the POVM elements {Πi} need not be orthogonal,
i.e., ΠiΠj ̸= δijΠi in general. This implies that the number of POVM elements can be larger
than the dimension of the state-space. Fig. 1.6 shows the representation of a POVM as a
multiport device.
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Figure 1.6: Multiport device representing a Positive Operator Valued Measure (POVM).

The probability of obtaining the outcome i is given by

Prob(i) = tr(ρΠi). (1.64)

The example of coupling into a single-mode fiber corresponds to a fine-grained (low-
rank) POVM element, whereas the example of the iris corresponds to a coarse (high-rank)
POVM element.

An important result regarding POVMs is Naimark’s dilation theorem [44], which gives
a method to realize a POVM as a PVM acting on a larger Hilbert space.

1.3.3 Separable Measurements

Separable measurements are a class of measurements which can be factorized as a tensor
product of individual measurements on the subsystems of a composite system:

Msep =M (1) ⊗M (2) · · · ⊗M (N), (1.65)

where M (i) represents a measurement of subsystem i.

We may otherwise define separable measurements from the perspective of POVMs.
Recall that separable states are states which can be expressed as a convex sum of product
states [17]. A POVM is separable if every POVM element is proportional to a separable
state [45].
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1.3.4 Adaptive Measurements and Local Operations and Classical
Communication (LOCC)

Adaptive measurements use prior outcomes to guide the choice of future measurements
through the course of the experiment. In other words, such measurements can access Local
Operations and Classical Communication (LOCC). Adaptive measurements can be helpful
in parameter estimation, as the optimal measurement often depends on the unknown state
being probed. Although the true optimal measurement cannot be implemented exactly, one
can estimate its optimal bases by performing preliminary measurements on a subset of the
ensemble. After approximating the bases, we carry out a second measurement stage using
that information on the remaining subset of the ensemble [46, 47]. An example showing
this dependence of the measurement basis on a previous outcome is shown as a quantum
circuit diagram in Fig. 1.7. Alternatively, adaptive strategies can reduce redundancy by
selecting measurement configurations with the highest outcome uncertainty [48].

Figure 1.7: Example of an adaptive measurement, shown as a quantum circuit diagram. The choice of
measurement basis for the second system, affected by the unitary U , depends on the measurement outcome
for the first system.

1.3.5 Collective Measurements

Collective measurements probe many-body properties such as total spin (see Fig. 1.8 (b))
or permutation symmetry rather than properties such as single-particle spin. They arise
naturally in many-body systems, for instance in the study of ferromagnetism, where the
macroscopic field is a collective effect of the many spins. Collective measurements are non-
local in the sense that they project onto entangled states and, thus, they enable applications
that are impossible within the paradigm of Local Operations and Classical Communication
(LOCC). The quantum circuit in Fig. 1.8 (a) contrasts collective measurements with sep-
arable measurements. Probing collective properties provides optimal solutions to several
parameter and state estimation problems in quantum information [49–60].
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(a) (b)

Figure 1.8: (a) Quantum circuit representation of a collective measurement. A collective measurement
cannot be factorized into individual measurements of the subsytems, even with the addition of local
unitaries. (b) Measuring the total spin of two spin-1/2 particles along the z-direction is an example of a
collective measurement.

However, the majority of implementations in state estimation and metrology have so
far been focused on the use of separable measurements, due to the practical challenges
associated with the realization of collective measurements. Some photonic implemen-
tations have relied on encoding the qubits in different degrees of freedom of the same
photon [61,62]. While this seemingly simplifies the task of performing collective measure-
ments, the outcomes can be explained by classical optics. In particular, outcome statistics
can be predicted based on first-order interference. Moreover, the states corresponding to
the measurement projector do not allow useful Bell violations and quantum information
processing tasks. Viable experimental methods for collective measurements will open up
optimal sensing and state estimation applications [63–65]. In Chapter 3, we experimentally
apply a collective measurement to quantum state estimation.

1.4 Two-Photon Interference

1.4.1 Hong-Ou-Mandel Interference

When two photons impinge onto different ports of a 50:50 beamsplitter (BS), one can expect
four possible outcomes based on the transmission or reflection of the photons. However,
when the photons are indistinguishable (identical in all degrees of freedom), the probability
amplitudes for the two outcomes that result in a coincidence (one photon in each of the
ports c and d in Fig. 1.9) sum to zero.
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Figure 1.9: HOM interference. Indistinguishable photons enter opposite ports of a beamsplitter. The
probability amplitudes for the photons to exit from opposite ports cancel, resulting in no coincidences for
a 50:50 beamsplitter.

To describe two-photon interference, we use the quantum description of a beamsplitter
according to the second quantization formalism. This is done by introducing a set of bosonic
creation and annihilation operators â†i and âi respectively to represent electromagnetic
fields in a mode i. These operators obey the commutation relations[

âi, â
†
j

]
= âiâ

†
j − â†j âi = δij, (1.66)

where δij is the Kronecker delta (δii = 1 and δij = 0 otherwise). Applying the creation
operator n times on the vacuum state |vac⟩ results in an n-photon Fock state |n⟩i in the
mode i:

(â†i )
n |vac⟩ =

√
n! |n⟩i . (1.67)

The notation â, b̂, ĉ, d̂ can be used to denote the annihilation operators in modes a, b, c, d
in Fig. 1.9, respectively. The action of a 50 : 50 beamsplitter can be expressed in terms of
these field operators as: {

â = 1√
2
(ĉ+ d̂)

b̂ = 1√
2
(ĉ− d̂),

(1.68)

Two-photon interference happens for indistinguishable photons, which occurs when they
are identical in all degrees of freedom, i.e., polarization, time-frequency, and position.
Consider the action of the beamsplitter as described in Eq. (1.68) on two indistinguishable
photons impinging onto opposite ports of a beamsplitter:

â†b̂†
BS−→1

2
(ĉ†ĉ† − ĉ†d̂† + ĉ†d̂† − d̂†d̂†) |vac⟩ (1.69)

=
1

2

[
(ĉ†)2 − (d̂†)2

]
|vac⟩ (1.70)

=
1√
2
(|2⟩c − |2⟩d). (1.71)
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We see that the states corresponding to the photons exiting from opposite ports interfere
destructively, meaning photons will only exit from the same output port.

This bunching effect is otherwise known as Hong-Ou-Mandel (HOM) interference,
named after the group who experimentally demonstrated this effect with photons in 1987
[66]. Fearn-Loudon [67] as well as Rarity-Tapster [68, 69] independently investigated this
phenomenon during the same period.

A standard form of the HOM interferometer uses pairs of photons that are identical in
all degrees of freedom except for a relative time delay. The number of coincidences (simul-
taneous detections) at the output ports can then be measured to obtain a characteristic dip
as a function of the delay between the two photons. The HOM visibility can be calculated
as

V =
C(∞)− C(0)

C(∞)
, (1.72)

where C(∞) is the coincidence rate at a large relative delay (compared to the inverse of the
photon bandwidth) and C(0) is the coincidence rate at zero delay. When the maximum
coincidence Cmax occurs at large delay, the visibility is calculated as

V =
Cmax − Cmin

Cmax
, (1.73)

where Cmin = C(0). A recent review of HOM interference and its numerous applications
can be found in Ref. [70].

1.4.2 General Two-Photon Polarization State Projector

As discussed in Section 1.3.5, collective measurements involve projections onto entangled
states. In this subsection, we discuss how we can realize such measurements. Suppose
we have two photons in a separable two-photon polarization state |ϕ⟩ = |n⃗a⟩ ⊗ |p⃗b⟩ — one
photon in each of the spatial modes a and b — with |n⃗⟩ and |p⃗⟩ being arbitrary polarization
qubit states. We may be interested in measuring the projector Pm = |ψ2Q⟩⟨ψ2Q|, where

|ψ2Q⟩ ≡ cHH |HaHb⟩+ cHV |HaVb⟩+ cV H |VaHb⟩+ cV V |VaVb⟩ (1.74)

is a possibly entangled polarization state, with one photon in each of the spatial modes a
and b. Specifically, we want to learn the probability ⟨Pm⟩ = |⟨ψ2Q|ϕ⟩|2 for the projection
of the input state |ϕ⟩ onto |ψ2Q⟩. We will examine a method for measuring Pm, which was
proposed and demonstrated in Ref. [71]. Fig. 1.10 illustrates the components of this general

24



two-photon polarization state projector. This method will be applied experimentally in
Chapter 3 to quantum state estimation.

In particular, projection onto an entangled state is achieved through two-photon inter-
ference. When two photons entering opposite input ports of a 50:50 beamsplitter are indis-
tinguishable in all degrees of freedom except (possibly) polarization, coincidence detection
at the beamsplitter output ports projects onto the singlet state |S⟩ = 1√

2
(|HV ⟩ − |V H⟩)

[72, 73]. This projection can be derived using a similar second-quantization calculation
as in Section 1.4.1. The effect may also be inferred from the bosonic nature of photons,
where symmetry constraints imply that if the spatial part of the state is antisymmetric,
the polarization part must also be antisymmetric, ensuring that the overall two-photon
state remains symmetric.

Unitary transformations Partial 
polarizer 

Controlling level 
of entanglement 
of the projection

50:50 
beamsplitter

Coincidence 
detection

Singlet state 
projector 

Figure 1.10: General two-photon polarization state projector.

The level of entanglement of a bipartite state can be quantified through various mea-
sures, such as the entanglement of formation and the concurrence. The concurrence of the
arbitrary two-qubit state |ψ2Q⟩ is defined to be [74]:

C(|ψ2Q⟩) = | ⟨ψ2Q|ψ̃2Q⟩| , (1.75)

where the tilde represents the “spin-flip" operation |ψ̃2Q⟩ = (σy ⊗ σy)
∣∣ψ∗

2Q

〉
, and

∣∣ψ∗
2Q

〉
is

the complex-conjugate of |ψ2Q⟩. For a maximally-entangled state, C = 1, whereas C = 0
for a separable state. The intuition behind Eq. (1.75) is that in the separable case, the
spin-flip operation maps each one-qubit state to its antipode (orthogonal state) on the
Bloch sphere. Whereas for a maximally entangled state, the spin-flip only changes the
global phase. To vary the concurrence of the projection state, polarization-dependent loss
W can be introduced in one mode:

W =

[
tH 0
0 tV

]
⊗ I2×2, (1.76)
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where tH , tV represent complex loss amplitudes for the horizontal and vertical polarizations,
respectively.

Unitary operations Ua and Ub, implemented through a half-wave plate (HWP) and
quarter-wave plate (QWP) pair, are used to move between projections onto any state with
the same concurrence. The required unitaries are found through the mapping between
the representation of |ψ⟩ in its Schmidt bases and the {|H⟩ , |V ⟩} basis. The Schmidt
decomposition allows writing the state of the bipartite system as the unique expression

|ψ2Q⟩ = λ1 |ζaθb⟩ − λ2 |ζ⊥a θ⊥b ⟩ , (1.77)

where λi are non-negative real numbers with λ21 + λ22 = 1, and the sets {|ζa⟩ , |ζ⊥a ⟩} and
{|θb⟩ , |θ⊥b ⟩} are the orthonormal Schmidt bases for a and b, respectively. The unitaries Ua

and Ub are chosen such that they solve the equations Ua |ζ⟩ = |H⟩ and Ub |θ⟩ = |V ⟩.
The combined transformation performed by unitaries, followed by polarization-dependent

loss, and coincidence detection at the output of a 50:50 beamsplitter is given by:

M = |S⟩⟨S|WUaUb, (1.78)

where Ua, Ub are unitaries in modes a and b, respectively. The POVM element associated
with coincidence detection at the output of the 50:50 beamsplitter is then given by

Π =M †M

= U †
bU

†
aW

† |S⟩ ⟨S|S⟩ ⟨S|WUaUb

= U †
bU

†
aW |S⟩⟨S|WUaUb

= η |ψ2Q⟩⟨ψ2Q| , (1.79)

where the projection state |ψ2Q⟩ = U †
aU

†
b |ψ′

2Q⟩. Here, |ψ′
2Q⟩ is given by

|ψ′
2Q⟩ = η−1/2W |S⟩ = (

√
1 + γ |HV ⟩ −

√
1− γ |V H⟩)/

√
2, (1.80)

with γ = (t2H − t2V )/(t
2
H + t2V ) and projection efficiency η = (t2H + t2V )/2. The quantity |γ|

is related to the concurrence of the projection state by C( |ψ′⟩) =
√

1− γ2. We find that
the probability associated with the POVM element Π for the input state |ϕ⟩ is given by

⟨ϕ|Π|ϕ⟩ = ⟨ϕ|U †
bU

†
aW

† |S⟩ ⟨S|WUaUb |ϕ⟩ = | ⟨S|WUaUb|ϕ⟩|2

= η|⟨ψ2Q|ϕ⟩|2. (1.81)

In this way, one can measure the probability for the projection of any input state |ϕ⟩
onto any state |ψ2Q⟩. To maximize the efficiency of the projection, the total transmission
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t2H + t2V should be maximized based on the corresponding value of γ ∈ [−1, 1] (set by the
concurrence). For γ ≥ 0, this is achieved by having t2H = 1 and t2V = (1 − γ)/(1 + γ). If
γ ≤ 0, choosing t2V = 1 and t2H = (1 + γ)/(1 − γ) maximizes projection efficiency. The
optimal efficiency is then given by:

ηopt =
1

1 + |γ|
=

1

1 +
√
1− C2

(1.82)

To summarize, the method described combines two-photon interference with polariza-
tion dependent loss and unitaries in each spatial mode to obtain the probability |⟨ψ2Q|ϕ⟩|2
for the projection of |ϕ⟩ onto the entangled state |ψ2Q⟩. Regardless of the level of entangle-
ment, the projector |ψ2Q⟩⟨ψ2Q| can be measured with an appropriate choice of polarization
dependent loss amplitudes tH and tV , as well as unitaries Ua and Ub. This enables the
realization of various collective measurements.

1.5 Historical Notes on Quantum State Estimation

The goal of quantum state estimation is to completely characterize the state of a quan-
tum system by estimating its density matrix. This characterization enables the prediction
of outcome statistics for any measurements performed on the system. Although a phys-
ical mechanism may be expected to prepare a specific state, experimental imperfections
can result in a state that deviates from the theoretical expectation. Consequently, state
characterization is essential for ensuring functionality in quantum devices and information
processing protocols, while also being fundamentally instructive to study.

1.5.1 Back-action and Heisenberg Uncertainty Principle

As we will discuss, the complete characterization of quantum systems in general requires
the measurement of a set of non-commuting observables. This presents a fundamental
challenge posed by back-action and the Heisenberg uncertainty principle, which constrain
our ability to simultaneously and precisely probe different quantum system properties. The
(generalized) Heisenberg uncertainty principle states that the observables A and B for a
quantum system in state |ψ⟩ must satisfy the inequality [75]:

∆A∆B ≥ | ⟨ψ|[A,B]|ψ⟩|
2

, (1.83)
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where [A,B] = AB − BA. The uncertainty principle implies that there is an inherent
minimum uncertainty in simultaneous knowledge of two non-commuting observables for a
single quantum system, e.g., position and momentum, energy and time, or Pauli operators
σx and σy.

To illustrate the uncertainty principle, it helps to consider the back-action effect when
measuring two observables on the same system. Let A have eigenstates {|ai⟩} with cor-
responding eigenvalues ai, and B have eigenstates {|bi⟩} with corresponding eigenvalues
bi. Suppose that initially, the system is in the state |ψ⟩ = |b1⟩. A measurement of A is
made, and the outcome a1 is obtained. The post-measurement state is now |a1⟩. A subse-
quent measurement of B would yield an outcome b1 with probability Prob(b1) = |⟨b1|a1⟩|2.
However, had B been measured first, we would obtain the outcome b1 with certainty,
as |⟨b1|ψ⟩|2 = |⟨b1|b1⟩|2 = 1. The probability of obtaining b1 would only remain unaf-
fected if the two observables shared a complete set of eigenstates (i.e., if {|ai⟩} = {|bi⟩}).
Non-commuting observables do not share a complete set of eigenstates [20]. The act of
measuring A thus results in a superposition of eigenstates of B and changes the outcome
statistics.

Therefore, the effect of back-action in the measurement of non-commuting observables
during state estimation prevents the use of a single quantum system for complete state
characterization.

1.5.2 No-Cloning Theorem

The no-cloning theorem asserts that a general unknown quantum state cannot be copied
perfectly and deterministically. Stated differently, no quantum device can be constructed
which outputs |ψ⟩ ⊗ |ψ⟩, given an arbitrary |ψ⟩ [6, 76].

This theorem was proved using the linearity property of quantum mechanics by Wooters
and Zurek [77], and by Dieks [78]. Suppose there exists a unitary operation U that performs
perfect cloning:

U(|ψ⟩ |vac⟩ |M⟩) = |ψ⟩ |ψ⟩ |M(ψ)⟩ , (1.84)

where |M⟩ is the state of the auxiliary cloning apparatus. Such a device would achieve:

U(|0⟩ |vac⟩ |M⟩) = |0⟩ |0⟩ |M(0)⟩ U(|1⟩ |vac⟩ |M⟩) = |1⟩ |1⟩ |M(1)⟩ (1.85)

Now consider the superposition |ϕ⟩ = α |0⟩ + β |1⟩. By linearity and using Eq. (1.85), we
obtain:

U(α |0⟩+ β |1⟩) |vac⟩ |M⟩ = α |00⟩ |M(0)⟩+ β |11⟩ |M(1)⟩ . (1.86)
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However, we could apply Eq. (1.84) to |ϕ⟩ directly, which gives:

U(|ϕ⟩ |vac⟩ |M⟩) = |ϕ⟩ |ϕ⟩ |M(ϕ)⟩
= (α |0⟩+ β |1⟩)(α |0⟩+ β |1⟩) |M(ϕ)⟩
= (α2 |00⟩+ αβ |01⟩+ βα |10⟩+ β2 |11⟩) |M(ϕ)⟩ . (1.87)

We see that there is a contradiction, as the states on the right-hand side of Eq. (1.86) and
Eq. (1.87) are different. This contradiction shows that there is no perfect cloning device
for general states. This result was extended to the case of mixed states and non-unitary
cloning devices in Ref. [79], and to composite systems in Ref. [80].

The no-cloning theorem has a profound consequence for the state estimation of an un-
known state: we cannot circumvent the measurement back-action effect by creating identical
copies to acquire all the information necessary for describing the state.

1.5.3 Estimating the State from an Ensemble

Despite the fundamental limitations due to measurement back-action, the Heisenberg un-
certainty principle, and the no-cloning theorem, an ensemble of identically prepared quan-
tum systems (when available) can be used for quantum state estimation. The problem
of estimating the state of a quantum system from an ensemble was first addressed by
Fano in 1957 [81], who used the term quorum to describe a set of observables sufficient
to completely determine the density matrix. Park and Band [4] theoretically discussed a
method based on multipolar expansion of tensors for generating a quorum of (2J +1)2 − 1
observables to determine any spin J state. Royer formulated a method for measuring the
Wigner function [82], a quasi-probability distribution over the phase-space of an optical
mode which has a one-to-one corespondence to the density matrix [83].

In more practical terms, quantum state tomography was theoretically proposed by
Vogel and Risken [84] in 1989 in the context of determining the Wigner function for an
optical mode. Vogel and Risken’s method involved using homodyne detection to measure
the probability distribution for various rotated quadrature operators. Balanced homodyne
detection (Fig. 1.11) consists of interfering the signal beam with a local oscillator (strong
coherent state reference beam) at a 50:50 beamsplitter, and measuring the intensity differ-
ence between the output beams. Optical homodyne tomography1 was first experimentally

1Inspired by medical imaging, the term “tomography" in reference to this type of quantum state esti-
mation was coined in Ref. [85]
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demonstrated in 1993 in Ref. [85], where the density matrices of a light mode for squeezed
states and the vacuum were measured.

Figure 1.11: Balanced homodyne detection setup for quantum state tomography. (a) The signal field is
interfered with a local oscillator (strong coherent state) at a 50:50 beamsplitter and the output photocur-
rent of the detectors is subtracted. (b) Cartoon of the marginal distribution Pr(Xφ) of the rotated field
quadrature Xφ (a slice of the Wigner function) for the signal obtained from balanced homodyne detection.

1.6 Quantum State Estimation

Quantum state estimation plays a crucial role in characterizing and understanding quantum
systems. It involves using an ensemble of systems prepared in the same unknown state
to perform known measurements. The measurement outcomes contain information about
the unknown state. Depending on the size of the identical ensemble, a guessed state may
correspond to each outcome (few available systems in the identically prepared ensemble), or
a reconstruction algorithm may be used to obtain the state estimate from the measurement
statistics (many systems available in the identically prepared ensemble). We briefly discuss
each of these scenarios in this section.

Fig. 1.12 provides a diagram of the key elements of quantum state estimation. Some
quantum state estimation strategies may involve adaptivity, where the choice of measure-
ments is not entirely pre-determined. Instead, intermediate state estimates (or measure-
ment outcomes) obtained throughout the experiment inform how the remaining systems
in the identically prepared ensemble should be measured.
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Figure 1.12: Key elements of quantum state estimation.

1.6.1 State Guessed in Correspondence to Each Outcome

When the number N of available systems in the identically prepared ensemble is too small
for measuring the entire quorum, or acquiring sufficient statistics, the state may instead be
guessed in correspondence to each measurement outcome. This was the approach adopted
in Massar and Popescu’s seminal 1995 paper [50], where they showed that the optimal
strategy for state estimation requires a collective measurement. For the case of two copies
in the ensemble (N = 2), the optimal strategy proposed was a non-maximally entangling
measurement with four possible outcomes. To each outcome corresponds a one-qubit guess,
with the four possible guessed states being at the vertices of a tetrahedron on the Bloch
sphere. In Chapters 2 and 3, this optimal measuring strategy, as well as its extensions to
the case of mixed states and qudits, will be further discussed.

1.6.2 Quantum State Tomography

Given a sufficiently large ensemble of quantum systems prepared in the same state, quan-
tum state tomography aims to determine the unknown state by a series of measurements.
Each measurement operator provides information on a new dimension of the unknown state
in the state-space, and additional statistics improve this knowledge. Quantum state to-
mography has been successfully used in a variety of quantum-mechanical systems [5,85–90].
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Figure 1.13: Poincaré sphere. The Stokes parameters correspond to the Cartesian coordinates for the
state ρ in the ⟨σ1⟩, ⟨σ2⟩, ⟨σ3⟩ space.

Any single qubit density matrix ρ can be uniquely represented by the Stokes parameters
(S1, S2, S3), sometimes also called the Bloch vector, as [7, 91]:

ρ =
1

2

i∑
i=0

Siσi, (1.88)

where σ0 = I,

σ1 = σx = |D⟩⟨D| − |A⟩⟨A| (1.89)
σ2 = σy = |L⟩⟨L| − |R⟩⟨R| (1.90)
σ3 = σz = |H⟩⟨H| − |V ⟩⟨V | , (1.91)

and the parameters Si are given by Si ≡ tr(σiρ) [92]. Fig. 1.13 shows the representation of
an arbitrary state ρ and its corresponding Stokes parameters in the Poincaré sphere. Due
to normalization, S0 is always 1. The length S2

1 + S2
2 + S2

3 ≤ 1, being exactly one for pure
states. We refer to the type of tomography that involves measuring the projections in the
horizontal, diagonal, and circular bases as Pauli tomography. Analogous parameters to Si

can be defined for any three matrices |ψi⟩⟨ψi| provided |ψi⟩ are linearly independent.
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Figure 1.14: Six-outcome Pauli tomography setup. A 2:1 beamsplitter (BS) and a 50:50 BS evenly
distribute the light among the setups for measuring each Pauli operator. A half-wave plate (HWP) and a
quarter-wave plate (QWP) at the specified angles with respect to their fast axis, followed by a polarizing
beamsplitter (PBS), allow the measurement of the six-outcome Pauli POVM.

The Stokes parameters Si ≡ tr(σiρ) can be obtained from the following six-outcome
POVM [93]:{

I ± σ1
6

,
I ± σ2

6
,
I ± σ3

6

}
=

{
|D⟩⟨D|

3
,
|A⟩⟨A|

3
,
|L⟩⟨L|

3
,
|R⟩⟨R|

3
,
|H⟩⟨H|

3
,
|V ⟩⟨V |

3

}
, (1.92)

which consists of projecting onto the eigenstates of the Pauli operators. The experimental
setup for six-outcome Pauli tomography is shown in Fig. 1.14. The combination of a
quarter-wave plate (QWP) and half-wave plate (HWP) placed at the indicated angles
relative to their optic axis followed by a polarizing beamsplitter (PBS) and photo-detection
allows the measurement of each Pauli observable.

Typical sources of imperfection in Pauli tomography of polarization qubits include
waveplate retardance deviations, waveplate angle misalignment, PBS imperfect extinction,
and detector dark noise. To account for some systematic errors, we could perform an
initial characterization of the device imperfections using well-known reference states. The
calibration results can then be used as an error-mitigation strategy to correct for systematic
errors [94].

More generally, any n-qubit state ρ can be represented as [7]:

ρ =
1

2n

3∑
i1,i2,··· ,in=0

Si1,i2,··· ,inσi1 ⊗ σi2 · · · ⊗ σin , (1.93)
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where Si1,i2,··· ,in are real parameters analogous to Stokes parameters, with S0,0,··· ,0 = 1,
meaning there are 4n − 1 real parameters.

We note that for a general n-qubit state, we cannot reconstruct the entire state from
local measurements without access to correlations (i.e., without classical communication).
The generalized Stokes parameters that uniquely determine an n-qubit state require the
measurement of correlations corresponding to expectations of the tensor products of Pauli
observables σi1 ⊗ · · · ⊗ σin , which can be obtained using local operations and classical
communication (e.g., via coincidence measurements in photonics).

What we can learn from local measurements without correlations are expectations of
observables such as σi1 ⊗ I ⊗ · · · ⊗ I, hence determining the reduced density matrices.
This is sufficient in some cases, such as for separable states. However, if the n-qubit
state is maximally entangled, all reduced density matrices are maximally mixed, so local
measurements alone would yield data indistinguishable from those of a maximally mixed
state.

Informationally Complete Set of Operators

In the case of exact quantum state tomography, the reconstructed state converges to the
true state in the limit as the size of the identically prepared ensemble approaches infinity, as
I will explain. Exact tomography in a d-dimensional state-space requires an informationally
complete set of d2 operators, otherwise known as a quorum [95, 96]. A quorum spans
the space of self-adjoint operators acting on the state-space. In particular, any density
matrix can be written as a linear combination of quorum operators. Therefore, measuring
the expectation of these operators completely determines the state of the system. The
requirement on the size of the quorum can be intuitively understood from the perspective
of determining the d2 − 1 real free parameters of the Hermitian and trace-one density
matrix. In experiments, such as in optics, where detector efficiency and light intensity is
not exactly known, an additional operator needs to be measured for trace normalization.

Quorums may be minimally complete (having d2 outcomes) or overcomplete (with more
than d2 outcomes). Thus, the six-outcome Pauli POVM in Eq. (1.92), with projectors onto
all eigenstates of all Pauli operators, is an example of an overcomplete quorum for one qubit
states.

One example of a minimally complete quorum for one qubit tomography is the set of
projections [5]:

{µ0 = |H⟩⟨H|+ |V ⟩⟨V | , µ1 = |H⟩⟨H| , µ2 = |A⟩⟨A| , µ3 = |R⟩⟨R|}. (1.94)
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Another common minimally complete quorum for one qubit tomography is the set of pro-
jections:

{µ′
0 = |H⟩⟨H| , µ′

1 = |V ⟩⟨V | , µ′
2 = |D⟩⟨D| , µ′

3 = |R⟩⟨R|}. (1.95)

A quorum for an n-qubit system can be obtained from 4n projection measurements µi1 ⊗
µi2 ⊗ · · · ⊗ µin (ik ∈ {0, 1, 2, 3} and k ∈ {1, 2, · · · , n}).

A symmetric informationally complete POVM Π (SIC-POVM) consists of d2 linearly
independent rank-one elements Πj such that tr(Πj) = 1/d, and [93]

tr(ΠjΠk) =
dδjk + 1

d2(d+ 1)
. (1.96)

The elements Πj all have identical pair-wise overlap. Intuitively, they probe the state-space
in a maximally symmetric and uniformly distributed way. An example of a minimally-
complete POVM for one qubit states that is also a SIC-POVM is {|↑ni

⟩⟨↑ni
| /2}, where the

states |↑ni
⟩ are at the vertices of a tetrahedron in the Bloch sphere:

|↑n1⟩ = |0⟩ (1.97)

|↑n2⟩ =
1√
3
|0⟩+

√
2

3
|1⟩

|↑n3⟩ =
1√
3
|0⟩+ ei2π/3

√
2

3
|1⟩

|↑n4⟩ =
1√
3
|0⟩+ ei4π/3

√
2

3
|1⟩ .

Reconstruction Algorithms

The reconstruction of the state from the measured data can proceed in various ways,
including maximum likelihood estimation (MLE), linear inversion, or estimation of the
expectations corresponding to Si. Suppose that an informationally-complete POVM {Πj}
has been measured on an identical ensemble of size N prepared in the exact state ρexact,
resulting in a sequence {nj} of detection occurrences (

∑
j nj = N). Further, we define the

frequencies fj = nj/N , such that
∑

j fj = 1.

In linear inversion, we consider the Born probabilities pexact
j for the exact state ρexact

as being equal to the measured frequencies fj. Born’s rule applied to the quorum is then
inverted to determine the density matrix. For over-complete measurements, this involves
the use of a pseudo-inverse, which is equivalent to least-squares fitting of linear equations.
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Linear inversion can allow unphysical states, in that the eigenvalues of the estimate ρLI,
corresponding to probabilities of the mixture, can be negative and in some cases the purity
tr(ρ2LI) > 1. This can be understood by considering, for instance, states lying on the
boundary of the Bloch sphere. For such states, the uncertainty from estimation based
on finite N — no matter how small — will always include states lying outside the Bloch
sphere [93].

More commonly, MLE may be used as a reconstruction method. The likelihood for the
sequence {nj} of measurement occurrences for an informationally-complete POVM {Πj}
is given by [93,97]:

L(ρ; {nj}) =
n∏
j

p
nj

j , (1.98)

where pj represent the Born probabilities pj = tr(ρΠj), with ρ being a general density
matrix. Although it is not concave, the likelihood has a unique maximum as a function
of the Born probabilities. This maximum is in general found using an iterative numerical
optimization. It may be preferable to use the log-likelihood function

logL(ρ; {nj}) =
∑
j

nj log pj, (1.99)

which is concave, as it is a (weighted) sum of the concave functions log pj. Both linear
inversion and MLE provide consistent estimators: they approach the true state as the size
N of the identically prepared ensemble increases, since the measurement frequencies fj ap-
proach the exact probabilities pexact

j . However, the true maximum of the likelihood function
can lie outside the physically-allowed state-space of Hermitian positive semi-definite matri-
ces with trace unity. Maximization while constraining the estimator to physical (positive
semi-definite) density matrices can thus lead to rank-deficient reconstructions lying on the
boundary of the physical state-space, which have at least one zero eigenvalue. Moreover,
MLE may suffer from a lack of uncertainty quantification and computationally-intensive
reconstruction for large quantum systems [93,98,99].

1.6.3 Prior Distribution of States

It is important to describe the prior distribution of the unknown input states over the
state-space in identically prepared ensembles for state estimation. As we will see, this is
an important consideration when examining the performance of state estimation schemes.
In the absence of prior knowledge, we would like the state-space to be sampled uniformly
at random with equal probability for the preparation of identical ensembles in each state.
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We recall that an arbitrary pure qubit state can be represented in terms of the polar
angle θ and azimuthal angle ϕ. However, drawing θ ∈ [0, π] and ϕ ∈ [0, 2π) at random
with uniform probability does not achieve our objective of uniformly sampling the surface
of the Bloch sphere; it results is an oversampling near the poles.

Instead, our goal can be achieved by considering the unique uniform spherical proba-
bility measure µ(θ, ϕ) = sin θdθdϕ/(4π), which is invariant under the action of any uni-
tary operator. This corresponds to the probability distribution P (θ) = sin θ/(4π). Sam-
pling from this distribution can be done by taking the amplitudes α and β of a state
|n⃗⟩ = 1/

√
|α|2 + |β|2(α |0⟩ + β |1⟩) to be α = x1 + iy1 and β = x2 + iy2, where xi and yi

are independent and identically distributed normal random variables with mean zero and
variance one [100].

Uniformly sampling the surface of the unit sphere can alternatively be approached from
the perspective of a distribution over unitaries. This is rigorously established through the
Haar measure defined over unitaries acting on the state-space, with the defining property
that the measure is invariant under left and right multiplication by every unitary operator
[100,101]. Consequently, sampling uniformly at random from the surface of the unit sphere
can be accomplished by applying a Haar-random unitary transformation to a reference
state. This method yields the same distribution of states over the unit sphere as described
previously. Given this close connection, we may use the terms “Haar-random state" to
refer to states distributed according to P (θ) = sin θ/(4π).

The choice of prior distribution is less apparent for mixed qubit states, as there is no
unique unitarily invariant distribution in this case. One common distribution considered
for mixed states is the unitarily invariant Bures distribution, argued to represent maximal
randomness of input states [102]. It has the radial probability distribution [103]

PB(r) =
4

π

r2√
1− r2

, (1.100)

where r = |⃗S| ≤ 1 is the length of the Bloch vector in the unit sphere. This distribution is
a natural choice when considering the fidelity and the Bures distance as figures of merit,
which will be introduced in the next section.

1.7 Fidelity

Quantum state estimation is frequently used to evaluate the quality of a prepared quantum
state in experimental settings. Therefore, it is essential to have a means of quantifying the
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proximity between the estimated state and the target state. Elsewhere, we may want to
assess the performance of a state estimation scheme based on how the error with the true
state scales as more systems are measured.

For the purpose of evaluating the closeness between two pure states |ψ⟩ and |ϕ⟩, it is
natural to consider the quantity

F (|ψ⟩ , |ϕ⟩) = |⟨ψ|ϕ⟩|2, (1.101)

which is the probability of one state to be found in the other. This is known as the fidelity
between the two states.

A similar definition can be extended to mixed states, but it requires a more nuanced
approach. For two mixed states ρ and σ, there are many possibilities for quantifying
closeness. For example, one may first consider Tr(ρ σ), but this quantity is less than one
for a mixed state ρ when ρ = σ. Instead, the fidelity F (ρ, σ) between two mixed states is
given by [104,105]

F (ρ, σ) = tr

[√√
ρσ

√
ρ

]2
, (1.102)

ranging from zero to one, with F (ρ, σ) = 1 if and only if ρ = σ. The fidelity is symmetric,
meaning F (ρ, σ) = F (σ, ρ), and is also preserved by unitary evolution. When at least one
of the states ρ or σ is pure, e.g., ρ = |ψ⟩⟨ψ|, the fidelity does reduce to [105]:

F (ρ, σ) = Tr(ρ σ) = ⟨ψ|σ|ψ⟩ . (1.103)

In the context of state estimation, it is common to consider the infidelity 1−F (ρexact, ρest)
to quantify the error in ρest compared to the exact state ρexact. While the fidelity is not a
metric or a distance function, it is closely related to the Bures distance [106]

d2B(ρexact, ρest) = 2(1−
√
F (ρexact, ρest)). (1.104)

For pure states, the Bures distance simply corresponds to the Euclidean distance between
the states’ Bloch vectors.

In the case of polarization qubit states, the fidelity in terms of Stokes parameters can
be expressed as [104]:

F (S⃗a, S⃗b) =
1

2

[
1 +

3∑
i=1

Si,aSi,b +

√
(1− |⃗Sa|2)(1− |⃗Sb|2)

]2
. (1.105)
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If one of the two states, for example S⃗b is fully polarized (pure), |⃗Sb|2 = 1 and the fidelity
reduces to:

F (S⃗a, S⃗b) =
1

2
(1 + S1,aS1,b + S2,aS2,b + S3,aS3,b). (1.106)

Let α denote the angle between the Bloch vectors S⃗a and S⃗b for two pure states. Then
from Eq. (1.106), their fidelity can be rewritten in terms of the angle as:

F (S⃗a, S⃗b) =
1

2
(1 + cosα) = cos2

(α
2

)
. (1.107)

Thus the infidelity can also be expressed in terms of the angle α as

1− F (S⃗a, S⃗b) = sin2
(α
2

)
. (1.108)

1.7.1 Optimality in the Sense of Average Fidelity

It is natural to ask whether choosing a particular set of measurements is preferable over
others for state estimation. For example, we may consider the situation where we have
access to N identically prepared qubits. We know that they are all prepared in the same
pure state, and want to best estimate the state |n⃗⟩, where n⃗ = (S1, S2, S3) is the Bloch
vector. To quantify this, we may require that should we repeat this “game" for many rounds
with the qubit states drawn from some distribution P (n⃗), the fidelity F (|n⃗⟩ , |n⃗g⟩) between
the true state |n⃗⟩ and our guess |n⃗g⟩ be on average maximized. The average fidelity may
be expressed as the following sum over the possible measurement outcomes g and integral
over the state-space [50,107]:

F̄ =

∫
P (n⃗) dn⃗

∑
g

P (g|n⃗)F (|n⃗⟩ , |n⃗g⟩)

=

∫
P (n⃗) dn⃗

∑
g

P (g|n⃗)
(
1 + n⃗ · n⃗g

2

)
,

(1.109)

where P (g|n⃗) is the conditional probability of guessing n⃗g when the true direction is n⃗.
This average fidelity accounts for each possible true state drawn from the distribution
P (n) and each possible measurement outcome g. In going to the second line, the fidelity
F (|n⃗⟩ , |n⃗g⟩) is expressed as a dot product between the Bloch vectors using Eq. (1.106).

Note that the projection states associated with probabilities P (g|n⃗) are, in general,
different from the guesses |n⃗g⟩ themselves. In fact, as we shall see in Chapters 2 and 3,
we may project onto an entangled state of multiple particles by performing a collective
measurement. The guess |n⃗g⟩ of course remains a single-qubit state as we are estimating
the unknown single-qubit state |n⃗⟩.
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1.7.2 Average Infidelity Scaling with Sample Size: Gill-Massar
Bound

In the case where the number of available copies N is sufficiently large, state estimation
may be considered from the point of view of multi-parameter estimation. For example,
the parameters would be the polar and azimuthal angles θ and ϕ for a pure state, or the
Stokes parameters S1, S2, and S3 for a mixed state. Through an analysis based on multi-
parameter estimation theory, Gill and Massar [108] found that the optimal tomography
of pure qubit states reaches an asymptotic average infidelity of 1 − F̄p = 1/N . This can
be attained using two-stage adaptive measurement schemes [46, 109] or random local von
Neumann measurements [110]. As such, the performance gap between collective and LOCC
strategies for pure qubit state estimation is bridged in the asymptotic limit [54,109].

For mixed qubit states, a different bound applies. Specifically, when the set of available
measurements is restricted to LOCCs, the average infidelity is bounded by 1−F̄m = 9/(4N)
[54,108]. This bound, known as the Gill-Massar bound for mixed qubit states, is attainable
using two-stage adaptive schemes [46, 54]. It is worth noting that for mixed qubit state
estimation, the average fidelity attainable using collective measurements exceeds that of
LOCC strategies, even in the asymptotic limit [54]. The constant in the Gill-Massar bound
for mixed states applies for general prior distributions of states.

For specific priors, it has been shown in Ref. [110] that the asymptotic optimal infidelity
(up to leading order in 1/N) is given by

1− F = 1− 3 + 2 ⟨r⟩
4N

, (1.110)

where ⟨r⟩ is the mean purity over the prior distribution, and is defined as

⟨r⟩ ≡
∫ 1

0

drw(r)r. (1.111)

For example, for the Bures prior (Eq. 1.100), the average purity is ⟨r⟩ ≈ 0.85 and the
coefficient is (3 + 2 ⟨r⟩)/4 ≈ 1.17.

1.7.3 State Fidelity Values in Applications

The target minimum value of state fidelity depends on the application. For example, for
two-qubit Bell pairs: (1) the provably entangled and distillable threshold for a Bell state
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is F > 1/2 [17]; (2) in quantum teleportation, to outperform classical schemes, the shared
Bell pair must satisfy F > 2/3 [111]; (3) the Bell inequality (CHSH) violation threshold is
F > 1/2(1 + 1/

√
2) ≈ 0.854 [112].

The following caveats should be considered when assessing reported state fidelity values:
(1) the fidelity depends on the number of copies used to estimate the state, and is therefore
more meaningful when reported alongside the measured number of copies; (2) the state of
the art depends on the experimental platform (photonic, superconducting, trapped ion, or
neutral atom); and (3) the achievable fidelity generally decreases with system size.

Refs. [46,113,114] have shown near-optimal infidelity scaling (∼ O(1/N)) for one-qubit
and two-qubit polarization states by using adaptive tomography. As another example,
focusing on one-qubit computational states |0⟩ and |1⟩, Ref. [115] reports an infidelity of
1− F = (9.0± 1.3)× 10−5 from millions of system preparations of ion hyperfine qubits.

For superconducting multi-qubit systems in entangled states distributed across the
modules of a quantum processor, Ref. [116] reports state fidelities of (88.15 ± 0.24)%
and (75.18 ± 0.11)% with maximally entangled three-qubit and four-qubit GHZ states,
respectively. In larger experiments, such as in Ref. [117] where a neutral-atom quantum
computer was used to produce up to 60-qubit entangled states, the target has thus far
been to demonstrate a fidelity F > 0.5. That is because even slight imperfections in each
constituent gate accumulate rapidly across many qubits, reducing the final state fidelity.

1.7.4 Average Gate Fidelity

The performance of a trace-preserving, yet imperfect transformation Ũ can be compared
to the theoretically expected unitary U using the average gate fidelity ranging from zero to
one, with an average gate fidelity of one corresponding to perfect agreement. The average
gate fidelity for a d-dimensional state-space can be calculated as [118]

F̄g(U, Ũ) =

∑d2−1
j=0 tr

[
(UU †

jU
†)(ŨUjŨ

†)
]
+ d2

d2(d+ 1)
, (1.112)

where Uj/
√
d form an orthonormal operator basis. Orthonormality here means tr

(
U †
jUk

)
=

δjkd. The set of operators {Uj} can be found by computing XkZℓ, k, ℓ ∈ {0, · · · , d − 1},
which are products of the shift and clock unitaries (Eq. (1.17)-(1.18)). The action of X
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and Z on the computational basis states |j⟩ is simply defined by

X |j⟩ ≡ |j ⊕ 1⟩ (1.113)

Z |j⟩ ≡ e2πij/d |j⟩ , (1.114)

where j ∈ {0, · · · , d − 1} and ⊕ denotes addition modulo d. The average gate fidelity
essentially gives the average probability that the approximation Ũ produces the correct
output state compared to the ideal output, for a uniformly random input state.

For most purposes, we may only need to experimentally achieve a unitary transforma-
tion up to a global phase. The average gate fidelity is in this sense a suitable choice, as it
is insensitive to global phases. That is, F̄g(e

iγ1U, eiγ2U) = 1 for all unitaries U , and phases
γ1 and γ2.

In quantum computing, the physical error rate and gate fidelity of quantum gates set
the number of physical qubits that would be needed to attain a given logical error rate when
using surface error-correcting codes. For example, in Ref. [119], a gate fidelity above 99.9%
(physical error rate below 10−3) has been stated as a good target, as a logical qubit would
need to contain 103 − 104 physical qubits to achieve logical error rates of 10−14 − 10−15.
This would be enough to perform Shor’s factorization algorithm with reasonable success.

While there are other valid ways of quantifying similarity for unitaries, it is worth
emphasizing that more intuitive formulas could fail in some cases. Consider for example
the following formula, present in literature, based on the overlap between the transformed
computational basis states:

f̄g =?
1

d

d−1∑
j=0

| ⟨j| Ũ †U |j⟩ |2. (1.115)

Consider the scenario where U = σz and Ũ = I. Then it is easy to verify that the formula
fails, as f̄g = 1 for two clearly distinct unitaries.

1.8 Outline

In what follows, Chapter 2 gives an overview of optimal quantum state estimation in
the low-N and asymptotic regimes, addressing the role of collective measurements and
adaptivity. My Monte Carlo simulation results highlight the effect of a priori knowledge
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about state purity on the infidelity scaling observed for Pauli and adaptive single-qubit
tomography.

In Chapter 3, I report on a proof-of-concept experimental realization of Massar and
Popescu’s optimal collective measurement for quantum state estimation. Our results sup-
port the prediction that the average fidelity of a state estimation game using this multi-
particle collective strategy can exceed the best separable measurement strategy. We also
applied this collective measurement to quantum state tomography by dividing a large en-
semble in pairs. The experimental tomographic infidelity scaling results observed using
this collective strategy are discussed.

I present a fast and automated polarization compensation scheme of unwanted unitaries
in Chapter 4, which we devised and experimentally demonstrated. I discuss the charac-
terization of liquid crystal variable retarders (LCVRs), the rotating QWP tomography
method, and our polarization compensation results. We successfully demonstrated polar-
ization compensation with up to 99% fidelity within an average of fewer than six steps.

In Chapter 5, I discuss the use of a sequence of thin phase gratings and free-space prop-
agation for achieving spatial unitary transformations. Our treatment, based on the use
of a matrix model, aims to reduce the number of parameters compared to more intensive
methods, such as a wavefront matching optimization algorithm. Our numerical optimiza-
tion results show the potential of this approach for approximating unitaries such as Pauli
gates, beamsplitters, and discrete Fourier transforms.

Finally, I summarize our main findings, and discuss future directions in Chapter 6.
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Chapter 2

Optimal Quantum State Estimation

2.1 Motivation

The minimum number of required projection measurements for tomographic state esti-
mation of a quantum system of size d scales as d2 − 1 [4, 5], resulting in an exponential
scaling with the number of systems. This can be intuitively understood by considering the
number of real free parameters of a general density matrix ρ. Since ρ is an observable, it
corresponds to a d × d Hermitian matrix acting on the d-dimensional state-space. Her-
miticity implies the diagonal elements must be real-valued, and entries below the diagonal
are entirely determined by entries above the diagonal: This reduces the number of real free
parameters to:

dim = Num. diagonal entries +
Re and Im parts

2 × Num. entries above the diagonal (2.1)

= Num. diagonal entries + 2×
(

Total entries excluding the diagonal
2

)
(2.2)

= d+ 2

(
d2 − d

2

)
(2.3)

= d2. (2.4)

Imposing the additional constraint of trace unity — which ensures the probabilities for
measurement outcomes sum to one — means there is one fewer free parameter. This gives
the total of d2 − 1 real free parameters for the density matrix.

Additionally, the accurate characterization of quantum systems often requires signifi-
cant statistics, relying on measuring many quantum systems per projection measurement.
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Therefore, the resource-efficiency in the size N of the identically prepared ensemble is of
great relevance.

Practically, this can help provide better characterization in the development of quantum
devices and implementation of quantum information processing tasks. Even fault-tolerant
quantum computing requires satisfying minimum accuracy thresholds [120–122]. Complete
state estimation is the most informative way of diagnosing the types of imperfections in the
prepared state. Additionally, it is of fundamental interest to seek optimal measurements,
as the infidelity scaling with the size of the identically prepared ensemble is indicative of the
time required for extracting information from quantum systems. Finding the limits of how
efficiently information can be extracted with the use of different classes of measurements
could further our understanding of the no-cloning theorem [107, 123, 124] and the no-
signalling theorem [125].

We first examine optimal state estimation in the case where the size N of the identical
ensemble may not be large (statistical). In this scenario, there may not be sufficient
identically prepared systems for measuring or accurately estimating an informationally
complete set of operators. Thus, we may proceed by providing a state guess corresponding
to each measurement outcome rather than using a tomographic reconstruction. We discuss
Massar and Popescu’s insight that the optimal measurement for pure qubit states — such
that average fidelity is maximized — involves treating the ensemble as one entity. We
briefly mention extensions of this work, treating optimal state estimation for more general
quantum systems.

We then turn to the asymptotic case, where N is sufficiently large for tomographic
estimation. The infidelity scaling with N is introduced as an indicator of the efficiency
of tomographic methods. An overview of some methods in adaptive tomography is then
given.

The original contributions in this chapter are Monte Carlo simulations that highlight
the effect of the a priori pure state assumption during tomography of pure states. We
discuss how this assumption affects the infidelity scaling of tomography methods, and in
what circumstances adaptive tomography provides a scaling advantage.
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2.2 Theoretical Framework

2.2.1 State Estimation Game

Consider the following state estimation game: Given N qubits, each in the same pure
state |n⃗⟩, we are tasked to measure them and provide a single guess |n⃗g⟩ of the unknown
one qubit state. The number of available identically prepared systems N may not be large
(statistical). The procedure is repeated many times, with |n⃗⟩ given according to some prior
distribution P (n⃗), e.g., uniformly distributed over the Bloch sphere. The question is to find
the optimal measurement, which on average maximizes the fidelity F(|n⃗⟩ , |n⃗g⟩) = |⟨n⃗|n⃗g⟩|2,
subject to unitarity constraints regarding the time-evolution of the interaction with the
measured system. The average fidelity F̄ can be written as [50,107]:

F̄ =

∫
P (n⃗) dn⃗

∑
g

P (g|n⃗)F(|n⃗⟩ , |n⃗g⟩)

=

∫
P (n⃗) dn⃗

∑
g

P (g|n⃗)
(
1 + n⃗ · n⃗g

2

)
,

(2.5)

where n⃗ is the Bloch vector of the unknown state |n⃗⟩, n⃗g is the Bloch vector associated
with the guessed state, and P (g|n⃗) is the probability of guessing n⃗g when the true direction
is n⃗.

…

…

…

Figure 2.1: Ensemble of identically prepared qubits.
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2.2.2 Massar and Popescu Optimal Collective Measurement

Massar and Popescu found that when the different directions n⃗ are uniformly distributed
over the unit sphere, i.e., P (n⃗)dn⃗ = sin θdθdϕ/(4π), the optimal measuring strategy is to
perform a collective measurement on the ensemble of N qubits. This strategy maximizes
the average fidelity to F̄Coll

GenMP = (N + 1)/(N + 2) [50]. For the case of N = 2, an optimal
measuring strategy is to measure a nondegenerate operator whose eigenstates |MPi⟩ are the
following superpositions of the singlet state |S⟩ = 1√

2
(|01⟩− |10⟩) and product tetrahedron

states |↑ni
↑ni

⟩:

|MP1⟩ =
1

2
|S⟩+

√
3

2
|↑n1↑n1⟩

|MPj⟩ = −1

2
|S⟩+

√
3

2

∣∣↑nj
↑nj

〉
, j = 2, 3, 4.

(2.6)

The entangled states |MPi⟩ all have the same concurrence C(|MPi⟩) = 0.25. In the Bloch
sphere, the states |↑ni

⟩ are located on the surface of the sphere at the vertices of a tetra-
hedron and can be chosen as:

|↑n1⟩ = |0⟩ ;

|↑nj
⟩ = 1√

3
|0⟩+

√
2

3
eiαj |1⟩ , j = 2, 3, 4,

(2.7)

with α2, α3, α4 = 0, 2π/3, 4π/3. Upon performing this collective measurement and ob-
taining the outcome i (corresponding to |MPi⟩), the tetrahedron state |↑ni

⟩ is chosen as
the guess |n⃗g⟩.

While Massar and Popescu did not provide an explicit optimal measurement with finite
outcomes for arbitrary N , they showed that any optimal measurement for this problem
(assuming more than one copy is available) requires treating the ensemble as one entity,
and performing a collective measurement.

When allowing for an infinite set of possible outcomes, an optimal strategy for arbitrary
N consists of measuring the POVM with elements proportional to the isotropically rotated
spin-state projector |j,m⟩⟨j,m| = |N/2, N/2⟩⟨N/2, N/2| [50,126,127]. The projection state
|N/2, N/2⟩ corresponds to a state of maximal spin j = N/2 with maximal spin component
m = N/2 in some direction.
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2.2.3 Extensions of the State Estimation Game

Pure Qubit State Estimation Game: Finite POVM

The state estimation game was further considered for arbitrary finite-dimensional quantum
systems in a pure state in Ref. [127]. The authors provided an algorithm that specifies
an optimal POVM with a finite number of outcomes (i.e., (N + 1)2) for state estimation
of an ensemble of N identically prepared quantum systems. This goes beyond the infinite
continuous optimal measurement set previously proposed for the case of N qubits in Ref.
[50]. A finite number of outcomes allows a physically realizable measurement. A further
extension was made in Ref. [128], where optimal minimal measurements (with the minimum
number of outcomes) were found.

Mixed Qubit State Estimation Game

The state estimation game based on an ensemble of N identically prepared mixed state
qubits was treated in Ref. [129], where an optimal and minimal measuring strategy was
found. The strategy involves projecting onto each subspace of total spin s, and within each
subspace, onto spin eigenstates with maximal total spin component in some direction. In
this way, a connection between the optimal measurements for mixed states is established
with optimal measurements corresponding to a smaller number of copies of pure states.
The best guesses are, in general, mixed states that depend on the prior distribution, as
does the value of the maximum average fidelity.

Pure Qudit State Estimation Game

The state estimation problem was also considered for d-level pure state systems in Ref. [123]
from the perspective of optimal cloning1. The maximum average fidelity was found to be
F̄max(d) = (N + 1)/(N + d). In Ref. [132], optimal estimators with finite POVMs based
on exact quadratures on a hypersphere were constructed.

Optimal measuring strategies for the state estimation game involve collective measure-
ments. This is conceptually noteworthy, as the available ensemble is in a separable state,
yet entangling the systems through the measurement helps extract more information than
measuring each individually.

1Although perfect cloning is impossible due to the no-cloning theorem, approximate copies of states
can be created. Optimal cloning refers to approximate copying of states with the highest possible fidelity,
as discussed for example in Refs. [130,131]
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2.2.4 Asymptotic Infidelity and State Estimation

In situations where a large identically prepared ensemble of size N is available, it is natural
to use tomographic methods. To assess the performance, the asymptotic tomographic
infidelity scaling with N can be studied. Using parameter estimation theory, Gill and
Massar [108] derived the lower bound 1− F̄p = 1/N (known as the Gill-Massar bound) on
the infidelity for estimation of pure qubit states [108]. A similar result applies to mixed
qubit states when measurements are restricted to being separable, with 1−F̄m = (9/4)N−1

[54, 108,133].

While collective measurements are optimal for state estimation, the gap in performance
compared to separable measurements can be in part bridged in the asymptotic regime and
with the use of adaptivity, particularly in the case of pure states. The asymptotic aver-
age fidelity of pure single-qubit state estimation using separable, adaptive, and collective
measurements was theoretically studied in Ref. [109]. The authors found that fixed Pauli
tomography produces an asymptotic infidelity of (13/12)N−1. A two-stage adaptive scheme
was outlined which leads to an asymptotic average infidelity of 1/N , meaning it saturates
the optimal collective measurement bound. The use of random local von Neumann mea-
surements can also achieve an asymptotic average infidelity of 1/N [110].

The asymptotic case for mixed qubit states distributed according to the Bures prior
was studied for separable, adaptive, and collective measurements in Ref. [54]. The authors
provided a two-stage adaptive approach which was shown to improve the asymptotic infi-
delity scaling of N−3/4 produced by fixed Pauli tomography to (D2/4)N−1 for D = 2 (in
the plane) or D = 3 for general qubits. Therefore, unlike the case of pure states, there is
a scaling advantage in using adaptive tomography. Additionally, the authors showed that
there is a gap between the collective and adaptive average infidelity, even in the large N
regime.

2.2.5 Adaptive Tomography

Two-Stage Adaptive Tomography

Two-stage adaptive tomography is a common approach that involves a single adaptation
step. In stage one, standard Pauli tomography is performed on a subset of copies to obtain
a preliminary estimate of the state parameters. In stage two, this estimate guides the
choice of measurements on the remaining copies, yielding the final state estimate.
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Different schemes design the stage-two measurements to optimize figures of merit as a
function of the size N of the identically prepared ensemble. Their goal may be: 1. Satu-
rating parameter-estimation bounds; 2. Optimizing asymptotic average infidelity scaling
over all pure or mixed states; 3. Optimizing average infidelity scaling over all mixed states,
while maintaining the same infidelity scaling for states of any purity. A common theme is
to use the eigenstates of the preliminary estimate and their mutually unbiased bases for
designing the second-stage measurements.

An important experimental demonstration of two-stage adaptive tomography for one-
qubit states was performed in Ref. [46]. The proposed adaptive scheme achieves infidelity
1−F = O(1/N) over the entire Bloch sphere, regardless of the purity of the unknown state.
The infidelity scaling in this scheme applies to any arbitrary state, rather than being only
achieved as an average over the state-space. In contrast, static state tomography using
Pauli-measurements yields a scaling of O(1/

√
N) for nearly pure states [46,103].

The first step of the scheme is to use measurements of σx, σy and σz on N0 = N/2
copies to obtain a preliminary estimate ρ0 using MLE. This preliminary estimate is then
expressed as ρ0 = λ1 |ψ1⟩⟨ψ1| + λ2 |ψ2⟩⟨ψ2|, where λi are the eigenvalues and |ψi⟩ are the
eigenstates of ρ0. These eigenstates are used to define the two additional bases |ψ3/4⟩ =
(1/

√
2)(|ψ1⟩ ± |ψ2⟩) and |ψ5/6⟩ = (1/

√
2)(|ψ1⟩ ± i |ψ2⟩). The remaining N − N0 = N/2

copies are measured in the three bases {{|ψ1⟩ , |ψ2⟩}, {|ψ3⟩ , |ψ4⟩}, {|ψ5⟩ , |ψ6⟩}}, where N/6
measurements are performed per basis. MLE is then used to obtain a final state estimate.

The bottlenecks for scaling two-stage adaptive tomography to a larger number of qubits
are both experimental and computational. Implementing additional mutually unbiased
bases, when available, generally requires collective measurements in the case of n-qubit
systems, which can be increasingly challenging to realize experimentally. Moreover, the
number of measurement settings already scales exponentially with the number of qubits in
standard tomography, so an increase in measurement settings compounds an experimental
overhead. Additionally, MLE involves constrained optimization over a density matrix with
4n − 1 real parameters, and is already computationally demanding beyond a few qubits.
Requiring an intermediate MLE estimate further exacerbates this computational challenge.

Bayesian Adaptive Tomography

A more elaborate adaptation method is to use Bayes’ rule to update the evolving knowledge
about the ensemble in the course of an experiment [48,114,134,135]. The density matrix for
the ensemble is written as a continuous mixture of pure states over the parameter space. A
normalized probability distribution is used to represent the weights in the mixture. After
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each measurement, this distribution is updated via Bayes’ rule as

p(ρ|D) ∝ L(ρ;D)p(ρ), (2.8)

where p(ρ|D) is the posterior distribution for a given observed data set D, and L(ρ;D) =∏N
n=1 P(γn|ρ, αn) is the likelihood for the data set D. The likelihood is the product of the

Born probabilities P(γn|ρ, αn) for the outcomes γn when measuring ρ in the measurement
configurations αn.

At each adaptive step, a figure of merit, such as information-gain or expected fidelity,
is evaluated for candidate measurements. The measurement that maximizes this figure of
merit is then selected, and the procedure repeats.

The benefit in using Bayesian inference for state reconstruction compared to MLE is
that it does not suffer from rank-deficient estimates. Bayesian inference also provides a
way to assign uncertainties. Not only does Bayesian inference provide error bars, but
it captures the remaining uncertainty given the observed data D. If a point estimate is
needed, the Bayesian mean estimate can be used.

Bayesian adaptive schemes are naturally more computationally expensive, and unlike
the two-stage schemes, could involve multiple adaptation steps. The challenge arises in the
normalization of Eq. (2.8), which becomes analytically intractable when larger systems or
many adaptive steps are involved. The normalization can be done through approximations
based on Markov chain Monte Carlo (MCMC) sampling techniques. However, these ap-
proaches have computational cost O(n) with n measurement configurations used, as they
require evaluation of the full likelihood. To mitigate this computational problem, Ref. [48]
introduced a fast sequential importance sampling algorithm with O(1) likelihood evalua-
tion cost. This involves approximating the posterior p(ρ|D) in terms of discrete samples ρs
from the distribution called particles with corresponding weights ws such that

∑
sws = 1.

Initial weights are chosen uniformly, and are then updated using Bayes’ rule each time a
measurement is made.

The drawback to this approximation of the posterior is that several weights ws decay
to zero over time, and the approximation becomes worse. The degree of weight decay can
be quantified by the effective sample size Seff = (

∑S
s=1w

2
s)

−1, which ranges from 1 to S.
Monitoring the effective sample size and resampling when it falls below a threshold can
help mitigate weight decay [114].

Nonetheless, periodic resampling to avoid weight decay increases the computation time,
which motivates learned or approximate update rules (e.g., through artificial neural net-
works) instead of direct use of Bayes’ rule.

51



Artificial Neural-Network Assisted Adaptive Tomography

Artificial neural networks offer a flexible framework for modelling complex correlations in
measurement data [136–138]. By learning a mapping from previously acquired measure-
ment outcomes to an internal representation of the state or its uncertainty, these meth-
ods could reduce the number of copies required to reach a desired reconstruction fidelity.
Broadly speaking, two types of neural-network-assisted schemes have emerged: “query-
by-committee” approaches [139], which maintain an ensemble of independently trained
models whose mutual disagreement pinpoints the most informative measurement bases;
and recurrent-network approximations of Bayesian updates [140], which learn to emulate
costly particle-resampling steps and directly propose new measurements.

2.2.6 Stochastic Optimization-Based Tomography

Adaptive tomography may also be cast as the problem of minimizing an accessible objective
— typically an infidelity or distance metric — over the space of quantum states. In these
approaches, one maintains only a single candidate state (or a small set of parameters)
and uses randomized perturbations to approximate gradients or to explore the state-space.
By omitting full Bayesian updates or explicit information-gain calculations at every step,
stochastic methods achieve low memory and runtime overhead, at the cost of introducing
tunable step-size schedules and additional noise (e.g., random fluctuations in infidelity).
Examples of this paradigm are self-guided tomography [141–143] and its extensions [133,
144].

2.3 Original Simulation Results

Being a source of both practical and fundamental interest, there is a significant amount of
existing literature on qubit state tomography. While there is a wealth of information on
this topic, there are competing claims of advantage for the use of particular tomographic
measurement schemes.

Additionally, there is a variety of possible conditions and assumptions, such as prior
knowledge about the purity and distribution of states, the state reconstruction method, and
optimization with respect to different figures of merit. The performance of some schemes
has been verified with limited evidence, for example, without considering the infidelity
scaling, or only verifying the performance of one quantum state. Code accessibility in the
case of simulations is limited in many cases.
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The numerical simulations here aim to systematically examine pure qubit state esti-
mation using two of the most experimentally practical measurement schemes, and clar-
ify the performance effect of assuming a pure unknown state. In these original simula-
tions, we numerically test the performance of single qubit tomography in terms of av-
erage infidelity scaling with N , the size of the identically prepared ensemble, for large
N . Six-outcome Pauli tomography (Eq. (1.92)) and the two-stage adaptive tomogra-
phy of Ref. [46], discussed in Subsection 2.2.5, are both examined. The reconstruction
method used in both cases was MLE. To assess the performance, 50 pure input qubit
states were generated randomly over the Bloch sphere by applying a Haar-random uni-
tary [101] to the state |H⟩. For each of the 50 states, tomography was simulated using
N = {26, 27, · · · , 219, 220} = {64, 128, · · · , 524 288, 1 048 576}. For each N (and for each
state), the simulations were repeated 100 times.

2.3.1 Assumptions about State Purity

To elucidate the influence of the underlying assumptions in state estimation, original Monte
Carlo simulations of one of the established adaptive schemes are compared to Pauli tomog-
raphy for a wide range of pure states. The change in performance under the a priori pure
state assumption in maximum-likelihood estimation is studied.

We use the Stokes parametrization to represent an arbitrary qubit (Eq. (1.88)):

ρ =
1

2

i∑
i=0

Siσi. (2.9)

The a priori pure-state assumption then corresponds to imposing the constraint S2
1 + S2

2 +
S2
3 = 1 when maximizing the log-likelihood logL(ρ; {nj}) (Eq. (1.99)) in MLE.

2.3.2 Infidelity Scaling Under a Priori Pure-State Assumption

Six-outcome Pauli tomography simulations with the a priori pure-state assumption for 50
random pure states showed an average infidelity of 1−F̄ sim, PA

Pauli = (1.10±0.02)N−(1.005±0.002).
Fig. 2.2 shows the infidelity scaling observed for two typical states. This result is consistent
with the theoretical calculations of Ref. [109], where the authors predicted an asymptotic
average infidelity of 1− F̄ theory

Pauli = 1− (13/12)N−1 for Pauli tomography of pure states.

These simulations confirm that in the presence of the a priori pure state assumption,
adaptive tomography does not provide any scaling advantage, as Pauli tomography also
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gives the optimal O(1/N) asymptotic infidelity scaling. In fact, the constant is only ∼ 10%
larger than the optimal asymptotic fidelity 1− F̄opt = 1/N .

(a) (b)

Figure 2.2: Typical Pauli tomographic infidelity scaling with size N of the identically prepared ensemble,
with the pure-state assumption, is shown in black on log-log plots. Each data point is an average over 100
trials. The simulations were performed for 50 randomly generated pure states. The plots presented are
for the random states: (a) 0.817 |H⟩+ (0.16− 0.555i) |V ⟩ and (b) 0.429 |H⟩+ (0.697 + 0.574i) |V ⟩.

2.3.3 Infidelity Scaling Without a Priori Pure-State Assumption

Six-outcome Pauli tomography simulations without the a priori pure-state assumption for
50 random pure states showed an average infidelity of 1−F̄ sim

Pauli = (0.278±0.006)N−(0.528±0.002).
Under the same assumptions, the two-stage adaptive tomography method of Ref. [46]
achieved an average infidelity of 1 − F̄ sim

2-stage = (2.60 ± 0.04)N−(1.000±0.001). Fig. 2.3 shows
the infidelity scaling results for two typical states.
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(a) (b)

Figure 2.3: Tomographic infidelity scaling with the size N of the identically prepared ensemble, without
the a priori pure-state assumption, shown on log-log plots. Each data point is an average over 100 trials.
The simulations were performed for 50 randomly generated pure states. The plots presented are for the
random states: (a) 0.817 |H⟩+ (0.16− 0.555i) |V ⟩ and (b) 0.429 |H⟩+ (0.697 + 0.574i) |V ⟩.

Firstly, it is important to note that the infidelity scaling of Pauli tomography (Fig. 2.3)
shows a nearly quadratic deterioration compared to Pauli tomography while assuming a
priori pure states (Fig. 2.2). Intuitively, this deterioration of the average infidelity scaling
for Pauli tomography in the absence of the pure-state assumption may be understood
by examining what typically occurs in the state estimation of nearly pure states. Pauli
tomography is a poor scheme for the estimation of such states. That is because minimizing
infidelity requires accurately estimating the small eigenvalues of ρexact [46,145]. The density
matrix of a nearly pure qubit state has a small eigenvalue λmin that can appear to be zero
in the presence of statistical uncertainties, meaning a significant number of systems from
the identical ensemble need to be used to reliably determine λmin. Previous work suggests
that the point-wise infidelity of nearly-pure states follows a O(1/

√
N) scaling up to some

N = Nmin before a sudden transition to a O(1/N) scaling [103]. The smaller the eigenvalue
λmin, the higher is the minimum number of measured systems Nmin before a transition to
O(1/N) occurs. Incidentally, this explains the average infidelity scaling of O(N−3/4) for
Pauli tomography over mixed states distributed according to the Bures prior [54]. This
N−3/4 scaling follows partly from the better performance for states of lower purity, as
well as the aforementioned transition from O(∼ 1/

√
N) to O(1/N) infidelity scaling for a

nearly-pure state.

Meanwhile, for a pure exact state, the small eigenvalue λmin = 0. This means that using
Pauli tomography, without assuming that the state is pure, there is no finite number Nmin
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of systems from the identical ensemble which can be used to reliably determine whether
λmin is zero or not. Therefore, the O(1/

√
N) scaling in principle persists indefinitely. I

believe this explains the dramatic difference of the infidelity scaling in the presence (or
absence) of the pure-state assumption, despite the fact that neither the exact states nor
the measurement scheme have changed.

The simulations in Fig. 2.3 also confirm that in the absence of the a priori pure state
assumption, two-stage adaptive tomography improves the one qubit infidelity scaling from
O(∼ 1/(

√
N)) to O(1/N). For most states, the advantage in using the two-stage scheme

starts to appear after N surpasses a fewer hundred. The advantage grows for higher N
thanks to the quadratic improvement in infidelity scaling.

We also note that the two-stage adaptive infidelity shows a constant gap relative to the
Gill-Massar bound for pure states, 1 − F̄p = 1/N . Given the simulations in this section
did not include any assumptions on the state purity, it is interesting to also compare the
two-stage adaptive performance to the Gill-Massar bound for mixed states, 1 − F̄m =
(9/4)N−1 = 2.25N−1 [54, 133]. In terms of the coefficient, the two-stage adaptive average
infidelity of 1−F̄ sim

2-stage = (2.60±0.04)N−(1.000±0.001) is considerably closer to the Gill-Massar
bound for mixed states, relative to the one for pure states. Despite being closer, the scaling
coefficient for the two-stage adaptive scheme still does not attain the Gill-Massar bound
for mixed states 1− F̄m = 2.25N−1.

2.3.4 Summary

Through Monte Carlo simulations, we examined the effect of the pure-state assumption
based on prior knowledge on tomographic infidelity scaling. With this assumption, Pauli
tomography achieves optimal scaling, with a coefficient about 10% higher than the Gill-
Massar 1/N bound for pure states. This indicates that Pauli tomography performs nearly
optimally in this scenario. However, when the assumption is not made, the average infi-
delity of Pauli tomography scales as O(∼ 1/

√
N).

The significant difference in average infidelity scaling between the two scenarios is note-
worthy. While we usually consider the unknown state, measurement operators, and recon-
struction algorithm in quantum state tomography as the key elements, this investigation
shows that even with the same states and measurement operators — and using MLE as
the reconstruction method — changing the assumptions about the state can greatly affect
the infidelity scaling performance.

This behaviour may be understood by analogy with the state estimation of nearly-pure
states using Pauli tomography. The small eigenvalue λmin poses a challenge for such states,
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since a minimum Nmin is required for the point-wise fidelity to transition from O(∼ 1/
√
N)

to O(1/N). The same logic applied to exactly pure states — in the absence of the pure-
state assumption — seemingly explains a near quadratic deterioration in average infidelity
scaling.

Nonetheless, in practical experiments, it may not be possible to assume a pure exact
state as the reference. In these situations, the two-stage adaptive scheme proposed by
Ref. [46] provides a quadratic improvement in scaling compared to Pauli tomography.

2.4 Summary

In this chapter, we introduced optimal state estimation in more detail, emphasizing its goal
of maximizing average fidelity (or minimizing average infidelity) as a function of the number
of systems N in the identically prepared ensemble. We reviewed optimal state estimation
for finite (and potentially non-statistical) N in various scenarios, noting the recurring role
of collective measurements. We also explored optimal state tomography for asymptotic N
and briefly discussed the expected performance of different schemes, including Pauli and
adaptive tomography.

As an original contribution, we presented Monte Carlo simulations performed to high-
light an important but often overlooked aspect of state estimation: the same exact states
and measurements can result in significantly different estimation performance based on
the a priori assumptions about purity. We suggested an explanation for this behaviour by
drawing a connection to the state estimation of nearly-pure states and the role of a small
eigenvalue of the density matrix.

In the absence of the pure-state assumption, we numerically verified the quadratic
improvement in the average infidelity scaling of a two-stage adaptive tomography scheme
introduced in Ref. [46]. Further comparisons were made with Gill-Massar bounds, showing
a closer performance (in terms of the scaling coefficient) to the bound for mixed states.
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Chapter 3

Quantum State Estimation with
Collective Measurements

This chapter is closely adapted from the manuscript cited below,

Reproduced from A. Mansouri, K. M. Jordan, R. A. Abrahao, and J. S. Lundeen, “Ex-
perimental demonstration of a multi-particle collective measurement for optimal quantum
state estimation,” Optics Express, vol. 34, p. 5718, Feb. 2026. Reproduced with permis-
sion.

3.1 Motivation

An important and fundamental task in quantum information is quantum state tomogra-
phy, which allows complete characterization of the state ρ of quantum systems through
measurements on an identically prepared ensemble of size Nens. This procedure involves
the measurement of a set of observables sufficient for the complete determination of the
density matrix, resulting in a state estimate ρest [95]. For a d-dimensional system, at least
d2−1 measurement operators need to be measured for a tomographic reconstruction [4,5].
In practice, many quantum systems need to be measured for each projection to reduce
statistical uncertainty, meaning a large total number of identically prepared systems are
required for quantum state tomography. This poses a challenge for the efficient charac-
terization of quantum systems. For convenience, we recall some important facts about
quantum state estimation introduced in Sections 1.6-1.7 and Section 2.2.
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A common way to assess the efficiency of a state characterization scheme is to consider
the scaling of the infidelity 1 − F = 1 −

[
Tr
√√

ρestρ
√
ρest
]2 with the size Nens of the

identically prepared ensemble, which quantifies the error in the estimate ρest of the true
state ρ. Tomographic scaling is important from a fundamental point of view, since it
relates to how much information can be extracted. It is also significant when considering
the practicality in experiments where the number of copies is limited.

Through a calculation based on the quantum Fisher information matrix and the quan-
tum Cramér-Rao bound, Gill and Massar showed that the optimal infidelity for the to-
mography of a pure one-qubit state scales as 1/Nens [108]. Massar and Popescu discussed a
related state estimation task, where N qubits polarized in |n⃗⟩ are provided in each round,
and a single guess |n⃗g⟩ of the polarization vector is made [50].

We describe two experiments on state identification, starting with the game addressed
by Massar and Popescu, and later applying the collective measurement to quantum state
tomography. The Massar and Popescu game concerns state estimation in a scenario where
the size of the ensemble may not be large (statistical). The state is thus identified through
a guess corresponding to each measured outcome. We examine two variants of the game:
one with uniformly distributed unknown states, and the other with the unknown state
being one of four equiprobable states. When the number of available copies is sufficiently
large, tomographic estimation becomes possible, with a continuous range of estimated
states rather than discrete guesses. The optimal two-copy collective measurement of the
Massar and Popescu game is then used to tomographically estimate the state from a large
ensemble in pairs, allowing to examine its performance in the statistical regime.

3.2 Theoretical Framework

3.2.1 Average Fidelity

From Section 2.2, we recall that the optimal measurement for the Massar and Popescu
game is defined as one that, on average, maximizes the fidelity F(|n⃗⟩ , |n⃗g⟩) = |⟨n⃗|n⃗g⟩|2,
subject to unitarity constraints regarding the time evolution of the interaction with the
measured system. The procedure is repeated many times, with |n⃗⟩ given according to
some prior distribution P (n⃗), e.g., uniform over the unit sphere when assuming no prior
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knowledge. The average fidelity F̄ can thus be written as [50, 107]:

F̄ =

∫
P (n⃗) dn⃗

∑
g

P (g|n⃗)F(|n⃗⟩ , |n⃗g⟩)

=

∫
P (n⃗) dn⃗

∑
g

P (g|n⃗)
(
1 + n⃗ · n⃗g

2

)
,

(3.1)

where n⃗ is the Bloch vector of the unknown state |n⃗⟩, n⃗g is the Bloch vector associated
with the guessed state, and P (g|n⃗) is the probability of guessing n⃗g when the true direction
is n⃗.

3.2.2 Optimal Collective Measuring Strategy

In Ref. [50], Massar and Popescu maximized the expression Eq. (3.1) with respect to
the possible measurements and guessing strategies, while satisfying unitarity constraints
regarding the time evolution of the interaction between the measured system and the
measuring device. When the different directions n⃗ are uniformly distributed over the unit
sphere, i.e., P (n⃗) is uniform, the maximum achievable average gate fidelity for N systems
in the identical ensemble is F̄Coll

GenMP = (N + 1)/(N + 2). The authors derived this result
by using a Lagrange multiplier for the unitarity conditions and taking advantage of the
spherical symmetry of the problem. The optimal measuring strategy — that maximizes
the average fidelity — is to perform a collective measurement on the ensemble of N qubits.
For the case of N = 2, an optimal strategy is to measure a nondegenerate operator whose
eigenstates are the following superpositions of the singlet state |S⟩ = 1√

2
(|01⟩ − |10⟩) and

product tetrahedron states |↑ni
↑ni

⟩:

|MP1⟩ =
1

2
|S⟩+

√
3

2
|↑n1↑n1⟩

|MPj⟩ = −1

2
|S⟩+

√
3

2

∣∣↑nj
↑nj

〉
, j = 2, 3, 4.

(3.2)

In the Bloch sphere, the states |↑ni
⟩ are located on the surface of the sphere at the vertices

of a tetrahedron (Fig. 3.1) and can be chosen as:

|↑n1⟩ = |0⟩ ;

|↑nj
⟩ = 1√

3
|0⟩+

√
2

3
eiαj |1⟩ , j = 2, 3, 4,

(3.3)
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with α2, α3, α4 = 0, 2π/3, 4π/3. Upon performing this collective measurement and ob-
taining the outcome i (corresponding to |MPi⟩), the tetrahedron state |↑ni

⟩ is chosen as
the guess |n⃗g⟩. Projections onto |MPi⟩ require collective measurements, since each |MPi⟩
is entangled, albeit non-maximally. The entangled states |MPi⟩ all have the same concur-
rence C(|MPi⟩) = 0.25.

Figure 3.1: The guess states |↑ni
⟩ for the optimal collective measuring strategy, associated with the

entangled projection states |MPi⟩, are at the vertices of a tetrahedron in the Bloch sphere.

The reason for the non-maximally entangled nature of the projection states can be
understood as follows. The input states |n⃗⟩ ⊗ |n⃗⟩ lie entirely in the symmetric (spin-
1) subspace, and optimal estimation requires a POVM that probes this space uniformly
without any preferred direction. The tetrahedron directions provide a uniform sampling
of the Bloch sphere and are responsible for the optimal information extraction. However,
the corresponding symmetric projectors do not resolve the identity (form a POVM) on
the full four-dimensional state-space. To satisfy the POVM completeness and positivity
conditions, each projection state includes a carefully chosen singlet component, which has
zero overlap with |n⃗⟩⊗ |n⃗⟩ but is necessary to ensure that the POVM elements sum to the
identity.
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3.2.3 General Massar and Popescu Game (GenMP Game)

The theoretical average fidelity of the Massar and Popescu game in different scenarios can
be directly calculated from Eq. (3.1). Consider again the scenario where the directions n⃗
for the identical ensemble of size N = 2 are uniformly distributed over the unit-sphere, i.e.,
P (n⃗)dn⃗ = sin θdθdϕ/(4π). We will refer to this case as the General Massar and Popescu
(GenMP) game. For N = 2, the average fidelity using the optimal collective approach in
this case is F̄Coll

N=2, GenMP = 3/4 = 0.75. This can be compared with the average fidelity
using the best LOCC approach, which is FLOCC

N=2, GenMP = 1
6
(3+

√
2) ≈ 0.7357 [146]. We will

discuss this strategy next.

3.2.4 Optimal LOCC Strategy

The optimal solution for the GenMP game when restricted to LOCCs can be achieved by
measuring one photon in the {|H⟩ , |V ⟩} basis and the other in the {|D⟩ , |A⟩} basis [146].
The guessed state |Li⟩ on the unit sphere is taken to be at the bisector of the outcome
states of the two photons:

|D⟩⟨D| ⊗ |H⟩⟨H| → |L1⟩ = cos
π

8
|H⟩+ sin

π

8
|V ⟩ ,

|D⟩⟨D| ⊗ |V ⟩⟨V | → |L2⟩ = cos
3π

8
|H⟩+ sin

3π

8
|V ⟩ ,

|A⟩⟨A| ⊗ |H⟩⟨H| → |L3⟩ = cos
π

8
|H⟩ − sin

π

8
|V ⟩ ,

|A⟩⟨A| ⊗ |V ⟩⟨V | → |L4⟩ = cos
3π

8
|H⟩ − sin

3π

8
|V ⟩ .

(3.4)
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Figure 3.2: Optimal LOCC strategy states. The outcome states are shown in blue and orange, corre-
sponding to each of the two photons. The guessed states |Li⟩ are at the bisectrix of the outcome states.

Experimentally, the LOCC optimal strategy was implemented by introducing a long
delay between the photons in the two arms in Fig. 3.4 (to avoid the HOM interference
underlying the singlet projection) and measuring coincidences with polarizers placed in
front of single-photon detecting avalanche photodiodes.

3.2.5 Tetrahedron Massar and Popescu Game (TetraMP Game)

When the a priori distribution P (n)dn⃗ is made discrete in such a way that n⃗ is restricted
to being one of the tetrahedron states |↑ni

⟩, we have what we refer to as the Tetrahedron
Massar and Popescu (TetraMP) game. The collective approach to the TetraMP game gives
an average fidelity of F̄Coll

N=2, TetraMP = 5/6 ≈ 0.8333, conjectured to be optimal [107]. To the
best of the authors’ knowledge, the optimal LOCC approach is not known for the TetraMP
game. Alternatively, the TetraMP game can be treated as a quantum state discrimination
problem for the equiprobable set of states {|↑ni

⟩}. While lower and upper bounds for
multiple-state, minimum-error discrimination using single-copy measurements have been
derived [147], they may not be achievable or tight (yielding a wide average fidelity range
[0.636, 0.908] in this case). More concretely, the collective strategy can be compared to the
“pretty good" measurement [148,149], expected to perform fairly well for the discrimination
of any set of states. The pretty good measurement corresponds to the POVM {1

2
|↑ni

⟩⟨↑ni
|}
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for the TetraMP game and yields an average fidelity of F̄PGM = 2/3 ≈ 0.6667, which is
∼ 16.7% lower than F̄Coll

N=2, TetraMP.

3.2.6 Quantum State Tomography: Two-Copy Collective Mea-
surements

Projections onto the non-maximally entangled states |MPi⟩ can also be used for quantum
state tomography. In this way, a large ensemble of size Nens, potentially of thousands
of photons, can be divided into pairs on which we perform collective measurements (Fig.
3.3). As the Massar and Popescu two-copy collective measurement allows extracting more
information about a pair of photons than any separable measurement, we expect the to-
mographic infidelity scaling to also improve.

…

Figure 3.3: Larger ensembles are divided into pairs and measured using two-copy collective measurements
for quantum state tomography.

The estimate of the state is found using a maximum-likelihood reconstruction algo-
rithm. Additional constraints regarding purity and the tensor-product form |n⃗⟩ ⊗ |n⃗⟩ of
the input state are imposed in an accelerated-projected-gradient maximum-likelihood al-
gorithm [150]. The code for the implementation is available in [151]. On a standard
consumer laptop (AMD Ryzen 3 5425U CPU at 2.7 GHz, 16 GB RAM), a single maximum-
likelihood reconstruction required approximately 10 s of wall-clock time. The algorithm
was implemen- ted in Wolfram Mathematica, and runtimes depend on hyperparameters,
such as the step size in the gradient descent, the momentum parameter, and the stopping
criterion. More optimized implementations or different hardware may lead to different
performance.
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3.3 Experimental Methods

Attempts to implement the Massar and Popescu game have so far been limited to the use
of photonic quantum walks, where various degrees of freedom of the same photon encode
different qubits [61,62]. Although this simulates the collective strategy using non-identical
degrees of freedom of a single photon, such states cannot meaningfully violate Bell’s inequal-
ities or be applied to useful quantum computing. The same outcomes could be obtained
with classical light of the same mean photon number, and the outcome statistics could
be predicted without a quantum-mechanical treatment, based on first-order interference.
Nonetheless, photonic quantum walks are valuable for simulating topological physics [152],
quantum algorithms [153], as well as providing a testing ground for collective measure-
ments.

Figure 3.4: Scheme and experimental setup used for the Massar and Popescu game. The setup consists
of half-wave plates (HWP), quarter-wave plates (QWP), a partial polarizer, a 50:50 beamsplitter (BS),
and single-photon avalanche photodiode detectors (APD). See the main text for details.

Instead, we begin with two identical photons, which are our two copies in the ensemble
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for the Massar and Popescu game. Our multi-particle implementation involves an en-
tangling measurement of two-photon polarization states that combines Hong-Ou-Mandel
(HOM) interference [66, 154] with polarization-dependent loss [155, 156], as shown in Fig.
3.4 [71].

3.3.1 Non-Maximally Entangled Projections

Whereas typical two-photon polarization measurements project onto either a separable or
a maximally entangled state, we use a recently developed general two-photon polarization
measurement [71] (detailed in Subsection 1.4.2) to project on the non-maximally entangled
|MPi⟩ states. At the heart of our device is a projection onto the singlet state |S⟩⟨S|: this is
accomplished when two photons entering opposite input ports of a 50:50 beamsplitter exit
opposite ports [72]. This part of the device, referred to as the singlet projector in Fig. 3.4,
consists of a 50:50 BS, single-photon avalanche photodiode detectors, and a time tagger
for coincidence counting.

The device varies the level of entanglement (i.e., concurrence) of the projection state
by introducing a partial polarizer in one input mode, with transformation matrix

Ŵ =

[
tH 0
0 tV

]
⊗ I2×2, (3.5)

where tH and tV represent complex transmission amplitudes, here real-valued. With the
partial polarizer shown in Fig. 3.4, we alter the projection onto |S⟩ to have a lower
entanglement, a concurrence C(|MPi⟩) = (2|tH ||tV |)/(t2H + t2V ) = 0.25 for all four |MPi⟩.
The concurrence in turn determines the optimal efficiency of the projection ηopt = 1/(1 +√
1− C2), which is the probability of a successful projection given the incoming pair of

photons were in the state |MPi⟩. To project onto a specific |MPi⟩, we add an appropriate
unitary transformation in each input mode. As shown in Fig. 3.4, this selection of the i
projector is achieved with HWP-QWP pairs. Altogether, this device projects onto any one
of the states |MPi⟩.

Two-photon interference has been used to demonstrate collective measurements for
parameter estimation and metrology [157, 158]. However, until the present work only
basic two-photon collective measurements have been used in applications: projections on
maximally entangled states. These projections are naturally implemented by a standard
50:50 beamsplitter. In this work, we project onto optimized collective states |MPi⟩, which
are non-maximally entangled and non-trivial to implement.
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The two-photon projections are implemented experimentally as shown in Fig. 3.4. After
the input states are prepared, a HWP and QWP implement the appropriate unitary on each
input photon. The concurrence C = 0.25 corresponds to a polarization-dependent loss with
extinction ratio ∼ 62 : 1 between the vertical and horizontal polarization optical powers.
Since this extinction ratio is significantly biased towards one polarization, the desired
transformation was realized through a carefully chosen imperfect polarizing beamsplitter.
We tilted the beamsplitter to fine-tune the extinction ratio.

The singlet state projection uses an in-fiber non-polarizing beamsplitter. The measured
splitting ratio was 47:53. Unwanted polarization unitary transformations in the fiber and
beamsplitter are compensated using a tilted quartz plate, a HWP, and a QWP placed
in the arm without polarization-dependent loss, just before the entrance of the fiber to
the non-polarizing beamsplitter. The output fibers of the beamsplitter traveled to single-
photon detectors (avalanche photodiodes). A coincidence (i.e. simultaneous detections)
signifies a successful projection on an |MPi⟩ state.

This implementation includes a 3/4 loss due to the sequential implementation of Massar
and Popescu state projections, as well as a 1 − η(C = 0.25) = 49% loss per projection.
This results in an overall ∼ 12.7% efficiency.

Despite these efficiency limitations, the primary objective of this work was to demon-
strate the feasibility, performance, and scaling properties of quantum state estimation with
the Massar and Popescu entangling measurement on two particles. The insights gained
will inform the viability and the level of performance that can be expected of this collec-
tive strategy when applied to useful systems in quantum science and technology involving
multiple particles.

3.3.2 Spontaneous Parametric Down-Conversion Source

Spontaneous parametric down-conversion (SPDC) is a nonlinear optical process where a
single pump photon of frequency ω1 is converted into two photons of frequencies ω2 and ω3.
The process can occur when the phase-matching condition between the photon wavevectors
ki,

∆k = k1 − k2 − k3 = 0, (3.6)

is satisfied. In Eq. (3.6), ki = niωi/c — where ni is the refractive index and c is the speed
of light — and by energy conservation,

ω1 = ω2 + ω3. (3.7)
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Practically, this can be approximately achieved by pumping a crystal with second-order
nonlinearity, and tuning the angle of the crystal axis relative to the pump polarization and
wavevector. In Type II SPDC, used in this source, the daughter photons are orthogonally
polarized. The case where ω2 = ω3 is known as degenerate SPDC [159].

Figure 3.5: Spontaneous parametric down-conversion in a nonlinear material of length L with nonlinear
susceptibility χ(2). When phase-matching conditions are met, a pump photon of frequency ω1 can be
converted into photons of frequencies ω2 and ω3 through spontaneous parametric down-conversion.

The output produced from Type II SPDC is a two-mode squeezed state. In the limit of
a weak pump field, most pump photons are simply transmitted through the crystal. Single
photon pairs are created with some small probability, while the probability for higher order
photon number states is negligible [160].

We used a narrow-linewidth (< 0.3 pm), 405 nm wavelength, 40 mW output power
continuous wave laser to pump a 2 mm Type II BBO crystal. The orthogonally polarized
810 nm photon pairs were generated through collinear degenerate SPDC and then were
split at a polarizing beamsplitter and then coupled into polarization-maintaining fibers.
The photons were out-coupled into two arms, with one out-coupler on a translation stage
to vary the relative delay between the photons. In each arm a half-wave plate (HWP) and
a quarter-wave plate (QWP) were used to prepare the input polarization state |n⃗⟩ ⊗ |n⃗⟩,
with the encoding |0⟩ ≡ |H⟩ and |1⟩ ≡ |V ⟩.

An (810 ± 3) nm band-pass filter was used to ensure good spectral overlap between
the photons. A 1 mm Type II BBO crystal placed after the down-conversion crystal was
added to compensate for the transverse spatial walk-off.

3.3.3 Two-photon Interference and Visibility

As mentioned, two-photon interference is at the heart of projections onto entangled states.
To ensure the presence of this effect and the indistinguishability of the photon pairs, HOM
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interference scans were performed. Fig. 3.6(a) shows the coincidence dip observed when
the photon pair was prepared in the state |V ⟩⊗|V ⟩ just before the 50:50 beamsplitter. One
out-coupler on a translation stage was used to vary the relative delay between the photons.
The HOM visibility obtained from a Gaussian fit to this data was VV = (98± 1)%.

(a) (b)
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Figure 3.6: HOM interference scans for the input polarization state: (a) |V ⟩⊗|V ⟩, with a HOM visibility
V = (98.7± 0.4)% from the raw data and Vfit = (98± 1)% from the Gaussian fit; and (b) |A⟩ ⊗ |A⟩, with
a HOM visibility V = Vfit = (93± 3)%.

The HOM interference scan for photons prepared in the state |A⟩ ⊗ |A⟩ — just before
the 50:50 beamsplitter — is shown in Fig. 3.6(b). Due to the presence of the partial
polarizer in Fig. 3.4 , the baseline coincidence rate was significantly lower. A visibility of
VA = (93 ± 3)% was observed in this case. The discrepancy between the visibilities VV

and VA can be in part be attributed to imperfect pre-compensation of the polarization
changes in single-mode fibers, which were used to ensure spatial-mode overlap for HOM
interference.

The width of the HOM dip is determined by the temporal indistinguishability of the
interfering photons. More precisely, the dip envelope is given by the Fourier transform
of the joint spectral intensity along the frequency-difference coordinate, which reflects
the effective temporal extent of the two-photon wavepacket. In this case, the 0.3 pm
pump bandwidth is narrow enough such that it does not significantly contribute to the dip
width. In the absence of spectral filtering, this temporal width is dominated by group-
velocity mismatch in the nonlinear crystal. For Type II down-conversion, the signal and
idler propagate with different group velocities, resulting in a relative walk-off that scales
as |D|L, the group-velocity mismatch |D| of the two polarizations times the crystal length
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L. With band-pass filters, the HOM width is broadened by the filter coherence time due
to spectral narrowing. Using filter values λ0 = 810 nm, ∆λ = 0.3 pm, Gaussian profiles,
and a BBO group velocity mismatch parameter |D| = 0.2 ps/mm, we find the HOM width
to be:

∆xHOM ∼ c
√
τ 2filter + τ 2crystal ≈ 153 µm; from (3.8)

τfilter =
0.44

∆ν
=

0.44

(c/λ0)2(∆λ)
= 0.32 ps (3.9)

τcrystal ∼ |D|L = 0.4 ps (3.10)

We see that ∆xHOM nominally agrees with the experimentally observed HOM full width
at half maximum of (164± 5)µm.

3.3.4 Projector Selection

To alternate between projection states with the same concurrence, unitary operations are
applied prior to the partial polarizer and 50:50 beamsplitter using HWP-QWP pairs in
each mode, as shown in Fig. 3.4. The appropriate unitaries for projecting onto each of the
four Massar and Popescu states |MPi⟩ are found by performing a Schmidt decomposition
of the |MPi⟩. As described in Subsection 1.4.2, the transformation relating the Schmidt
bases to the {|H⟩ , |V ⟩} basis determines this unitary operation.

3.3.5 Experimental Test of the Massar and Popescu Game

To test the implementation of the GenMP and TetraMP games, we considered a set S of
40 states. These states were generated randomly from a uniform distribution P (n⃗) over
the Poincaré sphere by applying Haar random unitaries to the state |H⟩. The states are
of the form:

|n⃗⟩ = cos θ/2 |H⟩+ eiϕ sin θ/2 |V ⟩ , (3.11)

where the polar angle θ ∈ [0, π] and the azimuthal angle ϕ ∈ [0, 2π) parameterize the
state. The expected average fidelity for the set S when using collective measurements is
F̄Th, Coll

S = 75.05%, while the expected fidelity for the LOCC measurement is F̄Th, LOCC
S =

73.68%. We measured the average fidelity for each state based on ∼ 3500 detected photon
pairs, that is, ∼ 3500 trials of N = 2. The number of trials per state varied slightly
in the experiment, although the same amount of time was spent on each state. These
small variations are taken into account in the theoretical average fidelities F̄Th, Coll

S and
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F̄Th, LOCC
S . To obtain the experimental average fidelity over all states, corresponding to

Eq. (3.1), we calculate the weighted average:

F̄Exp
S =

∑
|n⃗⟩∈S

P (n⃗)
4∑

g=1

P (g|n⃗)F(|n⃗⟩ , |n⃗g⟩). (3.12)

Although P (n⃗) ≈ 1/40, we calculate P (n⃗) as the total coincidences measured for |n⃗⟩⊗ |n⃗⟩,
divided by the total coincidences measured over all input states. This accounts for small
variations in the number of trials per state. Now a frequency, P (g|n⃗) is calculated as
the ratio of the coincidence counts for the projector corresponding to |n⃗g⟩ and the total
coincidences for |n⃗⟩. The guess |n⃗g⟩ is |↑ni

⟩ (Eq. (3.3)) when using the collective strategy,
and |Li⟩ (Eq. (3.4)) when using the LOCC approach.

3.3.6 Summary

Collinear Type II spontaneous parameter down-conversion allows us to generate photon
pairs and separate them at a PBS. Product polarization states encoding the two copies are
prepared using a PBS and waveplates. Massar and Popescu’s optimal collective measure-
ment is carried out using a recent two photon projection scheme [71] (detailed in Section
1.4.2) which utilizes two-photon interference and polarization dependent loss to control
the concurrence of the projection state. We experimentally test the GenMP using 40 ran-
dom states by comparing the state-specific and average fidelity to theory. In the following
sections, we similarly perform a test of the TetraMP game, with the prior distribution of
states limited to tetrahedron states.
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3.4 Experimental Results

3.4.1 GenMP Game Results

In this section, we present experimental results for the GenMP game, where the unknown
states are distributed uniformly on the unit sphere (P (n⃗)dn⃗ = sin θdθdϕ/(4π)). In Fig.
3.7, we compare the experimentally measured fidelity with the theoretically expected one
for each state using the collective measurement in (a) and the LOCC approach in (b). The
left side of each circle represents the experimentally measured fidelity, while the right side
represents the theoretically expected fidelity.

Figure 3.7: Scatter plots for the fidelity of the Massar and Popescu two-copy game: (a) using the
collective approach; (b) using the LOCC approach; over the {θ, ϕ} state-space. The left-side of each circle
represents the experimentally measured fidelity, while the right-side represents the theoretically expected
fidelity.

The experimental and theoretical values for the fidelity are generally in good agreement.
The experimental average fidelities observed for the collective and LOCC schemes shown
in Fig. 3.7 were F̄Exp, Coll

S = (73.5 ± 0.2)% and F̄Exp, LOCC
S = (73.4 ± 0.2)%, respectively.

The average fidelity using the collective strategy was found to be at least as high as that
of the LOCC approach. The error bars are obtained by assuming Poisson statistics on
the number of detected photons for each of the Massar and Popescu projectors and using
Gaussian error propagation.

The deviations from the expected fidelities can be in part attributed to imperfect HOM
interference. When the state prior to the 47:53 beamsplitter was prepared as |V ⟩ ⊗ |V ⟩,
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the HOM visibility was (98.7 ± 0.4)%, while it was (93 ± 3)% when the state entering
the beamsplitter was |A⟩ ⊗ |A⟩. This suggests a slightly imperfect compensation of the
polarization changes in single-mode fibers, which were used to ensure spatial-mode overlap
for HOM interference. We can consider the effect of this additional polarization unitary Ũ
that satisfies | ⟨V |Ũ |V ⟩| 2 = 98.7% and | ⟨A|Ũ |A⟩| 2 = 93%. Numerical optimization can be
used to find Ũ that minimizes the mean-squared error between the experimentally measured
and theoretically expected fidelities for the states in S using the collective strategy, subject
to the constraints | ⟨V |Ũ |V ⟩| 2 = 98.7% and | ⟨A|Ũ |A⟩| 2 = 93%. The theoretically expected
average fidelity in the presence of Ũ which best matches the experimentally measured
values is about 74.4%, compared to 75.0% expected in its absence. The gap suggests
that eliminating these systematic errors would at minimum increase the average fidelity
by 0.5 %. Using this simple model, the average fidelity F̄Exp, Coll

S would at least increase
to F̄Exp, Coll

S, Corrected = (74.0 ± 0.2)% if Ũ were eliminated. As the LOCC approach does not
rely on HOM interference, F̄Exp, LOCC

S = (73.4 ± 0.2)% would remain unchanged. We see
that when accounting for systematic errors, the collective strategy outperforms the LOCC
approach.

3.4.2 TetraMP Game Results

In this section, we present experimental results for the TetraMP game, where the a pri-
ori distribution P (n)dn⃗ is such that the only possible |n⃗⟩ are the four tetrahedron states
|↑ni

⟩ (with equal probability). The measured fidelities for the rotated tetrahedron states
are presented in Fig. 3.8. The average fidelity for the TetraMP game was found to be
F̄Exp, Coll

Tetra = (81.2 ± 0.3)%. This was compared with a version of the measurement, per-
formed with a long delay between the photons, with no other changes to the setup. This cor-
responds to a complete suppression of the entangling component of the collective measure-
ment. The average fidelity in this case was measured to be F̄Exp, Supp-Ent

Tetra = (63.8± 0.3)%.
This gap indicates the importance of the entangling measurement in approaching the op-
timal bound, improving the fidelity by ∼ 17%.
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Figure 3.8: Fidelity of the Massar and Popescu two-copy game for the rotated tetrahedron states |↑ni⟩
′
=

R̂ |↑ni⟩, where R̂ is a fixed rotation in the Bloch sphere. These states are equivalent to Eq. (3.3) for
the optimal collective measurement (see Appendix D.1 for details). The green dashed-line indicates the
expected fidelity of F̄Coll

Tetra = 5/6 ≈ 0.8333. The experimental collective measurement results are presented
in blue, while the experimental measurement results with suppressed entanglement are in gray. The dashed
lines represent the average for each data set. The error bars are obtained by assuming Poisson statistics
and using Gaussian error propagation.

The deviations in tetrahedron state fidelity from the expected value of 83.33% can be
in part attributed to the unitary Ũ , which slightly distorts the measured frequencies by
affecting the HOM interference statistics. These frequency deviations depend on the state
prior to the beamsplitter rather than the prepared state |n⃗⟩ ⊗ |n⃗⟩. As a result, we are less
likely to correctly guess the input |↑n1⟩

′ and more likely to do so for the input |↑n4⟩
′. This

trend is also visible in Fig. 3.7(a), where states with a significant overlap with |↑n1⟩
′ (in

the plot’s bottom right) exhibit lower fidelities than expected, while states with substantial
overlap with |↑n4⟩

′ (with θ ≈ 1.2 and ϕ ≈ 5.2) show higher than expected fidelity.

3.4.3 Tomographic Infidelity Scaling for Two-Copy Collective Mea-
surements

To analyze the performance of the state tomography, the tomographic infidelity 1 − F̄
is plotted as a function of the size Nens of the identically prepared ensemble. The exact
state that we produce will differ from the nominal state due to experimental imperfections.
Thus, we compare our state estimate to the pure state estimate with the highest Nens

gathered (Nens ∼ 15000) instead of the nominal state. Fig. 3.9 shows the scaling of the
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infidelity observed for six randomly chosen states. Each data point is an average value over
multiple reconstructions that used identically prepared ensembles of the same size Nens.
To mitigate bias toward the reference state at higher Nens values, we applied a power-law
fit to the initial eight data points (further details are provided in the Supplemental docu-
ment). We observed that the infidelity for each state approximately scales as O(1/Nens),
the optimal infidelity scaling according to the Gill-Massar bound. The six random states
examined had a combined average infidelity scaling of 1 − F̄ = (1.7 ± 0.2)N

−(1.01±0.02)
ens ,

where the fit uncertainties for the states have been propagated. Infidelity scaling results
for all tested states can be found in Tab. 3.1. The coefficient could likely be improved
with further attempts to minimize experimental imperfections and systematic errors. The
optimal measurement (with 1− F̄ = 1/Nens) requires an Nens-copy collective measurement
of all the systems in the identical ensemble, but it is encouraging to see that the two-copy
collective measurement tomography does achieve a near-optimal scaling.

It is worth noting that for exactly pure one qubit states distributed according to
the Haar measure, separable six-outcome Pauli tomography would theoretically allow an
asymptotic average infidelity scaling of (13/12)N−1 [103, 109] and the use of either two-
stage adaptive tomography [109] or random local von Neumann measurements [110] would
improve the asymptotic average infidelity scaling to 1/N .

Reference |n⃗⟩ 1− F̄

(a) 0.549 |H⟩ − (0.777 + 0.309i) |V ⟩ (2.0± 0.4)N−1.02±0.04
ens

(b) 0.883 |H⟩+ (−0.216 + 0.416i) |V ⟩ (1.5± 0.4)N−0.95±0.04
ens

(c) 0.819 |H⟩+ (0.565− 0.098i) |V ⟩ (1.5± 0.2)N−1.02±0.02
ens

(d) 0.308 |H⟩ − (0.916 + 0.256i) |V ⟩ (1.6± 0.4)N−1.04±0.05
ens

(e) 0.104 |H⟩ − (0.459 + 0.882i) |V ⟩ (1.8± 0.6)N−1.01±0.06
ens

(f) 0.205 |H⟩+ (0.513 + 0.834i) |V ⟩ (1.8± 0.3)N−1.01±0.03
ens

Table 3.1: Randomly chosen pure reference states and the corresponding power-law fits for tomography
using two-copy collective measurements.
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Figure 3.9: Scaling of the tomographic infidelity with the number of samples Nens for the randomly-
chosen states in Tab. 3.1 shown on a log-log plot. The average values over multiple experimental trials
for the collective measurement tomography are shown in orange, with the blue line showing the power-
law fits to the data, which are summarized in Tab. 3.1. The green line indicates the Gill-Massar bound
1 − F̄ = 1/Nens, while the grey line indicates the theoretical average infidelity of Pauli tomography for
pure states, given by 1− F̄ = (13/12)N−1

ens.
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The scaling analysis could alternatively be performed with nearly-pure reference state
estimates (purity (99.91 ± 0.02)%) obtained by averaging reconstructions with Nens ∼
2500. The MLE output is still constrained to being a pure state. This constraint is
used since |MPi⟩ states are mainly useful for pure-state tomography. In this case, the
six randomly tested states show a combined average infidelity scaling of 1 − F̄ = (1.18 ±
0.11)N

−(0.93±0.02)
ens , where the fit uncertainties for the states have been propagated. These

infidelity results are presented in Fig. 3.10 and Tab. 3.2. This suggests that the collective
strategy is fairly robust in maintaining a near-optimal infidelity scaling. This is significant,
as infidelity scaling for Pauli tomography generally deteriorates for nearly-pure states due
to the challenges in accurately estimating a small eigenvalue of the density matrix [46,103].

The goal of Section 3.4.3 was to demonstrate the experimental feasibility of quantum
state tomography using multi-particle collective measurements, and to show that it is
comparable to the Gill-Massar bound in terms of average infidelity scaling. Additionally,
we observe this ∼ O(1/N) scaling with four outcomes as opposed to the six or more needed
for the relevant Pauli, adaptive, and random tomography schemes [46,48,103,109,110,113].

Reference ρ 1− F̄

(a) 0.302 |H⟩⟨H|+ (−0.426 + 0.169i) |H⟩⟨V | (1.6± 0.3)N−0.97±0.04
ens

+(−0.426− 0.169i) |V ⟩⟨H|+ 0.698 |V ⟩⟨V |
(b) 0.780 |H⟩⟨H| − (0.191 + 0.367i) |H⟩⟨V | (1.2± 0.3)N−0.90±0.04

ens
+(−0.191 + 0.367i) |V ⟩⟨H|+ 0.220 |V ⟩⟨V |

(c) 0.671 |H⟩⟨H|+ (0.462 + 0.081i) |H⟩⟨V | (1.0± 0.1)N−0.95±0.02
ens

+(0.462− 0.081i) |V ⟩⟨H|+ 0.329 |V ⟩⟨V |
(d) 0.095 |H⟩⟨H| − (0.282 + 0.079) |H⟩⟨V | (1.3± 0.3)N−0.99±0.04

ens
+(−0.282 + 0.079i) |V ⟩⟨H|+ 0.905 |V ⟩⟨V |

(e) 0.011 |H⟩⟨H|+ (−0.048 + 0.092i) |H⟩⟨V | (1.0± 0.3)N−0.92±0.05
ens

−(0.048 + 0.092i) |V ⟩⟨H|+ 0.989i |V ⟩⟨V |
(f) 0.043 |H⟩⟨H|+ (0.105− 0.171i) |H⟩⟨V | (0.97± 0.13)N−0.87±0.02

ens
+(0.105 + 0.171i) |V ⟩⟨H|+ 0.957 |V ⟩⟨V |

Table 3.2: Randomly chosen nearly-pure reference states and the corresponding power-law fits for to-
mography using two-copy collective measurements.
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Figure 3.10: Scaling of the tomographic infidelity with the number of samples Nens for the randomly-
chosen states in Tab. 3.2 shown on a log-log plot. The average values over multiple experimental trials
for the collective measurement tomography are shown in orange, with the blue line showing the power-law
fits to the data, which are summarized in Tab. 3.2. The plotted error bars are calculated as the standard
error of the mean over multiple trials. The green line indicates the Gill-Massar bound 1 − F̄ = 1/Nens.
Pauli tomography simulation results with a pure MLE reconstructed state are shown in grey.
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3.5 Summary

We performed a proof-of-concept demonstration of Massar and Popescu’s state estimation
game using collective measurements on two particles. Our results suggest that the collective
strategy can be in practice at least as effective as the best LOCC approach, and outperforms
the local approach if systematic errors can be further reduced.

We further applied collective measurements to quantum state tomography, observing
a near-optimal scaling of the infidelity with the size of the identically prepared ensemble.
The effect of considering a pure reference input state as opposed to a nearly-pure state
for tomographic comparison was examined. Although a pure reference results in a slightly
improved tomographic scaling, the collective strategy approaches the optimal scaling in
both cases. The significance of this can be seen in view of the quadratic deterioration in
infidelity scaling of Pauli tomography for nearly-pure states [46].

Our results also emphasize the crucial role of entanglement in performing multi-particle
collective measurements for state estimation, as evidenced by the results of the TetraMP
game: our entangling measurements greatly surpassing those where entanglement was
suppressed.

Our work opens the avenue to further implementations of collective measurements in
the study of optimal strategies for parameter and state estimation tasks. Collective mea-
surements can be particularly beneficial in systems where state-preparation is an expensive
resource.
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Chapter 4

Fast and Automated Compensation of
Fiber Unitaries

This chapter is closely adapted from the paper cited below,

Reproduced from N. Braband, A. Mansouri, R. Fazili, S. Czischek, and J. S. Lundeen, “Fast
and automated optical polarization compensation of fiber unitaries,” Review of Scientific
Instruments, vol. 96, p. 063101, June 2025, with the permission of AIP Publishing.

4.1 Motivation

The polarization of light plays a crucial role in a diverse range of applications, such as
quantum cryptography, medical and biological imaging [161–163]. Accurate characteri-
zation and control of polarization states is a key requirement for effective operation of
polarization-based information processing, sensing, and imaging schemes. In this work,
we apply a fast and compact method for tomographic state estimation to a commonly
encountered task in polarization control.

The polarization state can significantly alter as the light passes through various media,
particularly in optical telecommunication fibers [164]. In these fibers, the routing geometry
(e.g., bending or twisting) and manufacturing imperfections lead to birefringence, wherein
the orientation of the slow and fast axes and the degree of birefringence vary along the fiber.
In turn, this birefringence causes an unpredictable change in the input state of polarization
(SOP) and introduces errors in the information encoded in polarization.
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For example, an input bit might be encoded as horizontal (0 bit value) or vertical
polarization (1 bit value) but the output might be right- or left-handed circularly polar-
ized. Since the latter is an equal combination of horizontal and vertical polarization, the
information is effectively completely randomized. This deleterious effect is compounded
by its variability over time, influenced by movement and environmental changes such as
temperature and pressure. The resulting error rate is particularly a problem for quantum
key distribution (QKD) [165, 166], since when combined with photon loss and detector
dark counts, it limits the range over which the cryptographic key can be transmitted. Po-
larization manipulation is also essential in various areas, with applications ranging from
biomedical imaging to astronomical observation [167, 168]. Therefore, continuous polar-
ization monitoring and rapid polarization manipulation would help maintain consistent
performance in technologies reliant on accurate polarization states.

A straightforward method for characterizing an unknown polarization state is the ro-
tating quarter-waveplate (QWP) technique [25]. This approach uses a quarter-wave plate
and a polarizer to measure the four-element Stokes vector. By rotating the waveplate and
analyzing the resultant light intensity changes, all components of the Stokes vector are
determined. The speed of this method can vary depending on the rotation frequency of
the waveplate, with faster rotation increasing the characterization speed. Once the SOP
is known, a rapid and arbitrary polarization transformation can be achieved using three
liquid crystal cells. This allows for the transformation of the SOP to a desired state, con-
trolled solely by adjusting the operating voltages of the liquid crystals [169].

4.2 Theoretical Framework

4.2.1 Previous Work on Polarization Compensation

Existing polarization compensation methods often rely on stochastic techniques, interfer-
ometry, or quantum-bit-error-rate (QBER) minimization, which can be inefficient, partic-
ularly in long-range QKD systems where they result in low key rates [166, 170–174]. In
Ref. [175], active compensation of polarization errors is achieved with adaptive optics via
feedback to the polarization state generator, which is impractical in applications with lim-
ited control of the initial polarization. The work presented in [176] employs a polarimetry
technique using a single liquid crystal cell, where both the voltage and angle are varied.
However, the intermittent rotation of the liquid crystal, with frequent stops, poses a chal-
lenge to achieving fast and reliable compensation. Additionally, the work lacks a rigorous
proof of the ability to change an arbitrary polarization to another, as demonstrated in [169].
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Moreover, electronic digital signal processing [177], which involves compensation through
measurement of the full field (both polarizations, amplitude, and phase) is not possible for
the polarization qubits in QKD without state disturbance. For slow polarization drift (over
several hours), calibration using reference signals can identify the relative basis rotation,
while reference-frame-independent protocols would relax this requirement [178]. When the
drift is faster or random in conventional QKD, the quantum bit error rates increase, reduc-
ing the secret key rate. In this case, active compensation is needed to mitigate the errors.

In this work we introduce a novel approach that relies on polarization tomography and
directly solving for the compensation parameters, enabling fast polarization compensation
with high fidelity. Specifically, we integrate the rotating quarter-waveplate polarimetry
technique with polarization transformation by adjusting three liquid crystal cell voltages.
Since our method does not rely on cryptographic figures of merit, it can be implemented on
polarization-based QKD systems regardless of the range and key rates. Contrary to [176],
we only vary the voltage of three liquid crystals set at fixed angles, quickly compensating
for the effect of any arbitrary unitary transformation.

Moreover, there is a lack of comprehensive experimental compensation procedures,
including required codes from detection to correction of polarization, which has hindered
their broader adaptation. To address this, our work includes detailed technical information
and essential codes, offering a helpful resource for those interested in implementing and
exploring these methods. We believe this work will be beneficial in many systems requiring
precise and continuous polarization control.

4.2.2 Rotating QWP Tomography Method

All Stokes parameters can be measured simultaneously using a rotating QWP, a polarizing
beam-splitter (PBS) and a photo detector (PD) or power meter [25]. The incoming light
first passes through the rotating QWP at an angle ϕ between the fast and the horizontal
axes. The intensity S̃0 transmitted by the PBS is then measured by the PD. The Stokes
vector is thus transformed as follows:

⃗̃S(ϕ) = MPBS ·MQWP(ϕ) · S⃗

=
1

2


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

 ·


1 0 0 0
0 cos2(2ϕ) sin(2ϕ) cos(2ϕ) − sin(2ϕ)
0 sin(2ϕ) cos(2ϕ) sin2(2ϕ) cos(2ϕ)
0 sin(2ϕ) − cos(2ϕ) 0

 ·


S0

S1

S2

S3

 . (4.1)
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From Eq. (4.1), the transmitted intensity S̃0 is given by:

I(ϕ) = S̃0(ϕ)

=
1

2
(S0 + S1 cos

2 2ϕ+ S2 sin 2ϕ cos 2ϕ− S3 sin 2ϕ)

=
1

2
(A0 +B0 sin 2ϕ+ C0 cos 4ϕ+D0 sin 4ϕ). (4.2)

The intensity can be rewritten using

A0 = S0 +
S1

2
, B0 = −S3, C0 =

S1

2
, D0 =

S2

2
, (4.3)

and can now be seen as a truncated Fourier series. As only a finite number of samples
are measured for the intensity, each Fourier coefficient integral is turned into a sum with
∆ϕ being the angle step size between two measurements and N the number of samples,
resulting in:

A0 =
1

π

∫ 2π

0

I(ϕ) dϕ =
2

N

N∑
n=1

In, (4.4)

B0 =
2

π

∫ 2π

0

I(ϕ) sin(2ϕ) dϕ =
4

N

N∑
n=1

In sin(2n∆ϕ), (4.5)

C0 =
2

π

∫ 2π

0

I(ϕ) cos(4ϕ) dϕ =
4

N

N∑
n=1

In cos(4n∆ϕ), (4.6)

D0 =
2

π

∫ 2π

0

I(ϕ) sin(4ϕ) dϕ =
4

N

N∑
n=1

In sin(4n∆ϕ). (4.7)

4.2.3 Arbitrary Polarization Manipulation Using Three Fixed Liq-
uid Crystals

As shown in Ref. [169], any polarization state can be transformed into another state using
three full-wave LCVRs with their slow axes at 0◦, 45◦, and 0◦ respectively. Geometrically,
this configuration corresponds to rotations with respect to the HV , DA, and HV axes in
the Poincaré sphere, respectively. The applied LCVR voltage determines the retardance
δi, i.e., the amount of rotation in the Poincaré sphere.
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LCVR 1 LCVR 2 LCVR 3
Slow axis:

Retardance:

1
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3 4

Figure 4.1: Arbitrary polarization transformation with three LCVRs. Part (a) shows the LCVR config-
uration, while part (b) shows the resulting rotations in the Poincaré sphere.

The normalized Stokes vector S⃗i of the input state can be written in terms of the polar
angle θ and azimuthal angle ϕ as

Si
1 = cos(2θ)

Si
2 = sin(2θ) cos(ϕ)

Si
3 = sin(2θ) cos(ϕ). (4.8)

If the first LCVR retardance is chosen such that δ1 − ϕ = π/2, the output state S⃗o =

MLCVR(0
◦, δ3)MLCVR(45

◦, δ2)MLCVR(0
◦, δ1)S⃗

i can be written as

So
1 = cos(δ2 − 2θ)

So
2 = sin δ3 sin(δ2 − 2θ)

So
3 = cos δ3 sin(δ2 − 2θ), (4.9)

which we identify with the coordinates of a point on the Poincaré sphere with polar angle
δ2/2− θ and azimuthal angle δ3. Eq. (4.9) can be solved for the retardances δi [169]:

δ1 = π/2 + arctan
(
Si
3/S

i
2

)
+mπ

δ2 = arccos
(
Si
1

)
+ arccos(So

1)

δ3 = arctan(So
2/S

o
3) + nπ, (4.10)

where m = 1 when Si
3 < 0, n = 1 when So

2 < 0, and m = n = 0 otherwise. Eq. (4.10)
provides the required retardances to transform any input SOP S⃗i to any output SOP S⃗o

using the LCVR configuration in Fig. 4.1.
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4.2.4 Fidelity in Terms of Stokes Parameters

In terms of Stokes vectors of SOPs S⃗a and S⃗b, the fidelity can be expressed as [104]:

F (S⃗a, S⃗b) =
1

2

[
1 +

3∑
i=1

Si,aSi,b +

√
(1− |⃗Sa|2)(1− |⃗Sb|2)

]2
. (4.11)

If one of the SOPs, for example S⃗b is fully polarized, |⃗Sb|2 = 1 and the fidelity reduces to:

F (S⃗a, S⃗b) =
1

2
(1 + S1,aS1,b + S2,aS2,b + S3,aS3,b). (4.12)

Given the target SOP that we try to match through polarization compensation is always
fully polarized, we use Eq. (4.12) to calculate the closeness between the measured and the
target SOPs.

4.2.5 Polarization Compensation Scheme

In optical fibers, random birefringence caused by thermal fluctuations as well as twisting
and bending the fiber change the SOP of the light passing through the fiber. Three
consecutive LCVRs at 0◦, 45◦, and 0◦ (relative to the slow axis for each LCVR) can be
used to transform an arbitrary SOP to any other SOP [169]. This is important as it
allows compensating for any unitary transformation of the SOP applied by the fiber. The
Mueller matrix MLCVRs for the three LCVRs is shown in Eq. (E.10) in Appendix E.2. For
the polarization compensation, the algorithm sketched in Fig. 4.2 is used.

In the beginning, all retardances of the LCVRs are set to some arbitrary values δ′i.
Afterwards, the SOP S⃗meas of the light is measured. For any retardances, one can calculate
the SOP of the light before the LCVRs from S⃗meas. The disturbed SOP S⃗dis after propa-
gating through a single-mode fiber is given by:

S⃗dis = M−1
LCVRs(δ

′
1, δ

′
2, δ

′
3) · S⃗meas. (4.13)
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Set some arbitrary
LCVR retardances

Measure the
SOP S⃗meas

Calculate the SOP
before the LCVRs

Find and set
retardances δi that solve

S⃗undis = MLCVRs(δ1, δ2, δ3)S⃗dis

Measure the
SOP S⃗comp

F (S⃗comp, S⃗undis) ≥ 97%?
No

Fine-tuning

Yes

Measure the
SOP S⃗fine

F (S⃗fine, S⃗undis) ≥ 99.5%?

Stop

Yes

No

Figure 4.2: Algorithm for compensation of fiber unitaries. Here, SOP and LCVR stand for the state
of polarization and liquid crystal variable retarders, respectively. We propose and implement this algo-
rithm, which relies on polarization tomography and directly solving for the liquid crystal compensation
retardances. Once a fidelity threshold is crossed, small variations of the retardances are used to reach the
desired fidelity (here was 99.5% fidelity).

Now that S⃗dis is known, one can calculate the required retardances for the LCVRs to
compensate for the polarization change in the fiber. The system of equations for the
compensation can be solved to get the required compensation retardances δi:

S⃗undis = MLCVRs(δ1, δ2, δ3) · S⃗dis, (4.14)

where S⃗undis is the desired undisturbed polarization state. The calculated compensation
retardances are then set, and the polarization is measured again. The polarization at this
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stage is S⃗comp. If a 97% fidelity threshold is satisfied, we move on to the fine-tuning stage.
After each fine-tuning iteration, we measure the fine-tuned state S⃗fine. If a 99.5% fidelity
threshold is met, the algorithm stops. These thresholds can be adjusted according to the
desired accuracy.

Given our knowledge of S⃗undis and an estimate of S⃗dis, Eq. (4.14) can be solved numeri-
cally using the Python scipy.optimize.fsolve function [179] (equivalent to the analytic
approach of [169] discussed in Section 4.2.3). The values δ1, δ2, δ3 obtained from the nu-
merical solver are not bounded and can be any real scalar. Because the LCVRs have a
limited retardance range, the solution has to be shifted to be in the [0.2π, 2.2π) range by
adding or subtracting multiples of 2π. Each LCVR voltage is chosen such that its corre-
sponding retardance is closest to the solution based on the characterization data.

Although Eq. (4.14) can be solved directly (both analytically and numerically), the
compensation may be less accurate if the solution is in regions where the slope of the
characterization curve is steeper (Fig. 4.6). In that case, the LCVR cannot be controlled
as precisely. A small voltage error can cause a large error in the retardance. The accuracy
of the tomographic estimate S⃗meas also affects the compensation. These issues are addressed
by returning to the step labeled “Calculate the SOP before the LCVRs" in Fig. 4.2 (with
different initial retardances) and repeating until the fidelity is > 97% and a better solution
is found.

Once the fidelity is > 97%, a fine tuning algorithm is used. One way to improve
the result is to start with the first LCVR and make minor voltage adjustments. If fidelity
improves, continue adjusting the voltage in the same direction. If not, revert to the previous
voltage setting and move on to the next LCVR. Repeat this process until the 99.5%
threshold is met.

4.2.6 Summary

Unlike previous methods that rely on stochastic optimization — based on cryptographic fig-
ures of merit — we devised a compensation method which uses rotating QWP tomography
and LCVRs. Rotating QWP tomography is compact and can allow rapid and continuous
state characterization. Three fixed LCVRs with appropriate axis orientations can compen-
sate for any state by varying the retardance of the LCVRs.
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4.3 Experimental Methods

Liquid crystal variable retarders (LCVRs) are molecules with directional properties that
can be aligned to exhibit uniaxial birefringence [180]. By applying a square wave AC
voltage, the retardance of the optical element changes with the root-mean square value of
the applied voltage. The action of an LCVR can be described by the following Mueller
matrix:

MLCVR(θ, δ) =


1 0 0 0
0 cos2 2θ + sin2 2θ cos δ cos 2θ sin 2θ(1− cos δ) − sin 2θ sin δ
0 cos 2θ sin 2θ(1− cos δ) cos2 2θ cos δ + sin2 2θ cos 2θ sin δ
0 sin 2θ sin δ − cos 2θ sin δ cos δ

. (4.15)

Here, θ is the angle of the liquid crystal birefringent fast axis relative to the horizontal axis,
and δ is the relative phase retardance between the horizontal and vertical polarizations
(which varies with voltage).

4.3.1 Liquid Crystal Characterization Setup

A characterization of each LCVR is needed to obtain the relation between the applied
voltage and the retardance at a given wavelength [181]. This can be done using horizontally
polarized input light S⃗H . The light passes through a PBS, the LCVR at 45◦, a HWP at
45◦, and a second PBS. Both angles are measured between the fast axis of each component
and the horizontal axis.

The Mueller matrix for a HWP with its fast axis forming an angle ϕ with the horizontal
is given by:

MHWP(ϕ) =


1 0 0 0
0 cos2(2ϕ)− sin2(2ϕ) 2 cos(2ϕ) sin(2ϕ) 0
0 2 cos(2ϕ) sin(2ϕ) sin2(2ϕ)− cos2(2ϕ) 0
0 0 0 −1

 . (4.16)

The equations for S⃗(ϕ, δ) and I(ϕ, δ) are given by:

S⃗(ϕ, δ) = MPBS ·MHWP

(π
4

)
·MLCVR

(π
4
, δ
)

·MPBS ·MHWP(ϕ) · S⃗H, (4.17)

I(ϕ, δ) = S0(ϕ, δ) =
1

2
cos2(2ϕ) (1− cos(δ)) . (4.18)
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The maximum intensity is reached when cos(δ) = −1:

Imax = cos2(2ϕ), (4.19)

I(δ) =
Imax

2
(1− cos(δ)) ⇔ δ = arccos

(
1− 2I

Imax

)
. (4.20)

This establishes the retardance-intensity relationship for a given LCVR voltage. By sweep-
ing over the full voltage range, the complete retardance characterization curve as a function
of voltage can be obtained.

Because of the arccosine relation between the intensity and the retardance, the result
needs to be unwrapped. The final result should be a smooth curve with no jumps or sudden
changes in the derivative. A detailed description of the phase unwrapping can be found
in [182].

Figure 4.3: Setup to characterize liquid crystal variable retarders.

The setup for the LCVR characterization is shown in Fig. 4.3. One would need to char-
acterize each LCVR for the wavelengths used. We used compensated full-wave compen-
sated LCVRs to access the full range of required retardances. During the characterization,
a square wave voltage with a frequency of 2 kHz was applied to the LCVR. The RMS volt-
age of the square-wave was sweeped from 0.1V to 16V with a step size of 0.01V. Further
details on the experimental setup and the error calculation can be found in Appendix E.

4.3.2 Rotating QWP Tomography Setup

The setup in Fig. 4.4 is used to verify the polarimetric method. For the measurement, one
full rotation of the QWP is used. The rotation mount used was rotating at its fastest pos-
sible rate, which is 30◦ s−1. The position of the QWP was measured via the rotation mount
with the highest possible sampling rate, resulting in an angle step size of approximately
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1.16◦. Accordingly, 310 data points were used for one polarization measurement. To pre-
vent drift and ensure accurate angle measurements, the rotation mount was re-homed and
calibrated after every fifth rotation.

Figure 4.4: Polarization tomography setup consisting of a PBS to ensure an S⃗H state, a HWP and/or
a QWP to prepare the different input states, and the SOP-measurement setup as described above. The
photodetector voltages are recorded using a data acquisition device (DAQ).

4.3.3 Polarization Compensation Setup

The setup in Fig. 4.5 was used for polarization compensation. A manual polarization
controller was used to vary the disturbance of the light. The three paddles of the fiber
polarization controller approximately implement a QWP–HWP–QWP sequence, which
can realize any rotation on the Poincaré sphere. The PD, the function generator, and the
rotating QWP were automated and computer controlled.

Figure 4.5: Setup for polarization compensation consisting of a polarization controller used to generate
arbitrary disturbed input states, the LCVRs for the polarization compensation and the SOP-measurement
setup; the last LCVR is optional and only used during the fine tuning.

Achieving the desired fidelity requires careful calibration of the liquid crystal cells, which
can be influenced by several factors. Background noise and laser power fluctuations can
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impact the accuracy of the calibration. Additionally, liquid crystals exhibit dependencies
on temperature and wavelength, further affecting their response. These combined factors
necessitate the fine-tuning of the liquid crystal cells to ensure optimal performance and
achieve the target fidelity.

The system is tested by disturbing the polarization arbitrarily with a manual polariza-
tion controller in a single mode fiber (SMF) and compensating it to the arbitrarily chosen
S⃗R polarization state. To prevent gimbal locking during the fine tuning [170], a fourth
LCVR is added after the three LCVRs used for compensation. During the first part of the
compensation, the retardance of the fourth LCVR does not change. It is only used in the
fine tuning process.

Our scheme compensates unitary polarization noise arising from time-dependent birefrin-
gence in the fiber, such as temperature-induced index changes and mechanical bending.
These correspond to slow polarization drift on sub-Hz to Hz timescales. The compensation
speed is limited primarily by the polarization tomography stage. With a faster rotation
mount/motor, the same approach could in principle track mechanical vibrations in the
tens-of-Hz regime, provided the full compensation cycle is significantly faster than the
drift rate.

4.4 Experimental Results

4.4.1 Liquid Crystal Characterization Results

As shown in Fig. 4.6, unwrapping the raw data leads to the expected curve for the nonlinear
retardance-voltage relation of an LCVR [180–183]. Because the final curve exceeds a full-
wave of retardance (2π), two unwrapping steps are needed. As the retardance range of the
LCVR is at least a full-wave, any possible retardance can be accomplished.
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Figure 4.6: Example of the retardance-voltage relation of a LCVR at λ=810 nm; raw data (green) was
unwrapped twice; errors calculated via the Gaussian error propagation (see Appendix E.2 for details).

4.4.2 Rotating QWP Tomography Results

The polarization states S⃗H , S⃗V , S⃗A, S⃗D, S⃗L, and S⃗R were prepared using a QWP and a
half-wave plate (HWP) as test states for the tomography system. We performed multiple
rounds of state tomography for these SOPs, and calculated their corresponding fidelities,
as shown in Fig. 4.7. The overall error for the polarimeter was estimated from the standard
error in the mean of the measured fidelities of each SOP. Further details on the experimental
setup can be found in the Appendix E.3.

The polarization tomography achieves average fidelities of 99.65% and relatively small
statistical fluctuations of 0.012% (Fig. 4.7). The input laser power fluctuated by 0.1% over
a trial duration. The error in the fidelity due to these power fluctuations is estimated to
be 0.004% over 50 trials. The different mean fidelities for the input states are likely to
be influenced by how well the specific input state was prepared. Therefore, the calculated
standard error in the mean of the complete test measurement is most likely larger than the
actual error of the polarimeter and thus a conservative value for the uncertainty.
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Figure 4.7: Results of the polarization tomography for six different input states are shown as a violin
plot. This plot shows the fidelity distribution of the 50 data points for each input state, along with the
overall distribution, average fidelity, and standard error of the mean.
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4.4.3 Polarization Compensation Results

The compensation algorithm achieved fidelities over 97% within an average of 1.9 com-
pensation steps (Fig. 4.8 and Tab. 4.1). Each compensation step involved measuring the
SOP based on a complete QWP rotation. The subsequent fine-tuning improved accuracy
until achieving fidelity above 99.5%. Given a maximum QWP rotation speed of 25◦ s−1,
a compensation step required approximately 30 seconds (when accounting for occasional
homing of the rotation mount). Therefore, six compensation steps take 180 seconds and,
on average, are sufficient to achieve over 99% fidelity. To account for variations due to
different QWP rotation hardware, we chose to report our results in Fig. 8 in terms of
compensation steps rather than absolute time.

Figure 4.8: Polarization compensation with eight different arbitrary input states (configurations of polar-
ization controller). (a) Fidelity plot for the full compensation process (b) Logarithmic plot of the infidelity.
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Test number Comp. steps Comp. steps Comp. steps
until F > 97% until F > 99% until F > 99.5%

1 1 7 20
2 3 3 6
3 3 3 3
4 1 14 23
5 1 3 13
6 1 1 1
7 3 11 19
8 2 3 20

Average 1.9 5.7 13.1

Table 4.1: Number of compensation steps until F > 97%, F > 99% and F > 99.5%. Eight tests with
different polarization controller configurations were performed.

Our method is analytically direct, but in practice it runs in a feedback loop because
a slight imprecision in the nonlinear retardance calibration can make the applied inverse
imperfect. Disparities for the F > 99.5% threshold (e.g., 1 vs 23 steps) mainly reflect how
far the initial fiber unitary is from the compensated state and how calibration errors affect
that particular rotation. If the first inversion lands close, one step suffices, but if residual
error is larger, several fine-tuning steps are needed.

The QBER is a crucial metric in QKD that quantifies the ratio of wrong bits to the total
number of bits received. According to [184], the QBER comprises of contributions from
the imperfect received state QBERopt, dark counts QBERdet, and accidental coincidences
QBERacc:

QBER = QBERopt + QBERdet + QBERacc. (4.21)

In polarization-based QKD, polarization compensation primarily reduces QBERopt ,
which is the portion of the error due to unitary disturbances of the polarization state (e.g.,
from fiber propagation). Although Refs. [184, 185] derive this relationship in the context
of entangled photon systems, we estimate the QBER using the visibility-fidelity-QBER
linkage in the following way. Specifically, QBERopt can be related to the polarization
visibility V as:

QBERopt =
1− V

2
. (4.22)
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and the fidelity satisfies F ≥ V [21]. Combining these yields the QBERopt upper bound:

QBERopt =
1− F

2
. (4.23)

By assuming that the fidelity of the quantum state used in QKD is on par with our
measured laser-based fidelity (F = 99%), we estimate QBERopt ≈ 0.5%. If the combined
contributions of QBERdet and QBERacc are around 1%, then the total QBER would be
approximately 1.5% after an average of 5.7 compensation iterations. This relation provides
a useful approximation for estimating QBERopt based on measured polarization fidelity,
offering practical insight into how improved polarization control can directly enhance QKD
performance.

4.5 Summary

We have successfully proposed and implemented a scheme for active polarization control.
Our method uses a single rotating QWP for polarization tomography, with rapid compen-
sation achieved through LCVRs. We directly solve for the required retardances and apply
further fine-tuning to reach higher fidelities. We demonstrated that our methodology can
compensate for arbitrary polarization drifts within an average of fewer than six compen-
sation iterations, achieving over 99% fidelity.

The switching time of the LCVRs is below 150ms, meaning the primary bottleneck
was the rotation speed of the quarter-wave plate. Therefore, this method can achieve
even quicker compensation by using a faster QWP rotation mount, such as the rotation
mount used in [186]. Additionally, more sophisticated fine-tuning algorithms could further
increase the compensation speed. This automated scheme could save researchers significant
time and effort to compensate for polarization changes in fibers or other media due to
environmental factors, and minimize downtime in QKD channels or polarization-based
sensors.

To facilitate broader adoption, we have made the complete polarization compensation
code publicly available, allowing researchers and students to implement this method with
minimal effort. While our approach demonstrates robustness and efficiency, future work
could focus on adapting the method to a wider range of wavelengths and urban fiber
networks to improve its applicability.

Our polarization compensation method delivers four key benefits over existing ap-
proaches. First, it provides direct, deterministic compensation via polarization tomography
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— bypassing time-consuming iterative or interferometric feedback and achieving >99% fi-
delity in under six iterations, reducing dead time in applications such as QKD. Second, a
built-in fine-tuning step automatically corrects for practical disturbances (e.g., LCVR tem-
perature shifts and laser power fluctuations), improving real-world robustness. Third, we
present a complete implementation from tomography through active manipulation, sup-
plying all code and technical details to enable immediate adoption. Finally, the use of
a single rotating quarter-wave plate plus LCVRs yields a minimal, integrated hardware
footprint that lowers system complexity while enhancing stability against environmental
perturbations.

Beyond polarization-based QKD, our technique is equally relevant to other technologies.
For instance, a recent review by He et al. [162] highlights the growing role of polarization
optics in biomedical and clinical applications, where precise polarization control is pivotal
for enhancing imaging resolution and contrast. Moreover, as demonstrated by Intaravanne
et al. [163], advanced manipulation of three-dimensional polarization structures can be
leveraged for quantum imaging, information encoding, and integrated photonic devices,
where precisely tailored input polarization is crucial. Overall, this work provides a versatile,
high-performance, and potentially scalable solution for polarization control, addressing
critical challenges in modern optical systems.
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Chapter 5

Spatial Unitary Transformations with a
Sequence of Spaced Thin Phase
Gratings

5.1 Motivation

Not only do we need careful characterization of quantum states, but we also need accurate
and versatile methods to transform them. It is necessary to seek methods for implementing
unitary operations, as they are the most crucial building blocks for transforming quantum
states. Unitary transformations are essential in quantum information processing, while
also having classical applications such as matrix multiplication in optical neural networks.

Among existing unitary implementation schemes are the interferometric Reck and
Clements decompositions, which are mainly useful for integrated optics due to severe phase
stability requirements.

The multi-plane light converter (MPLC) scheme is useful in free space for specific
transformations but often relies on optimization over a very large parameter space (e.g.,
in wavefront matching algorithms). Despite the success of MPLCs when using wavefront
matching algorithms, there is still a lack of knowledge about the possible underlying decom-
position. In some cases, a surprisingly small number of phase planes can achieve unitaries
of much larger dimension [39]. Perhaps this is made possible thanks to symmetries of
specific transformations or the large number of degrees of freedom in each phase plane
(i.e., the millions of pixels of an SLM). However, the large number of parameters has the
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downsides of making optimization more computationally intensive and possibly obscuring
any underlying unitary decomposition.

We consider simpler periodic phase gratings with a relatively small number of param-
eters in a matrix-based formalism. The action of each phase grating as well as free-space
propagation can be easily described in the transverse k-space. In contrast, the phase planes
obtained from wavefront matching can be far more complex and necessitate evolving the
electric field at every point through the system. Being able to reduce the number of free
parameters to at most a few dozen in our approach also has the potential to reveal the
most crucial aspects of unitary decomposition. We explore the types of unitaries that can
be realized numerically and analytically.

5.2 Theoretical Framework

Although a thin diffraction grating can perform useful transformations, such as spectral fil-
tering, spatial mode conversion and beam shaping [187], passing each output beam through
a phase grating again further increases the number of beams (Fig. 5.1). This growth in the
size of the output Hilbert space at each pass through the device limits the transformations
that can be realized. Specifically, unitary transformations between a few modes, such as
the action of a beamsplitter, cannot be achieved with an individual thin grating. Instead,
we investigate the types of unitary transformations attainable using a sequence of thin
gratings with free-space propagation between them.

Figure 5.1: In Raman-Nath diffraction, the number of beams with a significant amplitude keeps increasing
during consecutive passage through a thin sinusoidal phase grating. Each beam is diffracted into further
orders. In terms of information processing, the Hilbert space dimension keeps increasing, preventing a
unitary operation.
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5.2.1 Raman-Nath and Bragg Diffraction Regimes

There are two primary regimes of diffraction: the Raman-Nath and the Bragg regimes. In
Raman-Nath diffraction (Fig. 5.1), light is diffracted into multiple orders, with the angular
distribution depending on the wavelength of the incident light, the grating wavenumber
K, and the angle of incidence. For an incident plane wave eikz, the output orders have
transverse wavenumbers kx ±mK, where m is an integer. The efficiencies of these various
orders are influenced by the type of grating, including factors such as the grating profile.
This regime arises from the interaction of light with a periodic structure, where the light
waves are scattered by the grating, leading to the formation of multiple diffracted orders.
Raman-Nath diffraction is commonly used in optical devices and communication systems.

In the Bragg regime, the incident light is coupled between a transmitted mode and a
single diffracted mode. Diffraction occurs when light of wavelength λ incident at angle
θ satisfies the Bragg condition 2d sin(θ) = mλ, where d is the grating constant and m is
an integer. This type of diffraction relies on the constructive interference of light waves
scattered from parallel planes of atoms within a crystal. When the incident light meets
the Bragg condition, the waves reflected from these planes interfere each other, resulting
in a strong diffracted beam.

The thickness of the grating plays a significant role in determining the diffraction regime.
Thin (surface) gratings typically give rise to Raman-Nath diffraction [188], while thick
(volume) gratings are associated with Bragg diffraction [189].

Bragg diffraction in thick gratings limits coupling to two modes only, as required for a
two-mode unitary. A thick grating can be modelled as a sequence of phase masks inter-
leaved with free-space propagation. For instance, Ref. [190] applies a thin matrix decom-
position method to thick gratings, taking the limit of an infinite number of gratings with
infinitesimal thickness, such that the total grating thickness is preserved.

For the remainder of this chapter, we will be concerned with Raman-Nath diffraction
and thin phase gratings. When combined with free-space propagation, this offers the
potential for realizing general unitary transformations on a larger number of beams. Given
the possibility of decomposing thick gratings into thin gratings interleaved with free space
propagation, this approach also retains the ability to revert to Bragg diffraction and capture
two-beam unitaries.
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5.2.2 Amplitude Transmittance Method

The amplitude transmittance function tA(x) is defined as the ratio of the electric field
amplitude over the output plane to the electric field amplitude incident on the input plane
[187,191]. For a thin phase grating with a periodic phase modulation ϕ(x), the amplitude
transmittance tA(x) = eiϕ(x) is itself periodic and has the Fourier series expansion:

eiϕ(x) =
∞∑

m=−∞

cme
imKx, (5.1)

where K = 2π/Λ is the grating wavenumber and Λ is the grating period. The Fourier
coefficients are then given by

cm =
1

Λ

∫ Λ/2

−Λ/2

eiϕ(x)e−imKxdx. (5.2)

Because the exponentials in the series Eq. (5.1) are an expansion of diffracted plane
waves, the Fourier coefficient cm represents the diffracted wave amplitude for the order m.
Moreover, the diffraction efficiency into the mth order is ηm = |cm|2.

5.2.3 Matrix Formalism

We consider the action of thin sinusoidal phase gratings and free-space propagation in
Fourier space using a matrix model similar to the one described in [189,190]. We represent
the amplitudes of incoming plane waves with transverse wavenumbers kx = mK, for integer
m, by a vector:

ψ̃(kx) =


...

E(m = −1)
E(m = 0)
E(m = +1)

...

 , (5.3)

where E(m) is the amplitude of the plane wave with kx = mK.

Grating Matrix

To find the matrix corresponding to the phase grating in transverse momentum space, we
start with the amplitude transmittance tA(x) = eiϕ(x). We know that the output of the
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phase grating in transverse position (x) space can be obtained through multiplication of
the input transverse field by the amplitude transmittance function as:

ψ′(x) = ψ(x)tA(x). (5.4)

We prefer to represent the electric field in transverse momentum space (kx), were it is
convenient to work with plane waves. To understand the action in kx space, we take the
Fourier transform of Eq. (5.4) and apply the convolution theorem:

F [ψ(x)tA(x)] = ψ̃′(kx) (5.5)

F [ψ(x)] ∗ F [tA(x)] = ψ̃′(kx) (5.6)

ψ̃(kx) ∗ t̃A,θ0(kx)︸ ︷︷ ︸
TA,θ0

= ψ̃′(kx), (5.7)

where F [f(x)] = f̃(kx) represents the Fourier transform, the symbol ∗ represents the
convolution operation, and TA,θ0 is the combined matrix for the convolution and Fourier
transform of the grating function. Thus the output field ψ̃′(kx) is obtained by convolving
the input field ψ̃(kx) with t̃A,θ0(kx).

The convolution of two functions f(x) and h(x) is given by:

(f ∗ h)(X) =

∫ ∞

−∞
f(x)h(X − x)dx. (5.8)

At each X, the output function (f ∗ h)(X) is the area under the curve of the product of
the two functions with h shifted by X. The convolution of two discrete vectors f and h,
with f = [· · · , f−2, f−1, f0, f1, f2, · · · ] and h = [· · · , h−2, h−1, h0, h1, h2, · · · ], is given by

(f ∗ h)n =
∞∑

m=−∞

fmhn−m. (5.9)

We can rewrite Eq. (5.9) as a multiplication by a matrix that is constant along the diagonals
— known as a Toeplitz matrix [192] — as:

f ∗ h =



...
...

...
· · · h0 h−1 h−2 · · ·
· · · h1 h0 h−1 h−2 · · ·
· · · h2 h1

. . . . . . . . .
... h2

. . . h0 h−1 · · ·
... . . . h1 h0 · · ·





...
f−2

f−1

f0
f1
f2
...


. (5.10)
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We now return to Eq. (5.7). The action of a thin grating with a periodic phase
modulation ϕ(x) can be described by a Toeplitz matrix TA,θ0 in kx space — discretized
in units of the grating wavenumber K. The matrix TA,θ0 represents the convolution of
the input with the Fourier transform of the grating’s amplitude transmittance. It can be
expressed as

TA,θ0 =



. . . . . .

c0 e−iθ0c−1 e−2iθ0c−2

eiθ0c1 c0 e−iθ0c−1

e2iθ0c2 eiθ0c1 c0
. . .

. . .


, (5.11)

where A is the amplitude (strength) of the phase modulation ϕ(x), θ0 is the phase constant
of ϕ(x), and the Fourier coefficients cm are determined by Eq. (5.2). Note that due to the
Toeplitz structure, the mn matrix element (TA,θ0)mn = ei(m−n)θ0cm−n(A).

Free-Space Propagation Matrix

A plane wave with wavenumber k = 2π/λ — where λ is the wavelength — propagating
in free-space for a length L accumulates a phase eikzL = ei

√
k2−k2xL. Since the transverse

wavenumber kx of diffracted plane waves will always be a multiple of the grating wavenum-
ber K, we may write the propagation phase as ei

√
k2−(mK)2L, where m is the diffraction

order. The diagonal matrix

DL =



. . . . . .

ei
√
k2−K2L 0 0

0 eikL 0

0 0 ei
√
k2−K2L . . .

. . .


(5.12)
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then provides the action of free-space propagation on the input state ψ̃ in kx space, dis-
cretized in units of K.

Matrix for Sinusoidal and Square-Wave Phase Gratings

Sinusoidal and square wave phase gratings are natural choices in optics and their Fourier
coefficients can be written in terms of familiar functions. The amplitude transmittance of
a sinusoidal phase grating is given by

tsine
A (x) = eiA sin(Kx+θ0). (5.13)

The Fourier coefficients of tsine
A (x) are given by (see Appendix F.1):

csine
m = eimθ0Jm(A), (5.14)

where Jm(·) is the mth order Bessel function of the first kind.

The Toeplitz grating matrix for a sinusoidal phase grating is thus given by:

T sine
A,θ0

=



. . . . . .

J0(A) e−iθ0J−1(A) e−2iθ0J−2(A)

eiθ0J1(A) J0(A) e−iθ0J−1(A)

e2iθ0J2(A) eiθ0J1(A) J0(A)
. . .

. . .


. (5.15)

The amplitude transmittance of a square-wave phase grating is given by

tsquare
A (x) = eiAsgn(sin(Kx+θ0)), (5.16)

where sgn(·) is the sign function. Using Eq. (5.2), the Fourier coefficients of the square-
wave phase grating are found to be (see Appendix F.1):

csquare
m =


0 if m is even
2

mπ
eimθ0 sin(A) if m is odd

cos(A) if m = 0

(5.17)
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The Topelitz grating matrix for a square-wave phase grating is thus given by:

T square
A,θ0

=
2

π



. . . . . .

cos(A) −e−iθ0 sin(A) 0 −1
3
e−3iθ0 sin(A) 0

eiθ0 sin(A) cos(A) −e−iθ0 sin(A) 0 −1
3
e−3iθ0 sin(A)

0 eiθ0 sin(A) cos(A) −e−iθ0 sin(A) 0

1
3
e3iθ0 sin(A) 0 eiθ0 sin(A) cos(A) −e−iθ0 sin(A)

0 1
3
e3iθ0 sin(A) 0 eiθ0 sin(A) cos(A)

. . . . . .



. (5.18)

5.2.4 Non-Zero Fourier Coefficients of a Phase Grating

Consider once again the Fourier series decomposition of the amplitude transmittance func-
tion eiϕ(x) for a thin phase grating:

eiϕ(x) =
N∑

m=−N

cme
iKmx; cm =

1

Λ

∫ Λ/2

−Λ/2

eiϕ(x)e−imKxdx, (5.19)

where ϕ(x) is an arbitrary phase modulation, K = 2π/Λ is the grating wavenumber, Λ is
the grating period, and cm are the Fourier coefficients. For the purposes of this calculation,
we are interested in the case of finitely-many non-zero Fourier coefficients.

It is natural to ask if the phase-only nature of the grating poses any constraint on the
Fourier coefficients cm. A well-known constraint follows from Parseval’s theorem regarding
the unitarity of the Fourier transform. For phase gratings, this implies that |cm|2, also
known as the efficiencies of the diffraction orders, must sum to one [192]:

N∑
m=−N

|cm|2 = 1. (5.20)
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Additionally, we must have:

∣∣eiϕ(x)∣∣2 = ∣∣∣∣∣
N∑

m=−N

cme
iKmx

∣∣∣∣∣
2

=

(
N∑

m=−N

cme
iKmx

)(
N∑

m=−N

cme
iKmx

)∗

(5.21)

=
N∑

m=−N

|cm|2︸ ︷︷ ︸
=1 by Parseval’s Theorem

+
N∑

m,n=−N

c∗mcne
iK(m−n)x(1− δmn) (5.22)

!
= 1 (5.23)

⇒
N∑

m,n=−N

c∗mcne
iK(m−n)x(1− δmn) = 0 (5.24)

In the above, we have rewritten the product of the Fourier sum and its complex-
conjugate as a constant sum over the efficiencies and a sum over the cross-terms. We will
now state and prove a proposition.

Proposition: 2N of the 2N + 1 Fourier coefficients must be zero for Eq. (5.24) to hold.
That is, an arbitrary phase grating can have either one or an infinite number of non-zero
Fourier components.

Proof. Consider the terms in Eq. (5.24) corresponding to e−2iNKx. There is only one term,
meaning we have:

cNc
∗
−N = 0 (5.25)

Suppose cN ̸= 0. Then Eq. (5.25) implies that c−N = 0.

Next, consider the terms in Eq. (5.24) corresponding to e2i(N−1)Kx:

c−Nc
∗
N−1 + c−(N−1)c

∗
N = 0 (5.26)

Since c−N = 0, Eq. (5.26) reduces to:

c−(N−1)c
∗
N = 0 (5.27)

However, since we assumed that cN ̸= 0, c∗N ̸= 0, meaning:

c−(N−1) = 0 (5.28)

Continuing on, we can consider the terms of Eq. (5.24) corresponding to e−2i(N−2)Kx:

cN−2c
∗
−N + cN−1c

∗
−(N−1) + cNc

∗
−(N−2) = 0 (5.29)

106



Since we showed that c−N = c−(N−1) = 0, Eq. (5.29) reduces to:

cNc
∗
−(N−2) = 0 (5.30)

However, since we assumed that cN ̸= 0, it follows from Eq. (5.30) that c−(N−2) = 0.
Continuing in the same way, we can show that all Fourier coefficients but cN must be zero.

Ref. [193] provides a proof of this proposition, which proceeds in a similar way as was
presented here, but involves relabelling of the Fourier coefficient indices in Eq. 5.24 (which
go from −N to N) to range from 0 to 2N .

5.2.5 Phase Gratings and Free-space Propagation for Achieving
Unitaries

Using the matrix framework described in Section 5.2.3, we numerically investigate the
transformations resulting from n layers of diffraction and free-space propagation Ũ =
TAn,θnDLnTAn−1,θn−1DLn−1 · · ·DL1TA1,θ1 .

Free-space
Propagation

Free-space
Propagation

Figure 5.2: Sequence of thin sinusoidal phase gratings separated by free-space propagation. The grating
parameters, including the phase modulation amplitudes Ai, phase constants θi, grating wavenumber K,
as well as the free-space propagation lengths Li can be optimized to approximate the desired unitary
transformation.

The parameters Ai, θi, Li, and K are optimized to approximate unitary transformations
in the two-dimensional K subspace with m = ±1. In other examples, unitaries in the three-
dimensional subspace with m = −1, 0,+1 are targeted. Fig. 5.3 illustrates the grating
parameters and the propagation of the diffraction orders in more detail for two spaced
sinusoidal phase gratings.
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Figure 5.3: Diagram showing the various parameters of sinusoidal phase gratings and free-space propa-
gation. The diffraction orders have transverse wavenumbers kx±mK where K is the grating wavenumber.
An appropriate choice of Ai, θi,K, and Li with sufficient layers can yield the desired couplings among the
diffraction orders.

5.2.6 Genetic Algorithm

The genetic algorithm is a global optimization method inspired by natural selection. A
population of candidate solutions are evolved toward better performance based on a fit-
ness criterion through three steps: selection, crossover, and mutation. Selection involves
probabilistically choosing parents, while favouring high-fitness solutions. During crossover,
a subset of parameters (genes) for two parents are combined to form a “child". Finally,
mutations make random changes to the individual genes with low probability. Fitness
evaluation is performed on the new population of solutions, and the procedure is repeated
until convergence.
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Parents

Child

Mutated child

Fitness Evaluation Selection Crossover Mutation Stop
Converged
Population?

No

Yes

Figure 5.4: The genetic algorithm. Part (a) is a flowchart highlighting the key steps in each iteration
of the genetic algorithm. Part (b) shows the initial population, with subscripts used to index the grating
layer, and superscripts used to indicate different values. Part (c) depicts crossover between selected parents,
followed by mutation.

5.2.7 Summary

A single thin phase grating cannot implement a unitary transformation, but we investigate
whether multiple thin gratings separated by free-space can achieve this. The matrix for-
malism in the transverse k space provides a simple framework for exploring which unitaries
can be achieved with a sequence of spaced thin gratings.

5.3 Optimization Results for Sinusoidal Gratings

We derived analytical expressions for the matrix representations of the free-space propaga-
tion operator, the grating and convolution operator, and will now consider their multiplica-
tion for a multilayer sequence. However, determining system parameters that approximate
arbitrary unitaries will be performed numerically. The analytical challenge comes from
the summation over propagation terms (even under the paraxial approximation) and the
appearance of Bessel functions of multiple orders from the grating interaction. With the
addition of more layers, the number of contributing terms grows rapidly, leading to expres-
sions that become analytically challenging. This combinatorial growth suggests closed-form
unitary expressions may be impractical.
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The presence of Bessel functions and complex exponentials, related to diffraction and
free-space propagation, imply that the parameter-space is highly oscillatory. Using a pow-
erful global optimizer such as the genetic algorithm helps mitigate this challenge. It allows
us to explore the types of unitaries and level of performance that can be achieved by vary-
ing the amplitudes, phases, propagation distances, and wavenumber of the phase gratings.
The genetic algorithm was implemented in python using the PyGAD library [194].

In particular, the parameters optimized are the grating phase modulation amplitudes
Ai, grating phase constants θi, free-space propagation lengths Li, and grating wavenumber
K. Fitness evaluation was based on the similarity of Ũ = TAn,θnDLn · · ·DL1TA1,θ1 to
the target exact unitary U . For faster optimization, instead of the average gate fidelity
F̄g(U, Ũ), the quantity S(U, Ũ) = |tr(U †Ũ)| /d based on the Hilbert-Schmidt inner product
[19] was calculated and used as the primary term in the fitness function. Extensive testing
suggests this quantity is a good measure of relative closeness despite being a slight over-
estimate of the gate fidelity in some cases.

Depending on the target transformation, small penalty terms were occasionally added
for fine-tuning the performance or prioritizing a given aspect of the transformation. For
example, for the Hadamard gate (Eq. (1.14)), adding a penalty term −1/10(||Ũ11|−|Ũ12||+
||Ũ21| − |Ũ22||) to the fitness function helped favour optimization with more even splitting.
While the similarity S does encapsulate different types of deviations between Ũ and U ,
penalty terms allow us to control the balance between the requirements of being unitary
(i.e., minimizing loss to other diffraction orders) and achieving the correct transformation
on the light that remains in the desired Hilbert-space.

During optimization for unitaries of dimension d = 2, 3, only contributions from the
seven diffraction orders m = −3,−2, · · · ,+2,+3 were used, as they provide a fairly
accurate estimate of the performance. For the same reason, when optimizing unitaries
with dimension d = 4, 5, only contributions from the nine diffraction orders m = −4,−3,
· · · ,+3,+4 were calculated. After optimization, the level of performance with the obtained
parameters was verified by including contributions from a larger number of diffraction or-
ders.

The performance observed using the optimized values for Ai, θi, Li, and K in terms of
average gate fidelity (Eq. (1.112)) including contributions from 51 diffraction orders are
discussed in Sections 5.3.1-5.3.2 and Section 5.4. All optimizations were performed for
λ = 1000 nm wavelength light.

An initial subroutine focused on determining parameter guesses in a genetic algorithm
using early stopping techniques. It started with 10 rounds of 15 trials, where increasingly
larger numbers of generations were tested. The best results from earlier runs helped adjust
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the initial guesses for the next iterations, aiming to find the most effective parameters
and escape local minima. This was performed to obtain preliminary estimates of suitable
system parameters.

These preliminary estimates µ⃗0 were then used as the mean values to initialize the
population for 20 optimization trials, each lasting 750 generations. The initial population
was Gaussian-distributed about the preliminary estimate µ⃗0 with standard-deviations σi =
0.3µ

(i)
0 . Key hyperparameters guided the optimization: the mutation probability was set

to 1 divided by the number of genes, and the crossover probability was set at 0.7. The
population size was determined to be 10 times the number of genes for sufficient variety.
In the last generation, the fittest individual corresponding to the parameters achieving the
highest similarity with the target was chosen as the solution. The entire procedure was
repeated 20 times with different initializations of the population to ensure reproducibility.

In Fig. 5.8 and Fig. 5.10, the highest average gate fidelity achieved is shown in red,
while the average of the ten trials is shown in blue.

5.3.1 Sinusoidal Gratings: Variable Propagation Lengths

Optimization was performed for several two-beam unitary transformations. Fig. 5.5 shows
the output intensity distribution calculated for a sequence of five variably spaced thin
sinsuoidal gratings optimized for the Hadamard gate (Eq. (1.14)) between the diffraction
orders m = −1,+1. Nearly all output light is evenly split between these two orders, and
we have the expected relative phase between the output beams. An average gate fidelity
of 97.4% was achieved in this case. The corresponding parameter values can be found in
Appendix F.2.
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Figure 5.5: Output intensity (normalized by input intensity) and phase of a sequence of five sinusoidal
gratings optimized for the Hadamard gate between diffraction orders min = −1,+1. The sub-figures
show the output distribution for each input order.

To test the capacity for achieving other relative phases, optimization was also performed
for the symmetric beamsplitter transformation:

BS =
1√
2

[
1 i
i 1

]
(5.31)

as well as the σx (NOT) gate. The corresponding output distributions, when using five
variably-spaced sinusoidal gratings, are shown in Fig. 5.6 and Fig. 5.7, respectively.
Average gate fidelities of 97.8% and 99.7% were achieved for the symmetric beamsplitter
transformation and σx (NOT) gate, respectively. The corresponding parameter values can
be found in Appendix F.2.
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Figure 5.6: Output intensity (normalized by input intensity) and phase of a sequence of five sinusoidal
gratings optimized for the symmetric beamsplitter transformation between diffraction orders min =
−1,+1. The sub-figures show the output distribution for each input order.
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Figure 5.7: Output intensity (normalized by input intensity) and phase of a sequence of five sinusoidal
gratings optimized for the σx (NOT) gate between diffraction orders min = −1,+1. The sub-figures show
the output distribution for each input order.

Fig. 5.8 shows the average gate fidelity with the number of diffraction-propagation
layers for a sequence of variously spaced thin sinusoidal gratings optimized for the three-
dimensional discrete Fourier transform (Eq. (1.19)) between diffraction ordersm = −1, 0,+1.
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Figure 5.8: Gate fidelities with the three-dimensional discrete Fourier transform from parameter
optimization of a sequence of thin sinusoidal gratings. The average gate fidelity based on 10 genetic
algorithm optimization runs is shown in blue (error bars correspond to the standard error of the mean).
The maximum gate fidelity among the optimization runs is show in red.

To be more explicit, the target transformation is given by:

DFT3 =
1√
3

1 1 1
1 ω ω2

1 ω2 ω4

 , (5.32)

where ω = e2πi/3. Fig. 5.8 suggests that additional layers improve the performance, with
a significant rise from three to five layers. Using six layers, the maximum gate fidelity
achieved exceeds 95%. This includes losses to other diffraction orders.

Fig. 5.9 shows an example of the calculated output distribution for a sequence of six
spaced thin gratings optimized for the three-dimensional discrete Fourier transform. We see
that only a small fraction of light is directed to diffraction orders other than m = −1, 0,+1.
The incident light is approximately evenly split between these three diffraction orders, and
we have the desired phase relation between the three orders m = −1, 0,+1.
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Figure 5.9: Output intensity (normalized by input intensity) and phase of a sequence of six sinusoidal
parameters optimized for the three-dimensional discrete Fourier transform. The sub-figures show the
output distribution for the min = −1, 0,+1 input orders respectively.

Fig. 5.10 shows the average gate fidelity with the number of diffraction-propagation
layers for a sequence of variously spaced thin sinusoidal gratings optimized for the three-
dimensional clock transformation (Eq. (1.18)) between m = −1, 0,+1:

Z3 =

1 0 0
0 ω 0
0 0 ω2

 , (5.33)

where ω = e2πi/3. Once again, the results suggest that the performance improves with
additional of diffraction-propagation layers. The maximum gate fidelity achieved exceeds
92% with seven layers.
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Figure 5.10: Gate fidelities with the three-dimensional Z3 (clock) gate from parameter optimization of a
sequence of thin sinusoidal gratings. The average gate fidelity based on 10 genetic algorithm optimization
runs is shown in blue (error bars correspond to the standard error of the mean). The maximum gate
fidelity among the optimization runs is show in red.

To test whether non-Clifford gates could also be targeted using sinusoidal gratings and
free-space propagation, we also considered optimizing for the T3 gate (Eq. 1.23),

T3 =

1 0 0
0 e2πi/9 0
0 0 e16πi/9

 . (5.34)
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Using seven layers, the optimization achieved a gate fidelity of 99%. The output distri-
bution for this case is shown in Fig. 5.11. This demonstrates the versatility of our approach
for achieving different classes of unitaries.
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Figure 5.11: Output intensity (normalized by input intensity) and phase of a sequence of six sinusoidal
parameters optimized for the non-Clifford T3 gate. The sub-figures show the output distribution for the
min = −1, 0,+1 input orders respectively.

5.3.2 Sinusoidal Gratings: Fixed Propagation Length

Many implementations of MPLCs rely on repeated reflections between a mirror and a
reflective SLM. Therefore, it is practically preferable to have equally spaced phase grat-
ings, i.e., Li = L for all layers. In this case, it is also helpful to consider a combined
parametrization of the grating wavenumber K and the propagation length L to circumvent
experimental limitations related to the resolution of the SLM and the size of the setup.

This can be done through the following paraxial approximation of the propagation
phase: √

k2 − (mK)2L ≈ kL− 1

2
m2 (K

2L)

k
≡ kL− m2

2k
v, (5.35)

wherem is the diffraction order and we have used a binomial expansion in (mK)2L/k2. The
first term, kL, adds an overall phase to each diffraction order. Thus, it can be neglected
for purposes of achieving a unitary up to an overall phase. We can simply optimize the
combined parameter v ≡ K2L.
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Two-Mode Unitaries

Optimization for equally-spaced sinusoidal thin phase gratings was performed using the
genetic algorithm with the same methodology as discussed in Section 5.3. The average gate
fidelity obtained for the σx (NOT) gate — between the m = −1 and m = +1 diffraction
orders — with various number of layers is shown in Fig. 5.12. The plot shows improved
peak performance for a higher number of layers, with a dramatic improvement (more than
20%) from two to three layers. The maximum gate fidelity obtained approaches 90% with
five layers and exceeds 99.5% with seven layers. It further reaches F̄g = 99.9% using 11
layers.
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Figure 5.12: (a) Gate fidelity and (b) similarity with the X2 (NOT) gate from parameter optimization of
a sequence of thin equidistant sinusoidal gratings. The average gate fidelity based on 20 genetic algorithm
optimization runs is shown in blue (error bars correspond to the standard error of the mean). The maximum
gate fidelity among the optimization runs is show in red.

Some intriguing patterns were observed in the optimized parameters for the NOT trans-
formation using equidistant phase gratings, which persisted for each number of total layers
considered. The amplitudes Ai of phase modulation showed a nearly symmetric variation
with the number of layers, with the maximum occurring near the middle layer. Moreover,
the phase constants θi of the gratings alternated by approximately π between consecutive
layers.

Optimization of equidistant layers was also performed for the Hadamard gate between
the m = −1 and m = +1 diffraction orders. The gate fidelities achieved with the number
of layers are shown in Fig. 5.13. The maximum gate fidelity across 20 optimization
runs increased significantly with each added layer up to five layers, where it reached 95%.
Gradual improvements were observed thereafter, reaching F̄g > 99.5% with 10 layers.

118



(a) (b)

2 3 4 5 6 7 8 9 10 11 12
Layers

0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00

Ga
te

 fi
de

lit
y 
F g

 w
ith

 ta
rg

et

H Gate - Equidistant layers 

Max. of optimization runs
Avg. of optimization runs

2 3 4 5 6 7 8 9 10 11 12
Layers

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

Si
m

ila
rit

y 
|T

r(U
U

)|/
d

H Gate - Equidistant layers 

Max. of optimization runs
Avg. of optimization runs

Figure 5.13: (a) Gate fidelity and (b) similarity with the H (Hadamard) gate from parameter optimiza-
tion of a sequence of thin equidistant sinusoidal gratings. The average gate fidelity based on 20 genetic
algorithm optimization runs is shown in blue (error bars correspond to the standard error of the mean).
The maximum gate fidelity among the optimization runs is show in red.

In a practical implementation, a particular parameter set could be chosen over another
to prioritize accuracy in splitting, relative phase, or minimizing optical loss to other modes.

Unitaries on More than Two Modes

We optimized the layered optical system combining phase gratings with free-space propa-
gation to implement unitaries with dimension greater than two. This optimization assesses
the system’s capacity to capture more conditions regarding coupling between diffraction
orders.

Figures 5.14(a) and (b) show the performance of the three-dimensional DFT gate in
terms of average gate fidelity and similarity. Performance improves significantly from 2–5
layers, then plateaus gradually. A similarity and average gate fidelity above 99% is achieved
with 10 layers.
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Figure 5.14: (a) Gate fidelity and (b) similarity with the DFT3 gate from parameter optimization of a
sequence of thin equidistant sinusoidal gratings. The average gate fidelity based on 20 genetic algorithm
optimization runs is shown in blue (error bars correspond to the standard error of the mean). The maximum
gate fidelity among the optimization runs is show in red.

The four-dimensional and five-dimensional DFT gates (Fig. 5.15 and Fig. 5.16, respec-
tively) require 16–17 layers to reach 98% similarity and average fidelity. This higher layer
count compared to d = 2 or d = 3 reflects the increased number of parameters in higher-
dimensional unitaries. More layers are needed until the system parameters approach the
unitary’s parameter count.
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Figure 5.15: (a) Gate fidelity and (b) similarity with the DFT4 gate from parameter optimization of a
sequence of thin equidistant sinusoidal gratings. The average gate fidelity based on 20 genetic algorithm
optimization runs is shown in blue (error bars correspond to the standard error of the mean). The maximum
gate fidelity among the optimization runs is show in red.
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Figure 5.16: (a) Gate fidelity and (b) similarity with the DFT5 gate from parameter optimization of a
sequence of thin equidistant sinusoidal gratings. The average gate fidelity based on 20 genetic algorithm
optimization runs is shown in blue (error bars correspond to the standard error of the mean). The maximum
gate fidelity among the optimization runs is show in red.

The performance as a function of layers for other examples of target unitaries can be
found in Appendix F.

5.4 Square-Wave Gratings

Two spaced thin square-wave phase gratings were considered for achieving various unitary
transformations. The matrix corresponding to this sequence of layers is Ũ = T square

A2,θ2
DLT

square
A1,θ1

.
In this case, the following closed-form expressions for the matrix elements coupling m = −1
and m = +1, including contributions up to an arbitrary number of diffraction orders, were
found:

Ũ−1,−1

= − 4

π2
eikL sin(A1) sin(A2)e

i(θ1−θ2) + cos(A1) cos(A2)e
iL

√
k2−K2 (5.36)

− 4

π2
sin(A1) sin(A2)

nmax∑
n=1

(
e−i(2n+1)(θ2−θ1)

(2n+ 1)2
+
ei(2n−1)(θ2−θ1)

(2n− 1)2

)
eiL

√
k2−4n2K2
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Ũ−1,+1

=
4

π2
eikL sin(A1) sin(A2)e

−i(θ1+θ2) (5.37)

− 4

π2
sin(A1) sin(A2)

nmax∑
n=1

(
ei[(2n−1)θ2−(2n+1)θ1] + ei[(2n−1)θ1−(2n+1)θ2]

(2n− 1)(2n+ 1)

)
eiL

√
k2−4n2K2

Ũ+1,−1

= Ũ−1,+1(θi → −θi)

=
4

π2
eikL sin(A1) sin(A2)e

i(θ1+θ2) (5.38)

− 4

π2
sin(A1) sin(A2)

nmax∑
n=1

(
e−i[(2n−1)θ2−(2n+1)θ1] + e−i[(2n−1)θ1−(2n+1)θ2]

(2n− 1)(2n+ 1)

)
eiL

√
k2−4n2K2

Ũ+1,+1

= − 4

π2
eikL sin(A1) sin(A2)e

i(θ2−θ1) + cos(A1) cos(A2)e
iL

√
k2−K2 (5.39)

− 4

π2
sin(A1) sin(A2)

nmax∑
n=1

(
ei(2n+1)(θ2−θ1)

(2n+ 1)2
+
e−i(2n−1)(θ2−θ1)

(2n− 1)2

)
eiL

√
k2−4n2K2

One class of unitaries examined for this type of gratings were the traceless Pauli matri-
ces. One can show (see Appendix F.3) that for A1 = π/2, θ1 = 0, and θ2 = π/2, the trace
Ũ−1,−1 + Ũ+1,+1 = 0. That leaves the amplitude of phase modulation A2, the free-space
propagation length L, and wavenumber K as free parameters to be optimized. In this
case, the differential evolution [195] method of NMaximize in Mathematica 14 was used to
maximize the similarity S(U, Ũ) = |tr(U †Ũ)| /2. The best performance was obtained for
the σz gate, yielding:

Ũ =

[
0.981 −0.019 + 0.012i

0.019− 0.012i −0.981

]
(5.40)

for A2 = π/2, L = 16.54 cm, and K = 17 266.6 m−1. The average gate fidelity F̄g(σz, Ũ) ≈
97.5%.

Sequences of square-wave gratings with more than two layers were also explored for
achieving traceless unitaries. Numerical investigation suggests the addition of more layers
in this case does not improve the performance.
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5.5 Summary

We numerically demonstrated that a sequence of thin sinusoidal phase gratings with varying
propagation distances can approximate two-beam and three-beam unitaries — such as
Pauli gates and the discrete Fourier transform — with > 99% average gate fidelity given
sufficient layers. Increasing the number of layers tends to improve the performance, with
a sharp rise at three or four layers. Smaller improvements may be observed for more than
five layers. Fixing the propagation distance did not significantly affect the performance
of the explored unitaries. The good performance with equidistant gratings is particularly
encouraging, as its physical implementation would be compatible with standard MPLC
systems. We also considered two spaced thin square-wave gratings for achieving unitary
operations, and found traceless operations to be most accessible in this case.

Achieving the desired transformations relies on the interference of the various diffraction
orders as they propagate between the phase gratings. The relative phases that contribute
to this interference effect are the propagation phases ei

√
k2−(mK)2L and the phases eimθ0

associated with the grating diffraction orders. As our treatment of the problem makes use
of plane waves, it is important to ensure that the grating wavenumber and the propagation
length(s) in experimental implementations are chosen to ensure sufficient spatial overlap
between the propagating Gaussian beams. Along the same lines, the beam diameter should
be several times larger than the grating pitch (e.g., ∼ 3 mm for ∼ 300 µm) to properly
sample the sinusoid. Moreover, the grating pitch should be large enough relative to the SLM
pixels (≥ 100 µm) to avoid discretization errors. It is also important that the beam remains
within the SLM aperture over all reflections to prevent clipping and phase distortions.

The numerical results for two and three-mode unitary transformations are very promis-
ing. They suggest that a significantly smaller number of parameters, simpler phase pat-
terns, and a less computationally intensive approach, compared to general MPLC and
wave-front matching, can achieve the desired performance levels.
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Chapter 6

Conclusion

In this thesis, we closely investigated efficient state characterization and unitary transfor-
mation based on several figures of merit including average fidelity, asymptotic infidelity
scaling, speed, and gate fidelity.

Following a review of optimal state estimation, we sought to clarify the effect of the pure-
state assumption for the unknown state due to prior information. We carried out Monte
Carlo simulations of state tomography, where the MLE constraints were chosen to reflect
the presence or absence of the pure-state assumption. Standard Pauli tomography and
the two-stage adaptive scheme of Ref. [46] were then compared. Our simulations highlight
the fact that in the presence of the a priori pure state assumption, Pauli tomography
achieves the optimal scaling, consistent with previous asymptotic infidelity calculations
[109]. We showed that once the pure-state assumption is removed, the Pauli tomography
infidelity scaling deteriorates to O(∼ 1/

√
N). Moreover, the simulation results validated

that the two-stage adaptive tomography scheme introduced in Ref. [46] reaches the optimal
infidelity scaling O(1/N) — improving quadratically upon Pauli tomography — when the
unknown input states cannot be assumed as pure. We further characterized this method
by comparing its performance to the Gill-Massar bounds for pure and mixed states.

Furthermore, an experimental demonstration of the Massar and Popescu optimal col-
lective measurement for state estimation was performed for a two-particle ensemble. The
results showed that the collective measuring strategy performs at least as well as the op-
timal LOCC strategy and can surpass it with further reduction of systematic errors. The
entangling component of the measurement was found to play a crucial role in achieving
near-optimal infidelity scaling.

In addition, a fast, automated, and direct polarization compensation method was pro-
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posed and experimentally demonstrated, achieving over 99% fidelity with an average of
fewer than six compensation iterations. This scheme has the potential to significantly im-
prove the stability and efficiency of quantum information processing experiments.

The use of a sequence of thin phase gratings for implementing unitaries on two or more
diffraction orders was also explored. The results showed that this approach can approxi-
mate useful unitaries with > 99% gate fidelity, with the addition of more layers generally
improving performance. This suggests positive prospects both from the perspective of
applicability in standard MPLC setups, and further reducing the number of system pa-
rameters. We are hopeful that further study of this model can bring insights into achieving
unitary transformations with much simpler phase planes and acquire insights into any un-
derlying decomposition.

This thesis can serve as a resource for the application of efficient characterization and
manipulation of states of light in quantum information processing. The methods and
results presented can be used to inform the design of future experiments and protocols.

6.1 Future directions

Having discussed optimal state estimation in terms of scaling with the ensemble size N , it
is also important to identify the application circumstances before choosing a state charac-
terization scheme. For example, the system size d, the size N of the available ensemble,
the level of characterization required (e.g., complete state estimate versus certification),
the desired level of accuracy, the imperfections and losses associated with experimental
implementation of a scheme, as well as any prior information on the distribution of the
ensembles in the state-space, should be taken into account. These considerations will help
determine, for instance, the cost versus benefit of using a collective, as opposed to an
adaptive or fixed separable scheme.

Collective measurements tend to appear as the optimal solution in a range of estimation
and discrimination problems: multi-parameter estimation ultimately limited by the Holevo-
Cramér-Rao bound [49], N -copy Nagaoka bounds [52], the Massar and Popescu result for
multi-copy qubit estimation, and subsequent extensions to mixed qubit and qudit states.
Notably, optimal collective measurements for state estimation have been theoretically for-
mulated when using: more than two particles [127,128], mixed qubit states [51], as well as
qudit states [123, 132]. For collective measurements on tripartite systems, restricted mea-
surements, such as biseparable collective measurements have been considered [45], with
performance bounds being derived to complement the known bounds for separable and
adaptive cases.
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In principle, general collective measurements could be one day realized with universal
quantum computers. However, an experimental implementation scheme of general N -copy
collective measurements is an open question. A central problem is whether the use of
only linear optics, post-selection, and polynomial overhead in resources would be sufficient
to implement N -copy collective measurements. Practical challenges such as independent
polarization control of multiple photons and reduced interference visibility in multi-port
beamsplitters would need to be carefully considered.

In parallel to these efforts, it is worthwhile to study imperfect collective measurements,
both theoretically and experimentally. In particular, we need to determine the robustness
and noise-tolerance of these measurements, and perhaps derive bounds on the level of tol-
erance for imperfections before their advantage fades, e.g., the minimum required efficiency
of a successful measurement.

Optimal quantum state tomography of entangled states is also a significant topic of
interest. There is some evidence that Bayesian adaptive tomography can improve the infi-
delity scaling compared to product POVMs [48,114] for two-qubit states. Such approaches
are challenged by significant computational cost. Others have applied schemes involving
artificial neural-networks for computational speed-up [140] or to improve performance com-
pared to fixed tomography [139].

Meanwhile, the expectation that state estimates will continue to improve significantly
by measuring more quantum systems (a larger identical ensemble) is challenged by exper-
imental sources of error, such as imperfect measurement settings or unreliable reference
input states (see for example the Supplementary Material of Ref. [46]). While discussion
in this thesis focused on reducing statistical uncertainty, an important direction is the
development of adaptive tomography schemes for minimizing systematic sources of error
encountered in experiments.

The related problem of optimal state discrimination among an arbitrary (yet finite)
number of states remains unsolved, despite recent efforts to provide tighter upper bounds
[147]. Although efficiently solvable numerically, the known nonlinear and globally coupled
optimality conditions admit no general constructive solution. An analytical formula may
be out of reach, but classifications based on the type of ensemble by studying the symmetry
could provide conceptual understanding.

For the realization of unitaries discussed in Chapter 5, future work will involve the ex-
perimental implementation of the proposed systems using SLM or liquid crystal platforms.
Extensions to composite unitary operations, as well as phase masks across both transverse
dimensions, may be explored.

Additionally, analytical results and bounds on the range of unitary transformations

126



achievable by a sequence of thin phase gratings would provide further insight into the
capabilities and limitations of the approach discussed in Chapter 5. Such insight can inform
how arbitrary unitaries can be constructed with the minimum number of phase planes in
MPLC schemes. With regards to this challenge, recent work using a DFT and phase masks
[196,197] — or with coupled waveguides in integrated optics [198] — attempt to minimize
the length of the device while providing analytical guarantees for the decomposition. Even
in the absence of an analytical decomposition for the spaced thin sine gratings system,
establishing the scaling of the required number of layers with the dimension d for achieving
given performance thresholds could be very useful.
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Appendix A

Abstract of “Boson Sampling with
Gaussian Input States: Toward Efficient
Scaling and Certification”

A universal quantum computer of large scale is not available yet, however, intermediate
models of quantum computation would still permit demonstrations of a quantum com-
putational advantage over classical computing and could challenge the extended Church-
Turing thesis. One of these models based on single photons interacting via linear optics
is called boson sampling. Although boson sampling was demonstrated and the threshold
to claim quantum computational advantage was achieved, the question of how to scale
up boson sampling experiments remains. To make progress with this problem, here we
present a practically achievable pathway to scale boson sampling experiments by com-
bining continuous-variable quantum information and temporal encoding. We propose the
combination of switchable dual-homodyne and single-photon detections, the temporal loop
technique, and scattershot-based boson sampling. We detail the required assumptions for
concluding computational hardness for this configuration. Furthermore, this particular
combination of techniques moves towards an efficient scaling and certification of boson
sampling, all in a single experimental setup.

R. A. Abrahao, A. Mansouri, and A. P. Lund, “Boson sampling with Gaussian input states:
Toward efficient scaling and certification," Phys. Rev. A, vol. 110, p. 052437, Nov 2024.
© 2024 American Physical Society. Reproduced with permission.

APS copyright policies state: “Yes, the author has the right to use the article or a portion
of the article in a thesis or dissertation without requesting permission from APS, provided
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the bibliographic citation and the APS copyright credit line are given on the appropriate
pages."
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Appendix B

Separability of a Two-Qubit State

Recall the two-qubit polarization state:

|ψ2Q⟩ = cHH |Ha⟩ ⊗ |Hb⟩+ cHV |Ha⟩ ⊗ |Vb⟩+ cV H |Va⟩ ⊗ |Hb⟩+ cV V |Va⟩ ⊗ |Vb⟩
≡ cHH |HaHb⟩+ cHV |HaVb⟩+ cV H |VaHb⟩+ cV V |VaVb⟩ . (B.1)

We will show that |ψ2Q⟩ is separable if and only if cHHcV V = cHV cV H .

Proof.

(⇒) Suppose |ψ2Q⟩ is separable. Then there exist one qubit states |ψ(1)⟩ = x0 |H⟩+x1 |V ⟩
and |ψ(2)⟩ = y0 |H⟩+ y1 |V ⟩ (|x0|2 + |x1|2 = 1 and |y0|2 + |y1|2 = 1) such that

|ψ2Q⟩ =
∣∣ψ(1)

〉
⊗
∣∣ψ(2)

〉
= (x0 |H⟩+ x1 |V ⟩)⊗ (y0 |H⟩+ y1 |V ⟩)
= x0y0 |HH⟩+ x0y1 |HV ⟩+ x1y0 |V H⟩+ x1y1 |V V ⟩ (B.2)

Comparing Eq. (B.2) with Eq. (B.1), we see that

cHHcV V = (x0y0)(x1y1) = (x0y1)(x1y0) = cHV cV H . (B.3)

(⇐) There are two possible cases: cHH = 0 or cHH ̸= 0.

Suppose cHH = 0. Then at least one of cHV or cV H must be zero (so that cHHcV V =
cHV cV H). Without loss of generality, suppose cV H = 0. Then we have:

|ψ2Q⟩ = cHV |HV ⟩+ cV V |V V ⟩ = (cHV |H⟩+ cV V |V ⟩)⊗ |V ⟩ , (B.4)
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meaning |ψ2Q⟩ is separable.

We now consider the case where cHH ̸= 0. Then we can write:

|ψ2Q⟩ = |H⟩ ⊗ (cHH |H⟩+ cHV |V ⟩) + |V ⟩ ⊗ (cV H |H⟩+ cV V |V ⟩)

= |H⟩ ⊗ (cHH |H⟩+ cHV |V ⟩) + 1

cHH

|V ⟩ ⊗ (cHHcV H |H⟩+ cHHcV V |V ⟩)

= |H⟩ ⊗ (cHH |H⟩+ cHV |V ⟩) + 1

cHH

|V ⟩ ⊗ (cHHcV H |H⟩+ cHV cV H |V ⟩)

= |H⟩ ⊗ (cHH |H⟩+ cHV |V ⟩) + cV H

cHH

|V ⟩ ⊗ (cHH |H⟩+ cHV |V ⟩)

=

(
|H⟩+ cV H

cHH

|V ⟩
)
⊗ (cHH |H⟩+ cHV |V ⟩) (B.5)

To ensure the tensor product is between two normalized one qubit states, we rewrite Eq.
(B.5) as

|ψ2Q⟩ =

 |H⟩+ cV H

cHH
|V ⟩√

1 + |cV H |2

|cHH |2

⊗

cHH |H⟩+ cHV |V ⟩√
|cHH |2 + |cHV |2

 ≡ |ψ0⟩ ⊗ |ψ1⟩ , (B.6)

concluding that |ψ2Q⟩ is separable, with the one qubit states given by |ψ0⟩ and |ψ1⟩.
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Appendix C

Group Axioms

The elements of U(d) satisfy the group axioms regarding:

• Closure: The product of any two unitary matrices is also a unitary matrix.

• Associativity: (U1U2)U3 = U1(U2U3) for any unitaries U1, U2, U3 ∈ U(d).

• Existence of identity element: The identity matrix Id ∈ U(d) acts as IdU = UId = U
for any U ∈ U(d).

• Existence of inverses: For any unitary U ∈ U(d), there exists an inverse element
U−1 = U † ∈ U(d) such that UU † = U †U = I.
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Appendix D

Multi-particle Collective Measurements
for Quantum State Estimation

Reproduced from A. Mansouri, K. M. Jordan, R. A. Abrahao, and J. S. Lundeen, “Ex-
perimental demonstration of a multi-particle collective measurement for optimal quantum
state estimation,” Optics Express, vol. 34, p. 5718, Feb. 2026.

Optica Publishing Group policies state: “Authors who wish to use all or part of papers they
previously authored and published in Optica Publishing Group Journals within a thesis or
dissertation may do so according to the license and reuse terms outlined here."

D.1 Rotated Tetrahedron States

In the implementation of the collective measurement, we used projections onto rotated
versions of the Massar and Popescu states, which were more convenient to realize using
the imperfect reflection port of a polarizing beamsplitter. This is due to the fact that a
ratio |tH |2 : |tV |2 ≈ 62 : 1 is needed to project onto the Massar and Popescu states, while
the imperfect reflection port of the polarizing beamsplitter provides the reciprocal ratio
|tV |2 : |tH |2 ≈ 62 : 1. This reciprocal ratio results in projection onto a modified set of
Massar and Popescu states, which are rotated by 180◦ (up to a global phase), shown in
Eq. (D.1).

One can directly verify (using Eq. (3.1)) that the modified set of Massar and Popescu
and tetrahedron states result in the same theoretical optimal average fidelity of F̄Coll

N=2 =
3/4 = 0.75 and F̄Coll

Tetra = 5/6 ≈ 0.8333.
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|↑n1⟩ = |H⟩
→ |↑n1⟩

′ = R̂y(π) |↑n1⟩ = |V ⟩

|↑n2⟩ =
1√
3
|H⟩+

√
2

3
|V ⟩

→ |↑n2⟩
′ = R̂y(π) |↑n2⟩ =

√
2

3
|H⟩ − 1√

3
|V ⟩

|↑n3⟩ =
1√
3
|H⟩+

√
2

3
e2iπ/3

→ |↑n3⟩
′ = R̂y(π) |↑n3⟩ =

√
2

3
|H⟩+ eiπ/3√

3
|V ⟩

|↑n4⟩ =
1√
3
|H⟩+

√
2

3
e4iπ/3

→ |↑n4⟩
′ = R̂y(π) |↑n4⟩ =

√
2

3
|H⟩+ e5iπ/3√

3
|V ⟩ ,

with R̂y(π) =

[
0 −1
1 0

]
.

(D.1)

D.2 Data Collection

The coincidence detection data was collected from time histograms with a ∼ 2 ns coin-
cidence window and a 3 s integration time. To increase the number of samples in the
estimate, corresponding 3 s histograms were combined together. The number of experi-
mental trials is based on the number of available histograms once they were combined, re-
spectively {150, 75, 50, 37, 30, 25, 21, 18, 16, 15, 13, 12, 11, 10, 10, 9, 8, 8, 7, 7, 7, 6, 6, 6} for the
data points in each subfigure of Fig. 3.9-3.10.
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D.3 Reference states: Mitigating bias

Each reference state in Chapter 3, Tab. 3.1 corresponds to the reconstruction using the
largest number of samples available (Nens ∼ 15000) for the state. This is somewhat of a
necessity, because the state produced will differ from the nominal state due to experimental
imperfections. The reconstruction corresponding to the Nens values shown in Fig. 3.9 of
Chapter 3 come from smaller subsets of the data available for each state. When the subsets
grow large enough, each has significant overlap with the reference state data, and the bias
becomes apparent.

Given this issue, we can examine the variation in the slope of a log-log infidelity plot
(the scaling exponent) if we progressively included more data points to perform the fit.
Looking at a moving average of the slopes (Fig. D.1) for two states where the issue was
prominent, it appears that the value of the slope is relatively stable when including the
first 7-10 of the points from the infidelity plots, before there is a significant drop.

To mitigate bias, the power-law fits are thus performed by including only the first eight
data points in Fig. 3.9 of Chapter 3. The same reasoning applies to the case of nearly-pure
reference states (Fig. 3.10), where power-law fits are also performed using the first eight
data points.

Figure D.1: Moving average (window size of four) for the slope of the infidelity log-log plot of two states
as a function of the number of data points included in the fit. Part (a) shows the slope’s variation for
0.308 |H⟩ − (0.916 + 0.256i) |V ⟩, while (b) shows the slope’s variation for 0.549 |H⟩ − (0.777 + 0.309i) |V ⟩.
The slope appears relatively stable with 7-10 data points included, before there is a significant drop.
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Appendix E

Fast and Automated Compensation of
Fiber Unitaries

Reproduced from N. Braband, A. Mansouri, R. Fazili, S. Czischek, and J. S. Lundeen, “Fast
and automated optical polarization compensation of fiber unitaries,” Review of Scientific
Instruments, vol. 96, p. 063101, June 2025, with the permission of AIP Publishing.

AIP copyright policies state: “Authors do not need permission from AIP Publishing to:
[...] reuse your own AIP Publishing article in your thesis or dissertation (please format
your credit line: “Reproduced from [FULL CITATION], with the permission of AIP Pub-
lishing”)."

E.1 Polarization Tomography

In this subsection of the appendix, we discuss the experimental details of the tomography
intensity measurements with a PD and the angle measurement from the rotation mount.
The output voltage of the PD is linearly proportional to the incoming intensity I = k ·V +b.
Before starting the measurement, it is important to first measure the background noise Vback

without the laser turned on and subtract it from all following measurements:

Vn = V raw
n − Vback. (E.1)

Here, the index n refers to the sample number in the tomography dataset, while the super-
script ‘raw’ represents the raw voltage measurement recorded by the photodetector during
each polarization measurement. Since the PD intensity is proportional to the voltage, the
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calculated parameters are now A′, B′, C ′ and D′. These parameters are linearly propor-
tional to A0, B0, C0, and D0, respectively, with coefficient k. This issue is addressed by
the normalization of the Stokes parameters (see Eq. (E.2)-Eq. (E.6)). Our polarization
compensation is a unitary transformation which cannot compensate for loss of degree of
polarization (mixed states). This is not a significant issue, since single-mode optical fibers
do not generally affect the degree of polarization, as was confirmed by our polarization
tomography. Therefore, we base the compensation on the fidelity (Eq. (4.12)), which de-
pends only on the Stokes parameters S1 to S3. We can normalize the Stokes parameters
by
√
S2
1 + S2

2 + S2
3 , where we have assumed a pure polarization state.

There is an offset α between the QWP fast axis and the 0◦ on the rotation mount. The
angle α needs to be subtracted from the measured angle ϕ from the motorized rotation
mount as 2n∆ϕ = ϕ(2n)− α, and respectively 4n∆ϕ = ϕ(4n)− α, resulting in:

A0 =
2

N

N∑
n=1

(Iraw
n − Iback)

= k
2

N

N∑
n=1

(V raw
n − Vback) = kA′, (E.2)

B0 =
4

N

N∑
n=1

(Iraw
n − Iback) sin(ϕ(2n)− α)

= k
4

N

N∑
n=1

(V raw
n − Vback) sin(ϕ(2n)− α) = kB′, (E.3)

C0 =
4

N

N∑
n=1

(Iraw
n − Iback) cos(ϕ(4n)− α)

= k
4

N

N∑
n=1

(V raw
n − Vback) cos(ϕ(4n)− α) = kC ′, (E.4)

D0 =
4

N

N∑
n=1

(Iraw
n − Iback) sin(ϕ(4n)− α)

= k
4

N

N∑
n=1

(V raw
n − Vback) sin(ϕ(4n)− α) = kD′, (E.5)

S′
i =

k · S ′
i

k ·
√
S ′
1
2 + S ′

2
2 + S ′

3
2
=

Si√
S1

2 + S2
2 + S3

2
= Si. (E.6)
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Here, S ′
i are the Stokes parameters calculated from A′, B′, C ′ and D′. S′

i are the normalized
S ′
i parameters and Si are the correctly normalized Stokes parameters.

E.2 Polarization Transformation

In this subsection of the Appendix, we discuss the experimental details for the LCVR char-
acterization and the matrix for three LCVRs. As in case of the polarization tomography,
the background needs to be subtracted from the measurement of the LCVR characteri-
zation. For each applied voltage to the LCVR, ten samples were measured by the PD.
The value of one measurement Vmeas is the mean value of the ten samples. The measured
voltage of the PD is proportional to the input optical power: I = k · V + b. Therefore, the
retardance is given by:

δ = arccos

(
1− 2 · (Vmeas − Vback)

Vmax − Vback

)
, (E.7)

which is equal to the retardance equation in Eq. (4.20) as k and b respectively cancel each
other out. The uncertainty for the LCVR characterization is calculated through Gaussian
error propagation and results in

∆δ =

√(
∂δ

∂Vmeas
∆Vmeas

)2

+

(
∂δ

∂Vback
∆Vback

)2

(E.8)

=

√
∆V 2

meas +∆V 2
back

(Vmeas − Vback)(Vmax − Vmeas)
. (E.9)

Here, ∆Vmeas and ∆Vback represent the errors in the measured voltages and the background
measurement, respectively, and are estimated using the standard error of the mean for each
case. The error associated with Vmax is excluded from the error propagation analysis.

The matrix describing the polarization transformation caused by the LCVRs is

MLCVRs(δ1, δ2, δ3)

=


1 0 0 0
0 cos δ2 sin δ1 sin δ2 − cos δ1 sin δ2
0 sin δ2 sin δ3 cos δ1 cos δ3 − cos δ2 sin δ1 sin δ3 cos δ3 sin δ1 + cos δ1 cos δ2 sin δ3
0 cos δ3 sin δ2 − cos δ2 cos δ3 sin δ1 − cos δ1 sin δ3 − sin δ1 sin δ3 + cos δ1 cos δ2 cos δ3

, (E.10)
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where δi is the retardance of the ith LCVR.

E.3 Apparatus Specification

For the polarization tomography, we used a Thorlabs LP808-SA60 808 nm CW laser with a
∼ 1nm bandwidth, a Thorlabs PDA20CS photo detector that was read out using a National
Instruments 782258-01 USB-6361 DAQ, and a Thorlabs PRM1Z8 motorized rotation stage.
The Thorlabs LCC1413-B compensated full-wave LCVRs were driven by JDS6600 two-
channel signal generators. All components used in this work are commercially available.
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Appendix F

Spatial Unitaries with a Sequence of
Thin Phase Gratings

F.1 Fourier Coefficient Calculation

F.1.1 Sinusoidal Phase Grating

Recall that the amplitude transmittance of a sinusoidal phase grating is given by

tsine
A (x) = eiA sin(Kx+θ0). (F.1)

We can use the Jacobi-Anger expansion [199],

eiz sinα ≡
∞∑

m=−∞

Jm(z)e
imα, (F.2)

where Jm(·) is the mth order Bessel function of the first kind to rewrite tsine
A (x) as

eiA sin(Kx+θ0) =
∞∑

m=−∞

Jm(A)e
im(Kx+θ0) (F.3)

=
∞∑

m=−∞

eimθ0Jm(A)e
imKx. (F.4)

Eq. (F.4) is simply the complex Fourier series expansion of tsine
A (x), meaning the Fourier

coefficients are given by:
csine
m = eimθ0Jm(A). (F.5)
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F.1.2 Square-Wave Phase Grating

Recall that the amplitude transmittance of a square-wave phase grating is given by

tsquare
A (x) = eiAsgn(sin(Kx+θ0)). (F.6)

Using Eq. (5.2),

csquare
m =

1

Λ

∫ Λ/2

−Λ/2

tsquare
A (x)e−imKxdx

=
1

Λ

∫ −θ0/K

−Λ/2

e−iAe−imKdx+
1

Λ

∫ −θ0/K+Λ/2

−θ0/K

eiAe−imKxdx

+
1

Λ

∫ Λ/2

−θ0/K+Λ/2

e−iAe−imKxdx (Assumption: θ0 ∈ [0, π])

=

{
− i

2mπ
e−i(A+mπ)(−1 + eimπ)(1 + eimπ − eimθ0 + ei(2π+mθ0)), m ̸= 0

e−iA

Λ
(− θ0

K
+ Λ

2
+ Λ

2
+ θ0

K
− Λ

2
) + eiA

Λ
(− θ0

K
+ Λ

2
+ θ0

K
), m = 0

=


0 if m is even
2

mπ
eimθ0 sin(A) if m is odd

cos(A) if m = 0

(F.7)

F.2 Optimized Parameter Values

A1 θ1 L1 (m) A2 θ2 L2 (m) A3 θ3 L3 (m) A4 θ4 L4 (m) A5 θ5 K (1/m)

H 0.3826 1.125 0.1379 1.050 0.1753 0.07603 1.875 2.431 0.1319 1.631 0.8423 0.02113 1.051 6.082 171516.89
SBS 1.138 1.551 0.1349 0.3925 4.720 0.0812 0.5273 1.684 0.1699 1.348 1.512 0.1738 0.9853 1.526 129349.91
σx 0.6650 3.131 0.04729 1.3904 3.141 0.09367 1.506 6.278 0.04420 1.330 6.283 0.09057 0.6379 3.136 16969.01

Table F.1: Parameter values for a sequence of five thin sinusoidal gratings optimized for the Hadamard
gate, symmetric beamsplitter (SBS) transformation, and σx (NOT) gate.

The genetic algorithm optimization code for achieving unitaries using sequences of spaced
sinusoidal gratings is available at:
https://github.com/uOttawaQuantumPhotonics/MultiPlaneLightConverter
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F.3 Two Square-Wave Gratings: Zero Trace

We recall the matrix for two spaced square-wave gratings is given by Ũ = T square
A2,θ2

DLT
square
A1,θ1

.
In this Appendix, we first show that if A1 = π/2, θ1 = 0, and θ2 = π/2, the trace
Ũ−1,−1 + Ũ+1,+1 = 0. We recall the expressions for these two matrix elements:

Ũ−1,−1

= − 4

π2
eikL sin(A1) sin(A2)e

i(θ1−θ2) + cos(A1) cos(A2)e
iL

√
k2−K2 (F.8)

− 4

π2
sin(A1) sin(A2)

nmax∑
n=1

(
e−i(2n+1)(θ2−θ1)

(2n+ 1)2
+
ei(2n−1)(θ2−θ1)

(2n− 1)2

)
eiL

√
k2−4n2K2

≡ α(k, L,A1, A2)e
i(θ1−θ2) + β(k, L,K,A1, A2) + γ(A1, A2)

nmax∑
n=1

bn(θ1, θ2)δn(k, L,K) (F.9)

Ũ+1,+1

= − 4

π2
eikL sin(A1) sin(A2)e

i(θ2−θ1) + cos(A1) cos(A2)e
iL

√
k2−K2 (F.10)

− 4

π2
sin(A1) sin(A2)

nmax∑
n=1

(
ei(2n+1)(θ2−θ1)

(2n+ 1)2
+
e−i(2n−1)(θ2−θ1)

(2n− 1)2

)
eiL

√
k2−4n2K2

≡ α(k, L,A1, A2)e
−i(θ1−θ2) + β(k, L,K,A1, A2) + γ(A1, A2)

nmax∑
n=1

b∗n(θ1, θ2)δn(k, L,K).

(F.11)

In Eq. (F.9) and Eq. (F.11), we have introduced the definitions

α(k, L,A1, A2) ≡ − 4

π2
eikL sin(A1) sin(A2) (F.12)

β(k, L,K,A1, A2) ≡ cos(A1) cos(A2)e
iL

√
k2−K2 (F.13)

γ(A1, A2) ≡ − 4

π2
sin(A1) sin(A2) (F.14)

bn(θ1, θ2) ≡
e−i(2n+1)(θ2−θ1)

(2n+ 1)2
+
ei(2n−1)(θ2−θ1)

(2n− 1)2
(F.15)

δn(k, L,K) ≡ eiL
√
k2−4n2K2

. (F.16)
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From Eq. (F.9) and Eq. (F.11), it follows that the trace:

Ũ−1,−1 + Ũ+1,+1 = 2α(k, L,A1, A2) cos(θ1 − θ2) + 2β(k, L,K,A1, A2)

+ γ(A1, A2)
nmax∑
n=1

2Re[bn(θ1, θ2)]δn(k, L,K). (F.17)

We will now evaluate each term in Eq. (F.17) for A1 = π/2, θ1 = 0, and θ2 = π/2. The
first term vanishes, as cos(θ1 − θ2) = cos(−π/2) = 0. For the second term:

2β(k, L,K,A1 = π/2, A2) = 2eiL
√
k2−K2

cos(π/2) cos(A2) = 0 (F.18)

The sum in Eq. (F.17) also vanishes, as

2Re[bn(θ1 = 0, θ2 = π/2)] = 2Re

[
e−i(2n+1)(θ2−θ1)

(2n+ 1)2
+
ei(2n−1)(θ2−θ1)

(2n− 1)2

]
(F.19)

=
2 cos[(2n+ 1)(θ2 − θ1)]

(2n+ 1)2
+

2 cos[(2n− 1)(θ2 − θ1)]

(2n− 1)2
(F.20)

=
2 cos[(2n+ 1)π/2]

(2n+ 1)2
+

2 cos[(2n− 1)π/2]

(2n− 1)2
(F.21)

= 0. (F.22)

Therefore, the trace Ũ−1,−1 + Ũ+1,+1 = 0 when A1 = π/2, θ1 = 0, and θ2 = π/2.
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F.4 Equidistant Sinusoidal Gratings: Performance for
Other Target Unitaries
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Figure F.1: (a) Gate fidelity and (b) similarity with the T2 gate from parameter optimization of a
sequence of thin equidistant sinusoidal gratings. The average gate fidelity based on 20 genetic algorithm
optimization runs is shown in blue (error bars correspond to the standard error of the mean). The maximum
gate fidelity among the optimization runs is show in red.
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Figure F.2: (a) Gate fidelity and (b) similarity with the T3 gate from parameter optimization of a
sequence of thin equidistant sinusoidal gratings. The average gate fidelity based on 20 genetic algorithm
optimization runs is shown in blue (error bars correspond to the standard error of the mean). The maximum
gate fidelity among the optimization runs is show in red.
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Figure F.3: (a) Gate fidelity and (b) similarity with the Z3 gate from parameter optimization of a
sequence of thin equidistant sinusoidal gratings. The average gate fidelity based on 20 genetic algorithm
optimization runs is shown in blue (error bars correspond to the standard error of the mean). The maximum
gate fidelity among the optimization runs is show in red.
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